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CHAPTERl
INTRODUCTION

The next-generation Camara. (Photo courtesy ofChevrolet Motor Division.)

DAWN OF THE MOTOR VEHICLE AGE

The dawn of the motor vehicle age occurred around 1769 when the French
military engineer, Nicholas Joseph Cugnot (1725-1804), built a three-wheeled,
steam-driven vehicle for the purpose of pulling artillery pieces [I]. Within a
few years an improved model was built, only to cause the first automotive
accident when it ran into a wall! This was followed by a steam-powered vehicle
builtin 1784 by the Scottish engineer, James Watt (1736-1819), which proved
unworkable. By 1802, Richard Trevithick (1771-1833), an Englishman,
developed a steam coach that traveled from Cornwall to London. The coach
met its demise by burning one night after Trevithick forgot to extinguish the
boiler fire. Nevertheless, the steam coach business thrived in England until
about 1865 when competition from the railroads and strict antispeed laws
brought it to an end [2].
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Fig. 1.1 First motor vehicle, circa 1769, buiLtby Cugnot. (Photo courtesy of
Smithsonian lnstitution.)

The first practical automobiles powered by gasoline engines arrived in
1886 with the credit generally going to Karl Benz (1844-1929) and Gottlieb
Daimler (1834- I900) working independently. Over the next decade, automo­
tive vehicles were developed by many other pioneers with familiar names such
as Rene Panhard, Emile Levassor, Armand Peugeot, Frank and Charles
Duryea, Henry Ford, and Ransom Olds. By 1908 the automotive industry was
well established in the United States with Henry Ford manufacturing the Model
T and the General Motors Corporation being founded. In Europe the familiar
companies like Daimler, Opel, Renault, Benz, and Peugeot were becoming
recognized as automotive manufacturers. By 1909, over 600 makes of
American cars had been identified [3].

In the early decades of the 19OOs, most of the engineering energy of the
automotive industry went into invention and design that would yield faster,
more comfortable, and more reliable vehicles. The speed capability of motor
vehicles climbed quickly in the embryonic industry as illustrated by the top
speeds of some typical production cars, as shown in Figure 1.2.

In general, motor vehicles achieved high speed capability well before good
paved roads existed on which to use it. With higher speeds the dynamics of the
vehicles, particularly turning and braking, assumed greater importance as an
engineering concern. The status of automotive engineering during this period
was characterized in the reminiscences of Maurice Olley [4] as follows:
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Fig. 1.2 Travel speeds ofproduction automobiles.

"There had been sporadic attempts to make the vehicle ride decently,
but little had been done. The rear passengers still functioned as ballast,
stuck out behindthe rear wheels. Steering wasfrequently unstable and the
front axle withfront brakes made shimmy almost inevitable. The engineers
had made all thepartsfunction excellently, but whenput togetherthe whole
was seldom satisfactory."

One of the first engineers to write on automotive dynamics was Frederick
William Lanchester (1868-1946). (In a 1908 paper [5] he observed that a car
with tiller steering "oversteers" if the centrifugal force on the driver's hands
pushes toward greater steer angle [6].) Steering shimmy problems were
prevalent at that time as well [7, 8J. But, as described by Segel [6], the
understanding of both tuming behavior and the shimmy problems was ham­
pered by a lack of knowledge about tire mechanics in these early years.

In 1931, a test device-a tire dynamometer-was built which could
measure the necessary mechanical properties of the pneumatic tire for the
understandings to be developed [9J. Only then could engineers Iike Lanchester
[1Oj,Olley [II j, Rieckert and Schunk [12], Rocard [13j, Segel [14] and others
develop mechanistic explanations of the turning behavior of automobiles
which lays the groundwork for much of our understanding today.
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The industry has now completed its first century. Engineers have achieved
dramatic advancements in the technologies employed in automobiles from the
Model T to the Taurus (Figure 1.3). More than ever, dynamics plays an
important role in vehicle design and development. A number of textbooks have
been written to help the engineer in this discipline [15 - 24], but there remains
a need for books that layout the fundamental aspects of vehicle dynamics. This
book attempts to fill that need.

Fig. 1.3 Eighty years ofprogress from the Model T to the Taurus. (Photos courtesy
ofHenry Ford Museum and Ford Motor Company.)
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INTRODUCTION TO VEHICLE DYNAMICS

It has often been said that the primary forces by which a high-speed motor
vehicle is controlled are developed in four patches--each the size of a man's
hand-where the tires contact the road. This is indeed the case. A knowledge
of the forces and moments generated by pneumatic (rubber) tires at the ground
is essential to understanding highway vehicle dynamics. Vehicle dynamics in
its broadest sense encompasses all forms of conveyance-ships, airplanes,
railroad trains, track-laying vehicles, as well as rubber-tired vehicles. The
principles involved in the dynamics of these many types of vehicles are diverse
and extensive. Therefore, this book focuses only on rubber-tired vehicles.
Most of the discussion and examples will concentrate on the automobile,
although the principles are directly applicable to trucks and buses, large and
small. Where warranted, trucks will be discussed separately when the func­
tional design or performance qualities distinguish them from the automobile.

Inasmuch as the performance of a vehicle-the motions accomplished in
accelerating, braking, cornering and ride-is a response to forces imposed,
much of the study of vehicle dynamics must involve the study ofhow and why
the forces are produced. The dominant forces acting on a vehicle to control
performance are developed by the tire against the road. Thus it becomes
necessary to develop an intimate understanding of the behavior of tires,
characterized by the forces and moments generated over the broad range of
conditions over which they operate. Studying tire performance without a
thorough understanding of its significance to the vehicle is unsatisfying, as is
the inverse. Therefore, the relevant properties of tires are introduced at
appropriate points in the early chapters of the text, while the reader is referred
to Chapter 10 for a more comprehensive discussion of tire properties.

At the outset it is worth noting that the term "handling" is often used
interchangeably with cornering, turning, or directional response, but there are
nuances of difference between these terms. Cornering, turning, and directional
response refer to objective properties of the vehicle when changing direction
and sustaining lateral acceleration in the process. For example, cornering
ability may be quantified by the level of lateral acceleration that can be
sustained in a stable condition, or directional response may be quantified by the
time required for lateral acceleration to develop following a steering input.
Handling, on the other hand, adds to this the vehicle qualities that feed back to
the driver affecting the ease of the driving task or affecting the driver's ability
to maintain control. Handling implies, then, not only the vehicle's explicit
capabilities, but its contributions as well to the system performance of the
driver/vehicle combination. Throughout the book the various terms will be
used in a manner most appropriate to the discussion at hand.
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Understanding vehicle dynamics can be accomplished at two levels-the
empirical and the analytical. The empirical understanding derives from trial
and error by which one learns which factors influence vehicle performance, in
which way, and under what conditions. The empirical method, however, can
often lead to failure. Without a mechanistic understanding of how changes in
vehicle design or properties affect performance, extrapolating past experience
to new conditions may involve unknown factors which may produce a new
result, defying the prevailing rules of thumb. Forthis reason (and because they
are methodical by nature), engineers favor the analytical approach. The
analytical approach attempts to describe the mechanics of interest based on the
known laws of physics so that an analytical model can be established. In the
simpler cases these models can be represented by algebraic or differential
equations that relate forces or motions of interest to control inputs and vehicle
or tire properties. These equations then allow one to evaluate the role of each
vehicle property in the phenomenon of interest. The existence of the model
thereby provides a means to identify the important factors, the way in which
they operate, and under what conditions. The model provides a predictive
capability as well, so that changes necessary to reach a given performance goal
can be identified.

It might be noted at this point that analytical methods also are not foolproof
because they usually only approximate reality. As many have experienced, the
assumptions that must be made to obtain manageable models may often prove
fatal to an application of the analysis, and on occasion engineers have been
found to be wrong. Therefore, it is very important for the engineer to
understand the assumptions that have been made in modeling any aspect of
dynamics to avoid these errors.

In the past, many of the shortcomings of analytical methods were a
consequence of the mathematical limitations in solving problems. Before the
advent ofcomputers, analysis was only considered successful if the "problem"
could be reduced to a closed form solution. That is, only if the mathematical
expression could be manipulated to a form which allowed the analyst to extract
relationships between the variables of interest. To a large extent this limited
the functionality of the analytical approach to solution of problems in vehicle
dynamics. The existence of large numbers of components, systems, sub­
systems, and nonlinearities in vehicles made comprehensive modeling virtu­
ally impossible, and the only utility obtained came from rather simplistic
models of certain mechanical systems. Though useful, the simplicity of the
models often constituted deficiencies that handicapped the engineering ap­
proach in vehicle development.

6
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Today with the computational power available in desktop and mainframe
computers, a major shortcoming of the analytical method has been overcome.
It is now possible to assemble models (equations) for the behavior of individual
components of a vehicle that can be integrated into comprehensive models of
the overall vehicle, allowing simulation and evaluation of its behavior before
being rendered in hardware. Such models can calculate performance that could
not be solved for in the past. In cases where the engineer is uncertain of the
importance of specific properties, those properties can be included in the model
and their importance assessed by evaluating their influence on simulated
behavior. This provides the engineer with a powerful new tool as a means to
test our understanding of a complex system and investigate means of improv­
ing performance. In the end we are forced to confront all the variables that may
influence the performance of interest, and recognize everything that is important.

FUNDAMENTAL APPROACH TO MODELING

The subject of "vehicle dynamics" is concerned with the movements of
vehicles-automobiles, trucks, buses, and special-purpose vehicles--on a
road surface. The movements of interest are acceleration and braking, ride, and
turning. Dynamic behavior is determined by the forces imposed on the vehicle
from the tires, gravity, and aerodynamics. The vehicle and its components are
studied to determine what forces will be produced by each of these sources at
a particular maneuver and trim condition, and how the vehicle will respond to
these forces. For that purpose it is essential to establish a rigorous approach to
modeling the systems and the conventions that will be used to describe
motions.

Lumped Mass

A motor vehicle is made up of many components distributed within its
exterior envelope. Yet, for many of the more elementary analyses applied to
it, all components move together. For example, under braking, the entire
vehicle slows down as a unit; thus it can be represented as one lumped mass
located at its center of gravity (CG) with appropriate mass and inertia proper­
ties. For acceleration, braking, and most turning analyses, one mass is
sufficient. For ride analysis, it is often necessary to treat the wheels as separate
lumped masses. In that case the lumped mass representing the body is the
"sprung mass," and the wheels are denoted as "unsprung masses."

For single mass representation, the vehicle is treated as a mass concen­
trated at its center of gravity (CG) as shown in Figure 104. The point mass at

7
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the CG, with appropriate rotational moments of inertia, is dynamically equiva­
lent to the vehicle itself for all motions in which it is reasonable to assume the
vehicle to be rigid.

Fig. 1.4 SAE Vehicle Axis System.

Vehicle Fixed Coordinate System

On-board, the vehicle motions are defined with reference to a right-hand
orthogonal coordinate system (the vehicle fixed coordinate system) which
originates at the CG and travels with the vehicle. By SAE convention [25] the
coordinates are:

x - Forward and on the longitudinal plane of symmetry

y - Lateral out the right side of the vehicle

z - Downward with respect to the vehicle

p - Roll velocity about the x axis

q - Pitch velocity about the y axis

r - Yaw velocity about the z axis

Motion Variables

Vehicle motion is usually described by the velocities (forward, lateral,
vertical, roll, pitch and yaw) with respect to the vehicle fixed coordinate system,
where the velocities are referenced to the earth fixed coordinate system.

8
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Earth Fixed Coordinate System

Vehicle attitude and trajectory through the course of a maneuver are
defined with respect to a right-hand orthogonal axis system fixed on the earth.
It is normally selected to coincide with the vehicle fixed coordinate system at
the point where the maneuver is started. The coordinates (see Figure 1.5) are:

X - Forward travel

Y - Travel to the right

Z - Vertical travel (positive downward)

'" - Heading angle (angle between x and X in the ground plane)

v - Course angle (angle between the vehicle's velocity vector and X axis)

13 - Sideslip angle (angle between x axis and the vehicle velocity vector)

y Projected

<,

Sideslip Angle, ~

(Neg. angle shown)

<, Vehicle Path,, ......

Projection of
Instantaneous Velocity

x ProjectedHeading Angl

Course Angl
(Positive)

x

L.-.---------------t~y

'ig. 1.5 Vehicle in an Earth Fixed Coordinate System.
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Euler Angles

The relationship of the vehicle fixed coordinate system to the earth fixed
coordinate system is defined by Euler angles. Euler angles are determined by
a sequence of three angular rotations. Beginning at the earth fixed system, the
axis system is first rotated in yaw (around the z axis), then in pitch (around the
y axis), and then in roll (around the x axis) to line up with the vehicle fixed
coordinate system. The three angles obtained are the Euler angles. It is
necessary to adhere strictly to the defined sequence of rotations, because the
resultant attitude will vary with the order of rotations.

Forces

Forces and moments are normally defined as they act on the vehicle. Thus
a positive force in the longitudinal (x-axis) direction on the vehicle is forward.
The force corresponding to the load on a tire acts in the upward direction and
is therefore negative in magnitude (in the negative z-direction). Because ofthe
inconvenience ofthis convention, the SAE J670e, "Vehicle Dynamics Termi­
nology," gives the name Normal Force as that acting downward, and Vertical
Force as the negative of the Normal Force. (See Appendix A.) Thus the Vertical
Force is the equivalent of tire load with a positive convention in the upward
direction. In other countries, different conventions may be used.

Given these definitions ofcoordinate systems and forces, it is now possible
to begin formulating equations by which to analyze and describe the behavior
of a vehicle.

Newton's Second Law

The fundamental law from which most vehicle dynamics analyses begin
is the second law formulated by Sir Isaac Newton (1642-1727). The law
applies to both translational and rotational systems [26].

Translational systems - The sum of the external forces acting on a body in
a given direction is equal to the product of its mass and the acceleration in that
direction (assuming the mass is fixed).

(I-I)

where:

Fx = Forces in the x-direction
M =Mass of the body
ax = Acceleration in the x-direction

10
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Rotational Systems - The sum of the torques acting on a body about a given
axis is equal to the product of its rotational moment of inertia and the rotational
acceleration about that axis.

(1-2)

where:

Tx = Torques about the x-axis
Ixx = Moment of inertia about the x-axis
ax = Acceleration about the x-axis

Newton's Second Law (NSL) is applied by visualizing a boundary around
the body of interest. The appropriate forces and/or moments are substituted at
each point of contact with the outside world, along with any gravitational
forces. This forms a free-body diagram. A NSL equation may then be written
for each of the three independent directions (normally the vehicle fixed axes).

DYNAMIC AXLE LOADS

Determining the axle loadings on a vehicle under arbitrary conditions is a
first simple application of Newton's Second Law. It is an important first step
in analysis of acceleration and braking performance because the axle loads
determine the tractive effort obtainable at each axle, affecting the acceleration,
gradeability, maximum speed, and drawbar effort.

Consider the vehicle shown in Figure 1.6, in which most of the significant
forces on the vehicle are shown.

Fig. 1.6 Arbitrary forces acting on a vehicle.
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•

•

•

•

•

•

W is the weight of the vehicle acting at its CG with a magnitude equal
to its mass times the acceleration of gravity. On a grade it may have two
components, a cosine component which is perpendicular to the road
surface and a sine component parallel to the road.

If the vehicle is accelerating along the road, it is convenient to represent
the effect by an equivalent inertial force known as a "d'Alembert force"
(Jean Ie Rond d' Alembert, 1717-1783) denoted by W/g'ax acting atthe
center of gravity opposite to the direction of the acceleration [26].

The tires will experience a force normal to the road, denoted by Wf and
Wr- representing the dynamic weights carried on the front and rear
wheels.

Tractive forces, Fxf and Fxp or rolling resistance forces, Rxfand Rxp
may act in the ground plane in the tire contact patch.

DAis the aerodynamic force acting on the body of the vehicle. It may
be represented as acting at a point above the ground indicated by the
height, ha, or by a longitudinal force of the same magnitude in the
ground plane with an associated moment (the aerodynamic pitching
moment) equivalent to DA times ha·

Rhz and Rhx are vertical and longitudinal forces acting at the hitch point
when the vehicle is towing a trailer.

The loads carried on each axle will consist of a static component, plus load
transferred from front to rear (or vice versa) due to the other forces acting on
the vehicle. The load on the front axle can be found by summing torques about
the point "A" under the rear tires. Presuming that the vehicle is not accelerating
in pitch, the sum of the torques at point A must be zero.

By the SAE convention, a clockwise torque about A is positive. Then:

WfL+DAha+ ~ axh+Rhxhh+Rhzdh+Whsine-Wccose=O

(1-3)

Note that an uphill attitude corresponds to a positive angle, e, such that the
sine term is positive. A downhill attitude produces a negative value for this
term.

From Eq. (1-3) wecan solve for Wfand from a similar equation about point
B we can solve for Wr- The axle load expressions then become:

12
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Wf= (W C cos 8 - Rhxhh - Rhzdh -~ axh - DAh a- Wh sin 8)/L

(1-4)

Wr= (W b cos 8+Rhx hh + Rhz(dh +L)+~ ax h + Daha + W h sin 8)/L

(1-5)

Static Loads on Level Ground

When the vehicle sits statically on level ground, the load equations
simplify considerably. The sine is zero and the cosine is one, and the variables
Rhx' Rhz' ax' and DA are zero. Thus:

Wfs=W~

Wrs=W ~

Low-Speed Acceleration

(1-6)

(1-7)

When the vehicle is accelerating on level ground at a low speed, such that
DAis zero (and presuming no trailer hitch forces), the loads on the axles are:

c ax h ax h
Wf=W(----) =Wfs- W--L g L g L (1-8)

(1-9)

Thus when the vehicle accelerates, load is transferred from the front axle to the
rear axle in proportion to the acceleration (normalized by the gravitational
acceleration) and the ratio of the CG height to the wheelbase.

Loads on Grades

The influence of grade on axle loads is also worth considering. Grade is
defined as the "rise" over the "run." That ratio is the tangent of the grade angle,
e. The common grades on interstate highways are limited to 4 percent
wherever possible. On primary and secondary roads they occasionally reach
10to 12percent. The cosines of angles this small are very close to one, and the
sine is very close to the angle itself. That is:

13
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cos 0 = 0.99+ '" I

sin 0 '" 0

Thus the axle loads as influenced by grades will be:

W f= W(t - t 0) = W fs - W t 0

b h h
Wr=W([+[El)=Wrs+W[ El

(1-10)

(I-II)

where a positive grade causes load to be transferredfrom the front to the rear axle.

EXAMPLE PROBLEMS

1) The curb weights of a Continental4-door sedan without passengers or
cargo are 2313lb on the front axle and 13221b on the rear. The wheelbase, L,
is 109 inches. Determine the fore/aft position of the center of gravity for the
vehicle.

Solution:

The fore/aft position of the CG is defined by either parameter cor bin Eqs.
(1-6) or (1-7), which apply to a vehicle sitting at rest on level ground. Using
Eq. (1-7) we can solve forb:

b = L W rs = 109" 13221b 39 64"
W (2313 + 1322) Ib = .

i.e., the CG of the vehicle is 39.64 inches aft of the front axle.

2) A Taurus GL sedan with 3.0L engine accelerates from a standing star!
up a 6 percent grade at an acceleration of 6 ft/sec2. Find the load distribution
on the axles at this condition.

Solution:

Assume that aerodynamic forces are negligible since the vehicle starts
from zero speed, and there are no trailer hitch forces. Equations (1-4) and
(1-5) are the fundamental equations from which to start, but to use them the
values for the parameters band c must be determined. To obtain these check
the MVMA (Motor Vehicle Manufacturers Association) specification sheets
for the Taurus GL sedan for relevant data. The curb weights are 19491b on the

14
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front axle and 1097 Ib on the rear; the wheelbase is 106 inches; and front
passenger's weight is distributed 49 percent on the front axle and 51 percent on
the rear. Assuming a 200 Ib driver this gives weights as follows:

Wfs = 20471b Wrs = 11991b W = 32461b

Eqs. (1-6) and (1-7) are used to find that b = 39.15 inches and c = 66.85
inches. From a pocket calculator we determine that a 6 percent grade
corresponds to a 3.433 degree angle (arctangent of 0.06). Lacking a source for
information on CG height, h, assume it is20 inches. Now all of the information
is available to solve equation (1-4).

W(c cos 8 - h a.Jg - h sin 8)
W f= ----'---~=----'-

L

Wf= 32461b (66.85" 0.998 - 20"6/32.2 ~_ 20" 0.0599) 1892.21b
106"

Using the same approach the rear axle load is found to be 1347.3 lb.
Curiously, these only add up to about 3239.51b, not the 32461b weight of the
car. Why? The reason, of course, is that the vehicle is sitting on a slope. Only
the cosine of the weight vector acts to produce load on the axles. Thus, the
weight on the axles should only add up to 3246 Ib times cos 3.433° = 3240 lb.

3) You are planning to buy a new mini-van to pull your boat trailer (see
below) out to those long weekends at the lake. Although you like the new front­
wheel-drive (FWD) vans available, you are not sure a FWD will be able to pull
the boat up out of the water on some of the steep access ramps you must use.

a) Derive the expressions for the maximum grade it can climb without
wheel slippage (traction-limited gradeability) for this vehicle combination in
a front-wheel-drive (FWD), rear-wheel-drive (RWD), and four-wheel-drive
(4WD) power train.

(In the analysis it is reasonable to assume the longitudinal acceleration is
zero, neglect rolling resistance, assume the boat is clear of the water so that
there are no bouyancy forces on it, ignore any change in hitch height as the
forces are applied, and use the small angle approximations.)

b) Calculate the maximum gradeability for the three combinations on a
ramp with a coefficient of friction of 0.3, given the following information on
the vehicles.

15
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Van properties;
Front axle weight = 1520 Ib
Rear axle weight = 1150 Ib
CO height = 24.5 inches
Hitch height = 14 inches
Hitch rear overhang = 23 inches
Wheelbase = 120 inches

Combined boaUtrailer properties;
Axle weight = 1200 Ib
Hitch load = 250 Ib
Wheelbase = I 10 inches
CO height = 35 inches

Solution:

Inorder to derive the equations for traction-limited gradeability, first perform
a free-body analysis of the boat trailer to find the hitch forces as a function of grade.

'oN case
b

e

Taking moments about the point where the tire contacts the ground
(counterclockwise moments are positive);

L Ty = 0 = Wb h3 sin e + Fzb (e + f) - Wb f cos e -Fxb h2 (1)

Also, the force balance along the longitudinal axis of the boat trailer gives:

L Fx = 0 = Fxb - Wb sin e
Next we perform a similar analysis on the van.

16
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Taking moments about the rear tire contact point:

LTy=O=Whl sin0-Wccos0+Fzbd+FxbhZ +Wf(b+c)
(3)

And for moments about the front axle:

LTy =0= W hI sin 0+ Wbcos 0+Fzb (b+c +d) + Fxb hZ - Wr(b+c)
(4)

There are four equations and four unknowns (Fzb, Fxb, Wf, Wr). We can
therefore solve for anyone of the unknowns desired. For the case of the FWD,
the traction limit will be determined by the load on the front axle times the
coefficient of friction, 11. The solution is obtained from Eq. (3), using Eqs. (I)
and (Z)to eliminate the hitch forces from the final equation. The tractive force
will be equal to the combined weight of the van and boat times the grade angle.
That is:

(W + Wb) sin 0 = Fxf= 11 Wf

= u [W [cos El - W h~ sin e -Wb he sin El

d h3 . d f d hZ .+Wb~- sin El - Wb-- cos El - Wb-- - sm Ell
L L t L L t L Lt

(5)

The trigonometric functions in the equation make it complicated to obtain
a simplified solution. Using the small angle approximations, sin 0 can be
replaced with 0, and cos 0 can be treated as 1. It is also convenient to define
several alternate variables for use in the solution. These will be:

L = b + c = Wheelbase of the van

Lt = e + f= Wheelbase of the trailer (hitch to wheels)

S = WtJW = Nondimensional weight of the trailer

Then solving the equation for 0, we obtain the gradeability expression for
the case of:
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The numerator represents the static weight on the front axle, due to the
weight of the van diminished by the vertical load of the trailer on the hitch (the
hitch load decreases the front axle load, and hence the gradeability). The
second term in the denominator reflects the effect of longitudinal transfer of
load from the front axle on a grade due to the elevated position of the CG on
the van. The terms in parentheses in the denominator represent the effects of
the trailer. The first term in parentheses is the direct effect of the added weight
of the trailer. The next term arises from the longitudinal transfer of load off of
the front axle due to the towing force at the hitch. The last term is the effect of
the change in vertical load on the hitch due to the tow force.

A similar analysis produces a different solution for the case of:

On the rear-wheel drive, static load of the trailer (second term in the
numerator) increases gradeability because it increases load on the drive wheels.
In the denominator, the terms representing longitudinal load transfer are
negative (thereby decreasing the magnitude ofthe denominator and increasing
the gradeability).

Finally, in the case of four-wheel drive, the performance that will be
obtained depends on the type of drive system. The most effective utilizes a
limited-slip differential on each axle and a limited-slip interaxle drive, so that
the torque is distributed to all the wheels in proportion to their traction. Then
the van can develop a traction force that is the coefficient of friction times its
weight.

(W + Wbl tan e = Il W

or:

Forfour-wheel-drive systems that do not have full limited-slip features, the
solution would require a more complex treatment based on an analysis of the
drive forces that would be available from the individual axles.

18
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Example calculations:

For the parameters given in the problem the solutions are:

FWD

RWD

4WD

El =0.1018 = 10.18 % slope =5.84 deg

El =0.1142 = 11.42 % slope =6.51 deg

El =0.1944 = 19.44 % slope = 11.0 deg

Despite the fact that the assumed vehicle has a greater static load on the
front axle (57% of the weight). the RWD configuration has better gradeability
because of the longitudinal transfer of load on the grade.
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