SECOND EDITION




Conversion from SI units to U.S. customary units

o)

To convert from

To

Joule (I)
Joule (J)
Kilogram (kg)

Metre (m)

Newton (N)
Newton-metre (N - m)

Newton-metrefsecond (N - m/s)
Pascal (Pa)

Radian/second (rad/s)

Watt (W)

Pound-foot {Ib fi)
Pound-inch {Ib - in)
Pound mass {lbm)

Stug

Ton, short (2000 1bm)
Foot {ft)

Inch (i)

Mite (mi)

Pound (lb)

Poundal (Ib - ftfs?)
Pound-foot (Ib - ft)
Pound-inch (Ib - in)
Horsepower (hp)
Pound/foot® (1b/ft?)
Pound/inch? (1bfin?), (psi)
Revolutions/minute (rpm)
Horsepower (hp)

Pound-foot/second (Ib - ft/s)
Pound-inch/second (Ib - in/s)

Multiply by
Accurate Common
7.375620 E -0t 0.737
8850744 E+ 00 8.85
2204 622 E+ 00 2,20
6.852 178 E-02 0.068 5
1102311 E-03 0.001 10
3.280 840 E + 00 328
3937008 E+ 01 35.4
6213712 E+02 621
2.248089 E - 01 0.225
7.233012E+00 7.23
7.375620 E—-01 0.737
8.850 744 E+ 00 R.85
1.341 022 E-03 0.001 34
2.088 543 E — 02 0.0209
1.450370 E— 04 0.000 145
9.549297 E+ 00 9.55
1.341 022 E - 03 0.001 34
7.375620 E-01 0.737
8850744 E+00 8.85




Conversion from U.S. customary units to SI units

Multiply by

To convert from To Accuratet Common
Foot (ft) Metre (m} 3.048000E -01* 0.305
Horsepower (hp) Watt (W) 7456999 E + 02 746
Inch (in) Metre (m) 2.540 000 E — 02* 0.0254
Mile, U.S. statute (mi) Metre (m) 1.609 344 E + 03* 1610
Pound force (Ib) Newton (N) 4,448 222 E + 00 4.45
Pound mass (Ilbm) Kilogram (kg) 4.535924 E-01 0.454
Poundal (Ibm - ft/s?) Newton (N) 1.382 550 E—-01 0.138
Pound-foot {Ib - ft) Newton-metre (N - m) 1.355 818 E + 00 1.35

Joule (J) 1.355818E+ 00 1.35
Pound-foot/second (lb - ft/s) Watt (W) 1.3558I1BE+ 00 1.35
Pound-inch (Ib - in) Newton-metre (N - m) 1,128 182 E - 01 0.113

Joule {(J) 1128 182 E - 01 0.113
Pound-inch/second (Ib - infs) Watt (W) 1.128 182 E - 01 0.113
Pound/foot? (1b/ft?) Pascal (Pa) 4.788 026 E + 01 47.9
Pound/inch® (Ib/in?), (psi) Pascal {Pa) 6.894 75T E +03 6890
Revolutions/minute (rpm) Radian/second (rad/s) 1.047 198 E — 01 0.105
Slug Kilogram (kg) 1.459 390 E + 01 14.6
Ton, short {2000 Ibm) Kilogram (kg) 9071847 E 402 907

+ An asterisk indicates that the conve-sion factor is exact,
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PREFACE

Kinematics of machines is the study of the relative motion of machine parts and
is one of the first considerations of the designer in the design of a machine,
Dynamics of machines treats with the forces acting on the parts of a machine
and the motions resulting from these forces. A dynamic analysis is necessary to
ensure that balance is provided for rotating and reciprocating parts and that all
members are adequate from the standpoint of strength.

This book is intended as an undergraduate text and contains sufficient
material for a full year’s work. Part 1 of the text is concerned with kinematics of
machines and Part 2 with dynamics of machines. The book may be used for
either one of these subjects or both. If the student has already completed a
course in kinematics of machines using another text, this book should be read-
ily acceptable for a following course in dynamics of machines. Conventional
notation has been used throughout the text, If the time allotted for kinematics
and dynamics of machines in the undergraduate curriculum is not sufficient for
including all of the topics presented in the text, the material in Chapters 9, 14,
[5, and 22 can be presented in a graduate course.

As prerequisites to Part |, ‘‘Kinematics of Machines,’’ a course in college
physics and mathematics through calculus are sufficient. For Part 2,
“Dynamics of Machines, ' kinematics of machines and mechanics courses in
statics and dynamics are prerequisites.

Emphasis has been placed on presentation of fundamental principles. Spe-
cial constructions have been omitted in order to include more basic theory. The
major concern has been to present the principles in as simple a manner as
possible and to write a book which the student can understand. The text con-
tains numerous worked-out examples illustrating application of the theory.

In Part 1, in the chapter on accelerations, equivalent linkages are discussed
extensively because of their importance in simplifying the acceleration analysis
of direct-contact mechanisms. To aid the student in visualizing the direction of

xi



xii PREFACE

the Coriolis acceleration, it is derived for a special case, but the presentation is
then extended to the most general case of plane motion.

The Hartmann construction and Euler-Savary equation as methods for
obtaining the radius of curvature of the path of relative motion are given par-
ticular emphasis. Having found that students often experience considerable
difficulty in understanding and applying these methods, the author thus has
endeavored to present them in a simple manner with rules set down for apply-
ing them to any problem.

In Chapter 9 the mathematical analysis of velocities and accelerations in
mechanisms is treated. The limitations of analysis by trigonometry are pointed
out, and most of the chapter is devoted to analysis by complex numbers,
including analysis of complex linkages.

Planetary gear trains are discussed in Chapter 10, including planetaries
with multiple inputs. The tabular method of analysis and the principle of super-
position are used here to aid the student.

In Chapter 14 the synthesis of mechanisms by graphical and mathematical
methods is presented, and Chapter 15 is an introduction to mechanical analog
computer mechanisms.

In Chapter 20 the method of rotating vectors for investigating engine bal-
ance has been included because it simplifies the analysis. Gyroscopic effects
are treated in Chapter 21, and here the method of angular momentum has been
used because it makes it casier to visualize the direction of the gyroscopic
forces. Chapter 22, ‘‘Critical Whirling Speeds and Torsional Vibrations of
Shafts,”” includes analysis of whirling speeds of shafts with any number of disks
and analysis of stepped shafts.

In keeping with the changeover to the International System of Units (SI) in
the United States, this edition has been written using SI units. In order to aid
the American student in making the change, approximately 20 percent of the
examples in the text and the problems for assigned work are in the customary
U.S. units and 80 percent are in SI units.

As a result of many suggestions received from users of the previous edi-
tion, material in the first edition has been retained and some chapters have been
expanded. In conjunction with Chapter 9, ‘‘Mathematical Analysis,”” a FOR-
TRAN computer program for the slider-crank mechanism has been included in
the appendix. The program gives the positions, velocities, and accelerations of
the links as well as the positions, velocities, and accelerations of any point on
the linkage. In Chapter 10, ‘*‘Cams,”’ mathematical methods for the design of
disk cams have been added, and methods used to manufacture cams have been
included. Here it is shown how radial distances to points on the pitch curve can
be computed and how the pressure angle can be calculated for any angular
position of the cam. In addition, methods for calculating the cam profile and
also the positions of the cutter or grinder relative to the cam are presented for
various types of cam followers. A FORTRAN computer program which gives
the latter is included in Appendix C. At the time this edition was written, no
standards had yet been established on gear-tooth systems based wholly on the
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International System of Units, Hence in this edition, Chapter 12, **Gears,” and
Chapter 13, ““Gear Trains, Translation Screws, Mechanical Advantage’ use
the tooth systems which were in use in the United States at the time; however,
these chapters use SI units and also module to express tooth size. Chapter 14,
**Synthesis of Mechanisms,’” has been expanded to include a discussion of how
mechanisms can be designed to increase their efficiency of force transmission,
and it is shown how the transmission angle can be calculated. Chapter 22,
which in the first edition covered critical speeds (whirling speeds of shafts), has
been considerably extended to include torsional vibrations of shafts.

The author believes that problem work is of great importance to students in
engineering courses because it aids motivation, understanding, and retention.
At the end of each chapter the text contains a large number of problems of
varying difficulty and length, which can all be worked on 216 x 279 mm
(8%2 x 11 in) paper. Scales have been specified for all graphical work so that
the solutions will come out a reasonable size.

In some chapters the number of problems for assigned work has been
increased. A number of the problems in this edition are design problems, and
these are found in the chapters on linkages, cams, gears, gear trains, synthesis,
and flywheels.

Material taken directly from other sources is acknowledged in the book,
and the author wishes to express appreciation to the manufacturers who gener-
ously presented photographs.

In conclusion, the author wishes to express appreciation for the many
helpful suggestions received from users of the previous edition.

George H. Martin
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CHAPTER

ONE
FUNDAMENTAL CONCEPTS

1-1 KINEMATICS

Kinematics of machines is a study of the relative motion of machine parts.
Displacement, velocity, and acceleration are considered.

1-2 DYNAMICS

Dynamics of machines treats with the forces acting on the parts of a machine
and the motions resulting from these forces.

1-3 MACHINE

A machine is a device for transforming or transferring energy. It is sometimes
defined as consisting of a number of fixed and moving bodies interposed be-
tween the source of power and the work to be done for the purpose of adapting
One to the other. The electric motor transforms electrical energy into mechani-
cal energy while its counterpart the electric generator transforms mechanical
energy into electrical energy. In a gasoline engine each piston connecting rod
and the crankshaft act as a machine for transferring energy. The input mechani-
Callenergy is the product of the force on the piston and the distance it travels.
:Thls energy is transferred to the crankshaft, where it appears as output mechan-
ical energy and is the product of the torque and the angle of shaft rotation.
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Figure 1-1

1-4 KINEMATIC DIAGRAM

In studying the motions of machine parts, it is customary to draw the parts in
skeleton form so that only those dimensions which affect their motions are
considered. The drawing in Fig. 1-1 represents the main elements in the diescl
engine shown in Fig. 1-2, The stationary members, consisting of the crankshaft
bearing and cylinder wall, are crosshatched and labeled link |. The crank and
crankshaft are link 2, connecting rod link 3, and piston or slider link 4. Link is
the name given to any body which has motion relative to another. Since the
bearing and cylinder wall have no motion relative to one another, they are
considered as a single link. That part of a machine which is stationary and
which supports the moving members is called the frame and is designatcd
link 1.

In Fig. 1-1 consider the position of the connecting rod for a given angular
position of the crank. The angular position, velocity, and acceleration of the
rod depend only on the lengths of the crank and connecting rod and are in no
way affected by the width or thickness of the rod. Thus only the lengths of
members 2 and 3 are of importance in a kinematic analysis. The drawing in Fig.
1-1 is known as a kinematic diagram and is a scale drawing representing the
machine so that only the dimensions which affect its motions are recorded.

All malterials have some elasticity. A rigid link is one whose deformations
are so small that they can be neglected in determiming the motions of the
various other links in a machine. Bodies 2 and 3 in Fig. 1-1 are considered rigid
links. A belt or chain, as illustrated in Fig. 1-3, is aflexible [ink. However, if it is
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Figure 1-2 Diesel engine, (Crwmmins Engine Company, fnc.)

Figure 1-3
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always in tension, it may be replaced by a rigid link, as shown in Fig. 1-4, in
order to analyze the instantancous motions of bodies 2 and 4. Similarly, the
fluid in the hydraulic press shown in Fig. 1-5 is a flexible link. If the piston areas
are A; and A,, then, assuming an incompressible fluid, points A and B of the
equivalent rigid link shown in Fig. 1-6 have the same motions as the pistons,
provided d;/d, is made equal to A,/A,.

1-5 MECHANISM

A kinematic chain is a system of links, that is, rigid bodies, which are either
joined together or are 1n contact with one anotherin a manner that permits them
to move relative to one another. If one of the links 1s fixed and the movement of
any other link to a new position will cause each of the other links to move to
definite predictable positions, the system is a constrained kinematic chain. If
one of the links is held fixed and the movement of any other link to a new
position will not cause each of the other links to move to definite predictable
positions, then the system is an unconstrained kinematic chain. A mechanism
orlinkage 1s a constrained kinematic chain, When link 1 in Fig. 1-1 is held fixed,
the piston and connecting rod each have a definite position for each position of
the crank. Thus, the linkage is a constrained kinematic chain and is therefore a
mechanism. Suppose, however, we have an arrangement of links as shown in

Figure 1-4

Figure 1-5
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Figure 1-8

Fig. 1-7. Note that if link 1 is fixed, then with link 2 in the position shown, links
3,4, and 5 will not have definite predictable positions, but could assume many
positions some of which are shown with dashed lines. Thus, this i1s an uncon-
strained kinematic chain and is therefore not a mechanism. Further, let us
consider Fig. 1-8, in which three bars are pinned together as shown. An ar-
rangement of this type does not constitute a kinematic chain because there can
be no motion of the members relative to one another. Such an assemblage is not
a mechanism but is a struciure or truss.

A machine is a mechanism which transmits forces. The mechanism in Fig.
1-1 becomes a machine when a force is applied to one of the pistons and is
transmitted through the connecting rod and crank to produce rotation of the
crankshaft. An electric motor is a machine, but one might question whether it is
a mechanism. Actually it is a four-link mechanism which is equivalent to the
one shown in Fig. 1-9. In Fig. 1-9 disks 2 and 4 rotate about a common axis and
are connected by a connecting bar, which is link 3. In the electric motor the
rotating polarity of the field coils is analogous to disk 2, the driver in Fig. 1-9.
The magnetic field functions as the connecting bar 3, and the armature is
€quivalent to the driven disk 4.

Though all machines are mechanisms, not all mechanisms are machines.

any instruments, for example, are mechanisms but are not machines because

they do no useful work nor do they transform energy. For example, a clock
does no work in excess of that required to overcome its own friction.
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Figure 1-9

1-6 INVERSION

By making a different link in a kinematic chain the fixed member, we obtain a
different mechanism. The four mechanisms shown in Figs. 1-10 to 1-13 are
derived from the slider-crank chain. The mechanism used in gasoline and diesel
engines is shown in Fig. 1-10. If instead of link I being fixed. link 2 is held fixed,
the result 1s #as shown in Fig. 1-11. This mechanism was used in carly radial
aircraft engines. The crankshaflt was stationary and the crankcasc and cylinders
rotaled. The propeller was attached to the crankcase. Another application of

PELETTTTT TSI

Figure 1-11
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this inversion of the shder-crank chain is the Whitworth quick-return
mechanism, which is discussed later in this book in Sec. 3-8. In Fig. 1-12 link 3
is held fixed. This mechanism is used in toy oscillating-cylinder steam engines.
In Fig. 1-13 link 4 has been made the fixed member. This mechanism is com-
monly used for pumps.

It is of importance to note that inversion of a mechanism in no way changes
the relative motion betwecn its links. For example, in Figs. 1-10 to 1-13 if link 2
rotates #° clockwise relative to link 1, link 4 will move to the right a definite
amount along a straight line on link 1. This is true no matter which link is held
fixed.

1-7 PAIRING

Two bodies in contact constitute a pair. Lower pairing exists when two sur-
faces are in contact. Examples of lower pairing are a piston and its cylinder wall
and a journal and its supporting bearing. Higher pairing refers to contact which
cxists at a point or along a line. Examples of higher pairing are a ball bearing,
where point contact exists between the ball and race, and a roller bearing,
where contact between the roller and race is along a line. In Fig. 1-14 lower
pairing exists at A, B, C, and D. If instead of being cylindrical, the piston were
made a sphere as in Fig. 1-15, then the piston would contact the cylinder wall
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along a circle. Thus there would be higher pairing and it would make for greater
wear,

1-8 PLANE MOTION

A body has plane motion if all its points move in planes which are parailel to
some reference plane. The reference plane is called the plane of motion. Plane
motion can be one of three types: translation, rotation, or a combination of
translation and rotation.

1-9 TRANSLATION

A body has translation if it moves so that all straight lines in the body move to
parallel positions. Rectilinear translation is a motion wherein all points of the
body move in straight-line paths. The piston in Fig. 1-1 has rectilinear transla-
tion. A translation in which points in the body move along curved paths is
called curvilinear translation. In the parallel-crank mechanism shown in Fig.
3-2 the connecting link 3 has curvilinear translation.

1-10 ROTATION

In rotation all points in a body remain at fixed distances from a line which is
perpendicular to the plane of motion. This line is the axis of rotation, and points
in the body describe circular paths about it. The crank in Fig. |-] has a motion
of rotation if the frame of the engine is fixed.
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1-11 TRANSLATION AND ROTATION

Many machine parts have motions which are a combination of rotation and
translation. For example, in the engine in Fig. 1-16 consider the motion of the
connecting rod as it moves from position BC to B'C’'. These positions are
shown again in Fig. 1-17. Here we see that the motion is equivalent to a
translation from BC to B"'C” followed by a rotation from B''C’ to B'C’'. Another
equivalent motion 1s illustrated in Fig. 1-18. This shows a rotation of the rod
about C from position BC to B""'C, followed by a translation from B""'C to
B'C'. Thus the motion of the connecting rod can be considered as a rotation
about some point plus a translation.

1-12 HELICAL MOTION

A point which rotates about an axis at a fixed distance and at the same time
moves parallel to the axis describes a helix. A body has helical motion if each

Figure 1-16

Bn

I e —

S
¢ -

Figure 1-17

Figure 1.18
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point in the body describes a helix. The motion of a nut along a screw is a
common example.

1-13 SPHERICAL MOTION

A point has spherical motion if it moves in three-dimensional space and re-
mains at a fixed distance from some fixed point. A body has spherical motion if
each point in the body has spherical motion. In the ball-and-socket joint in Fig,
1-19, if either the socket or rod is held fixed, the other will move with spherical
motion.

1-14 CYCLE, PERIOD, AND PHASE OF MOTION

A mechanism completes a cyvcle of motion when it moves through all its possi-
ble configurations and returns to its starting position. Thus the slider-crank
mechanism in Fig. [-16 compietes a cycle of motion as the crank makes one
revolution. The time required for one cycle is the period. The relative positions
of the links at any instant during the cycle of motion for the mechanism consti-
tute a phase. When the crank in Fig. 1-16 is in position &, the mechanism is in
one phase of its motion. When the crank is in position é,, the mechanism is in
another phase.

1-15 VECTORS

Two types of quantities are treated in mechanics. Scalar quantities are those
which have magnitude only. Examples are distance, area, volume, and time.
Vector guantities have magnitude and direction. Examples are displacement,
velocity, acceleration, and force.

Figure 1-19
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A vector quantity can be represented by a straight line with an arrowhead
as illustrated in Fig. 1-20. The magnitude of the vector A is represented by its
fength, which is drawn to any convenient scale. For example, if we wish to
represent a velocity of 20 ft/s and we let 1 in on the paper represent 10 ft/s,
then A would be drawn 2 in long. The arrowhead represents the head or ter-
minus of the vector, and the other end is called the tail or origin. The direction
of a vector may be described by specifying the angle in degrees which it makes
with the horizontal (x axis) measuring in the conventional counterclockwise
direction. This is illustrated in Fig. 1-20.

1-16 ADDITION AND SUBTRACTION OF VECTORS

The symbol 4> is commonly used to denote the addition of vector quantities,
and the symbol — is used to denote subtraction. The sum of vectors A and B is
written A + B, and the subtraction of B from A as A — B.

Vectors A and B in Fig. 1-21 can be added by laying them out in the manner
ShQWH in Fig. 1-22 or in the manner shown in Fig. 1-23. Point O is the starting
pomt, called the pole, and may be chosen at any convenient location in the
Plane of the vectors. From the pole, vectors A and B are laid off with the tail of
One placed at the head of the other. Their sum is called the resultant and is
shown by the dashed line in the figures.
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Figure 1-21

o
Figure 1-23 Figure 1-24

It should be noted that when laying out vectors in order to determine their
resultant, their given magnitudes and directions must be maintained, but the
order in which they are laid out does not affect their resultant. The resultant is
always directed outward from the pole and is the closing side of a polygon.

The subtraction of vectors A and B in Fig. 1-21 is accomplished as follows.
In order to find the resultant of A — B we may write this as A + (—B). That is,
we add a minus value of vector B to vector A as shown in Fig. 1-24, Similarly,
to find the resultant of B — A we may write this as B + (—A). Thus a minus
value of vector A is added to vector B as shown in Fig. 1-25. We note that
subtraction of a vector consists of adding its negative value,

1-17 COMPOSITION AND RESOLUTION OF VECTORS

Composition refers to the adding together of any number of vectors. The sum is
called their resultant, and the vectors are called the components of the resul-
tant. It is important to note that any given number of vectors has but on¢
resultant. For example, the vectors in Fig. 1-26 can be added in any order, as
illustrated by Figs. [-27 to 1-29, yet their resultant is the same.

Resolution refers to the breaking down of a vector into any number o
components. Any vector can be resolved into an infinite number of sets of
components. It is often convenient to resolve a vector into two components—
for example, a horizontal component and a vertical component. If a vector it
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resolved into two components, each component has a magnitude and a direc-
tion. When any two of these four quantities are known, the other two can be
found.

Suppose we wish to find the two components of vector A, Fig. 1-30, if their
directions are known as shown by dashed lines at the left in the figure. Through
the origin and terminus of vector A draw lines parallel to given directions. The
intersection of these two lines determines the magnitudes of components B and
C.

In Fig. 1-31 the two components of vector A are to be found when their
magnitudes B and C, as shown to the left, are known. From the origin of vector
A two arcs are swung, one with a radius equal to B and the other with a radius
equal to C. Similarly from the terminus of vector A we swing two arcs, one with
radius B and the other with radius C. The intersections of the arcs determine
the directions of the two components. There are two possible solutions. The
components are vectors B and C or vectors B' and .

In Fig. 1-32 the two components of vector A are to be found; the magnitude
and direction of one component, B, is known, From the origin of vector A this
component is laid off. The closing side of the polygon then determines the other

Figure 1-30

Figure 1-31
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Figure 1-32

Figure 1-33

component, C. Another construction, B’ and C’, is shown. This is equivalent to
the solution B and C.

Next, let us consider Fig. 1-33. The two components of vector A are to be
found when one is to be in the direction of B and the magnitude of the other is to
be C. A line parallel to B is drawn through the origin of vector A. An arc of
radius C is then drawn from the terminus of vector A. The intersection of this
arc with the line of direction B determines vector C or C'. There are two
§01ut.ions, BC and B'C’, If the arc is tangent to the line of direction B, then there
Is just one solution.

PROBLEMS

I'l In Fig, P1-1a the rectangle at point C is used to indicate that BC and CD is one continuous

::e"ﬂber and that BC and CD are not separate parts pivoted together at C. This symbol is used

st“’_“BhOU_t the text. For each drawing, state whether the figure represents a mechanism, an uncon-
Rined kinematic chain, or a structure.
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Figure P1-1

1-2 Given the vectors in Fig. P1-2. use a scale of 1in = 10 unijts and determine the following
veclors:

(@) H=A+ B

(by I=A> R

(¢ J=A—-CH+HB S E

&y K=GCG—->F+HD-CHB

&) L=-DPE->F G

il

A=20 210° 2130
270° 5 _,,\Q
o %
o
n

)

G\=

100°

y

¢

K 75°
w

Figure P1-2
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1-3 Foreach of the vector polygons in Fig. P1-3 write the vector equation giving the resultant R,

{a) (b) (¢) (d)
Figure P1-3

1-4 Resolve a vector A which has a magnitude of 20 units and a direction of 135° inte two vectors B
and C. B is to have a direction of 80° and C is 1o have a direction of 210°. Scale: 1 in = 10 units.
Determine the magnitudes of B and C.

1-5 Resolve a vector T which has a magnitude of 50 units and a direction of 120° into two vectors R
and §. The magnitude of R is to be 30 units and the magnitude of § is to be 66 units. Scale: | mm =
unity.

1-6 Resolve a vectorA which has a magnitude of 50 units and a direction of 210° into two vectors B
and C. C is to be 37.5 units and is to be directed at 75°. Determine the magnitude of B and its
direction in degrees. Scale: I mm = unity.

1-7 Resolve a vector T which has a magnitude of 60 units and a direction of 345° into two vectors R
and §. S is to have a direction of 315°. The magnitude of R is to be 32.5 units. Scale | mm = unity.
Indicate on the drawing the magnitude of §.



CHAPTER

TWO

PROPERTIES OF MOTION, RELATIVE MOTION,
METHODS OF MOTION TRANSMISSION

2-1 INTRODUCTION

The motion of arigid body can be defined in terms of the motion of one or more
of its points. Thus we will first study the motion of a point.

2-2 PATH OF MOTION AND DISTANCE

The path of a moving point is the locus of its successive positions, and the
distance traveled by the point is the length of its path of motion. Distance is a
scalar quantity since it has magnitude only.

2-3 LINEAR DISPLACEMENT AND VELOCITY

Displacement of a point is the change of its position and is a vector quantity. In
Fig. 2-1 as point P moves along path MN from position B to position C, its
linear displacement is the difference in position vectors R, and R,. This can be
expressed as vector As, which is the sum of vectors Ax and Ay. Thus

As = Ax b Ay (2-1)

The magnitude of the linear displacement may be expressed in terms of the
magnitudes Av and Ay

As = V(Ax)? + (Ay)? (2-2)

20



GROPERTIES OF MOTION, RELATIVE MOTION, METHODS OF MOTION TRANSMISSION 21

Figure 2-1

and its direction with respect to the x axis 1s
Ay

tan Y= — 2-3

Y Ax (2-3)

If the displacement is decreased indefinitely, then vector As approaches the
tangent to the path at point B. Hence the motion of a point at any instant isin a
direction tangent to its path,

Linear velocity is the time rate of change of linear displacement. In Fig. 2-1
point £ moves from position B to position C in time As. The average velocity
during this interval is

As
Vﬂl) =
At
The instantaneous linear velocity of the point, when it is at position B, is

As ds
V=Ilim— = — -
AJIT oAt dt (29

and it is directed tangent to the path.

2-4 ANGULAR DISPLACEMENT AND VELOCITY

CO_nsider the body in Fig. 2-2 to be rotating about the fixed axis O and let P be a
POt fixed in the body. As P moves to P, the angular displacement of line OP
Or the body is A, which occurs in a time Ar. The average angular velocity of
the body during this interval is

A8
av Af
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w

Figure 2-2

The instantaneous angular velocity of the body for the position OP is

Ag do
= lim— = — 2-5
@ ArlTl_lAl dt ( )
In Fig. 2-2 point P has a radius of rotation R equal to length OP. V is the
velocity of point P and is tangent to the path PP’ and hence perpendicular to
radius R. Arc length PP’ equals R Af, where A# is expressed in radians. The
magnitude of the velocity of point P, when in position P, is

R A6 de
vV =1 = R— 2-6
..\r”}:lﬂ Af R df ( )
Substitution of Eq. (2-5) into (2-6) gives
V =Rw 2-7)

where w is expressed in radians per unit of time. If w is expressed in radians per
minute and R is expressed in feet, then since a radian is dimensionless, the units
for V are feet per minute. Thus

V = Rw

fi

F = ft x—rqi
min min

The angular velocity of a machine part is often expressed in revolutions per
minute (abbreviated r/min) and is denoted by n. Since each revolution equals
2 rad,

w = 2 (2-8)
and
V = 2aRn (2-9)

Since the radii of rotation for all points in a rotating body have the same
angular velocity w, we see from Eq. (2-7) that the magnitudes of their linear
velocities are directly proportional to their radii. Thus in Fig. 2-3,
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Figure 2-3

R (2-10)

=]

2-5 LINEAR AND ANGULAR ACCELERATION

Linear acceleration is the time rate of change of linear velocity. We will first

consider the case¢ of a point having rectilinear motion. Hence the velocity can

change in magnitude only. Let the initial velocity be V, and the velocity after a

time interval At be V; then during the interval At the average acceleration is

V-V, AV
At Ar ( )
The instantaneous acceleration is
AV av
A=lim— = —
AJIE]Q A! dt
But
y o ds
{
Hence
d%s
=22 2-12
o ( )

If a point moves with uniformly accelerated motion, A is constant and the

average acceleration for any time interval is equal to the value at any instant.
For this type of motion, Eq. (2-11)} can be written

V=V, + At (2-13)

where the time interval Af is expressed simply as t.
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If a point moves with constant velocity, its displacement in a time interval ¢
is
s =Vt (2-14)

For a point having variable velocity, the displacement is the product of the
average velocity and the time. Hence for uniform acceleration, the displace-
ment is

s =LV, + V) (2-15)

)
where V is the final velocity. Substituting the value of V from Eq. (2-13) in Eq.
(2-15). we obtain

s = Vit +5 AP (2-16)
Substituting the value of ¢t from Eq. (2-13) in Eq. (2-15) gives
V2=V + 24y (2-17)
Angular acceleration is the time rate of change of angular velocity and is
dw d*0
= = 2-1
T a T dre (2-18)

For a body having uniform angular acceleration, « is constant. For motion
of this type the same analysis as used for uniform linear acceleration gives Eqs.
(2-19) to (2-22), which are similar to Eqs. (2-13), (2-15), (2-16), and (2-17),
except that s, V, and A are replaced by 6, w, and «, respectively. Thus

w = wy + «atf (2-19)
8 = f(wy + @)t (2-20)
0 = wpt + yar? (2-21)
w? = wy: + 2af (2-22)

Angular displacement, velocity, and acceleration are either clockwise (cw)
or counterclockwise (cew). Throughout this text counterclockwise quantities
will be considered positive (+) and clockwise quantities negative ().

2-6 NORMAL AND TANGENTIAL ACCELERATION

A point can have acceleration in a direction either normal, tangential, or both to
its path of motion. If the point has curvilinear motion, it will have a normal
acceleration resulting from a change in direction of its linear velocity; if the
magnitude of its linear velocity changes, the point will also have a tangemial
acceleration. A point having rectilinear motion has no normal acceleration
since its linear velocity does not change direction; it will have a tangential
acceleration if the linear velocity changes in magnitude.
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Figure 2-4

In Fig. 2-4 consider a point moving along path MN. Its velocity, when at
position B, is V. After time At the point is at position C, and its velocity is V +
AV. R and R’ are the radii of curvature at points 8 and C on the path. The two
velocity vectors are shown again in Fig. 2-5 where AV, the change in velocity,
is the sum of components AV" and AV’ Component AV" results from the
change in direction of vector V, and AV’ is the change in magnitude of V.

The tangential acceleration A’ of the point when at position B is the time
rate of change of the magnitude of its lincar velocity; thus

AV! dv!

Al =lim = = 2.23
_\.'[n?u At di ( )

As At approaches zero, point C approaches B, and vector AV® in Fig. 2-5
becon_les tangent to the path at B in the limit. Hence A‘ is tangent to the path.
S}Jbstlluting the derivative of the expression for V in Eq. (2-7) in Eq. (2-23)
gives

d t)

A" = R 2-24
‘ dt ( )

Figure 2-5
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Next, substituting the expression for dw/dt in Eq. (2-18) in Eq. (2-24) gives
Al = Ra (2-25)

The normal acceleration A" of the point when at position B is the time rate
of change of its velocity in a direction normal to the path. Thus
AVn dvn
A" = lim =
AV V2 dt

(2-26)

In Fig. 2-5 angle A8 becomes ¢6 and the magnitude of AV" becomes equal to
the arc length in the limit. Thus

dV' =Vde (2-27)
Substituting Eq. (2-27) in Eq. (2-26) gives
A" = V% (2-28)
Substituting Egs. (2-5) and (2-7) in Eq. (2-28) gives
A=V =Ru? = —Ei (2-29)

Let us again refer to Fig. 2-5 and Eq. (2-26). We note that as Af approaches
zero and AV” becomes dV”, the latter is directed toward the center of curvature
of the path, and thus the direction of A" is always toward the center of curva-
ture. A point having curvilinear motion always has a normal component of
acceleration. A point having rectilinear motion has no normal component of
acceleration since

V2

At = =0

The total linear acceleration A of the moving point is the vector sum of A"
and A', as shown in Fig. 2-6. 1ts magnitude is

A= V(A" = (AP (2-30)
and its direction is
A[
= tan ' — 2-31)
¢ = tan e (

where A" and A” are the magnitudes of the normal and tangential components.

2-7 SIMPLE HARMONIC MOTION

A particle having rectilinear translation has simple harmonic motion if its ac
celeration is proportional to the displacement of the particle from a fixed point
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Figure 2-6

and is of opposite sign. The mathematical expression for simple harmonic
motion is

A= —Kx (2-32)

where A = acceleration
x = displacement
K = a constant
It is often convenient to represent simple harmonic motion by the projec-
tion upon a diameter of a point moving on a circle. In Fig. 2-7 let line OP rotate
with constant angular velocity w and let B be the projection of point £ on the x
axis. The displacement of point B from point O is

x =R cos wt (2-33)

Figure 3.7
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and its velocity V and acceleration A are

Vo= d_'c = —Rw sin ot (2-34}
dt

A= ks - —Rw® cos wl (2-3%)
dt?

A plot of Eqx. (2-33) to (2-33) appears in Fig. 2-8. From an inspection of Egs.
(2-33) and (2-35) we note that

A=  wix (2-30)

Since w s constant, Eq. (2-36} is the same as Eq. (2-32). which is the definition
of simple harmonic motion.

A Scotch-yoke mechanism is shown in Fig. 2-9. If link 2 rotates with
constant angular velocity, link 4 has simple harmonic metion.

2-8 ABSOLUTE MOTION

Absolute motion is the motion of a body in relation to some other body which is
at rest. In our previous discussion we considered the motion of a point in
relation to some fixed coordinate axes. Thus the motion of the point was an
ubsolute motion. Since nowhere in the universe is there known (o be a body
which is at absolute rest. the motion of any body must be expressed in relation
to some other body. In most irstances in mechanics and kinematics we may
regard the carth as fixed. The motion of a body in relation to the earth is then an
absolute motion, When refeiring to absolute motion, it is common to drop the
word absoluze; that is, if an automohite is traveling 100 km/h, this is its speed

Displacement

Velocity

Acceleration
X

0 90 180 270 360

Flgure 2-8
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relative to the ground. We do not say that its speed is 100 km¢h absolute, but
merely that 1ts speed is 100 km/h.

2-9 RELATIVE MOTION

A body has motion refative to another body only if there 15 w difference in thewe
absolute motions. The displacement of a body A4 relative to a body N 1 the
absoiute displacement of Af minus the absolute displacement of &, Similarly,
the velocity of body M relative 10 body N is the absolute velocity of M minus
the absolute velocity of N. Also the acceleration of body M relative to body N
is the absolute acceleration of M minus the absolute acceleration of M. If we
consider an antomobile moving along a straight path, the absolute displacement
of the frame is a translation. A wheel will have an absclute displacement con-
sisting of a translation which is the same as that of the frame, and in addition a
rotation. Then, in accordance with our defmition of relative motion, the dis-
placement of the wheel relative to the frame is merely a rotarion.

As an illustratton of relative motion consider two automobiles A and B in
Fig. 2-10 traveling with velociues of 60 km/bh and 40 km/h. Let ¥V, and Vy
denote their absolute velocities. Whenever a vector {s written with a single
letter us a subscript it is understood to be an absolute quantity. The velocity of

¥.= b0 km/h D Iy=40k h[:]
- A mlf 1 i ml' 2

VA -V A

~¥y Vin = 20 km/h A Vg = 20 km/h

Figure 2-10



30 KINEMATICS OF MACHINES

A relative to B is written V, 5 and is the absolute velocity of A minus the
absolute velocity of B. Thus

Ve = V4 — Vp

The velocity of A relative to B is the velocity that A would appear to have to an
observer in car B if the observer were to imagine that car B were at rest. To the
observer, car A would appear to be moving to the left at 20 km/h. This is shown
as V 5 in the figure. The velocity of B relative to A is written Vg, and is the
absolute velocity of B minus the absolute velocity of 4. Hence

Vg = Vg =V,

The velocity of B relative to A is the velocity car B would appear to have to an
observerin car A if the observer were to imagine that car A were at rest. To the
observer, car B would appear to be moving to the right at 20 km/h. This is
shown as Vy,, in the figure.

Another example of relative motion is illustrated in Fig. 2-11, where V; and
Vy are the velocities of two airplanes. The velocity of A relative to B is the
absolute velocity of A minus the absolute velocity of B. Hence

Vig = Vy—Vy
= V, b (=Vp)

as shown in Fig. 2-12. Similarly the velocity of B relative to A is the absolute
velocity of B minus the absolute velocity of A. Thus

Vpig = Vg —V,
=Vy b (—V))

as shown in Fig. 2-13.

Figure 2-11 Figure 2-12
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Figure 2-13

In a vector equation, terms can be transposed, provided their signs are
changed. For example,

V{ifﬂ = V~I - VB
-V, = ‘V,uﬁ — Vy
Ve =Vi—>Vun

Further, if the subscripts are reversed on a vector in a vector equation, the sign
of the vector must be changed. For example, if we reverse the subscripts on
V,s in the last equations,

Vi = Vy—> V;
V= Vgu— Vg
Vg = Vb Vg (2-37)

These equations can be verified by drawing the vector diagrams,
. Equation (2-37) is known as the relative-velocity equation; its right-hand
side can be shown to be equal to Vy as follows. By definition,

Vgiy = Vg =V,
Hence
Ve = Vb Vi,
may be written
VB = V,-i -+ (VB — V4)
=VibVp b (-V,)
— VB

3h1”5 Eq. (2-37) states that knowing the velocity of a point A, we can find the
clocity of a point B by adding to V) the velocity of point B relative to A, In a
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later chapter we will make extensive use of this idea in finding velocities of
points on a mechanism when the velocity of some point on the mechanism jg
known.

Since linear displacements and linear accelerations are vector quantities,
they are handled in the same manner as linear velocities.

If abody 2 and a body 3 have motion in a plane or parallel planes, then thejy
relative angular motions are defined as the difference in their absolute angular
motions. Thus

O30 = 0; — 0
Wyp = Wy — W
Cl‘.’3,:2 = X3 — O

where 6, w, and « are considered positive if counterclockwise and negative if
clockwise.

2-10 METHODS OF TRANSMITTING MOTION

Since all mechanisms transmit motion, it is of interest to classify them as to
basic types in accordance with the manner in which they transmit motion.

In the mechanisms in Figs. 2-14 to 2-16, link 2 is the driver. Link 4 is the
driven member and is called the follower. For a certain range of angular motion
of the driver, the follower is given a definite angular motion. In Fig. 2-14 motion
is transmitted from the driver to the follower through link 3, which s a rigid bar.
Hence link 3 is a rigid connector and is called the coupler. The connecting rod
in a gasoline engine is another example of this type of connector.

Band 3 connecting Jinks 2 and 4 in Fig. 2-15 represents a flexible connector.
Belt and chain drives are examples of mechanisms employing flexible connec-
tors.

In Chap. 1 it was explained how some mechanisms use hydraulic fluid or a
magnetic field as the intermediate link. In the hydraulic press in Fig. 1-5 the
fluid serves as the connecting link between the driver, piston A,, and the

J‘_*.:.U

!
Figure 2-14
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Figure 2-15

A

Figure 2-16

follower, piston A,. Further, with the aid of Fig. 1-9, it was explained how the
magnetic field acts as the connecting link in the four-bar mechanism which in
effect exists in an electric motor.

The linkage in Fig. 2-16 is called a direct-contact mechanism because the
driver and follower are in direct contact. The motion imparted to the follower
by the driver will depend on the shape of the outlines on links 2 and 4, as well as
on the relative position of the links. In direct-contact mechanisms the driver is
usually called the cam and the driven member is the follower. A pair of contact-
INg teeth on a set of gears is another example of a direct-contact mechanism.

2-11 LINE OF TRANSMISSION

MOtlon is transmitted from the driver to the follower along the line of transmis-
fs“m 111_1 Fig. 2-14 motion is transmitted from link 2 to link 4 by link 3. Thus P,P;
o me? 0ft1:an§m:ssjon. Similarly, in the belt drive in Fig. 2-15 line PoP, is the
" trdnsml_ssmn, since motion of the driving pulley is transmitted along this

€ 10 the driven puliey. In the direct-contact mechanism in Fig. 2-17 the
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Line of centers

Figure 2-17

driving link can transmit motion to the driven link only if the driver has motion
in the direction of the common normal. Thus here the line of transmission is the
common normal.

2-12 ANGULAR-VELOCITY RATIO

In Fig. 2-17 let P, and P, be points on bodies 2 and 4, respectively, which are
coincident for the instantaneous position of the mechanism shown. Through the
contact point the common normal and tangent lines have been drawn. The radii
of rotation for P, and P, are O, P, and O,P,. Vector P, E represents the velocity
of P, and is perpendicular to O,P,. Then the components of P,E along the
normal and tangent are P,S and P, L. Vector P, F represents the velocity of Py
and is perpendicular to O,P,. The components of P,F along the normal and
tangent are P,S and P,M. We note that the components of velocities PoE and
P,F along the normal must be equal; otherwise bodies 2 and 4 would either
move out of contact or would deform one another. If velocity PF is known, iFS
normal component P,.S can be determined. Since the direction of velocity PoF 18
known, its magnitude can then be found by drawing line FS perpendicular t0
P,S. This locates point F.
The angular velocities of links 2 and 4 are

and Wy =
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pROPERTI
Hence
w _ PE - Ofy |
w, Oy PF (2-38)
Lines 0:G and O,H are perpendicular to the normal. Then triangle O,GP, is
similar to triangle P.SE, and triangle O,/P, s similar to triangte P,SF. Hence,
PE  PS 2.3
0P, OG (2-39)
and
PF _ PS 240
0L OH (2-40)
Dividing (2-39) by (2-40) gives
P, E OGP, _ s OH _ OH (2-41
O.P, PF 0,G PS 0,6 4D
Substituting Eq. (2-41) into Eq. (2-38) gives
W, O4H
w06 (2-42)
Further, triangle O,GQ is similar to triangle O.HQ and
O.H 0,0
0,G 050 (2-43)
Substitution of Eq. (2-43) into Eq. (2-42) gives
w040

In Figs. ?.’-18 and 2-19 bodies 2 and 4 have identical velocities along the line
of transmission P,P,. The notation here is similar to that in Fig. 2-17, and the

Line of centers
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Figure 2-19

same proof applies. Hence for mechanisms of any of these types the ratio of the
angular velocities of the driver and follower is inversely as the lengths of the
perpendiculars from their centers of rotation to the line of transmission or
inversely as the segments into which the line of transmission divides the line of
centers.

Figure 2-20 illustrates the usual form of a belt drive. In this special case of
Fig. 2-19, O,G and O,H are R, and R,, the radii of the pulieys. Hence for Fig.
2-20, Eq. (2-42) gives

W R4

o = 72: (2-45)

2-13 CONSTANT ANGULAR-VELOCITY RATIO

In the preceding section it was shown that
@ _ 00
y 0,0

Thus, for the angular-velocity ratio to remain constant, the line of transmission
must intersect the line of centers at a fixed point. There are many curves which

Figure 2-20
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as the contacting surfaces of the driver and follower in a direct-

tact mechanism and which fulfill this condition. Later, in our study of
con ine we will see that mating gear-tooth profiles must satisfy this requirement
geandir that the angular-velocity ratio of the gears will be constant. From
n Ogction of Fig. 2-20 we note that the condition for constant angular-velocity
Eiﬁ) is fulfilfed by a belt drive. In the four-bar linkage in Fig. 2-18 the angular-
io for driver and follower will be constant only if cranks 2 and 4 are

velocity rati :
the same length and the coupler length is made equal to length 0;0,. Then

can be used

w0y = L.

3.14 SLIDING CONTACT

sliding exists in a direct-contact mechanism whenever the bodies have relative
motion along the tangent through their point of contact. The direct-contact
mechanism of Fig. 2-17 is again shown in Fig. 2-21. Vectors P,E and P,F are the
velocities of P, and P4, the points of contact on bodies 2 and 4, respectively. As
explained in Sec. 2-12, bodies 2 and 4 have no relative motion along the normal,
and hence the normal components of velocitics P.E and P, F must be equal and
are represented by vector P,S. The tangential components of P;F and P,F are
P,L and P;M, respectively. Since these components of velocity along the tan-
gent are not equal in magnitude and direction, bodies 2 and 4 have relative

Commer langens

Commen normal

Line ef centers

lr*ﬂll'i'e 2.21
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motion in this direction. The difference in their tangential components of veloc.
ity is the sliding velocity V,. Hence

Vs = PgL —> wa
= P,L + (-P,M)

In Fig. 2-21 the velocity with which body 2 slides on 4 is directed from A
toward L along the tangent, and its magnitude is represented by the length ML,
In the next section it will be shown that sliding exists in a direct-contact
mechanism whenever the point of contact lies other than on the line of centers,

2-15 ROLLING CONTACT

In a direct-contact mechanisn rolling contact exists only if there is no sliding,
and hence the tangential components of velocities P,F and P.F in Fig, 2-21
must be equal in magnitude and direction. For this to exist along with normal
components of P,F and P,F being equal requires that P,£ and P.f be equal in
magnitude and direction and hence identical. From inspection of Fig. 2-21 we
note that velocities P.F and P,F can have the same direction only if the radii
O.P, and O,P, lie along a common line, namely the line of centers 0,0, as
shown 1n Fig. 2-22.

It is important to note that though it is necessary for the point of contact to
lie on the line of centers if there is to be rolling, this is not sufficient. There still
can be sliding unless the tangential velocities for the bodies are identical. For
example, bodies 2 and 4 in Fig. 2-23 will have sliding contact if velocities PoE
and P,F are not identical. Summarizing, for rolling contact the linear velocities
of the bodies at their point of contact must be identical, and this requires that
the point of contact lie on the line of centers.

In Fig. 2-22 points P, and P, are the points of contact, and 0.P, and O.P4
are the contact radii. For direct-contact mechanisms we noted earlier that the
angular-velocity ratio of driver and follower is inversely as the segments into
which the normal through the point of contact divides the line of centers.

Line of centers

Figure 2-22
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Since the point of contact lies on the line of centers in mechanisms having
rolling contact, it follows that the angular-velocity ratio of driver and follower is
inversely as the contact radii.

2-16 POSITIVE DRIVE

Positive drive exists in a direct-contact mechanism if motion of the driving link
compels the follower to move. In the cam mechanism in Fig. 2-24 link 2 is the
driver; let us assume that it is rotating counterclockwise. The force which 2
exerts on 4 will be directed along the common normal through the point of
contact P. Since this force has a torque arm O4H about pivot Oy, a coun-
terclockwise movement of link 2 will compel link 4 to rotate clockwise. Simi-
larly, if link 4 were the driver and were to rotate counterclockwise, then be-
cause of the torque arm O,G, link 2 would be compelled to rotate clockwise
about its pivot O,. If the driver, whether it is link 2 or 4, were to move in a
direction so that it would move away from the follower, then of course the
follower would not be compelled to move. Thus for the positions of the links
shown in Fig. 2-24 there is positive drive, provided that motion of the driver
along the normal is toward the follower.

[~ Commen normal

Flgul‘e 2.2 4
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/- Common normol

Figure 2-28

Common nermal

Figure 2-26

The mechanism of Fig. 2-24 is again shown in Fig. 2-25, whcre the positions
of links 2 and 4 are such that the line of transmission (common normal) passcs
through the center of rotation @, of body 2, Here if link 2 were the driver and
were (o rotate a small amount in cither direction, it would not compel link 4 to
move, but would merely move away from it. Thus there is no positive drive.
Likewise if 4 were the driver and we tried to rotate it counterclockwise, there
could be no motion because the line of transmission would not have a torque
arm about €@,. This phase of the mechanism is called dead cenrer. Hence there
is no positive drive.

Still another direct-contact mechanism is shown in Fig. 2-26. Bodics 2 and
4 are circular disks and either can be the driver. The common normal passes
through their centers of rotation O, and O,. Here therc can be a rotation of the
driver without the follower being compelled to rotate. Thus there is no positive
drive. Only if there is sufficient friction between bodies 2 and 4 will rotation of
one of the bodies cause the other to rotate, The result is known as a friction
drive. From the foregoing discussion we note that there can be positive drive in
a direct-contact mechanism only if the common normal through the point of
contact does not pass through either or both of the ¢enters of rotation.

PROBLEMS

2-1 A 6in-diameter steel cylinder is to be machined in a lathe, The cutting specd is to be 100
ft/min. Determine the speed of rotation in revolutions per minute.
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2-2 Two points B and C lie on a radial line of a rotating disk. The points are 2 in apart. Vy, =
700 ft/min and V- = 880 fi/min. Find the radius of rotalion for each of these points.

2-3 The tire of an automobile has an outside diameter of 686 mm. If the number of revolutions per
minute of the wheet is 700. determine {2} the speed of the automabile in kilometers per hour, (&) the
speed of the automobile in meters per second, and (¢) the angular speed of the wheel in radians per
second.

2-4 An automobile engine has a bore (cylinder diameter) of 95.3 mm. The stroke (distance the
piston travels from one extreme position to the other) is 88.9 mm. The car is running at 96.5 km/h
and the outside diamecter of the tires is 686 mm. If the number of revolutions per minute of the
engine is four times that of the wheels, find (g} the revolutions per minute of the wheels, (b) the
revolutions per minute of the engine, (¢) crankpin velocity (in meters per second), (@) angular
velacity of crank (in radians per minute), (¢) average piston velocity (in meters per second). and
(f) distance piston travels per kilometer of car travel.
2-5 A body moves a distance of 457 mm with a constant velocity of 1.22 m/s.

(@) Find the time required in seconds.

(&) If the body were 1o move a distance of 457 mm in 0.2 s with varable velocity, lind the
average velocity in meters per second.
2-6 An automobile accelerates {rom a speed of 32.2 knvh to 96.6 kim/h in a distance of 823 m,
which reguires 5 5.

(@) If the acceleration is constant, find the acceleration in meters per sccond squared.

(b) Same us part (@) cxcepl the acceleration is not constant. What is the average acceleration
in meters per second sguared?
2-7 A particle starts from rest and accelerates at a constant rate for 4 s, at the end of which time it
has acquired a velocity sufficient 1o carry it at uniform velocity a distance of 5.49 min 3 s. Find the
acceleration during the first 4 s and the velocity at the end of that time.
2-8 An automobile engine acelerates from rest and attains a speed of 2 000 r/min in 5 5. Assuming
the angular acceleration is constant, find () the angular acceleration in radians per second squared
of the crankshaft and (#) the number of revolutions made by the crankshaft in coming up to speed.
2-9 A disk 254 mm in diameter accelerates uniformly from a speed of 1 000 r/min to 2 000 r/min in
20 s. Find (@) the angular acceleralion in radians per second squared and (&) the revelutions of the
disk during the 20-s interval.
2-10 In Proh. 2-8 i the stroke of the piston were 3.75 i (stroke cquals twice the crank length), find
(&) the tappential acceleration of the crankpin in feet per second squared when coming up to speed
and (») the normul acceleration in feet per second squarcd when the speed is 2 000 r/min.

2-11 The rotor of a turbojet engine rotates at 12 000 r/min. Determine the speed in mcters per
second and acceleration in meters per second squared of a point on the periphery of the 914-mm-
diameter rotor of the compressor,

2-12 For the Scotch-yoke mechanism in Fig. P2-12 R = 203 mm, A = 67, und the crank speed is
200 r/min. Find the vetocity in metets per second and aceeleration in meters per second squared of

the shider.
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Figure P2-12
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2-13 1f the stroke of the slider of the mechanism in Fig. P2-12 were 356 mm and the time for one
stroke were 0.125 s, {ind (a) the number of revolutions per minute of the crank. (¢) maximum
velocity of the slider in meters per second, and (¢} maximum acceleration of the slider in meters per
second squared.

2-14 Vibration-measuring instruments indicate that a body is vibrating with harmonic motion at a
frequency of 7 hertz (Hz) with & maximum accleration of 0.737 m/s?. Determine (a) the amplitude
of the vibration and () the maximum velocity.

2-15 An airplane A filies directly north al 644 km/'h while an airplane B flies directly cast at
483 km/h. Find the velocity of A relative to B and the velocity of B relative to A, In cach case write
the vector cquation and lay out the vectors using a scale of [ mm = 8§ km/h. Assume north in the
upward direction on the paper, label all vectors, and determine your answers graphically.

2-16 An airplane tlies a straight course due east from city M to city N, 644 km away. The planc has
an airspeed of 290 km/h. A crosswind blows due south at 97 km/h. In what direction must the plane
be headed, and how long will the {uip lake in honrs? Write the necessary vector equation using
subscripts £ for plane and A for air. Lay out the vectors using a scale of | mm = 4 km'h and scale
off results.

2-17 The car in Fig. P2-17 moves to the right with a velocity of 30 mi'h. Wheels 2 and 4 have
diameters of 36 und 24 in, respectively. Use | in = 20 in for the drawing. Find Vi, Ve, Vi, Vi,
and Vg, in feet per second. Lay out the veclors, using a scale of 1 in = 30 ft/s. Also {ind wy, w,, and
ayy in radians per second.

Figure P2-17

2-18 The disk in Fig. P2-18 has an w = 120 r/min and @ = 132 rad/s?. Let OF = 38.1 mm and OC =
25.4 mm. Deterinine Vy, V., A7, A%, A%, and AL, Make a full-size drawing of the disk and show the

Figure P2-18

vectors at points B and € using the following scales: velocity, | mm = 0.0120 m/s; acceleration,
1 mm = 0.240 m/s'. Determine graphically Vi u, As, Ar, and Agy.

2-19 In Fig. P2-19, w = 100 r/min and & = 90 rad/s", Determune Vg, Vo, AR, AL AR, and Al Make a
full-size drawing of the member and show the vectors at points B and C, using the following scales:
velocity, 1 mm = 0.0120 m/s; acceleration, 1 mm = 0.120 m/s®. Determine graphically Ve, Az,
Ag, and Ag.
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IOy S

Figure P2-19

2-20 In Fig. P2-20, @z = [20 r/min ccw. Determine the angular velocity of link 4 in revolutions per
minute.

.« 88.9

Figure P2-20

2.21 Same as Proh. 2-20 except (ind the angular velocity of link 3. Hint: Use inversion. Fix link 2
and give w,,; the proper value. Find ey, then oy = wyy — wg. Is @ clockwise or coun-
terclockwise?
2-22 In Fig. P2-22. w, = 80 r/min ccw. Determine the number of revolutions per minute of link 2
and the velocily of sliding in meters per second at the point of contact. Use a velocity scale of 1 mm
= 0.0300 m/s.

Figure P2-22



CHAPTER

THREE
LINKAGES

3-1 FOUR-BAR LINKAGE

One of the most usetul and most common mechanisms is the four-bar linkage.
A four-bar linkage is shown in Fig. 3-1, where link 1 is the frame, links 2 and 4
are the cranks, and link 3 is called the coupler. It will be shown later that many
mechanisms can conveniently be replaced by a four-bar linkage or a combina-
tion of four-bar linkages for the purpose of analyzing their motions.

3-2 PARALLEL-CRANK FOUR-BAR LINKAGE

In Fig. 3-2 cranks 2 and 4 are of equal length and the coupler 3 is equal in length
to the line of centers O,0,. Cranks 2 and 4 always have the same angular
velocity.

Figure 3-1

44
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‘There are two positions during the cycle when the linkage 1s not con-
strained, Thesc are the positions where the follower, link 4, is colinear with link
3. At these positions, referred to as dead points or dead center, the follower
could begin to rotate in a direction opposite to that of the driver. Dead points
occur in many mechanisms, but usually inertia, springs, or gravity prevent the
undesired reversal at the dead point,

3-3 NONPARALLEL EQUAL-CRANK LINKAGE

In Fig. 3-3 cranks 2 and 4 are of equal length and the length of the coupler is
cqual to the line of centers O,0,, but the cranks are nonparallel and rotate in
opposite directions. If crank 2 turns with constant angular velocity, crank 4 will
have a varying angular velocity. In order to ensure that the follower will rotate
in the proper sens¢ beyond the dead points, this mechanism can be replaced by
a pair of identical elliptical gears. This is explained later in Chap. 11.

Figure 3-3
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3-4 CRANK AND ROCKER

In Fig. 3-4 crank 2 rotates completely about pivot O, and by means of coupler 3
causes crank 4 to oscillate about O,. Hence the mechanism transforms motion
of rotation into oscillating motion. In order for this linkage to operate, the
following conditions must exist:

0:B + BC + 0,C > 0,0,
0,8 + 0,0, + 0,C > BC
0;B + BC - 0,C < 0,0,
BC — O,B + 0,C > 0,0,

Either 2 or 4 can be the driving crank. If link 2 drives. the mechanism will
always operate, If 4 is the driver, a flywheel or some other aid will be required
to carry the mechanism beyond the dead points B' and B’’. The dead points
exist where the line of action BC of the driving force is in line with O,B.

3-5 DRAG LINK

Figure 3-5 shows a four-bar linkage in which the shortest link is fixed. Such a
linkage is known as a drag-link mechanism. Both 2 and 4 make complete
rotations. If one crank rotates at constant speed, the other crank will rotate in
the same direction at a varying speed. The proportions of the links must be as
follows:

BC > 0,0, + 0,C — O,B
BC < OqC - 0204 + OgB
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Figore 3-5

These relations can be derived from triangles O,B'C’ and O,B’'C’'. An applica-
tion of this mechanism will be discussed under the subject of quick-return
mechanisms in Sec. 3.8.

3-6 SLIDER-CRANK MECHANISM

This mechanism is shown in Fig. 3-6. It is a special case of the four-bar linkage
of Fig. 3-1. If crank 4 in Fig. 3-1 were made infinite in length, then point C
would have rectilinear motion and crank 4 could be replaced by a slider, as
shown in Fig, 3-6. The slider-crank mechanism 1s widely used. Common exam-
ples of its application are found in gasoline and diesel engines, where the gas
force acts on the piston, link 4. Motion is transmitted through the connecting
rod to crank 2. There are two dead-center positions during the eycle, one for

Figure 3-6



48 KINEMATICS OF MACHINES

Figure 3-7

each extreme position of the slider. A flywheel mounted on the crankshaft is
required to carry the crank beyond these positions. This mechanism is also
used 1n air compressors, where an electric motor or gasoline engine drives the
crank and in turn the piston compresses the air.

A modification of the slider-crank linkage of Fig. 3-6 appears in Fig. 3-7 and
is known as an eccentric mechanism. The crank consists of a circular disk with
center B, which 1s pivoted off-center at O, to the frame. The disk rotates inside
the ring end of rod 3. The motion of this mechanism is equivalent to that of a
slider-crank linkage having a crank length equal to O,B and a connecting rod of
length BC.

3-7 SCOTCH YOKE

The Scotch-yoke mechanism (Fig. 3-8) discussed in Sec. 2-7 1s a variation of the
slider-crank mechanism. The Scotch yoke is the equivalent of a slider crank
having an infinitely long connecting rod. As a result the slider has simple
harmonic motion. The Scotch-yoke mechanism is used in testing machines to
simulate vibrations having simple harmonic motion,
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Figure 3-8
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3-8 QUICK-RETURN MECHANISMS

Quick-return mechanisms arc used in machine tools such as shapers and
power-driven saws for the purpose of giving the reciprocating cutting tool a
slow cutting stroke and a quick-return stroke with a constant angular velocity
of the driving crank. Some of the common types are discussed below. The ratio
of the time required for the cutting stroke to the time for the return stroke is
called the time ratio and is greater than unity.

Crank-Shaper

This mechanism employs an inversion of the slider-crank linkage which is
illustrated in Fig. 3-6. Figure 3-9 shows the arrangement in which link 2 rotates
completely and link 4 oscillates. If the driver. link 2, rotates counterclockwise
at constant velocity, slider 6 will have a slow stroke to the left and a tast return
stroke to the right. The time ration equals 6,/6,.

Stroke

Figure 3-9
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Figure 310

Whitworth

This mechanism is illustrated in Fig. 3-10 and is obtained by making the dis-
tance 0, in Fig. 3-9 less than the crank length O;B. Both links 2 and 4 rotate
completely, If the driver, crank 2, rotates counterclockwise with constant angu-
lar velocity, slider 6 will move from D' to D’ with a slow motion while 2 rotates
through angle ¢,. Then as 2 rotates through the smaller angle 0,, slider 6 will
have a quick-return motion from D'’ to D', The time ratio is 6,/6,.

Drag Link

This mechanism is shown in Fig. 3-11 where links 1. 2, 3, and 4 comprise a
drag-link mechanism, as explained in Scc¢. 3-5. If link 2, the driver, rotates
counterclock wisc with constant angular velocity, then slider 6 makes a slow

b D’
6 r=-1

Figure 3-11
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stroke to the left and returns with a quick stroke to the right. The time ratio is
011"82.

Offset Slider Crank

The slider-crank mechanism can be designed with an offset v as shown in Fig.
3-12 so that the path of the slider does not intersect the crank axis. It is then a
quick-return mechanism, though not a very effective one since the time ratio
0,70 1s only a little larger than 1.

3-9 STRAIGHT-LINE MECHANISMS

Straight-line mechanisms are linkages having a point that moves along a
straight line, or nearly along a straight line, without being guided by a plane
surface. Most of these mechanisms were designed in early days before plane
surfaces to be used as guides could be machined.

Figure 3-13
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Figure 3-14

Watt's mechanism (Fig. 3-13) produces approximate straight-line motion.
Point P traces a figure-eight-shaped path, a considcrable portion of which is
approximately a straight line. The lengths must be proportioned so that

BP CD

PC  AB

The Scotr-Russell mechanism (Fig. 3-14) gives exact straight-line motion of
point P, Length AC = BC = CP. A variation of this mechanism is shown in Fig.
3-15, where the stider is replaced by crank BD. In this linkage, point 2 has
approximate straight-line motion.

Robert’s mechanism (Fig. 3-16) produces approximate straight-line motion.
Point £ moves very nearly along line AB. LengthAC = CP = PD = DBand CD

D

Figure 3-15
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Figure 3-17

= AP = PB. The accuracy of the motion can be incrcased by increasing the
ratio of the height of mechanism to its width.

Tchebyshef]’s mechanism (Fig. 3-17) gives approximate straight-line mo-
tion. Point P, the midpoint of CB, moves very nearly along line CB. Length AB
=CD = 1.25AD, and AD = 2CB.

Peaucillier’s mechanism (Fig. 3-18) produces exact straight-line motion for
point P. Pcaucillier, a Frenchman, developed this mechanism in 1864. The
following relationships must hold: AB = AF, BC =BD, and PC = PD =CE =
DE. It will be proved that point P moves in a straight line. Point £ will lic on line
BP because of symmetry, and CD will bisect PE at F. BFC and BFD are right
triangles. Hence

{(BFY = (BCY — (CFY and (FFy = (CEy® — {CFYy
Elimination of (CF)* from the equations gives
(BF)* — (EF)* = (BC) — (CEY
(BF + EF)(BF —EF) = (BC) — (CEY
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o B
Figure 3-18
BO .

But BF +[F =BFP = ~os 0 and BF - FF =Bl =2AB cos @

RO
Then 2AB cos 6 = (BCY — (CE)*

cos d

2 __ TRy

and BO = (BC) (CE) = const

2AB

Thus point O, the projection of £ on a line through AB, is fixed. It follows that
point P moves along PO, which is a straight line perpendicular to AB.

3-10 PARALLEL MECHANISMS

These ar¢ linkages which give parallel motion. The pantograph (Fig. 3-19) is
used to enlarge or reduce movemenis. Links 2, 3, 4, und § form a parallelogram.
Link 3 is extended and contains point D, F is the point of intersection of lines

Figure 3-19
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AD and CE. This mechanism finds use in reproducing motions to a different
scale. A pen or pencil at £ reproduces the motion of a stylus at D ¢xceptto a
reduced scale. The pen and stylus are interchangeable. In order for the motion
of F to be parallel to that of D for all positions, it is necessary that the ratio
AD/AF be constant. For all positions of D, triangles AEF and DCF are similar.
since their three sides are always parallel. Hence

AF _ AE
D CD
Size of figure at D AD
Size of figurc at ¥ AF

= ¢onst

and

Pantographs are used for reducing or enlarging drawings and maps. They
are also used for guiding cutting tools or cutting torches to duplicate compli-
cated shapes.

Another application of a parallel mechanism is the familiar drafting
machine (Fig. 3-20). Parallelograms ABCD and EFGH are coupled by the ring
BECH . The horizontal and vertical straightedges can be rotated and clamped in
any position relative to head I'G. By swinging the arms, the straightedges will
move to any parallel position on the drawing.

3-11 TOGGLE MECHANISMS
Toggle mechanisms are used whenever a large force acting through a short

distance is required. In Fig. 3-21 links 4 and § are the same length. Let P be the
vertical component of the force which link 3 exerts on the pin at C. When the

Figure 3-20
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Figure 3-21
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angle between BC and O,C becomes small, a force analysis gives

:2tana

P

Thus for a given value of P, as links 4 and 5 approach a colinear position, force

F nises rapidly.

Other toggle mechanisms are illustrated in Figs. 3-22 and 3-23. Toggle
mechanisms are used in toggle clamps, riveting machines, punch presses, and
rock crushers. The kinematic diagram of a rock crusher is shown in Fig. 3-24.

7

o 27T i P

Figure 3-22
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Figure 3-23

Figure 3-24

3-12 OLDHAM COUPLING

The Oldham coupling (Fig. 3-25) i1s a mcchanism for connecting two shafts
having parallel misalignment. Disk 3 has a tongue on each side. These are at 90°
to one another and slide in grooves in members 2 and 4. Since there 1s no

Figure 3-25
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relative rotation between bodies 2, 3, and 4, the coupling transmits a constant-
velocity ratio.

3-13 UNIVERSAL JOINTS

Universal joints arc used to connect intersecting shafts. The most common type
15 the Hooke or Cardan joint (Fig. 3-26). A kinematic diagram is shown in Fig.
3-27a, where the angle between the shalts is . For the phase shown the voke of
shaft 2 lies in the vertical plane. and the voke of shaft 3 is in the horizontal
plane. The intermcdiatc member pivots about axcs BC and DE. As shaft 3
rotates, point I} will move in a circular path of radius R as shown in Fig. 3-27d,
which is an end view. As shaft 2 rotates, point B describes a circular path in the
plane of projection shown in Fig. 3-27¢. Consider now the path of motion of
point B in Fig. 3-27h. The projection of this path upon the vertical plane in Fig.
3-27d will not be circular but elliptical, as shown by the dashed line. Let shaft 2
rotate an amount #,. Then B moves from B to B" as shown in Fig. 3-27¢. In Fig.
3-27d the motion of B along the ellipse DBE is from B to B, where the lines OB
and OB’ lic in the planc of the paper and #; is angle of rotation of shaft 3. From
Fig. 3-27¢

OF = R cos &, and B'F =R sin 8,
In TFig. 3-27h
OG =0F cos 5§ =R cos 0, cos &
Next, in Fig. 3-27d B'G has the same length as B'F in Fig. 3-27¢. Thus

: B'(; R sin 6,
B'G =R 23 nd tan §; = =
ST a o oOG R cos 8, cos b

tan 6
or tan 8, — —0 72 (3-1)
cos &

Figure 3-26
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Cross-shaped connacting link

e

(b) (d)

Figure 3-27

8 is usually constant and we will assume it thus. The angular-velocity ratio is
obtained by differentiating Eq (3-1) with respect to time; thus
dby sec? B, dé,

2 =
sec Os dt cos 8 dt

If we let

(]Bz
dr

and g =
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an  sec® O3 cos & sec’ A3 cos B
0y sec? 8, 1 + tan? &,

then

Substituting Eq. (3-1) into the last equation we can elminate 4;. Thus we obtain
@y sec® By cos & cos 8
(Un 1 + tan® 8, cos?2 8 cos® @ + sin? 85 cos® &
Let cos? & = 1 — sin* 8. Then

oy cos B
ak 1 — sin® & sin® 8

(3-2)

For a constant angular velocity oy, differentiation of Eq. (3-2) with respect to
time gives

dawy d (wa COS B
Ko = = —
2 di ~ dr\ | — sin® 6 sin? &

cos 8 sin® 3(2 sin 8, cos ;) d B;/d!
(1 — sin? &, sin® 8)*

=

,¢08 & sin® & sin 20,
(I - Sin2 63 Siﬂp‘ 8}2

IJ
i

{2y (3-3)

From Eq. (3-2) we see that for a constant speed of one shaft, 8 can soon
become large enough so that the variation in speed of the other shaft is con-
siderable. The accompanying accelerations can then cause vibrations which are
intolerable. A solution to this problem can be obtained by using two universal
joints arranged so that the second joint compensates for the vanation in speed
produced by the first. et Fig. 3-28 represent a drive where two universal joints
are to be used. Shafts 2 and 4 need not intersect. In order to have the second
universal joint compensate for the variations in speed produced by the first so
that wy/w; = 1 at all times, angle 8, between shafts 2 and 3 must equal angle &,
between shafts 3 and 4, and yoke | must be made to lie in the planc of 2 and 3
when yoke 2 lies in the plane of 3 and 4.

Figurc 3-28
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Figure 3-29

Several universal joints have becn invented which give a constant-velocity
ratio. The simplest of these (Fig. 3-29) has been used in toys, and the principle
of its operation 1s common to all constant-velocity universal joints. In the figure
the shaft axes which intersect at @ lie in the plane of the papcr. and for the
phase shown point £ also lics in this plane. A plane perpendicular to the paper
passing through point P and bisecting the angle between the shafts is known as
the homokinetic plane. Point P lies in this planc [or all phascs. and since the
radii R; and R; will always be equal, the shafts will have equal angular ve-
locities.

The Bendix-Weiss joint is shown in Figs. 3-30 and 3-31. Motion is transmit-
ted from one shaft to the other through four balls which fit between races in the
yokes of the shafts. The races arc designed so that the center of each ball lies in
the homokinetic plane at all times. This 1s shown in Fig. 3-31. Thus the joint
gives a constant angular-velocity ratio. A featurc of this joint is that the balls
arc able to move back and forth in the races allowing end motion without a
shding spline connection. A fifth ball, the center of which lies at the intersection
of the shaft axes, is used in conjunction with a means for locking the parts in
assembly and for carrying end thrust.

3-14 INTERMITTENT-MOTION MECHANISMS

Anintermittent-motion mechanism is a linkage which conver continuous mo-
tion into intermittent motion. Mechanisms of this type are comnmonly used on
machine tools for indexing a shaft. Indexing a shaft means retating it through a
specified angle with zero velocity at the beginning and the end. For example,
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(&)

Figure 3-30 (Rendiv Aviation Corp.)
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Figure 3-31
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the work table of a machine tool is indexed so as to bring a new piece of work
into position for machining by the cutters.

Geneva Wheel

This mechanism is shown in Fig. 3-32. Link 2 is the driver and contains a pin
which engages slots in the driven link 3. The slots are positioned so that the pin
enters and leaves them tangentially. Thus an advantage of this mechanism is
that it provides indcexing without impact loading. In the particular mechanism
shown, the driven member makes one-fourth of a revolution for each revolution
of the driver. However, velocity ratios other than 4: { may be used. The locking
plate, which is mounted on the driver, preveats the driven member from rotat-
ing except during the indexing period.

Driver

Locking
plate

Figure 3-32
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1

Figure 3-33

Ratchets

Ratchets are used to transform motion of rotation or translation into intermit-
tent rotation or translation, In Fig. 3-33 member 2 is the ratchet wheel and 3 is
the pawl. As the pawl lever, member 4, is made to oscillate, the ratchet will
rotate counterclockwise with an intermittent motion. A holding pawl, member
5, is often provided to prevent the ratchet from reversing.

Figure 3-34 shows a ratchet-drive mechanism in which the throw of the

Figure 3-34
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driving crank, link 6, is adjustable. For rotation of crank 6 in either direction,
link 4 oscillates and member 2 rotates counterclockwise with intermittent mo-
tion. If the pawl 3 is placed in the dotted position, the ratchet will rotate
clockwise.

A silent ratchet is shown in Fig. 3-35. There are no teeth on the ratchet, and
the device depends upon the wedging together of smooth surfaces. Link 5is a
holding pawl.

Figure 3-36 shows a ball-lype silent ratchet, The small angle between the
flat surface on the inner member and the tangent to the inner surface of the
outer member at the point of contact with the ball causes a wedging action
when the outer member rotates clockwise relative to the inner member. Thus
member 2 can be the driver if it rotates counterclockwise, or 4 can be the driver
if it rotates clockwise. This device is also used as an overrunning clutch, If the
device is used as a clutch, suppose 2 is the drniver and rotates countcrclockwise.
If 2 stops, 4 can freewheel. Similarly, suppose 4 is the driver and rotates
clockwise. If 4 s stopped, 2 can freewheel. A higher frcewheeling speed is
possible if 4 rather than 2 is allowed to freewheel.

3-15 ELLIPTIC TRAMMEL

The elliptic trammel (Fig. 3-37) is an instrument for drawing ¢llipses. Link 3 is
pivoted to sliders 2 and 4, which slide in link 1, and point £ describes an ellipse.

S\

Member 2 driving

Figure 3-35 Figure 3-36
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Figure 3-37

From the figure

X =acosf

y — hsing
i Xz 2
Then cost @ - sifP A= — + — = | (3-4)
a* h* ‘

which is the equaltion of an ellipse with center at the origin. Length ¢ is half the
major axis and b is half the minor axis. When the device is used as a drawing
instrument, a pen or pencil is carried at P and both lengths @ and » are adjusta-
ble. If P is placed at point C, which is midway hetween A and B, then « and #
are equal and Eq. (3-4) hecomes

x2 + v =gt

which is the equation of a circle of radius «.
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PROBLEMS

31 For the crank-and-rocker mechanism shown in Fig. P3-1, plot point 1 for cach 30° displace-
ment of crank 2. Draw a smooth curve through these points. [ will be helpful to draw link 3
conlaining points B, €. and D on tracing paper. The tracing can then be laid over the drawing. By
locating ¥ at each point, C cun be lecated along the circular are traced by C. A prick can then be
made through the tracing to locarc ) on the drawing.

Figure P3-1

3-2 In Fig. P3-2 crank 2 is to rotate continuously and 4 is o oscillate. What are the maximum and
minimum values in millimeters which can be used for the coupler length?

Figure P3-2

3-3 Design a crank-shaper mechanism (Fig. P3-3) that will give a time ratio of 1.75:1 with a working
stroke of 660 mm. Further, path PQ of peint D is to be locared midway betwecn the highest and
lowest points assumed hy point C as it moves along the arc of radius O,C. The fixed dimensions are
given in the figure. Thar is, compule the required values For 0,8, O,C, and O, Q. Make a drawing of
the mechanism using a scale of 1 mm = 10 mm and check these values praphically. It the crank
rotates at 4 consiant speed of 40 rimin. find the average speed (1 meters per second of slider 6 for
the working stroke and also for the retumn stroke.
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LSS

Figure P3-3

3-4 Design a Whitworlh quick-return mechanism similar to the one in Fig. 3-10. The driving crank
is to rotate clockwise atl constant speed and the time ratio is 10 be 2:1. The slow stroke of slider 615
to be to the left. T.ength (2,00, is to be 76.2 mm and the length of stroke is 10 be 343 mm. Further,
assume length CD = 3(0,C). Note: Pivot (2, may be placed either below or above pivol 2y as
required. Draw the mechanism to a scale of | mm = 6 mm, showing it in the phase where slider 6 is
at the extremc right position. and compute the required values for lengths 0.8, O.C, and CN.
3-5 Design a Watt's straight-linc mechanism that will give a close approximation to a straight line
over a distance of 76 mm. Supgestion: Assumc a trial value forAB = BC = €D = 50 mm and let P
lie 100 mm to the right and 50 mm below A. Lay out the path of point P for 10° intervals as crank AB
moves from its lowest position to its highest postlion. Then measure the length of the approximate
straight-linc portion. Call it r and dicate its value with a dimension line on the drawing. The
required dimensions will then be equal to the assumed dimensions multiplied by the ratio of the
desired length to .

3-6 From Eq. (3-2) show that for a constant spced of shaft 2,

Wy max ™ Chmin
ey

=sin&an &

Then using values af 5 — (°, 10°, 20°, 307, 40°, and 45°, plot a curve showing values of [(on mux~
o min)iwe] 100 versus &,



CHATFTER

FOUR
INSTANT CENTERS

4-1 INTRODUCTION

In the next two chapters several methods for determining velocities in
mechanisms will be presented. One of these requires a knowledge of instant
centers. Vclocity is important becaunse it affects the time required to perform a
given operation, as, for example, the machining of a part. Power is the product
of force and velocity. Thus for the transmission of a given amount of power, the
forces and stresses in the various links of a mechanism c¢an be reduced by
altering the veloctties through a change in the dimensions of the links. Friction
and wear on machine parts are also dependent on velocity. Further, a determi-
nation of the velocities in a mechanism is required if an acceleration analysis is
to be made.

When determining the velocities in a2 mechanism we find their values for
some instantaneous position of the links. We will see that any link having plane
motion may be considered as rotating at the instant about some point in its
plane of motion. Thus the point is a center of rotation for the link and may or
may not lie within the link itself. Further, for some links these centers of
rotation are stationary, while for others the centers of rotation move. The term
instant center 1s used to denote the center of rotation of a body at some instant.

4-2 INSTANT CENTER

An instant center is (1) a point in one body about which some other body is
rotating either permanently or at the instant; and (2) a point common to {wo

69
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bodies having the same linear velocity in both magnitude and direction in each.
Both parts of this definition are important, since we will make use of them in
locating instant centers.

4-3 INSTANT CENTER AT A PIN CONNECTION

In the four-bar linkage shown in Fig. 4-1, each pin connection is an instant
center. It is customary to designalte these centers using the numbers of the links
which are pivoted together at these points. Thus the point in link 1 about which
link 2 rotates is labeled **12"" and pronounced “‘one, two. " If link 2 were held
fixed, and link I were allowed to rotate, the relative motion [or links | and 2
would be unchanged, still being a rotation about point 12. Thus instant center
12 may also be regarded as a pointin 2 about which link 1 is rotating. Similarly,
instant center 23 (pronounced “"two, three'") is a point in link 2 about which link
3 is rotating, or it is a point in 3 about which 2 is rotating. Instant centers 12 and
14 remain fixed in the frame as the mechanism operales, and thus they are
called fixed centers. Instant centers 23 and 34 are called moving centers since
they move relative to the frame.

4-4 INSTANT CENTER FOR A BODY WHEN THE VELOCITIES OF
TWO POINTS ARE KNOWN IN DIRECTION

Any two bodies having motion relative to one another have an instant center. In
Fig. 4-2 thc paper is considered the stationary member or body 1. Suppose in
Fig. 4-2a points A and B in body 2 have linear velocities whose directions are
known. Since the linear velocities of all points in a rotating body are at right
angles to their radii of rotation, we can draw in the dashed lines perpendicular
to the velocities as shown. Their point of intersection locates instant center 12,
the point in body | about which body 2 is rotating. Thus when the directions of
the linear velocities of two points in a body are known, the instant center can be
determined, provided that these points do not lie on the same radial line. As

M

23

12 LI 14

1

Figure 4-1
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(a) \% ,,f (5)

Ligure 4-2

body 2 movcs, its position an instant later is shown in Fig. 4-2b. Suppose that
the velocities of points A and B have some new values V), and Vg. Then the
dashed lines drawn perpendicular to V), and V' intersect at point (12)7, which is
the location of the center of rotation at the instant considered. Thus as a body
moves, its center of rotation may be a different point at each instant; this
explains why it is called an instant center. An instant center is sometimes called
a centro or a pole.

4-5 INSTANT CENTER FOR A SLIDING BODY

In Fig. 4-3 body 2 slides in a circular slot in body 1. Consequently, all points on
the slider move along circular paths whose centers lie at a point in body 1. Hence
point 12 is the instant center of these bodies.

Figure 44 shows a slider which has rectilinear motion. Since all points on
body 2 move along straight-line paths, their radii of rotation will consist of
parallcl lines as shown in the figure. Similar to Fig. 4-2. the center of rotation
lies at the intersection of the radial lines. Recall that parallel lines intersect at
infinity; it follows that instant center 12 lies at infinity either above or below the
slider. Notc the manner in which this is indicated in the figure. Hence rec-
tilinear translation is a special case of rotation wherein the center of rotation
lies at infinity and the radii of rotation are of infinite length. In summary, when
u body slides with rectilinear motion on another body, their common instant
center lies at mfinity in either direction along a line which is perpendicutar to
the direction of sliding.
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Figure 4-4

Figure 4-3

4-6 INSTANT CENTER FOR A ROLLING BODY

If disk 2 (Fig. 4-5) rolls without slipping on link 1, which may or may not be
stationary, the point of contact 12 is the instant center for bodies 1 and 2. That
is, 12 is the point in body 1 about which body 2 is rotating at the instant. If body
1is at rest and disk 2 rotates clockwise as shown, center O of the disk will have
a velocity V. The motion of point P relative to O will be one of rotation with
radius PO, and V., the velocity of P relative to O, will be at 90° to PO. In
order to obtain the absolute velocity of P, we must add V,, to Vp,. Thus

Ve = Vppt V

Next, we recall that the velocity of a point in a rotating body is at 90° to the
radius of rotation for the point. Then a line can be drawn from £ perpendicular
to Vp. This line is found to pass through point 12, and length £-12 is the radius

! Figure 4-3
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of rotation for point P. P can be any point on the disk, and by adding V,, and
Vpio, Ve can always be found. A line from P perpendicular to Vp will always
pass through the instant center 12.

4-7 KENNEDY'’S THEOREM

Kennedy's theorem states that any three bodies having plane maotion relative to
one another have three instant centers, and they lie on a straight line. The proof
of this thcorem is as follows. Let bodies 1, 2, and 3 in Fig. 4-6 be any three
bodies moving relative to one another. For convenicnce we can assume that
one of the bodies is stationary. The stationary member has been called body 1
in the figure. Instant centers 12 and 13 are the points in body 1 about which
bodies 2 and 3, respectively, are rotating at the instant, The three bodies nced
not be connected to one another in any manner. Instant center 23 for bodies 2
and 3 remains to be located. Suppose it lies at point P. The only motion body 2
can have relative to 1 at the instant is a rotation about their common instant
center 12. Then when P 1s considered as @ point 1n 2, the velocity of £ must be
perpendicular to radius 12-P. Similarly, the only motion body 3 can have rela-
tive to 1 atl the instant is a rotation about instant center 13, Thus if P is consid-
ered as a point in 3, its velocity must be perpendicular to radius |3-P. Next, we
must recall that an instant center is a point common to two bodies and has the
same lincar velocity, in both magnitude and direction in each. Since the direc-
tions of the two velocities V,. in the figure do not coincide, point P cannot be the
instant center 23. 1t becomes apparent that their directions can coincide only if

Figure 4-6



T4 KINEMATICS OF MACHINES

instant center 23 lies somewhere along the line 12-13. The exact location of 23
along line 12-13 depends on the directions and magnitudes of the angular vel-
ocities of 2 and 3 rclative to 1.

4-8 INSTANT CENTERS FOR A DIRECT-CONTACT MECHANISM

Sliding Contact

In Fig. 4-7 bodies 2 and 4 are in direct contact. P, and P, are the coincident
points at the contact point, and their velocities P.E and PyF are perpendicular to
12-P; and 14-P,, respectively. These velocities have normal components P.S
and PS5 which must be equal at all times if the bodies are to remain in contact.
The tangential components of velocities P. F and P, F are P, L and Py M. As
explained im Sec. 2-15, if the point of contact does not lie on the line of centers
12-14, these tangential components will not be equal, and sliding exists. Hence
the only relative motion which bodies 2 and 4 can have at their point of contact
is in the direction of the common tangent, and their center of relative rotation,
instant center 24, must then lie along the commeon normal. However, by Ken-
nedy’s theorem instant center 24 must lie along line 12-14. Hence instant center
24 lies at the point of intersection of the common normal and the line of centers
12-14.

Rolling Contact

As explained in Scc. 2-15, rolling exists only if the points of contact £, and P,
have velocities which arc identical. This requires that the point of contact lic on

__——— Common normal

Commen tangent

Line of centers

Figure 4-7
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Line of canters

LS ALLLELS

Figure 4-8

the line of centers 12-14, as shown in Fig. 4-8. Since an instant ¢enter is a point
common to two bodies and has the same linear velocity in each, it follows that
when bodies 2 and 4 have rolling contact, their common instant center lies at
their point of contact.

4-9 NUMBER OF INSTANT CENTERS FOR A MECHANISM

Any two links in a mechanism have motion relative to one another and thus
have a common instant ¢enter. Hence the number of instant centers for a
mechanism is equal (0 all the possible combinations of two from the total
numbecr of links. Let n be the number of links. Then the number of instant
centers is

=)

N
2

(4-1)

4-10 PRIMARY INSTANT CENTERS

All instant ccnters which can be found merely by inspection are called primary
instant ceniers. It is important for the student to be able to recognize their
occurrence. because only after all pnmary instant centers have been located for
a mechanism can we locate the remaining instant centers by applying Ken-
nedy’s theorem. Primary instant ccnlers can be summarized as follows:

Instant center for pin-connected links, c.g., instant center 23 in Fig. 4-1.

Instant center for a sliding body, ¢.g., instant center |2 in Figs. 4-3 and 4-4.

Instant center for a rolling body, e.g.. instant center 12 1n Fig. 4-5.

Direct-contact mechanisms

a. If the bodies have sliding contact, their instant center lies where the
common normal through the point of conlact intersects the line of cen-
ters, €.g., instant ccnter 24 in Fig. 4-7.

b. If the bodies have rolling contact, their instant center lies at the point of
contact, e.g., instant center 24 in Fig. 4-8.

e 2 —
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4-11 CIRCLE DIAGRAM METHOD FOR LOCATING INSTANT
CENTERS

The four-bar linkage in Fig. 49 will be used to illustrate the procedure. All the
primary instant centers must be located first. These are centers 12, 23, 34. and
14, as shown in the figure. By applving Kennedy's thecorem, we can locate the
remaining instant centers. A simple, systematic means for carrying this out is
known as the circle diagram method. Points are laid out approximately equally
spaced along a circle, as shown in Fig. 4-10. Fach point represents a link in the
mechanism. All the possible straight lines joining these points represent the
instant centers. First, all centers which have already been located are drawn in
as soltd lines. Thus since instant centers 12, 23, 34 and 14 have been located in
Fig. 4-9, they are drawn in as solid lines in Fig. 4-10. The instanl cenlers
remaining to be located are represented by dotted lines, In order to locate these
centers. we examine the dingrum and [ind any two triangles which a dotted line
completes. For example, we note that line 13 complctes triangles 123 and 341;
that is, if line 13 were a solid line, these two triangles would be completed
(formed by solid lines). These two triangles can be used to locate instant center
13. Links 1, 2, and 3 have three instant centers, 12. 23, and 13, and the latter are
represented by lines 12, 23, and 13 in Fig. 4-10. By Kennedy’s theorem these

13

/

24 O— T L 14

12 1
Figure 4-9
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Figare 4-10 Figure 4-11

three instant centers mus! lie on a straight line. Hence in Fig. 4-9 instant center
13 is somewhere on a ling joining points 12 and 23. Also links 3, 4, and [ have
three instanl centers, 34, 14, and 13, and rhese arve represcnted by lines 34, 14,
ad 13 in Fig, 4-10. Kennedy's theorem states that these three instant centers
must lic on a straight line, Thus in Fig. 49 instant center 13 must lie on « line
tointng points 34 and 4. Since it was noted earlier that instant center 13 also
tics somewhere along line 12-23, it must then be focated at the intersection of
fincs 12-23 and 34-14, as shown in Fig. 4-9.

After an instant center has been located, it is drawn in as a solid linc on the
circle diagram, This is illustrated in Fig. 4-11, where line 13 has been made
solid. Next, we observe from Fig. 4-11 that instant cenler 24 remains to be
iocated. Since line 24 completes triangle 412, instant center 24 must lie on a line
with instant centers 41 and 12 in Fig. 4-9. Also since line 42 in Fig. 4-11
completes triangle 432, instant center 24 must lie on a line with instant centers
34 and 23 in Fig. 4-9. Hence instant center 24 lics where thesé two lines inter-
sect, as shown in the figure.

When using the circle diagram method., it ts important to find all the pri-
mary instant centers first: otherwise 1t may not be possibie to find any two
trnangles which an unlocated instant center completes. Further, after an instant
center has been located on the drawing of the mechanism, it should im-
meditely be drawn in as a solid line on the circle diagram. This is nccessary
when working with mechanisms having more than four links, Othcrwise, when
locating the remaining instant centers, it may not be possible to find additional
pairs of triangles which are composed of solid lincs except for having a common
side which is dotted.

Example 4-1 Locate the instant centers for the slider-crank mechanism in
Fig. 4-12.

SoruTtion All the primary instant centers are located first. These are in-
stant centers 12, 23, 34, and [4, as shown in the figure. These instant
centers are then drawn in as solid lines on the circle diagram in Fig. 4-13.
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3 Figure 4-13

Instant center 13 is represented by the dotted line in Fig. 4-13, and we
note that it completes triangles 123 and 143. Thus in Fig. 4-12 instant center
13 must lie on a line with instant centers 12 and 23, Also it must lie on a line
with instant centers 14 and 34. Hence instant center 13 lics where these
lines intersect, as shown in Fig. 4-14.

From the circle diagram which is again shown in Fig. 4-15, we note
that the dotted line representing instant center 24 completes triangles 412
and 432. Hence in Fig. 4-14 instant center 24 lies on a line with instant
centers 23 and 34 and also on a line with instant centers 12 and 14. Thus
instant center 24 lies at the point of intersection of these two lines as
shown. Since instant center 14 lies at infinity, a line from 12 to 14 must b¢
drawn parallel to line 34-14. This utilizes the concept that parallel lines
meet at infinity.
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Figure 4-14

Figure 4-135

Example 4-2 In Fig. 4-16 link 5 is a wheel which rolls on link 1. Locate all
instant centers for the mechanism.

SoLuTioN The solution is shown in the figure. The number of instant
centers = n{n — 1)/2 = 5(5 — 1)/2 = 10. All the primary instant centers are
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[ignre 4-16

located (irst, These are 12, 13, 34, 45, 15, and 23 and arc drawn tn as soiid
lines on the circle diagram in Fig. 4-17. The instant centers remaining o be
found arc represented by the dotted lines. Since instant center 14 completes
triangles 134 and 154, it can be located next. After instant center 14 is
located in Fig. 4-16, line 14 is drawn in solid in Fig. 4-17. We then continue
using the crcle diagram mcthod to locate the remaining instant centers,

Example 4-3 Bodies 2 and 3 (Fig. 4-18) rotate about pivotls 12 and i3 in the
frame. B and C are points in 2 and 3, respectively. and their velocities are as
shown. Locate instant center 23,

Figure 4-17
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Figure 4-18

SoLuTtioN By Kennedy's theorem instant center 23 lics on line 12- [3. Also
by the definition of an instanl center, 23 1s a pomnt common to bodics 2 and 3
and has the same linear velocity in cach. As a point in link 2, 23 has a radius
of rotation 12-23 and as a point in link 3 its radius of rotation is 13-23.
Further, velocities of points in a rotating body are proportional to their radii
of rotation. Thus if a line is drawn from 12 and through the lerminus of V,
and also one from 13 through the terminus of V., (he infersection of these

lines determings the magnitude of V., as well as the location ol instant
center 23 along line 12-13.

4-12 CENTRODES

We

have noted that some instant centers are fixed centers of rotatien in the

frame. while others arc continuously changing position as the mechanism pass-
es through the various phascs of its motion. The path of a4 moving instant cenier

can

be plotted. A smooth curve through thesc points is a cenfrode.
In Fig. 4-19 assume disk 2 roils on body 1. Instant center 12 is always the

point of contact. The straight line 12-F is the centrode of 12 on bedy | and the
circle 12-B7 is the centrode ol 12 on body 2. The centrode which lies on the

_— MWoving cenfrode
.-

Fixned centrode

P 8

IS _ Tty I

1 Figure 4-19
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fixed body is called a fived centrode, and the one which lies in the moving body
IS a MoVing centrode.

Consider the crossed four-bar linkage in Fig. 4-20, where length O,B = 0,C
and BC = 0,0,. Instant center 24 lies at the intcrsection of lines BC and 0,0;,
and the centrode which it generates on the frame is line 0,0,. The centrode
which instant center 24 describes on link 2 is an ellipse, and the centrode which
it describes on link 4 is also an ellipse. As links 2 and 4 in the four-bar linkage
rotate, these cllipses are always in contact at the instant center 24, which
moves along the line of centers (,0,. Hence the ellipses have rolling contact. It
gear tecth are placed on these ellipses, then we have a pair of elliptical gears.
Further, if in Fig. 4-20 the original four-bar linkage were replaced by a
meChfimSm consisting of the two rolling cllipses 2" and 4' pivoted to the frame
at ponts ), and O,, then the angular motions of links 2’ and 4' would be
identical to the motions of links 2 and 4, respectively. Hence we see that if the
links of a mechanism are replaced by members whose outlines are made to
conform with the centrodes, and if these are made to roll on one another, then
we have an equivalent mechanism.

. Centrode
, e T~ {path of 24 on 2)
2// \/ pa
/ B N
y \
; \
/ A
f
! ‘\
/ |
! 2 | ‘ Centrode
ll ! 4 / {path of 24 on 4)
3 3 ! LT s
! /’ Jte N
\ ws o \\
LS 7/, y
\\ 7 M \
X 0 ST 04 1
AN 2 ’ 1 !
~ Eay
\\'-._ /", i w4 .,’
/ 4 /
! /
| /
! J
\ (. s
\ //
N
S P

Figure 4-20
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PROBLEMS

4-1 Locate all the instant centers for the mechanism shown in Fig. P4-1,

Figure P4-1

42 Locate all the instant centers for the mechanism shown in Fiy. P4-2.

Figure P4-2
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4-3 Locate all the instant ceniers for the mechanism shown in Fig. P4-3.

Figure P4-3

4.4 T.ocate all the instant centers for the mechanism shown in Fig. P4-4,

4
50.8 ¢
D
3
57.2
102
B 30° 110°
v 2 }
B‘ —
Y B W W T T TR T W W W T WL W T T W W T e T e R T S S W v am

1

Figure P4-4

4-5 Figure P4-5 shows a planctary gear train. Gear 3 is integral with the driving shafl and as it
rotates causes gear 2 to roll around the inside of stationary gear 1. Each gear 2 rotates freely on a
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shafl on the carrier 4. The driven shaft is integral with the carrier and rotatcs at a fraction of the
speed of the driving shaft. Locate all instant centers.

1
L L8 L
2
===:_m
3 4
\
[t e]
Driver : Driven
D| = 267
Dg = 105
D; = 57.2

Figure P4-3

4-6 locate all instant centers for the mechanism shown in Fig. P4-6.

Cc

w2

=191 95.3

Figure P4-6



86 KINEMATICS OF MACIIINES

4-7 l.ocate all instant centers for the mechanism shown in Fig. P4.7,

191

s
1

95.3

Figure P4-7

4-8 T.ocate all instant centers for the mechanism shown in Fig. P4-8.

66.7

+ 95.3 -

Figure P4-8
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4-9 Locate all instant centers for the mechanism shown in Fig. P4-9,

Figure P4-9



CHAPTER

FIVE

VELOCITIES BY INSTANT CENTERS AND BY
COMPONENTS

5-1 INTRODUCTION

In this chapter two methods for finding linear velocities of points on a
mechanism will be presented. The first of these makes use of instant centers;
the second consists of resolving velocity vectors into components.

5-2 LINEAR VELOCITIES BY INSTANT CENTERS

When finding linear velocities by the method of instant centers, thc following
basic principles must be kept in mind:

1. The magnitudes of the linear velocities of points in a rotating body are
directly proportional to their radii of rotation. The radius of rotation of a
point 1s the distance from the point to the instant center in the frame about
which thc link containing the point 15 rotating.

2. The lincar velocity of a point is directed perpendicular to the radius of
rotation of the point,

3. An instant center is a point common to two bodics and has the same linear
velocity in both magnitude and direction in each.

5-3 VELOCITIES IN A FOUR-BAR LINKAGE

A four-bar linkage will be used as a first example to illustrate two graphical
methods for determining linear velocities by use of instant centers.

88
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Rotation-of-Radius Method

In the mechanism in Fig. 5-1 suppose the finear veloctty of point B is known,
and the linear velocities of points 23, £, and £ are to be found. Points B and 23
lic on link 2, which is rotating about instant center 12 in the frame. Velocity Vay
must be directed perpendicular to its radius of rotation 12-23. Hence its direc-
tion is known. If we draw a line from point 12 through the terminus of V,, its
intersection with the perpendicular at 23 determines the magnitude of Va;. From
similar triangles

st — VB
12-23  12-B

which satisfies the rulc that linear velocities of points in a rotating body are
directly proportional to their radii of rotation. In order to find Vay, we consid-
ered 23 as a point in link 2. Next, if we consider 23 as a point in Iink 3, the
velocity of point D can be found. Since Iink 3 is rotating about instant center 13
in the frame, the instant radii of rotation for points 23 and D ar¢ lengths 13-23
and 13-D, respectively. Similar triangles involving these radii are constructed
by rotating radius 13-D about point [3 until it is in line with radius 13-23. Thus
13-D' is the instant radius of point ) after it has been rotated, and a perpendicu-
larto 13-D' at point D’ indicates the direction for the velocity of point D', A line
drawn from 13 to the terminus of V,3 will determine the magnitude of V.. Then
V, will be equal in magnitude to Vy,., but to be in true dircction it must be drawn
perpendicular to its instant radius 13-, fn a similar manncr the velocity of
point £ Is found by rotating its instant radius 13-F in line with instant radius
13-23. Vector V. represents the velocily of point £ when in the rotated position
E'. Next, V; is made equal in magnitude to V. and must be directed perpen-
dicular to instant radius 13-F,

Figure 5-1
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Figure §5-2

Another example of the rotation-of-radius method for finding velocities is
illustrated in Fig. 5-2. Let us suppose that Vj is known and Vj, is to be found.
We must first find the velocity of instant center 24, which is a point in both links
2 and 4. If 24 is considered as a point in link 2, like all points in 2 it will be
rotating about point 12 in the frame, and its instant radius is 12-24. After
rotating instant radius 12-B in line with instant radius 12-24, a gauge line from 12
through the terminus of Vj. determines the magnitude of V,,. Next, instant
center 24 is considered as a point in link 4. As points in link 4, 24 and D are
rotating about instant center 14 in the frame. Hence their velocities are directly
proportional to their instant radii 14-24 and 14-D. A gauge line drawn from 14 to
the terminus of V,, determines the magnitude of V,,, as shown in the figure. Vp
has the same magnitude as V., but must be directed perpendicular to instant
radius 14-D.

It is to be noted that this method for finding velocities by rotating the
instant radius of a point in line with the instant radius of another can be used
only when the two points are in the same link. For example, in Fig. 5-1 with V5
known, we wanted to find the velocity of point D which can be considered as a
point in link 3. It was necessary to first find the velocity of a point which was
common to links 2 and 3, namely peint 23. Such a point is called a transfer
point. Similarly, in Fig. 5-2 when finding V), since points B and D are not on the
same link but lie on links 2 and 4 (point D lies on link 3 or link 4), it was
necessary to find the velocity of the point which is common to links 2 and 4,
namely instant center 24, Thus 24 was used as a transfer point.

Parallel-Line Method

The mechanism of Fig. 5-1 is also shown in Fig. 5-3; and again with V; known,
the velocities for points C, D, and E are to be found. Vector V. is found first in
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Figure 5-3

the same manner as illustrated in Fig. S-1. Then V. is rotaled into line 13-C, the
instant radius for point €. From point C" a line is drawn parallel to line CE.
Where this line interscets line 13-F locates point k7. Line C'F" is thus parallel to
the base of triangle 13CE. From a theorem of geometry which states that « line
drawn parallel to the base of a trangle divides the sides of the triangle propor-
tionately, we have

cc’ EE’ Ve Vi

c1v  Eas T Cod T Ea3

which satisties the rule that hnear velocities of points in a rotating body are
directly proportional to their radii of rotation. In the figure, vector Vi is ob-
‘ained by rotating length £E’ 10 a position perpendicular to radius 13-,

In order to find ¥, in Fig. 5-3, the procedure just described is repeated. Vi
15 rotated 1into its instant radius [3-75. Then from E’ line E'D’ is drawn parallel to
£D. Length DD will then be the magmitude of V. We note that V), can also be
obtained by drawing a line through C' parallel to CD. This also locates point D',

This mecthod, like the rotation-of-radius method described earlier, ¢an be
used to find the velocity of a point only if the velocity of some other point in the
same link is known,

5-4 VELOCITIES IN A SLIDER-CRANK MECHANISM

In Fig. 5-4 suppose the angular velocity w, of the crank is known and the
velocity of the piston (link 4) is to be found for the crank position shown. The
velocity Vg is computed first; thus

V23 = Rw = (12'23)(1')2
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Figure 5-4

Vector Vo then can be laid off to any convenient scale on the drawing. Points
23 and 34 are points on link 3 which is rotating about instant center 13. Hence
their velocities are proportional to their instant radii 13-23 and 13-34. By rotat-
ing radius 13-34 in line with radius 13-23, we cun find V4, as shown. Next, V.,
must be drawn perpendicular to instant radius 13-34. The magnitude of Vi, 18
equal to the magnitude of V ;... Since 34 is a point on link 4 as well as onlink 3,
Vi is the velocity ot the piston as wcll as the velocity of a point on 3.

5-5 VELOCITIES IN A CAM MECHANISM

In Fig. 5-5 e, the angular velocity of the cam, is assumed known. and the
velocity of the follower 1s to be tound for the position of the ¢cam shown, The
instant centers are located first. Links 1. 2. and 3 comprise a dire¢t-contact
mechanism. The center of rotation for link 2 is instant center {2, and the center
of rotatior for link 3 is instant center 13, which lies at infinity along a line
perpendicular to the direction of follower motion, A line joining thesce centers of
rotation is labeled line of centers in the figure. Since the point of contact £ does
not lic on the line of centers, bodies 2 und 3 have sliding contact, as explained in
Sec. 2-15. Hence instant center 23 lies where the common normal through point
P intersects the line of centers. as proved in Scc. 4-8. Considering 23 as a poinl
on body 2. its velocity Vyy must be dirceted perpendicular to 12-23, which is the
instant radius for point 23. Its magnitude is

"!23 = RCU = (12‘23)[1}2
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ina of centers
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Figure 5-5

From the definition of an instant center, 23 is also a point on link 3. Since the
follower has rectilinear translation. afl points an the followcr have the same
VEIOC“.}" .[;23-

5-6 VELOCITIES IN A COMPOUND LINKAGE

Mechanisms can be classiticd as simple mechanisms and as compound mech-
anisms. A simple mechanism consists of three or four links. All olhers, or
those consisting of more than four links, arc compound mechanisms. Com-
pound mechanisms are usually made up of combinations of simple mechunisms.
The mechanism in Fig. 4-16 and shown again in Fig. 3-6 is an cxample of a
compound mechanism, [t consists of the simple mechanism composed of links
(, 2, and 3 combined with a second simple mechamsm consisting of links 1, 3,
4, and 5.

In Fig. 5-6 suppose the velocity of point B on link 2 is known. and the
velocity of point 45 in link §is to be found. The analysis here is similaer 10 that
used in Fig. 5-2. which was explained in Sce. 5-3. We must [irst find the
velocily of the transfer point (instant center 23} which is a peint in both tinks 2
and 5, As a point in link 2 it has an instant radius 12-25. Hence a gauge line from
center 12 through the terminus of V. determines the magnitude of V.. Next,
considering instant center 25 as a point in link 3. it has 4n instant radius 13-25.
Thus a gauge line from 15 to the terminus of V., determines the magnitude of
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Figure 5-6

V. Vs has the same magnitude as V5, but it must be directed perpendicular
to line 15-45, which is the instant radius for point 45,

5-7 ANGULAR VELOCITIES

We noted carlier that the angular velocity of a body may be found as follows:
v
R

w:

where V is the linear velocity of a point on the body and R is the radius of
rotation for the point. In Fig. 5-1, since 23, the common instant center for
bodies 2 and 3, is a point in either link 2 or 3, then

. _K_ _ V23 d _ v23
“=R T 23 M TR
Hence wp _ 13-23 (5-1)

W 12-23
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12-23
cw
13-23

alld Ly = Uk

Similarly, in Fig. 5-2, sincc instant center 24 is a point in cither link 2 or link

o
“2 71424

Wy ccw

From Eq. (53-1} we can conclude that the angular-velocity ratio for any two
{inks in a mechanism is inversely as the distances from the instant centers in the
frame about which the links are rotating to the instant center which is common
to the two links.

5-8 YELOCITIES BY COMPONENTS

Velocity analysis of linkages by components consists of resolving velocity
vectors into suitable components so that the translation and rotation of the
various links can bhe evaluated. Supposc in Fig. 5-7, V. the velocity ol the
crankpin, is known, and the velocities of the slider and point £ ar¢ to be found.
V5 is the component of Vy in the direction of BC and V5 is the component of Vy
perpendicular to BC, Since link 3 is a rigd body, V¢, the velocity of C in the
direction of BC, will equal Vg. The slider must move parallel to its ginde in the
frame; hence V. is parallel to the guide. A line from the terminus of V¢ and
perpendicular to V' detcrmines the magnitude of Vi-. Vi is the component of V;
in the direction perpendicular to BC, and its magnitude is determined by draw-
ing a linc from the terminus of V. perpendicular to the direction of V. The
gauge line joining the terminus of V7 and V¢ locates point 2. This point on link 3
has no velocity perpendicular to BC but has a velocity in the direction of BC
equal to Vz. Since V;; and Vj are proportional to their distances trom P, the
magnitude of Vy is found by rotating Hne D into line I’B as shown. V), has the
same magnilude and direction as Vg, Then Vj 1s the absolute velocity of 12 and
is the resultant of V5 and V5. The intersection of a linc from the terminus of V),

Figure 5-7
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and parallel to V3 with a linc from the terminus of V and parallel to Vj deter-
mines Vp.
The instantaneous angular velocity of link 3 in Fig. 5-7 may be found as
follows:
oo VB VE
' FPB PC PD

In Fig. 5-8 slider 3 is pinned to the end of link 2 and slides on link 4 as link 2
rotates. Vy, 15 the velocity of a point on link 2 and is known. The velocity of
point 12 is to be determined. Vj, is the velocity of a point on link 4 and is the
component of Vg,, which is perpendicular to O,B,, the instant radius of B;. A
line from O, through the tcrminus of Vg, determines the magnitude of V., Next,
Vp ts found from Vj, which is equal to V. Since Vp is a component of Vp, a line
from the terminus of ¥V and perpendicular to Vy, determines the magnitude of
]/D-

In the mechanism in Fig. 5-9 link 2 is a cam and link 3 1s the follower. Vg,
the velocity of a point on the cam. is known. The velocity of the follower is
10 be found. The component of V; in the direction of motion of link 3 is Vp and is
the veloeity of a point on the follower. Since the follower has rectilinear transla-
tion, all points on link 3 have this velocity. The component of Vg along the face
of the follower is Vg and is the velocity of sliding.

Figure 3-8
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AIEETT AT

Figure 5-9

For the linkage in Fig. 5-10, Vi is known and the velocities of points C and
D are to be found. Vy is the component of Vg along line BC. V/A(3) is made equal
to Vg and is the component of V. along link 3. A perpendicular from the
terminus of V/{3) dctcrmines the magnitude of V-, which must be perpendicular
to . Next, from V, a perpendicular is drawn to link 5 to determine V/A(5). the
component of Ve along link 5. V; ts made equal to Vi{5), and a line drawn
perpendicular to V' determines the magnitude of V.

b3)

Figure 5-10
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When the component method for finding velocities is used, it is important
to remember that the absolute velocity of a point must be perpendicular to its
instant radius of rotation and that any components we resolve the vector into
are always smaller than the vector itself.

PROBLEMS

5-1 In Fig. P4-1, let V; be represented by a vector | in long, Determine veciors Ve and ¥y by the
rotalion-of-radius method.

5-2 In Fig. P4-2, el V5 be represented by a vector 2 in long. Determine veclors ¥y, and Vy by the
rotation-of-rudius method, If aw; = 100 r/min, determine the values of ¥ und Ve, in fect per second.
5-3 In Fig. P4-3, let V; be represented by a veclor 25 mm long. Determine vector V. by the
rotation-of-radius method,

5-4 In Fig. P4-4, let V,, be represented by a vector 25 mm long. Determtine vectors V- and V), by
the rotation-of-radius mcthod.

§-5 In Fig. P4-5. let V be represented by a vector 38 mm long. Determine veetor V. using instant
centers.

5-6 lo Fig. P4-6, let Vg be represcnted by & vector 25 mm long, Delerming vector Ve by the
rotation-of-radius method.

5-7 in Fig. P4-7, lel ¥V be represented by a vector 38 mm long, Determine vector V- by Lhe
rolation-of-radius method.

5-8 In Fig. P4-8, let ¥V be represented by a vector 64 mm long. Determine vector V¢ by the
rotation-of-radius method.

5-9 In Fig. I'4-9, let V¥, be represenied by a vector 32 mm long. Determine veclor ¥V by the
rotation-of-radius method.

5-10 In Fig. P4-1, if ax = 100 r/min. detcrmine w; and my.
5-11 In Fig. P4-2, f @, = 100 r/min, determine oy,

512 In Fig. P4-3, if wy
513 In Fig. P44, if V3 = 6.10 m/s, determine wy in radians per second.
5-14 In Fig. P4-5, determine the ratio ws/o,.

5-15 In Fig. P4-6, il ¢ = 130 r/min, determine ay and w,.

150 r/min, determine w,.

5-i6 In Fig. P4-7, if we = 20 r/min, determine w,.

5-17 In Hig. P4-8, let oy = 75 rimin. Determine ., ey, and ws.

5-18 In Fig. P4-9, if wy — 75 r/min, defermine ey, w., and .

5-1% In Fig. P4-1, let V be represented by a vector 1 in long. Determine vectors V. and Vp by the
componenl method.

3-20 In Fig. P4-2, let ey, = 100 r/min. Compute the value of V- in feet per second, the velocity of a
point on the cam. Then draw vector Ve, using a scale of 1 in = | fi/s. Determine vector V¢, the
velocity of the coincident point on the [wllower, and also determine vector V7, the velocity of
sliding. Scale off their values in feet per second. Using the value found for ¥/, compute w in
revolutions per minutc,

5-21 In Fig. P4-4, let ¥ be represented by a vector 23 mm long. Determine veclors ¥~ and ¥V, by
the component method.

5-22 In Fig. P4-6, lcl £; and Py be the coincident points of contact on links 2 and 3, respectively. Let
V. be represented hy u vector 29 mm long. Locate instant center 13 and then determine vector Ve
by the component method.



CHAFPTER

SIX

VELOCITIES IN MECHANISMS BY METHOD OF
RELATIVE VELOCITIES

6-1 INTRODUCTION

In the preceding chapter, velocity analysis in linkages by the method of instant
centers and the method of components was explained. A third method ulilizing
the concept of relative velocity, presented in Chap. 2, will now be discussed.
This latter method is most important because the relative velogities must be
determined if an acceleration analysis is to be made for a linkage.

6-2 LINEAR VELOCITIES

To illustrate the relative-velocity method for finding velocities in a mechanism,
lct us first consider the slider-crank mechanism in Fig. 6-1. Suppose the angular
velocity of the crank w, = 15 rad/s ccw, and we want to find the piston velocity
Ve.

Vp is directed perpendicular to ;8. Then we have

Ve = (0.B)on, = 2.5 x 15 =37.5in/s

Using the relative-velocily equation explained in Sec. 2-9, we have
i £ £
- v Vo v

‘/C = VB - ‘76'1'3 (6-[)

Each quantity in the equation has both magmiude and direction, and to aid us in
keeping in mind which quantities are known and which are unknown, we will
place two marks above each vector. A dash mark will be used to indicate that

9



100 KINEMATICS OF MACIIINES

Va

0,8=25"
BC=3"

Figure 61
B!
Llte 098
lte BC ~_ Vg
Vs
Crte ) 04
Fe
1in. =18 inls
Figure 6-2

an item is unknown, and a check mark will be used if it is known. We will let the
first mark above a vector refer to its magnrtude and the second to its direction.
The magnitude of V¢ is unknown, but its direction is known, because the piston
is constrained by the frame to move horizontally. Hence a dash followed by a
check are placed above V... Since both the magnitude and direction of ¥V are
known, a check mark for each of these is placed above V; in the equation. Since
link 3 is assumed to be a rigid body, C can have no velocity relative to B along
the line CB. Thus if C has any velocity relative to B, it must be in a direction
perpendicular to Iime BC. Then in Eq. {(6-1) a dash mark is placed above V. to
indicate that the magnitude of this vector is unknown, 4nd 1 check mark sig-
nifies that the direction is known. From an inspection of the marks above the
equation we sce that there are only two unknowns, namely the magnitude of V-
and the magnitude of V5. A vector equation can be solved only if there arc no
more than two unknowns.

The velocity polygon is shown in Fig. 6-2. Point (); is the pole, and the
absolute velocities of all points are laid off from it. The pole represents all
points on the mechanism having zero velocity. Primes will be used on the
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letters in the velocity polygon to represent corresponding points in Fig. 6-1.
Thus O represents point Oy on the mechanism, and since point (J; has zcro
velocity, Oy lies at the pole. O;B’ and O, C' represent the velocities of points B
and C, respectively. On the original drawing of Fig. 6-2 a scale of 1 in = 18 in/s
was used. The velocity pole OF is placed at any convenient location on the
paper. Then Vy 15 Taid off from the pole and is directed perpendicular to O,5.
We note from Eq (6-1) that V5 is to be added to V,. Since the direction of Vi
is known to be perpendicular to line BC, the linc B'C’ 1s next drawn in this
direction. Its length is yet unknown. Next, line O,C’ is drawn and i1s made
parallel to the direction of slider motion. The magnitudes of Ve and V5 are
then rcveaied from the intersection of lines Q;C'and B'C’. The length of O,C”’,
when measured from the onginal drawing, was found to be 1.80 in. Then
multiplying by the velocity scalc. we obtain

Ve = 1.80 x 18 = 32.4 in/s

As another illustration of the relative-velocity method, let us consider the
linkage in Fig. 6-3. The angular velocity of the driving crank w, = 20 rad/s ¢w,
and the vclocity of point D is to be determined.

The velocity of point B 1s

‘/'B —= (OgB)w:,: =0.152 x 20 = 3.04 m/s

and is represented in Fig. 64 by vector O;B’ drawn from the velocity pole O;.
By relative velocilies
J— v \/’ _ .‘:

Vo = Vi + Vi (6-2)
Both the magnitude and direction of V;; are unknown. The magnitude of V4 is
unknown, but its dircction is known, i.e., perpendicular to BD. Since Eqg. (6-2)
contains more than two unknowns, it cannot be solved. Vi can be found,
however. by first tinding the velocity of C. For V we may write

5 i ." B
¥ Vo —

Ve =V, b Vrl.-m {6-3)

Since there arc only two unknowns in this equation, namely the magnitudes of
Ve and Ve, point C'in Fig, 6-4 is readily located as follows. Line B'C’ is drawn
from B’ perpendicular to BC. This 1s the direction for V., which we sce from
Eq. (6-3) is to be added to V. Next, a line is drawn from () perpendicular to
O4C. This is the direction of V.. The intersection of these two lines locates
point C’. V5 1s then represented by line B'C” and is directed from B’ toward
C’.
Next, for ¥, we have

L
_— v

s
' —_—
‘p =V B Vpr

Since this equation contains more than two unknowns, we cannot find Vj by it
alonc. However, since the right side of this equation and that of Eq. (6-2) both
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give Vp, we can equate them. Then

;o ; ;s ;
B . !
Vv — \,'I vy v

Ve Vopp =V b Ve

This last equation contains only two unknowns and thus can be solved. A linc
drawn from B' perpendicular to BD is the direction for Vp;z. Its interscction
with a line drawn from C’ and perpendicular to CD locates point D', Hence ¥V
has been found by adding to V, and V. the velocities Vpp and V¢, respec-
tively. Scaling values from the original drawing of Fig. 6-4, it was found that V),
=198 m/s and V, = 2.01 m/s.

Lines drawn from the pole to points on the velocity polygon represent the
absolute velocities of the corresponding points on the mechanism. A line con-
necting any two points on the velocity polygon represents the relative velocity
for the two corresponding points on the mechanism. In Figs. 6-3 and 64 a
vector directed from C' toward D' represents the velocity of D relative to C,
while a vector directed from D' toward C' is the velocity of C relative to D.
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6-3 VELOCITY IMAGE

Each link in a mechanism has an image in the velocity polygon. In Fig. 64 lines
B'C', C"D’', and B'D’ were drawn perpendicular to lines BC, CD, and BD in
Fig. 6-3, respectively. Hence triangle B'C’D’ is similar to triangle BCD and is
called its image. Similarly OB’ is the image of 0.8, and O,C" is the image of
0,C. The vclocity image is a useful concept. If the velocities for any two points
on a link have been found in the velocity polygon, the velocity of a third point
on the link can readily bc found by drawing the velocity image. For example, in
Fig. 6-4, if points B’ and C’ have been located, point D’ can be located by
constructing triangle B'C'D’ so that it will be similar to triangle BCD. This
requires that B'C’, B'D', and C'D’ be perpendicular to BC, BD, and CD,
respectively.

6-4 ANGULAR VELOCITIES

The angular velocity of a rigid link is equal to the rclative velocity of any two
points on the link divided by the distance between the points. Since the dis-
tance between points in a rigid body remains fixed, the only velocity one point
can have relative to another on the same link must be perpendicular to a line
joining the points. Thus the motion of one point relative to the other is one of
rotation, where the radius of rotation is the distance between the points. For
example, in Fig. 6-3 the angular velocity of link 3 is
1%

ok = —

R

_ Vair _ Vi _ Ve cow
BC BD D

From Fig, 64 V¢ 1s directed from C’ toward B’; thus in Fig. 6-3, B is moving
downward relative to C and hence is rotating counterclockwise about C. There-
fore w; is counterclockwise. Similarly, the directions of Vg, and V¢, as seen
from the velocity polygon, indicate that B is rotating counterclockwise about D
and C is rotating counterclock wise about D. Further, from the last cquation we
note that all straight lines in a body have the same angular velocity.

Example 6-1 For the mechanism in Fig. 6-5 suppose «, = 5 rad/s cw and
the velocity of point D is to be found, along with the angular velocity of link
3. Vg is directed perpendicular to O,B; thus

Vi = (0.B)w,
0.0762 x 5=0.381 m/s
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0,8 = 76.2
BC - 152 D
CO = 69.9

Iiigure 6-5

¥orc
1 men = 0.006 m/s

Figure 6-6

The velocity polygon appears in Fig. 6-6 where OB’ represents Vg to
scale. A scale of I mm = 0.006 m/s was used for the original drawing. By
relative velocities

‘g
Vo — v

{/; = Vi 2 Vyu (64)

The velocity of D is unknown in magnitude and direction and thus dash
marks are placed above Vy in the vector equation lo signify this, while the
check marks above V, indicate that its magnitudc and direction are kaown.
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Though the magnitude of V,; ts unknown, its direction is known to be
perpendicular to BD. Thus a check mark is used to denote that its dircction
is known. We note there are three unknowns in Eq. (6-4), the magnitude of
Vp, its direction, and the magnitude of Vy,,. Length (0:B' represents Vp and
is laid off first from the pole Os.

Equation (6-4) states that in order to obtain V), in Fig. 6-6, we are to
add vector Vp to vector V. Linc B'D' represents Vyz and O:D’ repre-
scnts V. Since the magnitude of Vyjz is unknown, and since the magnitude
and direction of V, are not known, point D’ cannot yet be located. How-
ever, the problem can be solved by first detcrmining Vi.. By relative vel-
ocities

i ;

Vv

‘}C' =Vz b "_/(:‘,-B (6-5)

Equation (6-5) states that Vip is to be added to Vi, B'C’ is Vi and is
drawn from point B'. Its length, however, is not yet known. V. 1s an
absolute velocity and thus it must emanatc from the pole O; . Further, since
C i1s a point on link 4 as well as on link 3, 1t is constrained (0 move parallel
to the guide on which link 4 slides. Thus line O;C" represents the dircction
of V.. The intersection of this line with line B°C’ locates C'. We arc now
ablc to make use of our original vector equation to obtain V7, that 1s

Y v

'y = Vg b Vpa

The magnitude of V5 can be found by proportion. BC = 152 mm and 8D
= 222 mm. Hence
BD = QBC = 1.46RBC
152
Since points B, C, and D lie on the same link, B', C’, and D’ on the velocity
polygon must be the image of BCD on the mechanism, and thus

B'D’ = 1.46B'C”’
Point D' is then located by drawing B'D" 1.46 times as long as B'C". Vector
0" represents the velocity of point D and B'D’ rcpresents V3. Scaling
their values from the polygon, we find that V, = 0.387 m/s and V,,, =

0.457 m/s.
‘The angular velocity of link 3 1s

W = VL'-’U = VD}B
*7 BC  BD
Using the latter, we find that
0.457 ,
wy = ——— = 2.06rad/s cw

0222
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6-5 VELOCITIES OF POINTS ON A ROLLING BODY

Let disk 2 in Fig. 6-7 be rolling on body 1. Then as cxplaincd in Sec. 4-6, body 2
is rotating about point P in link 1 at the instant. The center of the disk will have
a velocity

VC = RO:)

where R is the radius and o is the angular velocity of the disk. Any other point
on the disk, such as 0, will have a velocity relative to C which is

Vare = (CQ)w

Since the motion of Q relative to C is a rotation about €', vector Vg, must be
perpendicular to the radius of rotation CQ. The ubsolute velocity of (2 is then

Vo = Ve » Vo

as shown in Fig. 6-7. Further, vector Vg is dirccted perpendicular to line PQ,
which 1s the instantaneous radius of rotation for point Q.

Next, if instcad of point  we consider point P as the point on the disk,
then

Ve = Ve b Vi

These vectors are shown in Fig. 6-8, and since Vp,e is equal in magnitude to V.
but opposite in sense, point £ on the disk has zero absolute velocity. A point P
lying in link ! and coincident with point 2 of body 2 also has zero velocity, since
body 1 is at rest.

Example 6-2 A quick-return mcchanism is shown in Fig. 6-9. B, is a point
on luik 2 and its velocity Vy, is known, The velocity of D is to be found. The
angular vclocities of links 4 and 5 are also desired. In Fig, 6-10 vector O;B;
represents Vp,. By i1s a point on link 4 which is coincident with By at the
instant. The magnitude of Vg, is unknown, but its dircction is perpendicular

P

FITT Erad Ed VP_/C DN S VC

1 1
Figure 6-7 Figure 6-8
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Figure &%

0y, 0; D’

C'  Figure 6-10

to O,B,, the radius of rotation for point B,. Since there can be no motion of
B, relative to B, in a direction perpendicular to link 4, V5, must be parallel
to the link. Hence from By a lin¢ is drawn parallel to O,C. Its intersection
with the line through O, that is perpendicular to OB, locates point By.
Vector OB is then Vg, and B;B{ is Vg 5,. Vector 04C’ is Vi, which must
be perpendicular to @,C, the radius of rotation for C. Length O/C" is found
by proportion as

0;C' 0.

Bi OB,
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oC
OB,

Thus o)C - ((4B))

From point C” a line is drawn perpendicular to CD. Its intersection with a
honzontal tine through (0, locates point D', Vector O.D’ is then V;, and
C'D s Ve Wext, «y — Vo /0,C and o, = V., /CD. From Fig. 6-10 we note
that V. 1s directed to the right and hence oy 1s clockwise. Also, from Fig.
6-10 Vs 1s downward and thus o, 1s clockwise,

Ixample 6-3 In Fig. 6-11 a dircct-contact mechanism is shown. P, and Py
are points on links 2 and 3, respectively, which are coincident at the in-
stant. Since the point of contact lics on the line of centers (1,0, bodies 2
and 3 have rolling contact at the instant. The velocity ol B 1s known, and
the velocity of C is to be determincd. The velocity polygon appears in Fig.
6-12, where Vy is laid off as (B and is directed perpendicular 10 O,8.

Figure 6-11

05,0,

Figure 6-12
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Since V)., must be perpendicular to the radius of rotation for point P, a line
1s drawn from O;, perpendicular to €,P;. Next, from B’ u line is drawn
perpendicular to BFP,. The intersection of these two lings locates Ps. Then
O;FP; is Vp, and B'Py is Vy,5. As cxplained in Sec. 2-15, when two bodies
have rolling contact. the velocitics of their contacting points are identical.
Hence in Fig. 6-12 O4P; is V.. A line drawn from Q5 and perpendicular to
radius (4C is the direction for V... Next, from 74 a line 1s drawn perpendicu-
lar to £,C. Its interscction with the line drawn from €4 locates point €7,
Then (2,07 is Vi and PiC7 is V..

Example 6-4 In Fig. 6-13 the mechanism of Fig. 6-11 is shown again, but in
a different phase. It is to be noted that the new poinl of contact for bodies 2

Comman tongent ~

Figure 6-13

B.’

Cl

04.0%

Figure 6-14
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and 3 is not on the line of centers 0,0;. Hence the bodies are now in shding
contact, as explained in Sec. 2-14. Again, suppose the velocity of B is
known and the velocity of C is to be found. The velocity polygon is shown
in Fig. 6-14. Vector O;P; is perpendicular to OxP; and is determined in the
same manner as for Fig. 6-12. Next, since Vp, must be perpendicular to the
radius for point P;, from Oy line O4P; is drawn perpendicular to O;P;. For
sliding contact Vpp, is directed along the tangent. Hence from P; a line is
drawn parallel to the tangent. Its intersection with the line drawn from O
locates P5. Then O3P3 is Vi, and Py Ps 1s Vi p,. Point C'is found by drawing
a line from O3 perpendicular to O;C and by drawing a line from P; perpen-
dicular to P;C. Then O3C" is V- and PsC’ is Vypp,.

Example 6-5 In Fig. 6-15 an oscillating-cylinder steam-engine mechanism is
shown. Vj is known and V. is desired. Vj is laid out as O;B " in Fig. 6-16. By
relative velocities

Vv

Ve=Vg & Vi

and we note that the magnitude and direction of V- are unknown. Also the
magnitude of V. z 1s unknown. Since there are three unknowns, the vector
equation cannot be solved. In order to find V. it will be necessary to find

Figure 6-15

C’ ! ’
05, 0,

f
D3
Figure 6-16
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Vp, first. Point D is 4 point on an extension of link 3 which is coincident
wilh ptvot O, at the instant. Then

1 ;o
— [

V‘ﬂﬂ = ‘!’B 43 1/[_);;,-3

Point D3 can have velocity only in the direction of linc BD;. Hence the
direction of Vi, is known, In Fig. 6-16 a line is drawn from B' in a dircction
perpendicular to BDy, and from the pole O;0; a line is drawn parallel to
BD,. The intersection of these lines locates point Dy. Then 02Dy is V), and
B'D; s V. Next, point 7 is located by the proportion

B'C' _ BC
B,  BD,
. nc
Th B'C" = ——(B'[)]
us BD. ( 3)

Vector O;C" is V..

6-6 VELOCITIES IN COMPLEX LINKAGES

Whenever a link in a mechanism does not have a fixed center of rotation, it 1s
called a flouting link. The coupler in a four-bar linkage is an example.
Mechanisms which have two or more floating links are called complex
meehtanisms. An cxample is the mechanism in Fig. 6-17, in which links 3 and §
are floating links. When analvzing velocities in a complcx linkage by the
method of relative velocities, we sometimes encounter (oo many unknowng in
the vector equation to get a solution directly. A trial-and-error method may
then be used to obtain the solution. This method is illustrated in the following
example.

Example 6-6 l‘or the mechanism in Fig. 6-17 suppose V,. is known and Vg is
desired. Ve must be found first. Thus

In Fig. 6-18, V¢ is laid off [rom the velocity pole Q; as O4FE ', Vi 1s directed
along a line through £ and perpendicular to CI. C'# denotes that point '
lies somewhere along this perpendicular. Since there are more than two
unknowns in the vector equation, we cannot locate point C' with this
cquation alone. A trial solution may be made to determine the velocitics of
points on link 3, Consider

‘ s
— v -V — ¥

Ve =V, b Vep
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<

Figure 617

Figure 6-18

Any length ;17 as shown in Fig. 6-18 can be assumed for V,,. Then V will
be 038’ which is perpendicular to O.8 and D'B’ 1s perpendicular to DB,
Next, consider

Ve =V b Vo
where Vi, is D'C’ and is perpendicular to CD. By proportion
cp_cn
B'D BD

Then from D’ length €D’ is laid off to tocate point C7. This solution is

D’ D (B'D")
or D= —
- BD 7
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mcomrect because € does not lie on the line containing £'. The point of
mcorrect because C' does not lic on the line containing £'. The point of
intersection of line ("*E* with ling O.C" locates C'. Next, through ¢
line D'B" is drawn paraliel to D'8’. Then

C'p' CD

B'D'  BD
and B'C'D" is the image of BCD and represents the correct solution. Hence
we see that the correct selution was obtained by trial.

An alternatc solution te this problem which docs not requive u trial
solution 1s as follows. A velocity polyegon cun be drawn by first laying off an
assumned length O; 87, Points D', ', and £ can then be located on the
polygon, in this order. Length (2,£" can then be measured. From its valuc
and the known value of Vi, the velocity scale can be computed. Using this
scale and the velocity polvgon, the velocity of any other point on the
mechanism can be determined.

PROBLEMS

The following problems ure (o he solved by the relative-velocity method, On the velocity polyeons
label the image of cach pomnt labeled nnothe mechanism. Let the velocity scale be | mm = ¢.1240
m/s. unless otlrerwise stated. Tn problems where angulur velocities are 1o ke determined, state theiy
magnitudes and directions (i ., cw Or cow).

6-1 {a) Construct the velocity polygon for Lig. P6-1. Lel the length of ¥; — 2 in. Let the velocity
scale be 1in = 10 ft/s.

{f2) Place vectore VgV, and V; on the drawing of the mechanism and indicate their values in
faet pev second.

(c) Determine wy, my, and wy in radians per second.

Figure P6-1

6-2 (z) Construct the velogity polyeon for Fig. P4-4, Let the length of ¥y = 50,8 mm.
() Determine wy in radians per second.
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6-3 (i) Construct the velucity polygon for Fig. P6-3. Let the velocity scale be | in = 25 in/s.
(#) Determine o, in radiuns per sccond.

D

ag = 1600 rad!s’

wa = 50 radls

Figure P6-3

6-4 (z) In Fig. P6-4. link 4 rolls on link . Construct the velocity polygon. ey = 144 rad/s.
(») Determine my; and w, 10 radians per second.

Figurc P6-4

6-3 In Fig. P4-3, at the pin in link 3, label the coincident points P, and P, on [inks 2 and 4,
respactively. Let e - 120 rad/s.
() Construct the velogity polygon for peints Og, Py, Py, and .
(£) Determire w, in radians per second.
6-6 In Fig. P6-6. body 4 rolls on body i,
{(a) Construct the vclocity polygon. w; = 18 1ad/s. Use a velocity scale of 1 mm — 0.0120 m/s.
(b Determine o, in radians per second.
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Figure P6-6

6-7 The camin Fig. P6-7 rotates at 300 r/min. (2,F: ~ 29.2 mm Find the veiocity ol link 4 in meters
per sccond. Velochy scaler ¥ mm = 1.0240 m/s.

Figuce L6-7

-8 Construet the velocity polyveon for Fig. P6-8. P, and £, are coincident points on links 2 and 4,
fespeclively, ew = 15 rad/s, Use a velocity scale of ) mm = 0.012 m/s. Determine the velooty of
fink 4 in meters per second.
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Figure P6-8

6-9 In Fig. PA-9, P, and &, are coincident points on links 2 and 3. respectively, and & and £, are
coincident poinls on links 3 and 4. respectively. V., - 4.762 m/s

(@} Construct the velocity polygon. Use a velacity s¢ale of 1| mm = 0.020 m/s. Determine the
linear velocity of link 4 in uieters per second.,

(%) Detcrmine wy in radians per sccend.,

/ 508
/ i
/ Me— T
' / 953
',', gl ‘f&/_/ e
A T
]—- 03 /‘ 1\_\_\ \“\.\ —
P3 fl \\_\_‘_
VP III 572 —
P P? 7 3 /
: ) / ]
17.5R — . 18 - / 4
450 Gk O Rl 2 Q4.94
2 4 ! 20

. .
—— 953 - — “——J}

Figure P6-9



VELOCITIES IN MECHANICS BY METHOD OF RELATIVE VELOCITIES 117

6-10 (1) Construct the velocity pelygon for Fig, P6-10. ay = 144 rad/s. Determine the velocity of
slider 6 in meters per second.
(»} Determine wz, @,, and wy in radians per second.

B
2\ 31.8
60° V2
89.9 /5 1 R 22
1
63.5 ¢
9, et 63.5
QT /'.f-'/;.////
S
)
- /.’ " /-’ .
31.8 /4//
T02 /-’
| <
5
a5
E
L
N BY
3
}H—— 102 25.4 =]

Figure PH-10

6-11 {w) Construct the velocity polygon for Fig. P6-11. Use i velocity scale of 1 mm = 0.0005 ni1/s.

() Determine wy and g in radians per second.

1 ‘ -//_/
Iuh—_“"“‘-.lsl l___‘\ \.

H ‘f ) A A

5. / =
2 o=
5 4 wy =1 rad/sec {const.)
[a]
5 LIAE
T — 12¢ — —

Fipure P6.11

62T \
O Mt
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: |
R | n
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_m__‘-ql
C

4

- T -

e



18 KINEMATICS OF MACHINES

6-12 (a) In Fig. P6-12, the velocily of point E is 4,57 m/s. Using the tnal solution method, construct
the velocity polygon. Determine the velocity of point [2 in meters per second.
(b) Determine wy and w; in radians per second.,

VL’
6 | KN
E—p R
IR
t
76.2 tﬂq'w
5
(
C 445 |
B
63.5 11// 3 ‘
2\ 38.1 |
) 102
459
D B _ ____._____i_ 02

Vil ridira

Figure P6-12



CHAPTER

SEVEN
ACCELERATIONS IN MECHANISMS

7-1 INTRODUCTION

In the last two chapters we have seen how the instantaneous lincar velocity of
any pomt on a linkage can be determined. as well as the instantaneous angular
velocity for any link, In this chapter a determination of the instantancous linear
and angular accelerations will be explained. Acceleration is of interest because
of its effect on inertia forces, which in tum influence stresses in the parts of a
machine, bearing loads, vibration, and noise,

An acceleration analysis of a mechanism is made by adding relative accel-
erations. Thus the method 1s actually similar to the method of relative ve-
locities. When drawing the velocity polygon, the pole was designated Q5. The
pole for the acceleration polygon will be labeled O;, and double primes will also
be used for points on the polygon. Lines from the pole to points on the accelera-
tion polygon represent the absolute accelerations of the corresponding points
on the mechantsm, and a line joining any two points in the polygon represents
the relative acceleration of the corresponding points on the mechanism.

The following equations, which were developed in Chap. 2 for the accelera-
tion of a point, will be used in solving problems:

A" = v =Rw® = Vo (7-1)
R

A" = Ra (7-2)

A= VAR + (A (7-3)

119
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In addition to the tangential and normal components of acceleration listed here,
the Coriolis component of acceleration will be considered later. It may be
defined as follows:

Coriolis acceleration = 2Vw (7-4)

7-2 LINEAR ACCELERATION

The slider-crank mechanism in Fig. 7-1 will be used to illustrate the method of
finding accelerations for a mechanism. The crank has a uniform angular veloc-
ity of 1 800 r/min. The accelcration of point C is to be found. The velocilies

OqB8=250"
BC - 6JI

t V
v Voo
a
BI
Figure 7-2
1
C” A C= A L s OI-’

!
Acg

T
4 /8 B

Figure 7-3
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must be found first: thus

2.5 1 8OO x 27
= . == = 3 11/
Vi = (O3B )w, 7 = 60 39.3 ft/s

/ '-'; »'{ v !
Vo =Vp 0 Veg

The velocily polygon is shown in Fig. 7-2. A scale of [ in = 20 ft/s was used for
the original drawing. V., when scaled from the polygon, was found to be
34.4 ft/s,

The acceleration of C can be found from the following equation:
Ac =Ag P Agp

which can be writien
0 V.f \"I v / 0 V'[ 'r"! — L/

At p AL = A B AL b At 0 ALp (7-5)

This equation is solved graphically by drawing the acceleration polygon which
is shown in Fig. 7-3. Point O; is the acceleration pole taken at any convenicnt
location. A scale of 1 in = 2 000 ft/s* was used for the original drawing. Since
the path of motion tor point C s a straight line

Al is drawn from point Q5 in the direction of the path of motion of C; its
magnitude is unknown. A dash mark is placed above A in Cg. (7-5) to indicate
that its magnitude is unknown. A% is directed tangential to the path of motion
for C. and the check mark above this acceleration indicates that its direction is
known. The addition of vectors which are on the right side of the equation is
performed by laying them out, starting at pole (5. Point B moves in a circular
path, and thus its normal acceleration is drawn parallel to OuB.
V2 (39.3¢

n — - — 4 f;f 2
AB =08 " 25y T A0

Since w, 1S constant. &, = 0 and
Al = (B = (080 = 0

t.s and A{.; are relative accelevations: to determine their dicections, we must
consider the path of motion of C relative to B. Point € rotates in a circular path
of radius BC about point B, and A%, and AL arc directed normal and tangential
to this path, respectively.

Vi B (34.4%
BC 612

Abp = — 2360 ft/s?

A%z 18 drawn parallel to BC. From the terminus of A% ; a line 1s drawn perpen-
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dicular to BC. Its point of intersection with the horizontal line from Oy deter-
mines the magnitudes of AL and A%p.

7-3 ACCELERATION IMAGE

For any mechanism there is an image in the acceleration polygon for each link,
just as there is an image for each link in the velocity polygon. Let B and C be
two points on a link. Then

Apic = Afic b Abic

The magnitude of the relative acceleration is

@, = 1800 r/min

Figure 7-5

r
05

Figure 7-6
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A = VAL + (AL F
VUBC)o? + [(BO)al

= BCVoe! + o

Since w and « are properties of the whole link, the last equation indicates that
the relative acceleration is proportional to the distance between the points. This
provides a convenient means of constructing the acccleration polygon, since
the magnitudes of the relative acceleration vectors for all points on a link will be
proportional to the distances between the points. Further, this means that
points on the acceleration polygon will form an imagc of the corresponding
points on the link. For example, in Fig. 7-4 the mechanism of Fig. 7-1 is shown
again but with link 3 extended to include point D. The velocity polygon is
shown in Fig. 7-5. In Fig. 7-6 the acceleration polygon i1s shown, and point D"
was located by making B"C"D" the image of BCD in Fig. 7-4; that 1s,
BC” 8'D" D"

BC BD CD

where a vector directed from B" toward " represents the acceleration of C
relative to B, while a vector from C” toward B” represents the acceleration of B
relative to C. When constructing the acceleration image, care must be taken not
to flip the image over. That is. if B, C, and D are in a clockwise order on thc
link, then B, C”, and D” must be in a clockwise order. Since B, C, and D are in
a counterclockwise order on link 3 in Fig. 7-4, B”, C”, and D" are in a coun-
tercfockwise order.

7-4 ANGULAR ACCELERATION

The ungular acceleration of any rigid link in a mechanism is cqual to the tangen-
tial acceleration of any point on the link relative to any other point on the link
divided by the distance between the points. Since the relative motion for any
two points on the link is one of rotation, Eq. (7-2) can be used to compute the
angular acceleration. For example, in Fig. 7-1 the angular accelcration of link 3
IS

l
[¥]:]

BC

g —

The direction of the angular acceleration is determined from an inspection of
the acceleration polygon. In Fig. 7-1 point C rotates about point B. Hence the
path of relative motion is a circle of radius BC. In Fig. 7-3, since AL, is directed
upward, we see Lhat point C is accelerating upward in a direction tangent to its
path of motion relative to B, and hence «ay is counterclockwise. The angular
velocity of link 3 is seen from Fig. 7-2 to be counterclockwise. Therefore the
angular velocity of link 3 is Increasing.
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D
/ C
l
3 |
E
4
B
2
as = 1600 rads?
w, = 50 rad/s
1
Figure 7-7
Cl

012 , Ol‘

Figure 7-8

Example 7-1 A four-bar linkage is shown in Fig. 7-7. The angular velocity
and acceleration of link 2 are given, and the acceleration of points C, D, and
E are to be determined along with the angular accelerations of links 3 and 4.

SoLuTioN The velocity and acceleration polygons appear in Figs. 7-8 and
7-9. The acceleration of C is found as foliows:

Ac =Apg P A

which can be written

N A N
Al AL = A} B AL D ALy b Al (7-6)

The value of A% is computed from the value of V- found from the velocity
polygon and is laid off from the pole O, in Fig. 7-9. The magnitude of A =
(04C)ay and 1s unknown because a4 is unknown. However, the direction of
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" 0"
04, 04

Figure 7-9

15 drawn In as a dashed line from the terminus of A}, Next, the vectors
on the right side of Eq. (7-6) are laid off from O;. The magnitudes of A} and
A}, are computed from the given data for the motion of link 2. Theitr vector
sum i Az, which is represented by OyB". A5 is laid off from B" and is equal
to V&,/BC where the value ol V5 is obtained from the velocity polygon. A
perpendicular at the terminus of A%z represents the direction of ALz, The
intersection of this line with the direction line for AL locates point C*, Then

sC"1s Ag. Point D" s located by making B°C"D" the image of BCD. Vector
00" 18 Ap.

Point £” can be¢ located next by laying off from point D" vectors Agp
and A%, A simpler way of locating £” is by making B"E"C” the image of
BEC. OJE" is then Ag.
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The values of A'-; and A’ can be scaled from the acceleration poly-
gon, and then o, and a, can be computed as follows:

¢
CiB

BC

Oy

_ AL

=00

From the directions of ALz and AL as seen from the acceleration polygon,

we note that o and «, are both countercloc

kwise.

Example 7-2 In Chap. 6 it was explained that in some mechanisms a trial
solution is required when constructing the velocity polygon. If a trial solu-
tion is required for a link in the velocity analysis, then trial solutions for the

E
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Figure 7-12

same link are requircd in thc acceleration analysis. In Fig. 7-10 the
mechanism of Fig. 6-17 is shown again. Suppose V,; and A; are known and
Ay is desired. The velocity polygon in Fig. 6-18, which required a trial
solution, is shown again in Fig. 7-11. In order to find A5 we could try to find

A first as follows:
Aff‘ = AE -+ AQ‘E
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which can be written
- 0 s _
Ac = AL AL D AL B ALy

Aq 18 unknown in magnitude and direction. Ay = Ag, ALz =(CE)as, and
SINCE as is unknown, the magnitude of Afz is not known. Since there are
more than (wo unknowns in the vector equation, we cannot obtain a solu-
tion by this equation alone. However, the acceleration image for link 3 can
be found by trial. The acceleration polvgon is shown in Fig. 7-12. Ag is laid
oft from Oy as length OJE”. A, is known only in direction, as indicated by
lime D™, The magnitude of Afy can be computed from results obtained
from the velocity polygon and is drawn from E” parallel to CE. From the
terminus of A line C" is drawn perpendicular to CF and represents the
direction of At . Hence C" lics somewhere along this line. Next, the mag-
nitude of Aj can be computed from results obtained from the velocity
polygon. Aj is then drawn from O parallel to O,B. From the terminus of
Af, line B"* 15 drawn perpendicular to Af and represents the direction of
Ak. Thus puint B” lies somewhere along line B+,

As shown in Fig. 7-12, a trial point B” is chosen somewhere ulong line
B”*. To find point (", A"z and A', are added to A, which is vector (,B".
The magnitude of A",z can be computed, and A'.5 is known in dircction.
Point C” is at the intersection of Aqp and line . Point D" is located by
making B"C'D” the image of BCD. A sccond trial gives the trial image
B"C"" . The locus of D" is thus established to determine the true location of
D" on'tine D™*. Vector Q4D is then Ay,. To find the true acceleration image
ol link 3, A%, and Al arc next added to 4, to determine ¢, Point B” is
then determined by the intersection of line D"C” and ling B"~.

7-5 EQUIVALENT LINKAGLES

When an acceleration analysis ts 10 be made for a direct-contact mechanism,
the problem can be simplificd by replacing the mechanism by an eguivalent
four-bar linkage. In Fig. 7-13 a direct-contact mechanism consisting of links I,
2, and 4 is shown. Motion is transmitted from the driving link 2 to the driven
link 4 by dircct contact; 1.e., there is no coupler ink 3 as in IFig. 7-7. Cam-and-
follower linkages (sce Figs. 7-15q. 7-16a. 7-17a, 7-18u, 7-19a, and 7-20a) are
examples of direct-contact mechanisms.

[n Fig. 7-13 links 1, 2, and 4 will be referred to as the original linkage. An
cquivalent four-bar linkage is shown dotted and consists of links 1, 2. 3", and
4', An equivalent four-bar linkage is one whose driving link 2* and driven link 4'
have angular velocities and accelerations which are identical at the instant to
those of links 2 and 4. Line N-N in Fig. 7-13 is the normal to the contacting
profites. Points ¢, and C, are the centers of curvature of bodics 2 and 4
respectively, for their points of contact P, and Py. If the pin connection for links
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2" and 3’ is located at point (', and the pin connection for links 3' and 4° is
located at C,, then [, 27, 37, and 4' constitute an equivalent four-bar linkage.!

In Fig. 7-14 link 4 is known as a point follower because contact always
occurs at the same point on 4. The radius of curvature £2,C, is then zero; €y lics
at P; and link 4’ extends from 0, to C;, just as in Fig. 7-13.

In Figs. 7-15 to 7-20 eqanvalent four-bar linkages are shown lor a number of
mechanisms. In each case the equivalent linkage was constructed exactly as in
Fig. 7-13. As in Fig. 7-14, the dashed hne in Figs. 7-16a and 7-17a is the path

"A proof of this equivalent linkage is given in Appendix A.
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which P, describes on body 2, and C, is the center of curvaturce of the path ut
point £,. Consider Fig. 7-17a. Since point C, has rectilinear motion, link 4° is
infinite in length cxtending from C, to (), where O, lies at infinity along a line
which is perpendicular to the direction of motion of link 4. Any link having an
infinile length can be represented by a slider having rectilinear motion as shown
in Fig. 7-17b. Similarly, in Figs. 7-185, 7-19b, and 7-20b, since link 37 is infinite
in length, it is represcnted by u slider.

7-6 ACCELERATIONS FOR MEMBERS IN ROLLING CONTACT

We often encounter mechanisms which have links which roll on one another.
Examples are cams whose followers are fitted with rollers, and linkages having
wheels or gears. In Fig. 7-21 consider disk 2 rolling on body 1, which is station-
ary. Suppose wy and «, are known and the acceleration of #,, a fixed point on
body 2, is Lo be found. Point #; has zero velocity as explained in Scc. 6-5. The
acceleration of P, 1s

APg = A(~ + APg,’C

Ap, /{};/‘H ’i‘; + AY’;',_}( + ﬁ{}nj, (7-7
where AL = _ v _ Ry, ) )
: R, + R, R, 1 R
Ae = (Pl)e ; (7-8)
Al = (PChod
Abye = (PC)ay J

The direction and magnitude of Ap, are unknown. The vectors in Eq. (7-7) are
laid off from the pole O" in Fig. 7-21. Since Al and A}, are equal and opposite,
Ay, is directed along the normal at the point of contact.

Figure 7-22 1s similar to Fig. 7-21 except that the surface of body 1 s
concave. Lquations (7-7) and (7-8) also upply for Fig. 7-22 except that

Ve
R] _Rz

Al =

From an inspection of the acceleration polygon in Fig. 7-22 we note that sincc
Al and AL, are equal and opposite, Ay, is ditccted along the normal at the
point of contact,

If in Figs. 7-21 and 7-22 body 1 were a plane surface, then R; would be
infinite and

V2
Ap =220

Further, it the outlines of either or both bodies are not circular, but have
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changing curvature along their length, then R, and R; in Egs. (7-8) are taken as
the radii of curvature at the point of contact.

7-7 CORIOLIS ACCELERATION

Whenever « point in one body moves along a path on a sccond body, and if the
second body is rotating, then the acceleration of the point in the first body
relative to a coincident point in the second body will have a Coriolis compo-
nent.
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In Fig. 7-23 let P; be a point on slider 3 which is moving along the path OF
in body 2. Let P, be a fixed point on the path and let Py and P, be coincident at
the instant. The angular velocity for body 2 is w; and hence also for the path.
The path is again shown in Fig. 7-24, where V, », is the velocity of P, relative to
P,. In a time interval d¢, line OF will rotate through an angle d 6 to position OF".
During this time interval P, moves from P, to P;. Point P; moves from P; to Py,
and this displacement may be considered as the sum of displacements P,P;.
P;B, and BP;. Displacement P, P, is with constant velocity because OF, and o
are constant. Also P;B is with constant velocity because V,. ., 1S constant.
However, it will be shown that displacement BP; is the result of an acceleration
in this direction.

Arc BP; = (P.B) df
But PL;B = V;J_.‘,‘,pz dt and a6 = a7 dt
Thus BP; = Vp p,wu(dl? (7-9)

The velocity of P; perpendicular to line OF is (OP;)w,. Because w, 1S constant
and OP; 1s increasing at a constant rate, the velocity of Ps; perpendicular to line
OF is increasing at a constant rate. Thus the acceleration of P; perpendicular to
OF 1is constant. For a displacement with constant acceleration

ds = ;A(dtyY
or BP; =5 A(dt)y (7-10)
Next, from Eqs. (7-9) and (7-10)
Vpyp,wa(dl? = Aldly

Figure 7-23
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or A = 2Vp,p,on (7-11)

which is called the Coriolis companent of acceleration for point Py, after the
nineteenth-century French mathematician who is credited with having discov-
ered it.

The relationship between Vp_p,, ws, and 2V p, 0, for the case of Fig. 7-24 is
shown in Fig. 7-24a. If Vpp, is toward the center O, the relationship will be that
of Fig. 7-24b. If w, is reversed, the relationship will be that in Fig. 7-24¢ or d.
The rule is as follows: the Coriolis acceleration is the direction of Vp p, after the
latter has been rotated 90° in the direction of the angular velocity of the path.

From Eq. (7-11) we note that if either Vp, p, Or w,, or both, are zero, then
there will be no Coriolis component of acceleration.

The general case of relative motion of two bodies in a plane is illustrated in
Fig. 7-25. Here again P, is a fixed point in body 2, and P5 is a point in body 3
which is moving relative to 2. The absolute acceleration of point P is

APﬂ = Apz_H APSJ,P')
or A?y,*‘) A;J‘l = Agz + Afv_, + AJ‘E'::IP: +H A}:33,'Pz + ZVP:]/PZCUZ (7_12)

where the Coriolis component 2Vp_p . is part of the acceleration of P; relative
to P,. The path which P; describes on the frame is a circle of radius OP,. Hence

{
APG/P?_/

%
f":j/P2
3
P, P, ﬁ
A}I’J 3 ¥
2 &,
S >
‘ Ap s Path Py
3/F2 describes
on body 2
y RN Py 2
A Py
C
2
/—\ "
w/—\
2

Figure 7-25
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Ap, and AL, which arc the normal and tangential components of acceleration of
Ps, are dirccted as shown in the figure. Thetr values are found as follows:

Al = Vﬁ"- and b, = (OP))

P‘l OPQ P 2 2

The motion of P; relative to body 2 is along the path indicated in the figure.
App,and AL p, are the normal and tangential components of the acceleration of
P, relative to Py, and thus they are normal and tangential, respectively, 1o this
path, A% p, can be computed from

“!2,‘] 7.,
AR, = ,%1_.
where R is the radius of curvature of the path at point P;. In problems, the value
of AL p. 18 cither Known at the beginning or can be found by laying out the
accelcration polvgon for Eq. (7-12).

Example 7-3 A quick-return mechanism is shown in Fig. 7-26. Link 2 is the
driver, and the angular velocity and acceleration of link 4 are 1o be found.
Let P, and P, be fixed points on links 2 and 4 which are coincident at the
instant, Then

f9.5

W = 277[ a) = (.995 rad/s

Vo, = (OuP)en = 0.152(0.995) = 0.151 m/s

7

Scaling values from the velocity polygon in Fig. 7-27, we find Vp, = (.0742
m/s and Ve _p, = 0.131 m/s. Then

Ve,  0.0742
0L, 0.514

Before we can find the angular acceleration of link 4, it is necessary to find
the acceleration of P,. Sumilar to Eq. (7-12) we may write

={.144 rad/s ccw

iy —

"41‘"4 - 44?)2 _H 1"1})_: H 44;:"'4.“)2_"} AE’-}.PT: H 2VP4/P2CU2

In order to solve this cquation it is necessary to know the radius of curva-
ture of the path which P, describes on body 2. This path is not known.
However, the path which P, describes on 4 is a straight line along the link.
We can use this path if we write the equation for A,,. Then similar to Eq.
(7-12)

Eas
Vo

¢y 0

*"'. ¥ _v D W
A, AL, = Af, B AL P Abe, P Abp, P Ve, (7-13)
where
Vi, 0.151

AR = - = —— =0.150 m/s?
2T 0P, 0152
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wy =9.5 r/min {const.}
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L
0,
Figure 7-26
0’2,011
F:l
\ z VPE/PH wy
-
T,
: /1
B, Fa/Py
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Ap, = 0
because a, = 0.
V3 0.0742 .
B, ==t = = 0.0107 m/s*
A =0.p, T 0514 ms

Af’% = (O-lP-l)ad
but ¢y is unknown,

i - Ve _ 01317 _
PaiPy — R - . -

0
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03,04 iz Voy/rs®a

Figure 7-28

Abhp, i unknown, and
2V, p,my = 2(0.131)0.144 = 0.0377 m/s?

Thus the magnitudes of A5, and AL, p, are the only unknowns in Eg. (7-13).
Their values may be found by drawing the acceleration polygon which is
shown in Fig. 7-28. Then A}, scales 0.0921 m/s?, and

oAb, 0.0921
“To,p, T 0514

= (.179 rad/s?

Example 7-4 A cam with oscillating follower is shown in Fig. 7-29, where
the angular velocity and acceleration of the cam are indicated. The angular
acceleration of link 4 is wanted. Let P, and £, be points on links 2 and 4
which are coincident at the instant. £y is the axis of the roller, and the path
which it describes on 2 is shown. The radius of curvature of the path is
138 mm and equals the radius of the cam outline plus the roller radius. C is
the center of curvature of the cam outline. We have

Ve, = (QuF)ey = (0.0833)5 = 0.417 m/s

and the velocity polygon is shown in Fig. 7-30. Vp, scales 0.213 m/s and
V,.p, scales 0.533 m/s. Then

Ve, 0213
O, 0.191

oy = =1.12rad/scw

Next, in order to find the angular acceleration of link 4, we must find the
acceleration of P,. Thus

Fa . - . . - .
; : Lo ! s
vy K L. ;

AR, Ah, = AL, 9 Ab, 15 Abp, 4 Abip, + Wagesn  (7-14)
Vi, (0.213)
0L 0.191

B, = (OPy)ex? = 0.0833(5)2 = 2.08 m/s?

where ro= = 0.238 m/s?
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Py, Py
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Figure 7-29

VP4 /r,

Figure 7-30

Ab, = (0P = 0.0833(2.5) = 0.208 m/s?

Vi,  (0.533)
cP,  0.138

2Ve pe = 2(0.533)5 = 5.33 m/s*

The magnitudes of Ay, and A} p, are the only unknowns in Eq. (7-14).
Figure 7-31 shows the acceleration polygon. Ap, scales 1.97 m/s* and then
Ap, 197
0L,  0.191

n —
APqipz -

= 2.06 m/s?

0y = = 10.3 rad/s?* cw

7-8 HARTMANN’S CONSTRUCTION

Hartmann’s construction is a graphical method for finding the center of curva-
ture for the path of any point of a moving body.

In Fig. 7-32 bodies 2 and 3 have circular outlines having centers C, and C_a-
Let body 2 be fixed and let body 3 roll on it, P, is any point on body 3, and p-p 15

the path which it describes on body 2. The location of the center of curvature C
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Figure 7-31

for this path is to be found. The procedure is as follows. Since the bodies have
roliing contact, their common instant center 23 lies at the point of contact. Point
C'; describes a circular path -/ about €. V. is any convenient length assumed
for the velocity of center C; due to ifs rotation about instant center 23 with
angular velocity w. Thus

Ve, = ew (7-15)

The radius of rotation for (5, as it rotates aboul instant center 23, 15 C3-23 and is
called aray. A line joining 23 and the terminus of ¥, is called a gauge line. The
angle formed by the ray 23-C; and the gauge line is called the gauge angle & tor
the moving body. Then

Ve, = e tan ¢ 7-16)

Instant center 23 is a point common to bodies 2 and 3 having the same linear
velocity in each, namely zero. However, as body 3 rolls on 2, a new instant
Center 23 exists for each point of contact. 'I'he velocity with which 23 propa-
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T

Figure 7-32

gates along the outline of body 2 is V. Its magnitude is determined by drawing
a line from C; to the terminus of V. Line 23-P, is the ray for point ;. Next,
angle ¢ is laid off from this Iine in order to draw the gauge line. Vp_ is perpen-
dicular to 23-P;, and its magnitude is determined by its intersection with the
gauge line. Vy, is the component of Vs, in the direction perpendicular to 23-P;
and is drawn next. Its magnitude is determined by drawing a line perpendicular
to V5 from the terminus of V,;. Next, a line is drawn through the terminus of
V. and V. Its intersection with line P;-23 extended locates point C, the center
of curvature for the path p-p which P; describes on body 2. Then CP; is the
radius of curvature of the path.

Rules for applying Hartmann’s construction are as follows. The path which
a point in one body describes on another depends only on the relative motion of
the bodies. Hence when using the Hartmann construction, we can hold one of
the bodies fixed and consider the motion of the other body relative to it. Call
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the fixed body 2 and the moving body 3. Then procced with the construction as
explained for Fig. 7-32.

7.9 EULER-SAVARY EQUATION

An analytical expression giving the location for the center of curvature C of the
path of Py in Fig. 7-32 is easily obtamed. In the figure let f = 23-P; and ¢ = (C-23.
Then from similar triangles

dte_ Ve
d B Vgg
and by substituting V-, from Eq. (7-15)
i_.'i_"‘” or d—e_w_
I - 1-’_.23 de ‘r'(g;:
1 I .
Hence — 4+ — = —(:J— (7-17)
d i 25

Next, the ray for point P, is 23-P; = f and the velocity of P is

‘//p:,‘ :fw (7'[8)
or Vi, = ftan

Let 7-7 be a line through 23 and perpendicular to line C.Cy. and let & be the
angle between P,-23 and the line 7-T. 'Then

‘;és = V23 Sin ||!f (7‘19)
Since f = 23-P; and ¢ = C-23, then

vV .
fxg _ Yn (7-20)
& Vi
Substituting Figs. (7-18) and (7-19) into (7-20) we obtain
I +g B fw
g V23 Slﬂ d’
f+e )
or =
fe Vi sin b
| 1y . w
and (= + —]sinw = 2 (7-21)
s\ j 6"‘) / ‘/23

Combining Egs. {7-17) and (7-21) we obtain the following, which is known as
the Euler-Savary equation:

e[

1 1)
d e

' J sin (7-22)

[
~ &0
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where d = C,-23, ¢ = 23-C;, f = 23-P;, g = C-23, and ¥ is the angle which line
P3-23 makes with T-T, the perpendicular to C,C,;. Hence the radius of curvature
R of the path described on body 2 by point Ps 1s

R=CPy=[+¢g (7-23)

Equations (7-22) and (7-23) have been derived for bodies whose contacting
surfaces are circular, but they also apply for bodies whose contact surfaces
have varying radii along their length. Lengths ¢ and e must then be taken as
their radii of curvature at the point of contact. Also, the outline for either body
can be flat or concave. Equations (7-22) and (7-23) hold for either the case
where both bodies are convex, or when one is convex and the other is flat or
concave, provided the following rule is followed: Each of the lengths in Eqgs.
(7-22) and (7-23) is to be considered positive if, according to the way it is written
below Eq. (7-22), it extends in the same direction that we would move if we
went from body 2 to body 3 at the point of contact.

Example 7-5 To illustrate the application of Hartmann’s construction and
also the use of the Euler-Savary equation, let us consider the mechanism in
Fig. 7-33. Suppose that an acceleration analysis were to be made. The
simplest procedure would be to draw an equivalent four-bar linkage and
analyze its accelerations. However, if we wish to analyze the given linkage,
we must consider the relative acceleration for the coincident points P, and
P., as explained in Sec. 7-7. In order to evaluate the normal acceleration of
P, relative to P, we must know the radius of curvature of the path which P,
considered as a fixed point on 3, describes on body 2. In Fig. 7-33 the radius
for this path is P3C. Points C, and C; are the centers of curvature for the

Figure 7-33
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outlines of bodies 2 and 3. Since the point of conlact is not on the line of
centcrs (0,0, the bodies have sliding contact and instant center 23 lies at
the point of intersection of the nermul C,Cy and the line of centers (0.

Using Hartmann's construction to locate point €, we proceed in the
same manner as ¢xplained for Fig. 7-32. In Fig. 7-32, the centrodes which
lie in bodies 2 and 3 are circles. They pass through instant center 23 and roll
on one another. Stmiliarly in Fig. 7-33 there are two centrades (curves not
shown) passing through instant center 23. These centrodes roll on one
another. We hold body 2 fixed and consider the rotation of body 3 about
point 23 n ke 2. V_, 15 drawn first and can be assumed cither in the
direction shown or in the opposite direction and may be drawn any conve-
nient length. A line is then drawn from the terminus of V¢, ta point 23, This
determines the magnitude of V... Next, a iime from the terminus of V. and
through C, determincs the magnitude of V.5 Since V3, is the component of
V.. in the direction perpendicular to 23-P;, Vi, und V., are identical. A line
from the terminus of V., to the terminus ot Vi, locates peint C.

The computation of the path radius CPy using the Fuler-Savary cqua-
tion is as follows. On the original drawing for Fig. 7-33, ¢ = (,-23 =
=584 mm:.e = 23-C; = 147 mm: f = 23-P; - 122 mm; ¢ = C-23 and is
unknown. §» = 90°, sin & — 1. Then by Eq. (7-22)

+

)sintp

k 1
+—__ —

{
d e ‘\
1 [ I
+ —
584 147 122 g

]
-0.0171 + 0.00680 = 0.00820 + ﬁg_

= —0.0185 g=—-54.1mm

0(:|b—-

By Eq. (7-23)
R=CP;=f+g — 122 - 541 = 67.9 mm

Since the result is positive, line segment CPy is dirccted from body 2 toward
body 3 and hence C lies to the tight of Py in the figure.

Example 7-6 The cam mechanism in Fig. 7-34 consists of links 1. 2, and 4.
Points Py and P, ave the points of contact. Suppose an acceleraiton analysis
were to be made by considering the reiative acceleration between the coin-
cident points P, and 2,. It would then be necessary to know the radius of
curvature of the path which P, as a fixed point on 4, describes on body 2.
Hartmann’s construction for locating the center of curvature for this path 1s
shown in the figure. C, is the center of curvaturc for the cam outline at £s.
Instant center 24 lies at the point of intersection of the normal through the
point of contact and the linc of centers (2. Cy 1s the center of curvature
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tor the follower and lics at infinity. Following the procedure of Sec. 7-8. we
hold link 2 hixed and consider the motion of link 4 relative to 2. Then V.,
will be perpendicular to 24-C, and may be assumed directed either to the
right, as shown, or (o the left.

!
‘/f.“l =&

because 24-C', = =, Line 24-L is then drawn from 24 to terminus of V.. In
this problem linc 24-F is drawn al any convenient angle to line 24-C,. Thus
it is assumed that 24-F, when extended, will meet the terminus of V... Then
the angle formed by 24-F and 24-C; is the gauge angle &, Vy, is perpendicu-
tar to CoCy. and its magnitude is determined by line /", which is dirccted
from C; to the terminus of V.. 24-P; 15 the ray lor point P,, and the
magnitude of V., is dctermined by the gauge line 24-£. Next, Vi, is the
component of Vi, i1 a divection perpendicular to 24 72, Hence ¥y, is identi-
cal to V¥o,. Then a line drawn through the terminus of Vi, and the terminus
of Vp, intersects line P,-24 extended at ('. Point C 1s the center of curvature
of the path which P, describes on link 2.

An acceleration analysis of the cam and follower in Fig. 7-34 will be
made by considering an cquivalent linkage. The eqnivalent four-bar linkage
shown in Fig. 7-35 and consisting of links 1, 2°. 3, and 4’ is similar to the
one o Fig. 7-14. In Fig. 7-14 the radius of curvalure of the path which P,
describes on link 2 is 2,C,; in Fig, 7-34 it is PyC. Suppose in Fig. 7-34 w, =
3 rad/s coew, oy = 1.5 rad/s* ¢w, and ey and o, are to be found. Then
cansidering the equivalent linkage in Fig, 7-35 we have

Ve = (OuChan — S60(3) = 1 680 m/s

The velocities are then laid off from pole Oz. ) in Fig. 7-35b. Vp, scales
142 m/s and Vi scales 1 690 m/s. Then
Ve, 142

Dy = =—— =0.328rud/s '
(ry O.P, 133 Brud/s cow

For the accelerations,
\_,’/‘.'H _ ",’. v‘. S

A, AL - Al AL D AR P AL
vhere the mugnitudes of AL, and A}, are unknown. Thus

V3 (142

Al = R DR = 46. 7 o2
7, ()4_,"'4 433 46.6 m/s
v, * (1 680"
Al == == = 5040 m/s?
0,0 T s60 e

Al = (O:C)a — 560(1.5) = 840 m/s?

Vi (1 690)" _
Y L o2
Puc= B 162 6 180 m/s



148 KINEMATICS OF MACHINES

/

(b}

g = 1.5 rad/s?

../“/J-‘ /‘\'\wy=3rad/s
.—"", )
Oyf==""— —- - - - —;@f? (a)

]

Figure 7-35

The acceleration vectors are laid out from pole O3, O in Fig. 7-35c. Aj,,
when scaled from the original drawing, was found to be 1 080 m/s*. Then
Al 1 080

= = = v ‘." 2
e O+P4 433 2.49 rad/s? ccw
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PROBLEMS

In the following problems, where accelerations are to be determined, label the image om the
acceleration polygon of each point labeled on the mechanism, Where angular accelerations are to
be determined. state their magnitude and sense.
7-1 {a) Construct the acceleration polygon for Fig. P6-1., Vi — 20 FI/s. un is conslant. Scales: | in =
10ft/s and 1in = 1 000 11/5%,
(£} Place vectors Ay, Ay, and A, on the drawing of the inechanism and indicate their values in
feet per second squared.
(¢} Determine ay and ay in radians per second squared.
7-2 (@) Construct the acceleration polygon for Fig. P4-4, ¥ = 6.10 m/s const. Scales: 1 mm -
0.120 m/sand 1| mm = 12.0 m/s*. Determine the values of A and A, in meters per second squared.
() Determine «y in radians per second squared,
7-3 (@) Construct the acceleration polygon lor Fig, P6-3. Scales: 1 m = 25 infsand | in — 750 in/s%.
(h) Determine oy and wy in radians per second squared.
7-4 (@) Construct the velocity and accelerution polyzons for Fig. P74 when the piston is al top dead
center and find the velocity in meters per sccond and acccleration in meters per second squared
of the piston. Use a velocity scale of 1 mm = 0.100 m/s and an acceleration scale of 1 mm =
10.0 m;s.
{(») Same as (@) cxcept when piston is at bottom dead center.

w, = 100 rad/s (const.)

50.8 ) 127

0, 4

Figure P7-4

7-5 (a) In Fig. P6-12 the velocity of point E is 4,57 m!s upward as shown. and the ucceleration of £
is 457 nys® downward. Using the method of trial solutions, construct the accelerution polygon.
Scales: I mm = 0.120 m/s and | mm — 6.00 m/s?. Determine the acceleration of point I in meters
per second squared.

{h) Determin ny and oy in radians per second squared.
7-6 For the mechanism in Fig. 7-29 draw the equivalent four-bar linkage O,CP;0),. Label the
equivalent links 1, 2', 37, and 4.

(¢) Construct the velocity and acceleration polygons. Use a velocity scale of 1 mm =
0.005 m/s and an acceleration scale of 1 mm = 0.020 m/s%.

{b) Determine w;- and . and compare their values with those found in Example 7-4,
7-7 In Fig. P7-7a bodies 2 and 3 urc in sliding contaet. In Fig, P7-75 links 2 and 3 are shown again.
The radius of curvature at the point of contact is Cod%» — 3 in for link 2 und CuP; = 2 in for link 3.
The motion of 3 retative to 2 can be analyzed by considering 2 as (ixed with 3 sliding on 2 at point P,

(@) Assume a vector V., cqual to 47 in in length and draw it downward to the left from Cs.
Using Hartrnann®s construction, find graphically the location of the center of curvature of the path
which Py describes on 2, What is the radius of curvalure measurcd from the drawing?

() Using the Euler-Savary equation, compute the radius of curvature.
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Figure P7-7

191t — 826 -

Figure P7-8
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7-8 In Fig. P7-8 bedies 2 and 3 are in sliding contact. Their radn of curvature at the point of contact
arc Cpl% = 25.4 mm and Cyfy = 50.8 mm, respectively, As explained in (he preceding problem. the
motion of 3 relative to 2 can be analyzed by considering 2 as fixed with 3 sliding on 2 al point P.

) Assume a vector Ve, — 19,1 mm in length and diaw it downwird Lo the left from €y, Using
Hartmann's construction, find graphically the location of the center ol curvature of the path which
F, describes on 2. What is its radius of curvature measured from the drawing”

6) Using the Euler-Savary equation, compulte the radius of curvature.,
7-9 (@} In Fig. P6-4 link 4 rolls on link 1. Construct the aceeleration polygon. ey = 144 rad/ss cw and
e = | 000 rad;<* cew, Scales: 1 mm = 0120 m/s and 1 mm = 12.0 m/s?.

{£) Determine ~y and ay in radians per second squared.
7-10 In Fig. P4-3, at the pinin link 3, label the coincident points £, and P, on links 2 and 4,
respectively. T.et ey = 120 rad/s (consiant),

{@¢) Construct the acceleration polygon for points Qs Py, Py, and €. Scales; | mm — 0.120 m's
and i mm = 6.00 m/s?,

(k) Determine «, in radians per sceond squared.
7-11 Construct the aceeleration polygon for Fig. P6-8. uy, — 15 rad/s and is constant, Scales: | mm
= 0.0120 m/s and I mm — 0.240 m/s?. Determine the ascceleraton of link 4 1 metems per second
squared.
7-12 In Fig. P7-12, disk 4 is driven by link 2 sliding in guides on tuas shown. The drive is through
block 3, which ix pivoted on 2 at poinl P;. The velocity of link 2 is constant. The instantaneous
velocity of slide of block 3 on link 4 is 38.1 m/s loward the center of 4.

t@) Construct the velocity and acceleration polygons lor points Oy, P and F,. Usc a velocity
scale of I mm = 0.001 m/s and an acceleration scale of 1 mm — 0.001 m/s%,

{6) Determine ey

[T~

L

| 1
56,0 ot 56.0 |
Figure P7-12
7-13 In Fig. P6-6, body 4 rolls on body 1. ey = |8 rad/s and is constant.

{a) Construct the acceleration polvgoen. Scales | mm = 0.0120 m/s and | mm - 0.300 m/s%,
{h) Determine ay in radians per second squared.
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7-14 t(a) Construct the acceleration polvgon for the mechanism in Fig. P6-11. Scales: | mm =
0.0005 m/s and 1 mm — .0003 m/s%.
(b) Delermine o and gy in radians per second squared.

7-15 Suppose the cam in Fig. P0-7 has a constant angular velocity of 300 r/min cow.

{¢r) Using the Luler-Savury equation find the radius of curvature of the path which point P, of
body 4 describes on body 2, Label the center of curvature €.

(b)Y Draw an equivalent four-bar linkage using P,C as the endpoints of link 3° and let link 4 be
aslider. Analyze the equivalent linkage (o find the velocily and acceleration of link 4, Scales: 1 m
= 0.0180 m/s and | mm = 0.360 m/s*.

7-16 () For the cam mechianism in Fig. P7-16 use the Fuler-Savary equalion o compute the radius
of curvature of the path which P, describes on body 2. Check your results using Harlmann's
construction. For the latter assume 4 Ve, 25 mm in length and directed to the lell.

() Lahel the center of carvature of the path €. Next, draw an egnivalent tour-bar linkage
using point C as ane of the pin conncctions.

(') Analyze the cquivalent linkage Lo oblain ey and oy for the given linkage. Scales: T mm =
0.002 m/s and t mm = 0.005 m/s*.

p . 0,

4 ’7]1;,":17

Y wy — 60 r/min (const.)

|

— 389 —

-

— 102

Figure P7-16

7-17 (a) For Fig. 7-34 use the Euler-Savary equation to compute the radins of curvature for the path
which P, describes on link 2. Compare your result with that found by the Hartmann construction in
Example 7-6.

() Draw the mechanism one-fourth size and construet the velocity and aceeleration polygons
tor the mechanism in Example 7-6. Analyze the given mechanisim and not an equivalent four-bar
linkage. In the acceleration analysis utilize the Coriolis component of acceleration for points 77, and
P, Also use the radius of curvature of the path found in part (a) of this problem. Use a velocity
scale | mm = 0,006 m/s and an acceleration scale | mm = 0.010 m/s%

('} Determine e, in radians per second and «y in radians per second squared.



CHAPTER

EIGHT

ﬁVELOCITY AND ACCELERATION GRAPHS AND
GRAPHICAL DIFFERENTIATION

8-1 INTRODUCTION

In Chaps. 5, 6, and 7 mcthods for finding the velocities and accelerations for a
mechanism when in some particular phase have been discussed. It is often
desirable to know how the velocity or acceleration of a given link varics during
a whole cycle of opcration so that we will know where the velocity or accelera-
tion 1s a maximum. The velocities and accelerations can be found for a number
of phases of the mechanism, and the values plotted so that curves can be
drawn. The results are known as velocity and acceleration graphs.

8-2 VELOCITY AND ACCELERATION GRAPHS

A slider-crank mechanism is shown in Fig, 8-1. The linear velocity of the piston
was [ound for 12 equally spaced positions of the crank. For 2ach of these
positions of the crankpin B the corresponding position of piston C was jocated
by taking length BC as a radius on u compass and swinging arcs using the points
on the crank circle as centers for the compass, The intersection of these arcs
with the line of piston travel dctermined the various positions of the piston.
From the known number of rcvolutions per minute of the crank, which was
assumed constant, Vi was computed in feet per second and drawn perpendicu-
lar to O.B, using a convenient velocity scale. Nexi, the parallei-line method,
which is explained in Scc. 5-3, was used to find the piston velocity. The method
is ilustrated for crank position 1. BB' = BD, and CC’ represents the magnitude

153
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13

w:z =consf.

4

Velocily-space graph /)_/

Figure 8-1

of the piston velocity. For crank positions 0 through 6 lengths V- were drawn as
positive ordinates perpendicular to the line of piston travel, and for crank
posttions 6 through 12 they were drawn negative. A smooth curve drawn
through the endpoints forms the velocity-space graph, which is symmetrical
about the line of piston travel. Positive ordinates on the graph represent the
velocity of the piston during its stroke from right to left, and negative ordinates
represent the velocity during the stroke from left to right, The graph in Fig. 8-1
is called the velocity-space graph because the velocities are plotted at the
actual positions of the piston in space at the specified times.

The acceleration-space graph for the piston is shown in Fig. 8-2. The
method of relative accelerations explained in Sec. 7-2 was used to find the
piston acceleration. The acceleration polygon for finding A~ when the crank is
in position | is shown in the figure. The accelerations of point C are laid off as
ordinates from the horizontal line of piston travel. Any convenient scale may be
used. Accelerations of the piston in a direction from C toward O, were plotted
as positive ordinates, and accelerations in a direction from C away from O
were plotted negative. The dashed line shows how the acceleration-space graph
would appear if the piston were to have simple harmonic motion, which is
discussed in Sec. 2-7.

A velocity-time graph and acceleration-time graph are shown in Fig. 8-3.
Any convenient scale may be used along the time axis. The length of the
diagram is the time required for one revolution of the crank. Since the crank
rotates at constant speed, the time intervals corresponding to the equal spacing
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on the crank circle are also equal. In Fig. 8-3 the ordinates tound in Figs. 8-1
and 8-2 wcre laid off at the 12 points along the time axis. For the purpose of
comparison, the dashed curves show the velocity and acceleration of the piston
if it had simplc harmonic motion. As the ratio ol the length of the connecting
rodd to the crank is increased, the motion ot the piston approaches simple
hiarmonic.

Figure 8-4 shows an oscillating arm quick-return mechanism which was
discussed hriefly in Scc. 3-8. Crank 2 rotates at constant angular velocity.
Slider D is at its exireme positions D’ and D when crank 2 is perpendicular to
arm 4. Hence B’ and B” arc the points where link 4 is tangent to the crankpin
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Velocity-space graph ™~
—_—

Stroke -

Figure 8-4

circle. The crankpin circle was divided into 12 equal parts and for each of these
positions of B the corresponding positions of D along line D'D"” were located
and numbered. The velocity construction is shown for the crank in position 5.
Any convenient scale can be used in drawing Vy,, the velocity of the crankpin.
Vg, 1s the velocity of a coincident point on 4 and was found by the component
method. V. was found next by drawing the gauge line, and then V;, was deter-
mined in magnitude by the parallel-line method. As the crank rotates through
angle €,, the slider moves from D' to D" and the velocity of D was plotted as
positive ordinates. When the crank rotates through angle 6., the slider makes a
quick-return stroke from D" to D', and the velocity of D was plotted as negative
ordinates. 6,/6, is the ratio of the time of the slow stroke to the quick stroke.

8-3 POLAR VELOCITY GRAPHS

Figure 8-5 shows the same slider-crank mechanism as shown in Fig. 8-1. If the
crank has constant angular velocity and the velocity scale is chosen so that the
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Polar velocity graph for piston

Polor velocity graph for crankpin

Figure 8-5

length of vector V equals the radius of the crankpin circle, then radial lincs
trom point ¢}, out to the circle represent the velocity of the crankpin for each
crank position. The circle is then a polar velocity graph for the crankpin.
Similarly, if from point (2, the linear velocities for point C as tound in Fig. 8-1
are laid off radially in the direction of the corresponding position of the crank,
wc obtain the polar velocity graph for the piston. The piston velocity for any
phase can then be found by drawing the crank in its corresponding position, and
then measuring the length of this radial linc from O, to the curve. The dashed
curves are circles und show how the polar velocity diagram of the piston would
appear if the piston had simplc harmonic motion.

An oscillating arm four-bar linkage appears in Fig. 8-6. When crank 2 has
constant angular velocity, and the linear velocity of point B 1s laid off radially

figure 8-6



158 KINEMATICS OF MACHINES

from the crank circle O,B using any convenient scale, the polar velocity graph
is a circle as shown. The parallel-line construction for obtaining the velocity of
point C is illustrated and the polar velocity graph for point C is also shown. The
path of C is a circular arc. For motion of arm 4 to the left, V. is plotted in the
direction outward from the path, and for motion to the right, V. is plotted
inward.

8-4 ANGULAR-VELOCITY AND ACCELERATION GRAPHS

The Geneva mechanism explained earlier in Sec. 3-14 and shown in Fig. 3-32 is
illustrated diagramatically in Fig. 8-7¢. Link 2 is the driver and rotates with
constant angular velocity. While link 2 rotates one-fourth revolution, link 3
rotates one-fourth revolution with variable angular velocity. Then as 2 rotates
the remaining three-fourths revolution, link 3 remains at rest. The angular-
velocity and acceleration-time graphs for link 3 are to be constructed.

In Fig. 8-7a let P, be a point on 2 and let P, be a point on 3 which is
coincident with P, at the instant. Points 0, 1, 2, .. ., 8 represent successive
positions of P;. The velocity polygons are shown in Fig. 8-7b, where points 0, 1,
2, ..., 8 along the circular arc are the corresponding successive positions of
P;. Vp,can be drawn to any scale. Here the magnitude of V., was made equal to
0,P,. The locus of P; is the curve. We note that V, is zero when link 2 is in
positions 0 and 8. and V., == V,, when link 2 is in position 4. The magnitudes of
Ve, were scaled from Fig. 8-7b and were divided by length O3, to obtain values
of w;. Then the values of w; were plotted as ordinates in Fig. 8-7d. Any conven-
ient scales may be used for the abscissas and ordinates.

The acceleration polygons are shown in Fig. 8-7¢. For the acceleration
vectors we may write

Vo O v \-" % O _ \"' \ \'/
1";2 + A}": =/ )1,"; + ‘Alr":»._*—) A}ﬂg."Pw—i_} ‘A;’:/P:s + :-)'VP-:/P:;(U-? (8_1)
where Ap, = 0 because link 2 has constant angular velocity, and A}, = 0

because the radius of curvature of the path which P, describes on 3 is infinite.
The dash mark above A5, and Ap,p, indicates that the magnitudes of these
vectors are unknown. With the values obtained from Fig. 8-7b, the magnitudes
of the various acceleration components were computed as follows:

2 VF ;12

03P

Al = Ve, A =
P OgP f*s

Next, the acceleration polygons were laid out in Fig. 8-7¢ from the acceleration
pole O3, (O5. The locations of P; and P are as indicated when link 2 is In
position 2. A}, is parallel to O.P; and A}, is parallel to O;P5. Any convenient
scale may be used in laying out the acceleration vectors. Ay, and A}, p, have
been drawn dashed to indicate that their magnitudes are unknown. Their inter-
section determines their magnitudes and the location of Pj. The locus of P3 18
the solid curve in the figure, and the locus for the terminus of A2, is the dashed

Cortolis acceleration = 2V, p @,
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curve. When link 2 is in its zero position, P; and Pj lie at point 0 in Fig. 8-7c.
AR, is zero because Vp, is zero, Ap,;p, 1S Zero because V. p, = Vp, = const, and
the Coriolis acceleration i1s zero because wy is zero. Hence from Eq. (8-1) we
see that A}, = Ab,. Further, when link 2 is in position 4, P; lies at B and P3 is at
C. Ap,1s O3B and A}, is O3C. Ap, becomes zero, the Coriolis component is zero
because Vp, . 1s zero, and length CB represents Ab,p.. It is to be noted that the
diagram is symmetrical about line O34.

The magnitudes of A, were scaled from Fig. 8-7¢ and divided by length
O,P; in order to obtain the values of «;. Any convenient scale may then be used
when plotting these values as ordinates in Fig. 8-7d. From the curve for a; we
note that link 3 begins and ends its motion with a finite acceleration. Just to the
left of point 0 along the time axis, «y 1s zero. Thus at position 0 the angular
acceleration of link 3 changes suddenly from zero to a positive finite value
which results in infinite jerk. Similarly, just to the right of point 8 on the time
axis «y 1S zero, and thus at position 8 the angular acceleration of link 3 changes
suddenly from a negative finite value to zero resulting in infinite jerk. Accelera-
tions produce inertia forces, and since jerk is the time rate of change of acceler-
ation, a high value of jerk makes for a sudden change in the inertia force
resulting in impact loading and high stresses.

The wvelocity and acceleration curves for the Geneva mechanism are
theoretical curves. In an actual mechanism there will be backlash due to man-
ufacturing tolerances. In addition, the parts will deform slightly under load.
These effects will cause deviations in the curves, particularly at each end of the
motion and at the midpoint. Sudden changes in acceleration become increas-
ingly important in high-speed mechanisms. This will be discussed further when
we study cams in a later chapter.

8-5 GRAPHICAL DIFFERENTIATION

Thus far in this chapter we have seen how velocity and acceleration curves
(graphs) can be constructed for the motion of some point or link in a
mechanism. The procedure consists of determining the velocity or acceleration
for a number of different phases of the mechanism, using the methods pre-
sented in Chaps. 5. 6, and 7. Another method for obtaining the velocity and
acceleration curves consists of constructing a displacement-time curve (often
called the displacement diagrant) and then by graphical differentiation develop-
ing the velocity and acceleration curves.

Figure 8-8 shows the displacement-time curve and the velocity-time curve
for a point on a mechanism (complete cycle not shown). Since the velocity is
the derivative or slope of the displacement curve, ordinates on the velocity
curve represent the slopes at the corresponding points along the displacement
curve. Graphical differentiation consists of obtaining the slopes of various tan-
gents along the first curve and plotting them as ordinates to establish a second
curve.
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Figure 8-8: shows how the displacement of a point varies with time. Points
along the curve are designated A, B, C, ctc. These may be taken at cqual
intervals along the time axis, although they need not be equal. The tangent is
drawn to the curve at A and is called 7,,. Its slope is As/A7 where As and Ar are
expressed in the units used along the coordinate axes. Since the velocity equals
the slope. the instantaneous velocity at A equals RN/MN = As/Ar = 2.8/2 =
[.4 m/s, and this can be laid off in Fig. 8-8> as the ordinate {or point A" on the
velocity curve. The procedure can be repeated for the other points B, €, and D
on the displacement curve in order to obtain the corresponding points B', €/,
and D' along thc velocity curve, This method of constructing triangles and
measuring their As values is cumbersome, and a more convenient method for
obtaining the ordinates on the velocity curve will now be explained.

In Fig. 8-8b, let point P (called the pole) be taken on the time axis at any
convenient distance to the left of the origin, and from it draw ¢}, parallel tof,.
This locates point L., and QL represents to scale the velocity at A, which is
found as explained earlier and equals 2.8/2 = 1.4 m/s. Thus point . is marked
as 1.4 along the V axis, and the scale for velocities is thereby established. Then
1.0 m/s on the V axis will be laid off from the origin cqual to length (L divided
by 1.4. Next, lines fp, {1, and ¢, are drawn from £ parallel to lines tg, /., and #,;,
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respectively. It is evident that the velocity at the various points A, B, C, and D
will be proportional to the slopes of the tangents¢,, {5, 1, and 7, at these points.
The ordinates determined by the intersection of lines ¢, f5, f+, and t;, with the V
axis are proportional to the slopes of these lines, and hence these ordinates
represent the velocities at the corresponding points. Points A’, B’, C', and D’
are then located by projecting the ordinates found along the V axis over to the
vertical lines through the corresponding points on the displacement curve. A
smooth curve drawn through the points of intersection is the velocity curve.

The accuracy of graphical differentiation depends on the care taken in
drawing the tangents and the number of increments used for the abscissa.
Increased accuracy results as the number of increments is increased and their
magnitudes are made smaller.

Example 8-1 Suppose for the slider-crank mechanism in Fig. 8-9a the dis-
placement, velocity, and acceleration curves for the slider are to be drawn,
First the mechanism is drawn for a number of different crank positions, as
shown on Fig. 89b, where 30° crank intervals were used. With the extreme
right-hand position of the slider chosen as the starting point, the displace-

B O, B= 20 mm
BC =60 mm
2 3
wy = 1r/s (const.)
O C
2 4
Vv prede

(a)

{h)

Figure 8-9
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ments of the slider were then laid off in Fig. 8-10a. Triangle MNR was
drawn so that its hypotenuse was tangenl to the steepest point on the curve.
Later, when the velocity curve in Fig. 8-106 was constructed, line £/, was
drawn parallel 1o MR. By drawing MR tangent at the steepest point in Fig.
8-104, we can then choose P at un appropriate distance to the left of the
origin so that the largest ordinate on the velocity curve, denoted L, will
come out a convement size. That is, we do not want the height of the
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velocity curve to be too small, nor do we want it to be so large that it will
fall off the paper. Length M/N was arbitrarily chosen as three units along
the time axis. Thus A7 = % s. Length NR was measured and found to be
41.9 mm. On the original drawing a scale of 1 mm = 7.87 X 107" m was
used along the s axis. Hence As = 41.9(7.87 x 107%) = 0.0330 m.

The velocity curve is shown in Fig. 8-10b and since line PL was drawn
parallel to MR, then QL = V..., where

As _ 0.033

Vmax = At iz
T

= 0.132 m/s

On the original drawing, QL was found to measure 36.6 mm. The velocity
scale is then 36.6 mm = 0.132 m/s or | mm = 0.132/36.6 = 0.003 60 m/s.
Next, from pole P lines are drawn parallel to the tangent at each time
interval along the displacement curve. From their points of intersection
with the V axis we project across to find the points of intersection with the
vertical lines through the corresponding points along the time axis. A
smooth curve through these points is the velocity graph. Since the dis-
placement curve is symmetrical about its midpoint, the velocity and accel-
eration curves are also symmetrical about this point.

In Fig. 8-10c the acceleration curve is shown where line P'L’ was
drawn parallel to QU, which is the line of steepest slope on the velocity
curve, The location of pole P’ was chosen so that Q’L’ was a convenient
length. In Fig. 8-10b the maximum slope is at Q and represents A, where

Amax = AV/AL

QT is At and was arbitrarily taken = 2s. TU = AV and was found to
measure 48.8 mm on the original drawing. Since the velocity scale, as
found earlier, is 1 mm = 0.003 60 m/s, AV = 48.8(0.003 60) = 0.176 m/s.
Then

= 1.056 m/s?

AV 0.176
At 2

Next, length Q'L’ on the original drawing was found to measure 44.5 mm.
Hence the acceleration scale is 44.5 mm = 1.056 m/s®> or | mm = 1.056/
44.5 =0.023 7 m/s%. From pole P’, lines were drawn parallel to the tangents
at each time interval along the velocity curve. The ordinates, as found
along the A axis, were then projected across to find the points of intersec-
tion with the vertical lines through the corresponding points along the time
axis. A smooth curve through these points gives the acceleration graph.

Apax =

Example 8-2 The oscillating arm four-bar linkage of Fig. 8-6 is shown again
in Fig. 8-11. Crank 2 rotates with a constant speed of 4 r/s. The displace-
ment, velocity, and acceleration curves for link 4 are to be constructed.
First the mechanism is drawn for various positions of crank 2 as shown in
Fig. 8-11. Thirty-degree positions were used, and the angular positions of
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Figure 8-11

link 4 werc measured for each position of link 2. The zero position for link 2
was assumed to be the point where link 4 is at its extreme rght position.
The positions of crank 4 were measured in degrees and then converted to
radians by multiplving by 0.017 45.(360° = 27 rad, or 1° = 0.017 45 rad.)
The measurements were as tollows:

Crank
position 4, deg @, rad

i 0 0

1 7.2 0.13
2 21.9 0.38
3 38.3 0.67
4 532 0.93
5 64.3 1,12
6 72.0 1.26
7 70.8 1.24
8 £5.2 114
9 532 .93
10 332 Q.58
I 10.3 0.18
12 Q 0

Convenient time and displacement scales were selected, and the dis-
placements were plotted to obtain the displacement curve shown in Fig.
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8-12a. Tangents MR and CD were then drawn at the points of maximum
positive and maximum negative slope, respectively. Next. in 8-12h pole P
was assumed at a convenient distance to the left of the origin so thut, after
drawing PL parallel to MR and PH parallel to CD, the height HL of the
velocity curve would come out a reasonable size. Then MN was arbitrarily
taken as four units (1-s) along the time axis, and NR was measurcd and
found to be 1.14 rad. Thus

Af 1.14

— = — =137 rad’s
Af s

Wnaxi+) —

and point L was marked 13.7 as shown in Fig. 8-12h. The scale for w was
thereby established. On the original drawing @Qf. was found to measure
33.0 mm. Henee 33.0 mm = 13.7 rad/s or | mm = 0.415 rad/s. Length BC
was arbitrarily taken as two units (;;s) along the time axis. and BD was
found to measure 0.783 rad. Thus

Omax—s = %\To = 0'?83 = 18.8 rad/s

24

Tangents were next drawn along the displacement curve at each point along
the time axis. Then from point P lines were drawn parallel to these in order
to dctermine the ordinales at the corresponding points along the time axis
in Fig. 8126. A smooth curve connecting the ordinates then gave the
velocity curve,

The acceleration curve is shown in Fig. 8-12¢, and was constructed by
first drawing tangents QU and FG al the points of maximum positive and
negative slope in Fig. 8-12h. Then pole P’ was assumed at a convenient
distance to the left of the origin so that after drawing £ parallel to QU
and P'H' parallel to FG. the height I/'L' of the acceleration curve would be
rcasonable. In Fig. 8-125 length Q7 was assumed as onc unit ( 5s) along the
time axis. and 7U was found to measure 16.3 rad. Thus
i = Q = 784 rad’s*

Ymaweiy - At L
and point L’ was marked 784 as shown. On the onginal drawing Q°L’
measured S2.8 mm: hence the acceleration scale became 52.8 mm =

784 rad/s* or  mm - 14.8 rad/s*. From tnangle £FG

amu_\;[—) - Af ]

Next, tangents were drawn to the velocity curve at each point along the
time axis. Then from pole P’ lines were drawn parallel to each of these in
order to determine the ordinates at the corresponding points along the time
axis in Fig. 8-12¢. A smooth curve through these ordinates then formed the
acceleration curve,
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In this example the accuracy of both the velocity and acceleration
curves can be improved considerably by plotting values of the angular
velocity directly instead of deriving them from the displacement curve. In
Fig. 8-6 values of the linear velocity of point C can be scaled from the
velocity graph. The angular velocity of link 4 is

- 0,C

w

and since O,C is a constant, the values of V- are proportional to the values
of w. Hence if we were to take the values of V., found in Fig. 8-6, and were
to plot them along the time axis, we would obtain a curve having the same
shape as the one in Fig. 8-12b.

PROBLEMS

8-1 (a) Plot the velocity-space graph for slider 6 of the drag-link quick-return mechanism in Fig.
PE-1. Let Vi be represented by a vector (.5 in long. @, = 60 r/min (constant). Plot the velocity of
point D for the I5 positions of B which are shown. Positions 1 1o 7 are 45° apart. The remaining
positions are 10° apart. In finding the velocities of point D, use the paraliel-line mcthod, as ex-
plained in Sec. 5-3 and also illustrated in Fig. 81.

{b) From the known revolutions per minute of link 2 and the given length of vector Vi, compute
the velocity scale expressing the velocities in feet per second.

o D

Figure P8-1

8-2 (@) Construct the velocity-space graph for slider4 in Fig. P8-2. wy = 40 r/min (constant). Let Vi
be represented by a vector 25.4 mm long. Use the velocity-polygon method for determining the
slider velocity. For each of the 12 positions place the pole for the polygon at the corresponding
position of B. If V. is directed to the left, plot it upward on the graph, and if it is to the right, plot it
downward, Compute the velocity scale expressing velocities in meters per second.

(b) Construct the acceleration-space graph for slider 4. Use the acceleration polygon method
for determining the slider acceleration for each of the 12 crank positions. Use an acceleration scale

722740
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Figure P8-2

of 1 mm = (012 0 m/st IFA 15 directed to the left, plot it upward on the graph, and if it is to the
right, plot it downward.
8-3 {a) Design a Geneva wheel. Make a drawing similar to Fig. 3-32 except that the driver is 10
make five revolutions for cach revolution of the driven. Use a center distance of 76.2 mm. The
driving pin is to enter the slot in the driven member tangentially so that there will be no impaci,
(0) Figure P8-3 shows the mechanism schematically. In Sec. 2-12 it 5 explaingd that the
anglar-velocily ratio ws’awe — (0/0;0, where Jinc N-~ in Fig, P8-3 is the line of transmission.
Mauke a scparate tull-size drawing similar to Fig. P8-3 and divide the ungle, which the driver makes
from the time the pin ¢nters a slot until the time it lcaves, into eight equal divisions. By measure-
ment determine the ratio (0700 for cach of the gight positions.
() Plot the angualar-velocily-tme graph for the follower. Make the time axis 96 mm long, The
driver rotules at 4 constant speed of 120 r/min. Let 1 mm of ordinate represent 0.4 rad/s,

Figure P8-3

8-4 A Whitworth guick-return mechanism similar 1o Fig. 3-10 is shown in Fig. P84. For the phase
shown, slider 6 is at the lefl epd of irs stroke, The corresponding position of point § is labeled
position 0.

() Make a drawing similar w Fig. P84 and find the location ol point £ for each of the equally
spaced pusilions of B on circle 8. Number the positions ol £ to correspond with the numbers on
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i — Shoke ———~

Figurc PR-4

circle OB, (0,0, = 12.7 mm, O3 = 254 mm., O,C = 28.6 mm, und C2 = 102 mm. o = 60 r/min
fconstant).

(5) Plot the displacement-vs.-time graph lor slider 6. Let the time for one revolution of crank 2
he represented by 102 mm ulong the time axis and plot the 12 displicements halll their actual
lengths.

{c) By gruphical differentiation construct the velocity-vs.-lime and acceleration-vs.-time
graphs.

idy Compute the scales for the time, displacement, velocity, and acceleration axes in seconds,
millimelers, meters per second, and meters per second squared, respectively, and place calibralion
marks along these axes.



CHAPTER

NINE
MATHEMATICAL ANALYSIS

9-1 INTRODUCTION

We have studied four graphical methods for determining velocities in
mechanisms: instant centers, component, rclative velocities, and graphical dif-
ferentiation. Also we have covered two graphical methods for finding accelera-
tions: relative accelerations and graphical differentiation. In this chapter sev-
eral mathematical methods for determining velocities and accclerations in
mechanisms will be discussed.

A mathematical solution is more accurate than a graphical solution, but
usually it is more time-consuming, and errors arc casier to muke and are less
casily detected. However, mathematical analysis can provide 4 great savings in
time if a mechanism of a given type is to be frequently analyzed and various
values of the paramieters such as the lengths of the links, and the position,
velocity, and acceleration of the input link are to be utilized. A computer
program can then be written and these various input parameters fed into it.
Another advantage of mathematical analysis is that the mathematical expres-
sions for position, velocity. and acceleration in a mechanism reveal how the
lengths and the angular positions of the links alfect the motion, This is valuable
in the design of mechanisms to produce desired output motions (kincmatic
synthesis). The mathematical methods are a powcerful 100l in synthesis and are
more readily understood if one first leams to analyze mathematically the mo-
tion of given mechanisms.

171
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C
O(a ! B ~ _ —~
4 P D LTSS
2 -
\\ //
Figure 9-1

9-2 ANALYSIS BY TRIGONOMETRY

Equations specifying the positions of the various links in a mechanism can be
written using trigonometry, and these equations can be differentiated to obtain
velocities and accelerations. The slider-crank mechanism (Fig. 9-1) will be used

to illustrate the method. Letn = L/R and m = d/L. From the figure
BD =Lsin¢ =Rsiné

sin 0

sin ¢ =

If we use the trigonometric identity

cos ¢ = VI —sin?¢

Then cosp = /1 — Siz: i
The binomial expansion is
(@+b)y=a+na"'b + —n(nzj 1)a"‘zbz +n(n —~ 13)'(” =2
and for the term V1 ~ (sin? §/n?%)
a=1 b= L;H n=-

The expansion then becomes

{ sin® 6 2 sif § | sin*@ | sin® @
n2 2 n2 8 n4 16 n6

9-1)

an—aba + - -
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The ratio n 1s usually equal to at least 4. Using a value # = 4 and the maximum
value of sin # = 1 in the above series, the terms become

] — 4 — L

a2 2048 65536

We can drop all but the first two terms. Then

1{ Lo,
cosd = p (n o sin 8)

approximately. The displacement of any point £ on the connecting rod is

p
ll

d | A
RcosO+dcosd =R cosB+T(n ——2;81]12 G) (9-2)
r e

(L —d)sing = L-d sin 6 9-3)

e
Il

Differentiating these equations with respect to time we get the velocity of point
P 1n the x and y directions

dx [ m ) \
S I g m .
» = szt\sm g+ > 2 s1n 8 cos )
= -R (sin9+—"—1—sm2) (9-4)
Wa ‘n 2}? j
d .
V= —j-;— = Ruw,(1 — m)cos 6 (9-5)

The velocity of the piston is obtained by substituting m = 1 into the last two
gquations. Thus

2 . \
VI = —RwZ(\sm 0+ *2; sin 29} {9-6)
Vi =0 {9-7)
I[ the crank has constant angular velocity
A} = 45 = —Rw;(cos 8+ = cos 28} (9-8)
dt ‘ 7z /
dvi .
AY = _a’z_p = —Rw, (1l —m) sinf (9-9)

The acceleration of the piston is obtained by substituting m = 1 into these last
two equations. Thus

I'e

: .
A% = ~Rw22(cos b+ Tcos 20 (9-10)

AZ = 0 (9-11)
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From Egs. (9-6) and (9-10) we see that when # is infinite, the motion of the
piston becomes simple harmonic, which was discussed in Sec. 2-7.
The angular displacement of the connecting rod is found from Eq. (9-1) to
be
sin #

b = sin“(-———) (9-12)

H
The angular velocity of the connecting rod is
dé @, V(1 — sin? §)

T AT Nt -sinto) ©-13)

and the angular acceleration is

d w, @,” sin f cos® wy® sin 6 (9-14
a3 = s o N —_. —_- o -
dt (n* — sin? g2 n* — sin® ¢ )

With the exception of the slider-crank mechanism, in general the analysis
of velocities and accelerations in mechanisms by trigonometry becomes very
cumbersome. For this reason in the remainder of this chapter a more concise
method of analysis, which utilizes complex numbers, is explained.

9-3 VECTORS AS COMPLEX NUMBERS

A convenient method of expressing vectors is to write them as complex num-
bers. Before going into the next topic, which is the analysis of velocities and
accelerations in mechanisms by complex numbers, we shall review some defl-
nitions pertaining to the latter,

In Fig. 9-2 the directed line segment, vector OP, represents a complex
number denoted by Z. The quantity Z can be expressed as

Z=x+iy (9-15)

where x is called the real component and v the imaginary component. The
quantity ¢ in Eqg. (9-15) is an imaginary unit defined as follows: 1 = V-1
However., x and v are real numbers. When used in this manner, the cartesian

Imaginary
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planc is called the complex plane or Z plane. Length r is the magnitude or
absolute value of the vector and can be expressed as

r=NTAOF 1 | AT (9-16)

where “(Z% and “(Z) denote the real and imaginary components, respec-
tively. Magnitude r is considered positive when directed from O toward P and
considered negative when directed from P toward O. The direction of the
vector is specified by angle #, which is measured from the x axis. # is consid-
ered positive when measured counterclockwise as shown and is negative when
measured 1 the clockwise sense. From Fig. 9-2

= Y ALY
! xR
ALY
A tan™! - 8-17
2 (-17)

It is important to note that a vector can be expressed in a vanety of ways as
the sum of a number of vectors. For example, in Fig. 9-3

Z =7, 47y =7y +Z,
Further, two vectors are equal if and onty if the sums of their real parts are

equal and the sums of their imaginary parts are equal. Again, in Fig. 9-3 (£, +

HZ Y+ AZy= FZ+ HMZ)  and ALY + AL = AZ) + AZY)

Addition, subtraction, and multiplication. of complex numbers are per-
formed in the same manner as for real numbers. In Fig. 9-41etZ, =2 +jand Z,
=1 +i4 ThenZ, =2, +Z, =3+ i5andZ, =72, -2, =1 - i3 In

Imaginary

Figure 9-3
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6 y
2 Z
i Z3 2y i
Z
|z |
L (
2t i
Z) ,
_‘2
— x 4r
0 2 4
at +
L 2
Zy
—_— A A 1 I
4T -2 0 2
Figure 9-4 Figure 9-5

multiplication the products of powers of the quantity i should be reduced to
their briefest form. Thus

= V-1V-1=-1
it =it =V =1(=1) = —i
= 4= —1(-1) =1

fZ,=2+iandZ, =1 +id4,thenZ,Z, =2 +i +i8 +i*4 = -2 +19. The
vectors are shown in Fig. 9-5.

From Fig. 9-2 it can be seen that vector Z = x + iy can be expressed n
polar coordinates as follows:

L = rcosO+irsiné
= r(cos 8 + i sin H)

From the following MacLaurin series expansions

i _ 1 ¢ I o e 4 e
et = i T T ST T
g2 gt g
cos @ = l—‘"z—!-f-'4—!—-6—!+-
ig° i9° ig

ismg = i — + — + -
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we note that the first series is the sum of the second and third. Thus
e =cosf +1isinf
and expressed in exponential form
Z = rei (9-18)

Multiplication of a vector by i/ rotates the vector 90” in a positive (coun-
terclockwise) direction. This is illustrated in Fig. 9-6, where Z = ¢ + ib. Then
iZ =ia — % = -b + ig. Thus

ir(,fa = ye ! HY) (9_19)

Vectors expressed in complex exponcntial form are differentiated in the
usual manner. For example,

o 7 o de .
— e = e®—if = jei = jwe® 9-20
clr dt di we ( )
a6
where = —
clt
o } . dew
if we differentiate again and let o = o
G
. Fod do'
— {7 (,46' =7 _.__e’l.'? + Y i
dr / “ ‘ dr

i[wlime’™ + ¢'%%)

= - w%e? - jae? {9-21)

The vector —w? ™ in Eq. (9-21) is illustrated as OA in Fig. 9-7. The quantity ¢
indicates the vector is onented at angle ¢ with the x axis. The magnitude of the
vector is w?, and the minus sign indicates the vector is directed from ) toward
A rather than from A toward 0. The second vectoriae® is represented by UB.
The magnitude is «. If the expression were not preceded by an i, this vector

y

x A

Vigire 9-6 Figure 9-7
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would be oriented at an angle 6 with the real axis, as indicated by the exponent
(6. However, since multiplication of a vector by rotates the vector 90° ccw, the
vector becomes OB.

9-4 ANALYSIS BY COMPLEX NUMBERS

In this section some general equations are developed for obtaining the angular
position, velocity, and acceleration of the various links in a mechanism in terms
of the angular position, velocity, and acceleration of the driving link. In addi-
tion, it is shown how the linear velocity and acceleration of any point on the
linkage can be computed.

Four-Bar Linkage

For the four-bar linkage in Fig. 9-8 leta, b, ¢, and ¢ denote the lengths of links
1,2,3,and 4, respectively. The frame is regarded as link 1. Angles 6., 6,, and 6,
denote the angular positions of links 2, 3, and 4, respectively, and are consid-
ered positive when measured counterclockwise as shown. The length of the
diagonal from A to D is denoted by s and the angle which it makes with line OD
is indicated as 3. Link 2 is considered as the driver and its angular position 8, is
assumed known,
Angles 8, and 8, can be found as follows. Consider triangle OAD. Thus

s = Va? + b2 - 2ub cos b, (9-22)
and sin 3 _ sin g,
b §
. b .
Thus B = sm“(—f sin 62> (9-23)
§

¢ p T D
Figure 9-8
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Next, for triangle ABD,
d* =%+ 5% — 205 cos
‘€2t 52— a‘z\‘)

Hence W= ¢cos!
: 2(15 J

\

Also. from triangle ABD,

sin A sin
C d

Thus X

;
. o
sin ’(jsm :,f;)

4 J

(9-25)

The values of 8, ¢, and A can be computed using Eqgs. (9-23) to (9-25). Then by
observing the particular configuration of the linkage, the values of 7, and 6, will
be apparent. For example, for the configuration in Fig, 9-8, ¢; — ¢ — gand g, =

360 — (A - B).

We will now consider velocities. In Fig. 9-9 a four-bar linkage 1s shown

with the links represented by position vectors a, b, ¢, and . Then

F+c+d=ua

Expressing these veclors in exponential form

a = ae” =aqa
b = be™
T = ce
d = de™

Substituting Eqgs. (9-27) into Eq. (9-26), we obtain

heitr + peits 4 det =

VT D

Figure 9-9

(9-26)

(2-27)



180 KINEMATICS OF MACHINES

Next, if we differentiate this equation with respect to time and let

deg dg.} d84
= W, = —- w, = ——
@27 Tdr Sdt YT od
then ibwe™ + icwe™ + idoe® =0 (9-28)

The real and imaginary parts of this equation are

O —bwySIinf, —cwy SN @y —dw,; sind, = 0

(9-29)
Y bwecosfy + cwycos By +dwycosly, = 0
Equations (9-29) can be solved for w,; and w, as follows:
b sin &
wy = — 2 (9-30)
¢ sin e
b s
wy = L, (9-31)
d sin €
where o = 8, — 0,
€ == 63 - 94 (9“32)
y = 0, — 6,

Thus from Eqs. (9-30) and (9-31) the angular velocities of links 3 and 4 can be
obtained from the known angular velocity of link 2.

Having found the angular velocity of link 3 we can compute the linear
velocity of any point on the link as follows. In Fig. 9-10 let P be a point whose
velocity is to be found. Position vector /i is then

h=b+3g
or in exponential form
h = be™ + ge'® (9-33)

T D
Figure 9-10
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where# = OA, g = AP, and ¢ 1s the angle which line AP makes with the x axis.
Differentiating Eq. (9-33) with respect to ume and denoting dd/dr = w,;. we
obtain v, the velocity of point P as follows:

vp = ihaye™ + igwye’© (9-34)

The real and imaginary components are then

A0y = —bwy sIn B, — gy 5IN b _
(9-35)
GMupt = bw, cOS #y + gwsg COS &
The magnitude and direction of v, are
ve = V] ATIE L {7 (0)F (9-36)
7 (Bp) |
and fp - tan™? T—L— (9-37)
A (.UP}

We will now consider accelerations. Differentiating Eqg. (9-28) with respect
to time and letting

dw, dey dw,

dr “T T “

Xy —

we have
{wa? — fagdhe™ + (wy? — fa)ce™ + (wy? — ia)de™ =

Expanding this equation in terms of its real and imaginary parts, we obtain two
equations similar to Ligs. (9-29), and they can be solved for «r, and «,. Doing this
and substituting Eqgs. (9-30) and (9-31) in the results, we obtain

bawy?cos § + coy®cos € + dw,?

g = —>qy — : {9-38)
Wy C sin e
Wy bwyCcosy | cws® ~ dw, Cos € _
oy = — (i Y - {9-39)
W d sin €

Equations (9-38) and (9-39) give the angular accelerations of links 3 and 4,
respectively.

The linear acceleration of a point £ on link 3 in Fig. 9-10 is obtained by
differentiation of Eq. (3-34) with respect to time. Denoting this acceleration as
a"'):

Gp = (—w® — fa)be'™ + (—en® +iag)ge™
The real and imaginary parts arc

o (ap): —h ll’.!),'zd COs s + oy sin B.) — g(fr.hlgz COS fl_f) + oy sin (fﬂ
(9-40)
@ = —b{en? sin B, — @, cos ) — glw? sin &b — o cos @)



182 KINEMATICS OF MACHINES

The magnitude and direction for @, are then

and fp = tan 1 ——~

Example 9-1 In Fig. 9-11a the centerline of the cam i1s at 45° to line OD. The
angular velocity of the cam is 5 rad/s ccw and its angular acceleration is 2.5
rad/s* cw. Angular velocity and acceleration of the follower are to be
found.

SoLuTioN An equivalent four-bar linkage (as explained in Sec. 7-5) is
shown in Fig. 9-11H. Thus 6 = 315°, wy = 5 rad/s, and «y, = —2.5 rad/s?,
Dimensions are ¢ = 7in, b = 2.688 in, ¢ = 5438 in, and d = 7.500 in.
Velocity o, and acceleration o, are to be found. Substituting into Eqgs,
(9-22) through (9-25), we have

s = V7214 2.69 — 2(7)(2.69)(0.707)
= 545 in

B = sin‘l{-——i'gi (—0.707)} =20.4°

5.44% + 5.45% — 7.50%
2(5.44)5.45

Y = cos‘ll } =87.1°

A= sin‘{% (0.999)} = 46.4°
From Fig. 9-11b6

6; = B+ Y=204+ 87.1 = 107.5°

8, = 360 —(A—8)=360—-(46.4 —20.4) =334.0°
From Eqgs. (9-32)

& = 315 — 334.0 = —19.0°

€

Y

107.5 — 334.0 = —226.5°
315 — 107.5 = 207.5°

Substituting into Eqs. (9-30) and (9-31), we have

0)3:

_2.69(-0.326)5

2.69(—0.462)5

— 1.11 rad
5.44(0.725) rad/s

Wy =

= —1.14 rad/s

7.50(0.725)
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Figure 911
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Since the result has a minus sign, w, 1s clockwise. Substituting into Eq.
(9-39), we obtain the angular acceleration of the follower as follows:

-4 a4 2.69(25)(—0.886) + 5.44(1.23) + 7.50(1.30)(—0.686)
U 5 ‘ 7.50(0.727)

= 0.570 — 10.92 = —10.35 rad/s®

The minus sign indicates «y is clockwise,

Slider-Crank Mechanism

A special case of the four-bar linkage is the slider-crank mechanism shown in
Fig. 9-12. That is, 8y = constant = 270°,d = o, and thus w; = oy = 0. Also § =
O — 6 = 6, — 270°, € = 6, — 6, = 6, — 270°, and y = 6, — 65. By substituting
these values into Egs. (9-30) and (9-38), we obtain the following expressions for
the angular velocity and acceleration of the connecting rod:

b
ws = _bcos b 0y (941
¢ COS O,

w bwy? sin 0, + cw,® sin 8
= — @y +— 2 > - (9-42)
We ¢ COS Oy

From the figure

csinm = bsinf, +f

7 = sin—'(——b sin b, 27 ) (9-43)

¢

and 8; = 360° — 7 (9-44)

Position vectors The position vector for point Q is

r = re® (9-45)

Figure 3-12 D
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The position vector for P is
hp = be'™ + gei*s i9-46)

and the real and imaginary parts are
#(h,) =bcos 6, + g cos 0,
- : \ (9-47)
S hp) = b sinf, + g sin 0,

The magnitude and direction of /i, are

hp = V{ZRNE+[7 0, F

o =7 Gy
)
Veiocities The velocity of point 2 is
Vg = iFme'® (9-48)

anst the real and imaginary parts are
(,-’,5 (6@) = —Fw3 Sl[] 99_
_ (9-49)
i (Uy) = Fwe COS 6,
Tke magnitude and direction of v, are
ve = VIFTF + L ol
: KA
8; = tan™! —fa)
i ('Uq)

The equation for the velocity of point P is similar to Eq. (9-34) and is
ifla (9-50)

Up = ihwse'® + igane
where the real und imaginary parts are
A (@p) = —howy SIn By — gaws SIN By
_ (9-51)
7 (L';JJ = b(z)z cos 8, — Lwy COS 03

and the magnitude and direction of v, are
vp = V[ wp) P 1 [ ()]

FAup)
fp = tan '
i/?[ U‘u)
Aceelerations The acceleration of point Q is

aQ = (_CU22 + l'ag)ré‘"'“ (9-52)

tnd the real and imaginary parts are
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i) = —rtad COS Oy + e SIN G
. . (8-53)
Gl = —elwy sm oy — a, COS 0,)

The magnitude and direciion of @, are

fo= VIaa)? + Ly @yd¥

4y = tan! AU
O @y
The equultion for the acceleration of point P is similar to the last equation before
Eqgs. (9-40) and is
Gp = (~w? + iaghe® + (—oy® + iay)ge'™ (9-54)

where the real and imaginary parts arc

A ) = —h{wy? €os By + a, sin fy) — g{w,” cOs 8, + oy sin 1) ©.55)

A p) T —hlwyt sinfy — ay cos By) — plwy? sin 8y — g cos 6y)

and the magmtude and direction of 7 are

r

s =V [,v?{u,-)]e + [ {umF

d)

AT

In the equations for position, velocily, and acceleration of point P, if we

substitute length ¢ for g, then we obtain the position, velocity, and acceleration
of the piston as follows:

Ahy) = b eos &, - ¢ cos o, (9-56)
(/; [ﬁ}.') = _bwg Sil'l Uz - Cfu_-* ‘iil‘l \93 (9'57}
Aly) = blws? cos By + @ sin By) — c{wy? COS U ~ @y sin §y)  (9-58)

All of these equations for the slider-crank mechanism are valid whether or not
the line of travel of point B passes through point O.

A computer program for determining positions, velocities, and accelera-
tions for the slider-crank mechanism appears in Appendix B. Also, an example
is solved with the program.

Crank-Shaper Mechanism

This linkage (Fig. 9-13) is an inversion of the slider-crank mechanism in which
link 2 is madc the fixed link, Note that the notation in Fig. 9-13 is the same as
for Fig. 9-12. In Eq. (9-41) w, and w. can be wrilten w;, and w,,;, which
designate the angular velocities of links 3 and 2, respectively, relative to link 1.
Equation (9-4 1) then becomes
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¥
$
o X
Vieure 9-13
b cos f,
Wy = 77 ey
CCOs 6y
h cos é, ‘ :
ar Wy — w, — — —— = lUJ-Z - fﬂl) (9'59)
COS By

if we apply Eq. (9-59) to Fig. 9-13, then w, = 0 and w¢ obtain
b cos s
Wy — Wy = ——(,
C COSs
Wy

ar = . 9-60
1 @ I + (h cos 8,)/(c cos 6} 560

Similarly, Eq. (9-42} may be written

g b(})%“ S Hz + f.'(d:%“ 5N H;g
g = Oy 1y T -
gy ¢ COS 93
or Wy — blws — w,)"SIN 0s + Clewy — ) sin O,
g — oy = —(org — o) +
(e — c COs 0,

and since wy, = ay = 0,

( wq — W, | bw-.?sinfy + clwy — w P sin b,
G- = —a | o Bultsinh t ol Z
\ iy ¢ COs 93
iy — [P ?SIN By ~ Clwy — wi)® SIN G517 (¢ COs #3) ,
or o - [P, 9 {10y 1. 3] 3 (9-61)

I + (wy — ) ey

Fquations (9-60) and (9-61) give the values of w, and «, when w; and e, are
known, and vice versa,

Example 9-2 In Fig. 9-14a the cam has an angular velocity of 3 rad/s cew
and an angular acceleration of 1.5 rad/s* ew. The angular velocity and
acceleration of the follower are to be computed. Note: This 1s the same
problem as Example 7-6, which was solved graphically.

SoLuTioN An equivalent linkage is shown in Fig. 9-146 and follows the
form illustrated in Fig. 7-18, Since our equivalent linkage is of the crank-
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A 38.1R
1 9%1R
[+
0 . 4 35
Cl’2 -
)
}_ B S 8_9&’ ) _
1
w o
] 2 Ay .\D.Q
. 406
B
S
(a) P
Paraliel to edge of
follower f
3 8,=-19°
0 e N[ 4 2

2

(b}

Figure 9-14

shaper type, the notation has been made the same as in Fig. 9-13 in order

that we can use the equations developed for the latter. Angle 6, = —19°, 65
= 286°, wy = 3 rad/s, and oy = —1.5 rad/s®. Substitution of the data into
Egs. (9-60) and (9-61) then gives

3
W = =0.313rad/s ccw

I + {406(0.946)1/{162(0.276)]

1.5 - [406(0.313)%(-0.326) + 162(3 — 0.313)%(—0.961)][162(0.276)]
I + (3 - 0.313)/0.313

= 2.51 rad/s? ccw

Thus in Fig. 9-14a w, = 0.313 rad/s ccw and a4 = 2.51 rad/s* ccw.

Example 9-3 The cam in Fig. 9-15a has a constant angular velocity of 30_0
r/min ccw, and the velocity and acceleration of link 4 are to be found. C2 15
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————

fa} (b

Figure 9-15

the center or curvature of body 2 at the poinl of contact. An eqguivalent
linkage, as explained in Sec. 7-5, is shown in Fig, 9-150 and is a Scotch-
yoke mechanism. Since w,, is constant, link 4’ has simple barmonic motion,
as explained in Sec. 2-7. Thus

2300}
yr = _T:%O( = 31.4 rad/s

Then for link 4’ and thus for link 4,
V= Rwsinw = —Re sin 30°
= ~0.017531.4)0.5 = =0.275 mvs
and A = —Ra?cos or = ~Re cos 30°
= 0.0173(31.4”2 0.866 = —14.9 m/s?

The minus sign in the results indicate the velocity and acceleration of the
follower are upward.

Complex Linkages

The linkage in Fig. 9-16 is an example of 4 complex mechanism. A determina-
tion of the velocities or accelerations in a complex linkage can be made by
starting at some point of known vclocity or acceleration, usually a point where



T KINEMATICS OF MACHINES

Figure 9-16

these quantitics are zero, and then traversing successive links, ‘The relative-
velocity  or acceleration components expressed in cxponcnual form are
summed up along the way until another point ol known velocily or acceleration
1s rcached. The process is repcated until all the hnks in the mechanisim have
been traversed. As was done carlier, each vector equation is written in terms of
its real and imaginary parts and thus provides two independent algebraic equa-
nons contaiping various unknown quantities, The foregoing procedure will
provide a suffictent nuinber of cquations tn permit a solution for the unknowns.

As an illustration of the procedure, consider Fig, 9-16. 1t is assumed that fh,
By, By, By Oa. we, and ¢, are known. The angular velocities and accelerations of
all the Tinks are to be found. Letw, = BF, ry = BD. ry, = DE, r; = FG, ry = HC,
and r; = CF,

Velocities Since points £, (. and & are points of zero velocity.

Vi 2 Ve 0 VG;L =0

or retge % — fr-wye’® + fropwe’™ = 0 {9-62)
Also Vliu" T+ VD.‘B + VE;;_) + VG.‘E =1{
or o0+ frgmge™ — irywe® + irymge ™ = 0 (9-63)

The sums of the real and imaginary parts ol Eqgs. (9-62) and (9-63) are then
—Fawg SIN B — romy SN B, ~ Faws sin 8; = 0
Fow g COS g + Fron, COS 0, + Frwy cOs A; = 0
—Fawe 31N Gy — Famy SIN O — ramy Sin 8, — Fyw; sin Ay = 0

Faty COS B2 + Faay COS 8y — rymy, COSfl; + rewr COSH: = 0
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After the numerical values of the known quantities are substituted into this set
of equations, the latter can be solved for the values of wy, ;. @;. and .

Accelerations Points I &, and H have zero acceleration: thus

Ap g DA D AL B AL D ALy D Alp =0

or  —fuw e’ + e 0™ — rrede™ — rogie™ — reo o™ +iiagie™ 0
(9-64)
_f\lﬁﬂ /\E‘._{.‘ "‘} 1‘1:;1‘.].' 'H’ ;"lif,-.],‘ 4‘)_45—;.}-; by /‘1.:' o + .’_‘IL“ ’+‘> Fflfll,' E 4+ A’(,‘“Ll‘ - 0
oOr
—FpmFe™ L r auie — paentett 4 rpasie™ — e’
+ ryyfe™ — raw e — roeie® = 0 (9-63)

Next, the sums of the real and imaginary parts of Egs. (9-64) and (9-65) are
—Fywe® COS By — raex Sin 8y — rowg® cos O — rroy sin O,
- I'.-)fll;;l COs H' — Fite :‘iin H.-, {)
‘."”{)'}";2 Sin !95 + Ftes COS 0[; - f'Tl’J)I: Sfl‘) {)_1 + I COS8 H-l
— Fyws SIN G, + Faag cos 8, = 0
Fawg COS 0, — Foora SIN By — rumwd COS Ay — Cyry SIN Ay — 7w’ COs fy
= ryony SINB, — Faws COS H — e sin G5 = 0
Fomgt SIN By + rprs COS By — Fyws SINAL — Fas COS By - 1 f sin ),
|y COx 0, = Fws sin 0, + raa, cos A, =0
The numerical values of all known quantities are then substituted into this

set of four equations. 'The latter can then be solved for the numencal values of
ny, g, o, and g

PROBLEMS

1 Using the resuolts of Sec. 9-2. compue the velocity in feel per second and acceleration in feet
roi second sgudred ol the slider im Fig, PO-1 forf = (0745907 135 und 1807,

wy =900 -/min

A 2 =1 ’L;-._____\
/ T
! ~—— &
L — — H/‘v\___ 2 “‘-.____\_
P - -—\Hl \\'-__,*_‘l
/ f/
i/
v 4
P
. ‘\ -
A
s wa
™, s
. e
e

Fimire P9-1
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9.2 Using the results of Sec. 9-2, find the magnitude of the velocity in feet per second and accelera-
tion in feet per second squared of point P (Fig. P9-1) for # = 90°. In cach case indicate the angle the
resultant vector makes with the x axis.

9-3 A slider-crank mechanism has a crank length of 50.8 mm, a connecting rod length of 152 mm,
and operates at 3 000 r/min. Using the results of Sec. 9-2, compute the maximum values of velocity
in meters per second and acceleration in meters per second squared and determine at what crank
angle these maximums occur.

9-4 A slider-crank mechanism similar to Fig, 9-1 has an R = 63.5 mm and an /. = 152 mm. The
crank has a constant speed of T 800 r/min. Using the equations of Sec. 9-2, find the angular velocity
in radians per second and the angular acceleration in radians per second squared of the connecting
rod for a crank position § = 30°,

9-5 Use the equations of Sec. 9-4 to compute the acceleration of the pision in meters per second
squared for the position shown in Fig. P9-3.

A&h = 100 rod/s (const.)

B
/ O~ 508 |4 203 )

\ 27

Figure P9-5

9.6 (a) Draw an equivalent linkage of the slider-crank type (as explained in Sec. 7-5) for the cam
mechanism in Fig. P9-6.

(h) Analyze the equivalent linkage, using the equations of Sec. 9-4. Draw the x axis directed
upward and the y axis directed to the left and label them. Compute the velocity in meters per
second and acceleratjon in meters per second squared of the follower.

wg = 10 rod/s (const.)

Figure P9-6
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9.7 Use the equations of Sec. 9-4 1o find the velocity in meters per second and acceleration in
melers per second squared of slider 6 of the shaper mechanism in Fig. P9-7.

9.8 For the camn mechanism in Fig. P7-16 draw an equivalent linkage of the crank-shaper type and
compute the values of w, in radians per second and a, in radians per second squared using the
cquations of Sec. 9-4.

508

L'-- ’52\-.“

j\m, = 9.5 r/min {const.)

4

Figure P9-7



CHAPTER

TEN
CAMS

10-1 INTRODUCTION

A cam is an irregularly shaped machine member which serves as a driving link
and which imparts motion to a driven link called the follower, which either rolls
or slides on the driver. Cams are very important mechanisms because they
provide the simplest means of achieving almost any desired follower motion.
Thus they are frequently oceuwrring clements in many types of machines, espe-
ctally in automatic machines such as machine tools, printing presscs, internal-
combustion engines, and mechanical calculators.

10-2 CAM TYPES
Some of the most common types of cams arc the following:

1. Disk cams
2. Translation cams
3. Cylindrical cams

A translation cam is shown in Fig. 10-1. In Fig. 10-2, a disk cam is illustrated.
Disk cams usually rotate with constant velocity, and throughout this chapter
we will consider the angular velocity of the cam as constant. Cylindrical cams
will be discussed later in the chapter.

194
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10-3 DISPLACEMENT DIAGRAMS

A displacement diagram is a graph showing displacement ol the follower plot-
ted as a function of time. A displaccment diagram is shown in Fig. 10-3a.
Degrees of cam rotation arc plotted along the horizontal axis, and the length of
ihe diagram represents onc revolution of the cam. Since the cam speed (in
revolutions per minute) is constant, equal angular divisions also represent equal
time increments. Displacement of the follower is plotted along the vertical axis.
The displacement diagram determines the shape of the cam. In the analysis of
an existing cam or in the design of a new one, the displacement diagram is ol
primary interest. Since this diagram is in reality a displacement-vs.-time graph,
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by successive differentiation we can obtain the velocity-vs.-time and
acceleration-vs.-time graphs. The derivative of acceleration with respect to
time is called jerk or pulse. The acceleration of the follower is important in
high-speed cams because it affects inertia forces which result in vibration,
noise, high stresses, and wear. Jerk is a measure of the time rate of change of
inertia force and hence is an indication of the impact characteristics of the
loading. Experience has indicated that infinite jerk causes vibrations in the
follower system and affects the life of the cam.
Four common types of follower motion are the following:

. Constant acceleration
Modified velocity
Simple harmonic
Cycloidal

T R
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Table 10-1
;0 1 23 4 5
B 0 1 4 16 25

10-4 CONSTANT ACCELERATION

The displacement of a body moving from rest with constant acceleration is
5 = ;A"

where s = displacement
A = acceleration
r = time

The plot of the cquation is a parabola, and hence the motion is often called
parabolic motion. Since A is constant, the units of distance s traveled after time
¢t will be proportional to ¢2, as shown in Table 10-1 where the values represcnt
equal time units. When constant-acceleration motion is used for the rise of a
follower, it is used for hall of the desired rise and then followed by a motion of
constant deceleration for the remainder of the rise. The method of constructing
the displacement diagram for this motion will be illustrated with an example,

Example 10-1 The displacement diagram is shown in Fig, 10-3a. A follower
is to rise [ in with constant acceleration during 90° of cam rotation and then
1s to rise an additional 1 in with constant deceleration for the next 90°.
From 180 to 210° the follower is to dwell and then from 210 to 360° the
follower is to fall with constant acceleration followed by constant decelera-
tion,

The 180° for the rise is divided into any number of equal divisions. An
cqual number is used so that half can be used for the acceleration 8 1o C
and the other half uscd for the deceleration C to D, Since three time units
have becn chosen for the rise from B to C, a total of nine equal divisions,
each of any convenient length, are marked off along an inclined line drawn
as shown at the left in the figure. Nine divisions are taken because from
Table 10-1 we note that the total displacement afler three equal units of
time is 9. From point 9 on the inclined line, a line is drawn to the end of the
1-in rise on the displacement axis. Points 4 and | are located on the dis-
placement axis by drawing lines parallel to line 9-H as shown. The dis-
placements . 4, and 9 are then projected horizontally to obtain points on
the curve BC. Sincce the decelerated motion C (o D is just the reverse of the
motion from B to C, the ordinates uat points 0, 1, 2, and 3 along the time axis
can be laid off downward from the top of the diagram to obtan the C-to-D
portion of the curve,

The fall of the follower from EG requires that an equal number of
divisions be taken along the horizontal axis. Ten were chosen, For the five
time intervals chosen for the accelerated motion E to F, we sce from Table
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10-1 that a total displacement of 25 equal units is indicated. Hence along an
inclined line from E, 25 equal units of any convenicnt length are [aid off.
These arc then transferred to the vertical line at £, as shown. Next, the
vertical displacements are projected horizontally to obtain points on the
[-to-F portion of the graph. The deceleration from £ to {J is the reverse of
the acceleration {rom £ to F.

In analysis of cam motions it is convenient to cxpress displacement,
velocity, and acceleration of the follower i terms of cam rotation ¢ instcad
of timc ¢. This is done as follows. In the displacement diagram in Fig. 10-4
the curve AB represents a rise with constant acceleration and BC an addi-
tional rise with constant deccleration. The total displacement 4 of the tol-
lower occurs as the cam rotates an angle 4. For any angle of cam rotation 0,
the ordinate to the curve gives the follower displacement s. For 6 = 0.53

5 =3 Ar¢

but t = #/w where w is the angular vclogity of the cam. Then

i

| ( f }2
s = Al —
2 w

\ i

From the figure, whens = /i/2, 6 — A/2. Substituting these values gives

ho 1 L
2 z_A’\ w)
from which the tfollower acceleration
dhw*
A=Y (10-1)
}3-

Fallower
d-splacermrent, s

SN P——

A | Com retation

ongle, f

G5B

A

Fipure 10-4
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For the follower velocity,

Vo= At
B 4!1(1)2(1\)
B ey
ha
_ 4:(:9 (10-2)
B..
Follower displacement 1s
s =Art
and substitution of the expressions found for A and V gives
k4
S = ZhF (10-3)
For @ = 0.58 it can be shown that
s =;{1—711——)J (10-4)
v o= 4!1(1.)[1__6'_) (10_5)
A
dhw?
A= - B‘;’ (10-6)

The velocity and acceleration graphs arc shown in Fig. 10-34 and c. The
maximum velocity occurs at £. Il the ¢cam speed is 120 r/min, then

120 (
60

B = 360 — 210 = 150° = 150(7/180) = 2.618 rad

w = y=12.57 rad/s

The amount which the cam rotates as we go from E 1o I is 75° = 75 (w/ 180)
= 1.309 radd. The maximum vclocity is then

 dhet  4(0.1667)(12.57)(1.309)
g2 (2.618)2

= 1.600 ftis
The maximum acceleration occurs between E and G.

dhe?  4(0.1667)(12.57)
T Bt (618

= 15.37 ft/s?

v
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105 MODIFIED CONSTANT VELOCITY

Moton with constant velocity means equal displacements for equal units of
time. Therefore the displacement-vs.-time curve is a straight line. Figure 10-5a
shovs : displacement diagram for a follower which has a rise with constant
velwtyfom B to €, dwells from € (o D, and then falls with constant velocity
fromDwE. Theoretically this motion results in accelerations which are infinite
at s, C, D, and E, and this makes for impact loading. Thus the use of this
type o! motion should be avoided. If such a diagram were used for an actual
cam nehanism, the accelerations would not be infinite as indicated because
the cr and follower would deform somewhat because of their elasticity, re-
sulting it accelerations which are Jess.

Madtlled constant-velocity motion consists of introducing a period of con-
stani aceleration before the constant velocity, and introducing a period of
consiat deceleration at (he end of the constunt velocity, The method will be
illustrated with an example.

Eumple 10-2 The displacement diagram is shown in Fig. 10-6a. Suppose a
fellower is to rise 2 in with modified constant velocity during 180° of cam
rowion, 1s to dwell for 30°, and then is to fall a portion of the rise with
constant acceleration for 60° followed by a fall for the remainder of the rise
vith constant deceleration during the last 90°.

= G D

L]

E

a

Rk

-9

-

)

B F
0° 180° 219° 360°
&, time
(a)
.
E
0
-~
(8)
o o

5 !
B
5

-+

8 ] J
<=L o @

Figure 10
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The first step in laying out the modified constant-velocity motion is to
arbitrarily decide what portion of the total time for this motion will be used
for the constant velocity. In Fig. 10-6a the 180° is divided into 60° for the
acceleration, 30° for the constanl velocity, and 90° for the deceleration. The
diagonal MN is drawn from the midpoint of the accelcration-time interval
to the midpoint of the deceleration-time interval. This makes the velocity at
the end of curve BC equal to the velocity forthe C-to-D line. The proofthat ¢,
1s twice 7, is as follows. Let s be the ordinate at point C and let V be the
velocity at this point. For constant acceleration B to C

1
S=EAI‘2 or A=—
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and V:A;]:r;,l:_
For constant velocity M to C

: , A
5y — ‘/fz Ol ‘/ —_ T

Equating the two expressions for ¥V we obtain

)

2
=2 or (= 24,
1y ta
When constructing the I'-to-FH portion of the curve, point G is located
first by drawing line PQ. P is located at the midpoint of the time interval for
the acceleration FG, and 2 15 located at the midpownt for the time interval
for the deceleration GH.

10-6 SIMPLE HARMONIC MOTION

The displacement diagram for simple harmonic motion {se¢ Sec. 2-7) is shown
in Fig. 10-7. Its construction is based on the idea that the projection on the
diametcr of a point P moving along a circle with constant angular velocity
represents simple harmonic motion. The steps are as follows. Lay off the
horizontal and vertical axcs. 8 is the angle the cam is to rotale to give a total
rise & of the follower, Divide the horizontal axis into a number of equal divi-
sions such as 4, 6. 8, 10, 12, etc. Lay off the total rise /1 on the vertical axis and
construct a semicir¢le with radius A/2. Then divide the circle into equal parts
using the same number that was used along the horizontal axis. Next, project
horizontally the points 0, 1, 2, 3, et¢., on the circle over to the circle diameter

Bisp veerar:
of follower

l Angle of
6 cam ro-alion

Figure 10-7



CAMS 203

and to the vertical lines 0, 1, 2, 3, etc., to obtain the points of intersection as
shown. Next, connect these points with a smooth curve.

In Fig. 10-7. as the radiat line OP rotates through the angle ¢ the cam
potates an amount 6 and s 1s the follower displacement. From the figure,

- h hoo |
Sy = ? - ?LOS ()
ho | '
= | - cosdh (10-7)
Since the cam rotates 3 rad while the radial line OP turns through = rad
f h
L or b=
T B 3
Substituting into Eq. (10-7) yields
i/ 76 ,
y - —| 1 —cos— {10-8)
25 B/

Note that # = wr where o is the angular velocity of the cam in radians per
sccond and is assumed constant. Differentiating with respect to time gives the
veloeity

I ! . ] H
Vo= T gin (10-9)
28 3
Differentiating again for the acceleration yields
7 w? ;
A :g: cos TBB (10-10)

We see that the velocity curve 1s a sine curve with an amplitude 7 w/28 and the
aceeleration curve is a cosine curve having an amplitude 72w/ 2585

Example 10-3 The displacement diagram is shown in Fig. 10-8a. A follower
15 Lo move outward 50 mm with simple harmonic motion during 180" of cam
rolation, is to dwell for the next 607, and 1s to return with simple harmonic
motion during the last 120° of cam rotation. The 180° of cam rotation is
divided into six equal divisions. and the semicircle at the left is divided into
the corresponding number of sectors. Points on the semicircle are then
projected horizontally as shown to obtain points on the curve BCD. The
1207 of cam rotation used for the return of the follower is divided into four
cqual intervals, and the semicircle at the right is divided into a correspond-
ing number of sectors,

The velocity and acceleration graphs are shown in Fig. 10-85 and c.
Suppose the cam speed is 120 /min. Then

120

W = E(Qw) = 12.566 rad/s
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From the figure we see that the maximum velocity occurs at point F* and
can be found by Tiq. (10-9) where 8 = 360 — 240 — 120° = 2.094 rad and 8 =
300 — 240 = 60°,

heo B 7(0.050)(12.566) — 0.471 m/s

I/.r o
T 08 2(2.094)

From the figure we see that the maximuni acceleration is at the 240 and 360°
positions of the cam and from Eq. (10-10)
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A B T w? _ 7*(0.050)(12.5606)*

it — (a2
25 202.094)? 8.82 m/s

10-7 CYCLOIDAL MOTION

The displacement diagram for cvcloidal motion is obtatned from a eycloid,
which is the locus of a point on a circle as the circle rolls on a straight line. In
Fig. 10-9a, the curve BDE 1s the displacement diagram for cycloidal motion
having a total displacement /i while the cam rotates an angle 8. At the right, a
circle, whose circumference 1s /i, rolls on the straight linc #£. A point on the
circle describes the curve FHE, known as a cycloid. As the rolling circle rotates
an angle ¢, the cam rotates an angle 4. From the {igure wc note that the
displacement s, which is the ordinate to point P on the graph, is

s = Rd —Rsind
= R{d — sin )

Since the circle makes one revolution for the total rise f1,

Also R =—

Substituting thesc last two equations into the equation [or s, we obtain

hi. e g\
—| 27— sin 27—
29 \ B B £

f h . 0
= h g 2a sin 27 5 (10-11)

A method for constructing the curve BDE consists of drawing the straight
line BE. At any convenient distance Lo the left on this diagonal the center C of a
circle is located. This circle is then divided into a number of equal sectors to
correspond to the number of equal segments along the time axis of the diagram.
Points on the circle are then projected, as shown, to a vertical line through C.
Next, from the projection of each point on this vertical a line is drawn parallel
to line BE in order to obtain the point of intersection with the ordinate of
corresponding number on the graph. Six intervals along the time axis were used
here. By using more time intervals a more accurate graph can be obtamed.

A proof that the construction just explained satisfies Eq. (10-11) is as
follows. The first term in the equation represents the ordinate to the diagonal
BE. The second term represents the length which must then be subtracted in
order to obtain the ordmate s.

=
I
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By differentiating Eq. (10-11), and because the angular velocity o of the
cam is constant. the velocity and acceleration equations are found to be

vl cos 2”6) (10-12)
B 1 B/
/ 2,
A = 2T a2 (10-13)

B‘Z
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Table 10-2
Tyt of Displucement Velocily Aceeleration
mution
fr o o f Al e Mo
For — = (.5, =31 — —_ - —, T
{emstiant 2 ItN di g? et "
aceeleration - . WS ,' [ ] - i j o ‘”""’| ] G Py 2wt
“ar =58 =4 2 — i - = — - - =
a . Al 2 i i {3
simole fr oy IR whiin s g TR i
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harmanic 2 g o i o i~ 1 A
. . Lo [ I\ hm - s AL T, 1
i ycloidal sl — - — sin | — = — { LN | — — i
' R 4 ot I ] dre 2 !

10-8 SUMMARY OF EQUATIONS FOR COMMON FOLLOWER
MOTIONS

For convenience in problem solving, the equations for the more common fol-
iower mottons which we have studied are listed in Table 10-2. In these cqua-
tions /1 is the full rise of the follower which occurs while the ¢am rotates un
angle 3, and w is the angular vetocity of the cam in radians per second. For any
amount of cam rotation 4, the cquations give the displacement, velocity, and
acceleration of the follower.

10-9 COMPARISON OF MOTION CURVES

The selection of the type of motion to be used for a cam follower depends on
the speed of the cam, the noise and vibration permissible, and life expectancy.
Wicn operating speeds are low, selection of the motion is not critical.

For constant acceleration shown in Fig. 10-3, we note that the abrupt
changes in the acceleration curve cause infinite jerk, which makes the motion
unsuitable for high-speed applications. However, an advantage [or constant-
acceleration motion is that [or a given rise in a given time, it gives the lowest
value of acceleration.

In Fig. 10-5 the infinite accelerations which result [rom constant-velocity
motion make it undesirable for high-speed cams. Moditicd constant velocity
¢Fig. 10-6) was shown to be beiter than constant velocity because the inlinite
accelerations are eliminated: however, the abrupt changes in the acceleration
curve make [or infinite jerk.

Figure 10-8 shows that with simple harmonic motion the acceleration curve
will be continuous only if the rise and fall periods are both 1807, If these periods
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are unequal, or are preceded or followed by a dwell, then discontinuities occur
in the acceleration curve and result in infinite jerk.

Cycloidal motion gives the highest peak acceleration for a given rise of any
of the motions we have studied. But from Fig. 10-9 we note that the accelera-
tion curve for cycloidal motion connects with the acceleration curve for any
other cycloidal motion or a dwell which may precede or follow it, and there will
be no discontinuities to cause infinite jerk. Thus, of the motions we have
studied, cycloidal motion is best suited for high-speed cams.

Another motion curve which has proved useful for high-speed cams is the
eighth-power polynomial curve. This curve is discussed by Kloomok and
Muffley.!

10-10 CONSTRUCTION OF CAM PROFILE

After the dispiacement diagram und type of follower have becn selected to
satisfy the requirements of the machine, the next step is to lay out the cam
profile which will accomplish the motion. The shape of the profile will depend
on the size of the cam and the size, shape, and path of the follower. When
laying out the cam profile, the principle of inversion is used. With the cam held
fixed, the frame and follower are rotated around the cam to bring the contact
surface ol the follower in its actual position relative to the cam for a large
number of phases of the mechanism. The cam profile is then drawn inside the
envelope of these follower positions. The methods illustrated in the following
examples are not the only ways of constructing the cam profile, Any method
which will correctly position the follower relative to the cam can be used.

10-11 DISK CAM WITH RECIPROCATING KNIFE-EDGLE
FOLLOWER

In Fig. 10-10 this type of cam and follower is shown. The cam is to rotate
clockwise while the follower moves radially. The displacement diagram for one
revolution of the cam is shown. The diagram has been divided into {2 equal
intervals, and the cam has been divided in1o 12 corresponding equal angles. The
distance from the point of the fullower in its lowest position to the center of
rotation of the cam is the radius of the base circle, l.aid off along the follower
are the ordinates from each position along the # axis of the displacement dia-
gram. When the cam rotates two spaces clockwise. the edge of the follower is
pushed upwurd from 0’ to 2", In order to produce this same relative motion with
the cam fixed, the trame is rotated two spaces counterctockwise, and the fol-
lower is moved outward a distance 0’2, Point 2 is located by striking an arc
from point 2° using 0, as a center. Points 17, 37, 4", etc., around the cam are

‘M. Kloomok and R. V. Muilcy, “*Plate Cam Design—With Emphasis on Dynamic Effzcts,”
Prod. Eng., February 1955,
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Figure 10-10

located in the same manner. A smooth curve through points 0°, 17,27, 3", cle. . is
then the desired cam profile.

A knile-edge follower is seldom used in practice because the small area of
conlact results in excessive wear,

10-12 DISK CAM WITH RECIPROCATING ROLLER FOLLOWER

This type of cam is shown in Fig. 10-11. The cam is to rotate clockwise, while
the follower moves according to the scale on ils centerline. The bhase circle
passes through the axis of the roller when the follower is in its lowest position,
Positions 17,27, 3, et¢., of the roller axis are determined in the same manner as
in the previous example. A smooth curve through these points is the pitch
profile. Arcs with radii ¢qual to the roller radius are then struck from these
points. A smooth curve tangent 1o these arcs is the cam profile. It 1s necessary
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Figure 10-11

to determine the pitch profile first because the point of contact between the
roller and cam docs not lie on a radial ling through the roller axis unless the
follower is in a dwell position. As the cam rotates, the contact point shifts from
onc side of this line to the other.

10-13 DISK CAM WITH OFFSET ROLLER FOLLOWER

In Fig. 10-10 a cam of this type is shown, The distinguishing feature of this kind
of cam is that the centerline of the follower does not pass through the center of
the camshaft, Sometimes the follower is offset so as to clear another part of the
machinc. The main reason for this arrangement, however, 1s that hy offsetting
the follower, the side thrust on the follower is reduced. Side thrust is discussed
in the next section. When the offset is Lo the right, the cam should rotate
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counterclockwise. When the offset is to the left, thc cam should rotate
clockwise. These conditions will result in a smaller side thrust on the follower
for a given rise in a given angle of cam rotation.

The cam in Fig. 10-12 is to rotate clockwise while the follower moves
according to the scale on its centerline. The base-circle radius is the distance
from the axis of rotation of the cam to the axis of the roller when it is in its
lowest position, The perpendicular distance from the ¢enter of the cam to an
extension of the centerline of the follower determines the radius of the offset
circle. This distance is also called the amownt of the offset. The offset circle is
divided imto 12 equal angles to corrcspond to the number of equal intervals
along the time axis of the displacement diagram. A tangent is then drawn at
gach position on the offsct circle to represent the position of the follower
centerline as the cam is held stationary and the frame and follower are rotated
counterclockwisc about the cam. Then with O as a center, arcs are struck from
17, 2", 3", ctc., to determine their points of intersection [, 27, 3", etc., with the
tangent lines. A smooth curve through points 17, 2%, 3", etc., is the pitch profile.
Arcs with radii equal to the roller radius are then struck from these points. A
smooth curve tangent to these arcs is the cam profile.
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Figure 10-12
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10-14 PRESSURE ANGLE

The angle which the common normal for the cam and follower makes with the
path of the follower 1s called the pressure angle and is labeled ¢ in Fig. 10-13.1n
the figure. the force F which the cam exerts on the foliower has components F,
and I, which are tangential and normal, respectively. to the path of follower
motion. The normal component is an undesirable side thrust on the follower
which tends to make it bind in its guide. 1t iy evident that the side thrust can be
reduced by reducing the pressure angle, und it is generally stated that for good
performance the pressurc angle should not exceed 30, However, in special
cases where the forces are small and the bearings are accurate, larger angles
can be used.

An increase in the size of the base circle reduces the pressure angle. In Fig.
10-14 the rise from A to B is the same as the rise from C'f). For the smaller base
circle 1. the pressure angle is ¢,. For the larger base circle 2, the pressure angle
15 by, TU 15 cvident that ¢, << & .

Figure 10-13
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Figure 10-14

For a given displacement diagram the pressure angle can be reduced by one
or more of the following methods:

Increase the diameter of the basc circle.

Decrease the total nise of the follower.

Increuse the amount of cam rotation for a given follower displacement.
Change the type of follower motion, i.e.. constant-velocity, constant-
acceleration, harmonic. ete.

5. Change thc amount of follower offsct.

F e b e

10-15 DISK CAM WITH OSCILLATING ROLLER FOLLOWER

A mechanism of this typc is shown in Fig, 10-15. The cam is to rolate
clockwisc. and the follower is to oscillate according to the displacements indi-
cated. Angular displacements could be used for the follower, but it s usually
more convenient to work with arc lengths which represent the corresponding
angular values. Point (7 is the center of the camshaft, and the distance from ( to
the axis of the roller when the follower is in its lowest position is the radius of
the base circle. The pivol circle is drawn using point O as a center and the
distance from @ to the pivot as the radius. The pivot circle is then divided into
12 equal scetors to correspond Lo the number of equal intervals along the time
iaxis of the displacement diagram. Next, the positions of the pivot as the fol-
lower Is rotated around the cam are numbered 0, 1, 2, 3, etc. Then using radius
R. arcs are struck using points 1, 2, 3, etc., as cenlers. Next, with the center of
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<
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~Pivol circle

Figure 10-15

the compass at (3. arcs are struck from points 1, 2', 3, ete., to locate points 1",
27, 3", etc. Then using the latter as centers and a radius equal to the roller
radius, arcs are drawn 1o represent the varous positions of the roller relative to
the cam. A smooth curve tangenl to these arcs is the cam profile.

10-16 DISK CAM WITH RECIPROCATING FLAT-FACED
FOLLOWER

This is shown in Fig. 10-16. The cam is 10 rotate clockwise. and the follower i$
to move according to the displacements indicated along its centerline. Points 1%,
2", 3" etc., are located as in the previous examples. At cach of these points 2
perpendicular is drawn to the radial line on the cam. The perpendiculars repre-
sent the face of the follower as it is rotated around the cam. A smooth curve
contacting cach of these lines is the cam profile.

It can be seen from the figure that the peint of contact shifts along the face
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of the follower. By inspection the maximum deviation of the contact point from
the follower centerhine 1s found to occur at phase 3. This is indicated as &,,,.
The radius of the circular face of the follower is actually made a little larger than
what is required to accommodate &,,,..

In Fig. 10-1656 an end view of the cam is shown. The cam is often offsct
from the follower centerline in order that the follower stem will rotate. This
distributes the contact over 4 larger arca on the follower and reduces wear.

10-17 DISK CAM WITH OSCILLATING FLAT-FACED FOLLOWER

This type of ¢cam mechanism is shown in Fig. 10-17. The cam is to rotate
clockwise and the follower is to oscillate according to the displacements indi-
cated. Point (7 is the center of the camshaft and point V' is the lowest position
for the face of the follower. The radius of the base circle is the distance from
10 0. The pivot circle 1s drawn using the distance from O to the pivot as a
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Base
circle

4 Pivot circle

Figure 10-17

radius. Next, the positions of the pivot as the follower is rotated around the
cam arc numbered 1, 2, 3, etc. Then using radjus R, arcs are struck using points
I, 2,3, etc., as centers. Nex!, with the center of the compass at O, arcs are
struck from points 17, 2", 3', ctc., to locate points 17, 27, 3", etc. As shown at
pivot position 0, the flat face of the follower, when extended, is tangent to a
circle of radius ». As the follower is rotated around the cam, the face of the
follower must be tangent to this circle of radius r and must pass through points
17.2".3", etc.. as shown, A smooth curve contacting cach position of the face of
the lollower is the cam profile.

10-18 DESIGN LIMITATIONS

In the design of a cam it is usual to assume the displacement diagram, the type
of follower, and the sizc of the base circle. Not always are these assumptions
praclicad.
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In Fig. 10-18a the assumptions resulted in a cam profile which does not
contact all positions of the roller. Thus near the top of the cam the cam profile
would not push the roller to the desired positions. This condition can be rec-
tified by either increasing the size of the base circle or by reducing the radius of
the roller. The contact stresses in the cam and roller are increased if the radii of
curvature of cither arc reduced. Thus a roller of excessively small radius is to
be avoided. Further, if the rudius of curvature of the cam profile at some region
is very small, the cam approaches a point. and this is not satistfuctory except for
very low speeds.

In Fig. 10-18» a cam with a reciprocating flat-faced follower is shown.
When a base circle with radius R, is used, the follower positions are 17, 2", 3",
etc., and a smooth curve cannot be drawn to all these, since 3” lies outside the
intersection of 2”7 and 4”. If the base-circle radius is incrcased to R;, the new
positions 2’7, 3", and 4'" are satisfactory.

13-19 CAM PRODUCTION

The graphical method for obtaining the cam profile is limited to low-speed cams
where high accuracy is not required. In this instance the method of lavoui
cufting is used. As the name implies, the machinist scribes the cam profile on
the blank. The machinist then may use a band saw and follow the operation by
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hund fiting. or use a milling machine or shaper, following the scribed line ay
accurately as possible. A magnifving glass is sometimes employed to increase
acguracy.

For high-speed cams accurate profiles are required, and mathematical
analysis is necessary in order to obtain data for positioning the cutter relative to
the cam. Accuriate cams are produccd by either increment cutting or tracer
control cutling.

tnerement curting consists of bringing a milling cutter or grnnding whee|
into the cam at the proper distance, backing it away, and then indexing the cam,
that is. gtving it an increment of rotation before the cutter is again brought inte
the cam. The pracess is repeated over and over and leaves a series of scallops
ov flats on the cam. The angular separation ot the scallops or [lats governs the
accuracy obtained. This method is used tor making master cams or cams in
small quantities. It is a slow process providing highly accurate profiles.

In tracer control citting the cam profile is cither milled. shaped. or ground,
with the cutter guided continuously by an information device such as a template
(master camy. which is often made several times actual size to increase accu-
racy, or by punched tape. This method is used o produce cams in large quan-
tities und with accurate profiles. Numerically controlled cam milling machines
opcrated by punched tape have been developed which advance the cam by a
fraction of a degree and advance (he cutter by thousandths of a millimeter.

10-20 DISK CAM—CALCULATION OF PITCH CURVE
AND PRLESSURE ANGLEL

A disk cam with a reciprocating radial follower is shown in Iig. 10-19. From a
known mathematical relationship between follower displacement s and degrees
of cam rotation # we can compute the values of the radial distance r to points on
the pitch curve. Also, we can calculate the value of the pressure angle ¢ (sec
Sec. 10-14) for any angular position of the cam.

From Fig. 10-19),

s
Fdbl

tn ¢ = (10-14)

where r is shown in Fig. 10-1% and is the distance from the cam center O to
points on the pitch curve.
r=R,+ s {10-15)
R, is the radius of the basc circle.
Example 10-4 A cvcloidal cam with a reciprocating radial reller follower
has a rise /i of 20 mm in an angle 8 of 75”. Base-circle radius R, is 80 mm

and tollower-roller radius R, [s 16 mm.
Caleulate values of distance r 1o points on the pitch curve and the
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corresponding values of the pressure angle ¢ at intervals of 8/8 of 0.1. Find
the maximum acceleration of the follower. Cam speed is 500 r/min.

SorLuTioN The displacement s of the cycloidal cam is given in Table 10-2.

;
SZ/ZL%

| .
— sin 2 i)
27 3

To find the pressure angle ¢, the derivative ds/d§ is required for use in Eq.

(10-14).

ds h ( 2ﬂ%9)
— = —|1 — cos

do B B
B = 75 = 1.3090 rad

h

B

15.2788
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Tahle 10-3

f DUl 2 2 s Qe () s iy

— sin COS g r=N, i — tan ¢ — th, deg
i deg 3 ¢! 27 A Fdn

4] 0 0 1 0 0 80 0 0 ]
(.1 6 0.3874 (1.809(0) 0.0934 0,128 RO.L2R 2918 0.0354 2.09
02 72 09311 (L3090 0.1514 0.972  R0.972 13,558 0.1303 7.44
0.3 108 0.9511 - 0300 0.1514 20927 R2.927 20 0.2412 [3.36
0.4 144 {).3878 0. 8090 0.0936 6128 B6.I28 2760 (2209 17.79
0.3 180 §] -1 0 10 20 30558 0.3395 18.75
06 2o (.3878 08000 -0.0934 13,872 Gigy2 27.629 0.2944 i6.40
0.7 2352 09511 —0.3090 - 01514 17.028 97.028 0 0.2061 11.65
0.8 288  —-00s5]1 03080 01514 19,028 99.028 10,5358 0.1066 6.08
09 324 (1 5878 0. 80940 [.0936 19872 9Y.KRT2 2918 (1L.0292 1.67
1.0 360 0 1 1 ( 0

20 100 {

The culculations can be conveniently carried out in tabular form as shown in

Table 10-3.

291 27(500)
ey — =

= q? ¥ /ﬁ
0 60 52.36 rad/s

From Table 10-2 the maximum value of follower acceleration is

L Xehet _ 2m(0.020)(52.36)°
mix 82 [1‘309)2

= 20] m/s?

10-21 DISK CAM WITII ROLLER FOLLOWER—CUTTER OR
GRINDER LLOCATION

The lecation of the milling cutter or grinding wheel relative to a cam which has
a reciprocating radial follower is shown 1 Fig. 10-20 and is expressed by
distance r,, and angle w,. When the cam is being made, the cam center @ is held
tixed and center B of the grinding wheel is moved up or down along the vertical
fine (B to a desired value r, while the cam is rotated to a corresponding angle ¥,
from the initial position. The method for computing these quantities s ¢x-
plained by Rothbart and is as follows. -

If the radius of the cutter 1s the samc as the radius of the follower roller.
then the center of the cutter will lie on the pitch curve shown in Fig. 10-19. The
location of the cutter relative to the cam will then be expressed by r and 6. The
calculation ol values of r for the corresponding values of # is explained in Sec.
10-20.

H. A. Rothbart, Cass. John Wiley & Sons. Tnc., New York, 1036,
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In general, the radius R, of the cutter will not be the same as the radius R ..
of the follower roller. The position of the cutter relative to the cam will then be
zs shown 1 Fig. 10-20. Note that this [igure is oblained by rotating Fig. 10-19 so
rthat the cam center € and the cutter center B lie on a vertical linc. To tind the
distance r, between the centers of cam and cutter we can apply the cosine law
i triangle OARB.

rE=at R, - R 2R, - R)cos d (10-16)

Also. from Fig. 10-20,
ift,, A — 7 (on the rise pertod of the cam) {10-17)
= f+mn {on the fall period ot the cam) F10-18)

When the imtial position of the cam is rotated through the angle i, from linc
{JB. then the cutter should be brought into the cam until the distance between
‘he axes al O and B is equal to r,.

Angle 7 can be found by applving the law of sines to the triangle OAB.

?

. R . .
sinnp = — Sin ¢ (10-19)

o

Example 10-5 Calculate the values of 7, and ys, for the disk cam in Example
10-4 for the same values of ¢/8. Radius K, of the cutter 15 50 mm.
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Table 10-4

SN cos e IR, - Rjcosd 1} r,. 5N n, deg . deg

#, deg re

0 6 40K ] ] 5 440 1299 114 0 ] 0

TA 6 420.5 0.0365 0.9993 3 445 (3022 110 0.OIORT  0.623 6.877
15 6 530.% 0.1295 (19916 5 460 13173 1148 0.03835 2,198 12.802
22,5 68769 0.2345 09721 5482 13515 1163 06856 1931 18.569
30 T4I80 03057 09522 5577 [4 151 11900 008729 S5.008 24,992
37s 2 100.0 03214 0.9369 5 795 15051 1227 008906 5110 32.39()
5 HRIZ0O 0252 0.959F 6123 16091 1269 0.07363 4337 40.663
824 Y4144 020319 0.9794 6 462 17032 (30,5 003200 3.015 49488
650 GR06.5 O 030 9944 6 BYA 17680 1329 0.02709 1.552  35R.448
675 99654 00291 09996 6 7RY 1790 1338 0.0073%  0.423  67.077
75 10 D0 )] | & BOO 17 936 134 0 1] 75

Sorurion K, — R, =50 - 16 = 34 mm. The calculations are carried out in
Table 10-4.

10-22 DISK CAM WITH FLAT-FACED FOLLOWER—CUTTER OR
GRINDER LOCATION

A disk cam with reciprocating flat-faced follower is shown in Fig. 10-21. and the
focation of the milling cutter or grinding wheel relative to the cam is expressed
by r, and &,. When the cam is being made. the cam center O is held fixed and
center B of the grinding wheel is moved in or oul i6 the fixed direction OB to a
desired value r,; while the cam is rotated to a corresponding angle U, from the
initial position. From a known mathcmatical relationship between follower
displacement s and degrees of ¢am rotation £, we can calculate values of these
quantitics. Also, we can compule the distances r. from the center of the cam to
points on the cam profile and the corresponding values ot ¢r.. The method.
explained bv Rothbart in his book about cams cited earlier in Sce. 10-21, is as
follows,

First we will determine r.and ... In Iig. 10-21 5 w15 the velocity ol a poiat
C on the cam and ds/dt is the velocity of the follower. From similar triangles

dsfdr g
oo - ’.
| s ifs
= —— — = — /]0'20
o 4 ot do ¢ }

The radius of the base circle is R;. and {rom the figure
re = [(R, + ) = q*I'* (10-21)



| _4
an n =
K er, + 5
Then b, = # 4 1 (on the rise period of the cam)
. — 8 — 7 (on the fall period of the cam)

To determine », and i, note that
ro= 1R, 45+ B+ g5
Applying the cosine law to tnangle OBC. we have

= rE ol = 2y, cos

¥

bR
or COND —
2r.r,
I'rom the figure we note that
i, = . — & (on the rise period of the cam)

W, = . + 8 (on the fall period of the cam}
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(10-22

(10-23)
(10-24)

(10-25)

{10-26)

(10-27)
(10-28)

EXAMPLE 10-6 A cycloidal cam with a flat-faced follower has a rise of
20 mm in an angle 8 = 757, Base-circle radias R, is 80 mm. Radius R, of the

7| 7
e B
o
\J

~ el
-
2005 TN

e
r-l— ™ .q-,f\--.

Figure [0-21
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cutter is 50 mm. For values of 8 of 0, 15, 30, 45, 60, and 75° calculate the
cam profile. That 1s, compute the values of ». and .. Also calculate the
location of the cutter to produce the cam profile. That is, compute the
values of r, and s,

SoLuTioN The displacement of the cycloidal cam s given in Table 10-2.

{ A

] 1 . o
§ = hl—— ——sm2rr~—)
i

27 3
From Eq. (10-20)

L4 .l‘wszv.-e‘)z 20 (-’l_cosz—re)
=48 = B\ 3 1.3090 3

The calculations are conveniently carried out in Table 10-5.

;

A computer program for a disk cam having a {lat-fuced reciprocating fol-
lower that determines the distances r,. from the center of the cam to points on
the cam profile and the corresponding values of 4. appears in Appendix C. The
program also determines the values of r, and ¢, which give the location of the
cutter to produce the cam profile. The program computes all of these quantities
for a follower motion that is to be either constant-acceleration, simple har-
monic, or cycloidal. Further, solved examples arc included.

Table 10-5

0 d a 5 (2] d i ) 5 ]
, deg ) Im —,deg sin 2w cos 2 — I o
A G A
0 0 0 0 1 0 0 80
15 0.2 7 0.9511 0.3090 0.972  10.558 B1.654
30 N4 144 0.5878 - 0.8090 6.128  27.639 90.454
485 0.6 216 —0.3878  —0.80%0 13,872 27.639 97.857
o0 0.8 288 —{.95]1 0.3090 19.028  10.358 99.589
75 1.0 360 0 ] 2 0 100
0,deg  tann y.odeg W, deg Fu cos & §,deg . deg
0 ] 0 0 130 H 0 0
13 01304 7.429 22.429 131,398 0.9988 2.807 19.622

30 0.220% 17.791 47.791 138.906 0.993%9 $.332 41.459
45 0.2944 16.404 61.404 146.503 0.9933 5.557 55.847
60 (0. 1066 6.085 66.085 149.401 0.9994 1985 64.100
73 0 0 75 150 1 ) 7




CAMS 225

(a) (b
Figure 10-22

10-23 CIRCULAR-ARC DISK CAMS

Somec cams arc designed so that their profile consists of circular arcs joined by
tangent lines as shown in Fig. 10-22a, or the entire cam profile may consist of
tangent circular arcs as in Fig. 10-226. In the design of cams of this type the
follower displacements are not assumed and the cam profile then determined,
but the follower displacements are determined from an assumed cam profile.
The advantages of this type of cam are the simplicity of the profile, the lower
cost of manufacture, and ease with which dimensional accuracy can be
checked.

The velocities and accelerations for the follower used with cams of this
type can be found by the methods presented carlier in the chapters on velocity
and acceleration analysis in mechanisms.

An undesirable characteristic of cams of this type is the abrupt change in
the acceleration curve at points where arcs of different radii are joined. This
gives rise to infinite jerk; in general, these cams should not be operated at high
speed.

10-24 POSITIVE-RETURN CAM

With a disk cam and radial follower it is often required that a positive mcans
be used to return the follower rather than to rely upon gravity or a spring. Figure
10-23 shows a cam of this type where the cam positively controls the follower
not only during its outward motion but also on the return stroke. The displace-
ments for the return stroke must be the same as for the outward motion but in
the opposite direction. The outward motion is according to the displacement
scale, points 0 to 6'. The cam profile for this motion is determined in the usual
manner. Distance b 1s equal to the diameter of the base circle plus the total rise
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Figure 10-23

of the follower. Points 7", §, 9, etc., are located by making 1"7" = 278" = 3"9",
etc., = b. This construction results in a return motion for the follower which is
the same as the outward motion. This cam s frequently called a constant-
breadth cam.

If the disk in Fig. 10-23 is circular and if point O, the center of the camshalt,
1s located other than al the ccenter of the circle, the result is known as an
eccentric cam. Such a cam produces constrained simple harmonic motion,

The cam in Fig. 10-23 may also be designed using a follower with two
rollers instead of two flat faces. Then points 17, 27, 3", etc., are positions of the
roller axis. Lengths 177", 2°87, 379", elc., are made equal to the distance between
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Figure 10-24

the roller axes, which is a constant. If it is necessuary to have the return motion
independent of the outward motion, then (wo cams keyed Lo the same shafl
must be used. Onc cam contacts roller 1 and gives the follower its outward
motion. The other cam contacts roller 2 and gives the (ollower its return mo-
tion. These double disk cams may also be used with a follower having flal faces.

10-25 CYLINDRICAL CAM

Sometimes in & maching it 1s desired to have the axis of rotation of the cam
parallel 10 the direction of follower motion. Then in order to avoid complicating
the system with gears, elc.. as would be required if a disk cam were used, a
cylindrical cam is employed. This type of cam is shown in Fig. 10-24, The cam
is a cylinder which rotates completely about its axis, imparting motion to a
follower, which is guided by a groove in the cylinder. The {ollower either may
be the type which reciprocates, such as the upper one in the figure, or it may be
the type which oscillates, shown in the lower pait of the figurc.

Cylindrical cams find many applications, particularly on machine tools.
Another common application is the level winding mechanism on a fishing reel.

10-26 INVERSL CAM

Another cam mechanism is the inverse cam, Fig. 10-25. In this device the
functions of the parts are reversed:; the body with the groove is the driven
member, and the roller is the driver. The driving crank may either oscillate or
make complete revolutions. The groove for the roller may be shaped to give
any desired motion for 180° of rotation of the driver, This mechanism is used on
sewing machines and in other applications where the load is light. The proce-
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M

Figure 10-25

dure for laying out the groove that will impart a desired motion to the follower
IS as usual. We assume a numbcer of positions of the driver at various time
intervals. The corresponding positions of the follower are determined for the
kind of motion desired. Points are then projected in such a way as to determine
the centerline of the groove.

PROBLEMS

Problems 10-1 to 10-4 consist of drawing the displacement diagrams for the motions specified, In
€ach case the length of the diagram is to be 120 mm. and unless otherwise stated 30° intervals
(10 mm =30°) are to be used along the # axis. The height of the diagram is Lo equal the maximum
follower displacement drawn full size.

10-1 () Rise 4 in with constant acceleration in 90° followed by a rise of 2 in with constant deceler-
ation in 90°.

() Dwell 30°,

{c) Fali ; in with constant acceleration 60° followed by a fall of § in with constant decelenttion
n A{(°.

(d) Dwell 30"
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10-2 (@) Rise 38 mm with modificd constant velocity in 180°, Use constant acceleration for the first
607 (use 15° intervals along 4 axis), then constant velocity for 60°, followed by constant deceleration
for 60° (use 15° intervals along ¢ axis).

{(H) Dwell 30°,

{¢) Fall 38 mm with modified constant velocity in 150°. Use constant acceleration for the first
30 {usc 15° intervals along # axis), then constant velocity for 90°, followed by constant deceleration
for 30° (use 153° intervals along 4 axis).
10-3 (g} Rise 38 mm with simple harmonic motion in 18(°.

(b)Y Dwell 60°,

(¢) Fall 38 mm with simple harmonic motion in 120" {use 15° intervals along # axis).
10-4 ( a) Rise 38 mm with ¢cycloidal motion in 180~

(b) Full 38 mm with cycloidal motion in 120° {use 15° intervals along # axis).

(¢) Dwell 50",

In the following problems delermine the maximum velocity and maximum acceleration of the
follower during the rise and fall:

10-5 Prob. 10-1. Speed of cam is 300 r/min,
10-6 Prob. 10-2. Speed of cam is 450 r/min.
10-7 Prob. 10-3. Speed of cam is 200 r/min.
10-§ Prob. 10-4. Specd of cam is 240 r/min.

The following problems are designed to fit on a 216 x 279 mm sheel with the 216-mm dimension in
the horizontal direction. The center of the cam should be located al the center of the sheet.

10-¢ Lay out the cam profile tor the cam in Fig. P10-9. Use the displacement diagrum from Prob.
10-1. Measure the maximum pressure angle, label it .., and record its value.

NN

S

\L /’/

Figure P10-9 -



230 KINEMATICS O

MACIHINES

)

10-10 Eay out the cam profile {or the cam in Fig. P10-10, Use the displacement diagram from Prob,
10-2. Measure the maximum prassure angle, label it d,,,. and record its value.

75,4 1o
/,.'-'—'“““-@)/. 190
.

Lo

/

/ 830

\__‘__4—_/

Figure P10-10

10-11 Lay out the cam profile for the cam in Fig. P10-11. Usc the displacement diagram from Prob.
line. label it &,,,.. and record its value,
~a

=
B

2
e
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o
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[
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10-3. Mcasure the maximum distance the contact point shifts to left or nght of the lollower center-

/
890 /

Figure P10-11
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J0-12 [ay out the cam profile for the cam in Fig. P1¢-12. Usc the displacement diagram {rom Prob.
10-2. Measure the muaximuin distances the contact poinr shifts Lo the lefl and right of the point at
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Figure T10-12

which the fullower contacts the base circle. Label these lengths &, (Iefty and &, (right) and
record their values.

10-13 A cycloidal cam hus & reciprocating radiaj rotler Tollower. 8 — 95%, /2 — 25 mm. R, = 100 mm,
and K, — 15 mm. Cam speed is 600 v/ min. Calculate in tabular form values of v, and pressurc angle
& for values of # of 0, 19, 38, 57, 76, and 95°. Also compute the maximum value of follower
acceleration,

10-14 A harmonic cam has a reciprocating radial voller follower. The rise is 25 mm and occurs in
05° of cam rotation. B, — (00 mm, and B, = 13 mm. Cam speed i~ 600 1/min. Calculate in tabolar
form values of r, und pressure angle & for values of 8 of 0, 19, 38, 57, 76, and 95", Also compute the
maximum value of follower acceleratiom.

10-15 Calculate the vatues of 7, and w, for Lthe cam in Proh. 10-13 for the same values o4, Rudius K,
of the cutter1s 62 mm.

10-16 A cvclodal cam has a reciprocating flat-faced follower. 8 = 95° i = 25 mm, B, = 100 mm,
and R, = 62 mm. For values of 8 of 0, 19, 38, 37, 76, and Y3° calculate the cam profile. That s,
compute the values of 7. and . Also caleulate the locatien of the cutler to produce the cam profile.
Thul is. compole values ol r, and .
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CHAPTER

ELEVEN
ROLLING CONTACT

I1-1 INTRODUCTION

It is of importance to study members having rolling contact because such
members can be used to transmit power and to produce desired motions, and
because of their use in ball and roller bearings. Further, a study of rolling
Contact ts basic to the development of the theory of gears.

11.2 CONDITIONS FOR ROLLING

In Sec, 2-15 it was shown that rolling contact exists in a direct-contact
Mmechanism only if the linear velocities of the bodies at their point of contact are
identical. This requires that the point of contact lie on the line of centers, In
Sec. 4-6 it was shown that the instant center for the bodies lies at their point of
Contact.

11-3 ROLLING CYLINDERS

Rolling external cylinders are shown in Fig. |1-1 and an external and internal
Cylinder in Fig. 11-2. In these figures either body 2 or 3 can be the driver.
Positive drive exists if motion of the dnving link compels the driven to
move. In Sce. 2-16 it was shown that for positive drive the common normal
through the point ol contact must not pass through either or both of the centers
Of rotation. In Figs. 11-1 and 11-2 positive drive does not exist because the

232
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Figure 11-1

common normal through the point of contact passes through the centers of
rotation €, and J,. In these figures motion is transmitted from one body to the
other only if there is sufficient friction at the contacting surfaces. Hence these
mechanisms are called friction drives. Friction drives are desirable in some
machines and undesirable in others. In an automobile engine a friction drive
cannot be used to drive the camshaft. A friction drive is desirable in some
applications because if an overload comes on the shaft of the driven member,
the bodies can slip and thus prevent damage to the parts. In general, friction
drives are not used to transmit large forces because this necessitates high
bearing loads.

In Sec. 2-15 it was shown that for bodics having rolling contact, the
angular-velocity ratio is inversely as the contact radii;

Wy R3
w3 R,

(11-1)

Figure 11-2
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It the center distance C and the angular-velocity ralio are known, the radn of
the ¢vlinders can be found as follows. If the cylinders are to rotate 1n opposite
directions, extemnal cylinders must be used (Fig. 11-1) and

Csz‘l’R_'; ar R;;=C_R2
Substituting this in Lq. (11-1) gives
toy C — R, C

—_— e = m— l
Uy R2 R‘.Z
(_‘ K15
Then — = — + |
K. (uy
'd
and Ry = — (11-2)
(0)2-’0’)3) |

If the cylinders are to rotate in the same direction, an external and internal
cylinder must be used (Fig. 11-2). Following the same procedure as for external
cylinders, we obtain

.
(tolen,) — 1
11-4 ROLLING CONES

Cones can be used to transmit motion between shatts whose axes interscet, If
the shafts are to rotate in opposite dircctions, external cones (Fig. 11-3) must be

Figore 1)-3
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uscd. Let BP und CP be the radn of the cones at the large end. Then for the
rolling contact

v _CP
(U BP

For rolling contact at all points along line PO the ratio of the radii at these
points must be the same as at the large ends of the cones. Hence (he cones must
have a common apex O,

The usual design problem is (o determine the cone angles v, and v; when
the angle between shufts 2 and the velocity ratio are specified.

The cone angles can be expressed as

cr
or

Sin vy = —— and Sin v, —
or

sin Yo Br Wy sin l}: - ')’3)
Then - = = 2L - I
siny, CP w,y Sin vy

This can be writlen

SiN X CoS vy - COS SNy, sy

SIN vy wy
Dividing numerator and denominator by cos y; and solving for tan v; gives
sin X

tan = {1 1'3
s (wy/w,) + cos 3 119

If the shafls dare to rotate in the same dircction, an external and intermal cone
(Fig. 11-4) must be vsed. For this case the relationship is

Vigure 11-4
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Figure 11-5 Figurc 11-6

sin 2
t = 114
Al ¥s {wa/ws)  cos X (1-4)

The cone angles can also be determined graphically. In Fig. 11-5 external
cones whose shalts form an angle 3 are to be constructed such that

o 3
g ) 3
. g R
Since = =
n ” R,
R, 5
then D8 2
R, 13

At two convenient points A and B erect perpendiculars to the respective shafts,
Lay off [ive units en the perpendicular to shatt 3 and three units on the perpen-
dicular to shaft 2 and draw lines X-X and Y-Y parallel to lines 02 and Q3. These
will intersect at P, thus giving the required vone angles.
In Fig. 11-6 the construction for an external and intcrnal cone is shown for
a ratio
Wy 7

i3] 3 ]

11-5 ROLLING HYPERBOLOIDS

In Fig. 11-7 the two contacting surfaces are hyperboloids. A hyperboloid can be
generated by rotating a straight line about an axis which it does not intersect
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Figore 11-7

and to which it 1s not parallel. In the figure, straight line A-A is rotated about
axis B-B holding R, and 1, constant to generate the hyperboloid 2. By rotating
line A-A about axis C-C holding R, and v, constant, hyperboloid 3 is generated.
Hence line A-A lies on the surfaces of both hyperboloids and is their common
surface element. The minimum circles ol radii R; and R, are called the gorge
circles. When two hyperboloids as shown are rotated about their axes, they will
have rolling contact in a direction normal to their common surface element, but
thcy will slide on one another along the element. Portions of rolling hyper-
boloids are uscd for the pitch surfaces of hypoid gears.

11-6 ROLLING ELLIPSES

tn Fig. 11-8«, ¢ andf are identical ellipses. Points O,, B, O, and C are the foci.
The major axes EP and P arc made equal to the distance between centers O,
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Figure 11-8

and ),. A property of the ellipse 1s thal the sum of the distances {rom the foci to
a point on the profile is equal to the major axis. Hence O.P, + BP, = O 8, +
CP, = major axis = 0,0,.

If the ellipses arc positioned so that arc PP, = arc PP,, then since the
ellipses are identical, (),P, = CP, and BP, = O, P,. Thus

OQPQ —+ qufi = ()204

and the point P will lie on the line of centers O, 0, for all positions of the
ellipses. Hence the ellipses will roll on one another.,

In Fig. 11-85 the ellipses are shown with 2 rotated an angle 0,. Then 4 will
have rotated an angle ¢, If one of the ellipses rotates at a constant angular
velocity, the other will have a variable angular velocity.

If the cllipses are replaced by the four-bar linkage O, BCO, as shown in Fig.
11-84. then cranks ,B and ,C will have the same relalive motion as the
ellipses 2 and 4, respectively. This is because length BF, + P,C 1s u constant,
and link BC alwayvs wnlersects the line of centers 0,0, where the ellipses ure in
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contact. Thus in Fig, 11-8h, point P, P, is the common instant center 24 for
either the rolling ellipses or the four-bar linkage.

Rolling ellipses give positlive drive for only 180° of rotation. Thus in Fig.
11-8a, il 4 1s the driver and rotates counterclockwise, then 2 will be compelled
to rotate only for the first 180° of rotation of 4. To assure positive drive for all
positions, gear tecth can be cutl on the ellipses, They are then called elfiprical
gears. Elliptical gears have been used for quick-return mechanisms.

11-7 GENERAL CASE OF ROLLING CURVES

Rolling curves can be designed having profiles which will give a desired angular
displacement relationship between the driver and follower. The procedure is
discussed in Chap. 14, which deals with function generators.

PROBLEMS

11-1 Power is to be transmitted [rom one shaft to another which is parallel. The shafts are 12 in
aparl and are to rotale in opposite directions with an angular velocity ratio of 1.5, Defermine the
diameters of the rolling cvlinders,
11-2 Same us Prob. 11-1 except the shalts are 1o rotate in the same direction.
11-3 Power is ter be Iransmitied by means of two rolling cones whose shafis interseet at 45°. The
shafty are to Totate in opposite dircclions with an angular-velocity ratin of 1.5, and the maximum
diameter of the larger conc is to be 100 mm. Determine graphically the cone angles y, and y; and the
maximum diameter of the smaller cone.
11-4 Samw as Prob. 11-3 cxecept the cones are (o rotate in the samc dircetion.
11-5 Same as Prob. 11-3 cxcepl obtain the results analytically.
11-6 Same as Prob. [1-4 except obtain the results analvtically.
11-7 Poweris 1o be transmitted by wo cqual ellipses which rell on one another. The major axis is
cqual to 100 mm, and the minor axis cquals 63 mm.

{a} Dretermine the distance from the center of the ellipse 1o the foci.

(£) Determine the maximum and minimum angular-velocity ratios.
11-8 Two cqual cllipscs arc Lo be used to transmit power between two parallel shafts which arc
254 mm apart, 1l the maximum and minimum angular-velocity ratios are to be 7 and (0,143, deter-
mine the values of the major and minor axes required.



CHAPTER

TWELVE
GEARS

12-1 INTRODUCTION

In the preceding chapter mechanisms consisting of bodies in rolling contact
were discussed. The power which can be transmitted by rolling bodies is lim-
ited by the friction which can be developed at thcir surfaces. If the load is
excessive, slippage occurs, and in order to provide positive dnve, teeth are
placed on the contacting members. The resulting members are then called
gears.

Gears are used to transmit motion from a rotating shaft to another which
rotates, or from a rotating shalt to a body which translates and which can be
considered as rotating about an axis at infinity.

In this chapter we will consider only those gears which provide a constant
angular-velocity ratio. With the exception of worm gears, the gears discussed
will be equivalent to rolling bodies. For example, spur gears (Fig. 12-1) are used
to transmit power between parallel shafts. A pair of spur gears is again shown in
Fig. 12-2. The gears in Fig. 12-2a give the same motion to the shafts as the pair
of equivalent rolling cylinders in Fig. 12-24.

12-2 FUNDAMENTAL LAW OF GEARING

In Fig. 12-3 a direct-contact mechanism is shown. and line N-A, the common
normal to the contacting surfaces, intersects the line of centers &, O at point P.
In Sec. 2-12 it was shown that the angular-velocity ratio for bodies 2 and 3 is
inversely as the segments into which the normal cuts the line of centers. That 1s

_(z{ B ()'JP

240
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Figure 12-1 (Boston Gear Worky)

Hence, if the angular-velocity ratio is to be constant, point P musi remain fixed
for all phases of the mechantsm. The motion of bodies 2 and 3 will then be
equivalent to two imaginary rolling circles which are in contact at point P.
These circles are known as the pitch cireles. The fundamental law of gearing for
circular gears states that in order for a pair of gears to transmit a constant
angular-velocity ratio. the shape of their contacting profiles must be such that
the common normal passes through a fixed point on the line of centers. This is
point P, the pitch point.

12-3 NOMENCLATURE

Spur gears have pitch surfaces which are cylindrical in form; they are used to
transmit power between parallel shafts. Their teeth are straight and are parallel
to the axes. Spur gears are the simplest type of gears, and hence we will study



-
T Pitch circles

Figure 12-2

.
. >Pitch circles
S o
e
ey

Figure 12-3

242




GLARS 243

Filler radius (rj)

‘ Working depth (hy)
/

/ + Circular pitch (p)
/ =
Addendum circle
Pitch !
circles /
\ |
\ ~d
i} ~.
|\ .
/ 40_ i\
d 2
\/ ~ a’?%
]
) >\@
. . @ol
//] Dedendum Ziel ",
1] 1 o
Foce width endum circle 78,
Tooth thickness . Tooth curve

Figure 13-4

them first. Many of the definitions and nomenclature for spur gears (Fig. 12-4}
arc basic to all types of gears.

The pitch diameter D is the diameter of the pitch circle. The pitch circle is a
theoretical circle upon which all computations are made.

The pitch surface is a cylinder whose diameter is the pitch diameter.

The circular pitch p 1s the distance from a point on one tooth to the corre-
sponding point on the next tooth measured along the pitch circle.

The diametral pitch P is used with English units and is the ratio of the
number of teeth on a gear to the pitch circle diameter in inches, Let N be the
number of teeth and D the diameter of the pitch circle. Then

The module m is used with SI units and is the ratio of the pitch-circle
diameter of a gear in millimecters to the number of teeth. Then

D
2 12-1
m= = (12-1)
Since circular pitch is
i)
p o (12-2)
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then from these last three equations
pP = 7
and p = mm {12-3)

The last two equations can be used to determine p if cither  orm is known.
Either circular pitch, module, or diametral pitch is a measure of tooth size.

The addendunr « is the radial distance from the pitch circic to the adden-
dum or outside circle.

The dedendim © is the radial distance from the pitch circle to the deden-
dum circle or rool circle.

The waorking depih fi. is the depth of engagement of a pair of gears; that is,
it 1s the sum of their addendums,

The whole depth b, 1s the full depth of a gear tooth and is the sum of its
addendum and dedendum.

The clearance ¢ i1s the amount by which the dedendum ot a gear exceeds
the addendum of its mating gear.

The fillet is the concave curve where the bottom of the teoth joins the
dedendum circle.

The filles radius r, is made equal to the clearance when gear teeth ure
drawn. However, the actual shape of the fillet curve on a gear will depend on
the method used for cutting the teeth.

The tooih thickness is the thickness of tooth measured along the pitch
circle.

‘The vwidth of tooth space 1s the width of the space between teeth measured
along the piich circle.

The center distance C is the distance from center to center for two mating
gears (sec Fig. 12-2). Thus

D, + D,
B

e

- (12-4)

Backlash is the amount by which the width of tooth space on a gear ex-
ceeds the tooth thickness on the mating gear, measured along the pitch circles.
Theoretically, backlash should be zero, but in practice some backlash must be
allowed to prevent jamming of the teeth due to tooth errors and thermal cxpan-
sion. Unless otherwise stated, throughout this text zcro backlash will be as-
sumed. For a set of mating gears, backlash can be provided eithcr by mounting
the gears at a cenler distance greater than the theoretical or by feeding the
cutter deeper than standard.

The piniorn 1s the smaller of two gears 1n mesh.

The gear is the larger of two gears in mesh.

The angular-velocity ratio for a pair of spur geavs 1s inversely as the
diameters of their pitch circles or inversely as their numbers of teeth (see Fig.
12-2). Thus

o Dy N (12-5)
Wy D, Ny
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The gear ratio m . is the ratio of the larger to the smaller number of teeth on
a pair of gears.

12-4 INVOLUTE GEAR TEETH

Any two mating tooth protfiles which satisfy the fundamentul law of gearing as
explained in Sec. 12-2 are called conjugate profiles. Almost any reasonable
curve could be selected for the profile on a given gear. and then the conjugate
profile for the mating gear could be determined by applying the condition that
the common normal must pass through a fixed point on the line of centers.
Though many tooth shapes are possible, the c¢ycloid and involute have been
standardized. The cycloid was used first and still is used in clocks and watches.
The involute has several advantages., the most important of which are its ease
ol mamifacture and the fact that the center distance {or a pair of involute gears
can be varicd without changing the velocily ratio. An exhaustive treatment of
involute gearing will not be given here, but the tundamcntals required for the
clementary problems usually encountered in the design of machinery will be
presented. Further, sufficient background will be provided to enable the stu-
dent to study more advanced works on gearing.

How involute gear teeth satisfy the law of gearing can be understood by
considering Fig. 12-5. The figure shows a string having its endpoints attached to

w2
’_/‘

Figure 12-5
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two rotating cylinders. Let N represent a fixed point or knot on the string. Thep
if the string is kept taut as the disks rotate, point N will trace curve AB on the
upper disk and curve CD on the lower disk. These curves are known as involute
curves; the circles are called the base circles and the string is known as the
generating line. Let point E be the point of tangency for the string and disk 2.
Since the disk is rolling on the string, point E is their common instant center and
line £N is the radius of rotation for pointN as it describes path AB. Because the
motion of point N is always perpendicular to its radius of rotation, the string
will be normal to curve AB for all positions &s the knot moves along the curve,
This is an important property of the involute, that the generating line is perpen-
dicular to the involute curve for all positions. It can be seen that the same
remarks apply to the string and involute curve CD. Furthermore, line EF main-
tains a fixed position. Thus if the involute curves AB and CD are used for
mating tooth profiles, their common normal EF will pass through a fixed point
P on the line of centers 0,0,, and the law of gearing will be satisfied.

12-5 CONSTRUCTION OF AN INVOLUTE

We often want to draw an involute curve so that it will pass through a given
point. This is shown in Fig, 12-6. Let it be assumed that we have the base circle

Figure 12-¢
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and that we wish to construct an involute curve passing through point P.
Through £ a tangent is drawn to the circle. This locates point 2. The line £ 15
then divided into some number of equal lengths, and these same lengths are laid
ofl on the circle to the left and right of (2. Next, tangents are drawn to the points
on the circle, and divisions of the same length are laid off along them to deter-
mine points on the involute.

12-6 INVOLUTE NOMENCLATURE

A pair of involute gears in mesh 1s 1llustrated in Fig. [2-7. The upper gear (gear
2) is the pintion and is the driver. The pinion rotates clockwise and the lower
gear (gear 3) rotates counterclockwise. Potnt 7 is the pitch point and line K/
represents the string wrapped around the base circles. The point of contact for
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any two teeth is always along this line. [f we were to neglect friction between
the contacting tooth surfaces. then the force which the driving gear excrts on
the driven would be along this line, which is called the iine of action. The angle
which the line of action makes with a perpendicular to the line of centers O,0,
1s called the pressure angle . Though in practice this angle ts called the
pressure angle, the true pressure angle deviates from it somewhat because of
the friction force. The pressure angle 1s constant for involute gears, and from
the figure we note that the angle made by the line of centers. with a line from
the center of cach gear to the point where the ling of action is tangent to the
hase circles, is equal to the pressure angle.

If R, and R ;. which are the radii of the pitch circles, are known fora pair of
gears, and if the pressure angle is known, then the radii of the base circles can
be found by the following construction. Line 0,0, can be drawn and point P
located. A perpendicular can be drawn to line Q.(),, passing through . From
this perpendicular the pressure angle ¢ can be laid off, and the lin¢ of action can
be drawn. Then by dropping a perpendicular from the center of each gedr to the
line of action. r, and r,, which are the radi of the base circles, are determined.
From the figurc it can be seen that the radius of the hase circle [or either gear
can be found by the following equation

r=.R cos ¢ (12-6)

where r and R are the radi of the base circle and pitch circle. respectively.

The base pitch, denoted by p,, is defined as the distance from a point on
one tooth Lo the corresponding point on the next tooth measured along the base
circle. 1t is also the normal distance between the corresponding sides of two
adjacent tecth as shown in the center of the figarc. For this reason it is also
somctimes called the normal pitch. The base pitch can be found by dividing the
circumference of the base circle by the number of teeth. Since the circular pitch
is equal to the circumference of the pitch circle divided by the number of teeth,
then from Eq. (12-2) we can obtain the following rclationship between base
pitch and circular pitch. :

P =p cos d (12-7)

The base circle and the base pitch arc properties of a single gear and are
fixed once the gear is made. However, the diameters of the pitch circles and the
circular pitch are determined by the center distance at which a pair of gears in
mesh is mounted. From the Fig. 12-7 it can be seen that the pressure angle is
also determined by the center distance. The base pitch is an important property
of involute gears and must be the same for two gears if they are to mesh
correctly.

The tooth profile from the basc circle to the dedendum circle is usually
drawn as a radial line with a fillet uscd at the dedendum circle in order to relieve
stress congentration at that point.
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12-7 INVOLUTE GEAR -TOOTH ACTION

Portions of a pair of involute gears in mesh are shown in Fig. 12-8, where a pair
of mating teeth is shown in three phase positions. The teeth first come into
contact at point A, where the addendum circle of the driven gear cuts the line of
action. Contact follows the line of action through point P, and contact ceases at
point B, where the addendum circle of the driving gear cuts the line of action.
Line AB is called the path of the point of contact, and its length is the length of
the path of contact. Point C is the intersection of the tooth profile on gear 2 with
its pitch circle when the tooth is at the beginning of contact, and point G is the
same point on the profile when the tooth is at the end of contact. Points D and
H are the corresponding points for gear 3. Arcs CPG and DPH are the arcs on
the pitch circles through which the mating tooth profiles move as they pass
from the initial to the final point of contact. These arcs are known as the arcs of
action. Since the pitch circles roll on one another, these arcs are equal. The

“3

Figure 12-8
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angles which subtend these ares are &, and 6, and are called the angles of
action. These angles arc not equal unless the gears have equal pitch diameters,
The angles of action arc divided into two parts called the angles of approach
and angles of recess and are shown in Fig. 12-8 as o and 3 with the subscripts
pertaining to cach gear. The angle of approach is defined as the angle through
which a gear rotates from the instant a pair of teeth comes into contact until the
tecth arc in contact at the pitch point. The ungle of recexy is the angle through
which a gear rotates from the instant the teeth are 10 contact at the pitch point
until contact is broken. In general, the angle of approach is not equal to the
angle of recess. Experience has indicated that gear-tooth action is smoother in
recess than inapproach. The values of the angles of approach and recess can be
determined graphically from a layvout of the gears, or they can be computed by
the method explained in Sec. 12-9,

12-8 INVOLUTE RACK AND PINION

An involule rack and pinion are shown in Fig. 12-10. A rach is a portion of a
gcar having an infinite pitch diameter: thus its pitch circle is a straight line
called the pirch line. The line of action is tangent to the base circle at infinity;
henee the involute profile of the rack is a straight line and is perpendicular to
the line of action,

12-9 CONTACT RATIO

The contacr ratio is defined as the average number of pairs of teeth which are in
contact. This can be found by noting how many times the base pitch ax shown
along the line of action in Fig. 12-7 fits intc the length of the path of contact AB
shown n Fig. 12-8. Thus the contact ratio (#1,) can be expressed as follows:

length of path of contact
M, =

[

pasc pitch
AB
= o5 (12-8)
!) 7]
The length AB can be determined graphically from a layout as shown in Fig.
12-9, orit can be computed [rom the following relationships which apply to the
figure:
l- PO, st ol

3, = sin™’ (12-9)

By = sin7| 10, .’l (12-9)

9;; - 1800 - ((.\'.' - B) (12-]0)
AQ. sin 4,

Ap = DT (12-11)

SIT) ¢
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, = sinTi| 12-12
B2 = sin ( BO, ( )
b, = 180° — (a + Bv) (12-13)
BO, sin 6.
PB - 02‘ sin 92 (12_14)
SIN ¢

The contact ratio usually is not a whole number. If the ratio is 1.6, it does
not mean that there are 1.6 pairs of teeth in contact. It means that there are
alternately one pair and two pairs of teeth in contact, and on a time basis the
average is 1.6. The theoretical minimum value for the contact ratio is 1.00; that
is, there must always be at least one pair of teeth in contact for continuous
action. In practice, 1.4 has been recommended as a minimum. The larger the
contact ratio, the more quietly the gears will operate. From Fig. 12-9 it can be
seen that the length of the path of contact can be increased, and hence the
contact ratto increased, by increasing the addendums of the gears. However,
there are limitations to the amount the addendums can be increased, as will be
discussed in the next section.

The angles of approach and recess may be computed as follows. Consider
Fig. 12-8. Length AP is equal to the length of arc along the base circle of gear 2,
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which extends between the tooth profiles of this gear, which pass through
points A and P. The angle subtended by this arc is equal to the angle of ap-
proach «,. Hence

AP

oy = —— (12-15)

Fy
where r; is the base-circle radius of gear 2. Length PB is equal to the Jength of
arc along the base circle of gear 2, which extends between the tooth profiles of
this gear, which pass through points £ and B. The angle subtended by this arc is
cqual to the angle of recess #,. Hence

PB )
8, = (12-16)
Fa
Sinilarly, the angles of approach and recess for gear 3 are
AP .
Wy = —— (12-17)
o
PB
ﬂ!'ld ,83 - '}_ (12’18)
3

where ry 1s the base-circle radius of gear 3.

12-10 INVOLUTE INTERFERENCE AND UNDERCUTTING

In Fig. 12-10 the addendum of & rack has been chosen so that the first point of
contact will occur at point £, which is the point of tungency for the line of
action and the base circle of the pinion. The involute profile on the pinion
cannot exlend inside the base circle. From the base circle inward the pinion
profile Is drawn as a radial line. Then the maximum length of the line of ap-
proach is £P. The maximum addendum which should be used on the rack isa.
In order 10 investigate what happens if the addendum of the rack were larger, it
is shown as ¢’. Then it the pitch circle of the pinion and the pitch line of the rack
were rolied to the right, the rack- and pinion-tooth positions would be as shown
by the dotted profiles, and it is (ound thal the vack tooth overlaps or interferes
with the pinion tooth. If interference oceurs when the pinion teeth are cut with
a hob as explained in Sec. 12-16, then the hob undercuts the teeth s shown in
Fig. 12-10. This weakens the teeth and removes a part of the involute profile,
which shortens the puth of contact.

There can be no interference due to a large addendum on the pinion since
the point of tangency of the line of action with the base circle for the rack lies to
the left at inlinity, The maximum length for the path of recess is PB’ and results
when the addendum of the pinion is increased to the extent that the pinion tooth
becomes pointed.
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If a rack will mesh with a pinion without interference, then any finite
external gear having the same addendum as the rack will mesh with the pinion
without interference. This can be seen from Fig. 12-10. The addendum circle of
any finite gear will intersect the line of action to the left of E.

12-11 CHECKING FOR INTERFERENCE

We can check any pair of involute gears to determine whether interference
occurs by considering Fig. 12-11. Points £ and F are the points of tangency for
the line of action and the base circles and are known as the interference points.
If either A or B lies outside of points E and F, respectively, then there is
interference.

In Sec. 12-10 we considered the conditions for interference of an involute
rack and pinion. From a consideration of Fig. 12-10 we note that for a given
rack the possibility of interference will be greater the smaller the pinion. That
is, the initial point of contact, which is the point where the addendum line of the
rack intersects the line of action, is more likely to fall to the right of the
interference point £ the smaller we make the pinion.

Since the pinion and rack must have the same pitch, the problem of deter-
mining the smallest pinion which can be used without interference is the same
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as that of determining the minimum number of teeth which can be used on the
pinion. The limiting condition or smallcst pinion which can be used is shown in
Fig. 12-12, where the pinion shown has its interference point at the initial point
of contact A. The addendum ¢ of the rack and the pressure angle ¢ are known.
Then the minimum number of teeth which can be used on the pinion can be
calculated as follows. From the figure

AP

SIN ¢h = ?

where R is the radius of the pitch circle of the pinion. Also
siM ¢ = a
AP

Multiplying these two equations, we obtain

ca g @
sin’ & R
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Addendum line

Pitc_h line

Figure 12-12

But the addendum dimension a, as shown in Table 12-2, 1s a constant & multi-
plied by the module m. Hence

sin? ¢ = ﬂ
"R
D 2R
H er, = — = —
owevel m N N
where N is the number of teeth. Thus
sin? ¢h = &
N
2k
and N = — . (12-19)
sin® ¢

From this equation the smallest number of teeth for a pinion that will mesh with
a rack without interference can be computed for any given standard tooth
system. These are shown in Table 12-1 for four common systems. When the
value of N obtained by the equation is not a whole number, then since a gear
cannot have a fraction of a tooth, the next-largest whole number must be used.

Table 12-1

14457 20° 25° 20°
Full depth Full depth Full depth Stub

N 32 I8 12 14
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[t is sometimes desired to find the smallest pinion that will mesh with a
given gear without interference. In Fig. 12-13, O,F is the pitch-circle radius,
(2. A is the addendum-circle radius, and ¢ the pressure angle tor the given gear,
The base-circle radius of the smallest pinion that will mesh without interference
is shown as line (2; A4, which has been drawn perpendicolar 1o line PA. Any
pinion having a larger busc-circle radius 2, £ will not have interference. From
the figure we can see that the pitch radius PO, can be computed as follows,

»
po; - (12-20)

- S 1 il (,"J

where lenglh A8 is obtained by Eq. (12-11).

12-12 STANDARD INTERCHANGEABLE TOOTH FORMS

A sct of gears is interchangeable when any two gears selected {rom the set will
mesh and satisfy the fundamental law of gearing. For interchangeability all
gears of the sel must have the same circular pitch, module, diametral pitch,
pressure angle, addendum, and dedendum: and the tooth thickness must equal
one-hulf the circular pitch.
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Table 12-2

14127 20° 25 20°
Full depth  Full depth Full depth Stub

Addendum 1.000m 1.000n 1.000sm 0. 8001
Dedendum 1.1587m [.250m 1.250m L.000m:
Cleaiance 0.137m 0,250 0.250m 0.200mm
Fillet radius

(basic rack)  0.200m 0.300:m: 0.300m 0.300:n

Standard tooth forms have been adopted in order that interchangeable
gears will be readily available. Nonstandard gears arve used in some applications
mainly in the automotive and aircraft industries. The proportions of four com-
mon standard involute-tooth forms are given in Table 12-2. Note that the ad-
dendums and dedendums are the same for all gears in each system and are
expressed as a function of the module.

The cutting tools used in cutting the teeth are specified in terms of the
module. Commonly used modules are as follows: 2, I, 1\5, 2, 2V2, 3, 314, 4,
45,5, 5V.6,6%,7,8,9,10, 11,12, 13, 14, 15, 16, 18, 20, 25, 30, 35, 40, 45, 50.

The American Gear Manufacturers’ Association (AGMA) recognizes the
20 and 25° full-depth systems as standards for new applications. The 14!2°
full-depth and 20 stub-tooth systems are obsolete, but are still used for re-
placement purposes.

The 20° full-depth system has several advantages when compared with the
257 fuli-depth system. The lower pressure angle gives a higher contact ratio
which resuits in quieter operation and reduced wear. Further, because of the
lower pressure angle, the normal force on the teeth for a given torque is less.
This results in lower bearing loads.

The 25° full-depth system has the following advantages when compared
with the 20° full-depth system. For a given circular pitch, the larger pressure
angle results in teeth which are broader at the base and hence are stronger in
bending. Another advantage is that fewer teeth may be used on the pinion
without the pinion teeth being undercut.

12-13 INTERNAL INVOLUTE GEARS

An internal or annular gear is a gear having teeth cut on the inside of the rim.
Figure 12-14 shows an involute internal gear and pinion. The pinion is usually
the driver. The basic theory is the same as for external gears; the tooth action 1s
tlustrated in Fig. 12-15. Point E is the point of tangency of the line of action and
the base circle of the pinion and is the interference point fo: the pinion. Note
that the addendum of the gear must not extend below this point: otherwise the
face of the gear tooth will interfere with the flank of the pinion tooth which is
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noninvolute from its base circle inward. Because the addendum of the gear
must be shorter than those given in Table 12-2, standard tooth proportions are
not used on annular gears. As for external gears the initial point of contact
occurs where the addendum circle of the driven gear cuts the line of action. In
the figure the addendum of the gear has been made so that this occurs at point
E. There is no interference point for the gear. This is because the entire Looth
profile on the gear is an involute curve, and hence regardless of the size of the
pinion addendum the face of the pinion tooth will always contact an involute
profile on the gear. As for external gears, the final point of contact is where the
addendum of the diiver cuts the line of action and is at point B, The length of
the line of action can be increased by increasing the addendum on the pinion.
The limiting condition is reached when the pinion tooth becomes pointed, and
then the final point of contact occurs at ',

When too large a pinion is used with an internal gear of given size, the teeth
will ““foul”™ each other as a pinion tooth enters or leaves a tooth space on the
gear. This condition, which 1s pecubiar to internal gears, 1s shown in the ligure
and is called secondary interference. In order to prevent this, the following 18
done. When an internal gear is cut, a Fellows cutter (scc Sec. 12-16) having
more teeth than the pinion is uscd. This automatically relieves the tips ol the
internal gear teeth to prevent fouling.
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The primary advantage of an internal gear-and-pinion drive is that it is more
compact than an external gear drive. Other advanlages are lowcer contact
stresses because of a convex surface contacting a concave surface, relatively
jower tooth-sliding velocities, and a greater length of contact being possible
because there is no limit on the involute profilc on the flank of the internal gear
tooth. The beam strength of annular gear teeth 1s much greater than for a
corresponding external gear. However, unless the pinion and gear are made of
different materials. the pinion is always the weaker, and this advuntage 15 of
little consequence.

12-14 CYCLOIDAL GEARS

Cyclotdal gears, though used in the past, are seldom used today because of
their disadvantages in relation to involule gears. However, since cycloidal gear
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teeth have certain advantages which make them more suitable for some appli-
cations than invelute gears, a brief discussion of them will be given here.

In Fig. 12-16 a pair of gears having cycloidal teeth is shown in mesh. The
pitch circles and generating circles are in contact at the pitch point 2, 1t is to be
remembered that the portion of the tooth profile which lies outside of the pitch
circle is called the fauce, and the portion inside the pitch circle is the flank. The
cycloidal profile is formed by a point on a circle as it rolls on the pitch circle,
The rolling circle is called the generating circle, and if the generating circle rolls
on the outside of the pitch circle. 1t forms the face of the tooth. When the
generating circle rolls on the inside of the pitch circle, it forms the tlank of the
tooth. The path of contact tor the meshing teeth is dlong the generating circles
and is the arc AP followed by arc PB. A normal to the contacting tooth profiles
is the pressure line, and it passes through the fixed point P for all phases of

Ay Pressuyre line
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\I' / -B/H
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& S Pressure angle ¢ far
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- //’1/ contact ot A

Generoting circle
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Figure 12-16
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contact. Thus cycloidal-tooth profiles satisfy the fundamental law of gearing.
The pressure angle is the angle which the pressure line makes with a perpen-
dicular to the line of centers. The pressure angle decreases as the teeth move
from their initial point of contact A, reaching a value of zero when they are in
contact at P, and then increases as they move from P to their final point of
contact B.

A cycloidal rack does not have straight-tooth profiles like an involute rack.
In Fig. 12-16, if the lower gear were made infinite, its pitch circle would become
a straight line called the pitch line. A cycloidal rack tooth is shown in the figure.
When the upper generating circle rolls on the pitch line, it forms the face of the
rack tooth, which is a convex curve. When the lower generating circle rolls on
the pitch line, it forms the flank of the rack tooth, which is concave.

The disadvantages of cycloidal teeth are that they are difficult to manufac-
ture and will transmit a constant angular-velocity ratio only if they are mounted
at their theoretically correct center distance. Interference is not encountered
with cycloidal gears, and this is their primary advantage. They are used exten-
sively in clocks, watches, and certain instruments because pinions having low
numbers of teeth (as low as 6 or 7) can be used to achieve a large reduction ratio
without the problem of interference and the weakening effect of undercutting.
Further. cycloidal teeth have less sliding action than involute teeth, and this
results 1n less wear.

12-15 ADVANTAGES OF INVOLUTE TEETH

It was explained in Sec. 12-8 that an involute-rack profile is straight. Cutting
tools and grinding wheels used in the manufacture of gears and cutters are
straight, and this makes involute gears more economical to manufacture than
other types.

Another advantage of involute gearing is that the center distance can be
changed and yet the gears will transmit a constant angular-velocity ratio; i.e.,
they will satisfy the fundamental law of gearing. In Fig. 12-17 a pair of involute
gears with centers O, and O, is shown in mesh, and P is the pitch point. A pair
of teeth is shown in contact at point C, and the angular-velocity ratio is equal to
0, P[0, P, If the center of gear 3 is moved from O, to O, contact is at C’. The
normal to the tooth profiles is tangent to the base circles and intersects the line
of centers at P’. Triangles O, PE and O, PF are similar. Also triangles O, P'E’
and O, P'F’ are similar. Thus

0P _FO, . O FO
0,P _ EO, 0,P _ EO,
BUt F’O'r; = F03 and EJOZ = E02
O,P  O;P

H _
cnee O.P  O,P’
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Figure 12-17

The velocity ratio is not changed. An increase in the center distance increases
the pressure angle and backlash and reduces the length of the path of con-
tact, The basc circic is a fixed property of a gear. The pitch circle is noncxistent
until the gear is meshed with another gear. When a pitch circle is specificd for a
gear, the pressure angle must also be specified. This then determines the size of
the base circle.
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12-16 METHODS OF GEAR MANUFACTURE

Gear teeth can be cut on a milling machine using a form cutter having a profile
which is the shape of the tooth space being cut. Accurate teeth can be produced
in this manner only if a given cutter is used to cut a particular number of teeth
on the gear blank. In practice a given cutter is used to cut gears having tooth
numbers within a certain range. Gears produced by this method are extensively
used, but because their tooth profiles are not the correct shape, they are suita-
ble only for relatively low speed operation.

Accurate involute gears are produced by the generating process. The
generating process can be easily understood by imagining a gear blank made of
clay with its pitch line rolling on the pitch line of a steel rack. Accurate teeth
which would have conjugate action would be produced on the clay blank. If the
steel rack were relieved to form a shaping cutter, then it could be used to cut
accurate teeth in a steel gear blank. The cutter would be made to reciprocate
parallel to the axis of the gear blank, while the blank is made to rotate so that its
pitch circle will roll on the pitch line of the rack. A cutter of this type is known
as a rack-shaped cutter. Clearance on the gear is produced by providing an
extension on the addendum of the cutter. The primary ad vantage of the generat-
ing method of cutting gear teeth is that a given cutter will cut teeth of a certain
pitch and pressure angle regardless of the number of teeth to be cut.

The most common methods of generating gear teeth are hobbing and shap-
ing. The hobbing process is the most rapid method and is illustrated in Fig.
[2-18. The hob resembles a worm or screw with gashes cut axially in the

Face

]
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Gear bfank —_

Figure 12-18
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threads to form cutting edges. The shape of the thread in the plane of the blank
is that of a rack so that the hob acts like a rack-shaped cutter, As the hob ang
gear blank are made to rotatc at the proper angular-velocity ratio, the hob ig
slowly fed parallel to the axis of the blank. By the time the hob hus crossed the
face width of the blank. the teeth will be fully cut, and the hob and blank wil]
have made many revolutions.

A Fellows gear shaper uses a cutter (Fig, 12-19) which resembilcs a pinion
except that the teeth are relieved to form cutting edges. At first neither the
cutter nor blank is made to rotate: the cutter reciprocatcs across the face width
of the blank and 1y slowly fed radially into the blank until its pitch circle comes
tangent to the pitch line of the blank, The radial motion is then stopped. As the
cutter continues to reciprocale, the cutter and blank are driven so that their
pitch circles roll slowly on one another. By the time the blank makes a com-
plete revolution, all the teeth will be cut.

12-17 UNEQUAL ADDENDUM GEARS

When a large gear is to mesh with a small gear, interference often occurs, and
the pinton will be undercut. In order to avoid undercutting, a nonstandard
system of gears has been developed known as nnequal addendum gears. The
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Figure 12-20

advantages of this sytem can be easily seen if we consider a 12-toothed 20°
full-depth pinion and rack as shown in Fig. 12-20«. If the pinion teeth are
generated with a rack cutter or hob, they will be undercut as shown and
weakened. The path of contact extends from L to M. The rack tooth is too long
by an amount y. In Fig. 12-200 the rack has been withdrawn by an amount vy,
and the pinion addendum increased by the same amount. The resulting pinion
tooth is shown. The advantages gained are a stronger pinion tooth and an
increase in the length of the path of contact to EN. Hence the contact ratio is
increased. The base circle, pitch circle, and pressure angle remain the same.
Unequal addendum gears are not interchangeable.

The method of using standard cutters to produce unequal addendum gears
ts to decrease the radius of the gear blank so that interference will be elimi-
nated. The gear teeth are then cut to the standard full depth. The radius of the
pinion blank is increased by the same amount that the gear blank was de-
creased, and the teeth are cut to the standard full depth.

12-18 PARALLEL HELICAL GEARS

A stepped gear. Fig. 12-21, consists of two or more spur gears fastened to-
gether as shown. Each is advanced relative to the adjacent one by an amount
equal to the circular pitch divided by the number of gears. When a pair of



266 KINUEMATICS OF MACHINES

[

\\

1

v

— F——-J
Figore 12-21

conventional spur gears is in operation, the load comes upon the tip of the tooth
along the full-face width., With stepped gears the load is applied lirst 10 a
portion of the face width. later to the next portion or step. e¢tc. As a result the
teeth come into contact with less impact. Thus stepped gears operate more
quietly and are smoother than spur gears.

If the number of steps on a stepped gear were made infinite. the resull
would be a helical gear. Helical gears used to transinit power between parallel
shafts (Fig. 12-22a) arc called parallel helical gears, and helical gears vsed to
transmit power between nonparallel shafls (Fig. 12-22b) are called crossed
helical gears.

If a planc is rolled on a base cylinder (Fig. 12-23a}, a linc in the plane
parallel to the axis of the cylinder will generate the surface of an involute spur
gear tooth. Thus when a pair of spur gears is in mesh, contact hetween the tecth
15 along a line parallel to the axes on the gears. However, if the line in the plane
(Fig. 12-23b) is inclined to the axis of the cvlinder, it will generate the surface of
a helicul gear tooth. This surface 18 known as an imvolute heficoid and is com-
posed of straight-line elements as shown. When a pair of paratle] helical gears 1s
in mesh there 1s line contact between the tceth along onc of these clements.
When spur gear tecth come into contact, there is contact across the cntire face
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Figure 12-23
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[ —————

Figure 12-24

width, whereas with helical gears contact begins at onc cend of the tooth and
progresses across the tooth. This is shown in Fig. 12-24, where the siraight lines
a-a, b-b, ¢-c, etc., are the successive lines of contact. These lines are the
elements of the involute helicoid shown in Fig. 12-23b. This gradual contact
across the teeth results in less impact loading, and thus helical gears operate
more quietly than spur gears, have longer life, and are stronger.

Figure 12-25 shows the pitch helix, which 1s the helix formed by the inter-
scction of the helical tooth and the pitch cvlinder whose diameter is 1. I is the
face width of the gear. I.et us consider a horizontal planc passing through the
axis of the cylinder. Then at the point where the helix pierces this plane, let a
tangent to the helix be drawn as shown. The angle which the tangent makes
with the horizontal plane is called the helix angle 3,

The direction in which the teeth of u helical gear slope is known as the frand
of the gear. To determine the hand ol a helical gear. place it on its side as shown
in Fig. 12-26. If the teeth slope upward to the right it is called a gear of right
hand, and if the tceth slope upward to the left it is called a gear of left hand.
Helical gears connecting parallel shafts are of opposite hand.

In Fig. 12-27 the helical-tooth elements lying on the pitch cylinder are
shown. ¢ is the helix angle: p, m, and P arc the circular pitch, module, and

/ Pitch helix

;T T o

Figure 12-25
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diametral pitch all in the planc of rotation, respectively, and are defined in the
same manner as for spur gears. Thus

'ITD [) P |NI
= — I = — —_
P="N TN D
and p = wm {12-21

[n parallel helical gears the face width as shown in Fig. 12-27 is madc large
¢nough so that for a gven helix angle the tooth advance is greater than the
circular pitch. This provides overlapping action, That is, the ieading end of one
tooth will come into contact before the trailing end of the adjacent tooth goes
out of contact. It can be seen from the figure that if the tooth advance were just
equal to the circular pitch. then the face width would be equal to p/tan . In
order to provide overlapping action. the AGMA recommends that the limiting
face width be increased by at least 15 percent, which results in the following
equanon;

1.15p
tan s

(12-22)

The circular pitch in the normal plane is p, and is the arc length along the
pitch cylinder from a point on onc tooth to the corresponding point on the next
tooth in a plane normal to the helix. From the figure,

pPn TP COS {12-23)

1, is the module in the normal plane and may be considered as the ratio of the
diameler in millimeters of an imaginary circle whose circumference is Np, to
the number of teeth. Since p, is smaller than p by the factor cos 1, and since m1,,
is smallcr than »i by the factor cos . then from Eq. (12-21)

Pa = @y, (12-24)
Substitnting Eqs. (12-24) und (12-21) into Eq. (12-23), we obtain
T, = M COs
or M, = B oS b (12-25)

The same hob used to cut a spur gear is uscd to cut a helical gear. In order
to cut the helical gear, the axis of the hob must be tilted an amount equal to the
helix angle from the position used if it were cutting a spur gear. Spur gear teeth
cut with a hob have a standard value of 7. A helical gear cut with this same hob
will have anm, of the same value. When a helical gear is to be cut with a hob,
the module and pressure angle are specified in the normal plane. Helicul gears
can also be cut with a gear shuper. The gear shaper used to cut a spur gear
cannot be used to cut a helical gear. The gear shaper used to cut a helical gear
has helical teeth and resembles a hehical pinion. When the teeth are cut with a
gear shaper. the module and pressure angle are specificd in the plan of rota-
Lion.
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The same equations which are used for spur gears give the angular-velocity
ratio and center distance for a pair of parallel helical gears (Fig. 12-28). Thus

ws D, N, L
2 - 12-26
Gty sz Nz ( )
D, + D,
and C=—_— (12-27)

=

An undesirable feature of helical gears is that they produce end thrust as
shown in Fig. [2-28, This is usually not serious. If ball ortapered roller bearings
are used 10 carry the radial load, they will usually carry the thrust also.

Thrust is eliminated when herringbone gears are used. In Fig. 12-29, a
herringbone pinion is used on the lower front shatt. A herringbone gear is
equivalent to two helical gears of opposite hand side by side.

12-19 CROSSED HELICAL GEARS

Ficlical gears used 1o transmit power between nonparallel. nonintersccting
shafts are called crossed helical gears and may be of the same or opposite hand
as shown in Fig. 12-30. The dashed linc represents a tooth on the back of gear 2
and a tooth on the front of gear 3. If the gears are of the same hand as in Fig.
12-30¢, then X, the angle between shafts, is

o=l = by (12-28)
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and for gears of opposite hand as in Fig. 12-30b,
2=y — Py (12-29)

where ¢, and s, are the helix angles.

A pair of parallel helical gears are of opposite hand, their pitch cylinders
and teeth have line contact, and there is no sliding along the tooth elements.
The individual gears of a crossed helical pair are the same as parallel helical
gears. When helical gears are meshed on nonparaliel shafts, their tooth action is
different. Their pitch cylinders and teeth have point contact, and there is sliding
along the elements of the teeth. In Fig. 12-31, the teeth are in contact at P,, P,.
The dashed line through P,, P, represents a tooth on the back of gear 2 and a
tooth on the front of gear 3 in contact with it. Vp, and V,, are the velocities, and
they must have a common component V along the normal. The difference
between Vp, and Vp, 1s the velocity with which the teeth slide on one another.
Because of the point contact the power which can be transmitted is less than for
parallel helical gears.

The angular-velocity ratio for helical gears on nonparallel shafts is

w3 Nz  Dym, _ Dym,, cos i

w3 N, D, mg - Dym,, cos iy
where N, and N; = numbers of teeth
m, and m, = modules in plane of rotation

nn, and m,, = modules in normal plane

Figure 12-31
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Any pair of helical gears in mesh must have the same circular pitch and module
in the normal plane. Hence the lasl equation becomes

twy Ny Djcos gy

= I3 _ 12-
Ny D, cosi (12-30)

(41N

It is to be noted from Eq. (12-30) that the angular-velocity ratio for helical gears
on nonparallel shalts will vary inversely with their pitch diameters only if their
helix angles are equal.

The center distance {or crossed helical gears is

Dyt Dy
C——",)——

d—

(12-31)

12-20 WORM GEARS

Worm pears, Fig. 12-32, ure similar to crossed helical gears. The pinion or
wornt has a small number of teeth, usually one to four, and since they com-
pletely wrap around the pitch cyhnder they are called rhireads. Tis mating gear is
called a worm gear, which is not a true helical gear. A worm and worm gear are
used to provide a high angular-velocity reduction between nonintersecting
shalts which usually arc at right angles. The worm gear is not a helical gear
beeause its face 1s made concave to fit the curvature of the worm in order to
provide line contact instead of point contact. Because of the line contact, worm

E o~

Figure 12-32  (Cleveland Worny & Gear Divivion. Eaton Moamifacturing Co)
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gearing can transmit high tooth loads. However, a disadvantage of worm gear-
ing is the high sliding velocities across the teeth, the same as with crossed
helical gears.

Three worms are shown in Fig. 12-33: (@) has one thread and is called a
single-thread worm, () has two threads and is called a dowbie-thread worm; (¢)
is atriple-thread worm. The axial pirch of a worm, orjust pitehr as it is called. is
p, and is defined as the distance from a point on one thread profile to the same
point on an adjacent profile measured along the pitch cylinder. The fead T is the
amount the helix advances axially for one turn about the pitch cvlinder and 15
equal 1o the number of threads times the pitch. The siope of the threads is called
the lead angle A. Figure 12-34 shows a development of the pitch helix where D,
is the pitch diameter of the worm. From the figure.

[ Nup

tan A = = 12-32
. T‘-D 18 T'Ti‘) il ( )

Additional nomenclature for worm gearing appears in Fig. 12-35, The pitch
diameters for the worm and worm gear are D, and D, and C is the ccnter
distance. Then

D+ D,

¢ 2

(12-33)

The shafts of the worm and gear are usually at 90", Then the circular pitch p of
the worm gear must be the same as the axial pitch of the worm and can be
expressed in the same manner as for a spur gear. Hence

D,
N,

p = (12-34)

where N, is the number of teeth on the worm gear.
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Figure 12-34

The velocity ratio to-a worm drive 1s

)y 1\",;.
o = N’- (12-35)

ot

where w,, and w, are the angular velocities of the worm and worm gear. N, is
the number of threads onthe worm, and v, is the number of teeth on the worm
gear,

The teeth on the worm gear ure cul with a hob. but instead of moving the
hob 1in the direction of the axis of the blank, the hob is moved radially into the
blank. This produces a concave face on the worm gear (see Fig. 12-35), which
gives line conlact with the worm.

12-21 BEVEL GLEARS

Bevel gears are used to mansmit power between shafts whose axes intersect
und whose pitch surfaces are rolling concs. Straight-toothed bevel gears (Fig.
12-36) arc the most common.

A cross section of a zair of bevel gears is shown in Fig. 12-37 where AOP
and BOP arc the pitch cones. As explained in Sec, 11-4, in order to have rolling
contact all along the line 0P, the cones must have a common apex (2. The angle
between shafts is X, and though 907 is most common, almost any angle can be
used. D, and D, the pitchdiameters, are the diameters of the pitch cones at the
large end. Circular pitchp. module m, and diametral pitch P for a bevel gear are
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Figure 12-37

defined in the same manner as for a spur gear and indicate the tooth size at the
large cnd of the pitch cone. Thus
7D D N
p=—T m=1\(—r p = Pz-b— PP ==
where N is the number of teeth.
The angular-velocity ralio is the inverse of the ratio of pitch diameters or
numbers of teeth. Thus

o Dy Ny
Wy Dz_p\l'r-;_

In Chap. 11 it is explained how the pitch-cone angles v, and v, are determined
when ¥ and the angular-velocity ratio are known.

A cross section of a bevel gear showing the terminology appears in Fig.
12-38. The tooth elements ure straight lines which converge at the cone apex,
and the face width is usuatly limited to one-third of the cone distance. The
smaller portion of the tooth, which is omitted, would carry very little of the load
and 15 difficult to manutacture.

In Fig. 12-39 an involute tooth developed from a base cone is shown.
Imagine a piecc of paper wrapped around a cone and let QA be a slit in the
paper. Then if the paper is unwrapped from the cone and 1s kept taut, line OA
will move to position OB. Point B will always be a fixed distance from @, and

(12-36)
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therefore lies an the surface of a sphere. Curve AB 1s known as a spherical
involute.

In studying bevel gear—tooth action, it is difficult to work with the true
Looth profite since it lies on the surface of a sphere. Thus an approximation in a
plane is made. In Fig. 12-40 a pair of bevel gears in mesh is shown along with
their back cones. The elements of the back cone arc perpendicular to the
pitch-cone elements. The surface of the back cone approximates the spherical
surface, and in order to study the bevel gear—tooth action, the cones ure laid
oul flat, as shown at the right in the figure. Each cone forms a portion of & spur
gear whose pilch-circle radius is equal to the back-cone radius of the bevel
gear. This is known as Tredgold's approximation. The tooth action for the
bevel gears is the same as that for the larger spur gears. The number of teeth N,

Figure 12-40



GEARS 281

on the spur gear is known as the formative number of teeth, and in terms of the
number of teeth N on the bevel gear, is
-Rb N

N,=N = (12-37)
R CoS 7y

The formative number of teeth is usually not an integer.

Bevel gears are usually made with unequal addendums in order to avoid
interference and to gain other advantages, which were discussed earlier. Be-
cause of this, and because their pitch cones must have a common apex, bevel
gears are designed as a pair and are not interchangeable. Since the elements of
the teeth of bevel gears are not parallel to the gear axis, there is end thrust,
which must be carried by the bearings.

Spiral bevel gears (Fig. 12-41) have curved teeth. The tooth elements are
theoretically spirals, but in practice they are made circular arcs because of the
ease of manufacture. Because of the curved teeth, spiral bevel gears have the
same advantages over straight-tooth bevel gears as helical gears have over spur
gears. That is, because of the progressive contact, they operate more quietly
and have greater tooth strength.

12-22 HYPOID GEARS

Hypoid gears (Fig. 12-42) are used to transmit power between nonparallel,
nonintersecting shafts. They are usually made for shafts which are at 90°, are
made in pairs, and are not interchangeable.

The pitch surfaces are portions of rolling hyperboloids as described in Sec.
11-5 which have sliding along their line of contact. The gear teeth are parallel to

Figure 12-41 (Gleason Works)
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Figure 12-42 (Gleason Works)

the line of contact: hence there is sliding along the tooth elements, which is a
disadvantage. However, for a given gear ratio 4 hypoid pinion is larger than an
equivalent spiral bevel pinion, and this results in stronger teeth. Further,
hypoid gears operate morc quietly than spiral bevel gears. Hypoid gears have
heen widely used for automotive rear-axle drives because the offset pinion
permits lowering the drive shaft and use of a lower body.

PROBLEMS

12-1 A pair ol meshing spur gears has 22 and 3% teeth. a diametral pitch of 8, and a pinion running at
1.800 r/min. Determine the following: (v} pitch diameters, {b) center distance, (¢) circular pitch. {d}
pitch-line velocity in feet per minule, and (¢) revolutions per minute of the gear.

12-2 A pair of meshing spur gears has a diametrai pitch of 10, a center distance of 2.6 in. and 8
velocity ratio of 1.6, Determine the number of tecth on each gear.

12-3 A spur gear having 20° full-depth involute teeth has ap outside diameter ol 195 mm and &
module of 6.5 mm. Deternune the number of weth.

12-4 A spur gear has forty-cight 25° full-depth invelute tecth and an ourside diameter meusuring
223 mm. Determine the module and the circular pitch.

12-5 A pair of spur gears has 15 and 22 teeth, a module of 12 mm, 20° pressure angle, 12-mm
addendum, and 13-mm dedendum. The pinion drives in a clockwise direction. Makc a full-size
drawing similar to Fig. 12-8. Use a lillel radius equal to the clearance, Compute {a) the circular
pitch. () base pitch. o) pitch-circle radii, @) base-circle radii, ¢} length of path of conlact, ()
contact ratio, and (¢) angles of approuch and recess for pinion and gear. Label the pilch point and
the first and last points of conwsel. Use the figure 1o cheek your work graphically,

12-6 A pait of spur gears has 16 and I8 teeth, a module of 13 mm, addendum of 13 mm, and
pressure ungle of 1442%, Show that the pears have inteiference. Determine graphically the amaount
hy which the addendums must be reduced if the interference is to be eliminated. Measure the length
of the path of contact for this new condition and compute the contact ratio.
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12-7 Determine the number of teeth on the smallest pinion that will mesh with a rack havinga 22127
qressure angle and an addendum equal to 1.000 times the module #.

12-8 Same as Prob 12-7 except the rack has a 25° pressue angle.

[2-9 A spur gear having 32 teeth and a pressure angle of 20° has a module of 6.5 mm and an
addendum of 5.5 mm. Determine the number of teeth on the siallest pinion that will mesh with the
sear without interference.

12-10 A pair of involute spur gears has 13 and 8 teeth and a moedule of 13 mmn. Determine {u) the
srealar pitch and base pitch. and the contact ratio by finding graphically the tength of the path of
zentact if the teeth are 142 Pull-depth, and (8) same as fa) except the teeth are 207 stob.

L2-11 Anintermal spur gear haying 200 leeth meshes with a pinion having 20 reeth and a module of
5 mm. Determine () the velocity ratio if the pimion s the driver. and (0) the conter distance.
12-12 A pair of spur gears has 16 and 24 weth, a module of 6.5 mm, and a 20° pressure angle.

(¢) Determine the center distance.

(0 I the center digtance is increased 3 mm. find the resulting pressure angle.

12-13 A pairol spur gears is to have 19 and 35 reeth. They are to be cut with a 20° full-depth culter
saving 4 module of 1y mm,

(¢t Determine graphically the amount by which the addendum of the gear must be decreased to
:liminate interfervnee. The addendum of the pinion is [0 be increased Lhe same amount.

{#) Find graphically the length ot the path of contact and determine the contact ralio,

L2-14 A pair of helical gears having 20 and 48 teeth and a 237 helix angle trunsmils pewer between
sarallel shafts. The module in the normal plunc is 3 mm. und the pressure angle in this plane is 207
Determine (¢} the madule n the plane of rotation, () pitch diameters, (1 center distance, (o)
sircular pitch i the normal plane, (¢) circular, pitch in the plane of rotation, and (£) face wadth it the
ninimum recommended by the AGMA is used.

12-15 A pairof crossed belical geirs connects shalls making gn gngle ol 45, The vight-hand pinion
1a% 36 teeth and o helix angle of 209 The right-hand gear has 48 teeth and its module in the normal
Jlane is 2.5 mm. Determine {« ) the helix angle of the gear, (9) circuler pitch tn the normal plane. ()
nudule of the pinion in its plane of ratation, 1) module of the gear in its plane of rotation, and (¢)
wenter distance.

{f) Muke a drawing hallscale, <imilarto Fig. 12-31, and compurte V., in meters persecond fora
snion speed of 40 r/min. Find graphically the value of the sliding velocity using | mm =
Y40 ms.

[2-16 A worm and worm gear have axes at 90° and give a speed reduction of 15 to |, The triple-
hread worm has a lcad angle of 20° and an axial piteh of 0.4 in. Determine the following for the
rorm gear: () number of teeth, 1) pitch diameter, and (¢} helix angle.

() Determine the pitch diameter of the worm.

(¢) Compute the center distance.

[2-17 A pair of straight-toothed bevel sears connecting shafts at 907 has 18 and 35 teeth and a
liametral pitch ol 6. 'The gears have 207 involute teceth with unequal addendums. Determine (@) the
mgular-velocity raliv and (&) pitch diameter of the pinion and gear. Determine the following tor the
rear {(¢) pitch angle, (f) cone distance. {¢) back-conc radius, and () formative number of teeth.



CHAPTER

THIRTEEN

GEAR TRAINS, TRANSLATION SCREWS,
MECHANICAL ADVANTAGE

13-1 ORDINARY GEAR TRAINS

A gear frain is composed of two or more gears in mesh for the purpose of
transmitting motion from one shalt to another. Ordinary gear trains are those in
which the axes of none of the gears move relative to the frame and are of two
types, simple gear trains and compound gear trains.
A simple gear train is one in which there is only one gear on ¢ach shalt such
4s in Fig. 13-1, where the gears are represented by their pitch circles. Gear A
drives B, B drives C, C drives D, and I? drives E. Let the numbers of teeth on
the gears be N, Ny, etc. The ratio of the angular velocities of any pair of gears
in mesh is the inverse of their number of teeth.
Thus
&:_’\i wn _ Ne i‘)_'i‘_:.ﬁﬂ “’_l':ﬁr*_ (13-1)
Wy N, we Ny @y N, Ay Np
The velocity raiio (VR) of a gear train is the ratio of the angular velocity of
the first gear in the trzin to the angular velocity of the last gear. For the train in
Fig. 13-1 the velocity ratio is

/1] e 4 Wy Wy w
VR=—=—"2xX X X —2
Wwg Wp Wy wp e

and by substitution of Egs. (13-1)
NBXNCXNDXNE
N F A'V B IVC N n

VR = (13-2)

284
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Figure 13-1

The sign of the velocity ratio 1s considered positive if the first and last gears
rotate in the same direction and negative if they rotate in opposite directions,
The easiest way to keep (rack of the directions of rotation is to place arrows on
the gears. Later we will use signs to indicate directions of rotation. A plus sign
will denote counterclockwisc rotation, and a minus sign clockwise rotation.

From Eq. (13-2) we see that the velocity ratio for a simple gear train
dcpends only on the number of teeth on the last and first gears in the train
because the tooth numbers on the intermediate gears cancel out. The latter are
called idler gears. 1t is also obvious that the velocity ratio depends only on the
numbers of teeth on the last and first gears because the pitch circles rolf on one
another and all the gears have the same pitch-line velocity. Idler gears are used
for two purposes: Lo connect gears where a large center distance is required,
and to control the dircctional relationship between gears such as A and £ in Fig.
13-1. Note that cach idler added in the figure changes the direetion of rotation
of the last gear in the train.

A pair of gears are compounded if they have a4 common axis and are
integral, e.g., gears B and C or D and E in Fig. 13-2a. A compound gear truin is

B 50 (b)

(a)

Figure 13-2
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a gear train containing compound gears. In the compound gear train shown in
Fig. 13-2¢, the numbers indicate the number of teeth on each gear. If the speed
of A is | 600 r/min ccw, the speeds of the various gears will be

w, = + 1600 r/min
Ny — W — :-ig x| 600 = —960 I'fmjn
wy = wp — 55X 960 = 480 r/min

1 X 480 = —240 r/min

I

123
The velocity ratio is

W, 1 600 20
we 240 3

For a compound gear train the velocity ratio can be written

_product ol teeth on driven gears
product of teeth on driving gears

VR (13-3)

1) 40 o — 20
— w X 20 X w7 3

The compound train in Fig. 13-2b is known as areverted gear train hecause
the first and last gears are coaxial. Reverted gear {rains are used in automotive
transmissions, lathe back gears, industrial speed reducers, and in clocks (where
the minute- and hour-hand shafts are coaxial).

The advantage of a compound train over a simple gear train is that a much
larger speed reduction from the first to the last shaft can be obtained with small
gears. If a simple train were used to give a large spced reduction, the last gear
would have to be large. Usually for a speed reduction in excess of 7to 1 a
simple train is not used; instcad a compound train or worm gearing is
employed.

13-2 AUTOMOTIVE TRANSMISSION

A conventional three-speed automotive transmission is shown diagrammati-
cally in Fig. 13-3. GearA is driven by the engine. Gears D, E, F, and G rotate as
a unit. Gear /{ is an idler that meshes with G. These gears are always in motion
when the shaft to the engine is in motion. Gears B and C can slide axially on the
splined shaft to the driving wheels. The transmission is shown in neutral, and
thus there is no connection between the shaft to the engine and the shaft to the
driving wheels.

In first or low speed, gear C is shifted to the left 1o mesh with gear F. The
velocity ratio of ADFC is

VR = & x5 =332
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Figure 13-3

For second or intermediate speced, gear B is shifted to the right to mesh with
gear E. The velocity ratio of ADEB is

VR = o

14

X B = 1.77

For third or high gear. gear B is shifted to the left to engage its clutch tecth
with those of gear A. This gives a direct drive with a velocity ratio of 1.

For reverse, C is shifted to the right to mesh with idler . The velocity ratio
of the drive through ADGHC is

VR dbx xf = —427

13-3 EPICYCLIC GEAR TRAINS OR PLANETARY GEARS

These are gear trains in which the axis of one or more gears moves relative to
the frame. The gear at the center is called the sun, and gears whose axes move
are called pianets.

In Fig. 13-4 the arm is pivoted to the frame at point O, und gear A 1s
attached to the arm in such a manner that it cannot turn relative to the arm. To
clarify what is meant by a revolution, we will say that a body has made one
revolution if an arrow painted on the body sweeps through 360°. Then in Fig.
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Figure 13-4

13-4, if the arm makes one eevolution counterclockwise about pivot O, gear A
will also make one countechckwise revolution, since an arrow on A will have
swept through 360°.

Figure 13-5 is the same as Fig. [3-4 except that gear B has been added.
Suppose gear B is twiceaslge as A. Let gear B be fixed and let A be pivoted
to the arm. If the arm isgiveo one revolution counterclockwise about pivot O,
gear A will roll on fixed geaar B, and A will make a total of threc revolutions
counterclockwise. Thiscanbeexplained as follows. If gear A had not been able
to rotate relative to theamand if A and B had no teecth but were smooth
cylinders so that A could slidic on 8, then 4 would have inade one revolution
counterclockwise as inFig. 4. However, because of the rolling of gear A on

Figure 13-5
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Table 13-1

Member Arm A B

Train locked, arm given
one positive lum +1 +1 1

Arm fixed, B given one
negative Lurm 0 +(N /N = +2 —1

Resultant turns +1 +3 0

gear B in Fig. 13-5, the circumference of A is unrolled twice on the circumfer-
ence of B. This gives A two additional revolutions counterclockwise. Thus A
makes a total of three revolutions counterclockwise.

The same result can be found by the method of superposition, which states
that the resultant revolutions or turms of any gear may be found by taking the
number of turns it makes with the arm plus the number of turns it makes
relative to the arm. The method will be illustrated by applying it to Fig. 13-5. It
js convenient to make a table similar to Table 13-1. The various links or mem-
bers are listed across the top of the table as shown. First imagine the train to be
locked (i.e., all the members welded to the arm) and let the arm be given one
turn counterclockwise. Then each member, including gear B, will make one
positive tumm. Hence we enter a +1 for each member in the first row of the
table. Remember that counterclockwise is considered positive and clockwise is
considered negative. Next, we consider the train to be no longer locked, but
with the arm held fixed we give B one negative turn (i.e., one turn clockwise) to
bring it back where it should be, since B is a fixed gear in the actual device.
Thus we enter a zero in the second row under the heading “‘Arm™ and a —1
under B. We then complete row 2 by asking ourselves how many turns will gear
A make when the arm is fixed and B has been given the one negative turn. Gear
A will make Ngz/N, = 2 ccw turns, i.e., two positive turns where Nz and N,
indicate the numbers of teeth. The resultant turns are shown in the table. Thus
for one positive turn of the arm, gear A makes three positive tums.

Example 13-1 In the planetary gear train shown in Fig. 13-6, gear A is
keyed to the driving shaft; C is an internal gear which is fixed, and the arm
is integral with the driven shaft, As the driver A rotates, it causes gears B to
roll on gear C, resulting in rotation of the arm. The tabulation is shown in
Table 13-2. The results in the table indicate that for eight positive turns of A
(the driver), the arm (the driven member) makes one positive turn. Since
the resultant turns for gear A and the arm have the same sign, the driving
and driven shafts turn in the same direction. The speed reductionis 8 to 1,
Only one gear B is kinematically necessary, but the others are included to
maintain balance and to distribute the load over more gears, permitting
smaller gears to be used.
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Driver Driven

Figure 13-6

Example 13-2 The planctary gear traint shown in Fig. 13-7 is the same as in
Fig. 13-6, except that C is keyed to the driver. and A instead of C is the
fixed gear. The tabulation appears in Table 13-3. The results indicate that C

‘Table 13-2

Member Arm A I2) c

Train locked, arm given
one posilive (um -1 +1 Fl i

Arm fixed, ¢ given
one negative turn 0 F{I0 g 1) — 103/, -1

Resultant turns ‘| ~1 +8 -1 ]

Table 13-3

Member Arm A B C

Train locked, arm given
one positive turmn +1 bl +1 +1

Arm fixed. A given
one nepative furn C0 -1 g (Mg % A% 08)

Resultant turn~ +1 0 + 10 + 14
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(the driver) makes 1) positive turns for 1 positive turn of the arm (the
driven). Thus the speed reduction is 1+ Lo 1.

Example 13-3 In the planetary gear train shown in Fig. 13-8, gear A is the
drver and gears B and D are compounded,; i.c., they are integral. C and £
are intermal gears and C is fixed. When considering directions of rotation,
let us consider a right-end view. The tabulation appears in Table 13-4. The
results indicate that for eight positive turns of 4 (the driver), E (the driven}

makes £ ofa positive turn. Hence the speed reductionis 8to £, 0r36to 1.

13-4 EPICYCLICS WITH TWO INPUTS

A gear train of this type is shown in Fig. 13-9. Let n,, n,, and n, represent the
turns of input 1, input 2, and the output, respectively. By superposition, the

Table 13-4

Member Arm A B C D E

Train locked, arm given .
one positive turn i+ -1 +1 +1 +1 i =1

Arm fixed, C given
one negative tumn 0 PO o0 % 89730 | —1%eg | — 1] =140 | —(%%en ¥ “%q0)

Resultant turns +1 +8 —iy 0 =y +g




292 KINEMATICS OF MACHINES

1 Cl40
£ 120 b eo
pE=
D40
L.
=4
-
E
-
S
I ~ —F7
L . 4 )
) \
[
Output L —J 420 Input
Figure 13-8

numbcer of tums of the output equals the output turns due to input 1 plus the
output turns due to input 2. This can be expresscd 1n equation form as follows:

,
i y

¢ 3
fH,

i,
no:nl(—( + 1.l — (13-4)
 Fly JInput 2 \ 1y fInput
held fixed held fixed
———— —_—————
I 11

The application of Eq. (13-4) will be illustrated by the following example.

Example 134 In Fig. 13-9 suppose input 1 turns at 120 r/min ccw, input 2
turns at 360 r'min cw, and the speed and direction of rotation of the output
shafl are to be determined.

In order to cvaluate item [ in Eq. (13-4), we construct Table 13-5. With
input 2 held fixed, B and C are fixed and the rest of the system behaves as a
planetary gear train in which the arm is the driver and C is the fixed gcar.
From the results in the table

'n, ne + 2

\ A /Input 2 - +1
held fixed
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Next, when evaluating item II in Eq. (13-4), we do not construct a table,
because with input | held fixed, the rest of the system bchaves as an
ordinary gear train. Hence
4 k
”_0)
Vo floput 1 y
held fixed

Note that the sign is positive because gears F and A turn in the same

Table 13-5

Member Arm C D E F

Train locked, arm given
one positive tum 1 I 11 +1

Arm fixed, C given
cne negative tum o0 -1 —HRas +(*8f24 x & 108)

Resultant tums 11 o | 43 +54
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directions. Substitution of the values for I and 11 into Eq. (13-4) then gives

Ny = + 21, +
= ~F(F120) + 5 (360
= +200 — 150 = +30

Thus the speed of the output shaft is 50 r/min ccw.

13-5 EPICYCLIC BEVEL GEAR TRAINS

Bevel gears can be used to make a more compact epicyclic system and they
permit a very high speed reduction with few gears.

Example 13-5 In Fig. 13-10, A is the driver and £ is the driven. C is a fixed
gear and B and D are compound gears which turn freely on the arm. Gears
B and D' are shown dotted because kinematically they are not necessary.
It is desired to find the relationship between the turns of A and £. When
constructing u table for a planetary system containing bevel gears. the
method is similar to that for spur gears. The only exception is that columns
in the table for bevel gears whose axes are not parallel to those of the driver
and driven arc left blank. This is done because clockwise and coun-
terclockwise have no meaning for such gears. The tabulation is shown in
Table 13-6. From the results in the table we note that for six positive turms
of A (the driver), E (the driven) makes - of a positive turn. Thus the speed
reduction is 6 t0 v , or 96 to 1.

N30
(80 r ;'
fj I3 6d
!
-~ !
P !
Eao -] A ! Al6
TH| : /
5 ’,'
Ll b~ 4 | VP
=H -
6 I Arm 1'
/ F/ ;/ ' N -ﬁ P P __‘) L. F:,/‘//’I \.
/"' X T \
" -1 - - A
. - N Tk -~ .
Driven “ iy ,.;’\“'§ };\\,‘/ P Driver
: e l -'}-\ N 7
~ - P e LN
-~ -
y // /bur e g

Figure 13-10
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Table 13-6
Membhcr Arm A B C D E
. . |
Train locked, arm given |
onc positive mn +1 +1 ce +1 Co +1
Arm fixed. C given i
one negative turn 0 T80 1, e -1 —(FMea x 3040)

Resultant turns - +6 P Iy l C +'e

13-6 BEVEL GEAR DIFFERENTIAL

The bevel gear differential (Fig. 13-11) is a mechanism used for adding and
subtracting two variables. Gears A and C are the same size. The operation of
‘his mechanism can be most easily understood by considering instantaneous
velocities. 1.et x be the velocity of the point of contact of gears A and B, and
assume that gear C is stationary. Then sincc be is the instant center for gears B

|

| .
] I
Iy |
I . |

|

t
1 L
|
1
'\:L:J

ligure 13-11
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and C, the velocity of the center of gear B, which may also be considered as a
point on 4n extension of the arm, is x/2. Then

_ i | - X
wy = R and Wopm — R

Similarly, if gear A is held fixed and a velocity v is assumed, the velocity of the
center of gear B will be v/2 and
¥

we = F and Warm —

s
2R
Next, if both gears A and € are rotating, note that velocity y/2 will add or
subtract from x/2, depending on the directions of rotation ol A and €. Then
X2 4 y/2 ( W
e R ar - b =,
R arm 2 2 Arm

and s + we = 2(’).’n'm (13'5)

This 1s the general equation for a bevel gear differential. The device is called a
differential because it differentiates between the angular velocities of A and C.
From Fig. 13-11 we note that if w, and w, are equal in magnitude and have the
same direction, then a; - wr — @yym. If wy and wy are equal in magnitude but
have opposite directions, then w,,., = 0.

Figure 13-12 shows a bevel gear differential as used in rear wheel drive
automobiles. For straightlorward motion of the car there is no relative motion
between gears A, B, €, and the arm. Thus

Gl T e = gy

When the car makes a turn, the ouvtside rear wheel must increase in speed and
the inner wheel must decrease in speed by the same amount in order that the
tires will not slip. From LEq. {13-3) we note that for a given value of w,m, if @, 18
increased, then we will decreasc by the same amount. Thus the differential
automatically allows one rear wheel to slow down as the other speeds up. If the
wheel connected to gear C 1s on dry pavement and the wheel connected to gear
A is onice, the wheel on the pavement will remain at rest while the other turns
at twice the speed of the arm. The torques in shafts 4 and € must always be
cqual. Since there is practically no torque in shaft 4, there is practically no
torque in shaft C. Thus the car does not move.

13-7 TRANSLATION SCREWS

Bolis, cap screws, and studs are threaded members uscd as fasteners, i.c., for
the purpose of holding parts together, Screws are also used to produce motion.
The latter are called transiation screws. The S1 (International Standard) thread
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Figure 13-12

shown in Fig. 13-13 is used for screw fasteners. The other thread forms are used
for translation screws.

The pitch and lead for a screw have the same meaning as for a worm, which
was discussed earlier. Unless otherwise specified, it is to be assumed that a
screw 1s of right hand and has a single thread. The press in Fig. 13-14 has a
single-thread screw with a pitch of 6 mm. For one turn clockwise of the hand-
wheel when viewed from above, the pressure plate will move down 6 mm
relative to the frame.

A compound screw consists of two screws arranged so that the resultant
motion is the sum of the individual motions. In Fig. 13-15 the large screw has a
pitch of 3.5 mm, and the small screw has a pitch of 3 mm. For one turn of the
crank clockwise when viewed from the right end, the screw moves 3.5 mm to
the left relative to the frame, and block 3 moves 3 mm to the left relative to the
screw, The resultant motion of the block relative to the frame is 3.5 + 3 =
6.5 mm to the left.

A differential screw consists of two screws arranged so that the resultant
motion is the difference of the individual motions. Let the crank in Fig. 13-16 be
given one turn clockwise when viewed from the right end. Then the screw
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moves 3.5 mm to the left relative to the frame, and the block moves 3 mm to
the right relative to the screw. The resultant motion of the block relative to the
frame is 3.5 — 3 = 0.5 mm to the left.

13-8 MECHANICAL ADVANTAGE

Let Fig. 13-17 illustrate schematically any mechanism, and let s, and s, repre-
sent the distances which the input force F; and output force F, move. The
efficiency E is defined as

W,
W,

E =

where W, and W; are the work output and work inpul. Then

Fys,

£ = ‘ES;

o 8

—= = E-—L 13-6}
or F E . {
If we divide numerator and denominator by time 1,

F V.

— = E— 13-7

F = V. ¢ )

where V, and V, are the velocities of the input and output forces.
The mechanical advantage (MA) of a mechanism is defined as [ollows:

I
_ _° 13-
MA = (13-8)
Then from Eqs. (13-6) to (13-8)
MA = Ej—‘ (13-9)

'3

and MA = ET (13-10)

o
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If there is no friction, the efficiency is 1.00. Since the influence of friction
cannot be determined until the link and joint proportions are known, friction is
usually neglected in the first stages of design of @ mechanism. Unless otherwise
stated, we shall assume an eflicicncy of 1.00 in problems. In mechanisms where
the ratio s;/s, is constant, Eq. (13-9) is convenient for determining the mechani-
cal advantage. For many mechanisms the ratio s,/s, is a variable. Then the
mechanical advantage for any desired phase of the mechanism can be deter-
mined by making a velocity analysis for that phase and by substituting the
values of V; and V, into Eq. (13-10).

F

Figure 13-17

Example 13-6 The mechanical advantage is to be determined for the
turnbuckle in Fig. 13-18, first if the screws ar¢ of oppositc hand and sccond
if they are of the same hand. The input torce acts perpendicular to the paper
and tangent to the handle at a 25-mm radius. If the handle is given one tum
counterclockwise when viewed from the right end, this forcc movces
through a distance s; = 2@R = 27(25) = 157 mm, If the lcft screw is of left
hand, it moves to the right 2 mm relative to the handle. It the right screw is
of right hand, it moves to the left 2.5 mm relative to the handle. The output
force acts along the axis of the screws and moves through a distance equal
to the change in the gap between the ends of the screws. Hences, =2 4+ 2.5
= 4.5 mm. Then from Eq. (13-9)

8 157
= E-—-—-’ e _ 3 ,
MA = E55 = (D7 = 349

— ]l N
S0 D 00 I I U
l?=?mrﬂ\,,_¥L i — P=2.5 mm

Figure 13-13
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It both screws are of right hand, the left screw moves to the left 2 mm
relative to the handle, and the right screw moves 2.5 mm to the left relative
to the handle. Then the change in gap between screw ends is

=25-2=0.5mm

Then MA = (l)i = 314

PROBLEMS

13-1 Determine the revolutions per minute and direction of rotation of gear & in the gear train
shown in Fig. P13-1,

426 ~{.28
1200 rimin ‘\‘ )

G48

13-2 Delermine the revolutions per minute of gear F in Fig. P13-2. What is its direction of rotation
when viewed from the right end?

Figure P13-1

Do
Ala
900 r/min F

LH Double

Figure P13-2

13-3 Determine the number of tecth on sprocket I in Fig. P13-3 if the cable speed is to be 2 ftis
approximately. What is the direction of rotation of A when viewed fiom the right end?
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E90 Chain

760 mm
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&00 r/min 1 0.6 m/s

Figure P13-3

13-4 In the reveried gear train shown in Fig. P13-4, gears A and B have a module of 2.5 mm and
gears € and D have a module of 2 mm. Determine suitable tooth numbers for these gears if the

velocity ratio is to be 11.4 approximately. The number of teeth on each gear is 1o be a minimum. but
not less than 24.

c
B | 150 mm
| D
A

Figure P13-4

13-5 The overdrive mechanism of an automobile is iflustrated in Fig. P13-5. When the overdrive is
“in,’" the arm receives power from the engine and lurms 4l engine speed. Gear A is [ixed. The
internal gear € is directly connected to and tums with the drive shaft which connects the transmis-
sion and the differential, The rear-axle ratio is 3.5, and the ovutside dinmeter of the lites 1s 27 in, Ata
car speed of 60 m/h, determine the specd of the cngine (2) when the overdrive is not *“in’" (direct-
drive engine to differential), and t») when the overdrive is “'in.”

13-6 Determine the speed reduction between the input and output shafls in Fig. P13-6. If the input

shaft rotates clockwise when viewed from the right end. what is the direction of rotation of the
output shaft?
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[3-7 Determine the speed of rotation of the output shaft in Fig. P13-7 and its direction of rotation
~hen viewed [rom the right end.

Dios

-
=0

B3

C30 a
£ 45 —‘ E
150 r/min
ﬁl‘-T—-J F_r_-_ﬂ
Ill.-ri—* y—lr.rll
L |
Output Input
A 50

Figure P13-7

13-8 Determine the speed und direction of rotation of the output shalt £ in Fig. P13-8,



304 KINEMATICS OF MACHINES

E 50 D43
!—j e

14
i
J U

—— E "
< B2
o=
L] I 8 I 77
e
7 u% — A 150 r/min

L L ,
Fs6 C58
| ] iz 75 r/min

Figure P13-§

13-9 In the gear train in Fig. PI13-9, gear A Is fixed, the arm (s the driver, and gear £ is the driven
member.

(a) Determing the speed reduction for the gear train. If the arm rotates counterclockwise when
viewed from the right end, what is the direction of rotation of gear D27

{63 Same as (@) except the numbers of tecth on gears A and D are interchanged.

140

§U§

NLAANNY §ﬂ§

430 D300

Aem Cd0

Figure P13-9
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13-10 In Fig. P13-10, the shaft with the arm ix the output shaft. For onc counterclockwise tum of
the lower shaft, which contains gears A and A, determine the number of turns and the direction of
rotation for the cutput shaft.

)

H70
Figure P13-10

13-11 Determine the mechanical advantage for the pulley system (block and tackle) shown in Fig.
PI3-11. Hint: If the load W ts moved upward | ft. how many feet will the applied force £ move?

(,,:E\m&

W

Figure P13-11
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13-12 Determine the mechanical advantage for the differentiul hoist (Fig. P13-12) The two pulleys
D and D, turn as a unil. An endless chain or rope passcs onto the larger pulley at a, off at b, ontg
the smaller pulley at . and off al . Hint: For one turn of the upper pulleys find the distance the
applied foree F moves and the amount the loop defe shortens: then find amount W moves up,

- Dz__"l

— Fixed gear

200

i

=

™

—

=150 — ™
[~ ——

W

Figure P1}-12 Yigure IP13-13

13-13 ‘U'he mechanical advantage of the hoist shown in Fig. PI13-13 is to be 24. Determine the
number of teeth on geirs A and 3

13-14 Determine the mechanical advantage lor the twnbuckle in Fig. P13-14 (@) il the threads are of
the same hand and (7) il the threads are of opposite hand.

Figure P13-14
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13-15 In Prob. 57, determine the mechanical advantage for the mechanism in the phase shown.
Use velocitics in your analysis. and note that the input velocity acts ut point £; while the output
velocity acts at point P,.
13-16 In Prob. 6-10, determine the mechanical advantage for the mechanism in the phase shown,
1:se veloeities In your unulvsis, and note that the input velocily acts at point & while the output
velocity acts at poinl E.



CHAPTER

FOURTEEN
SYNTHESIS OF MECHANISMS

14-1 INTRODUCTION

Synrhesis is the design of a mechanism to produce a desired output motion fora
given input motion. Up untit now we have analyzed mechanisms: that is, given
a mechanism of definte proportions, we have analvzed its motion, finding
displacements, velocities, and accelerations, Synthesis is the opposite of
analysis; that is, given the input and output motions, we determinc the
mechanism required. Wc¢ used this earlier when we designed a cam to give a
follower given displacements and when we determined the numbers of teeth on
the members in a gear train in order to produce a desired velocity ratio.

Various types of mechanisms such as bar linkages., cams, or rolling sur-
laces. including gears, can be used to obtain a desired output from a4 given
input. Thus il is important to the designer to be familiar with the methods of
synthesis of these diffcrent types. Further, it is impossible to solve the problem
without first assuming the type ol mechanism which is to be used.

In the carly development of synthesis, graphical methods using trial and
error and intuition predominated. Such methods still have ment and are used in
problems where analytical procedures have not or cannot be developed. Some
graphical methods giving direct results have been available for many years. but
the increased need for solutions to more difficult problems of synthesis has led
10 the development of analytical methods. The mathematics of some problems
in synthesis is lormidable even for the four-bar linkage, and it becomes more s0
as the numbecr of links ts increased. However, the wide use of digital computers
has been an aid in this respect.

308



SYNTHESIS OF MECHANISMS 3()9

Figure 14-1

One of the myjor reasons for the increased interest in Kinematic synthesis
has been the need for mechanisms used i mechanical analog computers. In this
chapter several methods for synthests will be discussed and will serve as an
introduction.

14-2 DESIGN FOR COUPLER POSITION

In Fig. 14-1, B, represents one position of link 3 and B,C, a second position.
A four-bar linkage can be designed o produce this displacement by arbitrarily
locating points €2, and Oy along the perpendicular bisectors of B B, and C,C,
respectively.

If it is desired that the velocity of link 3 be zero for each of the two
positions shown in Fig. 14-1, this can be accomplished by modifying the link-
age, The method is explained by Hinkle! and ts as follows. Since O, and O, cun

'R. T. Hinkle, Kinemnatics of Machines, Id ed ., Prentice-Hall, Inc.. Englewood Ciiffs, N.J., 1960.
pp. 254 and 255,



310 KINEMATICS OF MACHINES

lie anywhere along the perpendicular bisectors, we can choose both of them at
D, the point where the bisectors intersect. The linkage is then shown in Fig.
14-2. Links 2, 3, and 4 will then have no relative motion, and thus will act as a
single link. DB, has been drawn in the figure to represent this link in an
intermediate, third position. This is not a specified position but is shown merely
to add clarity. Two additional links, EF and FG, are added to provide zero
velocity at positions B,C, and B, C,. Length DE, and the position of G can be
arbitrarily chosen. Lengths E,G and E,G are fixed and can be measured from
the drawing. Let E\F, = E,F, = EF. Then

EF+R=EG and EF—-R=EG

The length of the coupler can be found by adding these two equations, and the
Crank length can be found by subtracting the second from the first.

For a constant crank speed the time for the forward motion of link DBC is
greater than the time for the return motion. The ratio of the times 1s #,/8,. If we
desired to have the time for the reiurn motion equal the time for the forward
motion, then point G would have to be placed at some point G' arbitrarily
chosen along a line through E,£,. In this case ¢, = #,.

Figure 14-2
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Figure 14-3

The design of a four-bar hinkage that will pass the coupter through three
specified positions is illustrated in Fig. 14-3. Let B,C,, B,C,. and B,C; bc¢ the
three desired positions of the coupler. Center O, lies at the intersection of the
perpendicular bisectors to B, B, and B, B;, and O, lies at the intersection of the
perpendicular bisectors to C,C, and C, (5. Rosenaucr' presents a method for
designing a four-bar linkage to pass a coupler through four specified positions.

14-3 FORCE TRANSMISSION

Most linkages become parts of machines, and power must be transmitted
through the linkage from the driver to the follower. A four-bar linkage is shown
in Fig. 14-4, Link 2 is the driver or input link, 3 is the coupler, and 4 is the
follower or output link. If we neglect frictional forces at the pin connections,
gravitational forces on the links, and if the speed is so slow that the accelera-
tions and inertia forces (see Chap. 17, Secs. 174 and 17-5) are negligible, then
the free-body diagrams of the links will be as shown in Fig. 14-5. T, is the torque
which the shaft at O, exerts on crank 2 and Fy, is the force which link 3 exerts
on the crank. For equilibrium, an equal and opposite force F,, must be exerted
by the frame on the crank. Equal and opposite to Fy; is force F,, which 2 exerts
on 3, and lor equilibrium of link 3, F,; must be equal and opposite to Fly.
Similarly, the forces which links 3 and | apply to crank 4 are as shown, and T, is
the resisting torque which the shaft at O, exerts on the crank. We note that link
3 is a two-force member and will be in compression when T, and T, are directed
as shown in Fig. 14-5. If the directions of 7, and T, were opposite to those
shown, then link 3 would be in tension. Thus force is transmitted from the

IN. Rosenauer and A. H. Willis, Kinematics of Machines, Associated General Publications,
Sydney. Australia, 1953,
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Figure 14-4

driver to the follower by the coupler along line BC, which is callcd the line of
transmission.

For a given input torque T,, we note from the free-body diagram of crank 2
in Fig. 14-5 that the transmitted force F5, will be a minimum when the driver
and coupler are at 90° because /i, is then largest. Further, when the driver and
coupler are colinear as shown by points Q,B'C’ in Fig. 14-4 or when the driver
is folded under the coupler as indicated by points O,B°C", then in Fig. 14-5 A,
equals zero. For a given input torque T,, the transmitted force then tends (o
become infinite, and the driver and coupler are said to be in toggle.

The linkage shown in Fig. 14-4 is the crank-and-rocker type discussed
earlier in Sec. 3-4. Crank 2 rotates completely about (0, and link 4 oscillates
about . Either 2 or 4 can be the driving crank. If link 2 drives, the mechanism
will always operate. If 4 is the driver, a flywheel or some other aid will be
required to carry the mechanism beyond the dead points B' and B”. The dead

Figure 14-3



SYNTHESIS OF MECHANISMS 313

points exist where the line of transmission BC is in line with O,B. When crank 4
is the driver, the output torque produced in shaft O, will be zero when the
linkage is at either of the dead points. In summary, if links 2 and 3 are colinear,
the linkage is in toggle if 2 is the driver, and if 4 is the driver the linkage is at one
of its two dead positions.

In Fig. 14-4, notice that the two swings of link 4 do not occur during equal
angles of rotation of link 2. The linkage functions as a quick-return mechanism.
If crank 2 turns at constant speed, the time ratio (TR) of the two swings of link 4
is

_ b

TR =
0

(14-1)

14-4 TRANSMISSION ANGLE

In Fig. 14-5, angle w, the acute angle between the line of force transmission BC
and the line O,C on the follower, is called the transmission angle. For equilib-
rium of link 4, the sum of the torques about O, must be zero, and we find

T4 = F34h4 - F34O4C Sln Jrs (14‘2)

From Eq. (14-2) we see that for a given value of F;; produced by the input
crank, the output torque T, will depend on the value of p. T, will be a maximum
when p = 90° and will be zero when w = 0°. Thus the transmission angle is a
useful measure of the effectiveness of force transmission. This angle is again
shown in Fig. 14-6, and it can be found by applying the cosine law to the
triangles O, B0, and BCO, as follows:

§2 = 4+ r3—-2r,r,cos b,

Also s = 3 +r%— 2ryrycos 3

Figure 14-6
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Equating the right sides of these equations we obtain

e oy rd - 2rinp cos by

cos 3 — (14-3)

—2rgr,
Since the transmission angle w is the acute angle which the coupler makes with
the follower, then with the value of 8 known the value of u will be apparent.
A small transmission angle is undesirable for several reasons. As explained
earlier, it reduces the amount of output torque. Also, if the mechanism is to
transmut large forces, a small transmission angle niay cause the linkage to bind
because of friction in the joints. In the design of computer-type linkages 1t is
particularly important to avoid the occurrence ol a small transmission angle.
This is because it will make the position of the output crank more sensitive to
manufacturing olerances on the link lengths, clearances in the juints, und
changes in link lengths due to thermal expansions. In general, the transmission
angle should not be less than 40°. For the mechanism in Fig. 14-7 the transmis-
sion angle will have its extreme values i’ and " when link 2 lies on the line of
centers 0.0,

14-5 COUPLER-POINT CURVES

Itis often desired to have a mechanism guide u point along a specified path. The
paths generated by points on the coupler link ol a four-bar linkage have been
termed coupler curres and the generating point is calted a coupler point,

Figure 14-8 shows a four-bar linkage used in a motion-piciure projector to
give the film intermittent motion. Point £ on the coupler traces the coupler
curve shown, As the driving crank rotates, the catcher moves into a film slot,
pulls the film down one framc, moves out of the slot, and then moves up
preparatory to engaging the film again.

The straight-line mechanisms discussed in Sec, 3-9 and shown in Figs. 3-13
to 3-17 are also examples of the use ol coupler curves. Other applications of

Figure 14-7
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coupler curves are in such automatic machines as those for wrapping, packag-

ing, printing, weaving, farming. vending, and conveying.

A mechanism for rapidly drawing coupler curves is illustrated in Fig. 14-9.!
The lengths of the four links AD, AB, BC, and CD can be changed by adjust-

!Joseph Boehm, “"Four-bar Linkages,” Mach. Des., August 1932,
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SNy
o

Figure 14-10  (Macivine Design)

>
T~

ments at B, ', and D). An adjusting screw at F permits length EF to be changed,
as well as the angular position of line £F relative to line BC. As the handwheel
which is integral with ¢crank AB is rotated, a pencil at £ traccs a coupler curve.
The proportions of the mechanism can be changed until a satisfactory curve is
obtained. Figure 14-10 shows a variety of curves which can be generated.

A very useful aid to the designer in sclecting the proper linkage to obtain a
desired coupler curve is the Hrones-Nelson catalog.! This is a large book with
pages 280 x 432 mm containing over 7,000 coupler curves plotted with an
adjustablc linkage designed for the purpose. The mechanism is a four-bar link-
agc with a rotating input crank and oscillating output crank. The nomenclature
is as shown in Fig. 14-11. The input crank is the shortest link, its length is
unchanged and is unity. Each of links A and B has a length varying from 1.5 to
4, and link C from 1.5 t0 6.5, all at intervals of 0.5. This gives a large variety of
motion possibilities. A plate is attached to the coupler and contains a rectangu-
lar grid with 50 point locations as shown in Fig. 14-12. For each combination of
link lengths the trace for each of the points on the plate 1s drawn. The 50 curves
are presented on five pages with 10 curves on cach page. By scanning through
the catalog the designer can quickly find the linkage to solve his problem.
Hrones and Nelson have also included in the catalog a chapter with some
discussion and sample design problems.

1J. A. Hrones and G. L. Nelson, Analysis of the Four-bar Linkage, The Technology Press of the
Massachusetts Institute of Technology and John Wiley & Sons, Inc., New York, 1951.
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Figure 14-11

Figure 14-12

14-6 FOUR-BAR FUNCTION GENERATOR BY OVERLAY METHOD

The overlay method is treated extensively by Nickson,' and is a graphical
means for determining approximately the proportions between the lengths of
the links of a four-bar linkage in order that the angular displacements of driver

'P. T. Nickson, “*A Simplified Approach Lo Linkage Designs,” Mack. Des., December, 1953,



3B KINEMATICS OF MACHINES

and follower will satisfy a specific schédule or mathematical relationship, Sup-
pose a four-bar mechanism is to be designed so that the displacements of the
two cranks will satisfy the following relationship:

Rotation from slart, deg

Position  Driving crank  Driven crank

1] 0 Q
1 25 16
2 50 34
3 75 56
4 100 Ba

The procedure consists of laying out on paper Fig. 14-13a, the positions of
the driving crank, using any convenient length. Then with an assumed length
tor the coupler as a radius, and with the center of the compass at each crankpin
position of the driver, an arcis swung. On a sheet of transparent paper a layout,

¢4-_“T@T
Drivin
cmnkg / /
/
(0}

Figure 14-13
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ISR
1

Figure 14-14

[ig. 14-13bh, is made of the positions of the driven crank, showing a number of
possible lengths for it. Next, the transparent layout is placed over the first
drawing as shown in Fig. 14-13¢ and shifted about with an allempt to make the
arcs of the first intersect in proper sequence onc of the possible series of
crankpin positions of the driven crank, Different coupler Iengths may have to
be tried, redrawing the first layout, belore a satisfactory fit is obtained. In some
instances a solution may not be possible. Ranges for rotation of the cranks
which have been successiul in practice are from 60 1o 100°,

14-7 FUNCTION GENERATOR CRANK -ANGLE RELATIONSHIPS

Figure 14-14 shows a four-bar linkage arranged to gencrate a function v = fix)
over a limited range; for example, v = x2fromx — 11ox = 5. Let the range inx
be xe v, (subscript s signifies start and f signifies finish). The corresponding
rangcin is ¢, .. The rangcinyisy, y., and the corresponding range in s
is ¥y — . The mechanical analog of x is ¢, and the analog of ¥ is .

If we merely wished to design a device for indicating corresponding values
of x and v, we could use a pointer and a double scale us shown in Fig. 14-15.
There the x scale is uniform, but the y scale is not. A more important require-
ment is to design a mechanism having uniform scales for both v and y. There are
advantages in having a uniform scale. Such a scale is casier to graduate.
Further. in control struments used in industrial processes. the effects pro-
duced by the instruments arc usually proportional to their movements.

Figure 14-16 shows a lineur relationship betweena and . From the figure,
b - B (14-4)

Xy — Xy



320 KINEMATICS OF MACHINES

B
f
I
4y
1 @
b ‘
i ‘
Figure 14-15 Fipure 14-16
Xp— X
and X =X+ =2 (b — ¢) (14-5)
(.bf - d’.ﬁ

A linear relationship between y and y can be shown by the same type of figure,
and similarly,

=+ Y "‘c ) (14-6)
Yr—
Yr— Ys )
and —y = 2Ly oy, 14-7
an y =Y, %_ws(dl W) (14-7)

Example 14-1 Determine the relationship beiween ¢ and  for a function
generator to generate y = x ¥ when x varies from 110 5. Let ¢, = 30°, Ad =

90°, i, = 90°, and Ay = %0°.

SoLuTioN The graph of the function is shown in Fig. 14-17. Equation
(14-5) gives

=1+ 50° (dJ— 30=1+ ——(dJ — 309 (14-8)
and Eq. (14-4) gives
18.1195 — 1 3 17.1195 .
y= e e (=907 = 1= = - 907 (14-9)

Substitution of Egs. (14-8) and (14-9) into y = x!# yields

1.8
g = 8§4.7424 + 5.2576[[ + — 30°):! (14-10)
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. 18120
¥, =180 1
y=x18
© \\
4
[}
=
<
¥ =900 —— !
0 1 5 *
Ae=9(0°
65=30°  ¢,=120°
Figure 14-17

14-8 FREUDENSTEIN’S METHOD!

This is an analytical method for designing a four-bar linkage to generate a given
function. A relation between the lengths of the links and the crank angles in a
four-bar linkage can be developed as follows. In Fig. 14-18 let the links be
considered as vectors. The sum of the X components must be zero.

bcos¢dp +ccosB—dcosy+a=20 (14-11)
Also the sum of the Y components must be zero.
bsing +csing—dsing =0 (14-12)
Rearranging and squaring both sides of Egs. (14-11) and (14-12) yields
ctcos? B = (dcosy —a — b cosp)? (14-13)
c*sin2 8 = (d siny — b sin ¢)? (14-14)

‘F. Freudenstein, ‘‘Approximate Synthesis of Four-bar Linkages,” Trans. ASME, August 1955,
pp. 853-861.
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Figure 14-18

Expanding the right sides of this pair of equations and then adding gives

ct=a%+ b+ d® - 2ad cos y — 2bd cos ¢ cos W
— 2bd sin ¢ sin s + 2ab cos o (14-15)

This may bc written

Rycosp —Rycosy + Ry = cos(¢p — ) (14-16)
2 ) 2_|_ 2 _ 2
where R, = % R, = % R, -1 b,,bdd < (14-17)

Equation (14-16) is Freudenstein's equation, which relates the crank angles and
the lcngths of the links for a four-bar linkage.

Very few functions can be generated exactly by a four-bar linkage. Shaffer
and Cochin' have derived an equation which they call the compatibility equa-
tion, which can be used to determine whether a function can be gencrated
exactly over a given range.

Freudenstein’s equation can be used to design a four-bar linkage that will
generate a given funclion accurately at a finite number of points (precision
points) and will approximatc the function between these points (Fig. 14-19).
That is, the designed linkage will be compatible with FEq. (14-16) only at the
precision points. The amount by which the generated function differs from the
ideal tunction between the precision points depends upon the distance between

'B. W. Shaffer and 1. Cochin, **Synthesis of the Quadric Chain When the Pesition of Two Members
i1s Prescribed,”” Trans. ASME, October 1954,
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Generated function

Ideal functicn

Figure 14-19

the points and the nature of the ideal function. The methods available for

obtaining four and five precision points are complicated. Only three points will
be considered here.

Example 14-2 Determine the proportions of a four-bar linkage to generate
y = x¥ when x vanies from | to 5. Let ¢, = 30°, Ad = 90°, vy, = 90°, and
A = 90°. Let there be precision points at x = 1, 3, and 5.

SoLuTiON In Table 14-1 the values of x and y which are histed were substi-
tuted into Eqs. (14-4) and (14-6) to obtain the corresponding values of ¢ and
. Writing the Freudenstein equation for each of the three positions of the
mechanism gives

R,cos30° — R, cos H° + R, = cos (—60°)
R,cos75 —R,c08122.72° + Ry = cos (—47.72%)
R, cos 120° — R, cos 180° + R; = cos (—60°)
or 0.8660R, + R; = 0.5000
0.2588R, + 0.5405R; + R, = 0.6727
—0.5000R, + R, + R; = 0.5000

I

Table 14-1

X v ¢, deg ¥, deg
1 i 30 90

3 7.2247 75 122.72
5 18.1195 120 [BO
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A a=1.000 D

Figure 14-20

From these equations
R, = 1.3180 R, = 1.8004 R, = —0.6415

Next, we choose the length of one link and solve for the others using Eqgs.
(14-17). L¢t ¢ = 1.000. Then b = 0.555, ¢ = 1.557, and ¢ - 0.759. The
resulting mechanism is shown in Fig. 14-20.

In problem solutions a negative result for length » or d indicates that
the link extends opposite to that shown in Fig. 14-18.

14-9 ROLLING CURVES

Roiling curves can be designed to satisly a given functional relationship.! An
example will be used to illustrate the method for determining the contours of
the rolling bodies. In Fig. 14-23 bodies 2 and 3 rotate about centers (3, and .,
and their angular displacements are expresscd by the variables ¢ and . Sup-
pose it is desired to design two rolling curves to satisfy the relationship y =
[.5x* from x = 1 to x = 5. The function is plotted in Fig. 14-2(. Input x and
output y arc represented by their analogs ¢ and 4 in Fig. 14-22. Let it be desired
that the range for ¢ and ¢ be [20°. In order to have a linear relationship between
x and & and betweeny and i, we will substitute the given data into Eqgs. (14-4)
and (14-6). Then

200 - O ‘ _
{b - 00 - l—ﬁo—(x - 1) = 30(X - ]) l14-18)
120° — ¢ .
= 0% | : P 1.5) = 04 — 1.5 4-19
W [ 375 - 1.5 () 1 5) j(} ) (l )

In Table 14-2 assumed values of x are shown. and the corresponding values of y
were compuied. These values were then substituted in Egs. (14-18) and (14-19)

'H. E. Golber, “"Rollcurve Gears.” Trans. ASME, vol. 61, p. 223.
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Table 14-2
di
Position  x y &, deg o, deg dep r R
0 1 1.5 0 0 33y 75 2%
1 2 6 30 15 0.67 60 40
2 3 13.5 60 40 .00 50 50
3 4 24 90 75 1.3 43 57
4 5 3.5 120 120 i.67 3R 62
Y
A0
or
20
10
1 —_ 741;‘1-
0 1 2 K| 4 5
Figure 14-21

in order to obtain the corresponding values of & and ;. Next, the values of ¢
and  were laid off as shown in Fig. 14-23.

In Chap. 2, where rolling contact is discussed, it is shown that in order for
bodies 2 and 3 in Fig. 14-23 to roll on onc¢ another, their contours must be such
that the point of contact at all times lies on the line of centers 0.0,. Hence in
Fig. 14-23

R +r=0,0; (14-20)

Figure 14-22 shows ¢ plotted as a function of &. The slope of this curve
represents the angular-velocity ratio for bodies 2 and 3, which we know varies
inversely as the radii to the point of contact. Thus

v R

b " o (14-21)
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120 |

90

60

30

Figurc 14-23

In order to obtain an expression for ¢ 4s 4 function of ¢, we can solve Eqgs.
(14-18) and (14-19) for x and y and substitute the results into our original equa-
tion ¥ = 1.5x% to obtain

v = 5[\i ; 1\)2 s (14-22)
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dy (¢ |
Then i /3(\ o ] (14-23)
By eliminating R from Eqgs. (14-20) and (14-21) we obtain
b 9205 (14-24)
1+ dlde '

In Table 14-2 the values of di/d¢ werc computed using Eq. (14-23), and the
values of r were obtained from Eq. (14-24) for an assumed value of 2,0, =
100 mm. The resulting curves are shown in Fig. 14-23.

PROBLEMS

14-1 Design a four-bar linkage (Fig. P14-1) 1o perform the following function. B,C, arc two points
on a link and are 1o be moved to position B, in 0.7 s and returned in 0.5 s. The two positions are
the extreme positions of the link. The drawing may be made on 8'2 < 1] in paper with pont B,
located 3 in from the top and 1 in from the left edge. Let a line from C, to the rocker-apm pivot £
represent the rocker arm. The coupler is to be pinned (o the rocker armn at a point on line CpD. This
point is to be 342 in from £. The driving crank is to pivot aboul a point on line AN and the crank is to
be | inin length. Find the revolutions per minnte of the driving crank and indicate on the drawing
its direction ot rotation.

a7 g
5,
"
B, 3" &y
] 45°
I _¥— G2
37
M L N

Figure P14-1

14-2 Usc the overlay method discussed in Sec. 14-6 to design a four-bar linkage 10 generate y — e
fromy = —ltox — - |. First complete the table below using Egs. (14-4) und (14-6) 1o determine the
values of & and . Let the driving crank have a length of 1.5 in and let the coupler tength be 4 in.
Make a full-size drawing of the final mechanism showing it inits starting position. Draw it in dashed
lines for the other positions.
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Rotation from start, deg

Position hY ¥ Driverdcw  Dnven iy cw
0 | 0 G
{ —0.5
2 0
3 +0.5
4 +1 100 100

14-3 Compute the extreme values w' and p" of the transmission angle for a crank-and-rocker
mechanism similar to Fig. 14-4. Link 2 is the ddver, », = 130 mm, r, = 34 mm, r; = 133 mm. and r,
= 60 mm. Make a drawing ol the mechanism half-size showing the links as solid lincs when link 2
lics to the right and with dashed lines when it lies to the left. Label angles ' and " und measure
them as a check.

14-4 Desim a crank-ond-rocker mechanism similar to Fig. 14-6. Crank 2 is the diiver and is to
coompletely rotate, while link 4 is 1o oscillate through an angle of 80°. Link 4 is 10 be 36 mm in
length, and when it 18 farthest to the right it is to slope 60° upward to the right. Assume », = 60 mm
and compute the values of v, and ry, Make a full-size drowing of the linkage ustag solid lines when
link 4 is furthest to the right and dashed lines when it is farthest to the left, Label the transmission
angle g and g’ for these positions: measure them and record the values. On the dwing, Tubel
aitgles 9, and , as shown in Fig. 14-4. Measure them and record their values. I crank 2 rolafes at
conslant speed. compute the time ratio for the two swings of link 4.

14-5 Usc Froudenstein's methad Lo destgn o four-bar linkage to gencrate v = sin x, when x varies
from 0 10 907, with precision points at x = 0, 60, and 90°. Let o, = 300°, Agp = 90°, ¢, = 250°. and Ayr
=90°, Let the ground link «# he 25 mm. Make 2 full-size drawing of the mechanism showing il in its
starting position. Draw it in dashed lincs {or the other positions.

146 Use Freudenstein's method 1o design a four-bar linkage to generate vy = [y when » vades
from | 102, with precision points at 1. 133, and 2, Let ¢, = 30°, Ad = 100°, 4fs, = 120°, and Ay = 90",
Let the ground link @ be 100 mm. Make a full-size drawing of the mechanism showing it in its
starting position. Draw it in dashed hines for the other positions.

14-7 Rolling curves are to be used to mechanize the functiony = Iny fromr =110y =2, Let ¢
vury from 0 1o 1007 and o from 0 to 150°, Use 0.2 increments ia v Make a table similar to Table 14-2.
Diraw the rolling curves using a center distance = 76 Mim.



CHAPTER

FIFTEEN
ANALOG COMPUTING MECHANISMS'

15-1 INTRODUCTION

The increased demand lor automutic controls and the trend toward automation
have brought about a continual development in computer mechanisms. Com-
puter mechanisuls are of two tvpes, digital computers and analog computers.

Digital computing machines receive input quantities in numcrical form,
usually on a keyboard, and perform arnthmetical operations of addition, sub-
traction, multiplication. and division by repetitive addition in counting devices.
Integration is done by summation, and converging senes are substituted for
trigonometric functions, The results are finally presented mn pumerical form to
the operator. The hand calculator, the ¢lectric desk calculator, and the clec-
tronic digital computer are examples of digital computers, Many digital com-
puters receive information from punched cards or tapes. A characteristic of
these machines is their production of numerical results by calculations in dis-
crete steps which involve appreciable time delays. The cumulative cffect of
these delays can be considerablc if the computational work is complex. Dhgital
computers which receive information from punched or magnctic tapes, disks.
or drums are being uscd in factories for the automatic operation of machine
tools and assembling of parts,

Analog computers deal with magnitudes instead of purcly mathematical
values. They give instantaneous solutions to specific problems or continuous

‘The author is indebted 10 1wo articles, " Computing Mechanisms. ™ Frod. Eng., March. Apnl 1936,
and G. W. Michalec. “*Analug Computing Mechanisms,”” Mach, Dey., March 1959, for the ap-
proach Lo most of the mechanisms discussed in this chapter,
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solutions as the input quantities vary. These devices may be mechanical, elec-
trical, hydraulic, or pneumatic. Usually they are mechanical or electrical.
Analog computers can be designed to carry out the usual operations of algebra
and calculus, i1.¢., addition, subtraction, multiplication, division, integration,
and resolution of vectors. Some examples of simple analog computers are the
slide rule, planimeter, and speedometer. Most important, analog computers can
be used to generate functions of one or more independent vanables. Examples
of this type are those used in connection with gunsights, bombsights, and
automatic pilots.

15-2 ADDITION AND SUBTRACTION

Mechanisms which perform addition or subtraction are usually based on the
differential principle. Two basic types are the slide-and-link differential and the
bevel or spur gear differential. These mechanisms solve the basic equation

X Ty
2

z (15-1)
where z is the output and x and y are the inputs. In Figs. 15-1 and 15-2 bars 2
and 3 move hornzontally on rollers. This results in a horizontal motion of bar 4
whose displacement is given by Eq. (15-1). When two numbers are to be added,
bar 2 is moved to one of the numbers and bar 3 is moved to the other; the sum is
then given by bar 4. The scales of 2 and 3 are equal, and the scale of 4 is twice as
large as that for 2 and 3. Subtraction can be performed by extending the scales
to the left.

Probably the most commonly used mechanism for addition and subtraction
1s the bevel gear differential shown in Fig. 15-3. Gear E is integral with the

| 0 1 2 3 4 5 6 7 8
f————— f ———— /Ll l | l J l X | |/l\l { I l_l!
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Figure 15-1
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spider or arm and gears A, B, C, and D can all rotate relative to the arm. T),,
angutar displacement of gears A and € are the inputs x and v, and the angul;,
displacement of the arm or gear £ is output z. An explanation of the operatiy,
of this device is given in Sec. 13-6. where il is shown that it satisfies Eq. (15-1;
The operation of the spur gear differential, Fig. 15-4, is similar to the bevel (.
differential. Gear differentials are compact and have unlimited angul;,.

displacement capacity.
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15-3 MULTIPLIERS

The simplest multiplication to mechanize is multiplication of a variable by a
constant; that is, ¥y = cy. This can be done with a gear ratio equal to ¢ for
angular motion and by means of a lever system such as shown in Fig. 15-5 for
linear motion. In the figure y = ¢x, where ¢ = b/a.

Multiplication of two variables can be performed by a slide type of multi-
plier as shown in Fig. 15-6, wherc distance ¢ is a constant. From similar trian-
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Figure 15-6
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Xy
C

Thus z= {15-2)

15-4 TRIGONOMETRIC FUNCTIONS

The mechanism in Fig. 15-7 consists of two Scotch yokes and generates the sine
and cosine functions over the entire range of 4 from 0 to 360°.

Another mechanism for generating the sine and cosine of an angle utilizes a
planetary gear train, Fig. 15-8. The pinion of radius r = R/2 rolls on a fixed
internal gear having a radius R. A fixed point C on the circumference of the
pinion will move along a diameter of the gear with simple harmonic motion.
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Figure 15-7

Figure 15-§
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Since the tangent and cotangent functions extend to infinity, they can be
generated only over a iimited range. The mechanism in Fig, 15-9 is commonly
used to generate these functions. The displacement x gives either the tangent or
cotangent, depending on whether 6 or ¢ is the input angle.

15-5 INVERTER

The mechanism in Fig. 15-10 gives the reciprocal of a number. From similar
triangles

X
a

‘,_:IQ_

Figure 15-10
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ah _
Thus X = T (15-3)
This mechanism can also be used to determine sec § and cs¢ 8 when used in
conjunction with the mechanism in Fig. 15-7.

15-6 SQUARES, SQUARE ROOTS, AND S5QUARE ROOTS OF
PRODUCTS

In Fig. 15-11, BDC is a right angle. From similar triangles we have

B Y~ (15-4)

<

- ’.’-l

Link 4 is pivoted to link 7 and x, ¥, and z are variables, each starting at point 0.
I[x and y are inputs, then z will be the squarc root of their product. If y is made
constant by fixing point C aty = 1. thenz* =x orz = Vx. If y is held constant
but not equal to unity, then a scale factor must be introduced.

15-7 SLOT-TYPE FUNCTION GENERATOR

Figure 15-12 shows a slot type of function generator used to givey = f{x). Such
an arrangement is suitable for functions of one vanable.

15-8 FUNCTIONS OF TWO VARIABLES

Figure 15-13 shows the application of a three-dimensional cam to generate a
function of two vanables, z = f{x, v). Block 2 moves in guides (not shown)

Figure 15-11



336 KINEMATICS OF MACHINES

Figure 15-12

which prevent it from rotating. However, it can reciprocate in the direction of
the lead screw axis. The left end of 2 fits frecly into a slot in follower 3, which is
splined to the pivot rod. Thus 3 can slide along the pivot rod but causes the rod
to rotate with it. A steel ball fitted in the end of the follower rolls on the cam.
Thus the x input shifts the follower along the pivot rod and the vy input rotates
the cam, giving an angular displacement to the output gear z.

15-9 CAMS, ROLLING CURVES, AND FOUR-BAR LINKAGES

From our study of cams in Chap. 10 and four-bar linkages and rolling curves in
Chap. 14, we have seen that these mechanisms can be designed to generate a
wide variety of functions. Though the four-bar linkage is difficult to design. its
cost of manufacture is less than for most of the other types of computing
devices we have discussed. Four-bar linkages are relatively simple in construc-
tion and can be mude with high precision.
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15-100 MULTIPLICATION OF COMPLEX FUNCTIONS

Multiplication of complex functions can be accomplished by controlling by
means of cams the motions of the sliding bars of the multiplier in Fig. 15-6.
Division of two variables can be done by fceding onc of the variables through
an inverter and then multiplying by the other. The mechanism in Fig. 15-14a
sotves the equation

2=t

The operation is shown in the schematic diagram in Fig. 15-14b. Figure 15-14c
shows schematically the generation of the function

cos H

X

A complex computer consists of a number of computer linkages in combi-
nation. Schematic diagrams as illustrated in Fig. 15-14h and ¢ are an aid in the
iitial planning of a complex compulter.

15-11 INTEGRATOR

The integrator shown in Fig. 15-13¢ is basically a variable-speed drive.
Positioned between the disk and roller are two balls, which provide pure rolling
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in all directions. The disk is rotated by means of the x input, while the y input
varies the distance y from the center of the disk to the friction balls. Rotation of
the disk an infinitesimal amount dx produces rolling along equal arc lengths on

the disk and roller. Thus

vdy =cdz or

de = —vy dx
c
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For a given number of revolutions v, the total number ol z revolutions will equal
the intcgral of (1/¢)y dx, where y varies as called for in the problem.

15-12 COMPONENT RESOLVER

In Fig. 15-16 a component resolver is shown. The mechanism resolves into x
and y components a vector whose magnitude 7 and direction # are continuously
changing with time. Figure 15-16a is a plan view. The vector lies along the axis
of the lead screw. Direction 8 is changed by rotation of input gear 3. A second
input, bevel gear 4. drives the lead screw in order to vary the magnitude z.
From the elevation in Fig. 15-16/ it can be seen that tnput gears 3 and 4 have
independent motions. If z is constant, a change in ¢ will cause the screw to
rotate, resulting in a change in z from the desired value. This can be corrected
if, for a given increment of rotation of gear 3, gear 4 is provided wilh the same
increment of rotation. A compensating differential is used for this purpose. The
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speed ratio for gears 6 and 7 is 1:1, and the speed ratio for gears & to 9 1s 2:1.
Thus if magnitude z were to remain fixed and 4 is to be changing, then gear 10
would be stationary and gear 3 rotating. For one revolution of 3 clockwise, gear
6 would give gear 7 of the differential one revolution counterclockwise. This
causes gear 8 to make two revolutions countcrclockwise. As a result gears 9
and 4 make one revolution clockwise, Further, for any motion of gear 10, any
increment of motion in 3 is by means of the differential supplied in the same
amount and sense to gear 4,
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15-13 COMPONENT INTEGRATOR

Figure 15-17 shows a component integrator. Link 2 is a sphere which is sup-
ported by rollers (not shown) so that it is free to rotatc about any axis through
its center. Disk 3 drives the sphere, and angle ¢ can be varied as disk 3 rotates.
There are two input vanables, the angular displacement s of disk 3 and the
angular position 4. Disks 4 and 5 have fixed axes, and the angular displace-
ments of these disks are the integrals of the sine and cosine components of the
input motions. An example of how the device can be used is as follows. Sup-
pose a particle is moving in an xy plane, and its direction of motion (angle 6,
which a tangent to its path makes with the x axis) is known for each position of
the particle. Then the distance it has traveled along its path of motion would be
fed in as the v input and its direction of motion at each instant as # input. Qutput
disks 4 and 5 would then give the intcgrals of the displacements of the particle
in the x and vy directions.

15-14 ACCURACY

There are two types of errors in mechanical computing mechanisms: (1)
kinematic errors, which result from an approximation in the generation of the
function, and (2) fabrication errors, which result from manufacturing tolerances

- Dutput roller

fcos #ds

Input rolier

S input «

\—Outpuf roller

Sphere | |

Angle input
Figurc 15-17
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and the clearances used for satslactory operation of the moving parts. All of
the mechanisms discussed in this chapter, along with ¢ams and rolling curves
which werc treated in carlier chapters, ave theoretically correct and thus have
no kinematic errors. However, the four-bar linkage which was discussed in
Chap. 14 cannot be designed to generate most functions exactly at all points
over a given range. and hence it produces kinematic errors. The ball disk
inlegrator may have an error due to slip, which is characteristic of friction
devices. All of the mechamisms will have fabrication errors, and these should be
kept to the minimum that s economically lensible.

Figure 15-18 Tvpical linkage computer, (General Precision. i)
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CHATPTER

SIXTEEN
STATIC FORCES IN MACHINES

16-1 INTRODUCTION

Forces in machines arise from various sources. There are forces of gravity,
forces of assembly, forces from applied loads, and forces from energy transmit-
ted. There are also friction forces, inertia forces, spring forces, impact forces,
and forces due to change in temperaturc. All these forces must be considered in
the final design of a machine so that the parts can be proportioned so that they
will not fail. In this book we will consider the effect of all these forces except
those due to assembly, change in temperalure, and impact. For g consideration
of these latter forces the student js referred to books on machine design.

in the analysis of static forces acting on machine members, inertia forces
{caused by acceleration) are neglected. If the inertia forces are taken into
account, the analysis is called a dynamic-force anafvsis. Often Lhe forces of
gravity on the parts of a machine are small compared with the other static
Jorces which are present. and then they are neglected tn the static-force
analysis. {n (his chapter we will consides only static forces.

16-2 TRANSMISSION OF FORCES IN A MACHINE

In Chap. 1 a machine was defined as u mechanism which transmits forces.
Forces in machines are transmitted through the various pairs which connect the
Iimks and through the links themselves. The force transmitted from onc link to
another is normal ro the surfaces in contact if friction 18 not considered. In
welldubricated machines the friction forces are small in companson with the
Other forces present and can be disregarded.

T
S
m
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A turning pair is illustratced by a journal bearing or a pin joint. In Fig. 16-1g
the journal or pin fits into a hole in the link. The forces on the pin act normal to
its surface, and thus their resultant force & passes through the center of the pin,
Ball and roller bearings (Fig. 16-1b) are also examples of turning pairs. Since
the forces in the figure act normal to the surfaces in contact, their resultant
force F acts through the center of the bearing.

A lower sliding pair is represented by any link which slides on another and
where there is contact over an area. A piston or slider (Fig. 16-2) is an example,
Suppose P and Q arc applied forces, Then the resultant of the forces acting on

{a)

(b)

Figure 16-1
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e T O T

Figure 16-2

the lower surface of the slider is £, It acts normal to the contacting surfaces and
must pass through the point of intcrscction of forces P and Q. If force P acts
through the center of the pin. then force £ will also.

Higher pairs (rolling pairs and sliding pairs) have point or line contact. If
friction is neglected, the force transmitted through the pair is normal to the
surfaces at their point of contact. Rolling contact exists in a ball or roller
bearing (Fig. 16-14) or for the wheel rolling on a plane shown in Fig. 16-3«.
Higher pairing with sliding contact exists between a disk cam and flat-faced
follower (Fig. 16-3b) and between the teeth of spur gears as illustrated in Fig.
16-4. In higher pairs point or line contact does not exist if force is transmitted.
Becausc of the force the members deform, and then instead of contact at a point
or along a line there is contact on a very small arca. Howcver, the force can be
assumed to act at a point. In Fig. 164, if tooth friction is disregarded, the force
transmittcd between the gears is F as shown. This force passes through the
pitch point and is directed along the pressure line, which i1s the common normal

r/—\v—__-r"_“-\

F

NN \T\\\\\.. NS

{a) ih)
Figure 16-3
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Figure 16-4

to the contacting teeth. #, and £, arc the tangential and radial components of
force F. T, is the driving torque applied to gear 2 by its shaft, and T, is the
resisting torque exerted on gear 3 by its shaft.

16-3 SLIDER-CRANK MECHANISM

Figure 16-5¢ shows a slider-crank mechanism. A force P is applied to the piston
and may be assumed to be the result of gas pressure. In order to maintain
equilibrium, a moment or torque 7, must be exerted on crank 2 by the shaft at
0,.

The procedure which we will follow in all problems of force analysis will be
to draw free-body diagrams of each of the links. In some instances we will
consider several links combined as a free body. In a free-body diagram the
body is isolated, and all the external forces and moments acting on the body
must be shown. If the aumber of unknowns 1s not greater than three, the
problem can be solved by the equations of equilibrium. If there are more than
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Figure 16-5

three unknowns on a single body, then additional information must be obtained
from a consideration of the equilibrium of the other links before the problem
can be solved. The importance of isolating members and drawing their free-
body diagrams cannot be overemphasized.

Figure 16-5b shows each body isolated with the known quantities of the
forces indicated. Ata pin connection there can be no moment. Thus at each end
of link 3 there can be only a force. Whenever a body is in equilibrium under the
action of only two forces, the forces must be equal in magnitude, opposite in
scnse, and colinear. In mechanics, such a body is known as a two-force
member. I'y; denotes the force body 2 exerts on body 3, and F,; is the force
body 4 exerts on body 3. We shall usc a solid line without an arrowhcad to
indicate that the direction of a force is known but its magnitude is unknown.
Whether link 3 is in tension or compression cannot be determined from an
analysis of lmk 3 itself.

Link 4 has three forces acting on it. Force P is known in magnitude and
direction and thus is shown in Fig. 16-5b as a solid line with an arrowhead. F, is
the force link 3 exerts on 4, and because it must be opposite to F;, its direction
is known. However, its magnitude is unknown. I, is the force link 1 exerts on
link 4. It is directed normal to the surfaces of contact and is unknown in
magnitude, There are only two unknowns in the free-body diagram for link 4.
They are the magnitudes of g, and F,,.
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Link 2 has four unknowns: force F,, cxcerted by link 3 on link 2. known in
dircction but unknown in magnitude, force F,; exerted by link 1 on link 2,
untknown in magnitude and direction, and the unknown moment 7, excrted on
crank 2 by the shaft. A wavy line placed at (7, indicates that we do not know the
magnitude or direction of the force F,,. which acts through this point.

Link 4, which has only two unknowns, is analyzed first. The two unknown
magnitudes can be found by laying out u force polygon as shown in Fig. 16-3¢.
Poinl O 1s any conveniently located point used as a pole for the force polygon,
and force P 1s laid off using any convenient scale. The magnitudes of Fy, and 7,
can then be scaled from the polygon. Note that F,, and F,, must have the sense
indicated because the sum of the forces acting on body 4 must be zero for
equilibrium. That is, when Lhe vectors are added thev must bring us back to the
pole. Since Fy, is found from the polygon to act downward (o the right, F,,, must
act upward to the left. Thus F,, acts downward to the right, and we find that
link 3 in this case is in compression.

From Fig. 16-5¢ we note that F,, must be equal and oppositc to Fy, to
balance forces on link 2, However, the two equal, opposite, and parallel forces
produce u couple which can only be balanced by another couple. The balancing
couple Triscqual o Fi/eatis clockwise and is Lhe torque which the shaft exerts
on crank 2.

16-4 FOUR-BAR LINKAGE

The four-link mechanism in Fig. 16-6a has acting on it two forces, P and (2, as
shown. A moment T, must be applied to link 2 to maintain equilibrium. Suppose
we wish 1o find the forces at the various pins and the magnitude of the moment
T..

We can first try to solve the problem by considering links 2. 3, and 4
combined as a free body. We will then have five unknowns: the magnitude and
dircction of F'?, the magnitude and direction of F,, and the magmtude of T,.
Since there are only three equations of equilibrium, wc cannot obtain a solu-
tion.

Next, we can isolate each link as 4 free body, as shown in Fig. 16-64. If link
2 1s considered, there are five unknowns, and if link 3 is considered, thcre are
four unknowns; if we consider link 4 there are four unknowns to be found. Thus
each link cannot be analyzed by itself. Note that if links 3 and 4 are considered,
there are only six unknowns, because F,, is known to be equal and opposite to
F5,. Since there are six equations of equilibrium, three for each link, we can
obtain a solution. Hence we shall consider links 3 and 4 as shown in Fig. 16-6¢,
where F,, is broken into components [;,** and F;,™, which are parallel and
perpendicular, respectively, to @,C. The magnitude of I75,** is found by taking
moments about J,. That is

Pa

Ty _
Fy ™ =
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(b)

(4 {e) {n
Figure 16-6

On link 3 the reactions at C are cqual and opposite to those at C on link 4.
The magnitude of F,3** is known becausc the magnitude of Fy,”* was found from
the analysis of link 4. Next, if we examine link 3, we notice that there are three
unknowns: magnitude and direction of F,, and magnitude of F,*%. The mag-
nitude of F ;¥ can be found by taking moments about point B:

Qb - F‘lslf'-uld + F.lu‘vqﬂ =10
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F,id - Qb
e

Then F 43”'--l =

Note thal in the moment equation we assumed F,;* to be directed upward to
the left. Thus if the result for F ;¥ comes out positive, it is directed as assumed.
If the result comes out negative, then F,,% is directed opposite to what was
assumed and acts downward 1o the right. The force polygon for link 3, Fig.
16-6d, is drawn next in order to obtain the magnitude and direction of F;.

In Fig. 16-6¢, F,, must be equal and opposite to F,; found in Fig. 16-6d.
Then F,, must be equal and opposite 10 F5,. Taking moments about O, we
obtain T», the torque which the shatt at O, cxerts on link 2, as follows:

Tz - Fagh

F. is obtained from the force polygon as shown in Fig. 16-6f [or bodies 2, 3,
and 4 comhined as a free body.

16-5 SHAPER MECHANISM

In the shaper mechanism, Fig. 16-7a, crank O B isintegral with gear 3, and gear
2 is the driver. Suppose we want to find the force I, acting on the gear teeth in
order to overcome the known resistance (. and the reactions at 0,, @, and O
are to be determined. We can begin by considering slider 7 as a free body as
shown in Fig. 16-7b. The directions of Fy, and F,; are known and their mag-
nitudes can be found from a force polygon as shown. In Fig. 16-7¢ the free-body
diagram for link 6 is drawn. £, is equal and opposite to Fy;, and because 6is
two-foree body, F.; must be equal and opposite to Fy,.

The free-body diagram for link 5 is shown in Fig. 16-7d wherce F g, is equal
and opposite to Fye. Fy; is directed perpendicular to link § but its magnitude is
unknown. F; is unknown in magnitude and direction. From a scale drawing we
can scale off the values of b and ¢. Then by taking moments about @;, the
magnitude of I,; can be computed. Next, from a force polygon in Fig. 16-7¢,
the magnitude and direction of F; can be determined. The free-body diagram
for slider 4 is shown in Fig. 16-7f, where F, is equal and opposite to F,. Iy,
must be equal und opposite to Fs,.

The free-body diagram [or link 3 appears in Fig. 16-7¢, where F,; 15 equal
und oppositc to Fq,, and F; is unknown in magnitude and direction. The values
of the momen! arm /1 and the radius R, of the base circle can be scaled from a
drawing where ¢ is the pressure angle. By taking moments about (35, the
magnitude of F,; can be computed. Next, the magnitude and direction of Fy; can
be found from a force polygon as shown in Fig. 16-7%. Finally, as shown in Fig.
16-7i, Fy, is equal and opposite o F,y, and F, is equal and opposite to Fy,. T,
the torque which the pinion shaft cxerts on the pinion, equals £y < Ry and 1s
clockwise.
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Figure 16-7
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PROBLEMS

In the following problems, friction forces are (o be neglected unless otherwise stated,
16-1 In Fig. P16-1, P = 200 1b.

(2) Nraw the mechanism half-size and find the torgue in inch-pounds which the shaft at O,
cxerts on the crunk. Force scale: | in = 100 lb.

($) Dctermine the forces which bodies 2 und 4 exert on the fruame.

B8
? 2 3 8
609 0 :
z2__ B _ s S P
~ 4 = TR

I
Figrure PIé6-1

16-2 In the linkage in Fig. P2-20, the shaft at O, exerts a torque of 0,365 N m cw on link 2. Also
there is a 44.5-N force acting vertically downward on link 3 midway between 8 and €. Draw the
mechanism full-size und use a force scale of 1 mm = 0.876 N, Determine the resisting torque which
the shafl at @, exents on link 4 and find the forces exerted on the frame at ¢, and ¢J,.

16-3 Inthe mechanism in Fig, P2-22, the torgue in the camshaltl iy 1.13 N - m. Draw the mechanism
full-size and determine the resisting torque in the shaft of the follower and the forces exeried on the
frame at O, and O, by bodies 2 and 4 if fnction between bodies 2 und 4 is neglected.

16-4 Inthe linkage in Fig. P6-12. disregard velocity Ve, but assumne thereis a force of 445 N applied
1o slider 6 and (hat it acts vertically downward through point £. Draw the mechanism half-size and
use a force scale of 1 mm = 17.5 N. Determine the resisting torque which the shaft at O, exerts on2
and find all the forces exerted on the frame.

16-5 Figure P16-5 shows an inversion of the slider-crank mechanism. Crank 1 is the frame or
stationary member. Link 4 rotates about point O, in the frame. A shaft having its axis perpendicular
to the paper and located at Q. is attached to link 4. The piston diameter is 2.5 in, and the gas
pressure 7 is 50 lb/in® gage. Draw the mechanism half-size and usc a force scale of | in = [00 1b.
Determine Lthe resisting torque T, which the shafl exerts on link 4. Also, find the forces exerted on
the Imime,

4
: T 0p04=1"
C [~ W
_ . —.¢ 1] 0:c=
-
3 -
t

Figure ’16-5

16-6 In Fig. 3-21. the distance from (2, to line O, D js 1046 mm. Crank 2 is at 30° to the horizontal.
.8 =191 mm, BC = 76.2 mm. 0, = CD = 76,2 mm. Draw the mechanism hal{-size and use a
force scale of 1 mm = 4,38 N, Determine the force F if the shaft at €, applies atorgue of 2.83 N-m
cw to crank 2. Also, find all the forees cxenied on the frame.
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16-7 Figure Pi6-7 shows a Rockwood or pivoted motor belt drive. IF, and F, are the belt forces and
# is the force of gravity on the motor and bhase. By shifting the pivol point O,, the moment arm ¢
can be changed, By increasing e, both forces FFy and £, are increased. permilting more power to be
jransmitted, Let £, = 1 330 N, F, = 445 N and W = 667 N. ¢ = 76 mm, # — 254 mm. Compute the
value of . Draw a diagram of the mechanism one-sixth size. use a force scale of | mm = 17.5 N,
and determine the magnitude and dircetion of the force Fy, which the base exerts on the frame at €25,

F

Figure P16-7

16-8 The garage-type automobile jack shown in Fig. P16-8 is actuated by hydraulic pressure ia the
cvlinder. Lay out links 2, 3, 4, and 5 to a scalc of | mm = 4 mm and use a force scale of 1 mm =
175 N. Determine (¢} the force exerted by the cylinder to raisc a load W = 4 450 N neglecting
frction and (#) the force in link 2.

o)

AC = BD =457

229 ———te— 140 -~

ht— 1 (12—t

Figure P16-8
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16-9 An elevator bruke is shown schematically in Fig. P16-9. The coefficient of friction for the
brake shoes is 0.3. For an eperating force P = 445 N, determine (2} the braking torque Ffor

clockwise rolation of the drum and (b) the braking torque for counterclockwise rotation of the

drum.

r-—aos

3 3

76

]
|

[Te)
S P L_F/k—\
=3
& ‘&
L 381D

l \_ Af

[c

i

761 76

Figure P16-9



CHAPTER

SEVENTEEN
INERTIA FORCES IN MACHINES

17-1 INTRODUCTION

In the preceding chapter it was explained that all the forces acting on a machine
are considered static forces except thosc due to acceleration. Further, we saw
how the static forces are transmitted through the links of 2 mechanism.

Forces due to acceleration are called inertia forces or dynamic forces. Tn
order to analyze inertia forces, a knowledge of accelerations is essential, and
that is why the analysis of accelerations in mechanisms was covered in detail in
carlicr chapters. In general, the links of a mechanism are subjected to both
static forces and inertia forces. In high-speed machines the accelerations and
resulting incrtia forces can be very large in relation to the static forces which do
useful work. For example, in a reciprocating engine such as an automobile
engine, at high speeds the inertia forces can be greater than the force produced
on the piston due to gas pressure. In a gas turbine the inertia force due to a
small unbalunce of the rotor can produce, on the bearings which support the
rotor, forces which are many times the force of gravity on the rotor. In such
cases the incrtia forces must be considered in the design of the machine. In
slow-speed machinery the inertia forces may be negligible.

In this chapter we will study how the inertia forces along with the static
forces are transmitted through the links of a mechanism and what effect they
have on the frame. Such a combined-force analysis is called a complete-force
analysis,

17-2 EQUATIONS OF MOTION

If we know the acceleration of one point in a body, and if the angular velocity w
and acceleration « of the body are known, then the acceleration of any other

57
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point in the body can be found. For cxample, in Fig. 17-1a. let us assume that
A g, the acceleration of point B, is known. Then the acceleration of A, of any
point C is

Ac=Ap B ALy b Al (17-1)

where the magnitude of A7 5 is (BC)w? and the magnitude of A}z is (BC)a. The
solution for A is shown in Fig. 17-15,

The displacement of a body can be considered as a linear displacement of
some point in the body plus an angular displacement of the body about this
point. The same concept holds for the velocity of a body. It follows that the
acceleration of a body can be considered as a lincar acceleration of some point
in the body plus an angular acceleration of the body about this point. It is
convenicnt to take the center of mass as this point.

Consider the body in Fig. 17-2. Let G be the center of mass of the body and
Ag the acceleration of this point. Also, suppose that the angular acceleration «
tor the body is known in magnitude and has the sense shown. We want to find
what force, torque, or force and torque must be applied to the body to produce
A and «.

The body of Fig. 17-2 is shown again in Fig. 17-3u. From mechanics we

() (b)
Figure 17-1

Figure 17-2
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ia (b)
Figure 17-3

know that a force F applied at G and acting in the direction of A, will produce
this linear acceleration; that is

= iMAG (17'2)

where M is the mass of the body. This is Newton’s equation for linear motion,
In order to produce the angular acceleration a, a torque T must be applied to
the body in the same sense a8 a such that

T = I (17-3}

where I is the mass moment of inertia of the bady about an axis which passes
through G and is perpendicular to the plune of rotation; 1.e., the axis is perpen-
dicular to the paper. The latter equation is Newton’s law for angular motion. In
general, a body having plane motion may be subjected to more than a single
force and a single torque. Then in Fig. 17-3a, F is the resultant of all forces
acting, and T is the resultant of all the torques acting on the body. Hence, F is
called the resuftant force and T the resultant torque.

In mechanics the terms torqgue, moment, and couple are often used
synonymously. An important principle of mechanics is that a force and a couple
can be replaced by a single force. The body in Fig. 17-3a appears again in Fig.
17-3b . where the three forces shown are equal in magnitude. The force shown
in dashed lines acting upward to the right fills the purpose of the force F in Fig.
17-3a¢. The dashed [orce acting downward to the left along with the force F
shown solid comprise a couple I, which must equal 7 in Fig. 17-3a¢ in both
magnitude and sense. Hence

Fh = T=l«a
To
= — 17-
or h 5 (17-4)

In Fig. 17-30, the two equal and opposite forces al ¢ cancel, and thus the single
force F' at a distance & from the center of mass replaces the force F and the
couple (or torque) T in Fig. 17-3a.
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17-3 INERTIA FORCE AND INERTIA TORQUE

In discussing equations ol motion, we saw that when a body is acted upon by a
system of forces. the acceleration of the center of mass is given by the equation

F=MA, (17-5)

where F is the resultant force. Also, when a body is acted upon by a system of
torques, the angular acceleration of the body is given by the equation

T =1 (17-6)

where T is the resultant torque,

The inertia force is defined as the reversed resultant force, and the inertia
torque is defined as the reversed resultant torgue. Along with the resultant
force acting on the body, If we assume the inertia force to be acting with the
same magnitude and line of action but opposite in sense, then the acceleration
of the center of mass will be zero. Also, along with the resultant torque acting
on the body, if we assume the inertia torque to be acting with the same mag-
nitude but opposite in scnse. then the angular acceleration of the boedy will be
zero. Thus, by adding the inertia force and inertia torque to a body which is
acted upon by a rcsultant force and a resultant torque, the body is brought to
equilibrium. This is known as D’ Alembert’s principle and aids in the solution of
problems in dynamics by permitting them to be solved as problems in statics.

17-4 INERTIA FORCES ON A FOUR-BAR LINKAGE

As an example to illustrate inertia forces acting on a mechanism, let us consider
the four-bar linkage in Fig. 17-4a, wherc the magnitude of w, is assumed known
and constant, Points (7., (7., and G, denote the centers of mass of links 2, 3, and
4. In our analysts we will determine the torque which the shaft at O, must exert
on crank 2 to give the desired motion.

The acceleration polygon must be constructed in order 10 [ind the linear
accelerations of points G, G, and (;,. From the magnitudc and sense ol the
tangential components of acceleration on the polygon, the magnitude and sense
of oz and «, can be determined. Their sensc was [ound to be as shown in Fig.
17-4a. It 1s important at this time to indicate in Fig. 17-4a the sense of the
angular acceleration of each link so that later the sense of the resultant torque
and inertia torque on each link will be indicated correctly.

Link 2 is shown in Fig. 17-d4c, where A, is the acceleration of the center of
mass. The resultant force F,, equal to M, A, ., where M, is the mass of link 2, has
the same sense und linc of action as Ag;,. The inertia force f, is cqual and
opposite to F,. Note: f will be used to denote incrtia force.

In Fig. 17-4d, link 3 is shown with the acceleration of the center of mass G
indicated as A,,. The resultant force I, equal to M;A,, , where M, is the mass of
link 3, has the same sense and line of action as A, f; is the inertia [orce. In
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w2=cons?.

! (a) ‘ /f\

(4)

Figure 17-4
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order to produce «y, there must be a resultant torque 73 cqual to 704 having the
same sensc as ay and where [, is the mass moment of inertia of link 3 about an
axis perpendicular to thc paper and passing through G;. Equal and opposite to
T, is the inertia torque r; as shown. Note that 1 will be used to denote inertia
torque.

Link 3 is again shown in Fig. 17-4e, where the inertia force f; and inertia
couple f; have been replaced by a single force f; as shown. The magnitude,
direction, and sense of f, must be the same as in Fig. 17-4d, but the line of
action is displaced from (v, by an amount A, such that

ty ey

ha = 1. 0 h,= =
Jahy 3 r 1y £ M. A,

In Fig. 174e, f; can be easily located by drawing a circle of radius /; with its
center at G ;. Notc that f; is drawn tangent to the left side of the circle rather
than the right because {3 must produce a torque about G, in the same sense as /.

Link 4 i1s shown in Fig. 17-4f where f,, the inertia force, is equal and
opposite F,;. T,, the resultant torque, equals 7 ,a; where 1, is the mass moment of
inertia of link 4 about an axis perpendicular to the paper and passing through
G,. The inertia torque t, is equal and opposite 7,. Link 4 appears again in Fig.
17-4g, where the inertia force f, and incrtia couple ¢, have been replaced by a
single force f, as shown. Since f,h, must equal f,,

£y . I.{Clq

P f’} a -M4AG.‘

We will next find the forces at each pin connection and the torque which
the shaft at O, exerts on crank 2 to give the prescribed motion. The free-body
diagrams of links 2, 3, and 4 are shown in Fig. 17-3a to . The inertia torces are
treated as known external forces, and each link is in equilibrium under the
action of the inertia forces and the unknown reactions. The determination of
these reactions is then the same as for a static analysis as explained in Chap. 16.
(It is recommended that the student review that chapter.)

Starting with link 4, we can take moments about point @, and determine
F3,, Then on link 3, F,;™ will be equal and opposite to F;,™. For equilibrium of
link 3 the sum of the moments about B equals zero. This determines F,3¥*. The
force polygon for link 3 is shown in Fig. 17-3¢ and is drawn next, in order to
determine F;.

Link 2 appears in Fig. 17-3¢. Herc F'y, is cqual and opposite to F,; found in
Fig. 17-54. Then F,, must be equal and opposite to f, i» F,,. Taking moments
about O, we obtain T,, the torque which the shaft at ), exerts on crank 2, as
follows:

T, = (f; b Fya

Force F4 is obtained from the force polygon for bodies 2, 3, and 4 combined
as a free body as shown in Fig. 17-5f.
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i

Figure 17-5

Shaking force is defined as the resultant of all the forces acting on the frame
of a mechanism duc¢ to inertia forces only. A consideration of this force 1s
important because the frame must be strong enough to withstand it. The shak-
ing force may set up troublesome vibrations in the frame, and if the machine is
placed in a building, this force will be transmitted to the floor and may have
disturbing effects.

The mechanism of Fig. 17-4 is shown again in Fig. 17-6u. The shaking force
is always equal to the sum of the inertia forces acting on the mechanism. If we
are interested only in the magnitude and direction of the shaking force, it can be
determined from the force polygon shown in Fig. 17-6b, where F, denotes
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Figure 17-6

shaking force. However, if we are interested also in the location of the shaking
force, we can determine this by taking moments aboul any convenicnt point in
the planc of the inertia forces. Since the shaking force is the resultant of the
inertia forces, it must produce the same moment. If we take moments about
point ,, then

Fie = fyb — f1d

fib = Jid

or e =
F,

17-5 COMBINED STATIC- AND INERTIA-FORCE ANALYSIS

We have discussed static forces and inertia forces in mechanisms as separate
analyses. There is no need to separate them: we ¢an combine them in a single
analysis. The total forces acting on the links of a mechantsm are the sums of the
static and inertia forces.

Slider-Crank Mechanism

In Fig. 17-7a let P, the force on the piston due to gas pressure, be known and
also let w, be known and assumed constant. Points (7,, G,, and G, are the
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Figure 17-7

centers of mass of links 2, 3, and 4. Suppose we wish to find the torque which
crank 2 exerts on the crankshaft. The magnitude, direction, and location of the
shaking force are also to be determined.

The velocity and acceleration polygons are constructed first; the latter
appears in Fig. 17-7b. Links 3 and 4 combined as a free body are shown in Fig,
17-7¢. In all our problems, unless otherwise specified, we will assume that the
forces of gravity on the links are small compared with the inertia forces, and
thus the gravity force acting downward through the center of mass of each link
will be omitted. The inertia force £, its moment arm relative to G, and inertia
force f, are determined as in the previous example. The unknowns arc the
magmtude and direction of F,, and the magnitude of F,,. By taking moments
about B, the magnitude of F,, is found as follows:

Fya~fib+ fid -Pd=0



366 DYNAMICS OF MACHINES

Pd — fob — fid

o

or ., =

Force F,; can then be found by a summation of forces on bodies 3 and 4 taken
together as a free body. The force polygon appears in Fig. 17-7d.

The free-body diagram for link 2 is shown in Fig. 17-7¢. where £, must be
equal and opposite to f, + Fy, for equilibrium. T, is the torque which the shaft at
O, must exert on crank 2 for equilibrium; thus

I, = {{; b Fp)e

The torque which the crank exerts on the crankshafl is equal to T, but opposite
in sense.

Shaper Mechanism

Let us consider the mechanism in Fig. 17-8¢ wherc link 2 is the driver and
rotates with a known constant angular velocity w.. The motion is opposed by a
known force # acting on slider 6 as shown. We wish to find the forces at all the

"
04,0/ e

Figure 17-8
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pairs or joints and the torque which the shaft at Oy must exert on crank 2 to
drive the mechanism. It will be assumed that the forces of gravity on the links
are negligible. The acceleration polygon appears in Fig. 17-8b. In the remainder
of the figure each link is shown isolated. and the magnitude, direction, and
location of the inertia force on each link are determined as in the previous
examples.

The force analysis is started with link &, which is shown in Fig. 17-8. The
unknowns are the magnitude of Fy; and the magnitude and direction of F;. The
horizontal component of £ is F.¢f, and its magnitude can be found from
the summation of horizontal forces on link 6.

In Fig. 17-8d, force F" is equal and opposite to #5%. The magnitude of
Is;" can be found by summation of moments about €. Then from a force
polygon for Ik 5. the magnitude and dircction of /5 are tound. Next, in Fig.
17-8e, Fs,is known and is equal and oppositc to F,;. There are four unknowns in
Fig. 17-8: the magnitude and direction of F,, and the magnitude and location of
F3. Since there are only three equations of equilibrium, we cannot determine
these forces by considering this link alone. If we consider link 3 shown in Fig.
17-8f, wec note that here there are also four unknowns: F,, i1s unknown in
magnitude and dircction and Fyy is perpendicular to link 4 but is unknown in
magnitude and location. However, for the combination of links 3 and 4 we have
only six unknowns, and they can be analvzed in combination. From the free
body of link 3 we see that F.; causes no torque about the center of mass B;. and
thus F., must be of such a magnitude as to balance the forces, and its line of
action must be displaced from B; enough to balance the inertia torque. Fy; can
then be resolved into a force passing through B, and a torque about B sufficient
to balance the inertia torque. This is shown in Fig. 17-8¢. The cqual and oppo-
site force and torque on link 4 as shown in Fig. 17-841 makes link 4 a free body
with three unknowns. The magnitude of £, can be found by setting the sum ol
the moments about O, equal to zero. F; can then be found rom a force polygon
for link 4.

We replaced Fy; in Fig. 17-8f with the force F,; and 7,;, which are shown in
Fig. [7-8 . Thus in Fig. 17-8f

Fpa =T, = oy
and thus the moment arm ¢ can be determined as follows:

]:1'“’:4.
H =
Fyy

This locates the actual line of action of F,. In the free-body diagram of link 3,
Fiz will be equal and opposite to F.,, which was determined earlier. F,, can now
be determined from a force polygon for link 3.

The free-body diagram of link 2 is shown in Fig. 17-8. F,; is equal and
opposite to Fas. and /), can be determined from a force polygon Tor link 2.
Finally, by summing moments about €2,, the torque 7,, which the shaft at O,

¢xeris on crank 2, can be determined.
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Cam Mechanism

At high spced the contact force for a cam and follower can be high and cause
serious wear. A typical disk cam with radially reciprocating follower 1s shown
in Fig. 17-9. The various forces are as follows:

P = force exerted on follower by whatever other body above (not shown)
it actuates

[ — Inertia force of follower

W = force of gravity on follower

F, = spring force exerted on follower

[_\

Figure 17-9
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I\, 'y, — normal lorces exerted by frame on follower
N = normal force cxcrted by cam on follower
a follower overhang
b = distance between bearing surfaces (for a single bearing, b is the
length of the bearing)
d = diamcter of follower stem
¢ = pressure angle
# = coclficient of friction between follower and its guide

Forces I, f, W, and F, uct along the centerline of the follower, and let £ denote
their sum. Then

F=P+f+W-F, (17-7)
Summation of vertical forces on the follower gives
Nceosd =F + uF, + F)) (17-8)
In the horizontal dircetion
Fi=F, + Nsind (17-9)
Summing moments about the point of upplication of F, gives
Folb — wdy=Nasind + (: (F N cosd) {17-10)
Eliminating 77, and F, from the last three equations, we obtain
£o (17-11)

= b eos th — Qua + ub — udrsind

This equation gives the normal force on the cam for any cam position in which
the velocity of the follower is upward. It is to be noted. however, that ¢ and £
vary with the angular position of the cam. ‘The frictional forces have a consider-
able effect on N when the pressure angle becomes large. N becomes infinite
when the denominator of Eg. (17-11) becomces zero. Hence the limiting value
for ¢ is found as tollows:

b cos ¢, — 2w — pb — pid)sin g, =0

h

or tan L - ..
P wa + b — wd)

The nertia force depends on the mass and acceleration of the follower and
will reverse in direction when the acceleration reverses direction, The spring
force must at all times be sullicient to keep the follower in contact with the
cam. 1f the spring force is not sufficiently large, the follower will move away
from the cam at high cam specds. This is called jump, and when the follower
returns and strikes the cam, impact loading occurs, which can cause vibrations.
The spring should have a preload so as to chsure contact even when the fol-
lower is in its lowest position. The spring force is usually supplicd by a helical
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spring having a constant rate: thus the spring force will be proportional to
displacemcnt. In designing the spring, a curve of the external force P plus the
force of gravity W of the follower plus the inertia {orce f should be plotted
versus cam position. From this curve the spring force at the critical positions
can be determined,

The torque T required 10 dnve the cam can be delermined from a con-
sideration ol Fig. 17-9: thus

T =N{(OB) (17-13)
Since point € s the instant center, the velocity of the follower is
V= (0C)w (17-14)

Equations (17-11) to (17-14) are valid also for a cam having an offset fol-
lower. It can be seen that Eqgs. (17-11). (17-13), and (17-14) are applicable also
to a ¢cam having a flat-faced reciprocating follower if friction between cam and
follower is neglected.

Planetary Gear Train

It 15 desired to find the tooth [orces on the vanous gears of the planeiury gear
train shown in Fig. 17-10a¢. Gear 2 is the driver and rotates clockwise at n,
r;min, and T, 1s the driving torque in the shaft of gear 2. The arm (link 3) is the
driven member and rotates at n,, r/min. T, is the vesisting torque which exists in
the driven shaft (link 3). Spur gears having involute teeth with a pressure angle
of ¢» degrees are used.

The [ree-body diagrams of each of links 2, 3, and 4. as shown in the figure,
ald In determining the forces required tor static equilibrium. The inertia forces
arc zero for links 1, 2, and 3 because the accelerations of the mass centers for
these members are zero: the inertia torques are also zero because the train
operates at constant angular velocity. However, there are inertia forces acting
on the planet gears because ol the normal acceleration of their mass centers.

The free-body diagram tor gear 2 appears in Fig. 17-106, where I3, 1s the
pitch diameter and the two forces £, are the tooth forces. Since the power in
watts (W) transmitted, and 72y, the revolutions per minutc of gear 2, are known,
the torque 7, in newton-meters which the driving shaft exerts on gear 2 can be
found as follows;

p o 9SSIW

My
Since two couples in equilibrium act on gear 2,
FoD, cosd =T,

T,

or Fop=—"
Dg cOS ([)
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Figure 17-10

In Fig. 17-10¢ the free-body diagram for the planet gear 4 is shown. Here
F,yis equal and opposite to F,,. Since the sum of the moments about the center
of gear 4 must be zero, F,, must be equal in magnitude to F,,. The acccleration
of the mass center of this gear is

AG; = R(U,';z



INERTIA FORCFES IN MACHINES 373

where w; 1s the angular velocity of link 3 and R is the distance shown in Fig.
17-10a. The inertia force on gear 4 is then

f-: = "Vl’dAGJ

and is directed as shown in Fig. 17-10c. The only unknown force in Fig. 17-10c
is Fy4, which acts through the center of gear 4. It can be determined from the
force polvgon as shown.

From the free-body diagram of link 3 in Fig. 17-104, the resisting torque T
which the driven shaft exerts on the arm can be delermined. For equilibrium of
moments about the axis of the arm,

T3 = 1443}1

T5(N -m) could also b¢ obtained from the watts transmitted, and n4, the revolu-
tions per minute of the arm, as follows:

9551 W
iy

15

17-6 DETERMINATION OF CENTER OF MASS AND MOMENTS OF
INERTIA

In order to analvze the inertia forces acting on the links of a mechanism, the
location of the center of mass for each link must be known. The center of mass
of a body is that point throngh which th¢ force of gravity on the body acts
regardless of the position of the body. The mass center of a system of particles
we will call G. Tts v, y, and z coordinates xg. v, and z; from an arbitrary origin
are given by

11_/[.){‘('; = .-_.H't,-x‘ A4y(; == i”f,‘yl‘ I"IZ{. - Z”E,‘Zi

in which m; represents any mass point, and v, y;, and z; are its coordinates. The
total mass of the system of particles is M.

Many machine elements have two axes of symmetry in their plane of mo-
tion, and the center of mass of such bodies lies at the intersection of these axes.
FExamples are flywheels, pulleys, gears, and sliders. Engineering handbooks
give equations for locating the center of mass for bodies having common
geometrical shapes. And often the location of the center of mass for an irregu-
larly shaped body can be conveniently computed by considering the body to be
composed of a number of segments, each in the form of one of thes¢ common
shapes. The procedure for doing this is explained in elcmentary mechanics
textbooks.

One experimental method which can be used for locating the center of mass
is to suspend the body at some point about which it is free to rotate and to draw
a vertical line on the body through the point of suspension. Then by suspending
the bodyv at a different point, and by again drawing a vertical line on the body
through the point of suspension, the intersection of these lines will locate the
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center of mass. It should be mentioned that for some odd-shaped bodies the
intcrsection of these lines may not intersect at a point on the physical body.
This is because the body can be considered as a system of masses, and the
center of mass of a system of masses may not lie within one of the masses.

Another method for experimentully determining the location of the center
of mass, which is convenient to use for some members, is to support the
member on two scales as shown in Fig. 17-11. The total distributed mass of the
member is M, and it acts through the center of mass (. The scale rcadings in
kilograms multiplied by the acceleration of gravity give the values of the reac-
tion forces F, and F,. If we sum moments about the left support, then

Mg = Fyl
and since Mg is the sum of F, and F,,

F,l

( = & —
F,+ I

The moment of inertia / of a body about a given axis is defined as
I =Z%2Zmrt

where m; is any mass point in the body and r is the distance from the axis to the
mass point. Ordinarily the moment of incrtia is desired about an axis passing
through the center of mass. If we call its value /, then the moment of inertia
about some parallel axis is

I, =14 Md:

where M 1s the total mass of the body and d is the distance between the axes.
The latter is known as the parallef-axis theorem:; elementary mechanics
textbooks explain how we can usc this theorem to find the moment of inertia of
some composite body about any desired axis, if we know the moment of inertia
of each segment ol the body about an axis through the center of mass of the
segment,

Figure 17-11
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An experimental method for determining the moment of incrtia of a body is
illustrated in Fig. 17-12. The body is supported on a knife-edge at any point O,
other than the center of mass. If the body is displaced a small angle & and
released, it wilt oscillate about point O, and by observing the time required for a
given number of oscillations, we can ultimately determine the moment of iner-
tia about the center of mass G.

The relation between the moment about point O and the anguiar accelera-
tion « is

I, =1« (17-15)
d%

or -Mgrsinf=1,——
grsinfi=1, e

where r sin § is the moment arm of the force Mg, and the negative sign is used
because the torque is opposite in direction Lo the angle ¢. If # is small, the sine
of the angle i1s approximately equal to the angle in radians, and the above
equation can be rewritlen

di0
dt?

—~Mgrg = 1,

Figure 17-12
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d*0 Mgr
dr? 1,

which s the differential equation of motion. This is a linear differential equation
of the second order, and the general solution is

or

FMer cMur
f =A sin ff & t +Bcos i- '["r
\I 1(] \!‘ Iﬂ

The boundary conditions are that whent = 0. @ = 0,,.. and dd/dt = 0; thal is,
the angular speed is zero. Solving for the constants of integration, we find that
A=0and B = 0,,,. Thus

[ Mgr
# = Omay COS V' _Tn— {
The function is a cosine wave which gocs through a complete cycle, when
P Mar
RT I =27
s

Solving for ¢, we find the time required for one cycle, which is called the period
T,

.
=27 | — 17-16
T Z”TV Mer (17-16)
Solving this for /,,, we obtain
7, = Mgr(—T—)' (17-17)
2

7

The moment of inertia / about the center of gravity may then be found by the
parallel-axis theorem; thus

I =1,— M
s
= M.![(—]g — r} (17-18)
2 )

Accuracy in the determination of / depends on the accuracy in determining 7
and r. If the two terms in the brackets are nearly cqual in magnitude, then a
small error in either one of them will make for a large crror in /. In order to
make this error small, it 1s desirable to make 7 large and r small. This can be
done for the rod in Fig. 17-12 by suspending it from the end opposite that which
is shown.

The moment of incrtia of a part may also be determined by supporting it on
a pendulum consisting of a lightweight tuble suspended by chords as shown in
Fig. 17-13. To determine the moment of inertia of the part about an axis G-G
through its center of mass, it is placed on the table so that the axis G- is
directly below and parallel to the pivot axis O-Q. The period of small oscilla-
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Part
G I

Figure 17-13

tions can be observed by counting the number of oscillations which occur in
several minutcs. The moment of inertia of the part about its center-of-mass axis
G-G can be determined as follows. Let

M, = mass of part
M, = mass of table
distance from (J to center of mass of part
r, = distance from O to center of mass of table
I,, = moment of inertia of part about axis 0-O
I,, = moment of inertia of table about axis O-O
T = period of table with part
T, = period of table alone

.*
I

Equation (17-16) gives the period of the table with the part on it, where /,1s the
sum of the moments of inertia of the table and the part about axis O-O, and M is
the total mass of the table and the part. Thus

;o

I

T =2 [—2

— = -19
VM, + M)gr (17-19)

where r is the distance from -0 to the center of mass of the part and table
combined. Elementary texts on mechanics ¢xplain that # may be found by
taking static moments about Q-0 as follows:

(iup + Mr)r = Jwr,rl._, - f"jl’r‘,

_ J‘J,_,f’ﬁ + ﬂ’L}f',

or r M, ~ M, (17-20)
Substitution of Eq. (17-20) into Eq. (17-19) gives
T 4.+ 1,
! (17-21)

57; - \f (prrp + A’Irl"r)g
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Solving for [, we obtain
- 2
IJJU = —g'\ (Mu’.p + :1'1,!',)57 - fﬂ, (]7-22)
But [rom Eq. (17-17)

- Tr \2
{ -~ Mgr, ;:)

Substitution of the latter into Eq. (17-22) yiclds

T e Moo )
!w - _| 'M’ugr;; + rh-:r (T‘J - T‘i} (17-23)
2 4
However, by the parallel-axis theorem
I, =1, + M’ (17-24)

where /,, is the moment of inertia of the part about its center-of-mass axis G-G.
Substitution of Eq. (17-24) into Eq. (17-23) gives

LT, .\ M,glr,

_ - 1
]p -‘w,,,f,"f u[l - '
=i _,,'

- T: — T® (17-25
gJ 411__) ( !) {\ )

Since the maoment of inertia of a body about a given axis is defined as the
sum of its mass particles multiplied by the square of the distance from the axis
to the particle, il is often convenient to express it as

I = MEK? (17-26)

where M is the total mass of the body and £ is a constant called the radius of
gvration. In other words, it all thc mass of a body were considered to be
concentrated at a distance & from the axis under consideration, then the mo-
ment of inertia for such a system would be the same as that of the body.

17-7 DYNAMICALLY EQUIVALENT SYSTEMS

We have seen from our study of a body under the influence of a system of
external forces that its acceleration is dependent upon:

1. The mass of the body
2. The location of the center of mass
3. The moment of inertia

The solution to problems in dynamics can sometimes be simplified by replacing
a link with a dynamically equivalent system. A dvaamically equivalent system
is defined as a group of bodies rigidly connected which will be given the same
accelerations as the actual link or body when acted upon by the same forces.
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Fipure 17-14

The body in Fig, 17-14 has a mass M and a moment of inertia [ about the
center of mass (. Although there is no limit on the number of masses which
may be used in an cquivalent system, the simplest system will be composed of
two masses. Since the equivalent system must be a ngid body, we will consider
il to consist of two point masses, M, and M,, connected by a massless rod as
shown. For the two point masses to be dynamically equivalent to the orginal
link, the following equations must be satisfied:

M, v M, - M
Mok, = M,h, (17-27)
Mh® + M2 =1
The first of Egs. (17-27) must be satisficd because
XF =MA;

that 1s, if the acceleration A ; of the center of mass is to be the same for the link
and its equivalent system, they must have the same total mass M. For the
acceleration of the center of mass of the two systenis to be the same, it must
have the same location, and thus the second equation must be satisfied.
Further, because

T = fee

and since « 15 to be the same for both systems, 7 for the equivalent system must
be the same as that for the link. This requirement is stated by the third equa-
tion.

There are four unknowns: M,, M., h,, and h,. Any one of these may be
assumcd, and then the other threce are determined from the three Egs. (17-27).
We will find that the dynamically equivalent system is a useful concept in our
study of balancing of the slider-crank mechanism in Chap. 20.

17-8 CENTER OF PERCUSSION

Another concept which is uselul in the study of dynamics is the idea of center of
percussion. We will devetop the idea of center of percussion by means of
simple and compound pendulums. A simple pendulum conststs of a concen-
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trated mass at the end ol a rod of negligible mass as shown in Fig. 17-15a. A
body (Fig. 17-156) which oscillates in the manner of a simple pendulum but
whose mass is distributed and not concentrated as in a simple pendulum is
called a compound pendulum. The mass of a compound pendulum may be
considered concentrated at a single point such that the pcriod of oscillation
remains unchanged; this point is then known as the center of percussion. The
period of the simple pendufum is

i

T=2r V (17-28)

s

Earlier in this chapter we found the period of 4 compound pendulum to be
expressed by Eq. (17-16); that is,

T=2 '/ 71” =2 Mk 2 '/k("z (17-29)
o \! Meor N 7'—\-’ Mor - W\/ oF '

where M is the mass of the pendulum and 7, and &, are the moment of inertia
and radius of gyration about the point of suspension O. If we equate the period
for the simple pendulum to that ol the compound pendulum, we lind

(17-30)

Thus if all the mass of the compound pendulum in Fig. 17-156 were concen-
trated at point P, then its period would be unchanged. Point P is called the
center of percussion relative to point O. We cannot speak merely of the center
of percussion of a body but must always refer it to some other point on the
body. If the body in Fig. 17-15/ were supported at some other point, the center
of percussion would be at some other point than P.

(a) {b)
Figure 17-15
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We will next determine the distance from the center of mass to the center
of percussion. By the parallel-axis thcorem
Iu = I + Mp?

where 1 1s the moment of inertia about the center of mass. If we let k be the
radius of gyration about the center of mass, then

Mk = ME® + Mr?

and ko= kgl
Substituting the latter into Eq. (17-30), we have
k2
I =— +1

and we see that the distance from the center of mass to the center of percussion
is kZ/r.

If a pendulum is given an acceleration « about its point of suspension, it can
be shown that the inertia force and inertia torque can be replaced by a single
force at the center of percussion. Consider the pendulum in Fig. 17-164 to have
an acceleration « as shown. Then the inertia force f acts through & and is
opposite in sense to A, = ra. Also, there will be an inertia torque ¢ which is
opposite in sense to e. The force fand torque ¢ are again shown in Fig. 17-165,
where the torque is represented by the couple fi. Then

r=fh or Too — MAgH
for Mk k2

CMA;  Mra  r

and h {17-31)

[= I"fA Ie3

t=ia

{a) (b)
Figure 17-16
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Thus we find that 2 comes out equal to the distance (£, which we found carlier.
Since the two {orces at (¢ are equal and opposite, they cancel, and we find that
the only inertia effect can be represented by a single force f at the center of
percussion. This means that if a pendulum is struck by a force which is perpen-
dicular to the line O, there will be no reaction force at the point of suspension
if the blow passes through the center of percussion. An example of this is the
stinging effect produced on the hands when batting a ball if the ball strikes the
bat other than at the center of percussion,

PROBLEMS

17-1 A ralroad car is traveling at a canstant speed of 53 wi/h and is going around a curve 1o the
right which has a radius of 400 ft. A man whose mass is 160 1b walks down the center of the aisle
toward the ront of the car al & constant speed of 5 {Us relative to the cal.

() Wrile a vector equation giving the acecleration ol the man. When writing the acceleration
companents in (he eguation, use the subscript M for man, and ¢ {or a fixed point on the car and
lying below the man. [.et @, denote the sngular velocity of the car.

(h) Skelch the acccleration diagram representing the vector equation in i) and label all vec-
tors. Determine the acceleration of the man in feel per second squared.

i) Compute the inertia force acting on the man and state the direction in which it acts,

17-2 The slider-crank mechanism of a single-cylinder diesel engine is shown in Fig. P17-2. A gs
force PP = 17 00 N acts to the left through piston pin (. The crank rotates counterclockwise atl a
conslant speed of 1800 r/min. Draw the mechanism to a scale of [ mm = 2 mm. Use a velocity
scale of [ mm = 0.3 m/s, an acceleration scale of 1 mm = 22.5 m/s2, and 4 force scale of [ mm =
175 N. Make a combincd static- and inenia-force analysis.

{u) Deterntine the forces £y, and Fy and the torque T, in pewton-meters caerted hy the
crankshaft on the crank for equilibrium.

(hy Derermine the mugnttude and direction of the shaking force and its focation {rom point O,

OB = 76.2 mm 2 2.26 0.00544
G, = 50.8mm 4 3.43 0.0408
BC = 286 mm

4
BG, = 127 mm .72

Figure P17-2

17-3 A shidcr-crank mechanism used in 0 compressoris shownin Fig, P17-2. The [lywheel serves as
the crank. An extemal torque applied to the crankshaft drives the flywheet al a nearly constant
speed of 600 r/min ccw. Air pressure acting 1o the lefl on the piston at the instant is 209 000 pascal
gage. (@) Draw the mechanisin, using a scale of 1 mm = 5 mm. Use a velacity scale of 1 mm —
0.120 w’s. an acceleration scale of | min — 6 m/s%, and a force scale of | mm = 52,5 N. Make u
combined static- and inertia-lorce analysis and determine the necessary torque 7, m magnitude in
newlon-meters and sense which must be exerted on the crank by the crankshaft. (&1 Determine the
magnitude and direction of the shaking force and its location from point O,
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/—— Flywheel (§10D)

4
—— T 127D
C.Gy L
\]\\\ <
Llﬂk M, kg Il kg mE
LB — 152 mm z 134
BC =610 mm 3 6.35 0.394

Figure P17-3

17-4 Comsider the cum in Fig. P68, The cam rotates at o constant speed of 15 rad/s cow. The Toud
on the follower exerted by a link above (not shown) which it actuates is 22.2 N. The mass of the
follower ix 1 kg. The spring, with & spring rate of 3.5 N/mm. exeits a force of 17.8 N on the fol-
lower when the latter is in its lowest posilion. Draw the mechanism full-size with the cam in the posi-
tion shown. The velocity and ucceleration of the follower for thix position hive been found te be
(1219 m/s and 11.2 m/s* and are both dirgcled vpward. Let the cam and (ullower system be repre-
sented by Fig. 179 ¢ — 27.8 mm. b ~ 50.8 mm, « = 9.53 mm, and p = 0.1. Determine (@) the
nurmal force cxerted on the cam, (£) the limiting value for the pressure angle, and (¢) the torque 1n
newlon-meters that the camshaft ¢xerts on the cam.

17-5 In the planctary pear train in Fig. P17-3 the gears have 20° involute teeth und a module of
3 mm. The arm is the driver and rotaws counterclockwise at 2 000 1/min when viewed {rom the

[55

—

]
R
|JAHL 4[

\
SIS
NN }\ WO
|
|

Figure 1’17-5
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right end. A is a fixed gear and there are two planet gears B, cach having a mass of 0.227 ke. The
internal gear C is the driven member; 37 300 W is transmitied. Assume 100 percenrt efficiency.
{#) Determine the number of revotutions per minute and direction of rotation of gear ¢ when
viewed from the right end.
() Determine all the forces on each of the gears. Use a force scale of | mm = I8 N. Determine
also the torque in newion-meters which the driving shaft exerts on the arm, the torque that the
driven shaft exerts on gear C, and the resisting torque which the frame exerts on gear A.

17-6 In order to determine the moment of inentia of a flywheel, it is suspended on a knife-edge
passing through the bore in the flywheel for accommedating the shaft. The bore is 50 mm, and thus
the distance from the knile-edge supporl to the center ol muss is 23 mm and the flywhecl made 100
oscillations in 198.5 5. Delermine the mass moment of inerlia in kilogram-meters squared of the
flywheel about an axis through ils center of mass i the mass of the Aywheel 1s 40 kg.
17-7 The connecting rod shown in Fig. 17-12 was suspended on a knife-edge as shown and allowed
to oscillzte through & small angle. kr completed 200 cycles in 189 5. 'The distance between centers of
the bearings ut each end of the rod is 254 mm, and distance » in the figure is 178 mm. The rod has a
mass of 1.02 kg.

(«) Determine the moment of incrtia of the rod in kilogram-meters sqnared about its center of
LSS,

(b} Determine M, M,, and /i, of the two-mass-equivalent system for the connecting rod if W, is
located at the center of the upper bearing.

{cy Locate the eenter of percussion of the connecting rod about the knife-edge.



CHAPIER

EIGHTEEN
FLYWHEELS

18-1 INTRODUCTION

A flvwheel is a rolating mass which 1s used as an energy reservoir in a machine.
The kinetic energy of 4 rotating body is +7e?, where [ is the mass moment of
inertia about the axis of rotation and w is the angular velocity, If the speed of
the machine is increased, cnergy Is stored up in the flywheel, and if the speed
dccreascs, energy is given up by the flywheel.

There are two types of machines which benefit from the use of a flywheel.
The first type is illustrated by an electric generator which is driven by an
internal-combustion engine. Consider a single-cylinder four-stroke-cycle
internal-combustion engine. The torque delivered to the generator varies con-
siderably because there is one power stroke only once every two revolutions.
The voltage ouput of the generator is a function of the speed, and a change in
the voltage would causc a flicker in the lights. A flvwheel is used in this
instance to ensurc a fairly uniform velocily and torque to the gencrator.

The second type of machine which bencfits from a flywheel is illustrated by
a punch press. The punching process requires a large amount of power in
spurts, and if a flywheel were not used, alt this power would have to be supplied
by the motor. and a large motor would be required. By the use of a flywheel, a
much smaller motor can be used. This is because energy from the motor is
being stored in the flywheel during the interval between the actual punching
operations and is available for use when the actual punching occurs,

385
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18-2 COEFFICIENT OF FLUCTUATION

The coefficient of fluctuation is the permissible variation in speed and is de-
fined as

where w, = maximum angular speed of flywheel
2 minimum angular speed of flywheel
@ = average angular speed of flvwheel

_ Vl - V2

Vv

I

Also C

where Vi, = maximum speed of given point on flywheel
¥ = minimum speed of same point on flywheel
V' = average speed of same point on flywheel

!l

Values of this coefficient that have been found satisfactory in practice vary
from about 0.2 for crushing machinery to 0.002 for electric gencrators. Recom-
mended values for various types of machinery can be found in engineering
handbooks and machine-design textbooks.

18-3 MASS OF FLYWHEEL FOR A GIVEN COEFFICIENT OF
FLUCTUATION IN SPEED

Consider the flywheel in Fig. 18-1 and let it be assumed that the angular veloc-
ity varies where V, is the muximum rim speed, V, is the minimum rim speed,
and V is the average rim speed. Then

V, + V,

w{varigble)

Figure 18-1
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or V=V +V, (18-1)
Since the coefficient of fluctuation in speed is

Vl - V2
v
then V=V, -V, (18-2)

C =

Suppose that the entire mass M of the flywheel is concentrated at the mean rim
radius R. Then the kinetic encrgy (KE) at speeds V, and V, is

KE, ='MV? and KE, = ! MV,

If we let E represent the change in kinetic energy, then

E =MV — Vy2) (18-3)
Multiplication of Egs. (18-1) and (18-2) by one another gives
20VE = V2 — V)2 {(18-4)
and substitution of Eq. (18-4) into (18-3) yields
E =MCV? (18-5)

In an actual flywhec! not all the mass is concentrated at the rim as we have
assumed, but the flywheel is usually designed so that most of its mass is in the
rim so that the kinetic energy will be greater for a given angular speed. In the
equations above, M is the effective mass of the flywheel at the rim and is equal
to the mass of the rim plus the effect of the arms and hub. For a flywheel with
arms, the actual mass of the rim is about 90 percent of the effective mass M.
Since the stresses in the rim and arms are due to centrifugal forces which are a
function of the speed, the rim speed V is usually limited to 30 m/s for cast iron
and 40 m/s for steel. The density of cast iron is 7 090 kg/m* and of steel is
7 830 kg/m?*,

Example As an example of flywheel analysis we will determine the size of
flywheel required to be used on a punch press. A diagram of the press is
shown in Fig. 18-2, where the slider of a slider-crank mechanism serves as
the punch to force a slug of metal in the plate through the hole in the die.
The press is to punch 30 holes per minute, and thus the time between
punching operations is 2 s. We will assume that the actual punching takes
place L of the interval between punches, or the actual punching takes
L (2) -- Ls. A hole 20 mm in diameter is to be punched in a plate of 1025
steel 13 mm in thickness. The driving motor runs at 900 r/min with a veloc-
ity reduction through gears to give the 30 punching operations per minute.

We will first calculate the energy necessary for punching. The
maximum force required for shearing the material from the plate can be
expressed as

P = adtr
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. \?rimin

Wy

Flywheel

Plate

Figure 18-2

where d = diameter of hole, m
t thickness of plate, m
T = resistance to shear, Pat

Then the maximum force can be expressed as
P — 7(0.0200(0.013)(310 x 105 = 253 000 N

Figure 18-3 shows a typical force-vs.-displacement curve for the_
punching of a hole in 4 ductile material such as steel. The area under the
force-vs.-displacement curve in Fig. 18-3¢ can be approximated as a
triangle, and the work done in punching the hole is then

where W, = work done, ]

P maximum force. N
t = thickness of plate, m

Thus
Wi =2 (253 000)(0.013) = 1 640 ]

ANALYSIS WITHOUT FLYWHEEL The average power required during the
punching operation, assuming the force-displacement curve is rectangular
as shown in Fig. 18-36, 1s

157 1 640

= =4920W

Time ;

*Muchinery's Hundbook (The Industrial Press, New York) gives for 7 a value of 0.75 the ultimate
stress in tension or thus approximately 310 < 10° Pa (pascals).
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Punch
d
7 Force _ Force

Rl
9
g

Displacement of punch Displacement of punch

fa) (b)

Force v, v,

g lfe \ P

l \1 g Displocement of punch

s

s p—

Caf = '

(PP
3

—————— 25 {one tycle) —
{c)

Figurc 18-3

However, since P in Fig. 18-3a is twice as large as that in Fig. 18-35, the
maximum instantaneous power would actually be approximately 9 840 W.

ANALYSIS wiTH FLYWNEEL If a fiywheel were used, the power of the
motor could be reduced considerably. Figure 18-3¢ shows that the time
between punching operations is 2 s and that the time required for a punch-
ing operation is 3 s. The work done per cycle was found earlier to he
1 640 I: represented by the area ABCDE in the figure, it must be supplied
in & s. If a flywheel is used, this same amount of energy must be supplied
per cycle and is represented by the urea FGIE. Thus with a flywheel the
1 640 I of energy 1s supplied in 2 s, indicating that 1 640/2 = 840-W motor
is required. During the I -s punching inlerval, the motor supplies the
energy represented by area AHIE, which is 273 J. but the energy required
for punching is represented by area ABCDE, which is 1640 J. Thus the
energy that has to be taken from the flywheel is 1 640 — 273 = 1 367 J.
Thus we see that the energy supplied by the motor during the actval punch-
ing operation is 273/1 640 — & the total energy required during the total

cycle,
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To determine the mass and size of the [lywheel, we will assume a mcan
rim diameler of 900 mm; then the average rim speed will be
mDn a{0.900)(150)

V= = - 7.07 m/s
60 60

If we assume a permissible coefficicnt of speed uctuation of 0.10, then
from Eqs. (18-1) and {18-2)

f4.14 =V, + V, and 0.707 = V|, — ¥V,

and VvV, — 7.42 m/s and V, = 6.72 m/s
As a check,
V - "0 ?-' 2 - ?2
C - — S A2 6T 0.10
Vv 7.07
From Eq. (18-3)
367 N - 2 . 2

TR A c YL LI VAP

Ccve 0.1{7.07 m/s)? m 5 m

Assuming a flywheel with arms, the actual mass of the rim would be about
90 percent of M, or 0.90 (273) = 246 kg.

18-4 FLYWHEEL FOR AN INTERNAL-COMBUSTION ENGINE

As another example of the use of a flywheel let us consider the flywheel re-
quired for a single-cylinder four-stroke-cycle enginc. In Fig. 18-4 the outpul
torque is plotted versus crank position. Four strokes of the piston occur dunng
a cycle, and there is a power stroke only once every two revolulions. The
combined output torque is the sum of the torque due to gas pressure 'dn.d the
inertia torque. The gas pressure on the piston can be obtained from an indicator
diagram. which gives the gas pressure as a function of piston position. The
output torque due to gas pressure can be found from a static-force analysis an.d
is plotted versus the angular position of the crank. The inertia output tOrque 15
obtained from an inertia-force analysis.

The areas lying above the zcro-torque line represcnt positive work done b.)"
the engine, and the areas below represent negative work. The average torque 18
obtained by laking the algebraic sum of these areas and dividing it by the crank
displacement ol 720°. If thc machine which is driven by the engine O_ffe'-'-“ a
resisting torque cqual to the average torque, some means must be prond?d 1o
level out the combined-torque curve, The purpose of the flywheel is to give a
uniform output torque. The crosshatched areas above the average-torque line
represent excess encrgy which increases the speed and stores energy 10 the
flywheel, and the crosshatched areas below the average-torgue line representa
deficiency in energy which reduces the specd and removes energy from the
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Figure 18-4

flywheel. The relative magnitudes of the crosshatched arcas in the figurc are
given by the numbers in the areas as shown.

In order Lo determine thc cncrgy which must be stored in the flywheel, we
must find the positions at which the crank speed is a maximum and a minimum.
At first we arc likely to believe that the speed would be a minimum at the
beginning of the power stroke and a maximum at the end of the power stroke.
However, from an examination of Fig. 18-4 we will see thul these ure not the
correct positions. If we start at point A and go (o point B, we note that the area
under the combined-torque curve is ncgative, indicating that there is a defi-
cicney of energy, and thus the spced decreases. Then as we go from B to €, we
note that the arca is positive, indicating an excess of energy, and thus the speed
increascs. Hence the maximum and minimum speeds occur somewhere at
points whcere the combined-torque curve intersects the average-torque curve.

In order to find the points of maximum and mimmum speed we will start
arbitrarily at 3, the first point where the combined-torque curve crosses the
average curve and call the speed here w,. At this point the kinetic energy is £,
and when we proceed to point 4, because of the eacess energy of 100, the
energy at A is £, — 100. Then ay we proceed to point 8, there 1s a deficiency in
energy of 75 units, and thus when we get to I the encrgy has been reduced o £
+ 25. At the top of the figure the relative energy level is indicated {or each
intersection, and we note that the maximum speed occurs at point A, which is
the point where the energy is a maximum, and the minimum speed occurs at
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point £, where the energy is a minimum. Then the maximum energy change is
given by the algebraic sum of the shaded areas between these points; this is the
energy to be used in Eq. (18-5).

PROBLEMS

18-1 The crunkshafl of u crusher rotates at 60 r/min und the force-vs.-displacement diagram is
similar to Fig. 18-3c. The average power input is 7 457 W, The actual crushing operation requires
/s s and occurs once cach revolution of the crankshaft.

(7} Determine the energy in joules which must be stored in the flywheel.

{#) Determine the mass of flywheel im required if the flywheel is mounted on the crankshaft.

Assume that the arms and hub contribute 10 percent of the effective mass at rim. The mean
diameter of the rim is to be 1 B29 mm. Assume a cocfficient of speed fluctuation of 0.2 and that the
average rim speed occurs at 60 r/min,
18-2 A I7-mm-diameter hole is to be punched in 4 plate of 1025 steel 19 mm thick. Twenty holes
per minute are to be punched. and the actual punching takes place in one-fifth the interval between
punches. The driving motor runs al 1,200 r/min and is geared 1o a countershaft which runs at
160 r/min and upen which the flywheel is mounted. The countershall in turn s geared to the
crankshaft of the press in order to give the 20 punching operations per minute. The resistance Lo
shear for the plate muy be tuken as 310 x 10€ Pa,

(@) Make a sketch similar to Fig. 18-2 and label the speeds of the shafts, Also make a sketch
similar to Fig. 18-3¢. Find the power required for the molor if no flywheel is used.

{#) Find the power required for the motor assuming a flywheel is used.

{r) Determine the mass of flywheel rim required assuming that 90 percent of the effective mass
at the rim 15 due to the rim alone. The average specd at the mean diameter of the rim is 20 m/s, and
the coefficient of speed Muctuation is 0, 10.

{d1 If the total mass of the flywhecl is approximately 1.25 times the mass of the rim, find the
approximalte tolal mass of the flywheel.

{¢) If the flywheel rim has a square cross section, determine the necessary dimensions. The rim
15 made of cast tron with a density of 7 090 kg/m?

() If the flywheel is made from a solid. circular plate of cast iron, detcrmine the necessary

flywheel mass for an average peripheral speed of 20 m/s. The permissible coellicient of speed
fluctuation is 0.10. as used above.
18-3 A four-stroke-cycle single-cylinder engine is to be analyzed in order to determine the flywheel
requirements. The gas-pressurc-lorque. inenia-torque, and combined-torque curves have been
plotted and are similar to those in Fig, 18-4. The shaded areas lying above and below the average-
torque curve have been measured with a planimeter in order 1o locate the points where w is a
maximum and a minimum. These points were found to be 485" aparl. The shaded areas between
points A and E were found to be =774 mm?, +510 mm?, —793 mm?, +443 mm®, and —755 mm?
The scale used for ordinates on the diagram was | mm = 5.34 N m. The full 720" length of the
diagram was drawn 184 mm. The engine has a 102-mm stroke, Find the equivalent mass of flywheel
rim. The permissible coefficient ol speed [luctuation is to be 0.05, the engine runs at 1,000 r/min,
and the mcan diameter of the flywheel tim is 1o be 610 mm. Hint: First find how many joules of
work ol energy are represented by each square millimeter of arca on the torque-vs.-displacement
diagram. Recall that work or cnergy cquals torque times angular displacement in radians.
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NINETEEN
BALANCING ROTATING MASSES

19-1 INTRODUCTION

In Chap. 17 we studied inertia forces in various mechanisms. The effcct of
inertia forces in setting up shaking forces on the structure was also discussed.
The question is whal can be done about the shaking forces.

It is possible to balance wholly or in part the inertia forces in the system by
introducing additional masses which serve to counteract the original forces.
This procedure is applied to two different kinds of problems. The first is a
system of rotating masses, as illustrated by an automobile wheel or an au-
tomobile ¢crankshaft, and 1the second is a system of reciprocating masses, as
ilustrated by a slider-crank mechanism. Balancing of rotating masses is dis-
cussed in this chapter, and the balancing of reciprocaling masses is discussed in
Chap. 20.

19-2 SINGLE ROTATING MASS

To illustrate the principles involved, we will begin by considering Fig. 19-1,
where the shaft supports a single concentrated mass M at radius R. Let M, be
the mass which must be added at some radius R, in order to produce equilib-

rivm.
Static balance will be produced if the sum of the moments of the forces of

gravity ahout the axis of rotation is zero:
~MgR cos 8 + M.gR, cos 8 = (0
393
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Figure 19-1
or MR. - MR (19-1)

I the value of R, is arbitrarily chosen, then the value of M, can be found by Eq.
(19-1). When static balance exists, the shalt will have no tendency 0 rotate in
its bearings regardless of the position to which il is rotated.

Dynamic balance requires thal the sum of the inertia forces in Fig. 19-1 be

zero; thus if the angular speed 1s o,
MR« — MR — 0
or M.R. = MR (19-2)
From Eqgs. {19-1) and (19-2) we see Lhat static and dynamic balance will be
attained if’ we make
M.R, = MR

19-3 SEVERAIL ROTATING MASSES IN THE SAME TRANSVERSE
PLANE

In Fig. 19-2¢ and b, M, M., and M are concentrated masses all lying in the

same plane of rotation. M, represents the mass which must be added at some

radius R, and angular position 8, in order to producc cquilibrium. For static

balance the sum of the moments of the gravity forees due 1o the original masses

and the added mass M, about the axis of rotation must be zero; thus

YMgRcost0+ M oeR.cos =0
or TMRcos 0+ MR cos ), =0 (19-3)

For dynamic balance the inertia forces must be in equilibrium, and hence the
sum of their horizontal components must be zero: thus

SMRo cos @ + M. Rw’ cosd, =0 (19-4)
and the sum of their vertical components must be zero: thus

EMRof sing + M R .o*sing, =0 (19-3)
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MR, = 1.36 = 76.2 - 104

MR, = 2.27 x 127 = 288

MR, =0.902 x 102 = 92.5

Force balance
(c)
Figure 19-2
If we divide Egs. (19-4) and (19-3) by . we obtain
SMRcos MR, cos 6, = 0
(19-6)
SMRsinff+ MR, sind, = 0

Thus Egs. {19-6) are the conditions required for dynamic balance. TFrom an
examination of Eqgs, (19-3) and (19-6) we see that static and dynamic balance

will be attained if Eqs, (19-6) are satisfied.

Example 19-1 For the rotor in Fig. 19-2 the values of the masses M, M,
and M, their radii of rotation R,. R,, and K, and their angular positions 6,.
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Table 19-1

Number M, kg R mm 0,deg <cosé sing MR cose MRsm#

| 0.907 102 a0 0.866  0.500 BO. 11 46.26
2 2.27 127 80 0.174  0.985 50.16 284.0
3 1.36 76.2 160 -0.940  0.342 =917.41 35.44

2 = 32.86 X = 3657

;. and @, are known. It is desired to find the mass M, al a 88.9-mm radius
and its angular position @, required to balance the rotor statically and
dvnamically.

MATHEMATICAL SOLUTION A mathematical solution of Egs. (19-6) to find
M, and 8, can be most easily done by listing the quantities as shown In
Table 19-1.

From Eqs. (19-6),

328 + MR, cos 0, =10

-7
3657+ M R_sin 0, =0 (1%-7)
M.R,. sin 0, —365.7
Then L [} 5 — -
M.R, cos 8, - 32.86 (19-8)
or tan 8. = 11.13

It is important to retain thc signs in Eq. (19-8) in order that the proper
quadrant for ¢, can be determined. From Eq. (19-8) we see that sin 8, is
negative and cos #, is negative. Hence 6, lies in the third quadrant, and

4.=tan"111.13 = 264.9°
From Egs. {19-7),

~365.7 ~365.7
:M _— = = 4.
= R.sin0,  88.9(-0.9960) _ “1ike

GraprHICAL SoLuTION Equations (19-6) can be solved graphically for the
values of M, and 8, by laying out the MR vectors to scale as shown in Fig.
19-2¢. Since the MR vectors represent inertia forces, they act radially
outward and must be drawn parallel to the corrcsponding radii in Fig.
19-26. The vector MR, as shown is required to close the polygon and
produce equilibrium. The magnitude of M R, when scaled, was found to
be 369 units. Hence

_ 369 369

= 222 415
R~ ggg ke

f.. in Fig. 19-2¢ was measured with a protractor and found to be 266°.

M,
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19-4 SEVERAL ROTATING MASSES LYING IN SEVERAL
TRANSVYERSE PLANES

In Fig. 19-3, a rotor having two equal concentrated masses M, and M, lying in
different transverse planes € and D is shown. It is evident that the static forces
are in balance and also that the dynamic forces £, and F, are equal and thus in
balance. However, F, and F, produce an unbalanced couple equal to I, 4, which
will set up reactive forces R, and Rz at the bearings 4 and B. The purpose of
balancing any rotating equipment is 1o eliminate or to reduce as much as possi-
ble the forces transmitted to the beanings in order to eliminate vibration. Thus
we see that in balancing a rotating system we must balance not only forces but
also moments.

We shall first define the moment of 4 force about a plane. In Fig. 19-4,
consider two parallel planes distance ¢ apart. Let F be a force in the nght plane

Figure 19-4
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which makes an angle € with the X axis. This could be an inertia force acting on
a rotating mass M. The moment of the lorce F about the left planc is defined as
the moment of the vertical component of # abourt the X axis, which 1s '« sin 6,
plus the moment of the horizontal component of F ubout the ¥ axis, which is Fa
cos 6.

In order to tustrate the method for balancing a system of masses lying in
several transverse planes, let us consider the system of masses M, M, and M,
in Fig. 19-5. The procedure is as follows:

1. Choose any two transverse reference planes A and B as shown in the
figurc.

2. Let the distance in the uxial direction from plane A to masses M, M, M.,
etc. be a,. a,. a;, etc., respectively. Distances to the right of plane A are
considered positive (+) and distances to the left are negative (—).

3. Since inertia force is F = MRa?, the F forces are proportional to MR. We
can bulance moments about plane A by adding « mass M in plane B so that
the sum of the moments about the X axis is zcro and the sum of the
moments about the ¥ axis is zero. This requires that:

E I‘JR[J bll] 9 + ‘I‘IIHRII'”IH \lﬂ HH = 0
(19-9)
TMRacos 8 1 MyRyapcos 8, = 0

4. Next. we can add a mass M, in plane A so as to balance all forces m the X
direction and the ¥ direction, that is,

SMRcos 0+ M, R,cos0, =0
(19-10)
~MRsin##+ M R,sing, = 0

If Fgs. (19-9) and (19-10) are satisfied, then the system will be in dynamic
balance. Since the first of Eqs. (19-101 1s similar to Eq. (19-3), the system will
also be in static balance it it is in dynamic balance. It is important 1o note that in
step 4 when we add the mass M, in order to balance the forces. it must he added
in plane A ; otherwise we would destroy the balance of moments about plane A
which we produced earlier.

Example 19-2 Lct us consider the rotor in Fig. 19-3 and assumc that the
masses My, My, and M, along withR |, R., R, 0;, @, and #,. arc known and
have the values indicated in Table 19-2. We desire to find the values and
angular positions of two masses which, if added at a 76-mm radius, will
bulance the system statically and dynamically. The location of planes A and
B shown in the figure have been arbitrarily chosen.

MATHEMATICAL SoluTioN In order to satisfy Egs. (19-9) and {19-10) and
find Mg. 0,. M., and &,, it is convenient to list the various gquantities as
shown in Tablc 19-2.



BALANCING ROTATING MASSES 309

Table 19-2
Number M. kg R, mm . deg a. mm cos sin @
l 11.454 50.8 30 0 0.866 .500
2 1.36 76.0 60 -102 (.500 0.%66
3 0.907 63.5 150 76 —0.866 0. 504
Number MR cos # MK sin 0 MRa cos A MRa sin &
1 20.0) 11.5 0 a
2 317 89.5 -3 271 -2 130
3 —49.9 B 28.8 I B 2 189
X =218 »=129.8 Y= 9063 L - —6941

From Lqgs. (19-9),
—6 941 + t"‘f;?RHHB Sin 8;, -0

(19-91
—9063 F M Rpazcos, = 0
Then MyRpay st _ 6941 (19-9)
MgRpay cos g 9 063
or tan 0, = 0.7659

From Lq. (19-9) we see that sin 65 is positive and cos i is positive. Hence
y lies in the first quadrant, and

#; = tan 7' 0.7639 = 37.4°
trom Eq. (19-99

6 941 6 941

ﬁrj“ = R = -
Ry, sint, 76 > 76 x 0.6074

= 1.98 kg

From Egs. (19-10)

21.8 +(1.98 x 76 x 0.794) + M, R, cos 8, = 0

(19-10%
129.8 +(1.98 x 76 = 0.607) + M R, sin¢, — 0
MR, sin @ —221.1 .
Then i 4 _ - — 1.56 19-10"
MR, cos 8, —141.3 (
or tand, = 1.56

From Eq. (19-10") we sce that sin 6, is negative and cos 8, 1s negalive,
Hence 8, lies in the third quadrant. and

g, =tan"! 1.56 = 237.37
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Figure 19-5
From Eq. (19-10™
—141.3 —141.3
M, = - 344 kg

T R,cos B, 76(—0.5402)

GRAPHICM‘_ SoLrUTION A listing of the various quantities appears in Table
19-3. Equations (19-9) can be solved graphically for the values of Mz and 6
by laying out the MRa vectors using any convenient scale. This is shown in
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Table 19-3

Number g,deg M. kg R.mm o.mm MR MRu

] 30 0.454 50.8 {} 3.1 0
2 60 1.36 76.0 -102 1034 10 500
3 130 0.%7 63.5 76 57.6 4 380

Fig. 19-5¢. It is important to note that these moment vectors have the same
sense as the inertia forces acting on the masses in Fig. 19-5q.; that is, they
are directed radially outward unless the moment is negative. In Fig. 19-5¢,
MyR,a, would be drawn at an angle 8, with the horizontal and would be
directed upward to the right from the pole () if its value were positive, but
since it is negative it is directed opposite. The vector MR za, shown dotted
is required lor equilibrium and when scaled was found w be |1 400 units.
Then

11 400 11 400
‘; = - o= = \
115 R”('l“ 76 < 76 1.96 kg

In Fig. 19-5¢, 6p was found to measure 38°. Since in Fig. 19-5a we see that
ay 1s positive, then 8, is as shown and not (38 + 180)°.

Next, Egs. (19-10) can be solved for the values of M, and 8, by laying
out the MR vectors, using any convenient scale as shown in Fig. 19-5d.
Since these vectors represent the inertia forces, they are always posilive 1n
value and are directed radially outward from the corresponding masses in
Fig. 19-5b. Vector M R, shown dottcd is required for equilibrium and was
found to scale 261 units. Then
261 261

M, = 20 = 220 _ 343k
AT RS T 6 &

In Fig. 19-3d, ¢, was found to measure 238°.

19-5 GENERAL COMMENTS ON BALANCING

As we have seen earlier, the necessary counterbalance was determined as the
product of a mass and a radius. If we arbitrarilv choose one, the other can be
determined. In practice the radius is chosen as some convenient value and the
mass is Jeft to be determined. The mass 1s either added by attaching a mass to
the rotor, or an equivalent effect is produced by removing mass by drilling a
holc in the rotor at a position 180" away and in the sume transverse plane. If
counterbalanccs are added, they should be placed at the maximum radius avaii-
able in order that thcy will be a minimum. Likewise when masses must be
added in two planes, these planes should be selected as far apart as possible so
as to reduce the amount of the masses needed.
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Although any rotor may be balanced by adding 2 mass in cach of two
transverse plancs, such a method leaves a bending moment in the shaft. For
this recason it is often desirable to balance each unbalance in the plane of the
unbalance. For ¢xample, in an automobile crankshaft each crank produces an
unbalance. and frequently the crankshalt is balanced by adding a counterbal-
ance opposite each crank.

19-6 BALANCING MACHINES

Tn spitc of all the care that may be taken in the design and manufacture of a
rotaling part, whether the part is completely machined, cast, or forged, orif it is
assembled {rom various parts as in the case of the armature ol an clectnc
motor, it is uncommon for it to run smoothly, particularly il the operating speed
15 high. Variattons in dimensions due to machining, nonhomogeneity of the
material, variations in mcthods ol assembly, and eccentricity of bearing sur-
faces all contribute to offsetting the center of mass rom the axis ol rotation,

The curve in Fig. 19-6 emphasizes the effect of u small amount of unhalance
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Figure 19-6
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at high speeds. The curve shows ceninfugal force produced by a millimeter-
kilogram of unbalance at various angular speceds. (A millimeter-kilogram is
defined as one kilogram of mass at one millimeter from the axis of rotation.)
The centrifugal force due to | mm-kg at 1 000 r/min is 10.97 N. At 10 000 r/min
itis 1 097 N. That is. it increases as the square of the speed. It 1s evident thal
the centrifugal force produced on a large rotor can be very large. ¢ven 1f the
center of mass ol the rotor is displaced only a small amount from the axis of
rotation, and consequently large shaking forces will be produced on the struc-
ture. For example, consider the rotor of an aircraft gas turbine having a mass ol
180 kg which operates at 16 000 r/min. and suppose the center of mass is
(0.025 mm from the axis of rotation. The 4.5 mm-kg of unbalance would cause a
centritugal force

F = MRw*
(0.025 1/ 2 x 16 0003 :
= 180} " 0 ) 0| = 12630N

Such a force could cause considerable damage to the machine. Since il is
usually impossible to manufacture the rotor of a machine so that the center of
mass will lie within 0.025 mm from the axis of rotation, the part must be
balanced after manufacture, and the balancing is done experimentally.

The type of balancing required dcpends on the type of machine, its size and
speed, and economics. In general, static balance is sufficient for members of
short axial length which rotate at low or modcrate speeds, because the unbal-
anced moment due to dynamic effects is small. Examples of members ol this
type are automaobile wheels, airplane propellers, and narrow fans.

The trial-and-error method may be used for static balance. The part is sel
on level ways. and temporary masses are placed upon the part until the re-
quircd balancing mass and position are determined. Then either a permanent
mass Or masses ure attached to the part, or the proper amount of mass may be
removed at a position diametrically oppusite in order to produce the same
effect.

Figure 19-7 shows diagramatically a machine for statically balancing au-
tomobile wheels. The apparatus consists of a circular table which 1s mounted at

Wheel e Scherical spivit level

Circular Yable - \

T

Figure 19-7



404 DYNAMICS OF MACHINES

point P on a sphere so that it is free to tilt in any direction. The wheel is placed
on the table. The center of mass of the wheel, tire, and table combined lies
below point 2, and the table contains a spherical spirit level. The position of the
bubble in the spirit level indicatcs the direction of the light side where lead
masses are then fastcned to the nm to achieve balance.

The next type of halancing machine we will consider is one used to halance
rotors which are not of short axial length and hence where the moments due to
dynamic effects must be balanced. Such a rotor can be balanced completely,
1.e., statically and dynamically, by adding masses in two reference planes such
that the moments about each of these planes will be balanced. The following is
a prool. Let us consider the rotor axis as divided into a number of equal
segments as shown in Fig. 19-8 and consider two reference planes | and 2
perpendicular to the axis, Suppose that the only unbalance can be represcented
by | mm-kg three units to the night of plane . Then in order to balance mo-
ments about plane 1 we can add *s mm-kg in plane 2, that is, 3([y = ¥a(4),
Next, in order to balance moments about plane 2 we can add '/4 mm-kg in plane
I, that is I{1y = Y4(4). As a result of balancing moments about planes | and 2,
we have moments in balance about all other plancs, and further, the torces are
in balance.

Many balancing machines are based on the principle of balancing moments
about two planes as has been just discussed. One type uses what is called a
balancing head. A diagram of the machine is shown in Fig, 19-9, Planes 1 and 2
are reference planes in which masses are to be added in order to balance the

1 mm—kg
! ?
—— e = 4 - — —_——

KN | 03
T - o — —k
- mm-—Kkg 4 mm~—«g
Figure 19-8
] 2
_—Baloncing head, 3
| s
[
Retar [ )
L] /—Scule

i

Iigure 19-9
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rotor. Table T is mounted on springs and can be made to pivot about pivots F,
or F,,

A balancing head, Fig. 19-10u. 1s a device which is sohdly coupled to the
rotor to be tested and contains two arms with masses M. These arms rotate
with the rotor, provided that the operator does not interfere. There is a motor
and a system of gears within disk B that allow the operator (o rotate the masses
relative to B. Power is supplied through slip rings. The opcrator has two opera-
tional buttons. If the first is pressed, the two arms rotale in the same direction
with a fixed angle between them: if the second is pressed, the arms rotate in
opposite directions. In each case the arms make one revolution relative to B in
about § s,

Since the two arms form the only unbalance in B, it is possible for the
operator to change the magnitude as well as the direction of (he unbalance.

The procedurc for finding the masses to be added to the rotor and their
angular positions is as follows. The table is allowed to pivot about pivots Fi,
and the rotor, driven by a belt or flexible shaft, is brought to a speed in which it
is in resonance with the springs. By pressing button 1. which rotates the arms in
the same direction, a maximum and minimum amplitudc are observed once
each 5 s. After releasing button 1 at the minimum amplitude, the operator
makes the arms rotate against each other by pressing button 2. During this
operation the line which bisects the angle between the arms does not move
relative to B, and hence the direction of the additional unbalance does not
change, but the magnitude varies from two masses (when the arms coincide) to
zero (when they are 180° apart). Button 2 is released when the vibration is
reduced to zcro, the rotor is stopped, and from the position of the arms, the
magnitude and direction of the correction are readily determined. In Fig.
19-10k. lct M, be the cquivalent mass lying on the bisector. Since centrifugal
force is proportional to mass times radius,

2Mrocos ¢ = My,
or M, = 2M cos @

(a) {h)
Figure 19-10
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Now let us consider Fig. 19-11 in order (o find the mass M, required to be
added in plane 2 (at any convenient radius r,) which will be equivalent to M ,.
Taking moments of the centrifugal forces about plane 1 we have

M ria = M,r,b
ra
rab
Next, the balancing head is placed on the left end of the rotor, pivots F, in
Fig. 19-9 are removed, and the table is made to pivot about pivots F,. The entire

procedure is then repeated to find the magnitude and location of the mass to be
added in plane 1 which will balance moments about plane 2.

or le = .!Ml

PROBLEMS

19-1 The rigid rotor in Fig, P19-1 is to be balanced by the addition of 4 fourth mass at a 178-mm
radius. Make a drawing of (he system using a scale of | mm = 10 mm. Determinc the mass and

M, =181 kg

T R, =387 mm
R? = 254 mm

i2p°
~.

\\
\\\\
R

M, = 0.907 kg

—_— R.a = 305 mm

Ve
1/’
>€-4-3< 225°

s

Figure P19-1

A‘Ig = 2.27 kg
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angular position of the balancing miss (@) using the mathematical method and (%) using the graphi-
cal method with a scale of 1| mm =9 kg-mm for the MR veetors. Using dashed lines, show on vour
drawing the required balancing mass in its actual position.

19-2 Makc u drawing of Fig. P19-2. Determine the amounts and angular positions of two masses
which, if added at a S1-mm radius in planes A and B, will balance the rolor. Begin by balancing
moments about plane A. Solve graphically using a scale of 1 mm — | 200 MRa units and a scale of
I mm = 20 MR units, Using dashed lines draw in the masses to be added, showing them in their
true positions,

AM} =227 kg

R, = 254 mm
£, = 102 mm
203 mm

>
I

M, =0.454 kg

oM, My = 0,907 kg

Figure P19-2

19-3 Samc as Prob. 19-2 cxcept solve by the mathematical method.

194 Make a drawing of Fig. P19-2, Determine the bearing reactions at € and 0 for a shaft speed of
| 000 r/min, if the system of three masses as shown were left unbalanced. Neglect the reactions due
to static loads. Solve graphically using for moment vectors a scale o 1 mm - 600 MK units and
for force vectors a scale of | mm — 10 MR units, Begin by taking moments ubout 4 plune through
C. On vour drawing of the rotor show the bearing reactions and indicate the values of their
magnitude and angular posilions.

19-5 Same as Prob. 19-4 except solve by the mulhemitical method.

19«6 Consider the rotor in Fig. 19-5 and let M, M, M, R, R.. R, #,. 8,, and 4, have the values
given in Table 19-2. Make a drawing of Fig. 19-5 using a scale of 1 mm = 5 mm. Detcrmine the
bearing reactions at ¢ and D for a shaft speed of 500 r/min  the rotor were left unbalanced.
Neglect the reactions due to static loads. Solve graphically and begin by taking moments about a
plane through €. Use a scale of | mny — 350 MEqa units and a scule of | mm — 1.35 MK units. On
your drawing of the rotor show the bearing reactions and indicale the values of their magnitudes
and angular positions.

19-7 Same as Prob. 19-6 e¢xcept solve by the malhematical method.



CHAPTER

TWENTY
BALANCING RECIPROCATING MASSES

20-1 INTRODUCTION

In Chap. 17 we found that the shaking force is the resultant of all the forces
acting on the frame of a mechanism due to inertia forces only. Thus if the
resultant of all the forces due to inertia effects ucting on the frame is zcro, there
18 no shaking force; however, there may nevertheless be a shaking couple
present. Balancing a mechanism consists of eliminating the shaking force and
shaking couple. In some instances we can accomplish both. We will discover
that in most mechanisms, by adding appropriate balancing masses, we can
reduce the shaking force and shaking couple, but it is usually not practical to
provide means to completely eliminate them.

20-2 FOUR-BAR LINKAGE

We shall begin by considering the four-bar linkage in Fig. 20-1. Crank 2 rotates
with constant angular velocity, rocker 4 oscillates, and coupler 3 has a com-
bined motion of translation and rotation. The mechanism 0, BCO, can be bal-
anced by introducing a mechanism which produces opposite effects. If we
employ the mechanism 0,8'C'Q,. which is the mirror image of the original
mechanism. and if we make it move in the opposite sense, this will balance the
vertical shaking forces and the shaking moments due (o the angular accelera-
tions of links 3 and 4. Unbalanced horizontal shaking forces would remain,
however, and in order to balance these, we could further employ the
mechanism 0, DEO, and O, D'E'O,. which is the mirror image of the first com-
bination and which moves in the opposite sense, This method of balancing 15

408
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Figure 20-1

complicated, and instead, a method which provides partial balance is usually

used.
Partial balance of the four-bar linkage can be obtained as shown in Fig.

20-2. The student should review the concept of a dynamically equivalent sys-
tem presented in Chap. 17. There it is explained that in order to obtain a
dynamically equivalent system we must satisfy Eqs. (17-27). Rewriting these
equations we have

:W, —+ ;’1'42 = A’I
f‘4|hl = Mzhz (20'1)
M+ Myh? =1

M

ANNANRNNRN
1

M,

M,
Figure 20-2
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These equations stale that two members are dynamically equivalent if they
have the same mass, the same center of mass, and the same moment of inertia,
Here, in treating the four-bar linkage. we will balance only the shaking forces,
and hence we do not need to fulfill the requircment of equal moment of inertia,
The equivalent coupler shown in IFig. 20-2 satisfics the first two conditions and
replaces the original coupler. Link 2 and mass M, can be balanced by M; to
bring the center of mass Lo the center of rotation O,. Similarly, link 4 and mass
M, can be balanced by M,. This will eliminate the horizontal and vertical
shaking forces, but there will remain an unbalanced, variable shaking couple
due to the angular accelerations of links 3 and 4.

The shaking couple cannot be eliminated completely by simple means in
maost mechanisms, but it can be reduced by keeping the moment of inertia of the
hnks to 4 minimum. It is neither practical nor necessary to obtain complete
balance. After providing reasonable balance, troublesome vibrations can be
avoided by using other means. Some of these sre avolding resonance, the use of
dynamic-vibration absorbers, and the use of vibration-isolation mountings.

20-3 SLIDER-CRANK MECHANISM

Balancing the shider-crank mechanism is accomplished in @ manner similar to
that used for the mechanism in the previous section. Since the slider-crank
mechanism is so widely used in such machines as internal-combustion engines
and compressors, considerable work has been done on balancing these
mechanisms.,

A slider-crank mechanism is shown in Fig. 20-3z. and we shall assumc that
the crank rotates with constant angular velocity w, Points ¢ and P are the
crankpin and piston pin, respectively, and G, and G are the centers of mass of
links 2 and 3. In Fig. 20-30 the crank appears again. The sum of the masses of
the crank and crankpin is M ., and the centrifugal force acts outward along line
G.C. In Fig. 20-3¢ the ¢rank and crankpin have been replaced by a concen-
trated mass M) located at C such that the centrifugal forces in Fig. 20-35 and ¢
will be equal. Thus

MIRw* = M.R,u7”
(20-2)

or M -2 M.

The connecting rod of mass M in Fig. 20-3d can be replaced by the dvnami-
cally equivalent system shown in Fig. 20-3¢. which consists of the two concen-
trated masses M, and M ,. If we substitute the various quantitics into the first
two of Fgs, (20-1). we obtain

M.+ M, —M

(20-3)
ﬁo’f; h - = ;1'1‘,: fl'ﬂ
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Figure 20-3

The Jocation of the center of mass G; of the connecting rod can be found
experimentally by the method described in Sec. 7-6. Then lengths A, and &, are
known. Substitution of their values into Egs. (20-3) then gives us the values of
M[ and M. By taking 4. and h, as the distances from G5 to points € and P as
we have done. the third ot Egs. (20-1) will be very nearly satisfied. Thus the
cquivalent system in Fig. 20-3¢ will have the same inertia forces as the actual
connecting rod, but its inertia torque will be slightly different.

Figure 20-4a shows the slider-crank mechanism replaced by a dynamically
cquivalent system consisting of only two concentrated masses. At the crankpin
we have the equivalent mass of crank M. plus the equivalent mass M| of the
connccting rod. At the piston pin we have M, which is the sum of the masses of
the piston and piston pin. Also at this point we have the equivalent mass M, of
the connecting rod. Since the concentrated mass at the crankpin has pure
rotation and that at the piston pin has rectilinear translation, the analysis of the
inertia forces on the mechanism 1s greatly simplified.
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{;_ =(M; -+ A‘I{)sz

H,’/\ﬁ T - :wp =+ M}.

- ———

fp: (M, + MR (cos # + IE'COS 24)

¢

a)

Secordary

Primary Iy

Figure 20-4

In Fig. 20-4a, /. and f, arc the inertia forces and are equal to the mass times
the acceleration, In Sec. 9-2 we found the acceleration of the piston to be
expressed by Eq. (9-10) where n = L/R. The piston acceleration can then be
written

/ R K
A= ~Rw?{cos 0+ o cos 20 (20-4)
\ ] ;
where w is the angular velocity of the crank. The other quantities in this equa-
tion are indicated in Fig. 20-3a. A positive result for 4 in Eq. (20-4) indicatcs
that the piston acceleration is directed away from point O and vice versa. The
inertia force at the piston pin is always dirceted opposite to the acceleration and
is

R -
f.=(M, + M )Rw*cos 8 + (M, + M;)Rm’-’—L— cos 28 (20-5)
L.

; . i
e ———

Primary Secandary

A positive result for £, in Eq. (20-5) indicates that the inertia force is directed
away from point O and vice versa. The first portion of the equation is a function
of the angle ¢ and is called the primary inertia force, and the second, because it
is a function of 28, is called the secondary inertia foice.
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Shaking force was defined in Sec. 17-4 as the force acting on the frame of a
mechanism due to all the inertia forces. Hence the shaking force I, is the vector
sum of foand £, us shown in Fig, 20-4h. We note Irom Fig. 20-4¢ that both £
and £, act through point O tor all values ot 8. Hence the shaking torce £ acts on
the crankshalt bearmg tor all positions of the crank.

Example 20-1 To illustratc how the shaking force for a single-cvlinder en-
gine varies in magnitude and direction and the means used to provide
partial balance. let us consider the following ¢xample. An engine has a
speed of 1000 r/min; connecting rod length, 356 mm; stroke., 204 mm:;
connecting rod mass, 15.4 kg; mass of reciprocating parts (piston and pis-
ton pin), 9.1 kg: mass of crank and crankpin, 4.54 kg; distance from
crankshaft axis to center of mass of crank and crankpin combined,
38.1 mm; distance from crankpin center to center of mass of connecting

rod, 102 mm.

Angular velocity of crank w = (1 000/60)27 = 104.6 rad/s. Substitution

into Eq. (20-2) gives

M

38. 1
= 2% 454y = 1.70 ke
1oz (# = 170ks

Substitution into Eqgs. (20-3) gives
ML+ M, — 154
M 102y = M (254)

from which M. = 10.99 kg and M, = 4.41 kg. Thus

Total rotating mass — M7 + Af. — 1.70 + 10.99 — 12.69 kg

Total reciprocating ntass = M, - M), = 9.1 + 4.41 = 13,51 kg

Centrfugal force on crank is

fo ML+ MDORw® = 12.69(0.102)(104.6)* - 14 200 N

Primary inertia force = (M, + M, )R cos 0
13.5100. 102)(104.6)* cos 6/
= 15 100 cos 0 N

. . R
Secondary inertia force = (M, — M,’,)Rm‘ﬂf cos 20

5

. -

cos 26
0.356 -

= 13.5100.102)(104.6)*

= 4 320 cos 26 N

Total incrtia force = £, = 15 100 cos & + 4 320 cos 20

To visualize the shaking-force action on the crankshafl bearing, it is
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90°

180°

Figure 20-5

convenient to plot it on a polar diagram as shown in Fig. 20-5. The inertia
forces for various values of ¢ can be calculated in table form. Positive and
negative values resulting from the sign of the cosine function indicate
whether the direction is to the right or left.

A circle with a radius of 14 200 units representing the centrifugal force
f.1s drawn first with dashed lines, using the pole O as a center. Then for
various valucs of 0 the inertia force f, is laid off horizontally from the
corresponding point on the circle. For example, when 4 = 60°,f, = 7 550 -
2 160 = 5 359 N, Thus where the 60° radial line intersects the f.. circle at A,
a horizontal line 5 359 units long is laid off to the right to locate point B. The
shaking force F,. which comes on thc bearings for this position, is then
represented by a vector directed from O toward B, and its magnitude scales
17 500 N. This same procedure is then used to locate other points on the
resultant egg-shaped curve, which represents the unbalanced shaking
force. When # = 0° the shaking force is directed horizontally to the right
from point @ and is 14 200 — 15 100 + 4 320 = 33 620 N. When § = 180" the
shaking force is directed horizontally to the left from point O and is
—14 200 - 15100 + 4 320 = —24 980 N.

We will assume that a mass known as a counterbalance is placed
opposite the crank. The inertia force acting on this mass is known as the
counterbalance force. By varying the amount of this mass, the distance
from its center of mass to the crankshaft axis, or both, any desired counter-
balance force can be obtained. For any engine the counterbalance force
should balance the centrifugai force f. completely and part of the inertia
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force f, so as to make the resultant load on the bearings, and hence the
foundation, a minimum.

We will assume that a counterbalance force f,,, equal to the centrifugal
force plus one-half of the maximum primary inertia force is used and thus

Sep = 14200 + 7 550 - 21 750 N

In Fig. 20-5 the counterbalancc force is shown acting at the angle 8 with
the honzontal, starting from the previously found point B in the sample
construction. On a fine drawn at 60" from the horizontal, a length of 21 750
units is laid off from B {0 locate point C. A vector directed from O toward €
then represents the resuoltant shaking force when the crank angle is 60°.
Continuing this construction for the full 360° gives the curve CDED'C'TL If
the counterbalance force is made to overcome only the centrifugal force f,
and nonc of the inertia force f,, then the shaking-force diagram and load on
the bearings would fall along the horizontal axis between pownts 711",

The optimum amount of counterbalance force will be equal to the
centnfugal force plus some fraction of the maximum primary incrtia force
and will result in a shaking-force diagram which will make the maximum
horizontal and vertical loads on the bearings approximately cqual, For cach
engine different amounts of counterbalance [orce can be tried, and dia-
grams similar to CDED'C'T" can be plotted in order to determine the op-
timum.

20-4 MULTICYLINDER IN-LINE ENGINES

In the previous section it was shown that by providing a counterbalance mass
opposite the crankpin, the centrifugal force f, can be annulled, and if this
counterbalance mass is increased. it only partially annuls the inertia force f,. In
our discussion here of multicylinder engines we will assume that the centrifugal
force acting on each crank has been canceled by an appropnate balancing mass
opposite cach ¢crank. Thus we will be concerned only with the balancing of the
inertia forces f,, acting at the various pistons. We will see that it is sometimes
possible to balance some or all of these inertia forces by changing the relative
angular positions of the cranks. In addition to balancing these inertia forces. the
moments created by these forces axially along the crankshaft must be consid-
ered and, if not eliminated. must be reduced as much as possible.

Previously we have denoted the inertia force at the piston asf,. In Fig. 20-6
an in-line engine having # cylinders is shown. The angle crank 1 makes with the
vertical is #,. The angles betwcen the cranks are fixed since the crankshaft is
rigid. The angle crank 2 mukes with crank 1 is ¢,. that between 3 and | is ¢,
and so on for all the cranks.
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Substitution into Eq. (20-5) gives the inertia forces acting at the various
pistons, and thesc will be designated £\, fu. fs, . . ., fy; thus

] R )
Si=(M,+ M )Rw* cos (0, + b))+ fcos 200, + &)

R
fo=(M, - M )Rw?|cos(8, + ¢) + —L—cos 2(0, + o)

-----------------------------------------------

.fn = (MD -+ A/I'D)sz CcOos (.81 + (nbn) + %COS 2(91 + (vbn)

The algebraic sum of the inertia forces will be the shaking force F,. Then

Fo= (M, + M)Ro?| Y cos(Bu+dn) + 75 cos 20 + 6| (206)

n=1 n=1
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However,
cos (A, + &) = cos B, cos ¢, — sin 4, sin ¢,
cos (#, + ¢2) = cos 8, Cos ¢, — sin €, sin ¢,
cos (8, + ¢,) = cos A, cos ¢h, — sin 6, sin ¢,
N=n n=1 n—n
or z cos (B, + ¢,) = cos @, l cos ¢, — sin 4, Z SIn ¢y, (20-7)
n=1 n=1 n=1

Similarly, it can be shown that
S cos2(f, + )= 0526, ' cos2g, —sin24, ¥ sin 2, (20-8)

n—=1 =1 n=1

Substituting Egs. (20-7) and (20-8) into Eq. (20-6), we obtain the following
expression for the shaking force:
n=n n—n
F.=M,+ M:._,)Rw{ cos ¢, Y cosd, —sing, D sin ¢,
ne- 1 ne=1

n=a r=n

R R . .
+ IR cos 20, Z cos 2¢h, — T sin 24, Z sin 2¢,,] (20-9)

=1 n—1

For the inertia forces to be 1n balance, the resultant inertia force must be
zero; that is, F, = 0 for all values of the crank position #,. Since in some
crankshaft arrangements either the primary forces or secondary forces are
balanced while the others are unbalanced, we will consider these two kinds of
forces separately, From Eq. (20-9) we see that the necessary condition for the
primary forces to be balanced is

> cosd, =0 D sing, =0 (20-10)

=1 a1

and the necessary condition for the secondary forces to be balanced 1s
S cos2, =0 ¥ sin2é, =0 (20-11)

n=1 =1

The moment of the shaking force can be found by taking moments of the
mertia forces about some point in their plane. In Fig. 20-6, consider a reference
plane perpendicular to the crankshaft axis intersecting the axis at point P.
Consider moments about point P and Iet M be the moment of the shaking force.
Then

M= fia, + faay + fus + - -+ + fra, (20-12)
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Equation (20-12) is equivalent to multiplying cach term in Eq. (20-9) by itg
corresponding moment arm. Hence
H—h n=n
M=(M,+ M;,)Rw[ cos f, N 4, C0S b, ~ sin G, Z a, sin ¢,
a:l n=1
R ﬂi" R . n~‘u . "
+ ra cos 24 l a,cos 2d¢, — A sin 2, Z a,sin 2d, | (20-13)

= n—1

For the moment of the shaking force to be zero, M in this equation must be zero
for all valucs of the crank position 8,. Since in some crankshaft arrangements
either the primary moments or secondary moments are balanced while the
others are unbalanced, we will consider these two kinds of momenls sepa-
rately, From Eq. (20-13) we see that the nccessary condition for the primary
moments to be balanced s
A=-n n—n
z a,coscdh, =10 N oaysing,=0 (20-14)
q=1 n=—1
and the necessary condition for the secondary moments to be balanced is
N n=n
5 a,cos2d,=0 N oa,sin2d, =0 {20-1%)

n—1 =1

The location of the shaking [orce F is denoted by distance z in Fig. 20-6,
and since the sum of the moments of the f forces about point P is equal 10 the
moment of the resultant of the forces,

7= = (20-16)

where M is computed from Eq. (20-13) and F, is computed from Eq. (20-9).

20-5 FOUR-CYLINDER IN-LINE ENGINE

The four-cylinder in-line engine will be used 1o illustrate the application of the
above equations in analyzing the balance of ¢ngines. In selecting the crank
arrangement for an engine, balance is not the sole critcrion. It is important that
the power impulses be applied at equal time intervais in order to provide
smooth torque output from the crankshaft, The sequence in which firing takes
place in the cylinders is known as firing order.

In four-stroke-cycle engines gases are ignited when the piston is approxi-
mately at top dead center, and power is delivered to (he crankshaft for 180° of
rotation until the piston reaches bottom dead center. During the next 180° of
rolation, the burned gases are exhausted; a fresh charge of combustible mixture
is sucked into the cylinder during the next 180° of rotation. Then the mixture is
compressed during the next 1807, after which the cycle is repeated. A stroke is
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the movement of the piston from one dead-center position to the next, and
we see that power is delivered to the crankshaft during one-half revolution of
each two revolutions of the crankshaft. In our discussion of various engines we
will us¢ charts to study the uniformity of the sequence in which the power strokes
occur, We will label the power stroke £: exhaust £ intake £: and compression C.

For a two-stroke-cycle engine all the events discusscd above occur during
cach revolution of the crankshaft, cach occupying approximately one-quarter
of a revolution. Power and exhaust occur during one stroke and are followed by
intake and compression during the next stroke.

Various crank arrangements can be used for the four-cylinder engine, but
we will consider only two. Any other arrangement can be analveed by the
same methods which we will use here. Let us first consider the engine with
cranks arranged as indicated in Fig. 20-7 where ¢, = 0°, da = 90°, ¢, = 270°,
and ¢, = 180°. The power strokes for the four-stroke-cycle engine and two-
stroke-cycle engine are shown in Fig. 20-7b and ¢, respectively. We sce that in
ihe two-stroke-cycle engine, power is applied evenly, while for the lour-
stroke-cycle engine, the power strokes for cylinders 4 and 2 overlap for 90° and
there is a 90° lapse between the power strokes of pistons 3 and 1.

L

Piston
1

1 ¢ 2
0° = i
. 77 AN b
00 =y ::]
6" '|EDG E ﬁi/zu,_}.g, = i‘
o E by C
270 T
¢ 1 lE E}?/
360° —

Four—strake cycle Two-stroke cycle

(h) {c)

Figure 20-7



420 DYNAMICS OF MACHINES

In order that power impulses will occur at equal time intervals, the follow-
ing equations muv be used.

3607 )
=y for a two-stroke-cycle engine
720° .
4= N for a four-stroke-cyclc cngine

where ¢ is the anglc the crankshaft rotates {from the beginning of one power
impulse to the beginning of the next. N is the number of cylinders.

We have seen that the conditions required for balance of an in-line engine
are stated by Eqgs. (20-10), (20-11), (20-14), and (20-15). When applying these
equations to an engine, it 1s convenient 10 construct a table. The enginc in Fig.
20-7 is analvzed in Table 20-1. We see that the primary and secondary forces
and the secondary moments are balanced. but the primary moments are unbal-
anced. Since the forces are all balanced, the unbalanced primary moment is a
pure couple acting to rotate the engine about an axis perpendicular to the axis
of the crankshaft. Substituting the suminations mto the moment equation (20-
13), we obtain

M = (M, + M)Rn*(—3a cos #; 1 a sin 6,)

Next, we will consider the conventronal four-cylinder automobile engine.
which is shown in Fig, 20-8. The cranks are arranged as follows: ¢, = 0°, b, =
1807, b5 = 180°, and ¢4 = 0°. For the four-stroke-cv¢le engine power is ¢venly
applied, as shown in Fig. 20-85k, while in the two-stroke-cvele engine, shown in
Fig. 20-8c, there 1s uneven application of power. Balance of the c¢ngine Is
analyzed in Table 20-2. The primary forces and moments are balanced, but the
sccondary forces and moments arc unbalanced. Substitution of the summations
into Egs. (20-9) and (20-13) gives

o a4 R ‘
F.=(M_,+ M,)Ro* (-4?005 28,

N ;

Table 20-1

Crunk &, deg cosd sing 2d,deg cos2¢p sin2h @ acosd asing acosh asinld

1 3} | 0 0 | {} 0 Q 0 \] G
2 ) 0 1 180 -1 0 a { u —a 0
3 270 0 1 340 —1 0 21 0 -2u —2u 0
4 180 -1 0 360 | 0 3u kY% ) E7a 0
% 0 0 0 0 —3a a 0 0
Primary Secondary Primary Secondary

[orces forces moements monenls

balanced balanced unbalanced balanced
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for the shaking force and

M = (M, + M)R«?| 6a
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(a1)

T

se

Piston

Two-stroke cycle

5,

R
T cos 26‘]

4

i)

for the moment of the shaking force. By substituting these results into Eq.
(20-16), we obtain the location of the shaking force as

Table 20-2

M
7

5

=—a

Crunk o, deg cosé sind 2¢,deg cos2d sin 24 o

acos¢ @ sing acoséd asinld

1 0 [ ] 0 | 0 Q 0 0 0 ]
2 180 — ] a6 1 0 a —a 0 a 0
3 180 -1 0 260 l 0 2 - 0 20 0
4 0 1 0 0 t 0 Ja 3 0 3a g
A 0 0 4 0 ] 0 bar 0
Primary Secondary Primary Secondary
forces forces moments moments
balanced unbalanced balanced unbalanced
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§F, = (Mp + M) R (4%’m 261)

—>< ] Loe
Reference
plone
| R .
VF, =M, + Mp) R (47 cos 101)
Figure 2¢-9

We see¢ then from Fig. 20-6 that the shaking force is located midway between
cvlinders 2 and 3.

A common device uscd to balance the secondary forces for this four-
cylinder engine is the Lanchester balancer shown in Fig. 20-9. The balancer
consists of two helical gears with eccentric balancing masses as shown. The
pitch point for these gears is located on the line of action of the shaking force F,
so that their resulting inertia force F; balunces the shaking force. Since the
unbalanced moments in this engine are due to the unbalanced secondary forces,
by balancing the secondary forces we also obtain balance of the moments. A
crossed helical gear on the crankshaft drives these gears at twice crankshaft
speed in order that the balancing forces have the same circular frequency as the
unbalanced secondary forces. For an engine where unbalance of primary forces
only exists, this type of balancer can be used, but the balancing gears rotate at
crankshatt speed.

If an engine has an unbalance which consists of a pure coupfe, then a
balancing device as shown in Fig. 20-10 can be used. Two gears with eccentric
balancing masses and arranged as shown produce a pure couple. The idier is
used to make the two gears turn in the same direction. The couple caused by
the balancing masses is

C = M,rw’h cos 0
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Figure 20-10

For balancing primary couples, the gears with balancing masses would be
driven at crankshaft speed, while for balancing secondary couples, the gears
would be driven at twice crankshaft speed.

The methods used here for analyzing the balance of the two four-cylinder
engines can also be used for other in-line engines having any number of cvlin-
ders. Such an analysis indicates that an in-lin¢ six-cylinder engine having a
crank arrangement ¢, = g = 0°, ¢ = b5 = 240°, and 3 = b, = 120° is perfectly
balanced in regard to primary and secondary forces and moments, as is an
inline eight-cylinder cngine having a crank arrangement ¢, = ¢y = 0°, ¢y = 7 =
180°, &5 = ¢y = 90, and b, = &, = 270°.

20-6 ANALYSIS BY ROTATING VECTORS

A convenient method of analyzing balance of multicvlinder engines is by use of
rotating vectors. As stated earlicr, we will assume that the centrnfugal force
acting on each crank has been balanced by a balancing mass opposite the crank.
Thus the only unbalance is caused by the inertia force acting on the reciprocat-
ing mass, and this force acts along the centerline of the cylinder. Equation
(20-5) represents the incrtia force acting at one piston and can be rewritten

So=(M,+M)Rw?*coswt + (M, + M;,)Rm’*%cos 2t
where # has been replaced by wt and ¢ is considered zero when the crank is at
top dead center. The primary force can now be represented as the projection on
the cylinder of a vector of magnitude (M, + M ,)Rw? rotating about its origin
with an angular velocity «, and the secondary force can be represented as the
projection of a vector of magnitude (M, + M ,)Rw*(R/L) rotating with a veloc-
ity 2w. The primary and secondary rolating vectors both point in the direction
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of the crank when the crank is at top dead center. The primary foree vector will
always point in the direction of the crank since it rotates at the same angular
velocity as the crank. The secondary force vector will point in the direction of
the crank when the crank is at top dead-center position, but after the crank has
rotaled [80° and 1s at bottom dead center. this force vector will point toward top
dcad-center crank position because this vector rotates at twice the crank veloc-
iy,

This vector method will be demonstrated by applying it to the four-cylinder
engine in Fig. 20-7, which was analyzed in the previous section by the tabular
method. The crank arrangement is shown in Fig. 20-11 where the cylinders arc
vertical and crank 1 is at top dead-cenier position. It will be explained that at
the instant the crankshatt is in the position shown in Fig. 20-11a. then the
vectors in Iiig. 20-116 to ¢ will be dirccted as shown. In Fig. 20-1154 the rotating
primary force vectors are shown pointing in the dircctions of the corresponding
cranks. These vectors rotate at the same angular velocity as the crankshaft, and
their projections on the vertical are the primary forces. From Fig. 20-115 it can
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Figure 20-11
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be seen that the sum of these vertical forces will be zero at all times, and thus
the primary forces arc in balance.

In Figure 20-11c¢, the secondary force vectors are shown, and they rotate at
twice crankshaft speed. Since the primary and secondary forees point in the
direction of the crank when the crank is at top dead center, the secondary force
vector for crank 1 points upward at the instant considered. In Fig. 20-11a we
note that cranks 2, 3, and 4 have rotated 90, 270, and 180°. respectively, from
top dead center. Hence the secondary [orce vectors in Fig, 20-1 (¢ have rotated
180. 540, and 360°, respectively. Note that the magnitudes of these sccondary
force vectors are all the same. The sum of the projections of these vectors on
the vertical 1s zero at all times, and thus the secondary forecs are in balance.

The moments of the primary and secondary lorces can also be represenied
as projections of rotating vectors, The moments of these foreces about point 2
depcnd on their moment arms as shown in tig. 20-11g. The moments are
counterclockwise or clockwisce, depending upon whether the force is upward or
downwurd. Therefore the moment of a force can be represented by a rotating
vector in the same direction as the force and of magnitude equal o the product
of the force and its distance from point P.

Figure 20-11d shows the rotating primary moment vectors. Vector 3 is
twice as large as vector 2 because cvlinder 3 1s twice as far from £ as cylinder 2.
Vector 4 1s three times as large as vector 2 because cvlinder 4 is three times the
distance rom P as cylinder 2, The vertical projections of these rotating vectors
give the moments of the pnimary forces, and we see that they are not in balance.
The resultant of the vectors in Fig. 20-11¢ 1s shown by the dashed vector. The
projection of this rotating vector upon the vertical also represents the unbal-
anced moment of the primary forces. When the projection of this vector on the
vertical points upward, the moment is counterclockwise about point £ in Fig.
20-11a. When the vertical projection points downward, the moment is
clockwise about £. The resultant, as shown in Fig. 20-11d¢, represcats the
position of the resultant moment vector when crank | is at fop dead center. The
secondary moments are shown in Fig. 20-1le. and we see that they are bal-
anced.

20-7 V-TYPE AND OPPOSED ENGINES

As shown in Fig. 20-12. a V-type cngine consists of two in-line engines having a
common crankshaft. The two plancs in which the pistons reciprocate intersect
at the crankshaft axis and form o V of angle . In automotive applications V-6,
V-8, and V-12 cngincs i which W is either 60 or 90° are common. In small
engines and compressors V-2 and V-4 arrangements are often used.

The angle s for a V-type engine 1s chosen so as to gtve evenly spaced power
strokes. In a V-type engine a connecting rod from the left bank and one from
the right bank are connected to a common crank. or throw as they are some-
times called. The two rods lic side by side on the crank. and hence do not lie in



426 DYNAMICS OF MACHINES

Left bunk e N .Ri-;hf berk

Primury lorze vectors [left bank) Pronary tarze vectors right bamk

{hi

Primary mome-t vectors ¢ 'eft hanki P"um‘.’_y maingnt vectors fright oank!

Figure 20-12

the same transverse plane, but this small offset is usually neglected in analyzing
balance.

In the unalysis of a V-type engine each bank of cylinders can be analyzed
separately, and then any unbalance of the banks can be combined vectonully.
Let us examince the engine in Fig. 20-12a. Considering each bank separalely, we
found previously that a four-cylinder engine with this crank arrangemcent is
balanced except for the primary moments. Thus for this V-type engine the only
unbalance will be primary moments in each bank,
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In Fig. 20-125 the pl_'imary force vectors are shown for the crank position
where piston number 1 is at top dead center, and in Fig. 20-12¢ the primary
moment vectors are shown with the resultant moment vector for each bank.
'The unbalanced moment in the left bank is the projection of the resultant vector
in the plane of the left bank, and the unbalanced moment in the right bank is the
projection of the resultunt vector in the plane of the right bank. The two resul-
tant vcctors have the same magnitude and phase angle & relative to crank |
Thus the total unbalance for this engine can be represented by a single vector
rotating at crankshaft speed and having a magnitude and phase angle equal to
either of the resultant vectors in Fig. 20-12¢, since this vector has a component
in each bank equal to the moment in that bank. Since the forces are completely
halanced. this vector reprc¢sents a pure couple, From Fig. 20-12c we ohserve
that the magnitude of the couple is

M = VBa(M, MR -~ [alM, + MR
- V10 a(M, + M)Rw’

and the phase anglc as mcasured counterclockwise from the crank for pistons |
and 5 is

b = 1807 + tan—'+ = 198.43°

This couple can be represcnied by the two forces F attached to the
crankshaft as shown in Fig. 20-13. These forces rotate with the crankshaft, and
they can be balanced by adding two counterbalunces as shown, The counterbal-
ances are appropriately chosen so that the pure couple produced by their
inertia forces exactly balances the couple due to the £ forces.

The engine shown in Fig. 20-14 is an example of an opposed engine. An
opposed engine consists of two banks of cylinders or two in-line engines on
opposite sides of the crankshaft and lving in a common plane. An opposed
engine is a special case of the V-type engine where 30 = 180°, The resulting
shaking force £, and shaking couple M lie in the plane in which the pistons
reciprocate. Opposed engines of two, four, and six c¢vlinders are common.

o =168 43““2}.‘

|
E
|

Figure 20-13
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The veetor methng ) jnvestigat ing balance of the engine in Fig. 20-14a is
shown in Fig. 20-14h wpere the rotating vectors are combined into single
dingrams since the 1y, banks of cylinders lie in the sume plane. When applying
the vector method, i g important to remember thal a primary force vector is
always in the direction of the corresponding crank. A secondary force vector is
i the direction Lff the corresponding <rank if the piston is at 1op dead center.
and fqr Othe{- Pomi““‘ﬁ of the ¢rank the secondary force vector will have rotated
from its POSIION Al 1oy dand center through twice the angle that the crank has
rotated. This engine g balanced except for the secondary moment, which is a
pure couple. Balance ¢on pe obtained by adding counterbalances which pro-
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dnce a pure couple. Thie counterbalances must be driven by gears so as to
cotute at twice cranksha t'r ypeed.,

The V-8 engine anc  apposed engine which were analyzed by the rotating

yector method COUld_h“ Me becen analyzed using the tabular method for in-line
cagines by applyidE it T~ cqch bank separately. However. the rotating vector
method ot analysis Mak << i easier o visualize the unbalance,

20-8  DISCUSSION

Phroughout our diseuss § G of enging balance we have assumed that the masses
of all the pistons and o onnecting rods were the same and that the distance
between cylinders Was yniform. In applications where this would not be the
¢ase. the student should e ybie o apply the equations presented here to check
for unbalance or Lo vars ghe length of the vectors if the rotlating vector (graphi-
cal method) s nsed, The 44 vintage of the graphical method over the equation
siethod is that the phy <ical significance of what is going on is not lost,

it s not always practical 1o halance completely the shaking Torce or mo-
Ment I ab engime. but the annovance doe 1o the effects can be reduced by
selecting mountings 01 the engine which are of appropriate stiffness so as to
solate the vibration of the engine from the stencture in which it 15 contained.
The study of mountings o provide for vibration isolation ts not within the scope
of this book. bulis presenied in textbooks on mechanical vibrations.

PROBLEMS

20-1 by the mechanism shov gy Fig. Y8, length 0 = 95 in, 4 - 3, in.AB — 6! in.and BD =
5an. Link 2 Bas amass oF L1l g e, centor of mass lies on line €4 a1 I, i tfrom ) tink 3 has a
mass of 3 b ANt Center Ol g fios g ling AR a1 2, fn from A link 4 has amass of 2§ 1b. and its
center of mass s on e B0 40 174y fram 1. Make o dirswing ol the mechanism using a scale of
e = 4 mgshowing all the dimegians stated ahove.
! Link 3 it berepliced by o two mass dynamically equisaient system, and ihe masses are
1y bejocated A wnd A, The e masses ure 1o be designated W and A7, Determine M and 3
() Determine IhC_ﬂm“llllt of countzrlalance in ineli-pounds whicl st be attached to links 2
and 20 order o eliminate the shaking lorces in the mechansm.
20-2 The tollowing Jata aie gy ey £
meving it the horzontal digecgon,

crankpin =

a single cylinder internal-combuslion engine, with the piston

speed L300 rmim, skoke — 204 mm. mass of crank and
363 kg dINtaiee Trym crunkhufl axis o cenie: of mase of crank and crunkpin com-
biaed - 63.% nun. deneth oF connecting rod = 408 mm, mass of cotneeting rod = 3.63 kg. distance
from center of sy ol COnnesting rod 1o crankpin = 102 mm. mass of piston and piston pin =
218 ky.

e Use o foree seale OF | mm 330 N and determine amraphicallyv the magnitude and dircction
of the shaking foree fora crgng angle # = 13071 no counterbalunce is uscd.
(f) dame we @ excep! (a4

; counterbalunes mass is Used such thal the counterbalance loree
wili be equal Lo the eenlliluw) foree plus 0.6 ol tie maximmn primary inertia foree.

w) 1 the center of mass o8 g0 counlerbalianee mass in part (0 is 36,8 mm fromn the crankshall
axis, determine the mass of copntebalanee required,
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20-3 () Consider the engine in Prob. 20-2, Muke a table as shown below in order 1o list the values
of the primary and secondury inertia forces [or cach 30° position of the crank.

B — .
Primary | Secondary  Resultant
N

d.deg | cos & | 20, dep | cos 26 J Foe N foN
] 0 ! .
30 60 ; |
60 124} |
i
4 - 1 |

Using a foree scale of 1 mm = 350 N. draw the shaking-force diagrams similar to Fig. 20-5 for the
follovwing cases: (1) no counterbalance mass and (27 a counterbalance mass is used such that the
counterbalance torve will be egual (0 the centrifugal force plus 0.6 of the maximum primary inertia
force.

{h) What ure the values of the maximum horizontal and maximum verticul shaking forces when
scaled from the diagram i (2) of pait {u)?
20-4 A single-cviinder engine is shown in Fig. P20-4. Length of crank = 229 mm, mass of crunk and

\

}
|

Figure P20-4
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cankpin = 4,30 kg. distance {rom crankshafr 1o ce oL .
121 rnr;n, length ot":cnnnecting rod — 912 mim, m?:ie:,rf{S:,?gc?ﬁlgigt and?ci'unrk_pm_combined -
crankpin to center of muiss of connecting rod. = 228 mm. mass of piston ;ndr_)ﬁsll;i ;liglin:ewfrim
Geuars 1, 2o and 3 are the same size and gear | s keyed 10 the erankshaft, Gears 4 ang S arehrial-f thgc-
size ol gears 1. 2, and 3. Note the small clearances between gears 1 and 3 and between 3 and 5_'
Design a vibration-damper system to balance the pimary and secondury inertia farces. Ihe engine
is to be in balance at all speeds by wdding masses M, My M M und M in cicclesa. b, ¢ 4. and e,
respectively: that is, there are 10 be no unbalanced horizontal or vertical forces. M, 15 1o halance
anly the contrilugal force. Radii of <recles b, ¢, o and ¢ arc 76.2 mm. Using a scale of 1 mim
I% mat, mishe & drawing simuilar to Fig, P20-4. Show on the drawing the vilues-of the masses M.,
W M, M und M., and indicate their positions.
20-5 The crunk wrrangement for a three cviinder indine engine is shown in Fig, P20-3 where 4, =
0. i, = 1207, anid &, = 240,

) Construet o linng-order chat similar wo that shown in Fig. 20-7 i1 the enpine 1s to be used as
4 tour-stroke-cycle engine and the power impulses are to occar at equal ime intervals,

{hy Some as purt L) excepl that the engine 13 10 be used as a two-streke-cyele engine.

—

—‘l [—m—'l >
3 Z—A 3

Tpapd

Figure P20-5

20-6 For the engine in Prob. 20-5 the distance belween the cenlerlines of the cylindens is o,

() Construct a table similar to Table 20-1 and indicate whether the pamary and secondary
forces or moments are unbalanced.

iy What 15 the value of the shaking force?

i) Using the results in the table. write an expression for the shaking moment in rerms of the
position 4, of crank 1.

(1 Is the shaking moment a pure couple? Why ar why not?
20-7 A proposed engine has the crank arrangement shown in Fig, P20-7. The cvlinders arc egually
spaced with a distance o between Ltheir centerlines,

(¢) Construct a table similar o Table 20-1 and indicaie whether the primary or secondary
forces or nioments ars unhalanced.

(i) Write an expression for the shuking force in terms of the position 4, of crank 1.

() Wiite an expression for the shaking moment in terms of 4,.

(1 Wrlle an expression for the location of the shaking furce in tenns of 0,

Cod

Figure P20.7
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20-8 Consider the engine in Proh. 20-7.

{¢1) State all the possible {iring orders starting with cvlinder 1if the power impulses are 10 oceur
at equal time intervals and the engine is used as a four-stroke-cycle engine.

i#+ If the crankshatt as shown were used in a two-stroke-cycle engine, what firing order would
exist starting with cylinder 17

(¢} How could the angles between cranks be changed 1o mike [or i more unilerm power input
I'the crankshalt were to be used in a two-stritke-cyele engine”? Make o skelch shewing a front-end
view of the crankshaft with crank | vertical. The crankshafl is 1o rotate counterclockwise. Number
the cranks so that the fiving order will be 1, 2. 2.4,
209 an n-line six-cylinder engine (four-eycle), the type used in siutomobiles. has the cranks
arranged as shown in bip. P20-9, where o, — oy = 07,y = &2 = 240%, and &y = o, = 120° Construct
atable similur o Table 20-! 1o show that 1his engine is completely balanced in regard to primary and
secondary forees and mements and requires no counterbalance masscs othor than the counterkal-
ance opposite cach crank wo balance the mass M. + M.

Figure 1240-9

20-10 Forthe engine in Prok. 20-9 power impulses are to be applied to the crankshaft at equal time
intervals, From an examiniation of I'ig, P20-9 it can be scen that one possible firing order is L. 5. 3,
6, 2, 4. List all other possible finng orders starting with cvlinder 1.

20-11 Anin-line cight-cvlinder engine ifour-cvele) has the cranks arranged as shown i Lig, P20-11,
where dy, =y = 0% dhy = @y = 1807 Wy = @, = 907, and &, = o, = 2707, Construet a table similar to
Table 20-1 and indicate whether the primary and secondary torces and moments are in bulance.

2.7

Figure P20-11

20-12 Consider the engine in Prob. 20-6. Use the rotuting vector method and state whether the
primziy and zecondary forces or moments arc baiancad. Let 13 mm represent umit length for the
primary foree and primary moment vectors and let 10 mm repruesent unmit length for the secondary
force and secondary moment vectors. If the primary moment vectars arc unbalanced. draw in the
restltant inviment vector as a dashed line, Do the same for the secondary moment vectors,

20-13 Use the rotating vector method (o analyze the engine in Prob. 20-9, Ler 8 mm represent Lt
length for the prinkyy force and primary moment vectors. Lse 6 mm to represent unit length torthe
sccondary force and secondary moment vectors.

20-14 The two-cvlinder opposed-piston enging shown in Fig. F20-14 is running at 4 000 r/min. The
1otal reciprocating mass at each piston is 3.9 1b, und the two connecting rods {each 6.5 in longi are
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L]

Figure '20-14

Jjoined 1o a commoen crank which is 2 in long, Assume that M7+ 24070 (the 1odal cquivalent mass at
the ¢rankpinl has been balanced by 4 ¢counterbalance mass oppoesile the crank.

(¢) Use the rolating vector method and drisw the rotating primary and sceondary force vectors
in the dircctions they will assume when the crank is in the position shown in the figure. et 1in
represent unit length for the primary force vectors and use 0.5 in to represent unit length for the
secondary torce vectors. State whether the primary or secondary force vectors are balanced or
unbulanced.

() Using Lq. (20-5). compute the values of the inertia forces and the magnitude and direction
ol their resultant at the instant.

(¢ If the inertia forces are to be balanced hy adding additional mass opposite the erank and if
the center of mass of this mass is to be 1.5 in from the erankshafl axis, find the required mass.
20-15 In the radial engine shown in Fig. P20-15, (he three connecling rods are joined to a common
crank, and they can be ussumed to lie in the same plane. All pistons und connecting rods have the

1
T

Figore P20-15
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same mass. The eguivalent mass of crank at point © is M. The equivalent masses for each
connecting rod arc M and M,

{er) Determine the mass of counterbalance required at a radius r from the crankshaft axis in
order Lo balance the equivalent rolaling masses at (.

(b1 Make a drawing similar to Fig. P20-15 showing piston 1 al top dead center and indicale on
the drawing the values of 8,, #,, and 6. Analvze the engine using the rotating vector method. Lt
10 mm represent unit length for the rotating primary and secondary force vectors. Let P represenl
the magnitude ol each rotating primary force vector and let § represent the mapnitude of each
rolating secondary force vector. Below each rotating vector diagram draw a force diagram showing
the projection of each rolating force vectar on its corresponding eylinder. Indicate on each of these
prajections its magnitude 11 terms of £ or S, Indicate whether these primary o1 secondary forces
along the cylinders are balanced.

(¢} Draw a vector which represents the resultant of the primary forces ulong the cylinders and
write an expression {or it

(efy What is the value of the angle » measured counterclockwise from the crank sl which a
counterbalance must be added 10 balance the primary inertia forces acting on the reciprocating
masses?

ie) Write an equation giving the mass of conmterbalunce in {(d) which must be added a1 rudius r.

{1 Write an equation which gives the total of the counterbalance masses found in (a) and (¢}
20-16 A proposed V-6 [our-stroke-cycle engine is shown in Fig. P20-16. The finng orderis to be 1,
6,3, 52 4

{a) Analyze the power distrbution by constructing a chart similar to the une in tig. 20-7h.

(hy Analyze rhe balance ol the cngine using the retaling vector method. When laying oul the
vectors, show them in the directions that they will assume when piston 1 is al tep dead center. Let
15 mm represent unit length for the primuary force and primary mement vectors. Use 10 qun to
represent unit length for the vecondary force and secondary moment vectors. State which force and
moment vectors arc halanced and which are unbalanced.

=20

Figure P20-16
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TWENTY-ONE
GYROSCOPIC EFFECTS

21-1 INTRODUCTION

A body rotating about an axis of symmetry offers a resistance to a change in the
direction of this axis; this is known as the gyroscopic effect. Important applica-
tions of the gyroscopic effect are the gyrocompass used on airplanes and ships
and in incrtial guidance control systems for missiles and space travel, where
gyroscopes arc used to sense the angular motion of a body.

Force due to gyroscopic effects must sometimes be taken into account in
the design of machines. These forces are encountered in the bearings of an
automobile engine as the automobile makes a turn, in marine turbines as the
ship pitches in a heavy sea, and in a jet airplane engine shafl as the airplane
changes direction, to mention a few examples.

21-2 GYROSCOPIC FORCES

Gyroscopic effects can be most easily studied using the principle of angular
momentum. We will begin by reviewing from mechanics that angular velocity is
a vector quantity. In Fig.21-1, axes X and Z lie in plane P, and the ¥ axis is
perpendicular to the plane. Let the line OA rotate in the plane with an angular
velocity w. Then the angular velocity can be represented by the vector OC,
which is directed perpendicular to the plane of rotation P. In order to detcrmine
the sense of the vector, the right-hand rule is used. The rule is as follows: It the
right hand is placed with the fingers pointing in the direction of the angular
velocity w, then the thumb will point in the sense of OC. Thus an angular

438
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Figure 21-1

velocity directed as shown by the curved arrow is represented by a vector OC
whose sensc is upward, Similarly. if the angular velocity were directed opposite
to that shown by the curved arrow, one would place the fingers in that direc-
tion. and then the thumb would point downward, indicating that the sense of
veetor QC is downward. The length of vector OC represents the magnitude of
the angular velocity to some convenient scale. Also, angular acceleration and
angular momentum have both magnitude and direction and thus are vector
quantitics and may be represented using the same convention as that used in
Fig. 21-i.

In Fig, 21-2¢ let a particle of mass M have o lingar velocity V. The finear
niomentem of the particle is then defined as the vector MV which has the same
direction and sense as the velocity., and its magnitude is the product of the muss
and the magnitude of the velocity vecior.

Angular momentium [or a particle 1s defined as the moment of the lincar
momentum. In Fig. 21-2h, let the particle M be rotating ahout point () with
angular velocity w and radius K. Then the angular momentwmn 7 1s MVR. As

1 y

) ! [0 A!
‘1!1 r e

ey (h)

IFigure 21-2
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1

Figure 21-3

shown in Fig. 21-3, a body of mass M, when rotating, behaves as if all the mass
were concentrated ina ring at a radius & (the radius of gyration) [tom the axis of
rotation. Then the angular momentum of the rotating body is

H =AMV
and since V = ot and f = MLE2. then
H =Mwk* =Tw (21-1)

where [ is the mass moment of inertia of the body aboul its axis of rotation and
w 15 its angular velocity. The angular momentun is represented by the vector H
directed along the axis of rotation. The sensc of the vector is determined by the
right-hand rule. With [ingers in the direction of w, the thumb indicates that the
sensc of the vector is outward.
If we differentiate Eq. (21-1) with respect to time, we obtain the rate of

change of angular momentum as follows:

dH dw

— ={— - Juw

dr dr
where a is the angular acceleration of the body, Howcver, by Newlon's law, a
torque 1 having the same sense as « is required to produce «. Thus

I = rate of change of angular momentum (21-2)

Next, let us consider a disk keyed to a shaft which rotates in bearings A4 and
B as shown in Fig. 21-4. The axis of the shaft is called the spin axis 5, and w,1s
the angular velocity about the spin axis. Axes S, P, and 7 are mutually perpen-
dicular, The angular momentum is /w, and by the right-hand rule the angular-
momentunt vector I is directed as shown. If the shalt is tilted through an angle
Ag about the uxis P, the angular-momentum vector changes from H 0 H’. Then

H =H+ AH

where vector AH represents the change in angular momentum. The arc CD is
equal to the radius OC times the angle Ad in radians, and for a small Ag the
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Figure 21-4

chord approximates the arc. Hence the change in angular momentum Jis

AH = Tw,A6
and the rate of change of angular momentum is
dH Tw AW df
—_— = l' . ._.'\ — _ = 1 ¥ ) 21'3
dt _\r”—]:l[\ Al O @t ( )

The axis about which the shatt is tilted is called the w.xis of precession, Af is the
angle of precession. and w, 1s the angiular velocity of precession.

We found carlier that a change in angular momentum requires a torque 7.
Hence from Eqgs. (21-2) and (21-3)

I =TIww, (21-4}

where the guantity T in Eq. (21-4) is called the gyroscopic torque or gyvroscopic
couple. This required torquc is represented by the vector OF in Fig. 21-4, and it
must have the same direction and sense as the change in angular momentum
AH. (Note that as A# approaches zero in the limit, vector AH becomes parallel
to the axis 7.) Then applying the right-hand rule to the torque vector, we see
that the torque is clockwise about axis OT when viewed [rom above and can be
indicated as shown by the curved arrow. Further, this torque must be exter-
nally supplied and is applied to the shaft in the form of a couple by the bearings
which exeri the forces F on the shaft. Thus

Fl =T

The forces F' shown dotted in the figure are equal and opposite to the F forces
and represent torces which the shaft exerts against the bearings.
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To summarize. if we have a body rotating about an axis of symmetry QS
and we give this axits a change in direction AQ, this latter rotation is calied a
precession. The precession makes for a change in the angular momentum which
requires that an external torque 7 be applicd to the system. Similarly, if we
have a body rotating about an axis of symmctry 08 and we apply an external
torgue T about an axis Q7 which is perpendicular to )5, this will produce a
precession.

Example 21-1 In Fig. 21-3«, the propeller shaft of an airplane is shown. The
prapelier rotates at 2 000 r/min ¢cw when viewed [rom the rear and is driven
by the engine through reduction gears. Suppose the airplane is flying hori-
zontally and is making a turn to the right at 0.2 rad/s when viewed from
above. The propeller has a mass of 27 kg and has a rads of gyration of
914 mm. It1s desired to find the gyroscopic forces which the propeller shaft
cxcrts against bearings A and B which are 152 mm apart.

When you work problems, it is helpful to make a sketch similar to Fig.
21-4 Tabeling all quantities in order lo determine their proper sense. The
propeller in Fig. 21-5 can be represented by the rotating disk in Fig. 21-55.
The spin axis S, which represents the axis of the shaft, is drawn first, The
angular momentum has the same sense as the angular velocity, and by the
right-hand rule the angular-momentum vector M is directed as shown. As
the airplanc turns, vector H rotates in the horizontal plane to H', and thus
the vertical axis OF is the axis of precession. Since the torque vector T
must have the same direction and sense as vector AH. 1t 1s dirccted as
shown, and this establishes the direction of the torque axis (3T, Then upply-
ing the right-hand rule to the torque vector, we sce that the torque is
clockwise when looking inward along the torque axis: thus

2 00027}

=209 ,t:.
60 O rad/s

=

[ = ME2=27(0.914)7 = 22.6 kg - m?

The gyroscopic torque 1s

T

low,

= 22.6(209110.2) = 945 N-m

The bearings cxert the vertical forces /7 against the shaft, as shown in Fig.
21-5h. in order to supply this torguc. Then

Fl = T
T 945 .
: - - T - 620N
o F ! 0.152 6220
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Side view

A + Bending moment
. 1_*_ diagram

{¢)

Figure 21-5

The forces which the shaft exerts on the bearings are F' and are equal and
opposite to F. Hence F' = 6 220 N. Since the shaft pushes downward on
beanng A and upward on bearing B, the airplane tends to nose downward
when making a turn to the right,



GYROSCOPIC EFFECTS 441

In Fig. 21-5c, the forces which the bearings excrt on the shaft are
shown again, and M, 1s the bending moment in the shaft; thus

M, Fl

Thus we sce that in addition to affecting the loads on the bearings, the
gyroscopic effects produce bending stresses in the shaft,

Note that in this ¢cxample only the gyroscepic {orces due to the rotating
mass of the prapeller were considered. In addition. there are gyroscopic
forces caused by the rotating mass of the gear on the propeller shaft. These
latter forces will be much smaller than those caused by the propeller be-
cause of the smaller value of / for thc gear.

Example 21-2 A toy gyroscopic top is shown in Fig. 21-6. The force of
gravily on the dhsk 1s W. 1f the disk is given a high angular velocily o, about
its shaft OX and one end ol the shaft is placed on a pedestal, the shaft and
disk will not fall but will precess around the axis (7Y because of the torque
W/ acting on the system. Then
{
Wl = o, or W, — "
Tw,
where J is the moment of inertia of the disk and w), is the angular velocity of
precession, which i1s clockwise when viewed {rom above. If the shaft were
prevented from precessing by some means such as holding one’s finger in
its path. it would immediately fall. Friction on the pedcstal dissipates some
of the cnergy, and the top gradually drops lower. Also, friction between the
disk and its shaft causes a gradual decrease in w,, and because of this the
angular velocity of preeession increases, 25 can be seen from Eq. (21-4).

£
N
.
&

\?Q
] 1
L

I'igure 2J-6
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PROBLEMS

21-1 The rotor of a turbine on a ship has its axis ol rotation parallel 10 the propeller shafl and is
supporied in bearings 13 flapart. The rotor has 2 moment of inertia of 3 200 1b - f1- »* and rotates at
] 8OO +/min cw when viewed from the rear. The shipis making a turn 1o the right a1 0.5%s. Make a
skelch labeling the spin. precession. and torgque axes. and label the front bearing A and the rear
bearing . Determine the maenitude and direction of the torces the shaft exerts on the bearings
which are duc Lo the gyroscopic effect alane,

21-2 The rotor of a jet airplanc engine is supporied by bearings as shown in Fig. P21-2. The rotoy
assembly consisting of the shaft, compressor. and furhine has a mass of #16 kg, a radius of gyration
of 229 mm. and has its center of mass lving at point (. The rotor turns at 10 (K r/min cw when
viewed [Tom Lthe rear. The speed of the airplanc ix 965 km/h. and it is pulling oot of a dive along a
path 1 524 m in radius.

Compressor -7 ~Z Turhine
S -

B
e .

‘=945 km/h

1016 MM —ets— 1270 mm

Figure P21-2

(/) Determine the mapmitude and direction of (he gyruscopic forces which the shafl exens
againit the bearings and label them £7.

(&)1 Determine the magnitude and direclion of the forees the shaft exerts on the bearings due to
the centmlugal force acting on the rotor and label them R, and K.

21-3 The jet airplune in Prob. 21.2 is traveling at 800 km/h in a horizonlal plane and makes a
counterclock wise tum of 1.5-km radius when viewed from above. The roter turns at 8 000 rimin cw
when viewed from the rear. Make a sketch similar to Fig. 21-4,

() Determine the magritude and direction of the gyroscopic forces the shall exerts against the
bearings and label them 7.

() Will the front of the plane tilt upward or downward?
21-4 A railway caris ditven by an electric motor. The armature of the motor has @ mass of 272 kg.
its radius of gyration is 132 mm. and its axis runs paraliel 1o the axles of the car. The armature
rivtates in the opposite sense 10 that of the car wheels, and {1t mukes four revolutions [or onc
revalusion ab the car wheejs. which have a diameter of 840 mm. The distance between the armature
bearings js 610 mm. 1 the car is moving forward with a speed of 6 mi/'s around a curve to the 1ight
having a radius of 30 m. find the wtal force each bearing exerts on the armature shalt. First make o
sketch of the armature shafl looking at it from the rear of the car. The sketeh is to be similur to Fig.
21-4.
21-3 In Fig. P21-5 & gyroscope used in instrument applications 1o mamtain a fixed axis in spacu is
llustrated. The rotor R 1s mounted in gimbais (4, B, . D £, und F are bearings) so that il is free to
rotate about axes X, Y, and Z. The rotor has an/ = 0.00271 kg - m* und 15 driven clecuically about
the & axis wath an angular velocity w, = 12 000 r'min. Low-{riction hearings are used (0 minimize
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precession. How much friction torque in newton-meters applicd continuously is required to cause a
precession of 1°7h7 Through which bearings must Uriction torque be applied to cause a precession
aboul the Y axis?

Y Quter gimbal

! Inner gimbal
e

NN ‘
Aff L B z—&

e

Bearings

Aand B

Figure P21-5



CHAPTER

TWENTY-TWO

CRITICAL WHIRLING SPEEDS AND TORSIONAL
VIBRATIONS OF SHAFTS

22-1 CRITICAL WHIRLING SPEEDS

At certain speeds u rotating shaft or rotor has been found to exhibit excessive
lateral vibrations. The angular velocity of the shaft at which this occurs is called
a critical speed or critical whirling speed. At a cntical speed the shaft dellec-
tions become excessive and may cause permanent deformation or structural
damage; for example, the rotor blades of a turbine may contact the stator
blades. The large shaft deflections occuraing at a critical speed cause large
bearing reactions and can result in bearing failure or structural damage 1o the
bearing supports. This phenomenon occurs even for very accurately halanced
rotors. A muchine should never be operated for any length of time ar a speed
close 1o a critical speed. We will next study why this phenomenon occurs and
how a shaft or rotor can be designed so that the critical speed will not be the
same as the operating speed.

22-2 SHAFT WITH A SINGLE DISK

Consider the shaft in Fig. 22-1a with the disk of mass M located between the
bearings. In the following discussion we will assume that the mass of the shaft
15 negligible compared with the mass of the disk. Point (2 is on the shaft axis,
and G is the center of mass of the disk. Then the distance ¢ is the eccentricity.
In Fig. 22-1b the shaft is rotating and the centrifugal force F, acts radially
outward through G causing the shaft to bend as shown. The centrifugal force is

444
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Figure 22-1
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equal to the mass ol the disk times the normal acceleration of point G; because
the normal acceleration equals the radius of rotation times w?,

F.=MA =M@y + ée)w? (22-1)

where w is the shaft speed in radians per second and y is the deflection of the
shaft where the disk is located. The shaft behaves like a spring. and for a
deflection y it exerts a resisting force &y, where & 1s the spring constant of the
shaft 1n bending. For equilibrium the resisting force equals the centrifugal force
and hence

ky = M(y + ¢)w?

ew®

from which y = m

In Fig. 22-2. the solid curve is 2 plot of Eq. (22-2). From the equation we
sce that when o is zero, v is zero, and when o* = &/M, the denominator
becomes zero and y becomes infinite. This value of @ 1s known as the critical
speed w, and hence

}.‘ A

- = 223
VM (22-3)

iy

where M is the mass of the disk. Also, we notice for values of » > w, the

+Y

-y

Figure 22-2
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denominator of Eq. (22-2) becomes negative, and then v is ncgative as shown
by the right branch of the solid curve. Further, we see from Eq. (22-2) that
when o becomes very large, v approaches —e.

In this analysis we have neglected the damping effect of ajr resistance
acting on the shaft and disk. Because of this damping the shaft deflection does
not become infinite at the c¢ntical speed, and a plot of the actual deflection
versus o is indicated by the dotted curve in Fig. 22-2. The ctfect of damping
alters the critical speed but not appreciably.

From Fig. 22-2 we scc thal il @ < w,, v will be positive and the configura-
tion of the shaft will bc as shown in Fig. 22-1h. If w is constant, v will be
constant, and the centeriine of the shaft will remain in a fixed bent position
whirling around axis AB, describing a surface of revolution. From Fig. 22-2 we
also note that if w > w,, ¥ will be ncgative. and hence the shaft bends in the
opposite direction, The configuration is then as shown in Fig. 22-1c¢, wherey is
negative. It is known from obscrvation that the side of the shaft which is
convex below the critical speed becomes the concave side al speeds above the
critical speed. A piece of chalk brought into contact with the cdge of the disk
will make a mark on the heavy side. At speeds above the critical speed a piece
of chalk of another color is found to mark the disk on the light side. Earlier we
observed from Eq. (22-2) that for very large values of w. y approaches —e.
Hence From Fig. 22-1¢ we sec that the conter of mass of the disk then
approuches the axis of rotation AB. This expluins why a rotor operatcd high
above the cnitical speed operates smoothly.

We have noted that the shaft flexes, that is, it bends in the opposite dirce-
tion as it passes through the critical speed. Thus at the critical speed the shaft
vibrates with the sume frequency it would have if it were not rotating but were
vibrating transversely as a beam.

From Fig. 22-2 we note that at speeds ncar the critical speed the shaft
deflections are large, and from Eq. (22-1) we see that this makes for a large
centrifugal force, and hence the forces on the bearings will be large. Because
these forces are changing direction with the centrifugal force, the frame of the
machine supporting the bearings will be set in vibration. Besides the objection-
able noise due to vibration, the varying stresses in the bearings and the framce of
the machinc can result in structural damage. In addition, the large shaft deflcc-
tions at speeds near the critical speed may cause permanent deformation of the
shaft or contact between the rotor and its bousing. The amplitude of shaft
vibration at critical speed rcaches dangerous proportions only if time is allowed
for the amplitude to build up; therefore if the machine is accelerated through
the critical, the magnitudcs of the amplitudes can be acceptablc, Machines like
centrifuges and some high-speed turbines normally operate at a speed wcll
above the critical and are brought up to their operating specd by passing
quickly through their critical speed.

In Eq. (22-3), & = I'/y = Mg/y, and thus

[ g
\/ Y

(22-4)

(O =
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Fquation (22-4) 15 general and applies to any shaft of neghigible mass having a
single disk mounted anywhere along the shaft; v, is the static deflection of the
shaft at the disk when the shaft is placed horizontally and is produced by the
torce of gravity My acting on the disk.

A shaft mounted in ball bearings may be assumed (o be simply supported; if
tt is mounted in journal bearings it may be assumed to be supported as a
[1xed-cnd beam.

For a disk of muss A, mounted between hearings on a shaft of negligible
mass and located distance a {rom the left bearing and distancc & {rom the right
beaving and where the bearings are ball bearngs,

My 2
RIDES

:Vst =

and from Eq. (22-4)
[3EIL

22-5
\"f A ah? c !

Wy =
where w, = crifical speed, rad/s
. — modulus of ¢lasticity for shaft. Pa
I = moment ol incrtia of cross-sectional area of shaft = wd?/6d where
d = shaft diameter, m

& = acceleration of gravity = 9.806 m/s*
A - mass of disk, kg

L. = distance between bearings, m

For the same condiitons as above, except using journal bearings,

L

TR

DALY

. L AL
and (dy, = V‘ 1{]01%}1 (22*6)

22-3 SHAFT WITH A NUMBER OF DISKS

The shaft shown i Fig. 22-34. which has three disks. 1s representative of a
shaft with any number of disks., The shaft may be considered horizontzal or
vertical because gravity does not affect the critical or whiling specd. The shaft
could vibrate trunsversely in any of the three modes as shown in Fig, 22-34 to
. and the frequency would be different for each miode. Because the sttiness
of the shaft increases as we go from Fig. 22-36 to ¢ to d, the natural frequency
increases. Since the critical speeds correspond 1o Lhe natural frequencies of
lransverse vibration. the deflection curves in the tigure alse represent the con-
figuration ot the shaft at its critical speeds. As the number ot disks is increased,
the number of modes of vibratton and the number of critical speeds 1ncrease.
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Figure 22-3

[sually it is only the lowest critical speed which is of importance because the
operating speed of the muching is less than the higher critical speeds. Therctore
we will consider only the first order or fundamental critical speed.

The fundamental nalural frequency of transverse vibration for a shaft with
a number of disks can be found by Raylcigh's method. This method is based on
lhe continuous interchange between Kinetic and strain cneygy in the system.
Further, the method utilizes the assumption that the dynamic-deflection curve
for the shaft is similar in shape to the static-deflection curve.

Consider the shafl in Fig. 22-4 to be of ncgligible mass and supporting any
ntumber of concentrared masses. To Hlustrate Ruayleigh's method, let us sup-
pose that there are three masses, M, M., and M ;. The solid line shows the axis
of the shaft in its most deflected position as it vibrates transversely with a
frequency o, Inradians per second. The dynamic deflections v, v,, and y; may
be assumed equal to the swatic deflections produced by the forces of gravity
Mg, Mye, and M, p.
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Figure 22-4

The displacements for the vibrating shalt behave with simple harmonic
motion becy e the restoring forces exerted by the shaft by vitue of its elastic-
Ity 4T€ Proporjonyl to the displacements. In Chap. 2, in the section on simple
harmonic motion, we noted that for a particle having simple harmonic motion
of frequency ,  maximum velocity is V = yew, where v is its maximum dis-
placement. and (he maximum velocity occurs wheny = 0. Thus in Fig. 22-4 the
vibrating shafy pag jrs largest vclocity and greatest kinetic energy when it
reaches its unbent position. The kinetic energy (KE) for the system is then

KE = Siave

and since V = v,

;
KE = '({;_“ (M ¥+ Myt + My (22-7)
When the vibrating shaft reaches its most deflected position, all the kinetic
energy is 10st and is stored in the shaft as strain cncrgy. The strain energy cun
be found by considering the work done on the shaft il it is allowed to deflect
under the sty forces. M, g, M,e. and M, 2. The average value of cach force as
it moves throygy j1s distance v is Mg/2. The work done by each force 15 1ts
average vilue times the distance moved and is Mgy/2. The strain or potential
energy (PE in the shaft is then the sum of the work done by the forces and is

¢4

P_E_ = ﬁ?(ﬂ-_’!]'}'l + I‘Zlg_\’-_:: + .""lrp,_\'_a’) (22‘8)

Equating the vight-hand terms of Eqs. (22-7) and (22-8), we obtain the following
CXPression for the natural frequency of transverse vibration and criticat speed:

Y =M ¥
V Sy

w, (22-9)

. It_' the erosy section of the shalt is uniform over the length, the static deflec-
tons in £9. (22.9) can be most casily computed by using the equations for beam
dCﬂec“P“‘q ¥ven in mechanical engincering handbooks and by use of the prin-
ciple of SUCrpositiont, which is that the deflection at a given point along the
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shaft is equal to the sum of the deflections at that point as found by considering
each gravity force on the masses acting by itself. The following example itus-
trates the method.

Example 22-1 Consider the shaft in Fig. 22-5¢ to be simply supported at A
and B and to have a negligible mass compared with the two concentrated
massces M, and M,. The shaft is stecl and 1s 19 mm 0 diameter. It is desired
to find the critical speed in revolutions per minute by Raylcigh's method.
Let W, and W, be the forces of gravity on the masses. The static-deflection
curve is shown in Fig. 22-56, but a better appreximation to the dynamic-
deflection curve will be obtained if we usc the static-deflection curve
shown in Fig. 22-5¢, where W, 1s assumed to be acting upward rather than
downward. Thus we will find the deflections y, and v, in Fig. 22-5¢ making

- ————d = 254————
fo——————L =330— - -

Figure 22-5
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usc of equalions given in mechanical engineering handbooks for finding
deflections and slopes.
For the Toad W, acting alone on the shaft

- W’]f)i oL b2 2y
T
1%(9.806){0. 102)0.152 0.0557

0.2542 — 01022~ 0.1527) = o2/
6(0.254)L1 © 0.152% = =~ |

Lct ¢ be the slope of the deftection curve at B. Then
cWiah(d + a)

Yo =0¢ sin flp, =l =

6L
_ 0.07608)9.806)0.152)(0.102)0.406) _ 0.0354
- 6(0.254) Ef - EI
For the load W, acung alonc on the shaft
 Weea 0 9(9.800)(0.076)0.152) -, nayz — 0277
Vi T ggpr T AN = 6(0.254)F! (0.132%8 = 0.239 = =74
_— WoPL - 9(9.806)(0.076%)(0.330)  0.0561
3EL L] T
By the method of superposition the resultant deflections arc
. 0.0557  0.0277 _ 0.0834 |
TR Ei E
! 0.0554 N 0.0361  0.1115
T T |
, _ 0.00696 ,  0.0124
T ¥i= P
(F1? (EL)*
Then from Eq. (22-9),
g X My 9. B06E s % .08 — (9 = 0. ‘
_ g My OBO06E/|(18 X 0.0834) — (9 x 0.11IS)]

S My? (18 x 0.00696) + (9 = 0.0124)

J— 60 — .
and w = 10 IRVET rad/s o 118V ET r/min
i r

For steel, B - 207 = 10" Pa

ad? _ =(0.019)

- Y 63%10 'm!
64 64 . m

60 | S — w
w = — 1018V 207 x 109(6.3 x 107?) =3 509 r/min

2w
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22-4 CRITICAL SPEED OF A UNIFORM SHAFT

The critical speed of a shaft supporting a uniformly distributed mass, or a shaft
which supports no masses except its own mass, is found by considering the
shaft as made up of a number of short lengths of known mass, The critical speed
of a massless shaft carrving these individual masscs can then be determined by
means of Bq. (22-9). By this procedure, the critical speed of a shaft of uniform
diameter, simply supporicd at its ends and not supporting any concentrated
masses 1s found to be

e, = 9.87 / Ll

= (22-10)
Y ML

where M is the total mass of the shaft in kilograms, and the other quantities are
as defined below Fq. (22-3).

The speed obtained from Eq. (22-10) is the lowest critical speed. Other
criticals occur at 4, 9, 16, 25, ete., times the lowest critical speed.

A shalt of uniform diameter, supported at its ends in rigid journal bearings
so that it flexes as a beam with fixed cnds. has for its lowest critical speed

/'I E[

Oby

and others at (5/3)%. (7/3)2, (97317, (11/3)% etc., times this speed.

22-.5 DUNKERLEY’S EQUATION

When the eritical speed of a shaft having any number of disks of masses A,
M, M., ete.. is 10 be determined, and the mass of the shaft is to be mcluded,
approximale results can be obtained using Dunkerlev’s equation:

! H | | 1 .
=t —— F —— — (22-12)
" w,* ig” tn” ;"
where m, = critical speed of svstem. rad/s
w, = critical speed of shaft alone, i.e.. if all disks removed
w, = critical speed of shaft if considered mussless and supporting only

disk M,
ws = critical specd of shaft if considered massless and supporting only
disk M,

22-6 SHAFTS WITH VARIABLE DIAMETER
Equation {22-9) can be applicd 1o find the critical speed of any rotor shaftif the

stalic deflections are known. Mathematical determination of these deflections
becomes very tedious if there are many loads and especially so if the shatt has
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different diumeters along its length. A combincd numerical and graphical pro-
cedure for determuning the deflections is then convenicnt.
Texts on mechanics of materials show that the basic differential equation
which must be solved in order to find the static deflection is
v _M (22-13)
dx? Er
where v = deflection at any distance x from one end of shaft, m
M = bending moment at distance x, N -m
E = modulus of elasticity of the material, Pa
I = moment of inertia of cross-sectional area at distance x, m?

Integrating Eq. (22-13) once, we obtain the slope of the elastic curve of the
shaft, und inlegrating again, we obtain the deflection curve. Further, if we start
with the loading. one integration gives the shearing force und a second intcgra-
tion gives the bending moment. Hence. if we start with the loads, four succes-
sive integrations are needed to obtain the deflections. The procedure is best
shown by an ¢cxample.

Example 22-2 Consider the shaft in Fig. 22-6u to be of steel and simply
supported in bearings us shown. The shaft supports a gear having a mass of
16.3 kg; it is desired to find the static-deflection curve. The shaft length is
divided into a number of segments, and in order to facibitate the integration
of the areas under the various curves, they are drawn to scale using any
convenient scale along the x axis and any convenient scales for ordinates.

In Fig. 22-6a the loads are shown. the load at point B is the gravity
force on the shaft [rom A to C, and the load at D is the gravity force on the
shaft from C to F, ete. By statics the bearing reactions were found to be as
shown, The shearing-force diagram can then be drawn and appears in Fig.
22-6b. Next, the bending-moment diagram is constructed. Since bending
momenlt is the integral of shearing force, Mz equals area A |, whichis |16 N
multiplied by length AB which is 0.050 m. Area A, is equal to 107.3 N
mulliplied by length 8D which is 0.1135 m. M, equals the sum of areas A,
and 4,. Note that throughout the entire procedure, areas above the x axis
are considered positive, and those below, negative.

The moment of inertia of the cross-sectional area for each shaft diame-
ter shown in Fig. 22-6¢ 1s computed next. Then ordinates for the M/E!
diagram arc obtained by dividing the ordinates in the moment diagram by
the value of E, which is 207 x 10% Pa for steel, and by the value of [ for the
corresponding cross section. Note that at section C the shaft has (wo values
fori. The valug¢ of the moment al C can be scaled from the bending-moment
diagram and is then divided by each of the values of I, in order to dctermine
the two values of M/ET at this section. Similarly, since the shaft diameter
changes at E, there will be a step in the M/ET diagram at this section.

The slope diagram in Fig. 22-6¢ {s constructed next by laying off ordi-
nates from an axis x'. Since slope is the integral of M/EI, ordinate PQ is
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cqual to area B |, which equals M /KT, divided by 2 and multiplied by length
AB which is 0.030 m. P is laid off upward from the x* axis becausc arca B,
is positive. Ordinate RS is cqual to arca B3, plus area B,. We continuc in this
manner until the entire slope curve has been drawn. T'hc ordinates Itom the
A0 axis to this curve would represent the truc values of slope along the
deflection curve if the slope at the left end were zero. Wc know that
actually the point of zero stope occurs somewhere hetween the bearings.
We can guess the location (distance x) of the point of zero slope and in Fig.
22-6¢ draw the » axis so that it intersects the slope diagram curve at this
location. Then areas lying below the v axis are considered negative and
those above posilive.

The deflection diagram in Fig. 22-6/ is constructed by laying ol ordi-
nates irom an axis x’. Since deflection is the integral of slope, ordinate TU/
equals areca C';, and because €, is a negative area, TL 15 negative and thus 1s
drawn downward. Ordinatc VW cquals arca €', plus area C,. We continue in
this manner laving off ordinatcs from the x' axis until the entire curve is
drawn. At the bearings the deflections must be zero and thus through these
points on the deflection curve the v axis is drawn as shown. The ordinates
from the x uxis to the deflection curve are then the actual deflections. 1t is
to be noted that in Fig, 22-6¢, the better we guess the location of the point
of zero slope, the closer the x axis will coincide with the x" axis in IMig.
22-6/. However, regardless ol how good our guess is, the ordinates from
the v axis to the deflection curve will be the same.

22-7 FACTORS AFFECTING CRITICAL SPEEDS

Therc arc a number of factors which may alter the value of critical speed
ohtained by the equations presented in the preceding sections. One of these is
the flexibility of the bearings. The usual assumption in calculating the deflec-
tion curve 1s that the bearings are rigid and do not deflect. Actually all bearings
detlect somewhat because of the loads upon them. This increases the deflection
of @ rotor shaft and tends to lower the ¢ritical speed. Further, some bearings
deflect more in one dircction than another. For example. pedestal bearings are
usually more flexible in the honzontal dircction than the vertical, and this
results in two critical speeds for the same shaft. Bearing length also has an
cffect on critical speed. In general the longer the beanng the more it will
restrain the shaft from tilting. This results in stiffening the system and increas-
ing the value of the critical speed.

If there are heavy disks on the shaft, and particularly if they are large in
diameter. their polar moment of inertia will be large and will creale a large
gyvroscopic effect which resists a change in direction of their axis, When the
shaft starts to whirl, the disk resists the tilting of its axis. This acts to stiffen the
system and raise the value of the eritical speed. This effect is greater for disks
nearer the bearings where the slope of the shaft is greater.
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In engineering we encounter rotors which operate in various mediums.
Lxamples are grinding wheels. fans and compressors which operale in air,
turbine rotors operating in gas. steam, or oil. and centrifugal pumps operating
in water or oil. The operating mediums offer a frictional resistance called damyp-
ing, which has little effect on the value of the critical speed and in practice is
usually ignored when computing the critical. However, damping reduces the
dynamic deflection of the shaft, and though this effect is slight for a rotor
operating in air or some other gas. it is considerable for one operating in water
or oil.

A close fit or a shrink fit for the hub of an impeller, gear, or pulley,
particularly it the hub is thick and of considerable length, will increase the
stiffness of the shaft and raise the critcul speed.

In conclusion, experience has shown that if the operating speed of a shaft is
removed at least 20 percent from the critical speed, there will be no vibration
troubles.

22-8 TORSIONAL VIBRATIONS

In the preceding sections we have studied the lateral deflections (whirling? of a
rotating shalt due io centrifugal forces acting on a mass or various masses along
the shaft. We have noted that if the frequency of these forces coincides with the
natural frequency of lateral vibration of the shafl, then the condition of reso-
nance exists and the dellections become very large, resulting in high bending
stresses in the shalt and annoving vibration of the machine. When a shaft is
transmitting torque it is subjected to twisting or torsional deflection; and if
there are cyelic variations in the transmitted torque the shatt will oscillate, that
1s. Lwist and untwist. If the varnation in the transmitted torque has the same
frequency as the natural [requency of torsional vibration for the shaft. then the
condition of resonance will exist and the shalt will twist and untwist with
amplitudes high enough to produce failure of the shaft in torsion. Further,
torsional vibration may occur separately or simultaneously with the whirling of
a shaft.

The simplest case of torsional vibration is shown in Fig. 22-7a where a disk

“ars cnol

Oscillation .
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Fipure 22-7
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of moment of inertial aboul the x axis is made 10 oscillate about this axis by the
twisting and untwisting of the shaft, which is fixed at one end. In this discussion
we will assume that the mass moment of inertia of the disk is large compared
with the mass moment of inertia of the shaft. If the disk i1s given an angular
displacement @ from its equilibrium position and then relcased, it will vibrate
(oscillate) due to the torque T exerted by the rod. Applying the equation of
motion T = Ja, we have
d
; dt?
where k, is the torsional spring constant for the shaft. The minus sign is used
because T is opposite in sense to @ as shown in Fig. 22-74. Then
+ —8=0 22-14)
dt? / ( '
Equation (22-14) is a homogeneous diffcrential equation for which the solution
is

. Tk, Tk,
8 =0C, UOS\I,fo +Czsm\],71
where C, and C, are constants depending on the boundary conditions. If we
assume that the boundary conditions are 4 = 0 whent = 0 and that ¢ = A when
(VEk /)Yyt = 7/2, then

C1=0 al’ld C2:A

A.
and the solution becomes g = A sin \/’-[—*r (22-15)

Equation (22-15) is the equation for simple harmonic motion shown in Fig,.
22-7b in which

- z'fE
VI

where w, 1s the circular frequency at which the shaft winds and unwinds {oscil-
lates) in radians per second, and &, is the torsional spring constant for the shaft
and is defined as the torque applied at one end of the shaft divided by the angle
through which the cross section where the torque is applied rotates relative to a
¢ross section which is { distance from it. Hence &, = 7/6, The units for k, are
newton-meters per radian. Books on mechanics of materials show that § =
T1/JG and thus &, = JG/I. J is the polar moment of inertia of the cross-scctional
area of the shaft and equals md*/32. Substitution of the expressions for &, and J
into Eq. (22-16) gives

(22-16)

Wy

|’ T.I'C'IM G

v 3201

(22-17)

wy =
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where w, = natural frequency of torsional vibration, rad/s
fa = natural frequency in cycles!s = ), /27
d = shalt diameter, m
= modulus of elasticity in shear for shaft matenal = 79.3 x 10% Pa

for steel

I = mass moment of inertia of disk about the x axis = M2
where M and r arc mass und radius of gyration of disk, kg m?

{ = shaft length, m

22-9 TORSIONAL VIBRATION OF A SHAFT WITH TWO DISKS

[tis common in machinery to encounter a shaft connecting two masses. Such a
system is represented in Fig. 22-8 where the shaft supporting disks | and 2 is
free to rotate in the bearings. In order to find the natural frequency of the
system let us first consider the shaft as not rotating. It can be seen that if there
is a vibration, one plane eross section of the shaft must remain stationary and
the disks must oscillate out of phase; i.e., when disk | is rotating in a coun-
terclockwise direction, disk 2 must be rotating in a clockwise direction. The
natural frequency ¢an be calculated by considering the system as composed of
two single mass systems (Fig. 22-7) where the shafts consist of two lengths [,
and/, and their ends meet at the planc of zero mation, or node, as shown in Fig.
22-8. Expenence has shown that the frequency of the two masses is the same.
That is, if one disk is held fixed and the other is rotated relative to it and then
both are released, the disks will oscillate, each rotating in & sense opposite to
the othcr at any instant. Since the frequency is the same for each disk, then
from Eq. (22-16) and sincc &, = JG I,

Tarsiona
oscl lations
Bea-ing Npde
3
- \] —
I R 111 B
? 1 Vs ”
2 4 1 [i
{;
— f—
| A
A,
[ e

Figure 22-8
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Iy —
o = 79 IS (22-18)
N {21,
Thus (I, = L, (22-19)
= 12(! (1)
from which [, = 12!7 (22-20
- YL+ L 22-20)
Substituting Eq. (22-20) into the first form of Eq. (22-18). we obtain
JG L TG _ [ LT |
W, — = ¢ {(22-21)

1 __":
v o/ L, v oL,

which gives the natural frequency of vibration in radians per second, and f, =
w,/27 15 the natural frequency in cycles per second.

Fiquation (2-20) gives the position of the node, which is shown in Fig. 22-8.
Disks | and 2 will oscillate with amplitudes A, and A,, respectively. For the
phase when 4 | 1s positive, A, is negative and the sum of their absolutc values is
the total angle of twist for the shaft. It may be seen from Lq. (2-20) that the
node will be nearer the disk with the larger moment of inertia. If the moment of
inertia of disk 2 is very large compared with that of disk 1, then the node will lie
at disk 2 and the system becomes the same as that of a shaft with one end fixed
and a disk at its free end as in Tig. 22-7.

In the preceding discussion it was assumed that the shaft was not rotating,
but that the two disks were oscillating at the frequency given by Eq. (22-21).
Howcver, when the shaft is rotating, this equation still applies, and the oscitla-
tory motions of the disks and the twisting of the shaft are superimposed on the
rotational motion of the shaft. Thus the natural torsional {requency 1s indepen-
dent of shaft speed.

Examples of a shaft connecting Llwo masses arc a motor driving a gencrator,
turbine driving a generator, motor driving a centrifugal pump, and a radial
aircraft engine driving a propeller. The torque in some of these machines is not
constant but is subject to impulses during each revolution of the shaft. If the
frequency f of these impulses in the forced torque coincides with the natural
frequency £, of torsional vibration for the system, resonance occurs, and the
amplitudes of vibration become large, producing annoying noisc and high
stresses in the shaft which can result in shaft failure.

In Fig. 22-9 a steam turbine is shown driving an electric gencrator. Each
time thut a rotor blade passes a stator blade there is a variation in torque caused
by uid forces. If therc are NV stator blades, then there are N disturbances or
forced torque impulscs per revolution. For a large number of blades the
torque-vs.-time curve for the shaft is a uniform average torque with a ripple of
N ull waves superntmposed onit. The forcing frequency in cycles per minute is

f=Nn (22-27)

where N is the number of blades or disturbances and 1 is the shaft speed in
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Figure 22-9

revolutions per minute. If / coincides with f,, then resonance occurs, and #
becomes the torsional critical speed n,. of the shaft,

Example 22-3 In Fig. 22-9 there are [4 blades on disk 2 and the stator has
the saume number of blades. The mass of disk 2 18 9.43 kg, and it has a radius
of gyration of 0,160 m. The armature has a mass of 4.72 kg and a radius of
gyration of 0.0844 m. The diamecter and length of the steel shaft which
transmits torque trom the turbine rotor to the armature are 32 and 257 mm,
respectively. Determine the torsional ceritical speed n .. for the system due to
the disturbance of the passing blades.

SOLUTION
where & = 79.3 x 107 Pa
J = i;%‘ = __7:-(0.3(;52)4 =0.717 8 x 10-%m*
k, = 0.717 8 x :)G;);?% “ 19 5915 % 10° N - mirad

I, = M = 4.72(0.084 4)* = 0.033 62 kg- m®
[, = Myryt = 9.430.160)2 = 0.24] 4 ke - m?

. T+, 0.033 62 + 0.241 4
= - i 5 3
fn= K 1L V 2213 X 10 336 % 0.241 4
2 740 % 60

= V7.506 x 10f=2 740 rad/s  or
24

= 26 165 cycles/min
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Number of stator blades N = 14. Number of disturbances per minute = Nn
= l4n. For resonance, 14n = f, = 26 165 cycles/min. Critical torsional
speced n. = — 26 165/14 — 1 86Y r/min.

22-10 STEPPED SHAFTS

Frequently shafts of machines are stepped as shown for the two-disk rotor in
Fig. 22-10, and then the torsional spring constant is variable along the shaft. A
combined spring constant &, may be determined in terms of the individual
constants k,, As, ks, . . ., k,. The various sections of the shaft act as springs io
scries and the instantancous torque is the same in each section, but the angles
of twist are different. The tota) angle of twist ¢, is the sum of the individual
angles of twist,

8 — b+ 8 - By + -+ Oy

r_r r. 17, . ..,7%

l!(( - k] ;\'2 k;] ‘{.“

F R S

/"-F k! AZ kﬁ ‘{\ri

1

—_ = ¥ = 22-23
3 X ( )

For a rotor with two disks and a stepped shaft, &, is determined from Eq. {22-23)
and the valuc is substituted iute Eq. (22-21) in order o solve for the nataral
frequency of torsionul vibration.

22-11 GEARED SYSTEM

A geared torsional system is shown in Fig. 22-11a where the speed ratio of shaft
2 to shaft 1 is #. When the system oscillates at 1ts natural torsional frequency.

1 =«

%Eﬂf_tj _ , g
” 4] A f f Ly | | 4 t

|

i

|

4_]'1——-u44—ﬁ {;——-

Figure 22-10
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the disks will have displacements relative to ¢ach other with amplitudes which
will depend on the gear ratio as well as the twisting of the two shafts. In order to
determine the natural frequency. the system can be reduced to the eguivalent
single shaft system shown in Fig. 22-1)(h). The procedure is as follows,

In (&) supposc that shaft 1 rotates with a specd w,. Then the speed of shaft 2
5 oy — Aoy, and the kinetic energy (KE) of the system is

N 1 b ] . E
KE =313 + 7,07 w?

Lel the spead of the shaft in (h) be the same as that for shaft [ in (¢). Then the
Kinetic energy in () will be equal 1o that in (@) provided that the mass at the
right in (h) has a moment of inertia egual to #%,. Thus the moment of inertia
ni,m () is equivalent to 7, in i«).

To determine the equivalent stiffness in (b) for shaft 2 in («), clamp disks |
and 2 in (@) and apply a torque to gear 1. rotating it through an angle #,. Gear 2
will then rotate through an angle ¥, = n#,. which will also be the twist in shaft 2.
The potential cnergy in the svstem is then

U =+T.0, + T8, (22-24)
T
But k= v or T =k
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Then Eq. (22-24) hecomes

U= ITA'lﬂlg + %"\'2922

However, we noted that §, = n#,. Thus
U =Lk ¢ Lhon?e)?

In (M), if we clamp both disks and rotute the cross section at the step by the
same amount #, as considered earlier for (#). then the potential cnergy in (b)
will be equal to that in (@) provided (hat the right segment of the shaft in {b) has
a spring constant equal to n%,. Thus the stiffness 7%, in (b} is equivalent Lok, in
(ce).

Hence the rule for reducing a geared wsten to an cquivalent single-shaft
system s ws follows: multiply the stiffness and inertia of shaft 2 by n, where n s
the speed ratio of shaft 2 to shalt 1.

Wc can next apply the results of Sec. 22-10 to find the combined spring
constant &£, for the shaft in (b).

LI S
k, k, n¥,
or . : (22-25)

(LR + (Linky)

The natural frequency of torsional vibration for the shaft in Fig. 22-11a is
then obtained by substituting 7, and 7%, into Eq. (22-21) along with the value of
k, obtaincd from LEq. (22-25). This gives

-
) ) 11 - ”“]?_

= Jhm= (22-26)
I 2

22-12 TORSIONAL VIBRATION OF A MULTIPLE-MASS SYSTEM

In the preceding discussion of a shaft with two disks it was cxplained that there
is only one torsional vibration frequency. With three masses there are two, and
with four masses, three, and so on, Examples of machines having a multiplicity
of rotating masses are reciprocating engines and pumps with their multithrow
crankshafts or machinery having a multiplicity of rotating disks such as steam
turbines. centrifugal compressors, and pumps.

In the analysis of reciprocating engines. compressors, or pumps with all
their ¢ranks. pistons, flywheel, und driven machinery it is necessary first to
simplify the machine to some extent by replacing the pistons and connecting
rods by equivalent disks of the same moment of incrtia and by replacing the
¢ranks by equivalent pieces of straight shaft of the same torsional flexibility.
The method is explained by Church.' Thus the machine has to be reduced to an

“A. H. Church, Mechanical Vibrations. lohn Wiley & Sons. Inc.. New York. 1957,
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equivalent system consisting of a straight shaft of umform cross section carry-
ing a number of disks as illustrated in Fig. 22- (2. For cxample, this figure shows
a shaft with eight disks, which 1s an equivalent system used (o analyze torsional
vibrations for a six-cylinder diesel engine uscd in a ship to drive a propeller.

A procedure for determining the natural frequencics of torsional vibrations
of a multiple-mass system is known as the Holzer method and is described in
many books on vibrations.

22-13 SUMMARY

As stated curlier, the number of cyclic disturbances in the torgue per revolution
of a machine multiplied by the shaft speed in revolutions per minute gives the
frequency of the disturbing torgue in cycles per minute. 11 this [requency coin-
cides with onc of the natural frequencies of torsional vibrution for the system,
then resonance occurs, and the amplitudes of torsional vibration become very
large resulting in annoving noise and producing high stresses which can result
in shaft failure. The shaft speeds at which resonance occurs are called the
critical speeds of torsional vibration. If the operating spced of a machine is
found to exist near a critical speed, the design can be changed so as to raise the
natural [requency of torsional vibration of the system and thus eliminate the
vibration cr a damper mstalled to decrease its amplitude.

PROBLEMS

22-1 Determine the critica] speed in revolulicns per minute of an electne moter designed tu aperate
at 1200 rimin. The stecl shalt is 14 in in diameter. and the distance between bearings is 12 .
Consider the rotaiing element as being u single disk with its mass of 25 b located midway berween
the bearings. Assume the shaft to be simply supparted and nreglect the mass of the shaft. Is the
operating speed salisfactory?

22-2 Vortie shaft in Fig. P22-2 consult a mechanical engineering handbook for static deflection and
determine the critical speed in radians per second neglecting the mass of the shalt i) if the beurings
are ball hearings and the shaft is assumed to be simply supporied, and (b if the bearings are journal
bearings and the shaft is assumed to be rigidly supporied: i.c.. the bearings donot allow the shafl 1o
tilt at the hearings.
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Ligure P22-2

22-3 [he static-deRection curve for g shaft supported in three bearings is shown in Fig, P22-3, [fihe
masses and the deflections are as indicated, find the lowest critical speed in révolutions per muttate
using Ravleigh's melhod.

ifnss 60 b 30k 20 b
Yor 0.0005" 0.0004 0.0003"

Figure P22-3

22-4 The drive ~hafl of an auntomoebile 1y a hollow steel fube 1 422 mm [ong with an outside diameter
of 63 mm and an [pside diameter of 37 . Hach end of the shalt is filied with 4 universal joint.
Determine the critical speed in revolutions per minute. The maximum opemting speed is 4 000
rian, IE 0t is deaired that the operating speed be at least 20 percent Jese than the crbica) speed. is
the desian salistectory”

22.3 Using Rayleigh's method. show that the ¢ritical specd for a shalt of uniform diameter simply
supported Is as given by Bg. 122105 Hint: By Ravieigh's method

e X My

[ (1227
LY A0

, =

The static-det]ection curve is shown in Fig, P22-5, and [rom a mechunical engineering hundbook we

ubtain
ny .
v = —:-4]-%7(& S TR (22-28)
y I m, kg,‘umi IEﬂgih
, /
%‘—hh—-—\_ ! __‘_‘_—'—;l\
t—xﬁ—é o |
.- — I - ]

Figure P22-5
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. s distance a i cure we have : . ass 1 de :
At any distance 1 in the figure we have a conceatrated mass i dx. and Fq, 122-27) becomes

Uen o ()
W

e K (22-29

L ’ L0
w0 ¥
'Q

Evaluale the numerator and denomintor of Eq. (22-29) and solve for w,.

22-6 The steel shaft in Fig. P22-6 is 38 mm in diameter and is simply supporied in bearings as
shawn.

(e} Determine the critical speed in revolutions per minute of the shaft alone,

15t Using Dunkerlev's equation. determme the critical specd in revoiulivns per minute for the
shaft and the two disks,

el Same as (b except neglect the mass of the shaft.

() What percent enor would there be in the critical speed if the mass of the shuft s neglected?

34 kg

23 kg m

s
>€- S

| I
[ 305 _.J.,,__203 —A4064

Figurc P22-6

22-7 The shaft shown in Fiyg, P22.7 i steel and is assumed 10 ba simply supported at the bearings.
Determine the critical speed in revolutions per minute neglecting the mass of the shaft, When
finding the static deflections, mke o drawing of the shaft using a scale of | mm = 2.5 mm and
consider six segments having the lengihs shown, Use the following scales for ordinates: shearing
force. I mm — 7 N: bending moment. 1 mm = 0.7 N-m: MEL 1 mm — 0.03 = 1077 Lim: slope,
ITmm - 4> 107 in/n: deflection, 1 mm = 0,350 ~ 10 % m.

13.6 kg

9 kg

~ 32D 38D

A
ngl
l
|
!
} =
|
K
|

4

|

i ,

| | |
| { ! |

| Lo l

© 50 30 1 50 64 b4 4
T e

Figure 1227

o




468 DYNAMICS O1F MACHINES

22-8 The shaft shown in Fig. P22-8 is steel and is assumed to be simply supported at the bearings,
Determing the critical speed in revelutions per minute neglecting the mass of the shaft. When
finding the static deflections, mitke 2 drawing of the shall using 2 scle of 1 mm = 6 mm and
consider six segments having the lengths shown. Use the following scales for erdinales: shearing
force, I mm = 35 N; hending moment. 1 mm = 4.50 N-m; M/El I mm = 0.23 x 10 * 1/m; slope.
Imm = 40 » 107% mim; deflection, | mm = 5 x 0% m.

48 kg

45 kg

280 : 51D

203 — =, |4 127 127 = 152 — e 157 —]

9

Figure P22-38
22-9 A solid circular steel disk i~ suspended by u steel wire as shown in Fig. P22-9. The density of

steel is 0.283 thi/in® and 1he modulus of elasticity in shearis [1.5 x 105 Ibf/in®, Determine the wire
diauneter required to ave o [requency of 1 eycle!s.

e

'
——a] [— ]

i

| = 24
|
|
1
(S

Figure P22-9

22-10 An electnie mator drives an electie generator, The system is similar to Fig. 22-8 and consists
of two masses connected by a steel shaft. The modulus of elasticity in shear for steel is 11.5 % 108
ibf‘in?. 7 for the motor and gencrator are 2 600 and 1 600 [bf - 5%+ in respectivelv. The d-in-diameter
shaft connecting the masses is 32 in long.

iti] Find the natural frequency of torsional vibration of the system in cycles per second.

() Find the location of the nude from the motur end.
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22-11 A steam turbine drives an electric gencrator, The two-mass system is similar to Fig, 22-9,
The turbine rotor has a mass of 14.2 kg and a radius of gyration of 232 mm. The armature has o
mass of 7.20 kg and a radius of gyration of 102 mm. There are 15 blades on the turbine rotor and the
stator has the same number of blades. The dizmeter and length ol the steel shait which {ransmits
torque from the turbine to the armature are 65 and 308 mm, respectively. Determine (@) the natural
lrequency of torsiona vibration in ¢cveles per minute, (k) the distance from the turbine rotor to the
node, () the torsional critical speed #. in revolutions per minute for the svstem due to the distor-
bances of the passing blades.

22-12 Determine the natural torsional frequency in cveles per sccond of the stepped stecl shaft in
Fig. P22-12. 7, = 0.878 kg -m*and 1, = 0.439 kg -m”,

| E
1 E==3 === -]
oo N S — S
A7 1 T | FTI7ZT

‘ dio e iz= 24 .

:

Figure 1"22-12

22-13 In Fig. P22-[3a an airplanc enginc drives 4 propeller through a planetary speed reducer
giving a speed reduction of 2 to 1. The propeller and engine crankshaft musses are lomped as shown
in (h). Find the natural torsional frequency of the system in cveles per minute.

=500 108 Nem/rad
Pruetary gear ‘

e /
_é rducer f / f, =192 = 108 Nemidred
L] J
/ /
;! = ;
¥ = /
c -~ - /
- I
- 4
L . = —
- proseller Crarkskafl
inzrtm kN J
{, = 520 ky-md { . =0 kg m?
{e1} (k)

Figure P22-13
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22-14 Determine the natural frequency of tersional vibration in cyeles per minute for the system
with bevel gears in Fig. P22-14.

ha=1325 x 108 N- mered

/
18 teeth /
32 zeth ? pl
™ = — -1 —
\M/’" N o
Ay 130 s T0B N mytas — ] |

1'2' 0.93'\‘@]-”12

Fo=0170ky

Figure P22-14



APPENDIX

A

PROOF OF THE EQUIVALENT FOUR-BAR
LINKAGE

In Fig. A-1 a dircct-contact mechanism consisting of links 1, 2, and 4 1s shown.
This will be referred to as the original linkage. An cquivalent four-bar linkage is
shown int dashed lines and consists of links 1,27, 3", and 4°. Points C, and €' are
the centers of curvature for the outlincs of bodies 2 and 4, respectively, al the
point of contact. A proot that the angular velocities and accelerations of links 2’
and 4’ are identical to those of links 2 and 4 at the instant is as follows:

24

Figure A-1  Velocities fora dircet-contacl mechanism and an equivalent four-bar linkage shown in
dashed lines.
471



472 DYNARICS OF MACHINLCS

Yelocities
Let Wy = (o (A-1)
pr = (2 (A-2)

where w denotes angular velocity and « angular acceleration. Point 24 is the
instant center for links 2 and 4 or for links 2’ and 4'. The velocity of point 24 is

Voy = (Oz — 24)w, = (04 — 24)w,
= (0, = 24wy = (O, — 24)0y
& 04 - 2/4 hgr

wi  Oy—24  we

and (A-3}
We have chosen wy = w»; hence by Eq. (A-3) w, must equal w,.

In Fig. A-1 points P, and P, can bave no relative velocity in the direction of
the normal; and hence, ', and C, have no relative velocity in this direction.
Thus the normal connecting points C, and C, on the original linkage behave as
a ngid link at the instant. C, as a point on body 2 has a radius (', 0,, but as a
point on linc N-N its radius of rotation is line C,0, extended. Similarly, as a
point on body 4, €', has a radius C,00,, but as a point on line N-N its radius of
rotation is line C,0, cxtended. The extended lines intersect at 13°. Hence, 13’ is
also the instant center for line N-N on the original linkage, as well as for link 3",
The angular velocity of line N-N is

Ve, Ve
b — 1 _4
13, - (.‘2 |3, - Cq. (A )

Wy _y = (g =

Accelerations

Next, it will be shown that if the endpoints of link 3’ are chosen at points C, and
C,, the angular accelerations of links 4' and 4 will be identical. The equivalent
linkage is shown again in Fig. A-2a, where A, and A, represent the linear
accelerations of points C, and C,. We may write

Af b AL = AL AL+ AL o = Al (A-5})
Whel'e A;_?" = (O4C_1)fl)42 Ai] - (04C4)a,‘
A?'z = (Ozc 2}0-’22 A;?z = (OzC z_)ﬂz (A‘ﬁ}

A?a.fr:z = (Cchj)wa'z A[L‘,,,'cg = (CQC4}GRJ

Equation (A-3) is represented by the vector diagram in Fig. A-2b. Since
points 3y, C,, C,, and O, lie on both the original mechanism and the equivalent
linkage, the directions of all the acceleration vectors in Fig. A-2b are the same
for both. Further, since wy = ws, e = 0z, Wy = Wy v, aNd @y = w,, WE NOtE
trom Eqs. (A-6) thatAy,, AL, A% ., and A% forthe equivalent linkage are equal
in magnitude, respectively, to those for the original mechanism. These four
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A (’—-A
ia) (b)

Figure A-2 Accelerations for direct-contact mechanism or equivalent four-bar linkage.

acceleration components are shown solid in the diagram, and sincc the polygon
must close, the magnitudes of Ag, -, and A, are consequently determined. That
is, these two components, likewise, are the same for the equivalent linkage as
for the original mechanism. Then

Al
O 4C 4

gy = 4 =

It is known that any direct-contact mechanism has an infinite number of
equivalent four-bar linkages. In Fig. A-3 point E is any point on link 4 or an
extenston of it, and the path which E describes on link 2 is shown. Point D is the
center of curvature of this path, and the radius of curvature DE can be found by
using the Euler-Savary cquation. (See Sec. 7-9.) If link 4 is a point follower
(shown shaded) and the path is used for the outline of body 2. then the new
body 2 and the point follower have angular velocities and accelerations identi-
cal to those of the original mechanism. Since the center of curvature C, for the

Path which poimnt E sl body 4 describes on bady 2

Figure A-3 Dircct-contact mechanism and another equivalent four-bar linkage shown in dashed
lines,
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point follower lies at £, and the center of curvature C, of the path profile lies at
D, the equivalent mechanism is now (O, DE(,. Further. since E can be selected
anywhere on link 4 or an extension of it, there are an infinite number of equiva-
lent four-bar linkages. Point 24 in Fig. A-3 is the instant center for links 2" and
4" any of the equivalent linkages, and the proof presented earlier applies for
any of them.



APPENDIX

B

COMPUTER PROGRAM FOR POSITIONS,
VELOCITIES, AND ACCELERATIONS IN THE
SLIDER-CRANK MECHANISM

For the mechanism in Fig. 9-12, for given values of the link dimensions and a
constant crank angular velocity, we desire a computer program using Egs.
(9-41) to (9-58) to compute the angular position, velocity, and acceleration of
link 3 for various input crank angles. Also, the positions, velocities, and accel-
erations of points P and B arc¢ to be compuled.,

The program which follows was written in FORTRAN. 1t is preceded by an
explanation ol the notation used and of the steps carried out by the program.

Input Variables
The variables in the input bavc the following meanings:

OA = length b
AB = lengthc¢
OMEGA2 = angular velocity of link 2
= perpendicular distance from point O to the path of point B
= length AP
= initial angle @,, degrees
final angle &,. degrees
= increment in 8;, degrees

il

O e O

Programming Clarifications

Some variables in this program are expressed in written form. For example, 0p
is represented as THETA2 in the program.
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APPENDIX R 477

The angles for cosine and sine are expressed in degrees, and the angles for
arcsine and arctangent are in radians which are changed to degrees,

The only decisions made by the computer during the program are the
correct quadrant for ., §p, and @p. This is done with three if-then statcments
after the initial angle is calculated.

Procedures

The program begins with data being read by the computer. Before the main
loop of the program is entered, column headings for the output are printed.
After the loop is entered, Egs. (9-41) to (9-58) are computed using the initial
value of f,. Each time the loop is completed the results of the equations are
printed. The computer will return to the beginning of the loop, increment ¢,
and repcat the process until &, reaches its maximum value. The program ends at
this time.

Example B-1 In Fig. 9-12, let b = 0.0508 m, ¢ = 0.152m, f = 0, @, =
900 r/min = 94.2 rad/s ccw, @, = 0. For g, = 0to 180” in 15° increments usc
the computer program to compute the corresponding values of 65, w;, os.
He, O0p, Ahg), vp, B, F0g), ap, Op, and {as).
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APPENDIX

C

COMPUTER PROGRAM FOR CALCULATING THE
CAM PROFILE AND THE L.OCATIONS OF THE
CUTTER TO PRODUCE THE PROFILE

For the mechanism in Fig, 10-21, for given values of total rise 4 of follower,
cam rotation 3. base-circle radius R, and cutter radius R,. we desire a com-
puter program, using the equations in Table 10-2 and Eqgs. (10-20) to (10-28). to
computc the values of r,, and ¥, which give the cam profile, and to compute the
values of r, and ¥, which give the cutter positions. These guantities are to be
computed for various specified increments in angle of cam rotation ¢, and the
program 18 to be capable of handling each of the following types of motion:
constant-acceleration, simple harmonic, and cycloidal.

The program which follows was written in FORTRAN. It is preceded by an
explanation of the notation uscd and the steps carried out by the program.

Input Variables
The variables in the input have the following meaning;

MOTION = type of follower motion—constant-acccleration, harmonic, or

cycloidal
H = length &
BETA = angle 8
RB = radius R,
RADG = radius R,
THETAIN = mitial value of 9, degrees

THETAFI = [linal value of #, degrees
OINCRMT = increments in 8, degrees

479



480 DYNAMICS OF MACHINES

Programining Clarifications

Some variables in the program are expressed in written form. For example, s,
15 expressed as PSIC. The angles for sine and cosine are expresscd in degrees
and the angles for arccosine and arctangent arc in radians which are changed to
degrees. The input data for the variable MOTION must be expressed as CON-
STANT meaning constant acceleration, HARMONIC, or CYCLOIDAL.

Procedure

‘The program begins with the computer reading in the data. The type of follower
motion and column heuadings are printed before the computer enters the loop of
the program. The computer selects and compultes the appropriate displacement
equation and then computes Eqs. (10-20) to (10-27). Each time the loop is
completed, the results of the equations are printed. The computer will retum to
the beginning of the loop, increment 0, and repeat the process until 6 reaches its
maximum value. The program ends at this time.

PROGRAM CAHM

1 FROGKAM CAM (INPUT,OUTPUTyTAPET10=INBUTTAPZ2020LTPUT)
SFAD(10430)MOTION sHoRETA, REe 3ANG THE TAINy THETAF | ¢ D1ACHNT
50 FGRMATCAL0,PE 10,47
FI=23,14157765%
5 THLTA=THETALN
WRITZ (204955) ¥OTION
3 FORMETCA 35248100
IF ( MOTION .tG. BHCONSTANT ) WRITE(20,37)
3 FORMAT(s+uglaXyw ACCE{ERATION®)
In WRITETZ0420}
40 FLCAMBT (+= THETA THETA/BETA S RC E
+TA pETC Ri NELTA FE1G*)
WRITE(2G450)
&0 FORPATCa NEG g 18%sauH K MH DED nF
15 +5 MH LG DEG*)
60 IF ¢ MOTION -E@. SHHARMONIC 3 GGTo A0
IF & MOTION «FRe 9HCYCLODIDAE ) GUTO 30
IF ¢ THETA/BETA o57. 6.5 3 5070 70
G2 .atm{THETA JBETE )=o)
20 GodgatwTHE TAZBET A/ (BE TASPI/150.)
6aT6 100
70 S2140] e=Zev{1,~THETA/BETA) 442)
G284, 0o (LlemTHE TAZEETA) /{HETASPI/180,)
) GaTE 100
25 D SzHe(l «=COSDIEIH0.*THETASBETAM) 2«
QEELAHeSTNDC1B0. STHETAZBETRY /2.7 BETARPI/1E0 )
=
S S=He{ THETA/BETA-SIND{(ZAO.+THETA/HETAY /6.283185307)
QP ( 1ua=COSD (360, #THE TA/BETA)) Z(BETASPI/TR04)
10 10U RE=SGRTICRB+S) #vPasnesr, )
ETa=1A0./FPI#«ATAN(G/FIRGYE))
PETC-THFTASETA
RG=SOAT((RB+S+RADG ) #+244Q402,)
DEETA=L80e/PToACOS(AKCA 42 s +RGAR2o~RANG 22 o) £2 0 JRO/RDY
3y PSIG=FSIC=DELTA
WRITEL? 09110 THE Tty THETA/BCTA 255Gy KOy ETAxPSICoRG yCELTAWFSIG
110 FORPAT(a—8sF 10,24 00.446F1 0.2 )
THETA=THF TA+OTNCRAT
a0 It (TRETA LLE« THETEFI ) 6OTO 60
"N

EXAMPLE C-1 For the cam in Fig. 10-21, # = 20 mm and occurs in an
angle 8 = 75°. R, = 80 mm, and R, = 50 mm. Lct 6 vary from 0 to 75" in 5°
increments. For each of the following types of motion, constant accelera-
tion, simple harmonic, and cycloidal, compute the values of r.and .. Also
compute the values of r, and .
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Absolute motion, 28 -29
Acccleralion, 23
angular, 24, 123
uniform. equations of motion, 24
average, 23
Coriolis. 133, 136
insluntaneous, 23, 24
lincar, 23, 120—122
total, 26
uniform, equations of motion, 24
normal, 24 —26
piston, 173
of points on a rolling body, 132133
relative, 29
1angential, 24— 26
Acceleration analysis:
by complex numbers. 178~ 191
graphically, by method of relalive
accelerations, 119~ 148
by trigonometry, 172 —174
Acceleration graphs, 153 — 160
acceleration-spacce, 154
acceleration-time, 154 — 155
angular-ucceleration, 158 — 160
Acceleration image, 122 —123
American Gear Manulacturers’
Association (AGMAY, 257, 270
Angle of action, 249, 250
Angle of approach, 250
Angle of recess, 250
Angular acceleration. 24, 123
uniform, equations of molion, 24
Angular displaccment. 21
Angular momentum, 436, 437
Angular velocity, 21,22, 103~ [05
Angular-velocity ratio, 34—36
conslant, condition for. 36
Automotive transmission, 286 — 287

Backlash, 244

INDEX

Balance of rolating masses:
requirements for dynamic balince.,
393395, 398
requirements for static balance,
393 395, 398
Balancing:
analysis of engines: by rotating vectors,
423
by tubular mcthod. 420
of four-bar linkage, 408 —4 10
of four-stroke-cvcle engine, 418 — 420
of mechanisms, requirements for, 408
methods for balancing engines, 422,
423
mubticylinder in-line engines, conditions
for, 415—-418
of reciprocaling masses, 408 — 429
of rotating masses, 393 —406
methads lor, 400 —402
of shder-crank mechanism, 410-415
of V-1ype and opposed cngincs,
425429
Balancing machines, 402 — 406
Base circle:
cams, 208
imvolute gears, 240
Base piich, 248
Bearing force:
ball or roller bearing, 346
cam mechanism, 369, 370
lour-bar linkage. 350, 362
due to gyroscopic cffects, 438, 439, 441
journal bearing, 346
due 1o shaft whirl, 444, 447
shaper mechanism, 332, 366
slider-crank mechanism, 350. 365. 366,
413,415
Bevel gear ditferential, 295 — 296, 330,
339
Bevel gears, 276, 278 — 281
Boehm, 1., 315n.

485
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Cams. 194 228 Computer programs:
base circle, 208 for cam design. 224, 479 —480
circular-arc disk, 223 far slider-crank mechanism, 475-477
computer program for design of, 224, Computing mechanisms:

479 - 480 analog. 329 —342
conslant acceleration. 197 — 199 defined, 329
constant-velocity motion, 200 digital. defined. 329
modified. 200 - 202 Contact ratio. 250 -25], 257

construction of cam profile. 208 Coriolis acceleration, 133, 136
cutter or grinder location, 220, 222 Cosinc generator, 333
cvcloidal morion. 205 Counterbalance, 414
cylindricat, 227 Coupler. 32, 44, 309. 314
defined. 194 Coupler-point curves, 314—316
disk. 208211, 213 —-216, 218223 Crank and rocker mechanism. 46
displacemen! diagrams for, 195196 Crank-shaper mechanism, 49
eccentric, 226 analysis by complex numbers,
equations for follower motions, 207 186 — 187
force analysis of, 369 —271 Crunkshaft torque., 348, 350, 362, 366
inverse, 227 - 228§ Critical speeds:
jump, 370 shaflt in worsion. 461
offset follower, 210—-211 whirling shaft, 444
parabolic motion, 197 Curvalure, radius of, 140. 143
pitch profile, 209. 211, 218 Cycle of moton, 12
polynomial. 208 Cycloidal gears, 259 —261
positive-return. 225227 Cycloal motion. 205, 208

pressure angle, 212 -213, 218
production of, methods for. 217 —-218
simple harmonic motion, 202, 207

tvpes of, 194 D'Alembert’s principie. 360
Camshaft torque. 371 Damping cffect on critical whirling speed.
Cardan joint, 58 447
Center of curvature, 140, 143 Dead points, 45, 46, 313
Cenrer of mass, 373 Deflection curve:
methods of locating, 373 - 374 dynamic. 449, 451
Center of percussion, 379 — 382 static, 449, 451
Centrodes, 81 —82 Diagrams (graphs) tsee¢ Acceleration
Circular pitch. 243 graphs; Velocity graphs)
Cochin, L., 322 Diametral pitch, 243
Complete-force analysis, defined, 357, Differential:
364 bevel gear, 295 —296, 330, 339
Complex function generating spur gear, 331
mechanisms, 337, 3138 Diskcam, 208 —-211.213 -216.
Complex numbers, 174 218-225
analysis by, |78—191 Displacement:
vectors as, 174 —178 angular. 21
Component integrator mechanism, 341 Displacement diagram (displacement-time
Component resolver mechanism, curvel, 160
339340 linear, 20

Compound mechantsm, 93, 189 relative, 29



Displacement diagrams for cams,
195196

Distance, 20

Drag link mechanism. 46 —-47. 50 — 51

Dynamic iinertia} forces, 345, 357,
360—362

on piston, 412

Dynamically equivalent systems,
378—-379 410,411

Dynamics, defined, 3

Efficicncy, 229

Elliptic trammel, 65— 66

Engines:
balancing ( vee Balancing)
firing arder of cylinders, 418
internal-combustion. fly wheel for,

390392

Epicyclic gears. 287

Equivalent hnkages, 82, 128 132
proof of. 471

Euler-Savary equation, 143 — 145

Firing order of engine cylinders. 418
Flywheels, 385 -392
coeflicient of Muctualion, 386
defined, 385

for an intermal-combustion engine.

390-—392
for a punch press. 387
Forcels):

bearing (scc Bearing force)

on cam mechanism, 36%, 370

centrifugal. due to unbalance. 402

combined static- and incrtia-force
analysis. 364

complete-ferce analysis. defined, 357,

164
on four-bar linkage, 350—352,
3160 —-1364

on gear teeth, 347, 348

gyroscopic, 435441, 456

impict, 196, 370

inertia (dynamic). 345, 357, 360—362
on piston. 412

manner of transmission of, 311 — 313,
3451348
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Forcel(s) (Canry:
mumeni of a force abuut a ptanc.
397398
normal, 345 —347, 370
on piston wall, 347, 350. 365, 366
on planetary gear train, 371
resultant, 359, 360
shaking. 363 —364, 408, 413 —4(8
on shaper mechanism, 332, 366 — 3168
on slider-crank mechanism, 348 — 350,
364 — 166
spring, 369, 370
static. defined, 343
types of, 345
Four-bar linkage mechanism, 44
analysis by complex numbers, 178
balancing of, 408 —410
inertia forces on, 360— 364
nonparallel egual-crank. 45
parallel-crank, 44 — 45
proof of equivalent, 471 —-474
static forces on. 350—2352
(See also Synthesis)
Four-stroke-cycle engine, 418 — 420
Freudensten. F., 321n.
Friction, coefficient of, 370
Function generating mechanisms:
complex, 337, 338
slot-type, 335
(See also Computing mechanisms;
Synthesis)

Gear ratio, 245
Gear trains, 284 — 296
automotive transmission, 286
ardinary: compound. 285 — 286
defined. 284
rcverted, 2K6
stimple. 284
nlanetary, 287-296
forces on, 371 —373
torque in ordinary, 348
Gears, 240 -282
hevel, 276. 278 — 281
conjugate tooth profiles. 245
contact ratio, 250 =251, 257
cycloidal, 259 —261
elliptical, 82, 239
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Gears (Cont):
epicvelic, 287-296
fundamental law of gearing. 240-241
helical: crossed, 266, 271-274
parallel, 265-271
hvpoid. 281-282
idler, 285
interference, 252— 253
internal, 257 —-259
involute curve, 246 —247
involute gear teeth, 245—246
involute gear-tooth action, 249 — 250
involute nomenclature, 247 — 248
line of action, 247, 248
methods of manufacture, 263 — 264
module, 243
nomenclature, 241 — 245
pitch (see Pitch of gears)
planctary. 287-296
pressure angle, 248
spur, defined, 240
tooth systems, 256 —257
transmitted forces. 347, 348
undercutting, 252
unequal addendum, 264 — 265
worm. 274 - 276
Geneva wheel, 63
Golber, H. E., 324n
Graphical acceleration analysis by
method of relative accelerations,
119— 148
Crraphical differcntiation, 160 — 168
Graphical integration for shaft deflection,
453, 454
Crraphical velocity analysis, 30. 31
Graphs (see Acceleration graphs;
Velocity graphs)
Gyration, radius of, 378, 437
Gyroscope. 435
precession, 438 —439
spin axis, 437
torgue axis, 439
Gyroscopic forces, 435441, 456
Gyroscopic torque, 438

Hartmann’s construction, 140 — 143
Helical gears:

crossed, 266. 271 -274

parallel, 265, 266

Helical motion. 11 —12
Hinkle, R. T, 309
Hooke joint. 58
Hrones, 1. A, 316
Hypoid gears, 281 — 282

Idler gears, 285
Impact force, 196, 370
Inertia, moment of, 374 - 378
Inerlia {dynamic) forces, 345, 357,
360—362
on pision, 412
[See also Force(s)]
Inertia torque. 360
Instant centers, 63— 82
for hody when velocities of two points
are known in direction, 70—-71
centrodes, §] —82
defined, 69 —70
for direct-contact mechanism.
74—-75
Kennedy's theorem, 73 -74
location of, 70— 8]
number of, 75
primary, 75
for rolling body, 72
for sliding body, 71
velocity analysis by, 88—-95
Integrator mechanism, 337 — 339
[ntermittent-motion mechanisms,
61—-65
Inversion, defined, 8§
Inverter mechanism. 334
[nvolute curve:
cons(ruction of, 246 — 247
defined. 246

Jerk, 196
Jump, 370

Kennedy's theorem. 73 —74
Kinematic chain, 6 -7

consirained, 6

defined. 6

unconsirained, 6
Kinematic diagram, 4
Kinematics, defined, 3



Kinetic ¢cnergy, 387

of a Aywhcel, 387

of a vibraling shaft, 449, 450
Kloomok, M., 208

Line of centers, 36
Line of transmission, 33 —34, 312
Linear acceleration, 23, 120— 122
total, 26
uniform, equations of nmotion, 24
Linear displacement, 20
Linear momentum, 436
Lineuar velocity, 21
Link:
defined, 4
drag, 46—47. 50—-51
flexible, 4, 6
floating, 111
rigid. 4
Linkages, 44— 66
complex, 111, |89 — 191
dead positions, 45, 46, 313
equivalent. 82, 128-132
proof of, 471
four-bar (see Four-bar linkuge
mechanismy}
Scotch-yoke. 28, 48. 333
straight-line (see Straight-line
mechanisms)
(See also Mechanisms)

Machine, defined. 3. 7
MacLaurin's series, 176 —177
Mechanical advantage, 299 —301
Mcechanisms:

adding, 330. 331

balancing, requirements for, 408

crank and rocker, 46

¢rank-shapcer, 49

analysis by complex numbers,
186— 187

defined. 6

direct-contact, 33

drag link, 46 —47, 50-51

eccenlric, 48

elliptic trammel, 65

four-bar linkage (see Four-bar linkage

mechanism)

INDEX 489

Mecchanisms (Coni):
intermittent-motion. 61 — 65
multiplying, 332
offsct slider crank, 51
oscillating-cylinder, 110
overrunning clutch, 65
parallel, 54 —55
parallel-crank four-bar, 44
quick-return, 49-51, 313
Scotch-yoke, 2R, 48, 333
shuper, 352 —-353

force analysis, 366 — 368

slider-crank (see Slider-crank
mechanism)

squaring, 335

straight-line (see Straight-line
mechanisms)

subtracting, 330

synthesis of {see Synthesis)

tangent and cotangent generator, 334

toggle, 55—-56

vibration of, 408, 410

Whitworth, 50

(See also specific mechanisms)

Michalee, G. W., 3294,

Module, 243

Moment of a force about a plane,

397 -398

Moment of inertia:
defined, 374
determination of, 374—378

Momentum;
angular. 436, 437
lineur, 436

Motion:
absolute, 28 —29
cycle of. 12
cycloidal, 205, 208
helical, 11 —12
methods of transmission, 32— 33
parabolic, 197
path of, 20
period of, 12
phase of, 12
plane, 10
relative, 29 — 30
simple harmonic, 26 — 28, 48, 202, 207
spherical. 12

Muffley. R. V., 208
Multiplyving mechanisms, 332
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Natural frequency of lateral vibration:

shaft with a number of disks, 448-451.

453
shaft with a single disk, 444448
uniform shaft, 453
{(See also Whirling of shafts)
Ielson, G. L. 316
Nickson, P. T, 317
Normal acceleration, 24 - 26

Offset circle, 211

Offset tollower. 210

Offset slider crank, 51

Oldham coupling, 57—358
Oscillating-cylinder mechanism, 110
Overdrive, 302

Overmunning clutch, 65

Pairing:

defined, 9

higher, 9, 10

lower, 9
Pantograph, 54
Parabolic motion, 197
Parallel-axis theorem, 374
Parallel-crank four-bar mechanism, 44
Parallel mechanisms. 54 — 55
Path of motion, 20
Peaucillier’s mechanism. 53
Pendulum:

compound, IR0

simple, 380
Period of motion, 12
Phase of motion, 12
Pitch of gears:

axial, 275

hase, 248

circular, 243

diametral, 243

normal, 248

pitch circles, 241

pitch point, 241
Plane of motion, 10
Planetury gears, 287-296
Positive drive, 39 —40, 239
Potential energy of a shaft vibrating

laterally, 449, 450
(See also Whirling of shafts)

Pressure angle:
disk cam, 212—-213. 218
involute gears, 248
Pulse. defined. 196

Quick-return mechanisms, 49--51. 313

Rack. 250

Radius of curvature, 140-144
Radius of gyration. 378. 437
Ratchets, 64 —65

Rayleigh’s methad for determining natural

frequency, 449
Relative acceleration, 29
Relative displacement, 29
Relative motion, 29— 30
Relative velocity. 29 —31
velocity analysis by method of,
99113
Resonance:
of shaft in torsion, 457
of whirting shaft, 457
Recsultant force. 359, 360
Resultant torgue. 359, 36()
Roberts” mechanism, 52
Rolling cones, 234236
Rolling contact, 232 =239
condition for, 38
Rolling curve function generators.
324327
Rolling cylinders, 232 —-234
Rolling ellipses, 237 —239
Rolling hyperboloids, 236 237
Rosenauer, N., 311
Rotation:
defined, 10
and translation, 11

Scalar guantities, 12
Scotch-yoke mechanism, 28, 48, 333
Scott-Russell mechanism. 52
Screws, 296 —299
Shaffer. B. W., 322
Shatts:

torstonal vibration of (see Torsional

vibration of a shafl)
whirling of (see Whirling of shafts)



Shaking couple, 408 —418
Shaking force, 363 —364, 408, 413 —-418
Shuking torce diagrams., 413 —415
Shapcr mechumism. 352 —353

force unalysis, 366 — 368

Simple harmonic motion. 26— 28§, 48, 202.

207
Sine generator, 333
Slider-crank mechanism, 47 — 48
analysis by complex numbcrs,
1B4— 186
analysis by trigonometry, |74
balancing, 410—~415
computer program for design of.
475.-477
torce analysis, 348 — 350, 364366
offset slider crank, 51
Sliding contact. 37 — 3%, 74
Shiding pair. 346
Slot-type function generator, 335
Spherical motion. 12
Spring constant for shatt, 446
Spur gears. defined, 240
Squaring mechanism, 335
Static forces, 345 —1353
defined. 345
Straight-line mechanisms. 51-54
Peaucillicr's, 53
Roberts™. 52
Scott-Russell, 52
Tchebysheft's, 53
Wait's, 52
Strain energy in a shaft. 449, 450
Struclure. 7
Superposition, principle of, 450
Synthesis, 308 — 327
defined, [71. 308
four-bar linkage, 309, 314, 317, 321
coupler point curves, 314
for coupler position, 309—311
function gencrator crank —anglc
relationships. 319 —-320
function generator by Freudenstein's
method, 321 -322
function generator by overlay
method, 317—-319
of rolling curves, 324 — 327

Tangent and cotangent generator, 334

iNDEX 491

Tangential acceleration, 24—~ 26
Tchebyshell™s mechanism, 53
Three-dimensional cam. 335
Toggle mechanism, 35— 56
Torquefs}):
camshaft. 371
crankshaft. 348, 350. 362, 366
inertia, 360
in an ordinary gear train, 348
in a planetary gear train, 371, 373
resultant, 360
Torsional vibration ol a shaft,
457 — 465
critical speed. 461
peared system, 462 .- 464
multiple-mass sysiem, 464 —465
node, 459
resonance, 457
with a single disk. 457 — 459
stepped, 462
with two disks, 459 —-462
Translation:
curvilinear, 10
rectilinear. 10
and rotation, |1
Translation screws, 296 — 299
Transmission:
automotive, 286 — 287
of force(s), mannerof, 311 =313,
3451348
ine of, 33 —34, 312
Transmission angle. 313 —314
Tredgold's approximation. 280
Trigonometric acceleration and velocity
analysis, [72—=174
Turning pair, 346
Two-force member. defined, 349
Two-stroke-cycle engine, 419

Unbalance:
causes of, 402
effects of, 402, 403
location and meusurement of, 403 - 406
reciprocating engines, 410, 415
rotating masses: dyniamic, 393, 394, 397
static, 393, 394, 397
(See also Balancing)
Uniferm velocity, 200
modified, 200



492 1N121X

Universal joints, 58 —61

Vector(s), 12— 17
addition of. 13
as complex numbers, 174 —178
composition of, 14
defined, (2
position, 20
resolution of, 14
resultant, 13, 14
signs in equations. 31
subtraction of. [4
Velocity:
angular, 21, 22, 103 - 105
angutar-vclocity ratio, 34 —36
constant. condition for, 36
average. 21
in complex linkages, il
instantaneous. 21. 22
lincar, 21
piston, 173, 186
of points on a rolling body, 72.
106
rclative. 29 —32
relative velocity equation, 31
uniform, 200
Velocity analysis:
by complex numbers. 178
by componcents, 95 - 98
graphical. 30, 31
hy instant centers, 838 —95

Velocity analysis (Cont):
by method of relative velocities,
99-113
by trigonometry, 172 - (74
Velocity graphs, 153 — 160
angular-velocity, 158 — 160
polar velocily. 156 — 158
velocity-space, 154
velocity-time, 154
Velocity nnage, 103
Velocity polygons, 99— 113
Vibration:
of mechanisms, 408, 410
of a shaft [aterally (see Whirling of
shafts)
of a shaft in torsion {see¢ Torsional
vibration of a shaft)

Wall’s mechanism, 52

Whirling of shafts, 444 457
Dunkerley™s equation. 433
effect of damping. 447
factars affecting, 456 —457
with a4 number ot disks, 448 —4352
Raylcigh’s method, 449
resonunce, 457
wilh a single disk. 444 — 448
of umform diameter, 453
of variablc diameter. 453 —454

Wilhis. A. H., 311x

Worm gears. 274 —276









