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PREFACE

This book gives an introduction to the dynamics of inviscid, incompressible fluids.
By omitting effects inherent to viscosity and compressibility, the book examines fluid
flow at its most fundamental level, while retaining the essential nonlinear processes
that make fluid mechanics of enduring interest to physicists, mathematicians, and
engineers. The book is intended as a text for a beginning graduate-level course on
fluid mechanics, which in many institutions of higher learning deals principally, and
in some cases entirely, with inviscid flows. Unlike more classical texts on inviscid
fluids, the book also contains detailed coverage of vorticity transport phenomena in
both two- and three-dimensional spaces and of a variety of computational methods
for inviscid flows. The later chapters of the book might also be used as a text for
more advanced fluid dynamics courses, for instance on vortex dynamics, or as a
professional reference.

The first chapter discusses the importance of inviscid flows and examines modifi-
cations to ideal flow behavior in real fluids caused by viscous forces in high Reynolds
number laminar and turbulent flows. Chapter 2 provides background on vector and
tensor analysis, which is used extensively in the remainder of the text. Chapters 3-5
give a rigorous introduction to the continuum mechanics of fluid flows, where at this
stage both viscosity and compressibility are included in the governing equations. As-
pects of kinematics that are important to the study of fluid motion are developed in
Chapter 3, including flow lines, stretching and rotation of fluid elements, and the
transport theorem. Chapter 4 introduces mass and momentum conservation and de-
rives local and control-volume forms of the conservation laws. Incompressibility is
introduced as a constraint form of the compressible flow theory. Chapter 5 deals with
discontinuity surfaces, which may occur either internal to a flow or along boundaries
of the flow domain. A modified form of the transport theorem is developed and used

xi



Xii PREFACE

to derive discontinuity jump conditions, which are applied to obtain boundary con-
ditions for different flows. The effects of surface tension at a material interface are
also discussed.

Inviscid flows are typically solved using solution methods, both analytical and
computational, that are not based directly on the continuity and momentum conser-
vation equations, but rather on theorems that are derived from these equations. These
general theorems are developed in Chapters 6-8. Chapter 6 derives vector represen-
tation theorems that, when applied to the velocity field, yield a relationship between
the vorticity and rate of dilatation fields and the velocity that these fields generate.
Chapter 7 develops the vorticity transport equation and examines the various laws
governing vorticity transport in two- and three-dimensional flows. A discussion of
how these laws are modified for viscous fluids is given at the end of Chapter 7.
Chapter 8 covers theorems associated with the pressure field, both with and without
vorticity present.

There exist a number of solution methods for two-dimensional inviscid flows that
cannot be extended to three-dimensional spaces. These two-dimensional solution
methods are described in Chapters 9—11. Chapter 9 examines the analogy between
analytic functions of a complex variable and potential flow solutions and shows how
complex variable theory can be used to simplify flow solutions and to transform one
solution into other flow solutions. Chapter 10 applies the complex variable analogy
to develop theorems for forces and moments acting on a body immersed in a poten-
tial flow field. The dynamics of vortex patches and sheets in two-dimensional flows is
examined in Chapter 11, including development of different computational methods
for two-dimensional vorticity transport.

Solutions methods for three-dimensional flows are covered in Chapters 12-14;
many of these methods can be applied to two-dimensional flows as a special case.
Chapter 12 examines three-dimensional potential flows, including analytic solutions
for axisymmetric flows, an approximate solution method for flow past slender bod-
ies, and computational methods of the boundary-integral type for general potential
flows. Chapter 13 provides an in-depth discussion of axisymmetric vorticity dynam-
ics, including analytic solutions for vortex rings, computational methods for vorticity
transport in axisymmetric flows, and approximate methods for solution of axisym-
metric wave propagation on a vortex core. Chapter 14 describes different approxi-
mations used to model the motion of thin-core vortex tubes.

The final two chapters are devoted to perturbations of equilibrium solutions and
ensuing stability issues. Chapter 15 covers the dynamics of wave motions on an in-
ternal fluid interface and at a free surface. Solutions of the linear wave equations
are examined, and a computational method is described for nonlinear wave motions.
Chapter 16 covers stability of inviscid flows, progressing from vortex systems gov-
erned by ordinary differential equations, to interfacial wave instabilities, and finally
to instabilities of rotating flows and shear flows.

The text is self-contained and requires only standard background in college calcu-
lus and differential equations. All necessary topics from more advanced mathematics
are reviewed in the text. The book should be of interest to students of any discipline
dealing with fluid motion, including mechanical, civil, and chemical engineering,
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applied mathematics, physics, and earth sciences. The text provides enough detail in
the derivations and sufficient number of examples to allow students to follow easily,
along with end-of-chapter problems to aid in instruction. Computational problems
are given at the end of chapters dealing with numerical methods that are suitable for
more long-term student projects. Subroutines for many of the computational methods
described in the text can be downloaded from the Internet site of the Iowa Institute
of Hydraulic Research (ITHR), which can be accessed at www.iithr.uiowa.edu.

There are a number of individuals and institutions that have made invaluable con-
tributions to the development of this book. I would first like to acknowledge my
instructors and advisers at the University of California, Los Angeles, and the Uni-
versity of California, Berkeley. My Ph.D. adviser, P. M. Naghdi, was particularly
instrumental in illustrating to me the beauty of rigorous mechanics, and any Berke-
ley graduate will recognize his imprint in Chapters 2-5 of the book. I have also
learned a great deal from the colleagues with whom I have associated closely dur-
ing my career, including M. R. Dhanak and T. C. Su at Florida Atlantic University
and V. C. Patel at the University of Iowa. I would particularly like to acknowledge
the contributions of J. R. Grant, with whom I have collaborated closely for over ten
years on a journey of discovery in vortex dynamics and computational methods, and
of T. L. Doligalski, without whose financial support of my research and personal en-
couragement this work would not have been possible. The first nine chapters of the
book were written during a series of summers spent at the Naval Undersea Warfare
Center in Newport, Rhode Island, under support from the ASEE/Navy Summer Fac-
ulty Research Program. Most of Chapters 10-16 were written during a one-semester
sabbatical at the Institut de Mécanique des Fluides de Toulouse (IMFT) in Toulouse,
France. I express thanks to H. Boisson, A. Giovannini, and P. Brancher for hosting
my visit to IMFT and making me feel welcome there, and to the French Ministry of
Education for providing financial support. Undoubtedly, the individuals having the
most direct impact on this book are the students in the inviscid flow course that 1
have taught over many years at Iowa, and I offer them my most sincere thanks for
correcting numerous errors and omissions in early drafts and for encouraging me to
write the book in the first place.






CHAPTER 1

INTRODUCTION

Earth, air, fire, and water—the four basic elements of the ancient Greek world—are
each vital to human existence. Air is the medium by which oxygen is transported to
our lungs, surging through our twisting pulmonary passageways with each gasped
breath. Air is the domain of flight, of soaring birds and buzzing insects and the
screaming vehicles of man. Air transports our words, allowing us to communicate
with each other. Air and water together regulate the temperature of the earth’s at-
mosphere, blocking out harmful solar emissions and surrounding us in blanketing
warmth. They determine our weather, be it a tranquil summer day, a spring shower, a
winter blizzard, or a roaring fall hurricane, and over time they control the climate in
which we must strive to survive. Water is also vital to human life, transporting nour-
ishment and waste products as it courses through our veins and regulating our body
temperature as it evaporates from our skin. Much of the world depends upon oceans
and rivers as a medium of transport for goods and a source of bounteous food. The
ability to utilize fire is one of the major human characteristics distinguishing us from
other animals. Fire cooks our food, warms our bodies, propels our vehicles, hardens
and forms our metals. Even the earth is not stagnant and unmoving. Water percolates
through its pores, providing us with drink and sustaining the plants that feed us and
provide us with shelter. Oil gushes from its fissures, providing fuel for automobiles
and engine lubrication. With too much water, the earth forms giant slides, burying
houses and roads. Over geologic time scales the earth’s motion forms our surround-
ings, be they from violent volcanic explosions to the subtle drifting of the earth’s
crust in response to the ever-present convective stirring of the mantle.

Nearly all human endeavors must in some way deal with restrictions imposed
by fluid transport. This observation is obvious in the aerospace and marine trans-
port industries, but equally true in other industries in which the importance of fluid
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2 INTRODUCTION

flow may not be as apparent. For instance, the major limitation to the smallness, and
hence speed, of modern computer chips is the restriction imposed by convective heat
transfer in cooling electrical components. As computer chips become increasingly
compact, the heating rates become higher and the passageways available for cool-
ing become more confined. Biomedical applications must deal with a host of fluid
transport issues, including oxygen supply to the lungs, pumping of blood and the
associated transport of nutrients throughout the body, digestion of foods, and human
reproduction. On a cellular level, transport of matter, such as viruses or nutrients,
over cell boundaries controls the body’s ability to fight diseases and heal wounds.
Major medical crises, such as strokes and lung cancer, are related to transport of
particulate matter either in the blood stream or in the pulmonary system, whereas
other emergencies, such as heart attacks or hemorrhaging, are caused by inability to
maintain a continual fluid flow. Agriculture must continually deal with fluid transport
issues, such as water supply to crops, pesticide distribution, heating of livestock, and
soil moisture during harvesting operations. Material processing, which is so vital for
modern technological advances, deals with a host of fluid processes, ranging from
metal casting to liquid spray coating.

Aside from its importance in diverse applications, fluid dynamics has had a cen-
tral influence in development of much of modern science and mathematics. A fluid
view of elementary matter dates back to ancient Greece, where Anaxagoras (500428
BC) proposed that all matter consists of a fluid continuum whose basic component
is a vortex. This continuum view competed with the atomic (or particulate) view of
Democritus (460-370 BC), in which matter is formed of small particles immersed
in a fluid and ordered by the action of vortices. The fluid theory of matter, again
based on vortices, was later taken up by Descartes (1596-1650) to explain the sus-
pension of celestial bodies and by Kelvin (1824-1907), who proposed that all matter
is constructed of a set of “vortex atoms” that exist in the ether. Despite the errors that
are now apparent in these concepts, the fluid/particle analogies of matter proposed
by these early philosophers spurred development of the science of mechanics and
of objective scientific processes to test these models. For instance, Kelvin’s quest
to uncover the structure of vortex atoms resulted in discovery of many of the ba-
sic laws and phenomena associated with vorticity transport in inviscid fluids. The
wave/particle models used in modern physics to describe the theory of light and
quantum models of elementary particles, as well as the quantum vortices in liquid
helium II (London, 1954) and the “magnetic vortices” in high-temperature super-
conducting materials (Tinkham, 1975), have their base in the fluid/particle models of
matter developed in ancient times.

Fluid dynamics has also had a large impact on development of modern applied
mathematics. For instance, linear partial differential equations are usually cate-
gorized as hyperbolic, parabolic, or elliptic, where the classic examples for these
three categories are the wave equation, the heat equation, and the Laplace equation,
all of which play a prominent role in description of fluid systems. Two important
paradigms for development of the theory of characteristics of nonlinear hyperbolic
partial differential equations (Courant and Hilbert, 1962) are wave propagation in
compressible gas dynamics and free-surface oscillations in shallow water layers.
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Kolmogorov’s advancements in stochastic analysis found immediate application in
his models of the energy cascade process of turbulent flows (Hunt et al., 1991). One
of the earliest investigations of deterministic chaos was performed by Lorentz (1963)
using a model of atmospheric transport, and further investigations into chaotic sys-
tems have been spurred by the need to formulate better models for turbulent flows.
Fractal geometry is also commonly exhibited by fluid systems, as illustrated by many
of the examples given in the book by Mandelbrot (1977).

Despite its importance to many fields, many centuries of study, and widespread
use of advanced supercomputing systems, scientists and engineers specializing in
fluid dynamics are still far from able to reliably predict most fluid flow problems.
The principal difficulty lies in the inherent nonlinearity of the equations governing
fluid flow. This nonlinearity arises from the fluid inertia and is responsible for insta-
bilities and eventual transition of the flow to a turbulent state. Turbulent flows span
an enormous range of length scales, with the ratio of the largest to the smallest scale
exceeding a factor of 10° in many marine and aerospace engineering applications
and a factor of 10® for flow in the earth’s oceans and atmosphere. This wide range of
length scales makes direct computational solution of the governing equations impos-
sible for all but a few rather academic cases at low Reynolds numbers, thus requiring
the use of models, often combined with empiricism, to truncate the mathematics to
a manageable system. The situation is made yet more difficult by the fact that many
natural and industrial processes involve particle or droplet transport, phase change,
and chemical reactions that influence the fluid momentum transport, introducing still
broader scales and breaking down self-similar behavior of the turbulence over these
scales.

Because of its many practical applications, its use as a paradigm to stimulate new
mathematical methods and physical models in diverse other fields, and its intrinsic
beauty and difficulty, fluid dynamics remains an active field of both engineering and
fundamental scientific inquiry. In this introductory chapter, we examine the role of
viscous forces in fluid flows using simple scaling arguments and then explore the
relevance of inviscid flow theory to real fluid flow problems.

1.1 ROLE OF VISCOSITY IN HIGH-REYNOLDS-NUMBER FLOWS

All real fluid flows are viscous, with the possible exception of quantum fluids such
as liquid helium II below the transition temperature. One measure of the importance
of viscous effects is given by the flow Reynolds number, Re = pUL/u, which is
the ratio of the order of magnitude of the characteristic inertial stress pu’ to the
viscous stress 1 (du/dy). Here p and p are the fluid density and viscosity, and U and
L are characteristic velocity and length scales of the problem. When the Reynolds
number is O(1) or less, the viscous forces are important everywhere in the flow. This
type of flow is often called creeping flow, and it is commonly observed in situations
with extremely low velocities and high viscosities, such as certain liquid metal melts
or convective circulation in the earth’s mantle, and in flows with very small length
scales, such as locomotion of microorganisms, dispersion of particulate matter in
two-phase flow, and flow within microfiuidic devices. For most problems on a human
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scale, the Reynolds number is quite large. For instance, a man standing in a mild 10-
m/s breeze has a Reynolds number of about 3 x 10°. For a baseball thrown by a
major league pitcher, the Reynolds number is about 2 x 10°. Water flow in a 2.5-cm-
diameter bathroom supply pipe has Reynolds number (based on pipe diameter) of
about 2 x 104, whereas a modest river might have Reynolds number (based on width)
of 5x 107. An automobile driving at highway speeds has a Reynolds number of about
1 x 107, and the wing of a commercial jet airplane has Reynolds number (based on
chord length) of about 2 x 108. The Reynolds numbers of major atmospheric or
oceanic features are quite large; for instance, for a typical atmospheric low-pressure
system Re ~ 10!2 and for an oceanic Gulf Stream ring eddy Re ~ 5 x 1010,

For flows with Reynolds number much larger than unity, viscous forces will be of
importance only in regions with small length scales or over very long convective time
scales. This statement can be made more precise by the following argument. Let us
consider a steady-state flow with length scale L characteristic of the flow geometry
(e.g., the body diameter or channel width), and assume that viscous forces are im-
portant only within a small layer R with length scale § in the cross-stream direction,
as illustrated in Figure 1.1. The inertial force acting on the region R has order of
magnitude pU?8L, which is simply the inertial stress times the cross-sectional area
8L of R. The viscous shear force acting on the lateral surfaces of R has order of
magnitude uU L?/8. Equating these two forces and solving for the length scale ratio
gives

% = O(Re™ /%), (1.1.1)

As the Reynolds number increases, the thickness of the region in which viscous
forces can be important correspondingly decreases compared to the length scale L
that characterizes the flow as a whole. The estimate (1.1.1) is characteristic of the
ratio of thickness of a laminar viscous boundary layer along a body surface to the
body diameter (Figure 1.2), where the formation of the boundary layer is necessary
in order to satisfy the no-slip condition for the tangential velocity component, which
cannot in general be satisfied in inviscid flow theory. Viscous forces can also be
important in internal regions within a fluid flow, such as in the vortex reconnection

A
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I

&
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L
Figure 1.2 Boundary layer of thickness § formed around a body of length L.

problem shown in Figure 1.3. In this problem, two vortex tubes with vorticity of
opposite sign collide due to inviscid instability, deforming the vortex cores as they
are driven together. Viscous forces become important in a thin layer in-between the
impacting tubes, in which viscous cross diffusion causes cancellation of vorticity
between the two structures, allowing the vortex lines within each tube to be cut and
to reconnect to vortex lines in the opposing tube to form loops.

Viscous forces are important everywhere in a turbulent flow, but only at small
scales of motion. We equate the flow length scale L to the turbulence integral length
scale, which is characteristic of the eddy size containing the most energetic turbu-
lent fluctuations, and let U be proportional to the square root of the turbulent kinetic
energy. Viscous dissipation is important on the smallest scale of turbulent motion,
denoted by 8. Following the reasoning of Kolmogorov (see Hunt et al., 1991), we as-
sume that the net rate of energy dissipation in the turbulent flow is controlled by the
rate at which energy cascades from larger scales to smaller scales of motion. The dis-
sipation scale 8 (called the Kolmogorov scale) is thus assumed to vary as a function
of the average dissipation rate per unit mass ¢ and the kinematic viscosity v = u/p,
such that from elementary dimensional analysis § = O(v3/e)!/%. The energy dissi-
pation rate ¢ is assumed to be proportional to the turbulent kinetic energy U 2 divided
by the large eddy turnover time L/ U, such thate = O(U 3/L). Substituting into the
expression for the Kolmogorov length scale § gives the ratio of the smallest to the

(@) (b)

Figure 1.3 Two colliding vortex tubes (a) just prior to and (b) following vortex reconnection.
The computation is performed using a pseudospectral method with vortex Reynolds number
Re = T'/v = 1500. The vortex surfaces are identified using the 1, method of Jeong and
Hussain (1995).
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largest length scales of a turbulent flow as
8 -3/4
7= ORe™/"). (1.1.2)

Turbulent flows are characterized by high Reynolds numbers and a broad range of
length scales, ranging from scales characteristic of the large-scale flow geometry to
the dissipation scale. Viscous effects are negligible at all but the smallest scales of
this range.

If both viscous and inertial forces are restricted to act over the same length scale
L, then the viscous forces must act much more slowly than the convective forces in a
high-Reynolds-number flow. The ratio of viscous and convective time scales, defined
by Ty = pL?/pand T¢c = L /U, respectively, is given by

Ty
o= O(Re). (1.1.3)

The estimate (1.1.3), for instance, is characteristic of the ratio of viscous decay time
to turnover time of a vortex patch.

1.2 INVISCID FLOWS

In view of the length scale estimates presented in the previous section, it might be
supposed that inviscid flow can be obtained as a limit of actual viscous flows as the
Reynolds number increases to infinity. Actually, this is not quite the case. There are
certain observed properties of viscous flows that, no matter how high the Reynolds
number, occur in violation of inviscid flow theory. For instance, while the turbu-
lent boundary layer about a blunt body grows progressively thinner as the Reynolds
number increases (with the body size held fixed), the location of boundary layer
separation in the rear of the body is approximately independent of Reynolds num-
ber. Even if the Reynolds number is increased indefinitely, the boundary layer will
still separate, ejecting vorticity from the body, whereas inviscid flow theory requires
vorticity generated on the body surface to remain on the surface. As another ex-
ample, we note that many turbulent flows are observed to adopt a self-similar state,
in which the large scales of motion are not influenced by a change in Reynolds num-
ber (Tennekes and Lumley, 1972). In such flows, energy dissipation is controlled
by the cascade of energy from the large scales, such that with increasing Reynolds
number the energy dissipation occurs at progressively smaller scales but at nearly the
same overall dissipation rate. In an inviscid flow, of course, no energy dissipation is
possible.

If inviscid flow theory can never provide a complete model of actual fluid flow,
even in the high-Reynolds-number limit, the reader might reasonably ask, why study
it? Why not proceed directly to viscous flows, or better yet to turbulent flows? The
reason is that fluid flows are hard to solve, many of them much too hard even with our
fastest computers without invoking some form of ad hoc model. Inviscid flow theory,
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if employed judiciously and with a clear understanding of when it is valid and when
it must be replaced by more general flow theories, offers considerable simplification
to fluid flow problems. In particular, the differential equation governing momentum
transport in inviscid flows possesses only first-order spatial derivatives instead of the
second-order derivatives in the full viscous flow momentum equation. This seemly
minor difference has important implications: it allows integration of the momentum
equation to obtain a solution for pressure in irrotational flows and it makes possible
an exact integral of the vorticity transport equation for all inviscid flows, which can
be used to derive a number of fundamental invariant quantities. These simplifications
make possible a wide range of powerful analytical and computational solution meth-
ods for inviscid flows. For many inviscid flows, the initial conditions and the inlet and
outlet conditions are such that one can argue that vorticity must vanish completely.
In such irrotational (or potential) flows, the velocity field can be found by solution
of a simple linear equation (the Laplace equation) in regions with no vorticity. This
condition can be applied, for instance, to flow past airfoils (if one ignores the thin
downstream wake), for which the inviscid theory can be used to obtain accurate solu-
tions for the airfoil lift. In other flows, the vorticity can be confined to discrete points
or a thin sheet. The evolution of the vorticity can be followed using simple compu-
tational methods, where the velocity field anywhere in the fluid can be obtained by
solution of an integral over the vorticity field. Vortex sheet models, for instance, are
commonly used for solution of interfacial or free-surface wave fields. Even in flows
with distributed vorticity support, the invariant properties of the inviscid theory can
be used to show that the vorticity support is time independent, such that on points
where the vorticity initially vanishes, it must always vanish. This fact leads to effi-
cient and accurate numerical methods in which the computational points follow the
evolving vorticity field.

Although inviscid flow theory may not be applicable to all parts of a fluid flow,
except in special circumstances, it does apply to most regions of high-Reynolds-
number flows. Thus for laminar flow past a body, the potential flow field external to
the boundary layer and the evolution of vortical structures in the body wake can be
efficiently modeled using inviscid flow theory. In turbulent flow, both the large-scale
instabilities leading to turbulence and the broad turbulent inertial range are controlled
by inviscid effects. Even in situations where a more refined viscous flow solution is
desirable, usually requiring a time-consuming physical experiment or computational
solution, the comparatively simple results attainable from inviscid flow theory can be
used to interpret and provide physical intuition for many aspects of the experimental
or computational results.
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CHAPTER 2

VECTORS AND TENSORS

The variables describing the motion of a fluid consist of scalar quantities such as den-
sity and pressure, vector quantities such as velocity and acceleration, and quantities
forming second-order tensors, such as velocity gradient and stress. As we shall see,
vector-valued quantities can be considered as first-order tensors and scalars can be
considered as zero-order tensors. Before one can fully appreciate the mathematical
structure of the theory of fluid motion, it is first necessary to develop some back-
ground in the theory of tensors.

2.1 CARTESIAN INDEX NOTATION

In this text, we employ a common notation in which scalar variables are written in
italics and vector- and tensor-valued variables are written in boldface type. We will
generally write vectors with Greek or lowercase Roman letters and second-order ten-
sors with capital Roman letters. Although a tensor can be defined without regard to
a particular system of coordinates, it is often desirable to refer to the components of
a tensor with respect to a specific coordinate system. For simplicity, we shall always
refer the components of tensors to a Cartesian coordinate system, unless stated oth-
erwise. A brief summary of various vector operations in non-Cartesian coordinate
systems is given in an appendix.

The three base vectors of a Cartesian coordinate system are denoted by {e, €2, e3}.
Cartesian coordinate systems are orthogonal, such that the scalar product of any two
different base vectors is zero, and the base vectors have unit magnitudes. The com-
ponents of a vector v with respect to this coordinate system are scalars {vy, v2, v3}
such that

9



10 VECTORS AND TENSORS

3
v:v1e1+v2e2+v3e3=2v,~e,~. (2.1.1)

i=1

Writing out the various terms of an equation can become very tedious when deal-
ing with complex vector and tensor expressions, which are found frequently in the
laws governing fluid motion, and often obscures the basic physical significance of
these terms. While use of the summation symbol Z, as in (2.1.1), allows us to avoid
writing out each term, this notation also becomes tedious during long calculations.
In this text, we instead follow the common implicit summation convection, by which
(2.1.1) is written as

vV = v;e;, (2.1.2)

and the repetition of the index i in (2.1.2) implies summation over all values that the
index may take. Index values typically cover the set {1, 2, 3} in a three-dimensional
space and {1, 2} in a two-dimensional space. The summation convention can be stated
as follows: whenever an index is repeated in a given term, sum over all values of the
index. In this convention, quantities separated by a plus or minus sign or an equality
are considered different terms, but quantities separated by a product are in the same
term.

Example 2.1.1. Write out the products a;b; and a;b;c j using the summation con-
vention.

SOLUTION

a;ibi = a1by + axby + azbs, (2.1.3a)
aib,-cj = alblcj + azbzcj' +a3b3cj~. (2.1.3b)

A repeated index, over which summation is performed, is called a dummy index
and a nonrepeated index is called a free index. For instance, i is a dummy index in
equations (2.1.3), but j is a free index in (2.1.3b). Because equations (2.1.3) are writ-
ten in terms of the components of vectors, rather than the vector and tensor quantities
themselves, we say that such equations are written using index notation. When us-
ing index notation, two precautions must be kept in mind. The first is that a dummy
index may appear only twice in any given term. To repeat the dummy index more
than once in a given term, e.g., a;b;c;, has no meaning in the summation convention
and can lead to ambiguities and erroneous results. The second precaution is that the
same free indices must appear in every term in an equation. For instance, the equa-
tion a¢; = 3 + b; has no meaning since there is no free index i associated with the
first term on the right-hand side.

The basis of all tensors of order 2 or higher can be constructed from the set of
Cartesian base vectors ¢; using the tensor product, denoted by ®. The tensor prod-
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uct of two vectors is a second-order tensor, and more generally the tensor product
of n vectors is an nth order tensor. For instance, for a second-order tensor A with

components A, we can write
a=A;je; Qe; = Ajjee;. 2.1.4)

The combination of two vectors written next to each other, such as uv or eje;, is
called a dyad and is an alternative notation for the tensor product. Expanding (2.1.4)
using the summation convention gives
a=Ajee +Apeer + Azere;
+ Azieze; + Axnerer + Axzeses
+ Azjeze; + Azrezey + Azzeses. (2.1.5)

The summation convention also applies to the indices of tensors, such that, for in-
stance, in the equation

Aijb; = Ai1by + Ainby + A;3bs, (2.1.6)

i is a free index and j is a dummy index.

2.2 KRONECKER DELTA AND PERMUTATION TENSOR

We now introduce two special tensors which are useful in a large number of vector
operations. The first tensor is the identity tensor I, whose components 8;; are called
the Kronecker delta and are defined such that §;; equals unity if i = j and vanishes
otherwise. Multiplication of the components ¢; of any vector by the Kronecker delta
d;; yields a change in the index as follows:

a;d;j = a1d1j +a2d2j +azdzj =a;. (2.2.1)

This operation, called contraction, is simply the indicial form of the identity I-a = a.
Using the summation convention again, we note that §;; = 811 + 822 + 833 = 3. From
the definition of §;; and the orthogonality property of the Cartesian base vectors, it
follows that

€ €; = 8,‘1', (2.2.2)

where the centered dot denotes the scalar product. In a Cartesian coordinate system,
we further find that if x denotes the position vector with components x;, then
oxi _s (22.3)
ax; 7" -

Another useful tensor is the permutation tensor, the components of which are
denoted by ¢;j;x and are defined such that &;;; equals 1 if (7, j, k) are cyclic, Eijk
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equals —1 if (i, j, k) are anticyclic, and &;;; vanishes if any of (i, j, k) are the same.
The permutation symbol ¢;;; denotes the components of a third-order tensor and
thus has three free indices. The value of ¢;; is unchanged by any cyclic change of
its indices (i.e., &;jx = &kij = €k;) and its sign is changed whenever two indices are
interchanged. The permutation symbol is related to the vector product of Cartesian
base vectors by

e X e; = ¢&jex. 2.24)
A useful identity that relates the Kronecker delta and permutation symbol is
&ijk€imn = 8jmSkn — 8 jndkm, (2.2.5)
which can be proven by direct expansion.

Example 2.2.1. Prove that &;x€;jx = 6.

SOLUTION. Use (2.2.5) to write
EijkEijk = 88Kk — 8jkdkj = 8jj0kk — 8j; = (3-3) =3 =6,

where we recall that §;; = 3 and have used the contraction operation (2.2.1) to write
8jkdkj = 8jj-

2.3 VECTOR AND TENSOR OPERATIONS

It is often easier to manipulate a complicated expression involving vectors, tensors,
and their derivatives by writing the expression in terms of the components of the
vectors and tensors. It is therefore desirable to be fluent at the process of transforming
combinations of vectors and tensors into their components, and vice versa. Letting u
and v denote two arbitrary vectors with components u; and v;, the scalar and vector
products of u and v can be written as

u-v=u;v;, 2.3.1)
U X V=& ljvre. 2.3.2)

If A and B are arbitrary second-order tensors, with components A;; and B;;, we can
write

A-B= A,’ijke,' ® eg, 2.3.3)
A:B = A;;Bj;. 2.3.4)

The single centered dot is used to denote repetition of the innermost index of A and
B such that the product is also a second-order tensor. A double dot denotes that the
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outermost index of A and B is also repeated such that the product is a scalar. Different
notations for products of tensors are sometimes used in the literature.

The transpose of a tensor A, denoted with a superscript T, can be formed simply
by switching the order of the indices of the components of A such that

AT=Aje; Re;. (2.3.5)
Example 2.3.1. Use index notation to show that
(A-B)' =BT.AT. (2.3.6)
SOLUTION. Using (2.3.3) and (2.3.5) gives
(A-B) = (A;Bjrei @ e)T
= AyjBjie; @ e
= (Bjie; @ e;) - (Areee ® )
=BT AT
The trace of a tensor A is the sum of all diagonal components of A, or
tr(A) = Aj;. (2.3.7)
The determinant of A can be related to its components by the identity
det(A) = g;jx A1; Azj Az, (2.3.8)
or alternatively by
Eqmn det(A) = &k Aig A jmAkn- (2.3.9)
Example 2.3.2. Show that if A and B are second-order tensors, then
det(A - B) = det(A) det(B). (2.3.10)
SOLUTION. Using (2.3.3), (2.3.8), and (2.3.9), we have
det(A - B) = det(Aj Byje; @ ;)
= €ijkA1qBgi A2m Bmj Azn Buk
= (A\gA2m A3n)(€ijk Byi Bnj Bni)
= (A1gA2m A3p)Egmn det(B)
= det(A) det(B).
The inner product of a vector u and a tensor A satisfies

u-A=AT-u:ujAj,-ei. (2311)
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The scalar triple product of three vectors a, b, and ¢ is defined by
[abc] = (a x b) - ¢ = g;jpaibjcy. (2.3.12)

The scalar triple product is invariant to a cyclic change in the vectors a, b, and c.
A variety of differential operations with vectors and tensors are commonly written
in terms of the del operator V, which is a vector-valued operator defined by

a
V=e — (2.3.13)

8x,~ )

For instance, the divergence of a vector u can be written as

a .
Vou= 24 (2.3.14)
Bx,-
The curl of u is defined by
a
V XU = g re. 2.3.15)
ij
The gradients of a scalar ¢ or of a vector u are defined by
a ou;
Vo=, vu=ege;. 2.3.16)
0X; ox;

The directional derivative of a scalar ¢ in the direction of a unit vector a is defined
by
d¢

a Vo =a—. C 2317
8xi

The Laplacian of a scalar ¢ is a scalar-valued operator V? defined by

8%

Vip=V.V¢ = ,
¢ ¢ dx; 0x;

(2.3.18)

and the Laplacian of a vector is defined similarly.

2.4 VECTOR AND TENSOR TRANSFORMATIONS

A second-order tensor A is said to be orthogonal if the transpose AT of A is equal
to its inverse AL, It follows that if A is orthogonal, then A - AT = AT .- A = L
Applying the identity (2.3.10), and noting that the determinant of the transpose AT
is the same as the determinant of A for any tensor A, it follows that the determinant
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of any orthogonal tensor A must equal +1. The components A;; of an orthogonal
tensor satisfy the relation A;; Ax; = ik

Let v; be the components of some vector v and D;; be the components of some
second-order tensor D with respect to a set of Cartesian base vectors e;. Suppose now
that we wish to write v and D in terms of their components v; and D] J with respect
to a different set of Cartesian base vectors e;, where e¢; and e; differ by a rotation. Let
A denote the direction cosine tensor, with components A;;, defined by

where we note that A is orthogonal. Writing v and D in terms of their components
and using (2.4.1) give

vV=ue; = ve; = VjAjjej, (2.4.2)

D =Djje;®@e; = D¢ @€, = D ;AixAjmex ® €. (2.4.3)
From (2.4.2) and (2.4.3), the vector and tensor components in the two coordinate
systems are found to be related by

vj = v;AU, Dim = D;jA,'kAjm. (2.4.4)

Muitiplying the vector and tensor transformation equations in (2.4.4) by A;; and
Ank A pm, tespectively, and making use of the orthogonality properties of A;; give
the components in the primed system in terms of those in the unprimed system as

v,’( = Agjvj, D;p = Ak Apm Dim. 2.4.5)

The transformation relationships (2.4.4) and (2.4.5) are satisfied if and only if the
numbers v; and D;; are components of tensors. We can in general define a tensor T
of order N as some quantity whose components 7;,;,...;y transform according to

Ti/ = Aiji Ay Ainjn Ty jowin 24.6)

12N

under a rotation of the coordinate system (Sokolnikoff, 1951).

2.5 SYMMETRIC AND SKEW-SYMMETRIC TENSORS

A second-order tensor A with components A;; is said to be symmetric if A = AT,
or A;; = Aj;. The tensor is said to be skew-symmetric if A = —AT, or Ajj =
—Aji. A symmetric second-order tensor has six independent components and a
skew-symmetric second-order tensor has three independent components. The diag-
onal components of a skew-symmetric tensor are all zero. By way of example, the
Kronecker delta §;; is symmetric, so that §;; = §;;. The permutation symbol &; is
skew-symmetric in any two of its indices, so that &;jx = —¢&jix = —¢&ij. We now
present two theorems related to symmetric and skew-symmetric tensors.
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Theorem 2.5.1. If A is an arbitrary second-order symmetric tensor and B is an ar-
bitrary second-order skew-symmetric tensor with components A;; and B;;, respec-
tively, then the scalar product of A and B, written as A : B or A;; Bj;, vanishes.

Theorem 2.5.2. Any second-order tensor C can be decomposed as the sum of a
symmetric tensor A and a skew-symmetric tensor B, where

C=A+B, A=}cC+C"), B=lcc-Ch. 25.1)

The proof of the first theorem can be obtained by applying the definitions of sym-
metric and skew-symmetric tensors as follows: A;jBj; = Aj;Bj; = —Aj; B;j. Since
the dummy indices can be given any label, the indices i and j in the above result can
be switched to obtain A;; Bj; = —A;; Bj;, which can only be satisfied if the product
A;jBj; vanishes. The proof of the second theorem follows from substitution using
(2.5.1).

Any second-order skew-symmetric tensor B can be associated with a unique axial
vector w whose components are given by

B;ij = &ijrwi, (2.5.2)

where both B and w contain three independent components. Multiplying (2.5.2) by
&ije and using (2.2.5) give

&ijeBij = €ijegijrwr = (8;j0ex — Sjdje)wk = 3wy — wy = 2wy,
or
1
Wk = 5&ijk Bij. 2.5.3)

Taking the vector product of any arbitrary vector a with the vector w, defined by
(2.5.3), and using (2.2.5), it readily follows that

axw=B-a. 2.54)

2.6 VECTOR IDENTITIES

Familiarity with vector identities is necessary in proving a variety of fundamental
theorems in fluid dynamics. Some of the more frequently used vector identities,
written in terms of an arbitrary scalar ¢ and arbitrary vectors a, b, and ¢, are given
in Table 2.1. While the identities in Table 2.1 can be proved without regard to any
particular coordinate system, it is a useful exercise to rewrite these identities in their
component forms and prove them (for Cartesian coordinates) using the properties of
the Kronecker delta and the permutation tensor and the theorems on symmetric and
skew-symmetric tensors given in the previous sections. A few examples are given
below and proofs of the rest of the identities in Table 2.1 are left as exercises.
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TABLE 2.1 A Collection of Useful Vector Identities

VxVep=0 2.6.1)
V-(Vxa)=0 (2.6.2)
Via=V(V-a)— V x (V x a) (2.6.3)
V-(¢a)=¢(V-a)+a V¢ (2.6.4)
V x (pa) = ¢(V x a)+ (V¢) x a (2.6.5)
Va-b)y=(a-V)b+(b-Via+ax(Vxb)+bx(Vxa) (2.6.6)
V-axby=b-(Vxa)—a-(Vxb) (2.6.7)
Vx(axb)y=aV:-b)—b(V-a)+ (b -Via—(a-V)b (2.6.8)
ax(xc)y=(a-cb-(a-b)c (2.6.9)

Example 2.6.1. Prove the identity V- (a x b) = b - (V x a) —a - (V x b) using
Cartesian index notation.

SOLUTION. Rewriting the term on the left-hand side in index notation and using
the chain rule give
da;

a .
V-(axb)= E(Eijkajbk) = Eijkbka—xi + &ijka;j

aby
8)(; ’

Now make a cyclic change of indices in ¢;j in the first term on the right-hand side
of the above equation (&;jx = &;;) and exchange i and j in &;j; in the second term
(¢ijk = —¢&jix). Rewriting the result in terms of direct (vector) notation yields the
identity in question.

Example 2.6.2. Prove the identity V - (V x a) = 0.

SOLUTION. Writing the left-hand of this identity in index notation gives

8%ay

V- (Vxa)=¢ij—.
( ) zjkaxiaxj

Recalling that &; . is skew-symmetric in any two of its indices and that 9%ay [(0x; 3x )
is symmetric in { and j, the product in the above equation must vanish from Theo-
rem 2.5.1.

Example 2.6.3. Prove the identitya x (b x¢) =(a-¢)b— (a-b)c.

SOLUTION. Writing the left-hand side in index notation gives

ax((bxe)= Siijkgmajb(Cme,'.
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A cyclic variation of the indices of the first permutation symbol &;j; and use of the
identity (2.2.5) give

ax (b XC) = ekijskgmajbecme,- = (5,’1{5,‘,,, —aim(ng)ajb(Cmei = (b,'ajcj —c,-ajbj)e,- .
Converting back into direct (vector) notation gives the identity in question.

Example 2.6.4. Show that if n denotes the unit-normal vector to a plane surface S,
then any vector a can be decomposed as the sum of a component (a - n)n normal to
S and a projection (n X a) x n tangent to S.

SOLUTION. The proof proceeds by first assuming the validity of the decomposition
a=(@-nn+ (nxa)xn, (2.6.10)

converting each term to index notation, using the identity (2.2.5), and showing that
an identity is obtained. In index notation, (2.6.10) becomes

ai = ajn;jn; + €ijk(€jemneam)ng
=ajnin; + €;ki€jemamneng
= ajnjni + (Sxedim — SkmBig)amnenk
=ajnjn; + ajning — agning
= ajngng.

Since n is a unit vector, n;n; = 1 and the identity (2.6.10) is proved.

2.7 INTEGRAL IDENTITIES

Integral identities are used frequently in fluid dynamics to convert volume integrals
to surface integrals and surface integrals to contour integrals. Since the conditions for
validity of these integral identities require the surfaces and volumes to possess certain
topological characteristics, we first review some definitions related to the geometry
of volumes and surfaces.

Let § be a surface in a three-dimensional space. Here, S is said to be closed
if it partitions the surrounding space into interior and exterior regions such that a
continuous path between any point interior to S and any point exterior to S must
cross the surface §. Letting S be specified by a relation of the form f(x) = const at
any time ¢, then the unit normal n of § is given by n = V f/|V f|, where the sense of
the unit normal may be adjusted by changing the sign of n. The surface S is said to
be smooth if n varies continuously over S and to be piecewise smooth if it is formed
of some finite number of smooth sub-surfaces. Similar definitions of smoothness can
be made for a space curve. The surface S is said to be simply connected if all closed
curves on S can be continuously shrunk to a point. A piecewise smooth surface
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(a) (b)

(©) (d)

Figure 2.1 Examples of surfaces that have different topological characteristics: (a) sphere,
(b) cube, (c) torus, and (d) Mobius strip.

$ is said to be orientable if a positive direction can be assigned to the bounding
curve about each smooth piece of S such that on the boundary C between any two
adjacent smooth pieces S; and S of S, the positive direction on C relative to S is
opposite to the positive direction on C relative to S,. Examples of these definitions
are shown for surfaces of several shapes in Figure 2.1. A sphere is closed, smooth,
and simply connected. A cube is closed and simply connected but only piecewise
smooth, since the unit normal changes direction discontinuously at the edges of the
cube. A torus is closed and smooth, but not simply connected, since a circle such
as that labeled C in Figure 2.1¢ cannot be continuously shrunk to a point while
remaining on the surface S. Most commonly encountered surfaces are orientable;
however, some strange surfaces (such as the Mobius strip shown in Figure 2.1d) can
be found which do not possess this property.

Now suppose that a region V occupies the interior of a closed surface S. We say
that V is an elementary volume if any straight line passing through V intersects the
surface § in exactly two points. The interior of a sphere and a cube are elementary,
but the interior of a torus is not. A region V is said to be a composite volume if it can
be divided into some number of elementary volumes.

There are quite a variety of integral identities that are used in fluid dynamics;
however, most of these identities can be derived from the following theorem.

Theorem 2.7.1 (Generalized Green’s Theorem). If V is any composite volume
with piecewise smooth bounding surface § and outward unit normal n and F is any
continuous function in V whose gradient V F is also continuous in V, then

oF
/Vde:/Fnda or f——dv:meda. (2.7.1)
v s v 0x; s

This theorem is first proved for an elementary volume V. The proof can then be
extended to a composite volume by joining the elementary volumes from which the
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composite volume is formed and noting that since the outward unit normals on a
surface separating two adjacent elementary volumes are in opposite directions, the
contribution of this surface to the integral in the right-hand side of (2.7.1) vanishes.
The proof is illustrated by considering differentiation in just one direction, say z. A
line L which is tangent to the z-axis can be specified by constant values of x and y.
Since the volume V is elementary, each such line L passing through V will intersect
the bounding surface S of V exactly two times. Let us denote the value of z at the
upper and lower of these intersections by z* (x, y) and z ™ (x, y), respectively. Now
divide the surface S up into two halves ST and S~ such that z = z* on St and
z =z~ on §~ (Figure 2.2). We may then write

/Edv=/ (/gdz>dxdy
v 0z A L 0z
= /A [F(x,y, 2" (x.y) = F (x, 5,27 (x,y)] dxdy, (27.2)

where A denotes the projection of S on the x-y plane. We let n;” and n; denote the
z-components of the outward unit normal on S* and S~, respectively. The product
dx dy is related to the element of area da on S by dxdy = n;r da* on ST and

by dxdy = —n5 da” on ™. Equation (2.7.2) can then be written in terms of an
integral over § as
—dv = Fnyda™ + Fnyda™ = | Fnida, 2.7.3)
v 902 S+ S s

thus completing the proof.

The utility of (2.7.1) stems largely from the observation that the function ' may
be either a scalar or the components of a tensor quantity of any order. For instance,
replacing the function F in (2.7.1b) with the components b; of an arbitrary vector b

nt

S+

n- A\

Figure 2.2 Division of the elementary surface S = ST U S~ used in the proof of Theo-
rem 2.7.1.
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gives the usual divergence theorem

—dv—/bin,- da or fV-bdv:fn~bda. 2.7.4)
v 0x; S 1% N

Replacing the function F' in (2.7.1b) with the product &;xb; gives the identity

b
/s,,k / du_/g,-,-kn,»b,»da or /bedu:fnxbda. (2.7.5)
y O ox; s v s

Other standard forms of Green’s theorem can be readily obtained from (2.7.4).
For instance, letting ¢ and v denote two arbitrary scalar quantities, it follows from
the chain rule that

V- (@VY) = Vo - Vy + ¢Viy,

(2.7.6)
V- (V) =Vy Vo +yVie.
Subtracting these two equations gives
V(@Y — V) = VY — Y V7o, (2.7.7)

Substituting this result into the divergence theorem (2.7.4) gives Green's second

identiry
P 9
/v(rbvzw — YV dv = / (q&—w — Y- ¢) (2.7.8)

A variety of useful identities relating integrals over a closed curve C to integrals
over an open surface A bounded by C can be derived using the two-dimensional

form of (2.7.1b), given by
/ Gn;dt = [ ——da, (2.7.9)

where G is a continuous function defined on a plane open surface A with bounding
curve C and 1 is the outward unit normal to the curve C lying on a plane tangent to A.
A result similar to (2.7.9) can be written when A is a curved surface, but this would
involve introducing certain topological properties of the surface which are beyond
the scope of the present text. We now replace the function G by &;xn; fr, where n is
the unit normal to the surface A and fj are the components of a continuous vector
function, giving

- 9fk
gijpninj frdt = | &ijxni—— da. (2.7.10)
C A 0x;

Since n and n are normal both to C and to each other, the product ¢; jkn,-fz j in the
integral on the left-hand side of (2.7.10) is equal to the components f; of the unit
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tangent vector t = n x fi to C, where the direction of t is set by the direction of n
according to the right-hand rule. Equation (2.7.10) then reduces to the usual Stokes
theorem

a
/fk dxy Z/Eijkniﬁda, (2.7.11a)
C A ij

or in vector form
/f-dx:/n-(fo)da, (2.7.11b)
C A

where dx is an oriented element of length tangent to C.

A similar integral theorem can be derived for the integral about C of the vector
product of a vector f with the tangent vector dx, where in this case the function G in
(2.7.9) is replaced by &;jr&pguni fp, giving

/fxdx:/[n(V~f')—(n-V)f—nx(fo)]da. (2.7.12)
C A

Setting f = ¢a in the Stokes theorem (2.7.11), where a is an arbitrary constant
unit vector and ¢ is an arbitrary scalar, and using the property of invariance to cyclic
permutations of the scalar triple product, an identity for the integral of a scalar around
a closed curve C is obtained as

f¢dx=/nxv¢da. (2.7.13)
C A

Derivation of the integral identities (2.7.12) and (2.7.13) is left as exercises.

While the results (2.7.11)-(2.7.13) are derived in this section for cases where the
surface A is planar, they in fact apply when A is any orientable surface bounded by
a closed curve C. This property can be deduced by imagining the surface A to be
approximated by a piecewise smooth surface A* which is composed of some finite
number of flat “panels” A; that join at the edges and are each bounded by circuits C;.
The integral identities (2.7.11)—(2.7.13) apply to each of these panels individually,
where A and C are replaced by A; and C;, respectively. Since A is orientable, the
contour integrals on the left-hand side of (2.7.11)—(2.7.13) cancel out on all adjoining
sides of these panels such that the integral over the whole surface A* reduces to a
contour integral over the circuit C*, forming the boundary of A*. As the number
of panels approaches infinity, the surface and contour integrals over the piecewise
smooth approximations A* and C* approach integrals over the curved surface A and
contour C.
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PROBLEMS

10.

. All of the following expressions use summation convention incorrectly. Explain

why.

(@) Ajjsijkux +vp=c
(b) ujujA;jdi; =ujuAj;
(©) ujui +A;; =3

(d) gijxAii = rk

Write the following expressions in indicial form for a vector u and a second-
order tensor A:

(a) Vx(Vxu

(b) Vu-A-w

() u-V(rA)

(d) det(A)V x u

Prove that EijkEije = 26k¢.

. Prove the identity a x w = B-a, where w is the axial vector of a skew-symmetric

tensor B and a is an arbitrary vector.

. Prove all of the identities in Table 2.1 by first rewriting in indicial notation and

then using the theorems and identities in Sections 2.2-2.5.

. Prove that for any second-order tensor A we can write det(A) = det(AT).

Prove that the determinant of a second-order tensor A can be written as
|
det(A) = gEijkEtmn AfiAmjArlk~

Derive the integral indentities (2.7.12) and (2.7.13).

Pressure exerts a force —pn on a surface § immersed in a fluid, where n is the
unit normal of S. Use the integral identities in Section 2.7 to prove that there is
no net pressure force acting on a closed body immersed in a uniform pressure
field.

Show that for any closed circuit C and scalar ¢, the following identity holds:

/V(t)-dx:O.
C



CHAPTER 3

KINEMATICS OF FLUID MOTION

The subject of kinematics is concerned with the geometry of motion, without regard
for the dynamical laws that govern motion. In the current chapter, we introduce some
of the basic kinematical concepts and results that form the backbone of the study of
fluid mechanics. Since kinematics is purely geometrical, the material introduced in
this chapter applies equally well to all media, fluids and solids alike. Nevertheless,
many of the kinematical results emphasized in this chapter, such as streamlines, vor-
ticity, and decomposition of the velocity gradient, play a particularly important role
in describing fluid motion but are not as important when describing deformation of
most solids. Other kinematical quantities, which play an important role in describing
solid deformation but are not as relevant to fluids, have been omitted.

3.1 DESCRIPTIONS OF FLUID MOTION

A fluid is assumed to occupy a region Ry in space at some reference time ty, where
Ro may be either bounded or unbounded. The position vector, with respect to a fixed
coordinate frame, of a fluid particle P in fRg is denoted by &. The set consisting of
the positions of all fluid particles in R at time £y is called the reference configuration
of the fluid. It is assumed that the fluid is a continuum such that for any particle P
not on the boundary of 2Ry, any infinitesimal variation §& of £ at time ¢ yields the
position vector of another fluid particle in RRy. At some later time ¢, the fluid moves
to some other space region R such that the position vector to the particle P is now
denoted by x. If ¢ denotes the current time, then we call the positions of all fluid
particles in R the current configuration of the fluid. The position vector X in the
current configuration depends both on time and on the identity of the fluid particle

24
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P to which the position vector points. The particle identity is most conveniently
specified by the position vector £ of the particle in the reference configuration, so
that we write

x=x(§,1). (3.1.1)

The variation of the position vector X in time specifies the motion of the fluid, as is
illustrated in Figure 3.1.

Several assumptions are commonly made with regard to the time variation of the
vector X. For instance, it is assumed that x(&, t) is a continuous function of both ¢
and £. Continuity in ¢ implies that a particle cannot instantaneously jump from one
location to another but must trace a continuous path in space between any two lo-
cations of the particle. Continuity in £ implies that particles which are initially in
some infinitesimal neighborhood of a given particle remain in the neighborhood of
the particle for all time. It is also assumed that the mapping & — X is single valued,
such that a particle cannot occupy two positions at a given instant of time. Similarly,
single-valuedness implies that two different particles cannot occupy the same posi-
tion at a given instant of time. We shall also assume sufficient smoothness of the
function x(&, ¢), which implies that some number of derivatives of x(§, t), typically
through second order, with respect to 7 and & exist and are continuous in time and
space. Exceptions to the smoothness assumption sometimes occur on surfaces, such
as shock waves or interfaces between two different media, or on lines and points
within the flow. Such cases where the derivatives of x(§, r) become discontinuous
must be treated with special care, as discussed in Chapter 5.

Another necessary assumption is that the equation (3.1.1) is invertible, so that we
may write

£=Ex,1). (3.1.2)
Reference . Current
Configuration Particle Configuration

Path

Figure 3.1 Motion of a fluid particle from the reference configuration to the current config-
uration.
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Equation (3.1.2) implies that given knowledge of the current position of the particle
at time 7 and of the motion of the particle for all times prior to ¢, one can deduce (at
least in principle) the position of the particle at any previous time. While for most
fluid dynamics applications it is most convenient to deal only with the current posi-
tion of the fluid particles, there are a variety of cases where it is desirable to instead
refer to the particles in terms of their location £ in some reference configuration.
The variables describing a fluid, such as density, velocity, and so forth, are gener-
ally written as functions of ¢ and the current spatial position x. For instance, density,
whose value is denoted by p, can be set equal to a function 4 of x and ¢ by writing

p = p(X,1). (3.1.3)

(While we generally use the same notation for a function, such as p, and its value,
p, for the current discussion it is necessary to make a distinction.) The expression
(3.1.1) for x can be substituted into (3.1.3) to alternatively express density as a dif-
ferent function p of £ and ¢, or

p=pE 1) (3.1.4)

The approach used in (3.1.3), in which the dependent variables are expressed as func-
tions of the current position X, is called the Eulerian viewpoint. The approach used
in (3.1.4), in which dependent variables are functions of the particle positions & in
some fixed reference configuration, is called the Lagrangian viewpoint. For instance,
in constructing a computational approach for solution of a fluid flow using the Eu-
lerian viewpoint, a fixed grid is placed over the region occupied by the fluid and the
variation in time of the dependent variables describing the flow is examined at the
nodes of the fixed grid. In solving the same flow using a Lagrangian viewpoint, a
finite set of fluid particles is selected at some initial time and the motion of these par-
ticles is followed in time while examining the change of the variables describing the
fluid on these particles. Examples of computational methods using both the Eulerian
and Lagrangian viewpoints abound.

The dynamical laws governing fluid motion involve not only the positions of the
fluid particles but also the time derivatives of the particle positions and of other vari-
ables that are functions of the particle positions. When using the Eulerian viewpoint,
it is most convenient to evaluate these time derivatives at fixed points in space. When
using the Lagrangian viewpoint, it is desirable to evaluate time derivatives while trav-
eling with a given fluid particle. The time derivative evaluated at a fixed spatial point
is called the partial derivative and is denoted by 3/8¢. The time derivative evaluated
on a given fluid particle is called the material derivative and is denoted in the current
text by D/Dt, or sometimes by a dot placed over a variable. In other literature, the
material derivative is sometimes called the total, convected, or substantial derivative.
A steady flow is one for which all variables describing the fluid are constant when
evaluated at fixed points in space. Hence, the partial derivative with respect to time
of all fluid variables vanishes in a steady flow, but the material derivative may not
vanish. For instance, in the example of steady flow through a nozzle shown in Fig-
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Figure 3.2 Steady flow through a converging nozzle: («) schematic of nozzle; (b) variation
of centerline velocity with distance along nozzle axis.

ure 3.2, the velocity component u in the x-direction is constant at all fixed points
in space, but u increases with time when evaluated on a given fluid particle as the
particle moves through the nozzle.

When taking the material derivative of a variable that is written as a function of
the current position x, such as in (3.1.3), it is important to remember that the value of
x for a given fluid particle varies in time. Using the standard chain rule of calculus,
we can write

Dp 0p dxdp dydp dzop
D _3p  dxdp  dydp  dzdb

= . (3.1.5)
Dt ot drdx dt dy dt oz

Equation (3.1.5) can be written more concisely using vector notation and by noting
that the material derivative of the position vector x is simply the velocity u, such that

Dp  3p R
2P _ % 4 u.vp. 3.1.6
Dr o TP (3.1.6)

Similarly, expressing the velocity u as a function @ of x and 7 and recalling that the
acceleration a is the material derivative of the velocity, we can write
Du da
a=—=—+ (@ V)i 3.1.7
Dt at ( ( )
It is common practice to drop the “hats” over the functions in expressions such as
(3.1.6) and (3.1.7). It is clear that the material derivative is simply the usual total
derivative of calculus, and in fact many fluid mechanics texts write equations such
as (3.1.6) and (3.1.7) with the standard lowercase d notation often used for the to-
tal derivative in mathematics texts. The capital D notation is used for the material
derivative in the current text (following Batchelor, 1967) to remind us that the func-
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tion being differentiated depends on the current position x rather than the reference
position £ of the fluid particles.

A point in space that coincides for all times with the same fluid particle is called
a material point. Similarly, curves, surfaces, or volumes in space that consist of the
same fluid particles for all time are called material curves, surfaces, or volumes, re-
spectively. If the equation f (X, t) = const specifies the position of a material surface
for all time it, then it follows that the value of f does not change when evaluated on
fluid particles on the surface, such that

Df
- =0 (3.1.8)

Equation (3.1.8) is frequently used in deriving boundary conditions for material sur-
faces.

3.2 DEFORMATION MEASURES

The differential dx of the position vector in the current configuration represents an
infinitesimal line segment of fluid particles. The line segment occupied by these same
fluid particles in the reference configuration is denoted by d €, where our assumptions
of continuity and smoothness imply that the curve occupied by these particles con-
tinues to be a line segment in the limit of infinitesimal length. The orientation and
length of this material line segment in the current and reference configurations are
linearly related to each other by the expression

dx=F-d§ or dx; = Fiad&a. 3.2.1)

The quantity F in (3.2.1) is a second-order tensor called the deformation gradient
and is defined by

F = S_X or Fig = 0x; .
o€ GI
In keeping with usual convention, we use a lowercase index for quantities that are
evaluated in the current configuration and an uppercase index for quantities evaluated
in the reference configuration in writing the components of the vectors and tensors
in (3.2.1) and (3.2.2).

We have previously stated that the transformation x = x(§, ) is assumed to be
invertible, such that it can be written in the form (3.1.2). The indicial form of (3.2.1)
is a matrix equation relating the components of dx with those of d&. From standard
results of matrix algebra, the necessary and sufficient condition for existence of the
inverse of (3.2.1) is that the determinant of the matrix F;4 be nonvanishing. We
define the Jacobian of deformation J by

(3.2.2)

dxy1 0xy 9x3
J =det(F) = —_— 323
et(F) EABCBSA 255 DEc ( )
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where the last part of (3.2.3) follows from the identity (2.3.8). In the reference con-
figuration, the deformation gradient F is equal to the identity tensor L, so that J is
equal to unity. Since J must vary continuously and cannot equal zero, we deduce
that 0 < J < oo for all time.

In addition to the deformation gradient, the velocity gradient Vu plays a key role
in fluid mechanics. Since the velocity gradient is a second-order tensor, according
to the tensor representation in Theorem 2.5.2, we can decompose Vu as the sum of
symmetric and skew-symmetric tensors, such that

814,'

Vu=D+W or — = Dj; + Wy, (3.24)
BXj
where
1 [/ Ju; ou 1 /ou; du;
Dijj==-|—+— and Wiji=={(—-—]. 325
Y 2<3x»,'+ 8xi> Y 2(3x; dx; 023

The symmetric part D of the velocity gradient is called the rate of deformation tensor
(or sometimes the rate of strain tensor) and the skew-symmetric part W is called the
vorticity tensor. We note that from Theorem 2.5.1 the scalar product D;; W;; must
vanish identically.

A useful relationship exists between the velocity gradient and the material deriva-
tive of the deformation gradient F. Taking the material derivative of (3.2.2) and using
the raised-dot notation for the material derivative give

. D ox; d Dx; ou;
i S R (3.2.6)
Dt 3ty  0E4 Dt 34

where the fact that £ is evaluated at a fixed reference time, and is therefore inde-
pendent of 7, is used to commute the material derivative and the partial derivative
with respect to §4 in (3.2.6). Using the chain rule of calculus, equation (3.2.6) can
alternatively be written as

N 81,{,' ij

= B, 08y (3.2.7)

iA
3.3 STRETCH RATE AND VORTICITY

Let us decompose an infinitesimal line segment dx as the product of its magnitude
dx and a unit vector a that indicates its direction, so that

dx =dxa. (3.3.1a)

If d € denotes the line segment occupied by the fluid particles in the reference config-
uration, then a similar decomposition of d£ as the product of its magnitude d& and a
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unit vector ¢ gives
dé =dtec. (3.3.1b)

The stretch A of an infinitesimal material line segment is defined as the ratio of the
length of the line segment in the current configuration to its length in the reference

configuration, or
*
*

dx
A= —. 33.2
7 (33.2)
Dividing (3.2.1) by d& and using the definitions (3.3.1) and (3.3.2) yield
Aa=F-c. 3.3.3)

Taking the material derivative of (3.3.3) and using the result (3.2.7) for F give

Aa,» + Ag; = 'iBCB
314,'

= —VF;gcp
J
ox;

314,‘
= —Aaq;. 334

axj aj ( )
The unit vector ¢ passes through the time derivative in (3.3.4) since it is evaluated in
the reference configuration and is therefore independent of time. Taking the scalar
product of (3.3.4) with a; and noting that D(a - a)/ Dt = 2a - a = 0 since a is a unit
vector give

A du i

The ratio on the left-hand side of (3.3.5) is called the logarithmic rate of stretching,
since D(In|A|)/Dt = A /A. Substituting the decomposition (3.2.4) of the veloc-
ity gradient into (3.3.5) and noting that W;;a;a; vanishes identically since a;a; is
symmetric and W;; is skew-symmetric give

A
X = Djja;a;. 3.3.6)

The result (3.3.6) indicates that the change in length of an infinitesimal material
line segment is controlled only by the symmetric part D;; of the velocity gradient.
Since the unit vector a can be oriented in any direction, we might consider the special
case in which a is oriented along one of the coordinate directions. For instance, if a
is tangent to the base vector e; in the x-direction, (3.3.6) reduces to

A
Dy = A‘ (3.3.7)
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The other two diagonal components of D;; can similarly be set equal to the logarith-
mic rate of stretching of line segments oriented in the y- and z-directions.

While the result (3.3.6) can be used to determine the stretching rate of material
line segments, it indicates nothing about the rotation rate of the line segments. To
determine rotation rate, we divide (3.3.3) by the stretch A and then take the material
derivative of the resulting equation, giving

R A
a=_Fc- —Fc (3.3.8)

Using (3.2.7) for F and (3.3.3) for F - ¢, this result becomes (in index notation)

. ou; A

a = W;aj BGE (3.3.9)
Substituting the velocity gradient decomposition (3.2.4) and the result (3.3.6) for the
stretch rate into (3.3.9) yields

a; = Djjaj + Wijaj — Djrajaxa;. (3.3.10)

Equation (3.3.10) indicates that, in general, both the rate of deformation tensor D
and the vorticity tensor W contribute to the rotation of material line segments.

We now consider the special case in which the material line segment a is coinci-
dent with one of the three principal directions d® of the rate of deformation tensor
D, defined by

D.a® = gk, (3.3.11)

where A% are the eigenvalues of D and the index k € {1, 2, 3} indicates the principal
direction to which the quantity is referred. In this case, (3.3.6) becomes

A
— =20, (3.3.12)
Ala—gw

which indicates that the eigenvalues of the rate of deformation tensor D are equal to
the logarithmic rate of stretching along the respective principal directions.
Differentiation of (3.3.6) with respect to ay gives

0 A_p o da o p 04 (3.3.13)
—— = Dijj—aj jjai—. 3.
day A jaak J U day

When a is coincident with one of the principal directions d", we can use (3.3.11)
to write (3.3.13) as

—a— A = 2)\.(’”)0[ aai

— (3.3.14)
dag A |y—qm day
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However, since a is a unit vector, so that a;a; = 1, the product a; (3a; /day) on the
right-hand side of (3.3.14) vanishes identically. This result indicates that the logarith-
mic stretching rate attains a local extremum or point of inflection along each of the
principal directions of D. When the three eigenvalues of D are distinct, the maximum
stretching rate occurs along one principal direction (say, k = 1) and the minimum
stretching rate occurs along another principal direction (say, & = 3). The third prin-
cipal direction (k = 2) has the form of a saddle point, where the stretching rate
increases when the line segment is rotated toward the dP direction and decreases
when it is rotated toward the d® direction. This situation can be illustrated by an
ellipsoid, as shown in Figure 3.3, where the distance from the center of the ellipsoid
to its surface represents the stretching rate in the corresponding direction.

Another result obtained by letting the unit vector a coincide with a principal di-
rection of D is that the first and third terms on the right-hand side of (3.3.10) cancel,

giving
il amqo = Wijd|™. (3.3.15)

Equation (3.3.15) indicates that the rotation rate of a material line segment oriented
tangent to one of the principal directions of D at time ¢ is controlled solely by the vor-
ticity tensor W. This result can be written in an alternative form with the introduction
of the vorticity vector w, defined by

w=VXxu (3.3.16)

Using index notation and the decomposition (3.2.4), this definition can be rewritten
as

oug
w; = Eijkﬁj = Eijijkv (3.3.17)

where we note that g; D j; vanishes identically since D jk 18 symmetric and &;; is
skew-symmetric in j and k. It is evident from the form of (3.3.17) that the vorticity
vector is equal to twice the axial vector associated with the skew-symmetric tensor
W, defined in (2.5.3). Using (2.5.2), the result (3.3.17) can be inverted to yield

Wi = Seijeox. (3.3.18)

Figure 3.3  Ellipsoid with semiaxes a, b, and ¢, which represent the principal values of the
rate of deformation tensor corresponding to a maximum, minimum, and saddle point of the
logarithmic rate of stretching, respectively.



DILATATION 33

Substituting (3.3.18) into (3.3.15) gives
a; ‘a:d(k) = %S[jgdj(»k)a)g or a |a:d"" = %d(k) X . (3.3.19)

The result (3.3.19) has the form of a rigid-body rotation of the material line segment
a with rate |a X w|/2.

3.4 DILATATION

This section is concerned with the change in volume of a material region during the
fluid motion. It is recalled that a volume element dv can be constructed from the
scalar triple product of three noncoplanar line segments dxV, dx?, and dx®, or

dv = dxV - (dx® x dxV) = ;e dxV dx'? dx. (G.4.1)

The quantity dv is the volume contained within a parallelogram whose sides are the
line segments dx(, dx®, and dx®, as shown in Figure 3.4. Similarly, the volume
dV of this same material region in the reference configuration can be expressed in
terms of the material line segments d£€(), €, and d£ as

dV =dgD - (dED x dED) = eqpc ds\V deF de? (3.4.2)

where (3.2.1) relates the material line segments in the current and reference configu-
rations by

dxV = Fiaaed. (3.4.3)

Substituting (3.4.3) and similar relationships for dx® and dx® into (3.4.1) gives

(1 2 5+(3)
dv = (e;jk FiaFipFrc) de\) de del). (3.4.4)
Reference Configuration Current Configuration

av dv

Figure 3.4 The volume elements dV and dv in the reference and current configurations
are the volumes contained within the parallelograms whose sides are the line segments
(dED, dgD  d£D Y} and {dx(D, dx@  dx3)}, respectively.
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Recalling the identity (2.3.9), we can replace the terms in parentheses in (3.4.4) by
eapc det(F), which after using (3.4.2) and noting that J = det(F) yields

dv=JdV. (3.4.5)

This relationship shows that the Jacobian of deformation J can be interpreted as the
ratio of volume dv of a material region in the current configuration to the volume
dV of this same region in the reference configuration. To emphasize this physical
interpretation, the quantity J is often referred to as the dilatation.

Just as the relationship between the rates of stretching and rotation and the veloc-
ity gradient is examined in Section 3.3, it is also of interest to examine the relation-
ship between the rate of dilatation and the velocity gradient. The rate of J can be
obtained by using the following identity, which is valid for any second-order tensor
A with components A;;:

D DA | DA;;

A proof of the identity (3.4.6) is given at the end of this section. Using (3.4.6) with
the arbitrary tensor A identified with the deformation gradient F and noting that

Fip = 0u;/0&p from (3.2.7) and Fj - = 0&p/0x; from the definition (3.2.2), we
can immediately write

DJ _ ou; 353] _ ou;

- =—117,
Dt dEp 0x; 0x;
or in direct notation
bJ (V.-u)J 3.4.7)
—_— = -w)J. 4.
Dt

From (3.4.7), the rate of dilatation, D(In J)/ D¢, is equal to the divergence of veloc-
ity.

A special case of particular interest is that of an incompressible fluid, which is
defined as a fluid in which the volume of any material region is constant in time.
While all real fluids are somewhat compressible, incompressibility is frequently a
useful idealization that simplifies the complexity of the equations governing the fluid
flow. The incompressibility assumption applies to nearly all liquid flows and to many
gas flows. For external flows and internal flows with fixed boundaries, a common
rule-of-thumb is that gas flows can be treated as incompressible if the fluid speed is
less than about 30% of the speed of sound. For an incompressible flow, dv = dV,
and from (3.4.5) it follows that J = 1 for all time (since J = 1 in the reference
configuration). From (3.4.7), a necessary and sufficient condition for a flow to be
incompressible is that

V.u=0 (34.8)
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be everywhere satisfied for all time. Equation (3.4.8) is most commonly called the
continuity equation in the fluid dynamics literature, on the basis of an alternative
derivation in which this equation is obtained by setting density equal to a constant
at material points in the mass balance law (Section 4.1). However, this equation is
purely kinematical and, as we have shown, does not require the assumption of mass
conservation for its derivation. Alternative names for equation (3.4.8) are the incom-
pressibility condition or the incompressibility constraint.

Appendix 3.4.1 Proof of the Identity (3.4.6)

Let A be an arbitrary second-order tensor with components A;;. Two other identi-
ties must be proved prior to obtaining the result (3.4.6). We begin by defining the
components 7;; of some third-order tensor by

Tijk = ElmnAZiAmjAnk- (3.4.9)
Using the identity (2.3.8), it is clear that T123 = det(A). Making use of the fact
that ;4 is skew-symmetric in any two of its indices, it follows that T;j is equal to
det(A) for any cyclic ordering of its indices, — det(A) for any anticyclic ordering
of its indices and O whenever any two of its indices are the same. Recalling the
definition of &; in Section 2.2, we find that

Tijk = €ijk det(A) = Eomn Ati AmjAnk- (3.4.10)

Multiplying this result by &;;+/6 and recalling the result of Example 2.2.1, we find
that the determinant of an arbitrary second-order tensor may be written in the form

det(A) = L&ijkEemnAti Amj Ank. (3.4.11)

The second identity is obtained by differentiating (3.4.11) with respect to A. Re-
call that if the components of A are independent, then

L = 8,8 (3.4.12)

Differentiating (3.4.11) by A, and making use of (3.4.12) yield, after a few lines of
straightforward algebra,

les-s AnmiA (3.4.13)
3A,, 7 sjk€rmnmjAnk- Bt

Supposing now that A is nonsingular, so that its determinant is nonzero; there will
exist a tensor B with components B;;, called the inverse of A, such that

Api Biy = 8¢r. 3.4.14)
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Writing &rmn = €emnre = €emnAvi Bir in (3.4.13) and then using the identity (2.3.9)
yield

d(detA) 1 Com Au A A OB
= —¢&;jk(e i Amj i
3A,s > sjk\&tmn AL Amj Ank) Dir
1
= Essjksijk det(A) B;,
= det(A) B;,. (3.4.15)

The identity &;jx&; jx = 285;, which follows directly from (2.2.5), was used in the last
step of this calculation. In direct notation, this identity becomes

d(detA)

o = (det A)A™!. (3.4.16)

The final step in obtaining (3.4.6) is to use the chain rule to write

DAy,s 3(detA)

D
—(detA) = )
Dt Dt 3A,;

(3.4.17)

which after substituting (3.4.16) yields (3.4.6).

3.5 PATHLINES, STREAKLINES, STREAMLINES, AND VORTEX LINES

Several different types of curves are commonly constructed to provide a geometrical
representation of fluid flow. Each of these curve types indicates different aspects of
a flow, and taken together they can considerably enhance understanding of complex
fluid motions.

One such curve is a pathline, which is the path that a single fluid particle traces by
its motion during some time interval. A pathline is constructed by plotting the particle
position x = x(&, 7) over atime interval 0 < t < ¢ for a fixed value of £ (i.e., a fixed
fluid particle). The assumption of continuity of x = x(&, t) in 7 implies that pathlines
are continuous. Pathlines may cross each other, or a single pathline may cross itself,
since two fluid particles may occupy the same position at different times. A pathline
can be produced experimentally, for instance, by taking a photograph, with very long
time exposure, of a small reflective or fluorescent seed particle immersed in a flow.
The photograph would contain an illuminated curve indicating the particle position
at any time during the interval over which the film was exposed.

A streakline is defined as the location, evaluated at a given instant of time ¢, of
all fluid particles that have passed through a fixed point X¢ in space at some pre-
vious time, say t. Mathematically, a streakline may be expressed as the location
x = x(£, 1), at a fixed value of ¢, for all values of & for which & = &(xq, ) for some
T < t. The assumption of continuity of x = x(£, ¢) in £ implies that streaklines are
continuous. Streaklines are easily produced experimentally by releasing some dye
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into the flow at a fixed location over a period of time. The curve marked by the dye
at any instant of time (neglecting diffusion of the dye in the fluid) is the streakline
associated with the point of dye release.

A streamline is defined as a curve that is everywhere tangent to the velocity vector
at a given instant of time. If dx is an increment of length along a streamline, this
definition implies that we can write

dx = uds, (3.5.1)

where s is a parameter that varies along the streamlines. In component form, using
the usual convention of writing the components of velocity u in the (x, y, z) direc-
tions as (u, v, w), respectively, (3.5.1) becomes

dx _dy
u v

= fd—z =ds. (3.5.2)
w

Streamlines are most easily obtained by solution of the parametric equation

dx
d—s =u(x,1t) (3.5.3)

for a fixed value of 7. The assumption of single-valuedness of the mapping & — x
implies that streamlines cannot cross; however, streamlines can bifurcate at a stag-
nation point. For example, in the problem of uniform flow past a fixed cylinder, the
streamline C that passes into the stagnation point at the front of the body bifurcates
and travels about the body surface on both sides of the body.

In a steady flow, pathlines are fixed in time and are therefore identical to streak-
lines. Since the velocity u is independent of ¢ in a steady flow, the parameter s may
be replaced by time ¢ in (3.5.3), yielding the equation for variation of x on a pathline.
Hence, all three types of curves are identical in steady flows. In unsteady flows, on the
other hand, these three types of curves may appear very different. For example, we
consider the case of a two-dimensional vortex flow with an oscillatory point source
placed at the vortex center. The velocity components in the r- and #-directions are
given by

m{t) ¢ (3.5.4)
= Uyg = — R
27r’ T 2

Ur

where C is a positive constant. The source strength m varies periodically in time
according to m(t) = Asin(2mwt/P), where A and P are adjustable constants. The
streamlines associated with this flow are outward spirals whenever m is positive and
inward spirals whenever m is negative (Figure 3.5a). The pathlines are wavy curves
(dashed line in Figure 3.5b) and the streaklines form a sawtooth pattern (solid line in
Figure 3.5b), both of which wrap around the vortex center.

A stream tube is a surface (or tube) formed of all streamlines passing through a
closed circuit C at some instant of time. An illustration of a stream tube is shown
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(a) b)

Figure 3.5 Flow lines for oscillating vortex flow: (a) streamlines and (b) pathline (dashed
line) and streakline (solid line) for a point originating at (x, y) = (1, 0).

in Figure 3.6. The strength Q of a stream tube is the volumetric flow rate across the
open surface A bounded by the curve C, or

0= / u-nda, (35.5)
A

where the unit vector n is normal to A and points in the same sense for each cross
section of the stream tube. The incompressibility condition (3.4.8) can be used to
prove a useful theorem regarding the variation of the stream tube strength.

Theorem 3.5.1. The strength of a stream tube is uniform along the stream tube in
any incompressible fluid flow.

This theorem can be proved by integrating the dilatation rate V - u over the region
V shown in Figure 3.6. The region V is bounded at the ends by two open surfaces A
and A, whose bounding curves Cq and C; lie on the same stream tube, and on the
sides by the stream tube surface S. If f is the outward unit normal to the bounding
surface of the region V, we can use the divergence theorem to write

1%

Figure 3.6 [Illustration of a stream tube.
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/V-udv:/u~ﬁda+/ u-ﬁda—l—/ u-nda=0. (3.5.6)
1% S Al Az

The above integral equals zero since V - u vanishes everywhere in an incompressible
flow. The integral over S also vanishes identically, since the velocity is everywhere
tangent to the stream tube S (so thatu - n = 0 on S). We note that if the sense of the
unit vector n in the definition (3.5.5) of the stream tube strength is chosen such that
n coincides with the outward unit normal of V on one end, say n = nj, then n will
be oriented in the opposite direction to the unit normal on the other end, or n = —ny.
Writing the outward unit normal f in the integrals over the end regions in the above
equation in terms of the vector n, we obtain

/u~nda=/ u-nda. (3.5.7)
A Az

Since the end regions, A; and A, of V were chosen arbitrarily, this result confirms
that the stream tube strength must be the same when evaluated over any cross section
of a stream tube at a given instant of time.

One final type of curve, which can provide valuable information for flows with
nonvanishing vorticity, is the vortex line. Vortex lines are defined as curves that are
everywhere tangent to the vorticity field at a given instant of time. Vortex lines thus
play the same role for the vorticity field as streamlines play for the velocity field.
The equations governing vortex lines are hence the same as (3.5.1)~(3.5.3), with the
velocity replaced by the vorticity. A vortex tube is defined as the surface formed by
the set of all vortex lines passing through a closed circuit C at some instant of time,
which parallels our previous definition of a stream tube. The strength of a vortex
tube, denoted by K, can be defined, in analogy to (3.5.5), by

K E/ w - nda, (3.5.8)
A

where A is an open surface bounded by the curve C.
Another useful kinematical quantity is the circulation I' about a closed circuit C,
defined by

r= / u-dx, (359)
C

where dx is a directed element of length on C and by convention the integration in
(3.5.9) is taken in the counterclockwise direction. Using Stokes’s theorem (2.7.1 1),
the circulation can be rewritten as

I‘:/n-(qu)da. (3.5.10)
A
Comparing (3.5.8) and (3.5.10) and recalling the vorticity definition w = V x u,

we conclude that the strength of a vortex tube is equal to the circulation over any
nonreducible circuit C lying on the tube.
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Since the vorticity is defined as the curl of the velocity, the vector identity (2.6.2)
requires that the vorticity be everywhere divergence free, or

V-o=0. 3.5.11)

We can then utilize the same argument as that used to prove Theorem 3.5.1, with
velocity replaced by vorticity, to prove the following.

Theorem 3.5.2. The strength of a vortex tube must be uniform along the vortex tube
at any fixed instant of time.

This theorem, which is the first of three “vortex laws” attributed to Helmholtz,
is valid for both incompressible and compressible flows, since (3.5.11) follows by
vector identity. One consequence of Theorems 3.5.1 and 3.5.2 is that neither stream
tubes nor vortex tubes can end in the middle of a flow. If the boundary conditions
allow, stream tubes and vortex tubes may end on an interface with some other media.
A stream tube may end on a solid surface, for instance, if the surface is in motion or
if fluid is ejected through small pores in the wall. A vortex tube may end on a solid
surface in an inviscid flow, but the no-slip boundary condition does not allow this to
occur in a viscous flow unless the solid body is rotating. Alternatively, stream tubes
and vortex tubes can form closed surfaces that have no ends. Common examples
include the ringlike stream tubes that wrap about a line vortex and the ringlike vortex
tubes present in the core of a vortex ring.

3.6 TRANSPORT THEOREM

The conservation equations, in their most basic form, deal with the rate of change
of an integral over a material region g of the fluid of some specific quantity f, such
as density, specific momentum, and specific energy. The conservation equations thus
have the form

d
E/pfdv —R. 3.6.1)

where R is an integral over g or its bounding surface 3. The total derivative nota-
tion d/dt is used in (3.6.1) since the integral over g is a function only of time. In this
form, the conservation equations are not very useful for solving fluid flow problems.
We discuss the conservation laws in detail in the next chapter and show how they
can be converted either into local differential equations or into equations involving
integrals over fixed regions in space.

The first step in converting the conservation laws into more usable forms is to take
the time derivative in (3.6.1) inside of the integral over the material region . One
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cannot simply exchange the derivative and the integration, since the material region
g in general deforms in time. The trick to dealing with this problem is to note that
one can rewrite the integral in (3.6.1) as an integral over the region g that is occu-
pied by the fluid particles in g in the reference configuration. This transformation
can be accomplished by using the relationship (3.4.5) between the volume dv of a
fluid element in the current configuration and the volume dV occupied by the same
fluid particles in the reference configuration. Once the integral is expressed over the
region gy, the material derivative and the integration can be exchanged, since gy is
evaluated at a fixed instant of time. We thus write

d d
—/fdv:—/ fJdv
dar J, dr J,

:/ B(fJ)dV
0

Dt
Df DJ
= /m (EJ +fE) dv. (3.6.2)

The material derivative of J is given by (3.4.7), which when substituted into the
above equation yields

d _ bf .
zi—tfpfdv_/m<m +fv u)JdV. (3.6.3)

Using (3.4.5) to convert the region of integration back to the material region in the
current configuration, we obtain the Reynolds transport theorem

d _ [ (2L .
4 /p fdv = /p (Dt v u) dv. (3.64)

There are several alternative forms in which the transport theorem is frequently
written. For instance, if the material derivative is expanded as in (3.1.6) and the con-
vective term is grouped together with the last term in (3.6.4), the transport theorem

becomes
“ — % .
; /K; fdv= L) [Bt +V (fu)] dv. (3.6.5)

Using the divergence theorem to convert the last integral in (3.6.5) to a surface inte-
gral gives

d 3
— fdv:/ —jidv+ fu-nda. (3.6.6)
dt © P at ap

If we consider a fixed control volume V which at the instant of time ¢ coincides
with the material region, as shown in Figure 3.7, the integral on the right-hand side
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Pi-At p@O=V pE+A)

Figure 3.7 Illustration showing a fixed volume V that coincides with a material region g at
a given instant of time.

of (3.6.5) can be written in terms of an integral over the region V instead of g. Since
V is fixed, we may bring the partial time derivative outside of the integral over V in
the first term. We thus obtain the control-volume form of the transport theorem as

d d
E/@fdv=E/Vfdv+fsfu-nda. (3.6.7)

The first term on the right-hand side of (3.6.7) represents the rate of change of the
integral quantity associated with f (e.g., mass or momentum) in the fixed region V,
and the second term on the right-hand side of (3.6.7) represents the rate of flow of
this quantity across the bounding surface S of V. The region g cannot be replaced
by V within the time derivative in the integral on the left-hand side of (3.6.7) since
g varies with time.
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PROBLEMS

1. An elliptical curve C in the x-y plane is specified by

(xcos@ + ysinB)2  (—xsinf + ycos 8)?
2 + 2
a b

fx,y, )=
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where a(t) and b(r) denote the major and minor axes of the ellipse and 6(t) is
the ellipse orientation. The ellipse is immersed in a plane straining flow with
velocity components # = ex and v = —ey, where e is the straining rate. Derive
expressions for the rate of change of a, b, and 6 if the curve C moves as a material
circuit. Is it possible for C to maintain an elliptical shape for all time ¢?

. Determine the extrema values of the logarithmic rate of stretching and the direc-
tion along which these values occur, for the flow fields below.

(a) Flow down an inclined plane [in Cartesian coordinates (x. y, 2)]:
u=C(> —2hye,

(b) Burger’s vortex with 2noc/T = 0.1 [in cylindrical polar coordinates
(R,a,2)]:

u= —cReg + %E[] - e‘R2/°2]ea + 2cze..

. A polymeric fluid is composed of long-chain molecules, the stretching of which
alters the rheological properties of the flow. Consider a polymeric fluid in a uni-
form shear flow u = Sye,, where S is the constant shearing rate. Assuming that
the long-chain molecules move independently of each other and neglecting Brow-
nian motion, derive expressions for the rate of stretching and rate of rotation of
a molecule in the x-y plane. Solve these expressions to obtain the stretch and
orientation angle 6 of the molecule as functions of time.

. A one-dimensional sound wave oscillates with velocity u = Asin(kx — ot),
where A, k, and o are known constants. Determine the maximum dilatation J of
the fluid, assuming that kA /o < 1.

. Compute and plot the streamlines, streaklines, and pathlines at time + = 10 for a
flow with velocity fieldu = m/27zre,+C(t)/2nreg, where m = —1 is a constant
and C(r) = 14+0.5sin(t). For streaklines, dye is released at (rg, 89) = (1, 0) over
the time interval 0 < r < 10. For pathlines, a particle is released at (rg, 8p) =
(1,0 atr =0.



CHAPTER 4

LAWS OF FLUID DYNAMICS

Fluid motion is constrained by a variety of dynamical laws, representing conserva-
tion of mass, momentum, and moment of momentum. In the current chapter, these
laws are first presented in their most basic form, which follow directly from New-
ton’s laws of motion, and then alternative forms of these equations are derived that
are more useful in solving fluid flow problems. Since we do not consider heat trans-
fer in the current text, our development proceeds in terms of a purely mechanical
theory. The assumption of smoothness of the variables describing fluid motion (such
that the dependent variables and a sufficient number of their derivatives exist and are
continuous everywhere) will be made throughout the chapter.

4.1 MASS CONSERVATION

The law of mass conservation requires that the mass of a given set of fluid particles
(i.e., a material region of the fluid) does not change in time. If p = p(x, t) denotes
the density of the fluid at time 7 and position x in the current configuration, then mass
conservation may be expressed as

d
— | pdv=0, 4.1.1
dt/pp v (4.1.1)

where g is a material region of the fluid. Using the transport theorem (3.6.4) to take
the time derivative inside of the integral, (4.1.1) becomes

Dp
— +pV-u)dv=0. 412
/p(thLp u) v ( )

44
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Since (4.1.2) holds for an arbitrary material region g, the integrand must vanish at
any point of the fluid, or

Dp

— V.u=0. 4.1.3

o TP (4.1.3)
The differential equation (4.1.3) is the local form of the mass conservation equation,
which applies at every point within the fluid for which the smoothness assumptions
on p and u are satisfied. Using the expansion (3.1.6) of the material derivative, (4.1.3)
can be written in the alternative form

ap

For an incompressible flow, the requirement that volume of a material region be
conserved in time results in the restriction that the velocity be divergence free, as
derived in Section 3.4. The mass conservation law for an incompressible flow thus
reduces to

Dp
— =0 (4.1.5)
Dt

which requires that the density evaluated at a given fluid particle be constant with
time. It is noted that (4.1.5) does not require that density be uniform in space, and in
fact density-stratified incompressible flows are important in the study of large water
bodies, such as oceans and lakes, and can also be used as a reasonable approximation
of many atmospheric motions. For a steady flow, the fluid properties are constant at
any fixed spatial point, so that the partial time derivative of p must vanish in (4.1.4),
yielding

V. (pu) = 0. (4.1.6)

In a steady flow that is also incompressible, the density gradient must vanish along
streamlines.

Integration of (4.1.4) over a fixed region V with bounding surface S and use of the
divergence theorem (2.7.4) yield the control-volume form of the mass conservation
law as

d
—/ pdv+/pn~uda:(), 4.1.7)
dt 1% S

where n is the outward unit normal of S. The first term in (4.1.7) represents the rate
of change of mass within the control volume V, and the second term represents the
rate at which mass is carried across the surface S by the flow.

With use of the local form of mass conservation, the transport theorem developed
in Section 3.6 can be cast in an alternative form. Suppose that f is some specific
quantity, measured per unit mass, and that we are concerned with taking the time
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derivative inside a volume integral of pf over a material region g. Using the trans-
port theorem (3.6.4), we can write

d D
7 f v—/p[a(prpr-u]dv

_ Df
_f[ Dr +f<—+pV >:| dv. 4.1.8)

The last term on the right-hand side of (4.1.8) vanishes due to the local mass conser-
vation equation (4.1.3), so that the transport theorem reduces to

d Df
= [ p—dv. 4.1.9
7 pf v= /pth v (4.1.9)

4.2 MOMENTUM CONSERVATION

The law of conservation of momentum, as stated by Newton, requires that the rate of
change of momentum of a set of fluid particles is equal to the sum of the forces acting
on the particles. Applying the momentum conservation law to the fluid occupying
some material region g gives

d
i / pudv = Z forces. 4.2.1)

The forces acting on the fluid are of two types, which are illustrated in Figure 4.1. For
some types of forces, called contact forces, we need to account only for the action
of the forces on the bounding surface 3 of g. Common examples of contact forces

I

Figure 4.1 Illustration of body force b acting on each point of a material region g and
contact force t™ acting on the surface 9 of gp.
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include pressure force and shearing stress. While pressure and shearing stress also
exist at points interior to g, the effect of these forces at interior points cancel out
and produce no net force on the fluid in g. Other types of forces, called body forces,
must be evaluated as acting on each point of the fluid within . Common examples
of body forces are gravity and electromagnetic force. The body force acting per unit
mass of the fluid is denoted by the vector b, which is in general a prescribed function
of x and ¢. The contact force acting per unit area of the surface dg is denoted by the
vector t™, which is called the stress vector. The subscript (n) attached to the stress
vector is used to emphasize that this vector depends not only on time and location
in space but also on the orientation of the surface d¢ on which the stress acts. At
a given x and 1, the stress vector is in general different for two surfaces §; and $;
passing through this point. As shown later in this section, the stress vector depends
only on the orientation of the surface unit normal n and not on other geometrical
characteristics of the surface.

With this notation, the conservation-of-momentum law for a material region can
be written as

d
—/ pudv=/ pbdv+/ t™ da. (4.2.2)
dr Jp o ¥

In order to express the momentum conservation law in the form of a local differential
equation, it is necessary to both take the time derivative inside of the integration over
¢ on the left-hand side of (4.2.2) and express the contact force term as a volume
integral over g. The first of these tasks is easily accomplished by using the form
(4.1.9) of the transport theorem to write

L / Du , (4.2.3)
—_— v = —dv. L
dt K,,p &,'0 Dt

To perform the second of these tasks, it is necessary to develop an expression at-
tributed to Cauchy that relates the stress vector to the unit normal of the surface
9. Consider a small region R of fluid which has characteristic dimension d in all
directions (i.e., is not highly elongated). This region is made progressively smaller
without changing its shape. As d — 0, the volume of R approaches zero in propor-
tion to d> and the surface area of approaches zero in proportion to d 2. Turning now
to the momentum conservation law (4.2.2), we observe that the rate of momentum
and body force terms are volume integrals which approach zero as d 3 but the contact
force term is a surface integral which approaches zero only as d?. It follows that in
the limit of an infinitesimally small region, the contract stresses are in equilibrium,
such that

; ! (m)
lim — t"da=0. “4.2.4)
d—0d? [ym

Consider now a special case of this argument where the region R has the form of
a small tetrahedron, as shown in Figure 4.2, with three of its faces (labeled 1, 2, 3)
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<

Figure 4.2 Small tetrahedron used to illustrate the Cauchy stress formula (4.2.6).

oriented orthogonal to the (x, y, z) coordinate directions and one face inclined with
outward unit normal n. The condition of equilibrium of the contact forces implies
that the resultant force t™ d A on the inclined surface be balanced by the sum of the
contact forces, e.g., tHga 1, on the other three faces, or

tWdA=tDgA, +t?dA, +tD dA;. (4.2.5)

We let Tj; denote the ith component of the stress vector t) with respect to a co-
ordinate axis in the x ;-direction and tl.(") denote the ith component of t™ . Making
use of this notation and the fact that the areas of the three orthogonal faces of the
tetrahedron are given by dA; = n; d A, (4.2.5) can be rewritten, after dividing by the

area d A of the inclined surface of the tetrahedron, as
(™ =n;T; o t™=n-T. (4.2.6)

Equation (4.2.6) is called the Cauchy stress formula, and it states that the stress vector
t™ acting on a surface 3¢ is linearly related to the outward unit normal n of 3.
The symbols T;; are the components of the second-order stress tensor T. From the
indicial form of (4.2.6), it is clear that the first index of the stress tensor determines
the direction of the unit normal of the surface on which the force acts and the second
index of the stress tensor determines the direction of the force acting on the surface.

Substituting (4.2.6) into the last term in (4.2.2), the integral identity (2.7.1) can be

used to write
/ ti(") da =/ Tjinjda=f — dv. “4.2.7)
dp ap p 0Xj

Substituting (4.2.3) and (4.2.7) into (4.2.2), the momentum conservation law, in in-
dicial form, becomes
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Du; oT);
/ (p Ui e __,_) dv=0. (4.2.8)
© Dt dx;

Since this result is valid for arbitrary fluid regions g, the integrand must vanish at
every point within the fluid. The local form of the momentum conservation law is
thus obtained as

Du, BTJ,‘I‘
= ob: , 4.29a
P i+ o, ( )
or in direct notation
Du
— =pb+V.-T. 4.2.9b
Py = PP ( )
Expanding the material derivative in (4.2.9) gives
M Ou; ou; aT;;
haadd — | = pb; + 21, 4.2.10a
pLat ”Jax,} 'Ol+8xj ¢ )
or
[Ou
o m +@-Vyu|=pb+V.-T. (4.2.10b)

The local mass conservation equation (4.1.4) can be used to rewrite (4.2.10) in the
alternative form

d(pu;) + B(Puj.ui) — b, aTji.

42.11
at 0x; ( )

Integration of (4.2.11) over a fixed region V with bounding surface § and use of the
divergence theorem give the control-volume form of the momentum conservation
equation as

d
— PU; dv+/(ujnj)pui da:/ pb; dv+/-Tj,~rz,~a'a. (4.2.12)
ar Jy s % s

The first term on the left-hand side of (4.2.12) is the rate of change of momentum
within V and the second term is the rate at which momentum is carried across the
bounding surface of V by the flow.

4.3 MOMENT OF MOMENTUM CONSERVATION

The final conservation law that we consider is conservation of moment of momentum
(or angular momentum), which requires that the rate of change of the moment of
momentum of a set of fluid particles is equal to the sum of the torques exerted on the
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particles. The moment of momentum is given by the cross product of the position
vector X with the momentum, and the torques exerted on the fluid are given by the
cross product of x with the body and contact forces, such that the law of conservation
of moment of momentum can be expressed as

d
/xxpudv—/xprdv+/ x x t' da. 4.3.1)
dl P op

In order to derive a local form of this conservation law, we follow an analogous
procedure to that used to obtain the local form (4.2.9) of momentum conservation.

The time differentiation on the left-hand side of (4.3.1) can be taken inside the
integral with use of the transport theorem in the form (4.1.9), giving

d Du
7 /xxpudv—/p—(xxu)dv_Lp(xx D_t> dv, 4.3.2)

where we note that X x u = u x u = 0. From (4.3.1) and (4.3.2), the moment of
momentum equation can be rearranged as

D
/XX(p——l—l-—pb-—V-T> dv:/ xxt(“)da—/xx(V-T)dv, (4.3.3)
P Dt Ip 12

where the last integral in (4.3.3) has been subtracted from both sides.

The left-hand side of (4.3.3) vanishes due to satisfaction of the local momentum
equation (4.2.9). In order to determine what sort of restriction is placed on the stress
tensor from the requirement that the right-hand side of (4.3.3) also vanish, it is useful
to rewrite the right-hand side using indicial notation and to express the stress vector
in terms of the stress tensor by using the Cauchy stress formula (4.2.6), giving

aT,
/ eijuxjneTe da —f £ijkxj—% v = 0. (4.3.4)
ap ® dxe

Using the integral identity (2.7.1), the first integral in (4.3.4) can be converted to the
volume integral

/ 81]]( (x]TKk)dv-
£
Using the fact that dx;/dx; = 8¢, (4.3.4) reduces to
/ €ijijk dv =0. (4.3.5)
®

Since (4.3.5) is satisfied for arbitrary material parts g of the fluid, the integrand must
vanish at every point, or

gijk i = 0. (4.3.6)



KINETIC ENERGY TRANSPORT THEOREM 51

We recall that the permutation symbol &; 4 is skew-symmetric in any two of its in-
dices. The restriction (4.3.6) thus requires that the stress tensor T be symmetric, or
that

Ti; =Tji, 4.3.7)
where we recall the result of Theorem 2.5.1 stating that the scalar product of any
skew-symmetric tensor with a symmetric tensor must vanish. The law of conserva-

tion of moment of momentum is thus satisfied identically if the local momentum
conservation equation (4.2.9) is satisfied and if the stress tensor is symmetric.

4.4 KINETIC ENERGY TRANSPORT THEOREM
The kinetic energy per unit mass of the fluid, denoted by «, is defined by

u-u. 4.4.1)

o=

K

An evolution equation for kinetic energy can be derived by taking the scalar product
of the local momentum equation (4.2.9) with the velocity vector, giving

D« a ou;
p—= = puibi + —(u;iTyj) = Tij— (4.4.2)
0x;

Dt Yax;
The physical significance of the terms in the kinetic energy transport equation can be
understood by integrating (4.4.2) over a material volume g with bounding surface
d4, to obtain

d
—f pKdv:/pb-udU+/ u‘t(“)da—/ Pdv. (4.4.3)
dt » © ol ©

In deriving (4.4.3), use has been made of the form (4.1.9) of the transport theorem
and the Cauchy stress theorem (4.2.6). The variable P in the last term in (4.4.3) is
called the mechanical power and is defined by

u;

-~

(4.4.4)

Since 7;; must be symmetric, from conservation of moment of momentum, the scalar
product of T;; with the vorticity tensor vanishes identically, so that (4.4.4) can be
rewritten as

P =T;D;. (44.5)

Equation (4.4.3) states that the change of the kinetic energy of a set of fluid particles
in a region occurs due to (i) work performed by body forces at all points within g,
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(ii) work performed by contact forces on the surface of g, and (iii) internal loss or
production of kinetic energy within g due to the mechanical power.

In order to understand the physical significance of the mechanical power P in
fluid flows, it is useful to temporarily broaden our scope to consider compressible,
viscous flows in general. Up to this point, all of the expressions developed in the text
are valid for any media, including both fluids and solids. The differences in the gov-
erning equations for different classes of continua become apparent, however, in the
relationship between the stress tensor T and other variables describing the medium
(such as velocity, density, and their gradients). Such an equation is called a consti-
tutive equation because its form varies depending on the material characteristics of
the mediuvm. For instance, in an elastic solid, the shear stress depends on the gradi-
ent of the displacement of the media from some equilibrium configuration. In most
gases or liquids, it is commonly known that shear stress depends on the gradient of
the fluid velocity. While constitutive equations have historically been obtained by a
combination of experiments and modeling at the molecular level, there are several
restrictions on the form of the constitutive equations that must also be satisfied in
order for the continuum theory to be consistent with itself and with basic physical
principles. One of these restrictions, of course, is that the stress tensor be symmetric
in order to satisfy conservation of moment of momentum. Other restrictions follow
from thermodynamic inequalities, such as the restriction on internal entropy produc-
tion expressed by the second law of thermodynamics, and from invariance properties
which the equations of motion are required to satisfy. The interested reader might
consult Coleman and Noll (1963) or Truesdell and Toupin (1960) for an account of
these restrictions and the way in which they are applied to the stress constitutive
equation.

For any compressible, Newtonian viscous fluid, which includes most common
gases and liquids, the constitutive equation for stress is given by

Tij = —péij + ADwidij + 2uD;j, (4.4.6)

where p, A, and p are material coefficients that are functions of density and tem-
perature (assuming that the fluid has uniform chemical composition). A well-known
expression for pressure p that applies to many gases, for instance, is the ideal gas
equation p = pRT, where T is temperature and R is the gas constant. The coeffi-
cients A and u are the bulk and dynamic viscosities, respectively. The second law of
thermodynamics requires that the viscosity coefficients satisfy the inequalities

>0, rt+ip>o0. 4.4.7)

Substituting the stress constitutive equation (4.4.6) into (4.4.5), the mechanical
power becomes

P = —pDy + ADy Dii + 2uD;; D;;. (4.4.8)

The first term on the right-hand side of (4.4.8) represents storage of energy by fluid
dilatation. We recall from Section 3.4 that the dilatation rate D;; = V - u vanishes in
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an incompressible flow. Since the absolute pressure p is a positive quantity, it follows
from (4.4.8) and (4.4.3) that an expansion (for which j/J = D;; > 0) results in an
increase in kinetic energy in the fluid, and consequently a decrease in stored energy,
since p Dy; > 0. By contrast, a compression (for which j/.l = D;; < 0) results in
a decrease in kinetic energy, and consequently an increase in stored energy, in the
medium since p Dy < 0.

The second and third terms on the right-hand side of (4.4.8) are positive for both
an expansion and a compression and always result in a decrease in kinetic energy.
Both of these terms cause a drain of kinetic energy from the fluid, which is sub-
sequently converted into heat. The term in (4.4.8) proportional to X arises from the
dilatation of the fluid and vanishes for an incompressible flow. The term proportional
to u arises from both shear and normal stresses, although it is more typically domi-
nated by shear stresses. This term is commonly referred to as the energy dissipation
rate when dealing with an incompressible flow. In an inviscid flow, both A and u are
set to zero, so that there is no conversion of kinetic energy into heat. For a flow that
is both incompressible and inviscid, the mechanical power P is everywhere zero.

Although the kinetic energy equation (4.4.2) contains terms with the dimensions
of energy, it is not a statement of the conservation of energy and is in fact derived
from the momentum conservation equation. By comparison, the energy conserva-
tion equation also has terms related to change in internal energy and heat transfer
within the fluid. While it is true that in the limit of an isothermal flow, heat transfer
terms are negligible and the energy conservation equation has a form similar to the
kinetic energy transport equation (4.4.2), the derivation of (4.4.2) from momentum
conservation does not require the flow to be isothermal.

4.5 CONSTRAINT OF INCOMPRESSIBILITY

The equation for the stress tensor in an incompressible, inviscid fluid can be derived
using the physical argument, noted in the last section, that because such a flow admits
neither energy storage through dilatation nor conversion of kinetic energy into heat
through viscous effects, the mechanical power P must vanish. We therefore search
for the most general expression for the stress tensor 7;; for which

P=T;D;j=0 (4.5.1)

under the condition that the rate of deformation tensor satisfy the incompressibility
condition, written in the form

8, Di; = 0. (4.5.2)

If we were to require (4.5.1) to be satisfied for all values of D; j» then the corre-
sponding components of the stress tensor would have to either be zero or be such
that the determinant of the stress tensor vanishes. Neither of these results would be
acceptable. Fortunately, (4.5.1) does not need to be satisfied for all D;;, but only for



54 LAWS OF FLUID DYNAMICS

those values of D;; that satisfy (4.5.2). The corresponding expression for stress ten-
sor can be obtained by multiplying (4.5.2) by some function p(x, ¢) and then adding
the resulting equation to (4.5.1), giving

(Tij + pbij) Dij = 0. (4.5.3)

Requiring that (4.5.3) be satisfied for all D;; yields an expression for the stress tensor
as

T,'j = —p(X, t)(S,'j. 4.5.4)

The result (4.5.4) appears at first glance to be the same as the stress constitu-
tive equation (4.4.6) in the limit of incompressible flow (D;; = 0) and vanishing
viscosity. There is, however, an important difference. In the constitutive equation
(4.4.6), the pressure is a function of density and temperature (as in the ideal gas law,
for instance). In the limit of an isothermal flow with constant density, the limiting
form of (4.4.6) would require that pressure is constant. This result, however, would
make the governing equations improperly posed. For instance, if there were no body
force, the momentum conservation equation (4.2.9) would require that the accelera-
tion vanishes everywhere, which might be inconsistent with the boundary and initial
conditions. By contrast in the result (4.5.4), the quantity p, which is also called the
pressure, is an arbitrary function of x and 7. A similar argument can be made in a
viscous incompressible flow but for this case there exists an additional term added
to the right-hand side of (4.5.4), corresponding to the last term in (4.4.6), which is
related to energy dissipation by viscosity.

In a compressible flow, the primitive variables are density and the three com-
ponents of velocity, whose solutions are obtained from the momentum and mass
conservation equations as functions of x and . Other quantities, such as pressure or
shear stress, are written as functions of these primitive variables or their derivatives.
By contrast, the primitive variables in an incompressible flow are pressure and the
three velocity components, whose solutions are obtained from the governing equa-
tions as functions of x and ¢.

We thus observe that the governing equations for an incompressible flow cannot
be obtained as a special case of those for a compressible flow but must be derived in
terms of a special “constraint theory.” A constraint is a restriction on the values that
the primitive variables may attain. For incompressible flow, the constraint is given
by the expression (4.5.2), requiring that the rate of fluid dilatation vanish. Examples
of other types of constraint theories can be found in classical textbooks on dynamics,
continuum mechanics, and calculus of variations (Segal, 1977). A constraint theory
typically requires some additional constraint force be admitted to maintain the con-
straint. For the case of incompressible flow, the constraint force is given by (4.5.4),
which is added to the constitutive equation (4.4.6). Because the first term on the
right-hand side of (4.4.6) and the expression (4.5.4) have the same form, these two
terms can be combined, with the resulting multiplier of §;; being again called simply
“pressure” and denoted by the symbol p.
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4.6 NAVIER-STOKES EQUATION AND SOME SIMPLE SOLUTIONS

In this section we diverge from the our principal theme of inviscid flows to consider
the Navier-Stokes equation, which governs the motion of viscous fluid flows, and a
few simple solutions of this equation. The main motivation for this discussion is that
some understanding of the modifications brought about by introduction of viscosity
is necessary in order to appreciate the relationship between inviscid flow theory and
the motion of real fluids. In addition, there is a class of simple exact solutions of the
viscous flow equations for which the velocity field can also be regarded as a solution
of the inviscid flow equations. Several of these flows are used in Chapter 16 as base
flows for inviscid stability analysis.

The Navier-Stokes equation is obtained by substituting the constitutive equation
(4.4.6) for stress into the momentum equation (4.2.9). For an incompressible fluid,
the stress constitutive equation reduces to

T;j = —pdij + 2uDij. 4.6.1)

where p is an arbitrary function of x and 7. Taking the divergence of T and making
the usual assumption that the viscosity u is constant give

V.T=-Vp+2uV-D. 4.6.2)

Written in index notation and using the definition of D, V - D reduces to

oD;; 1 (8% %
ALY (A A “i Y. (4.6.3)
8XJ' 2 axj ij 0x;

The last term in (4.6.3) vanishes because of the assumption of incompressibility,
which requires that du j/dx; = 0. The first term on the right-hand side of (4.6.3) is
simply the Laplacian of the velocity vector. The momentum equation (4.2.9) there-
fore reduces to the Navier-Stokes equation

Du 2
'OE =pb—Vp+uV-ou (4.6.4)

In the absence of viscosity, (4.6.4) reduces to the Euler equation

bu_ b-v (4.6.5)
p Dr p p- 0.

It is important to note that the viscous term in (4.6.4) involves second-order spa-
tial derivatives, whereas equation (4.6.5) involves only first-order spatial derivatives.
A mathematical consequence of this difference is that the Navier-Stokes equation
must have one additional boundary condition in each spatial direction than the Euler
equation. Physically, the result of this observation is that viscous flow solutions are
required to satisfy both the no-penetration and no-slip conditions on the surface of
an immersed solid body, whereas inviscid flow solutions are in general only required
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to satisfy the no-penetration condition. It is always possible to construct an inviscid
flow solution that satisfies the no-slip condition as well by appropriate specification
of the vorticity field (indeed, this is the basis of the vortex panel method described
in Chapter 12), but this inviscid solution might not much resemble the viscous flow
solution in the region near the boundaries where viscous shear is important.

There is a special set of solutions of the Navier-Stokes equation for which the
inertia term Du/ Dt vanishes. The velocity field of such flows may be regarded as a
solution of either the Navier-Stokes or Euler equations after suitable modification of
the pressure field. In the current section, we consider a special class of flows, called
parallel shear flows, which have the property that the velocity is everywhere oriented
along one coordinate direction and it varies as a function only of a coordinate in an
orthogonal direction. For instance, in Cartesian coordinates an example of a parallel
shear flow is a velocity field of the form

u=u(ye,. (4.6.6)

In cylindrical polar coordinates (R, «, z), examples of parallel shear flows include
axisymmetric flow

u = w(R)e, 4.6.7)
and swirling flow
u=v(R)e,. (4.6.8)

That the inertia term vanishes for velocity fields of the form (4.6.6) and (4.6.7) can be
verified by direct substitution. For swirling flows of the form (4.6.8), the inertia term
reduces to the centrifugal force Du/Dt = —(v%/R)eg, which can be eliminated
by combining with the radial pressure gradient. Several examples of solutions for
parallel shear flows are given below.

Example 4.6.1 Plane Couette Flow. Couette flow refers to a fluid flow that is
driven by the relative motion of parallel surfaces. In plane Couette flow, the fluid is
confined between two infinite parallel plates separated by a distance H that are trans-
lated at different velocities in a direction parallel to the plate surface (Figure 4.3a).
The flow is assumed to be fully developed, so that velocity changes neither in time
nor along the length of the plate. Writing the velocity field in the form (4.6.6) and
assuming that the pressure gradient and the body force vanish everywhere, the Euler
equation (4.6.5) is identically satisfied for any velocity profile u(y). The Navier-
Stokes equation (for u # 0) reduces to d%u/dy* = 0, which requires that u vary
linearly with y. Furthermore, the viscous theory requires that the no-slip condition
be satisfied on the plates at y = 0 and H. If the reference frame is selected such that
the lower plate is fixed and the upper plate is translated with velocity U, then the
viscous flow solution for the velocity profile is

yU
U= ——

T (4.6.9)
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(b)

Figure 4.3 Velocity profiles for (@) plane and (b) rotating Couette flow.

Plane Coueite flow exhibits uniform shear stress throughout the flow, given by T =
nU/H.

Example 4.6.2 Rotating Couette Flow. In rotating Couette flow, the fluid is con-
fined between two circular cylinders with radii R; and R; that are rotating at different
angular rotation rates €| and 2y, as indicated in Figure 4.3b. The cylinders are as-
sumed to be of infinite length in the axial direction. The velocity field has the form
given in (4.6.8), for which the inertia term reduces to Du/Dt = —(uz/R)eR‘ Since
both the azimuthal pressure gradient and the azimuthal component of inertia vanish,
the Euler equation is satisfied for any azimuthal velocity profile v(R). The azimuthal
component of the Navier-Stokes equation reduces to

1 d dv v
———|R— | ——= =0. 4.6.10
RdR( dR) R? (4.6.10)

Equation (4.6.10) can be rearraged in the form of an Euler-Cauchy equation, which
is known to have solutions proportional to R”, where m is an undetermined constant.
Substituting this solution into (4.6.10) yields m = 1 and m — 1, indicating a general
solution for v of the form
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B
v(R) = AR+ I 4.6.11)

The no-slip condition at the two cylinders requires that v(R;) = € R; and v(Ry) =
2 R, which yield expressions for the constants A and B as

QR? — Q1 R? Q—Q
Az_Rng, B = —R?R? =) (4.6.12)
2 27 M

The solution for the problem of swirling flow external to a single rotating cylinder
can be obtained as a special case of the above solution by letting R; — oo and
€2 — 0, which gives A =0and B = QlRf. Similarly, the problem of flow internal
to a single rotating cylinder can be obtained by letting Ry — 0and ; — 0, yielding
solid-body rotation with A = Q; and B = 0.

Example 4.6.3 Plane Poiseuille Flow. Poiseuille flow refers to a fluid flow that
is driven in a conduit between parallel surfaces by a uniform pressure gradient. In
plane Poiseuille flow, the fluid is confined between two infinite parallel plates sep-
arated by a distance H, and the velocity field has the form (4.6.6). The inertia term
Du/ Dt vanishes for this velocity profile, so in the absence of a body force the Euler
equation in the direction of flow becomes dp/dx = 0. Any velocity profile u(y) thus
corresponds to a solution of the Euler equation with pressure everywhere constant.
The Navier-Stokes equation for this flow reduces to

dp du

0=— —_—
dx —Hdez

(4.6.13)

Since the pressure gradient is constant, (4.6.13) can be integrated to yield a quadratic
expression for the velocity profile (Figure 4.4). After applying the no-slip condition
at y = 0 and H, the velocity profile becomes

_ Ly
HO) = =52V (H =) (4.6.14)

The shear stress for this flow varies linearly over the channel as

dp (H
T, = ——i’ <— - y) : (4.6.15)

Figure 4.4 Velocity profile for Poiseuille flow.
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The flow rate per unit width of the channel is given by

H? dp
—_ L F 4.6.16
Q 12 dx ( )

Example 4.6.4 Axisymmetric Poiseuille Flow. In axisymmetric Poiseuille flow,
the fluid is confined in a circular pipe or annulus and the velocity profile is of the
form (4.6.7). In the absence of a body force, the Euler equation is satisfied for any
velocity profile w(R) if the pressure is maintained uniform. The Navier-Stokes equa-
tion reduces to

d d dw

0=-L 2L (D), (4.6.17)
dz  RdR dR

which for a uniform pressure gradient yields a parabolic solution for w(R). For the

case of flow in a circular pipe of radius a, application of the symmetry condition

dw/dR = 0 at the pipe center (R = 0) and the no-slip condition w = 0 at the pipe
wall (R = a) yields the velocity profile

a” — R?). (4.6.18)

The discharge through the pipe is obtained by integrating (4.6.18) over the pipe cross
section as

a 4
d
0= 27[/ w(R)RAR = -%d_’j. (4.6.19)
0 Z
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PROBLEMS

1. The law of conservation of energy can be stated with respect to a material part g
of a fluid as
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d m
— | ple+x)dv= | p(r+b-u)dv+ "W -u—q-n)da,
dt Jo P I

where ¢ is the internal energy per unit mass, r is the rate of external heat supply

per unit mass, q is the heat flux vector, and the other variables are defined in the

text.

(a) Derive the local form of the energy conservation equation.

(b) Use the kinetic energy transport theorem to write a differential equation for
only.

(c) Suppose that ¢ = 8¢/9T and q = —kVT, where T is an absolute temper-
ature, c¢ is a specific heat, and k > 0 is a constant thermal conductivity. If
e = &(T), write an equation for 7' using the constitutive equation for the
stress vector t™ for an incompressible, Newtonian viscous fluid.

. Let ¢ denote the mass of a CFC (chlorofluorocarbon) in the atmosphere per unit

mass of atmosphere. The conservation law for ¢ states that the rate of change of
the mass of the CFC in any material region g is equal to the rate at which the CFC
is produced within g plus the rate at which the CFC diffuses over the bounding

surface dg of p, or
d
— pcdv:frdv— q-nda,
dt Jo » ap

where p(x, t) is the mass density of the atmosphere (not necessarily constant),
r(x, t) is the rate at which the CFC is produced per unit volume, and q is the
diffusive flux of the CFC into .

(a) Derive a local differential equation for c. Assume that the diffusive flux is
given by Fick’s law, q = —DVc, where D is a constant diffusion coefficient.
Clearly state any assumptions that you make.

(b) If V is a fixed control volume with bounding surface S, write the control-
volume form of the CFC conservation equation. For steady flow with no
source term (r = 0), write this equation entirely in terms of integrals over S.

A common assumption in water wave theory is that the number of wave crests
contained within a material region is conserved. Consider wave propagation in
the x-direction in the presence of a current with velocity u = U (x, y)e,, where x
and y are the horizontal directions and z denotes depth. Let L denote the length
in the x-direction of a rectangular material region, as shown in Figure 4.5. The
assumption of conservation of waves can be expressed as

d [kd 0
— x =0,
dt Ji

where the wavenumber £ is equal to 27 times the number of wave crests per unit
length.
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Figure 4.5 Control volume of length L covering a series of wave crests propagating with
speed c.

(a) Derive a transport theorem that can be used to take the time derivative inside
the integral in the above equation.
(b) Derive the local form of the conservation of waves equation.

4. Determine if each of the following constitutive equations for the stress tensor T
satisfies the restriction imposed by conservation of moment of momentum and
explain why or why not.

(@) Tij = —péij +M%
J ij ox;
(b) Tij = —pdij + iy Wix Wij + 1o Dy
(©) Tyj = p1Dij + 2u2 Dy
(d) Tij = —pdij + n1Dij + pouio;

5. Derive an integral form for the kinetic energy transport theorem applied to a fixed
control volume V with bounding surface S. In the special case of a steady, invis-
cid, incompressible flow with no body force, show that this equation reduces to
an integral over S.

6. For the Poiseuille pipe flow solution given in Example 4.6.4, determine the rate
of viscous dissipation per unit length of the pipe.

U

w _)
hoil : 0il X
1
! 1
hyater : Water 1
1
[ ———

Figure 4.6 Couette flow of oil and water layers confined between two parallel plates.
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. Solve for the velocity profile and volumetric flow rate for axisymmetric Poiseuille

flow in an annular region Ry < R < Ry, with the no-slip boundary condition
applied at Ry and R;.

. Solve for the velocity profile and energy dissipation rate per unit length for a

Couette flow in a system consisting of water and oil layers confined between two
horizontal plates (Figure 4.6). The bottom plate is fixed and the top plate translates
to the right at speed U.

Show that the velocity profile for rotating Couette flow approaches that for plane
Couette flow as the gap width d = R, — R| becomes much smaller than R;.



CHAPTER 5

DYNAMICS OF
DISCONTINUITY SURFACES

In deriving the local forms of the conservation laws in Chapter 4, we rely on the
assumption of smoothness of the function x = x(§, 1) in order to ensure existence
of first and second derivatives of the velocity and density in space and time. There
are several cases, however, where the smoothness assumption is violated on spe-
cific surfaces in various fluid flows, such that on these surfaces the derivatives of
the variables describing the fluid flow may not exist. Two examples of such situa-
tions include the interface between two immiscible fluids, such as an air-water or
an oil-water interface, and shock waves in a compressible flow. We refer to surfaces
across which either the density or velocity or their derivatives are discontinuous as
surfaces of discontinuity. While in such cases the local conservations equations, such
as (4.1.3) and (4.2.9), are valid on either side of the discontinuity surface, we must
obtain additional jump conditions to specify the change in the variables describing
the flow across the discontinuity surface.

5.1 EXTENDED TRANSPORT THEOREM FOR A REGION
CONTAINING A DISCONTINUITY SURFACE

The jump conditions over a surface of discontinuity are derived from the global con-
servations laws, such as (4.1.1) and (4.2.2), using an extension of the argument used
previously in deriving the local forms of the conservation laws. We consider a mate-
rial region g, with bounding surface 34, which contains a section of a discontinuity
surface, as shown in Figure 5.1. The discontinuity surface as a whole is denoted by
¥ and the section of the discontinuity surface lying within g is denoted by o. The
two parts of the region g on either side of ¢ are denoted by g and g2, and the
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Discontinuity Surface

ap’ 869"

Figure 5.1 A material region g with bounding surface 3, which is bisected by a surface
of discontinuity ¢ and divided into two parts g and g, on either side of the discontinuity
surface.

parts of the surface 9 on either side of o are denoted by dg’ and 3g”. The local
conservation laws (4.1.3) and (4.2.9) apply within the interior of each of the regions
1 and 7. The bounding surfaces of g; and g, denoted by 31 and 3, consist
of the union of the open surfaces 3’ and 3" and the discontinuity surface o, or

Ip1 =09 +0, dpr=0p" +o. (5.1.1)

The discontinuity surface o is assumed to move with speed U, along the direction
of the unit normal » of o, which by convention is chosen to point out of region g;
and into region 5. Since o is simply a space surface in the region g, the normal
velocity of o may or may not coincide with the velocity of fluid particles that lie on
o at some instant of time. For instance, fluid particles pass through a shock wave,
and hence travel at a velocity different from that of the shock, while an air-water
interface is a material surface (in the absence of effects such as evaporation and
condensation). The relative normal velocity W of the fluid at the surface o is defined
by the difference of the normal component of the velocity of fluid particles on the
surface and the normal velocity U,, of the surface itself, or

W=uv-U,. (5.1.2)

When the discontinuity is a material surface, W vanishes everywhere on o

Before addressing the derivation of jump conditions from the global conservation
laws, it is convenient to introduce an extension of the transport theorem of Section 3.6
for the case in which a discontinuity surface divides the region g. We have previously
derived the transport theorem, in the forms (3.6.4)~(3.6.6), for a region & that is
material with respect to the fluid velocity u and within which the variables describing
the fluid are continuous and sufficiently smooth. When we say that g is material with
respect to a vector field v, we mean that the normal velocity of the bounding surface
dp of at any point x on 9 is the same as the component of the velocity field v
normal to 3 at x. Usually we refer simply to a “material region,” implying that the
region is material with respect to the velocity field of the fluid particles. However,
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the usual transport theorem, in the form (3.6.6), can be readily extended to regions
that are material with respect to any vector field v, having dimension of velocity, by
writing

d a
—/ fdv:/ —fdv+ fv-nda, (5.1.3)
dt o) P ot dp

where v - n in the last integral is the normal velocity of the surface dg.
We now introduce two vector fields v~ and v, defined by

__[xonag’, + _ |xonadgp”,
v =[Unvona, and v :[Unvono', (5.1.4)

where u = X is the velocity of fluid particles. The values of v~ and v* at positions
other than the boundaries noted above are not relevant and are left arbitrary. Although
the two parts g and g, of g may not be material with respect to the velocity of fluid
particles, due to the possibility of fluid transport across the discontinuity surface, they
are material with respect to the vector fields v~ and vt defined in (5.1.4). Since
consists of the sum of g and g7, we can write

d
/f v—— f +Z/mfdv (5.1.5)

The function f is continuous within both g; and g, so the form (5.1.3) of the
transport theorem may be used within each of these regions to write

fdv - dv + fv™
1 ol P

)
:/ —fd + fu~na'a+/f|U,,da (5.1.6a)
©1 at g’ o

and

fdv / —d + fv'
2 2 dgn

:/ oy fu-nda—ffo,,da. (5.1.6b)
o1 95" o

A negalive sign precedes the last term in (5.1.6b) because v points inward relative
to region g, and is hence in the opposite direction to the unit normal n of 8. Here
f1 and f> denote the values of f on the respective sides of the discontinuity surface.
The jump in f across the discontinuity surface is defined by (f) = f> — f1.

Substituting (5.1.6) into (5.1.5) and collecting terms gives the extended form of
the transport theorem for a region containing a discontinuity surface o as
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if fdv:/ %dv+f fu-nda—/(fUn)da. 5.1.7
dt Jp P14 07 3’ +3g" o

Adding and subtracting the integral fa fu-nda on each side of ¢ and making use
of the divergence theorem, the result (5.1.7) becomes

d [ (2 . 2 ‘
E/‘;fdv—L(DtHfV u>dv+/m(m+fv u)dv+L(fW)da.

(5.1.8)

If the region g has no discontinuity surface, the last term in (5.1.8) vanishes and
the above result reduces to the standard transport theorem for a continuous media.
Similar to the development of the alternative form (4.1.9) of the transport theorem,
the local mass conservation equation can be used to write (5.1.8) in the alternative
form

d _ Df Df
E/é;pfdv_/plpD—tdv+/‘;2pEdv+‘[j(hW)da (5.1.9)

where f represents a specific quantity defined per unit mass.

5.2 JUMP CONDITIONS ACROSS A SURFACE OF DISCONTINUITY

With use of the extended transport theorem (5.1.8), it is a straightforward task to
derive the jump conditions over a discontinuity surface. We start with mass conser-
vation, which is expressed in global form for a material region g as

d
— dv=0. 5.2.1
dt/pp v ( )

In writing (5.2.1), it is assumed that there is no mass source on the discontinuity
surface. The extended transport theorem (5.1.8) can be used to write the mass con-
servation law as

Dp Dp
[ — +pV-u a’v+/ —+pV-u dv+f(pW)da=0, (5.2.2)
o \ Dt o \ Dt p

where the two parts ) and o, of the region are separated by the discontinuity sur-
face, as indicated in Figure 5.1. Since all variables are assumed to be continuous and
smooth within the regions g and g», excluding their common boundary o, the local
mass conservation equation (4.1.3) applies in these regions. The first two integrals in
(5.2.2) therefore vanish, leaving only

/(pW) da =0. (5.2.3)
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Since ¢ is an arbitrary part of the discontinuity surface X, the integrand in (5.2.3)
must vanish, giving the mass jump condition as

(pW) =0. (5.2.4)

This jump condition requires the product of the density and the normal component
of the fluid velocity measured relative to the velocity of the discontinuity surface,
which is simply the mass flux across X, to be continuous over the discontinuity
surface. When the discontinuity is a material surface, W vanishes everywhere on X
and (5.2.4) is identically satisfied.

The global momentum conservation law for the material region g is given by

d
—1/pudv=/}mdv+/‘ﬁmda (5.2.5)
dt Jg © 3

In writing (5.2.5), we have not included the possibility that the discontinuity sur-
face itself can exert a force on the region g. This assumption must be relaxed to
account for the “surface tension” effect that occurs at interfaces between immiscible
fluids, which is discussed in the next section. Using the form (5.1.9) of the extended
transport theorem, the left-hand side of the momentum balance is written as

d Du Du
— = —d e W)da. 2.
T K’)pudv fmle v+[mpD1dv+fa(pu yda (5.2.6)

The Cauchy stress formula (4.2.6) is used to write the contact force acting on the
bounding surface dgp = 3’ + dp” of p as

/th=f mTw+/ n-Tda. (5.2.7)
g ap’ A"

While the divergence theorem cannot be applied to the region & as a whole, since
the stress tensor is not necessarily continuous on o, it can be applied separately to
the regions g and g, on either side of the discontinuity surface. If » denotes the
unit normal of the discontinuity surface o, pointing from region g into region g3,
n denotes the outward unit normal of 3, and n; and ny denote the outward unit
normals of 3¢ and 3¢y, respectively, we can write

/ n -Tda :f n-Tda—i—f v-Tda, (5.2.83)
Tl ap’ o~

/ n2~Tda=/ n-Tda—/ v-Tda. (5.2.8b)
g0 ap” ot

The negative sign in front of the last term in (5.2.8b) is due to the fact that » points
inward to the region g5, so that the appropriate outward unit normal is —». The
notations o~ and o indicate evaluation of the integral on the g and g, sides of
o, respectively. Substituting (5.2.8) into the right-hand side of (5.2.7) and using the
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divergence theorem for the surface integrals over Bpi and 3¢, give

/ t<“>da=/ V-Tdv+/ V-Tdv+/(v~T)da. (5.2.9)
I ®1 2 o

Substituting (5.2.6) and (5.2.9) into (5.2.5) gives the momentum balance for p as

Du Du
p——pb—V-T) dv+/ (p——pb—V-T) dv
/6;1( Dt o Dt
+/(qu—v~T)da=O. (5.2.10)
g

Since the local momentum equation (4.2.9) applies within the regions g and g2, the
first two integrals in (5.2.10) vanish, leaving

/(qu—v-T)da:O. (5.2.11)

The result (5.2.11) holds for an arbitrary part of the discontinuity surface, which
implies that the integrand of (5.2.11) vanishes at any point on X. The resulting mo-
mentum jump condition is given by

(pWu—»-T) =0. (5.2.12)

The result (5.2.12) requires that the jump in the momentum flux p Wu across the
surface be balanced by a jump in stress. For the case in which the discontinuity is a
material surface, the momentum flux across the surface vanishes. Using the expres-
sion (4.5.4) for the stress tensor in an inviscid fluid, the momentum jump condition
reduces to a requirement that pressure is continuous across a material discontinuity
surface, or

{p) =0. (5.2.13)

5.3 SURFACE TENSION

Within a region that is filled by a gas or a liquid of uniform chemical composition,
the attractive force exerted by neighboring molecules on a given fluid molecule is
approximately the same in all directions when averaged over time. However, at the
interface between materials of different phases, such as that separating a liquid and
a gas, or between two liquids that do not mix with each other, the average molec-
ular attraction shows substantial directional variation. For instance, at a liquid-gas
interface, molecules of the liquid within a region with a thickness on the order of
the liquid mean free path (typically about 10~7 cm) experience a much greater at-
traction from the surrounding liquid molecules, which lie primarily in one direction,
than they do from the gas molecules lying primarily in the opposite direction. The
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effect of this strong directional dependence of the molecular force is to compress the
molecules in the thin region along the interface, or rather to make the number density
of liquid molecules larger in this interfacial region than in the nearby internal parts of
the liquid. The individual liquid molecules in this interfacial region still have about
the same kinetic energy as molecules in the other parts of the liquid, but they are
spaced closer together because the molecular attraction is stronger in one direction
than in the opposite direction.

The increased number density (and decreased spacing) of liquid molecules in the
interfacial region causes an excess energy of the fluid along the interface. On a con-
tinuum scale, the material interface separating two immiscible fluids behaves in a
manner analogous to a thin elastic membrane. Increase in the interface area requires
an addition of energy, by an amount proportional to the change in area, to provide for
the excess energy required for the new interface area. This energy is obtained from
the surrounding fluid by work performed by a force which, like the tensile force of an
elastic membrane, acts tangent to the interface. The energy supplied upon stretching
of the interface is reversible and is returned to the fluid when the interface returns to
its original shape.

The surface tension, y, is defined as the excess interface energy per unit surface
area. The surface tension has the dimensions of force over length and is a property
of temperature and of the chemical composition of the materials on either side of
the interface. The surface tension of a material interface is generally positive, which
implies that molecules of a given type are attracted (on average) back to the mass
of molecules of that same type. For instance, in a liquid-gas interface, the liquid
molecules near the interface are attracted more to the liquid than toward the gas.
If two liquid regions have positive surface tension, the molecules of one liquid are
drawn back toward molecules of a similar type, such that the liquid regions do not
mix. The liquids in this case are said to be immiscible. If two immiscible liquids, such
as oil and water, are vigorously stirred together, the interface will be broken up and
small droplets of one liquid will form within the other liquid. After sufficient time,
however, the tiny droplets will coalesce (e.g., through gravitational drift or random
collisions) and two disjoint liquid regions will again form with a sharp interface in-
between. On the other hand, if a system with two liquids having negative surface
tension are initially separated by an interface, the molecules of both liquids will be
more attracted to those of the opposing type of liquid than to molecules of their own
type. In this case, the interface soon disintegrates and the two liquids permanently
mix together. Even if the mixture is left sitting for a long time, the system never
re-forms a state in which the two different liquids are separated by a sharp interface.

In order to derive the effect of surface tension on the momentum jump conditions,
we reconsider the case of a material region g containing a part o of a material inter-
face, as sketched in Figure 5.1. The global momentum conservation equation for this
region in the absence of surface tension is given in (5.2.5). When surface tension is
present, an additional contact force must be added to account for the force exerted
on g by the tension along the material interface o . This additional contact force acts
along the curve C at the intersection of the bounding surface dg of g and the dis-
continuity surface ¥ and is oriented tangent to £ and normal to C. The magnitude
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of this interfacial force per unit length of C is equal to the surface tension y. The
interfacial force can thus be written as

—/yvxdx,
c

where dx is a line segment of infinitesimal length tangent to C. This term is added
to the right-hand side of the global momentum equation (4.2.2) for regions g that
intersect a material interface.

If the region g is selected to have the form of a thin wafer with small thickness of
order d, the volume integrals in the momentum balance approach zero in proportion
to d while the surface integrals remain finite. Making an argument similar to that
used in Section 4.2 in the derivation of the Cauchy stress formula (4.2.6), we find
that the contact forces acting on 8 must be in equilibrium as the width of the region
g becomes small. Using the form (4.5.4) for the stress tensor in an inviscid fluid and
balancing the contact forces on dg gives

/ pna’a—i—/ pnda+/ yv xdx =0. 5.3.D)
ap’ ap’ C

In the limit as g approaches a thin wafer enclosing the part o of the interface, as
shown in Figure 5.2, the outward unit normals to 9’ and 3" approach —v and v,
respectively, such that (5.3.1) becomes

/(P)vda +/ yv x dx =0. (5.3.2)
o c

In order to make further progress, it is necessary to convert the contour integral
in (5.3.2) into a surface integral over o. This can be accomplished using the vector
identity (2.7.12), which for this case can be expressed as

/fxdx:/[v(V-f)—(v-V)f—vx(fo)]da. (5.3.3)
C o

A,

”

I

0

o’ 5

Material
interface

Figure 5.2 A thin waferlike material region g enclosing a part o of the discontinuity surface,
such that the unit normal n to 3 approaches v on 3g” and —v on dg’, where » is the unit
normal of o.



SURFACE TENSION 71

Letting f = y v and noting that the gradient of the surface tension must be tangent to
the interface o, we have

fyvxdx:/[yv(Vv)-y(VV)v—vx(Vyxv)—yvx(va)]da. (5.3.4)
C o

Recalling the result of Example 2.6.4, we know that v X (Vy x ») is the projection
of Vy onto the surface with unit normal », or simply Vy itself in this case. Also,
since » is a unit vector, the sum (¥ - V)r+ v x (V X ») = (%)V(v‘ v) must vanish.
The right-hand side of (5.3.4) thus reduces to

/ yv X dx = /[yv(V -v) — Vylda, (5.3.5)
C o

which when substituted into (5.3.2) yields

/[(p)v+yv(V-v)—Vy]da =0. (5.3.6)

Since (5.3.6) holds for arbitrary parts o of the material interface, the integrand must
vanish, yielding

(pyv=—yv(V.-»)+Vy. (5.3.7)

The component of (5.3.7) normal to o is

(p)=-y(V v, (5.3.8)

since the gradient of y is oriented tangent to the interface. The tangential component
of (5.3.7) yields the restriction that the gradient of y must vanish, such that the
surface tension must be uniform over a material interface in an inviscid fluid. In a
real fluid, variation in surface tension can occur due to a temperature gradient or
variation in surfactant concentration. The contact force due to a nonuniform surface
tension in a real fluid is balanced by a discontinuity in viscous shear force at the
interface (Sarpkaya, 1996).

The divergence of the unit normal vector can be related to the surface curvature
using the formula of Rodrigues (Struik, 1961). Rodrigues’s formula states that a
change dn in the surface unit normal n corresponding to a displacement dx along a
line of curvature on the surface is related to the curvature « in this direction by

dn+xdx=0. (5.3.9)
The divergence of the unit normal is then obtained as
V.-n=—(k1 +k2), (5.3.10)

where «| and « are the curvatures evaluated in two orthogonal directions on the
surface. It can be shown that the sum k1 + k7 is independent of orientation of these
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Figure 5.3 Sketch showing tangent circles of a surface S along the orthogonal directions
dx1 and dx; with radii of curvature R and R;.

two orthogonal directions. The magnitude of the curvatures «| and «; is simply the
inverse of the radii Ry and R; of tangent circles at a given point on the surface,
where the circles are oriented in two orthogonal directions dx| or dx;, as shown in
Figure 5.3. The sign of the curvature is positive when the unit normal n points toward
the center of the tangent circle and negative when the normal points away from the
center of the tangent circle. Using (5.3.10), the momentum jump condition (5.3.8)
yields the pressure jump across a material interface in an inviscid fluid as

(p) = y(k1 + k2), (5.3.1D)

which is the well-known Laplace formula.

Example 5.3.1. Determine the difference in pressure across the boundary of a spher-
ical gas bubble of radius R immersed in a liquid.

SOLUTION. The pressure of the gas inside the bubble is denoted by p, and that of
the surrounding liquid is denoted by p,. We select the liquid side of the interface as
region g and the gas side as region g, such that the interface normal » points into
the gas. The bubble is spherical and has radius R, such that k] = xy = 1 /R. The
result (5.3.11) then yields

_ (5.3.12)
Dg pZ—R- -3.

Had we selected the sides g and g, in the opposite manner, the interface normal
would have pointed into the liquid and the curvatures would be negative, giving the
same result.
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5.4 BOUNDARY CONDITIONS FOR FLUID FLOW

The Euler equation, which governs the motion of inviscid fluids, can be expressed
by expanding the material derivative in (4.6.5) as

p[%—?-i—(u-V)ujl:pb—Vp, 5.4.1)

where pressure p is determined in a compressible flow as a function of density and
temperature by an equation of state (such as the ideal gas law) and in an incom-
pressible flow it is solved for as part of the solution (as a function of position and
time).

The boundary conditions for an incompressible flow are obtained by applying the
discontinuity jump conditions derived in the previous two sections to different types
of boundaries. For instance, at the boundary S of an inviscid fluid and a rigid solid,
the jump condition (5.2.4) in mass requires that the normal mass flux at the boundary
is continuous. If the solid is impermeable, then the boundary is a material surface and
the relative normal velocity W vanishes. Assuming that the normal velocity Up (X, 1)
on the surface of the rigid body is known, the boundary condition reduces to the
so-called no-penetration condition

u-n=U,(x1), (54.2)

where n is the normal to the body surface S. The momentum jump condition (5.2. 12)
determines the pressure on the solid surface and does not affect the fluid flow, except
perhaps indirectly through motion of the solid body.

Another common type of boundary is an interface separating two fluids, such
as water and air. For such a case, the relative normal velocity W vanishes and the
no-penetration condition (5.4.2) again applies. A second boundary condition is nec-
essary for a moving interface since the location of the interface is unknown and is
solved for as part of the problem solution. This second boundary condition is sup-
plied by momentum conservation, resulting in the expression (5.3.11) for pressure
jump across the interface. It is customary to refer to (5.4.2) as the kinematic inter-
face condition and to (5.3.11) as the dynamic interface condition.

Other types of discontinuities are common for inviscid flows in which the velocity
is continuous across a surface but the velocity gradient is discontinuous on the sur-
face. A common example of this type of discontinuity is found at the lateral boundary
of a Rankine vortex core, where the vorticity is uniform everywhere within a circu-
lar core region and zero outside of this region. Since for such a discontinuity both
the normal and tangential components of velocity are continuous at the discontinuity
surface, the kinematic boundary condition is automatically satisfied. The remaining
matching condition at the surface for an inviscid fluid is continuity in pressure, as
required by the momentum jump condition.

The momentum equation for a compressible viscous fluid with constant viscosity
coefficients is given by
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0 [(’;—l; +@-V) u:' =pb—Vp+uViu+ (A + w)V(V - u), (5.4.3)
where the last term in (5.4.3) vanishes for incompressible flows. The viscous terms in
(5.4.3) contain second derivatives in the velocity, whereas the momentum equation
(5.4.1) for an inviscid flow contains only first derivatives in velocity (in the advection
term). As a consequence, the viscous equations require additional boundary condi-
tions on velocity at each boundary. One additional boundary condition follows from
the tangential component of the momentum Jjump condition (5.2.12), which requires
that the tangential component of the stress must be continuous across a material in-
terface. This boundary condition is used at the interface between two immiscible
fluids.

An additional boundary condition that is used in viscous flows both for fluid-fluid
interfaces and at the surface of a rigid body is that of no slip, which requires that the
tangential component of the velocity is continuous across the interface. The no-slip
condition does not follow from the mass or momentum jump conditions, although
the jump in energy can be used to show that the no-slip condition is consistent with
the assumption of vanishing heat source at the interface. Because it does not follow
directly from the jump conditions but must be viewed as an additional assumption,
there was considerable debate about the validity of the no-slip condition near the
end of the nineteenth century (Goldstein, 1938). There are also several instances
where the no-slip condition leads to inconsistencies in the general theory of fluid
flow. For instance, at the contact line separating two fluids and a solid, such as at the
intersection of a water-air interface with the side of a tank, enforcement of the no-slip
condition together with the Navier-Stokes equation leads to a condition in which it
is impossible for the contact line to move without the exertion of an infinite force!
This situation is clearly not in agreement with common experience. One common
way of fixing this problem is to allow slip within a small region around the contact
line (Dussan, 1979). In other cases, such as for rarefied gases or certain viscoelastic
fluids, considerable slip of the fluid is observed at the surface with a solid body and
the no-slip assumption is clearly not applicable.

In an inviscid theory, it is not necessary to satisfy these additional viscous bound-
ary conditions, such as no slip. However, there do exist certain special flows that are
solutions of both the Euler and Navier-Stokes equations in which the inviscid solu-
tions satisfy both the no-penetration and no-slip conditions simultaneously. Several
examples of such flow fields are given in Section 4.6.
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PROBLEMS

1. Derive an expression for the jump in density and the normal and tangential com-
ponents of velocity for a stationary normal shock in an inviscid, barotropic fluid
[i.e., a fluid in which p = p(p)]. In the more general case that p = p(p, T),
where T denotes temperature, what additional jump condition is needed to find
the density jump?

2. Use the global energy conservation law given in Problem 4.1 to derive the jump
condition for energy over a surface of discontinuity .

3. Consider the special case in which the discontinuity  is a material surface and
there is no thermal conduction or temperature difference across . If there is no
momentum or energy supply at the surface, use the jump condition in energy
(Problem 5.2), momentum, and mass to show that the velocity vector u must be
continuous across ¥ for a Newtonian viscous fluid.

4. Consider two-dimensional water wave propagation in an inviscid fluid with in-
terface displacement y = n(x, t). Assume that the interface displacement can be
expressed as n = Asin(kx — wt), where A, k, and w are constants. Show that
for small-amplitude waves, such that ¢ = Ak < 1, the jump in pressure can be
approximated to leading order in € as

(p) = —y(@*n/dx?).



CHAPTER 6

VELOCITY REPRESENTATIONS
AND ASSOCIATED THEOREMS

In solving for the velocity and pressure fields for specific fluid flows, it is quite com-
mon, particularly for inviscid flows, to recast both the velocity field and the momen-
tum equation in one of a variety of different forms. For instance, instead of solving
directly for velocity, one might choose to solve instead for the vorticity field and
then use the vorticity solution to obtain the velocity and pressure. In certain classes
of flows, it is possible to solve for a single scalar quantity (e.g., the velocity potential
or the stream function) and then obtain the velocity vector by differentiation of this
scalar quantity. The basis for all such alternative methods for solving the momentum
equation lies in a set of vector representations that can be applied to the velocity
vector. The current chapter explores these representations and certain fundamental
theorems that result from use of the representations for the velocity vector.

6.1 IRROTATIONAL (LAMELLAR) AND RELATED FLOWS

A flow is said to be irrotational in a region R if the vorticity vanishes everywhere in
R, or

Vxu=0. (6.1.1)

Vectors satisfying (6.1.1) are sometimes called lamellar in texts on vector analy-
sis. Most fluid flows possess regions in which the flow is irrotational, and for cer-
tain flows, including many free-surface wave problems and two-dimensional airfoil
problems, it is often a reasonable assumption to suppose that the flow is everywhere
irrotational. In particular, for inviscid flows it is found that if the vorticity initially
vanishes on a fluid particle, then it will always vanish on that particle (Chapter 7).
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It is clear from the vector identity (2.6.1), which states that the curl of the gradient
of any scalar is zero, that a velocity field that can be expressed as the gradient of some
scalar, or

u=Ve, 6.1.2)

satisfies (6.1.1) for any choice of ¢. The scalar ¢ is called the velocity potential, or
sometimes the scalar potential to distinguish it from another vector-valued quantity
introduced in the next section. However, we have not yet shown that all irrotational
vectors must have a representation of the form (6.1.2).

The necessity of the representation (6.1.2) can be addressed by applying Stokes’s
theorem (2.7.11) to any closed circuit C bounding an open surface A to write

fudx:/n-(qu)da:O (6.1.3)
C A

for any irrotational vector u. Consider now two closed circuits, as shown in Fig-
ure 6.1. The first circuit is composed of the curve Cy plus the common section C3,
and the other circuit is composed of the curve C3 plus Cz, where the curves C| and
C3 join at the two points P and Q. Applying the result (6.1.3) to both of these circuits
individually gives

/u~dx+/ u-dx =0, /uAdx—k/ u-dx =0,
C) (&) Cy C
fu-dx:/ u-dx.
Cy C3

More generally, we conclude that the integral /, QP u - dx between any two points P
and Q must be independent of path and depend only on the location of the two end
points for an irrotational flow. Selecting some fixed origin O as a reference point and

so that

Figure 6.1 Schematic showing three paths connecting two points, P and Q.
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Ax
o *———@ ® >
(0] o M P X

Figure 6.2 Short section lying parallel to the x-axis, with end points Q and P, midpoint M,
and length Ax.

defining a quantity ¢ by

P
¢E/ u-dx, (6.1.4)
0

we conclude that since the integral on the right-hand side of (6.1.4) is independent
of path, the quantity ¢ is a function, depending only on the position x of the point P
and time.

We consider a special case where the two end points P and Q are separated only
by a small distance Ax in the x-direction of a Cartesian coordinate system, as shown
in Figure 6.2. Applying the definition (6.1.4) to the path shown in Figure 6.2, which
joins points O and Q and points Q and P, we can write

P
@ (xo + Ax, yo, 20, 1) — ¢ (x0, Yo, 20, t) = / u-dx = u(M)Ax, (6.1.5)
o

where M is the midpoint of the line segment P Q and (x¢, yo, 20) are the coordinates
of point Q. Dividing this result by Ax and letting Ax approach zero yields

¢ (xo + Ax, yo, 20, 1) — @ (x0, Yo, 20, 1)
Ax

u(xg, yo, 20, 1) = AlinEO , (6.1.6)

or by definition of the partial derivative u = d¢/dx. Repeating this argument for two
points separated by a small distance Ay in the y-direction or Az in the z-direction
yields the representation (6.1.2).

One property of irrotational flows that follows immediately from (6.1.2) is that
the projection of the velocity vector must vanish along any surface over which ¢ =
const. Such surfaces are referred to as equipotential surfaces and curves on such a
surface are called equipotential lines. Since u - V¢ = 0 at points where u is tangent
to a surface on which ¢ is constant, we conclude that streamlines are normal to
equipotential surfaces.

There are other types of flow fields that also exhibit the property that streamlines
are normal to surfaces over which a scalar function is constant. An example is any
flow in which the streamlines and the vortex lines are everywhere orthogonal, such
that

u-(Vxu =0. 6.1.7)
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Vectors satisfying (6.1.7) are called complex lamellar in the vector analysis litera-
ture, and any flow field satisfying (6.1.7) is called a complex lamellar flow. Common
examples of flows satisfying (6.1.7) are any two-dimensional flow or any axisym-
metric flow without swirl. Complex lamellar vector fields admit a representation of
the form

u=Axivn, (6.1.8)
where y and 7 are scalars. Taking the curl of (6.1.8) gives
Vxu=VAxVp, (6.1.9)

which is orthogonal to 2 V7, thus satisfying (6.1.7).

6.2 INCOMPRESSIBLE (SOLENOIDAL) FLOWS

It is proved in Section 3.4 that for any incompressible flow the divergence of the ve-
locity everywhere vanishes. Vectors satisfying this condition are called solenoidal (or
sometimes divergence free) in the vector analysis literature. Integrating the restric-
tion V - u = 0 over a volume V with bounding surface § and using the divergence
theorem yields

/u-na’a:O, 6.2.1)
S

where n is the outward unit normal of S. Equation (6.2.1) states that for any
solenoidal velocity field, the net volumetric flow rate over a closed surface must
vanish.

Any solenoidal vector can be written as the curl of another vector, or

u="Vx B, (6.2.2)

where B is called the vector potential. That the form (6.2.2) satisfies the incompress-
ibility condition (3.4.8) follows immediately from the vector identity (2.6.2), which
states that the divergence of the curl of any vector must vanish identically. The vector
potential B is not determined uniquely by (6.2.2) but is arbitrary to within a scalar
gradient. To see this, define some other vector B* = B + Vo, where « is an ar-
bitrary scalar quantity. Since V x Va = 0 by the vector identity (2.6.1), we have
V x B* = V x B, so that §* would make an equally suitable choice for the vector
potential in (6.2.2).

It is often desirable to chose B as a vector that is itself solenoidal, such that
V - B = 0. That this is always possible follows from a more general vector rep-
resentation attributed to Helmholtz, which is derived in Section 6.4. Helmholtz’s
representation states that any vector can be written as the sum of the gradient of a
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scalar and the curl of another vector [see equation (6.4.1)]. Hence, we can always
write B = Vy 4 V x y, such that using the vector identity (2.6.2), V- B = V2y.
The vector potential can therefore be made solenoidal by selecting the scalar to be a
solution of the Laplace equation V?y = 0.

We note in passing that it is also always possible (although infrequently employed
in the study of fluid flows) to choose the vector potential B as a complex lamellar
vector of the form 8 = AV, such that (6.2.2) becomes

u=Vx(Vn) =Vax V. (6.2.3)

The streamlines of u are therefore always tangent to the iso-surfaces of the potentials
y and 7. A proof that such a representation for u always exists can be found in Aris
(1962, pp. 67-69).

For a two-dimensional flow in a plane A, the vector potential B is oriented nor-
mal to A. For instance, for a two-dimensional flow in the x-y plane, B is given by
B = vre;. The function v is called the stream function, for reasons that will become
clear presently. Substituting this expression for § into (6.2.2) gives the velocity com-
ponents u and v in the x- and y-directions, respectively, as

9
= (6.2.4)
ay ax

The gradient of ¥ can thus be written as

oY 4
= aex + Eey = —ve, + ue,. (6.2.5)

Vi
Taking the scalar product of (6.2.5) with u gives
u-Vy =0, (6.2.6)

so the stream function ¥ is constant along streamlines.
The strength Q of a stream tube, defined in general by (3.5.5), can be written for
an incompressible flow as

QE/u-nda:/n~(VxB)da=/B-dx, (6.2.7)
A A c

where A is any open surface spanning the cross section of the stream tube with
bounding curve C and unit normal n. The last form of the above integral follows
from Stokes’s theorem (2.7.11). For the case of a two-dimensional flow in the x-y
plane, let us consider the rectangular surface A shown in Figure 6.3, where one edge
lies on the x-y plane and has length L and the other edge is oriented in the z-direction
and has length b. The edge lying in the x-y plane ends at points P; and P,. The value
of the stream function on the two streamlines passing through these two points is
and v, respectively. Since B = e, the edges of the surface A lying tangent to
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Figure 6.3 Schematic showing a rectangular surface A oriented normal to the x-y plane.
One edge of the rectangle lies on the x-y plane, and the end points P| and P, of this edge lie
on streamlines on which the stream function has the values ¥y and ¥, respectively.

the x-y plane make no contribution to the integral in (6.2.7). Taking into account the
direction of integration in (6.2.7), which is in the positive z-direction on one side of
A and in the negative z-direction on the opposite side, we obtain

Q =b{2 — Y1) (6.2.8)

The difference in value of stream function between any two streamlines is equal to
the volumetric flow rate passing between the two streamlines per unit width normal
to the plane of motion.

6.3 FLOWS THAT ARE BOTH INCOMPRESSIBLE AND IRROTATIONAL

A flow that is both irrotational and incompressible must satisfy both the condition
(6.1.1) of zero curl and the condition (3.4.8) of zero divergence. Since the flow is
irrotational, it must admit a velocity potential such that the representation (6.1.2)
applies. Substituting (6.1.2) into the condition of zero divergence gives an equation
for the velocity potential as

V24 = 0. (6.3.1)
Alternatively, applying the vector identity (2.6.3) to u gives
Via=V(V-u)—V x (V xu), (6.3.2)
such that if u is both solenoidal and irrotational, we can write
Viu =0. (6.3.3)
Hence, for a flow that is both irrotational and incompressible, both the velocity field
and its scalar potential must satisfy Laplace’s equation. Any function that is a solu-

tion of Laplace’s equation is said to be a harmonic function. There exists a substantial
literature on harmonic functions that can be employed to solve particular flow fields,
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some of which are explored in Chapter 9. In the present section, we consider only
some very general properties of harmonic functions.

For a flow that is both irrotational and incompressible, the velocity field is com-
pletely determined by (6.3.3), aside from boundary conditions, without use of the
momentum equation. In order for this to be possible without violation of conserva-
tion of momentum, the three components of the momentum equation must reduce to
a single equation for the pressure. We examine conditions under which this reduction
may occur in Chapters 7 and 8.

One of the more important properties of harmonic functions is that the value of
the function within any domain V can be generated by integration of the function
and its normal derivative over the boundary S of the domain. To see this, we apply
Green’s second identity (2.7.8) to two functions, ¢(x) and G(x — x’), where ¢ is the
scalar velocity potential and G is a Green’s function, giving

/ (@V2G — GV2p)dv = / (gsa—G - Ga—¢) da. (6.3.4)
v s on on

The Green’s function G (x — x') for the Laplace equation is defined to be a particular
solution of the fundamental equation

V3G = §(x — X)), (6.3.5)

where §(x — X') is the Dirac delta (which has the value of infinity at x = X’ and zero
elsewhere). Substituting (6.3.5) into (6.3.4), recalling that

’ - r_jox) ifxeV,
/Vq)(x Yo(x —x)dv' = {0 itx g V. (6.3.6)
and making use of the fact that ¢ satisfies the Laplace equation, we obtain
G a
P(x, 1) = /S (d)a - G%) da 6.3.7)

for any x € V. A similar equation can be written for the velocity vector u. Hence, if
the value of ¢ and its normal derivative are known on the bounding surface S of V,
then ¢ can be obtained at any other point in V simply by integration over S.

Another property of flows that are both irrotational and incompressible is stated
in the following theorem.

Theorem 6.3.1 (Velocity Maximum Theorem). In an irrotational flow of an in-
compressible fluid in a bounded region V, the maximum velocity magnitude must
occur along the boundary S of V.

This theorem is a consequence of a more general result for harmonic functions, but
we confine our attention to the fluid mechanics application stated above. The theorem
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also applies to the more general case of flow in an unbounded region provided that
the velocity is finite at infinity.

In order to prove the velocity maximum theorem, it is convenient to recall the
kinetic energy « per unit mass, defined as x = u-u/2. Our task is equivalent to prov-
ing that the maximum value of ¥ must occur on the boundary S of V. If the velocity
vector is harmonic, the Laplacian of « is positive definite, for upon expanding we
have

ou; ou;
ZK _ i i

= > 0. (6.3.8)
an ax,-

This result can alternatively be written using the velocity decomposition (3.2.4) as
V2 = D;;Dij > 0 (6.3.9)

since the vorticity vector is everywhere zero.

The proof of the velocity maximum theorem follows by contradiction. That is,
we suppose that there exists some point P in the interior of V at which « attains a
local maximum. If R is an infinitesimally small region surrounding the point P, with
bounding surface 9%R, then from the assumption that « attains a maximum value at
P it follows that « decreases as we progress away from P, or

/ n-Veda <0, (6.3.10)
IR

where n is the outward unit normal of 39R. However, using the divergence theorem,
we can write

/n.wdaz /szdv. (6.3.11)
Ehat R

We have already shown that V2« is positive definite, so it is not possible for (6.3.10)
to be satisfied. Thus, no point in the interior of V exists at which the velocity mag-
nitude attains a local maximum. Of course, if the point P were on the boundary S of
V, then no region %R exists that surrounds P but also lies entirely in V, and so this
contradiction does not apply.

6.4 HELMHOLTZ REPRESENTATION THEOREM

We now turn to representations that apply to general vector fields. One of the most
useful general representation theorems, usually attributed to Helmholtz, states that
any vector field may be written as the sum of a solenoidal vector and an irrotational
(or lamellar) vector. Using the representation theorems (6.1.2) and (6.2.2) for ir-
rotational and solenoidal vectors, respectively, the Helmholtz representation for an
arbitrary velocity field u can be expressed as

u=v+Va+Vxp, (6.4.1)
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where V- v =0and V x v = 0. It is common in the vector analysis literature not to
include the harmonic vector field v in the Helmholtz representation (6.4.1), since it
can be combined with either of the other two terms on the right-hand side of (6.4.1);
however, in applying this representation to fluid flows, it is somewhat clearer to write
out this term explicitly. As explained previously in Section 6.2, the vector potential
B is not uniquely determined by (6.4.1) and can be chosen to be a solenoidal vector
without loss in generality. While the decomposition (6.4.1) can be applied to any
vector, such as the vorticity, velocity, or acceleration, it is most common in fluid
mechanics to apply it to the velocity vector. This velocity representation is the basis
for nearly all of the solution methods used in the remainder of the text.

To prove the representation (6.4.1), we apply Green’s second identity (2.7.8), for
aregion V with bounding surface S, to the velocity vector u and a Green’s function
G to write

/ (GV*u —uV2G)dv = / (Gg—: - u%) da. (6.4.2)
\% S

The Green’s function G is defined as a solution of the fundamental equation (6.3.5),
S0

/ ux, HV2G(x - x)dv = / ux’, )8(x — x)dv’ = u(x, 1). (6.4.3)
v v

The integration and differentiation in (6.4.2) and (6.4.3) are taken over the primed
variable X', as implied by the primes attached to dv and V in (6.4.3).

The surface integral on the right-hand side of (6.4.2) generates a harmonic vector,
say —v, for any arbitrary vector u. This can easily be verified by taking the Laplacian
of this term with respect to the unprimed variable x and using (6.3.5), which yields

d aé
/ [a(x ~X)2 1) —u, N (x — x’)] da'. (6.4.4)
S an an
This integral vanishes identically for any x that does not lie on the boundary S, since

the delta function §(x — x') is everywhere zero except at x = x'. Substituting (6.4.3)
into (6.4.2) and solving for u yield

ulx, ) = v(x, 1) + / G(x — x’)Vlzu(x’, Hdv'. (6.4.5)
Vv

Substituting the vector identity (2.6.3) for V2u into the volume integral in (6.4.5)
gives

u(x, 1) = v(x, 1) +/ Gx—x VAKX, 1)dv —/ Gx—-x)V x o, 1)dv,
% v
(6.4.6)

where the dilatation rate and the vorticity are definedas A =V -uand w = V x u.
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Using the vector identities (2.6.4) and (2.6.5), the last two terms in (6.4.6) become
/V Gx—x VAKX, 1)dv = /v VIGx —x)AX, n)]dV
- /V[V'G(x —x)JAKX, t)dv', (6.4.7a)
/‘-/ Gx—x)V x o, t)dv = ./v V' x [G(x — X)X, 1)]dv
— /;[V’G(x —x)] x w(x,1)dv'. (6.4.7b)

The first integral on the right-hand side of both (6.4.7a) and (6.4.7b) can be converted
to integrals over the bounding surface S with use of the integral identities (2.7.1) and
(2.7.5), giving

/ VIGx - xYAKX, D)]dv = / Gx—x)AX, t)n'dd, (6.4.8a)

1% N

/ V' x [Gx—x)ox, 1)]dv = f Gix—x)n' x oX.t)da'. (6.4.8b)
v S

The integrals in (6.4.8) generate harmonic flows within the region V, since the Lapla-

cian of the surface integrals vanish identically for any x not on S. In the following,

these terms are combined with the arbitrary harmonic vector v in (6.4.5).
Substitution of (6.4.7) into (6.4.6) yields

ux,t) = v(x,1) — / [V'Gx—x)]AKX, 1) dv +f [VG(x—x)] x o, 1)dv.
1% Vv
(6.4.9)

Because G is not a function of x and x’ independently, but rather of the combination
x — x', we can write

VGx—x)=-VG(x—x), (6.4.10)
where the differentiation on the right-hand side of (6.4.10) is performed with respect
to the unprimed variable x. Substituting (6.4.10) into (6.4.9) and allowing the gradi-

ent with respect to x to pass through the integral, since the integration is with respect
to X', give

ux, 1) = v(x, t) + VU Gx—x)AX, t)dv']
v

4V x [—/ Gx—-x)w(x, t)dv']. (6.4.11)
Vv
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The result (6.4.11) has the same form as the representation (6.4.1), where the scalar
potential « is identified with the integral over the dilatation rate and the vector po-
tential B is identified with the integral over the vorticity.

While every vector field admits a representation of the form (6.4.1), other general
representations also exist. For instance, any vector field can also be written as the sum
of a scalar gradient and a complex lamellar vector, such that using the representations
(6.1.2) and (6.1.8), we can write

u=Ve¢+aivny. (6.4.12)
The scalars ¢, y, and 7 are called Monge potentials and have the property that
u-(Vxu)=Ve- (VA x Vnp). (6.4.13)

The representation (6.4.12) can be proved by noting that because the divergence of
the curl of any vector vanishes, the vector V x u is solenoidal and admits a represen-
tation of the form (6.2.3). We can thus write

Vx@u—-yVy =0. 6.4.14)

The combination u — y Vi must therefore be irrotational and hence can be expressed
as the gradient of a potential, which results in the representation (6.4.12).

6.5 BIOT-SAVART LAW

Substituting the Helmholtz representation (6.4.1) for the velocity into the definition
of the dilatation rate, A = V - u, and recalling tHag both the harmonic vector v and
V x B have zero divergence, yield a Poisson equation for the scalar potential « in
(6.4.1) as

Vig = A. 6.5.1)

Similarly, substituting (6.4.1) into the definition of vorticity, @ = V xu, and recalling
that both v and Va have zero curl, yield a Poisson equation for the vector potential
B of the form

The vector identity (2.6.3) is used in obtaining (6.5.2) as well as the fact that 8 can
in general be chosen to be solenoidal.

Although neither « nor B are determined uniquely by (6.5.1) and (6.5.2), it is
common practice to set o and B equal to the particular solutions of the Poisson
equation, the general solution being combined with the harmonic vector v. These
particular solutions for « and 8 can be expressed in terms of the Green’s function
using the result (6.4.11) of the previous section, giving
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a(x, 1) = / Gix—xX AKX, 1)dv, (6.5.3)
v

Bx.1) = —/ Gx—x)oXx, 1)dv. (6.5.4)
14
The Green'’s function for the Poisson equation is

1
— In(r) intwo dimensions,
Gr=1{" (6.5.5)

- in three dimensions,
dmr

wherer = x —x andr = |r|.

It is sometimes useful to decompose the velocity u as the sum of a harmonic
part v, a part up generated by the dilatation rate, and a part uy generated by the
vorticity. These three parts can, of course, be identified with the three terms in the
Helmholtz representation (6.4.1), respectively. Taking the gradient of the particular
solution (6.5.3) for « gives an expression for up as

1
up(x, 1) = E/A%A(x',:)da' (6.5.62)

for two-dimensional flows and as

1
up(x, 1) = E,/ r—l;A(x',t)dv’ (6.5.6b)
v

for three-dimensional flows. Taking the curl of the solution (6.5.4) for B gives an
expression for uy as

1 ‘1
uy(x,t) = —— rx e, da (6.5.7a)
27 J4 r?
for two-dimensional flows and as
1 ot ,
w ) = - [ TXex.n, (6.5.7b)
47'[ 1 r3

for three-dimensional flows. Equation (6.5.7), in either two or three dimensions, is
called the Biot-Savart equation. There exists a similar relationship in electrodynam-
ics between the magnetic field strength and the current density, taking the place of
the velocity and the vorticity in equation (6.5.7b), respectively, from which this name
is obtained.

A common solution procedure for incompressible flows is to evolve the vorticity
by a transport equation (Chapter 7) and then to compute the velocity field induced
by the vorticity using the Biot-Savart integral (6.5.7). Once uy has been determined,
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a harmonic field v is introduced to satisfy any boundary conditions that may be im-
posed, such as uniform flow at infinity or no penetration at the surface of a solid
body. Of course, only a single boundary condition (e.g., the no-penetration condi-
tion) can be used on a boundary to determine v. Other boundary conditions, such
as the no-slip condition at the interface of a rigid solid for a viscous flow, must be
satisfied implicitly via the evolution of the vorticity field.

Example 6.5.1. Write an integral for the stream function ¥ in a two-dimen-sional,
incompressible flow with no boundaries but with nonzero vorticity.

SOLUTION. For two-dimensional, unbounded, incompressible flow in the x-y
plane, the stream function is related to the vector potential by B = e, and the vor-
ticity is given by @ = we,, where e; is a unit vector in the z-direction. Substituting
these results into (6.5.4) and using the appropriate Green’s function from (6.5.5) for
a two-dimensional flow give an integral for the stream function as

Yx,y,1) = —Lf In(Ho &',y 1) dd. (6.5.8)
2 A

6.6 FAR-FIELD ASYMPTOTIC FORM FOR VELOCITY IN A FLOW
EXTENDING TO INFINITY

In solving flows in a space with no boundaries or flows external to some rigid body,
we frequently encounter the problem of determining the limiting value of certain
integrals of the velocity field over a surface S in the flow, which may for the present
be taken as a circle in two dimensions or a sphere in three dimensions, as the radius
of § approaches infinity. In order to determine the behavior of such integrals, it is
necessary to know the asymptotic behavior of the velocity field far from the region
of nonzero vorticity. The asymptotic far-field form for velocity can be obtained from
the Biot-Savart equation (6.5.7); however, the arguments and results differ somewhat
for two- and three-dimensional flows.

For three-dimensional flow, the part of the velocity field that is generated by the
vorticity can be written as

u(x, 1) = %/ v (1) x o, t)dv. (6.6.1)
T Jy r

Denoting the distance from a fixed origin O by s = [x| and definingr = x — X/, we
can expand V(1/r) in a Taylor series about r = x to obtain

()=o) en o)) o)
)L reE) e
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Substituting this Taylor series expansion into the Biot-Savart equation (6.6.1) gives

1
= o ()« [ = 2o (1]

1
X / o, )dv + 0 (—4> , (6.6.3)
\% N

where summation over the repeated index i is performed in the last term.
Since the vorticity is a solenoidal vector field, it follows that

V.(xjw) =V -0 =6jjw;j =w,. (6.6.4)

The divergence theorem can be used, for any three-dimensional region V, to write

/w,-dv:/ V-(x,-w)dv:fx,-w-nda, (6.6.5)
1% 1% s

where S is the bounding surface of V with outward unit normal n. This integral
approaches zero as S approaches infinity provided that the vorticity magnitude w de-
creases at least as fast as w & s, n > 4. Assuming that the vorticity is sufficiently
compact to satisfy this restriction, the first term on the right-hand side of (6.6.3) must
vanish in a three-dimensional flow. The second term on the right-hand side of (6.6.3)
does not in general vanish, so we conclude that

1
jul ~ O <—3) as s — 00. (6.6.6)

s

For two-dimensional flows, the Biot-Savart equation can be written as
1

ux. 1) = —— / V(nr) x w(x',1)da". (6.6.7)

2 A

Expanding V(Inr) in a Taylor series about r = x gives

V(ll‘l r) = V(]n s) +(r— X) . V[V(]ﬂ r)]r:S +0 (;12_)

, ]
= V(ns) —x -V[V(nr)],= + O (7) , (6.6.8)
5
which when substituted into (6.6.7) yields

1 1 9
u(x,t):—EV(lm)x/Aw(x tydad +2—5——[V(lnr)], .

1
X / xiox' tyda + O (—3> . (6.6.9)
A s

The integral in the first term on the right-hand side of (6.6.9) can be expressed in
terms of the circulation I's. about a circuit encompassing the entire flow field as
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/ w(x,t)da’ =Twe,. (6.6.10)
A

In two dimensions, the total circulation I', either may or may not vanish for different
flows. For cases where ', does not vanish, such as for a single patch of uniform
vorticity, the expansion (6.6.9) is dominated by the first term on the right-hand side,
such that

1
jul ~ O <—) ass — o0. (6.6.11)
s

For flows in which the total circulation I'y, does vanish, such as would be the case
for uniform flow past a fixed body in a viscous fluid, the asymptotic form for the
velocity magnitude is controlled by the second term in (6.6.9), giving

u| ~ O (é) as s — 00. (6.6.12)

A similar argument can be used for the part of the velocity that is generated by the
dilatation rate using the Green’s function solution (6.5.6). In three dimensions, the
magnitude of up is found to approach zero as 1/s if the net volumetric production
rate (the integral of dilatation rate over all space) vanishes and as 1/s2 if the volumet-
ric production rate does not vanish. In two dimensions, the magnitude of up varies
as 1/s2 if the net volumetric production rate vanishes and as 1/s if the volumetric
production rate does not vanish.
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PROBLEMS

1. Consider the flow of an irrotational, incompressible fluid in two dimensions along
a plane rigid surface, where the flow is in the x-direction and the surface normal is
oriented in the y-direction. Prove that the shear stress 77, vanishes at the surface,
even when the fluid viscosity does not vanish. Comment on the applicability of
the assumption of irrotationality in viscous fluids.

2. For the two-dimensional velocity fields listed below, determine whether each of
the representations u = V¢ and u = Vi x e, exist, and if so, find expressions
for the scalars ¢ and .
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(a) u=cxe, —cye,
(b) u=cye, —cxey
(c) u=cye, +cxey
. Using the Helmholtz representation, the vorticity field can be decomposed as

w=VE+Vxq,

where V- q = 0.
(a) Show that the gradient term V& makes no contribution to the velocity field,
as given by the Biot-Savart integral (6.5.7).

(b) Show that for any space with no boundaries and for which& — Oasr — oo,
the scalar & must vanish everywhere.

. Show that the representation u = V¢ + AVrn, where ¢, y. and n are Monge
potentials, can be used to write u - @ = V¢ - (VA x Vn).

. Consider a flow of an incompressible fluid in a fixed region V on whose boundary
S the no-penetration condition applies. Prove that [, udv = 0.

. Show that the velocity magnitude approaches zero as |u| ~ 1/s”, where n = 2
in two-dimensional flows and n = 3 three-dimensional flows, when the flow is
generated by rate of dilatation, with no vorticity and zero total mass supply.

. Find the limiting values for the following integrals as the radius ry of the
circle C with outward unit normal n approaches infinity in an unbounded, two-
dimensional, incompressible flow field with zero velocity at infinity and zero
vorticity outside of some finite region R.

(a)/u-ud@withrocyéO

C

(b)/u~nd€witth#O
c

(c)/u-ndﬁwithroozo
C

(d) / W df withTe =0
C

. Find the limiting values for the following integrals as the radius r of the sphere
S with outward unit normal n approaches infinity in an unbounded, three-
dimensional, incompressible flow field with zero velocity at infinity and zero
vorticity outside of some finite region fR.

(a) [u-uda
s

(b) / r2u-nda
s

(c) /u-nda
s



CHAPTER 7

VORTICITY TRANSPORT THEOREMS

For a large variety of fluid flows, the vorticity magnitude is zero or nearly zero out-
side of some compact region, such as a boundary layer about a body surface, a wake
behind a blunt body, or a shear layer between two fluid layers moving at different
speeds. The vorticity evolution in these high-vorticity regions determines the dynam-
ics of the fluid flow as a whole, since for an incompressible flow, the velocity at any
point can be determined kinematically from the vorticity field via the Biot-Savart
equation. Furthermore, as we shall see, the pressure plays no role in the vorticity
transport equation for uniform-density fluid. By posing the equation of motion in
terms of vorticity, the pressure is immediately eliminated from the transport equa-
tions and the incompressibility condition is automatically satisfied. In this chapter,
the vorticity transport equation is derived and mechanisms that give rise to vortic-
ity variations are discussed. Several general theorems governing vorticity evolution
are derived, including a number of invariant quantities associated with the vorticity
field.

7.1 VORTICITY TRANSPORT EQUATION

The momentum conservation equation (4.2.9), together with the expression (4.5.4)
for the stress tensor in an incompressible, inviscid fluid, can be expressed as

oJu

1
+@-Vyu=b——-Vp. (7.1.1)
dt o

From the vector identity (2.6.6), the convective acceleration term in (7.1.1) can be
rewritten as (u - V)u = Vi 4 @ X u, where « is the kinetic energy per unit mass,

92
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such that (7.1.1) becomes

9 v
M wxu=b-vk— L (71.12)
ot P

The vorticity transport equation is obtained by taking the curl of (7.1.2), while mak-
ing use of vector identities (2.6.5) and (2.6.8), yielding

Vo xV

D
b “LEIP L xb. (7.1.3)
o

= -V)u
Dr (w-V)u+

In writing the vorticity transport equation (7.1.3), we use the incompressibility con-
dition (3.4.8), the kinematic condition that vorticity must be divergence free, and the
definition of the material derivative.

The three terms on the right-hand side in (7.1.3) can be associated with three
different mechanisms for change of vorticity in an inviscid fluid. The first term,
(w - V)u, is known as the vortex stretching term, and it is associated with change
in vorticity due to a velocity gradient in a direction parallel to the vorticity vector.
The significance of this term can be illustrated by the simple flow considered in
Example 7.1.1. Vortex stretching is of fundamental importance in a wide variety of
three-dimensional fluid flows. In particular, stretching of tubelike vortex structures
is the principal mechanism for vorticity enhancement in turbulent flows. The vortex
stretching term vanishes for all two-dimensional flows, since both the velocity and
the velocity gradient vanish in the direction of the vorticity vector (i.e., normal to the
plane of motion). There exist other flows in which the vorticity and velocity vectors
are everywhere orthogonal, such as axisymmetric flows without swirl, but in which
the vortex stretching term does not vanish since the velocity gradient does not vanish
in the direction of the vorticity vector.

The second term on the right-hand side of (7.1.3) is the baroclinic vorticity gener-
ation term. This term describes the generation of vorticity that arises when surfaces
of constant pressure (isobaric surfaces) become oriented differently than surfaces of
constant density (isopycnal surfaces). For the case of a barotropic fluid, p = p(p),
the isobaric and isopycnal surfaces are always parallel and the baroclinic generation
term vanishes. However, in many applications the pressure is also affected by temper-
ature and species concentration of the fluid constituents, in which case the formation
of a pressure gradient along the isopycnals is not unusual. The baroclinic generation
term is responsible for formation of buoyancy-driven upwelling and currents in the
oceans and atmosphere, and it plays an important role in many combustion and heat
transfer problems.

The last term in (7.1.3) is vorticity generation by a nonconservative body force.
We recall that all conservative forces, such as gravity, can be written as the gradient
of some potential function, or b = V. From the vector identity (2.6.1), the V x b
term vanishes for all conservative body forces. For this reason, gravity cannot pro-
duce motion of a fluid directly through vorticity generation but must produce motion
indirectly via the pressure gradient in the baroclinic generation term at fluid inter-
faces or in regions of density gradient. Any flow without density variation (including
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that at a fluid-fluid interface) is unaffected by gravity. Other types of body forces,
such as electromagnetic forces, are nonconservative and do directly alter the fluid
vorticity.

Example 7.1.1 Vortex Stretching. We consider a columnar vortex confined be-
tween two flat plates, as illustrated in Figure 7.1. It is supposed that the vorticity
is uniform within the vortex core and can be written in cylindrical polar coordinates
(R, e, z) as

w(t)e;, forR <o(t),

0 for R > o (1), (7.1.4)

wXx,t) = {
where o (¢) is the vortex core radius. Letting L(¢) denote the distance between the

two parallel plates, we superpose an axisymmetric straining flow with velocity com-
ponents

vg =0, v, =czZ (7.1.5)

such that dL/dt = cL, where c is called the straining rate. The flow (7.1.5) is
irrotational, so the vorticity is unaffected by the superposition of the straining flow at
time ¢ = 0. The vorticity transport equation (7.1.3) for this flow, assuming uniform
density and no body force, reduces to

dw

— =cw, 7.1.6

'R (7.1.6)
where we use the total derivative notation since w is a function only of time in this
example. Stretching of the vortex (¢ > 0) results in an increase of the vorticity mag-
nitude within the vortex core, and conversely compression of the vortex (¢ < 0)
(assuming that the vortex remains columnar) results in a decrease in vorticity mag-

Figure 7.1 A columnar vortex with core radius ¢ extending between two infinite parallel
plates separated by a distance L(¢).
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nitude. It is obvious by comparing the evolution equations for L and w for this flow
that the two are related according to

L(t) _ w(t)

It is shown in Section 7.2 that this result is an example of a more general relationship
between the change in vorticity magnitude and the stretch of a material line segment
lying parallel to the vortex line.

From the vorticity transport equation (7.1.3), with the last two terms omitted, it is
clear that fluid particles that are initially irrotational remain irrotational for all time.
This observation implies that the vortex core must be a material region such that the
volume V = mo2L of the vortex core is constant. Given the relationship (7.1.7)
between the vorticity magnitude and the length L, it must also be true that the vortex
circulation I' = o 2w is independent of time (which is also a consequence of a more
general result presented in Section 7.3).

7.2 MOTION OF VORTEX LINES

In the case where the density is everywhere uniform and the body force is conserva-
tive, the inviscid vorticity transport equation takes the form

Do

Dr = (- V)u. (7.2.1)

A general solution of (7.2.1) was obtained by Cauchy in terms of the deformation
gradient tensor F in the form

ow=F- wy, (7.2.2)

where wg(£) is the initial value of vorticity on a material point P at position £ in the
reference configuration. Using the result (3.2.7) for the material derivative of F and
substituting (7.2.2) into the left-hand side of (7.2.1) yield

Dw,~ au,-

= —F; | 723
D o, T AW0, A ( )

which is equal to the vortex stretching term on the right-hand side of (7.2.1).

One consequence of the solution (7.2.2) is that if a fluid is initially irrotational at a
material point P such that ey (P) = 0, it will remain irrotational at P for all time. By
extension, if a flow is initially everywhere irrotational, it will always be everywhere
irrotational. The vortex stretching term is not capable of generating new vorticity in
a flow in which the vorticity initially vanishes.

Another consequence of (7.2.2) is expressed in the following theorem.

Theorem 7.2.1. Vortex lines are material lines.
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In some reference configuration, the vorticity at a fluid particle P is given by ).
We consider a material line segment d§ centered at P and oriented parallel to ey, so
that

d& = Cax, (7.2.4)

where C is a constant. At some later time 7, the material line segment at P is given by
dx = F - d§. Substituting (7.2.4) into this expression and using the Cauchy solution
(7.2.2) yield

dx = Cw. (7.2.5)

This result implies that the line segment dx remains oriented along the vortex line at
the material point P at any time ¢. The material line formed of all infinitesimal ma-
terial line segments along a vortex line at some initial time hence remains coincident
with the vortex line for all subsequent times.

Taking the magnitude of (7.2.4) and (7.2.5) gives

dé = Cay, dx = Cow. (7.2.6)
Eliminating the constant C gives

— = A, (7.2.7)

where A is the stretch of a material line segment oriented along the vortex line,
defined in (3.3.2). When (7.2.7) is applied to the flow considered in Example 7.1.1,
we immediately obtain the result (7.1.7).

The fact that vortex lines are material lines places a number of restrictions on
possible processes in inviscid fluids. For instance, it is not possible for a vortex line
to “break” and reconnect with another vortex line unless the velocity field becomes
singular at the point at which this break occurs. The question of whether an initially
smooth velocity field can develop singularities within the fluid in some finite time is
still an unresolved research topic (Beale et al., 1984). In the absence of such singu-
larities, however, a number of commonly observed flow processes are impossible in
an inviscid fluid.

For instance, Figure 1.3 shows a computational result for the impact of two vortex
tubes of opposite sign vorticity (at a vortex Reynolds number Re = I'/v = 1500)
which are driven together by an instability of the vortex pair (Section 16.8). When
the vortex tubes collide, the vortex lines in each tube appear to break and reconnect
to those within the opposite tube, forming a series of looplike structures. The process
by which vortex lines are severed and reconnect to other vortex lines is not possible
in an inviscid fluid. Instead, vortex tubes in an inviscid fluid continue to deform in
such situations with no cutting or reconnection of the loops taking place (Kerr, 1993).

Another example of the severing of vortex lines occurs when a thin body (such
as a blade) passes through the core of a vortex structure (Krishnamoorthy, 1997;
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(a) (b)

Figure 7.2 Experimental flow visualization showing cutting of a columnar vortex by a thin
blade. The image is obtained using laser-induced fluorescence in a vertical imaging plane.
The gray streaks indicate the edges of the columnar vortex, and the dark patches in (b) indicate
secondary vorticity that has become entrained into the columnar vortex core. (Krishnamoorthy,
1997)

Marshall and Krishnamoorthy, 1997). A set of experimental pictures illustrating the
vortex “cutting” process is shown in Figure 7.2. The blade is traversed toward the
vortex structure and is sufficiently thin that it penetrates into the vortex core. During
the initial stages of this penetration, the vorticity within the core deforms about the
blade leading edge. However, after some time viscous interaction causes the vortex
lines within the primary vortex to break and reconnect with those within the blade
boundary layer, giving the appearance that the vortex has been “cut” by the blade.
In an inviscid fluid, the vortex lines within the primary vortex can never be cut and
they will continue indefinitely wrapping about the blade leading edge (Marshall and
Grant, 1996).

7.3 PRESERVATION OF CIRCULATION
The three vortex laws of Helmholtz are summarized as follows.
Theorem 7.3.1 (Helmholtz Vortex Laws)

(a) The strength of a vortex tube is uniform along the tube.
(b) Vortex lines are material lines.
(c) The strenth of a vortex tube is invariant in time.

The first of these laws applies to all fluid flows, as proven in Section 3.5. The
second law, which applies only to inviscid fluids, is proven in Section 7.2. The third
law, which applies to inviscid fluids with uniform density, is a consequence of the
following theorem due to Kelvin.

Theorem 7.3.2 (Kelvin Circulation Theorem). The circulation about a material
closed circuit is independent of time in a uniform-density, inviscid flow.
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This theorem can be proved in a similar manner to that used to derive the trans-
port theorem in Section 3.6. Taking the time derivative of the circulation I" about a
material circuit C and making use of (3.2.1) to write the integral about the position
Co occupied by C in the reference configuration yield

ar d/ d
@ _ | d
dr — ar Jo

d
= — i Fiad
ar c ui Fiadéa

= CODI Ujrip A

Du; u;
— —'F — L F. déa,
/;‘0 ( Dt iA+ U 8xj jA) &4

where (3.2.7) is used to expand the material derivative of F in writing the last of the
above expressions. If the dummy indices i and j are exchanged in the last expression,

Fi 4 can be factored out, such that again using dx; = F;sd&4 we obtain
dar D
. =/ 2N k) ax. (7.3.1)
dt c \ Dt
Substituting the momentum equation (7.1.1) into (7.3.1) yields
dar |
— = b——-Vp+Vk)-dx. (7.3.2)
dt c o

In the case that the body force is conservative, so that b = VA, and the fluid has
uniform density, this result reduces to

dr
—=/V<A+K—£)-dx. (71.3.3)
dt c p

If A denotes an open surface with boundary C at time ¢ and with unit normal n,
Stokes’s theorem can be used to write (7.3.3) as

ar _ / [v X V (x K- 3)] -nda, (7.3.4)
dt A P

from which, after using the vector identity (2.6.1), it follows that dT"/dt must vanish.

7.4 VORTICITY MEASURES AND INVARIANTS

A variety of integral quantities involving the vorticity field and other vector fields
have special significance in characterizing and constraining the motion of inviscid



VORTICITY MEASURES AND INVARIANTS 99

fluids. In this section we discuss a number of these quantities for three-dimensional
flows.

7.4.1 Linear and Angular Impulse

The linear impulse P and angular impulse L of an inviscid fluid flow are defined
as the resultant force and momentum impulse per unit mass, respectively, necessary
to generate the motion of the fluid from rest. The mathematical expressions for the
linear and angular impulse are given by

1 1
P= —/ x x wdv, L=——/ rrodv, (7.4.1)
2 174 2 \4

where V denotes the entire space occupied by the fluid. It is assumed in writing
(7.4.1) that the vorticity decays sufficiently fast at infinity that the above integrals
exist.

An alternative form for the angular impulse in a space with @ - m = 0 on the
boundary S of V is given by

L = l/ X X (X X w)dv. (7.4.2)
3Jv

The form (7.4.2) can be derived by using the vector identity (2.6.9) to write
XX (XX W)= —r’w+ (X ®)X, (7.4.3)

where r2 = x - x. It follows from the chain rule that

0
—(rzxiwk) = 2xpX;wp + rzw,-, (7.4.4)
Xy

so that combining (7.4.3) and (7.4.4) gives

_%rzw =X X (XX @) — v (wr’x). (7.4.5)

Substituting (7.4.5) into (7.4.1), and using the divergence theorem give

1 1
L= —f X X (xxw)dv——fr2x(w-n)da. (7.4.6)
3Jv 6Js

If o-n = 0on S, the last integral in (7.4.6) vanishes and the equivalence of the form
(7.4.2) to (7.4.1), is proved.

In an unbounded fluid having uniform density and subject to conservative body
forces and in which the velocity vanishes at infinity and there exist no immersed
solid boundaries, both P and L are independent of time and are thus known as in-
variant quantities. Invariant quantities provide a way to characterize a fluid flow by
a measure that does not change in time. Invariant quantities are furthermore useful



100 VORTICITY TRANSPORT THEOREMS

in providing a measure of error in numerical computations and in construction of
analytical models of vorticity dynamics.

To show that P is invariant under the conditions stated above, we take the time
derivative of P to obtain

ap 1 Dw
— == e . 7.4.
'R 2/‘/(uxw+xx Dt)dv (7.4.7)

Substituting the vorticity transport equation (7.2.1) into (7.4.7) and transforming to
indicial notation, we obtain

dPp; 1/ + duy dv
—_— =z EijkUjwk + &jiX jwg—
dt 2 )y ijkU jWk ijkXj Zaxe

1 3
= 5/‘; [25,~jkuja)k + rﬂ(e;jkxnguk)] dv

1
=/ &ijkujor dv + E/ngeijkxnguk da, (7.4.8)
v N

where the surface S in the last integral is the boundary of V such that as S approaches
infinity (for an unbounded region), this integral vanishes. Substituting the definition
of vorticity, @ = V x u, into the volume integral in the last expression above yields

dPp; / Bumd
— = | &ijréremuj—dv
dt v ijkCkimU j dx

du
= /;/(5iz5jm *5im8j€)uja—xizdv

d (1 a
J J

where in the second term of the last expression we use the fact that velocity is diver-
gence free for an incompressible fluid. The generalized Green’s theorem (2.7.1) can
be used to transform the terms in the last expression in (7.4.9) to integrals over the
surface S, both of which vanish as S approaches infinity. The proof that the angular
impulse L is invariant is similar to that given above for the linear impulse and is left
as an exercise.

If the derivation given above were repeated for a fluid with a nonconservative body
force b per unit volume included in the vorticity transport equation, the resulting
expressions for variation of P and L with time would be

dpP dL
— = dv, —_—= . 4.1
b7 /Vb v - /vxxbdv (7.4.10)

Hence, the nonconservative body force and its curl are the source of variation of P
and L, respectively. Integrating (7.4.10) over time and assuming that t = 0 corre-
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sponds to a state of rest, so that P(0) = L(0) = 0, yield

t t
P(z):/ (f bdt) dv, L(t):/ (f xxbdt) dv. (74.11)
v \Jo v \Jo

This result leads to the physical interpretation of P and L given in the beginning of
this section.

7.4.2 Kinetic Energy
The kinetic energy is defined by

1

T —/ u-udv, (7.4.12)
2 Jy

where for later convenience density is omitted. In order that the above integral exist
in an unbounded flow, it is necessary that the velocity approach zero sufficiently fast
at infinity. It is sometimes useful to write kinetic energy in terms of an integral over
the vorticity field. This can be performed in two different ways for an unbounded
flow. One such form is obtained using the chain rule and the identity dx; /dx; = i;
to write

Bu,‘
5x—j(xiu,'uj) = uju; -l—x;ujaTj, (7.4.13a)
1 3 ou;
ng_i(Xiujuj)ziujuj—l_Xiuja—x,'. (7.4.13b)

Subtracting (7.4.13a) from (7.4.13b) yields

1 du;  Ouj 10 d
Eujuj:_Xiuj E_a—x, +§5;(x;ujuj)—gj(x,~uju,-). (7.4.14)

Integrating (7.4.14) over the space V/, the last two terms can be converted into inte-
grals over the boundary S of V using the generalized Green’s theorem (2.7.1), which
vanish as S approaches infinity for an unbounded space. The first term on the right-
hand side of (7.4.14) can be expressed in terms of the vorticity tensor W;; as

(240 Wy (7.4.15)
Xild 5%, om =2xju; Wij. 4.

Making use of the relationship (3.3.18) between the vorticity tensor and the vorticity
vector, we can alternatively write (7.4.15) as

au[ auj
Xilj (E - 5;) = &jjkXiWkU . (7.4.16)
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Substituting (7.4.14)—(7.4.16) into (7.4.12) yields the kinetic energy as an integral
over the scalar triple product of the velocity, vorticity, and position vectors as

T = / u-(x x w)dv. (7.4.17)
1%

A second form for the kinetic energy is obtained with use of the vector identity
(2.6.7), which states that for any two vectors u and B, we can write

ViuxB)=p-(Vxu —u-(Vxp). (7.4.18)

If u is the velocity vector (such that @ = V x u) and B is the vector potential (such
that u = V x @ for an incompressible fluid), then (7.4.18) becomes

V.-uxB)=B-w—u-u (7.4.19)

Integrating (7.4.19) over V, the divergence theorem can be used to convert the left-
hand side to an integral over the surface S of V, which vanishes as S approaches
infinity, so that the kinetic energy reduces to

T = l/ B-wdv. (7.4.20)
2y

The issue of invariance of T can be addressed by taking the time derivative of
(7.4.1) and using the momentum equation (7.1.1), yielding

daT Du p
¢ o dy = V{r—-Z) do, 7.4.21
ar /V" Dr " /v“ ( p) ’ (7420

where we assume that the body force is conservative, such that b = V. Since u is
divergence free, we can write

d—Tzf V~[(A—£>u] dv=/(k—£) (n-w)da, (7.4.22)
dt 1 1Y s Y

where n is the outward unit normal of S. The result (7.4.22) implies that the kinetic
energy T is invariant for any flow in which u - n = 0 on all boundaries S of V and,
for external flows, in which u approaches zero at infinity faster than =2 in three
dimensions and »~! in two dimensions.

7.4.3 Helicity

The helicity J of a fluid flow is defined as the integral over all space of the scalar
product of the velocity and vorticity vectors, or

J E/ u-wdv. (7.4.23)
1%
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Helicity is an interesting topological measure of the vorticity field and in particular
can be related to the degree of “knottedness” of vortex lines. Further information on
interpretation of helicity is given by Moffat (1969).

Invariance of helicity can be examined by taking the time derivative of (7.4.23)
and using both the momentum equation (7.1.1) and the vorticity equation (7.2.1), to

obtain
dJ Du; Dw;
— = / l(}),‘ + u; @i dv
dt v \ Dt Dt
a ou;
= f wi— (- 5’-) Fuiw;— | dv. (7.4.24)
v ax; P ij'
Since the vorticity is divergence free, it can be taken inside the derivatives in (7.4.24)
to write
dJ 3 p 19
12 (a=E) o | + s —(@juup) | dv. 7425
dt /\/{axi [( p>“)] 2ax,-("””’")} ° (7:4:23)

The generalized Green’s theorem (2.7.1) can be used to write both of the terms inside
the integral in (7.4.25) as surface integrals, giving

a_ / (x +i— f) (n- w)da, (7.4.26)
dt s p

where « is the Kinetic energy per unit mass.

The result (7.4.26) indicates that helicity is invariant in any inviscid flow in which
n - @ = 0 on all boundaries S of V. One consequence of the observation that vortex
lines are material lines is that vorticity must always vanish on any material surface
on which it initially vanishes. Thus, if the boundary S of V is material and if n - @
initially vanishes on S, then n - o always vanishes on § and invariance of helicity is
preserved.

7.4.4 Enstrophy

It is shown in Section 6.6 that the integral of vorticity over all space can be written
as

/ wdv :fx(w-n)da. (7.4.27)
v S

This integral vanishes for any space in which n - @ = 0 on the boundary S. An
alternative measure of the vorticity field is the integral of the square of the vorticity,
or w? = w - w. The enstrophy is defined by the integral

1
E=- / w? dv. (7.4.28)
2 )y
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Taking the scalar product of the vorticity transport equation (7.2.1) with e and inte-
grating over V give an expression for the rate of change of enstrophy as

dE
- =/ a)ia)jD;jdv, (7.4.29)
dt v

where D;; are the components of the rate of deformation tensor, defined in (3.2.5).
Recalling the result (3.3.6), we can rewrite (7.4.29) as

dE (A
— = - , 4.
— /Vw (A)dv (7.4.30)

where A is the stretch of material line segments oriented along the vortex lines. The
result (7.4.30) can alternatively be derived with use of the relation (7.2.7) between
the local stretch along a vortex line and the vorticity magnitude.

While we have shown that vortex stretching cannot generate vorticity at a fluid
particle at which there is initially no vorticity, it is clear from (7.4.30) that stretch-
ing can change the enstrophy of the flow. A schematic indicating typical enstrophy
variation with time in isotropic turbulence is given in Figure 7.3, showing an initial
increase in enstrophy due to vortex stretching and an eventual decay as the stretching
is counteracted by viscous diffusion (see also Lesieur, 1997).

Another interesting property of enstrophy arises from the identity

d ou; 814] 8u,
— =D;iD;; — W;;W;;. 7.4.31
ax; ( 8x]> ax; ax, ) R ( )

By straightforward calculation using the relationship (3. 3 18) between the vorticity
tensor and the vorticity vector, it follows that W;; W;; = ?. Integrating (7.4.31) over
V and using Green’s theorem (2.7.1) yields

| | du;
= 5/‘/D,»jD,-j dv — E/Sn,‘ujéx—;a'a. (7.4.32)

t

Figure 7.3 Schematic of the enstrophy variation with time in isotropic turbulence.
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The surface integral in (7.4.32) vanishes for any unbounded flow in which the veloc-
ity vanishes at infinity or for any bounded flow (including viscous flows) in which
the velocity vanishes at the boundary S of the flow domain. In a viscous flow, the
first term on the right-hand side of (7.4.32) is equal to the net energy dissipation rate
divided by 4u.

7.5 VORTICITY INVARIANTS IN TWO-DIMENSIONAL FLOWS

In this section, the limiting forms for two-dimensional flows of the integral quan-
tities introduced in Section 7.4 are examined, and some new integral invariants are
introduced that apply specifically to two-dimensional flows. All of the invariants
discussed in the previous section for three-dimensional flows have analogies in two
dimensions except for the helicity, which is identically zero in two dimensions. How-
ever, some of the integrals introduced in the previous section become unbounded in
certain two-dimensional flows.

7.5.1 Total Vorticity

For three-dimensional flows, the integral of the vorticity over all space vanishes,
provided that @ - n = 0 on the domain boundary. For two-dimensional flows, the
vorticity vector is orthogonal to the plane of motion, and this result no longer holds.
If we consider motion in the x-y plane, denoted hereinafter by A, the vorticity can
be written as @ = we;. The integral of w over A, given by

Foozfa)da, (7.5.1)
A

is the total circulation of the flow. That the total circulation is an invariant of motion
is obvious from the fact that the vorticity equation in a two-dimensional flow, with
uniform density and conservative body force, reduces simply to Dw/Dt = 0. The
integral over w raised to any power is also invariant, provided that the integral exists.
A special case of particular interest is the enstrophy E, given for two-dimensional
flows by

]
E= -f 2 da. (715.2)
2 Ja

For the remainder of this section, it is important to recall the results (6.6.11) and
(6.6.12), which state that the magnitude of the velocity induced by vorticity decays
as 1/r? when ['oy, = Oand as 1/r when I'oo # 0 in an unbounded space as the radius
r of the point under consideration approaches infinity.
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7.5.2 Linear and Angular Impulse and Related Invariants

The x- and y-components of the linear impulse in a two-dimensional flow with N =
0 are given by

Py =/ywda, P, = —/ xwda. (7.5.3)
A A

The expressions (7.5.3) differ by a factor of % from the expression (7.4.1); for im-
pulse in a three-dimensional flow. This difference arises as a consequence of the fact
that the vortex lines are not closed in two-dimensional flows. The angular impulse is
given by the same expression (7.4.1); as in three-dimensional flows; however, the al-
ternative expression (7.4.2) for angular momentum is not valid for two-dimensional
flows.

The proof of the invariance of P and L in Section 7.4.1 still applies for two-
dimensional flows. However, the interpretation of these quantities as representing
the linear and angular impulse required to generate the flow from rest is dependent
upon the fact that the values of P and L are independent of the choice of origin
of the coordinate system. In other words, if we displace the position vector x by an
amount xo, the value of the linear and angular impulse should not be affected. In three
dimensions, this property of P is ensured by the fact that the integral of vorticity over
all space vanishes. Performing this coordinate displacement in two dimensions and
denoting the quantity P in the displaced coordinate system as P’ yield

P = [(x ~Xg) X wda =P —xp x T'ee,. (7.5.4)
A

Thus for the case 'y, = 0, P is independent of the choice of the origin of the co-
ordinates, and our previous interpretation for this quantity still applies. On the other
hand, for the case ', # O, P is dependent on the choice of coordinates through the
last term in (7.5.4). This term is independent of time due to the invariance of I'o and
so does not affect the invariance property of P, but our former interpretation of P no
longer applies. Similar results apply with respect to L.

For the case I'no # 0, we define a center of vorticity x. by

FCooX, = / xwda (7.5.5)
A
and a radius of gyration D by
FwD? = / [ = x> + (v = yo)? | da. (15.6)
A

The radius of gyration is a measure of the dispersion of vorticity about the centroid
Xc. Invariance of both x. and D follows directly from the invariance properties of
s, P, and L.
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7.5.3 Interaction Energy

When ', = 0, the result of Section 7.4.2 that the kinetic energy is an invariant
of motion and that it can be expressed in the alternative form (7.4.20) still holds.
Writing the vector potential in terms of the stream function ¥ as B = Ve, (7.4.20)
reduces in two dimensions to

T = 1/ Yoda. (15.7)
2J/a

The other alternative form (7.4.17) for kinetic energy applies only to three-dimen-
sional flows.

On the other hand, when 'y, # 0, the Kinetic energy is infinite for flow in an
unbounded domain. We suppose for the moment that the domain A is a finite simply
connected region with a bounding curve C. Using the result (7.4.19) in (7.4.12) and
again equating the z-component of the vector potential to the stream function yield

T = l/ x//a)da—lf Yu - dx. (7.5.8)
2 Ja 2Jc

Since at large distances [u| ~ [oo/27r and ¥ ~ —Toc(Inr)/2m, the integral over
C in (7.5.8) becomes unbounded as C is moved out to infinity. Choosing C to be a
circle of radius R, we can write

1 1
T~ f Yywda + —(nR)T'2, as R — oo. (7.5.9)
2 A 4

The last term in (7.5.9) is the part of T that becomes singular in an unbounded
domain for 'sx # 0. This singular term depends not on the manner in which the
vorticity is distributed, but on the total amount of vorticity in A. The first term on the
right-hand side of (7.5.9) is thus the only part of the kinetic energy that depends on
the distribution of vorticity. This term is called the interaction energy H, defined by

= —1—/ Ywda. (7.5.10)
2Ja

That H is an invariant of motion follows from the fact that both 7 and the last
(singular) term in (7.5.9) are invariants.

7.6 VORTICITY TRANSPORT AND INVARIANTS IN VISCOUS FLOWS

While the topic under consideration in this text is the flow of inviscid fluids, it is
important to note how some of the results in this chapter are affected by the presence
of viscosity, if for no other reason than to emphasize the differences between the
flow of inviscid fluids and that of real fluids. In a viscous fluid, an additional term
occurs on the right-hand side of the vorticity transport equation of the form V20,
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where v is the kinematic viscosity. For the special case of a two-dimensional flow
with uniform density and a conservative body force, the vorticity transport equation
in a viscous flow becomes

— =vVio. (7.6.1)

Equation (7.6.1) has the same form as that for heat transfer, so that we say that
viscosity acts to diffuse the vorticity. Similar to Fourier’s expression for the heat
flux, the vorticity flux in two-dimensional flows is given by —vVw.

Viscous diffusion does not generate new vorticity within the flow, but rather it
acts to spread out the existing vorticity. New vorticity is generated at the boundary
between a fluid and a solid or two immiscible fluids of different density and is sub-
sequently diffused into the flow by viscous diffusion. For instance, in the problem of
uniform flow past an immersed solid body, a vortex sheet is generated at the surface
of the body in an inviscid flow, the strength of which is equal in magnitude to the slip
velocity at the body surface. Without viscosity, there is no mechanism for this vortex
sheet to spread into the flow, so it is trapped on the body surface and the exterior
flow remains irrotational. In a viscous flow, the surface vorticity diffuses normal to
the body surface out into the flow, where it is subsequently convected away.

In this chapter we have shown the three vortex laws of Helmholtz to play a funda-
mental role in constraining the motion of inviscid fluids. It is of interest to examine
the implication on these vortex laws of the addition of viscous forces. The first vor-
tex law, Theorem 3.5.2, states that the strength of a vortex tube is uniform along
the vortex tube. This law is purely kinematic, resulting from the fact that vorticity
is divergent free, and it therefore applies equally to inviscid and viscous flows. The
second vortex law, Theorem 7.2.1, states that vortex lines are material lines. This
statement is derived in Section 7.2 based on the Cauchy solution to the inviscid vor-
ticity transport theorem. In the presence of the viscous diffusion term, the Cauchy
solution no longer applies, and Theorem 7.2.1 is no longer valid. This difference
between inviscid flows and that of real (viscous) fluids makes possible the various
vortex reconnection and vortex line cutting processes illustrated in Section 7.2. The
third vortex law, Theorem 7.3.1, states that the strength of a vortex tube remains con-
stant in time. This theorem is also derived based on the assumption of inviscid flow
and is no longer generally valid for a viscous fluid. However, adding the viscous term
in the momentum equation, the result (7.3.3) becomes

ar
o= —/C[V x (vw)] - dx. (7.6.2)

The last term in (7.6.2) leads to a diffusive transport of vorticity across the bounding
curve C of the material surface A spanning the vortex tube, thereby causing a change
in the circulation about C. However, in the special case that V x = 0 everywhere
on the curve C, the circulation about C will be unchanged. This might occur, for
instance, in the case of a tubular shaped region of vorticity that is surrounded by an
effectively irrotational fluid, which is a fairly common vorticity structure in many



BIBLIOGRAPHY 109

Figure 7.4 A columnar vortex surrounded by a circuit C lying in the irrotational flow outside
of the vortex core.

fluid flows. When the circuit C is chosen to surround this vorticity tube but to lie
outside of the tube in the irrotational part of the flow (as shown in Figure 7.4), the
result (7.6.2) implies that the strength of the vortex will not change in time, even
though viscous diffusion may cause a progressive outward dispersion of the vorticity
field from the central axis of the tube.

Aside from the three vortex laws discussed above, we have also derived a number
of invariant quantities for inviscid flows involving integrals over the vorticity field,
including the linear and angular impulse, the kinetic energy, the helicity, and, for two-
dimensional flows, the total vorticity. In a three-dimensional viscous flow, the linear
and angular impulses remain invariant in an unbounded flow, but the Kinetic energy is
no longer invariant due to viscous energy dissipation and work performed by bodies
immersed in the flow. Helicity is also no longer invariant in viscous flows. In a two-
dimensional flow, both the total vorticity and the linear impulse are invariant for
viscous flows in an unbounded domain (with no material interfaces), but the angular
impulse is invariant only for the case ['o, = 0. For nonzero values of I'«, the angular
impulse varies linearly with time in accordance to

dL 2vl (7.6.3)
— = —2v s 0.3
dt *
corresponding to increased dispersion of the vorticity field. Consequently, while the
vorticity centroid remains invariant in a two-dimensional, unbounded viscous fiow,
the radius of gyration increases monotonically as

D%(t) = 4vt + D*(0). (7.6.4)
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PROBLEMS

1. Show that the vorticity transport equation for an inviscid, uniform-density fluid
can be written in the following two alternative forms.

D

(a) —D$ = w - D, where D is the rate of deformation tensor
Dw T

b) — =w: (Vu

(b) Dr (Vu)

2. Consider the flow of an inviscid incompressible fluid through an axisymmet-
ric contraction in a tube with upstream radius b, and downstream radius by, as
shown in Figure 7.5. The upstream velocity field is written in cylindrical polar
coordinates (R, «, z) as

u, = U, ug =0, Uy = w1 R
and the downstream velocity field as

u;, = Us, ur =0, Uy = R.

(a) Determine w; and U, as functions of wy, Uy, by, and b,.

—
U dl d2 U,

Figure 7.5 Swirling flow in a diverging tube, showing a line segment aligned along the
symmetry axis.
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(b) A small material line segment lying on the tube axis has length d| in the
upstream part of the tube. Determine the downstream length d> of the line
segment.

3. A vortex ring with circular core cross section has initial core radius a(0) = ao,
initial ring radius b(0) = bo, and vorticity that is initially distributed uniformly
over a cross section of the core with magnitude w(0) = wp. The ring is assumed
to be very thin, such that ap <« bo. A line source with strength m and radial
velocity ug = m/2m R is placed along the axis of the vortex ring, as shown in
Figure 7.6. Assuming that the core cross section remains nearly circular for all
time ¢ > 0, determine how the following quantities vary in time and explain the
reasons for each of your answers.

Figure 7.6 A vortex ring of ring radius b with a line source placed along the symmetry axis.

(a) The circumference C = 2mb of the core axis

(b) The vorticity magnitude w(z) at the center of rotation of the ring cross sec-
tion

(c) The integral [, @ nda, where A is a cross section of the vortex core and n
is a unit normal to A

4. A small hairpin vortex is aligned at 45° to the direction of the mean shear flow

u = S(y)ve, in a turbulent boundary layer, as shown in Figure 7.7. The dy-

namics of the vortex are such that it remains aligned in this direction for some

interval of time T'.

Leg of hairpin vortex

—
>
»
>
3
' g

Figure 7.7 A hairpin vortex aligned at 45° to the direction of mean shear in a turbulent
boundary layer.
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(a) Determine the rate of stretching of the vortex by the mean shear flow as a
function of distance y above the wall. Would the vortex be stretched more
rapidly if it were aligned in a different direction? Why or why not?

(b) Assuming that the flow is approximately inviscid (i.e., that the vortex lies
within the turbulence inertial range), estimate the rate at which the maxi-
mum vorticity increases within the vortex.

. Consider a two-dimensional fluid flow in the x-y plane with no internal or ex-

ternal boundaries and in which the vorticity @ = we, vanishes outside of a
compact region. Let B denote the integral

BE/a)da,
A

where the integration is over the whole x-y plane. Prove that B is invariant for
an incompressible, uniform-density, viscous fluid.

. Consider the integral

Gs/uxwdv,
v

where the integration is over the entire volume occupied by the fluid.

(a) Show that for a three-dimensional space in which the vorticity is compact
and which has no internal or external boundaries, the integral G vanishes
identically in an incompressible fluid.

(b) Does G also vanish for a two-dimensional incompressible fluid in which the
vorticity is compact and which has no internal or external boundaries?

Prove that the angular impulse L is invariant in a three-dimensional, inviscid,

incompressible flow with no rigid boundaries.

Calculate the linear impulse P and enstrophy E of a vortex ring, with vorticity

field w = T'6(R — b)3(z)e, in cylindrical polar coordinates (R, «, 7).

Calculate the angular impulse L and interaction energy H of a two-dimensional

Rankine vortex with vorticity field

Figure 7.8 A vortex pair with unequal strength.



PROBLEMS 113

wo, r=a,

w =
0, r>a.

10. Consider a pair of point vortices located at (x, y) = (£c, 0) with strengths 2I"
and —T", as shown in Figure 7.8. Calculate the center of vorticity xc, radius of
gyration D, linear impulse P, angular impulse L, and enstrophy E.



CHAPTER 8

PRESSURE THEOREMS

It is demonstrated in Chapter 7 that when the equations of motion for an incompress-
ible fluid with uniform density are written in the velocity-vorticity formulation, it is
not necessary to know the pressure field in order to solve for the fluid flow, subject
to appropriate boundary conditions. However, knowledge of pressure is necessary
in order to evaluate many of the consequences of fluid flows, for instance for de-
termining fluid forces and moments on immersed bodies or for determining sound
generation by the flow. Furthermore, in many important classes of problems involv-
ing flows with moving material interfaces, either the boundary conditions themselves
or the location of the boundary depends on the pressure field. Water wave propaga-
tion is a common example of the former type of problems, whereas fluid interaction
with flexible or compliant structures is an important example of the latter type of
problem. Of course, when solving for fluid flow in the primitive-variable (velocity-
pressure) formulation, the pressure plays an essential role in ensuring satisfaction of
the incompressibility constraint. This chapter examines several theorems involving
the pressure field which illustrate the role of pressure for incompressible flows and
provide different means for pressure solution.

8.1 PRESSURE POISSON EQUATION
The governing equation for pressure is obtained by taking the divergence of the mo-

mentum equation (7.1.2), which for an incompressible fluid with uniform density
and conservative body force (b = V) gives

V2 <§+x—x) —V-(ux o). 8.1.1)

114
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Equation (8.1.1) holds for both inviscid and viscous flows, since the divergence of
the viscous term 4 VZu vanishes for an incompressible flow. If the velocity and vor-
ticity fields are known, (8.1.1) provides a Poisson equation for the pressure field. The
combination within parentheses on the left-hand side of (8.1.1) is sometimes called
the Bernoulli coefficient and is denoted by

Bx.)=2 46— (8.1.2)
0

Equation (8.1.1) indicates that the u x e field is a source of the function B(x, t) and
that B(x, t) is a harmonic function (i.e., a solution of the Laplace equation) for any
flow in which u x @ is divergence free. One example of such a case is an irrotational
flow, where w vanishes everywhere, which is examined in Section 8.2.

The pressure equation (8.1.1) is frequently used in numerical computation meth-
ods, together with the momentum equation (7.1.1), in place of the incompressibility
condition V - u = 0, which is employed in the derivation of (8.1.1) (Ferziger and
Peri¢, 1996). For any pressure and velocity field that satisfy (8.1.1) and the momen-
tum equation (7.1.1), the value of V - u must be independent of time at any fixed
spatial point. If the velocity field is initially divergence free, then it must remain
divergence free for any (p, u) satisfying (8.1.2) and (7.1.1). For this reason, the pres-
sure Poisson equation (8.1.1) is often thought of as being equivalent to the continuity
equation (3.4.8) in numerical computations.

8.2 BERNOULLI THEOREM

For any irrotational flow of an inviscid fluid with conservative body force and uni-
form density, the form (7.1.2) of the momentum equation reduces to

d
V<p+pf<—px+pa—f)=o, (8.2.1)

where ¢ is the velocity potential. The terms within parentheses in (8.2.1) are uniform
in space, so that

]
p+pk —ph+ pa—f = F(1), 8.2.2)

where F(¢) is an unknown function of time that is chosen to be compatible with
the boundary and initial conditions. Equation (8.2.2) is typically called the unsteady
Bernoulli equation, and it provides an explicit expression for the pressure in an in-
compressible flow whenever the velocity is known. In the special case of a steady
irrotational flow, (8.2.2) reduces to a requirement that the Bernoulli coefficient is
constant in both time and space, or

B == 4k — XA =const (8.2.3)
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8.3 BOUNDARY INTEGRAL EQUATION FOR PRESSURE

We consider in this section a body that is completely immersed in a fluid flow, where
the body has bounding surface § with outward unit normal n which is pointing out of
the body into the fluid (Figure 8.1). The fluid flow external to the body has a uniform
velocity U (2) at infinity, and for convenience we assume that there is no body force
acting on the fluid. The momentum equation at infinity is

dUoo

—==_V 8.3.1
P Poo ( )

such that po, varies linearly with position along the direction of the uniform flow. A
function P is defined by

1
PX.0) =2 (p = poo) + lu-u—Us - Uso). (8.3.2)

Using (8.3.1) and (8.3.2), the momentum equation (7.1.2) at any point x in the flow
can be written as

o(u—Uy)

o1 +VP+wxu=0. (8.3.3)

Taking the divergence of (8.3.3) yields
V2P =V.(uxw),  (83.4)

whereas evaluating (8.3.3) on the surface S and taking the scalar product with the
unit normal n gives

P
on

=n-[—M+uxw]. (8.3.5)

s ot

We now recall Green’s second identity (2.7.8), which written for the scalar func-
tion P defined by (8.3.2) and a Green’s function G (x — x’) has the form

U.(0)

n

Figure 8.1 Uniform flow U (7) past an immersed body with bounding surface S and out-
ward unit normal n. The fluid occupies a region V outside of the body.
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: : G 9P
(GV?P' —P'V3G)dv' = [ (P -G da'. (8.3.6)
v S 8}1, anl

The integration in (8.3.6) is performed over variables evaluated at X’ and the pressure
is evaluated at some other location x. The sign of the last term in (8.3.6) is opposite
that in (2.7.8) since the unit normal n points into the region V occupied by the fluid,
whereas the normal n points out of the region V in (2.7.8). For a three-dimensional
space, the Green’s function of the Poisson equation is G = —1/(4nr), where r =
|x — x’|. From the definition (6.3.5) of the Green’s function, we can write

Px, 1) forx € Vine,
/ P'V’Gdv = { P(x.1) forxes, (8.3.7)
v 0 forx ¢ V.

Differentiation of the Green’s function yields

G 1 n-r

9 _wove=-L1TF 8338

on’ dr 13 (83.8)
where r = x — x'. Substituting (8.3.4)—(8.3.5) and (8.3.7)—(8.3.8) into (8.3.6) and
evaluating the Green’s identity for a point x lying on the surface S give

‘. 1 d(Ug — U
ZnP(x.t)—/P’E—?—I:da/:/—n“[M—u'xw'} da’
S r- st ot

1
—/ -V . x o)dv, (8.3.9)
v

r

where n- Ujp is the prescribed normal velocity at the surface of the body. The surface
integrals in (8.3.9) and in the following equations in this section are to be interpreted
in the sense of Cauchy principal-value integrals, and as such they do not include
the finite contribution of the singularity at x = x’. Using the chain rule and the
divergence theorem, we can write

1 | 1
/ v’ (—)~(u/xw’)dv/ = —/ —n'-(u'xw')da'—/ -V xw')dv, (8.3.10)
v r sr vr

where the negative sign on the surface integral in (8.3.10) arises from the fact that n
points into the region V. Using the fact that V/(1/r) = r/r>, the result (8.3.10) can
be used to write (8.3.9) as

" 1 o(Ug —U
271P(x,t)—/P’uda/=/—n'-Mda'+[ —r—-(u’xw/)dv/.
S r3 st ot VI/'3

(8.3.11)
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The result (8.3.11) has the form of a Fredholm integral equation of the second
kind for the quantity P (Tricomi, 1957), from which the pressure can be readily at-
tained. Because this integral equation involves integration of the unknown quantity
P only over the boundary S of the domain V, it is one of a class of equations gen-
erally known as boundary integral equations. Once the value of P is obtained on
the boundary S by solution of (8.3.11), its value can readily be found at any point
interior to V simply by replacing the 2 in the first term of (8.3.11) by 4 and perform-
ing the surface and volume integrals over known quantities. This result can also be
generalized to viscous flows, for which the boundary integral equation for P has a
form similar to (8.3.11) with the addition of one surface integral on the right-hand
side that depends on the viscosity.

The last integral in (8.3.11) indicates that the vector u x w provides a volume
source for variation of the quantity P. For an inviscid fluid, the vorticity in this term
includes both the free vorticity interior to the domain V and the bounded vorticity on
S due to slip at the body surface. It is helpful to separate these two effects, particularly
since within the bounded vortex sheet on § the vorticity has infinite magnitude. The
vortex sheet strength y, with magnitude y = ||, is defined as the integral of vorticity
over the thickness of the bounded vortex sheet on S. As shown in Chapter 11, the
magnitude y of the vortex sheet strength is equal to the magnitude of the slip velocity
on the body surface. The volume integral in (8.3.11) can be decomposed in terms of
integrals over the free and bounded vorticity, which for the special case of a fixed
body has the form

2 2 o
r ) , , r , , , y y n-.-r ’
/V;?-(uxw)dv—/;/im;g‘(uxw)dv—mf(?)'*‘ 23 da’.

(8.3.12)

Here Vi, denotes the interior of the region V, where the integral over Vi, in (8.3.12)
includes only the free vorticity. Substltutmg (8.3.12) into (8.3.11) gives a boundary
integral equation for quantity P = P + 1 y at the surface S of a fixed body as

_ - 19U
27 P(x, t)—/ P’uda’=—f Rl +/ I ) dv. (83.13)
S r3 sr at Vint r3

Techniques for numerical solution of (8.3.13) are discussed by Marshall and Grant
(1996).

Since the velocity u in the definition (8.3.2) of P is evaluated underneath the
vortex sheet in (8.3.11), for a fixed body we have P = (p — poo)/p + (% —
Uw)/2 for x € S. By way of comparison, the Bernoulli coefficient B, defined in
(8.1.3), for a point just above the vortex sheet at the body surface is simply B =
p/p~+v?%/2, so that P represents the difference between the Bernoulli coefficient of
a point just above the surface S and a point at infinity. For the special case of steady
irrotational flow, both of the integrals on the right-hand side of (8.3.13) vanish, so
the solution of (8.3.13) is simply P = 0. This solution corresponds to the result,
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obtained in Section 8.2, that the Bernoulli coefficient is uniform in space for a steady
irrotational flow. For unsteady irrotational flows, the surface integral on the right-
hand side of (8.3.13) alters P by a harmonic function, since the Laplacian of this

term vanishes for any point X in the interior of V.

8.4 SPECIAL RESULTS FOR STEADY, TWO-DIMENSIONAL FLOWS

For any two-dimensional flow, the relationship (6.5.2) between the vector potential
and the vorticity field can be rewritten in terms of the stream function as

VY = —w. (8.4.1)

It is recalled that for an inviscid two-dimensional flow, the vorticity transport equa-
tion reduces simply to Dw/ Dt = 0, which requires the value of vorticity to be inde-
pendent of time at a given fluid particle. In a steady flow, the boundary conditions for
the pathlines do not change in time, so the vorticity transport equation implies that
vorticity must also be uniform along a pathline. Since streamlines and pathlines are
coincident for a steady flow, we conclude that the vorticity is a function only of the
stream function, or @ = w(¥), in any steady, two-dimensional, inviscid flow. One
can therefore rewrite (8.4.1) as

VY = o), (8.4.2)

which provides a closed, nonlinear equation for the stream function for a specified
vorticity field o (¥).

For any steady flow with uniform density and conservative body force, the form
(7.1.2) of the momentum equation can be written as

VB =u x w, (8.4.3)

where B is the Bernoulli coefficient defined in (8.1.2). From (8.4.3), the vector VB
is normal to both u and w, so that for a steady flow

DB VB =0 8.4.4

oy =W =0. (8.4.4)
Equation (8.4.4) implies that B does not change with time on a fluid particle, and
for a steady flow it follows that B is uniform on a pathline. Since pathlines and
streamlines are coincident for steady flows, the Bernoulli coefficient must be uniform
along a streamline, or B = B(y). The gradient of B can be written as

_dB
=35

Using the representation u = Vy x e; for velocity in a two-dimensional incompress-
ible flow, together with the vector identity (2.6.9), we can write

VB V. (8.4.5)
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uxw=—-wVy. (8.4.6)

Substituting (8.4.5) and (8.4.6) into (8.4.3) and equating the coefficients of Vi gives
an equation for variation of the Bernoulli coefficient with the stream function in any
steady, two-dimensional, inviscid flow as

B _ 8.4.7
= . (8:4.7)

In the special case that @ has a uniform value wy, (8.4.7) can be integrated to yield
B+ vwg = P + & — A 4+ Yrwp = const. (8.4.8)
P

This form of the Bernoulli equation is applicable to problems involving a steady
irrotational motion superimposed on some flow having constant vorticity, such as
uniform shear flow or rigid rotation.
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PROBLEMS

1. Prove that the minimum value of pressure in an irrotational, incompressible flow
must occur on the boundary § of the flow domain V.

2. A crude description of flow in a blood vessel (Figure 8.2) is given by a plug-flow
model with pulsating velocity fieldu = g(kz —at)Reg +[W + A sin(kz — ot)le,.
(a) Find an expression for the function g(kz — o't) such that the flow is incom-

pressible.

Figure 8.2 Pulsating flow in a blood vessel.
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(b) Show that the vorticity vanishes on the symmetry axis R = 0. Determine the
pressure variation p(kz —ot)on R =0.

. Consider a three-dimensional flow with no rigid boundaries in which the vorticity

field is prescribed and the velocity vanishes at infinity. The velocity field can be

determined, in principle, from the Biot-Savart integral (6.5.7). Starting with the

Poisson equation V2B = V . (u x w), derive a Green’s function solution for the

Bernoulli coefficient B.

. A rotating circular tank of radius b is filled with a volume V of fluid. The tank is
allowed to rotate for a long time, until the flow is a two-dimensional rigid-body
motion in any horizontal cross section of the tank. Derive an equation for the
height A (r) of the fluid interface.

. For a two-dimensional, steady flow with uniform vorticity wp, show that the dif-
ference in the value of the Bernoulli coefficient B between two streamlines ¥/
and v, is proportional to the volumetric flow rate O between the streamlines.



CHAPTER 9

TWO-DIMENSIONAL
POTENTIAL FLOWS

All real fluid flows are three dimensional. In many problems, however, it is reason-
able to assume that over all or part of the problem domain the flow is approximately
two dimensional, such that in a planar slice of the flow (hereinafter designated as
the x-y plane) both the velocity component normal to this plane and the normal gra-
dient of velocity everywhere vanish. The assumption of two-dimensional flow not
only results in one less spatial dimension, which simplifies tasks such as compu-
tational solution of the flow field, but also makes possible a number of analytical
solution techniques that do not apply to three-dimensional flows in general. These
special solution techniques for two-dimensional flows are presented in the current
chapter for irrotational flows and in Chapter 11 for flows with nonzero vorticity. In
addition to these special solution techniques for two-dimensional flows, a number
of more general three-dimensional solution techniques, such as boundary-integral
methods and the slender-body approximation, can be specialized to two-dimensional
flows.

9.1 ANALOGY BETWEEN POTENTIAL FLOWS AND ANALYTIC
FUNCTIONS OF A COMPLEX VARIABLE

Letting x and y denote the usual position vectors, the complex position z is given by
7 = x + iy, where i = +/—1. A general complex-valued function f(x, y) can be
decomposed into its real and imaginary parts as

fG,y)=g(x,y)+ihix,y), 9.1.1)
122
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where g and 4 are real valued functions. In general, the function f can be written
as a function of the complex position z and its complex conjugate Z = x — iy. The
complex function f is said to be analytic at a point zg if the derivative df/dz exists
at zo and if the value of this derivative is independent of the direction in which it
is calculated. A necessary and sufficient condition for the function f in (9.1.1) to
be analytic is that the real and imaginary parts of f satisfy the Cauchy-Riemann
equations

a oh a dh
o8 _of 9% _ 9t 9.1.2)
dx  dy ay ax

The proof of (9.1.2) is straightforward and can be found in any standard text on
complex variable theory. In general, any differentiable complex function f that can
be expressed as a function only of z (and is hence independent of 7) satisfies the
above conditions and is analytic.

Turning now to fluid dynamics, we recall that for any two-dimensional, incom-
pressible, potential flow, the irrotationality and incompressibility conditions are

du dv du  Jv
— - — =0, — 4+ —=0. 9.1.3
dy  0Jx ax + dy ( )

The velocity can be written in terms of a scalar potential to satisfy the irrotationality
condition identically, and alternatively the velocity can be written in terms of a stream
function to satisfy the incompressibility condition identically. For a flow that satisfies
both equations of (9.1.3), it follows that

dp oY a¢ oy
_%_%v =22__%27 14
“Tax T By YT T T ax ©.1.4)
We now consider the two complex functions defined by
F=¢x,y)+iyx y), W =u(x,y) —ivix, y), 9.1.5)

which are called the complex potential and the complex velocity, respectively. From
the results (9.1.3) and (9.1.4), it is clear that both F and W satisfy the Cauchy-
Riemann equations (9.1.2). It follows that F and W are analytic and can therefore be
written as functions of the complex position z only, or F = F(z) and W = W (2).
Furthermore, from the definitions (9.1.5) it immediately follows that £ and W are
related by

_dF

W=—.
dz

(9.1.6)

The square of the magnitude of a complex variable f is the product of f and its
complex conjugate f. From its definition, we see that the square of the magnitude of
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W is simply twice the kinetic energy per unit mass, or
c= LW ©.17)

In polar coordinates, the complex position is given by

z=re'’ =rcosh +irsiné. (9.1.8)

The complex velocity can be written in terms of the radial and azimuthal velocity
components, #, and ug, as

W = (u, — iug)e™"*. (9.1.9)
The equation (9.1.4) for stream function and potential function becomes

_de _1dv

193¢ EY
Ur = - ’ = — =
"Tar T r oo

= - = .1.10
r 00 ar © )

Ug

It is established in this section that any analytic function of a complex variable
can be associated with a two-dimensional potential flow, and vice versa, by the defi-
nitions of F' and W given in (9.1.5). One approach to solving fluid flow problems is
to select some analytic function for F and then to compute the corresponding veloc-
ity components using (9.1.4). Of course, this inverse approach requires a bit of luck
(as well as some experience) to guess the correct analytic function corresponding to
any given physical flow problem, and the approach is therefore usually limited to
fairly simple problems. A much more versatile use of the analogy between analytic
functions and two-dimensional potential flow solutions is to employ the powerful
theorems regarding transformation of analytic functions in order to transform a dif-
ficult fluid flow problem into an easier problem. These “conformal transformation”
techniques are discussed later in this chapter, after first introducing some simple fluid
flow solutions.

9.2 SOME BASIC POTENTIAL FLOWS

The Helmholtz representation (6.4.1) for the velocity field u allows us to write u =
v+ Va + V x B, where v is a harmonic function and « and 8 are induced from the
rate of dilatation and vorticity fields, respectively. The Green’s function solution for
a and 8 = fe; in a two-dimensional flow are obtained from (6.5.3) and (6.5.4) as

1
a(x, 1) = g/ In|x — x| A(X', 1) da’, 9.2.1)
A

B(x, 1) = —i/ In|x — x| w(X,t)dd’. (9.2.2)
2 A
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In the following, the above results are used to derive a number of elementary solu-
tions for fluid flows in an unbounded domain.

9.2.1 Uniform Flow

Some of the simplest fluid flows correspond to velocity fields in which both the
vorticity and dilatation everywhere vanish, such that o = 8 = 0 in (6.4.1). We
refer to this case as a harmonic flow, since the velocity vector everywhere satisfies
Laplace’s equation. Harmonic flows are completely determined from the boundary
conditions, such that if the velocity vanishes at the boundaries of the fluid domain it
must vanish everywhere. One simple harmonic flow is uniform flow, for which the
velocity vector is equal to a constant U. The velocity magnitude is denoted by U and
the angle that the velocity vector makes with the positive x-axis is denoted by «, such
that the velocity components can be written as

u = U cos(a), v = U sin(a). (9.2.3)

Substituting (9.2.3) into the definition (9.1.5) of the complex velocity and integrating
(9.1.6) over z give the complex potential for a uniform flow as

F(z) = Ue 2. 9.2.4)

The stream function ¥ and the scalar potential for ¢ uniform flow are obtained from
(9.2.4) and the definition (9.1.5) of the complex potential as

¢ =U(xcosa + ysina), Y =U(ycosa — xsina). (9.2.5)

The streamlines and equipotential lines, which are shown in Section 6.1 to be orthog-
onal to each other, are sketched in Figure 9.1a for a uniform flow.

9.2.2 Plane Straining Flow

Another common example of harmonic flow in an unbounded space is plane straining
flow, for which the velocity components vary linearly with distance as

u=cx, v = —cy, (9.2.6)

where the parameter c is called the szraining rate. The complex potential for this flow
is obtained from (9.1.5) and (9.1.6) as

F(2) = 122, 9.2.7)
and the potential function and stream function are

¢ = %c(x2 — ), ¥ = cxy. (9.2.8)
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Figure 9.1 Streamlines (solid) and equipotential lines (dashed) for (a) uniform flow,
(b) plane straining flow, (c) a point source, and (d) a point vortex.

The streamlines and equipotential lines for plane straining flow are shown in Fig-
ure 9.1b.

9.2.3 Source/Sink

In other two-dimensional flows, the vorticity or dilatation rate vanishes everywhere
except on certain points or lines within the flow field, at which the dilatation rate or
vorticity is singular. We also refer to such flows as incompressible potential flows,
since the support of A and w (i.e., the region on which these fields are nonzero) has
zero area. The flow field is obtained by substituting the (singular) distribution of A
or w into (9.2.1) and (9.2.2) and integrating. One example of such a flow is a source
or sink, which is a two-dimensional point singularity in dilatation rate. For a source
at (xg, yo), the dilatation rate is given by

A(x = x0,y — yo) = m8(x — x9, y — o), 9.2.9)

where m is called the source strength and is equal to the volumetric discharge from
the source per unit length into the plane of the flow. Equation (9.2.1) yields

@=gin[e—x0? + 0 —w?] . 9:210)
T
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Since B = 0 for a flow with no vorticity, and setting the harmonic function v equal
to zero, the velocity components are

m(x — xo) m(y — ¥o)

= , = . (9.2.11
T — 02 + O — 0 U 2l — 202 + O — y0)2] ( )

Substituting (9.2.11) into (9.1.5) and integrating over z gives the complex potential
for a source as

F(z) = . In(z — z0). (9.2.12)
2

The potential function and stream function for a source are obtained from (9.2.11)
and (9.1.4) as

2 _
¢ = ﬂln[(x—xo)z—l-(y—yo)z]l/ o= an! (y yo). (9.2.13)
2 2 X — Xp

The above results take on a simpler form when expressed in polar coordinates, with
the origin of the coordinate system coinciding with the source location. The velocity
components become purely radial,

Uy = —, ug =0, (9.2.14)
2r

and the potential function and stream function reduce to
m m
¢=-—Inr, Y= 0. (9.2.15)
2 27

The streamlines and equipotential lines for a source, shown in Figure 9.1c, are radial
lines emanating from the center and concentric circles about the center, respectively.

9.2.4 \Vortex

A two-dimensional point vortex is a point singularity of the vorticity field of the form
w(x —xg,y — yo) = I'd(x — x0, y — y0), (9.2.16)

where T is the vortex strength. It follows from (3.5.10) that I" also corresponds to
the circulation about any circuit surrounding the point (xg, yo). From (9.2.2), the
solution for 8 becomes

r 1/2
B=——In [(x —x0)2+(y - yo)z] . 9.2.17)
2
The corresponding velocity components are

_ Ty —yo) v — ['(x — xo0)
2n{(x — x0)> + (y — y0)*1’ 27 [(x — x0)% + (v — y0)?1’

u =

(9.2.18)
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and the complex potential is
ir
F(z) = ——In(z — z9). (9.2.19)
2

The potential function and stream function for a vortex are obtained from (9.2.18)
and (9.1.4) as

r _ r 1/2
¢ = Etan_l (u) , V= o In [(x —x0)2 + (v — yo)z] .

X — Xo
(9.2.20)
In polar coordinates, the velocity components become
r
u, =0, Ug = —, 9.2.21)
2nr
and the potential function and stream function are
re r
¢ =—, Y =——Inr. 9.2.22)
2 2

The streamlines and equipotential lines for a vortex, shown in Figure 9.1d, are the
reverse of those for a source.

9.3 SUPERPOSITION OF BASIC FLOWS

The sum of any two analytic functions is another analytic function. Correspondingly,
the sum of any two potential flow solutions is another potential flow solution. This
principle of superposition can be applied in general to combine solutions of any
linear differential equation and follows directly from the basic property L[a + b] =
L[a]+L[b] for a linear differential or integral operator L[-] acting on two functions a
and b. The superposition principle is frequently used to combine basic potential flow
solutions to obtain slightly more complex solutions, as demonstrated in the examples
given in this section.

Example 9.3.1 Doublet. A doublet is created at a point zo by adding a source of
strength m at z = zo — ¢ to a sink of strength —m at z = z9 + ¢ and then taking the
limit ¢ — 0 and m — oo as me/m — p, where p is called the doublet strength.
This process is most easily performed using the complex potential (9.2.12) for the
source/sink to write

m

F@ = 2

Nz — 20 4 &) — = 1In(z — 20 — &). 9.3.1)
27

For small ¢
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Figure 9.2 Streamlines for a doublet.

2e

Inz—z0+¢)—In(z—z0—¢€) = + 0(82). (9.3.2)

—320

so that taking the limit described above yields the complex potential for a doublet as

Fz) = ——. (9.3.3)
=20
The potential function and stream function for a doublet are
X — X0 y—XY
¢ = , =—u . (939
s (x — x0)2 + (v — y0)? Y (x —x0)? + (y — ¥0)?

A plot of the streamlines for a doublet is given in Figure 9.2. Because the sink and
the source composing the doublet are of equal and opposite strength, there is no net
mass flow from the singularity at the doublet center. All of the fluid that is emitted
from the source is eventually entrained back into the sink.

The complex velocity is obtained by differentiating (9.3.3) as

u

W) =———.
© (z — z0)?

(9.3.5)

The velocity components for the doublet are expressed in polar coordinates, using
(9.1.9) and (9.3.5), as

uy = -5 cost,  ug=—Lsing. (9.3.6)
r r
Whereas the velocity field generated by a source or a vortex decays in proportion to
1/r as r — oo, that due to a doublet decays in proportion to 1/ r.

Example 9.3.2 Vortex Pair. A vortex pair is formed by superposing two vortices
of equal and opposite strength. For instance, consider a vortex with strength ' at
z = —&; and a vortex with the opposite strength —I" at z = ;. The complex potential
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for this flow is
ir ir
F(z) = ——In(z +ie) + —— In(z — i¢). (9.3.7)
21 2
The stream function for the vortex pair flow is obtained from (9.2.20) as

r
4

x24 (v +e)?

‘(ﬂ:

The streamlines of the vortex pair in a frame traveling with the vortices have the
form of coaxial closed circuits with the centers of the two vortices as limiting points
(Figure 9.3).

Each vortex induces a motion of the other vortex with speed

r
V=c—, 939
27hb ( )

where b = 2¢ is the separation distance between the vortex centers. This velocity
corresponds simply to the velocity induced by one vortex at the center of the other
vortex if the other vortex were not present. It is clear from symmetry that a single
two-dimensional point vortex can induce no velocity on itself.

If the two vortices are now allowed to approach each other (¢ — 0), (9.3.7)
becomes

F(z) = —i[ln(z +ie) —In(z —ig)] ~ EE. (9.3.10)
27 b #4

Letting the vortex strengths increase as the separation distance decreases, such that
I'e/m — u,(9.3.10) becomes

FQx) = % 9.3.11)

Figure 9.3 Streamlines for a vortex pair in a frame traveling with the vortices.
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which is simply the complex potential for a doublet centered at z = 0. We thus find
that a doublet may be formed either as a limit of an approaching source and sink or
as a limit of two approaching vortices of opposite sign.

Example 9.3.3 Uniform Flow Past a Circle. Uniform flow past a circle may be
formed by superposing a doublet with a uniform stream, such that the complex po-
tential becomes

Fz)=Uz+ % (93.12)
The complex velocity is
Wi =U- %, (9.3.13)
Z

and the velocity components in polar coordinates are
ur = (U - E)coso,  up=- (v+ £ )sine. (9.3.14)
re r

Since the radial velocity component vanishes at the surface r = a of the circle, the
doublet strength is set as

u=a’U, (9.3.15)

such that (9.3.12) becomes

a2
F(z)=U z+? . (9.3.16)

Streamlines for both uniform flow past a circle and for uniform flow past a doublet
of strength set according to (9.3.15) are shown in Figure 9.4. The flows outside of the
boundary r = a of the circle are identical in the two cases. Of course, in the case of
flow past a doublet there is also a flow inside the curve r = a ; however, this part of

s
SO2

(b)

Figure 9.4 Streamlines for uniform flow past (a) a circle and (b) a doublet.
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the flow is of no consequence. The basic idea of superposition methods for solution
of flow past a fixed body is to replace the actual body with some distribution of A
or w either inside or on the surface of the body, such that the surface of the body
coincides with a streamline of the superposed flow. For a moving body, we must
instead appeal to the more general condition that the normal velocity to the body
surface in the superposed flow be the same as the prescribed normal velocity of the
body.

A similar method can be used to generate flow past a variety of oval shapes using
a superposition of uniform flow and either a source/sink pair or a vortex pair with
some finite separation distance. For instance, for the case of a source/sink pair at
z = ¢ the stream function becomes

w:Uy+ﬂtan—1< Y )—1tan—1< 4 ) (9.3.17)

2 x+e 2 xX—¢

and for a pair of vortices propagating to the left with centers at z = =+ the stream
function becomes

2+ (y+e)?

r
Y =Uy+ —1In
4

Streamlines for these two cases are shown in Figures 9.5 and 9.6 for different values
of the parameters m/nUe and T'/mUe. The source pair is observed to generate a
closed body for all values of m/x Ue, with the body becoming thinner and shorter
as m/mUe decreases. The vortex pair generates a closed body only for values of
I'/mUe greater than unity, where this critical value corresponds to a condition at
which the separating streamline passes through the stagnation point at the midpoint
between the two vortex centers (Figure 9.6b). For '/ Uz less than unity, a separate
region of closed streamlines forms surrounding each vortex (Figure 9.6¢).

Example 9.3.4 Swirling Sink Flow. Another example of the superposition method
is given for the case of a sink that is swirling about its center. Superposing a vortex
of strength I" with a sink of strength m, both located at the origin, yields the complex

N —— = Qé

@ R S

~—~—— —————— -
(a) (b) ()

Figure 9.5 Streamlines for a source pair for values of the parameter m/xUe of (a) 0.5,
(b) 1.0, and (c) 2.0.
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Figure 9.6 Streamlines for a vortex pair for values of the parameter I'/zUe of (a) 2.0,
(b) 1.0 and (¢) 0.5.

Figure 9.7 Streamlines for swirling sink flow with I'/m = —1.

potential

m
F(2) =

Inz. (9.3.19)

The stream function for this flow is given in polar coordinates by

v = L(m@ —[lnr), (9.3.20)
2T

and the streamlines are plotted in Figure 9.7. The inward spiraling shape of the
streamlines is qualitatively similar to particle paths that are observed in a bathtub
drain.

9.4 CIRCLE THEOREM

It is shown in Section 9.3 that the superposition method can be used to generate the
velocity field for uniform flow past a circle as well as a number of other closed body
shapes. However, for the case of nonuniform background flow past a circle, it is not
at all clear how to proceed using the superposition method. A theorem is introduced
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in the present section that allows a circle to be inserted into an arbitrary irrotational
background flow.

Theorem 9.4.1 (Circle Theorem). Let f(z) be the complex potential of a flow
with no rigid boundaries and with no singularities within a distance a of the origin.
A circular cylinder can be introduced into the flow field, centered at the origin, by
forming the complex potential

2
F@) = f(z) +f(a?). 9.4.1)

In the above theorem, the overbar denotes the complex conjugate. The proof of
the theorem is straightforward. Since |z|2 = zZ = a2 on the perimeter of the circle,
the complex potential (9.4.1) can be rewritten as

F) = f@)+ f@). (9.4.2)

It follows from (9.4.2) that F(z) is real valued on |z| = a and hence has zero stream
function (i.e., |z| = a is a streamline).

Example 9.4.1 Uniform Flow Past a Circle. The complex potential for uniform
flow is f(z) = Uz. Since f(z) does not explicitly depend upon the imaginary num-
ber i, the complex conjugate of f(z) is the same as the original function. From
(9.4.1), the complex potential for uniform flow past a circle is

a?
F(z) = U(z + 7) (9.4.3)
which is the same as the result (9.3.16) obtained using the superposition method.

Example 9.4.2  Circle Immersed in a Straining Flow. The complex potential for
straining flow is given in (9.2.7) as f(z) = cz2/2, where ¢ is the straining rate.
Substituting this expression for f(z) into (9.4.1) gives the complex potential for a
circle immersed in a straining flow as

4
F@) = %(zz + j—z) 9.4.4)

Unlike the uniform-flow case, this result might not have been particularly easy to
guess using the superposition method.

In general, the circle theorem is restricted to background flows that contain no
rigid boundaries, since the location of the boundary would be changed by the intro-
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duction of a circle. However, it was noted by Levin (1954) that the circle theorem
may be used together with rigid boundaries for a certain special case, as expressed
in the following theorem.

Theorem 9.4.2. Let a curve C; be mapped onto another curve C; by the mapping
¢ = a?/z such that if z lies on Cy, then ¢ lies on €3 and vice versa. If both C; and
C, are streamlines of the background flow f(z), then they are also streamlines of the
flow F(z) defined by (9.4.1).

Example 9.4.3 Uniform Flow Past a Compound Cylinder. The circle C; defined
by |z — b|* = b? — a? is invariant under the transformation ¢ = a®/z. From The-
orem 9.4.2, in any background flow in which this curve is a streamline, the curve
remains a streamline after introducing a circle of radius a by the transformation
(9.4.1). For instance, the complex potential for uniform flow past the circle Cy at an
orientation angle o with respect to the x-axis is

f@=U |:(Z —b)e " + bz a e’“] . (9.4.5)

If a circle of radius a is added at the origin using (9.4.1), the complex potential
becomes

. b —a? a? : b — a? .
F — U _ b —ia 1104 _ b 0184 —ix .
(@) (e =b)e ™ +—— " + (—Z )e My
(9.4.6)

When b > a, the result (9.4.6) gives the complex potential for uniform flow past
a compound cylinder bounded by the curve Iz|2 = a® for x < 0 and the curve
lz — b2 = b — a2 for x > 0. Streamlines for this flow with b/a = 2 are plotted in
Figure 9.8.

Figure 9.8 Streamlines for uniform flow past a compound cylinder with b/a = 2.
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9.5 METHOD OF IMAGES

In solving fluid flow problems involving some distribution of dilatation rate or vor-
ticity in the vicinity of an immersed body, it is always possible to replace the body by
some distribution of dilatation rate or vorticity inside or on the surface of the body,
which is called the image set (or simply the image) of the external dilatation rate or
vorticity distribution. The image set is defined such as to satisfy the no-penetration
condition on the body surface. As it has been defined here, the image set is not
unique, and in fact for any problem there exists an infinite variety of admissible im-
age sets. A solution of a flow using the image set in place of the actual body is said
to employ the method of images. However, except for very simple problems, the se-
lection of the image set is not at all obvious and is usually just as difficult as solution
of the original problem. The method of images in the general form is therefore more
of a conceptual aid than a solution method. However, if additional restrictions are
placed on the location of the images in order to make the image set unique, then
the method of images can be a very powerful basis for numerical solution methods.
For instance, in the various boundary integral methods presented in Chapter 12, the
restriction that the images lie on the surface of the body allows us to form an integral
equation for the image strength. In the current section, a few examples of the method
of images are given for problems involving vorticity and dilatation rate near surfaces
of simple shapes, including a plane and a circular cylinder.

Example 9.5.1 Vortex and Source Near a Flat Plate. The problem of a source of
strength m located a distance b above a plane wall is illustrated in Figure 9.9a. By
symmetry, it is clear that an admissible image set for this problem would consist
of a source of the same strength m located at a distance b below the plane y = 0
such that the actual problem of flow with a single source in the upper half x-y plane
(Figure 9.9a) is replaced by a different problem involving flow in the entire x-y plane
with two sources (Figure 9.95). The complex potential for the problem in Figure 9.9

m

(@) (®)

Figure 9.9 Source above a flat wall, showing (a) the actual problem and (b) the image prob-
lem.
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is obtained using superposition as
m m
F()=—In(z —ib)+ —In(z + ib). (9.5.1)
2 2

The complex velocity is obtained by differentiating (9.5.1) as

m 1 1
W@y=—\|——= 9.5.2
@ 2n<z—ib+z+ib> ( )
such that along the center line y = 0, W(z) becomes
m X
Wx,0) = ——=——=. 9.5.3
(x.0) 7 x%+ b2 ( )

The complex velocity W is real valued on y = 0, which is consistent with the no-
penetration condition at the wall.

For the problem of a vortex of strength I located a distance b above a plane wall
(Figure 9.10a), symmetry again indicates that an appropriate image set is another
vortex with opposite strength —T" located at a distance b below the plane y = 0
(Figure 9.10b). The resulting flow is simply that of a vortex pair, as discussed in
Section 9.3.2, having the complex potential

ir . ir .
F(z) = —— In(z — ib) + — In(z + ib). (9.5.4)
2T 21

The vortex propagates along the wall, due to the velocity induced by its image, at a
rate

V=——ro. (9.5.5)

Example 9.5.2 Vortex and Source Near a Circular Cylinder. The problem of a
source of strength m positioned at a distance b from the surface of a circle of radius

O, \O,

(a) (b)

Figure 9.10 Vortex above a flat wall, showing (a) the actual problem and (b) the image
problem.
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a can be readily solved using the circle theorem. The complex potential for a single
source at 7 = —(a + b) is

F(2) = —1Inlz + (a +b)], 9.5.6)
27

so the complex potential for the source and the circle together is obtained using
(9.4.1) as

2
F(2) = = In[z + (a + B)] + —~ In [“— +(a+ b)J . 9.5.7)

2 2w z

Equation (9.5.7) can be rewritten as
2
m m a m m
= —1 —1 —_ | -— — . (95.

F(2) = nfz4+(a+b)]+ o n [z + P +b:| 7 ln(z)+2}_f In(a +b). (9.5.8)

The first term in (9.5.8) is the actual source at z = —(a + b). The second and third
terms, which constitute an image set of the source with respect to the circle, consist
of a source located inside the circle at 7 = —a?2 /(a + b) and a sink at the center of
the circle. The image source and sink are of equal and opposite strength, respectively,
to the original source, such that the net mass outflow from the image set vanishes.
The equivalent problem with the circle replaced by the image set is illustrated in
Figure 9.11a, and the streamlines for this flow are plotted in Figure 9.11b. The last
term in (9.5.8) is independent of z and is therefore of no dynamical significance.

Repeating this problem with a vortex of strength I' in place of the source, the
complex potential can be written with use of the circle theorem as

ir it | a?
F@)=———In[z+@+b)]l+-—mI|—+@+b)]|. 9.5.9)
2 27 z
//’ \\\
7 N
7z \
m I’ m -m \\
A
' X |
. —>0 «— !
\ X ;
Y b > ‘\ a Ll 7
\\ //’
(@) (2]

Figure 9.11 Schematic showing (a) the image problem and (b) streamlines for a source of
strength m located at a distance b from the surface of a circle of radius 4.
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Figure 9.12 Schematic showing (a) the image problem and () streamlines for a vortex of
strength I" located at a distance b from the surface of a circle of radius a.

After rearranging, (9.5.9) becomes

ir il a? il il
- _ — —In(z ey | b).
F(z) 5 In[z + (a + b)] + 5 In [z + P b:| 5 In(z) + 3 n(a + b)

(9.5.10)

The first term of (9.5.10) is the original vortex of strength I" at z = —(a + b). The
second and third terms form the image set of the vortex in the circle, which consists
of a counterrotating vortex of strength —I" at z = —a?/(a + b) and a corotating
vortex of strength I at the center of the circle such that the net circulation about the
circle vanishes. The equivalent problem with the circle replaced by the image set is
illustrated in Figure 9.124, and the streamlines are plotted in Figure 9.12b. The last
term in (9.5.10) does not contribute to the velocity field since it is independent of z.

One interesting aspect of this problem is that the image set of the vortex in-
duces a propagation velocity on the vortex in the azimuthal direction with mag-
nitude V = Fa2/27rb(2a + b)(a + b) in the clockwise sense. The vortex there-
fore travels in a circular path in a clockwise direction around the circle with period
P =47%bQ2a + b)(a + b)*/ T'a>.

9.6 CONFORMAL TRANSFORMATION OF FLUID FLOWS

A transformation of a complex variable entails a mapping from one complex plane
to another of the form ¢ = f(z, 2). In a conformal transformation, the mapping
function f is analytic such that the transformation can be expressed as { = f(z),
where the function f(z) is differentiable. Conformal transformations have the prop-
erty that the angle between any two small adjoining line segments is preserved under
the transformation, except at certain points called critical points. A critical point is a



140 TWO-DIMENSIONAL POTENTIAL FLOWS

point at which the derivative of the mapping function vanishes, or df/dz = 0. Any
smooth curve can be constructed from an infinite number of small connected line
segments, where the angle between any two adjoining line segments approaches 7
as the number of line segments approaches infinity. The angle conservation property
of conformal transformations thus implies that any smooth curve remains smooth
under a conformal transformation unless the curve passes through a critical point of
the transformation. The angle conservation property of conformal transformations is
illustrated in the following example.

Example 9.6.1 Elliptic Coordinates. A transformation from one orthogonal coor-
dinate system to another orthogonal system in two dimensions can be represented by
a conformal transformation. For instance, the transformation

2= f(¢) = ccosh({) 0.6.1)

can be associated with a transformation from Cartesian coordinates to elliptic coor-
dinates. In particular, if { = £ 4+ in and z = x + iy, then separating (9.6.1) into its
real and imaginary parts gives
x +iy =ccosh(§ +in)
= ccosh& cosn + icsinh € sinn 9.6.2)

so that
x = ccoshé& cosn, y = c¢sinh & sin 7). (9.6.3)

The transformation (9.6.1) maps the strip {§,7 : 0 < & < o0, 0 < 5 < 27}
in the ¢-plane into the entire z-plane. Eliminating 7 from (9.6.3) using the identity
cos?n +sin’n =1 gives
2 2
x* y
2 2 + 2 cinh2
c?cosh“&  c¢*sinh“ &

=1. 9.6.4)

Similarly, eliminating & from (9.6.3) using the identity cosh? & — sinh? £ = 1 gives

X L (9.6.5)
c2cos?n  (2sin’n o

Lines of constant ¢ and constant 7 in the £ -plane thus map into ellipses and hyperbo-
las, respectively, in the z-plane, as shown in Figure 9.13. The semimajor axis a and
semiminor axis b of an ellipse with £ = & = const are given by

a = ccosh &, b = csinh &, (9.6.6)
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Figure 9.13 Constant lines of the elliptical coordinates £ and 7. Lines of constant £ (solid)
are ellipses, given for & = 0.5, 1.0, 1.5, 2.0. Lines of constant 1 (dashed) are hyperbolas, given
for nine even increments over the interval 0 < n < 27 with 7 increasing in the counterclock-
wise direction.

so that a2 — b? = ¢2. Both the lines of constant { and constant 7 in the ¢ -plane and
the confocal ellipses and hyperbolas to which these lines map onto in the z-plane
are orthogonal, which follows from the angle conservation property of conformal
transformations.

The first derivative of the mapping function in (9.6.1) is given by

af
E = ¢ sinh(¢)

= ¢(sinh & cos n + i cosh & sinn) 9.6.7)

so that the transformation exhibits critical points (at which df/d¢ vanishes) within
the strip 0 < n < 27 at (§, ) equal to (0, 0), (0, ), and (0, 27). These points are
labeled A, B, and C, respectively, in Figure 9.14a. The first and the last of these
critical points map onto the focus point (x, y) = (c, 0) of the family of ellipses in

(a) )

Figure 9.14 Sketch showing the mapping of critical points A, B and C by the transformation
2 = ccosh(¢) in (a) the ¢-plane and (b) the z-plane.
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the z-plane and the middle critical point maps onto the other focus (x, y) = (—c, 0),
as shown in Figure 9.14b. In the limit of an ellipse passing through the two foci, such
that the semimajor axis a = ¢, (9.6.6) indicates that £, = 0 and the semiminor axis
vanishes. This limiting ellipse of infinite aspect ratio a/b reduces to a line segment
with end points at the two critical points.

9.6.1 Transformation of the Complex Potential and Complex Velocity

The usefulness of conformal transformations for solution of fluid flows lies in their
ability to transform a difficult problem into a problem for which the solution is
known. Hence, it is important to understand how the variables that characterize a
fluid flow, such as the complex potential and the strengths of sources and vortices,
change under a conformal transformation. The mapping of these quantities can be
determined with aid of the following theorem.

Theorem 9.6.1. A conformal transformation maps a harmonic function into another
harmonic function.

Any harmonic function ¢ = ¢(x, y) satisfies the Laplace equation in the z-plane,
or

32 9%
-+ — =0 9.6.8
9x2  9y? ( )
If this function is now mapped into another function ¢ = ¢ (&, n) upon applying the
conformal transformation = £ (z), then Theorem 9.6.1 requires that ¢ is harmonic
in the ¢-plane, or that

9’9 32¢
582 + =0. (9.6.9)
The theorem can be proved simply by substituting the transformations £ = &(x, y)'
and 7 = n(x, y) and noting that £(x, y) and n(x, y) satisfy the Cauchy-Riemann
equations (9.1.2) since f(z) is analytic.

Since both the velocity potential ¢ and the stream function v are harmonic func-
tions in any two-dimensional, irrotational, incompressible flow, it is necessary that
the complex potential F = ¢ + iy be harmonic both before and after the transfor-
mation. Satisfaction of this requirement is guaranteed by the property of conformal
transformations stated in Theorem 9.6.1 if we write the transformation for the com-
plex potential as

F=F@) =FQ©). (9.6.10)

Hence, the complex potential of flow in the z-plane can be obtained by substituting
¢ = f(2) into the expression F (¢) for the complex potential in the ¢ -plane, and vice
versa.
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This method of changing the complex potential from one flow into that for another
by a coordinate change does not work for the complex velocny In particular, in the
z-plane the complex Ve10C1ty is defined by W(z) = dF(z)/dz and in the ¢-plane it
is similarly defined by W(¢) = dF(¢)/d¢. Using (9.6.10) and the chain rule, the
transformation rule for the complex velocity becomes

A - d
W) = W(;)—af. ©6.11)
Z

9.6.2 Transformation of Source and Vortex Strengths

The change in source and vortex strengths under a conformal transformation can
be related to the transformation properties of the integral of the complex velocity
about a closed circuit. We consider a closed circuit C on the x-y plane that bounds a
region A, where the outward unit normal of C on the x-y plane is denoted by n. The
magnitude of an increment of length along C is denoted by d¢, which is assumed
to have a positive value when C is traversed in a counterclockwise direction. The
integral of the complex velocity about C can be decomposed as

/Wdz=/(u—iv)(dx +idy)
C c

=/(udx+vdy)+i/(udy—vdx)
C C

=/u~dx+ifu-nd€. (9.6.12)
c c

Using the Stokes theorem for the first integral in the last equation in (9.6.12) and
the two-dimensional divergence theorem for the second integral, together with the
definitions of vorticity and dilatation rate, yields the result

/WdZZ/wda—}—i/ Ada. (9.6.13)
C A A

The real part of the integral of W about a closed circuit C is the circulation about C
and the imaginary part is the net volumetric flow rate generated within C.

The change in the integral in (9.6.13) during a conformal transformation can be
determined from the known transformation property (9.6.11) for W. In particular, if
C. denotes the position of the curve C in the z-plane and C; denotes the mapping of
this same curve in the ¢-plane, then (9.6.11) can be used to write

n - dC
/ W()dz = / W
c. c. dz

Hence, the integral in (9.6.13) is invariant to a conformal transformation. It follows
that both the net vorticity and the net dilatation rate within any region A in the z-plane

= f W()de. (9.6.14)
Ce
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are the same as the respective quantities for the mapping of region A in the ¢-plane.
In particular, letting A be chosen as some infinitesimal neighborhood surrounding a
two-dimensional point source or vortex, a consequence of this result is that both the
source and vortex strengths must be invariant under conformal transformation.

9.7 TRANSFORMATION ¢ = "

The conformal transformation
(=f@)=7" 9.7.1)

can be used to map a wedge of angle 6 = 7/n with vertex at the origin in the z-plane
onto the real axis in the ¢-plane. The transformation has a critical point at the origin
forn > 1, since df/dz = nz"~! vanishes at z = 0 whenever n > 1. For cases with
n < 1, the inverse transformation z = g(¢) = ¢!/” has a critical point at the origin,
since dg/d¢ = (1/n)¢1=™/7 vanishes at ¢ = 0 whenever0 <n < 1.

The case of uniform flow in the ¢-plane, with complex potential F(¢) = U ¢ and
complex velocity W(¢) = U, is mapped in the z-plane into a flow with complex
potential

F(z)=cCZ", 9.7.2)

where C = U" is a constant. The corresponding complex velocity in the z-plane can
be obtained either by differentiating 7 (z) in (9.7.2) or by the transformation relation
(9.6.11) for W, yielding

W(z) = nCz" 1. 9.7.3)

The streamlines of the flow associated with (9.7.2) are plotted in Figure 9.15 for
several values of n. For the case n = 1, ¢ is the same as z and the uniform flow is
unchanged. For n > 1, the real axis is mapped onto a wedge with angle less than 7.
As indicated by (9.7.3), the velocity field exhibits a stagnation point at the corner of

NE

(@) (b)

Figure 9.15 Streamlines for flow generated using the transformation ¢ = 7" for cases with
@n=4,(byn=2,and (c)n = &.
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the wedge for such cases. The particular case of n = 2 reduces to the plane straining
flow (or stagnation-point flow) described in Section 9.2.2. For 4 5 < n < 1, the real
axis is mapped onto a wedge with angle greater than 7 and the veloc1ty exhibits
a singularity at the comer of the wedge. In the limiting case n = 2, the real axis
is mapped onto a semi-infinite line and the resulting flow field corresponds to flow
around the edge of a thin ﬂat plate, in the vicinity of the edge. Of course, in any
real fluid flow, cases with 4 5 < n < 1 would be accompanied by separation of the
boundary layer at the corner of the wedge. It should also be noted that none of the
flows described by (9.7.2), except the identity transformation n = 1, correspond to
a full solution of the problem of uniform flow past a wedge, since the velocity field
does not approach the uniform-flow condition for large z. Nevertheless, it can be
shown (Batchelor, 1967, p. 413) that the flow field given by (9.7.2) corresponds to
the leading term in the asympotic expansion of the flow in the vicinity of the corner
of the wedge.

Example 9.7.1 Source or Vortex in a 90° Corner. The problem of a source located
at a position zp = a + ia in a 90° corner, centered at the origin, is illustrated in
Figure 9.16a. The flow field for this problem is solved by using the transformation
¢ = z> to map the two perpendicular boundaries of the 90° corner onto the real axis.

=)
oy

(b

Figure 9.16 Source placed in a 90° corner: (a) z-plane and ¢ -plane; (b) image problem.
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In the ¢ -plane, the flow reduces to that of a source over an infinite flat plate, which is
solved using the method of images in Example 9.5.1. The source is translated during
this mapping to the point ¢y = 2ia?, and we recall that the strength of a source is
invariant under any conformal transformation. The complex potential in the ¢-plane
is given by (9.5.1) as

F(&) = = In(¢ — 2ia®) + 25 In(¢ + 2id?). 9.7.4)
27 2

Transforming back onto the z-plane gives the complex potential for a source near a
90° corner as

m

F@ =

In(2® = 2ia?) + 3~ In(z + 2ia?). (9.7.5)
b4
The result (9.7.5) can be rewritten, after noting that

22 =2ia* = [z —a(l + DIz +a(l + )],
22 42ia® = [z —a(l — )z +a(l — i),

as
F) = == In[z — (a +ia)] + 2= Iz + (a + ia)]
2 27
+ 2 lnlz - (@ — ia)] + - Inlz + (@ — ia)]. 9.7.6)
2 2

The four terms in (9.7.6) can be associated with the original source and three image
sources, as shown in Figure 9.165b.

The problem of a vortex in a 90° corner can be solved in a similar manner, and
the resulting complex potential is

F@z) = _ir In[z — (a + ia)] — ir Iz + (a + ia)]
2 27

+ i In[z — (@ —ia)] + £ In[z + (a — ia)]. 9.7.7)
2n 2n

The location and sense of the three image vortices corresponding to the last three
terms in (9.7.7) are shown in Figure 9.17. The three image vortices induce a velocity
on the original vortex that causes the vortex to advect downward and horizontally
outward with time. For instance, when the vortex is located at z0 = a + ia, the
components of the induced velocity u; on the vortex are u; = I'/8ma and v; =
—I'/8ma. If a similar approach to that used to obtain (9.7.7) is used for a vortex
at any location zo = a + ib, the induced velocity of the vortex can be obtained
as a function of time. The path of the vortex can be obtained by integration of the
advection equation
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Figure 9.17 Image problem for a vortex placed in a 90° corner.

% = u;(x), (9.7.8)
where the induced velocity u; of the vortex is a function only of the current vortex
position x. The solution for a vortex in a 90° corner is identical to the solution for
a pair of opposite-strength vortices propagating toward an infinite plane wall, and
a plot showing the path of the vortex pair is given in Figure 9.18. The problem of
a vortex pair impinging head-on into an infinite plane wall is sometimes used as a
simple model for the inviscid interaction of aircraft wake vortices with the ground
during landing and take-off.

Example 9.7.2 Flow Around a Sharp Edge. Uniform flow in the x-direction can
be mapped into flow around a sharp edge at z = 0 using the transformation ¢ =
z!/2. The complex potential for uniform flow in the ¢-plane is F(¢) = U¢, so that
application of the above mapping yields

F(z) =Cz'?, (9.7.9)
2
15F
y 1}
0.5
0 1 1 1
-2 -1 0 1 2
X

Figure 9.18 Path of a vortex pair approaching a flat wall.
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where C is a constant. The stream function and potential function for this flow are
given by ¢ = cr'/2cos(6/2) and ¥ = cr'/?sin(0/2). Streamlines are shown in
Figure 9.15¢. The complex velocity in the z-plane is

C

= 2717 (9.7.10)

The velocity components in the radial and azimuthal directions are u, =
(C/2r'/?)cos(0/2) and ug = —(C/2r'/?)sin(6/2). An important feature of this
result is that the velocity magnitude exhibits a 1/r!/2 singularity as » — 0 at the
sharp edge, which results from the abrupt turning of the flow around the edge.

9.8 JOUKOWSKI TRANSFORMATION

The Joukowski transformation is defined by

2
z_—.f(g)=§+c?, (9.8.1)

where c is a real valued parameter. Of course, (9.8.1) can also be written in inverse
form, with z and ¢ switched, but the form given above is most useful for applications
where the physical problem is usually described in the z-plane. The gradient of the
Joukowski mapping function is

df_1 c?

=l (9.8.2)

which vanishes at the two critical points { = ¢, corresponding to z = +2c. The
mapping of a circle { = be'?, where b > ¢, surrounding the two critical points as
¢ varies from O to 2 is shown in Figure 9.19. Under the transformation (9.8.1), the

y ~
£ SN2 0 2 7,
\ 4 v
¢-plane z-plane

Figure 9.19 Mapping of a circle with radius ¥ > ¢ into an ellipse by the Joukowski trans-
formation.
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circle is mapped onto the curve given by
. C2 .
z=0be'Y + ;e""". (9.8.3)

Breaking (9.8.3) into its real and imaginary parts gives

) 2
x = (b + ;) cos @, y= (b - ;) sing. (9.8.4)

Eliminating the parameter ¢ in (9.8.4) with use of the identity cos g +sin® g = 1|
yields

x? v?

G+/b? " b—b?

=1, (9.8.5)

which is the equation of an ellipse. Since a circle and an ellipse are both smooth
curves, the angle between any two adjoining line segments is equal to 7 in both
cases and is hence preserved under the transformation.

If instead we examine the mapping of a smooth curve that passes through the
critical points ¢ = ¢ of the transformation, the angle between line segments ending
at the critical points is not preserved. For instance, the circle ¢ = ce'?, shown in
Figure 9.20a, is mapped into

¢ =ce'? +ce 'Y =2ccos . (9.8.6)

Since ¢ in (9.8.6) is everywhere real valued, the mapping of the circle in Figure 9.20a
lies on the line segment spanning from —2c¢ to 2c in the z-plane, as shown in Fig-
ure 9.20b. The angle between adjoining line segments is everywhere preserved ex-
cept at the two critical points, at which the angles are increased from 7 to 27 during
the transformation.

One important feature of the Joukowski transformation is that for large values of
¢, (9.8.1) reduces to the identity transformation z = ¢. A consequence of this prop-

n A v A

A\ 4

C-plane z-plane

Figure 9.20 Mapping of a circle passing through the critical points at £ = =+c into a line
segment by the Joukowski transformation.
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erty is that the flow field at infinity is unchanged by the Joukowski transformation,
so if the flow field satisfies the boundary condition at infinity in the ¢-plane, it will
also do so in the z-plane.

Example 9.8.1 Uniform Flow Past an Ellipse. We have noted that a circle in the
¢-plane with radius R > ¢, centered at the origin, is transformed into an ellipse in
the z-plane with semimajor axis @ = R + ¢2/R and semiminor axis b = R — ¢2 /R.
The complex potential for uniform flow at an angle « to the horizontal past the circle
in the ¢-plane is

~ . R? .
F¢) = U({e_“” + ?e"’) (9.8.7)

The complex potential F(z) for flow past an ellipse is obtained by substituting into
(9.8.7) the inverse mapping

¢ =g(2) = 3z £ (2> —4chH)'/2, (9.8.8)

where the sign is chosen such that { = z when ¢ = 0. The parameters ¢ and R are
obtained as functions of the semimajor and semiminor axes a and & as

R=1Ya+b), c=1i@®-vH"2 (9.8.9)

The streamlines for flow past an ellipse with aspect ratio a/b = 2 are shown in
Figure 9.21 for cases with @ = 0, /2.

Example 9.8.2 Uniform Flow Past a Flat Plate. The solution for uniform flow at
an angle o to the horizontal past a flat plate of length ¢ lying along the horizontal
is obtained as a special case of the solution of Example 9.8.1, for which the major
and minor semiaxes are chosen as ¢ = ¢/2 and b = 0. Equation (9.8.9) gives the
parameters ¢ and R in this case as

R=c=1¢/4 (9.8.10)

(@) (b)

Figure 9.21 Streamlines for flow past an ellipse with aspect ratio a/b = 2 for cases with
orientation angle (¢) @ = 0 and (b) @ = /2.
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(a) (b)

Figure 9.22 Streamlines for uniform flow past a flat plate with orientation angle (a) @ = 7 /4
and () o = /2.

The streamlines of the flow are given for cases with « = /4, /2 in Figure 9.22.
The flow fields shown in Figure 9.22 are rather unphysical, since in any real flow the
boundary layer separates at the sharp edges of the plate. A number of approaches can
be used to account for this effect, the choice of which depends on whether angle « is
small or large. This issue is discussed further in Sections 9.10 and 10.5.

9.9 SCHWARZ-CHRISTOFFEL EQUATION

The Schwarz-Christoffel equation provides a general procedure for constructing a
transformation that maps the boundary of any simple closed polygon onto the real
axis. The interior points of the polygon are mapped by the transformation onto the
upper half of the complex plane.

Before stating the precise form of this procedure, it is useful to first review some
of the properties of polygons. We call a setof N straight lines, denoted by C, a simple
closed polygon if C satisfies the following two properties:

(a) Tt is possible to travel from any given point on C to any other point on C
without leaving C (i.e., the lines are connected).

(b) The set of lines C divides the points of the plane into two disjoint sets, called
the inferior and the exterior points of the polygon. Any two interior points
can be joined by a path that does not intersect C, as can any two exterior
points; however, it is impossible to travel from an interior to an exterior point
(or vice versa) without crossing C.

Two common polygons are the rectangle (N = 4) and the triangle (N = 3), for
which the above properties are obviously satisfied. Often in fluid dynamics prob-
lems, we wish to consider cases of flow involving a boundary that extends to infinity.
Such boundaries can be constructed as limiting cases of simple closed polygons by
allowing one or more of the vertices of the polygon to extend to infinity, and in this
limiting sense these shapes continue to satisfy the second property above. A number
of examples of simple closed polygons that extend to infinity and are of interest in
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Figure 9.23 Some shapes that can be formed from the interior of a simple closed polygon
with one or more vertices taken to infinity: (@) 90° corner; (b) semi-infinite strip; (c) infinite
strip.

fluid dynamics problems are shown in Figure 9.23. For instance, the wedge shape
in Figure 9.23a can be constructed by allowing two vertices of a triangle to extend
to infinity. The semi-infinite strip in Figure 9.23b can be constructed by allowing
the right two vertices of a rectangle to extend to infinity, or alternatively allowing
one vertex of a triangle to extend to infinity. The infinite strip in Figure 9.23¢ can
similarly be constructed by allowing all of the vertices of a rectangle to extend to
infinity.

Denoting the interior angles of a simple closed polygon at each vertex n by 6,,
the closure property requires that the 6, satisfy

z

Z 6, = (N — 2)7. (9.9.1)

n=1

The sum (9.9.1) includes any possible vertices at infinity for which the interior angle
may approach either zero or some finite value. For instance, if the semi-infinite strip
in Figure 9.23b is constructed from a rectangle (N = 4), then all interior angles
are /2. However, if it is constructed from a triangle (N = 3), then the interior
angle of the vertex at infinity is zero and that of the other two vertices is 7 /2. Either
construction satisfies (9.9.1).

A simple precursor to the Schwarz-Christoffel procedure is the transformation
¢ = 77/% discussed in Section 9.7. We recall that this transformation maps a wedge
with interior angle 6| and vertex located at the origin z = ¢ = 0 onto the real axis.
In the case that the vertex is located at some other point z = A, which maps onto the
point { = aj in the ¢-plane, the transformation is given by

¢ —ar=(@—A)"" (9.9.2)
Equation (9.9.2) can be rearranged as

2= A1 =( —a)h/”. (9.9.3)
Taking the derivative of (9.9.3) with réspect to ¢ gives the equivalent form

j—g = %(g —a)h/m-1, (9.9.4)
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The basic idea of the Schwarz-Christoffel procedure is to apply an extension of the
transformation (9.9.4) such that a critical point of the transformation coincides with
every vertex of the polygon. We know that for any analytic mapping function, the
angles between adjoining line segments of the polygon boundary are invariant except
at the critical points. The change in angle between adjoining line segments ending
at a critical point depends only on the power to which the polynomial in ¢ having
a zero at the critical point is raised in the expression for the derivative dz/d¢ [e.g.,
the exponent 8; /7 — 1 in (9.9.4)]. Thus, if (9.9.4) were multiplied by any analytic
function g(¢) that is nowhere equal to zero on the wedge with interior angle 6y, the
wedge would still be mapped onto the real axis by the resulting transformation.

With these considerations, it is evident that a transformation that maps any simple
closed polygon with N vertices in the z-plane onto the real axis in the ¢-plane can
be constructed by extending (9.9.4) as

U

-
<

— K(¢ —a)?T e —ap)?/ Tl —an) ™V, (9.9.5)

d

o~

where a, are the locations on the real axis in the {-plane to which the vertices of
the polygon are mapped by the transformation and K is some constant which may
be complex. In addition to mapping the polygon boundary onto the real axis, the
transformation obtained by integration of (9.9.5) maps the interior of the polygon
onto the upper half of the complex ¢-plane. Equation (9.9.5) is called the Schwarz-
Christoffel equation, and a proof of the properties of transformations obtained by
integration of this equation can be found in standard texts on complex variable theory
(e.g., Ablowitz and Fokas, 1997).

Two remarks are helpful prior to giving examples for the use of (9.9.5) in fluid
flow problems. The first remark is that only the constant K and exactly three of the
coefficients a,, n = 1...., N, can be chosen arbitrarily for any given problem. The
remaining a, coefficients must be selected so as to make the polygon of the desired
shape. Depending on the problem, choice of appropriate values for the constrained
a, coefficients can sometimes be difficult.

The second remark is that when one of the vertices of the polygon extends to infin-
ity, the factor corresponding to that vertex can be omitted from (9.9.5). For instance,
if a3 — o0 in (9.9.5), the constant K can be selected as K = K*/(—al)el/”_l.
Since (¢ — a1/ /(=a))?/" ! — 1 asa; — oo for any finite ¢, (9.9.5) reduces
to

S oK@ —a)? T —an)N (9.9.6)

which is the same as (9.9.5) without the factor involving a;.

Example 9.9.1 Flow into a Channel through a Narrow Slit in the Wall. The prob-
lem of flow into an infinite channel of width / through a narrow slit in one wall,
which may be modeled by a source of strength m, is shown in Figure 9.24a. This
problem is solved by the following procedure: (1) use the Schwarz-Christoffel equa-
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Figure 9.24 Flow into an infinite channel through a narrow slit in the wall: (a) schematic of
problem; () schematic showing vertices of triangle used to construct the infinite channel in
the z-plane; (c) mapping of vertices onto real axis of the ¢-plane.

tion to construct a transformation that maps the infinite channel onto the real axis of
the {-plane, (2) solve the corresponding problem in the ¢-plane, and (3) transform
back to the physical z-plane to obtain a solution that satisfies all boundary conditions
of the problem. There are several ways in which the infinite channel can be mapped
onto the real axis, so we need to make some careful choices. One way of constructing
the infinite channel is to start with a triangle, with one vertex A1 on the left and two
vertices Az and A3 on the right. The interior angle at A, approaches zero as the ver-
tex approaches negative infinity, and the interior angles at A, and A approach /2.
The source of strength m is located at the origin Q, and the point directly across the
channel from Q is labeled P. See Figure 9.24b.

We are now free to choose the constant X and the three coefficients ap, az, and
a3 in (9.9.5) corresponding to the desired mappings of the three vertices A1, A,, and
A3. The lower half of the strip is mapped onto the positive real axis in the ¢-plane
and the upper half of the strip is mapped onto the negative real axis, with A; mapped
to ¢ = 0, as shown in Figure 9.24c. This can be accomplished by letting a; = 0,
ay — 00, and a3 — —o0. Since a; and a3 are infinite, we need only account for the
factor involving a; in (9.9.5), which with 6; = 0 becomes

dz_

az _ -1
7 K& 9.9.7)

Integrating (9.9.7) over ¢ gives the transformation as

z=KIn¢ + B, (9.9.8)
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where K and B are undetermined constants. For convenience, K and B are set such
that the points Q and P in the z-plane map onto the points { = | and { = —1,
respectively, although other choices are also acceptable. With these choices, (9.9.8)
gives

0=KInl+ B, ih = KIn(-1) + B,

where we recall that the principal value of In(—1) is In(e!™) = im. Solving for K
and B gives B = 0, K = h/m. Solving (9.9.8) for ¢, the transformation becomes

;=" (9.9.9)

The flow field in the z-plane can be taken as being generated by a source of
strength m at the origin and a sink of strength —m /2 at both x — o0 and x — —o0.
In the ¢-plane, the source of strength m is mapped to £ = 1 and the sink of strength
—m/2 at x = —oo is mapped to ¢ = 0, as indicated in Figure 9.24c. The other
sink continues to lie at infinity and hence does not contribute to the flow field. The
complex potential due to the sink of strength —m /2 and the source of strength m is

F@) = 21"; In(¢ — 1) — :’—ﬂ In¢. (9.9.10)

The problem is now essentially solved, since it remains only to substitute the ex-
pression (9.9.9) for ¢ into (9.9.10) to obtain the complex potential in the z-plane.
However, the result can be put into a nice form by first rewriting (9.9.10) as

m

F@¢)=-—In@g"*=¢'%
2T
and then substituting (9.9.9) to obtain

m .
F(Z) — E; ln(ezu/Zh _ e—nz/2h)

_ % In [sinh(g-)] el (9.9.11)

where the constant C = (m/2m) In2 in (9.9.11) has no dynamical significance.

Example 9.9.2  Uniform Flow Past a Semi-Infinite Rectangular Body. The prob-
lem of uniform flow past a semi-infinite rectangular body of width 24 is sketched
in Figure 9.25a. We consider a polygon consisting of the line segment A A, on the
symmetry surface of the flow and line segments Ay A3 and A3A4 on one-half of the
rectangular body, where A and A4 are taken to —oo and oo, respectively. The inte-
rior of the polygon is taken to be the region above the body surface in the positive
half of the z-plane, so the interior angles at A, and A3 are 6, = 7 /2 and 63 = 37/2,
respectively. In the ¢-plane, A; and A4 extend to infinity, so these vertices do not
need to be included in the transformation (9.9.5). The vertex A; is mapped toaz = 1
and the vertex Az is mapped to a3 = —1 in the ¢-plane, as shown in Figure 9.25b.
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Figure 9.25  Vertices of the mapping used to solve the problem of uniform flow past a semi-
infinite rectangular body: (a) z-plane; (b) ¢-plane.

With these choices, the Schwarz-Christoffel equation (9.9.5) reduces to

Z_g = K — )2+ 1)1, (9.9.12)

Integrating (9.9.12) over ¢ gives
z=K[(* - D"? 4+ cosh™ ¢] + B, (9.9.13)

where K and B are undetermined constants. The vertices A, and A3 in the z-plane,
located at z = 0 and z = ih, respectively, map onto the pointsay = 1 and a3 = —1
in the ¢-plane. Since cosh™! ¢ = In[¢ + (¢2 — 1)!/2], K and B in (9.9.13) must
satisfy

0=KInl+ B, ih = KIn(—-1)+ B. (9.9.14)

Setting In(—1) equal to its principal value i7 gives B = 0and K = h/x.

The flow in the ¢-plane must satisfy the no-penetration condition on the real axis,
and it must reduce to the condition of uniform flow in the z-plane as z approaches
infinity. A uniform flow F(7) = —V{ in the ¢-plane obviously satisfies the first
of these conditions. To see that it also satisfies the second, we note that ¢ can be
considered a function of z to write

F(z) =—-V¢@2), (9.9.15)

which upon taking the derivative gives the complex velocity as

. d 1% —1\!/?
W) = —vgi— _ —T” (gﬁ) . 9.9.16)

For ¢ — o0, the complex velocity W(z) — —nV/h. The condition that the veloc-
ity approach a uniform flow of speed U as z — oo (which for this transformation
corresponds to { — +00) is thus satisfied by setting the constant V = —hU /7. The
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resulting velocity potential in the z-plane is therefore given in implicit form as
~ hU
F(z) = 7§(Z), (9.9.17)

where the function ¢ (z) is obtained by solution of (9.9.13). An alternative form of
this solution is obtained by writing { = cosh p, where p is a parametric variable, in
which case the transformation (9.9.13) becomes

h
z = —{(p +sinh p) (9.9.18)
b4
and the complex potential becomes

N hU
F(z) = — cosh p. 9.9.19)
T

9.10 FREE-STREAMLINE THEORY

Several classes of fluid flow problems involve steady flow with an interface between a
liquid and a gas phase. Unless the gas has a large velocity relative to that of the liquid
or the radius of curvature of the interface is so small that surface tension plays an
important role, it is a common approximation to neglect the gas inertia and to assume
that the pressure is uniform along the interface between the two phases. Some classes
of flows for which such an approximation is useful include the motion of a liquid jet
surrounded by gas (such as liquid emanating from an orifice into the atmosphere),
cavitating liquid flow past a solid body with a vapor bubble behind the body, and
steady channel flow problems involving a liquid streaming past an obstacle (such
as channel flow under a sluice gate). Examples of specific flow problems in each of
these three classes are illustrated in Figure 9.26.

The liquid-gas interface is a streamline of the flow, since it is always composed of
the same fluid particles and the flow is steady, so that in two dimensions the stream
function ¥ is uniform on the interface. If the pressure is assumed to be uniform
on the interface, the streamline is called a free streamline. In the remainder of this
section, the effect of gravity is neglected, which is a reasonable assumption when the
height change h over the flow is much less than the dynamic head « /g, where « is
the kinetic energy per unit mass and g is the gravitational acceleration. Under these
assumptions, the Bernoulli theorem (8.2.3) requires that x also be uniform along a
free streamline.

Problems involving free streamlines are difficult to solve analytically, since the
position of the free streamlines is not a priori known, and these problems often re-
quire the use of numerical computation. A common numerical method for problems
of this type, which can also be used for unsteady flows, utilizes a doublet distribution
along the free streamline and solves the flow field using a boundary-integral ap-
proach. Numerical methods of this type are discussed in Chapter 15. However, there
does exist an important class of two-dimensional problems, involving free stream-
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Figure 9.26 Examples of problems where the assumption of constant pressure on a liquid-
gas interface is useful: (a) liquid jet emitted in the atmosphere; (b) cavitation bubble behind a
body; (c¢) flow past a sluice gate.

lines attached to bodies constructed from straight line segments, which are analyti-
cally tractable, and methods for solution of such problems are the topic of the current
section.

The method for analytic solution of problems with free streamlines is based on
the introduction of a new complex variable €2, defined by

=—-InW, (9.10.1)

where W = d F/dz is the complex velocity. Writing W in polar form as W = ge ™%,
where g = +/2« is the velocity magnitude, this new variable can be rewritten as

Q=In (l) +iA. (9.10.2)
q

The real part of €2 is uniform on a free streamline. When the problem is transformed
to the 2-plane (called the hodograph plane), the free streamlines appear as straight
vertical lines over which only the imaginary part of  varies. Over the rectilinear
surfaces of the body on which the no-penetration condition is applied, the velocity
must be oriented tangent to the body surface, so that along these surfaces the polar
angle A of the complex velocity (and hence the imaginary part of ) is uniform.
The body surface is thus transformed into horizontal lines in the hodograph plane.
The boundary of the flow domain in the Q-plane, composed of both the surface of
the solid body and free streamlines, consists of a polygon formed of a collection of
horizontal and vertical lines.

It is also the case that the boundary of the flow domain in the plane of the complex
potential F consists of straight boundaries which coincide with either free stream-
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lines and no-penetration surfaces (on each of which the stream function ¥ is uniform)
or inlets and outlets over which the velocity is assumed to be oriented in the normal
direction (such that the velocity potential ¢ is uniform). Once the boundary of the
problem is determined in the Q-plane, the Schwartz-Christoffel procedure can be
used to map the flow boundary onto the real axis in the plane of some transformed
variable ¢ such that the interior of the flow domain is mapped onto the upper half of
the complex ¢-plane.

The solution procedure is best understood by considering specific examples; how-
ever, we offer the following summary. The procedure typically starts by making a
sketch of the original problem in the physical z-plane, consisting of free streamlines,
straight no-penetration boundaries, and inlets and exits. Two additional sketches are
made of the problem in the Q-plane and in the F-plane, in both of which the flow
boundary has the form of a polygon. The Schwartz-Christoffel equation (9.9.5) is
then used to construct a transformation of the flow boundary in the Q-plane onto the
real axis in the plane of a transformation variable ¢. A second use of the Schwartz-
Christoffel equation (9.9.5) enables one to determine a conformal transformation
between F and ¢ such that the flow boundary in the F-plane is mapped onto the real
axis in the ¢ -plane. From these two conformal transformations, both F* and €2 can be
written as functions of the transformation variable ¢ such that by eliminating ¢ arela-
tionship between F and €2 is obtained. The expression (9.10.1), with W = dF/dz, s
substituted into this relationship to obtain a first-order ordinary differential equation
for F(z) which is integrated to obtain the final solution.

Example 9.10.1 Liquid Flow through an Orifice into the Atmosphere. When lig-
uid flows through an orifice of thickness 24 into a gas atmosphere (in the absence of
gravity), it is observed that far downstream of the orifice the liquid jet approaches an
asymptotic thickness 2b, where b < d. In this example, the free-streamline theory is
used to solve for the contraction ratio b/d.

A sketch showing the liquid jet profile and a set of six points {A’, B’, C’, A, B, C}
in the physical (z) plane is given in Figure 9.27a. The points B and B’ are placed at
the corners (x, y) = (&d, 0) of the orifice. The points A and A’ are taken to oo
in the x-direction along the wall separating the liquid and the gas, and the points
C and C’ are taken to —oo on the jet surface far downstream of the orifice. The
boundaries of the liquid jet correspond to the streamlines . By the relationship
(6.2.8) between change in value of the stream function and volumetric flow rate in
two-dimensional flows, the stream function value £ at the liquid jet boundary is
related to the asymptotic fluid speed U far downstream of the orifice by

Yo = —Ub. (9.10.3)

The flow in the physical z-plane is now transformed into the hodograph €2-plane

using the transformation
w
=—In{—}. .10.4
“(U) G104
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Figure 9.27 Transformation planes used in solving the problem of two-dimensional flow
through an orifice: (a) physical z-plane; (b) 2-plane; (c) F -plane; (d) ¢-plane.

The fact that the fluid speed ¢ is constant along the free streamlines implies that
q = U [orIn(g/U) = 0] along the curves BC and B’C’. These curves thus map into
vertical line segments in the Q-plane with zero real part. Similarly, along the wall
separating the liquid and the gas the orientation of the velocity vector is constant, so
that the lines AB and A’ B’ map into horizontal line segments in the hodograph plane
with A = Oand A = 7, respectively. The liquid flow maps into a semi-infinite strip in
the hodograph plane, as shown in Figure 9.27b. Since the liquid flow is bounded by
curves with constant stream function, the flow field can be mapped in the plane of the
complex potential F into an infinite strip bounded by the horizontal lines ¥ =
and ¥ = —yyg (Figure 9.27¢).

The flow field in both the Q- and F-planes are mapped into the upper half plane
of some other complex variable ¢ using the Schwarz-Christoffel equation (9.9.5).
The points B and B’ in the Q-plane are mapped onto the points ¢ = 1 and ¢ =-1,
respectively. Since the interior angle of the semi-infinite strip at both B and B’ is
/2,(9.9.5) gives

% =K@ -D"¢+ D)=k - 1)1, (9.10.5)

where K is an undetermined constant. Integrating over ¢ yields
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Q=Kcosh™ ' (¢)+ L. (9.10.6)

where L is a constant of integration. The choice that the points B and B’ map onto
¢ = =1 requires that K = 1 and L = 0. Solving for ¢ from (9.10.6) gives

= cosh(£2). (9.10.7)

In the F-plane, the interior angles of points A and A’ on the left-hand side of the
strip and of points C and C” on the right-hand side of the strip are 7 /2.1f C and C’
are mapped onto ¢ = 0, the Schwarz-Christoffel equation (9.9.5) becomes

dF
— =K'¢c" (9.10.8)
d¢
Integrating (9.10.8) yields
F=K'I@g)+ L. (9.10.9)

The condition that points B and B’ map onto ¢ = =1 requires that the constants K’
and L’ are set as K’ = —2yrp/m and L’ = iy. Solving for ¢ from (9.10.9) gives

n(F .
[ —exp [_5 (%_,)], (9.10.10)

Eliminating ¢ between (9.10.7) and (9.10.10) and using (9.10.4) for Q give an im-
plicit expression for the complex potential F'(z) as

-1
F(z)=i1/fo—g%ln (cosh {ln |:U (2—5) ]}) (9.10.11)

The contraction ratio b/d can be obtained by integration of dz along one of the free
streamlines bordering the liquid jet. Using chain rule, dz can be expanded as

dz dF
dz = ——d¢. 9.10.12
=R de ¢ ( )
The transformation (9.10.8) gives
dF 2
aF _ o (9.10.13)
dt g
Also from the fact that g = U on the free streamlines (so that W/U = e = e,
we can write
dz 1 1
< e (9.10.14)

— =—==—e".
dF W U
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From the transformation (9.10.7), (9.10.14) becomes

dz _ 1 1o L 2_ 12
aF = g oleosh™ Ol = 2 ¢ + (2= '), (9.10.15)

Substituting (9.10.13) and (9.10.15) into (9.10.12) gives

dz=-2Y0 1 4 (@2~ 1) 2. (9.10.16)
iU

Integration of (9.10.16) over the free streamline between points C and B gives

1 2 _ 12
IB—2c = —i—%)/o l:l + @Tl)} de. (9.10.17)

Taking the real part of (9.10.17), where (2 — 1)1/2 s purely imaginary in the range
¢ =1(0,1) and ¢ = cosh(iL) = cos(}) is real on the free streamline, we obtain

2
Xp —x¢ = —n—‘@. (9.10.18)

Setting xp = d and xc = b and substituting the expression (9.10.3) for Yo yield a
solution for the contraction ratio as

b_7t

= 0.611. (9.10.19)

d m+2

This value is in good agreement with experimental data for sufficiently deep liquid
layers.
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PROBLEMS

1. Derive the Cauchy-Riemann equations (9.1.2) by using the property that the
derivative of a complex function f = g(x, y) + ih(x, y) is independent of di-
rection in the complex plane, so that 3f/dx = af/d(iy).

2. Show that any analytic function f = g(x,y) + ih(x, y) can be written as a
function of the complex position z alone, independent of the complex conjugate
7. Take the derivative of f with respect to Z and show that this derivative vanishes
when f is analytic.

3. Prove that if the no-penetration condition is satisfied on the surface of a body
in the complex ¢ -plane, then it is also satisfied in the complex z-plane provided
that £ = f(z) is a conformal transformation.

4. The velocity field about the nose region of an elongated body can be approxi-
mated by superposing uniform flow and a source.

(a) Find the velocity field for this flow. Determine the distance of the stagnation
point upstream of the source and the body thickness as functions of the
uniform-flow speed U and source strength m.

(b) Does the velocity field approach the stagnation point flow of the form
(9.7.2), with n = 2, close to the stagnation point?

5. Consider the flow induced by a vortex of strength —T" located at a distance a
from a plane wall in the presence of a uniform flow U, as shown in Figure 9.28.
Determine the location of the stagnation points on the wall as a function of
aU/T. What is the maximum value of aU/T for which a stagnation point oc-
curs on the wall?

Figure 9.28 Uniform flow along an infinite wall with a vortex of strength —I".

6. A pair of counterrotating vortices of strength &I" propagates toward a circular
cylinder, as shown in Figure 9.29. The cylinder has radius a and the initial vortex

Figure 9.29 A vortex pair propagating toward a circle of radius a.
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separation distance is b (far upstream from the cylinder). Compute and plot the
path of the vortices as the pair approaches and passes by the cylinder.

Consider the problem of uniform flow with speed U past a doublet of strength
located at a distance a from a flat plate, as shown in Figure 9.30. Plot the shape
of the zero-streamline surface that encloses the doublet for different values of
u/Ua.

Figure 9.30 Uniform flow past a doublet located at a distance a from a flat wall.

. Use the Joukowski transformation to obtain a solution for the complex potential

for the problem of uniform, irrotational flow past a vertical flat plate of length a
which is oriented as shown in Figure 9.31. Sketch the streamlines in the irrota-
tional flow solution.

U—_) a

Figure 9.31 Uniform flow past a vertical flat plate of length a.

. An air bubble rising in a liquid adapts a flattened shape due to pressure differ-

ences on the bubble surface. Consider a two-dimensional model of this process
in which the bubble is restricted to maintain an elliptical shape and the gas pres-
sure inside the bubble is assumed to be uniform. The terminal rise velocity of
the bubble in the liquid bath is U and the uniform gas-liquid surface tension is
y- Sketch the shape of the bubble relative to the rise direction (draw the rise
direction with an arrow) and estimate the aspect ratio of the bubble in an equi-
librium state. Provide a complete explanation of your reasoning in obtaining this
estimate.

Consider the transformation ¢ = a?/z, where 7 = x +iy,{ =&+in,andaisa
positive, real constant. Is this transformation conformal? Where are the critical
points? Determine what shape a circle of radius a in the z-plane maps to in the
¢-plane. Where are the points interior and exterior to this circle mapped?
Consider the two-dimensional problem of a vortex of strength I' located at a
point z = a/2 inside a circular cylinder of radius a (Figure 9.32). The vortex is
known to rotate in a circular path about the center of the circular cylinder. Use
the transformation given in Problem 10 to solve for the period of rotation of the
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Figure 9.32  Vortex located inside a circular cylinder.

vortex. Your solution should have no singularities interior to the circle |z| = a
except at the vortex location. Also note that any vortex at the circle center has
no effect on satisfaction of the no-penetration condition on the surface |z| = a
of the circular cylinder.

12. Solve the problem of a source of strength m located midway in a channel of
thickness 4 (Figure 9.33) using the Schwarz-Christoffel transformation.

Figure 9.33  Source of strength m located midway in a channel of width A.

13. Solve for uniform flow past a vertical flat plate of length a (Figure 9.31) using
the Schwarz-Christoffel transformation with the vertices of the polygon located
as shown in Figure 9.34.

21

/2 /2

AC
Figure 9.34 Location of vertices A, B, and C used for mapping flow past a flat plate into
uniform flow along the real axis using the Schwarz-Christoffel transformation.



CHAPTER 10

FORCES ON BODIES IN
TWO-DIMENSIONAL FLOWS

The assumption of two-dimensional flow not only simplifies solution of the velocity
field, but in many cases it can be used to derive simple methods for determination
of forces acting on an immersed body. In this chapter, we consider several methods
for determining the force acting on a body in an irrotational flow. One of these force
theorems makes use of the analogy between potential flows and analytic functions
of a complex variable to express the force and moment on a body as integrals in
the complex plane. For this reason, we start the chapter with a brief summary of
theorems dealing with integration in the complex plane.

10.1 INTEGRATION IN THE COMPLEX PLANE

Integrals of functions in the complex plane are often much easier to evaluate than
integrals of real-valued functions. This observation is based on two theorems, stated
below, in which integration is performed over a closed circuit C in the complex plane
and the integrand f(z) is a function that is analytic everywhere but at a finite number
of points,

Theorem 10.1.1 (Cauchy-Goursat Theorem). If f(z) is analytic at all points in-
side and on a closed contour C, then

/f(z)dz=0. (10.1.1)
C

166
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Theorem 10.1.2 (Residue Theorem). If f(z) is analytic within and on a closed
curve C, except at a finite number of singular points zj, ..., Zn, then

N
ff(z)dz=2m’§ Ry, (10.1.2)
C

where R, is the residue of f(z) at z,,.

The residue R, is most commonly calculated using the formula

1 dmAI
R, = lim ——————~
=z (m — D'dzm—1

[z—z)" f @] (10.1.3)

which applies in cases where the singularity in the integrand f(z) has the form of
the mth order pole g(z)/(z — z,)™, where the function g(z) is analytic at z = z,. In
the special case of a simple pole (m = 1), (10.1.3) reduces to

R, = lim (2 = 2a) £ (2)- (10.1.4)

In general, f(z) can be expanded in an annular region ro < r <ri bounded by the
curves Cg and Cy around a singularity at zo (Figure 10.1) in a Laurent series

by by

5 + t+ap+a(z—z0)+az—z0)+-,  (10.1.5)
(z—20)* z—20

fl@y=--+

where the coefficients are given by
1
an:-—,/ —i(é)—Tds, n=0,1,2,...,
27i Jo, (6 —z0)""

1 f &

"7 o ¢, (E—zo)™m+

Figure 10.1 Annular region surrounding a singular point zg within which the Laurent series
converges.
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and where C denotes any closed curve lying in the annulus between Cp and C.
When all of the coefficients b, vanish, the Laurent series reduces to the usual Taylor
series. The residue of f(z) at z, is equal to the b; coefficient of the Laurent series
expansion of f(z) around z,.

10.2 BLASIUS FORCE AND MOMENT LAWS

For the case of steady, irrotational flow about an immersed body, the force and
moment on the body can be expressed in terms of integrals in the complex plane,
which can be conveniently evaluated using the residue theorem. We consider a two-
dimensional, fixed body with bounding contour Cg and outward unit normal ng,
about which is drawn a closed contour C with outward normal n, such that the com-
plex velocity is everywhere analytic in the region A lying between Cg and C (Figure
10.2). Application of the momentum equations for a steady, inviscid fluid to the re-
gion A yields

/pu(ll-n)df = —] pnd€+/ pngdf, (10.2.1a)
Cc c Cp

/ pxxuwu-n)dl = —/ p(x xn)de +/ pX xnp)dé. (10.2.1b)
c c c

B

The force F and the moment M acting on the body per unit length normal to the
plane of motion are given for an inviscid fluid by

F = —/ pnpdl, M:—f pPX X ngdk. (10.2.2)
CB CB

Solving for F and M from (10.2.1) yields expressions for the force and moment as
integrals over the contour C as

Figure 10.2 Uniform flow past an immersed body with bounding contour Cg and another
contour C surrounding the body.
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F=- / [pn+ pu(u-n)lde, (10.2.32)
C

M=-— / [p(x xn) + p(x x W (u-n)]dl. (10.2.3b)
c

Substituting the Bernoulli equation (8.2.3) for irrotational, steady flow with no body
force into (10.2.3) gives

F= p/ [%(u -u)n —u(u - n)] de, (10.2.4a)
C

M= ,0‘/(.j [%(u cu)(x xn) — (x xw(u- n)] de. (10.2.4b)

In writing (10.2.4), the two-dimensional form of the integral identities (2.7.1) and
(2.7.5) is used to write

/Bndf:fVBda:O, /Bxxndﬁ:B/Vxxda:O, (10.2.5)
c A c A

where B is the Bernoulli constant. The drag and lift are equated with the x- and
y-components of the force, so that F = De, + Le,. The components of the displace-
ment vector dx are written for counterclockwise integration about C in terms of its
length d¢ = |dx| and the components n{ and 1, of the unit normal vector as

dx = —nydl, dy =nydet. (10.2.6)

The integral (10.2.4) yields expressions for the drag and lift as
1 2 2
D=p E(v —uny —uvny | de, (10.2.7a)
C
! 2 2
L=p E(u —v)np —uvny | dE. (10.2.7b)
C

In terms of the square of the complex velocity, w2 = (u2 — v2) = 2uvi, (10.2.7) be-
comes

D—il = —%f W2(ny + inp) de. (10.2.8)
C

The result (10.2.6) can be used to write (n| + in2)dl = —idz. Substituting this
result into (10.2.8) yields the Blasius force law

D—ilL= ﬁ/ w2dz. (10.2.9)
2 Je
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Both the drag and lift can thus be obtained by evaluating the residues of W2 within
a closed contour C surrounding the body.

Similarly, writing the expression for the moment in (10.2.4) in component form
with M = M - ¢, gives

M = p/ [[%( 2 _ vz)y —xuv]nl + l:%( 2 —v2)x —yuv] ngl dl.
C

(10.2.10)
Noting that the real part of ;W? dz is given by
Re {zW?dz} = [2uvx — 4 — v¥)ylny — [x(u? — v?) + 2uvylny,  (10.2.11)

the expression (10.2.10) can be written as
P 2
M =—-=Re {/ W dz}. (10.2.12)
2 c
The result (10.2.12) is known as the Blasius moment law.

Example 10.2.1 Force on Circular Cylinder with Circulation T in Uniform
Stream. As an example of the use of the Blasius force theorem, we consider the
problem of the force acting on a circular cylinder of radius @ immersed in a uniform
stream of speed U. We admit the possibility of nonzero swirl around the cylinder
such that the circulation about any circuit C enclosing the cylinder is I'. This swirl
can be generated by placing a line vortex along the cylinder axis. The complex
potential for the flow field is obtained by adding the expressions in (9.2.19) and
(9.3.16) as

2 .
r
F=U (Z + “—) - inG), (10.2.13)
z 2
and the associated complex velocity is
w=dF _yfi_a)_ir (10.2.14)
T dz z2 27z -

The azimuthal velocity at the body surface is obtained from (10.2.14) by setting
z=ae'? as

r
Ug lr=q = e 2U siné. (10.2.15)

The stagnation points for this flow can be obtained by setting the azimuthal velocity
on the surface equal to zero, giving
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N NN

Figure 10.3 Streamlines for uniform flow past a circular cylinder with a central vortex, for
cases with I' /aU of (@) —3n, (b) —4m, and (c) —57.

(©)

r

Sin Osag = Imal (10.2.16)
Streamlines for this flow are plotted in Figure 10.3 for three different values of I'/aU.
With I' = 0, the stagnation points are located at the leading and trailing edges of the
body. Negative circulation causes the streamlines to move downward, as shown in
Figure 10.3a. When |I"/aU| > 47, the stagnation points move off the body surface,
as shown in Figure 10.3c.

Substituting (10.2.14) into the Blasius force law (10.2.9) gives

. ] 2 2a a4 iry 1 a? r2 d
=7 1—4 nz 72 a2 | ¢

(10.2.17)
The integrand of (10.2.17) can be rearranged as
Ula*  ia’TU I\ 1 iru
)= 20%a? 10.2.18

which has the form of a Laurent series. The residue of the integral in (10.2.17)
is equal to the b coefficient of the Laurent series in (10.2.18), or R(z = 0) =
—iI’U /7. The same result can be obtained using formula (10.1.3) with m = 4. From
the residue theorem, we can write (10.2.17) as

D —iL = pUTi. (10.2.19)

The result (10.2.19) indicates that in the absence of either the uniform stream or
swirl there is no force acting on the body. This observation might also have been
deduced from the symmetry of the flow field. In the combined presence of swirl and
the uniform stream, the front-back symmetry of the velocity field is maintained, so
the only force on the body is a lift force given by L = —pUT . This result is a special
case of the Kutta-Joukowski theorem, which is derived for bodies of arbitrary shape
in Section 10.4.
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Figure 10.4 A source of strength m located at a distance b outside of a circular cylinder of
radius a.

10.3 LAGALLY’S THEOREM

We now apply the Blasius integral law to compute the force on a circular cylinder of
radius a due to a source located at a distance b from the cylinder surface, as shown in
Figure 10.4. This problem is solved in Example 9.5.2 using the circle theorem, and
the complex potential is given in (9.5.8) as

m

F) = 2

2
m a m
1 b —1 - —1 . 10.3.1
n[z + (a + )]+2nn|:z+a+b] 7 n(z) ( )

The complex velocity is

~ n e - (10.3.2)
2rlz+(@+b)]  2r[z+a%/(a+b)] 277 "

W) =

so the Blasius integral law (10.2.5) becomes

D_ilL pm?i / 1 N 1 N 1
—iL =
2 Je\4mz+@+DP  4x2 [z +a%/(a+ b)z]2 4222

1 1
* 202z + (a +b)l[z+a/(a+b)?2]  272z[z +a/(a + b)?]

1
2%z + (@ + b)])dz (10.3.3)
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for any closed circuit C surrounding the circle |z| = a but not enclosing the source
at z = —(a + b). The integrand of (10.3.3) is singular within the region enclosed
by the circuit C at points z; = 0 and zo = —az/(a + b). The first three terms in
the integrand of (10.3.3) are each already in the form of a Laurent series, in which
the b; term vanishes, so these terms do not contribute to the residues at the singular
points. The second set of three terms in the integrand in (10.3.3) are of the form of
first-order poles. Application of (10.1.4) at the two singular points gives

a+b 1 a+b a+b
=_ — , R, = + . (1034
= 70022 T 2n2(a+ b) 2T 2Qab + b2 | 2n2d? ¢ )
Using the residue theorem, the result (10.3.3) becomes
2 2.2
I b
p—iL="" __atbh N pma . (103.5)
27 \a+b 2ab+b? 27b(a + b)(2a + b)

which indicates that there is a suction force on the cylinder attracting it toward the
source.

The result (10.3.5) can be written in a different form by noting that the velocity u;
induced at the location of the source by the image source and sink within the cylinder
is obtained from (10.3.2) as

m 1 a+b
-2 - . 10.3.6
I o (a+b 2ab+b2) (10.3.6)

Comparing (10.3.5) and (10.3.6), we can write the force on the cylinder as
D = pmuy. (10.3.7)

This result is a special case of the following theorem.

Theorem 10.3.1 (Lagally’s Theorem). The force F per unit axial length exerted
on a cylinder of arbitrary cross-sectional shape due to a source of strength m located
outside the cylinder is related to the velocity u; induced by the cylinder image set at
the location of the source by

F = pmuy;. (10.3.8)

A general proof of Lagally’s theorem, which applies to both two- and three-
dimensional flows, is given in Section 12.8.

10.4 D’ALEMBERT’S PARADOX AND THE
KUTTA-JOUKOWSKI LIFT LAW

Consider a steady uniform flow with speed U past a fixed cylinder of arbitrary cross-
sectional shape with a circulation " about any closed circuit enclosing the cylinder.
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Let Cp denote the contour of the body cross section and C denote another closed
contour enclosing the cylinder, with unit normal vectors ng and n, respectively, as
shown in Figure 10.2. Application of the steady-state control-volume momentum
equation to the region bounded by circuits Cg and C gives the expression (10.2.1).
Substitution of the Bernoulli equation for pressure yields the integral (10.2.4) for
force. The velocity field is decomposed as the sum of the mean flow and a perturba-
tion field as

u=U+u" (10.4.1)

Substituting (10.4.1) into (10.2.4) gives

F=p/ {[U'u'+ %u’-u/]n— [u’(U-n)+u’(u'-n)]}d€. (10.4.2)
fo

Derivation of (10.4.2) uses the identities given in (10.2.5) and the fact that fc u -
nd¢ = 0, which follows from the continuity restriction V - v’ = 0. Alternatively,
using the definition (2.6.9) of the vector triple product, (10.4.2) can be rewritten as

F= —p/ [U x (0 xn) — %(u’ u)n+u'@W - n)] de. (10.4.3)
C

The velocity perturbation u’ induced by the body can be represented as the veloc-
ity field induced by some dilatation rate and vorticity distribution within or on the
surface of the body. The integral of the rate of dilatation over the entire flow field
vanishes since the body is fixed and the no-penetration condition is satisfied on the
body surface. The integral of vorticity over the flow field is equal to the circulation I
From the results (6.6.9) and (6.6.11), the perturbation velocity u’ asymptotically ap-
proaches the flow induced by a point vortex of strength I" as » — o0, or

u ~ Leg. (10.4.4)
2mr
Letting the contour C approach infinity, the integral over the second and third terms
on the right-hand side of (10.4.3) goes to zero. The integral over the first term in
(10.4.3) is most easily evaluated using the special case that the contour C is circular
such that substitution of the asymptotic expression (10.4.4) into (10.4.3) gives

Ip

F=-_L
2 C

Ux (eg x€)dd = —pI'U x e, (10.4.5)
where e; is the unit vector normal to the plane of motion.

For the case that the circulation about the body vanishes, the result (10.4.5) pro-
vides a proof of the D’Alembert theorem, stated below.

Theorem 10.4.1 (D’Alembert Theorem). In a steady, uniform flow of an invis-
cid incompressible fluid past an immersed stationary body, about which there is no
circulation, the net force exerted on the body by the fluid is zero.
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In the more general case of nonzero circulation about the body, the result (10.4.5)
yields the Kutta-Joukowski theorem stated below. Both the D’ Alembert and Kutta-
Joukowski theorems apply to bodies of arbitrary cross-sectional shape.

Theorem 10.4.2 (Kutta-Joukowski Theorem). In a steady, uniform flow with
speed U of an inviscid incompressible fluid past a stationary body, with circulation
I" about the body, the lift force exerted on the body is given by L = —pl'U.

10.5 APPLICATION TO TWO-DIMENSIONAL AIRFOILS

In this section, we examine the problem of uniform flow with speed U and angle
of attack « past a symmetric airfoil with a sharp trailing edge (Figure 10.5). This
problem models the nearly two-dimensional flow that occurs near the midsection
of an airplane wing. Our principal interest is to determine an expression for the lift
force exerted by the flow on the airfoil. The Kutta-Joukowski theorem indicates that
the lift force is related to the circulation about a circuit surrounding the airfoil, which
is shown in Example 10.2.1 to also be related to the location of the stagnation points
on the body surface.

Two different possibilities for the streamlines in the uniform flow past an airfoil
are shown in Figure 10.6, in each of which there are two stagnation points on the
body surface. In Figure 10.6a, the rear stagnation point is located on the upper sur-

Figure 10.5 Uniform flow with angle of attack « past a symmetric Joukowski airfoil.

(a) (b)

Figure 10.6 Streamlines for two cases in the uniform flow past an airfoil: (a) rear stagnation
point on the upper airfoil surface; (b) rear stagnation point at the trailing edge.
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face of the airfoil and the velocity magnitude is nonzero at the sharp trailing edge.
The no-penetration boundary condition requires that the surface velocity be every-
where tangent to the body surface. If the airfoil trailing edge is assumed to have
infinite curvature, then fluid particles traveling along the body surface must turn in-
finitely fast as they advect around the sharp trailing edge, implying a singularity in
the fluid velocity at this point. This type of sharp-edge singularity is demonstrated in
Example 9.7.2, for which the velocity magnitude approaches infinity in proportion
to 1/r!/2 as the distance r to the sharp edge approaches zero. In the case shown in
Figure 10.6b, the rear stagnation point is coincident with the airfoil trailing edge,
so there is no singularity in the velocity field. In flow experiments with sufficiently
small angle of attack (less than about 8°~12°, depending on the airfoil shape), the
boundary layer is observed to remain attached to the body surface until the vorticity
separates at the trailing edge. The streamlines shown in Figure 10.6b are therefore
more consistent with flow around actual airfoils, both because the nonphysical ve-
locity singularity at the trailing edge is avoided and because the streamline pattern in
this figure mimics the effects of boundary layer separation at the trailing edge. These
observations are summarized in the Kutta condition, which may be stated as follows:
an irrotational flow past a body with a sharp trailing edge at small angle of attack
adjusts itself so that the rear stagnation point coincides with the trailing edge. The
Kutta condition can be used to determine the circulation about the body, from which
the lift force on the body can be obtained from the Kutta-Joukowski theorem.

Example 10.5.1 Flat-Plate Airfoil. We consider a flat-plate airfoil of length £ im-
mersed in a uniform flow of speed U at angle of attack « to the plane of the plate, as
shown in Figure 10.7a. This flat-plate airfoil can be mapped into a circle using the

2¢c  x

I
:&,
!

5]

|
[\
)
Y

(@

(®)

Figure 10.7 Uniform flow past a flat-plate airfoil: (@) physical z-plane; (b) transformed ¢ -
plane.
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Joukowski transformation z = ¢ + ¢2/¢, where ¢ = £/4. The resulting flow in the
¢-plane, shown in Figure 10.7b, consists of uniform flow at angle of attack « past a
circular cylinder of radius @ = c. The complex potential for the flow in the ¢ -plane is
obtained using the circle theorem and the complex potential (9.2.4) for uniform flow
as

2 .
F@)y=U ((e_m + a—ei") - iE In(Z). (10.5.1)
e 27

The strength of the vortex at the cylinder center is adjusted such that the rear stagna-
tion point is located at { = ¢, which is mapped into the trailing edge of the airfoil by
the Joukowski transformation. The complex velocity for this flow in the ¢-plane is

1 —ia a2 io i
W@)=U <e -7 ) aErrs (10.5.2)

Setting W (c) = 0 yields an expression for the circulation about the airfoil as
[ = —4ncUsina. (10.5.3)

Substitution of (10.5.3) into the Kutta-Joukowski theorem yields the lift coefficient
CL = L/%,OZU2 for the airfoil as

Cp =2msina. (10.5.4)

In accordance with the Kutta-Joukowski theorem, the lift force on the airfoil is ori-
ented normal to the direction of the free-stream velocity.

Example 10.5.2 Symmetric Joukowski Airfoil. The symmetric Joukowski airfoil,
shown in Figure 10.8a, has a blunt leading edge and a sharp trailing edge. This ge-
ometry is typical of the wing section used for most commercial aircraft and heli-
copter rotors. The maximum thickness of the airfoil is denoted by 7 and the chord
length is denoted by £. The Joukowski transformation z = § + ¢? /¢ maps this airfoil

into a circle in the ¢-plane centered at { = —m and of radius a = ¢ + m, shown
in Figure 10.8b. The part of the circle passing through the critical point { = c is
mapped into the sharp trailing edge. The other critical point { = —c is contained

within the circle, giving the airfoil a blunt leading edge. The displacement m of
the circle center along the negative real axis is related to the airfoil thickness by
m/c = (4/3+/3)(t/£), and the transformation constant ¢ is related to the chord length
by c/€ =1/4+ O(t/0)?, where t/¢ is assumed to be small. The complex potential
for uniform flow at angle of attack « past the circle in the -plane is

P —ia a’ i ir
F(C)=U|:(C+m)e +(¢+m>e ]—Eln(g—{—m), (10.5.5)
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&)

Figure 10.8 Uniform flow past a symmetric Joukowski airfoil: (a) physical z-plane;
(b) transformed ¢ -plane.

and the complex velocity in the ¢-plane is

W) =U|e i@ - @ _w|___iT (10.5.6)
0= € +m)? (¢ +m) .

The Kutta condition requires that W(c) = 0, from which (10.5.6) yields a solution
for the circulation about the airfoil as

I' = —4nalUsina. (10.5.7)

Using the Kutta-Joukowski theorem and the substitution

=)+ () ()]

valid through O(t/£), gives an expression for the lift coefficient as

4 ¢
Cr =271+ ——- }sinc. (10.5.8)
t ( 33 E)

This result reduces to that for the flat-plate airfoil as 1 — 0. Although finite thickness
increases the airfoil lift, in practice it is necessary to keep #/¢ small in order to avoid
boundary layer separation from the low-pressure (suction) side of the airfoil.
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(a)
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(b)

Figure 10.9 Uniform flow past a cambered airfoil: (@) physical z-plane; (b) transformed
¢-plane.

c &

Example 10.5.3 Cambered-Plate Airfoil. A cambered-plate airfoil, shown in Fig-
ure 10.9a, consists of a plate formed in the shape of a circular arc, with sharp leading
and trailing edges. This geometry is typical of many fan and propeller blades. The
maximum displacement of the airfoil is denoted by / and the chord length is denoted
by €. The Joukowski transformation z = ¢ + c2/¢ maps this airfoil into a circle
in the ¢-plane centered at ¢ = im and with radius a = [¢2 + m?]'/2, as shown in
Figure 10.9b. The parts of the circle passing through the critical points at { = ¢ and
¢ = —c are mapped onto the sharp trailing and leading edges of the airfoil, respec-
tively. The displacement m of the circle is related to the airfoil camber length /2 by
h = 2m, and the Joukowski transformation constant ¢ is related to the chord length
by ¢ = £/4. The complex potential for uniform flow at angle of attack o past the
circle in the ¢-plane is

~ l: e ( g ) i ] - .
Fy=U\} (@ —im)e ™ + - 'Y — —In(¢ —im), (10.5.9)
{—im 2

and the complex velocity in the ¢-plane is

W) =U|e ™ L i (10.5.10)
©) = ¢ - (¢ — im)ze T 2n(C —im)’ o

The Kutta condition requires that W (c) = 0, from which (10.5.10) yields a solution
for the circulation about the airfoil as
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. m
I'=—4ncU (sma + — cosoz) (10.5.11)
C

For m/c « 1, the Taylor series expansions for sin(m/c) and cos(m /c) give

sm{a+ — )} =cos|— }sina +sin{— )cosa
c c c

. m m\2
=sina + (—) cosa + O (—) ,
c c

s0 (10.5.11) can be approximated with error O (m/c)? as
= —4rcUsin (o + ™). (105.12)
c

Using the Kutta-Joukowski theorem and the substitutions ¢ = £/4 and m = h/2
gives an expression for the lift coefficient as

2h
Cr = 2m sin (a+7). (10.5.13)

This result reduces to that for the flat-plate airfoil as # — 0. While nonzero camber
increases the airfoil lift, the ratio 4/¢ must be kept small in order to avoid boundary
layer separation from the airfoil.
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PROBLEMS

1. Compute the surface pressure on a circular cylinder in a uniform flow U about
which there is a circulation I'. Compute the lift force by integrating — p sin 6 over
the surface of the cylinder and compare your result to the lift given by the Kutta-
Joukowski theorem.

2. The near wake behind a circular cylinder in a uniform flow at Reynolds num-
ber approximately in the range 10 < Re < 40 exhibits a stationary vortex pair
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Figure 10.10  Stationary Foppl vortices in the wake of a circular cylinder placed in a uniform
stream.

(known as Foppl vortices), as shown in Figure 10.10. The cylinder radius is a, the
uniform flow speed is U, and the vortex location is (¢, +d).

(a) Derive the values of the vortex positions for which the flow field is in equi-
librium.

(b) Use the Blasius force theorem to derive an expression for the drag force in-
duced on the cylinder by these vortices in an inviscid flow.

3. Uniform flow past a general, two-dimensional body can be approximated, to ar-
bitrary accuracy, by replacing the body with a set of N vortices of strength T,
located at zz, k = 1,.... N, and M point sources of strength my located at Z,
k =1,..., M, where all vortices and sources are positioned either within or on
the surface of the body. For a fixed body about which there is a circulation T,
Z,l(wzl my = 0 and Z,iv:l I'y = I'. Use the Blasius force law for this system to
develop an alternative derivation of the Kutta-Joukowski theorem.

4. Consider the problem of a rotating cylinder with radius ¢ and angular velocity
€ such that the velocity field outside of the cylinder has the same form as that
induced by a vortex with azimuthal velocity v = a2 at location r = a. Introduce a
vortex of strength I" located at a position z = 2a outside of the cylinder, as shown
in Figure 10.11. For what value of €2 is the vortex held in a constant position?
Use the Blasius theorem to determine the force on the cylinder in this equilibrium
state.

Q
PN
I
o)

a

Figure 10.11 Vortex of strength I placed outside of a cylinder of diameter « that is spinning
with rotation rate 2.

5. Determine the shape of a Joukowski airfoil using the Joukowski transformation
of the circle indicated in Example 10.5.2.
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6. Consider the problem of uniform flow U oriented at an angle of 10° to a flat-plate
airfoil. Determine the location on the airfoil of all stagnation points both (a) with
enforcement of the Kutta condition at the trailing edge and (b) with the condition
of no circulation around the plate. Determine the net force and moment acting on
the airfoil in the former case.

7. A point vortex is located at a distance b upstream of the leading edge of a flat-
plate airfoil, as shown in Figure 10.12. The vortex circulation is [, and a uniform
flow is present with speed U in the x-direction. The chord length of the foil is £
and the foil is at zero angle of attack to the free stream.

y
o
—_— >
—2c 2c  x
<«
b

Figure 10.12  Point vortex located at a distance b upstream of the leading edge of a flat-plate
airfoil.

(a) Use the Joukowski transformation z = ¢ + ¢2/¢ to map the airfoil into a
circle in the complex ¢-plane. Derive the relationship between the constant
¢ in the Joukowski transformation and the airfoil chord length £. Determine
where the vortex maps to under this transformation in terms of the constants
band ¢.

(b) For the case where b = £/2, determine the necessary circulation about the
airfoil such that the Kutta condition is satisfied at the trailing edge.



CHAPTER 11

TWO-DIMENSIONAL FLOWS
WITH VORTICITY

Inviscid flows with nonzero vorticity are commonly used as models for a wide range
of high Reynolds number fluid flow problems. Two-dimensional models of invis-
cid vorticity transport are important for the study of applications such as the vortex
street wake downstream of a cylinder, Kelvin-Helmholtz roller vortices that form
in unstable shear layers, dynamic stall of pitching airfoils, and mesoscale oceanic
vortices. The restriction to two dimensions decreases the number of independent
variables, with associated decrease in number of computational points for numerical
solutions. This restriction also enables the use of certain solution methods that can-
not be used in the more general case of three-dimensional flows. The current chapter
reviews the major solution methods and derives a few exact solutions for rotational
two-dimensional flows.

11.1 SYSTEMS OF POINT VORTICES

Systems of point vortices are used as a crude model for the bulk motion of coher-

ent vortices in two-dimensional turbulence, and they are the basis for more general

numerical methods in which point vortex clouds are used to discretize a continuous

vorticity distribution. The complex potential for a single vortex is given in (9.2.19).

Taking the derivative with respect to the complex variable z yields the complex ve-
locity for a single point vortex centered at zg as
ir

We—-rro (11.1.1)

27(z — 20)

183
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A point vortex induces no velocity on itself. In a system of many point vortices, each
vortex will be advected by the induced velocity from all of the other vortices. The
equation of motion for a vortex under the influence of N — 1 surrounding vortices is

dzi N
ek _Z——, (11.1.2)
dt  2m(zk — zj)

Tk

where an overbar denotes the complex conjugate.

Vorticity invariants for two-dimensional inviscid flows in a domain with no solid
boundaries are derived in Section 7.5. The invariants include the total vorticity, the
interaction energy (which is the nonsingular part of the kinetic energy), and the linear
and angular impulse. For systems of point vortices, the vorticity field is given by a
set of delta functions as

N
wx 1) =Y T;5(x—x;). (11.1.3)
j=1

The corresponding stream function is obtained by substituting (11.1.3) into the
Green’s function solution (6.5.8), giving

N

1/f(x,t)=—2%1n]x—xj|. (11.1.4)

j=1

The integral of vorticity over the flow domain is equal to the sum of the vortex
strengths, or

N
Moo= ;. (11.1.5)
j=1

Invariance of ', can be satisfied identically by holding the strength of all point
vortices constant.
The linear impulse, P = Pye, + ey, is given by (7.5.3) as

P = / ywda, Py = —/ xwda.
A A

Substituting the vorticity distribution (11.1.3) and performing the integration over
the delta functions give the linear impulse for a system of point vortices as

N N
Pi=) Ty,  P=-)Y T (11.1.6)
j=t j=l1
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The angular impulse given by (7.4.1), can similarly be reduced with use of the vor-
ticity distribution (11.1.3) as

1 N
Lz_EE:(x}erj:)rj. (11.1.7)
j=

The kinetic energy in a two-dimensional flow is given by (7.5.7). It is shown in
Chapter 7 that the kinetic energy is infinite in any two-dimensional flow for which
s # 0. For a system of point vortices, the infinite value of kinetic energy in an
unbounded system occurs both due to the flow far away from the vortices and due
to the velocity singularity at the vortex centers. To examine the divergence of kinetic
energy, we temporarily replace the unbounded domain A by a domain A’ that is
bounded by a large circle of radius R enclosing all point vortices and small circles
of radius & about each point vortex center. Substituting (11.1.3) and (11.1.4) for
vorticity and stream function into (7.5.7) and letting R — oo and ¢ — 0 gives an
asymptotic form for kinetic energy of a system of point vortices as

1 N N 1 5 1 N 5
T~_Ezzrﬂ‘klnlxk—x',vl—f-E(InR)Foo—E ,;rj Ine. (11.1.8)

The asymptotic form above is derived using the expression (7.5.8) for kinetic energy
in a bounded domain and using leading-order approximations for v and u in parts
of the flow boundary far from the point vortices (as R — 00) and close to the point
vortex centers (as ¢ — 0). The last two terms in (11.1.8) are invariant since the
vortex strengths are constant. The interaction energy H is set equal to the first term
on the right-hand side of (11.1.8), or

N N
1
H:—EZZFijlnmk—ij (11.1.9)
k=1 j=I
J#Ek
which must be invariant due to the invariance of T
It is sometimes advantageous to express these invariants using the complex vari-

able z = x + iy. Equivalent expressions for the invariants (11.1.6), (11.1.7), and
(11.1.9) in complex variable form are given by

N 1 N

.
i

| N
H=-— E E 'iCelnjzg —z4]. 11.1.10
47Tk=l - jlk }k jl ( )
I

e

Here P is a complex function whose real and imaginary parts are P; and P;, respec-
tively.
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The equation (11.1.2) governing the motion of a system of point vortices can be
shown to have the same form as Hamilton’s equations:

@=g]—, ﬂ:—ﬁ, j=1...,N, (11.1.11)
dt ap j dt aq j

_ 12 _ L2 . . .
where g; =T'."x; and p; = TI";’"y;. The vortex interaction energy H is called the
Hamiltonian of the system (11.1.11), and in analogy to a similar set of equations that
governs the dynamics of systems rigid particles, g; and p; are called the generalized
coordinates and generalized momenta of the system, respectively.

Hamilton’s equations are known to govern the motion of a large number of nondis-
sipative dynamical systems. Hamiltonian systems have been extensively studied and
are known to exhibit a number of unique properties (Ozorio de Almeida, 1988; Whit-
taker, 1937). In some cases, the properties of Hamiltonian systems can be used to
restrict the dynamics of point vortex systems without actually solving for the mo-
tion of each vortex. As one example, Aref and Pomphrey (1980) use a theorem from
dynamics to prove that any system with three or fewer equal-strength vortices is in-
tegrable, so that chaotic motion of the group of vortices can occur only for systems
of at least four vortices. More information on the dynamics of point vortex systems
is given in the review article by Aref (1983).

11.2 CONFORMAL TRANSFORMATION OF
UNIFORM-VORTICITY PATCHES

Many important vortex dynamics problems involve deformation of a patch of vortic-
ity by an external flow, for which case representation of the vortex patch by a single
point vortex would be inappropriate. Such problems are particularly important for
determination of stability of a vortex that is deformed by an external straining or
shearing flow. In large-scale oceanic flows, for which a quasi-two-dimensional as-
sumption is appropriate, straining of coherent vortex patches by the velocity induced
by other vortex patches is a principal mechanism leading to eddy merger. This pro-
cess leads to the inverse energy cascade characteristic of two-dimensional turbulent
flows in which the energy associated with small-scale fluctuations is passed to pro-
gressively larger scales of the turbulence. Problems involving deformation of vortex
patches can often be effectively modeled using the approximation of constant vortic-
ity within the patch. This section and the next will introduce different approaches for
solution of vortex patches with uniform vorticity distribution, which may be used as
a basis for either analytical or numerical solution methods.

One approach for solution of flow induced by a uniform vorticity patch of ar-
bitrary shape is to use the conformal transformation approach described in Chap-
ter 9 to map the distorted patch contour onto the unit circle. We consider a vortex
patch with vorticity @ = wy inside the patch and boundary C in the z-plane. The
curve C is mapped onto the unit circle || = 1 by the conformal transformation
z = f(¢), where the function f(¢) is yet to be determined. We construct a function
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d(z) = K(2) + G(z), which is defined such that ®(z) = z on C, where K(z) and
G (z) are called Schwarz functions and are defined such that K(z) is analytic inside
C and G(z) is analytic outside C. In principle, ®(z) can be related to the conformal
mapping f(z). Consider now a complex velocity field given by

—%inG outside C,

N o (11.2.1)
siwg(K —7) inside C.

W=u—iv=

The function W is analytic outside C (where the flow is irrotational), whereas inside
C the vorticity is wg. Continuity of velocity on the vortex boundary is guaranteed by
the condition ®(z) =zonC,sothat K — 2 = ® — 7 — G = —G on C. Once the
velocity components (U, V) on the boundary C are known, the evolution of a point
z = Z(t) on C is given by
d—§:U+iV, (11.2.2)
dt
which follows from the fact that the boundary of the patch is a material surface.
In general, it is difficult to find functions G and K that satisfy the above condi-
tions. Two examples of the use of this method are given below. Further discussion of
this method is given in the text by Saffman (1992).

Example 11.2.1 Rankine’s Circular Vortex. A rather trivial solution of the method
described above can be obtained for a vortex patch that has the form of a circle of
radius a centered at the origin of the coordinate system. The patch boundary C can
be mapped onto the unit circle by the function { = z/a. Since z = a*>/Z on C, a suit-
able choice for the functions G and K that satisfies the restriction ® = G + K =2
on C is

a2

G=—, K =0. (11.2.3)

Substituting these functions into (11.2.1) gives the complex velocity as

—iwoa®/(2z) outside C,
Wy iy= | (0047/(22) outside (11.2.4)
—iwoz/2 inside C.

Writing this result in terms of the polar velocity components (u,, #g) and using I' =
woma® gives u, = 0 and

r/2xr outside C,
Uy = (11.2.5)

I'r/2ma’  inside C.

The velocity has the same form as a point vortex outside C and is a solid-body
rotation inside C, as illustrated in Figure 11.1.
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Figure 11.1  Azimuthal velocity profile for a Rankine vortex.

Example 11.2.2  Kirchhoff’s Elliptic Vortex. A vortex patch of elliptical form,
with major semiaxis a and minor semiaxis b, was shown by Kirchhoff (see Lamb,
1932, p. 232) to rotate without change of form about its centroid with angular
velocity

abwy

= G1b (11.2.6)

This solution can be obtained (following Saffman, 1992, p. 167) by mapping the
boundary C of the patch onto the unit circle using a transformation of Joukowski
form,

2—4& 1/2
z=a§+§, (= i@ —dap) 7

1127
2 (1127

The point ¢ = 1 is mapped onto the end of the major axis of the elliptical patch by
setting

@=3@+b)e®,  p=1L@-be?, (112.8)

where ¢ (z) is the angle between the major axis of the ellipse and the x coordinate
axis. The area of the elliptical patch is given by

A =mab = n(aa — BP), (11.2.9)

where an overbar denotes the complex conjugate. Taking the complex conjugate of
(11.2.7) gives

x|
I
f=1}
A
+

(11.2.10)

| )
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..ce ¢ = | on the boundary C, which corresponds to the unit circle in the ¢ -plane,
evaluating (11.2.10) on C gives

Zlo == +8L (11.2.11)

e | R

Solving for @ from (11.2.9) and substituting into (11.2.11) give
_ B B ab
= — - — 11.2.12
2le o ot ¢ * al ( )

The term in parentheses in (11.2.12) is equal to z from the transformation (11.2.7),
so that

2=~z +—. (11.2.13)

Since ab/at is analytic outside the vortex patch and Bz/a is everywhere analytic,
the Schwarz functions K (z) and G(z) can be chosen as

K(z)=&, G(z)=%. (11.2.14)
o g

It follows from (11.2.13) that the function ® = K + G satisfies the restriction ¢ =
on C. The velocity inside the vortex patch is obtained using (11.2.1) as

. Lo - wo )
u—zv:T(K—z):——z——(Cy—HDx), (11.2.15)
where
a—>b : a—>b :
C=1+[——)e ™  D=1-(——]e . 11.2.16
+(a+b>e <a+b)e ( )
The velocity outside the vortex patch is given by
p = G looab (11.2.17)
u—1 = —— = - . L.
2 20¢

We let the boundary of the vortex patch be represented parametrically by z =
Z(t,s), where s is a parameter measuring location along the curve C defined such
that the unit circle in the ¢ -plane can be expressed as ¢ = ¢'*. Since the boundary of
the vortex patch is a material surface, we can write d(Z — z)/dr = 0 on C. Using
the facts that dz/dr = u+ivanddZ/dt = dZ/dt +(0Z/ds)(ds/dt), the boundary
condition on C becomes

0Z }
o, ] =

aZ ds

—_— 11.2.18
ds dt ( )



190 TWO-DIMENSIONAL FLOWS WITH VORTICITY

Taking the complex conjugate of (11.2.17) yields

iwgab
els.

] = — 11.2.19
 +iv)e = — ( )
From (11.2.7) and the parameterization ¢ = e'*, it follows that
aZ ; . 0Z . .y
— =ae* + BV, — =i(ae’® — Be™H). (11.2.20)
at as

Substituting (11.2.19) and (11.2.20) into the boundary condition (11.2.18) yields

<o't - ’wo_ab) ¢ 1 feit = [iael® — ipe=i*1%S. (11.2.21)
2a dt

The boundary condition (1 1.2.21) must hold for all values of s. Since ds/dt is real-

valued, we can independently set to zero the sum of the coefficients of terms multi-

plied by ¢’* and that of terms multiplied by e~**. Using the resulting expressions to

eliminate ds /dt yields an equation that restricts the change of « and 8 with time as

a iwgab g
—— == 11.2.22
o 200a B ( )

Using the definitions (11.2.8) for « and 8, (11.2.22) is found to have the unique
solution

woab

= — = Q, (11.2.23)
daa
which is identical to the result (11.2.6) given previously. An alternative derivation of
the elliptic vortex patch solution using elliptic coordinates is given by Lamb (1932,
p. 232).
The velocity u, of fluid particles relative to the rotating axes of the ellipse is
related to the fluid velocity u relative to fixed axes by

U =u+ Qy, v = v — Qx. (11.2.24)

Substituting the velocity field (11.2.15) inside the vortex patch into (11.2.24) and
using the result (11.2.23) yield an expression for the relative velocity components as

. a2 . b
U = x, = ——b—yr, Vp =y = 7)&',«, (11225)

where (x,, y,) are coordinates measured relative to the rotating ellipse axes. Integrat-
ing (11.2.25) yields

Xy = c1a cos(2t + c3), vr = c1bsin(Q2t + ¢2), (11.2.26)
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where ¢; and ¢, are constants of integration. This result indicates that the particle
paths are ellipses relative to the rotating axes of the elliptical patch. The particle
paths in terms of absolute coordinates (x, y) can be obtained by the transformation

x = x, cos(2t) — y, sin($2t)
Le1(@+b)cos2Q +¢2) + 5¢1(a = bycos(cy),  (11.2.27a)
y = x, sin(2t) + y, cos(£2t)
Tey(a+b)sinQr + ) + %c;(a — b)sin(ca). (11.2.27b)

The absolute paths of particles inside the vortex patch are circles, about which the
particles advect with angular velocity 2€2, which is twice the angular velocity of the
patch contour.

11.3 CONTOUR INTEGRATION METHOD FOR
UNIFORM-VORTICITY PATCHES

An expression for stream function in a two-dimensional incompressible flow is given

by (6.5.8) as

1
Yix,y, 1) =——— In(Nw(x',y, tdd', (11.3.1)
2 A*

where A* denotes all of space. In the current section, we apply this result to a patch
of vorticity occupying a finite region A with boundary C. The vorticity is assumed to
be equal to a uniform constant wp within the vortex patch and is zero outside of the
patch. For this case, (11.3.1) reduces to an integral over the interior of the patch as

Vix, y,1) = —ﬂ/ In(r) dd’. (113.2)
27 A

Taking the gradient of (11.3.2) and using the fact that V f (x—x') = =V’ f (x—x') for
any function f, where V and V' are the delta operators with respect to the unprimed
and primed coordinate systems, respectively, yield

Vi = -2 | Vn|x —x|)dd = 5’9/ V'(n |x — X|) da’. (11.3.3)
2 A 2 A

The last integral can be transformed into an integral over the boundary C of the patch
using Green’s theorem (2.7.1), giving

Ve = @/ Injx — x'|n’ d¢’, (11.3.4)
2 C
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where n’ is the outward unit normal and d¢’ is an element of arc length of C evaluated
at point x’. For integration in the counterclockwise direction

nydt =dy,  nhdt = —dx’, (11.3.5)

so the velocity components are given by

3
u:—l/’=—ﬂ In|x — x'| dx’,
ady 27 Je
3
b= 2 Xldy, (11.3.6)
dx 2 C

The result (11.3.6) gives rise to a numerical method for evaluating the evolution
of a vortex patch, called the contour dynamics method, in which the boundary C is
discretized by some number N computational points. Since C is a material curve,
the equation of motion of a computational point n with position x,(#) is given by

dx
d—t” = u(x,, 1), (11.3.7)

where the velocity u(x,, ) at point n is obtained by evaluating the integrals in
(11.3.6). A minor complication that arises when evaluating the integrals numerically
is that the integrands are singular at points where x = x’; however, the singularity is
integrable and can be handled by analytically evaluating the integral over segments
where the singularity occurs.

A more serious type of singularity occurs when the contours of two different vor-
tex patches, or two different parts of the contour of a single vortex patch, come close
to each other. For such situations, a “contour surgery” approximation developed by
Dritchel (1988) is often used to smooth the singularity and connect nearby sections
of the contours. The contour dynamics method can also be used for a vortex patch
with variation of vorticity within the patch by approximating the patch using a se-
ries of constant-vorticity levels, with a contour bordering each level. In such cases,
computational points are placed on each contour and evolved using integrals similar
to (11.3.6), with wp replaced by the vorticity jump across the contour. A review of
contour dynamics methods is given by Pullin (1992).

An example computation obtained using the contour dynamics method to com-
pute the self-induced rotation of an initially elliptical vortex patch about its centroid
is shown in Figure 11.2. The figure also shows the pathlines of two fluid particles
located on the patch boundary. During the time that the patch boundary completes
one-half rotation about its centroid, the fluid particles on the patch boundary traverse
a complete circle. Like most Lagrangian methods, in which the computational points
move as material points, there is no numerical dissipation of vorticity in the contour
dynamics method. There is therefore no observed spreading of the vortex core area
and the vortex strength remains constant.
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Figure 11.2  Self-induced rotation of an elliptical vortex patch about its centroid with aspect
ratio 2, computed using a contour dynamics method. The solid line indicates the patch contour,
and the dashed and dashed-dotted lines are pathlines of fluid particles whose current position
is marked by filled and open circles, respectively.

11.4 DISCRETE-VORTEX NUMERICAL METHOD: BASIC METHOD

Discrete-vortex methods provide a numerical computation approach for solution of
general incompressible flows. The basic idea of these methods is to evolve vorticity
on a set of Lagrangian (or advected) computational points via solution of the vortic-
ity transport equation and to solve for the velocity field by solution of the Biot-Savart
integral. In order to perform the Biot-Savart integration, it is necessary to introduce
some representation of the vorticity field based on the vorticity value at the compu-
tational points. Discrete-vortex methods can be categorized according to the type of
vorticity representation as either singular or continuous. A singular vortex method
uses a vorticity representation consisting of singular points, such as point vortices,
or perhaps regularized singularities, such as Rankine vortices with small cores. Con-
tinuous vortex methods use a continuous vorticity support based on overlapping ele-
ments (e.g., “blobs™), each of which has Gaussian or some other smooth variation of
vorticity within its core. The vorticity elements are highly overlapping and smooth
in continuous vortex methods, whereas they infrequently overlap and are either sin-
gular or piecewise smooth in singular vortex methods. While vortex methods have
been used for solution of two- and three-dimensional motions of both inviscid and
viscous fluids (Cottet and Koumoutsakos, 2000; Leonard, 1985), the discussion in
the current section is restricted to two-dimensional inviscid flows.

Lagrangian vortex methods offer a number of advantages compared to other
methods for computation of inviscid flows, such as finite-difference, finite-element,
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or finite-volume methods. In particular, Lagrangian vortex methods possess the fol-
lowing attributes: (1) computational points need only be introduced in regions where
there is significant vorticity (which is a small part of the flow field in many problems),
(2) external flows can be solved without truncation to a finite domain, (3) Lagrangian
methods can be formulated that exhibit little or no numerical dissipation, and (4) the
calculations are self-adaptive, since the computational points are carried to regions
of intense vorticity by the flow. The above observations also apply to contour dy-
namics methods, discussed in the previous section. Contour dynamics methods have
the additional advantage that only the boundary of a uniform-vorticity patch needs
to be discretized, whereas solution of vortex patch motion with a discrete-vortex
method requires points to be placed in the entire interior of the patch. On the other
hand, discrete-vortex methods are much simpler to implement than contour dy-
namics methods for problems with spatial variation of vorticity, and discrete vortex
methods do not exhibit the long-time numerical instability that occurs in contour
dynamics computations (Baker, 1990). (This instability can be controlled with the
contour surgery method.) Furthermore, vortex methods are extendable to three-
dimensional and viscous flows, whereas contour dynamics methods have a much
more restricted range of applications.

Lagrangian vortex methods follow the vorticity on a set of N computational
points, whose position x, (#) moves with the local fluid velocity according to

dx,
dt

= u(xp, 1). (11.4.1)

The vorticity and velocity fields are evolved by solution of the Biot-Savart integral
and the vorticity transport equation, which for two-dimensional inviscid flow have
the form

D
=2 o, (11.4.2)
Dt

1 't ,
u(x, t):——/ rxox,ne .. (11.4.3)
27'[ A I‘2

where r = x — X', ¥ = |r|, and e, is a unit vector normal to the plane of the flow.

In order to integrate the Biot-Savart equation, it is necessary to interpolate the
vorticity in the space in-between the computational points. This interpolation is rep-
resented symbolically as

N
w(x, 1) = ZFn(t)fn(x—x,,). (11.4.4)
n=1
Substituting (11.4.4) into (11.4.3) and integrating, the Biot-Savart integral becomes

1 ¥ rx f,(x' —x,)e;
=-——>»T ————dd'. 4.
u(x, t) 7 ;:1 n(t)/A = da (11.4.5)
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The function f,(x — X,), called the core or basis function, specifies how vorticity is
distributed in space for each element. The basis function is normalized such that

/fn(x—xn)da= 1. (11.4.6)
A

Singular vortex methods employ basis functions that are singular, or highly local-
ized, such as a point vortex or a Rankine vortex with small core. Continuous vortex
methods employ smooth basis functions, such as a Gaussian, with a large amount
of element overlap. It is also desirable that the integral over the basis function in
(11.4.5) possess an analytic solution.

The element strength, or amplitude, I, (r) represents the integral over all space
of the vorticity associated with a given vorticity element. Integrating (11.4.4) over A
and using the normalization (11.4.6) yield the identity

N
Y Tw= / wda. (11.4.7)
A

n=I

As noted in Section 7.5, the right-hand side of (11.4.7) is invariant in time. Further-
more, for singular vorticity support (as used in singular vortex methods) this integral
is invariant for all material regions A.

The standard approach for setting the element amplitude is to assign some con-
stant area h2 to each vortex element, such that the element amplitude is related to the
vorticity w, at computational point n by

T, = wah?. (11.4.8)

The vorticity transport equation (11.4.2) requires that vorticity be constant at a mate-
rial point, so (11.4.8) implies that the element amplitudes are constant in time. This
approach has the advantage that invariance of the integral on the right-hand side of
(11.4.7) is guaranteed.

On the other hand, as pointed out by Beale (1986), the region of area h2 associ-
ated with each element becomes highly deformed as the elements are advected in the
flow, with the result that over time the vorticity representation (11.4.4) for continu-
ous vortex methods can become increasingly noisy, leading to substantial differences
between the vorticity representation and the actual vorticity distribution along with
subsequent increase in velocity calculation error. An alternative approach designed
to handle this problem is to refit the element amplitudes at each time step such that
the vorticity given by the representation (11.4.4) is constant with time on the com-
putational points. This procedure results ina N x N matrix equation for I, of the
form

N
wm =Y fonlns  m=1....N, (11.4.9)
n=1
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where fun = fu(Xm — X,). For highly overlapping elements, the matrix equation
(11.4.9) is ill-conditioned and the exact solution for ' yields a noisy vorticity repre-
sentation when substituted into (11.4.4). An iterative method that yields an approxi-
mate solution of (11.4.9) in which the noise in the exact solution is filtered out was
developed by Marshall and Grant (1996), based on analogous procedures that have
been used for solution of other ill-conditioned problems (such as solution of the heat
equation backwards in time). In this procedure, the element amplitude is temporarily
assumed to be uniform over a set of elements Q () located in the neighborhood of
element m. Letting P(m) denote the remaining elements, (11.4.9) can be approxi-
mated as

on =T 3" font 3 T fr, (11.4.10)

neQ(m) nepP(m)

where g is an iteration index. The set Q(m) is typically chosen to include the nearest
5-15 neighbors of each element m, although the solution is found not to be par-
ticularly sensitive to the choice of the set Q(m). The iteration (11.4.10) converges
quickly, with relative error in T, of less than 10~ in 6-12 iterations. The vorticity
error from the iteration procedure (11.4.10) is of order £2 V2w, where ¢ is the typical
minimum distance between adjacent computational points.

An example computation using the basic vortex method, with adaptive ampli-
tude fitting, is performed to examine the mutually induced distortion and eventual
merger of a pair of corotating vortex patches. The vortex initial condition is shown
schematically in Figure 11.3. It is found empirically that two initially circular patches
of radius a with uniform vorticity and equal strengths will eventually merge when
the initial separation distance d, measured from the vortex core centers, is less than
the critical value dgji/a = 3.3 (Waugh, 1992). The vortex evolution is shown over
a time series in Figure 11.4 for a case with d/a = 3, where the patch interior is
indicated by black or gray shading for vorticity originating from the left-hand or
right-hand patch, respectively. The merger of the two vortex patches is shown in this
figure over five even time increments. At the end of the merger process, most of
the vorticity is located in a central patch, which is surrounded by spiraling vorticity
arms.

Figure 11.3  Separation distance d for a pair of initially circular corotating vortices with core
radius a.
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Figure 11.4 Merger of a pair of corotating vortices of equal strength, computed using the
discrete-vortex method with adaptive amplitude fitting. The vortices initially have uniform
vorticity with d/a = 3. The vorticity field is plotted as a black or gray region, indicating
vorticity originating from the left- or right-hand vortex, respectively, over five equal time in-
crements.

11.5 DISCRETE-VORTEX NUMERICAL METHOD:
ACCELERATION TECHNIQUES

One difficulty with vortex methods is that the number of computations required to
compute the velocity on each of N computational points varies as O(N?), which
can become prohibitive for large N. Two approaches have been developed in the
literature to accelerate the velocity computation, both of which reduce the number of
computations per time step to O (N In N) or less for sufficiently large values of N.

11.5.1 Vortex-in-Cell Method

The basic idea of the vortex-in-cell method is to replace the O(N 2y solution of the
Biot-Savart integral (11.4.3) by a fast Fourier transform solution of the Poisson equa-
tion

VY = —w. (11.5.1)

The vortex-in-cell procedure requires a grid to be placed over the flow field, through
which the Lagrangian computation points move. As in any grid-based method, suit-
able boundary conditions must be selected at the sides of this grid. Because it is de-
sired to employ fast Fourier transform methods, a uniform grid is usually employed
in the vortex-in-cell method, which makes the method difficult to use for geometri-
cally complicated domains.

Once the grid is selected, the vortex-in-cell method employs four steps for com-
putation of the velocity field. In the first step, the vorticity is interpolated from the
Lagrangian computational points to the surrounding grid points. This interpolation is
performed using an area-weighted interpolation procedure illustrated in Figure 11.5.
We consider a Lagrangian computational point » located in a grid cell with four
grid nodes, labeled i = {1,2, 3, 4}. Horizontal and vertical lines are drawn passing
through the Lagrangian point n, forming four subregions of the grid cell. The ar-
eas of these subregions are labeled Ay, ..., Aa, such that, for example, the region
with area A; is opposite grid node 1. If A denotes the area of the entire grid cell
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3 4

Figure 11.5 Interpolation procedure used in the vortex-in-cell method.

(A= Z?:] A;), the vorticity contributed to the ith surrounding grid node by the nth
Lagrangian element is A; T,/ A2. The total vorticity ; on grid node i is given by the
formula

AT,
-,

N
w,'—n;l A

where A} is the area associated with grid node i corresponding to a Lagrangian
element  lying in a neighboring grid cell.

The second step is to solve the Poisson equation (11.5.1) for the stream function
using a fast Fourier transform approach. The third step is to solve for the velocity
components at the grid nodes from the definition of stream function,

ay oy
Uu=—, R
ay ax

(11.5.2)

(11.5.3)

vV =

which is usually done using a centered finite-difference procedure. The final step
is to interpolate the velocity back onto the Lagrangian computational points. This
interpolation is performed by again using an area weighting procedure, such that
if u} are the velocity components at the four nodes of the grid cell containing the
Lagrangian point n, then the velocity on the Lagrangian point is given by

R aAn
upAj

4
= . 11.54
Up ; A ( )

The Lagrangian computational points are then advected according to (11.4.1) and
the procedure is repeated.

The vortex-in-cell method is fast and relatively simple to implement. When the
grid is sufficiently fine to resolve the vortex structures, the method is capable of effi-
ciently and accurately computing the motion of a large number of Lagrangian vortex
elements. However, this method introduces some of the negative aspects associated
with use of a fixed grid, including necessity of assigning boundary conditions at the
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grid edges, which is inconvenient for unbounded flows, and the need to evaluate
stream function on all grid nodes rather than just the nodes located near regions of
significant vorticity. The requirement that the grid be uniform and the boundary con-
ditions periodic makes it difficult to use this method for flows past solid bodies. It
is also important to note that the interpolation procedure used in the vortex-in-cell
method introduces a numerical dissipation that acts both to artificially spread and to
dissipate the vorticity field. Like similar errors introduced by truncation of the non-
linear convective acceleration term of the Euler equations with fixed-grid methods,
the numerical dissipation can be controlled with adequate resolution of the vorticity
field, but it does place restrictions on the ability of the method for simulation of truly
inviscid flows.

The so-called method of local corrections (Almgren et al., 1994; Anderson,
1986) can be used to correct for most of the interpolation errors in the vortex-in-cell
method. The main idea behind this approach is to compute the velocity field induced
only by those vortex elements sufficiently distant from the point at which the velocity
is desired using the vortex-in-cell method and to compute the effect of the nearby
elements directly. The velocity induced by the distant elements is obtained by first
computing the entire flow field using the standard vortex-in-cell method and then
subtracting off the flow induced by the nearby elements.

11.5.2 Multipole Expansion Method

The multipole expansion acceleration method employs an ordering of the Lagrangian
points via a treelike box structure. The box trees used in vortex methods typically
have a single box covering all the Lagrangian points as the first generation, which
is divided into some number m boxes to yield the next generation, which are in turn
divided to generate a subsequent generation, and so forth. The division process is
continued until a specified number of Lagrangian points are contained in the highest
generation (i.e., smallest) boxes. Each box (except the first-generation box) has a
parent box and each box (except the highest generation boxes) has some number m
offspring boxes.

The basic idea of multipole expansion acceleration methods is to replace the
point-point interaction approach used in the sum (11.4.5) by a box-point interaction
approach. In this procedure, the contribution of all “source” points contained in a suf-
ficiently distant box to the velocity at a given “target” point is computed based only
on the distance between the box centroid and the target point and on the “moments”
of the source points within the box (which are independent of the location of the
target point). The box-point interaction can be computed to arbitrary accuracy using
the multipole expansion (which is a variant of the Taylor expansion). For sufficiently
large number of Lagrangian points N, the box-point multipole expansion scheme
can be shown to require O(N In N) computations per time step. Some investigators
go even further to use a box-box interaction scheme, in which the contribution of a
box of source points is computed at the center of a box of target points, and then the
velocity at the individual Lagrangian target points is obtained by a Taylor series. It
is possible with this local expansion approach to reduce the number of computations



200 TWO-DIMENSIONAL FLOWS WITH VORTICITY

Level 1 Level 2 Level 3

Figure 11.6 Formation of a regular box structure for a multipole expansion acceleration
method.

per time step to O(N); however, it is questionable whether the time savings obtained
by the local expansion approach justifies the additional velocity error and coding
complications introduced.

The main distinction between different multipole expansion methods lies in the
boxing procedures. Two main types of boxing procedures are frequently used, which
we shall refer to as regular and adaptive. In a regular boxing procedure, the large box
containing all of the source points is divided into a prescribed number m offspring
boxes of equal size. These boxes are in turn each divided into m equal-size offspring
boxes, and so forth, as illustrated in Figure 11.6. Since the spatial distribution of the
Lagrangian points is not uniform, some of the boxes may reach the specified number
of Lagrangian points sooner than others, so that the number of generations varies
from one part of the tree to another. This approach has the advantage that it is a
simple matter to determine the neighboring boxes of a given box, which reduces the
computer memory requirement. In an adaptive boxing procedure, the first- generation
box is divided into two offspring boxes that each have equal number of Lagrangian
points (within one). The offspring boxes may be of different sizes, and the division
is typically performed by bisecting the box along the median Lagrangian point in
the coordinate direction in which the distance separating the points is largest. Each
of these offspring boxes are divided into two subsequent offspring boxes of equal
number of points, and so forth. This procedure is illustrated in Figure 11.7. The
adaptive boxing procedure has the advantage that each box in a given generation

Level 1 Level 2 Level 3

Figure 11.7 Formation of an adaptive box structure for a multipole expansion acceleration
method.
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has approximately the same number of Lagrangian points, which minimizes the total
number of boxes and aids in load balancing for implementation of this method on
parallel computers (Gharakhani and Ghoniem, 1996).

The contribution Au, from source points in a box € to the velocity at a target point
X, is given by

1 S & (—ymtn omtn  fe, xr
A )= ———Lpn—— | — , 11.5.5
w0 =90 33 e (A7) 1159

where r = |r| = |¢¢ — X,/ is the distance between the centroid ¢ = &§,€x + neey of
box ¢ and the target point. The symbol I 1, denotes the moments of box £, defined
as a sum over the N Lagrangian points in box £ by

Ny
Ten = Y Tqlxg —E™ (vg = ne)". (11.5.6)

g=1

The box moments I¢ y are independent of the location of the target point and can
thus be computed once and stored at each time step.

While the moments of the highest generation (smallest) boxes are computed by
the sum (11.5.6), moments of boxes in previous generations of the tree structure
can be more efficiently computed by summing the contributions of the offspring
boxes, using the binomial formula to expand the moments of the difference terms in
(11.5.6). For instance, the difference term in the x-direction can be expanded from
the center of box £ to that of a parent box i as

m

m
x—E)" =[x — )+ E —E" =) (r)(ée —&) (x — )", (11L57)

r=0

where we use the standard notation

(m) . m!
r) = (m—nr)r!

Using this approach, the contribution of offspring box £ to the moment of parent box
i is given by

m n m n
Y3 (r) (S)(Se — &) (e — 1) Te,n—ry(n—s)- (11.5.8)

r=0s=0

Similarly, the derivatives in (11.5.5) can be computed directly (which is sufficient for
low-order terms) or obtained by recurrence relationships (Chen and Marshall, 1999).

The multipole expansion procedure is used only for boxes that lie at greater than
a critical distance deri from the target point. To optimize the acceleration method,
it is desirable to perform the box-point interaction with as large a box as possible
and using as few terms in the multipole expansion as possible while maintaining the
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error below a specified value. We suppose that the multipole expansion (11.5.5) is
truncated to include only those indices satisfying m +n < P, where P is called
the “order” of the expansion. A theoretical upper bound for the absolute error of the
multipole expansion of order P is given by Salmon and Warren (1994) as

B B
P+l ”+2} i (11.5.9)

1
Epsm[(P+2)dP+l _(P+1)W

where b is a length scale associated with the box, d is the distance between the box
center and the target point, and the moment magnitudes By are defined for a box ¢
by

Ny
BkEqunxq—cM. (11.5.10)
g=1

A slightly weaker (but simpler to implement) error bound is derived from (11.5.9)
by Winckelmans et al. (1995) as

BO B, (P+1)/2 b P+1
E — | (P+2) | —= -
"= d—by [( i )<Bob2> (d)

B, \" /b\F+2
—(P+1)<W) (Z) :l (11.5.11)

The error bound (11.5.11) has the advantage that it depends only on the zero- and
second-order moment magnitudes, By and B, which are easy to compute. The
Newton-Raphson iteration method can be used to solve for the critical distance
from (11.5.11) with a prescribed value of absolute error. Empirical tests yield typi-
cal error values about an order of magnitude lower than given by these theoretical
upper bounds. An optimized multipole expansion acceleration procedure can be
constructed by using these theoretical error bounds, or empirically adjusted modi-
fications, to adaptively determine the critical distance dcrit for each source box and
to select the combination of the largest source box and the lowest order of the mul-
tipole expansion required to compute the velocity at a given target point to within a
prescribed accuracy.

Results of an example computation for the instability and roll-up of a shear layer
is plotted at two different times in Figure 11.8. These results are obtained using a
vortex method with the adaptive amplitude fitting procedure (11.4.9) and an adaptive
multipole expansion acceleration method. The vorticity field is interpolated for plot-
ting purposes by fitting a triangular mesh to the Lagrangian computational points.
Figure 11.8 shows the roll-up of the shear layer into vortical structures that are con-
nected by thin, spiraling vorticity sheets. Both vortex methods and contour dynamics
methods are well suited for resolving these thin vorticity sheets, since the Lagrangian
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Figure 11.8 Vorticity contours for a computation of the roll up of a shear layer with Gaus-
sian initial vorticity distribution of the form w = exp(— y2) using a discrete vortex method.
Periodic boundary conditions are enforced by adding five periods of the vorticity field in the
Biot-Savart integration on each side of the computed region.

points are advected into these sheets by the flow and the flow calculation has no nu-
merical dissipation.

11.6 VORTEX SHEETS

Thin sheets of vorticity are often observed in flow visualization experiments and nu-
merical flow computations in both two- and three-dimensional flows. For instance,
boundary layer separation usually results in ejection of a thin vorticity sheet away
from the body. Similarly, roll-up of the vorticity sheet behind an airplane wing leads
to formation of the tip vortex structures. Vortex sheets also provide a useful tool in
several computational methods to enforce boundary conditions at a flow discontinu-
ity. In this section, we examine some aspects of the dynamics of vortex sheets in two
dimensions.

11.6.1 Induced Velocity

A vortex sheet can be constructed by a limiting process in which a vorticity layer
with thickness 2¢ is compressed to zero thickness. The vorticity is zero outside the
layer and within the layer has magnitude w = y/2¢. As the layer thickness shrinks
to zero, the vorticity increases in proportion to 1/e. The vortex sheet is characterized
by the parameter y, called the sheet strength, defined by

&
y = lim/ wdy. (11.6.1)

£—> —c

In the limit as the sheet thickness shrinks to zero, the vorticity within the flat vortex
sheet can be expressed as w = y§(y). Substituting this vorticity distribution into
the Biot-Savart equation (6.5.7a) and integrating over the sheet thickness yields the
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velocity induced by a flat vortex sheet as
1 r ,
ux, t) = —yx | —=dx', (11.6.2)
2T C l’2

where y = ye; andr = x—x'. Writing r = (x —x’)e, + ye,, the integral in (11.6.2)
becomes

r o] (x _ x/)dx/ [e)¢] ydx/
—dE¢' = —_— —_— 11.6.3
/,z : e"/_oo<x—x’)2+y2+ey/_oo<x—x’)2+y2 (163

The first integral on the right-hand side of (11.6.3) vanishes due to symmetry. The
second integral can be rewritten with the change of variable n = (x — x')/y, giving

00 dx’ © g
/ __y_/;;_z :j:/ _’72 —— (11.6.4)
—o0 (X =X)" 4y —o0 147

where the plus sign corresponds to y > 0 and the minus sign to y < 0. Writing the
unit normal to the vortex sheet as n = e,, the induced velocity field is obtained as
u= :l:%'y x n, which yields the net velocity jump across the vortex sheet as

() =vyxn (11.6.5)

This result for the velocity jump across a vortex sheet holds also for the general
case of a curved vortex sheet with variable sheet strength, provided that the sheet
curvature and strength vary smoothly over the sheet surface. This fact follows from
the observation that if n is distance between a point P where the velocity is computed
and the closest point S on the vortex sheet, then most of the velocity at P is induced
from a section of length ¢ = O(n) on either side of the vortex sheet from S. As the
point P approaches the sheet at S, the length ¢ becomes increasingly small and the
vortex sheet appears increasingly linear over this length. This approximate argument
becomes exact in the limit # — 0, leading to the result (11.6.5).

11.6.2 Equivalence of Vortex and Doublet Sheets

The velocity induced by a general vortex sheet occupying a curve C is given by
u(x, 1) =/ Y x VGdE = -V x / Gy dg’, (11.6.6)
C C

where G(x — x') is the Green’s function of the Poisson equation in the space on
which the vortex sheet is contained (e.g., the x-y plane). Green’s functions for two-
and three-dimensional spaces are given in (6.5.5). Equation (11.6.6) also holds in
three dimensions if the curve C with element of length d¢ is replaced by a surface
§ with element of area da. The velocity potential of a doublet sheet with strength
distribution 44(£) along a curve C, with doublet axis aligned along the unit normal n
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of C, can be obtained by superposing point doublets as
P(x, 1) = / p'n' - V'Gdg'. (11.6.7)
c

In this subsection, we show that the velocity induced by a doublet sheet can be ex-
pressed in a form identical to that induced by a vortex sheet, and we derive an ex-
pression relating the vortex and doublet sheet strengths.

Taking the gradient of (11.6.7) and noting that the derivative with respect to the
unprimed variable passes through the integral, the induced velocity from the doublet
sheet is written as

ux,t) = -V [V f Gu'n'd’g”']. (11.6.8)
C
Recalling the vector identity
Via=V(V-a)—V x (V xa), (11.6.9)

and letting a = [~ u'n'G(r)d¢’, the Laplacian of a is given by

VzaE/ u’n/v2adg’=f w'n's(rydg’, (11.6.10)
C C

where 8(r) is the Dirac delta and we use the property (6.3.5) of the Green’s function.
The result (11.6.10) implies that V?a vanishes at points not on the doublet sheet.
Using (11.6.9), the expression (11.6.8) for the induced velocity from the doublet
sheet can be written as

ux, t) = -V x |:V X / G,u’n/dg'] = -V x / wW'VG xn'dg'.  (11.6.11)
c c
Use of the identity VG = —V’G and integration by parts yield
ux,t) = -V x / GV' x (u'n')dE'. (11.6.12)
C

The expression (11.6.12) for the velocity induced by a doublet sheet is the same
as the expression (11.6.6) for velocity induced by a vortex sheet if the vortex sheet
strength is set as

vy =V x (un). (11.6.13)

An alternative form of (11.6.13) is obtained by taking the vector product with the
unit normal n, giving

nxy=nx(Vuxn)+unx (Vxn). (11.6.14)
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The first term on the right-hand side of (11.6.14) is the projection of V. tangent to
the vortex sheet, which is equal simply to Vu since the doublet strength is defined
only along C. The second term on the right-hand side of (11.6.14) can be expanded
using the vector identity (2.6.6) as

nx(Vxn)=1iVm-n)— @ V)n (11.6.15)

The first term on the right-hand side of (11.6.15) vanishes because n is a unit vector
and the second term vanishes because the gradient of n is tangent to the surface Sg.
Hence, (11.6.14) reduces to

nxy=Vu. (11.6.16)

The relationships (11.6.13) and (11.6.16) hold in both two- and three-dimensional
flows.

11.6.3 Equation of Motion of Vortex Sheet

The equation of motion of a vortex sheet is obtained by evaluating (11.6.6) at a point
X)) = X(E)e, + Y(& )e,, on the sheet using the two-dimensional Green’s function,
where £ is a parameter measuring distance along the sheet and time dependence of
X is implicit. Since the vortex sheet moves as a material curve, we have

dX _ 1 [ XO) - XENx ) 11617

d 2t Je X)) -XE)?

This integral, and those that follow in this section, is interpreted in the sense of a
Cauchy principal value, so that the singularity at £ = &’ makes no contribution.

It is sometimes convenient to write this result in complex variable form in terms
of the complex position Z = X +iY and its complex conjugate Z = X —iY. Writing
(11.6.17) in component form gives

ax 1 [Y®) - YEy &) /

- dg¢’, (11.6.18
i~ om ./c [(X® -x@P+1¥® -vep < (1618
ar 1 [X(§) - XE)ly ()

a2 ) (XE) - XE P+ @) —v@)p - (11.6180)

Combining these terms gives the equation of motion of the vortex sheet as

dz J y(§)ds'
—(¢)=—— —_—. 11.6.19
dt © 2 /c Z(§) — Z(¢) ( )

The equation (11.6.19) can be alternatively expressed in terms of the integrated
strength I'(P;, P2) between two points Py and P, defined by
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Py
(P, P) =/ y (&) dE, (11.6.20)
Py
or in differential form
dl = y (&) dE. (11.6.21)

The position Z can be expressed as a function of either the parameters § or I' as
Z = Z(§) = Z(I'). Using (11.6.21), and dropping the tilde on Z, the equation
(11.6.19) for motion of the vortex sheet can be written as

dZ i ar’

=M= _-—/ - (11.6.22)
dt 2 Jo Z(I) — Z(I')

which is known as the Birkhoff-Rott equation (Birkhoft, 1962; Rott, 1956).

Example 11.6.1 Vortex Sheet Roll-up. The strength of a vortex sheet shed by an

aircraft wing of span length 2a (with elliptic loading) is given approximately by

;/(E)z—ﬁ]—— —a <& <a. (11.6.23)

/a2 — Ez’
Near the ends of the sheet y approaches infinity asymptotically as

y = Ax~'/2, (11.6.24)

where x = a — & and A is a constant. A simplified model that examines the roll-
up of the vortex sheet near the end point § = +a was proposed by Kaden (1931),
consisting of a semi-infinite vortex sheet (Figure 11.9a) spanning the line x > 0O
with strength variation (11.6.24). The integrated sheet strength in the initial solution
is T(x) = 2Ax'/2, so the sheet position at # = 0 can be expressed in terms of I" as

0<T <o0. (11.6.25)

—————— (@)

(b)

Figure 11.9 Kaden solution for roll-up of a vortex sheet: (a) initial condition and (b) long-
time similarity solution.
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A similarity solution of the Birkhoff-Rott equation (11.6.22) for t > 0 can be
obtained in the form

Z(T,t) = (A3 f (), (11.6.26)

where 7(T, 1) = I'/(A*)!/3 is the similarity variable and £ (z) is a complex-valued
function. Substituting (11.6.26) into (11.6.22) gives the ordinary integro-differential
equation

- df 3 [ dn’
2f —pl = _— 0< . 11.6.27
=" == by Fan=rom sm=ee (1627

The initial condition at 1 = 0 reduces to the asymptotic expression f(n) ~ n%/4 as
n — oo.

At long time (corresponding to n — 0), the vortex rolls up into a spiral centered
at some point z = fj (A)?/3, where fo is a complex constant, as illustrated schemat-
ically in Figure 11.9b. A long-time asymptotic solution for S (n) in the region near
the center of this spiral is given by f () = fo+ R(n)e'®™ where

2

2 < 8
e~ g~ —, (11.6.28)
n

R(n) ~ —,
(m) Y

and A and ¢y are constants (see Saffman, 1992, for additional details). Eliminating n

between the two equations in (11.6.28) gives

3173

Substituting this long-time solution into (11.6.26), the radius r of the spiral is found
to vary with the angle parameter ¢ (where 0 < ¢ < 00) as

¢ 2/3
r~C( ) , (11.6.30)

& — o

where C = (A%) /)13 is a constant. This long-time solution indicates that as the
vortex sheet spirals around its tip, the radius decreases ever more gradually, such
that infinitely many spirals occur as » — 0. The sheet strength y correspondingly
decreases as ¢ increases, due to stretching of the sheet, such that y — 0 at the spiral
center.

Before closing this section, we note that numerical solution of vortex sheet mo-
tions poses some unique challenges. In particular, it was shown analytically by
Moore (1979) that an initially smooth vortex sheet develops a curvature singularity
in finite time. This singularity has since been examined and verified by numerical
computations (e.g., Krasny, 1986; Vanden-Broeck, 1993).
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11.7 VORTEX SHEET REPRESENTATION OF FLAT-PLATE AIRFOILS

A method for solution of two-dimensional flow past an airfoil is developed in Sec-
tion 10.5 using conformal mapping. Flow past thin bodies, such as an airfoil, can
alternatively be solved by placing singular distributions of vorticity or dilatation rate
along the centerline of the body, in the form of a vortex or source sheet. In the current
section, we examine a solution for flow past thin lifting bodies obtained by placing
a vortex sheet along the length of the body. This method is more flexible than the
conformal mapping approach, since it can be used for bodies of arbitrary shape and
it can be extended to apply to three-dimensional flows. The method can be extended
to account for nonzero body thickness (so long as the thickness is much less than
the body length) by also placing a source sheet along the body centerline. Flow past
bodies of finite thickness is examined in the discussion of “slender body theory” in
Section 12.5.

We consider a thin airfoil lying on a curve y = yg(x) along the interval (0, ¢), as
shown in Figure 11.10. A uniform flow incident on the body has speed U and angle
of attack o, where « is assumed to be small. The no-penetration condition on the
airfoil imposes the kinematic boundary condition

dve

u =v ony = yg(x). (11.7.1)
dx

This boundary condition is enforced by placing a vortex sheet on the airfoil surface
C, given by y = yg(x). The velocity field, including the uniform flow and the ve-
locity induced by the vortex sheet, is given by

1 [x —x' ()] x y(&)

v = e kxR

dE, (11.7.2)

where ¥ = ye. is the vortex sheet strength and X'(§) is a point on C identified by the
parameter §. Letting U = U cosae, + U sinae,, the components of (11.7.2) are

[y — ¥ &)1y &)

u(x) =Ucosa — o O EP+D VET dg, (11.7.3a)
. 1 [x —x'(©)]y ()
=U — dE. 11.7.3b
) = Usina + 5 /C K OP+ v EF % (11.7.30)
y A

Airfoil
1
'y

(_-_&___.}

U
/{ o \ *
----- Vortex sheet

Figure 11.10  Flow at angle of attack « past a thin airfoil lying on the curve y = yg(x). The
flow field is produced by placing a vortex sheet on the interval (0, c) on the x-axis.
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The Kutta condition requires that there be no velocity discontinuity at the trailing
edge of the airfoil. Since the jump in tangential velocity across the vortex sheet is
proportional to the vortex sheet strength, the Kutta condition can be enforced by
requiring that y vanishes at the trailing edge.

Substituting (11.7.3) into the boundary condition (11.7.1) yields an integral equa-
tion for the vortex sheet strength y. However, this integral equation is complicated
and admits no known exact analytical solution for arbitrary curves C. The problem
can be simplified by assuming that the airfoil deviates only slightly from a flat plate.
Letting ymax denote the maximum deviation of the airfoil from the x-axis, we define
a small parameter € by ¢ = ymax/c. The airfoil is assumed to have small deflection
from a flat plate and small slope, such that ¢ < 1 and dyg/dx = O(e). Under these
conditions, the boundary condition (11.7.1) can be displaced to apply on the x-axis
using the Taylor series approximation f(yg) = f(0) + yp (8f/90y)y=0 + - - -, where
each subsequent term in the Taylor series is smaller by O(g) than the previous term.
To leading order in ¢, the boundary condition (11.7.1) can be applied at y = 0, rather
than at y = ypg(x). For a point lying at position x on the x-axis and for small values
of o, the velocity components (11.7.3) become

12

~ 1 [ y@
u=U, v_Uoz—I—zﬂfo P (11.7.4)

Substituting (11.7.4) into the kinematic boundary condition (11.7.1), evaluated at
y = 0, yields an integral equation for y (x) as

L (9 y&)
2 Jo x —x’

dyp
dx' = U=
* dx

—aU. (11.7.5)

The Kutta condition requires that at the trailing edge y (c) = 0. The vortex sheet
strength is singular at the leading edge, with the limit

172
y(x) ~ AOU( ) asx — 0, (11.7.6)

c
X

where Ag is a constant to be determined. In searching for a solution to the integral
equation (11.7.5), it is convenient to define a modified vortex sheet strength (x) by

N2
n(x) = y(x) — AgU (Cxx> : (11.7.7)

such that n(0) = n(c) = 0. A solution for the integral equation is obtained using the
change of independent variable

x:%(l+cos€), 0<6 <. (11.7.8)
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such that (11.7.7) can be written using the half-angle theorem for tangent as
n(@) = y(@) — AgU tan(6/2). (11.7.9)

We seek a solution for (#) in terms of the Fourier sine series

@) =UY _ Aysin(nd), (11.7.10)

n=1

where the factor U is used to make the coefficients A,, dimensionless. Substituting
(11.7.9) and (11.7.10) into the integral equation (11.7.5) gives

1 ¢ —sin8) do’ d\’g
— Agt Ay 0 = - —q. 11.7.11
2 Jo [ 0 an( > Z sin(n )} cosf — cos b’ dx ¢ ( )

The integrals over 8" in (11.7.11) can be expressed in terms of the integral /,,, de-
fined by

T cos(n®)do’ sin(n6)
I, = = R 0<6<m, 11.7.12
" fo cos(@) —cos®) _ sinb =U=T ( )
giving
1 1 0 tf)‘B
— —1 1 — a(—=1,_ ' =g - —. 11.7.13
2NA()( o+ 1)+4H;A1( |+ ht)) =« o ( )

Using (11.7.12), this reduces to an expression for the coefficients A, as

o d
Ao+ 4, cos(ne)zz(a—d;‘;(’i>. (11.7.14)

n=1

This result has the form of a Fourier cosine series and can be inverted using the
orthogonality properties of cos(n) to yield expressions for the coefficients A, as

dY
—2a——/ DB g,
T Jo dx

4 (" dyg
A, = —— —— cos(nf) de, n=1,2,.... (11.7.15)
o dx

The airfoil lift, obtained from the Kutta-Joukowski law, is proportional to the total
circulation of the vortex sheet, such that

L= pU/ y(x)dx, (11.7.16)
0
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and the lift coefficient is

L

Cpr=———
%,oUzc

2 c
= mfo yx)dx. (11.7.17)

Substituting into (11.7.17) the solution in (11.7.9) and (11.7.10) for y (x) and using
the expression (11.7.15) for the coefficients give

1 n d
Cr=n (Ao + —Al) = 2na —2f (1 +cos0) 22 4p. (11.7.18)
2 0 dx

The first term on the right-hand side of (11.7.18) agrees with the exact solution
(10.5.4) obtained from conformal mapping for a flat-plate airfoil (letting sina = «
for small angle of attack), and the second term accounts for the influence of airfoil
curvature on the lift force.

11.8 FLOW WITH UNIFORM BACKGROUND VORTICITY

The potential flow idealization discussed in Chapters 9 and 10 is extended in the
current section for cases with uniform, but nonzero, background vorticity. This ide-
alization might be used, for instance, to account for the effect of ambient shear on
the force on a cylindrical body.

Two-dimensional flows with uniform background vorticity @ = wg = const are
governed by the Poisson equation

V2 = —ayp. (11.8.1)

Since wyp is constant, (11.8.1) is linear, and its solution can be decomposed as the
sum of a particular solution ¥ (x, #) and a homogeneous solution yr(x, ¢), where

V2o = 0. (11.8.2)

We consider particular solutions of the form

wo [ Ax* + By?
) =Uy— — | ——, 11.8.3
Vi(x,1) Y- ( ArB ( )

where A and B are arbitrary constants satisfying the restriction A + B # 0. For
instance, setting A = B = 1, the stream function ¥, reduces to that for solid-body
rotation about a point Cg located at yc = 2U /wq (Figure 11.11a). Choosing A = 0
and B = 1 yields a uniform shear flow with shearing rate wg (Figure 11.115). Once
the external flow stream function | is selected, the problem reduces to solving for
the harmonic function ¥ subject to appropriate boundary conditions. For instance,
for flow past a fixed body with the no-penetration condition applied on its outer
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—
Cr &
.
=/ -
 —
(a) (b)

Figure 11.11 External flows generated from the expression (11.8.3) with appropriate choices
for the constants A and B: (a) solid-body rotation (A = B = 1); (b) uniform shear (A =
0,B=1).

boundary C, the boundary condition for ¥y becomes yo|c = const — ¥|c. The
solution for v can be obtained using some of the same methods described in Chap-
ter 9 for potential flow fields, although care must be taken to ensure satisfaction of
the correct boundary conditions.

For steady flow, the pressure is given by (8.4.7) as

dB

dy
where B = p/p + « is the Bernoulli coefficient. Integrating (11.8.4) over stream
function gives

— —wp. (11.8.4)

B = By — wo, (11.8.5)

where By is a constant of integration. If py denotes pressure at a stagnation point, at
which the stream function vanishes, the pressure field is obtained as

P = po — pk — pwoy, (11.8.6)

which is the same as the Bernoulli equation with the addition of a term that is linear
in . The boundary condition on ¥ requires this additional term to be constant on
the surface of a fixed body with no-penetration boundary condition.

Example 11.8.1 Uniform Shear Flow Past a Circular Cylinder. We consider a
circular cylinder of radius a centered at the coordinate origin and immersed in a
uniform shear flow (Figure 11.11b), whose stream function in polar coordinates is

Y1 = Ursind — Yoor?sin® 6. (11.8.7)

Setting ¥y + ¥ = C = const on the cylinder surface, the boundary condition for
Yo becomes

Vo|,_, = C — Uasin® + jwoa” sin* 0. (11.8.8)
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Solving the Laplace equation for v using a classical separation of variables ap-
proach (Kreyszig, 1999), with ¥4(r, 8) = R(r)T (6), we obtain

rd ([ dR 1d°T
——(r—)=~o—7% =k?, 11.8.9
Rdr <r dr ) T d6? (11.8.9)
where £ is a real-valued constant. Equation (11.8.9) yields two ordinary differential
equations for R(r) and T (0) as

d’R  dR d*T
2 2 2
e — — k"R =0, — + kT =0. 11.8.10
" T 0 a7 * 0 ¢ )
The solution for T (8) is of the form
T(8) = Cy, sin(k,,0) + Coy, cos(k,0), (11.8.11)

where k, is set equal to some integer n in order to satisfy the condition that 1y be
periodic over an angle 2. Equation (11.8.10) for R(r) is of the Euler-Cauchy form,
with solution

C
R(r) = 3 + Canr™. (11.8.12)
The boundary condition (11.8.8) for v contains terms involving both sin# and
sin” 6. Recalling that sin? = (1 — cos 26)/2, we concentrate on the terms in
(11.8.11) proportional to sin€ and cos26. At infinity, ¥ must approach zero or a
constant so that the velocity field approaches the uniform shear flow given by the par-

ticular solution (11.8.7). This restriction implies that the Cy,, coefficient in (11.8.12)
vanishes for n > 0. We thus consider a solution of the form

B\ . A
Yo(r,0) = (——) sin@ + (—2) cos 26, (11.8.13)
r r

where A and B are constants. Evaluating (11.8.13) at 7 = a and substituting cos 26 =
1 — 2sin? 6 gives

A B\ . 24\ .,
Vol,_y ==+ <Z) sinf — (a_2) sin” . (11.8.14)
Equating (11.8.14) to (11.8.8) gives values for these coefficients as
A = —wpa'/4, B=-Ud*. (11.8.15)

The final solution for stream function is given by

2 2 4
v =U (r — %) sinf — (-”—0;— sin? 6 — “;0‘; cos(26). (11.8.16)
r
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The azimuthal velocity component on the cylinder surface is

W

3 |,_, = —2Usinf + 2wassin’ 6 — woa /2. (11.8.17)
=

g, _y =
The cylinder surface pressure can be obtained by substituting (11.8.17) into the equa-
tion (11.8.6) for pressure, with k = u5/2 and ¥ = C on the cylinder surface. Sym-
metry of ug over the y-axis implies that there is no drag force acting on the cylinder.
The lift force per unit length of the cylinder is given by

2
L= —/ pla,0)sinf add = —2mwa’wopU. (11.8.18)
0
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PROBLEMS

1. Determine the rotation rate of a system initially composed of three Rankine vor-
tices of equal strength I and core radius a, placed at the vertices of an equi-
lateral triangle with side length b, as shown in Figure 11.12. Assume first that
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A

2a

b

Figure 11.12  System of three equal strength vortices with core radius @ arranged in an equi-
lateral triangle with side length b.

e = a/b < 1 and obtain your solution to leading order in ¢, such that the vortices
can be treated as point vortices. What would be the (qualitative) effects, both with
respect to the vortex core and the rotation rate of the system, of allowing finite
vortex core radius?

. Assuming that the vortices shown in Figure 11.12 are point vortices, derive ex-

pressions for the interaction energy, linear impulse, angular impulse, vorticity
centroid, and radius of gyration of this system.

Substitute the similarity solution (11.6.26) into the Birkhoff-Rott equation to ob-
tain the integro-differential equation (11.6.27) for the problem of roll-up of a
vortex sheet.

Determine the doublet strength g for the doublet sheet equivalent to a two-
dimensional, flat vortex sheet with constant strength vy.

Derive an expression for the displacement yg (x) for the cambered airfoil obtained
by the conformal mapping in Example 10.5.3. Solve for the lift coefficient of the
airfoil using the solution (11.7.8) of small-deflection theory and plot your result
as a function of the ratio of maximum deflection & to chord length £. Compare
your result to the exact solution obtained from conformal mapping (Section 10.5).

Consider a circle of radius a centered at the origin and immersed in a uniformly
rotating, two-dimensional flow field, with stream function given by

[63]
Y= =G )+ Uy,

where 2U /ag > a.

(a) Find the solution for the stream function ¥ = o + ¥ that satisfies the
no-penetration boundary condition on the surface of the circle.

(b) Solve for the pressure on the surface of the circle.

(c) Integrate to obtain the force acting on the circle.
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COMPUTATIONAL PROJECTS

1. Write a computer code to follow the motion of an initially elliptical vortex patch
with uniform vorticity wy internal to the patch boundary using the contour dy-
namics method.

(a) Validate your code by examining the self-induced rotation of the vortex patch
and comparing you result for rotation rate to that derived for the Kirchhoff
elliptical vortex in Section 11.2.

(b) Add an irrotational straining flow with velocity components u = ex and
v = —ey, where e is the straining rate. Examine the vortex behavior for
cases with e/awg = 0.05, 0.10, 0.14, and 0.16. Compare your results to the
analytical solution of Moore and Saffman (1971) (Section 16.2).

2. Write a computer code for one or more initially circular vortex patches with uni-
form vorticity wg using the discrete vortex method. Apply your code to the prob-
lem of merger of two initially circular vortex patches with unit radius and equal
strength, separated by an initial distance d, as shown in Figure 11.3.

(a) Validate your code by computing the velocity field for a single Rankine vortex
and comparing with the exact solution (Section 11.2).

(b) Compute the interaction of the vortex pair for cases with d = 5.0, 3.5, 2.5,
and compare your observations of vortex merger with the results of Waugh
(1992) (Section 11.3).

3. Write a code for computation of an initially circular vortex patch of radius a with
uniform vorticity wg internal to the patch using the vortex-in-cell method and the
basic discrete vortex method.

(a) Validate your code by computing the velocity field of a Rankine vortex of ra-
dius a and comparing to the exact solution (Section 11.2), for both the vortex-
in-cell and basic vortex methods.

(b) Compare the time required to compute the velocity field for a Rankine vortex
for the basic vortex method and vortex-in-cell method as a function of the
number of Lagrangian points N. Plot the CPU time versus N on a log-log
plot and examine the siope of the resulting curve.

(c) Examine the Rankine vortex evolution over time with the vortex-in-cell
method using grid sizes d of d/a = 0.1, 0.25, 0.5. Plot the velocity profile at
the end of five vortex rotations for each case. Repeat the same computations
with the basic vortex method and comment on the differences between the
two cases.



CHAPTER 12

THREE-DIMENSIONAL
POTENTIAL FLOWS

Solution of three-dimensional potential flows is more difficult than solution of two-
dimensional flows, both because of the complications introduced by an additional
spatial dimension and because the analogy between analytic complex functions and
potential flows no longer holds. Most of the solution methods employed in Chap-
ter 9 for two-dimensional potential flows cannot be used for three-dimensional flows.
Certain three-dimensional flows can be reduced in difficulty by the assumption of ax-
isymmetry, which applies whenever the velocity components expressed in spherical
or cylindrical polar coordinates are independent of angle around a symmetry axis.
This assumption is commonly employed to model the flow about axisymmetric bod-
ies, such as falling parachutes, missiles, the nose region of submarines, and so forth.
The axisymmetry assumption is also frequently employed to model certain aspects of
the core dynamics of vortex structures, such as wave propagation with variable core
area. Axisymmetric flows without swirl (i.e., with zero azimuthal velocity around
the symmetry axis) admit further simplifications deriving from the fact that there is
only one nonzero component of vorticity and two nonzero components of velocity.
The current chapter describes various solution methods for both axisymmetric and
fully three-dimensional potential flows. Axisymmetric flows with nonzero vorticity
are discussed in Chapter 13 and fully three-dimensional vortex flows are discussed
in Chapter 14.

12.1 GOVERNING EQUATIONS

The governing equation for a three-dimensional potential flow is the Laplace equa-
tion V2¢ = 0 for the velocity potential ¢, where velocity is given by u = V¢. It

219
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Figure 12.1 Coordinate systems used for axisymmetric flow: (a) spherical coordinates
(r, 6, @) and (b) cylindrical polar coordinates (R, «, z).

is not in general possible to define a stream function for a fully three-dimensional
flow, unless the problem is such that some special coordinate system can be chosen
in which the continuity equation reduces to only two terms.

Axisymmetric flows are conveniently described in either spherical coordinates
(r, 6, &) or cylindrical polar coordinates (R, «, z), as illustrated in Figure 12.1. The
two systems are related by R = r sinf and z = r cos 6. For axisymmetric flow with
no swirl, the vorticity is oriented in the «-direction and the velocity has nonzero
components in the » and 6 directions such that

W = wey, u=u,e + ugey. (12.1.1)

In spherical coordinates, the incompressibility condition becomes

14 , a
—— —(sinfuy) =0, 12.1.2
25U T g ag S04 (12.1.2)
and the condition of irrotationality is
ou, a
— - — =0. 12.1.3
59~ 3, Tue) =0 ( )

Equation (12.1.3) can be identically satisfied by writing the equation in terms of a
potential ¢, such that in spherical coordinates velocity has the components

_% _ 19

_% _ 19 12.1.4
ar "= 90 (12.1.4)

uy

Substituting (12.1.4) into the incompressibility condition yields the Laplace equa-
tion, which is written in spherical coordinates as

19 (rz%)Jr L 9 (sin@%%)=0. (12.1.5)

r2or ar r2sinf 96

Alternatively, the incompressibility condition can be identically satisfied by intro-
ducing the Stokes stream function , defined by
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1 oy 1y

== g = - .
2 sind 36 o= T sing or

(12.1.6)

The Stokes stream function is related to the vector potential § by B =
[¥/(rsin@)]ey, where u = V x B. Substituting (12.1.6) into the irrotationality
condition (12.1.3) gives the governing equation for stream function as

0 1 9y 1 9 1 9y

ar (sine 8r>+r2 36 (sinB ae)‘o' 1219
Since (12.1.7) is not the Laplace equation, the stream function is not a harmonic
function in axisymmetric potential flows. One consequence of this observation is
that the analogy between two-dimensional potential flows and analytic functions of a
complex variable no longer holds for axisymmetric flows. Many of the solution tech-
niques developed for two-dimensional flows in Chapters 9 and 10, such as conformal
mapping and the Blasius integral laws, cannot be used for axisymmetric flows.

In cylindrical polar coordinates, the expressions for velocity potential and Stokes
stream function in terms of the velocity components u g and u. become

_d_ 1w _d_ 1Y

= =— , .= = —— 12.1.8
“R=SRT "Roz T 9z T ROR (1218

The velocity components in the two coordinate systems are related by
up = u,Siné + ug cos o, U. = u,cosf — upsinb. (12.1.9)

12.2 BASIC POTENTIAL FLOWS

Irrotational flows (with no vorticity anywhere in the flow field) are generated either
from the boundary conditions or from a distribution of dilatation rate A(Xx, 1), so the
velocity potential in a three-dimensional irrotational flow is given by

N
¢(X7 t) = ¢O(X~ r) - 4 d

ar Jy |x —X/|

(12.2.1)

where the harmonic function ¢¢ for an unbounded flow is determined from boundary
conditions at infinity. Since the governing equation (12.1.5) for ¢ is linear, any two
solutions for ¢ can be superposed to generate a new solution. The solution of a com-
plicated flow can often be obtained by adding together in an appropriate manner a
series of more basic “building-block” solutions. Several examples of building-block
solutions of this type are given below.

12.2.1 Uniform Flow

The velocity components for uniform flow with speed U along the axis of symmetry
are
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ur =Ucos¥d, ug = —Usiné. (12.2.2)

Integration of definitions (12.1.4) and (12.1.6) for potential function and stream func-
tion yields

¢ = Urcosb, ¥ = 3Ur%sin® 6. (12.2.3)
In cylindrical polar coordinates, this result has the form

¢=Uz, ¢ =1LiUR. (12.2.4)

12.2.2 Straining Flow

Axisymmetric straining flow is often used to represent the effect of fluid stretching
on a small structure immersed in the flow, such as a particle, droplet, or bubble in
a two-phase flow, a long-chain molecule in a polymeric fluid, or a coherent vortical
structure in a turbulent flow. This flow field is also representative of the inviscid
flow near a stagnation point, such as the nose region of a submarine. The velocity
components for axisymmetric straining flow with strain rate ¢ are given in cylindrical
polar coordinates by

u; = 2cz, UR = —cR. (12.2.5)

Substituting these into the definition (12.1.8) of velocity potential and stream func-
tion in cylindrical polar coordinates, and integrating over R or z as necessary, gives

b=c (12 - %RZ) A (12.2.6)
In spherical coordinates, the velocity potential and stream function become

¢ = Lcr?(2cos?6 —sin?6), ¥ = cr’sin® 6 cosh. (12.2.7)

12.2.3 Point Source

A point source or sink is generated from a singularity of the rate of dilatation field
of the form A = mé(x), where the source strength m is equal to the volumetric
flow rate emitted from the source. Substituting the dilatation rate distribution into
(12.2.1), with ¢9 = 0, yields the potential function as

m
b=—1—. (12.2.8)

The corresponding velocity components are

m

Ur
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Substituting these velocity components into the expression (12.1.6) for stream func-
tion and integrating gives

Y= —1241-+0080) (12.2.10)
4

In cylindrical polar coordinates, ¢ and ¥ for a point source are given by

¢ = - v=— = (12.2.11)
- 47.[(R2+z2)1/2’ T Ax (R2+22)I/2 ' e

12.2.4 Point Doublet

A point doublet can be formed by placing a source and a sink of equal strength £m at
a distance 8z from each other, and then letting mdz approach a constant as §z — 0.
The source is placed at the origin of a spherical coordinate system and the sink is
placed at a position z = 8z along the symmetry axis, as shown in Figure 12.2. The
value of the velocity potential at a point P, located at (r, 6), is given by the sum of
the potential functions from the source and sink, giving

m m m 1
= =1 = —), 2.12
¢ 4mr + 47 (r — or) 4mrr ( 1 —Sr/r) (12 )

where 8r is the difference between the radius from the source center to point P and
that from the sink center to point P. For §r/r <« 1, (12.2.12) becomes

. mér
¢

= (12.2.13)

The law of cosines can be used to show that for §r/r <« 1, 8r = 8z cos#8, so that to
leading order in ér/r the velocity potential becomes

méz cosf

o (12.2.14)

o=

Letting the sink approach the source (§z — 0) as the strength m increases to infinity,
such that the product m8z approaches the nonzero doublet strength u, the velocity

m —-m
Y R
>
8z

Figure 12.2 Source and sink system used to generate a point doublet as §z — 0.
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potential for a doublet is obtained as

= 2 cosf. (12.2.15)
r
The velocity components for a doublet are
w Iz
U, = e cos @, ug = i sinf. (12.2.16)

Substituting the expression (12.2.16) for the velocity components into (12.1.6) and
integrating give the stream function for a doublet as

v = —4L sin2 6. (12.2.17)
-

12.2.5 Line Source of Finite Length

A line source of finite length (Figure 12.3) may be formed by superposing point
sources along a section (z1, z2) of the z-axis. The strength of the line source per
unit length is denoted by ¢(z) such that the volumetric flow rate emanating from a
length dz of the line source is given simply by g dz. The line source is discretized
into N line segments, with length Aé = (z2 — z1)/N and center points at z = &,,
n=1,..., N. A point source is placed at the center point of each line segment with
strength g(&,) A£. The stream function induced by this set of point sources, which
is most conveniently expressed in cylindrical polar coordinates, is obtained using
(12.2.11) as

N
q(En) A 2= &
R = - 1 . 12.2.1
e ; 4 ( +[R2+(z—‘§n)2]'/2) (12219

Letting N — 00, the definition of a Riemann integral can be used to write the stream
function for the continuous line source as

__[?9® &
Y(R,2) = /ZI . <1+[R2+(z—§)2]‘/2)d$' (12.2.19)

JERNARNNRNRNAND|
THTITTTTe

q(2)

Figure 12.3 Line source spanning interval (z1, z3).
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For the special case of uniform source strength (g = const), (12.2.19) can be
integrated to yield

PR == (2= = (R + @ = M2+ (R + = 211" 2)).
T

(12.2.20)

Denoting the length of the line source by L = z, — z| and defining r; = [R? + (z —
22)21'/? and ry = [R? + (z — z1)?]'/? as the distances from the end points at z; and
z1 to the point (R, z), the above result can be rewritten as

VR =L (L—rytr). (12221)
4

12.3 SOME AXISYMMETRIC FLOWS WITH IMMERSED BODIES

In this section, we describe several examples of axisymmetric flows with immersed
bodies that can be generated by superposition of the basic flow solutions derived in
the previous section. Numerous other examples exist that are not discussed here. A
particularly rich collection of solutions for axisymmetric and fully three-dimensional
potential flows with single or multiple bodies of various shapes can be found in the
text by Milne-Thompson (1968). The examples included in the present text are fairly
simple; more complex problems might best be handled using one of the computa-
tional methods discussed in Sections 12.6—-12.7 or (for slender bodies) the approxi-
mate method described in Section 12.5.

12.3.1 Uniform Flow Past a Sphere

Uniform flow past a sphere of radius a can be generated by superposing uniform
flow along the symmetry axis with a point doublet, giving the velocity potential as

¢:Urcos€+4—i—;cosé’. (12.3.1)

The radial velocity component on the sphere surface r = a is

url, oy = (U = 55 ) cost, (1232)

so that the no-penetration condition is satisfied by setting the doublet strength as
p = 2ma’U . Substituting this result into the expression for velocity potential gives

3
b=U (r n %5) cos b, (12.3.3)
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and the corresponding velocity components are

a a’
u=U|1—- — ]cosb, ug = -U |1+ — ]sind. (12.3.4)
r3 2r3

Substituting the velocity components into (12.1.6) and integrating gives the stream
function as

3
v==U (r2 — a_) sin 6. (12.3.5)

The velocity on the sphere surface is obtained from (12.3.5) as u(a, 6) = 2 U sinfey
such that the maximum velocity (at 6 = 90°) has magnitude equal to % of the free-
stream velocity. The pressure field ps(€) on the surface of a fixed sphere in a steady
uniform flow is obtained by substituting the surface velocity field into the Bernoulli
equation (8.2.3), giving

Ps(0) — poo _ 1U2<

9
5 1-Z sin29) i (12.3.6)
fo)

4

The pressure coefficient ¢, (6) = (p;(8) — poo)/%pU2 =1- % sin? @ for the sphere,
varying from a value of 1.0 at the front and back stagnation points (§ = 0, ) to a
value of 1.25 at the shoulder (8 = 77/2). The symmetry of the pressure field suggests
that there is no net force acting on the sphere.

12.3.2 Rankine Half-Body

Superposition of uniform flow and a point source generates a nonclosed body (or
half-body), as shown in Figure 12.4, which mimics the flow past the leading edge of
a blunt body. The velocity potential and stream function for this flow are

Y

¥=0

Figure 12.4 Rankine half-body formed from a point source and uniform flow.
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1
6= Urcosf— ——,  y=zUrsinf0— (1 +cosf), (1237
dmr 2 47

and the corresponding velocity components are

u, = Ucosh + 4—3—2, 1p = —U siné. (12.3.8)

The position a of the stagnation point upstream of the point source can be obtained
by setting u, (a, 7) = 0, which yields

a= (%’5)”2. (12.3.9)

The dividing streamline between the interior and exterior of the half-body corre-
sponds to r = ro(#), which coincides with the streamline that passes through the
stagnation point at z = —a. From (12.3.7), we see that = 0 whenever § = 7 such
that the dividing streamline for this problem corresponds to ¥ = 0. [This is in fact
the reason that the constant 1 is usually added to cos 6 in the expression (12.2.10) for
the stream function of a point source.] Solving for ro(®) from (12.3.7) with = 0
yields

m \!/2 1
0) = . 12.3.10
ro(®) (471U> sin(6/2) ( )
The cylindrical polar radius Ry = ro sin6 of the half-body is given by
m \1/2 siné
Rp(0) = . 3.
0() (47rU) sin(6/2) (12.3.1h

Far downstream of the point source (as ¢ — 0), the half-body approaches the limit-
ing radius Ry — (m/yTU)l/2 = 2a.

12.3.3 Rankine Solids

Flow past a fixed, closed body can be generated by superposing uniform flow with a
set of sources and sinks having zero net mass flow rate. One example of such a flow
is given by superposing uniform flow with a single point source at z = —a and point
sink at z = a (Figure 12.5), known as a Rankine solid. Letting the angle between
the source and a point P be denoted by 1 and that between the sink and point P be
denoted by 6;, the stream function for this flow can be written as

|
¥ =3Ur’ sin26 — a"i(cosel — cos6y). (123.12)
JT
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2a
«—

m —m
0 \J/
B )'T‘\ L
U
h
¥=0

Figure 12.5 Rankine solid formed from a point source, a point sink, and uniform flow.

The dividing streamline corresponds to ¥ = 0, so the body radius () is obtained
from (12.3.12) as

1(0) = 5 (c0s6) — cosy). (12.3.13)

2 U sin

The Rankine solid can be characterized by its half-length L and half-width /. The
half-length can be determined by setting u, equal to zero at the stagnation point at
(r,6) = (L, 0),or

m m _
dn(L+a)®  4n(L—a)?

ur(L,0)=U + 0. (12.3.14)

Rearranging gives a nonlinear equation for L of the form

2
L\? L
[(E) —1] =nzja25‘ (12.3.15)

Setting ro(r/2) = h, an equation for the half-width can be obtained from (12.3.13)

as
N\ 17
() | - 12316

The result (12.3.16) is derived by noting that at the angle 6 = 7/2, 6, and 6, satisfy
tanf; = —tan6, = h/a, so that cosf) = —cosby = 1/[(h/a)2 + 17172 A plot of
h/a and L/a versus the dimensionless parameter m/m Ua? is given in Figure 12.6.

12.3.4 Tapered Bodies

Flow past a closed body with a tapered (or streamlined) back end can be generated
by superposing uniform flow with a point source of strength m at the ori gin and a line
sink extending from the origin to point z = a with strength —m /a per unit length
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0 L L I
0 5 10 15 20

m/nUa*

Figure 12.6 Variation of the half-length L (solid line) and half-thickness 4 (dashed line) of
a Rankine solid as a function of the dimensionless parameter m /U a?.

(Figure 12.7). The stream function is given by
1 2 .2 m m
Y(r,0) = =Ur"sin“0 — —(1 +cos0) + —(a+r—r), (12.3.17)
2 4 4ma

where ry = [r? + a? — 2racos 6172 is the distance between the end point z = a
of the line sink and the point (r, 8). The dividing streamline (representing the body
surface) corresponds to ¥ = 0, since r; — r + a and cosf — —lasf — m and
r» — r —a and cos® — 1 as 6 — 0. The body radius ro(6) may therefore be
obtained by solving for r in (12.3.17) with ¢ = 0.

12.3.5 Oscillating Bubble

Oscillation of air bubbles entrained in the wake of marine vehicles are a major noise
source, which is important for applications such as acoustic ship detection. The flow
past an oscillating small bubble, which is assumed to have approximately spherical
shape, can be modeled by superposing uniform flow and a point doublet and point
source located at the origin. The velocity potential for the resulting flow is

¢=Urc059+4:rzcos(9—z%. (12.3.18)
SRR TR
U £ e e o
¥=0

Figure 12.7 Flow past a closed tapered body generated by superposing uniform flow, a point
source, and a line sink of length a.
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Setting the radial velocity evaluated from (12.3.18) at the surface of the bubble equal
to the rate of change of the bubble radius a(z), as required by the no-penetration
condition, gives

(@, 0,1) = (U— )cos9+i —a. (12.3.19)

I
2nad 4ma?

The requirement that (12.3.19) be satisfied for all angles 6 yields expressions for the
source and doublet strength as

w=2raU, m = 4rwa’a. (12.3.20)

Considering now the special case U = 0, the unsteady Bernoulli equation (8.2.2)
with zero body force gives

— +x+ —=0, (12.3.21)

where poo (1) is the pressure far away from the bubble. The Laplace formula (5.3.12)
gives the pressure in the liquid at the bubble surface as

2
pa,8,1) = pp(t) — =X, (12.3.22)
a

where y is surface tension and pg(¢) is the pressure inside the bubble. The Bernoulli
equation can be evaluated at the surface of the bubble using (12.3.19)( 12.3.22) to
obtain an ordinary differential equation for the bubble radius a(t) as

@ vai+ Y PE P (12.3.23)
2 pa fol
which is known as the Rayleigh equation.

Solution for a(t) from the Rayleigh equation depends on the variation of the ex-
ternal pressure and the pressure within the bubble. Assuming that the gas inside the
bubble behaves as an isentropic ideal gas, the interior pressure varies with bubble
radius as pp(t) = ppolag /a)3k , where k = ¢, /c, is the ratio of the specific heats. If
Doo 1 constant, so that the bubble oscillates in the absence of forcing, then (12.3.23)
has the form of an autonomous equation, such that all of the terms depend only on a
and its derivatives and not explicitly on time. In this case, (12.3.23) may be reduced
to a first-order equation by the substitution f(a) = a, giving

2
adD) 3 W _ PP (12.3.24)
2 da 2 pa P
Equation (12.3.24) is linear in the variable f 2(a) and can be solved by standard
methods.
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12.4 SPHERE THEOREMS

Analogous to the circle theorem for two-dimensional potential flows (Section 9.4),
sphere theorems allow one to easily insert a spherical body in an arbitrary external
flow, subject to certain restrictions. Two different sphere theorems are described in
this section—the Butler (1953) theorem, which deals with stream function and ap-
plies only to axisymmetric flows, and the Weiss ( 1945) theorem, which deals with
velocity potential and can be used for arbitrary three-dimensional potential flows.

12.4.1 Butler Sphere Theorem

The Butler sphere theorem can be used to insert a fixed sphere of radius a at the
origin of any axisymmetric potential flow in which there are no singularities within
a distance a of the origin and there are no rigid surfaces.

Theorem 12.4.1 (Butler Sphere Theorem). Consider an incompressible, irrota-
tional, axisymmetric flow with no rigid boundaries and no singularities within a dis-
tance a of the origin, which has stream function Yo (r. ) such that o = O(r?) near
the origin. If a rigid sphere of radius a is introduced in the flow, the stream function
becomes

r a?
1//(r.6)=1,[/0(r,0)—51j/0 (—;9) (12.4.1)

To prove this theorem, we must show that the stream function given by (12.4.1)
(i) satisfies the irrotationality condition, (ii) is constant on the sphere surface r = a,
(iii) is nonsingular outside the sphere (» > a), and (iv) approaches the same flow
as Yo(r, 6) at infinity with zero net mass flow rate. Condition (ii) is clearly satisfied
since (12.4.1) gives ¥(a,0) = 0. Satisfaction of condition (iii) follows from the
realization that 7 and @?/r are inverse points with respect to a sphere of radius a,
such that if r > a then a?/r < a and vice versa. We require in the statement of the
theorem that all singularities of ¥o(r, 0) are outside of the sphere, so correspondingly
all singularities of ¥y (a2 /r, 8) must be inside the sphere. To prove condition (iv), we
again use the idea of inverse points to note that if Yo(r, ) = 0% asr — 0, then
Wo(@?/r.8) = O(1/r?) as r — oc. Using the definition (12.1.6) of the Stokes
stream function, the velocity induced by the second term on the right-hand side of
(12.4.1), which arises from the presence of the sphere, must vary as 0(1/r3) as
r — 00.

Satisfaction of condition (i) can be demonstrated by substituting the second term
on the right-hand side of (12.4.1) into the form (12.1.7) of the irrotationality condi-
tion expressed in terms of stream function, which gives

3t | r a’ 9 1 9 r a?
22 1y (& in6— IV Ly (& =0. (124
ey l:awo ( ; ’9)] +sinfg <sin9 ae) [a‘”O(r ’9)] 0. (124.D
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oK

Figure 12.8 Point source at position z = b outside of a sphere of radius a.

Making the change of variables £ = 2 /7, (12.4.2) becomes

2 02 a1 @
§ g2 V0, 0) Fsin6 -5 (—— Yo(§,6) =0, (12.4.3)

a6 \sin@ 36
which has the same form as the original irrotationality condition (12.1.7) acting
on 9. The modified flow given by (12.4.1) is therefore irrotational if the original
flow is irrotational.

Example 12.4.1 Point Source in the Vicinity of a Sphere. We consider the flow
induced by a point source placed at a point B with position z = b outside of a sphere
of radius a, where b > q, as illustrated in Figure 12.8. The stream function for the
source alone is given by

Yo(r,0) = —ﬁ(l + cos ), (12.4.4)
4
where 6; is the angle of point P, with position (r, 6), about the source at B. Using

trigonometric identities, we can write cos 6 in terms of r and @, such that (12.4.4)
becomes

m rcosf —b
0 =" (4 . 12.4.5
vo(r. 8) 47r< +[r2+b2—2rbcost9]l/2) (12.4.5)

Applying the sphere theorem (12.4.1), the stream function for the flow with the
sphere present is given by

w(r,9)=—ﬁ <1+ rcos@ —b )

47 [r2 + b2 — 2rbcos9]1/2
2
a
—Jcos@ —b
L B (’) (12.4.6)

4 a 4 2 1/2
2b
l:a—z +b2—( a )cos@]
r r
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This result can be simplified by noting that the coordinates (r2, 8,) of point P relative
to the inverse point B’ of the source with respect to the sphere, located at z = b’ =
a® /b, satisfy

22 IRY. B rcos@ — b’
ry=r"+b 2b'r cos 6, cosy = T by cos 0] (12.4.7)
so that the stream function becomes
m ma m
1//(r,9):—Zr—(l—kcosel)—L—m—l;cosﬁz—{—m(r—rz). (12.4.8)

The first term on the right-hand side of (12.4.8) is the original source, the second
term is an image source of strength ma/b located at B’, and the third term is an
image line sink of strength m/a per unit length spanning a distance a?/b from B’ to
the origin. Since the sphere is rigid, the image field satisfies the restriction of zero
total mass flow rate. A schematic of the image field is given in Figure 12.9.

12.4.2 Weiss Sphere Theorem

The Weiss sphere theorem can be used to insert a sphere of radius a at the origin of
an arbitrary three-dimensional potential flow, subject to the usual restrictions of no
singularities within a distance a of the origin and no rigid surfaces in the original
flow. The Weiss theorem is more cumbersome to use than the Butler theorem, since
it requires evaluation of an integral over the radius, so for axisymmetric flows the
Butler theorem is usually preferable.

Theorem 12.4.2 (Weiss Sphere Theorem). Consider an incompressible, irrota-
tional flow with no rigid boundaries and no singularities within a distance a of the

” ~
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Figure 12.9 Image field of a point source at B outside of a sphere, consisting of a point
source at the inverse point B’ and a line sink stretching from B’ to the center of the sphere.
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origin, which has velocity potential ¢ (r, 8, ). If a rigid sphere of radius a is intro-
duced in the flow, the velocity potential becomes

) J

o8 £. (12.4.9)

1 az/r
¢(r,0,01)=¢o(r,9,06)+—/ £
a Jjo

Denoting the last term in (12.4.9) by x(r, 0, &), proof of this theorem requires
that (i) x is irrotational (V2 x = 0), (ii) the no-penetration condition dp/or =0
is satisfied on the surface r = q of the sphere, (iii) there are no singularities of X
outside the sphere (in r > a), and (iv) the velocity field associated with X vanishes
at infinity such that x exhibits no net mass injection into the flow. Satisfaction of
condition (ii) can be verified by directly differentiating (12.4.9) with respect to r,

giving
9 _d¢o 1 ( a®\ [ dgo
o " Ta (‘Tz) (g_ag_>

Setting r = a = &, the right-hand side of (12.4.10) reduces to zero. Satisfaction of
condition (iii) follows from the fact that ¢2 /7 1s the inverse point of r over the sphere
surface. Expanding y as

(12.4.10)

§=a?/r

1 1 az/r
x =—1&do(&, 9, Ol)]g=a2/r — —/ PodéE, (12.4.11)
a a Jo

it is clear that if ¢y(r, 8, @) has no singularities inside the sphere (in r < a), then
¢o(r, 8, a) has no singularities outside the sphere (in r > a). Satisfaction of condi-
tion (iv) can be assured by assuming that ¢ has a power series expansion of the form
@0 ~ Ao+ A7 +- - - near the origin. Substituting this expansion into the expression
for x and performing the integration over & gives x ~a’A1/2rl asr — 00, where
we recall that  — oo is the inverse point of » = 0. The radial velocity induced by
X must decrease at infinity as O(1/r3), such that no net mass source is generated
by x.

Satisfaction of condition (i) can be verified by noting that the change of variables

& = a?/r yields
g(rza_x> _f_zi( %)
ar ar) a3t \" 8¢
L e T 0 [ agg
ol e ()]

L 8T (8
= 5/0 é‘£ [% (5 55—)} dk. (12.4.12)
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We can thus write

N S N 3 1 9 3 1 92
Vi =5 s 2 D (2000 L —(sineﬂ SR ) S
o Cer|ae \C ot sinf 36 36 sin2g da?

(12.4.13)

The term in brackets in (12.4.13) is equal to &2 times the Laplacian of ¢o(&, 6, o).
Since the initial flow is assumed to be irrotational, V2¢g must vanish, so (12.4.13)
yields V2 x = 0.

12.5 SLENDER-BODY THEORY

The superposition method discussed in Section 12.3 can be used to obtain the veloc-
ity field for flow past a body or family of bodies of a given shape. In many appli-
cations, however, one is instead given a body of some arbitrary shape, or else asked
to design a body of optimal shape, for which it may be difficult to obtain a solu-
tion by such a procedure. We examine two approaches that can be employed in such
situations. The first approach (slender-body theory) is applicable only to bodies satis-
fying certain “slenderness” conditions and utilizes an asymptotic procedure to obtain
an approximate solution for the flow field. The other approach (discussed in the next
two sections) uses a computational method that yields a numerical solution of the
problem to any desired degree of accuracy, restricted only by the limitations of the
computing system. Our discussion of slender-body theory is presented in two parts:
the first dealing with the relatively simple case of purely axisymmetric flow and the
second dealing with axisymmetric bodies immersed in fully three-dimensional flows.

12.5.1 Axisymmetric Flows

The basic idea of slender-body theory is to replace the body by a line source along the
axis of symmetry, running from one end of the body to the other, and then to set the
source distribution along the line source to approximately satisfy the no-penetration
condition at the body surface. The basis for this approximation can be motivated by
reexamining the solution for a line source distribution given in Section 12.2. Ex-
pressed in cylindrical polar coordinates, the velocity field induced by a line source of
uniform strength g extending over the interval (0, L) on the symmetry axis is given
by

q 2 ik
R oo 3 . (125.1¢
up( ) 7R {[R2+Z2]1/2 [R2+(;—L)2]I/2} ( a)

(R q R R (12.5.1b)
u;(R,z) = — - — . 5.
: 4rR | [R?2+ 22112 [R*+ (z = L))'/2
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We evaluate the velocity at a point (R, z) located close to the line source (RILK)
but not close to either of its end points [z/R = O(L/R),(z—L)/R = O(L/R)].To
leading order in R/L, the velocity components become

R\? R
ug = 2R{1+0(L)], uz=0("’£ ) (12.5.2)

The radial velocity has the same form as that induced by a two-dimensional point
source, and the axial velocity induced by the line source is small compared to the ra-
dial velocity. We therefore conclude that close to a line source, the induced flow field
is similar to that induced by the cross section of the line source in a two-dimensional
flow. This observation is the basis for the asymptotic approximation used to specify
the line source strength in slender-body theory.

We consider uniform flow along the axis of an axisymmetric body extending along
the interval (z1, z2) on the symmetry axis (Figure 12.10a). The body length is L =
z2 — z1 and the body radius is Ry(z), where the maximum radius is denoted by
Rmax = maxy, ;;, Ro(z). A small parameter ¢ is defined by

£= ——. (12.5.3)

The body is required to satisfy the “slenderness” conditions ¢ < 1 and d Ry /dz =
O(g), which imply that the body is much longer than it is wide and that the slope is
everywhere small.

To solve for the flow field, the body is replaced by a line source placed along the
symmetry axis over the interval (zi, z2). The strength of the line source is assumed
to vary slowly with axial distance. More specifically, the variation of ¢ (z) is assumed
to satisfy

49 _ O0(£2U). (12.5.4)
dz
— -—_————»
U 4| ]
(@)

—>€=:3
TTTTTTT

Figure 12.10  Slender axisymmetric body with (a) head-on flow only and (b) both head-on
flow and cross flow.
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The no-penetration condition at the body surface requires that

dRo

u =ug on R = Ry(2). (12.5.5)
dz

Based on the argument leading to (12.5.2) and the assumption that ¢ changes grad-
ually with z, the radial and axial velocity components in the boundary condition
(12.5.5) can be approximated as

q(2)

1+ 03],  uRo.2)=Ull+0(@)] (1256
27 Ry

ur(Ro.z) =

Substituting (12.5.6) into the boundary condition (12.5.5) and solving for g (z) gives
the source strength distribution to leading order in ¢ as

dRp
q(z) = 271UR()———d . (12.5.7)
z

Since dRy/dz = O(g), this solution satisfies the assumption (12.5.4). Integrating
(12.5.7) over the length of the body yields

2 22
f g dz=nU f d(R3) = mU[R%(z2) — R3(z1)] =0, (12.5.8)
31 I

<t

such that the total volumetric source of the line source vanishes, as required for the
body to be closed. Substituting (12.5.7) into the expression (12.2.19) for the stream
function for a line source and adding the uniform-flow stream function (12.2.4) yields
the total stream function for flow past the body.

12.5.2 Axisymmetric Body with Cross Flow

Slender-body theory can be generalized for the case of an axisymmetric body with
cross flow Vey, as shown in Figure 12.10b, by placing both a line source and a line
doublet on the symmetry axis over an interval (z1, z2). The velocity potential induced
by a line doublet with vector strength B(z) per unit length is given by

¢(x y Z):szz B(g)x
dr J,, X242+ (2 —§)?2P2

d§. (12.5.9)

For the present application, the line doublet is aligned in the direction parallel to the
cross flow, such that B = Be,. For a line doublet with uniform strength over the
interval (0, L), (12.5.9) can be integrated to yield

_ By 4 z—L
¢x,y.2) = ) |2+ 2+ 272 v+ G- D22
(12.5.10)
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For a point close to the line doublet but not close to the end points [satisfying the
conditions stated prior to (12.5.2)], (12.5.10) can be approximated to leading order
inR/L as

By R\?
¢(x,y,Z)—m|:1+0(z) :l (12.5.11DH)

The result (12.5.11) has the same form as the velocity potential of a two-dimensional
point doublet (9.3.4) oriented in the y-direction.

The radial velocity is decomposed into two parts, ug; and ugy. The part ugy is
induced by the line source and is chosen to satisfy the boundary condition (12.5.5)
from the axial flow. The resulting expression for the source strength distribution is
the same as given in (12.5.7). The part ug; is induced by the line doublet and is
required to vanish on the body surface. Based on the result (9.3.15) for the doublet
strength for two-dimensional flow past a circular cylinder, the doublet strength is
obtained to leading order in the small parameter ¢ as

B(z) =27 RLV. (12.5.12)

The total velocity potential induced by the body is obtained by adding that induced
by the line source and the line doublet, or

{ q(&) BE)y

T -2 T Wyl - B } .
(12.5.13)

1 (=
¢(x,y,z>=5[

21
where g and B are given by (12.5.7) and (12.5.12), respectively.

12.6 SOURCE AND DOUBLET SHEET
BOUNDARY-INTEGRAL METHODS

In this section and the next, we develop the theory behind boundary-integral meth-
ods, which are commonly used for solution of potential flow past bodies of arbitrary
shape in either two or three dimensions. These methods are standard tools in the aero-
dynamics and marine industries for design of lifting surfaces, such as airfoil sections
and propellers. Boundary-integral methods can also be used in flows with nonzero
vorticity to determine the contribution to the flow field induced by the presence of
the body.

We consider flow past a closed surface S, which encloses a region V and has
outward unit normal n. Green’s second identity (2.7.8) for any two functions f(x)
and g(x) states that

af

/(szg —gV2f)dv =/ (fa—g —g—) da. (12.6.1)
v S an on
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Choosing f as the velocity potential ¢ (x, r) and g as the three-dimensional Green’s
function G(x — x'), and making use of the property (6.3.5) of the Green’s function
and the fact that ¢ is a harmonic function, yields

Bo(x,t) = / (qﬁﬁ - Gﬂf) da’, (12.6.2)
s on’ on’

where 8 = 0ifx ¢ V, 8 = %ifx € S,and B8 = 1 if x € V. A prime is used
to denote dependence on x’. Hence, if the value of ¢ and its normal derivative are
known for all points on the surface S, then ¢ at any point within V' can be obtained
by evaluation of the integral in (12.6.2).

Equation (12.6.2) is applied to flow past a body immersed in a prescribed irrota-
tional flow field ug(x, 1) = V¢, in which the body may be moving with velocity
up(x, 1). The body surface is denoted by Sz, the region inside the body is V;, and
the region outside the body is Vg, as shown in Figure 12.11. The unit normal n of Sp
is defined to point into Vg. Boundary-integral methods replace the actual body by a
sheet of either sources or doublets fixed to the body surface, where the strength of
the source or doublet sheet is set so as to enforce the no-penetration condition on Sg.
In this representation, the interior of the body is treated as a fluid, even if in actuality
it is solid, in order to get the correct flow field in the body exterior for external flow
problems, and vice versa for interior flow problems. Applying (12.6.2) to the interior

region V; gives
,9G 39 /
Bioi(x, 1) =/ <¢>, -G ’)da, (12.6.3)
SB

on’ on’

where ¢;(x, 1) denotes the velocity potential interior to the body surface and ; = 0
ifx ¢ Vy, B = % if x € Sg, and B; = 1if x € V;. Next, applying (12.6.2) to the
exterior region such that the unit normal n in (12.6.2) is replaced by —n gives

, 0G Gl , ,0G 3¢’ ,
1) =— — —G—=}da + — —G— ,
BEYE(X, 1) /;B <¢E ™ G ™ ) a /S() (¢ oy Gan’) da

(12.6.4)

Figure 12.11 Sketch showing a point x on a closed surface Sp containing an internal volume
V; with outward unit normal n pointing into an external volume Vg.
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where 8 = 1— B, ¢r(x, 1) denotes the velocity potential exterior to Sg, and Sy is a
closed surface enclosing the body. The velocity field induced by the body decays suf-
ficiently rapidly with distance away from the body (see Section 6.6) that in the limit
as So moves outward to infinity, the velocity potential in the last integral in (12.6.4)
can be replaced by the potential ¢y associated with the prescribed irrotational flow.
Applying (12.6.2) to the region Vy bounded by the closed surface S, yields for any
x € Vp the result

Po(x,1) = / (¢03G 3¢?> da’, (12.6.5)
So on
so that (12.6.4) becomes
aG il
Bede(x,t) = —/; (¢E— - ﬁ) da' + ¢o(x, 1). (12.6.6)
B
Adding (12.6.3) and (12.6.6) yields
,0G , ,
O (X, 1) — do(x, 1) =/ “ ;da +/ q'Gdd, (12.6.7)
Sp

where q(x,1) = 3(¢r — ¢7)/0n and u(x,t) = —(¢r — ¢y) are the source and
doublet sheet strengths, respectively. The function ¢ is equal to ¢ for x € Vg, ¢;
forx € Vy, and (¢pg + ¢;)/2 forx € Sp.

12.6.1 Source Sheet Method

In the source sheet method (Hess and Smith, 1966), the boundary conditions of the
potential fields ¢ and ¢; are set such that . = O forallx € Sg. A boundary-integral
equation for the source sheet strength g (x, ¢) is obtained by evaluating (12.6.7) on
the body surface and taking the normal derivative, which gives

1/ B IG(x —x'
1(9%e | 991 _uo.n=/ g, n3CE=X) 4 (12.6.8)
2\ on an Sp on

where we note that the unit normal within the integral on the right-hand side is eval-
uated at X rather than at x'.

For external flow problems (such that the fluid occupies the region Vi), we set
0¢r/dn = up - n on the body surface, where up is the prescribed velocity of the
body such that

1/9 3
- ¢E Lo\ _ _a ug-n forallx € Sg. (12.6.9)
2 on 2
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Substituting (12.6.9) into (12.6.8) yields an integral equation for g as

IG(x — X
3Gx—x) x)da'.

12.6.1
an ( 0)

1
(ug —ug) -n= -q(x,1) +/ qx', 1)
2 Sg

Taking the gradient of (12.6.7) gives the velocity field external to the body as

ux, 1) —up(x,t) = / gx', HVG(xx — x)dad'. (12.6.11)
Sg

Once the source sheet strength is obtained by solution of (12.6.8), the velocity at any
point in the flow field can be obtained by performing the integration over the source
sheet indicated in (12.6.11).

For internal flow problems (such that the fluid occupies the region V), we set
d¢;/0n = ug - n on the body surface such that

| (0de  3¢r q
| =+ —)==+4+upg-n foralxeSp. 12.6.12
2 ( om - oan) 2 7 5 ( )
Setting ug = 0, the boundary integral equation (12.6.8) reduces for internal flow
problems to

1 aIG(x — X
uB~n=—§q(x,t)+f q(x',t)i—x—)da" (12.6.13)

Sg on

The velocity expression (12.6.11) holds for both internal and external flows.

The Green’s functions for two- and three-dimensional flows are given by (6.5.5).
For three-dimensional flows, the boundary-integral equation and velocity expression
become

] 1 .
(up —ug) -n::l:—q(x,t)—{——/ qx, t)“——rda’ (12.6.14a)

2 4 Se r3

and
1 't ,
u(x, 1) = up(x, 1) + —f ESULY (12.6.14b)
dr Js, F

where r = x — X, r = |r|, and the plus and minus signs in front of the first

term in (12.6.14a) correspond to external and internal flows, respectively. For two-
dimensional flows, after replacing the body surface Sp with element of area da by
the body contour Cp with element of length d¢, the equivalent expressions are

1 1 -
(ug —ug) -n==2-q(x, 1)+ — / g(x, t)n—r de’ (12.6.15a)
2 2w Cg r2
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and

q(x', Hr

5 de'. (12.6.15b)
’

1
U(X, t) = uO(X, t) + —
2T Cp

We note that the source sheet method applies only to bodies without lift, since by
construction the circulation must vanish about any circuit enclosing the body. The
boundary-integral equation (12.6.10) is of the form of a Fredholm equation of the
second kind, which has well-known uniqueness and existence properties (Courant
and Hilbert, 1953). Numerical solution of the boundary-integral equation (12.6.14a),
or (12.6.15a) for two-dimensional flows, can be obtained by discretizing the body
surface into a series of N panels, which are usually chosen to be small flat sur-
faces, of either quadrilateral or triangular shape, over which the sheet strength is
constant. The integration can be performed analytically over each panel (Hess and
Smith, 1966; Newman, 1986), yielding a N x N matrix equation for the source panel
sheet strengths. This solution procedure can be both computer time and memory in-
tensive for large values of N, and several alternatives exist for acceleration of this
procedure. For instance, the time required for construction of the matrix system can
be reduced by evaluating the integral in (12.6.14a) using an appropriate numerical
quadrature, rather than exact integration, particularly for distant panels. The time re-
quired for solution of the matrix equation can be reduced by use of any of several
iterative techniques. The memory usage, required to store the interaction matrix re-
sulting from the discretized integral in (12.6.14a), as well as computation time can be
reduced using the multipole expansion method or other methods that cluster distant
panels (Rokhlin, 1983), similar to those discussed in Section 11.5 with reference
to vortex methods in two dimensions. A thorough discussion of different solution
approaches for second-kind boundary-integral equations, including iteration and nu-
merical integration techniques, is given in the monograph by Atkinson (1997).

12.6.2 Doublet Sheet Method

In the doublet sheet method (Maskew, 1982), the boundary conditions of the potential
fields ¢£ and ¢; are set such that g = O forall x € S B, which implies that the fluid
normal velocity is continuous over Sp. A boundary-integral equation for the doublet
sheet strength u(x, t) is obtained by evaluating (12.6.7) on the body surface and
using the definition of u to write (¢; + ¢r)/2 = —u1/2+¢r = pu/2 + ¢g, giving

1 _ 4
o1(X, 1) — do(x,1) = i,u(X, 1)+ / nx', t)m da (12.6.16)

Sg on’

for external flows and

br(X. 1) = —%M(x, z)+[ O A S (12.6.17)

Sp on’
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for internal flows. The boundary conditions at the body surface are specified by pre-
scribing the value of ¢; or ¢ for external or internal flow problems, respectively.

For instance, for an external flow problem involving uniform flow ug(¢) past a
body, where the body is translated with velocity ug(z), we choose ¢; = up - x and
¢o = ug - X, so that the boundary-integral equation (12.6.16) becomes

(ug —up) - X = %u(x, t) +f wx', I)S_G_(x_—x_) da'. (12.6.18)

Sg on’

Discretizing the doublet sheet by a set of flat panels, (12.6.18) can be converted into
a matrix equation, solution of which yields the doublet sheet strength on each panel.
Once the doublet sheet strength is known, the potential function ¢ can be obtained
at any point in the flow field by the integration indicated in (12.6.7) with g set equal
to zero.

12.7 VORTEX SHEET BOUNDARY-INTEGRAL METHOD

It is proved in Section 11.6 that a doublet sheet of strength 4 is equivalent to a vor-
tex sheet with strength y = V x (un). The doublet sheet method developed in the
previous section can be used to obtain an expression for the velocity potential ¢,
provided that the value of ¢ is specified on the side of the body surface opposite to
that on which the fluid lies (e.g., ¢; for an external flow). The doublet sheet formula-
tion is convenient for some applications, such as wave propagation (Section 15.6), in
which the velocity potential is directly involved in the dynamic boundary condition
on the interface Sg. In other applications, however, it is more convenient to express
the boundary conditions in terms of the velocity on Sg. The doublet sheet method
can be used for such cases by taking the gradient of (12.6.7), which, as shown in Sec-
tion 11.6, can be rearranged in the form of the velocity induced by a vortex sheet. In
such cases, the boundary-integral formulation is most appropriately called a vortex
sheet method.

The velocity induced at a point x by a vortex sheet of strength y lying on the body
surface Sp is given by

ux, t) = up(x, t) +/ Y x VGda'. (12.7.1)
Sg
The boundary-integral equation for the vortex sheet strength in an external flow can

be obtained by taking the gradient of the integral equation (12.6.16) for the doublet
sheet strength, giving

|
u;(x, 1) —up(x,t) = EV;J.(X, 1+ V/ u'n' -V'Gdad'. (12.7.2)
Ay

It is shown in Section 11.6 that the last term in (12.7.2) is equivalent to the integral
on the right-hand side of (12.7.1), provided that the vortex sheet strength is set as
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indicated in (11.6.13). The boundary condition on the body surface Sp requires that
the projection of the interior velocity tangent to the body surface be equal to the
tangent projection of the prescribed body velocity, or (n x u;) x n = (n X ug) x n
for all x € Sp. Taking the projection of (12.7.2) tangent to Sg and applying this
boundary condition give

[nx (ug —ug)] xn = %(n xVu)yxn+ | [nx (Y x VG)] x nda’. (12.7.3)
AY:]

The first term on the right-hand side of (12.7.3) is shown in Section 11.6 to be equal
ton x 7, so that the boundary-integral equation for the vortex sheet strength becomes

[0 x (ug —ug)] xn= %n X 'y+/ [nx (¥ x VG)] x ndd’. (12.7.4)
Sp

One issue that stands out from the above derivation concerns the manner in which
the tangent velocity in the internal region is used to set the boundary condition on the
body surface, as stated just prior to (12.7.3). This approach essentially collapses the
boundary layer that forms about the body in any real, viscous flow, into an infinitely
thin vorticity sheet. The tangent velocity condition for the vortex sheet method is
related to the requirement of no slip at the wall in a viscous flow (i.e., as the body
surface Sp is approached from the internal region V;). This method mimics the pro-
cess by which vorticity is produced in real fluid flows, and it also guarantees satis-
faction of the no-penetration condition on the body. The latter fact is assured by the
following theorem, due to Martensen (1959).

Theorem 12.7.1 (Martensen Theorem). Vanishing of the tangent velocity projec-
tion everywhere on a closed, fixed surface S with no vorticity in the region V; interior
to § implies that the velocity component normal to S must also vanish.

Martensen’s theorem assures that if the no-slip condition is satisfied everywhere
along the internal side of the vortex sheet covering the surface of an immersed,
fixed body, then the no-penetration condition will also be everywhere satisfied on
the surface. This theorem can be proved by contradiction. Let us suppose that the
no-penetration condition is not satisfied, such that there exists a streamline that pen-
etrates the body surface, denoted by Cj in Figure 12.12. The two end points, @ and
b, of the curve Cj are connected by a curve C, lying on the surface S, such that the
union of C; and C; forms a closed circuit C. Since the flow interior to S is irrota-
tional, the circulation about the closed circuit C must vanish, such that

/u-dx:/ u-dx+f u-dx =0 (12.7.5)
C C[ C2

However, the tangent velocity to C, must vanish, as stipulated in the theorem, so
(12.7.5) reduces to
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b

Figure 12.12 Sketch used in the proof of Martensen’s theorem.

/ u-dx =0. (12.7.6)
)

Since the velocity is unidirectional along the streamline Cy, (12.7.6) requires that
the velocity must vanish everywhere on C, which implies that a streamline cannot
penetrate the body surface.

Using the expressions for Green’s function given in (6.5.5), the boundary-integral
equation (12.7.4) for the vortex sheet strength vy can be written in a three-dimensional
flow as

1 1 Y xr ,
mx (ug —uwy)] xn=-nxy+— n x xnda. (12.7.7)
2 a7 Js, r3

Once the integral equation (12.7.7) is solved for the two components of y tangent to
S, the velocity at any point in the flow field can be obtained from the vortex sheet
form (12.7.1) of the Biot-Savart integral as

1 rxvy
ulx,t) =up(x, 1) — — 3 da'. (12.7.8)
a7 Js, r

In a two-dimensional flow, the boundary-integral equation for the vortex sheet
strength is

1 1 Y xr ,
mMx(ug —uw)lxn=-nxy+ — n x xndt, (12.7.9)
2 2T Cp r2

and the Biot-Savart integral is

udg'.

3 (12.7.10)

2 r

ulx,t) =up(x, ) — —l—f
Cg

In two dimensions, the only nonzero component of the vortex sheet strength is ori-
ented normal to the plane of the flow. Details about the numerical implementation of
these boundary-integral equations can be found in references such as Lewis (1991).
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Figure 12.13 Control surfaces used to determine the force on an immersed body with surface
S in the presence of a singularity at x;.

12.8 FORCES INDUCED BY SINGULARITIES

In this section, we examine the force exerted on an immersed body of arbitrary shape
in the presence of steady flow formed by the combination of uniform flow at infinity
and some set of singularities of the dilatation rate, such as point sources and point
doublets. For definiteness, consider the body shown in Figure 12.13 with surface Sp
having outward unit normal ng. A singularity is placed at a point x; outside of the
body, and the singularity is enclosed by a small closed surface S; with outward unit
normal n;. We select as a control volume the region enclosed by the two surfaces
Sp and S and another surface Sp, with outward unit normal ng, far from the body.
Applying the conservation of momentum in control-volume form (4.2.12) to this
region and imposing the restriction of steady flow gives an expression for the fluid
force F acting on the body as

F = —/ pngda = — [pno+pu(u~n0)]da+f [png+u(u-ng)jda. (12.8.1)
Sg So S5

The Bernoulli equation (8.2.3) for steady, irrotational flow with no gravity gives
P=Poc+3pU-U—u-u), (12.8.2)

Noting that the integral of a constant over a closed surface vanishes and substituting
(12.8.2) into (12.8.1) yields
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1
F=—-p ——(u-uwng +u(u-ny) |da
So 2
|
+ p/ [—E(u -u)ng + u(u - nx)] da. (12.8.3)
Ss

We consider the first integral on the right-hand side of (12.8.3) as the surface So
is taken far away from the body. Letting u = U + u’, where u’ decays at least as fast
as 0(1/r2) as r — oo, the first integral in (12.8.3) can be rewritten as

/ [—l(u -u)ng + u(u - n()):| da
So 2

= / [—%(u’ ~u)ng +u'(u - ng) + U x (u' x no):l da. (12.8.4)
So

The surface Sg is chosen to be a sphere of radius r, where we consider the limit
r — oo. The velocity perturbation far from the body has the asymptotic form u =
(m/4mrye, + 0(1/ r3), where m is the total volumetric output from the singularity,
so the integrals over the first two terms on the right-hand side of (12.8.4) approach
Zero as 0(1/r2). Since e, x e, = 0, the product u’ x ng varies as O(I/r3) far
from the body. The integral over the last term in (12.8.4) therefore approaches zero
in proportion to O(1/r) as r — 00, such that the first integral in (12.8.3) vanishes
when Sy is taken to infinity. With no singularity present this result gives F = 0,
which is the three-dimensional manifestation of D’ Alembert’s paradox.
For flows with a singularity present, (12.8.3) becomes

F= p/ [—%(u -uw)ng +u(u - ns):l da. (12.8.5)

5

The force on the body is therefore entirely determined by the flow field in the neigh-
borhood of the singularity. Derivation of subsequent expressions for F depend on
the type of singularity under consideration. The cases of a single point source and a
single doublet are discussed in the following two subsections.

12.8.1 Force Induced by a Point Source

The surface S, surrounding the singularity is taken to be a sphere with small radius &.
When the singularity at X; is a point source of strength m, the velocity at S for small
values of ¢ approaches

~

m
u= mnx +uy, (1286)

where u; denotes the velocity induced at the singular point by all other contributions
to the flow (i.e., the uniform flow and the image set within the body). Substituting
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(12.8.6) into (12.8.5) gives

2
m | m
F = p Ls l:mns — E(UI . UI)n_y + mul + (u1 . ns)u1:| da. (1287)

The generalized Green’s theorem (2.7.1) can be used to show that the first and second
terms in (12.8.7), which have the form of a constant times a unit normal, and the
last term all vanish when integrated over a closed surface, where we assume that
¢ is sufficiently small that u; can be regarded as a constant in (12.8.7). Since the
integrand of the third term is constant and f s, da = 4ms? is the surface area of Ss,
the force on the body is given by (12.8.7) as

F = pmu;. (12.8.8)

The force exerted on a solid body in the presence of a point source is therefore equal
to the mass flow rate pm generated by the source times the induced velocity evaluated
at the point source. This result is the three-dimensional version of Lagally’s theorem,
stated for two-dimensional flow in Section 10.3.

Example 12.8.1 Force Induced on a Sphere by a Nearby Point Source. The flow
field induced by a point source outside of a sphere is solved in Example 12.4.1.
Differentiating the second term of the stream function given in (12.4.6) with respect
to 6 and setting (r, 6) = (b, 0), the induced velocity at the point source location is
obtained in spherical coordinates as

u ma’ (12.8.9)
=——e,. 8.
"7 ambp? =22
The force acting on the sphere is given by Lagally’s theorem as
2.3
e (12.8.10)

T dmb(b? — a2

The force on the sphere is directed toward the source, as would be expected from
the fact that the velocity magnitude is higher on the side with the source than on the
opposite side.

12.8.2 Force Induced by a Point Doublet

The force on a body in the presence of a point doublet can be derived by treating
the doublet as the superposition of a source and a sink and using the result of the
previous subsection. Suppose that a source of strength m is located at a point x, and
a sink of strength —m is located at x; + Ax. We let u; denote the “image” velocity
at the source location, induced by the image of the singularity within the body. The
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velocity at the source location X, (not counting that induced by the source itself) is

m
u = ———=a+uy, 12.8.11

source 4r Ax2 I ( )
where Ax = |Ax| and a is a unit vector pointing from the source to the sink. The
first term in (12.8.11) is the velocity induced by the sink. The velocity at the sink
location x, + AX (not counting that induced by the sink itself) is

Usink = a+u; + Ax-Vuy, (12.8.12)

47 Ax2
where a Taylor expansion is used to approximate the value of u; at the sink location.
The net force acting on the body is the sum of the force pmusource due to the source
and the force —pmugnx due to the sink. Using (12.8.11) and (12.8.12), the total force
acting on the body is obtained as

F = —pmAX- Vu;. (12.8.13)

Taking the limit in which the source and sink approach a doublet, where Vx — 0
and m — oo such that mAx — u (the vector doublet strength g is related to the
scalar strength 4 by p = pa), the formula for the force on the body in the presence
of a point doublet reduces to

F=—pu- Vu. (12.8.14)

12.9 ADDED MASS AND BUOYANCY FORCES

The D’ Alembert paradox states that a fixed three-dimensional body exposed to a
steady uniform flow, with no singularities outside the body, experiences no force due
to the flow. The present section is concerned with forces that arise in unsteady flows,
for instance, when a body accelerates through a fluid or when the uniform velocity at
infinity changes in time. It might seem strange to the reader that a nonzero force on
the body should arise in unsteady irrotational flows, since the Laplace equation for ¢
is independent of time and the velocity field for accelerating flow past a fixed body is
no different than for a steady flow with the same instantaneous far-field velocity. The
symmetry of the velocity field on the front and back sides of a sphere immersed in
a uniform flow is therefore retained even if the uniform-flow speed changes in time.
It should be recalled, however, that the unsteady Bernoulli equation (8.2.2) contains
a term proportional to d¢ /91 that explicitly depends on time. For this reason, even
if the velocity field retains the front-back symmetry for unsteady flow past a sphere,
the pressure field will not be symmetric, resulting in a net force on the sphere along
the direction of the free-stream velocity.

There are two physical effects that give rise to unsteady fluid forces on an im-
mersed body. The first of these is related to the fact that when a body accelerates
relative to the ambient speed of the surrounding fluid, the net kinetic energy of the
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fluid must change. In order to bring about this change in kinetic energy, it is necessary
for the body to exert work on the fluid. A similar circumstance occurs for a container
of liquid traveling through empty space, where in this simple example the container
plays the role of the body and the liquid within the container plays the role of the
fluid surrounding the body. If the speed of the container changes, the container must
perform work on the liquid to change the liquid speed accordingly. The net amount
of force required to change the container speed is equal to the sum of the container
mass and the liquid mass times the acceleration of the container. Similarly in the
problem of a body traveling through a fluid, the surrounding fluid can be treated as
an “added mass” to the body, and the force that the body must exert to accelerate the
fluid is called the added mass force.

The second physical effect that is responsible for force on a body in an unsteady
flow is related to the fact that acceleration of the uniform flow at infinity gives rise
to an ambient pressure gradient spanning the flow field. It is well known that a body
placed in a pressure gradient experiences a force directed toward the low-pressure
side of the body. For instance, a body placed in a fluid with a hydrostatic pressure
gradient (caused by gravity) experiences an upward buoyancy force, as any child
holding a beach ball under water will readily attest. A similar buoyancy force acts
on a body immersed in an unsteady uniform flow, although in this case the pressure
gradient is caused by the fluid acceleration rather than by gravity.

12.9.1 Added Mass Force

The kinetic energy of the flow about a body immersed in a nonzero uniform flow
is infinite. For this reason, it is most convenient in discussing added mass force to
consider a reference frame in which the velocity vanishes at infinity. The added mass
force depends only on the difference between the uniform-flow speed and the body
advection speed, so this translation of reference frame does not affect the added mass
force. We consider a body of arbitrary shape with bounding surface S and outward
unit normal n, as shown in Figure 12.14. Far away from the body, a sphere Sy is
positioned with outward unit normal ng. The kinetic energy in the region V bounded
by the surfaces S and S is given by

1

1
T = —p/ u-udv = —p/ Vo - Vo dv. (12.9.1)
2 \% 2 1%

Since V2¢ =0, (12.9.1) can be rewritten as

T = 1,0/ V. (4V) dv. (12.9.2)
20 Jy

Using the divergence theorem, we obtain

T = —1p/¢(n.v¢)a'a+ 1p/ oo - V) da, (12.9.3)
2 N 2 So
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Figure 12.14 Control volume used to determine the kinetic energy in the fluid surrounding
a moving body.

where the negative sign in front of the first term is due to the fact that the normal
vector n of S points into the region V. Since the reference frame is chosen such that
the velocity vanishes far from the body, ¢ must approach a constant and V¢ must
decrease in proportion to O(1/r%) (for a body of fixed shape) on Sy as the radius r
of Sy is taken to infinity. The second integral in (12.9.3) therefore approaches zero
in proportion to O(1/r) as r — oo. The resulting kinetic energy of a body moving
in an unbounded space, with zero velocity at infinity, can be expressed as an integral
over the surface of the body as

1 99
T = 2'0/5¢3n da. (12.9.4)

The added mass of a body moving in a fluid is defined as that mass of fluid that,
if it were advected with the same translation velocity as the body, would have the
same kinetic energy as the entire fluid. This definition is illustrated in Figure 12.15,
where the total kinetic energy contained in the fluid volume V in Figure 12.15a is
the same as the kinetic energy of a mass M of fluid transported with the body in
Figure 12.15b. For the case with no fluid velocity at infinity, the result (12.9.4) can
be used to express this definition mathematically as

1,1 ¢
- = —= —da, 12.9.5
MU = =30 | ¢5. da (129.5)

where Ugp is the translation speed of the body. Solving for the added mass M from
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Added mass

U@

(@) )

Figure 12.15 Sketches illustrating the concept of fluid added mass: (a) actual flow with
distributed kinetic energy; (b) model of body with added mass.

(12.9.5) gives

P a9

M=—-—— —da. 12.9.6
07 )95 % (12.9.6)

Example 12.9.1 Added Mass of a Sphere. We consider a sphere of radius a trav-
eling with speed Up through an otherwise stationary fluid. Subtracting the uniform
flow from the solution (12.3.3), the velocity potential for this flow is given by

3

6= UB% cos 6. (12.9.7)

Substituting this result into (12.9.6) gives the added mass as

0 2r b4 1
M= __2/ da/ (——aug 00320> a’sinf do, (12.9.8)
Uz Jo 0 2
which after performing the indicated integration yields

2
M= gnaBp. (12.9.9)
For this case, the added mass is equal to one-half of the mass of fluid displaced by
the body. The added mass of a translated rigid body is in general proportional to the

mass of displaced fluid, but the coefficient of proportionality depends on the shape
of the body.

The added mass force is the force exerted on a body accelerating in an otherwise
still fluid due to the work that is performed by the body in changing the kinetic energy
of the surrounding fluid. It is straightforward to determine the added mass force using
the model iltustrated in Figure 12.15. If the kinetic energy due to the added mass is
%M Ug, then the corresponding momentum is MUpg. Newton’s second law states
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that force is equal to the rate of change of momentum. Assuming the body to be rigid
(so that M is constant), the force exerted by the body on the fluid is MdUpg /dt. The
added mass force F4 exerted on the body is opposite to that which the body exerts
on the fluid, or

dUg
Fp=-M T (12.9.10)
We note that the added mass M is a constant for a rigid body with translation ve-
locity in a fixed direction, and it is independent of the speed of translation of the
body through the fluid. The equation of motion of a body of mass m translating with
velocity Up through an otherwise stationary fluid of density p and subjected to some
external force P has the form

dUpg
(m+ M)—= =P, (12.9.11)

where M is given by (12.9.6). The body behaves as if its total mass were m + M,
rather than its actual mass m.

For the case where the fluid is not at rest at infinity but approaches some constant
value U, the added mass force depends only on the velocity of the body relative
to that of the uniform stream. For this case, the expression (12.9.10) for added mass
force is generalized as

Md(UB - Uoo).

Fp=—
A dt

(12.9.12)

12.9.2 Buoyancy Force

A body of volume V immersed in a fluid with constant ambient pressure gradient
V p experiences a buoyancy force Fp given by

Fp = -VVp. (12.9.13)

This result can be derived by the following argument. Consider a body of volume V
with bounding surface S and outward unit normal n. The surrounding fluid exerts a
force Fg = — |, ¢ pnda on the body surface. This integral can be converted into a
volume integral using the generalized Green’s theorem (2.7.1) such that the force on
the body is given by

Fp= —/ Vpdv. (12.9.14)
14

If the pressure gradient is constant, it can be taken out of the integral in (12.9.14),
which after integration over the volume yields the result (12.9.13).

Application of this result to the common buoyancy force due to a body subjected
to a hydrostatic pressure gradient is examined in the following example.
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Example 12.9.2 Gravitational Buoyancy Force. We consider a stationary body of
volume V immersed in a fluid of density p subject to a hydrostatic pressure gradient
Vp = pg, where g is the gravitational acceleration vector. Application of (12.9.13)
gives the buoyancy force acting on the body as Fp = —pVg. This result is equivalent
to Archimedes’ principle, stating that the force exerted on the body by the fluid is
oriented opposite to the direction of gravity and has magnitude equal to the weight
of the fluid displaced by the body.

This same approach can be used to obtain an expression for the inertial buoyancy
force acting on a body immersed in an accelerating uniform stream. The unsteady
Bernoulli equation (8.2.2) gives the pressure variation in the fluid as

(P — do)
ot -

P— Do

1
+5(u‘u—uo~uO)+ 0, (12.9.15)

where pg is the pressure at some arbitrary reference point far from the body. The
kinetic energy term in (12.9.15) produces no net force on the body, since it is the
same for steady and unsteady flow with the same far-field boundary conditions. The
added mass force can be associated with the (¢ — ¢g)/9¢ term in (12.9.15) and the
buoyancy force can be associated with spatial variation of the far-field pressure pg.
That these two effects are additive is guaranteed by (12.9.15).

The Euler equation for the far-field flow, for which the velocity ug approaches
U (2), gives the gradient of pg as

du
Vpo = _pd—t"". (12.9.16)

Substituting this result into (12.9.13) gives the buoyancy force on the body as

Fg=pV——. 12.9.17
B=pV— ( )
The buoyancy force depends only on the far-field velocity and is independent of the
motion of the body in the fluid.

Example 12.9.3 Force on a Small Particle in the Flow Field of a Line Vortex. We
consider a small particle with volume V that is placed in the flow field of a line
vortex of strength I', as shown in Figure 12.16. The maximum particle length scale
a is assumed to be much smaller than the distance R between the vortex axis of the
particle centroid. The particle has density p, and mass m, = p,V, and the fluid
has density ps. The particle is assumed to initially travel in the azimuthal direction
around the vortex with the same speed v = I" /27 R as the surrounding fluid particles.
The centrifugal force exerted on the particle, given by

2 2
_mpv _ ppVFl
Fe= TR R T G

12.9.18
R ( )
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Figure 12.16 A small particle located at a distance R from the axis of a line vortex.

acts to throw the particle away from the vortex axis. The radial pressure gradient
associated with the line vortex is given by

psT?

vVp
This pressure gradient induces a buoyancy force on the particle, obtained from
(12.9.13) as

prVI?

Fp=—-VVp=—agser

(12.9.20)

which acts to pull the particle toward the vortex axis. The net radial force on the
particle is given by

(pp — ppIVI?

Fet+Fs ="k

eR. (12.9.21)
If the particle density is greater than the fluid density, the net force is oriented in the
positive radial direction and the particle is thrown away from the vortex axis. If the
particle density is less than the fluid density, the net force is oriented in the negative
radial direction and the particle is pulled toward the vortex core. For this reason,
air bubbles in water are pulled into nearby vortex structures, and in the presence
of a sufficient number of bubbles the vortex cores can become completely filled by
air. On the other hand, particles of sand and other heavy solids immersed in water
are centrifuged away from the vortex cores. This effect forms interesting streaky
patterns in the near-wall region of turbulent boundary layers as the particles collect
in the interstitial regions between the cores of coherent vortex structures (Kaftori
et al., 1995).
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PROBLEMS

1. Determine the natural oscillation frequency of a spherical gas bubble immersed in
an otherwise stationary liquid. Assume that the change in bubble radius is small
compared to the equilibrium radius, so that the equations governing the bubble
oscillations can be linearized.

2. Use the Butler sphere theorem to solve for the flow field generated by a sphere of
radius a immersed in an axisymmetric straining field with straining rate c.

3. Consider the problem of uniform flow U = 1 in the z-direction past a thin, ax-
isymmetric body with polar radius Ry(z) = £(1 — z2), which lies along the z-axis
in the interval z = (—1, 1). The maximum body half-width is given by £ = 0.03.
Ignoring the difficulties at the end points z = —1 and z = 1, use slender body
theory to plot the slip velocity on the body surface as a function of z. Your answer
should be valid through O (e).
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Figure 12.17 Uniform flow past a line source of length L, with strength g in the interval
(0, L/2) and strength —¢ in the interval (L/2, L).

4. Consider the problem of uniform flow past a line source of length L with constant
strength ¢ over the interval (0, L/2) and constant strength —q over the interval
(L/2, L), as shown in Figure 12.17.

(a) Use slender-body theory to estimate the body shape.

(b) Compute the exact shape of the body surface by determining the location
of the stagnation point upstream of the body and setting the stream function
equal to a constant on the body surface.

(¢c) Make a plot comparing the exact body shape with that obtained by slender
body theory for a case with g/LU = 0.01. Are the assumptions made in
development of slender-body theory satisfied for this problem?

5. Reconsider the problem described in Example 12.9.3, in which a small particle of
volume V is located at a distance R from a line vortex with strength I". The par-
ticle is a sphere with radius a and density p, and the surrounding fluid has density
py. Assume that in a real fluid the particle is sufficiently small that its viscous
drag force is given by the linear Stokes formula Fp = 6wau(u — v), where p is
the viscosity, v is the particle velocity and u is the fluid velocity measured at the
particle location. All other forces (added mass, buoyancy, and centrifugal force)
are the same as in inviscid flow.

(a) Write the equation of motion for the particle and perform a dimensional anal-
ysis to determine the important dimensionless parameters affecting the par-
ticle motion.

(b) Write a computer program to solve for the particle motion over time for cases
with ps < pp and py > pp. Plot R versus time and the particle pathline for
each case.

6. A neutrally buoyant, spherical, acoustic transmitting device is suspended in a
fixed position by a thin cable in a uniform current with constant speed U (Fig-
ure 12.18). The spherical device transmits sound to the fluid by changing its radius
a periodically in time as a(¢) = ag + A sin(a't), where ag, A, and o are constants
and a9 > A.

(a) State the boundary condition on the sphere surface r = a(r) at time 7. Using
superposition of axisymmetric potential flow solutions (e.g., uniform flow,
point source, point doublet), solve for the flow field about the pulsating sphere
(ignoring the presence of the cable).

(b) Determine the drag D on the spherical device as a function of time, assuming
the fluid to be inviscid and nearly incompressible.
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Figure 12.18 A spherical transmitting device with radius a(t) suspended on a cable and
immersed in a uniform stream.

7. Consider the problem of a doublet of strength g located at a distance b from a
sphere of radius a, where the doublet strength vector points toward the sphere
center.

(a) Use the Butler sphere theorem to solve for the velocity field in this flow.
(b) Use Lagally’s theorem to determine the force on the sphere.

COMPUTATIONAL PROJECTS

1. Write a computer code that implements either the source sheet or vortex sheet
boundary integral method to compute uniform flow with speed U past a pair of
circular cylinders of radius a and separated by a distance b (Figure 12.19).

Figure 12.19  Uniform flow past a pair of circular cylinders of radius ¢ with separation dis-
tance b.

(a) Test the computer code by computation of flow past a single cylinder and
comparison to the exact solution obtained in Chapter 9.

(b) Apply the code to compute the force on one cylinder of the pair for cases with
a/b =1, 3, 10. For the case with a/b = 10, plot the cylinder force versus the
number of source or vortex panels in order to determine the body resolution
necessary for the flow solution to be nearly independent of the number of
panels.

2. Consider the problem of a two-dimensional point vortex initially located at a dis-
tance b upstream of the leading edge of a Joukowski airfoil of thickness ¢, as
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Figure 12.20 A two-dimensional point vortex located initially at a distance b upstream of a
Joukowski airfoil immersed in a uniform stream.

shown in Figure 12.20. The vortex circulation is I'g, and a uniform flow is present
with speed U in the x-direction. The airfoil chord length £ is chosen such that
Fo/Ut=0.1,t/£ =0.12,and /€ = 1.

(a)

(b)

©

Write a code that implements the vortex sheet boundary-integral method, with
the Kutta condition applied at the trailing edge of the plate. Test your code
by computation of steady flow about the airfoil at different angles of attack.
Compare the lift force on the airfoil with the analytic solution (10.5.8) for
angle of attack of 10°. Plot the lift as a function of number of vorticity panels
to determine the number of panels necessary for resolution of the vortex sheet.

Introduce the point vortex and compute the force on the airfoil with zero angle
of attack, assuming the vortex to be fixed in space. Plot the flow streamlines.
Compare your result to an analytic solution obtained using the Joukowski
transformation to map the airfoil into the circle indicated in Example 10.5.2.
Use your code to compute the motion of the vortex around the airfoil, as
determined by the uniform flow and the image vorticity from the foil. Plot the
vortex path.



CHAPTER 13

AXISYMMETRIC VORTEX FLOWS

The assumption of axisymmetry provides a useful simplification for obtaining so-
lutions that illustrate a number of important vortex dynamics phenomena. Axisym-
metric vortex flows with vanishing swirl about the symmetry axis include a family
of ringlike vortices that induce upon themselves a steady propagation velocity. Ax-
isymmetric flows with nonzero swirl are used to study propagation of waves with
variable core area on columnar vortices. Several of the computational methods for
two-dimensional vortex dynamics possess axisymmetric counterparts, which are use-
ful for study of nonlinear wave propagation and instabilities on vortex cores.

13.1 GENERAL THEORY

13.1.1 Transport Equations

Axisymmetric vortex flows are most conveniently described in terms of cylindri-
cal polar coordinates (R, , z). The velocity vector is written in component form
as U = uepr + vey + we;, where the assumption of axisymmetry implies that the
velocity components are functions only of R and z. The current chapter uses only
cylindrical polar coordinates, so the subscripts attached to the velocity components
in Chapter 12 are dropped. The continuity equation for axisymmetric flow is

13 d
— = (Ru) + 22

— =0. 13.1.1
ROR 0z ( )

As described in Section 12.1, the Stokes stream function is defined such that the
continuity equation is identically satisfied, which gives

260
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Loy, _Lov

Uu=—-———

, = . (13.1.2)
R 0z ROR

The Stokes stream function is related only to the radial and axial velocity components
and is independent of the azimuthal velocity component.
The vorticity vector in axisymmetric flow is given by

v ou Jw 1 a
__w ou _ow -2 y 13.1.
® 8ZeR+< ; )ea+R3R(Rv)eb (13.1.3)

The vorticity transport equation for a three-dimensional, inviscid flow is

Do Iw

— =—+4+ W Vo =(w-V)u 13.1.4

Dr o7 (u-V) ( ) ( )
In expressing (13.1.4) in component form, it is important to note that the unit vectors
er and e, have nonzero gradient with respect to & such that

oeg oey

— =€y, — = —e€g. 13.1.5

S o S R ( )
Using (13.1.5), as well as (13.1.3) for the a-component of vorticity, the component
form of the vorticity transport equation for axisymmetric flow is obtained as

Dowpg du du
ZOR ot p 13.1.6a
Dr T~ “Rgr T, ( )
Doy _ uwy — 2v0R: (13.1.6b)
Dr R
Dw., Jw Jw
¢ =g pw, 13.1.6¢
D~ “Rar T (13.1.6¢)

The transport equation for w, can be written alternatively as

b (“’") _ _2ver (13.1.7)

Dt \R R2

For the special case of axisymmetric flow with no swirl (v = 0), the vorticity is
oriented entirely in the azimuthal direction, or @ = w(R, z)e,. For this case, the
vorticity transport equations in the R- and z-directions vanish identically and (13.1.7)
becomes

% (%) —0, (13.1.8)

which implies that the ratio /R is conserved on any material point. This result, of
course, follows directly from the relationship (7.2.7), which states that the ratio of
the vorticity magnitude at the current time to that at an initial time is proportional to
the stretch of the vortex line in any inviscid flow.
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The physical mechanisms responsible for generation of azimuthal vorticity are
more clearly seen by rewriting the azimuthal vorticity equation (13.1.6b) using the
vorticity definition (13.1.3) as

DDa;a _ u:a +R[O)R£e‘(%)+wz;_z (%)] (13.1.9)

The first term on the right-hand side of (13.1.9) represents stretching of existing
azimuthal vorticity by the radial velocity and the second term [which is equal to
the right-hand side of (13.1.7)] represents generation of new azimuthal vorticity by
tilting of the radial and axial vorticity components in the azimuthal direction due
to radial and axial gradients, respectively, of the angular rotation rate v/R about
the symmetry axis. Equation (13.1.7) indicates that positive azimuthal vorticity is
generated on material points with negative radial vorticity and vice versa (assuming
swirl velocity v to be positive).

The R- and z-components of the vorticity transport equation (13.1.6) reduce to
the flow invariant

D(Rv) _
Dt

0, (13.1.10)

which states that the circulation is constant about a circle enclosing the symmetry
axis when the circle moves with the surrounding fluid particles. This result, of course,
follows immediately from Kelvin’s circulation theorem (Theorem 7.3.1). This invari-
ant can also be derived from the azimuthal component of the momentum equation,
which can be written in the various forms

1 D(Rv) Dv uv dv

=, _27 — =0. 13.1.11
R Dr Dt+R at+ua)z wwgr =0 (13.1.11)

The R- and z-components of the vorticity transport equation are obtained by taking
—3d/0z of (13.1.11) and (1/R)(8/8R) of R times (13.1.11), respectively.

13.1.2 Green’s Function Solution for Stream Function

The velocity field for any incompressible flow can be written in terms of the vector
potential B8 as u = V x f3, where for axisymmetric flows the azimuthal component
of B is related to the Stokes stream function by 8, = ¥/R. Taking the azimuthal
component of the Green’s function solution (6.5.4) for 8 in a three-dimensional flow,
a solution for the Stokes stream function is obtained as

ey - e,

R Rl7 /
V(R 2.1) = RB - e = —/ @R, 2 Dea & (13.1.12)
47[ 174

N

withs? = |x - X'|> = (z — /)2 + R+ R”? — 2RR’ cos¢ and ¢ = o — &’. Noting
that ey - €/, = cos ¢, the stream function can be rewritten in terms of integration over
cylindrical polar coordinates as
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W(R,z,t):/ / w(R',Z,HG(R, R,z —)dR dZ, (13.1.13)
—o00 J0

where G(R, R’, z — 7’) plays the role of a Green’s function for axisymmetric flows
and is defined by

RR (¥ cos ¢
G(R.R,z-7) = do.
( e 4n ./0 [(z—2)2+ R2+ R? —2RR cos 9]'/? ¢
(13.1.14)
The integration over ¢ can be performed in terms of the complete elliptic integrals
K (k) and E(k) of the first and second kinds, respectively, which are defined by

(Abramowitz and Stegun, 1964)

ko= [" a9
()=/0 (1 — K2sin? ¢)1/2’

/2
E(k)E/ (1 — k*sin® ¢)!/? dép. (13.1.15)
0

Defining the dimensionless variable k by

) AR'R
T =)+ (R+ R

(13.1.16)

the Green’s function can be written using standard transformations (Helmholtz,
1858) as

7 py1/2
G(R,R/,z—z’)zLR)—[(%—k> K(k)—gE(k)]. (13.1.17)
2 k k

13.1.3 Flow Invariants

It is of interest to examine the form taken for axisymmetric swirling flows of various
quantities, such as linear and angular impulse, kinetic energy, and helicity, which
are known to be invariant for unbounded flows with vanishing velocity at infinity
(Section 7.4). In deriving these expressions, it is useful to recall that the position of
any point P in the R-z plane can be expressed in cylindrical polar coordinates as
x = Reg + ze., where the base vectors vary with angle & as

egr = cosaey + sinae,y, e, = —sinaey + cosae,. (13.1.18)
The integral of eg or e, over the interval (0, 277) in vanishes. The linear impulse P,

given by (7.4.1), is one-half of X x @ integrated over the flow volume. The integrals
over the ez and e, components of this cross product vanish, such that Pg = P, =0
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and
o0 o0
P, = n/ / wyR*dR dz. (13.1.19)
—00 JO

For the angular impulse L, the eg- and e, -components of the expression in (7.4.1)
again vanish after integration over « (such that L R = Ly = 0) and the axial compo-
nent becomes

o0 o0
= —71/ / w,R*dR dz. (13.1.20)
—o0 JO

Using the expression (13.1.3) for the axial vorticity and integrating by parts, the
angular impulse can alternatively be written as

o0 o0
L, =2n/ / vR2dR dz. (13.1.21)
—00 JO

The kinetic energy is expressed in (7.4.20) as one-half of the product, B - w, of
vector potential and vorticity integrated over the fluid volume. The vector potential
in an axisymmetric flow with nonzero swirl can be written in terms of the Stokes
stream function as 8 = Bregr + (¥//R)ey + B,e,, so that

1
B.w: Ewaw_f"ﬂRwR—'_:BZwZ' (13.1.22)

Using the definition (13.1.3) of vorticity in an axisymmetric flow and the fact that
v =0Br/dz — 98,/9R, we can write

R(Brwr + Brw;) = -RﬂR + ,3z (Rv)

= _g(RﬂRv) + ﬁ(R,szv) +Rv:. (13.1.23)

The first two terms on the right-hand side of (13.1.23) vanish upon integration over
z and R, respectively. The resulting expression for kinetic energy becomes

[0 0] 0
T = n/ / (Y + Rv¥)dRdz. (13.1.24)
-0 J0

The helicity is defined in (7.4.23) as the integral of the product u- @ over the fluid
volume. Using the definition (13.1.3) of the vorticity components, we can write

v
Ru w = R l:—ug =+ VWy + E—R(RU):I

2 0
= ——(Ruv) + — (Rwv) + 2vaw,. (13.1.25)
0z oR
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The first two terms on the right-hand side of (13.1.25) vanish upon integrating over
z and R, respectively, so that the resulting expression for helicity becomes

oo o0
J :47[/ / vogRdR dz. (13.1.26)
—00 JO

The vorticity centroid (R¢, z¢) is defined by

R2 = ffcoo fooo wgR*dR dz e = ffooo fooo weR*zdR dz
T [® [ wedRdz T [® [®wyR?dRdz
o0 JO o0 JO

(13.1.27)

The expression for R% can be rewritten in terms of the linear impulse P; and the total
circulation ['og = [0 fo° wa dR dz as

P.

2 4
. 13.1.28
R¢ T ( )

Since P. and 'y are both invariants of motion for a flow with no solid boundaries,
the centroid radius R must also be invariant. The axial position z¢ of the vorticity
centroid is not invariant and typically advects in time in response to the self-induced
velocity of the vorticity field.

13.2 THIN-CORE VORTEX RINGS

We consider a vortex ring with ring radius b and circular core of radius a (Fig-
ure 13.1). The centerline of the core lies on a circle C enclosing the symmetry
axis. At the instant ¢ = 0, C is located at (R, z) = (b, 0). The vorticity is every-
where oriented in the azimuthal direction, so that at + = 0 the vorticity is given by
w = w(R, 2)e,.

‘v‘

Figure 13.1 Thin-core vortex ring with ring radius b and core radius a.
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13.2.1 External Flow Field

In a thin-core vortex ring, it is assumed that the core radius is much smaller than
the ring radius, or ¢ = a/b « 1. To leading order in ¢, the vorticity field can be
approximated at t = 0 as being contained within a single vortex filament lying on
the core centerline C, such that w(R,z) =T8(R —b, 7). In this case, the expression
(13.1.13) for stream function can be integrated to yield

V(R,z) =TG(R,b,2). (13.2.1)

Using the expression (13.1.17) for the Green’s function, the solution for stream func-
tion for the circular vortex filament is obtained as

172
V(R,7) = ®R T [(% —k) K (k) — 35(;()] , (13.2.2)
2 k k

where the dimensionless variable & is given by

4bR
2
k = m. (13-2.3)

The velocity field induced by the vortex ring is obtained by differentiating the stream
function, as indicated in (13.1.2). The fluid impulse is similarly obtained by the thin-
core approximation as

o0 o0
P, = n’/ / R*wdRdz = wbT. (13.2.4)
-0 JO

The function G(R, b, z) can alternatively be written in terms of Bessel functions
as (Lamb, 1932)

o0
G(R,b,2) =2x / e J1(Ab) 1 (AR) d ). (13.2.5)
0

This form is used, for instance, by Strickland and Amos (1992) in deriving a multi-
pole acceleration method for axisymmetric discrete-vortex methods.

13.2.2 Self-Induced Propagation Velocity

One characteristic feature of vortex rings is that they induce a propagation velocity
upon themselves such that an isolated vortex ring translates steadily with time along
its symmetry axis. However, if one evaluates the velocity given by the expression
(13.2.2) for stream function at a point (R, z) lying on the curve C, the resulting value
of the vortex self-induced velocity is infinite. Clearly, something must be wrong! The
error lies in the fact that in making the assumption that all vorticity lies on a single
filament C, it is implicitly assumed that the distance between the point (R, z) where
the velocity is evaluated and any point on C is much greater than the vortex core
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radius a. As the point (R, z) is moved close to the core centerline C, this assumption
is violated, leading to the spurious result of infinite ring propagation velocity.

For accurate computation of the vortex ring propagation speed, it is necessary to
account for the finite size of the vortex core and the vorticity variation over the core
cross section. The solution for propagation speed of a thin-core ring with uniform-
vorticity profile was given without proof by Kelvin as a postscript to Tait’s (1867)
translation of Helmholtz’s (1858) paper on vortex rings. Derivation of this result
was later provided by Hicks (1885) and subsequently by several other researchers.
Fraenkel (1970) presents a systematic asymptotic method in the small parameter &
for computation of vortex ring speed with arbitrary vorticity profile.

Lamb (1932) presents an alternative method for finding the ring propagation
speed, which we shall follow, using the relationship between the fluid axial impulse
and the kinetic energy. We recall that the definitions of invariant quantities in Sec-
tion 13.1 require that the velocity vanishes at infinity. By contrast, the solution for
the vortex ring is most conveniently obtained in a frame moving with the ring (the
so-called ring-fixed frame), for which the flow field is steady. We let u denote veloc-
ity in the frame with zero velocity at infinity and G denote velocity in the ring-fixed
frame such that

u=U+a, (13.2.6)

where U = Ue. is the vortex ring self-induced propagation velocity. Substituting
(13.2.6) into the expression (7.4.17) for kinetic energy in a three-dimensional flow
and using the definition (7.4.1) for impulse yield

T:2UP:+f i (X x ) dv. (13.2.7)
1%

The impulse for a vortex ring is given by (13.2.4), so it remains only to develop
suitable approximations for 7 and the volume integral fv - (x X w)dv and to

substitute into (13.2.7) to solve for U.

An expression for Kinetic energy in axisymmetric flows with no swirl is obtained
from (13.1.24) as

oC o0
T = n/ / VwdRdz. (13.2.8)
—00 J0
The volume integral in (13.2.7) can be written for axisymmetric flows as
o0 oC
/ 0- XX wdv= 271/ / Rw(—zit + Rw)dR dz. (13.2.9)
1% —oc J0

The vorticity, stream function, and velocity components for a thin-core vortex ring
scale as
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=o(E) smoft)

w=0 (g) , Y = 0®rI). (13.2.10)

From the formula given by Kelvin (1867), the vortex propagation velocity is known
to scale as U = O(I'/b), which is smaller than the leading-order velocity swirling
around the vortex core by a factor & = a/b. Using these scalings, the first two terms
in (13.2.7) are found to scale as 0(br2), whereas both parts of the last term [given
in (13.2.9)] scale as O (bI'? /€). In order to develop a consistent asymptotic expres-
sion for U, it is important that all three terms in (13.2.7) are of the same order of
magnitude.
This problem can be resolved using the following formula (Lamb, 1932):

] ) .
Ro(R® — z6i) = —37Riiw + a—(szﬁzw) + ﬁ(zkzmu). (13.2.11)
Z

Substituting (13.2.11) into (13.2.9), the integrals of the derivatives over R and z
vanish, giving

o0 o0
/ - (XX w)dv = —67!/ / zRuwdRdz, (13.2.12)
v —o0 JO

where the right-hand side of (13.2.12) scales as O (bI'?). The formula (13.2.11) can
be derived by noting that

d R R ow .0

= (zR*w) = R*w + 2R | Lo+ 22|, (13.2.13a)
9z az a9z

d 24 R 9(Ri) dw

ﬁ(zR Uw) = zRuw + zR [ 3R w—|—Ruﬁ . (13.2.13b)

Adding these two expressions gives

0 . 0 . n . 1 3(Ru ow
ﬁ(szua)) + a—z(szww) = zRiw + R*bw + R*w [E ;Ru) + %]
Jw dw
R*|i— +9— |. 13.2.14
+z [MBR + 0 Bz] ( )

The continuity condition (13.1.1) requires that the first term in brackets vanishes
in (13.2.14). The steady-state form of the vorticity transport equation (13.1.7) im-
plies that the second term in brackets in (13.2.14) can be replaced by fiw/R, so that
(13.2.14) becomes
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Vortex core P

r @
A

Symmetry axis

0 z

Figure 13.2 Core-centered coordinate system (r, ) used for determining the propagation
speed of a vortex ring.

d
oR

9 .
(zR*hiw) + a—(szww) = 2zRiiw + R*Ww. (13.2.15)
Z

Subtracting 3z Riw from both sides of (13.2.15) gives formula (13.2.11).
In evaluating the different terms in (13.2.7), it is convenient to employ a core-
centered coordinate system (r, €), shown in Figure 13.2, defined by

R =5b+rsind, Z=rcosf. (13.2.16)

We assume that the vortex core cross section is circular and let T'g(r) denote the
circulation contained within a distance r of the core center in the R-z plane.
The azimuthal vorticity within the core can be approximated by @ = wo(r) =
(1/27r)(dlg/dr). Making the substitution (13.2.16) on the right-hand side of
(13.2.12) and using the additional approximations da = dRdz = rdrdf and
i = [Co(r)/2mr]cos 6 give

2T a
f U (x x w)dv=—3b [/ cos? QdG] U Co(r)wo(r)r drd@]
Vv 0 0

3b ¢ _dT 3b
= -5 Fo——qdr:——f‘?

13.2.17
2 0 dr 4 ( )

In order to evaluate the kinetic energy using the expression (13.2.8), it is nec-
essary to first obtain an approximation for the stream function close to the vortex
core. For general axisymmetric flows, the stream function is given by the integral
(13.1.13) over the Green’s function G(R, R', z — '), where the Green’s function can
be expressed in terms of the complete elliptic integrals K (k) and E (k) as given in
(13.1.17). As the point (R, z) approaches the vortex core, the modulus & of the el-
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liptic integrals approaches unity. Near k = I, the elliptic integrals have the limiting
values K (k) ~ In(4/k’) and E(k) ~ 1, where k' = (1 — k%)!/2 is the complemen-
tary modulus (Abramowitz and Stegun, 1964, p. 591). These results can be used in
(13.1.17) to obtain an asymptotic expansion for the Green’s function G(R, R’, z -2N
close to the vortex core. When expressed in the core-centered coordinates (r, 8), this
asymptotic expansion is given by

b 8b
!/ !
Glrr',0 =) ~ >~ [m ([r2 T T cov = 9/)]1/2) -~ 2] . (132.18)

with error of O (g). Substituting this expansion into (13.1.13) gives an approximation
for stream function near the vortex core as ¥ ~ o(r), where

b a 27
Yo(r) = 2—/ wo(r') (/ [ln(sb) -2
T Jo 0

1
-5 In (r2 +r? = 2rr cos(6 — 9’))] d9’>r’dr’. (13.2.19)

In evaluating the integral over &', it is noted that

?

27 / /
/ In[r2 + 2 — 2r' cos(6 — 6)]d6’ = {4” Inr®Aorr’>r, (13200
0 4nInr forr > r’.

The stream function can then be written as

Yo(r) =b [ln (%) - 2] /r r'wg(r') dr’
r 0
+b/a r'an(r’) [ln (i—[;) —2] dr'. (13.2.21)

Using wo(r) = (1/27r)(dTo/dr) and integrating by parts in the second integral give

Yoty = 2L [m (@) - 2] + L f ") 4, (132.22)
2 a r !

2 r

where I' = I'g(a).
The kinetic energy is obtained from (13.2.8) as

T=m fa Yo(r)wo(r)2nrdr
0

br 8b “dly b [*dTo [ (¢ To(r")
=—|(In{—) -2 —d — D dr'|dr. (13.2.23
Z[H(a) ]./0 - r—f-?d/0 = I:/r S dr' dr ( )




HILL'S SPHERICAL VORTEX 271

Integrating by parts in the last integral gives the kinetic energy for a thin-core vortex
ring as

b2 8b b eI
T = -— [m (—) - 2] + —/ o) dr. (13.2.24)
2 a 2 Jo r

Substituting the expression (13.2.24) for kinetic energy, (13.2.17) for the volumetric
integral, and (13.2.4) for impulse into (13.2.7) and solving for U gives the propaga-
tion velocity of the vortex ring as

r 8\ 1 1 [e4T3(r)
U= —|mn{=)-=+ = drl. 13.2.25
47rb|:n<a) 2+F2 T ril ( )

The ring propagation velocity thus depends on both the core radius and the vortic-
ity profile within the core. For the special case of a vortex with uniform vorticity
distribution, 'g(r) is proportional to the area contained within a disk of radius r, or
To(r) = r’T /a?, so the integral in (13.2.25) has the value % and the vortex propaga-

tion velocity becomes
I 8b ]
- ) - - 3.2.
U o [ln(a) 4], (13.2.26)

which is the formula given by Kelvin (1867).

13.3 HILL'S SPHERICAL VORTEX

An exact solution for vorticity transport in axisymmetric flow is given by Hill (1894)
for a vortex occupying the interior of a sphere of radius a. It is most convenient to
develop this solution for steady-state flow, so we assume that the vortex self-induced
propagation velocity is balanced by a uniform flow with speed U oriented in the
—z-direction, as shown in Figure 13.3. The value of the vortex propagation speed U
is obtained as part of the solution.

The azimuthal vorticity field for the spherical vortex is given by

_ {AR forR2+22§a2,

: 133.1
0 forR*+ 272> ad?, ( )

Figure 13.3 Schematic diagram of Hill’s spherical vortex immersed in a uniform flow of
speed U oriented in the —z direction.
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where the constant A is called the vortex strength. This form for vorticity clearly
satisfies the vorticity transport equation in the form (13.1.8), since w/R is constant
on material points both within and external to the sphere R2 + 72 = @2 provided that
there is no exchange of fluid between the sphere interior and exterior.

The governing equation for Stokes stream function is obtained from (13.1.2)-
(13.1.3) as

Py 1oy 9%y

9R2 _R3R Tz R (1332
The stream function is obtained by solving (13.3.2) both inside and outside the spher-
ical boundary of the vortex and then matching the two solutions. Outside the sphere,
the stream function must approach —UR?/2 as R — o0 or z — =00, correspond-
ing to uniform flow far from the vortex. Inside the sphere, the stream function and its
first derivatives are everywhere bounded. Velocity continuity at the vortex boundary
requires that ¥ and 8v/3z be continuous on R? + z2 = @2, from which it follows
that dy/d R will be continuous as well. A solution for stream function can be ob-
tained using standard methods (e.g., by transforming into spherical coordinates and
using the separation of variables method), and is found to have the form

A
k@ -R -2 in R? + 2% < a?
v=1 2 (13.3.3)
2 H 2 2 2
—EUR l—m in R 4z > a“.

For both the interior and exterior solutions, the stream function vanishes on the
sphere surface, so that the no-penetration condition and the condition of continu-
ity of ¥ are satisfied by construction. The exterior solution is simply the stream
function solution for uniform flow past a sphere obtained previously in Section 12.3,
expressed in cylindrical polar coordinates (with U replaced by —U), and hence sat-
isfies the boundary condition at infinity. The remaining matching condition requires
that dv/3z be continuous on the sphere surface. Equating the value of this derivative
for the interior and exterior solutions in (13.3.3) with z2 = g2 — R2 gives

d 3U
il = -BR*@ - R)'? = S RY - B2, (1334)
0z [2_p2_p2 2a
which yields a solution for the vortex propagation speed as
U= %ad’A. (13.3.5)

The impulse and kinetic energy of Hill’s vortex can be obtained by direct integration
from the expressions given in (13.1.19) and (13.1.24), using the solutions for the
vorticity and stream function given in (13.3.1) and (13.3.3), as

P, = tmAd’ = 27Ud’ (13.3.6)
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Figure 13.4 Computational result showing the development of a Hill’s spherical vortex, with
the first image near the initial time and the second image exhibiting a tail of vorticity shed
from the rear due to axisymmetric instability of the vortex. This result was obtained using
an axisymmetric discrete-vortex method, and the plots show velocity vectors plotted at each
Lagrangian computational point.

and
T = 5inA2a7 = %T(U203. (13.3.7)

Moffat and Moore (1978) show that Hill’s vortex is unstable to axisymmetric dis-
turbances. As the vortex propagates along the symmetry axis, this instability causes a
trail of vorticity to be shed from the rear of the vortex, as shown in the computational
result in Figure 13.4, which was obtained using an axisymmetric discrete-vortex
method. Shedding of vorticity in the rear of the vortex has the effect of removing
vorticity from the region near the symmetry axis such that the vortex evolves into a
donut-type shape. Norbury (1973) describes a family of vortex rings with azimuthal
vorticity proportional to the distance R from the symmetry axis, ranging from Hill’s
spherical vortex at one end to thin-core vortex rings at the other end.

13.4 AXISYMMETRIC CONTOUR DYNAMICS

In this section, an extension of the contour dynamics method (Section 11.3) is de-
veloped for axisymmetric flows in which vorticity varies as @ = cRey, where ¢
is a constant, within a surface of revolution that intersects a closed curve C in the
R-z plane (Figure 13.5a). The region enclosed by C in the R-z plane is denoted by
A, where the increment of area on A is da = dR dz. The derivation presented in
this section follows that of Pozrikidis (1986). For reasons that will become apparent
presently, two different approaches must be used to obtain the contour integrals for
the radial and axial velocity components.

For the radial velocity component, we begin by substituting the Green’s function
solution (13.1.13) for stream function into the (13.1.2) to obtain

1 9
u(R,z,t) = ——/ w(R)—I[G(R, R,z — Z)]dd’, (13.4.1)
R A 82

where we use the assumption that vorticity depends only on R within the region A.
Since G is a function of the difference z — z’, we can write 3G/dz = —3G/3z', so
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Figure 13.5 Diagram showing (a) a contour C in the R-z plane bounding a volume of rota-
tion and (b) a circle K enclosing the symmetry axis.

that (13.4.1) becomes
]‘ 8 7 /7 I3 7
u(R,z,t) = - | —I[w(R)G(R,R',z—27)]dd. (13.4.2)
R A az’
Performing the integration over z’ gives a contour integral for u as
1
u(R,z,t) = E/ w(R)G(R,R',z—7)dR'. (13.4.3)
c

It is necessary for this derivation that vorticity » remains independent of z not only
at the initial time but also for all later times. This condition is guaranteed if the
vorticity varies linearly with R, for which case w/R = const and the form (13.1.8)
of the vorticity transport equation is identically satisfied.

A similar approach unfortunately cannot be used to obtain a contour integral for
the axial velocity component due to the fact that the Green’s function does not depend
on the difference R — R’, but rather on R and R’ independently. Instead, we note that
the fluid outside of the vortex boundary is irrotational, and therefore admits a velocity
potential ¢ such that u = V¢. Since w is given by the z-derivative of ¢, we can use a
similar approach as employed in obtaining (13.4.3) in writing w as a contour integral.

It is first necessary to derive an expression for velocity potential. The velocity of
an incompressible flow can be written as u = V x 8 such that substitution of the
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Green'’s function solution (6.5.4) for B gives

ux, 1) =V x (L/ .1 dv'), (13.4.4)
4 1%

N

where s = |x — X|. Substituting @ = w(R, z, 1)e, for nonswirling flow and writing
dv' = R'dR' do' d7’ give

] o *® ! 7 2” l 17 ! 7 ’
u(x, t) = i w(R,7. )|V x ;R e, da’' JdR dz. (13.45)
—oc JO 0

Letting K denote a circle around the symmetry axis passing through point (R’, z) as
shown in Figure 13.5b, (13.4.5) can be written as

1 oo foo i
ulx,r) = E/ /0 w(R', 7, 1) (V X f ;dx') dR dZ7, (13.4.6)
—oC K

where dx' = R’e) da’ is an element of length directed tangent to K. The integral
identity (2.7.13) is used to rewrite the integral over K in (13.4.6) as an integral over
the open surface H with unit normal n bounded by K as

1
f —dx = / n xV (1> da'. (13.4.7)
K S H S

For the current application of this identity, H is a disk of radius R’ and n = e..
Taking the curl of the integral in (13.4.7) and using the vector identity (2.6.8), where
we note that n is constant, give

V x / 1dx' = / ln/ [V v (l>j| —(n' -V <l>} da’. (13.4.8)
K S H ) s

Since s is a function of the difference x — x’ and —1 /4 s is the Green’s function of
the Poisson equation in three dimensions (Section 6.5), we can write

V.V <%> = _v? (l) =4n8(x — X). (13.4.9)
s

After substitution into the solution (13.4.6) for u and integration over the Dirac delta,
the first term in the integral over H in (13.4.8) gives no contribution to the velocity
field for points x at which the vorticity vanishes (i.e., at points outside of the vortex
boundary).

The solution (13.4.6) for u thus becomes

Loz 1
u(x, 1) = e f ./0 w(R',Z, 1) (fH(n' WV (;) da') dR' d?.

(13.4.10)
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Since n is constant and s depends only on the difference x — x/, we can write
(' - V)V'(1/s) = V[n' - V'(1/s)], such that (13.4.10) can be written in the form
u = V¢, where

o0 X0
o(R,z,1) =/ / R, Z,OFR,R',z—7)dR' d7 (13.4.11)
—00 JO

and the function F is defined, using V'(1/s) = s/s3, by

Q I '
FRR.z-)=—-t=—— [ L 5,0 (13.4.12)
4 4 Jy 3

The quantity €2 can be interpreted as the solid angle subtended by the surface H at
point x. While the above definition for €2 is multiple valued, it can be made single
valued by treating the disk H as a branch cut such that € increases by 47 with each
passage through H.

The axial velocity component is obtained by differentiating (13.4.11) as

o0 0 8
w(R, z,1) =/ / (R, 7, )—F(R,R,z-7)dR d7. (13.4.13)
—00 JO 9z

Using F/dz = —0F /37’ and the assumption that vorticity is independent of z
within the region A gives

d
w(R,z,1) = —/ F[w(R/)F(R’ R,z —2)ldd, (13.4.14)
A 0Z
which upon integration over z yields the contour integral
w(R,z,1) = —/ w(RYF(R,R,z—7)dR'. (13.4.15)
c

Numerical computations with this method are performed in a manner similar to
two-dimensional contour dynamics. A set of points is placed on the vortex contour
C, which are advected as material points in the R-z plane. The velocity components
at each point are obtained by numerical solution of the contour integrals (13.4.3) and
(13.4.15) using an appropriate numerical quadrature method. An expression for the
Green’s function G(R, R’, z — 2') in terms of the complete elliptic integrals of the
first and second kind is given by (13.1.17). The function F(R, R',z — ) is given
by (13.4.12), where the solid angle $2 can be evaluated in terms of complete elliptic
integrals of the third kind H(a\kz) (Abramowitz and Stegun, 1964, p. 589) as

7—7 1 z2—7

Q=2 -
=71 DiG=2 2+ [RL RS

x [(E + D T (=n \K?) — (E — 1)n2r1(n2\k2)] ., (13.4.16)
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where k? is defined by (13.1.16) and

R R’
D= ) E = ,
(=27 + R7 [ TP R
2D 2D
M=o ny = ——.
=D 1+D

As noted in Section 13.2, the Green’s function G(R, R’, z — 7’) has a singularity
as (R, 7)) — (R, z), with limiting value of the form G ~ (R/2m)In(4/k"), where
k" = (1 — k?)!/? is the complementary modulus. This singularity can be added and
subtracted from the contour integral such that the integral evaluated numerically is
nonsingular.

13.5 STEADY AXISYMMETRIC FLOWS

The azimuthal vorticity component can be expressed in any axisymmetric flow in
terms of the Stokes stream function using (13.1.2)-(13.1.3) as

1
w0u = == DY, (135.1)

where the differential operator D? is defined by

92 ) 32

(13.5.2)

The azimuthal component of the vorticity transport equation (13.1.7) can be rewritten
using the definition of vorticity in (13.1.3) as

R

2
D (wa) _ _2va)R La(v ) (1353)

Dt R R 3z
where D/ Dt is our usual notation for material derivative.

The objective of the present section is to show how the assumption of steady-state
flow can be employed to obtain an integral of (13.5.3), giving a second relationship
between azimuthal vorticity and stream function that when substituted into (13.5.1)
yields a nonlinear equation for stream function. The starting point of this derivation is
the fact that the product Rv is invariant on a material point in any axisymmetric flow,
as indicated by (13.1.10). In a steady axisymmetric flow, the fluid particles initially
lying on a given streamline will advect over time on a surface of revolution formed
by rotating the streamline about the symmetry axis. It follows that Dyr/Dt =0 ina
steady flow, which implies that

Rv = F@). (13.5.4)
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Taking the gradient of (13.5.4) and using the definition (13.1.2) of the Stokes stream
function give

V(R —RdF 13.5.5
(Rv) = R (weg — ue). (135.5)

Using (13.5.4)-(13.5.5), the azimuthal vorticity equation (13.5.3) can be written as

D swy 2F dF 2uFdF D ( F dF
——(—):——=———=— — ). (13.5.6)
Dt \ R R* 9z R?2 dy Dt \R’dy

In writing the last expression in (13.5.6), we make use of the fact that any function
of stream function can pass through the material derivative in a steady flow (since
D+ /Dt = 0). Integrating (13.5.6) over time gives

@a _ FAF | o (13.5.7)
R R2dy ’ -
where C(i/) is an arbitrary function of v that arises as a constant of integration
along the streamline. Substituting (13.5.7) into (13.5.1) yields an equation for stream
function as

dF
D>y = —FW - R%C. (13.5.8)

It remains to interpret the coefficient of integration C (/). We note that the vec-
tor product of velocity and vorticity can be written using the vorticity definition
(13.1.3) as

3 3
UX @ = | =~ (Rv) — wawy | €x + (WwRr —uw,)eq + (Vs + uwy ) e,. (13.5.9)
ROR 9z

From the azimuthal momentum equation (13.1.11), the azimuthal component of
u X @ is found to vanish in any steady axisymmetric flow. Substituting the expres-
sion (13.5.4) for v into the remaining terms of (13.5.9) and using (13.5.5) to evaluate
the derivatives give

u x FdF (we ) (13.5.10)
0o=|——— wegr — ue,). 5.
Rdy x| VWeR T
Substituting the solution (13.5.7) for w, into (13.5.10) gives
ux w=—RC(Y)(weg — uey). (13.5.11)

For any steady flow with conservative body force, the momentum conservation equa-
tion can be expressed as

uxw=VB, (13.5.12)
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where B is the Bernoulli coefficient defined in (8.1.3). Since B is invariant on a fluid
particle in any steady flow (Section 8.2), B must depend only on stream function, so
the definition (13.1.2) can be used to write

dB
VB = Rw(weg — ue:). (13.5.13)

Equating (13.5.11) and (13.5.13) gives an expression for the coefficient C(¢) in
terms of the Bernoulli coefficient B as
dB
C =——. 13.5.14
(V) v ( )
Substituting the expression (13.5.14) for C into (13.5.8) yields a nonlinear equa-
tion for stream function in a steady axisymmetric flow as
’ dF ,dB
D¢y =—F—+ R —.
dy dyr
This equation appears to have been first derived in a paper by Bragg and Hawthorne
(1950) and is generally known as the Bragg-Hawthorne equation. It has been used
as the starting point for numerous studies of axisymmetric rotational flows seeking
to find either exact or approximate solutions. For instance, the Hill’s spherical vortex
(Section 13.3) can be obtained as a solution of the Bragg-Hawthorne equation with
F = 0 everywhere (i.e., no swirl about the symmetry axis) and

(13.5.15)

_ | —Ay  for R? + 7% < a?,
B_{O for R2 + 22 = a2, (13.5.16)

The Bragg-Hawthorne equation plays a central role in development of the theory for
solitary waves of variable core area on a columnar vortex, as described by Benjamin
(1967) and Leibovich and Kribus (1990).

13.6 WAVES OF VARIABLE CORE AREA

The vorticity transport equation in the form (13.1.7) indicates that vorticity oriented
in the radial direction in a flow with nonzero swirl velocity leads to generation of
vorticity in the azimuthal direction. Physically, this occurs by tilting of the radial
vorticity in the azimuthal direction by radial variation of the angular rotation rate
v/R. Radial vorticity in a columnar vortex is associated with variation in vortex core
area, which can arise from a variety of causes. For instance, if a vortex is stretched
such that the stretching rate is nonuniform along the vortex axis, the core will grow
thinnest at positions of greatest stretching rate. The azimuthal vorticity generated
by tilting of radial vorticity acts to inhibit core area variation, such as to attempt to
make the core everywhere of uniform thickness. Variation of vortex core area can
alternatively be described in terms of the pressure force on the lateral surface of the
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core. As the core area increases, the lateral pressure also increases, thus providing a
radial restoring force on the core. Area-varying waves on vortex cores arise from the
Joint action of the fluid inertia and the pressure force on the lateral surface.

In this section, we derive the solution for Kelvin waves (Kelvin, 1880), which
are small-amplitude perturbations on a columnar vortex with strength I, equilibrium
core radius a, and ambient swirl velocity profile

TR
2—2 for R <a,

V(R) = 7;“ (13.6.1)
TwR for R > a.

The velocity field is assumed to exhibit axisymmetric perturbations such that

u(R, z,t) = a(R)e' @ =k,
v(R,z,1) = V(R) + 0(R)& @ k) (13.6.2)
w(R, z,1) = W(R)e' @)

where w is the perturbation frequency and & is the axial wavenumber. Substituting
(13.6.2) into the continuity equation (13.1.1) yields

l—(Ru) ikw. (13.6.3)

Substituting (13.6.2) into (13.1.3) gives the vorticity components as
wr(R, z, 1) = ike' @ =+,

dw
we(R,2,1) = — (lku + dR) i{wt—kz) (13.6.4)

1 d(RV) ld(Rﬁ)ei(“"_kZ)

@Rz = o=t R 4R

Under the assumption that the radial displacement D of the vortex core is small
compared to the core radius (D/a < 1), the terms that are quadratic in the perturba-
tion quantities upon substitution of (13.6.2) and (13.6.4) into the vorticity transport
equations (13.1.6) can be neglected to yield a set of linear ordinary differential equa-
tions for (&, v, W) as

. 1dRV).
iwy = R iR u, (13.6.5a)
dw 2kV v
kun+ — ) = .6.
(z u+ R) R (13.6.5b)

(13.6.5¢)

=
g

twd(Rv) ld(RV) . lkd(RV)A
R dR dR |R dR R dR
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Multiplying (13.6.5a) by R and then taking the derivative 3/d R and using the conti-
nuity equation (13.6.3) yield the vorticity equation (13.6.5¢) in the z-direction. Thus,
between (13.6.3) and (13.6.5a)—(13.6.5¢) there are only three independent equations
for the velocity perturbations (%, 9, W). Since the swirl velocity V(R) has a slope
discontinuity at R = a, we solve for the perturbation velocity amplitudes (i, 0, )
independently in the vortex core interior (R < a) and exterior (R > a), and then
match the solutions at R = a.
In the interior region, the perturbation equations (13.6.5) reduce to

—iwd =2Cu, (13.6.6a)
dw
kit + — | = 2kC0, 13.6.6b
a)(t u+dR> v ( )
dv + o = =2kCw (13.6.6¢)
ol 2t r)= w, 6.

where C = I'/2a”. Eliminating & and © from (13.6.6) gives an ordinary differential
equation for w as

d2h  1dd  /q\2

I ) =0, 13.6.7

T rar (o) (1307
where g = ka[(T'2/n2a*w?) — 1]1'/% is a constant dimensionless parameter. Equa-
tion (13.6.7) is a Bessel equation that, after imposing the condition that w remains
bounded as R — 0, yields a solution in terms of the Bessel function of the first
kind as

. gR
W(R) =C Jy (7) (13.6.8)

Exterior to the vortex core (R > a), the perturbation equations (13.6.5) reduce to
v = 0and

~

dw
ku+ — =0. 13.6.9
iku + IR ( )
Combining (13.6.9) with the result (13.6.3) of the continuity equation yields an equa-
tion for w as
dzuv+1dzz) 2o -0 (13.6.10)
— 4+ —— —kw=0. 3.6.
dR?>  RdR
Equation (13.6.10) is a modified Bessel equation, which after imposing the condition
that @ vanishes as R — oo yields a solution in terms of the modified Bessel function
of the second kind as

w(R) = C2Ko(kR). (13.6.11)
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The matching condition requires that the three velocity components are continu-
ous at the vortex core lateral boundary. In the linear theory, it is sufficient to perform
the matching at R = a rather than at the actual boundary of the vortex core. It suf-
fices to require continuity of 4 and 1, from which continuity of  follows. Continuity
of w is enforced by equating (13.6.8) and (13.6.11) at R = a, yielding

C1Jo(g) = C2Kp(ka). (13.6.12)

The radial velocity is obtained from the solution for ¥ and the perturbation equations
(13.6.6) or (13.6.9) such that continuity of # at R = a yields

k
(-“) C111(q) = —C2K) (ka). (13.6.13)
q
Equations (13.6.12) and (13.6.13) form an eigenvalue problem, for which the solv-
ability condition of vanishing determinant yields

ka Ji(q) _ _ Ki(ka)
q Jo(q) Ko(ka)

(13.6.14)

The dimensionless frequency f = wma?/T is obtained from the definition of q as

ratw ka

T (@2+ ka2

f (13.6.15)

The dimensionless frequency is equal to the wave frequency w divided by the vor-
ticity magnitude "/ a® within the undisturbed vortex, and its value can be obtained
for a given ka by solving (13.6.14) for g and then substituting into (13.6.15). A plot
of f as a function of ka is given in Figure 13.6.

1.2 T T LA

0 2 4 6 8 10
ka
Figure 13.6 Dimensionless frequency as a function of dimensionless wavenumber ka for

axisymmetric Kelvin waves for the first three roots of equation (13.6.14) (solid curves) and
for the long-wave solution (13.6.16) (dashed line).
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The above analysis requires that the wave amplitude and slope are small (D/a <
| and kD « 1), but it places no restriction on the wavelength relative to the vortex
core radius. As such, the result (13.6.14) is valid for arbitrary values of ka. Recalling
that Ko(z) ~ —Inz and K1(z) ~ 1/z as z — 0, we observe that the right-hand
side of (13.6.14) becomes unbounded in the long wave limit ka — 0. Since J(z) is
bounded for finite z, it follows from (13.6.14) that the solution for ¢ for long waves
must correspond to a root of Jo(g). With ¢ > ka in the denominator of (13.6.15),
the dimensionless frequency for long axisymmetric waves reduces to

ka

f=— where Jo(g) = 0. (13.6.16)
q

13.7 PLUG-FLOW MODEL

The Kelvin wave analysis is limited to waves of small amplitude that are periodic
along the vortex axis. There exist numerous situations that involve waves of finite
amplitude or nonperiodic axial flows in which the Kelvin wave analysis does not ap-
ply, but for which we nevertheless desire to model the variation of the vortex axial
flow and core radius. Such situations can be handled using the so-called plug-flow
model (Lundgren and Ashurst, 1989), in which the axial flow is assumed to be uni-
form over the vortex core. In its simplest form, this model is analogous to shallow
water theory used in engineering hydraulics and, in fact, results in a similar set of
equations, although higher-order versions of the model exist (Leonard, 1994; Mar-
shall, 1991). The plug-flow model is valid only for long-wave motion (ka <« 1), but
it does not require small wave amplitude or periodic boundary conditions.

In the plug-flow model, the velocity within the vortex core is written in terms of
the core radius o (z, t) and is assumed to have the form

(R) 'R
u=|—)uo(z, 1), V= —— w = w(z,t). (13.7.1)
o

2ro?’

The function ug(z, t) can be obtained by the kinematic boundary condition at the
core lateral boundary (i.e., the requirement that the core boundary must be a material
surface) as

9
do L wde (13.72)

2, 1) = 1) =
u(o,z, 1) = uop(z, t) o a2

Substitution of (13.7.1) into the incompressibility condition (13.1.1) gives the vortex
continuity equation

2 (0o do Jw
- — — — =0. 13.7.3
0(8t+w8z)+81 (13:7:5)

Defining a one-dimensional material derivative of any function f = f(z, 1) by
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Df _ of af
Tr= s ws (13.7.4)

the continuity equation can be written as

Do Jw
2— +o0—=0. 13.7.5
Dt 0z ( )
A second equation relating the core radius o and the axial velocity w is obtained
by integrating the axial momentum equation over the core radius. We recall that the
radial and axial momentum equations for an axisymmetric flow are given by

du du du f__a(p/p)

ow o Lo _ v _ , 13.7.6
ot YR TV TR IR (13.7.6a)
ow Jw ow a(p/p)
—_ — —_— =, 13.7.6b
ar TUIR TV 3z ( )

and the azimuthal momentum equation reduces to the condition that vR = const.
Integrating the axial momentum equation (13.7.6b) over the core cross section gives

2 o
0" Duw —/ RIP/P g (13.7.7)
0

2 D 3z

An approximation for the pressure field is obtained by solving the radial momen-
tum equation (13.7.6a) for the leading-order terms in the small parameter ka, where
a is a typical value of the core radius and 27/ k is a typical axial length scale (e.g.,
the wavelength of an area-varying wave). The centrifugal term v2/R in (13.7.6a)
scales as O(I'%/a%), whereas the first three terms in (13.7.6a), which we will refer
to collectively as the radial momentum terms, scale as 0(aw2), where w denotes a
typical frequency of the motion. Equating w to the frequency of long Kelvin waves
of wavenumber k, given by (13.6.16), yields @« = O(T'k/a). The ratio of the ra-
dial momentum terms to the centrifugal term in the radial momentum equation thus
scales as O (ka)?, which indicates that the radial momentum terms are negligible in
the long-wave limit. Using the expression (13.7.1) for the azimuthal velocity, the ra-
dial momentum equation can be integrated inside the vortex core to yield the radial
pressure variation as ‘

p(R) —po) _ T? (
0 ~ 8rn20t

o? — R?, (13.7.8)

where p(o) is the pressure at the core lateral surface. Using the expression v =
I'/2n R for the azimuthal velocity external to the vortex core yields the pressure at
the core lateral surface as

p(0) — P _ r?
0 8m202’

(13.7.9)
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where po is the pressure as R — oo. Substituting (13.7.8) and (13.7.9) into (13.7.7)
and performing the integration over radius, the integrated axial momentum equation
becomes

o2 Dw 2 o 13pso

— = — = = . 13.7.10
2 Dt 87120 3z p 0z ( )

The continuity equation (13.7.5) and the axial momentum equation (13.7.10)
together constitute the governing equations for o(z,t) and w(z,t) in the plug-
flow model. These equations form a one-dimensional hyperbolic system and are
analogous to the one-dimensional gas dynamics equations or the shallow-water
equations. The equations can be solved numerically using standard algorithms for
one-dimensional hyperbolic systems (e.g., Peyret and Taylor, 1983).

It is of interest to reexamine the problem of small-amplitude waves using the plug-
flow model, where in this case we admit the presence of an ambient axial flow W.
The perturbed core radius and axial velocity fields are given by

o(z,t) =a+ Aei(wt-kz), w(z, 1) =W + ﬁ)ei(a)r—k:)’ (13.7.1 D

where (a, W) are the equilibrium values and (A, W) are the perturbation amplitudes.
Substituting (13.7.11) into the continuity and axial momentum equations (13.7.5)
and (13.7.10) and linearizing for small perturbations yield

2w — WKk)A — kaw = 0, (13.7.12a)
a? 2
—(w — kW)w + A=0. (13.7.12b)
2 8m2a

The solvability condition of the eigenvalue problem (13.7.12) gives the dispersion
relationship for the frequency w as

kT
w=kW=x . (13.7.13)
2\2na
The phase speed ¢ = w/k is given by
W+ L (13.7.14)
c= — .
2V2na

Waves corresponding to the plus and minus signs in (13.7.14) are typically called
right-running and left-running waves, respectively. The solution for phase speed is
independent of wavelength, implying that long area-varying vortex waves are nondis-
persive.

With zero ambient axial flow (W = 0), an expression for dimensionless frequency
f= naza)/ I" is obtained from (13.7.13) as

ka

= —. 13.7.15
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The long-wave limit of the Kelvin wave solution is given by (13.6.16) as f = ka/q
where Jo(q) = 0. The first root of the Bessel function Jy(g) occurs at g = 2.405,
from which we find that the solution (13.7.15) of the plug-flow model differs from
the exact Kelvin wave solution by 15%. This difference, which is typical of the error
associated with the plug-flow model, occurs due to the fact that the velocity pertur-
bations in the plug-flow model are restricted to be of the form (13.7.1).

Another feature of the solution (13.7.14) for phase velocity of small-amplitude
waves is that for cases with sufficiently strong axial flow (W > I'/2+/27a in the
plug-flow model), both left-running and right-running waves are swept downstream.
In this condition, the vortex is said to be supercritical. The situation has obvious
analogies to supersonic gas flows and to supercritical water layers. Vortices with
axial flow W less than the critical value are said to be subcritical. The transition from
supercritical to subcritical vortex flow is believed to be related to the phenomenon of
vortex breakdown. A vortex breakdown is an abrupt transition of a vortex flow, which
typically takes the form of either a sudden swelling of the core radius or an abrupt
kinking of the core, as shown in Figure 13.7. These two types of breakdown are
called bubble-type and spiral-type, respectively. Other vortex breakdown types also
exist, as discussed in the flow visualization studies by Sarpkaya (1971) and Faler and
Leibovich (1977). Further, the so-called bubble-type breakdown appears, at least in
some cases, to be more of a tightly wound spiral, rather like a ball of yarn, than an
axisymmetric swelling of the vortex. Stationary vortex breakdowns are observed in
a variety of applications, such as in the separation vortex above a delta wing and in a
vortex along the axis of swirling flow through a diverging tube, in which the pressure
gradient external to the vortex is oriented in the direction opposite the vortex axial
flow.

One explanation for vortex breakdown (first put forward by Benjamin, 1962) is
that it is a transition from supercritical to subcritical vortex flow (in a frame traveling

—
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Figure 13.7 Schematic diagrams showing two common types of vortex breakdown: (a) bub-
ble type with downstream spiral and () spiral type. Based on flow visualization studies of
Sarpkaya (1971), Faler and Leibovich (1977), and Escudier and Zehnder (1982).
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with the breakdown) and is therefore analogous to a hydraulic jump of a shallow
liquid layer or to a shock in gas dynamics. We recall that in hydraulics, while the
shallow-water model is not valid within the hydraulic jump itself, it can nevertheless
be used to predict the necessary conditions for occurrence of the hydraulic jump and
to estimate the change in fluid depth over the jump and the rate at which energy must
be dissipated within the jump. The one-dimensional inviscid gas dynamics equations
can similarly be used to predict the occurrence of a shock wave and the jump con-
ditions across the shock, even though viscosity is important within the shock itself.
Like shallow-water flow and gas dynamics, the plug-flow vortex model is governed
by a nonlinear hyperbolic system of differential equations, which admit a shocklike
solution (called a vortex shock) characterized by a discontinuity in vortex core radius
and axial velocity. Jump conditions across a vortex shock can be derived using meth-
ods similar to those introduced in Chapter 5 (Lundgren and Ashurst, 1989; Marshall,
1991). For a vortex shock with translation velocity Ws along the vortex axis, the
jump conditions in mass and momentum require that

<02(W5 - w)> —0, (13.7.16a)

1'\2
<02w(w - W5)> =~ (o), (13.7.16b)

which can be used to solve for the jumps in o and w if W is prescribed or for
Ws and the jump in o if the jump in axial velocity w is prescribed. The notation
(f) = f» — fi denotes the jump in some quantity f over the discontinuity. An
energy jump condition can also be derived (Marshall, 1991), which gives the total
energy dissipation rate ® within the vortex breakdown as

o 1 20 — we) (w2 + r? 3rtw  T2ws
— =—{zo(w~— w -
) 2 $ 8m202 1672 472

The swirl ratio is defined by Q = I' /270w, where subcritical and supercritical flow
conditions correspond to Q > Qrit and Q < Qgrir, respectively, and the plug-flow
model gives the critical condition as Q¢ = /2. The jump conditions (13.7.16)
and (13.7.17) yield a nonlinear equation for the ratio A = o2/0 of downstream to
upstream core radius and an expression for the dimensionless dissipation rate ®* =
o1 P/ ,oF3 for a stationary vortex shock (Ws = 0) as

1na>. (13.7.17)

A2(1-QlnA) =1, (13.7.18a)

1 1 — A2 1 (14 A?
o = 1———11. 13.7.18b
l67r2§21< A? )[ Q?( A? )] ( )

and
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For supercritical vortices (2 < i), the solutions from (13.7.18) give A > 1 and
®* > 0, whereas for subcritical vortices (Q > Qcrit) they yield A < 1 and &* < 0.
Since the rate of energy dissipation must be positive, stationary vortex shocks are
prohibited for subcritical flows.

The available experimental evidence appears to be consistent with the result that
stationary vortex breakdowns cannot occur for subcritical flows. Our argument that
a shocklike discontinuity in the plug-flow model would manifest itself physically
as a vortex breakdown is also supported by recent direct comparisons between both
experiments and direct computations and solutions of the plug-flow model (Krish-
namoorthy and Marshall, 1994; Marshall and Krishnamoorthy, 1997), although more
work along this line is needed. A more complete account of experimental results,
along with description of alternative theories for vortex breakdown, is given in the
review by Leibovich (1984).

13.8 AXISYMMETRIC DISCRETE-VORTEX METHOD

The discrete-vortex method, described for two-dimensional flow in Section 11.4, is
extended in the present section for axisymmetric flow with or without switl. The
axisymmetric discrete-vortex method discretizes the vorticity field by a set of vortex
rings with finite core radius. The centerline of each ring, identified for ring n by
(Rn, z»), is advected in the R-z plane as

dR d
‘ :u(Rn,Zn,t)v Zn

dt d[ :w(Rn, Zn’t)'i‘Wna (1381)

where # and w are components of the velocity field induced by the other vortex
elements and W, is the element self-induced velocity.
The vorticity field is discretized by the sum of N ring elements as

N
WX, 1) =Y Tp(t) fulx — Xp), (13.8.2)
n=1

where I, (¢) is the element amplitude and the core function f, (x — x,;) is normalized
such that

o poo
/ / Sn(R~Rp,2—2,)RdRdz = R,. (13.8.3)
—o00 JO

For example, if the vorticify is assumed to vary as a Gaussian within the element
core with core radius 8,, such that f, = C, exp(—r?/82), where r> = (R — R,)? +
(z — zn)?, the normalization (13.8.3) gives the coefficient C,, as

2R,

Cn = :
" ml/283 4+ 2n R, 82

(13.8.4)
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The element amplitude I',,(¢) is obtained from the vorticity w, = w(R,, z;,t) on
element n using one of the two methods discussed in Section 11.4. In the traditional
approach, we set I', = wnhg, where the incompressibility condition for axisymmet-
ric flows requires that hﬁ R, = const. Alternatively, the iterative procedure (11.4.10),
with w, and T, replaced by the corresponding vector-valued quantities, can be used
to refit the amplitudes to the computational points at each time step.

The velocity components u and w can be obtained from the definition (13.1.2)
of the Stokes stream function i, which is given in (13.1.13) in terms of an integral
over the Green’s function G(R, R, z — ') times the vorticity field. Substituting the
vorticity discretization (13.8.2) into (13.1.13) gives the stream function as

N oc 0
Y(R,z,1) :Zra,n(t)/ / fn(R/_Rn’Z,—'Zn)G(R, RI,Z_ZI)dR/dZ/~
n=1 —00 J0

(13.8.5)
where T, ,, is the azimuthal component of the amplitude of element n. For elements
with 8, /R, « 1, (13.8.5) has the form of a Laplace integral when f, is a Gaussian,

which may be approximated using standard asymptotic methods (Bender and Orszag,
1978) by the product

N
YR, 2,1) = Y &n(r)¥n(R, Ruy 2 — 20), (13.8.6)

n=I

where r = [(R = R,)?+ (z —z,)%]"/?. Here Y (R, Ry, 7 —2p) is the stream function
induced by a singular vortex filament of strength I'y , located at (R,, z,), given by
(13.2.2) with b replaced by R, and z replaced by z — z,,. The function &,(r), which
regularizes the singularity at the element centerline, is given by

E,(r) =21 / ' faGHr dr'. (13.8.7)
4]

When f, has a Gaussian form, (13.8.7) gives the regularization function as §,(r) =
1 — exp(—r? /8,21). The assumption é,/R, < 1 breaks down close to the symmetry
axis. However, since the azimuthal vorticity component is small for small R, and
must vanish on R = 0, vorticity elements with centroid within a distance of order
8, from the symmetry axis do not contribute significantly to the flow field in the R-z
plane.

The direct computation of the velocity components from (13.8.6) requires O(N?)
computations per time step, which can be unmanageable for very large N. A mul-
tipole acceleration procedure for axisymmetric flows is described by Strickland and
Amos (1992) that reduces the number of computations to O(N In N) for large N.
The basic approach is analogous to that described for two-dimensional flows in Sec-
tion 11.5, and the interested reader is referred to the original paper for details.

The easiest way to obtain the swirl velocity is by using the fact that the product
vR is invariant on any material point. Hence, if the initial swirl velocity is known on
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computational point n, the swirl velocity at any later time ¢ can be obtained as

o (t) = ﬁw. (13.8.8)

This approach does not extend to viscous flows, for which the product vR is no
longer invariant. An alternative axisymmetric discrete vortex method that applies to
both inviscid and viscous flows is given by Marshall and Grant (1997), in which the
swirl velocity is obtained from the axisymmetric form of the Biot-Savart integral as
an integral over the axial and radial vorticity components. When using this alternative
approach, special care must be taken to resolve the axial component of vorticity near
the symmetry axis for proper determination of the swirl velocity.
The self-induced velocity for a vortex ring has the form (Section 13.2)

Co.n 8Ry
W, = — 11 Cl, 13.8.9
g 4n R, [n( 8n )+ ] ( )

where C is an O(1) constant that depends on the form of core function f,. For in-
stance, for a Gaussian core function, (13.2.25) gives C = 0.583. The importance
of the element self-induced velocity, in comparison to the total velocity field, de-
pends on the resolution of the flow field. For instance, suppose that the core of an
isolated vortex ring of ring radius b, core radius a, and strength T is discretized us-
ing N vortex ring elements of equal strength I', = (I'/N)e, and element radius
8n = B(ma®?/N)'/2, where B is an O(1) constant. If b > a, so that the thin-core
assumption applies, we can let R, = b to write the element self-induced velocity as
W, = (T/47bN)[In(N) + In(8b/a) — In(Br 1/?) + C]. The ring self-induced prop-
agation velocity as a whole is approximately W = (I'/47 b) [In(8b/a) + D], where
D is another O(1) constant. For large values of N, these two results give

W, 1
— =0|—=InN}, (13.8.10)
w N

which vanishes as N — oo. For well-resolved flow fields (i.e., for large N), the
element self-induced velocity is small compared to that induced by the other vortex
elements, and for this reason it is often neglected.

The vorticity components are evolved using the vorticity transport equations
(13.1.6). The velocity components u# and w in the R-z plane are determined entirely
from the azimuthal vorticity component wq, and the swirl velocity v can be deter-
mined using (13.8.8) from the element radial displacement. For flows with swirl,
the radial vorticity component wg must also be computed since it appears on the
right-hand side of the transport equation for wy.

There are several options available for computation of the vorticity stretching
terms on the right-hand side of the vorticity transport equations (13.1.6), which in-
volve differentiation in the R- and z-directions. One approach is to analytically dif-
ferentiate the sums for # and w obtained from the expression (13.8.6) for stream
function. This approach increases the computation time (which for large N is nearly
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entirely devoted to the velocity summation) by a factor of three, and hence is not
very efficient. Alternatively, the directional derivative wg(3/9R) + w-(3/9z) of the
velocity components may be approximated by a finite difference, using the differ-
ence in velocity value evaluated at a distance ¢ slightly in front of point n and a
distance —e slightly behind point n along a line oriented in the direction of the radial
and axial vorticity components. This approach requires two velocity computations
for each element 1, assuming that the velocity at n is taken as the average of the two
values evaluated on either side of n. A still more efficient approach is to approximate
the velocity field by a least-squares polynomial fit to the velocity at nearby computa-
tional points, and then compute the derivatives by differentiation of the polynomial
fit (Marshall and Grant, 1997). This approach requires only one velocity computation
at each element per time step, and the least-square procedure has the added benefit
of smoothing any undesirable fluctuations in the computed velocity field that might
introduce noise in the stretching terms.

An example of a computation performed using an axisymmetric discrete vortex
method is shown in Figure 13.8 (Marshall, 1997). The computation examines the in-
teraction of two vortex rings of strength & I"s encircling a columnar vortex of strength
I'c. The rings are initially placed at a radius b and are separated by an axial distance
L /2, where for both cases shown b/L = % The flow is periodic in the axial direction
over a length L. The plots show velocity vectors attached to each of the Lagrangian
computational points used to discretize the vorticity field. In Figure 13.8a, the rings
are sufficiently weak compared to the columnar vortex (I's/ 'c = 0.2) that the az-
imuthal vorticity generated within the columnar vortex by the mechanism of tilting
of radial and axial vorticity, discussed in Section 13.1 with reference to (13.1.9), is
able to counter the outward radial velocity induced by the rings. The columnar vor-
tex responds to the forcing from the rings by formation of a standing wave, in which
the core radius bulges outward and compresses inward in an oscillatory manner. The
dashed line in Figure 13.8 indicates the initial boundary of the vortex core. In Fig-

Figure 13.8 Numerical computation of the interaction of a columnar vortex and a pair of
vortex rings of opposite sign, obtained using an axisymmetric discrete-vortex method. In (a),
the ring strength is sufficiently weak (I's/I'c = 0.2) that a standing wave exists on the
columnar vortex. In (b), the ring strength is strong enough (I's/T'c = 1) to strip vorticity
from the columnar vortex core. The dashed line indicates the initial core boundary, and both
(@) and (b) are plotted at the same time.
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ure 13.8b, the rings are sufficiently strong (I's/ ¢ = 1.0) that a sheet of vorticity
is ejected, or stripped, from the columnar vortex. Vorticity stripping, which is some-
times described in the literature as “bursting,” is one of the principal mechanisms
responsible for decay of high Reynolds number vortices, such as aircraft trailing vor-
tices, in the presence of external turbulence (Liu, 1992; Sarpkaya and Daly, 1987).
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PROBLEMS

1. It is often observed in numerical computations of turbulent flows that in regions
of intense vorticity, the vorticity vector is approximately aligned with the middle
eigenvector of the rate of deformation tensor D, such that the eigenvalue 2@ ag-
sociated with the middle eigenvector is intermediate between the other two eigen-
values. Consider a Lamb vortex with vorticity @ = I’ exp(—R?/a%)e, and az-
imuthal velocity v = (I'/27 R)[1 — exp(—R?/a?)), where a is a parameter that
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Figure 13.9 A vortex ring of radius b located at a distance d from a sphere of radius a.

determines the vortex core size. Suppose that the vortex is stretched by an ax-

isymmetric stretching flow with stretching rate c.

(a) Solve for the variation of a with time.

(b) Determine the three eigenvectors and associated eigenvalues of the rate of de-
formation tensor as a function of R. Under what conditions does the vorticity
vector align with the middle eigenvector of D?

2. A “vortex gun” is developed to shoot vortex rings in water in order to set off
undersea mines around naval vessels and in harbors. The vortex rings have ring
radius b = 10 cm, core radius @ = 0.5 cm, strength I' = 50 cm? /s, and uniform
vorticity profile within the core.

(a) Determine the ring propagation speed.

(b) Estimate the maximum impact (force integrated over time) of the ring on a
mine that it hits head-on. Assuming that a characteristic time scale for the
ring-mine interaction is the time required for the ring to propagate over a
distance equal to the ring radius, estimate the order of magnitude of the max-
imum force induced on the mine from the ring.

(¢) If one ring is produced by the gun every second, estimate the minimum power
requirements for operation of the vortex gun (i.e., assuming that all the gun
energy is transmitted to the ring).

(d) Would this be an effective device for naval mine detonation? Why or why
not?

3. Use the Butler sphere theorem to derive the velocity field due to a vortex ring of
ring radius b at a distance d from the center of a sphere of radius a, as shown in
Figure 13.9. .

4. Prove that the velocity field induced by a vortex ring of strength ", ring radius b,
and core radius a approaches that induced by a point doublet at large distances
from the ring. What is the strength and orientation of the effective point doublet?

5. Derive expressions for the impulse, kinetic energy, helicity, and vorticity centroid
for Hill’s spherical vortex.

6. Show that expression (13.5.16) yields the stream function for Hill’s spherical vor-
tex when substituted into the Bragg-Hawthorne equation. Determine the pressure
at the center of Hill’s vortex relative to that at infinity.
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7. Use the plug-flow model to derive a solution for axisymmetric standing waves on
a columnar vortex with equilibrium core radius a and perturbation axial velocity
of the form w(z, t) = W sin(kz) sin(wt). Derive an expression for wave frequency
w as a function of wavenumber k.

COMPUTATIONAL PROJECTS

1. Write a computer code implementing the axisymmetric vortex method described
in Section 13.8. Use your code to compute the motion of a vortex ring with vor-
ticity distribution proportional to the radius R of a cylindrical polar coordinate
system. The core of the ring should be formed using at least 100 vortex elements.
Evaluate the propagation velocity of a vortex ring with ratio of ring radius b to
core radius a of b/a = 10, 5, 3, 2, 1.5. Plot the computed propagation velocity
versus b/a and compare to Kelvin's thin-core vortex ring prediction (13.2.26).

2. Use an axisymmetric vortex method to compute the “leap-frogging™ motion of
two vortex rings, illustrated in Figure 13.10. Initialize the rings with ring radius
to core radius ratio b/a = 4 and with axial separation of 2a. Plot the location of
the vortex elements over a time series during which the rings exchange places and
then switch back again. Compare the computed oscillation frequency of the rings
with an estimate obtained using the Kelvin expression (13.2.26) for propagation
velocity of a thin-core ring.

feoe o
—_
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2 1
l 2
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Figure 13.10 Leap-frogging motion of two vortex rings ejected from an orifice. Based on
flow visualizations of Yamada and Matsui (1978).



CHAPTER 14

VORTEX TUBES

Vortex structures in three-dimensional flows often take the form of thin tubes within
which vorticity is aligned approximately along the tube. Vortex tubes may be iso-
lated, interacting only with themselves, or they may interact with other tubes or solid
bodies in their vicinity. Tubular vortices are most noticeable in systems consisting
of only a few strong vortices, such as the trailing vortices behind the wings of an
aircraft, the helical cavitation vortex behind a propeller blade, or the vortices shed
from a ship hull or the rear of an automobile into the body wake. Tornadoes are a
dramatic example of a tubular vortex, for which bending motion of the tornado core
is often visible. On a more fundamental level, large-scale tubular coherent vortices
control a wide range of features of turbulent flows, such as mixing rates of mass,
heat, and momentum, which ultimately determine such quantities as the skin fric-
tion, heat flux, and separation point of a turbulent boundary layer and the mixing of
chemical species in a combustion chamber.

The dynamics of tubular vortices can be classified into two categories, loosely
termed filament dynamics and core dynamics. The current chapter concentrates on
filament dynamics, which treats the tubular vortex in bulk using the assumption that
all vorticity is concentrated on a single curve along the tube center, although this
restriction must be relaxed somewhat to determine the self-induced motion of the
vortex. Filament models are typically used for problems such as propagation and
growth of bending waves on the vortex core and displacement of the vortex during
interaction with a solid body. Core dynamics, on the other hand, deals with the evolu-
tion of vorticity within the vortex core on the scale of the core radius. Some examples
of core dynamics are discussed in other parts of this book, including propagation of
waves of variable core area (Chapter 13) and the self-induced rotation of vortex cores

296



VELOCITY FIELD INDUCED BY A CURVED VORTEX FILAMENT 297

of elliptical shape (Chapters 11 and 16). The time and spatial scales of core dynam-
ics problems are often much smaller than for filament dynamics problems, which in
many cases allows the two to be treated separately.

14.1 VELOCITY FIELD INDUCED BY A CURVED VORTEX FILAMENT

A vortex filament is a space curve endowed with certain dynamical properties. Before
introducing the dynamics of vortex filaments, it is necessary to review some aspects
of the geometry of space curves. Consider a space curve C with position vector
r = r(£, 1), where the scalar variable £ identifies fluid particles on C. It is convenient
to choose £ to be a Lagrangian variable such that the value of & is constant on a fluid
particle. Three orthogonal unit vectors, denoted by Aj, Az, and A3, used to indicate
direction relative to C are defined by

3-_—-%, IEM, A = A3 X ApL (14.1.1)
|or/9g]| |0A3/0§]

The unit tangent vector Az is proportional to the change in position vector between
two nearby points on C. The vectors A and A, which are both oriented orthogonal to
C. are called the principal normal and binormal vectors, respectively. The principal
normal is proportional to the change in the tangent vector between two nearby points
on C, and the binormal is the vector orthogonal to both the tangent vector and the
principal normal vector. Two examples showing the orientation of these three vectors
are given in Figure 14.1 for aring and a helix. For a ring, the tangent vector is oriented
in the azimuthal direction, the principal normal vector is oriented radially inward, and
the binormal vector is oriented along the ring symmetry axis. The principal normal
vector for a helix also points radially inward. The binormal and tangent vectors for
a helix have components in both the azimuthal and axial directions and are obtained
by rotating the tangent and binormal vectors for a ring about the A-axis.

)\.3 - eoc - e(X
=\t
<& St - &
Ay &)
C C
(a) (b)

Figure 14.1 Examples showing the orientation of the tangent vector A3, the principal normal
vector Aj. and the binormal vector A; for (a) a ring and (b) a helix.



298 VORTEX TUBES

The increment in arc length ds along C is given by

ar

ds = |—
A a&'

dE. (14.1.2)

The definition of the unit vectors in (14.1.1) can equivalently be written using arc
length in place of the Lagrangian variable &. The shape of the curve can be described
by the curvature « and the torsion 7, which are functions of time and position along
C. The curvature is proportional to the rate of change of the tangent vector with
distance along C, whereas the torsion is proportional to the rate of change of the
binormal vector. Definitions of these two variables are given by the Serret-Frenet
equations

A A aA
Poen, By, Do, e (14.1.3)
as as as

The first two equations in (14.1.3) serve as definitions of « and r, whereas the last
equation follows from differentiation of the identity A; = A, x A3. The curvature of
the ring in Figure 14.1a is equal to the reciprocal of the ring radius, whereas the ring
has zero torsion because the binormal vector is constant. The helix in Figure 14.1b
has the same curvature as the ring, but it has a constant torsion that is proportional to
the axial distance that the helix advances with each turn.

A filament-based curvilinear coordinate system (ny, np, s), with basis vectors
(A1, Az, A3) respectively, is introduced such that C corresponds to n| = ny = 0.
The Biot-Savart equation for a vortex filament can be obtained by writing the vor-
ticity field as @ = I'8(n1, ny)As, so that substitution into the general Biot-Savart
equation (6.5.7b) and integration over the directions normal to the filament gives

u(x, ,)=_L/ KX XA (14.1.4)
47 Jo  |x—X)3

Using the definitions (14.1.1) and (14.1.2) and the fact that X’ = r(¢’,t) on C, the
Biot-Savart equation for a filament can be rewritten in the alternative form

__ T [ x-r@n o,
ux,t) = = /C X1 0P X oF d§’. (14.1.5)

142 CUT-OFF MODEL FOR A VORTEX TUBE

The filament Biot-Savart integral (14.1.5) is singular if the point X at which the ve-
locity is evaluated lies on the curve C, giving an infinite self-induced velocity of the
filament. To see this singular behavior more clearly, we use a Taylor expansion to ex-
amine the integrand of (14.1.4) near the singular point x = r(so). Letting ¢ = s — sp,
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the Taylor series expansion gives

or
r(s) —r(sg) = CE

23%r
+ 200 o). (142.1)
0 2 as S0

S

Differentiating (14.2.1) with respect to s gives the unit tangent vector evaluated at
§ as

8%r
+lo

| Toed. (142.2)

50

or or
As(s) = 5; = 5;

50

Using this expansion, the integrand of (14.1.4) near the point X = r(sg) becomes

X —r(s) 1 or Cz 8°r ar 9%r

X o= —— (¢ 20T or 7T ol

x—rp TP <C asl, T 2os, ) e, ol ) T M
__ b forp o +0() (14.2.3)
T 20l \osly, © as?, ’ -

This result can be expressed in terms of the filament unit vectors using (14.1.1)-
(14.1.3) as

% X Az = —%{lhg + o), (14.2.4)

where « is the vortex curvature and A; is the binormal vector at sg. The integrand
thus exhibits a nonintegrable 1/¢ singularity at the point sg.

This singularity arises from the nonphysical nature of the filament model for eval-
uating the contribution to the velocity at a point x on the filament centerline C due
to vorticity at points near x. In particular, in clumping all of the vorticity within the
vortex tube on the filament curve C, it is required that the distance between a point
x where the velocity is evaluated and any point r(£) on the filament is much greater
than the core radius a. This assumption is clearly violated when x lies on the filament
for points £ such that |x — r(£)| < O(a). In considering how to treat this singularity,
it is useful to consider the relative contribution of different parts of a vortex tube to
the self-induced velocity of the tube. There are two length scales associated with a
vortex tube of circular cross section—the core radius a and the radius of curvature
1/i. In evaluating the induced velocity u(x) at a point x on the centerline C of a
vortex tube, it is useful to divide the vortex into three parts, labeled I, II, and III in
Figure 14.2. Region I spans a length § = O(a) along the vortex axis on either side
of point x. Assuming that the curvature « of C satisfies ka < 1, the centerline curve
of the vortex tube in region I is nearly a straight line. Since a straight vortex exhibits
no self-induced velocity at its centerline, region I does not contribute significantly
to u(x). This observation is in stark contrast to the prediction of filament theory, for
which the region of the vortex nearest to x provides the greatest contribution to u(x).
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Figure 14.2 Three regions of a curved vortex tube with respect to a point x: (I) near region
with points within a distance of O (a) from x, (I) middle region with points within a distance
of O(1/k) from x, and (IIT) distant region.

Region III, lying at a distance greater than £ = O(l/k) from x, is sufficiently far
away that the contribution to u(x) of any section of a given length of O(1/«) in
region III is weak compared to that of a section of similar length in region II. Nev-
ertheless, the vortex in region III may often be much longer than that in region II,
and the contribution of the distant portions of the vortex plays a critical role in many
vortex dynamics problems.

In the cut-off model for a thin vortex tube, a small region with length § = 8¢a
is removed from the curve C in the filament integral (14.1.4) on both sides of the
singular point, which is equivalent to neglecting region I in the model presented in
Figure 14.2. The cut-off is indicated by writing the region of integration in (14.1.4)
as C[8], rather than simply C. It is important to accurately determine the cut-off co-
efficient 8¢ (sometimes called the Crow cut-off constant), which has an O(1) effect
on the filament velocity. The utility of the cut-off model lies in the observation that
the cut-off length is independent of the form of the curve C, which follows from the
restriction xa < 1 and the fact that the cut-off length is of O(a), such that the vortex
is nearly straight over the cut-off region. This being so, the self-induced velocity of
a vortex tube of arbitrary shape with curvature « at a point x will be the same as
a vortex ring of radius 1/« locally tangent to the vortex filament at x. The validity
of the cut-off approximation for small xa has been justified empirically by Crow
(1970) and using asymptotic methods by Moore and Saffman (1972) and Fukumoto
and Miyazaki (1991).

The cut-off coefficient 6c can be determined by comparing the self-induced ve-
locity predicted by the filament Biot-Savart equation (14.1.4) with cut-off of length
8 = dca for a circular vortex ring to the result (13.2.25) obtained using the Lamb
transformation. For a thin vortex tube in the shape of a ring of radius b, the self-
induced velocity U is determined from (14.1.4) as

U - r _ f r(so) — r(s’)

= —— — L x Ads’ 14.2.5
47 Jewy IMGso) —xGHp 34 (14.25)

for any point 5o on the filament. Since the ring tangent vector is oriented in the
azimuthal direction, we can write A} ds’ = be], do/, so that (14.2.5) becomes
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: /2”—3ca/b M0 1) X €yt (14.2.6)
. — = o, L

U=-—-¢€ 3
4n scalb frg — 1’|

where for convenience rg is taken to coincide with the point (R, @) = (b, 0). Ele-

mentary trigonometry can be used to show that e, - [(ro —r’') x €/,] = —b(1 —cosa’)
and |rg — F'|° = 2v/2b3(1 — cos &’)?/2, s0 (14.2.6) becomes
27 —38cal/b ’ r 4h
U= — f —ﬂ——z = (—) (14.2.7)
8v/27b Jscasp (1 —cosa)1/2 " 4xb  \Sca

The self-induced velocity computed for a thin-core vortex ring in Section 13.2 is
given by

r 8b 1 1 [er?
v Loy L, L RO (142.8)
47'[[7 a 2 I‘z 0 r

where r is the core-centered coordinate and ['g(r) is the core circulation profile.
Equating the last two results yields an expression for the cut-off coefficient ¢ as

I B 1 ()
-2- l"2 0 r

dr. (14.2.9)

For uniform vorticity within the core, (14.2.9) reduces to §¢ = 0.5 exp(%) = 0.642.

An alternative procedure for regularization of the singularity in the filament Biot-
Savart equation, proposed by Rosenhead (1930), involves maintaining the integration
over the full curve C in (14.1.4) but adding a small constant to the denominator,
giving

!
r (X—X)x A (14.2.10)

X, )= —— S .
u(x. ) ar Jo Ix—xP 22 @

The constant x is assumed to be proportional to the core radius a, such that 4 = §ga
where g is called the Rosenhead cut-off constant. This regularization procedure is
more convenient for numerical computation since the integration is performed over
the entire curve C. The Rosenhead regularization procedure yields equivalent results
to the cut-off procedure described previously if 8z is set as

5p = <. (14.2.11)

Extension of the cut-off theory for uniform axial flow within the vortex core is given
by Widnall and Bliss (1971) and Moore and Saffman (1972). The latter paper notes
that the cut-off model may experience difficulties for large axial flow rates, for which
case an alternative model given by Moore and Saffman (1972) is available.
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The cut-off approximation is used extensively in the vortex dynamics literature
and has generally been found to provide a good approximation for the bulk mo-
tion of vortex tubes provided that xa is small and that the vortex filaments do not
come too close to each other. Even for cases with ka = O(1) the predictions of
the cut-off model are typically at least qualitatively correct, although in such cases
the small-scale vorticity deformation within the vortex core may become significant.
One interesting example of use of the cut-off model is given by the motion of an
elliptical vortex ring (Dhanak and De Bernardinis, 1981). As shown in Figure 14.3,
the ring is initialized as an ellipse with aspect ratio A > 1 lying on a planar surface.
For values of A close to unity, the ring performs a nearly periodic “dance-type” mo-
tion in time (which vortex dynamicists are fond of replicating with their fingers). In
the first step, the ring deforms from a planar shape as the two sides with the largest
curvature move forward faster than the sides with smaller curvature. (It is shown in
Section 13.2 that the self-induced velocity of a vortex ring increases with increase
in curvature.) This deformation introduces a curvature along the mean propagation
direction of the ring, causing the sides with smaller curvature to propagate outward
and the sides with higher curvature to propagate inward toward the ring center axis.
At the end of this second step, the axes of the ring have switched. The third and
fourth steps of the dance are essentially the same as the first two, but rotated by 90°
due to the axis switching, such that at the final time the ring returns to a nearly planar
elliptical shape, after which the motion starts again. For larger values of aspect ratio
A, the ring motion becomes increasingly nonlinear and it does not return exactly to
its initial state at the end of each sequence of the motion. For cases with A greater
than about five, the middle sections of the ring collapse into each other. At this point
the computations with the cut-off model must be stopped, since the motion induced

Figure 14.3 Periodic motion of an elliptical vortex ring with initial aspect ratio A = 2,
computed for a single vortex filament using the cut-off model. The ring is shown in perspective
view at five times during one oscillation period, with the initial, half-period and full-period
views drawn in black and the quarter-period and three-quarter-period views drawn in gray.
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by one part of the vortex yields an infinite propagation velocity on another part of the
vortex at the touching point, although one might speculate that the ring will pinch-off
into two rings at a later time.

14.3 LOCAL-INDUCTION APPROXIMATION

The local-induction approximation assumes that the contribution of the intermediate
region II of the vortex tube in Figure 14.2 so dominates that of the far-field region I1I
that the far field can be neglected. The integration in the Biot-Savart equation (14.1.4)
is cut off both over a small interval of length § = §ca on either side of the singularity
at x (the usual cut-off approximation) and at distances greater than some length £
from the singularity. So long as £ >> a, it does not matter exactly how the length £ is
chosen, but for dimensional consistency in the current development we set £ = c/k,
where ¢ is an O(1) constant. The Biot-Savart integeral (14.1.4) can be approximated
using the expansion (14.2.4) as

¢
u(x,t)=£—;;[ ; %+O(l)])¢2. (14.3.1)

Performing the integration in (14.3.1) yields the local-induction approximation for
the vortex velocity as

ux,t) = Z—: |:1n (é) + O(l)] Ao (14.3.2)

The local-induction approximation assumes that the product «a is so small that
In(1/ka) > 1, such that the O(1) term in brackets in (14.3.2) can be neglected in
comparison to the logarithmic term. It is rare in practical vortex flows that xa is suf-
ficiently small for this approximation to be valid. For instance, for a vortex with core
radius of 1 mm, the radius of curvature of the vortex centerline measures 22 m when
In(1/ka) = 10 and it exceeds 10** m when In(1/xa) = 100! In more typical appli-
cations, where the radius of curvature is perhaps an order of magnitude larger than
the core radius, the logarithmic term In(1/«a) in (14.3.2) has values in the range 2-3.
The local-induction approximation can nevertheless be used to obtain a qualitative
feel for the vortex behavior for some types of phenomena, although one must always
be mindful of the consequences of neglect of the far-field contributions, which can in
some situations lead to major qualitative changes in the vortex dynamics. For those
cases where it is appropriate, the local-induction equation (14.3.2) has the advantage
that it yields a differential equation for filament position, which can be written as

dr |08 1
— (&, )= —1In| — } A2, 14.3.3
dt(s ) 4 n(;(a) 2 ( )

where the curvature and binormal vector can be expressed in terms of r(§, ¢) using
(14.1.1)—=(14.1.3). Since the logarithmic term in (14.3.3) varies slowly, it is common
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to make the further approximation that this term is constant, so that the filament
motion is governed by an equation of the form

d
d—:(s, 1) = AcAy, (14.3.4)

where A is a constant. The result (14.3.4) is much more amenable to analytical so-
lution than the integro-differential equation given by the full filament Biot-Savart
equation with only local cut-off.

Several properties of vortex motion under the local-induction approximation are
derived by Arms and Hama (1965). The first of these properties concerns the length
of the vortex arc lying between points identified by the Lagrangian variables & and
&, defined by

ar

5 | & (14.3.5)

&
0 E) = /

&1

Differentiating the integrand of the length integral with respect to time and using the
definition (14.1.1) of the tangent vector gives

a ]
ol _ a2 (9 (14.3.6)
& 0§ \ dt

Substituting the local-induction approximation in the form (14.3.4) into (14.3.6) and
using the Serret-Frenet equation (14.1.3) yields

d
dt

d
dt

Ay —TKA

ar _ Ak A) ar _
55 =A3- [ T T A1:| =0. (14.3.7)

The result (14.3.7) implies that |dr/3&| = const, so from (14.3.5) we conclude that
the self-induced velocity of a vortex filament whose motion is governed by the local-
induction approximation preserves the arc length between any two points on the
filament.

A second property of the local-induction approximation is that it satisfies the re-
quirement of invariance of the vortex impulse P and angular impulse L. This property
may be shown by direct computation, where the impulse P is defined for a filament
by

r
P= —/ r X Azds. (14.3.8)
2 Jc

For convenience, we consider equivalently the impulse per unit strength p = P/ T.
It is noted that the vector p has a geometrical interpretation. The magnitude of p
is equal to the maximum projected area traced by a line extending from the origin
O to any point £ on the vortex filament, as & is traversed along the length of C
(Figure 14.4). The direction of p is orthogonal to the plane in which this projected
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Figure 14.4 Area traced out by a line segment joining the origin O to a point £ on the vortex
filament C.

area is a maximum. Using the result that the length of C is constant, so that the arc
length s is equivalent to the Lagrangian variable &, differentiation of p with respect

to time yields
dp 1 dr a (dr
= == — XA —(—1}|ds. 1439
dr 2/(;[er 3+rx8s(dt)] ’ (14.3.9)

Performing integration by parts for the second term and using the definition of Az,
we obtain

= | — X Azds. (14.3.10)

Substituting the governing equation (14.3.4) of the local-induction approximation
into (14.3.10) gives

dp

— = | AxAy x Asds. (14.3.11)
dt c

Orthogonality of the unit vectors requires that A} = Ay x A3, which together with

the Serret-Frenet equation (14.1.3) allows us to write (14.3.11) as

dp 0A3
— = | A—ds. 4.3.12
dt /; as (14.3.12)

Taking A to be a constant and performing the integration in (14.3.12) over the closed
loop C gives the result dp/dt = 0, thus proving invariance of the impulse. Invariance
of angular impulse can be proved in a similar manner.

Hasimoto (1972) demonstrated by use of some clever transformations that the
governing equations of the local-induction approximation can be reduced to the cu-
bic Schridinger equation. In particular, defining a scaled time 7 = t/A using the
constant A in (14.3.4) and introducing a new complex-valued variable ¢, defined in
terms of the filament curvature « and torsion T as

(s, T) = kexp (z/ tds) , (14.3.13)
0
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the governing equation of the vortex can be reduced to the nonlinear equation

ds2

oy oty 1,
a7 = [— +5v1" + B)\//] , (14.3.14)

where B = B(T).

Equation (14.3.14), referred to as the cubic or nonlinear Schrédinger equation, is
known to exhibit solitary-wave-type solutions (Infeld and Rowlands, 1990). Defining
a variable n = s — ¢T that translates with the wave, where ¢ is a constant wave
translation velocity along the vortex axis, and assuming that the wave is of permanent
form, such that « and t can be expressed as functions of 1 alone, substitution of
(14.3.13) into (14.3.14) and separation into real and imaginary parts give

—ckl[t(n) — (=D =" —kt? + L + B)x, (14.3.15a)
ck' =2t + k1. (14.3.15b)

The prime in (14.3.15) denotes differentiation with respect to 1. Integrating (14.3.15b)
gives

(c —27)k? = 0. (14.3.16)

If the vortex curvature is nonzero, it follows that the torsion must be constant and
equal to half of the wave propagation speed, or

T=1=c/2. (14.3.17)
Integrating (14.3.15a) gives a solution for the vortex curvature as
k = 2vsech(vp), (14.3.18)

where we choose B = 2(7:02 —v?). The parameter v can be eliminated by rescaling the
arc length as n* = vy and similarly rescaling the curvature and torsion as k* = « /v
and t* = 7 /v. Variation of t* yields qualitatively different solitary waves, as shown
in Figure 14.5.

14.4 BENDING WAVES ON A VORTEX TUBE

In this section, we develop solutions for helical bending waves of amplitude D and
axial wavenumber £ on a vortex tube of circular cross section with core radius a.
Two different approaches are employed. For the long-wave case, in which ka < 1,
the cut-off method developed in Section 14.2 can be used to solve for the wave
propagation. For the special case of very long waves (ka <& 1), the local-induction
approximation can be used to further simplify this solution. Alternatively, for small-
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Figure 14.5 Solitary helical waves of a vortex filament, showing projections of the wave
form in the x-y plane (solid line) and the x-z plane (dashed line) for cases with (a) * = 2.0,
(b) ¥ = 1.0,and (¢) t* = 0.5.

amplitude waves (with D/a < 1), a solution by Kelvin (1880) for a Rankine vortex
with small perturbations gives the wave frequency for all values of ka. Results of
these approaches are compared for the case of long helical waves of small amplitude.

14.4.1 Helical Wave Solution from Cut-off Model

The motion of the vortex tube under the cut-off model is obtained from (14.1.14) as

E(s,r):__r_ ris,t) —r(s’,r)
dt

As(s' 1) ds’, 14.4.1
4” C[8] |I‘(s, f) — r(s/, t)|3 X 3(“ s ) s ( )

where s is the arc length along the centerline curve C. The position vector to C is
given in Cartesian coordinates by

r= X, e +Y(, 1)e, + Ce;, (14.4.2)

where ¢ denotes distance along the central axis of the helix (coinciding with the
z-coordinate axis) and X and Y are perturbations of C in the lateral directions. A
directed element of length along C can be written as
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aX aY
Azds = (aex + Eey +ez) de. (144.3)

While the use of the cut-off model requires only that ka < 1, the helical vortex
solution obtained in the current section makes the further approximation that the
helix amplitude is much smaller than the wave length, or kD « 1, in order that the
filament Biot-Savart equation (14.4.1) may be linearized. Substituting (14.4.2) and
(14.4.3) into (14.4.1) and linearizing gives the equation for tube motion as

dr I‘/
dt —  4n C[é]

/ Y’ ) ax’'
o I )
— de'. (14.4.4)

& —¢')?

We now consider solutions for the perturbation quantities X and Y in the form of
helical waves, so that

X, 1) = X' @ kD) Y(C, 1) = Vel @O, (14.4.5)

where X and ¥ are complex constants and w is the wave frequency. The equation of
motion (14.4.4) reduces to a system of algebraic equations for X and ¥ of the form

. Tk? . . I'k? .
iwX = —1(kd)Y, iwY = ——I(k8)X, (14.4.6)
2w 2

where I (k8) is the self-induction integral, defined by

) int — 1
1(ks) = / k cost + ;S’" T (14.4.7)
]

and § = §ca is the cut-off distance. This expression for the self-induction integral
can be derived by substituting the perturbation (14.4.5) into (14.4.4), dividing by
expli(wt — k¢)], and taking the real part of the remammg integral on the right-
hand side. The dimensionless wave frequency f = ma’w/ T is obtained from the
solvability condition of the eigenvalue problem (14.4.6) as

2
(k;) 1(5cka). (14.4.8)

f=

The self-induction integral can be expressed in terms of the cosine-integral Ci(z) =
—f (cost)/1dT as

cosz—1 sinz ] (14.4.9)

1
I(Z)ZE[T+7_C(Z)
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The above expression can be further simplified based on the fact that ka < 1 is
required for validity of the cut-off approximation. Using the series expansion for the
cosine integral with small arguments of the form

Ci(z) =y +1Inz + 0(z%), (14.4.10)

where y = 0.5772.. . is the Euler number, together with the standard Taylor expan-
sions for the sine and cosine functions, the leading-order solution for the dimension-
less wave frequency is obtained as

_ (ka)? 1 1
f== [1n(5cka>+§ y]. (14.4.11)

The solution of this problem from the local-induction approximation can be obtained
by neglecting all terms of O(1) in the solution (14.4.11) in favor of the term propor-
tional to In(1/ka), which gives the very long wavelength limit for the dimensionless
wave frequency as

(ka)? ]
f 4._ In (%) ) (14.4.12)

14.4.2 Kelvin Waves

An exact solution for small-amplitude vortex bending waves (D/a < 1) is given by
Kelvin (1880) for a Rankine vortex with helical wave velocity perturbations of the
form

u(R. o, z, f) — ﬁ(R)ei(a)t—ma~k:)’
w(R. @, 2,1) = V(R) + D(R)e' @ —ma=k), (14.4.13)

w(R. @, z,1) = W(R)e W—ma=ha),

where (R, «, z) are cylindrical polar coordinates, V(R) is the azimuthal velocity
component of the Rankine vortex, given in (13.6.1), and (i1, v, w) are the pertur-
bation amplitudes. The wave frequency w must be determined as a function of the
azimuthal and axial wavenumbers, m and k, respectively. The case with m = 0
corresponds to an axisymmetric wave of variable core area, which is discussed in
Section 13.6. Cases with m > 2 correspond to waves of deformation of core shape,
perhaps the most interesting of which is the elliptical deformation for m = 2. The
current section is concerned with the case of bending waves, correspondingtom = 1,
in which the core remains circular (to leading order) but the vortex centerline is dis-
placed into a helical shape. The analysis for small-amplitude helical waves follows a
similar approach to that described for axisymmetric waves in Section 13.6, with the
difference that the full three-dimensional vorticity transport equations must be em-
ployed rather than the axisymmetric equations. Details can be found in the original
paper of Kelvin (1880).
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Letting @ = I'/27a?, where T is the vortex strength, the linear analysis yields a
dispersion relationship for waves of the form (14.4.13) on a Rankine vortex as

4Q2 — g? Jim (va) g Ky (kla)’

where v? = k2(4Q2? — g2/ g%, 8§ =w—mQ, and Jyp(-) and K|, (-) are the Bessel
function of the first kind and the modified Bessel function of the second kind of
order |m|. This analysis was extended by Krishnamoorthy (1966) for the case of
a Rankine vortex with a uniform axial velocity W within the core, for which the
dispersion relationship has the same form as that given above with the parameter g
replacedby g =w —mQ — kW.

Equation (14.4.14) can be solved for the dimensionless frequency f = ma’w/
I' = /2 of bending waves (m = 1) for any given value of the product ka. This
expression yields an infinite number of solutions for f corresponding to the different
oscillations of the Bessel function. Each of the solutions £, is called a mode and
n = 1 denotes the mode number. The dimensionless frequency may have either a
positive or negative sign, depending on the mode number and the value of ka. The
wave propagates both along the vortex axis with phase velocity ¢ = w/k and in the
azimuthal direction around the vortex core with angular phase velocity C = +w.
The angular velocity of a bending wave relative to the swirling fluid particles within
the Rankine vortex core is w — ©, which is equal to the parameter g defined above for
the case W = 0. Waves with g > 0 are called cograde, since to a rotating observer
the waves appear to be propagating in the direction of vortex rotation. Conversely,
waves with g < 0 are called rerrograde. A plot of the dimensionless frequencies for

Figure 14.6 Dimensionless frequency f = zta2a)/ I" for small-amplitude bending waves
on a Rankine vortex for the first four modes (n = 1, ..., 4), as predicted from the Kelvin
dispersion relationship. Short-wave asymptotic limits are indicated by dashed lines.
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Figure 14.7 Comparison of the predictions for dimensionless frequency of first-mode bend-
ing waves from the small-amplitude Kelvin theory (solid line), the vortex filament model with
cut-off (dashed line), and the local-induction approximation (dashed-dotted line).

cograde and retrograde bending waves of the first four modes as a function of ka is
given in Figure 14.6. For the first mode, only the retrograde solution exists, but both
cograde and retrograde solutions exist for all higher modes. All solutions asymptote
to|f — %| = 1 as ka — oo, which is indicated by dashed lines in Figure 14.6.

For the case of small-amplitude bending waves with long wavelength, such that
both D/a « 1 and ka <« 1, the condition kD <« 1 required for linearization of
the Biot-Savart equation is also satisfied. For this case, both the Kelvin wave theory
and the cut-off model prediction (14.4.8) are valid. A comparison of the frequency
predictions from the Kelvin wave solution (14.4.14) for retrograde waves of the first
mode, the linearized cut-off model solution (14.4.8), and the solution (14.4.12) from
the local-induction approximation are given in Figure 14.7 as a function of ka. All
three solutions collapse to the same curve in the limit ka — 0. The local-induction
approximation is observed to deviate from the Kelvin wave solutions quite early,
with differences of more than 10% for ka > 0.035. The cut-off model solution, on
the other hand, remains valid for waves of moderate length, and does not exhibit
deviations of more than 10% of the Kelvin wave solution until ka > 0.5.
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PROBLEMS

1. Use the orthogonality relationship A; = Ay x A3 together with the first two
Serret-Frenet equations (14.1.3); 2 to derive the third Serret-Frenet equation
(14.1.3)3.

2. Substitute the periodic form (14.4.5) for the vortex perturbations X and Y of a
helical wave into the linearized filament Biqt—Sava{t equation (14.4.4) to obtain
expressions for the perturbation amplitudes X and Y.

3. Plot the ratio of the dimensionless frequency f for axisymmetric waves and
bending waves on a columnar Rankine vortex with core radius a as a function of
dimensionless wavenumber ka for ka < 0.5. Use the first-mode Kelvin wave so-
lution for axisymmetric waves and the cut-off approximation for bending waves.
Comment on the relative speed of axisymmetric waves and bending waves on a
vortex core.

4. Compute the propagation speed for vortex rings for the cases listed in the table
below. For each case consider (a) uniform vorticity profile, (b) Gaussian vorticity
profile [proportional to exp(—r2/a?)], and (c) local induction approximation.
Examine your results and discuss the relative importance of vorticity profile, ring
and core radii, and nonlocal vorticity in determining the self-induced velocity of
vortex tubes.
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Ring Radius, Core Radius, Strength,

Case b (cm) a (cm) " (cm?/s)
A 5 1 20
B 10 1 20
C 10 2 20

COMPUTATIONAL PROJECTS

Write a computer program for evolution of a vortex ring using the Rosenhead cut-off
model and uniform vorticity profile within the core. Test the code by evaluating the
self-induced propagation velocity of a circular ring with ratio of ring radius to core
radius of b/a = 4, 10. Compare your results to the analytical solution of Kelvin.

1. Apply the vortex filament code to compute the motion of an initially elliptical
vortex ring. The ring aspect ratio A is defined as the ratio of the semimajor to
semiminor axes of the ellipse. Examine the motion of the ellipse for cases with
A = 1.5, 3, 6. Compare your results with those obtained by Dhanak and de
Bernardinis (1981).

2. Apply the vortex filament code to examine evolution of an initially circular vor-
tex ring immersed in a plane straining flow. Both the initial vortex ring and the
nonzero velocity components of the straining flow are in the x-y plane, as shown
in Figure 14.8. Examine cases with 27m20/ I' = 0.01, 0.03, 0.05, where c is the
strain rate, a is the vortex core radius, and I' is the vortex circulation. Set the ini-
tial ring radius b such that b/a = 10. Compare your results to those of Marshall

and Grant (1994).

Figure 14.8 Circular vortex ring placed in a plane straining flow.



CHAPTER 15

INTERFACIAL WAVE MOTION

Waves at the interface between two immiscible fluid masses are observed at the sur-
face of oceans and lakes subject to wind forcing or on a water stream flowing over
an uneven surface. In cases where one fluid has much greater density than the other
fluid, such as water and air, the interfacial waves can often be idealized as free-
surface waves, where the inertial force and shear stress imposed by the lighter fluid
are neglected. Waves occurring between two fluids with similar density, such as wa-
ter and oil, are called internal waves, and in such cases it is necessary to account for
the inertia of both fluid masses. In oceans or large lakes, surface waves can exert large
forces and moments on marine structures, such as ships and coastal structures. Cur-
rents generated by wave motion are responsible for most coastal sediment transport.
Internal waves are important for regulating turbulence mixing in the upper layers of
oceans and lakes. The equations of motion for interfacial waves can also be used to
develop the theory for a number of fluid flow instabilities, which are discussed in
Chapter 16.

15.1 INTERNAL WAVES IN LAYERED MEDIA

In this section, equations are derived that govern the motion of internal waves be-
tween two immiscible fluids of density p; and po, which in the equilibrium state
occupy layers with thickness #; and Ay, respectively, as shown in Figure 15.1. There
exists a current in each layer of strength U; and U;. For simplicity, the flow is as-
sumed to be two dimensional such that the interface position is given by y = n(x, 1),
where 7 = 0 in the equilibrium state. The flow in each fluid region is assumed to be
irrotational such that the potential functions, ¢; and ¢», satisfy the Laplace equation

314
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Figure 15.1 Schematic showing different parameters used to describe a two-dimensional
internal wave system.

V¢, =0, V¢, = 0. (15.1.1)

At the top and bottom boundaries, the potential functions satisfy the no-penetration
condition

991 _o. 2 _, (15.1.2)

ay ,\'=—h1 8y _\':h:

The interface y = n(x, t) is assumed to be a material surface, consisting of the
same set of fluid particles for all time. The interface can be defined by f(x, y, 1) =
y — n(x. 1) = 0, so the requirement that the interface is a material surface can be
expressed by setting the material derivative of f(x, y, ) equal to zero, or

Df Dn

— =v——=0 ony=n. 15.1.3

Dr Dt y=n ( )
Expanding the material derivative of n and applying the condition (15.1.3) to both
sides of the fluid interface yield the kinematic interface matching condition

- tui - =71, — 4+ ur— = . (15.1.4)

Using the definition n = V f/|V f| of the interface unit normal, the matching condi-
tion (15.1.3) can alternatively be expressed in terms of the normal velocity compo-
nent to the fluid interface as

—af/or an/ot
VA [+ @n/on0?]

u -n=1u;-n= (15.1.5)

The momentum jump condition, as expressed by the Laplace formula (5.3.11),
gives the pressure jump over the interface as

Y
— = . 15.1.6
P2 —pi R’ ( )

where the interface radius of curvature, R, is defined in two dimensions by
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2 2
l:—V-n: d“n/ox

R [1+ (3n/8x)?]

73 (15.1.7)

The unsteady Bernoulli equation (8.2.2) can be used to relate the pressure jump to the
velocity potential such that (15.1.6) yields the dynamic interface matching condition

d¢2 9¢1 1 2, .2 2, .2
(pZW — P E’) + 5 [,02(M2 +v3y) — p1(u] + U1)]

+ (o2 — p)gn + % = F(), (15.1.8)

where F(t) is an arbitrary function of time.

15.2 LINEAR WAVE THEORY

The governing equations (15.1.1), together with the boundary conditions (15.1.2) and
interface matching conditions (15.1.4) and (15.1.8), can be solved for the velocity
potentials ¢ and ¢ and the interface displacement height 7 once appropriate initial
conditions have been specified. Unfortunately, an analytic solution of these equations
is generally not possible due to the nonlinearity implicit in the interface matching
conditions (15.1.4) and (15.1.8). In the current section, an approximate solution of
these equations is developed for the case in which the wave amplitude is sufficiently
small that the interface matching conditions can be linearized about the equilibrium
state. A numerical method for solution of the full nonlinear equations is described in
Section 15.6.

In the linear wave theory, an arbitrary periodic waveform is expressed using a
Fourier series as

N
nix,t) = ZA,,e"‘knx-Gn”, (15.2.1)
n=1

where we consider only the real part of the function on the right-hand side. Each
wave has wavelength 4,, with associated wavenumber &, = 27 /Ay, amplitude A,,,
and frequency o,. In general, A, and o, are complex numbers, whereas the
wavenumber k, is defined to be real valued. The ratio of the imaginary to the real
part of A, determines the wave phase, and the magnitude of A, is the wave height.
If 0, is real valued, the wave propagates in the x-direction with constant height. If
oy is complex valued, the wave height either grows or decays exponentially in time.
In practice, complex values of o, occur in complex-conjugate pairs, such that one
member of the pair quickly decays and the other grows, resulting in flow instability.
In the present development, we consider waves with a single wavelength A and set
the phase such that the associated amplitude A is real valued. In the linear theory,
each wave evolves independently of the others, so the equations governing the wave
motion can be derived for each wavelength individually.
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The superposition principle for the linear theory can also be used to decompose
the velocity potential into a part associated with the steady current and a part due to
the wave field, or

Gn(x, 1) = Upx +¢,’1(x, 1), n=1,2. (15.2.2)

Solutions of the Laplace equation for the potential in the upper and lower layers that

satisfy the no-penetration boundary conditions at y = sz and y = —h; are given by
¢, (x, v, 1) = By cosh[k(y + hp)]e'“ =", (15.2.3a)
¢)(x, y, 1) = By cosh[k(y — h2)]e'** 7", (15.2.3b)

where B and B, are complex constants.

The dimensionless wave amplitude is defined by ¢ = Ak, such that the small-
slope assumption in the linear theory can be written as 0 < & < 1. In the linearized
version of the interface matching conditions (15.1.4) and (15.1.8), all terms quadratic
or higher order in ¢y, ¢», or n or their cross products can be neglected. The linear
kinematic interface matching condition thus becomes

a1 an _ 3¢ an an _ 3¢,

U ox = oy B Uza = (15.2.4)
where the second-order terms proportional to (3¢;,/9x)(dn/dx) are omitted. Choos-
ing the arbitrary function F () in (15.1.8) to eliminate the nonzero equilibrium terms,
the linearized dynamic interface matching condition becomes

3¢5 9
P2 a Pl a1

¢, 8’ 3%y
+ | U2 = Ui == | + (o2 = pgn + ¥ 7 =0,
ox ox 0x

(15.2.5)

where the linearized interface curvature is obtained from (15.1.7) as I/R =
8%n/0x?. In the nonlinear matching conditions, the velocity potential and its deriva-
tives are evaluated on the moving interface y = 7(x, t), which introduces another
source of nonlinearity. However, in the linear theory a Taylor series expansion can be
used to displace the matching conditions to the equilibrium interface surface y = 0.
In particular, letting f (x, y, f) denote the velocity potential or any of its derivatives,
the first two terms of the Taylor series expansion about the equilibrium surface are

3
fO,n.t)y=f(x, 0,0+ n—f 4 (15.2.6)
3y y=0

From the solution (15.2.3), the second term on the right-hand side of (15.2.6) is
O(ef) and can be neglected to leading order in . Consequently, the velocity po-
tential and its derivatives in the linearized matching conditions (15.2.4)-(15.2.5) are
evaluated on the equilibrium interface position.
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Substituting (5.2.1) and (5.2.3) into the interface matching conditions (15.2.4)
and (15.2.5) yields a system of linear equations, which can be expressed in matrix
form as

M.a=0, (15.2.7)

where M and a are defined by aT = (A, By, B,) and

iUy — o) —k sinh(kh ) 0
M= ( i(kUy — o) 0 k sinh(kh>) )
vk* + (o1 — p2)g  —ipi(o — kUy) cosh(khy) ipa(c — kUs) cosh(khs)

The solvability condition det(M) = 0 yields a quadratic equation for o of the form

p2kUy — )2 p1(kU) — 0)?
k tanh(kh;) k tanh(kh;)

— yk* — (p1 — p2)g = 0. (15.2.8)

The solution for o yields the dispersion equation for the wave as
1/2
b1\ 4c]”
o=——=+-|{2Z} = & , (15.2.9)
2a 2| \a a

b 2kppUy/tanh(khy) + 2kp Uy / tanh(kh)

where

s

a 2/ tanh(khy) + py/ tanh(kh,)
¢ _ K paUj/tanh(kha) + k*p1UF/ tanh(kh1) — vk — (p1 — p2)gk
a p2/ tanh(khs) + py/ tanh(kh) ‘

Two limiting cases of the above analysis are often used in applications. These lim-
its are related to the ratio of layer depth to wavelength, as represented by the product
khy (n =1, 2). For shallow-water waves, kh, < 1 and we can make the approxima-
tion tanh(kh,) = kh,. For deep-water waves, kh,, > 1 such that tanh(kh,) = 1.1In
cases where the inertia of the fluid in the upper layer is negligible compared to that in
the lower layer (i.e., p1 > p2), we consider the free-surface wave limit p, /p1 — 0.
The role of surface tension is examined in Section 15.3, but for the present discussion
it is convenient to assume that the waves are sufficiently long that the surface tension
term is negligible.

It is instructive to record the resulting expressions for certain of these limiting
cases. For instance, in the case of shallow-water free-surface waves, the expression
(15.2.9) for wave frequency becomes

o =k(Uy x/ghy). (15.2.10)

Since o is real valued, this solution has the form of a traveling wave of constant form.
The phase velocity ¢ = o/k is the speed of propagation of the wave crests, which
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for shallow-water waves is given by
c=U| £ /ghi. (15.2.11)

Right-running waves, corresponding to the positive sign in (15.2.11), propagate in
the positive x-direction, whereas left-running waves, associated with the negative
sign, propagate in the negative x-direction. For all linear, free-surface waves, a steady
current advects the wave without influencing the wave propagation relative to an ob-
server moving with the current. This passive role of the current is a consequence of
the superposition principle of linear wave theory, although, as shown in Section 16.4,
the current difference between the layers plays an important role in stability of inter-
nal waves.

One interesting property of the expression (15.2.11) is that the phase velocity of
shallow-water waves does not depend on the wavelength. Waves with this property
are said to be nondispersive, where the origin of this term is related to the observation
that a packet of waves of different lengths propagate together in a nondispersive wave
field, rather than spreading out (or dispersing) according to the wavelength. Other
cases of wave propagation do not possess this property. For instance, for deep-water
free-surface waves the wave frequency and phase velocity are given by

o =kU| £ /gk, c:Ulzl:\/%. (15.2.12)

The phase speed for deep-water waves, relative to the mean current, is faster for long
waves than for short waves. In such cases, the wave field is said to be dispersive.

15.3 CAPILLARY AND GRAVITY WAVES

The relative roles played by surface tension and gravitational force on a traveling
wave field are examined in this section, where for simplicity we specialize to the
case of deep-water free-surface waves with no mean current. The wave frequency
and phase velocity are obtained from the general solution (15.2.9) as

1/2 2
3 1/2
k
o— (et + 7). c=(§+y—) . (15.3.1)
p k- p

A plot of phase velocity versus wavenumber is given in Figure 15.2. For very long
waves (called gravity waves), k — 0 and the gravitational term dominates the surface
tension term in (15.3.1). By contrast, for very short waves (called capillary waves),
k — oo and the surface tension term dominates the gravity term. An estimate of the
wavelength for which the surface tension term becomes important is given by that
corresponding to the minimum value of ¢, at which point both terms in the expression
for ¢ in (15.3.1) are of a similar order of magnitude. Setting 3(('2)/8k = 0, the
minimum phase velocity ¢min and its corresponding wavelength Amin are obtained as
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k (1/m)

Figure 15.2  Variation of phase velocity with wavenumber for deep-water free-surface waves
in the presence of surface tension.

40\ /4 12
Cmin = (ﬁ) , Amin = 27 (l) . (15.3.2)
P 124

For instance, for waves along a clean air-water interface at standard temperature
and pressure, Amin is about 1.7 cm, or about the size of a small ripple. Water waves
with length much smaller than this value are dominated by surface tension, whereas
surface tension is negligible for water waves with length much larger than this value.

15.4 PARTICLE DISPLACEMENT IN A WAVE FIELD

The solution for the fluid velocity field induced by the wave motion, relative to the
current, can be obtained by differentiating the solution (15.2.3) for the velocity po-
tential. In the bottom layer, we obtain

uj(x,y,t) = ikBj cosh[k(y + hp)]e!®x—on, (15.4.1a)
v{(x, y, 1) = kB sinh[k(y + h})]e'®* oD, (15.4.1b)

The particle displacements & and ¢ in the x- and y-directions, respectively, are ob-
tained by integrating (15.4.1) over time as

E(x,y,1) = — (koﬂ) cosh[k(y + hy)Je'** =D (15.4.2a)

(e, y,t)=i (%) sinh[k(y + h;))e ®*¥—o0), (15.4.2b)
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A solution for B is obtained from the linearized kinematic interface matching con-
dition (15.2.4) as

kU —o

B =iA—1t_2
! k sinh(kh,)

(15.4.3)

Substituting (15.4.3) into (15.4.2) and taking the real part of the right-hand side
yields

kU —o .
g(X, y, f) =A {G—Slm] COSh[k(y +h[)] Sm(kx - Uf), (15443)
= —a| KU kG + k)l costkx — o). (15.4.4b)
¢y, 1) = o sinh(khy) | R A o SRR

Solving for the sine and cosine terms in (15.4.4) and substituting into the trigono-
metric identity sin® z + cos? z = 1 give

2 2

. ; + = 2[-5U'—G-] . (1545)
cosh’[k(y + h1)]  sinh“[k(y + h1)] o sinh(kh)
The particle paths, given by (15.4.5), follow the equation of an ellipse with aspect
ratio tanh[k(y + A1)]. Near the bottom boundary, as y — —hy, the aspect ratio
approaches zero, implying that the fluid particles move back and forth on a horizontal
line. For shallow-water waves, cosh[k(y+#1)] = 1 and sinh[k(y +h1)] = k(y+hy),
so that the horizontal particle displacement is approximately independent of depth
and the vertical displacement varies linearly with depth. For deep-water waves, the
aspect ratio approaches unity, implying that fluid particles move in a circle. With
zero current, the radius of oscillation is A exp(ky), where y < O within layer 1. An
illustration of the particle paths for shallow- and deep-water free-surface waves is
given in Figure 15.3.

The equation for particle displacement in layer 2 is the same as (15.4.5) with £

replaced by —h;. The aspect ratio of the elliptical particle path approaches zero at the

top boundary at y — h;. For deep-water waves, the particles follow circular paths,
which in the absence of current have radii A exp(—ky), where y > 0 in layer 2.

_— O
——— O
O
O
(a) (b)

Figure 15.3 Particle paths for (@) shallow and (b) deep water free-surface waves.
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15.5 WAVE ENERGY AND GROUP VELOCITY

Although small-amplitude waves do not provide a net transport of mass, since the
particle paths relative to an observer moving with the mean current are closed, they
do transport energy. Understanding of wave energy transport is important in deter-
mining the modification of waves as they propagate onto a beach or the force required
to generate wave fields, such as the wave wake of a ship. For simplicity, wave en-
ergy and its transport are examined in the current section for free-surface waves with
no current, although the results can be readily generalized to internal wave fields.
Subscript 1 used to denote layer 1 is dropped in this section.

156.5.1 Wave Energy

Wave energy is composed of two kinds—potential energy P associated with the
displacement of the fluid relative to the gravitational field and kinetic energy T as-
sociated with motion of the fluid particles. The average potential and kinetic energy
over one wavelength are given by

1 x+A n 1 x+A n o
P _/ / pgydydr, T = _/ / L@+ v dydx. (155.1)
A Jx —h A Jx -n 2

With 5(x, 1) = Acos(kx — ot) and performing the integration indicated above, the
potential energy becomes

Pt = 30gh* + Lpg A%, (15.5.2)

The first term on the right-hand side of (15.5.2) represents the potential energy of
the fluid in equilibrium, whereas the second term represents that associated with the
wave field, or

P = jpgA’. (15.5.3)

The solutions for the velocity components associated with the wave field are

u(x,y, t) = cosh[k(y + h)]cos(kx — ot), (15.5.4a)

gA
sinh(kh)

vix,y,t) = sinh[k(y + h)]sin(kx — o1). (15.5.4b)

gA
sinh(kh)

Substituting the velocity components into the expression for kinetic energy in
(15.5.1) gives

_ P gA X+A/n s ,
T=x l:sinh(kh)]/x L ICOSh [k(y + h)]cos*(kx — ot)

+ sinh?[k(y + k)] sin® (kx — ort)] dy dx. (15.5.5)
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In the linear theory, the free-surface displacement n can be replaced by the equi-
librium surface y = 0 in the upper limit of integration over y in (15.5.5). The
integrand of (15.5.5) can be replaced using standard trigonometric identities by
0.5{cosh[2k(y + h)] + cos[2(kx — o'1)]}, which can be directly integrated to yield

T = 1pgA”. (15.5.6)

The mean kinetic energy is equal to the mean potential energy of the wave field, and
the total average wave energy E is given by

E = fpgA’. (15.5.7)

15.5.2 Energy Transport Rate

The net rate of energy transmission, Q, by the wave field is given by the average
rate of working by pressure forces on a vertical surface extending from the bottom
boundary to the free surface, or

| t+1 n
Q= —/ / pudyd:t, (15.5.8)
T Jt —h

where 7 is the wave period. The pressure field due to a free-surface wave can be
computed from the linearized Bernoulli equation (8.2.2) as p = —pgy — p(3¢/01),
so that with use of the solution (15.2.3) for the velocity potential we obtain

cosh [k(y + h)]

cosh(kh) :I cos(kx — o1). (155.9)

p=—pgy+pgA [

The hydrostatic term in (15.5.9) produces no net energy transport and can there-
fore be omitted from the integral (15.5.8). Substituting the second term in (15.5.9),
referred to as the “dynamic pressure,” and the expression (15.5.4a) for horizontal
velocity component into (15.5.8) gives

0= 20874 (" o tkiy +mnay ) (L[ costthx —onyas
= sinh(2kh) /:hc y y (l'/, cos“(kx —o >’

(15.5.10)

where the upper limit of integration in the y-direction is set to zero since we wish
to retain only second-order terms in the interface displacement. Performing the indi-
cated integrations in (15.5.10) yields the wave transport rate as

0 = Ecq, (15.5.11)

where E is the wave energy density, given by (15.5.7), and the constant ¢, is given
by
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c 2kh

The constant ¢, represents the rate at which wave energy is transported, and for
reasons that will be explained in the last part of this section, it is commonly known
as the group velocity.

15.5.3 Group Velocity

To explain the notion of a wave group, we consider a case in which two periodic wave
trains of the same amplitude propagate in the same direction with slightly different
wavenumbers, ky = k — Ak/2 and k; = k + Ak/2, and with associated frequencies
o1 = o0 — Ao /2 and 07 = 0 + Ao /2. The superposition of the two wave trains yields
the wave displacement as

n = Acos(kix — o1t) + A cos(krx — o2t)

=24 cos {3k + ka)x = (o1 + o)) cos {41k1 — ka)x = (o1 — o1}

= 2A cos(kx —ot)cos |:A7k (x — —t)] . (15.5.13)
The superposition of these two wave trains yields a set of waves propagating ap-
proximately with speed o/k, in which the amplitude varies within an envelope that
moves with the group velocity ¢, = Ao/ Ak, each oscillation of the envelope form-
ing a wave group as shown in Figure 15.4. The wave crests form at the rear of each
group and propagate through the group, with amplitude initially growing, reaching
a maximum at the group center, and then decreasing as the wave passes through the
group. This phenomenon is readily observable simply by throwing a rock into a pond
on a calm day. A portion of the kinetic energy of the rock will be transformed into
wave energy when the rock strikes the pond surface, which is manifested as a group
of waves propagating in a ring away from the impact point. With careful observation,
one notices that the wave crests appear to move more rapidly than the wave group as

Figure 15.4 Illustration of wave groups formed by two wave fields with slightly different
wavenumbers.
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a whole. A wave initially at the rear of the group eventually reaches the front of the
group and fades away, so that it is no longer detectable, while new waves are formed
at the rear of the group.

In the limit Ak — 0, the group velocity becomes

do
Co = —. 15.5.14
8= Ik ( )
This formula applies to all types of wave phenomena and is generally taken as a def-
inition of group velocity. Upon substitution into (15.5.14) of the dispersion relation-
ship for linear, free-surface water waves (with no mean current or surface tension),

o = gk tanh(kh), (15.5.15)

the group velocity reduces to the same expression as given previously in (15.5.12).
That the wave energy is transported at the group speed follows from the fact that the
instantaneous wave transport rate is proportional to the square of the wave displace-
ment, so the wave energy cannot propagate through the nodal points that separate
each group.

15.6 BOUNDARY-INTEGRAL METHOD FOR NONLINEAR
INTERFACIAL WAVES

The nonlinear evolution of interfacial waves can be simulated, for both internal and
free-surface waves, by replacing the interface with a vortex sheet. This approach is
the basis for several different computational methods, such as those described by
Longuet-Higgins and Cokelet (1976), Baker et al. (1982), and Tryggvason (1988).
These methods differ from each other by the techniques used to speed up the compu-
tation and, in the case of the first of these methods, by the use of conformal mapping
to transform the interface into a closed contour. In the present discussion, we will not
venture into the complexities of the numerical analysis of nonlinear interface dynam-
ics, but instead restrain the discussion to formulation of the basic boundary-integral
equation for the vortex sheet motion. For convenience, the theory is developed for
two-dimensional internal waves, as shown in Figure 15.1, with the deep-water as-
sumption applied in both the top and bottom layers; however, the analysis is devel-
oped such that extension to three-dimensional flows is straightforward. The theory
can be generalized to waves of finite depth by introduction of additional vortex sheets
along the top and bottom boundaries, where the vortex sheet strength on these bound-
aries 1s obtained by solution of the boundary-integral equation for no-slip surfaces
derived in Section 12.7.

The velocity induced by a vortex sheet occupying a curve C on the x-y plane with
strength y = y (s)e; is given by

1 /
u(x, 1) = _E/ - ds' (15.6.1)
C
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where r = x — X/, r = |r|, and s is a measure of arc length on C. The kinematic
interface condition, which is a consequence of the requirement that the vortex sheet
be a material surface, is satisfied by moving the vortex sheet (representing the inter-
face) with the same normal velocity as the fluid particles on the sheet. The dynamic
interface condition, which is related to the jump condition in momentum across the
sheet, is then used to derive the boundary-integral equation for variation of the vortex
sheet strength along the interface.
We begin by recalling the Euler equation in the form

Pny = ~Vp, — Pnge€y, (15.6.2)

where n = {1, 2} denotes the layer number and a,, is the acceleration vector. The
vortex sheet strength (in two dimensions) is related to the tangential velocity jump
across the vortex sheet, or

y = (up —up) - §, (15.6.3)

where § is a unit vector oriented tangent to the vortex sheet. Taking the projection of
(15.6.2) along C and subtracting the equation across the interface give

%Km+mmrﬂﬁ+mrmMm+MH@=—%Wrmﬁ—m—mM%
(15.6.4)
The velocity of the interface, denoted by U, has the same normal component as the
fluid on either side, since the interface is a material surface. The tangential compo-
nent of U, which is used to advect the computational points along the vortex sheet, is
arbitrary and can thus be specified in any manner that is convenient. For simplicity,
in the present discussion we set the tangential component of U equal to the average
tangential fluid velocity on either side of the interface, although other choices have
sometimes been used in the literature. The interface velocity U is thus defined as

U=l +uw), (15.6.5)

which is equal to the principal value of the singular integral (15.6.1) when it is eval-
uated for x € C. The fluid velocity on either side of the interface can be written as

u, =U+1y8, (15.6.6)

where in (15.6.6) and in the following equations of this section the top symbol (plus)
applies to layer 1 and the bottom symbol (minus) to layer 2. The interface material
derivative D; /Dt is defined such that for any function f = f(x, ¢) defined on the
interface C,

Dif 3 .
L= UV (15.6.7)
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In terms of this derivative, the fluid acceleration can be written as

_ Dju, :i:i Ju,

= . 15.6.8
M=o T2 s (1>68)
The average acceleration, a, over the interface is defined by
a=l(a +a). (15.6.9)
The tangential component of a can be written using (15.6.5)—(15.6.9) as
DU , 182
ad=——. Sy (15.6.10)

Dt S+§ as

Dividing (15.6.4) by p; + p2 and using the above definitions yield an equation for
the vortex sheet strength as

D ou . R 2 9(pr—
ﬂ%— — -§=—-2Aa-s —2Age, S — (p1 = p2)
Y ’ P11+ m das

, 15.6.11
Dt as ( )

where A = (p; — p2)/(p1 + p2) is the Atwood ratio. The pressure difference over
the fluid interface is given in terms of the surface tension and the interface radius of
curvature by the Laplace formula (15.1.6). Substituting (15.6.10) for the a-§ term into
(15.6.11) and finding U by evaluating the vortex sheet Biot-Savart equation (15.6.1)
on C yields an integro-differential equation for the vortex sheet strength y.
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PROBLEMS

1. For the problem of free-surface waves (p2 — 0) with no surface tension, use
the solution for the velocity potential ¢ (x, y, ) to obtain an expression for the



328 INTERFACIAL WAVE MOTION

stream function ¥ (x, y, t) for small-amplitude waves. Use your result to obtain
an expression for the complex potential F(z) = ¢ + iy as a function of the
complex variable 7 = x + iy.

2. Find the mean potential energy P per unit surface area for an internal wave with
interface displacement 7 (x, t) of the form

n = Acos(tkx —ot),

where A is a constant. The potential energy is given by

1 x+Ar ho
P=x/ / pgydydx — Py,
X —h]

where A = 27 /k is the wavelength and P, is the potential energy in the equilib-
rium state.

3. Determine the phase velocity c and the group velocity cg for the following cases,
and in each case determine whether the wave field is dispersive or nondispersive.

(a) Free-surface waves in deep water with surface tension, but no mean current.

(b) Interfacial waves with deep water on both sides of the interface, with no sur-
face tension or mean current.

(¢) Interfacial waves with shallow water on both sides of the interface, with no
surface tenston or mean current.

4. An axisymmetric wavemaker oscillates periodically with frequency f and gener-
ates waves with amplitude Ag at a distance Rg from the wavemaker. The wave-
length A is sufficiently small that the waves can be approximated as deep-water
free-surface waves. Determine the wave amplitude A at some other distance R
from the wavemaker. Assume that both R and Ry are much larger than the wave-
length, so the results obtained for plane waves approximately apply for this prob-
lem.

5. Consider a superposition of two sets of free-surface deep-water waves with
wavenumber 2.0 and 2.5 m~!. Both sets of waves have the same amplitude. Ne-
glecting surface tension, determine the length of the wave group and the time
required for an individual wave crest to propagate through its group.

6. A standing wave can be formed by superposing a left-running and a right-running
wave field with the same wavenumber and amplitude. Each standing wave is sep-
arated from the others by a node, at which point the interface does not move.
Derive expressions for the potential function ¢ and the velocity components in
the standing-wave field formed by superposing the right-running wave ng =
Asin(kx — ot) and the left-running wave n;, = A sin(kx + ot), for free-surface
waves of finite depth. Determine the positions of the nodes and the oscillation
amplitude of the standing wave.

7. Derive an expression for the pressure field under a free-surface wave with small
amplitude and a single wavelength A.
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Figure 15.5 A sphere of radius a held at a depth d below the equilibrium surface in a free-
surface shallow-water wave field.

8. A sphere of radius a is held fixed at a depth d below the equilibrium surface ina
linear free-surface, shallow-water wave field, as shown in Figure 15.5. The waves
have wavenumber k, amplitude A, equilibrium depth /4, and no mean current.
Assume that Ak < 1, hk < 1,ak € l,anda/h <« 1.

(a) Determine the time variation of the horizontal velocity and pressure fields
at the sphere location induced by the wave when the sphere is not present,
making use of the linear wave and shallow-water approximations.

(b) Use the result of part (a) to estimate the force acting on the sphere in an
inviscid flow as a function of time. Carefully explain your reasoning.

0. For a shallow-water free-surface water wave, two pressure sensors are mounted
as shown in Figure 15.6. Sensor 1 is placed on the bottom and sensor 2 is placed a
distance b = 0.4 m above and d = 4 m to the right of sensor 1. Assume that there
is no surface tension or ambient current. At a given time the gage pressure read-
ings of the sensors are p; = 12,000 N/m? and py = 6,733 N/m?, and the average
fluid depth is & = 1.1 m. At this time, the wave crest is located directly above
sensor 1 and the distance between the two sensors is less than one wavelength.
The water density is 1000 kg/m® and the acceleration of gravity is 9.8 m/s’. De-
termine the wavelength, the wave amplitude, and the wave frequency. Verify that
the shallow-water and linear wave approximations apply.

Figure 15.6 Illustration showing locations of two pressure sensors immersed in a progres-
sive wave field.



CHAPTER 16

STABILITY OF FLUID FLOWS

Much of classical fluid mechanics is concerned with finding equilibrium solutions
of the Euler or Navier-Stokes equations that are representative of flow situations
encountered in various practical problems. Once an appropriate equilibrium solu-
tion is found, a critical question to ask is whether or not the solution is stable. In
other words, for a fluid system initialized close to the equilibrium solution, but with
the various dependent variables slightly perturbed, the stability question concerns
whether the system evolves over long time so as to deviate farther from the equilib-
rium solution, to approach the equilibrium solution, or to remain approximately as
far from the equilibrium solution as the initial perturbation. Instabilities observed in
nature, occurring as some flow parameter is varied past a critical value, are associ-
ated with system transition from an equilibrium state to another equilibrium state,
from an equilibrium to a periodic state, from one periodic state to another periodic
state with oscillations having different numbers of frequencies, or from a steady or
periodic laminar state to a turbulent state. Stability theory, which attempts to predict
the occurrence of these bifurcatons in the system state, is an important topic for both
inviscid and viscous flows, although inviscid stability theory is more amenable to
analytical solution because of the lower order of the resulting differential equations.
The current chapter examines some of the basic fluid instabilities for two- and three-
dimensional fluid flows. All of the flows examined involve vorticity transport in some
part of the flow domain; potential flows are completely determined from the bound-
ary conditions and do not evolve in time, aside from that due to a change in boundary
data. The topics are introduced roughly in order of increasing difficulty, progressing
from flows where the vorticity is constrained to adopt certain shapes (e.g., ellipses,
point singularities, sheets) to flows with unrestricted, distributed vorticity fields.

330
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16.1 GENERAL CONCEPTS

Consider a system having N dependent variables {u1, 42, ..., uy}, which are func-
tions of position and time, and involving M constant dimensionless parameters
{a1, as, ..., apy}. Suppose that an equilibrium solution exists in which the dependent
variables attain the values {Uj, U, ..., Uy}, which are functions only of position.
We introduce some positive-definite measure A that indicates how far the system is
from the equilibrium solution. There are many ways in which such a measure can be
selected, but a common example is

N
A(t):Z/V(un—U,,)zdv. (16.1.1)
n=1

The equilibrium solution is said to be szable if for all positive real numbers ¢ there
can be found some number & such that the measure A(¢) will remain less than & for
all time 7 > 0 whenever the measure A(0) of the initial perturbation is less than §. If
in addition A(t) — 0 as t — oo for all perturbations such that A(0) < &, then the
equilibrium solution is said to be asymptotically stable. Many stable inviscid flow
solutions are not asymptotically stable because the perturbations have no dissipating
mechanism in the absence of viscosity, so that instead of dying out the perturbations
oscillate indefinitely with amplitude of the order of the initial amplitude. If there is
any initial perturbation which for some choice &, no number é can be found such that
A(t) < ¢ forall t > 0 whenever A(0) < 8, then the equilibrium point is said to be
unstable. It is not necessary that all perturbations of the system have this property;
one such perturbation will suffice for the equilibrium point to be unstable.

An equilibrium point is said to be linearly stable if the stability condition is satis-
fied for all ¢ less than some value &g, where &g is chosen to be infinitesimally small
(i.e., in the limit g — 0). All stable equilibrium solutions are linearly stable, but the
converse is not true, since it is possible that the system will become unstable to some
perturbation with ¢ greater than gg. On the other hand, an equilibrium solution that is
not linearly stable is clearly unstable. It is often convenient for analysis to restrict at-
tention to linear stability theory, for which the equations governing the perturbations
can be linearized about the equilibrium solution. Information on finite-amplitude in-
stability theory can be found in books specializing on fluid stability, such as Drazin
and Reid (1981).

In order to determine whether a solution is stable or not, it is necessary to con-
sider not just a single perturbation but all “possible” perturbations of the system,
i.e., perturbations satisfying the incompressibility constraint and the specified fluid
boundary conditions. This task is most easily accomplished by decomposing the
dependent variables using a Fourier series, or some other eigenfunction expansion
satisfying the fluid boundary conditions, which possesses the property of complete-
ness. Complete expansions can be used to construct any arbitrary function satisfying
prescribed boundary conditions on a given interval and are typically formed from
the eigenfunctions of self-adjoint eigenvalue problems, such as the Sturm-Liouville
problem (Kreyszig, 1999; Stakgold, 1979). The fluid stability problems discussed
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in the current chapter are periodic in at least one direction, so a Fourier series is
found to suffice. For instance, if the basic flow U, (y) depends only on y and the
perturbed flow is taken to be periodic in the x-direction, then the perturbation might
be expressed as

o0
un (X, 3, 1) = Un(y) = ) Cum(y)e'Cmx=omt), (16.1.2)

m=1

where the coefficients ¢, (y) are in general complex valued. The contribution of
each m is called a normal mode, where this terminology is related to the orthogonal-
ity property of Sturm-Liouville eigenfunctions. For linear theory, the perturbations
evolve independently of each other such that the frequency o, of the mth mode de-
pends only on the corresponding wavenumber k,,. Real values of o, correspond to
wavenumbers that oscillate in time with constant amplitude. Complex values of o,
occur in complex conjugate pairs, such that one wave of the pair grows and the other
decays in time. The equilibrium solution is stable if o,, is real for all m, whereas it is
unstable if there is any mode m for which ,, is complex. The stability characteris-
tics of a system are commonly illustrated on a stability diagram, in which the regions
of stability and instability are indicated on a plot of the wavenumber against one or
more of the parameters {a;, az, ..., ay}.

As the equilibrium solution {U}, Us, ..., Uy} changes for different values of the
parameters {ai, a, ..., ay}, the stability characteristics of the equilibrium point
may also change. The value of the set {aj, ay, ..., ay)} at which the nature of the
equilibrium solution changes is called a bifurcation point in parameter space. The
bifurcations of a system are best illustrated by a bifurcation diagram, in which sta-
ble and unstable equilibrium solutions are plotted as functions of one or more of the
system parameters {ai, a2, ..., ap}. A few example bifurcation diagrams are shown
in Figure 16.1, which, for simplicity, are limited to solutions of ordinary differential
equations with a single parameter a. A common type of bifurcation point called a
turning point, illustrated in Figure 16.1a, occurs when the equilibrium point goes
from being stable to unstable, or vice versa, as the bifurcation point is crossed. In
a pitchfork bifurcation (Figure 16.1b), not only does the stability of the equilibrium
solution change as the bifurcation point is crossed, but the number of different equi-
librium solutions also changes from one to three. When crossing a Hopf bifurcation
(Figure 16.1c), a stable equilibrium solution changes into an unstable equilibrium
solution plus a limit cycle, which is a periodic solution to which systems with nearby
initial conditions (in the sense of the measure A) are attracted.

16.2 STABILITY OF AN ELLIPTICAL VORTEX PATCH
IN A STRAINING FLOW

The core of a vortex structure may become deformed in shape by straining of the
surrounding fluid flow, for instance, resulting from shear in the boundary layer or
wake of a solid body or from the velocity induced by other nearby vortices. A simple
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Figure 16.1 Examples of bifurcation diagrams: (a) turning point bifurcation, (b) superecriti-
cal pitchfork bifurcation, (c) subcritical pitchfork bifurcation, and (d) Hopf bifurcation. Stable
and unstable equilibrium solutions are denoted by solid and dashed gray lines, respectively,
and the direction of nearby orbits are denoted by arrows.

model of this process (Moore and Saffman, 1971) consists of a two-dimensional
patch of uniform vorticity immersed in a uniform straining flow. It is found that the
vortex patch deforms in this model into an elliptical shape, whose aspect ratio varies
with the ratio of the external straining rate to the vorticity within the vortex core.
An equilibrium solution for the strained vortex patch exists for specific values of the
vortex orientation angle and aspect ratio. This theory has been extended to a vortex
patch in a uniform shear flow by Kida (1981) and to a three-dimenional vortex with
axial straining by Neu (1984).

In this section, we derive the equilibrium solution for a strained vortex patch and
examine its stability. The position of an elliptical vortex patch with uniform vorticity
wp can be specified by its major and minor semiaxes, a(f) and b(r), and by the
inclination angle 6(¢) of the semimajor axis to the x-coordinate axis, as illustrated in
Figure 16.2. The Kirchhoft solution (Section 11.2) indicates that an isolated elliptical
vortex patch rotates without change of form with rotation rate abwy/(a + b)*. The
differential equations governing the three parameters a, b, and ¢ for an isolated patch
are therefore
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Figure 16.2  An elliptical vortex patch with major and minor semiaxes a(z) and b(t), respec-
tively, and inclination angle 6(z).

abwy

'=b=O’ é:—,
4 (a+b)?

(16.2.1)

where an overdot denotes differentiation with respect to time.
An irrotational straining flow, with straining rate e, has velocity components

u = ex, v = —ey. (16.2.2)

The equation for the elliptical boundary of the vortex patch can be expressed as

(x cos@ + ysin )2 n (—x sinf + y cos §)?2 B

) ) 1=0. (16.2.3)

fx,y,0)=
Since the boundary of the patch is a material circuit, the function f(x,y,t) must

deform under the action of the straining flow in such a way that
Df _af + of af _

=0, 16.2.4
Dr ~ ar TYax TV (16.2.4)
if the patch is to maintain an elliptical boundary over time. Substitution of the ex-
pression (16.2.3) for f and the velocity components (16.2.2) for a pure straining flow
into the kinematic condition (16.2.4) yields an identity provided that the parameters
a, b, and 6 are evolved according to the equations

a = ea cos(20), b = —eb cos(20),
2 2
. a“+b .
0 =—e (;2—_7) sm(29). (1625)

Equation (16.2.5) describes the evolution of an elliptical material surface immersed
in a pure straining flow, not accounting for the induced velocity from the vortex
patch.

The Helmholtz decomposition indicates that the velocity field due to a vortex
patch in a straining flow is the sum of that due to the straining flow and that due to
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the vortex patch alone. The resulting governing equations for the three parameters a,
b, and 6 for a strained vortex patch are obtained by adding the right-hand sides of
(16.2.1) and (16.2.5), giving

a = ea cos(26), b = —eb cos(20),

. 24 p? b
6= —e (“ + ) sin(29) + —220_ (16.2.6)

a? — b? (a + b)?

The first two equations in (16.2.6) can be combined to obtain
ab = const, (16.2.7)
which is equivalent to the condition that the vortex core area is constant. If time is
nondimensionalized using wg, (16.2.6) and (16.2.7) can be used to obtain governing

equations for the ellipse aspect ratio R = a/b and orientation angle 6 in terms of the
dimensionless straining rate parameter e/wg as

. e . R e RZ+1)\ .
R=2 (Z)_(;) R cos(28), 0 = (_R_-i-l_)z — (w—0> (R2 — l) sin(20). (16.2.8)

An equilibrium solution of the system (16.2.8) exists, denoted by (8, Ro), which
satisfies

e __RoRo—D (16.2.9)

T
6o = —, = .
4 wo (14 Ro)(1 + R3)

The equilibrium solution for the aspect ratio is plotted versus e/wo in Figure 16.3.
There are two solutions for Ry from (16.2.9) for any e/wy in the interval (0, 0.15), but

0.125

0075 F
0.05 F

0025 F

Figure 16.3 Equilibrium solution for aspect ratio Rq for an elliptical vortex patch with vor-
ticity wq immersed in a uniform straining flow with strain rate e. The solution for Ry < Rp max
is indicated by a solid line and that for Ry > Rg, max is indicated by a dashed-dotted line.
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no solutions for Ry when e/awy is greater than 0.15. Numerical computations indicate
that the vortex patch stretches out continuously into a thin vortex sheet for cases with
e/wo > 0.15. At the maximum value of the straining parameter e/wg = 0.15, the
aspect ratio attains a value Rp max = 2.89.

We examine the linear stability of the equilibrium solution by initializing R and 8
as

R(t) = Ro+ R'(1), 0(t) =60+ 6'(t), (16.2.10)

where R’ and 6’ are small perturbations. Substituting (16.2.10) into (16.2.8), and
linearizing by expanding all terms in a Taylor series about the equilibrium values
and then neglecting terms that are quadratic and higher order in the primed quantities,
yields the perturbation equations as

R =_4 (i) R, & =BR, (162.11)
wo

where the constant B is defined by

1 2Ry e 2Rg 2Ro(RZ + 1)
- _ (= — . (16.2.12
g [(1+R0)2 (1+Ro)3] (wo) [Rg—l (Rg—nz} ( )

Combining the equations for R’ and 6’ gives a single second-order equation for R’
as

ié’+4(i) RoBR' = 0. (16.2.13)

wo
Equation (16.2.13) has a general solution of the form
R'(1) = A€, (16.2.14)

where the constant o is obtained by substitution into (16.2.13) as

. 12
o=+ [4 (—) ROB] . (16.2.15)
o

For values of Rg less than Ry max, the constant B in ( 16.2.12) is positive such that o
is real valued. The solution (16.2.14) then indicates that the aspect ratio and inclina-
tion angle will oscillate around the equilibrium value with constant amplitude such
that the equilibrium solution is stable. For Ry greater than Rg max, the constant B is
negative and o is purely imaginary. For this case, the solution ( 16.2.14) gives one
solution that decays exponentially in time and another that increases exponentially,
S0 as to carry the perturbed system progressively farther from the equilibrium solu-
tion. The point Ry = R max is therefore a turning point bifurcation over which the
equilibrium solution changes from a stable to an unstable state for increasing Ry.
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Figure 16.4 Schematic of the vortex street wake that forms downstream of a circular cylin-
der. The vortices are indicated by gray patches and the vortex sheets are black lines. Based on
flow visualization of S. Taneda, as shown in Van Dyke (1982).

16.3 STABILITY OF TWO-DIMENSIONAL POINT VORTEX ARRAYS

In flows involving many vortices, in which the vortices are sufficiently well separated
and close enough in strength that core deformation can be neglected, it is convenient
to approximate the vortices by point singularities. Point vortex arrays have been used
to model several important fluid flows, such as the spiral vortices that form from the
roll-up of a shear layer (Figure 11.8) and the “street” of vortices shed from alternating
sides of a cylinder into the body wake (Figure 16.4). Stability of several periodic
vortex arrangements, shown in Figure 16.5, is treated in this section, including a

0DadH OB

D060
DO OO

SR OIROIOIROND
DO OHO

(c)

Figure 16.5 Periodic arrays of point vortices: (a) single row; (b) symmetric double row;
(c¢) staggered double row.
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single row of evenly spaced vortices, a symmetrical double row of vortices, and a
staggered double row of vortices. Further information on point vortex arrays is given
by Lamb (1932).

16.3.1 Single Row of Vortices

The complex potential due to a single row of point vortices of strength I" and spacing

distance a, located at x = +na,n =0, 1,2,3,..., is given by
ir &
F@=->= > Inz—na. (16.3.1)
2r =~

The infinite sum can be evaluated to give the complex potential F(z) and the associ-
ated complex velocity W(z) = dF/dz as

ir T
FZ)= —1n (sin E) . W@ = - ot 25 (16.3.2)
27 a 2a a

Suppose that the mth vortex is displaced from its equilibrium position ma by a
perturbation (x,,, v,,), which varies as a function of time. The equations of motion
of the vortex originally located at the origin is given by

dxg Yo — ym dy _ T & x0—xm—ma
= , _ 16.3.3
dt m_Z:oo dr T 2m m;oo i ( :
m#£0 m#£0
where r = (x0 — Xm — ma)2 + (yo — y,,,)2 Neglecting second-order terms in the

perturbatlon quantities gives

dxp _ Yo — )’m
dr 27'ra2 Z m?

m=—oc

m#0

dyo X0 — xm 1
o _ -, 16.3.4
dt 27ra2 Z: < m) ( )

where we use the fact that l/r,%, = (1/m2a2)[1 + 2(x0 — xp)/ma]. The sum over the
term proportional to 1/m in (16.3.4) vanishes from symmetry due to the cancellation
of the contributions of vortices with positive and negative values of m.

We consider periodic perturbations of the form

Xm@) = a®)e™,  y () = B(t)e™, (16.3.5)

where & is a constant in the interval (0, 2r). Substituting these perturbations into
(16.3.4) gives

& = —X\B, B = —ha, (16.3.6)
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where

1 — r
_ _2 °°S(’""’ = ——k@r —k) 2 0. (16.3.7)
Ta o 471a

Combining the two equations in (16.3.6) gives
@ —ra=0. (16.3.8)

Equation (16.3.8) has solutions of the form o = Cei"/x, so that since A > 0 the
flow is unstable for all k. The fastest growing perturbation occurs for k = m, corre-
sponding to the case where the perturbation of each vortex is opposite that of the two
adjacent vortices.

16.3.2 Symmetrical Double Row of Vortices

We now consider a case with two parallel rows of vortices, placed symmetrically on
either side of the x-axis, such that all vortices in the upper row have strength I" and
those in the lower row have strength —I" (Figure 16.5b). The vortices in the same row
are spaced a distance a and the two rows are separated by a distance b. The system
of vortices as a whole advances in the positive x-direction with speed
r b
U = —coth —. (16.3.9)
2a a
Introducing perturbations (x,,, y») for the upper row vortices and (x},, y,) for the
lower row vortices, the vortex positions are given by (ma + Ut + x,,, %b + ym) and
(na+Ut+x,, — %b + y;,) in the upper and lower rows, respectively. The governing
equations for a vortex corresponding to m = 0 in the upper row are

dxo ' <y I' & b+yo—vy,
— = - — —_— 16.3.10
dt 2 e~ 1} "t 2n n; 2 ( 2

dyy T o~ xo—xp—ma T S xo—x, —na
o _ 1 X0 = Xm = ma Yo R T (163100
dt 2 = r2 2 2 ( L

where r,;z = (xp—x,, —na)? +(o—y, +b)? and r,, is defined following (16.3.3). The
linearized form of the perturbation equations, after elimination of the equilibrium
terms, becomes

27 dxg Yo = Ym \m X n2g? - p? ,
oo Snoes § Ly

T dr Py = (n%a? + b?)?
m#0
o0
2nab
+ Z 5 (X0 — x,).

(n2a? + b2)?

A=—00
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27 dyy N X0 — Xm X n%a? - b? ,
T dr m:Z_w ) +n;w T b2)2(x0 x)
mz#0
ad 2nab ,
- Z m(yo—yn)- (16.3.11)

n=—00

Considering perturbations of the form

Xm(0) =a®e™,  yu(t) = BO)e™,

x,) =’ @),y = p()eF, (16.3.12)

where k is a constant in the interval (0, 27), the linear perturbation equations can be
written as

do =—AB — Ba' — Cp/, a8 = —Aa — Ca’ + Bf',

dr* dr* 16.3.13

do/ dp’ (16319
I ’

The perturbations equations for the lower row (o’ and B’) are obtained from those
for the upper row by exchanging —¢’ for o and g’ for 8. Here t* = I't /2w a? is the
dimensionless time and the constants A, B, and C are defined by

N TR S ety SR | n?
= —— - ————5 = -kQnr —k)+ ———, (16.3.14a
mzz—oo m? n;oo (n?+1%)?2 2 ( ) sinh?(A7r) ( )
m#0
X 2nreltk AT — Z sinh(1
B— Z 2}1)«3 M nkcqsh[ (mr — k)] B 7r. s1121 (Ak) , (16.3.14b)
W= (n5+ A7) sinh(7 A) sinh? (1)
00 2 _ 32y,ink 2 cosh inh _
C = Z (n” —2")e'"™*  m=cosh(rk) B mk sinh[A (7w k)]’ (16.3.14¢)

(2 +12)2  sinh’(rh) sinh(rr 1)

n=—00

where A = b/a is the spacing ratio.
The solutions of the perturbation equations are of two types. In the first type,
o =ao and B = —pB’, so that (16.3.13) reduces to

do _ ap - _
= —Ba — (A — C)B, pri (A+ C)a — BB. (16.3.15)
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The solutions for o and B8 are proportional to exp(ioj+*), where substitution into
(16.3.15) gives

o =iB ti(A? - CH2 (16.3.16)
In the second type of solution, « = —a’ and B = B, so that (16.3.13) reduces to

do dp
e = Ba — (A+ C)B, e = —(A - C)a + BB. (16.3.17)

The solutions are proportional to exp(ioat*), where
oy =—iB+i(A?—C?H'/2 (16.3.18)

Since B is purely imaginary, the first term on the right-hand side of both (16.3.16)
and (16.3.18) is real valued. The vortex array is therefore stable if A’ - C? <0and
unstable otherwise. For the single-row example, the fastest growing perturbations
occur for k = 7, so we consider this perturbation as a special case for the present
problem. From (16.3.14) with k set equal to 7, we can write

4
22 T2 (TR 2 TA
A C= 2 tanh (2 )coth (2 ) (16.3.19)

Since A2 — C? is positive for this case, we conclude that the flow is unstable.

16.3.3 Staggered Double Row of Vortices

When the two vortex rows are staggered, such that the x-position of each vortex in
the lower row is midway between that of each vortex in the upper row (Figure 16.5¢),
the propagation speed of the equilibrium system is

r b
U = — tanh —, (16.3.20)
2a a

and the perturbed vortex positions are (ma + Ut + xp,. %b + vu) in the upper row

and [(n+ %)a +Ut+x), - %b + ;] in the lower row. The perturbed vortex positions
are given by the same expression as in (16.3.13), but with the constants A, B, and C
defined by

2
00 _ pimk 20 (n+%) — 22
g e VR
oy e { n+ %) +kz]
72
= —kQmw —k) (16.3.21a)
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B i (2n + Dre rH1/Dk

n=-o0 [(n + %)2 + AZ]Z

. _ 2
_ . | mksinh[AGr — k)] | 77 sinh(Ak) ’ (16.3.21b)
cosh(m ) cosh? (1)
~ [(n 4 %)2 —AZ} el 172k
-y ! ;
S [CREY RS
2 J—
_ m cosh(Ak)  mkcosh[A(m — k)] (16.3.21¢)

"~ cosh? (T2 cosh(mr X)

The results (16.3.15)—(16.3.18) continue to be valid for this case, with the modi-
fied definitions of A, B, and C. Thus, the flow is stable if A2 — C2 is negative for all
k, such that the corresponding o is real valued, and unstable if A2 — C? is positive
for any k value. We again consider the special case k = m, which can be shown to
correspond to the most unstable perturbation (for details see Lamb, 1932, p. 228).
For this case, the constant C vanishes and A is given by

n? 7?

- (16.3.22)

A=" .
2 cosh®(m )

The flow is therefore unstable when A% > 0 and marginally stable when A = 0. The
latter case corresponds to values of the spacing ratio such that cosh? (1) = 2, which
upon solving for spacing ratio gives A = 0.281.

The staggered vortex double row is linearly unstable unless the spacing ratio b/a
has precisely the value 0.281. This result was used by von Kdrméin and Rubach
(1912) in an attempt to model the alternating “vortex street” pattern of vortices
shed behind a blunt cylindrical body. This critical spacing ratio value is close to
that observed experimentally in the vortex street wake downstream of a circular
cylinder in a cross flow, although over long distances (on the order of 2050 times
the body thickness) the spacing ratio is observed to gradually increase to values
ranging between 0.4 and 0.6 (Wille, 1960). This growth in spacing ratio has been
attributed to effects of the slow viscous growth of the vortex core size, although
the issue is still controversial (Hooker, 1936). Even in the case A = 0.281, the
staggered double point vortex array is unstable to nonlinear disturbances (see ref-
erences in Wille, 1960). A good overview of the various regimes of vortex shed-
ding in vortex street wakes is given in the review article by Fleischmann and Sallet
(1981).
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16.4 INTERFACIAL INSTABILITIES

The dynamics of two-dimensional fluid interfaces is discussed in Chapter 15 for
both internal and free-surface waves. In the current section, we consider two types
of interfacial instabilities that can arise in layered fluids, due either to a difference in
current speed between the two layers or to the presence of heavier fluid lying over
lighter fluid. The linear analysis for the interface motion is developed in Section 15.2,
in which the expression (15.2.9) for the wave frequency o is obtained for periodic
interface displacement of the form (15.2.1). Interfacial instabilities arise whenever o
has a nonzero imaginary part. For convenience, in the following discussion we in-
voke the deep-water approximation in both layers, which helps simplify the resulting
equations.

16.4.1 Rayleigh-Taylor Instability

The Rayleigh-Taylor instability is driven by gravitational force due to the density
difference between the layers. In the absence of mean currents, the wave frequency

becomes
172
— K3
== ('01—'02>gk+ Y : (16.4.1)
p1+ P2 p1+ 2

The flow is unstable whenever the fluid density p; in the top layer is greater than the
density p; in the bottom layer. The frequency is imaginary, so that the wave grows
in time for all wavenumbers less than the critical value

( _ ) 1/2
kerit = [-—m yp‘ g] . (164.2)

Since the instability is driven by the difference in the gravitational force acting on
the fluid in the two layers, the critical wavenumber increases with increase in either
the density difference p, — p; or the gravitational acceleration g, thus making pro-
gressively shorter waves unstable. For sufficiently short waves, however, the gravita-
tional force becomes of secondary importance compared to the surface tension force
(as discussed in Section 15.3), which acts to resist the instability. Consequently, the
critical wavenumber decreases with increase in surface tension y.

While all perturbations with k < kcri¢ grow in time, it is expected that the wave
that eventually dominates is that having the greatest value of the growth rate |0/,
where o/ is the imaginary part of o. The fastest growing wave corresponds to a local
maximum of a,z. From (16.4.1), 0,2 is given by

_ k3
o} = (pz 'Ol)gk— LA (164.3)
pL+ 2 p1+p2
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Setting 8(0,2)/ 0k = 0 and solving for k yields the fastest growing wavenumber, & £
as

_ 1/2
ky = [(p—zw’L)g] . (16.4.4)

The fastest growing wavenumber is related to the critical wavenumber for this insta-
bility by k5 = kerit/+/3.

There are many common applications of the Rayleigh-Taylor instability, such as
to bubble size selection for film boiling on a flat plate. There is a similar instability
that occurs due to unstable density stratification in continuous media, which leads to
thermal convection and related overturning in the atmosphere, in the upper layer of
oceans and lakes, and (over a much longer time) in the earth’s mantle.

16.4.2 Kelvin-Helmholtz Instability

The Kelvin-Helmholtz instability is driven by a current difference between the fluid
layers. While we retain surface tension force and density difference between the
layers in this analysis, we require that the fluid be stably stratified (02 < py). It
also simplifies the equations somewhat to require that the density difference be small
compared to the mean density. Hence, if p = (o) + 02)/2 and Ap = py — po, we
require that 0 < Ap/p <« 1. To leading order in the small parameter Ap/p, the
expression (15.2.9) for wave frequency reduces in this case to

(16.4.5)

1/2
k? gkAp  yk3 /
20 2p '

k
o= (Ui +Ua) % [—Z(Ul — U+ —+ T

The frequency has a nonzero imaginary part for any perturbation with wavenumber
k that satisfies the criterion

2¢ A 2yvk
2880 27k

(U — Up)? > p
1% 1%

(16.4.6)

Both the density difference and surface tension are found to resist the instability, thus
raising the value of the current difference in (16.4.6) required for the instability to
occur,

An example stability diagram for Kelvin-Helmholtz instability is given in Fig-
ure 16.6, showing regions of stability and instability on a plot of |U; — U,| versus k.
Surface tension force acts to stabilize short waves, and gravitational force associated
with Ap/p > 0 acts to stabilize long waves. Under the joint action of density differ-
ence and surface tension, a critical current difference |U; — Us|cpi; exists such that
the flow is stable to all perturbations for current differences less than this value. The
critical current difference is obtained by taking the local minimum of the right-hand
side of (16.4.6) with respect to k as
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Figure 16.6 Example stability diagram for the Kelvin-Helmholtz instability in the presence

of both surface tension and stable density stratification, with y = 0.05 N/m, p = 1000 kg/m3,
and Ap = 100 kg/m>.

Ayl
veor ] . (16.4.7)

|U1 _U2|cril=2|: B
ol

The fastest growing wave is obtained by maximizing the imaginary part of the
growth rate,

07 = —(U; — Up? — = — — —, (16.4.8)
with respect to k. For cases with nonzero surface tension, the wavenumber of the
fastest growing perturbation is
1/2

kg (16.4.9)

2
_pWi =0 )| pWU = U T gAp
Y 6y 3y

In the absence of surface tension, the flow is unstable for all values of current dif-
ference, with the fastest growing wave corresponding to k — 00, i.e., waves of
infinitesimal length. The Kelvin-Helmbholtz instability results in roll-up of the vortex
sheet to form a series of periodic vortices, which have a form similar to those shown
in Figure 11.8.

The observation that the fastest growing perturbations correspond to waves of
zero length suggests that there may be something incomplete about the vortex sheet
model, and indeed this fact requires that special care be taken in numerical compu-
tation of vortex sheet motion (Moore, 1979; Saffman, 1992). A vortex sheet is, of
course, a mathematical idealization; vorticity layers of infinitesimal thickness never
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form in nature due to the diffusive effects of viscosity. Stability calculations with
vorticity layers of finite thickness (e.g., Chandrasekhar, 1961, pp. 487-494) indicate
stabilization of the short waves (see also Example 16.7.1). A vortex sheet can also
be stabilized by stretching along its length (Moore and Griffith-Jones, 1974), which
is commonly encountered in flow fields involving multiple vortex structures or tur-
bulence.

16.5 CAPILLARY INSTABILITY OF A LIQUID JET

Another type of interfacial instability occurs for a jet of liquid sprayed into a gaseous
atmosphere. Liquid jet flows of this type are important in a variety of industrial ap-
plications, such as ink-jet printing and spray deposition processes. In the stability
analysis, we again assume that the inertia of the surrounding gas flow is sufficiently
small that the pressure within the gas can be taken as constant. Also, gravity is only
of secondary importance to the instability under consideration, so for simplicity it is
neglected. Liquid jet instabilities differ from the plane interface problem discussed
in Section 16.4 mainly due to the transverse curvature of the interface around the cir-
cular jet, which has important consequences on the role of the surface tension force
on the interface dynamics.

The Laplace equation for velocity potential of an irrotational, incompressible,
axisymmetric flow is written in cylindrical polar coordinates (R, «, z) as

18 a¢ 3%
——(R=)+—==0. 16.5.1
RaR( 8R>+812 ( )

The free surface of the jet is denoted by R = a + n(z, t), where a is the equilibrium
radius of the jet and # is the interface displacement. The kinematic condition at the
free surface results from the observation that f(R,z,f) = R —a — n(z,t) = O on
the surface, so that the material surface condition Df/Dt = 0 yields

d )
o o _

=u. 16.5.2
ot 9z ! ( )

The dynamic interface condition results from the jump in momentum at the interface,
which in the presence of surface tension is given by the Laplace formula as

1 1
_ =y (—+ =), 16.5.3
Pt — Datm =¥ (Rl + Rz) ( )

where py is the pressure in the liquid at the interface and R and R, are the radii
of curvature in the streamwise and transverse directions. The atmospheric pressure
Pam 18 set to zero. Substituting (16.5.3) into the unsteady Bernoulli equation (8.2.2)
evaluated at the free surface gives
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¢

1, 2 Y l 1
E+§(u +w)+={—+—|=F@®), (16.5.4)

p\R R

where F(¢) is an arbitrary function of time.
For small-amplitude perturbations, the interface displacement is assumed to take

the form
n(z, 1) = Ae'*i7oD, (16.5.5)

where A is the wave amplitude, k is the wavenumber, and o is the frequency. Linear
theory is valid provided that the amplitude is small compared to the jet radius and
the wavelength, or

A
Z«l, Ak« (16.5.6)
a

The surface curvatures can be approximated in linear theory by
11 1 32
_;—(1—ﬂ), =27 (16.5.7)
a

The axial jet velocity is Wy such that the velocity potential can be decomposed as
P(R,z.1) = Woz + ¢'(R, 2, 1). (16.5.8)

The linear forms of the kinematic and dynamic interface conditions are

an an 3¢’
T iw 222 16.5.9
ar T TR ( )
3¢’ 3¢’ vy (n , 0'p
Wl X (L L2 o, 16.5.10
ar 0 p<a2+3z2> ( )

where the arbitrary function F(¢) in (16.5.4) is chosen to eliminate the equilibrium
terms. In the linear theory, the boundary conditions can be displaced from the actual
interface location R = a + 7 to the equilibrium jet surface R = « using a Taylor
series expansion similar to that described in Section 15.2.

A solution of the Laplace equation (16.5.1) can be obtained using separation of
variables, subject to the conditions of periodic perturbations in the axial direction
and zero radial velocity at the symmetry axis. The resulting solution has the form

®'(R,z,1) = Bly(kR)e! k=0 (16.5.11)

where B is a complex constant and Io(-) is the modified Bessel function of the first
kind. Substituting (16.5.5) and (16.5.11) into the interface conditions yields an alge-
braic eigenvalue problem of the form

M.a=oa, (16.5.12)
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Air

Figure 16.7 Schematic showing the development of capillary instability on a liquid jet, re-
sulting in the formation of droplets.

where a7 = (A, B) and

kW() ikIl(ka)

= iv(1 — 22,2 1

M (zy(l k“a<) kWo ) (16.5.13)
patly(ka)

Solving for the eigenvalue o by setting the determinant of M — o1 equal to zero
yields an expression for frequency as

(16.5.14)

ky(k*a®? — 1) I, (ka) 12
o =kWy+ | X !
pa? Iy(ka)

Since the Bessel functions in (16.5.14) are positive for all ka > 0, we find that o
is real valued for ka > 1 and purely imaginary for ka < 1, such that instability
occurs for wavenumbers less than the critical value kcriy = 1/a. Using A = 2n/k,
the liquid jet is found to be unstable for all y > 0 to perturbations with wavelength A
greater than the jet circumference 2ma. The fastest growing perturbation is obtained
by finding the local maximum of 012 asky =0.697/a.

Surface tension acts both to drive the instability, due to the transverse curvature,
and to inhibit the instability for sufficiently short waves, due to the streamwise cur-
vature. This instability results in breakup of the jet into droplets, as illustrated in
Figure 16.7, and it plays an important role in atomization processes used to produce
fine liquid sprays.

16.6 CENTRIFUGAL INSTABILITY

Rotating flows play an important role in diverse applications, such as centrifugal
separation devices, gas bearings, and aircraft wake vortices. In this section, we con-
sider the stability of rotating flows in which the equilibrium solution has azimuthal
velocity component V (R) and pressure P(R) given in cylindrical polar coordinates
(R,a, z) by

dpP
V = RQ(R), R = pRQ*(R), (16.6.1)

where Q(R) is the angular velocity.
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The continuity and momentum equations for axisymmetric flow are

%%(R“H% —0. (16.6.22)
p<£;_‘: +u§%+wz_z_%2) =_§_Z, (16.6.2b)
p<%_;’+u%+w§_‘z’+%):o, (16.6.2¢)

p(%_?+ug_1;+w§_’:) =-3—‘Z. (16.6.2d)

The velocity and pressure fields are decomposed into mean and perturbation parts as
w(R, z,1) = V(R)ea +u'(R, z,1), (16.6.3a)
PR, z,1) = P(R) + p'(R, 2, 1), (16.6.3b)

The perturbations are assumed to be axisymmetric and periodic in the axial direction,
so that we can write

u' = [@(R)eg + D(R)ey + w(R)e 1 ®70  p' = pp(R)! =D (16.6.4)

where the frequency o is a function of the axial wavenumber k. Substituting the
perturbed velocity and pressure fields into (16.6.2) and linearizing yields

~

dn u R
o+ ik =0, (16.6.5a)
ioi + 205 = 2P (16.6.5b)
dR
iad — [sz + i(RQ)] 4=0, (16.6.5¢)
dR
iow = ikp. (16.6.5d)

Eliminating v, @, and p in the above equations, a second-order differential equation
for i is obtained as

d [1d . > [®(R) .
E[EE(R“)]H( [ 3 —l]u—O, (16.6.6)

where ®(R) = (2Q/R)d(R’Q)/dR = (1/R*)d(R?*Q)?/dR is the Rayleigh dis-
criminant.

Equation (16.6.6) is of the Sturm-Liouville form, and together with homogeneous
boundary conditions of the form 4(R|) = #i(R;) = 0 for some R; and Ry, it rep-
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resents a differential eigenvalue problem over the interval Rj < R < Ry, where
1/02 acts as the eigenvalue. One property of Sturm-Liouville problems is that the
eigenvalues are real valued, from which it follows that the wave frequency o must
be either real valued or purely imaginary. An additional property of this system is
obtained by multiplying (16.6.6) by Rii and integrating over the interval (Ry, R2),
giving

R g1 d k2 ®(R k2
/ raL [——(Rﬁ)] dR—{-f kz—(z—)RﬁzdR—/ Ri2dR = 0.
R R Ry

. "“4R | RdR e
(16.6.7)
Using integration by parts in the first term and solving for 1 /o? yields
.12 .
L S {am [adr®i) + Ri?| dR .
a2 [ 2O(R)RA2dR ' -

The integral in the numerator of (16.6.8) is always positive. If the function ®(R) >
0 everywhere within the flow, then o must be real valued and the basic rotating
flow solution is stable. If any interval (R;, R2) exists in which ®(R) < 0, then
o must be purely imaginary for perturbations vanishing on the end points of this
interval, and the basic rotating flow solution is unstable. Recalling the definition of
the discriminator function ®(R), this result can be restated as follows.

Theorem 16.6.1 (Rayleigh’s Centrifugal Stability Theorem). In an inviscid fluid,
the necessary and sufficient condition for a distribution of angular velocity 2 (R)
to be stable is that d(R2Q)2/dR > 0 everywhere in the interval; and further, the
distribution is unstable if (R252)2 should decrease anywhere inside the interval.

We have proved the above theorem only for axisymmetric perturbations. A dis-
cussion of stability of rotating flows to nonaxisymmetric perturbations is given by
Chandrasekhar (1961, pp. 281-284).

Example 16.6.1 Rotating Couette Flow. We consider the flow within a cylindrical
annulus generated by rotation of the inner cylinder relative to the outer cylinder,
shown in Figure 16.8, where the inner cylinder at R = R rotates at rate €21 and the
outer cylinder at R = R; rotates at rate ;. A solution for this flow is obtained in
Section 4.6, which when written in cylindrical polar coordinates is given by

V(R) = AR + % (16.6.9)

Because (16.6.9) is an exact solution of both the Euler and Navier-Stokes equations,
the constants A and B can be specified to satisfy the no-slip conditions at the inner
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Figure 16.8 Rotating Couette flow in a cylindrical annulus.

and outer cylinders, giving

QR2 — Q| R? Q-9
A:LR%_.__R;_I; B=_RfR§(ﬁ . (16.6.10)
27 2 ™

The fluid angular rotation rate in the basic flow is Q(R) = V/R, so from (16.6.9)
we can write

d
E(R2Q)2 =2(AR* + B)(2AR). (16.6.11)
Substituting the expressions for the constants A and B into (16.6.11) yields

d 2012
—(R°Q
dR( )

_ 4QIRIRIR [%

R? R
2 2 1 2 2 2
(Rg__Rlz)z Q, (R = Rp) + F(Rz —R ):| (1 - o Rz). (16.6.12)

2 1R

Applying the Rayleigh theorem yields the conditions for flow stability. When €2
and €2, are of the same sign, the first two groups of variables on the right-hand
side of (16.6.12) are always positive, so the stability condition is determined from
the sign of the last group, 1 — QZR§/91 Rlz. The Rayleigh stability theorem thus
indicates that the flow is stable whenever QZR§ > Q R|2 and unstable when this
condition is not satisfied. When Q; and €2, are of opposite sign, the last group of
variables in (16.6.12) is always positive. The first term in the second variable group,
($22/ €2 Y(R? — R%), is negative, but since this term vanishes as R — Rj, the second
group of variables cannot be negative for all R in the interval (R}, R»). Consequently,
the flow is always unstable when 2| and 2, are not of the same sign.

Unstable rotating Couette flow is observed experimentally to develop a set of sta-
tionary vortices, called Taylor vortices, which wrap around the cylindrical annulus
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()

Figure 16.9 Schematic of the Taylor vortices that form due to centrifugal instability in a
rotating cylindrical annulus: (@) axisymmetric and (») nonaxisymmetric. Based on flow visu-
alizations of Koschmieder (1979).

and are periodic in the axial direction (Figure 16.9a). As the difference between
the cylinder rotation rates increases, the Taylor vortices themselves become unsta-
ble, which causes the vortices to develop nonaxisymmetric waves that propagate
azimuthally around the cylinder (Figure 16.9b). Further increase in the difference
between cylinder rotation rates introduces additional bifurcations, eventually lead-
ing a turbulent state.

We note that even though the basic rotating flow is a solution of the full Navier-
Stokes equation, the above analysis requires the perturbations to satisfy only the
Euler equation rather than the full viscous-flow equations. The viscous terms typi-
cally damp the centrifugal instability such that a flow that is stable according to the
Rayleigh criterion would be expected to remain stable if viscous terms are included,
but a flow that is unstable to the inviscid theory might be stabilized by inclusion of
viscous terms. In other types of flows, however, inclusion of viscous terms can have
the surprising effect of enhancing instability. For an introduction to viscous stabil-
ity theory, the reader might refer to the books on hydrodynamic stability theory by
Drazin and Reid (1981) or Chandrasekhar (1961).

16.7 STABILITY OF PARALLEL SHEAR FLOWS

Many fluid flows have velocity oriented primarily in one direction, with variation of
velocity in an orthogonal direction. Such flows, generically referred to as parallel
shear flows, are encountered in pipe and conduit flow problems and may sometimes
be used to model stability of viscous boundary layers or shear layer flows. Several
examples of parallel shear flow solutions are given in Section 4.6. The velocity and
pressure fields for the basic inviscid flow solution under consideration are given by

U =U(y)ey, P = const. (16.7.1H)
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Since these flows are a solution of both the Euler and Navier-Stokes equations, the
velocity field can be adjusted to satisfy no-slip boundary conditions of the form
Ux,y1) =Urand U(x, y2) = U>.

The perturbed velocity and pressure fields are given by

u=U(e, +u'(x,y.1), p=P+px, y1), (16.7.2)

where since the perturbations are assumed to be periodic in the streamwise direction,
we can write

v = [a(0)ey + 0(y)ey1e T g = pp(y)et e, (16.7.3)

Only two-dimensional perturbations are considere since it is known (Squire, 1933)
that parallel shear flows become unstable first to two-dimensional disturbances. The
continuity and Euler equations for flow with no body force are

ou dv
ax  Qdy
ou ou du 1ap

ou  ou, ou_ Lop 16.7.4b
o T TVe T o ( )

v ov av 1ap
— — — = - 16.7.4
8t+u8x+v8y p oy ( ©)

=0, (16.7.4a)

Substituting (16.7.2) and (16.7.3) into (16.7.4) and omitting quadratic terms in the
perturbation quantities give the perturbation evolution equations as

A~

dv

iki + 22 =0, (16.7.52)
dy
. au . .
ikii(U =)+ =i = ~ikp, (16.7.5b)
S
5
kU —¢) =22 (16.7.5¢)
dy

Eliminating i and p from the above equations gives a second-order differential equa-
tion for v as

25 2
(U —c) (d——li - k2ﬁ> AU 0, (16.7.6)
dy? dy?

which is known as Rayleigh’s equation.

In general, the constant ¢ and eigenfunctions ¢ of the Rayleigh equation are com-
plex valued. The flow is stable when c is real valued and unstable when ¢ is complex
valued. Some information on parallel shear flows in general can be obtained by the
following argument. Multiplying (16.7.6) by the complex conjugate v of ¢ and di-
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viding by U — c gives

=d*D . d*UT U-
3 K0P - S | — |10 (16.7.7)
dy dy® LIU — CI

where we note that 1/(U —c) = (U —&)/|U —c|? and || = 9. Taking the complex
conjugate of (16.7.7) gives

d*p ., dUT U- .
LY - L2 [—c] 152 = 0. (16.7.8)

Subtracting (16.7.7) from (16.7.8) yields

d [-db  db 2ic; d*U
= — v 16.7.9
dy (vdy vdy) U —cf? dy* 9F (167

where c¢; is the imaginary part of c. Integrating (16.7.9) over the interval (yi, y2),
where v(y1) = v(y2) = 0, yields

» 19 d*U
— ~ —dy=0. 16.7.10
clfyl T (16.7.10)

Either ¢; must vanish, in which case the flow is stable, or the integral in (16.7.10)
must vanish. In the latter case, it is necessary that the derivative d2U /dy? must either
vanish everywhere or change signs somewhere in the interval (y1, y2). This conclu-
sion leads to the following theorem.

Theorem 16.7.1 (Rayleigh’s Inflection Point Theorem). It is necessary for linear
instability of a parallel shear flow that the velocity profile is either piecewise linear
or have a point of inflection.

A stronger necessary condition can be developed by adding (16.7.7) and (16.7.8),
integrating over (y;, y2) and using integration by parts to write

yz(U ) Bik dZUd /yz
—CR) T a4y =
i |U—C|2 dyz hJ

where cg is the real part of c. If the flow is unstable, then the integral in (16.7.10)
must vanish since ¢; # 0 for unstable flow. Multiplying this integral by the constant
factor cg — Up, where Uy = U(yo) and d?U/dy* = 0 at y = yp, we can add the
term

di|?

dy

+k2|ﬁ|2] dy <0, (16.7.11)

a0,
C —
R 0 . U — Clzdyz y

to the left-hand side of (16.7.11) to obtain
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» 512 d2U 2
/ W - vy LY gy = —/
yi U —c|* dy v

The restrictions imposed by this inequality lead to the following theorem.

dbv

dy

2
+k2|ﬁ|2] dy <0. (16.7.12)

Theorem 16.7.2 (Fjgrtoft’s Theorem). It is necessary for linear instability of a
parallel shear flow that (U — Ug)(d?U/dy?) < 0 at some point in the flow field,
where y is a point at which d*U /dy* = 0 and Uy = U (yo).

The two theorems stated above can be used to rule out the possibility of instability,
but they do not definitively indicate whether or not a given flow is unstable. The sta-
bility of a particular parallel shear flow solution U (y) can be determined by solving
the Rayleigh equation (16.7.6) for the eigenfunctions and the value of the eigenvalue
¢ for the specified boundary conditions. Several examples of parallel shear flows are
illustrated in Figure 16.10, including the Couette flow generated by a plate sliding
over another plate, the Pouisille flow driven by a pressure gradient in a fixed chan-
nel, and a shear layer. In Couette flow, the velocity profile is linear, so that 42U /dy?
everywhere vanishes. For this case, the inflection point theorem indicates that in-
stability of the flow is possible. Detailed solution of Rayleigh’s equation for Couette
flow indicates that the flow is stable to linear disturbances (Drazin and Reid, 1981). In
Pouisille flow, the velocity profile has the quadratic form U (y) = C(v% —hy), where
C and h are constants. The second derivative of U is constant, so the inflection point
theorem requires that the flow must be stable. In a plane mixing layer, the velocity

Fixed
(@) (»)

(c)

Figure 16.10 Examples of parallel shear flows: (a) Couette flow between a sliding plate and
a fixed plate; (b) Pouisille flow in a channel; (¢) shear layer flow.
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profile has the form U (y) = [(Uz — Uy)/2]tanh(y/h) + (U + Uy)/2. The second
derivative of U vanishes at the midplane y = 0, so the inflection point theorem in-
dicates that it is possible that the flow is unstable. Also, (U — Uo)(dzU /dyz) <0
everywhere in the flow field, so the instability requirement of Fjgrtoft’s theorem is
also satisfied. Detailed solution of the Rayleigh equation indicates that the shear layer
flow is in fact unstable (Drazin and Reid, 1981). An example illustrating determina-
tion of flow stability by direct solution of the Rayleigh equation is given below.

Example 16.7.1 Stability of Piecewise Linear Shear Layer. In order to illustrate
determination of flow stability by direct solution of the Rayleigh equation (16.7.6),
we consider a shear layer with piecewise linear velocity profile, as shown in Fig-
ure 16.11. The velocity profile is given by

1, y>1,
Uyy=1y, =1=y=1], (16.7.13)
-1, y < —1.

The second derivative of U vanishes everywhere, so the inflection point theorem
indicates that it is possible for the flow to be unstable. The Rayleigh equation for this
problem reduces to

d*?

— — kK =0. 16.7.14

7 ( )
This equation has solutions in terms of the exponential functions exp(ky) and
exp(—ky). Upon imposing the boundary condition that the perturbation velocity
vanishes as y — 00, the general solution can be written as

Ae Ry fory > 1,
0(y)={ Be™™ +Ce*” for—1<y<]l, (16.7.15)
Deky fory < —1,

where A, B, C, and D are constants of integration. Continuity of vertical velocity v
aty = +1 gives

A
y

Figure 16.11 Shear layer with piecewise linear velocity profile.
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A= B+ Ce*, D = C + Be*. (16.7.16)

The perturbation equations (16.7.5) can be used to obtain an equation for the pressure
perturbation amplitude as

p(y) = IE [—(U—c)fl—;jﬁi—(yjﬁ]. (16.7.17)

Pressure continuity at y = %1 gives
k(1 —c)A = k(1 —c)(B — Ce**) + B + Ce?*, (16.7.18a)
k(1 +¢)D = k(1 4 c)(—Be* + C) + Be** + C. (16.7.18b)

Substituting the expression (16.7.16) for A and D into (16.7.18) gives a system of
two equations for B and C as

1 [1-2k(1—c)le*\(BY (0
<[1—2k(1+c)]ez" 1 )(c)— (0) (16.7.19)

Setting the determinant of this matrix equation equal to zero gives an equation for
the constant ¢ as

1
2 2 —4k
- = _4k2[(1 —2k)" —e ] (16.7.20)

A plot of ¢? versus k is given in Figure 16.12. This plot indicates that ¢ is imaginary
for wavenumbers in the interval 0 < k < 0.64, and that the growth rate kc; is greatest
for & = 0.40. In comparison to the Kelvin-Helmholtz instability for a vortex sheet

0.6 p T T

02 i c

2 ;
(Ck) Opg-=-=-—-—-—-== 4 - = = - -4
02F . ; E

04 F ~ e’ .

08 F -

-1 L | B 1

0 0.25 05 0.75 1
k

Figure 16.12  Plot of ¢2 and (ck)? versus wavenumber k for the piecewise linear shear layer
shown in Figure 16.11.




358 STABILITY OF FLUID FLOWS

(Section 16.4), the presence of nonzero shear-layer thickness in the present example
has the effect of stabilizing the short waves (for large k) and making the wavenumber
of the fastest growing wave finite.

16.8 THREE-DIMENSIONAL INSTABILITY OF A VORTEX PAIR

Two antiparallel vortex tubes exhibit a long-wave instability due to the mutual and
self interaction between the tubes when the distance separating the vortices is suffi-
ciently small. The linear theory describing this instability for equal-strength vortices
is usually credited to Crow (1970), although similar calculations are reported in the
context of helium II by Raja Gopal (1963) using the local-induction approximation
for the vortex self-induced velocity. This instability leads to the “cross-linking” of
aircraft trailing vortices that can be observed on clear days with little ambient atmo-
spheric turbulence.

The flow under consideration involves two vortices with strength I" and —I", with
equal core radius a and initial average separation distance b (Figure 16.13). In a
Cartesian coordinate system (X, Y, Z), the two unperturbed vortices at the initial
instant are located at Y1(0) = —b/2 and Y>(0) = b/2. The unperturbed vortices
translate in the Z-direction with a constant speed W = I" /2w b.

The position vector of the vortex filaments is denoted by ry (&, t), where & spec-
ifies distance along the x coordinate axis and N = {1, 2} identifies the vortex. The
equation of motion for the perturbed vortices is

d ry
I =W (16.8.1)
where uy is the sum of the self- and mutually induced velocity on the vortices. Per-
turbations yy (£, t) and zy (£, t) are introduced in the direction orthogonal to the un-
perturbed vortex axes, so that the vortex positions in the perturbed state are given by

rn(, 0 = gec+ [ (46) DV + v ey +IWe + 2y le. (16.8.2)

The velocity field uy can similarly be written as
"\b‘

-r

Figure 16.13  Antiparallel vortex pair with symmetric mode perturbations.



THREE-DIMENSIONAL INSTABILITY OF A VORTEX PAIR 359

uy = unzey + (uyz + We,, (16.8.3)

where uy2(£.t) and uy3(&, 1) are velocity components arising from the vortex per-
turbations. Substituting (16.8.2) and (16.8.3) into (16.8.1) gives the vortex perturba-
tion equations as

dyn dzn

2N =T = X 16.8.4
o =N o = Uns ( )

The vortex perturbations are assumed to have the form

wnGE D) =N 0 () = 2y KT, (16.8.5)
where k is the wavenumber, o is the frequency, and (Vy, Zy) are constants. A di-
mensionless vortex separation distance 8 and a dimensionless vortex core radius §
are defined by B8 = bk and § = ka, respectively. The vortex perturbation velocities
are obtained by Crow (1970) in terms of the mutual-induction functions ¥ (B) and

x (B) and the self-induction function w(3) as

r "

w2 = o—sl-a + vz - Bzl (16.8.6a)
wh
r n

uiy = S—sl=vi + X (B)y2 + BloGn), (16.8.6b)
b
r A

un = 5—l-u =¥ (Pu +plod)nl, (16.8.6¢)
b

uzs = s l=v2 = x (B = pro@)yal. (16.8.6)

where 8 = Scka and 5¢ = 0.5 exp(%) is the Crow cut-off constant. This result
requires that the amplitude A of the vortex displacement [A = max_; /g <& <7 /k( yjz\, +
zfv)l/ 2] is much smaller than the vortex separation distance (A/b < 1) and that the
perturbed vortex has small slope (Ak < 1). The mutual-induction functions are
given in terms of the modified Bessel function of the second kind by

v(B) =B Ko(B) + BK1(B),  x(B) = BKi(B). (16.8.7)

The self-induction function is given for long-wave perturbations (§ <« 1) by the
cut-off approximation as

A I [cosd—1 sind o
w(8)=—[—A—+ 5 ——C:((S], (16.8.8)

2 82

where Ci(-) is the cosine integral. In practice, (16.8.8) is a reasonable approximation
for § < 0.5, and it deviates substantially from the exact solution for § > 1.

Symmetric perturbations (ys, zs) and antisymmetric perturbations (y4, z4) are
defined by
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ys_)’Z—yl Zs_zz+z1
- b b - b b
16.8.9
_»tn = 2T ¢ )
YA b A= T

Defining the dimensionless frequency by & = 2mb%0/ T, the perturbation equations
(16.8.4) can be written using (16.8.6) as

—iays = FaZs, —iazs = Fi¥s,
i R R R (16.8.10)
—iays = Gaz4, —iaza = G1Ya,
where
Fi=1+x(B) - p*0@), F=1-y(B)+p*0),
(16.8.11)

Gi=1-x(B) —Bw@), Gi=1+v(B) +pwd).

Solving the eigenvalue problem (16.8.10) yields two solutions for the growth rate o
as

o’ = F F, G1G>. (16.8.12)

A stability diagram is given in Figure 16.14, where the stable region corresponds
to conditions where a? is positive and the unstable region to conditions where o2 is
negative. The fastest growing waves are indicated by a dashed line in Figure 16.14.
The dimensionless perturbation growth rate is plotted as a function of 8 along the
cut 6/8 = 0.2 in Figure 16.15.

0 " 1 P & Fa L e
0 0.1 0.2 0.3 0.4

51B

. Figure 16.14 Stability diagram for an antiparallel vortex pair, showing dimensionless
wavenumber 8 for stable (white) and unstable (shaded) perturbations. Conditions correspond-
ing to the fastest growing wave are indicated by a dashed line.




BIBLIOGRAPHY 361

1 1 T
08 - ]
o6 | .

o

04 } .
02 .

0 1 1

0 0.5 1 15

B

Figure 16.15 Dimensionless growth rate o of the vortex pair instability as a function of
dimensionless wavenumber £.

The Crow stability analysis has been extended by a number of investigators.
Moore (1972) used numerical computations (based on the filament model with cut-
off) to show that the growth rate of unstable waves predicted by the linear stability
theory remains approximately valid until nearly the point at which the vortices touch.
Jimenez (1975) showed that a pair of parallel (corotating) vortices is unconditionally
stable in the linear theory. Moore and Saffman (1972) and Widnall and Bliss (1971)
examined the effect of uniform axial flow within the vortex core on the vortex sta-
bility. The effect of axial stretching and cross-flow shearing on the vortex stability
is examined by Marshall (1992) and Marshall and Chen (1997), respectively. Stabil-
ity of antiparallel vortices with unequal strength is examined by Klein et al. (1995).
Stability of systems of parallel and antiparallel vortices is studied by Robinson and
Saffman (1982).
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PROBLEMS

1. Consider the following system of nonlinear ordinary differential equations for the
unknowns x () and 6(z):

d d
%:A(x2—3)cose, ZZX4_1’

where 0 < 6 < 7, —00 < x < 00, and A is a positive parameter. All quantities
in this system are real valued.

(a) Find two equilibrium solutions for this system.

(b) Determine whether or not each of these equilibrium solutions are linearly
stable.

2. Estimate the rate of strain induced on a two-dimensional vortex patch by another
vortex patch, where both patches are initially circular with radius a and the vortex
centers are separated by a distance b.

(a) For the case where the vortices are of equal strength, use this estimate to
(qualitatively) sketch the form of the deformed patches in a stable configura-
tion and determine whether this stable configuration can be maintained until
the cores touch.

(b) Repeat part (a) for the case where the other vortex has three times the strength
of the first vortex. Estimate the value of the vortex separation distance for
which the weaker patch will not be able to maintain an elliptical shape with
constant aspect ratio.

3. Consider the problem of wave generation due to wind blowing over a nearly flat
water surface. Assume the water to be infinitely deep and to have no ambient
currents, and admit a nonzero surface tension at the interface.

(a) Calculate the wind speed Ugip at which the interface first becomes unstable.
[Note that the ratio (02 — p1)/(p2 + p1) is not small in this problem. ]

(b) Ata wind speed U; = 30 m/s, what is the wavelength of the fastest growing
wave? Based on your experience, does this seem to be a reasonable value for
real water waves under this wind condition?

4. The oceans can be approximately modeled as consisting of an upper surface layer
and a slightly denser and much thicker deep-water layer (Figure 16.16). A rel-
atively sudden density transition between these two layers occurs in the pycno-
cline, which for purposes of long-wave internal wave motion can be idealized as
a sharp material interface with no surface tension. A possible source of mixing
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Figure 16.16 Approximate two-layer ocean model, consisting of a shallow surface layer
covering a deep-water layer.

between these two layers occurs in response to the Kelvin-Helmholtz instability
of the pycnocline due to wind-driven currents in the surface layer. We are given
that p; = 1010 kg/m?, p; = 1020 kg/m2, g = 9.8 m/s?, and k; = 150 m. So-
lutions for the velocity potential ¢ and interface displacement n that satisfy the
irrotational flow equations and the boundary conditions at y = k; and y = —00
are

¢1 = Bicoshlk(y — h)]e!®*=00 ¢, = ByetVeithr—on)

itkx—ot)

n = Ae

(a) Write the linearized interfacial matching conditions, and state all assump-
tions that have been made. Using the above solutions, obtain the characteristic
equation for the frequency o (k).

(b) The pycnocline thickness is about 4 p = 20 m. Assume that unstable waves
with wavelength A less than /1, are damped out by the effects of finite in-
terface thickness. Determine the minimum current speed U; for which there
exist unstable waves with wavelength A > £ -

5. In Section 16.5, it is shown that inviscid theory predicts that all liquid jets im-
mersed in a gas are unstable due to surface tension effects. Consider a water jet
immersed in air at standard temperature and pressure. Write the ratio of the in-
stability growth rate o; and the free-stream advection rate kW as a function of
the Weber number We = pa Wo2 /v . For a typical kitchen faucet, ¢ = 0.5 cm and
Wo = 0.1 m/s. Estimate the Weber number and the distance that a perturbation
would be advected downstream before its amplitude doubles due to the capillary
instability.

6. Categorize each of the following fluid flows according to one of the follow-
ing: (i) must be linearly stable, (ii) may be either linearly stable or unstable, or
(iif) must be unstable. In each case, clearly explain the reason for your answer.
Do not attempt to perform stability analyses from the basic Euler equations. In
this problem, (7, 6) are polar coordinates, (x, y) are Cartesian coordinates, and
a, T", and U are positive constants. All basic flows are two-dimensional, but the
perturbations may be three-dimensional.
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(@) u, =0, Uy = 2”%(1 _ efrz/az)

(b) u, =0, ug = %; [1 _ (1 _ :_i) e_,ﬁ/az]
© u=U[l=(1—2)e?/?], v=0fory>0

(d) uy =U( —e™/%,  v=0fory>0

. The trailing vortices behind a jet aircraft have strength I' = 2000 m?/s, core

radius @ = 2 m, and separation distance » = 10 m. Suppose that the initial

perturbation amplitude of the trailing vortices at the rear of the aircraft is A =

0.1 m, due to turbulence in the aircraft wake.

(a) What is the wavelength of the fastest growing perturbation?

(b) Estimate the distance behind the aircraft at which the vortex pair perturbation
amplitude grows so large that the trailing vortices touch.






APPENDIX A

COMMON EXPRESSIONS IN
ORTHOGONAL CURVILINEAR
COORDINATE SYSTEMS

We consider a system of orthogonal curvilinear coordinates with unit base vectors
a, b, and ¢ and related coordinates &;, &, and &3. A directed line segment dx of
infinitesimal length can be expressed in terms of these base vectors as

dx = ahd&; + bhyd& + chidés, (A1)

where the metrical coefficients hy, hy, and h3 are in general functions of §|, &2, and
&3. The product of a metrical coefficient and a coordinate increment is equal to an
increment of arc length along the associated coordinate direction. The element of
volume is then written in terms of the coordinate increments as

dv = h1hyh3d&1d§rdEs. (A2)

The base vectors a, b, ¢ are proportional to the derivative of dx in the direction
of the respective coordinates. The above expression can be used together with the
orthogonality of the base vectors to show that the derivatives of the base vectors
along their respective coordinate directions are

oa _ 1 dhy 1 Bhlc

381~ ha d&  h3dg

db 1 oh 1 ok

2 _ 2. 22, (A3)
1) h3 &3 hy 9%

ac 1 0h3 1 0hs3

— =———"a
9&3 h1 9% ha 9&
367
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TABLE A.1 Common Examples of Orthogonal Curvilinear Coordinate Systems and
Associated Metrical Coefficients.

System &1 & & hy hy h3
Cartesian X y Z 1 1 1
Cylindrical R o z 1 R 1
Spherical r 0 o 1 r rsin@
Elliptical & n z  c(sinh®& +sin? /2 c(sinh? & + sin2 )1/ 1

and their derivatives in orthogonal directions are

da 1 dhy da 1 3h3c

3&  hy dg 3&  hy &

3 1 ok b 1 8h

_b = __la, a_ — _EC, (A4)
01 hy 9% &3 hy 38

ac 1 oh; dc 1 0hy

— = ——a, — = ——b.
&1 h3 9% 95 h3 9&3
Common examples of orthogonal curvilinear coordinate systems are listed in

Table A.1.
The gradient of a scalar function F is given by

adF b oF c OF
=t —— —— (A.5)
hi 081  hy 08 = h3 0&
In taking derivatives of a vector quantity f = fja + f2b + foe, it is necessary to
account for the derivatives of both the scalar coefficients and the base vectors. The
divergence and the curl operators acting on f can be written as

1 d(h2h3 f1)  O(hsh1fa)  d(hihaf3) }
f= , A.
Vol = { T T T (A.6)
Vxfo 8 {3(h3f3) 3 3(h2f2)] + b la(hlfl) B 3(h3f3)]
hah3 0&> 083 h3hy 083 061
¢ [dthafy) d(hif1)
_ . A7
hihy [ 0& 08> } A

The Laplacian of a vector f can be obtained from the above expressions using either
the definition V2f = V - Vf or the vector identity V2f = V(V - f) — V x (V x 1.
The directional derivative of a vector f along a direction u is given by

(u-f

P ohy dhy f3 ahy oh3
= v 2y —/= 22y B, e o
a{" T e a5 %255 ) w35 9%,
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+b=u.vf2+_fi(u2%2_ 3h3>+ h (u dhy 3h1)}
hahs

T T L N P TS

fi ( dh3 3h1> f2 dh3 ohy
IR TR A N (L L B NI P GRS L SN
+c{“ Bt \B%e ~ 9% ) T hem \“es  “2ag )] AP

The components D;; of the rate of deformation tensor are given by the scalar product
of D with the two base vectors indicated by the indices i and j. For instance, Dj; =
a-D-b, and so forth. Using the definition (3.2.5) of D, we can rewrite this expression
in terms of the directional derivative of the velocity u as Dz = %{b -[a- Viu] +
a - [(b- V)u]}. Using (A.8), the components of the rate of deformation tensor are
obtained as

1 du, uy dhj u3 9dhy

Dy =—— v
hy 861 hihy 062 hih3 983
1 dusp u3y dhy uy 0hp
Dypy=—— — >
hy 08 hah3 &3 hahy 0§
1 dus uy 0hsz up 0dhj
D33 = ——— . Pyt
h3 3&3  hs3h; 3§ h3hy 38
hy 0 h hy 0 h
L=l (sz/ 2) | h 8 (ui/hy) (A.9)
2hy 03§ 2hy 082
hy 0 h h h
Dy = 2 (u3/h3) +_23(142/ 2)’
2hy 038 2hy 3%
_ h3 9(us/h3) | hi 8 (ui/hy)
BT 0h T 8 2hs o8&

All of the terms in the equations of motion can be obtained in different coordinate
systems by substitution of the appropriate values of the coordinates &, &2, &3 and
the coefficients A1, h», k3 into the above expressions. Some examples in common
orthogonal coordinate systems are given below.

A.1 Cylindrical Polar Coordinates

Common vector operations in cylindrical polar coordinates are

(S]» %‘27 53) = (Rv o, Z)v (a’ b, c) == (er, €y, ez), dU = Rdea dZ,
hy =1, hy =R, h3 =1, f= freg + foea + f:€:,

oer dey de;

—_— €y. — = —€p,
do

=0,
oo do

GF = o IF | CIF  OF
oy —_— _— e —
R9R "R oa " oz

3
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) + ey (ll Ve + uaI{R) +e(u-Vf),

v.po LOGI 10 3
R OR R da 0z

fo=eR{%z—J2—%]+ea{af—R—%}+e—z{——a(Rfa) 2f—’*]

- V)f = eg <u.VfR— ”“;ef"‘

9z 0z IR

R| R o«
1 9 oF 1 °F 8%F
VF=——(R— —_—— =,
RBR( BR) R? 8a2+822
fR 2 foz 2 fa 2 afR
Vi = Vifp— 15— 22 Vif, - 2% 4 — I8
eR{ Ir R?2  R? 3a e fa R?  R? ja
+e{v2r}.

The components of the rate of deformation tensor can be written in terms of the
components of the velocity vector u as

_ 3L¢R

1 0ug up du,
D = -, D [ p——— —_ D, = —,
RR = 3R “TRox R “ = %2
R 0 /uy 1 dup 1 duy 1 du,
D = <\ ~ A - T Ap
Ro 23R<R>+2R8a “=5%z V3R a
10ur 10u,
Dp=-—n %,
R=3%. T29R
The Euler equations are
dupg t@-v) ug 1 adp
_ . UR — — = ————,
ar B=R 0 oR
dug URUy 1 dp
_« v/ =—-—=
or W VUt 5 oR

ou; 1dp
— + @ - Vu, = ———.
at +( uz p 0z

The components of the vorticity transport equation for an inviscid, uniform-density
fluid are

)

4+ (@ VIog =@ Vug,
, WRU Wyl R
—Zf+(u-V)a)a+ R“:m.wa+ ‘} ,

ow

azz + - Vo, = Vu,.
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The equivalent expressions in two-dimensional polar coordinates can be obtained by
substituting r, 6 for R, a, respectively, and omitting derivatives and components in
the z direction.

A.2 Spherical Coordinates

Common vector operations in spherical coordinates are

(61, 82.83) = (r, 0, ), (a, b, c) = (e,, e, €4), dv = r?sinfdrdfda,
hy =1, hy =, h3 = rsiné, f= fre, + foes + fulq,
oe, oe, de

=0 g T gy = esind

dey deg dey

W:O, W=—e,, %—=eacos(9‘

de ae de

%:0, a—g=0, a—“:—ersine—egcosﬁ,
r o

oF oF oF
VF=e 220 S 2T
or r 06 rsinf do

(u-Vf =e, (u-Vf,_ _ uerfe _ uafa>+e9 (u-Vf(;—MLfﬁcoté—FL‘i—fr)

r

+ eg <u YV fo+ U Jr + Ua fo cot@) ,
r A

V. f=

ia(ﬂf,) N 1 3(sinffy) 1 afy
r2  9r rsinf 96 rsin® da’
Vxf= ('?r 9(fo sin6) _ % + 89_ 1 afr (rfa)

rsind a6 da

+e_a{3(rf9) B af,}’

r |sinf da ar

ar a6

r

19 aF I 9 oF 1 3%F
V’F = =0 rr— )+ s——— [sinf— |+ ————.
r2 ar or r2sin6 06 36 r2sin? @ da?

Vi =e, {sz _ 2f 2 3(fpsinb) B 2 %}

72 r2siné 0 r2sin6 da

2 dfr 2cos6 0
+ ey {sz(-) + f fH fa}

r2 30  r2sin?@  r2sin?6 da

2 df 2cosb dfy o }

T A ; - -
r2sin@ da  r2sin?@ da  r2sin?6

+ e {sz;x +
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COMMON EXPRESSIONS IN ORTHOGONAL CURVILINEAR COORDINATE SYSTEMS

The components of the rate of deformation tensor can be written in terms of the
components of the velocity vector u as

du, 10ug u,
D = , = - — —_,
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rad sup
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ro 287'(r)+
_ sinf 9 ( Uy ) 1 dug
%= r 90 \sing/ " 2rsind da’
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2r 86"
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The Euler equations are
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The components of the vorticity transport equation for an inviscid, uniform-density
fluid are

ow,
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Added mass, 251-252
Airfoil
cambered, 179-180
flat—plate, 175-177
Joukowski, 177-178
vortex sheet representation, 209-212
Analytic function, 123
Atwood ratio, 327
Axisymmetric flow, 220-221, 260-265

Baroclinic, see Vorticity, baroclinic
generation

Barotropic fluid, 75. 93
Bernoulli coefficient, 115, 118-120
Bernoulii theorem, 115, 213
Bifurcation, 332

Hopf, 332-333

pitchfork, 332-333

turning point, 332-333, 336
Biot-Savart equation, 86—89
Birkhoft-Rott equation, 207
Blasius

force law, 168-169

moment law, 170
Boundary-integral method

doublet sheet, 242-243

for interfacial waves, 325-327

for pressure, 116-119
source sheet, 238-242
vortex sheet, 243-245
Boundary layer, 4
Bragg-Hawthorne equation, 279
Bubble
oscillations of, 229-230
pressure difference over surface of, 72

Cauchy-Goursat theorem, 116
Cauchy-Riemann equations, 123
Cauchy stress formula, 47-48
Channel flow, through a narrow slit,
153-155
Centrifugal instability, 348-352
Circle theorem, 133-135
Circulation, 39, 90, 105, 108-109
Complex lamellar, 78-79
Configuration
current, 24
reference, 24
Conformal transformation, 124, 139-162
of complex potential, 142
of complex velocity, 143
critical point, 139-140
of vortex and source strength, 143-144
of a vortex patch, 186187

373
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Constitutive equation, 52
Constraint, 53-54

force due to, 54
Contact line, 74

Continuity equation, see Incompressibility

condition
Continuum, 24
Contour dynamics method,
191-194
axisymmetric, 273-277
Contour surgery, 192
Contraction, 11
Control volume, 41-42, 45, 49
Couette flow
plane, 56-57, 355
rotating, 57-58, 350-352
Creeping flow, 3
Crow cut-off, 300
Crow instability, 358-361
Curl, 14
Cylindrical polar coordinates, 220,
368-370

D’ Alembert theorem, 173-174
Deformation
gradient, 28-29
Jacobian of, 28
rate of, 29
Del operator, 14
Derivative
directional, 14
material, 26-27
partial, 26
Determinant, 13
Dilatation, 34
rate of, 34, 86-87
Dirac delta, 82
Direction cosine tensor, 15
Discontinuity jump condition
energy, 75
mass, 66-67
momentum, 67-68, 70-72
Discontinuity surface, 63-72
Discrete vortex method, 193-203
axisymmetric, 288-291
Dissipation rate, 5, 53
Divergence
of a vector, 14, 79
theorem, 20-21

Doublet
axisymmetric, 223-224
two-dimensional, 128-131
Dyadic product, 11

Elliptic coordinates, 140-142, 368
Elliptic integrals, 263, 276-277
Elliptical vortex, 188—191, 193
stability in straining flow, 332-336
Enstrophy, 103-105
Equipotential
line, 78
surface, 78
Euler-Cauchy equation, 57
Euler equation, 55
Eulerian viewpoint, 26

Fjgrtoft theorem, 355

Fredholm equation, second kind, 118, 242

Free streamline theory, 157-162
Foppl vortices, 181
Force

added mass, 252-253

body, 47

buoyancy, 253-255

contact, 46, 69-70

due to a doublet near a body, 248-249

due to a source near a body, 246-248

on a circular cylinder with nonzero
circulation, 170-171

on a small particle near a line vortex,
254-255

Gradient, 14

Green function, 82, 87
axisymmetric flows, 262-263

Green second identity, 21

Green theorem, generalized, 19

Hamilton equations, 186

Harmonic function, 81, 115, 125, 142

Hasimoto soliton, 306-307

Helicity, 102-103, 109
axisymmetric, 264-265

Helmbholtz representation, 79-80,

83-86

Helmholtz vortex laws, 40, 97

Hill spherical vortex, 271-273, 279

Hodograph plane, 158



Image set, 136-139
Impulse
angular, 99-101, 106, 109, 185
axisymmetric, 263-264
linear, 99-101, 106, 109, 184
Incompressibility condition, 34-35, 5354,
79-83, 115
Incompressible fluid, 34
Index
dummy, 10
free, 10
notation, 10
Integral
identities, 18-22
length scale, 5
Interaction energy, 107, 185-186
Interface matching conditions
kinematic, 73, 315
dynamic, 73, 316
Invariants, see Vorticity, invariants
Irrotational flow, 7, 76-79, 81-83, 95

Joukowski transformation, 148-151

Kaden spiral, 207-208
Kelvin-Helmholtz instability, 344-346
Kelvin circulation theorem, 97-98, 262
Kelvin waves, see Vortex tube, bending
waves and Vortex tube, area—varying
waves
Kinematics, 24
Kinetic energy, 51-53, 83, 124
axisymmetric, 264
invariance of, 101-102, 107, 109
transport equation, 51
Kirchhoff elliptic vortex, 188-191
Kolmogorov scale, 5
Kronecker delta, 11
Kutta condition, 176
Kutta-Joukowski theorem, 171, 173-175

Lagally theorem, 172173, 248
Lagrangian viewpoint, 26
Lamb transformation, 268
Lamellar flow, see Trrotational flow
Laplace

equation, 81-82

formula, 72
Laplacian operator, 14

INDEX 375

Laurent series, 167-168

Limit cycle, 332

Line doublet, 237-238

Line source, 224-225, 235-237

Liquid jet, capillary instability, 346348
Local corrections, method of, 199
Local-induction approximation, 303-306

Martensen theorem, 244-245
Mass conservation, 4446
Material
derivative, see Derivative, material
point, 28
region, 28
with respect to an arbitrary vector field,
64-65
Mechanical power, 51-53
Metrical coefficients, 367
Moment of momentum conservation,
49-51
Momentum conservation, 4649
Momentum jump condition, see
Discontinuity jump condition,
momentum
Monge potentials, 86
Multipole expansion method, 199-203

Navier-Stokes equation, 55
No-penetration condition, 55, 73
Normal modes, 332

No-slip condition, 55-56, 74

Orifice, liquid flow through, 159-162
Orthogonal tensor, 14-15

Pathline, 36-37
Permutation symbol, 11
Poiseuille flow
axisymmetric, 59
plane, 58-59, 355
Polygon, simple closed, 151
Potential
complex, 123
flow, see Irrotational flow
vector, 79-80, 86-87
velocity, 77-79
Pressure
boundary-integral equation. 116-119
Poisson equation, 14-115
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Pressure (cont.)
variation in steady two-dimensional
flows, 119-120

Radius of gyration, 106, 109
Rankine
circular vortex, 187-188
half-body, 226-227
solid, 227-228
Rayleigh centrifugal stability theorem,
350
Rayleigh equation, for oscillations of a
bubble, 230
Rayleigh equation, for stability of a
parallel shear flow, 353
Rayleigh inflection point theorm, 354
Rayleigh-Taylor instability, 343-344
Residue theorem, 167
Reynolds number, 3
Reynolds transport theorem, 4042
alternative form, 4546
extended for discontinuity surface,
63-66
Rodrigues formula, 71-72
Rosenhead cut-off, 301

Scalar,

product of tensors, 12

product of vectors, 12

triple product, 14
Schridinger equation, 305-306
Schwarz-Christoffel equation, 151-157,

160-161

Schwarz functions, 186-191
Serret-Frenet equations, 298
Sharp edge, flow around, 147-148
Shear flow

parallel, 56-59, 352-358

past a circular cylinder, 213-215

piecewise linear, 356-358
Slender body theory, 235-238
Solenoidal flow, see Incompressible flow
Source

axisymmetric, 222-223

in corner, 145-146

near circular cylinder, 137-138

near flat plate, 136-137

near sphere, 232-233, 248

two-dimensional, 126-127

Space curve
curvature, 298
torsion, 298
unit vectors, 297
Sphere theorem
Butler, 231-233
Weiss, 233-235
Spherical coordinates, 220, 371-372
Stability, definition, 331
asymptotic, 331
Stagnation-point flow, see Straining flow,
planar
Steady flow, 26, 37, 115, 119-120,
277-279
Stokes stream function, 220-221, 261
Stokes theorem, 21-22
Strain, rate of, see Deformation, rate of
Straining flow
axisymmetric, 94, 222
past a circle, 134-135
planar, 125-126, 334
Streakline, 36-37
Stream function, 80-81, 88
Streamline, 37, 78, 80-81
Stream tube, 37-39
strength, 38, 80-81
Stress
tensor, 48
vector, 4748
Stretch, 30, 96
rate of, 30
Sturm-Liouville equation, 331-332,
349-350
Summation convention, 10
Superposition principle, 128
Surface
closed, 18
normal, 18
orientable, 19
piecewise smooth, 18
simply connected, 18
smooth, 18
Surface tension, 68—72, 319-320, 346-348
Swirling sink flow, 132-133

Tangent projection, 18

Tapered body, see Uniform flow, past a
tapered body

Taylor series, 88, 168,317
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Tensor merger, 196-197
product, 10-11 near circular cylinder, 138-139
skew-symmetric, 15-16 near flat plate, 137
symmetric, 15-16 pair, 129-133, 146-147, 358-361
Trace, 13 patch, 186193
Transport theorem, see Reynolds transport reconnection, 5, 96
theorem shock, 287-288
Transpose, 13 street, 337, 342
Turbulent flow, 5 stretching, 93-95
stripping, 291-292
Uniform flow, 125, 211-222 swirl ratio, 287
past a circle, 131-132, 134, 170-171 two-dimensional, 127-128
past a compound cylinder, 135 Vortex-in-cell method, 197-199
past an ellipse, 150 Vortex lines, 39-40
past a flat plate, 150—151 knottedness of, 103
past a semi-infinite rectangular body, motion of, 95-97
155-157 Vortex ring, 265-271
past a sphere, 225-226 elliptical, 302
past a tapered body, 228-229 impulse, 266
kinetic energy, 271
Vector leapfrogging motion, 295
axial, 16 self-induced velocity, 271
identities, 16—18 Vortex sheet
product, 12 equation of motion, 206207
Velocity equivalence to doublet sheet, 204-206
asymptotic limit at infinity, 88-90 roll-up, 207-208
complex, 123-124 singularity, 208
gradient, 29 stability of, 344-346
Velocity maximum theorem, 82-83 X strength, 203
Viscosity .o velocity jump, 204
buik, 52 Vortex systems, 183—186
dynamic, 52 v stability of, 337-342
implications of the second law of " Vortex tube, 39-40, 296-311
thermodynamics, 52 area-varying waves, 279-286
Viscous flow bending waves, 306-31 1
exact solutions, 55-59 cut-off model, 298-303
length scales, 4 plug-flow model, 283-303
vorticity invariants in, 107-109 solitary waves, 279, 306-307
Volume Vorticity
composite, 19-20 baroclinic generation, 93
elementary, 19-20 center of, 106, 109, 265
Vortex flux, 108
bathtub, 132133 invariants, 98-109, 263-265
breakdown, 286-288 tensor, 29
critical condition, 286-287 transport equation, 92-95
in corner, 146-147 vector, 32
cutting by a blade, 96-97
filament, 296--298 Wave, interfacial, 314-327

induced force on small particle, 254-255 capillary, 319-320
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Wave, interfacid  (cont.) linear theory, 3 16-3 19
deep-water  gpproximation, 3 18 paticle displacement by, 320-321
dispersion equation, 3 18 phase velocity, 3 18
energy , 322-323 shallow-water approximation, 3 18
energy transport  rate  323-324 stability, — 343-346
freesurface, 3 14 Weber number, 364
group velocity, 324-325 Wedge, flow past, 144-145

internal, 3 14-3 16





