FUNDAMENTALS OF MECHANICAL
VIBRATIONS

SECOND EDITION



FUNDAMENTALS OF MECHANICAL
VIBRATIONS

SECOND EDITION

S. Graham Kelly
The University of Akron

I
e

Boston Burr Ridge, IL Dubuque, [A Madison, WI New York San Francisco St. Louis
Bangkok Bogotd Caracas Lisbon London Madrid
Mexico City Milan New Delhi Seoul Singapore Sydney Taipei Toronto



McGraw-Hill Higher Education

A Division of The McGraw-Hill Comparnies

N,

FUNDAMENTALS OF MECHANICAL VIBRATIONS
International Editions 2000

Exclusive rights by McGraw-Hill Book Co — Singapore, for manufacture and export.
This book cannot be re-exported from the country to which it is consigned by
McGraw-Hill,

Copyright © 2000, 1993 by The McGraw-Hill Companies, Inc. All rights reserved.
Except as permitted under the United States Copyright Act of 1976, no part of this
publication may be reproduced or distributed in any form or by any means, or stored in
a data base or retrieval system, without the prior written permission of the publisher.

10 09 08 07 06 05 04 03 02 Ol
20 09 08 07 06 05 04 03 02 01 00
FC ANL

Library of Congress Cataloging-In-Publication Data

Kelly, S. Graham,
Fundamentals of mechanical vibrations / S. Graham Kelly. —~2nd ed.
p. cm. —~(McGraw-Hill series in mechanical engineering)

ISBN 0-07-230092-2

Includes bibliographical references and index.

1. Vibration. 1. Title. II. Series.
QA935.K38 2000
531'.32-dc21 99-XXXXXX

When ordering this title, use ISBN 0-07-116325-5

Printed in Singapore



To Seala
S. Graham Kell



ABOUT THE AUTHOR

S. Graham Kelly received an M.S. in 1977 and a Ph.D. in 1979, both in engineering
mechanics, from Virginia Polytechnic Institute and State University. He served on
the faculty at the University of Notre Dame from 1979 to 1982. Since 1982, Dr.
Kelly has served on the faculty at The University of Akron where he has been active
in teaching, research, and administration.

Besides vibrations, Dr. Kelly has taught undergraduate courses in statics, dynam-
ics, mechanics of solids, fluid mechanics, compressible fluid mechanics, numerical
analysis, and freshman engineering. Dr. Kelly’s graduate teaching includes courses
in vibrations of discrete systems, vibrations of continuous systems, nonlinear vibra-
tions, continuum mechanics, advanced mathematics, and hydrodynamic stability. In
1994 Dr. Kelly received the Chemstress award for the Outstanding Teacher in the
College of Engineering.

Dr. Kelly has served The University of Akron as Associate Provost and Interim
Dean of Engineering.

Dr. Kelly is also the author of Schaum’s Outline in Mechanical Vibrations and
Schaum’s Electronic Tutor in Mechanical Vibrations.



PREFACE

Engineers apply mathematics and science to solve problems. In a traditional un-
dergraduate engineering curriculum, a student begins an academic career by taking
courses in mathematics and basic sciences such as chemistry and physics. A student
begins to develop problem-solving skills in basic engineering science courses. For a
mechanical engineering student, these courses include statics, dynamics, mechanics
of solids, fluid mechanics, and thermodynamics. In such courses, students learn to
apply basic laws of nature, constitutive equations, and equations of state to develop
solutions to abstract engineering problems.

Vibrations is one of the first courses where students learn to apply the knowledge
obtained from mathematics and basic engineering science courses to solve practical
problems. Indeed the problem-solving skills developed in a vibrations course are as
valuable as the knowledge of the subject of vibrations. Solution of practical problems
in vibrations requires modeling of physical systems. A system is abstracted from its
surroundings. Assumptions appropriate to the system are made. Basic engineering
science and mathematics are applied to derive a mathematical model. The resulting
solution is used to learn about system behavior that could be used in applications
such as design. The reader of this text will learn about vibrations by using such a
problem-solving approach.

An application of vibration analysis is in engineering design. Design princi-
ples are developed using analysis of model one-degree-of-freedom systems. Design
applications are presented for multi-degree-of-freedom systems and continuous sys-
tems. Many examples and homework problems have a design flavor.

This book is intended as a text in a junior or senior level undergraduate course in
vibrations. It could be used in a course populated by both undergraduate and begin-
ning graduate students. The prerequisites for such a course should include courses
in statics, dynamics, mechanics of materials, and mathematics through differential
equations. Some material usually covered in a fluid mechanics course is used, but
this material can be omitted without loss of continuity.

An overview of the modeling procedure is presented in Chap. 1 (This material
can be omitted if students have background in system dynamics). Two methods
of dynamic analysis are presented and used throughout the book. The free-body
diagram method is based on D’ Alembert’s principle. Anenergy method thatincludes
the effect of nonconservative forces is presented as an alternative and is preferred in
modeling multi-degree-of-freedom systems.

Chapters 2 through 4 focus on vibrations of linear one-degree-of-freedom sys-
tems while Chaps. 5 through 7 focus on vibrations of multi-degree-of-freedom sys-
tems. Chapter 8 presents methods of reducing unwanted vibrations of discrete linear
systems. Chapter 9 provides a brief overview of continuous systems. Chapter 10
introduces the reader to the finite element method, while Chap. 11 focuses on non-
linear vibrations.

vii
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White the structure of the second edition is similar to that of the first edition, there
is much new in the second edition. The use of complex algebra in the analysis of the
forced response of discrete systems has been added. Free and forced vibrations of
multi-degree-of-freedom systems with a general damping matrix are now presented.
Many new examples are presented. Approximately one-third of the end-of-chapter
problems are new for this edition. An appendix containing answers to selected
problems has been added.

Chapter 10, “Finite-Element Method,” is new. Engineering students are usually
exposed to the finite-element method during undergraduate studies, but rarely are
exposed to its application to vibrations problems. This chapter is a welcome addi-
tion for those who have previously studied the finite-element method, although it is
self-contained in that the method is developed by using the assumed modes method
and Lagrange’s equations.

Examples throughout the book use MATLAB for numerical computation, sym-
bolic computation, and visualization of results. MATLAB script files are consistent
with the Student Edition of MATLAB, Version 5. The accompanying CD, titled
VIBES II, contains all script files presented in the text as well as other script files
used for a variety of vibrations applications. Problems using MATLAB are presented
at the end of each chapter. Many problems require use of the VIBES 11 files to solve
vibrations problems while others require the development of a MATLAB script file.
Users are encouraged to explore the files and develop their own applications. A list
of files summarizing their applications is available by printing the text file LIST.TXT.

MATLAB and similar software are used as tools in vibration analysis. Indeed,
they are powerful tools, easy to use for computation and visualization. While it is
important to understand how the mathematics used in solving a problem is performed,
complex computations often obscure the use of the results. The use of MATLAB
allows the focus to be on the modeling, analysis, and design aspects of a problem,
rather than computational considerations.

The author acknowledges the support and encouragement of Johnatan Plant,
Senior Sponsoring Editor, during preparation of the second edition and the help of
John Corrigan, formerly of McGraw-Hill, during preparation of the first edition. The
help of former students Ken Kuhlmann, Mark Pixley, and Ashish Choski is greatly
appreciated. Many valuable comments and suggestions were provided during prepa-
ration of the first and second editions by Donald Adams, University of Wyoming;
Atila Ertas, Texas Tech University; Andrew Hansen, University of Wyoming; Eu-
gene L. Rivin, Wayne State University; S. C. Sinha, Auburn University; Robert
Steidel, University of California-Berkeley; J. Kim Vandiver, Massachusetts Insti-
tute of Technology; Dr. Aldo Ferri, Georgia Institute of Technology; Peter Philliou,
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chapter

1.1 THE STUDY OF VIBRATIONS

Vibrations are fluctuations of a mechanical or structural system about an equilibrium
position. Vibrations are initiated when an inertia element is displaced from its
equilibrium position due to an energy imparted to the system through an external
source. A restoring force or moment pulls the element back toward equilibrium.
When work is done on the block of Fig. 1.1a to displace it from its equilibrium
position, potential energy is developed in the spring. When the block is released
the spring force pulls the block toward equilibrium with the potential energy being
converted to kinetic energy. In the absence of nonconservative forces, this transfer
of energy is continual, causing the block to oscillate about its equilibrium position.
When the pendulum of Fig. 1.1b is released from a position above its equilibrium
position the moment of the gravity force pulls the particle, the pendulum bob, back
toward equilibrium with potential energy being converted to kinetic energy. In the
absence of nonconservative forces the pendulum will oscillate about the vertical
equilibrium position.

We will develop mathematical models of the systems of Fig. 1.1. Solution
of the mathematical problems leads to information about the vibrations. Using
certain assumptions the oscillations of the systems of Fig. 1.1 are described as simple
harmonic motion. The time history of the vibrations of a system undergoing simple
harmonic motion is illustrated in Fig. 1.2. Simple harmonic motion is characterized
by periodic oscillation about the equilibrium position. Each oscillation is one cycle.
For simple harmonic motion the time it takes to execute one cycle, the period, is
constant. The frequency of motion is the number of cycles executed in a fixed
period of time, usually 1 second. The amplitude, the maximum displacement from
equilibrium, is also constant in simple harmonic motion.
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Figure 1.1 (a) When the block is displaced from equilibrium, the force developed in the
spring as a result of stored potential energy pulls the block back toward its
equilibrium position; (b) when the pendulum is rotated away from the vertical
equilibrium position, the moment of the grovity force about the support pulls the
pendulum back toward the equilibrium position.

x(r)

Figure 1.2  Simple hormonic
motion with period T
and amplitude A.

because of large dynamic stresses developed during earthquakes or even wind-
induced vibration. Vibrations induced by an unbalanced helicopter blade while ro-
tating at high speeds can lead to the blade’s failure and catastrophe for the helicopter.
Excessive vibrations of pumps, compressors, turbomachinery, and other industrial
machines can induce vibrations of the surrounding structure, leading to inefficient
operation of the machines while the noise produced can cause human discomfort.

Vibrations can be introduced, with beneficial effects, into systems in which
they would not naturally occur. Vehicle suspension systems are designed to protect
passengers from discomfort when traveling over rough terrain. Vibration isolators
are used to protect structures from excessive forces developed in the operation of
rotating machinery. Cushioning is used in packaging to protect fragile items from
impulsive forces.
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Our study of vibrations begins with the mathematical modeling of vibrating sys-
tems. Solutions to the resulting mathematical problems are obtained and analyzed.
The solutions are used to answer basic questions about the vibrations of a system as
well as to determine how unwanted vibrations can be reduced or how vibrations can
be introduced into a system with beneficial effects. Mathematical modeling leads to
the development of principles governing the behavior of vibrating systems.

1.2 MATHEMATICAL MODELING

Solution of an engineering problem often requires mathematical modeling of a phys-
ical system. The modeling procedure is the same for all engineering disciplines,
although the details of the modeling vary between disciplines. The steps in the
procedure are presented and the details are specialized for vibrations problems.

1.2.1 PROBLEM IDENTIFICATION

The system to be modeled is abstracted from its surroundings, and the effects of
the surroundings are noted. The information to be obtained from the modeling is
specified. Known constants and variable parameters are identified.

1.2.2 ASSUMPTIONS

Assumptions are made to simplify the modeling. If all effects are included in the
modeling of a physical system, the resulting equations are usually so complex that a
mathematical solution is impossible. When assumptions are used, an approximate
physical system is modeled. An approximation should only be made if the solution
to the resulting approximate problem is easier than the sotution to the problem if the
assumption were not made and that with the assumption the results of the modeling
are accurate enough for the use they are intended.

Certain implicit assumptions are used in the modeling of most physical systems.
These assumptions are taken for granted and rarely mentioned explicitly. Implicit
assumptions used throughout this book include:

1. Physical properties are continuous functions of spatial variables. This contin-
uum assumption implies that a system can be treated as a continuous piece of
matter.

2. The earth is an inertial reference frame, thus allowing application of Newton’s
laws in a reference frame fixed to the earth.

3. Relativistic effects are ignored.

4. Gravity is the only external force field. The acceleration due to gravity is 9.81
m/s? (32.2 ft/s?) on the surface of the earth.
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5. The systems considered are not subject to nuclear reactions, chemical reactions,
external heat transfer, or any other source of thermal energy.

6. All materials are linear, isotropic, and homogeneous.

7. The usual assumptions of mechanics of material apply (i.e., plane sections re-
main plane for beams in bending, circular sections under torsional loads do not
warp).

Explicit assumptions are those specific to a particular problem. An explicit
assumption is made to eliminate negligible effects from the analysis or to simplify
the problem, while retaining appropriate accuracy. An explicit assumption should
be verified, if possible, on completion of the modeling.

All physical systems are inherently nonlinear. Exact mathematical modeling of
any physical system leads to nonlinear differential equations which often have no
analytical solution. Since exact solutions of linear differential equations can usu-
ally be easily determined, assumptions are often made to linearize the problem. A
linearizing assumption leads either to the removal of nonlinear terms in the gov-
erning equations or to the approximation of nonlinear terms by linear terms. The
exact differential equation governing the oscillations of the pendulum of Fig. 1.15
contains several nonlinear terms. A geometric nonlinearity occurs as a result of
the system’s geometry. If the maximum angular displacement of the pendulum bob
from its equilibrium position is small enough, the nonlinear term in the differential
equation due to the geometric nonlinearity can be approximated by a linear term.
As the pendulum oscillates it encounters friction in the form of aerodynamic drag.
If included in the analysis, the drag force leads to a nonlinear term in the governing
differential equation. In certain cases the drag may be neglected.

When analyzing the results of mathematical modeling, one has to keep in mind
that the mathematical model is only an approximation to the true physical system.
The actual system behavior may be somewhat different than that predicted using
the mathematical model. When aerodynamic drag and all other forms of friction
are neglected in a mathematical model of the pendulum of Fig. 1.1b, then perpetual
motion is predicted for the situation when the pendulum is given an initial displace-
ment and released from rest. Such perpetual motion is impossible. Even though
neglecting aerodynamic drag leads to an incorrect time history of motion, the model
is still useful in predicting the period, frequency, and amplitude of motion.

Once results have been obtained by using a mathematical model, the validity of
all assumptions should be checked.

1.2.3 Basic LAws OF NATURE

A basic law of nature is a physical law that applies to all physical systems regardless
of the material from which the system is constructed. These laws are observable, but
cannot be derived from any more fundamental law. They are empirical. There exist
only a few basic laws of nature: conservation of mass, conservation of momentum,
conservation of energy, and the second and third laws of thermodynamics.



Conservation of momentum, both linear and angular, is usually the only physical
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servation of mass to vibrations problems is trivial. Applications of the second and
third laws of thermodynamics do not yield any useful information. In the absence
of thermal energy, the principle of conservation of energy reduces to the mechanical
work-energy principle which is derived from Newton’s laws.

1.2.4 CONSTITUTIVE EQUATIONS

Constitutive equations provide information about the materials of which a system is
made. Different materials behave differently under different conditions. Steel and
rubber behave differently because their constitutive equations have different forms,
While the constitutive equations for steel and aluminum are of the same form, the
constants involved in the equations are different. Constitutive equations are used to
develop force-displacement relationships for mechanical components that are used
in modeling vibrating systems.

1.2.5 GEOMETRIC CONSTRAINTS

Application of geometric constraints is often necessary to complete the mathemat-
ical modeling of an engineering system. Geometric constraints can be in the form
of kinematic relationships between displacement, velocity, and acceleration. When
application of basic laws of nature and constitutive equations lead to differential
equations, the use of geometric constraints is often necessary to formulate the req-
uisite boundary and initial conditions.

1.2.6 MATHEMATICAL SOLUTION

The mathematical modeling of a physical system results in the formulation of a math-
ematical problem. The modeling is not complete until the appropriate mathematics
is applied and a solution obtained.

The type of mathematics required is different for different types of problems.
Modeling of many statics, dynamics, and mechanics of solids problems leads only
to algebraic equations. Mathematical modeling of vibrations problems leads to
differential equations.

Exact analytical solutions, when they exist, are preferable to numerical or ap-
Proximate solutions. Exact solutions are available for many linear problems, but for
only a few nonlinear problems.

1.2.7 PHYSICAL INTERPRETATION OF RESULTS

After the mathematical solution is complete, the results are formulated. Physical
Interpretation of the results is an important final step in the modeling procedure. In
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with n degrees of freedom is called a set of generalized coordinates. The choice of
generalized coordinates used to describe the motion of the system is not unique. The
generalized coordinates are the dependent variables for a vibrations problem and are
functions of the independent variable, time. If the time history of the generalized
coordinates is known, the displacement, velocity, and acceleration of any particle in
the system can be determined by using kinematics.

A single particle free to move in space has three degrees: of freedom, and a
suitable choice of generalized coordinates is the cartesian coordinates (x, y, z) of
the particle with respect to a fixed reference frame. As the particle moves in space,
its position is a function of time. An unrestrained rigid body has six degrees of
freedom. A suitable choice for a system of generalized coordinates is the cartesian
coordinates of the body’s center of mass and the angular measure of an axis fixed to
the body with respect to each of the cartesian coordinate axes fixed in space. The
number of degrees of freedom is reduced if a particle or a rigid body is subject to
constraints. A particle constrained to move in a plane has at most two degrees of

freedom, while a rigid body undergoing planar motion has at most three degrees of
freedom.

Each of the systems of Fig. 1.3 is in equilibrium in the position shown and undergoes
planar motion. All bodies are rigid. Specify, for each system, the number of degrees of
freedom and recommend a set of generalized coordinates.
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Figure 1.3  Systems for Example 1.1. One possible choice of a set of generalized
coordinates is illustrated for each system.

©

Solution:

(a) The system has one degree of freedom. If 6, the clockwise angular displacement
of the bar from the system’s equilibrium position, is chosen as the generalized coordinate,
then a particle initially a distance [ from the fixed support has a horizontal position ! cos §
and a vertical displacement / sin .

(b) The system has two degrees of freedom, assuming it is constrained from side-
to-side motion. If 9, the clockwise angular displacement of the bar measured from its
equilibrium position, and x, the displacement of the bar’s mass center measured from
equilibrium, are chosen as generalized coordinates, then the displacement of a particle a
distance d to the right of the mass center is x + d sin 6. Another choice for the general-
ized coordinates is x;, the displacement of the right end of the bar, and x2, the displace-
ment of the left end of the bar, both measured from equilibrium.

(c) The system has one degree of freedom. If 4, the clockwise angular displace-
ment of the pulley measured from the system’s equilibrium position, is chosen as the
generalized coordinate, then, assuming no slip between the puliey and the cables, the
displacement of the block of mass m, is r§ upward and the displacement of the block
of mass m, is 2r downward.

(d) The system has three degrees of freedom. Since an elastic element is placed
between the pulley and the blocks, no kinematic relationship exists between the
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displacement of either of the blocks and the angular rotation of the pulley. A suit-
able choice of generalized coordinates is 6, the clockwise angular rotation of the pulley,
x1, the upward displacement of the block of mass m;, and x;, the downward displace-
ment of the block of mass m,, all measured from the equilibrium position of the system.

The systems of Example 1.1 are assumed to be composed of rigid bodies. The
relative displacement of two particles on a rigid body remains fixed as motion occurs.
Particles in an elastic body may move relative to one another as motion occurs.
Particles A and C lie along the neutral axis of the cantilever beam of Fig. 1.4 while
particle B is in the cross section obtained by passing a perpendicular plane through
the neutral axis at A. Because of the assumption that plane sections remain plane
during displacement, the displacements of particles A and B are the same. However
the displacement of particle C relative to particle A depends on the loading of the
beam. Thus the displacements of A and C are kinematically independent. Since A
and C represent arbitrary particles on the beam’s neutral axis, it is inferred that there
is no kinematic relationship between the displacements of any two particles along
the neutral axis. Since there are an infinite number of particles along the neutral
axis, the cantilever beam has an infinite number of degrees of freedom. In this case
an independent spatial variable x, the distance along the neutral axis to a particle
when the beam is in equilibrium, is defined. The dependent variable, displacement,
is a function of the independent variables x and time.

B
[)

y

y A c

7

Figure 1.4  The displacements of particles A and 8
are related through the assumptions of
elementary beam theory. However, no
kinematic relationship exists between
the displacements of particles A and
C. Thus the cantilever beam is
modeled as a continuous system.

1.4 ReVIEW oF DYNAMICS

A brief review of rigid-body dynamics is presented to familiarize the reader with
notation and methods. The reader is also encouraged to review the basic concepts of
mechanics of solids and the solution of second-order ordinary differential equations.
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1.4.1 KINEMATICS

The location of a particle on a rigid body at any instant of time can be referenced
to a fixed cartesian reference frame, as shown in Fig. 1.5. The particle’s position

vector is given by
r=x(@®i+y@®)j+z()k [1.1]

from which the particle’s velocity and acceleration are determined

v= d—: = i@+ 3O + 20k [1.2]
dv . L.
a= i X(Oi+ y(@)j+ 2Dk [1.3]

where a dot above a quantity represents differentiation of that quantity with respect

to time.
In general, a rigid body is rotating and translating. Assume that at an arbitrary

instant of time the rigid body is rotating about an axis defined by a unit vector e with
an angular speed w. The angular velocity vector is

® = we [1.4]

from which the angular acceleration vector is calculated

dw
o= —
dt

Consider two particles, A and B, fixed to the same rigid body. Let rg,4 be the
position vector of B relative to A. The velocity of B relative to A is

[1.5]

VB/A = ® XTpg/A [1.6]

r=xi+yj+2zk

P(x,y, 2)

Y

Figure 1.5 Position vector of a
particle, P, on a rigid

bedy, in a cartesian

z reference frame.
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The acceleration of B relative to A is
/A =« XTp/a+ @ X (@ XTps) (1.71

Consider a particle on a rigid body rotating about a fixed axis with an angular
displacement 6, measured in a plane normal to the axis of rotation. Every particle
on the rigid body travels on a circle centered on the axis of rotation. The velocity of
a point of the rigid body, a distance r from the axis of rotation, is

v = i, [1.8]

where i; is a unit vector instantaneously tangent to the circle. The particle’s accel-
eration is given by

a = réi, — ré%, [1.9])

where i, is a unit vector instantaneously normal to the circle directed away from the
axis of rotation, as shown in Fig. 1.6.

.

@ ®

Y

(©)

Figure 1.6 {a) The particle P is on a rigid body rotating about a constant axis
defined by the unit vector, @. P moves in a circle of radius r about the
axis. in is instantaneously normal to the circle, directed away from the
axis of rotation. i is instantaneously tangent fo the circle, in the
direction of rotation; (b) v, = réi; (c) ap = réir — ro? i,.
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1.4.2 Basic PRINCIPLES OF RiGID-BOoDY KINETICS
FOR PLANAR MOTION

A rigid body undergoes planar motion when its mass center moves on a plane and
the body rotates about a fixed axis. The principles governing rigid-body kinetics of
a body undergoing planar motion are obtained by applying the basic laws of particle
kinetics to a system of particles and taking the limit as the number of particles in
the system grows large. Applying Newton’s second law for a particle and using the
limiting process, it can be shown that for a rigid body in plane motion

ZF:mﬁ [1.10]
D Mg =lu [1.11]

and
where I is the moment of inertia of the body about an axis through its mass center
and parallel to the axis of rotation. In general, a bar above a quantity refers to the
quantity being evaluated for the body’s mass center, G.

Recall that a system of forces and moments acting on arigid body canbe replaced
by a force equal to the resultant of the force system applied at any point on the body
and a moment equal to the resultant moment of the system about the point where the
resultant force is applied. The resultant force and moment act equivalently to the
original system of forces and moments. Thus Egs. (1.10) and (1.11) imply that the
system of external forces and moments acting on arigid body is equivalent to a force
equal to ma applied at the body’s mass center and a resultant moment equal to Jer.
This latter resultant system is called the system of effective forces. The equivalence
of the external forces and the effective forces is illustrated in Fig. 1.7.

The previous discussion suggests the solution procedure for rigid-body kinetics
problems that is used throughout this book. Two free-body diagrams are drawn for
arigid body. One free-body diagram shows all external forces and moments acting
on the rigid body. The second free-body diagram shows the effective forces. If

ma
M,
Ia
F,
F,
M,
External forces Effective forces

Figure 1.7  The system of external forces and moments
acting on a rigid body in plane motion is
equivalent to a force mé applied at the body’s
mass center and a moment la.
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the problem involves a system of rigid bodies, it may be possible to draw a single
free-body diagram showing the external forces acting on the system of rigid bodies
and one free-body diagram showing the effective forces of all of the rigid bodies.

Equations (1.10) and (1.11) are equivalent to

ZFext = Z Feer
and > Mo, =) Mo,

taken about any point O on the rigid body.

[1.13]

ET The slender rod (I = 5mL?) AC of Fig. 1.8 of mass m is pinned at B and held

horizontally by a cable at C. Determine the angular acceleration of the bar immediately

after the cable is cut.
Solution:

Immediately after the cable is cut, the angular velocity of the bar is zero. Equation (1.9)
is used to determine the acceleration of the mass center in terms of the bar’s angular

acceleration, o, a = (L/4)a.

Summing moments about B, using the free-body diagrams of Fig. 1.8b, gives

Z A}Bem= Z A}Beﬂ

mé— mEa L +1 L
82 =\"3%)\3) 2"

_ 12g
73
A(___\B D
Fr C
e L . 3L .
R 4 '
(a)
—— DN | 3)
]R l l !
mg —mL’a
o L —f L - L 12
4 4 iy
External forces Effective forces
b)

Figure 1.8 {a) Slender rod of Example 1.2 is pinned at B and held by cable at C;

(b} free-body diagrams immediately after cable is cut.
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petermine the angular acceleration of the pulley of Fig. 1.9.

Solution:

Constder the system of rigid bodies composed of the pulley and the two blocks. If o is
the counterclockwise angular acceleration of the pulley, then, assuming no slip between
the pulley and the cables, block A has a downward acceleration of r 4 and block B has

an upward acceleration of rgar.
Summing moments about the center of the pulley, neglecting axle friction in the
pulley, and using the free-body diagrams of Fig. 1.9b yields

Pa) Eal
+ +
Z Moex|= Z Moeﬁ
magra —mpgrp = Ipa +maria + mpria

Substituting given values leads to o = 7.55 rad/s?.

Ty
T8 ry=30cm
r3=20(:ﬂl
Ip = 0.6 kg-m?

mg=3kg
my Lms

(a)

[
\ ‘ Y

m4g mgg myrqa mgrga

(O))

External forces Effective forces
(b)

Figure 1.9 (a} System of Example 1.3; (b} free-body
diagrams of pulley and blocks at an arbitrary
time.

Example
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1.4.3 PRINCIPLE OF WORK-ENERGY

The kinetic energy of a rigid body is
T =1imd? + Lw? [1.14]

The work done by a force, F, acting on a rigid body as the point of application
of the force travels between two points described by position vectors r, and rp is

L¥:]
UA_,B=/ F.dr [1.15]

Ta
where dr is a differential position vector in the direction of motion. The work done
by a moment acting on a rigid body in planar motion is
]
Ui = Mdeé [1.16]
Ba
If the work of a force is independent of the path taken from A to B, the force
is called conservative. Examples of conservative forces are spring forces, gravity
forces, and normal forces. A potential energy function, V(r), can be defined for
conservative forces. The work done by a conservative force can be expressed as a
difference in potential energies

UA_>B=VA—VB [1.17]

Since the system of external forces is equivalent to the system of effective forces,
the total work done on a rigid body in planar motion is

res GB -

ra gA

When integrated, the right-hand side of Eq. (1.18) is equal to the difference in the
kinetic energy of the rigid body between A and B. Thus Eq. (1.18) yields the
principle of work-energy,

If all forces are conservative, Eq. (1.17) is used in Eq. (1.19) and the result is
the principle of conservation of energy

TA+VA=TB+VB [1.20]

Express the kinetic energy of each of the systems of Fig. 1.3 in terms of the specified
generalized coordinates. The slender bars of Fig. 1.3a and b are uniform and of mass m
and length L.

Solvtion:
(a) From Eq. (1.6) the velocity of the mass center is expressed as
L

_=_9-
V=3
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The kinetic energy is calculated from Eq. (1.14) as
1 (L\* 1/1 . 1 ..
—m(Z - —mL26?) = 21262
T 2m(29) +2(12m ) 6m 6
(b) The kinetic energy of the two-degree-of-freedom system is expressed as
= 1mi? + 1 (LmL26?)

(¢) The kinetic energy of the system is the sum of the kinetic energies of the three bodies:
T = 11,62 + 1m (r6)? + 1my(2r6)? = S, + m1r? + 4myr?)6?
(d) The kinetic energy of the three-degree-of-freedom system is

1742 iy 22 1 22
T = 31,6+ smxi + 3max;

1.4.4 PRINCIPLE OF IMPULSE AND MOMENTUM

The impulse of the force F between ¢, and 1, is defined as
n
11_.,2=f Fd: [1.21]
]

The total angular impulse of a system of forces and moments about a point O is

n
Jo,., = f Y Modt [1.22]
|

The system momenta at a given time are defined by the system’s linear momen-
tum

L =mv [1.23]
and its angular momentum about its mass center
H;=Iw [1.24]
Integrating Eqs. (1.10) and (1.11) between arbitrary times ¢, and #, leads to

Li+1i52=L, [1.25]
and Hg, + Jg,., = Hg, [1.26]

Using an equivalent force system argument similar to that used to obtain Egs.
(1.12) and (1.13), it is deduced from Eqgs. (1.25) and (1.26) that the system of
applied impulses is equivalent to the difference between the system momenta at #;
and the system momenta at f,. This form of the principle of impulse and momentum,
convenient for problem solution, is illustrated in Fig. 1.10.
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/ “2F, dr
n mv.
\ M, dt 2
L3t
- - m¥,
1(02 iwl
[ "M, dr /
3
f2
f F, dt .
ty 2 F dt
JF
External impulses applied - System momenta - System momenta
between ¢, and ¢, at t att,
Figure 1.10 lllustration of the principle of impulse and momentum.

The slender rod of mass m of Fig. 1.11 is swinging through a vertical position with an
angular velocity w, whenitis struck at A by a particle of mass m /4 moving with a velocity
v,. Upon impact the particle sticks to the bar. Determine (a) the angular velocity of the
bar and particle immediately after impact, (b) the maximum angle through which the
bar and particle will swing after impact, and (c) the angular acceleration of the bar and
particle when they reach the maximum angle.

Soilvtion:
(a) Let f; occur immediately before impact and #; occur immediately after impact.
Consider the bar and the particle as a system. During the time of impact, the only

external impulses are due to gravity and the reactions at the pin support. The principle
of impulse and momentum is used in the following form:

External angular Angular momentum Angular momentum
impulses about O | = about O — about O
between ¢, and 1, at att

Using the momentum diagrams of Fig. 1.11b, this becomes
L L m 1
O0=|m= - — —mlL?
('"2‘”2) (2) +(F902) @ + gyl

S CRIONCRREES

which is solved to yield
_ 4L%w; —3vpa
T 4L? 4+ 3a2

(b) Let t; be the time when the bar and particle assembly attains its maximum angle.
Gravity forces are the only external forces that do work; hence conservation of energy
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/ “R, dt
f
t
W L N
P
T L L
_’;1 I m E W, m E Wy
) = e — ——
=0l e =] =
m m
S 4w, —v
4 P
[~ m l ftz m gdt 4
£ 4
\_/ \_/ ~/, y ‘
"w/ 7ML, 7 mLow,
1
(a) External impulses = System momenta — System momenta
during impact after impact before impact
(b)
R
Rx
i
] m—a
|
| — m
omax -4—aa
mg
m
4 - -1/ 12 mL'a
External forces Effective forces

{a) Slender rod of Example 1.5 is swinging through vertical with angular velocity
w1 when struck at A by particle moving with horizontal velocity vp; (b) impulse
and momentum diagrams between the time immediately before impact and the
time immediately after impact; (¢} free-body diagrams of bar as it swings through
maximum angle.

applies between 1, and t;. Thus from Eq. (1.20)
L+Vo=T4+V;

'_I‘he potential energy of a gravity force is the magnitude of the force times the distance
1ts point of application is above a horizontal datum plane. Choosing the datum as the
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horizontal plane through the support, using Eq. (1.14) for the kinetic energy of a rigid
body, and noting T3 = 0 yields
1 mg

1 (L \* 11 m L
L (E LIS B S 2_ L mg
2'"(2“’2) taprlert gy aw) —mes ~ Zra

L m
= —mgi c0S Opax — zga COS Bmax

which is solved to yield
(4L? + 3ah)w?
g(2L + 6a)

(¢) The bar attains its maximum angle at #3, w3 = 0. Summing moments about O
using the free-body diagrams of Fig. 1.11c gives

Z A}Oextr- Z: AJ;IOcﬂ

—(mg) (521 sin Gmax) — (%) (a sin 8p,)

_ L L m 1 2
= (m—z—a) (5) + (Zaa) (a) + EmL o

which is solved to yield

Bmax = €OS ™! [1

(6L + 3a)g sin Bpax
4L + 3a2

1.5 CLASSIFICATION OF VIBRATION

The method of analysis used to solve the mathematical problem resulting from a
mathematical model of a vibrating system depends on a number of factors. A system
with a finite number of degrees of freedom is a discrete system. The vibrations of
a one-degree-of-freedom system are governed by an ordinary differential equation
in which time is the independent variable and the chosen generalized coordinate is
the dependent variable. The vibrations of a multi-degree-of-freedom system (MDOF
system) are governed by a system of n differential equations, where n is the number of
degrees of freedom. The dependent variables are the chosen generalized coordinates
while time is the independent variable. The differential equations for an MDOF
system are, in general, coupled.

A system with an infinite number of degrees of freedom is called a continuous
system or distributed parameter system. The vibrations of a continuous system
are governed by partial differential equations. The displacement of a particle is
a continuous function of time and the particle’s location when the system is in
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equilibrium. Spatial coordinates are used to df:scribft the dis.tribution of inertia when
the system is in equilibrium. All systems are, in reallty_, contmuous.systems. Particle
and rigid body assumptions are often made to approximate a continuous system by
o discrete system. A vibrations problem may be formulated for a continuous system
but a discrete approximation method like the finite-element method is used to solve
the problem.

A system is undergoing free vibrations when the vibrations occur in the absence
of an external excitation. The vibrations are initiated by developing an initial kinetic
energy or potential energy in the system. In the absence of nonconservative forces,
free vibrations sustain themselves and are periodic. Vibrations which occur in the
presence of an external excitation are called forced vibrations. If the excitation force
is periodic the excitation is said to be harmonic. Forced nonperiodic vibrations are
called transient vibrations.

A system is linear if its motion is governed by linear differential equations. A
system is nonlinear if its motion is governed by nonlinear differential equations.
Under certain conditions the vibrations of a nonlinear system subject to a periodic
excitation may not be periodic. Such systems are said to be chaotic.

If the excitation force is known at all instants of time, the excitation is said
to be deterministic. If the excitation force is unknown, but averages and standard
deviations are known, the excitation is said to be random. In this case the resulting
vibrations are also random, and cannot be determined exactly at any instant of time.

1.6 SPRINGS

1.6.1T INTRODUCTION

A spring is a flexible mechanical link between two particles in a mechanical system.
In reality a spring itself is a continuous system. However, the inertia of the spring is
usually small compared to other elements in the mechanical system and is neglected.
Under this assumption the force applied to each end of the spring is the same.

The length of a spring when it is not subject to external forces is called its
unstretched length. Since the spring is made of a flexible material, the applied force
F that must be applied to the spring to change its length by x is some continuous
function of x,

F=f(x) [1.27]

The appropriate form of f(x) is determined by using the constitutive equation for
the spring’s material. Since f(x) is infinitely differentiable at x = 0, it can be
expanded by a Taylor series about x = 0 (a MacLaurin expansion):

F=ky+kix+kx®+ksx®+ ... [1.28]

Since x is the spring’s change in length from its unstretched length, when x = 0,
F = 0. Thus kp = 0. When x is positive, the spring is in tension. When x is
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negative, the spring is in compression. Many materials have the same properties
in tension and compression. That is, if a tensile force F is required to lengthen
the spring by 8, then a compressive force of the same magnitude F is required to
shorten the spring by 8. For these materials, f(x) must be an odd function and
cannot contain even powers. Thus Eq. (1.28) becomes

F=kix+ kx> + ksx® +--- [1.20]

All springs are inherently nonlinear. However in many situations x is small enough
that the nonlinear terms of Eq. (1.29) are small compared with k\x. A linear spring
obeys a force-displacement law of

F =kx [1.30]

where k is called the spring stiffness or spring constant and has dimensions of force
per length.

The force in a spring whose force-displacement law is given by Eq. (1.29) is
conservative; the work done by the spring force between two arbitrary displacements
is independent of the path taken between the two displacements. Thus a potential
energy function exists and for a linear spring is determined as

V(x) = lkx? [1.31]

A torsional spring is a link in a mechanical system where application of a torque
leads to an angular displacement between the ends of the torsional spring. A linear
torsional spring has a relationship between an applied moment M and the angular
displacement 6 of

M =k0 [1.32]

where the torsional stiffness k, has dimensions of force times length. The potential
energy function for a torsional spring is

V= 1ke? [1.33]

1.6

The numerical values for the parameters in the system of Fig. 1.3¢ are m; = 20 kg,
my = 10kg, I, = 0.4 kg - m?, r = 10 cm, k = 1300 N/m. (a) Determine the potential
energy in the spring when the system is in equilibrium, () Develop an expression for the
potential energy in the spring when the pulley is rotated 8 clockwise from the equilibrium
position.
Solution:

(a) Let A be the static deflection of the spring, its change in length from its un-
stretched length when the system is in equilibrium. The static deflection is determined
by applying the equations of equilibrium to the free-body diagram of Fig. 1.12.

" o =0

mig(r) + kAQr) — myg(2r) =0
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m,g
2r
R
r | J l i '”23] Figure 1.12  Free-body diagram of static equilibrium
l position of system of Fig. 1.3c and
me TkA Example 1.6.

_ @my—my), [2(10 kg) — 25 kg] (9.81 sﬂz)

A=
2k 2(1300 E)
m

= —0.0188m = —18.8 mm

The free-body diagram shows that it was assumed that the spring is compressed when the
system is in equilibrium. The negative sign indicates that the spring is actually stretched.

Its potential energy when the system is in equilibrium is
1, ., 1 N )
V=<kA*= - {1300 — ) (—0.0188 m)* =0.230N-m
2 2 m

(b) When the pulley is rotated through a clockwise angle @ from the system’s
equilibrium position, the spring is shortened in length 2r@ from its length when the
system is in equilibrium. Thus the total change in length of the spring is

X=A+2r0
and the potential energy in the spring is
V = 1k(A +2r6)?

1 N 2
== 3 1300 - [—0.0188 m + 2(0.1 m)é]

= 0.230 — 4.899 + 260> N - m

1.6.2 HEeLicAL COIL SPRINGS

The helical coil spring is used in applications such as industrial machines and vehicle
Suspension systems. Consider a spring manufactured from a rod of circular cross
Section of diameter D. The shear modulus of the rod is G. The rod is formed into a
coil of N turns of radius r. It is assumed that the coil radius is much larger than the
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F ~ T=F Figure 1.13  Free-body diagram of cut
W , coil spring exposes resultant
F shear force and resultant
torque.

radius of the rod and that the normal to the plane of one coil nearly coincides with
the axis of the spring.

Consider a helical coil spring when subject to an axial load F. Imagine cutting
the rod with a knife at an arbitrary location in a coil, slicing the spring in two
sections. The cut exposes an internal shear force F and an internal resisting torque
Fr, asillustrated in Fig. 1.13. Assuming elastic behavior, the shear stress due to the
resisting torque varies linearly with distance from the center of the rod to a maximum
of

FrD 16Fr

fmax =7 T aD?

where J = (;w D*)/32 is the polar moment of inertia of the rod. The shear stress
due to the shear force varies nonlinearly with distance from the neutral axis. For
r/D > 1 the maximum shear stress due to the internal shear force is much less than
the maximum shear stress due to the resisting torque, and its effect is neglected.

Principles of mechanics of materials can be used to show that the total change
in length of the spring due to an applied force F is

__64Fr’N
- GD*
Comparing Eq. (1.35) with Eq. (1.30) leads to the conclusion that under the assump-
tions stated a helical coil spring can be modeled as a linear spring of stiffness

_ GD*
~ 64Nr3

[1.34]

x [1.35]

k [1.36]

1.7|

A tightly wound spring is made from a 20-mm-diameter bar of 0.2% C-hardened steel
(G = 80 x 10° N/m?). The coil diameter is 20 cm. The spring has 30 coils. What is the
largest force that can be applied such that the elastic strength in shear of 220 x 10° N/m?
is not exceeded? What is the change in length of the spring when this force is applied?

Assuming the shear stress due to the shear force is negligible, the maximum shear stress
in the spring when a force F is applied is

FrD (0.1 m)(0.02 m)
t= =F 2r
i 4
ey (0.02m)

4
7 =6.37 x 10°F
Thus the maximum allowable force is

Tmax 3
Fpgx = ——— =345x 10°N
™ 6.37 x 104
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The stiffness of this spring is calculated by using Eq. 1.36:
(80 x 10° N/m?)(0.02 m)*
T T ©9H(30)(0.1 m)?
The total change in length of the spring due to application of the maximum allowable
force 18

N
= 6.67 x 10° —
m

A=%=0.517m

1.6.3 ELASTIC ELEMENTS AS SPRINGS

Application of a force F to the block of mass m of Fig. 1.14 results in a displacement
x. The block is attached to a uniform thin rod of elastic modulus E, unstretched
length L, and cross-sectional area A. Application of the force results in a uniform
normal strain in the rod of

€= F_zx [1.37]
T AE L )
The total strain energy developed due to the work of the force in stretching the rod
is

S=1EALE? = }Fx [1.38]

If the force is suddenly removed, the block will oscillate about its equilibrium posi-
tion. The initial strain energy is converted to kinetic energy and vice versa, a process
which continues indefinitely. If the mass of the rod is small compared to the mass
of the block, then inertia of the rod is negligible and the rod behaves as a discrete
spring. From strength of materials, the force F required to change the length of the
rod by x is

AE
F=—x [1.39]
L
A comparison of Eq. (1.39) with Eq. (1.30) implies that the stiffness of the rod is
AE
k=2 [1.a0l]
L
A E p— X
2 r
Z m
— L >

Figure 1.14 Longitudinal vibrations of mass attached
to end of uniform thin rod can be modeled

as a linear mass-spring system with k =

AE/L.
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The motion of a particle attached to an elastic element can be modeled as a par-
ticle attached to a linear spring, provided the mass of the element is small compared
to the mass of the particle and a linear relationship between force and displacement
exists for the element. In Fig. 1.15 a particle of mass m is attached to the midspan
of a simply supported beam of length L, elastic modulus E, and cross-sectional
moment of inertia /. The transverse displacement of the midspan of the beam due
to an applied static load F is

L3
*=wm "
Thus a linear relationship exists between transverse displacement and static load.
Hence if the mass of the beam is small, the vibrations of the particle can be modeled
as the vertical motion of a particle attached to a spring of stiffness

48 EI
k= —LT [1.42]

In general the transverse vibrations of a particle attached to a beam can be
modeled as those of a particle attached to a linear spring. Let w(z) represent the
displacement function of the beam due to a concentrated unit load applied at z = qa.
Then the displacement at z = a due to a load F applied at z = a is

[1.41]

x=w@)F [1.43]
Then the spring stiffness for a particle placed at z = a is
1
k= [1.44]
w(a)
m
Ay | i
f———— 2 f L2 —
(@)
= 3BE
L3

(b)

Figure 1.15 The transverse vibrations of a block attached to a
simply supported beam (a) are modeled by the
mass-spring system of {b), provided the mass of the
beam is small compared to the mass of the block.
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J,G

2——( Figure 1.16  The torsional stiffness

fe—— L : of the shaft is JG/L.

Torsional oscillations occur in the system of Fig. 1.16. A thin disk of mass
moment of inertia I is attached to a circular shaft of length L, shear modulus G,
and polar moment of inertia J. When the disk is rotated through an angle 8 from its
equilibrium position, a moment

JG
7 [ 1

develops between the disk and the shaft. Thus, if the polar mass moment of inertia
of the shaft is small compared with I, then the shaft acts as a torsional spring of
stiffness

ky = T [1.46]

A 200-kg machine is attached to the end of a cantilever beam of length L = 2.5 m,
elastic modulus E = 200 x 10° N/m2, and cross-sectional moment of inertia 1.8 x 10~
m®*. Assuming the mass of the beam is small compared to the mass of the machine, what
is the stiffness of the beam?

Solution:

From Table D.2 the deflection equation for a cantilever beam with a concentrated unit
loadatz = L is
1 (1, L,
w(z) = EI( ¢? +EZ)
The deflection at the end of the beam is
1 L L L3
Ly=—[(-=+21L)=—
w(k) EI( 6132 ) 3E]
The stiffness of the cantilever beam at its end is
3EI 3 (200 x 10° N/m?) (1.8 x 1076 m*)

k=
L3 (2.5m)3

N
=6.91 x 10° —
m

1.6.4 SPRINGS IN COMBINATION

Often, in applications, springs are placed in combination. It is convenient, for pur-
pOS_eS of modeling and analysis, to replace the combination of springs by a single
SPring of an equivalent stiffness, keq. The equivalent stiffness is determined such
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that the system with a combination of springs has the same displacement, x, as the
equivalent system when both systems are subject to the same force, F. A model one-
degree-of-freedom system consisting of a block attached to a spring of an equivalent
stiffness is illustrated in Fig. 1.17. The resultant force acting on the block is

F = kegx [1.47]

The springs in the system of Fig. 1.18 are in parallel. The displacement of each
spring in the system is the same, but the resultant force acting on the block is the
sum of the forces developed in the parallel springs. If x is the displacement of the
block, then the force developed in the ith spring is k;x and the resultant is

n
F=k1x+k2x+---+k,,x=(2k,-)x [1.48]
i=1
Equating the forces from Egs. (1.47) and (1.48) leads to
n
kg = ki [1.49]
i=l1

The springs in Fig. 1.19 are in series. The force developed in each spring is the
same and equal to the force acting on the block. The displacement of the block is
the sum of the changes in length of the springs in the series combination. If x; is the
change in length of the ith spring, then

n
x=x1+x2+"'+xn=2xi ['.50]
i=l

—>x Figure 1.17  Combination of springs is replaced by a single
spring such that the behavior of the system with

ke

q

g——'\/\/\/— m an equivalent spring is identical to the behavior of
the original system.

ALLATRALATEARRRARALRNRAANY
3

Figure 1.18 Fachofthe  Figure 1.19  The n springs in the series combinatfion
n springs in parallel has the same  each have the same force, but the total displacement is the
displacement, but the resultant sum of the changes in length of the series springs.

force acting on the block is the

sum of the spring forces.
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gince the force is the same in each spring, x; = F/k; and Eq. (1.50) becomes

"\ F
x=§E [1.511

since the series combination is to be replaced by a spring of an equivalent stiffness,
Eq. (1.47) is used in Eq. (1.51), leading to

1
[1.52]

keq n

1

1
7 ki

Electrical circuit components can also be placed in series and parallel and the
effect of the combination replaced by a single component with an equivalent value.
The equivalent capacitance of capacitors in parallel or series is calculated like that
of springs in parallel or series. The equivalent resistance of resistors in series is the
sum of the resistances, whereas the equivalent resistance of resistors in parallel is
calculated by using an equation similar to Eq. (1.52).

Model each of the systems of Fig. 1.20 by a mass attached to a single spring of an
equivalent stiffness. The system of Fig. 1.20c is to be modeled by a disk attacked to a
torsional spring of an equivalent stiffness.

Solution:

(a) The steps involved in modeling the system of Fig. 1.20a by the system of Fig.
1,17 are shown in Fig. 1.21. Equation (1.49) is used to replace the two parallel springs
by an equivalent spring of stiffness 3k. The three springs on the left of the mass are then
in series and Eq. (1.52) is used to obtain an equivalent stiffness.

If the mass in Fig. 1.21b is given a displacement x to the right, then the spring on
the left of the mass will increase in length by x, while the spring on the right of the mass
will decrease in length by x. Thus each spring will exert a force to the left on the mass.
The spring forces add; the springs behave as if they are in parallel. Hence Eq. (1.49) is
used to replace these springs by the equivalent spring shown in Fig. 1.21c.

(b) The deflection of the simply supported beam due to a unit load at x = 2m is
calculated using Table D.2

_4L?
© 243EI

w(z = 2m) =w(E£)

3
from which the equivalent stiffness is obtained
_ 243EI _ 243(210 x 10° N/m*)(5 x 107* m*)

413 4(3 m)3

The C_liSplacement of the block of mass m equals the displacement of the beam at the
location where the spring is attached plus the change in length of the spring. Hence the

N
k; =2.36 x 108 —
m
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2k
x 3k 2k
m
k
(a)
. om e im——y  E-210%10°N/m?
L

I=5%x10"%m?

”4;” ék S 2 k=1x108 N/m

m
(b)
, ] 4B:Steel shatt
fe———— 30 cm 1 20 cm with aluminum core
__________________ s JRSEUIS, L S
% In T2 17 BC: Hollow steel
g_ _____________________ j-———————==——=-- shaft
A B c
r, = 20 mm r; = 18 mm G,, = 80 X 10° N/m?
r, = 25 mm re = 30 mm G, = 40 x 10° N/m?

'f hy =20 mm
_________ hy = 25 mm
hll S VR L_1I# b= 13 mm

E = 210 x 10° N/m?

2m 1

(d)

Figure 1.20  Systems for Example 1.9.

beam and spring act as a series combination. Equation (1.52) is used to calculate the
equivalent stiffness

N
_ _ 7
keq = 1 N 1 =17.02 x 10 _m
236 x 108 N/'m 1 x 108 N/m

(c) The aluminum core of shaft AB is rigidly bonded to the steel shell. Thus the
angular rotation at B is the same for both materials. The total resisting torque transmitted
to section BC is the sum of the torque developed in the aluminum core and the torque
developed in the steel shell. Thus the aluminum core and steel shell of shaft AB behave
as two torsional springs in parallel. The resisting torque in shaft AB is the same as the
resisting torque in shaft BC. The angular displacement at C is the angular displacement
of B plus the angular displacement of C relative to B. Thus shafts A B and BC behave
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| e a4
k 3k 3k 2k
g,r\/v\,—rf\/\/\/-*-’\N\r- m —J\/\/\r—E
(a)
[ 1
3k/5 2k
N —J\N\/—-E
)

Figure 1.21 Steps in replacing
X the combination of
13k/5 springs of Fig. 1.20a
g—'\/\/\l_ m by a single spring of
an equivalent

{c) stiffness.

as two torsional springs in series. In view of the preceding discussion and using Egs.
(1.49) and (1.52), the equivalent stiffness of shaft AC is

1
kig = 1 1

S
ktu,, + kl',wn ktpc

where the torsional stiffness of a shaft is k, = JG/L and

Ld 4 o N
32(0.04m) (40><10 m2)

N-m
ki, = =3. 4
"ABu 0.3m 3.35x10 rad
Z [0.05 m)* — (0.04 m)*] (80 x 10° %)
k. =2 - ™/ _ 966 x 10° 20
“ABs 03m ’ rad
= [(0.06 m)* — (0.036 m)*] (80 x 10° _112)
bipe = 22 ™/ 443 x 100
5 0.2m : rad

Substitution of these values into the equation for keq gives

N-m

ki = 101 x 10° —

(d) Under the assumption that the rate of taper of the bar is small the following
mechar.ucs of materials equation is used to calculate the change in length of the bar due
to a unit load applied at its end:

L 4z

A=| —
o AE
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where the cross-sectional area A is given by

hy—h
A(z)=( 2 'z+h,)b
L
Substituting and integrating yields
L hs
= ————1In{ — | =327 x 1078
A= Ebin, —hy “(hl) X107 m

Since A is the displacement of the end of the bar due to a unit axial load, the displacement
due to an axial load of magnitude F is x = FA. Thus

k=-1-=3.06><107§
A m

1.6.5 INERTIA EFFECTS OF SPRINGS

When a force is applied to displace the block of Fig. 1.17 from its equilibrium
position, the work done by the force is converted into strain energy stored in the
spring. If the block is held in this position and then released, the strain energy is
converted to kinetic energy of both the block and the spring. If the mass of the spring
is much smaller than the mass of the block, its kinetic energy is negligible. In this
case the inertia of the spring has negligible effect on the motion of the block, and
the system is modeled using one degree of ffeedom. The generalized coordinate is
usually chosen as the displacement of the blpck.

If the mass of the spring is comparable to the mass of the block, the one-degree-
of-freedom assumption is not valid. The particles along the axis of the spring are
kinematically independent from each other and from the block. The spring should
be modeled as a continuous system. ’

If the mass of the spring is much smaller than the mass of the block, but not
negligible, a reasonable one-degree-of-freedom approximation can be made by ap-
proximating the spring’s inertia effects. The actual system is modeled by the ideal
system of Fig. 1.22. The spring in Fig. 1.22 is massless. The mass of the block in
Fig. 1.22 is greater than the mass of the actual block to account for inertia effects
of the spring. The value of m.q is calculated such that the kinetic energy of the
system of Fig. 1.22 is the same as the kinetic energy of the system of Fig. 1.17,
including the kinetic energy of the spring, when the velocities of both blocks are
equal. Unfortunately, calculation of the exact kinetic energy of the spring requires

—x

k

me
a ! Figure 1.22  An'equivalent mass of m + m,/3 is used to

ITITTTITIT approximate inertia effects of the spring.
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a continuous system analysis. Thus an approximation to the spring’s kinetic energy

is used. .
° Let x(z) be the generalized coordinate describing the motion of both the block

of Fig. 1.17 and the block of Fig. 1.22. The kinetic energy of the system of Fig. 1.17
is

T =T, + ymi* [1.53]

where T, is the kinetic energy of the spring. The kinetic energy of the system of Fig.
1.22is

T = Jmegx* [1.54]

The spring in Fig. 1.17 is uniform, has an unstretched length / and a total mass

m,. Define the coordinate z along the axis of the spring, measured from its fixed

end, as defined in Fig. 1.23. The coordinate z measures the distance of a particle

from the fixed end in the spring’s unstretched state. The displacement of a particle

on the spring, #(z), is assumed explicitly independent of time and a linear function
of z such that #(0) = 0 and u(l) = x,

x
u(z) = 72 [1.55]
Equation (1.55) represents the displacement function of a uniform spring when it is

statically stretched. Consider a differential element of length dz, located a distance
z from the spring’s fixed end. The kinetic energy of the differential element is

1 1 m
T; = - 72 = - 12 == .
d U (2)dm U ) 7 dz [1.56]

The total kinetic energy of the spring is

! . 2 3y
1m; (xz 1m, ,z
T, = | dT, = -2 = = ——x
‘ f f021(l)dz 233

* u(ll) =x Figure 1.23 {a) The coordinate z is
l measured along axis of
g-—’\l\/\j\/\/\/\/\j\,— spring from its fixed end;
(b) the displacement in the

spring is assumed as a linear
» function of z.
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Equating T from Eqgs. (1.53) and (1.54) and using 7; from Eq. (1.57) gives
mg
Meqg=m + T [1.58]

Equation (1.58) can be interpreted as follows: The inertia effects of a linear
spring with one end fixed and the other end connected to a moving body can be
approximated by placing a particle whose mass is one-third of the mass of the spring
at the point where the spring is connected to the body.

The preceding statement is true for all springs where use of a linear displacement
function of the form of Eq. (1.55) is justified. This is valid for helical coil springs,
bars that are modeled as springs for longitudinal vibrations, and shafts acting as
torsional springs.

1.10 [The springs in the system of Fig. 1.24q are all identical, with stiffness k and mass m;.
Calculate the kinetic energy of the system in terms of €(¢), including the inertia effects
of the springs.

Solution:
Each spring is replaced by a massless spring and a particle of mass m,/3 at the point on
the bar where the spring is attached as shown in Fig. 1.24b. The total kinetic energy of

L L L
k by } 7 t 7 i \
) e Bar of
IO D <Jo Bt
k %k
(a)
mg/3 my/3
- ) @)
ms/3
)

Figure 1.24 {a) System of Example 1.10; (b) inertia effects of springs
are approximated by placing porticles of mass ms/3 ot
locations on bar where springs are attached.
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the system of Fig. 1.24b is the kinetic energy of the bar plus the kinetic energy of each
of the particles

1-.
= %m52+5192+T1+T2+T3

2 2 2 2
L. 11 L. 1mg (L, Ims(L- 1ms (3L .
”‘(Ze) a3\ Y23 \3%) tan (7
Tm + 1lm,
28

L%6?

i

= =

The simply supported beam of Fig. 1.25 is uniform and has a total mass of 100 kg. A| Exampl
machine of mass 350 kg is attached at B, as shown. What is the mass of a particle that
should be placed at B to approximate the beam’s inertia effects?

Solution:

Since the exact expression for the dynamic beam deflection is not known, an approximate
displacement function must be used in the calculation of the beam’s kinetic energy.
Let z be a coordinate along the beam’s neutral axis. Assume that the time-dependent
displacement of any particle can be expressed as

y(z,t) = x()w(z)

where x(¢) is the defiection of B. An appropriate approximation for w(z) is the static
deflection of the beam due to a concentrated load, P, applied at B, such that B has a unit
deflection.

350 kg

(a)

(b)

Figure 1.25 {a) System of Example 1.11; {b) static deflection
of beam due to concentrated load at 8.
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By using the methods of App. D, the static deflection due to a concentrated 10ad at
B is found to be

l—:ﬁz(%i—zz) 0525-2-3£
w&=1 p . 44, 8.\ 2L
T—S—E—I(ZZ3—-62L+32L—§L) —3—_<_25L
The load required to cause a unit deflection at z = 2L/3
243EI
YR

Consider a differential element of length dz, located a distance z from the left support
The kinetic energy of the element is

dT = %)':2(1, HpAdz

where p is the mass density of the beam and A is its cross-sectional area. The beam’s
total kinetic energy is calculated by integrating d7 over the entire beam. Substituting
the previous results for w(x, ¢) in this integral leads to

L (21N L R L8 LY
T == i By 2 (8L 2
ZPA(8L3)x [/; 2(9 z) dz

L 44 8 .\>
+/ (27,3 ~6z°L + —zL? — —L3) dz
2L/3 9 9

which after considerable algebra gives
T = ;0.586pALx>

Noting that the total mass of the beam is pAL, a particle of mass 58.6 kg should be
added at B to approximate the inertia effects of the beam. The system of Fig. 1.25a is
modeled as a one-degree-of-freedom system with a particle of 408.6 kg located at B.

1.7 Viscous DAMPERS

Viscous damping occurs in a mechanical system because of viscous friction that
results from the contact of a system component and a viscous liquid. The damping
force produced when a rigid body is in contact with a viscous liquid is usually
proportional to the velocity of the body

F=cv [1.59]

where c is called the damping coefficient and has dimensions of mass per time.
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vViscous damping can occur naturally, as when a buoyant body oscillates on the
surface of a lake or a column of liquid oscillates in a U-tube manometer. Viscous
damping is often added to mechanical systems as a means of vibration control. Vis-
cous damping leads to an exponential decay in amplitude of free vibrations and a
reduction in amplitude in forced vibrations caused by a harmonic excitation. In ad-
dition, the presence of viscous damping gives rise to a linear term in the governing
differential equation, and thus does not significantly complicate the mathematical
modeling of the system. A mechanical device called a dashpot is added to me-
chanical systems to provide viscous damping. A schematic of a dashpot in a one-
degree-of-freedom system is showninFig. 1.26a. The free-body diagram of the rigid
body, Fig. 1.26b, shows the viscous force in the opposite direction of the positive
velocity.

A simple dashpot configuration is shown in Fig. 1.27a. The upper plate of the
dashpot is connected to a rigid body. As the body moves, the plate slides over a
reservoir of viscous liquid of dynamic viscosity w. The area of the plate in contact
with the liquidis A. The shear stress developed between the fluid and the plate creates
a resultant friction force acting on the plate. Assume the reservoir is stationary and
the upper plate slides over the liquid with a velocity v. The reservoir depth 4 is
small enough that the velocity profile in the liquid can be approximated as linear, as
illustrated in Fig. 1.27b. If y is a coordinate measured upward from the bottom of
the reservoir,

u(y) = v [1.60]

h

The shear stress developed on the plate is determined from Newton’s viscosity law

T = d-—u—— v {1.61]
—udy—uh .

%

(@)

Plate of area 4

k — x

kxq——.—.
O CX ——

c

Viscous fluid

Ty
p, b

et g ]

]

(a) (b) ®)

.

:f'-?r“" 1.26 (a} Schematic of one-degree- Figure 1.27 (a) Simple dashpot model where plate s
eedom mass-spring-dashpot system. (b) Dashpot @ fixed reservoir of viscous liquid. (b) Since h is small, a linec

re is cx and opposes the direction of positive x. profile is assumed in the liquid.
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The viscous force acting on the plate is

HA
F='Z'A=Tv ['-62]

Comparison of Eq. (1.62) with Eq. (1.59) shows that the damping coefficient for this
dashpot is

HA
Tk
Equation (1.63) shows that a large damping force is achieved with a very viscous
fluid, a small 4, and a large A. A dashpot design with these parameters is often
impractical and thus the device of Fig. 1.27a is rarely actually used as a dashpot.

The above analysis assumes the plate moves with a constant velocity. During
the motion of a mechanical system the dashpot is connected to a particle which has
a time-dependent velocity. The changing velocity of the plate leads to unsteady
effects in the liquid. If the reservoir depth 4 is small, the unsteady effects are small
and can be neglected.

A piston-cylinder design for a dashpot is illustrated in Fig. 1.28.- As the piston
moves with a velocity v into the cylinder containing viscous liquid, shear stresses
develop on the side of the piston and a pressure force develops on the surface of the
piston. Both effects lead to a force proportional to the velocity of the piston.

A torsional viscous damper is illustrated in Fig. 1.29. The shaft is rigidly
connected to a point on a body undergoing torsional oscillations. As the disk rotates
in a dish of viscous liquid, a net moment due to the shear stresses developed on the
face of the disk acts about the axis of rotation. The moment is proportional to the
angular velocity of the shaft

M = Cte [‘ -64]

where ¢, is the torsional viscous damping coefficient and has dimensions of force-
length-time.

A piston and cylinder device that serves s~ Figure 1.29  Disk rotates in a dish of viscous liquid,
a dashpot. producing a moment about the axis of the shaft and acting

as a torsional viscous domper.



CHAPTER 1 . INTRODUCTION

1.8 FLOATING AND IMMERSED BODIES

vibrations of a body immersed in a liquid or floating on the interface of a lig-
uid and a gas can be modeled by using the methods of this chapter with special

considerations.

1.8.1 BUOYANCY

When a solid body is submerged in a liquid or floating on the interface of a liquid and
air, a force acts vertically upward on the body because of the variation of hydrostatic
pressure. This force is called the buoyant force. Archimedes’ principle states that
the buoyant force acting on a floating or submerged body is equal to the weight of
the liquid displaced by the body.

//"

A sphere of mass 2.5 kg and radius 10 cm is hanging from a spring of stiffness 1000 N/m| Exampl
in a fluid of mass density 1200 kg/m>. What is the static deflection of the spring?

Solution:
The spring force must balance with the gravity force and the buoyancy force as shown
on the free-body diagram in Fig. 1.30.

kAs+ Fp—mg =0
Archimedes’ principle is used to calculate the buoyant force as
Fp = $pgnr’ = $(1200 kg/m*)n(9.81 m/s?)(0.1 m)> = 49.3N
The static deflection is calculated as

mg —Fp  (2.5kg)(9.81 m/s?) —49.3N
As = m— e 2,4_ mm
' k 1000 N/m 8

kA,

mg

Y

r

Fy Figure 1.30  Free-body dicgram of sphere, attached to spring, and

submerged in a liquid.
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Consider a body floating stably on a liquid-air interface. The buoyant force
balances with the gravity force. If the body is pushed farther into the liquid, the
buoyant force increases. If the body is then released, it seeks to return to its equilib-
rium configuration. The buoyant force does work, which is converted into Kinetic
energy and oscillations about the equilibrium position ensue.

The circular cylinder of Fig. 1.31 has a cross-sectional area A and floats stably
on the surface of a fluid of density o. When the cylinder is in equilibrium, it is subject
to a buoyant force mg and its center of gravity is a distance A from the surface. Let x
be the vertical displacement of the center of gravity of the cylinder from this position,
The additional volume displaced by the cylinder is x A. According to Archimedes’
principle, the buoyant force is

Fgp=mg + pgAx
Calculations show that the work done by the buoyant force as the cylinder’s center
of gravity moves between positions x; and x; is
Uiz = $pgAx2 — 1pgAx?

and is independent of path. Hence the buoyant force is conservative. Its effect on the
cylinder is the same as that of a linear spring of stiffness pg A. The oscillations of
the cylinder on the liquid-gas interface can be modeled by a one-degree-of-freedom
mass-spring system.

1.8.2 ADDED Mass

Consider a mass-spring system immersed in an inviscid fluid, as shown in Fig. 1.32.
The spring is stretched from its equilibrium configuration and the mass released.
The ensuing motion of the mass causes motion in the surrounding fluid. The strain
energy initially stored in the spring is converted to kinetic energy for both the mass

Figure 1.31  Oscillations of circular cylinder on free surface
can be modeled by a one-degree-of-freedom

mass-spring system.
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\/—\_/—\_,/———\

Figure 1.32  Oscillations of o submerged body create
kinetic energy in a fluid. The inertia of the
fluid can be approximated with added mass
to the body.

and the fluid. Since the fluid is inviscid, energy is conserved
Tn+Tr+V=C [1.65]

The inertia effects of the fluid can be included in an analysis by using a method
similar to that used in Sec. 1.6 to account for the inertia effects of springs. An
imagined particle is attached to the mass such that the kinetic energy of the particle
is equal to the total kinetic energy of the fluid. If x is the displacement of the mass,
the total Kinetic energy of the system is 3mqqx2, where

Meqg = m + m, [1.66]

‘The mass of the particle is called the added mass.

The kinetic energy of the fiuid is difficult to quantify. The motion of the body
theoretically entrains fluid infinitely far away in all directions. The total kinetic
energy of the fiuid is calculated from

1
Tf=§//fpv2dv [1.67]

where v is the velocity of the fluid set in motion by the motion of the body. The
Integration is carried out from the body surface to infinity in all directions. If the
Integration of Eq. (1.67) is carried out, the added mass is calculated from
m, = I—Tf—z [1.68]
ix
Potential flow theory can be used to develop the velocity distribution in a fluid
for abody moving through the fluid at a constant velocity. This velocity distribution
1S used in Eqs. (1.67) and (1.68) to calculate the added mass. Table 1.1 is adapted
from Wendel (1956) and Patton (1965) and presents the added mass for common
body shapes.
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mass for common

able 1.1 Qdded et o Table 1.2 Added moments of inerfia for common bodies
bo(;;;n(p is,rfhee r:::::;::fity (p is the mass density of the fluid)
id
of the fluid) Body Added moment of inertia
ody Added Mass Sphere 0
phere of 11‘2 npD? Circular cylinder 0
diameter D Any body rotating about 0
*hin Circular joD? axis of symmetry
disk of diameter D Thin plate of length L, 0.00781257pL*
"hin square plate 0.11957 ph® rotating about axis
of side h in the plane of the surface
“ircular cylinder of inpD?L area of plate, perpendicular
‘l L. diameter D 4 to direction for which
?ngth l . ” L is defined
':;‘leﬂs‘ggl T oidhe Disk of diameter D LpD?
! rotating about a diameter
guare cylinder of 0.3775pmh%L g
side A, length L
“ube of side 2 2.33ph°

Rotational motion of a body in a fluid also imparts motion to the fluid resulting
in rotational kinetic energy of the fluid. The inertia effects of the fluid are taken into
account by adding a disk of an appropriate moment of inertia to the rotating body. If
w is the angular velocity of the body, the added mass moment of inertia is calculated
from

Iy

) [1.691
5(0

I, =
Note that the added mass moment of inertia is zero if the body is rotating about
an axis of symmetry. Both the added mass and added moment of inertia terms are
negligible for bodies moving in gases. Table 1.2 presents added moments of inertia
for a few common bodies. It is adapted from Wendel (1956).

1.9 SuMMARY

The solution of vibrations problems requires mathematical modeling of the vibrating
system. It is necessary to make certain assumptions regarding the elements compos-
ing the system. In addition to the assumptions listed in Sec. 1.2, unless otherwise
specified the following assumptions will be used throughout the text:

1.
2.

All springs are linear with a force-displacement relation F = kx
Inertia effects of discrete springs are negligible.
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Inertia elements of discrete systems are particles or rigid bodies.

3.

4. All dashpots are linear with a force velocity relation F = cv
5. Mechanical systems are undergoing planar motion.

6. All forms of friction besides viscous damping are neglected.
PROBLEMS

1.1. A vibrating body is undergoing simple harmonic motion with an amplitude of 3 mm ar

frequency of 30 cycles/s.
(a) What is the maximum velocity of the particle?

(b) What is the maximum acceleration of the body?

1.2. The maximum velocity of a vibrating body undergoing simple harmonic motionis 3.2

The period of motion is measured as 0.15 s.
(@) What is the amplitude of motion?

(b) What is the maximum acceleration of the body?

1.3. A particle is traveling in a circular path of radius 30 cm at a constant angular speed of

rad’s, as illustrated in Fig, P1.3. The particle starts at # = 30° at ¢ = 0. Determine x(¢

*\30 rad/s

FIGURE P1.3

1.4. A particle starts at the origin of a cartesian coordinate system and moves with a veloc

vector
v = 3 cos 2ti + 3sin 2tj + 0.4tk m/s

where ¢ is in seconds.
(@) What is the magnitude of the particle’s acceleration at t = 5 s?

(b) What is the particle’s position vector at ¢t = m s?

L.5. The displacement of a particle undergoing free underdamped vibrations is

x(t) = 0.5¢"'% sin (15t + 0.24) m

What is the maximum acceleration magnitude of the particle?

1.6. At 1 = 0 a particle of mass 1.2 kg has a velocity of zero but its speed is increasing a

constant rate of 0.5 m/s?. After the particle travels 3 m, the local radius of curvature of t
particle’s path is 25 m,

(@) What is the speed of the particle after it travels 3 m?

(b) What is the magnitude of the particle’s acceleration after it has traveled 3 m?

{c) How long does it take the particle to travel 3 m?
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1.7. At the instant shown, the slender rod of Fig. P1.7 has a clockwise angular velocity of 5
rad/s and a counterclockwise angular acceleration of 14 rad/s?. What is the acceleration of
the particle at P?

P'/S rady

2
14rad/s*  pouRE PLY

1.8. Anautomobile is traveling with a horizontal velocity of 40 m/s when it encounters a pothole
whose depth is approximated by

y(x) = 0.02(x — 6x)m

where x is the distance from the leading edge of the pothole. When the driver encounters
the pothole, he begins a constant deceleration of 10 m/s?. What is the maximum vertical
velocity and acceleration attained by the automobile as it traverses the pothole?

1.9. The contour of a bumpy road is approximated as
y(x) =0.03sin (0.125x) m

What is the amplitude of the vertical acceleration of the wheels of an automobile as it
travels over this road at a constant horizontal speed of 40 m/s?

1.10. The machine of Fig. P1.10 has a vertical displacement x (t). The machine has a component
that rotates with a constant angular speed w relative to the machine, The center of mass
of the rotating component is a distance e from its axis of rotation. If the center of mass is
shown at ¢ = 0, determine its vertical component of acceleration as a function of time.

‘\w

Tx(r)

FIGURE P1.10
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1.11. A 2-ton truck is traveling down a 10° icy hill at 50 mi/h when the driver sees a car stalled
at the bottom of the hill, 250 ft away. Because of icy conditions, a braking force of only
2000 Ib is generated when the driver applies the brakes. Does the truck stop before hitting
the car?

1.12. Figure P1.12 shows the schematic of a one-cylinder reciprocating engine. If the piston has
a velocity v and an acceleration a, determine the angular acceleration of the crank in terms
of v, a, the crank radius r, the connecting rod length /, and the crank angle 6.

1.13. The helicopter of Fig. P1.13 hasa hori;ontal speed of 110 ft/s and a horizontal acceleration
of 3.1 ft/s2. The main blades rotate at a constant speed of 135 rpm. At the instant shown
determine the velocity and acceleration of particle A.

110 ft/s

-—

3.1 ft/s?

FIGURE P1.12 FIGURE P1.13

1.14. The mechanism of Fig. P1.14 is in equilibrium in the position shown. The horizontal
displacement of the collar from this position is

x(t) = 0.05sin20¢t m

Determine the angular velocity and angular acceleration of bar AB as functions of time.

ANNANNANNNY

FIGURE P1.14
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1.15. A 60-1b block of Fig. P1.15 is connected by an inextensible cable through the pulley to the
fixed surface. A 40-1b weight is attached to the pulley which is free to move vertically. A
force of magnitude P = (70 + 30e*) Ib tows the block. The system is released from rest
att = 0.

{a) What is the acceleration of the 60-1b block as a function of time?

(b) How far will the block travel up the incline before it attains a velocity of 4 ft/s?

40 1b

FIGURE P1.15

1.16. Repeat Prob. 1.15 if P(t) = 200t Ib.
1.17. Determine the angular acceleration of each of the disks of Fig. P1.17.

4kgm2 4kgm2
60 cm

Y

20 kg 30 kg 180N 270N

(a) (b) FIGURE P1.17
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1.18. Determine the reactions at A for the two-link mechanism of Fig. P1.18. The roller at C
rolls on a frictionless surface.

FIGURE P1.18

1.19. The slender bar of Fig. P1.19 has a mass of 50 kg. Determine the applied moment M and
the reactions at the pin support at the instant shown.

= 5rad/s FIGURE P1.19

1.20. The disk of Fig. P1.20 rolls without slip. Determine the acceleration of the mass center of
the disk if P = 18 N.

1.21. The coefficient of friction between the surface and the disk of Fig. P1.20is 0.12. What is
the largest value of P such that the disk rolls without slip?

1.22, The coefficient of friction between the surface and the disk of Fig. P1.20is 0.12. Determine
the angular acceleration of the disk if P = 15 N.

1.23. What is the maximum angular velocity attained by the disk of Fig. P1.23 if the 3-kg block
is displaced 10 mm and released?

0.25 kg - m?

18 kg 5kg 3kg

4000 N/m

FIGURE P1.20 FIGURE P1.23
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1.24. The five-blade ceiling fan of Fig. P1.24 operates at 60 rpm. What is its tota] kinetic energy?

I 035 m i
I=059 kg - m?
Blade
I
1 13 mm
T | m=47ke
1 ¢ G 2
! I=514kg-m
I
|
1
Motor

FIGURE P1.24

1.25. The U-tube manometer of Fig. P1.25 rotates about axis A-A at a speed of 40 rad/s. At
the instant shown, the column of liquid moves in the manometer with a velocity of 20 m/s
relative to the manometer. Calculate the total kinetic energy of the column of liquid at this
instant.

v=20m/s
Specific gravity = 1.4
Area=3x10"*m?

20 cm ~—-—— 60 cm ——
t FIGURE P1.25

1.26. The displacement function for the simply supported beam of Fig. P1.26 is

o x 2/ EI
y(x,t) = csin (rrL)oos (Jt mt)

Where ¢ = 0.003 m and ¢ is in seconds. Determine the total kinetic energy of the beam.
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jo— 31m >
P x

Y

E =200 x 10* N/m?

1=173x107 m?

p = 7400 kg /m’

A=16x10"*m? FIGURE P1.26

1.27. The block of Fig. P1.27 is given a displacement & and then released.
(a) What is the minimum value of § such that motion ensues?
(b) What is the minimum value of § such that the block returns to its original equilibrium
position before stopping?
1.28. The center of the thin disk of Fig. P1.28 is displaced 15 mm and released. What is the
maximum velocity attained by the center of the disk, assuming no slip between the disk
and the surface?

k
20,000 N/m
g VVV m r=25cm
m=2kg
LHT77iT77777,
7
FIGURE P1.27 FIGURE P1.28

1.29. The slender bar of Fig. P1.29 is moved to the horizontal position and then released. When
the bar is horizontal the spring is compressed 22 mm. What is the maximum angle through
which the bar will swing?

b= 30cm —~f———— 70cm

A % ‘)
T N
m=23kg FIGURE P1.29

k = 2000 N/m

1.30. The block of Fig. P1.30 is displaced 1.5 cm from equilibrium and released.
(@) What is the maximum velocity attained by the block?

(b) What is the acceleration of the block immediately after it is released?

12,000 N/m

65 kg

FIGURE P1.30
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1.31. The slender rod of Fig. P1.31 is released from the horizontal position where the spring
attached at A is stretched 10 mm and the spring attached at B is unstretched.
(a) What is the angular acceleration of the bar immediately after it is released?
(b) What is the maximurm angular velocity attained by the bar?

1.32. Let x be the displacement of the left end of the bar of Fig, P1.32. Let 6 be the clockwise
angular rotation of the bar. Express the kinetic energy of the system in terms of £ and 6.

200 N/m
3L F(t)

1m i

FIGURE P1.32

1.33. Express the potential energy of the system of Fig. P1.32 in terms of x and 6.

1.34. Let 9 be the clockwise angular displacement of the pulley of the system of Fig. P1.34 from
the system’s equilibrium position.
(a) Express the potential energy of the system at an arbitrary instant in terms of 6.
(b) Express the kinetic energy of the system at an arbitrary instant in terms of 4.

Y\
g—’\/\/\/\}(\/\/\/\/\/ o
m
r I

2m

2k

FIGURE P1.34

1.35. A 20-ton railroad car is coupled to a 15-ton car by moving the 20-ton car at 5 mph toward
the stationary 15-ton car. What is the speed of the two-car coupling?
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1.36. The 15-kg block of Fig. P1.36 is moving with a velocity of 3 m/s at ¢ = 0 when the force
F(¢t) is applied to the block.
(a) Determine the velocity of the block at t = 2 s.

(b) Determine the velocity of the block at t = 4 s.

F@)

15 kg —_ v 30N

<« p=008
3 ¢t FIGURE P136

1.37. A 400-kg forge hammer is mounted on four identical springs, each of stiffness k = 4200
N/m. During the forging process, a 110-kg component is dropped from a height of 1.4 m
onto an anvil. What is the maximum displacement of the machine after the impact?

1.38. The motion of a baseball bat in a ballplayer’s hands is approximated as a rigid-body rotation
about an axis through the player’s hands (Fig. P1.38). The bat has a centroidal moment of
inertia . The player’s “bat speed” is w and the velocity of the pitched ball.is v. Determine
the distance from the player’s hands along the bat where the batter should strike the ball to
minimize the impulse felt by the player’s hands.

S
J\L

FIGURE P1.38

1.39. A playground ride has a centroidal moment of inertia of 17 slug - ft*>. Three children of
weights 40 1b, 50 1b, and 55 1b are on the ride, which is rotating at 110 rpm. The children
are 20 in from the center of the ride. A father stops the ride by grabbing it with his hands.
What angular impulse is felt by the father?

1.40-1.46. How many degrees of freedom are required to model the systems? Identify a set of
generalized coordinates which can be used to analyze the systems’ vibrations.

i

/_m,[

4

3

FIGURE P1.40
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/:_,\N\,_E

P A VAVAY
R R
VINV—) J
tE PL41 FIGURE P1.42
RE P1.43 FIGURE P14
D) @ o
Rigid link
C (1 D)
3
RE P1.45 FIGURE P1.46

1.47. A 5-kg block is attached to the end of a spring with a cubic nonlinearity with F = k1x +
ksx?, where ky = 3 x 10° N/m and k3 = 1 x 108 N/m®. The other end of the spring is fixed.
The block, which slides on a frictionless surface, is displaced 22 mm and released from
rest. Calculate the maximum velocity attained by the block during its subsequent motion.



1.48.

1.49.

1.50.

1.51.

20 cm

CHAPTER 1 . INTRODUCTI

If the coefficient of friction between the block of Prob. 1.47 and the surface is 0.15, calcul
the maximum compression of the spring if it is initially stretched 22 mm.

The block of Prob. 1.47 is hit by a 20-g particle traveling at 100 m/s After impact the parti
becomes embedded in the block. What is the maximum compression of the spring?

A 10-kg mass is hung from a spring whose force-displacement relationship is F = (2
109x — (4 x 107)x* N, where x is in meters. What is the static deflection of the sprin;
The ends of a 20-kg bar are connected to collars which slide along tracks as shown
Fig. P1.51. The coefficient of friction between the collars and the tracks is 0.15. 1
collar sliding on the vertical track is to be attached to a spring such that the system is
equilibrium when 6 = 30° and the spring is compressed 10 cm when & = 0°. Desi
a steel spring (G = 80 x 10° N/m?) to meet these specifications. The coil radius of |
spring should be 5 cm. Specify the radius of the bar from which the spring is made and 1
number of active turns. If the maximum displacement from equilibrium of the collar is
cm, what is the maximum shear stress developed in the spring?

11111

D

\
/ m=20kg

I =40 cm
@"* u =015

6 = 30°

1.52.

1.53.

1.54.

FIGURE P1.51

A 150-kg fan is to be placed in an industrial plant. The fan must be mounted on
isolator in order to protect the plant floor from large forces generated during its operatic
Calculations show that the fan is to be placed on four springs in parallel, each with a stiffne
of k = 4 x 10° N/m. During operation the fan will have a displacement from its equilibrit
position given by x(¢) = 0.003 sin (50¢) m. Design a steel spring (G = 80 x 10° N/m
by specifying N, r, and D such that it has a stiffness of k and the maximum shear str¢
(Tmax = 200 x 10 N/m?) is not exceeded during operation of the fan.

A helical coil spring is made of a steel with a shear modulus of 80 x 10° N/m? and
elastic shear strength of 200 x 10° N/m?. The spring is to have a coil radius of 20 cm.
10-kg block is to be suspended from the spring. The block is subject to a displacement 1
to exceed 20 mm. Design a spring (specify the diameter of each coil and the number
active turns) such that the spring’s elastic strength is not exceeded.

To achieve effective isolation, a 100-kg loudspeaker system is to be mounted on springs
three locations. From the vibration control theory of Chap. 8 it has been determined t!
the minimum static deflection of each spring should be 2.5 mm. What is the maximu
allowable stiffness of each element?
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1.55-1.59. Determine the deflection of each spring from its unstretched length when the system
shown is in equilibrium.

k,
n P k
C mamd'A"A
z ma =
]
; 2 .
2
my
m
ky
77777
FIGURE P1.55 FIGURE P1.56
5% 103 N/m
A—AWn—F
12m
m = 20 kg
+ )
| Spring is stretched
04 m 20 mm when bar
1 L s vertical
FIGURE P1.57
f~02m —~} 0.8 m |
5% 10* N/m 3 x 10* N/m

m = 40 kg
FIGURE P1.58
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Massless

pulleys Suspension
¥ < spring
k Wheel
¥ < stiffness
k
FIGURE P1.59 FIGURE P1.60

1.60. A simplified one-degree-of-freedom model of a vehicle suspension system is shown in
Fig. P1.60. The vehicle mass is 1000 kg, which is much greater than the axle mass. The
suspension spring has a stiffness of 80,000 N/m. The wheel is modeled as a spring placed
in series with the suspension spring. When the vehicle is empty, the wheel deflection is
measured as 4.1 cm.

(a) Determine the stiffness of the wheel, k.
(b) Determine the equivalent stiffness of the spring combination.

1.61. Determine the static deflection of each of the springs in the system of Fig. P1.61.

1 x10°N/m
2% 10°N/m
k —x
120 kg : k
3k k k/2
2x10°N/m " W
FIGURE P1.61 FIGURE P1.62

1.62~1.66. Calculate the equivalent stiffness of a linear spring when a linear one-degree-of-
freedom mass-spring model is used to model the system shown and x is the chosen gener-
alized coordinate.
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I 1m } 1m 1
E =200 x 10° N/m?
20 kg I1=115x10"* m*
s I,
FIGURE P1.63
1
L k
; <— Massless beam
-
E I ; k
" 1
x FIGURE P1.64
fe—— 60 cm } 40 cm —- 40 cm —
20 kg E I Massless beam

. -
l * /rg;ﬁ FIGURE P1.65

AN

I~

1
Ko
x

AL
3

A Ep FIGURE P1.66

1.67. Calculate the torsional stiffness of a solid aluminum shaft (G = 40 x 10° N/m?) of length
1.8 m and radius 25 cm.

1.68. Calculate the torsional stiffness of an annular steel shaft (G = 80 x 10° N/m?) of length
2.5 m, inner radius 10 cm, and outer radius 15 cm.

1.69. The disk attached to the end of the circular beam of Fig. P1.69 has three degrees of freedom.
The longitudinal displacement, transverse deflection, and angular rotation are kinematically
independent. In fact, the degrees of freedom are also kinetically independent. For example,
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application of a torque does not induce longitudinal or transverse displacement of the disk.
Calculate the longitudinal stiffness, torsional stiffness, and transverse stiffness for this

beam.
9
P u @ r = 10 mm
’,_ﬁ I ™ E =200 x 10° N/m?
65 cm ———— G = 80 x 10° N/m?
k cm x X /™ FIGURE PL69

1.70. The propeller shaft of a ship is a tapered circular cylinder, as shown in Fig. P1.70. When
installed in the ship, one end is constrained against longitudinal motion relative to the ship
while a 500-kg propeller is attached to the other end.

(a) Determine the equivalent stiffness of the shaft for a one-degree-of-freedom model.

(b) Assuming a linear displacement function along the length of the shaft, determine the
equivalent mass of the shaft to use in a one-degree-of-freedom model including inertia
effects of the shaft.

T l o = 30 cm

"o r =20 cm

n
b - - - \= E = 210 x 10° N/m?
M T p = 7850 kg/m’

!‘ 10 m ! FIGURE P1.70

1.71. A tightly wound helical coil spring is made from an 1.8-mm-diameter bar of 0.2 percent
hardened steel (G = 80 x 10° N/m?, p = 7600 kg/m?). The spring has 80 active coils
with a coil diameter of 1.6 cm. A 100-g particle is hung from the spring. Determine:

(a) The static deflection of the spring.
(b) The equivalent mass of the system, including an approximation for inertia effects of
the spring.

1.72. One end of a spring of stiffness k; and mass m;; is attached to a wall while its other end
is connected to a spring of stiffness k, and mass m,;. The end of the second spring is
connected to a block of mass m which has a displacement x (z). Determine the equivalent
mass of these two springs in series.

L73. A block of mass m is attached to two identical springs in series. Each spring has a mass
m; and a stiffness k. Determine the mass of a particle that should be added to the block to
approximate the inertia effects of the springs.

L.74. Show that the inertia effects of a torsional shaft of mass moment of inertia J,, can be

approximated by adding a thin disk of mass moment of inertia J,,/3 to the free end of the
shaft.
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1.75. Use the static deflection function of a simply supported beam to determine the mass of
a particle that should be added to the mass of a machine at the midspan of the beam to
approximate inertia effects of the beam.

1.76. Determine the kinetic energy of the system of Fig. P1.76 at an arbitrary instant in terms of
% including inertia effects of the springs.

2m
< I,
— [\
aJ_—’_\/Sl\z—/ "
k, my
No slip

FIGURE P1.76

1.77. The time-dependent displacement of the block of mass m of Fig. P1.76is x (t) = 0.03¢~!3¥
sin (4¢) m. Determine the time-dependent force in the viscous damper if c = 125N - s/m.

1.78. Calculate the work done by the viscous damper of Prob. 1.77 betweent =Q0and t = 1 s.

1.79. Determine the torsional viscous damping coefficient for the torsional viscous damper of
Fig. P1.79. Assume a linear velocity profile between the bottom of the dish and the disk.

1.80. Determine the torsional viscous damping coefficient for the torsional viscous damper of
Fig. P1.80. Assume a linear velocity profile in the liquid between the fixed surface and the
rotating cone.

ADbo N

e

Oil of density p,

viscosity g

Come of base radius 7,
height k

Gap width, d

Disk of radius »
Oil of density p, viscosity
Depth of 0il = A

1E P1.79 FIGURE P1.80
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1.81. Shock absorbers and many other forms of viscous dampers use a piston moving in a cylinde
of viscous liquid as illustrated in Fig. P1.81. For this configuration the force developed o
the piston is the sum of the viscous forces acting on the side of the piston and the force du
to the pressure difference between the top and bottom surfaces of the piston.

(@) Assume the piston moves with a constant velocity v,. Draw a free-body diagram of th
piston and mathematically relate the damping force, the viscous force, and the pressur
force.

(b) Assume steady flow between the side of the piston and the side of the cylinder. Sho
that the equation governing the velocity profile between the piston and the cylinder i

dp v?

dx or?

(¢) Assume the vertical pressure gradient is constant. Use the preceding results to dete;
mine the velocity profile in terms of the damping force and the shear stress on the sid
of the piston.

(d) Use the results of part (¢) to determine the wall shear stress in terms of the dampin

force.

() Note that the fiow rate between the piston and the cylinder is equal to the rate at whic
liquid is displaced by the piston. Use this information to determine the damping forc
in terms of the velocity and thus the damping coefficient.

(f') Use the results of part (¢) to design a shock absorber for a motorcycle that uses SA

1040 oil and requires a damping coefficient of 1000 N - m/s.

p 4

k
D |
— T
" Qil of viscosity u,
density p FIGURE P1.81

1.82. The spring of Fig. P1.82 (see page 58) is unstretched in the position shown. What is tt
deflection of the spring when the system is in equilibrium?

1.83. A 20 mm % 20 mm x 80 mm block is attached to a spring of stiffness 5 x 10* N/m. Tt
assembly is immersed in a liquid of specific gravity 1.05. What is the added mass requirt
to approximate the inertia of the liquid?
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AW
500 N/mg 20 cm
70 kg
() — Flat plate 1m x 0.5 m X 20 mm
20 mm
NI, i, S

Liquid of specific gravity 0.95

FIGURE P1.82

1.84.

1.8s.

A wedge is floating stably on the interface between a liquid of mass density p, as shown

in Fig. P1.84. When the wedge is disturbed from equilibrium, let x be the displacement of

the wedge’s mass center.

(a) What is the buoyant force acting on the wedge?

(b) What is the work done by the buoyant force as the mass center of the wedge moves
from x; to x,?

{c) Can the oscillations of the wedge on the surface be modeled as a mass attached to a
linear spring?

A bar of length L and cross-sectional area A is made of a material whose stress-strain

diagram is shown in Fig. P1.85. If the internal force developed in the bar is such that

o < 0p, then the bar’s stiffness for a one-degree-of-freedom model is given by Eq. (1.40).

Considet the case where ¢ > g,,. Let P = 0,,A + 3 P be the applied load which results in

a deflection A = a,L/E + SA.

(a) The work done (W = P A /2) by the applied force is equal to the strain energy devel-
oped in the bar, The strain energy per unit volume is the area under the stress-strain
curve. Use this information to relate § P to §A.

(b) What is an approximation to the linear stiffness for small §A?

length of wedge = L

mass density of 7
] wedge = p, o =f(E)
N\_A_
g,
P E

—r— e

1.86.

FIGURE P1.85

Consider a solid circular shaft of length L and radius ¢ made of an elastoplastic material
whose shear stress—shear strain diagram is given in Fig. P1.86. If the applied torque is
such that the shear stress at the outer radius of the shaft is less than 7,, a linear relationship
exists between the torque and the angular displacement resulting in Eq. (1.46). When the
applied torque is large enough to cause plastic behavior, a plastic shetl develops around an
elastic core of radius r < c. Let T = mt,c’/2 + 6T be the applied torque which results
in an angular displacement of = 7,L/(cG) + 56.
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(a) The shear strain at the outer radius of the shaft is related to the angular displacement
by @ = y.L/c. The shear strain distribution is linear over a given cross section. Show
that this implies

o= L

rG

(b) The torque is the resultant moment of the shear stress distribution over the cross section
of the shaft,

T=f 2ntptdp
0

Use this to relate the torque to the radius of the elastic core.
(¢) Determine the relationship between 8T and 6.
(d) Determine a linear approximation to the stiffness for small 6.

J Elastic
core
T,

G

¥ Plastic

shell

(a) (b)

FIGURE P1.86

1.87. A gas spring consists of a piston of area A moving in a cylinder of gas. As the cylinder

moves, the gas expands and contracts changing the pressure exerted on the piston. If the
process occurs adiabatically (without heat transfer), then

p =Cp"

where p is the gas pressure, p is the gas density, y is the constant ratio of specific heats, and

C is a constant dependent on the initial state. Consider a spring where the initial pressure

is po at a temperature Tp. At this pressure the height of the gas column in the cylinder is

k. Let F = ppA + § F be the pressure force on the piston when the piston has displaced a

distance x into the gas from its initial height.

(a) Determine the relation between § F and x.

(b) Linearize the relationship of part (a) to approximate the air spring by a linear spring.
What is the equivalent stiffness of the spring?

(¢) What is the required piston area for an air spring (y = 1.4) to have a stiffness of 300
N/m for a pressure of 150 kPa (absolute) with # = 30 cm?

MATLAB PROBLEMS

ML.1. File VIBES_1A.m provides the solution of Example 1.5 in terms of the parameters of

the problem. Use the program to

{a) Investigate the dependence of 6, and @ cna/L.

(b) Investigate the dependence of Omax and & on m,/m where m, is the mass of the
particle.



FUNDAMENTALS OF MECHANICAL VIBRATIONS

M1.2.

M1.3.

M14.

M1.5.

A 500-kg machine is to be mounted on four identical helical coil springs in parallel.
The static deflection of each spring is required to be 3.6 mm. As the machine vibrates,
its maximum displacement from its equilibrium position will be 10 mm. Design the
springs such that the ratio of the coil diameter to the rod diameter is at least 10 and
the maximum yield shear stress of the spring is not exceeded during operation of the
machine. Use file VIBES_1B.m to design the spring by specifying the material from
which the spring should be made, the coil diameter, the rod diameter, and the number
of active turns.

File VIBES_1C.m provides the stiffness of a fixed-free beam at a location a distance a
from the fixed support. Use VIBES_1C.m to

(a) Design the cross section of a fixed-free steel beam of length 4.5 m such that its

stiffness is between 1 x 10° and 4.5 x 10° N/mata = 1.8 m.

(b) Plot the stiffness of the beam designed in (a) as a functionof a for0.5m < a < 4m.

File VIBES_1D.m provides the equivalent mass of a fixed-free beam at a location a
distance @ from the fixed support. Use VIBES_1D.m to design the cross section of a
fixed-free steel beam of length 4.1 m such that the equivalent mass of the beam is less
than 3kgata = 1.5m.

Write a MATLAB program to determine the maximum acceleration of a particle whose
displacement is

x(t) = 0.003¢™"* sin (14t + 0.14) m

Plot the displacement of the particle, the velocity of the particle, and the acceleration of
the particle as functions of time.
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bt b—x bl
k

W = W
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(@) ®»

Figure 2.1 (a) When the mass-spring system is at rest in
equilibrium the spring has an unstretched length
I; (b} when the mass is displaced a distance xg,
a force kxg and potential energy 4 kx develops
in the spring.

Two methods are introduced to derive the differential equation governing the
motion of a one-degree-of-freedom system: the free-body diagram method intro-
duced in Chap. 1 and the equivalent systems method, which is based on the principle
of work and energy. If a system is nonlinear, a linearizing assumption will be made.

The general solution of the second-order differential equation is a linear com-
binaticn of two linearly independent solutions. The arbitrary constants, called con-
stants of integration, are uniquely determined on application of two initial conditions.
The necessary initial conditions are values of the generalized coordinate and its first
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The forces drawn on each free-body diagram are annotated for an arbitrary
instant. The direction of each force and moment are drawn consistent with
the positive direction of the generalized coordinate. Geometry, kinematics,
constitutive equations, and other laws valid for specific systems can be used to
specify the external and effective forces.

3. The appropriate form of Newton’s law is applied to the free-body diagrams.

4, Applicable assumptions are used along with algebraic manipulation. The result
is the governing differential equation.

Derive the differential equation governing the motion of the block of Fig. 2.2a.

Solution:

Let x(¢) represent the displacement of the block, measured positive downward, from
its static-equilibrium position. Free-body diagrams showing the external and effective
forces acting on the block at an arbitrary instant of time are given in Fig. 2.2b. Thus the
force developed in the spring is given by Eq. (1.30) where x, in that equation, represents
the change in length of the spring from its unstretched length. Since x is measured from
the static-equilibrium position of the system, the spring force developed for the system
of Fig. 2.2 is

Fy=k(x + Ag)

where Ay is the static deflection of the spring.

Note that since x is measured positive downward, when x is positive the spring is
stretched further from its equilibrium position and pulls on the mass, as illustrated on
the free-body diagram of external forces. The effective force is drawn downward to be
consistent with the choice of positive x.

The appropriate form of Newton’s law for this problem is

Z Few = Z Fegr

k(x + Ay
k ¢ o
m ==
| |
I e s
External Effective
forces forces
{(a) b)

Figure 2.2 (g} Mass-spring-dashpot system of Example 2.1; (b} free-body diagrams at an
arbitrary instant. Directions of external and effective forces are consistent with
positive direction of generalized coordinate x,
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which when applied to the free-body diagrams of Fig. 2.2b gives
mg — k(x + Agy) — cx = mi

Analysis of the static-equilibrium position reveals
mg
A=
When this result is substituted into the previous equation, the static-deflection term

cancels with the gravity term leaving
mi+cx+kx=0

The time history of motion of the system in Fig. 2.2 is obtained by solving the preceding
second-order linear homogeneous ordinary differential equation subject to appropriate
initial conditions.

Lnle 2.2 , Derive the differential equation governing the angular oscillations of the compound
pendulum of Fig. 2.3a.

Let 6(f) be the counterclockwise angular displacement of the rod measured from its

vertical equilibrium position. Summing moments about O using the free-body diagrams

of Fig. 2.3b,
A i
ext eff
L L?.. L.L
ields —mg—sin® = m—~06 —6—
y mg 2 sin m B +m )
m— 92
L ]
= m—2—
1
T
J 12mL (7]
External Effective
forces forces

(a) »

Figure 2.3  (a) Compound pendulum of Example 2.2 is a slender rod pinned at
one end. The generalized coordinate 6 is the counterclockwise
angular displacement from equilibrium; (b} free-body diagrams at an
arbitrary instant of time.
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which becomes
L2 L
m-3—9 + mg-z— sinf =0

The differential equation obtained in Example 2.2 is a second-order nonlinear
ordinary differential equation. While an exact solution of this equation exists in
terms of elliptic integrals, exact solutions for most nonlinear equations have not
been found.

Approximations for solutions of problems governed by nonlinear differential
equations are obtained by one of two approaches. An approximate solution of the
exact equation can be obtained by a numerical method, or, if conditions are right, the
differential equation can be approximated by a linear equation whose exact solution
is easily obtained. The latter approach is used here.

Consider the Taylor series expansion for sin 6 about 8 = 0:

i 93 95
sinf =0~ ¢+ 130

For small 8,
sinf ~ 6
Similar truncations of the Taylor series expansions for cos 8 and tan # for small 8
lead to
cosf ~ 1 tanf ~ @

The small-angle approximations of the Taylor series expansions are used to linearize
nonlinear differential equations. When the small-angle assumption is made for
Example 2.2, the resulting linearized differential equation is

38

5. 38, _
0+2L 0

A flywheel of mass moment of inertia / is attached to the end of a solid circular shaft
gf radius r, length L, shear modulus G, and mass m, as shown in Fig. 2.4a. A moment
1s applied to the disk, rotating it from its static-equilibrium configuration. The disk
15 released and torsional oscillations about the equilibrium position ensue. Derive the
fhfferential equation governing the torsional oscillations. Include an approximation for
Inertia effects of the shaft.

Let 6(¢) be the angular displacement of the disk from its equilibrium position. The shaft
acts as a torsional spring. As the disk oscillates, a moment
JG

= —0
M L
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Figure 2.4  (q) The system of Example 2.3 is a flywheel of mass moment
of inertia I attached to the end of a shaft of length L, radius r,
and mass m; (b) free-body diagrams at an arbitrary instant.

is developed between the shaft and the disk. The moment acting on the shaft is in the
direction of the rotation. From Newton’s third law, the moment from the shaft on the
disk resists the rotation.

Using the results of Sec. 1.6.5, the inertia effects of the shaft are approximated by
adding a disk at the end of the shaft whose mass moment of inertia is one-third of the
mass moment of inertia of the shaft.

Ip, = %mr2

Summing moments about the center of the disk

(2 - (),

using the free-body diagrams of Fig. 2.4b leads to
JG mr?\ ..
——0={I+—6

L ( 5 )

“ JG
or 6+ ———--—6=0

A slender rod of length L and mass m is pinned at O, as shown in Fig. 2.5. A spring
of stiffness & is connected to the rod at point P while a dashpot of damping coefficient
¢ is connected at point Q. Assuming small displacements, derive a linear differential
equation governing the free vibrations of this system. Use x, the displacement of particle
P, measured from the system’s equilibrium position, as the generalized coordinate.



CHAPYER 2 + FREE VIBRATIONS OF ONE-DEGREE-OF-FREEDOM SYSTEMS

c I.I.J o P
o Q) )
pa b <30
L 3 =
4 4 77T
(@)
C 4 l D)
0.
T .
mg
ck b)
3
O
o, 1 B
e m3 1 .2 43:')
k(x + Ast) E m E
External forces Effective forces
()

Figure 2.5 (a) System of Example 2.4; (b} free-body diagram of static equilibrium position;
(c) free-body diagrams at an arbitrary instant.

Summing moments about O on the free-body diagram of Fig. 2.5b leads to the following
equation defining the equilibrium position of the system.

L L
—-3kZAst +ng =0

Consistent with the assumption that x is small, the lines of action of the damping force
and the spring force are assumed to be vertical. From the geometry of Fig. 2.5,

= —sinf
=
Using the small-angle approximation, for sin@ gives
3L

x ~ —0
4
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The appropriate equation for summation of moments about O is

(2e) - (),

which, when applied to the free-body diagrams of Fig. 2.5c, gives

Loos (2 — e 4 2L cos (22} = E L os (&2
— —— — — 0 —— — — —m
M8 CC\3L w7y “\3L) T3 \3L

mL? 4% XL
A
The small-angle approximation is used to approximate the cosine terms by one. The
static-equilibrium condition is used to cancel the static-deflection terms with the gravity

terms. The resulting differential equation becomes
Tm c 3k

?6—x+ﬁx+j4—x=0

2.51

Using x, the displacement of the block measured positive downward from its equilibrium
position as the generalized coordinate, derive the differential equation governing the free
vibrations of the system of Fig. 2.6a.

Solution:

The static-equilibrium position of the system is analyzed and yields the following relation
between gravity and static deflection of the spring:

2kAg —mg =0

k k2x + A,) \:,

2r

== . ]

mg mx
External Effective
forces forces
(a) (b)

Figure 2.6 {a) System of Example 2.5; (b} free-body diagrams ot an arbitrary instant.
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Free-bedy diagrams showing the external and effective forces acting on the mass-
pulley system at an arbitrary instant of time are shown in Fig. 2.6b. No slip is assumed
between the pulley and the cables, and friction is neglected. Kinematics is used to express
the relation between x and the change in length of the spring.

The appropriate form of Newton’s law is

(Z M 0) = (Z M o)
ext off
which, applied to the free-body diagrams, gives

Ip . .
—k(2x + Ag)2r + mgr = 2% + mir
r

The static-equilibrium condition is used to eliminate gravity and static deflection from
the equation resulting in

1
(7” +mr)5é+4er=0

A sphere of radius r and mass m is attached to a spring of stiffness k (Fig. 2.7). The
assembly is placed in a highly viscous fluid of dynamic viscosity u and mass density
p. The sphere is displaced from its equilibrium configuration and released from rest.
Derive the differential equation governing the resulting oscillations about the equilibrium
position. Note that the drag force on the sphere from the fluid is D = 6xruv, where v
is the velocity of the sphere.

Solvtion:

When the system is in equilibrium, a balance exists between the gravity force, the buoyant
force, and the spring force

mg--FB—kA“:O

As the sphere oscillates, fluid surrounding the sphere is set in motion. Using the
results of Sec. 1.7 and Table 1.1, the kinetic energy of the fluid can be taken into account
by adding a particle of mass m, = %J’t,or3 to the sphere. Let x(r) be the displacement
of the sphere from its equilibrium position. Application of Newton’s law

Z Fexi = Z Fesr
to the free-body diagrams of Fig. 2.7b gives
—(kx + Ag) —6purx + mg — Fg = (m + %PNTS)X'

Use of the static-equilibrium condition eliminates gravity, buoyancy, and static spring
force terms and leads to

(m+ 2pmwr’)i + 6mprk + kx =0

T!xample
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In many systems the force system composed of the static spring force and the
though, the system of Example 2.4. The moment of the gravity force balances with
the moment of the static spring force. However the summation of the two forces is
not the zero force. Even though these forces cancel with one another when moments
are summed to derive the governing differential equation, they do not cancel when
forces are summed to determine the reactions at the pin supports.

2.7 | Derive the differential equation governing the motion of the system of Fig. 2.8, using x,
the downward displacement of pulley A from the system’s equilibrium position as the
generalized coordinate.
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Pulley B is fixed;
both pulleys are
massless and
frictionless

I Figure 2.8  System of Example
x 27.

Solution:

The total change in length of the cable from its equilibrium length is 2x. Let x; be the
change in length of the spring connected to pulley A. Let x; be the change in length of
the spring connected to pulley B. Then

2x =x1+x;

Free-body diagrams of the pulleys at an arbitrary instant are shown in Fig. 2.9. Note that
for this linear system, gravity will cancel with the static spring force from the governing
differential equation and thus neither is included on the free-body diagrams.

Assuming no friction the tension is the same throughout the cable. This implies that
the force developed in each spring is the same

kx1 = 2kx,
kx T ;‘ ;
@ ' imﬂg’
mx
T R 2ka
External forces Effective forces  External forces Effective forces
(@) b)

Figure 2.9 Free-body diagrams of (a) pulley A and
(b) pulley B at an arbitrary instant. Gravity of
block and static spring forces are not included,
as they will cancel with one another in
differential equation.
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Combining the two equations leads to

x1=§x Xy =

Z F, ext = Z Feﬁ‘
leads to

—kxy — 2k =mi  —k(3x) —2k(3x)=mx mi+}kx=0

winy

X

Summing forces on pulley A

2.3 EQUIVALENT SYSTEMS METHOD

Let x be the generalized coordinate chosen to model a linear one-degree-of-freedom
system. The system is composed of n rigid bodies and particles. The total kinetic
energy of the system is

n 1 _ _
T = 2 :—2—(m,-v,-2 + Lw?) [2.11
i=1

Since the system has only one degree of freedom, the velocity of the mass center of
each rigid body and the angular velocity of each rigid body must be kinematically
related to the generalized coordinate, x

‘5,‘ = CtiJ'C,‘ w; = ﬂ,‘)&i [2.2}

Substitution of Eq. (2.2) into Eq. (2.1) leads to

1< I
T= ;(m,-aiz + I,ghHi* [2.3]
T,
or T = Zmeqk [2.4]
n
where Meg = Z(m,-aiz + I,ﬂlz) [2.5]

i=1

Meq 1S a constant called the equivalent mass.

Assume the linear one-degree-of-freedom system has m discrete elastic ele-
ments. The ith spring is connected to a particle in the system whose displacement is
x;. Let A; represent the static deflection in the ith spring. The total potential energy
of the system at an arbitrary instant includes the potential energy developed in each
of the springs as well as the potential energy due to gravity

m n
V= Zki(xi + A + Z;migii [2.6]

i=1



uation (2.13) is the differential equation governing the motion of any linear one-
degree-of-freedom system undergoing free vibrations.
A . .
an angular coordinate #. In this case the kinetic energy of a linear one-degree-of-
freedom system can be written as

T = % IOqéZ [2.14]
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where Iq is the equivalent mass moment of inertia. The potential energy for the
system is

= 1k, 02 + Vo [2.15]

where k,, is the equivalent torsional stiffness. The work done by viscous damping
forces between two arbitrary positions defined by 6, and 6, is

6
Uisa = —/ C,qe de [2.16]

&
where ¢, is the equivalent torsional damping coefficient. The differential equation
governing the free vibrations of a linear one-degree-of-freedom system when an
angular coordinate is chosen as the generalized coordinate is

Igf+ ¢t +k 0=0 [2.17)

The above analysis shows that the system of Fig. 2.10 serves as a model system,
for any linear one-degree-of-freedom system when a linear displacement is chosen

The equivalent systems method, or the energy method can be used to derive
the differential equation governing the motion of any linear one-degree-of-freedom
system. The kinetic energy and the potential energy of the system are determined at
an arbitrary instant in terms of the chosen generalized coordinate. The expression
for the kinetic energy is compared with Eq. (2.4) from which the equivalent mass
is determined. The potential energy expression is compared with Eq. (2.9) to de-
termine the equivalent stiffness. If the system has viscous damping, the work done

4 ke I o

W\

é - me, Figure 2.10 The equivalent mass-spring-dashpot system is

4 d used as a model for a linear one-degree-of-
Ceq freedom linear system with viscous damping.

W[\. 0

.

7 —-——‘_“‘_}—E

Iy c

/ kro | g

I

Figure 2.11 Equivalent system model of o
linear one-degree-of-freedom
system with angular coordinate
as generalized coordinate.
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by the system between two arbitrary positions is determined. This expression is
compared with Eq. (2.10) to determine the equivalent viscous damping coefficient.
The governing differential equation is written as Eq. (2.13). If an angular coordinate
is chosen as the generalized coordinate, then Egs. (2.14) to (2.17) are used.

The quadratic form of the potential energy for a linear system, Eq. (2.9), was
derived assuming that linear springs were the only source of potential energy. Equa-
tion (2.9) is applicable for any linear system and can be used to determine the
equivalent stiffness when any source of potential energy is present. Examples of
other sources of potential energy include buoyancy forces and gravity forces when
a small displacement assumption is applied. It is not necessary to determine Vp, the
potential energy of the system when it is in equilibrium, as it does not appear in the
governing differential equation, Eq. (2.13).

Use the equivalent systems method to derive the differential equation governing the
motion of the system of Fig. 2.5 and Example 2.4, using x as the generalized coordinate
and assuming small displacements.

Solution:

The kinetic energy of the system at an arbitrary instant is

ol 1po 1 x2+1 . 4;&2 E(7 N\
= - -— = —-m — — _— e = - —_—
2" T T "\3) T2\12 3L 2\27
Comparison with Eq. (2.4) leads to meq = 577 m.
The potential energy of the system at an arbitrary instant is

V =1k’ + Vo

Comparison with Eq. (2.9) leads to kg = k.
The work done by the viscous damping force between two arbitrary positions is

X /x 2 ¢
U, 2=—/ c—-d(—) .-=—f $xdx
~ W 3 \3 o 9
Comparison with Eq. (2.10) leads to ceq = ¢/9.
Equation (2.13)is used to write the differential equation governing the free vibrations
of the system as

£=mi + §ck +kx =0

Note that the differential equation derived in Example 2.4 is obtained when the above
equation is multiplied by 2.

Yhe slender rod of Fig. 2.12 will be subject only to small displacements from equilibrium.
Use the equivalent systems method to derive the differential equation governing the
{notion of the rod using 8, the counterclockwise angular displacement of the rod from
1ts equilibrium position, as the generalized coordinate.
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2
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Figure 2.12  For small 4, the nonlinear system can be
approximated using the linear system of Fig. 2.11
\._/ i S with ¢ =0.
Solution:

The kinetic energy of the bar at an arbitrary instant, from Eq. (1.14) is

1 (LN 1/1 N 11 \a
T=:-m(=26) +-(—=mL?)6?=-(-mL?)é
2'"(6 ) +2(12'" ) 2(9'" )
Comparison with Eq. (2.14) leads to Iq = mL%/9.

The potential energy in the system is due to gravity. Choosing the plane of the pin
support as the datum, the potential energy of the system at an arbitrary instant is

L
V= —mgg cosé

For small 6, the Taylor series expansion for cos € truncated after the second term leads
to an approximation for the potential energy as

L 1, 1 L, L
V= mg6(1 29)—2mg69 mg6
Comparison with Eq. (2.15) leads to ki, = mgL/6. Since the datum was chosen as the
plane of the pin support, the system has a potential energy of Vo = —mgL/6 when it is
in equilibrium.
Equation (2.17) is used to write the differential equation governing the motion of
the system as

1 P | . 3g
-mL% + -mgLf = =20 =
9m +6mg 0 0+2L9 0

Use the equivalent system method to derive the differential equation governing the free
vibrations of the system of Fig. 2.13. Use x, the displacement of the mass center of
the disk from the system’s equilibrium position, as the generalized coordinate. The disk
rolls without slip, no slip occurs at the pulley, and the pulley is frictionless. Include an
approximation for the inertia effects of the springs. Each spring has a mass m;.
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> x

2m
IIB = 2x

crl k

177,

Figure 2.13 The system of Example 2.10 is modeled by the
equivalent system of Fig. 2.10.

Solution:

Let 6 be the clockwise angular rotation of the pulley from the system’s equilibrium posi-
tion and x g be the downward displacement of the block, also measured from equilibrium.
Then

x=r8 xg=2r0

Eliminating @ between these equations leads to x5 = 2x. Since the disk rolls without
slip, its angular velocity is wp = x/rp. As shown in Sec. 1.6, the inertia effect of each
spring is approximated by placing a particle of mass m;/3 at the location where the
spring is attached to the system. To this end it is imagined that a particle of mass m,/3
is attached to the center of the disk and a particle of mass m, /3 is attached to the block.
The total kinetic energy of the system, including the kinetic energies of the imagined
attached particles is

1 1 | 1 .
T=-mi’+ —Ipa)ZD + —1P92 + 5(2’")1‘123 +7T;, + T,

2 2 2 \
=3 (5m) () + 30 (7) v s s 540 e
1/19 Ip 5
=3 (7"’+rz+§'"s)x
Comparison with Eq. (2.4) leads to
Meq = -1—9m + ~I~£ + ~5-m,
2 r2 3

The potential energy of the system at an arbitrary instant is
V = 3kx® + $k(2x)? = L (5k)x?
Comparison with Eq. (2.9) leads to keq = 5k.
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The work done by the viscous dampers between two arbitrary instants is

X2 X2 X2
Uiz = —/ cxdx —/ c(2x)d(2x) = —f Scxdx
X X

1 X
Comparison with Eq. (2.10) leads to ceq = Sc.
The differential equation governing free vibration of the system is obtained by using
Eq. (2.13)

1 Ir 5 )
—9m+i+—ms)5c'+5cx+5kx=0
2 r2 3

» 2.11 l‘ simplified model of a rack-and-pinion steering system is shown in Fig. 2.14. A gear
of radius r and polar moment of inertia J is attached to a shaft of torsional stiffness k;.
The gear rolls without slip on the rack of mass m. The rack is attached to a spring of
stiffness k. Derive the differential equation governing the motion of the system using x,
the horizontal displacement of the rack from the system’s equilibrium position, as the
generalized coordinate.
Solution:

Since there is no slip between the rack and the gear, # = x/r, where 8 is the angular
displacement of the gear from equilibrium. The kinetic energy of the system at an

arbitrary instant is
1 ., 1 /x\* 1 I\ .,
T_—_.me +§J(;) =§(m+;3)x

from which the equivalent mass is determined as meq = m+ J/ r2. The potential energy
of the system at an arbitrary instant is

1o, 1 xy 1 k\

from which the equivalent stiffness is determined as keq = k + k:/r?. The differential

7 Gear of radius r, polar
moment of inertia J

Figure 2.14  Model of rack-and-pinion
system of Example 2.11.
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equation governing the motion of the system is

k
(mo 2)s+ (k550
r r

2.4 FREE VIBRATIONS OF UNDAMPED
ONE-DEGREE-OF-FREEDOM SYSTEMS

The general form of the differential equation for undamped free vibrations of a
one-degree-of-freedom system is

mi+kx =0 [2.18]

where /7 and k are coefficients specific to the system determined during the derivation
of the differential equation. If the equivalent systems method is used to derive
the differential equation, then m = meq and k = keq. If the free-body diagram
approach is used to derive the differential equation then, as illustrated in Example 2.8
it /k = Meq/ keq. Equation (2.18) is subject to initial conditions of the form

x(0) = x, [2.194]
and x(0) = X [2.195b]
The solution of Eq. (2.18) subject to Eq. (2.19) is

X0 .
x(t) = xgcos wyt + = sin wpt [2.20]
Wy
k
where ®, =] — [2.21]
m
An alternate and more instructive form of Eq. (2.20) is
x(t) = Asin(w,t + ¢) [2.22]

Expanding Eq. (2.22) using the trigonometric identity for the sine of the sum of
angles

sin(a + b) = sinacosb + cosa sinb [2.23]
gives x(t) = Acos ¢ sin wu? + A sin ¢ cos wy? [2.24]
Equating coefficients of like trigonometric terms of Eqgs. (2.20) and (2.24) leads to
0\ 2
A= |x}+ (—3) [2.25]
Wy

and ¢ = tan~! (w"x") [2.26]



FUNDAMENTALS OF MECHANICAL VIBRATIONS

The free-vibration response of a one-degree-of-freedom system, described math-
ematically by Eq. (2.22), is plotted in Fig. 2.15. The initial conditions determine
the energy initially present in the system. Potential energy is continually converted
to kinetic energy and vice versa. Since energy is conserved, the system eventually
returns to its initial state with its original kinetic and potential energies, completing
the first cycle of motion. The subsequent motion duplicates the previous motion.
The system takes the same amount of time to execute its second cycle as it does its
first. Since no energy is dissipated from the system, the system executes cycles of
motion indefinitely.

A motion which exactly repeats after some time is said to be periodic. A period
is the amount of time it takes the system to execute one cycle. The frequency is the
number of cycles the system executes in a period of time and is the reciprocal of the
period.

Figure 2.15 shows that the free undamped vibrations of a one-degree-of-freedom
system are periodic of period

2
==L [2.27]
wWn
and frequency
f= ;’_" [2.28]
b 4

The frequency of Eq. (2.28) is usually calculated in units of cycles per second or
hertz (Hz). The frequency is converted into radians per second by noting

1 cycle/s = 2n rad/s

Thus w, is the frequency in radians per second. The parameter w, is called the natural
Jfrequency of free vibration. It is a property of the system and is determined directly

27
b—T=" 4
w’l
|
X9 1|
i
|,
'
- 0 !
| ' \/ \/ v \/‘
I
i
'
I
'
o 41
|
! "2-4
i .
Figure 2.15 Free-vibration response of an undamped one-degree-of-freedom system is

periodic of period 27 /w,, amplitude A, and phase angle 4.
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from the governing differential equation and Eq. (2.21). The natural frequency is a
function of system parameters and independent of initial conditions.
Equation (2.18) is divided by mn, yielding

¥+ wlx=0 [2.29]

Equation (2.29) is the standard form of the differential equation for free vibrations
of an undamped one-degree-of-freedom system. The derived differential equation
for any system can be put in this standard form. The natural frequency is determined
directly from the equation.

The amplitude A, defined by Eq. (2.25), is the maximum displacement from
equilibrium. The amplitude is a function of the system parameters and the initial
conditions. The amplitude is a measure of the energy imparted to the system through
the initial conditions. For a linear system

/2E
A= —k;— [2.30]

where E is the sum of kinetic and potential energies.

The phase angle ¢, calculated from Eq. (2.26), is an indication of the lead or
lag between the response and a pure sinusoidal response. The response is purely
sinusoidal with ¢ = 0 if xo = 0. The response leads a pure sinusoidal response by
/2 rad if xp = 0. The system takes a time of

-9 ¢ >0
Wn

£ ¢=o0
wWn

to reach its equilibrium position from its initial position.

An engine of mass 500 kg is mounted on an elastic foundation of equivalent stiffness| Example 2.
7 x 10° N/m. Determine the natural frequency of the system.

Solution:
The system is modeled as a hanging mass-spring system. Equation (2.18) governs the

displacement of the engine from its static-equilibrium position. The natural frequency
is determined by using Eq. (2.21)

/7 x 10° N/m rad

A wheel is mounted on a steel shaft (G = 83 x 10° N/m?) of length 1.5 m and radius| Example 2.1
0.80 cm. The wheel is rotated 5° and released. The period of oscillation is observed as
23 5. Determine the mass moment of inertia of the wheel.
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Figure 2.16  (a) Wheel is modeled as disk attached ta torsional spring;
(b) free-body diagrams at an arbitrary instant.

The oscillations of the wheel about its equilibrium position are modeled as the torsional
oscillations of a disk on a massless shaft, as illustrated in Fig. 2.16a. The differential
equation is derived by using the free-body diagrams of Fig. 2.16b.

(Z It:;o) = (Z 1};0)
ext eff

JG

—-—0=1I
L
. JG
16+ —68=20
T
The last equation is put in the form of Eq. (2.18) by dividing by
. JG
8+ —6=0
+ IL

Comparison of the preceding equation with Eq. (2.29) gives

/ JG
Wy =] —
IL
The observed natural frequency is

2 2
w0, = n_2n rad/cycle 273 rad
T 2.3 s/cycle s

Thus the moment of inertia of the wheel is calculated from

T (0.008 m)* (83 x 10° —Ii)
JG 2 m?
I = = = 47.8 kg - m*
Lwﬁ rad 2 ek
(1.5m) (2.73 —-—-)
S

2.14 |A mass of 45 kg is dropped onto the end of a cantilever beam with a velacity of 0.5 m/s,
as shown in Fig. 2.17. The mass sticks to the beam and vibrates with the beam. The
I beam is made of steel (E = 210 x 10° N/m?), is 3.5 m long, has a depth of 20 cm,
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f v=05m/s
m=45kg C—r—3 T

J +*z 20cm

I, =3x10"% m*

f——— 35 m ———— —— 1
(a) (b)

k = 4.4 X 10° N/m

skef

External forces Effective forces
(e)

Figure 2.17  (a) System of Example 2.14. {b) Cross section of | beam. (c} x(t} is measured
from static-equilibrium position when mass is attached to beam. Thus x(0) =
—Ag. (d) Equivalent mass-spring mode!. (e) Free-body diagrams of an
arbitrary instant.

and a cross-sectional moment of inertia of 3 x 10~° m*. Determine the maximum stress
developed in the beam as it vibrates. Neglect the inertia of the beam.
Solution:

Let x(¢) be the displacement of the mass, measured positive downward from the static-
equilibrium position of the mass after it is attached to the beam. The system is modeled
as a mass of 45 kg hanging from a spring of stiffness

kg = 3EI  3(210 x 10° N/m%)(3 x 10~° m*)
T (3.5 m)3

N
=441 x 10° —

m
The natural frequency of free vibrations is

keg 4.41 x 10° N/m rad
=,/== =99.0 —
=N \/ 45 kg 90

_The beam is undeflected at t = 0, when the mass strikes. If the system were in static
€quilibrium, the end of the beam would have a static deflection. Thus

_ 981 m/s®
(99.0 rad/s)?

m
keq

o

x0)=-Ayg = — =—1.00x 103 m

£
w;
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The initial velocity is the velocity at which the mass strikes the beam
x(0) =05m/s
The time history of the mass’s displacement is calculated using Eq. (2.22)
x(t) = Asin(99.0r + ¢)
where the amplitude A and the phase angle ¢ are calculated from Eqs. (2.25) and (2.26)

as
A=_[(—1.00 x 10~3 m)2 + 0.5 m/s 2—515x10_3m
- ' 99.0rad/s ) ~

1 (99.0rad/s)(—1 x 1073 m))
¢ =tan ( 0.5m/s

The maximum normal stress due to bending occurs in the outer fibers of the beam
as its fixed end. The reaction moment at the support is obtained by summing moments
on the free-body diagrams of Fig. 2.17e.

(z: ﬁA) - (): X*}A)
ext eff

—M +mgL = mXL

= —0.195rad = —-11.2°

The maximum acceleration is calculated by
¥max = @2 A = (99.0 rad/s)?(5.15 x 107> m) = 50.5 m/s?
The maximum absolute value of the reaction moment is

M| =mgL + m¥n L = 45 kg(9.81 m/s? + 50.5 m/s?)(3.5 m)

=95x10°N-m
The maximum normal stress is calculated by using the elastic flexure formula
Mc (9.5x10°N-m)(0.1 m) N
= — == = -2 7 —
Gmax = 77 3 x 10-3 m* 3210 m?

An assembly plant uses a hoist to raise and maneuver large objects. The hoist is a winch
attached to a beam that can move along a track. The model of the hoist is shown in
Fig. 2.18. Determine the natural frequency of the system when the hoist is used to raise
a 800-kg machine part at a cable length of 9 m.

Solution:

The beam is modeled as a pinned-pinned beam. If the hoist is at its midspan, its stiffness

is

i JBEl _ 48 (200 x 10° N/m?) (3.5 x 107* m*)
PTTE T G.1m)

=1.13 x 108 N
m



Cable: E =200 x 10’ N/m

r=10cm Figure 2.18 (a) Hoist is used to lift large

objects; {b} beam acts in series

(@) ® with cable.

The stiffness of the cable is

0.1 m)? (200 x 10° N/m? N
k= AE _ 7O1m*( /™) _ .98 x 108 N
L 9m m
The beam and the cable act as springs in series with an equivalent stiffness of
1 1 , N
keq = T3 =k 7 T —9.73x10;

o E  TI3x10°N/m | 6.98 x 10° N/m

The system’s natural frequency is

7
on = R o (2T XIOTN/m ;g 102 ™
m 800 kg s

The pendulum of a cuckoo clock consists of a slender rod on which an aesthetically| Example
designed mass slides. If the clock gains time, should the mass be moved closer to or
farther away from the support to correct the tuning?

Solution:
The pendulum is modeled as a particle of mass m on a rigid, massless rod. The particle

is assumed to be a distance ! from its axis of rotation. Summing moments about the
point of support on the free-body diagrams of Fig. 2.19 leads to

6+ if— sing =0
Application of the small-angle assumption yields the linearized equation of motion
g+ %e =0
The differential equation is compared with the standard form, Eq. (2.29), yielding
g

Wy = -

l
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where the coefficients are determined during the derivation of the differential equa-
tion. Dividing Eq. (2.33) by m gives

. €. k
X+—=—x4+—-x=0 [2.34]
m m
The general solution of Eq. (2.34) is obtained by assuming
x(t) = Be™ [2.35]

Substitution of Eq. (2.35) into Eq. (2.34) leads to the following quadratic equation
for a:

~

a4+ —a+—=0 [2.36]
m m

The quadratic formula is used to obtain the roots of Eq. (2.36) as

é e\ k
wj2 = > + (2?%) = [2.37]

The mathematical form of the solution of Eq. (2.34) and the physical behavior of
the system depends on the sign of the discriminant of Eq. (2.37). If the discriminant
is positive, Eq. (2.36) has two real roots. If the discriminant is negative, Eq. (2.36)
has two complex conjugate roots. If the discriminant is zero, Eq. (2.36) has only a
double real root.

The physical nature of the vibrations is dependent on the sign of the discriminant,
The case when the discriminant is zero is a special case and occurs only for a certain
combination of parameters. When this occurs the system is said to be critically
damped. For fixed values of k and i, the value of ¢ which leads to critical damping
is called the critical damping coefficient, ¢.. From Eq. (2.37)

& = 2Wkm [2.38]

The nondimensional damping ratio, ¢, is defined as the ratio of the actual value
of ¢ to the critical damping coefficient,

(o (o
(= =—%
Cc 2vkm
The damping ratio is a property of the system parameters.
Using Eqs. (2.39) and (2.21), Eq. (2.37) is rewritten in terms of ¢ and w, as

[2.39]

12 = —{w, Twp/{2—1 [2.40]
For { # 1, the general solution of Eq. (2.34) is
x(t) = 50t (CrenVEI1 4 Cpemend/iT11) [2.41]

where C; and C; are arbitrary constants of integration. From Eq. (2.41) it is evident
that the nature of the motion depends on the value of ¢. Using Egs. (2.21) and (2.39),
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Eq. (2.34) becomes
¥+ 2lwp i+ 0lx =0 [2.42]

Equation (2.42) is the standard form of the differential equation governing the free
vibrations of a one-degree-of-freedom system with viscous damping.

Three cases must be examined to explore completely the behavior of a one-
degree-of-freedom system with viscous damping.

case 13 { < 1 (Underdamped Free Vibrations) For { < 1 the roots of
Eq. (2.36) exist as a complex conjugate pair

W12 = W, (—; +i/1— ;2) [2.43]

Euler’s identity is used to replace the complex exponentials that occur in Eq. (2.41)
by a linear combination of trigonometric terms of real argument,

x(t) = et (C1 cosw,v 1 — &2t 4+ Casinwyy/1 — 2 t) [2.44)

The constants of integration are determined by applying the initial conditions, Eq.
(2.19), resulting in

x(t) =e ' { xgcosw,/1 — L2t + %o+ fn¥o sinwy/1 — £21¢ [2.45]
Wy +/ 1- ;2

An alternative form of the solution is developed by using the trigonometric identity,
Eq. (2.23)

x(t) = Ae™ " sin (wyt + ¢y) [2.46]
X0 + Lwnx 2
where A= [xi+ (M) [2.47]
wq
¢s = tan~! (_"0‘_"“_) [2.48]
X + LwaXo

and Wi = wpv' 1 — ;‘2 [2.49]

Equation (2.46) is plotted in Fig. 2.20. Once free oscillations of a viscously
d?lmped system commence, the nonconservative viscous damping force continually
dissipates energy. Since no work is being done on the system, this leads to a contin-
Ufll decrease in the sum of the potential and kinetic energies. For underdamped free
YIbrations, the system oscillates about an equilibrium position. However, each time
It reaches equilibrium, the system’s total energy level is less than at the previous
time. The maximum displacement on each cycle of motion is continually decreas-

in_g- Equation (2.46) and Fig. 2.20 show that the amplitude decreases exponentially
With time,
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x(1)/x(0)
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Figure 2.20  Free vibrations of an underdamped one-degree-of-freedom system decay
exponentidlly.

The free vibrations of an underdamped system are oscillatory, but not periodic.
The vibrations would be periodic if it were not for the decay in amplitude. Even
though the amplitude decreases between cycles, the system takes the same amount
of time to execute each cycle. This time is called the period of free underdamped
vibrations or the damped period and is given by

T, = Ll [2.50]
W

Thus wjy is called the damped natural frequency. Note that wy < w,.
Consider a mass-spring-dashpot system with x(0) = 0, x(0) = x¢. Then

)
¢a = tan”" (-—£—C—£—) sing; =+/1—-¢2  cos¢py=1¢

0
o

Using Eq. (2.46) the total energy present in an underdamped system is

1 1 1 kxZe 2 ent
E = -k 2 oyl — 0 N .
2 M = [ + ¢ sin? (@at + ¢)  [2.51]

—2¢/1 — £2sin (w4t + ¢4) cos (wat + Pa)
+ (1 — £ cos? (wat + ¢a)]
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The total energy in the system at the end of the nth cycle is

1 172
E,=E (t = Zn_ﬂ’) = Ekxgv 1-— {26_4"”/ 1-¢2 [2.52]

@y
The energy dissipated as the system executes one cycle of motion is

AEn = En - En+] [2.531
= Jkxg/1 — g2~ ms /Y18 (1 — e-«r:/ﬂ)

The ratio of the energy dissipated over a cycle to the total energy at the beginning
of the cycle is

Equations (2.53) and (2.54) show that the energy dissipated over one cycle of
motion is a fraction of the total energy at the beginning of the cycle. The fraction
of energy dissipated over a cycle is constant and depends only on the damping
ratio. The larger the damping ratio, the larger the fraction of energy dissipated
over a single cycle. Equation (2.54) shows that as the damping ratio approaches
1, the fraction of energy dissipated over a single cycle approaches 1. Thus, for
underdamped free vibrations, the energy dissipated over a single cycle is a constant
fraction of the energy in the system at the beginning of the cycle; the total energy is
never completely dissipated. This indicates that free vibrations for an underdamped
system continue indefinitely with exponentially decaying amplitude.

The logarithmic decrement, 8, is defined for underdamped free vibrations as the
natural logarithm of the ratio of the amplitudes of vibration on successive cycles.

x(r) Ae~5"! sin (wyt + Pg)
=mn{ _Y_ .
! (x(t + Td)) tn (Ae-gwn(u-m sin[wg ¢ + Ty) + ¢d]) [2.55]
={w,T; = __2”#
ntd ,—1 = 4-2
For small ,
§=2m¢ [2.56]

The logarithmic decrement is often measured by experiment and damping ratio
determined from

= ——5—_ [2.57]

Va2 4 82

IF can be shown that the following equations can also be used to calculate the loga-
nthmic decrement:

1 (0
8= nln (x(t+an)) [2.58]
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for any integer n and

_ x(1)

d=In (_———j(t n Td)) [2.50]
_(FO

d=1In (5E(t > Td)) [2.60]

Equation (2.58) implies that the logarithmic decrement can be determined from
amplitudes measured on nonsuccessive cycles, while Eqgs. (2.59) and (2.60) imply
that velocity and acceleration data can also be used to determine the logarithmic
decrement.

2.17

The The slender rod of Example 2.4 has a mass of 31 kg and a length of 2.6 m. A 50-N
force is statically applied to the bar at P and then removed. The ensuing oscillations of
P are monitored and an oscilloscope provides the acceleration data shown in Fig. 2.21b
where the time scale is calibrated but the acceleration scale is not calibrated. Use the
data to find the spring constant & and the damping coefficient ¢. Also calibrate the
acceleration scale.

The differential equation obtained in Example 2.4 is divided by the coefficient of its
highest derivative

- 3cj+27k ~0

* Tm Tm =
The natural frequency and damping ratio are determined by comparing the preceding
equation with the standard form of the differential equation for damped free vibrations,
Eq. (2.42)

27k 3c

Tm = l4dmw,

Wy =

The period of damped free vibrations is determined from the oscilloscope data as
0.1 s. The value of the logarithmic decrement is determined from the oscilloscope data

and Eq. (2.60)
x(0) 3
(S =1 = _—= _4
. (55(0.1 s)) In 3 =0.405
The damping ratio is calculated using Eq. (2.57).
= 0.405 = 0.0643

VA2 + (04052

Equation (2.50) is used to calculate the damped natural frequency as 62.83 rad/s.
Equation (2.49) is used to calculate the natural frequency as 62.96 rad/s.
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Ll
50N
LTJC =7? l
[¢) m=31k ),
E_/k= 9
}—0.65 m—~——1.95 m ———|

a(t) (scale not calibrated)

3
0 0.1 0.15 0.2 0.25
Time (s)
(b)
S50N
R, g Tk[x(o) +4,]
()

Figure 2.21 {a) initial position of bar of Example 2.17;
(b) oscilloscope data for Example 2.17;
() free-body diagram of initial position.

The spring stiffness and damping coefficient are determined as

Tme? 7031 kg)(62.96 rad/s)? N
k = no__ = 3. 4
= 27 =3.19 x 10
. 14mwy,¢ 14(31 kg)(62.96 rad/s)(0.0643) 585.7 N-s

3 3 m
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A static analysis of the equilibrium position provides the initial displacement of P
from equilibrium as

F S0N
=—= =1.6
*O = =3 5% 10° N/m mm
The initial acceleration is calculated using the governing differential equation
3c 27k 27(3.19 x 10* N/m) m
¥x0)=——x0) — —=x(0) = — 0.0016 m) = —6.35 —
$0) = =750 = 57,50 TOVSE ) 2
The acceleration scale is then calibrated:
6.35 2
{ unit = 20 9 4p 892

2.18 Esimpliﬁed model of a vehicle suspension system is illustrated in Fig. 2.22. The vehicle
of mass m is connected to its axles through a spring of stiffness k in parallel with a viscous
damper of damping coefficient c. When the system is designed to be underdamped, the
overshoot when the vehicle encounters a pothole of depth 4 is defined as the displacement
at the end of the first half cycle, —x(73/2). The suspension system for a 1200-kg vehicle
is to be designed such that it has a static deflection of 5 cm when empty and has no more
than 7 percent overshoot when the vehicle is either empty or full. It is estimated that
when fully loaded the vehicle will carry 800 kg of passengers and cargo.

(a) Determine the required stiffness and damping coefficient of the suspension system.
(b) Plot the overshoot as a function of vehicle mass.

0.07

0.06

0.05

0.04

Overshoot (%)

0.03

0.02

0.01

1 1 1 1 1 ] I
1200 1300 1400 1500 1600 1700 1800 1900 2000
Vehicle mass (kg)

Figure 2.23 Overshoot increases as mass increases.
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solution:
The required stiffness is calculated as

mg _ (1200 kg)(9.81 m/s?)
Ay (0.05 m)
For an underdamped system the overshoot is
n=—x(Tua/2) = —Ae 54/ sin (aTa/2 + pa)
Noting that T; = 27 /w, leads to
n= — Ae=s"V1 8 in (7 + $a) = Ae~t" 18 6in oy

k= =12.35 x 10° N/m

The initial conditions when the vehicle encounters a pothole of depth % are x(0) = A
and x(0) = 0. Thus 4 = Asin¢y. And

n= he ST/ 182

The damping ratio in terms of overshoot is
1. /1
—"(3)
1 n 2
1+ [-2m(2)]

For 7 percent overshoot, n/ h = 0.07, leading to a minimum damping ratio of { = 0.645.
Note that for the suspension system

=

c

T 2vmk
Thus, as the passengers and cargo are added to the vehicle the damping ratio decreases.
Hence the suspension system should be designed so that the damping ratio is 0.645 when
it is fully loaded. To this end

¢ = 20 +/mk = 2(0.645),/ (2000 kg)(2.35 x 10) N/m = 2.79 x 10* N - s/m
Substitution for ¢ in terms of ¢, m, and k into the expression for overshoot leads to
n_ e—cn/(zm. / 1-(c2/4mk))
. =
The overshoot as a function of mass is plotted in Fig. 2.23.

Case 2: ; = 1 (Critically Damped Vibrations) For ¢ = 1, Eq. (2.36) has
only one real root

o] == Q3 = —wy [2.61]
The general solution of Eq. (2.42) is
x(t) = e "' (Cy + Cat)
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Application of the initial conditions leads to
x(t) = e " [xg + (X0 + waxo)t] (2.62]

The response of a one-degree-of-freedom system subject to critical viscous
damping is plotted in Fig. 2.24 for different initial conditions. If the initial conditions
are of opposite sign or if Xy = 0, the motion decays immediately. I both initia]
conditions have the same sign or if xo = 0, the absolute value of x initially increases
and reaches a maximum value of

Ny == €~ 0/ Gtenxo) (xo + i‘?.)

n

X0

at =T
wn(xo + wnxO)

If the signs of the initial conditions are opposite and
X0
X0 + WaXo
then the response overshoots the equilibrium position before eventually decaying.
Equation (2.52) with n = 1 shows that a damping force that leads to critical
damping is sufficient to dissipate all of a system’s initial energy before one cycle of

motion is complete. A critically damped system can thus pass through equilibrium
at most once before the motion decays. The total energy decays exponentially,

<0

w, =20rad/s, x(0)=1mm

x(#) (mm)

time (s)

----- x#(0) = -1.0 mm/s #0) = 10.0mmy/s ++eees+ 3(0) = — 15.0 mm/s

Figure 2.24  The free-vibration response of a critically damped one-degree-of-freedom
system is aperiodic and rapidly decays. The system may pass through its
equilibrium position if initial conditions are of opposite sign.
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but never reaches zero. Thus critically damped motion is predicted to continue
indefinitely.

case 3: > 1 (Overdamped Free Vibrations) For { > 1, Eq. (2.37) has
two real, distinct roots

0!1,2=60n(—§'i\/§'2—1)

The general solution of Eq. (2.34) is given by Eq. (2.41). Application of Eq. (2.19)
leads to

e—;a;,,t JEO / 2( A wn,\/gT—:t

+ [—? + xo (—; + \/;TT)] e““’"\/CT‘_“I

n

Equation (2.63) is plotted in Fig. 2.25. The response of an overdamped one-
degree-of-freedom system is not periodic. It attains its maximum either at t = 0 or

at
o
N Pt ) Rl
2onytt =1 ;+v;2—-11(1+x0(§_\/;2_1)
Wy

[2.64]

wp=3rad/s, (=12, x(0)=1mm,

x(t) (mm)

#0)=9 mm/s ===== #0) = -9 mm/s

Figure 2.28  The free-vibration response of an overdamped one-degree-of-freedom system
is aperiodic. The response quickly decays after reaching a maximum.
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Viscous damping leads to the decay of free oscillations. When added to a linear
one-degree-of-freedom system, it adds a force linearly proportional to the velocity,
and the differential equation remains linear. Viscous damping also leads to positive
effects when added to systems undergoing forced excitation. For these reasons
viscous damping is often artificially added to many mechanical systems.

Many systems are designed with viscous damping such that the free vibrations
are underdamped because of its favorable effect in reducing amplitudes of forced
vibration. When a system is subject to free vibrations only, the system may be
designed with critical damping or overdamping to aileviate the oscillatory motion.
A critically damped system returns to its equilibrium quicker than an overdamped
system. Thus recoil mechanisms of guns are designed with critical damping to allow
rapid firing.

Automobile suspension systems are often subject to both free and forced vi-
brations. Free vibrations occur when the vehicle is subject to a sudden change in
road contour. In this case the shock absorbers should have a damping ratio near
one. However, if the vehicle is traveling on a bumpy road, the vehicle is subject to
a possible random excitation. In this case the system should be underdamped. For
these reasons vehicle shock absorbers are often self-adaptive.

2.19 'The restroom door of Fig. 2.26 is equipped with a torsional spring and a torsional viscous
damper so that it automatically returns to its closed position after being opened. The
door has a mass of 60 kg and a centroidal moment of inertia about an axis parallel to the
axis of the doot’s rotation of 7.2 kg - m2. The torsional spring has a stiffness of 25 N -
m/rad.

(a) What is the damping coefficient such that the system is critically damped?

(b) A man with an armload of packages, but in a hurry, kicks the door to cause it to open.
What angular velocity must his kick impart to cause the door to open 70°?

(¢) How long after his kick will the door return to within 5° of completely closing?
(d) Repeat parts a—c if the door is designed with a damping ratio, { = 1.3.

The differential equation is derived from the free-body diagrams of Fig. 2.26b,
T +md>0 +c,0 +k8 =0

The differential equation is put in the standard form of Eq. (2.42) by dividing by 7 +md®>.
Then it is evident that

wn:\/_ k, =\/ 25 N . m/rad ___1.14}'39
I +md? 7.2kg - m? + (60 kg)(0.45 m)? s
Ct
2w, (I + md?)
(a) For critical damping the damping ratio is 1. Thus
¢ = 2wp,(I 4+ md*) =44.1N-m-s

and .=



CHAPTER 2 . FREE VIBRATIONS OF ONE-DEGREE-OF-FREEDOM SYSTEMS

213 m
?
6 1
f—0.91 m —~{
(a)
— L c,6 md6*®
P, ~
- AN
mg mdé
o
— 4§ ko %
External forces Effective forces
(b)

Figure 2.26  (a) The restroom door of Example 2.19 is
modeled as a one-degree-of-freedom
system with a torsional spring and a
torsional viscous damper; {b) free-body
diagrams of restroom door at an
arbitrary instant.

(b) If the kick is given when the door is closed, 8 (0) = 0, the maximum displacement
occurs at

1
t=—=0288s
Wny
and ig
6,
Hmax = 9
ew,

Requiring 6, = 70° yields

do = 70° (2” rad) (1.14 ri;‘i) e =379 fisag

360°
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% Part d of Example 2.19
x=sym{'x"');

z=sym('z'};

k=25; $Torsional stiffness (N-m/rad)
I=7.2; $Moment of inertia (kg-m"2)

m=60; $Mass (kqg)

d=0.45; $Distance td center of gravity (m}
zeta=1.3; $Damping ratio

theta m=70; g$Maximum angle for door to open (degrees)
theta_ T f=5; %$Closing angle (degrees)

% Natural frequency calculation (rad/s)
omega_n=sqrt (k/ (I+m*d"2));

% Torsional damping coefficient (N-m-s)

disp('Torsional damping coefficient in N-m-s/rad’')
c=2*zeta*omega_ n* (I+m*d"2);

disp (c)

% Time to maximum displacement from Eq. (2.64)
C_l=sqrt(zeta”2-1};

t m=-1/(2*omega_n*C_1)*log((zeta-C_1)/(zetatC_1));

% Equation(2.63) is “used to solve for angular veloc1ty

% required for theta=70 degrees at maximum opening

theta m=theta m* (2*pi)/360; $Converting degrees to radians
C _2=omega n*t m*C 1;

disp(' Required initial angular velocity in rad/s')
thetadot 0=2*C_ l1*theta m*omega n*exp(zeta*omega n*t m);
thetadot O=thetadot 0/(exp(C 2)-exp(-C_2)};

disp (thetadot 0)

%Applying Eq. (2.63) leads to a transcendental

%equation to solve for cleosing time, t

theta f=theta f*(2*pi)/360;

theta=thetadot _0/(2*omega n*C_1)*exp(-omega_n*zeta*x);

theta= theta*(exp(omega n*C 1*x)—exp( omega n*C 1*x));
thet=vpa (theta);

ezplot (thet, [0 6])

xlabel ('time (s)')

ylabel ('theta (rad)')

% The second time when theta=5 degrees is dlfflcult to obtain
% using MATLAB

% An approximation is obtained by neglecting the term with the
% negative exponent

tz=thetadot_0/(2*omega n*C_1) *exp (~omega _n*zeta*x) *exp (omega_n*C_1*x);
dz=tz-theta f; ,
fz=solve (dz);

qgz=double (fz);

sz=thetadot _0/(2*omega_n*C 1) *exp (- omega_ n*zeta*x);

sz= sz*(exp(omega n*C 1*x)—exp( omega__ n*¢ _1*x));

disp('Time to close to within 5 degrees in sec')

Figure 2.26 (Con’t)  (c) MATLAB script.
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disp (qz)
w=subs (sz,qz,X) —theta_f;

error=double (w) ;
disp{'error= ')
disp (error)

(©)

EDU» Ex2 19
Torsional damping coefficient in N-m-s/rac

57.1852
Required initial angular velocity in rad/
4.5367
Time to close to within 5 degrees in sec
6.2145
error=

-6.9878e-007
(@)

Figure 2.26 {Con’t) (¢) Con't; {d) MATLAB output.

(¢c) Applying Eq. (2.62) with 8 = 5° gives

5 (271' I‘ad) — (114 rad/s) (3.79 Eg) t
s

360°

which is solved by trial and error to yield t = 4.658 s.

(d) The solution for { = 1.3 can be obtained by using MATLAB. The MATLAB
§cript and output are given in Fig. 2.26¢ and d. The time for which the maximum occurs
is calculated from Eq. (2.64). The initial angular velocity required to open the door
{0 70° is obtained from Eq. (2.63). Subsequent application of Eq. (2.63) to obtain the
time required for the door to close to within 5° leads to a transcendental equation for ¢,
which is plotted by MATLAB in Fig 2.26e. The first root of this equation corresponds
to when the door is open to 5° after being kicked. The second root is difficult to obtain
Wit_h MATLAB, but can be approximated by neglecting the term e=ona/53=11 compared
fO 1ts reciprocal. The MATLAB output shows that this leads to an excellent approx-
Imation for the second root.

The solution can also be obtained manually. Setting ¢ = 1.3 yields

¢ =20(I +mdH)w, = 574N -m-s
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theta (rad)

Figure 2.26 (Con’i) (e} MATLAB plot for ¢ = 1.3.

From Eq. (2.64) the maximum displacement occurs at

L 1 (13- V372 -1
2(1.14 rad/s),/(1.3)2 — 1 1.3+/(1.3)2 -1
Substituting the preceding result in Eq. (2.63) and setting 6 = 70° yields

70° (271 rad _ 6o 1 ¢~ 13114 rad/s)(08 5)
360° 114rad/s) 2 /(1372 = 1

=080s

x (el'” rad/s\/(13)2—1 (08 s) _ o114 rad/s /(132-108 s))
which gives
6o = 4.55 rad/s
Applying Eq. (2.63) with 6 = 5° yields

50 (2:: rad) _f et N 455 rad/s
360° / © \2/(1.3)2— 1) \1.14rad/s
« (61.14,/(1.3)2—1: _ e—1.14./(1.3)2—n)

This equation could be solved by trial and error. However, a good approximation is
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obtained by neglecting the smaller exponential to give t = 6.2 s. The neglected term at
this time is 0.00081 rad which is only 0.9% of the total angular displacement.

Note that a harder kick is required to open the door when the system is overdamped
than when the system is critically damped even though the time required to open the door
is approximately the same. This reflects the increase in the viscous resistance moment.

e

2.6 CouLomMms DAMPING

Coulomb damping is the damping that occurs due to dry friction when two surfaces
slide against one another. Coulomb damping can be the result of a mass sliding on a
dry surface, axle friction in a journal bearing, belt friction, or rolling resistance. The
case of a mass sliding on a dry surface is analyzed here, but the qualitative results
apply to all forms of Coulomb damping.

As the mass of Fig. 2.27 slides on a dry surface, a friction force that resists the
motion develops between the mass and the surface. Coulomb’s law states that the
friction force is proportional to the normal force developed between the mass and
the surface. The constant of proportionality i, is called the kinetic coefficient of
friction. Since the friction force always resists the motion, its direction depends on
the sign of the velocity.

Application of Newton’s law to the free-body diagrams of Fig. 2.27b yields the
following differential equations:

mi+kx=—-umg x>0 [2.654]
mi+kx=umg Xx<0 [2.65b]

Equation (2.65a and b) are generalized by using a single equation

x
mi + kx = —umgl | [2.65¢]

x
The right-hand side of Eq. (2.65c¢) is a nonlinear function of the generalized coor-
dinate. Thus the free vibrations of a one-degree-of-freedom system with Coulomb
damping are governed by a nonlinear differential equation. However, an analytical
solution exists and is obtained by solving Eq. (2.65a, b).

‘Without loss of generality, assume that free vibrations of the system of Fig. 2.27
are initiated by displacing the mass a distance § to the right, from equilibrium, and
releasing it from rest. The spring force draws the mass toward equilibrium; thus the
velocity is initially negative. Equation (2.65b) applies over the first half-cycle of mo-
tion, until the velocity again becomes zero. ‘

The solution of Eq. (2.65b) subject to

x(0)=34
and #(0) =0
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(a)
|mg
| Y
e = +—» mx
T ~——F = umg
N
b
il
S = + mi
F = pmg——s
T
(e)
External forces Effective forces

Figure 2.27 (a) Mass slides on a surface with a kinetic
coefficient of friction ; (b) free-body
diagrams at an arbitrary instant of time
when x > 0; {c) free-body diagrams at an
arbitrary instant of time with x < 0.

is x(@t) = (3 — w:g) cos wut + Mng [2.66]

Equation (2.66) describes the motion until the velocity changes sign at ¢t = 7 /wp
when

x (.’f_) — g pms [2.67]
Wn k

Equation (2.65a) governs the motion until the velocity next changes sign. The
solution of Eq. (2.65a) using Eq. (2.67) and

R n
% (_) =0 [2.68]
wy
as initial condittons is

3
x(t) = (8 — u’:ng) cos wyl — E—Zig

[2.69]

§la
IA
A

|
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The velocity again changes sign at ¢t = 27 /w, when

4
X (-i)i) =48 - 2umg [2.70]

The motion during the first complete cycle is described by Eqs. (2.66) and (2.69).
The amplitude change between the beginning and the end of the cycle is

2 4
x(0) — x (—F—) = “H™E [2.71]
Wy k

The analysis of the subsequent and each successive cycle continues in the same

fashion. Equation (2.65b) governs during the first half of the cycle, while Eq.

(2.65a) governs during the second half of the cycle. The initial conditions used to

solve for the displacement during a half-cycle are that the velocity is zero and the

displacement is the displacement calculated at the end of the previous half-cycle.
The period of each cycle is

__271'

T [2.72]

Wn
Thus Coulomb damping has no effect on the natural frequency.
Mathematical induction ts used to develop the following expressions for the
displacement of the mass during each half-cycle:

x(t) = [6 — (4n — 3)umg] cos w,t + nmg
k k
1
2(n — 1)f— <t<? (n - —) z [2.73]
: 2] w,
X)) = [a — (4n — 1)“—'"8] cos w,t — M8
k k
1\ = T
2fn— - — <t <2n— [2.74]
2/ w, W,
x (zni) = 5—antmE [2.75]
@y k

Equation (2.75) shows that the displacement at the end of each cycle is 4umg/k
less than the displacement at the end of the previous cycle. Thus the amplitude of
g."e ;"Z’?‘im decays linearly as shown, when Egs. (2.73) and (2.74) are plotted in

12. 2.28.

The motion continues with this constant decrease in amplitude as long as the
l‘estor.ing force is sufficient to overcome the resisting friction force. However, since
the friction causes a decrease in amplitude, the restoring force eventually becomes
less than the friction force. This occurs when

T
()
Wy

k < umg [2.76]
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p=
m = 100 kg
3 n w,= 100 rad /5
I~ ” xo = .005 m
0 t =1t 1
4 2.0 4,0 6\}0 8.0
+ U Time (107" s)
-3+ M U

1 Displacement
(107> m)

Figure 2.28  Coulomb damping does not alter the natural period of free vibration of a
one-degree-of-freedom system, but causes a linear decay in amplitude.
The motion of the system ceases when the amplitude is too small for the
spring force to overcome the friction force.

Motion ceases during the nth cycle, where n is the smallest integer such that

n> ks 1 [2.77]

4umg 4
When motion ceases a constant displacement from equilibrium of pmg/k is main-
tained.
The effect of Coulomb damping differs from the effect of viscous damping in
these respects:

1. Viscous damping causes a linear term proportional to the velocity in the gov-
erning differential equation, while Coulomb damping gives rise to a nonlinear
term.

2. The natural frequency of an undamped system is unchanged when Coulomb
damping is added, but is decreased when viscous damping is added.

3. Motion is not periodic if the viscous damping coefficient is large enough,
whereas the motion is always periodic when Coulomb damping is the only
source of damping.
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4. 'The amplitude decreases linearly because of Coulomb damping and exponen-
tially because of viscous damping.

5. Coulomb damping leads to a cessation of motion with a resulting permanent
displacement from equilibrium, while motion of a system with only viscous
damping continues indefinitely with a decaying amplitude.

Since the motion of all physical systems ceases in the absence of continuing
external excitation, Coulomb damping is always present. Coulomb damping appears
in many forms, such as axle friction in journal bearings and friction due to belts in
contact with pulleys or flywheels. The response of systems to these and other forms
of Coulomb damping can be obtained in the same manner as the response for dry
sliding friction.

The general form of the differential equation governing the free vibrations of a
linear system where Coulomb damping is the only source of damping is

F
-;L x<0
5c'+a),2,x = m [2.781
—ﬂ x>0
m

where F’y is the magnitude of the Coulomb damping force. The decrease in amplitude
per cycle of motion is
4F
AA=—L
mo,

n

[2.79]

An experiment is run to determine the kinetic coefficient of friction between a block aa
asurface. The block is attached to a spring and displaced 150 mm from equilibtium. Itis
observed that the period of motion is 0.5 s and that the amplitude decreases by 10 mm on
Successive cycles. Determine the coefficient of friction and how many cycles of motion
the block executes before motion ceases.

Solution:
The natural frequency is calculated as

Which is rearran ged to yield

AA ,  (0.01 m)(12.57 rad/s)

= = 0.04
4g “n 4(9.81 m/s?)

#,z

Example 2.2
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From Eq. (2.77) the motion ceases during the 15th cycle. The mass has a permanent
displacement of 2.5 mm from its original equilibrium position.

2.21 |A father builds a swing for his children. The swing consists of a board attached to two
ropes, as shown in Fig. 2.29. The swing is mounted on a tree branch, with the board
3.5 m below the branch. The diameter of the branch is 8.2 cm and the kinetic coefficient
of friction between the ropes and the branch is 0.1. After the swing is installed and his
child is seated, the father pulls the swing back 10° and releases. What is the decreage
in angle of each swing and how many swings will the child receive before Dad needs to
give another push?
Solution:
Because of the friction between the tree branch and the ropes, the tension on opposite

sides of a rope will be different. These tensions can be related using the principles of
belt friction. When the swing is swinging clockwise, 7 > T, and

Tz = T1 e“ﬂ
where B is the angle of contact between the tree branch and the rope. As the child swings
the angle of contact may vary. However, this complication is too much to handle with

a simplified analysis. A good approximation is to assume S is constant and 8 = 7 rad.
When the swing is swinging counterclockwise 7; > T and

T, = Thetf

Let ¢ be the clockwise angular displacement of the swing from equilibrium. Sum-
ming forces in the direction of the tensions gives

ZFextzzFeff

2Ty + 2T, — mg cos§ = mlf?

The swing is pulled back-only 10°. Thus the usual small-angle approximation is valid,
with cos # = 1 and the nonlinear inertia term ignored in comparison to the tensions and
gravity. The belt friction relations and the normal force equation are solved simultane-
ously to yield

mg

6 >0, 7= ———
> 1= 20 + e#)

mget”

Ty= -2
27201 + evm)

mgehT

6 <0, T, =_"8°
= Y20+ )

—__mg
T 2(1 + )
Summing moments about the center of the tree branch, using the free-body diagrams of

I
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2.

(a)
M
I, T, T, T,
(b)
2T,
2T.
, : mi§?
Figure 2.29  (q) Tree swing of
= Exomple 2.21;
. (b) because of friction
mid the fension developed in
mg opposite sides of a rope

are unequal;
{c) free-body diagrams
(c) ot an arbitrary instant.

External forces Effective forces

Fig. 2.29¢, and the small-angle assumption yields

(2], - (),

QT - 27*2)5;- — mglo = mi*4
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Substituting for the tensions into the preceding equation and rearranging leads to

gd 1 — et .
. g ﬁ g 6>0
o+ 79 - gd 1 —eH”
T 221 4 enw 6<0
The frequency of the swinging is
d
wn =8 =167 —
l s

which is the same as it would be in the absence of friction.
The governing differential equation is of the form of Eq. (2.78). Thus, from Egq.
(2.79), the decrease in amplitude per swing is

2d e —1  /0.082m) 7 —1
I e 41 35m J 07 + 1
Motion ceases when, at the end of a cycle, the moment of the gravity force about

the center of the branch is insufficient to overcome the frictional moment. This occurs
when

= 0.0073 rad = 0.42°

mglé < |T; — Ty|d
de”™ —1
< PR—
2l erm + ]
Thus if Dad does not give the swing another push after 23 swings, the swing will come
to rest with an angle of response of 0.1°.

=0.10°

or

2.7 HyYSTERETIC DAMPING

The stress-strain diagram for a typical linearly elastic material is shown in Fig. 2.30.
Ideaily, if the material is stressed below its yield point and then unloaded, the stress-
strain curve for the unloading follows the same curve for the loading. However, in
areal engineering material, internal planes slide relative to one another and molec-
ular bonds are broken, causing conversion of strain energy into thermal energy and
causing the process to be irreversible. A more realistic stress-strain curve for the
loading-unloading process is shown in Fig. 2.31.

The curve in Fig. 2.31 is a hysteresis loop. The area enclosed by the curve is
the dissipated strain energy per unit volume. The area enclosed by the hysteresis
loop from a force-displacement curve is the total strain energy dissipated during a
loading-unloading cycle. In general, the area under a hysteresis curve is independent
of the rate of the loading-unloading cycle.

In a vibrating mechanical system an elastic member undergoes a cyclic load-
displacement relationship as shown in Fig. 2.32. The loading is repeated over each
cycle. The existence of the hysteresis loop leads to energy dissipation from the
system during each cycle, which causes natural damping, called hysteretic damping.
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U'A
% 1
J
Te
+ -0,
Figure 2.31 Imperfections such os
Figure 2.30  Stress-stroin diogrom for o linearly dislocotions couse the loading process in most rea
elostic isotropic moteriol with the some behavior in moteriols to be irreversible resulting in a hysteresi:
compression ond fension. Moteriol behovior is linear loop. The energy dissipated is the orea within the
when |o| < oy. hysteresis loop.

Fi

Figure 2.32 A system undergoing
periodic vibrotions hos o
recurring load-displacement
diagrom. The omplitude
decreases over each cycle of
motion due to hysteretic

Y domping.
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It has been shown experimentally that the energy dissipated per cycle of motion is
independent of the frequency and proportional to the square of the amplitude. Ap
empirical relationship is

AE = wkhX? [2.80]

where X is the amplitude of motion during the cycle and k is a constant, called the
hysteretic damping coefficient.

The hysteretic damping coefficient cannot be simply specified for a given mate-
rial. It is dependent upon other considerations such as how the material is prepared
and the geometry of the structure under consideration. Existing data cannot be ex-
tended to apply to every situation. Thus it is usually necessary to empirically deter-
mine the hysteretic damping coefficient.

Mathematical modeling of hysteretic damping is developed from a work-energy
analysis. Consider a simple mass-spring system with hysteretic damping. Let X, be
the amplitude at a time when the velocity is zero and all energy is potential energy
stored in the spring. Hysteretic damping dissipates some of that energy over the next
cycle of motion. Let X, be the displacement of the mass at the next time when the
velocity is zero, after the system executes one half-cycle of motion. Let X3 be the
displacement at the subsequent time when the velocity is zero, one full cycle later.
Application of the work-energy principle over the first half-cycle of motion gives

hi+Vi+Uis=5H+V,
AE
T1+V1=T2+V2+—2—

The energy dissipated by hysteretic damping is approximated by Eq. (2.80) with X
as the amplitude at the beginning of the half-cycle.

1kX} = kX3 + A khX?
This yields
X, =1—nhX,

A work-energy analysis over the second half-cycle leads to
Xs=+1—-ahX,=1—-rh)X; [2.81]

Thus the rate of decrease of amplitude on successive cycles is constant, as it is
for viscous damping. By analogy a logarithmic decrement is defined for hysteretic
damping as

X

d=In — =—-In(1 —h) [2.82]
X3

which for small & is approximated as
§=nmh [2.83]

By analogy with viscous damping an equivalent damping ratio for hysteretic damping
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is defined as

3 h
= — == [2.84]
d 2r 2
and an equivalent viscous damping coefficient is defined as
= hk
Ceq = 20V ik = — [2.85]
n

The free vibrations response of a system subject to hysteretic damping is the
same as the response of the system when subject to viscous damping with an equiv-
alent viscous damping coefficient given by Eq. (2.85). This is true only for small
hysteretic damping, as subsequent plastic behavior leads to a highly nonlinear sys-
tem. The analogy between viscous damping and hysteretic damping is also only
true for linearly elastic materials and for materials where the energy dissipated per
unit cycle is proportional to the square of the amplitude. In addition, the hysteretic
damping coefficient is a function of geometry as well as the material.

The response of a system subject to hysteretic or viscous damping continues
indefinitely with exponentially decaying amplitude. However, hysteretic damping
is significantly different from viscous damping in that the energy dissipated percycle
for hysteretic damping is independent of frequency, whereas the energy dissipated
per cycle increases with frequency for viscous damping. Thus while the mathemat-
ical treatments of viscous damping and hysteretic damping are the same, they have
significant physical differences.

The force-displacement curve for a structure is shown in Fig. 2.33. The structure Jlxcmple 2.22

modeled as a one-degree-of-freedom system with an equivalent mass 500 kg located at
the position where the measurements are made. Describe the response of this structure
when a shock imparts a velocity of 20 m/s to this point on the structure.

The area under the hysteresis curve is approximated by counting the squares inside the
hysteresis loop. Each square represents (1 x 10* N)(0.002 m) = 20 N - m of dissipated
cenergy. There are approximately 38.5 squares inside the hysteresis loop resulting in 770
N - m dissipated over one cycle of motion with an amplitude of 20 mm.
The equivalent stiffness is the slope of the force deflection curve and is determined
as 5 x 10% N/m. Application of Eq. (2.80) leads to
AE 770N -m
h= = =0.123
nkX?  7(5 x 106 N/m)(0.02 m)?
. The logarithmic decrement, damping ratio, and natural frequency are calculated by
using Egs. (2.83) and (2.84)

d=mnh=10.386
h
¢ > 0.0615
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_‘/_E'_ 5x 10 N/m
=Ym TV S00kg

The response of this structure with hysteretic damping is approximately the same as the
response of a simple mass-spring-dashpot system with a damping ratio of 0.0615 and 5

* —x
4 Keq=5x10°N/m
~1
T VW
-~
- 3 e = 500 kg
Z 1
P J
4
J ceq=6100N-s/m
777777777 77
(a) ©
Force (N)
LIT T
1.5 x 10*
1x10°
7
d
5 x 10* »
d
4
4
P
=201T -10 ’ 10 20
4 1 t
D4 - -5 % '1(')4 1+ Displacement (mm)
7
7
\// _1 X 105
()

Figure 2.33 (a) One-story frame structure modeled as a
one-degree-of-freedom system; (b) force-displacement curve
for the structure of Example 2.20; (c) hysteretic damping leads
to an equivalent viscous damping coefficient of 8100 N . s/m
for this example.
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natural frequency of 100 rad/s. Then from Eq. (2.45) with xo = 20 my/s, and x¢ = 0, the
response is
x(t) = 0.20¢7%!% sin (99.81¢) m

2.8 OTHER FORMS OF DAMPING

A mechanical or structural system may be subject to other forms of damping such
as aerodynamic drag, radiation damping, or anelastic damping. However, these give
rise to nonlinear terms in the governing differential equations. Exact solutions do
not exist for these forms of damping. The periodic motion of systems subject to
these forms of damping can be approximated by developing an equivalent viscous
damping coefficient. The equivalent viscous damping coefficient is obtained by
equating the energy dissipated over one cycle of motion, assuming harmonic motion
at a specific amplitude and frequency, for the particular form of damping with the
energy dissipated over one cycle of motion because of the force in a dashpot of the
equivalent viscous damping coefficient.

For a harmonic motion of the form

x{(t) = X sinwt

the energy dissipated over one cycle of motion due to a damping force Fp is
2 fw 2njw
AE = f Fpxdt = f FpXwcoswt dt [2.86]
0 0
For viscous damping Eq. (2.86) yields
2njw 2 jw
AE = f cxldt = f ca?X?cos? wt dt = conX?  [2.87]
0 0

Thus, by analogy, the equivalent viscous damping coefficient for another form of
damping is
o = AE

4T rwX?
_ Aerodynamic drag is present in all real problems. However, its effect is often
ignored. The determination of the correct form of the drag force is a problem in
fluid mechanics. At high Reynolds numbers the drag is very nearly proportional to
the square of the velocity and can be written as

Fp = Cpx|x| [2.89]

where C)p is a coefficient that is a function of body geometry and air properties. For

moderate Reynolds numbers appropriate forms of the drag force have been proposed
as

[2.88]

Fp=Cplx|®x [2.90]
Where 0 < o < 1. In either case the resulting differential equation is nonlinear.
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Some materials (e.g., rubber) are viscoelastic and obey a constitutive equation
in which stress is related to sirain and strain rate. It is shown in Chap. 3 that for
an undamped system the forced response is in phase with a harmonic excitation,
whereas a phase lag occurs for a damped system. This phase lag also occurs for
many viscoelastic materials. Indeed, many viscoelastic materials have constitutive
equations that are derived by modeling the material as a spring in parallel with a
dashpot. This is called a Kelvin model. The phase lag results in energy dissipation
and the resulting damping is called anelastic damping.

Damping occurs when energy is dissipated from a vibrating body by any means.
Another example is radiation damping that occurs for a body vibrating on the free
surface between two fluids. The vibrating body causes pressure waves to be radiated
outward, causing energy transfer from the body to the surrounding fluids.

Most physical systems are subject to acombination of forms of damping. Indeed,
a simple mass-spring-dashpot system is subject to viscous damping from the dashpot,
Coulomb damping from the dry sliding friction, hysteretic damping from the spring,
and aerodynamic drag. The presence of Coulomb damping leads to cessation of
free vibrations after a finite time. The acrodynamic drag is usually neglected in an
analysis as its effect is negligible and it leads to a nonlinear differential equation.
The hysteretic damping acts in parallel with the viscous damping. The equivalent
damping coefficient is the sum of the viscous damping coefficient for the dashpot
and the equivalent viscous damping coefficient for the hysteretic damping. For small
amplitudes the effect of viscous damping is much greater than the effect of hysteretic
damping. For large amplitudes the hysteretic damping can be dominant.

ﬁ.23 [A block of mass 1 kg is attached to a spring of stiffness 3 x 10’ N/m. The block is
displaced 20 mm from equilibrium and released from rest. The block is in a fluid where
the drag force is given by Eq. (2.89) with Cp = 0.86 N - s2/m. Approximate the number
of cycles before the amplitude is reduced to 15 mm.

Solution:
The energy lost per cycle of motion due to acrodynamic drag is calculated from Eq. (2.86)

2r/w
AE = f CpX3e cos? wt| cos wt| dt
0

72w 8
==4f CI;.Xaa)3 cos® wt dt = §CDw2X3
0

From Eq. (2.88) the equivalent viscous damping coefficient is calculated as
Ceq = 0.730wX

If the equivalent viscous damping is small, the frequency is approximately equal to the
natural frequency of free undamped vibrations

w= K _s47,™
m S
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Table 2.2  Viscous approximation used
to predict decay in amplitude
for Example 2.21

Amplitude at beginning
of cycle X, = X,_je~2-32Xn-1

g
<h
®

20.0

19.09
18.26
17.50
16.81
16.16
15.56
15.00

W I N b W=

The damping ratio on a given cycle is
0.73(547.7 rad/s) X
f=—2 = O Trd/DX  _o37x
2vkm  2,/(1kg)(3 x 10° N/m)
From Eq. (2.56) the logarithmic decrement is

8 =2m¢ =2.32X

Since the equivalent viscous damping coefficient, and hence the damping ratio and
the logarithmic decrement, depend on the amplitude, the decrease in amplitude is not
constant on each cycle. Using an amplitude of 20 mm for the first cycle, the amplitude
at the beginning of the second cycle is obtained using the logarithmic decrement, which
in turn is used to predict the amplitude at the beginning of the third cycle. Table 2.2
is developed in this fashion. The amplitude of vibration is reduced to 15 mm in seven
cycles.

PROBLEMS

2.1-2.10. Derive the differential equation governing the motion of the one-degree-of-frecdom
system by applying the appropriate form(s) of Newton’s laws to the appropriate free-
body diagrams. Use the generalized coordinate shown. Linearize nonlinear differential
equations by assuming small displacements. Determine the undamped natural frequency
for each system.

—x

g-'vk\,—m 2k

FIGURE P2.1, P2.11
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(SAN
Dt

= PI=J

= % m om
. d k c k dc
k 7
No slip Slender bar of mass m connected to
Thin disk of mass m, radius r blocks through rigid links at A and B
FIGURE P2.7, P2.17 FIGURE P2.§ P2.18
vy E
T . YAVAVAS E
L
3
T4
Slender bar
L of mass m
- b—> x
3
c
i Rigid
massless k
Sphere of link
mass m, Thin disk
radius , f mass m
no slip o T
Y no slip
\/
FIGURE P2.9, p2.19 FIGURE P2.10, P2.20

2.11-2.20. Derive the differential equation governing the motion of the one-degree-of-freedom
system using the equivalent systems method. Use the generalized coordinate shown. Lin-
earize nonlinear differential equations by assuming small displacements. Determine the

undamped natural frequency for each system.

2.21-2.25. Assuming the inertia of the elastic elements is small, use a one-degree-of-freedom
model to approximate the natural frequency of the system.
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0.8 m

X
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I
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2.26. Whenan engine of mass 400 kg is mounted on an elastic foundation, the foundation deflects
5 mm. What is the natural frequency of the system in rpm?

2.27. The cylindrical container of Fig. P2.27 has a mass of 25 and floats stably on the surface
of an unknown fluid. When disturbed, the period of free oscillations is measured as 0.2 s.
What is the specific gravity of the liquid?

e 50 cm —>§

FIGURE P2.27

2.28. A ceiling fan is an assembly of five blades driven by a motor. The assembly is attached to
the end of a thin shaft whose other end is fixed to the ceiling. What is the natural frequency
of torsional oscillations of the fan of Fig. P2.28?

LLLLLLLS
Shaft:
/

G =80 x 10° N/m?

L=025m

r =6 mm

Motor: | = 10 kg - m?

\ Each blade:
I=11kg -m?
m = 0.4 kg
r=04m

FIGURE p2.28

2.29. The mass of the pendulum bob of a cuckoo clock is 0.49 kg. How far from the pin should
the bob be placed such that the pendulum’s period of oscillation is 1.0 s?
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2.30.

When the 5.1 kg connecting rod of Fig. P2.30 is placed in the position shown, the spring
deflects 0.5 mm. When the end of the rod is displaced and released, the resulting period
of oscillation is observed as 0.15 s. Determine the location of the center of mass of the
connecting rod and the centroidal mass moment of inertia of the rod.

——— 20 cm ———

)

g_@

k=3x10* N/m

FIGURE P2.30

231,

2.32.

2.33.

2.4.

23s.

2.36.

o S

1 f 2ft

When a 2000-Ib vehicle is empty, the static deflection of its suspension system is measured
as 0.8 in. What is the natural frequency of the vehicle when it is carrying 700 Ib of
passengers and cargo?

A 400-kg machine is placed at the midspan of a 3.2-m simply supported steel (E =
200 x 10° N/m?) beam. The machine is observed to vibrate with a natural frequency of
9.3 Hz. What is the moment of inertia of the beam’s cross section about its neutral axis?
A one-degree-of-freedom model of a 9-m steel flagpole (o = 7400 kg/m3, E =200 x
10° N/m*, G = 80 x 10° N/m?) is that of a beam fixed at one end and free at one end.
The flagpole has an inner diameter of 4 cm and an outer diameter of 5 cm.

(a) Approximate the natural frequency of transverse vibration.

(b) Approximate the natural frequency of torsional oscillation.

A 250-kg compressor is to be placed at the end of a 2.5-m fixed-free steel (E = 200 x
10° N/m?) beam. Specify the allowable moment of inertia of the beam’s cross section
about its neutral axis such that the natural frequency of the machine is outside the range of
100 to 130 Hz.

A 50-kg pump is to be placed at the midspan of a 2.8-m simply supported steel (E =
200 x 10° N/m?) beam. The beam is of rectangular cross section of width 25 cm. What
are the allowable values of the cross-sectional height such that the natural frequency is
outside the range of 50 to 75 Hz?

A diving board is modeled as a simply supported beam with an overhang, What is the
natural frequency of a 140-1b diver at the end of the diving board of Fig. P2.36?

6 ft
E=100 x 10° N/m? T

FIGURE P2.36
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2.37.

2.38.

A diver is able to slightly adjust the location of the intermediate support on the diving
board in Fig. P2.36. What is the range of natural frequencies a 140-1b diver can attain if
the distance between the supports can be adjusted between 4 and 6.5 ft?

A 60-kg drum of waste material is being hoisted by an overhead crane and winch system
as illustrated in Fig. P2.38. The system is modeled as a simply supported beam to which
the cable is attached. The drum of waste material is attached to the end of the cable. When
the length of the cable is 6 m, the natural period of the system is measured as 0.3 s. What
is the mass of the waste material?

ky
k.
Beam: E = 200 x 10° N/m?
I=2.6x10"% m*
Cable: E =200 x 10° N/m? Waste
r=8cm
FIGURE P2.38

2.39.

One end of the mercury-filled U-tube manometer of Fig. P2.39 is open to the atmosphere
while the other end is capped and under a pressure of 20 psig. The cap is suddenly
removed. Determine x(t), the displacement of the mercury-air interface from the column’s
equilibrium position.

Total length of mercury

xl column = 12 ft

Hg

FIGURE P2.39

240,

241,

242,

A 200-kg package is being hoisted by a 120-mm-diameter steel cable (E = 200 x
10° N/m?) at a constant velocity v. What is the largest value of v such that the cable’s
elastic strength of 560 x 10 N/m? is not exceeded if the hoisting mechanism suddenly
fails when the cable has a length of 10 m.

A 3-kg block is hanging in equilibrium from a coil spring of diameter 5 cm made from a steel
rod of diameter 5 mm. The shear modulus of the spring’s material is G = 80 x 10° N/ m’
and the spring has 25 active coils. A weight W is dropped from 20 cm onto the block.
On impact the weight attaches itself to the block. What is the largest weight that can be
dropped such that the spring’s elastic shear strength of 100 x 10 N/m? is not exceeded?

The center of the disk Fig. P2.42 is displaced a distance § and the system released. Deter-
mine x(t) if the disk rolls without slip.
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—x
k r Thin disk
in dis
3 /W\l v of mass m,
no slip
FIGURE P2.42

2.43. The coefficient of friction between the disk and the surface in Fig. P2.42 is . What is
the largest initial velocity of the mass center that can be imparted such that the disk rolls
without slip for its entire motion?

2.44-2.47. For the systems shown
(a) Determine the damping ratio
(b) State whether the system is underdamped, critically damped, or overdamped
{c) Determine x(¢) or 8(¢) for the given initial conditions

> x(2)

4x 10*N/m

AN 3x10*N/m %
h 12.5kg W

|
150N - s/m 7777777777777 x(0)=3cm
x0)=0

BANNAANNY

FIGURE P2.44

0 / 30cm

0.3 kg - m?

10 cm

6(0)=0
6(0) = 2.5 rad/s

5kg 40 kg

32x10*N/m /7\]:’7150 N s/m

FIGURE P2.45
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—————————————— ¥

Lljm-————* ]
60N -s/m

G =60 % 10° N/m?
J=25x10" m*

Thin disk
m=225kg

10kg

1% 10° N/m

VW

g

7T 7777

My =280N - m applied and removed

FIGURE P2.46
50N/m
< (&
T
3L
4
I=24kg -m?
i m=35kg

m=15kg @0)=0 R, =20cm
| a:) L=04m 6(0)=12rad/s R, = 40 cm
1

fo— i~

—r—F '
B 100N - s/m ﬂI:
g

FIGURE p2.47 FIGURE P2.48

2.48. The amplitude of vibration of the system of Fig. P2.48 decays to half of its initial value in

11 cycles with a period of 0.3 s. Determine the spring stiffness and the viscous damping
coefficient.
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2.49. The damping ratio of the system of Fig. P2.49 is 0.3. How long will it take for the amplitude
of free oscillation to be reduced to 2 percent of its initial value?

k
k=2x10°N/m

CI] ¢ 3
W [~ =42k
10 cm "T'c
f » 40 cm } 60 cm

7
FIGURE P2.49

2.50. When a 40-kg machine is placed on an elastic foundation, its free vibrations appear to
decay exponentially with a frequency of 91.7 rad/s. When a 60-kg machine is placed on
the same foundation, the frequency of the exponentially decaying oscillations is 75.5 rad/s,
Determine the equivalent stiffness and equivalent viscous damping coefficient for the foun-
dation.

2.51. A suspension system is being designed for a 1300-kg vehicle. When the vehicle is empty,
its static deflection is measured as 2.5 mm. It is estimated that the largest cargo carried by
the vehicle will be 1000 kg. What is the minimum value of the damping coefficient such
that the vehicle will be subject to no more than 5 percent overshoot, whether it is empty or
fully loaded.

2.52, During operation a 500-kg press machine is subject to an impulse of magnitude 5000 N - s.
The machine is mounted on an elastic foundation that can be modeled as a spring of stiffness
8 x 10° N/m in parallel with a viscous damper of damping coefficient 6000 N - s/m. What
is the maximum displacement of the press after the impulse is applied. Assume the press
is at rest when the impulse is applied.

2.53. The disk of Fig. P2.53 rolls without slip.

{a) What is the critical damping coefficient, c., for the system?
(b) If ¢ = c./2, plot the response of the system when the center of the disk is displaced
5 mm from equilibrium and released from rest.

(c) Repeat part (b) if ¢ = 3¢./2.
(d) If the coefficient of friction between the disk and surface is 0.13, is the no-slip assump-
tion still valid for the systems of parts (b) and (c)?

k =4 x10° N/m

@ Thin disk m = 1 kg

¢ No slip

FIGURE P2.53

2.54. A recoil mechanism of a gun is designed as a spring and viscous damper in parallel such
that the system has critical damping. A 52-kg cannon has a maximum recoil of 50 cm after
firing. Specify the stiffness and damping coefficient of the recoil mechanism such that the
mechanism returns to within 5 mm of firing position within 0.5 s after firing.
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2.55.

2.56.

2.57.

2.58.

2.59.

2.60.

The initial recoil velocity of a 1.4-kg gun is 2.5 m/s. Design a recoil mechanism that is

critically damped such that the mechanism returns to within 0.5 mm of firing within 0.5 s

after firing.

A railroad bumper is modeled as a linear spring in parallel with a viscous damper. What

is the damping coefficient of a bumper of stiffness 2 x 10° N/m such that the system has a

damping ratio of 1.15 when it is engaged by a 22,000-kg railroad car.

What is the maximum deflection of the bumper of Prob. 2.56 when it is engaged by a

22,000-kg railroad car traveling at § mph?

A block of mass m is attached to a spring of stiffness k and slides on a horizontal surface

with a coefficient of friction . At some time ¢, the velocity is zero and the block is

displaced a distance & from equilibrium. Use the principle of work-energy to calculate the

spring deflection at the next instant when the velocity is zero. Can this result be generalized

to determine the decrease in amplitude between successive cycles?

Reconsider Example 2.21 using a work-energy analysis. That is, assume the amplitude

of the swing is & at the end of an arbitrary cycle. Use the principle of work-energy to

determine the amplitude at the end of the next half-cycle.

The center of the thin disk of Fig. P2,60 is displaced a distance § and the disk released.

The coefficient of friction between the disk and the surface is u. The initial displacement

is sufficient to cause the disk to roll and slip.

(a) Derive the differential equation governing the motion when the disk rolls and slips.

(b) When the displacement of the mass center from equilibrium becomes small enough,
the disk rolls without slip. At what displacement does this occur?

(¢) Derive the differential equation governing the motion when the disk rolls without slip.
(d) What is the change in amplitude per cycle of motion?

—x

Thin disk
of mass m

FIGURE P2.60

261.

2.62.

2.63,

2.64,

A 10-kg block is attached to a spring of stiffness 3 x 10* N/m. The block slides on a
horizontal surface with a coefficient of friction of 0.2. The block is displaced 30 mm and
released. How long will it take before the block returns to rest?

The block of Prob. 2.6 is displaced 30 mm and released. What is the range of values of
the coefficient of friction such that the block comes to rest during the 14th cycle?

A 2.2-kg block is attached to a spring of stiffness 1000 N/m and slides on a surface that
makes an angle of 7° with the horizontal. When displaced from equilibrium and released,
the decrease in amplitude per cycle of motion is observed to be 2 mm. Determine the
coefficient of friction.

A block of mass m is attached to a spring of stiffness k and viscous damper of damping
coefficient ¢ and slides on a horizontal surface with a coefficient of friction u. Let x(t)
represent the displacement of the block from equilibrium.

(@) Derive the differential equation governing x(z).

(b) Solve the equation and sketch the response over two periods of motion.
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2.65.

2.66.

2.67.

2.68.

2.69.

2.70.

2.71.

A connecting rod is fitted around a cylinder with a connecting rod between the cylinder
and bearing. The coefficient of friction between the cylinder and bearing is 0.08. If the
rod is rotated 12° counterclockwise and then released, how many cCycles of motion will jt
execute before it comes to rest? The ratio of the diameter of the cylinder to the distance tq
the center of mass of the connecting rod from the center of the cylinder is 0.01.
A one-degree-of-freedom structure has a mass of 65 kg and a stiffness of 238 N/m. Afier
10 cycles of motion the amplitude of free vibrations is decreased by 75 percent. Calculate
the hysteretic damping coefficient and the total energy lost during the first 10 cycles if the
initial amplitude is 20 mm.
The end of a steel cantilever beam (E = 210 x 10° N'm®) of ] = 1.5 x 10 m? is given
an initial amplitude of 4.5 mm. After 20 cycles of motion the amplitude is observed ag
3.7 mm. Determine the hysteretic damping coefficient and the equivalent viscous damping
ratio for the beam.
A 500-kg press is placed at the midspan of a simply supported beam of length 3 m, elastic
modulus 200 x 10° N/m?, and cross-sectional moment of inertia 1.83 x 1075 m*. It is
observed that free vibrations of the beam decay to half of the initial amplitude in 35 cycles,
Determine the response of the press, x(¢), if it is subject to an impulse of magnitude
10,000 N - s.
Use the theory of Sec. 2.7 to derive the equivalent viscous damping coefficient for Coulomb
damping. Compare the response of a one-degree-of-freedom system of natural frequency
35 rad/s and friction coefficient 0.12 using the exact theory to that obtained using the
approximate theory with an equivalent viscous damping coefficient.
A 0.5-kg sphere is attached to a spring of stiffness 6000 N. The sphere is given an initial
displacement of 8 mm from its equilibrium position and released. If aerodynamic drag is
the only source of friction, how many cycles will the system execute before the amplitude
is reduced to 1 mm?
A one-degree-of-freedom model of a suspension system is shown in Fig. P2.71a. For
this model the mass of the vehicle is much greater than the axle mass, but the tire has
characteristics which should be included in the analysis. In the model of Fig. P2.71b, the
tire is assumed to be elastic with a stiffness k,. The tire stiffness acts in series with the
spring and viscous damper of the suspension system.
(@) Derive a third-order differential equation governing the displacement of the vehicle
from the system’s equilibrium position.
(b) Solve the differential equation to determine the response of the system when the wheel
encounters a pothole of depth k.

(@) ()] FIGURE P2.71



272. A one-degree-of-freedom model of a suspension system is shown in Fig. P2.72a. Consider
placed in series with the spring and viscous damper modeling the suspension system, as
illustrated in Fig. P2.72a.

(a) Derive a third-order differential equation governing the displacement of the vehicle
from the system’s equilibrium position.

(b) A plot of the suspension system when the wheel encounters a pothole is given in
Fig. P2.72b. The plot is made for a suspension system that is designed to have a
damping ratio of 0.1. Use this information to find c,.

1.5

14
13 /\ {=—2— =01

1.2

1.1 / \

x(6)/h

\ / N
& 0.8
0.7
0.6
0 02 04 06 038 1 12 14 16 1.8
1(S)
(@ ®)
FIGURE P2.72
MATLAB PROBLEMS

M2.1. File VIBES_2A.m provides the natural frequency calculations for a machine mounted
on a fixed-pinned beam, including an approximation for inertia effects of the beam. Use
VIBES_2A to help decide upon an appropriate I beam of W shape for the following
cases
(@) A 400-kg turbine is to be mounted on a 5.4-m steel beam a distance 2.3 m from the

fixed end. The natural frequency of the system must be outside the range of 40 to
200 Hz.

(b) A 215-kg compressor is to be mounted on a 6.5 m steel beam a distance 2.8 m from
the fixed end. The natural frequency of the system must be outside the range of 20
to 600 Hz.
M2.2, Use VIBES_2A.m to select a material to use for the beam in the following situation. A
400-kg pump is to be placed at the midspan of a 4.4 m standard I beam, W27 x 114,
The natural frequency of the system must be greater than 600 Hz.
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3.1 INTRODUCTION

Forced vibrations of a one-degree-of-freedom system occur when work is being done
on the system while the vibrations occur. Examples of forced excitation include the
ground motion durtng an earthquake or the motion caused by an unbalanced recipro-
cating component. Figure 3.1 illustrates the equivalent systems model for the forced
vibrations of a linear one-degree-of-freedom system when a linear displacement
is chosen as the generalized coordinate. The equivalent systems model when an
angular coordinate is chosen as the generalized coordinate is illustrated in Fig. 3.2.
Application of Newton’s law to the free-body diagrams of Fig. 3.3 lead to the
differential equation governing the motion of the model system of Fig. 3.1

MeqX + CeqX + kegX = Feq(?) [3.1]
The differential equation governing the motion of the model system of Fig. 3.2 is
Iogfl + €10 + ki = Mg (1) [3.2]
The excitation is periodic (or harmonic) if there exists a T such that
Feq(t +T) = Feq(t) [3.31

for _all t. Examples of periodic excitations are given in Fig. 3.4. The frequency of a
Pertodic excitation is
2n

w=— [3.4]
. T
A single-frequency excitation has the form
Fey(t) = Fysin (wt + ) [3.5]

Where F is the amplitude of the excitation, w is its frequency, and  is its phase.
€ frequency of the excitation is independent of the system’s natural frequency.
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X
L ke — .
T—\\N— 3 ———
g My > Flt) = Kieq Creq
—— :
“ Ceq qu

Figure 3.1 Equivalent systems model Figure 3.2 Equivalent systems

of a linear one-degree-of-freedom system with  model of a linear one-degree-of-freedom

linear displacement as generalized coordinate.  system with angular coordinate as
generalized coordinate.

|
KegX *
1
— F. (1) = S
]
ceqj: *
IN
External forces Effective forces

Figure 3.3  Free-body diagrams of model system of Fig. 3.1 at arbitrary

instant, -
[
—_—T ——— DR JE— T —
\ / . . . .
\/ ) ] 1 1
(a) ) ()
| Examples of periodic excitation include (a) sinusoidal excitation, (b} repeated friangular pulses, (c) repeated

loading reversal.

3.2 DIFFERENTIAL EQUATIONS GOVERNING FORCED
VIBRATION

The differential equation governing forced vibrations of a one-degree-of-freedom
system can be derived by either the free-body diagram method or the equivalent sys-
tems method. Application of the free-body diagram method is as for free vibrations
except with the excitation forces illustrated at an arbitrary instant included on the
free-body diagram showing the external forces.
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The excitation forces are nonconservative. The work done by the excitation
force in the model system of Fig. 3.1 as the block moves between two arbitrary
positions X1 and x; is

x3
X1

The work done by the nonconservative external force can be included in the work-
energy analysis of Sec. 2.3 and Eq. (2.11). Application of the method leads to
Eq. (3.1), the differential equation governing the motion of the model one-degree-
of-freedom system. Thus the equivalent systems method can be used to derive
the differential equation governing the forced vibrations of a linear one-degree-of-
freedom system. The equivalent external force is obtained by calculating the work
done by the external forces between two arbitrary times. The equivalent force is
determined when the work is written in the form of Eq. (3.6).

Assuming small displacements and using 6 as the generalized coordinate, derive the
differential equation governing the forced vibrations of the system of Fig. 3.5 using

(@) The free-body diagram method

(b) The equivalent-systems method

F(1)

|
ST

k

D)M(t) ~Je

(a)

L
m —2— g2
M(t)
L
m— v
2 LmL?d
External forces (b Effective forces

Figure 3.5 (a) System of Example 3.1; (b) free-body diagrams at an arbitrary instant.

Excm
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Solution:

(a) The free-body diagrams of Fig. 3.5b are drawn with the knowledge that appl;-
cation of the static equilibrium condition leads to the gravity force and static deflectiong
canceling from the governing differential equation. Summing moments about the point
of support using the free-body diagrams of Fig. 3.5b

(2] (2 ),

and using the small-angle assumption leads to

L L\L LNXL 1 ..
——k(Z8)=- L+M@)=(m=6)2 +—=mL?
F(t)5 k(29) 5 — k(LOL + M(1) (m2 )2 + 5mL7

Rearrangement leads to
2
3

(b) Since 8 is an angular displacement, the appropriate model is the torsional system
of Fig. 3.2. The kinetic energy of the system at an arbitrary instant is

1 /L 1/1 o 171 :
= - —6 - — L2 02_____ et LZ 02
d 2'"(2 ) +2(12m ) 2(3'" )

from which the equivalent moment of inertia is obtained as

mL?

. 5 L
m—~6 + ZkLze» =M@+ -2—1«*(:)

(D Ll

Ieg
The potential energy of the system at an arbitrary instant is

1 1. (L \* 1/(5
V=k(LO+ zk(=0) == (>kL?)6?
0+ 3 (2 ) 2 (4 )
From which the equivalent torsional stiffness is obtained as
k,, = 3kL?

The work done by the external forces between two arbitrary positions is
& I & & L
Uisa, = F@t)d (——0) + M(t)do = f (M(t) + —-F(t)) do
& 2 o A 2
from which the equivalent external moment is obtained as

L
M (t) = M(@) + EF(t)
Thus the governing differential equation is
5

L2§ kL%6 = M(t) + £F(:)

which is the same result derived by the free-body diagram method.
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Dividing Eq. (3.1) by m.q leads to the standard form of the differential equation
govemiﬂg the forced vibrations of a linear one-degree-of-freedom system

1
X +2twpx + w,zlx = — Feq(t) [3.7]
Meq
The general solution of Eq. (3.7) is the sum of the homogeneous solution, the so-
jution obtained if the right-hand side is set to zero, and the particular solution. The
homogeneous solution of Eq. (3.7) for § < 1is

xp(t) = e tont [C1 cos (w,,\/l — gzt) + Cy sin (w,,\/l—;?t)] [3.8]

The form of the particular solution depends on the form of Fq(¢). If £ > 0, x,(¢)

proaches zero as ¢ gets large. The presence of the homogeneous solution in the
general solution leads to an initial transient motion which quickly decays. The
steady-state response is the system response after the transient motion has decayed
sufficiently. Only the particular solution contributes to the steady-state response for
a linear system.

3.3 FORCED RESPONSE OF AN UNDAMPED SYSTEM DUE
TO A SINGLE-FREQUENCY EXCITATION

The differential equation for undamped forced vibrations of a one-degree-of-freedom
system subject to a single-frequency harmonic excitation of the form of Eq. (3.5) is

F,
i+ wix = m—° sin (wt + ¥) [3.9]
€q

If @ # w, the method of undetermined coefficients is used to obtain the particular
solution of Eq. (3.9)

xp(t) = sin (wt + ¥r) [3.10]

Fy
Megq ("’% - wz)
Tl_lq homogeneous solution, Eq. (3.8), is added to the particular solution and the
Initial conditions are applied, yielding

x(t) = [xo — ————FO sin y ] cos (wyt) + L I:J'co — ______Fowcos v ] sin (wnt)

Meq(@W? — w?) Wp Meq(@? — @?)
T inor+
meq(wﬁ—wz) sin (w ¥)

[3.11]

The response, plotted in Fig. 3.6, is the sum of two trigonometric terms of different
frequencies.

The case when @ = w, is special. The nonhomogeneous term in Eq. (3.9) and

the homogeneous solution are not linearly independent. Thus when the method of
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—=—~—— Homogeneous solution
Particular solution
Total solution

x(D)

Figure 3.6  Response of an undamped system fo a single-frequency harmonic excitation
when w < wy.

undetermined coefficients is used to determine the particular solution the appropriate
trial solution is

xp(t) = At sin (wt + ¥) + Bt cos (at + ¥) [3.12]

Substitution of Eq. (3.12) in Eq. (3.9) leads to

F
xp(2) = -ir—n—o—a—)—t cos (wpt + ) [3.13]
eq@Wn

Application of initial conditions to the sum of the homogenous and particular solution
yields

0y F F
£(2) = 10 08 (wnt) + (x_o + _o_gs_gﬁ) Sin (@nf) — — 2t cos (wnt + ¥)
Wy 2mcqw,, Meqn

[3.14]
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The response of a system in which the excitation frequency equals the natu
frequency grows withqut bounds, as shown in Fig. 3.7. This condition,_ where
amplitude increases without bound, is called resonance. In a real physical syst
the amplitude is bounded. In many cases as the amplitude grows, assumptions us
in modeling the physical system become invalid. In a system with an elastic elem
such as a coil spring, the proportional limit of the spring’s material is eventua
reached. After this time the motion of the system is governed by a nonlinear diff
ential equation reflecting the nonlinear force-displacement relation in the spring.
a system such as a pendulum in which a small displacement assumption is used
linearize the governing differential equation, the assumption becomes invalid wh
resonance occurs. The original nonlinear differential equation must be used.

Resonance is a dangerous condition in a mechanical or structural system a
will produce unwanted large displacements or lead to failure. Resonant torsio
oscillations were partially the cause of the famous Tacoma Narrows Bridge disast
It is suspected that the frequency at which vortices were shed from the bridge ¢
incided with a torsional natural frequency, leading to oscillations that grew withc
bound. Recent investigations have shown that nonlinear phenomena resulting frc
improper installation may have also played a role in the disaster. Resonance c
also lead to unwanted large-amplitude vibrations in machinery.

When vibrations of a conservative system are initiated, the motion is sustain
at the system’s natural frequency without additional energy input. Thus, when t
frequency of excitation is the same as the natural frequency, the work done by tl
external force is not needed to sustain motion. The total energy increases because

A
\V, v\/

t

x(1)
(==}

Figure 3.7 Undamped response when excitation frequency
equals natural frequency. The response grows
without bound producing resonance.
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o+ w,

Figure 3.8 Beating phenomenon occurs when w =~ wy.

the work input and leads to a continual increase in amplitude. When the frequency
of excitation is different from the natural frequency, the work done by the external
force is necessary to sustain motion at the excitation frequency.

When the excitation frequency is close, but not exactly equal, to the natural
frequency, an interesting phenomenon called beating occurs. Beating is a continuous
buildup and decrease of amplitude as shown in Fig. 3.8. When w is very close to w,
and xo = xp = 0 and ¥ = 0, Eq. (3.11) can be written as

2F . [ w— o, w + w,
x(t)zmcq(wg_wz)sm( 5 )tcos( 5 )t [3.15]

From Eq. (3.15), since |w — w, | is small, the solution can be viewed as a cosine wave
with a slowly varying amplitude. The period of the amplitude is called the period
of the beating and equals 27 /|w — w,|. The period of vibration is 47/ (w + w,)-

3.4 FoRCED RESPONSE OF A ViscOUSLY DAMPED
SYSTEM SUBJECT TO A SINGLE-FREQUENCY
HARMONIC EXCITATION

The standard form of the differential equation governing the motion of a viscously
damped one-degree-of-freedom system with the single-frequency harmonic excita-
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o of Bg. (3.5 is

F
X+ 20 wnk + wlix = —2 sin (ot + ¥) [3.16]
Meq
The particular solution of Eq. (3.16) is
Fy

- [—2§ww,, cos (wt + ¥) [3.17]
Meq [(wﬁ - wz)2 +(2¢ ww,,)z]

xpt) =

+ (wﬁ — wz) sin (ewt + xp)]

Use of the trigonometric identity for the sine of the difference of angles and algebraic
manipulation leads to the following alternate form of Eq. (3.17):

x,(t) = X sin (ot + ¢ — @) [3.18]
Fy
where X = ¥ [3.19]
2 2\2 2
Meg [(w —w ) + 2t wwy,) ]
and ¢ =tan™! ( 25 ww"z) [3.20]
w; —w

X is the amplitude of the forced response and ¢ is the phase angle between the
response and the excitation.

Only the long-term behavior is of interest for most systems subject to harmonic
excitation. As ¢t — o0, the homogeneous solution of Eq. (3.7) goes to zero and
only the forced response remains. Thus, for harmonic excitation, the free-vibration
response is neglected and only the forced response or the steady-state response
considered.

The amplitude and phase angle provide important information about the forced
response. Formulation of Eqgs. (3.19) and (3.20) in nondimensional form allows
better qualitative interpretation of the response. It is noted from these equations that

X = f(Fp, meq, ®, wn, {) [3.21]
and ¢ = g(w, s, ¢) [3.22]

The parameters use three basic dimensions: mass, length, and time. Multiplying
Eq. (3.19) by meqw?/ Fy gives

meqw?,X _ 1

[3.23]
B {a-mtraer]”

w
Where r=% [3.24]
Wn
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is the frequency ratio. The ratio
Meqw? X
Fy

is dimensionless and is often called the amplitude ratio or magnification factor.
While it can be construed as the ratio of the amplitude of forced response to the
amplitude of excitation, a more direct physical interpretation is that of the maximum
force developed in the spring of a mass-spring-dashpot system to the maximum value
of the exciting force. Thus the nondimensional form of Eq. (3.19) is

1
M(r,¢) = [3.26]

\/ (1 - r2)* + (2¢r)?

The magnification factor as a function of frequency ratio for different values of
the damping ratio is shown in Fig. 3.9. These curves are called frequency response
curves. The following are noted about Eq. (3.26) and Fig. 3.9:

M= [3.25]

1. M = 1whenr = 0. In this case the excitation force is a constant and the
maximum force developed in the spring of a mass-spring-dashpot system is
equal to the value of the exciting force.

2. M — 0asr — oo. The amplitude of the forced response is very small for
high-frequency excitations.

3. For a given value of r, M decreases with increasing ¢.

4. The magnification factor grows without bound only for { = 0. For0 < ¢ <
1/+/2, the magnification factor has a maximum for some value of .

5. For0 < ¢ < 1/+/2, the maximum value of the magnification factor occurs for

a frequency ratio of
rm =+ 1—2¢2 [3.27]

Equation (3.27) is obtained from Eq. (3.26) by determining the value of r such
that dM/dr = 0.

6. The corresponding maximum value of M is

1
= 172
2t (1-¢2)"
7. For¢ = 1/+/2,dM/dr = O forr = 0. For ¢ > 1/+/2, M monotonically
decreases with increasing r.

The nondimensional form of Eq. (3.20) is

M nax [3.28]

1—-r2

The phase angle from Eq. (3.29) is plotted as a function of frequency ratio for
different values of the damping ratio in Fig. 3.10. The following are noted from Eq.
(3.29) and Fig. 3.10:

¢ = tan~! 2r ) [3.29]
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r

Figure 3.9  Magnificatian factor versus frequency ratio for different damping ratios.

—
T

Figure 3.10  Phase angle versus frequency ratio for different damping ratios.

L. The forced response and the excitation force are in phase for { = 0. For ¢ > 0,
the response and excitation are in phase only for r = 0.

2. Ift >0and0 <r < 1,then0 < ¢ < /2. The response lags the excitation
as shown in Fig. 3.11.
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— sinwt -
“es sin(wt—-¢),0<¢<—i-

Figure 3.11 Farced steady-state response lags excitation, for r < 1.

3. If¢ >0andr =1, then ¢ = n/2. If y = 0, then the excitation is a pure sine
wave while the steady-state response is a pure cosine wave. The excitation 18
in phase with the velocity. The direction of the excitation is always the same as
the direction of motion.

4. If¢ >0andr > 1, then 1/2 < ¢ < 7. The response leads the excitation as
shown in Fig. 3.12.

5. Ift > 0andr > 1, then ¢ = 7. The sign of the steady-state response is
opposite that of the excitation,

6. For¢ =0, the response is in phase with the excitation for r < 1 and s radians
(180°) out of phase forr > 1.

For an undamped system
1 1

M A 0) = = [3,301
(r,0) oy =7

Equations (3.10) and (3.30) are reconciled by noting that for r > 1 (w > w,) the
negative sign that would occur in Eq. (3.10) is incorporated into the phase (¢ = %
for r > 1); sin (wt — ) = — sin (wt).

e 3.2| A moment, Msinwt, is applied to the end of the bar of Fig, 3.13. Determine the
maximum value of My such that the steady-state amplitude of angular oscillation does
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sinwt

) s
.- snn(wt—¢),3<¢<"

Figure 3.12  Response leads excitatian when r > 1.

&~
0| b~

2k
(a)
L
—p2
"%
M, sinwt )
L. ..
m T /] ll—szzo
3L
2kl — 0
4
External forces ) Effective forces

Figure 3.13 (a) System of Example 3.2; (b) free-body diagrams at an arbitrary instant.
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not exceed 10° if @ = 500 rpm, & = 7000 N/m, ¢ = 650 N - s/m, L = 1.2 m, and the
mass of the bar is 15 kg.

Solution:
The differential equation obtained by summing moments about 0 using the free-body
diagrams of Fig. 3.13b is

7ML + L2 + 2kL%0 = M, sinwt
Using the notation of Eq. (3.2),
Iy = ZmL? = Z(15kg)(1.2 m)? = 3.15 kg - m?

The differential equation is rewritten in the form of Eq. (3.7) by dividing by I.q:

. 3c¢c. 57k

G204+ 0 g Moo

Tm T m Iog
The preceding equation has a steady-state solution of the form
0(r) = O sin(wt — ¢)

The natural frequency and damping ratio are obtained by comparison to Eq. (3.7)

_ [Tk _ [eDaoooNm) _  rad
PENT TV D5k s
3 ¢ (3)(650 N - s/m)

$= ldme, ~ U&U5kg)6l6rads ~ 12

The frequency ratio is
w (500 rev/min)(27r rad/rev) (1 min/60 s)
= —— = =0.85
W 61.6 rad/s
The magnification factor is calculated from Eq. (3.26)
1
M(0.85,0.15) = = 2.65

[1 - (0.85)2]% + [2(0.15)(0.85)]?
The maximum allowable magnitude of the applied moment is calculated from Eq. (3.25),
qua),21®
M,
Requiring ® < 10° leads to
- (3.15 kg - m?) (61.6 rad/s)2(10°) (2 rad/360°)
2.65

= M(0.85,0.15) = 2.65

M, =7872N-m

3.3

A machine of mass 25.0 kg is placed on an elastic foundation. A sinusoidal force of
magnitude 25 N is applied to the machine. A frequency sweep reveals that the maximum
steady-state amplitude of 1.3 mm occurs when the period of response is 0.22 s. Determine
the equivalent stiffness and damping ratio of the foundation.
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solvtion:

The system is modeled as a mass attached to a spring and dashpot in parallel with
an applied sinusoidal force of magnitude 25 N. For a linear system the frequency of
response is the same as the frequency of excitation. Thus the maximum response occurs
for a petiod of (2m)/w = 0.22 s which leads to w = 28.6 rad/s. From Eq. (3.27) the

maximum response occurs when

L _ JiTa
wWp
_ w _ 28.6radss
” wﬂ_ﬁ—%’_\/l—zﬁ
Equation (3.28) implies
(25.0 kg)(0.0013 m)w? 1

25N S u/1-¢
which upon substitution for w, becomes
1.063 1
-2 2/1-72
Squaring the preceding equation and rearranging leads to
tf—t240117=0
The quadratic formula is used to solve for ¢2, yielding
‘ ¢ = 0.368, 0.930
The larger value is discarded because a frequency sweep would yield a maximum only
for{ < 1/+/2. Thus ¢ = 0.368. The natural frequency is calculated as
28.6 rad/s 3.5 ril

wy = .
1 —2(0.368)2 s

The stiffness of the elastic foundation is
k= mw? = (25 kg)(33.5 radfs)? = 2.80 x 10* N/m

3.5 FREQUENCY-SQUARED EXCITATIONS

3.5.1 GENERAL THEORY

Ma{‘)’ one-degree-of-freedom systems are subject to a single-frequency harmonic
Cxcitation whose amplitude is proportional to the square of its frequency.
Feg(t) = Aw?sin (wt + ¥) [3.31]

\then Feq(¢) represents a force, A has dimensions of [F][T?] or [M][L]. When
eq(*) represents a moment, A has dimensions of [F][L][T?] or [MI[L?). The
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steady-state response due to this type of excitation is developed by applying equations
developed in Sec. 3.4 with

Fy = Aw? [3.32]

Substitution of Eq. (3.32) into Eq. (3.23) yields

COIGE X

X
or meqz = A(r ) [3.33]

where A(r, o) = [3.34]
‘/(l - r2)2 + (2¢r)?

A is, like M, a nondimensional function of the frequency ratio and the damping
ratio. A is related to M by

A r)=r*M@, ¢) [3.35]

The steady-state response is given by Eq. (3.18) where X is determined from
Eqgs. (3.33) and (3.34) and ¢ is determined using Eq. (3.29).

A is plotted as a function of r for various values of ¢ in Fig. 3.14. The following
are noted from Eq. (3.34) and Fig. 3.14:

1. A =0ifand only if » = O for all values of {.
2. A = 1 for large r for all values of ¢.

3. A grows without bound near r = 1 for ¢ = 0.
4

For 0 < ¢t < 1/4/2, A has a maximum for a frequency ratio of

1
S — [3.36]

CJ1-2¢2
Equation (3.36) is derived by finding the value of r such that dA /dr = 0.

5. Foragiven 0 < ¢ < 1/4/2, the maximum value of A corresponds to the
frequency ratio of Eq. (3.36) and is given by

1

20/1-1¢2

6. Fort > 1/4/2, A does not reach a maximum. A grows slowly from zero near
r = 0 and approaches one for large r.

[3.37]

Amax =
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Figure 3.14 A versus r for different values of ¢.

A one-degree-of-freedom system is subject to a harmonic excitation whose magnitudeis |Example 2
proportional to the square of its frequency. The frequency of excitation is varied and the

steady-state amplitude noted. A maximum amplitude of 8.5 mm occurs at a frequency

of 200 Hz. When the frequency is much higher than 200 Hz, the steady-state amplitude

is 1.5 mm. Determine the damping ratio for the system.

Solution:

From Fig. 3.14, A — 1 as r — o0o. Thus, from Eq. (3.33) and the given information,

Meg 1
A 15mm
Substituting the preceding equation into Eq. (3.37) yields
m 8.5 mm 1
Amax = —Xmax = =

A T 15mm 2¢./1—¢2
Inverting, squaring, and rearranging leads to
*~ 24000778 =0

The appropriate root of the preceding equation is { = 0.089.
\\
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3.5.2 ROTATING UNBALANCE

The machine of Fig. 3.15 has a component which rotates at a constant speed, ¢,
Its center of mass is located a distance e, called the eccentricity, from the axis of
rotation. The mass of the rotating component is mo, while the total mass of the
machine, including the rotating component, is m. The machine is constrained t,
move vertically. The acceleration of the rotating component relative to the machine
is moew? directed from the center of mass of the rotating component to its axis of
rotation. Since the location of the center of mass of the rotating component moves ag
the component rotates, the direction of this component of acceleration also changes,
Summation of forces applied to the free-body diagrams of Fig. 3.16 yields

W+ L+
Fex = Fest
— kx — cx = m¥ + moew® sin @ [3.38]
For constant w,
O=wt+6 [3.39]

where 6, is an angle between the initial position of the center of mass of the rotating
component and the horizontal. Using Eq. (3.39) in Eq. (3.38), and rearranging yields

mx + cx + kx = —mgew? sin (wt + 6) [3.40]
The negative sign is incorporated into the sine function by defining
Yy=06+m
Then Eq. (3.40) becomes
mx + cx + kx = moew? sin (wf + ) [3.41]

It is apparent from Eq. (3.41) that the unbalanced rotating component leads to a
harmonic excitation whose amplitude is proportional to the square of its frequency.
The constant of proportionality is

A = moe [3042]
Using Eq. (3.33) gives
X
2 = A0 [3.43]
mopé

(ST
L]
o) x

Figure 3.15 Rotating unbalance produces harmonic excitation whosé
amplitude is proportional o the square of the frequency.
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N,
N3 4—!-- moew2
N, = )
Ny ——— mo % l (m —~ mgx
kx cx
External Effective
forces forces

Figure 3.16 Free-body diagrams of machine with
rotating unbalance at an arbitrary instant.

A 150-kg electric motor has a rotating unbalance of 0.5 kg, 0.2 m from the center of
rotation. The motor is to be mounted at the end of a steel (E = 210 x 10° N/m?)
cantilever beam of length 1 m. The operating range of the motor is from 500 to 1200
rpm. For what values of 7, the beam’s cross-sectional moment of inertia, will the steady-
state amplitude of vibration be less than 1 mm? Assume the damping ratio is 0.1.

Solution:
The maximum allowable value of A is
_ (150 kg)(0.001m) _
Ao = T05kg)(02m)

Since Aaiow > 1 and ¢ < 1/4/2, Fig. 3.14 shows that two values of r correspond to
A = Agow. These are determined using Eq. (3.34)

re

= V(1 =r)2 4 (0.2r)?

Rearrangement leads to the following equation:

1.5

0.556r* — 1.96r> +1=0
whose positive roots are
r=0.787,1.71

Thus A < 1.5ifr <0.787 orr > 1.71. Requiring r < 0.792 over the entire operating
range yields,

(1200 rev/min) (25 rad/rev)(1 min/60 s)
Wy

< 0.787

O @, > 159.7 rad/s. The one-degree-of-freedom approximation for the natural fre-
Quency of the motor attached to the end of a cantilever beam of negligible mass is

3EI
O =\ D3
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Thus
273 2 3
Is (159.7 rad/s)“L’m _ (159.7 rad/s)*(1 m) (1250 kg) — 6.07 x 10-5 m*
3E 3(210 x 10° N/m*®)
Requiring r > 1.71 over the entire operating range
(500 rev/min) (27 rad/rev)(1 min/60 s) o 171

Wy

or w, < 30.6 rad/s. This requirement leads to / < 2.23 x 1077 m*.

Thus the amplitude of vibration will be limited to 1 mm if / > 6.08 x 1076 p#
or I < 2.23 x 1077 m*. However, other considerations limit the design of the beam,
The smaller the moment of inertia, the larger the bending stress in the outer fibers of the
beam at the suppott.

3.5.3 VORTEX SHEDDING FROM CIRCULAR CYLINDERS

When a circular cylinder is placed in a steady uniform stream at sufficient velocity,
flow separation occurs on the cylinder’s surface, as illustrated in Fig. 3.17. The
separation leads to vortex shedding from the cylinder and the formation of a wake
behind the cylinder. Vortices are shed alternately from the upper and lower surfaces
of the cylinder at a constant frequency. The alternate shedding of vortices causes
oscillating streamlines in the wake which, in turn, lead to an oscillating pressure
distribution. The oscillating pressure distribution, in turn, gives rise to an oscillating
force acting normal to the cylinder,

F(t) = Fysin (wt) [3.44]

where Fj is the magnitude of the force and w is the frequency of vortex shedding.

Figure 3.17 (a) Circular cylinder in steady flow; (b) cross
section of cylinder, showing vortices shed
alternately from each surface of the cylinder
resulting in a wake behind the cylinder and a
harmonic force acting on the cylinder.
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arameters are dependent upon the fluid properties and the geometry of the

gll?:j; That is,

Fo = Fo(v, p, 4, D, L) [3.45])
and w=aw,p,u, D, L) [3.46]
where U= the magnitude of fluid velocity, [L1/[T]

p = the fluid density, [M]/[L]?

p = the dynamic viscosity of fluid, [M]/([L][T])
D = the diameter of cylinder, [L]

L = the length of cylinder, [L]

The dependent parameters Fp and w are both functions of five independent parame-
ters. Dimensional analysis theory implies that Eqgs. (3.45) and (3.46) can be rewritten
as relationships between three dimensionless parameters. Indeed, nondimensional

forms of Egs. (3.45) and (3.46) are

D
Cp=f (Re, Z) [3.47]
D
S=f (Re, —) [3.48]
L
The dependent dimensionless parameters are (1) the drag coefficient
F
Cp= -1'“-20— [3.49]
5PV DL
which is the ratio of the drag force to the inertia force, and (2) the Strouhal number
D
2y

which is the ratio of the inertia force due to the local acceleration to the inertia force
due to the convective acceleration.
The independent dimensionless parameters are (1) the Reynolds number

Re = M [3.511]

u
which is the ratio of the inertia force to the viscous force and (2) the diameter-to-
length ratio D/L.

For long cylinders (D/L <« 1), a two-dimensional approximation is used. Then

ﬂ}f{ effect of D/L on the drag coefficient and Strouhal number is negligible. Em-

Pirical data are used to determine the forms of Egs. (3.47) and (3.48), assuming that

both the drag coefficient and Strouhal number are independent of D/L. Empirical
Curves are shown in Figs. 3.18 and 3.19.

10‘5The density and dynamic viscosity of air at 20°C are 1.204 kg/m? and 1.82 x

N - s/m, respectively. Thus for air at 20°C the Reynolds number for flow over
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Figure 3.18  Drag coefficient versus Reynolds number for a circular
cylinder Cp~ 1for 1 x 103 < Re < 2 x 10°. {From
Shames.)
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Figure 3.19

Strovhal number as a function of Reynolds number. The Strouhal number is
approximately 0.2 for 1 x 103 < Re < 2 x 105. [From White, based on

experimental data in Roshko (1954} and Jones (1968).]
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a 10-cm-diameter circular cylinder at 20 m/s is
_(1.204 kg/m*)(20 m/s)(0.1 m)
B 1.82 x 10-5N - s/m

The Reynolds number for many situations involving wind-induced oscillations is
petween 1 X 10° and 2 x 105, Over this Reynolds number regime, both the drag
coefficient and the Strouhal number are approximately constant. From Figs. 3.18

and 3.193

1.3 x 10°

Re

Cp~1 1 x10° <Re <2 x 10° [3.52]
$~02 1x10°<Re<2x10° [3.53]
From Eq. (3.53) and the definition of the Strouhal number, Eq. (3.50),
v = % [3.54]
Then from Egs. (3.49), (3.52), and (3.54),
Fy =0.317pD*Lo? [3.55]

Hence the harmonic excitation to a circular cylinder provided by vortex shedding
when the Reynolds number is between 1 x 10 and 2 x 10° has a magnitude that
is proportional to the square of its frequency. Using the notation of Eqgs. (3.32) and
(3.33) gives

A=0317pDL [3.56]
3.16mX

and 2" — AG, 3.57]
DL = Ao [

The theory is presented for vortex shedding from circular cylinders. If the fre-
quency at which the vortices are shed is near the natural frequency of the structure,
then large-amplitude vibrations exist. The effects of vortex shedding must be taken
into account when designing structures such as street lamp posts, transmission tow-
ers, chimneys, and tall buildings. Vortex shedding also occurs from noncircular
structures such as buildings and bridges. Vortex shedding at a frequency near a tor-
Stonal natural frequency is thought to be partially responsible for the famous Tacoma
Narrows Bridge disaster. Amplitudes of a torsional mode were observed to be as
large as 45°,

A street lamp consists of a 60-kg light fixture attached at the end of a 3-m-tall solid steel

(E=210x10° N, m?) cylinder with a diameter of 20 cm. Use a one-degree-of-freedom

Mode] consisting of a cantilever beam with a concentrated mass at its end to analyze the

'esponse of the light fixture to wind excitation, Assume the beam has an equivalent

Viscous damping ratio of 0.2.

(@) At what wind speed will the maximum steady-state amplitude of vibration due to
Yortex shedding occur?

Example
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(b) What is the corresponding maximum amplitude?

(¢) Redesign the light by changing its diameter such that the maximum amplitude of
vibration does not exceed 0.10 mm for any wind speed.

Solvtion:

Before proceeding with the analysis, there are several questions associated with the
modeling that must be addressed. Vortices are shed along the entire length of the cylinder
The two-dimensional assumption implies that the force per unit length is constant along
the entire length of the light post. Thus the force given by Eq. (3.44) is really the
resultant of this force per unit length distribution. Its point of application should be the
midpoint of the light post. However, the problem is not really two dimensional becayse
of among other things, the boundary layer of the earth. The presence of a boundary layer
causes a varying wind velocity over the length of the light post, which, in turn, causes 3
nonuniform force per unit length distribution, as shown in Fig. 3.20a. Thus the actua]
point of application of the resultant force will be somewhat higher than the midpoint of
the light post. In addition, the mass is assumed to be lumped at the end of the beam,
while the point of application of the applied force is elsewhere. The resultant force
can be replaced by a force of the same magnitude located at the end of the beam and a
moment. However, the moment causes rotational effects which are not adequately taken
into account in a one-degree-of-freedom model. Atleast atwo-degree-of-freedom model
should be used. In order to attain an approximate result, these effects are neglected, A
one-degree-of-freedom model is used where the excitation is provided by a concentrated
harmonic load located at the light of fixture, as shown in Fig. 3.20b.

Assume air at 20°C. The Reynolds number for a velocity of 20 m/s is

Rpjmmmwmmmmmm
T (1.82x 10-5N - s/m)

This Reynolds number is higher than the 2 x 10° upper limit on the range of strict

60 kg
-
—r- l Fy sinwt

=2.6x 10°

— 120 cm
e ——
Im ;[L
F—
777 L
(a) b)

Figure 3.20  (q) Street light post in steady wind is subject to
harmonic excitation whose amplitude is
proportional to the square of the frequency
because of vortex shedding; (b) the problem is
modeled as a mass concentrated at the end of
a cantilever beam.
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applicability of the theory presented previously. However, from Fig. 3.19 the Strouhal
pumber is only slightly higher than 0.2. Using 0.2 as an approximation for the Strouhal
pumber is in line with other approximations made in the modeling.

(a) Using a one-degree-of-freedom model, the natural frequency of the cantilever

[3EI _ [3(210 x 10° Nm*)(r/64)02m)* _ g ad
TN omL3 T (60 kg)(3 m)? T s

The magnitude of the excitation force is proportional to the square of its frequency. Thus,
from Eq. (3.36), the maximum steady-state amplitude occurs for a frequency ratio of
1
Fmax = ——
N
Thus the frequency at which the maximum amplitude occurs is
o = 1.043(174.8 rad/s) = 182.2 rad/s

The wind velocity that gives rise to this frequency is calculated using the definition of
the Strouhal number

beam i8

wD (182.2 rad/s)(0.2 m)
2nS 27(0.2)

(b) The value of A corresponding to this frequency ratio is calculated from Eq.
3.37)

v= =2902
S

1

BT e
The corresponding maximum amplitude is calculated by using Eq. (3.57)
X— pD3LA _ (1204 kg/m*)(0.2 m)? (3 m)(2.55)

3.16m 3.16(60 kg)

(¢) The maximum value of A is a function of ¢ only and does not change with w;.
The steady-state amplitude can be limited to 0.1 mm for all wind speeds by requiring
that A = 2.55 for X = 0.1 mm. This leads to

3.16mX\ ">

D= ( ~ ) =12.7cm
pLA

Thus the maximum diameter of the light pole should be 12.7 cm.

——

= 2.55

=39x10*m

——

3.6 REsPONSE DUE To HARMONIC EXCITATION OF
SUPPORT
Consider the mass-spring-dashpot system of Fig. 3.21. The spring and dashpot are

in parallel with one end of each connected to the mass and the other end of each
Connected to a moveable support. Let y(z) denote the known displacement of the
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m
Ix(l) ~ |
|

k c k(x — y)T TC(JE - ,‘,mx
I y(0)
External Effective
forces forces
(a) (b)

Figure 3.21 (a)} Block is connected through spring and viscous damper in
parallel to moveable support; (b) free-body diagrams at an
arbitrary instant including effects of support displacement, y(t).

support and let x(¢) denote the absolute displacement of the mass. Application of
Newton'’s law to the free-body diagrams of Fig. 3.215 yields

—k(x —y) —c(x — y) = m¥ [3.58]

or mi +cx +kx =cy+ky [3.59]
Define

() = x(t) — y(t) [3.60]

as the displacement of the mass relative to the displacement of its support. Equation
(3.59) is rewritten using z as the dependent variable

mZ+cz+kz=—my [3.61]

Dividing Eqgs. (3.59) and (3.61) by m yields
¥+ 28wk + wx = 20w, + wly [3.62]
and 4+ 20wni + wlz = —F [3.63]

If the base displacement is given by a single-frequency harmonic of the form

y(t) = Y sinwt [3.64]

then Egs. (3.62) and (3.63) become
¥+ 20wnx + a),%x = 2t w,wY cos wt + wﬁY sin wt [3.65!]
and 2+ 20 waz + @2z = W?Y sinwt [3.66]

Equation (3.66) shows that a mass-spring-dashpot system subject to harmonic
base motion is yet another example in which the magnitude of a harmonic excitation
is proportional to the square of its frequency. Using the theory of Sec. 3.5,

z(t) = Zsin (0t — ¢) [3.67]
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where Z=YAr{) [3.68]

where A is defined in Eq. (3.34) and ¢ defined by Eq. (3.29).
when Eqgs. (3.67) and (3.68) are substituted into Eq. (3.60), the absolute dis-

placement becomes
x(2) = Y[A sin(wt — @) + sin wt] [3.69]

Using the trigonometric relationship for the sine of the difference of two angles, it
is possible to express Eq. (3.69) in the form

x(t) = X sin (wt — M) [3.70]
X T
where 7= . 2) [3.71]
20r?
A =tan~! [3.72]

where T (r, ¢) is yet another nondimensional function of the frequency ratio and the
damping ratio defined by

2
re,0) = |—L T 280 [3.73]
(1-r%)" +tr)?

X/Y is the amplitude of the absolute displacement of the mass to the amplitude
of displacement of the base. Multiplying the numerator and denominator of this
ratio by w?* shows that T'(r, ¢) also represents the ratio of the amplitude of absolute
acceleration of the mass to the amplitude of acceleration of the base. Equation (3.73)
is plotted in Fig. 3.22. The following are noted about T'(r, {):

l. T(r, ¢) is near one for small r.
2. Forall{,0 < ¢ < 1, T(r, ¢) grows until it reaches a maximum for a frequency

ratio of
1 172
Pmax = — (\/ 14822 — 1) [3.74]

2¢
3. The maximum of T (r, ¢) corresponding to the frequency ratio of Eq. (3.74)

T80 12

Tax = 422 v [3.75]
[2 +16¢2 + (1604 — 822 —2) V1 + S;Z:I

4. T(~2,¢) = 1, independent of the value of Z.

5. Forr < /2, T (r, ¢) is larger for smaller values of ¢. However, for r > V2,
T (r, ¢) is smaller for smaller values of ¢.

6. For all values of ¢, T(r, t) is less than one when and only when r > /2.

T_'he phase angle between the absolute displacement and the displacement of the
base is given by Eq. (3.72).
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Figure 3.22 T versus r for different values of ¢.

3.7

A simple one-degree-of-freedom model of a vehicle suspension system is shown in

Fig. 3.23. The vehicle is traveling over a rough road at a constant horizontal speed v.

The road contour is approximated by a sinusoid as shown in Fig. 3.23b. The mass of the

vehicle is 900 kg. The stiffness of the suspension system is 8 x 10* N/m and the system

has a damping ratio of 0.20.

(a) Determine the acceleration and displacement amplitudes of the body of the vehicle
when v = 40 my/s.

(b) Plot the displacement amplitude and the acceleration amplitude as functions of ve-
hicle speed.

Let £ be a coordinate that measures, in meters, the horizontal distance from a reference
location. The equation for the road contour is

y(§) =dsin (—2;16) = 0.010sin (1.257&) m

If the vehicle is at the reference location at ¢ = 0, the instantaneous horizontal location
of the vehicle is

E=uvt
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(a)

y (mm) f———1 = 16 m ———

»)

Figure 3.23  (a) Simplified one-degree-of-freedom model of vehicle suspension
system; {b) sinusoidal road contour of Example 3.7.

Thus the vertical displacement of the wheel as a function of time is
y(¢) = 0.010sin (1.257vt) m

The motion of the wheel provides a vertical input which provides a harmonic base dis-
placement of amplitude 0.010 m and frequency 1.257 v to the body of the vehicle. If the
Suspension system were not present, the body would have an amplitude of displacement
of 0.010 m and an acceleration amplitude of (0.010 m)(1.257v)? = 246.7 m/s?> when
v = 40 m/s. The system’s natural frequency is

8 x 10* N/m rad
On = ‘/ - &x 7 T kg =P

(a) For a vehicle speed of 40 m/s, the excitation frequency is
@ = 1.257 (40 m/s) = 157.1 rad/s

leading t0 a frequency ratio of

w 157 1 rad/s
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The amplitude of absolute displacement of the body is obtained by using Eq. (3.71)

.20 67)2
X = dT(16.67,0.20) = (0.010 m) 1+ [2((2) )(16.67)2]
[1 - (16.6722]" + [20.20)(16.6 )2

=243x10"*m
The acceleration amplitude is

d 2
A=w?X = (157.1 5:—) (243 x 10~* m) = 6.01 ;iz‘

(b) The displacement amplitude as a function of vehicle speed is

1.257v7?
9.43

- |
1.257\?2 1.257v7?
\ [1 _( 9.43 ) ] + [2(0'20) 9.43 ]

2
~001 1+ 0.028v
1 —0.145v2 + 0.030v4

The acceleration amplitude is

1+ [2(0.20)

X (v) = (0.01)

1.257v7?
9.43

2
1.257v\? 1.257v7?
-2y ] + o221

1 +0.02802
=0.154v?
v \/1 = 0.14507 + 0.0300%

1+ [2(0.20)

A = (1.257v)%(0.01)

Amplitude plots generated by MATLAB are shown in Fig. 3.24. The displacement
amplitude reaches a peak for v less than 5 m/s and then decreases with increasing speed.

The acceleration amplitude increases with increasing speed.

Mechanisms can be used to produce harmonic base excitations. One simple
example is the eccentric circular cam of Fig. 3.25. When rotating at a constant
speed, the cam produces a displacement of e sin wr to its follower, which, in turn,
produces a harmonic base excitation in the arrangement shown. The Scotch yoke of
Fig. 3.26 is another mechanism that produces simple harmonic motion. When the

crank is rotating at a constant speed the base is given a displacement of / sin w?.
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Figure 3.24 MATLAB plot of (a} displacement amplitude versus vehicle speed; (b} occeleration
amplitude versus speed.
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c

Figure 3.28  Eccentric circular cam produces harmonic
motion of follower which provides support
excitation to mass-spring-dashpot system.

m

k
| ﬂ
./

Figure 3.26  Scoich yoke mechanism produces
simple harmonic mofion and
provides support excitation to
mass-spring-dashpot system.

A Scotch yoke mechanism provides a harmonic base excitation for the mass-spring-
dashpot system of Fig. 3.26. The crank arm is 80 mm long. The speed of rotation
of the crank arm is varied and the resulting steady-state amplitude is recorded at each
speed. The maximum recorded amplitude of the 14.73-kg block is 13 cm at 1000 rpm.
Determine the spring stiffness and damping coefficient.

Solution:

The amplitude of the base displacement is 0.08 m. The maximum displacement of the
mass is 0.13 m. Thus

The value of ¢ which corresponds to this Tpnax is determined by solving Eq. (3.75)-

However, algebraic manipulation of Eq. (3.75) yields a fifth-order polynomial equation

for ¢2. A numerical method must be used to find ¢. An easier trial-and-error approach is

outlined in the following discussion, and then used to find the value of ¢ for this example-
Equation (3.74) is rearranged as

1—r2
&= Y
Zrmax

A value of rye < 1 is guessed and its corresponding value of ¢ calculated from the
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receding equation. Equation (3.73) or (3.75) is then used to calculate the value of Tinax
corresponding to the guessed value of riex. However, small changes in the accuracy of
an intermediate calculation using Eq. (3.75) lead to large changes in the result. Thus
Eq. (3.73) is usually used. The calculated value of Tiha, is compared against the desired
value of 1.625. If Trax > 1.625 another guess for 7max, smaller than the previous one,
should be made. Other iteration schemes are possible, but the method presented is the
most direct using the equations as presented. The trial-and-error scheme is illustrated in

the following table:

Tmax

Funax (EUESS) ¢ [from Eq. (3.73)]
0.98 0.147 3.180
0.90 0.381 1.702
0.89 0.407 1.640
0.88 0.437 1.573

Then, for rmax = 0.89,

() rev rad\ /1 min 1 rad

and k = mw? =2.04 x 10° N/m

3.7 SysTEMS WITH CoUuLOMB DAMPING

The differential equations derived using the free-body diagram of Fig. 3.27 governing
the response of a one-degree-of-freedom system with Coulomb damping due to a
harmonic excitation are

mi + kx = Fysin (wf +¥) — Ff >0 [3.764l
mx +kx = Fysin(wt +y)+ Ff 1<0 [3.76b]

Where Fr = umg is the magnitude of the friction force.

If the initial displacement and velocity are both zero, motion commences only
Wwhen the excitation force is as large as the friction force. Motion will continue until
the resultant of the spring force and the excitation force is less than the friction force,

|kx — Fosinwt| < Ff = x=0 [3.77]1

The Tesultant eventually grows large enough such that the inequality in Eq. (3.77)
18 1o longer satisfied, when motion again commences. This process is known as
Stick-slip and can occur several times during one cycle of motion.
.. Equation (3.76) is nonlinear. Thus the principles guiding the solution of linear
differentia] equations are not applicable. Specifically, the general solution cannot
written as a homogeneous solution independent of the excitation plus a particular
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Figure 3.27  Free-body diagrams, at an arbitrary instant of time, for
block subject to harmonic excitation and Coulomb
damping: (a) x > 0; (b} X < 0.

solution. Thus, even though free vibrations of a system with Coulomb damping
decay linearly and eventually cease, itis not possible to predict the particular solution
as a steady-state solution. Indeed, from the preceding discussion, the stick-slip
process should occur for large time and cannot be predicted by a particular solution.

The analytical solution to Eq. (3.76) can be attained using a procedure similar
to that of Sec. 2.6 used to obtain the free-vibration response of a system subject to
Coulomb damping. The solution of Eqgs. (3.76a) and (3.76b) are readily available
over the time that the equation governs. The constants of integration are determined
by noting that the velocity is zero and the displacement is continuous at the time
when the equation first begins to govern. Equation (3.77) must be checked over each
half-cycle to determine if and when the mass sticks.

The analytical solution is very involved and difficult to use to predict long-term
behavior. In many applications only the maximum displacement is of interest. It is
a function of five parameters

X = f(m’ w, wn; FO, Ff) [3-181
The nondimensional form of Eq. (3.78) is

2
ma, X = f(r, 1) [3.79]
Fo
F
where L= ~F7f [3.80]
0

For small ¢, the friction force is much less than the magnitude of the excitation
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force, and it is expected that the transient solution will decrease as ¢ increases and a
harmonic steady state of the form

x(t) = X, sin (wt — ¢;) [3.81]

exists for large . In this case the effects of Coulomb damping can be reasonably
approximated by an equivalent viscous damping model as discussed in Sec. 2.8. The
equivalent viscous damping coefficient for Coulomb damping is

4Fy
= .8
Ceq = X, [3.82]
An equivalent damping ratio is defined by
Ceq 2F f
= = [3.83
Seq 2mw, "amMow,X. ol
Rearrangement of Eq. (3.82) leads to
2t Fo 2t
= = 3.83
T armw:X  wrM, L b]
where M., the magnification factor for Coulomb damping, is
M, = maw?X
Fo
Using ¢eq in place of ¢ in Eq. (3.26) leads to
1
M.(r,1) =
2 4 2
1 —7r2
(- +(537)
which is solved for M., yielding
Mc(r,0) = [3.84]

The magnification factor for Coulomb damping is plotted in Fig. 3.28 as a function
of r for several values of t. The following are noted from Eq. (3.84) and Fig. 3.28:

. The small. theory predicts that M, (r, ¢) exists only for ¢ < /4. The equivalent
viscous damping theory cannot be used to predict the maximum displacement
fori > 7 /4.

Resonance occurs for systems with Coulomb damping with small ¢ when r = 1.
Resonance occurs because, for small ¢, the excitation provides more energy per
¢ycle of motion than is dissipated by the friction. Since free vibrations sustain
themselves, the extra energy leads to an amplitude buildup.

3. For all values of r, M, is smaller for larger ¢.
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Figure 3.28 M versus r for different values of ¢, using equivalent viscous
damping coefficient.

When Eq. (3.83b) is substituted into Eq. (3.29) and the resulting equation manipu-
lated, the following result for the phase angle occurs:

4
¢. = tan™! L r<l [3.85d]
-(3)
T
4
¢ =—tan' | —L r>1 [3.85b]

2
-(3)
/4
The phase angle is constant with , except that it is positive for r < 1 and negative
forr > 1.
The preceding theory is sufficient for smalt «. For larger ¢, the equation is truly
nonlinear and the results more complex. However, it is expected that larger ¢ leads

to smaller-amplitude vibrations, and less serious problems. In the absence of initial
energy, vibrations will not be initiated for ¢ > 1.
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[=10cm 1

1.5 kg

@ = 30rad/s 7ITTTTTTITITIITIT?

~/ t‘u.=0.13

re 3.29  Scoich yoke mechanism provides base
Fig® displacement to system with Coulomb damping.

A Scotch yoke mechanism operating at 30 rad/s is used to provide base excitation to
a block as shown in Fig. 3.29. The block has a mass of 1.5 kg and is connected to the
Scotch yoke through a spring of stiffness 500 N/m. The coefficient of friction between
the block and the surface is 0.13. Approximate the steady-state amplitude of the block.

Solution:
The differential equation governing the motion of the block is

mX + kx = kisinwt F umg
The amplitude of the excitation is ki. Thus

pwmg  (0.13)(1.5 kg)(9.81 m/s?)
kI~ (500 N/m)(0.1 m)

The system’s natural frequency and frequency ratio are

= 0.038

f—

i~ =1/£ =1826radls r=— =164
m

Wp

The Coulomb damping magnification factor is

. [4(0.038)]2
n
M.(1.64,0. = — = 0.591
e( 0.038) [1— (L6272

The steady-state amplitude is calculated from

mwlX X

o =7 =M(1.64,0038) X = (0.1m)(0.591) = 0.0591 m
\

3.8 SysteEMS WiTH HYSTERETIC DAMPING

Recall from Sec. 2.7 that the energy dissipated per cycle of motion for a system with
Ysteretic damping is independent of frequency but proportional to the square of the
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amplitude. This leads to the direct analogy between viscous damping and hysterg
damping and the development of an equivalent viscous damping coefficient ‘

;Ik & s
Ceg = ’”{”;}"“ {3

The true forced response of a mass-spring system with hysteretic damping is 3
linear. The equivalent viscous damping coefficient of Eq. (3.86) is valid only.
the excitation consists of a single-frequency harmonic. During the initial part
response, the transient solution and the particular solution have harmonic termg
different frequencies. On the basis of the viscous damping analogy, it is susp
that the transient solution decays leaving only the steady-state solution after a
rime. The differential equation governing the steady-state response of a mass-sprigg
system with hysteretic damping due o a single-frequency harmonic excitation i
assumed to be

kh
m¥ 4 —% + kx = Fosin (ot + V) 3898
w

It is noted that the generalization of Eq. (3.87) to a more general excitatig
permissible because the damping approximation is valid only for a single-freg
harmonic excitation. The equation is also nonlinear so that the method of supe:
tion is not applicable to determine particular solutions for multifrequency excital

The steady-state solution of Eq. (3.87) is obtained by comparison with Eq:
The equivalent damping ratio is

Seq = 2r

The steady-state response is

() = X, sin (Wt — ¢u)

where X}, and ¢, are obtained by analogy with Egs. (3.23), (3.26), and (3.29)

2 -
MOk Matr 1) {3.98]
Ep
(1—r2)* 4+ 2
¢, = tan™! ( i ) {a.08
 —

noted from th&sa aqua{wm and figures:

1. Fora given h. the M, (r, h) attains a maximum value of 1/ h forr = 1.

2. The phase angle is nonzero for r = 0. The response is never in phase with i
excitation,
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Pigure 3.30  Magnification foctor for hysteretic damping for different values of
?‘1. Mf},nmm Tfh&ii‘“i’“: 1.
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Flgure 3.31 &y, versus r for different values of h. The respense of o system with
hysteretic damping is never in phase with the excitation.

,Mﬂst damping is not viscous, but hysteretic. The differences are slight, but
Moticeable. Viscous damping is often assumed, even when hysteretic damping is
,i‘? fesent. The viscous damping assumption is easier to use because the damping ratio
S independent of frequency. For hysteretic damping the damping ratio is higher for
O%er frequencies.
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TTT—
.10 [A 100-kg lathe is mounted at the midspan of a 1.8-m simply supported beam (E =
200 x 10° N/m, I = 4.3 x 10~ m*). The lathe has a rotating unbalance of 0.43 kg . m
and operates at 2000 rpm. When a free vibrations test is performed on the system i jg
found that the ratio of amplitudes on successive cycles is 1.8 to 1. Determine the steady.
state amplitude of vibration induced by the rotating unbalance. Assume the damping g
hysteretic.

Solution:

The beam’s stiffness is

48EI 48 (200 x 10° N/m?) (4.3 x 10~ m*)
[E (1.8 m)°

The natural frequency and frequency ratio are

/ 7.08 x 10° N/m rad
= 266.1 —
J 100 kg 66.

o (2000 rev/min) (27 rad/rev)(1 min/60s) 0.787
r= Wn 266.1 rad/s -

The logarithmic decrement and hysteretic damping coefficient are calculated as

k=

= 7.08 x 108 N
m

d=In1.8=0588 A= i = 0.187
T

The appropriate form of A for hysteretic damping is
2

An(r, h) = L
. (1 — r2)2 + A2
787)2
A,(0.787,0.187) = (0.787) = 1.46

J1 - ©.7877] + 01872
The lathe’s steady-state amplitude is

043kg-m

100 kg (1.46) = 6.3 mm

X = .’%19.‘51\,.(0.787, 0.187) =

3.9 MULTIFREQUENCY EXCITATIONS

A multifrequency excitation has the form
n
F(t) =Y Fisin (o + %) [3.93]

Without loss of generality, it is assumed that F; > 0 for each i. The steady-state
response due to a multifrequency excitation is obtained using the response for 2
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single_frequency excitation and the principle of linear superposition. The total re-
sponse is the sum of the responses due to each of the individual frequency terms.
Thus the solution of Eq. (3.7) with the excitation of Eq. (3.93) is

x(1) =) X;sin (@it + Vi — ¢7) [3.94]
i=1
_ MF,
where Xi= Teq@? [3.95]
2tr;
¢i =tan"( ] '2) [3.96]
1-—- r}
w;
rp=— [3.97]
W,
1
and M =Mr,0)= [3.98]

JU =2+ @)

The maximum displacement from equilibrium is difficult to obtain. The maxima
of the trigonometric terms in Eq. (3.94) do not occur simultaneously. Anupper bound
on the maximum is

n
Xmax < Z X; [3.99]

i=1

A slider-crank mechanism is used to provide a base motion for the block shown in| Example 3.1
Fig. 3.32. Plot the maximum absolute displacement of the block as a function of fre-
quency ratio for a damping ratio of 0.05. The crank rotates with a constant speed, .

Solution:
The instantaneous position of the block relative to point O is

y@) =rcoswt +1cosa

Figure 3.32  Slider-crank mechanism produces multifrequency excitation to
system of Example 3.11.
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Application of the law of sines gives

A

. ro.
siIno = TSIDCUI

~ 2
y(t) = Fcoswt +l\/l - (-;— sinwt)

Assuming 7 /[ is small, the binomial expansion is used to expand the square root

Thus

AN NIANS
y(;):l—z(i) +?coswt+z(7) cos2wt + - - -

where the expansion has been terminated after the term proportional to sin? wt and the
double-angle formula is used to replace sin’ wt. The principle of linear superposition
and the theory of Sec. 3.6 are used to solve for the absolute displacement of the mass

1 /7\? . T I [P\ T
x(t)=1[1~2(7) ]+rT1sm(wt—-)~1+5)+Z(7) T2s1n(2wt—lz+—2-)

14+ Q2¢r)?
where T, =T, ¢) = “;g"‘) -
(l—rl') +(2§rl)
2tr?
and Ai=tan‘1 & 3
with =
Wy
and r2=-2—a3
Wy

The response is the sum of the responses due to each frequency term plus the response
due to the constant term. The maximum displacement is difficult to attain. Instead an
upper bound is calculated

Xmax <11 ! ;2+‘T+1 ;ZT
e a\1 TTa\r)
Xmax/ 1 versus @/wy is plotted in Fig. 3.33 for 7 /! = 1 and ¢ = 0.05. The graph hastwo
peaks. The first peak near w/w, = % is smaller than the second peak near w/w, = J.
If additional terms from the binomial expansion were used, higher harmonics would
appear in the solution. Small peaks on the frequency response curve will appear neal
values of w/w, = 1/i where i is an even integer. The magnitude of the peaks grows
smaller with increasing i.
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Figure 3.33  Upper bound on absolute displacement as a function of frequency
ratio for Example 3.11.

3.710 FOURIER SERIES REPRESENTATION OF PERIODIC
FUNCTIONS

If F(¢) is a piecewise continuous function of period T, then the Fourier series
representation for F(r) is

00
F(t)y= go + Z (a; cos wyt + by sin wyt) [3.100]
2
I=1
2 T
where a,=;f F(t)cos wit dt l1=0,1,2,... [3.101]
0 .
2 T
b1=7f F(t)sinw;t dt l1=1,2,... [3.102]
0
and w = EIT-JE [3.103]

The Fourier series representation has the following properties:

L. ghe Fourier series converges to F(t) for all ¢ where F(t) is continuous for
<t<T.

2 Ilf F (1) has a finite jump discontinuity at ¢, then the Fourier series converges to
AF@H) + F).

3. The Fourier series converges to the periodic extension of F (¢) fort > T.

4

If F(t) is an odd function, that is, F(—f) = —F(¢) forall 1,0 <t < T, then
a4=0,1=0,1,23,....
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5. If F(z) is an even function, that is, F(—t) = F(¢t) forall¢,0 <t < T, thep
b=0,1=1,23,....

12 lbecide whether each of the functions in Fig. 3.34 is an even function, an odd function,
or neither and draw the Fourier series representation of each function on the interval [0,
6]. Each function is shown over one period.

Solution:

The function in Fig. 3.344 is an even function, the function in Fig. 3.34b is neither evep
nor odd, the function in Fig. 3.34c¢ is an odd function. The functions to which the Fourier
series representation converges are given in Fig. 3.35.

Use of the trigonometric identity for the sine of the sum of two angles and alge-
braic manipulation leads to an alternative form for the Fourier series representation

oo
a .
F@) = =2 + ch sin (wit + «1) [3.104]
2 I=1
where o =4/af + b} [3.105]
a
and K = tan™! -bi [3.106]
1

If F () is a periodic excitation for a one-degree-of-freedom system with viscous
damping, the differential equation governing the response of the system is

. . 1 a0 ~— .
X+ 2tw,x + w,zlx = |2 + ch sin (w;it + K1) [3.107]
Meg | 2 =
The principle of linear superposition is used to determine the response as
1 a >
x(t) = 3 = +ZCIM1 sin (wrt + k1 — @) [3.108]
Meqwy | 2 =

where M) and ¢, are defined in Eqgs. (3.98) and (3.96), respectively.

Y

\J

(a) b) ©)

Figure 3.34 One period of periodic excitations. Function in (q) is even; function
in (¢} is odd; function in [b) is neither even nor odd.
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2
1/2 e ¢ * * * .
1 2 3 4 5 6
-1 ——
(b)
A
2F - -
1k ° °
1 2 3 4 5 6
-1} ® ®

(c)

Figure 3.353 Convergence of Fourier representations on [0, &] of
functions of Fig. 3.34.

A punch press of mass 500 kg sits on an elastic foundation of stiffness k = 1.25x10° N/m| Example 3.13
and damping ratio ¢ = 0.1. The press operates at a speed of 120 rpm. The punching

Operation occurs over 40 percent of each cycle and provides a force of 5000 N to the

machine. The excitation force is approximated as the periodic function of Fig. 3.36.

Estimate the maximum displacement of the elastic foundation.

Solution:

From the given information, the period of one cycle is 0.5 s and the natural frequency of
the system is 50 rad/s.

F(r)
5000 N e

i | L 1 .

0.2 0.5 0.7 1 1.2 t(®

Figure 3.36  Force developed during punching operation
is periodic.
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The excitation force is periodic, but it is neither an even function nor an odd functiop_
Its mathematical representation is

F() = S5000N O<r<02s
10 02s<t<05s

The Fourier coefficients for the Fourier series representation for F(t) are

2 02s 05s
ay= —— f 5000th+[ (0)dt | = 4000 N
0 02s

02s 500
a = —2— (f 5000 N cos 4rrit dt) = 0
0

2 02s
and b= — f 5000 Nsin4smit de
- 05s 0

sin4mlit |?° N = 5000 sin 0.87] N

5000 5000
cosdmit [?* N="——(1—cos0.87/) N
rl wl

The Fourier series representation of the excitation force is

[o.2]
F@)= % + ;q sin (4rlt + 1)

5000

where o= 7\/2(1 —cos0.87I) N
-1 sin 0.87!
and K =tan"! [ —M—MM—
1 —cos0.87i

An upper bound on the displacement is

1 ap el
< — = M,
Xmax mw’% ( ) + lgl:cl l)

The MATLAB script for evaluation of the Fourier series and system response, and the
corresponding plots, are shown in Fig. 3.37. Fifty terms are used in the evaluation of the
Fourier series and system response.

e

3.11 SEISMIC VIBRATION-MEASURING INSTRUMENTS

Time histories of vibrations are sensed by using seismic transducers. A transducer i
a device that converts mechanical motion into voltage. A schematic of a piezoelectri
transducer is shown in Fig. 3.38. The transducer is mounted on a body whosé
vibrations are to be measured. As the vibrations occur, the seismic mass moves
relative to the transducer housing, causing deformation in the piezoelectric crystal. A
charge is produced in the piezoelectric crystal that is proportional to its deformation-
The charge is amplified and displayed on an output device. The measured signal is
the motion of the seismic mass relative to the transducer housing.
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¢ Program to evaluate Fourier Series and System Response

g for Example 3.13; F(t) is given in Fig 3.36

t=1linspace(0,0.5,100); % Defining t over one period
=500 % Mass of punch press

k=1.25%10"6; % Stiffness of foundation
geta=0.1; % Damping ratio

omega_n=sqrt (k/m) ; % Natural frequency

omega=120% (2*pi) /60; % Excitation frequency

g pefining Fourier coefficients and Magnification factors and phases

a0=4000;
for i=1:50
c(1)=5000/ (pi*i) *sqrt(2*(1-cos(0.8*pi*i))); %Equation (3.105)
if c(i)== % If c=0, kap is indeterminate
kap (i) =0;
else
kap (i) =atan(sin(0.8*pi*i)/(1-cos(0.8*pi*i))); %Eq. (3.106)
end
r (i) =i*omega/omega_n; % Equation (3.97)
M(i)=1/sqgrt((1-r(i)"2) "2+ (2*zeta*r(i))*2); % Equation (3.98)
phi (i) =atan((2*zeta*r(i))/(1-r(i)"2)); % Equation (3.96)
end

% Evaluating Fourier series and system response over one period
% Equation (3.104) is used for Fourier series
% Equation (3.108) is used to evaluate system response
for j=1:100

F(j)=a0/2;

x(j)=a0/(2*m*omega_n"2) ;

for i=1:50

F(j)=F(j)+c(i)*sin(4*pi*i*t (§)+kap(i));
x(j)=x(j)+c (i) *M(i) *sin(4*pi*i*t(j)+kap (i) -phi(i))/ (m*omega_n"

end
end
% Plotting Fourier series and system response over one period
figure (1)
Plot (t, F)
Xlabel ('time (sec)')
Ylabel (*F(t) (N)')
figure (2)
Plot (t, x)
Xlabel ('time (sec)')
Ylabel (*x(t) (m)')

(a)

Figure 3.37 {a) MATLAB script for Example 3.13.

A model of the transducer is shown in Fig. 3.39. The piezoelectric crystal is
3sumed to provide viscous damping. The purpose of the transducer is to measure
the motion of the body, y(z). However it actually measures z(¢), the displacement
of the seismic mass relative to the body. Assume the vibrations of the body are a
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Fy(N)

10

x(t) (m)

6000 T T T T T T
5000 MMM -
4000 } .
3000 1+ -
2000 - -1
1000 |- -
ok h——..w i
_lm 3 1 1 I 1 1
0 0.1 02 0.3 0.4 0.5 0.6 0.7
time (sec)
()]
x 1073
T T T T T T
1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
time (sec)
©

Figure 3.37 (Con’t)

{b) Fourier series representation for F(#) with 50 terms;
(c) approximation to x(t) with 50 terms.
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Preload
spring
Housing Figure 3.38 Schematic of
piezoelectric crystal
Seismic

transducer. As seismic

mass .
Y mass moves a charge is
x?) Piezoelectric » Output produced in the
clement piezoelectric element
that is proportional to its

| deflection. The
I transducer measures

¥ z(t) = x(t) — y(t).

Seismic
mass

!
o0

Housing

|
- -[y(t)

Figure 3.39  Schematic diagram of seismic instrument.

single-frequency harmonic of the form

y(t) =Y sin wt [3.109]
The displacement of the seismic mass relative to the vibrating body is
2(t) = Zsin (wt — @) [3.110]
2
Where Z=YAro) ¢=tan” (—l Cr,z)

Where A(r, ¢) is defined by Eq. (3.34) and r = w/w,, where w, and ¢ are the natural
frequency and damping ratio of the transducer.

Figure 3.14 shows that A is approximately 1 for large r(r > 3). In this case
the amplitude of the relative displacement which is monitored by the transducer is
approximately the same as the vibration amplitude of the body. From Fig. 3.10,
1L1s noted that for large r, ¢ is approximately . Thus for large r, the transducer
Tesponse is approximately that of the response to be measured, but out of phase by
7 radiang,

A seismic transducer that requires a large frequency ratio for accurate mea-
SUtement is called a seismometer. A large frequency ratio requires a small natural



FUNDAMENTALS OF MECHANICAL VIBRATIONS

frequency for the transducer. This, in turn, requires a large seismic mass and a very
flexible spring. Because of the required size for accurate measurement, seiSmome.
ters are not practical for many applications.

The percentage error in using a seismic transducer is

Y, - Y
E =100 w"aly measured [3.317)

actual

When using a seismometer the percentage error is
Y-Z
E=100|——| = 100]1 — A]| [3.112)
The acceleration of the body is

$(t) = —w?Y sin wt [3.113]

Noting that Z/Y = A(r, {) and A = r*M(r, {) leads to

V() = —w? sin wt = ——wz—m——z— sinwt = —wz-—z— sinwt [3.114)
A(r,¢) r’M(r, ¢) "M )
Comparing Eq. (3.110) to Eq. (3.114) makes it apparent that
. w? ¢
)= n t— — — — .
y@) M(r,g)z( » w) [3.115]

The negative sign in Eq. (3.114) is taken into account in Eq. (3.115) by subtracting
n from the phase. For small r, M(r, {) is approximately 1, and

¥y = iz (t _2_ E) [3.116]
®w
Thus, for small r, the acceleration of the particle to which the seismic instrument
is attached is approximately proportional to the relative displacement between the
particle and the seismic mass, but on a shifted time scale. A vibration measuring
instrument that works on this principle is called an accelerometer. The transducer in
an accelerometer records the relative displacement which is electronically multiplied
by w?. The acceleration is integrated twice to yield the displacement.

The natural frequency of an accelerometer must be high to measure vibrations
accurately over a wide range of frequencies. The seismic mass must be small and
the spring stiffness must be large. The error in using an accelerometer is

w?Y — w,Z,Z
?Y

0?Y — DIA(r, §)Y

E =100
w?Y

=100 = 100|1 — M(r, 0)|
[3.117]

Consider the measurement of the vibration of a multifrequency vibration,

y(&) =Y Yisin(@it + %) [3.118]

i=1
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Accofding to the theory of Sec. 3.10, the displacement of a seismic mass relative to
the housing of a seismic instrument is

2(t) = ) A(ri, £)Yisin (wit + ¥i — &) [3.119]

i=1

1 n
) Z“’?M(m £)Y; sin (it + ¥ — @)

noi=1

The accelerometer measures —w?z(t). Note that each term in the summation of
Eq. (3.119) has a different phase shift. When summed with different phase shifts,
the accelerometer output will be distorted from the true measurement. This phase
distortion is illustrated in Fig. 3.40a, which compares the accelerometer output to
the signal to be measured for a 10-frequency vibration. The damping ratio of the
accelerometer is 0.25, and the largest frequency ratio in the measurement is 0.66.

Accelerometers are used only when r < 1. In this frequency range, the phase
shift is approximately linear with r for { = 0.7 (See Fig. 3.10). Then

w;

¢ =a— {3.120]
Wn

where ¢ is the constant of proportionality. Using Eq. (3.120) in Eq. (3.119) leads to

z(t) = _wlﬁ EM('}', )Y, sin [wi (l‘ - wi,,) + ‘l’i]

fri«1,then M(r;, ) = 1fori =1,2,...,nand

z(t)a,v—izji (t-——a—) [3.121]
w; Wy

Thus, when an accelerometer with ¢ = 0.7 is used, its output device duplicates the

actual acceleration, but on a shifted time scale. This is illustrated in Fig. 3.405,

which compares the use of Eq. (3.119) with £ = 0.7 to the actual acceleration for

the example of Fig. 3.40a.

'3.12 CoMPLEX REPRESENTATIONS

T_he use of complex algebra provides an alternative method to the solution of the
differential equations governing the forced response of systems subject to harmonic
SXcitation. It can prove to be less tedious than the use of trigonometric solutions.
Recall that if Q is a complex number, it has the representation

Q=0,+i0Q; [3.122]1

Where O, = Re (Q) is the real part of Q and Q; = Im (Q) is the imaginary part of
Q. The complex number also has the polar form

Q = Ae'? . [3.123]
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Figure 3.40
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where A is the magnitude of Q and ¢ is the phase of Q. Euler’s identity

% =cos¢ +ising [3.124]
leads tO
A=,/02+Q? [3.125]
af Qi
¢ = tan 1(—) [3.126]
0,

In view of Euler’s identity it is noted that
cos (wt) = Re (')  sin (wt) = Im (') [3.127]

Thus the standard form of the differential equation governing the motion of a linear
one-degree-of-freedom system subject to a single-frequency sinusoidal excitation

can be written as

o : 2 FO iwt
X+ 2twpx + w;x = — Im (') [3.128]
m
Then the solution of Eq. (3.128) is the imaginary part of the solution of
Fo ;
i+ 20w,k + 0lx = el [3.129]
m
A solution of Eq. (3.129) is assumed as
x(t) = He'™" [3.130]
where H is complex. Substitution of Eq. (3.130) into Eq. (3.129) leads to
F
H= . [3.131]

m(w? — o + 2itww,)

Equation (3.131) can be rewritten by using the definition of the frequency ratio
r= w/wn:

- mw(1 — r2 +2i¢r)
Multiplying the denominator by its complex conjugate puts H in its proper form as
H= Fo
= 201 — r2)2 + (20r)2
maw;[(1 —r?)? + (2¢r)?]
Then, from Egs. (3.125) and (3.126), H can be written as
H = Xe ¢ [3.134]

[3.132]

A —-r*-2i¢r) [3.133]

Where — Fo 1
may /(1= 1?2 + (2¢r)?

and ¢ =tan”" (120 ) [3.136]

— 2

[3.135]
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2
g He it —~ @)
gﬂ FO eiwl’
Real axis Figure 3.41 Graphical representation of excitation and response,

Egs. (3.135) and (3.136) are the same as those derived by using a trigonometric
solution. The system response is

x(t) = Im (Xe ey = X sin (ot — §) [3.137)

A graphical interpretation of the complex representation of the excitation and re-

sponse is shown in Fig. 3.41.
The equation governing the motion of a system with hysteretic damping subject
to a single frequency harmonic excitation can be written as

hk ;
m¥ + —x + kx = Foe'”* [3.138]
w
Assumption of a solution of the form of Eq. (3.130) leads to
F
> [3.130]

= Thet + k(1 +ih)
The same response is obtained using the differential equation
m¥ + k(1 + ih)x = Fye'™ [3.140]

Thus the forced response of a system with hysteretic damping can be modeled as a
system with a complex stiffness of k(1 + ih).

PROBLEMS

3.1-3.3. Use the free-body diagram method to derive the differential equation governing the
forced vibrations of the linear one-degree-of-freedom systems shown using the indicated
generalized coordinate,

L
S S—
p N\ j ) MO sin @t
/7’77)17 Slender bar .
of mass m Fy sin ot
[ =
x(f) ‘
k c k c

FIGURE P3.1, P34
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ar b— x(1)

Disk rolls
without slip

l Fysin wt

2m

2% F(t) { k

FIGURE P3.2, P3.5 FIGURE P3.3 P3.6

3.4-3.6. Use the equivalent systems method to derive the differential equation governing the
forced vibrations of the linear one-degree-of-freedom systems shown using the indicated
generalized coordinate.

3.7. A 40-kg mass is hanging from a spring of stiffness 4 x 10* N/m. A harmonic force of
magnitude 100 N and frequency 120 rad/s is applied. Determine the amplitude of the
forced response.

3.8, Determine the amplitude of forced oscillations of the 30-kg block of Fig. P3.8.

3.9. For what values of My will the forced amplitude of angular displacement of the bar of
Fig. P3.9 be less than 3° if w = 25 rad/s?

= .m?2
I,~068kg m
45-kg slender bar
m 8 x 10* N/m
(¢ [;; 1) )Musinwt
200sin 10 < ‘0O N/m F-Czrg + 80 cm 1% 10* N/m
FIGURE P38 FIGURE P3.9

3.10. Ft‘:’r what values of w will the forced amplitude of the angular displacement of the bar of
Fig. P3.9 be less than 3° if My =300N - m?

Fpl‘ what values of M, will the forced amplitude of angular displacement of the bar of
Fig. P3.9 be less than 3° for all values of w between 10 rad/s and 30 rad/s?

in.
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3.12. A 2-kg gear of radius 20 cm is attached to the end of a 1-m-long steel shaft (G = 80 x
10° N/m?). A moment M = 100sin 150z N is applied to the gear. For what shaft radij will
the forced amplitude of torsional oscillations be less than 4°?

3.13. A 1-kg block is to be suspended from a coil spring and subject to a harmonic €Xcitatiop,

The magnitude of the excitation is 360 N, and its frequency ranges from 30 rad/s to 120

rad/s. The coil spring is to be made from a 1-cm-diameter steel bar (G = 80 x 10° N/m?),

The coil radius is to be 20 cm, Specify the number of active coils required if the maximup

shear stress developed in the spring is less than 50 x 107 N/m? at all frequencies.

A helical coil spring is made from a steel bar (G = 80 x 10° N/m?) of radius 5 mm. The

spring has 40 active coils and has a coil radius of 10 cm. A 2-kg block is to be suspendeq

from the spring.

(a) What is the resonant frequency for the system?

(b) If the block is subject to a harmonic force of amplitude 25 N at the resonant frequency,

how long will it take for the shear stress in the spring to reach its yield strength of
50 x 107 N/m*?

3.15. A 40-kg pump is to be placed at the midspan of a 2.5-m-long steel beam (E = 200 x
10° N/m?). The pump is to operate at 3000 rpm. For what values of the cross-sectional
moment of inertia will the pump be operating within 3 Hz of resonance?

3.16. A mass-spring system of natural frequency 22 Hz is subject to a harmonic excitation at a
frequency of 24 Hz. Does beating occur? If so, what is the period of beating?

3.17. A 5-kg block is mounted on a helical coil spring such that the system’s natural frequency is
50 rad/s. The block is subject to a harmonic excitation of amplitude 45 N at a frequency of
50.8 rad/s. What is the maximum displacement of the block from its equilibrium position?

3.18. A 50-kg turbine is mounted on four parallel springs, each of stiffness 3 x 10> N/m. When
the machine operates at 40 Hz, its steady-state amplitude is observed as 1.8 mm. What is
the magnitude of the excitation?

3.19. A system of equivalent mass 30 kg has a natural frequency of 120 rad/s and a damping
ratio of 0.12 and is subject to a harmonic excitation of amplitude 2000 N and frequency
150 rad/s. What are the steady-state amplitude and phase angle for the response?

3.20. A 30-kg block is suspended from a spring of stiffness 300 N/m and attached to a dashpot of
damping coefficient 120 N - s/m. The block is subject to a harmonic excitation of amplitude
1150 N at a frequency of 20 Hz. What is the block’s steady-state amplitude?

3.21. What is the amplitude of steady-state oscillation of the 30-kg block of the system of
Fig. P3.21? \

3.14

l.—» 2000sin 100t N

4 X 10 N/m
g_“'\f\f\:—— 40 ke /\
% ~—1,=3kg -’

20cm

30kg

”-1;72700 N-s/m
FIGURE P32
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322 o= 16.5 rad/s, what is the maximum value of My such that the disk of Fig. P3.22 rolls
"~ without slip?

M, sin wt

4000 N/m

20-kg thin disk

u =012 FIGURE P3.22

3.23. If My = 2 N - m, for what values of w will the disk of Fig. P3.22 roll without slip?

3.24. For what values of d will the steady-state amplitude of angular oscillations be less than 1°
for the rod of Fig. P3.24?

f— d — 4 X 10* N/m

l 1000 sin 50¢
C ;_; T— 20-kg slender rod
Lt 100N -s/m
p—3m I sm
i FIGURE P3.24

3.25. A 30-kg compressor is mounted on an isolator pad of stiffness 6 x 10> N/m. When subject
to a harmonic excitation of magnitude 350 N and frequency 100 rad/s, the phase difference
between the excitation and steady-state response is 24.3°. What is the damping ratio of the
isolator and its maximum deflection due to this excitation?

3.26. A thin disk of mass 5 kg and radius 10 cm is connected to a torsional damper of coefficient
4.1 N - s - m/rad and a solid circular shaft of radius 10 mm, length 40 cm, and shear modulus
80 x 10° N/m?. The disk is subject to a harmonic moment of magnitude 250 N - m and
frequency 600 Hz. What is the amplitude of steady-state torsional oscillations?

A 50-kg machine tool is mounted on an elastic foundation. An experiment is run to
determine the stiffness and damping properties of the foundation. When the tool is excited
with a harmonic force of magnitude 8000 N at a variety of frequencies, the maximum
steady-state amplitude obtained is 2.5 mm, occurring at a frequency of 32 Hz. Use this
information to determine the stiffness and damping ratio of the foundation.

A 100-kg machine tool has a 2-kg rotating component. When the machine is mounted
On an isolator and its operating speed is very large, the steady-state vibration amplitude is
0.7 mm. How far is the center of mass of the rotating component from its axis of rotation?

A 1000-kg turbine with a rotating unbalance is placed on springs and viscous dampers
In parallel. When the operating speed is 20 Hz, the observed steady-state amplitude is
0.08 mm. As the operating speed is increased, the steady-state amplitude increases with
an amplitude of 0.25 mm at 40 Hz and an amplitude of 0.5 mm for much larger speeds.
Determine the equivalent stiffness and damping coefficient of this system.

327,

3.28,

3.2,
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3.30.

3.31.
3.32.

A 120-kg fan with a rotating unbalance of 0.35 kg - m is to be placed at the midspan of g
2.6-m simply supported beam. The beam is made of steel (E = 210 x 10° N/m?) wig, a
uniform rectangular cross section of height of 5 cm. For what values of the Cross-sectiong)
depth will the steady-state amplitude of the machine be limited to 5 mm for all Operating
speeds between 50 and 125 rad/s?

Solve Prob. 3.30 assuming the damping ratio of the beam is 0.04.

A 620-kg fan has a rotating unbalance of 0.25 kg - m. What is the maximum stiffness of
the fan’s mounting such that the steady-state amplitude is 0.5 mm or less at all Operating
speeds greater than 100 Hz? Assume a damping ratio of 0.08.

Problems 3.33 and 3.34 refer to the following situation: The tail rotor section of the helicopter of
Fig. P3.33 consists of four blades, each of mass 2.1 kg, and an engine box of mass 25 kg, The
center of gravity of each blade is 170 mm from the rotational axis. The tail section is connected
to the main body of the helicopter by an elastic structure. The natural frequency of the tail section
has been observed as 150 rad/s. During flight the rotor operates at 900 rpm. Assume the system
has a damping ratio of 0.05.

3.33.

3.34.

3.35.

3.36.

3.37.

FIGURE P3.33

During flight a 75-g particle becomes stuck to one of the blades, 25 cm from the axis of
rotation. What is the steady-state amplitude of vibration caused by the resulting rotating
unbalance?

Determine the steady-state amplitude of vibration if one of the blades snaps off during
flight.

Whirling is a phenomenon that occurs in a rotating shaft when an attached rotor is unbal-
anced. The motion of the shaft and the eccentricity of the rotor cause an unbalanced inertia
force, pulling the shaft away from its centerline, causing it to bow. Use Fig. P3.35 and the
theory of Sec. 3.5 to show that the amplitudetof whirling is

X =eA(r,¢)

where ¢ is the distance from the center of mass of the rotor to the axis of the shaft.

A 30-kg rotor has an eccentricity of 1.2 cm. It is mounted on a shaft and bearing systt™
whose stiffness is 2.8 x 10* N/m and damping ratio is 0,07. What is the amplitude of
whirling when the rotor operates at 850 rpm? Refer to Prob. 3.35 for an explanation of
whirling.

An engine flywheel has an eccentricity of 0.8 cm and mass 38 kg. Assuming a damping
ratio of 0.05, what is the necessary stiffness of the bearings to limit its whirl amplitude ¥
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0.8 mm at all speeds between 1000 and 2000 rpm? Refer to Prob. 3.35 for an explanation
of whirling.

O: Axis of shaft

C: Geometric center of rotor
G Mass center of rotor

e: Eccentricity

X: Whirl amplitude

FIGURE P3.35

3.38. Itis proposed to build a 6-m smokestack on the top of a 60-m factory. The smokestack will
be made of steel (o = 7850 kg/m®) and will have an inner radius of 40 cm and an outer
radius of 45 cm. What is the maximum amplitude of vibration due to vortex shedding and
at what wind speed will it occur? Use a one-degree-of-freedom model for the smokestack
with a concentrated mass at its end to account for inertia effects. Use ¢ = 0.05.

3.39. What is the steady-state amplitude of oscillation due to vortex shedding of the smokestack
of Prob. 3.38 if the wind speed is 22 mph?

3.40. Repeat parts (a) and (b) of Example 3.6 if the light pole is hollow with an inner diameter
of 15 cm and outer diameter of 20 cm.

3.41. Repeat Prob. 3.40 including the inertia effects of the light pole.

3.42. A factory is using the piping system of Fig. P3.42 to discharge environmentally safe waste-
water into a small river. The velocity of the river is estimated as 5.5 m/s. Determine the
allowable values of I such that the amplitude of torsional oscillations of the vertical pipe
due to vortex shedding is less than 1°, Assume the vertical pipe is rigid and rotates about
an axis perpendicular to the page through the elbow. The horizontal pipe is restrained from
rotation at the river bank. Assume a damping ratio of 0.05.

—_—

: \ Steel pipes:
3 b G = 80 x 10° N/m?
Fresh water \t/\ p = 7800 kg/m’
20°C im Dype, = 14 cm
l f = 1 cm (pipe thickness)
\

v=>55m/s FIGURE P3.42
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3.43-3.47. Determine the amplitude of steady-state vibration for the systems shown. Use the
indicated generalized coordinate.

/m T 100N - s/m

- 3m }—1m—{ Skg
2.8kg G (’.‘\ 3/
Ix /71777 | Q 6
1% 10° N/m 400 N-s/m
1.5 % 10*N/m
0.02sin 100r m 0.01 sin250: m
P3.43 FIGURE P3.44

f 0.08 5in 200t m
-1

| ~—115 kg

T
2 E = 210 x 10° N/m?
} 1.5m | ¥y
I=46%10"5 m* FIGURE P3.45
(Y T —= 0.035sin10¢ m 0.1 sin 300¢ rad
b | "
50 cm 6
le—— 1.1 m—>
1.5 kg - m?
kr 1 G =80 x 10° N/m? -
m=4kg J=46x10"%m*

FIGURE P3.46 FIGURE P3.47

3.48. A 40-kg machine is attached to a base through a spring of stiffness 2 x 10° N/m in parﬁl]lel
with a dashpot of damping coefficient 150 N - s - m. The base is given a time-dependent
displacement 0.15 sin 30.1¢ m. Determine the amplitude of the absolute displacement of
the machine and the amplitude of displacement of the machine relative to the base.
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3.49. A 5-kg rotor-balancing machine is mounted on a table through an elastic foundation of

3.50.

stiffness 3.1 x 10* N/m and damping ratio 0.04. Transducers indicate that the table on
which the machine is placed vibrates at a frequency of 110 rad/s with an amplitude of
0.62 mm. What is the steady-state amplitude of acceleration of the balancing machine?
During a long earthquake the one-story frame structure of Fig. P3.50 is subject to a ground
acceleration of amplitude 50 mm/s? at a frequency of 88 rad/s. Determine the acceleration
amplitude of the structure. Assume the girder is rigid and the structure has a damping ratio
of 0.03.

—r x(t)

Girder

m = 2000 kg

[ SRk

4~  Columns

[ SRR 2

k=18x10°N/m

351

3.52.

353,

3.54,

355,

THT7
— (@) FIGURE P3.50

What is the required column stiffness of a one-story structure to limit its acceleration
amplitude to 2.1 m/s* during an earthquake whose acceleration amplitude is 150 mm/s? at
afrequency of 50 rad/s. The mass of structure is 1800 kg. Assume a damping ratio of 0.05,

In a rough sea the heave of a ship is approximated as harmonic of amplitude 20 cm at a
frequency of 1.5 Hz. What is the acceleration amplitude of a 20-kg computer workstation
mounted on an elastic foundation in the ship of stiffness 700 N/m and damping ratio 0.04?

In the rough sea of Prob. 3.52 what is the required stiffness of an elastic foundation of
damping ratio 0.05 to limit the acceleration amplitude of a 5-kg radio set to 1.5 m/s??

Consider the one-degree-of-freedom model of a vehicle suspension system of Example
3.7 and Fig. 3.23. Consider a motorcycle of mass 250 kg. The suspension stiffness is
70,000 N/m and the damping ratio is 0.15. The motorcycle travels over a terrain that is
approximately sinusoidal with a distance between peaks of 10 m and the distance from
peak to valley is 10 cm. What is the acceleration amplitude felt by the motorcycle rider
when she is traveling at

(@) 30 m/s

(&) 60 m/s

(c) 120 m/s

A 20-kg block is connected to a spring of stiffness 1 x 10° N/m and placed on a surface
which makes an angle of 30° with the horizontal. The coefficient of friction between the
block and the surface is 0.15. A force 300 sin 80¢ N is applied to the block. What is the
steady-state amplitude of the resulting oscillations?
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3.56.

3.57.

3.58.

A 20-kg block is connected to a spring of stiffness 1 x 105 N/m and placed on a surface
which makes an angle of 30° with the horizontal. A force 300 sin80¢ N is applied to the
block. The steady-state amplitude is measured as 10.6 mm. What is the coefficient of
friction between the block and the surface?

A 40-kg block is connected to a spring of stiffness 1 x 10° N/m and slides on a surface with
a coefficient of friction 0.2. When a harmonic force of frequency 60 rad/s is applied to the
block, the resulting amplitude of steady-state vibrations is 3 mm. What is the amplitude
of the excitation?

The 2-kg swing of Example 2.21 is subject to a harmonic moment of 1.5 sin 5t N - m. Whg;
is the amplitude of steady-state oscillations?

3.59-3.60. Determine the steady-state amplitude of motion of the 5-kg block. The coefficient of

friction between the block and surface is 0.11.

— y(£) =3.2x 107*sin 220t m

—s YO =2.7x107*5in 180 m

> x — x
1x10°N/m 1 x10° N/m E
NN\~ Skg AN Skg NN E
2x 105 N/m ST7TTT777777/ 71777 HITTH 77777777
e s
FIGURE P3.59 FIGURE P3.60

3.61.

3.62.

3.63.

Use the equivalent viscous damping approach to determine the steady-state response of a
system subject to both viscous damping and Coulomb damping.

The area under the hysteresis curve for a particular helical coil spring is 0.2 N - m when
subject to a350-N load. The spring has a stiffness of 4 x 10° N/m. If a 44-kg block is hung
from the spring and subject to an excitation force of 350 sin 35z N, what is the amplitude
of the resulting steady-state oscillations?

When a free-vibration test is run on the system of Fig. P3.63, the ratio of amplitudes on
successive cycles is 2.8 to 1. Determine the response of the engine when it has an excitation
force of magnitude 3000 N at a frequency of 2000 rpm. Assume the damping is hysteretic.

E=200x10° N/m?

1=24x10"%m*
. 215 kg
be 31m *|  FIGURE P3.63
3.64. When a free-vibration test is run on the system of Fig. P3.63, the ratio of amplitudes

on successive cycles is 2.8 to 1. When operating, the pump has a rotating unbalance of
magnitude 0.25 kg - m. The pump operates at speeds between 500 and 2500 rpm. For what
value of w within the operating range will the pump’s steady-state amplitude be Jargest?
What is the maximum amplitude? Assume the damping is hysteretic.
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3.65. When the pump at the end of the bearn of Fig. P3.63 operates at 1860 rpm, it is noted
that the phase angle between the excitation and response is 18°. What is the steady-state
amplitude of the pump if it has a rotating unbalance of 0.8 kg - m and operates at 1860
rpm? Assume hysteretic damping.

3.66. A schematic of a single-cylinder engine mounted on springs and a viscous damper is shown
in Fig. P3.66. The crank rotates about O with a constant speed w. The connecting rod
of mass m, connects the crank and the piston of mass m, such that the piston moves in a
vertical plane. The center of gravity of the crank is at its axis of rotation.

(a) Derive the differential equation governing the absolute vertical displacement of the
engine including the inertia forces of the crank and piston, but ignoring forces due to
combustion. Use an exact expression for the inertia forces in terms of m,, m,, w, the
crank length r, and the connecting rod length /. Write the differential equation in the
form of Eq. (3.1).

(b) Since F(z) is periodic, a Fourier series representation can be used. Set up, but do not
evaluate, the integrals required for a Fourier series expansion for F(t).

(c) Assume r/! « 1. Rearrange F () and use a binomial expansion such that

o0 N
ry\f
F(@)= a; (—)
® g (7
{(d) Truncate the preceding series after i = 3. Use trigonometric identities to approximate

F(t) ~ bycoswt + by cos 2wt + b; cos 3wt

(e) Find an approximation to the steady-state form of x(¢).

(S Y
o
N o

FIGURE P3.66

3.67

.

Using the results of Prob. 3.66, determine the maximum steady-state response of a single-
cylinder engine with m, = 1.5kg, m, = 1.7kg, r = 5.0 cm, / = 15.0 cm, @ = 800 rpm,
k=1 x 10° N/m, ¢ = 500 N - s/m, and total mass 7.2 kg.

3.68. A 5-kg rotor-balancing machine is mounted to a table through an elastic foundation of
stiffness 10,000 N/m and damping ratio 0.04. Use of a transducer reveals that the table’s
vibration has two main components: an amplitude of 0.8 mm at a frequency of 140 rad/s and
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an amplitude of 1.2 mm at a frequency of 200 rad/s. Determine the steady-state responge
of the rotor balancing machine.

3.69-3.73. During operation a 100-kg press is subject to the periodic excitations shown, The
press is mounted on an elastic foundation of stiffness 1.6 x 10° N/m and damping r,_
tio 0.2. Determine the steady-state response of the press and approximate its maximup,
displacement from equilibrium. Each excitation is shown over one pericd.

1
10,000 N [==m—m Fy
. | . ~ 10,000 N j—me
01s 02s 03s ) |
~10,000 N —_— 0ls 02s
FIGURE P3.69 FIGURE P3.70
10,000 N 10,000 N
1 d — 1 »
0.1 0.2 0.3 0.1 0.2
FIGURE P3.711 FIGURE P3.72
A
10,000 |-
A i | -

61 02 0.3 0.4

— 10,000 FIGURE P3.73

3.74. Use of an accelerometer of natural frequency 100 Hz and damping ratio 0.15 reveals that
an engine vibrates at a frequency of 20 Hz and has an acceleration amplitude of 14.3 m/s".
Determine

(a) The percent error in the measurement
(b) The actual acceleration amplitude
{¢) The displacement amplitude
3.75. An accelerometer of natural frequency 200 Hz and damping ratio 0.7 is used to measuf®

the vibrations of a system whose actual displacement is x(z) = 1.6 sin 45.1z mm. What is
the accelerometer output?

3.76. An accelerometer of natural frequency 200 Hz and damping ratio 0.2 is used to me#
sure the vibrations of an engine operating at 1000 rpm. What is the percent eITor in the
measurement?
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3.77.

1.78.

A 550-kg industrial sewing machine has a rotating unbalance of 0.24 kg - m. The machine
operates at speeds between 2000 and 3000 rpm. The machine is placed on an isolator pad
of stiffness 5 x 10° N/m and damping ratio 0.12. What is the maximum natural frequency
of an undamped seismometer that can be used to measure the steady-state vibrations at all
operating speeds with an error less than 4 percent. If this seismometer is used, what is its
output when the machine is operating at 2500 rpm?

The system of Fig. P3.78 is subject to the excitation
F(t) = 1000 sin 25.4¢ + 800 sin (48¢ + 0.35) — 300sin (100t + 0.21) N

What is the output in mm/s” of an accelerometer of natural frequency 100 Hz and damping
ratio 0.7 placed at A?

48x%10*N/m l F@)

3.79.

3.80.

3.81.

3.82.

3.83.
3.84,

12.8kg

} > 1.8m » 1 J00N-s/m

i FIGURE P3.78

What is the output, in mm, of a seismometer with a natural frequency of 2.5 Hz and a
damping ratio of 0.05 placed at point A for the system of Fig. P3.787

A 20-kg block is connected to a moveable support through a spring of stiffness 1 x 10°> N/m
in parallel with a viscous damper of damping coefficient 600 N - s/m, The support is given
a harmonic displacement of amplitude 25 mm and frequency 40 rad/s. An accelerometer
of natural frequency 25 Hz and damping ratio 0.2 is attached to the block. What is the
output of the accelerometer in mm/s*?

An accelerometer has a natural frequency of 80 Hz and a damping coefficient of 8.0 N - s/m.
When attached to a vibrating structure, it measures an amplitude of 8.0 m/s? and a frequency
of 50 Hz. The true acceleration of the structure is 7.5 m/s”. Determine the mass and stiffness
of the accelerometer.

An accelerometer of natural frequency 200 rad/s and damping ratio 0.7 is attached to the
engine of Prob. 3.67. What is the output of the accelerometer in mm/s*?

Use complex notation to derive Eqgs. (3.72) and (3.73) from Eqgs. (3.69) and (3.70).
Use complex notation to derive the solution of Eq. (3.62) when y(¢) = Y sin wr.

MATLAB PROBLEMS

File VIBES_3A.m provides analysis of problems using the function M(r, {). Use VIBES_3A.m
t0 solve Probs, M3.1to M3.5.

M3.1, piot M(r,0.1), M(r, 0.5), and M (r, 0.8) on the same set of axes.
M3.2, Use VIBES_3A to solve Prob. 3.10.



FUNDAMENTALS OF MECHANICAL VIBRATIONS

M3.3. Use VIBES_3A to solve Prob. 3.17.
M3.4. Use VIBES_3A to solve Prob. 3.24.
M3.5. Use VIBES_3A to solve Prob. 3.26.

File VIBES_3B.m provides analysis of problems using the function A(r, ). Use VIBES_3B to
solve Probs. M3.6 to M3.11.

M3.6. Use VIBES_3B to plot A(r, 0.1), A(r, 0.3), and A(r, 0.8) on the same set of axes,
M3.7. Use VIBES_3B to solve Prob. 3.31.
M3.8. Use VIBES_3B to solve Prob. 3.32.
M3.9. Use VIBES_3B to solve Prob. 3.33.
M3.10. Use VIBES_3B to solve Prob. 3.36.
M3.11. Use VIBES_3B to solve Prob. 3.40.

File VIBES_3C.m provides analysis of problems using the function T'(r, {). Use VIBES_3C to
solve Probs. M3.12 to M3.15.

M3.12. Use VIBES_3C to plot T(r,0.1), T (r, 0.3) and T(r, 0.8) on the same set of axes.
M3.13. Use VIBES_3C to solve Prob. 3.50.
M3.14. Use VIBES_3C to solve Prob. 3.52.
M3.15. Use VIBES_3C to solve Prob. 3.53.

M3.16. File VIBES_3D.m provides the solution to Example 3.7. Use VIBES_3D to investigate
the effect of ¢ on the maximum displacement and maximum acceleration. Plot the
acceleration amplitude versus vehicle speed for several damping ratios on the same set
of axes. Draw conclusions regarding the best damping ratio to use for steady-state
operation.

M3.17. File VIBES_3E.m provides the analysis of problems using M.(r, t). Use VIBES_3E to
solve Prob. 3.56.

M3.18. File VIBES_3F.m provides the solution of Example 3.13. Use VIBES_3F to determine
the maximum steady-state displacement of the press assuming the period 7' remains
constant, but the fraction of time during punching ( f = #/ T') changes. Note in Example
3.13thatfy =0.2sand T = 0.5 s, thus f = 0.4. Plot xy,, versus f for0.1 < f <08.
M3.19-M3.22. File VIBES_3G.m uses symbolic algebra to determine the Fourier series represen-
tation of an arbitrary periodic function of period T. The user must provide the function
in a script file V3.m. VIBES_3G also determines symbolically the steady-state responsé
of a one-degree-of-freedom system. The instructions for writing V3.m are given in the
comment statements of VIBES_3G. Use VIBES_3G to determine and plot the Fourier
series representation and steady-state response of a one-degree-of-freedom system of
mass 20 kg, natural frequency 10 rad/s, and damping ratio 0.2 to the excitation showr:
Each excitation is shown over one period.
M3.23. File VIBES_3H.m provides the response of a vehicle mounted on a suspension syS
modeled as in Prob. 2.71 as the vehicle traverses a round countour that is sinusoidal.
(2) Use VIBES_3H to solve Example 3.7 using the suspension stiffness and damping
of Example 3.7, but with k, = 1.2 x 10° N/m.

(b) Use VIBES_3H to examine the effect of k, on the steady-state amplitude of the
vehicle of Example 3.7. Plot the maximum displacement and maximum acceler®
tion as a function of k, for v = 3 m/s and v = 40 m/s.

tem
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M3.24.
M3.25.

M3.26.

M3.27.

M3.28.

M3.29.

Write a MATLAB script file that will plot the phase angle ¢(r, ) asa function of r for
several values of ¢,

Write a MATLAB script file that provides analysis for problems using the function
M, (r, k). Use the program to solve Probs. 3.63 and 3.64.

Wwrite a MATLAB script file that uses symbolic algebra to determine the Fourier series
representation of an arbitrary odd function of period T. Use the file to determine the
Fourier series representation for the excitation of Prob. 3.73.

write a MATLAB script file that uses numerical integration to determine the Fourier
coefficients for an arbitrary periodic function. Use the MATLAB program trap.m for the
integration. Plot the approximation after every five terms to see how the approximation
improves. Define a criterion for stopping the evaluation of Fourier coefficients. Use
something to the effect that if F;(z) is the Fourier series approximation to F(t) after i
terms, then Fourier coefficients will cease being calculated when

Fi(t) - F()
F(t)
for apredefined £. Use the program on each of the excitations of Probs. M3.19 to M3.22.

Write a MATLAB script, using the script of Prob. M3.26, to determine the response of
a one-degree-of-freedom excitation to a periodic excitation. Use the program to solve
Probs. M3.19 to M3.22.

Write a MATLAB script to solve Probs. 3.66 and 3.67. Use symbolic algebra to continue
the binomial expansion of F () to include terms up through cos Swt.
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4.1 INTRODUCTION

When vibrations of a mechanical or structural system are initiated by a periodic
excitation, an initial transient period occurs where the free-vibration response is as
large as the forced response. The free vibration response quickly decays, resulting
in a steady-state motion. Systems subject to a nonperiodic excitation do not usually
achieve a non-zero steady state. In many cases, when a system is subject to a
nonperiodic excitation, the free vibration response interacts with the forced response
and is important throughout the duration of the motion of the system. Such is the
case when a system is subject to a pulse of finite duration where the period of free
vibration is greater than the pulse duration.

One example of a nonperiodic excitation is the ground motion of an earthquake.
The response of structures due to ground motion is obtained by using the methods of
this chapter. An earthquake is usually of short duration, but maximum displacements
and stresses occur while the earthquake takes place. The terrain traveled by a vehicle
is usually nonperiodic. Suspension systems must be designed to protect passengers
from sudden changes in road contour. Forces produced in operation of machines in
Manufacturing processes are often nonperiodic. Sudden changes in forces occur in
Presses and milling machines.

Forced vibrations of one-degree-of-freedom systems are described by the dif-
ferential equation

Feq(2)
Meq

X+ 20wk + 0lx = [4.1]

fmtlal conditions, values of x(0) and i(0), complete the problem formulation. So-
Ution of Eq. (4.1) for periodic forms of F(¢) is discussed in Chap. 3.
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The purpose of this chapter is to analyze the motion of systems undergoing
transient vibrations. Equation (4.1) is a second-order linear nonhomogeneous ordj.
nary differential equation. For certain forms of Fe,(¢), the method of undetermineg
coefficients, as applied in Chap. 3, can be used to determine the particular solutjoy_
The homogeneous solution is added to the particular solution, resulting in a genery)
solution involving two constants of integration. Iritial conditions are applied to evj).
uate the constants of integration. If damping is present the homogeneous solutiop
dies out, leaving the particular solution as a steady-state solution. The method of
undetermined coefficients is best suited for harmonic, polynomial, or exponentig]
excitations and not useful for most excitations studied in this chapter.

The initial conditions and the homogeneous solution have an important effect
on the short-term transient motion of vibrating systems. For these problems, it ig
convenient to use a solution method in which the homogeneous solution and partic-
ular solution are obtained simultaneously and the initial conditions are incorporated
in the solution.

Many excitations are of short duration. For short-duration responses, the max-
imum response may occur after the excitation has ceased. Thus it is necessary to
develop a solution method which determines the response of a system for all time,
even after the excitation is removed. In addition, many excitations change form at
discrete times. For these excitations a solution method in which a unified mathe-
matical form of the response is determined is a great convenience.

The primary method of solution presented in this chapter is use of the convolution
integral. The convolution integral is derived using the principle of impulse and
momentum and linear superposition. It can also be derived by application of the
method of variation of parameters. The convolution integral provides the most
general closed-form solution of Eq. (4.1). The initial conditions are applied in the
derivation of the integral, and need not be applied during every application. The
convolution integral can be used to generate a unified mathematical response for
excitations whose form changes at discrete times. Since it only requires evaluation
of an integral, it is easy to apply.

A second method presented in this chapter is the Laplace transform method.
Initial conditions are applied during the transform procedure and the Laplace trans-
form can be used to develop a unified mathematical response for excitations whose
form changes at discrete times. Use of tables of transforms makes application of
the method convenient. The algebraic effort can be less than that using the convolu-
tion integral for damped systems, if appropriate transforms are available in a table.
However, if the appropriate transforms are not available in a table, determination of
the response is difficult.

There are some excitations in which a closed-form solution of Eq. (4.1) does not
exist. In these cases, the convolution integral does not have a closed-form evaluation
and application of Laplace transform method leads only to the convolution integral:
In addition, situations exist when the excitation is not known explicitly at all values
of time. The excitation may be obtained empirically. In these situations, numeric
methods must be used to develop approximations to the response at discrete times-
These numerical methods include numerical evaluation of the convolution integr
and direct numerical solution of Eq. (4.1).
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4.2 DERIVATION OF CONVOLUTION INTEGRAL

4.2.1 RESPONSE DUE TO A UNIT IMPULSE

Consider a one-degree-of-freedom system initially at rest in equilibrium. Let x(¢)
be a generalized coordinate, representing the displacement of a particle. A linear
Onf:.(jegree-of-freedom system has the equivalent systems model of Fig. 4.1. An
impulse of magnitude [ is applied to the particle at ¢ = 0~. The principle of impulse
and momentum is used to determine the velocity of the particle immediately after
application of the impulse

V= — [4.2]
Meq

Application of the impulse initiates free vibration of the system. The motion
is governed by Eq. (4.1) with Foq(f) = 0 and x(0) = 0, x(0) = v. If ¢ < 1, the
resulting motion of the system is determined using Eq. (2.45) as

x@) = e~ sin wyt [4.3]
or x()=1h@®) [a.4]
where h(t) = e " sin wgt [4.5]

is the response of the system due to a unit impulse applied at ¢ = 0.

keq — x(1)
Fo (1)
% Mg (T
Ceq
(a)
1
’ + f—— = ——— Meql,
Sy:)tem momenta 4  System external -~ System momenta
efore impuise impulses after impulse
Figure 4.1 (a) Equivalent system used to model linear one-degree-of-

freedom systems undergoing forced vibrations; (b) impulse and
momentum diagrams used to obtain velocity immediately affer
impulse is applied if system is initially ot rest in its equilibrium
position.
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A4.2.2 RESPONSE DUE TO A GENERAL EXCITATION

Consider a one-degree-of-freedom system subject to an arbitrary external excitatiop
as illustrated in Fig. 4.2. The interval from 0 to an arbitrary time ¢ is broken into »,
equal intervals, each of duration At = ¢/n. The total impulse applied to the systep,
during the interval between kAt and (k + 1) A7 is

k+1)AT
I = f F@t)d:
kAT

The mean value theorem of integral calculus implies that there exists a T, kAT <
77 < (k + 1)At such that -

P =F (7)) At [4.6]
J
F(t) }
AVAVAY; >
AT 2AT 3A7 4AT 5Ar (n—-2)Ar (n —1DAr t=nkh
(a)
Fo
FrDAT  prpa .
Fh)Ar V0T Rehar F@har F@-AT e a0
AVAVAY. —
75 f? 75 73 T3 T2 o
(b)

Figure 4.2 {a) Discretization of interval form C to tby n intervals of duration A7 = #/n;
(b) approximation of F() by impulses applied at 7, k=0, 1,...,n—1. Asn
— oo the series of impulses approaches F{t).
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It AT 18 small, the effect of the force applied between kAt and (k + 1)At can be
roximated by an impulse of magnitude /! applied at 7, = (k + 1) A7. Thus, as
jllustrated in Fig. 4.2b, the excitation F (¢) applied between 0 and ¢ is approximated
by the sequence of impulses /', =0,1,2,...,n~ 1.
The response of the system at time ¢ due to an impulse of magnitude I applied
time Ty is obtained from Eq. (4.4)

Xen®) = Lh{t — ) [4.7]

at

since Eq. (4.1) is linear, the principle of linear superposition is applied to determine
the response at time # as

n-=1 n-=1
xa(t) = Zx"’"(t) = Z F(tf) Ath(t —w) {4.8]
k=1 k=1

The approximation provided by Eq. (4.8) to the response of the system at time ¢
pecomes exact in the limit as n — oo (or At — 0). To this end

n-1
x(t) = lim x,(1) = lim kZ_; F(rf)Ath(t — ) [4.9]

In the limit as n — 00, 7, and 7" approach kAt and v becomes a continuous
variable. Also in the limit the sum becomes an integral and Eq. (4.9) becomes

t
x(t) = f F(h(t —1)dr [4.10]
0

For a system whose free vibrations are underdamped, Eq. (4.5) is used in Eq. (4.10),
leading to

x(t) =

H
f F(@)e ¢ Dsinw, (¢t — 1) dt [4.11]
meqwd 0
The integral representation of Eq. (4.10) is called the convolution integral. It
can be used to determine the response of a one-degree-of-freedom system initially
at rest in equilibrium subject to any form of excitation. The convolution integral
solution is value for all linear systems when Ah(t) is viewed as the response of the
System due to a unit impulse at ¢ = 0. The appropriate forms of k() for systems
Whose free vibrations are critically damped and overdamped are, respectively,

—Wnt
h(ty = r=1  [412]
Meq
h(t) = _wan'_—“ sinh (w,,\/::Z -1 t) >1 [4.13]
Megn+/C? — 1

The response of a system with a nonzero initial velocity is obtained by adding to
€ convolution integral of Eq. (4.10) the response of the system due to a unit impulse
At =, necessary to cause the initial velocity. The response of a system that is
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not in its equilibrium position at # = 0 is obtained by defining a new independen;
variable,

y=x—x(0)
The differential equation governing y(z) is
k Foq(t
¥ 4+2w0ny + 0y = ——x(0) + =(f)
Meq Meq

The convolution integral is used to obtain

() = fo [—keqx(©) + Fag(®)] h(t — 1) d

The resulting general solution for a system whose free vibrations are underdampeg
is

J'C(O) + CC!),,JC(O) e—;a),,t

x(#) = x(0)e~ 5 cos wat + — sin wgt [4.14]
d
|4
+ f F(t)e‘f“”‘('_r) sinwg(t — 7)dt
meqwd 0

Find the response of a one-degree-of-freedom mass-spring-dashpot system initially at
rest in equilibrium when the force

F(t) = Fpe™
is applied.
Solution:
Application of Eq. (4.10) for this particular form of F(¢) gives
t Foe“”
x(@) = / et Dginw,(r — 1)dT
0 Meqwyg
- Meqg (W2 — 2¢ waa + a?)

X {e“fwn' [(a¢ — ¢ w,) sinwyt — wg COSW4t] — wde”at}

A press of mass m is mounted on an elastic foundation of stiffness k. During operation
the force applied to the press builds up to its final value Fy in a time fo, as illustrated :
Fig. 4.3. Determine the response of the press for (a) ¢ < %, and (b) ¢ > fo.

F@)

Fy

f !  Figure 4.3 Excitation for Example 4.2.
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solvtion:
The force applied to the press can be expressed as

t
Fy— r<pf
F@) = fo
Fo t>1

For an undamped system the convolution integral, Eq. (4.11) becomes

t
x(t) = [ F(t)sinw,(t — 1) dt
0

n

(@) For t < to, the convolution integral yields

1
may,

i
x(t) = f Fof— sinw,(t ~ 1)dT
o P

1
- _Fo [f— cos @t — T) + —5 sinw, (¢ — r)]

mwpty | wy w?
n

Fo | I
== ) t — — sl wyt
maowgto wy

(b) For t > 1y, application of the convolution integral leads to

x(t) =

) t
U Fo sinw,(t — 7)dt +f Fo sinwn(t — r)dt]
0 o t

n

T=ly =t
= Fo [[icosw,,(t——t)+—lisinw,,(t—t)] +[—1— cosw,,(t—r)] ]
, w

mwp, n n =0 n =13

F 1 . 1 1
= focOosw, (f — I, —Ssinw, (t — ) — — sinw,t + —
mwﬁto[o ( 0)+w,, wn (t — to) . 1) +wn

1
— — COSw, (t — to)]

n

4.3 ExciraTions WHOSE FORMS CHANGE AT
DiSsCRETE TIMES

Malfy engineering systems are subject to a force whose mathematical form changes
a discrete values of time. Such is the case with the force applied to the press in

Xample 4.2. The force linearly increases to its maximum value in a time #. The
Mathematical form of the response of the press is different for t < t, than it is for
!> 1. Itis more convenient to have unified mathematical forms for the excitation
and response. To this end, the unit step function, introduced in App. A, is used

0 t<0

[4.15]
1 t>0

u(t) = [
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If a constant force Fy is not applied until time #, it can be represented using a delayeq
unit step function
0 t<ty

F(t)={ Fo t>to=F0u(f“'to)

4.3| Use the unit step function to write a unified mathematical expression for each of the
forces of Fig. 4.4.

Solution:

Each of the forces of Fig. 4.4 can be written as the sum and/or difference of functiong
that are nonzero only after a discrete time. The graphical breakdown for each function
is shown in Fig. 4.5. The unit step function is used to write a mathematical expression
for each term in the forcing functions, leading to

(@) F(t) = Folu(®) —u(—1)]

F
&) F@)= %’ () — u (¢ — 10)] + Folu (¢ — t0) — u (¢ — 310)]
+ F() (4 —_ ti) [u (t —_ 3t0) — U (t —_ 4t0)]
0

() F@)= I:—zt () — u (¢ = 10)] + Foe *™™u (+ — 1p)

The unit impulse function, defined in App. A, is used to represent the excitation
when subject to a unit impulse. The response of a system at time ¢ due to a unit
impulse applied at time tgis A (t — to) u (t — 1).

Many functions found in practice can be written as combinations of impulses,
step functions, ramp functions, exponentially decaying functions, and sinusoidal
pulses. Many functions which cannot be mathematically defined in terms of these
functions are often approximated by these functions for estimation purposes.

Table 4.1 provides the response of an undamped one-degree-of-freedom system
to common exXcitation terms delayed by a time 9. The responses are derived from
the convolution integral making use of the following formula:

! t
f F(iu(z —t)dt =u(t - to)f F(r)dt [4.16]
0 A

4.4T Use the convolution integral to derive the responses of an undamped linear one-degree-
of-freedom system of mass m and natural frequency w, when subject to the delayed
exponential excitation illustrated in Table 4.1.
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Fo
1 -
lo
(a)
Fo
| | .
(b)
F
0 Exponential decay
i -
to
(c) Figure 4.4  Excitations of Example 4.3.
Solution:

The mathematical representation of the forcing function is
F(t) = Foe ™y (r — 19)
The convolution integral, Eq. (4.11), is used to write the solution as

F

t
x(t) = f 20y (7 — fy) sinw,(t — 1) dT
meqw,, 0

Which using Eq. (4.16) is rearranged as

F i
x(t) = u (t — ty) — f e~ sin w, (r — 1) dt
MeqWn Jyy

Fy

=uft—1
“lt =t Meqwn (02 + w?)

[@ne™¢ ™) + asinw, (t — to)

— W, COSWy, (2 — )]
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A L
(a) FO . = FOL - FO Te——
| —— -
‘0

ty
Fyu(®) Fyu(t—t,)
@ Fo = F - Fy /
! ] 1 -
t 3t, 4, ty to
Fyt/t, Fyt/tau(t - 1)
+ Fo - Fo e Y
1 -~ 1
ty 3’()
Fou(t—1t,) Fyu(t ~ 31y)
+ Fo \ _ F
! - \ >
3ty 44 4t
Fof4 = t/tg) ut - 3t,) Fd = t/tg)u(t— 41)
F, /
(c) OM = FOV | — Fo
’ al — -
lo t fy
Fot/tqu(t) Fyt/tqu(t—ty)

+ F, \

]
to
Fb e-a(t— ro)u (t _ tO)

i . : . i
Figure 4.5  Graphical breakdown of excitations of Fig. 4.4 into functions that can be written bY !
unit step functions.
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qable 4.1 Response of an undamped one-degree-of-freedom to common forms of excitation

i Ise
Delayed impu
Excitation: F() = As(t — 1)
Response: M@ X (1)/ A = w, sinw, (t — to) u (¢ — o)

Response for Delayed Impulse

Impulsive Excitation / 1}
~F 05
oo’
. Flw o0
S < unit £ —05k
& impulse 1
h * > ! 1 1 \ .
0.5 0 05 1 15 2 25
t
Delayed step function

Excitation: F(t) = Au (t — tg)
Response: meqwlx(£)/A = [1 — cosw, (t — tg)] u (¢ — 1o)

Delayed Step Excitation ’s Response for Delayed Step
1.2 .
10 20F
08 % 15k
o 0.6 N |
i 3 5
<1704t g] 10
02} 051
0.0 1 i i 0.0 1 | !
4 0.5 1 1.5 2 2.5 0 0.5 1 1.5 2 2.5
t t
Delayed ramp function

Excitation: F(f) = (At + B)u (¢ — 1,)
Response: Meq}x(t)/A =t + B/A — (fg + B/ A) cosw, (t — o) — sinw, (t — o) /walu (t — b0,

Delayed Ramp Excitation Response for Delayed Ramp
4 B/4 =05 4 B/A =05
3k L
S o/
: S2r N;: < 2F
1} Bl 1
0 L L N 0 ] 1 1
0 o5 1 15 2 25 0 05 1 15 2 25



FUNDAMENTALS OF MECHANICAL VIBRATIONS

Table 4.1 (Con’t)

Delayed exponential function
Excitation; F(t) = Ae *¢~"u (r — 1)
Response: Mmeg?x(t)/A = [e72¢™™ + a/w, sinw, (t — k)
—cosw, (t — 1)1/ (1 + &?/wl) u (t — t)

Delayed Exponential Excitation Response for Delayed Exponential
a=10.5 a=05
1.2 25 —
1o} 201
08} :(5)
—
— - ~~ .
041 N3= < 0.0
02F E| -05
00 L L | - 1.0 1 i 1 1
0 0.5 1 1.5 2 25 0 0.5 1 1.5 2 25
t t

Delayed sine function:
Excitation: F(¢) = Asinw (t —to) u (f — to)

2x(t 1 1
Response: %(—)- =3 {(Z)/T,,—_l) [sin e (t — £o) — Sin w,]

1
- | —— | [sinw (t — # sin t—t
(w/w,.-}-l)[ w( o) + wn]}u( o)
Delayed Sinusoidal Excitation Response for Delayed Sine
w=40 w=40
1.5 2
1.0
0.5
o
g < 0.0
-0.5
~-1.0
-1.5 ] ] 1 FE——
0.5 1 15 2 23

NOTE: This table provides the response of an undamped one-degree-of-freedom system fo common forms of excifation-
Many forms of excitation can be written as combinations of the excitations whose system responses are provided in the
table. Superposition can be used ta defermine the response due fa these excitations. In other cases excitations cof
approximated by combinations of excitations in this table. Then this table and superpesition is used ta approxime®
the response of an undamped one-degree-of-freedom system.

The table provides the mathematical form of the excitation and response as well as graphical representatio
dll cases values of wp = 10 rad/s and 1y = 0.5 s were used fo generdte the graphs. The values of specific pmramefers
used for specific excitations are given.

ns. In
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Often, excitations are linear combinations of the function whose responses are
presented in Table 4.1. The general form of an excitation that changes form at
discrete times 1, 2, ..., 1, is

Fit)y=)_ fitdu(t —1) [4.17]
i=1

Application of the convolution integral to the excitation of Eq. (4.17), using Eq.

(4.16), yields

n

X)) =Y ult— t,-)f filOh(t — 1) dt

i=l1

[4.18]

Equation (4.18) shows that the total response is the sum of the responses due to the
individual terms of the excitation. This result is due to the linearity of Eq. (4.1). The
effects of any nonzero initial conditions are included with the response due to f;(¢).

Use Table 4.1 to develop the response of a linear one-degree-of-freedom system of mass
m and natural frequency w, when subject to the triangular pulse excitation of Fig. 4.6.
Solutien:

The triangular pulse can be written as the sum and difference of ramp functions as
shown. The response due to the triangular pulse is obtained by adding and subtracting

F, F, /

| - |
L 2y h
Fy t/tu(t—t,)

l >
ty 2\ 2:1\

Fy (i, = 2)u(t—ty) —Fy (178 = 2)u(t - 21))

Figure 4.6 Triangular pulse of Example 4.5 and its graphical breakdown.
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the responses due to each ramp function according to
x(1) = x5(t) — xp(£) + xc(t) — x4(t)

where the individual responses are determined from Table 4.1.
For x,(t), the ramp function entry of Table 4.1 is used with A = Fo/t;, B = 0, 3y
to = 0 leading to

Fi t |
x,(t) = —0—2 - — sin wnt
mowz- | 4 Wyl

xp(t) is determined from the ramp function entry of Table 4.1 with A = F, /t

B =0, ty = t;. This gives
Fo
mw?

xp(t) = I:é —Ccosw, (t —t1) — wlt sinw, (t — t1):| u(lt —rn)

nil

’ For x(t), the ramp function entry of Table 4.1 is used with A = —Fy/1, B = 2F,,
and fp = ;. This leads to

xc(t) = Fo [(2 — i) —coswy (t — 1) +

2
mao, 5]

1
; sin wy, (f — tl):| u{t —1)
ntl

x4(t) is determined using the ramp function entry of Table 4.1 with A = —F,/y,,
B = 2Fy, and 1y = 2#;. This gives

xq(t) = F02 [(2 - -E-) + -—-1-—- sinw, (t — 2t1):| u(t—28)
mw.

i 5] wpl)

Simplifying the resulting expression in each interval of time yields

t 1

— — —— sinwyt O0=<r=n

h wph

Fy t . .
x(t) = 5 1 2—-—4 [2sinw, (t — t;) — sin w,1] H<tr<2y
maw;, n wy
ot [2sin w, (t — 11) — sin wyt — sin w, (t — 28)] t > 2n
. ntl

The response of each component part and the total response is shown in Fig. 4.7.

4.4 TRANSIENT MoTION DUE TO BASE EXCITATION

Many mechanical systems and structures are subject to nonperiodic base excitation-
A rigid wheel traveling along a road contour excites motion of a vehicle through the
suspension system. Earthquakes excite structures through base motion.

Recall the governing equation for the relative displacement between a mass and
its base when the mass is connected to the base through a spring and viscous dampef
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TRANSIENT VIBRATIONS OF ONE-DEGREE-OF-FREEDOM SYSTEM!

w
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mozx,(tyF,
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1

(b)

mwlxAtY/F,

-

—— mw2x(tYF,

——— F(t)/F,
N

(al-d) Response of a one-degree-of-freedom system due to the component parts of
a triangular pulse excitation obtained by using Table 4.1; (e} response of a
one-degree-of-freedom system due to a triangular pulse excitation obtained using
superposition; (f) comparison of triangular pulse and the resulting excitation.
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in paraliel
P4+ 20,2+ 0z =¥ [4.19)

where y is the prescribed base motion. If z(0) = 0 and z(0) = 0, the convolutiop
integral is used to solve Eq. (4.19), yielding

(1) = —meqfo ¥(Oh( —1)d1 [4.20]

Equation (4.20) is integrated by parts to write the solution in terms of the bage
velocity

t
2(1) = meg [)"(O)h(t) - f Y(D)h(t — t)dt] [4.21]

0

}.l e—cwnt
= = i - [ .
where ) e \/T__? sin (wqt — X) 4.22)
M — ¢2
X = tan ! (——-———-1 : ¢ )

If the base displacement is known, it can be differentiated to calculate the velocity
and Eq. (4.21) can be used to determine the relative displacement. Alternatively, the
absolute displacement of the base can be attained by solving

¥+ 2Lwnk + 02x = —2Lw,Y — 02y [4.23]
When applied to Eq. (4.23) the convolution integral yields

t
x(t) = —meqfo [2§wnj'(t) + wiy(t)] h(t — ) drt [4.24]

Determine the response of a block of mass m connected through a spring of stiffness k
to a base when the base is subject to the rectangular velocity puise of Fig. 4.8. Use (4)
Eq. (4.21) and () Eq. (4.20).

Solution:

The mathematical expression for the velocity pulse is

y() = vu(t) —u(t —1)]

v(1} |

t

Io Figure 4.8  Velocily pulse for Example 4.6.
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(@) By definition 4(0) = 0, thus y(0) = 0. In using Eq. (4.21) for an undamped
system, note that x = 0 and sin (w,t — 7r/2) = cos w,t. Application of Eq. (4.21) then

yieldS
() = -—v/ [u(t) — u (v —to)]Cos w, (¢t — 7)dT
0

Using Eq. (4.16) to evaluate the integral leads to
4 !
z(t) = —v [u(t)f cosw,(t —1)dT —u(t — to)f cos w,(t — 1) d‘[]
0 o

— Y [sinw, (f — to) u (t — tg) — sin (wn?) u(t)]

Wnp

(b) The base acceleration is obtained by differentiating the base velocity with respect
1o time. Noting that the derivative of the unit step function is the unit impulse function,
differentiation gives

¥(t) =v[8(t) — 8 (t ~ 10)]

The base velocity changes instantaneously at ¢ = ¢t and ¢ = fo. Instantaneous velocity
changes result only from applied impulses.
Substituting the base acceleration into Eq. (4.20) gives

2() = —;:: /Or [6(z) — 8 (z — to)] sinn (¢t — ) d7
The integrals are evaluated after noting
fola(f —to) f(r)dr = f (o) u (t — 1)
The relative displacement is determined as

2(t) = C—U'f— [sin @, (t — fo) 1 (f — o) — sin (wnt) u(1)]

n

The vehicle of Example 3.7 encounters a bump in the road of the shape shown in Fig. |Example 4.7
49. Determine the response of the vehicle if it encounters the bump when it is traveling

?t a S(I))eed of 20 m/s. Recall from Example 3.7 that m = 900 kg, k = 80,000 N/m, and
=0.2,

hl1 -~ cos? (%E)]

\[;{X‘
£ * Figure 4.9  Versed sine pulse model for bump

— g ——] of Example 4.7.
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Solution:
The mathematical form of the bump, in terms of the horizontal road coordinate £ jg

y€)=nh [1 — cos’ (%&_)] [1—u@ -d)]

where & = 0.01 m and d = 0.8 m. If the vehicle encounters the bump at r = () and
maintains a constant horizontal speed v, then § = vt and the vertical displacement of

the wheels is
y@t)=h [1 — cos? (%’it)] [1 —u (t - %)]

The convolution integral of the form of Eq. (4.24) is used to determine the syster
response. The wheel velocity is determined as

y)y=2 (%U-) sin (2_3_’,{,) [1 -Uu (t - %)]

Note that, since y(0) and y(d/v) = 0, it is not necessary to include derivatives of the
unit step functions.

The problem is solved by using the symbolic capabilities of MATLAB. The MAT-
1.AB script and the resulting displacement plot are given in Fig. 4.10.

4.5 LAPLACE TRANSFORM SOLUTIONS

The Laplace transform method is a convenient method for finding the response of
a system due to any excitation. The basic method is to use known properties of the
transform to transform an ordinary differential equation into an algebraic equation,
using the initial conditions. The algebraic equation is solved to find the transform
of the solution. This transform is inverted by using properties of the transform and
a table of known transform pairs.

The Laplace transform can be used to solve linear ordinary differential equd-
tions with constant or polynomial coefficients. The method easily handles excitations
whose form changes with time. Such excitations are written in a unified mathematl-
cal expression by using the unit step functions. The shifting theorems help perfor®
the transform and evaluate the inversions.

The Laplace transform is not as easy to apply as the convolution integral unles$
one has extensive experience in its use. The main drawback of the method is the
difficulty in inverting the transform. A formal inversion theorem, involving conto¥
integration in the complex plane, is available, but is beyond the scope of this text

The transform pairs and properties used in the following discussion are summ#
rized and explained in App. B.
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¢ Example 4.7

3 simplified one-degree-of-freedom model of vehicle suspension system
4 Vehicle encounters bump in road modeled as a versed sinusoidal pulse
g y(t)=h{l-(cos(pi*v*t/t0))~2)* (u(t)-u(t-d/v))

g convolution integral is used to evaluate system response

syms t tau % Defining symbolic variables
¢ Input parameters

digits(10)

format short e

m=900; % Vehicle mass (kg)

k=80000; % Suspension stiffness (N/m)
zeta=0.2; % Damping ratio

hb=0.01; % Maximum height of bump (m)
d=0.8; % Length of bump (m)

v=20; % Velocity of vehicle (m/s)

g Calculation of system parameters and constants
omega_n=sqrt (k/m) ; % Natural frequency (rad/s)
omega_d=omega_n*sqrt(l-zeta”2);%Damped natural frequency
Cl=pi/d;
§ Definition of time dependent wheel displacement and velocity
$ MATLAB uses 'Heaviside' for the unit step function
y=hb* (1-cos (Cl*v*t)*2) * (1-sym('Heaviside (t-0.04) ')} ;
ydot=hb*C1*sin(2*Cl*v*tau)*(1—sym('Heaviside(tau—.04)'))
% Convolution integral evaluation of response
h=exp(—zeta*omega_n*(t—tau))*sin(omega_d*(t—tau))/(m*omega_d);
gl=-2*zeta*m*cmega_n*ydot*h;
g2=-omega n”2*m*y*h;
gla:Vpa(glr 5):
y2a=vpa(g2,5);
Il=int (gla, tau,0,t);
‘Ila=vpa(I1,5)
I12=int (g2a,tau,0,t);
I2a=vpa(I2,5);
X1=Ila+I2a;
X=vpa (x1, 5)
vel=diff (x)
ace=diff (vel)
time=linspace(0,0.3,50);
for i=1:50

Xl=subs (x,t,time (i));

Xa(i)= .
eng (i)=vpa (x1);
Xp=double (xa) ;
plot(time,xp’ 11y
Xlabel ('time (sec) ')
Hlabel('x(t) (m)')

(a)

Figure 4.10 {a) MATLAB script for solution of Example 4.7 using symbolic integration of convolution integral.
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x 107
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-3 1 1 ] 1 1 1
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time (sec)
(b)

Figure 4.10 (Con’t)  (b) plot of displacement versus fime.

Let x (s) be the Laplace transform of the generalized coordinate for a one-degree-
of-freedom system. That is,

x(s) = f x(e ™ dt [4.25]
0

Let F (s) be the Laplace transform of the known forcing function which, for a specific
form of Fq(t), is calculated from the transform definition, referring to a table of
transform pairs, or using basic properties in conjunction with a table.
Taking the Laplace transform of Eq. (4.1) and using linearity of the transform,
. , __F i
LIE} + 20w, L%} + wlE(s) = F) [4.26]
Meq
The property for transform of derivatives allows the transform of the differential
equation for x(¢) into an algebraic equation for X(s). Its application to Eq. (4.2
gives

F (s)

s2%(s) — sx(0) — 2(0) + 28 wnlsX(s) — x(0)] + W2%(s) = -
eq
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which rearranges to
T 4 (s + 20 2(0) + £(0)

- m
() =4 4.27
) §2 + 20 W,S + W2 [ ]

The definition and linearity of the inverse transform is used to find x(f),

_1 { F(s) ] .o {(s + 28 0n) x(0) + £(0)
s2 + 2L wys + @} _ 52 + 2L wys + W2

x(t) = —_ [4.28]

The inverse transform of each term of Eq. (4.28) depends on the types of roots
in the denominator, which, in turn, depend on the value of ¢. For a given ¢, the
inverse transform of the last term of Eq. (4.28) is directly determined. The inverse
transform of the first term is determined only after specifying Feq(t) and taking its
Laplace transform.

If the free vibrations are underdamped, then the denominator has two complex
roots. In this case it is convenient to complete the square of the denominator and

write it as
(s + ton)* + 2 (1 - &?)

The inverse transform of the last term of Eq. (4.28) is found by applying the first
shifting theorem and known transform pairs B4 and BS,

-1 | &+ 28wn) x(0) +J’r(0)]

[4.29]
§2 + 2L Wns + &

(0 ,x(0) .
= g tun! [x(O) cos wyt + 2O) + {0nx(0) smwdt:l
Wy

The inverse transform of the first term of Eq. (4.28) is found by finding F(s) for
the particular form of F(t), forming F(s)/ (s2 + s{was + w?), and inverting using
algebraic manipulations, transform properties, and a table of known transform pairs.

A 200-kg machine is to be mounted on an elastic surface of equivalent stiffness 2 x 10°
N/m with no damping. During operation, the machine is subject to a constant force of
2000 N for 3 s. Can steady-state vibrations be eliminated without adding damping? If
$0, what is the maximum deflection of the machine?

Solution:

The differential equation governing motion of the machine is
¥+ olx = Folu@t) — u(t — 3))
Where Fy = 2000 N and @, = 31.63 rad/s. The Laplace transform of F (¢) is obtained

Example 4



by using the second shifting theorem
F
LIFolu() —u@t =) = = (1 = ™)
Then from Eq. (4.28) with x(0) = 0 and x(0) = 0,

o P ] 1-e®
x(s)—m£ {s(s2+w§)}

Partial fraction decomposition yields

- 1 s 35
x(S)=W(;—-s_2—_|-_a)2-)(l_e 3)

The second shifting theorem is used to help invert the transform

x(t) = m’z; [1 = coswat — u(t —3) (1 — coswn(t — 3))}

n

The solution for ¢t > 3 s is

F
x(t) = 02 fcosw,(t —3) —cosw,t] ¢+>3s
mos; i

For no steady-state motion,
COS wyt = CoS Wy (f — 3)

which is satisfied if 3w, = 2nx for any positive integer n. Thus steady-state vibrations
are eliminated by requiring

w,,=g?—£—209n§—d-
3 s

For n = 15, w, = 31.35 rad/s, which is attained if m = 203.5 kg. Thus steady-state
vibrations are eliminated if 3.5 kg is rigidly added to the machine.
The machine undergoes 15 cycles while the force is applied, and motion ceases
when the force is removed. The maximum displacement during operation is
2F 2Fg

Use MATLAB to determine the response of aone-degree-of-freedom system with viscous
damping to an exponential excitation F (1) = ¢ %.
Solution:

The MATLAB script and output when the script is run are given in Fig. 4.11. MATLAB
can determine the Laplace transform of many excitations symbolically and then invert
the transform of the displacement to symbotically determine the system response. smce
the output for a damped system is lengthy, the output is presented for an undamped
system.
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3 MATLAB script for Example 4.9
8 Laplace transform solution for response of one-degree-of-freedom

3 system due to exponential excitation.
syms s t azw

3 Excitation

f=exp (-a*t);

3 Laplace transform of excitation
fs=laplace (£);

hs=1/ (s"2+2*z*W*s+w"2) ;

3 Laplace transform of x(t)

gszfs*hs;

displ "Lix(t))=")

disp (gs)
4 Inverse transform to find x(t)

xl=ilaplace(gs,s,t);
disp('system response')
x=simplify(x1l);

x2=subs (%X,z,0);
x3=simplify(x2);

di x3)
ispl (a)

L(x(t))=
1/ (s+a)/ (8"2+2*z2*Ww*3+w"2)

system response
1/w* (exp (-a*t) *w+csgn (w) *a*sin(csgn (w) *w*t)
~cos (csgn (w) *w*t) *w) / {a"2+w"2)

(b)

Figure 4.11 {a) MATLAB script for Example 4.9; symbolic solution using Laplace transform
method; (b) MATLAB output.

Use the Laplace transform method to determine the response of an underdamped one-| Example 4.10
degree-of-freedom system to the rectangular velocity pulse of Fig. 4.8.

Solution:
From the analysis in Example 4.6, the differential equation governing displacement of
the mass relative to its base when the base is subject to a rectangular velocity pulse is

I+20wnz+ iz =—v[8() —8(t — 10)]
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Using transform pair B1, and assuming z(0) = 0 and 2(0) = 0, Eq. (4.27) becomes
—v (1 —e™*h)
52+ 28 wns + W}

Z2(s) =

The transform is inverted by completing the square in the denominator and using both
the first shifting theorem and the second shifting theorem to obtain

-V . - - .
2(t) = — [e7%%" sinwat — €757 sinwg (t — t0) u (¢ — #)]
n

4.6 SHOCK SPECTRUM

Design problems often require the determination of system parameters such that
constraints are satisfied. In many problems the design criteria involve limiting max-
imum displacements and/or maximum stresses for a given type of excitation. For
example, if it is determined that ali earthquakes in a given area have similar forms of
excitations, only with different levels of severity, then knowledge of the maximum
displacement as a function of system parameters is useful in the design of a structure
to withstand a certain level of earthquake. The structure’s ability to withstand the
earthquake depends on the maximum displacement developed in the structure during
the earthquake and the maximum stresses developed. A structure in California along
the San Andreas fault will usually be designed to withstand a more severe earthquake
than a structure in Ohio. This, of course, depends on the use of the structure.

Thus it is useful for the designer to know the maximum response of a structure as

a function g am parame he transmissib rves p nted in Chap. 3 and

system parameters,

A shock spectrum (response spectrum) is a nondimensional plot of the maxim}lm
response of a one-degree-of-freedom system for a specified excitation as a function
of a nondimensional time ratio. The vertical axis of the plot is the maximum value
of the force developed in the spring divided by the maximum of the excitation force:
The horizontal axis is the ratio of a characteristic time for the excitation divided by
the natural period. For a shock excitation the characteristic time is usually taken a5
the duration of the shock.

Shock spectra are often plotted only for undamped systems as damping tends
to act favorably to reduce the maximum response. Also, a shock spectrum is very
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For t < t; the nondimensional force ratio is
kx
Fy
The preceding function increases until ¢ = 7 /e, when it reaches a maximum value of
2. If ty < 7 /wy, the maximum nondimensional force ratio in this interval is

= 1 — cos wy,t

kXmax
Fo

However, since the response is continuous, the maximum response for ¢ > 7 /w, must
be at least this large. For ¢ > fy the nondimensional force ratio is

=1 — cosw,t

kx
— = cCcosw, (t — #y) — cos w,t
Fo

Trigonometric identities are used on the above equation to obtain

kx . ply .
— =251n%0s1n (wnpt — a)

Fy
coswpty — 1
where tang = —m8—
sin wyty
Thus
KXmax Wyl /14
= 2 S‘ tO < —
Fo 2 Wy

In surnmary,
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Returning to the specific problem, assume first that /@, > 0.5 s. The smallest
stiffness is obtained by setting xpmay = 0.01 m, leading to

1 x 1078k = sin (3.53 X 10—4«/E)

The smallest solution of the preceding equation is k = 5.33 x 10" N/m. Then

2 e /P 03045 <055
Wy k

Hence there is no solution for n/w, > 0.5s.
Now let w/w, < 0.5 s. Setting xmax = 0.01 m leads to

2Fy _ 2(5x 10°N)

k=
Xmax 001 m

N
=1x10° =
m

Then
14
— =0.070s < 0.5s

Wn
Hence the maximum deflection will be less than 10 mm if the structure is designed such
that & > 1 x 10° N/m.

4.7 NUMERICAL METHODS

The convolution integral and Laplace transform methods are easy methods of solving
Eq. (4.1) for any excitation. However, closed-form solutions using these methods
are limited to cases where the forcing function has an explicit mathematical formula-
tion and closed-form evaluation of the convolution integral is possible. In addition,
there are explicitly defined forcing functions such as those proportional to noninte-
gral powers of time where a closed-form evaluation of the convolution integral or
evaluation of the inverse Laplace transform is very difficult. When these situations
Occur, numerical methods must be used to obtain an approximate solution to the
differential equation at discrete values of time.

Numerical solutions of forced one-degree-of-freedom vibrations problems are
of two classes: numerical evaluation of the convolution integral and direct numerical
evaluation of Eq. (4.1).

4.7.1 NUMERICAL EVALUATION OF CONVOLUTION INTEGRAL

Many numerical integration techniques are available for evaluation of integrals. Most
Mumerical integration techniques use piecewise defined functions to interpolate the
tegrand. A closed-form integration of the interpolated integrand is performed. The
Method described here uses an interpolation for Feq(¢) from which an approximation
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to the convolution integral is obtained. The discretization of a time interval apq
possible interpolations to Feq(z) are shown in Fig. 4.14.

Lett), tp, . . . be values of time at which an approximate solution is to be obtaineq.
Let F1(¢), F5(t), . . . be the interpolating functions such that F; () interpolates Feq(1)
on the interval fr_, <t < #. Let x; be the numerical approximation for x (). Also
define

Aj =1t —tj

The convolution integral is used to obtain the response of an underamped one.-
degree-of-freedom system as

x. (O) + ;wnx(o) e_;wn;

x(t) = x(O)e““"' cos wgt + sin wqt [4.30]
wq
' Foo(T
+ f J—q(—ze““’"“") sinwy(t — 1)dt
0 Meqy

The trigonometric identity for the sine of the difference of angles is used to rewrite

Eq. (4.30) as

x(0) + tw,x(0) S
%

x(t) =e ot [x(O) cos wyt + in wdt:l [4.31]

1 . d
+ et |sinwgt | Foq(r)e*™" cos wyt
Mg,
eq¥d 0
t
— COS Wyt f Feq(t)e“""’ Sin wgT dr]
0
Define
]
Gy = [ F(.,q(t)e“'"'t coswyTtdt [4.32]
ti—1
]
and Gy; =f Feq(r)eg“’"r sinwytdrt [4.33]
i

j-1

Using the definitions in Egs. (4.32) and (4.33) in Eq. (4.30) leads to

{nx(0) + x(0) sin wdtk:| [4.34]
wq

X = e 5onh [x(O) coS wyly +

+

k k
et | sin wyty Z G1j — cos wgty Z Gyj

Interpolating functions are chosen for Feq(#) such that Egs. (4.32) and (4.33) have
closed-form evaluations when the interpolating function is used in place of Feq(?)-
Then Eq. (4.34) is used to calculate approximations to the solution at discrete times.

First, consider the case where Feq(?) is interpolated by a series of impulses:
as illustrated in Fig. 4.14b. During the interval between ¢;_; and ¢;, application of

meqwd
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(d)

(a) Discretization of time for numerical integration of convolution integral; (b} F{#)

can be interpolated by impulses of magnitude Fira s applied ot Poha <tf <
t, (c) Interpolation of F{t) by piecewise constants. For .y <t < t;, F(t} = F(fl'.‘) for
some 1, i <tf <4 (d) Interpolation of Fit) by piecewise linear functions.
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Feq(t) results in an impulse of magnitude

t.
I1; =fj Feq(t)de
ti-1

The mean value theorem of integral calculus implies that there exists a 7, ¢, |
t7 < tj, such that
— *
1 j= Feq (t j) A j

For the sake of interpolation, approximate ¢ by

o L

/ 2
Thus, on the interval ¢; | <t < t;, F(¢) is interpolated by an impulse of magnitude

1; applied at the midpoint of the interval. With this choice of interpolation, Egs,
(4.32) and (4.33) are evaluated as

G = Fy (t;.‘) Ajeti cos wat} [4.35]
* [ *
Gyj = Feq (tj) A jef ' sin wgt; [4.36]

It is also possible to interpolate Feq(f) with piecewise constants. Over the
interval from ¢; | to ¢;, the interpolate for Fq(¢) assumes the value of Fo,(¢) at the
interval’s midpoint, as illustrated in Fig. 4.14¢. Call the value of the interpolate f;.
Then

GU = ijj [4.37]
Gy = fiDj [4.38]
1—¢? w,
where C; = ¢ [e’;‘""’f (sin wqt; + £ cos wdt,-) [4.39]
wq wy
w,
— et nti-i (sin wati—1 + e cos wdtj.bl)]
Wy
1-1¢2 w,
wy wWg

) Wy
Wy

Finally, consider the case where Feq(¢) is interpolated linearly between 7;-1 and
tj, as illustrated in Fig. 4.14d. Then if g; = f (1;),

1
Gy =+ [(e; — &5-1) A; + (8511 = 8j4-1) C}] [4.41]

I
. 1
sz:K?
J

[(81 —gj1) B; + (gj-1t; — g,-t,-_l) Dj] [4.42]



pore ¢ and D; are given bv Eas (4.39) and (4.40), respectively, and

1-¢? . s
Pi= t,-eg“’"'f sin wgt; + 2— cos wqlj
w4 Wy

. . cCl) é‘w
— t,-_1ew""" (sm walj—1 + 27 Cos wgtj—1 | — Dj + n C,'

[4.43]

1-¢2 Da .
B; = £ [tjeg“"'" (5—"- Sin wgt; ~ COS wdtj)

J Wy Wy
Wn . o,
— 1t (é’—'i sin wgt;j_y — coswdtj_l) + (Cj _¢ "Dj)]
Wy Wy
[4.44]

Other choices for interpolating functions for Fq(¢) are possible. Higher-order
piecewise polynomials may be used, as well as interpolates which require more
smoothness at each ¢;, such as splines. Any form of interpolating function can be
chosen as long as Eqs. (4.32) and (4.33) have closed-form evaluations. However,
the more complicated the interpolating function, the more algebra is involved in the
evaluation of G;; and G;. The numerical evaluation of the convolution integral
also requires more computations for more complicated interpolating functions.

If Fq(r) is known empirically, any of the methods presented may be used to
evaluate the convolution integral. If piecewise impulses or piecewise constants are
used, the times where F.q(r) is known are taken as midpoints of the intervals. If
piecewise linear interpolates are used, the times where Feq(?) is known are taken as
the ¢;’s,

Error analysis of the preceding methods is beyond the scope of this text. Better
accuracy for the response is, of course, obtained with better accuracy of the interpo-
late. Error analysis usually involves comparing the interpolation with a Taylor series
expansion to estimate the error in the interpolation. The error is usually expressed as
!)emg the order of some power of A ;. Bounds on the error in using the convolution
Integral are obtained. Integration tends to smooth errors.

Determination of the response using these methods requires evaluation of the
Convolution integral at discrete values of time. Since errors are introduced in the
evaluation of G, j and G, the more of these terms used in the evaluation, the larger
1the error. Hence the error in approximation grows with increasing r. Reduction of
€Iror can be achieved by using smaller time intervals, if possible, or by using more
aCcurate interpolates.

4.7.2 NUMERICAL SOLUTION OF Eq. (4.1)

An alternative to numetical evaluation of the convolution integral is to approximate
oe Solution of Eq. (4.1) by direct numerical integration. Many methods are available
T Dumerical solution of ordinary differential equations.
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cHA
where ki =iy — t f (yi, 1) [4.49d]
k2 = (tie1 = ) £ (31 + quakr, ti + P1) [4.49b]

ks=WG1—8) f (y,- + qa.1k1 + q2.2k2, i + pz) [a.49¢]

kn=(tix1 — &) £ (yi + Gn-1,1k1 + gn—22k2 + - -
+ Gn-1,n-1kn-1. 4 + Pn—l)

and the @, 4 and p coefficients are chosen by using Taylor series expansions to
approximate the differential equation to the desired accuracy.

The error for a fourth-order Runge-Kutta formula is proportional to A‘}. A
fourth-order Runge-Kutta formula is

Yirl = i + g (k1 + 22 + 2k3 + ky) [a.50]
where ki = (fix1 — 1) [ (i 1)
ky = (i1 — 1) f (31 + $k1s § (0 + tig)
ks = (i1 — 1) f (0 + k2, 5 (6 + ti41))
ks = (i1 — 1) [ (i + K3, tiv1)

Equation (4.50) can be used for higher-order differential equations by rewriting it
as a system of first-order equations as has been done in Eq. (4.46) for a one-degree-
of-freedom system. The result is

[a.51]

Yitt = y1,i + § (ki1 + 2ky2 + 2k1 3 + Ky 4) [4.524]

Y2+l = Y20 + 5 (ko1 + 2k22 + 2k 3 + Ky 4) [4.525]

where Ky = (tiy1 — 4) y2u [4.534]
k2 = (fip1 — ) (2 + 3h2,1) [a.53b]

ki3 = (tie1 — 1) (y21 + 3k22) [4.53]

k14 = (tip1 — 1) (y20 + k2,3) [4.53d]

ky1= (@i — 1) [ch (@) —2Lwny2i — wﬁyl,,-] [a.536]

Meq
k22 = (tiy1 — 1;) [Feq (20 4 4r) [4.531]
Meq

— 2tw, (y2, + 3k2,1) — @2 (Y1 + %kl,l)]

Feq (5 (1 + tig1))
Meq

k2,3 = (tip1 — ;) [ [4.53g]

— 28 wn (Y2, + %k2,2) — w? (yl.i + %kl,z)]
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Feq (ti+1)

k.4 = (tig1 — 1) [
eq

— 2¢wn (v2,i + k23) — o} (y1,i + k1.3)}
[4.53',]

The Runge-Kutta method is often used because it is easy to program for a dj gital
computer. Its most restrictive limitation is that extension of the approxXimatjgy
between two discrete times requires evaluation of the excitation at an intermedig,
time. If the forcing function is known only at discrete times, evaluation at the
appropriate intermediate times is often impossible. In addition, a large number of
function evaluations can lead to large computer times.

Adams’ formulas provide more accurate approximations of ordinary different;g
equations. An open Adams formula requires knowledge of the functions at the tw,
previous time steps to calculate the approximation at the desired time. A closeq
Adams formula requires knowledge of the function at only the previous time step,
but the formula involves the evaluation of the function at the time step of interest,
Thus a closed Adams formula requires an iterative solution at each time step. The
closed Adams formula is much more accurate than an open formula of the same order.
The closed formula is self-starting, whereas the open formula is not self-starting,

A predictor-corrector method is a compromise that uses the closed formula for
increased accuracy but uses the open formula to reduce computation time. The open
formula is used to “predict” the solution at the desired time, then the closed formula
is used to “correct” by using the predicted value as an initial guess. Iterations are not
necessary as the first correction is very accurate. Since the open Adams formulas
are not self-starting, a self-starting method such as the Runge-Kutta method of the
same order is used to calculate the solution at the first time. The predictor-corrector
method is used for the remainder of the calculations.

sie 4.12 iA 200-kg milling machine is subject to the versed sine pulse of Fig. 4.15 during operation.
The machine is mounted on an elastic foundation of stiffness 1 x 10% N/m and damping
ratio 0.2. WriteaMATLAB script that uses piecewise constants as interpolating functions
to numerically integrate the convolution integral to obtain the response of the machine
uptor =0.5s.

The MATLAB script and the resulting plot of displacement are illustrated in Fig. 4.16.
The MATLAB script is written in a general form. When the script is run by MATLAB,
the user will be prompted for input. The form of the excitation is provided in a separat®
MATLAB m file. This file is included on the accompanying CD.

F@)
wt
200N 200(1 - cosz 0—2)

» Figure 4.15 Versed sine pulse excitation of
0.2 s) Examples 4.12 and 4.13.
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% Example 4.12
% Numerical integration of convolution integral using
% piecewise constants to interpolate excitation

m=200; % Mass of system

k=1.%*10"6; % Stiffness

zeta=0.06; % Damping ratio

omega_n=sqrt (k/m) ; % Natural frequency

omega_ d=omega_n*sgrt (1-zeta”2); % Damped natural frequency
F0=200; % Magnitude of pulse

£0=0.2; % Duration of pulse

%0=0; % Initial displacement
xdot0=0; % Initial velocity
t=linspace(0,.5,1001); % Discretization of time scale
suml=0; % Initialization of sum for G:
sum2=0; % Initialization of sum for G:
x (1) =x0; % Initialization of x

Cc1=(1-zeta”2) /omega_d;
C2=zeta*omega_n;
C3=C2/omega_d;
for k=2:1001
% Calculating F(t)
if t(k)<=t0
F=F0* (1- (cos (pi*t (k) /t0)"*2)); % F(t)
else
F=0;
end
% Numerical integration formula Egs. (4.37)-(4.40)
EK=exp (C2*t (k) ) ;
EKl=exp(C2*t (k-1));
SK=sin (omega_d*t (k)) ;
SKl=sin (omega_d*t (k-1));
CK=cos (omega_d*t (k));
CKl=cos (omega_d*t (k-1));
G1=F*Cl* (EK* (SK+C3*CK) ~-EK1* (SK1+C3*CK1)) ;
G2=F*C1* (EK* (-CK+C3*SK) -EK1* (-CK1+C3*SK1) ) ;
suml=suml+G1l;
sum2=sum2+G2;
$ Eqg.(4.34)
XK= (x0*CK+ (C2*x0+xdot0) /omega_d*SK) /EK;
x (k) =xK+ (SK*sum1-CK*sum2) / (EK*m*omega_d) ;
end
Plot (t,x)
xlabel ('t (sec)')

ylabel ("'x(t) (m)"')
(@)

Figure 4.16 {a) MATLAB script for Example 4.12, numerical integration of convolution infegral using
piecewise constants for interpolation of excitation force.
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x(t) (m)

-0.5 i i Il 1 1 1
0 0.1 0.2 03 04 0.5 0.6 0.7

t (sec)

®

Figure 4.16 (Con’t)  (b) plot of displacement versus time
obtained by running the script.

iple 4.13 I\Vrite a MATLAB script using the program ODE4S to determine the response of the
system of Example 4.12. "
Selution:
The MATLAB script for the development of the response is given in Fig. 4.17a. The
script uses the MATLAB function ODE45, which uses a Runge-Kutta-Fehlberg method
to numerically approximate the response.

The resulting response generated from MATLAB is shown in Fig. 4.17b. The

response is very close to that generated in Example 4.12 by numerical integration of the
convolution integral.

ige-Kutta solution to Example 4.13 using MATLAB program ODE45
tial conditions

217 (a) MATLAB script for solving differential equation for Example 4.13 by using ODE45, o
Runge—Kutta solution.
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[T'Y]=ode45('fun412',TspAN,yO);
1Ot(TIY(:'1))
xlabel('time (s)")

bel('X(t) (m) ')
yla (a)

g pefining file for function of Example 4.13
fgunction F=fun4l12(T, Y)

m=200; % Mass of system
k=1-*1°A6’ % Stiffness
zeta=0.06; % Damping ratio
omega_n=sgrt (k/m) ; $ Natural frequency
F0=200; % Magnitude of pulse
£0=0.2; % Duration of pulse
F(1)=Y(2);
g calculating F(T)
if T<=toO

£1=F0/m* (1- (cos (pi*T/t0))"2);
else

£f1=0;
end

$ xdot=F (1), xddot=F(2)
F(2)=-2*zeta*Y(2) -omega n"2*Yv (1) +f1;
F=[F(1); F(2)];

®)

x(t) (m)

0 0.1 0.2 0.3 04 0.5 0.6 0.7
time (s)

(c)

Figure 4.17 {Con’#)  (a) Con't. (b) user-provided function for Example 4.13; {c} plot of displacement
versus time obtained by running script.
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4.8. Use the convolution integral to determine the response of an underdamped one—degree'of‘
freedom system of natural frequency w, and damping ratio ¢ when subject to a harmont
excitation F(t) = Fysin wt. ]

4.9. A one-degree-of-freedom system of natural frequency w, and damping ratio { < 118
subject to a rectangular pulse of magnitude Fy and duration #,. Under what conditions will
the maximum response occur after the pulse is removed?

4.10-4.16. A machine tool of mass 30 kg is mounted on an undamped foundation of stiffn€ss
1500 N/m. During operation it is subject to one of the machining forces shown. Us¢ the
principle of superposition and the convolution integral to determine the response of the
system to each force.
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—1

—
= m, =5 kg
k=5x10°N/m
P(t = 0) = 300 kPa
| P(t = 5s) =200 kPa
p—— 40 cm ———j FIGURE P4.18

4.19. A one-story frame structure houses a chemical laboratory. Figure P4.19 shows the results
of a model test to predict the transient force to which the structure would be subject if an
explosion would occur. The equivalent mass of the structure is 2000 kg and its equivalent
stiffness is 5 x 10® N/m. Approximate the maximum displacement of the structure due to

this blast.
F(N)
5000 |—
1 1 e
2 1.0 12 1(s)
FIGURE P4.19

4.204.23. A 500-kg vehicle is traveling at 45 m/s when it encounters a pothole or bump in the
road, as illustrated. The deflection of the suspension spring under the weight of the vehicle
is 7.2 mm. The shock absorber has a damping ratio of 0.3. Using a one-degree-of-freedom
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15 mm

|

fe— 15 cm —»} 30 em { FIGURE P4.21

10cm 10cm FIGURE P4.22

(o) = —2.2272+1.33

20 mm

. L

} 60 cm I FIGURE P4.23

4.24. A 20-kg radio set is mounted in a ship on an undamped foundation of stiffness 1000 N/m.
The ship is loosely tied to a dock. During a storm the ship experiences the displacement
of Fig. P4.24. Determine the maximum acceleration of the radio.

|

15cm

: 0.6 I ,‘ :

0.1s FIGURE P4.24

4.25. A personal computer of mass m is packed inside a box such that the stiffness and damping
coefficient of the packing material are k and ¢ respectively. The package is accidentally
dropped from a height 4 and lands on a hard surface without rebound. Set up the convolutiol
integral whose evaluation leads to the displacement of the computer relative to the package:

4.26. Use the Laplace transform method to determine the response of a system at rest in equilib-
rium when subject to

F(t) = Focoswit [1 —u (t — 1))

for(@)¢=0,0)0<{ <1, (0)¢t=1LW¢>1 )

4.27. Use the Laplace transform method to determine the response of an undamped one-degree-
of-freedom system initially at rest in equilibrium when subject to a symmetric triangular
pulse of magnitude F, and total duration f.
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4.28. Use the Laplace transform method to determine the response of an underdamped one-
degree-of-freedom system to a rectangular pulse of magnitude Fj and time t.

4.29. Use the Laplace transform method to determine the steady-state response of an under-
damped mass-spring system due to the periodic force of Fig. P4.29.

Fy
+ } — +—t
to 2t 3ty 4y 5t 64 FIGURE P4.29

4.30. Use the Laplace transform method to derive the response of a one-degree-of-freedom
system initially at rest in equilibrium when subject to a harmonic force Fp sin wt, when (a)
w # @y, (b) © = W,

4.31. Repeat Example 4.10 if the force is modeled as a triangular pulse of magnitude 5 x 106N
and total duration 0.5 s.

4.32. Determine the response spectrum for a rectangular velocity pulse.

4.33. Determine the response spectrum for a rectangular acceleration pulse.

4.34. Derive Eq. (4.35).

4.35. Derive Eq. (4.42).

MATLAB PROBLEMS

M4.1. File VIBES_4A.m provides the convolution integral response of an undamped one-
degree-of-freedom system due to an arbitrary excitation. The convolution integral is
evaluated symbolically. The excitation is provided by the user in the script file v4A.m.
Use VIBES_4A.m to determine the response of an undamped system initially at rest in
equilibrium due to

(@ F@)=et?

B F@)=teh

(¢) F()=0.01sin(2t +0.1)

(d) F(@) =0.01e"*/1sin (2¢ +0.01)

M4.2. File VIBES_4B.m provides the convolution integral solution for an undamped one-
degree-of-freedom system to the excitation of Fig. PM4.2. Use VIBES_4B.m to deter-
mine the response spectrum for this excitation.

1 1 >

B 4, 51, FIGURE PM4.2
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M4.3. File VIBES_4C.m provides the Laplace transform solution for a one-degree-of-freedom
system due to an arbitrary excitation. The excitation is provided in the script file v4A
Use VIBES_4C.m to determine the response of a system when subject to the excitationg
of Prob. M4.1.

File VIBES_4D.m is the file which is used in Example 4.12, providing the numerical integration
of the convolution integral using piecewise constants, The excitation is provided to the program
through a user-defined script file, v4D.m. Use VIBES_4D.m to solve the Prob. M4.4 to M4.9,

M4.4. A 100-kg punch press is mounted on an elastic foundation of stiffness 10,000 N/m and

damping ratio 0.3. During operation the press is subject to the excitation of Fig. PM4.4.
Determine the maximum response of the press during operation.

2000 N

1 1

M4.5. Determine the time-dependent response of the system of Fig. PM4.5.

k
T+ (—w—f
06L L=2m
= 1000 N/m

m=2kg

M(t) = 4000 tanh (0.2¢) N- m
+ B
04L
o \/

\_/ Mo
FIGURE PM4.5

M4.6. Determine the time dependent response of a 100-kg milling machine mounted on an
elastic foundation of stiffness 30,000 N - m and damping ratio 0.3 subject to the force
F(1) = 250" N during operation. Determine the time-dependent response of the
machine.
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M4.7. A 300-kg reciprocating machine has a rotating unbalance of 1.5 kg - m. The machine is
mounted on an isolator of stiffness 3 x 10° N/m and damping ratio 0.07. The machine
has a steady-state operating speed of 2000 rpm. Once the machine begins to operate,
it takes 1.8 s to reach this operating speed. Assuming the operating speed increases
linearly to its final value, use VIBES_4D to determine the response of the machine until
a steady-state is reached.

M4.8. A 2000-kg vehicle is traveling along a smooth road at 60 km/h when it encounters a
bump whose contour is given in Fig. PM4.8. The driver begins to decelerate linearly
when the vehicle first encounters the bump, reaching a speed of 40 kmv/h in 1 s. Model
the vehicle and its suspension as a one-degree-of-freedom system with a stiffness of
4 x 10° N/m and a damping ratio of 0.16. Use VIBES_4D to determine the response of
the system.

M4.9-M4.12. File VIBES_4E.m is used to develop the response spectrum of an undamped one-
degree-of-freedom system due to an excitation of characteristic time t,. VIBES_4E uses
MATLAB program ODE45 for a Runge-Kutta solution of Eq. (4.1) and requires a uset
supplied script file V4E.m. Use VIBES_4E to solve Example 4.11 assuming the blas!
is modeled by the pulse shown with Ff; =5 x 10° Nand 1y = 0.5 s.

Yi 4
wz) = —0.12522 + 0.375 F
0
- i
FIGURE PM4.8 FIGURE PM4.9
F, £,
| i > | A -
1,/6 5t/6 1, 1,74 fo
FIGURE PM4.10 FIGURE PM4.11
F

£ sin (me/1g)

o FIGURE PM4.12
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M4.13.

M4.14.

M4.15.

M4.16.

M4.17.

M4.18.

M4.19.

Ma4.20.

M4.21.

M4.22,
M4.23.
M4.24,
M4.25.

Write a MATLAB script file that uses symbolic computation to determine the Tesponge
of an underdamped one-degree-of-freedom system to an excitation of the form F(ty
Fyte ot

Write a MATLAB script file that uses symbolic computation to determine the responge
of an undamped one-degree-of-freedom system to an excitation of the form

F(t)=F, (1 - i) [1-u@—-1)]
/)

Note that MATLAB uses sym(‘Heaviside(t-a)’ } to symbolically represent u(r — a).
Write a MATLAB script file that uses the Laplace transform method to determine the
response of an undamped one-degree-of-freedom system due to the excitation of Prop,
M4.14.

Write a MATLAB script file using the symbolic differential equation solver dsolve to de.
termine the response of an undamped one-degree-of-freedom system with the excitation
F(t) = Fpe™.

Write a MATLAB script file that uses VIBES_4D that will determine the absolute
acceleration of a body connected through an elastic foundation to a movable support.
Use the program to determine and plot the absolute acceleration as a function of time
for Prob. M4.8.

If x(¢) is the displacement of a machine on an elastic foundation, the force transmitted
from the system to the fixed foundation is Fr = kx + ci. Write a MATLAB script
file that uses VIBES_4D that will determine Fr once x(¢) has been calculated. Use the
program to determine the maximum value of the transmitted forces for the vibrations in
Probs. M4.4, M4.6, and M4.7.

In Chap. 11 itis suggested that the best isolator design for a system with a short-duration
pulse (tp € 2n/w,) is for { = 0.4. This minimizes the maximum displacement for 2
fixed value of the maximum value of the transmitted force. If an isolator of damping
ratio 0.4 is used, the stiffness is obtained from w, = 0.881 Fr,__, where ] is the total
impulse imparted to the system by the pulse. Use the MATLAB program in Prob. M4.18
to determine the maximum transmitted force and maximum displacement for the pulse
of Fig. PM4.9 with Fy = 2000 N and #, = 0.5 s for { = 0.1,0.2,0.3, and 0.4 and
taw,/2m = 0.05,0.1,0.15, 0.3, and 0.5. Use the table of results to comment on the
proposed hypothesis,

Write a MATLAB script to numerically integrate the convolution integral using piece-
wise linear interpolates for the excitation. Use the program to compare the approxima-
tion obtained by piecewise linear interpolates and piecewise constant interpolates for
the excitation of Example 4.12. Compare the accuracy as the time interval between
approximations decreases.

Write a MATLAB script program to numerically integrate the differential equation
governing the motion of a damped one-degree-of-freedom system due to an arbitrar¥
excitation, using the MATL.AB function ODEA45.

Use the MATLAB program of Prob. M4.21 to solve Prob. M4.6.

Use the MATILLAB program of Prob. M4.21 to solve Prob. M4.7.

Use the MATLAB program of Prob. M4.21 to solve Prob. M4.8.

A performance test is run on a model of a rocket. The model is connected to an elasti'c
medium of stiffness k and damping coefficient c. The rocket is fired and thrust 1
developed as exhaust gases leave the nozzle. The thrust is sz, v, where i, = peVe?
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M4.26.

is the mass flow rate of the exhaust gases, V. is the exit velocity, p, is the density of
the exit gas, and A, is the exit area of the nozzle. The velocity of the exhaust gases are
predicted in the following table:

1(s) v, (m/s) t(s) v, (m/s) t(s) v, (m/s)
0 0 0.35 125.0 0.70 150
0.05 10.0 0.40 144.0 0.75 120
0.10 22.0 0.45 160.0 0.80 95
0.15 40.0 0.50 169.0 0.85 70.0
0.20 61.0 0.55 174.0 0.90 50.0
0.25 89.0 0.60 180.0 0.85 20.0
0.30 100.0 0.65 180.0 1.00 0.0

Burnout is achieved at 1.0 s. The total mass of the rocket and fuel is 3000 kg, the spring
stiffness is 40,000 N/m, the damping coefficientis 1000 N - s/m, and p, A, = 0.41 kg/m.
The governing differential equation is
d*x dx .
MW +c-z+kx=m,v,

Write a MATLAB script using ODEAS to predict the response of the system. Assume
the mass remains constant at 3000 kg and use a linear interpolation to predict the velocity
of the exhaust gases between given values.

The mass of the rocket of Prob. M4.25 is actually a function of time given by
t
M) =M, —f m, dt
0

where M, = 3000 kg. Modify the Runge-Kutta method to account for variable mass.
Use a numerical integration scheme to calculate the mass as a function of time. Modify
the program of Prob. M4.25 to account for the change in mass.
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5.1 INTRODUCTION

The analysis of the vibrations of a multi-degree-of-freedom system is significantly
more difficult and time-consuming than the analysis of the vibrations of a one-degree-
of-freedom system. Recall from Chap. 1 that the number of degrees of freedom
necessary for the analysis of vibrations of a system is the number of kinematically
independent coordinates necessary to specify the motion of every particle contained
in the system. The number of degrees of freedom of many mechanical systems is
easy to identify. The motion of the rigid bar in Fig. 5.1a is analyzed using one
degree of freedom. However, when the pin support is removed, as shown in Fig.
3.1b, the motion must be analyzed using two degrees of freedom. This is because
fhe kinematic relationship, x, = L@, obtained using the small-angle assumption
1s no longer valid and x, and @ are kinematically independent. If the cable in the
mass-pulley system of Fig. 5.2 is flexible, then the motion of the system is analyzed
using two degrees of freedom. The no-slip assumption between the cable and the
Pulley is still used but kinetics, not kinematics, provides the relationship between
the displacement of the mass and the angular displacement of the pulley.
_Modeling a structural system with a finite number of degrees of freedom pro-
Vides approximations to the behavior of the system. All structural systems are
“Ontinuous systems with an infinite number of degrees of freedom. The continu-
Ous change in internal forces and moments across the length of a beam prevents a
kinematic relationship between the displacement of any two particles on the beam’s
Reutral axis. However, the analysis of continuous systems requires the solution of
Partial differential equations. The analysis of a multi-degree-of-freedom system is
Casier. Modeling of a structural element using a one-degree-of-freedom system was
!mro_duced in Chap. 1. The one-degree-of-freedom model provides only an approx-
'Mation to the lowest natural frequency, whereas a continuous system possesses an

247
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¢
(b) %, (a) (b)
Figure 5.1 (a} One-degree-of-freedom system,  Figure 5.2 (o) If there is no slip between cable ond

X 7= 18; (b) when pin support is removed, system has pulley, x = r8 ond system is modeled using one degree of
two degrees of freedom. No kinemotic relotion exists freedom; {b) if coble is elastic, no kinematic relotion exists

between xq ond 6.

between x and 6.

infinite but countable number of free vibration modes. The use of a multi-degree-of-
freedom model yields a better approximation for the lowest natural frequency and
also provides approximations for higher frequencies.

This chapter deals with the derivation of the differential equations governing
the vibrations of multi-degree-of-freedom systems. Chapter 6 is concerned with
the free-vibration response of a multi-degree-of-freedom system, while Chap. 7 is
concerned with the forced-vibration response of a multi-degree-of-freedom system.

Two methods of deriving the differential equations are presented: application
of Newton’s laws to free-body diagrams and energy methods. The application of
Newton’s laws to free-body diagrams is straightforward, similar to their application
for one-degree-of-freedom systems. However, their application can be tedious and
the resulting equations may have to be manipulated to be put into a usable fom-
Energy methods are based on the use of Lagrange’s equation, a general equatiol
derived from energy methods that is used to formulate differential equations for
possibly nonlinear systems. A complete understanding of Lagrange’s equation and
its full use requires knowledge of the calculus of variations and is beyond the scop
of this book.

Differential equations for linear systems are summarized in a matrix form. L&
grange’s equations are used to show how knowledge of the quadratic forms of PO
tential and kinetic energies for a linear system are used to define the elements of 1';he
stiffness and mass matrices. Influence coefficients are developed as an alternative
to formally calculating the potential energy.
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The formulation of the differential equations for discrete models of structural
gystems is handled differently. The inverse of the stiffness matrix, called the flexi-
pility matrix, is calculated and approximations are used for the mass matrix.

5.2 DERIVATION OF DIFFERENTIAL EQUATIONS BY
UsING Basic PRINCIPLES OF DYNAMICS

Governing differential equations for multi-degree-of-freedom mechanical systems
can be derived by applying the basic principles of rigid-body dynamics to the appro-

riate free-body diagrams The method of application is very similar to that presented
in Chap. 2 for one-degree-of-freedom systems. The method used in this textbook
requires two free-body diagrams drawn for each rigid body or system of rigid bod-
jes. One free-body diagram shows the external forces acting on the rigid body and
a separate free-body diagram shows the effective forces acting on the body. The
effective forces are equivalent to a force equal to the mass times the acceleration of
the mass center of the rigid body placed at its mass center, and a couple equal to the
centroidal mass moment of inertia of the body times the angular acceleration of the
body. Conservation laws are then applied to the free body-diagrams. The following
examples illustrate this procedure.

The blocks in Fig. 5.3 slide on a frictionless surface. Derive the differential equations
governing free vibrations using x,, x2, and x3 as generalized coordinates.

Solvtion:
The following form of Newton’s law:

+ +
E I_'!'eff=2 I_':'ext

is applied to the free-body diagrams of Fig. 5.3b. The resulting differential equations
are

~kxy + 2k(xy — x1) = m¥,
—2k(x2 — x1) + k(x3 — x2) = 2mX;

—k(x3 — x3) — 3kx3 = mi3

The Preceding equations are rearranged and written in matrix form as

m 0 0 X 1 3k —2k 0 X1 0
0 2m O|lix%|+|-2k 3%k —k||lx|=10
0 0 m||x 0 -k 4k x3 0
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11\3
External Effective
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Figure 5.3 (a) System of Exomple 5.1; (b) free-body diogroms of each block ot on orbitrory

instant.

5.2

Consider the uniform slender rod of Fig. 5.4. Assume the springs remain vertical, .fh"'
bar is in equilibrium when it is horizontal, and the small-angle assumption applies-
Using x, the displacement of the mass center of the bar, and 6, the clockwise angulaf

displacement of the bar form equilibrium, as the generalized coordinates, derive

the

differential equations governing the forced vibrations of this two-degree-of-freedor®

system.
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k (x - -2-0 mx
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klx + 79 amL

External forces Effective forces
(b)
Figure 5.4 {a) System of Example 5.2; x ond 8 are chosen os generolized coordinotes;

(b} free-body diogroms at on arbitrory instont, assuming smoll 6.

Solution:

Free-body diagrams of the bar are shown in Fig. 5.4b where 6 is exaggerated for illus-
tration. The differential equations are derived by using summation of moments using
the small-angle assumption

+ +
Z ﬁAm = Z A?Aeﬁ

L\N3L L 1 .

L L \ 3L L 1 s
FO= +k{x—=6)22 = —-mi= + —mL?%
()4+ (x 29) 2 mx4+12m
Rean’anging and writing the equations in matrix form gives
L L2 L L?
- — | r.. — k—
m2 m12 A . 3k4 3 i6 |[x] LF(®)
2 3kL 3kL2 6 —i—'F(t)
"3 "12 s '8
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. . \
The block of Fig. 5.5 slides on a frictionless surface. The slender rod is pinned at the

center of the block. Using x, the displacement of the block from equilibrium, and ¢
the angular displacement of the bar from the vertical, as generalized coordinates, den'vé
the nonlinear differential equations governing the motion of this system. Linearize the
differential equations using the small-angle assumption.

Free-body diagrams of the block-rod assembly and the rod alone are shown in Fig. 5 55,
A free-body diagram of the block alone is not analyzed as it includes the unknown pjp
reactions. These reactions must be known in terms of the generalized coordinates
apply Newton’s law to the block. Application of

+ +
Z Fexx = Z Fest
to the block-rod assembly yields
L. L.
F@) — kx =2m% +mi + m§0c0s9 - m392 sin 8
Application of
: +
Z Mocxl = Z Moeﬂ
to the free-body diagram of the rod alone yields
L L.(L L. L
M(t) —mg siné (5) = mie (5) + m—ﬁe 4+ mXxcosf (5)
These differential equations are nonlinear because of the presence of the sin 6, cos 6, and
6? terms. The small-angle assumption is used to linearize the differential equations with

cos @ = 1, sinf ~ 6, and neglecting 62 in comparison to linear terms. The resulting
equations are written in matrix form as

L
m. mz 5c'+k0 x] _[F@®

L2617 o meLile]” M

2 2

m

5.3 LAGRANGE’S EQUATIONS

Energy methods are often more useful than application of Newton’s laws for deriving
differential equations governing vibrations of multi-degree-of-freedom systems. A
full understanding of the most convenient energy method first requires knowledge
of the calculus of variations. Thus the method and examples of its application ar¢
presented without theory.
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The lagrangian of a dynamic system is defined as the difference between j,
kinetic and potential energy at an arbitrary instant

L=T-V [5.”
The lagrangian is a function of the generalized coordinates and their time derivativeg
L=L(xl,X2,---,xn,-i'l,;ch---s-i'n) [5.2]

The lagrangian is treated as a function of 2n independent variables; the time deriy,_
tives of the generalized coordinates are viewed as being independent of the gener.
alized coordinates.

For a conservative system, the dot product of Newton’s laws is taken with g
virtual displacement vector defined by one of the generalized coordinates. The
resulting energy equation can be manipulated to yield Lagrange’s equations

d (3L\ oL
—_—)—-—=0 i=1,2,..., .
dr (35:,-) ax ' 8 fs.a1

Equation (5.3) is applied to derive n differential equations for an n-degree-of-
freedom conservative system. Lagrange’s equations can be used to derive differential
equations for linear and nonlinear systems.

ol

Use Lagrange’s equations to derive the differential equations governing the motion of
the system of Example 5.1 using xy, x;, and x3 as generalized coordinates.

Solution:
The kinetic energy of the system at an arbitrary instant is

T = jmii + 32mi2 + 1mi3
The potential energy of the system at an arbitrary instant is
V = 1k + 32k(x; — x1)? + Jk(xs — x2)* + 13kx3
The lagrangian is
L = L [mi? +2mi2 + mi? — kx? — 2k(xy — x1)* — k(x3 ~ x3)* — 3kx3]

Application of Lagrange’s equations leads to

d (aL aL _o
dt \ 9x; ax,
d
d—t(mxl) ~ [—kx1 —2k(x3 — x1)(—1)] =0

mjfl + 3kx1 - 2kJC2 =0
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d (aL)_g_Ii__O
di \3x2)  8x;

d
;E(mecz) — [=2k(x; — x1) — k(3 —x2)(—=1)] =0

2mx; — 2kxy +3kxy —kxa =0

d (3L 8L_0
dt \ 83 x;

d
E(mfcs) — [—k(x3 — x2) — 3kx3]1 =0

mi¥s — kx; +4kx;3 =0

The differential equations derived from Lagrange’s equations are identical to those ob-
tained in Example 5.1 by the free-body diagram method.

Use Lagrange’s equations to derive the differential equations for the system of Example
53if M(t) =0and F(t) = 0.

Solution:

The only external forces acting on the system are the spring force, gravity, and the
normal force between the block and the surface on which it slides. All external forces
are conservative. Thus Eq. (5.3) is used with x and € as generalized coordinates. If the
pin support is used as the datum for potential energy calculations, then

1 L
V= El‘cx2 - mga cos 6
Recall that the kinetic energy of a rigid body is
T = imv? + L e?

where ¥ is the velocity of the mass center of the body and  is the angular velocity of
the body. The velocity of the mass center of the bar has both a vertical component and
a horizontal component. Thus

1 1 L. 2 L. 2 1/1 .
T=-02ms+ - o Z0si | = mL@?
2( m)x +2m [(x+ 20coso9) +(20sm9) ]+2 (12mL

1 PR L? .,
=§m 3x +x0Lcos0+-3—0)

and

L—lm 3% + 'éLcos0+L2(§2 1kx2+m EcosB
=32 * 3 2 £3

Example
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With x; = x, Eq. (5.3) becomes

o 4 (L) _2L
T dr \ ax ax

which gives

d L. " L. L.
0= T (3m5c +m56coso) + kx = 3mx +m-2-9cos(9 -miozsine + kx

Application of Eq. (5.3) with x, = & gives
0= d (3L\ 3L
T dt \ 36 a6
2

= d L;'ccosB+L 6 +mLJéés' g4+m Lsi 6
=a\"2 3 2 ¥ g5

2

L .

The differential equations derived using Lagrange’s equations are identical to the non-
linear equations derived using Newton’s laws in Example 5.3.

Consider an n-degree-of-freedom system with generalized coordinates xi,

X3,...,%xp acted on by external nonconservative forces. The system is moved
through small displacements to a new arbitrary state specified by x; + 8x1, x2 +
8x3, ..., X, + 8x,. The changes in displacements are called virtual displacements.

The work done by the nonconservative forces as the system moves through the vir-
tual displacements is called the virfual work and is calculated by using the usual
definition of work done by a force. The virtual work can be written in the form

W = Z Q.éx; [5.4]

i=1

The Q; terms are called generalized forces. It can be shown that Lagrange’s equa-
tions for a nonconservative system take the form

d (oL aL
| —=)\-==0. i=1,..., [5.5]
dt (3.*,) ox; Q' ! L "

Use Lagrange’s equations to derive the differential equations governing the motion of
the nonconservative system of Fig. 5.6, using x and 6 as generalized coordinates.
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B Figure 5.6  Two-degree-of-freedom nonconservative
6 system of Example 5.6.
Solution:

The lagrangian for the system of Fig. 5.6 was developed in Example 5.5. Imagine a
virtual displacement for the block dx and a virtual counterclockwise rotation of the bar
80. The work done by the nonconservative forces as the system moves through the
virtual displacement is

W = —cxdx + F(t)(8x + L80) = (—cx + F(t))ox + LF(t)80
from which the generalized forces are determined as
Qi=—cx+ F() Q:2=LF()

Then, from the results of Example 5.5, the differential equations governing the motion
of the system of Fig. 5.6 are

L. L.
Imx +m59 cosf — m—2—92 sin@ + cx + kx = F(1)

L L? . L
m—2—.i6 cosd + m—3—0 <+ mga- sinf = LF(¢)

Use Lagrange’s equations to derive the differential equations governing the motion of
the system of Fig. 5.7 using x,, x;, and x3 as generalized coordinates.

Solution:

Lagrange’s equations were used to derive the differential equations governing the motion
of the system but without the viscous dampers in Example 5.4. The method of virtual
Wwork is used to derive the generalized forces. To this end imagine virtual displacements
fsxl, 8x3, and 8x;. The force developed in the leftmost viscous damper is ci; and
Its virtual work is —c#;8x;. The force developed in the rightmost viscous damper is
20(i; — %7). The work done by the damping force due to the virtual displacement éx; is
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.7  System of Exomple 5.7.

2¢c(x3 — X2)6x;. Since the force opposes the direction of §x3, the work done due to 8xy
is —2c(x3 — %2)8x3. Thus the total virtual work is

W = —cx18x1 + 2¢c(X3 — X2)8x3 — 2c(%3 — %)8x3
Thus the generalized forces are
Q1=—cx; Q=23 —%) Q3=-2c(— %)
Then, from the results of Example 5.4, the differential equations are
mi; + 3kx; — 2kx; = —cx;
2mixy — 2kx) + 3kxy — kx3 = 2¢c(x3 — %2)
mis —kxz 4+ 4kx; = —2¢c(x3 — X3)

which can be rewritten in a matrix form as

m ¢ 0][x c 0 0 b 3k -2 O X1 0
0 2m O X140 2¢ 2] |%|+]|-2k 3k —k||xx|=]0
0 0 ml|X% 0 —-2¢ 2 X3 0 ~k 4k || x; 0

5.4 MATRIX FORMULATION OF DIFFERENTIAL
EQUATIONS FOR LINEAR SYSTEMS

It can be shown that for an n-degree-of-freedom linear system the potential and
Kinetic energies must have the quadratic forms

1 n n
V = 5 Z Zkin[Xj [5‘6]

i=1 j=1
1 n n ]
T — o .. v I3 .1

\grangian for a linear system becomes
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= [Z Z (mijxi%; — lfxixj)]

i=1 j=1

Application of Eq. (5.5) yields
d (oL oL
=—|—-]—-— =1,2,...,
Q=g (ax,) 3%, ! n

d
Ql = - Z Z { mi; dt I: (xl J):| axl (xin)] [s.8]

i=1l j=l1

1 3% . o o0x;  ax
Z ki | x;
2};2{"’”dt[ ox ’ax,]+ ”(x om i om

Since

Egq. (5.8) becomes

ZZ[qu (x:8ﬂ+x_; ll)+kl_](xl _]l+x] tl)]

i=1 j=1

The right-hand side of the preceding equation is broken into four terms and the order
of summation interchanged on the second and fourth terms. Then, because of the
presence of the & terms, the value of the term on the inner summation is nonzero only
for one value of the summation index. Thus the preceding equation can be rewritten
using single summations as

Zm.zx, + Zmz,x, + Zk.zx; + Zkzjx,

j=1

The name of a summation index is arbitrary. Thus these summations are combined,
yielding

1| & n
—2 [Z("’” + m)%; + Z(ku + ku)x,-] [s.9]

Note that in Eq. (5.6) k;; and k;; both multiply the product x;x; and without loss of

Benerality can be set equal. The same reasoning for Eq. (5.7) leads to m;; = my;.
us

Zml,x,+2k1,x, = Il=1,...,n [s.10]

i=l1
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1 1
EkXi =+ Ekx%

The elements of the mass and stiffness matrices are obtained by comparing the aboye
equations to Egs. (5.7) and (5.6) respectively, leading to the following differential equa.

tions
Zm | r.
m 7 XA k O]x4 0
i) 710 k||xs] |0
m ¥m B B
Thus the system is dynamically coupled, but not statically coupled, when x4 and x, are
used as generalized coordinates.

V=

S~

S

The method presented in this section to determine the mass and stiffness ma-
trices for linear systems is the multi-degree-of-freedom analogy to the equivalent
systems method presented in Sec. 2.3 to derive the differential equations govern-
ing the motion of a linear one-degree-of-freedom system. The equivalent systems
method uses the kinetic energy to determine an equivalent mass and the potential
energy to determine an equivalent stiffness. The mass and stiffness matrices are
analogous to the equivalent mass and the equivalent stiffness.

Viscous damping adds linear terms to the differential equations. The application
of Lagrange’s equation to a system with viscous damping is illustrated in Examples
5.6 and 5.7. In these examples the method of virtual work is used to determine the
generalized forces resulting from the nonconservative viscous damping forces. The
viscous damping terms are incorporated in a matrix formulation and the equations
are written in the form

M+Cx+Kx=F [5.12]

where M and K are the previously defined mass and stiffness matrices and C is the
n x n damping matrix. )

Asillustrated earlier in this section, formal application of Lagrange’s equations 1
not necessary to derive the governing differential equations for a linear system. Thls
is true for systems with viscous damping, as the virtual work for viscous damping
forces can be written as

W = _Xn:}n:c,.j;ciaxj [5.13]

i=1 j=1

where ¢;; is the element in the ith row and jth column of the damping matrix.

The equivalent damping coefficient for a linear one-degree-of-freedom systell
is determined by using the energy dissipated by the viscous damping forces betwee!
two arbitrary times. Extending this analogy to a multi-degree-of-freedom system 1t
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is possible to write the work done by the viscous damping forces as
n n Xj2
U1—>2=—ZZf cijXi dx; [5.14]
i=1 j=1 X
Using dx; = (dx;/dt) dt in Eq. (5.14) leads to
n n f B, n n .
Us2=— ZZ[ cijkix;dt = — f chijxiffj dt [5.15]
i=1 j=1vh ho=l j=1

Equation (5.15) can be used to argue that ¢;; = cj; and hence the damping matrix is
symmetric.

5.5 STIFFNESS INFLUENCE COEFFICIENTS

Itis shown in Sec. 5.4 that the elements of the stiffness matrix for a linear system can
be determined as the coefficients in the quadratic form of the potential energy. The
work done by a conservative force is independent of path and can be expressed as the
difference in potential energy between the initial position and the final position of the
system. The potential energy functionis a function only of the position of the system.,
Thus when evaluating the potential energy for a specific system configuration, one
can look at any means of arriving at that configuration.

Stiffness influence coefficients provide an alternate means of determining the
elements of the stiffness matrix. It is based on determining the potential energy for
a system configuration that is obtained through static application of concentrated
forces. To illustrate the development of the method consider three particles along
the span of a fixed-free beam as illustrated in Fig. 5.9a. The beam is initially in
its static equilibrium configuration. Let x;, x3, and x3 be the chosen generalized
coordinates which represent the displacements of the particles.

Consider the static application of a set of concentrated loads fi; applied to
particle 1, f,; applied to particle 2, and f3; applied to particle 3 such that after their
application, x; = x;, x, = 0, and x3 = 0 as illustrated in Fig. 5.9b. Since particles
2and 3 do not change position during application of these loads, the forces applied

to th_ese particles do no work. The total work done by the external loads during this
application is

1
UO—«»I = Ef“xl [5-16]

Now add a second set of forces f12 applied to particle 1, f2; applied to particle 2,
ind f32 applied to particle 3 such that after static application of these loads, x; = x1,
cﬁ = X2, and x3 = O as illustrated in Fig. 5.9c. Since particles 1 and 3 do not
ange position during application of these loads, only the forces applied to particle
do work. Note that the force fy; was already fully applied when the displacement
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! Figure 5.9  (q) Fixed-free beam with three
*2 particles along span;

{b) configuration after first set of
loads; {c) configuration ofter
second set of loads; (d) final

configuration ofter opplication of
@ ’ third set of loads.

X

occurred and the displacement occurred as f,; was being applied. Hence the work
done during application of these forces is

U1—+2 = f21.X.'2 + %fzzxz [5.17]
Next add a third set of forces f13 applied to particle 1, fy; applied to particle 2. and
f33 applied to particle 3 such that after static application of these loads x; = *I’
X2 = X7, and x3 = xa, as illustrated in Fig. 5.94. The work done during application
of these forces is

Uz = faxs + fxs + 1 fiaxs [5.18]
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Thus, after application of the three sets of forces, the particles have arbitrary dis-

Jacements. According to the principle of work and energy, the potential energy in
the system is equal to the work done by the external forces between configuration 0
and configuration 3,

= 3 fux + fax + 1 faxs + fuxs + fuxs + 1 faxs {s.10]

The system is linear, thus a proportional change in the system of forces applied
on any step leads to a proportional change in displacements. Define k11, k21, and k3,
as the set of forces required to cause a unit displacement for the first particle. Then,
due to the linearity of the system

fm=kaxi  fa=kaxr  fu=kux {s.20]

Similarly define k12, k22, and k3; as the set of forces required to cause a unit dis-
placement for particle 2 and k3, k23, and k33 as the set of forces required to cause a
unit displacement for particle 3. Then, in general

fij = kijx; [s5.21]
Using Eq. (5.21) in Eq. (5.19) leads to
V = Ykyxix + kaxx + TknxyXy + kaix1x3 + kapxaxs + pkasxsx;  [5.221

The potential energy is a function only of the beam’s configuration, not of how the
configuration is attained. Thus the potential energy would be the same if the order
of the loading were reversed. Suppose the forces fi2, f22, and f3; are applied first,
resulting in x; = 0, x, = x;, and x3 = 0. Then the forces f;, f22, and f3; are
applied such that after their static application the beam’s configuration is defined
by x; = x1, x = x,, and x3 = 0. Then, from Eq. (5.21), the potential energy is
calculated as

|
V= skaaxaxs + kiaxoxy1 + %kuxlxl + ka1x3xy + kaaxsxs + %k33x3x3 [5.23]

Since the potential energy calculated by Eq. (5.22) must be the same as that calculated
by Eq. (5.23) for arbitrary values of x;, x2, and x3, k1, = k2. Other combinations
of the order of loading can be studied to show that in general

kij = k;ji [5.24]
Then, using Eq. (5.24) in Eq. (5.22) leads to

3 3
ZZk,-jxixj [5‘25]
i=1 j=l1

Equation (5.25) is identical to the quadratic form of the potential energy for this

ee-degree-of-freedom system. Thus the coefficients k;j, i, j = 1,2,3 are the
?lements of the stiffness matrix. The k;; calculated in this fashion are called stiffness
nfluence coefficients, Equation (5.24) shows that the stiffness matrix is symmetric
When stiffness influence coefficients are used in its determination.

D]

V =
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The concept of stiffness influence coefficients can be generalized to any lineg
system. Each column of the stiffness matrix has a physical interpretation. The
Jjth column of the stiffness matrix is the set of forces acting on the particles Whoge
displacements are described by the chosen generalized coordinates such that after
static application of these forces, x; = 1 and x; = O for i # j.

In summary the influence coefficient method for determining the elements of ap
n-degree-of-freedom system is as follows:

1. Assign a unit displacement for x;, maintaining x;, x3, ..., x,, in their static.
equilibrium position. Calculate the system of forces required to maintain thig
as an equilibrium position. The forces, k;1, are applied at the locations whoge
displacements define the generalized coordinates. This set of forces yields the
first column of the stiffness matrix.

2. Continue this procedure to find all columns of the stiffness matrix. The jth
column is found by prescribing x; = 1 and x; = 0, i # j, and calculating the
system of forces necessary to maintain this as an equilibrium position

3. If x; is an angular coordinate, then k; is an applied moment. When calculating
the jth column of the stiffness matrix, a unit rotation in radians must be applied
to the angle defined by x;. If the small-angle assumption is necessary to achieve
a linear system, it is also used to calculate the stiffness influence coefficients,

4. Reciprocity implies the stiffness matrix must be symmetric: k; = k;;. The
symmetry can be used as a check.

5. When deriving differential equations for linear systems, note that static deflec-
tions in springs cancel with the gravity forces or other conservative forces that
cause the static deflections. Thus static deflections and their sources do not need
to be considered in determining stiffness influence coefficients.

Use the stiffness influence coefficient method to calculate the stiffness matrix for the
system of Fig. 5.3 in Example 5.1.

Solution:

The first column of the stiffness matrix is obtained by setting x; = 1, x; = 0, x3 =
0 and calculating the system of applied forces necessary to maintain this position i

equilibrium. Free-body diagrams of the blocks are shown in Fig. 5.10. Setting ZF = 0
yields

Block a: —k—2k+k1]=0§k][=3k
Block b: 2k + k21 =0= k21 = 2k
Block c: = k3; =0

The second column is obtained by setting x, = 0, x; = 1, x; = 0. Summing forces 01
the free-body diagrams yields

Block a: 2k +ki2 =0 = ki = -2k

Block b: —2k—k+kn=0=kyp =3k

Block c: k+kia=0= ks =—k
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Figure 5.10  (a) First column of stiffness matrix is colculated by sefting x; = 1, x2 =0,
x3 = 0; (b) second column of stiffness motrix is colculated by sefting
x1 =0, x3 =1, x3 =0; (c) third column of stiffness motrix is colculoted
by setting x; =0, x, =0, x3 = 1.

The third column is obtained by setting x; = 0, x; = 0, x3 = 1. Summing forces on the
free-body diagrams yields

Block a: = ki3=0
Block b: k4+ky=0=ks=-k
Block c: ~k—3k+kiy3=0=kiz =4k
The stiffness matrix is
3k -2k O
K=|-2k 3k -k
0 -k 4k

“.SC the stiffness influence coefficient method to find the stiffness matrix for the system in| Example 3
Fig.5.11. Use x 4, the downward displacement of block A, xp, the upward displacement

of block B, and 6, the counterclockwise angular rotation of the pulley, as generalized

Coordinates,

Solution:

The first column of the stiffness matrix is obtained by setting x4 = 1, xp = 0, and
9 = 0and finding the resulting system of forces and moments to maintain this as an
®quilibrium position. Note that since @ is an angular coordinate k3; is a moment.
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Block A: ZF=0=>—k+k11=0=>k11=k
Block B: Y F=0=k;=0
Pulley: D Mo =0=k(r) + ks =0= ks = —kr

The second column is obtained by setting x4 = 0, xg = 1, 6 = 0. The equations of
equilibrium yield

k(r) 3k(2r)

4

R =
ki ksyy kis ks

(o) (d)

Figure 5.11 (o) System of Example 5.10; (b} first column of stiffness
matrix is caleulated by setting x4, = 1, x5 = 1, 6 = 0; (¢)
second column of sfil"zless matrix is calculated by setting
x4 =0, xg=1,8 = 0; (d) third column of stiffness matrix
is calculated by setting x4 =0, x5 = 0, 9 =1.
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Block A: sz():,kn:o
Block B: ZF=0=>3k—k22=0=>k22=3k
Pulley: > Mo =0=3k(2r) + ka2 = 0= kzp = —6kr

The third column is obtained by setting x4 = 0, xp3 = 0, § = 1. The equations of
equilibrium yield

Block A: ZF=0=>kr+k13=0=>k13=—kr
Block B: 3 F=0=>3k(2r) + ko =0 => kps = —6kr
Pulley: Z Mo =0= —k(r)(r) — 3k(2r)(2r) + k33 = 0 = k33 = 13kr?

Thus the stiffness matrix for this choice of generalized coordinates is
k 0 —kr

K=| 0 3k —6kr
—kr —6kr 13kr?

Use the influence coefficient method to find the stiffness matrix for the system of Fig. 5.12| Exampie 5.1
using 6, the clockwise angular displacement of bar A B, and 6, the counterclockwise

angular displacement of bar C D, as generalized coordinates.

Solvtien:

The first column of the stiffness matrix is obtained by setting 8 = 1 and 6, = 0 and

finding the moments that must be applied to the bars to maintain this as an equilibrium

position. The small-angle assumption is used. Equilibrium equations are applied to the

free-body diagrams of Fig. 5.12b.

+
‘i . L{L L(L _B.
2. Ma=0= -2k (-2-) ~ Sk (Sg) ~KL(L) + ki = kyy = kL

2 L L L?
ZMD=O=5k€(L)+kL 5—6- + k2 =>k21=-—5k-3—

T:lle second column is obtained by setting 8, = 0 and §; = 1. The equilibrium
®quations are applied to the free-body diagrams to yield

b L L L?

Z Ms=0=kL (5-6—) + 5kg(L) + ki =2kp= —Sk—3—

e L/ L L(L L?
=0 =—kL(L)—-5k—{5=)-3%k={— k ki = 22k—
ZMD 0 (L) 6(56) 3k2 (2)+ 2 = k2 9
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Figure 3.12  (q) System of Example 5.12; (b) first column of stiffness matrix is

calculated by setting 6 = 1, 63 = 0; (c) second column of stiffness
matrix is calculated by setting 8; = 0, 62 = 1.

The stiffness matrix is

2

;—szz —Sk%
K= )
L

—5k— 2—2kL2

3 9
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/
ghe transverse vibrations of the cantilever beam of Fig. 5.13 are to be approximated| Exampile

py modeling the beam as a two-degree-of-freedom system. The inertia of the beam
is modeled by placing discrete masses at the beam’s midspan and end. Calculate the
stiffness matrix for this two-degree-of-freedom model using the displacements of the
midspan and end of the beam as generalized coordinates.

solution:

Calculation of the stiffness matrix requires the evaluation of the deflection of the beam
due to a concentrated load at the midspan and a concentrated load at the end of the beam.
Perhaps the best way of handling the beam deflection problem is to use the method of
superposition as shown in Fig. 5.13b. The elements of the ith column of the stiffness
matrix are calculated from

L L L
y (‘2‘) =kuy (-2') + kai y2 (5)
y(L) = k(L) + ko y2(L)

where y(z) is the total deflected shape of the beam, y;(z) is the deflected shape of the
beam due to a concentrated unit load at the midspan, and y,(z) is the deflected shape of
the beam due to a concentrated unit load at the end of the beam. From Table D.2 these

are evaluated as
Ly L? Ly s’
MY\2) T *\2)T w8E

513 L3
L = L T ewe—
»n(L) ARE] »(L) 3
7 () )
X X3
(@)
#f; lfz lfl
Fooc--o - ] = Fm-me—een . J
“s\\ ; "~_~“‘
lfz
v T |
) I

Figure 5.13 {a) Two-degree-of-freedom model of cantilever beam of
Example 5.12; (b} illustration of superposition method used to
caleulate stiffness matrix.
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To determine the first column, set y(L/2) = 1 and y(L) = 0. The equations are solveq
simultaneously, yielding

o = 768El kot = 240E1
To determine the second column, set y(L/2) = 0 and y(L) = 1. The equations ape
solved simultaneously, yielding

_ _240EI  _ 96EI

5.6 FLEXIBILITY INFLUENCE COEFFICIENTS

Development of the stiffness matrix using stiffness influence coefficients is straight-
forward. For mechanical systems the calculation of stiffness influence coefficients
requires the application of the principles of statics and little algebra. However, as
shown in Example 5.12, the calculation of a column of stiffness influence coefficients
for a structural system modeled with n degrees of freedom requires the solution of
n simultaneous equations. This leads to significant computation time for systems
with many degrees of freedom. Flexibility influence coefficients provide a conve-
nient alternative. They are easier to calculate than stiffness influence coefficients for
structural systems and their knowledge is sufficient for solution of the free-vibration
problem.

If the stiffness matrix, K, is nonsingular, then its inverse exists. The flexibility
matrix, A, is defined by

A=K" [5.26]
Premultiplying Eq. (5.1) by A gives
AMx + ACx + x = AF [5.27]

Equation (5.27) shows that knowledge of A instead of K is sufficient for solution
of the vibration problem.

The elements of K are determined by using stiffness influence coefficients.
Analogously, flexibility influence coefficients can be used to determine A. The flex-
ibility influence coefficient g;; is defined as the displacement of the particle whose
displacement is represented by x; when a unit load is applied to the particle whos®
displacement is represented by x; and no other loading is applied to the system. If
x; represents an angular coordinate, then a unit moment is applied. )

Suppose an arbitrary set of concentrated loads { f{, f>, ..., f.} is applied stall-
cally to an n-degree-of-freedom system. The load f; is applied to the particle whose
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ssplacement is represented by x,. Using the definition of flexibility influence coef-
ficients, x; is calculated from

xj = ajf; [5.28]
i=l1
Equation (5.28) is summarized in matrix form as
x = Af [s5.29]
Multiplying Eq. (5.29) by A~! yields
f=A"'x=Kx [5.30]

which defines the static relationship between force and displacement. Equation
(5.30) shows that the flexibility influence coefficients as defined are the elements of
the inverse of the stiffness matrix, defined as the flexibility matrix.

The procedure for determining the flexibility matrix using influence coefficients
is as follows:

1. Apply a unit load at the location whose displacement is defined by x;. The flex-
ibility influence coefficient in the first column, ;1, is the resulting displacement
of the particle whose displacement is x;.

2. Successively apply concentrated unit loads to particles whose displacements
define the remaining generalized coordinates. Calculate columns of flexibility
influence coefficients using the principles of statics.

3. K x; is an angular displacement, then a unit moment is applied to calculate a;;,
j =1,...,n. The displacements calculated for a;;, i = 1, ..., n, are angular
displacements.

4. Since the stiffness matrix is symmetric, the flexibility matrix must also be sym-
metric. This condition serves as a check on the analysis.

Determine the flexibility matrix for the system in Fig. 5.12 of Example 5.11 using flexi-| Exampl
bility influence coefficients.

Solution:
The free-body diagrams of Fig. 5.14 show the external forces, in terms of angular dis-

Placements, acting on each bar when an arbitrary set of moments is applied. The equa-

;ions of equilibrium are used to derive equations relating the displacements to the applied
orces

L 79KL2 SKL?
B : = = -
ar AB ZMA 0=m 36 61 3 )
& SkL2 22kL?
Bar BC: ZMD=0=>m2=-— 3 6, + 9 6;
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Figure 5.14  Free-body diagram of a static position used to calculate flexibility
influence coefficients for system of Examples 5.11 and 5.13. For
the first column 81 and 8, are determined by setting m; = 1,
m, = 0. For the second column ¢; and 8, are determined by
sefingmy; =0, my = 1.

The first column of the flexibility matrix is obtained by setting m; = 1, m; = (,
0, = a1, 82 = ay;, and solving the resulting equations simultaneously. The second
column is obtained by setting m; = 0, my = 1, 6 = a1z, 62 = ay;, and solving the
resulting simultaneous equations. The flexibility matrix is

396 270
A | 4197 d19k2
270 711

419kL?  838kL?

5.14 ‘Two small machines are to be bolted to an overhanging beam as shown in Fig. 5.15. The
beam is nonuniform; thus prediction of influence coefficients from strength-of-materials
concepts is difficult. Instead, the project engineer performs static measurements. After
the first machine is installed, the engineer notes that the deflection directly below the
machine is 10mm and the deflection of the end of the beam is 2 mm, After the second
machine is also installed, the deflection of the end of the beam is 0.8 mm.

(a) What is the deflection at the location where the first machine is installed after the
second machine is installed?

(b) What is the flexibility matrix for this system?

Solutien:

(a) Assuming a linear system, the principle of superposition yields the following rela-

tionships between the static loads, the influence coefficients, and the deflections:
xi=anfitanfr xx=anfitanf

When only the first machine is installed, fi = (60 kg)(9.81 m/s?) = 588.6 N, f» = 0,
x; = 0.01 m, x, = —0.002 m. Substitution into the preceding equations yields a1 =
1.7 x 1075 m/N, a5; = —3.4 x 10~% m/N. When the second machine is also installed;
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60 kg f
(a)
60 kg
JIZ / 1; 2 mm
10 mm
60 kg ig 1
T 0.8 mm
M T
(b)

Figure 5.15 (a) System of Example 5.14; (b) as each machine is bolied to the beam, stotic
deflection measurements are made.

fi =588.6N, f, = (20 kg)(9.81 m/s?) = 196.2 N, and x; = —0.0008 m. Then, since
a2 = ay, the displacement at the location of the first machine when both machines are
installed is

x; = (1.7 x 1075 m/N)(588.6 N) + (—3.4 x 107° m/N)(196.2 N) = 9.3 mm
(b) The second of the preceding equations yields

_mn—aufi _ [-0.0008m —(—3.4 x 107° m/N)(588.6 N)] _
P 196.2N -
The flexibility matrix is

m
a 6.1 x107% =
22 X N

A= [—0.34 0.61] 7%

Four machines are equally spaced along the length of an 8-m fixed-free beam of elastic| Example 5
modulus 210 x 10° N/m? and cross-section moment of inertia 1.6 x 10~5 m*. Write a

MATLAB script to determine the flexibility matrix for a four-degree-of-freedom model

of the system with the generalized coordinates representing the displacements of the

Machineg,

Solution:

The MATLAB script and the output when the script is run are shown in Fig. 5.16.
ﬁ © MATLAB script is written to accommodate an n-degree-of-freedom model for a
Xed-free beam with the nodes equally spaced along the length of the beam. The beam
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Example 5.15
Development of the flexibility matrix for a n-degree-of-freedom mode]
of a fixed-free beam. The program uses flexiblity influence coefficjq
calculated using the deflection equations of Appendix D.2. The programs
assumes the nodes are equally spaced along the length of the beam.

o OF O OF o

# Input beam parameters

1=input {'Enter number of degrees of freedom (must be an integer)');
i=input ('Enter elastic modulus of beam (N/m"*2)');
[(=input ('Enter area moment of inertia of cross section (m"4)');

»=input ('Enter length of beam (m)');
3 Specify location of nodes
for i=l:n
z(i)=i*L/n;
and
} Determine columns of flexibility influence coefficients beginning with
3 last column. Symmetry of flexibility matrix is used.
for i=1l:n
k=n-1i+1;
a=z (k) ;
for j=1l:k
x=z(j);
Al{j, k)=(-x"3/6+a*x"2/2)/(E*I);
A(klj)zA(jlk)l'
end
:nd
lisp('Flexibility matrix for fixed-free beam')
lisp('The system parameters are')
lisp('Number of degrees of freedom='),disp(n)
lisp('Elastic modulus (N/m"2)'},disp(E)
lisp('Moment of inertia (m™4)'), disp(I)
lisp('Length {(m)'), disp(L)
lisp('The locations of the nodes are (m)')
lisp(z)
lisp('The flexibility martrix is (m/N)')
lisp(A)

(a)

igure 5.16  {a) MATLAB script for solution of Example 5.15.

deflection equation is taken from Table D.2. The algorithm calculates the columns mn
reverse order sequentially, beginning with the last column. The guaranteed symmetry 0

the flexibility matrix is used to generate g;; once a;; is calculated. This algorithm mif-
imizes the computations required in that the location where the deflection is calculate!

is always at or to the left of the location where the concentrated load is applied. In this
case the (z — a)®/6u(z — a) term is always zero, as z < a.
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plexibility matrix for fixed-free beam
rhe system parameters are
yumber of degrees of freedom=

glastic modulus (N/m"2)
2.1000e+011

Moment of inertia (m"4)
1.6000e-005

Length (m)
8

The locations of the nodes are (m)
2 4 6 8

The flexibility matrix is (m/N)
1.0e-004 *

0.0079 0.0198
0.0198 0.0635
0.0317 0.1111
0.0437 0.1587

(h)

.0317 0.0437
<1111 0.1587
.2143 0.3214
.3214 0.5079

OO oo

Figure 5.16 (Con’t)  (b) Output when program is run.

Systems exist in which the stiffness matrix is singular and hence the flexil
matrix does not exist. These systems are called semidefinite or unconstraine
1s shown in Chap. 6 that these systems have a natural frequency of zero &
corresponding mode where the system moves as a rigid body.

_ The system of Fig. 5.17 has two degrees of freedom and is unconstrained.
Stiffness matrix for this system is calculated as

k -k
<=4

The second row of the stiffness matrix is a multiple of the first row, which implie
the matrix is singular and a flexibility matrix for this system does not exist. In
When the definition of flexibility influence coefficients is applied in an atterr
Calculate the flexibility matrix, as shown in Fig. 5.18, no solution is found. !
the system is unconstrained, when a unit force is applied to either mass, the sy



FUNDAMENTALS OF MECHANICAL VIBRATIONS

k
m, +—/\N— my Figure 5.17 Unconstrained two-degree-of-freedom

system.

1

i k(aZI —a“) = () -

Figure 5.18 Free-body diagrams of system
of Fig. 5.17 are used to show
that the flexibility matrix does
not exist.

cannot remain in equilibrium. Instead, the system will behave as a rigid body with
uniform acceleration.

Another example of an unconstrained system is the system of Fig. 5.10 in Ex-
ample 5.9. The stiffness matrix for this example is repeated here

k 0 —kr
K= 0 3k —6kr
—kr —6kr 13kr?

Inspection of this matrix reveals that the first row plus two times the second
row is proportional to the third row. Thus the three rows of the stiffness matrix are
dependent, which implies that the stiffness matrix is singular, which, in turn, implies
that the flexibility matrix does not exist. If, for example, a unit moment were applied
to the pulley, then there are no other external forces which develop a moment about
the center of the pulley. Hence equilibrium cannot be maintained.

A beam pinned at one end with no other support is an example of an uncon-
strained structural system. Application of a force or moment will lead to rigid body
rotation about the pin support. A free-free beam is doubly unconstrained, in that it
has two independent rigid-body motions. A free-free beam is unconstrained from
transverse motion as well as rigid-body rotation.

Flexibility influence coefficients can be used to calculate the flexibility matrix.
Equation (5.27) shows that knowledge of the flexibility matrix instead of knowledge
of the stiffness matrix is sufficient to proceed with solution of the system of differ-
ential equations governing the vibrations of a multi-degree-of-freedom system. The
choice of whether to determine the stiffness matrix or the flexibility matrix is usually
easy.

For structural systems, calculation of the flexibility matrix is easier than calcul2”
tion of the stiffness matrix. Forthese systems deflection equations from mechanics of
solids are used to determine the deflection of a particle due to an applied concentrated
load. The deflection equation for the structure is often available in a textbook of
handbook (e.g., App. D). Thus calculation of the flexibility matrix is direct, whereas
the solution of a system of simultaneous equations is necessary to determine each
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column of the stiffness matrix. However, calculation of the stiffness matrix is eas-
jer than calculation of the flexibility matrix for mechanical systems that comprise
rigid bodies connected by flexible elements. For these systems application of the
equations of static equilibrium to appropriate free-body diagrams is sufficient to
calculate the stiffness matrix, while calculation of a column of the flexibility matrix
also requires the solution of a system of simultaneous equations.

The stiffness matrix must be calculated for unconstrained systems.

5.7 LuUMPED-MASS MODELING OF CONTINUOUS
SYSTEMS

Vibrations of continuous systems are governed by partial differential equations.
Analytical solutions to partial differential equations are often difficult to obtain. Thus
approximate and numerical methods are often used to approximate the vibration
properties and systems response of continuous systems. Some of these, such as
Rayleigh-Ritz method and the finite-element method, are discussed in Chaps. 9 and
10. A simpler method of approximation is to replace the distributed inertia of the
continuous system by a finite number of lumped inertia elements. A point where a
lumped mass is placed is called a node. All inertia effects are concentrated at the
nodes. The nodes are assumed to be connected by elastic, but massless elements.
Generalized coordinates are chosen as the displacements of the nodes.

A lumped-mass model of a continuous system is a discrete mode] of a continuous
system. A system with » nodes is modeled as an n-degree-of-freedom system.
Differential equations of the form of Eq. (5.1) or Eq. (5.27) are derived to approximate
the vibrations of the continuous system. It is necessary to determine the mass matrix,
either the stiffness matrix or the flexibility matrix, and the force vector for the discrete
approximation.

Unless the system is unconstrained the flexibility matrix is used in lumped mass
modeling of a continuous system, The flexibility matrix is obtained by using flexi-
bility influence coefficients, as described in Sec. 5.6. If the system is unconstrained,
the stiffness matrix must be determined.

Lumped-mass approximations for modeling a continuous system using one-
(!egree-of-freedom were considered in Chap. 1. Recall that the inertia effects of a
linear spring are approximated by placing a particle of mass equal to one-third of the
Mass of the spring at its end. The one-third approximation determined by calculating
tl!e particle mass such that the Kinetic energy of the model system is equal to the
kinetic energy of the spring, assuming a linear displacement function along the axis
of the spring. This model illustrates that it is incorrect to model the inertia effects of
,the Spring by using the full mass of the spring. The kinetic energy of particles near
Its fixed support is much less than the kinetic energy of the particles near the point of
attachment to the system. Kinetic energy considerations could be used to determine

€ mass matrix for a discrete approximation. However, such a mass matrix, called
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the consistent mass matrix, is difficult to obtain and is not a diagonal matrix. The
amount of effort used in determining a consistent mass matrix would be better Useq
in developing a finite-element model for the system.

For simplicity itis desirable to specify a diagonal mass matrix for a lumped-magg
approximation of a continuous system. If a discretization is used where the mass of
the system is lumped at nodes, then an obvious approximation to the mass Matrix
is a diagonal matrix with the nodal masses along the diagonal. In such a situatiop,
the values of the nodal masses affects the accuracy of the system response. Using
the one-degree-of-freedom approximation of the inertia effects of a linear spring a5
a guide, it is clear that using the entire mass of the system in the approximation wijj
lead to errors in the approximation.

When a diagonal matrix is used to model the inertia effects of a continuoyg
system, the mass lumped at each node should represent the mass of an identifiable
region of the structure. A good scheme, whose accuracy will be questioned later,
is to define the nodal mass as the mass of a region whose boundaries are halfway
between the node and neighboring nodes on its right and left. If the node has no
neighbor on one side, but is adjacent to a free end, then all of the mass between the
node and the free end is used in calculating the nodal mass. If the particle is adjacent
to a support that prevents motion, then only half of the mass between the node and
the support is used. The accuracy of this method of approximation is considered in
Chap. 6.

Calculation of the force vector may also require additional approximations. As
shown in Sec. 6.3, the force vector is obtained by calculating the generalized forces,
which occur when the method of virtual work is used. If a concentrated load is
applied at a node, then the generalized force for the node’s generalized coordinate is
the value of the concentrated load and the generalized forces for all other coordinates
are zero. However, if a concentrated load is applied at a location other than a node
or the loading is distributed, calculation of the generalized forces requires additional
approximations. The dynamic displacement is not available to apply the method
of virtual work. In these cases it is suggested that the loading be replaced by a
series of concentrated loads, calculated as follows, such that the resulting system is
approximately statically equivalent to the applied loading. Static equivalence does
not imply dynamic equivalence.

If the applied loading is replaced by a system of concentrated loads, the following
method is used. The loading between any two nodes is replaced by a concentrated
load at each of the nodes. The two concentrated loads are statically equivalent {0
the loading between the nodes. The sum of the concentrated loads is the resultant of
the loading between the nodes. The moment of the distributed loading about either
node is the same as the moment of the two concentrated loads about that point.
Thus the total generalized force applied at a node is approximated by the sum of the
contribution from the loading between the node and its neighbor to the left and the
contribution from the loading between the node and its neighbor to the right. If the
node is adjacent to a free end, the contribution to the loading between the node and
the free end is the resultant of the loading. If the particle is adjacent to a support that
prevents displacement, only the resultant of the loading between the node and the
point halfway between the node and the support is used. In this case the work don¢
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by particles near supports is ignored in modeling the system, just as these particles’
kinetic energy is ignored. The concentrated load is not statically equivalent to the
actual loading if the particle is adjacent to a free end or a support.

perive the differential equations whose solution approximates the forced response oﬂ Examp
the cantilever beam of Fig. 5.19. Use four degrees of freedom to discretize the system.

The beam is made of a material of elastic modulus E and mass density p. It has a
cross-sectional area A and moment of inertia /. Neglect damping.

solution:

The beam is discretized by lumping its mass in four particles as shown in Fig. 5.195. The
nodes are chosen to be equally spaced. The generalized coordinates are the displacements
of the nodes. The mass of each particle models the inertia effects of the regions shown in
the figure. The loading is replaced by time-dependent concentrated loads at the nodes,
as shown in Fig. 5.19¢.

F(¢)
YY Y Y Y Y Yy v 1
-
2
L L L
 — : !
(a)

ARRRANY
r——f "1
/‘T
1

S
KN
-

-4}

L~
———
j I
B

—F N " —
|
______ R N SR
pAL pAL pAL pAL
mlg-—-—-— m2=—4—- 3=--—4--— m4=—-—
b)
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Figure 5.190 (a) System of Example 5.16; (b) nodal masses;
(¢} nodal forces.
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The flexibility matrix for this discretized system is detepmined from flexibility j,_
fluence coefficients, as described in Sec. 5.6. The first column is obtained by placing ,
unit load at the first node and calculating the resulting deflections at each of the Nodeg_
The result is

2 5 8 11

A= L3 5 16 28 40
T 384EI | 8 28 54 81
11 40 81 128

The mass matrix is a diagonal matrix with the nodal masses along the diagonal. Tpe
force vector is simply the vector of concentrated loads from Fig. 5.19¢. Then Eq. (5.27)
becomes

2 5 8 11 (1) (1’ g g %
pAL L? 5 16 28 01| o L ||
4 384 EI 8 28 54 81 ) X3
11 40 81 128|1p 0 o =||%
2
x1 2 5 8 111
Ll (LY (FEY| 5 16 28 402
x3 | \384EI) \ 8 8 28 54 81||1
x4 11 40 81 1280
which simplifies to
4 10 16 117[#% x1 18
pAL® [10 32 56 40||# e _ pAL*F() | 65
1536EI |16 56 108 81| | % x3|~ 3072Er |118
22 80 162 128 | %, X4 172

PROBLEMS

5.1-5.15. Use the free-body diagram method to derive the differential equations governing
the motion of the systems shown in Figs. P5.1 to P5.15 using the indicated generalizt?d
coordinates. Make linearizing assumptions and write the resulting equations in matrx
form.

Xy —>X X3

§ 2k k k FIGURE P5.1
W i " " _'VV\r‘E (Problems 5.1, 5.16, 5.31, 537,

5.45, 5.60)




CHAPTER 5 . MUuLTI-DEGREE-OF-FREEDOM SYSTEMS

k
D\Q—o
Slender rod of
mass m f'—‘ ____4‘_ = Slender rod of

:
SR af\
TR e

‘ 1 m 2m I
112 Xy x2
FIGURE P5.2 FIGURE P53
(Problems 52,5.17,5.38,5.46) (Problems 5.3, 5.18, 5.47, 5.61)
0.1L
' k—-o.4L——~|~L|+ 03L -S> 02L
. L . L "
! 2 ' 2 Slender rod of G
mass m . }\ -
X I Ix k 1 2k Rod of
1 k k k ’ 1 % mass m
momeni
m m2 inertia
‘13 ‘ xz
FIGURE P5.4 FIGURE P5.5
(Problems 5.4, 5.19, 5.32, 5.48) (Problems 5.5, 5.20, 5.33, 5.39, 5.49, 5.62)
Thin disk of

—Xp p—X .
b € mass m and radius

k 2k k r rolls without slip
g'/\/\/\fﬂ"ﬂl\@’\/\-/\rﬂ—* F(®)  relative to center of
; ) ) mass 2m. xp 1S FIGURE P5.6
absolute displacement  (prohiems 5.6, 5.21, 5.34, 5.40,

of mass center of disk 5,50, 5.65)
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hin disk of
mass m and radius
r rolls without slip

relative to center of

f—Xp p—Xc
2k Idler pulley
k

cart. xp is absolute ) \ FIGURE P5.7
displacement of W Zm (Problems 5.7, 5.22, 541,
mass center of disk 5.51)

\ .
0 2k
F r/2 I

r 21 X2
! !
k m m

2m I
! .
Xy k

FIGURE P5.8 FIGURE P5.9
(Problems 5.8, 5.23, 5.42, 5.52) (Problems 5.9, 5.24, 5.53, 5.63)
0,
L m
Identical slender !
k k rods of length L
L and mass m
o
l e i \
x; k L
P 02
IL ) ] \
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e J
FIGURE P5.10 FIGURE P5.11

Problems 5.10, 5.25, 5.35, 5.43, 5.54, 5.64) (Problems 5.11, 5.26, 5.36, 5.44, 5.55)
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FIGURE P5,12

8 (Problems 5.12, 5.27, 5.56)
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L
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r i
xlI l I Xy M)
k c k
l FIGURE P5.15
(Problems 5.15, 5.30, 5.59)

5.16-5.30. Use Lagrange’s equations to derive the differential equations governing the motjgy,
of the systems shown in Figs. P5.1 to P5.15 using the indicated generalized coordinates.
Make linearizing assumptions and write the differential equations in matrix form. Indicate
whether the system is statically coupled, dynamically coupled, neither, or both,

5.31-5.36. Determine the kinetic energy of the systems in Figs. P5.1, P5.4, P5.5, P5.6, P5.10,
and P5.11 at an arbitrary instant in terms of the indicated generalized coordinates. Make
necessary linearizing assumptions and put the kinetic energy in the quadratic form of Eq,
(5.7). Use the quadratic form of the kinetic energy to determine the mass matrix for the
system.

5.37-5.44. Determine the potential energy of the systems in Figs. P5.1, P5.2, P5.5, P5.6, P5.7,
P5.8, P5.10, and P5.11 at an arbitrary instant in terms of the indicated generalized coordi-
nates. Make necessary linearizing assumptions and put the potential energy in the quadratic
form of Eq. (5.6). Use the quadratic form of the potential energy to determine the stiffness
matrix for the system.

5.45-5.59. Derive the stiffness matrix for the systems in Figs. P5.1 to P5.15 using the indicated
generalized coordinates and stiffness influence coefficients.

5.60-5.64. Derive the flexibility matrix for the systems in Figs. P5.1, P5.3, P5.5, P5.9, and P5.10
using the indicated generalized coordinates and flexibility influence coefficients.

5.65. Derive the differential equations governing the motion of the system of Fig. P3.6 using x,
the displacement of the cart, and x,, the displacement of the disk relative to the cart, as the
generalized coordinates.

5.66. Derive the differential equations governing the torsional oscillations of the turbomotor of
Fig. P5.66. The motor operates at 800 rpm and the turbine shaft turns at 3200 rpm.

e

—1

L L . L
2 4 @ 4

Gear B
, || 6;
Turbine 4:1 gear ratio '[\
L]
Gear A Motor

Moments of inertia; Turbine shaft Motor shaft
Motor 1800 kg - m? G =80 x 10° N/m? G =80 x 10° N/m?
Turbine 600 kg - m? L=21m L=14m
Gear A 400 kg - m? d =180 mm d= 305 mm

Gear B 80 kg - m® FIGURE P5.66
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5,67. Derive the differential equations governing the torsional oscillations of the system of Fig.
P5.67.

s 04 rP b 0, 6,
5, G LG J,G I, G

L ——— L n—_é—»_q———[,———»l____‘
2 .

Is
FIGURE P5.67

5.68. A rotor of mass m is mounted on an elastic shaft with journal bearings at both ends. A
three-degree-of-freedom model of the system is shown in Fig, P5.68. Each journal bearing
is modeled as a spring in parallel with a viscous damper. Derive the differential equations
governing the transverse motion of the system.

SO S Y—
my | _my my
e
Xy 1- El X3

k ]c , 1_ k lc

FIGURE P5.68

5.69. Atwo-degree-of-freedom model of an airfoil, shown in Fig. P5.69, is used for flutter analy-
sis. Derive the differential equations governing the motion using the indicated generalized
coordinates.

FIGURE P5.69

5.70. A three-degree-of-freedom model of a railroad bridge is shown in Fig. P5.70. The bridge
is composed of three rigid spans. Each span is pinned at its base. Using the angular
displacements of the spans as generalized coordinates, derive the differential equations
governing the motion of bridge.
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ky ky k2 ky

FIGURE P5.70

5.71. A five-degree-of-freedom model of a railroad bridge is shown in Fig. P5.71. The bridge js
composed of five rigid spans. The connection between each span and its base is modeled
as a torsional spring. Using the angular displacements of the spans as the generalizeq
coordinates, derive the differential equations governing the motion of the bridge.

FIGURE P5.71

5.72. A two-degree-of-freedom model of a vehicle suspension system is shown in Fig. P5.72.
Derive the differential equations governing the motion of the system.

m
le

ma
I x2

FIGURE P5.72
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573. A four-degree-of-freedom model of a vehicle suspension system is shown in Fig. P5.73.
" Derive the differential equations governing the motion of the system using the indicated
generalized coordinates.

F'/"_—_.a } b >

l $ B

I

&
k [} ky 123

FIGURE P5.73

5.74. A four-degree-of-freedom model of an aircraft wing is shown in Fig. P5.74. Derive the
flexibility matrix for the model.

ALLLLRALLAATARARRARIRRRARRRRNS

5.7s. Figure P5.75 illustrates a three-degree-of-freedom model of an aircraft. A rigid fuselage
1s attached to two thin flexible wings. An engine is attached to each wing, but the wings
themselves are of negligible mass. Derive the differential equations governing the motion
of the system.

MI E 1 E1 I%

*2 FIGURE P5.75
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5.76. An airplane is modeled as two flexible wings attached to a rigid fuselage (Fig. P5.76), Use
two degrees of freedom to model each wing and derive the differential equations govern;,
the motion of the five-degree-of-freedom system. g

1 E |

i

Il L [ __L_ Lo !‘_
2 ' 2 i 2

/-\ 2 o
m _(m) M () m
aY; \‘zf E1 E i Kf/ E 1 Q
Il xz 14 x5
X3

5.77. A drum of mass m is being hoisted by an overhead crane as illustrated in Fig. P577
The crane is modeled as a simply supported beam with a winch at its midspan. The
cable connecting the crane to the drum is of stiffness k. Derive the differential equationg
governing the motion of the system using three degrees of freedom to model the beam,

FIGURE P5.76

Includes mass
of winch

VA

O

o @l

FIGURE P5.77

5.78-5.81. The beams shown are made of an elastic material of elastic modulus 210 x 10° N/I_“2
and have a cross-sectional moment of inertia 1.3 x 10~° m*. Determine the flexibility
matrix when a three-degree-of-freedom model is used to apalyze the beam’s vibrations-.
Use the displacements of the particles shown as generalized coordinates. Use Table D2
for deflection calculations.

40 cn —— 40 cm —— 40 cm —~|

S
FIGURE P5.78
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|_.,80cm—+—800m-+_80cm_+-—80cm—'|
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2’_, ~ N -/ £ FIGURE P5.79

I.Fsocm—+—606m—-+<—60cm—+——80cm——|

FIGURE P5.80

j+- 40 cm —~— 40 cm —{~ 40 cm —~} 80 cm |

O—0 O
Qﬂ /7977 FIGURE P5.81

5.82. Determine the stiffness matrix for the three-degree-of-freedom model of the free-free beam

of Fig. P5.82.
AR N £\
U/ _/ N
L L L
= } - f — f — -
4 4 4 4 FIGURE P5.82

5.83. Using a two-degree-of-freedom model, derive the differential equations goveming the
forced vibration of the system of Fig. P5.83.

—x ;
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/77(;;727 FIGURE P5.83

5.84. Use a two-degree-of-freedom model to derive the differential equations governing the
motion of the system of Fig. P5.84, A thin disk of mass moment of inertia I, is attached
to the end of the fixed-free beam. Use x, the vertical displacement of the disk, and 9, the
slope of the end of the beam, as generalized coordinates.
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MATLAB PROBLEMS

MS5.1. The file VIBES_5A.m contains the MATLAB script used in Example 5.15. Use the
file to determine the flexibility matrix for a six-degree-of-freedom model of a fixed-free
beam where the nodes are equally spaced along the span of the beam. If you use unj
values of E, I, and L, the resulting matrix should be multiplied by L3/ EI.

MS5.2. The file VIBES_5B.m contains the MATLAB script for calculation of the flexibility
matrix of an n-degree-of-freedom model of a fixed-fixed beam. The program allows for
nodes at any location along the span of the beam. Use VIBES_5B.m to calculate the
flexibility matrix for the four-degree-of-freedom system of Fig. PM5.2.

b2 m—je=2.2 m—jt—3 m —>te—2 m —»je 2.2 m |
E=210x 10°N/m?
I1=45x10"%m*

FIGURE PM5.2

MS5.3. The file VIBES_5C.m contains the MATLAB script for determination of the s[iffl_le_ss
matrix of a free-free beam. A free-free beam is unrestrained, and thus its flexibility
matrix does not exist. Use VIBES_SC.m to determine the stiffness matrix for a four-
degree-of-freedom model of the missile of Fig. PM5.3.

[D— oL " L
3 o 3 ' 3
T L=18m
! E =200 x 10° N/m?
! I=12x10"t m*
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FIGURE PM53
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Write a MATLAB script file to determine the flexibility matrix for an n-degree-of-
freedom model of a fixed-pinned beam. Use the program to determine the flexibility
matrix for a three-degree-of-freedom model of a fixed-pinned beam.

Write a MATLAB script file to determine the flexibility matrix for an n-degree-of-
freedom model of a beam pinned at one end, free at one end, but with an intermediate
simple support. Use the program to determine the flexibility matrix for a three-degree-
of-freedom model of the diving board of Prob. 2.36. Place one node midway between
the two supports, one node midway between the intermediate support and the end, and
one node at the end of the board.

Write a MATLARB script file to determine the stiffness matrix for an n-degree-of-freedom
model of a pinned-free beam. A pinned-free beam is unrestrained and thus its flexibility
matrix does not exist. Use the program to determine the flexibility matrix for a five-
degree-of-freedom model of a pinned-free beam.



™" Free Vibrations
6  of Multi-Degree-
of-Freedom Systems

6.1 INTRODUCTION

The vibrations of an n-degree-of-freedom system are governed by a system of n
differential equations. The general solution of these differential equations is the sum
of a homogeneous solution and a particular solution. The homogeneous solution
is the free-vibration response, and its determination is often necessary before the
forced response can be determined.

The free-vibration analysis of a multi-degree-of-freedom system is significantly
more complicated than the free-vibration analysis of a one-degree-of-freedom sys-
tem. Determination of the free-vibration response requires matrix algebra. A reader
unfamiliar with matrix algebra and terminology is encouraged to read App. C before
proceeding with Chaps. 6 and 7.

In the following discussion it is assumed that the mass matrix, the stiffness ma-
trix, and, for systems with viscous damping, the damping matrix are all symmetric.
The symmetry of these matrices is guaranteed if energy methods are used to derive
the differential equations. If energy methods are not used and M, C, and K are not
Symmetric, then the differential equations can be algebraically manipulated until a
reformulation involves symmetric matrices.

6.2 NORMAL-MODE SOLUTION

The general formulation of the differential equations governing free vibrations of a
linear undamped n-degree-of-freedom system is

M+ Kx=0 [6.1]
Where M and K are the symmetric n x n mass and stiffness matrices, respectively,
and x is the n-dimensional column vector of generalized coordinates.

295
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Free vibrations of a multi-degree-of-freedom system are initiated by the presence
of an initial potential or kinetic energy. If the system js undamped, there are p,
dissipative mechanisms and it is expected that the free vibrations described by the
solution of Eq. (6.1) are periodic. Itis assumed that the vibrations are synchronous j in
that all dependent variables execute motion with the same time-dependent behavigr.
Thus, when free vibrations at a single frequency are initiated for a particular System,
the ratio of any two dependent variables is independent of time. These assumptiopg
lead to hypothesizing the normal-mode solution of Eq. (6.1) in the form

x(t) = Xe'" 16.2)

where w is the frequency of vibration and X is an n-dimensional vector of constants,
called a mode shape. This hypothesis implies that certain initial conditions lead to
a solution of the form of Eq. (6.2) for specific values of w. The values of w such
that Eq. (6.2) is a solution of Eq. (6.1) are called the natural frequencies. Each
natural frequency has at least one corresponding mode shape. Since the differentia]
equations represented by Eq. (6.1) are linear and homogeneous, their general solution
is a linear superposition over all possible modes.
Substitution of Eq. (6.2) into Eq. (6.1) leads to

(—*MX + KX)e'” = 0 [6.3]
Since ¢’ # 0, for any real value of ¢,
—-o™™MX + KX =0 [6.4]

The mass matrix is nonsingular, and thus M~! exists. Premultiplying Eq. (6.4) by
M~! and rearranging gives

MK - ’DX =0 [6.5]

where 1 is the n x n identity matrix. Equation (6.5) is the matrix representation
of a system of n simultaneous linear algebraic equations for the n components of
the mode shape vector. The system is homogeneous. Application of Cramer’s rule
gives the solution for the jth component of X, X, as

0
X, =
7 det M-1K — 01|
Thus the trivial solution (X = 0) is obtained unless
det MK — 1] = 0 [6.7]

Hence, applying the definitions of App. C, @* must be an eigenvalue of M”l.K-
The square root of a real positive eigenvalue has two possible values, one positlve
and one negative. While both are used to develop the general solution, the positive
square root is identified as a natural frequency. The mode shape is the corresponding
eigenvector.

It is shown in Sec. 5.6 that when the stiffness matrix, K, is nonsingular, itS
inverse is the flexibility matrix, A. Premultiplying Eq. (6.4) by A leads to

(~’AM +DX = 0 [6.8]

[6.6]
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pividing by w? gives

Thus the natural frequencies are the reciprocals of the positive square roots of the

B siognyalues of AM and the mode shapes are its eigenvectors. The matrix, AM, is
e — =

ULt s =

Natural frequencies of multi-degree-of-freedom systems are calculated as either
the square roots of the eigenvalues of MK or as the reciprocals of the square roots
of the eigenvalues of AM. The mode shapes are the corresponding eigenvectors of

either matrix.

6.3 NATURAL FREQUENCIES AND MODE SHAPES

In the previous section it is shown that the natural frequencies of an n-degree-of-
freedom system are the positive square roots of the eigenvalues of M~!K or the
reciprocals of the positive square roots of the eigenvalues of AM. The mode shape
vectors are the corresponding eigenvectors. As shown in App. C, the evaluation
of Eq. (6.7) leads to an nth-order polynomial equation, called the characteristic
equation, whose roots are the eigenvalues. Since all elements of the mass and
stiffness matrices are real, all coefficients in the characteristic equation are real and
thus if complex roots occur, they must occur in complex conjugate pairs. However,
it can be shown (see Sec. 6.7) that, because of the symmetry of M and K, the
characteristic equation has only real roots. Negative roots are possible, but lead
to imaginary values of the natural frequency. When the negative square root of a
negative eigenvalue is multiplied by i to form the exponent in the normal-mode
solution, Eq. (6.2), a real positive exponent is developed. This term grows without
bound as time increases. Such a system is unstable.

Assume that all eigenvalues of M~ 'K corresponding to symmetric mass and
stiffness matrices are nonnegative. Then there exist n real natural frequencies that can
be ordered by w; < w; < -+ < w,. Each distinct eigenvalue @?,i = 1,2,...,n,
has a corresponding nontrivial eigenvector, X;, which satisfies

M IKX; = o’X; [6.10]
This mode shape, X;, is an n-dimensional column vector of the form
Xi1
X;
X, = " [6.11]
Xin

Since the system of equations represented by Eq. (6.10) is homogeneous, the mode
shape is not unique. However, if w? is not a repeated root of the characteristic equa-
Uon, then there is only one linearly independent nontrivial solution of Eq. (6.10).
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The eigenvector is unique only to an arbitrary multiplicative constant. Normalizg
tion schemes exist such that the constant is chosen so the eigenvector satisfieg a‘
externally imposed condition. f

If w,.z is a repeated root of the characteristic equation of multiplicity r, there ar
r linearly independent nontrivial solutions of Eq. (6.10). Each of these mode Shapez
is also unique to a muitiplicative constant.
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The resulting characteristic equation is

g —238+108=0
A

where = &
Application of the quadratic formula yields

23 £ 4/(23)% — 4(108)
B = 3
since the natural frequencies are the positive square roots of the eigenvalues,

k
W) = 128‘/—;- w; = 203‘/;%

The equations from which the mode shapes are obtained are
8¢ — A —¢LM X1 0
12 x 15| o
—¢+ 15¢—X 2
L
Since the determinant of the matrix is zero, these equations are not independent and only

one is used. The first equation gives the following relation between the components of
each mode shape:

= 6.58, 16.42

8¢ — A,
oL

Arbitrarily choosing X;; = 1 leads to X;, = 1.42/L for A = 6.58¢ and X, =
—8.42/L for A, = 16.42¢. The mode shape vectors are

Xa

2=

1 1
Xi=1143 Xo=| 842
L L

Graphical representations of the mode shapes are shown in Fig. 6.1. A node, or point of
zero velocity, occurs at a distance 0.119L to the right of the mass center for the second
mode. There are no nodes on the bar for the first mode.

Resolve Example 6.1 using x4 and xp as generalized coordinates. Example
Solution:

The differential equations using x4 and xp as generalized coordinates are
7 2

27" 27" | [%a + k 0l[xal __|O
2 16 Xp 0 k|lxg| 10

27" 27
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Second mode
(b)

Pigere 6.1 Mode shapes for Example 6.1. Displacement of mass center is taken as one.

(0} @ = 1.28/K/m;: (b) & = 2.03y/k/m, a node occurs a distance 0.1 19L fo right of
mass center. Mode shape represents rigid body rotation about node.
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gince the system is dynamically coupled, but not statically coupled, it is easiest to invert
the stiffness matrix to determine the flexibility matrix and calculate AM

Mo .m 1 o][7 2]=[7¢ 2¢]
“klo 1)z 16] |20 169
where ¢ = m/27k. The eigenvalues of AM are determined from
T6—Ar 20
26 166 — A
g2 —238+108 =0

=0

where 8 = A/¢. Note that the characteristic equation is the same as obtained in Example
6.1 except for a different definition of ¢. The eigenvalues are

A = 6.58¢ = 6.58 (5’;’7() - 0,244%

= 16424 = 16.42 (5';'—k) = 0.608%

The system’s natural frequencies are

1 [ k 1 [k
W =——=128,/— wy=-—=2.03,/—
l Va2 m Vil m

which are the same natural frequencies calculated in Example 6.1. The mode shape
vectors are obtained by solving

RN (41 1
20 169 —o? |[Xn] [0

The first of these equations leads to
¢ — w,?

Xip= 7%

Xi

which leads to the mode shape vectors

1 1
X = [4.71] X2 = [—0.21]

The graphical representation of these mode shape vectors is given in Fig. 6.2.

——————

A simplified model of an automobile suspension system is shown in Fig. 6.3. The |Example €
2)' of the vehicle weighs 3000 Ib, has a centroidal moment of inertia of 300 slug

" %, and is connected to four massless springs. The springs are connected to the

axle-whee] assembly. If the inertia of the axle-wheel assembly is ignored, then the

°1a§ticity of the tires is included by adding a spring in series with each of the existing

SPrings. The result is the two-degree-of-freedom model with equivalent spring stiffness
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(a)

0.119L 021 Figure 6.2 Mode shapes for Example
6.2. These are identical to

mode shapes of Fig. 6.1

except that displacement of

left end is taken to be one.

(o) w = 1.28Vk/m; (b) & =
» 2.03\/k/m.

~=

of 2000 Ib/ft. Determine the natural frequencies for this two-degree-of-freedom model,
using MATLAB to perform the calculations.
Solution:

Let x be the displacement of the mass center and 6 be the angular rotation of the bar frO{n
its horizontal position. The differential equations derived by either summing forces 10
the vertical direction and summing moments about the mass center or by using energy

methods are
[m o] b4 N 2k Gb-—a) {[x] _[O
0 16 b - ak (B +a®k [9]_[0]
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@ i W = 3000 Ib
[ ? 1 U I = 300 slug-ft2
éx k = 2000 b /ft
k k a=351ft
b =45 ft
(a)

k(x — a)

mi )”’
k(x + b8)

External forces Effective forces
(b)
Figure 6.3 (o) Two-degree-of-freedom model of automobile suspension system;
(b) free-body diagrams used to derive differential equations.

The MATLAB script for solution of this problem and the output when the script is run
are given in Fig. 6.4.

Calculate the natural frequencies and the mode shapes for the three-degree-of-freedom
system of Fig. 6.5.
Solution:

The differential equations for free vibrations using the displacements of the masses from
equilibrium as the generalized coordinates are

m 0 01ry 3%k -2k 0] [x7] [0
0 m Ollels]l-2c 3k —k||lx|=]0
0 0 ; ¥ 0 —k 3k||x 0

Application of Eg. (6.7) gives

Where o= ;’:—1


















¢HAPTER 6 ¢+ FRrgg VIBRATIONS OF MULTI-DEGREE-OF-FREEDOM SYSTEMS

M
(a)
(b)
{c)

Figure 6.7 Mode shapes for Example 6.4. Nodes are shown for second and
third modes. {a) w = 0.893/k/m; (b) = 2.110Vk/m; (c) w =
2.597./k/m. Mode shapes are chosen such that X; = 1.
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$ MATLAB solution of Example 6.5
digits(5)
syms beta
% Beta is the mass of the machine attached to the beam at its midspap
$ Input paramters
E=input (' Input elastic modulus in 1b/in"2 '});
I=input (' Input moment of inertia in in™4 '};
Area=input (' Input area in in"2 ');
L=input (' Input length of beam in ft '};
gamma=input (' Input specific weight of beam in lb/ft"3 '};
m2=input (' Maximum weight of machine in 1lb '});
$Unit conversions
rho=gamma/32.2; % Mass density
E=E*144; $ E in 1b/ft"2
I=I/12"4; % I in ft"4
Area=Area/144; $ Area in ft~"2
mb=rho*Area*L; $ Mass of beam in slugs
m2=m2/32.2; $ Max. machine mass in slugs
$ Develop flexibility matrix for three-degree-of-freedom model of
$ fixed-pinned beam
for i=1:3
k=4-i;:
aL=k/4;
Cl={1-al)*(alL"2-2*al-2)/2;
C2=alL*L*(l-al)* (2-aL)/2;
for j=1:k
x=3/4*L;
A(j,k)=Cl*x"3/6+C2*x"2/2;
A(k,J)=A(3,k); % Using symmetry
end
end
% Develop mass matrix for model
M=[mb/4,0,0;0,mb/4+beta, 0;0,0,mb/4}; $ mb/4 is lumped at each node
C=A*M;
V=eig(C):
Q=vpa (V) ;
sl=real(Q);
b=linspace(0,m2,51);
for i=1:51
sa=subs (sl,beta,b(i));
sb=double (sa) ;
s2=sort (sh);

oml (1)=sqrt(E*I/s2(1)); % Natural frequencies are
om2 (i)=sqrt(E*I/s2(2)); % reiprocals of square roots ©
om3 (i) =sqrt(E*I/s2(3)); % eigenvalues of AM

end

omll=double (oml) ;
om22=double (om2} ;

Figure 6.8 () MATLAB script for solution of Example 6.5.

f
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orrl33=double(om3);

lOt(b'omll' '"'ub,0m22, "-_'Iblom33l ‘')
xlabel (' Mass of machine (slugs)')
ylabel ( ' Natural freqguencies (rad/s)')

(a)

W27 x114
5000 T T T T T T

4500 P .

3500 |- T
3000 - T
2500 [ rreeecmeeenmmnneen. .

2000 - s

Natural frequency (rad/s)

1500 - =
1000 - .

oo _

0 1 1 ! 1 ] 1
0 50 100 150 200 250 360 350

Mass of machine (slugs)
&

W16 x 100
2500 T T T T T T

2000 [~ -

e

1500 T

1000 L . ]

Natural frequency (rad/s)

500 - “

Mass of machine (slugs)
©

Figure 6.8 {Con't) {a} Con't. (b} Natural frequencies versus machine mass for W27 x 114 bear
frequencies versus machine mass for W16 x 100 beam section.
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| 6.4 GENERAL SOLUTION

Equation (6.1) is a homogeneous system of n second-order linear differential equa.
tions. The normal-mode assumption, Eq. (6.2), leads to the determination of n
natural frequencies. If A is an eigenvalue of M™'K, then both @ = /% apg
@ = —+/A satisfy Eq. (6.7) and given rise to the same solution, X, of Eq. (6.5),
The functions ¢'*" and e™*' are linearly independent with each other and linear]y
independent with other functions of the same form with different values of . Thyg
the normal-mode solution generates 2n linearly independent solutions of Eq. (6.1).
The most general solution of a linear homogeneous problem is a linear combinatioy
of all possible solutions. To this end,

n
x(t)=Y_X; (éileiw' + C'ize_i'”') [6.12]
i=1

Using Euler’s identity to replace the complex exponential by trigonometric functions
and redefining the arbitrary constants gives

n
x(t) = ZX,- (Ci1 cos w;t + C;z sinw;t) [6.13]
i=1

Trigonometric identities are used to write Eq. (6.13) in the alternate form

X(t) =Y X;A; sin (it — ;) [6.14]
i=1

Initial conditions must be specified for each dependent variable

x1(0) x1(0)

0 x> (0

x(0) = xzf ) _ x2:( )
x,(0) X (0)

Application of the 2r initial conditions to Eq. (6.14) yields 2n equations to be solved
for the 2n integration constants.

x(0) = — ZX,’A,‘ sin ¢; [6.1 5]
i=1

and X(0) = Y _ Xyw; A; cos ¢ [6.16]

i=l

Corisider again the system of Examples 6.1 and 6.2. The springs are designed such that
the static-equilibrium position coincides with the horizontal orientation of the bar. BO
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ends of the bar are displaced a distance & from the equilibrium position. The bar is held
in this position and released. Solve for the time-dependent history of the resulting free

yibrations.

golution:
with x and & as generalized coordinates, the initial conditions are

x| [3] 0| [o]

60| L0 60| O
Applying the initial conditions and using the results of Example 6.1 in Egs. (6.15) and
(6.16) lead to

C 1 ] 1
é . .
[0] =—A1| 1.43 | sin ¢ — A; 8.42 | sin ¢,
L L L
0 k 1 7 1
={128,/—)A1] 1.43 | cos ¢ + {2.03,/ — 8.42 | cos ¢
0 LT m) |-

The last two equations are satisfied by taking ¢; = ¢» = —m/2. The solution of the
first two equations is A; = 0.8558 and A, = 0.1454. The free vibration response of the

system is
1
x() ) k T
[B(t)] 0.8556 | 143 | sin ( 1/mt+ 2)
L
1 k 14
+ 0.1455 8.42 | sin (2.03‘/ —~t 4+ —)
- m 2

or  x(t)=245(0.855sin | 1.28,/ —t + il + 0.145 sin 2.031/ Et -+ T
2 m 2
) / /
0(t) =1.22— {sin [ 1.28 f—t + ) sin { 2.03 -E-t + z
L m 2 m 2

——

.

——

6.5 SpeciaL Cases

[{_epeated eigenvalues of M~'K and AM occur when the natural frequencies of two
d_lstht modes coincide. It is usually possible to identify the separate modes of
Vibration, For example, consider the circular cantilever beam of Fig. 6.9. The beam
has a thin disk attacked at its end. If the disk is vertically displaced and released,
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I b

Figure 6.9  For certain combination of parameters the natural
frequency for transverse vibration coincides with the
natural frequency for torsional oscillation.

the disk undergoes free transverse vibrations. For a one-degree-of-freedom mode],
with inertia effects of the beam ignored, the natural frequency of free transverse

vibrations of the disk is
= / 3EI
Y=Y miL3

where E is the elastic modulus of the beam, / is the cross-sectional moment of
inertia of the beam, L is the length of the beam, and m is the mass of the disk.
If the disk is twisted and released, it undergoes free torsional oscillations. For a
one-degree-of-freedom model, with inertia effects of the beam ignored, the natural
frequency of free torsional oscillations is

_ [ue
2=V

where J is the polar moment of inertia of the cross section of the beam, G is the
beam’s shear modulus, and 7p is the mass moment of inertia of the disk. These
two natural frequencies are equal for a steel shaft when the ratio of the length of the
beam to the radius of the disk is 1.40. The two modes of vibration are independent
but happen to have the same natural frequency.

If w; is a natural frequency calculated from an eigenvalue of multiplicity 7,
then only n — m of the linear algebraic equations from which the mode shape is
calculated are independent. Thus m elements of the mode shape can be arbitrarily
chosen. The most general mode shape involves m arbitrary constants. Then m
linearly independent mode shapes, X;, Xi+1, . . ., Xjpm. are specified. The general
solution of Eq. (6.1) is still given by Eq. (6.14), but w; = ;| = -+ - = Wi4m-1-

The two-degree-of-freedom system of Fig. 6.10 has a natural frequency of /Gk/m cor
responding to a rotational mode and a natural frequency of /2k/m corresponding t0 3
translational mode. The system is neither statically nor dynamically coupled. A block
of mass m is attached to the mass center of the bar through a spring as shown in Fig. 6.11,
adding a degree of freedom and leading to static coupling. The differential equations
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" L —
m J

" B
(a)

[ | o2
)

— o | ‘/g,;
(c)

Figure 6.10 (a) Original system of Example 6.7; (b) mode
shape for translational mode, w = /2k/m;
{c} mode shape for rotational mode w = /6k/m.

1 T

3
= !

Figure 6.11  System of Example 6.7.

governing free vibration of this vibration of this three-degree-of-freedom system are

m 0 0 . 2k + ki —k 0
X1 X1 0
0O m 0 v -k ki 0
, {2 ]+ L2 x2|=|0
L .-
m 3 0 0 k 5

The rotational mode is stll uncoupled from the other modes. Find a value of k; such
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that another natural frequency of the system coincides with the natural frequency of the
rotational mode. Find the mode shapes for all modes.

Solution:
The determinant leading to the characteristic equation is

R+a)p—r —ag¢ 0
det —a¢ ag — X 0 =0

where o=

and o =

The characteristic equation obtained by row expansion of the determinant, using the
third row, is

6-p[f*—21+a)f+2a]=0

where B =

o>

The roots of the characteristic equation are

B=614+aty1+a?

The B = 6 root corresponds to the natural frequency of the rotational mode. Requiring
one of the other natural frequencies to be equal to the natural frequency of the rotational

mode leads to
l+atvVi+a?=6=a=4

Then the natural frequencies become

4k k
W) = —_— Wy =3 = 6;

Sm
The mode shape corresponding to the lowest natural frequency is
1

X =]15
0

For B = 6 the mode shapes are determined from

~1.6¢ -24¢ 0][xa 0
~24¢ -36¢ O||Xnl|=]|0
0 0 0l Xn 0
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The general solution of this system contains two arbitrary constants and can be written
as

1 0
—%a =a —% +b 0
0 1

1 0
X, = —% X3=1|0
0 1

Note that the mode corresponding to the lowest natural frequency is a translational mode
with extension of the spring. One mode corresponding to w = /6k/m is a translational
mode with extension in the spring, but with a node in the spring. The second independent
mode for @ = ./6k/m is a rigid-body rotation of the bar about its mass center, with no
extension in the spring.

A second special case occurs when one of the eigenvalues of M~!K is zero.
The general solution for a system with a zero eigenvalue is

x(t) = (C1 +Ca)X, + Z A; X; sin (ot — ¢;) [6.17]

i=2

where Cy, C3, and A; are constants determined from application of the initial con-
ditions. The first part of the solution corresponds to a rigid-body motion. The
summation term corresponds to oscillatory motion.

A system has a natural frequency of zero only when it is unrestrained. For
example, if both masses of the two-degree-of-freedom system of Fig. 6.12 are given
the same initial displacement with no initial velocity, they will remain in their dis-
Placed positions indefinitely. If the shaft connecting the two flywheels of Fig. 6.13
18 fotating at a constant speed, both flywheels will continue to rotate at this speed.

When motion of an unrestrained system occurs, either linear or angular momen-
tum is conserved for the entire system. Application of the principle of conservation
of linear momentum or the principle of conservation of angular momentum provides
2 relationship between the generalized coordinates of the form

n
=1

Where C, is a constant determined from the initial state. Equation (6.18) can be
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6,
- X2
m o AN— ™
Figure 6.12 A two-degree- Figure 6.13

of-freedom unrestrained system. If both
blocks are given the same displacement,
they will move os a rigid body. If blocks
are given different displacements, free
oscillations oceur.

An vunrestrained torsional
system,

integrated to provide a constraint between the generalized coordinates of the form

n
Zalxl =Cit+C,

=]

[6.19]

Equation (6.19) could be used to reduce the number of degrees of freedom by one.

A railroad car of mass 1500 kg is to be coupled to an assembly of two precoupled identical
railroad cars. The couplers are elastic connections of stiffness 4.2 x 107 N/m. The single
car is rolled toward the other cars with a velocity of 7 m/s. Describe the motion of the

three railroad cars after coupling is achieved.
Solution:

After coupling, the motion of the three railroad cars is modeled by using three degrees

of freedom, as shown in Fig. 6.14b. The differential

equations of motion are

m 0 0]/[x k -k 0][x 0
0 m O|{X|+{—k 2k —-k}|jx2}=10
0 0 m||x 0 -k k||x 0
The initial conditions are
x;(0) 0 x1(0) 7 m/s
x0{=10 O |=] 0
x3(0) 0 x3(0) 0
The natural frequencies are determined from
¢—r —¢ 0
det | —¢ 20-2 —¢ | =0
0 -  ¢—A
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7Tm/s
O O O O

AN

k =42 x 10" N/m

(a)
—>1 "2 p—a¥3
m »-—IV(‘/\,__( m . m

®)

{a) Shunting of railroad cars; (b) three-degree-of-freedom model

l ure 6."
Fg of shunting.

where ¢ = /k/m. The resulting characteristic equation is solved to yield

k d 3% d
w=0 m===1613"0 =, — =2898"—
m S m R

The corresponding mode shapes are

1 1 1
X =11 X;=1] 0 X3=\|-2
1 -1 1
The general solution of the differential equations is
x1(t) 1 1
M| =C+Ct)|1]1+C 0| sin (167.3t + ¢)
x3(1) 1 -1

1
4+ Cs | —2 | sin (289.8¢ + ¢2)
1

Application of the initial conditions leads to
Ci=¢g1=¢=0 C;=232m/s C3=002lm C4=0004m

The equation expressing conservation of linear momentum of the railroad cars after
Coupling is achieved is

mxi(t) + mxy(t) + mx;(t) =C

\

gonSider the unrestrained three-degree-of-freedom system of Example 5.10 and Fig. |Example ¢
11. Let mr?/I = 2. Calculate the natural frequencies and illustrate the development

of the constraint from momentum considerations.
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Solution:
The differential equations are

2m 0 0] [%a k 0 —kr | [ x4 0
0 m O||Xs|+]| O 3k —6kr||xs|=1]0
0 0 I g —kr —6kr 13kr? Z 0
The characteristic equation is developed from
-1 . -
—d— i 0 _
2¢ 2¢
mr bmr 13mr?
R oy

where ¢ = +/k/m. The characteristic equation is
59 39
3 2
- —_— ——B8=0
R
where B = A /¢. The roots of this equation are

B =0,0.677, 28.82

Which lead to natural frequencies of

[ k

Application of the principle of conservation of angular momentum about the center of
the pulley leads to

2mria(t) + 2mrig(t) + 16 = 2mria(0) + 2mrig(0) + 16(0)

6.6 ENERGY SCALAR PRODUCTS

A scalar product is an operation performed on two vectors such that the result iS'ﬁl
scalar. In order for the operation to be termed a scalar product, it must satisfy certain
rules as outlined in App. C. When the differential equations governing the motion of
a linear n-degree-of-freedom system are formulated by using energy methods, the
mass and stiffness matrices are symmetric. Then for a stable restrained system the
following two operations satisfy all requirements to be called scalar products. Let
y and z be any two n-dimensional vectors; define

¥, =y Kz [6.20]
and ¥, DM =y Mz (6.21]
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The scalar product defined by Eq. (6.20) is called the potential energy scalar
roduct. Let X; be the mode shape corresponding to a natural frequency w;. If the
system response includes only this mode, then from Eq. (6.14)

x(t) = AiX; sin (@it ~ i) [6.22]
From Eq. (5.6) the potential energy is calculated as

A2 s n n _ A;2 .
V= —E" sin” (w;t — ¢l) ;;krsxirxis = 7 sin“ (w;t — ¢,~)(X,~,X0K {6.23]
Thus, at a given instant of time, the potential energy scalar product of a mode shape
with itself is proportional to the potential energy associated with that mode.
The scalar product defined by Eq. (6.21) is called the kinetic energy scalar
product. It can be shown by using Eqgs. (5.7) and (6.21) that

A?
= -2—'-w,2 cos? (wit — ¢)(Xi, Xi)m [6.24]

or that for a linear system the kinetic energy scalar product of a mode shape with
itself is proportional to the kinetic energy associated with that mode.

The mass and stiffness matrices for a linear system are guaranteed to be sym-
metric. In addition, the mass matrix is positive definite. The stiffness matrix for a
stable system is positive definite unless it is unrestrained. The stiffness matrix for
an unstable system is not positive definite. Thus, from Example C.5 of App. C, Eq.
(6.21) defines a valid scalar product for all n-degree-of-freedom systems and Eq.
(6.20) defines a valid scalar product for all stable constrained n-degree-of-freedom
systems.

The fact that Egs. (6.20) and (6.21) are valid scalar products leads to the following
useful properties:

1. Communtivity of scalar products. For all real n-dimensional vectors y and z:
v. 2k = @ ¥k [6.254]
and . 2u= @ Y)u [6.25b]
2. Lil;e;rity. For all real n-dimensional vectors w, y, and z and all real scalars &
and p:
(aw + By, D)k = (W, z)x + B(Y, 2)k [6.264l]
and (@W + By, 2oy = (W, Ty + B(Y, Dm [6.265]

Two vectors are said to be orthogonal with respect to a scalar product if their
:Calar product is zero. The n-dimensional vectors y and z are orthogonal with respect
O the potential energy scalar product if

(¥, 2k =0 [6.27al
The vectors are orthogonal with respect to the kinetic energy scalar product if
(v, 2y =0 [6.27b]
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The use of scalar product notation is not essential to analyze and understapg
free and forced vibrations of multi-degree-of-freedom systems. However, Wfiting
equations in scalar product notation is usually less confusing than using matrix apg
vector notation. In addition, since the scalar products have identifiable physicy)
meaning, it may be easier to identify the physical significance of an equation whe,
it is written in scalar product notation. At the very least the energy scalar productg
can be thought of as shorthand notation for the products defined by Eqgs. (6.20) anq
(6.21). For these reasons, the remainder of the discussion in Chap. 6 and the entjre
discussion in Chap. 7 use scalar product notation. In addition, a scalar product ig
developed for use with continuous systems in Chap. 9. Many equations are alsg
written using matrix notation for those not comfortable with scalar product notatiopn_

6.7 PROPERTIES OF NATURAL FREQUENCIES
AND MODE SHAPES

Let w; and w; be distinct natural frequencies of an n-degree-of-freedom system. Let
X; and X be their respective mode shapes. From Eq. (6.4) the equations satisfied
by these natural frequencies and mode shapes are

w?!MX; = KX, [6.28]
and »;MX; = KX; [6.29]
Premultiplying Eq. (6.28) by XT gives
w!X]MX; = XTKX;

or in scalar product notation

w?X;, Xu = (X;, X))k [6.30]
Premultiplying Eq. (6.29) by X7 gives
w; (Xi, X))m = (Xi, X))k [6.31]
Subtracting Eq. (6.31) from Eq. (6.30) gives
o (X;, Xi)u — 2 (X;, X = (X, X)x — X3, X))k [6.32]
On the basis of the commutivity of the scalar products, Eq. (6.32) reduces to
@ — )X, X;)u =0 [6.33]
Since w; # w;,
(Xi, X)w =0 [6.34]

or mode shapes corresponding to distinct natural frequencies are orthogonal with
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respect to the kinetic energy scalar product. Then from Eq. (6.30), these mode
shapes are also orthogonal with respect to the potential energy scalar product, or

X, X))k =0 [6.35]

If a system has a zero natural frequency, then it is strictly improper to define a
potential energy scalar product. Property 3 required of scalar products is violated.

T I_A-'A- N TOn e he mande

-
— 1

Solution:
The mass matrix, stiffness matrix, and mode shapes are as given in Example 6.4. Or-
thogonality with respect to the kinetic energy inner product is as follows:

X1, Xo)u = XTMX,

m 0 01r_j375
~[0908 1 0384]| 0 m O 1
m
m 1.204
00 3
[ —1.375m
=[0.908 1 0.384]| m
| 0.647m
= (0.908)(—1.375m) + (1)(m) + (0.384)(0.647m)
= —0.000052m ~ 0
X1, Xs)m = XTMX,
m 0 01]r_ps534
~[0908 1 038410 m © 1
0 0 %’ ~2.677
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—0.534m

={0.908 1 0.384] m
—1.339m

= (0.908)(—0.534m) + (1)(m) + (0.384)(—1.339m)
= 0.00095m =~ (0
X2, X3)m = XIMX;

m 0 01r_ o534
=[-1375 1 1204} 0 ™ 0|} 4
0o 0 Z|]|-2677
2
~0.535m

=[1.375 1 1.294]]| m
—1.339m
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,,_dimensional vector there exist constants €1, €2, . - - , Cp Such that

n

y = Zcixf [6.38]

i=1

Fquation (6 38) is a representation of the expansion theorem. Premultiplying Eq.
(6.38) by X M for some j, 1 < j < n gives, in scalar product notation

X, Y)m = (va Zcixi) [6.39]
M

i=l
Interchanging the scalar product operation with the summation and using the prop-
erty of Eq. (6.26) gives

n

X, ¥)m = ZCi(Xj,Xi)M [6.40]

i=1

The orthogonality of the mode shapes implies that the only nonzero term in the

summation occurs when i = j. Then Eq. (6.40) reduces to
X

c; = [6.41]

6.8 NORMALIZED MODE SHAPES

A mode shape corresponding to a specific natural frequencies of an n-degree-of-
freedom system is unique only to a multiplicative constant. The arbitrariness can
be alleviated by requiring the mode shape to satisfy the normalization constraint.
A mode shape chosen to satisfy the normalization constraint is called a normal-
ized mode shape. The normalization constraint, itself, is arbitrary. However, all
mode shapes are required to satisfy the same normalization constraint. The con-
straint should be chosen such that subsequent use of the normalized mode shape is
Convenient.

It is convenient to normalize mode shapes by requiring that the kinetic energy
scalar product of a mode shape with itself is equal to one. That is,

X, Xy = Xi MX; =1 [6.42]

If the mode shape, X;, is normalized according to Eq. (6.42), then from Rayleigh’s
Quotient, Eq. (6.36)

X,TKX, =(X;,X))g = wf [6.43]

The orthogonality relations, Eqs. (6.34) and (6.35), the normalization constraint,
- (6.42), and the subsequent result of the choice of normalization, Eq. (6.43), are
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summarized by

Xi, Xj)m = bij [6.44)
and X, X))k = f8; [6.45)

where §;; is the Kronecker delta. From this point, mode shapes will be assumeq to

be normalized by Eq. (6.42).
With the normalization scheme of Eq. (6.42), the expansion theorem, Eqs. (6, 33)

and (6.41), becomes

y= Z(Xi, Y)uX; [6.46)
i=1
.11 |Expand the vector
1
y=| 4
-2

using the normalized mode shapes of Example 6.4.

Solution:
The general mode shapes of Example 6.4 are

0.908 —1.375 —0.534
Xi=8B1]1 Xo=58B 1 X; = B, 1
0.384 1.294 2.677

where By, B,, and B are arbitrary constants. The normalization of the first mode shape
proceeds as follows

0.908
1
0.384

1= (X1, X1)» = B[0.908 1 0.384]

NS oo

which yields B; = 0.726/./m and

The other mode shapes are normalized in the same manner yielding
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! —0.712 1 —0.242
Xo=—| 0518 X;=——| 0453
vm 0.670 m —1.213

The first coefficient in the expansion is calculated by

S

m

1 T
o = K yu=—=0065 0726 02791 % ™ O || 4| =3284y/m
N m
0o 0 Z|[-2

The other coefficients are calculated in a similar manner, yielding ¢; = 0.690/m,

1 0.659 —-0.712 —0.242
4| =328410726|+0.690| 0.518|+2.777| 0.455
-2 0.279 0.670 —-1.213

6.9 RAYLEIGH’S QUOTIENT

Consider a situation where the free vibrations of a one-degree-of-freedom system
are generated such that only one mode is present. The frequency of the mode is @
and its mode shape is X. The maximum potential energy associated with this mode
of vibration is determined from Eq. (6.23) as

Vinax = 35X, X) [6.47]

The maximum kinetic energy associated with this mode is determined from Eq.
(6.24) as

Tnax = 50 (X, X)u [6.48]

For a conservative system, where a continual process of transfer of kinetic and
Potential energy occurs without dissipation, the maximum potential energy equals
the maximum kinetic energy. Thus from Egs. (6.47) and (6.48)

* (X, X))y = (X, X)x
wy = (X9 X)K
(X’ X)M

For a general n-dimensional vector X, not necessarily a mode shape, Eq. (6.49) is
generalized to

or [6.49]

X, Xk

R {6.501
X, X)m

RX) =



FUNDAMENTALS OF MECHANICAL VIBRATIONS

The scalar function defined in Eq. (6.50) is called Rayleigh’s quotient. If X is
a mode shape of the linear n degree of freedom whose stiffness and mass Matriceg
are K and M, respectively, then R(X) takes on the value of the natural frequency
associated with that mode. If X is not a mode shape, then R(X) takes on some other
value.

Rayleigh’s quotient can be useful in determining an upper bound on the loweg;
natural frequency. In some cases it can be used to attain a good approximation ¢,
the lowest natural frequency.

From the expansion theorem, an arbitrary vector X can be written as a lineg,
combination of the normalized mode shapes

n
X=) X; [6.51]

Substituting Eq. (6.51) in Rayleigh’s quotient, using properties of the scalar
products and orthonormality of the mode shapes, leads to

n 2.2
Zi:l C; W

R(X) = = [6.52]
Zi:l Cl'z
Stationary values of R(X) occur when
E_R_=§_5=.--=E-E=O [6.53]
36‘1 36‘2 36‘,,

The n solutions of Eq. (6.53) are summarized by ¢; = §;; for j = 1, ..., n. Thatis,
Rayleigh’s quotient is stationary only when X is an eigenvector. It is also possible
to show that these stationary values are minimums. Hence «? is the minimum value
of Rayleigh’s quotient.

The preceding result implies that an upper bound and perhaps an approxima-
tion for the lowest natural frequency can be obtained by using Rayleigh’s quotient.
Rayleigh’s quotient can be calculated for several trial vectors. The lowest natural
frequency can be no greater than the square root of the smallest value obtained. The
closer a trial vector is to the actual mode shape, the closer the value of Rayleigh's
quotient is to the square of the lowest natural frequency.

12 l“se Rayleigh’s quotient to obtain an approximation to the lowest natural frequency of

the system of Example 6.4. Use the trial vectors
1 1 1
X=1]1 Y=|-1 Z=1] 3
0.5 1 -1



ubstitption of Ba (6 54) inta Fa (A 1) laade

[6.55]

Taking the standard scalar product of Eq. (6.55) with X; for an arbitrary j leads to

n n
(X,-, Zﬁ.-MX.-) + (x,, Zp,-Kx,-) =0
i=1

i=1
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which, after the properties of scalar products are invoked, becomes

Zﬁi(xj,Mxi)+ZPi(Xj,Kxi) =0 [6.56)
Using the definitions of the energy scalar products, Egs. (6.21) and (6.22), ip Eq,
(6.56) leads to

Zﬁi(xjsxi)M"‘Zpi(xj;xi)K =0 [6.57]

i=1 i=1
Orthogonality and normalization of mode shapes, Eqgs. (6.44) and (6.45), are useq
in Eq. (6.57), leading to

pi+wlp;=0 [6.58]

Since j was arbitrarily chosen an equation of the form of Eq. (6.58) can be written

foreach j=1,2,...,n.
uation (6.54) can be viewed as a linear transformation between the chosen
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mode shape with itself. This leads to

i 0.925 1 0.411
X = — X =— 461
1 T _1_1%3_‘ 2 Jm _3

L
The modal matrix is the matrix whose columns are the normalized mode shapes
i [0.925 0.411
P=—1133 3.46
m _— —_——
vm L L L

The inverse of P is calculated, using the methods of App. C, as

[0.924  0.110L
-1 _ '
Bl = Vm 0.353 —0.247L]

Then from Eq. (6.59)
P _ 0924  0.110L7[x
[pz] - 5[0.353 —0.247L] |6
The preceding equations can be rewritten as

Py (1) = 0.924/m(x +0.119L8)
and p2(t) = 0.353/m(x — 0.700L6)

The preceding equations show that p, is proportional to the displacement of a particle
adistance 0.119L to the right of the mass center. This particle is identified in Example
6.1 as a node for the second mode. The principal coordinate p; is proportional to the
displacement of a particle 0.700L to the left of the mass center. However, this particle
does not exist on the rigid bar.

The preceding discussion shows that vibrations at the lowest natural frequency of
this system are rigid-body oscillations about the node for the second mode. Vibrations
at the higher natural frequency are rigid-body oscillations about a point lying off the bar.

Equation (6.59) shows that the generalized coordinates are linear combinations
of the principal coordinates. The generalized coordinates for a linear system are
chosen such that the displacement of any particle in the system is a linear combination
of the generalized coordinates. Thus the displacement of any particle in the system
182 linear combination of the principal coordinates. This implies that if a particie is a
hade for the higher mode of a two-degree-of-freedom system, then p; is proportional
to the displacement of that particle. If a particle is a node for the second mode of
& three-degree-of-freedom system, then a linear combination of the first and third
Principal coordinates represents the displacement of that point. Nothing can be
Inferred about the physical interpretation of either principal coordinate.
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6.11 DETERMINATION OF NATURAL FREQUENCIES
AND MODE SHAPES

The determination of the natural frequencies and mode shapes for a multi-degree-f.
freedom system requires the solution of a matrix eigenvalue-eigenvector problem, ¢
the system has more than three degrees of freedom, the algebraic and computationg
burden usually leads one to seek approximate, numerical, or computer solutiong
Rayleigh’s quotient, presented in Sec. 6.9, may be used to provide an upper boupg
to the lowest natural frequency. In the Rayleigh-Ritz method for discrete systems,
a linear combination of linearly independent vectors is used in Rayleigh’s quotient,
The coefficients in the linear combination are chosen to render Rayleigh’s quotient
stationary.

Most applications require more accurate determination of the natural frequencies
and mode shapes than can be provided by Rayleigh’s quotient or the Rayleigh-Rit;
method. A number of numerical methods lead to accurate numerical determination
of natural frequencies and mode shapes. One such is the matrix iteration method.
Beginning with a trial mode shape vector x¢ a sequence of vectors X; is generated
by

X; = AMX;_; [6.60]

It can be shown that the ratio of two corresponding elements of X; and x; _.; approaches
w? as i gets large and that x; approaches the corresponding mode shape vector,
Higher natural frequencies and mode shape vectors can be obtained by requiring
trial vectors to be orthogonal with respect to the kinetic energy scalar product to
all previously obtained mode shape vectors. Matrix iteration has the advantage that
natural frequencies and mode shape vectors are determined sequentially and that
only the number desired need to be determined.

Jacobi’s method is a powerful iterative method that determines all eigenvalues
and eigenvectors of a matrix. Jacobi’s method uses a series of transformations to
convert a symmetric matrix into a diagonal matrix with the eigenvalues along the
diagonal. The product of the matrices used in the transformation produces a matri_X
whose columns are the eigenvectors. The mass and stiffness matrices for a multi-
degree-of-freedom system are guaranteed to be symmetric, but the matrix MK,
whose eigenvalues are the squares of the natural frequencies, is not necessarily
symmetric. In this case, it can be shown that there exists a symmetric matrix D, that
can be obtained by a method called Choleski decomposition, such that the ei genvalues
and eigenvectors of MK are the same as the eigenvalues and eigenvectors of D.

The above methods are described in other texts on vibrations (Meirovitch, Rao)
or numerical analysis texts. (Hoffman). These methods are tools that can be U
to solve eigenvalue-eigenvector problems and thus lead to natural frequencies ai
mode shapes for multi-degree-of-freedom systems. However, understanding the
mechanics of these methods does not enhance the understanding of vibrations. The
interested reader is referred to the cited texts. These methods have been incorporated
into the eigenvalue routines used in MATLAB. These MATLAB routines are €asy
to use and are sufficient for the purposes of this text.
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petermine the natural frequencies and mode shapes of the automobile suspension systemt Example 6.1
shown in Fig. 6.15. A six-degree-of-freedom model is used, including the inertia of the

axle and the wheels, and the stiffness of the seats and the passengers in the seats (assuming

they are wearing seat belts). The springs of stiffness k; model the tires.

solvtion:
The generalized coordinates are as illustrated in Fig. 6.15. The displacement vector is
defined asX = [x1 x x3 x4 xs 0). Kinetic energy is used to determine the mass

matrix
[m 0 0 0 o 0]
0 mq 0 0 0 0
0 0 mi 0 0 0
M= 0 0 0 mp, 0 O
0 0 0 0 m O
0 0 0 0 0 I

Stiffness influence coefficients are used to determine the stiffness matrix

i 2ky + 2k —ky ki =k —k ki(a—b)+ki(c—d) 7
-—kl k] + k, 0 0 0 -—kla
K= ~k; 0 ki +k; 0 0 kb
—kg 0 0 ks 0 ksc
—ks 0 0 0 k; —ksd
[ ki(b—a) +kd~c) —ka kib ke —kd  ki(a® + b)) + k(c? + d?)

m m
P e P
x,I Ix.; m=1000]l:g
m, =150 kg
ks kg m, =60kg

I I1=360kg - m?
a—] ~J k;=1.2x 10°N/m
1 %k k,=2x 10°N/m
1

k,=8x 10* N/m
m a=18m

a
I b=20m
X3

k, c=60cm
d=40cm

Figure 6.15 Six-degree-of-freedom model of suspension system and
passengers.
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The MATLAB script for determining the natural frequencies and modal matrix ang the
corresponding output when the program is run are given in Fig. 6.16.

% Example 6.14. Natural frequencies and modal matrix for six-degree-
% freedom model of suspension system and passengers
% Parameters

of~

m=1000; % Mass of vehicle in kg

ma=150; % Mass of axle in kg

mp=60; % Mass of each passenger in kg

I=360; % Mass moment of inertia of wehicle in kg-m2

k1=120000; % Stiffness of suspension spring in N/m

ks=200000; % Stiffness of seat in N/m

kt=80000; % Stiffness of tire in N/m

a=1.8; % Distance from front springs to center of gravity in n
b=2.0; % Distance from rear springs to center of gravity in m
c=0.6; % Distance from front passenger to center of graity in m
d=0.4; % Distance from rear passenger to center of gravity inm

g¢Mass matrix
disp('Mass matrix')
M=[m, 0,0,0,0,0;
0,ma,0,0,0,0;
0,0,ma,0,0,0;
0,0,0,mp,0,0;
0,0,0,0,mp,0;
0,0,0,0,0,1I1;
disp (M)
% Stiffness matrix
disp('Stiffness matrix')
K=[2*k1l+2*ks, ~k1,-k1l,-ks,~ks,kl* (a-b)+ks* (c-d) ;
-k1l,k1+kt,0,0,0,-kl*a;
-k1,0,k1+kt,0,0,kl1*b;
-ks,0,0,ks,0,ks*c;
-ks,0,0,0,ks,-ks*d;
kl*(a—b)+ks*(c—d),—kl*a,kl*b,ks*c,—ks*d,kl*(a“2+b“2)+ks*(cA2+d“2)]F
lisp (K)
i BEigenvalues and eigenvectors of M*(-1)*K
=inv (M) *K;
v, D]=eig (C}:
Sorting to put eigenvalues in ascending order and to develop modal
matrix corresponding to ascending order of eigenvalues
=[D(l,1),D(2,2),D(3,3),D(4,4),D(5,5),D(6,6)];
h=max (E) +0.01;

gure 6.16 (a) MATLAB script for solution of Exomple 6.14, six-degree-of-freedom model of suspension system.
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=07
?ir i=1:6
for j=1:6
if E(J)>Q1l & E(3)<0Qh
k=3;
Qh=E(j);
else
end
end
Ql=0Qh;
ch=max (E)+0.01;
oml (1i)=E(k);
omega (1)=sqrt(E(k));
for m=1:6
Pl{m,i)=V{m,k);
end
end

3 Normalizing mode shapes, L is a diagonal matrix with kinet.
% Scalar products of mode shapes along diagonal
1=P1'*M*Pl;
% Developing modal matrix, a matrix whose columns are the no
% mode shapes
for i=1:6

for j=1:6

P(i,3)=P1(i,3)/L(3,3);

end
end
disp{'Natural frequencies in rad/s')
disp (omega)
disp('Modal matrix')
disp (P)

(@)

Mass matrix
1000 0

coocoo
o
cocoocoo
o000 O
CODOOO

Figure 6.16 (Con’t)  {a) Con't. (b) noturol frequencies ond modal motrix determined by running
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‘ness matrix

le+005 *

1.4000 -1.2000 -1.2000 -2.0000 -2.0000 C.1600
.2000 2.0000 0 0 0 -2.1600
.2000 0 2.0000 0 0 2.4000
.0000 0 0 2.0000 0 1.2000
.0000 0 0 ¢ 2.0000 -0.8000
.1600 -2.1600 2.4000 1.2000 -0.8000 9.7280
al frequencies in rad/s

.9736 19.6281 38.1937 51.7955 61.2744 65.8075
matrix

.0016 0.0004 0.0007 0.0001 0.0013 -0.0002
.0006 0.0036 -0.0045 -0.0029 -0.0008 -0.0016
.0015 -0.0033 -0.0043 0.0031 -0.0001 0.0019
.0019 -0.0010 0.0012 -0.0075 -0.0078 0.0075
.0015 0.0015 0.0012 0.0062 -0.0122 -0.0040
.0004 0.0022 0.0000 0.0027 0.0006 0.0034

(b)

6.16B (Con’t)

sle 6.15 lStudy the accuracy of lumped-mass models to approximate the natural frequencies of

a simply supported beam. Model the beam using 2, 3, 4, S, 6, and 7 lumped masses.
Compare the natural frequency approximations obtained when each lumped mass is
my/n, where my is the total mass of the beam and n is the number of nodes, to the
natural frequencies obtained when the method of Sec. 5.7 is used to obtain the nodal
masses. Write a MATLAB script that performs the natural frequency calculations.

A simply supported beam modeled with n lumped masses is illustrated in Fig. 6.17. The
nodal masses are of equal value
m= "t
B
where B is a parameter dependent on the method of discretization. If the sum of the nodal
masses equals the total mass of the beam, then 8 = n. If each nodal mass represents the
mass of a region surrounding the particle, as described and illustrated in Sec. 5.7, ther

B=n+1.
Ay O, T HTeeen
Figure 6.17  Simply supported beam modeled with n equal discrete masses.



The differential equations governing the free vibrations of the approximate system
are written as

X+ ¢*Ax =0

_ | BEI
where =\ mL?

The natural frequencies are obtained as 1/w? = ¢A; where A;,i = 1,2, ..., n, are the
eigenvalues of A.

The MATLAB script for setting up the flexibility matrix and calculating the natu-
ral frequencies is given in Fig. 6.18. The results, the eigenvalues of A, are summarized

$ Example 6.15

% Natural frequency calculations for a discrete lumped
$ mass approximation to a simply supported beam.

$ Input number of degrees cof freedom to be used in model.
n=input ('Input number of degrees of freedom')

% Modal masses are of equal value., Using the

% non-dimensional formulation of Example 6.15, the mass
% matrix is the nxn identity matrix. Thus it is not

% necessary to specify. The natural frequencies are the
% reciprocals of the square roots of the eigenvalues of
% the flexibility matrix A

% Setting up the flexibility matrix

for i=1:n

A(j,k)=(k/{n+1)~1)*3"3/(6* (n+1)"3);
A3, k)=A(3, k) +k/ (n+1)* (1-k/ (n+1)) * (2-k/ (n+1)) *3/ (6* (n+1
Al(k,3)=A(3,k);
end
end
¥ Calcualting eigenvalues
V=eigs (A) ;
glsp('Nondimensional flexibility matrix'),disp (A}
Nondimensional natural frequencies are reciprocals
of square roots of eigenvalues
for i=1:n
omega (i)=1/sqrt(V(i));
end

disp('Nondimensional natural frequencies'), disp{omega)

Figure 6.18 MATLAB script for solution of Example 6.15.
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. . 88.826 157.91
8.0499 —_ —_
8.5447 72.065 -
8.8267 77973 128.40
9.0092 80.499 139.43 199.44
9.1372 81.956 144.09 217.46 284.60
9.2320 82.938 146.64 22547 311.35

EI

AT where w is the natural frequency of a simply supported beam.

, 0=@®




CcHAPTER ¢ PREE VIBRATIONS OF MULTI-DEGREE-OF-FREEDOM SYSTEMS

6.12 PROPORTIONAL DAMPING

A multi-degree-of-freedom system is said to have proportional damping if the vis-
cous damping matrix is a linear combination of the mass matrix and the stiffness

matl’ix,
C =aK + M [6.61]

wherea and g are constants. The differential equations governing the free vibrations
of a linear system with proportional damping are

MX + @K+ M)x+Kx =0 [6.62]
Let oy < w2 < .-+ < w, be the natural frequencies of an undamped system
whose mass matrix is M and whose stiffness matrix is K. Let X, X, ..., X, be the

corresponding normalized mode shapes. The expansion theorem implies that x(¢)
can be written as a linear combination of the mode shape vectors, as in Eq. (6.54).
Substituting Eq. (6.54) in Eq. (6.62) leads to

M (Z ﬁixi) + (@K + M) (Z p.ixi) +K (i PiXi) [6.63]
i=1 i=1

i=l

Taking the standard scalar product of Eq. (6.63) with X; for an arbitrary j, and using
properties of scalar products and the definitions of energy scalar products, leads to

Zﬁi (Xj,xi)M + Zﬁi [« (X;,Xi), + 8 (Xj,Xi)M] + Zp,- (X, Xi), =0
i=1 i=1 =1

[{6.64]

Bj + 2tjw;p; + @ip; =0 [6.66]
Where g = % (aa)j + wﬁ) [6.67]
j

is called the modal damping ratio.
The general solution of Eq. (6.66) for ¢; < 11is

pi(t) = Aje %" sin (w,-,/l - ;‘ft - ¢j) [6.68]
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where A; and ¢; are determined from initial conditions. The generalized coordinageg
are obtained by using Eq. (6.59).

Damping in structural systems is mostly hysteretic and hard to quantify. Lack.
ing a better model, proportional damping is often assumed. The modal dampiy
ratios are usually determined experimentally. The equivalent damping ratiq for
a harmonically excited one-degree-of-freedom system with hysteretic damping i
proportional to the natural frequency, and inversely proportional to the excitatjop
frequency. This model fits proportional damping where the damping matrix is pro-
portional to the stiffness matrix. In these cases the modes with higher frequencieg
are damped more than modes with lower frequencies. The natural frequencies i
stiff structural systems are usually greatly separated. The effect of the higher modeg
in the free vibration response is often negligible.

16 & six-degree-of-freedom model of passengers in an automobile is shown in Fig. 6,19,
which is the model of Fig. 6.15 with viscous damping added. The damping of the system
of Fig. 6.19 is proportional. Determine the modal damping ratios and the time-dependent
form of the principal coordinates in terms of arbitrary constants of integration.
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- d +ta-c ™y 1’
XSI Xa
k_y Cs k; Cs
_-m, I
o G 4
I_l ) o " T ] Wo
) {} %
m m,
xal- Ixz
k, G ky Ce

m=1000kg [I=360kg - m? k=8 x 10* N/m ¢;=30x10°N-s/m c¢=60cm
m,=150kg k=12x10°N/m ¢;=1.8x10°N-s/m a=18m d=40cm
my=60kg  k,=2x10°N/m ¢=12x10°N-s/m b=20m

5 ky C

mp
a

Figure 6.19  Six-degree-of-freedom model of suspension system with proporfional
damping.

6.13 GENERAL Viscous DAMPING

The differential equations governing the free vibrations of a multi-degree-of-freedom
System with viscous damping is

M+ Cx+Kx=0 (6.69]

If the damping matrix is a linear combination of the mass matrix and the stiffness
Matrix, the system is proportionally damped. In this case the principal coordinates
of the undamped system are used to uncouple the differential equations, Eq. (6.64).
The differential equation defining each principal coordinate is analogous to the dif-
fe‘rential equation governing the motion of a linear one-degree-of-freedom system
With viscous damping.

If the damping matrix is arbitrary, the principal coordinates of the undamped sys-
tem do not uncouple Eq. (6.69). A more general procedure must be used. Equation
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(6.69) can be reformulated as 2n first-order differential equations by writing

My + Ky =0 [6.7q)
where M= l::’l IZ:I:I K= [—(1)“ :;] y= [ﬂ [6.71)
A solution to Eq. (6.70) is assumed as
y=®e™” [6.72]
Substitution of Eq. (6.72) into Eq. (6.70) leads to
yM® = Ko [6.73]
or M 'Ké =yé [6.74)

Thus the values of y are the eigenvalues of M~!K and the vectors are the corre-
sponding eigenvectors .

The values of y occur in complex conjugate pairs. The system is stable only if
all eigenvalues have nonnegative real parts. Eigenvectors corresponding to complex
conjugate eigenvalues are also complex conjugates of one another. Eigenvectors
corresponding to eigenvalues which are not complex conjugates satisfy the orthog-
onality relation

®’M®; =0 [6.75]

1

6.17 ll’lot the free-vibration response to the system of Fig. 6.20 under the initial conditions
x1(0) =0, x2(0) =0.01 m, x;(0) =0, %2(0) = 0.

Solution:
The differential equations governing the motion of the system are

m05c'1+00i1+3k—2kx1_0

0 2m||%, 0 cjlsn =2k 2k |[xf |0
The damping matrix for this system is not a linear combination of the mass matrix and
the stiffness matrix. Hence the principal coordinates of the undamped system cannot be

= x b= x2

v ] o E

k=10,000 N/m m=20kg c=80N s5/m

Figure 6.20  System of Example 6.17 has a
general viscous damping
matrix.
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used to uncouple the differential equations. These equations are written in the form of
Eg. (6.70) where

Xy

0 0 m
X3 ~ 0 0 0 2m ~ 0 —2m 0 0
. -_— K —
Y= 5 M=l. 0 o o 0 0 3k -2

A solution of Eg. (6.70) is assumed in the form of Eq. (6.72). The resulting values of
y are the eigenvalues of M~ IK. The eigenvalues are obtained by using MATLAB and
are given in Fig. 6.21b. The eigenvectors, ®, are the columns of the matrix V of Fig.
6.21b. The initial condition vectoris Yo = {0 0 0.01 0]. The general solution is a
Jinear combination over all solutions

4
y= ZC,—d’je"”f"

j=

% Example 6.17

$ Parameters

digits(5)

m=20;

k=10000;

¢c=80;

% Construction of 4x4 matrices

disp('4x4 Mass matrix')
MT={0,0,m,0;0,0,0,2*m;m,0,0,0;0,2*m, 0, c])
disp('4x4 Stiffness matrix')
KT=[-m,0,0,0;0,-2*m,0,0;0,0,3*k,-2*k;0,0,-2*k, 2%k]
2=inv (MT) *KT;

(V,D]l=eig(2);

disp{'Eigenvalues')
Ds=[p(1,1),D(2,2),D(3,3),D(4,4)]
Slsp('Eigenvectors')

disp('Initial conditions')
%0=[0;0;0.01;0]
dl?P('Constants of integration')
=inv (V) *x0
tk=linspace (0,2,101);
¥ Evaluation of time dependent response
% Recall that xl=y3 and x2=y4
for k=1:101
t=tk (k) ;

Figure 6.21 {a) MATLAB script for solution of Example 6.17 free-vibration
response of system with general damping.
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for i=3:4
x(k,i-2)=0;
for j=1:4
x(k,1i-2)=x(k,i-2)+(real (S(j)) *real (v(i,j))-
imag(s(j))*imag{(V(i,j)))*cos{imag(D(j,j))*t);
x(k,i-2)=x(k,i-2)+(imag(S(j)) *real (V(i,J)) -
real (S(j)) *imag(V(i,3j)))*sin(imag(V(i,j))*t);
x(k,1-2)=x(k,i-2) *exp(-real (D(j,j))*t);
end
end
end
plot(tk,x(:,1),'-",tk,x(:,2),':")
title('Solution of Example 6.16')
xlabel ('t (sec)')
ylabel('x (m)"')
legend('x1l(t)','x2(t)")
@
EDU» Ex6 16
4x4 Mass matrix
MT =
0 0 20 0
0 0 0 40
20 0 0 0]
0] 0 0 80
4x4 Stiffness matrix
KT =
-20 0 0 0]
0 -40 0 0
0 0] 30000 -20000
0 0] ~-20000 20000
Eigenvalues
DS =

0.2110+43.18871 0.2110-43.1887i

0.7890+11.5500i

Eigenvectors
vV =
-0.3242- 0.16591 -0.9242+ 0.1659i 0.4984- 0.31231
0.3405+ 0.0437i 0.3405- 0.04371 0.6871~- 0.4179i
0.0039- 0.0214i 0.0039+ 0.02144 0.0240+ 0.0448i
-0.0011+ 0.0079i -0.0011- 0.0079i 0.0320+ 0.0617i

Figure 6.21 (Con’t)

0.7890-11.550

0.4984+ 0.312
0.6871+ 0.417
0.0240- 0.044
0.0320- 0.061

(a) Con't; (b} Output including eigenvalues and eigenvectors obtained by running script.
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jtial conditions

In
x0 =
0
0]
0.0100
0

constants of integration

S=

0.0301+ 0.1790i
0.0301- 0.1790i
0.0082~ 0.0192i
0.0082+ 0.0192i

EDU»
(b)

x 1073
10 T T T T T T = n T

x (m)

-8 L | i i i 1 ] ] § I
0 0.2 04 0.6 0.8 1 1.2 14 1.6 18
t (sec)

(©

Figure 6.21 {Con’t) (b) Con't; (c) Free-vibrotion response of system of Fig. 6.20.
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where C; are constants of integration. Application of initial conditions leads to

4
yO=ZCj¢j = VC C=V'lyo

j=1

Since the eigenvalues and eigenvectors are complex conjugate pairs, evaluation of the
solution leads to a real response. Its construction is illustrated in the MATLAB script

Evaluation and plotting the response over a period of time leads to Fig. 6.21¢.

PROBLEMS

6.1-6.5. Determine the natural frequencies and mode shapes for the two-degree-of-freedom

systems shown. Graphically illustrate the mode shapes and identify any nodes.

p— X pm— X, X > X;
k 2k k 2k 2k
g—'vw— m 3m g—'\/vv— m AN m —'\/V\r—E

FIGURE P6.1 FIGURE P6.2
(Problems 6.1, 6.20, 6.21.)

p——15m ——13m — —— L ——>
v G J F.-m,I
fe—1.3 m —+
k ko 1 -06kg m?

k =200x 10°N/m

FIGURE P6.3 FIGURE Pé6.4
(Problems 6.3, 6.22.)

~ slender bar of

hrh mass m

f———
C
k %
2m
ﬁ
FIGURE P6.5
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6.6-6.8. Determine the natural frequencies and mode shapes for the three-degree-of-freedom
system shown. Graphically illustrate the mode shapes and identify any nodes.

= x; > X3 = X3
k k k k
2m 2m
FIGURE P6.6
k k

m N\ k k E
. 3m 2Zm
2% FIGURE P6.7

134 o
Nt~

P

( ) Slender bar of
mass m

FIGURE P6.8

6.9. Two machines are placed on the massless fixed-pinned beam of Fig. P6.9. Determine the
natural frequencies for the system.

20 kg 30 kg
g N E = 210 x 10° N/m?
Y 1=56x10"* m*

b——im } 1m vt— 0.5 m —

FIGURE pé.9
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6.10.

6.11.

6.12.

6.13.

6.14.

6.15.

6.16.

Determine the natural frequencies and mode shapes for the system of Fig. P5.2 jf p _
3.4 x 10°N/m, L = 1.5mand m = 4.6 kg. =
Determine the natural frequencies of the system of Fig. P5.5 if k = 2500 N/m, m,
kg, my; =1.6kg, [ =0.65kg - m*,and L = 1 m.

Determine the natural frequencies and mode shapes for the system of Fig. P5.8 [f k=
10,000 N/m, m = 3 kg, I = 0.6kg - m?, and r = 80 cm. =
Determine the natural frequencies and mode shapes of the system of Fig. P5.10 if j _
12,000 N/m and each bar is of mass 12 kg and length 4 m. =
A 400-kg machine is placed at the midspan of a 3-m-long, 200-kg simply supported beam
The beam is made of a material of elastic modulus 200 x 10° N/m? and has a cross-sectiona]
moment of inertia of 1.4 x 10~ m*, Use a three-degree-of-freedom model to approximate
the system’s lowest natural frequency.

A 500-kg machine is placed at the end of a 3.8-m-long, 190-kg fixed-free beam. The bear,
is made of a material of elastic modulus 200 x 10° N/m? and has a cross-sectional moment
of inertia of 1.4 x 10~° m*. Use a three-degree-of-freedom model to approximate the twq
lowest natural frequencies of the system.

A 1500-kg compressor is mounted on springs of stiffness 4 x 10° N/m at the middle of a
floor in an industrial plant, which can be modeled as a fixed-fixed beam of length 10 m,
elastic modulus 200 x 10° N/m?, and has a cross-sectional moment of inertia of 2.3 x 10~
m* and mass of 7500 kg. The beam rests on soil whose equivalent stiffness is 6 x 106 N/m.
Use the two-degree-of-freedom model of Fig. P6.16 to approximate the natural frequencies
of the system.

=24

1500 kg

keq = 4 X 10° N/m

m,

6.17.

6.18.

soit

FIGURE P6.16

Determine the two lowest natural frequencies of the railroad bridge of Prob. 5.70 if k1 =
5.5 x 10" Nfm, k; = 1.2 x 10" N/m, m = 15,000kg, I = 1.6 x 10%kg - m?,{ = 6.7,
and i = 8.8 m.

Determine the natural frequencies of the system of Prob. 5.77. The beam is of length 5 ™
made of a material of elastic modulus 200 x 10% N/m?, and has a cross-sectional moment
of inertia of 1.4 x 10~% m*. The total mass of the beam is 320 kg. The mass of the winch
is 115 kg. The winch cable is made of a material of elastic modulus 200 x 10° N/m? and
has a cross-sectional area of 3.4 x 1072 m%. The length of the cable is 5.5 m and the mas$
being lifted is 715 kg.
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6.19.

k1 k2 3
W m W m AN

6.20.

6.21.

6.22.

6.23.

6.24.

6.25,

6.26.

The natural frequencies of the system of Fig. P6.19 are measured as 5.0 rad/s and 7.8 rad/s.
When free vibrations occur at the lower natural frequency only, the two blocks always
move in the same direction and the displacement of the block of mass mj; is 0.5 times the
displacement of the block of mass 7;. When free vibrations occur at the larger natural
frequency only, the blocks move in opposite directions and the displacement of the block
of mass m; is 1.3 times the displacement of the block of mass m,. If m; = 4 kg, determine
the stiffness of each spring.

k

FIGURE P6.19

Free vibrations of the system of Fig. P6.1 are initiated by moving the block of mass 3m a
distance 8 to the right while holding the block of mass m in its equilibrium position and
releasing the system from rest. Mathematically describe the resulting motion,

Determine a set of initial conditions for the system of Prob. 6.20 such that free vibrations
occur only at the system’s lowest natural frequency.

Free vibrations of the system of Fig. P6.3 are initiated by applying a vertical impulse of
1.5 N - s to the left end of the bar when the bar is in equilibrium. Mathematically describe
the resulting motion of the bar.

Determine the free vibration response of the railroad bridge of Prob. 6.17 if a ground
disturbance initially leads to 8, = 0.8° with 6; = 6; = 0.

A robot arm is 60 cm long, made of a material of elastic modulus 200 x 10° N/m?, and has
the cross section of Fig. P6.24. The total mass of the arm is 850 g. A tool of mass 1 kg is
attached to the end of the arm. Assume one end of the arm is pinned and the other end is
free. Use a three-degree-of-freedom model to determine the arm’s natural frequencies.

f——— 8mm ——

1 mm

FIGURE P6.24

A 30,000-kg locomotive is coupled to a fully loaded 20,000-kg boxcar and moving at 6.5
m/s, The assembly is coupled to a stationary and empty 5,000-kg cattle car. The stiffness
of each coupling is 5.7 x 10° N/m.

(a) What are the natural frequencies of the three-car assembly?

(b) Mathematically describe the motion of the cattle car after coupling.

Determine the natural frequencies and mode shapes for the three-degree-of-freedom model
of an airplane of Prob. 5.75. Assume M = 3.5 m.

6.27. Determine the natural frequencies and mode shapes of the torsional system of Prob. 5.66.
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6.28.

6.29.

Use a four-degree-of-freedom model to approximate the two lowest nonzero natury] fre.
quencies of a free-free beam.

A pipe extends from a wall as shown in Fig. P7.29. The pipe is supported at 4 iq pre-
vent transverse displacement, but not to prevent rotation. Under what conditions will the
pipe’s lowest natural frequency of transverse vibrations coincide with its frequency of free

torsional vibrations?
t
: ]
At
]
H

. 2L L |
= 3 3 ' FIGURE P6.29
6.30. The mode shape for the lowest mode of a two-degree-of-freedom system is
1.0
%=[15]
The mass matrix for the system is
54 12
M= [1 2 3.8]
Determine the mode shape corresponding to the system’s higher natural frequency.
6.31. The normalized mode shape vector for the lowest mode of a three-degree-of-freedom
system is
12
X;={-08
1.1
The stiffness matrix for the system is
31 -14 0
K=10°[-14 35 -19
0 -19 26
Determine the natural frequency corresponding to this mode.
6.32. The mass matrix for a three-degree-of-freedom system is

1.5 06 O
M=|06 24 0
0 o0 31

Mode shape vectors corresponding to two-modes of this system are
1.0 1.3

X =1}15 X, =1-21
0.6 2.39
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Determine (a) the mode shape vector for the third mode and (b) a set of normalized mode
shape vectors.

6.33. Show that Rayleigh’s quotient R(X) is stationary if and only if X is a mode shape vector.

6.34. Use Rayleigh’s quotient to determine an upper bound on the lowest natural frequency of
the system of Fig. P6.7. Use at least four trial vectors.

6.35. An alternative method to derive the uncoupled equations governing the motion of the
free vibrations of a n-degree-of-freedom system in terms of principal coordinates is to
introduce a linear transformation between the generalized coordinates X and the principal
coordinates p as x = Pp, where P is the modal matrix, the matrix whose columns are
the normalized mode shapes. Follow these steps to derive the equations governing the
principal coordinates:

(@) Rewrite Eq. (6.1) using the principal coordinates as dependent variables by introducing
the linear transformation in Eq. (6.1).

(b) Premultiply the resulting equation by PT.

(¢) Use the orthonormality of mode shapes to show that PTMP and PTKP are diagonal
matrices.

(d) write the uncoupled equations for the principal coordinates.

6.36. Use the method of Prob, 6,35 to derive the uncoupled equations governing the principal
coordinates for a system with proportional damping.

6.37. Determine the free vibration response of the system of Fig. P6.37 if the system is released
from rest after the 3-kg block is displaced 5 mm.

k=5x10° N/m k=1x10°N/m k=4x10°N/m
2 A ANN— AN, Z
2 - 5kg 3kg ;
T ] — 11—+
c=2000 N-s/m c=400N - s/m ¢=1600N - s/m
FIGURE P6.37

6.38. If the modal damping ratio for the lowest mode of Prob. 6.14 is 0.03, determine the modal
damping ratio for the higher modes and determine the response of the system if the machine
is displaced 2 mm and released.

6.39. Determine the free-vibration response of the bar of Fig. P6.39 is the mass center is displaced
1 cm from equilibrium while the bar is held horizontal and the system released from this
position.

fe—r———1.5 M ———ft— 0.5 M —|
Uniform bar

m-= 120 kg

I1=15kg-m?
4x10°N/m S00N-s/m 4x10°N/m 500 N - s/m
FIGURE P6.39
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6.40. Determine the free-vibration response of the system of Fig. P6.40.

1x10° N/m 2 x 10 N/m
A—NN—
7 4kg —\\WN— 6kg
——
400N - s/m FIGURE P6.40

6.41. Determine the free-vibration response of the system of Fig. P6.41.

fe————1.5 m ————>fe— 0.5 m —> _
Uniform bar
L b m=120kg

I=15kg - m?

4x10°N/m 500N - s/m %4)(105N/m

177777 FIGURE P6.41

6.42. Determine the free-vibration response of the system of Prob. 5.68 when E = 200 x 10°
Nm*, 1 =15x10°m* L =08m,k=15x10°N/m,c =250N - s/m, m, = 4kg,

MATLAB PROBLEMS

M6.1. File VIBES_6A.m contains the MATLAB script used in the solution of Example 6..3.
Use VIBES_6A to determine an appropriate value of k such that both natural frequencies
are between 20 rad/s and 50 rad/s.

M6.2. File VIBES_6B.m contains a MATLAB script used in the solution of Example 6.5. Us¢
the file to determine an appropriate W section such that the beam’s natural frequencies
are
(a) Outside the range of 300 to 500 rad/s
(b) All greater than 200 rad/s
(c) Outside the range 1000 to 1200 rad/s.

M6.3. File VIBES_6C.m contains a MATLAB script file that is used to determine the natural
frequencies and normalized mode shapes for an n-degree-of-freedom system, given the
system’s mass matrix and stiffness matrix. Use VIBES_6C to determine the natu
frequencies and mode shapes for
(a) The system of Fig. P6.3
(b) The system of Fig. P6.7 given m = 2.8 kg and k = 10,000 N/m
(¢) The system of Fig. P6.8 givenm = 4.6 kg, k = 18,000 N/m, and L = 80 cm
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M6.4. File VIBES_6D.m contains a MATLAB script file that is used to determine the natu-
ral frequencies and normalized mode shapes for an #-degree-of-freedom model of the

system of Fig. PM6.4, Use the file to:
(a) Study the effect of the number of degrees of freedom used in the model on the natural

frequency approximations for a beam with 8 = m/m;, = 0.8 and @ = kL?/3El =
0.6. Develop a table similar to Table 6.1 for the study.

(b) Study the effect of 8 on the natural frequencies for o == 0.6. Use a five-degree-of-
freedom model (four for the beam and one for the discrete mass) with @ = 0.6. Plot
the natural frequency approximations as a function of g for 0.1 < g < 4.

M6.5. File VIBES_6E.m contains a MATLAB script file that is used to determine the free
vibration response of a four-degree- of-freedom system with proportional damping. Use
VIBES_6E to determine the response of the four-degree-of-freedom model of the sus-
pension system of Fig. PM6.5 when the vehicle encounters a pothole of depth . Assume
both wheels encounter the pothole at the same time. The front seat is 1.2 m from the
front of the vehicle. Determine the effect of the location of the center of gravity on the
maximum displacement of the front seat.

ky a ks €
m, m,
ka € ky C2
m
m = 1000 kg m, =165 kg
=200 kg - m? a+b=24m
k ki =12x10°N/m
P, AEI =8x10*N/m
v k2
/7g7)7 S ; Problem M6.5: a=1.0m b=14m
e L . L ¢,=1320N - s/m ¢, =880N - s/m
2 . 2 | ProblemM6.6: ¢, =1500N-s/m  c;=1300N.s/m
FIGURE PM6.4 FIGURE PM6.5
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M6.6. File VIBES_6F.m contains a MATLAB script file that is used to determine the free

Meé.7.

Mé6.8.

vibration response of the four-degree-of-freedom model of the suspension systen, of
Fig. PM6.5. Use VIBES6_F to repeat the study of Prob. M6.5 for the parameterg givey
in the figure.

Write a MATLAB script file that is used to determine the natural frequencies and N0rmg).
ized mode shapes of an n-degree-of-freedom model of a system given the mass Matrix
and the flexibility matrix. Use the file to solve (a) Prob. 6.14, (b) Prob. 6.15,

Write a MATLAB script file to determine the natural frequencies and normalized mode
shapes for an n-degree-of-freedom model of a fixed-free beam with a machine at jtg free
end. Use the file to approximate the lowest natural frequencies for the system of Fig
PM6.8. '

450 kg

y 777774

L— W16 x 100

steel beam

Meé.9.

M6.10.

42m ] FIGURE PM6.8

Write a MATLAB script file that determines the free vibration response of a n-degree-
of-freedom system subject to appropriate initial conditions. Use the file to solve Prob,
6.23,

Write a MATLAB script file that solves Prob. 6.42.



7.1 INTRODUCTION

The forced response of a linear multi-degree-of-freedom system, as for a linear one-
degree-of-freedom system, is the sum of a homogeneous solution and a particular
solution. The homogeneous solution depends on system properties, while the par-
ticular solution is the response due to the particular form of the excitation. The
free-vibration response is often ignored for a system whose long-term behavior is
important, such as a system subject to a periodic excitation. The free-vibration so-
lution is important for systems in which the short-term behavior is important, such
as a system subject to a shock excitation.

Several methods are available to determine the forced response of a multi-
degree-of-freedom system. The method of undetermined coefficients can be applied
1o any system subject to a periodic excitation. However, because of algebraic com-
plexity, its usefulness is restricted to systems with only a few degrees of freedom.
'_I'he Laplace transform method can be applied to determine system properties, but
1ts usefulness is limited because its application requires the solution of a system of
Simultaneous equations whose coefficients are functions of the transform variable.
Both the method of undetermined coefficients and the Laplace transform method can
be used to determine the forced response of a system with a general damping matrix.
. The most useful method for determining the forced-vibrations response of a
linear multi-degree-of-freedom system is modal analysis, which is based on using
‘?le principal coordinates to uncouple the differential equations governing the mo-
tion of an undamped or proportionally damped system. The uncoupled differential
®Quations are solved by the standard techniques for solution of ordinary differential
®Quations. A more general form of modal analysis involving complex algebra is
developed for systems with a general damping matrix.

Often the differential equations cannot be solved in closed form. Modal analysis
®an still be used to uncouple the differential equations. The differential equations for

355
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the principal coordinates can be solved by numerical integration of the convolutig,
integral or direct numerical simulation of the differential equation by a method such
as a Runge-Kutta method.

7.2 HARMONIC EXCITATIONS

The response of a multi-degree-of-freedom system due to a harmonic excitatiop jg
the sum of the homogeneous solution and the particular solution. Even if damping is
not included, the homogeneous solution is often ignored. In areal situation, damping
is present, causing the homogeneous solution to decay with time. The long-time o
steady-state solution is only the particular solution.

The method of undetermined coefficients can be adapted to find the particular
solution for a multi-degree-of-freedom system subject to a harmonic excitation, The
method of undetermined coefficients can be used for damped or undamped systems,
Its application for an n-degree-of-freedom system requires the solution of at least
one set of n simultaneous equations. Thus the method of undetermined coefficients
is efficient for systems with only a few degrees of freedom.

The differential equations governing the motion of an n-degree-of-freedom un-
damped system subject to a single-frequency excitation with all excitation terms at
the same phase are of the form

Mx + Kx = Fsinwt [7.1]

where F is an n-dimensional vector of constants. The method of undetermined
coefficients is used and assumes a particular solution of the form

x(¢) = Usin wt [7.2]

where U is an n-dimensional vector of undetermined coefficients. Substituting Eq.
(7.2)in Eq. (7.1) leads to
(—o®°M +K)U=F [7.3]

Equation (7.3) represents a set of n simultaneous algebraic equation to solve for the
components of the vector U. A unique solution of Eq. (7.3) exists unless

|- M —K| =0 [7.4]

Equation (7.4) is satisfied only when the excitation frequency coincides with one of

the system’s natural frequencies. When this occurs the use of Eq. (7.2) is inappr®

priate. The response grows linearly with time, producing a resonance condition.
When a solution of Eq. (7.3) exists it can be written as

U= (-o*M +K)"'F [7.5]

7.1

Determine the response of the two-degree-of-freedom system shown in Fig. 7.1. For
mulate the equations for the steady-state amplitudes in nondimensional form.
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FO sin w!
m,
=
ky k2 ks
s 2
e Ixz Figure 7.1 System of Example 7.1. Response for
harmonic excitation is determined using
undetermined coefficients.
Solution:

The differential equations governing the behavior of the system of Fig. 7.1 are

m ¥y + (ky + k2)x) ~ koxz = Fy sin wt
may¥; — kaxy + koxo =0

The particular solution is of the format of Eq. (7.2)

x1 () Ul .
= sm wt
x2(1) Uz
Equation (7.3) becomes

—w2m1+k;+k2 ~k, Uy _ F
—ky ~?my+ k|12l O

The equations are solved simultaneously, yielding

_ (=o*my+ k) Fy Uy = ka Fo
- D(w) 2~ D)

U

where D(w) = m1m2w4 — (komy + kymy + k2M2)w2 + kiks

i the determinant of the coefficient matrix. The roots of the equation D(w) = 0 are the
Natural frequencies,
The steady-state amplitudes are each functions of six parameters:

Uiy = f(my,my, ki, ka, Fo, w) Uy = g(my, ma, ky, ka2, Fo, w)

Th? dimensions of the six parameters involve mass, length, and time. Nondimensional re-
latlOnships between the steady-state amplitudes and the independent parameters involve
Our nondimensional parameters. Nondimensional forms of the dimensional equations
¢ obtained by multiplying each equation by ki/Fo. The resulting nondimensional
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relationships are

2
M == 21_r2 2
riry —ry — (1 +pyri +1
and My=—5—5—— : 7
riry —ry — (1 +p)ri +1
kU kU,
where My = lFol M, = A
my
T m

It is noted from these equations that the steady-state amplitude of the mass m is
zero when r, = 1. Thus when correctly tuned the second mass-spring system absorbs
the steady-state motion of the first mass. This is the concept of the dynamic vibration
absorber, which is considered in more detail in Chap. 8.

The differential equations governing the motion of an n-degree-of-freedom sys-
tem with viscous damping subject to a single-frequency harmonic excitation are of
the form

Mi + C% + Kx = Im (Fe') [7.6]

where F is an n-dimensional vector of constants. The constants could be complex
if each generalized force is not of the same phase and are of the form

F; = f; P [7.7]
The solution of Eq. (7.6) is assumed as
x(t) = Im (Ue'") [7.8]

where U is an n-dimensional vector of complex constants. Substitution of Eq. (7.8)
in Eq. (7.6) leads to

* (~oM +iwC +K)U=F [7.9]
The solution of Eq. (7.9) is obtained as
U= (—o’M +iwC +K)"'F [7.10]

ple 1.ﬂ

A two-degree-of-freedom model of a vehicle suspension system is illustrated in Fig. 7.2a.
The vehicle travels over a road whose contour is approximated by the sinusoidal contowr
of Fig. 7.2b. The horizontal speed of the vehicle is v.

(a) Determine the response of the vehicle in terms of the system parameters. )
(b) Plot the amplitude of steady-state acceleration for the values of the parameters givett
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}’(Z)-——Ysin(z—:é)\/

(b)

Figure 7.2 (o) Two-degree-of-freedom model of suspension system; (b) sinusoidal road
contour.

Solvtion:
The differential equations governing the motion of the system are

mi  07|% c —cl|x ky —ky xl]_[O] .
[0 M2] [fz] + [""C c ] l:xz] + [—kl kl +k2:| [xz - sz sin wt

A solution to the above equations in the form of Eq. (7.8) is assumed leading to Egs.
(7.9) and (7.10). Figure 7.3 shows the MATLAB script that symbolically determines U.
Running the script leads to

_ kY (kg + iwc)

- (w“mlmz - w2m1k1 - w2m1k2 - aﬂklmz + k1k2) + i(—w3m1c - w3m2c + kaz)
Uy is put into proper form by multiplying and dividing by the complex conjugate of the
denominator

U

U1 = Re (U]) +iIm(U1)
The polar form of Uy is

Uy = |Uyle”
where U1l = vRe (Up)? + Im (Uj)?
— -1 Im(Ul))
¢1 = —tan (Re )

Algebraic manipulations lead to
Uy = K+ @)’
"7 Y Re (D)? +Im (D)?

1 = —tan"! (—k1 Im (D) + wcRe (D))
! wcIm (D) + k1 Re (D)
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$ Symbolic determination of steady-state amplitude for two-degree-of-
$ freedom suspension model of Example 7.2.
syms ml m2 k1 k2 c Y w

% Mass matrix

M=[ml,0;0,m2];

$ Damping matrix

c=[c,-ci-c,cl;

$ Stiffness matrix

K=[k1,-k1l;-k1,kl+k2];

% Generalized force vector

F=(0;k2*Y];

% Impedance matrix

S=-wr2*M+i*w*C+K;

% Steady-state solution

U=inv(S)*F

(a)

% MATLAB script to plot steady-state amplitude vs., vehicle speed
% for Example 7.2

% Input parameters

¥=0.01; % Road contour amplitude (m)

<1=80000; % Suspension stiffness (N/m)

¢2=40000; $ Tire stiffness (n/m)

nl=1200; % Vehicle mass (kqg)

12=400; % Axle mass (kg)

=7000; % Suspension damping coefficient (N-s/m)
=1.2; % Road period (m)

iSet up v

=linspace{1,40,501);

‘or i=1:501

% Frequency

w=2*pi*v(i)/d;

% Re (D)
DR=w"4*ml*m2-w*2*ml*kl-w*2*ml*k2-w"2*k1*m2+kl*k2;
$ Im(D)

DI=-w*3*ml*c-w"3*m2*c+w*c*k2;

% Acceleration amplitude

Acc{i)=abs (wW"2*k2*Y*sqrt ((k1"2+{w*c}*2)/(DR*2+D1"2)})));
ad

lot (v,Acc, '~"')
Label ('speed (m/s)')
label ('acceleration (m/s*2)')

(b)
Jure 7.3 (o] MATLAB script for symbolic determination of steady-state amplitude of Example 7.2. Complex

representation is used; {b) MATLAB script fo plot steady-state amplitude of acceleration of vehicle as
function of speed.
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0.8 T T T T T T T

acceleration (m /s?)
[=
S
T

1)
=
-
L
|-

speed (m /s)
(c)

Figure 7.3 (Con’t) {¢} Acceleration amplitude versus speed.

where Re (D) = w4m1m2 -~ w2m1k1 - w2m1k2 -~ w2k1m2 + ki ko

3

Im (D) = —w’mic — @’mye + wcky

The solution for x; (t) is
x1(t) = Im (U,€'") = Im (JU,1€'@~*) = U] sin (0t — ¢1)

If the vehicle speed is v, the frequency at which the vehicle traverses the road contour
is = (2nv)/d. The acceleration is A = w?U;. The MATLAB script to plot the
steady-state amplitude for the given parameters is shown in Fig. 7.3b and the resulting
plot is given in Fig. 7.3c.

——

———

7.3 LAPLACE TRANSFORM SOLUTIONS

Let %(s) be the vector of Laplace transforms of generalized coordinates for an n-
gree-of-freedom system. Taking the Laplace transform of Eq. (5.12), using lin-
®anity of the transform and the property of transforms of derivatives, gives

(M + sC + K)X(s) = F(s) + (sM + O)x(0) + Mx(0) (7.111

Where F(s) is the vector of Laplace transforms of F(¢). If x(0) = 0 and x(0) = 0,
Eq. (7.11) becomes

z(s)X(s) = F(s) [7.12]
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where Z(s) = s"M +sC+K 7.1
is called the impedance matrix. Premultiplying Eq. (7.13) by Z~! yields
x(s) = Z7(5)F(s) 17.14)

Using the methods of App. C, the inverse of the impedance matrix is Written g

1
-1
Z7 () = d—et( (s))H(s) [7.15)

where the components of H(s) are polynomials in s of order n — 1 or less. The
determinant of the impedance matrix is a polynomial in s of order 2n, called the
characteristic polynomial, and is used to determine the free-vibration characteristicg
of the system. The roots of this polynomial occur in complex conjugate pairs,

si=s8,+isi;, j=1,2,...,n [7.16]
leading to the following factorization:
n
det (Z(s)) = I—I (_;-2 ~ 25,5 + srzj + si) [7.17]
=1

Partial fraction decomposition is used to develop

;S + Bij

k=1,...,n [7.18]
— 25,5 +s,2i +s,-2j

Bi(s) = Ak®) + ) =
j=1

Inversion of Eq. (7.18) leads to
5(®) = 3, O+ )_ "' [y sin (/52 +s2r) + D cos (/57 + )] 17091
=1

where xp, (1) = LA}

If the real part of all roots of the characteristic polynomial are negative, all
terms in the summation in Eq. (7.19) decay with time. The steady state has only 2
contribution from the particular solution. If any root has a positive real part, then
its corresponding term in the summation in Eq. (7.19) grows exponentially and the
system is unstable.

ample 1.5 l

Determine the steady-state amplitudes for the two-degree-of-freedom system of Fig. 74.
Solutieon:
The matrix form of the governing differential equations for the system of Fig. 7.4 is

[m1 071 e = X + ky+ky —ky|[x,] _ [Fosinwt
0 my}|i —-Cc C X2 ~k; ky Xy - 0
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Figure 7.4 System of Example 7.3.

The system impedance matrix is
mis* +cs +k +ky —c5 ~ ky
Z(s) = )
—cs —ka mas” +cs + ky

and its determinant is

D(s) = (mys* + s + ki + k2)(mas® + cs + k2) — (cs + kp)?

= "11"12-5'4 + (m + MZ)CS3 + (miky + kymay + m2k2)s2 + kics + kik
Cramer’s rule is used to solve for X(s), leading to

Fow(mas? + cs + kp)
(52 + @) D(s)

xi(s) =

Fow(cs + k)
(52 + @?)D(s)

and X2(s) =

A partial fraction decomposition of ¥, (s) allows it to be written as

Us+Ve Q)
s2+w?  D(s)

Wwhere the constants U; and V; and the function Q(s) are to be determined. Inversion of
the term with D(s) in the denominator leads to the transient part of the solution repre-
Sented by the summation in Eq. (7.19). The steady-state solution for x;(¢) is obtained
by solving for U; and V; and inverting only the first term in the preceding equation.
Multiplication by the common denominator leads to

X1(s) =

(U1s + V1)D(s) + Q(5)(s” + @?) = Fow(m3s® + cs + k3)
Since the preceding equation is valid for all complex s, set s = iw. Then

(iwU; + V\)D(iw) = Fyw(—maw® + icw + ky)
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Fow(—mya? + ico + k) D(iw)
D(iw)D{iw)

or iolU;+ V) =

The constant V; is equal to the real part of the right-hand side of the precedip
equation, while wU, is equal to the imaginary part. Performing this algebra leads o

U Fy [cwM (@) = (ky — myw*)N (w)]
l =

M%i(w) + N(w)
Fow [(kz — mye®)M(w) + cooN ()]
and V] = )
M3 (w) + N3{w)
where M(w) = mumyw? — (miky + kymy + maky)w? + kiky
and N(w) = —(m; + my)cw’® + kjcow

Inversion of the transform yields the steady-state solution for x, (¢) as

Vi .
x1(t) = U,coswt + L sin ot
w

An alternative form for the preceding equation is

x;(2) = X, sin (wt — ¢1)

Vi\?  [(cw)? + (ky — maw?)?
wher X = 2 —_— =
e 1 /U,+(w) \/ s
U
and = oY%
& v,

A similar procedure is applied to solve for the steady-state solution for x;(z), yielding
V.
x3(t) = Uy cosmwt + —;2 sinwf = X, sin (wt — ¢»)

_ FolkyM(w) — coN(w)]
where V= ) + Vo)

_ FowlcoM (@) + ky N{w)]
2T M) + Nw)

k% + (cw?)?
e N

The system in this example is an undamped one-degree-of-freedom system Wlth
a damped vibration absorber attached. This system is discussed in more detail 11
Sec. 8.7.
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7.4 MODAL ANALYSIS FOR UNDAMPED SYSTEMS AND
SYSTEMS wWiTH PROPORTIONAL DAMPING

The differential equations governing the forced vibrations motion of an undamped
finear n-degree-of-freedom system are
The method of modal analysis uses the principal coordinates of the system to un-
couple the differential equations of Eq. (7.20).

Let w; < w3 < --- < w, be the natural frequencies of the system whose
equations are given by Eq. (7.20). Let P be the system’s modal matrix, the matrix

whose columns are the normalized mode shapes, P = [X; X; .- X,]. Using
the expansion theorem, as in Sec. 6.8, the response at any instant of time can be

expanded as

x() = ) piOX; [7.211

i=1

where p; () are the system’s principal coordinates. Equation (7.21)is equivalent to a
linear transformation between the original generalized coordinates and the principal
coordinates

x=Pp [7.22]
Substitution of Eq. (7.21) in Eq. (7.20) leads to

n n
Y BMX; + ) pKX; =F [7.23]
i=1 i=1
Taking the standard scalar product of Eq. (7.23) with X; for an arbitrary j leads to

3 BiX;, MX) + ) piX;, KX) = (X, F) [7.24]

On the basis of the definitions of energy scalar products, Eq. (7.24) becomes

35X, Xom + 3 pi(X; Xk = X, F) [7.25]

=1 i=1

Application of mode shape orthogonality leads to only one nonzero term in each
SUmmation, the term corresponding toi = j. Since the mode shapes are normalized,
Eq. (7.25) leads to

Bi+wlip; = g;(®) [7.26]

Where g =X, F) [7.27]
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An equation of the form of Eq. (7.26) can be written foreach j = 1,2, n
This shows that the principal coordinates that are used to uncouple the differemiai
equations governing free vibrations can also be used to uncouple the differentjy
equations governing forced vibrations. The differential equations of Eq. (7.26) cay
be solved by any useful means. If the initial conditions for p; are both zero they the
convolution integral solution of Eq. (7.26) is

1 [ )
pi(t)y = _0)—/0 gi(r)sinfw;(t — T)]dt [7.23]

1

Once the solutions for each p; have been obtained, Eq. (7.21) is used to determipe
the original generalized coordinates.

The modal analysis procedure to determine the forced response of an undampeg
linear n-degree-of-freedom system is summarized below.

1. A setof generalized coordinates is chosen. The differential equations governing
the motion of the system are derived by any appropriate method. The differentia]
equations are written in the matrix form of Eq. (7.20).

2. The natural frequencies and normalized mode shapes are obtained. The natural
frequencies are the square roots of the eigenvalues of M~'K and the mode
shapes are the corresponding eigenvectors. The mode shapes are normalized by
requiring that the kinetic energy scalar product of a mode shape with itself be
equal to one.

3. The elements of the column vector G are obtained by using Eq. (7.27). An
alternative method to obtain G is

G=P'F [7.29]

4. Equations of the form of Eq. (7.26) are solved to obtain the time-dependent
form of the principal coordinates. Equation (7.28) gives the convolution integral
solution of Eq. (7.26).

5. The time-dependent form of the original generalized coordinates is obtained by
using Eq. (7.21) or Eq. (7.22).

7.4

Use modal analysis to determine the time-dependent response of the system of Fig. 7.5a
subject to the excitation of Fig. 7.5b.

Solution:
The differential equations governing the motion of the system of Fig. 7.5a are

X 3%k -2k 07 [x 0
Bl+|-2c 3k —k||x|=]| 0
P 0 —k 3k||=x ()

c o 3
© 3 ©
Do o
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I‘——bxl P X2 |——>x3

k 2k k 2k m=10kg
a_Jw\r— m m m/2 _'VV\F—E k=1000 N/m
——

f®

@

OR

L —-
1.2 t(s)
()]

Figure 7.5 (o) Three-degree-of-freedom system of Example 7.4; (b) excitation for system of Example 7.4

where from Fig. 7.5b
F@) =4000[1 —u(z —1.2)] N

where ¢ is in seconds.

The natural frequencies for this system are determined in Example 6.4 and the
normalized mode shapes are determined in Example 6.11. Substituting m = 10 kg and
k = 1000 N/m in these results leads to natural frequencies of

w; = 8.936rad/s wy =21.107rad/s w3 = 25.974 rad/s

and a modal matrix of

0.2085 0.2252  0.0765
P=[02295 —0.1638 —0.1432 | (kg)~'/2
0.0882 -—-0.2120  0.3838

The vector G(r) is then calculated by using Eq. (7.29)

0.0882
G(@) =P'F=|-02120! @)
0.3838
The differential equations satisfied by the principal coordinates are written by using
Eq. (7.26)
P1+79.852p; =352.8[1 — u(z — 1.2)]
P2 +4455p; = —848.0[1 — u(z — 1.2)]
P34+ 674.6p3 =1535.2[1 — u(t — 1.2)]
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The convolution integral is used to solve for p; as

!
pi{t) = 5—913—6,/(; 352.8[1 — u(r — 1.2)]sin 8.936(¢t — t)dt
=4.418 {cos 8.936¢ — 1 + u(t — 1.2) [1 — cos 8.936(t — 1.2)]}

The convolution integral is also used to solve for p, and ps, yielding

p2(t) = —1.903 {cos 21.107¢ ~ 1 + u(t — 1.2) {1 — cos 21.107(t — 1.2)]}
pa(t) = 2.276{c0s25.974t — 1 + u(t — 1.2)[1 — c0s 25.974(t — 1.2)}}

The solution in terms of the original generalized coordinates is obtained by using Eq,
(7.22)

0.2295 —0.1638 —0.1432 | | p2(s)
0.0882 —0.2120  0.3838] | py(r)

X2
X3

,:x, [0.2085 0.2252  0.07657 | p1(2)

which leads to
x1(¢) = 0.921h(t) — 0.429Ah,(z) + 0.174A5(2)
x2(2) = 1.014h1(2) + 0.312h,(¢) — 0.326A3(2)
x3(t) = 0.390Ah4(t) 4+ 0.403h,(r) + 0.874h5(2)
where h1(®) = cos8.936f — 1 + u(t — 1.2)[1 — c0s8.936(t — 1.2}]
ha(t) = cos21.107t — 1 + u(t — 1.2)[1 — cos21.107(t — 1.2)]
hy(t) = cos25.974t — 1 +u(t — 1.2)[1 — c0s25.974(¢t — 1.2)]

5]

A machine of mass 150 kg is placed as shown on the simply supported beam of Fig. 7.6.
The machine has a rotating unbalance of 0.965 kg - m and operates at 1250 rpm. The
beam has a total mass of 280 kg, a cross-sectional moment of inertia of 1.2 x 1074 m*,
a length of 3 m, and an elastic modulus of 210 x 10° N/m?. Model the beam with
three degrees of freedom and use modal analysis to predict the steady-state amplitude
of displacement for the point where the machine is attached.

Solution:

The beam is modeled three particles of mass 70 kg, as shown in Fig. 7.6b. The mas$

matrix for this model is
70 0 0
M=] 0 70 0| kg

0 0 220

Flexibility influence coefficients are used to determine the flexibility matrix as

12.53 1533 9.75
A=10"2]1533 2229 1533 |2

9.75 15.33 12.53
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— @ = 1250 rpm
m =150 kg mge = 0.965 kg - m

b St

p— 225m | 075 m |
(a)

o O— O @

p—— 0.75 m———p—— 0.75 m ——f—— 0.75 m ——p——0.75 m———{

)

Figure 7.6 {a) Machine with rotating unbalance is attached to pinned-pinned beam;
(b) three-degree-of-freedom model of beam.

The governing differential equations are

AMX +x = AF

0
where F(r) = 0 N
16500 sin 130.9¢
The natural frequencies and normalized mode shapes are determined by using the MAT-

LAB script of Fig. 7.7a. The MATLAB results are given in Fig. 7.7b. The vector G(r)
is calculated as

T 0.0453  0.0666  0.0498 0
G=P'F=|-0.0851 —0.4000 0.0416][ 0
| —0.0707  0.0908 —0.0182] | 16500 sin 130.9¢
- 821.8
=| 687.0|sin130.9¢ N (kg)~'/2
| —300.3

The differential equations for the principal coordinates are written by using Eq. (7.26)

P1 + (455.8)2 p; = 821.85in 130.9¢
P2 + (1736.5)% p = 687.0 sin 130.9¢
P3 + (4474)? p3 = —300.3 sin 130.9¢
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The steady-state solution of

P, + WP = F;sincrt
i ®) A sin wt
is (f) =
P w? — o?

The steady-state solution for the principal coordinates is

p2 | =107 22.93 {sin130.9¢ (kg)'/?
Ps —1.501

Equation (7.22) is used to determine x3(t) as
x3(t) = 0.0498p, (1) + 0.0416p2(t) — 0.0182p3(r) = 2.25 x 10~*5in 130.97 m

Thus the maximum steady-state displacement of the point on the beam where the machine
is placed is 0.225 mm.

.ample 7.5

.ss and flexibility matrices

0,0,0;0,70,0;0,0,220);

"“~9%[12.53,15.33,9.75;15.33,22.29,15.33;9.75,15.33,12.53];

M;

envalues and eigenvectors

"=eig(C);

tural frequencies are reciprocals of square roots of eigenvalues
1/sqrt(D(1,1)});

1/sqrt(D(2,2)):

1/sqrt(D{3,3)):

rmalizing mode shapes, E is a diagonal matrix with energy scalar products
mode shape vectors with themselves along diagonal

*M*v;

j=1:3

=sqrt(E(j,3)):

or i=1:3
P{i,j)=Vi(i,J)/c:

1d

put results

(' Natural frequencies in rad/sec'), disp(oml), disp(om2), disp{om3)
(' Modal matrix in kg“(-l/Z)'L disp(p)

(@

7.7 (o) MATLAB script used to defermine natural frequencies and modal matrix for system of Example 7.5.
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Natural frequencies in rad/sec
455.8455

1.7365e+003
4.4740e+003

Modal matrix in kg*(-1/2)
0.0453 -0.0851 -0.0707
0.0666 ~0.0400 0.0908

- 0.0498 0.0416 -0.0182

)]

Figure 7.7 {Con’t) {b) output obtained by
running script.

The differential equations governing the forced vibrations of a linear system
with viscous damping are

Mk +Cx+Kx=F [7.30]

If the system is proportionally damped, the damping matrix is a linear combination
of the mass matrix and the stiffness matrix as in Eq. (6.61).

Modal analysis using the principal coordinates of the undamped system can be
used to uncouple the differential equations of a system with proportional damping.
Substitution of Eq. (7.21) into Eq. (7.30) and following a procedure similar to that
used for the undamped system leads to the differential equations for the principal
coordinates as

Pi + 20w pi + 0F pi = gi (1) [7.31]
where the modal damping ratio ¢; is defined in Eq. (6.67).
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The convolution integral solution of Eq. (7.31) is

1
pi(t) = —p=——=
w,"/ 1-— ;iZ

The procedure for application of modal analysis to a system with proportionat damp.
ing is the same as that for an undamped system with the addition of the determinatiop
of the modal damping ratios to step 2 and the use of Eq. (7.32) as the convolution
integral solution.

Damping in structural systems is mostly hysteretic and hard to quantify. Lacking
a better model, proportional damping is often assumed. The modal damping ratiog
are usually determined experimentally. The equivalent damping ratio for a harmop;.
cally excited one-degree-of-freedom system with hysteretic damping is proportiona
to the natural frequency, and inversely proportional to the excitation frequency. This
model fits proportional damping where the damping matrix is proportional to the
stiffness matrix. In these cases the higher modes are damped more than the lower
modes. The natural frequencies in stiff structural systems are usually greatly sep-
arated. The effect of the higher modes in the total response is less than the modes
with lower natural frequencies. For these reasons, damping ratios are often specified
only for the lower modes.

If proportional damping is assumed, the higher modes are damped more than
the lower modes and have a lesser effect on the overall solution. Modes with higher
damping ratios die out more quickly when the system is subject to any short-term
or shock excitation. If the system is subject to a harmonic excitation, the modes
with higher frequencies have lesser effect because their amplitudes are inversely
proportional to the square of their frequencies. Thus fewer modes can be calculated
without losing significant accuracy. Hence, in practice, Eq. (7.21) is often replaced
by

t
f gi(r)e 5%~ sin [wf 1- gt —r )] dt  [7.3q)
0

x(t) = Z piX; [7.33]
i=1

for some m < n. Equation (7.33) is often used in situations where the mode shapes
are determined experimentally and an experimental modal analysis method is used
to determine the response of a system.

nple 7.61

The three-degree-of-freedom system of Example 7.4 is modified by the addition of dash-
pots as shown in Fig. 7.8. Determine the forced response of the damped system.

Solution:
The damping matrix is
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— x — X3 — X3
k 2k k 2k
—\A\A—
m m m/2 — F@
— ———— -
¢ 2¢ ¢ 2c
c=40N-s/m

figure 7.8 System of Example 7.6 has viscous damping with the damping matrix
proportfional to the stiffness matrix.

and is proportional to the stiffness matrix with

Thus the modal damping ratios are given by
= %wl =0.178 = %0)2 =0422 (3= %603 = 0.520

All modes are underdamped. The differential equations governing the principal coordi-
nates are

B1 + 1.60p1 +79.85p; = 0.0882f(¢)
B2 + 8.91 55 + 445.5p, = —0.2120£(¢)
53 + 13.49p3 + 674.6p3 = 0.3838 £ (1)

The solution for the principal coordinates is obtained from the convolution integral. It
is noted that

t
f [1—ur —12))e " Dginwy(t — r)dr
0

1-¢2

- ' .
= — 1 —e %" | coswyt + sin wyt
s [ [ /T

—u(t—1.2) [1 — g ten-1D [coswd(t -1.2)

+ \/IL—-Z;_Z_ sinwy(t — 1.2)]”

Application of the convolution integral to the first equation leads to
pi(t) = 443 [1 — &% (cos 8.79¢ + 0.181 sin (8.797)]
~ 4.43u(t — 1.2) {1 — 6.77¢~1%% [cos (8.79t — 10.55)
+0.181sin (8.79¢ — 10.55)]}
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A MATLAB script used to apply modal analysis to Example 7.6 is given in Fig 7 4
Given the mass matrix, the stiffness matrix, and «, the program determines the na“lrai
frequencies and modal matrix for the system, develops the vector G(¢), and uses sym-
bolic algebra to apply the convolution integral to determine the responses of the principg)
coordinates and uses modal superposition to determine the time-dependent response of
the original generalized coordinates. The response for an undamped system is plotteq
as well as the response for a system with o = 0.04.

$ Example 7.6

digits{5)

syms t tau

$ Input parameters

m=10; Mass in kg

k=1000; Stiffness in N/m

c=4; Pamping coefficient in N-s/m
F0=4000; Excitation magnitude in N
alpha=c/k; Proportional damping coefficient

Mass matrix

Stiffness matrix

Damping matrix

M~ {~1) *K

Eigenvalues and eigenvectors

M=[m,0,0;0,m,0;0,0,m/21;
K={3*k,-2*k,0;-2*k,3*k,-k;0,-k,3*k];
c=[3*c,~2%c,0;-2*%c,3*c,~-c;0,-c,3*c];
W=inv (M) *K;

[V,D]=eig(W};

for i=1:3

0P P O° 0P dP O OO O o0 oP

w(i)=sqrt(D(i,1i}); % Natural frequencies
z(i)=alpha/2*w{i); $ Modal damping ratios
end
% Normalization of mode shapes
E=V'*M*V;
for j=1:3
ce=1/sqrt(E(j,j));
for i=1:3
P(i,3)=V(i, ) *cc; $ Modal matrix
end
end

disp('Natural frequencies (r/s)');disp(w)
disp('Modal matrix');disp(P) .
f=F0* (1-sym('Heaviside(tau-1.2)"')); % Excitation vector using symbolics

Figure 7.9  (a) MATLAB script for system of Example 7.6.
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p=[070:£];
GsP'*F:' % G(t)
g Symbolic integration of convolution integral

=G (i) *exp(~z (i) *w(i)* (t-tau))*sin(w(i)*sqrt(l~-z (i)~
p(i)=int(k, tau,0,t);
p(i)=p(i)/ (w(i)*sqrt{l-z(i)"2)};

end

p={p(1)ip(2)ip(3)1;

g original generalized coordinates

x=P*pi

% Plotting

time=linspace(0,1.5,101);

for 1i=1:101
xpl(i)=subs(x{(1),t,time(i));
xp2 (i) =subs (x{2),t,time(i));
xp3{i)=subs (x(3),t,time(i}));
xpl(i)=vpa(xpl(i));
xp2 (i)=vpa(xp2(i));
xp3(i)=vpalxp3(i});

end

xpl=double {xpl) ;

xp2=double (xp2) ;

xp3=double (xp3}) ;

plot{time,xpl, '-', time,xp2, ':"', time, xp3,'-.")

xlabel ('t (s)')

ylabel {'response (m)')

legend('x1(t}"', 'x2(t) "', 'x3(t)")

(a)

Natural frequencies (xr/s)
8.9360 21.1066 25.9742

Modal matrix
-0.2085 0.2252 -0.0765
-0.2295 ~0.1638 0.1432
-0.0882 ~-0.2120 -0.3838

(»

Figure 7.9 {Con’t) {a) Con't. {b) output from running script.
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Response (m)

t(s)
(©)
4 L '
xI(t)
............. x2(t)
5L ' ,:ﬂ-\ ————— X3(l) N
» 4 O

Response (m)

0 0.5 1 15
t(s)

(d)

Figure 7.9 (Con’t) (¢ system response for o = 0.04;
{d) system response for @ = 0.
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7.5 MODAL ANALYSIS FOR SYSTEMS WITH GENERAL
DAMPING

The differential equations governing the forced vibrations of a linear n-degree-of-
freedom system

Mi+Cx+Kx=F [7.34]

can be rewritten as a system of 2» linear first-order equations

My + Ky =F [7.35]
where y, M, and K are defined in Eq. (6.71) and
. [0

The homogeneous solution of Eq. (7.35) is obtained in Sec. 6.13. The solu-
tion uses eigenvalues and eigenvectors of M-'K. Eigenvalues occur in complex
conjugate pairs. Eigenvectors satisfy the orthogonality relation of Eq. (6.75). The
eigenvectors can be normalized by requiring

*'Me; =1 [7.37]

The modal matrix P is the matrix whose columns are the normalized eigenvectors
of M~!K. The principal coordinates are defined by

y =Pp [7.38]
Substituting Eq. (7.38) in Eq. (7.35) leads to
MPp + KPp = F [7.39]

Premultiplying Eq. (7.39) by P7 leads to
P"MPp + PTKPp = PTF = G [7.40]
Use of mode shape orthonormality in Eq. (7.40) results in
p—Ap=G [7.41]
Where A is a diagonal matrix with the eigenvalues of M~'K along the diagonal.

Thus the differential equations represented by Eq. (7.41) are uncoupled and written
as

Bi—wbi=8@) i=12...2n [7.42]
The convolution integral solution of Eq. (7.42) is

t
P —_-f gi(r)e—n(t—'t) dr [7.43]
0
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Application of modal analysis to systems with general damping is very similar

its application to systems with proportional damping. The procedure is Summarizeg
below.

1.

The differential equations governing the forced vibrations of the system are
derived in terms of a chosen set of generalized coordinates and written i the
form of Eq. (7.34).

The differential equations are reformulated in the form of Eq. (7.35), using Egs,
(6.71) and (7.36).

The eigenvalues and eigenvectors of MK are obtained. The eigenvectors are
normalized by using Eq. (6.75). The modal matrix P is formed as the Matrix
whose columns are the normalized mode shapes.

The vector G = PTF is determined.

Differential equations of the form of Eq. (7.42) are written for each principal
coordinate.

The differential equations are solved by any convenient method. The convolu-
tion integral solution is given by Eq. (7.43).

The time-dependent behavior of the chosen generalized coordinates is obtained
by using Eq. (7.38).

le 7.7

Determine the response of the system of Fig. 7.10 when F(¢) = 50e~!* N.
Solution:
The differential equations governing the motion of the system are

The differential equations are written in the form of Eq. (7.35) as

o ol[a]+ B L] 0=

0 0 m 07 -m 0 0 07[wn 0
0 0 0 2m||n»m + 0 -2m O 0 »wi{ {0
m 0 0 0]y, 0 0o 3k -2||m| |0
0 2m 0 ]|y, 0 0 —2k 2k ]lys F()
wherey = (X1 % x1 x).
—x P— x;

— F(f) k=1000N/m

k
m _,\ﬂ‘\l___ om }__E m=20kg
p c=80N.-s/m

Figure 7.10  Two-degree-of-freedom system with external excifation

and general domping.
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The free vibration response for this example is given in Example 6.16. The MAT-
LAB script using the modal analysis procedure to determine the forced response is given
in Fig. 7.11a. The program symbolically evaluates the convolution integral for each

rincipal coordinate, then uses Eq. (7.38) to determine the time-dependent response of
the original generalized coordinates. The MATLAB output is too lengthy to be printed
pere, but can be obtained by using VIBES_7C.m on the accompanying software package.
The output plot is given in Fig. 7.11b.

¢ Example 7.7- Forced response of system with general damping
¢ Parameters
symS t tau
digits(5)
m=20;
k=10000;
c=80;
F0=50;
alpha=1.5;
$ Construction of 4x4 matrices
disp('4x4 Mass matrix')
MT=(0,0,m,0;0,0,0,2*m;m,0,0,0;:0,2*m, 0, c];disp (MT)
disp('4x4 Stiffness matrix"')
KT={-m,0,0,0;0,-2*m,0,0;0,0,3*k,-2*k;0,0,-2*k, 2*k] ;disp (KT)
Z=inv (MT) *KT;
[V,Dl=eig (Z) ;
disp('Eigenvalues')
bDs=[D(1,1),D(2,2),D(3,3),D(4,4)];disp(DS)
% Determination of modal matrix
L=conj (V) "*MT*V; for j=1:4
ss=1/sqrt (L(j,3)):
for i=1:4
P{(i,3)=V(i,]j) *ss;
end
end
disp(' Modal matrix');disp (P)
% Definition of force vector
F<[0;0;0;FO*exp (-alpha*tau)]
% Calculation of G(t)
G=P'*F;
G=vpa (G) ;
Convolution integral solution
for i=1:4
£(i)=G(i)*exp(-D(i,i)*(t-tau));
P(i)=int (f(i),tau,0,t);
end

i

Figure 7.11 (a) MATLAB script for Example 7.7 uses modal andlysis with a general damping matrix to deter
forced response of o two-degree-of-freedom systems.
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disp('Time dependent solution for generalized coordinates')
p=[p(l):p(2);p(3);p{4)];disp(p)
% Back tec original coordinates
y=P*p;
disp ('Time dependent response of original generalized coordin
disp (' x1=y3, x2=y4 ")
y=vpal(y)i
% Plotting system response
time=linspace(0,1.5,151);
for k=1:151
xla=subs (y(3),t,time(k));
x2a=subs{y(4),t,time(k));
x1lb{k}=vpa(real (xla));
x2b(k)=vpa(real (x2a));
end
xl=double (x1b);
x2=double (x2b) ;
plot(time,xl,'-',time,x2,"':")
xlabel ('t (s)')
ylabel ('response (m)')
legend('x1(t)','x2(t)")

(a)

Response (m)

0 0.5 1 15
t(s)

®

Figure 7.11 (Con‘t) {a) Con't. {b) time-dependent response.
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7.6 NUMERICAL SOLUTIONS

Anexact solution for the forced response of an n-degree-of-freedom linear system is
pot always possible. The excitation may be such that the convolution integral cannot
pe evaluated in closed form or the excitation may be known exactly only at discrete
values of time. While a closed-form solution is always preferable to a numerical
solution, it may be easier to obtain a numerical solution. Even when a closed-form
solution is available, it must be evaluated numerically to plot the response.
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mp 1— mp
x5 I X4
kg Cs kg Cs
d —+ ¢ i

‘ b a

{} .

3l

ky
k'

m = 1000 kg k; = 120,000 N/m a=18m
m,=150kg k,= 80,000 N/m b=2.0m
my,=60 kg k=200,000 N/m c=0.6m
I1=360kg - m? v=40m/s d=04m

‘igure 7.12  Six-degree-of-freedom model of suspension system of Example 7.8.

¥(&) = Ysin (ﬂ;)
¥y
m Figure 7.13 Model of bump encountered by

b z > vehicle of Example 7.8.

'he excitation is provided by the displacement encountered by the wheels. The front
‘heel encounters the bump at + = 0 and takes a time of z/v to traverse the bump. The
»ar wheel encounters the bump at ¢ = (a + b)/v and takes a time of z/v to travers®
1¢ bump. If the system is proportionally damped, the damping coefficient of the tir¢ 1%
- = ak;. Thus the generalized force vector is
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B 0 7
keya (1) + (1)
keys(®) + crys(t)

0

0

0

requires the use of an additional MATLAB script, shownin Fig. 7.14b. The second script
develops the vector G (¢) at each time step. The MATLAB-generated plots of the system
response for the undamped system are given in Fig. 7.15. The MATLAB generated plot
for the proportionally damped system is given in Fig. 7.16.

% Example 7.8 Natural frequencies and modal matrix for six-degree-of-
% freedom model of suspension system and passengers
' Parameters

m=1000; % Mass of wvehicle in kg

ma=150; % Mass of axle in kg

np=60; % Mass of each passenger in kg

I=360; $ Mass moment of inertia of vehicle in kg-m™2

k1=60000; % Stiffness of suspension spring in N/m

ks=200000; $ Stiffness of seat in N/m

kt=80000; $ Stiffness of tire in N/m

a=1.8; $ Distance from front springs to center of gravity in n
b=2.0; % Distance from rear springs to center of gravity in m
c=0.6; % Distance from front passenger to center of graity in
d=0.4; % Distance from rear passenger to center of gravity in
Y=0.06; % Height of bump in m

2=1.7; $ Width of bump in m

v=4Q; % Vehicle speed in m/s

Figure 7,14  (a) MATLAB script for solufion of Example 7.8 by modal analysis and numerical integration of the
convolution integral.






Fun7_38;

for j=1:6
al=omd(j) *t;
bl=omd(]j) *tl;
C=exp(zeta(j)*omega(j)*t)*(sin(al)+C2(j)*cos(al)};
C=(C-exp(zeta(j)*omega (j)*tl)*{sin(bl)+C2(j)*cos (bl
D=exp (zeta(]j) *omega(j)*t)* (~cos{al}+C2(j) *sin{al));
D=(D-exp{zeta(j) *omega (j)*tl)*{-cos (bl)+C2(j) *sin{(b
G1(3)=61(j)+h(j)*C;
G2 (3)=62(j)+h(3) *D;
p{j)=exp(-zeta(j)*omega(j)*t)*(sin(al)*Gl(j)~-cos(al

end

% Calculating original generalized coordinates

P=Ip(1);p(2);p(3)ip(4)ip(5};p(6)]:
Y=P*p;
for i=1:6
ndX(l.k)—y(l),
end
Plot (time,x(1,:),'-',time, x{2,:),":", time, x(3,:),'~.")
xlabel ('t (s)')
Ylabel({'x (m)')
i?gend('X1(t)','Xz(t)','x3(t)')
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% MATLAB script file to provide excitation for Example 7.8
$ £ is the generalized force vector
% h is the modal force vector
£f=[{0;0;0;0;0;0):;
if t<z/v
f(2)=kt*Y*sin(pi*v*t/z)+alpha*kt*Y* (pi*v/z) *cos (pi*v*t/d);
else
£f(2)=0;
end
if t>(atb)/v & t<{atb+z)/v
£(3)=kt*Y*sin(pi*v/z*(t-(a+tb)/v));
f(3)=£f(3)+alpha*kt*Y* (pi*v/z)*cos(pi*v/z*(t-(a+tb)/v)):
else
£(3)=0;
end
h=P'*f;
(b)

Figure 7.14 (Con’t)  (b) Additional MATLAB script necessary for solution of Example 7.8. This script
provides G(}.

x 1074
2

-15 A } { 1 41 1 1
0 0.05 0.1 0.15 0.2 0.25 03 0.35 0.4
t(s)

(@

Figure 7.15 System response for « = 0 (undamped system).
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x 1074
1.5 T T ! ' ' I '
x4(t)
............. x5(0)
——— theta(t) [

x (m) or theta (rad)

0.3 0.35 0.4

Figure 7.15B (Con’t)

x 1075
10 e T

x (m)

-6~ e i
-8 1 1 1 1 I 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
t(s)
(a)

Figure 7.16 System response for a = 0.020 (proportionally damped
system). x4(t) is displacement of front seat passenger;
x5(t) is displacement of rear seat passenger.
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x 1075
8 T T T T 1 T T
x4(t) i

------------- x5()

- theta(t) | |
£
£
8
7}
S
8 .
~— /
g
» ’ -

/
l/l
_ 1 ] L 1 i ] 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
t(s)
(b)

Figure 7.16B {Con’t)

PROBLEMS
7.1. Determine the steady-state amplitudes of each of the blocks of Fig. P7.1.

— x, — X5
4000 N/m 2000 N/m

2 A A AA AR L ANAVVVA—
5 6
ke —  300sin 65t N ke

7.2. Determine the steady-state amplitudes of each of the blocks of Fig. P7.2. Write the fre-
quency response in terms of the nondimensional parameters introduced in Example 7.1.

FIGURE P7.1

kl k2
g vVvVWVyWwiywiww—_4 ™ —-"\A\NVVVWVWWN— ™ [— Fysin w!t

FIGURE P7.2

7.3. Determine the steady-state amplitudes of each of the blocks of Fig. P7.3. Write the fre-
quency response equations in terms of the nondimensional parameters introduced in Ex-
ample 7.1 and ¢ = ¢/(2/m k).
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k, k,
| AAVVWWWWWA—]
m; ma
—_— >~ Fpsin wf
¢ FIGURE P73

#.4. For what values of o will the steady-state amplitude of the block of mass m, of Fig. P7.3

be a maximum if m, = 1kg, ma = 1.5kg, ky = 200 N/m, k> = 300 N/m, and ¢ = 3 N .
s/m?

7.5. Determine the steady-state amplitude of the mass center of the bar of Fig. P6.3 when its

7.6.

7.7.

18.

right end is subject to a moment M = 4000sin 105¢ N - m.

A machine of mass m is attached at the end of a cantilever beam of elastic modulus E,
moment of inertia /, length L, and mass density p. The machine has a rotating unbalance
of magnitude mpe and operates at a speed . Use two degrees of freedom to model the
beam and determine the steady-state amplitude of the machine.

Nondimensionalize the steady-state amplitude of the machine of Prob. 7.6. Plot the nondi-
mensional amplitude as a function of a nondimensional parameter involving w. The exci-
tation due to the rotating unbalance is a frequency-squared excitation. For a one-degree-
of-freedom system the steady-state amplitude approaches a constant nonzero value as the
operating speed is increased. Is this the case for the two-degree-of-freedom model? If so,
what is the limiting amplitude?

The system of Fig. P7.8 represents a simplified model of a vehicle suspension system and
a passenger in the vehicle. The seat is modeled as a spring and viscous damper in parallel.
For the suspenston system shown, plot the acceleration amplitude of the passenger as a
function of vehicle speed.

Passenger
seat

60 kg

|

120,000 N/m T 4000 N - s/m

875 kg Vehicle

suspension
60,000 N/m I 1800N - s/m
J- 1.6m |
z
(@) ®

FIGURE P7.8
(@) Model of vehicle suspension system and passenger; (b) road contour.

7.9.

A seismometer is mounted on an engine to monitor its vibrations. The 110-kg engine is
mounted on an elastic foundation of stiffness 5 x 10° N/m. The engine operates at 100
rad/s. The seismometer has a damping ratio of 0.2 and the maximum error of measurement
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is 3 percent. What is the maximum mass of the seismometer such that the vibrations of th
seismic mass do not affect the vibrations of the engine? ¢

7.10. Determine the steady-state amplitude of the machine of Prob. 6.16 if during operation j ;
subject to a harmonic force 2000 sin (120¢) N. s

7.11. Use the Laplace transform method to solve Prob. 7.1.
7.12. Use the Laplace transform method to determine the response of the system of Fig. P115
Both blocks are at rest in equilibrium at ¢ = 0, s

k;
my

— F,sin wt

ALLLRRRNY
ol
x
3

FIGURE P7.12

7.13. Use the Laplace transform method to determine the response of the system of Fig. P7.13,

25kg 45kg H—"NN— —— y(f) = 0.04 sin 120t

1x10° N/m 1x10° N/m 1.8x10° N/m
FIGURE P7.13

7.14. Use modal analysis to determine the steady-state response of the system of Prob. 7.1.

7.15. Use modal analysis to solve Prob. 7.6.

7.16. Three machines are on the floor of an industrial plant, which is modeled as a simply
supported beam, as shown in Fig. P7.16a. During operation the machine at the beam’s
midspan is subject to the impulsive force of Fig. P7.16b. Use modal analysis to determine
the maximum displacement of each machine. Assume the beam is undamped and massless.

l F()
[ ] 1 [

E=200 x 10° N/m?
I=48x 105 m*

e Im } 12m—rfe—12m—>rfe——] m—>
(@
12,000 N
0.08 1(s)
b)

FIGURE P7.16
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7.17. Repeat Prob. 7.16 assuming proportional damping with & == 0.011.
7.18. Determine the response of the system of Fig. P7.18

0* N/
400 %! T 3 x 10 N/m
30 kg 20kg — F(1)=200¢714
]___
200N - s/m FIGURE P7.18
MATLAB PROBLEMS

M7.1. The file VIBES_7A.m is used to symbolically develop the steady-state response of a
two-degree-of-freedom system, given the mass matrix, stiffness matrix, damping matrix,
and harmonic force vector. Use VIBES_7A to determine the steady-state amplitude of
Prob. 7.3.

M7.2-M7.5.The file VIBES_7B.m is used to numerically determine the steady-state response
of an r-degree-of-freedom system subject to a single-frequency harmonic excitation.

Use VIBES_7B to determine the steady-state amplitude of each of the systems of
Figs. PM7.2 to PM7.5.

L L | L ]
i 2 1 2 1
m,] ) M(t) = My sin wt
k 2, 4 % my =30kg
my=20kg
m, k,=4x10° N/m
k,=3x10° N/m
I=18kg -m?
L=80cm
M0= 20N-m
w=45rad/s FIGUREPM?7.2
my
kl 2r

I k;=3x10* N/m

- P ky=4.5%10* N/m

No slip k3=1x10* N/m

k) r=25¢cm

I,=14 kg - m?

m;=18kg

my=20kg

m;=45kg

&3 Fy=25N
w=35rad/s

ni3

l Fysin wt FIGURE PM7.3



2 AV m 1 2m b A\\N— m > Fysinax
k ¢ 2k
k=1x10* N/m Fy= 20N
¢=100N-s/m w=15rad /s
m=10kg
FIGURE PM7.4
S S

b 30 A

m

l FD sin wt

Use one degree of
freedom for beam

FIGURE PM7.5

A=15%10"3m?

p = 6000 kg /m>
E=200x 10° N/m?
I=30x107% m?
L=24m
m=125kg
k=3x10° N/m
Fo'-: 100N
w=80rad/s

M7.6. It is shown in Chap. 11 that the steady-state amplitude of the right end of the bar of the

system of Fig. PM7.2 is zero when

Jk2/m; = w. Use VIBES_7B to determine the

minimum values of k, and m; such that the steady-state amplitude of the right end of
the bar is zero and the steady-state amplitude of the mass m is less than 1.5 cm.
M7.7-M7.9. The file VIBES_7C.m is used to perform modal analysis on the three-degree-
of-freedom system of Fig. PM7.7a. Use VIBES_7C to determine the time-dependent
response of each of the system due to the excitations of Figs. PM7.7 to PM7.9.

s m

2m - F({)

k 2k

k=14x10°N/m
@

200N

005 0.1

®)
FIGURE PM7.7

2k

m=20kg

r(s)
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300
200N 200
1 — - i 1 -
0.1 t(s) 0.1 0.5 1(s)
FIGURE PM7.8 FIGURE PM7.9

M?7.10. The file VIBES_7D.m is used to determine the steady-state response of the system of
Fig. PM7.10 when the discrete mass is subject to a harmonic excitation F; sinwz. The
system models a machine subject to a harmonic excitation attached to a beam. An
undamped isolator modeled as a discrete spring is placed between the machine and the
beam to reduce the magnitude of the force transmitted to the beam. Use VIBES_7D to
determine an appropriate value of k such that the magnitude of the force transmitted to
the beam is reduced by 80 percent when (@) @ = 200 rad/s; (b) ® = 1000 rad/s.

Fysin wt

m
%k m=120kg
L=4m

9
7 E= 150 x 10° N/m?
A=15%x103m?
w L , L . p=7000kg/m?
2 ~ 2 ' I=46x10"m* FIGURE PM7.10

M?7.11. The file VIBES_7E.m is used to determine the steady-state response of the system in
Fig. PM7.11 when the discrete mass is subject to a harmonic excitation. Use VIBES_7E
to repeat Prob. M7.10 if the isolator is to be designed with a damping ratio of 0.06.

1 F()

m

m=120kg

L=4m
a E=150% 10° N/m?

A=1.5x10"m?
p = 7000 kg./m?
I=4.6x10"m?* FIGURE PM7.11

1s

(S]]
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M7.12.

10,000 N

The file VIBES_7F.m uses modal analysis to determine the response of the systep, of
Fig. PM7.11 when the machine is subject to a force F(¢). If, according to the theory
of Chap. 8, the stiffness and inertia of the beam are ignored, then, when the Machipe
is subject to the excitation of Fig. PM7.12, the isolator should have a dampin g ratio of
0.4. If the beam is designed with a stiffness of 2.34 x 10* N/m the maximum fore,
transmitted to the beam will then be 500 N. Use VIBES_7F to determine how muC;
effect including the stiffness and inertia of the beam has on the transmitted force Mode
the beam using three degrees of freedom.

0.01 t(s) FIGURE PM7.12

The file VIBES_7G.m is the MATLAB script for the solution of Example 7.8. The script uses
modal analysis and numerical integration of the convolution integral to determine the response of
a six-degree-of-freedom model of a suspension system. Use the script to solve problems M7.13 to
M7.15. You will need a user-written script file g.m, which determines the vector G(¢). A sample
g.m is given in Fig. 7.14b.

M7.13.

Use VIBES_7G to determine the response of the suspension system to the bump of
Fig. PM7.13.

_/ ; \.
10cm
\

0.2 m—>——0.6 m —*02m | FIGURE PM7.13

M7.14.

M7.15.

Use VIBES_7G to study the dependence of the passenger displacement as a function of
the location of the center of gravity. Run the program using all of the same par ameters
as in Example 7.8 except vary the ratio of a/b. Is there a ratio that mim'mizeslthe
displacement of the passenger in the front seat? Is there a different ratio that minimizes
the displacement of the passenger in the rear seat?

Use VIBES_7G to study the response of the system as the vehicle traverses a road
with pavement joints. The joints are spaced 15 m apart and each is of length 3_ cm-
Assume that as the wheel traverses a joint it displaces 15 mm. The joints provide 2
periodic excitation to the suspension system. Determine the maximum steady-stale
displacement of the passengers in the front seat and the rear seat using the parameters
of Example 7.8.
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M7.16. Write a MATLAB script file to determine the steady-state amplitude of each of the

machines of the system of Fig. PM7.16.

1 x 10 N/m 1x10° N/m
2x 108 N/m A,
g ] 100kg ——\N\— 150kg
:‘l
1000 N - s/m 1200N - s/m
FIGURE PM7.16

M?7.17. Write a MATLAB script file to solve Prob. 7.8

M7.18. Write a MATLARB script file to solve Prob. 7.10.
M7.19. Write a MATLAB script file to solve Prob. 7.18.

200 kg




vibration analysis to develop methods to eliminate or reduce unwanted vibrations or
to use vibrations to protect against unwanted force or motion transmission. There
are several ways in which vibration control can be achieved.

L

Control of the excitation. Often the external excitation causing the vibration can
be eliminated, reduced in magnitude, or altered in some other way. Consider, for
example, a machine with an unbalanced reciprocating component. Itis shownin
Sec. 3.5 that the rotating unbalance produces a harmonic excitation force whose
amplitude is proportional to the magnitude of the unbalance and to the square of
1ts angular speed. Since the steady-state amplitude of response is proportional
to the amplitude of excitation, a reduction in the magnitude of the unbalance
or the rotational speed leads to a reduction in the steady-state amplitude. Thus
improved balancing of the machine leads to a reduction in vibrations. Methods
of balancing reciprocating components are described in books on machine dy-
namics. A single-cylinder engine can never be balanced, while multicylinder

1gines can be balanced by proper positioning of the crankshafts. The cost of

397
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achieving perfect balancing is often too high, and some vibrations will re,
In addition, as a machine ages, wear and degradation lead to unbalance.

A change in excitation frequency of a harmonic excitation will alsg leag
to a change in steady-state amplitude. For a one-degree-of-freedom System, gy,
increase in excitation frequency beyond the system’s natural frequency leads to
adecrease in amplitude. If the excitation amplitude is independent of frequency
the steady-state amplitude approaches zero as the excitation frequency ngS’
large, whereas the steady-state amplitude for a system subject to a frequency-
squared excitation asymptotically approaches a constant value as the eXcitatiop
frequency grows large. Thus, if the frequency of excitation can be adjusteq,
the steady-state amplitude can be significantly decreased. If the excitation fre.
quency is much greater than all natural frequencies of a multi-degree-of-freedor
system, the steady-state amplitudes will be small. It is also possible to examine
the frequency response curves to determine excitation frequencies between the
natural frequencies for which the steady-state amplitude is acceptable.

There are many systems where it is not possible to control the excitation,
Reciprocating machines are designed to operate at certain speeds for reasons
beyond vibration control. It is not possible to control excitations due to earth-
quakes or to control the size and frequency of waves in an ocean which provide
excitation to a boat or ship.

2. Control of system parameters. The steady-state amplitude of response of the
one degree of freedom system of Fig. 8.1 is

ain,

Fo Fo 1
X=—M , = — {8.1]
MO T s @y
where r——‘i—w‘/ﬂ ;———C—-
B Wy B k B vak

Thus the steady-state amplitude is a function of the system stiffness k, its mass




not a feasible solution, whereas an optimized structural design may be employed
to increase the stiffness.

- - _ . Py A 14 Al e Ya * a1 Y. . .
3 Chungf‘i?fsystem'wrﬁgﬁ: aiton I artoin " "
.

or damping parameters of a system to achieve vibration control is to change
the configuration of the system. The one-degree-of-freedom system of Fig.
8.1 becomes the two-degree-of-freedom system of Fig. 8.2 when an auxiliary
mass-spring system, called a vibration absorber, is attached. If the absorber is
designed correctly, the natural frequencies of the two-degree-of-freedom system
are away from the excitation frequency. The addition of the absorber alters the
frequency response of the original mass. Indeed, steady-state vibrations of the
original machine can be eliminated when a correctly tuned vibration absorber
is added.

A torsional vibration damper is illustrated in Fig. 8.3. The damper is an
inertia element connected to a shaft through a torsional damper. Such devices
are used on crankshafts.

4. Reduction of force or motion transmission. Figure 8.4 illustrates the use of a
vibration isolator between two components of a mechanical system. If designed
correctly, anisolator can reduce the transmission of force between a machine and
its foundation when the machine is subject to a harmonic excitation. Isolators
can also be designed to protect the foundation from impulsive forces experienced
during operation of the machine. The same theory is used to design isolators to
protect against motion transmission.

Examples of how vibration analysis is used to determine appropriate amplitudes
and frequencies of excitation to limit steady-state response are presented in Chap. 3.
Examples of how vibration analysis is used to determine system parameters to limit
the response for a given excitation are presented in Chaps. 3 and 4. Analysis and
design of vibration isolators and vibration absorbers are the subject of this chapter.

m

Fysin wt l i
2

my Figure 8.2  An quxiliary mass-spring system added to @ machine with
harmonic excitation serves as a vibration absorber.
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A model one-degree-of-freedom system is shown in Fig. 8.4b. The differ-
ential equation governing the displacement of the mass is

E(t—) [8.2]

X +2fwax + wix =
where w, = /k/m is the system’s natural frequency and ¢ = ¢/(2mw,) is the
system’s damping ratio. The force transmitted to the foundation through the
spring and viscous damper is

Fr(t) =kx +cx [8.3]

2. Equipment is protected against motion of its foundation. Examples of this class
of problems include protecting sensitive computer equipment from harmonic
structural vibrations caused by other equipment or protecting a computer on a
ship from sudden motions due to waves and rough seas.

A model one-degree-of-freedom system for this class of problems is shown
in Fig. 8.5. The differential equation governing the relative displacement be-
tween the mass and its foundation is

742t w,z + cogz = -y is.4]
where z = x — y. The acceleration transmitted to the mass due to the motion
of the base is given by
kz+cz

m

or Fr = —mx [8.5]

5c'='z'+33-—-—(2;“w,,z+w,2,z)=—

where Fr is the total force developed in the spring and viscous damper.

For force transmission problems, given the excitation force F(t), the two quan-
tities of most concern are the maximum displacement of the machine, xmax, and the
maximum force transmitted to the foundation, Fr_, . For motion transmission prob-
lems, given the base acceleration y(¢), the two quantities of most concern are the
displacement of the equipment relative to the foundation, Zmyax, and the maximum
absolute acceleration of the equipment, Xys. Comparison of Egs. (8.2) and (8.4)
shows that if the excitation force for a force transmission problem is equivalent to
—m for a motion transmission problem, then Xmax = Zmax. Comparison of Egs.

= o

Lt C

)
¥ I Figure 8.5 One-degree-of-freedom model of system protected from

motion of base by isolator.
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(8.3) and (8.5) further reveals that under these conditions Fr,,, = MXmax. Thug the
same theory can be used to analyze both force and motion transmission problemg
Then without loss of generality the remainder of the discussion will focus on fop,
transmission problems.

For a given excitation Eq. (8.2) is solved and Eq. (8.3) is used to determine the
time-dependent transmitted force. If F(¢) is harmonic, the steady-state amplitudeg
are constant and the important considerations. If F(¢) is impulsive, the short-time
behavior is important. In either case, vibration control involves minimizing the
maximum transmitted force Fr, ,, the maximum displacement xmax, Or both,

Let Fop be a characteristic magnitude and let y be a characteristic time of the
excitation., The maximum transmitted force and displacement are dependent oy
these characteristic values and system properties

Fr = film, ¢, w,, Fy, to) (8.6]
Xmax = fa(m, ¢, wn, Fo, to) [(8.7]

Equations (8.6) and (8.7) can be rearranged in nondimensional form

F -
—;ﬂ = f1(¢, wuto) (8.8]
0
2 -
D% fmex f2(¢, wut0) [8.0]
Fy

If the excitation is harmonic the characteristic time is taken as the inverse of the
excitation frequency and the frequency ratio r = w/w, is used in place of wyf.
General principles of vibration isolation are obtained by studying the equations in
their nondimensional form.

8.3 VIBRATION ISOLATION THEORY FOR HARMONIC
EXCITATION

8.3.1 GENERAL THEORY

If the machine of Fig. 8.4 were bolted to the floor and subject to a harmonic excitation
of the form

F(t) = Fysinwt [8.10]

then the fioor is subject to a load with a static component load equal to the weight
of the machine and a harmonic component of magnitude Fp and frequency . The
harmonic component can lead to fatigue damage of the bolts and the structure an
cause unwanted noise. The harmonic force applied to the floor can also induce
vibrations of the structure that may affect operation of neighboring machines.

The magnitude of the harmonic component of the transmitted force can be
reduced by isolating the floor from the machine by placing the machine on an elasti¢
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foundation modeled as springs in parallel with a viscous damper as shown in Fig.
g 4b. The steady-state response of the machine is

x(t) = X sin(wt — @) [8.11]

where X is given by Eq. (3.25) and ¢ is given in Eq. (3.29). Use of Eq. (8.11) in Eq.
(8.3) leads to

Fr(t) = Fr,,, sin (ot — 1) [8.12]

where A is given by Eq. (3.72) and

Fr, = FT(r.¢) [8.123]
The function T'(r, {) is defined in Eq. (3.74), which is duplicated below
B 14+ (2r)?
T(r» ;) - ‘/(1 _ r2)2 + (24_’_)2 [(8.14]

The nondimensional function of Eq. (8.14) is called the transmissibility. If the
transmissibility is less than one, the magnitude of the repeating force transmitted
to the floor is less than the magnitude of the excitation force. When this occurs,
the vibrations are said to be isolated. Figure 8.6 shows the transmissibility as a
function of frequency ratio for different values of the damping ratio. Isolation
occurs only when r > +/2. When isolation occurs, increased damping increases

& ool

Figure 8.6 T versus r for different values of ¢.
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the transmissibility ratio. However, viscous damping is still necessary to limjt the
amplitude of vibration as the system passes through resonance.
The theory of motion transmission for harmonic base excitation is presenteq in
Sec. 3.6. The ratio of the equipment acceleration to the base acceleration is
o*X X

ST =7 = T(r,¢) [3.13)

UNDAMPIED ISOLATOR DESIGN  An air conditioner weighs 250 1b and is drivep by
a motor at 500 rpm. What is the required static deflection of an undamped isolator ¢
achieve 80 percent isolation?

Solution:

Eighty percent isolation requires a transmissibility ratio of 0.2. For an undamped isolator

/ 1

Since r > /2 to achieve isolation, and a positive result is required from the square root,
the appropriate form of the preceding equation after the square root is taken is

1
r2—-1
which yields r = 2.45. The maximum natural frequency for the air conditioner—isolator
system to achieve 80 percent isolation is calculated as

o= (500 rev/min) (2 rad/rev)(l min/60 s) — 214 rad
T 2.45 T s

The required static defiection is obtained from

" m—vAst

g 32fys?
> A= 7= Qlaradser ~ OO

n

02 =

3.2

DAMPED ISOLATOR DESIGN  An industrial sewing machine has a mass of 430 kg
and operates at 1500 rpm (157 rad/s). It appears to have a rotating unbalance of magnitude
moe = 0.8 kg - m. Structural engineers suggest that the maximum repeated force trans-
mitted to the floor is 10,000 N. The only isolator available has a stiffness of 7 x 105 N/m
and a damping ratio of 0.1. If the isolator is placed between the machine and the floof:
will the transmitted force be reduced to an acceptable level? If not, what can be done?
Solution:

The maximum allowable transmissibility ratio is

Fr.. 10,000 N

Tmax = e? — (08 kg -m)(157 rad/ay — 007
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The natural frequency with the isolator in place is

Tx1ON/m _ 56 ™
@n = 430 kg s

which Jeads to a frequency ratio of 1.24 < +/2. Use of this isolator actually amplifies

the force transmitted to the floor.
Adequate isolation is achieved only by increasing the frequency ratio, thus decreas-
ing the natural frequency. The maximum allowable natural frequency is obtained by

solving for r from

_ 1+ (0.2r)?
0307 = \/ (1 =722 4+ (0.2r)?

The preceding equation is squared and rearranged to yield the following quadratic equa-
tion for r%:

r* =212 -289=0
The appropriate solution is r = 1.75. Thus the maximum natural frequency is

1
w0, = DTT/S _ gq 5 rad
1.75 s

If more than one of the described isolator were available, the natural frequency of
the system can be decreased by placing isolators in series. The equivalent stiffness for
n isolators in series is k/n. Further calculations show that at least two isolator pads in
series are necessary to reduce the natural frequency below 89.7 rad/s.

If only one isolator pad is available, the natural frequency is decreased by adding
mass to the machine. A mass of at least 440 kg must be rigidly attached to the machine
and the assembly placed on the existing isolator.

A flow-monitoring device of mass 10 kg is to be installed to monitor the flow of a
gas in a manufacturing process. Because of the operation of pumps and compressors,
the floor of the plant vibrates with an amplitude of 4 mm at a frequency of 2500 rpm.
Effective operation of the flow-monitoring device requires that its acceleration amplitude
be limited to 5g. What is the equivalent stiffness of an isolator with a damping ratio of
0_.05 to limit the transmitted acceleration to an acceptable level? What is the maximum
displacement of the flow-monitoring device and what is the maximum deformation of
the isolator?

Solution:
The acceleration amplitude of the floor is

L\ 2
5 rev rad = min m
= (2500 B¥. o BC MUY —2741 ™ —279
WY (5 o 2T 12 (0.004m) = 2741 5 =27.95
The maximum allowable transmissibility ratio is

2

X

Tow = 2% = 8 _ 0179
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From Eq. (8.14) with ¢ = 0.05,

1+ 0.0172
0.179 = \/1 —1.99r% + r4

Solution of the preceding equation gives the minimum frequency ratio for which Vibra.
tions are sufficiently isolated. It yields » > 2.60. Thus

w rad
— = 100.7 —
“n = 260 [
The maximum stiffness of the isolator is
k = mw? = 1.01 x 10° N/m
When 7' = 0.179, Eq. (3.71) is used to calculate the steady-state amplitude of the
flow-monitoring device as
X =YT = (0.004 m)(0.179) = 0.72 mm

Since the isolator is placed between the floor and the flow-monitoring device, its defor-
mation is equal to the relative displacement between the floor and the device.
The steady-state amplitude of the relative displacement is calculated by using Eq.
(3.68)
_ r’y
VA= r)7 + 2¢r)?

Z =AY = 4.69 mm

When the magnitude of the excitation force is independent of the excitation
frequency, if sufficient isolation is achieved at a certain speed, then greater isolation
is achieved at higher speeds. The transmitted force can theoretically be made as
small as desired by making the natural frequency of the machine-isolator system
small enough.

8.3.2 FREQUENCY-SQUARED EXCITATION

A special case occurs when the amplitude of the excitation force is proportional to .the
square of the excitation frequency, as for the harmonic excitation due to a rotating
unbalance. Since the maximum allowable force transmitted to the f0undati0fl 18
independent of the frequency of excitation, the percentage of isolation raquired
varies with the frequency. When the excitation is caused by a rotating unbalance,
Eq. (8.13) becomes

Fr _
moew? T ¢)
or Fr 3 =r2T(r,§)=R(r, 0) 18016]

moéw,
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The nondimensional function R(r, ¢) is defined as

/ 14 2¢r)?
-
R(r,;—)—r (1_r2)2+(2{r)2 [8.17]

R(r,£)is plotted in Fig. 8.7. The following is noted about its behavior

1. R(r,¢) is asymptotic to the line f(r) = 2¢r for large r. That is,
lim R(r,£) =241 [8.18]

2. For¢ < ﬁ/4 = 0.354, R(r, ¢) increases with increasing r, fromQ at r = 0 and
reaches a maximum value. R then decreases and reaches a relative minimum.
As r increases from the value where the minimum occurs, R grows without
bound and approaches the asymptotic limit given by Eq. (8.18). The values
of r where the maximum and relative minimum occur are obtained by setting
dR/dr = 0, yielding

1+ @822 = Dr? +8222¢ = )r* +2¢%% =0 [8.19]

Equation (8.19) is a cubic polynomial in r2. Tt has three roots. One root is
the value of » where the maximum occurs, another is the value of r where the
relative minimum occurs, and one root is negative and irrelevant. Figure 8.8
shows the value of r for which the minimum occurs as a function of ¢. Figure
8.9 shows the corresponding value of R at its relative minimum.

3. R =2forr = /2 for all values of ¢.

4. Equation (8.19) has a double root of r = /2 for ¢ = +/2 /4 = 0.354. The
maximum and minimum coalesce for this value of {. For { = 0.354, R = 2 al
r = /2 is an inflection point.

-/
o —
| -
e
./ ——————— —
1 i
3 4 5
0.1 ——— =02

- — =05

Figure 8.7 R versus r for several values of ¢.
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10

Figure 8.8  Value of r for which minimum R occurs as a function of ¢.

2
& 1f
0 L 1 1
0 0.1 0.2 03 0.4

Figure 8.9 Rminl ).

5. For¢ > +/2/4, Eq. (8.19) has no positive roots. Thus R does not reach 2
maximum, but grows without bound from R =0 at r = 0.

If the natural frequency of a system whose vibrations are due to a rotating
unbalance is fixed, Fig. 8.7 shows that the transmitted force has a minimum for
some value of r. If r exceeds this value, the force increases without bound as ’
increases. If ¢ is small, the curve in the vicinity of the relative minimum is .ﬂat'
The transmitted force varies little over arange of r. This suggests that for situations
where vibrations must be isolated over a range of excitation frequencies, it is bes
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to ch0OSE @n such that the value of r at the center of the operating range is near the
value of r for which the relative minimum occurs,
The limit process used to develop Eq. (8.18) is performed for a fixed value of
as w is increased. Thus for a fixed wy, the transmitted force approaches moeww,.
The limit of Fr as w, goes to zero for a fixed w is zero. Thus decreasing the natural
frequency decreases' the magnitude of the transmitted force for a specific excitation
frequency. Decreasing the natural frequency such that the minimum is to the left
of the operating range reduces the magnitude of the repeating component of the
rransmitted force over a portion of the operating range. However, the transmitted

force may vary greatly over the operating range.

A 250-kg pump operates at speeds between 1000 and 2400 rpm and has a rotating
unbalance of 2.5 kg-m. The pump is placed at a location in an industrial plant where
it has been determined that the maximum repeated force that should be applied to the
floor is Frax- Specify the stiffness of an isolator of damping ratio 0.1 that can be used
to reduce the repeating component of the transmitted force to an acceptable level. Solve
for (@) Frax = 15, 000 N; (b) Fmax = 10, 000 N.

Solvtion:

If the pump is placed directly on the floor, the repeating component of the transmitted
force is 27,400 N at 1000 rpm and 157,800 N at 2400 rpm. Thus isolation is necessary.

(a) From Fig. 8.9, for ¢ = 0.1 the minimum value of R occurs for r = 2.94. If w,
is chosen such that r = 2.94 is at the center of the operating range, then

1700 rpm rad
Wp 304 578.2 rpm = 60.55 .

At the lower end of the operating range, the frequency ratio is 1.73 and the transmitted
force is

Fr =moew?R(1.73,0.1)

rad \? " 1 + (0.346)*
=25kg-m (60-55 -;) (1.73) \/ [l — (LT3 + (0.346)?
= 14,350 N

?t the upper end of the operating range, the frequency ratio is 4.15 and the transmitted
orce is

Fr = mpew?R(4.15,0.1)

2 2
= (2.5kg-m) (6()_55 E?SE) (4.15)2\/[1 — 1 + (0.830)

(4.15)212 4 (0.830)2
= 12,630 N

(b) The above analysis works for Fr, = 15,000 N, but will not work for Fr,,, =
10,000 N, as the transmitted forces at both ends of the operating range are larger than

Tlxcn



FUNDAMENTALS OF MECHANICAL VIBRATIONS

10,000 N when the center of the operating range corresponds to the minimum of R, £)
Setting Fr,, = 15,000 N for @ = 1000 rpm leads to ‘
Fr, 10,000 N

INAX

= = 0.
moew? (2.5 kg - m)(104.7 rad/s)? 365

T(r,0.1)=

which leads to r = 2.012. Then , = (104.7 rad/s)/2.102 = 52.02 rad/s. Then fo,
o = 2400 rpm, r = 4.83, and from Eq. (8.16)

Fr = moew?R(4.83,0.1) = 9810 N

8.3.3 MULTIFREQUENCY AND GENERAL PERIODIC EXCITATIONS

Vibration isolation of a system subject to a multifrequency excitation can be difficul,
especially if the lowest frequency is very low. Consider a system subject to an
excitation composed of n harmonics

F(t) = )  Fisin(wit + ) [8.20]

i=1

The principle of linear superposition is used to calculate the total response of the
system due to this excitation. Equation (8.3) is used to calculate transmitted force,
leading to

Fr(e) =) T(ri, ) Frsin (it + 9 — A) [8.21]
i=]

i
where r=—

Wy
Since the harmonic terms of Eq. (8.21) are out of phase, their maxima occur at
different times. A closed-form expression for the absolute maximum is difficult t0
attain. The following is used as an upper bound:

Fr,, <) FT@,¢) [8.22]

i=1

Equation (8.22) can be viewed as an equation which provides an approximation
the upper bound of the natural frequency. If the natural frequency is less than the
calculated upper bound, the repeating force transmitted to the floor is always less tha?
the allowable force. An initial guess for the upper bound is obtained by determinibé
the natural frequency such that the transmitted force due to the lowest-frequency
harmonic only is reduced to Fr. Since additional forces at higher frequencies are
present, greater isolation is required. The natural frequency can be systematicaﬂy
reduced from this initial guess, checking Eq. (8.22), until an upper bound is obtained
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ghe 500-kg punch press of Example 3.13 is to be mounted on an isolator such that
{he maximum of the repeating force transmitted to the floor is 1000 N. Determine the
o quired static deflection of an isolator assuming a damping ratio of 0.1, What is the
resulting maximum deflection of the isolator during the punching operation?

solution:
From Example 3.13 the excitation force is periodic and is expressed by a Fourier series

as

5000+/2 <= 1
F(t) = 2000 + V2 E IT«/I —cos 0.87i sin (4mwit + ;) N
i=1

b/

The 2000-N term is the average force applied to the punch during one cycle. It contributes
to the total static load applied to the fioor and is not part of the repeating load. Application
of Eq. (8.22) to the repeated components of loading gives

50002 1
1000 > 2025 om0
i=l1 :

b/

4mi

where ri=—=in
Wn

An initial guess for an upper bound for the natural frequency is obtained by cal-
culating r; such that the transmitted force due to the lowest-frequency harmonic is less
than 1000 N. This leads to

1000 = m\/Z(l — cos O.Sn)J
b4

14 (0.2r))?
(1 —rd)? + (0.2r1)2

which gives r; = 1.54. Defining

for) = 50002 Z %\/1 —cos 0.87i T(ir, ¢)
i=1

b/ 4

itis desired to solve
f (r1) = 1000

A lower bound on the value of r; that solves the preceding equation is 1.54. A trial-and-
€rror solution is used to determine r|, leading to r; = 1.95. For r; = 1.95, an upper
bound for the natural frequency is calculated as

W) 4 rad

Wy = —— = —— = 0. —
195 195 s
The required static deflection of the isolator is Ay = g/w? = 236 mm. The static
deflection is excessive, and a flexible foundation is required. The total static load on
the isolator is the weight of the machine plus the average value of the excitation force,
/2 = 2000 N. Thus the total static load to be supported is

Fuatic = (500 kg)(9.81 m/s?) + 2000 N = 6905 N
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T T——
8.4 PRACTICAL ASPECTS OF VIBRATION ISOLATION

Vibration isolation is required in a variety of military and industrial applicatiopg,
Isolation is required to reduce the force transmitted between a machine and its foy,.
dation during ordinary operation or to isolate a machine from vibrations of its g,
roundings. Motors are often isolated to protect mountings from forces arising frop,
harmonic variation of torque and unbalanced rotors. Electrical components such g
transformers and circuit breakers are isolated to protect surroundings from electyo.
magnetic forces generated in solenoids or as a result of alternating current. Large
harmonic inertia forces are developed by rotating components of single-cylinder re.
ciprocating engines. Isolation is required to protect the engine mounting from thege
forces. Other machines with rotating components such as fans, pumps, and presses
are often isolated to protect against inherent rotating unbalance.

The maximum stiffness of an isolator required for a particular application is
calculated by using the theory of Sec. 8.3. A one-degree-of-freedom system using
an isolator is modeled as the simple mass-spring-dashpot system of Fig. 8.4.

Specifications provided in catalogs of commercially available isolators include
allowable static deflections. Ifthe isolated system of Fig. 8.4 has a minimum required
natural frequency w,, the required minimum static deflection of the isolator is

Ay = % [8.23]
wn

Isolation of low-frequency vibrations requires a small natural frequency, which leads
to a large isolator static deflection.

The vibration amplitude of a machine during operation is calculated from Eq.
(3.25)

mw?X
Fy

=M, {)

Multiplying both sides of the preceding equation by r? leads to

maw*X
Fy

=r’M(@r, ¢) = A(r, ) [8.24]

where A(r, {) is defined in Eq. (3.34). Since vibration isolation requires r > V2
and A(r, £) decreases and approaches 1 as r increases, the steady-state amplitude
decreases as isolation is improved. However, for fixed m, Fy, and w the steady-staté
amplitude has a lower bound given by

X > Fo [8.25]

ma?
Equations (8.24) and (8.25) show that if an isolator is being designed to provid®
isolation over a range of frequencies, the steady-state amplitude is greatest at the
lowest operating speed.
Since vibration isolation requires r > V2, the speed at which the maximl“_n
vibration amplitude occurs must be passed during start-up and stopping. The max!”
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mum vibration amplitude for a fixed w, is obtained using Eq. (3.28) as
X = Fy 1
max = mw% 2 ,——1 = ;2

The smaller the natural frequency, the larger the resonant amplitude. In addition,
the larger the damping ratio, the smaller the resonant amplitude.

A large vibration amplitude can lead to ineffective operation of machinery.
Large-amplitude vibrations of machines which must be properly aligned with devices
that feed materials to the machine can lead to improper alignment and improper
operation. Many machine tools require a rigid foundation for effective operation.
Equation (8.24) shows that one way to reduce the amplitude of vibration during
operation and the resonant amplitude is to increase the mass of the isolated system.
Equation (8.23) shows that the only way to reduce the amplitude below a calculated
value at a given operating speed is to increase the system mass. Increasing the mass
allows a proportional increase in the stiffness required to achieve sufficient isolation.

The mass of a system can be increased by rigidly mounting the machine on a
block of concrete. A small machine can be mounted above ground, while a large
machine is usually mounted in a specially designed pit. The static load applied to
the isolator and the mounting is increased when the mass of the system is increased.

[8.26]

A milling machine of mass 450 kg operates at 1800 rpm and has an unbalance which Wlxuu
causes a harmonic repeated force of magnitude 20,000 N. Design an isolation system

to limit the transmitted force to 4000 N, the amplitude of vibration during operation to

1 mm, and the amplitude of vibration during start-up to 10 mm. Specify the required

stiffness of the isolator and the minimum mass that should be added to the machine.

Assume a damping ratio of 0.05.

Solvtion:
The maximum allowable transmissibility is
4000 N
T=30,000n ~ 02

The minimum frequency ratio is determined by solving

2
02 = 1+001r
1—-1.9924r4

Which yields r = 2.48 and a maximum natural frequency of

w rad
p = T = 6-0 he—
=5 =00
_ The maximum amplitude during start-up for the 450-kg machine mounted on an
iSolator such that the system natural frequency is 76.0 rad/s is
20,000 N

(450 kg)(76.0 rad/s)? 2(0.05)+/1 ~ (0.05)2 N

Xmax =
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The resonant amplitude can be decreased to 10 mm only by increasing the mass o

20,000 N
(0.01 m)(76.0 rad/s)? 2(0.05)/1 — (0.05)2

= 3460 kg

When the mass is increased to 3460 kg, the amplitude of vibration of the milling
machine, when operating at 1800 rpm is

B 20,000 N 1 o
(3460 kg)(76.0 rad/s)? /[T — (2.48)212 + [2(0.05)2.48))2

X 9 mm

The isolator stiffness is calculated by
k = mw? = (3460 kg)(76.0 rad/s)* = 2.0 x 10’ N/m

The milling machine should be mounted on a concrete block of mass 3010 kg and the
system isolated by springs with an equivalent stiffness of 2 x 107 N/m.

There are three classes of isolators in general use. The choice of an isolator for a
particular application depends on the constraints noted previously (static defiection,
vibration amplitude, and resonant amplitude), as well as other factors such as cost,
weight, and space limitations, the amount of damping required, and environmental
conditions.

Helical coil steel springs are used as isolators when large static defiections
(> lin. or 3 cm) are required and a flexible foundation is acceptable. This occurs
when good isolation is required at low operating speeds. Hysteresis in steel springs
is low, so discrete viscous dampers are used in parallel with the springs to provide
adequate damping. Steel springs may be used in combination with other isolation
methods when a machine must be mounted on a concrete block. These isolators can
be designed for specific use or can be obtained commercially.

Isolators made of elastomers are used in applications where small static deflec-
tions are required. If used for larger static loads, the elastomers are subject to creep,
reducing their effectiveness after a period of time. Caution should be taken in using
these isolators in extreme temperatures. Hysteretic damping inherent in the isolators
is usually sufficient. However, discrete dampers can be employed in conjunctiqn
with these isolators. The damping ratio of an isolator depends on the elastomerc
material from which it is made, the steady-state frequency, and the amplitude. The
damping ratio for isolators made of natural rubber varies little with amplitude but
is highly dependent on frequency. The damping ratio of a natural rubber isolator at
200 Hz is ¢ = 0.03 while ¢ = 0.09 at 1200 Hz.

Figure 8.10 is a copy of a page from the catalog of Stock Drive Products, &
commercial manufacturer of vibration isolators. These isolators are usually used for



FOR COMPRESSION LOADS TO 120 POUNDS
SHEAR LOADS TO 63 POUNDS
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1-1/4
Compression Minimum Load for 81% Isolation (Ibs)
Load | Maximum Forcing Frequency in Cycles per Minute
Rating] Load (Ibs) 600 | 850 | 950 | 1100 | 1250 { 1500 | 1750 | 2000 | 2500 | 3000
A 41 345|218 19 14 10 7
B 64 48 2 |24 175 | 12 85
[of 90 80 55 1415 | 30 20 14
D 120 89 1 705 53 385 | 26.5
—
Shear Minimum Load for 81% Isolation (Ibs)
Load | Maximum Forcing Frequency in Cycles per Minute
Rating | Load(lbs) | 600 | 850 | 950 | 1100 | 1250 | 1500 } 1750 | 2000 | 2500 { 3000
A 21 20 | 110| 85} 67 5.5 * » . - .
B 3 18 |14 [108] 8 551 * * .
C 48 ns|25 (19515511 85| » . .
D 63 50 |41 |326[275]205] 16 14 8 -

*At these forcing frequencies lesser loads will yield 81% isolation.

Example page from Stock Drive Products Catalog showing vibration

isolator and its properties. (Courtesy of Stock Drive Products.)



MATERIAL: Fastener—Steel, Brass Plated
Isolator—Natural Rubber

LOAD DEFLECTION GRAPHS

Deflections below the line X---X are considered
safe practice for static loads; data above that line
are useful for calculating deflections under dy-
namic loads.
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Load Rating ‘;‘ Figure 8.10 (Con’t)  Example page from Stock Drive
pe Products Catalog showing vibrafio?
b isolotor ond its properties.

(Courtesy of Stock Drive ProdUC”-)




CHAPTRER 8 . VIBRATION CONTROL

¢mall machines where the required static deflection does not exceed half an inch.
The load rating given refers to the static load that the isolator can tolerate. Anisolator
that can tolerate a larger static load can supply a smaller static deflection. Isolators
with different load ratings are made from different structural rubber compounds.
The isolators with a higher load rating are harder and have a higher damping ratio.
The damping ratios generally range from 0.02 for those with load rating A 10 0.1 for
those with load rating D.

Pads made of materials such as cork, felt, or elastomeric resin are often used
to isolate large machines. Pads used to isolate a specific machine can be cut from
jarger pads. Pads of prescribed thicknesses can be placed on top of one another,
acting as springs in series, to provide increased flexibility.

A small rotor balancing machine of weight 80 Ib is to be placed on a table in a labo-
ratory. The table vibrates because of operation of other equipment in the laboratory.
An accelerometer was used to monitor the vibrations of the table. Analysis of its out-
put showed that the vibrations of the table are made up of a number of components at
different frequencies. However, the largest contribution is from the lowest frequency,
an acceleration amplitude of 10 in./s? at a frequency of 150 rad/s. Accurate use of the
rotor balancing machine requires that its base acceleration be limited to 1.5 in./s2. If
balanced four-point mounting is used, can the isolator of Fig. 8.10, mounted in compres-
sion, be used to sufficiently isolate the rotor balancing machine from the vibrations of
the table?

Solution:
The maximum transmissibility ratio is

1.5in./s%

= e = 0,15
10.0 in. /s?

Assuming a damping ratio of 0.1, in order for T(r, 0.1) to be less than 0.15, a frequency
fatio greater than 2.95 is required. The maximum natural frequency is (150 rad/s)/2.95
= 50.85 rad/s and the required isolator static deflection is g/w? = 0.15 in.

If four-point mounting is used, each isolator is subject to a static load of 20 Ib.
From the force-deflection curve for compression mounting of Fig. 8.10, a 20-1b load
Produces an isolator deflection of only 0.1 in. However, this isolator can tolerate a static
deflection of 0.15 in., which will occur if the static load is 30 Ib. This suggests that
the rotor balancing machine can be mounted on a 40-Ib block. Then the isolator of
Fig. 8.10 can be used to sufficiently isolate the rotor balancing machine from the table
vibrations,

Since an isolator of load rating A is used, the preceding calculations can be modified
by assuming a damping ratio of 0.02. Then a frequency ratio of 2.78 sufficiently isolates
vibrations. This leads to an isolator static deflection of 0.133 in. A static load of 26.61b
On each isolator is required to provide the required deflection. Thus the machine needs
to be mounted on a block of only 26 4 1b.
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8.5 SHOCK ISOLATION

8.5.1 SHORT-DURATION PULSES

If the forge hammer of Fig. 8.11 is rigidly mounted to the foundation, the foundatioy
is subject to a large impulsive force when the hammer impacts the anvil. An isolatigp
system modeled as a spring and viscous damper in parallel can be designed to redyc,
the magnitude of the force to which the foundation is subject. The principles useq
in the design of a shock isolation system are similar to the principles used to design
an isolation system to protect against harmonic excitation, but the equations age
different.

If the duration #p of a transient excitation F(¢) is small, say tp < 7/5 where
T is the natural period of the system, then the system response can be adequately
approximated by the response due to an impulse of magnitude

4]
I =f F(t)d: [8.27]
0

If the system is at rest in equilibrium when a pulse of short duration is applied,
the principle of impulse-momentum is used to calculate the velocity imparted to the
mass as

v = [8.28]

3~

The impulse provides external energy to initiate vibrations. Time is measured begin-
ning immediately after the excitation is removed. The ensuing response is the free-
vibration response due to an impulse providing the mass with an initial velocity v.

v .
x(t) = —e 5 sin wyt [8.29]
wy

The maximum displacement occurs at a time

tm = tan~! (____VI_CZ) [8.30]

¢

N/

Tup Frame
0+

Anvil

A

Foundation block Figure 8.11 Schematic of a forge hammer.
When tup impacts anvil, a large
TITTTTITTIT I T I AT 7T 77 I 777717777177 impulsive force is produced.

/.

3
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and is equal to

V11— £
Equations (8.3) and (8.29) and trigonometric identities are used to calculate the
force transmitted to the foundation through the isolator as

Wy

/1 — 2
Xmax = i exp l:— d tan~! (—l—i)] [8.31]

Fr(t) = Fe " sin (wyt ~ B) [8.32]
~ mo,
where F=_—2n0 [8.33]
JVi-1¢?
2c /1 =2
and B =—tan"! (————;1 — ng ) [8.34]

The maximum value of the transmitted force is obtained by differentiating Eq.
(8.32) with respect to time, solving for the smallest time for which the derivative is
zero, and finding the transmitted force at this time. The time for which the maximum
transmitted force occurs is

1l VI=20 -4
I"’F“wdtan [ TS ] [8.35]

The corresponding maximum transmitted force is

/1 —22(1 — 422
Fr,,, = mvwpexp| — 1 tan™! 1-¢d 24§) [8.36]
J1-22 £ —4c%)

Equation (8.35) shows that the maximum transmitted force occurs at # = 0 for
¢ =0.5. For { > 0.5, the first time where dF /dt = 0 cotresponds to a minimum.
Thus, for £ > 0.5, the maximum transmitted force occurs at # = 0 and is given by

Fr(0) = cv = 2t mw,v [8.37]

Equations (8.36) and (8.37) are combined to develop a nondimensional function
Q(¢) that is a measure of the maximum transmitted force, defined by

() = ::"‘a‘;
¢ | V1=82(1 -4
R S 0.5
- ‘”‘p( Ji-go [ (3 -4 D s
2¢ 05<t <1

[8.38]

Figure 8.12 shows that Q(¢) is flat and approximately equal to 0.81 for 0.23 <

¢ < 0.30. If minimization of the transmitted force is the sole criterion for the isolator
design, the isolator should have a damping ratio near 0.25.



FUNDAMENTALS OF MECHANICAL VIBRATIONS

2.0
1.5
o
10
81
0.5 } i A1 1
0 0.2 0.4 0.6 0.8 1

{

Figure 8.12  Shock isolation function for short-duration pulse.

Equation (8.38) shows that, for a given ¢, the transmitted force is proportional
to the natural frequency. Thus a low natural frequency and large natural period is
necessary and the short-duration assumption is often valid.

Equation (8.31) shows that the maximum displacement varies inversely with
the natural frequency. Thus requiring a small transmitted force leads to a large
displacement. The natural frequency is eliminated between Egs. (8.31) and (8.38),
yielding

F Trnax ¥max

= S(¢) (8.39]
2
where
{ /T — 72 (4 — 872
2exp L tan~" VA el Sl Gk ) £ <05
J1=¢2 802 -8¢4 -1
S@) = |

4
47 exp S S tan~! yi=¢ 05<¢ <1
v1-1¢2 ¢

' [8.40]

The denominator of the nondimensional ratio of Eq. (8.39) is the initial kinetic
energy of the system. The numerator is a measure of the work done by the transmitted
force. The inverse of this ratio is the fraction of energy absorbed by the isolator, the
isolator efficiency. Figure 8.13 shows that the maximum isolator efficiency occurs
for ¢ = 0.40 where § = 1.04,

The 200-kg hammer of a 1000-kg forge hammer is dropped from a height of 1 m. Desig?
an isolator to minimize the maximum displacement when the maximum force transl‘ﬂift"d
to the foundation is 20,000 N. What is the maximum displacement of the hammer whet
placed on this isolator?
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Figure 8.13  Energy absorption for short-duration pulse.

Solution:
The excitation is a result of the impact of the hammer with the anvil, and thus of short
duration. The velocity of the anvil at the time of impact is

v =v2(9.81 m/s?)(1 m) = 4.43 m/s

The velocity of the machine after impact is determined by using the principle of impulse
and momentum
_ (200kg)(4.43 m/s)
- 1000 kg
The product of the maximum transmitted force and the maximum displacement is min-
imized by selecting ¢ = 0.4. Then if the transmitted force is limited to 20,000 N, the
maximum displacement is obtained by using Eq. (8.39)

=0.886 2
S

tmy? 1(1000 kg)(0.886 z
tma = 2V 50,4y = 2100 KR)O BB /S, o 602 m
Fr.. 20,000 N

The natural frequency of the isolator is calculated by using Eq. (8.38)
ad
Wy = FTM = 20,000 N = 25.65 r——
mvQ(0.4) (1000 kg)(0.886 m/s)(0.88) )

and the maximum isolator stiffness is calculated as

k = mo? = (1000 kg)(25.65 rad/s)? = 6.58 x 10° N/m

8.5.2 LoNG-DURATION PULSES

For pulses of longer duration, it is possible that the maximum displacement or
transmitted force could occur while the excitation is being applied. In addition, the
shape of the pulse has an effect on these extreme values. Shock isolation calculations,
for pulses of duration longer than T/5 are made by using the shock spectrum for the
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pulse. The shock spectrum, first introduced in Sec. 4.6, is a nondimensiona} Plot of
the maximum displacement as a function of 2o/ T

Shock spectra are often calculated only for undamped systems. Algebrajc cony
plexity usually prevents analytical determination of shock spectra for dampeq Sys:
tems. The maximum response is obtained either by numerical evaluation of the
exact expression for the displacement or by numerical solution of the differentig]
equation. Damping does not have as much effect on the transient response dye t0a
pulse of longer duration as it does on the steady-state response due to a harmopj,
excitation or on the response due to a short-duration pulse.

Since shock isolation often involves minimizing the force transmitted betweey
a system and its support, a plot similar to the shock spectrum, but involving the
maximum value of the transmitted force, is useful. The vertical coordinate of the
force spectrum is the ratio of the maximum value of the transmitted force to the
maximum value of the excitation force. When the system is undamped, the force
spectrum is the same as the shock spectrum.

Figures 8.14 through 8.19 present displacement spectra and force (acceleration)
spectra for common pulse shapes. These spectra were obtained by using a Runge-
Kutta solution of the governing differential equation. A system with w, = 1 and
m = 1 was arbitrarily used. A time increment of the smaller of #/50 and 7/50 was
used. The Runge-Kutta solution was carried out until the larger of 47 or 4T. The
displacement and transmitted force were calculated at each time step and compared
to maxima from the previous times. The spectra were developed for several values
of {.

The force spectra for the rectangular pulse, the triangular pulse, the sinusoidal
pulse, the versed sine pulse, the negative-slope ramp pulse, and the reversed loading
pulse show that shock isolation is achieved only for small natural frequencies. The
shock spectra for these excitations show that the nondimensional displacement is
small for small natural frequencies. However, the dimensional displacement is
calculated by using the nondimensional displacement from

By (mw X [8.41]
mw? Fo

Thus a small natural frequency leads to a large displacement.

Xmax =

8.9

A 1000-kg machine is subject to a triangular pulse of duration 0.05 s and peak of 20,900 N.
What is the range of isolator stiffness for an undamped isolator such that the maxnnuﬁ;
transmitted force is less than 8000 N and the maximum displacement is less than 2.8 cm'
Solvtion:

The force spectrum for the triangular pulse shows that for Fr/Fy < 0.4, wato/ (27) <
0.16, which gives
27 (0.16) rad

wn<—6:65—8—=20.1—s—
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to/T
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Figure 8.14 {a) Force spectrum triangular pulse;
(b) displacement spectrum triangular pulse.
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Figure 8.15 {a) Force spectrum rectangular pulse;

{b} displacement spectrum rectangular pulse.
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(b)
Figure 8.16 (a) Force spectrum sinusoidal pulse;

(b) displacement spectrum sinusoidal pulse.
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Figure 8.17  (q) Force spectrum versed sine pulse;
(b) displacement spectrum versed sine pulse.
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Figure 8.18  (q) Force spectrum negative slope ramp;
(b) displacement spectrum negative slope
ramp.
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Figure 8.19  (q) Reversed step pulse force spectrum;
{b) reversed step pulse displacement spectrum.
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The lower bound on the natural frequency is obtained by trial and error, using the
displacement spectrum for the triangular pulse. For a guessed value of w,, wato/(27) is
calculated and the corresponding value of the maximum nondimensional displacement
is found from the displacement spectrum. The maximum dimensional displacement is
calculated from Eq. (8.41). If the displacement is greater than the allowable displace-
ment, the guess for the lower bound must be increased. The calculations for this example
are given in Table 8.1. The lower bound is calculated as 17 rad/s. Thus the allowable
stiffness range is

2.89 x 10° N/m < k < 4.04 x 10° N/m

8.6 DyYNAMIC VIBRATION ABSORBERS

-

8.6.1 UNDAMPED ABSORBERS

Large-amplitude vibrations of a one-degree-of-freedom system subject to a harmonic
excitation occur when an excitation frequency is near a natural frequency. The
amplitude of response is reduced when the system properties are changed such
that the natural frequency is away from the excitation frequency. Alternatively, an
additional degree of freedom can be added such that the natural frequencies of the
resulting two-degree-of-freedom system are away from the excitation frequency.

A vibration absorber is an auxiliary mass-spring system that, when correctly
tuned and attached to a vibrating body subject to a harmonic excitation, causes
steady-state motion of the point to which it is attached to cease. Figure 8.20 shows a
schematic of a one-degree-of-freedom system with an absorber added. A mass m;,
called the primary mass, attached to a rigid foundation through a spring of stiffness k;
is excited by a harmonic excitation, whose frequency is near \/k; /m;. An absorber
of mass m; is connected to the original mass through an elastic element of stiffness
ky. The resulting system has two degrees of freedom. If correctly designed, the
frequency response curve for the primary mass is altered such that the steady-state
amplitude of the primary mass is small at the excitation frequency.

The solution for the steady-state vibrations of the resulting two-degree-of-
freedom system is presented in Example 7.1. The steady-state amplitude of the

Table 8.1
w,, rad/s -z Xomax, €M
2n Fo
10 0.08 0.25 5.0
15 0.12 0.38 34
18 0.14 0.42 2.6

17 0.135 040 2.8
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l Fysin wt
my
$ k, Figure 8.20  When o ~ /kj/m, large-amplitude vibrations of
k, k, the primary system occur. The addition of an
> my > auxiliary mass-spring system {the vibration
absorber) changes the system fo two degrees of
freedom with natural frequencies away from
TTTTITITITTTITI ITITIT? vk /m.

primary mass is given by

k1 X, 1- r22
Fo |rPr2—rP—(+mri+l [8.42]
and the steady-state amplitude of the absorber mass is
kiXy 1 :
) Fo i —ri—(+mwri+1 8.43]

At
mi w

where n=w/—=— [8.44]
k w11

is the ratio of the excitation frequency to the natural frequency of the primary system,

In = in—z = -2— [8-45]
V ik on

is the ratio of the excitation frequency to the natural frequency of the absorber system,
if taken by itself, and

n=— [8.46]

The natural frequencies of the two-degree-of-freedom system are the values of
 such that the denominator of Eqs. (8.42) and (8.43) is zero. They are obtained as

w
w2 = 7-%\/ 1+ @21+ @) 2 Vg* U+ p + 2 — Dg? +1  [8.47)

where qg= ®2 [8.48]
w11

From Eq. (8.42) the steady-state amplitude of the original mass is zero when

v ma
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Under this condition the steady-state amplitude of the absorber mass is
X =— [8.50]

A vibration absorber can be used to eliminate unwanted steady-state vibra-
tions from a one-degree-of-freedom freedom system if the natural frequency of the
absorber is tuned to the excitation frequency. The vibration absorber has many prac-
tical applications. However, the following must be kept in mind in designing an
undamped vibration absorber.

1. When the absorber is tuned to the excitation frequency, Eq. (8.47) shows that
one of the two degree of freedom’s natural frequencies is less than the absorber’s
natural frequency while the other is greater. Hence the lower natural frequency
must be passed during start-up and stopping, leading to large-amplitude vibra-
tions during these transient periods.

2. The steady-state vibrations of the original mass are eliminated only at a single
operating speed. If the system operates over a range of frequencies, the steady-
state amplitudes at frequencies away from the absorber frequency may be large.
Figure 8.21 shows k; X/ Fp as a function of ry for g = 1 and & = 0.15 and
@ = 0.25. If | is much less than or greater than g, the steady-state amplitude
of the primary mass is large. An effective operating range should be defined for
each application by limiting the amplitude of the vibrations or the transmitted
force to an acceptable maximum.

3. Figure 8.22 shows the natural frequencies as a function of the mass ratio, w,
for fixed g. The separation of the two natural frequencies is small for small
4, resulting in a narrow operating range. The separation of natural frequencies
and the effective operating range increases for larger . However, a small p is
usually desired for practical reasons.

4. If the absorber is tuned to the excitation frequency and a given mass ratio  is
not to be exceeded, then the maximum value of the absorber spring stiffness is
k2. = p,mlw2 [s.511]
and the minimum steady-state amplitude of the absorber mass is

Fy

—_— [8.52]
,um1w2

szin =
5. The preceding analysis is valid only for an undamped system. If damping is
Present in the absorber it is not possible to eliminate steady-state vibrations of

the original mass. The amplitude of vibrations can only be reduced.

A machine of mass 150 kg with a rotating unbalance of 0.5 kg - m is placed at the midspanrixcmplo
of a 2-m-long simply supported beam. The machine operates at a speed of 1200 rpm.
The beam has an elastic modulus of 210 x 10° N/m? and a cross-sectional moment of



FUNDAMENTALS OF MECHANICAL VIBRATIONS

20

15 b e .:E ........ s E ...................
© s 3
< Pl s
:.: 10... .................. :. -: ....... :: ..................
oy s st
S - 5.: ...... .:': .................
rhe ”.l“ -.‘.1.'. ‘."L'-u... sevs
00 0.5 1 1.5 2
h
(a)
20
15 o sg .......... Sg .................
B T
~< . e
10k e PR PRI I
x 10 P T
< ax {
S LR SN S
0 ‘-'....." l .'J.... ‘...ll.".‘-.
0 0.5 1 15 2
h
(b)

Figure 8.21 Frequency response of the primary mass with
the addition of a vibration absorber; {a) =
015andg=1.0;{b) u =0.25,and g=1.0.

inertia of 2.1 x 10~ m*. Design a dynamic vibration absorber such that when attached
to the midspan of the beam, the vibrations of the beam will cease and the steady-sti}te
absorber amplitude will be less than 20 mm. What are the system’s natural frequencies
with the absorber in place? What is the effective operating range such that the midspas
deflection does not exceed 5 mm when the absorber is in place?

Soivtion:

Modeling the beam vibrations using one degree of freedom and ignoring the mass of the
beam, the stiffness and natural frequency of the primary system are calculated as
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2.00
175
1.50
125 &
1.00
075F"
0.50
025
0.00

@/ wyy

Figure 8.22  The natural frequencies of the system with absorber
added are farther apart far larger mass ratios.

p = 38E1 _ 48(210 x 10° Nim*)(2.1 x 10~° m*)
T T @ m)?

[k, 2.65 x 10° N/m rad
w1 = ;—l'-—‘/ 150kg = 132.9 S

The operating speed is

rad 1 min rad
= (1200 2r — ) (1 = 1257 —
@= rpm)(”rev)( 60s) > s

= 2.65 x 10° N
m

Thus large-amplitude vibrations are expected to occur in the absence of an absorber. The
natural frequency of the absorber is chosen to coincide with the operating speed

"'2=125.7E‘SE

w2
m3

Under this condition the steady-state amplitude of the absorber mass is given by Eq.
(8.50). Requiring this amplitude to be less than 20 mm leads to

Fo — (0.5 kg - m)(125.7 rad/s)*
X2 0.02m

ky > =3.95 x 10° N
m
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The required absorber mass is

k
my = ——22—- =25kg
@22
The natural frequencies of the two-degree-of-freedom system are calculated from, Eq

(8.47) with u = 1/6 and g = 0.946. They are
w; = 1058 rad/s w; = 157.6 rad/s

The effective operating range is obtained from Eq. (8.42), setting Fy = 0.50,2, anq
using Eqgs. (8.44) and (8.45). The denominator of Eq. (8.42) is negative for all betweep
the two natural frequencies. When r; < 1, the numerator is positive and X is set equal
to —0.005 m. When r; > 1 the numerator is negative and X is set equal to 0.005
The following quadratic equations in w, are obtained to determine the bounds of the
operating range:

0! —279 x10°0? +167x10° =0 r,>1
@ 763 x10%2 +828x108=0 rs <1

The resulting operating range is
114.8 rad/s < w < 138.5rad/s

The lower end of the operating range is closer to the lower natural frequency than the
upper end is to the higher natural frequency because the excitation force is less for lower
excitation frequencies.

8.6.2 DAMPED VIBRATION ABSORBERS

Viscous damping may be added in parallel to the elastic element of a vibration
absorber to limit the amplitude as the lower natural frequency is passed during system
start-up and stopping or to increase the effective operating range of the resulting
two-degree-of-freedom system. A steady-state analysis of the system of Fig. 8.23
when excited by a harmonic force is presented in Example 7.2. The equations for
calculating the steady-state amplitudes are nondimensionalized, yielding

ki X
-_va—l" = G(rl’ q.%, nu‘) [8.53]
0

where

_ @tnia)’ + (] — ¢)? [8.54]
r{ =14 (1 + wq?ri + 4% + Q2¢rig)1 — r2(1 + WP
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m,

i
m, 5 Figure 8.23 The damped vibration absorber consists of an

2 auxiliary mass connected to the primary mass by
an elastic element in parallel with a viscous
Py damper.
and
kX g* + (2¢q)’
- = 4 2172 4 4212 2 2 ; [8.55]
Fo {ri =1+ A + w9y +¢*F + Qng)*[1 — ri(1 + )]
where r; and g are defined in Eqgs. (8.44) and (8.48) respectively, and
C [8.56]

C - 2«/;2"12

The nondimensional function G defined by Eq. (8.54) is shown in Fig. 8.24 for
# = 0.25 and g = 1 for several values of {. The steady-state motion of the original
mass is not zero for any r;. A minimum, near r; = 1, is reached between two peaks.
An absorber using this choice of parameters is not effective because the peak at the
lower resonant frequency is still large. It is noted that each curve, for different ¢,
passes through the same two points.

G is plotted in Fig. 8.25 for u = 0.25 and g = 0.8. The peak at the lower
resonant frequency is smaller than the peak at the higher resonant frequency. How-
ever, the higher peak occurs near r; = 1, which is the region where an absorber is
usually needed. Also, the effective operating range is still small. It is noted again
that there are two fixed points through which each curve passes. These fixed points
are different than those in Fig. 8.24.

Since it is not possible to eliminate steady-state motion of the original system
when damping is present, a damped vibration absorber must be designed to reduce
the peak at the lower resonant frequency and to widen the effective operating range.
Absorbers using the parameters used to generate Fig. 8.24 and 8.25 are not suitable
for these purposes.

Widening the operating range requires that the two peaks have approximately
the same magnitude. Since the locations of the fixed points are dependent on ¢, it
should be possible to tune the absorber such that the values of G at the fixed points
are the same. Since curves for all values of ¢ pass through the fixed points, it should
be possible to find a value of ¢ such that the fixed points are near the peaks.
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For fixed values of ¢ and g, there are two values of r; which yield a value of G,
;ndependent of £. The value of G at these points is written as

A, )t% + By,
S
since Eq. (8.57) holds for all ¢ and powers of ¢ are linearly independent,
A B
=D [8.58]

Using Eq. (8.54) to determine the forms of A, B, C, and D, substituting into Eq.
(8.58), and rearranging leads to

r (1 + %) 4+ PA+ Wil 42 =0 [8.59]

The solution of Eq. (8.59) places the fixed points at

Is.601

o LA+ e’ +1-29" + (1 + p)g’
te 2+ u

Since Eq. (8.57) yields the same value of G, independent of ¢ for r, given by
Eq. (8.60), letting & — 00 gives

1
G= [8.61]
\/ [1—r?( + WP
Requiring & to be the same at both fixed points leads to
- [8.62]
1T=1¥% )

An optimum absorber could be designed with an appropriate value of ¢ such
that the smaller 7, given by Eq. (8.60) corresponds to both a fixed point and a peak
on the frequency response curve. The appropriate value of ¢ is obtained by setting
dG/dt = 0, using q from Eq. (8.62). The same procedure can be followed to yield
the value of ¢ such that the larger value of ry given by Eq. (8.60) corresponds to both
afixed point and a peak. Since the values of ¢ are not equal, their average is usually
used to define the optimum damping ratio

3p

- [8.63]
8(1+wu)

{opt =

In summary, the optimum design of a damped vibration absorber requires that
the absorber be tuned to the frequency calculated from Eq. (8.62) with the damping
Tatio of Eq. (8.63). For u = 0.25, Eq. (8.63) gives an optimum damping ratio of
{ = 0.2379 and an optimum ¢ = 0.80. Figure 8.26 shows G for these values as a
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q=080 errerne g=09%0 ~——gqg=070

Figure 8.26 For 11 = 0.25, fopr = 0.2739 and qopt = 0.80.
This comparison shows that values of g other
than qop lead to larger pecks and a narrower
operating range.

function of r;. This figure also shows G for the same p and ¢ but with values of ¢,
one on each side of the optimum. The curve corresponding to the optimum value
of g has smaller resonant peaks and the value of G does not vary much between the
peaks.

b.‘l 1 |A milling machine has a mass of 250 kg and a natural frequency of 120 rad/s and is
subject to a harmonic excitation of magnitude 10,000 N at speeds between 95 rad/s and
120 rad/s. Design a damped vibration absorber of mass 50 kg such that the steady-state
amplitude is no greater than 15 mm at all operating speeds.
Solution:
The mass ratio is
50 kg

= =0.2
K= 50kg  °

Since a wide operating range is required, the optimum absorber design is tried. From
Eqgs. (8.62) and (8.63),

The steady-state amplitude at any operating speed for this absorber design is calculated
by Egs. (8.53) and (8.54). The results are used to generate the frequency response curve
of Fig. 8.27. Since the extremes of the operating range lie between the peaks and the



CHAPTER 8 . VIBRATION CONTROL

Absorber
~=—== No absorber -
| 1 i
0.5 1 1.5 2

Figure 8.27  The addition of the optimum damped vibration abserber to the
system of Example 8.11 reduces the steady-state amplitude to
an acceptable level over the entire operating range.

steady-state amplitudes at the extremes are
X(@w=95rad/s) =9.13mm X (w = 120rad/s) = 8.86 mm

and both are less than 15 mm, the optimum design is acceptable. The absorber stiffness
and damping ratio are calculated from Egs. (8.48) and (8.56), respectively, as

ky = myw?, = pug*k; = (0.2)(0.833)%(3.6 x 10° N/m) = 5.08 x 10° N/m
¢ =2¢/kam; = 2500 N - s/m

8.6.3 MuLTI-DEGREE-OF-FREEDOM SYSTEMS

L““ge-amplitude responses occur for an n-degree-of-freedom system when a har-
Monic excitation frequency is near one of the system’s n natural frequencies. Vi-
bration absorbers can be designed to reduce the steady-state amplitudes near these
Tesonances.

Consider an n-degree-of-freedom system subject to a harmonic excitation near
One of the system’s natural frequencies. Let x, x, .. ., x, be the chosen generalized
Coordinates. Let k;; and m;; be the elements of the stiffness and mass matrices,
Tespectively, for this choice of generalized coordinates. A vibration absorber of
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mass 2 and stiffness k is attached to the system at the particle whose displace

Mment

is given by x;. The generalized coordinate x,; is defined as the displacement of

the absorber mass. The mass and stiffness matrices for the resulting n + 1.

of-freedom system are €gree.
[mi; my2 my, 07
ma My my, 0
M=) : : : ; [8.64]
mp1 Mu2 m,,
| 0 o --- 0 m]
(ki +k ki kin —K ]
kar  kx kay O
K=| : S [8.65]
knl kn2 knn 0
| k0 . 0 k|
For a single-frequency harmonic excitation, the force vector takes the form
A
Az
F=| : |sinwt [8.66]
An
L 0 _

By the methods of Sec. 7.2, the steady-state amplitude of the particle on the
original system to which the absorber is attached is

(Al kiz — mpw® ki3 — my3e? kin — mpaw?  —k
Ay kp —mpe®  k;— muw? kon — M2” 0
= 1 det Ay kyp —mpo® ky — mpe? k3n — M3pw? 0
D(w) : : : :
A1 kny — mn2w2 kn3 — mn3w2 knn — mrm")2 0
0 0 0 0 k — o]
[8.67]

where D(w) = det {—w?M — K}. The determinant of the numerator of Eq. (8.67)
is evaluated by expanding by the last row. The result, in the notation of App. C, 1

_ (IZ - 'ﬁwz)cnﬂ, n+l

— 8.68]
Xi D(w) {
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If the absorber is tuned such that its frequency

k
D=/ [8.69]
m

is equal to the excitation frequency, then X, = 0, from Eq. (8.68).

The preceding result is summarized as follows: Addition of a vibration absorber
wned to the excitation frequency of a multi-degree-of-freedom system leads to no
steady-state motion of the system particle to which it is attached. That particle
pecomes a node. The steady-state amplitude is nonzero for all other generalized
coordinates.

The vibration absorber attached to a multi-degree-of-freedom system works by
shifting the natural frequencies of the system away from the excitation frequency.
The natural frequency near the excitation frequency is decreased and a natural fre-
quency is added between the excitation frequency and the next higher natural fre-
quency. The higher and lower natural frequencies are only sl_i@tly altered by the
addition of a vibration absorber. i~

Steady-state motion of the particle to which the absorber is attached ceases when
the excitation frequency coincides with the absorber frequency, but steady-state mo-
tion exists for all particles which are not rigidly connected to this particle. However,
since the excitation frequency is away from all natural frequencies when the ab-
sorber is added, the steady-state amplitudes corresponding to all other generalized
coordinates are significantly reduced from when the absorber is not added.

The addition of damping to the absorber leads to a much more complicated
analysis. The steady-state amplitude cannot be eliminated for any particle when
damping is present. An optimum tuning frequency and optimum damping ratio can
be determined for a specific system.

The slender rod of Fig. 8.28 is subject to a harmonic excitation force at 75 rad/s. Design aT Example
dynamic vibration absorber of mass 3 kg such that steady-state motion of the mass center

of the bar ceases when the absorber is added. What is the corresponding steady-state

amplitude of the point where the force is applied? Draw frequency response curves for

the steady-state amplitude of the mass center and the steady-state amplitude of angular

oscillations with and without the absorber.

Let x;, the displacement of the mass center, and 6, the clockwise angular rotation of the
fod, be chosen as generalized coordinates to describe the motion of the original system.
The governing differential equations are

L
m 0y, % k7|, R
L2 g -+ L skL? 0 = L {smnwi
T k= )
4 16
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. 3L | L
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k=4x10* N/m m = 12 kg
L=1m w= 75 rad/s
Fy=400N
(a)
JL Fosin w!?

=3

we
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e

~3kg *2
=9 7777

(b)

Figure 8.28  System of Example 8.12: {a) without
absorber; (b) with absorber attached to

mass center.

For the values given in Fig. 8.28, the natural frequencies are calculated as
oy =74.02rad/s @ =117.0rad/s

An absorber of mass 3 kg is attached to the center of mass of the bar. If the absorber
is tuned to 75 rad/s, steady-state vibrations of the center of mass are eliminated, and the
bar rotates about its mass center. This requires

k = (3 kg)(75 rad/s)® = 1.6 x 10* N/m

Let x, be the absorber displacement. When the absorber is added to the system, the
differential equations become

- L -
m 0 0 Uk +k —k= -~k F
X1 4 X1 L
—_— 2 g L 2 = Z | sinwt
™ NI T s o {072
0 0 m_| L*2 16 | |lx 0

—k 0 k
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The natural frequencies are obtained by solving D(w) = 0 or

sk ke oy (st E —mEo?) (& — ie?)
( +k——mw)(5k16—m12w
. L2 L? | I AN
- i? =~ _m=at) = - 2 =
k(5k16 mlza)) (4)(k mw) =0

Substitution of the given and previously calculated values leads to

w; =5898rad/s w2 =9278rad/s ;= 11886rad/s

2

L
and  D(w)=-m (m—ﬁ) m(w? — 58.98%) (w? — 92.78%)(w? — 118.86%)

The steady-state amplitudes for an arbitrary value of w are obtained by the method
of Sec. 7.2 and Cramer’s rule as

Fy - L? L?
X = —2(k — maw?) (7k—— - m_aﬂ)

D(w) 16 12
_ FOL 7.2 7 ~ 2 5 7 2

The steady-state amplitude of the particle where the force is applied is ® L /2 when the
excitation frequency equals with return frequency. Substituting the given values for the
absorber frequency and the excitation frequency equal to 75 rad/s leads to the steady-state
amplitude of A as 0.01 m.

Dimensional plots of the steady-state amplitudes as functions of the excitation fre-
quency are shown in Figs. 8.29 and 8.30.

® (rad)
(¥8)
1

0 50 150
w (rad/s)

—————— Without absorber  «¢eevass With absorber

Figure 8.29  Steady-state © for Example 8.12.
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Figure 8.30  Steady-state X, for Example 8.12.

8.7 VIBRATION DAMPERS

A vibration damper is an auxiliary system composed of an inertia element and a
viscous damper that is connected to a primary system as a means of vibration control.
Vibration dampers are used in situations where vibration control is required over a
range of frequencies.

The Houdaille damper of Fig. 8.3 is an example of a vibration damper that
is used for vibration control of rotating devices such as engine crankshafts. The
damper is inside a casing that is attached to the end of the shaft. The casing contains
aviscous fluid and a mass that is free to rotate in the casing. The differential equations
governing the motion of the two-degree-of-freedom torsional system are

[Jl 0 ?.1 4 c —C 9.1 + k 0]l6 _ Mpy sin wt [8.70]
0 2l]6 — c]|& 0 k]L6: 0

The steady-state amplitude of the primary system is obtained by the methods of
Chap. 7 as

2 2
0, = Mo Mt [8.71]
k V42202 + pur2 — 1) + (2 — 1)272

where y= 2 = ¢ p = ? [8.72]
1

lc_ 2J, i
J] Jl

The optimum damping ratio is defined as the damping ratio for which the maximu®
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value of ©y is smallest. The peak amplitude, ©;,(¢), is the value of ®,(r,) where
rn is the value of r that yields d©,/dr = 0. The optimum damping ratio is the

vlglue of ¢ such that 4@, ,,/d¢ = 0. Extensive algebra leads to
1
ot = /30 + Dk 1 2)
if the optimum damping ratio is used in the design of a Houdaille damper then

[8.73]

m = | 8.74
4 2+ 4 ts.74]
M2
and O, = Doztu [8.75]
kn
PROBLEMS

8.1. What is the minimum static deflection of an undamped isolator that provides 75 percen
isolation to a 200-kg washing machine operating at 500 rpm?

8.2. What is the maximum allowable stiffness of an isolator of damping ratio 0.05 that provide
81 percent isolation to a 40-kg printing press operating at 850 rpm?

8.3. When set on a rigid foundation and operating at 800 rpm, a machine tool provides
harmonic force of magnitude 18,000 N to the foundation. An engineer has determined th:
the maximum magnitude of a harmonic force to which the foundation should be subjecte
at this frequency is 2600 N. What is the maximum stiffpess of an undamped isolator th
provides sufficient isolation between the tool and the foundation?

8.4. Repeat Prob. 8.3 if the isolator is to be designed with a damping ratio of 0.11.

8.5. A 150-kg engine operates at 1500 rpm. What percent isolation is achieved if the engine
mounted on four identical springs each of stiffness 1.2 x 10° N/m?

8.6. Repeat Prob. 8.5 if the springs are in parallel with a viscous damper of damping coefficic
1000 N - s/m.

8.7. A 150-kg engine operates at speeds between 1000 and 2000 rpm. It is desired to achieve
least 85 percent isolation at all speeds. The only readily available isolator has a stiffness
5 x 10° N/m. How much mass must be added to the engine to achieve the desired isolati¢

8.8. Cork pads of stiffness 6 x 10° N/m and damping ratio 0.2 are to be used to isolate a 40
machine tool from its foundation. The machine tool operates at 1400 rpm and produ
a harmonic force of magnitude 80,000 N. If the pads are placed in series, how many
required such that the magnitude of the transmitted force is less than 10,000 N7

8.9. A 100-kg machine operates at 1400 rpm and produces a harmonic force of magnif
80,000 N. The magnitude of the force transmitted to the foundation is to be reduce

20,000 N by mounting the machine on four undamped isolators in paraliel. What is
maximum stiffness of each isolator?

8.10. A 10-kg laser flow-measuring device is used on a table in a laboratory. Because of oper:
of other equipment, the table is subject to external vibrations. Accelerometer measurerr
show that the dominant component of the table vibration is at 300 Hz and has an ampl
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8.11.
8.12,

8.13.

8.14.

8.15,

8.16.

8.17.

8.18.

8.19,

8.20.

8.21.

of 4.3 m/s?. For effective operation the laser can be subject to an acceleration amplityge
of only 0.7 m/s?. Design an undamped isolator to reduce the transmitted acceleratiop,_

Repeat Prob. 8.10 if the isolator has a damping ratio of 0.04.

Rough seas cause a ship to heave with an amplitude of 0.4 m at a frequency of 20 raqyq
Design an isolation system with a damping ratio of 0.13 such that a 45 kg navigatio;,ai
computer is subject to an acceleration of only 20 m/s?.

A sensitive computer is being transported by rail in a boxcar. Accelerometer measyre.
ments indicate that when the train is traveling at its normal speed of 85 m/s the dominan;
component of the boxcar’s vertical acceleration is 8.5 m/s? at a frequency of 36 rad/s. The
crate in which the computer is being transported is tied to the floor of the boxcar. What jg
the required stiffness of an isolator with a damping ratio of 0.05 such that the acceleration
amplitude of the 60-kg computer is less than 0.5 m/s2? With this isolator, what is the
displacement of the computer relative to the crate?

A 200-kg engine operates at 1200 rpm. Design an isolator such that the transmissibility
ratio during start-up is less than 4.6 and the system achieves 80 percent isolation.

A 150-kg machine tool operates at speeds between 500 and 1500 rpm. At each speed
a harmonic force of magnitude 15,000 N is produced. Design an isolator such that the
maximum transmitted force during start-up is 60,000 N and the maximum transmitted
steady-state force is 2000 N.

A 200-kg testing machine operates at 500 rpm and produces a harmonic force of magnitude
40,000 N. An isolation system for the machine consists of a damped isolator and a concrete
block for mounting the machine. Design the isolation system such that all of the following
are met;

(a) The maximum transmitted force during start-up is 100,000 N.

(b) The maximum transmitted force in the steady-state is 5000 N.

(¢) The maximum steady-state amplitude of the machine is 2 cm.

A 150-kg washing machine has a rotating unbalance of 0.45 kg - m. The machine is placed
on isolators of equivalent stiffness 4 x 10° N/m and damping ratio 0.08. Over what range

of operating speeds will the transmitted force between the washing machine and the floor
be less than 3000 N?

A 54-kg air compressor operates at speeds between 800 and 2000 rpm and has a rotating
unbalance of 0.23 kg - m. Design an isolator with a damping ratio of 0.15 such that the
transmitted force is less than 1000 N at all operating speeds.

A 1000-kg turbomachine has a rotating unbalance of 0.1 kg - m. The machine operates at
speeds between 500 and 750 rpm. What is the maximum isolator stiffness of an undamped
isolator that can be used to reduce the transmitted force to 300 N at all operating speeds?

A motorcycle travels over a road whose contour is approximately sinusoidal, y(z) =
0.25in (0.4z) m where z is measured in meters. Using a simple one—degree-of-freedém
model, design a suspension system with a damping ratio of 0.1 such that the acceleration
felt by the rider is less than 15 m/s? at all horizontal speeds between 30 and 80 m/s. The
mass of the motorcycle and the rider is 225 kg.

A suspension system is being designed for a 1000-kg vehicle. A first model of the syste™
used in the design process is a spring of stiffniess & in parallel with a viscous damper ©
damping coefficient c. The model is being analyzed as the vehicle traverses a road with
a sinusoidal contour, y(z) = Y sin(2wz/d) when the vehicle has a constant hotrizon
speed v. The suspension system is to be desighed such that the maximum acceleration ©
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8.23.
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the passengers is 2.5 m/s? for all vehicle speeds less than 60 m/s for all reasonable road
contours. It is estimated that for such contours, ¥ < 00l mand 0.2 m < d < 1l m.
Specify k and ¢ for such a design.

Rework Example 8.5 when the total period of the punching operation is 1.2 s and a force
of 4000 N is applied over 0.3 s.

When a machine tool is placed directly on a rigid floor, it provides an excitation of the form

F (1) = (4000sin 100z 4+ 5100 sin 150¢) N

to the floor. Determine the natural frequency of the system with an undamped isolator
with the minimum possible static deflection such that when the machine is mounted on the
isolator the amplitude of the force transmitted to the floor is less than 3500 N.

Use the force shown in Fig. P8.24 as an approximation to the force provided by the punch
press during its operation and rework Example 8.5.

| 1 [ .
0ls 03s 045 s 1ls

FIGURE P8.24

8.25.

8.26.

8.27

8.28.

8.29.

8.30.

Solve Prob. 8.10 if the accelerometer measurements indicate that the three most dominant
components of the table vibration are at 300 Hz, 500 Hz, and 750 Hz with amplitudes of
4.3, 3.8, and 6.9 m/s? respectively.

A 120-kg tumbler is to be mounted using four point balanced mounting using the isolator
of Fig. 8.10. It has been decided to use isolators of load rating B mounted in compression,
Assume ¢ = 0.04. If the tumbier has a rotating unbalance of 0.25 kg - m during operation,
what is the force transmitted to the foundation when the tumbler operates at (@) 1000 rpm,
(b) 1206 rpm, (c) 1500 rpm?

An isolator is being selected for use as an engine mount. The 40-kg engine operates
at speeds from 1000 to 2000 rpm. Can the isolator of Fig. 8.10 be used with balanced
four-point mounting to achieve 81 percent isolation at all operating speeds?

Rework Example 8.8 if the table’s acceleration amplitude is 8 m/s? at a frequency of 100
rad/s.

Rework Example 8.8 if the table’s acceleration has two dominant frequencies of 100 rad/s
and 150 rad/s. The acceleration amplitudes at these frequencies are 10 and 12 n/s® respec-
tively.

A 110-kg machine tool is placed on the floor of an industrial plant. It has been determined
that beyond the static load the maximum transmitted force should be S00 N. During oper-
ation the machine is subject to a variety of excitations. For each of the excitations shown
in Fig. P8.30, determine the maximum allowable stiffness of an isolator of damping ratio
0.1 such that the transmitted force is limited to 500 N.



FUNDAMENTALS OF MECHANICAL VIBRATIONS

-

Impulse of
magtitude
1500 N . ¢

p————0.06 s ———]
(a) )]
)

10,000 N 10,000 N f—— —_— —_

- L L L

0.05s 0.01 0.03 0.04 0.07
(c) )

FIGURE P8.30
8.31. A 200-kg machine tool is mounted on an isolator of stiffness 5 x 10° N/m and damping

8.32,

8.33.

8.34.

8.35.

30,000 N 20,000 N

ratio 0.1. What is the maximum transmitted force and maximum displacement when the
machine tool is subject to each of the excitations of Fig. P8.30?

During its normal operation, a 144-kg machine tool is subject to a 15,000 N - s impulse.
Design an efficient isolator such that the maximum force transmitted through the isolator
i8 2500 N and the maximum displacement is minimized.

A 110-kg pump is mounted on an isolator of stiffness 4 x 10° N/m and a damping ratio 0.15.
The pump is given a sudden velocity of 30 m/s. What is the maximum force transmitted
through the isolator and what is the maximum displacement of the pump?

During operation, a 50-kg machine tool is subject to the short-duration pulse of Fig. P8.34.
Design an isolator that minimizes the maximum displacement and reduces the maximum
transmitted force to 5000 N, What is the maximum displacement of the machine tool when
this isolator is used?

Repeat Prob. 8.34 for the short-duration pulse of Fig. P8.35.

i -
0005 0.01 t(s) 0.01 t(s)

FIGURE P8.34 FIGURE P8.35
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8.36. A ship is moored at a dock in rough scas and frequently impacts the dock. The maximum
velocity change caused by the impact is 15 m/s. Design an isolator to protect a sensitive
80-kg navigational control system such that its maximum acceleration is 30 m/s?.

8.37. A one-story frame structure of equivalent mass 12,000 kg and stiffness 1.8 x 10% N/m is
subject to a blast whose force is given in Fig. P8.37. What is the maximum deflection of
the structure?

35,000 N

{ .
03 06 t(s) FIGURE P8.37

8.38. A 20-kg machine tool is on a foundation that is subject to an acceleration that is modeled as
a versed sine pulse of magnitude 20 m/s? and duration 0.4 s. Design an undamped isolator
such that the maximum acceleration felt by the machine is 15 m/s?. What is the maximum
displacement of the machine tool relative to its foundation when this isolator is used?

8.39. During operation, a 100-kg machine tool is exposed to a force that is modeled as a sinusoidal
pulse of magnitude 3100 N and duration 0.05 s. Design an isolator with a damping ratio 0.1
such that the maximum force transmitted through the isolator is 2000 N and the maximum
displacement of the machine tool is 3 cm.

8.40. During operation a 80-kg machine tool is subject to a triangular pulse of magnitude 30,000
N and duration 0.15 s. What is the range of undamped isolator stiffness such that the
maximum transmitted force is 15,000 N and the maximum displacement is 5 cm?

8.41. A 50-kg lathe machine mounted on an elastic foundation of stiffness 4 x 10° N/m has
a vibration amplitude of 35 cm when the motor speed is 95 rad/s. Design an undamped
dynamic vibration absorber such that steady-state vibrations are completely eliminated at
95 rad/s and the maximum displacement of the absorber mass at this speed is 5 cm.

8.42. What is the lowest natural frequency of the lathe of Prob. 8.41 with the absorber in place?
What is the operating range around 95 rad/s such that the steady-state amplitude of the
lathe is less than 1 cm?

8.43. What is the required stiffness of an undamped dynamic vibration absorber whose mass is
5 kg to eliminate vibrations of a 25-kg machine of natural frequency 125 rad/s when the
machine operates at 110 rad/s?

3.44. A 35-kg machine is attached to the end of a cantilever beam of length 2 m, elastic modulus
210 x 10° N/m?, and moment of inertia 1.3 x 10~7 m*, The machine operates at 180 rpm
and has a rotating unbalance of 0.3 kg - m.

(a) What is the required stiffness of an undamped absorber of mass 5 kg such that steady-
state vibrations are eliminated at 180 rpm?

(b) With the absorber in place what are the natural frequencies of the system?

(c) For what range of operating speeds will the steady-state amplitude of the machine be
less than 8 mm?

8.45. A 150-kg pump experiences large-amplitude vibrations when operating at 1500 rpm. As-
suming this is the natural frequency of a one-degree-of-freedom system, design a dynarnic
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8.46.

8.47.

vibration absorber such that the lower natural frequency of the two-degree-of—freedom
system is less than 1300 rpm and the higher natural frequency is greater than 1700 rpyy,
A solid disk of diameter 30 cm and mass 10 kg is attached to the end of a solid 3.cp,.
diameter, 1-m-long steel shaft (G = 80 x 10° N/m?). A torsional vibration absorbey
consists of a disk attached to a shaft that is then attached to the primary system. If ghe
absorber disk has a mass of 3 kg and a diameter of 10 cm, what is the required diamete,
of a 50-cm-long absorber shaft to eliminate steady-state vibrations of the original system
when excited at 500 rad/s?

A 200-kg machine is placed on a massless simply supported beam as shown in Fig. P8 47
The machine has a rotating unbalance of 1.41 kg - m and operates at 3000 rpm. The
steady-state vibrations of the machine are to be absorbed by hanging a mass attached to 5
40-cm steel cable from the location on the beam where the machine is attached. What is
the required diameter of the cable such that machine vibrations are eliminated at 3000 rpm
and the amplitude of the absorber mass is less than S0 mm?

pe 2

2m T 1m
E =200 x 10° N/m?

200 kg 1=18x10"*m*

o O

FIGURE P8.47

8.48.

Z

The disk in Fig. P8.48 rolls without slip and the pulley is massless. What is the mass of the
block that should be hung from the cable such that steady-state vibrations of the cylinder
are eliminated when @ = 120 rad/s?

5% 10° N/m

40 cm 40 cm
e Y

Z|

8.49.

20\cm

3% 10 N/m

FIGURE P8.48

Vibration absorbers are used in boxcars to protect sensitive cargo from large accelerations
due to periodic excitations provided by rail joints. For aparticular railway, joints are spaced
S m apart. The boxcar, when empty, has a mass of 25,000 kg. Two absorbers, each of mass
12,000 kg, are used. Absorbers for a particular boxcar are designed to eliminate vibrations
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of the main mass when the boxcar is loaded with a 12,000-kg cargo and travels at 100 m/s,

The natural frequency of the unloaded boxcar is 165 rad/s.

{a) At what speeds will resonance occur for the boxcar with a 12,000-kg cargo?

(b) What is the best speed for the boxcar when it is Joaded with a 25,000-kg cargo?

50. A 500-kg reciprocating machine is mounted on a foundation of equivalent stiffness 5 x 10°
N/m. When operating at 800 rpm, the machine produces an unbalanced harmonic force of
magnitude 50,000 N. Two cantilever beams with end masses are added to the machine to
act as absorbers. The beams are made of steel (E = 210 x 10° N/m?) and have a moment
of inertia of 4 x 10~ m*. A 10-kg mass is attached to each beam. The absorbers are
adjustable in that the location of the mass on the absorber can be varied.

{a) How far away from the support should the masses be located when the machine is
operating at 800 rpm? What is the amplitude of the absorber mass?

(b) If the machine operates at 1000 rpm and produces a harmonic force of amplitude
100,000 N, where should the absorber masses be placed and what is their vibration
amplitude?

8.51. A 100-kg machine is placed at the midspan of a 2-m-long cantilever beam (E = 210 x 10?

N/m?, I = 2.3 x 10~% m*). The machine produces a harmonic force of amplitude 60,000

N. Design a damped vibration absorber of mass 30 kg such that when hung from the beam at

midspan, the steady-state amplitude of the machine is less than 8 mm at all speeds between

1300 and 2000 rpm.

8.52. Repeat Prob. 8.51 if the excitation is due to a rotating unbalance of magnitude 0.33 kg - m.

8.53. For the absorber designed in Prob, 8.51 what is the minimum steady-state amplitude of the
machine and at what speed does it occur?

8.54. Determine values of k and ¢ such that the steady-state amplitude of the center of the cylinder
in Fig. P8.54 is less than 4 mm for 60 rad/s < w < 110 rad/s?

\VZOOSinwt
5 X 10° N/m [>{0 cm

.
o
®

FIGURE P8.54

8.55. Use the Laplace transform method to analyze the situation of an undamped absorber at-
tached to a viscously damped system, as shown in Fig. P8.55.
(@) Determine the steady-state amplitude of the mass ;.
(b) Use the results of part (a) to design an absorber for a 123-kg machine of natural
frequency 87 rad/s and damping ratio 0.13. Use an absorber mass of 35 kg.
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8.56. What is the steady-state amplitude of the mass center of the bar of Example 8.12 if 4
adsorber is added to eliminate steady-state vibrations of the right end of the bar?

8.57. Design an undamped absorber such that steady-state the motion of the 25-kg machjp, e
component in Fig. P8.57 ceases when the absorber is added. What is the steady-state
amplitude of the 31 kg component?

5 x 10* N/m
25 kg

4 X 104 N/m

— -
m AW\ ™ l
k,
ky 200sin 67t N
FIGURE P8.55 FIGURE P8.57

8.58. A 300-kg compressor is placed at the end of a cantilever beam of length 1.8 m, elastic
modulus 200 x 10° N/m?, and moment of inertia 1.8 x 10~> m*. When the compressor
operates at 1000 rpm, it has a steady-state amplitude of 1.2 mm. What is the compressor’s
steady-state amplitude when a 30-kg absorber of damping coefficient 500 N - s/m and
stiffness 1.3 x 10° N/m is added to the end of the beam?

8.59. Anengine has amoment of inertia of 7.5 kg - m? and a natural frequency of 125 Hz. Design
a Houdaille damper such that the engine’s maximum magnification factor is 4.8. During
operation the engine is subject to a harmonic torque of magnitude 150 N - m at a frequency
of 120 Hz. What is the engine’s steady-state amplitude when the absorber is used?

8.60. A 200-kg machine is subjected to an excitation of magnitude 1500 N. The machine is
mounted on a foundation of stiffness 2.8 x 10® N/m. What are the mass and damping
coefficient of an optimally designed vibration damper such that the maximum amplitude
is 3 mm?

MATLAB PROBLEMS

M8.1. The MATLAB script file VIBES_8A.m is used to aid in the design of a vibration isolatof
for isolation from harmonic excitation. Given the required isolation, operating Spe_‘"d’
mass, and damping ratio, VIBES_8A determines the maximum allowable isolator stiff-
ness. Use VIBES_8A to solve (@) Prob. 8.2, (b) Prob. 8.4, (c) Prob. 8.9, (d) Prob.
8.10.

M8.2. The MATLAB file VIBES_8B.m is used to aid in the design of a vibration isolator
for isolation from frequency-squared excitation over a range of frequencies. Given
the required isolation, damping ratio, mass, and range of operating speed, VIBES_8B
determines the stiffness of an isolator that provides adequate isolation and plots the
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frequency response curve using the designed isolator. Use VIBES_8B to solve (a) Prob.
8.17, (b) Prob. 8.19, (c) Prob. 8.20.

M8.3-MB.5. The MATILAB file VIBES_8C.m is used to aid in the design of a vibration
isolator for isolation from a periodic excitation that is represented as a Fourier series.
The user provides the excitation in a function file. VIBES_8C symbolically evaluates the
integrals for the Fourier coefficients. Given the required isolation, the operating speed,
mass, and damping ratio, VIBES_8C then determines the required isolator stiffness.
Use VIBES_8C to design an isolator for a 200-kg press that is subject to the periodic
excitations of Figs. PM8.3 to PMB.5. It is desired to design an isolator of damping ratio
0.2 that limits the transmitted force to 1000 N.

WV—\ /—\
Lt l
0.1

0.01 0.04 0.05 t(s)
FIGURE PM8.3
5000 N

| 1 1 ! 1o
0.02 0.04 1(s} FIGURE PM8.4
A
5000 N |
0.04 0.05 0.06 1(8)  FIGURE PMS8.5

M8.6. The MATLARB file VIBES_8D.m provides the values of Q(Z) and S(¢) given the value
of {. Use VIBES_8D to determine the maximum transmitted force and maximum
displacement for a 150-kg hammer mounted on an isolator of stiffness 1.3 x 10° N/m
when subject to an impulsive load of total impulse 250 N-s.

M8.7-M8.9. The MATLAB file VIBES_8E.m determines the response and force spectra of a
system of damping ratio { due to an arbitrary form of excitation. Use VIBES_8E to
determine the response and force spectra for the excitation shown. Use these spectra to
solve Prob. 8.39, assuming the excitation shown in Figs. PM8.7 to PM8.9 instead of the
sinusoidal puise. (Use Fy = 3100 N and 7, = 0.05 5.)
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FIGURE PM8.7 FIGURE PM8.8

MS8.10.

MS8.11.

MS8.12.

M8.13.

MS.14.

3 FIGURE PM8.9

The MATLAB file VIBES_8F.m is used in the design of a vibration absorber to be added
to a one-degree-of-freedom system. The program also plots the frequency response for
an absorber design. Use VIBES_S8F to solve (a) Prob. 8.41 and 8.42, () Prob. 8.43,
(c) Prob. 8.44.

Write aMATLAB script file that designs a vibration isolator for isolation from a harmonic
excitation that meets the following criteria:
(a) The maximum transmitted force during start-up is FSpac

{b) The maximum transmitted force at steady state is Fyax

Additionally, given the machine mass, excitation amplitude, and excitation fre-
quency, the program should specify the isolator’s stiffness and damping ratio. Use the
file to design an isolator for the following situation. During operation at 1200 rpm, 2
250-kg compressor is subjected to a harmonic force of magnitude 10,000 N. It is de-
sired to limit the transmitted force during start-up to 25,000 N and during steady-stat®
operation to 2500 N.

Write a MATLAB script file similar to that of Prob. M8.11 except that the harmonic
excitation is produced by a rotating unbalance. Use the file to design an isolator for the
system of Prob. M8.11 if the compressor has a rotating unbalance of 0.85 kg - m and
operates at speeds between 1200 and 1800 rpm.

Write a MATLAB script file for the design of an optimal damped vibration al?sofbef'
The program should calculate the parameters for the design of the absorber, given
relevant information. The program should also provide the frequency response of both
the primary system and the auxiliary system when the absorber is in place. Use the file
to solve Prob. 8.51-8.53.

Write a MATLAB script file that is used in the design of an optimal Houdaille damper
Use the file to solve Prob. 8.59.



9.1 INTRODUCTION

All solid objects are made of deformable materials. Often a solid is assumed to be
rigid. This allows for simpler modeling and leads to information about essential
vibrational characteristics. The validity of a rigid-body assumption in modeling the
vibrations of a system depends on many factors such as geometry and frequency
range. For example, consider a machine mounted on springs and operating in an
industrial plant. The floor of the industrial plant is often assumed to be rigid and the
vibrations of the machine considered by analyzing a one-degree-of-freedom system.
However, if the forces developed in the springs are large, then since the floor is really
deformable, vibrations are excited in the floor and perhaps the entire structure. In
this case the vibrations of the machine are coupled to the structural vibrations.

Examples of continuous systems are shown in Fig. 9.1. All structural elements
such as beams, columns, and plates are continuous systems. This includes the sus-
pended piping system of Fig. 9.1a, simply supported at locations along its length.
Vibrations of the pipeline are excited by the fluid flowing through the pipe, the oper-
ation of pumps, or structural vibrations. The vibrations are analyzed by considering
a continuous beam with simple supports.

All elements of the frame structure of Fig. 9.1b are continuous structural ei-
ements. Often the columns of a frame structure are much more flexible than the
girders, and the girders are considered rigid, resulting in the model shown.

The spring of Fig. 9.1¢ is a simple continuous system. As one end of the spring is
moved relative to the other, a compression wave is generated and travels throughout
the spring. If the excitation frequency is near the frequency of the compression
Waves, a phenomenon called surge develops. Surge can be a problem in mechanical
Systems where one end of a spring is given a harmonic displacement.

The free and forced vibrations of a rigid body attached to a continuous system
are approximated by using one degree of freedom in Chaps. 1 through 4. The inertia

4353
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Figure 9.1 Examples of continuous systems: (a) simply

supparted piping system; (b} ane-stary frame
structure; (¢} helical cail spring.

Figure 9.2  Discrele approximation works
well when m is large
compared fo the mass of the
beam.

AVLARY

effects of a continuous element are approximated by adding a particle of a calcu-
lated equivalent mass at the location of the rigid body. Multi-degree-of-freedom
approximations are considered in Chaps. 5 through 7.

The ordinary differential equations obtained by using a discrete model of'the
continuous system are easier to solve than the governing partial differential equatior-
Thus discrete approximations are often used, but have limitations. A continuous S}’S'
tem has an infinite, but countable, number of natural frequencies and corresponding
mode shapes. A discrete approximation predicts only a finite number of mode'S»
Often a large number of degrees of freedom are needed to attain accurate approxi-
mations for higher natural frequencies. Consider, for example, the cantilever bearm
of Fig. 9.2 with a concentrated mass at its end. Figure 9.3 shows the nondimension?
lowest natural frequency as a function of 8, the ratio of the concentrated mass t0 the
mass of the beam. Figure 9.3 shows natural frequencies calculated using up t© Six
degrees of freedom, including a one-degree-of-freedom approximation. ‘@

The methods used in this chapter are analogous to those used for multi-degree-°
freedom systems. The separation-of-variables method used to determine the naturd
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First mode

____n=1_....__n=2 ....... n=3__n=4____n=5_..._.n=

Figure 9.3  As the ratia of the cancentrated mass to the mass af the beam grows larger, the
appraximatian far the lawest natural frequency using a discrete madel with n
degrees of freedam impraves.

frequencies is analogous to the normal-mode solution of Eq. (6.2). The method
used for the analysis of forced vibrations is a direct result of an expansion theorem
and is directly analogous to modal analysis. The approximate methods presented
are based on energy methods. Indeed, similar notation using energy scalar products
can be used. The continuous functions used in the analysis of continuous systems
are analogous to the column vectors of generalized coordinates used for discrete
systems. Energy scalar products are defined for continuous systems using definite
Integrals.

9.2 GENERAL METHOD

This section presents an outline of an exact closed-form method for analyzing vi-
brations of continuous systems. The method is applied to analyze the torsional
Oscillations of a circular shaft and the transverse vibrations of a beam in Secs. 9.3
and 9.4, respectively. This chapter is intended only as an introduction to vibrations
of continuous systems. Thus it is assumed that the dependent displacement is a
function of only one spatial variable and time, all material properties are constant,
and all geometries are uniform.

_ The analysis procedure is broken into three parts: problem formulation, free-
Vibration analysis, and forced-vibration analysis. The mathematical theory under-
lylng the analysis of vibrations of continuous systems is developed by using an
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infinite-dimensional vector space, while the mathematical foundation for a mul;.
degree-of-freedom system is developed by using a finite-dimensional vector Space
Many of the concepts developed for finite-dimensional spaces have direct extensioﬁ
to infinite-dimensional spaces.

Part I: Problem Formulation

1.

An independent spatial variable is chosen, call it x. This independent spatiy
variable represents the displacement of a particle from a reference position when
the system is in its equilibrium position. A continuous system has an infinite
number of degrees of freedom and hence an infinite number of generalizeq
coordinates are required. These are chosen as the displacement of the particle
in the system. They can be summarized by a single dependent variable, w(x, 1),

Free-body diagrams of a representative differential element are drawn at ap
arbitrary instant. One free-body diagram shows the external forces acting on
the element. Another free-body diagram shows the effective forces for that
element. The external forces include forces on the surface of the element that
are resultants of stress distributions on these surfaces.

The appropriate form of Newton’s law is applied to the free-body diagrams. Ap-
propriate kinematic conditions and constitutive equations are applied to derive
a partial differential equation governing w(x, t).

Appropriate boundary conditions, dependent on the end supports of the struc-
tural member, are formulated.

Appropriate initial conditions are formulated.

An optional step is to nondimensionalize the governing equation and boundary
conditions by introducing nondimensional forms of the independent and depen-
dent variables. This leads to the formulation of dimensionless parameters which
are important in the physical understanding of the results. Assume for the re-
mainder of this discussion that nondimensional variables are introduced and all
variables referred to are nondimensional. Also assume that the nondimensional
spatial variable x ranges from O to 1.

The governing equations and boundary conditions can also be derived by
energy methods. Kinetic and potential energy scalar products directly analogous
to those formed for multi-degree-of-freedom systems can be defined.

Part li: Free-Vibration Solution A free-vibration problem is one where w(x,
0) or dw/dt(x, 0) are nonzero and the partial differential equation and all bound-
ary conditions are homogeneous. The initial potential or kinetic energy drives the
vibrations, during which no external forces are applied.

As for multi-degree-of-freedom systems, the free-vibration problem is consid-

ered to determine the system’s natural frequencies and mode shapes. The method
presented to solve free vibrations problems for continuous systems is called sep4-
ration of variables. Application of this method requires that the partial differentlal
equation be of an appropriate form, called separable. The governing partial differ-
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ential equations for torsional vibrations of a uniform shaft, longitudinal vibrations of
a uniform elastic bar, and transverse vibrations of a uniform beam are all separable.

1. The dependent variable is assumed to be a product of functions of the indepen-
dent variables,

w(x, 1) = X(OT () [9.1]

Equation (9.1) is substituted into the governing partial differential equation, If
the governing partial differential equation is separable then the resulting equation
can be written in the form of [L, X (x)]/ X (x) = [L,T (+)]/ T (t) where L, and
L, are linear ordinary differential operators. Note that the left-hand side of this
equation is a function of x only and the right-hand side is a function of ¢ only.
Since x and ¢ are independent, this can only be true if both sides are equal to
the same constant, call it —A. The above argument is called the separation
argument. Its application leads to ordinary differential equations for X (x) and
T(2), both in terms of A, called the separation constant.

2. Equation (9.1) is applied to the boundary conditions to obtain homogeneous
boundary conditions for X (x).

3. Ifthesystem is undamped, the solution for 7 (¢) is harmonic. It becomes obvious
that the natural frequencies are related to the separation constant and the mode
shapes are related to X (x).

4. The problem for X (x) is a homogeneous ordinary differential equation with ho-
mogeneous boundary conditions. This is called a differential eigenvalue prob-
lem. A nontrivial solution is available only for certain values of the separation
constant. Standard solution techniques for ordinary differential equations are
applied to determine X (x) in terms of arbitrary constants of integration.

5. Application of the boundary conditions leads to a solvability condition of the
form f(A) = 0. Nontrivial solutions of the eigenvalue problem exist only for
values of A suchthat f£(A) = 0. This results in an infinite, but countable, number
of solutions, Ay < Ay < --- < Ay < ---. Corresponding to each Ay, there is an
Xi(x), which is unique only to a multiplicative constant.

If only the natural frequencies and mode shapes are necessary, the solution
ends here.

6. An energy scalar product, (X;, X ), is defined such that (X;, X;) is proportional
to the kinetic energy of the ith mode at any instant. It can be shown that for sys-
tems governed by the wave equation (torsional vibrations of shafts, longitudinal
vibrations of bars) and for uniform beam vibrations, mode shapes for distinct
modes are mutually orthogonal with respect to this energy scalar product. For
a uniform continuous system, in the absence of discrete masses, the appropriate
kinetic energy scalar product is

1
Xi, Xp)r =f Xi(x)X;(x)dx [9.2]
0

If the system has discrete masses, additional terms are added to the integral of



functions mvolved in the mmal conditions must be expanded by the expans1on
theorem, Eq. (9.4). For example, if w(x, 0) is nonzero and is equal to f(x),
then f(x) is expanded by Eq. (9.4) and compared to w(x, 0) obtained from Eq.
(9.5), in terms of arbitrary constants. The linear independence of each X (x) is
used to determine the constants.

Part Ill: Forced-Vibration Solutlon As for discrete systems, there are sev-
eral methods available to determine the forced response of continuous systems. AS
for discrete systems, these include application of the method of undetermined coeffi-
cients for harmonic excitations, the Laplace transform method, and modal analysis-
Again, as for discrete systems, modal analysis is the most powerful and most often
used.

A modal analysis procedure can be developed for forced vibrations of continuous
systems. Let f(x, t) represent the nondimensional nonhomogeneous term arising in
the partial differential equation as a result of the external forcing. Nonhomogen€ous
terms can also occur in the boundary conditions.

1. The expansion theorem, Eq. (9.4) is used to expand f(x, t) as

0= Celt)Xk(x) [9.6]

k=1
where Ce(0) = (f(x, 1), X (1)), [9.7]
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a2%e
T(x,t)dx pd - dx
at
L
ax
[
External forces Effective forces

Figure 9.3 Free-body diagram af differential element of
shaft ot arbitrary instant.

The free-body diagram of the external forces shows the time-dependent torque
loading as well as the internal resisting torques developed in the cross sections. The
internal resisting torques are the resultant moments of the shear stress distributions.
If 7, (x, t) is the resisting torque acting on the left face of the element, then a Taylor
series expansion truncated after the linear terms gives

aT,(x, 1) dx
at

The directions of the torques shown on the free-body diagram are consistent with
the choice of € positive clockwise.

Since the disk is infinitesimal, the angular acceleration is assumed constant
across the thickness. Thus the free-body diagram of the effective forces simply
shows a moment equal to the mass moment of inertia of the disk times its angular
acceleration.,

Summation of moments about the mass center of the disk

(M), = (M),

T,(x+dx,t) =T, (x,t) + [9.9]

gives
T (x,t 3%0(x, 1)
Tx,t)dx — T,(x,t) + T, (x, 1) + __rﬁ___z dx = plJ dx——-(—z—-
ox ar
8T, (x,1) 3% ]
o el A AL AN Sl [o.10
r T(x,t)+ Y oJ a2
From mechanics of materials,
o
Tr(x,t)=JGa (x, 1) [9.11]

ax
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which, when substituted in Eq. (9.10) fora uniform shaft, leads to

3% 3%6
T(_x,t)—l—JGg-;E = JW [9.12]1

The following nondimensional variables are introduced:

=X = G [9.13]

X7 = L - p L .

T(x,t
and T (x*, t*) = (; ) [9.14]
where T, is the maximum value of T'. Introduction of Egs. (9.13) and (9.14) in Eq.
(9.12) leads to
LT, 3% 3%

Tx, )+ —= = — .

( G ) (x,8) + 12 Y [9.15]

where the * has been dropped from the nondimensional variables.

Table 9.1 provides nondimensional boundary conditions for different types of
shaft ends. The problem formulation is completed by specifying appropriate initial
conditions of the form

8(x,0) = g1(x) {0.16]
39(x,0
and (x, ) = g1(x) [9.17]
ot
Consider the homogeneous form of Eq. (9.15),

320 a2
—_—= _9 [9.18]
ax2 32

Equation (9.18) is a hyperbolic partial differential equation, called the wave equation.
The wave equation also governs such variables as the axial displacement during the
longitudinal motion of a bar, the axial displacement of a particle on a coil spring
during a compression wave, and the free vibrations of a taut string. Applications in
areas other than vibrations include propagation of surface waves on the interface of
two fluids and the velocity potential for supersonic flow in an ideal fluid.

Solutions of the wave equation are rich in physical phenomena. It can be shown
that the solutions of the wave equation represent waves propagating through the
medium. The speed of propagation is determined from the governing partial differ-
ential equation in dimensional form or in the definition of #*. In general, to arrive
at a partial differential equation of the form of Eq. (9.18), in which no parameters

appear,
t [9.19]

tt =

t~l o

where ¢ is the wave speed. Thus, for torsional oscillations, the wave speed is /G/p.
Table 9.2 gives the wave speed for other situations governed by the wave equation.
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Table 9.1 Boundary canditions for torsional
ascillations of a circular shaft
Boundary
End condition condition Remarks
Fixed, _
x=0o0rx=1 §=0
Free, 3_01 -0
x=00rx=1 ax
Torsional spring, ?_9_ = B0 kL
x=0 o P F=7G
Torsional spring, a0 kL
— = —88 = 4=
x=1 ax P A JIG
Torsional damper, % _ 30 B=c I
x=0 ax "ot ' PYe
Torsional damper, a a0 J
=1 - P P=co7G
Attached disk, 3 _ ﬁaze g=to
x=0 ax " ar? elJL
Attached disk, 3¢ 3% In
x=1 ax a2 plL
Table 9.2  Physical problems gaverned by the wave equation
Nondimensional
Problem Schematic wave equation Wave speed
Torsional
oscillations Y 3’6 _ 8% _ |G G = shear modulus
of circular 3 ( I Fr ArT?) ¢= 0 p = mass density
cylinder - \
s di — w(x,t .
Lonthudfnal =0 2w w E E = elastic modulus
oscillations T3 =57 c=4= = densit
of bar i l ax t ) p = mass density
Transverse ——— X 2 2 o
vibrations of W oy &y e=|T T = lt_‘:'nswl(;ensn
taut string ox at 73 = linear y
Pressure waves Py 22 k = ratio of specific heats
in an ideal or _ 2P ¢ =~+kRT R = gas constani
gas =E l — p(x,1) ] 8x2 = a2 T = temperature
N:;:i::’:;"frl . - 2p _3%p o_ [E & =buk modulus of fluid
& —> p(x,1) ax2 = ot Vo p = mass density

pipe

i
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9.3.2 FREE-VIBRATION SOLUTIONS

A moment M is statically applied to the end of a circular shaft, fixed at x = 0 and free at
=1, causing the angle of twist to vary linearly over the length of the shaft. Determine
the resulting free torsional response when the moment is suddenly removed.

solution:
The free torsional oscillations are governed by Eq. (9.18). The boundary condition
corresponding to a fixed end at x = O is

60,1) =0 [9.20]
and corresponding to a free end at x = 1 is
a0(1,1¢
(1) =0 [9.21:
ax
Static application of the moment M leads to the initial condition
M
0(x,0) = G = yx [90.22
Since the shaft is released from rest a second initial condition is
a0 (x,
x99 _, [9.23
at
A separation-of-variables solution is assumed as
O(x,t)=Xx)T(t) [9.24

Substituting Eq. (9.24) into Eq. (9.18) and rearranging leads to
1 d’x 1 4T
X(x) dx*  TQ) dr?

The left-hand side of Eq. (9.25) is a function of x only, while the right-hand side is

function of ¢ only. However, x and ¢ are independent. Thus Eq. (9.25) is true only
both sides are equal to the same constant, call it —A, where A is called the separati

constant. Then Eq. (9.25) leads to

d*T
dt? +
2
and X +2X=0 [9.2
dx?
The solution of Eq. (9.26) is
T(t) = Acos VAt + Bsin/At [9.2

where A and B are arbitrary constants of integration. From Eq. (9.28) it is obvious t
the natural frequencies are the square roots of the separation constant.
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The solution of Eq. (9.27) is

X (x) = Ccos vAx + DsinvAx [9.29)

Application of Eq. (9.20) to Eq. (9.24) yields

and its subsequent application to Eq. (9.29) gives C = 0.
Application of Eq. (9.21) to Eq. (9.24) yields

dXx()
i =0 {9.31]

Application of Eq. (9.31) to Eq. (9.29) with C = 0 leads to
DA cos VA =0 [9.32]

Choosing either D = 0 or A = 0 leads to the trivial solution. Thus a nontrivial solution
is obtained only when

cosvA =0 [9.33]
2
or = [(2k— 1)-’25] k=12, ... [9.34]

There are an infinity of solutions of Eq. (9.33), but as evidenced by Eq. (9.34), they
are countable. The mode shape corresponding to A is

X, (x) = Dy sin 2k — 1)12’-x [9.35]

for any Dy. The mode shapes are orthogonal with respect to the scalar product of Eq.
(9.2) as follows:

1
(X (x), x,-(x))=f D, Dy sin (2k — I)%x sin (2j — 1)125xdx
[1]

sin(j — k)ymx — —————
P R A ey

=

D"D"[ sin(j+k+l)7t]
o
=0

The mode shapes are normalized by requiring
2

D
1= (Xe, Xo) = fy Disin® @k — DZxdx = =

which leads to
Xy (x) = ~/2sin (2k — 1)%;: [9.36]

The first three normalized mode shapes are shown in Fig. 9.6.
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X(x)

\\ ’ -
15 : ! t o el i .
0 02 0.4 0.6 0.8 1
x
First mode  s*+**=- Second mode ~==== Third mode

Figure 9.6  First three normolized mode shapes of fixed-free shoft.

The general solution to the free-vibration problem is

6(x,1) = Y 2 sin 2k — 1)-’25;: [Ak cos (2k — 1)%: + Bysin (2k — 1)%:]
k=1
[9.37]

Application of the initial condition, Eq. (9.23), yields B; = 0. Application of Eq. (9.22)

then gives

yx = Z Akﬁ sin (2k — 1)%X [o.38]

k=1
The expansion theorem, Eq. (9.4), is used to expand

o o]
yx =) (vx, X)Xk
k=1

yx«/i sin (2k — 1)%3: dx

[9.39]

1
Where (rx, Xi) = f
)
4y«/§ . T
Y . A _nZ
k=) sin (2k )2

- __41‘/.5_.(_1)“1

22k — 1)?

Comparison of Eqgs. (9.38) and (9.39) yields

4 2(-1 k+1
Ay = (}’X, Xk) = —n}%ic(_—)l)i— [9.40]
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Equation (9.37) becomes
8Y 1 . n T
) = — D — 2%k — 1)—xcos (2k — 1) =t
6(x,t) ) g( ) 2 = 1) sin ( )2x 0s ( )2 [9.41]

The time-dependent angles of twist at four locations along the axis of the shag
obtained by numerical evaluation of Eq. (9.41), are plotted in Fig. 9.7. ’

mple 9.2T The circular shaft of Fig. 9.8 is fixed at x = O and has a thin disk of mass moment of
inertia I attached at x = 1. Determine the natural frequencies for this system, identify
the orthogonality condition satisfied by the mode shapes, and determine the normalized
mode shapes.

1.5
1.0
0sF

& 0.0

TH(x, 1)

-0.5

-1.0

-15 1 ] ! L

Figure 9.7  Time-dependent torsional oscillations of circular shaft fixed at x = 0, free
atx=1.

'
b~

AN\

N\

LG, p

Figure 9.8 Shaft has disk of moment of inertia /
attached at its free end.
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The partial differential equation governing this system is Eq. (9.18). It is subject to Eq.
(9:20), and from Table 9.1

ae,r)  3%(1,1)
T =R [9.42]
1
here _
v p pJL

The separation-of-variables assumption of Eq. (9.24) leads to Eq. (9.27) subject to Eq.
(9.30) and

axa
—-—S—l = BArX(1) [9.43]
dx
The solution satisfying Eqs. (9.24) and (9.27) is
X(x) = DsinvAx [90.44]
Application of Eq. (9.43) to Eq. (9.44) yields
V. cos/x = BAsin VA [o.45]
1
or tan VA = —— [9.46]
BVA

A graphical solution of the transcendental equation, Eq. (9.46), is shown in Fig. 9.9.
The values of A where the curves tan /A and 1/8+/A intersect are the solutions of Eq.
(9.46), and are the values of the separation constant for which nontrivial solutions for
X (x) occur. Figure 9.9 shows that there are infinite, but countable, values of A where
these curves intersect. Figure 9.9 also shows that for large k, A, approaches [(k + 1)7]%.

The natural frequencies are the square roots of the separation constants. Figure 9.10
shows the first four natural frequencies as a function of 8. The first four mode shapes
are plotted in Figure 9.11 for 8 = 0.4.

Let ; and A; be distinct solutions of Eq. (9.45) with corresponding mode shapes
Xi(x) and X ; (x), respectively. The mode shapes satisfy the following problems

d’X; dX;
2z TAXi=0  Xi(0)=0 — D =ArXi(l)
o * [9.47]
d“X; dX;
—d;—zi+x,-x,-=o X;(0)=0 —d}i(l)=m,~x,-(1)
Multiplying the first of Egs. (9.47) by X ;(x) and integrating from 0 to 1 leads to
3 dZX,' 1
A —EXTdex+liL X;X;jdx=0 [o.48]
Using integration by parts on the first integral leads to

VdX;dX;

dX; dX;
(A — X022 0y —

1
dx+x,-f X:X;dx=0 [9.49]
0
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Figure 9.9  Grophical solution of transcendental equation tan v =
1/B8+/2 to determine natural frequencies of system of
Example 9.2. Values of separation constants correspond to
points of intersection of two curves.
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Figure .10  Nondimensional natural frequencies of Example

9.2 as function of nondimensiona! parameter g
obtained by solving Eq. {9.46).
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1

First mode = ccesoreee Second mode

— — — Third mode @ ====-=- Fourth mode
Figure 9.11 Mode shapes of Example 9.2 with 8 = 0.4.

Application of the boundary conditions in Eq. (9.49) leads to
1 1
dX;dX;
ﬁA.,X,(l)Xj(l)— ——-—'—jdx+)x,f X,'Xj dx =0 [o.50]
0 dx dx 0

Multiplying the second of Egs. (9.47) by X;(x), integrating from O to 1, and performing
algebra similar to that above leads to

'dX; dX; !
B X (DXi(1) — A Ej—(gfdxu,-]; X:X;jdx=0 [9.51]

Subtracting Eq. (9.51) from Eq. (9.50) leads to
(i — A)) (ﬁx,-(l)x,-(l) + fol XX, dx) =0 [9.52]
Since A; # A;, Eq. (9.52) implies
ﬁX,-(l)Xj(l)+folX,-X,-dx=0 [9.53]
If the scalar product of f and g is defined by

1
(f.8)= fo f(x)gx)dx + Bf(Dg(l) [9.54]

then (X;, X)) =0 [9.55]
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Equation (9.54) defines the energy scalar product with which the mode shapes are my

tually orthogonal.
Normalization of the mode shape requires

{
1= (X, X) =f D?sin? /aex dx + DB sin® /iy
0
1
=D; [/ %(1 — c08 2/Arx) dx +ﬂsin2\/);:|
0

_ 21 _ 1 . . 2
=D} [2 (1 zmsm%/x;:)ri—ﬁsm \/}:]

Using the trigonometric identity

sin 2/A; = 2sin /A cos /Az

and replacing cos 4/, from Eq. (9.45) leads to
-1/2
D =v2(1 +fssin2ﬁ;)

where A; is the kth real solution of Eq. (9.46).

9.3.3 FORCED VIBRATIONS

The application of undetermined coefficients for harmonic excitations is illustrated
in the following example. Modal analysis is illustrated with examples in Sec. 9.4.
Application of the Laplace transform method is beyond the scope of this book.

9.3

The thin disk of Example 9.2 is subject to a harmonic torque,
T(t) = Tpsinwt

Determine the steady-state response of the system.
Solution:

The torsional oscillations, in terms of nondimensional variables, are governed by Eg.
(9.18) with

8(0,1) =0 [9.56d]

a8 3%0 Y YA
and = = —B—(1, Lot . = [9.56b]
ax(l,f) ﬁaﬂ( 1)+ G Sinét

where @=L /%w [9.57]
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Since the external excitation is harmonic, the steady-state response is assumed as

8(x,t) = u(x)sinwt [9.58]
substituting Eq. (9.58) into Eq. (9.18) leads to
du sindt = —&%u sin ot
dx?
d*u .2
or ax2 +a°u=0 [9.50]

Substituting Eq. (9.58) into the boundary conditions, Egs. (9.56a) and (9.56b), leads to

u@) =0 [9.60]
du - ToL
d —(1) = B*u(l) = —= .
an a'x( ) — B u(l) G [9.61]
The solution of Eq. (9.59) subject to Egs. (9.60) and (9.61) is
L
u(x) = 0 sin@x [9.62]

(@ cos&® — Ba? sind)JG

Note that if @ is equal to any of the system’s natural frequencies, the denominator
vanishes. The assumed form of the solution, Eq. (9.58), must be modified to account for
this resonance condition.

The steady-state solution is given by Eq. (9.58), where u(x) is given in Eg. (9.62).
The total solution is the steady-state solution plus the homogeneous solution, which is
a summation over all free-vibration modes. Initial conditions can then be applied to
determine the constants in the linear combination.

9.4 TRANSVERSE BEAM VIBRATIONS

9.4.1 PrOBLEM FORMULATION

neban

The uniform beam of Fig. 9.12 is made of a material of mass density p and elastic
modulus E, and has a length L, cross-sectional area A, and centroidal moment of
inertia /. Let x be a coordinate along the neutral axis of the beam, measured from
its left end. The beam has an external load per unit length, f(x,t). Let w(x, t) be
the transverse deflection of the beam, measured from its equilibrium position.
Free-body diagrams of an arbitrary differential element of the beam at an arbi-
trary instant of time are shown in Fig. 9.13. The element is a slice of the beam of
thickness dx and its left face is a distance x from the beam’s left end. The external
forces shown are the external loading, the internal bending moment which is the re-
sultant moment of the normal stress distribution, and the internal shear force, which
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flx, 1)

—x 1 J
lW(Jlf, 1) /T;;ﬂ

Figure 9.12 wix, #) is the transverse deflection of the
beam measured from its static equilibrium
position.

aM
M M+ —dx =
ax
y v anx 3w
l\ —’/'\ +—x pA dx

a2

i .
R

AVELLRUNRNNY

External forces Effective forces

Figure 9.13  Free-body diagrams of differential beam element ot an arbitrary time.

is the resultant of the shear stress distribution. It is assumed that the resultant of the
normal stress distribution is zero. The effective force is the element mass times its
acceleration. The element’s longitudinal acceleration and angular acceleration are
small in comparison to other effects and are thus ignored.

Sum forces in the vertical direction:

(Z5)..=(ZF), fo.631

v x+dx aZw
v—(v+= =pA "
( + axdx) +j; @ 1yds = pA— dx

The mean value theorem implies that there is an ¥, x < ¥ < x + dx, such that

x+dx
f f@&, 0dt = f(x,t)dx

Since dx is infinitesimal, ¥ = x. Equation (9.63) becomes

aVv P’w
- = i .64]
f(x,t) 3 PA ™ [o
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Sum moments about the neutral axis of the left face of the element:

(£4), - (2 5),

1%
M- (M+§£dx) (V+—dx) dx
0 0x

x+dx 32 d
+f € —0fE, ndt = pA«a—@ dx ( 2")

[90.65]

Since dx is infinitesimal, terms of order dx? are negligible compared to terms of
order dx. When the mean value theorem is used on the integral, since ¢ — x is less
than dx over the entire range of integration, it becomes apparent that the term is of
order dx2. Then Eq. (9.65) simplifies to

oM
V=——o [9.66]
ox
From mechanics of materials, with the chosen sign conventions,
62
M=—El— [9.67
0x2 !
Substitution of Egs. (9.66) and (9.67) into Eq. (9.64) leads to
*w *w
pA—a*—2- + EI*—— = f(x,t) [9.68]
Equation (9.68) is nondimensionalized by introducing
y X . EI ., W f
== tr=¢ wr = — = — [9.69]
I pAL? : =7

where f,, is the maximum value of f. The resulting nondimensional form of Eq.
(9.68) is

P’w  *w fm
= [9.701]
or? + ax4 f(

Four boundary conditions, two at x = 0 and two at x = 1, must be speci-
fied. The forms of the boundary conditions depend on the type of end supports.
Nondimensional boundary conditions associated with different support conditions
are given in Table 9.3.

The formulation of the mathematical problem is completed by specifying two
initial conditions.

Equation (9.70) is the governing nondimensional partial differential equation
for forced vibrations of a beam assuming no axial load, longitudinal effects are
negligible, rotary inertia and transverse shear are negligible, and other standard
assumptions of beam theory from mechanics of materials apply.
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Table 9.3 Boundary conditions for transverse vibrations of a beam
Boundary Boundary
End condition condition A condition B Remarks
Free, x = Qor 32_w__ ES_’_”__O
x=1 axz ax3
Pinned, x = 0 or B Pw
x=1 w=0 axz 0
Fixed, x = Qor w=0 22=0
x=1 ax
Linear spring, 32_'” =0 23_2 = ~Bw _ kL3
x=0 ax2 ax3 ©E
. . 32 83 3
Linear spring, LaL PN T _ sw g= kL”
x=1 ax? ax3 EI
Viscous damper, _Efﬂ =0 ﬁ!ﬂ =B dw g = cL
x=0 ax? ax3 at "~ JpEIA
Viscous damper, w 0 Pw ﬂﬁv_ g— CL
x=1 ax? a3~ T4 = JpEIA
Attached mass, _f_i_zﬂ -0 23_2 — 22_'2 B = m
x=0 ax2 ax3 — 7 a2 T pAL
Attached mass, ?w —0 Pw 32w = m
x=1 ax2 ax3 T U a2 T pAL
Attached inertia Fw  Pw Bw _ PR
element, x =0 0x2 7 3xor2 ax3 T pAL3
Attached inertia Pw 8 3w Pw = J
element, x = 1 ax2 " axar? ax3 T pALS
9.4.2 FREE VIBRATIONS
When the product solution
w(x, 1) = X(x)T(t) [9.71]
is substituted into Eq. (9.70) with f = 0, the result is
2 4
1 d*T _ 1 4'X [9.72]

T(t) di?  X(x) dx*

The usual separation argument is used to set both sides of Eq. (9.72) equal to the
same constant, say —A. This leads to

”or
% + AT =0 [9.73]

d*X
and Z 2 _AX =0 [9.74]
dx*
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The solution of Eq. (9.73)
T(@) = Acos \/_A,_t + Bsin ‘\/xt [9.75]

from which it is obvious that the natural frequencies are the square roots of the
separation constants. The general solution of Eq. (9.74)

X (x) = C1cos AM4x 4 CpsinAY4x + C3cosh AV*x 4 Cysinh A /4 [9.76]

The solvability condition is determined by applying the homogeneous boundary
conditions to Eq. (9.76). Table 9.4 summarizes the solvability conditions for different
types of end supports, provides the first five nondimensional natural frequencies for
each entry, their corresponding mode shapes, and specifies the scalar product for
which the mode shapes are orthogonal.

Free-free and pinned-free beams are unrestrained and thus their lowest natural
frequency is zero, corresponding to a rigid-body mode. The fixed-pinned beam has
the same characteristic equations as the pinned-free beam, and A = 0 is a solution
of this equation. However, A = 0 leads to a trivial mode shape for the fixed-pinned

beam.

Determine the natural frequencies and normalized mode shapes for a simply supported
beam.

Solution:
The boundary conditions for a simply supported beam are
8%2w(0, 1)
2w(l,t
and w(l,)=0 M_:o
dx?

which when applied to Eq. (9.76) gives
0=C; + s
0= —vAC; + VACs
0= Cjcos A//* 4 Cysin A4 4 C3 cosh AM* + Cy sinh A1/
0= —+/AC; cos A4 VAC, sin AV4 + VAC; cosh A* + v/ACysinh A4
The first two of these equations imply C; = C3 = 0. Then the last two equations become
Cysin A4 4 Cysinh A4 =0
~CasinA/* 4 Cysinh A4 =0
These equations have a nontrivial solution if and only if

sinA/4 =0
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which is satisfied by
M=kt k=1,2,...
For these values of A, C4 = 0 and C, remains arbitrary, leading to the mode shape
Xi(x) = Cisinkmrx

The mode shapes are orthogonal with respect to the scalar product of Eq. (9.2), a5
evidenced by

!
/Cijsinknxsinjnxdxzo k#j
0

Normalization with respect to this scalar product yields C;, = V2.

9.5 | Determine the first four natural frequencies for the beam of Fig. 9.14.

Solution:
From Table 9.3, the appropriate boundary conditions are
dw(0
wo,n=0 2% _,
0x
2w(l, 3w,
and —_ =0 —I1= 1
3x P Bw(l, t)
3 6 3
where g = kL (2 x 10° N/m)(1 m) —~0.190

El (210 x 10° N/m)(5 x 10-5 m%)
Application of the boundary conditions to Eq. (9.76) gives
0=C1+ G
0=C+Cy
0= ~Cycos A4 — CysinAV* 4 C3cosh A1/* + Cysinh AY/*
(A¥*sin A% — Beos AVHC, + (=234 cos A4 — BsinA)Cy
0=+ (A**sinh A% — Bcosh A/4)C3 + (A* cosh A4 — Bsinh AY/4)Cy

1m I'

AYLELLRNANNY

m = 200 kg k 2X106N/m

I=5%x10"5 m*
E =210 X 10° N/m?

Figure 9.14 Beam of Example 9.5.
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which leads to the solvability condition
A1 4 cos A1 cosh AY4) = —B(cosh A4 sin A4 — cos A1/ sinh A1/4)

For B = 0.190 the first four roots of this equation are
A = 13.10, 486.2, 3807.0, 1416106, ...

The nondimensional natural frequencies are the square roots of the values of A that
solve the characteristic equation. The dimensional natural frequencies are obtained by
poting the relationship between the dimensional time and the nondimensional time and
its application to Eq. (9.69),

EI
pAL*4

w= | =229.14/A

The first four natural frequencies for this beam are

w) = 829.2 rad/s w, = 5051 rad/s
w3 = 14140 rad/s w4 = 27260 rad/s

9.4.3 FORCED VIBRATIONS

The modal analysis method, described in Sec. 9.2, for analyzing the forced vibrations
of a continuous system is applied to the following examples.

The simply supported beam of Fig. 9.15 is subject to a harmonic excitation over half of |Examg
its span. Determine the beam’s steady-state response.

Solution:
The nondimensional force per unit length is

fG, ) =sinédt[ulx—1)—u(x-2)

4
where 5)=w‘/pAL'
El1

F, sin wt
Y Y Y Y
L kg L L Lo
! 4 I 2 . [ 4 1

Figure 9.15  Beam of Example 9.6.
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The expansion theorem is used to expand f (x, ¢) in terms of the normalized mode sha
of the corresponding free-vibration problem, which are determined in Example 94.
expansion coefficients are determined using Eq. (9.6), with the scalar product deﬁned
by Eq. (9.2),

1
Cr = f fx, )v2sinkrxdx
0

3/4
= 23inc7)t/ sinkwx dx
1/4
3
= %jr_i sin ot (cos k% — coskj:—t)

) 0 k=2.406,...
= —sindr 1 &=1,7,9,15,17,23, ...
T -1 k=3,511,13,19,21,. ..

= —ay sin @t
kn

The displacement is expanded as

w(x,t) = Z VZsin knxpr(t)

k=1
Substituting for w and f in Eq. (9.70) leads to

Z[ﬁk + k) pe V2 sinkwx = A Z Ce ()2 sinkmx

k=1 k=1

where A= FolL’

EI
The preceding equation is multiplied by +/2sin jrx for an arbitrary j and integrated
from O to 1. This is equivalent to taking the scalar product of both sides of the equation
vith X ; (x). The orthogonality condition, Eq. (9.6), is used such that each sum collapses

o a single term, yielding
Bi+(mipi=AC; j=1.2,...
vhose steady-state solution is

pi(t) A sin &t
)= ——F—="7—4a;
TGy - @

The steady-state response of the beam is

2V2A | [
= s wt

w(x,1t) sinmx

4 —@?

. 1
—_———sin3x - —  _ _ cinSnx
3@t —a2) T SGasnt — ) ST
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0.12
- ~
0.06 P ~

- ~\
L A
-0.06 I~ \ /

F(x)

-0.12
0

e o/mi=12 ====5/n2=08 —=— o/m2=095 = = G/m?=105

Figure 9.16  Steady-state response for Example 9.6.

1
t 1501 — &)

sin 7mrx +il

2./2A

= - f(x)sin @t

The function f(x) is shown in Fig. 9.16 for several values of @. Note that when @ is
close to 72 the steady-state amplitude is large at the midspan.

A machine of mass 150 kg is attached to the end of the cantilever beam of Fig. 9.17.
The machine operates at 2000 rpm and has a rotating unbalance of 0.965 kg - m. What
is the steady-state amplitude of vibration of the end of the beam?

Solution:

The nondimensional formulation of the governing mathematical problem is
3*w 3w 0
oxt a2

subject to

Bw(O,t)__O *w(l, 1y _
ox ox2

Pwd, 2w, 1)
d9x3 =# 312

w(0,1)=0 0

+ a sin @t
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p———— 3m —————

m = 150 kg

O N\w=2000rpm

mge = 0.965 kg - m

N

m = 280 kg
E =210 x 10° N/m?
I=12x10"*m*

Figure 9.17  Cantilever beam of Example 9.7 has
machine with rotating unbalance at its end.

4
where = w‘f pAL
EI

rad (280 kg)(3 m)3

=209.4 — :
s V (210 x 10° N/m?)(1.2 x 10~4 m%)

= 3.63

m 150 kg
T eee—— D ee— T .5
p oAL ~ 280kg 0-536
and o = Moe’L?
EI

_ (0.965 kg - m)(209.4 rad/s)*(3 m)?
T (210 x 10° N/m?)(1.2 x 104 m*)
= 0.015

The last boundary condition is developed by applying Newton’s law to the machine as
shown in Fig. 9.18. The problem is nonhomogeneous due to this boundary condition.
From Table 9.4 the characteristic equation for the homogeneous problem of a beam with
a concentrated mass at its end is

2741 + cos A4 cosh A174) + B(cos A4 sinh A% — cosh A/ sin A% =0
The corresponding mode shapes for the homogeneous problem are

cos Al/4 sh A}/4 .
in A4 : c'(:lhAI/4 (sinh A1/4x — sin 2'/*x)
Sin si |

where Ci is chosen to normalize the mode shape with respect to the scalar product
defined by

Xi(x) = C, [cos MVA% — cosh AV4x +

1
(X;(x), Xp(x)) = fo X, (0 Xe(x) dx + BX, (D Xe(1)

The first six nondimensional natural frequencies and normalization constants are
given in Table 9.5.
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moemz sinwt

|

2w 2
El pys mB-'-Z-(L t)
External Effective
forces forces

Figure 9.18  Free-body diagrams used to derive
boundary condition for Example 9.7.

Table 9.5  Free vibration properties for Example 9.7

Nondimensional Natural
natural frequency
Ax frequency wy (rad/s) Cx

6.71 2.59 149.55 0.715
443.5 21.06 1216.0 0.617
3682.1 60.68 3483.0 0.593
14,371.2 119.88 6922.0 0.584
39,533.3 198.83 11,480.0 0.582
88,513.2 297.51 17,178.0 0.434

The expansion theorem implies that the solution of the nonhomogeneous problem
can be expanded in a series of normalized mode shapes. To this end,

o0

w(x, 1) =Y pe(®)Xe(x)

k=1

Substituting for w(x, #) into the governing partial differential equation, multiplying by
X ;(x) for an arbitrary j, and integrating from O to 1 leads to

oo 1
Z(ﬁk + APk)_/ X;ix)Xe(X)dx =0
1]

k=1

The mutual orthonormality of the mode shapes implies

i
fo X)X (x)dx = Six — BX; (1) X (1)
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Use of this orthogonality condition Jeads to

o0
Bi+2pi = Y (b + Mepo)BX (DX (1)
k=1
Substituting for w(x, t) from the expansion theorem in the nonhomogeneous bound.
ary condition leads to

= d*X, (1 i - .
L i) = asint + B Y Xe(Die@

k=1 k=1

The mode shapes satisfy the boundary conditions for the nonhomogeneous problem
Thus

d*X(1)
dx3
which when used in the preceding equation gives

= —AeBXi(1)

o0
Y G + Mepo) Xi(1) = asin it
k=1

and which when substituted into the previously derived differential equations for the
principal coordinates uncouples these equations and gives

Pi+Apj=aX;(Dsindr j=1,2,...

The steady-state solution for each of the principal coordinates is now easily obtained
- and the expansion theorem is used to write the steady-state solution as

wx,?) = ,:Z aX:(al)z Xk(x):, sin @t

k=1 A

The nondimensional steady-state amplitude of the end of the beam is

oo
XX(1) s
—_— = 1.67 ~
a’?:l: o = 167x 10

The dimensional amplitude is obtained using Eq. (9.69) as 1.67 x 1074(3m) =
4.0 mm.

9.5 ENERGY METHODS

Consider a differential element of the shaft of Fig. 9.4. Assuming elastic behavior
throughout, a shear stress distribution is developed across the cross section of the
shaft according to

Tr

= — 9.77]
T T I
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where T(x, t) is the resisting torque in the cross section and r is the distance from
the center of the shaft to a point in its cross section. The total strain energy in the

element is
dVv = -2-15 (f ‘tsz) dx [9.78]

Substitution of Egs. (9.77) and (9.11) into Eq. (9.78) leads to

2
dv = S (%) (f rsz) dx [9.790]
2 \ ox

Noting that J = [ r2 dA and integrating over the entire length of the shaft, the total
strain energy becomes

1 [t 30\’
V== JG{ — 9.
5 /(; ( 3x) dx [o.80]
The kinetic energy of the differential element is
1 [36\?
T=- — 9.
d > pJ ( 3 ) dx [9.81]

where p is the mass density of the shaft’s material. The total kinetic energy of the

shaft is
1 L 36\?
2/0 P (ar) *

For a conservative system the maximum potential energy is equal to the maximum
kinetic energy. Thus if the free oscillations of the shaft are described by

B(x,t) = u(x)sinwt [9.83]
L 2
[ JG (1) dx
then w? = =8 - dx [9.84]
f pJutdx
0

Introducing the nondimensional variables of Eq. (9.69) into Eq. (9.84) and assuming

the shaft is uniform leads to
1 2
d
f (du) a
52— Y0 _\¢*J [9.85]

D° = ;
fuzdx
0

where Jo.s61]

(S

i

I~
NN

e
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For any function w(x) which satisfies the boundary conditions specified fo, the

shaft, define
L 2
dw
JGl|—) d
.[) (dx) ¥

Rw) = 2> (0.87)
f pJw? dx
0

R(w) is Rayleigh’s quotient for this continuous system. If w(x) is a mode shape
then R(w) is equal to the square of the natural frequency of that mode. If w ig noE
a mode shape, then R(w) is a scalar function of w. As for discrete systems, R(w)
is a minimum when w is a mode shape. Hence Rayleigh’s quotient can be used to
approximate the lowest natural frequency for the continuous system.

9.8T Use Rayleigh’s quotient to approximate the lowest natural frequency of the tapered
circular shaft of Fig. 9.19.

Solution:
The polar moment of inertia varies over the length of the shaft as

J(x) = %(o.z ~0.05x)*

A trial function which satisfies the boundary conditions w(0) = 0 and dw/dx(3 m) =0
is

w(x) sin:’r
x) =sin —
6x

An upper bound and approximation on the lowest naturat frequency is

N 3 2
80 x 10° — = f (0.2 — 0.05x)* (-’5) cos? x dx
R(W) _ m 2 i} 6 6
- kg © [? 4
7850 — = f (0.2 — 0.05x)* sin® —x dx
m3 2 a 6

wi < [R(w)]/? = 3767 rad/s

20 ¢cm

I
[ 3m 1

Figure 9.19  System of Example 9.8.




CHAPTER 9 ¢  VIBRATIONS OF CONTINUOUS SYSTEMS

Rayleigh’s quotient can be generalized as the ratio of a potential energy scalar to
a kinetic energy scalar product, where the energy products are defined by integrals,
perhaps with additional terms to account for discrete masses or springs.

(w, UJ)V
R(w) (w, w)r
Rayleigh’s quotient can be applied to any continuous system. Table 9.6 gives the
appropriate form of the scalar products for several continuous systems.

A method based on Rayleigh’s quotient, called the Rayleigh-Ritz method, can be
used to approximate a finite number of the lowest natural frequencies of a continuous
system. Let uj(x), us(x), ..., un(x) be n linearly independent functions, each
of which satisfies the boundary conditions for a specific continuous system. An
approximation to the free-vibration response of the continuous system is assumed as

[o.88]

w(x) =D cii(x)

[9.89]
i=1
Table 9.6  Scalar products for Rayleigh-Ritz method
Structural
element Case (u, v)r (u, v)v
Torsional No added L L dudv
shaft disks or f pJu(xyv(x)dx f g P d—d
springs 0 0 *
Added disk L L dudv
DvE ——d
atx = 3 '[0 pJu(x)u(xydx + Ipu(x)v(x) '/(; GJ T x
Torsional spri L L dudv .
- xor; isprmg .[0 pJu(x)v(x)dx ‘L GJ d._x d——xdx + ke (x)
Longitudinal No added L L dudv
bar masses or j pAu(x)v(x)dx f FA— —dx
springs 0 0 dx dx
Added mass L o fL du dv
EA-—-—d
atx =% jo pAu(x)v(x) dx + mu(x)v(x) A rix X
Spring at /L Au(x)v(x)dx - EA du dv dx + ku(x)v
x=3 o paul 0 dxd
Beam No added L L 42y d*v
masses, disks, f pAu(x)v(x)dx f 1 722 dil
or springs 0 *
Added mass L . L dy dlv
atx = % /(; pAu(x)v(x)dx + mu(¥)v(x) A 15;2‘ )
Added spring L L 42y d%y .
atx = ¥ j(; pAu(x)v(x)dx j(; El ) Ex_idx + ku(x
Added disk L du(®) dv(®) L d%udv
(Ipyatx =% fo PAUIV(x) dx + Ip— == ——— fo El - 5249%
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Equation (9.89) is substituted into Rayleigh’s quotient which is rewritten as
R(w)(w, w)r = (w, w)y [9.90]

Since R(w) is stationary near a mode shape, a good approximation to the Naturg)
frequencies and mode shapes is obtained by setting

3R 3R dR
It = =0 [9.91]

Differentiating Eq. (9.90) with respect to ¢ forany k = 1,2, ..., 7 and using Eq,
(9.91) gives

dw, w)r _ 3w, w)y
3Ck - ack

R(w) [9.92]

Developing Eq. (9.92) foreach k = 1,2, ..., n leads to n linear homogeneous
equations to solve for ¢, ¢2,..., ¢, in terms of the parameter R(w). Since the
equations are homogeneous, a nontrivial solution is available if and only if the
determinant is set equal to zero, yielding an nth-order polynomial equation for
R(w). The roots of the polynomial are the squares of the approximations to the
lowest natural frequencies. Approximations for the mode shapes can be obtained by
returning to the homogeneous equations. The method is illustrated in the following
exampie.

Use the Rayleigh-Ritz method to approximate the two lowest natural frequencies of
Example 9.1.

Soivtion:
Two polynomials which satisfy the boundary conditions of Example 9.1 are

2 3

ui(x)=2x —x u(x) =3x —x
An approximation to the mode shape is developed as

w(x) = ¢1(2x — x%) + ¢ (3x — x%)
Calculation of the energy scalar products gives

1
_ .2 .3 2 _ i 2 g & 2
(w, w)r _/0 [e1(2x - x) + c2(3x — x ) dx = 151 + 350 10552

! 4 24
(w, wyy = [ [61(2 —2x)+c;(3— 3x2)]2 dx = gcf + 5ci10 + "5"(-'%
4]

Application of Eq. (9.92) leads to
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61 48 _ B\, =
(S_BBR)CI+(5 35R C2-—0

A_nontrivial solution of the preceding equations is obtained if and only if

g8 16 61
2 - =R 5~ —_
det] 3 15 30R —0
5_61R 48 136R -
30 5 35

Evaluation of the determinant leads to
9.24R* — 241.0R + 538.0 = 0
whose roots are
R =2.467,23.610
The natural frequency approximations are
w; ~ 1571  w; = 4.859

The approximation to the lowest natural frequency is excellent. The approximation to
the second natural frequency is also very good, being only 3.3 percent higher than the
exact value.

The mode shape approximations are obtained by solving for ¢; in terms of ¢; for
each R and then substituting into the expression for w(x) with ¢; remaining arbitrary.
This leads to

wi(x) =7.58x — x? ~ 1.86x°
wy(x) = 0.4295x — x2 + 0.5235x>

The approximate mode shapes plotted in Fig. 9.20 have been normalized such that
w;(1) = 1. These compare favorably to the first two mode shapes for a fixed-free
torsional shaft plotted in Fig. 9.6.

PROBLEMS

9.1. Calculate the speed of longitudinal waves in a 3-m-long steel bar (E = 210 x 10° N/m?,
p = 7850 kg/m®) of a circular cross section of 20 mm radius.

9.2. Calculate the three lowest torsional natural frequencies of a solid 20-cm-radius steel shaft
(p = 7500 kg/m®, G = 80 x 10° N/m?) of length 1.5 m that is fixed at one end and free at
its other end.

9.3. A 5000-N - m torque is statically applied to the free end of the shaft of Prob. 9.2 and
suddenly removed. Plot the time-dependent angular displacement of the free end.

9.4. A 5000-N - m torque is statically applied to the midspan of the shaft of Prob. 9.2 and

suddenly removed. Determine an expression for the time-dependent angular displacement
of the free end of the shaft.
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wi(x)

1.5

1.0

0.5

0.0

05

1.0

15

w= 1571 ———— w0 =4859

Figure 9.20  Rayleigh-Ritz approximations to the two lowest mode shapes of a

fixed-free torsional shaft.

9.5, A steel shaft (p = 7850 kg/m®, G = 85 x 10° N/m?) of inner radius 30 mm and outer

9.6.

9.7.

9.8.
9.9.

9.10.

radius 50 mm and length 1.0 m is fixed at both ends. Determine the three lowest natural
frequencies of the shaft.

A 10,000-N - m torque is applied to the midspan of the shaft of Prob. 9.5 and suddenly
removed. Determine the time-dependent angular displacement of the midspan of the shaft.
A motor of mass moment of inertia 85 kg - m? is attached to the end of the shaft of Prob. 9.2.
Determine the three lowest natural frequencies of the shaft and motor assembly. Compare
the lowest natural frequency to that obtained by making a one-degree-of-freedom model
and approximating the inertia effects of the shaft.

Show the orthogonality of the two lowest mode shapes of the system in Prob. 9.7.
Operation of the motor attached to the shaft of Prob. 9.7 produces a harmonic torque
of amplitude 2000 N - m at a frequency of 110 Hz. Determine the steady-state angular
displacement of the end of the shaft.

A 20-cm-diameter, 2-m-long steel shaft (o = 7600 kg/m’, G = 80 x 10° N/m”) has rotors
of mass Moment of inertia 110 kg - m? and 65 kg - m? attached to its ends. Determine the
three lowest natural frequencies of the shaft. Compare the lowest nonzero natural frequency
to that obtained by using a two-degree-of-freedom model, ignoring the inertia of the shaft.

9.11. Determine an expression for the natural frequencies of the shaft of Fig. P9.11.

L g

1

-~

- B\

J.G, p FIGURE P9.11
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9.12. An cil well drilling tool is modeled as a bit attached to the end of a long shaft, unrestrained
from rotation at its fixed end.

(@) Determine the equation defining the natural frequencies of the drilling tool.

(b) For a particular operation, the shaft (¢ = 7500 kg/m’, G = 80 x 10° N/m?) is 20 m
long with a 20-cm diameter. The tool operates at a speed of 400 rad/s. What are the
limits on the moment of inertia of the drill bit such that the two lowest nonzero natural
frequencies of the tool are not within 20 percent of the operating speed?

9.13. The shaft of Prob. 9.2 is at rest in equilibrium when the time-dependent moment of
Fig. P9.13 is applied to the end of the shaft. Determine the time-dependent form of the
resulting torsional oscillations.

9.14. The shaft of Prob. 9.2 is at rest in equilibrium when it is subject to the uniform time-
dependent torque loading per unit length of Fig. P9.14. Determine the time-dependent
form of the resulting torsional oscillations.

M) 1
MO
M, | 1
]
—My |
FIGURE P9.13 FIGURE P9.14

9.15. The elastic bar of Fig. P9.15 is undergoing longitudinal vibrations. Let u(x,t) be the
time-dependent displacement of a particle along the centroidal axis of the bar, initially a
distance x from the left support.

(a) Draw free-body diagrams showing the external and effective forces acting on a differ-
ential element of thickness dx, a distance x from the left end of the bar at an arbitrary
instant of time.

(b) Show that the governing partial differential equation is

3u _ 3u
ax? "
(¢) Introduce nondimensional variables to derive a nondimensional partial differential
equation.
u(x, 1) dx
—> | [~ hAE
Cm 1
3:» od P
- [
- L —1  FIGURE P9.15

9.16. Using the results of Prob. 9.15, determine the natural frequencies of longitudinal vibrations
of a bar fixed at one end and free at the other.
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9.17. Show the orthogonality of mode shapes of longitudinal vibration of a bar fixed at one ¢, q
and free at its other end.

9.18. A large industrial piston operates at 1000 Hz. The piston head has a mass of 20 Kg. The
shaft is made from steel {p = 7500 kg/m*, E = 210 x 10° N/m?). For what shaft d;
will all natural frequencies be out of the range of 900 to 1100 Hz?

9.19. The free end of the piston of Prob. 9.18 is subject to a force 1000 sin wr N, where ¢ =
100 Hz. If the diameter of the shaft is 8 cm, determine the steady-state response of the
piston.

9.20, Determine the five lowest natural frequencies of the system of Fig. P9.20.

aMmeters

. ' p =T7500 kg/m?
b L > E=200x 10° N/m?
g W —yy E A=15%10"5 m?
L=3m
ky p.EA ko ky=1x10°N/m
k,=1.5x10°N/m FIGURE po3g
9.21. Determine the steady-state response of the system of Fig. P9.21.
p="17500kg/m’
b L — E =200 x 10° N/m?
] F. sin o A=45%10"m?
3 “k‘“’ I 0 k=9x10°N/m
o E,A Fo=800N
w=100rad/s
L=33m FIGURE P9.21
9.22, Determine the steady-state response of the system of Fig. P9.22.
p = 7500 kg/m?
Fysin wt E=200 10° N/m?
[ L > 0 A=45x107m?
7 m E k=9x10°N/m
3 m=25kg
Py E, A k L=35m
Fy=600N
=450 rad /s FIGURE P9.22

9.23. Draw frequency response curves for the response of the disk at the end of the shaft in
Example 9.3. Plot the curves for 8 = 0.5, 8 = 2, and § = 20.0.

9.24. Determine the steady-state response of a circular shaft subject to a uniform torque per unit
length T; sin wt applied over its entire length.
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9.25. Determine the steady-state response of the system of Fig. P9.25.

o, 1, G

FIGURE P9.25

9,26. Propeller blades totaling 1200 kg with a total mass moment of inertia of 155 kg - m? are
attached to a solid circular shaft (p = 5000 kg/m®, G = 60 x 10° N/'m?, E = 140 x
10% N/m?) of radius 40 cm and length 20 m. The other end of the shaft is fixed in an ocean
liner. Determine
(a) The lowest natural frequency for torsional oscillations of the propeller.

(b) The lowest natural frequency for longitudinal motion of the propeller.

9.27. A pipe used to convey fluid is cantilevered from a wall. The steel pipe (o = 7500 kg/m®,
G = 80 x 10° N/m?, E = 200 x 10° N/m?) has an inner radius of 20 ¢m, a thickness of 1
cm, and a length of 4.6 m. For an empty pipe determine
(a) The five lowest natural frequencies for torsional oscillation.

(b) The five lowest natural frequencies for longitudinal vibration.
(¢) The five lowest natural frequencies for transverse motion.

9.28-9.31. Each of the beams has p = 8000 kg/m’®, E = 200 x 10° N/m?, [ = 4 x 1075 m*,
A=12x10"2m?, L = 1.4 m. Use Table 9.4 to calculate the beam’s three lowest natural
frequencies of transverse vibration.

| A A

FIGURE P9.28 FIGURE P9.29

ALIANNY

k=35x10° N/m

FIGURE P9.30
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9.32.
9.33.
9.34,

9.35.
9.36.

I <—m = 200 kg

FIGURE P9.31

Verify the characteristic equation given in Table 9.4 for a pinned-free beam,
Verify the characteristic equation given in Table 9.4 for a fixed-fixed beam.

The characteristic equations given in Table 9.4 for a free-free beam and a fixed-fixeq beam
are identical. Explain both mathematically and physically why the lowest natura] frequenc
for a free-free beam is zero, but not for a fixed-fixed beam. Y

Verify the orthogonality of the eigenfunctions given in Table 9.4 for a pinned-free beam

Verify the orthogonality of the eigenfunctions given in Table 9.4 for a fixed-attached mass
beam.

9.37-9.41. Determine the time-dependent displacement for the beam shown.

L L
}¢“‘¢‘L{¢J"i Fysinat b 2 s} 2 S
T T L rosines
L —N\p, 4,E,1 F— p  AE,I
{URE P9.37 FIGURE P9.38
l'—f_——lFosma;t
3
| Foe™ o AEI 2
f L
s pe—_ | k
2 2
URE P9.39 FIGURE P9.40
£’. F, sinwt L
: 3 { ; 3 {m/pAL =—j0.35
, O )
? “T I Ar  meuremal

9.42. A root manipulator is 60 cm long, made of steel (E = 210 x 10° N/m2, p = 7500 kg/ m’),

and has the cross section of Fig. P9.42. One end of the manipulator is fixed and a 1-k&
mass is attached to its opposite end. Determine the three lowest natural frequencies for
transverse vibration of the manipulator.
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e 10mm—..1

15 mm

1
t =15 mm FIGURE P9.42

Problems 9.43 to 9.45 refer to the problem of vortex shedding from a street light fixture considere
in Example 3.6.

9.43. Model the light structure as a cantilever beam with an attached mass. Determine the fiy
lowest natural frequencies of the structure.

9.44. Assume the vortex shedding produces a uniform force per unit length of Fy sin &t applic
over the upper three-fourths of the structure. For a wind speed of 60 mph, calculate t!
maximum displacement of the light fixture.

9.45. For a wind speed of 20 mph, calculate the maximum displacement of the light fixture.

9.46. The steam pipe of Fig. P9.46 is suspended from the ceiling in an industrial plant.
heavy machine with a rotating unbalance is placed on the floor above the machine causir
vibrations of the ceiling. If the frequency of the oscillations is 150 Hz and the amplitu
of displacement of the pipe’s left support is 0.5 mm and the amplitude of displacement
the pipe’s right support is 0.8 mm, determine the maximum deflection of the center of t
pipe.

E = 210 x 10° N/m?
X;=05mm p = 7500 kg/m’ X, = 0.8 mm

8] o (@ .

t=1cm
} 5m — f

FIGURE P9.46

9.47. A simplified model of the rocket of Fig. P9.47 is a free-free beam.
{a) Calculate the five lowest natural frequencies for longitudinal vibration.
{b) Calculate the five lowest natural frequencies for transverse vibration.
9.48. Longitudinal vibrations are initiated in the rocket of Fig. P9.47 when thrust is de

oped. Determ.ine the Laplace transform of the transient response i#(x, s) when the th
of Fig. P9.48 is developed. Do not invert the transform.
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[~

> -

Iy

FIGURE P9.47 FIGURE P9.48

9.49. Determine the response of a cantilever beam when the fixed support is subject to a dis-
placement w(r) = A sin wt. Use the Laplace transform method and determine 5(x, 5), Do
not invert.

9.50. The tail rotor blades of a helicopter have a rotating unbalance of magnitude 0.5 kg - m and
operate at a speed of 1200 rpm. Modeling the tail section as a cantilever beam of length
3.5 m with EI = 3.1 x 10° N . m?, determine the steady-state response of the tail section,

9.51. Repeat Prob. 9.50 when the helicopter has a constant vertical acceleration of 12.1 m/s?,
Use the Laplace transform method to determine 3 (x, 5). Do not invert.

9,52, Solve Prob. 3.45 assuming the beam is a continuous system and is made of a material of
p = 7500 kg/m’.

9.53. Determine the steady-state amplitude of the engine of Fig. P9.53.

Rotating
unbalance
m p=T800 kg/m’
E=200x 10° N/m?
—
7 I=45%x105m*
2 A=16x10%m?

F 4.1m m=55 kg

k=5x10*N/m
mge=1.8 xkg - m
w =300 rpm FIGURE P9.53
9.54. Show that the differential equation governing free vibration of a uniform beam subject to
a constant axial load, P, is
*w *w dw
El — - P— A— =0
o a2 P50

9.55. Determine the frequency equation for a simply supported beam subject to an axial load.

9.56. Determine the frequency equation for a fixed-free beam subject to an axial load.

9.57. A fixed-fixed beam is made of a material with a coefficient of thermal expansion a. A_fler
installed, the temperature is decreased by AT. Determine the beam’s frequency equatton.

9.58. Show orthogonality of the mode shapes for a simply supported beam subject to an axial
load.

9.59. Use Rayleigh’s quotient to approximate the lowest natural frequency of a torsional shaft

fixed at both ends.
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9.60. Use Rayleigh’s quotient to approximate the lowest natural frequency of a torsional shaft
with a disk of mass moment of inertia I placed at its midspan. The shaft is fixed at both
ends.

9.61. Use Rayleigh’s quotient to approximate the lowest natural frequency of a fixed-free beam.

9.62. Use Rayleigh’s quotient to approximate the lowest natural frequency of a simply supported
beam with a mass m at its midspan. Use w(x) = sin(wx /L) as the trial function.

9,63. Use the Rayleigh-Ritz method to approximate the two lowest natural frequencies of a
fixed-free beam.

9.64. Use the Rayleigh-Ritz method to approximate the two lowest natural frequencies of the
system of Fig. P9.64.

p = 6000 kg/m?
E = 200 x 10° N/m?
[ k=1x10°N/m 35 mm
P
] vt |
23—

2 m | }+20 mm-+

FIGURE P9.64

9.65. Use the Rayleigh-Ritz method to approximate the two lowest natural frequencies for the
system of Fig. P9.65.

I=71kg m?

v

p = 4000 kg/m>
7 G = 60 x 10° N/m?

[/

ALNLLY

| r=35mn

b——— 60 cm ———}+- 40 cm FIGURE P9.65

MATLAB PROBLEMS

The files VIBES_9A.m, VIBES_9B.m, VIBES_9C.m, and VIBES_9D.m are used to provide
the natural frequencies, mode shapes, and normalization constants for four of the beams listed
in Table 9.4. The beams and the corresponding files are: fixed-free-VIBES_9A, fixed-pinned-
VIBES_9B, fixed-linear spring-VIBES_9C, pinned-linear spring-VIBES_9D. These files may be
used in solving many of the problems of Chap. 9.

M9.1. The file VIBES_9E.m is used to plot the mode shapes for the system of Example 9.2.
Use VIBES_9E to plot the first three mode shapes for (@) B = 0.1, (b) B = 14,
) B =50.
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M9.2. The file VIBES_9F.m is used to determine the frequency response for the system, of
Example 9.7. Use the file to choose a standard beam cross section such that the maximum
steady-state displacement of the machine is less than 5 mm for all operating speed
between 1500 and 2500 rpm. Assume all parameters are as given in Example 9.7 eXce i
the mass of the beam and /. Assume the beam will be made of steel (p = 7600 kg/mal)’

M9.3. The file VIBES_9G.m provides a Rayleigh-Ritz approximation for the solution of Ex-.
ample 6.5. Use VIBES_9G to
(a) Determine whether the W16 x 100 section is better than the W27 x 114 section ¢

meet the requirements of Example 6.5.
(b) Using the W27 x 100 section, plot the lowest natural frequency as a function of
mass of the machine (up to 5 tons).

M9.4. Write a MATLARB file that uses numerical integration to illustrate mode shape orthogo-
nality for the system of Example 9.2.

M9.5. Write a MATLARB file that uses numerical integration to illustrate mode shape orthogo-
nality for the system of Example 9.7.
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10.1 INTRODUCTION 7

The finite-element method is a powerful numerical method that is used to provide
approximations to solutions of static and dynamic problems for continuous systems.
The disciplines in which the finite-element method can be applied include stress
analysis, heat transfer, electromagnetics, fluid flow, and vibrations. Application of
the finite-element method to a continuous system requires the system be divided
into a finite number of discrete elements. Interpolations for the dependent variables
are assumed across each element and are chosen to assure appropriate interelement
continuity. The interpolating functions are developed in terms of the unknown
values of the dependent variables at discrete points, called nodes. The nodes for a
one-dimensional system are located at element boundaries. A variational principle is
applied to derive equations whose solution leads to approximations to the dependent
variables at the nodes. The defined interpolations are used to provide approximations
to the dependent variables across the system. Lagrange’s equations, derived by
the calculus of variations, is applied for vibrations problems, resulting in a set of
differential equations for the dependent variables at the nodes.

The finite-element method for vibration problems could be derived by apply-
ing the Rayleigh-Ritz method of Sec. 9.5 with the interpolating functions, u;(x),
uy(x), ..., u,(x), chosen to be defined piecewise over each element. Consider ap-
plication of the Rayleigh-Ritz method to approximate the natural frequencies and
mode shapes of a bar. The governing equation, the wave equation, has second-order
spatial derivatives. Thus the exact solution is at least twice differentiable. However,
the energy scalar products used in evaluation of Rayleigh’s quotient, given in Table
9.6, only require that approximate solutions be first-order differentiable. Thus func-
tions that are only first-order differentiable are permissible interpolating functions
for Rayleigh-Ritz approximations.

501
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Boundary conditions for continuous systems are classified as being of twq types
Geometric boundary conditions are those that must be satisfied according to £e0ome;.
ric constraints. For example, u(0) = 0, if x = 0 is a fixed support for a bar problem,
is a geometric boundary condition. Natural boundary conditions are those that mus;;
be satisfied as a result of force and moment balances. For example, du/dx ~ 0
at x = 1, if x = 1 is a free end, is a natural boundary condition. This conditiop
occurs because there is no external force at the free end. Note from Table 9 ¢ that
the energy scalar product definitions include terms arising because of natural boupd.
ary conditions. Thus, since the natural boundary conditions are incorporated into
the energy scalar products, the chosen interpolating functions for a Rayleigh-Rit,
approximation must satisfy only geometric boundary conditions.

The set of admissible functions for use as interpolating functions in a Rayleigh-
Ritz approximation to solutions of the wave equation consists of those that are
first-order differentiable and satisfy all geometric boundary conditions (displace-
ment conditions). By similar arguments, it is determined that the set of admissibje
functions for use as basis functions in a Rayleigh-Ritz approximation to solutions of
the beam equation consists of those that are second-order differentiable and satisfy
all geometric boundary conditions (displacement and slope conditions).

The Rayleigh-Ritz can be difficult to apply for vibrations problems. The as-
sumed modes method, introduced in the next section, is based on application of
Lagrange’s equations and leads to the same approximation for the same set of inter-
polating functions as the Rayleigh-Ritz method. The finite-element method will be
developed from the assumed modes method.

10.2 AssuMED MODES METHOD

Consider the forced vibrations of a longitudinal bar of Fig. 10.1. The displace-
ment ¥ is a function of the spatial coordinate x and time ¢, u(x, ). Let ui(x),
uz(x), ..., un(x) be a set of n linearly independent functions that are at least first-
order differentiable and satisfy all of the system’s geometric boundary conditions.
An approximate solution is assumed as

“(xyt)=zwi(t)u,-(x) [10.1]

i=1

The kinetic energy of the bar, according to the approximation of Eq. (10.1), i
calculated as

1 [t du\? 1 (du )2
T=— —_— —-— _— ot
2]; pA(at) dx+2m(at(x L))

2 2
1 L n . 1 n .
= 5[) pA (125:1 w,-u,-(x)) dx + Em (; w,'u,'(L))
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1 S\ & L
) Z Z w; W, [f pAu; (x)uj(x)dx + mu,-(L)u,-(L)]
' 0
i=1 j=1
Thus the Kinetic energy has the quadratic form

n n
T=%sziﬂi)ﬂi}j [10.2]

i=1 j=1

L
where m;; = f pAu,-(x)uj(x) dx +mui(L)uj(L) [10.3]
0

I« L |

- x fo ) —| m —'VV\/—E
k
px), E(x), A(x)

(@)

$ Example 10.1

% Assumed modes method to determine natural frequencies, modes
% and forced response of tapered bar with attached mass and
digits (5)

x=sym('x');

$ Parameters

E=200*10"9; % Elastic modulus in N/m"2
rho=7600; % Mass density in kg/m"3
1=3.6; % Length inm

m=12; % Attached mass in kg
k=4*10"7; % Stiffness in N/m

$ Functions

A=0.001*(1-0.002*x); & Area in m"*2
U(l)=sin(pi*x/(2*L)});

U(2)=sin(3*pi*x/{(2*L)); % Assumed modes

u(3)=sin (5*pi*x/ (2*L));

% Mass and stiffness matrices

for i=1:3

for j=1l:1

cl=m*subs{u(i),x,L)*subs(u(j),x,L);
Mint=rho*A*u(i)*u(j);
Kint=E*A*diff(u(i),x)*diff{u(j),x);
M{i,j)=int (Mint,x,0,L)+m*cl;
K(i,Jj)=int(Kint,x,0,L)+k*cl;
M(j,i)=M(llj) ;

Figure 10.1 () Forced longitudinal vibrations of a bar are described by a displacement function, u (x, f);
(b) MATLAB script for Example 10.1.
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K(j,i)=K(i,J):
end
end
Kl=double (K) ;
Ml=double (M) ;
C=inv(M1l) *K1;
[V,Dl=eig(C);
for i=1:3
w(i)=sqrt(D(i,i));
end
% Normalize mode shape vectors
E=Vl *M*V;
for j=1:3
for i=1:3
P(i,3)=V(i,])/sqrt(E(],])):
end
end
disp('Natural frequencies in rad/s')
w=vpa (W)} ;disp(w)
disp('Modal matrix')
P=vpa (P) ;disp(P)
% Mode shapes
xx=linspace(0,L, 37);

for k=1:37
for i=1:3
vi{i,k)=0;
for j=1:3
v(i,k)=v(i,k) +P(jli)*SUbS(u(j) (Xrxx(k));
end
end
end
plot(xx,v{l,:),'-",xx,v(2,:),"'-.', xx,v{(3,:),"--"')

xlabel('x (m)"')
ylabel {'w(x) (m)"')
legend('1lst mode', '2nd mode', '3rd mode')

(b)

Natural frequencies in rad/s
[ 1863.6, 4898.0, 9720.4]

Modal matrix

[ .76137e-1, .19529, .757%4e-1]-
[ -.28668e-2, 17555, -.13685]
{ .96798e-3, -.36689%e-1, -.219761

(c)

Figure 10.1 {Con‘t) {b) Con't; [c} Output from running script.
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w(x) (m)

-02 | \ J 1st mode -
\\ /' —————— 2nd mode
-03 F D Sttt 3rd mode 4
04 1 ] 1 ) ] 1 1
0.5 1 1.5 2 2.5 3 35 4
X (m)
)

Figure 10.1 (Con’t)  (d) Assumed mode approximations to mode
shape.

The potential energy of the system, according to the approximation of Eq. (10
is

1k au\’ 1 )
e JE— — L
174 2f0 EA(ax) dx+2k(u( )

[ L du; duj
= - E E w;W; EA — ——dx + ku; (L)u; (L

i=1 j=1

The potential energy has the quadratic form

V=%ZZk,-jw,-wj [10

i=1 j=1
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d du;
where u = f . d-x + kut(L)uJ(L) ['0.5]

The virtual work done by the external force f(x, ) due to a virtual displacemep;
Su(x,t)is

L n L
5W=f f(x,0)8u(x,t)dx = Z&w,—f fx, Oui(x)dx
0 Py 0
The virtual work can be written as

SW = Z Q,-cSw,— [10.6]

i=1
L

where 0O =f f(x,u;(x)dx [10.7]
0

The assumed modes method approximates the solution to the forced vibrations of
a continuous system with n degrees of freedom. The generalized coordinates for the
n-degree-of-freedom model are the coefficient functions w; (r), w2(2), ..., w,(z).
Quadratic forms of the kinetic and potential energies in terms of the generalized
coordinates have been obtained. Use of Lagrange’s equations, as applied in Sec. 5.4
to linear systems with quadratic energy forms, leads to differential equations of the
form

Mw+Kw=F [10.8]

where the elements of the mass matrix M are the coefficients of Eq. (10.3), the
elements of the stiffness matrix K are the coefficients of Eq. (10.5), and the elements
of the force vector F are the generalized forces of Eq. (10.7). If scalar product
notation is used

mij = Wi, uj)r  kij = (u,uj)y Qi = (f ui)

Approximations to the n lowest natural frequencies are obtained as the square
roots of the eigenvalues of M~' K. The corresponding mode shape vectors are usedin
Eq. (10.1) to approximate the mode shapes for these frequencies. An approximation
to the forced response is obtained by solving Eq. (10.8) using the methods of Chap. 7.

Use the assumed modes method to approximate the three lowest natural frequenc1eS
and mode shapes for the bar of F1g 10.1a with A(x) = 0.001(1 — 0.002x) m?, E =
200 x 10° N/m?, p = 7600 kg/m?, L = 3.6 m, m = 12 kg, and k = 4 x 107 N/m. Use
the interpolating functions

nx . [ 3nx . (57X
ui(x) = 51n(2L) Uy(x) = sin (_fL_) us3(x) = sin (—Z—L—)
which are the first three mode shapes of a uniform fixed-free bar.



CHAPTER 10 ¢ FiNnTE-ELEMENT METHOD

solution:

Equations (10.3) and (10.5) are used to determine the elements of the mass and stiffness
matrices, respectively, for the assumed modes approximation. For example,

m fL [0.001(1 — 0.002x)] si (nx)sin(zwx)dx
12— . — 0. X mn\ — —_ —m
o © 2L 2L

L T 3r X 3mx
ki = E[0.001(1 — 0.002 — | — -— _— -
12 fo [ ( x)](ZL)(ZL)COS(ZL cos(zL)dx k

The MATLAB script of Fig. 10.15 illustrates the use of symbolic algebra to determine
the mass and stiffness matrices for this assumed modes approximation. The natural fre-
quency approximations are the square roots of the eigenvalues of M~!K. The eigenvec-
tors are used to develop approximations to the mode shapes. If X; = [X;; X1 X3]7
is the eigenvector corresponding to the eigenvalue that gives an approximation to the
Jowest natural frequency, then the approximation to the corresponding mode shape is

wy(x) = X1 (x) + Xqpu2(x) + Xy3u3(x)

The natural frequency approximations obtained by running the MATLAB script are given
in Fig. 10.1¢. The corresponding mode shape approximations are plotted in Fig. 10.1d.

10.3 GENERAL METHOD

Consider again the bar of Fig. 10.1. The bar is divided into n discrete segments,
or elements. For purposes of discussion assume the elements are of equal length
I = L/n. The discretization of a uniform bar into n elements of equal length [ is
shown in Fig. 10.2a. The piecewise defined interpolating functions of Fig. 10.25
are mathematically described as

uo@ = (=7 +1)utx =1y
w0 =[3 + 1= D] - G = D) = e — jD)]
+[-Fra+p|we-id-ue-G+nn 1sj<n
un() = [T+ =m]utx = = 1D
[10.9]

When the functions of Eq. (10.9) are used in an assumed modes approximation of
the form

w(x, 1) =y Wit)u;(x) [10.10]

i=0
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then u(jl.t)y =W; [10.11]

Thus the generalized coordinates are the displacements at the element boundaries.
The geometric boundary condition w(0, ) = 0 can be imposed simply by setting
Wo = 0.

The finite-element method is an application of the assumed modes method using
piecewise—deﬁned basis functions. The basis function u;(x) is nonzero only over
the jth and (j + 1)st elements. The assumed modes method as described in Sec.
10.2 is applied. The mass matrix is developed from the kinetic energy, the stiffness
matrix is developed from the potential energy, and the force vector is developed from
the virtual work of the external forces. As a result of the piecewise definition of the
interpolating functions, it is noted that m;; = (#;, u jr=0unlessi =j—1,j,or
i+ 1.

! When the interpolating functions of Eq. (10.9) are used in the assumed modes
method, Eq. (10.10) can be rearranged to

u(x,t) = me,t) [10.12]

i=1

where

$1(x, 1) = wl(rﬁ [1—u(x ~ D]

1
@j(x,t) = 7 [(Win1 (@) = W;(0) x + G+ DIW;(0) — jiWi1®)]  [10.13]

fux —j)—u(x~G+DI] 2<j<n
n(x,8) = Wo(Du(x — (n — I)

Equations (10.12) and (10.13) are illustrated in Fig. 10.3. Equation (10.12) rewrites
the assumed modes approximation as a linear combination of functions that are each
nonzero only over one element. The functions are in terms of the displacements at
the element boundaries. The finite-element method obtains approximations to the
displacements of the nodes (the element boundaries). Fig. 10.3 illustrates that the
finite-element method, as applied to this problem, assumes a linear interpolation
between the nodal displacements.

G-I ji @G+ n- nl

Figure 10.3  Linear interpolation between nodes for finite-element model of a bar.
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Often a large number of elements are required to obtain accurate resuits for
complex structures. Application of the finite-element method is more convenient
when formulated as in Eq. (10.12). This allows an approximation function to be
defined for each element in terms of the displacements at the element boundarieg
The kinetic energy, potential energy, and work done by external forces are calculated
for the element in terms of the generalized coordinates representing displacementg
at element boundaries. For example, the kinetic energy of element j can be Writter, -
in the quadratic form

Y S
T; = 3w, m;w; [10.14]

where w = [W;_, WJ-]T is the element displacement vector, the vector of boundary
displacements, written in terms of global generalized coordinates and m; is the
element mass matrix written in local coordinates. The total kinetic energy of the
system is the sum of the element kinetic energies

Jj=1
and has the quadratic form
T = JWTMW [10.15]
where W = [W, W, --. W,]7 is the global displacement vector, the vector of

generalized coordinates, and M is the global mass matrix.

The above development suggests a computational procedure where the energy
methods are used to develop the finite-element model. The system is divided into
a finite number of discrete elements. The global generalized coordinates are the
coordinates representing the degrees of freedom at the nodes. Each element has
a specific number of degrees of freedom. The bar element, for example, has two
degrees of freedom, the displacements of the ends of the element. A local coordinate
system is defined for each element in the finite-element model. The kinetic energy,
potential energy, and virtual work are determined for each element. The potential
energy, for example, is written in quadratic form in terms of an element displacement
vector and element stiffness matrix. Model elements for a bar, a torsional system,
and a beam are developed in this fashion. The element mass and stiffness matrices
are assembled into global mass and stiffness matrices. The differential equations aré
written in terms of the global generalized coordinates by using the global matrices.
The homogeneous solution of the differential equations provides approximations to
the natural frequencies and mode shapes. Nonhomogeneous equations are solved to
provide approximation to the forced response.

The following sections provide the details of the method. The standard bar
element and standard beam element, written in terms of local coordinates, are de-
veloped. Methods of assembling the element matrices into global matrices ar¢
discussed. Examples of application of the finite-element method to bar, beam, and
truss problems are presented.
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This chapter provides only an overview of the finite-element method. There is
much more to the method that is beyond the scope of the discussion. This includes
error analysis, element selection, substructuring, and algorithm development. Many
excellent finite-element software packages exist.

e

10.4 THE BAR ELEMENT

A bar element of length [ is illustrated in Fig. 10.4. The element has two degrees
of freedom represented by w;, the displacement of the left end of the element, and
w», the displacement of the right end of the element. Define a local coordinate £,
0 < & < [, along the axis of element. The linear displacement function for the
clement is

1
u(E,t)=—l-(w2—w1)§+w1 [10.16]

The kinetic energy of the element, assuming uniform properties, is

1 [ du\?
=3l (G)
1! 1 2
=§f pA[;(wz—uvl)uwl] dg f10.171
0

1 pAl - .
= EpT(wf + wyun +w§)

Equation (10.17) can be rewritten in the quadratic form

| 1 pAl ] 2 1 Wy
= — = —— -1
T 2w mw 7% [y wzl[l 2][11’2] [10.18]
Thus the element mass matrix is
pAlT 2 1
m_—6——[ I 2] [10.19]
l Figure 10.4 A bar element of length /
" b= w2 has two degrees of freedom.
b_,. ¢ j A linear function in terms of

local coordinate £
- ! — interpolates displacement.
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The potential energy of the element, assuming uniform properties, is

1 [ au\?
1% E'LEA(EE) dE

i

1 [ 1 2
= —f EA [—(u&—wﬂ] d§ [10.201
2/ I
1 EA
= -Z-T (w% - 2w1w2 <+ wf)
The potential energy can be written in the quadratic form
V= 'Z'T[WI wz][ -1 1 ] [ W ] [10.21]
from which the element stiffness matrix is determined as
K= EA 1 -1 ¢
=71 -1 1 10.22]

If the element has an external axial load f (£, t), then the virtual work done by
the load is

{
W = [D £ D8u(E, 1) dE
{
=/ fEn [—ll-(éwz —sw)é +8w1] d§
0

) )
= sw, f f(s,n(l-i) dt + sw f FE DY at
0 ! 0 !

and the element generalized forces are
! S ! 1
9 =/0 fE&. 1) (1—7) d§ q2=/ f&.n7dé [10.23]
0
The torsion element of Fig. 10.5 is developed in the same manner as the bat
element. If w; is the angular displacement at the left end of the element and w2

the angular displacement at the right end of the element, then the finite-element
approximation to the angular displacement over the element is given by

B, = (1 - -f—) wy + %wg [10.24]

Application of Eq. (10.24) to the kinetic energy

1 (! 36\?
“if e (5)
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Figure 10.5 Uniform torsion element of

length ! has two degrees of
D w2 freedom represented by w

wi
[\E{ l cpd w3, angular
displacements ot the ends of

e —_— ] the element,

leads to the element mass matrix

JIT 2
m=p—6—[l ;] [10.25]

Application of Eq. (10.24) to the potential energy

1 f 36\?2
v=5fo JG(g) d&

leads to the element stiffness matrix

JG 1 -1
k—-l—[ -1 1 :l [10.26]

Use a one-element finite-element model to approximate the lowest natural frequency ofl Example 1
a fixed-free bar.

Solution:

From Egs. (10.19) and (10.22), the differential equations for a one-degree-of-freedom

model of a bar are

pAL[ 2 1 ) + EA 1 -1 wp | _[ O
6 |1 2| w I L-1 1 flw |70
Since the bar is fixed at x = 0, w; = 0 and the above equations reduce to a single
equation
Al . EA . 3E
P Qi) + ——wa =0 i+ =0
6 ! ol

from which the natural frequency is obtained as

o= [PE
1 = plz

Note that the one-element finite-element model of the fixed-free bar leads to the same nat-
ural frequency approximation that is obtained by using a one-degree-of-freedom model
with an equivalent mass of pAl/3 lumped at the end of the bar.
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10.5 BeaM ELEMENT

The potential energy scalar product for a beam involves the second spatial derivative
of the displacement. Thus a Rayleigh-Ritz or assumed modes approximation myg;
be twice differentiable. When a finite-element model of the beam is developed by
the assumed modes method, the requirement that the interpolation be twice differ-
entiable leads to requiring that displacements and slopes (first spatial derivatives)
be continuous at element boundaries. In order to enforce this requirement over the
entire beam, each beam element has four degrees of freedom represented by the
displacements and slopes at the ends of the element. Let w) represent the transverse
displacement of the left end of the element, w; the slope at the left end of the element,
w3 the transverse displacement of the right end of the element, and wy the slope at
the right end of the element, as illustrated in Fig. 10.6. If & is the local coordinate
over the beam element the finite element approximation for the displacement acrosg
the beam element must satisfy

0 0
u(0,1) = w, 5?(0,1)=w2 wl,=w; —()=ws [10.27]

Gl3
The deflection of a beam element without transverse loading across its span, but
with prescribed displacements and slopes at its ends, is

u(€) = C1&° + C26* + C3¢ + Cs [10.28]
Using Eq. (10.27) in Eq. (10.28) to determine the constants leads to

1
C, = ﬁ(2w1 +lwy — 2ws + lwy) [10.20]

i
C, = 1—2-(—3w| — 2wy + 3wz — lwy)

C3 = H)2/ l
Cs=w
Use of Eq. (10.29) in Eq. (10.28) and rearranging leads to

2 3 2 g3
“(5")=(1—3%+2§—3)w1+(§—2§—2+§—3)w2

g2 gl g2 &

The kinetic energy of the beam element is

1 7! au\?>
[ — P [10.31]
T 2/(; pA(Bt) dg

Use of Eq. (10.30) in Eq. (10.31) leads to a quadratic form of kinetic energy

[10.30]
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Wy
Wy (
( Figure 10.6  Beom element has four
l:—" { | degrees of freedom,
represented by
displacements and
slopes at the ends of the

element.

-—
F

1

where wI = [w, w, w3 4] and the element (local) mass matrix for a uniform
beam element is

156 221 54 —131
_pAlLy 221 42 13 37
T 420 54 13 156 —22
—131 -3 -2 4P

[10.32]

The potential energy of the beam element is

V = 1 EI o%u d [10.33]
2[ (aai;—Z)S o

Use of Eq. (10.30) in Eq. (10.33) leads to the quadratic form of potential energy
V= %wTkw
where the element (local) stiffness matrix for a uniform beam element is

12 6 -12 6l
EI 6 42 —6 202
Bl -12 -61 12 -6l
6/ 2 -6 AP

k= [10.34]

The method of virtual work is used to obtain the generalized forces as

Q= ff(& t)( EZ E)ds [10.35]

)ld&
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10.6 GLOBAL MATRICES

Local mass and stiffness matrices are derived for bar, torsion, and beam elemens
in Secs. 10.4 and 10.5. The accuracy of the finite-element method improves ag
the number of elements used increases. The use of many elements is necessary
in the approximation of complicated systems. Local mass and stiffness matriceg
are calculated for each element and assembled into global matrices. When many
elements are used, an efficient assembly algorithm is necessary.

A bar element has two degrees of freedom. The local generalized coordinates
are the displacements of the ends of the elements. An n-element finite-element
model of a bar, as illustrated in Fig. 10.7, has at most n + 1 degrees of freedom,
The global generalized coordinates are the displacements of the boundaries between
elements and the ends of the bar. Each geometric boundary condition reduces by
one the number of global degrees of freedom. For example if the left end of the bar
is fixed, then its displacement is zero and the model has n degrees of freedom.

Let Wi, W5, ..., W, represent the global generalized coordinates. Each loca]
generalized coordinate is one of the global generalized coordinates, unless that el-
ement is subject to a geometric boundary condition. The local mass and stiffness
matrices can be expanded to include all global generalized coordinates. The total
kinetic energy of the system is the sum of the kinetic energies of the elements. Let

Ti = 2w/ myw; [10.36]

be the kinetic energy of the ith element. The local mass matrix can be enlarged and
the kinetic energy written in terms of the global generalized coordinates as

T, = iWTMW [10.37]
The total kinetic energy of the system is
n 1 n 1 n
— 2 TXT W — —wT YRR .
T—ZT,_ZZW MW = oW ( M,)W [10.38)
i=1 i=1 i=1
W W, W; L/ Wooz Waor Wi
1 i I t ] [} ]
P o T
1 _E_ 2 I| 3 : : Jj : ree ) } n-1 : n
—t— +— —

Figure 10.7 An n-element model of o fixed-free bar. Global generdlized
coordinates are displacements of nodes, located at element
boundaries, or ends of the bar. Since the bar is fixed at x = 0,

Wo=0.
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Thus the global mass matrix is
n
M= M [10.39]
i=1

The global stiffness matrix and the global force vector can be obtained in an analo-
gous manner.

perive the global mass matrix for a three-element model of a fixed-free bar. 1

The three-element model of a fixed-free bar is shown in Fig. 10.8. The three-element

model has three degrees of freedom, noting that #(0) = 0. The global generalized

coordinates are the displacements of the ends of the elements. The assembly of the global

mass matrix from the local mass matrices is shown. The global displacement vector is

W =[W, W, W3]7. The quadratic form of the kinetic energy is 7 = I W/ MW.
Element 1. Local generalized coordinates:

w1=0 w2=W1

Element mass matrix in terms of local generalized coordinates:

_pAlL2 1
=g [1 2]

W, W, W,
i 1
4 1 ' 2 ' 3
4 1 :
e L L L
h 3 T 3 1 T 3 i
(@)
w=0 wy=W; wy =W, wy=W, w1 =W wy= W
— £ —> { — {
DR J— e | DU JU—
Q)]
Figure 10.8 (a) Three-element model of fixed-free bar has three degrees of freedom. The

elements are of equal length | = L/3. (b) Local coordinates for each element.
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Kinetic energy of element:

Al .
5o =

pAl

T= 5

N -
N -

. | 2 00 W
QWD) =3IWi W, W10 0 0f] W,
0 00 W

3

Element mass matrix in terms of global generalized coordinates:

2 0 0
M1=f§-’~ 00 0
00 0

Element 2: Local generalized coordinates:
w =W, w=W

Element mass matrix in terms of local generalized coordinates:

_pAI[2 1
My =~ [1 2]

Element mass matrix in terms of global generalized coordinates:

21 0
. A
M2=”_6_’120

00 0

Element 3. Local generalized coordinates:
wy = W, wy = Ws

Element mass matrix in terms of local generalized coordinates:

__pAl 2 1
=g [1 2}

Element mass matrix in terms of global generalized coordinates:

00 0
M3=”TAl021
01 2

Thus the global mass matrix is
M=M, +M; +M;
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The model of Example 10.3 has only three degrees of freedom, and it is easy
to construct M. Tt js more difficult for systems with a large number of degrees of
freedom. For such systems computer analysis will be used to formulate the model
and solve the resultin g differential equations. Thus it is important to have an efficient
algorithm for assembly of the global mass matrices.

Let S; be a transformation matrix between the local generalized coordinates for
element i and the global generalized coordinates,

w; =S§;W [10.40]
The total kinetic energy of the system is

1 .
T = EZwiTmiw,- [10.21]

i=1

Using Eq. (10.40) in Eq. (10.41) leads to

1 w . .
T =33 &:WmisW)

i=l1

:
=3 > WISTm;S;W [10.42]
i=1

1 T : T X
= '2'w (ZS,- miSi) w

i=1

Thus the global mass matrix is

n
M= Z SiTl'Il,'S,' [10.43]
=1

llustrate the development of M, for the system of Example 10.3 using the transformation] Exam
matrix.

The transformation between the local generalized coordinates and the global generalized
coordinates for element 2 of Example 10.3 is

1o o

wy

[wz]_[O 1 0] W2
Ww-

3
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Thus

1 0

M,={0 1

00

_eatlg

6 1o

_ pAl ‘:‘

6 lo

>
=

SN = O = O 0\’

o OO

| 10.7 EXAMPLES

).5 Illse a three-element finite-element model to approximate the lowest natural frequency
and its corresponding mode shape for a uniform fixed-free bar.

Solution:

The three-element model of a fixed-free bar is illustrated in Fig. 10.8 on page 517. The
global mass matrix was derived in Example 10.3. Using the same method, the global

stiffness matrix is determined as

EA
K=_l—

2 -1 0
-1 2 -1
0 -1 1

The differential equations for the bar in the finite-element model are

Wi

- W
pAl 4 10 g EA 2 -1 0 | 0
i 1 4 1[{(W, +-l— -1 2 —-1{|W|=]|0
01 2 Wi 0 -1 1] w 0

The natural frequencies are the square roots of the eigenvalues of M~'K. The mode
shape vectors are the corresponding eigenvectors. The lowest natural frequency and

mode shape vector are calculated as

[ E
= — W
o = 1584 |~

0.577
1
1.155
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The mode shape vector provides the displacements at the element boundaries. The finite-
element approximation to the mode shape is a piecewise linear approximation between
the element boundaries.

Use a two-element finite-element model to approximate the four lowest natural frequen-| Example 1
cies for the system of Fig. 10.9a. Note that the exact solution for this system was obtained

in Example 9.5.
solution:

The two-element finite-element model for the fixed-free beam illustrating the global
generalized coordinates is shown in Fig. 10.95. The beam element of Sec. 10.5 is used.

| 1m {
-
=
-~
m= 200k
T 5% 1058 k=2x10°N/m
E =210 x 10° N/m?
(a)
( Wy ( W4
z : !
7 1 ! 2 :
z ! :
Z
lwz l W;

®

| l | l

Wl=0 W3=W] W1=W1 wy= W3
©

Figure 10.9 (a) System of Example 10.5; (b) two-element
finite-element model of beam illustrating global
generalized coordinates; (¢} locdl generalized
coordinates for each element.
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Note that since the left end of the beam is fixed, the geometric boundary conditiong
of zero slope and zero displacement must be imposed. The generic element magg and
stiffness matrices for a beam element are
156 221 54 —13i
pAl | 221 472 131 =312

mM="01 54 131 156 —2%
—-131 =312 =221 412
12 6 =12 6l

k_El 6l 42 -6 272

Bl-12 -6 12 -6l
6/ 2 -6 42

The potential energy for the discrete spring is incorporated into the local stiffness matrix
for element 2. For this model / = L /2.
Element 1: Local generalized coordinates:

w =0 w,=0 w3=W wy = Ws

Element global matrices are

156 -22 0 0 12 -6 0 0

W< PALI-2 47 0 0] o ELl-6 42 00
420| 0 0 00 2l o o 00

0 0 0 0 0 0 00

Element 2: Local generalized coordinates:
wy, = W; wy, = W, wi = Wj wy = Wy

The element stiffness matrix for element 2 must be modified to account for the potential
energy of the spring, V = 1kw?. The stiffness matrix term £33 is the only term affected
by the discrete spring. The global mass and stiffness matrices for element 2 are

156 22 54 -13

M, AL 22 4 13 -3
420 | 54 131 156 22
~-13 -3 22 47

12 6l -12 61
6! 412 —6l 2]2
K El kB
2 = =3
12 -6l 124 — _
] + 5 7 6l
6 22* -6l a2 |
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The global mass and stiffness matrices are

UK

freedom. The global generalized coordinates are illustrated in Fig. 10.10b. The local
ss and stiffness matrices fq h aleme £_oiye : 2y and (10.34)
respectively.
Element 1:

wy = W3













vector of undetermined coefficients. The relations between the global coordinates and
the local coordinates for each element and Eq. (10.30) are used to determine the steady-
state mode shape. The MATLAB script written to determine the natural frequencies
and steady-state response is given in Fig. 10.11a. The output from running the script is
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disp(' Force vector')
F=F0*s*[-1/48;13/16;-1/8;-5/192;0] ;disp (F)
$ Use of undetermined coefficients to determine steady-state response
Z=-om*2*M+K;
W=inv (2} *F;
x=linspace(0,L,21);
for k=1:21
if x(k)<s
xi=x(k)/s;
y(k)=(xi-2*xi"2+xi”*3) *W (1) +(3*x172-2*xi*3)*W(2);
y(k)=y{(k)+(-xi*2+xi"3)*W(3);
else
xi=(x(k)-s)/s;
Yy lk)=(1-3*xi"2+2*xi"3)*W(2) +(xi-2*xi"2+xi"3)*W(3);
y(k)=y (k) +{(-xi*2+xi”*3)*W(4);
end
end
plot(x,y, -
xlabel('x (m)"')
ylabel ('W(x) (m)')
w=vpa (W) ;
W=vpa (W)
disp (' Natural frequencies in rad/s ');disp(w)
disp(' Steady-state amplitudes in m ') ;disp (W)

(a)

Global mass matrix

[ 16.677, 13.550, -12.507, o, 0]
[ 13.550, 81.298, 0, -13.550, 0]
[ -12.507, 0, 33.353, -12.507, 0]
[ 0, -13.550, -12.507, 16.677, 0]
[ 0’ OI 0[ 0’ 20-]
Global stiffness matrix

[ .32000e6, -.12000e6, .16000e60, o, 0]
[ -.12000¢e6, .15000e6, 0, .12000e6, -30000.]
[ .16000e6, 0, .64000¢e6, .16000e6, 0]
[ o, .12000e6, .16000e6, .32000e6, 0]
[ O’ _3000001 0, 0, 30000.]
iter =

2

figure 10.11 {Con’t) {a) Con't; (b} Output from running script.
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eigs =

.151315789473683e+005
.487849420597156e+004
.482456140350870e+003
.816727650409610e+003
.298793581937252e+002

NPEFPE W

stopcrit =
1.245169782336117e~015

Force vector
-2.083333333333333e+002
8.125000000000000e+003
-1.250000000000000e+003
-2.604166666666667e+002
0

-.18521e-1]
-.10731e-1]
.63460e-2]
.20374e-2}
.32850e~-2]

Natural frequencies in rad/s
[ 339.31, 186.76, 74.044, 42.623, 15.162]

Steady-state amplitudes in m
[ -.18521e-1]
[ -.10731e-1]
[ .63460e-2]
[ .20374e-2]
[ .32850e-2]

(b)

Figure 10.11B {Con’t)
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-0.002

T
1

-0.004 |- -

W(x) {m)
&
1
1

-0.008

1
i

-0.01

~0.012 1 | { 1 1 1 L
0 7

Figure 10.11 {Con’t) {c} Steady-state mode shape.

10.8 |Use the finite-element method to approximate the lowest natural frequency for the truss
of Fig. 10.12a. Use one bar element for each truss member.

Solution:

The finite-element model of the four-bar truss using one bar element for each mem-
ber has four degrees of freedom. The global generalized coordinates are illustrated in
Fig. 10.125.

Member 1: The relations between the local generalized coordinates and the global
generalized coordinates are w; = 0, wy = W,;. The contributions to the global mass
and stiffness matrices for element 1 are

2 0 00 1000
- pAL |0 0 0 0 _ EA|0 0 0 O

M, = 2= ==
=% looool ®=7loooo
0 000 0000

Member 2: The relations between the local generalized coordinates and the global
generalized coordinates for member 2 are w1 = 0, wy = W, cos @ — W; sin §. The trans-
formation between the nonzero local generalized coordinate and the global generalized
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b - —

§} 1__. W,
Wy
ll =12m
1,=2.683m
l3=24m
N 13 14 =12m
¢=63.43°
sin #=0.894
cos 6 =0.447
¢
|, W,
e 14 -] r
Wy
All members are made of material of elastic
modulus E and have cross-sectional area A.
(@)
——— Wy = Wl /
— w, =0 w, =W, cos 8 — W, sin @
1 wy =W,
wl = 0
—_— W= 0 — W,y = W3
wy=W,
&)

Figure 10.12 {a) Four-bar truss of Example 10.8 illustrating global coordinates;
(b) relationships between local coordinates and global coordinates for each
truss member,

coordinates written in matrix form is

W
Wa
Wi
W,

[w2] = [cos® —sind O 0]
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The contributions to the global mass and stiffness matrices from element 2 are obtaineg
by using Eq. (10.43) with S; = [cosé —siné O 0]. Note that since w; = (), the
element mass and stiffness matrices in terms of the local generalized coordinate are

Al EA
m, = 2220 k= =21
6 A

Thus the contribution to the global mass matrix for element 2 is

cosf
. —si Al
M, = | 0| (24%2) pycoss —sing 0 0)
0 6
0
cos? @ —cosfsind 0 O
_ pAL | —cos@sing sin® @ 0 0
3 0 0 0 0
0 0 0 0
The contribution to the global stiffness matrix for element 2 is calculated as
cos® 6 —cosfsin® 0 O
R, = EA | —cos@sing sin® @ 0 0
) = —
I 0 0 00
0 0 0 0

Element 3: The relations between the local generalized coordinates and the global
generalized coordinates for element 3 are w; = W», w; = Wy. The contributions to the
global mass and stiffness matrices from element 3 are

0000 0 00 O
. pAL |0 2 0 1 . EA|l0 1 0 -1
M, =522 =
=% looool ®=7 o 00 o
010 2 0 -1 0 1

Element 4: The relations between the local generalized coordinates and the global
generalized coordinates for element 4 are w, = 0, w, = Wj. The contributions to the
global mass and stiffness matrices from element 4 are

000 0 0000
M4_PA[4OOOO ~_EA0000
T 6 |00 20 T, o010

0000 0000

The global mass matrix is
2l +2lcos?® —2l,cos@sin® O 0
N . - - pA|—=2lhcosBsin® 2;+2sin?6 0 b
M =M, + M, + M =— e
1 2 3+ M, 3 0 0 2 0
0 I3 0 25
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Similar calculations lead to the global stiffness matrix

(1 (cos?6) (cos 8 sin 6)

htTh A
(cos8sinf)  (sin’@) + 1

K=FA h L

0 0

1

0 _

L A

I

FINITE-ELEMENT METHOD

I

The natural frequencies are the square roots of the eigenvalues of M~!K. Output from
a MATLAB script to determine the natural frequencies and mode shapes is given in
Fig. 10.13. Note that the results show only three distinct natural frequencies.

Global mass matrix

176.01 -108.78
-108.78 460.67
0 0

0 121.6

Global stiffness matrix
7.2634e+009 -1.193e+009
-1.193e+009 5.7184e+009

0 0
0 -3.3333e+009

121.

121.

OO O
NO oy O

243.

0 0
0 -3.3333e+009

6.6667e+009 0

Figure 10.13  Ouiput from MATLAB script run for Example 10.8.

0 3.3333e+009



10.2,

d2

L g
f. 8)v =/0. EAf(x)a—;idx

Consider the cases where (a) the bar is fixed at x = 0 and free at x = L and (&) the bar
is fixed at x = 0 and attached to a linear spring of stiffness k at x = L. Discuss, in each
case, the implication of requiring f(x) and g(x) to satisfy only the geometric boundary
conditions.

Use the assumed modes method with trial functions
. x ) X ) x
wi(x) = sin (:rr Z) wz(x) = sin (27: Z) w3(x) = sin (3n Z)

to approximate the lowest natural frequency and its corresponding mode shape for a uniform
fixed-fixed bar of length L.

10.3. Let wy(x), w2(x), w3(x), w4(x) be linearly independent polynomials of degree four or less

that satisfy the geometric boundary conditions for a bar fixed at x = 0 and attached to 2

spring of stiffness k at x = L.

(a) Determine a set of w (x), w2(x), w3(x), wa(x).

(b) Use the assumed modes method with the functions obtained in part (@) as trial functions
and kL?/EI = 0.5 to approximate the system’s lowest natural frequencies and mode
shapes.
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10.4. Use the assumed modes method with trial functions

wy(x) =x(x—L) wy(x) =x(x — L)? wa(x) = x{x — L)3

10.9. Use a one-element finite-element model to approximate the lowest nonzero torsional natural
frequency of a uniform shaft of mass density p, polar moment of inertia J, shear modulus
G, and length L that has a thin disk of mass moment of inertia I; attached at one end and
a thin disk of mass moment of inertia I, attached at the other end.

10.10. Use a one-element finite-element model to approximate the lowest natural frequencies of a
uniform beam of mass density p, cross-sectional area A, cross-sectional moment of inertia
I, elastic modulus E, and length L that is free at both ends.

10.11. Derive the element m4 of the element mass matrix for a beam element.
10.12. Derive the element k33 of the element stiffness matrix for a beam element.

10.13. Use a two-element finite-element model to approximate the two lowest natural frequencies
and their corresponding mode shapes for the system of Fig. P10.13.

E =200 x 10° N/m?

7 —l ,‘,,kﬁ E A=16x10*m?
; L=25m
b L ~—] k=1x10" N/m FIGURE P10.13
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10.14. Use a two-element finite-element model to approximate the two lowest torsional naturg)
frequencies for the system of Fig. P10.14.

J=32%x105m*
G =80x10° N/m?

p = 7000 kg/m’

AUURRAY

L=42m

T

I=15kg-m?
1 FIGURE P10.14

10.15. Use a three-clement finite-element model to approximate the lowest natural frequency and
its corresponding mode shape for the system of Fig. P10.15.

AVRRNNY

L

T

E =200 x 10° N/m?
A=35x10"m?
L=25m

p="T000 kg /m?

ky ky
VW— m —J\/\/\,—E
m=1.2kg
k|=2><106N/m

ky=1.4x105N/m
FIGURE P10.15

10.16. Use a three-element finite-element model to approximate the steady-state response of the

system of Fig. P10.16.

Ty sin wt
A U f
y B C se two elements for
” |a AB and one element
b d for BC
t L } L,
I

Li=21m L;=10m I=0.25kg - m?

G; =40 x 10° N/m? G,=80x 10° N/m? Ty=100N-m

J;=18x10° m* J,=43 %1075 m* w =500 rad /s

p1 = 5000 kg/m>

FIGURE P10.16

p, = 7000 kg /m>

10.17. Use a three-element finite-element model to approximate the forced response of the system
of Fig. P10.15 when the end of the bar is subject to the excitation of Fig. P10.17.

10.18. Use a two-element finite-element model.to approximate the two lowest natural frequencies
of transverse vibration of the beam of Fig. P10.18.



cCHAPTER 10 + FINITE-ELEMENT METHOD

F
8000 N
- L —
! Z ]
0.01 0.02 £(s) E 1 p A
FIGURE P10.17 FIGURE P10.18

10.19. Use a two-element finite-element model to approximate the lowest natural frequencies of
the beam of Fig. P10.19.

10.20. Use a two-element finite-element model to approximate the two lowest natural frequencies
of the system of Fig. P10.20. Use elements of equal length.

3L L
L o= e =
. 2 7 —
-~ "
; P
; -
t L —] _3EI k
c E
C 2 -
r
Aoy ELea m=}pAL "
FIGURE P10.19 FIGURE P10.20

10.21. Use a three-element finite-element model to approximate the three lowest natural frequen-
cies of the system of Fig. P10.21.

f———— 2 ———————fe—— 13 m —— E=7200x 109N/m
I=46x10"%m?

”Q” ”g% p="7500 kg/m’
A=15x102m?  FIGURE P10.21

10.22. Use a two-element finite-element model to approximate the lowest natural frequency of
the system of Fig. P10.22.

Iip=4.1x10"m*
E,p= 200 x 10° N/m?
App=6.3x10"4m?

o 1
7 ! 1. c  Pap=7500 kg/m?
2 B ;;ﬂ Egc= 140 x 10° N/m?
Apc=54x10m?
fe—12m ————18m ——— pac= 5600 kg/m’

Igc=53%10""m? FIGURE P10.22
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10.23. Use atwo-element finite-element model for the beam to approximate the two lowest naturg)
frequencies of the system of Fig. P10.23,

ja———m——— 80 cm } 80 cm -~ p = 7600 kg /m?
A=4.5x10"2m?
m m= 100 kg
E=200x% 10° N/m?

g 7\; ,Q,, I=18 %1075 m*

FIGURE P10.23

10.24. Use a two-element finite-element model to approximate the two lowest natural frequencies
of the system of Fig. P10.24.

p = 8000 kg/m?
P A=11x10"*m?
Z E =200 x 10° N/m?
2 I 1,=19%10%m?
pe—————— 60 cm ———————>
m=12kg
I=08kg - m? FIGURE P10.24

10.25, Use a three-clement finite-element model to approximate the steady-state amplitude of the
machine of the system of Fig. P10.25.

Fosinwt I=1.9x10‘5m"'
m=210kg
E=200x 10°N/m?
m p = 7500 kg /m>
A=14x107m?

- F0= ISOON

12m @ =200 rad/s FIGURE P10.25

T

10.26. Use a three-element finite-element model to approximate the steady-state amplitude of the
machine of the system of Fig. P10.26.

fe— .l: >l £ el
2 C 2 o L=26m
Fysin wt E =200 x 10° N/m?
n I1=45%10°%m*

A=3.1x10"2m?

p= 7000 kg/m*
Sy me20k

k k=2x10°N/m

FIGURE P10.26
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10.27. Reconsider the street light problem of Example 3.6. The street light has a mass of 25
kg. The wind velocity is 60 m/s, but the force distribution is as shown in Fig. P10.27.
Use a three-element finite-element model of the structure to approximate the steady-state
amplitude of the light.

10.28. Use a three-element finite-element model to approximate the steady-state response of the
system of Fig. P10.28.

-
Fy sin wt o
F, sin ot
S Fy=800N
- w=120rad/s
E =200 x 10° N/m?
! A=4.1x103m?
1=86x10"5m?*
p=7500 kg/m’
R A L 2L L=3m
mrrrn e = e = »
Parabolic 3 3 '
FIGURE P10.27 FIGURE P10,28

10.29. A plate and girder bridge is modeled as a simply supported beam, asillustrated in Fig. P10.29.
A vehicle is traveling across the bridge with the velocity v. Use a three-element finite-
element model of the bridge to determine the time-dependent response of the structure as
the vehicle is crossing the bridge.

fe—L,—
Vehicle of mass
1100 kg

L,=25m
é ; ”g% v=60m/s
|

L=8m
L »| I=15x%10"%m*
p = 17500 kg/m*
A=32%x10"2m?
E=200x10°N/m? FIGURE P10.29

10.30. A simple model of a one-story frame structure is shown in Fig. P10.30a. Use one beam
element to model each of the columns and two bar elements to model the girder. Determine
the response of the structure if it is subject to the blast force of Fig. P10.305.
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e 5.1m {
T 2000 kg
F(N) 4
E =200 x 10° N/m? 7000
p="71500 kg /m’
25m A=31x102m?
I=17x107%m*
3 == x{ .
T 17777 0.08 t(s)
@ (&)
FIGURE P10.30

10.31. Use the finite-element model of Prob. 10.30 to determine the response of the structure if it
is subject to the earthquake of Fig. P10.31.

2.5m/s

FIGURE P10.31

10.32. Use the finite-element model of Prob. 10.30 to determine the response of the structure if
HVAC equipment on the girder produces a lateral harmonic force of magnitude 3000 N at
a frequency of 500 rpm.

10.33. Use two bar elements to model each member of the truss of Example 10.8 and approximate
the three lowest natural frequencies of the truss,

10.34. Use one bar element to model each member of the truss of Fig. P10.34 and approximate
its two lowest natural frequencies.

40 cm E =140 x 10° N/m?
0em A=16x103m?

< 20cm — FIGURE P10.34
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10.35. Use one bar element to model each member of the truss of Fig. P10.35 and approximate
its two lowest natural frequencies.

E =140 x 10° N/m?
A=16x103m?

1.5m
je———1.5m >t 1.5m »| FIGURE P10.35

10.36. A beam is placed on an elastic foundation whose stiffness per unit length is k. Derive
the element k33 of the local stiffness matrix for a beam element of length [ including the
stiffness of the elastic foundation. Use the local displacement functions of Eq. (10.30).

10.37. A beam is subject to a constant axial load of magnitude P, applied along the beam’s neutral
axis. Derive the element k3; of the local stiffness matrix for a beam element of length I,
including the effect of transverse displacement due to the axial load.

10.38. A beam is rotating about an axis with an angular velocity w. Determine the element m 3
of the local mass matrix for a beam element of length /, including the kinetic energy due
to the rotation of the beam. The left end of the element is a distance r from the axis of
rotation.

MATLAB PROBLEMS

M10.1. The file VIBES_10A.m contains the MATLAB script for the solution of Example
10.1, modified such that the area is supplied in a user-defined function Areal0A. Use
VIBES10_A.m to approximate the lowest natural frequencies and mode shapes of the
system of Example 10.1 with

A(x) = 7(0.05 ~ 0.001x)*

M10.2. The file VIBES_10B.m contains the file VIBES10_A.m extended to use the assumed
modes method to develop the forced response of the system of Example 10.1 when
a force F(t) is applied at the end of the bar. The force is supplied in a user-defined
function Force10B. Use VIBES10_B.m to approximate the forced response of Example
10.1 when
(@ F(¢) =5000sin (1000¢).
(b) F(I) = SOOOe-l.’lt.

(¢) F(t)isas givenin Fig. PM10.2.
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F(1)

5000 N \
] 1

0.1 06 07 () FIGURE PM10.2

M10.3. The file VIBES_10C.m contains the MATLAB sctipt for the development of the loca]
stiffness and mass matrices for a beam element whose cross-sectional properties vary
across the span of the beam. The area and moment of inertia are supplied in user-defined
functions ArealQC and Inertial 0C. Use VIBES_10C.m to develop the local mass and
stiffness matrices for each element of a four-element finite-element model for the beam
of Fig. PM10.3.

e 5 cm —
¥ . E =200 x 10° N/m?
3cm p=17600 kg /m’
} L=4m
2 _____
foy=1-= +
FIGURE PM10.3

M10.4. The file VIBES_10D.m contains the MATLAB script for the development of an n-
element finite-element model for the natural frequencies and mode shapes of a uniform
shaft with 2 rotors, as illustrated in Fig. PM10.4. Use VIBES_10D.m to study the depen-

dence of the lowest natural frequency of the number of elements in the approximation
forn=2ton =8.

[ 2m >
,  J=3x107m!
I=20kg-m G =80 x 10° N/m?
p="17600 kg/m*

I=60kg-m* FIGURE PM10.4

M10.5. The file VIBES_10E.m contains the MATLAB script for the development of an -
element finite-element model of a fixed-pinned beam with a machine at its midspan.
Use VIBES_10E.m to study the dependence of the three lowest natural frequencies
on B, the ratio of the mass of the machine to the mass of the beam. Plot the natural



M10.6.

F(t)

RVANVANIWAN
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frequencies as a function of g for 0.1 < 8 < 5. Use VIBES_10E.m to solve Example
6.5.

The file VIBES__I OF.m contains the MATLAB script for the development of an n-element
finite element model for the forced response of a fixed-pinned beam with a machine at
its midspan which is subject to a time dependent force. The force is provided in a user-
supplied function Force10F. Use the program to determine the time-dependent response
of the beam of Fig. PM10.6a when the machine is subject to

(@) F(r) = 5000 sin (1000:).

(b) The force of Fig. PM10.65.

l F(»
220 kg p = 7600 kg/m>
P E =200x10° N/m?
] 1=42x105m
O A=5x103 m?
- 6m {
@

05 10 15 20 25 \/ 1)
onk V

M10.7.

M10.8.

() FIGURE PM10.6

The file VIBES_10G.m contains the MATLAB script for the solution of Example 10.7.
Run the program for a range of w, 20 rad/s < @ < 2000 rad/s to determine a frequency
response curve for the system of Example 10.7 with

(a) Fy = 2500 N at all speeds.

b) Fy = 0.8

The file VIBES_10H.m contains the MATLAB script for a four-element finite-element
model of the system of Fig. PM10.8. An undamped isolator is used to protect the beam
from large harmonic forces transmitted during operation of the machine. Recall that
when the system is modeled using a one-degree-of-freedom approximation isolation
occurs when w/w, > /2. The stiffness of the spring is chosen to achieve isolation.
Use VIBES_10H.m to study the effect of the elasticity of the beam on the transmitted
force. Specifically study the problem where a 250-1b reciprocating engine is to be
mounted at the midspan of a 12 ft W21 x 62 steel beam (A = 18.3 in?, I = 1330 in®).
Assuming a one-degree-of-freedom system an undamped isolator has been designed to
provide 81 percent isolation when the engine operates at 3000 rpm. Use VIBES_10H.m
to determine the percent isolation when a four-element finite-element model is used for
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the beam and to determine the maximum steady-state displacement of the midspap jf
the excitation amplitude is 10000 N.

m
k2 k2
pmAE]
Ay el
o—L e L
2 2 FIGURE PM10.8

M10.9. Use file VIBES10_H.m of Prob. M10.8 to determine the maximum transmitted force and
midspan deflections as functions of w if the excitation is caused by a rotating unbalance
of magnitude 0.4 kg-m.

M10.10. Write a MATLAB script to determine the local mass and stiffness matrices for each
element of the four-element finite-element model of the system of Fig. PM10.10.

\ @ .
VVV E _ 9 2
/ k x E=200x10 N3/m
r(x) =0.08(1 -4-L) p=17600 kg/m
m=300kg
k=3x10°N/m

L

[10.10

M10.11. Write a MATLAB script for the determination of the natural frequencies and mode
shapes of the system of Fig. PM10.11, Use two elements to model each section of the
bar.

le—13m—>fe—12m —+e—15m —= EAB=EBC=ECD=2OOXIO9N/m2
PAB= Ppc= pcp= 600 kg /m®
Aqp=3 x 1074 m?

Agc=2x107* m?

ACD= 35x 10—4 m2

AW

\WAWANY

o\

B C
FIGURE PM10.11

M10.12. Write a MATLAB script for the determination of the natural frequencies and mode
shapes of a fixed-free beamn using an n-element finite-element model. Use the script to
determine the dependence of the lowest natural frequency on the number of elements
used in the approximation.
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M10.13. Write a MATLAB script for an n-element finite-element model to determine the forced
response of the system of Fig. PM10.13a. Write the script such that f(x, t) is provided
in a user supplied function. When the script is run, it should provide plots of the beam
displacement at selected values of time. Run the script for f(x,t) as illustrated in

Fig. PM10.136 and c.

A TIT T
) ' 1

ok

(@)
Fy
f(x) sin wt
1)
| L . L L
R ' 3 . 3
[ ¢ ¢ ¥ |

Al oy

(0) FIGURE PM10.13
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11.1 INTRODUCTION

All physical systems are inherently nonlinear. Often assumptions and approxima-
tions are made such that the mathematical problem governing the behavior of the
system is linear. This is done for an obvious reason; the solution of a linear problem
is much easier than the solution of a nonlinear problem. Often, the results obtained
using the linear approximation are sufficient for engineering work. Except for the
discussions of free and forced oscillations when Coulomb damping is present, this
text has thus far considered only linear systems.

Nonlinear systems are much more difficult to analyze than linear systems be-
cause the principle of linear superposition is not valid for nonlinear systems. Among
the ramifications of the absence of a superposition principle are

1. The homogeneous solution of a second-order nonlinear differential equation is
not a linear combination of two linearly independent solutions.

2. The general solution of a nonlinear differential equation cannot be written as the
sum of a homogeneous solution and a particular solution, which is independent
of initial conditions. The forced response of a nonlinear system cannot be
separated from its free-vibration response.

3. The method of superposition cannot be used to add the forced responses due to
a combination of excitations. The nonlinearity causes the responses to interact.

4. Since the convolution integral is derived by using linear superposition, it does
not apply to nonlinear systems. There is noequivalent of the convolution integral
for nonlinear systems.

S. The Laplace transform cannot be used to derive the solution of nonlinear differ-
ential equations.

547
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The focus of this chapter is on the qualitative analysis of nonlinear sysiemng,
Quantitative results are presented to show how the nonlinearities act to produce
nonlinear phenomena.

, 1%.2 SOURCES OF NONLINEARITY

Let x;, x2, ..., X, be the generalized coordinates for a conservative n-degree-of-
freedom system. The kinetic energy of the system is a function of the generalized
coordinates and their derivatives

T=T(xl,-xz,---,xn,il,izy---,in) [II.‘]
The potential energy of the system is a function of the generalized coordinates
V=V, x2...,%) [11.2]

If the system is linear, then its kinetic energy is independent of the generalized
coordinates and a quadratic function of their derivatives. A conservative system is
nonlinear if either the kinetic or potential energy cannot be written in a quadratic
form.

The kinetic energy function contains terms other than quadratic terms when
the inertia properties of the system are dependent on the generalized coordinates
or other kinematic relationships between the generalized coordinates are nonlinear.
Nonlinear terms due to the latter are called geometric nonlinearities.

Terms other than quadratic terms appear in the potential energy function because
of geometric nonlinearities or nonlinear force-displacement relations in flexible el-
ements. Nonlinear terms due to the latter are called material nonlinearities.

[I 1.1 Iberive the governing differential equation for the simple pendulum of Fig. 11.1.
Solution:
The kinetic energy function for the pendulum is

T = im(16)?

Figure 11.1 The differential equatian

governing oscillatians of the
=Lm simple pendulum of Example
11.1 is nanlinear.
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With the plane of the support as the datum,
V = —mglcos

The kinetic energy function is quadratic, but the potential energy function is not. The
nonquadratic term in the potential energy function is a result of the geometric relationship
between the instantaneous position of the particle and the datum.

Lagrange’s equation, Eq. (5.3), is applied

L=T-V
d (3L) oL —o
dt \ 36 30

giving 6+ % sinf =0

The nonlinear term in the differential equation of Example 11.1 is a transcen-
dental function of the dependent variable. Approximate solutions to such equations
are made by replacing the transcendental function by its Taylor series expansion.
For the equation of Example 11.1, this leads to

. g 6
o+§@—~+—"m)

Approximations can be made by assuming @ is small. A linear approximation is
obtained by ignoring all but the linear terms. The simplest nonlinear approximation
is obtained by keeping only the largest nonlinear term. Since this term is proportional
to the cube of the dependent variable, the nonlinearity is called a cubic nonlinearity.

Derive the differential equations governing the motion of the system of Fig. 11.2. Examp!
Solution:

Let x, the change in length of the spring from its length when the system is in equilibrium
with a length /, and 6 be the generalized coordinates. The system’s kinetic energy
function is

T = tm[#? + (1 + x)%67]

Assuming the spring is linear and using the plane of the support as the datum, the system’s
potential energy function is

1 2
V=§k(x+ﬂ:-) —mg(l +x)cosb
Application of Lagrange’s equations leads to

mi +kx —m(l + x)8% + mg(1 — cos @) =0
and m(l +x)*6 + m(l + x)g sin @ + 2m(l +x)20 =0
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: N\

P [ +x

(a) (b)

Figure 11.2 (a) The “swinging spring” in equlibrium; (b) the oscillations of the swinging spring
are described by coupled nonlinear differential equations. The coupling occurs
only in the nonlinear terms. A linear approximation predicts the extensional mode
is uncoupled from the swinging mode.

If x and 0 are assumed small, Taylor series expansions used for the transcendental
functions, and only linear terms retained, the differential equations of Example 11.2
becomes

mi +kx=0

g + %9 =0
Thus a linear approximation predicts two uncoupled modes, a spring mode with a
natural frequency of /k/m and a pendulum mode with a natural frequency of \/g//.

Coupling occurs only in the nonlinear terms. If only the largest nonlinear terms are
retained, the governing differential equations become

mg
2

zé+g9+§9x+2xe’=0

mi + kx —mlf? + —=8% =0

Since the largest nonlinear terms involve quadratic products of the generalized co-
ordinates and their derivatives, the nonlinearities are termed quadratic.

Note that [ is not the unstretched length of the spring, but its length when the
system is in static equilibrium, | = Iy + mg/k. Hence the effect of gravity causing
a static spring force does not cancel with the static spring force in a nonlinear
differential equation. Both must be included in the potential energy formulation.

A material nonlinearity occurs when a flexible component has a nonlinear con-
stitutive equation. The system of Fig. 11.3 is used to model most one-degree-of-
freedom systems with viscous damping and harmonic excitation. If the spring has a
force-displacement relation of the form

F = f(x) [11.3]

where f is a nonlinear function of x, then the governing differential equation is
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F =
f(-x) X f(x) ) )
' Fo sin wt mx
m » L = -
—_—] F, sin wt Cx“'—'—
c External Effective
forces forces
(a) »)
Figure 11.3 (o) Model system for one-degree-of-freedom system with a nonlinear elastic

element, viscous damping and harmonic excitation; (b} free-body diagrams used
to derive Eq. {11.4). Nonlinear terms are due to a materidl nonlinearity.

nonlinear,
mx + cx + f(x) = Fysin wt [11.a]

If the spring is unstretched when it is unloaded, then a Taylor series expansion is used
to expand f(x) about x = 0. If the spring has the same properties in compression
as in tension, only odd powers of x appear in the expansion,

mi +cx + kyx + kax® + - - - = Fysin ot [11.5]

The values of the coefficients in the Taylor series expansion should decrease as the
power increases. The expansion is usually truncated after the cubic term, leading to

. . 2 2.3 FO .
X+ 2lw,x + w,x + aw,x” = — sinwt [11.6]
m

where w, is the natural frequency of the corresponding linear system, ¢ is the damp-
ing ratio for the linear system, and

o= — [11.7]

A spring for which « is positive is called a hardening spring. A spring for which a
is negative is called a softening spring.

Equation (11.6) is called Duffing’s equation. Duffing’s equation is nondimen-
sionalized by introducing

t* = w,t [11.8]

B D>

_mg
=%

is the static deflection of a linear spring of stiffness k;. Substituting Eq. (11.8) intoEq.
(11.6), rearranging, and dropping the * from the nondimensional variables leads to

where

¥+420% +x +ex® = Asinrt [11.9]

where w

F=—

Wp

and ) € = a2
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It is shown in Chap. 2 that the presence of some forms of damping causeg
nonlinear terms in the differential equation. If the damping force is a function of the

velocity,
Fy=g(%)
then for Coulomb damping
g(i) = umg =
|%i
and for aerodynamic drag
gy = ci?

The general form of the differential equation for a system subject to a harmonic
excitation with nonlinear damping and a nonlinear flexible element is

mx + g(x) + f(x) = Fysinwt [11.10]

Nonlinear terms can arise in differential equations because of an external exci-
tation, as in the following example.

11.3 ]'I'Te U-tube manometer of Fig. 11.4 rotates about an axis other than its centroidal axis with
an angular velocity w(¢). The liquid is incompressible with a mass density o, the column
has a total length /, and the tube has a cross-sectional area A. If the rotational speed is
greater than a critical speed, then all of the fluid is drained from the left leg. Assume
the column of liquid moves in the manometer as a rigid body and let A (z) represent the
instantaneous height of the column in the right leg. The potential energy function for
this system is

V= %,ogAh2

The system’s kinetic energy function is

b {—b~h
T = %,oAlh2 + %pAbzhw2 +f pAr*wtdr +f pArtw? dr
0 0

Neglecting viscous friction, Lagrange’s equation is applied to derive

2 22,2
. w w*b
Ih+gh+—(1—b—h)P?=—
+8 > ( ) 5
The preceding equation has a quadratic nonlinearity which is the result of the e.x-
ternally imposed rotation. If the speed of rotation is time-dependent, the differential
equation has variable coefficients and the system is said to parametrically excited.
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Figure 11.4  The oscillations of a column of liquid in a U-tube manometer rotating about a
noncentroidal axis, when the angular velocity is large enough to drain fluid from
the left leg, are governed by a nonlinear differential equation.

11.3 QUALITATIVE ANALYSIS OF NONLINEAR SYSTEMS

Qualitative analysis of nonlinear systems is of importance since exact analytical
solutions are often not available. Qualitative analysis is used to predict general
features of the motion including stability and long-time behavior.

The most useful tool for qualitative analysis of a nonlinear system is the state
plane, a graphical time history of the relationship between two variables. The state
plane for a one-degree-of-freedom system is a family of curves showing the history
of the relation between velocity and displacement. The curves in the state plane
are called trajectories. Attractors are points or curves to which the trajectories
eventually approach.

Draw the state plane for the unforced Duffing’s equation with no damping for a hardening| Exam)
spring.
Solution:
Let v = x. Then
._dv  dvdx dv

= ——— =Y

X = — ==
dt dx dt dx
Duffing’s equation, Eq. (11.6), becomes

dv 3
V— = —Xx — €X
dx
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Integrating both sides with respect to x gives

1,2 _~_1.2 1,4
V7= C—5x 7€X

where C is the constant of integration, dependent on initial conditions. The state plane
for € = 1 is shown in Fig. 11.5. Different trajectories correspond to different values
of C.

The system of Fig. 11.3 is in equilibrium when its velocity is zero and the sum
of the spring force and damping force is zero. For a linear system, this occurs only
when v = 0 and x = 0. A nonlinear system may have more than one equilibrium
point. An equilibrium point is stable if trajectories approach the equilibrium point
for large time. An equilibrium point is unstable if trajectories diverge from the
equilibrium point for large time.

The equilibrium points for a system governed by Eq. (11.10) are v = 0 and the
values of x such that f = 0. The stability of an equilibrium point is determined by
analyzing the trajectories in the vicinity of the equilibrium point. Let

X =x9+ Ax [11.11]

be a point in the phase plane in the vicinity of the equilibrium point, xo. Substituting
Eq. (11.11) into Eq. (11.10) with Fy = O leads to

AX +g(AX)+ f(xo+ Ax) =0

Figure 11.5 State plane for unforced undamped Duffing's equation.
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Expanding f and g about x = xo and & = 0, respectively, and keeping only linear
terms gives

d
Ax+dg(o)Ai+—f—(19)—Ax=0 [13.12]
d dx

The general solution of Eq. (11.12) is
Ax = AeP' | BeP! [11.13]

If either B, or B, have a positive real part, then the equilibrium point is unstable.

If B; and B, are real and have the same sign, the equilibrium point is called a
node. If B and B, are real and have different signs, the equilibrium point is called
a saddle point, and is, by definition, unstable. If 8; and B, are complex conjugates,
the equilibrium point is called a focus. A special case of a focus occurs when g,
and B, are purely imaginary, in which case the equilibrium point is called a center.
Sketches of state planes in the vicinity of a node, saddle point, focus, and center are
given in Fig. 11.6.

Determine the equilibrivm points and their nature for the damped unforced Duffing’s
equation.

Solution:
The equilibrium points are the values of x such that

x+ex’=0

For a hardening spring, the only equilibrium point for Duffing’s equation is x = 0. For
a softening spring, the system has the additional equilibrium points

1
X()=:': :Z

The nature of the equilibrium point corresponding to xy = 0 is investigated by
assuming x = Ax, which leads to

Biz=—-CEVt2-1

Hence the equilibrium point x = 0 is a stable node if { > 1, and is a stable focus if
<l
For a softening spring, the natures of the additional equilibrium points are determined

using
/ 1
x=zx,/——+ Ax
€

Substituting into Duffing’s equation and linearizing leads to
A% 4+ 2rA% —2Ax =0

Examp
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N
W

Stable node Saddle point
(a) (b)

[
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&

Unstable focus Center
(c) )

Figure 11.6  State planes in the vicinity of equilibrium points.

and B=-Cx/52+2

Since the two values of B are real with opposite signs, these equilibrium points are saddle
points and thus, by their very nature, unstable.

The phase plane for a system subject to a forced excitation is usually difficult to
determine solely by analytical methods. Often, these phase planes must be drawn
by graphical methods or numerical results. Figure 11.7 shows several phase planes
corresponding to the forced Duffing’s equation.
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2 //V'} 2x
‘./A
-2
(a)
4t v
-4 4x

— 4 Jr
b)

Figure 11.7 Exampiles of state planes for {a) forced, undamped

Duffing’s equation; (b) forced, damped Duffing’s

equation.

11.4

QUANTITATIVE METHODS OF ANALYSIS

Exact solutions to nonlinear vibration problems exist only for a few special free-
vibration problems. Exact solutions for nonlinear forced-vibration problems are
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almost nonexistent. Consider Eq. (11.10) with F, = 0. Let v = x. Then, using the
chain rule for differentiation, as in Example 11.4, Eq. (11.10) can be written as

dv
v2;+g(v)+f(x)=0 [11.14)

For certain forms of g(v) and f(x), Eq. (11.14) can be integrated, yielding v(x),
which, in turn, can be integrated, vielding #(x).

Consider an undamped system, g(v) = 0. Integrating Eq. (11.14) with respect
to x and using x = xp and v = 0 when ¢ = 0 yields

Xp 1/2
v(x) = [2f f(n)dn] [11.15])
X
Rearranging and integrating with respect to x gives
f / ) @ [11.16]
= X, 2 -1
w [2f° f@dn]’

Since Eq. (11.16) gives ¢ as a function of x, it is not useful for computing
the time history of motion, but can be used for frequency calculations. For many
forms of f(x), closed-form evaluation of the integral does not exist, and numerical
integration is used. Care must be taken when evaluating Eq. (11.16) numerically
because the integrand is singular for A = 0.

Since exact solutions are not often available, numerical solutions are used. Self-
starting methods such as Runge-Kutta are convenient for numerical solution of non-
linear equations.

The general form of the equations for a nonlinear n-degree-of-freedom system
is

¥y = hi(x, %, ) 1117}
552 = hQ_(X, X, )

Xn = ha(X, X, 1)

Let v = X and x be independent n-dimensional vectors. Equation (11.17) can be
rewritten as two systems of first-order equations

dx1 dv1
- = - = s Vo b
dt v dt hi(x,v. 1)
dx2 dvz
o o= ha(x,v,t)
dx, dv,

=V, zhn(x’vat)

dt dt
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Analytical solutions are preferable to numerical solutions because they can be
used to predict trends, analyze the effects of parameters, and develop qualitative
results. Thus approximate analytical methods are often used to approximate the
solution of nonlinear problems.

If the magnitude of the nonlinear term is small or the amplitude of motion is
small, then a perturbation method can be used to develop an approximate solution.
Let € be a small nondimensional parameter, € < 1. The small parameter may be
a measure of the amplitude or a measure of the nonlinearity. For a one-degree-
of-freedom system, the generalized coordinate is expanded in a series of powers
of €,

x(1) = xp(t) + €x1(2) + €2 x2() + - - - [11.18]

Equation (11.18) is substituted into the governing differential equation. Coefficients
of like powers of € are collected and set to zero independently. The result is a set of
linear differential equations that are successively solved for x; (¢),i = 1,2, ....
The series of Eq. (11.18) is convergent. However, it converges slowly and thus
a finite number of terms are inadequate to represent the solution for all r. When only
a few terms are included, nonperiodic terms appear which cause the solution to be
unbounded for large ¢. The terms which produce these nonuniformities are called
secular terms. Since it is impossible to include an infinite number of terms in the
evaluation, the secular terms must be removed. A variety of perturbation methods
have been developed to remove secular terms. These include the method of strained
parameters, the method of renormalization, the method of multiple scales, and the
method of averaging. The application of these methods to nonlinear oscillation
problems is beyond the scope of this book, but an exhaustive treatment is found in
Nayfeh and Mook. The method of renormalization is illustrated in Sec. 11.5.

11.5 FREE VIBRATIONS OF ONE-DEGREE-
OF-FREEDOM SYSTEMS

The free vibrations of a conservative system are periodic. If the spring in the system
of Fig. 11.3 has the same properties in compression as in tension, then each period
of motion can be broken into four parts, each of which takes the same amount of
time. If the mass is displaced a distance xo from equilibrium and released from rest,
the period of the resulting motion can be calculated by using Eq. (11.16) as four
times the time it takes the mass to go from its initial position to x =0,

Y dA
V2o [ fmdn] "

Equation (11.19) shows that, in contrast to a linear system, the period and the corre-
sponding natural frequency for a nonlinear system depend on the initial conditions.

[11.19]
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11.6 IA mass, attached to a softening spring with a cubic nonlinearity, is displaced a nongj.
mensional distance xo from equilibrium and released from rest. Determine the period of
the resulting oscillations as a function of € and xq.

Solution:
In the notation of Sec. 11.2 and Egs. (11.5) through (11.9), the nondimensional force
developed in a softening spring is

f(x)=x—ex® €=aA?
Thus the nondimensional period is determined from Eq. (11.19),
4 [0 dx
- V2 %o [[°(n—en®) dr)]l/2

where xg is the nondimensional initial displacement. The dimensional period is the
nondimensional period divided by the linear natural frequency. Proceeding with the

algebra gives
_4 [ d 42 [ do
V2Jo [ _ 5 S 7~ x0v/e Jo L
————— e'-—- ——— — — —
2 ‘3 T2 7% exg 1-- 0"’ +é

442

__ 42 d¢ _ .
-\/’2_:—;3‘/0. (1—¢2)(1_’k2¢2) - z_éng(k’ E)

where F(k, m/2) is the complete elliptic integral of the first kind of argument k, where

2
2—6)60

€x?

k=

A table of elliptic integrals, such as in Abramowitz and Stegun, is used to generate
Fig. 11.8.

' When the integral of Eq. (11.19) cannot be evaluated in closed form, numerical
integration must be used. However, the integrand is singular at A = xo. Let & be a
small nondimensional value. Then for the system of Ex. 11.6,

o [ ——

0v€E -

’ —2——1—35452 st ”\[%—1———¢2+¢
0

2
€x; €X €xg

The first integral is evaluated by numerical integration. The integrand of the sec-
ond integral is expanded by the binomial theorem, and the resulting expansion is
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Period of Duffing’s equation as a function of initial

NONLINEAR VIBRATIONS

integrated term by term. The expansion is truncated such that desired accuracy is

achieved.

Perturbation methods can be applied to approximate the period of a nonlinear
system. When the straightforward expansion, Eq. (11.18), is substituted into the
unforced, undamped Duffing’s equation, the following results:

Xo 4+ X0+ G +x1+x3) +€ G+ x2+3x2x) +--- =0

[11.20]

Coefficients of powers of € are set to zero independently, leading to a set of hierar-

chical equations

Xo+x0=0
4+ x1 = —xS
X2+ x2= —3x§x1

The solution for xq is

Xo = Asin(t + ¢)

[11.21]

[11.22]

where A and ¢ are determined using initial conditions. Substitution of Eq. (11.22)
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into the second of Eqs. (11.21) and use of trigonometric identities lead to

A3 .
X+ x =—T[331n(t+¢)——sm3(t+¢)] [11.23]
The particular solution of Eq. (11.23) is
A3 a3
x1(t) = -8—tcos(t+¢)—3—2s1n3(t+¢) [11.24]

and the resulting two-term approximation for x(t) is

: 3 3 A
x(t) =Asin(t +¢) + € §A tcos(t+¢)—§sm3(t+¢) +--+ [11.25]

Unfortunately, the expansion of Eq. (11.25) is not periodic and grows without bound,
Indeed, when ¢ is as large as 1/¢, the second term in the expansion is as large as the
first term, rendering it invalid.

The problem with the straightforward expansion is that it cannot account for the
variation of the period with initial conditions, as mandated by the exact solution.
The method of renormalization is used to take this variation into account and render
the two-term straightforward expansion uniform. A new time scale is introduced
according to

t=w(l+er +€A+--) [11.26]
Equation (11.25) is rewritten with w as the independent variable
x=Asin(w+erw+---+¢) [11.27]
3
+€ l:-g—A3(w +erAw+--)cos(w+ eAw+ -+ @)
3

A
—-5sin3(w+ellw+---+¢)]+--'

Taylor series expansions are used to expand the trigonometric functions and coeffi-
cients of powers of € are recollected, leading to

x=Asin(w + ¢) + ¢ [A).lwcos(w +¢)

3, A® ]
+ -—A’wcos(w + @) — —sin3(w+d) |+

8 32
[11.28]
The secular term is removed from Eq. (11.28) by choosing
A =—32A2 [11.29]
leading to
Al
x=Asin(w+ @) —e=sin3(w+¢)+--- [11.30]

32
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where =w(1—e%A2+--.) [11.31]

The binomial expansion is used to invert Eq. (11.31)
w=t(1+e3A2+-..) [11.32]

The amplitude is determined by application of the initial conditions. If x(0) = §
and x(0) = 0, then

n

*=3
3
6=A—6A—
32

A natural frequency approximation can be obtained to greater accuracy by cal-
culating higher-order terms in the expansion for x, and choosing the A; from Eq.
(11.31) to eliminate secular terms.

For damped systems, the damping term is often small enough to be ordered with
the nonlinearity. To this end, define

. =2l [11.33]

where u is of order 1. When the straightforward expansion is used in the damped,
unforced version of Duffing’s equation, the following equations result, defining xo
and x;;

Xo+x0=0 [11.34]
X1+ x1= —xg — 2uxg

In order to use the method of renormalization for damped systems, the solutions
of Egs. (11.34) are written using complex exponentials

xo = Acos(t + @) = ;A[e!(F9) + ¢7H1+9) [11.35]
When Eq. (11.31) is used to remove secular terms from the two-term expansion,
3 w
AM=—=A—iZ [11.36]
1=73% 717
and the resulting two-term uniformly valid expansion is
x = Ae7% sin [(1 + €34 + ) [11.37]

Thus, when secular terms are removed through x;, damping has no effect on
the natural period. The exponential decay, comparable to that of a linear system, is
apparent.

In summary, the natural frequency of a nonlinear system depends on its initial
conditions. The straightforward perturbation expansion and the method of renor-
malization can be used to determine an approximation to the natural frequency when
the nonlinearity is small or when the amplitude is small. Small viscous damping has
an effect on free vibrations of nonlinear systems similar to that on free vibrations of
linear systems, causing an exponential decay of amplitude.
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11.6 FORCED VIBRATIONS OF ONE-DEGREE-
orF-FREEDOM SYSTEMs wITH CUBIC
NONLINEARITIES

Consider the damped Duffing’s equation subject to a two-frequency excitation,
¥ +2uex +x +ex3 = Fysinrt + Fasinryt rp £, [11.38]

Use of the straightforward expansion, Eq. (11.18), produces the following two-term
approximation to the solution of Eq. (11.38):

x = Asin(t + ¢) + FiM;sinrit + F; M, sinrat
+ el — pArsing +¢) — (343 + 3AFIME + JAF}M]) tcos(t + ¢)

2uF Mry 2uF,Msry
R cos it — ——

1—r? v 1_’22 et
. 3(2A2F M, + FI M} ;‘ 2REEMMG) rit
41 —rf)
+ 32AF,My + FOM; + 2F ;M Ms) sin rat
41 —rd)
3 2
. % n30+ ) - [1314 (12”1 -:-‘4:1)2] sin [(2 + r1)t + 2¢]
N 3ATRM, [2 = r)t + 2¢]
4[1 -—(2—-r1)2] l
3AFM? .
T ar e sin [(1 + 2r)t + ¢]
L SAEIMP 1 —2m)t + 4]
41— -2r)?] 1
3AF;M; .
41— 2+ sin (@4 r2) 201
b SAEM 10— ) £ 28)
4[1 — 2 —r)?] i
3AF}IM? :
C4af1-( +2r)Y sin {{1 % 2r)t ¥ 4]
3AF} M}

sin [(1 — 2r2)t + ¢]

TAi—a -2
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2 2
- SE MM, sin (2r1 +r2)t
4[1 — (2ry + r2)?]
2 2
SERMM:_ Gn (2r1 ~r2)t
41— @r — r2)?]
3R FIM M
- sin (2r2 + )t
4[1=@r 4+ 2+ 1)
IR FZMME
sin (2r; ~ ry)t
[ =y M2
Fim3} F3M3
— —-——]—~1—5— sin 37yt — ——2—2—3 sin 3r;¢
4(1 = 9ry) 4¢1 - 975)
3AF\F: MM, .
sin [(r; —rp + 1) +
M =i=rat 7] ((n—r2+ e+ 4]
3AR MM,

- 2[1 e —— 1)2] sin [(r; ~r) — 1)t — ¢]

3AF — IF - 2M\M,

2[1= (1 +r2+1)?]
3AFi FhbM( M,

2[1—(ri+r = 1)?

sin {(ry +r2 + 1)t + @]

]sin [(r1+r2—1)t—¢]]---
[11.39]

where M; =

The expansion of Eq. (11.39) is nonuniform because of the secular terms arising
from the free-vibration solution. Additional nonuniformities occur when the values
of r| and r, are such that the denominators of other terms are very small. Examination
of Eq. (11.39) suggests that an exhaustive study of the frequency response of a one-
degree-of-freedom system with a cubic nonlinearity requires the following cases be
considered:

No resonances.

r1 =1 or ry = 1, primary resonance.

ri = % or r; = 1, superharmonic resonance.
ry = 3 or r = 3, subharmonic resonance.

2n+n=0L2ri-rn=x1,2rn—ri=xl,ri—n+l=-1r—-rn—1==+i,
orri +r; — 1 = 1, combination resonances.

6. Conditions when two resonances occur simultaneously. For example, when
ro= % and r; = %, both superharmonic and combination resonances occur.

I S
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A resonance condition occurs when the free-vibration contribution to the so}y,.
tion does not decay with time. The steady-state solution has a contribution from the
free vibrations as well as the forced steady-state response. For a linear system the
free-vibration response is periodic with a frequency equal to the natural frequency
and the forced response due to a harmonic excitation is periodic with a frequency
equal to the excitation frequency. For a linear system only the primary resonance
can occur, when the excitation frequency is near the natural frequency.

For a system with a cubic nonlinearity, Eq. (11.28) shows that the free-vibration
response includes a periodic term whose frequency is three times the linear natura]
frequency. Thus oscillations at this frequency are sustained in the absence of ap
external excitation. Any additional energy input may lead to growth of the free
oscillations and thus produce the subharmonic resonance.

The forced response of a system with a cubic nonlinearity to a harmonic excita-
tion includes a periodic term whose frequency is three times the excitation frequency.
Thus, when the excitation frequency is one-third of the natural frequency, this term
tends to excite the free vibrations and causes the free-vibration term to be sustained,
even in the presence of small damping. This produces the superharmonic resonance,

When a system with a cubic nonlinearity is subject to a multifrequency excita-~
tion, the forced response includes periodic terms at frequencies that are combinations
of the excitation frequencies, When this combination of frequencies is close to the
natural frequency, free oscillations are sustained and a combination resonance exists.

The straightforward expansion is nonuniform for all ; and r;, even when no
resonance conditions exist. The method of renormalization can be used to render the
two-term expansion uniform, but it can only be used to predict periodic responses,
and cannot provide information about the stability of equilibrium points. Possibly
the best method for obtaining uniform expansions to approximate the solution of
nonlinear forced-vibration problems is the method of multiple scales. The results
provided in the following discussion can be obtained using the method of multiple
scales. Since its application is beyond the scope of this text, the discussion focuses
on qualitative behavior. More detail is available in Nayfeh and Mook.

1. No resonances. For most values of r; and r,, no resonance conditions exist.
However, the expansion of Eq. (11.39) is still nonuniform. When secular terms
are removed, the solution is the sum of the free-vibration response and the forced
response. The free vibrations decay exponentially, but the frequency of free vibra-
tions depends on the initial conditions and the amplitudes and frequencies of the
excitation.

2. Primary resonance. A primary resonance occurs when an excitation frequency
is near the system’s linear natural frequency, corresponding to the nondimensional
frequency being near 1. When the amplitude of the excitation is of order 1, the
straightforward perturbation expansion predicts an infinite amplitude response, even
in the presence of small damping. When the amplitude of the excitation is the same
order as the nonlinearity and the damping, secular terms occur in x,.

The frequency response in the vicinity of the primary resonance is studied by
introducing a detuning parameter, defined by

r1=l+€a [1‘.40]
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The amplitude and phase of the resulting motion vary with time, but possible steady
states can be identified. The following approximate equations can be derived for the
steady-state amplitude and the steady-state phase angle:

4A2[p? + (o — 34%)?] = £} [11.41]
- i
¢ = —tan ‘(——3——) [11.42]
g — §A2
" F
where £ ==
€

Equations (11.41) and (11.42) are plotted in Figs. 11.9 and 11.10. Note from
these figures that there is a frequency range where three possible steady-state am-
plitudes and phases exist for a single frequency. This leads to an interesting phe-
nomenon, peculiar to nonlinear systems, called the jump phenomenon. Imagine that
the amplitude of excitation is fixed, but its frequency is slowly increased, starting
slightly below the linear natural frequency. As the frequency is increased the steady-
state amplitude follows the upper branch of the frequency response curve, until the
point of vertical tangency is reached. When the frequency is increased beyond this
critical value, the only possible steady-state amplitude is finitely lower than the am-
plitude at the critical frequency, and the amplitude will “jump” to this lower value.
Now if the frequency is decreased from this value, the steady-state amplitude will
follow the lower branch of the frequency response curve, until the point of vertical
tangency is reached, when it will “jump” to the upper branch.

~-10 -5 5 10

Figure 11.9  Frequency response curve for primary resonance of
Duffing’s equation illustrates the jump phenomenon
lu=025F =)
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Figure 11.10  Phase versus frequency curve for primary resonance of
Duffing's equation also shows a jump phenomenon
{u=0.25Fy =1}

A state plane showing the relation between the amplitude and phase can be
plotted for Duffing’s equation with a primary resonance for parameters where the
triple valuedness exists. Two equilibrium points are stable foci corresponding to the
points on the upper and lower branches of the frequency response curve. A third
equilibrium point is a saddle point corresponding to the intermediate amplitude
between the points of vertical tangency. Since this equilibrium point is unstable,
it can never be physically attained. The initial conditions dictate which of the two
stable foci corresponds to the steady-state solution.

3. Superharmonic resonance. When either ry or r; is near %, the free-oscillation
term does not decay exponentially. The steady-state response then consists of the
forced response whose period is three times that of the linear natural period plus
the free response, whose frequency is adjusted to three times that of the excitation.
Thus the total response is periodic with the period equal to that of the excitation.

Introduction of a detuning parameter when r, is near % 3r; = 1 + €0, leads to
the frequency response equation

[4° + (0 — 3F? - $A®?| A’ = F} [11.43]

which is cubic in A2 and hence has three solutions. For a certain frequency range,
three real solutions exist. The triple valuedness of the amplitude leads to a jump
phenomenon similar to that for the primary resonance, as shown in Fig. 11.11.

4. Subharmonic resonance. When an excitation frequency is near three times
the linear natural frequency, a subharmonic résonance may occur. The frequency
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-10 -5

Figure 11.11 Frequency response curve for superharmonic
resonance (1 = 0.25, F) = 1).

response curve when r; is near 3, r; = 3 + €0 is given by
[90% + (0 - 9F? - §47)?] 42 = &L p2a¢ [11.44]

Equation (11.44) has the trivial solution, A = 0, and two solutions obtained as roots
of a quadratic equation in A?. The quadratic equation yields real solutions for A if
and only if the parameters satisfy the following inequality:

2 2242 2
g _ (9_) _635M55+ (3) — 63 [11.45]
Iz 7 4 U 7

When nontrivial solutions exist, one corresponds to a stable focus and one corre-
sponds to a saddle point. The initial conditions determine whether the steady-state
contribution from the free-oscillation term is trivial or approaches the stable focus.
Thus, if Eq. (11.45) is satisfied and the initial conditions are appropriate, the
free-vibration term will not decay, but will exist with an adjusted frequency of one-
third of that of the excitation. The total response is periodic with the period equal
to that of the excitation. The frequency response curve is illustrated in Fig. 11.12.

5. Combination resonances. Combination resonances are unigue to nonlinear sys-
tems and occur because of the nonlinear interaction of the particular solutions from
xo when x, is calculated. When a combination resonance is present, a nontrivial
free-vibration solution exists. The nonlinearity tunes the free-vibration response to
the appropriate combination of frequencies.

The jump phenomenon does occur when a combination resonance is present.
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Figure 11.12 Frequency response curve for superharmonic
resonance with 4 = 0,25 and Fy = 1. For
o < 0.937, only the trivial steady-state
response exists.

6. Simultaneous resonances. Simultaneous resonances occur when two resonance
conditions occur simultaneously. A detuning parameter is introduced for each reso-
nance condition. Analysis of the steady state is much more complicated. For some
simultaneous resonances, as many as seven equilibrium points exist in the state plane
for the same frequency.

11.7 MULTI-DEGREE-OF-FREEDOM SYSTEMS

Nonlinear multi-degree-of-freedom systems exhibit behaviors which are not present
for linear systems. It is instructive to consider free and forced vibrations of sys-
tems with quadratic nonlinearities and systems with cubic nonlinearities. Let p1,
D2, ..., P be the principal coordinates for a linearized system with natural frequen-
cleswy < wp < --- < w,, respectively. Principal coordinates that uncouple a linear
system do not uncouple the system when nonlinearities are considered. The differ-
ential equations for the principal coordinates are coupled through nonlinear terms.
For example, the free vibrations of an undamped two-degree-of-freedom system
with quadratic nonlinearities are governed by

Pr+aolp +aipl +@pip2+o3p} =0 [11.46]
Pr+wips + PP +BaPip2+ Bipi =0
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11.7.1 FREE VIBRATIONS

The free-vibration response of a system with quadratic nonlinearities includes peri-
odic terms with frequencies of @y +®2, ©1 — @2, 201, and 2w;. If w; = 2w;, then the
nonlinearity acts as if it excites the system with a harmonic excitation of frequencies
oy and w,, producing a self-sustaining free oscillation, called an internal resonance.

In the absence of the internal resonance, and in the presence of damping, the
free oscillations of both modes decay exponentially, and are to first approximation
independent. When an internal resonance is present, free oscillations are sustained,
even when damping is present and causes coupling between the two modes. Even
if only one mode is initially excited, the internal resonance excites the other mode
as well. Energy is continually exchanged between the two modes.

An internal resonance occurs in a two-degree-of-freedom system with cubic
nonlinearities when w, ~ 3w;.

Reconsider the spring pendulum of Example 11.2. The spring has a stiffness 1 x 10° N/m| Exampl
and an unstretched length of 0.5 m. For what values of m will an internal resonance
occur?

Solution:
Since [ is the length of the spring when the system is in equilibrium,

1=(0.5+Tk§)m

Since the approximate linear system is uncoupled when x and 4 are used as generalized
coordinates, these are also the principal coordinates and the linear natural frequencies

are
1 = — — -
05+ "8 V.m

k
Setting @, = 2w, givesm = 12.74 kg.

11.7.2 FORCED VIBRATIONS

The free oscillations are self-sustaining in multi-degree-of-freedom systems subject
to harmonic excitations when the frequency of excitation is near certain values. A
primary resonance occurs if the excitation frequency is near any of the system’s
natural frequencies. Subharmonic and superharmonic resonances occur as for one-
degree-of-freedom systems. Other secondary resonances occur when the excitation
frequency is near a certain combination of natural frequencies.

For a system with quadratic nonlinearities, these resonances occur when the
excitation frequency is near the sum or difference of two natural frequencies.
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Combination resonances occur for multifrequency excitations. Simultaneous resg-
nance conditions can also exist.

A complete summary of the phenomena present in nonlinear multi-degree-of-
freedom systems is too extensive. The jump phenomenon occurs for certain types
of resonances. Quenching can also occur in certain systems with simultaneoyg
resonances where introduction of the second resonance causes the total response to
decrease.

A saturation phenomenon can also occur for systems with quadratic nonlinear-
ities. The amplitude of a specific mode may build up as the amplitude of excitation
is increased. When the excitation amplitude reaches a certain value, the mode may
become saturated; its amplitude of response remains constant as the excitation am-
plitude is further increased. The amplitudes of the other modes will continue to
grow with the excitation amplitude.

In addition to primary resonances, subharmonic resonances, and superharmonic
resonances, combination resonances occur in a two-degree-of-freedom system with
cubic nonlinearities when one of the following conditions is met:

Q2w £ w,y [11.47]
Q%szﬂ:wl
Q~ (w2 £ )

where €2 is the excitation frequency.

11.8 CONTINUOUS SYSTEMS

The nonlinear dimensionless partial differential equation governing transverse vibra-
tions of a uniform beam of length L and radius of gyration r, subject to a transverse
load per unit length F(x, 1), is

r\2 (%w 9w 1 ' fow\? 8w
-z L Y=z hthad - 11.48]
(L) (3t2+8x4) 2[0 (ax) G TEED :
The nonlinear term is a result of the midplane stretching and is often ignored.

Let w1, w2, .. . be the natural frequencies of the linearized system and ¢y, ¢2, - - -
be their corresponding normalized mode shapes such that

(¢i(x), d;(x)) = &;

for an appropriate scalar product.
The expansion theorem is used to develop an approximation to the solution of

Eq. (11.48) as

wx, 1) =€ Y _ pi(t)ei(x) [11.49]
i=1
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where € « 1 is a small dimensionless amplitude. Substituting Eq. (11.49) into Eq.
(11.48), taking the scalar product with respect to ¢, (x) for an arbitrary j, and using
algebra and mode shape orthonormality lead to

) 2

¥\ [ 3¢ ddm

w*p, =€ , dx

rvoin =< (5) [$ 222 (6. 5%) [ 2% ix e

+ (F(x, 1), 9;(x))

[11.50]

The preceding procedure is similar to the modal analysis method of Chap. 9,

except that the members of the resulting set of ordinary differential equations are

sti]l coupled through the nonlinear terms. The nonlinear terms, due to midplane

stretching are cubic nonlinearities. If the excitation is harmonic with a frequency €,
then from the results of Sec. 11.7, the following resonances can occur:

1. Internal resonances occur if w; ~ 3w;, or @ ~ 2w; + wy for any i, j, and £.
From Table 9.4, for a fixed-pinned beam, w; = 3w, + 2.30, and for a fixed-
fixed beam ws = 23 + w; — 4.86. Intemnal resonances occur in each of these
beams. It is noted that for a pinned-pinned beam &3 = 2w, + @). However, the
coefficient multiplying p2 p; in Eq. (11.50) is zero for a pinned-pinned beam.

2. Primary resonance occurs if Q = @; for any i.

3. Superharmonic resonance occurs if = «;/3 for any i.

4. Subharmonic resonance occurs if = 3w; for any i.

5. Combination resonances occur if Q@ ~ 2w; + wj, @ ~ w; + ®j £ a, or
Q ~ (w; £ w;)/2 forany i, j, and k.

11.9 CHaos

Recent research in nonlinear phenomena has led to the development of a new branch
of physics called chaos. The term chaos is not well defined but refers to the seemingly
random response of a nonlinear system due to deterministic excitation. Chaos occurs
when a periodic excitation leads to a nonpetiodic response. Chaos occurs when
slightly different initial conditions lead to divergent responses.

Chaos has been observed and predicted in nonlinear systems in such diverse
fields as physics, medicine, economics, and meteorology. Chaos occuts in mechan-
ical systems, electrical systems, and chemical systems. Researchers observed that
chicken pox epidemics are periodic while measles epidemics are chaotic. Others
have used chaos to model stock market fluctuations. Many researchers hope that
chaos may unlock some of the mysteries of fluid turbulence.

Chaotic motion has been observed in many mechanical systems. Chaotic vi-
brations for systems modeled by Duffing’s equation are well documented, as are
chaotic motions of a forced pendulum.
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Analytical tools have been developed to identify and classify chaotic behavior,
These tools can be applied to analytical solutions for vibrating systems as well ag
experimental observations. Some are described in the following discussion.

1. State space. Observation of the state space can indicate whether a system ig
chaotic. A chaotic motion will have trajectories that do not repeat, when viewed in
the phase plane. The trajectories will fill a region of the phase plane without ever
repeating. However, viewing of the state plane is by itself insufficient to speculate
that a motion is chaotic. An example of a chaotic response from Duffing’s equation,
Eq. (11.9) as viewed in a state plane is shown in Fig. 11.13.

2. Poincaré sections. A Poincaré section is a graph of the phase plane response
taken or sampled only at fixed intervals of time. If the response is periodic and the
time interval is equal to the period, then the Poincaré section is only a point, as the
same response is obtained on each sampling. If the response is periodic and the
time interval is less than the period, but commensurate with the period, the Poincaré
section is a finite number of points.

The Poincaré section of a nonlinear system with a quadratic subharmonic res-
onance, sampled at the period of excitation should have two points. The presence
of the subharmonic resonance doubles the period of response. If a system subject
to a periodic excitation is sampled at intervals equal to the period of excitation, and
the Poincaré section is a seemingly random collection of points, the response can
be guessed to be chaotic. Poincaré sections for responses of Duffing’s equation,
Eq. (11.9) are given in Fig. 11.14. These Poincaré sections illustrate that values of
parameters determine whether a response is chaotic.

€
¢
A =
r

Figure 11.13  Siate plane for an apparently
chaotic motion.
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3. Fourier transforms. The Fourier transform of a nonperiodic continuous functiop
is an extension of the Fourier series defined for periodic functions. The Fourjey
transform is obtained from the Fourier series by allowing the period to become
infinite. The resulting Fourier transform of f(z) is defined as

0

i, 1 .
flw) = E?Ef_ F@)e " dt [11.81]

o0

The transform function, f(w), is a function of the transform variable, w. If the
Fourier transform of a periodic function is taken, then f(w) = 0 unless w is a
multiple of the function’s fundamental frequency.

The Fourier transform decomposes a function into its harmonic components.
The strength of a component is given by the magnitude of f(w). The values of
@ which have significant nonzero values of f(w) are called the spectrum of the
function. If the Fourier transform of the response of a nonlinear system due to a
periodic response is a continuous spectrum, then the response is chaotic.

For computational purposes the Fourier transform is replaced by the fast Fourier
transform. If f(¢) is known at k times, #1, #5, ..., &, then the discrete fast Fourier
transform is given by

k
FGY =) fla)e2rid=DG-D/k [11.52]

I=1

Examples of Fourier transforms are given in Fig. 11.15.

4. Bifurcation diagrams. Bifurcation diagrams can be used to identify one route
to chaos. The steady-state amplitude (or phase) of a nonlinear system as a function
of a system parameter is plotted as the parameter is slowly changed. For a nonlinear
system the steady-state solution may split at a certain value of the parameter and
two possible steady states exist for greater values of the parameter. A bifurcation is
said to occur for the value of the parameter where the split occurs. The bifurcation
is often the result of the sudden presence of a subharmonic resonance. When this
occurs the period of motion doubles. As the parameter is increased, additional
bifurcations may occur, where the period again doubles. If the system is chaotic, as
the parameter increases, bifurcations and period doubling occur more rapidly. The
chaotic response bounces between amplitudes and has no discernible period. The
plot of steady-state amplitudes (or phases) as the parameter increases becomes a
blur. Itis often the case that as the parameter is increased much further, the motion
again becomes periodic.

While chaotic motion is characterized by its unpredictable nature, it has some
universal features. Feigenbaum showed that, as the number of bifurcations increases,
the values of the parameter, call it A, for which the bifurcations occur are given by

Ay — A, = (4.669..)(Ans1 — An) [11.53]

There are many routes to chaos. The one described here applies to systems
undergoing nonlinear oscillations subject to a harmonic excitation and is illustrated
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Figure 11.15

{a) Fourier transform of o periodic function with two distinct frequencies;
{b) Fourier transform of a periodic function of fundamental frequency wo;
(¢} Fourier transform of a chaotic response.

by the rotating U-tube manometer of Example 11.3 and Fig. 11.16. The manometer
is rotated about a vertical axis other than its centroidal axis. The rotational speed of
the manometer varies as

w(t) = AsinAt [11.54]
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Figure 11.16  For cerfain values of A and & the
motion of the column of liquid in the
U tube manometer can be chaotic
when the manometer rotates about g
non-centroidal oxis.

where A is large enough to cause the fluid to be completely drained from the left leg
during an initial transient period. The system is subject to viscous damping from
the interaction of the fluid with the wall of the manometer.

The behavior of a nonlinear system is heavily influenced by the system param-
eters. This is evidenced by the state planes of Figs. 11.17 and 11.18. Figure 10.17
shows the state planes for two slightly different values of the frequency for the same
amplitude. A steady state is evident for the motion of Fig. 10.17a, while the motion
of Fig. 10.175 appears chaotic. Chaos is also induced by small amplitude changes
for the same frequency as shown in Fig. 10.18a.

A bifurcation diagram for the parameter A is shown in Fig. 11.19. The frequency
of excitation is fixed as its amplitude varies. For A < 3.33 the steady-state motion is
periodic. The stationary response is periodic of frequency 2\ and a certain amplitude.

For A = 3.33 the parameters change such that a subharmonic resonance be-
comes present. A bifurcation is said to occur. The presence of the subharmonic
resonance means that the steady-state response is the sum of a free-vibration term
and aforced-vibration term and that the period of motion is doubled. Two amplitudes
are evident in the stationary oscillations.

For A ~ 3.35 another bifurcation occurs. A higher-order subharmonic reso-
nance is induced. The response has a period of four times the original period and is
made up of four distinct amplitudes.

As A increases bifurcations occur more rapidly with the period doubling with
each bifurcation. Eventually, the response is chaotic. The chaotic response shown
in Fig. 11.20 bounces between amplitudes and has no discernible period.

For A ~ 3.36 the motion ceases to be chaotic and returns to the doubled period.
However, bifurcations begin to occur again at A =~ 3.37.

The process described previously is called period doubling through a subhar-
monic cascade.

Chaos is the subject of much current research. It is hoped that studying chaos can
lead to the better understanding of nonlinear systems like turbulent fluid flows, the
flow and pumping of blood through a human heart, weather patterns, and nonlinear
vibrations.
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PROBLEMS

11.1. The free-vibration response of a block hanging from a linear spring is the same as that of
the block attached to the same spring, but sliding on a frictionless surface. Is the response
the same if the spring has a force-displacement relation given by
(a) F=kx+ k3x3.

(b) F = kix + kax2.
() F=kx,x < xp.
F = kyx, x > xp.

11.2. The system of Fig. P11.2 is one of the few for which an exact solution is available. Tts
solution is obtained in a manner analogous to that of free vibrations with Coulomb damping
described in Sec. 16. The block is displaced a distance xy > & to the right from equilibrium
and released. Determine the period of the resulting oscillations.

-

g——'\/\k/v—q m | an—E

i

FIGURE P11.2

11.3. The block in Fig. P11.3 is not attached to the springs. Determine the period of the resulting
oscillations if the block is displaced a distance x; to the right from equilibrium and released.

kl k2
| m
LITHTETTTIfInTr?

FIGURE P11.3

11.4-11.7. Without making linearizing assumptions, use Lagrange’s equations to derive the
nonlinear differential equation(s) governing the motion of the systems shown. Use the
generalized coordinates indicated.

3L
} —_—

4

L
4

= S

|..._.
0 D <7,
Slender rod of mass m /’%:

FIGURE P11.4
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FIGURE P11.5

Parabola

y = px? rotates at
constant w

Particle of mass m moves
along parabola

» x = generalized coordinate  FIGURE P11.6
m
T ——— X
] Slender rod of mass 2m
2
b FIGURE P11.7

11.8. A wedge of specific weight y floats stably on the free surface of a fluid of specific weight y,,

(Fig. P11.8). The wedge is given a vertical displacement & from this equilibrium position.

(a) Derive the differential equation governing the resulting free oscillations of the wedge.
Neglect viscous effects and the added mass of the fluid.
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(b) What is the equation of the trajectory in the phase plane which describes the resulting
motion. Sketch the trajectory.

(¢) Assume § is small and use the method of renormalization to determine a two-term,
approximation for the frequency-amplitude relationship.

Y FIGURE P11.8

11.9. Repeat Prob. 11.8 for the inverted cone of Fig. P11.9.

:

r FIGURE P11.9

11.10. Determine the equation defining the state plane for the system of Fig. P11.6. Sketch
trajectories in the phase plane when
(@ p=15m"", w=>5rads.
® p=1.0m™", w = 5 radss.
(¢) p=5.097m™!, w = 10 rad/s.

11.11. Plot the trajectory in the state plane corresponding to the motion of a mass attached to a
linear spring free to slide on a surface with Coulomb damping when the mass is displaced
from equilibrium and released from rest.

11.12. Determine the equilibrium points and their type for the differential equation
i+2Ai—-x+ex’=0

11.13. Determine the equilibrium points and their type for the differential equation
F4+2i—-x—ex’=0

11.14. Determine the equilibrium points and their type for the differential equation
F+2i+x+ex=0

11.15. Determine the equilibrium points and their type for the differential equation
i+2x+x—ex?=0
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11.16. The equation of motion for the free oscillations of a pendulum subject to quadratic damping
is

6+ 2062 +sin@ =0

(@) Determine an exact equation defining the state plane.
(b) Determine the equilibrium points and their type.

11.17. Determine the period of oscillation of a mass attached to a hardening spring with a cubic
nonlinearity.

11.18. Determine an integral expression for the period of oscillation of the system of Fig. P11.6.

11.19. Use the method of renormalization to determine a two-term approximation for the frequency-
amplitude relation for the system of Fig. P11.4. If the bar is rotated 4° from equilibrium
and released, what is the period for L = 4 m, k = 1000 N/m, and m = 10 kg?

11.20. A 25-kg mass is attached to a hardening spring with k; = 1000 N/m and ks = 4,000 N/m>.
The mass is displaced 15 mm from equilibrium and released from rest. What is the period
of the ensuing oscillations?

11.21. Suppose the mass of Prob. 11.20is subject to an impulse which imparts a velocity of 3.1 m/s
to the mass when the mass is in equilibrium. What is the period of the ensuing oscillations?

11.22. Suppose the mass of Prob. 11.20 is attached to the same spring when a 50-N force is
statically applied and suddenly removed. What is the period of the ensuing oscillations?

11.23. Use the method of renormalization to determine a two-term frequency-amplitude relation-
ship for the particle on the rotating parabola of Fig. P11.6, assuming the amplitude is
small,

11.24, Use the method of renormalization to determine a two-term frequency-amplitude rela-
tionship for a block of mass m attached to a spring with a quadratic nonlinearity. When
nondimensionalized the differential equation governing free vibrations of the system is

it x+ex? =0 e«

Problems 11.25 to 11.31 refer to the system of Fig. P11.25.

k, = 1000 N/m
ky = 950 N/m’
VW
4 17.8kg F————» F(1)
4 1
4 J
-

LITTFTTE7 77777777
20N-s/m ’ FIGURE P11.25

11.25. If F(t) = Fpsinwt, what values of « will lead to the presence of
(a) A primary resonance.
(b) A superharmonic resonance.
(c) A subharmonic resonance.

11.26. When F(t) = 5sin8¢ N a primary resonance condition occurs. Determine the amplitude
of the forced response.
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11.27. When F(t) = 150sin 2.5¢ N a superharmonic resonance condition occurs. Determine the
amplitude of the forced response.

11.28. If F(t) = Fysinwt N, for what value of  will a jump in amplitude occur when  is
increased slightly beyond this value when
(a) Fp, =5 N and a primary resonance occurs.
(b) Fp = 150 N and a superharmonic resonance occurs.

11.29. If F(¢) = 25sin 22t N, will a nontrivial subharmonic response exist?

11.30. If F(¢) = 30sin 15¢ 4+ 25 sin wt N, what values of  lead to a combination resonance?

11.31. If F(¢) = 30sin 2.5¢ 4+ 25sin wt N, what values of w lead to simultaneous resonances?
Problems 11.32 to 11.35 refer to the systems of Fig. P11.32. The spring of stiffness k, is
a linear spring.

11.32. If m; = 10 kg, for what values of k; will internal resonances exist?

= X4 X,
k2

g——ivv\,— 0kg AW~ M2 | —F@©

1000x + 950x3 FIGURE P11.32

11.33. For what values of m, are internal resonances possible? If an internal resonance is possible,
in terms of m;, for what values of k; will they exist?

11.34. Consider the system with m; = 10 kg and k; = 2000 N/m. The right mass is displaced 10
mm from equilibrium while the left mass is held in place. The system is released from rest
from this configuration.

(a) Determine the natural frequencies, mode shapes, and principal coordinates for the
linearized system.

(b) Write the nonlinear differential equations governing the system using the principal
coordinates of the linearized system as dependent variables.

11.35. If my = 10 kg, k; = 1000 N/m, and F(¢) = 150sin wt N, for what values of w will the
following resonances exist?

(a) Primary resonance.

(b) Superharmonic resonance.
(¢) Subharmonic resonance.
(d) Combination resonance.

11.36. Consider the system of Fig. P11.36.

(@) Derive the nonlinear differential equations governing the motion of the system using
the generalized coordinates shown.

(b) Expand trigonometric functions of the generalized coordinates using Taylor series
expansions. Rewrite the differential equations keeping only quadratic and cubic non-
linearities.

(c) For what values of / in terms of the other parameters will an internal resonance exist?

(d) In the absence of an internal resonance, for what values of @ will resonance conditions
exist?
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m
2—’\./V\1——' (O T| —— F(¢t) = Fysin wt
I
Slender rod
of mass m
/L FIGURE P11.36

11.37. Show that the coefficient multiplying p3 p; for a pinned-pinned beam is zero in Eq. (11.50).
11.38. A fixed-free rectangular steel beam (p = 7850 kg/m3, E = 210 x 10° N/m?) of length
1 m, base 2 cm, and height 5 cm is subject to a single-frequency harmonic excitation,
List all excitation frequencies that should be avoided to avoid all primary, secondary, and
combination resonances involving the three lowest modes.
11.39. If the beam of Prob. 11.38 is fixed-fixed, which of the following excitation frequencies
should be avoided and why?
(a) 180 rad/s.
(b) 1530 rad/s.
(c) 2200 rad/s.
(d) 7940 rad/s.

MATLAB PROBLEMS

M11.1. The file VIBES_11A.m is used to numerically integrate Duffing’s equation. The file
uses the MATLAB ordinary differential equation solver ODE45. Use VIBES_11A
to investigate the parameters that lead to chacs. Use VIBES_11A to help develop a
bifurcation diagram for the parameter A.

M11.2. Write a MATLAB file that uses the ordinary differential equation solver to solve the
nonlinear equation

F4+2uk+x +ax?+ px* = Fysinot

The program should also plot the state plane for the solution. Use the program to
investigate how the addition of the quadratic nonlinearity affects chaotic behavior.
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A

Consider the function, fa(x; a), where fa(x; a) as shown in Fig. A.1 is defined by

A
0 - -=
®<x<a-=
1 A A
falx;a) = 1 ) sxsa+s
A
0 a+— <x <00
L 2
The function has the property
[o.e}
f faxia)dx =1 [A.2]
—co
Taking the limit of fa(x; a) as A — 0 yields
. LN _J0o x¥a
gl_rﬂ)fA(x, a)=06(x—a)= { o x=a [A.31
From Eq. (A.2)
o0
f 8(x —a)dx =1 [A.a]
—co

The function defined in Eq. (A.3) and whose valuable property is given in Eq.
(A.4) is called the unit impulse function. It has many applications in physics and
engineering. It is used to mathematically represent the force that is applied to cause
a unit impulse applied at atime ¢ = a in a mechanical system. It is used to represent
a unit concentrated load applied at a location x = a to a structure. The unit impulse
function is also used to represent a unit heat source in a heat transfer problem.
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filx; @
I\
1 b
23
i
A A
-2 + =
@~ a a+ 2 x
Figure A.V Slx —a) = AIimo fa (x; a).
u(x —a) 4
14+
a x

Figure A.2  The unit step function u(x — a).

Now define

u(x—a):fxa(x—a)dxzfx lim fA(x;a)dxz{
0 0 A—0

0 x<a
[A.5]
1 xX>a

The function defined in Eq. (A.5) is called the unit step function and is illustrated in
Fig. A.2. Differentiating Eq. (A.5) gives
du(x —a)

dx

The definitions of the unit impulse function and unit step function can also be used
to derive the following integral formulas. For any function g(z),

=8(x —a) [A.6]

f 8(r —a)g(r)dr =u(t — a)g(a) [a.7]
0

t t
and / u(t —a)g(rydr =u(t —a)/ g(r)dr [a.8]
0 a
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B.1 DEFINITION

The Laplace transform of a function f(t) is defined as

Fs) = LUF@)) = [0 Fe di [8.1]

If there exist values of @, M, and T such that
e fl <M forallt>T [B.2]

then f(s) exists for s > . Equation (B.2) is satisfied for all excitations and
responses in this text.

The Laplace transform transforms a real-valued function into a function of a
complex variable, s. For many functions the Laplace transform can be obtained by
direct integration.

Determine the Laplace transform of f (1) = e™.
Solution:

1 *® 1

e(a—s)! —

o0
Lie) = f et dt =
o]




FUNDAMENTALS OF MECHANICAL VIBRATIONS

Table B.1
Number F® Ii0)
i 1 1
s
n!
2 " sn+l
3 eaf 1
s—a
. w
4 s w! ;2+_(02
s
5 coS wt PR
6 8t —a) e
—as
7 u(t—a)

B.2 TABLE OF TRANSFORMS

Equation (B.1) is used to develop a table of Laplace transforms of common func-
tions. Laplace wransforms of other functions can be developed using Table B.1 in
conjunction with properties of the transform.

B.3 LINEARITY

The Laplace transform operator is a linear operator. Let f(s) = L{f(¢)} and
8(s) = L{g()} and let & and B be any real numbers. Then

Liaf @) + Bg)} = o f(s) + BZ(s) [s.3]

B.4 TRANSFORM OF DERIVATIVES

The property of the Laplace transforms of derivatives allows easy application of the
Laplace transform to the solution of differential equations

£ Ii;t{ =s"f(s)=s"f(0)—s"2f )~ —sf"D Q) - f*V(0) [s.4]
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Use transform pair 5 from Table B.1 and Eq. (B.4) to determine L{sin 2t}. Exar
Solution:
Noting that
. 1d(cos2t)
2t = ——
sin 3

and applying properties (B.3) and (B.4) withn = 1 gives
L{sin2t) = —3(sL{cos 2t} ~ 1)

Using transform pair S from Table B.1,

2
c{sinzx}=~-l-( o -1)= 2

2\s?24+4 st+44

B.5 FIRST SHIFTING THEOREM

If f(s) = L{f()), then
Lie™ f(O)) = f(s +a) [s.5]

Use Table B.1 and the first shifting theorem to calculate £{e~*“*' cos wqt} where wy = Tlxm

wpy/(1 ~£2).
Solution:
Using the first shifting theorem and transform pair 5 from Table B.1,
_ + {wp s+ {wy
Lle$9" cos wgt} = s = s -
{e “ } 52 + wczi S 5+Lwn (S + ¢w")2 + 0)5 52 + 2§'wns + w'zl

B.6 SECOND SHIFTING THEOREM

If f(s) = L{f(®)}, then
L{f(t —aul —a)} = e f(s) [B.61]
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§i0))

Figure B.1

b4

Use Table B.1 and the second shifting theorem to determine the Laplace transform of
the function of Fig. B.1.

Solution:
The function of Fig. B.1 is written using unit step functions as

F@) =tlu@) —u@ - DI+ Q2 - 0)u@ —1) —u@ - 2)]
=tu() - 20t — Du(@ - 1)+ (¢ - 2u@ - 2)

Use of transform pair 2 from Table B.1 with n = 1 and the second shifting theorem give

1 2 1 1
LifD)} = - e-S; +e—2~*; =-(1- 2e™ + e )

B.7 INVERSION OF TRANSFORM
If f(s) = L{f (1)}, then f(t) = L7{f(s)} where

y+ico

L =5 [ Forends fe.7]
Y

—ioo
is an integral carried out in the complex s plane. Inverse transforms are often obtained
by using Table B.1 in conjunction with transform properties.

if
_2s s+5
5242545

find f(t), where f(t) = LY F(s)}.

= f(5)
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Completing the square of the denominator of F(s) gives
A + 5 =32 s+ 1 4 ] _ . =2s=
Gries ¢ [(s+1)2+4+(s+1)2+4 <80

Using linearity, the first shifting theorem, and transform pairs 4 and 5 from Table B.1
leads to

f)=e%

g@®) = L7 (s)} = e~*(cos 2t + 2sin 2f)
Using the second shifting theorem leads to
f©) =u(t —2)gt —2) = ¢ *cos 2(t —2) +2sin2(t — )u(t — 2)
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l €.1 DEFINITIONS

1. A matrix is a collection of numbers arranged in a specific order in rows and
columns. If matrix A has n rows and m columns, then it is represented by

ay a2 a3 - Qm
ay an an ---

A=ay ax ais -+ anm [c.11
Any Qy2 4y3 ' Qum

Throughout this text a single capital letter in boldface is used to represent a
matrix. The corresponding lowercase letter with two subscripts is used to refertoa
specific element of the matrix. For example, the element a;; resides in the ith row
and jth column of A.

A matrix with n rows and m columns is called an # x m matrix. A square matrix
has the same number of rows and columns.

2. A column vector is a matrix with only one column. A row vector is a matrix
with only one row. Usually, a single lowercase letter in boldface is used to represeit
a column vector or arow vector. The letter with a single subscript refers to a specific
element of the vector. A column vector with n rows or a row vector with n columns
is said to be an n-dimensional vector. If x is an n-dimensional column vector then
Xi, i < n,is the element in the ith row of the vector.

3. A diagonal matrix is a square matrix with all off-diagonal elements equal t0
zero. Thatis a;; = 0if i # j.
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4. An identity matrix is a square diagonal matrix whose diagonal elements are all
unity. That is q;; = 5;;, where ;; is the Kronecker delta defined by

1 i=j
3,']' = . ,

0 i#j
5. The transpose of the matrix A, denoted by AT, is the matrix obtained by inter-
changing the rows and columns of A. If B = A7, then b;; = a;;. The transpose of
a column vector is a row vector and vice versa.
6. A symmetric matrix is a square matrix whose transpose is equal to the matrix
itself. If A is an n x n symmetric matrix, then a;; = aj; fori = 1,...,n and
j =1,...,n.

ijs

€.2 DETERMINANTS

The determinant of a square n x n matrix is a number associated with the matrix that
is often of great consequence. Itis easiest to define the determinant of a 2 x 2 matrix
and use this definition and properties of determinants to calculate the determinant
of larger matrices.

The determinant of the 2 x 2 matrix A is

an apn

det(A} = |A| =1 "

= anan — anan [c.2]

The minor corresponding to the element in the ith row and jth column of an
n x n matrix A, denoted by M;;, is the determinant of the (n — 1) x (n — 1) matrix
obtained by deleting the ith row and jth column from A. The cofactor corresponding
to the element in the ith row and jth column of A, denoted by C;;, is

C.‘j = (—1)i+jM,'j [c.3]
Foran i, i = 1,...,n, the determinant of A is obtained by the following row
expansion:
n
Al = Zaijcij [c.al
j=1

The value of the determinant is the same regardless of the value of i. The determinant
can also be calculated by a column expansion according to the formula

n
A = Z“ﬁcﬁ [c.5]
j=1
Since the minors themselves are determinants, row or columns expansions can

be used to express each of the minors in terms of the minors of their corresponding
matrix. These expansions continue until the remaining minors are 2 x 2 determinants.
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€alculate the determinant of the 4 x 4 matrix A where

1 0 0 2
1 2 -1 0
A=l -1 31
2 0 21
Solution:
The determinant is evaluated by a first-row expansion, using Eq. (C.4),
2 -1 0 1 2 -1}
Al=1){-1 3 1|-2j2 -1 3
6 -2 1 2 0 =2

Expansion by the first row is used to evaluate each of the 3 x 3 determinants, resulting
in

-1 1 -1 3
w=a| 3 i[-eo[ i-2[of )

2 3 2 -1
-of; el ]

The 2 x 2 determinants are evaluated using Eq. (C.2), yielding

Al = DIB)(1) - (D)(=2)] + (=) - (1)(0)]
= A-D(=2) - O] - DID(=2) - B3] - [DO) - (DN}
= —31

The determinant of a matrix is zero if and only if the column vectors that form
the matrix are linearly dependent. For example, the determinant of a matrix with a
column of zeros is zero. A matrix whose determinant is zero is said to be singular.
The row vectors of a singular matrix are also linearly dependent.

€.3 MATRIX OPERATIONS
IfC = A +B, then
cij = a;; + bj [c.o]

If the number of columns of A equals the number of rows of B, then the matrix
C = AB is defined as a matrix with the number of rows of A and the number of
columns of B and ¢;; is the sum of the products of the corresponding elements 10
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the ith row of A and the jth column of B. That is,
Cij = Zaikbkj [c.7]1
k=1

Matrix multiplication is not commutative, but is associative and distributive.
The transpose of the product has the following property. If C = AB, then

C’ = (AB)T = B7AT [c.8]
Calculate Ax where | Example
1 2 4 -1 1
2 30 4 4
A=l1 26 2| *=|
0 2 3 1 2

The product of a4 x 4 matrix and a four-dimensional column vector is a four-dimensional
column vector,

MDD + Q@) + @D + (-D(2) 3
Ax = QYD)+ )@ + O (-1 + D(2) _|22
(M) + @) + E)(=1) + 2)(2) 7
O)(D) + @) + B)(=1) + (1)(2) 7

€.4 SyYSTEMS OF EQUATIONS

Consider the system of » simultaneous equations which are to be solved for the n
unknowns xi, x2, ..., X,,

anxy + apxz +- -+ aiaXy = Y1

anxy + anxa +--+amx, = y2 [c.o]

an1 X1 + Qu2X2 + - - - + CupXn = Yn

Using the definitions of matrix addition and matrix multiplication, the system of Eq.
(C.9) is written in matrix form as

Ax =y
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where
ay a2 -+ Qun X1 »1
ay a2 - an b %) y2
A = . : . : X = . y= . EC. 1 °]
Qpy Gn2 '+ Qun Xn Vn

Cramer’s rule can be used to solve for the components of x,

_ 1By

X; = ic.?
A| 11

where B; is the matrix obtained by replacing the ith column of A with y. Thus if
A is singular, a solution of Eq. (C.9) exists only for certain forms of y. Since its
rows are linearly dependent when the matrix is singular, the solution corresponding
to special forms of y is not unique.

An equation in a system of equations can be replaced, without affecting the
solution of the system, by an equation obtained by multiplying the equation by a
scalar and adding or subtracting it from another equation. The equations can be so
manipulated until one of the equations only has one unknown. This is the basis of
the Gauss elimination method.

Matrix formulation of the equations expedites the application of Gauss elimi-
nation. The n x n coefficient matrix is augmented with the right-hand side vector
to form an n x (n + 1) matrix. Each row of the augmented matrix represents one
equation. The Gauss elimination procedure is applied by performing manipulations
on the rows of the augmented matrix such that coefficients below the diagonal be-
come zero. The elimination procedure results in a coefficient matrix with all zeros
below its diagonal. Back substitution is used to determine the solution.

€C.5 INVERSE MATRIX

If A is a nonsingular 2 x n matrix, then a matrix A~!, called the inverse of A, exists
such that

AA T =A"TA=1 [c.12]
If A1 is known, Eq. (C.9) can be solved by premultiplying both sides by A7l
A'Ax=x=A"ly [c.13]

If y is a column vector with all zeros except y, = 1, then A~y is the ith column of
A~!. This provides the basis of an extension of Gauss elimination which is used‘t0
determine A~!. The coefficient matrix is augmented by the n x r identity matrx.
The procedure used in Gauss elimination is applied until the identity matrix appears
in place of the original matrix. The matrix that augments the identity matrix is A~
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Determine the inverse of
2 -1 0
A=|-1 3 =2
0 =2 3

Solution:
Gauss elimination is applied to the following matrix:

2 -1 0100
-1 3 -2 010
0 -2 3001
Gauss elimination is used to develop zeros below the diagonal of the coefficient matrix
2 -1 010 0
0 5 -4 12 0

i 5
6o 0 1123

The procedure of Gauss elimination is used to eliminate the zeros above the diagonal of
the coefficient matrix. Eachrow is divided by the value of the element along the diagonal
of the matrix that has taken the place of the original coefficient matrix. The result is

5 3 2
1005 7 3
3 6 4
01035 37 3
2 4 5
001 3 37 3
Thus

3 03 2

7T 7 1

-t_|3 6 4

A—777

2 4 3

7 7 7

€C.6 EIGENVALUE PROBLEMS

The eigenvalues of an n x n matrix, A, are the values of A such that the system of
equations

AX = AX fc.1a4]

has a nontrivial solution. The nontrivial solution corresponding to an eigenvalue is
called an eigenvector. Equation (C.14) can be rewritten as

A-2Dx=90 [c.15]
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From Cramer’s rule, Eq. (C.11), the solution for x; is

= 0 i=1 n
x'—lA—Ml =1,...,
Thus, foreachi = 1,...,n, x; = 0, unless
A~ =0 [c.16]

The determinant of Eq. (C.16) can be expanded by a row or column expansion.
This yields an nth-order polynomial equation of the form

MACA O 2+ -+ CugrA+C, =0 [c.17]

called the characteristic equation. Equation (C.17) has n roots, and A has » eigen-
values. Since the coefficients in Eq. (C.17) are all real, if complex eigenvalues occur,
they occur as complex conjugate pairs.

If ) is an eigenvalue of A, then Eq. (C.14) has a nontrivial solution, an eigenvec-
tor. From Eq. (C.16), the matrix A — A/ is singular. Thus the equations defining the
components of the corresponding eigenvector are not all independent and the eigen-
vector is not unique. The eigenvector is unique only to an arbitrary multiplicative
constant.

Determine the eigenvalues and eigenvectors of the matrix

2 -1 0
A=1]-1 3 -2
0 -2 3

The eigenvalues of A are determined by finding the values of A satisfying Eq. (C.16),
which for this example become

2-2 -1 0
-1 3-12 =-21=0
0 -2 3-2

Expansion of the determinant by its first row gives

e
0 3-2A

-2

_l-—(—l) |=0

(2-2) |3_'27“ 3

When the 2 x 2 determinants are expanded by using Eq. (C.2), the following cubic
equation is obtained:

~A34+82-16A+7=0
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The eigenvalues are the roots of the cubic equation which are 0.609, 2.227, and 5.164.
The eigenvector corresponding to the smallest eigenvalue is obtained by solving

1.391 -1 0 X1 0
—1 2.391 —‘2 xrz = 0
0 -2 2.391 | | x, 0

The first equation gives x; — 0.719x,. The third equation gives x3 = 0.836x,. When
these relationships are substituted into the second equation, it is identically satisfied.
Thus x, remains arbitrary and the eigenvector of A corresponding to A = 0.609 is

0.719
Ci|1
0.836

where C is an arbitrary constant. The same procedure is followed yielding the eigen-
vectors corresponding to the second and third eigenvalues. These are

—4.41 -0.316
Gl 1 G| 1
2.59 -0.924

respectively.

If A is an n x n singular matrix, then one of its eigenvalues is zero. If A is
nonsingular, then the eigenvalues of A~! are the reciprocals of the eigenvalues of A.
The eigenvectors of A~! are the same as the eigenvectors of A.

€.7 ScALAR PRODUCTS

Let u, v, and w be arbitrary real n-dimensional column vectors. A scalar product is
an operation among two of these vectors yielding a real value. The scalar product
of u and v is denoted by (u, v). The scalar product must satisfy four requirements.

1. The scalar product is commutative. That is,
(u,v) =(v,u) [c.18]
2. For any real o,
(au, v) = a(u, v) [c.19]
3. The scalar product is distributive

U4+v,w)=uw+(V,w) [c.20]
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4. (u,u) >0 [c.21]
and (u,u) =0 ifandonlyifu=20 [c.22]

The definition of a scalar product is not unique. The standard scalar product jg

defined as
T

(w,v)=u'v [c.23]
Two vectors, u and v, ate said to be orthogonal with respect to a scalar product
if
(u,v) =0 [c.24]
A matrix A is said to be positive definite with respect to a scalar product if
(Au,u) >0 [c.25]
and (Au,u) =0 ifandonlyifu=0 [c.26]

show that if A is a positive-definite symmetric matrix, then
(w, V)4 = (Aw, v) [c.27]
is a valid scalar product where (u, v) is the standard scalar product defined by Eq. (C.23).

Solution:

In order for Eq. (C.27) to represent a valid scalar product, it is necessary to show that
the four properties of Eqs. (C.18) through (C.22) are true, knowing that they are true for
the standard scalar product.

1. (u, V)4 = (Aw’v  Eq. (C.27)

=u’A’v  Eq. (C9)
=uT Ay symmetry of A
= (u, Av) Eq. (C.23)
= (Av,u) Eq.(C.18)
=(v,u)y Eq. (C27)
2. For any real o
(ou, V)4 =a(Au)’v
=a(u, V),
3. @+v, Wy =[A@+v)w
=[(Aw)" + (AV)7 | w
= Awnv + (Av)'w

= wy+ (V,W)y
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4. The validity of the property 4 for this definition of the scalar product follows directly
from the positive definiteness of A, Egs. (C.25) and (C.26).

The concept of scalar products can be extended to continuous functions. Any
operation between two continuous functions that results in a scalar and obeys Eqgs.
(C.18) through (C.22) is a valid scalar product. For exampie, for two functions f (x)
and g(x) that are everywhere continuous between x = 0 and x = 1, a valid scalar
product is

1
(fs 8)=[0 f(x)g(x)dx [c.28]
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Consider a beam of total length L, subject to arbitrary end constraints. Let z be a
coordinate along the neutral axis of the beam. The beam has n intermediate simple
supports at z = z;, i = 1,2, ..., n. Itis desired to calculate the deflection of the
beam as a function of z due to a concentrated unit load applied at z = a. If y(2) is
the deflection of the neutral axis of the beam, measured positive downward from the
horizontal, then use of the usual assumptions of linear elastic beam theory leads to

4
E. :—%ﬁi = w(z) [p.11
where w(z) represents the loading, E is the elastic modulus of the beam, and [/ is
the moment of inertia of the cross-sectional area about the neutral axis.
The intermediate supports are replaced by concentrated loads. Performance of
the analysis requires the deflection to be zero at the intermediate supports.
The mathematical representation for a concentrated load of magnitude P applied
at z = a is P§(z — a) where 8(z) is the unit impulse function. Thus the loading
function w(x) for the beam of Fig. D.1 is written as

n
w(z) =8z —a)+ Y _ Ridz—2) [p.2]
i=1
where R;, i = 1,...,n, are the reactions at the intermediate supports. Equation
(D.2) is substituted into Eq. (D.1) and the resulting equation is integrated three times,
using Eq. (A.5), giving
3

d’y "
E dz3 =u(z—a)+ Z Riu(z — z;) + Cy [b.3]

i=l

42 n
El-dz—); =(z—auiz-a+ Z Ri(z—z)uz —z))+ C1z+ C, [p.4]

i=l
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Figure D.1 Deflection equation for beam with intermediate supports due
to a concentrated load is developed by representing the load
and the support reactions using the unit impulse function.

Table D.1
Boundary Boundary
End condition condition condition
dzy _ d3y _
Free EIF =0 EIE; =0
Fixed y=0 % =
2
Pinned y=0 Eld—Z =0
dx
dy 1 5 1 o )
El—=—-(z—a)u(z—a - Ri(z—z)ulz—2z [D.s]
2 =5 )+2§ (z - 2)%u(z — z;)
ZZ
+ C1—2' +Caz+Cs
EIy=l(z—a)3u(z—a)+-1-iR'(z—z~)3u(z-—z;') [p.6]
6 6 !
2 72
+ C1-6— +C25' + Cyz+Cs

where Cy, C, Cs, and C4 are constants of integration which are determined upon
application of the appropriate boundary conditions.

The appropriate boundary conditions depend on the type of support at the bound-
aries. Table D.1 provides the boundary conditions for different types of support. Two
boundary conditions are applied at each end of the beam. Thus n + 4 equations are
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applied to determine the n + 4 unknowns, » intermediate support reactions, and foy;
constants of integration.

P.1| Determine the deflection of a beam fixed at x = 0 and pinned at z = L due to a concep-
trated load appliedatz = 4,0 <a < L.

Solvtion:
From Table D.1, the appropriate boundary conditions are
y0 =0 (a) yd)=0 (o)
dy d?y
- =0 (b — =0 (d
dz =0 @ dz? z=L @

‘ Apptication of (a) to Eq. (D.6) yields C4 = 0. Application of (b) yields C; = 0,
. Application of (c) and (d) yields the following equations:
L3 L? 1
. = —-(L —a)}
3 Ci + 3 G 6( a)
LG+ C=—(L —a)

-réspectively. The preceding equations are solved simultaneously, yielding
1 a a\? a
a=3(1-9)|()-25 -]

me(1-8) (- 5)

Boundary conditions are applied to the beams of Table D.2, resulting in the
evaluation of constants and, if applicable, intermediate reactions for each beam.
‘Equation (D.6) is used to calculate the deflection of the beam at any point.
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Table D.2

The deflection, y(z), of a uniform beam of elastic modulus E and cross-sectional moment of inertia / due t
concentrated load applied at z = a is
n 3 2
1! Su(z — IV R - 2u —w) + O + 05 4Gz 4 C
y(Z)_Ef[E(Z—a)u(Z a)+6§ iz — zi) u( i) 1g 27+ Gz +Cy
where R; is the reaction at an intermediate support located at z = z;. The forms of the constants and the inter
reactions for common beams are given as follows.

1 1
4 l Ci=-1 G =0
QI:___ a — Cr=a Csy=0

Fixed-free

/’4»” l ”g;” c,:%*l c3-_-"_6,’1(1_%)( _%)

p—a— C,=0 Cs=0

Pinned-binned

> l 1 a ay? a
} O c;=5(1—z [(E) —2—1:—2] C3=0
S a=p(-96-) e

Fixed-pinned

4. a— a 2a
;_ | ¢ C|=—(1—Z2(l+z-) C3=0
a_ E C2=a(1—-%)2 Cs=0

Fixed-fixed

AVUAAY

Q

I
o
N

[

I
LA
—
~— Nl

—

|
P

—

|

I
N—

[ M)
®

L)

o

I

&

A
e
o
Wi
[~

. . 1 3 1 a\’
Fixed-free with overhang Ry = 3773 1- o u(z; —a)

‘e egor om(-2)E[- 2

Jé;” /&12, C=0 Cs=0
ind 1

Pinned-free with overhang 2t

4




appendix

Chapter 1

L1
1.3.
L.5.
L7.
1.9.
1.11.
1.13.
1.15.

1.17.
1.19.

1.21.
1.23.
1.25.

1.27.

1.29.
1.31.

1.33.

1.35.
1.37.

(@) 0.565 m/s, (b) 106.6 m/s?

x() =0.3cos (30t +n/6)m

100.8 m/s?

ap = (—66.51 + 54.3j) m/s?, |ap| = 85.9 m/s?
0.75 m/s?

No

[val = 91.4 ft/s, |ag] = 421.9 ft/s?

(@ a(t) = —2.36 + 13.8¢~* ft/s?,

(b) x = 22.98 ft

(a) 2.68 rad/s?, (b) 13.5 rad/s?

M =2120N-mJ>, O, =1110N «,

Oy = 1400 N ¢

P <6.36N

@max = 0.837 rad/s

T=2974N.-m

umg 2pumg

§=1_t =-_°

(@) ik b é e

Omax = 0.0721 rad

(@) @ = 15.29 rad/s?,
(b) wmax = 0.322 rad/s

1 3L 9
V=ck{2®4+|— —1%?
2 ( +(2)x9+16L9)
vz = 2.86 mph
Xmax = 0.81 m
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1.39.
1.47.
1.49.
1.57.
1.61.

1.63,
1.65.
1.67.
1.69.

L71.
1.73.
1.75.
1.77.

1.79.

1.83.

J=340N-s5-m
Umax = 5.60 m/s
Smax = 1.62 mm
Ast = 0.22 mm

Ast, = 4.41 mm, Agr, = 1.78 mm,
Ast, = 3.57 mm

keq = 1.38 x 10® N/m

keq = 92.3E1

k, = 8.52 x 10 N - m/rad
k; = 9.67 x 107 N/m,

ks =1.93 x 10°* N - m/rad,
ky = 1.72 x 10* N/m

(a)24.5 mm, (b) 132 g

2m,/3

Meq = 0.486m,,

F = e 13%[-2.54 —sin4t 4 7.5cos4t] N
T\uR*

€=

m = 0.04 kg

Chapter 2

2.1and 2.11. ¥ + ﬂc-x =0, wy =,/ —
m m

3k
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N . 27k 12
23and 2.13. § + %%9 + (——- + -—ﬁ) 9 =0,

Tm 7L
_ 7 1z
=N Tm T L
2 2
25and2.15. i+ Li 4+ X x 20, 0, = | 2K
3m 3m Im
38k 33
27and2.17. § + 25 4 2K o, w, = 2ok
3m 3m 3m
. S5g
2.9and2.19. ¢ + —% 4 =0,
an ¢+ TR = r)qb

_ /__5_3___
U E=NTR=1

2.21. w, = 36.2 radfs

2.23. w, = 5.3 x 10° rad/s

2.25, w, = 5.48 rad/s

227. 8.G. =128

229, 1 =0.248m

2.31. w, =3.33 rad/s

235. 2 <0.0176m and A > 0.0230m
2.39. x(t) = 16.83sin (2.321) ft

241. mya = 1.25kg

/6
243. vy < ug _’%n_

2.45. ¢ = 0.013
247. ¢ = 1.26
2.49. t = 0.835

2.51. ¢ = 1.50 x 10° kg/s

2.53. (@) c. = 1549 kg/s

2.57. x,, = 0.812 1t

2.61. t =0.132s

2.63. 1 = 0.0233

2.65. 128 cycles

2.67. h = 0.00310, ¢ = 0.00155

Chapter 3
37. X =0.187m
39. Mo <248N.m

ANSWERS TO SELECTED Py

3.11. My < 130N .
315 1.13 x 10~ m?
317. X =0.112m
3.19. X =7.27 mm,
321. X = 1.52mm
3.25. [ =0.160, X -
327. ;1 =0445, k =
3.29. k =9.31 x 107
331.d <21.1 mm
333 X =0.36 mm
337. k > 1.83 x 107
339. X =9.4 x 10
341, Xpo = 1.75 x
345. X =17.2cm
3.47. ® = 0.168 rad
349. A =7.88m/s?
3.53. k < 130 N/m
3.55. X = 10.83 mm
3.57. Fy =1655N
3.59. X = 1.40 mm
3.63. X =0.613 mm
3.65. X = 8.67mm

Chapter 4
oMy

4.7. 0(t) = Lo
n

— Wy

T
49. 4 < ——————
w1 -2
4.17. xpax = 1.25m
4.19. xpax = 1.16 x ©

Chapter 5

§.17. Statically coupl
5.19. Statically and d
5.21. Statically and d
5.23. Statically coupl
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5.25.
5.27.
5.31.

5.33.
5.35.
5.37.
5.39.

5.41.

5.43.

5.45.

5.47.

5.49.

S.51.

5.53.

5.55.

FUNDAMENTALS OF MECHANICAL VIBRATIONS
Statically coupled 5.57. 3% -2k O
Statically coupled K=|-2k 3% -k
T = jmif + ymi} + ymis 0 -k &
T = imyi} + §16% + Jmpi}
1., 22, 1. 7252 3 1,52 5.59. k O
T = smyxy + 3mL"0" + gmx; K = :|
V = L [3kx? — 4kx1xz + 3kx3 — 2knpxs + 2k 0 K
V = } [Skxl + 1.2kLx\6 — 4kx\x3 + 0.5kL?6?
: rl6 8 16
~0.4kLOx; + 2kx2] 5.6L kL2 9kL 9kL
V = 1 [2kx? — 38kxcxp + 19kx3 ] a-|8 13 8
1 , kL , 9%L 9% 9%
V=3 [3kx1 + kLx16 — kxyx2 +379 16 8 41
1 k LOkL 9k  18%-
1 2 -
[ 3k -2 O 5.63. r
=|- —k 1 4
K 2k 3k A=1{2 ¢ 2
0 —k 2% k r
1 4 2
-r r r2d
[£kL? —3kL —2kL
K=|-2kL k 0 5.79. 2,64 3.13 1.27
| —2%L 0 % A=1x10"%]3.13 625 3.13 %
(127 313 264
[ Sk 0.6kL -2k
| -2k —0.2kL 2k A=1x10"%] 0912 1042 -261 |
| —2.084 -2.61 15.63
K [ 21k —19%
=10k 19k pAU(l < 10-) 503 5.26]|[x%
- 5.83. 3EI 526 9.15]| %,
2k 0 —kr FoL* ) 10_3) 10.29
K=| 0 k 2% = a1 % 14.41
| —kr —2kr  5kr?
l Chapter 6
l_mlgi1 +myglh 0 X E
K= 6.1. v, = 0.4331/—, W = 1.863,/—
12 m m
0 mog— 3
L 2 6.3. w1 = 1.19x 103 rad/s, w, = 2.65 x 10° rad/s




6.5.

6.7.

6.9.
6.11.

6.13.

6.15.
6.19.

6.21.
6.25.
6.27.

6.31.

APPENDIX T o«

k k
wy = 0646 —, = 1892 -

m m

k k
oy = 0.796,/ —, wy = 1.154,/ —

m m
w3 = 1.538‘/—15-

m

w; = 5.36 x 10° rad/s, w, = 1.38 x 10* rad/s

wy = 35.2rad/s, wp, =42.3rad/s,
w3 = 85.0 rad/s

wy = 18.7 rad/s, wy = 51.2 rad/s,
an = 98.9 rad/s

w = 16.7 rad/s, wy = 255.4rad/s

ki = 60.2 N/m, ky = 79.6 N/m,
ks = 233.7 N/m

x2(0) = 1.404x;(0), %,(0) = X, (0) =0
w =0, wy =459 rad/s, @y = 13.0rad/s

wy =0, w; = 5.07 x 10% rad/s,
w3 = 1.13 x 103 rad/s

@ = 1.26 x 10° rad/s

Chapter 7

7.1
7.3.

7.5.

X; =20.0mm, X; =1.72mm

My =
l-—r22

\/4§2r,2(l -+ =1} ~r} =t +rirdy?

X =0.988 mm

Chapter 8

8.1.
8.3.
8.5.
8.7.
8.9.
8.11.
8.13.
8.17.

Agt = 17.9 mm

k = 8.83 x 10* N/m

85.1 percent isolation

200 kg

k = 1.08 x 10° N/m

k = 4.89 x 10° N/m

k=399 x 10> N/m, Z = 6.96 mm
660.0 rad/s < @ < 733.2 rad/s

ANSWERS TO SELECTED PROBLI

8.23. w, = 61.7 rad/s
8.33. Fr,, =168 x 1051

Chapter 9

9.1. c =5170m/s

9.5. wy = 1.03x 10* rad
w3 =73.11 x 10° ra

9.7. w; = 1.19 x 103 rac
w3=138x10"ra

99, ®=225x10"5¢

9.11. »* = Btanw*, B:

Chapter 11

m
113. T =7 [—+n
ky |y

119. (@) ¥ + x — rx% -

1
by¢ = 1—a/n

©t=wl+%
11.13. x = 0 saddle poi

x = :l:\/g stable

11.15, x = 0 stable foc

1
X = p saddle p«
42 [t
1117.7 = W2 [t
xo€ Jo

11.19. T =0.629 s

11.25.(a) o ~ 4.56 r:
b)w~250r
©w~229r

11.27. X = 0.0344 nr
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INDEX

A

Abramowitz, M., 560
Absorbers; see Damped vibration absorber; Vibration
absorber
Acceleration
due to gravity, 3
of a particle, 9-10
Acceleration amplitude, 160, 361
Acceleration vector, 260
Accelerometer, 180-181
Active vibration control, 400
Adams formulas, 232
Added mass, 38-40
Added moment of inertia, 40
Admissible functions, 502
Aerodynamic drag, 4, 61, 115, 552
Algebraic equations, 5
Amplitude, 1, 137; see also Steady-state amplitude
decrease per swing, 110
exponentially decaying, 91
free vibration, 81
Coulomb damping, 105, 107
hysteretic damping, 112-113, 116
undamped, 81
underdamped, 89-90
harmonic excitation, 139-140, 160
hysteretic damping, 167-168
large vibration, 413
in physical systems, 137
resonant, 414
from work imput, 137-138
Amplitude oscillations, 399
Amplitude ratio, 140, 144; see alse Magnification factor
Anelastic damping, 115
Angular impulse, 15
Angular momentum, 15
Angular velocity vector, 9
Approximate solutions, 65

Approximation, 3, 280

Approximation function, 510

Archimedes’ principle, 37-38

Assumed modes method, 502-506
finite-element applications, 509
Lagrange’s equations, 502-507

Assumptions, 34

Attractors, 553

Automobile suspension system, 2, 158-16

381-388
Averaging, method of, 559

Back substitution, 600
Bar ¢lement, 511-513
Base excitations
harmonic, 156
transient, 212-216
Basic laws of nature, 405
Basis functions, 509
Beam deflection, 606609
Beating, 138
Bifurcation diagrams, 576-578
Binomial theorem, 560-561
Boundary conditions; see also Geometric
conditions
application, 459, 488
beam deflection, 667608
continuous systems, 502
formulation of, 458
and geometric constraints, 5
torsional oscillations, 463464, 4635, .
transverse beam vibrations, 459, 475
484486
Buoyancy, 37-38
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C

Convolution integral—Cont.
derivation of—Cont.
response due to general excitation, 202-204
multi-degree-of-freedom system, 368, 372, 377, 378
one-degree-of-freedom systems, 225-229

Cantilever beam, 8
Cartesian coordinates, 6
Center, 555-556

“hain rule for differentiation, 558 Coulomb damping, 116, 552
“haos, 573-581 compared to viscous damping, 106—-107
*haotic systems, 19 and friction, 103, 107

‘haracteristic equation, 297, 602
haracteristic polynomial, 362
hemical laboratory design, 223-225

one-degree-of-freedom system
forced vibrations, 163-167
free vibrations, 103-110

10leski decomposition, 332 Coulo.mb’s law, 103

reular cylinders, 150-155 Coupling, 550

assification of vibrations, 1819 Cramer’s rule, 296, 363, 602
osed-form solution, 200, 225, 381 Critically damped system, 88

Jlumn vector, 596 Critically damped vibrations, 95-97
smbination resonances, 569, 572, 573 Cubic nonlinearity, 549, 564571
mmunitivity of scalar products, 321 Cubic polynomial, 407

mplex stiffness, 184 Cuckoo clock, 85-86

mpound pendulum, 64 Cushioning, 2

nservation of angular momentum, 317 Cycle, 1

nservation of energy, 4-5

1servation of mass, 45

1servation of momentum, 4-5

1servative forces, 14 D

1sistent mass matrix, 280

stitutive equations, 5
straints of integration, 62
tinuous system, 18~19
oundary conditions, 502

ompared to one-degree-of-freedom system,
247-248

Damped isolator design, 404—405
Damped natural frequency, 90
Damped period, 950
Damped vibration absorbers, 434-439
Damping coefficient, 3435, 88
nergy methods, 486-491 Damping matrix, 262
nite-element method, 501-534 Damping ratio, 88, 91, 113-114, 169, 171, 222, 340,
eneral method, 457-461 372, 414, 417, 444-445

forced-vibration solution, 460-461 critical damping, 88

free-vibration solution, 458460 hysteric damping, 113-114, 169
problem formulation, 458

logarithmic decrement, 91
mped-mass modeling, 279-282 modal damping ratio, 339, 371-372, 373
mlinear, 572-573 multifrequency excitations, 171
proportional damping, 339-341
and shock spectrum, 222
vibration dampers, 444-445
and vibration isolation, 414, 417
viscous damping, 341-342
Dashpot, 35-36
Deflection of beams, 606-609
Deformable materials, 455

rsional oscillations, 461-473
msverse beam vibrations, 473-486
Jrations, 455-491

nuum assumption, 3

lution integral, 547

e motion, 212-216

-ivation of, 200-205

response due to a unit impulse, 201
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ulti-degree-of-freedom system—Cont. Natural frequency—Cont.
energy scalar products, 320-322 multi-degree-of-freedom system—Cont.
forced vibrations, 355388 Rayleigh’s quotient, 328-329
harmonic excitation, 356-361 nonlinear system, 563
Laplace transform solutions, 361-364 one-degree-of-freedom system, 314
modal analysis with general damping, 377~380 undamped, 8085
modal analysis with proportional damping, torsional, 137
365-376

and transmitted force, 420
two-degree-of-freedom model, 314-317
and vibration isolation, 410411
zero, 323

Nayfeh, A. H., 559, 566

numerical solutions, 381~388
general solution, 312-313
general viscous damping, 341-346
lumped-mass modeling, 279-282
natural frequency and mode shapes, 296-311

nonlinear, 570-572 Negative-slope ramp pulse, 422
normalized mode shapes, 325-327 Newton’s laws, 4-5, 62-63, 69, 103, 131, 248, 458, 484
normal-mode solution, 295-297 and Coulomb damping, 103
principal coordinates, 329-331 and free body diagrams, 62-63, 69, 131, 248, 458
properties of natural frequency/mode shapes, and forced vibrations, 484

322-325 mechanical work-energy principle derived from, 4-5
proportional damping, 339-341 Newton’s viscosity law, 35
Rayleigh’s quotient, 324, 325, 327-329, 332 Nodes, 501, 555-556
special cases, 313-320 in lumped-mass modeling, 279282

vibration absorbers, 439-444

viscous damping forces, 262-263
ltifrequency excitations
one-degree-of-freedom system, 170-173
vibration isolation, 410-411

Itiple scales, method of, 559, 566

Nonconservative forces, 1, 133
Nondimensional force ratio, 224
Nonlinear differential equations, 19
Nonlinear pendulum equation, 86
Nonlinear springs, 20
Nonlinear systems, 4, 19, 547-581
absence of superposition, 547
chaotic, 573-581
continuous systems, 572-573
jump phenomenon, 567
motion of, 86
multi-degree-of-freedom system, 570-572

ural boundary conditions, 502
ural frequency, 113-114

for beams, 478-479

continuous systems, 456-457 one-degreeiof—flteedom system
fixed-free bar, 506-507, 520-523 forced vibrations, 564-570
Rayleigh-Ritz method, 490-491 free vibrations, 559-563
and Rayleigh’s quotient, 488 qualitative analysis, 553-557
torsional oscillations, 468470 quantitative analysis, 557559
transverse beam, 477-431 sources of nonlinearity, 548-553
truss, 530-534 Nonperiedic excitation, 199

lamped, 90 No-resonance conditions, 566

ixed-free bar, 513 Normalized mode shapes, 325-327

Tee vibrations, 80-81 Normal-mode solution, 295-297

15 function of mass ratio, 431 Numerical integration, S60-561

nulti-degree-of-freedom system, 296-311, 314, 381 Numerical integration techniques
determinants of, 332-338 convolution integral, 225-229

properties, 322--325 direct numerical evaluation, 229235



o

0,572,573
One-degree-of-freedom system, 7, 18, 38-39
compared to continuous system, 247248
free vibrations, 61-117
harmonic excitation, 131-184
with hysteretic damping, 110-115
nonlinear, 559-570
state plane, 553
transient vibrations, 199-235
undamped, 79-87
vibration isolation theory, 401
with viscous damping, 87-103
Orthogonalized mode shapes, 480
multi-degree-of-freedom system, 365
one-degree-of-freedom system, 232-325
Orthogonal vectors, 321, 604
Oscillations of systems, 1
Overdamped free vibrations, 97-103
Overshoot, 94-95

Parallel springs, 26
Parametrically excited system, 552

Partial differential equations, 18--19, 247, 463464, 469

approximate rotations, 279-281
Partial fraction decomposition, 220
Particle assumptions, 19
Particle motion, 6, 8, 24, 63-264
Passive vibration control, 400
Patton, K. T., 39
Pendulum

compound, 64

of cuckoo clock, 85-86

ratio of, 87

simple, 1-2, 87, 548-550

spring, 571
Pendulum bob, 1, 4
Period, 1, 80

Period doubling through a subharmonic cascade, 578
Period functions, Fourier series representations, 173176
Periodic excitation, 131-132, 199; see also Harmonic

excitation
vibration isolation, 410411
Periodic motion, 80

Period of free underdam;
period
Perpetual motion, 4
Perturbation methods, 5¢
Phase angle, 166
Phase distortion, 181
Phase plane response, 57
Physical systems, 3—4
Piecewise constants, 228
Piecewise-defined basis
Piezoelectric transducer,
Planar motion, 10, 11-1.
Poincaré sections, 574~
Polynomial equation, 49
Position vector, 8
Positive-definite matrix,
Potential energy
bar element, 512
of beam element, 51:
cause of free vibratic
converted to kinetic (
in equivalent system
equivalent systems n
fixed-free bar, 505-5
gravity force, 17
linear springs, 20
multi-degree-of-free
nonlinear systems, 5
quadratic form, 258-
of springs, 1
U-tube manometer, :
Potential energy force,
Potential energy functic
Potential energy scalar
Potential flow theory, 3
Predictor-corrector met
Primary resonance, 56¢
Principal coordinates, 4
multi-degree-of-free
Principle of impulse an
Principle of linear supe
Principle of superpositi
Principle of work-ener
Problem identification,
Proportional damping,
multi-degree-of-fre«
Punch press, 175-176
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, 88, 258-259, 260, 298-299, 510
s, 570

rities, 550, 552, 572

i, 553--557

is, 557-559

enon, 572

rering system, 78-79
115

=212

19

wod, 332, 489-490, 501-502, 514

i14

iethod, 501-502

s, 332, 490-491

nency, 490-491

Icts, 489

» 501-502

'ms, 488-491

‘reedom system, 324, 325, 327-329,

ines, 398

422

.230

3

athod of, 559, 562-563
versal, 132

pulse, 132

ms, 573

imping, 165

s, 565-570, 571-572
414

see Shock spectrum

103

Ise, 422

15, 151154
ion, 19, 455
10, 11-14
148-150, 405
0

Rotor balancing machine, 417
Runge-Kutta method, 230-232, 422, 558

Saddle point, 555-556, 568

Saturation phenomenon, 572

Scalar products, 320-322, 329-331, 603-605
for Rayleigh-Ritz method, 489

Scotch yoke mechanism, 160, 162, 167

Second law of thermodynamics, 45

Second-order linear nonhomogeneous ordinary

differential equation, 200

Second shifting theorem, 220, 593-594

Secular terms, 559, 563

Seismic mass, 176-181

Seismic vibration-measuring instruments, 176-181

Seismometer, 179-180

Self-starting methods, 230-232

Semidefinite systems, 277-279

Separation argument, 459

Separation constant, 459, 465

Separation of variables, 456457, 458-459, 469

Series springs, 26

Shames, I. H., 152

Shear force, 22

Shear stress, 22, 35-36, 473-474

Shock isolation
long-duration pulses, 421-429
short-duration pulses, 418421

Shock spectrum, 222-225, 422-429

Short-duration pulses, 418421

Simple harmonic motion, 1

Simultaneous resonance, 570, 572

Single-frequency excitation, 131-132

forced response of undamped system due to, 135-138

Single-frequency harmonic excitation
viscous damping, 138-145

Sinusoidal excitation, 132

Sinusoidal pulse, 422

Six-degree-of-freedom model, 340341

Slider-crank mechanism, 171-172

Small-angle assumption, 65, 67-68, 85, 86-87, 109, 251

Softening spring, 551
Solid objects, 455
Spectrum of the function, 576, 577



Spring constant, 20
Springs, 19-34
in combination, 25~30
as continuous system, 455456
elastic elements, 23-25
helical coil, 21-23
inertia effects, 30-34
kinetic energy, 30-34
linear, 20
nonlinear, 20, 549-552
in parallel, 26
potential energy, 1
in series, 26
static deflection, 20-21, 70
unstretched length, 19-20
Spring stiffness, 20
Stable equilibrium point, 554
State plane, 553~557, 568, 579580
State space, 574
Statically coupled system, 260
Static deflection, 20-21, 37, 70, 414
Static equilibrium condition, 70
Steady state, non-zero, 199
Steady-state amplitude, 398, 567, 576
Steady-state phase angle, 567
Steady-state response, 397-398
continuous systems, 473, 481-483
finite-element method, 523-530
frequency-squared excitation, 146
hysteretic damping, 168
multi-degree-of-freedom system, 362-364, 370
nonlinear systems, 576
one-degree-of-freedom system
Coulomb damping, 167
hysteretic damping, 168, 170
multifrequency excitations, 170-173
viscous damping, 142, 144
Stegun, L., 560
Stick-slip, 163-164
Stiffness influence coefficients, 263-272
Stiffness matrix, 260, 262, 266-272, 278-279
Stock Drive Products, 414416
Strained parameters, method of, 559
Stress-strain diagram, 110-111
Strouhal number, 151-155
Structural failure, 1-2
Structural systems
damping in, 340, 372

INDEX

Structural systems—Cont.
danger of resonance, 137
flexibility matrix, 278-279
kinematics, 247-248
Subharmonic resonance, 568569, 571-572
Superharmonic resonance, 568, 571572, 5
Superposition; see Principle of superpositic
Support motion, 155~163
Surge, 455
Swing, 108-110
Symmetric mass matrix, 260
Symmetric matrix, 597
System configuration, 399
System momenta, 15, 201
System parameters, control of, 398-399

T

Tacoma Narrows Bridge, 137, 152
Taylor series, 19, 65, 76, 230, 462, 550, 5!
equivalent systems, 76
free-body diagram, 65
nonlinear vibrations, 550, 551, 562
numerical evaluation, 230
springs, 19
torsional oscillaticns, 462
Third law of thermodynamics, 5
Three-degree-of-freedom model, 7-8, 30!
Time-dependent displacement, 33
Time history of vibrations, 1
Torsional natural frequency, 137
Torsional oscillations, 25
continuous systems
forced vibrations, 472473
free-vibration solutions, 465472
problem formulation, 461464
resonant, 137
Torsional spring, 20
Torsional stiffness, 20
Torsional vibration damper, 399
Torsional viscous damping, 36
Trajectories, 553
Transcendental equation, 469470
Transducers, 176-180
Transform of derivatives, 218-219, 592-



FUNDAMENTALS OF MECHANICAL VIBRATIONS

t vibrations, 199-235
ation of convolution integral, 201-205
2ntial equations, 199-200
te values of time, 205-212
e transform solutions, 216222
1 due to bass excitation, 212-216
ical methods, 225-235
spectrum, 222-225
ibility curve, 222
ibiliy ratio, 403405, 417
of the matrix, 597
. vibrations, 24, 271, 476477
sibrations, 481-486
rations, 476481
| formation, 473476
pulse, 132, 211-212, 422
'ric identity, 79, 89, 139, 157, 174, 226, 312,
72, 562
series, 174
-ation solutions, 472, 562
-olution, 312
- excitation of support, 157
1 evaluation, 226
ation pulses, 419
1 free vibrations, 79
.ped free vibrations, 89
damped vibrations, 139
»f-freedom model, 7, 301-303
quency, 314-317

achinery, 148-150, 397--398
systems, 277-279

iorbers, 429-424

~ed vibrations, 135138

ator design, 404
degree-of-freedom system, 79~87
ree vibrations, 8§9-95
oefficients, method of, 355, 356
nction, 206, 589590

n, 205-206, 589-590

rium point, 554

1th, 19-20

ter, 552553, 577-578

v

Vector, orthogonal, 321
Velocity, 9-10, 16
Velocity pulse, 214-215
Versed sine pulse, 422
Vibration absorbers, 399
damped, 434439
design guidelines, 431
multi-degree-of-freedom system, 439-444
undamped, 429-424
Vibration analysis, 397
Vibration control
active or passive, 400
dynamic vibration absorbers, 429444

practical aspects of vibration isolators, 412—417

shock isolation, 418-429
vibration dampers, 444-445
vibration isolation theory, 400-402

vibration isolation theory for harmonic excitation,

402411
ways of achieving, 397400
Vibration dampers, 444445
Vibration isolation theory
class of problems, 400402
for harmonic excitation
frequency-squared excitation, 405-410
general theory, 402-406

multifrequency and periodic excitation, 410-411

Vibration isolators, 2, 399
classes of, 414-417
damped/undamped, 404—405
practical aspects, 412417
Vibration-measuring instruments, 176-181
Vibrations, 1-3
classification of, 18—19
of continuous systems, 455-491
critically damped, 95-97
of floating and immersed bodies, 37-40
in nonlinear systems, 547-581
Virtual displacement, 254, 257, 506
Virtual work, 256, 506, 515
Viscoelastic materials, 116
Viscous dampers, 34-36
Viscous damping, 116
compared to Coulomb damping, 106-107
compared to hysteretic damping, 113, 168-169
and differential equations, 262



Viscous damping—Cont.
multi-degree-of-freedom system, 262263, 341-346
one-degree-of-freedom system
forced vibrations, 138-145
free vibrations, 87-103
Vortex shedding, 150-155

W

Wave equation, 463-464, 502
Wendell, K., 39, 40

INDEX

White, F. M., 152
Work-energy principle, 5, 14-15, 112

Zero eigenvalue, 317
Zero force, 70
Zero natural frequency, 323



