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Engineers apply mathematics and science to solve problems. In a traditional un- 
dergraduate engineering curriculum, a student begins an academic career by taking 
courses in mathematics and basic sciences such as chemistry and physics. A student 
begins to develop problem-solving skills in basic engineering science courses. For a 
mechanical engineering student, these courses include statics, dynamics, mechanics 
of solids, fluid mechanics, and thermodynamics. In such courses, students learn to 
apply basic laws of nature, constitutive equations, and equations of state to develop 
solutions to abstract engineering problems. 

Vibrations is one of the first courses where students learn to apply the knowledge 
obtained from mathematics and basic engineering science courses to solve practical 
problems. Indeed the problem-solving skills developed in a vibrations course are as 
valuable as the knowledge of the subject of vibrations. Solution of practical problems 
in vibrations requires modeling of physical systems. A system is abstracted from its 
surroundings. Assumptions appropriate to the system are made. Basic engineering 
science and mathematics are applied to derive a mathematical model. The resulting 
solution is used to learn about system behavior that could be used in applications 
such as design. The reader of this text will learn about vibrations by using such a 
problem-solving approach. 

An application of vibration analysis is in engineering design. Design princi- 
ples are developed using analysis of model one-degree-of-freedom systems. Design 
applications are presented for multi-degree-of-freedom systems and continuous sys- 
tems. Many examples and homework problems have a design flavor. 

This book is intended as a text in a junior or senior level undergraduate course in 
vibrations. It could be used in a course populated by both undergraduate and begin- 
ning graduate students. The prerequisites for such a course should include courses 
in statics, dynamics, mechanics of materials, and mathematics through differential 
equations. Some material usually covered in a fluid mechanics course is used, but 
this material can be omitted without loss of continuity. 

An overview of the modeling procedure is presented in Chap. 1 (This material 
can be omitted if students have background in system dynamics). Two methods 
of dynamic analysis are presented and used throughout the book. The free-body 
diagram method is based on D' Alembert's principle. An energy method that includes 
the effect of nonconservative forces is presented as an alternative and is preferred in 
modeling multi-degree-of-freedom systems. 

Chapters 2 through 4 focus on vibrations of linear one-degree-of-freedom sys- 
tems while Chaps. 5 through 7 focus on vibrations of multi-degree-of-freedom sys- 
tems. Chapter 8 presents methods of reducing unwanted vibrations of discrete linear 
systems. Chapter 9 provides a brief overview of continuous systems. Chapter 10 
introduces the reader to the finite element method, while Chap. 11 focuses on non- 
linear vibrations. 



White the structure of the second edition is similar to that of the first edition, there 
is much new in the second edition. The use of complex algebra in the analysis of the 
forced response of discrete systems has been added. Free and forced vibrations of 
multi-degree-of-freedom systems with a general damping matrix are now presented. 
Many new examples are presented. Approximately one-third of the end-of-chapter 
problems are new for this edition. An appendix containing answers to selected 
problems has been added. 

Chapter 10, "Finite-Element Method," is new. Engineering students are usually 
exposed to the finite-element method during undergraduate studies, but rarely are 
exposed to its application to vibrations problems. This chapter is a welcome addi- 
tion for those who have previously studied the finite-element method, although it is 
self-contained in that the method is developed by using the assumed modes method 
and Lagrange's equations. 

Examples throughout the book use MATLAB for numerical computation, sym- 
bolic computation, and visualization of results. MATLAB script files are consistent 
with the Student Edition of MATLAB, Version 5. The accompanying CD, titled 
VIBES 11, contains all script files presented in the text as well as other script files 
used for a variety of vibrations applications. Problems using MATLAB are presented 
at the end of each chapter. Many problems require use of the VIBES 11 files to solve 
vibrations problems while others require the development of a MATLAB script file, 
Users are encouraged to explore the files and develop their own applications. A list 
of files summarizing their applications is available by printing the text file LIST.TXT. 

MATLAB and similar software are used as tools in vibration analysis. Indeed, 
they are powerful tools, easy to use for computation and visualization. While it is 
important to understand how the mathematics used in solving a problem is performed, 
complex computations often obscure the use of the results. The use of MAmAB 
allows the focus to be on the modeling, analysis, and design aspects of a problem, 
rather than computational considerations. 
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chapter 

Vibrations are fluctuations of a mechanical or structural system about an equilibrium 
position. Vibrations are initiated when an inertia element is displaced from its 
equilibrium position due to an energy imparted to the system through an external 
source. A restoring force or moment pulls the element back toward equilibrium. 
When work is done on the block of Fig. l . l a  to displace it from its equilibrium 
position, potential energy is developed in the spring. When the block is released 
the spring force pulls the block toward equilibrium with the potential energy being 
converted to kinetic energy. In the absence of nonconservative forces, this transfer 
of energy is continual, causing the block to oscillate about its equilibrium position. 
When the pendulum of Fig. l . l b  is released from a position above its equilibrium 
position the moment of the gravity force pulls the particle, the pendulum bob, back 
toward equilibrium with potential energy being converted to kinetic energy. In the 
absence of nonconservative forces the pendulum will oscillate about the vertical 
equilibrium position. 

We will develop mathematical models of the systems of Fig. 1.1. Solution 
of the mathematical problems leads to information about the vibrations. Using 
certain assumptions the oscillations of the systems of Fig. 1.1 are described as simple 
harmonic motion. The time history of the vibrations of a system undergoing simple 
harmonic motion is illustrated in Fig. 1.2. Simple harmonic motion is characterized 
by periodic oscillation about the equilibrium position. Each oscillation is one cycle. 
For simple harmonic motion the time it takes to execute one cycle, the period, is 
constant. The frequency of motion is the number of cycles executed in a fixed 
Period of time, usually 1 second. The amplitude, the maximum displacement from 
equilibrium, is also constant in simple harmonic motion. 

Vibrations occur in many mechanical and structural systems. If uncontrolled, 
vibration can lead to catastrophic situations. Vibrations of machine tools or machine 
tool chatter can lead to improper machining of parts. Structural failure can occur 



~igure 1.1 (a) When the block i s  displaced from equilibrium, the farce developed in the 
spring as a result of stored potential energy pulls the block bock toward its 
equilibrium position; (b) when the pendulum is rotated away from the vertical 
equilibrium position, the moment of the groviiy force about the suppart pulls the 
pendulum back toward the equilibrium position. 

Figure 1.2 Simple hormonic 
motion with period T 
and amplitude A. 

because of large dynamic stresses developed during earthquakes or even wind- 
induced vibration. Vibrations induced by an unbalanced helicopter blade while ro- 
tating at high speeds can lead to the blade's failure and catastrophe for the helicopter. 
Excessive vibrations of pumps, compressors, turbomachinery, and other industrial 
machines can induce vibrations of the surrounding structure, leading to inefficient 
operation of the machines while the noise produced can cause human discomfort. 

Vibrations can be introduced, with beneficial effects, into systems in which 
they would not naturally occur. Vehicle suspension systems are designed to protect 
passengers from discomfort when traveling over rough terrain. Vibration isolators 
are used to protect structures from excessive forces developed in the operation of 
rotating machinery. Cushioning is used in packaging to protect fragile items from 
impulsive forces. 



Our study of vibrations begins with the mathematical modeling of vibrating sys- 
tems. Solutions to the resulting mathematical problems are obtained and analyzed. 
The solutions are used to answer basic questions about the vibrations of a system as 
well as to determine how unwanted vibrations can be reduced or how vibrations can 
be introduced into a system with beneficial effects. Mathematical modeling leads to 
the development of principles governing the behavior of vibrating systems. 

Solution of an engineering problem often requires mathematical modeling of a phys- 
ical system. The modeling procedure is the same for all engineering disciplines, 
although the details of the modeling vary between disciplines. The steps in the 
procedure are presented and the details are specialized for vibrations problems. 

The system to be modeled is abstracted from its surroundings, and the effects of 
the surroundings are noted. The information to be obtained from the modeling is 
specified. Known constants and variable parameters are identified. 

Assumptions are made to simplify the modeling. If all effects are included in the 
modeling of a physical system, the resulting equations are usually so complex that a 
mathematical solution is impossible. When assumptions are used, an approximate 
physical system is modeled. An approximation should only be made if the solution 
to the resulting approximate problem is easier than the solution to the problem if the 
assumption were not made and that with the assumption the results of the modeling 
are accurate enough for the use they are intended. 

Certain implicit assumptions are used in the modeling of most physical systems. 
These assumptions are taken for granted and rarely mentioned explicitly. Implicit 
assumptions used throughout this book include: 

1. Physical properties are continuous functions of spatial variables. This contin- 
uum assumption implies that a system can be treated as a continuous piece of 
matter. 

2. The earth is an inertial reference frame, thus allowing application of Newton's 
laws in a reference frame fixed to the earth. 

3. Relativistic effects are ignored. 
4. Gravity is the only external force field. The acceleration due to gravity is 9.81 

mls2 (32.2 ft/s2) on the surface of the earth. 



5 .  The systems considered are not subject to nuclear reactions, chemical reactions, 
external heat transfer, or any other source of thermal energy. 

6. All materials are linear, isotropic, and homogeneous. 

7. The usual assumptions of mechanics of material apply (i.e., plane sections re- 
main plane for beams in bending, circular sections under torsional loads do not 
warp). 

Explicit assumptions are those specific to a particular problem. An explicit 
assumption is made to eliminate negligible effects from the analysis or to simplify 
the problem, while retaining appropriate accuracy. An explicit assumption should 
be verified, if possible, on completion of the modeling. 

All physical systems are inherently nonlinear. Exact mathematical modeling of 
any physical system leads to nonlinear differential equations which often have no 
analytical solution. Since exact solutions of linear differential equations can usu- 
ally be easily determined, assumptions 'are often made to linearize the problem. A 
linearizing assumption leads either to the removal of nonlinear terms in the gov- 
erning equations or to the approximation of nonlinear terms by linear terms. The 
exact differential equation governing the oscillations of the pendulum of Fig. 1.lb 
contains several nonlinear terms. A geometric nonlinearity occurs as a result of 
the system's geometry. If the maximum angular displacement of the pendulum bob 
from its equilibrium position is small enough, the nonlinear term in the differential 
equation due to the geometric nonlinearity can be approximated by a linear term. 
As the pendulum oscillates it encounters friction in the form of aerodynamic drag. 
If included in the analysis, the drag force leads to a nonlinear term in the governing 
differential equation. In certain cases the drag may be neglected. 

When analyzing the results of mathematical modeling, one has to keep in mind 
that the mathematical model is only an approximation to the true physical system. 
The actual system behavior may be somewhat different than that predicted using 
the mathematical model. When aerodynamic drag and all other forms of friction 
are neglected in a mathematical model of the pendulum of Fig. 1 .l b, then perpetual 
motion is predicted for the situation when the pendulum is given an initial displace- 
ment and released from rest. Such perpetual motion is impossible. Even though 
neglecting aerodynamic drag leads to an incorrect time history of motion, the model 
is still useful in predicting the period, frequency, and amplitude of motion. 

Once results have been obtained by using a mathematical model, the validity of 
all assumptions should be checked. 

A basic law of nature is a physical law that applies to all physical systems regardless 
of the material from which the system is constructed. These laws are observable, but 
cannot be derived from any more fundamental law. They are empirical. There exist 
only a few basic laws of nature: conservation of mass, conservation of momentum, 
conservation of energy, and the second and third laws of thermodynamics. 



Conservation of momentum, both linear and angular, is usually the only physical 
law that is of significance in application to vibrating systems. Application of con- 
servation of mass to vibrations problems is trivial. Applications of the second and 
third laws of thermodynamics do not yield any useful information. In the absence 
of thermal energy, the principle of conservation of energy reduces to the mechanical 
work-energy principle which is derived from Newton's laws. 

Constitutive equations provide information about the materials of which a system is 
made. Different materials behave differently under different conditions. Steel and 
rubber behave differently because their constitutive equations have different forms. 
While the constitutive equations for steel and aluminum are of the same form, the 
constants involved in the equations are different. Constitutive equations are used to 
develop force-displacement relationships for mechanical components that are used 
in modeling vibrating systems. 

Application of geometric constraints is often necessary to complete the mathemat- 
ical modeling of an engineering system. Geometric constraints can be in the form 
of kinematic relationships between displacement, velocity, and acceleration. When 
application of basic laws of nature and constitutive equations lead to differential 
equations, the use of geometric constraints is often necessary to formulate the req- 
uisite boundary and initial conditions. 

The mathematical modeling of a physical system results in the formulation of a math- 
ematical problem. The modeling is not complete until the appropriate mathematics 
is applied and a solution obtained. 

The type of mathematics required is different for different types of problems. 
Modeling of many statics, dynamics, and mechanics of solids problems leads only 
to algebraic equations. Mathematical modeling of vibrations problems leads to 
differential equations. 

Exact analytical solutions, when they exist, are preferable to numerical or ap- 
proximate solutions. Exact solutions are available for many linear problems, but for 
only a few nonlinear problems. 

After the mathematical solution is complete, the results are formulated. Physical 
interpretation of the results is an important final step in the modeling procedure. In 



certain situations this may involve drawing general conclusions from the mathemat- 
ical solution, it may involve development of design curves, or it may require only 
simple arithmetic to arrive at a conclusion for the specific problem. 

Mathematical modeling of a physical system requires the selection of a set of vari- 
ables that describes the behavior of the system. Dependent variables are the variables 
that describe the physical behavior of the system. Examples of dependent variables 
are displacement of a particle in a dynamic system, the components of the velocity 
vector in a fluid flow problem, the temperature in a heat transfer problem, or the 
electric current in an AC circuit problem. Independent variables are the variables 
with which the dependent variables change, That is, the dependent variables are 
functions of the independent variables. An independent variable for most dynamic 
systems and electric circuit problems is time. The temperature distribution in a heat 
transfer problem may be a function of spatial position as well as time. The dependent 
variables in most vibrations problems are the displacements of specified particles 
from the system's equilibrium position while time is the independent variable. 

The number of degrees offieedom for a system is the number of kinematically 
independent variables necessary to completely describe the motion of every particle 
in the system. Any set of n kinematically independent coordinates for a system 
with n degrees of freedom is called a set of generalized coordinates. The choice of 
generalized coordinates used to describe the motion of the system is not unique. The 
generalized coordinates are the dependent variables for a vibrations problem and are 
functions of the independent variable, time. If the time history of the generalized 
coordinates is known, the displacement, velocity, and acceleration of any particle in 
the system can be determined by using kinematics. 

A single particle free to move in space has three degrees. of freedom, and a 
suitable choice of generalized coordinates is the cartesian coordinates ( x ,  y, z )  of 
the particle with respect to a fixed reference frame. As the particle moves in space, 
its position is a function of time. An unrestrained rigid body has six degrees of 
freedom. A suitable choice for a system of generalized coordinates is the cartesian 
coordinates of the body's center of mass and the angular measure of an axis fixed to 
the body with respect to each of the cartesian coordinate axes fixed in space. The 
number of degrees of freedom is reduced if a particle or a rigid body is subject to 
constraints. A particle constrained to move in a plane has at most two degrees of 
freedom, while a rigid body undergoing planar motion has at most three degrees of 
freedom. 

Each of t.he systems of Fig. 1.3 is in equilibrium in the position shown and undergoes 
planar motion. All bodies are rigid. Specify, for each system, the number of degrees of 
freedom and recommend a set of generalized coordinates. 



Figure 1.3 Systems for Example 1.1.  One possible choice of a set of generalized 
coordinates is  illustrated for each system. 

Solution: 

(a) The system has one degree of freedom. If 8, the clockwise angular displacement 
of the bar from the system's equilibrium position, is chosen as the generalized coordinate, 
then a particle initially a distance 1 from the fixed support has a horizontal position 1 cos 8 
and a vertical displacement 1 sin 8 .  

(b) The system has two degrees of freedom, assuming it is constrained from side- 
to-side motion. If 8 ,  the clockwise angular displacement of the bar measured from its 
equilibrium position, and x, the displacement of the bar's mass center measured from 
equilibrium, are chosen as generalized coordinates, then the displacement of a particle a 
distance d to the right of the mass center is x + d  sin 8 .  Another choice for the general- 
ized coordinates is XI ,  the displacement of the right end of the bar, and x2, the displace- 
ment of the left end of the bar, both measured from equilibrium. 

(c )  The system has one degree of freedom. If 8, the clockwise angular displace- 
ment of the pulley measured from the system's equilibrium position, is chosen as the 
generalized coordinate, then, assuming no slip between the pulley and the cables, -the 
displacement of the block of mass m is r e  upward and the displacement of the block 
of m s s  m2 is 2re downward. 

( d )  The system has three degrees of freedom. Since an elastic element is placed 
between the pulley and the blocks, no kinematic relationship exists between the 



displacement of either of the blocks and the angular rotation of the pulley. A suit- 
able choice of generalized coordinates is 8, the clockwise angular rotation of the pulley, 
xl ,  the upward displacement of the block of mass ml, and XZ, the downward displace- 
ment of the block of mass mz, all measured from the equilibrium position of the system. 

The systems of Example 1.1 are assumed to be composed of rigid bodies. The 
relative displacement of two particles on a rigid body remains fixed as motion occurs. 
Particles in an elastic body may move relative to one another as motion occurs. 
Particles A and C lie along the neutral axis of the cantilever beam of Fig. 1.4 while 
particle B is in the cross section obtained by passing a perpendicular plane through 
the neutral axis at A. Because of the assumption that plane sections remain plane 
during displacement, the displacements of particles A and B are the same. However 
the displacement of particle C relative to particle A depends on the loading of the 
beam. Thus the displacements of A and C are kinematically independent. Since A 
and C represent arbitrary particles on the beam's neutral axis, it is inferred that there 
is no kinematic relationship between the displacements of any two particles along 
the neutral axis. Since there are an infinite number of particles along the neutral 
axis, the cantilever beam has an infinite number of degrees of freedom. In this case 
an independent spatial variable x, the distance along the neutral axis to a particle 
when the beam is in equilibrium, is defined. The dependent variable, displacement, 
is a function of the independent variables x and time. 

Figure 1 -4 The displacements of A and B 
are related through the assumptions of 
elementary beam theory. However, no 
kinematic relationship exists between 
the displacements of particles A and 
C. Thus the cantilever beam is 
modeled as a continuous system. 

A brief review of rigid-body dynamics is presented to familiarize the reader with 
notation and methods. The reader is also encouraged to review the basic concepts of 
mechanics of solids and the solution of second-order ordinary differential equations. 



The location of a particle on a rigid body at any instant of time can be referenced 
to a fixed cartesian reference frame, as shown in Fig. 1.5. The particle's position 
vector is given by 

from which the particle's velocity and acceleration are determined 

where a dot above a quantity represents differentiation of that quantity with respect 
to time. 

In general, a rigid body is rotating and translating. Assume that at an arbitrary 
instant of time the rigid body is rotating about an axis defined by a unit vector e with 
an angular speed w. The angular velocity vector is 

from which the angular acceleration vector is calculated 

Consider two particles, A and B, fixed to the same rigid body. Let ~ B I A  be the 
position vector of B relative to A. The velocity of B reIative to A is 

Figure 1 .S Position vector of a 
particle, P, on a rigid 
body, in a cartesian 
reference frame. 



The acceleration of B relative to A is 

Consider a particle on a rigid body rotating about a fixed axis with an angular 
displacement 8, measured in a plane normal to the axis of rotation. Every particle 
on the rigid body travels on a circle centered on the axis of rotation. The velocity of 
a point of the rigid body, a distance r from the axis of rotation, is 

where it is a unit vector instantaneously tangent to the circle. The particle's accel- 
eration is given by 

where in is a unit vector instantaneously normal to the circle directed away from the 
axis of rotation, as shown in Fig. 1.6. 

F ~ ~ U H ,  7 -6 (a) The particle P is on a rigid body rotating about a constant axis 
defined by the unit vector, e. P moves in a circle of radius r about the 
axis. in is  instantaneously normal to the circle, directed away from the 
axis of rotation. it is instantaneously tangent to the circle, in the 
direction of rotation; (b)  vp = reif; (c) a p  = reit - re2 in. 



A rigid body undergoes planar motion when its mass center moves on a plane and 
the body rotates about a fixed axis. The principles governing rigid-body kinetics of 
a body undergoing planar motion are obtained by applying the basic laws of particle 
kinetics to a system of particles and taking the limit as the number of particles in 
the system grows large. Applying Newton's second law for a particle and using the 
limiting process, it can be shown that for a rigid body in plane motion 

and 

where f is the moment of inertia of the body about an axis through its mass center 
and parallel to the axis of rotation. In general, a bar above a quantity refers to the 
quantity being evaluated for the body's mass center, G. 

Recall that a system of forces and moments acting on a rigid body can be replaced 
by a force equal to the resultant of the force system applied at any point on the body 
and a moment equal to the resultant moment of the system about the point where the 
resultant force is applied. The resultant force and moment act equivalently to the 
original system of forces and moments. Thus Eqs. (1.10) and (1.1 1) imply that the 
system of external forces and moments acting on a rigid body is equivalent to a force 
equal to ml applied at the body's mass center and a resultant moment equal to ja. 
This latter resultant system is called the system of effective forces. The equivalence 
of the external forces and the effective forces is illustrated in Fig. 1.7. 

The previous discussion suggests the solution procedure for rigid-body kinetics 
problems that is used throughout this book. Two free-body diagrams are drawn for 
a rigid body. One free-body diagram shows all external forces and moments acting 
on the rigid body. The second free-body diagram shows the effective forces. If 

External forces Effective forces 

Figure 1.7 The system of external forces and moments 
acting on a rigid body in plane motion is 
equivalent to a force ma applied at the body's 
mass center and a moment h. 



the problem involves a system of rigid bodies, it may be possible to draw a single 
free-body diagram showing the external forces acting on the system of rigid bodies 
and one free-body diagram showing the effective forces of all of the rigid bodies. 
Equations (1.10) and (1.1 1) are equivalent to 

and 

taken about any point 0 on the rigid body. 

h 1 The slender rod (i = & m ~ ~ )  AC of Fig. 1.8 of mass m is pinned at B and held 
horizontally by a cable at C. Determine the angular acceleration of the bar immediately 
after the cable is cut. 
Solution: 
Immediately after the cable is cut, the angular velocity of the bar is zero. Equation (1.9) 
is used to determine the acceleration of the mass center in terms of the bar's angular 
acceleration, a ,  ii = (L/4)a. 

Summing moments about B, using the free-body diagrams of Fig. 1.8b, gives 

External forces 

m - a  
4 

Effective forces 
(b)  

Figure 1.8 (a) Slender rod of Example 1.2 is pinned at B and held by cable at C; 
(b) free-body diagrams immediately after cable is cut. 



netermine the angular acceleration of the pulley of Fig. 1.9. 

solution: 
Consider the system of rigid bodies composed of the pulley and the two blocks. If a! is 
the counterclockwise angular acceleration of the pulley, then, assuming no slip between 
the pulley and the cables, block A has a downward acceleration of r ~ a !  and block B has 
an upward acceleration of r ~ a .  

Summing moments about the center of the pulley, neglecting axle friction in the 
pulley, and using the free-body diagrams of Fig. 1.9b yields 

Substituting given values leads to a! = 7.55 rad/s2. 

External forces Effective forces 

( b )  

Figure 1.9 (a) System of Example 1.3; (b) free-body 
diagrams of pulley and blocks at an arbitrary 
time. 



The kinetic energy of a rigid body is 

The work done by a force, F, acting on a rigid body as the point of application 
of the force travels between two points described by position vectors r~ and r~ is 

r~ 
UA-B =LA ~ - d r  11.1  sl 

where d r  is a differential position vector in the direction of motion. The work done 
by a moment acting on a rigid body in planar motion is 

If the work of a force is independent of the path taken from A to B, the force 
is called conservative. Examples of conservative forces are spring forces, gravity 
forces, and normal forces. A potential energy function, V(r), can be defined for 
conservative forces. The work done by a conservative force can be expressed as a 
difference in potential energies 

Since the system of external forces is equivalent to the system of effective forces, 
the total work done on a rigid body in planar motion is 

I B  es 
UA+a = LA miiSdr  + LA i a d ~  [ l . l 8 I  

When integrated, the right-hand side of Eq. (1.1 8) is equal to the difference in the 
kinetic energy of the rigid body between A and B. Thus Eq. (1.18) yields the 
principle of work-energy, 

If a11 forces are conservative, Eq. (1.17) is used in Eq. (1.19) and the result is 
the principle of conservation of energy 

Hxpress the kinetic energy of each of the systems of Fig. 1.3 in terms of the specified 
generalized coordinates. The slender bars of Fig. 1.3a and b are uniform and of mass m 
and length L. 

Soiutionr 
(a)  From Eq. (1.6) the velocity of the mass center is expressed as 
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The kinetic energy is calculated from Eq. (1.14) as 

(b) The kinetic energy of the two-degree-of-freedom system is expressed as 

T = ;mi2 + ( A ~ L ~ B ~ )  

(c) The kinetic energy of the system is the sum of the kinetic energies of the three bodies: 

T = $ 1 ~ 8 ~  + $ml(r8)' + fm2(2r8)2 = f (I, + mlr2 + 4m2r2)82 

(6) The kinetic energy of the three-degree-of-freedom system is 

T = 1~8' + $mli: + f m2iz 

The impulse of the force F between tl and t2 is defined as 

The total angular impulse of a system of forces and moments about a point 0 is 

The system momenta at a given time are defined by the system's linear momen- 
tum 

and its angular momentum about its mass center 

Integrating Eqs. (1.10) and (1.1 1) between arbitrary times tl and tz leads to 

and 

Using an equivalent force system argument similar to that used to obtain Eqs. 
(1.12) and (1.13), it is deduced from Eqs. (1.25) and (1.26) that the system of 
applied impulses is equivalent to the difference between the system momenta at ti 
and the system momenta at t2. This form of the principle of impulse and momentum, 
convenient for problem solution, is illustrated in Fig. 1.10. 



External impulses applied 
5 

System momenta - System momenta 
between t ,  and t ,  at t ,  at t ,  

Figure I .  1 O Illustration of the principle of impulse and momentum. 

m d e r i d  of mass m of Fig. 1.11 is swinging through a vertical position with an 
angular velocity wl when it is struck at A by a particle of mass m/4 moving with a velocity 
v,. Upon impact the particle sticks to the bar. Determine (a )  the angular velocity of the 
bar and particle immediately after impact, (b) the maximum angle through which the 
bar and particle will swing after impact, and (c) the angular acceleration of the bar and 
particle when they reach the maximum angle. 

Soiution: 

(a )  Let t l  occur immediately before impact and t 2  occur immediately after impact. 
Consider the bar and the particle as a system. During the time of impact, the only 
external impulses are due to gravity and the reactions at the pin support. The principle 
of impulse and momentum is used in the following form: ( External angular) = (Angular momentum Angular momentum 

impulses about 0 a t  0 ) - ( about 0 
between tl and t2 at t:! at tl 

Using the momentum diagrams of Fig. 1.1 1 b, this becomes 

which is solved to yield 

(b) Let t j  be the time when the bar and particle assembly attains its maximum angle. 
Gravity forces are the only external forces that do work; hence conservation of energy 



External impulses = 

during impact 
System momenta - System momenta 

after impact before impact 

( b )  

External forces Effective forces 

(c) 

Figure 1 1 1 (a) Slender rod of Example 1.5 is swinging through vertical with angular velocity 
w ,  when struck at A by particle moving with horizontal velocity vp; (b) impulse 
and momentum diagrams between the time immediately before impact and the 
time immediately after impact; (c) Free-body diagrams of bar as it swings through 
maximum angle. 

applies between t2  and t3. Thus from Eq. (1.20) 

The potential energy of a gravity force is the magnitude of the force times the distance 
its point of application is above a horizontal datum plane. Choosing the datum as the 



horizontal plane through the support, using Eq. (1.14) for the kinetic energy of a rigid 
body, and noting T3 = 0 yields 

L m 
= -mg - cos Om, - -ga cos 8- 

2 4 

which is solved to yield 

(c) The bar attains its maximum angle at t3, 03 = 0. Summing moments about 0 
using the free-body diagrams of Fig. 1 .l lc  gives 

- (mg) (i sin om=) - ( ) (a sin Om=) 

which is solved to yield 

a = -  (6L + 3a)g sin 8- 
4L2 + 3a2 

The method of analysis used to solve the mathematical problem resulting from a 
mathematical model of a vibrating system depends on a number of factors. A system 
with a finite number of degrees of freedom is a discrete system. The vibrations of 
a one-degree-offreedom system are governed by an ordinary differential equation 
in which time is the independent variable and the chosen generalized coordinate is 
the dependent variable. The vibrations of a multi-degree-offreedom system (MDOF 
system) are governed by a system of n differential equations, where n is the number of 
degrees of freedom. The dependent variables are the chosen generalized coordinates 
while time is the independent variable. The differential equations for an MDOF 
system are, in general, coupled. 

A system with an infinite number of degrees of freedom is called a continuous 
system or distributed parameter system. The vibrations of a continuous system 
are governed by partial differential equations. The displacement of a particle is 
a continuous function of time and the particle's location when the system is in 



Spatial coordinates are used to describe the distribution of inertia when 
system is in equilibrium. All systems are, in reality, continuous systems. Particle 

and rigid body assumptions are often made to approximate a continuous system by 
,discrete system. A vibrations problem may be formulated for a continuous system 
but a discrete approximation method like the finite-element method is used to solve 
the problem. 

A system is undergoing free vibrations when the vibrations occur in the absence 
of an external excitation. The vibrations are initiated by developing an initial kinetic 
energy or potential energy in the system. In the absence of nonconservative forces, 
b e  vibrations sustain themselves and are periodic. Vibrations which occur in the 
presence of an external excitation are called forced vibrations. If the excitation force 
is periodic the excitation is said to be harmonic. Forced nonperiodic vibrations are 
called transient vibrations. 

A system is linear if its motion is governed by linear differential equations. A 
system is nonlinear if its motion is governed by nonlinear differential equations. 
Under certain conditions the vibrations of a nonlinear system subject to a periodic 
excitation may not be periodic. Such systems are said to be chaotic. 

If the excitation force is known at all instants of time, the excitation is said 
to be deterministic. If the excitation force is unknown, but averages and standard 
deviations are known, the excitation is said to be random. In this case the resulting 
vibrations are also random, and cannot be determined exactly at any instant of time. 

A spring is a flexible mechanical link between two particles in a mechanical system. 
In reality a spring itself is a continuous system. However, the inertia of the spring is 
usually small compared to other elements in the mechanical system and is neglected. 
Under this assumption the force applied to each end of the spring is the same. 

The length of a spring when it is not subject to external forces is called its 
unstretched length. Since the spring is made of a flexible material, the applied force 
F that must be applied to the spring to change its length by x  is some continuous 
function of x  , 

The appropriate form of f ( x )  is determined by using the constitutive equation for 
the spring's material. Since f ( x )  is infinitely differentiable at x  = 0, it can be 
expanded by a Taylor series about x  = 0 (a MacLaurin expansion): 

Since x  is the spring's change in length from its unstretched length, when x = 0, 
F = 0. Thus ko = 0. When x is positive, the spring is in tension. When x  is 



negative, the spring is in compression. Many materials have the same properties 
in tension and compression. That is, if a tensile force F is required to lengthen 
the spring by 8, then a compressive force of the same magnitude F is required to 
shorten the spring by 8. For these materials, f (x) must be an odd function and 
cannot contain even powers. Thus Eq. (1.28) becomes 

All springs are inherently nonlinear. However in many situations x is small enough 
that the nonlinear terms of Eq. (1.29) are small compared with klx. A linear spring 
obeys a force-displacement law of 

where k is called the spring stifiess or spring constant and has dimensions of force 
per length. 

The force in a spring whose force-displacement law is given by Eq. (1.29) is 
conservative; the work done by the spring force between two arbitrary displacements 
is independent of the path taken between the two displacements. Thus a potential 
energy function exists and for a linear spring is determined as 

V(x) = ikx' [1.311 

A torsional spring is a link in a mechanical system where application of a torque 
leads to an angular displacement between the ends of the torsional spring. A linear 
torsional spring has a relationship between an applied moment M and the angular 
displacement 9 of 

where the torsional stifiess kt has dimensions of force times length. The potential 
energy function for a torsional spring is 

- 

1.6 I f ie  numerical values for the parameters in the system of Fig. 1 . 3 ~  are ml = 20 kg, 
m2 = 10 kg, I, = 0.4 kg . m2, r = 10 cm, k = 1300 Nlm. (a) Determine the potential 
energy in the spring when the system is in equilibrium. (b) Develop an expression for the 
potential energy in the spring when the pulley is rotated 0 clockwise from the equilibrium 
position. 
Solution: 

(a) Let A be the static dejection of the spring, its change in length from its un- 
stretched length when the system is in equilibrium. The static deflection is determined 
by applying the equations of equilibrium to the free-body diagram of Fig. 1.12. 



Free-body diagram of static equilibrium 
position of system of Fig. 1 . 3 ~  and 
Example 1.6. 

(2m2 - ml), - [2(10 kg) - 25 kg] (9.81 :) A = - S 

2k 
2 (1300 :) 

The free-body diagram shows that it was assumed that the spring is compressed when the 
system is in equilibrium. The negative sign indicates that the spring is actually stretched. 
Its potential energy when the system is in equilibrium is 

(b) When the pulley is rotated through a clockwise angle 0 from the system's 
equilibrium position, the spring is shortened in length 2rO from its length when the 
system is in equilibrium. Thus the total change in length of the spring is 

and the potential energy in the spring is 

The helical coil spring is used in applications such as industrial machines and vehicle 
Suspension systems. Consider a spring manufactured from a rod of circular cross 
Section of diameter D. The shear modulus of the rod is G. The rod is formed into a 
coil of N turns of radius r .  It is assumed that the coil radius is much larger than the 



T = Fr ~igure 1.1 3 Free-body diagram of cut 
coil spring exposes resultant 
shear force and resultant 
torque. 

radius of the rod and that the normal to the plane of one coil nearly coincides with 
the axis of the spring. 

Consider a helical coil spring when subject to an axial load F. Imagine cutting 
the rod with a knife at an arbitrary location in a coil, slicing the spring in two 
sections. The cut exposes an internal shear force F and an internal resisting torque 
F r ,  as illustrated in Fig. 1.13. Assuming elastic behavior, the shear stress due to the 
resisting torque varies linearly with distance from the center of the rod to a maximum 
of 

F r D  16Fr -- Tmax = - - 
2 J  nD3 

where J = (n ~ ~ ) / 3 2  is the polar moment of inertia of the rod. The shear stress 
due to the shear force varies nonlinearly with distance from the neutral axis. For 
r / D  >> 1 the maximum shear stress due to the internal shear force is much less than 
the maximum shear stress due to the resisting torque, and its effect is neglected. 

Principles of mechanics of materials can be used to show that the total change 
in length of the spring due to an applied force F is 

Comparing Eq. (1.35) with Eq. (1.30) leads to the conclusion that under the assump- 
tions stated a helical coil spring can be modeled as a linear spring of stiffness 

1-7 I A tightly wound spring is made from a 20-mrn-diameter bar of 0.2% C-hardened steel 
(G = 80 x lo9 ~ l m * ) .  The coil diameter is 20 cm. The spring has 30 coils. What is the 
largest force that can be applied such that the elastic strength in shear of 220 x lo6 ~ l m *  
is not exceeded? What is the change in length of the spring when this force is applied? 

Solution: 

Assuming the shear stress due to the shear force is negligible, the maximum shear stress 
in the spring when a force F is applied is 

F r D  (O.lm)(O.O2m) 
t=- 

2 J 
= F  

2x = 6.37 x 1 0 4 ~  
- (0.02m14 
32 

Thus the maximum allowable force is 



m e  stiffness of this spring is calculated by using Eq. 1.36: 

m e  total change in length of the spring due to application of the maximum allowable 
force is 

~pplication of a force F to the block of mass m of Fig. 1.14 results in a displacement 
x .  The block is attached to a uniform thin rod of elastic modulus E ,  unstretched 
length L, and cross-sectional area A. Application of the force results in a uniform 
normal strain in the rod of 

The total strain energy developed due to the work of the force in stretching the rod 
is 

s = f EALE* = f F X  c r .a81 

If the force is suddenly removed, the block will oscillate about its equilibrium posi- 
tion. The initial strain energy is converted to kinetic energy and vice versa, a process 
which continues indefinitely. If the mass of the rod is small compared to the mass 
of the block, then inertia of the rod is negligible and the rod behaves as a discrete 
spring. From strength of materials, the force F required to change the length of the 
rod by x is 

A comparison of Eq. (1 -39) with Eq. (1.30) implies that the stiffness of the rod is 

F ~ U M  1 . I  4 Longitudinal vibrations of mass attached 
to end of uniform thin rod can be modeled 
as a linear mass-spring system with k = 
AE/L. 



The motion of a particle attached to an elastic element can be modeled as a par- 
ticle attached to a linear spring, provided the mass of the element is small compared 
to the mass of the particle and a linear relationship between force and displacement 
exists for the element. In Fig. 1.15 a particle of mass m is attached to the midspan 
of a simply supported beam of length L, elastic modulus E,  and cross-sectional 
moment of inertia I. The transverse displacement of the rnidspan of the beam due 
to an applied static load F is 

Thus a linear relationship exists between transverse displacement and static load. 
Hence if the mass of the beam is small, the vibrations of the particle can be modeled 
as the vertical motion of a particle attached to a spring of stiffness 

In general the transverse vibrations of a particle attached to a beam can be 
modeled as those of a particle attached to a linear spring. Let w(z) represent the 
displacement function of the beam due to a concentrated unit load applied at z = a. 
Then the displacement at z = a due to a load F applied at z = a is 

x = w(a)F [I .431 

Then the spring stiffness for a particle placed at z = a is 

Figure 1.1 5 The transverse vibrations of a block attached to a 
simply supported beam (a) are modeled by the 
mass-spring system of (b), provided the mass of the 
beam is small compared to the mass of the block. 
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Figure 1.16 The torsional stiffness 

yL- of the shaft is JGII. 

Torsional oscillations occur in the system of Fig. 1.16. A thin disk of mass 
moment of inertia I is attached to a circular shaft of length L, shear modulus G ,  
and polar moment of inertia J .  When the disk is rotated through an angle 0 from its 
equilibrium position, a moment 

JG 
M = - o  [I .4s1 

L 
develops between the disk and the shaft. Thus, if the polar mass moment of inertia 
of the shaft is small compared with I ,  then the shaft acts as a torsional spring of 
stiffness 

1 200-kg machine is attached to the end of a cantilever beam of length L = 2.5 m, I ExanpI 
elastic modulus E = 200 x lo9 N/m2, and cross-sectional moment of inertia 1.8 x 
m4. Assuming the mass of the beam is small compared to the mass of the machine, what 
is the stiffness of the beam? 

Solution: 
From Table D.2 the deflection equation for a cantilever beam with a concentrated unit 
load at z = L is 

The deflection at the end of the beam is 

The stiffness of the cantilever beam at its end is 

3 EI 3 (200 x lo9 N/mZ) (1.8 x m4) k=-- - N 
= 6.91 x lo4 - 

L3 (2.5 m)3 m 

Often, in applications, springs are placed in combination. It is convenient, for pur- 
Poses of modeling and analysis, to replace the combination of springs by a single 

of an equivalent stiffness, kq. The equivalent stiffness is determined such 



that the system with a combination of springs has the same displacement, x, as the 
equivalent system when both systems are subject to the same force, F. A model one- 
degree-of-freedom system consisting of a block attached to a spring of an equivalent 
stiffness is illustrated in Fig. 1.17. The resultant force acting on the block is 

The springs in the system of Fig. 1.1 8 are in parallel. The displacement of each 
spring in the system is the same, but the resultant force acting on the block is the 
sum of the forces developed in the parallel springs. If x is the displacement of the 
block, then the force developed in the ith spring is kix and the resultant is 

Equating the forces from Eqs. (1.47) and (1 -48) leads to 

The springs in Fig. 1.19 are in series. The force developed in each spring is the 
same and equal to the force acting on the block. The displacement of the block is 
the sum of the changes in length of the springs in the series combination. If xi is the 
change in length of the ith spring, then 

- x  Figure 1. I 7 Combination of springs is  replaced by a single 
spring such that the behavior of the system with 
an equivalent spring is identical to the behavior of 
the original system. 

Figure 1.1 8 Each of the ~igure 1 .19   he n springs in the series combination 
n springs in has the same each have the same Force, but the total displacement is the 
displacement, but the resultant sum of the changes in length of the series springs. 
force acting on the block is  the 
sum of the spring forces. 



Since the force is the same in each spring, Xi = F / k i  and Eq. (1.50) becomes 

Since the series combination is to be replaced by a spring of an equivalent stiffness, 
~ q .  (1 -47) is used in Eq. (1.51), leading to 

Electrical circuit components can also be placed in series and parallel and the 
effect of the combination replaced by a single component with an equivalent value. 
The equivalent capacitance of capacitors in parallel or series is calculated like that 
of springs in parallel or series. The equivalent resistance of resistors in series is the 
sum of the resistances, whereas the equivalent resistance of resistors in parallel is 
calculated by using an equation similar to Eq. (1.52). 

Model each of the systems of Fig. 1.20 by a mass attached to a single spring of an 
equivalent stiffness. The system of Fig. 1 . 2 0 ~  is to be modeled by a disk attacked to a 
torsional spring of an equivalent stiffness. 

Soktion: 
(a) The steps involved in modeling the system of Fig. 1.20a by the system of Fig. 

1:17 are shown in Fig. 1.21. Equation (1.49) is used to replace the two parallel springs 
by an equivalent spring of stiffness 3k. The three springs on the left of the mass are then 
in series and Eq. (1 -52) is used to obtain an equivalent stiffness. 

If the mass in Fig. 1.21 b is given a displacement x to the right, then the spring on 
the left of the mass will increase in length by x, while the spring on the right of the mass 
will decrease in length by x .  Thus each spring will exert a force to the left on the mass. 
The spring forces add; the springs behave as if they are in parallel. Hence Eq. (1 -49) is 
used to replace these springs by the equivalent spring shown in Fig. 1.21~. 

(b) The deflection of the simply supported beam due to a unit load at x = 2m is 
calculated using Table D.2 

from which the equivalent stiffness is obtained 

The displacement of the block of mass rn equals the displacement of the beam at the 
location where the spring is attached plus the change in length of the spring. Hence the 
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b- 30 cm .F 20 cm 
AB: Steel shaft 

< 

with aluminum core 

-------------- BC: Hollow steel 
shaft 

A B C 

Figure 1 .a0 Systems for Example 1.9. 

beam and spring act as a series combination. Equation (1.52) is used to calculate the 
equivalent stiffness 

(c) The aluminum core of shaft AB is rigidly bonded to the steel shell. Thus the 
angular rotation at B is the same for both materials. The total resisting torque transmitted 
to section BC is the sum of the torque developed in the aluminum core and the torque 
developed in the steel shell. Thus the aluminum core and steel shell of shaft AB behave 
as two torsional springs in parallel. The resisting torque in shaft AB is the same as the 
resisting torque in shaft BC. The angular displacement at C is the angular displacement 
of B plus the angular displacement of C relative to B .  Thus shafts AB and BC behave 



Figure 1 .a1 Steps in replacing 
the combination of 
springs of Fig. 1.200 
by a single spring of 
on equivalent 
stiffness. 

as two torsional springs in series. In view of the preceding discussion and using Eqs. 
(1 -49) and (1.52), the equivalent stiffness of shaft AC is 

1 
k ,  = 1 1 

+- 
~CAB* + k,, kt,, 

where the torsional stiffness of a shaft is kt = JGIL and 

n 
-(o.M m14 (40 x lo9 2) 
32 N - m  

k t ~ ,  = = 3.35 lo4 - 0.3 m rad 

K - [(0.05 m)' - (0.04 m)'] 80 x lo9 - 
32 N . m  

k,, = 0.3 m ( ' 2 ) = 9 . 6 6 ~ 1 0 4 -  rad 

n - [(0.06 m)' - (0.036 m)4] 
32 N - m  

ktsc = 
0.2 m rad 

Substitution of these values into the equation for kq gives 

N . m  
ktq = 1.01 105 - 

rad 

(d )  Under the assumption that the rate of taper of the bar is small the following 
mechanics of materials equation is used to calculate the change in length of the bar due 
to a unit load applied at its end: 



where the cross-sectional area A is given by 

Substituting and integrating yields 

Since A is the displacement of the end of the bar due to a unit axial load, the displacement 
due to an axial load of magnitude F is x = FA. Thus 

When a force is applied to displace the block of Fig. 1.17 from its equilibrium 
position, the work done by the force is converted into strain energy stored in the 
spring. If the block is held in this position and then released, the strain energy is 
converted to kinetic energy of both the block &d the spring. If the mass of the spring 
is much smaller than the mass of the block, its kinetic energy is negligible. In this 
case the inertia of the spring has negligible effect on the motion of the block, and 
the system is modeled using one degree of fteedom. The generalized coordinate is 
usually chosen as the displacement of the blwk. 

If the mass of the spring is comparable tb the mass of the block, the one-degree- 
of-freedom assumption is not valid. The pqrticles along the axis of the spring are 
kinematically independent from each other iand from the block. The spring should 
be modeled as a continuous system. 

If the mass of the spring is much smalher than the mass of the block, but not 
negligible, a reasonable one-degree-of-freedom approximation can be made by ap- 
proximating the spring's inertia effects. The actual system is modeled by the ideal 
system of Fig. 1.22. The spring in Fig. 1.22 is massless. The mass of the block in 
Fig. 1.22 is greater than the mass of the acwal block to account for inertia effects 
of the spring. The value of mq is calculakd such that the kinetic energy of the 
system of Fig. 1.22 is the same as the kinekic energy of the system of Fig. 1.17, 
including the kinetic energy of the spring, *hen the velocities of both blocks are 
equal. Unfortunately, calculation of the exact kinetic energy of the spring requires 

+ x  

Figure 1.22 An'wuivalent mass of m + m, /3  is used to 
aplJroximate inertia effects of the spring. 



a system analysis. Thus an approximation to the spring's kinetic energy 
is used. 

Let x ( t )  be the generalized coordinate describing the motion of both the block 
of Fig. 1.17 and the block of Fig. 1.22. The kinetic energy of the system of Fig. 1.17 
is 

T = Ts+ $ m f 2  C1.531 

where T' is the kinetic energy of the spring. The kinetic energy of the system of Fig. 
1.22 is 

T = 1 ,  i 2  
2 eq C r .s41 

The spring in Fig. 1.17 is uniform, has an unstretched length 1 and a total mass 
m,. Define the coordinate z  along the axis of the spring, measured from its fixed 
end, as defined in Fig. 1.23. The coordinate z measures the distance of a particle 
from the fixed end in the spring's unstretched state. The displacement of a particle 
on the spring, u(z), is assumed explicitly independent of time and a linear function 
of z such that u(0) = 0 and u(l) = x, 

Equation (1.55) represents the displacement function of a uniform spring when it is 
statically stretched. Consider a differential element of length d z ,  located a distance 
z from the spring's fixed end. The kinetic energy of the differential element is 

The total kinetic energy of the spring is 

dl) = x Figure 1.23 (a) The coordinate z is 
measured along axis of 
spring from its fixed end; 
(b) the displacement in the 
spring is assumed as a linear 

( b )  function of z. 



Equating T from Eqs. (1.53) and (1 5 4 )  and using Ts from Eq. ( 1  57) gives 

Equation (1.58) can be interpreted as follows: The inertia effects of a linear 
spring with one end fixed and the other end connected to a moving body can be 
approximated by placing a particle whose mass is one-third of the mass of the spring 
at the point where the spring is connected to the body. 

The preceding statement is true for all springs where use of a linear displacement 
function of the form of Eq. (1.55) is justified. This is valid for helical coil springs, 
bars that are modeIed as springs for longitudinal vibrations, and shafts acting as 
torsional springs. 

1.1 0 ifie springs in the system of Fig. 1.24a are all identical, with stiffness k and mass m,. 
Calculate the kinetic energy of the system in terms of B ( t ) ,  including the inertia effects 
of the springs. 
Solution: 
Each spring is replaced by a massless spring and a particle of mass m,/3  at the point on 
the bar where the spring is attached as shown in Fig. 1.24b. The total kinetic energy of 

L L 
+ ~ t ~ - - - l  

Bar of 
\ t o  mass m 

k k 

Figure 1 -24 (a) System of Example 1.10; (b) inertia effects of springs 
are approximated by placing porticles of mass m,/3 ot 
locations on bar where springs are attached. 



he system of Fig. 1 -24b is the kinetic energy of the bar plus the kinetic energy of each 
of the particles 

-- 

m e  simply supported beam of Fig. 1.25 is uniform and has a total mass of 100 kg. A I  Examp1 
machine of mass 350 kg is attached at B, as shown. What is the mass of a particle that 

be placed at B to approximate the beam's inertia effects? 

Solution: 
Since the exact expression for the dynamic beam deflection is not known, an approximate 
displacement function must be used in the calculation of the beam's kinetic energy. 
Let z be a coordinate along the beam's neutral axis. Assume that the time-dependent 
displacement of any particle can be expressed as 

where x ( t )  is the deflection of B. An appropriate approximation for w ( z )  is the static 
deflection of the beam due to a concentrated load, P, applied at B, such that B has a unit 
deflection. 

Figure 1.25 (a) System of Example 1 . 1  1 ; (6) static deflection 
of beam due to concentrated load at B. 



By using the methods of App. D, the static deflection due to a concentrated load at 
B is found to be 

The load required to cause a unit deflection at z  = 2L/3  

Consider adifferential element of length dz ,  located adistance z  from the left support 
The kinetic energy of the element is 

where p is the mass density of the beam and A is its cross-sectional area. The beam's 
total kinetic energy is calculated by integrating dT over the entire beam. Substituting 
the previous results for w ( x ,  t) in this integral leads to 

which after considerable algebra gives 

Noting that the total mass of the beam is PAL, a particle of mass 58.6 kg should be 
added at B to approximate the inertia effects of the beam. The system of Fig. 1 . 2 5 ~  is 
modeled as a one-degree-of-freedom system with a particle of 408.6 kg located at B. 

Viscous damping occurs in a mechanical system because of viscous friction that 
results from the contact of a system component and a viscous liquid. The damping 
force produced when a rigid body is in contact with a viscous liquid is usually 
proportional to the velocity of the body 

where c is called the damping coefficient and has dimensions of mass per time. 



Viscous damping can occur naturally, as when a buoyant body oscillates on the 
surface of a lake or a column of liquid oscillates in a U-tube manometer. Viscous 
damping is often added to mechanical systems as a means of vibration control. Ws- 

damping leads to an exponential decay in amplitude of free vibrations and a 
@duction in amplitude in forced vibrations caused by a harmonic excitation. In ad- 
dition, the presence of viscous damping gives rise to a linear term in the governing 
differential equation, and thus does not significantly complicate the mathematical 
modeling of the system. A mechanical device called a dashpot is added to me- 
chanical systems to provide viscous damping. A schematic of a dashpot in a one- 
degree-of-freedom system is shown in Fig. 1 .26~ .  The free-body diagram of the rigid 
body, Fig. 1.26b, shows the viscous force in the opposite direction of the positive 
velocity. 

A simple dashpot configuration is shown in Fig. 1.27a. The upper plate of the 
dashpot is connected to a rigid body. As the body moves, the plate slides over a 
reservoir of viscous liquid of dynamic viscosity p. The area of the plate in contact 
with the liquid is A. The shear stress developed between the fluid and the plate creates 
a resultant friction force acting on the plate. Assume the reservoir is stationary and 
the upper plate slides over the liquid with a velocity v .  The reservoir depth h is 
small enough that the velocity profile in the liquid can be approximated as linear, as 
illustrated in Fig. 1.27b. If y is a coordinate measured upward from the bottom of 
the reservoir, 

The shear stress developed on the plate is determined from Newton's viscosity law 

(a) 

Plate of area A 

Viscous fluid 7-17 
''gum 1-26 (a) Schematic of one-degree- ~igure 1 .a7 (a) Simple dashpot model where ~ b t .  
O f - h d m  mass-spring-dashpa system. (b)  Dashpot a fired reservoir of viscous liquid. (b) Since h is small, 0 lin= 
lorce i s  c i  and opposes the diredon of positive i. is assumed in the liquid. 



The viscous force acting on the plate is 

Comparison of Eq. (1.62) with Eq. (1.59) shows that the damping coefficient for this 
dashpot is 

Equation (1.63) shows that a large damping force is achieved with a very viscous 
fluid, a small h, and a large A. A dashpot design with these parameters is often 
impractical and thus the device of Fig. 1 . 2 7 ~  is rarely actually used as a dashpot. 

The above analysis assumes the plate moves with a constant velocity. During 
the motion of a mechanical system the dashpot is connected to a particle which has 
a time-dependent velocity. The changing velocity of the plate leads to unsteady 
effects in the liquid. If the reservoir depth h is small, the unsteady effects are small 
and can be neglected. 

A piston-cylinder design for a dashpot is illustrated in Fig. 1.28. As the piston 
moves with a velocity v into the cylinder containing viscous liquid, shear stresses 
develop on the side of the piston and a pressure force develops on the surface of the 
piston. Both effects lead to a force proportional to the velocity of the piston. 

A torsional viscous damper is illustrated in Fig. 1.29. The shaft is rigidly 
connected to a point on a body undergoing torsional oscillations. As the disk rotates 
in a dish of viscous liquid, a net moment due to the shear stresses developed on the 
face of the disk acts about the axis of rotation. The moment is proportional to the 
angular velocity of the shaft 

where c, is the torsional viscous damping coefficient and has dimensions of force- 
length-time. 

28 A piston and cylinder device that serves as Figurn 1.29 Disk rototes in a dish of viscous liquid, 
a dashpot. producing a moment about the axis of the shah and acting 

as a torsional viscous domper. 



/ 

1 FLOATING AND IMMERSED BODIES 

vibrations of a body immersed in a liquid or floating on the interface of a liq- 
uid and a gas can be modeled by using the methods of this chapter with special 
considerations. 

When a solid body is submerged in a liquid or floating on the interface of a liquid and 
air, a force acts vertically upward on the body because of the variation of hydrostatic 
pressure. This force is called the buoyant force. Archimedes' principle states that 
the buoyant force acting on a floating or submerged body is equal to the weight of 
the liquid displaced by the body. 

A sphere of mass 2.5 kg and radius 10 crn is hanging from a spring of stiffness 1000 ~ / m l  Exampl, 
in a fluid of mass density 1200 kg/m3. What is the static deflection of the spring? 

Solutiont 
The spring force must balance with the gravity force and the buoyancy force as shown 
on the free-body diagram in Fig. 1.30. 

Archimedes' principle is used to calculate the buoyant force as 

The static deflection is calculated as 

mg - FB - (2.5 kg)(9.81 m/s2) - 49.3 N 
Ast = - 

k 1000 N/m 
= -24.8 mrn 

Figure 1.30 Free-body diagram of sphere, attached to spring, and 
submerged in a liquid. 



Consider a body floating stably on a liquid-air interface. The buoyant force 
balances with the gravity force. If the body is pushed farther into the liquid, the 
buoyant force increases. If the body is then released, it seeks to return to its equilib- 
rium configuration. The buoyant force does work, which is converted into kinetic 
energy and oscillations about the equilibrium position ensue. 

The circular cylinder of Fig. 1.31 has a cross-sectional area A and floats stably 
on the surface of a fluid of density p. When the cylinder is in equilibrium, it is subject 
to a buoyant force mg and its center of gravity is a distance A from the surface. Let x 
be the vertical displacement of the center of gravity of the cylinder from this position. 
The additional volume displaced by the cylinder is x A. According to Archimedes' 
principle, the buoyant force is 

Calculations show that the work done by the buoyant force as the cylinder's center 
of gravity moves between positions x l  and x2 is 

and is independent of path. Hence the buoyant force is conservative. Its effect on the 
cylinder is the same as that of a linear spring of stiffness pgA. The oscillations of 
the cylinder on the liquid-gas interface can be modeled by a one-degree-of-freedom 
mass-spring system. 

Consider a mass-spring system immersed in an inviscid fluid, as shown in Fig. 1.32. 
The spring is stretched from its equilibrium configuration and the mass released. 
The ensuing motion of the mass causes motion in the surrounding fluid. The strain 
energy initially stored in the spring is converted to kinetic energy for both the mass 

Figurn 1 .a 1 Oxillations of circular cylinder on Free surface 
can be modeled by a one-degree-of-freedom 
mass-spring system. 



~igun, 1.32 Oscillations of a submerged body create 
kinetic energy in a fluid. The inertia of the 
fluid can be approximated with added mass 
to the body. 

and the fluid. Since the fluid is inviscid, energy is conserved 

The inertia effects of the fluid can be included in an analysis by using a method 
similar to that used in Sec. 1.6 to account for the inertia effects of springs. An 
imagined particle is attached to the mass such that the kinetic energy of the particle 
is equal to the total kinetic energy of the fluid. If x is the displacement of the mass, 
the total kinetic energy of the system is f mqi2,  where 

The mass of the particle is called the added mass. 
The kinetic energy of the fluid is difficult to quantify. The motion of the body 

theoretically entrains fluid infinitely far away in all directions. The total kinetic 
energy of the fluid is calculated from 

where v is the velocity of the fluid set in motion by the motion of the body. The 
integration is carried out from the body surface to infinity in all directions. If the 
integration of Eq. (1.67) is carried out, the added mass is calculated from 

Potential flow theory can be used to develop the velocity distribution in a fluid 
for a body moving through the fluid at a constant velocity. This velocity distribution 
is used in Eqs. (1.67) and (1.68) to calculate the added mass. Table 1.1 is adapted 
from Wendel (1956) and Patton (1965) and presents the added mass for common 
body shapes. 



pble 1.1 Added mass far common 
iwo- and three-dimensional 
bodies ( p  is the mass density 
of the fluid] 

O ~ Y  Added Mass 

phere of i n p ~ ~  
diameter D 

hin Circular 4 p ~ ~  
disk of diameter D 

%in square plate 0.1 195nph3 
of side h 

lircular cylinder of $ ~ P D ~ L  
length L, diameter D 

'hin flat plate $ n p w 2 ~  
of length L, width w 

quare cylinder of 0.3775pnh2 L 
side h,  length L 

:ube of side h 2.33ph3 

Table 1.2 Added momenk of inertia for common bodies 
( p  i s  the mass density of the fluid) 

Body Added moment of inertia 

Sphere 0 

Circular cylinder 0 

Any body rotating about 0 
axis of symmetry 

Thin plate of length L. 0.0078 125np L4 
rotating about axis 
in the plane of the surface 
area of plate, perpendicular 
to direction for which 
L is defined 

Disk of diameter D & p ~ 5  
rotating about a diameter 

Rotational motion of a body in a fluid also imparts motion to the fluid resulting 
in rotational kinetic energy of the fluid. The inertia effects of the fluid are taken into 
account by adding a disk of an appropriate moment of inertia to the rotating body. If 
o is the angular velocity of the body, the added mass moment of inertia is calculated 
from 

L 

Note that the added mass moment of inertia is zero if the body is rotating about 
an axis of symmetry. Both the added mass and added moment of inertia terms ax? 
negligible for bodies moving in gases. Table 1.2 presents added moments of inertia 
for a few common bodies. It is adapted from Wendel (1956). 

The solution of vibrations problems requires mathematical modeling of the vibrating 
system. It is necessary to make certain assumptions regarding the elements compos- 
ing the system. In addition to the assumptions listed in Sec. 1.2, unless otherwise 
specified the following assumptions will be used throughout the text: 

1. All springs are linear with a force-displacement relation F = kx 
2. Inertia effects of discrete springs are negligible. 



3 Inertia elements of  discrete systems are particles or  rigid bodies. 

4. ~ f l  dashpots are linear with a force velocity relation F = cu 

5 .  ~ ~ c h a n i c a l  systems are undergoing planar motion. 

6.  AII forms of friction besides viscous damping are neglected. 

PROBLEMS 
1.1. A vibrating body is undergoing simple harmonic motion with an amplitude of 3 mm a~ 

frequency of 30 cycles/s. 
(a) What is the maximum velocity of the particle? 

(b )  What is the maximum acceleration of the body? 

1.2. The maximum velocity of a vibrating body undergoing simple harmonic motion is 3.2 r 
The period of motion is measured as 0.15 s. 
(a) What is the amplitude of motion? 
(b)  What is the maximum acceleration of the body? 

1.3. A particle is traveling in a circular path of radius 30 cm at a constant angular speed of 
rad/s, as illustrated in Fig. P1.3. The particle starts at 8 = 30" at t = 0 .  Determine x ( t  

FIGURE PI3  

1.4. A particle starts at the origin of a cartesian coordinate system and moves with a veloc 
Vector 

v = 3 cos 2ti + 3 sin 2tj + 0.4tk rnfs 

where t is in seconds. 
( a )  What is the magnitude of the particle's acceleration at t = n s? 

( b )  What is the particle's position vector at t = n s? 

1.5. The displacement of a particle undergoing free underdamped vibrations is 

x ( t )  = 0.5e-',a sin (15t + 0.24) m 

What is the maximum acceleration magnitude of the particle? 
1.6. At t = 0 a particle of mass 1.2 kg has a velocity of zero but its speed is increasing a 

constant rate of 0.5 rn/s2. After the particle travels 3 m, the local radius of curvature oft 
particle's path is 25 m. 
( a )  What is the speed of the particle after it travels 3 m? 
(b )  What is the magnitude of the particle's acceleration after it has traveled 3 m? 
(c) How long does it take the particle to travel 3 m? 



1.7. At the instant shown, the slender rod of Fig. P1.7 has a clockwise angular velocity of 5 
radfs and a counterclockwise angular acceleration of 14 rad/s2. What is the acceleration of 
the particle at P? 

/14 rad/s2 FIGURE Pt.7 

1.8. An automobile is traveling with a horizontal velocity of 40 m/s when it encounters a pothole 
whose depth is approximated by 

where x is the distance from the leading edge of the pothole. When the driver encounters 
the pothole, he begins a constant deceleration of 10 rn/s2. What is the maximum vertical 
velocity and acceleration attained by the automobile as it traverses the pothole? 

1.9. The contour of a bumpy road is approximated as 

y(x) = 0.03 sin (0.125~) m 

What is the amplitude of the vertical acceleration of the wheels of an automobile as it 
travels over this road at a constant horizontal speed of 40 m/s? 

1.10. The machine of Fig. PI. 10 has a vertical displacement x (t). The machine has a component 
that rotates with a constant angular speed w relative to the machine. The center of mass 
of the rotating component is a distance e from its axis of rotation. If the center of mass is 
shown at t = 0, determine its vertical component of acceleration as a function of time. 

FIGURE P1.10 



1.11. A 2-ton truck is traveling down a 10" icy hill at 50 mih  when the driver sees a car stalled 
at the bottom of the hill, 250 ft away. Because of icy conditions, a braking force of only 
2000 lb is generated when the driver applies the brakes. Does the truck stop before hitting 
the car? 

1.12. Figure P1.12 shows the schematic of a one-cylinder reciprocating engine. If the piston has 
a velocity v and an acceleration a, determine the angular acceleration of the crank in terms 
of v, a, the crank radius r ,  the connecting rod length I ,  and the crank angle 0. 

1.13. The helicopter of Fig. P1.13 has a horipontal speed of 110 ftJs and a horizontal acceleration 
of 3.1 ft/s2. The main blades rotate at a constant speed of 135 rpm. At the instant shown 
determine the velocity and acceleration of particle A. 

FIGURE P1.12 FIGURE P1.13 

1.14. The mechanism of Fig. P1.14 is in equilibrium in the position shown. The horizontal 
displacement of the collar from this position is 

x (t) = 0.05 sin 20t m 

Determine the angular velocity and angular acceleration of bar A B as functions of time. 

c, x(t) FIGURE P1.14 



1.15. A 60-lb block of Fig. P1.15 is connected by an inextensible cable through the pulley to the 
fixed surface. A 40-lb weight is attached to the pulley which is free to move vertically. A 
force of magnitude P = (70 + 30e-*) lb tows the block. The system is released from rest 
at t = 0. 
(a) What is the acceleration of the 60-lb block as a function of time? 

(b) How far will the block travel up the incline before it attains a velocity of 4 ft/s? 

FIGURE P1.15 

1.16. Repeat Prob. 1.15 if P ( t )  = 200t lb. 

1.17. Determine the angular acceleration of each of the disks of Fig. P1.17. 



1.18, Determine the reactions at A for the two-link mechanism of Fig. PI .18. The roller at C 
rolls on a frictionless surface. 

- 2.6 m/s 
c---- 1.4 m/s2 

FIGURE P1.18 

1.19. The slender bar of Fig. P1.19 has a mass of 50 kg. Determine the applied moment M and 
the reactions at the pin support at the instant shown. 

1.20. The disk of Fig. P1.20 rolls without slip. Determine the acceleration of the mass center of 
thediskif P = 18 N. 

1.21. The coefficient of friction between the surface and the disk of Fig. P1.20 is 0.12. What is 
the largest value of P such that the disk rolls without slip? 

1.22. The coefficient of friction between the surface and the disk of Fig. P1.20 is 0.12. Determine 
the angular acceleration of the disk if P = 15 N. 

1.23. What is the maximum angular velocity attained by the disk of Fig. P1.23 if the 3-kg block 
is displaced 10 mm and released? 

nGURE P1.20 FIGURE P1.23 



1.24. The five-blade ceiling fan of Fig. P1.24 operates at 60 rpm. What is its total kinetic energy? 

Blade 

Motor 

FIGURE P1.24 

1.25. The U-tube manometer of Fig. P1.25 rotates about axis A-A at a speed of 40 radts. At 
the instant shown, the column of liquid moves in the manometer with a velocity of 20 m/s 
relative to the manometer. Calculate the total kinetic energy of the column of liquid at this 
instant. 

I 
o = 20 m/s 

A Specific gravity = 1.4 
Area = 3 x m2 

100 m 

1 

20 cm -I- 60 cm - 
I FIGURE P1.25 

1.26. The displacement function for the simply supported beam of Fig. P1.26 is 

YIX, t l =  c sin (n 2) cos (.2,/Zt) 
Where c = 0.003 m and t is in seconds. Determine the total kinetic energy of the beam. 



FIGURE P1.26 

1.27. m e  block of Fig. P1.27 is given a displacement S and then released. 
(a) What is the minimum value of S such that motion ensues? 
(b) What is the minimum value of S such that the block returns to its original equilibrium 

position before stopping? 
1.28. The center of the thin disk of Fig. P1.28 is displaced 15 rnm and released. What is the 

maximum velocity attained by the center of the disk, assuming no slip between the disk 
and the surface? 

FIGURE PI37 FIGURE P1.28 

1.29. The slender bar of Fig. P1.29 is moved to the horizontal position and then released. When 
the bar is horizontal the spring is compressed 22 mm. What is the maximum angle through 
which the bar will swing? 

1 
( A 1 

rn = 2.3 kg FIGURE P1.29 

1.30. The block of Fig. P1.30 is displaced 1.5 cm from equilibrium and released. 
(a) What is the maximum velocity attained by the block? 
(6) What is the acceleration of the block immediately after it is released? 

FIGURE P1.30 



1.31. The slender rod of Fig. P1.31 is released from the horizontal position where the spring 
attached at A is stretched 10 mm and the spring attached at B is Unstretched. 
(a) What is the angular acceleration of the bar immediately after it is released? 

(b) What is the maximum angular velocity attained by the bar? 

1.32. Let x be the displacement of the left end of the bar of Fig. P1.32. Let 0 be the clockwise 
angular rotation of the bar. Express the kinetic energy of the system in terms o f f  and 0. 

FIGURE P1.32 

1.33. Express the potential energy of the system of Fig. P1.32 in terms of x and 0. 

1.34. Let 0 be the clockwise angular displacement of the pulley of the system of Fig. P1.34 from 
the system's equilibrium position. 
(a) Express the potential energy of the system at an arbitrary instant in terms of 0. 

(b) Express the kinetic energy of the system at an arbitrary instant in terms of 0. 

m 
' P  

2m 

2 k  

FIGURE P1.34 

135. A 20-ton railroad car is coupled to a 15-ton car by moving the 20-ton car at 5 mph toward 
the stationary 15-ton car. What is the speed of the two-car coupling? 



1.36. The 15-kg block of Fig. P1.36 is moving with a velocity of 3 m/s at t = 0 when the force 
F ( t )  is applied to the block. 
(a) Determine the velocity of the block at t = 2 s. 
(6)  Determine the velocity of the block at t = 4 s. 

c-- /L = 0.08 * 
3 t FIGURE P1.36 

1.37. A 400-kg forge hammer is mounted on four identical springs, each of stiffness k = 4200 
Nlm. During the forging process, a 1 lO-kg component is dropped from a height of 1.4 m 
onto an anvil. What is the maximum displacement of the machine after the impact? 

1.38. The motion of a baseball bat in a ballplayer's hands is approximated as a rigid-body rotation 
about an axis through the player's hands (Fig. P1.38). The bat has a centroidal moment of 
inertia I. The player's "bat speed is w and the velocity of the pitched bal1,is v .  Determine 
the distance from the player's hands along the bat where the batter should strike the ball to 
minimize the impulse felt by the player's hands. 

FIGURE P1.38 

1.39. A playground ride has a cenwidal moment of inertia of 17 slug - ft2. Three children of 
weights 40 lb, 50 lb, and 55 lb are on the ride, which is rotating at 110 rpm. The children 
are 20 in from the center of the ride. A father stops the ride by grabbing it with his hands. 
What angular impulse is felt by the father? 

1.40-1.46. How many degrees of freedom are required to model the systems? Identify a set of 
generalized coordinates which can be used to analyze the systems' vibrations. 

FIGURE P1.40 



tE P1.41 FIGURE P1.42 

FIGURE P1.44 

FIGURE P1.46 

1.47. A 5-kg block is attached to the end of a spring with a cubic nonlinearity with F = klx + 
k3x3, where kl = 3 x 1 6  N/m and k3 = 1 x lo8 N/m3. The other end of the spring is fixed. 
The block, which slides on a frictionless surface, is displaced 22 rnm and released from 
rest. Calculate the maximum velocity attained by the block during its subsequent motion. 



1.48. If the coefficient of friction between the block of Prob. 1.47 and the surface is 0.15, calcul 
the maximum compression of the spring if it is initially stretched 22 rnrn. 

1-49, The block of Prob. 1.47 is hit by a 20-g particle traveling at 100 m/s After impact the parti, 
becomes embedded in the block. What is the maximum compression of the spring? 

1.50. A 10-kg mass is hung from a spring whose force-displacement relationship is F = (2 
104)x - (4 x 107)x3 N, where x is in meters. What is the static deflection of the sprinl 

1.51. The ends of a 20-kg bar are connected to collars which slide along tracks as shown 
Fig. P1.5 1. The coefficient of friction between the collars and the tracks is 0.15. 7 
collar sliding on the vertical track is to be attached to a spring such that the system is 
equilibrium when 8 = 30" and the spring is compressed 10 cm when 8 = 0". Desi 
a steel spring (G = 80 x lo9 N/m2) to meet these specifications. The coil radius of I 

spring should be 5 cm. Specify the radius of the bar from which the spring is made and I 

number of active turns. If the maximum displacement from equilibrium of the collar is 
cm, what is the niaximum shear stress developed in the spring? 

I I FIGURE. P1.51 

1.52. A 150-kg fan is to be placed in an industrial plant. The fan must be mounted on 
isolator in order to protect the plant floor from large forces generated during its operatic 
Calculations show that the fan is to be placed on four springs in parallel, each witha stiffnr 
of k = 4 x lo5 Nlm. During operation the fan will have a displacement from its equilibri~ 
position given by x(t) = 0.003 sin (50t) m. Design a steel spring (G = 80 x lo9 N/m 
by specifying N, r ,  and D such that it has a stiffness of k and the maximum shear strt 
(r,, = 200 x lo6 ~ / m ~ )  is not exceeded during operation of the fan. 

1-53, A helical coil spring is made of a steel with a shear modulus of 80 x lo9 ~ / m ~  and 
elastic shear strength of 200 x lo6 N/m2. The spring is to have a coil radius of 20 cm. 
10-kg block is to be suspended from the spring. The block is subject to a displacement r 
to exceed 20 mm. Design a spring (specify the diameter of each coil and the number 
active turns) such that the spring's elastic strength is not exceeded. 

1-54. TO achieve effective isolation, a 100-kg loudspeaker system is to be mounted on springs 
three locations. Rom the vibration control theory of Chap. 8 it has been determined tl 
the minimum static deflection of each spring should be 2.5 rnrn. What is the maxim1 
allowable stiffness of each element? 



1.55-1.59. Determine the deflection of each spring from its unstretched length when the system 
shown is in equilibrium. 

FIGURE P1.55 

Spring is stretched 

u 20 mm when bar 
is vertical 

h 
FIGURE P1.56 

FIGURE P1.57 

FIGURE P1.58 



pulleys B Suspension 
spring 

Wheel 

FIGURE P1.59 FIGURE Pl.60 

1.60. A simplified one-degree-of-freedom model of a vehicle suspension system is shown in 
Fig. P1.60. The vehicle mass is 1000 kg, which is much greater than the axle mass. The 
suspension spring has a stiffness of 80,000 Nlm. The wheel is modeled as a spring placed 
in series with the suspension spring. When the vehicle is empty, the wheel deflection is 
measured as 4.1 cm. 
(a) Determine the stiffness of the wheel, k,. 
(b) Determine the equivalent stiffness of the spring combination. 

1.61. Determine the static deflection of each of the springs in the system of Fig. P1.61. 

FIGURE P1.61 FIGURE P1.62 

1.62-1.66. Calculate the equivalent stiffness of a linear spring when a linear one-dew-of- 
freedom mass-spring model is used to model the system shown and x is the chosen gener- 
aIized coordinate. 



FIGURE P1.63 

r ~ k  Massless beam 

I-I T x  FIGURE ~ 1 . 6 4  

FIGURE P1.65 

m 

A, E, F FIGURE P1.66 

1.67. Calculate the torsional stiffness of a solid aluminum shaft (G = 40 x lo9 N/m2) of length 
1.8 m and radius 25 cm. 

1.68. Calculate the torsional stiffness of an annular steel shaft (G = 80 x lo9 N/m2) of length 
2.5 m, inner radius 10 cm, and outer radius 15 cm. 

1.69. The disk attached to the end of the circular beam of Fig. P1.69 has three degrees of freedom. 
The longitudinal displacement, transverse deflection, and angular rotation are kinematically 
independent. In fact, the degrees of freedom are also kinetically independent. For example. 



application of a torque does not induce longitudinal or transverse displacement of the disk. 
Calculate the longitudinal stiffness, torsional stiffness, and transverse stiffness for this 
beam. 

r = l0mm 
E = 200 x lo9 N/m2 
G = 80 x 10' N/m2 

FIGURE P1.69 

1.70. The propeller shaft of a ship is a tapered circular cylinder, as shown in Fig. P1.70. When 
installed in the ship, one end is constrained against longitudinal motion relative to the ship 
while a 500-kg propeller is attached to the other end. 
(a) Determine the equivalent stiffness of the shaft for a one-degree-of-freedom model. 

(b) Assuming a linear displacement function along the length of the shaft, determine the 
equivalent mass of the shaft to use in a one-degree-of-freedom model including inertia 
effects of the shaft. 

6 1 0  m d  FIGURE P1.70 

1.71. A tightly wound helical coil spring is made from an 1.8-mm-diameter bar of 0.2 percent 
hardened steel (G = 80 x lo9 ~ / m ' ,  p = 7600 kg/m3). The spring has 80 active coils 
with a coil diameter of 1.6 cm. A 100-g particle is hung from the spring. Determine: 
(a) The static deflection of the spring. 

(b) The equivalent mass of the system, including an approximation for inertia effects of 
the spring. 

1-72. One end of a spring of stiffness k ,  and mass m,, is attached to a wall while its other end 
is connected to a spring of stiffness k2 and mass m , ~ .  The end of the second spring is 
connected to a block of mass m which has a displacement x ( t ) .  Determine the equivalent 
mass of these two springs in series. 

1.73- A block of mass m is attached to two identical springs in series. Each spring has a mass 
m, and a stiffness k. Determine the mass of a particle that should be added to the block to 
approximate the inertia effects of the springs. 

l.74- Show that the inertia effects of a torsional shaft of mass moment of inertia Jm can be 
approximated by adding a thin disk of mass moment of inertia J m / 3  to the free end of the 
shaft. 



1.75. Use the static deflection function of a simply supported beam to  determine the mass of 
a particle that should be added to the mass of a machine at the midspan of the beam to 
approximate inertia effects of the beam. 

1.76. Determine the kinetic energy of the system of Fig. P1.76 at an arbitrary instant in terms of 
x including inertia effects of the springs. 

& FIGURE P1.76 

1.77, The time-dependent displacement of the block of mass m of Fig. P1.76 is x (t) = 0.03e-'.3" 
sin (4t) m. Determine the time-dependent force in the viscous damper if c = 125 N . slm. 

1.78. Calculate the work done by the viscous damper of Prob. 1.77 between t = 0 and t = 1 s. 

1.79. Determine the torsional viscous damping coefficient for the torsional viscous damper of 
Fig. P1.79. Assume a linear velocity profile between the bottom of the dish and the disk. 

1.80. Determine the torsional viscous damping coefficient for the torsional viscous damper of 
Fig. P1.80. Assume a linear velocity profile in the liquid between the fixed surface and the 
rotating cone. 

I 
Disk of radius r 
Oil of density p, viscosity p 
Depth of oil = h 

TE P1.79 

Oil of density 
viscosity p 
Come of base 

height h 
Gap width, d 

FIGURE P1.80 

P3 

radius r .  



Shock absorbers and many other forms of viscous dampers use apiston moving in a cylinde 
of viscous liquid as illustrated in Fig. P1.8 1. For this configuration the force developed o 
the piston is the sum of the viscous forces acting on the side of the piston and the force du 
to the pressure difference between the top and bottom surfaces of the piston. 
(a) Assume the piston moves with a constant velocity v,. Draw a free-body diagram of th 

piston and mathematically relate the damping force, the viscous force, and the pressur 
force. 

(b) Assume steady flow between the side of the piston and the side of the cylinder. Sho~ 
that the equation governing the velocity profile between the piston and the cylinder i 

- = p- 
dx ar* 

(c) Assume the vertical pressure gradient is constant. Use the preceding results to detei 
mine the velocity profile in terms of the damping force and the shear stress on the sid 
of the piston. 

( d )  Use the results of part (c) to determine the wall shear stress in terms of the dampin 
force. 

(e) Note that the flow rate between the piston and the cylinder is equal to the rate at whic 
liquid is displaced by the piston. Use this information to determine the damping forc 
in terms of the velocity and thus the damping coefficient. 

( f )  Use the results of part (e) to design a shock absorber for a motorcycle that uses SA 
1040 oil and requires a damping coefficient of 1000 N . mls. 

Oil of viscosity p, 
density p FIGURE P1.81 

1-82. The spring of Fig. P1.82 (see page 58) is unstretched in the position shown. What is d 
deflection of the spring when the system is in equilibrium? 

1.83. A 20 mm 5< 20 mrn x 80 mrn block is attached to a spring of stiffness 5 x lo4 Nlm. 
assembly is immersed in a liquid of specific gravity 1.05. What is the added mass requh 
to approximate the inertia of the liquid? 



I Flat plate 1 m x 0.5 m x 20 mm 

Liquid of specific gravity 0.95 

FIGURE P1.82 

1.84. A wedge is floating stably on the interface between a liquid of mass density p ,  as shown 
in Fig. P1.84. When the wedge is disturbed from equilibrium, let x be the displacement of 
the wedge's mass center. 
(a) What is the buoyant force acting on the wedge? 
(b) What is the work done by the buoyant force as the mass center of the wedge moves 

from XI to x2? 
(c) Can the oscillations of the wedge on the surface be modeled as a mass attached to a 

linear spring? 
1.85. A bar of length L and cross-sectional area A  is made of a material whose stress-strain 

diagram is shown in Fig. P1.85. If the internal force developed in the bar is such that 
a < a,, then the bar's stiffness for a one-degree-of-freedom model is given by Eq. (1 4). 
Consider the case where a > 0,. Let P = o p A  + SP be the applied load which results in 
a deflection A = a p L / E  + SA. 
(a) The work done (W = P A/2) by the applied force is equal to the strain energy devel- 

oped in the bar. The strain energy per unit volume is the m a  under the stress-strain 
curve. Use this information to relate 6 P  to SA. 

(b) What is an approximation to the linear stiffness for small SA? 

length of wedge = L 
mass density of 
wedge = p,,, 

FIGURE P1.85 

1.86. Consider a solid circular shaft of length L and radius c made of an elastoplastic material 
whose shear stress-shear strain diagram is given in Fig. P1.86. If the applied torque is 
such that the shear stress at the outer radius of the shaft is less than r,, a linear relationship 
exists between the torque and the angular displacement resulting in Eq. (1.46). When the 
applied torque is large enough to cause plastic behavior, a plastic shell develops around an 
elastic core of radius r < c. Let T = rrpc3/2 + ST be the applied torque which results 
in an angular displacement of 0 = rp L/(cG) + 80. 



(a )  The shear strain at the outer radius of the shaft is related to the angular displacement 
by 8 = y,L/c. The shear strain distribution is linear over a given cross section. Show 
that this implies 

(b )  The torque is the resultant moment of the shear stress distribution over the cross section 
of the shaft, 

Use this to relate the torque to the radius of the elastic core. 
(c)  Determine the relationship between ST and 68. 
(6) Determine a linear approximation to the stiffness for small 60. 

Elastic 

Y Plastic 
. '  @ shell 

(a)  (6) 

FIGURE P1.86 

1.87. A gas spring consists of a piston of area A moving in a cylinder of gas. As the cylinder 
moves, the gas expands and contracts changing the pressure exerted on the piston. If the 
process occurs adiabatically (without heat transfer), then 

where p is the gas pressure, p is the gas density, y is the constant ratio of specific heats, and 
C is a constant dependent on the initial state. Consider a spring where the initial pressure 
is PO at a temperature To. At this pressure the height of the gas column in the cylinder is 
h. Let F = poA + SF be the pressure force on the piston when the piston has displaced a 
distance x into the gas from its initial height. 
(a)  Determine the relation between SF and x. 
(b) Linearize the relationship of part ( a )  to approximate the air spring by a linear spring. 

What is the equivalent stiffness of the spring? 
(c) What is the required piston area for an air spring (y = 1.4) to have a stiffness of 300 

Nlm for a pressure of 150 kPa (absolute) with h = 30 cm? 

MATLAB PROBLEMS 

M1.1. File VIBES-lA.m provides the solution of Example 1.5 in terms of the parameters of 
the problem. Use the program to 
(a) Investigate the dependence of 9- and a on a /  L. 
( b )  Investigate the dependence of 0- and a on m , / m  where m ,  is the mass of the 

particle. 



M1.2. A 500-kg machine is to be mounted on four identical helical coil springs in parallel. 
The static deflection of each spring is required to be 3.6 mm. As the machine vibrates, 
its maximum displacement from its equilibrium position will be 10 mm. Design the 
springs such that the ratio of the coil diameter to the rod diameter is at least 10 and 
the maximum yield shear stress of the spring is not exceeded during operation of the 
machine. Use file VIBES-lB.m to design the spring by specifying the material from 
which the spring should be made; the coil diameter, the rod diameter, and the number 
of active turns. 

M1.3. File VIBES-lC.m provides the stiffness of a fixed-free beam at a location a distance a 
from the fixed support. Use VIBES-1C.m to 
(a) Design the cross section of a fixed-free steel beam of length 4.5 m such that its 

stiffness is between 1 x I d  and 4.5 x l d  Nlm at a = 1.8 m. 

(b) Plot the stiffness of the beam designed in (a) as a function of a for 0.5 m < a < 4 m. 

M1.4. File VIBES-lD.m provides the equivalent mass of a fixed-free beam at a location a 
distance a from the fixed support. Use VIBES-1D.m to design the cross section of a 
fixed-free steel beam of length 4.1 m such that the equivalent mass of the beam is less 
t han3kga ta=  1.5m. 

M1.5. Write a MATLAB program to determine the maximum acceleration of a particle whose 
displacement is 

x ( t )  = 0.003e-I.5f sin (14f + 0.14) m 

Plot the displacement of the particle, the velocity of the particle, and the acceleration of 
the particle as functions of time. 

M1.6. Write a MATLAB program to determine the stiffness of a simply supported beam of 
length L, elastic modulus E, and cross-sectional moment of inertia I, at a distance a 
from the left support. Use the program to design a simply supported aluminum beam of 
length 5 m that has a stiffness between 4 x lo4 and 1 x loS Nlm when a 500-kg machine 
is mounted on the beam a distance 2 m from the left support. 

M1.7. Write a MATLAB program to determine the equivalent mass of a simply supported beam 
of length L, mass density p, cross-sectional area A, and elastic modulus E, at a distance 
a from the left support. Use the program to design an aluminum beam of length 5 m 
that has an equivalent mass of less than 5 kg when a 150-kg machine is mounted on the 
beam a distance 2 m from the left support. 

M1.8. The damping coefficient of a piston-cylinder type damper is 

where p is the dynamic viscosity of the fluid, D is the piston diameter, d is the clearance 
between the piston and the cylinder, and I is the length of the piston head. Write 
a MATLAB program that determines the damping coefficient of the piston-cylinder 
damper, given values of the parameters. Use the program to design a shock absorber 
using SAE 1040 oil to provide a damping coefficient of 1000 N . m/s. The maximum 
piston diameter is 8 cm. 



Free vibrations are oscillations about a system's equilibrium position that occur in 
the absence of an external excitation. Free vibrations are a result of a kinetic energy 
imparted to the system or of a displacement from the equilibrium position that leads 
to a difference in potential energy from the system's equilibrium position. 

Consider the model one-degree-of-freedom system of Fig. 2.1. When the block 
is displaced a distance xo from its equilibrium position, a potential energy k 4 / 2  
is developed in the spring. When the system is released from equilibrium, the 
spring force draws the block toward the system's equilibrium position, with the 
potential energy being converted to kinetic energy. When the block reaches its 
equilibrium position, the kinetic energy reaches a maximum and motion continues. 
The kinetic energy is converted to potential energy until the spring is compressed a 
distance xo. This process of transfer of potential energy to kinetic energy and vice 
versa is continual in the absence of nonconservative forces. In a physical system, 
such perpetual motion is impossible. Dry friction, internal friction in the spring, 
aerodynamic drag, and other nonconservative mechanisms eventually dissipate the 
energy. 

Examples of free vibrations of systems that can be modeled using one degree of 
freedom include the oscillations of a pendulum about a vertical equilibrium position, 
the motion of a recoil mechanism of a firearm once it has been fired, and the motion 
of a vehicle suspension system after the vehicle encounters a pothole. 

Free vibrations of a one-degree-of-freedom system are described by a homo- 
geneous second-order ordinary differential equation. The independent variable is 
time, while the dependent variable is the chosen generalized coordinate. The chosen 
generalized coordinate represents the displacement of a particle in the system or an 
angular displacement and is measured from the system's equilibrium position. 



~igure 2.1 (a) When the mass-spring system is at rest in 
equilibrium the spring has an unstretched length 
I; (6) when the mass is displaced a distance xo ,  
a force kxo and potential energy kug develops 
in the spring. 

Tho methods are introduced to derive the differential equation governing the 
motion of a one-degree-of-freedom system: the free-body diagram method intro- 
duced in Chap. 1 and the equivalent systems method, which is based on the principle 
of work and energy. If a system is nonlinear, a linearizing assumption will be made. 

The general solution of the second-order differential equation is a linear com- 
bination of two linearly independent solutions. The arbitrary constants, called con- 
stants ofintegration, are uniquely determined on application of two initial conditions. 
The necessary initial conditions are values of the generalized coordinate and its first 
time derivative at a specified time, usually t = 0. 

The form of the solution of the differential equation depends on system pararn- 
eters. For example, the mathematical form of the solution for an undamped system 
is different from the solution for a system with viscous damping. Solutions are 
examined for all possible values of the parameters. Examples and applications are 
presented. 

Newton's laws, as formulated in Chap. I ,  are appIied to free-body diagrams of 
vibrating systems to derive the governing differential equation. The following steps 
are used in application to a one-degree-of-freedom system. 

1. A generalized coordinate is chosen. This variable should represent the displace- 
ment of a particle in the system. If rotational motion is involved, the generalized 
coordinate could represent an angular displacement. 

2. Free-body diagrams are drawn showing the system at an arbitrary instant of time. 
In line with the methods of Sec. 1.4, two free-body diagrams are drawn. One 
free-body diagram shows all external forces acting on the system. The second 
free-body diagram shows all effective forces acting on the system. Recall that 
the effective forces are a force equal to mii, applied at the mass center and a 
couple equal to fa. 



The forces drawn on each free-body diagram are annotated for an arbitrary 
instant. The direction of each force and moment are drawn consistent with 
the positive direction of the generalized coordinate. Geometry, kinematics, 
constitutive equations, and other laws valid for specific systems can be used to 
specify the external and effective forces. 

3. The appropriate form of Newton's law is applied to the free-body diagrams. 
4. Applicable assumptions are used along with algebraic manipulation. The result 

is the governing differential equation. 

Derive the differential equation governing the motion of the block of Fig. 2 . 2 ~ .  I ~3t.m~ 

solution: 
Let x ( t )  represent the displacement of the block, measured positive downward, from 
its static-equilibrium position. Free-body diagrams showing the external and effective 
forces acting on the block at an arbitrary instant of time are given in Fig. 2.2b. Thus the 
force developed in the spring is given by Eq. (1.30) where x ,  in that equation, represents 
the change in length of the spring from its unstretched length. Since x  is measured from 
the static-equilibrium position of the system, the spring force developed for the system 
of Fig. 2.2 is 

where ASt is the static deflection of the spring. 
Note that since x is measured positive downward, when x  is positive the spring is 

stretched further from its equilibrium position and pulls on the mass, as illustrated on 
the free-body diagram of external forces. The effective force is drawn downward to be 
consistent with the choice of positive x .  

The appropriate form of Newton's law for this problem is 

k ( x  + A,) 

External Effective 
forces forces 

( b )  

Figure 2.2 (a) Mass-spring-dashpot system of Example 2.1 ; (b) free-body diagrams at an 
arbitrary instant. Directions of external and e k t i v e  forces are consistent with 
positive direction of generalized coordinate x. 



which when applied to the free-body diagrams of Fig. 2.2b gives 

mg - k(x + ASt) - c i  = m2 

Analysis of the static-equilibrium position reveals 
mg 

A" = 

When this result is substituted into the previous equation, the static-deflection tenn 
cancels with the gravity term leaving 

m 2 + c i + k x = O  

The time history of motion of the system in Fig. 2.2 is obtained by solving the preceding 
second-order linear homogeneous ordinary differential equation subject to appropriate 
initial conditions. 

1.1. 2.2 1 Derive the differential equation governing the angular oscillations of the compound 
pendulum of Fig. 2 . 3 ~ .  

Let 8( t )  be the counterclockwise angular displacement of the rod measured from its 
vertical equilibrium position. Summing moments about 0 using the free-body diagrams 
of Fig. 2.36, 

\ 1 ext \ 1 eff 

yields 

External Effective 
forces forces 

( b )  

Figure 2.3 (a) Compound of Example 2.2 is a slender rod pinned at 
one end. The generalized coordinate e is the counterclockwise 
angular displacement from equilibrium; (b) &-body diagrams at an 
arbitrary instant of time. 



which becomes 

The differential equation obtained in Example 2.2 is a second-order nonlinear 
o r d i n v  differential equation. While an exact solution of this equation exists in 
terms of elliptic integrals, exact solutions for most nonlinear equations have not 
been found. 

Approximations for solutions of problems governed by nonlinear differential 
equations are obtained by one of two approaches. An approximate solution of the 
exact equation can be obtained by a numerical method, or, if conditions are right, the 
differential equation can be approximated by a linear equation whose exact solution 
is easily obtained. The latter approach is used here. 

Consider the Taylor series expansion for sin 19 about 13 = 0: 

For small 8, 

sin 6 = 0 

Similar truncations of the Taylor series expansions for cos 13 and tan 6 for small 19 
lead to 

The small-angle approximations of the Taylor series expansions are used to linearize 
nonlinear differential equations. When the small-angle assumption is made for 
Example 2.2, the resulting linearized differential equation is 

A flywheel of mass moment of inertia I is attached to the end of a solid circular shaft I Exan 
of radius r, length L, shear modulus G, and mass m, as shown in Fig. 2 . 4 ~ .  A moment 
is applied to the disk, rotating it from its static-equilibrium configuration. The disk 
is released and torsional oscillations about the equilibrium position ensue. tlefive the 
differential equation governing the torsional oscillations. Include an approximation for 
inertia effects of the shaft. 
Solution: 

Let o ( t )  be the angular displacement of the disk from its equilibrium position. The shaft 
acts as a torsional spring. As the disk oscillates, a moment 



External forces Effective forces 

Figure 2.4 (a) The system of Example 2.3 is a flywheel of mass moment 
of inertia I attached to the end of a shah of length L, radius r, 
and mass m; (b) free-body diagrams at an arbitrary instant. 

is developed between the shaft and the disk. The moment acting on the shaft is in the 
direction of the rotation. From Newton's third law, the moment from the shaft on the 
disk resists the rotation. 

Using the results of Sec. 1.6.5, the inertia effects of the shaft are approximated by 
adding a disk at the end of the shaft whose mass moment of inertia is one-third of the 
mass moment of inertia of the shaft. 

1 2  ID, = 3mr 

Summing moments about the center of the disk 

using the free-body diagrams of Fig. 2.46 leads to 

4 I A slender rod of length L and mass m is pinned at 0, as shown in Fig. 2.5. A spring 
of stiffness k is connected to the rod at point P while a dashpot of damping coefficient 
c is connected at point Q. Assuming small displacements, derive a linear differential 
equation governing the free vibrations of this system. Use x, the displacement of particle 
P, measured from the system's equilibrium position, as the generalized coordinate. 



1 (b) 

\ = \) 
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k ( x  + A,,) - m ~ 2 ( g )  12 

External forces Effective forces 

Figurn 2.5 (a) System of Example 2.4; (b) free-body diagram OF static equilibrium position; 
(c) free-body diagrams at on arbitrary instant. 

Solution: 

Summing moments about 0 on the free-body diagram of Fig. 2-56 leads to the following 
equation defining the equilibrium position of the system. 

Consistent with the assumption that x is small, the lines of action of the damping force 
and the spring force are assumed to be vertical. From the geometry of Fig. 2.5, 

3L 
x = - sine 

4 

Using the small-angle approximation, for sin 0 gives 



The appropriate equation for summation of moments about 0 is 

(. ")), = (2: 20) 
eff 

which, when applied to the free-body diagrams of Fig. 2 3 ,  gives 

L '" ( $ ) - c 7 a c o s ( ~ )  i~ 
mg- cos (g) - k ( x  + A,)-- cos 

4 4 

The small-angle approximation is used to approximate the cosine terms by one. The 
static-equilibrium condition is used to cancel the static-deflection terms with the gravity 
terms. The resulting differential equation becomes 

2 Usingx, the displacement of the block measured positive downward from its equilibrium 
position as the generalized coordinate, derive the differential equation governing the free 
vibrations of the system of Fig. 2 . 6 ~ .  
Solution: 

The static-equilibrium position of the system is analyzed and yields the following relation 
between gravity and static deflection of the spring: 

X 
k k(2x + A,,) - 

- - 

i 

[ I I  I l l  
miz mL' 

External Effective 
forces forces 

( a )  (6) 

Figure 2.6 (a) System of Example 2.5; (b) h-ee-body diagrams a t  a n  arbitrary instant. 



Free-body diagrams showing the external and effective forces acting on the mass- 
pulley system at an arbitrary instant of time are shown in Fig. 2.6b. No slip is assumed 
between the pulley and the cables, and friction is neglected. Kinematics is used to express 
the relation between x and the change in length of the spring. 

The appropriate form of Newton's law is 

(C = (C f 0) 
eff 

which, applied to the free-body diagrams, gives 

The static-equilibrium condition is used to eliminate gravity and static deflection from 
the equation resulting in 

A sphere of radius r and mass m is attached to a spring of stiffness k (Fig. 2.7). The 1 Example 
assembly is placed in a highly viscous fluid of dynamic viscosity p and mass density 
p. The sphere is displaced from its equilibrium configuration and released from rest. 
Derive the differential equation governing the resulting oscillations about the equilibrium 
position. Note that the drag force on the sphere from the fluid is D = 61rrpv, where v 
is the velocity of the sphere. 

Solution: 
M e n  the system is in equilibrium, a balance exists between the gravity force, the buoyant 
force, and the spring force 

As the sphere oscillates, fluid surrounding the sphere is set in motion. Using the 
~ s ~ l t s  of Sec. 1.7 and Table 1 . 1 ,  the kinetic energy of the fluid can be taken into account 
by adding a particle of mass ma = :rrpr3 to the sphere. Let x( t )  be the displacement 
ofthe sphere from its equilibrium position. Application of Newton's law 

to the free-body diagrams of Fig. 2.7b gives 

-(kx + A,) - 6 n p r f  +mg - FB = (m + ; p n r 3 ) ~  

Use of the static-equilibrium condition eliminates gravity, buoyancy, and static spring 
force terms and leads to 



k ( x  + A,,) 

D = 6 ~ r p i  

( m  + {7rpr3): 

External Effective 
forces forces 

(a) ( b )  

Figure 2.7 (a) Solid sphere of radius r is suspended from spring of stiffness 
k in a fluid of mass density p and viscosity p; (b) free-body 
diagrams at an arbitrary instant. Effective force includes added 
mass to account for inertia effects of entrained fluid. 

A static deflection is developed in a spring whenever a spring force is required 
to balance an external force such as gravity or buoyancy for the system to exist in 
equilibrium. A static analysis of the equilibrium condition leads to a static equilib- 
rium condition relating the static deflection and the external force that is the cause 
of the static deflection. In the previous examples, and for all linear systems, the 
static equilibrium condition is replicated in the differential equation derived from 
applying conservation laws to the free-body diagrams drawn for an arbitrary instant. 
The static equilibrium condition is subtracted from the differential equation. Thus 
the static deflection developed in a spring will always cancel with the external force 
causing the static deflection when the differential equation governing the motion of 
a linear system is formulated. Since this is now recognized, it can be assumed a pri- 
ori, and thus the static deflection and the external force causing the static deflection 
will no longer be included in the analysis used to derive the differential equation 
governing the motion of a linear system. 

In many systems the force system composed of the static spring force and the 
external force causing the static deflection is equivalent to the zero force. Consider, 
though, the system of Example 2.4. The moment of the gravity force balances with 
the moment of the static spring force. However the summation of the two forces is 
not the zero force. Even though these forces cancel with one another when moments 
are summed to derive the governing differential equation, they do not cancel when 
forces are summed to determine the reactions at the pin supports. 

2.7 1 Derive the differential equation governing the motion of the system of Fig. 2.8, using x ,  
the downward displacement of pulley A from the system's equilibrium position as the 
generalized coordinate. 



Pulley B is Fmed; 
both pulleys are 
massless and 
frictionless 

Figure 2.8 System of Example 
2.7. 

Solution: 
The total change in length of the cable from its equilibrium length is 2x.  Let xl be the 
change in length of the spring connected to pulley A. Let x;! be the change in length of 
the spring connected to pulley B . Then 

Free-body diagrams of the pulleys at an arbitrary instant are shown in Fig. 2.9. Note that 
for this linear system, gravity will cancel with the static spring force from the governing 
differential equation and thus neither is included on the free-body diagrams. 

Assuming no friction the tension is the same throughout the cable. This implies that 
the force developed in each spring is the same 

External forces Effective forces External forces Effective forces 

(0 )  (b) 

Figurn 2.9 Free-body diagrams of (a) pulley A and 
(b) pulley B at on arbitrary instant. Gravity of 
block and static spring forces are not included, 
as they will cancel with one another in 
differential equation. 



Combining the two equations leads to 
4 2 

X I  = gx X2 = 7,X 

Summing forces on pulley A 

leads to 

-kxl - 2kx2 = m i  - k ( q x )  - 2k ( $ x )  = m l  m i  + 4kx = 0 

Let x be the generalized coordinate chosen to model a linear one-degree-of-freedom 
system. The system is composed of n rigid bodies and particles. The total kinetic 
energy of the system is 

Since the system has only one degree of freedom, the velocity of the mass center of 
each rigid body and the angular velocity of each rigid body must be kinematically 
related to the generalized coordinate, x 

Substitution of Eq. (2 .2 )  into Eq. (2.1) leads to 

n 

where m ,  = C ( m i ~ i  + 6~:) K2.31 
i = l  

m ,  is a constant called the equivalent mass. 
Assume the linear one-degree-of-freedom system has m discrete elastic ele- 

ments. The ith spring is connected to a particle in the system whose displacement is 
xi.  Let Ai represent the static deflection in the ith spring. The total potential energy 
of the system at an arbitrary instant includes the potential energy developed in each 
of the springs as well as the potential energy due to gravity 



Yi is the vertical displacement of the mass center of rigid body i above its 
position when the system is in equilibrium. Since the system has only one degree 
of freedom, kinematic relations must exist between x and xi for each spring and x 
and Ji for each rigid body. To this end, assume 

Substitution of Eq. (2.7) into Eq. (2.6) leads to 

It can be shown, by an analysis of the system's static equilibrium position, that the 
term multiplying x in Eq. (2.8) is identically zero. The last term in the potential 
energy expression is the potential energy of the system in its equilibrium position, 
Vo. Equation (2.8) can be rewritten as 

where k, is a constant called the equivalent stimess. 
In a similar fashion it can be shown that the work done by all viscous damping 

forces between two arbitrary positions defined by xl and x2 is 

where C ,  is a constant called the equivalent viscous dumping coeficient. 
The system has an initial position in which its kinetic energy is TI and its potential 

energy is V l .  The principle of work and energy is applied between the initial time 
and an arbitrary instant 

TI + V i + U 1 + 2 = T + V  
12.1 1 I 

1 2  T, + V, - lr c q i  d x  = f r n , i 2  + i k e q ~  + vo 

Noting that TI, V l ,  and Vo are constants and 

12 I" c,i  dx = cq i2  dr 

differentiation of Eq. (2.11) with respect to time leads to 

Quation (2.13) is the differential equation governing the motion of any linear one- 
degree-of-freedom system undergoing free vibrations. 

A similar analysis can be performed if the chosen generalized coordinate is 
an angular coordinate 8. In this case the kinetic energy of a linear one-degree-of- 
freedom system can be written as 



where Zq is the equivalent mass moment of inertia. The potential energy for the 
system is 

where is the equivalent torsional stimess. The work done by viscous damping 
forces between two arbitrary positions defined by and 82  is 

where ctq is the equivalent torsional damping coeficient. The differential equation 
governing the free vibrations of a linear one-degree-of-freedom system when an 
angular coordinate is chosen as the generalized coordinate is 

The above analysis shows that the system of Fig. 2.10 serves as a model system, 
for any linear one-degree-of-freedom system when a linear displacement is chosen' 
as the generalized coordinate. The torsional system of Fig. 2.11 serves as a model 
system for any linear one-degree-of-freedom system when an angular displacement 
is chosen as the generalized coordinate. 

The equivalent systems method, or the energy method can be used to derive 
the differential equation governing the motion of any linear one-degree-of-freedom 
system. The kinetic energy and the potential energy of the system are determined at 
an arbitrary instant in terms of the chosen generalized coordinate. The expression 
for the kinetic energy is compared with Eq. (2.4) from which the equivalent mass 
is determined. The potential energy expression is compared with Eq. (2.9) to de- 
termine the equivalent stiffness. If the system has viscous damping, the work done 

*x 

FIgum 2.1 0 The equivalent mass-spring-dashpot system is 
used as a model for a linear one-dearee-of- " 

Ceq freedom linear system with viscous damping. 

Figure 2.1 1 Equivalent system model of a 
linear one-degree-OF-freedom 
system with angular coordinate 
as generalized coordinate. 



by the system between two arbitrary positions is determined. This expression is 
with Eq. (2.10) to determine the equivalent viscous damping coefficient. 

The governing differential equation is written as Eq. (2.13). If an angular coordinate 
is chosen as the generalized coordinate, then Eqs. (2.14) to (2.17) are used. 

The quadratic form of the potential energy for a linear system, Eq. (2.9), was 
derived assuming that linear springs were the only source of potential energy. Equa- 
tion (2.9) is applicable for any linear system and can be used to determine the 
equivalent stiffness when any source of potential energy is present. Examples of 
other sources of potential energy include buoyancy forces and gravity forces when 
a small displacement assumption is applied. It is not necessary to determine Vo, the 

energy of the system when it is in equilibrium, as it does not appear in the 
governing differential equation, Eq. (2.13). 

Use the equivalent systems method to derive the differential equation governing the 
motion of the system of Fig. 2.5 and Example 2.4, using x as the generalized coordinate 
and assuming small displacements. 

Solution: 
The kinetic energy of the system at an arbitrary instant is 

Comparison with Eq. (2.4) leads to meq = &- m. 
The potential energy of the system at an arbitrary instant is 

Comparison with Eq. (2.9) leads to kq = k. 
The work done by the viscous damping force between two arbitrary positions is 

Comparison with Eq. (2.10) leads to c, = c/9. 
Equation (2.13) is used to write the differential equation governing the free vibrations 

of the system as 

Note that the differential equation derived in Example 2.4 is obtained when the above 
equation is multiplied by $. 

- -- 

fie slender rod of Fig. 2.12 will be subject only to small displacements from equilibrium. 
Use the equivalent systems method to derive the differential equation governing the 
motion of the rod using 6 ,  the counterclockwise angular displacement of the rod from 
its equilibrium position, as the generalized coordinate. 



Figure 2.12 For small 8, h e  nonlinear system can be 
approximated using the linear system of Fig. 2.1 1 
with ct = 0. 

Sotution: 
The kinetic energy of the bar at an arbitrary instant, from Eq. (1.14) is 

Comparison with Eq. (2.14) leads to Ieq = m ~ ~ / 9 .  
The potential energy in the system is due to gravity. Choosing the plane of the pin 

support as the datum, the potential energy of the system at an arbitrary instant is 

For small 8, the Taylor series expansion for cos 8 truncated after the second term leads 
to an approximation for the potential energy as 

Comparison with Eq. (2.15) leads to kteq = mgL/6.  Since the datum was chosen as the 
plane of the pin support, the system has a potential energy of V' = -mgL/6 when it is 
in equilibrium. 

Equation (2.17) is used to write the differential equation governing the motion of 
the system as 

3- 1 0 l ~ s e  the equivalent system method to derive the differential equation governing the free 
vibrations of the system of Fig. 2.13. Use x, the displacement of the mass center of 
the disk from the system's equilibrium position, as the generalized coordinate. The disk 
rolls without slip, no slip occurs at the pulley, and the pulley is frictionless. Include an 
approximation for the inertia effects of the springs. Each spring has a mass m,. 



~igum 2.1 3 The system of Example 2. I0 is modeled by the 
equivalent system of Fig. 2.10. 

Solution: 
Let 6 be the clockwise angular rotation of the pulley from the system's equilibrium posi- 
tion andxB be the downward displacement of the block, also measured fromequilibrium. 
Then 

Eliminating I3 between these equations leads to XB = 2x. Since the disk rolls without 
slip, its angular velocity is oo = i / r D .  As shown in Sec. 1.6, the inertia effect of each 
spring is approximated by placing a particle of mass m s / 3  at the location where the 
spring is attached to the system. To this end it is imagined that a particle of mass m s / 3  
is attached to the center of the disk and a particle of mass m, /3  is attached to the block. 
The total kinetic energy of the system, including the kinetic energies of the imagined 
attached particles is 

Comparison with Eq. (2.4) leads to 

The potential energy of the system at an arbitrary instant is 

Comparison with Eq. (2.9) leads to kq = 5k. 
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Figurn 3.39 Schematic diagram of seismic instrument. 

single-frequency harmonic of the form 

y( t )  = Y sin wt 13. 1 091 

The displacement of the seismic mass relative to the vibrating body is 

z ( t )  = Z sin (o t  - 4 )  [3.1101 

where 

where A (r ,  <) is defined by Eq. (3.34) and r = w / % ,  where on and 5 are the natural 
fquency and damping ratio of the transducer. 

Figure 3.14 shows that A is approximately 1 for large r ( r  > 3) .  In this case 
'he amplitude of the relative displacement which is monitored by the transducer is 

the same as the vibration amplitude of the body. From Fig. 3.10, 
lt is noted that for large r ,  $I is approximately n. Thus for large r, the trmsducer 

is approximately that of the response to be measured, but out of phase by 
71 radians, 

A seismic transducer that requires a large frequency ratio for accurate mea- 
Swement is called a seismometer. A large frequency ratio requires a small natural 



frequency for the transducer. This, in turn, requires a large seismic mass and a very 
flexible spring. Because of the required size for accurate measurement, seismome- 
ters are not practical for many applications. 

The percentage error in using a seismic transducer is 

When using a seismometer the percentage error is 

The acceleration of the body is 

j;(t) = -02y sin o t  [3. 1 131 

Noting that Z/ Y = A (r, { ) and A = r M (r, 5) leads to 

.. z 
y ( t )  = -02- sin o t  = -o 2 2  z sincot=-4-sinot  13.1141 

A(r, 0 r2M(r, {) M 

Comparing Eq. (3.1 10) to Eq. (3.1 14) makes it apparent that 

The negative sign in Eq. (3.1 14) is taken into account in Eq. (3.1 15) by subtracting 
~r from the phase. For small r, M(r, {) is approximately 1, and 

Thus, for small r ,  the acceleration of the particle to which the seismic instrument 
is attached is approximately proportional to the relative displacement between the 
particle and the seismic mass, but on a shifted time scale. A vibration measuring 
instrument that works on this principle is called an accelerometer. The transducer in 
an accelerometer records the relative displacement which is electronically multiplied 
by 0;. The acceleration is integrated twice to yield the displacement. 

The natural frequency of an accelerometer must be high to measure vibrations 
accurately over a wide range of frequencies. The seismic mass must be small and 
the spring stiffness must be large. The error in using an accelerometer is 

Consider the measurement of the vibration of a multifrequency vibration. 

y(t) = C yi sin (oit + *i) 



According to the theory of Sec. 3.10, the displacement of a seismic mass relative to 
housing of a seismic instrument is 

n 

~ ( f )  = C A ( T ~ ,  <)Yi sin(oit + * -4i)  C3.1191 
i= l  

1 " 
= - C":M(ri,  F)Yi sin (Qt  + Jri - t$i) 

,2 " i= l  

The accelerometer measures -oiz(t). Note that each term in the summation of 
E ~ ,  (3.1 19) has a different phase shift. When summed with different phase shifts, 
fie accelerometer output will be distorted from the true measurement. This phase 
distortion is illustrated in Fig. 3.40a, which compares the accelerometer output to 
fie signal to be measured for a 10-frequency vibration. The damping ratio of the 

is 0.25, and the largest frequency ratio in the measurement is 0.66. 
Accelerometers are used only when r < 1. In this frequency range, the phase 

shift is approximately linear with r for C = 0.7 (See Fig. 3.10). Then 
mi tpi =a!- C3.1201 
o n  

where a! is the constant of proportionality. Using Eq. (3.120) in Eq. (3.1 19) leads to 

Ifri << 1,then M(ri,C) % 1 fori = 1 , 2  ,..., nand 

Thus, when an accelerometer with < = 0.7 is used, its output device duplicates the 
actual acceleration, but on a shifted time scale. This is illustrated in Fig. 3.40b, 
which compares the use of Eq. (3.1 19) with C = 0.7 to the actual acceleration for 
fhe example of Fig. 3 .40~.  

The use of complex algebra provides an alternative method to the solution of the 
differential equations governing the forced response of systems subject to harmonic 

It can prove to be less tedious than the use of trigonometric solutions. 
Recall that if Q is a complex number, it has the representation 

where Q, = Re (Q) is the real part of Q and Qi = Im (Q) is the imaginary p m  of 
Q. The complex number also has the polar form 



Figure 3.40 Comparison of a(t), the acceleration to be measured (solid line), and ozz(t), the 
acceleration actually measured or predicted (doshed line), for a 1 0-Frequency 
vibration. (a) The phase distortion, which is converted into a time shift in (bl; 
p = 0.25 in (0) p = 0.7 in (b). 



&ere A is the magnitude of Q and 4 is the phase of Q. Euler's identity 

ei4 = cos4 + i sin 4 13.1241 

In of Euler's identity it is noted that 

cos ( o t )  = Re (ei"') sin (or) = 1m (e'"') L3.1271 

~ h u s  the standard form of the differential equation governing the motion of a linear 
one-degree-of-freed~m system subject to a single-frequency sinusoidal excitation 
can be written as 

Then the solution of Eq. (3.128) is the imaginary part of the solution of 

A solution of Eq. (3.129) is assumed as 

~ ( t )  = ~ e ~ " '  13.1 301 

where H is complex. Substitution of Eq. (3.130) into Eq. (3.129) leads to 

Equation (3.131) can be rewritten by using the definition of the frequency ratio 
= w/wn: 

Multiplying the denominator by its complex conjugate puts H in its proper form as 

a n ,  from Eqs. (3.125) and (3.126), H can be written as 

H = ~ e - ' $  L3.1341 

where 



Real axis ~igum 3.4 1 Graphical representation of excitation and response. 

Qs. (3.135) and (3.136) are the same as those derived by using a trigonometfic 
solution. The system response is 

x (t) = Im ( ~ e - ' ~ e " ' )  = X sin (ot - 4) c3.1371 

A graphical interpretation of the complex representation of the excitation and re- 
sponse is shown in Fig. 3.41. 

The equation governing the motion of a system with hysteretic damping subject 
to a single frequency harmonic excitation can be written as 

hk 
m i  + -i + kx = Foei"' 13.1381 

0 

Assumption of a solution of the form of Eq. (3.130) leads to 

The same response is obtained using the differential equation 

Thus the forced response of a system with hysteretic damping can be modeled as a 
system with a complex stifiess of k(l + ih). 

PROBLEMS 

3.1-3.3. Use the free-body diagram method to derive the differential equation governing the 
forced vibrations of the linear one-degree-of-freedom systems shown using the indicated 
generalized coordinate. 

Co A .) ) M,, sin ol 
Slender bar 
of mass m Fo sin ot 



3.4-3.6. Use the equivalent systems method to derive the differential equation governing the 
forced vibrations of the linear one-degree-of-freedom systems shown using the indicated 
generalized coordinate. 

3.7. A 40-kg mass is hanging from a spring of stiffness 4 x lo4 Nlm. A harmonic force of 
magnitude 100 N and frequency 120 radls is applied. Determine the amplitude of the 
forced response. 

3.8. Determine the amplitude of forced oscillations of the 30-kg block of Fig. P3.8. 
3.9. For what values of Mo will the forced amplitude of angular displacement of the bar of 

Fig. P3.9 be less than 3" if o = 25 radls? 

I,  = 0.68 kg. m2 

45-kg slender bar 

M, sin wt 

~ U R E  P3.8 FIGURE P3.9 

3*10- For what values of o will the forced amplitude of the angular displacement of the bar of 
Fig. P3.9 be less.than3" if Mo = 300N - m ?  

3.11. For what values of Mo will the forced amplitude of angular displacement of the bar of 
Fig. P3.9 be less than 3" for all values of o between 10 radls and 30 rad/s7 



3.12. A 2-kg gear of radius 20 cm is attached to the end of a 1-m-long steel shaft (G = 80 x 
lo9 N/m2). A moment M = 100 sin 150t N is applied to the gear. For what shaft radii will 
the forced amplitude of torsional oscillations be less than 4"? 

3-13. A 1-kg block is to be suspended from a coil spring and subject to a harmonic excitation, 
The magnitude of the excitation is 360 N, and its frequency ranges from 30 r d s  to 120 
rad/s. The coil spring is to be made from a 1-cm-diameter steel bar (G = 80 x lo9 Nlm2) 
The coil radius is to be 20 cm. Specify the number of active coils required if the maximum 
shear stress developed in the spring is less than 50 x lo7 N/m2 at all  frequencies. 

3.14. A helical coil spring is made from a steel bar (G = 80 x lo9 N/m2) of radius 5 mm. The 
spring has 40 active coils and has a coil radius of 10 cm. A 2-kg block is to be suspended 
from the spring. 
(a) What is the resonant frequency for the system? 
(b) If the block is subject to a harmonic force of amplitude 25 N at the resonant frequency, 

how long will it take for the shear stress in the spring to reach its yield strength of 
50 x 10' ~ l rn ' ?  

3.15. A 40-kg pump is to be placed at the midspan of a 2.5-m-long steel beam (E = 200 x 
lo9 N/m2). The pump is to operate at 3000 rpm. For what values of the cross-sectional 
moment of inertia will the pump be operating within 3 Hz of resonance? 

3.16. A mass-spring system of natural frequency 22 Hz is subject to a harmonic excitation at a 
frequency of 24 Hz. Does beating occur? If so, what is the period of beating? 

3.17. A 5-kg block is mounted on a helical coil spring such that the system's natural frequency is 
50 radts. The block is subject to a harmonic excitation of amplitude 45 N at a frequency of 
50.8 r d s .  What is the maximum displacement of the block from its equilibrium position? 

3.18. A 50-kg turbine is mounted on four parallel springs, each of stiffness 3 x 10' N/m. When 
the machine operates at 40 Hz, its steady-state amplitude is observed as 1.8 mrn. What is 
the magnitude of the excitation? 

3.19. A system of equivalent mass 30 kg has a natural frequency of 120 rWs and a damping 
ratio of 0.12 and is subject to a harmonic excitation of amplitude 2000 N and frequency 
150 rWs. What are the steady-state amplitude and phase angle for the response? 

3.20. A 30-kg block is suspended from a spring of stiffness 300 N/m and attached to a dashpot of 
damping coefficient 120 N . slm. The blockis subject to a harmonic excitation of amplitude 
1150 N at a frequency of 20 Hz. What is the block's steady-state amplitude? 

3.21. What is the amplitude of steady-state oscillation of the 30-kg block of the system of 
Fig. P3.21? 

FIGURE 

1 

40 kg 

- 2000 sin 1001 N 

30 kg 



3,22, 1f o = 16.5 rads, what is the maximum value of Mo such that the disk of Fig. P3.22 rolls 
slip? 

/.A = 0.12 FIGURE P3.22 

3.23, 1f = 2 N . m, for what values of o will the disk of Fig. P3.22 roll without slip? 
3.24. For what values of d will the steady-state amplitude of angular oscillations be less than lo 

for the rod of Fig. P3.24? 

k- d - 4 X lo4 N/m 
1000 sin 50 t T 20-kg slender rod 

+ fm- $m 
FIGURE P3.24 

3.25. A 30-kg compressor is mounted on an isolator pad of stiffness 6 x 10' N/m. When subject 
to a harmonic excitation of magnitude 350 N and frequency 100 rads, the phase difference 
between the excitation and steady-state response is 24.3". What is the damping ratio of the 
isolator and its maximum deflection due to this excitation? 

3-26. A thin disk of mass 5 kg and radius 10 cm is connected to a torsional damper of coefficient 
4.1 N . s . mlrad and a solid circular shaft of radius 10 mm, length 40 cm, and shear modulus 
80 x lo9 N/mZ. The disk is subject to a harmonic moment of magnitude 250 N - m and 
frequency 600 Hz. What is the amplitude of steady-state torsional oscillations? 

337. A 50-kg machine tool is mounted on an elastic foundation. An experiment is run to 
determine the stiffness and damping properties of the foundation. When the tool is excited 
with a harmonic force of magnitude 8000 N at a variety of frequencies, the maximum 
steady-state amplitude obtained is 2.5 mm, occuning at a frequency of 32 Hz. Use this 
information to determine the stiffness and damping ratio of the foundation. 

3*28. A 100-kg machine tool has a 2-kg rotating component. When the machine is mounted 
On an isolator and its operating speed is very large, the steady-state vibration amplitude is 
0.7 mrn. How far is the center of mass of the rotating component from its axis of rotation? 

3'29. A 1000-kg turbine with a rotating unbalance is placed on springs and viscous dampers 
in parallel. When the operating speed is 20 Hz, the observed steady-state amplitude is 
0.08 mm. As the operating speed is increased, the steady-state amplitude increases with 
an amplitude of 0.25 mm at 40 Hz and an amplitude of 0.5 mm for much larger speeds. 
Determine the equivalent stiffness and damping coefficient of this system. 



3.30. A 120-kg fan with a rotating unbalance of 0.35 kg . m is to be placed at the midspan of a 
2.6-m simply supported beam. The beam is made of steel (E = 210 x 109 N/m2) with a 
uniform rectangular cross section of height of 5 cm. For what values of the Cross-sectional 
depth will the steady-state amplitude of the machine be limited to 5 mrn for all operating 
speeds between 50 and 125 radls? 

331. Solve Prob. 3.30 assuming the damping ratio of the beam is 0.04. 
3.32. A 620-kg fan has a rotating unbalance of 0.25 kg . m. What is the maximum stiffness of 

the fan's mounting such that the steady-state amplitude is 0.5 rnm or less at aU operating 
speeds greater than 100 Hz? Assume a damping ratio of 0.08. 

Problems 3.33 and 3.34 refer to the following situation: The tail rotor section of the helicopter of 
Fig. P3.33 consists of four blades, each of mass 2.1 kg, and an engine box of mass 25 kg. ne 
center of gravity of each blade is 170 mm from the rotational axis. The tail section is Connected 
to the main body of the helicopter by an elastic structure. The natural frequency of the tail section 
has been observed as 150 rad/s. During flight the rotor operates at 900 rpm. Assume the system 
has a damping ratio of 0.05. 

FIGURE P3.33 

3.33. During flight a 75-g particle becomes stuck to one of the blades, 25 cm from the axis of 
rotation. What is the steady-state amplitude of vibration caused by the resulting rotating 
unbalance? 

3.34. Determine the steady-state amplitude of vibration if one of the blades snaps off during 
flight. 

3.35. Whirling is a phenomenon that occurs in a rotating shaft when an attached rotor is unbal- 
anced. The motion of the shaft and the eccentricity of the rotor cause an unbalanced inertia 
force, pulling the shaft away from its centerline, causing it to bow. Use Fig. P3.35 and the 
theory of Sec. 3.5 to show that the amplitude~f whirling is 

1 

X = eA(r, {) 

where e is the distance from the center of mass of the rotor to the axis of the shaft. 

3-34. A 30-kg rotor has an eccentricity of 1.2 cm. It is mounted on a shaft and bearing system 
whose stiffness is 2.8 x lo4 Nlm and damping ratio is 0.07. What is the amplitude 
whrling when the rotor operates at 850 rpm? Refer to Prob. 3.35 for an explanation of 
whirling. 

337. An engine flywheel has an eccentricity of 0.8 cm and mass 38 kg. Assuming a darnpi@ 
ratio of 0.05, what is the necessary stiffness of the bearings to limit its whirl amplitudet0 



0.8 mm at all speeds between 1000 and 2000 rpm? Refer to Prob. 3.35 for an explanation 
of whirling. 

0: Axis of shaft 
C: Geometric center of rotor 
G: Mass center of rotor 
e: Eccentricity 
X: Whirl amplitude 

FIGURE P3.35 

3.38. It is proposed to build a 6-m smokestack on the top of a 60-m factory. The smokestack will 
be made of steel ( p  = 7850 kg/m3) and will have an inner radius of 40 cm and an outer 
radius of 45 cm. What is the maximum amplitude of vibration due to vortex shedding and 
at what wind speed will it occur? Use a one-degree-of-freedom model for the smokestack 
with a concentrated mass at its end to account for inertia effects. Use { = 0.05. 

339. What is the steady-state amplitude of oscillation due to vortex shedding of the smokestack 
of hob. 3.38 if the wind speed is 22 mph? 

3.40. Repeat parts (a) and (b) of Example 3.6 if the light pole is hollow with an inner diameter 
of 15 cm and outer diameter of 20 cm. 

3.41. Repeat hob.  3.40 including the inertia effects of the light pole. 

3-42. A factory is using the piping system of Fig. P3.42 to discharge environmentally safe waste- 
water into a small river. The velocity of the river is estimated as 5.5 mls. Determine the 
allowable values of 1 such that the amplitude of torsional oscillations of the vertical pipe 
due to vortex shedding is less than lo. Assume the vertical pipe is rigid and rotates about 
an axis perpendicular to the page through the elbow. The horizontal pipe is restrained from 
rotation at the river bank. Assume a damping ratio of 0.05. 

Steel pipes: 

G = 80 x lo9 ~ / r n ~  

p = 7800 kg/m3 

Dinner = 14 cm 

r = 1 cm (pipe thickness) 

FIGURE P3.42 



3.43-3.47. Determine the amplitude of steady-state vibration for the systems shown. Use the 
indicated generalized coordinate. 

LJ lOON . s/m 

+ 3 m -------4- 1 m -4 

I I 

0.02 sin lOOt m 0.01 sin2501 m 

P3.43 FIGURE P3.44 

0.08 sin 2001 m 
115 kg 

E = 210 x lo9 N/mZ 
-1.5m- 

1 = 4 . 6 x i 0 - ' m 4  F I G U R E P ~ . ~ ~  

aT 0.035 sin 101 m 
1 sin 3Wt rad 

, E '" 

e 

1.5 kg . mZ 
G = 80 x lo9 ~ / m '  

m - 4 k g  J = 4.6 x m4 

FIGURE P3.46 FIGURE P3.47 

3.48. A 40-kg machine is attached to a base through a spring of stiffness 2 x lo4 Nlrn in 
with a dashpot of damping coefficient 150 N - s m. The base is given a time-dependent 
displacement 0.15 sin 30.lt m. Detennjne the amplitude of the absolute displacement of 
the machine and the amplitude of displacement of the machine relative to the base. 



3.49. A 5-kg rotor-balancing machine is mounted on a table through an elastic foundation of 
stiffness 3.1 x lo4 Nlrn and damping ratio 0.04. Transducers indicate that the table on 
which the machine is placed vibrates at a frequency of 110 rad/s with an amplitude of 
0.62 mrn. What is the steady-state amplitude of acceleration of the balancing machine? 

3-50. During a long earthquake the one-story frame structure of Fig. P3.50 is subject to a ground 
acceleration of amplitude 50 mm/s2 at a frequency of 88 rad/s. Determine the acceleration 
amplitude of the structure. Assume the girder is rigid and the structure has a damping ratio 
of 0.03. - x ( t )  

Girder 
m = 2000 kg 

? ,, ( k- ~ o ~ u m n s  

+ FIGURE P3.50 

3.51. What is the required column stiffness of a one-story structure to limit its acceleration 
amplitude to 2.1 m/s2 during an earthquake whose acceleration amplitude is 150 mm/s2 at 
a frequency of 50 rad/s. The mass of structure is 1800 kg. Assume a damping ratio of 0.05. 

3.52. In a rough sea the heave of a ship is approximated as harmonic of amplitude 20 cm at a 
frequency of 1.5 Hz. What is the acceleration amplitude of a 20-kg computer workstation 
mounted on an elastic foundation in the ship of stiffness 700 Nlrn and damping ratio 0.04? 

3.53. In the rough sea of Prob. 3.52 what is the required stiffness of an elastic foundation of 
damping ratio 0.05 to limit the acceleration amplitude of a 5-kg radio set to 1.5 m/s2? 

3.54. Consider the one-degree-of-freedom model of a vehicle suspension system of Example 
3.7 and Fig. 3.23. Consider a motorcycle of mass 250 kg. The suspension stiffness is 
70,000 Nlrn and the damping ratio is 0.15. The motorcycle travels over a terrain that is 
approximately sinusoidal with a distance between peaks of 10 m and the distance from 
peak to valley is 10 cm. What is the acceleration amplitude felt by the motorcycle rider 
when she is traveling at 
(a) 30 m/s 

(b) 60 m/s 
(c)  120 m/s 

3'55. A 20-kg block is connected to a spring of stiffness 1 x 10' Nlrn and placed on a surface 
which makes an angle of 30" with the horizontal. The coefficient of friction between the 
block and the surface is 0.15. A force 300 sin 80t N is applied to the block. What is the 
steady-state amplitude of the resulting oscillations? 



3.56. A 20-kg block is connected to a spring of stiffness 1 x 105 N/m and placed on a surface 
which makes an angle of 30" with the horizontal. A force 300 sin 80t N is applied to the 
block. The steady-state amplitude is measured as 10.6 mrn. What is the coefficient of 
friction between the block and the surface? 

3.57. A 40-kg block is connected to a spring of stiffness 1 x 1 6  Nlm and slides on a surface with 
a coefficient of friction 0.2. When a harmonic force of frequency 60 rad/s is applied to the 
block, the resulting amplitude of steady-state vibrations is 3 mm. What is the amplitude 
of the excitation? 

3.58. The 2-kg swing of Example 2.21 is subject to a harmonic moment of 1.5 sin 5t N m. What 
is the amplitude of steady-state oscillations? 

3.59-3.60. Determine the steady-state amplitude of motion of the 5-kg block. The coefficient of 
friction between the block and surface is 0.11. 

FIGURE P3.59 FIGURE P3.60 

- y(t) = 3.2 x sin 220t m 
--t y(t) = 2.7 x sin 180t m  

3.61. Use the equivalent viscous damping approach to determine the steady-state response of a 
system subject to both viscous damping and Coulomb damping. 

3.62. The area under the hysteresis curve for a particular helical coil spring is 0.2 N . m when 
subject to a 350-N load. The spring has a stiffness of 4 x I d  N/m. If a 44-kg block is hung 
from the spring and subject to an excitation force of 350 sin 35t N, what is the amplitude 
of the resulting steady-state oscillations? 

3.63. When a free-vibration test is run on the system of Fig. P3.63, the ratio of amplitudes on 
successive cycles is 2.8 to I. Determine the response of the engine when it has an excitation 
force of magnitude 3000 N at a frequency of 2000 rpm. Assume the damping is hysteretic. 

+ x  

215 kg 

+==!4 - 3- 1 m -------4 FIGURE P3.63 

- 
* x  

1 x 16 ~ / m  1 x 1 6  ~ / m  

- 

3-64, When a free-vibration test is run on the system of Fig. P3.63, the ratio of amplitudes 
on successive cycles is 2.8 to 1. When operating, the pump has a rotating unbalance 
magnitude 0.25 kg - m. The pump operates at speeds between 500 and 2500 rpm. For what 
value of co within the operating range will the pump's steady-state amplitude be largest? 
What is the maximum amplitude? Assume the damping is hysteretic. 

CL 



3-65. When the pump at the end of the beam of Fig. P3.63 operates at 1860 rpm, it is noted 
that the phase angle between the excitation and response is 18". What is the steady-state 
amplitude of the pump if it has a rotating unbalance of 0.8 kg - m and operates at 1860 
rpm? Assume hysteretic damping. 

3,66. A schematic of a single-cylinder engine mounted on springs and a viscous damper is shown 
in Fig. ~ 3 . 6 6 .  The crank rotates about 0 with a constant speed w. The connecting rod 
of mass m, connects the crank and the piston of mass m, such that the piston moves in a 
,deal plane. The center of gravity of the crank is at its axis of rotation. 
(,) Derive the differential equation governing the absolute vertical displacement of the 

engine including the inertia forces of the crank and piston, but ignoring forces due to 
combustion. Use an exact expression for the inertia forces in terms of m,, m,, o ,  the 
crank length r, and the connecting rod length I .  Write the differential equation in the 
form of Eq. (3.1) .  

(b )  Since F ( t )  is periodic, a Fourier series representation can be used. Set up, but do not 
evaluate, the integrals required for a Fourier series expansion for F ( t ) .  

(c )  Assume r / l  << 1. Rearrange F(t) and use a binomial expansion such that 

(d) Truncate the preceding series after i = 3. Use trigonometric identities to approximate 

F ( t )  % bl cosot + b2 cos 2ot + b3 cos 3wt 

(e) Find an approximation to the steady-state form of x ( t ) .  

FIGURE P3.66 

3.67. Using the results of b b .  3.66. determine the maximum steady-state response of a single- 
cylinder engine with m, = 1.5 kg, m, = 1.7 kg, r = 5.0 cm, 1 = 15.0 cm, o = 800 rpm, 
k = 1 x 16 Nlm, c  = 500 N . slm, and total mass 7.2 kg. 

3'68- A 5-kg rotor-balancing machine is mounted to a table through an elastic foundation of 
stiffness 10,000 Nlm and damping ratio 0.04. Use of a transducer reveals that the table's 
vibration has two main components: an amplitude of 0.8 mm at a frequency of 140 rad/s and 



an amplitude of 1.2 mm at a frequency of 200 rad/s. Determine the steady-state response 
of the rotor balancing machine. 

3.69-3.73. During operation a 100-kg press is subject to the periodic excitations shown. fie 
press is mounted on an elastic foundation of stiffness 1.6 x lo5 N/m and damping ra- 
tio 0.2. Determine the steady-state response of the press and approximate its maximum 
displacement from equilibrium. Each excitation is shown over one period. 

FIGURE P3.69 FIGURE P3.70 

FIGURE P3.71 FIGURE P3.72 

3-74 of an accelerometer of natural frequency 100 Hz and damping ratio 0.15 reveals thf 
an engine vibrates at a frequency of 20 Hz and has an acceleration amplitude of 14.3 mIs - 
Determine 
(a) The percent error in the measurement 

(b) The actual acceleration amplitude 

(c) The displacement amplitude 

3-75. An accelerometer of natural frequency 200 Hz and damping ratio 0.7 is used to meas? 
the vibrations of a system whose actual displacement is x ( t )  = 1.6 sin 45. l t  mm. %'hat lS 

the accelerometer output? 
3-76. An accelerometer of natural frequency 200 HZ and damping ratio 0.2 is used to mea- 

sure the vibrations of an engine operating at 1000 rpm. What is the percent error in 
measurement? 



3.77. A 550-kg industrial sewing machine has a rotating unbalance of 0.24 kg . m. The machine 
operates at speeds between 2000 and 3000 rpm. The machine is placed on an isolator pad 
of stiffness 5 x lo6 Nlm and damping ratio 0.12. What is the maximum natural frequency 
of an undamped seismometer that can be used to measure the steady-state vibrations at all 
operating speeds with an error less than 4 percent. If this seismometer is used, what is its 
output when the machine is operating at 2500 xpm? 

3-78. The system of Fig. P3.78 is subject to the excitation 

F ( t )  = 1000 sin 25.4t + 800 sin (48t + 0.35) - 300 sin (100t + 0.21) N 

What is the output in rnm/s2 of an accelerometer of natural frequency 100 Hz and damping 
ratio 0.7 placed at A? 

h FIGURE P3.78 

3.79. What is the output, in mm, of a seismometer with a natural frequency of 2.5 Hz and a 
damping ratio of 0.05 placed at point A for the system of Fig. P3.78? 

3.80. A 20-kg block is connected to a moveable support through a spring of stiffness 1 x lo5 Nlm 
in parallel with a viscous damper of damping coefficient 600 N . slm. The support is given 
a harmonic displacement of amplitude 25 mm and frequency 40 rad/s. An accelerometer 
of natural frequency 25 Hz and damping ratio 0.2 is attached to the block. What is the 
output of the accelerometer in mm/s2? 

3-81. An accelerometer has a natural frequency of 80 Hz and adarnping coefficient of 8.0 N - dm. 
When attached to a vibrating structure, it measures an amplitude of 8.0 m/s2 and a frequency 
of 50 Hz. The true acceleration of the structure is 7.5 m/s2. Determine the mass and stiffness 
of the accelerometer. 

3-82. An accelerometer of natural frequency 200 rad/s and damping ratio 0.7 is attached to the 
engine of hob. 3.67. What is the output of the accelerometer in rnm/s2? 

3.83. Use complex notation to derive Eqs. (3.72) and (3.73) from Eqs. (3.69) and (3.70). 

3.84. Use complex notation to derive the solution of Eq. (3.62) when y(t) = Y sin of. 

VIBES-~A.~  provides analysis of problems using the function M(r. 0. Use VIBES-3A.m 
Robs. M3.1 to M3.5. 

M3.1. Plot M(r, 0.1), M(r, 0.5). and M(r, 0.8) on the same set of axes. 

M3.2. Use VIBES3A to solve Prob. 3.10. 



M3.3. Use VIBES3A to solve Rob. 3.17. 

M3.4. Use VIBES-3A to solve Rob. 3.24. 
M3.5. Use VIBES-3A to solve Prob. 3.26. 

File VIBES-3B.m provides analysis of problems using the function A(r, 0. Use V I B E S ~ B  to 
solve Probs. M3.6 to M3.11. 

M3.6. Use VIBES3B to plot A(r, 0.1), A(r. 0.3), and A(r, 0.8) on the same set of axes. 

M3.7. Use VIBES3B to solve Rob. 3.3 1. 

M3.8. Use VIBES3B to solve Prob. 3.32. 

M3.9. Use VIBES3B to solve Rob. 3.33. 

M3.10. Use VIBES-3B to solve hob. 3.36. 

M3.11. Use VIBES3B to solve hob. 3.40. 

File VIBES3C.m provides analysis of problems using the function T(r ,  3). Use VIBES3C to 
solve Probs. M3.12 to M3.15. 

M3.12. Use VIBES3C to plot T(r ,  0.1), T ( r ,  0.3) and T(r ,  0.8) on the same set of axes. 

M3.13. Use VIBES-3C to solve Rob. 3.50. 

M3.14. Use V I B W C  to solve Prob. 3.52. 

M3.15. Use VIBES3C to solve Prob. 3.53. 

M3.16. File VIBES3D.m provides the solution to Example 3.7. Use VIBES3D to investigate 
the effect of { on the maximum displacement and maximum acceleration. Plot the 
acceleration amplitude versus vehicle speed for several damping ratios on the same set 
of axes. Draw conclusions regarding the best damping ratio to use for steady-state 
operation. 

M3.17. File VIBES3E.m provides the analysis of problems using M,(r, 1 ) .  Use VIBES3E to 
solve Prob. 3.56. 

M3.18. File VIBES3F.m provides the solution of Example 3.13. Use VIBES-3F to detennine 
the maximum steady-state displacement of the press assuming the period T remains 
constant, but the fraction of time during punching (f = to/ T) changes. Note in Example 
3.13 that to = 0.2 s and T = 0.5 s, thus f = 0.4. Plot x,, versus f for 0.1 5 f 5 0.8. 

M3.1SM3.22. File VIBES-3G.m uses symbolic algebra to determine the Fourier series represen- 
tation of an arbitrary periodic function of period T. The user must provide the function 
in a script file V3.m. VIBES3G also determines symbolically the steady-state response 
of a one-degree-of-freedom system. The instructions for writing V3.m are given in the 
comment statements of VIBES3G. Use VIBES3G to detennine and plot the Fourier 
series representation and steady-state response of a one-degree-of-freedom system 
mass 20 kg, natural frequency 10 rad/s, and damping ratio 0.2 to the excitation shorn 
Each excitation is shown over one period. 

M3.23. file VIBES-3H.m provides the response of a vehicle mounted on a suspension system 
modeled as in Prob. 2.7 1 as the vehicle traverses a round countour that is sinusoidd 
(a) Use VIBES3H to solve Example 3.7 using the suspension stiffness and damping 

of Example 3.7, but with kt = 1.2 x lo5 Nlm. 
(b) Use VIBES3H to examine the effect of k, on the steady-state amplitude of he 

vehicle of Example 3.7. Plot the maximum displacement and maximum accelera' 
tion as a function of k, for v = 3 m/s and v = 40 m/s. 



~3.24. Write a MATLAB script file that will plot the phase angle @(r, <) as a function of r for 
several values of 5.. 

~3.25. Write a MATLAB script file that provides analysis for problems using the function 
Mh(r,  h ) .  Use the program to solve Probs. 3.63 and 3.64. 

~3.26, Write a MATLAB script file that uses symbolic algebra to determine the Fourier series 
representation of an arbitrary odd function of period T. Use the file to determine the 
Fourier series representation for the excitation of Prob. 3.73. 

m.27, write a MATLAB script file that uses numerical integration to determine the Fourier 
coefficients for an arbitrary periodic function. Use the MATLAB program trap.m for the 
integration. Plot the approximation after every five terms to see how the approximation 
improves. Define a criterion for stopping the evaluation of Fourier coefficients. Use 
something to the effect that if I;;:(t) is the Fourier series approximation to F ( t )  after i 
terms, then Fourier coefficients will cease being calculated when 

for a predefined E.  Use the program on each of the excitations of Probs. M3.19 to M3.22. 

M3.28. Write a MATLAB script, using the script of Prob. M3.26, to determine the response of 
a one-degree-of-freedom excitation to a periodic excitation. Use the program to solve 
Robs. M3.19 to M3.22. 

M3.29. Write a MATLAB script to solve Probs. 3.66 and 3.67. Use symbolic algebra to continue 
the binomial expansion of F ( t )  to include terms up through cos 5wr. 
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When vibrations of a mechanical or structural system are initiated by a periodic 
excitation, an initial transient period occurs where the free-vibration response is as 
large as the forced response. The free vibration response quickly decays, resulting 
in a steady-state motion. Systems subject to a nonperiodic excitation do not usually 
achieve a non-zero steady state. In many cases, when a system is subject to a 
nonperiodic excitation, the free vibration response interacts with the forced response 
and is important throughout the duration of the motion of the system. Such is the 
case when a system is subject to a pulse of finite duration where the period of free 
vibration is greater than the pulse duration. 

One example of a nonperiodic excitation is the ground motion of an earthquake. 
The response of structures due to ground motion is obtained by using the methods of 
this chapter. An earthquake is usually of short duration, but maximum displacements 
and stresses occur while the earthquake takes place. The terrain traveled by a vehicle 

usually nonperiodic. Suspension systems must be designed to protect passengers 
sudden changes in road contour. Forces produced in operation of machines in 

manufacturing processes are often nonperiodic. Sudden changes in forces occur in 
Presses and milling machines. 

Forced vibrations of one-degree-of-freedom systems are described by the dif- 
ferential equation 

Initial conditions, values of x(O) and i ( O ) ,  complete the problem formulation. So- 
lution of Eq. (4. l) for periodic forms of P ( t )  is discussed in Chap. 3. 



The purpose of this chapter is to analyze the motion of systems undergoing 
transient vibrations. Equation (4.1) is a second-order linear nonhomogeneous 
nary differential equation. For certain forms of F,(t), the method of undetermined 
coefficients, as applied in Chap. 3, can be used to determine the particular solution 
The homogeneous solution is added to the particular solution, resulting in a general 
solution involving two constants of integration. Initial conditions are applied to eval- 
uate the constants of integration. If damping is present the homogeneous solution 
dies out, leaving the particular solution as a steady-state solution. The method of 
undetermined coefficients is best suited for harmonic, polynomial, or exponential 
excitations and not useful for most excitations studied in this chapter. 

The initial conditions and the homogeneous solution have an important effect 
on the short-term transient motion of vibrating systems. For these problems, it is 
convenient to use a solution method in which the homogeneous solution and partic- 
ular solution are obtained simultaneously and the initial conditions are incorporated 
in the solution. 

Many excitations are of short duration. For short-duration responses, the max- 
imum response may occur after the excitation has ceased. Thus it is necessary to 
develop a solution method which determines the response of a system for all time, 
even after the excitation is removed. In addition, many excitations change form at 
discrete times. For these excitations a solution method in which a unified mathe- 
matical form of the response is determined is a great convenience. 

The primary method of solution presented in this chapter is use of the convolution 
integral. The convolution integral is derived using the principle of impulse and 
momentum and linear superposition. It can also be derived by application of the 
method of variation of parameters. The convolution integral provides the most 
general closed-form solution of Eq. (4.1). The initial conditions are applied in the 
derivation of the integral, and need not be applied during every application. The 
convolution integral can be used to generate a unified mathematical response for 
excitations whose form changes at discrete times. Since it only requires evaluation 
of an integral, it is easy to apply. 

A second method presented in this chapter is the Laplace transform method. 
Initial conditions are applied during the transform procedure and the Laplace trans- 
form can be used to develop a unified mathematical response for excitations whose 
form changes at discrete times. Use of tables of transforms makes application of 
the method convenient. The algebraic effort can be less than that using the convolu- 
tion integral for damped systems, if appropriate transforms are available in a table. 
However, if the appropriate transforms are not available in a table, determination of 
the response is difficult. 

There are some excitations in which a closed-form solution of Eq. (4.1) does not 
exist. In these cases, the convolution integral does not have a closed-form evaluation 
and application of Laplace transform method leads only to the convolution integral 
In addition, situations exist when the excitation is not known explicitly at all values 
of time. The excitation may be obtained empirically. In these situations, numerical 
methods must be used to develop approximations to the response at discrete times. 
These numerical methods include numerical evaluation of the convolution integral 
and direct numerical solution of Eiq. (4.1 ). 



consider a one-degree-of-freedom system initially at rest in equilibrium. Let ~ ( t )  
be a generalized coordinate, representing the displacement of a particle. A linear 
one-degree-of-freed~m system has the equivalent systems model of Fig. 4.1. An 
impulse of magnitude I is applied to the particle at t = 0 -  . The principle of impulse 
and momentum is used to determine the velocity of the particle immediately after 
application of the impulse 

Application of the impulse initiates free vibration of the system. The motion 
is governed by Eq. (4.1) with F,(t) = 0 and x ( 0 )  = 0 ,  i ( 0 )  = v .  If < 1, the 
resulting motion of the system is determined using Eq. (2.45) as 

where 

I 
x ( t )  = -e-Font sin codt 

"eq Wd 

x ( t )  = I h ( t )  
1 

h ( t )  = -e-font sin odt  
" e p d  

is the response of the system due to a unit impulse applied at t = 0 .  

El- 
System momenta + System external = System momenta 

before impulse impulses after impulse 

''gum 4.1 (a) Equivalent system used to model linear one-degree-of- 
freedom systems undergoing forced vibrations; (b) impulse and 
momentum diagrams used to obtain velocity immediately after 
impulse is applied if system is initially at rest in its equilibrium 
position. 



Consider a one-degree-of-freedom system subject to an arbitrary external excitation 
as illustrated in Fig. 4.2. The interval from 0 to an arbitrary time t is broken into 
equal intervals, each of duration A t  = t / n .  The total impulse applied to the system 
during the interval between kA t and (k + I )  A t  is 

The mean value theorem of integral calculus implies that there exists a t,*, knT 
t,* 5 (k + 1)At such that 

Figurn 4.2 (a) Discretization of interval form 0 to t by n intervals of duration Ar = t/n; 
(b) approximation of ~ ( t )  by impulses applied at q, k = 0, 1 ,  . . . , n - I .  AS n 
+ oo the series of impulses approaches F(f). 



It A' is small, the effect of the force applied between k A t  and (k + 1)Ar can be 

aPP roximated by an impulse of magnitude I," applied at q = (k + i) A t .  Thus, as 
illustrated in Fig. 4.2b, the excitation F (t) applied between 0 and t is approximated 

the sequence of impulses I;, I = 0,1,2, . . . , n - 1. 
The response of the system at time t due to an impulse of magnitude I," applied 

at time q is obtained from Eq. (4.4) 

Since Eq. (4.1) is linear, the principle of linear superposition is applied to determine 
fie response at time t as 

m e  approximation provided by Eq. (4.8) to the response of the system at time t 
becomes exact in the limit as n + oo (or A t  + 0). To this end 

x (t) = lim xn (t) = lim F (r:) Arh (t - tk) 
n--+m n--*m 

14.91 

In the limit as n + oo, t k  and t: approach k A t  and t becomes a continuous 
variable. Also in the limit the sum becomes an integral and Eq. (4.9) becomes 

For a system whose free vibrations are underdamped, Eq. (4.5) is used in Eq. (4.10), 
leading to 

The integral representation of Eq. (4.10) is called the convolution integral. It 
can be used to determine the response of a one-degree-of-freedom system initially 
at rest in equilibrium subject to any form of excitation. The convolution integral 
solution is value for all linear systems when h(t) is viewed as the response of the 
System due to a unit impulse at t = 0. The appropriate forms of h(t) for systems 
whose free vibrations are critically damped and overdamped are, respectively, 

e-Sun' 
h(t) = sinh (a, J- t ) ( > 1 14.131 

mqmn Jn 
The response of a system with a nonzero initial velocity is obtained by adding to 

Ule convolution integralof Eq. (4.10) the response of the system due to a unit impulse 
at = 0, necessary to cause the initial velocity. The response of a system that is 



not in its equilibrium position at t = 0 is obtained b y  defining a new independent 
variable, 

y = x - x ( 0 )  

The differential equation governing y ( t )  is 

The convolution integral is used to obtain 
t 

y ( t )  = [-k,x(o) + ~ , ( t ) ]  h( t  - r )  d r  

The resulting general solution for a system whose free vibrations are underdamped 
is 

x ( t )  = x (0)e-(*' cos udt  + f (0) + t u n x ( 0 )  e-(""t 
sin udt  14.141 

u d  

Find the response of a one-degree-of-freedom mass-spring-dashpot system initially at 
rest in equilibrium when the force 

F ( t )  = Foew"' 
is applied. 

Solution: 
Application of Eq. (4.10) for this particular form of F ( t )  gives 

sin cod (t - t ) d t 

x {e-Cwr [(a - sin u d t  - u d  cos u d t ]  - ~ d e - ~ ' }  

A Press of mass m is mounted on an elastic foundation of stiffness k. During operation 
the force applied to the press builds up to its final value Fo in a time to, as illustrated 
Fig. 4.3. Determine the response of the press for (a) t < to, and (b )  t > to. 

*o t Figure 4.3 Excitation for Example 4.2. 



solution: 
The force applied to the press can be expressed as 

po, an undamped system the convolution integral, Eq. (4.1 1) becomes 

(a) For t c to, the convolution integral yields 

(b) For t > to, application of the convolution integral leads to 

1 - - cos w,, (t - to)]  
wn 

engineering systems are subject to a force whose mathematical form changes 
at discrete values of time. Such is the case with the force applied to the press in 
Example 4.2. The force linearly increases to its maximum value in a time to. The 
mathematical form of the response of the press is different for t  -c to than it is for 

to.  It is more convenient to have unified mathematical forms for the excitation 
and response. To this end, the unit step function, introduced in App. A, is used 



If a constant force Fo is not applied until time to, it can be represented using a delayed 
unit step function 

- 
4.3 1 Use the unit step function to write a unified mathematical expression for each of the 

forces of Fig. 4.4. 
Solution: 
Each of the forces of Fig. 4.4 can be written as the sum and/or difference of functions 
that are nonzero only after a discrete time. The graphical breakdown for each function 
is shown in Fig. 4.5. The unit step function is used to write a mathematical expression 
for each term in the forcing functions, leading to 

( a )  F ( t )  = Fo [u( t )  - u ( t  - to)] 

Fot 
(b) F ( t )  = - [u( t )  - u ( t  - to)] + Fo [U ( t  - to) - u ( t  - 3to)l 

to 

The unit impulse function, defined in App. A, is used to represent the excitation 
when subject to a unit impulse. The response of a system at time t due to a unit 
impulse applied at time to is h ( t  - to) u ( t  - to). 

Many functions found in practice can be written as combinations of impulses, 
step functions, ramp functions, exponentially decaying functions, and sinusoidal 
pulses. Many functions which cannot be mathematically defined in terms of these 
functions are often approximated by these functions for estimation purposes. 

Table 4.1 provides the response of an undamped one-degree-of-freedom system 
to common excitation terms delayed by a time to. The responses are derived from 
the convolution integral making use of the following formula: 

4-4 1 Use the convolution integral to derive the responses of an undamped linear one-degree- 
of-freedom system of mass rn and natural frequency w, when subject to the delayed 
exponential excitation illustrated in Table 4.1. 



Exponential decay "b 
FIgum 4.4 Excitations of ~ x o r n ~ l e  4.3. 

Solution: 
The mathematical representation of the forcing function is 

F ( t )  = ~ ~ e - ~ ( ' - ~ ~ ) u  ( t  - to) 

The convolution integral, Eq. (4.1 I), is used to write the solution as 

which using Eq. (4.16) is rearranged as 

x ( t )  = u ( t  - t o )  - e-a(r-b) sin a, ( t  - t) d t 

= u ( t -  Fo [w,e-a(*-ro) + a sin o, (t - to) 
mqon (or2 + a:) 

- o, cos on (t - to)] 



to t 

Fo t/to u ( t )  

Figure 4.5 Graphical breakdown of excitations of Fig. 4.4 into functions that con be written by  id 
unit step functions. 



4.1 Response of an undanped one-&gree-~f-hsed~m n common forms of excitation 

/ 

Delayed impulse 
F ( t )  = A6 ( t  - to)  

~ ~ ~ p o n s e :  mrna;x(f ) /A = w,, sin wn ( t  - to) u ( t  - to) 

Response for Delayed Impulse - 
Impulsive Excitation 

Delayed step function 
Excitation: F ( t )  = Au ( t  - to) 
Response: m,w;x( t ) /A = [l - cos w,, ( t  - to ) ]  u ( t  - to) 

Delayed Step Excitation Response for Delayed Step 
1.2 2.5 7 1  

Delayed ramp function 
Excitation: F ( t )  = (At  + B)u (t  - to)  
Response: m,wix ( t ) / ~  = [ t  + B / A  - (to + B / A )  cos w, (5 - to)  - sin w, ( t  - to) /*I u (5 - to. 

Delayed Ramp Excitation Response for Delayed Ramp 

4 - B/A = 0.5 B/A = 0.5 
4 

3 - '  - 3 -  -. 
?IT 2 - 

w 
Y 

N$T 2 -  

1 - 1 -  

0 0 - 
0 0.5 1 1.5 2 2.5 0 0.5 1 1.5 2 2.5 

t f 



Table 4.1 (Con')) 

Delayed exponential function 
\ 

Excitation: F ( t )  = A~-(*-*o' U (t - to) 
Response: rn,wix(t)/A = [e-a(t-b) + (Y/w, sinw, (t  - to) 

- cos w, (t - to)] / ( 1  + (Y2/W:) U ( I  - to) 

Delayed Exponential Excitation Response for Delayed Exponential 
a = 0.5 a = 0.5 

1.2 2.5 - -9 

1.0 - 2.0 - 
0.8 - 1.5 

- 
* 1.0 - t .s: 0.6 - 

4 - 1  - Y 0.5 - 
0.4 N$ '9: 0.0 
0.2 - E -0.5 - 
0.0 . I I I - 1.0 - I I 1 I 

0 0.5 1 1.5 2 2.5 0 0.5 1 1.5 2 2.5 

Delayed sine function: 
Excitation: F ( t )  = A sin o (t - to) u (t - to) 

Response: - 1 m,o'x(t) - 1 (( ) Isino(t  - t o )  - s i n w ~  
A 2 w/w, - 1 

1 - 
+ I )  [sinw (t - to) + sin on] u (t - to) I 

Delayed Sinusoidal Excitation Response for Delayed Sine 
o = 4.0 o = 4.0 

1.5 2 
1.0 - 
0.5 - h 1 -  

h 
5. 
V ply 0.0 N.$ Y .s: O h  

-0.5 - E 
- 1  - - 1.0 - 

- 1.5 I I I I -2  I 

0 0.5 1 1.5 2 2.5 0 0.5 1 1.5 2 2.5 

- 
NOTE: This table provides the response of an undamped one-degree-of-freedom system to common forms of excitation. 
Many forms of excitation can be w r h n  as combinations of the excitations whose system responses are prwided in * 
table. Superposition can be used ta determine the response due ta these excitations. In other cases excitations con bs 
approximated by combinations of excitations in this table. Then this table and superposition is used to approxim* 
the response of an undamped one-degree-of-freedom system. 

The table provides the mathematical form of the excitation and response as well as graphical representatiofls. I" 
all cases values of on = 10 rad/s and to = 0.5 s were used to generate h e  graphs. The values of specific paramete' 
used for specific excitations are given. 



Often, excitations are linear cornbinations of the function whose responses are 

P resented in Table 4.1. The general form of an excitation that changes form at 
discrete times t l  , t 2 ,  . . . , tn is 

~ ~ ~ l i c a t i o n  of the convolution integral to the excitation of Eq. (4.17), using Eq. 
(4.16), yields 

Equation (4.18) shows that the total response is the sum of the responses due to the 
individual terms of the excitation. This result is due to the linearity of Eq. (4.1). The 

of any nonzero initial conditions are included with the response due to fi (t). 

Use Table 4.1 to develop the response of a linear one-degree-of-freedom system of mass Ixample 4.5 
m and natural frequency wn when subject to the triangular pulse excitation of Fig. 4.6. 

bolu)ient 
The triangular pulse can be written as the sum and difference of ramp functions as 
shown. The response due to the triangular pulse is obtained. by adding and subtracting 

"9'm 4.6 Triangular pulse of Example 4.5 and its breakdown. 



the responses due to each ramp function according to 

where the individual responses are determined from Table 4.1. 
For X ,  ( t ) ,  the ramp function entry of Table 4.1 is used with A = Fo/ t l ,  B = 0, and 

to = 0 leading to 

sin wn t  

xb(t)  is determined from the ramp function entry of Table 4.1 with A = F , / ~ ~ ,  
B E 0, to = t l  . This gives 

For x,(t) ,  the ramp function entry of Table 4.1 is used with A = - Fo/ t l ,  B = 2po, 
and to = t l .  This leads to 

xd ( t )  is determined using the ramp function entry of Table 4.1 with A = -Fo/ t l ,  
B = 2Fo, and to = 2 t l .  This gives 

Simplifying the resulting expression in each interval of time yields 

1 
sin wn t  

" I t  1 
x ( t )  = - 2 - - + - [2 sin on (t  - t l )  - sin a n t ]  

mw,2 tl ant1 

The response of each component part and the total response is shown in Fig. 4.7 

Many mechanical systems and structures are subject to nonperiodic base excitation. 
A rigid wheel traveling along a road contour excites motion of a vehicle through the 
suspension system. Earthquakes excite structures through base motion. 

Recall the governing equation for the relative displacement between a mass an d 
its base when the mass is connected to the base through a spring and viscous damper 



'*gum 4 7  (+o) Response of a one-degree-of-heedom system due to the component parts of 
a triangular pulse excitation obtained by using Table 4.1 ; (e) response of a 
one-degree-of-freedom system due to a triangular pulse excitation obtained using 
superposition; (f) comparison of triangular pulse and the resulting excitation. 



in parallel 

where y is the prescribed base motion. If z(0) = 0 and i ( 0 )  = 0 ,  the C O ~ V O ~ U ~ ~ ~ ~  

integral is used to solve Eq. (4.19), yielding 
r t 

Equation (4.20) is integrated by parts to write the solution in terms of the base 
velocity 

where 
e-5&t 

h( t )  = - sin (wdt - x) C4.221 
m, JW 

If the base displacement is known, it can be differentiated to calculate the velocity 
and Eq. (4.21) can be used to determine the relative displacement. Alternatively, the 
absolute displacement of the base can be attained by solving 

When applied to Eq. (4.23) the convolution integral yields 

Determine the response of a block of mass m connected through a spring of stiffness k 
to a base when the base is subject to the rectangular velocity pulse of Fig. 4.8. Use (0) 

Eq. (4.21) and (b) Eq.  (4.20). 
Solutiont 
The mathematical expression for the velocity pulse is 



(a)  By definition u(0) = 0, thus j (o)  = 0. In using Eq. (4.21) for an undamped 
system, note that X = 0 and sin (an t  - n / 2 )  = cos writ. Application of Eq. (4.21) then 
yields 

~ ( t )  = -V  it [ ~ ( t )  - u (t - to)] cos un( t  - I )  d t  

Using Eq. (4.16) to evaluate the integral leads to 
t r 

L(t) = -U [ u ( t ) i  coswn(f - r ) d r  - u ( t  - to) / cos wn ( t  - t )  d t 
to I 

v 
= - [sin w, ( t  - to) u ( t  - to) - sin (an t )  u( t )]  

wn 

(b) The base acceleration is obtained by differentiating the base velocity with respect 
to time. Noting that the derivative of the unit step function is the unit impulse function, 
differentiation gives 

The base velocity changes instantaneously at t = t and t = to. Instantaneous velocity 
changes result only from applied impulses. 

Substituting the base acceleration into Eq. (4.20) gives 

z( t )  = -- 
i n  .lo [6 (t) - 6 (t - to) J sin w, ( t  - t )  d t 

The integrals are evaluated after noting 

The relative displacement is determined as 

v z (t) = - [sin wn (t - to) u (t - to) - sin (w,t) u ( t )]  
wn 

me vehicle of Example 3.7 encounters a bump in the road of the shape shown in Fig. I lxampIe 4-7 
4.9. Determine the response of the vehicle if it encounters the bump when it is traveling 
at a of 20 mls. Recall from Example 3.7 that m = 900 kg, k = 80,000 N/m, and 
t = 0.2. 

Flgure 4.9 Versed sine pulse model for bump 
b d - - - - - +  of Example 4.7. 



Solution: 
The mathematical form of the bump, in terms of the horizontal road coordinate 6 is 

where h = 0.01 m and d = 0.8 m. If the vehicle encounters the bump at t = 0 
maintains a constant horizontal speed v, then = vt and the vertical displacement of 
the wheels is 

The convolution integral of the form of Eq. (4.24) is used to determine the system 
response. The wheel velocity is determined as 

Note that, since y(0) and y(d/v) = 0, it is not necessary to include derivatives of the 
unit step functions. 

The problem is solved by using the symbolic capabilities of MATLAB. The MAT- 
LAB script and the resulting displacement plot are given in Fig. 4.10. 

The Laplace transform method is a convenient method for finding the response of 
a system due to any excitation. The basic method is to use known properties of the 
transform to transform an ordinary differential equation into an algebraic equation, 
using the initial conditions. The algebraic equation is solved to find the transfom 
of the solution. This transform is inverted by using properties of the transform and 
a table of known transform pairs. 

The Laplace transform can be used to solve linear ordinary differential ePd-  
tions with constant or polynomial coefficients. The method easily handles excitations 
whose form changes with time. Such excitations are written in a unified mathema& 
cal expression by using the unit step functions. The shifting theorems help perform 
the transform and evaluate the inversions. 

The Laplace transform is not as easy to apply as the convolution integral unless 
one has extensive experience in its use. The main drawback of the method is 
difficulty in inverting the transform. A formal inversion theorem, involving contou' 
integration in the complex plane, is available, but is beyond the scope of this text. 

The transform pairs and properties used in the following discussion are sumlw 
rized and explained in App. B. 



% ~xample 4 - 7  
simplified one-degree-of-freed~m model of vehicle suspension system 

% vehicle encounters bump in road modeled as a versed sinusoidal pulse 

% Y (  t) =h (1- (COS (pi*v*t/to) ) "2) * (u(t) -u (t-d/v) 1 
% Convolution integral is ~ s e d  to evaluate system response 
~yrrls t tau % Defining symbolic variables 
% Input parameters 
digits (10) 
format short e 
m=900; % Vehicle mass (kg) 
k=8~000; % Suspension stiffness (N/m) 
zeta=O. 2 i % Damping ratio 
hb=O. 01; % Maximum height of bump (m) 
ds0.8; % Length of bump (m) 
~ 2 0 ;  % Velocity of vehicle (m/s) 
calculation of system parameters and constants 

omega-n=~q~t (k/m) ; % Natural frequency (rad/s) 
omega-d=~mega - n*sqrt(l-zetaA2);%Damped natural frequency 
cl=pi/d; 
% ~efinition of time dependent wheel displacement and velocity 
% MATLAB uses 'Heaviside' for the unit step function 
y=hb* (1-cos (Cl*vft) "2) * (1-syW Heaviside (t-0.04) ' ) ) ; 
ydot=hb*Cl*sin (2*Cl*v*tau) * (1-symV Heaviside (tau-. 04) ) ) 
% Convolution integral evaluation of response 
h=exp (-zeta*omega n* (t-tau) ) *sin (omega - d* (t-tau) ) / (m*omega d) ; - 
gl=-2*zeta*m*omega nfydot*h; 
g2=-omega nA2*m*y*h; 
gla=vpa (gi, 5) ; 
92a=vpa (9-2 1 5 ; 
Il=int (gla, tau, 0, t) ; 
<Ila=vpa (I1,5) 
I2=int (g2a, tau, 0, t) ; 
12a=vpa (12,s) ; 
xl=Ila+I2a; 
x=vpa (xl, 5) 
vel=dif f (x) 
acc=diff (vel) 
ti~e=linspace(O, 0 . 3 3 )  ; 
for i=1: 50 

xl=subs (x, t, time (i) ) ; 
xa (i) =vpa(xl) ; 

end 
XP=double (xa) ; 
Plot (time, xp, ' - ' 
xlabel('time (sec) ') 
ylabel( lx(t) (m) ' ) 

4-10 (a) MATLAB script for solution of Example 4.7 using symbdic integration of convolution inkgml, 



time (sec) 

Figure 4.1 0 (Con't) (b) plot of displacement versus time. 

Let i (s) be the Laplace transform of the generalized coordinate for a one-degree- 
of-freedom system. That is, 

Let F(s) be the Laplace transform of the known forcing function which, for a specific 
f ~ r m  of F , ( t ) ,  is calculated from the transform definition, referring to a table of 
transform pairs, or using basic properties in conjunction with a table. 

Taking the Laplace transform of Eq. (4.1) and using linearity of the transformy 

F(s) L{?} + ~ { & L { x )  + W,2x (s) = - 
"'=I 

The property for transform of derivatives allows the transform of the differendd 
equation for x ( t )  into an algebraic equation for f (s). Its application to Eq. (4-z6) 
gives 



which rearranges to 

me definition and linearity of the inverse transform is used to find x( t ) ,  

The inverse transform of each term of Eq. (4.28) depends on the types of roots 
in the denominator, which, in turn, depend on the value of (. For a given (, the 
inverse transform of the last term of Eq. (4.28) is directly determined. The inverse 
transform of the first term is determined only after specifying F,(t) and taking its 
Laplace transform. 

If the free vibrations are underdamped, then the denominator has two complex 
roots. In this case it is convenient to complete the square of the denominator and 
write it as 

The inverse transform of the last term of Eq. (4.28) is found by applying the first 
shifting theorem and known transform pairs B4 and B5, 

- - e-S%t x (0 )  cos f#d f + i ( 0 )  + Jwnx(0) sin a d  t 
Wd I 

The inverse transform of the first term of Eq. (4.28) is found by finding ' ( s )  for 
the particular form of F( t ) ,  forming i ( s ) /  (s2 + s J O ~ S  + m i ) ,  and inverting using 
algebraic manipulations, transform properties, and a table of known transform pairs. 

A200-kg machine is to be mounted on an elastic surface of equivalent stiffness 2 X 10' I E X ~ ~ P I ~  4 
Nfrn with no damping. During operation, the machine is subject to a constant force of 
'(JW N for 3 s. Can steady-state vibrations be eliminated without adding damping? If 
S O ~  What is the maximum deflection of the machine? 
hl~ t iont  

The differential equation governing motion of the machine is 

i +wzx = Fo[u(t) - u(t - 3)l 

where Fo = 2000 N and on = 31.63 rad/s. The Laplace transform of F (t) is obtained 



by using the second shifting theorem 

Then from Eq. (4.28) with x(0) = 0 and i ( 0 )  = 0, 

Partial fraction decomposition yields 

Fo 

S Z ( s ) = -  --- 
mu: s s2+0,2 

) ( 1  - e-3s) 

The second shifting theorem is used to help invert the transform 

The solution for t > 3 s is 

For no steady-state motion, 

cos un t = cos on (t  - 3) 

which is satisfied if 3wn = 2nx for any positive integer n.  Thus steady-state vibrations 
are eliminated by requiring 

2n n rad o n = - -  
3 

- 2.09n - 
s 

For n = 15, on = 31.35 rad/s, which is attained if m = 203.5 kg. Thus steady-state 
vibrations are eliminated if 3.5 kg is rigidly added to the machine. 

The machine undergoes 15 cycles while the force is applied, and motion ceases 
when the force is removed. The maximum displacement during operation is 

Use MATLAB to determine the response of aone-degree-of-freedom system with viscous 
damping to an exponential excitation F (t) = e-"'. 
Solution: 
The MATLAB script and output when the script is run are given in Fig. 4.11. MAT LA^ 
can determine the Laplace transform of many excitations symbolically and then invert 
the transform of the displacement to symbolically determine the system response. Since 
the output for a damped system is lengthy, the output is presented for an undamped 
system. 



%  MAT^ s c r i p t  f o r  Example 4 . 9  
% ~ a p l a c e  t r a n s f o r m  s o l u t i o n  f o r  r e s p o n s e  of  ~ n e - d e g r e e - ~ f - f r ~ ~ d ~ ~  
g due  t o  e x p o n e n t i a l  e x c i t a t i o n .  
syms s t a  z w 
g E x c i t a t i o n  
fsexp ( - a * t )  ; 
g Laplace t r a n s f o r m  o f  e x c i t a t i o n  
f s = l a p l a c e  ( f  1 ; 
h s = l / ( ~ A 2 + 2 * ~ * ~ * ~ + ~ A 2 ) ;  
8 Laplace  t r a n s f o r m  of  x ( t )  
gs=f s f h s ;  
d i s p ( ' L ( ~ ( t )  ) " )  

d i s p  ( g s  ) 
g I n v e r s e  t r a n s f o r m  t o  f i n d  x ( t )  
x l = i l a p l a c e  ( g s ,  s f  t 1 ; 
d i s p  ( ' s y s t e m  r e s p o n s e  ' ) 
x=s impl i fy  (xl) ; 
X ~ = S U ~ S  (x ,  Z, 0) ; 
~ 3 = s i m p l i f  y ( ~ 2 )  i 
d i s p  (x3  

system response 
l/w* (exp (-a*t) *w+csgn (w) *a*sin (csgn (w) *w*t) 
-cos (csgn (w) * w * t )  *w) / (aA2+wA2) 

Figure 4.1 1 (aj MATLAB script for Example 4.9; symbolic solution using Lapiace transform 
method; (b) MATLAB output. 

- 

Use the Laplace transform method to determine the response of an underdamped one- EX-PI~ 4-1 a 
degree-of-freedom system to the rectangular velocity pulse of Fig. 4.8. 

- I 
solutiont 

the analysis in Example 4.6, the differential equation governing displacement of 
'he mass relative to its base when the base is subject to a rectangular velocity pulse is 



Using transform pair B 1, and assuming z(0) = 0 and i ( 0 )  = 0, Eq. (4.27) becomes 

The transform is inverted by completing the square in the denominator and using both 
the first shifting theorem and the second shifting theorem to obtain 

-u 
~ ( t )  = - [e-("' sin od t  - e-(*('-") sin o d  ( t  - to) u ( t  - $)I 

O n  

Design problems often require the determination of system parameters such that 
constraints are satisfied. In many problems the design criteria involve limiting max- 
imum displacements andfor maximum stresses for a given type of excitation. For 
example, if it is determined that all earthquakes in a given area have similar forms of 
excitations, only with different levels of severity, then knowledge of the maximum 
displacement as a function of system parameters is useful in the design of a structure 
to withstand a certain level of earthquake. The structure's ability to withstand the 
earthquake depends on the maximum displacement developed in the structure during 
the earthquake and the maximum stresses developed. A structure in California along 
the San Andreas fault will usually be designed to withstand a more severe earthquake 
than a structure in Ohio. This, of course, depends on the use of the structure. 

Thus it is useful for the designer to know the maximum response of a structure as 
a function of system parameters. The transmissibility curves presented in Chap. 3 and 
discussed in more detail in Chap. 8 actually do this for the steady-state response due 
to harmonic excitations. For a given value of the damping ratio, the transmissibility 
curve plots the nondimensional ratio of the amplitude of the transmitted force to the 
maximum amplitude of the excitation force against the nondimensional frequency 
ratio. 

Similar curves are useful for analysis and design of systems that are subject to 
shock excitations. A shock is a large force applied over a short interval resulting in 
transient vibration. The maximum response is a function of the type of shock and 
system parameters. 

A shock spectrum (response spectrum) is a nondimensional plot of the maximurn 
response of a one-degree-of-freedom system for a specified excitation as a function 
of a nondimensional time ratio. The vertical axis of the plot is the maximum value 
of the force developed in the spring divided by the maximum of the excitation force. 
The horizontal axis is the ratio of a characteristic time for the excitation divided by 
the naturai period. For a shock excitation the characteristic time is usually taken 
the duration of the shock. 

Shock spectra are often plotted only for undamped systems as damping tends 
to act favorably to reduce the maximum response. Also, a shock spectrum is vefl 



to calculate and plot. Inclusion of damping in the development of a shock 
,pectrum greatly increases the amount of algebra performed. The resulting com- 
plexity may obscure the usefulness of the results. 

- 
Aone-story frame structure is to be built to house achemical laboratory. The experimentsl N x m .  4. 

pe rforxned in the laboratory involve highly volatile chemicals and the possibility of explo- 
sion is great. It is estimated that the worst explosion will generate a force of 5 x 106 N 
lasting 0.5 s. The structure is to be designed such that the maximum displacement due to 
such an explosion is 10 mm. The equivalent mass of the structure is 500,000 kg. Draw 
the shock spectrum for the structure subject to a rectangular pulse and determine the 

allowable stiffness for the structure. 

solution: 
me laboratory frame structure of Fig. 4.12 is modeled as an undamped one-degree-of- 
freedom system with x (t) representing the displacement at the top of the columns. The 
excitation is modeled as a rectangular pulse of magnitude Fo = 5 x lo6 N and duration 
to = 0.5 s. The response of an undamped one-degree-of-freedom system to a rectangular 
pulse with zero initial conditions is calculated using superposition and Table 4.1 as 

PO x (t) = - {l - cos a n t  - u (t - to) [ l  - cos a,, (t - to)]) 
k 

Figure 4.1 2 [a) The one-story chemical 
laboratory of Example 4.1 1 
is modeled as a frame 
structure; (6) h e  frame 
structure is  modeled as a 
one-degree-of-freedom 
mass-spring system, 
assuming the girder is  very 
rigid compared to the 
columns. 



For t < to the nondimensional force ratio is 

kx  
- = 1 - COS o,t 
Fo 

m e  preceding function increases until t = n/on  when it reaches a maximum value of 
2. If to -C nlo,,  the maximum nondimensional force ratio in this interval is 

However, since the response is continuous, the maximum response for t > n / w ,  must 
be at least this large. For t > to the nondimensional force ratio is 

kx - = cos on (t - to) - cos on? 
Fo 

Trigonometric identities are used on the above equation to obtain 

kx o n  to - = 2 sin - sin (ant  - a) 
Fo 2 

where 

Thus 

cosw,to - 1 
tan a = 

sin on to 

kx,, -- o n  to n - 2 sin - 
2 

to < - 
FO o n  

In summary, 

o n  to 2 sin - 
to < 5 (: 5 i) 2 o n  

Fo 
2 

The shock spectrum is plotted in Fig. 4.13. 

1/2 
Figure 4.13 The shock spectrum for a 

~ O / T  rectangular pulse. 



~eturning to the specific problem, assume first that A / m n  > 0.5 s. The smallest 
stiffness is obtained by setting x,, = 0.01 m, leading to 

The smallest solution of the preceding equation is k = 5.3 3 x 10' Nlm. Then 

Hence there is no solution for n/an > 0.5 S. 

Now let H / W ~  < 0.5 S .  Setting x, = 0.01 m leads to 

Then 

Hence the maximum deflection will be less than 10 mm if the structure is designed such 
that k > 1 x lo9 Nlm. 

The convolution integral and Laplace transform methods are easy methods of solving 
Eq. (4.1) for any excitation. However, closed-form solutions using these methods 
are limited to cases where the forcing function has an explicit mathematical formula- 
tion and closed-form evaluation of the convolution integral is ~ossible. In addition, 
there are explicitly defined forcing functions such as those proportional to noninte- 
gral powers of time where a closed-form evaluation of the convolution integral or 
evaluation of the inverse Laplace transform is very difficult. When these situations 
occur, numerical methods must be used to obtain an approximate solution to the 
differential equation at discrete values of time. 

Numerical solutions of forced one-degree-of-freedom vibrations problems are 
of two classes: numerical evaluation of the convolution integral and direct numerical 
evaluation of Eq. (4.1). 

numerical integration techniques are available for evaluation of integrals. Most 
"~mfical integration techniques use piecewise defined functions to interpolate the 
lntegrand. A closed-form integration of the interpolated integrand is performed. The 

described here uses an interpolation for Fq (t) from which an approximation 



to the convolution integral is obtained. The discretization of a time interval and 
possible interpolations to F,(t) are shown in Fig. 4.14. 

Lett, , t2, . . . be values of time at which an approximate solution is to be obtained. 
Let Fl (t), F2(t), . . . be the interpolating functions such that Fk(t) interpolates F,(~) 
on the interval tk-1 < t < tk. Let xk be the numerical approximation for x (tk). ~ l ~ , ,  
define 

The convolution integral is used to obtain the response of an underamped one- 
degree-of-freedom system as 

The trigonometric identity for the sine of the difference of angles is used to rewrite 
Eq. (4.30) as 

x(t) = e x(0)cosodt + i ( 0 )  + (onx(0) 
sin odt I 14.3 1 I 

cod 

1 +- Feq (t)eSonr cos ~ d t  
m,@d 

~ ~ , ( t ) e ~ ~ " ~ s i n ~ ~ r d r  I 
Define 

and GZj = J" Fq(t)eSonr sin codt d t  
'j-I 

Using the definitions in Eqs. (4.32) and (4.33) in Eq. (4.30) leads to 

xk = e x(0)cosodtk + (wnx (0) + i (0) sin odtk 
cod I 

Interpolating functions are chosen for Feq(t) such that Eqs. (4.32) and (4.33) have 
closed-forn~ evaluations when the interpolating function is used in place of ~ ~ ~ ( t ) .  
Then Eq. (4.34) is used to calculate approximations to the solution at discrete times. 

First, consider the case where Fq(t) is interpolated by a series of impulsest 
as illustrated in Fig. 4.146. During the interval between tj-l and ti, application of 
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4- 14 (a) Discretization of time for numerical integration of convolution integral; (b) F( t )  
can be interpolated by impulses of magnitude F ( t T ) h  ti applied at tT ,  ti-, < tT < 

ti, (c) Interpolation of F ( t )  by piecewise constants. For ti-, < t < tj, F ( f )  = F(t  f )  fo~ 
I 

some t ; ,  5-1 < t ;  < ti. (d) Interpolation of F( t )  by piecewise linear functions. 



F,(t) results in an impulse of magnitude 

The mean value theorem of integral calculus implies that there exists a t;, 
ti* < t i ,  such that 

Z j  = Fq (ti*) A j  

For the sake of interpolation, approximate ti* by 

tj + tj-1 ti* " 
2 

Thus, on the interval < t < t i ,  F ( t )  is interpolated by an impulse of magnitude 
l j  applied at the midpoint of the interval. With this choice of interpolation, Eqs. 
(4.32) and (4.33) are evaluated as 

Gz = Fq (t;) A jecw"*? sin udt; 14.361 

It is also possible to interpolate Feq(t) with piecewise constants. Over the 
interval from ti-1 to t i ,  the interpolate for Feq(t) assumes the value of Feq(t) at the 
interval's midpoint, as illustrated in Fig. 4.14~.  CaIl the value of the interpolate fj. 
Then 

where C ,  = - C *n sin odt, + - cos wdt, 
*d @d 

, e S ~ n t j - ~  sin wdtj-1 + - C on cos wdtj-1 
*d 

- e S w n t j - ~  C o n  - cos ~ d t j - 1  + - sin c ~ ~ t j - 1  
*d 

Finally, consider the case where F, ( t )  is interpolated linearly between t j -  I and 
t j ,  as illustrated in Fig. 4.14.d. Then if g, = f ( t , ) ,  



Cj and D j  are given by ~ q s .  (4.39) and (4.40). respectively, and 

Other choices for interpolating functions for Fq (t ) are possible. Higher-order 
piecewise polynomials may be used, as well as interpolates which require more 
smoothness at each ti, such as splines. Any form of interpolating function can be 
chosen as long as Eqs. (4.32) and (4.33) have closed-form evaluations. However, 
the more complicated the interpolating function, the more algebra is involved in the 
evaluation of G l j  and G2,. The numerical evaluation of the convolution integral 
also requires more computations for more complicated interpolating functions. 

If F,(t) is known empirically, any of the methods presented may be used to 
evaluate the convolution integral. If piecewise impulses or piecewise constants are 
used, the times where F,(t) is known are taken as midpoints of the intervals. If 
piecewise linear interpolates are used, the times where Feq(t) is known are taken as 
the ti 's. 

Error analysis of the preceding methods is beyond the scope of this text. Better 
accuracy for the response is, of course, obtained with better accuracy of the interpo- 
late. Error analysis usually involves comparing the interpolation with a Taylor series 
expansion to estimate the error in the interpolation. The error is usually expressed as 
being the order of some power of A j .  Bounds on the error in using the convolution 
int'-%ral are obtained. Integration tends to smooth errors. 

Determination of the response using these methods requires evaluation of the 
convolution integral at discrete values of time. Since errors are introduced in the 
yaluation of C l  and G z j ,  the more of these terms used in the evaluation, the larger 
Is the error. Hence the error in approximation grows with increasing r. Reduction of 
error can be achieved by using smaller time intervals, if possible, or by using more 
accurate interpolates. 

An alternative c numerical evaluation of the convolution integral is to approximate 
solution of Eq. (4.1) by direct numerical integration. Many methods are available 
numerical solution of ordinary differential equations. 



Since vibrations of discrete systems are governed by initial value problems, it 
is best to use a numerical method that is self-starting. That is, previous knowledge 
of the solution at only one time is required to start the procedure. 

Best application of self-starting methods required the rewriting of an nth-order 
differential equation as n first-order differential equations. This is done for Eq. (4 I )  
by defining 

Thus 

jll(t) = Y2(t) 

and from Eq. (4.1) 

Equations (4.46~ and 4.466) are two simultaneous linear first-order ordinary dif- 
ferential equations whose numerical solution yields the values of displacement and 
velocity at discrete times. 

In the following let ti, i = 1,2, . . . , be the discrete times at which the solution 
is obtained and let yl,i and y2,i be the displacements and velocities at these times 
and define 

The recurrence relations for the simplest self-starting method, called the Euler 
method, are obtained from truncating Taylor series expansions for Yk,i+l about yk,i 

after the linear terms. These recurrence relations are 

Given initial values of yl and y2, Eqs. (4.47a and 4.476) are used to calculate 
recursively the displacement and velocity at increasing times. The Euler method is 
first-order accurate meaning that the error is of the order of A ,. 

Runge-Kutta methods are more popular than the Euler method because of their 
better accuracy, while still being easy to use. A Runge-Kutta formula for the solution 
of the first-order differential equation 

is of the form 



and the a,  q,  and p coefficients are chosen by using Taylor series expansions to 
approximate the differential equation to the desired accuracy. 

The error for a fourth-order Runge-Kuth formula is proportional to A;. A 
fourth-order Runge-Kutta formula is 

Yi+l = Yi + f (kl + 2k2 + 2k3 + k4)  14.501 

where k l = ( t i + l - t i ) f ( y i , t i )  

k2 = ( t i+ l  - t i )  f (yi f k l ,  f (ti + ti+1)) 

k3 = ( 4 + 1  - ti) f (yi + 4k29 $ (ti + t i+ l ) )  

Equation (4.50) can be used for higher-order differential equations by rewriting it 
as a system of first-order equations as has been done in Eq. (4.46) for a one-degree- 
of-freedom system. The result is 

k1,3 = ( f i + l  - t i )  + fk2,2) [4.53~] 

k2,2 = (ti+l - ti) 
[ ~ e q  (i ZG t i+ , ) )  



1 4 ~ 3 ~  
The Runge-Kutta method is often used because it is easy to program for a digital 

computer. Its most restrictive limitation is that extension of the approximation 
between two discrete times requires evaluation of the excitation at an intermediate 
time. If the forcing function is known only at discrete times, evaluation at the 
appropriate intermediate times is often impossible. In addition, a large number of 
function evaluations can lead to large computer times. 

Adams' formulas provide more accurate approximations of ordinary differential 
equations. An open Adams formula requires knowledge of the functions at the two 
previous time steps to calculate the approximation at the desired time. A closed 
Adams formula requires knowledge of the function at only the previous time step, 
but the formula involves the evaluation of the function at the time step of interest, 
Thus a closed Adams formula requires an iterative solution at each time step. The 
closed Adams formula is much more accurate than an open formula of the same order. 
The closed formula is self-starting, whereas the open formula is not self-starting. 

A predictor-corrector method is a compromise that uses the closed formula for 
increased accuracy but uses the open formula to reduce computation time. The open 
formula is used to "predict" the solution at the desired time, then the closed formula 
is used to "correct" by using the predicted value as an initial guess. Iterations are not 
necessary as the first correction is very accurate. Since the open Adams formulas 
are not self-starting, a self-starting method such as the Runge-Kutta method of the 
same order is used to calculate the solution at the first time. The predictor-corrector 
method is used for the remainder of the calculations. 

*I. 4.1 2 b 20-kg milling machine is subject to the versed sine pulse of Fig. 4.15 during operation. 
The machine is mounted on an elastic foundation of stiffness 1 x lo6 N/m and damping 
ratio 0.2. Write aMATLAB script that usespiecewiseconstants as interpolating functions 
to numerically integrate the convolution integral to obtain the response of the machine 
up to t = 0.5 s. 
Smlutimnr 

The MATLAB script and the resulting plot of displacement are illustrated in Fig. 4.16. 
The M A W  script is written in a general form. When the script is run by MATLAB. 
the user will be prompted for input. The form of the excitation is provided in a separate 
MATLAB m file. This file is included on the accompanying CD. 

200(1 - cos2 -) 

F i p ~ e  4.1 5 Versed sine pulse excitation 
0.2 t 6 )  Examples 4.12 and 4- 13. 



% Example 4.12 
% Numerical integration of convolution integral using 
% piecewise constants to interpolate excitation 
m=200; % Mass of system 
k=1.*10A6; % Stiffness 
zeta=0.06; % Damping ratio 
omega-n=s4rt (k/m) ; % Natural frequency 
omega - d=omega-n*sqrt(l-zetaA2); % Damped natural frequency 
~0=200; % Magnitude of pulse 
tOz0.2; % Duration of pulse 
xO=O; % Initial displacement 
xdot0=0; % Initial velocity 
t=linspace (0, .5,1001) ; % Discretization of time scalc 
suml=O ; % Initialization of sum for G: 
sum2=0; % ~nitialization of sum for G: 
x(1) =xO; % Initialization of x 
CI= (I-zetaA2) /omega-d; 
c2=zeta*omegaVn; 
~3=~2/omega-d; 
for k=2:1001 

% calculating F (t) 
if t(k)c=tO 

F=FO* (1- (cos (pi*t (k) /to) ̂2) ) ; % F (t) 
else 

F=O ; 
end 
% Numerical integration formula Eqs. (4.37) - (4.40) 
EK=exp (C2*t (k) ) ; 
~Kl=exp (C2*t (k-1) ) ; 
SK=sin (omega-d*t (k) ) ; 
~Kl=sin (omega-d*t (k-1) ) ; 
CK=cos (omega-d*t (k) ; 
CKl=cos (omega-d*t (k-1) ) ; 
G ~ = F * c ~ *  (EK* (SK+C~*CK) -EK~* (sKl+C3*CKl) ) ; 
G2=F*Cl* (EK* (-CK+C3*SK) -EK1* (-CKl+C3*SKl) ) ; 
suml=suml+G1; 
sum2=sum2 +G2 ; 
% Eq. (4.34) 
xK= (xO*CK+ (C2*xO+xdotO) /omega-~*sK) /EK; 
x (k) =xK+ (SK*suml- CK* sum2 ) / (EK*m*omega-d) ; 

end 
plot (t , x) 
xlabel( It (sec) ) 
ylabel( x (t) (m) ) 

(4 

Figum 4.16 (a) MATLAB script for Example 4.1 2, numerical integration of convo~ution integral using 
piecewise constants for interpolation of excitation force. 



Figure 4.16 (Con't) (6) plot of displacement versus time 
obtained by running the script. 

nplm 4.13 (Write a MATLAB script using the program ODE45 to detennine the response of the 
system of Example 4.12. 

Smlutimns 
The MATLAB script for the development of the response is given in Fig. 4.17~. The 
script uses the MATLAB function ODE45, which uses a Runge-Kutta-Fehlberg method 
to numerically approximate the response. 

The resulting response generated from MATLAB is shown in Fig. 4.17b. The 
response is very close to that generated in Example 4.12 by numerical integration of the 
convolution integral. 

rge-Kutta so lu t ion  t o  Example 4 . 1 3  using MATLAB program ODE45 
tial condit ions 

4.1 7 (a) MATIAB script for solving differential equation for ~xarnple 4.13 by using ODE45, a 
RungeKuttcl solution. 



% Defining file for function of Example 4.13 
function F=fun4 12 ( T ,  Y) 

rn=200; % Mass of system 
k,1. *10A6; % Stiffness 
=eta=O. 06; % Damping ratio 
omega,n=~qrt (k/m) ; % Natural frequency 
~0=200 ; % Magnitude of pulse 
t0=0.2; % Duration of pulse 
~ ( 1 )  =Y(2) ; 
8 calculating F (TI 
if Tc=tO 

fl=~o/m* (1- (cos (pi*~/t0) ) ^2) ; 
else 

fl=O; 
end 
% xdot=F(l), xddot=F(2) 
F (2) =-2*zeta*~ (2) -omega-nA2*y (1) +f 1; 
F= [F (1) ; F (21 1 ; 

time (s) 

"gum 4.1 7 ( C e n l )  (a) Conit. (6) user-provided function for Example 4.13; (c) plot of displacement 
versus time obtained by running script. 



PROBLEMS 
4.1. Use the method of variation of parameters to obtain the general solution of Eq. (4.1) and 

show that it can be written in the form of the convolution integral, Eq. (4.11). 
4.2. Use the convolution integral to determine the response of an underdamped ~ n e - d e g ~ ~ - ~ ~ -  

freedom system of mass m and natural frequency on when the excitation is the unit ste 

function, u( t ) .  
P 

43. Let g ( t )  be the response of an underdamped system to a unit step function and h ( t )  a, 
response of an underdamped system to a unit impulse function. Show 

4.4. Use the convolution integral and the notation and results of Prob. 4.3 to derive the following 
alternative expression for the response of a system subject to an excitation, F ( t ) :  

4.5. A one-degree-of-freedom undamped system is initially at rest in equilibrium and subject 
to a force F ( t )  = ~ ~ t e - ' / * .  Use the convolution integral to determine the response of the 
system. 

4.6. The mass of Fig. P4.6 has a velocity v when it engages the spring-dashpot mechanism. Let 
x ( t )  be the displacement of the mass from the position where the mechanism is engaged. 
Use the convolution integral to determine x ( t ) .  Assume the system is underdamped. 

4.7. Use the convolution integral to determine the response of the system of Fig. P4.7. 

4.8. Use the convolution integral to determine the response of an underdamped one-degree-0f- 
freedom system of natural frequency o,, and damping ratio < when subject to a hamonic 
excitation F ( t )  = Fo sin wt. 

4.9. A one-degree-of-freedom system of natural frequency w, and damping ratio 5 < 
is 

subject to a rectangular pulse of magnitude Fo and duration to. Under what conditions 
the maximum response occur after the pulse is removed? 

4.10-4.16. A machine tool of mass 30 kg is mounted on an undamped foundation of stiffness 
1500 Ntm. During operation it is subject to one of the machining forces shown. Use be 
principle of superposition and the convolution integral to determine the response of be 
system to each force. 



0.5 2 t 6) FIGURE P4.10 

FIGURE P4.11 

1 1.5 2 t (s) FIGURE P4.12 



FIGURE P4.14 

FIGURE P4.15 

Impulse of 
magnitude 450 N . s 

I t 

4-17, The force applied to the 120-kg anvil of a forge hammer during operation is approximated 
as a rectangular pulse of magnitude 2000 N for a duration of 0.3 s. The anvil is mounted 
on a foundation of stiffness 2000 N/m and damping ratio 0.4. What is the maximum 
displacement of the anvil? 

4-18. The system of Fig. P4.18 is initially in equilibrium in a cylinder of compressed air at a 
gauge pressure of 300 kPa. A small hole is punctured in the casing, causing the gauge 
pressure to decrease exponentially. After 5 s the pressure drops to 200 kPa. ~ e t e d ~ ~  
x ( t ) ,  the Qsplacement of the piston from its initial position. 



~ . - - - 4 O C m ~  FIGURE P4.18 

4.19. A one-story frame structure houses a chemical laboratory. Figure P4.19 shows the results 
of a model test to predict the transient force to which the structure would be subject if an 
explosion would occur. The equivalent mass of the structure is 2000 kg and its equivalent 
stiffness is 5 x lo6 N/m. Approximate the maximum displacement of the structure due to 
this blast. 

4.20-4.23, A 500-kg vehicle is traveling at 45 m/s when it encounters a pothole or bump in the 
road, as illustrated. The deflection of the suspension spring under the weight of the vehicle 
is 7.2 mm. The shock absorber has a damping ratio of 0.3. Using a one-degree-of-freedom 
system to model the vehlcle and its suspension system, approximate the maximum vertical 
displacement of the vehicle, assuming it maintains its horizontaI speed as it encounters the 
pothole or bump. 



+ 15cm -30cm -4 FIGURE P4.21 

FIGURE P422 

4.24. A 20-kg radio set is mounted in a ship on an undamped foundation of stiffness 1000 N/m. 
The ship is loosely tied to a dock. During a storm the ship experiences the displacement 
of Fig. P4.24. Determine the maximum acceleration of the radio. 

0.1 s FIGURE P4.24 

4.25. A personal computer of mass rn is packed inside a box such that the stiffness and damping 
coefficient of the packing material are k and c respectively. The package is accidentally 
dropped from a height h and lands on a hard surface without rebound. Set up the convoluti~~~ 
integral whose evaluation leads to the displacement of the computer relative to the package. 

4.26. Use the Laplace transform method to determine the response of a system at rest in equilib- 
rium when subject to 

for (a) 4 = 0, (b) 0 < 4 < 1, (c) 4 = 1, (d)  4 > 1. 
4.27. Use the Laplace transform method to determine the response of an undamped one-degree' 

of-freedom system initially at rest in equilibrium when subject to a symmetric triangular 
pulse of magnitude Fo and total duration to. 



4.28. Use the Laplace transform method to determine the response of an underdamped one- 
degree-of-freedom system to a rectangular pulse of magnitude Fo and time to. 

4.29. Use the Laplace transform method to determine the steady-state response of an under- 
damped mass-spring system due to the periodic force of Fig. P4.29. 

I I 
I 1 L 

I I , I I I 

to 2t0 3t0 4t0 Sto 6t0 FIGURE P4.29 

4.30. Use the Laplace transform method to derive the response of a one-degree-of-freedom 
system initially at rest in equilibrium when subject to a harmonic force Fo sin or ,  when (a) 
o # w., ( b ) o  = o n .  

431. Repeat Example 4.10 if the force is modeled as a triangular pulse of magnitude 5 x 106 N 
and total duration 0.5 s. 

4.32. Determine the response spectrum for a rectangular velocity pulse. 

4.33. Determine the response spectrum for a rectangular acceleration pulse. 

4.34. Derive Eq. (4.35). 
4.35. Derive Eq. (4.42). 

MATLAB PROBLEMS 
M4.1. File VIBES4A.m provides the convolution integral response of an undamped one- 

degree-of-freedom system due to an arbitrary excitation. The convolution integral is 
evaluated symbolically. The excitation is provided by the user in the script file v4A.m. 
Use VIBES-4A.m to determine the response of an undamped system initially at rest in 
equilbrium due to 

(a) F ( t )  = e-'15 

(b) F(t) = te"'I5 

(c) F ( t )  = 0.01 sin (2t + 0.1) 

( d )  F(t) = 0.01e-'1" sin (2t 3- 0.01) 

M4.2. File VIBES-4B.m provides the convolution integral solution for an undamped one- 
degree-of-freedom system to the excitation of Fig. PM4.2. Use VIBES-4B.m to deter- 
mine the response spectrum for this excitation. 

&.--. o 4t0 Sto FIGURE PM4.2 



M43. File VLBES-4C.m provides the Laplace transform solution for a one-degEe-of-freedom 
system due to an arbitrary excitation. The excitation is provided in the script file v ~ A . ~ .  
Use VIBES-4C.m to determine the response of a system when subject to the excitations 
of Prob. M4.1. 

File VIBES-4D.m is the file which is used in Example 4.12, providing the numerical integration 
of the convolution integral using piecewise constants. The excitation is provided to the program 
through a user-defined script file, v4D.m. Use VIBES4D.m to solve the Prob. M4.4 to M4.9, 

M4.4. A 100-kg punch press is mounted on an elastic foundation of stiffness 10,000 N/m and 
damping ratio 0.3. During operation the press is subject to the excitation of Fig. PM4.4, 
Determine the maximum response of the press during operation. 

M4.5. Determine the time-dependent response of the system of Fig. PM4.5. 

FIGURE PM45 

M4.6. Determine the time dependent response of a 100-kg milling machine mounted on an 
elastic foundation of stiffness 30,000 N m and damping ratio 0.3 subject to the force 
F ( t )  = 250er2 N during operation. Determine the time-&pendent response of the 
machine. 



~ 4 . 7 .  A 300-kg reciprocating machine has a rotating unbalance of 1.5 kg . m. The machine is 
mounted on an isolator of stiffness 3 x lo6 N/m and damping ratio 0.07. The machine 
has a steady-state operating speed of 2000 rpm. Once the machine begins to operate, 
it takes 1.8 s to reach this operating speed. Assuming the operating speed increases 
linearly to its final value, use VIBESQD to determine the response of the machine until 
a steady-state is reached. 

~ 4 . 8 .  A 2000-kg vehicle is traveling along a smooth road at 60 kmlh when it encounters a 
bump whose contour is given in Fig. PM4.8. The driver begins to decelerate linearly 
when the vehicle first encounters the bump, reaching a speed of 40 kmlh in 1 s. Model 
the vehicle and its suspension as a one-degree-of-freedom system with a stiffness of 
4 x lo6 N/m and a damping ratio of 0.16. Use VIBES-4D to determine the response of 
the system. 

~ 4 . ~ M 4 . 1 2 .  File VIBES-4E.m is used to develop the response spectrum of an undamped one- 
degree-of-freedom system due to an excitation of characteristic time to. VIBES4E uses 
MATLAB program ODE45 for a Runge-Kutta solution of Eq. (4.1) and requires a use1 
supplied script file V4E.m. Use VIBES-4E to solve Example 4.11 assuming the blasi 
is modeled by the pulse shown with Po = 5 x 106 N and to = 0.5 s. 

FIGURE PM4.8 FIGURE PM4.9 

FIGURE PM4.10 FIGURE PM4.11 



~4.13. Write a MATLAB script file that uses symbolic computation to determine the response 
of an underdamped one-degree-of-freedom system to an excitation of the form F ( ~ )  , 
Fote-ut. 

M4.14. Write a MATLAB script file that uses symbolic computation to determine the response 
of an undamped one-degree-of-freedom system to an excitation of the form 

Note that MATLAB uses sym('Heaviside(t-a)' ) to symbolically represent u(t - a). 

M4.15. Write a MATLAB script file that uses the Laplace transform method to &tennine fie 
response of an undamped one-degree-of-freedom system due to the excitation of hob. 
M4.14. 

M4.16. Write a MATLAB script file using the symbolic differential equation solver dsolve to de- 
termine the response of an undamped one-degree-of-freedom system with the excitation 
F(t) = Foe-ut. 

M4.17. Write a MATLAB script file.that uses VIBES-4D that will determine the absolute 
acceleration of a body connected through an elastic foundation to a movable suppon. 
Use the program to determine and plot the absolute acceleration as a function of time 
for Rob. M4.8. 

M4.18. If x(t) is the displacement of a machine on an elastic foundation, the force transmitted 
from the system to the fixed foundation is FT = kx + c i .  Write a MATLAB script 
file that uses VIBESQD that will determine FT once x (t) has been calculated. Use the 
program to determine the maximum value of the transmitted forces for the vibrations in 
Robs. M4.4, M4.6, and M4.7. 

M4.19. In Chap. 1 1  it is suggested that the best isolator design for a system with a short-duration 
pulse (to << 2n/o.) is for 5 = 0.4. This minimizes the maximum displacement for a 
fixed value of the maximum value of the transmitted force. If an isolator of damping 
ratio 0.4 is used, the stiffness is obtained from on = 0.881FTm, where I is the total 
impulse imparted to the system by the pulse. Use the MATLAB program in Rob. M4.18 
to determine the maximum transmitted force and maximum displacement for the pulse 
of Fig. PM4.9 Gith Fo = 2000 N and to = 0.5 s for 5 = 0.1,0.2,0.3, and 0.4 and 
toon/2n = 0.05,0.1,0.15,0.3, and 0.5. Use the table of results to comment on the 
proposed hypothesis. 

M4.20. Write a MATLAB script to numerically integrate the convolution integral using piece- 
wise linear interpolates for the excitation. Use the program to compare the approxima- 
tion obtained by piecewise linear interpolates and piecewise constant interpolates for 
the excitation of Example 4.12. Compare the accuracy as the time interval between 
approximations decreases. 

M4.21. Write a MATLAB script program to numerically integrate the differential equation 
governing the motion of a damped one-degree-of-freedom system due to an arbitrarv 
excitation, using the MATLAB function ODE45. 

M4.22. Use the UATLAB program of Prob. M4.21 to solve Prob. M4.6. 
M4.23. Use the MATLAB program of hob. M4.21 to solve hob. M4.7. 
M4.24. Use the MATLAB program of Prob. M4.21 to solve hob. M4.8. 
M4.25. A performance test is run on a model of a rocket. The model is connected to an elastic 

medium of stiffness k and damping coefficient c. The rocket is fired and thrust 
developed as exhaust gases leave the nozzle. The thrust is h,u,  where i t ,  = pevcAt 



is the mass flow rate of the exhaust gases, ve is the exit velocity, pe is the density of 
the exit gas, and A, is the exit area of the nozzle. The velocity of the exhaust gases are 
predicted in the following table: 

Burnout is achieved at 1.0 s. The total mass of the rocket and fuel is 3000 kg, the spring 
stiffness is 40,000 Nlm, the damping coefficient is 1000 N . dm, and p,A, = 0.41 kglm. 
The governing differential equation is 

Write a MATLAB script using ODE45 to predict the response of the system. Assume 
the mass remains constant at 3000 kg and use a linear interpolation to predict the velocity 
of the exhaust gases between given values. 

M4.26. The mass of the rocket of Prob. M4.25 is actually a function of time given by 

where Mo = 3000 kg. Modify the Runge-Kutta method to account for variable mass. 
Use a numerical integration scheme to calculate the mass as a function of time. Modify 
the program of Prob. M4.25 to account for the change in mass. 



The analysis of the vibrations of a multi-degree-of-freedom system is significantly 
more difficult and time-consuming than the analysis of the vibrations of a one-degree- 
of-freedom system. Recall from Chap. 1 that the number of degrees of freedom 
necessary for the analysis of vibrations of a system is the number of kinematically 
independent coordinates necessary to specify the motion of every particle contained 
in the system. The number of degrees of freedom of many mechanical systems is 
easy to identify. The motion of the rigid bar in Fig. 5.la is analyzed using one 
degree of freedom. However, when the pin support is removed, as shown in Fig. 
5.lb, the motion must be analyzed using two degrees of freedom. This is because 
the kinematic relationship, xu = LO, obtained using the small-angle assumption 
is no longer valid and xu and 0 are kinematically independent. If the cable in the 
mass-pulley system of Fig. 5.2 is flexible, then the motion of the system is analyzed 
using two degrees of freedom. The no-slip assumption between the cable and the 
Pulley is still used but kinetics, not kinematics, provides the relationship between 
the displacement of the mass and the angular displacement of the pulley. 

Modeling a structural system with a finite number of degrees of freedom pro- 
vides approximations to the behavior of the system. All structural systems are 

systems wi& an infinite number of degrees of freedom. The continu- 
OUS change in internal forces and moments across the length of a beam prevents a 

relationship between the displacement of any two particles on the beam's 
axis. However, the analysis of continuous systems requires the solution of 
differential equations. The analysis of a multi-degree-of-freedom system is 

eaier- Modeling of a structural element using a one-degree-of-freedom system was 
!nQOduced in Chap. 1. The one-degree-of-freedom model provides only an approx- 
lrnati0n to fki lowest natural frequency, whereas a continuous system possesses an 



eigun b.1 (a) One-degree-of-freedom system, Figure b.2 (a) If there is no slip between cable ond 
x, ;t: Le; (6) when pin support i s  removed, system has pulley, x = re ond system is  modeled using one degree of 
two degrees of freedom. No kinemotic relotion exists freedom; (6) i f  coble i s  elastic, no kinematic relotion exists 
between x, ond e. between x and 6. 

infinite but countable number of free vibration modes. The use of a multi-degree-of- 
freedom model yields a better approximation for the lowest natural frequency and 
also provides approximations for higher frequencies. 

This chapter deals with the derivation of the differential equations governing 
the vibrations of multi-degree-of-freedom systems. Chapter 6 is concerned with 
the free-vibration response of a multi-degree-of-freedom system, while Chap. 7 is 
concerned with the forced-vibration response of a multi-degree-of-freedom system. 

' h o  methods of deriving the differential equations are presented: application 
of Newton's laws to free-body diagrams and energy methods. The application of 
Newton's laws to free-body diagrams is straightforward, similar to their application 
for one-degree-of-freedom systems. However, their application can be tedious and 
the resulting equations may have to be manipulated to be put into a usabIe form. 
Energy methods are based on the use of Lagrange's equation, a general equation 
derived from energy methods that is used to formulate differential equations for 
possibly nonlinear systems. A complete understanding of Lagrange's equation and 
its full use requires knowledge of the calculus of variations and is beyond the scope 
of this book. 

Differential equations for linear systems are summarized in a matrix form. La- 
grange's equations are used to show how knowledge of the quadratic forms of Po- 
tential and kinetic energies for a linear system are used to define the elements ofthe 
stiffness and mass matrices. Influence coefficients are developed as an alternative 
to formally calculating the potential energy. 



The formulation of the differential equations for discrete models of structural 

sYS 
terns is handled differently. The inverse of the stiffness matrix, called the flexi- 

bility matrix, is calculated and approximations are used for the mass matrix. 

~ ~ ~ ~ r n i n g  differential equations for multi-degree-of-freedom mechanical systems 
can be derived by applying the basic principles of rigid-body dynamics to the appro- 

P riate free-body diagrams The method of application is very similar to that presented 
in Chap. 2 for one-degree-of-freedom systems. The method used in this textbook 

two free-body diagrams drawn for each rigid body or system of rigid bod- 
ies. One free-body diagram shows the external forces acting on the rigid body and 
a separate free-body diagram shows the effective forces acting on the body. The 
effective forces are equivalent to a force equal to the mass times the acceleration of 
the mass center of the rigid body placed at its mass center, and a couple equal to the 
centroidal mass moment of inertia of the body times the angular acceleration of the 
body. Conservation laws are then applied to the free body-diagrams. The following 
examples illustrate this procedure. 

The blocks in Fig. 5.3 slide on a frictionless surface. Derive the differential equations 
governing free vibrations using XI, x2, and x3 as generalized coordinates. 
Solution: 
The following form of Newton's law: 

is applied to the free-body diagrams of Fig. 5.3b. The resulting differential equations 
are 

The preceding equations are rearranged and written in matrix form as 

O O m  -k 4k 



mi, 

External 
forces 

Effective 
forces 

Figurn 5.3 (a) System of Example 5.1; (6) kee-body diogroms of each block ot on orbitror~ 
instant. 

s-2 I Consider the uniform slender rod of Fig. 5.4. Assume the springs remain vertical, the 
bar is in equilibrium when it is horizontal, and the small-angle assumption applies. 
Using x ,  the displacement of the mass center of the bar, and 9, the clockwise angula' 
displacement of the bar form equilibrium, as the generalized coordinates, derive the 
differential equations governing the forced vibrations of this two-degree-of-freedo* 
system. 





- 
1 5.3  f ie  block of Fig. 5.5 slides on a frictionless surface. The slender rod is pinned at fie 

center of the block. Using x ,  the displacement of the block from equilibrium, and 
the angular displacement of the bar from the vertical, as generalized coordinates, defiv; 
the nonlinear differential equations governing the motion of this system. Linearize fie 
differential equations using the small-angle assumption. 

Solution: 
Free-body diagrams of the block-rod assembly and the rod done are shown in Fig. 5.5b 
A fre-body diagram of the block alone is not analyzed as it includes the unknown pin 
reactions. These reactions must be known in terms of the generalized coordinates to 
apply Newton's law to the block. Application of 

to the block-rod assembly yields 

Application of 

to the free-body diagram of the rod alone yields 

These differential equations are nonlinear because of the presence of the sin 8, cos 8, and 
e2 terms. The small-angle assumption is used to linearize the differentid equations with 
cos 9 1, sin0 x 8, and neglecting e2 in comparison to linear terms. The resulting 
equations are written in matrix form as 

Energy methods are often more useful than application of Newton's laws for deriving 
differential equations governing vibrations of multi-degree-of-freedorn systems. A 
full understanding of the most convenient energy method first requires knowledge 
of the calculus of variations. Thus the method and examples of its application are 
presented without theory. 



Mt) & m ~ %  

External forces Effective forces 

( b )  

5.5 (a) System of Exomple 5.3; (b) hee-bcdy diagrams of on 
orbitrory instant. 



The lagrangian of a dynamic system is defined as the difference between its 
kinetic and potential energy at an arbitrary instant 

me Iagrangian is a function of the generalized coordinates and their time derivative, 

me lagrangian is treated as a function of 2n independent variables; the time deriva- 
tives of the generalized coordinates are viewed as being independent of the gener- 
alized coordinates. 

For a conservative system, the dot product of Newton's laws is taken with a 
virtual displacement vector defined by one of the generalized coordinates. ~ h ,  
resulting energy equation can be manipulated to yield Lagrange's equations 

Equation (5.3) is applied to derive n differential equations for an n-degree-of- 
freedom conservative system. Lagrange's equations can be used to derive differential 
equations for linear and nonlinear systems. 

4 1 Use Lagrange's equations to derive the differential equations governing the motion of 
the system of Example 5.1 using x l ,  x2, and x3 as generalized coordinates. 

Solution: 
The kinetic energy of the system at an arbitrary instant is 

The potential energy of the system at an arbitrary instant is 

The lagrangian is 

Application of Lagrange's equations leads to 



The differentid equations derived from Lagrange's equations are identical to those ob- 
tained in Example 5.1 by the free-body diagram method. 

- 

Use Lagrange's equations to derive the differential equations for the system of Example I Example 
5.3 if M(t) = 0 and F ( t )  = 0. 

Solution: 
The only external forces acting on the system are the spring force, gravity, and the 
normal force between the block and the surface on which it slides. All external forces 
are conservative. Thus Eq. (5.3) is used with x and t9 as generalized coordinates. If the 
pin support is used as the datum for potential energy calculations, then 

Recall that the kinetic energy of a rigid body is 

T = $m$+ %JW2 

where G is the velocity of the mass center of the body and o is the angular velocity of 
the body. The velocity of the mass center of the bar has both a vertical component and 
a horizontal component. Thus 

1 
T = -(2m)i2 2 + -!m 2 [(i + 4 8  mst9)2 + (g8 + ( A r n ~ ' B 2 )  

and 



With xl = x, Eq. (5.3) becomes 

which gives 

Application of Eq. (5.3) with x2 = 8 gives 

L L2 .. L = m-iwsO +m-8 +mg- sine 
2 3 2 

The differential equations derived using Lagrange's equations are identical to the non- 
linear equations derived using Newton's laws in Example 5.3. 

Consider an n-degree-of-freedom system with generalized coordinates X I ,  

x2, . . . , xn acted on by external nonconservative forces. The system is moved 
through small displacements to a new arbitrary state specified by xl + axl,  x2 + 
6x2, . . . , xn + axn. The changes in displacements are called virtwl displacements. 
The work done by the nonconservative forces as the system moves through the vir- 
tual displacements is called the virtuul work and is calculated by using the usual 
definition of work done by a force. The virtual work can be written in the form 

The Qi terms are called generalized forces. It can be shown that Lagrange's equa- 
tions for a nonconservative system take the form 

C 

Use Lagrange's equations to derive the differential equations governing the motion of 
the nonconservative system of Fig. 5.6, using x and 8 as generalized coordinates. 



Figure S.6 Two-degree-of-freedom nonconservative 
system of Example 5.6. 

solution: 
The lagrangian for the system of Fig. 5.6 was developed in Example 5.5. Imagine a 
virtual displacement for the block 6x and a virtual counterclockwise rotation of the bar 
So. The work done by the nonconservative forces as the system moves through the 
virtual displacement is 

from which the generalized forces are determined as 

Then, from the results of Example 5.5, the differential equations governing the motion 
of the system of Fig. 5.6 are 

L  L2 L 
m - 1  cos8 + m - e  + mg- sin8 = L F ( t )  

2 3 2 

Use Lagrange's equations to derive the differential equations governing the motion of 1 C X ~ ~ P I ~  5.: 
the system of Fig. 5.7 using XI, x2, and x3 as generalized coordinates. 
solutionr 

Lagrange's equations were used to derive the differential equations governing the motion 
Of the system but without the viscous dampers in Example 5.4. The method of virtual 
work is used to derive the generalized forces. To this end imagine virtual displacements 

8x2, and 8x3. The force developed in the leftmost viscous damper is c i l  and 
its viltual work is -ciI axI. The force developed in the rightmost viscous damper is 
& ( i 3  - iz). The work done by the damping force due to the virtual displacement 6x2 is 



7 System of Example 5.7. 

2 c ( i 3  - i2)6x2.  Since the force opposes the direction of 6x3, the work done due to 6x3 
is -2c ( i3  - i2 )6x3.  Thus the total virtual work is 

Thus the generalized forces are 

Q 1 = - c i l  Q 2 = 2 c ( i 3 - i 2 )  Q 3 = - 2 c ( i 3 - i 2 )  

Then, from the results of Example 5.4, the differential equations are 

mjll + 3kx1 - 2kx2 = - c i l  

2 m k  - 2kxl + 3kx2 - kx3 = 2c ( i3  - i2) 

mx3 - kx2 + 4kx3 = -2c( i3  - i2) 

which can be rewritten in a matrix form as 

O O m  -k 4k 

It can be shown that for an n-degree-of-freedom linear system the potential and 
kinetic energies must have the quadratic forms 

kgrangian for a linear system becomes 



APP lication of Eq. (5.5) yields 

Since 

Eq. (5.8) becomes 

The right-hand side of the preceding equation is broken into four terms and the order 
of summation interchanged on the second and fourth terms. Then, because of the 
presence of the 8 terms, the value of the term on the inner summation is nonzero only 
for one value of the summation index. Thus the preceding equation can be rewritten 
using single summations as 

The name of a summation index is arbitrary. Thus these summations are combined, 
yielding 

Note that in Eq. (5.6) kir and kli both multiply the product xixl and without loss of 
generality can be set equal. The same reasoning for Eq. (5.7) leads to mil = mu. 
Thus 







The elements of the mass and stiffness matrices are obtained by comparing the above 
equations to Eqs. (5.7) and (5.6) respectively, leading to the following differential equa- 
tions 

Thus the system is dynamically coupled, but not statically coupled, when X A  and xc are 
used as generalized coordinates. 

The method presented in this section to determine the mass and stiffness ma- 
trices for linear systems is the multi-degree-of-freedom analogy to the equivalent 
systems method presented in Sec. 2.3 to derive the differential equations govern- 
ing the motion of a linear one-degree-of-freedom system. The equivalent systems 
method uses the kinetic energy to determine an equivalent mass and the potential 
energy to determine an equivalent stiffness. The mass and stiffness matrices are 
analogous to the equivalent mass and the equivalent stiffness. 

Viscous damping adds linear terms to the differential equations. The application 
of Lagrange's equation to a system with viscous damping is illustrated in Examples 
5.6 and 5.7. In these examples the method of virtual work is used to determine the 
generalized forces resulting from the nonconservative viscous damping forces. The 
viscous damping t e r n  are incorporated in a matrix formulation and the equations 
are written in the form 

where M and K are the previously defined mass and stiffness matrices and C is the 
n x n damping matrix. 

As illustrated earlier in this section, formal application of Lagrange's equationsis 
not necessary to derive the governing differential equations for a linear system. This 
is true for systems with viscous damping, as the virtual work for viscous damping 
forces can be written as 

where Cij  is the element in the ith row and jth column of the damping matrix- 
The equivalent damping coefficient for a linear one-degree-of-freedom system 

is determined by using the energy dissipated by the viscous damping forces between 
two arbitrary times. Extending this analogy to a multi-degree-of-freedom systeln lt 



is PO ssible to write the work done by the viscous damping forces as 

Using dxj = (dxjldt) dt in Eq. (5.14) leads to 

Equation (5.15) can be used to argue that cij = Cji and hence the damping matrix is 
symmetric. 

11 is shown in Sec. 5.4 that the elements of the stiffness matrix for a linear system can 
be determined as the coefficients in the quadratic form of the potential energy. The 
work done by a conservative force is independent of path and can be expressed as the 
difference in potential energy between the initial position and the final position of the 
system. The potential energy function is a function only of the position of the system. 
Thus when evaluating the potential energy for a specific system configuration, one 
can look at any means of arriving at that configuration. 

Stiffness influence coefficients provide an alternate means of determining the 
elements of the stiffness matrix. It is based on determining the potential energy for 
a system configuration that is obtained through static application of concentrated 
forces. To illustrate the development of the method consider three  articles along 
the span of a fixed-free beam as illustrated in Fig. 5.9~. The beam is initially in 
its static equilibrium configuration. Let XI, x2, and x3 be the chosen generalized 
coordinates which represent the displacements of the particles. 

Consider the static application of a set of concentrated loads fil applied to 
Particle 1, f21 applied to particle 2, and f31 applied to particle 3 such that after their 
application, xl = xi, x2 = 0, and x3 = 0 as illustrated in Fig. 5.9b. Since particles 

and 3 do not change ~osition during application of these loads, the forces applied 
to these particles do no work. The total work done by the external loads during this 

is 

add a second set of forces f12 applied to particle 1, fi2 applied to particle 2, 
f32 applied to particle 3 such that after static application of these loads, xl = xi, 

I2 = Q, and x, = 0 as illustrated in Fig. 5.9~. Since particles 1 and 3 do not 
position during application of these loads, only the forces applied to particle 

work. Note that the force fZ1 was already fully applied when the displacement 



Figure 5.9 (a) Fixed-free beam with three 
particles along span; 
(b) configuration after first set of 
loads; (c) configuration ofter 
second set of loads; (d) final 
configuration ofter application of 
third set of loads. 

occurred and the displacement occurred as f22 was being applied. Hence the work 
done during application of these forces is 

Next add a third set of forces fi3 applied to particle 1, fi, applied to particle 2, and 
f33 applied to particle 3 such that after static application of these loads X I  = 
x 2  = x 2 ,  and xa = x3, as illustrated in Fig. 5.9d. The work done during application 
of these forces is 

u 2 + 3  = f 3 1 ~ 3  + f 3 2 ~ 3  + if33x3 [ ~ . 1 8 J  



nus, after application of the three sets of forces, the particles have arbitrary dis- 
placements. According to the principle of work and energy, the potential energy in 
the system is equal to the work done by the external forces between configuration 0 
and 3, 

The system is linear, thus a proportional change in the system of forces applied 
on any step leads to a proportional change in displacements. Define kl l ,  kzl , and ksl ,, the set of forces required to cause a unit displacement for the first particle. Then, 
due to the linearity of the system 

f11 = kllxl f 2 1  = k21~1 f31 = k31~1 15.201 

similarly define k12, k22, and kg2 as the set of forces required to cause a unit dis- 
@cement for particle 2 and kis, k s ,  and k33 as the set of forces required to cause a 
unit displacement for particle 3. Then, in general 

Using Eq. (5.21) in Eq. (5.19) leads to 

The potential energy is a function only of the beam's configuration, not of how the 
configuration is attained. Thus the potential energy would be the same if the order 
of the loading were reversed. Suppose the forces f12, f22, and f32 are applied first, 
resulting in XI = 0, x2 = XZ, and x3 = 0. Then the forces f21, fz2, and f32 are 
applied such that after their static application the beam's configuration is defined 
by xl = xl, x2 = x2, and x3 = 0. Then, from Eq. (5.21), the potential energy is 
calculated as 

Since the energy calculated by Eq. (5.22) must be the same as that calculated 
by Eq. (5.23) for arbitrary values of xl, x2, and x3, k12 = k21. Other combinations 
of the order of loading can be studied to show that in general 

Then, using Eq. (5.24) in Eq. (5.22) leads to 

Equation (5.25) is identical to the quadratic form of the potential energy for this 
Uue-degree-of-freedom system. Thus the coefficients kij, i, j = 1,2,3 are the 

of the stiffness matrix. The k, calculated in this fashion are called stisless 
'nPuence coeflcients. Equation (5.24) shows that the stiffness matrix is symmetric 
when stiffness influence coefficients are used in its determination. 



The concept of stiffness influence coefficients can be generalized to any lines, 
system. Each column of the stiffness matrix has a physical interpretation .rhe 
jth column of the stiffness matrix is the set of forces acting on the particles whose 
displacements are described by the chosen generalized coordinates such that after 
static application of these forces, x ,  = 1 and xi = 0 for i # j. 

In summary the influence coefficient method for determining the elements ofan 
n-degree-of-freedom system is as follows: 

1. Assign a unit displacement for XI,  maintaining x2, x3, . . . , xn in their static- 
equilibrium position. Calculate the system of forces required to maintain this 
as an equilibrium position. The forces, ki l ,  are applied at the locations whose 
displacements define the generalized coordinates. This set of forces yields the 
first column of the stiffness matrix. 

2.  Continue this procedure to find all columns of the stiffness matrix. The jth 
column is found by prescribing x j = 1 and xi = 0, i f j, and calculating the 
system of forces necessary to maintain this as an equilibrium position 

3. If xi  is an angular coordinate, then k j i  is an applied moment. When calculating 
the jth column of the stiffness matrix, a unit rotation in radians must be applied 
to the angle defined by x j .  If the small-angle assumption is necessary to achieve 
a linear system, it is also used to calculate the stiffness influence coefficients. 

4. Reciprocity implies the stiffness matrix must be symmetric: ki j  = k j i .  The 
symmetry can be used as a check. 

5. When deriving differential equations for linear systems, note that static deflec- 
tions in springs cancel with the gravity forces or other conservative forces that 
cause the static deflections. Thus static deflections and their sources do not need 
to be considered in determining stiffness influence coefficients. 

- - - - - - 

Use the stiffness influence coefficient method to calculate the stiffness matrix for the 
system of Fig. 5.3 in Example 5.1. 

Solution: 
- 

The first column of the stiffness matrix is obtained by setting xl = 1, x2 = O,xs ; 
0 and calculating the system of applied forces necessary to maintain this position ln 

equilibrium. Free-body diagrams of the blocks are shown in Fig. 5.10. Setting S F  = O 
yields 

Block b: 2k + kZ1 = 0 j kzl = -2k 

Block C:  =$k31 = 0  

The second column is obtained by setting xz = 0, x ,  = 1, x3 = 0. Summing forces 
the free-body diagrams yields 

Block a: 2k + k12 = 0 + k12 = -2k 

Block b: -2k - k + k22 = 0 3 kz2 = 3k 

Block C :  k f k32 = O  =$ k3z = -k 



Figure 5.1 0 (a) First co)urnn of stiffness matrix is colculated by setting x l  = 1, x2 = 0, 
xg = 0; (b )  second column of stiffness motrix is colculated by setting 
X I  = 0, x2 = I ,  x3 = 0; ( c )  third column of stiffness motrix is  colculoted 
by setting x l  = 0, x2 = 0, xg = 1 .  

The third column is obtained by setting xl = 0, x;! = 0 ,  x3 = 1 .  Summing forces on the 
free-body diagrams yields 

Block a: + k13 = 0 

Block b: k  + k23 = 0 + k23 = -k 

Blockc: - k - 3 k + k g g = O + k 3 3 = 4 k  

The stiffness matrix is 

Use fie stiffness influence coefficient method to find the stiffness matrix for the system in1 Rxam~I. 5 
Fig. 5.1 1. Use X A ,  the downward displacement of block A, x ~ ,  the upward displacement 

block B, and 8 ,  the counterclockwise angular rotation of the pulley, as generalized 
coordinates. 

hl~ t ionr  
The first column of the stiffness matrix is obtained by setting X A  = 1, X B  = 0 ,  and 
@ = 0 and finding the resulting system of forces and moments to maintain this as an 
equilibrium position. Note that since 8 is an angular coordinate k31 is a moment. 



B ~ O C ~ A :  C ~ = o = + - k + k ~ , = ~ + . k , , = k  

Block B: C F = 0  =) kZl = 0 

Pulley: Mo = 0  + k ( r )  + k31 = 0  + k3, = -kr 

m e  second column is obtained by setting X A  = 0, X B  = 1, B = 0 .  The equations of 
equilibrium yield 

Figurn I- 1 I (a)  System of Example 5.10; (b) first column of stiffness 
matrix is calculated b setting X A  = I, xe = 1, = O; (c) 
second column of sti rM ess matrix is calculated by setting 
x~ = 0, xg = 1,  o = O; (d) third column of stiffness matrix 
is calculated by setting X A  = 0 ,  xe = 0 , O  = l .  



The third column is obtained by setting X A  = 0, xs = 0, 0 = 1 .  The equations of 
equilibrium yield 

pulley: ~ M o = O = + - k ( r ) ( r ) - 3 k ( 2 r ) ( 2 r ) + k 3 3 = O j k 3 3 = 1 3 k r 2  

~ h u s  the stiffness matrix for this choice of generalized coordinates is 

Use the influence coefficient method to find the stiffness m a  for he system of Fig. 5.121 ixampi. 5.1 
using el, the clockwise angular displacement of bar A B ,  and 82,  the counterclockwise 
angular displacement of bar CD, as generalized coordinates. 

Solutimnr 

The Erst column of the stiffness matrix is obtained by setting el = 1 and 82 = 0 and 
finding the moments that must be applied to the bars to maintain this as an equilibrium 
position. The small-angle assumption is used. Equilibrium equations are applied to the 
free-body diagrams of Fig. 5.1 2b. 

The second column is obtained by setting 0, = 0 and 82 = 1. The equilibrium 
equations are applied to the free-body diagrams to yield 



Figure 5.1 2 (a) System of Example 5.12; (b)  first column of stiffness matrix is 
calculated by setting 0 ,  = I , &  = O; (c) second column of stiffness 
matrix is  calculated by setting 0, = 0, e2 = 1. 

The stiffness matrix is 



7 

fie transverse vibrations of the cantilever beam of Fig. 5.13 are to be approximated( Exonpk 
by modeling the beam as a two-degree-of-freedom system. The inertia of the beam 
is modeled by placing discrete masses at the beam's midspan and end. Calculate the 
stiffness matrix for this two-degree-of-freedom model using the displacements of the 
midspan and end of the beam as generalized coordinates. 

$elution8 
calculation of the stiffness matrix requires the evaluation of the deflection of the beam 
due to a concentrated load at the midspan and a concentrated load at the end of the beam. 
perhaps the best way of handling the beam deflection problem is to use the method of 
superposition as shown in Fig. 5.13b. The elements of the ith column of the stiffness 

are calculated from 

where y(z) is the total deflected shape of the beam, yl(z) is the deflected shape of the 
beam due to a concentrated unit load at the midspan, and y;!(z) is the deflected shape of 
the beam due to a concentrated unit load at the end of the beam. From Table D.2 these 
are evaluated as 

Fi~rn 5.1 3 (a) Two-degree-of-freedom model of cantilever beam of 
Example 5.1 2; (b)  illustration of superposition method used to 
calculate stiffness matrix. 



To determine the first column, Set y(L/2) = 1 and y(L) = 0.  The equations are solved 
simultaneously, yielding 

TO determine the second column, set y(L/2) = 0 and Y(L) = 1. The equations are 
solved simultaneously, yielding 

Development of the stiffness matrix using stiffness influence coefficients is straight- 
forward. For mechanical systems the calculation of stiffness influence coefficients 
requires the application of the principles of statics and little algebra. However, as 
shown in Example 5.12, the calculation of a column of stiffness influence coefficients 
for a structural system modeled with n degrees of freedom requires the solution of 
n simultaneous equations. This leads to significant computation time for systems 
with many degrees of freedom. Flexibility influence coefficients provide a conve- 
nient alternative. They are easier to calculate than stiffness influence coefficients for 
structural systems and their knowledge is sufficient for solution of the free-vibration 
problem. 

If the stiffness matrix, K, is nonsingular, then its inverse exists. The flexibility 
mamx, A, is defined by 

Premultiplying Eq. (5.1) by A gives 

Equation (5.27) shows that knowledge of A instead of K is sufficient for solution 
of the vibration problem. 

The elements of K are determined by using stiffness influence coefficients. 
Analogously, flexibility influence coefficients can be used to determine A. The flex- 
ibility influence coefficient a i j  is defined as the displacement of the particle whose 
displacement is represented by xi when a unit load is applied to the particle whose 
displacement is represented by x j  and no other loading is applied to the system. If 
x; represents an angular coordinate, then a unit moment is applied. 

Suppose an arbitrary set of concentrated loads { f,, f,, . . . , f,} is applied stati- 
cally to an n-degree-of-freedom system. The load fi is applied to the particle whose 



displacement is represented by xi. Using the definition of flexibility influence coef- 
ficients, X j  is calculated from 

Equation (5.28) is Summarized in matrix form as 

~ ~ l t i p l y i n g  Eq. (5.29) by A-' yields 

defines the static relationship between force and displacement. Equation 
(5.30) shows that the flexibility influence coefficients as defined are the elements of 
the inverse of the stiffness matrix, defined as the flexibility matrix. 

The procedure for determining the flexibility matrix using influence coefficients 
is ~ O ~ ~ O W S :  

1. Apply a unit load at the location whose displacement is defined by x l .  The flex- 
ibility influence coefficient in the first column, ai 1, is the resulting displacement 
of the particle whose displacement is x i .  

2. Successively apply concentrated unit loads to particles whose displacements 
define the remaining generalized coordinates. Calculate columns of flexibility 
influence coefficients using the principles of statics. 

3. If xl is an angular displacement, then a unit moment is applied to calculate ajl, 
j = 1, . . . , n. The displacements calculated for ali, i = 1, . . . , n, are angular 
displacements. 

4. Since the stiffness matrix is symmetric, the flexibility matrix must also be sym- 
metric. This condition serves as a check on the analysis. 

betennine the flexibility matrix for the system in Fig. 5.12 of Example 5.11 using flexi-1 R X ~ ~ P I ~  
bility influence coefficients. 
Solution: 

The free-body diagrams of Fig. 5.14 show the external forces, in terms of angular dis- 
placements, acting on each bar when an arbitrary set of moments is applied. The equa- 
tions of equilibrium are used to derive equations relating the displacements to the applied 
forces 

+ 79kL2 5kL2 
BarAB: ~ ~ ~ = 0 + m l = - 6 1 - - 8 2  

36 3 



Figure 5.14 Free-body diagram of a static position used to calculate flexibility 
influence coefficients for system of Examples 5.1 1 and 5.13. For 
the first column 0, and 02 are determined by setting ml  = 1, 
m2 = 0. For the second column 01 and es are determined by 
setting m1 = 0, rnq = 1. 

The first column of the flexibility matrix is obtained by setting ml = 1, mz = 0, 
O1 = a1 1, e2 = a21, and solving the resulting equations simultaneously. The second 
column is obtained by setting ml = 0, m2 = 1, el = al2, 82 = a22, and solving the 
resulting simultaneous equations. The flexibility matrix is 

-1 4 b o  small machines are to be bolted to an overhanging beam as shown in Fig. 5.15. The 
beam is nonuniform; thus prediction of influence coefficients from strength-of-materials 
concepts is difficult. Instead, the project engineer performs static measurements. After 
the first machine is installed, the engineer notes that the deflection directly below the 
machine is lOmm and the deflection of the end of the beam is 2 mm. After the second 
machine is also installed, the deflection of the end of the beam is 0.8 mm. 
(a) What is the deflection at the location where the first machine is installed after the 

second machine is installed? 
(b) What is the flexibility matrix for this system? 

Solution: 

(a) Assuming a linear system, the principle of superposition yields the following rela- 
tionships between the static loads, the influence coefficients, and the deflections: 

When only the first machine is installed, fi = (60 kg)(9.81 m/s2) = 588.6 N, f2 = 0, 
XI  = 0.01 m, x2 = -0.002 m. Substitution into the preceding equations yields all ' 
1.7 x m/N, a21 = -3.4 x m/N. When the second machine is also installed, 



~iguro S.1 S (a) System of Example 5.14; (6)  as each machine is bolted to the beam, static 
deflection measurements are made. 

fi = 588.6 N, f2 = (20 kg)(9.81 m/s2) = 196.2 N, and x2 = -0.0008 m. Then, since 
a12 = a21, the displacement at the location of the first machine when both machines are 
installed is 

(b) The second of the preceding equations yields 

The flexibility matrix is 

- 
'Our machines are equally spaced dong the length of an 8-m fixed-free beam of elastic1 examp10 5 

210 x lo9 Nm2 and cross-section moment of inertia 1.6 x lo-' m4. Write a 
MA TI-^^ script to determine the flexibility matrix for a four-degree-of-freedom model 
Of the system with the generalized coordinates representing the displacements of the 
machines. 

WHion: 

lZle MATL,AB script and the output when the script is run are shown in Fig. 5.16. 
lZle ~ ' ~ ~ T L A B  script is written to accommodate an n-degree-of-freedom model for a 
'~~d-free beam with the nodes equally spaced along the length of the beam. The beam 



& Example 5.15 
8 Development of the flexibility matrix for a n-degree-of-freedom mod 
$ of a fixed-free beam. The program uses flexiblity influence coeffi el 

Cie4ts $ calculated using the deflection equations of Appendix 0.2. The program 
$ assumes the nodes are equally spaced along the length of the beam. 

b Input beam parameters 

~=input('Enter number of degrees of freedom (must be an integer)'); 
z=input('Enter elastic modulus of beam (N/mA2)'); 
[=input('Enter area moment of inertia of cross section (mA4)'); 
;=input ( ' Enter length of beam (m) ' ; 
t, Specify location of nodes 
Eor i=l:n 

z (i) =i*L/n; 
:nd 
5 Determine columns of flexibility influence coefficients beginning w i t h  
5 last column. Symmetry of flexibility matrix is used. 
Eor i=l:n 

k=n-i+l; 
a=z(k); 
for j=l:k 

x=z(j); 
A( j, k)= (-xA3/6+a*xA2/2) / ( E * I )  ; 
A(kI j )=A( j, k) ; 

end 
?nd 
lisp{ 'Flexibility matrix for fixed-free beam' ) 
lisp('The system parameters are') 
iisp ( 'Number of degrees of freedom=' ) , disp (n) 
lisp ( 'Elastic modulus (N/mA2) ' ,disp (E) 
lisp ( 'Moment of inertia (mA4) ' ) , disp (I) 
lisp('Length (m)'), disp(L) 
iisp ( 'The locations of the nodes are (m) ' ) 
lisp ( z )  
iisp ( 'The flexibility martrix is (m/N) ' ) 
iisp (A) 

igure 5.1 6 (a) MATIAB script for solution of Example 5.15. 

deflection equation is taken from Table D.2, The algorithm calculates the columns in 
reverse order sequentially, beginning with the last column. The guaranteed symmdryof 
the flexibility matrix is used to generate aij once aji is calculated. This algorithm nun- 
imizes the computations required in that the location where the deflection is calculate,d 
is always at or to the left of the location where the concentrated load is applied. In fhls 

case the (z - ~ ) ~ / 6 u ( z  - a) term is always zero, as z 5 a. 



mat r ix  f o r  f ixed- f ree  beam 
The system parameters  a r e  
flu&er of degrees  of freedom- 

4 

Moment of i n e r t i a  ( m A 4 )  
1.6000e-005 

The l o c a t i o n s  of t h e  nodes a r e  ( m )  
2 4 6 8 

The f l e x i b i l i t y  matr ix  i s  ( m / N )  
1.0e-004 * 

Figure 5.16 (Con't) (6 )  Output when program is  run. 

Systems exist in which the stiffness matrix is singular and hence the flexil 
matrix does not exist. These systems are called semidefnite or unconstraine 
is shown in Chap. 6 that these systems have a natural frequency of zero a 
mnesponding mode where the system moves as a rigid body. 

The system of Fig. 5.17 has two degrees of freedom and is unconstrained. 
Stiffness matrix for this system is calculated as 

L a 

The second row of the stiffness matrix is a multiple of the first row, which implie 
the matrix is singular and a flexibility matrix for this system does not exist. 1111 
"hen the definition of flexibility influence coefficients is applied in an atterr 

the flexibility matrix, as shown in Fig. 5.18, no solution is found. ! 
the system is unconstrained, when a unit force is applied to either mass, the sq 



Figure 5.1 8 Free-body diagrams of system 
of Fig. 5.1 7 are used to show 
that the flexibility matrix does 
not exist. 

"1 
L 

cannot remain in equilibrium. Instead, the system will behave as a rigid body with 
uniform acceleration. 

Another example of an unconstrained system is the system of Fig. 5.10 in Ex- 
ample 5.9. The stiffness matrix for this example is repeated here 

Inspection of this matrix reveals that the first row plus two times the second 
row is proportional to the third row. Thus the three rows of the stiffness matrix are 
dependent, which implies that the stiffness matrix is singular, which, in turn, implies 
that the flexibility matrix does not exist. If, for example, a unit moment were applied 
to the pulley, then there are no other external forces which develop a moment about 
the center of the pulley. Hence equilibrium cannot be maintained. 

A beam pinned at one end with no other support is an example of an uncon- 
strained structural system. Application of a force or moment will lead to rigid body 
rotation about the pin support. A free-free beam is doubly unconstrained, in that it 
has two independent rigid-body motions. A free-free beam is unconstrained from 
transverse motion as well as rigid-body rotation. 

Flexibility influence coefficients can be used to calculate the flexibility matrix. 
Equation (5.27) shows that knowledge of the flexibility matrix instead of knowledge 
of the stiffness matrix is sufficient to proceed with solution of the system of differ- 
ential equations governing the vibrations of a multi-degree-of-freedom system. The 
choice of whether to determine the stiffness matrix or the flexibility matrix is usually 
easy. 

For structural systems, calculation of the flexibility matrix is easier than calcula- 
tion of the stiffness matrix. For these systems deflection equations from mechanicsof 
solids are used to determine the deflection of a particle due to an applied concentrated 
load. The deflection equation for the structure is often available in a textbook Or 

handbook (e.g., App. D). Thus calculation of the flexibility matrix is direct, whereas 
the solution of a system of simultaneous equations is necessary to determine e s h  

system. 

k 
" 2  Figure b. 1 7 Unconstrained two-degree-of-freedom 



of the stiffness matrix. However, calculation of the stiffness matrix is eas- 
ier than calculation of the flexibility matrix for mechanical systems that comprise 
rigid bodies connected by flexible elements. For these systems application of the 
Muations of static equilibrium to appropriate free-body diagrams is sufficient to 
calculate the stiffness matrix, while calculation of a column of the flexibility matrix 
also the solution of a system of simultaneous equations. 

The stiffness matrix must be calculated for unconstrained systems. 

vibrations of continuous systems are governed by partial differential equations. 
Analytical solutions to partial differential equations are often difficult to obtain. Thus 
approximate and numerical methods are often used to approximate the vibration 
properties and systems response of continuous systems. Some of these, such as 
Rayleigh-Ritz method and the finite-element method, are discussed in Chaps. 9 and 
10. A simpler method of approximation is to replace the distributed inertia of the 
continuous system by a finite number of lumped inertia elements. A point where a 
lumped mass is placed is called a node. All inertia effects are concentrated at the 
nodes. The nodes are assumed to be connected by elastic, but massless elements. 
Generalized coordinates are chosen as the displacements of the nodes. 

A lumped-mass model of a continuous system is a discrete model of acontinuous 
system. A system with n nodes is modeled as an n-degree-of-freedom system. 
Differential equations of the form of Eq. (5.1) or Eq. (5.27) are derived to approximate 
thevibrations of the continuous system. It is necessary to determine the mass matrix, 
either the stiffness matrix or the flexibility matrix, and the force vector for the discrete 
approximation. 

Unless the system is unconstrained the flexibility matrix is used in lumped mass 
modeling of a continuous system. The flexibility matrix is obtained by using flexi- 
bility influence coefficients, as described in Sec. 5.6. If the system is unconstrained, 
the stiffness matrix must be determined. 

Lumped-mass approximations for modeling a continuous system using one- 
degree-of-freedom were considered in Chap. 1. Recall that the inertia effects of a 
linear spring are approximated by placing a particle of mass equal to one-third of the 
mass of the spring at its end. The one-third approximation determined by calculating 
the particle mass such that the kinetic energy of the model system is equal to the 
kinetic energy of the spring, assuming a linear displacement function along the axis 
Of the spring. This model illustrates that it is incorrect to model the inertia effects of 

spring by using the full mass of the spring. The kinetic energy of particles near 
its fixed support is much less than the kinetic energy of the particles near the point of 
attachment to the system. Kinetic energy considerations could be used to determine 
'he mass matrix for a discrete approximation. However, such a mass matrix, called 



the consistent mass mutrix, is difficult to obtain and is not a diagonal matrix. ~ h ,  
amount of effort used in determining a consistent mass matrix would be better used 
in developing a finite-element model for the system. 

For simplicity it is desirable to specify a diagonal mass matrix for a lumped-mass 
approximation of a continuous system. If a discretization is used where the mass of 
the system is lumped at nodes, then an obvious approximation to the mass mattix 
is a diagonal matrix with the nodal masses along the diagonal. In such a situation, 
the values of the nodal masses affects the accuracy of the system response. Using 
the one-degree-of-freedom approximation of the inertia effects of a linear spring as 
a guide, it is clear that using the entire mass of the system in the approximation will 
lead to errors in the approximation. 

When a diagonal matrix is used to model the inertia effects of a continuous 
system, the mass lumped at each node should represent the mass of an identifiable 
region of the structure. A good scheme, whose accuracy will be questioned later, 
is to define the nodal mass as the mass of a region whose boundaries are halfway 
between the node and neighboring nodes on its right and left. If the node has no 
neighbor on one side, but is adjacent to a free end, then all of the mass between the 
node and the free end is used in calculating the nodal mass. If the particle is adjacent 
to a support that prevents motion, then only half of the mass between the node and 
the support is used. The accuracy of this method of approximation is considered in 
Chap. 6. 

Calculation of the force vector may also require additional approximations. As 
shown in Sec. 6.3, the force vector is obtained by calculating the generalized forces, 
which occur when the method of virtual work is used. If a concentrated load is 
applied at a node, then the generalized force for the node's generalized coordinate is 
the value of the concentrated load and the generalized forces for all other coordinates 
are zero. However, if a concentrated load is applied at a location other than a node 
or the loading is distributed, calculation of the generalized forces requires additional 
approximations. The dynamic displacement is not available to apply the method 
of virtual work. In these cases it is suggested that the loading be replaced by a 
series of concentrated loads, calculated as follows, such that the resulting system is 
approximately statically equivalent to the applied loading. Static equivalence does 
not imply dynamic equivalence. 

If the applied loading is replaced by a system of concentrated loads, the following 
method is used. The loading between any two nodes is replaced by a concentrated 
load at each of the nodes. The two concentrated loads are statically equivalent to 
the loading between the nodes. The sum of the concentrated loads is the resultant of 
the loading between the nodes. The moment of the distributed loading about either 
node is the same as the moment of the two concentrated loads about that point- 
Thus the total generalized force applied at a node is approximated by the sum of the 
contribution from the loading between the node and its neighbor to the left and the 
contribution from the loading between the node and its neighbor to the right. If the 
#lode is adjacent to a free end, the contribution to the loading between the node and 
the free end is the resultant of the loading. If the particle is adjacent to a support that 
prevents displacement, only the resultant of the loading between the node and the 
point halfway between the node and the support is used. In this case the work done 



by particles near' SUppoqs is ignored in modeling the system, just as these particles' 
kinetic energy is ignored. The concentrated load is not statically equivalent to the 
actual loading if the particle is adjacent to a free end or a support. 

/ 

~ r i v e  the differential equations whose solution approximates the forced response o$ I X ~ ~ P  
the cantilever beam of Fig. 5.19. Use four degrees of freedom to discretize the system. 
f ie  beam is made of a material of elastic modulus E and mass density p. It has a 
ooss-sectional area A and moment of inertia I. Neglect damping. 

filu#iont 
The beam is discretized by lumping its mass in four particles as shown in Fig. 5.19b. The 
nodes are chosen to be equally spaced. The generalized coordinates are the displacements 
ofthe nodes. The mass of each particle models the inertia effects of the regions shown in 

figure. The loading is replaced by time-dependent concentrated loads at the nodes, 
as shown in Fig. 5 .19~ .  

5.1 9 (a) System of Example 5.16; (b) nodal masses; 
(c) nodal forces. 



The flexibility matrix for this discretized system is d e t e ~ n e d  from flexibility in- 
fluence coefficients, as described in Sec. 5.6. The first column is obtained by placing a 
unit load at the first node and calculating the resulting deflections at each of the nodes. 
The result is 

The mass matrix is a diagonal matrix with the nodal masses along the diagonal. ~ h ,  
force vector is simply the vector of concentrated loads from Fig. 5.19~.  Then Eq. (5.27) 
becomes 

which simplifies to 

PROBLEMS 

5.1-5.15. Use the free-body diagram method to derive the differential equations governing 
the motion of the systems shown in Figs. P5.1 to P5.15 using the indicated generalized 
coordinates. Make linearizing assumptions and write the resulting equations in matrix 
form. 

2k k 
m m m FIGURE P5.1 (Problems 5.1,5.16, 5.31,5.37, 

5.45.5.60) 
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Slender rod of 
mass m L L 

k - 7 - 4 7  Slender rod of 
m 
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2k  

T 
m 

x 1  

FIGURE P5.2 
(problems 5.2,s. 17,5.38, 5.46) 

FlGURE P5.3 
(Problems 5.3, 5.18,5.47,5.61) 

FIGURE ~5.4 
(Problems 5.4.5.19.5.32.5.48) 

Thin disk of 
- X D  ''c mass rn and radius 

\ 

1 2k Rod of 
X I  mass m 

momenl 
m2 inertia 

FIGURE P5.S 
(Problems 5.5, 5.20, 5.33,5.39,5.49,5.62) 

r rolls without slip 
- ) F ( t )  relative to center of 

mass 2m. x,  is FlGURE P5.6 
absolute displacement (Problems 5.6,5.21, 5.34.5.40. 
of mass center of disk 5.50,5.65) 



hin disk of - 
mass rn and radius 
r rolls without slip 
relative to center of 
cart. xD is absolute 
displacement of 
mass center of disk 

FIGURE P5.8 
(Problems 5.8,5.23,5.42,5.52) 

Identical slender 
rods of length L 
and mass m 

FIGURE PS.10 
:Problems 5.10,5.25,5.35,5.43, 5.54.5.64) 

FIGURE P5.7 
(Problems 5.7, 5.22.5.41, 
5.51) 

FIGURE P5.9 
(Problems 5.9,5.24,5.53,5.63) 

FIGURE P5.11 
(Problems 5.1 1,5.26,5.36, 5.44, 5.55) 



Identical slender 
rods of mass m 

FIGURE P5.12 
(Problems 5.12,5.27, 5.56) 

FIGURE P5.13 
(Problems 5.13,5.28,5.57) 

FIGURE P5.14 
(Problems 5.14. 5.29.5.58) 



FIGURE P5.15 
(Problems 5.15,5.30,5.59) 

5.16-5.30. Use Lagrange's equations to derive the differential equations governing the motion 
of the systems shown in Figs. P5.1 to P5.15 using the indicated generalized Coordinates 
Make linearizing assumptions and write the differential equations in matrix fonn. Indicate 
whether the system is statically coupled, dynamically coupled, neither, or both. 

5.31-5.36. Determine the kinetic energy of the systems in Figs. P5.1, P5.4, P5.5, P5.6, ~5.10 
and P5.11 at an arbitrary instant in terms of the indicated generalized coordinates. M& 
necessary linearizing assumptions and put the kinetic energy in the quadratic form of E ~ .  
(5.7). Use the quadratic form of the kinetic energy to determine the mass matrix for the 
system. 

5.37-5.44. Determine the potential energy of the systems in Figs. P5.1, P5.2, P5.5, P5.6, p5.7, 
P5.8, P5.10, and P5.11 at an arbitrary instant in terms of the indicated generalized coordi- 
nates. Make necessary linearizing assumptions and put the potential energy in the quadratic 
form of Eq. (5.6). Use the quadratic form of the potential energy to determine the stiffness 
matrix for the system. 

5.45-5.59. Derive the stiffness matrix for the systems in Figs. P5.1 to P5.15 using the indicated 
generalized coordinates and stiffness influence coefficients. 

5.60-5.64. Derive the flexibility matrix for the systems in Figs. P5.1, P5.3, P5.5, P5.9, and P5.10 
using the indicated generalized coordinates and flexibility influence coefficients. 

5.65. Derive the differential equations governing the motion of the system of Fig. P5.6 using x,, 
the displacement of the cart, and x,, the displacement of the disk relative to the cart, as the 
generalized coordinates. 

5.66. Derive the differential equations governing the torsional oscillations of the turbomotor of 
Fig. P5.66. The motor operates at 800 rpm and the turbine shaft turns at 3200 Ipm. 

- 
Turbine ratio 

U u 
Gear A Motor 

Moments of inertia: Turbine shaft Motor shaft 
Motor 1800 kg . m2 G = 80 x lo9 N/m2 G = 80 x lo9 N/m2 
Turbine600kg.m2 L=2.1m L= 1.4m 
GearA400kg.m2 d=180mm d=305 mm 
GearB 80 kg. m2 FIGURE P5.66 



5.67. Derive the differential equations the torsional oscillations of the system of Fig. 
P5.67. 

5.68. A rotor of mass m is mounted on an elastic shaft with journal bearings at both ends. A 
three-degree-of-freedom model of the system is shown in Fig. P5.68. Each journal bearing 
is modeled as a spring in parallel with a viscous damper. Derive the differential equations 
governing the transverse motion of the system. 

XI 

FIGURE P5.68 

5.69. A two-degree-of-freedom model of an airfoil, shown in Fig. P5.69, is used for flutter analy- 
sis. Derive the differential equations governing the motion using the indicated generalized 
coordinates. 

-6 

FIGURE P5.69 

5.70. A three-degree-of-freedom model of a railroad bridge is shown in Fig. P5.70. The bridge 
is composed of three rigid spans. Each span is pinned at its base. Using the angular 
displacements of the spans as generalized coordinates, derive the differential equations 
governing the motion of bridge. 



FIGURE P5.70 

5.71. A five-degree-of-freedom model of a railroad bridge is shown in Fig. P5.71. The bidge is 
composed of five rigid spans. The connection between each span and its base is modeled 
as a torsional spring. Using the angular displacements of the spans as the generalize. 
coordinates, derive the differential equations governing the motion of the bridge. 

FIGURE P5.71 

5.72. A two-degree-of-freedam model of a vehicle suspension system is shown in Fig. P5.72. 
Derive the differential equations governing the motion of the system. 

0 FIGURE P5.72 



5.~3. A four-degree-of-freedom model of a vehicle suspension system is shown in Fig. P5.73. 
Derive the differential equations the motion of the system using the indicated 
generalized coordinates. 

FIGURE P5.73 

5.74. A four-degree-of-freedom model of an aircraft wing is shown in Fig. P5.74. Derive the 
flexibility matrix for the model. 

5.75. Figure P5.75 iltusuates a three-degree-of-freedom model of an aircraft. A rigid fuselage 
is attached to two thin flexible wings. An engine is attached to each wing, but the wings 
themselves are of negligible mass. Derive the differential equations governing the motion 
of the system. 



5.76. An airplane is modeled as two flexible wings attached to a rigid fuselage (Fig. P5.76). use 
two degrees of freedom to model each wing and derive the differential equations govern. 
the motion of the five-degree-of-freedom system. %! 

5.77. A drum of mass m is being hoisted by an overhead crane as illustrated in Fig. ~ 5 . 7 7 ,  
The crane is modeled as a simply supported beam with a winch at its midspan. ~ h ,  
cable connecting the crane to the drum is of stiffness k.  Derive the differential equations 
governing the motion of the system using three degrees of freedom to model the beam. 

Includes mass 
of winch 

2, FIGURE P5.77 

5.78-5.81. The beams shown are made of an elastic material of elastic modulus 210 x 109 N/m2 
and have a cross-sectional moment of inertia 1.3 x m4. Determine the flexibilitY 
matrix when a three-degree-of-freedom model is used to analyze the beam's vibrations. 
Use the displacements of the particles shown as generalized coordinates. Use Table Ds2 
for deflection calculations. 

nfnntn FIGURE P5.78 



FIGURE P5.79 

8 FIGURE Ps.80 

4 FIGURE P5.81 

5.82. Determine the stiffness matrix for the three-degree-of-freedom model of the free-free beam 
of Fig. P5.82. 

5-83. Using a two-degree-of-freedom model, derive the differential equations governing the 
forced vibration of the system of Fig. P5.83. 

5.84- Use a two-degree-of-freedom model to derive the differential equations governing the 
motion of the system of Fig. P5.84. A thin disk of mass moment of inertia I D  is attached 
to the end of the fixed-free beam. Use x ,  the vertical displacement of the disk, and 8,  the 
slope of the end of the beam, as generalized coordinates. 



FUNDAMENTALS OF MECHANICAL VIBRATIONS 

F, sin wf 
/ 

-L- I 
'm, I 

FIGURE P5.84 

MATLAB PROBLEMS 
MS.1. The file VIBES-5A.m contains the MATLAB script used in Example 5.15. Use the 

file to determine the flexibility matrix for a six-degree-of-freedom model of a fixed-free 
beam where the nodes are equally spaced along the span of the beam. If you use unit 
values of E, I, and L, the resulting matrix should be multiplied by L ~ / E I .  

M5.2. The file VIBES-5B.m contains the MATLAB script for calculation of the flexibility 
matrix of an n-degree-of-freedom model of a fixed-fixed beam. The program allows for 
nodes at any location along the span of the beam. Use VIBES-5B.m to calculate the 
flexibility matrix for the four-degree-of-freedom system of Fig. PM5.2. 

FIGURE PM5.2 

M5.3. The file VIBES-5C.m contains the MATLAB script for determination of the stiffness 
matrix of a free-free beam. A free-free beam is unrestrained, and thus its flexibility 
matrix does not exist. Use VIBES-5C.m to determine the stiffness matrix for a four- 
degree-of-freedom model of the missile of Fig. PM5.3. 

FIGURE PM53 



~5.4. Write a MATLAB script file to determine the flexibility matrix for an n-degree-of- 
freedom model of a fixed-pinned beam. Use the program to determine the flexibility 
matrix for a thrm-degree-of-freedom model of a fixed-pinned beam. 

~5.5. Write a MATLAB scfipt file to determine the flexibility matrix for an n-degree-of- 
freedom model of a beam pinned at one end, free at one end, but with an intermediate 
simple support. Use the program to determine the flexibility matrix for a three-degree- 
of-freedom model of the diving board of Prob. 2.36. Place one node midway between 
the two supports, one node midway between the intermediate support and the end, and 
one node at the end of the board. 

M5.6. Write a MATLAB script file to determine the stiffness matrix for an n-degree-of-freedom 
model of a pinned-free beam. A pinned-free beam is unrestrained and thus its flexibility 
matrix does not exist. Use the program to determine the flexibility matrix for a five- 
degree-of-freedom model of a pinned-free beam. 



Free Vibrations 
of Multi-Degree- 
of-Freedom Systems 

The vibrations of an n-degree-of-freedom system are governed by a system of n 
differential equations. The general solution of these differential equations is the sum 
of a homogeneous solution and a particular solution. The homogeneous solution 
is the free-vibration response, and its determination is often necessary before the 
forced response can be determined. 

The free-vibration analysis of a multi-degree-of-freedom system is significantly 
more complicated than the free-vibration analysis of a one-degree-of-freedom sys- 
tem. Determination of the free-vibration response requires matrix algebra. A reader 
unfamiliar with matrix algebra and terminology is encouraged to read App. C before 
proceeding with Chaps. 6 and 7. 

In the following discussion it is assumed that the mass matrix, the stiffness ma- 
trix, and, for systems with viscous damping, the damping matrix are all symmetric. 
The symmetry of these matrices is guaranteed if energy methods are used to derive 
the differential equations. If energy methods are not used and M, C, and K are not 
Symmetric, then the differential equations can be algebraically manipulated until a 
reformulation involves symmetric matrices. 

The general formulation of the differential equations governing free vibrations of a 
linear undamped n-degree-of-freedom system is 

M x + K x = o  ~6.1 I 
where M and K are the symmetric n x n mass and stiffness matrices, respectively, 
and x is the n-dimensional column vector of generalized coordinates. 



Free vibrations of a multi-degree-of-freedom system are initiated by the presence 
of an initial potential or kinetic energy. If the system is undamped, there are no 
dissipative mechanisms and it is expected that the free vibrations described by the 
solution of Eq. (6.1) are periodic. It is assumed that the vibrations are synchronous in 
that all dependent variables execute motion with the same time-dependent behavior, 
Thus, when free vibrations at a single frequency are initiated for a particular system, 
the ratio of any two dependent variables is independent of time. These assumptions 
lead to hypothesizing the normal-mode solution of Eq. (6.1) in the form 

where w is the frequency of vibration and X is an n-dimensional vector of constants, 
called a mode shape. This hypothesis implies that certain initial conditions lead to 
a solution of the form of Eq. (6.2) for specific values of w. The values of o such 
that Eq. (6.2) is a solution of Eq. (6.1) are called the natural frequencies. Each 
natural frequency has at least one corresponding mode shape. Since the differential 
equations represented by Eq. (6.1) are linear and homogeneous, their general solution 
is a linear superposition over all possible modes. 

Substitution of Eq. (6.2) into Eq. (6.1) leads to 

Since eiwt # 0, for any real value of t, 

The mass matrix is nonsingular, and thus M-' exists. Premultiplying Eq. (6.4) by 
MI' and rearranging gives 

where I is the n x n identity matrix. Equation (6.5) is the matrix representation 
of a system of n simultaneous linear algebraic equations for the n components of 
the mode shape vector. The system is homogeneous. Application of Cramer's rule 
gives the solution for the jth component of X, Xi, as 

X .  - 
0 

' - det IM-'K - &I[ 

Thus the trivial solution (X = 0) is obtained unless 

det JM-'K - w211 = 0 [6.71 

Hence, applying the definitions of App. C, 02 must be an eigenvalue of M-'K- 
The square root of a real positive eigenvalue has two possible values, one positive 
and one negative. While both are used to develop the general solution, the positive 
square root is identified as a natural frequency. The mode shape is the corresponding 
eigenvector. 

It is shown in Sec. 5.6 that when the stiffness matrix, K, is nonsingular, its 
inverse is the flexibility matrix, A. Premultiplying Eq. (6.4) by A leads to 



Dividing by w2 gives 

~ h u s  the natural frequencies are the reciprocals of the positive square roots of the 
eigenvalues of AM and the mode shapes are its eigenvectors. The matrix, AM, is 
often called the dynamical matrix. 

Natural frequencies of multi-degree-of-freedom systems are calculated as either 
b e  square roots of the eigenvalues of M-' K or as the reciprocals of the square roots 
of fie eigenvalues of AM. The mode shapes are the corresponding eigenvectors of 
either matrix. 

- 
6.3 NATURAL FREQUENCIES AND MODE SHAPES 

In the previous section it is shown that the natural frequencies of an n-degree-of- 
freedom system are the positive square roots of the eigenvalues of M-'K or the 
reciprocals of the positive square roots of the eigenvalues of AM. The mode shape 
vectors are the corresponding eigenvectors. As shown in App. C, the evaluation 
of Eq. (6.7) leads to an nth-order polynomial equation, called the characteristic 
equation, whose roots are the eigenvalues. Since all elements of the mass and 
stiffness matrices are real, all coefficients in the characteristic equation are real and 
thus if complex roots occur, they must occur in complex conjugate pairs. However, 
it can be shown (see Sec. 6.7) that, because of the symmetry of M and K, the 
characteristic equation has only real roots. Negative roots are possible, but lead 
to imaginary values of the natural frequency. When the negative square root of a 
negative eigenvalue is multiplied by i to form the exponent in the normal-mode 
solution, Eq. (6.2), a real positive exponent is developed. This term grows without 
bound as time increases. Such a system is unstable. 

Assume that all eigenvalues of M - ~ K  corresponding to symmetric mass and 
stiffness matrices are nonnegative. Then there exist n real natural frequencies that can 
be ordered by wl 5 q 5 . - 5 o n .  Each distinct eigenvalue a;, i = 1,2,  . . . , n, 
has a corresponding nontrivial eigenvector, Xi, which satisfies 

This mode shape, Xi, is an n-dimensional column vector of the form 

Since the system of equations represented by Eq. (6.10) is homogeneous, the mode 
is not unique. However, if w: is not a repeated root of the characteristic equa- 

tlon, then there is only one linearly independent nontrivial solution of Eq. (6.10). 



The eigenvector is unique only to an arbitrary multiplicative constant. Normaliza- 
tion schemes exist such that the constant is chosen so the eigenvector satisfies an 
externally imposed condition. 

If 4 is a repeated root of the characteristic equation of multiplicity r, there are 
r linearly independent nontrivial solutions of Eq. (6.10). Each of these mode shapes 
is also unique to a multiplicative constant. 

Solution of the eigenvalue-eigenvector problem is an important part of fie 
bration analysis of multi-degree-of-freedom systems. The quadratic formula is used 
to find the roots of the characteristic equation for a two-degree-of-freedom system 
The natural frequencies of a three-degree-of-freedom system are obtained by finding 
the roots of a cubic polynomial, which can be done by trial and error or an itera- 
tive method. The algebraic complexity of the solution grows exponentially with 
the number of degrees of freedom. The development of a characteristic equation 
for an n-degree-of-freedom system requires the evaluation of an n x n determinant 
and the natural frequencies are the n roots of the characteristic equation. The deter- 
mination of each eigenvector requires the solution of n homogeneous simultaneous 
algebraic equations. Thus numerical methods which do not require the evaluation 
of the characteristic equation are used for systems with a large number of degrees 
of freedom. 

-- 

Find the natural frequencies and mode shapes for the slender rod of Fig. 5.4. Use x and 
0 as generalized coordinates. 
Solution: 
The differential equations of motionusing x and 0 as generalizedcoordinates are obtained 
in Example 5.8. 

0 m- 
-k- 5k- 

4 16 

The matrix MA* K is calculated as 

where 
k 

@ = -  
4m 

The determinant whose evaluation yields the characteristic equation is 



The resulting characteristic equation is 

8 2  - 238 + 108 = 0 

~pplication of the quadratic formula yields 

L 

Since the natural frequencies are the positive square roots of the eigenvalues, 

wl = 1 . 2 8 E  y = 2 . 0 3 E  

The equations from which the mode shapes are obtained are 

Since the determinant of the matrix is zero, these equations are not independent and only 
one is used. The first equation gives the following relation between the components of 
each mode shape: 

Arbitrarily choosing Xi, = 1 leads to X12 = 1.42/L for Al  = 6.584 and X22 = 
-8.42/L for )c2 = 16.424. The mode shape vectors are 

Graphical representations of the mode shapes are shown in Fig. 6.1. A node, or point of 
zero velocity, occurs at a distance 0.119L to the right of the mass center for the second 
mode. There are no nodes on the bar for the first mode. 

Resolve Example 6.1 using x~ and XB as generalized coordinates. 

Solution: 
The differential equations using X A  and X B  as generalized coordinates are 



First mode 

Second mode 
( b )  

p i p + o  6- 1 Mode shapes for Example 6.1. Displacemsnt of mass center is taken as one. 
(a) w = 1 . 2 8 6 ;  (b) w = 2.03fi, a rods occurs a distance 0.1 191 to right of 
moss center. Mode shape represents rigid body rotation about node. 



Since the system is dynamically coupled, but not statically coupled, it is easiest to invert 
fie stiffness matrix to determine the flexibility matrix and calculate AM 

,&ere 6 = m/27k. The eigenvalues of AM are determined from 

where p = A/@. Note that the characteristic equation is the same as obtained in Example 
6.1 except for a different definition of 4. The eigenvalues are 

The system's natural frequencies are 

which are the same natural frequencies calculated in Example 6.1. The mode shape 
vectors are obtained by solving 

The first of these equations leads to 

which leads to the mode shape vectors 

The graphical representation of these mode shape vectors is given in Fig. 6.2. 

- 
simplified model of an automobile suspension system is shown in Fig. 6.3- The 1 R x a m ~ k  6 

of the vehicle weighs 3000 lb, has a centroidal moment of inertia of 300 slug 
' 

and is connected to four massless springs. The springs are connected to the 
ule-wheel assembly. If the inertia of the axle-wheel assembly is ignored, then the 

of the tires is included by adding a spring in series with each of the existing 
Springs. The result is the two-degree-of-freedom model with equivalent spring stiffness 



0.21 Figure 6.2 Mode shapes for Example 
6.2. These are identical to 
mode shapes of Fig. 6.1 
except that displacement of 
left end is taken to be one. 
(a) w = 1.28&; [b) )w = 
2 . 0 3 6 .  

of 2000 lblft. Determine the natural ftequencies for this two-degree-of-freedom mode1, 
using MATLAB to perform the calculations. 
Solution: 

Let x be the displacement of the mass center and 6 be the angular rotation of the bar frorn 
its horizontzl position. The differential equations derived by either summing forces in 
the ~ e h c a l  direction and summing moments about the mass center or by using energy 
methods are 



4 

X 

k(x  - 00) 

k ( x  + be) 

External forces 

1 = =)16 

Effective forces 

( b )  

Figure 6.3 (a) Two-degree-of-freedom model of automobile suspension system; 
(b) free-body diagrams used to derive differential equations. 

The MATLAB script for solution of this problem and the output when the script is run 
are given in Fig. 6.4. 

Calculate the natural fraluencies and the mode shapes for the three-degree-of-heedom 1 Example 6. 
system of Fig. 6.5. 
Solution: 
The differential equations for free vibrations using the displacements of the masses from 
equilibrium as the generalized coordinates are 

Application of Eq. (6.7) gives 

34  - n -24 
ciet [ -24 34 - A -: ] = 0 

0 -24 6 4  - A  

Where 













6.7 Mode shapes b Example 6.4. Nodes ore shown br second and 
third modes. (a) w = 0 . 8 9 3 m ;  (b) o = 2.1 1 0 m m ;  (c)  w = 
2 . 5 9 7 m .  Mode shapes are chosen such that XI = 1. 



% MATLAB s o l u t i o n  of  Example 6 .5  
d i g i t s  ( 5 )  
syrns b e t a  
g Beta i s  t h e  mass of t h e  machine a t t a c h e d  t o  t h e  beam a t  i t s  midspan 
8 Input  paramters  
E = i n p u t ( '  I n p u t  e l a s t i c  modulus i n  l b / i n A 2  ' ) ;  

I = i n p ~ t ( '  I n p u t  moment of i n e r t i a  i n  i n A 4  ' ) ;  
Area=input ( ' Inpu t  a r e a  i n  i n A 2  ' ; 
L=inpu t ( '  I n p u t  l e n g t h  of beam i n  f t  I ) ;  

ga -a= inp~ t  ( ' I n p u t  s p e c i f i c  weight of beam i n  l b / f t A 3  ' ) ; 
mZ=input( '  Maximum weight  of machine i n  l b  I ) ;  

%Unit  convers ions  
rho=gamma/32.2; 8 Mass d e n s i t y  
E=E*144; % E i n  l b / f t A 2  
I=I/12"4; % I i n  f t A 4  
~ r e a = ~ r e a /  1 4  4 ; 8 Area i n  f t A 2  
rnb=rho*Area*L; % Mass of  beam i n  s l u g s  
m2=m2/32.2; % Max. machine mass i n  s lugs  
8 Develop f l e x i b i l i t y  m a t r i x  f o r  three-degree-of-freedom model of 
8 f ixed-pinned beam 
f o r  i=1 :3  

k = 4 - i  ; 
aL=k/4; 
C1=(1-aL)*(aLA2-2*aL-2)/2; 
C2=aL*L* ( 1 - a L )  * (2-aL) /2;  
f o r  j=l: k 

x=j/4*L; 
A (  j, k)=Cl*xA3/6+C2*x"2/2; 
A(k,  j ) = A ( j ,  k )  ; % Using symmetry 

end 
end 
% Develop mass m a t r i x  f o r  model 
M=[mb/4,0,0; 0,mb/4+betaI O ; O ,  O,mb/4] ; 8 mb/4 i s  lumped a t  each node 
C=A*M; 
V=eig ( C )  ; 
Q-pa (V) ; 
s l = r e a l  (Q) ; 
b=l inspace  (O,m2,51) ; 
f o r  i=1:51  

sa=subs ( s l , b e t a , b  (i) ) ; 
sb=double ( s a )  ; 
s 2 = s o r t  ( s b )  ; 
om1 ( i ) = s q r t  (E*I / s2  (1) ) ; 
om2 ( i ) = s q r t  (E*1/s2 ( 2 )  ) ; 
om3 ( i ) = s q r t  (E*I/s2 ( 3 )  ) ; 

end 
om1 l=double  (om1 ) ; 
om22=double (om2 ) ; 

8 Natura l  f requenc ies  a r e  
% r e i p r o c a l s  of square  roo t s  of 
8 eigenvalues  of AM 

Figure 6.8 (a) MATLAB script for solution of Example 6.5. 
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Mass of machine (slugs) 

Mass of machine (slugs) 

"gum 6.8 (Con't) (a) Con't. (b )  Natural frequencies versus machine mass for W27 x 1 14 ban 
frequencies versus machine mass for W16 x 100 beam section. 



Equation (6.1) is a homogeneous system of n second-order linear differential 
tions. The normal-mode assumption, Eq. (6.2)' leads to the determination of 

natural frequencies. If A is an eigenvalue of M-lK, then both o = +a ad 
o = -A satisfy Eq. (6.7) and given rise to the same solution, X, of Eq. (6.5) 
The functions ei" and eAiY' are linearly independent with each other and ]inearl; 
independent with other functions of the same form with different values of o. ~h~~ 
the normal-mode solution generates 2n linearly independent solutions of Eq. (6.1) 
The most general solution of a linear homogeneous problem is a linear combination 
of all possible solutions. To this end, 

Using Euler's identity to replace the complex exponential by trigonometric functions 
and redefining the arbitrary constants gives 

n 

~ ( t )  = C Xi (CiI  COS  it + Ci2 sin o i t )  16. 1 31 
i = l  

Trigonometric identities are used to write Eq. (6.13) in the alternate form 

Initial conditions must be specified for each dependent variable 

Application of the 2n initial conditions to Eq. (6.14) yields 2n equations to be solved 
for the 2n integration constants. 

and 

X ( O )  = - C xi sin * [a. i sl 

[a. i 61 

6 1 coririder again the system of Examples 6.1 and 6.2. The springs are designed such that 
the static-equilibrium position coincides with the horizontal orientation of the bar. Bo th 



ends of the bar are displaced a distance 6 from the equilibrium position. The bar is held 
in this position and released. Solve for the time-dependent history of the resulting free 

*lutIon~ 
with n and 8 as generalized coordinates, the initial conditions are 

 lying the initial conditions and using the results of Example 6.1 in Eqs. (6.15) and 
(6.16) lead to 

The last two equations are satisfied by taking = & = -7r/2. The solution of the 
first two equations is Al  = 0.8556 and A:! = 0.1456. The free vibration response of the 
system is 

'(') = 0.8551 1-43 sin 1.28 -1 + - I [;I ( L 1) 

or x(1) = 6 0.855 sin 1.28 -t + + 0.145 sin 2.03 -1 + - [ ( c n)] ( t ;) 
8 ( t )  = 1.226 L [sin ( 1 . 2 R g t  + ;) - sin ( 2 . 0 3 g t  + f )] 

Repeated eigenvalues of M-'K and AM occur when the natural frequencies of two 
modes coincide. It is usually possible to identify the separate modes of 

'lbration. For example, consider the circular cantilever beam of Fig. 6.9. The beam 
has a thin disk attacked at its end, If the disk is vertically displaced and released, 



Figure 6.9 For certain combination of parameters the natural 
Frequency for transverse vibration coincides with the 
natural frequency for torsional oscillation. 

the disk undergoes free transverse vibrations. For a one-degree-of-freedom model, 
with inertia effects of the beam ignored, the natural frequency of free transverse 
vibrations of the disk is 

m 

where E is the elastic modulus of the beam, I is the cross-sectional moment of 
inertia of the beam, L is the length of the beam, and m is the mass of the disk. 
If the disk is twisted and released, it undergoes free torsional oscillations. For a 
one-degree-of-freedom model, with inertia effects of the beam ignored, the natural 
frequency of free torsional oscillations is 

where J is the polar moment of inertia of the cross section of the beam, G is the 
beam's shear modulus, and I D  is the mass moment of inertia of the disk. These 
two natural frequencies are equal for a steel shaft when the ratio of the length of the 
beam to the radius of the disk is 1.40. The two modes of vibration are independent 
but happen to have the same natural frequency. 

If oi is a natural frequency calculated from an eigenvalue of multiplicity m, 
then only n - m of the linear algebraic equations from which the mode shape is 
calculated are independent. Thus m elements of the mode shape. can be arbitrarily 
chosen. The most general mode shape involves m arbitrary constants. Then m 
linearly independent mode shapes, Xi, Xi+1, . . . , Xi+,, are specified. The general 
solution of Eq. (6.1) is still given by Eq. (6.14), but wi = ",+I = - - - = ~ i + ~ - l -  

The two-degree-of-freedom system of Fig. 6.10 has a natural frequency of 47;;; cor- 
responding to a rotational mode and a natural frequency of J 2  corresponding to a 
translational mode. The system is neither statically nor dynamically coupled. A block 
of mass m is attached to the mass center of the bar through a spring as shown in Fig. 6.1 
adding a degree of freedom and leading to static coupling. The differential equationS 



Figurn 6.1 0 (a) Original system of Example 6.7; (b) mode 
shape for translational mode, w = m; 
(c) mode shape for rotational mode o = a. 

Figurn 6.1 1 System of Example 6.7. 

governing free vibration of this vibration of this three-degree-of-freedom system are 

f i e  rotational mode is still uncoupled from the other modes. Find a value of k~ such 



that another natural frequency of the system coincides with the natural frequency of the 
rotational mode. Find the mode shapes for all modes. 

Solution: 
The determinant leading to the characteristic equation is 

(2 +a)@ - A  -a@ 
det [ -a@ a@-A 

0 0 6@-A 

k 
where @ = -  

m 

and 

The characteristic equation obtained by row expansion of the determinant, using the 
third row, is 

where 

The roots of the characteristic equation are 

The B = 6  root corresponds to the natural frequency of the rotational mode. Requiring 
one of the other natural frequencies to be equal to the natural frequency of the rotational 
mode leads to 

l + a f  J s = 6 + a = ?  

Then the natural frequencies become 

The mode shape corresponding to the lowest natural frequency is 

For #I = 6  the mode shapes are determined from 



me general solution of this system two arbitrary constants and can be written 

as 

n u s  the two linearly independent mode shapes corresponding to w = 4- are 

Note that the mode corresponding to the lowest natural frequency is a translational mode 
with extension of the spring. One mode corresponding to w = 4- is a translational 
mode with extension in the spring, but with a node in the spring. The second independent 
mode for w = ,/- is a rigid-body rotation of the bar about its mass center, with no 
extension in the spring. 

A second special case occurs when one of the eigenvalues of M-'K is zero. 
The general solution for a system with a zero eigenvalue is 

n 

~ ( t )  = (CI + C2t)XI + C AiXi sin (air - &) 16. 1 71 

where C1, C2, and Ai are constants determined from application of the initial con- 
ditions. The first part of the solution corresponds to a rigid-body motion. The 
summation term corresponds to oscillatory motion. 

A system has a natural frequency of zero only when it is unrestrained. For 
example, if both masses of the two-degree-of-freedom system of Fig. 6.12 are given 
fhe same initial displacement with no initial velocity, they will remain in their dis- 
placed positions indefinitely. If the shaft connecting the two flywheels of Fig. 6.13 

rotating at a constant speed, both flywheels will continue to rotate at this sped.  
When motion of an unrestrained system occurs, either linear or angular momen- 

tum is conserved for the entire system. Application of the ~rinciple of conservation 
Of linear momentum or the principle of conservation of angular momentum provides 
a relationship between the generalized coordinates of the form 

where Cl is a constant determined from the initial state. Equation (6.18) can be 



FUNDAMENTALS OF MECHANICAL VIBRATIONS 

Figure 6.12 A two-degree- Figure 6.1 3 An unrestrained torsional 
of-Freedom unrestrained system. If both system. 
blocks are given the same displacement, 
they will move as a rigid body. If blocks 
are given different displacements, free 
osci~~ations occur. 

integrated to provide a constraint between the generalized coordinates of the form 

Equation (6.19) could be used to reduce the number of degrees of freedom by one. 

A railroad car of mass 1500 kg is to be coupled to an assembly of two precoupled identical 
railroad cars. The couplers are elastic connections of stiffness 4.2 x 10' N/m. The single 
car is rolled toward the other cars with a velocity of 7 m/s. Describe the motion of the 
three railroad cars after coupling is achieved. 

Solutionr 

After coupling, the motion of the three railroad cars is modeled by using three degrees 
of freedom, as shown in Fig. 6.14b. The differential equations of motion are 

[x O O m  "" [;;I + [tk ;" :I [;;I = I] 
-k k 

The initial conditions are 

The natural frequencies are determined from 



6.14 (a) Shunting of railroad cars; (b) three-degree-of-freedom model 
of shunting. 

where 6 = JkTm. The resulting characteristic equation is solved to yield 

rad 
o l = O  w = g = 1 6 7 . 3 -  s w = g= 289.8 - tad s 

The corresponding mode shapes are 

The general solution of the differential equations is 

Application of the initial conditions leads to 

The equation expressing conservation of Linear momentum of the railmad cars after 
is achieved is 

m i l  ( t )  + m i 2 ( t )  + m i 3 ( t )  = C 

Qnsider the unrestrained three-degree-of-freedom system of Example 5.10 and Fig. I Example 4 
5.1 1. Let m r 2 / l  = 2. Calculate the natural frequencies and illustrate the development 
Of the constraint from momentum considerations. 



Solution: 
The differential equations are 

The characteristic equation is developed from 

0 
r r" -" 

det 1' 0 3 6 - A  

where # = a. The characteristic equation is 

where B = A/#. The roots of this equation are 

Which lead to natural frequencies of 

Application of the principle of conservation of angular momentum about the center of 
the pulley leads to 

2 m r i ~ ( t )  + 2mr-i~ ( t )  + 16 = 2 m r i ~  (0) + 2 m r i B  (0) + 16(0) 

A scalar product is an operation performed on two vectors such that the result is a 
scalar. In order for the operation to be termed a scalar product, it must satisfy certain 
rules as outlined in App. C. When the differential equations governing the motion of 
a linear n-degree-of-freedom system are formulated by using energy methods, the 
mass and stiffness matrices are symmetric. Then for a stable restrained system the 
following two operations satisfy all requirements to be called scalar products 
Y and z be any two n-dimensional vectors; define 

and 



The scalar product &fined by Eq. (6.20) is called the potential energy scalar 

P rnduct. Let Xi be the mode shape corresponding to a natural frequency mi. If the 
system response includes only this mode, then from Eg. (6.14) 

~ ( t )  = AiXi sin (mit - @ i )  C6.221 

From Eq. (5.6) the potential energy is calculated as 

mus, at a given instant of time, the potential energy scalar product of a mode shape 
itself is proportional to the potential energy associated with that mode. 

The scalar product defined by Eq. (6.21) is called the kinetic energy scalar 
It can be shown by using Eqs. (5.7) and (6.21) that 

or that for a linear system the kinetic energy scalar product of a mode shape with 
itself is proportional to the kinetic energy associated with that mode. 

The mass and stiffness matrices for a linear system are guaranteed to be sym- 
metric. In addition, the mass matrix is positive definite. The stiffness matrix for a 
stable system is positive definite unless it is unrestrained. The stiffness matrix for 
an unstable system is not positive definite. Thus, from Example C.5 of App. C, Eq. 
(6.21) defines a valid scalar product for all n-degree-of-freedom systems and Eq. 
(6.20) defines a valid scalar product for all stable constrained n-degree-of-freedom 
systems. 

The fact that Eqs. (6.20) and (6.21) are valid scalar products leads to the following 
useful properties: 

1. Communtivity of scalar products. For all real n-dimensional vectors y and z: 

and 

2. Linearity. For all real n-dimensional vectors w, y, and z and all real scalars a 
and /3: 

(@w + BY, Z)K = Q(W, Z)K + B(Y, Z)K c6.26al 

and (@w + BY, Z)M = ~ ( w ,  Z)M + B(y, Z)M C6.26bl 

%o vectors are said to be orthogonal with respect to a scalar product if their 
Scalar product is zero. The n-dimensional vectors y and z are orthogonal with respect 
lo the potential energy scalar product if 

The vectors are orthogonal with respect to the kinetic energy scalar product if 



The use of scalar product notation is not essential to analyze and understand 
free and forced vibrations of multi-degree-of-freedom systems. However, writin 8 
equations in scalar product notation is usually less confusing than using matrix and 
vector notation. In addition, since the scalar products have identifiable physical 
meaning, it may be easier to identify the physical significance of an equation when 
it is written in scalar product notation. At the very least the energy scalar products 
can be thought of as shorthand notation for the products defined by Eqs. (6.20) and 
(6.21). For these reasons, the remainder of the discussion in Chap. 6 and the entire 
discussion in Chap. 7 use scalar product notation. In addition, a scalar product is 
developed for use with continuous systems in Chap. 9. Many equations are also 
written using matrix notation for those not comfortable with scalar product notation. 

Let ui and oj be distinct natural frequencies of an n-degree-of-freedom system. Let 
Xi and Xj be their respective mode shapes. From Eq. (6.4) the equations satisfied 
by these natural frequencies and mode shapes are 

and 

Premultiplying Eq. (6.28) by X: gives 

or in scalar product notation 

u:(xj, xi)M = (Xj,  xi)^ 

Premultiplying Eq. (6.29) by XT gives 

2 
u j ( X i , X j ) ~  = (Xi, X,)K l6.31 1 

Subtracting Eq. (6.31) from Eq. (6.30) gives 

u?(xj ,  x~)M - o:(&, xj)M = (XI, Xi)X - (Xi, X j ) ~  ~6.321 

On the basis of the commutivity of the scalar products, Eq. (6.32) reduces to 

2 2 (mi - uj)(Xit = 0 [6.33J 

Since mi # wj, 

(xi, x j ) ~  = 0 [6.341 

or mode shapes corresponding to distinct natural frequencies are orthogonal with 



to the kinetic energy scalar product. Then from Eq. (6.30), these mode 
are also orthogonal with respect to the potential energy scalar product, or 

(Xi, X,)K = 0 C6.351 

If a system has a zero natural frequency, then it is strictly improper to define a 
energy scalar product. Property 3 required of scalar products is violated. 

However, it can be shown that the mode shape for the rigid-body mode for an 
unrestrained system is orthogonal to all other mode shapes for the system. 

1f an eigenvalue is not distinct, but has a multiplicity m > 1, then there are m 
linearly independent mode shapes corresponding to that eigenvalue. The preceding 

shows that each of these mode shapes is orthogonal to mode shapes cor- 
responding to different natural frequencies. Independent mode shapes obtained by 
solving Eq. (6.5) for the same eigenvalue may or may not be mutually orthogonal 
with respect to the energy scalar products. However, a procedure known as the 
Gram-Schmidt orthogonalization process can be used to replace these mode shapes 
with a set of rn mutually orthogonal mode shapes. These orthogonalized mode 
shapes are linearly dependent with the original mode shapes. 

Demonstrate orthogonality of the mode shapes with respect to the kinetic energy scalar( IxampL 
product for the system of Example 6.4. 
Solution t 

The mass matrix, stiffness matrix, and mode shapes are as given in Example 6.4. Or- 
thogonality with respect to the kinetic energy inner product is as follows: 



A variation of the preceding argument is used to prove that the eigenvalues are 
all real. The formal proof of this statement involves the introduction of a complex 
energy scalar product and is beyond the scope of this text. 

The argument can also be used to show that if M and K are positive definite 
then the eigenvalues of M-'K are all positive. Let Xi = Xi in Eq. (6.30) 

If M and K are positive definite, then both scalar products in the quotient of Eq. 
(6.36) are positive. Hence 

This, in turn, shows that a system in which both the mass and stiffness matrices are 
positive definite is stable. 

The ratio of Eq. (6.36) is called Rayleigh's quotient. For a given mode it is the 
ratio of the potential energy to the kinetic energy. 

It is possible to construct n orthogonal, and hence linearly independent, mode 
shapes for an n-degree-of-freedom system. Thus any n-dimensional vector can be 
written as a linear combination of these n mode shapes. To this end, if y is my 



vector there exist constants cl , C2, . . - , Cn such that 

fiQuation (6.38) is a representation of the expansion theorem. Premultiplying Eq. 
(6.38) by XTM for some j, I j j 5 n gives, in scalar product notation 

Interchanging the scalar product operation with the summation and using the prop- 
erty of Eq. (6.26) gives 

The orthogonality of the mode shapes implies that the only nonzero term in the 
summation occurs when i = j. Then Eq. (6.40) reduces to 

A mode shape corresponding to a specific natural frequencies of an n-degree-of- 
freedom system is unique only to a multiplicative constant. The arbitrariness can 
be alleviated by requiring the mode shape to satisfy the normalization constraint. 
A mode shape chosen to satisfy the normalization constraint is called a nomull- 
ized mode shape. The normalization constraint, itself, is arbitrary. However, all 
mode shapes are required to satisfy the same normalization constraint. The con- 
straint should be chosen such that subsequent use of the normalized mode shape is 
convenient. 

It is convenient to normalize mode shapes by requiring that the kinetic energy 
Scalar product of a mode shape with itself is equal to one. That is, 

If the mode shape, Xi, is normalized according to Eq. (6.42), then from ~ayleigh's 
quotient, Eq. (6.36) 

The orthogonality relations, Eqs. (6.34) and (6.35), the normalization constraint, 
Eq. (6.42), and the subsequent result of the choice of normalization, Eq. (6.43), are 



summarized by 

and (Xi, X,)K = w?dij c6.4~1 

where Sij is the Kronecker delta. From this point, mode shapes will be asumed 
be normalized by Eq. (6.42). 

With the normalization scheme of Eq. (6.42), the expansion theorem, Eqs. (6.38) 
and (6.41), becomes 

.I I kxpand the vector 

using the normalized mode shapes of Example 6.4. 
Solution: 

The general mode shapes of Example 6.4 are 

where 4, Bz, and B3 are arbitrary constants. The normalization of the first mode shape 
proceeds as follows 

which yields B1 = 0.726/& and 

The other mode shapes are normalized in the same manner yielding 



-0.242 
X2 = - [::':" X3 = 5 [ 0.453] 

0.670 -1.213 

f ie  first coefficient in the expansion is calculated by 

The other coefficients are calculated in a similar manner, yielding c2 = 0.690fi, 
c3 = 2.777fi- Thus 

Consider a situation where the free vibrations of a one-degree-of-freedom system 
are generated such that only one mode is present. The frequency of the mode is w 
and its mode shape is X. The maximum potential energy associated with this mode 
of vibration is determined from Eq. (6.23) as 

The maximum kinetic energy associated with this mode is determined from Eq. 
(6.24) as 

For a conservative system, where a continual process of transfer of kinetic and 
Potential energy occurs without dissipation, the maximum potential energy equals 

maximum kinetic energy. Thus from Eqs. (6.47) and (6.48) 

For a general n-dimensional vector X, not necessarily a mode shape, Eq. (6.49) is 
generalized to 



The scalar function defined in Eq. (6.50) is called ~ a ~ l e i g h ' s  quotient. If x is 
a mode shape of the linear n degree of freedom whose stiffness and mass manices 
are K and M, respectively, then R(X) takes on the value of the natural frequen 

CP associated with that mode. If X is not a mode shape, then R(X) takes on some orher 
value. 

RayIeigh's quotient can be useful in determining an upper bound on the lowest 
frequency. In some cases it can be used to attain a good approximation 

the lowest natural frequency. 
From the expansion theorem, an arbitrary vector X can be written as a linear 

combination of the normalized mode shapes 

Substituting Eq. (6.51) in Rayleigh's quotient, using properties of the scalar 
products and orthonormality of the mode shapes, leads to 

Stationary values of R(X) occur when 

The n solutions of Eq. (6.53) are summarized by ci = ai, for j = 1, . . . , n. That is, 
Rayleigh's quotient is stationary only when X is an eigenvector. It is also possible 
to show that these stationary values are minimums. Hence of is the minimum value 
of Rayleigh's quotient. 

The preceding result implies that an upper bound and perhaps an approxima- 
tion for the lowest natural frequency can be obtained by using Rayleigh's quotient. 
Rayleigh's quotient can be calculated for several trial vectors. The lowest natural 
frequency can be no greater than the square root of the smallest value obtained. The 
closer a trial vector is to the actual mode shape, the closer the value of ~ayle igrs  
quotient is to the square of the lowest natural frequency. 

1 2 (use Rayleigh's quotient to obtain an approximation to the lowest natural frequency 
the system of Example 6.4. Use the trial vectors 



~@lutfont 
calculate Rayleigh's quotient: 

Similar calculations yield 

k k 
R(Y) = 6.0- R(Z) = 2.57- 

rn rn 

From the preceding equations an upper bound on the lowest natural frequency is 

From Example 6.4 the lowest natural frequency for this system is 0 . 8 9 3 m .  

Let ol, q, . . . , o,,, be the natural frequencies of a linear n-degree-of-freedom sys- 
tem with corresponding normalized mode shapes XI, X2, . . . , X,. The expansion 
theorem implies that a general solution to Eq. (6.1) can be written as 

Substihltion of Eq. (6.54) into Eq. (6.1) leads to 

Taking the standard scalar product of Eq. (6.55) with Xj for an arbifrar~ j leads to 



which, after the properties of scalar products are invoked, becomes 

Using the definitions of the energy scalar products, E ~ s .  (6.21) and (6.22), in E ~ .  
(6.56) leads to 

Orthogonality and normalization of mode shapes, Eqs. (6.44) and (6.45), are used 
in Eq. (6.57), leading to 

Since j was arbitrarily chosen an equation of the form of Eq. (6.58) can be written 
foreach j = l , 2 ,  ..., n. 

Equation (6.54) can be viewed as a linear transformation between the chosen 
generalized coordinates, x, and the coordinates p = [ p l  p2 . pn]T, called the 
principal coordinates. The transformation matrix is the matrix whose columns are 
the normalized mode shapes. This matrix, P = [ X 1  X 2  . . X , ]  is called the 
modal matrix. Since the columns of the modal matrix are linearly independent the 
modal matrix is nonsingular and the transformations 

have a one-to-one correspondence. 
The differential equations governing the vibrations of a linear n-degree-of- 

freedom system are uncoupled when the principal coordinates are used as dependent 
variables. 

6. I 3 l~alculate the principal coordinates for the system of Example 6.1. 

Solution: 

Using x and 0 as generalized coordinates, the mode shapes are calculated in E X ~ ~ P I ~  
6.1 as 

Each mode shape is normalized by dividing by the kinetic energy scalar product of the 



mode shape with itself. This leads to 

0.925 0.41 1 
x 1 = ~ [ 1 ; 3 ]  f i  - " ; = I [  fi -- 3 . P 1 ]  

f ie  modal matrix is the matrix whose columns are the normalized mode shapes 

fie inverse of P is calculated, using the methods of App. C, as 

Then from Eq. (6.59) 

The preceding equations can be rewritten as 

pl ( t )  = 0 . 9 2 4 f i ( x  + 0.119L8) 

and p2(t) = 0.353&(x - 0.700L8) 

The preceding equations show that p ,  is proportional to the displacement of aparticle 
a distance 0.1191, to the right of the mass center. This particle is identified in Example 
6.1 as a node for the second mode. The principal coordinate pn is proportional to the 
displacement of a particle 0.700L to the left of the mass center. However, this particle 
does not exist on the rigid bar. 

The preceding discussion shows that vibrations at the lowest natural frequency of 
this system are rigid-body oscillations about the node for the second mode. Vibrations 
at the higher natural frequency are rigid-body oscillations about a point lying off the bar. 

Equation (6.59) shows that the generalized coordinates are linear combinations 
of the principal coordinates. The generalized coordinates for a linear system are 
chosen such that the displacement of any particle in the system is alinear combination 
pfthe generalized coordinates. Thus the displacement of any particle in the system 
'Salinear combination of the principal coordinates. This implies that if a particle is a 
node for the higher mode of a two-degree-of-freedom system, then pl is proportional 
to the displacement of that particle. If a particle is a node for the second mode of 
a three-degree-of-freedom system, then a linear combination of the first and third 
Principal coordinates represents the displacement of that point. Nothing can be 
inferred about the physical interpretation of either principal coordinate. 



The determination of the natural frequencies and mode shapes for a m ~ l t i - d e ~ ~ e ~ - ~ ~ ,  
freedom system requires the solution of a matrix eigenvdue-eigenvector problem, lf 
the system has more than three degrees of freedom, the algebraic and computational 
burden usually leads one to seek approximate, numerical, or computer solutions 
Ray]eigh's quotient, presented in Sec. 6.9, may be used to provide an upper bound 
to the lowest natural frequency. In the Rayleigh-Ritz method for discrete systems 
a linear combination of linearly independent vectors is used in Rayleigh's quotient: 
The coefficients in the linear combination are chosen to render Rayleigh's quotient 
stationary. 

Most applications require more accurate determination of the natural frequencies 
and mode shapes than can be provided by Rayleigh's quotient or the Rayleigh-&tz 
method. A number of numerical methods lead to accurate numerical determination 
of natural frequencies and mode shapes. One such is the matrix iteration method. 
Beginning with a trial mode shape vector xo a sequence of vectors Xi is generated 
by 

It can be shown that the ratio of two corresponding elements of xi and xi-1 approaches 
o: as i gets large and that Xi approaches the corresponding mode shape vector. 
Higher natural frequencies and mode shape vectors can be obtained by requiring 
trial vectors to be orthogonal with respect to the kinetic energy scalar product to 
all previously obtained mode shape vectors. Matrix iteration has the advantage that 
natural frequencies and mode shape vectors are determined sequentially and that 
only the number desired need to be determined. 

Jacobi's method is a powerful iterative method that determines all eigenvalues 
and eigenvectors of a matrix. Jacobi's method uses a series of transformations to 
convert a symmetric matrix into a diagonal matrix with the eigenvalues along the 
diagonal. The product of the matrices used in the transformation produces a mabx 
whose columns are the eigenvectors. The mass and stiffness matrices for a multi- 
degree-of-freedom system are guaranteed to be symmetric, but the matrix M-'K, 
whose eigenvalues are the squares of the natural frequencies, is not necessarily 
symmetric. In this case, it can be shown that there exists a symmetric matrix D, that 
can be obtained by a method called Choleskidecomposition, such that the eigenvalues 
and eigenvectors of M-' K are the same as the eigenvalues and eigenvectors of 

The above methods are described in other texts on vibrations (Meirovitch, RaO) 
or numerical analysis texts. (Hoffman). These methods are tools that can be used 
to solve eigenvalue-eigenvector problems and thus lead to natural frequencies and 
mode shapes for multi-degree-of-freedom systems. However, understanding the 
mechanics of these methods does not enhance the understanding of vibrations. The 
interested reader is referred to the cited texts. These methods have been incorporated 
into the eigenvalue routines used in MATLAB. These MATLAB routines are easy 
to use and are sufficient for the purposes of this text. 



/ 

Determine the natural frequencies and shapes of the automobile suspension systeml BxanpI. 6.1 
shown in Fig. 6.15. A six-degree-of-freedom model is used, including the inertia of the 
axle and the wheels, and the stiffness of the seats and the passengers in the seats (assuming 
they are wearing seat belts). The springs of stiffness k, model the tires. 

yluQont 
The generalized coordinates are as illustrated in Fig. 6.15. The displacement vector is 
defined as x = [xi x:! xs x4 xs 81. Kinetic energy is used to determine the mass 
matrix 

m O  0  0 
O m 0 0  0  0 0  O Ol 

Stiffness influence coefficients are used to determine the stiffness matrix 

I 
G 1=360kg.m2 

b-a ve k, = 1 . 2 ~  1 0 ' ~ / m  
k ,=2x  1 6 ~ / m  

kl 
Xl 

kt= 8 x lo4 N/m 

ma a = 1.8 m 
b = 2.0 m 

k, c=60cm 
d=40cm 

pigun 6. I S Six-degree-ofheedom model of suspension system and 
passengers. 



The MATLAB script for determining the natural frequencies and modal matrix and the 
corresponding output when the program is run are given in Fig. 6.16. 

$j Example 6.14. Natural frequencies and modal matrix for ~ i % - d e g r ~ ~ - ~ ~ ,  
% freedom model of suspension system and passengers 
% Parameters 
m=lOOO; % Mass of vehicle in kg 
ma=150; % Mass of axle in kg 
mp=60; % Mass of each passenger in kg 
I=360; 8 Mass moment of inertia of vehicle in kg-m2 
kl=120000; % Stiffness of suspension spring in N/m 
ks=200000; % Stiffness of seat in N/m 
kt=80000; % Stiffness of tire in N/m 
a=1.8; % Distance from front springs to center of gravity in m 
b=2.0; % Distance from rear springs to center of gravity i n  m 
c=O. 6; % Distance from front passenger to center of graity i n  rn 
d=0.4; 8 Distance from rear passenger to center of gravity in rn 
%Mass matrix 
disp ( 'Mass matrix' ) 
M=[m, O,O, 0, 0,O; 

O,ma, O,O, 0,O; 
O,O,ma, O,O, 0; 
0, 0, O,mp, 0,O; 
O,O, O,O,mp, 0; 
OIO, OIO, 0,Il; 

disp (MI 
% Stiffness matrix 
disp ( 'Stiffness matrix') 
K=12*kl+2*ksr -kl, -kl,-ksI-ks, kl* (a-b) +ks* (c-d) ; 

-kl, kl+kt, O,O, 0, -kl*a; 
-kl, 0, kl+kt, 0, 0, kl*b; 
-ks, 0, Of ks, 0, ks*c; 
-ks, O,O, 0, ks, -ks*d; 
kl* (a-b) +ks* (c-d) , -kl*a, kl*b, ks*c, -ksfd, kl* (aA2+bA2) +ks* (cA2+dA2) 1 ; 

lisp (K) 
i Eigenvalues and eigenvectors of MA (-1) *K 
:=inv (M) *K; 
V, D 1 =eig (C) ; 
Sorting to put eigenvalues in ascending order and to develop modal 
matrix corresponding to ascending order of eigenvalues 
'[D(ltl) VD(2.2) 1 D ( 3 , 3 )  ,D(4,4) ,D(5,5),D(6,61 I ;  
h=max (E) +O. 01; 

Sure 6- 1 6 (a) MATLAB script for solution of Exomple 6.14, six-degree-of-freedom model of suspension system. 



Qh=~(j); 
else 
end 

end 
~ 1 = Q h  ; 
Qh=max(E)+O.Ol; 
Om1 (i) =E (k) ; 
omega(i)=sqrt(E(k) ) ; 
for m=1: 6 

PI (m,i)=V(m, k) ; 
end 

end 
g ~orrnalizing mode shapes, L is a diagonal matrix with kinet 
g scalar products of mode shapes along diagonal 
ppl *M*Pl; 
8   eve loping modal matrix, a matrix whose columns are the no 
8 mode shapes 
for i=1: 6 

for j=1: 6 
P(i,j)=Pl(i,j)/L(j, j); 

end 
end 
disp ( 'Natural frequencies in rad/s ' ) 
disp (omega) 
disp ( 'Modal matrix' ) 
disp ( P )  

Mass m a t r i x  
1000 0 0  0 0 

0 150 0 0  '0 
0 0 150 0 0 
0 0  0 60 0 
0 0  0  0 60 
0  0  0 0 0 

'*Wrg 6.1 6 (ConR)) (a) Con't. (b )  noturot frequencies ond modal rnotrix determined by running 



:ness matrix 
le+005 * 

a1 frequencies in rad/s 
,9736 1 9 . 6 2 8 1  38.1937 

matrix 
.0016 0.0004 0.0007 
,0006 0.0036 -0.0045 
.0015 -0.0033 -0.0043 
.0019 -0.0010 0.0012 
.0015 0.0015 0.0012 
.0004 0.0022 0.0000 

rl. 6.1 5 btudY the accuracy of lumped-mass models to approximate the natural frequencies of 
a simply supported beam. Model the beam using 2, 3, 4, 5, 6, and 7 lumped masses. 
Compare the natural frequency approximations obtained when each lumped mass is 
mbln,  where mb is the total mass of the beam and n  is the number of nodes, to the 
natural frequencies obtained when the method of Sec. 5.7 is used to obtain the nodal 
masses. Write a MATLAB script that performs the natural frequency calculations. 

Solufiont 

A simply supported beam modeled with n  lumped masses is illustrated in Fig. 6.17. The 
nodal masses are of equal value 

where B is a parameter dependent on the method of discretization. If the sum of the nodal 
masses equals the total mass of the beam, then /3 = n. If each nodal mass represents the 
mass of a region surrounding the particle, as described and illustrated in Sec. 5.7, then 
/ 3 = n + l .  

C b u n  6.1 7 Simp?. suppod  beam m ~ ~ e d  with n equal discrete mosses. 



~lexibility influence coefficients are used to determine the elements of the flexibility 
These elements are in the form 

EI 
aij = -a" ~3 ' J  

where aij is determined from Table D.2. The coefficients are determined for j 2 1, using 

z =  i / ( n  + 1) and a = j / ( n  + 1). Flexibility matrix symmetry is used to determine the 
for j < 1. 

The differential equations governing the free vibrations of the approximate system 
are written as 

where 

The natural frequencies are obtained as l/o; = #Ai where Ai, i = 1,2, . . . , n, are the 
eigenvalues of A. 

The MATLAB script for setting up the flexibility matrix and calculating the natu- 
ral frequencies is given in Fig. 6.18. The results, the eigenvalues of A, are summarized 

% Example 6.15 
% Natural frequency calculations for a discrete lumped 
8 mass approximation to a simply supported beam. 
% Input number of degrees of freedom to be used in model. 
n=input('Input number of degrees of freedom') 
% Modal masses are of equal value. Using the 
% non-dimensional formulation of Example 6.15, the mass 
% matrix is the nxn identity matrix. Thus it is not 
% necessary to specify. The natural frequencies are the 
8 reciprocals of the square roots of the eigenvalues of 
9 the flexibility matrix A 
% Setting up the flexibility matrix 
for i=l :n 

k=n-i+l; 
for j=l:k 

A(j, k)=(k/ (n+l)-1) +jA3/ (6* (n+1)^3) ; 
A(j,k)=A(j,k)+k/(n+l)*(l-k/(n+l) ) *  (2-k/(n+ll )*j/(6* (n+l 
A(k, j)=A(j,k); 

end 
end 
Calcualting eigenvalues 

V=eigs (A) ; 
dis~(r~ondimensional flexibility matrixt),disp(A) 
% Nondimensional natural frequencies are reciprocals 
Of square roots of eigenvalues 

for i=1 :n 
omega (i) =l/sqrt (V(i) ) ; 

end 
disp ( ' Nondimensional natural frequencies ' ) , disp (omega) 

Figure 6.1 8 MATLAB script for solution of ~ x a r n ~ l e  6.15. 



in Table 6.1. The natural frequency approximations using #l = n + 1 are summarized 
in Table 6.2, while the natural frequency approximations for /3 = n are summarized in 
Table 6.3. When the results are compared to the exact natural frequencies, obtained by 
the method of Chap. 9, it is clear that using B = n + 1 leads to a better approximation 

Table 6.1 Nondimensional frequencies for simply supported beam 

- 
7 

Mode number 

o 1 2 3 4 5 6 7 

Table 6.2 Dimensianal frequencies assuming B = n + 1 

Mode number 

d 

Exact 
n = 2  
n = 3  
n = 4  
n = 5  
n = 6  
n = 7  

h e r e  o is h e  dimensional natural frequency. 
pAL4 

Table 6.3 Dimensional frequencies assuming = n 

Mode number 

d 1 2 3 4 5 6 7 - 
Exact 9.8696 39.478 88.826 157.91 246.7 4 355.31 4835' 
n = 2  8.0499 31.177 - - - - - 
n = 3  8.5447 33.941 72.065 - - - - 
n = 4  8.8267 35.223 77.973 128.40 - - - 
n = 5  9.0092 36.000 80.499 139.43 199.& - 
n = 6  9.1372 33.820 8 1.956 144.09 217.46 284.60 - 
n = 7  9.2320 36.9 18 82.938 146.64 225.47 311.35 295.93 



A multi-degree-of-freedom system is said to have proporlional damping if the vis- 
cous damping matrix is a linear combination of the mass matrix and the stiffness 
m a t . k  

C = a K + B M  16.6 1 1 

wherea and B are constants. The differential equations governing the free vibrations 
of a linear system with proportional damping are 

~ e t  wl 5 w;! I . . - < on be the natural frequencies of an undamped system 
whose mass matrix is M and whose stiffness matrix is K. Let XI, XZ, . . . , X,, be the 
corresponding normalized mode shapes. The expansion theorem implies that x ( t )  

be written as a linear combination of the mode shape vectors, as in Eq. (6.54). 
Substituting Eq. (6.54) in Eq. (6.62) leads to 

Taking the standard scalar product of Eq. (6.63) with Xi for an arbitrary j ,  and using 
properties of scalar products and the definitions of energy scalar products, leads to 

Use of the orthonormality relations, Eqs. (6.44) and (6.45), in Eq. (6.64) leads to 

The principal coordinates are related to the original generalized coordinates through 
the linear transformation, Eq. (6.59). Thus the same principal coordinates that 
uncouple the undamped system uncouple the system when proportional damping is 
added. 

Equation (6.65) is analogous to the differential equation governing free vibra- 
tions of a one-degree-of-freedom system and by analogy is rewritten as 

Where 

is called the modal hrnping ratio. 
The general solution of Eq. (6.66) for C j  < 1 is 

pi(') = Aje-cj"jt sin 16.681 



where A, and # j  are determined from initial conditions. The generalized coordinates 
are obtained by using Eq. (6.59). 

Damping in structural systems is mostly hysteretic and hard to quantify. L~~~ 
ing a better model, proportional damping is often assumed. The modal damping 
ratios are usually determined experimentally. The equivalent damping ratio 
a harmonically excited one-degree-of-freedom system with hysteretic damping is 
proportional to the natural frequency, and inversely proportional to the excitation 
frequency. This model fits proportional damping where the damping matrix is pro. 
portional to the stiffness matrix. In these cases the modes with higher frequencies 
are damped more than modes with lower frequencies. The natural frequencies in 
stiff structural systems are usually greatly separated. The effect of the higher modes 
in the free vibration response is often negligible. 

- 
1 6 [1 six-degree-of-freedom model of passengers in an automobile is shown in Fig. 6.19, 

which is the model of Fig. 6.1 5 with viscous damping added. The damping of the system 
of Fig. 6.19 is proportional. Determine the modal damping ratios and the time-dependent 
form of the principal coordinates in terms of arbitrary constants of integration. 

Solutionr 
The damping matrix for the six-degree-of-freedom model is 

Figure 6.19 illustrates a model in which viscous dampers are in parallel with springs. 
Each parallel combination has the same ratio of its viscous damping coefficient to its 
spring stiffness, a! = 0.015. Thus the damping matrix is proportional to the stiffness 
matrix with a! = 0.015. 

Using the results of Example 6.14 and Eq. (6.67), the modal damping ratios are 
calculated as ci = aaoi /2, leading to 

Thus all modes are underdamped. The flee vibration response for the principal coordi- 
nates is 

-0.478t sin (7.96t + $1 ) 

~ ~ e - ~ . ~ ~ ~  sin (19.41t + &) 1 
C -lO-*t sin (36.60t + &) 3 1  

-20.10t sin (47.741 + @.,) 

~ ~ e - ~ ~ . ~ ~ ~  sin (54.411 + @5)  

C -32.5'r sin (57.22t + &) 1 6 e  



Figure 6.19 Six-degree-of-freedom model of suspension system with proportiona~ 
damping. 

The differential equations governing the free vibrations of a multi-degree-of-freedom 
system with viscous damping is 

M x + C x + K x = O  l6.691 

If the damping matrix is a linear combination of the mass matrix and the stiffness 
matrix, the system is proportionally damped. In this case the principal coordinates 

the undamped system are used to uncouple the differential equations, Eq. (6.64). 
The differential equation defining each principal coordinate is analogous to the dif- 
ferential equation governing the motion of a linear one-degree-of-freedom system 
with viscous damping. 

If the damping matrix is arbitrary, the principal coordinates of the undamped sys- 
tem do not uncouple Eq. (6.69). A more general procedure must be used. Equation 



(6.69) can be reformulated as 2n first-order differential equations by writing 

0 M -M 0 
where M = [ ~  CI L = [ O  K] y=[:] [ 6 * 7 ~ ~  

A solution to Eq. (6.70) is assumed as 

y = ae-Yt 

Substitution of Eq. (6.72) into Eq. (6.70) leads to 

Thus the values of y are the eigenvalues of M-'K and the vectors are the corre- 
sponding eigenvectors @. 

The values of y occur in complex conjugate pairs. The system is stable only if 
all eigenvalues have nonnegative real parts. Eigenvectors corresponding to complex 
conjugate eigenvalues are also complex conjugates of one another. Eigenvectors 
corresponding to eigenvalues which are not complex conjugates satisfy the orthog- 
onality relation 

6.1 7 l~ lo t  the free-vibration response to the system of Fig. 6.20 under the initial conditions 
xl(0) = 0, ~ ~ ( 0 )  = 0.01 m, il(0) = 0, i2(0) = 0. 
Solution: 
The differential equations governing the motion of the system are 

The damping matrix for this system is not a linear combination of the mass matrix and 
the stiffness matrix. Hence the principal coordinates of the undamped system cannot be 

Figurn 6.20 System of Example 6.17 has a 
general viscous damping 
matrix. 



used to uncouple the differential equations. These equations are written in the form of 
E ~ .  (6.70) where 

O O m O  -m 0 0 0 

0 2m 0 -2k 2k 

A solution of Eq. (6.70) is assumed in the form of Eq. (6.72). The resulting values of ,, are the eigenvalues of M-'K. The eigenvalues are obtained by using MATLAB and 
are given in Fig. 6.21b. The eigenvectors, 9,  are the columns of the matrix V of Fig. 
6.21b, The initial condition vector is yo = 10 0 0.01 01. The general solution is a 
linear combination over all solutions 

% Example 6 .17  
% Parameters  
d i g i t s  (5) 
m=20 ; 
k=10000; 
c=80; 
% C o n s t r u c t i o n  of 4x4 m a t r i c e s  
d i s p ( ' 4 x 4  Mass m a t r i x ' )  
MT=[O,O,m,O;O, 0, 0,2*m;mf 0, O I  0;0,2*m,0,c]  
d i sp  ( '4x4 S t i f f n e s s  m a t r i x ' )  
KT=[-m, O , O ,  O;O,-2*mf 0, 0; 0, 0, 3*kr -2*k; 0,0, -2*k, 2*k]  
ZZinv(MT) *KT; 
[V, D l  = e i g  ( 2 )  ; 
disp  ( ' E i g e n v a l u e s  ' ) 
Ds=[D(l ,  I ) ,  D ( 2 , 2 )  , D ( 3 , 3 )  , ~ ( & 4 ) ]  
d i sp  ( ' E i g e n v e c t o r s  ' ) v 
d i sp  ( ' ~ n i t i a l  c o n d i t i o n s  ' 
X0=[0;0; 0 .01;  01 
d i s p  ( ' c o n s t a n t s  o f  i n t e g r a t i o n '  
S'inv (v) * xo 
t k = l i n s p a c e  ( 0 ~ 2 , 1 0 1 )  ; 
% E v a l u a t i o n  o f  t i m e  dependen t  r e s p o n s e  
% R e c a l l  t h a t  x l = y 3  and  x2=y4 
f o r  k = 1 :  101 

t ' tk  (k) ; 

''gur* 6.21 (a) MATLAB script for solution of ~xample 6.1 7 free-vibration 
response of system with general damping. 



for i=3: 4 
x(k,i-214; 
for j=1:4 

x (k, i-2) =x (k, i-2) +(real (S (j ) ) *real ( ~ ( i ,  j ) ) - 
imag(S(j))*imag(V(i,j)))*cos(imag(D(j,j))*t); 

x(k,i-2)=x(k,i-2)+(imag(S (j) ) *real(V(i, j))- 
real(S(j))*imag(V(i,j)))*sin(imag(V(i,j))*t); 

x (k, i-2) =x (k, i-2) *exp (-real (D (j, j) ) *t) ; 
end 

end 
end 
plot(tk,x(:,l), ' - '  ,tkfx(:,2), I : ' )  

title('So1ution of Example 6.16') 
xlabel ( ' t (sec) ' ) 
ylabel ( 'x (m) ' 1 
legend('x1 (t) ', 'x2 (t) ' )  

4x4 Stiffness matrix 

Eigenvalues 

Eigenvectors 

tigun 6.2 1 (Con')) (a) Con't; (6) Output including eigenvcllues ond eigenvectors obtained by wnning script. 



I n i t i a l  conditions 

constants of integration 

LiWJn 6.2 1 (Con't) (b) Con't; (c) Free-vibrotion response of system of Fig. 6.20. 



where C j  are constants of integration. Application of initid conditions leads to 
4 

Since the eigenvalues and eigenvectors are complex conjugate pairs, evaluation of 
solution leads to a real response. Its construction is illustrated in the MATLAB script, 
Evaluation and plotting the response over a period of time leads to Fig. 6 .21~.  

PROBLEMS 
6.1-6.5. Determine the natural frequencies and mode shapes for the t~o-degreeof-freed~~ 

systems shown. Graphically illustrate the mode shapes and identify any nodes. 

FIGURE P6.1 
(Problems 6.1,6.20,6.21.) 

FIGURE P6.2 

FIGURE P63 
(Problems 6.3,6.22.) 

slender bar of 
mass m 

FIGURE P6.4 

FIGURE P6.5 



6.6-6.8- Determine the natural frequencies and mode shapes for the three-degree-of-freedom 
system shown. Graphically illustrate the mode shapes and identify any nodes. . 

b x2 I-+ x3 

2m 2m 
FIGURE P6.6 

3m 

FIGURE P6.7 

Slender bar of 

I mass m 

El FIGURE P6.8 

6.9. Two machines are placed on the massless fixed-pinned beam of Fig. P6.9. Determine the 
natural frequencies for the system. 



6.10. Determine the natural frequencies and mode shapes for the system of Fig. P5.2 if k a 
3.4 x lo5 N/m, L = 1.5 m and m = 4.6 kg. 

6.11. Determine the natural frequencies of the system of Fig. P5.5 if k = 2500 N/m, m,  , 2.q 
kg,m2 = 1.6kg, I = 0.65kga m2, and L = 1 m. 

6.12. Determine the natural frequencies and mode shapes for the system of Fig. P5.8 ~f k 
10,000 N/m, m = 3 kg, I = 0.6 kg . m2, and r = 80 cm. 

6.13. Determine the natural frequencies and mode shapes of the system of Fig. P5.10 if k = 
12,000 N/m and each bar is of mass 12 kg and length 4 m. 

6.14. A 400-kg machine is placed at the midspan of a 3-m-long, 200-kg simply SUppORed beam 
The beam is made of a material of elastic modulus 200 x lo9 N/mz and has a c r o ~ s - s e c ~ i ~ ~ ~  
moment of inertia of 1.4 x lo-' m4. Use a three-degree-of-freedom model to approximat, 
the system's lowest natural frequency. 

6.15. A 500-kg machine is placed at the end of a 3.8-m-long, 190-kg fixed-free beam. The beam 
is made of a material of elastic modulus 200 x lo9 N/m2 and has a cross-sectional moment 
of inertia of 1.4 x m4. Use a three-degree-of-freedom model to approximate the two 
lowest natural frequencies of the system. 

6.16. A 1500-kg compressor is mounted on springs of stiffness 4 x lo5 N/m at the middle of a 
floor in an industrial plant, which can be modeled as a fixed-fixed beam of length 10 Q 

elastic modulus 200 x lo9 ~ / m ~ ,  and has a cross-sectional moment of inertia of 2.3 x 10-4 
m4 and mass of 7500 kg. The beam rests on soil whose equivalent stiffness is 6 x lo6 N/m. 
Use the two-degree-of-freedom model of Fig. P6.16 to approximate the natural frequencies 
of the system. 

FIGURE P6.16 

6.17. Determine the two lowest natural frequencies of the railroad bridge of Prob. 5.70 if kl = 
5.5 x 107N/m,k2 = 1.2 x 107N/m,m = 15,000kg, I = 1.6 x 106kg.m2,1 ~ 6 . 7 ~ 9  
and h = 8.8 m. 

6.18. Determine the natural frequencies of the system of Prob. 5.77. The beam is of length m, 

made of a material of elastic modulus 200 x lo9 Nlm2, and has a cross-sectional moment 
of inertia of 1.4 x lo-' m4. The total mass of the beam is 320 kg. The mass of the winch 
is 115 kg. The winch cable is made of a material of elastic modulus 200 x lo9 N/m2 and 
bas a cross-sectional area of 3.4 x loM2 mZ. The length of the cable is 5.5 m and the mass 
being lifted is 715 kg. 



6.19. The natural frequencies ofthe system of Fig. P6.19 are measured as 5.0 radls and 7.8 rad/s. 
When free vibrations occur at the lower natural frequency only, the two blocks always 
move in the Same direction and the displacement of the block of mass m2 is 0.5 times the 
d~splacement of the block of mass m , .  When free vibrations occur at the larger natural 
frequency only, the blocks move in opposite directions and the displacement of the block 
of mass mz is 1.3 times the displacement of the block of mass m,. If rn, = 4 kg, determine 
the stiffness of each spring. 

6.20. Free vibrations of the system of Fig. P6.1 are initiated by moving the block of mass 3m a 
&stance 6 to the right while holding the block of mass m in its equilibrium position and 
releasing the system from rest. Mathematically describe the resulting motion. 

ml 

121. Determine a set of initial conditions for the system of Prob. 6.20 such that free vibrations 

m 2 

FIGURE P6.19 

occur only at the system's lowest natural frequency. 

6.22. Free vibrations of the system of Fig. P6.3 are initiated by applying a vertical impulse of 
1.5 N s to the left end of the bar when the bar is in equilibrium. Mathematically describe 
the resulting motion of the bar. 

6.23. Determine the free vibration response of the railroad bridge of Prob. 6.17 if a ground 
disturbance initially leads to 8, = 0.8" with 82 = 6 = 0. 

6.24. A robot arm is 60 cm long, made of a material of elastic modulus 200 x lo9 N/m2, and has 
the cross section of Fig. P6.24. The total mass of the arm is 850 g. A tool of mass 1 kg is 
attached to the end of the arm. Assume one end of the arm is pinned and the other end is 
free. Use a three-degree-of-freedom model to determine the arm's natural frequencies. 

FIGURE P6.24 

6.25. A 30,000-kg locomotive is coupled to a fully loaded 20,000-kg boxcar and moving at 6.5 
mls. The assembly is coupled to a stationary and empty 5,000-kg cattle car. The stiffness 
of each coupling is 5.7 x 105 Nim. 
(a) What are the natural frequencies of the three-car assembly? 

(b) Mathematically describe the motion of the cattle car after coupling. 
6.26. Determine the natural frequencies and mode shapes for the three-degree-of-freedom model 

of an airplane of Prob. 5.75. Assume M = 3.5 m. 
6.27. Determine the natural frequencies and mode shapes of the torsional system of Prob. 5.66. 



6.28. Use a four-degree-of-freedom model to approximate the two lowest nonzero natural fie. 
quencies of a free-free beam. 

6.29. A pipe extends from a wall as shown in Fig. W.29. The pipe is supported at A to pre. 
vent transverse displacement, but not to prevent rotation. Under what conditions will the 
pipe's lowest natural frequency of transverse vibrations coincide with its frequency offree 
torsional vibrations? 

2 L L 
~ ~ - 5 4  FIGURE P6.29 

6.30. The mode shape for the lowest mode of a two-degree-of-freedom system is 

The mass matrix for the system is 

Determine the mode shape corresponding to the system's higher natural frequency. 

6.31. The normalized mode shape vector for the lowest mode of a three-degree-of-freedom 
system is 

The stiffness matrix for the system is 

Determine the natural frequency corresponding to this mode. 

6.32. The mass matrix for a three-degree-of-freedom system is 

Mode shape vectors corresponding to two-modes of this system are 



Determine (a) the mode shape vector for the third mode and (b) a set of normalized mode 
shape vectors. 

6.33. Show that R a ~ l e i ~ h ' ~  quotient R ( X )  is stationary if and only if X is a mode shape vector. 

6.34. Use Rayleigh's quotient to determine an upper bound on the lowest natural frequency of 
the system of Fig. P6.7. Use at least four trial vectors. 

6.35. An alternative method to derive the uncoupled equations governing the motion of the 
free vibrations of a n-degree-of-freedom system in terms of principal coordinates is to 
introduce a linear transformation between the generalized coordinates x and the principal 
coordmates p as x = Pp, where P is the modal matrix, the matrix whose columns are 
the normalized mode shapes. Follow these steps to derive the equations governing the 
principal coordinates: 
(a)  Rewrite Eq. (6.1) using the principal coordinates as dependent variables by introducing 

the linear transformation in Eq. (6.1). 

(b) Premultiply the resulting equation by PT. 
(c) Use the orthonormality of mode shapes to show that PTMP and PTKP are diagonal 

matrices. 

(6) write the uncoupled equations for the principal coordinates. 

6.36. Use the method of Rob. 6.35 to derive the uncoupled equations governing the principal 
coordinates for st system with proportional damping. 

637. Determine the free vibration response of the system of Fig. P6.37 if the system is released 
from rest after the 3-kg block is displaced 5 mm. 

6.38. If the modal damping ratio for the lowest mode of Prob. 6.14 is 0.03, determine the modal 
damping ratio for the higher modes and determine the response of the system if the machine 
is displaced 2 mm and released. 

6.39. Determine the free-vibration response of the bar of Fig. P6.39 is the mass center is displaced 
1 cm from equilibrium whle the bar is held horizontal and the system released from this 
position. 

FIGURE: P6.39 



6.40. Determine the free-vibration response of the system of Fig. P6.40. 

400 N . s/m FIGU 

6.41. Determine the free-vibration response of the system of Fig. P6.41. 

~-1.Sm-+-0.5m+ 
Uniform bar 

k m  = 120 kg 
1=15kg.m2 

4 x  l d ~ / m  LJ 500 N . s/m 4 x  1 6 ~ / m  

FIGURE P6.41 

6.42. Determine the free-vibration response of the system of hob. 5.68 when E = 200 x lo9 
~ l m * , I  = 1.5 x 10-6m4, L = 0 . 8 m , k =  1.5 x l ( r N l m , c = 2 5 0 N ~ s l m , m l  =4kg, 
m2 = 6.1 kg. 

MATLAB PROBLEMS 

M6.1. File VIBES-6A.m contains the MATLAB script used in the solution of Example 6.3. 
Use VIBES-6A to determine an appropriate value of k such that both natural frequencies 
are between 20 radls and 50 rad/s. 

M6.2. File VIBES-6B.m contains a MATLAB script used in the solution of Example 6.5. Use 
the file to determine an appropriate W section such that the beam's natural frequencies 
are 
(a)  Outside the range of 300 to 500 rad/s 

(b)  All greater than 200 rads 
(c)  Outside the range 1000 to 1200 rads. 

M6-3. file VIBES-6C.m contains a MATLAB script file that is used to determine the natural 
fwuencies and normalized mode shapes for an n-degree-of-freedom system, given the 
system's mass matrix and stiffness matrix. Use VIBESdC to determine the natural 
frequencies and mode shapes for 

- (a) The system of Fig. P6.3 
(6) The system of Fig. P6.7 given m = 2.8 kg and k = 10,000 Nlm 

(c) The system of Fig. P6.8 given rn = 4.6 kg, k = 18,000 Nlm, and L = 80 cm 



~ 6 . 4 .  File VIBES-6D.m contains a MATLAB script file that is used to determine the natu- 
ral frequencies and normalized mode shapes for an n-degree-of-freedom model of the 
system of Fig. PM6.4. Use the file to: 
(a) Study the effect of the number of degrees of freedom used in the model on the natural 

frequency approximations for a beam with p = m/mb = 0.8 and a = k L 3 / 3  EX = 
0.6. Develop a table similar to Table 6.1 for the study. 

(b) Study the effect of p on the natural frequencies for a = 0.6. Use a five-degreeof- 
freedom model (four for the beam and one for the discrete mass) with a = 0.6. Plot 
the natural frequency approximations as a function of B for 0.1 < B < 4. 

~ 6 . 5 .  File VIBES-6E.m contains a MATLAB script file that is used to determine the free 
vibration response of a four-degree-of-freedom system with proportional damping. Use 
VIBES-6E to determine the response of the four-degree-of-freedom model of the sus- 
pension system of Fig. PM6.S when the vehicle encounters apothole of depth h. Assume 
both wheels encounter the pothole at the same time. The front seat is 1.2 m from the 
front of the vehicle. Determine the effect of the location of the center of gravity on the 
maximum displacement of the front seat. 

m 
m = 1000 kg ma = 165 kg 
1=200 kg .mZ a + b = 2 . 4 m  

k k ,  = 1.2 x ld N/m 
& = 8 ~ 1 0 ~ ~ / r n  

Problem M6.5: a = 1.0 m b =  1.4m 
L L cl=1320N.s/m c2=880N.s/m - ProblemM6.6: c l=1500Ns /m cz=1300N.s/m 

RGURE PM6.4 FIGURE PM6.5 



M6.6. File VIBES-6Em contains a MATLAB script file that is used to determine the free 
vibration response of the four-degree-of-freedom model of the suspension system of 
Fig. PM6.5. Use VIBES6-F to repeat the study of hob. M6.5 for the parameters 
in the figure. 

M6.7. Write a MATLAB script file that is used to determine the natural frequencies and nomal- 
ized mode shapes of an n-degree-of-freedom model of a system given the mass matrix 
and the flexibility matrix. Use the file to solve (a) hob. 6.14, (b) hob. 6.15. 

M6.8. Write a MATLAB script file to determine the natural frequencies and normalized mode 
shapes for an n-degree-of-freedom model of a fixed-free beam with a machine at its free 
end. Use the file to approximate the lowest natural frequencies for the system of ~ i ~ ,  
PM6.8. 

3- steel beam 
k-4.2 m p  FIGURE PM6.8 

M6.9. Write a MATLAB script file that determines the free vibration response of a n-degree- 
of-freedom system subject to appropriate initial conditions. Use the file to solve hob. 
6.23. 

M6.10. Write a MATLAB script file that solves Prob. 6.42. 



The forced response of a linear multi-degree-of-freedom system, as for a linear one- 
degree-of-freedom system, is the sum of a homogeneous solution and a particular 
solution. The homogeneous solution depends on system properties, while the par- 
ticular solution is the response due to the particular form of the excitation. The 
free-vibration response is often ignored for a system whose long-term behavior is 
important, such as a system subject to a periodic excitation. The free-vibration so- 
lution is important for systems in which the short-term behavior is important, such 
as a system subject to a shock excitation. 

Several methods are available to determine the forced response of a multi- 
degree-of-freedom system. The method of undetermined coefficients can be applied 
to any system subject to a periodic excitation. However, because of algebraic com- 
plexity, its usefulness is restricted to systems with only a few degrees of freedom. 
The Laplace transform method can be applied to determine system properties, but 
its usefulness is limited because its application requires the solution of a system of 
~imultaneous equations whose coefficients are functions of the transform variable. 
Both the method of undetermined coefficients and the Laplace transform method can 
be used to determine the forced response of a system with a general damping matrix. 

The most useful method for determining the forced-vibrations response of a 
linear multi-degree-of-freedom system is modal analysis, which is based on using 
?e Principal coordinates to uncouple the differential equations governing the mo- 

of an undamped or proportionally damped system. The uncoupled differential 
are solved by the standard techniques for solution of ordinary differential 

equations. A more general form of modal analysis involving complex algebra is 
for systems with a general damping matrix. 

Often the differential equations cannot be solved in closed form. Modal analysis 
Can still be used to uncouple the differential equations. The differential equations for 



the principal coordinates can be solved by numerical integration of the convolution 
integral or direct numerical simulation of the differential equation by a method such 
as a Runge-Kutta method. 

The response of a multi-degree-of-freedom system due to a harmonic excitation is 
the sum of the homogeneous solution and the particular solution. Even if damping is 
not included, the homogeneous solution is often ignored. In a real situation, damping 
is present, causing the homogeneous solution to decay with time. The long-timeor 
steady-state solution is only the particular solution. 

The method of undetermined coefficients can be adapted to find the particular 
solution for a multi-degree-of-freedom system subject to a harmonic excitation. The 
method of undetermined coefficients can be used for damped or undamped systems, 
Its application for an n-degree-of-freedom system requires the solution of at least 
one set of n simultaneous equations. Thus the method of undetermined coefficients 
is efficient for systems with only a few degrees of freedom. 

The differential equations governing the motion of an n-degree-of-freedom un- 
damped system subject to a single-frequency excitation with all excitation terms at 
the same phase are of the form 

Mx + Kx = F s i n o t  17.1 I 

where F is an n-dimensional vector of constants. The method of undetermined 
coefficients is used and assumes a particular solution of the form 

x(t) = U sin of 17-31 

where U is an n-dimensional vector of undetermined coefficients. Substituting % 
(7.2) in Eq. (7.1) leads to 

Equation (7.3) represents a set of n simultaneous algebraic equation to solve for the 
components of the vector U. A unique solution of Eq. (7.3) exists unless 

Equation (7.4) is satisfied only when the excitation frequency coincides with one of 
the system's natural frequencies. When this occurs the use of Eq. (7.2) is inappro- 
priate. The response grows linearly with time, producing a resonance condition* 

When a solution of Eq. (7.3) exists it can be written as 

u = (-w2hl + K)-'F I7.51 

/ 

7 -  1 Determine the response of the two-degree-of-Mom system shown in Fig. 7.1. 
mulate the equations for the steady-state amplitudes in nondimensional form. 



I Fo sin or 

Figuw 7.1 System of Example 7.1. Response br 
harmonic excitation is determined using 
undetermined coefficients. 

solution: 
The differential equations governing the behavior of the system of Fig. 7.1 ate 

ml2l + (kl + k2)xl - k2x2 = Fo sinot 

m222 - k2x1 + k2x2 = 0 

The particular solution is of the format of Eq. (7.2) 

[::::I] = [::I sin o t  

Equation (7.3) becomes 

The equations are solved simultaneously, yielding 

where D ( o )  = r n l r n 2 0 4  - (k2ml + klm2 + k2m2)02 + klk2 

is the determinant of the coefficient matrix. The roots of the equation D ( o )  = 0 are the 
m r a l  frequencies. 

The steady-stnte amplitudes are each functions of six parameters: 

lhedimensions of the six parameters involve mass, length, and time. Nondimensional re- 
lalionships between the steady- state amplitudes and the independent parameters involve 
four nondimensional parameters. N~ndimensional forms of the dimensional equations 
are obtained by multiplying each equation by k l /Fo .  The resulting nondimensional 



relationships are 

and 

where 

It is noted from these equations that the steady-state amplitude of the mass m l  is 
zero when r2 = 1. Thus when correctly tuned the second mass-spring system absorbs 
the steady-state motion of the first mass. This is the concept of the dynamic vibration 
absorber, which is considered in more detail in Chap. 8. 

The differential equations governing the motion of an n-degree-of-freedom sys- 
tem with viscous damping subject to a single-frequency harmonic excitation are of 
the form 

M i  + Cx + Kx = Im (Fei"') 17.61 

where F is an n-dimensional vector of constants. The constants could be complex 
if each generalized force is not of the same phase and are of the form 

The solution of Eq. (7.6) is assumed as 

~ ( t )  = Im (usi"') 

where U is an n-dimensional vector of complex constants. Substitution of Eq. ( 7 s 8 )  
in Eq. (7.6) leads to 

9 ( - 0 2 ~  + i u C  + K)U = F 17.91 

The solution of Eq. (7.9) is obtained as 

U = ( - w 2 ~  + i oC  + K)-'F 17. i 01 

/ 

PI. 7.2 I A two-degree-of-freedom model of avehicle suspension system is illustrated in Fig- 7.2a' 
The vehicle travels over a road whose contour is approximated by the sinusoidal contou' 
of Fig. 7.2b. The horizontal speed of the vehicle is v. 
(a) Determine the response of the vehicle in terms of the system parameters. 
(b) Plot the amplitude of steady-state acceleration for the values of the parameters given' 



~ l g u m  7.2 (a) Two-degree-of-freedom model of suspension system; (b) sinusoidal road 
contour. 

solution: 
The differential equations governing the motion of the system are 

A solution to the above equations in the form of Eq. (7.8) is assumed leading to Eqs. 
(7.9) and (7.10). Figure 7.3 shows the MATLAB script that symbolically determines U. 
Running the script leads to 

U1 = kzY(k1 + ioc) 
( d m l m 2  - w2mlkl - 02mlk2  - 02klm2 + klk2) + i ( -03m1c  - d m 2 c  + o c k ~ )  

Ui is put into proper form by multiplying and dividing by the complex conjugate of the 
denominator 

The polar form of U1 is 

where lui I=  d ~ e  ( U d 2  + Im ( U I ) ~  

Algebraic manipulations lead to 

lull = / (Re $; l z 2 (  D)2 

= - tan-' -kl Im ( D )  + oc Re ( D )  
o c  Im ( D )  + kl Re ( D )  



% Symbolic determination of steady-state amplitude for t~o-degre~-~f, 
% freedom suspension model of Example 7.2. 
syms ml m2 kl k2 c Y w 
% Mass matrix 
~=[ml, 0; 0,11123 ; 
% Damping matrix 
c= [c, -c; -c, c] ; 
% Stiffness matrix 
K=[kl, -kl;-kl, kl+k2] ; 
% Generalized force vector 
F=[O; k2*Y] ; 
% Impedance matrix 
S=-wA2*M+i*w*C+K; 
% Steady-state solution 
U=inv(S) *F 

8 MATLAB script to plot steady-state amplitude vs, vehicle speed 
8 for Example 7.2 
% Input parameters 
U=O. 01; % Road contour amplitude (m) 
c1=80000; % Suspension stiffness (N/m) 
c2=4 0000; % Tire stiffness (n/m) 
nl=1200; % Vehicle mass (kg) 
~2~400; % Axle mass (kg) 
:=7000; % Suspension damping coefficient (N-s/m) 
1~1.2 ; % Road period (m) 
;Set up v 
~linspace (1,40,501) ; 
'or i=1: 501 

% Frequency 
w=2*pihv(i) /d; 
% Re(D) 
DR=w"4*ml*m2-wA2*ml*k1-wA2*ml*k2-wA2*kl*m2+kl*k2; 
% Im(D) 
DI=-w43*ml* c-wA3*rn2*c+w*c*k2; 
% Acceleration amplitude 
Acc(i)=abs (wA2*k2*Y*sqrt ( (kl"Z+(~*c)~2) / (DRA2+DIA2) 1 ) ; 

nd 
Lot (v,Acc, I-' ) 
Label ( ' speed (m/s ) ' ) 
Label ( 'acceleration (m/s"2) ) 

Fur* 7-3 (4 MATLAB xript for symbolic defermination of steady-state amplitude of Example 7.2. complex 
representation is used; [b )  MATLA6 xript to plot steady-state amplitude of acceleration of vehicle 0s 
function of speed. 



speed (m /s) 

(4 

rlgun 7.3 (Con't) (c )  Acceleration amplitude versus speed. 

where 4 2 Re ( D )  = o mlm2 - o mlkl  - 02mlk2 - 02k lm2  + klk2 
3 Im ( D )  = -o mlc  - 03m2c  + ock2 

The solution for xl ( t )  is 

XI (I) = Im ( u l e i d )  = Im (1 ul lei(u1-41)) = I Ul  1 sin ( o t  - $q) 

If the vehicle speed is v ,  the frequency at which the vehicle traverses the road contour 
is @ = (2rrv)ld. The acceleration is A = 0 2 U 1 .  The MATLAB script to plot the 
steady-state amplitude for the given parameters is shown in Fig. 7.3b and the resulting 
plot is given in Fig. 7 . 3 ~ .  

g(s) be the vector of Laplace transforms of generalized coordinates for an n- 
de~ee-of-freedom system. Taking the Laplace transform of Eq. (5.12), using lin- 
eant~  of the transform and the property of transforms of derivatives, gives 

where F(s)  is the vector of Laplace transforms of F ( t ) .  If r ( 0 )  = 0 and ~ ( 0 )  = 0, 
q. (7-1 1 )  becomes 



where Z ( S )  = S ~ M  + sc + K 17.1 al 
is called the impedance matrix. Premultiplying Eq. (7.13) by Z-' yields 

X(s) = z-I (s)P(s)  141 
Using the methods of App. C, the inverse of the impedance matrix is written as 

* 

where the components of H(s)  are polynomials in s of order n - 1 or less. ~h~ 
determinant of the impedance matrix is a polynomial in s of order 2n, called the 
characteristic polynomial, and is used to determine the free-vibration characteristics 
of the system. The roots of this polynomial occur in complex conjugate pairs, 

leading to the following factorization: 
n 

dec ( Z ( s ) )  = n (s2 - 2s,s + s,, + sij 
j=1 2 ,  

Partial fraction decomposition is used to develop 

Inversion of Eq. (7.18) leads to 

xk ( t )  = xkp ( t )  + 2 esrj' [ckj sin ( j m t )  + ~ k ,  cos (4s-t)] 17.1 91 
j=1 

where xkp(t) = L-'L%(s)l 

Lf the real part of all roots of the characteristic polynomial are negative, all 
terms in the summation in Eq. (7.19) decay with time. The steady state has only a 
contribution from the particular solution. If any root has a positive real part, then 
its corresponding term in the summation in Eq. (7.19) grows exponentially and the 
system is unstable. 

ample 7-3 I Betermine the steady-state amplitudes for the two-degree-of-freedom system of Fig. T 4 -  
Solutient 

The matrix form of the governing differential equations for the system of Fig. 7.4 is 



Figure 7.4 System of Exampie 7.3. 

The system impedance matrix is 

and its determinant is 

Cramer's rule is used to solve for %(s), leading to 

~ o o ( m 2 s ~  + cs + k2) 
XI ( s )  = 

(s2 + d ) D ( s )  

and 

A partial fraction decomposition of XI ( s )  allows it to be written as 

Xl ( s )  = 
U I S  + v1 e ( s )  +- 
s2 + o2 D(s)  

where the constants U1 and Vl and the function Q(s )  are to be determined. Inversion of 
the term with D(s)  in the denominator leads to the transient part of the solution repre- 
sented by the summation in Eq. (7.19). The steady-state solution for xl ( t )  is obtained 
by solving for U1 and Vl and inverting only the first term in the preceding equation. 
Multiplication by the common denominator leads to 

Since the preceding equation is valid for all complex s, set s  = i o .  Then 

(ioU1 + Vl)D( io)  = ~ ~ o ( - m 2 w ~  + i c o  + k2) 



~ ~ o ( - m z w ~  + i c o  + k2) ~ ( i w )  
or ioUl + Vl = ~ ( i w )  ~ ( i o )  

The constant V, is equal to the real part of the right-hand side of the preced. 
equation, while wU1 is equal to the imaginary Part. Performing this algebra leads to mg 

and 

where M ( o )  = mlm202 - (mlk2 + k1m2 + m2kz)02 + k1k2 

and N ( o )  = -(ml + m2)co3 + k l c o  

Inversion of the transform yields the steady-state solution for xl(r) as 

Vl x l ( t )  = U1 cosot + - sin o t  
0 

An alternative form for the preceding equation is 

X I  ( 1 )  = XI sin (o t  - $ 1 )  

where XI = 
M2 + N2 

and 

A similar procedure is applied to solve for the steady-state solution for x2(t), yielding 

where 

and 

Foo[co M (o) + k2 N (o)] v2 = 
M2(o)  + N2(o)  

"I'lle system in this example is an undamped one-degree-of-freedom system wim 
a damped vibration absorber attached. This system is discussed in more detail in 
Sec. 8.7. 



MODAL ANALYSIS FOR UNDAMPED SYSTEMS AND 

SYSTEMS WITH PROPORTIONAL DAMPING 

The differential equations governing the forced vibrations motion of an undamped 
linear n-degree-of-freedom system are 

The of modal analysis uses the principal coordinates of the system to un- 
couple the differential equations of Eq. (7.20). 

Let o l  5 ~2 I - - < o n  be the natural frequencies of the system whose 
are given by Eq. (7.20). Let P be the system's modal mahix, the m a h x  

whose columns are the normalized mode shapes, P = [XI Xz . . . X,]. Using 
the expansion theorem, as in Sec. 6.8, the response at any instant of time can be 
expanded as 

where pi ( t )  are the system's principal coordinates. Equation (7.21) is equivalent to a 
linear transformation between the original generalized coordinates and the principal 
coordinates 

Substitution of Eq. (7.21) in Eq. (7.20) leads to 

Taking the standard scalar product of Eq. (7.23) with Xj for an arbitrary j leads to 

On the basis of the definitions of energy scalar products, Eq. (7.24) b~comes 

Application of mode shape orthogonality leads to only one nonzero term in each 
Summation, the term corresponding to i = j. Since the mode shapes are normalized, 
E¶. (7.25) leads to 

where 



An equation of the form of Eq. (7.26) can be written for each j = 1,2 ,  . . . , a,  
This shows that the principal coordinates that are used to uncouple the differential 
equations governing free vibrations can also be used to uncouple the differential 
equations governing forced vibrations. The differential equations of Eq. (7.26) can 
be solved by any useful means. If the initial conditions for pi are both zero then the 
convolution integral solution of Eq. (7.26) is 

pi ( t )  = - S' gi (t) sin [oi (t - t)] d t 
@i o 

Once the solutions for each pi have been obtained, Eq. (7.21) is used to deternine 
the original generalized coordinates. 

The modal analysis procedure to determine the forced response of an undamped 
linear n-degree-of-freedom system is summarized below. 

I. A set of generalized coordinates is chosen. The differential equations governing 
the motion of the system are derived by any appropriate method. The differential 
equations are written in the matrix form of Eq. (7.20). 

2. The natural frequencies and normalized mode shapes are obtained. The natural 
frequencies are the square roots of the eigenvalues of M-'K and the mode 
shapes are the corresponding eigenvectors. The mode shapes are normalized by 
requiring that the kinetic energy scalar product of a mode shape with itself be 
equal to one. 

3. The elements of the column vector G are obtained by using Eq. (7.27). An 
alternative method to obtain G is 

4. Equations of the form of Eq. (7.26) are solved to obtain the time-dependent 
form of the principal coordinates. Equation (7.28) gives the convolution integral 
solution of Eq. (7.26). 

5. The time-dependent form of the original generalized coordinates is obtained by 
using Eq. (7.21) or Eq. (7.22). 

7-4 1 Use modal analysis to determine the time-dependent response of the system of%. 7 a 5 ~  
subject to the excitation of Fig. 7%. 
Solution: 
The differential equations governing the motion of the system of Fig. 7 . 5 ~  are 



~ i g u r e  7.5 (a) Three-degree-of-freedom system of Example 7.4; (b) excitation for system of Example 7.4 

where from Fig. 7.5b 

f ( t )  = 4000 [ l  - ~ ( t  - 1.2)] N 

where t  is in seconds. 
The natural frequencies for this system are determined in Example 6.4 and the 

normalized mode shapes are determined in Example 6.1 1 .  Substituting m = 10 kg and 
k = 1000 N/m in these results leads to natural frequencies of 

ol = 8.936 r d s  02 = 21.107 rads wj = 25.974 rads 

and a modal matrix of 

The vector G(t )  is then calculated by using Eq. (7.29) 

The differential equations satisfied by the principal coordinates are written by using 
h. (7.26) 



The convolution integral is used to solve for p l  as 

l 3 5 2 . 8  [I - u(r - 1.2)) sin 8.936(t - r )  dr  Pl (t) = - 8.936 

The convolution integral is also used to solve for p2 and p3, yielding 

pz(t) = -1.903 {~0~21.107t - I + ~ ( t  - 1.2) [I - ~0~21.107(t  - 1.2)]] 

p3(t) = 2.276{~0~25.974t - I + u(t - 1.2)[1 - cos25.974(t - 1.2)]} 

The solution in terms of the original generalized coordinates is obtained by using E~ 
(7.22) 

which leads to 

xl(t) = 0.921hl(t) - 0.429h2(t) + 0.174h3(t) 

x2(t) = 1.014hl(t) + 0.312h2(t) - 0.326h3(t) 

x3(t) = 0.390hl (t) + 0.403h2(f) + 0.874h3(t) 
where hl(t) = ~ ~ 8 . 9 3 6 t  - I + u(t - 1.2)[1 - cos8,936(t - 1.2)J 

h2(t) = cos21.107t - 1 + u(t - 1.2)[1 - cos21.107(t - 1.2)J 

h3(t) = cos 25.974t - 1 + u(t - 1.2)[1 - cos25.974(t - 1.2)J 

'-I I A machine of mass 150 kg is placed as shown on the simply supported beam of Fig. 7.6. 
The machine has a rotating unbalance of 0.965 kg . m and operates at 1250 rpm. The 
beam has a total mass of 280 kg, a cross-sectional moment of inertia of 1.2 x lov4 m49 
a length of 3 m, and an elastic modulus of 210 x lo9 ~ / m ~ .  Model the beam with 
three degrees of freedom and use modal analysis to predict the steady-state amplitude 
of displacement for the point where the machine is attached. 

Solution: 

The beam is modeled three particles of mass 70 kg, as shown in Fig. 7.6b. The mass 
matrix for this model is 

M =  [" 0 70 o :] kg 
0 0 220 

Flexibility influence coefficients are used to determine the flexibility matrix as 



o = 1250 rpm 
rn,e - 0.965 kg m 

rn, = 70 kg rn, = 70 kg rn3 = 220 kg 

Figure 7.6 (a) Machine with rotating unbalance is attached to pinned-pinned beam; 
(b) three-degree-of-keedom model of beam. 

The governing differential equations are 

where 
0 

F(t) = [ 0 ] N 
16500 sin 130.9t 

The natural frequencies and normalized mode shapes are determined by using the MAT- 
LAB script of Fig. 7.7a. The MATLAB results are given in Fig. 7.7b. The vector G ( t )  
is calculated as 

0.0453 0.0666 0.0498 0 
-0.0851 -0.4, 0 . 6  [ o ] 
-0.0707 0.0908 -0.01 82 16500 sin 130.9t 

= [-!:I!] sin 130.9t N (kg)-'I2 

The differential equations for the principal coordinates are written by using Eq. (7.26) 

p1 + (455.8)2p1 = 821.8 sin 130.9t 

p2 + (1736.5)2p2 = 687.0 sin 130.9t 

p 3  + ( 4 4 7 4 1 ~ ~ ~  = -300.3 sin 130.9t 



The steady-state solution of 

pi + W: pi = f i  sin ot 

is ~ i ( t )  = 4 sin o t  
0; - o2 

The steady-state solution for the principal coordinates is 

[ii] = F:;i ] sin I30.St (kg) l f2  
- 1.501 

Equation (7.22) is used to determine x3 ( t )  as 

x3( t )  = 0 . 0 4 9 8 ~ ~  ( t )  + 0.0416p2(t)  - 0.0182p3(t)  = 2.25 x sin 130.9t m 

Thus the maximum steady-state displacement of the point on the beam where the machine 
is placed is 0.225 rnrn. 

.ample 7 .5  

.ss and f l e x i b i l i t y  m a t r i c e s  
o,o, 0;0,70,0;0,0,2201; 

IA-9* [12.53,15.33,9.75;  15  33,22.29,15.33; 9.75,15. 33, 12.531 ; 
M; 
enva lues  and e i g e n v e c t o r s  

-3 = e i g  (C) ; 
t u r a l  f r e q u e n c i e s  a r e  r e c i p r o c a l s  of  squa re  r o o t s  of e igenva lues  
l / s q r t  ( D  (1,l) ) ; 
l / s q r t  (D(2 ,2 )  ; 
l / s q r t  (D(3 ,3)  ) ; 
r m a l i z i n g  mode shapes ,  E i s  a  d i agona l  m a t r i x  w i t h  energy  s c a l a r  products 
mode shape  v e c t o r s  w i t h  themselves  a long  d i agona l  

*M*V; 
j=1: 3 
= S q r t ( E ( j ,  j )  1;  
3r 1x1: 3 

P(i, j ) = V ( i ,  j ) / c ;  
ld 

:put r e s u l t s  
( ' N a t u r a l  f r e q u e n c i e s  i n  r a d / s e c l  ), d i s p  joml), disp(om2),  disp(om3 1 
( ' Modal m a t r i x  i n  kgA (-1/2)  ' ) ,  d i s p ( p )  

7.7 (01 MATLAB script used to determine natural frequencies and modal matrix for system of Example 7.5. 



N a t u r a l  frequencies in rad/sec 
455.8455 

Modal matrix in kgA (-1/21 
0.0453 -0.0851 -0.0707 
0.0666 -0.0400 0.0908 
0.0498 0.0416 -0.0182 

figure 7.7 (Con't) (6) output obtained by 
running script. 

The differential equations governing the forced vibrations of a linear system 
with viscous damping are 

If the system is proportionally damped, the damping matrix is a linear combination 
of the mass matrix and the stiffness matrix as in Eq. (6.61). 

Modal analysis using the principal coordinates of the undamped system can be 
used to uncouple the differential equations of a system with proportional damping. 
Substitution of Eq. (7.21) into Eq. (7.30) and following a procedure similar to that 
used for the undamped system leads to the differential equations for the principal 
coordinates as 

where the modal damping ratio Ci is defined in Eq. (6.67). 



The convolution integral solution of Eq. (7.3 1) is 

gi (r)e-n"*cr-r) sin 

The procedure for application of modal analysis to a system with proportional damp- 
ing is the same as that for an undamped system with the addition of the determination 
of the modal damping ratios to step 2 and the use of Eq. (7.32) as the convolution 
integral solution. 

Damping in structural systems is mostly hysteretic and hard to quantify. Lacking 
a better model, proportional damping is often assumed. The modal damping ratios 
are usually determined experimentally. The equivalent damping ratio for a harmoni- 
cally excited one-degree-of-freedom system with hysteretic damping is proportional 
to the natural frequency, and inversely proportional to the excitation frequency. This 
model fits proportional damping where the damping matrix is proportional to the 
stiffness matrix. In these cases the higher modes are damped more than the lower 
modes. The natural frequencies in stiff structural systems are usually greatly sep- 
arated. The effect of the higher modes in the total response is less than the modes 
with lower natural frequencies. For these reasons, damping ratios are often specified 
only for the lower modes. 

If proportional damping is assumed, the higher modes are damped more than 
the lower modes and have a lesser effect on the overall solution. Modes with higher 
damping ratios die out more quickly when the system is subject to any short-term 
or shock excitation. If the system is subject to a harmonic excitation, the modes 
with higher frequencies have lesser effect because their amplitudes are inversely 
proportional to the square of their frequencies. Thus fewer modes can be calculated 
without losing significant accuracy. Hence, in practice, Eq. (7.21) is often replaced 
by 

for some m < n. Equation (7.33) is often used in situations where the mode shapes 
are determined experimentally and an experimental modal analysis method is used 
to determine the response of a system. 

/ 

nple 7-6 1 The three-degree-of-freedom system of Example 7.4 is modified by the additi~n of dash- 
pots as shown in Fig. 7.8. Determine the forced response of the damped system. 
Solution: 
The damping matrix is 



figun 7.8 System of Example 7.6 has viscous damping with the damping matrix 
proportional to the stiffness matrix. 

and is proportional to the stiffness matrix with 

Thus the modal damping ratios are given by 

All modes are underdamped. The differential equations governing the principal coordi- 
nates are 

The solution for the principal coordinates is obtained from the convolution integral. It 
is noted that 

r t  

I 0  
[ I -  u(r - 1.2)] e-cwn(t-r) sin cod (t - r )  d r  

- u(t - 1.2) 1 - e-c&('-'a2) cos wd(t - 1.2) 1 [ 

Application of the convolution integral to the first equation leads to 

p,  ( t )  = 4.43 [l - e-'.@" (cos 8.791 + 0.18 1 sin (8.79t)I 

- 4.43u(t - 1.2) { l  - 6.77e-l.@' [cos (8.791 - 10.55) 

+ 0.181 sin (8.79t - 10.55)]) 



A MATLAB script used to apply modal analysis to Example 7.6 is given in Fig. 7 . 
Given the mass matrix, the stiffness matrix, and a, the program determines the natural 
frequencies and modal matrix for the system, develops the vector G(t), and uses sym- 
bolic algebra to apply the convolution integral to determine the responses of the principal 
coordinates and uses modal superposition to determine the time-dependent response of 
the original generalized coordinates. The response for an undamped system is plotted 
as well as the response for a system with a = 0.04. 

8 Example 7.6 
digits (5 1 
syms t tau 
% Input parameters 
m=10; 8 Mass in kg 
k=1000; 8 Stiffness in N/m 
c=4 ; 8 Damping coefficient in N-s/m 
FO=4000; % Excitation magnitude in N 
alpha=c/ k; 8 Proportional damping coefficient 
M=[~,o, 0;0,m, O;Q,O,m/21 ; 8 Mass matrix 
K=[3*k,-2*k, 0;-2*k, 3*k,-k; 0,-k, 3*k] ; 8 Stiffness matrix 
c=[~*c, -2*c, 0;-2*c, 3*c, -c; 0, -c, 3*c] ; 8 Damping matrix 
W=inv (M) *K; % MA (-1) *K 
[V, Dl =eig (W} ; 8 Eigenvalues and eigenvectors 
for i=1:3 

w(i}=sqrt (D(i,i) ) ; 8 Natural frequencies 
z (i) =alpha/2*w (i) ; 8 Modal damping ratios 

end 
8 Normalization of mode shapes 
E=V' *M*V; 
for j=1:3 

cc=l/sqrt(E(j,j)); 
for i=1:3 

P(i, j)=V(i, j)*cc; 8 Modal matrix 
end 

end 
disp ( 'Natural frequencies (r/s) ' ) ;disp (w) 
disp ( 'Modal matrix' ) idisp (I?) 
f=FO* i 1-sym( 'Heaviside (tau-1.2) ' ) ) ; % Excitation vector using symboliCs 

F i g u ~  7.9 (a) MATLAB script for system of Example 7.6. 



p [ o ; O ; f l ;  
Gsp'*Fi 8 G ( t )  

symbolic i n t e g r a t i o n  of convolu t ion  i n t e g r a l  
f o r  i=l: 3  

k = G ( i ) * e x p ( - z ( i )  * w ( i )  * (t-tau))fsin(w(i)*sqrt(l-z ( i ) f i  

(i) = i n t  (k, t a u ,  0,  t )  ; 
p ( i ) = p ( i l /  ( w ( i )  * s q r t  ( 1 - z ( i ) " 2 )  ) ; 

end 
)?=[p( 1) ;p  ( 2 )  ; p  ( 3 )  I ; 
g o r i g i n a l  g e n e r a l i z e d  coo rd ina t e s  
x=p*p; 
g p l o t t i n g  
t ime=linspace ( 0 , l .  5,101) ; 
for  i=1: 101 

xpl  (i) =subs ( x  (1) , t, t ime  (i) ) ; 
xp2 ( i ) = s u b s  ( x ( 2 ) ,  t, t ime  (i) ) ; 
x p 3 ( i ) = s u b s  ( ~ ( 3 ) ~  t, t ime  (i) ) ; 
xpl  (i) =vpa ( x p l  (i) ) ; 
xp2 (i) =vpa (xp2 (i) ) ; 
xp3 (i) =vpa (xp3 (i) ) ; 

end 
xpl=double ( x p l )  ; 
xp2=double (xp2 ) ; 
xp3=double ( xp 3  ) ; 
p l o t ( t i m e , x p l ,  I - ' ,  t i m e ,  xp2, ' : ' , t ime,xp3, I - .  * )  
xlabe l  ( ' t ( s )  ' ) 
ylabe l  ( ' response  (m) ' ) 
l egend( ' x1  ( t )  ', 'x2 ( t )  ' , ' x 3 ( t )  ' )  

Natural  f r e q u e n c i e s  ( r /s )  
8.9360 21.1066 25.9742 

Modal m a t r i x  
-0.2085 0.2252 -0.0765 
-0.2295 -0.1638 0.1432 
-0.0882 -0.2120 -0.3838 

7.9 ( C o d r )  (a) C0n.t. (b) oufput from running script. 



Figurn 7.9 (Con')) (c) system response for a = 0.04; 
(d) system response for a = 0. 



The differential equations governing the forced vibrations of a linear n-degree-of- 
freedom system 

M x + C x + K x = F  17.341 

,-an be rewritten as a system of 2n linear first-order equations 

M y + K Y = p  17.311 

where y, M, and K are defined in Eq. (6.71) and 

The homogeneous solution of Eq. (7.35) is obtained in Sec. 6.13. The solu- 
tion uses eigenvalues and eigenvectors of M-'K. Eigenvalues occur in complex 
conjugate pairs. Eigenvectors satisfy the orthogonality relation of Eq. (6.75). The 
eigenvectors can be normalized by requiring 

The modal matrix P is the matrix whose columns are the normalized eigenvectors 
of M-'K. The principal coordinates are defined by 

y = ~p 
Substituting Eq. (7.38) in Eq. (7.35) leads to 

hemultiplying Eq. (7.39) by pT leads to 

+ pTKpp = pTp = [7.401 

Use of mode shape orthonormality in Eq. (7.40) results in 

p - A p = G  [7.411 

where A is a diagonal matrix with the eigenvalues of M-'K along the diagonal. 
n u s  the differential equations represented by Eq. (7.41) are uncoupled and written 
as 

f i e  convolution integral solution of Eq. (7.42) is 



Application of modal analysis to systems with general damping is very similarta 
its application to systems with proportional damping. The procedure is summari zed 
below. 

I .  The differential equations governing the forced vibrations of the sysfcm are 
derived in terms of a chosen set of generalized coordinates and written in the 
fonn of Eq. (7.34). 

2. The differential equations an reformulated in the form of Eq. (7.35), using E ~ ~ .  
(6.71) and (7.36). 

3. The eigenvalues and eigenvectors of M-'K are obtained. The eigenvectors ,n 
normalized by using Eq. (6.75). The modal matrix i is formed as the matrix 
whose columns are the normalized mode shapes. 

4. The vector G = is determined. 

5. Differential equations of the form of Q. (7.42) are written for each principal 
coordinate. 

6. The differential equations are solved by any convenient method. The convolu- 
tion integral solution is given by Eq. (7.43). 

7. The time-dependent behavior of the chosen generalized coordinates is obtained 
by using Eq. (7.38). 

1 7.7 1 Determine the response of the system of Fig. 7.10 when F(t) = 50e-I." N. 
Solution: 
The differential equations governing the motion of the system are 

The differential equations are written in the form of Eq. (7.35) as 

wherey = [ i l  i2 X I  x21T .  

Figure 7.1 0 Two-degree-of-freedom system with external excitation 
and general damping. 



The free vibration response for this example is given in Example 6.16. The MAT- 
LAB script using the modal analysis procedure to determine the forced response is given 
in Fig. 7.1 la.  The program symbolically evaluates the convolution integral for each 

P ,-incipal coordinate, then uses Eq. (7.38) to determine the time-dependent response of 
the original generalized coordinates. The MATLAB output is too lengthy to be printed 
here, but can be obtained by using VIBES-7C.m on the accompanying software package. 
The output plot is given in Fig. 7.1 1 b. 

% Example 7.7- Forced response of system with general damping 
g parameters 
syms t tau 
digits ( 5 )  
m=20 ; 
k=10OOO; 
c=80; 

I 

FO=5 0 ; 
alpha=l. 5 ; 
% Construction of 4x4 matrices 
disp('4~4 Mass matrix') 
MT=[O,O,m,O;0,0,0,2*m;~,O,0,0;0,2*m,O,~];di~p(MT) 
disp ('4x4 Stiffness matrix' ) 
KT=[-m,O,O,O;O,-2*m,O,O;O,0,3*k,-2*k;O,0,-2*k,2*k] ;disp(KT) 
Z=inv (MT) *KT; 
[V, Dl =eig (Z) ; 
disp ( Eigenvalues ) 
Ds=[D(l,l),D(2,2),D(3,3),D(4,4)1 ;disp(DS) 
8 Determination of modal matrix 
L=conj(V) '*MTfV;for j=1:4 

ss=l/sqrt(L(j, j) ) ;  
for i=1:4 

P(i, j)=V(i, j) *ss; 
end 

end 
disp ( ' Modal matrix' ) idisp (P) 
% Definition of force vector 
F'[0;0; 0; FO*exp (-alpha'tau) ] 
Calculation of G(t) 

G=~'*F; 
G'vpa (G) ; 
% Convolution integral solution 
f o r  i=1:4 

f(i)=~(i) *exp(-D(i,i) * (t-tau) ) ; 
P(i)=int (f(i) ,tau,O,t); 

end 

"gum 7.1 1 (a) MATIAB script for Example 7.7 uses modal analysis wih a general damping matrix to detei 
forced response of a two-degree-of-freedom systems. 



disp('Time dependent Solution for generalized coordinates') 
p=[p(l) ;p(2) ;p(31 ;p(4) I idisp(p1 
% Back to original coordinates 
y=P*p; 
disp ('Time dependent response of original generalized C O ~ r d i ~ ~ ~ ~ ~ ~ ,  
disp ( ' xl=y3, x2=y4 ' ) 
y=vpa (y) ; 
% Plotting system response 
time=linspace(O,l.5,151) ; 
for k=1:151 

xla=subs (y(3), t,time(k) ) ; 
x2a=subs (y(4), t, time(k) ) ; 
xlb (k) =vpa (real (xla) ) ; 
x2b (k) =vpa (real (x2a) ) ; 

end 
xl=double (xlb) ; 
x2=double (x2b) ; 
plot(timefxlf'-'ftimef~2f I : ' )  

xlabel('t (s) ' 1  
ylabel ( ' response (m) ' ) 
legend('xl(t1 ', 'x2(t) ' )  

Figun 7.1 1 (Con't) (a) Con't. (b) time-dependent response. 



~n exact solution for the forced response of an n-degree-of-freedom linear system is 
not always possible. The excitation may be such that the convolution integral cannot 
be evaluated in closed form or the excitation may be known exactly only at discrete 
values of time. While a closed-form solution is always preferable to a numerical 
solution, it may be easier to obtain a numerical solution. Even when a closed-form 
solution is available, it must be evaluated numerically to plot the response. 

Numerical difficulties may arise if a direct numerical simulation of Eq. (7.20) 
is used. An n-degree-of-freedom system has n natural frequencies and n natural 

Hence there are n time scales implicit in the response. The time step in 
a simulation must be chosen such that a sufficient number of time steps 
are taken over each natural period. Thus the natural periods should be determined 
before any numerical simulation is attempted. 

Since the natural frequencies should be determined before a numerical simula- 
tion is attempted, it is suggested that modal analysis be applied before a numerical 

is attempted. Numerical solutions for the modal equations can be ob- 
tained, and Eq. (7.22) can be used to obtain the response in terms of the chosen 
generalized coordinates. This approach has several advantages over direct numeri- 
cal simulation of Eq. (7.20): 

1. The natural frequencies and mode shapes are known before the numerical so- 
lution begins. This makes it easier to determine an appropriate time step in a 
numerical approximation. 

2. The use of modal analysis provides a choice of numerical solutions. Numerical 
integration of the convolution integral may be employed or numerical integration 
of the modal equations based on a method like Runge-Kutta may be used. 

3. The numerical solution of n uncoupled equations is simpler and quicker than 
the numerical solution of n coupled equations. 

4. It is not necessary to include all modes in the forced response. If the system 
is proportionally damped, the higher modes are more highly damped and will 
contribute less to the overall response. If a large number of degrees of freedom 
are used in modeling a structural system in order to assure high accuracy for the 
lowest modes, it is not desirable to include the higher modes in the response, 
since they provide inaccurate approximations. 

Consider again the six-degree-of-freedom model of the suspension system of Example I axample 
6.13 and Fig. 7.12. The vehicle is traveling on a smooth road when it encounters a 
burnp whose contour is approximated by the sinusoidal bump of Fig. 7.13. Use modal 
analysis with numerical integration of the convolution integral to determine the response 
of the system assuming (a) the system is undamped and (b) the system is proportionally 
damped with a = 0.02. 



7igurm 7.12 Six-degree-of-freedom model of suspension system of Example 7.8. 

~ ( 6 )  = Ysin (f ) 

LT'L FIDUH) 7.1 3 Model of burnp encountered by 
+ z 4  vehicle of Example 7.8. 

olutiont 
'he excitation is provided by the displacement encountered by the wheels. The front 
4eel encounters the bump at t = 0 and takes a time of z./v to traverse the bump. 
2ar wheel encounters the bump at t = (a + b) /v  and takes a time of z / v  to traverse 
le  bump. If the system is proportionally damped, the damping coefficient of the tire Is 
= ak,. Thus the generalized force vector is 



where 

y2(t) = Y sin ( x v t / z )  [I - u(t - z /u) ]  

Y3(t)  = Y sin ( W t  - (a + b ) / u ) / z )  [u ( 1  - (a  + b) /u)  - u (t - (a + b + z ) / v ) ]  

The natural frequencies, modal matrix, and modal damping ratios are obtained as 
described in Examples 6.13 and 6.15. Modal analysis is used to uncouple the differential 
equations. The convolution integral is used to determine the response of each mode. 
The convolution integrals are numerically integrated by the method described in Sec. 4.7 
with piecewise constants as interpolating functions. Equation (7.22) is used to obtain 
the chosen generalized coordinates at each time step. 

The MATLAB script to determine the response of the system by modal analysis 
and numerical integration of the convolution integral is given in Fig. 7.14a. The script 
requires the use of an additional MATLAB script, shown in Fig. 7.14b. The second script 
develops the vector G ( t )  at each time step. The MATLAB-generated pIots of the system 
response for the undamped system are given in Fig. 7.15. The MATLAB generated plot 
for the proportionally damped system is given in Fig. 7.16. 

% Example 7 . 8  N a t u r a l  f r e q u e n c i e s  and  modal m a t r i x  f o r  s ix -degree -of -  
% freedom model o f  s u s p e n s i o n  sys tem and  p a s s e n g e r s  
8 Parameters  
m = l O O O ;  8 Mass of  v e h i c l e  i n  kg 
ma=150; 8 Mass of  a x l e  i n  kg 
mp=60 ; 8 Mass of  each p a s s e n g e r  i n  kg 
1=360; 8 Mass moment of  i n e r t i a  of v e h i c l e  i n  kg-mA2 
kl=60000; 8 S t i f f n e s s  of  s u s p e n s i o n  s p r i n g  i n  N / m  
ks=200000; 8 S t i f f n e s s  of  s e a t  i n  N / m  
kt=80000; 8 S t i f f n e s s  of  t i r e  i n  N/m 
a'1.8; 8 D i s t a n c e  from f r o n t  s p r i n g s  t o  c e n t e r  of  g r a v i t y  i n  n 
b=2.0; % D i s t a n c e  from r e a r  s p r i n g s  t o  c e n t e r  of  g r a v i t y  i n  m 
CIO. 6; % D i s t a n c e  from f r o n t  p a s s e n g e r  t o  c e n t e r  of  g r a i t y  i n  
dsO.4; % D i s t a n c e  from r e a r  p a s s e n g e r  t o  c e n t e r  of g r a v i t y  i n  
y=O. 06; 8 Heigh t  o f  bump i n  m 
2'1.7; 8 Width of  bump i n  m 
V=4 0; % V e h i c l e  speed  i n  m/s 

e i 8 ~ ~  7.14 (a) MATLAB script for solution of Example 7.8 by modal analysis and numerical integration of the 
convolution integral. 



alpha=0.02; % Proportional damping ratio 
%Mass matrix 
disp('Mass matrix') 
M=[m, 0, 0, 0, 0,O; 

Ofma, 0, 0, 0, 0; 
0, Ofma, 0, 0,O; 
0, O,O,mp, 0,O; 
0, 0, 0, O,mp, 0; 
0, 0, 0, 0, 0, I1 ;disp (MI 

% Stiffness matrix 
disp ( ' Stiffness matrix ' ) 
~=[2*kl+2*ks,-kl,-kl, -ks, -ksI kl* (a-b) +ks* (c-d) ; 

-kl, kl+kt, 0, 0, 0,-kl*a; 
-kl, 0, kl+kt, 0, 0, kl*b; 
-ks, 0, 0, ks, 0, ks*~; 
-ks, 0, 0, 0, ks, -ksfd; 
kl* (a-b) +ks* (c-d) , -kl*a, kl*b, ks*~, -ks*d, kl* (aA2+bA2) +ks* (cA2+dA2) ] ;displn 

% Eigenvalues and eigenvectors of MA(-l)*K 
C=inv (M) *K; 
[V, Dl =eig (C) ; 
% Sorting to put eigenvalues in ascending order and to develop modal 
% matrix corresponding to ascending order of eigenvalues 
E=[D(l,l) ,D(2,2) ,D(3,3) ,D(4,4) tD(5r5) rD(6r6) I ;  
Qh=max(E) fO.O1; 
Ql=O; 
for i=1:6 

for j=1:6 
if E(j)>Ql & E(j)<Qh 

k=j; 
Qh=E(j); 

else 
end 

end 
Ql=Qh; 
Qh=max (E) +O. 01; 
Oml(i)=E(k); 
omega(i)=sqrt(E(k) ) ; 
zeta (i)=alpha*omega (i) / 2  
for m=1:6 

Pl (m, i) =V (m, k) ; 
end 

end 
% Normalizing mode shapes, L is a diagonal matrix with kinetic energy 
% Scalar products of mode shapes along diagonal 
L=Pll*~*pl; 
% Developing modal matrix, a matrix whose columns are the normalized 
% mode shapes 
for i=1:6 

for j=1:6 



P(iIj)=p1(if j)/~(j, j); 
end 

Natural frequencies in rad/sl);disp(omega) 
~ o d a l  damping ratios ' ) ;disp (zeta) 
~ o d a l  matrix*) ;disp(P) 

- - .inspace (0,O. 4,401) ; 
g Initial conditions 
for i=l:6 

~ ( i ,  l)=O; 
~l (i)=O; 
(32 (i) '0; 

end g Defining constants for each mode 
for j=1: 6 

omd(j)=~mega(j)*~qrt (1-zeta(j) "2) ; 
cl(j]=(l-zeta(j)"2)/omega(j); 
c2(j)=zeta(j]*omega(j)/omd(j); 

end 
g ~werical integration of convolution integral 

for k=2:401 
t=time ( k) ; 
tl=time (k-1) ; 
Fun7 8; 
for 7-1: 6 

al=omd(j) *t; 
bl=omd( j) *tl; 
C=exp(zeta (j) *omega (j) *t) * (sin(a1) +C2 (j) *cos (all ) ; 
C=(C-exp(zeta(j)*omega(j)*t1)*(sin(bl)+C2(j)*cos(bl 
D=exp(zeta(j)*omega(j)*t)*(-cos(al)+C2(j)*sin{al)); 
D= (D-exp (zeta (j ) *omega (j ) *tl) * (-cos (bl) +C2 (j ) *sin (b 
Gl(j)=Gl(j)+h(j)*C; 
G2(j)=G2(j)+h(j)*D; 
p (j)=exp (-zeta (j) *omega (j) *t)+Isin (al) *GI (1)-cos (a1 

end 
% Calculating original generalized coordinates 
P=[ptl) ;p(2) ;p(3) ;p(4) ;p(5) ;p (6) 1; 
y=p*p; 
for i=1: 6 

x (i, k) =y (i) ; 
end 

end 
~l~t(time,x(l,:),'-',time~x{2~ : )  ':11timefx(31:)I'--') 
xlabel('t (s) I )  

 label ( ' x (m) ' ) 
legend('xl(t) I ,  'x2(t) ','x3(t) ' 1  
figure 
~lot(time~x(4,:) ,'-',time,x(S,:) 11:11timef~(6f : I  , ' - * ' I  
xlabel('t (s) ' 1  
Ylabel ( 'x (m) or theta trad) ' ) 
legend('x4 (t) ', 'xS(t) I f  'theta (t) ' )  



% MATLAB s c r i p t  f i l e  t o  provide exc i ta t ion  fo r  Example 7 . 8  
% f i s  t he  general ized force  vector  
% h i s  the  modal fo rce  vector 
f=[O; 0; 0;  0; 0; 01 ; 
i f  ~ < z / v  

f ( 2 )  =k t fy*s in  ( p i f v * t / z )  +alpha*ktAy* ( p i f v / z )  *cos (pi*v*t/d)  ; 
e l s e  

f  ( 2 ) = 0 ;  
end 

i f  t > ( a t b ) / v  & t < ( a + b t z ) / v  
f (3)  = k t * ~ * s i n  (pi*v/z* (t- (a+b) /v)  ) ; 
f (3)  =f ( 3 )  +a lpha*k t*~*  (pi*v/z)  *cos (pi*v/z* (t- ( a tb )  /v)  ) ; 

e l s e  
f (3)=0;  
end 

CIgun 7.14 (Con't) (6) Additional MATLAB script necessary for solution of Example 7.8. This script 
provides G(t). 

Cigun 7.1 S System response for = O (undamped system]. 



Figure 7.1 SB (Con't) 
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Ci~Wo 7.16 System response for a = 0.020 (proportionally damped 
system). xq(t) is displacement of front seat passenger; 
x5( t )  is displacement of rear seat passenger. 



Figure 7.1 68 (Con't) 

PROBLEMS 
7.1. Determine the steady-state amplitudes of each of the blocks of Fig. W.1. 

7.2. Determine the steady-state amplitudes of each of the blocks of Fig. W.2. Write the fie- 
quency response in terms of the nondimensional parameters introduced in Example 7.l. 

- Xl - x z  
4000 N/m 2000 N/m 

7.3. Determine the steady-state amplitudes of each of the blocks of Fig, W.3. Write the 
quency response equations in terms of the nondimensional parameters introduced in EX- 
ample 7.1 and ( = c l ( 2 W ) .  

6 kg 

FIGURE n.1 

5hl 
1 

k, k2 

- 
+ 300 sin 65t N 

-4 F, sin wl m, 

FIGURE W.2 

rn2 



7.4. For what values of o will the steady-state amplitude of the block of mass m2 of Fig. W.3 
be a maximum if m l  = 1 kg, m2 = 1.5 kg, kl = 200 N/m, k2 = 300 N/m, and c = 3 N . 
dm? 

75. ~etermine the steady-state amplitude of the mass center of the bar of Fig. P6.3 when its 
right end is subject to a moment M = 4000 sin 105t N - m. 

7.6. A machine of mass m is attached at the end of a cantilever beam of elastic modulus E, 
moment of inertia I, length L, and mass density p. The machine has a rotating unbalance 
of magnitude moe and operates at a speed a. Use two degrees of freedom to model the 
beam and determine the steady-state amplitude of the machine. 

7.7. Nondimensionalize the steady-state amplitude of the machine of Prob. 7.6. Plot the nondi- 
mensional amplitude as a function of a nondimensional parameter involving w. The exci- 
tation due to the rotating unbalance is a frequency-squared excitation. For a one-degree- 
of-freedom system the steady-state amplitude approaches a constant nonzero value as the 
operating speed is increased. Is this the case for the two-degree-of-freedom model? If so, 
what is the limiting amplitude? 

7.8. The system of Fig. W.8 represents a simplified model of a vehicle suspension system and 
a passenger in the vehicle. The seat is modeled as a spring and viscous damper in parallel. 
For the suspension system shown, plot the acceleration amplitude of the passenger as a 
function of vehicle speed. 

k2 

~ ~ , 0 0 0  N/m 1800 N . s/m 

b-, 1.6 m ~- 
Wheel - v  

~ G U R E  ~ 7 . 8  
(a)  Model of vehicle suspension system and passenger; (6) road contour. 

m2 

7 

m 

7.9. A seismometer is mounted on an engine to monitor its vibrations. The I 10-kg engine is 
mounted on an elastic foundation of stiffness 5 x lo5 Nlm. The engine operates at 100 
radls. The seismometer has a damping ratio of 0.2 and the maximum error of measurement 

L FIGURE W.3 

- 
--, Fo sin 01 



is 3 percent. What is the maximum mass of the seismometer such that the vibrations ,f the 
seismic mass do not affect the vibrations of the engine? 

7.10. Determine the steady-state amplitude of the machine of Rob. 6.16 if during operation it is 
subject to a harmonic force 2000 sin (1 20t) N. 

7.11. Use the Laplace transform method to solve Rob. 7.1. 
7.12. Use the Laplace transform method to determine the response of the system of Fig. p7 12 

Both blocks are at rest in equilibrium at t = 0. 

7.13. Use the Laplace transform method to determine the response of the system of Fig. p7.13. 

k2 

m ,  
r 

FIGURE P7.13 

- - F, sin of 

- 
25 kg 45 kg 

7.14. Use modal analysis to determine the steady-state response of the system of Prob. 7.1. 
7.15. Use modal analysis to solve Rob. 7.6. 
7.16. Three machines are on the floor of an indusmal plant, which is modeled as a simply 

supported beam, as shown in Fig. P7.16~.  During operation the machine at the beam's 
midspan is subject to the impulsive force of Fig. W. 16b. Use modal analysis to determine 
the maximum displacement of each machine. Assume the beam is undamped and massless. 

- E l  FIGURE P7.12 

: y(t) = 0.04 sin 120t 

FIGURE P7.16 

- 



7-17. Repeat 7.16 assuming proportional damping with a! = 0.01 1. 
7.18, Determine the response of the system of Fig. W .  18 

200 N . s /m FIGURE P7.18 

MATLAB PROBLEMS 
~ 7 . 1 .  The file VIBES-7A.m is used to symbolically develop the steady-state response of a 

two-degree-of-freedom system, given the mass matrix, stiffness matrix, damping matrix, 
and harmonic force vector. Use VIBESIA to determine the steady-state amplitude of 
hob. 7.3. 

~7.2-M7.5.The file VIBES-7B.m is used to numerically determine the steady-state response 
of an n-degree-of-freedom system subject to a single-frequency harmonic excitation. 
Use VIBES-7B to determine the steady-state amplitude of each of the systems of 
Figs. PM7.2 to PM7.5. 

m, = 30 kg 
m2=20 kg 
k, = 4 x lo5 N / m  
k 2 = 3 x  16 ~ / m  
I =  1 . 8 k g - m 2  
L = 8 0 c m  
M o = 2 0 N . m  
o = 45 rad /s FIGURE PM7.2 

+ F" sin or FIGURE PM7.3 



FIGURE PM7.4 
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2m 

M7.6. It is shown in Chap. 11 that the steady-state amplitude of the right end of the bar of the 
system of Fig. PM7.2 is zero when ,,&I/mz = o. Use VIBES-7B to determine the 
minimum values of k2 and m2 such that the steady-state amplitude of the right end of 
the bar is zero and the steady-state amplitude of the mass m2 is less than 1.5 cm. 

M7.7-M7.9. The file VIBES-7C.m is used to perform modal analysis on the three-dep- 
of-freedom system of Fig. PM7.7a. Use VIBES-7C to determine the time-dependent 
response of each of the system due to the excitations of Figs. PM7.7 to PM7.9. 

Fo sin wt 



0.1 t 6) 0.1 0.5 t (s) 

FIGURE PM7.8 FIGURE PM73 

~7.10.  ;The file VIBES-7D.m is used to determine the steady-state response of the system of 
Fig. PM7.10 when the discrete mass is subject to a harmonic excitation Fo sinot. The 
system models a machine subject to a harmonic excitation attached to a beam. An 
undamped isolator modeled as a discrete spring is placed between the machine and the 
beam to reduce the magnitude of the force transmitted to the beam. Use VIBES-7D to 
determine an appropriate value of k such that the magnitude of the force transmitted to 
the beam is reduced by 80 percent when (a) w = 200 radfs; (b) u = 1000 rads. 

m =  120 kg 
L = 4 m  
E =  150 x lo9 ~ / m ~  
A =  1.5 x 10-~m~ 

= 7000 kg/m3 -5-f- 1 ~ 4 . 6 ~  1W6m4 FIGURE PM7.10 

M7.11. The file VIBES-7E.m is used to determine the steady-state response of the system in 
Fig. PM7.11 when the discrete mass is subject to a harmonic excitation. Use VIBES-7E 
to repeat hob. M7.10 if the isolator is to be designed with a damping ratio of 0.06. 



M7.12. The file VIBES-7F.m uses modal analysis to determine the response of the system of 
Fig. PM7.11 when the machine is subject to a force F ( t ) .  If, according to the th 

eor~ of Chap. 8, the stiffness and inertia of the beam are ignored, then, when the machine 
is subject to the excitation of Fig. PM7.12, the isolator should have a damping ratio of 
0.4. If the beam is designed with a stiffness of 2.34 x Nlm the m i m u m  force 
transmitted to the beam will then be 500 N. Use VIBES-7F to determine how 
effect including the stiffness and inertia of the beam has on the transmitted force. M~~~~ 
the beam using three degrees of freedom. 

0.01 t 6) FIGURE PM7.12 

The file VIBES-7G.m is the MATLAB script for the solution of Example 7.8. The script uses 
modal analysis and numerical integration of the convolution integral to detennine the response of 
a six-degree-of-freedom model of a suspension system. Use the script to solve problems M7.13 to 
M7.15. You will need a user-written script file g.m, which determines the vector G ( t ) .  A sample 
g.m is given in Fig. 7.14b. 

M7.13. Use VIBES-7G to determine the response of the suspension system to the bump of 
Fig. PM7.13. 

t 
10 cm + 

P - 0 . 2 m ~ 0 . 6 m - - - 4 + 0 . 2 m +  FIGURE PM7.13 

M7.14. Use VIBES?G to study the dependence of the passenger displacement as a function of 
the location of the center of gravity. Run the program using all of the same parameters 
as in Example 7.8 except vary the ratio of a/b.  Is there a ratio that minimizes the 
displacement of the passenger in the front seat? Is there a different ratio that minimizes 
the displacement of the passenger in the rear seat? 

M7.15. Use VIBES-7G to study the response of the system as the vehicle traverses a mad 
with pavement joints. The joints are spaced 15 m apart and each is of length 3 
Assume that as the wheel traverses a joint it displaces 15 mm. The joints provide a 
periodic excitation to the suspension system. Determine the maximum steady-state 
displacement of the passengers in the front seat and the rear seat using the parameters 
of Example 7.8. 



~ 7 . 1 6 .  Write a MATLAB script file to determine the steady-state amplitude of each of the 
machines of the system of Fig. PM7.16. 

M7.17. Write a MATLAB script file to solve h b .  7.8 
M7.18. Write a MATLAB script file to solve h b .  7.10. 
M7.19. Write a MATLAB script file to solve h b .  7.18. 



As illustrated in previous chapters, unwanted vibration in mechanical and structural 
systems may lead to catastrophic results. Unwanted vibrations may be induced 
by large impulsive forces in machines such as hammers and presses; unbalanced 
reciprocating components such as engines, motors, compressors, and pumps; or 
effects such as wind loading on structures or fluid flow in pipes. One of the major 
objectives of vibration analysis is to apply its results to understand how unwanted 
vibrations can be eliminated or reduced. It is possible to introduce vibrations to a 
system to protect system components from unwanted force or motion transmission. 
Such is the function of vehicle suspension systems. Vibration analysis is used to 
develop design principles for these isolation systems. Vibration control is the use of 
vibration analysis to develop methods to eliminate or reduce unwanted vibrations or 
to use vibrations to protect against unwanted force or motion transmission. There 
are several ways in which vibration control can be achieved. 

Control of the excitation. Often the external excitation causing the vibration can 
be eliminated, reduced in magnitude, or altered in some other way. Consider, for 
example, a machine with an unbalanced reciprocating component. It is shown in 
Sec. 3.5 that the rotating unbalance produces a harmonic excitation force whose 
amplitude is proportional to the magnitude of the unbalance and to the square of 
its angular speed. Since the steady-state amplitude of response is proportional 
to the amplitude of excitation, a reduction in the magnitude of the unbalance 
or the rotational speed leads to a reduction in the steady-state amplitude. l%us 
improved balancing of the machine leads to a reduction in vibrations. Methods 
of balancing reciprocating components are described in books on machine dy- 
namics. A single-cylinder engine can never be balanced, while multicylinder 

~gines can be balanced by proper positioning of the crankshafts. The cost of 



achieving perfect balancing is often too high, and some vibrations will remaia 
In addition, as a machine ages, wear and degradation lead to unbalance. 

A change in excitation frequency of a harmonic excitation will also lead 
to a change in steady-state amplitude. For a one-degree-of-freedom system, an 
increase in excitation frequency beyond the system's natural frequency leads to 
a decrease in amplitude. If the excitation amplitude is independent of frequency 
the steady-state amplitude approaches zero as the excitation frequency 
large, whereas the steady-state amplitude for a system subject to a frequency- 
squared excitation asymptotically approaches a constant value as the excitation 
frequency grows large. Thus, if the frequency of excitation can be adjusted, 
the steady-state amplitude can be significantly decreased. If the excitation fie- 
quency is much greater than all natural frequencies of a multi-degree-of-freedom 
system, the steady-state amplitudes will be small. It is also possible to examine 
the frequency response curves to determine excitation frequencies between the 
natural frequencies for which the steady-state amplitude is acceptable. 

There are many systems where it is not possible to control the excitation. 
Reciprocating machines are designed to operate at certain speeds for reasons 
beyond vibration control. It is not possible to control excitations due to earth- 
quakes or to control the size and frequency of waves in an ocean which provide 
excitation to a boat or ship. 
Control of system parameters. The steady-state amplitude of response of the 
one degree of freedom system of Fig. 8.1 is 

where 

Thus the steady -state amplitude is a function of the system stiffness k, its mass 
m, and damping coefficient c. In general the system response is a function of fhe 
system's inertia, stiffness, and damping parameters. A change in any parameter 
leads to a change in steady-state amplitude. If the excitation provided to a system 
is known, then it may be possible to design the system such that the steady-state 
amplitude is acceptable. An increase in damping ratio leads to a decrease in 
steady-state amplitude. In many structural systems, such as the tail section ofa 
helicopter, it is not possible to add additional viscous damping. When damping 

Fo sin ot 

Figure 8.1 Steady-state amplitude of machine is ~ ~ / m w !  M(r, c)) 
and depends on m, k, and c. 



is low, large amplitude are avoided when the frequency ratio is large. 
This requires a large natural frequency and thus a low stiffness or large mass. It is 
usually more feasible to control stiffness properties than inertia properties. For 
example, increasing the mass of an aircraft wing to reduce flutter amplitude is 
not a feasible solution, whereas an optimized structural design may be employed 
to increase the stiffness. 

3, Change of system configuration. An alternative to altering the stiffness, inertia, 
or damping parameters of a system to achieve vibration control is to change 
the configuration of the system. The one-degree-of-freedom system of Fig. 
8.1 becomes the two-degree-of-freedom system of Fig. 8.2 when an auxiliary 
mass-spring system, called a vibration absorber, is attached. If the absorber is 
designed correctly, the natural frequencies of the two-degree-of-freedom system 
are away from the excitation frequency. The addition of the absorber alters the 
frequency response of the original mass. Indeed, steady-state vibrations of the 
original machine can be eliminated when a correctly tuned vibration absorber 
is added. 

A torsional vibration damper is illustrated in Fig. 8.3. The damper is an 
inertia element connected to a shaft through a torsional damper. Such devices 
are used on crankshafts. 

4. Reduction of force or motion transmission. Figure 8.4 illustrates the use of a 
vibration iso~itor  between two components of akechanical system. If designed 
correctly, an isolator can reduce the transmission of force between a machine and 
its foundation when the machine is subject to a harmonic excitation. Isolators 
can also be designed to protect the foundation from impulsive forces experienced 
during operation of the machine. The same theory is used to design isolators to 
protect against motion transmission. 

Examples of how vibration analysis is used to determine appropriate amplitudes 
and frequencies of excitation to limit steady-state response are presented in Chap. 3. 
Examples of how vibration analysis is used to determine system parameters to Iimit 
the response for a given excitation are presented in Chaps. 3 and 4. Analysis and 
design of vibration isolators and vibration absorbers are the subject of this chapter. 

Figure 8-2 An auxiliary mass-spring system added to a machine with 
harmonic excitation serves as a vibration absorber. 



Inertia element 

Damping provided 

Figure 8.3 Torsional viscous damper is used on 
crankshafts to reduce steady-state torsional 
oscillations. 

Figure 8.4 (a) Elastic mounting used as a vibration 
isolator to protect a foundation from 
large transmitted forces; (b) one- 
degree-of-freedom model of a machine 
on isolator. 

The focus of this chapter is on passive vibration control, where the control 
devices have constant properties. Active vibration control occurs when the con- 
trol devices are operated through external power. These devices have sensors and 
feedback loops that allow properties of the control system to change when system 
conditions change. Active control systems are discussed in books on control system 
design. 

Problems in vibration isolation are of two classes. 

1. Foundations and mountings are protected against large forces produced in equip* 
ment. Examples of this class of problems include protecting mountings from 
large inertia forces generated by reciprocating machines and protecting a faun- 
dation from a large impulsive force produced by a drop hammer. 



A model ~ n e - d ~ ~ ~ ~ ~ - ~ f - f ~ ~ ~ d o m  system is shown in Fig. 8.4b. The differ- 
ential equation governing the displacement of the mass is 

where o n  = is the system's natural frequency and { = c/(2mon) is the 
system's damping ratio. The force transmitted to the foundation through the 
spring and viscous damper is 

2. Equipment is protected against motion of its foundation. Examples of this class 
of problems include protecting sensitive computer equipment from harmonic 
structural vibrations caused by other equipment or protecting a computer on a 
ship from sudden motions due to waves and rough seas. 

A model one-degree-of-freedom system for this class of problems is shown 
in Fig. 8.5. The differential equation governing the relative displacement be- 
tween the mass and its foundation is 

where z = x - y. The acceleration transmitted to the mass due to the motion 
of the base is given by 

where FT is the total force developed in the spring and viscous damper. 

For force transmission problems, given the excitation force F (t), the two quan- 
tities of most concern are the maximum displacement of the machine, x,,, and the 
maximum force transmitted to the foundation, FTm. For motion transmission prob- 
lems, given the base acceleration y(t), the two quantities of most concern are the 
displacement of the equipment relative to the foundation, z,,, and the maximum 
absolute acceleration of the equipment, i,,. Comparison of Eqs. (8.2) and (8.4) 
shows that if the excitation force for a force transmission problem is equivalent to 
- m ~  for a motion transmission problem, then x,,, = z,,. Comparison of Eqs. 

T Figure 8.5 One-degree-of-freedom model of system protected from 
motion of base by isolator. 



(8.3) and (8.5) further reveals that under these conditions Fr,. = mi,. Thus 
same theory can be used to analyze both force and motion transmission problems 
Then without loss of generality the remainder of the discussion will focus on for,, 
transmission problems. 

For a given excitation Eq. (8.2) is solved and Eq. (8.3) is used to determine the 
time-dependent transmitted force. If F ( t )  is harmonic, the steady-state amplitudes 
are constant and the important considerations. If F ( t )  is impulsive, the ~ h o r t - ~ i ~ ,  
behavior is important. In either case, vibration control involves minimizing the 
maximum transmitted force FG,, the maximum displacement x-, or both. 

Let Fo be a characteristic magnitude and let to be a characteristic time of the 
excitation. The maximum transmitted force and displacement are dependent on 
these characteristic values and system properties 

Equations (8.6) and (8.7) can be rearranged in nondimensional form 

FT,, -- - fi (c, %to) E8.81 
Fo 

If the excitation is harmonic the characteristic time is taken as the inverse of the 
excitation frequency and the frequency ratio r = w / y ,  is used in place of wnto. 
General principles of vibration isolation are obtained by studying the equations in 
their nondimensiond form. 

If the machine of Fig. 8.4 were bolted to the floor and subject to a harmonic excitation 
of the form 

F ( t )  = Fo sin u t  [s.lol 

then the floor is subject to a load with a static component load equal to the weighr 
of the machine and a harmonic component of magnitude Fo and frequency w,  The 
h.monic component can lead to fatigue damage of the bolts and the stmctUR and 
cause unwanted noise. The harmonic force applied to the Aoor can also induce 
vibrations of the structure that may affect operation of neighboring machines. 

The magnitude of the harmonic component of the transmitted force can be 
reduced by isolating the floor from the machine by placing the machine on an elastic 



foundation modeled as springs in parallel with a viscous damper as shown in Fig. 
g.4b. The steady-state response of the machine is 

~ ( t )  = X sin (wt - @) 18.1 11 

where X is given by Eq. (3.25) and @ is given in Eq. (3.29). Use of Eq. (8.1 1) in w. 
(8.3) leads to 

FT ( t )  = FL sin ( a t  - A) 18.1 21 

where )L is given by Eq. (3.72) and 

The function T(r ,  C) is defined in Eq. (3.74), which is duplicated below 

The nondimensiond function of Eq. (8.14) is called the transmissibility. If the 
transmissibility is less than one, the magnitude of the repeating force transmitted 
to the floor is less than the magnitude of the excitation force. When this occurs, 
the vibrations are said to be isolated. Figure 8.6 shows the transmissibility as a 
function of frequency ratio for different values of the damping ratio. Isolation 
occurs only when r > a. When isolation occurs, increased damping increases 



the transmissibility ratio. However, viscous damping is still necessary to limit 
amplitude of vibration as the system passes through resonance. 

The theory of motion transmission for harmonic base excitation is presented in 
Set. 3.6. The ratio of the equipment acceleration to the base acceleration is 

8.1 I UNDAMPED ISOUTOR DESION An air conditioner weighs 250 lb and is &-iven by 
- 

a motor at 500 rpm. What is the required static deflection of an undamped isolator to 

achieve 80 percent isolation? 
SolutIonr 
Eighty percent isolation requires a transmissibility ratio of 0.2. For an undamped isolator 

Since r > f i  to achieve isolation, and a positive result is required from the square root, 
the appropriate form of the preceding equation after the square root is taken is 

which yields r = 2.45. The maximum natural frequency for the air conditioner-isolator 
system to achieve 80 percent isolation is calculated as 

o (500 rev/min)(2rr rad/rev)(l min/60 s) 
an = - = rad 

= 21.4 - 
r 2.45 s 

The required static deflection is obtained from 

8-2 I DAMPED lLOUlOR DESWN An industrial sewing machine has a mass of 430 kg 
and operates at 1500 rpm (1 57 radls). It appears to have a rotating unbalance of magnitude 
moe = 0.8 kg - m. Structural engineers suggest that the maximum repeated force trans- 
mitted to the floor is 10.000 N. The only isolator available has a stiffness of 7 x lo6 N1m 
and a damping ratio of 0.1. If the isolator is placed between the machine and the floor* 
will the transmitted force be reduced to an acceptable level? If not what can be done7 
Solutions 
The maximum allowable transmissibility ratio is 



The natural frequency with the isolator in place is 

rad 
= 127.6 - 

430 kg s 

wgch leads to a frequency ratio of 1.24 < a. US of this isolator actually amplifies 
be force transmitted to the floor. 

Adequate isolation is achieved only by increasing the frequency ratio, thus decreas- 
ing the natural frequency. The maximum allowable natural frequency is obtained by 
solving for r from 

The preceding equation is squared and rearranged to yield the following quadratic equa- 
tion for r2: 

The appropriate solution is r = 1.75. Thus the maximum natural frequency is 

157 rad/s rad 
u, = = 89.7 - 

1.75 s 
If more than one of the described isolator were available, the natural frequency of 

the system can be decreased by placing isolators in series. The equivalent stiffness for 
n isolators in series is kin. Further calculations show that at least two isolator pads in 
series are necessary to reduce the natural frequency below 89.7 radls. 

If only one isolator pad is available, the natural frequency is decreased by adding 
mass to the machine. A mass of at least 440 kg must be rigidly attached to the machine 
and the assembly placed on the existing isolator. 

flow-monitoring device of mass 10 kg is to be installed to monitor the flow of a I Example 
gas in a manufacturing process. Because of the operation of pumps and compressors, 
the floor of the plant vibrates with an amplitude of 4 rnm at a frequency of 2500 rpm. 
Effective operation of the flow-monitoring device requires that its acceleration amplitude 
be limited to 5g. What is the equivalent stiffness of an isolator with a damping ratio of 
0.05 to limit the transmitted acceleration to an acceptable level? What is the maximum 
displacement of the flow-monitoring device and what is the maximum deformation of 
fhe isolator? 

hlutiont 
The acceleration amplitude of the floor is 

rev rad min m 
2 5 0 0 - 2 ~  - I -  (0.004 m) = 274.1 - = 27.95g 

rmn rev 60 s s2 

The maximum allowable transmissibility ratio is 



From Eq. (8.14) with { = 0.05, 

Solution of the preceding equation gives the minimum frequency ratio for which vibra- 
tions are sufficiently isolated. It yields r > 2.60. Thus 

w rad 
W, < - = 100.7 -- 

2.60 S 

The maximum stiffness of the isolator is 

When T = 0.179, Eq. (3.71) is used to calculate the steady-state amplitude of the 
flow-monitoring device as 

Since the isolator is placed between the floor and the flow-monitoring device, its defor- 
mation is equal to the relative displacement between the floor and the device. 

The steady-state amplitude of the relative displacement is calculated by using ~ q ,  
(3.68) 

r 2 y  
Z = A Y =  = 4.69 rnrn 

J(1 - r2)2 + (2<r)2 

When the magnitude of the excitation force is independent of the excitation 
frequency, if sufficient isolation is achieved at a certain speed, then greater isolation 
is achieved at higher speeds. The transmitted force can theoretically be made as 
small as desired by making the natural frequency of the machine-isolator system 
small enough. 

A special case occurs when the amplitude of the excitation force is proportional tothe 
square of the excitation frequency, as for the harmonic excitation due to a rotating 
~nbalance. Since the maximum allowable force transmitted to the foundation IS 

independent of the frequency of excitation, the percentage of isolation rWired 
varies with the frequency. When the excitation is caused by a rotating unbalance, 
Eq. (8.13) becomes 



The nondimensional function R(r, 5) is defined as 

R(r, 5) is plotted in Fig. 8.7. The following is noted about its behavior 

1. R(r, 5) is asymptotic to the line f (r) = 25r for large r.  That is, 

lim R(r, 5) = 25 r 
r--+ 00 

18.181 

2. For 5 4 f i / 4  = 0.354, R(r, () increases with increasing r,  from 0 at r = 0 and 
reaches a maximum value. R then decreases and reaches a relative minimum. 
AS r increases from the value where the minimum occurs, R grows without 
bound and approaches the asymptotic limit given by Eq. (8.18). The values 
of r where the maximum and relative minimum occur are obtained by setting 
dR/dr = 0, yielding 

Equation (8.19) is a cubic polynomial in r2. It has three roots. One root is 
the value of r where the maximum occurs, another is the value of r where the 
relative minimum occurs, and one root is negative and irrelevant. Figure 8.8 
shows the value of r for which the minimum occurs as a function of 5. Figure 
8.9 shows the corresponding value of R at its relative minimum. 

3. R = 2 for r = & for all values of 5. 
4. Equation (8.19) has a double root of r = & for 5 = &/4 = 0.354. The 

maximum and minimum coalesce for this value of 5. For 5 = 0.354, R = 2 at 
r = & is an inflection point. 

Figurn 8.7 R versus r for several values of t 



5 

Figure 8.8 Value of r for which minimum R occurs as a function of c 

5. For C > &/4, Eq. (8.19) has no positive roots. Thus R does not reach a 
maximum, but grows without bound from R = 0 at r = 0. 

If the natural frequency of a system whose vibrations are due to a rotating 
unbalance is fixed, Fig. 8.7 shows that the transmitted force has a minimum 
some value of r. If r exceeds this value, the force increases without bound as 
increases. If ( is small, the c w e  in the vicinity of the relative minimum is flat' 
The transmitted force varies little over a range of r. This suggests that for situations 
where vibrations must be isolated over a range of excitation frequencies, it is best 



to a n  such that the value of r at the center of the operating range is near the 
d u e  of r for which the relative minimum occurs. 

The limit process used to develop Eq. (8.18) is performed for a fixed value of 
as a is increased. Thus for a fixed an the transmitted force approaches moeww,. 

The limit of FT W, goes to zero for a fixed rc, is zero. Thus decreasing the natural 

frequ ency decreases the magnitude of the transmitted force for a specific excitation 
frequency. Decreasing the natural frequency such that the minimum is to the left 
of fie operating range reduces the magnitude of the repeating component of the 
uansmitted force over a portion of the operating range. However, the transmitted 
force may vary greatly over the operating range. 

- - - 

A 250-4 pump operates at speeds between 1000 and 2400 rpm and has a rotating 1 I r a n  
unbalance of 2.5 kg.m. The pump is placed at a location in an industrial plant where 
it has been determined that the maximum repeated force that should be applied to the 
floor is F-. Specify the stiffness of an isolator of damping ratio 0.1 that can be used 
to reduce the repeating component of the transmitted force to an acceptable level. Solve 
for(a) F,, = 15,000N; (b) F,, = 10,000N. 
bolutiont 
If the pump is placed directly on the floor, the repeating component of the transmitted 
force is 27,400 N at 1000 rpm and 157,800 N at 2400 rpm. Thus isolation is necessary. 

(a) From Fig. 8.9, for 5 = 0.1 the minimum value of R occurs for r = 2.94. If w, 
is chosen such that r = 2.94 is at the center of the operating range, then 

1700 rpm rad 
w,, = = 578.2 rpm = 60.55 - 

2.94 s 
At the lower end of the operating range, the frequency ratio is 1.73 and the transmitted 
force is 

At the upper end of the operating range, the frequency ratio is 4.15 and the transmitted 
force is 

(b) The above analysis works for FL = 15,000 N ,  but will not work for FT,, = 
10,000 N ,  as the transmitted forces at both ends of the operating range are larger than 



10,000 N when the center of the operating range corresponds to the minimum of R(?, 
Setting FT,, = 15,000 N for w = 1000 rpm leads to 

which leads to r = 2.012. Then on = (104.7 rad/s)/2.102 = 52.02 radls. Then for 
a = 2400 rpm, r = 4.83, and from Eq. (8.16) 

8.3.3 MULTIFREQUENCY AND GENERAL PERIODIC EXCITATIO~~ 

Vibration isolation of a system subject to a multifrequency excitation can be difficult, 
especially if the lowest frequency is very low. Consider a system subject to an 
excitation composed of n harmonics 

F (t) = C f i  sin (ai t + @;) l8.201 

The principle of linear superposition is used to calculate the total response of the 
system due to this excitation. Equation (8.3) is used to calculate transmitted force, 
leading to 

FT (t) = T (r; , F) 4 sin (@it + @; - 4) 18.2 1 I 

where 

Since the harmonic terms of Eq. (8.21) are out of phase, their maxima occur at 
different times. A closed-form expression for the absolute maximum is difficult to 
attain. The following is used as an upper bound: 

Equation (8.22) can be viewed as an equation which provides an approximation 
the upper bound of the natural frequency. If the natural frequency is less than 
calculatedupper bound, the repeating force transmitted to the floor is always less than 
the allowable force. An initial guess for the upper bound is obtained by determining 
the natural frequency such that the transmitted force due to the lowest-frequency 
harmonic only is reduced to F T .  Since additional forces at higher frequencies afe 
Present, greater isolation is required. The natural frequency can be systematically 
reduced fromthis initial guess, checking Eq. (8.22), until an upper bound is obtained. 



&5()0-kg punch press of Example 3.13 is to be mounted on an isolator such that 1 CxanpIe 8 

the of the repeating force transmitted to the floor is 1000  N. Determine the 

req ,ired static deflection of an isolator assuming a damping ratio of 0.1. What is the 
resulting maximum deflection of the isolator during the punching operation? 

solution: 
From ~xample 3.13 the excitation force is periodic and is expressed by a Fourier series 

as 
O0 1 

F(t) = 2000 + - cos 0.8ni sin (4nit + tl;) N 
7c z i=l 

The 2000-N term is the average force applied to the punch during one cycle. It contributes 
to the total static load applied to the floor and is not part of the repeating load. Application 
o f ~ q .  (8.22) to the repeated components of loading gives 

1000 > 5000JZ 2 f JI - cos 0.8ni T(ri. C) 
7c i=l 

where 

An initial guess for an upper bound for the natural frequency is obtained by cal- 
culating rl such that the transmitted force due to the lowest-frequency harmonic is less 
than 1000 N. This leads to 

5000 
1000 = -&(I- cos 0 . 8 ~ )  

n (1 - rf12 + (0.2r1)~ 

which gives rl = 1.54. Defining 

5000JZ O0 1 
f 0.1) = dl - cos 0.8ni T(irl, C) 

n 

it is desired to solve 

A lower bound on the value of rl  that solves the preceding equation is 1.54. A trial-and- 
error solution is used to determine rl, leading to rl = 1.95. For rl = 1.95, an upper 
bound for the natural frequency is calculated as 

wl 4n rad 
a,, = - = - = 6-44 - 

1.95 1.95 s 

The required static deflection of the isolator is A. = g/oz = 236 mm. The static 
deflection is excessive, and a flexible foundation is required. The total static load on 
the isolator is the weight of the machine plus the average value of the excitation force, 
%/2 = 2000 N. Thus the total static load to be supported is 



Vibration isolation is required in a variety of military and industrial applications. 
Isolation is required to reduce the force transmitted between a machine and its fob,, 

dation during ordinary operation or to isolate a machine from vibrations of its sur- 
roundings. Motors are often isolated to protect mountings from forces arising from 
harmonic variation of torque and unbalanced rotors. Electrical components such as 
transformers and circuit breakers are isolated to protect surroundings from elecbo, 
magnetic forces generated in solenoids or as a result of alternating current. Large 
harmonic inertia forces are developed by rotating components of single-cylinder re- 
ciprocating engines. Isolation is required to protect the engine mounting from these 
forces. Other machines with rotating components such as fans, pumps, and presses 
are often isolated to protect against inherent rotating unbalance. 

The maximum stiffness of an isolator required for a particular application is 
calculated by using the theory of Sec. 8.3. A one-degree-of-freedom system using 
an isolator is modeled as the simple mass-spring-dashpot system of Fig. 8.4. 

Specifications provided in catalogs of commercially available isolators include 
allowable stptic deflections. If the isolated system of Fig. 8.4 has a minimum required 
natural frequency a,, the required minimum static deflection of the isolator is 

Isolation of low-frequency vibrations requires a small natural frequency, which leads 
to a large isolator static deflection. 

The vibration amplitude of a machine during operation is calculated from Eq. 
(3.25) 

Multiplying both sides of the preceding equation by r2 leads to 

where A(r, () is defined in Eq. (3.34). Since vibration isolation requires r > J2 
and A(r, () decreases and approaches 1 as r increases, the steady-state amplitude 
decreases as isolation is improved. However, for fixed m, Fo, and w the steady-state 
amplitude has a lower bound given by 

Equations (8.24) and (8.25) show that if an isolator is being designed to provide 
isolation over a range of frequencies, the steady-state amplitude is greatest at the 
lowest operating speed. 

Since vibration isolation requires r > fl, the speed at which the maximu? 
vibration amplitude occurs must be passed during start-up and stopping. The mas1- 



mum vibration amplitude for a fixed w, is obtained using Eq. (3.28) as 

Fo 1 X,, = - 
m d  2 ~ d v  

The smaller the natural frequency, the larger the resonant amplitude. In addition, 
(he larger the damping ratio, the smaller the resonant amplitude. 

A large vibration amplitude can lead to ineffective operation of machinery. 
Large-amplitude vibrations of machines which must be properly aligned with devices 
that feed materials to the machine can lead to improper alignment and improper 
Operation. Many machine tools require a rigid foundation for effective operation. 
muation (8.24) shows that one way to reduce the amplitude of vibration during 
operation and the resonant amplitude is to increase the mass of the isolated system. 
muation (8.23) shows that the only way to reduce the amplitude below a calculated 
value at a given operating speed is to increase the system mass. Increasing the mass 
allows a proportional increase in the stiffness required to achieve sufficient isolation. 

The mass of a system can be increased by rigidly mounting the machine on a 
block of concrete. A small machine can be mounted above ground, while a large 
machine is usually mounted in a specially designed pit. The static load applied to 
the isolator and the mounting is increased when the mass of the system is increased. 

A milling machine of mass 450 kg operates at 1800 rpm and has an unbalance which (~xam 
causes a harmonic repeated force of magnitude 20,000 N. Design an isolation system 
to limit the transmitted force to 4000 N, the amplitude of vibration during operation to 
1 mrn, and the amplitude of vibration during start-up to 10 rnrn. Specify the required 
stiffness of the isolator and the minimum mass that should be added to the machine. 
Assume a damping ratio of 0.05. 

hlutiont 
The maximum allowable transmissibility is 

The minimum frequency ratio is determined by solving 

which yields r = 2.48 and a maximum natural frequency of 

o rad 
0, = - = 76.0 - 

2.48 s 
The maximum amplitude during start-up for the 450-kg machine mounted on an 

isolator such that the system natural frequency is 76.0 radls is 



The resonant amplitude can be decreased to 10 mrn only by increasing the mass to 

20,000 N 1 
m = 

(0.01 ml(76.0 rad/sI2 2(0.05) Jm = 3460 kg 

When the mass is increased to 3460 kg, the amplitude of vibration of k milling 
machine, when operating at 1800 rpm is 

The isolator stiffness is calculated by 

The milling machine should be mounted on a concrete block of mass 3010 kg and the 
system isolated by springs with an equivalent stiffness of 2 x 1 O7 N/m. 

There are three classes of isolators in general use. The choice of an isolator for a 
particular application depends on the constraints noted previously (static deflection, 
vibration amplitude, and resonant amplitude), as well as other factors such as cost, 
weight, and space limitations, the amount of damping required, and environmental 
conditions. 

Helical coil steel springs are used as isolators when large static deflections 
(> 1 in. or 3 cm) are required and a flexible foundation is acceptable. This occurs 
when good isolation is required at low operating speeds. Hysteresis in steel springs 
is low, so discrete viscous dampers are used in parallel with the springs to provide 
adequate damping. Steel springs may be used in combination with other isolation 
methods when a machine must be mounted on a concrete block. These isolators can 
be designed for specific use or can be obtained commercially. 

Isolators made of elastomers are used in applications where small static deflec- 
tions are required. If used for larger static loads, the elastomers are subject to creep, 
reducing their effectiveness after a period of time. Caution should be taken in using 
these isolators in extreme temperatures. Hysteretic damping inherent in the isolate* 
is usually sufficient. However, discrete dampers can be employed in conjunction 
with these isolators. The damping ratio of an isolator depends on the elastomenC 
material from which it is made, the steady-state frequency, and the amplitude. The 
damping ratio for isolators ma& of natural rubber varies little with amplitude but 
is highly dependent on frequency. The damping ratio of a natural rubber isolator at 
200 Hz is 5 = 0.03 while 5 = 0.09 at 1200 Hz. 

Figure 8.10 is a copy of a page from the catalog of Stock Drive Products, a 
commercial manufacturer of vibration isolators. These isolators are usually usedfor 



FOR COMPRESSION LOADS TO 120 POUNDS 
SHEAR LOADS TO 63 POUNDS 

rigurn 8.10 Example page from Stock Drive Products Catalog showing vibration 
isolator and its properties. (Courtesy of Stock Drive Products.) 



MATERIAL: Fastener-Steel, Brass Plated 
Isolator-Natural Rubber 

LOAD DEFLECTION GRAPHS 
Deflections below the line X---X are considered 
safe practice for static loads; data above that line 
are useful for calculating deflections under dy- 

0 0.05 0.10 0.15 0.20 0.25 0.30 0.35 
DEFLECI'ION (INCHES) 

CATALOG NUMBER DESIGNATION: 

Figure 8- 1 0 (Con')) Example page from Stdck Drive 
Products Catalog showing vibration 
isolotor ond its properties. 
(cou&sY 01 Stock Drive ~ r d u c ~ . ]  



machines where the required static deflection does not exceed half an inch. 
f ie load rating given refers to the static load that the isolator can tolerate. An isolator 
fiat can tolerate a larger static load can supply a smaller static deflection. Isolators 
with different load ratings are made from different structural rubber compounds. 
f ie  isolators with a higher load rating are harder and have a higher damping ratio. 
f ie damping ratios generally range from 0.02 for those with load rating A to 0.1 for 
those with load rating D. 

pads made of materials such as cork, felt, or elastomeric resin are often used 
to isolate large machines. Pads used to isolate a specific machine can be cut from 
larger pads. Pads of prescribed thicknesses can be placed on top of one another, 

as springs in series, to provide increased flexibility. 

- 
A small rotor balancing machine of weight 80 lb is to be placed on a table in a labo- 
ratory. The table vibrates because of operation of other equipment in the laboratory. 
~n accelerometer was used to monitor the vibrations of the table. Analysis of its out- 
put showed that the vibrations of the table are made up of a number of components at 
different frequencies. However, the largest contribution is from the lowest frequency, 
an acceleration amplitude of 10 in./s2 at a frequency of 150 radfs. Accurate use of the 
rotor balancing machine requires that its base acceleration be limited to 1.5 in./s2. If 
balanced four-point mounting is used, can the isolator of Fig. 8.10, mounted in compres- 
sion, be used to sufficiently isolate the rotor balancing machine from the vibrations of 
the table? 

Solution: 
The maximum transmissibility ratio is 

Assuming a damping ratio of 0.1, in order for T(r ,  0.1) to be less than 0.15, a frequency 
ratio greater than 2.95 is required. The maximum natural frequency is (150 rad/s)/2.95 
= 50.85 rads and the required isolator static deflection is g/02 = 0.15 in. 

If four-point mounting is used, each isolator is subject to a static load of 20 lb. 
From the force-deflection curve for compression mounting of Fig. 8.10, a 20-lb load 
Produces an isolator deflection of only 0.1 in. However, this isolator can tolerate a static 
deflection of 0.15 in., which will occur if the static load is 30 lb. This suggests that 
the rotor balancing machine can be mounted on a 40-lb block. Then the isolator of 
Fig. 8.10 can be used to sufficiently isolate the rotor balancing machine from the table 
vibrations. 

Since an isolator of load rating A is used, the preceding calculations can be modified 
by assuming a damping ratio of 0.02. Then a frequency ratio of 2.78 sufficiently isolates 
vibrations. This leads to an isolator static deflection of 0.133 in. A static load of 26.6 lb 
on each isolator is required to provide the required deflection. Thus the machine nee& 
to be mounted on a block of only 26.4 lb. 



If the forge hammer of Fig. 8.1 1 is rigidly mounted to the foundation, the foundation 
is subject to a large impulsive force when the hammer impacts the anvil. An isolation 
system modeled as a spring and viscous damper in parallel can be designed to reduce 
the magnitude of the force to which the foundation is subject. The principles used 
in the design of a shock isolation system are similar to the principles used to design 
an isolation system to protect against harmonic excitation, but the equations are 
different. 

If the duration to of a transient excitation F ( t )  is small, Say to < T j 5  where 
T is the natural period of the system, then the system response can be adequately 
approximated by the response due to an impulse of magnitude 

If the system is at rest in equilibrium when a pulse of short duration is applied, 
the principle of impulse-momentum is used to calculate the velocity imparted to the 
mass as 

The impulse provides external energy to initiate vibrations. Time is measured begin- 
ning immediately after the excitation is removed. The ensuing response is the free- 
vibration response due to an impulse providing the mass with an initial velocity u. 

V 
x ( t )  = -e-5@nf sin u d t  

@d 

The maximum displacement occurs at a time 

Frame m 
Anvil w 

Foundation block Figure 8- 1 1 Schematic of a forge hammer. 
When tup impacts anvil, a large 
impulsive force is produced- 



and is equal to 

u 
Xma = - exp - &-F [ - ( r )] 18.3 1 1 

wn 

~quations (8.3)  and (8.29) and trigonometric identities are used to calculate the 
force transmitted to the foundation through'the isolator as 

F T ( t )  = Fe-Fon' sin (wdt  - p> 18.321 

where 

and ,g = - tan-I 
\ I 

The maximum value of the transmitted force is obtained by differentiating Eq. 
(8.32) with respect to time, solving for the smallest time for which the derivative is 
zero, and finding the transmitted force at this time. The time for which the maximum 
transmitted force occurs is 

1 
tm, = - tan-' 

"d ( ( 3  - 4 r 2 )  I 
The corresponding maximum transrnitted force is 

Equation (8.35) shows that the maximum transmitted force occurs at t = 0 for 
{ = 0.5. For r > 0.5 ,  the first time where dF/dt = 0 corresponds to a minimum. 
Thus, for 5. > 0.5,  the maximum transmitted force occurs at t = 0 and is given by 

Equations (8.36) and (8.37) are combined to develop a nondirnensional function 
Q ( f )  that is a measure of the maximum transmitted force, defined by 

0.5 _( f < 1 
18.381 

Figure 8.12 shows that Q ( 5 )  is flat and approximately equal to 0.81 for 0.23 < 
5 < 0.30.  If minimization of the transmitted force is the sole criterion for the isolator 
design, the isolator should have a damping ratio near 0.25. 



Figure 8.12 Shock isolation function for short-duration pulse. 

Equation (8.38) shows that, for a given (, the transmitted force is proportional 
to the natural frequency. Thus a low natural frequency and large natural period is 
necessary and the short-duration assumption is often valid. 

Equation (8.31) shows that the maximum displacement varies inversely with 
the natural frequency. Thus requiring a small transmitted force leads to a large 
displacement. The natural frequency is eliminated between Eqs. (8.3 1) and (8.38), 
yielding 

where 

The denominator of the nondimensional ratio of Eq. (8.39) is the initial kinetic 
energy of the system. The numerator is a measure of the work done by the transmitted 
force. The inverse of this ratio is the fraction of energy absorbed by the isolator, the 
isolator efficiency. Figure 8.13 shows that the maximum isolator efficiency occurs 
for ( = 0.40 where S = 1.04. 

S ( 0  = ( 

- - - - -- - - -  - 

The 200-kg hammer of a 1000-kg forge hammer is dropped from a height of I m. ~ e s i g ~  
an isolator to minimize the maximum displacement when the maximum force t r a n s d ~ d  
to the foundation is 20,000 N. What is the maximum displacement of the hammer when 
placed on this isolator? 

I 

( 5 0.5 
8f2 - 8(4 - 1 

4( exp - rn [ ( )] 0.5 <: { < 1 
\ fs.rol 



~ l g u l s  8.1 3 Energy absorption for short-duration pulse. 

Solution: 
The excitation is a result of the impact of the hammer with the anvil, and thus of short 
duration. The velocity of the anvil at the time of impact is 

The velocity of the machine after impact is determined by using the principle of impulse 
and momentum 

(200 kg) (4.43 m/s) m 
v = = 0.886 - 

1000 kg s 

The product of the maximum transmitted force and the maximum displacement is min- 
imized by selecting 5 = 0.4. Then if the transmitted force is limited to 20,000 N, the 
maximum displacement is obtained by using Eq. (8.39) 

The natural frequency of the isolator is calculated by using Eq. (8.38) 

FT,. - 20,000 N rad o,, = - = 25.65 - 
mu Q(0.4) (1000 kg)(0.886 m/s)(0.88) s 

and the maximum isolator stiffness is calculated as 

For pulses of longer duration, it is possible that the maximum displacement or 
bansmitted force could occur while the excitation is being applied. In addition, the 
shape of the pulse has an effect on these extreme values. Shockisolation calculations, 
for pulses of duration longer than T / 5  are made by using the shock spectrum for the 



pulse. The shock spectrum, first introduced in Sec. 4.6, is a nondimensiona] ,,lot of 
the maximum displacement as a function of to/  T 

Shock spectra are often calculated only for undamped systems. Algebraic 
plexity usually prevents analytical determination of shock spectra for damped 

SY s- 
tems. The maximum response is obtained either by numerical evaluation of &e 
exact expression for the displacement or by n~merical solution of the differential 
equation. Damping does not have as much effect on the transient response due to a 
pulse of longer duration as it does on the steady-state response due to a hmonic 
excitation or on the response due to a short-duration pulse. 

Since shock isolation often involves minimizing the force transmitted between 
a system and its support, a plot similar to the shock spectrum, but involving the 
maximum value of the transmitted force, is useful. The vertical coordinate of the 
force spectrum is the ratio of the maximum value of the transmitted force to the 
maximum value of the excitation force. When the system is undamped, the force 
spectrum is the same as the shock spectrum. 

Figures 8.14 through 8.19 present displacement spectra and force (acceleration) 
spectra for common pulse shapes. These spectra were obtained by using a Runge- 
Kutta solution of the governing differential equation. A system with on = 1 and 
m = 1 was arbitrarily used. A time increment of the smaller of to/50 and TI50 was 
used. The Runge-Kutta solution was carried out until the larger of 4to or 4T. The 
displacement and transmitted force were calculated at each time step and compared 
to maxima from the previous times. The spectra were developed for several values 
of 5' .  

The force spectra for the rectangular pulse, the triangular pulse, the sinusoidal 
pulse, the versed sine pulse, the negative-slope ramp pulse, and the reversed loading 
pulse show that shock isolation is achieved only for small natural frequencies. The 
shock spectra for these excitations show that the nondimensional displacement is 
smaIl for small natural frequencies. However, the dimensional displacement is 
calculated by using the nondimensional displacement from 

Thus a small natural frequency leads to a large displacement. 

8.9 I A 1000-kg machine is subject to atriangular pulse of duration 0.05 s and peak of 2 0 , 0 0 0 ~ .  
What is the range of isolator stiffness for an undamped isolator such that the maximum 
transmitted force is less than 8000 N and the maximum displacement is less than 2.8 crn7 

Solution: 
The force spectrum for the triangular pulse shows that for Fr/Fo < 0.4, ~ n f o / ( ~ ~ )  

0.16, which gives 

2n (0.1 6)  rad 
Wn < 0.05 s = 20.1 - 

s 



--- 5 = 0.3 - .  - 6 = 0.5 

fa) 

8.1 4 (a) Force spectrum triangular pulse; 
(6 )  displacement spectrum triangular pulse. 



Figure 8.1 5 (a) Force spectrum rectangular pulse; 
(b) displacement spectrum rectangular pulse. 



fi sin [I - u(t - t 0 l  

8.1 6 (a) Force spectrum sinusoidol pulse; 
(b) displacement spectrum sinusoidol pulse. 



Figure 8.1 7 (a) Force spectrum versed sine pulse; 
(b) dispIocement spectrum versed sine pulse. 



Figure 8.1 8 (a) Force spectrum negative slope ramp; 
(6)  displacement spectrum negative slope 
ramp. 



Figure 8.19 (a) Reversed step pulse force spectrum; 
(b) reversed step pulse displacement spectrum. 



The lower bound on the natural frequency is obtained by trial and error, using the 
displacement spectrum for the triangular pulse. For a guessed value of on, ont0/(27r) is 
calculated and the Corresponding value of the maximum nondimensional displacement 
is found from the displacement spectrum. The maximum dimensional displacement is 
calculated from Eq. (8.41). If the displacement is greater than the allowable displace- 
ment, the guess for the lower bound must be increased. The calculations for this example 
are given in Table 8.1. The lower bound is calculated as 17 radls. Thus the allowable 
stiffness range is 

~arge-amplitude vibrations of a one-degree-of-freedom system subject to a harmonic 
excitation occur when an excitation frequency is near a natural frequency. The 
amplitude of response is reduced when the system properties are changed such 
that the natural frequency is away from the excitation frequency. Alternatively, an 
additional degree of freedom can be added such that the natural frequencies of the 
resulting two-degree-of-freedom system are away from the excitation frequency. 

A vibration absorber is an auxiliary mass-spring system that, when correctly 
tuned and attached to a vibrating body subject to a harmonic excitation, causes 
steady-state motion of the point to which it is attached to cease. Figure 8.20 shows a 
schematic of a one-degree-of-freedom system with an absorber added. A mass ml, 
called the primary mass, attached to a rigid foundation through a spring of stiffness kl 
is excited by a harmonic excitation, whose frequency is near ,/-. An absorber 
of mass m2 is connected to the original mass through an elastic element of stiffness 
k2. The resulting system has two degrees of freedom. If correctly designed, the 
frequency response curve for the primary mass is altered such that the steady-state 
amplitude of the primary mass is small at the excitation frequency. 

The solution for the steady-state vibrations of the resulting two-degree-of- 
freedom system is presented in Example 7.1. The steady-state amplitude of the 



Fo sin ot A 
Figure 8.20 When w fix, large-amplitude vibrations of 

the primary system occur. The addition of an 

2 auxiliary mass-spring system (the vibration 
absorber) changes the system to two degrees of 
freedom with natural frequencies away from 

m. 
primary mass is given by 

and the steady-state amplitude of the absorber mass is 

where 

is the ratio of the excitation frequency to the natural frequency of the primary system, 

is the ratio of the excitation frequency to the natural frequency of the absorber system, 
if taken by itself, and 

The natural frequencies of the two-degree-of-freedom system are the values of 
W such that the denominator of Eqs. (8.42) and (8.43) is zero. They are obtained as 

where W22 q = -  18.481 
0 1  1 

l3m-n Eq. (8.42) the steady-state amplitude of the original mass is zero when 



under this condition the steady-state amplitude of the absorber mass is 

A vibration absorber can be used to eliminate unwanted steady-state vibra- 
tions from a one-degree-of-freedom freedom system if the natural frequency of the 
absorber is tuned to the excitation frequency. The vibration absorber has many prac- 
tical applications. However, the following must be kept in mind in designing an 
undamped vibration absorber. 

1 .  When the absorber is tuned to the excitation frequency, Eq. (8.47) shows that 
one of the two degree of freedom's natural frequencies is less than the absorber's 
natural frequency while the other is greater. Hence the lower natural frequency 
must be passed during start-up and stopping, leading to large-amplitude vibra- 
tions during these transient periods. 

2. The steady-state vibrations of the original mass are eliminated only at a single 
operating speed. If the system operates over a range of frequencies, the steady- 
state amplitudes at frequencies away from the absorber frequency may be large. 
Figure 8.21 shows k l X 1 / F o  as a function of rl for q = 1 and p = 0.15 and 
p = 0.25. If rl is much less than or greater than q, the steady-state amplitude 
of the primary mass is large. An effective operating range should be defined for 
each application by limiting the amplitude of the vibrations or the transmitted 
force to an acceptable maximum. 

3. Figure 8.22 shows the natural frequencies as a function of the mass ratio, p, 
for fixed q.  The separation of the two natural frequencies is small for small 
p, resulting in a narrow operating range. The separation of natural frequencies 
and the effective operating range increases for larger p. However, a small p is 
usually desired for practical reasons. 

4. If the absorber is tuned to the excitation frequency and a given mass ratio p is 
not to be exceeded, then the maximum value of the absorber spring stiffness is 

and the minimum steady-state amplitude of the absorber mass is 

5.  The preceding analysis is valid only for an undamped system. If damping is 
present in the absorber it is not possible to eliminate steady-state vibrations of 
the original mass. The amplitude of vibrations can only be reduced. 

machine of mass 150 kg with a rotating unbalance of 0.5 kg . m is placed at the midspanl E~mnple 
of a 2-m-long simply supported beam. The machine operates at a speed of 1200 rpm. 
The beam has an elastic modulus of 210 x lo9 ~ / m ~  and a cross-sectional moment of 



FUNDAMENTALS OF MECHANICAL VIBRATIONS 

Figure 8.21 Frequency response of the primary mass with 
the addition of a vibration absorber; (a) q = 
0.1 5 and q = 1 .O; (6) ,.L = 0.25, and q = 1 .O. 

inertia of 2.1 x m4. Design a dynamic vibration absorber such that when attached 
to the midspan of the beam, the vibrations of the beam will cease and the steady-state 
absorber amplitude will be less than 20 mm. What are the system's natural frequencies 
with the absorber in place? What is the effective operating range such that the midspan 
deflection does not exceed 5 mm when the absorber is in place? 

Soiutiont 
Modeling the beam vibrations using one degree of freedom and ignoring the mass of the 
beam, the stiffness and natural frequency of the primary system are calculated as 



Figure 8.22 The natural frequencies of the system with absorber 
added are farther aport far larger mass ratios. 

The operating speed is 

rad ( (1%) = 125.7 - a = (1 200 rpm) 21r - 
S 

'bus large-amplitude vibrations are expected to occur in the absence of an absorber. The 
natural frequency of the absorber is chosen to coincide with the operating speed 

rad 
S 

Under this condition the steady-state amplitude of the absorber mass is given by Eq. 
(8.50). Requiring this amplitude to be less than 20 mrn leads to 



The required absorber mass is 

The natural frequencies of the two-degree-of-freedom system are calculated from 
(8.47) with = 1/6 and q = 0.946. They are %. 

The effective operating range is obtained from Eq. (8.42), setting Fo = 0Sw2, and 
using Eqs. (8.44) and (8.45). The denominator of Eq. (8.42) is negative for all o between 
the two natural frequencies. When r2 < 1, the numerator is positive and XI is set equal 
to -0.005 m. When r2 > 1 the numerator is negative and XI is set equal to 0.005 
The following quadratic equations in wz are obtained to determine the bounds of the 
operating range: 

The resulting operating range is 

The lower end of the operating range is closer to the lower natural frequency than the 
upper end is to the higher natural frequency because the excitation force is less for lower 
excitation frequencies. 

Viscous damping may be added in parallel to the elastic element of a vibration 
absorber to limit the amplitude as the lower natural frequency is passed during system 
start-up and stopping or to increase the effective operating range of the resulting 
two-degree-of-freedom system. A steady-state analysis of the system of Fig. 8.23 
when excited by a harmonic force is presented in Example 7.2. The equations for 
calculating the steady-state amplitudes are nondimensionalized, yielding 

where 



m2 Figure 8.23 The damped vibration absorber consists of an 
2 auxiliary mass connected to the primary mass by 

an elastic element in with a viscous 
damper. 

and 

where rl and q are defined in Eqs. (8.44) and (8.48) respectively, and 

The nondimensional function G defined by Eq. (8.54) is shown in Fig. 8.24 for 
p = 0.25 and q = 1 for several values of J. The steady-state motion of the original 
mass is not zero for any rl.  A minimum, near rl = 1, is reached between two peaks. 
An absorber using this choice of parameters is not effective because the peak at the 
lower resonant frequency is still large. It is noted that each curve, for different J ,  
passes through the same two points. 

G is plotted in Fig. 8.25 for p = 0.25 and q = 0.8. The peak at the lower 
resonant frequency is smaller than the peak at the higher resonant frequency. HOW- 
ever, the higher peak occurs near rl = 1, which is the region where an absorber is 
usually needed. Also, the effective operating range is still small. It is noted again 
that there are two fixed points through which each curve passes. These fixed points 
are different than those in Fig. 8.24. 

Since it is not possible to eliminate steady-state motion of the original system 
when damping is present, a damped vibration absorber must be designed to reduce 
the peak at the lower resonant frequency and to widen the effective operating range. 
Absorbers using the parameters used to generate Fig. 8.24 and 8.25 are not suitable 
for these purposes. 

Widening the operating range requires that the two peaks have approximately 
the same magnitude. Since the locations of the fixed points are dependent on q ,  it 
should be possible to tune the absorber such that the values of G at the fixed points 
are the same. Since curves for all values of J. pass through the fixed points, it should 
be possible to find a value of J. such that the fixed points are near the peaks. 



































































































Use of this orthogonality condition leads to 

Substituting for w(x ,  t )  from the expansion theorem in the nonhomogeneous bound- 
ary condition leads to 

00 2 d3Xkt1)pk(t)  = a sin 3t + fi c xk( l )& ( t )  
k= 1 

dx 
k=l 

The mode shapes satisfy the boundary conditions for the nonhomogeneous problem. 
Thus 

which when used in the preceding equation gives 
00 

C(ii, + ~ . ~ p k ) X ~ ( l )  = a sin Bt 
k=l 

and which when substituted into the previously derived differential equations for the 
principal coordinates uncouples these equations and gives 

The steady-state solution for each of the principal coordinates is now easily obtained 
and the expansion theorem is used to write the steady-state solution as 

The nondimensional steady-state amplitude of the end of the beam is 

The dimensional amplitude is obtained using Eq. (9.69) as 1.67 x 10-'(3 m) = 
4.0 mm. 

Consider a differential element of the shaft of Fig. 9.4. Assuming elastic behavior 
throughout, a shear stress distribution is developed across the cross section of the 
shaft according to 



where T ( x ,  t )  is the resisting torque in the cross section and r is the distance from 
the center of the shaft to a point in its cross section. The total strain energy in the 
element is 

substitution of Eqs. (9.77) and (9.1 I )  into Eq. (9.78) leads to 

Noting that J = r2 dA and integrating over the entire length of the shaft, the total 
strain energy becomes 

The kinetic energy of the differential element is 

where p is the mass density of the shaft's material. The total kinetic energy of the 
shaft is 

For a conservative system the maximum potential energy is equal to the maximum 
kinetic energy. Thus if the free oscillations of the shaft are described by 

then 

Introducing the nondimensional variables of Eq. (9.69) into Eq. (9.84) and assuming 
the shaft is uniform leads to 

where 



For any function w ( x )  which satisfies the boundary conditions specified for the 
shaft, define 

lo p.Tw2dx 

R ( w )  is Rayleigh's quotient for this continuous system. If W ( X )  is a mode shape, 
then R ( w )  is equal to the square of the natural frequency of that mode. If w is not 
a mode shape, then R ( w )  is a scalar function of w .  As for discrete systems, R ( ~ )  
is a minimum when w is a mode shape. Hence Rayleigh's quotient can be used to 
approximate the lowest natural frequency for the continuous system. 

9.8 1 Use Rayleigh's quotient to approximate the lowest natural frequency of the tapered 
circular shaft of Fig. 9.19. 

Solution: 
The polar moment of inertia varies over the length of the shaft as 

A trial function which satisfies the boundary conditions w (0) = 0 and dw/dx (3  m) = 0 
is 

An upper bound and approximation on the lowest natural frequency is 

N n  n 2 2 n  
80 x lo9 - - (0.2 - 0.05~) '  (%) cos -x dx 

R ( w )  = m2 2 6 
3 n 

7850 5 f (0.2 - 0.05~) '  sin2 -x dx 
6 

Figurn 9.1 9 System of Example 9.8. 



Ra~leigh's quotient can be as the ratio of a potential energy scalar to 
a kinetic energy scalar product, where the energy products are defined by integrals, 
perhaps with additional terms to account for discrete masses or springs. 

~ a ~ l e i g h ' s  quotient'can be applied to any continuous system. Table 9.6 gives the 
appropriate form of the scalar products for several continuous systems. 

A method based on Rayleigh's quotient, called the Rayleigh-Ritz method, can be 
used to approximate a finite number of the lowest natural frequencies of a continuous 
system. Let ul ( x ) ,  u2 (x ) ,  . . . , u ~ ( x )  be n linearly independent functions, each 
of which satisfies the boundary conditions for a specific continuous system. An 
approximation to the free-vibration response of the continuous system is assumed as 

Table 9.6 Scalar products for Rayleigh-Ritz method 

Structural 
element Case (u, V)T (u, v)v 

Torsional NO added 
shaft disks or 

springs 

Added disk 
a tx  = i  

Torsional spring 
a t x  =i  lL P J ~ ( x ) v ( x )  dx 

Longitudinal NO added 
bar masses or iL pAu(x)v(x) dx 

springs 

Added mass 
a tx  = i  

Spring at 
x = f  

No added 
masses, disks, lL PAU(X)V(X) dx 
or springs 

d u d v  l GJEEdx 

d u d v  b EA~;r ;dx  

Added mass d2u d2v 
a t x = i  /oL ~ A Y ( X ) V ( X )  dx + muci)v(i, 

Added spring d2u d2v 
a tx  = l El--dx +ku(f /o dx2 dx2 

Added disk du(f)  dv(i)  
( I D )  at x = i /oL p ~ u ( x ) v ( x ) d x  + lo--- dx dx 



Equation (9.89) is substituted into Rayleigh's quotient which is rewritten as 

Since R(w) is stationary near a mode shape, a good approximation to the natural 
frequencies and mode shapes is obtained by setting 

Differentiating Eq. (9.90) with respect to ck for any k = 1.2, . . . , n and using E~~ 
(9.91) gives 

Developing Eq. (9.92) for each k = 1,2, . . . , n leads to n linear homogeneous 
equations to solve for cl, c2, . . . , c, in terms of the parameter R(w). Since the 
equations are homogeneous, a nontrivial solution is available if and only if the 
determinant is set equal to zero, yielding an nth-order polynomial equation for 
R(w). The roots of the polynomial are the squares of the approximations to the 
lowest natural frequencies. Approximations for the mode shapes can be obtained by 
returning to the homogeneous equations. The method is illustrated in the following 
example. 

9 1 Use the Rayleigh-Ritz method to approximate the two lowest natural frequencies of 
Example 9.1. 

Soiutiont 
Two polynomials which satisfy the boundary conditions of Example 9.1 are 

An approximation to the mode shape is developed as 

Calculation of the energy scalar products gives 

Application of Eq. (9.92) leads to 



A nontrivial solution of the preceding equations is obtained if and only if 

8 16 - - - R  
det [ 3 15 

61 48 136 5 - - R  - -  R 
30 5 35 

 valuation of the determinant leads to 

9 . 2 4 ~ ~  - 241.OR + 538.0 = 0 

whose roots are 

R = 2.467, 23.610 

The natural frequency approximations are 

The approximation to the lowest natural frequency is excellent. The approximation to 
the second natural frequency is also very good, being only 3.3 percent higher than the 
exact value. 

The mode shape approximations are obtained by solving for c2 in terms of cl for 
each R and then substituting into the expression for w ( x )  with cl remaining arbitrary. 
This leads to 

The approximate mode shapes plotted in Fig. 9.20 have been normalized such that 
wi(1) = 1 .  These compare favorably to the first two mode shapes for a fixed-free 
torsional shaft plotted in Fig. 9.6. 

PROBLEMS 

9.1. Calculate the speed of longitudinal waves in a 3-rn-long steel bar (E = 2 10 x lo9 ~ / m ~ ,  
p = 7850 kg/m3) of a circular cross section of 20 mrn radius. 

9.2. Calculate the three lowest torsional natural frequencies of a solid 20-cm-radius steel shaft 
( p  = 7500 kg/m3, G = 80 x lo9 ~ l m ' )  of length 1.5 m that is fixed at one end and free at 
its other end. 

9.3. A 5000-N . m torque is statically applied to the free end of the shaft of Prob. 9.2 and 
suddenly removed. Plot the time-dependent angular displacement of the free end. 

9.4. A 5000-N - torque is statically applied to the rnidspan of the shaft of P r ~ b .  9.2 and 
suddenly ranoved. Determine an expression for the time-dependent angular displacement 
of the free end of the shaft. 



Figure 9-20 Rayleigh-Riiz approximations to the two lowest mode shapes of a 
fixed-free torsional shaft. 

9.5. A steel shaft (p  = 7850 kg/m3, G = 85 x lo9 N/m2) of inner radius 30 mm and outer 
radius 50 mm and length 1.0 m is fixed at both ends. Determine the three lowest natural 
frequencies of the shaft. 

9.6. A 10,000-N - m torque is applied to the midspan of the shaft of Prob. 9.5 and suddenly 
removed. Determine the time-dependent angular displacement of the midspan of the shaft. 

9.7. A motor of mass moment of inertia 85 kg - mZ is attached to the end of the shaft of Prob. 9.2. 
Determine the three lowest natural frequencies of the shaft and motor assembly. Compare 
the lowest natural frequency to that obtained by making a one-degree-of-freedom model 
and approximating the inertia effects of the shaft. 

9.8. Show the orthogonality of the two lowest mode shapes of the system in Prob. 9.7. 

9.9. Operation of the motor attached to the shaft of Rob. 9.7 produces a harmonic torque 
of amplitude 2000 N . m at a frequency of 110 Hz. Determine the steady-state angular 
displacement of the end of the shaft. 

9.10. A 20-em-diameter, 2-m-long steel shaft (p = 7600 kg/m3, G = 80 x lo9 N I ~ ' )  has rotors 
of mass homent of inertia 110 kg . m2 and 65 kg . m2 attached to its ends. Determine he 
three lowest natural frequencies of the shaft. Compare the lowest nonzero n a t d  frequency 
to that obtained by using a two-degree-of-freedom model, ignoring the inertia of the shalt. 

9.11. Determine an expression for the natural frequencies of the shaft of Fig. P9.11. 

J ,  C, P FIGURE P9.11 



An oil well drilling tool is modeled as a bit attached to the end of a long shaft, unrestrained 
from rotation at its fixed end. 
(0) Determine the equation defining the natural frequencies af the drilling tool. 
(6) For a particular operation, the shaft ( p  = 7500 kg/m3, G = 80 x lo9 ~ l m ~ )  is 20 m 

long with a 20-cm diameter. The tool operates at a speed of 400 radls. What are the 
limits on the moment of inertia of the drill bit such that the two lowest nonzero natural 
frequencies of the tool are not within 20 percent of the operating speed? 

9.13. The shaft of Prob. 9.2 is at rest in equilibrium when the time-dependent moment of 
Fig. P9.13 is applied to the end of the shaft. Determine the time-dependent form of the 
resulting torsional oscillations. 

9.14. The shaft of Prob. 9.2 is at rest in equilibrium when it is subject to the uniform time- 
dependent torque loading per unit length of Fig. P9.14. Determine the time-dependent 
form of the resulting torsional oscillations. 

to t 
-Mo 

FIGURE P9.13 FIGURE P9.14 

9.15. The elastic bar of Fig. P9.15 is undergoing longitudinal vibrations. Let u(x ,  t )  be the 
time-dependent displacement of a particle along the centroidal axis of the bar, initially a 
distance x from the left support. 
(a) Draw free-body diagrams showing the external and effective forces acting on a differ- 

ential element of thickness d x ,  a distance x from the left end of the bar at an arbitrary 
instant of time. 

(b) Show that the governing partial differential equation is 

(c) Introduce nondimensional variables to derive a nondimensional partial differential 
equation. 

9.16. Using the results of hob.  9.15, determine the natural frequencies of longitudinal vibrations 
of a bar fixed at one end and free at the other. 



9.17, Show the orthogonality of mode shapes of longitudinal vibration of a bar fixed at one end 
and free at its other end. 

9.18. A large industrial piston operates at 1000 Hz. The piston head has a mass of 20 kg. T~~ 
shaft is made from steel(P = 7500 kglm3. E = 210 x lo9 Nim2 ). For what shaft diameten 
will all natural frequencies be out of the range of 900 to 1100 Hz? 

9.19, The free end of the piston of Prob. 9.18 is subject to a force 1000 sin or N, where , 
100 HZ. ~f the diameter of the shaft is 8 cm, determine the steady-state response of 
piston. 

9.20. Determine the five lowest natural frequencies of the system of Fig. P9.20. 

9.21. Determine the steady-state response of the system of Fig. P9.21. 

FIGURE P9.N 

A =4.5  x  1 0 - ~ r n ~  
Fo sin or k = 9 x  1 6 ~ / m  

p, E, A Fo= 800 N 
a= 100rad/s 
L=3 .3  m FIGURE P9.21 

9.22. Determine the steady-state response of the system of Fig. P9.22. 

p = 7500 kg/m3 
E = 200 x lo9 ~ / m ~  

Fo sin wt A = 4.5 x m2 

k = 9 x  105N/m 
m= 2.5 kg 
L = 3 . 5 m  
F, = 600 N 
o = 450 rad/s FIGURE p9.22 

9.23. Draw frequency response curves for the response of the disk at the end of the shaft in 
Example 9.3. Plot the curves for B = 0.5, B = 2, and B = 20.0. 

9.24. Determine the steady-state response of a circular shaft subject to a uniform torque per unit 
length To sin ot applied over its entire length. 



9.25. Determine the steady-state response of the System of Fig. P9.25. 

VL- ]I FIGURE P9.25 

9.26. Propeller blades totaling 1200 kg with a total mass moment of inertia of 155 kg . m2 are 
attached to a solid circular shaft (p = 5000 kg/m3, G = 60 x lo9 N/m2, E = 140 x 
10' N/m2) of radius 40 cm and length 20 m. The other end of the shaft is fixed in an ocean 
liner. Determine 
(a)  The lowest natural frequency for torsional oscillations of the propeller. 

(b) The lowest natural frequency for longitudinal motion of the propeller. 

9.27. A pipe used to convey fluid is cantilevered from a wall. The steel pipe (p  = 7500 kg/m3, 
G = 80 x lo9 N/m2, E = 200 x lo9 N/m2) has an inner radius of 20 cm, a thickness of 1 
cm, and a length of 4.6 m. For an empty pipe determine 
(a)  The five lowest natural frequencies for torsional oscillation. 

(6)  The five lowest natural frequencies for longitudinal vibration. 

(c) The five lowest natural frequencies for transverse motio11. 

9.28-9.31. Each of the beams has p = 8000 kg/m3, E = 200 x lo9 ~ / m ~ ,  I = 4 x lo-' m4, 
A = 1.2 x m2, L = 1.4 m. Use Table 9.4 to calculate the beam's three lowest natural 
frequencies of transverse vibration. 

FIGURE P9.28 FIGURE P9.29 



1 rn = 200 kg 

FIGURE P9.31 

9.32. Verify the characteristic equation given in Table 9.4 for a pinned-free beam. 

9.33. Verify the characteristic equation given in Table 9.4 for a fixed-fixed beam. 

9.34. The characteristic equations given in Table 9.4 for a fm-free beam and a fixed-fixed beam 
are identical. Explain both mathematically and physically why the lowest natural frequency 
for a free-free beam is zero, but not for a fixed-fixed beam. 

9.35. Verify the orthogonality of the eigenfunctions given in Table 9.4 for a pinned-free bearn. 

9.36. Verify the orthogonality of the eigenfunctions given in Table 9.4 for a fixed-attached mass 
beam. 

9.37-9.41. Deternine the time-dependent displacement for the beam shown. 

L L 

f + +-- ! -  2 4 .  

- 
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+++i+r F, sinot L 5l 

XJRE P9.37 FIGURE P9.38 

kfi-4 F,, sinot 

URE F'9.39 FIGURE P9.40 

L FA sin o t L " - -- -- ~ 

+G----l k-T-4 m/pAL = 0.35 

pAL4 FIGURE P9.41 

3 
9.42. A root manipulator is 60 cm long, made of steel ( E  = 210 x lo9 N/m2, p = 7500 k d m  

and has the cross section of Fig. P9.42. One end of the manipulator is fixed and a 1-kg 
mass is attached to its opposite end. Determine the three lowest natural frequencies for 
transverse vibration of the manipulator. 



problems 9.43 to 9.45 refer to the problem of vortex shedding from a street light fixture considere 
in Example 3.6. 

9.43. Model the light structure as a cantilever beam with an attached mass. Determine the fi\ 
lowest natural frequencies of the structure. 

9.44. Assume the vortex shedding produces a uniform force per unit length of Fo sin wt applic 
over the upper three-fourths of the structure. For a wind speed of 60 mph, calculate tl 
maximum displacement of the light fixture. 

9.45. For a wind speed of 20 mph, calculate the maximum displacement of the light fixture. 

9.46. The steam pipe of Fig. P9.46 is suspended from the ceiling in an industrial plant. 
heavy machine with a rotating unbalance is placed on the floor above the machine causir 
vibrations of the ceiling. If the frequency of the oscillations is 150 Hz and the amplitu~ 
of displacement of the pipe's left support is 0.5 mm and the amplitude of displacement 
the pipe's right support is 0.8 mm, determine the maximum deflection of the center o f t  

pipe. 

FIGURE F'9.46 

9.47. A simplified model of the rocket of Fig. P9.47 is a free-free beam. 
(a) Calculate the five lowest natural frequencies for longitudinal vibration. 
(b )  Calculate the five lowest natural frequencies for transverse vibration. 

9.48. Longitudinal vibrations are initiated in the rocket of Fig. P9.47 when thrust is de 
oped. Determine the Laplace transform of the transient response i ( x ,  s) when the th 
of Fig. P9.48 is developed. Do not invert the transform. 



FIGURE F'9.47 FIGURE F'9.48 

9.49. Determine the response of a cantilever beam when the fixed support is subject to a dis- 
+cement w ( t )  = A sin wt. Use the Laplace transform method and determine j ( ~ ,  s ) .  D~ 
not invert. 

9-50. The tail rotor blades of a helicopter have a rotating unbalance of magnitude 0.5 kg . rn and 
operate at a speed of 1200 rprn. Modeling the tail section as a cantilever beam of length 
3.5 m with EI = 3.1 x lo6 N . m2, determine the steady-state response of the tail section. 

9.51. Repeat Prob. 9.50 when the helicopter has a constant vertical acceleration of 12.1 
Use the Laplace transform method to determine ( x ,  s). Do not invert. 

9.52. Solve Prob. 3.45 assuming the beam is a continuous system and is made of a material of 
p = 7500 kg/m3. 

9.53. Determine the steady-state amplitude of the engine of Fig. P9.53. 

9.54. Show that the differential equation governing free vibration of a uniform beam subject to 
a constant axial load, P, is 

Rotating 
unbalance 

9-55. Determine the frequency equation for a simply supported beam subject to an axial load. 
9-56. Determine the frequency equation for a fixed-free beam subject to an axial load. 

9-57. A fixed-fixed beam is made of a material with a coefficient of thermal expansion a. After 
installed, the temperature is decreased by AT. Determine the beam's frequency equation. 

9.58. Show orthogonality of the mode shapes for a simply supported beam subject to an axia1 
load. 

9.59. Use Rayleigh's quotient to approximate the lowest natural frequency of a torsional shaft 
fixed at both ends. 

m 

4.1 m w 

p = 7800 kg/m3 
E = 200 x 10' PJ/rn2 
1=4.5 x l ~ - ~ m ~  
A = 1.6 x m2 
rn = 55 kg 
k = 5  x 1 0 4 ~ / m  
moe= 1 . 8 x k g . m  
w = 300 rpm FIGURE F'9.53 



9.60. Use RayleighPs quotient to the lowest natural frequency of a torsional shaft 
with a disk of mass moment of inertia I placed at its midspan. The shaft is fixed at both 
ends. 

9.61. Use Rayleigh's quotient to approximate the lowest natural frequency of a fixed-free beam. 
9.62. Use Rayleigh's quotient to approximate the lowest natural frequency of a simply supported 

beam with a mass m at its midspan. Use ~ ( x )  = sill(nx/L) as the trial function. 
9.63. Use the Rayleigh-Ritz method to approximate the two lowest natural frequencies of a 

fixed-free beam. 

9.64. Use the Rayleigh-Ritz method to approximate the two lowest natural frequencies of the 
system of Fig. P9.64. 

9.65. Use the Rayleigh-Ritz method to approximate the two lowest natural frequencies for the 
system of Fig. P9.65. 

FIGURE P9.65 

MGTLAB PROBLEMS 

The files VIBES9A.m, VIBES-9B.m, VIBES-9C.m. and VIBES-9D.m are used to provide 
the natural frequencies, mode shapes, and normalization constants for four of the beams listed 
in Table 9.4. The beams and the corresponding files are: fixed-free-VIBJ39A, fixed-pinned- 
VIBESgB, fixed-linear spring-VIBESPC, pinned-linear spring-VIBES-9D. These files may be 
used in solving many of the problems of Chap. 9. 

M9.1. The file VIBES-9E.m is used to plot the mode shapes for the system of Example 9.2. 
Use VIBJ3-9E to plot the first three mode shapes for (a) p = 0.1, (b) B = 1.4, 
(c) p = 5.0. 



M9.2. The file VIBES-9F.m is used to determine the frequency response for the system of 
Example 9.7. Use the file to choose a standard beam cross Section such that the maximum 
steady-state displacement of the machine is less than 5 mm for all operating speeds 
between 1500 and 2500 rpm. Assume all parameters are as given in Example 9.7 except 
the mass of the beam and I. Assume the beam will be made of steel ( p  = 7600 kglm3), 

~ 9 . 3 .  The file VIBES-9G.m provides a Rayleigh-Ritz approximation for the solution of E ~ -  
ample 6.5. Use VIBES9G to 
(a) Determine whether the W16 x 100 section is better than the W27 x 114 section to 

meet the requirements of Example 6.5. 
(b) Using the W27 x 100 section, plot the lowest natural frequency as a function of 

mass of the machine (up to 5 tons). 

M9.4. Write a MATLAB file that uses numerical integration to illustrate mode shape orthogo- 
nality for the system of Example 9.2. 

M9.5. Write a MATLAB file that uses numerical integration to illustrate mode shape orthogo- 
nality for the system of Example 9.7. 



The finite-element method is a powerful numerical method that is used to provide 
approximations to solutions of static and dynamic problems for continuous systems. 
The disciplines in which the finite-element method can be applied include stress 
analysis, heat transfer, electromagnetics, fluid flow, and vibrations. Application of 
the finite-element method to a continuous system requires the system be divided 
into a finite number of discrete elements. Interpolations for the dependent variables 
ate assumed across each element and are chosen to assure appropriate interelement 
continuity. The interpolating functions are developed in terms of the unknown 
values of the dependent variables at discrete points, called nodes. The nodes for a 
one-dimensional system are located at element boundaries. A variational principle is 
applied to derive equations whose solution leads to approximations to the dependent 
variables at the nodes. The definedinterpolations are used to provide approximations 
to the dependent variables across the system. Lagrange's equations, derived by 
the calculus of variations, is applied for vibrations problems, resulting in a set of 
differential equations for the dependent variables at the nodes. 

The finite-element method for vibration problems could be derived by apply- 
ing the Rayleigh-Ritz method of Sec. 9.5 with the interpolating functions, ul (x ) ,  
u ~ ( x ) ,  . . . , u,(x), chosen to be defined piecewise over each element. Consider ap- 
plication of the Rayleigh-Ritz method to approximate the natural frequencies and 
mode shapes of a bar. The governing equation, the wave equation, has second-order 
spatial derivatives. Thus the exact solution is at least twice differentiable. However, 
the energy scalar products used in evaluation of Rayleigh's quotient, given in Table 
9.6, only require that approximate solutions be first-order differentiable. Thus func- 
tions that are only first-order differentiable are permissible interpolating functions 
for Rayleigh-Ritz approximations. 



Boundary conditions for continuous systems are classified as being of two types. 
Geometric boundary conditions are those that must be satisfied according to geomet- 
ric constraints. For example, u(0) = 0, if x = 0 is a fixed SuppOn for a bar problem, 
is a geometric boundary condition. Natural boundary conditions are those that musf 
be satisfied as a result of force and moment balances. For example, , 
at x = 1, if x = 1 is a free end, is a natural boundary condition. This condition 
occurs because there is no external force at the free end. Note from Table 9.6 that 
the energy scalar product definitions include terns arising because of natural bound- 
ary conditions. Thus, since the natural boundary conditions are incorporated into 
the energy scalar products, the chosen interpolating functions for a Rayleigh-~itz 
approximation must satisfy only geometric boundary conditions. 

The set of admissiblefunctions for use as interpolating functions in a Rayleigh- 
Ritz approximation to solutions of the wave equation consists of those that are 
first-order differentiable and satisfy all geometric boundary conditions (displace- 
ment conditions). By similar arguments, it is determined that the set of admissible 
functions for use as basis functions in a Rayleigh-Ritz approximation to solutions of 
the beam equation consists of those that are second-order differentiable and satisfy 
all geometric boundary conditions (displacement and slope conditions). 

The Rayleigh-Ritz can be difficult to apply for vibrations problems. The as- 
sumed nodes method, introduced in the next section, is based on application of 
Lagrange's equations and leads to the same approximation for the same set of inter- 
polating functions as the Rayleigh-Ritz method. The finite-element method will be 
developed from the assumed modes method. 

Consider the forced vibrations of a longitudinal bar of Fig. 10.1. The displace- 
ment u is a function of the spatial coordinate x and time 1,  u(x, t) .  Let ui(x), 
u ~ ( x ) ,  . . . , un(x) be a set of n linearly independent functions that are at least first- 
order differentiable and satisfy all of the system's geometric boundary conditions. 
An approximate solution is assumed as 

The kinetic energy of the bar, according to the approximation of Eq. (10.1), is 
calculated as 



I " "  L 
= - , [ p A ~ i ( x ) . j ( ~ ) d ~  + m Y i ( ~ ) U j ( ~ ) ]  

2 .  1=1 j= l  

Thus the kinetic energy has the quadratic form 

where 

% Example 10.1 
% Assumed modes method to determine natural frequencies, modes 
% and forced response of tapered bar with attached mass and 
digits (5) 
x=sym( 'x' ) ; 
8 Parameters 
E=200*10A9; % Elastic modulus in N/mA2 
rho=7600; % Mass density in kg/mA3 
L=3.6; % Length in m 
m=12 ; % Attached mass in kg 
k=4*10A7; % Stiffness in N/m 
% Functions 
A=O. 001" (1-O.O02*x) ; % Area in mA2 
U(l)=sin(pi*x/ (2*L) ) ; 
~(2)=sin (3*pihx/ (2*L) ) ; 8 Assumed modes 
u (3) =sin (5*pifx/ (2*L) ) ; 
8 Mass and stiffness matrices 
for i=1:3 

for j=l:i 
cl=m*subs(u(i) ,x,LI*subs(u(j),~,L') ; 
Mint=rhohA*u (i) *u ( j ) ; 
~int=E*A*diff (u(i),x)*diff(u(j),x); 
M ( i ,  j )=int (Mint,x,O,~)+m"cl; 
~ ( i ,  j =int (Kint,x, 0, L) +k*cl; 
~(j,i)=M(i,j); 

~i~~~ 10.1 (a) Forced longitudinal vibrations of bar are described by a displacement function, u (x, t); 
(b)  MATLAB script for Example 10.1 . 



K(j,i)=K(i, 1); 
end 

end 
Kl=double (K) ; 
Ml=double (MI ; 
C=inv (MI ) *K1; 
[V,D]=eig(C) ; 
for i=1:3 

w(i)=sqrt (D(i,i) 1 ; 
end 
% Normalize mode shape vectors 
E=V' *M*V; 
for j=1: 3 

for i=1:3 
P(if j)=V(i, j)/sqrt(E(j, j)); 

end 
end 
disp('Natura1 frequencies in rad/s') 
w=vpa (w) ; disp (w) 
disp ( 'Modal matrix' ) 
P=vpa (PI ;disp (P) 
% Mode shapes 
xx=linspace ( 0, L, 37) ; 
for k=1:37 

for i=1:3 
v(i, k ) = Q ;  
for j=1:3 

v(i,k)=v(i,k)+P(j,i)*subs(u(j),x,xx(k)); 
end 

end 
end 
plot(xx,v(l, : ) ,  I-' ,xx,v(2, : ) ,  I - .  ',xx,v(3, : ) ,  l--I) 

xlabel('x (m) I )  

ylabel('w(x) (m) I) 
legend('1st modeS,'2nd mode1,l3rd mode') 

Natural frequencies in rad/s 
[ 1863.6, 4898.0, 9720.41 

Modal matrix 
[ .76i37e-1, .19529, .75794e-11 
I -. 28668e-2, .17555, ' -. 136951 
[ .96798e-3, - .  36689e-1, -. 2 1 9 T / 6 ]  

(c) 

Figure I 0. I (Con't) (b]  Con't; (c) Output from running script. 



-.---- 2nd mode 
3rd mode 

Figure 1 0.1 (Con')) (d )  Assumed mode approximations to mode 
shape. 

The potential energy of the system, according to the approximation of Eq. (10 
is 

The potential energy has the quadratic form 

Cia 



where 

The virtual work done by the external force f (x, t) due to a virtual displacement 
Su (x, t) is 

The virtual work can be written as 

where 

The assumed modes method approximates the solution to the forced vibrationsof 
a continuous system with n degrees of freedom. The generalized coordinates for the 
n-degree-of-freedom model are the coefficient functions wl (t), wz(t), . . . , w,(t). 
Quadratic forms of the kinetic and potential energies in terms of the generalized 
coordinates have been obtained. Use of Lagrange's equations, as applied in Sec. 5.4 
to linear systems with quadratic energy forms, leads to differential equations of the 
form 

where the elements of the mass matrix M are the coefficients of Eq. (10.3), the 
elements of the stiffness matrix K are the coefficients of Eq. (10.5), and the elements 
of the force vector F are the generalized forces of Eq. (10.7). If scalar product 
notation is used 

Approximations to the n lowest natural frequencies are obtained as the square 
roots of the eigenvalues of M-'K. The corresponding mode shape vectors are usedin 
Eq. (10.1) to approximate the mode shapes for these frequencies. An approximation 
to the forced response is obtained by solving Eq. (10.8) using the methods of Chap. 7. 

- -- - 

10-1 the assumed modes me*d to approximate the three lowest natural fquencies 
and mode shapes for the bar of Fig. 10. la with A (x) = 0.001 (1 - 0.002~) m2, E = 
200 x lo9 ~ l m ~ ,  p = 7600 kg/m3, L = 3.6 m, m = 12 kg, and k = 4 x 1 o7 Nlm. Use 
the interpolating functions 

3rcx 57rx 
U I ( X )  = sin (s) uz(x) = sin (=) u3(x) = sin (2L) 

which are the first three mode shapes of a uniform fixed-free bar. 



solution: 

Equations (10.3) and (10.5) are used to determine the elements of the mass and stiffness 
matrices, respectively, for the assumed modes approximation. For example, 

L X X  3xx 
m12 = l ~[O.OOI(I  - 0 . ~ 2 x ) l  sin (-iE.) sin (=) dx - m 

The MATLAB script of Fig. 10.lb illustrates the use of symbolic algebra to determine 
the mass and stiffness matrices for this assumed modes approximation. The natural fre- 
quency approximations are the square roots of the eigenvalues of M-I K. The eigenvec- 
tors are used to develop approximations to the mode shapes. If XI = [ X I  X12 
is the eigenvector corresponding to the eigenvalue that gives an approximation to the 
lowest natural frequency, then the approximation to the corresponding mode shape is 

The natural frequency approximations obtained by running the MATLAB script are given 
in Fig. 10.1~. The corresponding mode shape approximations are plotted in Fig. 10.16. 

Consider again the bar of Fig. 10.1. The bar is divided into n discrete segments, 
or elements. For purposes of discussion assume the elements are of equal length 
1 = Lln. The discretization of a uniform bar into n elements of equal length 1 is 
shown in Fig. 1 0 . k .  The piecewise defined interpolating functions of Fig. 10.2b 
are mathematically described as 

X 
uj(*) = [i + ( 1  - j ) ]  [u(x - ( j  - 1)l) - u(x - j l ) ]  

When the functions of Eq. (10.9) are used in an assumed modes approximation of 
the form 



Figure 10.2 (a)  Discretization OF uniform bar into n elements of equal length 1. 
(bt Interpolating functions that can be used in an assumed modes 
approximation. 



then u(j1, t) = Wj 11 0.1 11 

Thus the generalized coordinates are the displacements at the element boundaries. 
The geometric boundary condition w(0, t)  = 0 can be imposed simply by setting 
wo = 0. 

The finite-element method is an application of the assumed modes method using 
$ecewise-defined basis functions. The basis function uj(x) is nonzero only over 
fie jth and ( j  + 1)st elements. The assumed modes method as described in Sec. 
10.2 is applied. The mass matrix is developed from the kinetic energy, the stiffness 
matrix is developed from the potential energy, and the force vector is developed from 
the virtual work of the external forces. As a result of the piecewise definition of the 
interpolating functions, it is noted that mij = (ui, u j)T = 0 unless i = j - 1, j ,  or 
j + 1. 

When the interpolating functions of Eq. (10.9) are used in the assumed modes 
method, Eq. (10.10) can be rearranged to 

where 

[U(X - jl) -U(X - ( j  + 1)1] 2 5 j < n 

4n(x, t) = Wn(t)u(x - (n- 1)1) 

Equations (10.12) and (10.13) are illustrated in Fig. 10.3. Equation (10.12) rewrites 
the assumed modes approximation as a linear combination of functions that are each 
nonzero only over one element. The functions are in terms of the displacements at 
the element boundaries. The finite-element method obtains approximations to the 
displacements of the nodes (the element boundaries). Fig. 10.3 illustrates that the 
finite-element method, as applied to this problem, assumes a linear interpolation 
between the nodal displacements. 

Figure 10.3 Linear interpolation between nodes for finite-element model of a bar. 



Often a large number of elements are required to obtain accurate results for 
complex structures. Application of the finite-element method is more convenient 
when formulated as in Eq. (10.12). This allows an approximation function to be 
defined for each element in terms of the displacements at the element boundaries, 
The kinetic energy, potential energy, and work done by external forces are calculated 
for the element in terms of the generalized coordinates representing displacements 
at element boundaries. For example, the kinetic energy of element j can be written 
in the quadratic form 

where w = [WjWI w,lT is the element displacement vector, the vector of boundary 
displacements, written in terms of global generalized coordinates and mi is the 
element mass matrix written in local coordinates. The total kinetic energy of the 
system is the sum of the element kinetic energies 

and has the quadratic form 

where W = [W1 W2 . . . wnIT is the global displacement vector, the vector of 
generalized coordinates, and M is the global mass matrix. 

The above development suggests a computational procedure where the energy 
methods are used to develop the finite-element model. The system is divided into 
a finite number of discrete elements. The global generalized coordinates are the 
coordinates representing the degrees of freedom at the nodes. Each element has 
a specific number of degrees of freedom. The bar element, for example, has two 
degrees of freedom, the displacements of the ends of the element. A local coordinate 
system is defined for each element in the finite-element model. The kinetic energy, 
potential energy, and virtual work are determined for each element. The potential 
energy, for example, is written in quadratic form in terms of an element displacement 
vector and element stiffness matrix. Model elements for a bar, a torsional system, 
and a beam are developed in this fashion. The element mass and stiffness matrices 
are assembled into global mass and stiffness matrices. The differential equations are 
written in terms of the global generalized coordinates by using the global matrices. 
The homogeneous solution of the differential equations provides approximations to 
the natural frequencies and mode shapes. Nonhomogeneous equations are solved to 
provide approximation to the forced response. 

The following sections provide the details of the method. The standard bar 
element and standard beam element, written in terms of local coordinates, are de- 
veloped. Methods of assembling the element matrices into global matrices are 
discussed. Examples of application of the finite-element method to bar, beam, and 
truss problems are presented. 



This chapter provides only an overview of the finite-element method. There is 
rnuch more to the method that is beyond the scope of the discussion. This includes 
enor analysis, element selection, substructuring, and algorithm development. Many 
excellent finite-element software packages exist. 

A bar element of length 1 is illustrated in Fig. 10.4. The element has two degrees 
of freedom represented by W I ,  the displacement of the left end of the element, and 
w2, the displacement of the right end of the element. Define a local coordinate e, 
0 5 ( 1, along the axis of element. The linear displacement function for the 
element is 

The kinetic energy of the element, assuming unifonn properties, is 

Equation (10.17) can be rewritten in the quadratic form 

'I'hus the element mass matrix is 

+ w1 Bigurn 10.4 A bar element of length I + w2 has two degrees of freedom. 

k c  J A linear function in terms of 
local coordinate 6 
interpolates displacement. 



The potential energy of the element, assuming uniform properties, is 

The potential energy can be written in the quadratic form 

from which the element stiffness matrix is determined as 

If the element has an external axial load f ( f ,  t), then the virtual work done by 
the load is 

and the element generalized forces are 

The torsion element of Fig. 10.5 is developed in the same manner as the bar 
element. If wl is the angular displacement at the left end of the element and w2 

the angular displacement at the right end of the element, then the finite-element 
approximation to the angular displacement over the element is given by 

Application of Eq. (10.24) to the kinetic energy 



Figure 1 0.5 Uniform torsion element of 
length I has two degrees of 
freedom represented by w 
and wp, angular 
displacements at the ends of 

7 1 -  the element. 

leads to the element mass matrix 

Application of Eq. (10.24) to the potential energy 

leads to the element stiffness matrix 

Use a one-element finite-element model to approximate the lowest natural fi-equency of( Example 1 
a fixed-free bar. 

Solution: 

From Eqs. (1 0.19) and ( 10.22), the differential equations for a one-degree-of-freedom 
model of a bar are 

Since the bar is fixed at x = 0, wl = 0 and the above equations reduce to a single 
quation 

from which the natural frequency is obtained as 

Note that the one-element finite-element mode] of the fixed-free bar leads to the same nat- 
ural frequency approximation that is obtained by using a one-degree-of-freedom model 
with an equivalent miss of pA1/3 lumped at the end of the bar. 



The potential energy scalar product for a beam involves the second spatial derivative 
of the displacement. Thus a Rayleigh-Ritz or assumed modes approximation must 
be twice differentiable. When a finite-element model of the beam is developed by 
the assumed modes method, the requirement that the interpolation be twice differ- 
entiable leads to requiring that displacements and slopes (first spatial derivatives) 
be continuous at element boundaries. In order to enforce this requirement over the 
entire beam, each beam element has four degrees of freedom represented by the 
displacements and slopes at the ends of the element. Let wl represent the transverse 
displacement of the left end of the element, w2 the slope at the left end of the element, 
w3 the transverse displacement of the right end of the element, and w4 the slope at 
the right end of the element, as illustrated in Fig. 10.6. If is the local coordinate 
over the beam element the finite element approximation for the displacement across 
the beam element must satisfy 

The deflection of a beam element without transverse loading across its span, but 
with prescribed displacements and slopes at its ends, is 

Using Eq. (10.27) in Eq. (10.28) to determine the constants leads to 

1 
C ,  = +2wl + lw2 - 2w3 + lw4) [ 10.291 

Use of Eq. (10.29) in Eq. (10.28) and rearranging leads to 

The kinetic energy of the beam element is 

Use of Eq. (10.30) in Eq. (10.31) leads to a quadratic form of kinetic energy 



w4 i l g u m  10.6 Beam element has bur 
degrees of freedom, 
represented by 

J 1 1 w3 
displacements and 
slopes at the ends of the 

-1- element. 

where wT = [wl  w2 wj wq] and the element (local) mass matrix for a uniform 
beam element is 

156 221 54 -131 

221 4j2 131 -312 
420 1 110.321 

54 131 156 -221 

-13C -312 -221 4C2 

The potential energy of the beam element is 

Use of Eq. (10.30) in Eq. (10.33) leads to the quadratic form of potential energy 

1 T V = T ~  kw 

where the element (local) stiffness matrix for a uniform beam element is 

The method of virtual work is used to obtain the generalized forces as 



~ o c a l  mass and stiffness matrices are derived for bar, torsion, and beam elements 
in Sets. 10.4 and 10.5. The accuracy of the finite-element method improves as 
the number of elements used increases. The use of many elements is necessary 
in the approximation of complicated systems. Local mass and stiffness matrices 
are calculated for each element and assembled into global matrices. When many 
elements are used, an efficient assembly algorithm is necessary. 

A bar element has two degrees of freedom. The local generalized coordinates 
are the displacements of the ends of the elements. An n-element finite-element 
model of a bar, as illustrated in Fig. 10.7, has at most n + 1 degrees of freedom, 
The global generalized coordinates are the displacements of the boundaries between 
elements and the ends of the bar. Each geometric boundary condition reduces by 
one the number of global degrees of freedom. For example if the left end of the bar 
is fixed, then its displacement is zero and the mode1 has n degrees of freedom. 

Let Wl, W2, . . . , W, represent the global generalized coordinates. Each local 
generalized coordinate is one of the global generalized coordinates, unless that el- 
ement is subject to a geometric boundary condition. The local mass and stiffness 
matrices can be expanded to include all global generalized coordinates. The total 
kinetic energy of the system is the sum of the kinetic energies of the elements. Let 

be the kinetic energy of the ith element. The local mass matrix can be enlarged and 
the kinetic energy written in terms of the global generalized coordinates as 

The total kinetic energy of the system is 

iigure 1 0.7 An n-element model of a fixed-free bar. Global 
coordinates are displacements of nodes, located at element 
boundaries, or ends of the bar. Since the bar is  fixed at x = 0, 
Wo = 0. 



~ h u s  the global mass matrix is 

The global stiffness matrix and the global force vector can be obtained in an analo- 
gous manner. 

1 

mrive the global mass matrix for a three-element model of a fixed-free bar. 

solution: 
The three-element model of a fixed-free bar is shown in Fig. 10.8. The three-element 
model has three degrees of freedom, noting that u(0) = 0. The global generalized 
coordinates are the displacements of the ends of the elements. The assembly of the global 
mass matrix from the local mass matrices is shown. The global displacement vector is 
W = [W1 W2 W3IT. The quadratic form of the kinetic energy is T = W~MW.  

Element 1: Local generalized coordinates: 

Element mass mamx in terms of local generalized coordinates: 

Figure 10.8 (a) Three-element model of fixed-free bar has three degrees of freedom. The 
elements are of equal length I = 1/3. (b )  local coordinates for each element. 



Kinetic energy of element: 

Element mass matrix in terms of global generalized coordinates: 

Element 2: Local generalized coordinates: 

Element mass matrix in terms of local generalized coordinates: 

Element mass matrix in terms of global generalized coordinates: 

Element 3: Local generalized coordinates: 

Element mass matrix in terms of local generalized coordinates: 

Element mass matrix in terns of global generalized coordinates: 

Thus the global mass matrix is 



The model of Example 10.3 has only three degrees of freedom, and it is easy 
to c~nstruct &l. It is more difficult for systems with a large number of degrees of 
freedom. For such systems computer analysis will be used to formulate the model 
and solve the resulting differential equations. Thus it is important to have an efficient 

for assembly of the global mass matrices. 
Let Si be a transformation matrix between the local generalized coordinates for 

element i and the global generalized coordinates, 

The total kinetic energy of the system is 

Using Eq. (10.40) in Eq. (10.41) leads to 

Thus the global mass matrix is 

- - 

filustrate the development of M~ for the system of Example 10.3 using the transformation( Exam 
matrix. 

Solution: 
The transformation between the local generalized coordinates and the global generalized 
coordinates for element 2 of Example 10.3 is 



Thus 

- - 

1.5 lUse a three-element finite-element model to approximate the lowest natual frequency 
and its corresponding mode shape for a uniform fixed-free bar. 

Solution: 
The three-element model of a fixed-free bar is illustrated in Fig. 10.8 on page 517. The 
global mass matrix was derived in Example 10.3. Using the same method, the global 
stiffness matrix is determined as 

The differential equations for the bar in the finite-element model are 

The natural frequencies are the square roots of the eigenvalues of M-'K. The mode 
shape vectors are the corresponding eigenvectors. The lowest natural frequency and 
mode shape vector are calculated as 



The mode shape vector provides the displacements at the element boundaries. The finite- 
element approximation to the mode shape is a piecewise linear approximation between 
the element boundaries. 

- 
use a two-element finite-element model to approximate the four lowest natural frequen-1 Exampk I 
ties for the system of Fig. 10.9~.  Note that the exact solution for this system was obtained 
in Example 9.5. 

solutions 
 he two-element finite-element model for the fixed-free beam illustrating the global 
generalized coordinates is shown in Fig. 10.9b. The beam element of Sec. 10.5 is used. 

Figure 1 0.9 (a) System of Example 10.5; (b)  two-element 
finite-element model of beam illustrating global 
generalized coordinates; (c) local 
coordinates for eoch element. 



Note that since the left end of the beam is fixed, the geometric boundary conditions 
of zero slope and zero displacement must be imposed. The generic element mass and 
stiffness matrices for a beam element are 

The potential energy for the discrete spring is incorporated into the local stiffness matrix 
for element 2. For this model 1 = 1512. 

Element 1: Local generalized coordinates: 

Element global matrices are 

Element 2: Local generalized coordinates: 

The element stiffness matrix for element 2 must be modified to account for the potential 
energy of the spring, V = lkw:. The stiffness matrix tern k33 is the only term affected 
by the discrete spring. The global mass and stiffness matrices for element 2 are 



The global mass and stiffness matrices are 
312 0 54 

812 
131 156 -221 

-131 -312 -221 412 

24 0 -12 61 

812 -61 
EI 

21 
K = K ]  +K2 = - 

Substitution of given values leads to 

The natural frequency approximations, the square roots of the eigenvalues of M-'K, are 
obtained as 

wl = 806.0 rads wz = 5.09 x lo3 rads 
*=1 .72x  104rad/s w4=5.00x 104rad/s 

The exact natural frequencies for this system, obtained in Example 9.5, are 

6.11 = 829 rads q = 5.05 x lo3 rads 
* =  1.41 x 104rad/s u4=2 .73x  104rad/s 

Use a two-element finite-element model for the beam to determine the steady-state re-1  exam^ 
sPonse of the system of Fig. 10.10~. Use MATLAB to perform the computations and to 
plot the steady-state response. 

Solutions 
For a two-element finite-element model of the beam, the system has five degrees of 
freedom. The global generalized coordinates are illustrated in Fig. 10. lob. The local 
mass and stiffness matrices for each element are given by Eqs. (10.32) and (10.34) 
respectively. 

Element 1: 



Figure 1 0- 1 0 (a) System OF Example 10.7; (b) two-element model for beam illustrating global 
generalized coordinates; (c) relations between local coordinates and 
coordinates for each element. 

Global element matrices are 



The generalized force vector for element 1 is calculated by using Eqs. (10.35). Since 
WI = 0, ql is not calculated. 

The global generalized force vector for element 1 is 

Element 2: Local generalized coordinates: 

Global mass and stiffness matrices are 

The generalized force vector for element 2 is calculated by using Eqs. (10.35). Since 
W3 = 0, q3 is not calculated. 



The global generalized force vector for element 2 is, 

For the discrete spring-mass system. 

Potential energy: V = $k(w2' - w:) 

Kinetic energy: T = i m ~ :  

f ie  contributions to the global matrices due to the discrete mass-spring system are 

0 0 0 0 0  0  0 0 0  0  
0 0 0 0 0  k O O - k  

O O O O m  -k 0  0 

lssembling the global mass matrix, global stiffness matrix, and global generalized force 
rector leads to the following differential equations 

he method cf undetermined coefficients is used to approximate the steady-state response 
f the system. The steady-state response is assumed as W(t) = S sin wt where S is the 



vector of undetermined coefficients. The relations between the global coordinates and 
b e  local coordinates for each element and Eq. (10.30) are used to determine the steady- 
state mode shape. The MATLAB script written to determine the natural frequencies 
a d  steady-state response is given in Fig. 10.1 la. The output from running the script is 
given in Fig. 10.1 1 b, while the MATLAB-generated plot of the steady-state mode shape 
is given in Fig. 10.1 lc. The steady-state amplitude of the discrete mass is Ws = 3.3 mm. 

% Example 10.7 
~~0-element finite-element model for forced response of 

% a simply-supported beam with discrete mass-spring 
% system attached at midspan. Part of span of beam is 
% subject to a harmonic excitation 
% parameters 
digits (5) 
L=8 ; % Length in m 
rho=7 60 0 ; % Density in kg/mA3 
E=200*10A9; % Elastic modulus in N/mA2 
I=1. 6*10A-6; % Moment of inertia in mA4 
A=3. 6*106-3; % Area in mA2 
m=20; % Mass of hanging block in kg 
k=3*10A4; % Stiffness of discrete spring in N/m 
s=L/2; % Element length 
FO=2500; % Excitation amplitude in N 
om=8 0; % Excitation frequency in rad/s 
% Global mass matrix 
disp ( Global mass matrix' ) 
M=rho*A*s/420* [4*sA2, 13*sI-3*sA2, 0, 0; 13*s, 312, 0,-13*s, 0; 

- 3 * s A 2 , 0 , 8 * s A 2 , - 3 * s A 2 , 0 ; 0 1 - 1 3 * ~ I - 3 * ~ A 2 1 4 * ~ A 2 , 0 ;  
0,0,0,0,42O*m/ (rho*A*s) 1 ; 

Ml=vpa (M) ; disp (MI ) 
% Global stiffness matrix 
disp ( ' Global stiffness matrix') 
K=E*I/sA3*[4*sA2,-6*s~2*sA2,0fO;-6*s,24+k*sA3/(E*I)~O~6*~~-k*~A3/(E*I); 

2*sA2, 0, 8*sA2, 2*sA2, O;O, 6*ŝ2,0; 
0, -k*sA3/ (E*I) ,Of 0, k*sA3/ (E*I) 1 ; 

Kl=vpa (K) idisp (Kl) 
8 Natural frequencies 
W2=eigs (inv (M) *K) ; 
for i=1:5 

w(i)=sqrt(W2 (i) ; 
end 
8 Force vector 

Figure 1 0.1 1 (a) MATUB script for two-element finite-element model of system of Fig. 10.10. 



disp ( ' Force vector' ) 
l?=FO*s* [-1/46; 13/16;-1/8;-5/192;0] ;disp (F) 
% Use of undetermined coefficients to determine steady-state response 
Z=-omA2 *Mf K; 
W=inv(Z) *F; 
x=linspace (0,Lf21) ; 
for k=1:21 

if x(k)<s 
xi=x(k)/s; 
y (k) = (xi-2*xiA2+xiA3) *W (1) + ( 3*xiA2-2*xiA3) *W (2) ; 
y(k)=y(k)+(-xiA2+xiA3) *W(3) ; 

else 
xi=(x(k)-s) /s; 
y(k) = (1-3*xiA2+2*xiA3) *W(2) +(xi-2*xiA2+xiA3) *W (3) ; 
y(k)=y(k) +(-xiA2+xiA3) *W(4) ; 

end 
end 
plot(x,yf ' - ' I  
xlabel ( ' x (m) ' ) 
ylabel('W(x) (m) ' )  
w=vpa (w) ; 
W=vpa (W) 
disp(' Natural frequencies in rad/s ');disp(w) 
disp ( ' Steady-state amplitudes in m ' ) ;disp (W) 

Global mass matrix 
[ 16.677, 13.550, -12.507, 01 0 I 
[ 13.550, 81.298, 0, -13.550, 01 
[ -12.507, 01 33.353, -12.507, 01 
1 0, -13.550, -12.507, 16.677, 0 1 
r 0, 0, 0, 0 1 20.1 

Global stiffness matrix 
[ .32000e6, -. 12000e6, .16000e6, 01 0 1 
[ -. 12000e6, .15000e6, 0, .12000e6, -30000. 1 
[ .16000e6, 0, .64000e6, .16000e6, 01 

0, .12000e6, .16000e6, .32000e6, 01 
0 I -30000. , 0, 01 30OOO* I 

iter = 

Figure 1 0.1 1 (Con't) (a) Con't; (6) Output from running script. 



stopcrit = 

Force vector 
-2.083333333333333e+002 
8.125000000000000e+003 

-1.250000000000000e+003 
-2.604166666666667e+002 

0 

Natural frequencies in rad/s 
[ 339.31, 186.76, 74.044, 42.623, 15.1621 

Steady-state amplitudes in m 
[ -. 18521e-lj 
[ -. 10731e-lj 
[ .63460e-21 
[ .20374e-21 
[ .32850e-21 

Figure 1 0.1 1 B (Con't) 



Figure 1 0.1 1 (Con't) (c )  Steady-state mode shape. 

10.8 Iuse the finite-element method to approximate the lowest natural frequency for the truss 
of Fig. 10.12u. Use one bar element for each truss member. 

Solution: 

The finite-element model of the four-bar truss using one bar element for each mem- 
ber has four degrees of freedom. The global generalized coordinates are illustrated in 
Fig. 10.126. 

Member I :  The relations between the local generalized coordinates and the global 
generalized coordinates are w1 = 0, w 2  = W1. The contributions to the global mass 
and stiffness matrices for element 1 are 

- PAL] 0 0 0 0 E A O O O O  
M I = - 1  6 0 0 0 0  I k I = I  ll 0 0 0 0  I 

Member 2: The relations between the local generalized coordinates and the global 
generalized coordinates for member 2 are wi = 0, wz = Wl cos 8 - W2 sin 8. The trans- 
formation between the nonzero local generalized coordinate and the global generalized 



I ,=  1.2m 
l 2  = 2.683 m 
l 3  = 2.4 m 
f4= 1.2m 
6 = 63.43" 
sin 8 = 0.894 
cos 6 = 0.447 

All members are made of material of elastic 
modulus E and have cross-sectional area A. 

Figun 10.1 2 (a) Four-bar truss of Example 10.8 illustrating global coordinates; 
(b) relationships between local coordinates and global coordinates for each 
truss member. 

coordinates written in matrix form is 



The contributions to the global mass and stiffness matrices from element 2 are obtained 
by using Eq. (10.43) with S2 = [ C O S ~  - sin 0 0 01. Note that since W, = 0, 
element mass and stiffness matrices in terms of the local generalized coordinate are 

Thus the contribution to the global mass matrix for element 2 is 

cos e 
MI= [-:'I (+) [211cos~ -sine o 01 

The contribution to the global stiffness matrix for element 2 is calculated as 

Element 3: The relations between the local generalized coordinates and the global 
generalized coordinates for element 3 are wl = W2, w2 = W4. The contributions to the 
global mass and stiffness matrices from element 3 are 

Element 4: The relations between the local generalized coordinates and the global 
generalized coordinates for eIement 4 are w l  = 0, w2 = W4. The contributions to the 
global mass and stiffness matrices from element 4 are 

0 0 0 0  0 0 0 0  
- ~ A l 4  0 0 0 0 E A O O O O  

-=-[. 0 0 0 0  0 2 o] G=i;[o 0 0 0 0  0 1 o] 
The global mass matrix is 

r2k + 212 cos2 0 -2h cos 0 sin 8 0 0 1 
M = M ~ + M ~ + M ~ + & = -  -212 cos 0 sin 0 213 + U2 sin2 0 0 

6 0 214 0 



Similar calculations lead to the global stiffness matrix 

(cos2 0) (cos 0 sin 9 )  

12 

The natural frequencies are the square roots of the eigenvalues of M-IK. Output from 
a MATLAB script to determine the natural frequencies and mode shapes is given in 
Fig. 10.13. Note that the results show only three distinct natural frequencies. 

Global mass matrix 
176.01 -108.78 

-108.78 460.67 
0 0 
0 121.6 

Global stiffness matrix 
7.2634e+009 -1.193e+009 
-1.193e+009 5.7184e+009 

0 0 
0 -3.3333e+009 

Figure 10.1 3 Output from MATLAB script run for ~xample 10.8. 



ter = 

i g s  = 

Jatural  frequencies in rad/s  
7404.4 7404.4 5623.7 

PROBLEMS 

It may be convenient to use MATLAB to perform natural frequency calculations as well as to solve 
for forced responses. 

10.1. The potential energy scalar product for a uniform bar is defined as 

Consider the cases where ( a )  the bar is fixed at x = 0 and free at x = L and ( b )  the bar 
is fixed at x = 0 and attached to a linear spring of stiffness k at x = L. Discuss, in each 
case, the implication of requiring f ( x )  and g ( x )  to satisfy only the geometric boundary 
conditions. 

10.2. Use the assumed modes method with trial functions 

tu, ( X I  = sin (n f )  w 2  (1) = sin (Zn Z )  w3 ( x )  = sin (3n :) 
to approximate the lowest natural frequency and its corresponding mode shape fora uniform 
fixed-fixed bar of length L. 

10.3- k t  wl ( x ) ,  w z ( x ) ,  w3 ( x ) ,  w 4 ( x )  be linearly independent polynomials of degree four or less 
that satisfy the geometric boundary conditions for a bar fixed at x = 0 and attached to a 
spring of stiffness k at x = L. 
( a )  Determine a set of w ,  ( x ) ,  w z ( x ) ,  w ~ ( x ) ,  w4(x ) .  

(b )  Use the assumed modes method with the functions obtained in part ( a )  as trial functions 
and ~ L ~ / E I  = 0.5 to approximate the system's lowest natural frequencies and mode 
shapes. 



10.4. Use the assumed modes method with trial functions 

to approximate the two lowest natural frequencies and mode shapes for a simply supported 
beam. 

10.5. Repeat hob. 10.4 if the beam has a machine of mass m = 2.0pAL where pAL is the total 
mass of the beam. The machine is placed at the midspan of the beam. 

10.6. The mode shapes of a uniform fixed-free bar are of the form 

Use the assumed modes method with 41 ( x ) ,  & ( x ) ,  & ( x )  as trial functions to approximate 
the lowest natural frequency and mode shapes for the tapered bar of Fig. P10.6 

r(x) = rO(l -  AX)^ ro= 5 cm 
h = 1 cm/m 

. . . . . . . . . . . . . . . . . . . . . . . .  
E = 200 x lo9 N/m2 
p = 7500 kg /m3 

-L- FIGURE P10.6 

10.7. Use a one-element finite-element model to approximate the lowest natural frequency of a 
uniform bar of mass density p, cross-sectional area A, elastic modulus E, and length L 
that is fixed at one end and has a block of mass m attached at one end. 

10.8. Use a one-element finite-element model to approximate the lowest natural frequency of a 
uniform bar of mass density p,  cross-sectional area A, elastic modulus E, and length L 
that is fixed at one end and is attached to a linear spring of stiffness k at one end. 

10.9. Use a one-element finite-element model to approximate the lowest nonzero torsional natural 
frequency of a uniform shaft of mass density p, polar moment of inertia J, shear modulus 
G, and length L that has a thin disk of mass moment of inertia 11 attached at one end and 
a thin disk of mass moment of inertia I2 attached at the other end. 

10.10. Use a one-element finite-element model to approximate the lowest natural frequencies of a 
uniform beam of mass density p, cross-sectional area A, cross-sectional moment of inertia 
I, elastic modulus E, and length L that is free at both ends. 

10.11. Derive the element m34 of the element mass matrix for a beam element. 
10.12. Derive the element k23 of the element stiffness matrix for a beam element. 
10.13. Use a two-element finite-element model to approximate the two lowest natural frequencies 

and their corresponding mode shapes for the system of Fig. P10.13. 

E = 200 x lo9 N/m2 
A =  1 . 6 ~  lCr4m2 
L = 2.5 m 

~- - 
k =  1 x lo7 ~ / m  FIGURE P10.13 



10.14. Use a two-element finite-element model to approximate the two lowest torsional natural 
frequencies for the system of Fig. P10.14. 

J =  3.2 x lo-' m4 
G =  8 0 x  109N/m2 
p= 7000 kg/m3 
L = 4.2 m 
I =  1.5 kg. m2 

I FIGURE P10.14 

10.15. Use a three-element finite-element model to approximate the lowest natural frequency and 
its corresponding mode shape for the system of Fig. P10.15. 

E = 200 x lo9 ~ / m ~  m = 1.2 kg 
A = 3.5 x m2 kl = 2 x  106N/m 
L =  2.5 m k2 = 1.4 x 1 0 6 ~ / m  
p= 7000 kg /m3  FIGURE P10.15 

10.16. Use a three-element finite-element model to approximate the steady-state response of the 
system of Fig. P10.16. 

I\. To sin ut 

A I 
Use two elements for 
AB and one element 
for BC 

Ll = 2.1 m Lp=l.Om 1 = 0.25 kg . m2 
GI = 40 X lo9 N /m2  G2 = 80 x lo9 ~ / m '  To=lOON.m 
JI  = 1.8 x m4 J2= 4.3 x m4 o = 500 rad /s 
pl = 5000 kg/m3 p2 = 7000 kg /m3 

FIGURE P10.16 

10.17. Use a three-element finite-element model to approximate the forced response of the system 
of Fig. P10.15 when the end of the bar is subject to the excitation of Fig. P10.17. 

10.18. Use a two-element finite-element model to approximate the two lowest natural frequencies 
of transverse vibration of the beam of Fig. P10.18. 



0.01 0.02 t (s) 

FIGURE P10.17 FIGURE P10.18 

10.19. Use a two-element finite-element model to approximate the lowest natural frequencies of 
the beam of Fig. P10.19. 

10.20. Use a two-element finite-element model to approximate the two lowest natural frequencies 
of the system of Fig. P10.20. Use elements of equal length. 

FIGURE P10.19 FIGURE P10.20 

10.21. Use a three-element finite-element model to approximate the three lowest natural frequen- 
cies of the system of Fig. P10.21. 

10.22. Use a two-element finite-element model to approximate the lowest natural frequency of 
the system of Fig. P10.22. 

tc--- 1.2 rn 1.8 m -4 pBc = 5600 kg/m3 
I,,= 5.3 x m4 FIGURE P10.22 



10.23. Use a two-element finite-element model for the beam to approximate the two lowest natural 
frequencies of the system of Fig. P10.23. 

FIGURE P10.23 

10.24. Use a two-element finite-element model to approximate the two lowest natural frequencies 
of the system of Fig. P10.24. 

p = 8000 kg/m3 
A = 1 . 1  x 1 0 - ~ m ~  
E =  200 x 1 0 9 ~ / m 2  

m =  1.2 kg 
1 = 0 . 8 k g . m 2  FIGURE P10.24 

10.25. Use a three-element finite-element model to approximate the steady-state amplitude of the 
machine of the system of Fig. P10.25. 

F ~ ~ i n o t  1 = 1 . 9 ~ 1 0 - ~ m ~  
m = 210 kg 
E = 200 x 109N/m2 

= 7500 kg/m3 
A =  1.4 x 1 0 - ~ m ~  
Fo= 1500 N 

1.2m o = 200 rad/s FIGURE P10.25 

10.26. Use a three-element finite-eIement model to approximate the steady-state amplitude of the 
machine of the system of Fig. P10.26. 

I------& L 
2 -_____+.( 

Fo sin ot 
2 

m 

k 



10.27. Reconsider the sat light problem of Example 3.6. The street light has a mass of 25 
kg. The wind velocity is 60 m/s, but the force distribution is as shown in Fig. P10.27. 
Use a three-element finite-element model of the structure to approximate the steady-state 
amplitude of the light. 

10.28. Use a three-element finite-element model to approximate the steady-state response of the 
System of Fig. P10.28. 

Parabolic 

FIGURE P10.27 

Fo sin of 

FIGURE P10.28 

10.29. A plate and girder bridge is modeled as a simply supportedbeam, as illustrated in Fig. P10.29. 
A vehicle is traveling across the bridge with the velocity v. Use a three-element finite- 
element model of the bridge to determine the time-dependent response of the structure as 
the vehicle is crossing the bridge. 

IC L " 4  
Vehicle of mass 

I I I-* l l 0 0 k g  

L,= 2.5 m 
v =  60 m / s  
L = 8 m  

-L- 1 = 1 . 5 x 1 0 - ~ m ~  
p = 7500 kg /m3 
A = 3.2 x  lo-' m2 
E = 200 x  19 N/m2 FIGURE P10.29 

10.30. A simple model of a one-story frame structure is shown in Fig. P10.30~. Use one beam 
element to model each of the columns and two bar elements to model the girder. Determine 
the response of the structure if it is subject to the blast force of Fig. P10.30b. 



FIGURE P10.30 

10.31. Use the finite-element model of Prob. 10.30 to determine the response of the structure if it 
is subject to the earthquake of Fig. P10.31. 

FIGURE P10.31 

10.32. Use the finite-element model of Prob. 10.30 to determine the response of the structure if 
HVAC equipment on the girder produces a lateral harmonic force of magnitude 3000 N at 
a frequency of 500 rpm. 

10.33. Use two bar elements to model each member of the truss of Example 10.8 and approximate 
the three lowest natural frequencies of the truss. 

10.34. Use one bar element to model each member of the truss of Fig. P10.34 and approximate 
its two lowest natural frequencies. 

FIGURE P10.34 



10.35. Use one bar element to model each member of the truss of Fig. P10.35 and approximate 
its two lowest natural frequencies. 

*1.5m-1.5m--4 FIGURE P10.35 

10.36. A beam is placed on an elastic foundation whose stiffness per unit length is k. Derive 
the element kZ3 of the local stiffness matrix for a beam element of length I including the 
stiffness of the elastic foundation. Use the local displacement functions of Eq. (10.30). 

10.37. A beam is subject to a constant axial load of magnitude P, applied along the beam's neutral 
axis. Derive the element k3, of the local stiffness matrix for a beam element of length 1, 
including the effect of transverse displacement due to the axial load. 

10.38. A beam is rotating about an axis with an angular velocity w. Determine the element m13 
of the local mass matrix for a beam element of length I ,  including the kinetic energy due 
to the rotation of the beam. The left end of the element is a distance r from the axis of 
rotation. 

MATLAB PROBLEMS 
M10.1. The file VIBES-1OA.m contains the MATLAB script for the solution of Example 

10.1, modified such that the area is supplied in a user-defined function ArealOA. Use 
VIBESIO-A.m to approximate the lowest natural frequencies and mode shapes of the 
system of Example 10.1 with 

M10.2. The file VIBES-1OB.m contains the file VIBESlO-A.m extended to use the assumed 
modes method to develop the forced response of the system of Example 10.1 when 
a force F ( t )  is applied at the end of the bar. The force is supplied in a user-defined 
function ForcelOB. Use VIBESlO-B.m to approximate the forced response of Example 
10.1 when 
(a) F ( t )  = 5000 sin (1000t). 
(b) F ( t )  = 5000e-1.2t. 

(c) F ( t )  is as given in Fig. ~ ~ 1 0 . 2 .  



'"" N 0.1 
0.6 0.7 t (=I FIGURE PM10.2 

M10.3. The file VIBES-1OC.m contains the MATLAB script for the development of the local 
stiffness and mass matrices for a beam element whose cross-sectional properties vary 
across the span of the beam. The area and moment of inertia are supplied in user-defined 
functions ArealOC and InertialOC. Use VIBES-1OC.m to develop the local mass and 
stiffness matrices for each element of a four-element finite-element model for the ham 
of Fig. PM10.3. 

FIGURE PM10.3 

M10.4. The file VIBES-10D.m contains the MATLAB script for the development of an n- 
element finite-element model for the natural frequencies and mode shapes of a uniform 
shaft with 2 rotors, as illustrated in Fig. PM10.4. Use VIBES-10D.m to study the depen- 
dence of the lowest natural frequency of the number of elements in the approximation 
for n = 2 to n = 8. 

M10.5. The file VIBES-10E.m contains the MATLAB script for the development of an n- 
element finite-element model of a fixed-pinned beam with a machine at its midspan. 
Use VIBES-1OE.m to study the dependence of the three lowest natural frequencies 
on B ,  the ratio of the mass of the machine to the mass of the beam. Plot the n a t d  



frequencies as a function of for 0.1 < B < 5. Use VIBES-1OE.m to solve Example 
6.5. 

M10.6. The fi]eVmES 1OF.m contains the MATLAB script for the development of an n-element 
finite element model for the forced response of a fixed-pinned beam with a machine at 
its midspan which is subject to a time dependent force. The force is provided in a user- 
supplied function ForcelOF. Use the program to determine the time-dependent response 
of the beam of Fig. PM10.6a when the machine is subject to 
(a) F ( t )  = 5000 sin (1000t). 
(b) The force of Fig. PM10.6b. 

M10.7. The file VIBES-1OG.m contains the MATLAB script for the solution of Example 10.7. 
Run the program for a range of w, 20 rad/s < w < 2000 radfs to determine a frequency 
response curve for the system of Example 10.7 with 
(a) Fo = 2500 N at all speeds. 

(b) Fo = 0 . 8 ~ ~ .  
M10.8. The file VIBES-1OH.m contains the MATLAB script for a four-element finite-element 

model of the system of Fig. PM10.8. An undamped isolator is used to protect the beam 
from large harmonic forces transmitted during operation of the machine. Recall that 
when the system is modeled using a one-degree-of-freedom approximation isolation 
occurs when o/o, > A. The stiffness of the spring is chosen to achieve isolation. 
Use VIBES-1OH.m to study the effect of the elasticity of the beam on the transmitted 
force. Specifically study the problem where a 250-lb reciprocating engine is to be 
mounted at the midspan of a 12 ft W21 x 62 steel beam (A = 18.3 in2, I = 1330 in4). 
Assuming a one-degree-of-freedom system an undamped isolator has been designed to 
~rovide 81 percent isolation when the engine operates at 3000 rprn. Use VIBES-1OH.m 
to determine the Percent isolation when a four-element finite-element model is used for 





.I 3. Write a MATLAB script for an n-element finite-element model to determine the forced 
response of the system Fig. ~M10.13a. Write the script such that f ( x ,  t )  is provided 
in a user supplied function. W e n  the script is run, it should provide plots of the beam 
displacement at selected values of time. Run the script for f ( x ,  t) as illustrated in 
Fig. PM10.136 and c. 

( 4  FIGURE PM10.13 



chapter 

All physical systems are inherently nonlinear. Often assumptions and approxima- 
tions are made such that the mathematical problem governing the behavior of the 
system is linear. This is done for an obvious reason; the solution of a linear problem 
is much easier than the solution of a nonlinear problem. Often, the results obtained 
using the linear approximation are sufficient for engineering work. Except for the 
discussions of free and forced oscillations when Coulomb damping is present, this 
text has thus far considered only linear systems. 

Nonlinear systems are much more difficult to analyze than linear systems be- 
cause the principle of linear superposition is not valid for nonlinear systems. Among 
the ramifications of the absence of a superposition principle are 

I. The homogeneous solution of a second-order nonlinear differential equation is 
not a linear combination of two linearly independent solutions. 

2. The general solution of a nonlinear differential equation cannot be written as the 
sum of a homogeneous solution and a particular solution, which is independent 
of initial conditions. The forced response of a nonlinear system cannot be 
separated from its free-vibration response. 

3. The method of superposition cannot be used to add the forced responses due to 
a combination of excitations. The nonlinearity causes the responses to interact. 

4. Since the convolution integral is derived by using linear superposition, it does 
not apply to nonlinear systems. There is no equivalent of the convolution integral 
for nonlinear systems. 

5. The Laplace transform cannot be used to derive the solution of nonlinear differ- 
ential equations. 



The focus of this chapter is on the qualitative analysis of nonlinear systems 
Quantirative results are presented to show how the nonlinearities act to produce 
nonlinear phenomena. 

Let x l ,  x2,  . . . , x, be the generalized coordinates for a conservative n-degree-of, 
freedom system. The kinetic energy of the system is a function of the generalized 
coordinates and their derivatives 

T = T ( x l ,  x2 ,  . . . , x,, i l ,  i 2 , .  . . , i n )  11 1.11 

The potential energy of the system is a function of the generalized coordinates 

If the system is linear, then its kinetic energy is independent of the generalized 
coordinates and a quadratic function of their derivatives. A conservative system is 
nonlinear if either the kinetic or  potential energy cannot be written in a quadratic 
form. 

The kinetic energy function contains terms other than quadratic terms when 
the inertia properties of the system are dependent on the generalized coordinates 
or other kinematic relationships between the generalized coordinates are nonlinear. 
Nonlinear terms due to the latter are called geometric nonlinearities. 

Terms other than quadratic terms appear in the potential energy function because 
of geometric nonlinearities or nonlinear force-displacement relations in flexible el- 
ements. Nonlinear terms due to the latter are called material nonlinearities. 

11 1 .I l~erive the governing differential equation for the simple pendulum of Fig. 1 1.1. 

Solutionr 
The kinetic energy function for the pendulum is 

Figure 1 1.1 The differential equatian 
governing oscillatians of the 
simple pendulum of Example 
1 1 .1 is nanlinear. 



With the plane of the support as the datum, 

V = -mgl cos 8 

The kinetic energy function is quadratic, but the potential energy function is not. The 
nonquadratic term in the potential energy function is a result of the geometric relationship 
between the instantaneous position of the particle and the datum. 

Lagrange's equation, Eq. (5.3), is applied 

giving 

The nonlinear term in the differential equation of Example 11.1 is a transcen- 
dental function of the dependent variable. Approximate solutions to such equations 
are made by replacing the transcendental function by its Taylor series expansion. 
For the equation of Example 1 1.1, this leads to 

Approximations can be made by assuming 8 is small. A linear approximation is 
obtained by ignoring all but the linear terms. The simplest nonlinear approximation 
is obtained by keeping only the largest nonlinear term. Since this term is proportional 
to the cube of the dependent variable, the nonlinearity is called a cubic nonlinearity. 

Derive the differential equations governing the motion of the system of Fig. 11.2. I Exampl 

Solution: 

Let x ,  the change in length of the spring from its length when the system is in equilibrium 
with a length I, and 8 be the generalized coordinates. The system's kinetic energy 
function is 

Assuming the spring is linear and using the plane of the support as the datum, the system's 
potential energy function is 

Application of Lagrange's equations leads to 

m i  + kx - m(l + x)82 + mg(1- cos0) = o 
and m ( l + ~ ) ~ e  + m ( l +  x)gsin8 + 2m(l + x ) i 8  = 0 



~igum 1 1.2 (a) The "swinging spring" in equlibrium; (b )  the oscillations of the swinging spring 
are described by coupled nonlinear differential equations. The coupling occurs 
only in the nonlinear terms. A linear approximation predicts the extensional mode 
is uncoupled from the swinging mode. 

If x and 8 are assumed small, Taylor series expansions used for the transcendental 
functions, and only linear terms retained, the differential equations of Example 11.2 
becomes 

Thus a linear approximation predicts two uncoupled modes, a spring mode with a 
natural frequency of and a pendulum mode with a natural frequency of m. 
Coupling occurs only in the nonlinear terms. If only the largest nonlinear terms are 
retained, the governing differential equations become 

Since the largest nonlinear terms involve quadratic products of the generalized co- 
ordinates and their derivatives, the nonlinearities are termed quadratic. 

Note that 1 is not the unstretched length of the spring, but its length when the 
system is in static equilibrium, 1 = lo + m g l k .  Hence the effect of gravity causing 
a static spring force does not cancel with the static spring force in a nonlinear 
differential equation. Both must be included in the potential energy formulation. 

A material nonlinearity occurs when a flexible component has a nonlinear con- 
stitutive equation. The system of Fig. 11.3 is used to model most one-degree-of- 
freedom systems with viscous damping and harmonic excitation. If the spring has a 
force-displacement relation of the form 

where f is a nonlinear function of x, then the governing differential equation is 



f ( x )  
F, sin wt 

/ - & - - 
(5- I 

External Effective 
forces forces 

( 6 )  

Figure 1 1.3 (a) ~ o d e l  system for one-degree-of-freedom system with a nonlinear elastic 
element, viscous damping and harmonic excitation; (b)  free-body diagrams used 
to derive Eq. (1 1 .A) .  Nonlinear terms are due to a material nonlinearity. 

nonlinear, 
mx + c i  + f ( x )  = Fo sin wt 

If the spring is unstretched when it is unloaded, then a Taylor series expansion is used 
to expand f ( x )  about x = 0. If the spring has the same properties in compression 
as in tension, only odd powers of x appear in the expansion, 

The values of the coefficients in the Taylor series expansion should decrease as the 
power increases. The expansion is usually truncated after the cubic term, leading to 

Po 
2 + 2 J w , i  + d x  + a!m;x3 = - sin wt 

m 
where wn is the natural frequency of the corresponding linear system, 5 is the damp- 
ing ratio for the linear system, and 

k3 a = -  C11.71 
kl 

A spring for which a is positive is called a hardening spring. A spring for which a! 
is negative is called a sofening spring. 

Equation (1 1.6) is called Dufing 's equation. Duffing's equation is nondimen- 
sionalized by introducing 

where m g A = -  
kl 

is the static deflection of alinear spring of stiffness kl . Substituting Eq. (1 1.8) intoEq. 
(1 1.6), rearranging, and dropping the * from the nondimensional variables leads to 

where 
i + 2 5 i  + x  + e x 3  = Asinrt 

w r = -  
O n  

and 



It is shown in Chap. 2 that the presence of some forms of damping causes 
nodinear terms in the differential equation. If the damping force is a function of the 
velocity, 

Fd = g ( i )  

then for Coulomb damping 

and for aerodynamic drag 

g ( i )  = c i 2  

The general form of the differential equation for a system subject to a harmonic 
excitation with nonlinear damping and a nonlinear flexible element is 

mx + g ( i )  + f ( x )  = Fosinmt C i  1.101 

Nonlinear terms can arise in differential equations because of an external exci- 
tation, as in the following example. 

1 I .3 h e  U-tube manometer of Fig. 1 1.4 rotates about an axis other than its centmidal axis with 
an angular velocity w (t). The liquid is incompressible with a mass density p, the column 
has a total length 1, and the tube has a cross-sectional area A. If the rotational speed is 
greater than a critical speed, then all of the fluid is drained from the left leg. Assume 
the column of liquid moves in the manometer as a rigid body and let h( t )  represent the 
instantaneous height of the column in the right leg. The potential energy function for 
this system is 

The system's kinetic energy function is 

Neglecting viscous friction, Lagrange's equation is applied to derive 

The preceding equation has a quadratic nonlinearity which is the result of the ex- 
ternally imposed rotation. If the speed of rotation is time-dependent, the differential 
equation has variable coefficients and the system is said to excited. 



Figure t 1.4 The oscillations of a column of liquid in a U-tube manometer rotating about a 
noncentroidal axis, when the angular velocity is  large enough to drain fluid from 
the left leg, are governed by a nonlinear differential equation. 

Qualitative analysis of nonlinear systems is of importance since exact analytical 
solutions are often not available. Qualitative analysis is used to predict general 
features of the motion including stability and long-time behavior. 

The most useful tool for qualitative analysis of a nonlinear system is the state 
plane, a graphical time history of the relationship between two variables. The state 
plane for a one-degree-of-freedom system is a family of curves showing the history 
of the relation between velocity and displacement. The curves in the state plane 
are called trajectories. Attractors are points or curves to which the trajectories 
eventually approach. 

h a w  the state plane for the unforced Duffing's equation with no damping for a hardening/ Exanl 
spring. 
Soktionr 
Let v = x. Then 

dv d v d x  dv 
f = - -  - -- = v -  

dt d x d t  dx 
Duffing's equation, Eq. (1 1.6), becomes 



Integrating both sides with respect to x gives 

where C is the constant of integration, dependent on initial conditions. The state 
for E = is shown in Fig. 11.5. Different trajectories correspond to different values 
of C. 

The system of Fig. 11.3 is in equilibrium when its velocity is zero and the sum 
of the spring force and damping force is zero. For a linear system, this occurs only 
when v = 0 and x = 0. A nonlinear system may have more than one equilibrium 
point. An equilibrium point is stable if trajectories approach the equilibrium point 
for large time. An equilibrium point is unstable if trajectories diverge from the 
equilibrium point for large time. 

The equilibrium points for a system governed by Eq. (1 1.10) are v = 0 and the 
values of x such that f = 0. The stability of an equilibrium point is determined by 
analyzing the trajectories in the vicinity of the equilibrium point. Let 

be a point in the phase plane in the vicinity of the equilibrium point, xo. Substituting 
Eq.(11.11)intoEq.(11.10) with Fo = Oleadsto 

A? + g ( A i )  + f (xo + Ax) = 0 

Figure 1 1 .S State for unforced undamped 0uffing1s equation. 



Expanding f and about = xo and f = 0, respectively, and keeping only linear 
terms gives 

The general solution of Eq. (1 1.12) is 

If either or B2 have a positive real part, then the equilibrium point is unstable. 
If 81 and B2 we real and have the same sign, the equilibrium point is called a 

node. If B1 and 8 2  are real and have different signs, the equilibrium point is called 
a saddle point, and is, by definition, unstable. If and 8 2  are complex conjugates, 
the equilibrium point is called a focus. A special case of a focus occurs when p1 
and p2 are purely imaginary, in which case the equilibrium point is called a center. 
Sketches of state planes in the vicinity of a node, saddle point, focus, and center are 
given in Fig. 1 1.6. 

betermine the equilibrium points and their nature for the damped unforced ~ u f f i n ~ ' s (  Examp 
equation. 

Solution: 
The equilibrium points are the values of x such that 

For a hardening spring, the only equilibrium point for Duffing's equation is x = 0. For 
a softening spring, the system has the additional equilibrium points 

The nature of the equilibrium point corresponding to xo = 0 is investigated by 
assuming x = A x ,  which leads to 

Hence the equilibrium point x = 0 is a stable node if ( 2 1, and is a stable focus if 
( < 1. 

For a softening spring, the natures of the additional equilibrium points are determined 
using 

substituting into Duffing's equation and linearizing leads to 



Stable node 

( a )  

Saddle point 

( b )  

Unstable focus 

(c) 

Center 

(dl 

Figure 1 1.6 State planes in the vicinity of equilibrium points. 

and 

Since the two values of /3 are real with opposite signs, these equilibrium points are saddle 
points and thus, by their very nature, unstable. 

The phase plane for a system subject to a forced excitation is usually difficult to 
determine solely by analytical methods. Often, these phase planes must be drawn 
by graphical methods or numerical results. Figure 11.7 shows several phase planes 
corresponding to the forced Duffing's equation. 



Figure 1 1.7 Examples of state planes for (a) forced, undamped 
Duffingls equation; (b) forced, damped Duffingf 
equation. 

Exact solutions to nonlinear vibration problems exist only for a few special free- 
vibration problems. Exact solutions for nonlinear forced-vibration problems are 



almost nonexistent. Consider Eq. (1 1.10) with Fo = 0. Let v = X .  Then, using the 
chain rule for differentiation, as in Example 11.4, Eq. (1 1.10) can be written as 

For certain forms of g(v) and f (x ) ,  Eq. ( 1  1.14) can be integrated, yielding v ( x )  
which, in turn, can be integrated, yielding t (x) .  

Consider an undamped system, g (v )  = 0. Integrating Eq. (1 1.14) with respect 
to x and using x = xo and v = 0 when t = 0 yields 

Rearranging and integrating with respect to x gives 

Since Eq. (11.16) gives t as a function of x, it is not useful for computing 
the time history of motion, but can be used for frequency calculations. For many 
forms of f ( x ) ,  closed-form evaluation of the integral does not exist, and numerical 
integration is used. Care must be taken when evaluating m. (1 1.16) numerically 
because the integrand is singular for h = 0. 

Since exact solutions are not often available, numerical solutions are used. Self- 
starting methods such as Runge-Kutta are convenient for numerical solution of non- 
linear equations. 

The general form of the equations for a nonlinear n-degree-of-freedom system 
is 

jtl = hl (x, X, t )  

jt2 = h2(x, X, t )  

Let v = x and x be independent n-dimensional vectors. Equation (1 1.17) can be 
rewritten as two systems of first-order equations 



Analytical solutions are preferable to numerical solutions because they can be 
used to predict trends, analyze the effects of parameters, and develop qualitative 
results. Thus approximate analytical methods are often used to approximate the 
solution of nonlinear problems. 

If the magnitude of the nonlinear term is small or the amplitude of motion is 
small, then a perturbation method can be used to develop an approximate solution. 
Let E be a small nondimensional parameter, E << 1. The small parameter may be 
a measure of the amplitude or a measure of the nonlinearity. For a one-degree- 
of-freedom system, the generalized coordinate is expanded in a series of powers 
of E ,  

Equation (1 1.18) is substituted into the governing differential equation. Coefficients 
of like powers of E are collected and set to zero independently. The result is a set of 
linear differential equations that are successively solved for xi (t), i = 1,2, . . . . 

The series of Eq. (1 1.18) is convergent. However, it converges slowly and thus 
a finite number of terms are inadequate to represent the solution for all t. When only 
a few terms are included, nonperiodic terms appear which cause the solution to be 
unbounded for large t. The terms which produce these nonuniformities are called 
secular terms. Since it is impossible to include an infinite number of terms in the 
evaluation, the secular terms must be removed. A variety of perturbation methods 
have been developed to remove secular terms. These include the method of strained 
parameters, the method of renormalization, the method of multiple scales, and the 
method of averaging. The application of these methods to nonlinear oscillation 
problems is beyond the scope of this book, but an exhaustive treatment is found in 
Nayfeh and Mook. The method of renormalization is illustrated in Sec. 11.5. 

The free vibrations of a conservative system are periodic. If the spring in the system 
of Fig. 11.3 has the same properties in compression as in tension, then each period 
of motion can be broken into four parts, each of which takes the same amount of 
time. If the mass is displaced a distance xo from equilibrium and released from rest, 
the period of the resulting motion can be calculated by using Eq. (1 1.16) as four 
times the time it takes the mass to go from its initial position to x = 0, 

Equation (1 1.19) shows that, in contrast to a linear system, the period and the corre- 
sponding natural frequency for a nonlinear system depend on the initial conditions. 



- 
1 ( -6 mass, attached to a softening spring with a cubic nonlinearity, is displaced a non&- 

mensional distance x o  from equilibrium and released from rest. Determine the period of 
the resulting oscillations as a function of E and x o .  

Selutiom~ 
In the notation of Sec. 11.2 and Eqs. (1 1.5) through (1 1.9), the nondimensional force 
developed in a softening spring is 

Thus the nondimensional period is determined from Eq. (1 1.19), 

where xo is the nondimensional initial displacement. The dimensional period is the 
nondimensional period divided by the linear natural frequency. Proceeding with the 
algebra gives 

where F(k ,  n/2) is the complete elliptic integral of the first kind of argument k, where 

2 2 - EXo 
k  = /- EX: 

A table of elliptic integrals, such as in Abramowitz and Stegun, is used to generate 
Fig. 11.8. 

When the integral of Eq. (1 1.19) cannot be evaluated in closed form, numerical 
integration must be used. However, the integrand is singular at A = x o .  Let 8 be a 
small nondimensional value. Then for the system of Ex. 1 1.6, 

The first integral is evaluated by numerical integration. The integrand of the Sm- 
ond integral is expanded by the binomial theorem, and the resulting expansion is 



Figure 1 1.8 Period of Duffingls equation as a function of initial 
displacement, xo,  for several values of 6 .  

integrated term by term. The expansion is truncated such that desired accuracy is 
achieved. 

Perturbation methods can be applied to approximate the period of a nonlinear 
system. When the straightforward expansion, Eq. (1 1.18), is substituted into the 
unforced, undamped Duffing's equation, the following results: 

Coefficients of powers of E are set to zero independently, leading to a set of hierar- 
chical equations 

The solution for xo is 

xo = A sin (t + #) C11.221 

where A and # are determined using initial conditions. Substitution of Eq. (1 1.22) 



into the second of Eqs. (1 1.21) and use of trigonometric identities lead to 

The particular solution of Eq. (1 1.23) is 

A3 A 
xl  (t) = - t  cos (t + 4) - - sin 3(t + 6)  

8 32 
and the resulting two-term approximation for x(t) is 

A3 
~ ( t )  = A sin(t + 6)  + E cos ( t  + 4) - - sin 3(t+ 6)  + . C i  i . 2 ~  32 1 

Unfortunately, the expansion of Eq. (1 1.25) is not periodic and grows without bound, 
Indeed, when t is as large as 1 / ~ ,  the second term in the expansion is as large as the 
first term, rendering it invalid. 

The problem with the straightforward expansion is that it cannot account for the 
variation of the period with initial conditions, as mandated by the exact solution. 
The method of renormalization is used to take this variation into account and render 
the two-term straightforward expansion uniform. A new time scale is introduced 
according to 

Equation (1 1.25) is rewritten with w as the independent variable 

Taylor series expansions are used to expand the trigonometric functions and coeffi- 
cients of powers of E are recollected, leading to 

x = A s i n ( w + # ) + ~  AAlwcos(w+#) 

[i 1.281 

The secular term is removed from Eq. (1 1.28) by choosing 

A 1  = -;A2 [ 1 1.291 

leading to 



where t = ~ ( 1  - r s A  3 2 +...) Cr 1 . 3 1 1  

The binomial expansion is used to invert Eq. (1 1.31) 

The amplitude is determined by application of the initial conditions. If x(0) = 8 
and i (0) = 0, then 

A natural frequency approximation can be obtained to greater accuracy by cal- 
culating higher-order terms in the expansion for x, and choosing the hi from Eq. 
(1 1.3 1) to eliminate secular terms. 

For damped systems, the damping term is often small enough to be ordered with 
the nonlinearity. To this end, define 

where p is of order 1. When the straightforward expansion is used in the damped, 
unforced version of Duffing's equation, the following equations result, defining xo 
and XI: 

In order to use the method of renormalization for damped systems, the solutions 
of Eqs. (1 1.34) are written using complex exponentials 

When Eq. (1 1.31) is used to remove secular terms from the two-term expansion, 

and the resulting two-term uniformly valid expansion is 

x = Ae-'' sin [(1 + t iA2)t + 41 
Thus, when secular terms are removed through XI,  damping has no effect on 

the natural period. The exponential decay, comparable to that of a linear system, is 
apparent. 

In summary, the natural frequency of a nonlinear system depends on its initial 
conditions. The straightforward perturbation expansion and the method of renor- 
malization can be used to determine an approximation to the naturaI frequency when 
the nonlinearity is small or when the amplitude is small. Small viscous damping has 
an effect on free vibrations of nonlinear systems similar to that on free vibrations of 
linear systems, causing an exponential decay of amplitude. 



Consider the damped Duffing's equation subject to a two-frequency excitation, 

Use of the straightforward expansion, Eq. (1 1.1 8), produces the following two-term 
approximation to the solution of Eq. (11.38): 

x = A sin@ + #) + Fl M1 sin rl t + F2 M2 sin rzt 

3 ( 2 ~ ' f i  M I  + F?M: + 2 ~ 1  F;M] M;) + sin rl t 
4(1 - r;) 

3(2A2F2M2 + F ~ M ;  + ~ F ; F ~ M : M ~ )  + sin r2 t 
4(1 - r i )  

A3 3~~ F1 M~ + - sin 3(t + 4) - 
32 

sin E(2 + rl)t + 2$1 
4[1 - ( 2  + r d 2 ]  

3~~ F1 M I  + sin [(2 - r l )  t + 291 
4 [l - ( 2  - r1)2] 

- ~ A F : M :  sin [(I + 2rl)t + 61 
4 [I - (1 + 2r1I2] 

3AF:M; + sin [(l - 2rl)t  + 41 
4 [ I  - (1 - 2rl)'] 

- 3AF2M2 
sin [ ( 2  + r2) + 291 

4 [ I  - (2  + r ~ ) ~ ]  

- 3AFiM; sin [ ( l  + 2rdt + 93 
4 [l - ( 1  + 2r2)2] 

~ A F ~ M ;  + sin [(l - 2r2)t + 41 
4 [l - (1 - 2r2)2] 



+ 3 F: F2 M; ~2 sin (2r1 - rz)t 
4 [l - (21-1 - r2)2] 

- ~ F ~ F ~ M I M ~  sin (2r2 + rl )t 
4 [l - (2r2 + r1 )2] 

~ F ~ F ; M ~ M ;  + sin (2r2 - rl)r 
4 [ l  - (212 - 

- F:M: sin 3rl t - GM; sin 3rz t 
4(1 - 9r;) 4(1 - 9r;) 

- 3AFl F2MlM2 
sin [(r2 - rj - 1)t - $1 

2 [ l  - (rl - r2 - 1 ) 2 ]  

3AF1 F2M1M2 + sin [(rl  + r2 - 1)t - 41 . - - 
2 [ l  - 6-1 + r2 - I)'] I 

where 1 
Mi = - 

2 1 - ri 

The expansion of Eq. ( 1  1.39) is  nonunifom because of the secular terms arising 
from the free-vibration solution. Additional nonuniformities occur when the values 
of r I  and r2 are such that the denominators of other terms are very small. Examination 
of Eq. (1 1.39) suggests that an exhaustive study of the frequency response of a one- 
degree-of-freedom system with a cubic nonlinearity requires the following cases be 
considered: 

1. No resonances. 
2. rl = 1 or r2 = 1 ,  primary resonance. 

1 1 3. rl = 5 or r2 = 5, superharmonic resonance. 
4. rl = 3 or r2 = 3, subharmonic resonance. 
5. 2r2+rl = 1,213-r2=f l ,2r2-r l  = f l , r l - r 2 + l  =-1,rl-r2-1 = f l ,  

or rl + rz - 1 = 1, combination resonances. 
6. Conditions when two resonances occur simultaneously. F;or example, when 

5 rl = 5 and r2 = 3 ,  both superharmonic and combination resonances occur. 



A resonance condition occurs when the free-vibration contribution to the solu, 
tion does not decay with time. The steady-state solution has a contribution from the 
free vibrations as well as the forced steady-state response. For a linear system the 
free-vibration response is periodic with a frequency equal to the natural frequency 
and the forced response due to a harmonic excitation is periodic with a frequency 
equal to the excitation frequency. For a linear system only the primary resonance 
can occur, when the excitation frequency is near the natural frequency. 

For a system with a cubic nonlinearity, Eq. (1 1.28) shows that the free-vibration 
response includes a periodic term whose frequency is three times the linear natural 
frequency. Thus oscillations at this frequency are sustained in the absence of an 
external excitation. Any additional energy input may lead to growth of the free 
oscillations and thus produce the subharmonic resonance. 

The forced response of a system with a cubic nonlinearity to a harmonic excia- 
tion includes a periodic term whose frequency is three times the excitation frequency. 
Thus, when the excitation frequency is one-third of the natural frequency, this term 
tends to excite the free vibrations and causes the free-vibration term to be sustained, 
even in the presence of small damping. This produces the superharmonic resonance. 

When a system with a cubic nonlinearity is subject to a multifrequency excita- 
tion, the forced response includes periodic terms at frequencies that are combinations 
of the excitation frequencies. When this combination of frequencies is close to the 
natural frequency, free oscillations are sustained and a combination resonance exists. 

The straightforward expansion is nonuniform for all rl and r2, even when no 
resonance conditions exist. The method of renormalization can be used to render the 
two-term expansion uniform, but it can only be used to predict periodic responses, 
and cannot provide information about the stability of equilibrium points. Possibly 
the best method for obtaining uniform expansions to approximate the solution of 
nonlinear forced-vibration problems is the method of multiple scales. The results 
provided in the following discussion can be obtained using the method of multiple 
scales. Since its application is beyond the scope of this text, the discussion focuses 
on qualitative behavior. More detail is available in Nayfeh and Mook. 

1. No resonances. For most values of rl and r2, no resonance conditions exist. 
However, the expansion of Eq. (1 1.39) is still nonuniform. When secular terms 
are removed, the solution is the sum of the free-vibration response and the forced 
response. The free vibrations decay exponentially, but the frequency of free vibra- 
tions depends on the initial conditions and the amplitudes and frequencies of the 
excitation. 

2. Primary resonance. A primary resonance occurs when an excitation frequency 
is near the system's linear natural frequency, corresponding to the nondimensional 
frequency being near 1. When the amplitude of the excitation is of order 1, the 
straightforward perturbation expansion predicts an infinite amplitude response, even 
in the presence of small damping. When the amplitude of the excitation is the same 
order as the nonlinearity and the damping, secular terms occur in X I .  

The frequency response in the vicinity of the primary resonance is studied by 
introducing a detuning parameter, defined by 



The amplitude and phase ofthe resulting motion vary with time, but possible steady 
States Can be identified. The following approximate equations can be derived for the 
steady-state amplitude and the steady-state phase angle: 

3 2 2  4A2 [ j ~ * +  (0 - g A  ) ] = fi; [i 1.411 

where 
Fl k, = - 
E 

Equations (1 1.41) and (1 1.42) are plotted in Figs. 1 1.9 and 1 1.10. Note from 
these figures that there is a frequency range where three possible steady-state am- 
plitudes and phases exist for a single frequency. This leads to an interesting phe- 
nomenon, peculiar to nonlinear systems, called the jump phenomenon. Imagine that 
the amplitude of excitation is fixed, but its frequency is slowly increased, starting 
slightly below the linear natural frequency. As the frequency is increased the steady- 
state amplitude follows the upper branch of the frequency response curve, until the 
point of vertical tangency is reached. When the frequency is increased beyond this 
critical value, the only possible steady-state amplitude is finitely lower than the am- 
plitude at the critical frequency, and the amplitude will "jump" to this lower value. 
Now if the frequency is decreased from this value, the steady-state amplitude will 
follow the lower branch of the frequency response curve, until the point of vertical 
tangency is reached, when it will "jump" to the upper branch. 

Clgu- 1 1.9 Frequency response curve for primary resonance of 
~uffing's equation illustrates the lump phenomenon 

(Y = 0.25, i, = 1). 



Figure 1 1.10 Phase versus kequency curve for  primary resonance of 
Duffingls equation also shows a iump phenomenon 

(P = 0.25, i , = i ). 

A state plane showing the relation between the amplitude and phase can be 
plotted for Duffing's equation with a primary resonance for parameters where the 
triple valuedness exists. %o equilibrium points are stable foci corresponding to the 
points on the upper and lower branches of the frequency response curve. A third 
equilibrium point is a saddle point corresponding to the intermediate amplitude 
between the points of vertical tangency. Since this equilibrium point is unstable, 
it can never be physically attained. The initial conditions dictate which of the two 
stable foci corresponds to the steady-state solution. 
3. Superharmonic resonance. When either rl or 1-2 is near f, the free-oscillation 
term does not decay exponentially. The steady-state response then consists of the 
forced response whose period is three times that of the linear natural period plus 
the free response, whose frequency is adjusted to three times that of the excitation. 
Thus the total response is periodic with the period equal to that of the excitation. 

Introduction of a &tuning parameter when rl is near f ,  3ri = 1 + co, leads to 
the frequency response equation 

which is cubic in and hence has three solutions. For a certain frequency range, 
three real solutions exist. The triple valuedness of the amplitude leads to a jump 
phenome~lon similar to that for the primary resonance, as shown in Fig. 11.1 1. 
4. Subhamonic resonance. When an excitation frequency is near three times 
the linear natural frequency, a subharmonic resonance may occur. The frequency 



Figure 1 1.1 1 Frequency response curve for superharmonic 
resonance ( p  = 0.25, F 1  = 1 ). 

response curve when ri is near 3, ri = 3 + €0 is given by 

Equation (1 1.44) has the trivial solution, A = 0, and two solutions obtained as roots 
of a quadratic equation in A2. The quadratic equation yields real solutions for A if 
and only if the parameters satisfy the following inequality: 

When nontrivial solutions exist, one corresponds to a stable focus and one corre- 
sponds to a saddle point. The initial conditions determine whether the steady-state 
contribution from the free-oscillation term is trivial or approaches the stable focus. 

Thus, if Eq. (1 1.45) is satisfied and the initial conditions are appropriate, the 
free-vibration term will not decay, but will exist with an adjusted frequency of one- 
third of that of the excitation. The total response is periodic with the period equal 
to that of the excitation. The frequency response curve is illustrated in Fig. 11.12. 
5. Combination resonances. Combination resonances are unique to nonlinear sys- 
tems and occur because of the nonlinear interaction of the particular solutions from 
xo when XI is calculated. When a combination resonance is present, a nontrivial 
free-vibration solution exists. The nonlinearity tunes the free-vibration response to 
the appropriate combination of frequencies. 

The jump phenomenon does occur when a combination resonance is present. 



Figure 1 1 .I 2 Frequency response curve for superharmonic 
resonance with = 0.25 and F 1  = 1 .  For 
a i 0.937, only the trivial steady-state 
response exists. 

6. Simultaneous resonances. Simultaneous resonances occur when two resonance 
conditions occur simultaneously. A detuning parameter is introduced for each reso- 
nance condition. Analysis of the steady state is much more complicated. For some 
simultaneous resonances, as many as seven equilibrium points exist in the state plane 
for the same frequency. 

Nonlinear multi-degree-of-freedom systems exhibit behaviors which are not present 
for linear systems. It is instructive to consider free and forced vibrations of sys- 
tems with quadratic nonlinearities and systems with cubic nonlinearities. Let pi, 

m, . . . , Pn be the principal coordinates for a linearized system with natural frequen- 
cies @i < 02 < - < an, respectively, Principal coordinates that uncouple a linear 
system do not uncouple the system when nonlinearities are considered. The differ- 
ential equations for the principal coordinates are coupled through nonlinear terms. 
For example, the free vibrations of an undamped two-degree-of-freedom System 
with quadratic nonlinearities are governed by 



The free-vibration response of a system with quadratic nonlinearities includes peri- 
odic terms with frequencies of wl + a ,  - 02,201 , and 202. If w X 204, then the 
nonlinearity acts as if it excites the system with a harmonic excitation of frequencies 
wl and 02, producing a self-sustaining free oscillation, called an internal resonance. 

In the absence of the internal resonance, and in the presence of damping, the 
free oscillations of both modes decay exponentially, and are to first approximation 
independent. When an internal resonance is present, free oscillations are sustained, 
even when damping is present and causes coupling between the two modes. Even 
if only one mode is initially excited, the internal resonance excites the other mode 
as well. Energy is continually exchanged between the two modes. 

An internal resonance occurs in a two-degree-of-freedom system with cubic 
nonlinearities when w2 * 304. 

Reconsider the spring pendulum of Example 11.2. The spring has a stiffness 1 x 10' ~ l m ~ a r n ~ l ~  
and an unstretched length of 0.5 m. For what values of m will an internal resonance 
occur? 

Solution: 
Since I is the length of the spring when the system is in equilibrium, 

Since the approximate linear system is uncoupled when x and 0 are used as generalized 
coordinates, these are also the principal coordinates and the linear natural frequencies 
are 

Setting = 2wl gives m = 12.74 kg. 

The free oscillations are self-sustaining in multi-degree-of-freedom systems subject 
to harmonic excitations when the frequency of excitation is near certain values. A 
primary resonance occurs if the excitation frequency is near any of the system's 
natural frequencies. Subharmonic and superharmonic resonances occur as for one- 
degree-of-freedom systems. Other secondary resonances occur when the excitation 
frequency is near a certain combination of natural frequencies. 

For a system with quadratic nonlinearities, these resonances occur when the 
excitation frequency is near the sum or difference of two natural frequencies. 



Combination resonances occur for multifrequency excitations. Simultaneous reso- 
nance conditions can also exist. 

A complete summary of the phenomena present in nonlinear multi-degree-of- 
freedom systems is too extensive. The jump phenomenon occurs for certain types 
of resonances. Quenching can also occur in certain systems with simultaneous 
resonances where introduction of the second resonance causes the total response to 
decrease. 

A saturation phenomenon can also occur for systems with quadratic nonlinear- 
ities. The amplitude of a specific mode may build up as the amplitude of excitation 
is increased. When the excitation amplitude reaches a certain value, the mode may 
become saturated; its amplitude of response remains constant as the excitation am- 
plitude is further increased. The amplitudes of the other modes will continue to 
grow with the excitation amplitude. 

In addition to primary resonances, subharmonic resonances, and superharmonic 
resonances, combination resonances occur in a two-degree-of-freedom system with 
cubic nonlinearities when one of the following conditions is met: 

where is the excitation frequency. 

The nonlinear dimensionless partial differential equation governing transverse vibra- 
tions of a uniform beam of length L and radius of gyration r, subject to a transverse 
load per unit length F ( x  , t), is 

The nonlinear term is a result of the midplane stretching and is often ignored. 
Let wl , w2, . . . be the natural frequencies of the linearized system and 41, b, . 

be their corresponding normalized mode shapes such that 

for an appropriate scalar product. 
The expansion theorem is used to develop an approximation to the solution of 

Eq. (1 1.48) as 



where E << 1 is a small dimensionless amplitude. Substituting Eq. (1 1.49) into Eq. 
(1 1-48), taking the scalar product with respect to # j  (x) for an arbitrary j, and using 
algebra and mode shape orthonormality lead to 

The preceding procedure is similar to the modal analysis method of Chap. 9, 
except that the members of the resulting set of ordinary differential equations are 
still coupled through the nonlinear terms. The nonlinear terms, due to midplane 
stretching are cubic nonlinearities. If the excitation is harmonic with a frequency S2, 
then from the results of Sec. 11.7, the following resonances can occur: 

1.  Internal resonances occur if mi 3 w j ,  or o 2uj  + wk for any i,  j, and k. 
From Table 9.4, for a fixed-pinned beam, w;? = 3ul + 2.30, and for a fixed- 
fixed beam os = 204 + w;? - 4.86. Internal resonances occur in each of these 
beams. It is noted that for a pinned-pinned beam = 204 + wl . However, the 
coefficient multiplying p;pl in Eq. (1 1.50) is zero for a pinned-pinned beam. 

2. Primary resonance occurs if S2 wj for any i. 
3. Superharmonic resonance occurs if S2 = mi /3 for any i. 

4. Subharmonic resonance occurs if S2 = 3 q  for any i. 
5. Combination resonances occur if S2 2ui f w j ,  S2 % ui f w, f u k ,  or 

S2 % (a, f o j ) / 2  for any i,  j, and k. 

Recent research in nonlinear phenomena has led to the development of a new branch 
of physics called chaos. The term chaos is not well defined but refers tothe seemingly 
random response of a nonlinear system due to deterministic excitation. Chaos occurs 
when a periodic excitation leads to a nonperiodic response. Chaos occurs when 
slightly different initial conditions Iead to divergent responses. 

Chaos has been observed and predicted in nonlinear systems in such diverse 
fields as physics, medicine, economics, and meteorology. Chaos occurs in mechan- 
ical systems, electrical systems, and chemical systems. Researchers observed that 
chicken pox epidemics are periodic while measles epidemics are chaotic. Others 
have used chaos to model stock market fluctuations, Many researchers hope that 
chaos may unlock some of the mysteries of fluid turbulence. 

Chaotic motion has been observed in many mechanical systems. Chaotic vi- 
brations for systems modeled by Duffing's equation are well documented, as are 
chaotic motions of a forced pendulum. 



Analytical tools have been developed to identify and classify chaotic behavior. 
These tools can be applied to analytical solutions for vibrating systems as well as 
experimental observations. Some are described in the following discussion. 

1. State space. Observation of the state space can indicate whether a system is 
chaotic. A chaotic motion will have trajectories that do not repeat, when viewed in 
the phase plane. The trajectories will fill a region of the phase plane without ever 
repeating. However, viewing of the state plane is by itself insufficient to speculate 
that a motion is chaotic. An example of a chaotic response from Duffing's equation, 
Eq. (1 1.9) as viewed in a state plane is shown in Fig. 11.13. 

2. Poincare' sections. A Poincar6 section is a graph of the phase plane response 
taken or sampled only at fixed intervals of time. If the response is periodic and the 
time interval is equal to the period, then the Poincark section is only a point, as the 
same response is obtained on each sampling. If the response is periodic and the 
time interval is less than the period, but commensurate with the period, the Poincark 
section is a finite number of points. 

The PoincarC section of a nonlinear system with a quadratic subharmonic res- 
onance, sampled at the period of excitation should have two points. The presence 
of the subharlnonic resonance doubles the period of response. If a system subject 
to a periodic excitation is sampled at intervals equal to the period of excitation, and 
the PoincarC section is a seemingly random collection of points, the response can 
be guessed to be chaotic. Poincari sections for responses of Duffing's equation, 
Eq. (1 1.9) are given in Fig. 1 1.14. These Poincark sections illustrate that values of 
parameters determine whether a response is chaotic. 

Figurn 1 -1 3 State p~ane for an apparently 
chaotic motion. 



Figure 1 I -14 (a) Poincare section for peric 
motion &en sampling infer 
equal to half the period; (b )  
section for periodic motion 
sampling interval is incomm 
with period; (c] Poincare sec 
a chaotic motion. 



3. Fourier transforms. The Fourier transform of a nonperiodic continuous function 
is an extension of the Fourier series defined for periodic functions. The Fourier 
transform is obtained from the Fourier series by allowing the period to become 
infinite. The resulting Fourier transform of f (t) is defined as 

The transform function, f(w), is a function of the transform variable, w. If the 
Fourier transform of a periodic function is taken, then f(w) = 0 unless w is a 
multiple of the function's fundamental frequency. 

The Fourier transform decomposes a function into its harmonic components. 
The strength of a component is given by the magnitude of f ( w ) .  The values of 
w which have significant nonzero values of f (o )  are called the spectrum of the 
function. If the Fourier transform of the response of a nonlinear system due to a 
periodic response is a continuous spectrum, then the response is chaotic. 

For computational purposes the Fourier transform is replaced by the fast Fourier 
transform. If f (t) is known at k times, tl, 12, . . . , t k ,  then the discrete fast Fourier 
transform is given by 

Examples of Fourier transforms are given in Fig. 1 1.15. 

4. Bifurcation diagrams. Bifurcation diagrams can be used to identify one route 
to chaos. The steady-state amplitude (or phase) of a nonlinear system as a function 
of a system parameter is plotted as the parameter is slowly changed. For a nonlinear 
system the steady-state solution may split at a certain value of the parameter and 
two possible steady states exist for greater values of the parameter. A bifurcation is 
said to occur for the value of the parameter where the split occurs. The bifurcation 
is often the result of the sudden presence of a subharmonic resonance. When this 
occurs the period of motion doubles. As the parameter is increased, additional 
bifurcations may occur, where the period again doubles. If the system is chaotic, as 
the parameter increases, bifurcations and period doubling occur more rapidly. The 
chaotic response bounces between amplitudes and has no discernible period. The 
plot of steady-state amplitudes (or phases) as the parameter increases becomes a 
blur. It is often the case that as the parameter is increased much further, the motion 
again becomes periodic. 

While chaotic motion is characterized by its unpredictable nature, it has some 
universal features. Feigenbaum showed that, as the number of bifurcations increases, 
the values of the parameter, call it A, for which the bifurcations occur are given by 

There are many routes to chaos. The one described here applies to systems 
undergoing nonlinear oscillations subject to a harmonic excitation and is illustrated 



Figure 1 1.1 3 (a) Fourier transform of a periodic function with two distinct frequencies; 
(b) Fourier transform of a periodic function of fundamental frequency wg; 
(c) Fourier transform of a chaotic response. 

by the rotating U-tube manometer of Example 1 1.3 and Fig. 11.16. The manometer 
is rotated about a vertical axis other than its centroidal axis. The rotational speed of 
the manometer varies as 

w ( t )  = A sin A t  11 1.341 



Figure For certain values of A and s fhe 
motion of the column of liquid in the 
U tub manometer can be chaotic 
when the manometer rotates about a 
non-centroid01 axis. 

where A is large enough to cause the fluid to be completely drained from the left leg 
during an initial transient period. The system is subject to viscous damping from 
the interaction of the fluid with the wall of the manometer. 

The behavior of a nonlinear system is heavily influenced by the system param- 
eters. This is evidenced by the state planes of Figs. 1 1.17 and 1 1.18. Figure 10.17 
shows the state planes for two slightly different values of the frequency for the same 
amplitude. A steady state is evident for the motion of Fig. 10.17a, while the motion 
of Fig. 10.17b appears chaotic. Chaos is also induced by small amplitude changes 
for the same frequency as shown in Fig. 10.18a. 

A bifurcation diagram for the parameter A is shown in Fig. 1 1.19. The frequency 
of excitation is fixed as its amplitude varies. For A < 3.33 the steady-state motion is 
periodic. The stationary response is periodic of frequency 2A and a certain amplitude. 

For A = 3.33 the parameters change such that a subharmonic resonance be- 
comes present. A bifurcation is said to occur. The presence of the subharmonic 
resonance means that the steady-state response is the sum of a free-vibration term 
and aforced-vibration term and that the period of motion is doubled. Two amplitudes 
are evident in the stationary oscillations. 

For A = 3.35 another bifurcation occurs. A higher-order subharmonic reso- 
nance is induced. The response has a period of four times the original period and is 
made up of four distinct amplitudes. 

As A increases bifurcations occur more rapidly with the period doubling with 
each bifurcation. Eventually, the response is chaotic. The chaotic response shown 
in Fig. 1 1.20 bounces between amplitudes and has no discernible period. 

For A = 3.36 the motion ceases to be chaotic and returns to the doubled period. 
However, bifurcations begin to occur again at A = 3.37. 

The process described previously is called period doubling through a ~ubhar- 
monic cascade. 

Chaos is the subject of much current research. It is hoped that studying chaos can 
lead to the better understanding of nonlinear systems like turbulent fluid flows, the 
flow and pumping of blood through a human heart, weather patterns, and nonlinear 
vibrations. 



Figure 1 1.1 7 These state planes show that a small frequency change can cause a change from a 
periodic response to a chaotic response. 



ure 1 1.18 These state planes show that a small amplitude change can cause a change from a 
periodic response to a chaotic response. 
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PROBLEMS 
11.1. The free-vibration response of a block hanging from a linear spring is the same as that of 

the block attached to the same spring, but sliding on a frictionless surface. Is the response 
the same if the spring has a force-displacement relation given by 
(a) F = k l x  + k 3 x 3 .  
(b) F = klx  + kzx2. 
(c) F = k l x , ~  -= xo. 

F = k2x, x > XO. 

11.2. m e  system of Fig. P11.2 is one of the few for which an exact solution is available. lts 
solution is obtained in a manner analogous to that of free vibrations with Coulomb damping 
described in Sec. 16. The block is displaced a distance xo > 6 to the right from equilibrium 
and released. Determine the period of the resulting oscillations. 

FIGURE PI13 

11.3. The block in Fig. P11.3 is not attached to the springs. Determine the period of the resulting 
oscillations if the blockis displaced a distance xo to the right from equilibrium and released. 

p&,-,..-.,* 
FIGURE P11.3 

11.4-11.7. Without making linearizing assumptions, use Lagrange's equations to derive the 
nonlinear differential equation(s) governing the motion of the systems shown. Use the 
generalized coordinates indicated. 

Slender rod of mass m 



FIGURE P l l J  

Parabola 

y = pr2 rotates at 
constant o 

Particle of mass m mwes 
along parabola 

4 x = generalized coordinate FIGURE ~ 1 1 . 6  

mass 2m 

k m 

7-q 

FIGURE P11.7 

+ x 

11.8. A wedge of specific weight y floats stably on the free surface of a fluid of specific weight y, 
(Fig. P11.8). The wedge is given a vertical displacement 6 from this equilibrium position. 
(a) Derive the differential equation the resulting free oscillations of the wedge. 

Neglect viscous effects and the added mass of the fluid. 

Slender rod 



(6) What is the equation of the trajectory in the phase plane which describes the resulting 
motion. Sketch the trajectory. 

(c)  Assume 6 is small and use the method of renormalization to determine a two-ten 
approximation for the frequency-amplitude relationship. 

FIGURE P11,8 

11.9. Repeat Prob. 11.8 for the inverted cone of Fig. PI 1.9. 

7 'Yw 
FIGURE P11.9 

11.10. Determine the equation defining the state plane for the system of Fig. P11.6. Sketch 
trajectories in the phase plane when 
(a) p = 1.5 m-', w = 5 rad/s. 

(b) p = 1.0 m-', w = 5 radls. 
(c) p = 5.097 m-l, w = 10 radls. 

11.11. Plot the trajectory in the state plane corresponding to the motion of a mass attached to a 
linear spring free to slide on a surface with Coulomb damping when the mass is displaced 
from equilibrium and released from rest. 

11.12. Determine the equilibrium points and their type for the differential equation 

x + 2 c x - x + e x 3  = o  
11.13. Determine the equilibrium points and their type for the differential equation 

i + 2 ( i - x - e x 3  = O  

11.14. Determine the equilibrium points and their type for the differential equation 

11.15. Determine the equilibrium points and their type for the differential equation 

? + 2 { f  + x - e x 2 = 0  



11-16. The equation of motion for the free oscillations of apendulum subject to quadratic damping 
is 

(a) Determine an exact equation defining the state plane. 
(b) Determine the equilibrium points and their type. 

11.17. Determine the period of oscillation of a mass attached to a hardening spring with a cubic 
nonlinearity. 

11.18. Determine an integral expression for the period of oscillation of the system of Fig. PI 1.6. 
11.19. Use the method of renormalization to determine a two-term approximation for the frequency- 

amplitude relation for the system of Fig. P11.4. If the bar is rotated 4" from equilibrium 
and released, what is the period for L = 4 m, k = 1000 Nlm, and m = 10 kg? 

11.20. A 25-kg mass is attached to a hardening spring with kl = 1000 Nlm and k3 = 4,000 ~ / m ~ .  
The mass is displaced 15 mm from equilibrium and released from rest. What is the period 
of the ensuing oscillations? 

11.21. Suppose the mass of Prob. 1 1.20 is subject to an impulse which imparts a velocity of 3.1 m/s 
to the mass when the mass is in equilibrium. What is the period of the ensuing oscillations? 

11.22. Suppose the mass of hob. 11.20 is attached to the same spring when a 50-N force is 
statically applied and suddenly removed. What is the period of the ensuing oscillations? 

11.23. Use the method of renormalization to determine a two-term frequency-amplitude relation- 
ship for the particle on the rotating parabola of Fig. P11.6, assuming the amplitude is 
small. 

11.24. Use the method of renormalization to determine a two-term frequency-amplitude rela- 
tionship for a block of mass m attached to a spring with a quadratic nonlinearity. When 
nondimensionalized the differential equation governing free vibrations of the system is 

Problems 11.25 to 11.31 refer to the system of Fig. P11.25. 

17.8 kg 

20 N .s/m FIGURE P11.25 

11.25. If F ( t )  = Fo sin wt, what values of w will lead to the presence of 
(a) A primary resonance. 
(b) A superharmonic resonance. 
(c) A subharmonic resonance. 

11.26. When F ( t )  = 5 sin St  N a primary resonance condition occurs. Determine the amplitude 
of the forced response. 



11.27. When ~ ( t )  = 150 sin 2 . 3  N a superharmonic resonance condition occurs. Determine the 
amplitude of the forced response. 

11.28. I f  F ( t )  = Fo sin wt N, for what value of w will a jump in amplitude occur when w is 
increased slightly beyond this value when 
( a )  Fo = 5 N and a primary resonance occurs. 
( b )  Fo = 150 N and a superharmonic resonance occurs. 

11.29. If F ( t )  = 25 sin 22t N, will a nontrivial subharmonic response exist? 

11.30. If F ( t )  = 30 sin 15t + 25 sin wt N, what values of w lead to a combination resonance? 
11.31. If F ( t )  = 30 sin 2.5t + 25 sin wt N, what values of w lead to simultaneous resonances? 

Problems 1 1.32 to 11.35 refer to the systems of Fig. P11.32. The spring of stiffness k2 is 
a linear spring. 

11.32. If m2 = 10 kg, for what values of k2 will internal resonances exist? 

lOOOx + 950x3 FIGURE P11.32 

11.33. For what values of m2 are internal resonances possible? If an internal resonance is possible, 
in terms of mz, for what values of k2 will they exist? 

11.34. Consider the system with m2 = 10 kg and k2 = 2000 Nlm. The right mass is displaced 10 
rnm from equilibrium while the left mass is held in place. The system is released from rest 
from this configuration. 
(a) Determine the natural frequencies, mode shapes, and principal coordinates for the 

linearized system. 

( b )  Write the nonlinear differential equations governing the system using the principal 
coordinates of the linearized system as dependent variables. 

1135. If m2 = 10 kg, kz = 1000 Nlm, and F ( t )  = 150 sin wt N, for what values of w will the 
following resonances exist? 
(a )  Primary resonance. 
(b )  Superharmonic resonance. 

( c )  Subharmonic resonance. 

(d) Combination resonance. 
11.36. Consider the system of Fig. P11.36. 

(a) Derive the nonlinear differential equations governing the motion of the system using 
the generalized coordinates shown. 

(b )  Expand trigonometric functions of the generalized coordinates using Taylor series 
expansions. Rewrite the differential equations keeping only quadratic and cubic non- 
linearities. 

(c)  For what values of I in terms of the other parameters will an internal resonance exist? 
(d) In the absence of an internal resonance, for what values of w will resonance conditions 

exist? 



Slender rod 
of mass m 

Fo sin wt 

FIGURE P11.36 

1137. Show that the coefficient multiplying p;pl  for a pinned-pinned beam is zero in Eq. (1 1.50). 

11.38. A fixed-free rectangular steel beam ( p  = 7850 kghd, E = 210 x 10' Nm2) of length 
1 m, base 2 cm, and height 5 cm is subject to a single-frequency harmonic excitation. 
List all excitation frequencies that should be avoided to avoid all primary, secondary, and 
combination resonances involving the three lowest modes. 

11.39. If the beam of Prob. 11.38 is fixed-fixed, which of the following excitation frequencies 
should be avoided and why? 
(a) 180 rads. 

(b) 1530 rads. 
(c) 2200 rads. 

(d) 7940 rads. 

MATLAB PROBLEMS 

M11.1. The file VIBES-1 lA.m is used to numerically integrate Duffing's equation. The file 
uses the MATLAB ordinary differential equation solver ODE45. Use VIBES-11A 
to investigate the parameters that lead to chaos. Use VIBES-1 1A to help develop a 
bifurcation diagram for the parameter A. 

M11.2. Write a MATLAB file that uses the ordinary differential equation solver to solve the 
nonlinear equation 

The program should also plot the state plane for the solution. Use the program to 
investigate how the addition of the quadratic nonlinearity affects chaotic behavior. 



appendix 

Consider the function, fA(x; a ) ,  where fA ( x ;  a )  as shown in Fig. A.l is defined by 

The function has the property 

Taking the limit of fA(x; a )  as A -+ 0 yields 

0 x # a  
lim fA ( x ;  a) = S ( X  - a )  = 
A-PO 00 x = a  

From Eq. (A.2) 

The function defined in Eq. (A.3) and whose valuable property is given in Eq. 
(A.4) is called the unit impulse function. It has many applications in physics and 
engineering. It is used to mathematically represent the force that is applied to cause 
a unit impulse applied at a time t = a  in a mechanical system. It is used to represent 
a unit concentrated load applied at a location x  = a  to a structure. The unit impulse 
function is also used to represent a unit heat source in a heat transfer problem. 



Figure A.l S(x - a) = lim fa (x ;  a). 
A-PO 

Figure A.2 The unit step function u(x - a). 

Now define 

The function defined in Eq. (A.5) is called the unit stepfunction and is illustrated in 
Fig. A.2. Differentiating Eq. (A.5) gives 

The definitions of the unit impulse function and unit step function can also be used 
to derive the following integral formulas. For any function g(t), 

and 



appendix 

B 

The Laplace transform of a function f ( t )  is defined as 

f ( s )  = L{ f ( t ) )  = f (t)e-sf dt  1" 
If there exist values of a, M, and T such that 

then f ( s )  exists for s > a. Equation (B.2) is satisfied for all excitations and 
responses in this text. 

The Laplace transform transforms a real-valued function into a function of a 
complex variable, s. For many functions the Laplace transform can be obtained by 
direct integration. 

Determine the Laplace transform of f (2) = ear. 

Solution: 



Table 6.1 

Number f ( t )  i o )  

4 
W 

sin wt 7 = s  
5 

S 
COS W t  

s* + W2 

Equation (B.1)  is used to develop a table of Laplace transforms of common func- 
tions. Laplace transforms of other functions can be developed using Table B.l in 
conjunction with properties of the transform. 

The Laplace transform operator is a linear operator. Let f ( s )  = L{ f  ( t  ) }  and 
g ( s )  = L { g ( t ) }  and let a and ,9 be any real numbers. Then 

a a f  (1) + / . % ( ? ) I  = a f ( s )  + L6.31 

The property of the Laplace transforms of derivatives allows easy application of the 
Laplace transform to the solution of differential equations 
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Use transform pair 5 from Table B.1 and Eq. (B.4) to determine L(sin 2t). I lxal 
Solution: 
Noting that 

1 d(cos2t) 
sin 2t = - - 

2 dt 
and applying properties (B.3) and (B.4) with n = 1 gives 

C{sin 2t) = - $ (sC{cos 2t} - 1) 

Using transform pair 5 from Table B. 1, 

B. 5 FIRST SHIFTING THEOREM 

If f(s) = L{ f ( t ) ) ,  then 

Use Table B. 1 and the first shifting theorem to calculate L(e-'&n".'cos odt) where cod = I lxm 
% d m .  
Solution t 

Using the first shifting theorem and transform pair 5 from Table B.1, 

If f(s) = L ( f  (?)I, then 

L { f  (t - a)u(t - a))  = e-usf(s) 



Figure 0.1 

- ~ 

L4 I use Table B. 1 and the second shifting theorem to determine the Laplace transform of 
the function of Fig. B. 1. 

Solutions 
The function of Fig. B.l is written using unit step hnctions as 

f ( t )  = t [u ( t )  - u(t - l ) ]  + (2  - t ) [u( t  - 1 )  - u(t - 2)] 

= tu( t )  - 2(t - l )u( t  - 1 )  + ( t  - 2)u(t - 2 )  

Use of transform pair 2 from Table B. 1 with n = 1 and the second shifting theorem give 

1 2  1 1  
L{ f ( t ) )  = - - e-' - + e-2s- = - (1 - 2e-S + e-2s) 

S S S S 

If f ( s )  = L{ f ( t ) } ,  then f ( t )  = L-'{ f ( s ) }  where 

is an integral carried out in the complex s plane. Inverse transforms are often obtained 
by using Table B. 1 in conjunction with transform properties. 

find f ( t ) ,  where f ( t )  = & - l { f ( ~ ) } .  



Completing the square of the denominator of f ( s )  gives 

Using linearity, the first shifting theorem, and transform pairs 4 and 5 from Table B.l  
leads to 

g ( t )  = C-' (g ( s ) }  = e-' (cos 2t + 2  sin 2t)  

Using the second shifting theorem leads to 

f ( t )  = u(t  - 2)g(t  - 2)  = e2-'[COS 2(t - 2)  + 2  sin 2(t - 2)]u(t - 2)  



1 .  A matrix is a collection of numbers arranged in a specific order in rows and 
columns. If matrix A has n rows and m columns, then it is represented by 

Throughout this text a single capital letter in boldface is used to represent a 
matrix. The corresponding lowercase letter with two subscripts is used to refer to a 
specific element of the matrix. For example, the element ai, resides in the ith row 
and jth column of A. 

A matrix with n rows and m columns is called an n x m matrix. A square matrix 
has the same number of rows and columns. 
2. A column vector is a matrix with only one column. A row vector is a matrix 
with only one row. Usually, a single lowercase letter in boldface is used to represeilt 
a column vector or a row vector. The letter with a single subscript refers to a specific 
element of the vector. A column vector with n rows or a row vector with n columnS 
is said to be an n-dimensional vector. If x is an n-dimensional column vector then 
Xi, i 5 n, is the element in the i th row of the vector. 
3- A diagonal tnutrix is a square matrix with all off-diagonal elements equal to 
zero. That is aij = 0 if i # j. 



4. An identity matrix is a square diagonal matrix whose diagonal elements are all 
unity. That is aij = aij, where aij is the Kronecker delta defined by 

5. The transpose of the matrix A, denoted by AT, is the matrix obtained by inter- 
changing the rows and columns of A. If B = AT, then bij = aji. The transpose of 
a column vector is a row vector and vice versa. 

6. A symmetric matrix is a square matrix whose transpose is equal to the matrix 
itself. If A is an n x n symmetric matrix, then aij = aji for i = 1, . . . , n and 
j = 1, ..., n. 

The determinant of a square n x n matrix is a number associated with the matrix that 
is often of great consequence. It is easiest to define the determinant of a 2 x 2 matrix 
and use this definition and properties of determinants to calculate the determinant 
of larger matrices. 

The determinant of the 2 x 2 matrix A is 

The minor corresponding to the element in the ith row and jth column of an 
n x n matrix A, denoted by Mi,, is the determinant of the (n - 1) x (n - 1) matrix 
obtained by deleting the ith row and jth column from A. The cofactor corresponding 
to the element in the ith row and jth column of A, denoted by Cij, is 

For an i,  i = 1, . . . , n, the determinant of A is obtained by the following row 
expansion: 

n 

IAl = C a i j c G  Ic.41 
j=1 

The value of the determinant is the same regardless of the value of i . The determinant 
can also be calculated by a column expansion according to the formula 

Since the minors themselves are determinants, row or columns expansions can 
be used to express each of the minors in terms of the minors of their corresponding 
matrix. These expansions continue until the remaining minors are 2 x 2 determinants. 



Calculate the determinant of the 4 x 4 matrix A where 

Solution: 
The determinant is evaluated by a first-row expansion, using Eq. (C.4). 

Expansion by the first row is used to evaluate each of the 3 x 3 determinants, resulting 
in 

The 2 x 2 determinants are evaluated using Eq. (C.2), yielding 

The determinant of a matrix is zero if and only if the column vectors that form 
the matrix are linearly dependent. For example, the determinant of a matrix with a 
column of zeros is zero. A matrix whose determinant is zero is said to be singular. 
The row vectors of a singular matrix are also linearly dependent. 

If the number of columns of A equals the number of rows of B, then the matrix 
C = AB is defined as a matrix with the number of rows of A and the number of 
columns of B and s, is the sum of the products of the corresponding elements in 
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the ith row of A and the jth column of B. That is, 
n 

Matrix multiplication is not commutative, but is associative and distributive. 
The transpose of the product has the following property. If C = AB, then 

Calculate Ax where 

1 2 4 - 1  

0 2 3  

Solution: 
The product of a 4  x 4 matrix and a four-dimensional column vector is a four-dimensional 
column vector, 

Consider the system of n simultaneous equations which are to be solved for the n 
unknowns xl,  x2, . . . , xn, 

Using the definitions of matrix addition and matrix multiplication, the system of Eq. 
(C.9) is written in matrix form as 



where 

Crarner's rule can be used to solve for the components of x, 

where Bi is the matrix obtained by replacing the ith column of A with y. Thus if 
A is singular, a sol'ution of Eq. (C.9) exists only for certain forms of y. Since its 
rows are linearly dependent when the matrix is singular, the solution corresponding 
to special forms of y is not unique. 

An equation in a system of equations can be replaced, without affecting the 
solution of the system, by an equation obtained by multiplying the equation by a 
scalar and adding or subtracting it from another equation. The equations can be so 
manipulated until one of the equations only has one unknown. This is the basis of 
the Gauss elimination method. 

Matrix formulation of the equations expedites the application of Gauss elimi- 
nation. The n x n coefficient matrix is augmented with the right-hand side vector 
to form an n x (n + 1) matrix. Each row of the augmented matrix represents one 
equation. The Gauss elimination procedure is applied by performing manipulations 
on the rows of the augmented matrix such that coefficients below the diagonal be- 
come zero. The elimination procedure results in a coefficient matrix with all zeros 
below its diagonal. Back substitution is used to determine the solution. 

If A is a nonsingular n x n matrix, then a matrix A-l, called the inverse of A, exists 
such that 

AA-1 = A-'A = I [c. 1 21 

If A-' is known, Eg. (C.9) can be solved by premultiplying both sides by A - ' 9  

If y is a column vector with all zeros except y, = 1, then A-ly is the ith column of 
A-'. This provides the basis of an extension of Gauss elimination which is used to 
determine A-'. The coefficient matrix is augmented by the n x n identity matrix 
The procedure used in Gauss elimination is applied until the identity matrix appears 
in place of the original matrix. The matrix that augments the identity matrix is A-'. 
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Determine the inverse of 

Solution t 
Gauss elimination is applied to the following matrix: 

Gauss elimination is used to develop zeros below the diagonal of the coefficient matrix 

The procedure of Gauss elimination is used to eliminate the zeros above the diagonal of 
the coefficient matrix. Each row is divided by the value of the element along the diagonal 
of the matrix that has taken the place of the original coefficient matrix. The result is 

Thus 

The eigenvalues of an n x n matrix, A, are the values of A such that the system of 
equations 

has a nontrivial solution. The nontrivial solution corresponding to an eigenvalue is 
called an eigenvector. Equation (C.14) can be rewritten as 



From Crarner's rule, Eq. (C. 1 l), the solution for xi is 

Thus, for each i = 1, . . . , n, xi = 0, unless 

JA - AII = 0 Ic. 161 

The determinant of Eq. (C.16) can be expanded by a row or column expansion. 
This yields an nth-order polynomial equation of the form 

called the characteristic equation. Equation (C. 17) has n roots, and A has n eigen- 
values. Since the coefficients in Eq. (C. 17) are all real, if complex eigenvalues occur, 
they occur as complex conjugate pairs. 

If A is an eigenvalue of A, then Eq. ((2.14) has a nonaivial solution, an eigenvec- 
tor. From Eq. (C.16), the matrix A - A1 is singular. Thus the equations defining the 
components of the corresponding eigenvector are not all independent and the eigen- 
vector is not unique. The eigenvector is unique only to an arbitrary multiplicative 
constant. 

Determine the eigenvalues and eigenvectors of the matrix 

Solution: 

The eigenvalues of A are determined by finding the values of A satisfying Eq. (C.  161, 
which for this example become 

Expansion of the determinant by its first row gives 

TVhen the 2 x 2 determinants are expanded by using Eq. (C.2). the following cubic 
equation is obtained: 



The eigenvalues are the roots of the cubic equation which are 0.609.2.227, and 5.164. 
The eigenvator corresponding to the smallest eigenvalue is obtained by solving 

The first equation gives xl - 0.719~2. The third equation gives x3 = 0336x2. When 
these relationships are substituted into the second equation, it is identically satisfied. 
Thus x:! remains arbitrary and the eigenvector of A corresponding to A = 0.609 is 

where C1 is an arbitrary constant. The same procedure is followed yielding the eigen- 
vectors corresponding to the second and third eigenvalues. These are 

respectively. 

If A is an n x n singular matrix, then one of its eigenvalues is zero. If A is 
nonsingular, then the eigenvalues of A-I are the reciprocals of the eigenvalues of A. 
The eigenvectors of A-' are the same as the eigenvectors of A. 

Let u, v, and w be arbitrary real n-dimensional column vectors. A scalarproduct is 
an operation among two of these vectors yielding a real value. The scalar product 
of u and v is denoted by (u, v). The scalar product must satisfy four requirements. 

1. The scalar product is commutative. That is, 

2. For any real cr, 

(cru, v) = cr(u, v) 

3. The scalar product is distributive 

lc. 1 01 

(u + v, W) = (U, W) + (v, W) lc.201 



and (u, u) = 0 if and only if u = 0 fC.221 

The definition of a scalar product is not unique. The standard scalar product is 
defined as 

T (u, v) = U v tc.231 
~0 vectors, u and v, are said to be orthogonal with respect to a scalar product 

if 
(u, v) = 0 cc.241 

A matrix A is said to be positive dejinite with respect to a scalar product if 

(Au, u) 2 0 Cc.2~1 

and (Au, U) = 0 if andonlyifu = 0 tC.261 

5 1 Show that if A is a positive-definite symmetric matrix, then 

is a valid scalar product where (u, v) is the standard scalar product defined by Eq, (C.23). 
Solutions 

In order for Eq. (C.27) to represent a vaIid scalar product, it is necessary to show that 
the four properties of Eqs. (C. 18) through (C.22) are true, knowing that they are true for 
the standard scalar product. 

1. (u, V)A = ( A U ) ~  v Eq. (C.27) 

= uTATv Eq. (C.9) 

= uTAv symmetry of A 

=(u,Av)  Eq(C.23) 

=(Av,u)  Eq.(C.18) 

= (v, U)A Eq. (C.27) 
2. For any real a! 

3. 



4. The validity ofthe property 4 for this definition of the scalar product follows directly 
from the positive definiteness of A, Eqs. (C.25) and (C.26). 

The concept of scalar products can be extended to continuous functions. Any 
operation between two continuous functions that results in a scalar and obeys Eqs. 
(C. 18) through (C.22) is a valid scalar product. For example, for two functions f (x) 
and g(x) that are everywhere continuous between x = 0 and x = 1, a valid scalar 
product is 

r 1 



Consider a beam of total length L, subject to arbitrary end constraints. Let z be a 
coordinate along the neutral axis of the beam. The beam has n intermediate simple 
supports at z = zi, i = 1, 2, . . . , n. It is desired to calculate the deflection of the 
beam as a function of z due to a concentrated unit load applied at z = a. If y(z) is 
the deflection of the neutral axis of the beam, measured positive downward from the 
horizontal, then use of the usual assumptions of linear elastic beam theory leads to 

where w(z) represents the loading, E is the elastic modulus of the beam, and I is 
the moment of inertia of the cross-sectional area about the neutral axis. 

The intermediate supports are replaced by concentrated loads. Performance of 
the analysis requires the deflection to be zero at the intermediate supports. 

The mathematical representation for a concentrated load of magnitude P applied 
at z = a  is PS(z - a)  where 6(z) is the unit impulse function. Thus the loading 
function w (x) for the beam of Fig. D.l is written as 

where Ri, i = 1, . . . , n, are the reactions at the intermediate supports. Equation 
(D.2) is substituted into Eq. (D. 1) and the resulting equation is integrated three times, 
using Eq. (AS), giving 



Figure D. 1 Deflection equation for beam with intermediate supports due 
to a concentrated load is developed by representing the load 
and the support reactions using the unit impulse function. 

Table D.1 

Boundary Boundary 
End condition condition condition 

Free 

Fixed 

Pinned y = O  d2 Y EI- = O  
dx2 

where CI,  C2, C3, and C4 are constants of integration which are determined upon 
application of the appropriate boundary conditions. 

The appropriate boundary conditions depend on the type of support at the bound- 
aries. Table D. 1 provides the boundary conditions for different types of support. TWO 
boundary conditions are applied at each end of the beam. Thus n + 4 equations are 



applied to determine the n + 4 unknowns, n intermediate support reactions, and four 
constants of integration. 

D. 1 I k t e d n e  the deflection of a beam fixed at x = 0 and pinned at z = L due to a concen. 
trated load applied at z = a, 0 < a < L. 
Solution: 
From Table D. 1, the appropriate boundary conditions are 

y(O)=O (a) y(L)=O (c) 

Application of (a) to Eq. (D.6) yields Cq = 0. Application of (b) yields Cg = 0. , 
-,hipplication of (c) and (d) yields the following equations: 

LC, + C2 = -(L - a) 
.&spectively. The preceding equations are solved simdtaneously, yielding 

Boundary conditions are applied to the beams of Table D.2, resulting in the 
evpluation of constants and, if applicable, intermediate reactions for each beam. 
.Equation (D.6) is used to calculate the deflection of the beam at any point. 



Table D.2 

The deflection, ( z ) ,  of a uniform beam of elastic modulus E and cross-sectional moment of inertia I due t 

Concentrated load applied at 2 = a is 

where Ri is the reaction at an intermediate Support located at z  = z ; .  The forms of the constants and the inter 
reactions for common bems are given as follows. 

+ 
c4 = 0 

k - z l - 4  
Fixed-free with overhang R ~ = - - - - -  3a ~ ( I - ~ ) ~ u ( z I - Q )  

2 221 

I---"- R, =-- a  

pinned-free with overhang 2 1 
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E 

Chapter 1 
1.1. (a) 0.565 m/s, (b) 106.6 m/s2 

1.13. IvA I = 91.4 Ws,  la^ I = 421.9 Ws2 
1.15. (a) a(t) = -2.36 + 13.8e-' ft/s2, 

(b) x = 22.98 ft 
1.17. (a) 2.68 rad/s2, (b) 13.5 rad/s2 
1.19. ~ = 2 1 2 0 ~ ~ r n ~ , 0 , = l l 1 0 N c ,  

0, = 1400 N .t 
1.21. P < 6.36 N 

2pmg 1.27. (a) 6 = g, (b) 6 = - 
K K 

1.29. 8- = 0.0721 rad 
131. (a) at = 15.29 rad/s2, 

(b) w- = 0.322 rad/s 

1.35. vz = 2.86 mph 
1.37. x, = 0.81 m 

1.61. AsTl = 4.41 mm, AsT2 = 1.78 mm, 
 AS^, = 3.57 mm 

1.63. k, = 1.38 x lo8 N/m 

1.65. k, = 92.3EI 

1.67. kt = 8.52 x lo6 N . drad 

1.69. kl = 9.67 x 10' N/m, 
k~ = 1.93 x lo3 N . m/rad, 
k, = 1.72 x lo4 N/m 

1.71. (a) 24.5 mm, (b) 132 g 
1.73. 2m,/3 
1.75. m, = 0.486mb 

1.77. F = e-135r[-2.54 - sin 4t + 7.5 cos 4t] N 

Chapter 2 



3.17. X = 0.112 m 
3.19. X = 7.27 mm, 

2c 2k 3.21. X = 1.52 mm 
2.5 and 2.15. ,? + -i + -x = 0, w, = 

3m 3m 3.25. J' = 0.160, X = 

2.21. wn = 36.2 rads 
2.23. w, = 5.3 x 1 o3 rad/s 
2.25. 0, = 5.48 radls 
2.27. S.G. = 12.8 

2.29. 1 = 0.248 m 

2.31. wn = 3.33 radh 
2.35. h < 0.0176 m and h > 0.0230 m 
2.39. x(t) = 16.83 sin (2.321) ft 

2.41. m, = 1.25 kg 

2.45. < = 0.013 

2.47. 5 = 1.26 
2.49. t = 0.83 s 

2.51. c = 1.50 x 1 6  kg/s 
2.53. (a) c, = 154.9 kg/s 
2.57. x, = 0.812 ft 

2.61. t = 0.132 s 
2.63. p = 0.0233 
2.65. 128 cycles 
2.67. h = 0.00310, < = 0.00155 

Chapter 3 
3.7. X = 0.187 m 
3.9. MO < 248 N . m 

3.27. C = 0.445, k = 
3.29. k = 9.31 x lo7 

3.31. d < 21.1 mm 
3.33. X = 0.36 mm 

3.37. k > 1.83 x lo7 

3.39. X = 9.4 x lo-' 

3.41. X, = 1.75 x 

3.45. X = 17.2 cm 
3.47. O = 0.168 rad 
3.49. A = 7.88 m/s2 
3.53. k < 130 N/m 
3.55. X = 10.8 rnm 
3.57. Fo = 165.5 N 
3.59. X = 1.40 mm 
3.63. X = 0.613 mrn 
3.65. X = 8.67 mm 

Chapter 4 

4.17. x,, = 1.25 m 
4.19. x, = 1.16 x : 

Chapter 5 
5.17. Statically coup11 
5.19. Statically and d: 
5.21. Statically and d: 
5.23. Statically coupl~ 



5.25. Statically coupled 

5.27. Statically coupled 

5.31. T = ; m i :  + ; m i  22 + ; m i :  

5.33. T = i r n 1 i :  + ;1e2  + ;rn2i: 

5.35. T = i m l i :  + i m L 2 g 2  + ; m i :  
1 5.37. V = 2 [3kx: - 4kx1x2 + 3 k ~ :  - 2kx2x3 + 2kx:] 

5.39. V = $ [5kx: + 1.2kLx10 - 4kx1x2 + 0.5kL2e2 

- 0 . 4 k L 0 ~ 2  + 2kx;] 

5.41. V = [2kx,2 - 38kx,xD + 19kx;l 

Chapter 6 



Chapter 7 

7.5. X = 0.988 mm 

Chapter 8 

Chapter 9 

9.1. c = 5170 m/s 
9.5. wl  = 1.03 x 104 rad 

.q = 3.11 x lo3 rat 
9.7. wl  = 1 . 1 9 ~  103rac' 

= 1.38 x 104 ra 
9.9. O = 2.25 x r 

Chapter I 1 

11.9. (a) jr' + x  - { x 2  - 

11.13. x = 0 saddle poi 

11.15. x  = 0 stable foc 
1 

x  = - saddle pc 
€ 

8.1. AST = 17.9 IJUII 

8.3. k = 8.83 x lo4 N/m 11.19. T = 0.629 s 
8.5. 85.1 percent isolation 11.25. (a) w w 4.56 r: 
8.7. 200 kg (b) w % 2.50 r 
8.9. k = 1.08 x los N/m (c) o rs 22.9 r 

8.11. k = 4.89 x lo6 N/m 11.27. X = 0.0344 n 
8.13. k = 3.99 x lo3 N/m, Z = 6.96 mm 
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I N D E X  

Abrarnowitz, M., 560 
Absorbers; see Damped vibration absorber; Vibration 

absorber 
Acceleration 

due to gravity, 3 
of a partide, 9-10 

Acceleration amplitude, 160, 361 
Acceleration vector, 260 
Accelerometer, 180-1 8 1 
Active vibration control, 400 
Adams formulas, 232 
Added mass, 38-40 
Added moment of inertia, 40 
Admissible functions, 502 
Aerodynamic drag, 4,61, 115,552 
Algebraic equations, 5 
Amplitude, 1, 137; see also Steady-state amplitude 

decrease per swing, 1 10 
exponentially decaying, 91 
free vibration, 81 

Coulomb damping, 105, 107 
hysteretic damping, 112-1 13, 116 
undamped, 81 
underdamped, 89-90 

harmonic excitation, 139-140, 160 
hysteretic damping, 167-168 
large vibration, 413 
in physical systems, 137 
resonant, 414 
from work imput, 1 37-1 38 

Amplitude oscillations, 399 
Amplitude ratio, 140, 144; see also Magnification factor 
Anelastic damping, 115 
Angular impulse, 15 
Angular momentum, 15 
Angular velocity vector, 9 
Approximate solutions, 65 

Approximation, 3,280 
Approximation function, 5 10 
Archimedes' principle, 37-38 
Assumed modes method, 502-506 

finite-element applications, 509 
Lagrange's equations, 502-507 

Assumptions, 3-4 
Attractors, 553 
Automobile suspension system, 2, 158-16 

381-388 
Averaging, method of, 559 

Back substitution, 600 
Bar element, 5 1 1-5 13 
Base excitations 

harmonic, 156 
transient, 2 12-2 16 

Basic laws of nature, 405 
Basis functions, 509 
Beam deflection, 606-609 
Beating, 138 
Bifurcation diagrams, 576-578 
Binomial theorem, 560-561 
Boundary conditions; see also Geometric 

conditions 
application, 459,488 
beam deflection, 667-608 
continuous systems, 502 
formulation of, 458 
and geometric constraints, 5 
torsional oscillations, 463-464,465, 
transverse beam vibrations, 459,475- 

484-486 
Buoyancy, 37-38 



C 

'antilever beam, 8 
,'artesiatl coordinates, 6 
:enter, 555-556 
?hain rule for differentiation, 558 
'haos, 573-581 
'haotic systems, 19 
'haracteristic equation, 297,602 
haracteris tic polynomial, 362 
,hemical laboratory design, 223-225 
loleski decomposition, 332 
rcular cylinders, 150-155 
assification of vibrations, 18-19 
osed-form solution, 200,225,381 
llurnn vector, 596 
tmbination resonances, 569, 572, 573 
mmunitivity of scalar products, 321 
mplex stiffness, 184 
mpound pendulum, 64 
nservation of angular momentum, 317 
nservation of energy, 4-5 
~servation of mass, 4-5 
~servation of momentum, 4-5 
lservative forces, 14 
~sistent mass matrix, 280 
~stitutive equations, 5 
straints of integration, 62 
tinuous system, 1 &19 
boundary conditions, 502 
ompared to one-degree-of-freedom system, 

247-248 
nergy methods, 486-491 
nite-element method, 501-534 
eneral method, 457461 

forced-vibration solution, 460-461 
free-vibration solution, 458-460 
problem formulation, 458 

mped-mass modeling, 279-282 
bnlinear, 572-573 
rsional oscillations, 461-473 
msverse beam vibrations, 473-486 
?rations, 455491 
nuum assumption, 3 
)lution integral, 547 
se motion, 212-216 
ivation of, 200-205 
response due to a unit impulse, 201 

Convolution integral-Cont. 
derivation of-Cont. 

response due to general excitation, 202-204 
multi-degree-of-freedom system, 368,372,377,378 
one-degree-of-freedom systems, 225-229 

Coulomb damping, 116,552 
compared to viscous damping, 106-107 
and friction, 103,107 
one-degree-of-freedom system 

forced vibrations, 163-1 67 
free vibrations, 103-1 10 

Coulomb's law, 103 
Coupling, 550 
Cramer's rule, 296,363,602 
Critically damped system, 88 
Critically damped vibrations, 95-97 
Cubic nonlinearity, 549, 564-571 
Cubic polynomial, 407 
Cuckoo clock, 85-86 
Cushioning, 2 
Cycle, 1 

Damped isolator design, 404-405 
Damped natural frequency, 90 
Damped period, 90 
Damped vibration absorbers, 434-439 
Damping coefficient, 34-35,88 
Damping matrix, 262 
Damping ratio, 88,91, 1 13-1 14, 169, 171,222,340, 

372,414,417,444-445 
critical damping, 88 
hysteric damping, 1 13-1 1 4, 169 
logarithmic decrement, 91 
modal damping ratio, 339, 371-372,373 
multifrequency excitations, 171 
proportional damping, 339-341 
and shock spectrum, 222 
vibration dampers, 444-445 
and vibration isolation, 414, 417 
viscous damping, 341-342 

Dashpot, 35-36 
Deflection of beams, 606-609 
Deformable materials, 455 













ulti-degree-of-freedom system-Cont. 
energy scalar products. 320-322 
forced vibrations. 355-388 

harmonic excitation, 356-361 
Laplace transform solutions, 361-364 
modal analysis with general damping, 377-380 
modal analysis with proportional damping, 

365-376 
numerical solutions, 381-388 

general solution, 3 12-3 1 3 
general viscous damping, 341-346 
lumped-mass modeling, 279-282 
natural frequency and mode shapes, 296-31 1 
nonlinear, 570-572 
normalized mode shapes, 325-327 
normal-mode solution, 295-297 
principal coordinates, 329-33 1 
properties of natural frequency/mode shapes, 

322-325 
proportional damping, 339-341 
Rayleigh's quotient, 324, 325,327-329, 332 
special cases, 3 13-320 
vibration absorbers, 439-444 
viscous damping forces, 262-263 
.]tifrequency excitations 
one-degree-of-freedom system, 170-1 73 
vibration isolation, 410-41 1 
ltiple scales, method of, 559, 566 

ural boundary conditions, 502 
ural frequency, 1 13-1 14 
For beams, 478-479 
zontinuous systems, 456-457 

fixed-free bar, 506-507,520-523 
Rayleigh-Ritz method, 490-491 
and Rayleigh's quotient, 488 
torsional oscillations, 468-470 
transverse beam, 47748 1 
truss. 530-534 

iamped, 90 
ixed-free bar, 513 
iee vibrations, 80-81 
1s function of mass ratio, 43 1 
nulti-degree-of-freedom system, 296-31 1, 3 14, 38 1 

determinants of, 332-338 
properties, 322-325 

Natural frequency-Con?. 
multi-degree-of-freedom system-Cont. 

Rayleigh's quotient, 328-329 
nonlinear system, 563 
one-degree-of-freedom system, 3 14 

undamped, 80-85 
torsional, 137 
and transmitted force, 420 
two-degree-of-freedom model, 3 14-3 17 
and vibration isolation, 410-41 1 
zero, 323 

Nayfeh, A. H., 559,566 
Negative-slope ramp pulse, 422 
Newton's laws, 4-5,62-63,69, 103, 131,248,458,484 

and Coulomb damping, 103 
and free body diagrams, 62-63,69,131,248,458 
and forced vibrations, 484 
mechanical work-energy principle derived from, 4-5 

Newton's viscosity law, 35 
Nodes, 501,555-556 

in lumped-mass modeling, 279-282 
Nonconservative forces, 1, 133 
Nondimensional force ratio, 224 
Nonlinear differential equations, 19 
Nonlinear pendulum equation, 86 
Nonlinear springs, 20 
Nonlinear systems, 4, 19,547-581 

absence of superposition, 547 
chaotic, 573-58 1 
continuous systems, 572-573 
jump phenomenon, 567 
motion of, 86 
multi-degree-of-freedom system, 570-572 
one-degree-of-freedom system 

forced vibrations, 564-570 
free vibrations, 559-563 

qualitative analysis, 553-557 
quantitative analysis, 557-559 
sources of nonlinearity, 548-553 

Nonperiodic excitation, 199 
NO-resonance conditions, 566 
Normalized mode shapes, 325-327 
Normal-mode solution, 295-297 
Numerical integration, 560-561 
Numerical integration techniques 

convolution integral, 225-229 
direct numerical evaluation, 229-235 



S Z ,  572,573 
One-degree-of-freedom system, 7, 18,3&39 

compared to continuous system, 247-248 
free vibrations, 61-1 17 
harmonic excitation, 131-1 84 
with hysteretic damping, 110-1 15 
nonlinear, 559-570 
state plane, 553 
transient vibrations, 199-235 
undamped, 79-87 
vibration isolation theory, 401 
with viscous damping, 87-103 

Orthogonalized mode shapes, 480 
multi-degreeof-freedom system, 365 
one-degree-of-freedom system, 232-325 

Orthogonal vectors, 321,604 
Oscillations of systems, 1 
Overdamped free vibrations, 97-103 
Overshoot, 94-95 

Parallel springs, 26 
Parametrically excited system, 552 
Partial differential equations, 18-19,247,463464,469 

approximate rotations, 279-281 
Partial fraction decomposition, 220 
Particle assumptions, 19 
Particle motion, 6, 8,24,63-264 
Passive vibration control, 400 
Patton, K. T., 39 
Pendulum 

compound, 64 
of cuckoo clock, 85-86 
ratio of, 87 
simple, 1-2,87, 548-550 
spring, 57 1 

Pendulum bob, 1,4 
Period, 1,80 
Period doubling through a subharmonic cascade, 578 
Period functions, Fouier series representations, 173-176 
Periodic excitation, 13 1-1 32, 199; see also Harmonic 

excitation 
vibration isolation, 4 10-41 1 

Periodic motion, 80 

Period of free underdam! 
period 

Perpetual motion, 4 
Perturbation methods, 55 
Phase angle, 166 
Phase distortion, 18 1 
Phase plane response, 57 
Physical systems, 3 4  
Piecewise constants, 228 
Piecewise-defined basis 
Piezoelectric transducer, 
Planar motion, 10, 11-1. 
Poincark sections, 5744 
Polynomial equation, 49 
Position vector, 8 
Positive-definite matrix, 
Potential energy 

bar element, 5 12 
of beam element, 5 1 : 
cause of free vibratic 
converted to kinetic ( 
in equivalent system 
equivalent systems n 
fixed-free bar, 505-5 
gravity force, 17 
linear springs, 20 
mu1 ti-degree-of-& 
nonlinear systems, 5 
quadratic form, 258- 
of springs, 1 
U-tube manometer, : 

Potential energy force, 
Potential energy functic 
Potential energy scalar 
Potential flow theory, 3 
Predictor-corrector met 
Primary resonance, 56f 
Principal coordinates. 4 

multi-degree-of-fret 
Principle of impulse an 
Principle of linear supe 
Principle of superpositi 
Principle of work-enerl 
Problem identification, 
Proportional damping, 

multi-degree-of-fret 
Punch press, 175-176 



Rotor balancing machine, 417 
Runge-Kutta method, 230-232,422, 558 

88,258-259,260,298-299,510 
s, 570 
rities, 550,552, 572 
,,553-557 
is, 557-559 
,enon, 572 

:ering system, 78-79 
, 115 
1-212 
, 19 

I&, 332,489490,501-502,514 
i 14 
lethod, 501-502 
s, 332,490491 
uency, 49049 1 
~cts, 489 
;, 501-502 
cms, 48849 1 
I'reedom system, 324,325,327-329, 

.ines, 398 
422 
-230 
3 
3hod of, 559,562-563 
versal, 132 
pulse, 132 

ms, 573 
~mping, 165 
S, 565-570,571-572 
414 
see Shock spectrum 

103 
lse, 422 
115, 151-154 
ion, 19,455 
10,ll-14 
148-1 50,405 
0 

Saddle point, 555-556, 568 
Saturation phenomenon, 572 
Scalar products, 320-322,329-33 1,603605 

for Rayleigh-Ritz method, 489 
Scotch yoke mechanism, 160,162, 167 
Second law of thermodynamics, 4-5 
Second-order linear nonhomogeneous ordinary 

differential equation, 200 
Second shifting theorem, 220,593-594 
Secular terms, 559,563 
Seismic mass, 176-181 
Seismic vibration-measuring instruments, 176-181 
Seismometer, 179-1 80 
Self-starting methods, 230-232 
Semidefinite systems, 277-279 
Separation argument, 459 
Separation constant, 459,465 
Separation of variables, 456-457,458-459,469 
Series springs, 26 
Shames, I. H., 152 
Shear force, 22 
Shear stress, 22.35-36,473-474 
Shock isolation 

long-duration pulses, 421429 
short-duration pulses, 41 842 1 

Shock spectrum, 222-225,422-429 
Short-duration pulses, 41 8421 
Simple harmonic motion, 1 
Simultaneous resonance, 570,572 
Single-frequency excitation, 13 1-132 

forced response of undamped system due to, 135-138 
Single-frequency harmonic excitation 

viscous damping, 138-145 
Sinusoidal excitation, 132 
Sinusoidal pulse, 422 
Six-degree-of-freedom model, 340-341 
Slider-crank mechanism, 17 1-1 72 
Small-angle assumption, 65,6748, 85, 86-87, 109,251 
Softening spring, 55 1 
Solid objects, 455 
Spectrum of the function, 576, 577 



Spring constant, 20 
Springs, 19-34 

in combination, 25-30 
as continuous system. 455456 
elastic elements, 23-25 
helical coil, 21-23 
inertia effects, 30-34 
kinetic energy, 30-34 
linear, 20 
nonlinear, 20,549-552 
in parallel, 26 
potential energy, 1 
in series, 26 
static deflection, 20-21, 70 
unsbetched length, 19-20 

Spring stiffness, 20 
Stable equilibrium point, 554 
State plane, 553-557,568, 579-580 
State space, 574 
Statically coupled system, 260 
Static deflection, 20-21, 37, 70,414 
Static equilibrium condition, 70 
Steady state, non-zero, 199 
Steady-state amplitude, 398, 567,576 
Steady-state phase angle, 567 
Steady-state response, 397-398 

continuous systems, 473,481483 
finite-element method, 523-530 
frequency-squared excitation, 146 
hysteretic damping, 168 
multi-degree-of-freedom system, 362-364,370 
nonlinear systems, 576 
one-degree-of-freedom system 

Coulomb damping, 167 
hysteretic damping, 168, 170 
multifrequency excitations, 170-173 
viscous damping, 142, 144 

Stegun, I., 560 
Stick-slip, 163-164 
Stiffness influence coefficients, 263-272 
Stiffness matrix, 260,262,26272,278-279 
Stock Drive Products, 414-416 
Strained parameters, method of, 559 
Stress-strain diagram, 1 10-1 1 I 
Strouhal number, 151-155 
Structural failure, 1-2 
Structural systems 

damping in, 340,372 

Structural systems-Cont. 
danger of resonance, 137 
flexibility matrix, 278-279 
kinematics, 247-248 

Subhannonic resonance, 568-569,571-572 
Superharmonic resonance, 568,57 1-572.5 
Superposition; see Principle of superpositio 
Support motion, 155-163 
Surge, 455 
Swing, 108-1 10 
Symmetric mass matrix, 260 
Symmetric matrix, 597 
System configuration, 399 
System momenta, 15,201 
System parameters, control of, 398-399 

Tacoma Narrows Bridge, 137,152 
Taylor series, 19,65, 76,230,462,550, 5,' 

equivalent systems, 76 
free-body diagram, 65 
nonlinear vibrations, 550.55 1, 562 
numerical evaluation, 230 
springs, 19 
torsional oscillations, 462 

Third law of thermodynamics, 5 
Three-degree-of-freedom model, 7-8,30: 
Time-dependent displacement, 33 
Time history of vibrations, 1 
Torsional natural frequency, 137 
Torsional oscillations, 25 

continuous systems 
forced vibrations, 472-473 
free-vibration solutions, 465472 
problem formulation, 461 4 6 4  

resonant, 137 
Torsional spring, 20 
Torsional stiffness, 20 
Torsional vibration damper, 399 
Torsional viscous damping, 3 6 
Trajectories, 553 
Transcendental equation, 469470 
Transducers, 176- 180 
Transform of derivatives, 218-219,592- 



t vibrations, 199-235 
stion of convolution integral, 201-205 
sntial equations. 199-200 
te values of time, 205-2 12 
;e transform solutions. 216222 
1 due to bass excitation, 212-216 
ical methods, 225-235 
spectrum, 222-225 
.ibility curve, 222 
ibiliy ratio, 403405,417 
of the matrix, 597 
. vibrations, 24,271,476477 
{ibrations, 48 1-486 
rations, 476-48 1 
I formation, 473-476 
pulse, 132,211-212,422 
,fit identity, 79,89, 139, 157, 174, 226, 312, 
72,562 
reries, 174 
ation solutions, 472, 562 
.elution, 3 12 
- excitation of support, 157 
1 evaluation, 226 
ation pulses, 419 
1 free vibrations, 79 
.ped free vibrations, 89 
damped vibrations, 139 
>f-freedom model, 7, 301-303 
guency, 314-3 17 

achinery, 148-1 50,397-398 
systems, 277-279 
iorbers, 429-424 
-ed vibrations, 135-1 38 
ator design, 404 
,degree-of-freedom system, 79-87 
ree vibrations, 89-95 
~efficients, method of, 355,356 
"tion, 206,589-590 
1% 205-206,589-590 
lriurn point, 554 
:th, 19-20 
tery 552-553,577-578 

Vector, orthogonal, 321 
Velocity, 9-10,16 
Velocity pulse, 214-21 5 
Wrsed sine pulse, 422 
Vibration absorbers, 399 

damped, 434-439 
design guidelines, 431 
multi-degree-of-freedom system. 4 3 M  
undamped, 429-424 

Vibration analysis, 397 
Vibration control 

active or passive, 400 
dynamic vibration absorbers, 429-444 
practical aspects of vibration isolators, 412-417 
shock isolation, 418-429 
vibration dampers, 444-445 
vibration isolation theory, 400402 
vibration isolation theory for harmonic excitation, 

40241 1 
ways of achieving, 397-400 

Vibration dampers, 444-445 
Vibration isolation theory 

class of problems, 400402 
for harmonic excitation 

frequency-squared excitation, 405-41 0 
general theory, 402-406 
multifrequency and periodic excitation. 410-41 1 

Vibration isolators, 2,399 
classes of, 414-417 
dampedlundamped, 404405 
practical aspects, 41 2-4 17 

Vibration-measuring instruments, 1761 8 1 
Vibrations, 1-3 

classification of, 18-19 
of continuous systems, 455-491 
criticaI1y damped, 95-97 
of floating and immersed bodies, 37-40 
in nonlinear systems. 547-58 1 

Virtual displacement, 254,257,506 
Virtual work, 256,506,515 
Viscoelastic materials, 116 
Viscous dampers, 34-36 
Viscous damping, 1 16 

compared to Coulomb damping, 1W107 
compared to hysteretic damping, 1 13, 168-169 
and differential equations, 262 



Viscous damping-Cont. 
m ~ l t i - d e ~ r ~ ~ - ~ f - f r e e d o m  system, 262-263,34 1-346 
one-degree-of-freedom system 

forced vibrations, 138-145 
free vibrations, 87-103 

Vortex shedding, 150-155 

Wave equation, 463464 ,502  
Wendell, K., 39,40 

White, F. M., 152 
Work-energy principle, 5, 14-1 5, 1 12 

Zero ejgenvalue, 3 1 7 
Zero force, 70 
Zero natural frequency, 323 


