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Supplement 1

Elementary Functions
and Their Properties

Throughout Supplement 1 it is assumed that n is a positive integer, unless otherwise specified.

1.1. Trigonometric Functions

» Simplest relations

sin®z +cos’x =1, sin(-r) = —sinx, cos(—x) =cosz,
sinz cosx 5
tanx = , cotr=——, l+tan“z = 5
cosx sin x cos’x
tanxcotx =1, tan(—x)=-tanx, cot(—x)=—cotx.

1

l1+cot?x = —.
Sin- x

» Relations between trigonometric functions of single argument

sinz=+V1-cos?z ==+ tan @ + !

Vittanlz  Vi+colz

1 t
cosz==+V1-sin2z ==+ =407 ,
V1 +tan?z V1 +cot? x

sinz _ivl—coszx_ 1
V]-sintz cosz  cotx’
V1 -sin?z cos T 1

_i —

sin vV1=cos2z tanz

tanz = +

cotx =%

» Reduction formulas

sin(xz &+ nw) = (-1)" sinz, cos(x £ nm) = (-1)" cos x,
2n+1 2n+1
sin(a: + 7 71') = +(-1)"cos z, cos(x + 7 71') = (1) sinz,
tan(x £ nm)=tanz, cot(x £ nm) =cotz,
tan(:vj: 2n+17r) =—cotx, cot(mj: 2n+17r) =—tanx,
2 2
sin(:z: + E) = i(sinx + cosx), cos(a: + Z) = i(cosx F sinx),
4 2 4 2
T tanx + 1 T cotz F 1
an(r T) 2 I EL ((ra D)= EL
an(x 4) " TTwnz N4 T T cota
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» Addition formulas

sin(z &+ y) =sinx cosy £+ cosxsiny, cos(x £ y) =coszcosy F sinxsiny,

tanz + tany

1Ft t
tan(z £ y) = cot(zx £ y) = Fanziany

lFtanztany’ tanx + tany

» Addition and subtraction of trigonometric functions

sinx+siny=25in<x;y)cos(m;y>,

sinx—siny=2sin<x_y>cos($+y>,
2 2

cosz+cosy=2005<m+y)cos(x_y),
2 2

LT+ Y\ . (T—Y

cosx—cosy:—Zsm( > )sm( 5 ),

sin? z —sin? y = cos? y — cos? x = sin(x + y) sin(z — v),
sin?  — cos® y = —cos(z + y) cos(z — y),
sin(x + sin(y + «
tanmitany=(—y), cotxicoty=#,
COS T CoS Y sinz siny

acosx + bsinx = rsin(z + @) = r cos(x — V).
Here r =Va?+b%, sinp =a/r, cosp =b/r, sinyy =b/r, and cosp = a/r.
» Products of trigonometric functions
sinz siny = %[cos(x —y)—cos(x + )],
cos z cos y = [cos(x —y) + cos(z + y)],
sinz cosy = 3 [sin(z —y) + sin(z + y)].

» Powers of trigonometric functions

cos’z = 2cos29&+é sin x——70052x+ ,

3 1 3 3 1 3
cos” x = 4cos3a:+ cos T, sin T=-7 sin3x + 4s1na:
cos4:z:=%(:os4fr+—cos2:1:+é sin4x=%cos4x—50052x+%,

cos’ x = 16 00551+—0053m+ g cos, sin5x=%sinSx—%sin3x+%sinx,

n-1
1
cos™ T = oy Z C¥ . cos[2(n—k)z] + —C’Zn,

— 22n
cos”™*! 22n Zcz,m cos[(2n - 2k + 1)z),
k=0
n-1

sin? z = 221; ; Z( ROk cos[2(n - k)x]+ CZn’

sin?™*! 22n Z( D RCE | sin[(2n -2k + 1)z].
k=0

'
Here CF = e

m m are binomial coefficients (0! = 1).
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» Trigonometric functions of multiple arguments

cos2z =2cos’x—1=1-2sin’z, sin2x = 2sinx cos x,
cos3x = -3cosz +4cos’ x, sin3z = 3sinz —4sin’ z,
cosdx = 1—8cos®z +8cos? T, sindx =4 cosz (sinx —2 sin’ ),

cos5x =5cosx—20cos’ z+16cos’ z, sin5x = 5sinz —20 sin® z + 16 sin’ T,

n 20,2 2 2
3 3 =D = k=-1T . . o
cos2nx) =1+ Ig:l( 1) ! 4% ¢in“" ,
- 2n+1)2-11[2n+1)?-3%]...[Cn+1)* - (2k-1)?
cos[2n+1)x] =cosx 1+E (—l)k [(@n+1) lien+1) ... [Gn+ 1) )]sin%ac R
— (2k)!
- 2_1D)(n2-2%)...(n*-k?
sin(2nz) = 2n.cos & {sinx+ k§=1 e )(”( o _)1)! (V=R 21 |
- 2n+1)2-1][2n+1)2-3%] . .. [2n+1)*>-(2k-1)?
sinf@n+1)a] = 1) sin g+ 3 1ye LD IMCE DI (@RI G, |
— 2k+1)!
2tanx 3tanz —tan’ 4tanx —4tan® z
tan 2x = — tan 3x = — tandx = 5 -
1 —-tan- x 1-3tan“x 1-6tan- xz +tan* x

[rigonoTrigonometrmetric functions of half argument

,x l—cosx ,* l+cosz

sin — = —— cos” —
2 2 ’ 2 2 ’
T sin 1-cosz T sinx 1+cosx
tan — = = - , cot— = = -
2 1+cosx sinx 2 1-cosx sinx
) 2tan % 1-tan® £ 2tan ¥
Slnl‘=7”, COS$=7”, tanx=7”
1 +tan” 2 1 + tan 5 1 —tan” 5

» Euler and de Moivre formulas. Relationship with hyperbolic functions

eVt = eY(cosx +isinz), (cosz +isinz)” =cos(nz)+isin(nx), i =-1,

sin(¢4x) = ¢sinhx, cos(ixz)=coshx, tan(ix)=itanhz, cot(iz)=—icothz.

» Differentiation formulas

dsinx dcoszx . dtanx 1 dcotx 1
=coszT =—sinx = =_— .
dz ’ x ’ dz cos?z’ dz sin?

» Expansion into power series

2?2 at 2
COSI=1—2—!+4—!—H+"' (|I|<OO),
I’3 IS 1'7
51nx=1:——!+§—7+~-- (|| < 0),
3 220 1727
t =r+—+—+ + <7/2),
e =c+ = 5t 313 (x|l < 7/2)
1 3208
cotwr=—— 2T T (al <.
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1.2. Hyperbolic Functions

» Definitions

xX — xr —X xr —L —
- er +

. e et —e et +e*
sinhx = , coshx = , tanhx = , cothzx = .
et +e?® et —e™®
» Simplest relations
cosh® z —sinh? z = 1, tanhz cothx =1,
sinh(—x) = —sinh z, cosh(-x) = cosh zx,
sinh x coshz
tanhz = R cothz = — ,
coshz sinh x
tanh(-z) = —tanh x, coth(-z) = —coth z,
1 1
1—tanh2$=—2, COthz"E—l:#.
cosh” sinh” x

» Relations between hyperbolic functions of single argument (x > 0)

tanh 1
sinhz = Vcosh’>z -1 = an a:z = 5 s
V1—-tanh®’z Vecoth®z -1
1 th
coshz = Vsinh®z +1 = = coth ,
V1-tanh®’z Vcoth®z -1
sinh x _ Vcosh® z — 1 1

tanhx = = — ,
! Vsinh® z + 1 coshz cothz
coth Vsinh® z + 1 coshz 1
xr = =

sinhz VeoshZz —1 " tanhz’

» Addition formulas

sinh(x & y) = sinh x cosh y & sinh y cosh x, cosh(z + y) = cosh z cosh y & sinh z sinh y,

tanh x &+ tanhy cothzcothy + 1
tanh(z + y) = ———, th(x £ y) = ————.
anh( £ y) 1 £+ tanh z tanh y coth(z £ y) cothy £ cothx

» Addition and subtraction of hyperbolic functions

+
sinhz + sinhy = 2sinh<%) cosh(m * y)

2

+ —
coshx+coshy:2005h(x2y> cosh<$2y>,
coshr—coshy:ZSinh(m;y> sinh(x;y),

sinh® z — sinh? Y= cosh? z — cosh? y = sinh(z + y) sinh(z — y),
sinh®  + cosh? y = cosh(z + y) cosh(z — y),
sinh(z % y) sinh(x & y)

. cothz £+ cothy = + —_ .
coshz coshy “ Y sinh z sinh y

» Products of hyperbolic functions

tanhx £ tanhy =

sinhz sinhy = £ [cosh(z + y) — cosh(z - y)],
coshx coshy = %[cosh(z + 1) + cosh(x — y)],

sinh x coshy = %[sinh(z + 1) + sinh(x — y)].
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» Powers of hyperbolic functions

cosh’z = % cosh 2z + 7,

cosh® z = 1 L cosh3z + 4 3 coshz,

cosh*z = % cosh4z + 7 cosh2z + 3,

cosh’ z = 16 cosh 5z + ¢ cosh 3v+3 3 coshz,

n-1

Z C%, cosh[

k=0

1

2n . _
cosh™ x = Y

Cosh2n+1

k=0
n—1

son2n k
sinh™ x = > Cy, ¢

2n+l
sinh 22n
k=0

Here C¥ are binomial coefficients.

» Hyperbolic functions of multiple arguments
cosh2x =2cosh’ z - 1,

cosh 3z = -3 cosh x + 4 cosh® T,

cosh4z = 1 — 8cosh? z + 8 cosh* T,

cosh 52 = 5 cosh z — 20 cosh® z + 16 cosh’

[rL/2]

1
cosh(nz) = 2" ' cosh™ 2 + — Z C

[(n—l)/zl

k+1

[Danesh e Amari]

sinh® z = 1 cosh2z - 1,
sinh® z = % sinh 3x 3 sinh x,

sinh*z =1 cosh 4y — 7 cosh2x + =

sinh® z = E sinh 5x — E sinh 3z + g sinh z,

2(n-k)x]+ ——C73,,

227L

22n Z C¥ ., cosh[(2n -2k + 1)z],

_1)n
osh[2(n - k)x] + (zTr)ngLn’

Z( DFCE | sinh[(2n — 2k + 1)z].

sinh 2z = 2 sinh x cosh z,

sinh 3z = 3 sinh z + 4 sinh® ©

sinh 42 = 4 cosh z(sinh  + 2 sinh® ),

sinh 52 = 5 sinh z + 20 sinh® z + 16 sinh’ =

)k+1

Cﬁ:iizzn—Zk—Z (COSh x)n—Zk—Z’

sinh(nz) =sinhaz Y 2" F1CF,  (coshz)" 2+,

k=0

Here C¥, are binomial coefficients and [ A] stands for the integer part of a number A.

» Relationship with trigonometric functions

sinh(ix) = i sin z,

cosh(ix) = cosz, tanh(zx)=itanz, coth(iz)=—icotzx, 1©=-1.
» Differentiation formulas
dsinh x dcoshx ) dtanh x 1 dcothx 1
=coshz, =sinhz, = 5 =
dx dx cosh” dx sinh”
» Expansion into power series
z2 ozt 2f
"OShf““?*_*E (Jz| < 00),
. 305 7
smhx:m+§+§+ﬁ (Jz| < 00),
2 22 1747
tanhr=2- —+ — - ——+ <7/2),
anhz =z -~ 5~ 305 (x| < 7/2)
1 =z 2° 21‘5
thx=—+—- - — e <),
T STV (fel <)
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1.3. Inverse Trigonometric Functions

» Definitions and some properties
sin(arcsinx) = x, cos(arccos ) = x,
tan(arctan x) = x, cot(arccot x) = x.
Principal values of inverse trigonometric functions are defined by the inequalities
-5 <arcsinx < 7, O<arccosx < -1<x<),
—% <arctanz < I, O<arccotr < (o0 < T < 0).
» Simplest formulas
arcsin(—x) = —arcsin x, arccos(—x) = 7 — arccos .,

arctan(—x) = —arctan x, arccot(—x) = 7 — arccot x,

T -2nmw if 2nm—Z <z <2n

S 3 m
aresin(sin ) = {—x+2(n+ D if @n+)r-Z <z <2n+r+ T

x-2nw if 2nTt <2 < 2n+ D,

arccos(cos ) = {—JJ +2n+ D if Cn+ )r<z<2(n+ D,

arctan(tanz) =x—-nn if nr—-5 <x<nr+ 7,

arccot(cotx)=x—nm if nr<z<n+ .

» Relations between inverse trigonometric functions

arcsin x +arccos ¥ = %, arctan x +arccotx = %;
arccos V' 1—22 if 0<z<1, arcsin V' 1—22 if 0<z<1,
—arccos V' 1—-22 if -1<2<0, m—arcsinvV1-z2 if -1 <2 <0,
. . 2
= { arctan if -1<z<1 = Vi-z .
arcsin — , arccos arctan if0<z<l,
T
V1-a? z . )
arccot - if -1<2<0; arccot > if -l<z<l;
T -z
. T . 1 .
arcsin o for any =, arcsin - if >0,
+r l+2
1 . 1
arccos T2 if 20, m—arcsin = if <0,
arctan x = 1 arccotx = . I+x
—arccos T if £<0, arctan — if >0,
1 . 1 .
arccot — if x> 0; m+arctan — if x<0.
x T

» Addition and subtraction of inverse trigonometric functions
arcsinz + arcsin y = arcsin(z+/1 - 32 + yV1-22) for z?+92<1,
arccos x + arccos y = tarccos[zy F /(1 -22)(1-¢?)] for z+y=>0,

T+y

arctan x + arctan y = arctan
r-y
+ 2y

for xy<l1,

arctan x — arctan y = arctan for xy>-1.
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» Differentiation formulas

d . 1 d 1 d 1 d 1
— arcsinx = — arccos xr =— , ——arctanx = ——~, —— arccotx =

dx V12 dx 1—22° dx 1+22° dx 122

» Expansion into power series

arcsin + m3+1-3x5+1-3-5x7+ (lz] < 1)
nr=x+—— — — 4+ (z s
23 245 2-4-6717
2 L
t =r—- — _ Sl,
arctanx = x 3+5 7+ (|| )
T 1 1 1
t =+ —— — > 1).
arctan = = = — 4 =5 = = (Jz| > 1)

The expansions for arccos x and arccot x can be obtained with the aid of the formulas arccos z =

% —arcsin x and arccot x = % —arctan x.

1.4. Inverse Hyperbolic Functions

» Relationship with logarithmic function

1 1+

Arsinha::ln(x+ x2+1), Artanhx:zln 0 ac’
-

1.1

Arcoshx:ln(w+ xz—l), Arcothx:zln +31;;
x —

Arsinh(—x) = —Arsinh z, Artanh(-z) = —Artanh z,
Arcosh(—zx) = Arcosh z, Arcoth(—x) = —Arcoth x.

» Relations between inverse hyperbolic functions

Arsinh z = Arcosh v 22 4+ 1 = Artanh :v

Vaz+ 1l
Va2 -1
Arcosh z = Arsinh V22 — 1 = Artanh x ,
x
Artanh z = Arsinh —— Arcosh —— Arcoth +
anh x = Arsinh ——— = Arcosh ——— = Arcoth —.
V1-22 V1-22 x

» Addition and subtraction of inverse hyperbolic functions

Arsinh z + Arsinh y = Arsinh (x\/l +12 tyV1+2a2 )

Arcosh x + Arcoshy = Arcosh [zy £ \/(x? - 1)(y> - 1) |,

Arsinhz & Arcoshy = Arsinh [zy £ /(22 + D(y2 - 1) |,

+ +1
Artanh x + Artanh y = Artanh v , Artanh x 4+ Arcothy = Artanh Y .
1ty Y
» Differentiation formulas
i Arsinhx = ! s i Arcoshx = ! s
T 2+ 1 dx 2 -1
d 1 d 1
- Artanh z = - @< 1), - Arcothz = 1= @ > 1.
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» Expansion into power series

123 1-32° 1-3-527

Arsinhz = 7 — — — hadi hadE

sinhe =z— - 24 o o — et (z| < 1),
o S B

rtanh x x+3+5+7+ (x| < 1)

@ References for Supplement 1: H. B. Dwight (1961), M. Arbramowitz and I. A. Stegun (1964), G. A. Korn and T. M. Korn
(1968), W. H. Beyer (1991).
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Supplement 2

Tables of Indefinite Integrals

2.1. Integrals Containing Rational Functions

» Integrals containing a + bx.*

dv 1
1. / x Inja + bz,

a+br b
n (a+ba&)”+1
2. /(a+b:z) dx b( Ty n#-1.
rdx 1
3. /a+b1 7 (a+bx—aln|a+bxl).
1

2 1
4. 2~ du = [—(a+bx)2—2a(a+bm)+a2lnla+bx| .
b L2
/ dx 1 a+bx
— = ln‘ ‘
z(a + bx) a x
/ dr L+iln’a+bx‘
22a+bxr) ax  a? x I
rdx a
/(a+b9€)2 T <ln|a+b:c|+ a+bx)'

2> dx 1 a?
/m_b3 (a+bx 2aln|a+bx| +bx)

/ dx : 1 L n‘ a+bx ‘

z(a+bz)?  ala+br) a? xz I
rdr 1 1 a

10. =— |- .

(a+bx)® b2 [ a+bx * 2(a+bx)2}

» Integrals containing a + = and b + «.

1. /“” de =z +(a-b)lnb+ 2.

b+x
- 1n‘b+x #b. For a = b, see integral 2 with 1 = —2
@ 00D - ab - |» @#b. Fora=b,seeintegral 2 with n = 2.
xdx 1
/(a+x)(b+x) a_b(aln|a+x|—bln|b+x|).

14 3 1 . 1 1 a+x
‘ /(a+x)(b+:r)2_(b—a)(b+x) @by " b+x"

* Throughout this section, the integration constant C' is omitted for brevity.
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15 T dx = b a In a+x‘
‘ (a+2)b+2? (a-b)b+z) (a-b2 |b+azl
v du v a? B~ 2ab
16. = 1 —— Inb .
/(a+33)(b+9¢)2 b-ayb+z)  (a—b)y nla+ x|+ G—ap nlb+z|

17 / dx _ 1 ( 1 . 1 >+ 2 lna+x‘
’ (a+2)2(b+2)? (a-b2\a+z b+x (a-bp lb+zl

18 xdx _ 1 ( a_ b >+ a+b na+z‘
’ (a+2)0b+2)? (a-b?\a+z b+z (a-b3 b+l
19 z2dx _ 1 ( a? N b2 >+ 2ab na+x‘
’ (a+2)*(b+x)? (a-b?\a+z b+x (a-bp lb+zl

» Integrals containing a® + 2.

dzx 1 T
20. /ﬁ = — arctan —.
a-+x a a

21. = z + ! arctan x
(a2 xz)z T 2a2(@? + 22 243 a’

3 x 3z 3 x
22. (az 1:2)3 T i@+ 8 a+ D) | 8a Sarctan

T 2n -1
23, = D on=1,2,...
(a® + a:z)"’rl 2na?(a? + a:z)” 2na? / (a® + xz)" "
d. 1
24. / T e + 2.

a?+zx2 2
T dx 1
25. =— .
(a? + 22)? 2(a? + z2)
T dx 1
26. =— .
6 (a? + 22)3 4(a? + x2)?

T dx 1
217. = ; =1,2, ...
/ (a? + x2)n+l 2n(a? + x2)" "

2

- dx T

28. — 5 =& -—aarctan —.
a’+x a

29. / 2 do =— x + L arctan E.
(a? + 22)? 2@ +z%)  2a a

30. / 2 do =— x + z 1 arctan E
(a? + x2)3 4(a® +22)?  8a%(a’+ xz) 8a® a

22 dx T
31. =- + — —; =1,2,...
/(a2 xZ)n+l 2n(a? + 22" 2n ) (a?+z?)" "
?dx 2* @ S
2 /m=7‘7ln<a+“

23 dx a? 1
33. = = In(a® +2%).
/ @+ e e )
22 dz 1 a?
34. - N :
(a? + x2)n+l 2(n—1)(a?+ 22" 2n(a? + z2)"

dx 1 z?
35. ——=—In———.
/ z(a?+x2) 2a? )

36 / dx 1 N 1 | x?
. = —_— n _
z(a?+22)?  2a%*(a?+2%) 2a*  a?+2?

=2,3,...
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17 / dz 1 N 1 N 1 ! x?
) = —In ——.
z(a?+ 223 4a’(a®+22)?  2a*a’+x%)  2a° a?+2z?

18 / dx 1 1 ) T
. ———— =——— — — arctan —.
22(a? + z2) alr  a a

39. / d4x = —L L — 3 arctan — z
22(a? + x2)? a‘r  2a%a+22) 245 a’

40. / . L ! LI
23(a? + x2)? 20422 2a*(@?+22) a®  a?+2?

41. /dix=—i— ’ - LA —Earctanz
z2(a? + 22)3 a®zx  4a*(a? +x%)?  8a(a? +x%) 8d’ a

o / e 11 1 3,

’ 23(a? + 22)3 2022 a®a? +22)  4a*(a®+22)?  2a8  a?+2?’

» Integrals containing a® — x.

43. /—dw :iln‘a”‘.

a?2-22 2a la-=z

x 1 a+zx

44. = —1 ‘— ’

/ (a2 - xz)z 2a%(a? — z2) * 4> ez
45 _ T N 3x N 3 ’ a+x }

' (a2 - x2)3 T 4a2(a?-x2)?  8a*(a?-z2) 16a5
T 2n -1

46 = N = 1 2
(a2 — g2)yn+l 2na2(a? — mZ)n 2na2 / (a2 - xZ)n n=

rdz 1 2 2
47. /m=—§ln|a —IEl.

a—x

x dx 1
48. = .
(az __%.2)2 2((12 _x2)
49, x dx 1

(@223 Ma2—22

xdx 1
50. = ; =1,2,...
/ @ -2 2=z

22d
51, /—x=—x+gln‘a+x‘.

a? — 22 2 la-=z
2 dx T 1 a+x
52. - - ’ ’
/(az—xz)2 2(a2-x%) 4da n a-=z

53, / xz* dx B T T 1 n’a+x’
(@ -22)3 ~ Ha?-22)? 8a2(a®-z2) 1643 la-z!

z*dx x
54. = -— | 55— =1,2,...
/ @ -2~ 2@ =22 2n ) @—zyn "
2

23 dw 2?2 a P
55. /m=—7—71n|a - |

23 dx a? 1
56. = +=1Inla® - 27|.
/ @ " Aar ) T e -
3 dx 1 a?
57. =— + ; =2,3,...
/ @ =2 - 2m-)d =2 2z

T 1 z?
58. ——=—1 ‘—‘
/x(az—;vz) 222 @2z
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dx 1 1 x?
5. _/ z(a? — x2)? - 2a2(a? — x2) * 2—a41n‘ a? — z? ‘

60 / dxr 1 N 1 N 1 ! ’ x? ‘
] = — In|——|.
z(a? -2  4a%(a?-22)?  2a*(a?-2%) 2a® la?-22

» Integrals containing a® + =>.

61 / dx 1 (a + x)? N ) 2x —a
. ————=—1n arctan .
a’ + x3 602 a?-ar+1?  @2\/3 aVv3

2. _ T 2 / dx
(a3 + x3)2 T 3a3(ad + 23) 3a3 ad+ 23

63 / rdr —Lln a? - azx + 2 N 1 arctan 2x—a
’ ad+1z3  6a (a+z)? a3 aVv3
T dx x? 1 T dx
64. - s L [ Fds
@+23)? 3a¥@+23)  3ad ) P +a3

2 dx 1 5 3
65. /m=§ln|a + x|
dx 1 3
Y S N
/ (@ +23)  3a? PR
dx 1 1 3
67. - b1 ’—’
/ (@ +23)?  3dP(@+23)  3ab PR
68 / dx _ L i / xdx
’ 2@ +23) dr a3 ) B+’
69 / dx _ L x? i / xdx
’ 2@+ 232 abz 3aad+23) 3ab ) a3 +a3

» Integrals containing a’ — x°.

70. =— + arctan

ﬁ_ 6a? n (a—2x)? a2\/3 av3

dzx 1 a2 + az + x> 1 2r +a
a3

71 _ T 2 / dx
(a3 _ 1‘3)2 - a3(a3 _ 1:3) 3a3 a3 -3’

7 / x dx —ilna +az + 22 1 arctan2$+a
’ ad-23  6a (a—2x)? a3 av3

7 rdr x2 N 1 / rdx
' (@-23?  3a3@3-23) 3a3 ) -3

2d 1
74. /u =5 Inja* -2’}

PR
d 1 3
[ s = e e
3
76. /x(a3d—xx3)2 - 3a3(ai—x3) * %ln‘#‘.

78 / dx : L x? +i/ rdr
’ 22@d-23)? ~ abz 3aS(ad—x3)  3ab ) ad-a3
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» Integrals containing a* £ x*.

dx 1 a 2+ azV2 + 22 1 azv?2
79. T T = arctan—z.
a’+T 4a3\/_ a2 —ax\/2 + a2 2a3\/— T
T dx 2
80. /a4+:1:4 = S arctan — 2
22 dx 1 a 2+ azV2 + 22 1 azv?2
81. 1 = arctan ———.
a*+w 4a\/_ a? —axV2 + x? 2a\/§ a’-x
dzr 1 a+x 1 T
82. /a“—x“ Yy ln‘a_x‘+chtanE
23, x dx 1 ’a2+mz‘
——=—In|——]|.
a* -zt 4a? | a?-a?
2 dx 1 a+x 1 T
g4, [T _ ‘ ‘—— tan 2.,
/a“—x“ 2a Na—z| 2¢ Y

T 1 ™
85. ——=—1 ‘7 .
/J;(a+bx’”) am t a+ bx™

2.2. Integrals Containing Irrational Functions

» Integrals containing x'/2.

o'de 2 5 2a ba'/?
/m = b_zx —b—3arctan—,
e 237 202 243 bl
/ a2+ 02z 302 b + W arctan .
x!'/? dx z1/2 1 -y
/ (a? + b%x)? = b2(a2+b2x) — arctan —
22 de 247/ 3a2z!/? 3a byl/?
/ (a? + b2z)? = P + ) + P+ b arctan -
2 bz!/?
/m = arctan —
dx 2 2b brl/2
(a? + b2z)23/2 T2 TR arctan
dx z!'/? 1 bal/2

= arctan
@+ PP 2 A+ P

/ /2 dg 2 1/2+_1‘a+bx1/2‘

2z B e e
23/ dx 203/ 242212 @3 a+bx!/?
5 / T T +b_5n‘a—b:r1/2"
22 dx z!/? 1 a+bz!/?
10. / - - ln’ ’
(a2 =b%2)?  b2(a?-b%z) 2ab3  la-bzx!/?

- R PEE

! 232 dx 3a221/2 - 2p223/2 3q a+bx!/?
/ (@-x)? Ha2-x) 205 ‘ ‘

/ (a® = b2x)z!/2

1 ‘a+bxl/2’
— In|—————|.
ab  la-bxl/?
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13

14

>

15

16.

>

18

19.

20

21

22

23.

24

>

25

26.

27

28

29

30.

31

dz 2 b ja+ba!/?
’ (@2 —b2x)a3/2 ~ a2al/2 e n‘ a—bxl/? ‘

/ dx _ z!/? N 1 n‘a+bx1/2‘
' (@ —b2x)22!/2 ~ a2(@®-bx)  2a3b la-bx'/2 1

Integrals containing (a + bx)P/2.

2
. / (a+bx)P?dx = 17 (a + bx)P2/2,
2 [(a+bx)P™/2  q(a+ ba)P/?
p/2 - = _
/x(a+bx) dx bz[ b+ b2 .
/xz(a by di = 2 [(a+ ba)P+0)/2 _ 2a(a+ ba) P2 a2(a + bx) P2/
b p+6 p+4 p+2

Integrals containing (z2 + a?)!/2.
1 2
. /(902+c12)1/2 dr = Em(a2+x2)1/2+ C%ln[ar;+(alcz+az)l/2]
1
/1’(:1:2 + (12)1/2 dx = g(a2 + :1:2)3/2.
2, 2\3/2 Lo 232,30 2 o2up, 34 2, 2\1/2
. (% +a”) dx:zx(a + ) +§ax(a + ) +§a 1n’x+(x +a’) f

a+ (a2 +a?)!/? ‘

1
. / —(@*+ az)l/2 dr = (a® + x2)1/2 —aln‘
T T

d.
[ = e e )
T dx
T @ ad)
Va2 +a?

. /(x2 +a>) > dx = a2 (2 + a7V

Integrals containing (z2 - a?)'/2.
2 2\1/2 1 2 2\1/2 a’ 2 2\1/2
. (x°—a”) dx=5x(x —a) —71n’x+(x —a) ‘
1
/x(zz a2 dg = §(x2 — a2y,
2 a2 b0 a5 35 0 a3y 2 21)2
. (x°—a”) dm—zx(x —a”) —ga x(z” —a”) +§a ln|x+(ac -a”) ‘

1
. / —(2? —az)l/2 dx = (2% —a®)'/? —aarccos’g‘.
T T

dx
[ e s
rdr
— (xz —0;2)1/2.
V2 —a?

. -/(x2 — a3 dx = —a P (2? - a?) V2
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» Integrals containing (a? - x2)1/2,
1 2

32. /(a2 — )V dz = —x(d® -2V + & arcsin 2.
2 2 a

1
33. /oc(a2 - x2)l/2 dr = —E(a2 - 902)3/2.
1
34. /(a2 - 332)3/2 dr = Zx(az - x2)3/2 + %azaj(a2 - 332)1/2 + %a“ arcsin 2

1 2 2N1)2
35. /;(az—xz)]/zdm=(a2—m2)1/2—a1n M.

X
dx x
36. /7 = arcsin —.
,/aZ_xZ a
xdx
37. ﬁ =—(a2—x2)1/2.
a—x

38. /(a2 - :cz)_3/2 dr = a*x(a® - :1:2)_'/2.

» Reduction formulas. The parameters a, b, p, m, and n below can assume arbitrary values,
except for those at which denominators vanish in successive applications of a formula. Notation:
w=azx™ +b.

39. /xm(ax” +b)Pdx = (mm”w” + npb/:rmwp_1 dx).

m+np+1

40. /xm(ax” +b)Pdx = [—a:m”wp” +(m+n+np+1) / P! dw].

1
bn(p+1)
1
m n P —
41. /sc (ax™ + b)P dx —b(m+1)[
v
am+np+1)

2™ MwP —a(m+n+np+1) / P dx} .

42. /:cm(ax” +b)Pdx = [ij’"“w”” —b(m—-n+ 1)/xm’"wp dx]

2.3. Integrals Containing Exponential Functions

1
1. /e‘” dr = —e®.
a

2. /am dxr = a—.
Ina
1
3. /xe“x dx = e”(E - —2)
a a
22 2
4, /xze‘”dx = e“w(m— - —f + —3)
a a
1 -1 ! !
5. /x”e‘”” dr=e%" [—x"—ﬁx”‘l+n(n ):v"_z—- . -+(—1)”_1n—x+(—l)” n , n=1,2,...
a Cl2 Cl3 am an+l
ax __ax & (_1)k dk . . .
6. P,(x)e** dx=e E pr P, (z), where P, (z) is an arbitrary nth-degree polynomial.

k=0
d 1 -
/ * :E——ln|a+bep*|.
ap

a+bert ¢
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8.

dx
9/__ﬂ
va+ bep®

2.4. Integrals Containing Hyperbolic Functions

/ aePT + be P 1

dx

1 a
——— arctan e”“’\/j> if ab>0,
_ ) pVab ( b
b+ eP*\/—ab .
n if ab<O.
2pV—ab b—ePr+/—ab
v/ pT _
L Verbe—va o,
pvVa  \a+berr +.\/a
2 arctan @+ berr if a<0
a<O0.
Py/—a V-a

» Integrals containing cosh x.

1
1. /cosh(a +bxr)dr = 3 sinh(a + bx).

2.

9.

10.

11.

12.

13.

15.

— e S S~

/

x

2

cosh ax cosh bz dx =

n

22" coshz dz = (2n)! Z

k=1

2

cosh? x dx = 1+ 4 sinh2z.

x coshx dx = x sinh x — cosh x.

2k

2 coshadr=Qn+ 1)1 [
k=0

cosh® z dx = sinh z + 3 sinh® z.

T .
{w sinh

coshz dz = (2> +2) sinh 2 — 2z cosh .

l.Zk—l
€T — m cosh $:| .
$2k+l ) x2k‘
m sinh z — @ cosh .'L':| .

xP cosh z dz = xP sinh x — pzP~ coshz + p(p — 1) / 2P coshz dx.

1
e [a cosh bz sinh ax — b cosh ax sinh bx] .

[Danesh e Amari]

n-1 .
n om T 1 & sinh[2(n —k)x]
cosh l’diﬂ—c;nﬂ‘l'% ké_o CZ”W’ 1, 2, .
1 & sinh[2n -2k + D)z] =~ . sinh?**! 2
2n+l _ k _ k _
cosh™ wdr = 7w > O —5prr = 2Oy =L
k=0 k=0
-1
cosh? 2 dz = — sinh z cosh?™ z + Pz’ /coshf%2 xdx.
p p

a —
de  _2 arctan (e”)
coshar  a '
de _ sinhaz 1 +”‘1 2k —1)(n=2)...(n—k) 1
cosh®™z  2n—1|cosh® 'z ~ (2n-3)2n-5)...(2n- 2k —1) cosh? k1 4
=1,2,.
da sinhz [ 1 L on-1)C2n-3)...2Qn-2k+1) 1
el L ot Z % In2k
cosh®™*! 1 2n [cosh™z 4= 2f(n-DMn-2)...(n- k)  cosh x
2n— 1!
@n-1) arctan sinh z, n=1,2

T ann

>

9 oo

J
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16.

17.
18.

19.

20.

/

sign x

b+ acoshzx

[Danesh e Amari]

- if a? < b?
i Vi —az M i beoshz nasr
a+bc()sh;p_ 1 1na+b+ va?—b? tanh(x/Z) a2 s b
var-bv  a+b-+Va?-b? tanh(z/2) .
» Integrals containing sinh x.
1
/sinh(a +bxr)dr = 3 cosh(a + bx).
x sinh z dx = x cosh x — sinh z.
2% sinhz dz = (z + 2) cosh z — 2z sinh z..
n g2k n 2kl
¥ sinhz dz = (2n)! [Z a0 coshz — ; T sinh sc] .

21.

22.

23.

24.

25.

26.

217.

28.

2

30.

31.

32.

33.

e

\\\\\ — — —

n

22" sinhz dz = 2n + 1)! Z {

2k+1

2k + 1!

2k

T .
coshxz — —— sinh a:] .

(2k)!

zP sinh z dz = 2P coshz — paP ' sinhz + p(p — 1) / xP~ sinh z dz.

sinh? z dx = ——w +7 L sinh 22.

sinh® z dx = —coshz + % cosh’ z

1
sinh® z dzx = (-1)"Cy, —— 22” 22n 1 Z( D"

/sinhzn+1 xdr = ZT" Z(—l)kanH
k=0

=1,2,...

n—1

1 -1
/sinhp zdx = — sinh?! 2 coshx — p=- / sinh?? z dz.
p p

/
/

/

/
/

/ sinh ax sinh bx dx = z—bz[acoshaxsinhbx—bcoshbx sinhaz].
‘d:c ln‘tanh ‘
sinhaz
dx  coshx [
sinh?"z  2n-1 s1nh2”_ x
n—1
2km—D(n-2)...(n-k) 1
—1)k-t =1,2,...
+;( ) G han-5) ... n-2k 1) s |0 "L
h 1 L 2n-1)(2n-3). .. 2n—2k+1 1
‘ (ixﬂ _ cos x[ ! +Z(_1)k71( nk Y2n-3)...2n-2k+1) L.
sinh“"*' 2 2n | sinh® x 28(n-1)(n-2)...(n=k)  sinh™ "¢
2n-D! T
n —
+(—1) Wlntanhi, n—l, 2,
dx : 1 atanh(z/2) - b+ Va2 + b?
a+bsinhz @2+ atanh(z/2)—b— Va2 + b2
Az + Bsinhz B N Ab- Ba natanh(m/2)—b+\/a2+b2
a+bsinhz Wa2+b  atanh(z/2)—b- Va2 + b

k sinh[2(n — k)x]

2(n -

cosh[(2n -2k + 1)x]
2n-2k+1

K

= Z(—l)’”’“c‘fi

=1,2,...

COSh2k+1

)
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» Integrals containing tanh x or coth x.

34, /tanhx dx = Incoshx.

35. /tanhzxdx =z —tanh z.

36. /tanh3 T dx = -3 ! tanh® 2 + In cosh .
tanh2n-2k+1

37. tanh®" z dx = e =1,2, ...

/ xwx22n2k;+l nELs
- _ ( l)k tanher—2k+2x _
38. /t nh“™"*" x dx =Incoshz — Zchosth =Incoshz— Z ST TRRE n=1,2,...
1
39. / tanh?  dx = — . tanh?! z + / tanh? 2 z dz.
40. coth z dx = In|sinh x|.

41. coth? z dz = = — coth .

n 2n-2k+1
coth T
cothznajdm=x—§ _ n=1,2,...

43.
3 n—2k+1°

42. / coth’ z dz = —1 coth® 2 + In|sinh .

coth®*!  dz = In|sinh z|— Z 04’6 =In|sinh z|— Z M n=1,2
2ks]nh2k 2n-2k+2"’ T

45, /cothp:z:d:z: =—

44.

1
1 coth? ' z + / coth?? z dx.
p —

2.5. Integrals Containing Logarithmic Functions
1. /lnaxda::mlnam—a:.
2. /xlnxdm=%lenx—%x2.

P if p# -1,

et

— 2" Inaz -
/x”lnaxdxz p+1 (p+1)7?
11In® azx if p=-1.

4. /(ln 2)?dx = 2(Inz)* -2z Inz + 22.

5. / a(nz)* de = éx%ln 2y - 122 Inz+ 1a2,

2 p+l 2 p+1
(1 B - —Inw+ —— if p#-l,
6. /:cp(lnx) de = +1 (p+1) (p+1)
;m‘x if p=-1.
7. /(lnx)"dx— Z D+ Dn...(n—k+Dnz)"*, n=1,2,...

k=0
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/(ln ) dx = z(In x2)? —q/(ln ) dz, g #-1.

n+l M (- )k

9. /x”(lnx)m dr = :c

k+1
m+ 1 k=0(n+l) +

1
10. 2P(Inx)? dx = 2P (Inz)? - 1 2P(nz) " dx, p, q#-1.
p+1 p+1

11. /1n(a+bz)d:1: = %(aaz+b)ln(ax+b)—z.

1/, a 1/2? a
12. /mln(a+bx)dm—§(x —b—2>1n(a+bx)—§<7—zm>.

1 a’ 1 /2 az? &z
2 _ 3
SE 1“(“1’”“-5(”” ‘b—s)l‘l(“bx)‘g(?—%*b—z)'

14 Inxdr Inx +L n T
’ (a+bx)? ~ bla+bxr) ab  a+bz’
15 Inzdr Inx N 1 . 1 In T
’ (a+bx)® ~ 2b(a+bx)>  2abla+bz) 2a%b  a+bx’
2 vV
—[(1nx—2)x/a+bx+\/al ‘”b“f} if a>0,
Inzdx b Va+br-+/a
16. \/—bz
+ ”
aror %[(lnaz—2)\/a+bx+2\/—aarctanv\/ibl} if a<0.
—a

17. /ln(:::2 + az) dr=x ln(:c2 + az) —2x + 2a arctan(z/a).
18. /JU In(z? + a®)dx = % [(m2 +a®) In(z? +a®) - a:z].

19. /xz In(z* + a®) dz = 1 [2° In(2” + a®) - 32° + 2a’x - 2a’ arctan(z/a)].

2.6. Integrals Containing Trigonometric Functions
» Integrals containing cos . Notation: n =1, 2, ...

1. /cos(a +bx)dx = % sin(a + bx).

2. /:ccosxd:c:cosx+a:sinm.

2

3. x?cosx dx = 2z cos x + (x° —2) sin .
4. 22" cosz dx = (2n)! {Z( l)k ol sinz + Z( 1)kﬂ cos T}
~2k)! (2n -2k -1)!
22" cos xda = 2n + 1)! Z [(—1)kﬂ ina+ — o a:] :
2n -2k +1)! (2n —2k)!

k=0

xP cos x dx = 2P sinz + pzP ! cos x — p(p — 1)/:1;”’2 cosx dzx.

—— — — —

cos’ zdx = Jx + 1 sin2z.

(m+Dm...(m=-k+Dnz)™ ", nom=1,2, ...
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8.

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

>

24.

25.

/cos :cdx—smx—gsm z.

/ cos®™ x dx =

n-1
o 1
22 O+ 2y D OB,
k=0

sin[(2n — 2k + 1)z]

[Danesh e Amari]

sin[(2n — 2k)z]
2n—2k

1 n
2n+l1 _ k
/ cos”" xdx = o E Consi
k=0

/ du —ln‘tan<£+£)‘
cosz 2 4)0

2n-2k+1

/ dx
> = tan x.
cos? x
/ v _ ﬂ + lln’tan(E + Z)’
cosx  2cos’z 2 2 4/0
/ dx sin x n-2 / dx
= + ,n>1.
cos"x (n—1)cos"lx mn-1) cos"?Zyx
/ rdx Z 2n-2)2n—-4)...2n-2k+2) (2n —2k)xsinz —cosx
cos? g Cn-1)2n-3)...2n -2k +3) 2n -2k + 1)(2n — 2k) cos?—2k+1 g
2n-1 1!
ﬁ (x tan z + In |cos xl).
in|(b-— in|(b+
/cos axr cosbxr dx = sz[zb - Z;x} SIHZ[Eb " Z;x] , a# *b.
(G, — b) tan(x/Z) . 2 )
arctan if a= > b,
/ dx )V a?— va?-b?
a+bcosz 1 \/ —a2+(b a)tan(z/2) B o
V2 VP2 - (b-a) tan(a /2) '
/ : b sin x a / dx
(a +bcosz)? (bz—az)(a+bcos:z:) b2—a?2 J a+bcosx’
/ du = 1 arctan ane
a2 +brcostx a,/az_,_ 2 */a2+b2
atanx
———— arctan ——— if a2 > 12,
/ dx _ ) ava va
b coslz 1 vbz—az—atanx e 12 2
n if b= > a”.
20Vb?—a? |V —a?+atanz
ar axr b : a
/e cosbxdr =e {m sin bz + el cosbx}
ax 2 et 2 : 2
e**cos“wdr = —— | acos”z+2sinzcosz+ — |.
a’+4 a
ar n-1 -1
/ €% cos™ x da = cos (acosz +nsinz) + rn-l) T cos" 2 ¢ di.
a?+n? a? +n?

Integrals containing sin x. Notation: n =1, 2, ...

/ sin(a + bxr) dx = —% cos(a + bx).

/msinmdx:sinx—xcosa:.
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26. /xzsinxdaz:2xsinx—(m2—2)cosx.

27. / 23 sinz dz = 32 - 6)sinz — (z° — 62) cos x.

2n-2k n-1 2n-2k-1

28. / 2" sinz dz = (2n)! E(—l)’““ (;n_;zk), O ;(—mxT) sin 4

n 2n-2k+1 2n-2k

2 . 2n+l _: — 2 1 ’ _1 k+]x7 _1 kx— : )
9 /x sinxdr =(2n + )g[( ) On 2k + D)1 cosz + (—1) @n 2] sin x

30. /mp sinz dz = —zP cos x + pzP ' sinz — p(p— 1) / 2P sinz de.
31. /sinzxdﬂc=%m—%sin2x.

32. /xsinzxdx= %xz—%x sin2x — gCOSZI

33. /sin3 zdx =-cosz + % cos’ z.

n—1
. on =nH" k sin[(2n - 2k)x]
34, /sm rdr = 22n —Cr.x+ = E &) P TR

!
where CF = #—k‘)' are binomial coefficients (0! = 1).
1 — cos[(2n — 2k + 1z]
2n+1 _ n+k+1 ~k
35. /sm Tadr = 5on g_o(—l) Oy T Y
d
36. / .x :ln‘tanz .
sin 2
d
37. / - f =—cotz.
sin?
dz cos T
38. = ’t _‘
/sin3x 2sin? x an

39 / dx cosx N n-2 / dx o1
. =— , n> 1.
sin® x (n—=Dsin" 'z n-1J sin"?zx

40 / rzdr Z 2n-2)2n—-4)...2n-2k+2) sinx + (2n —2k)x cos x
’ sin?nx P Cn-12n-3)...2n -2k +3) 2n -2k + 1)(2n - 2k) sin?n-2k+1 g

2" (n-1)!
+ﬁ(ln|ﬁnﬂfl—xcotm).
. -
41. /sinax sinbx dzr = Sln;Eb—Z;z] _ Slnz[((b:;tix]’ 0% 4,
2 b+atanz/2
——— arctan ———— 0ol bz,
42 / dx _ \/m \/—b2
CJawbsine )L [0 mmwﬂ‘ s

b2 — a? b+vb2—a2+atanx/2

43 / _ bcosx N a / dx
’ (a+bsinz)> ~ (@>-b)(a+bsinz) a2-b> ) a+bsinz’

dx 1 va?+b? tanzx
44. - = arctan .
a2 +0%sinz g2 + b2 a
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Va2 -b? tanz

1
——arctan ——— if a?> b2,
. / i v arctan . if a
’ a?-bsin?z 1 Vb2 —a?tanxz +a
In if b2 > a2.
2aVb? - a2 VB2 —a2 tanx —a
46 sinx dx 1 aresin kcosx
. _— = —— n —.
V1+kZsin2z k V1+k2
inzd 1
47. Sln$=——ln]kzcosx+ l—k:zsinzac|.
V1-Ek2sin?z k
1+ k2 k
48. sinxvl+k2sin2xda¢=—cosxv1+k2sin2x— arcsinﬂ.
2 V1+k2

1 - k2
49. sinx l—kzsinzxdx=—Cozsxv1—k2sin2:z:— ln|kcosx+\/1—kzsin2x|.

ar .; axr a : b
50. /e sinbrdr =e [az_'_bzsmbx—mcosbx}.

ea® 2
51. / sin® zdx = (a sin z — 2 sin z cos x + )
a

a2+4
nn-1) .
5 > e sin™2 z dz.
at+n

Yo .
52. / sin” x dx = ﬁ(asmx—ncosx)+
a’+n

» Integrals containing sin « and cos x.

+b cos|(a—b)x
53. /sm axcosbr dx = COSZ[((5+ b))x] - 2[((a - b)) ] , a#*xb.
1 c
54. = — arct (—t )
/ b2 cos? ax + 02 si?az  abe ooy Anar
1 ctanazr +b
55. - n‘ .
b2 cos? ax — c2 sinfax 2abc |ctanaz—b
n+m-1 p2k-2amtl
56. _— m=1,2,...
/ cos g sm2m x Z - 2k m+1 0™
dr n+m 2k 2m z
57. / C0S2n+l T Sin2m+1 T = C’)?’Z:—m In |tan .Z'l + Z n+mm, n,m= 1, 2, .

» Reduction formulas. The parameters p and g below can assume any values, except for those at
which the denominators on the right-hand side vanish.

sin?! z cos?*! & L P- 1

58. / sin? x cos? xdx = — / sin? 2 z cos? z dz.

p+tq ptq
sin?*! z cos?! -1
59. /sinp zcos?! xdx = x+ x + a " / sin? z cos?? z dx.
p+q p+q
sin?! z cos?! -1
60. /sin” zcos?! xdx = EET— (sin2 T — %)
ptq p+q-
—)(g-1
+ % sin?2 x cos?? x dz.
q q-
sin?*! z cos?*! +q+2
6l. /sin” zcos?!xdx = 1 p :1_ 1 /siner2 zcos? x dx.
p p
. sinfH zcos®™' . p+qg+2 [ .
62. /smp zcos!xdy =— 1 + 2 j_ 0 /smp x cos?*? z dz.
q q


http://MiladZaman005.blogfa.com

http://MiladZaman005.blogfa.com [Danesh e Amari]

s ap-1 q+1 -1
/sinp:vcosqacdx - x:(;s x + p+1 /sinp_zmcos‘”zmdx.
q q
s pt+l q-1 -1
64. /sin”xcosqmdm _ $+C(1)S x + q+1 /sinp+2xcosq_2wdx.
p p
» Integrals containing tan = and cot x.
65. /tanm dx = —1Injcos z|.
66. /tan rdr =tanz —x.
67. /tan rdx = —tan z + In|cos z|.
i " ( l)k:(tanw)Zn—ZkH _
68. /tan zdr =(1)"z Z i ] "=h2
n .
(—l)k(tan x)Zn—2k+2
69. [ tan*"*' xdx = (-1)"*'1 - , o n=1,2,...
/an D n|[cos x| ; YR n
70. /CH_btanx:a2+b2(ax+bln|acosx+bsinx|).

71 tanz dz ! arccos(Pcosx), b>a, b>0.
\/a+btana: Vb-a b

cotx dx = In|sin z|.
cot’> x dx = —cotx — .

cot’ xdx = —2 cot® x —In [sin z|.

k 2n-2k+1
75. /cotznacdx—( 1)"$+Z( 1)”(cotz) , n=1,2,...

2n-2k+1

( l)k(COt I)Zn—2k+2
2n-2k+2

COtZ"HIdx_( 1)"1n|s1na:|+z n=1,2,...

= ar—-blnlasinz +bcosx|).
a+bcota: a2+b2( | l)

2.7. Integrals Containing Inverse Trigonometric
Functions

. T .
1. arcsin — dx = z arcsin — + Va? — 22.
a a
2 2
2. (arcsm —) dr=2x (arcsm —) —2x +2Va? - z? arcsin —.
a a a
LT 1 2 3 5
3. r arcsin — dx = Z(Zx )arcsm + ) a® — 2.
a

3
. T T Cox 1
4, /112 arcsin — dx = 3 arcsin — + §(x2 +2aHVa? - 22
a a
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5. /arccosEdm:xarccosf—v(ﬂ—xz.

a a

2 A2

6. /(arccos E) d:c:x(arccos £) _22-2vVa? — 22 arccos 2.

a a a

1

7. /xarccos L da = Z(Z:c2—az)arccosE - %\/az—x?

a a

’;
T x z 1
8. /:cz arccos — dx = - arceos — — §(x2 +2a*)Va? - 22,
a a

9.

—

x T a
arctan — dx = x arctan — — > In(a? + 22).
a a

T 1 T azx
10. zarctan — dz = — (2% + a®) arctan — — —.
a 2 a 2
3 2 3
x x r ax a
11. x? arctan = dx = —— arctan = — —— + — In(a® + 2°).
a a 6 6

x T a
arccot — dx = x arccot — + 5 In(a® + 22).
a a

2
— e — — —

T 1 T ax
13. xarccot = dz = —(22 + a*) arccot — + —.
a 2 a 2
3 2 3
T T r  arc a
14. 22 arccot = dx = = arccot = + —— — — In(a” + z°).
a 3 a 6 6

@ References for Supplement 2: H. B. Dwight (1961), 1. S. Gradshteyn and 1. M. Ryzhik (1980), A. P. Prudnikov,
Yu. A. Brychkov, and O. I. Marichev (1986, 1988).
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Supplement 3

Tables of Definite Integrals

Throughout Supplement 3 it is assumed that n is a positive integer, unless otherwise specified.

3.1. Integrals Containing Power-Law Functions

o0
1. .
/0 aa:2+b 2vab
2. /OO fg‘"
0 $+1

Vg da . "L (-F
/0“1 =(-1) [mz Z - }

k=1

oo a—ld
4 / T _ O<a<l.
0 z+1 31n(7ra)

s m(1=X)
5. - . 0<A<2.
/0 Araz? ~ arsinrn)’ S

6 /1 dzx B
" Jo a2+2xcosf+1 2sin8’
/1 (:c“+a:’”) dr  mwsin(af)
0

x2+2xcosB+1  sin(ra)sin 3’

=~

lal <1, B#Qn+ .

g /°° 22 dx B m(a™ - M)
" Jo @+a)z+b)  (b—a)sin(mN)’

* 2 Mz +c)dx ™ a-c 4, b-c

= g 1), 0<A<l.

/O (@ +a)(x +b) sin(7r)\)<a—ba T h-a ) SAS
* prdr  wA1-)N)

10. = -1 2.

0 /0 @r 1P - Zsingy AT

1 /OO M dx B ﬂ'(bA’z - ak’2)

o @)@ +b)  2(a-b?) sin(mA/2)]

1
1 -
12. /m“(l—x)l’“dx:ﬂa_( D <l
0 2 sin(wa)

O0<A<?2.

e

0< <4

1
d»
13. / T - T o<a<l
o r¥(1-x)-¢  sin(ra)
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U gade Ta
14. = — , —l<ax<l.
o (I-2)* sin(ma)

1
_ _ T(p)I'(q)
15. / 2P ' (1-2)% de = B(p,q) = ——=, p,q>0.
A q T(p+q) b.q
1
16. / xp_l(l—xq)_p/qd:n=#, g>p>0.
0 gsin(mp/q)
1
17. / £Ep+q—1(1_gcq)—p/q dr = #, q>p.
0 q*sin(mp/q)
1
18. / g/t VP e = — T s g>0.
0 gsin(m/p)
I p-1_ .—p
19. / :”l—x da = 7 cot(rp), Ipl< 1.
0 -z
I p-1_ .—p
20. /x L dr=—— ppl<l
0 1+z sin(7p)
Lop_ pp 1
21. / T dr == —weot(np), Ipl< 1.
o x-—1 D
L p_ —p
2. /“T =T <l
o l+z p  sin(mp)
1 . 1+p 1-p
P -z s ™ 1
23. ———dr = — t(—)——, 1.
/0 2 T 5 co > » Ip| <
1 1+p _ ,.1-p
24. / L ML DY)
o 14z p  2sin(mp/2)
0 mp—l _mq—l
25. [, 4z =rleot(mp) —cot(mq)l,  p,q>0.
o _
1
2
26. / dv = — arctan a.
0 V(1 +a2x)(1-2)

1
1
27./ dz L Irae
0o V(-a2x)(l-2) a l-a
! dx

T

28. / = , l<a.

g (a-2)V1-22 Va?-1

|

"™ dx 2@2n)!!

29. = s =1,2,...

o Viz Cn+npn "

1 n-1/2 -
30, T dx _ 7 (2n 1)..’ “12 ..

o Vi-z @n)!!

1 2

" 1-3...2n-1

31. vide 3..Cn=D 1

T
o Vi-z2 2 2-4..2n) °
b g2n+l gy 2-4...(2n)

32. = L on=1,2,...
o Vic? 1-3..Cn+n "

o Al TC}
. S N S A 1.
33 /0 Trany™ = Y Xy O<A<nt
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° ™ dx (2n —2m - 3)!! am-n+1/2
4. =2m+1 ' b
3 /0 (a+bx)"+1/2 m (271—1)” bm+l B a, >O,
nm=1,2,..., m<b—%.
g T n-3) 1
. = =1,2,...
35 /0 @+ad)r 2 Qn-h gt TS
® (g + M 1—a
36. 2T dr= , 0.
/0 @i T xaoy 47
1 -1
M dx T
37. = ., 0<A<l1,a>-l.
/0(1+a1:)(1—a:))‘ A +apsin(ry)’ =07
1 A-1/2 g in[(2)\ — D]
X X Sin
38. — =272 (A + D)I(1 = A cosP k= k = arct :
(1 +ax)*(1-x)* T (+ )1 ) cos A =1)sink arctan va
-1<x<la>0.
o po-l dy T
39. = , O0<a<hbh.
/0 D1 bsintmahy’ ¢
gzl dy m(a—b)
40. = , 2.
/0 @+ 12 Psinlna—bb "
o pAM2y oA\ =1/2)
41. —_— = b = A>0.
/0 @ +a) (@ + b Vr(Va+ V) iNe)) >
Rl L msin A Ta T
42. “ldy = A= — = b )
/0 11— " v bsin C'sin(4 + C)’ b’ ¢ b’ atec<d, c>0
o pa-ldy
43. /0 m:%B(%a,l—b—%a), %a+b<l, a>0.
oo g2m 2m — D! (2n—=2m =3
44 / 1‘2 & =7T(m 1 @n =2m - 3) , a,b>0, n>m+1.
o (az?+b)n 2(2n =2 ambr=m-1/gb
o 2l dy m!(n—-m-2)!
45. = , ab>0, 1>1.
/0 @2+ 2= Dlgmriprmic W05 neme
o gl gy 1 1 U
46. - B(—, ——), 0, 0 .
_/0 (1 +azP)”  pam/P D v D p> <p<pv
) n+l
47. / (Vx2+a2—:v) dmz%, n=2,3,...
n
48. = , =2,3,...
/ x2+a2) a™(n?-1) "
n,m!an+m+l
49 m 2 2_ d — ’
/ @ +a?-z)" do n-m-Dn-m+1).. m+m+1)
n,m —1 2, , 0<m<n=-2
mdw n-m!
50. , n=2,3,...
/ I2+a2) (n—m—l)(n—m+1)...(n+m+I)a”*m*1 "

3.2. Integrals Containing Exponential Functions

> 1
1. / e®dr=—, a>0.
0 a
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! n! “nl 1
2. z"e ™ dx = —e* — " a>0, n=1,2,...
0

ant! k! an—k+l ’
k=0 '

o0
_ n!
3. e ®dr=———, a>0, n=12,...
0 an+1

OOe—ar T
4 dr=4/—, > 0.
/0 NG T o a
> I
5. / m”’le’“zdx=¥, v > 0.
0
o [t
) 0 1+eax_ a ’
o] 2n1 2n B,
7. / dx_( 1)"1( ) Do 21,2, ... (B, are the Bernoulli numbers).
0 err P 4n
oo 2n—1d 2n |B
8. / - 212”)( ) Banl 0
o ePrr+1 4n
P dg s
9. = , >p>0 0>p>q.
/oo l+e9  gsin(mp/q) q=p or P-4
oo a1+ —ax
10. / eb +eb dr = 7T7m , b>a.
o ebr4ede 2% (_)
cos %
00 L, —pT _ ,qT
11. / € € dr = il cot 7rp’ p,q>0.
o l—eftpror p+q  p+gq
> 1
12./ 1—eb® ’“Idm——B(— y+1)
0 ( ) go\p’
> 1 /=
13. —azt)dr=—=,/—, a>0.
/Oexp(ax)sc W
1, [ g 2 dg = 0, n=1,2
. x exp(—ax) IE—W, a>0, n=1,242, ...
0
o0 3...Qn-/x
2n 2
15. / T exp(—a:r)dx: Snrlgnil/2 R >0, n=1,2,
0
) b2
16. / exp(-a’2® + bz) da = \|/7|_T xp(—).
o0 , b 1 v
17. exp(—ax —F)dxzz Eexp( 2 ) a,b>0.
0
> 1 1
18. / exp(-a?) do=-T(—), a>0
0 a a

3.3. Integrals Containing Hyperbolic Functions

1 /Oo dv 7@
" Jo coshax  2lal’

2 2

2 arctan —¢ if o] > |a]
5 /°° dx _ V2 —a? a+b ’
" Jo a+bcoshz 1 a+b+va?-b?

In if 1] < [al.
Vai-b0 a+b-Var+b?
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0 21 o T\ 2n+l
= Fsl, > 0.
/ coshazx (2@) 1Eonl,a

2n 2n
(27 -2)
4. = By, a>0.
/o cosh2 cwc aa)?” |Banl
> coshaa: T
5. / b > |al.
o cosh bx 2b (77@)
cos %
°° ,,coshax T d* 1
6. . b>la, n=1,2,...
A @ cosh ba: = 2b da?n cos( 7Ta/b) > lal "
cos(La) cos(ﬂ—b)
. /oo cosh ax cosh bz d = T 2% 2 es a4 bl
0 cosh(cx) c ( Ta ) ( b )
cos( — ) +cos( —
c c
00 2
8. / rdr _ T s,
o sinhax 2a
9 /°° dx B 1 n a+b+Vaz+b? b0
" Jo a+bsinhz V@24 B2  a+b-Va2+02 ¢ .

*° sinh az s Ta
10. smhar g ¢ ( ) b > lal.
/0 sinhbz 0 20 "\ 20 > lal

fe%e] inh d2n
1. / g2 3 axdx=l—tan(;—2), b>la, n=1,2 ...
0

sinh bz 20 dx2n
° xZn 7T2n
12. do = Bl a>0.
\/0 Sinh2 ax q2n+l | Banl

3.4. Integrals Containing Logarithmic Functions

1
1. /xa_lln"xdz=(—1)"n!a_”_1, a>0, n=12,...
0

1 2
Inz T

do=-".

/0 417712

1 n n k
2" Inz T (Y]
=(1)"! +§ =1,2, ...
/0x+lx() [12 kZ]’” T

k=1

et

L -1 1 -1
4. / B e = ™ [Ina-mcot(rp)], O<p<l.
0o T+a sin(7 )

1
5. /llnxl“dw:I‘(u+l), w>-1.
0

> s
6. /O x“_lln(1+ao:)dx=m, -1<pu<0.
7 /le"lln(lm)dx:ii 1)“ =12
A P L2,
1 2n+1 k
8. /Oxznln(1+x)d:l:— { +Z( 1)] =0, 1,...
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1 n n k
_ 2In2 4(-1) D
n-1/2 - — =
9. / In(1 + z) dx 2n+1+2n+1{ﬂ g:o il n=1,2,...

/0 b2+ 2d:)s w(a-b), a,b>0.

/ 2P 1n z 72 cos(mp/q)
0

r=———""" 0<p<q.
14z q? sin*(mp/q) p=q

12. /e‘”lnxdw:——(C+lnu) w>0, C=0.5772...
0

3.5. Integrals Containing Trigonometric Functions

/2 r1-3...2n-1)
1. Mopdp = ——2 T ) =12,
/0 oS = T A (20
/2 2:4...02
2. / cosz'”l:vda?:#, n=12,...
) 1-3...Qn+1)

w/2

"o de = §(n—2k+1)(n—2k+3)...(n_1) 1
reos e n-2k)(n-2k+2)...n n—2k

S—

_ "
MmN .
2 2m—D! _ 1
”o@m-Dl MEhs
8 @amn T
™ z T " 2n=2k-DNQRk=D! sa+b\F
= , bl.
/0 (a + bcos )™ 2”(a+b)”\/—a2—b2; (n—k)! k! (a—b) a> o
> cosax Jis
5. dz = | —, 0.
| NG T 0 a>
6. / oS ar = coS b CObedx:ln’é, ab #0.
X a
7 / cos ax — cos bx cosbx 7r(b W, ab>0.
0

8. / x“lcosaxdx—a”F(u)cos(é p), a>0, O<pu<l.
0

9. /OOO Z;iéfz zlbe_ab, a,b>0.

10. 000 ;fiii dr = Z\b/g exp(—%) [COS(%) +sin<a7bz>}, a,b>0.
1. /Ooo (b‘;‘fi‘;f)z d 4b3(1 +ab)e®,  a,b>0.

o [ e = g e

13. / cos(a:vz)d:v=l T a>0.
0
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_T/p) T

8

14. /0 cos(az®) dx = Dalln cos%, a>0, p>1.
/2 71:3...2n-1)
15. in"rder=——"_" n=12,...
/0 S = S T A (2
6 /”/2 omel 2-4...2n) L)
. sin”lode=—"""_ n=1,2,...
A 1-3...2n+1)
17. / smar dx:%signa.
0 X
oo 2
18. AT e = Zal.
0 .Tz 2
> sinax T
19. dr =/ —, > 0.
/0 NG v 270 ¢
T 2
20 sint pdy = —— LW+ D >_1
: Al N2 M .
0 [T(n+3)]
21. /0 " 'sinaxdr = a*T(wsin(37p), a>0, O<p<l.
2 /”/2 sinzx dx 1 I 1+k
. — = —In——70.
o V1-K?sin2z 2k  1-k
> 1 |/«
23, i Nde = =] —, 0.
/0 sin(as?) do = 31/ 2 a>
> I'a
24. / sin(aa?) da = (1/p)sinl, a>0, p>1.
0 pal/r " 2p
71’/2 ' '
25. / sinzn”xcoszm”xdx:$, n,m=1,2,...
0 2m+m+1)!
w/2
26. / sinp_lzcosq_lxd:c=%B(%p,%q).
0
27
2n— ! ,
27. /0 (asinx+bcosm)2"dx=2W%(a2+b2)n, n=1,2,...
° sin x cos ax 3 dflal<l,
28. / IR dr =4 T ifjal=1,
x
0 0 if 1<]al.

i sinx dz 2 if 0<a<l,
29. = .
0o Va*+1-2acoszx 2/a if 1<a.

>t
30. / anax dz = r sign a.
0 X 2

/2
31. tanz)™ dr = —————, |\ < L.
/0 (tan ) * 2COS(%7T)\) o
o b
32. / e sinbxdx:ﬁ, a>0.
0 a +b
33. /0 e cosbx dr = m, a>0.
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o 1 /= b2
2 - — J— —_—
34. /0 exp(-az®) cos ba dx = 5\ g exp( 4a)'
[e%s} 2 2
35. / cos(aa:z) cosbrdr = l cos b— + sin b— , a,b>0.
0 V 8a 4a a
° . ) 5 1 /n a?
36. (cosax +sinax)cos(b"z")dx = —/ —exp| —=— ], a,b>0.
0 b\ 8 2b

[e’e] 1 2
37. /0 [cos az + sin az] sin(b*z?) da = 71 / % exp (—%), a,b>0.

@ References for Supplement 3: H. B. Dwight (1961), 1. S. Gradshteyn and I. M. Ryzhik (1980), A. P. Prudnikov,
Yu. A. Brychkov, and O. I. Marichev (1986, 1988).


http://MiladZaman005.blogfa.com

http://MiladZaman005.blogfa.com

Supplement 4

[Danesh e Amari]

Tables of Laplace Transforms

4.1. General Formulas

No Original function, f(x) Laplace transform, f(p) = / - eP? f(x)dx
0
1| afi(@)+bfr(x) afi(p)+bfr(p)
2| fz/a), a>0 af(ap)
0 if 0<z<a, —ap F
3 {f(a:—a) if a<ua, 1@
dn -
4 | 2"f(x); n=1,2,... =nH" D I
5| L / F(@)dg
x p
6 | e f@) fo-a)
7 | sinh(az)f(x) 1 [f@-a) -+ a)]
8 | cosh(az)f(x) -+ fp+a)
9 | sin(wz)f(z) ~L[fp-iw) - flp+ Zw)]

10 | cos(wx)f(x)

— ole.

fp—iw)+ fp+ zw)]

1
2

11 | f(@?

> 2
ﬁ/o exp 4t2)f(t)dt

1
12 x“‘lf(—), a>-1
X

/ (/) ], (2/pE) Fit) dt
0

13 | f(asinhz), a>0

/ - Jy(at) f(t) dt
0

14 | f(x+a)= f(x) (periodic function)

/ f(x)e™P* da

— e

fx+a)=—f(2)

15 (antiperiodic function)

16 | fo(@)

pf) - f (+0)

17 | f()

P i)=Y p" D 0)

k=1
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No Original function, f(x) Laplace transform, f(p) = / - eP? f(x)dx
0
18 xmf(")(;v) mzn (—i>m[pnf(l7)]
T ’ dp
n dm
19 | Lo i@y, m2n D" @)
dxz™
20 / f(t)dt J®
0 p
xr 1 -
o1 / (@-f M dt — Fo)
0 D
» / @ty fydt,  v>-1 P+ Dy fp)
0
2 / ¢ (1) dt _—
0 p+a
24 /r sinh [a(w —t)] f@)dt %
0 pT—a
25 / sin[a(z — )] (1) dt /@)
0 PP +a
2% / Fit) ety dt )
1 [~
27 / L by | Fada
D Jp
1 (7.
2 / Lo L / F@)dg
x p 0
NS
P 2 d -~ _
2 /O 7 sin(2v/at) oy pﬁf(p)
1> N
30 7/ cos 2\/_ f(t)dt %f(;>
1 -
31 / )f(t)dt /)
2 .
32 /O 2\/5 ( E)f(t)dt F(Vp)
33 f(x)—a/ f(Va2=t2)Jy(at)dt f(\/p2+a2)
0
34 f(x)+a/ f(Va2 =) Ii(at)dt f(Vp*-a?)
0
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4.2. Expressions With Power-Law Functions

No Original function, f(x) Laplace transform, f(p) = / e P f(x)dx
0
1
111 —
p
0 if0<z<a, 1
2 1 ifa<z<b, — (e —etP)
0 if b<a. p
3| !
e
1 e
4 —e? Ei(-ap)
T+a
n n!
5| x”, n=1,2, o
1-3...2n-1)y/7
6 xn—l/Z n=1,2, an()wrl/z )\/_
1
7 Jita 1/ %eap erfc(./ap)
8 v 1/z—ﬂ' ae erfc(\/ap)
r+a p
9 | (z+a)? 2a7"/2 —2(np)!/?eP exfe(\/ap )
10 | 2"z +a)™ (n/p)'/? —ma'?e? exfe(y/ap)
11| 2%z +a) wa/?e? erfe(y/ap)
12 | ¥, v>-1 L+ ™!
13 | (z+a), v>-1 p"”le’“pf‘(zx + 1, ap)
14 | 2@ +a)™, v>-1 ke®T(—v, ap), k=a"Tw+1)
15 | (@2 +2a2)" 2z +a) ae K (ap)
4.3. Expressions With Exponential Functions
No Original function, f(x) Laplace transform, f(p) = / e P f(x)dx
0
1| e (p+ a)’1
2 | ze®® (p+a)?
3| gvleom, v>0 F@)yp+a)™
4 1 (e — ) In(p + b) — In(p + a)
T
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No Original function, f(x) Laplace transform, f(p) = / eP? f(x)dx
0
5 iz(l—e"”)2 (p+2a)In(p+2a)+plnp-2(p+a)ln(p +a)
x
6 exp(—ag;Z), a>0 (mh)! /2 eXp(bpz) erfc(p\/g), o= %
7 | zexp(-az?) 2b— 2720 *perfe(pvb),  a= %
8 | exp(-a/x), a>0 2v/a/pKi(2\/ap)
9 | Vzexp(-a/z), a>0 %\/w/p3(1+2\/@)exp(—2\/@)
1
10 ﬁexp(—a/x), a>0 \/w/pexp(—Z\/@)
11 . exp(-a/x), a>0 V/m/aexp(-2y/ap)
12 | 2" ' exp(-a/x), a>0 2(a/p)”/2K,, (2\/@)
13 | exp(-2vaz) p = ()2 2e/P erfe(v/a/p)
1
14 7 exp(-2v/ax ) (m/p)\/?e?/P erfe(v/a/p)
4.4. Expressions With Hyperbolic Functions
No Original function, f(x) Laplace transform, f(p) = / e P f(x)dx
0
] a
1 | sinh(ax) m
. 24>
2 | sinh“(ax) —p3 “4a?p
1 . 1, p+a
3 = sinh(az) 5 In P
4 | 2 'sinh(az), v>-1 LW - -(p+a)™”]
5 | sinh (2@) ;/g /P
6 | vxsinh(2v/az) Wl/zp_s/z(%p+a)ea/perf( a/p)—al/zp_2
1
7 7 sinh(2v/ax ) 7 /2p1/2e0/P erf(\/a/p)
|
8 ﬁsmh%\/@) %W1/2p—1/2(ea/p_1)
p
9 | cosh(ax) -
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No Original function, f(x) Laplace transform, fp) = / eP? f(x)dx
0
2 2
p-=2a
10 2 ——
cosh”(azx) P —da?p
11 | 2" cosh(az), v>0 LW [p-a)” +@+a)™]
1 ma
12 | cosh(2+/ax —+ X ev/Perf(\a/p
(2var) L Tl e (/o)
13 | vz cosh(2v/ax) 7 2p2 (Lp +a)e/P
1
14 cosh(2v/ax) 7121/ 20/p
1
15 %Coshz(\/am) %Wl/zp-l/Z(ea/P+ 1)
4.5. Expressions With Logarithmic Functions
- o0
No Original function, f(x) Laplace transform, f(p) = / e P f(x)dx
0
1
1 ne ——(np+0C),
C =0.5772... is the Euler constant
1
2 | In(1 + ax) —;e”/  Ei(—p/a)
1 .
3 | In(x+a) — [ln a—e? El(—ap)]
p
n!
4 | z"Inzx, n=1,2,... n+l(1+%+%+-~-+%—lnp—6),
C =0.5772... is the Euler constant
1
S| 7 Inz —/7/p [In(4p) +C]
pT’;/z[2+ 2+2+-+ 52 —In(dp)-C|,
6 | 2"z, n=1,2,... T
kn=1 -3~5...(2n—1)2—n, C=0.5772...
7| 2 e, w0 F(z{)p . [1/}(1/) - lnp], P(v) is the logarithmic
derivative of the gamma function
1
8 | (Inz)? —[nz+C)* + tx?], C€=0.5772...
p
1
9| e ing nrarC o5

pta
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4.6. Expressions With Trigonometric Functions

No Original function, f(x) Laplace transform, f(p) = / eP? f(x)dx
0
] a
1 | sin(ax) 2 +a?
. a P
2 | |sin(az)l, a>0 PR coth(g)
3 o L2 a®"(2n)!
sin™(az), HEL L p[p? + 2a)?] [P + 4a)?] ... [p* + (2na)?]
4 ol Lo a®™ 1 2n + D!
sin™™ (az), EL S [pz + az] [pz + 32a2] ... [pz +(2n+ 1)2a2]
p! k 2kt 2kl
5 | #"sin(az), n=1,2, ... Fra) PR e ( )
(p 0<2k<n
1 a
6 | — sin(ax) arctan(—)
x p
1
7 p sin?(ax) % ln(l + 4a2p’2)
8 iz sin’(ax) aarctan(2a/p) — 1pIn(1 +4a’p™?)
x
. Ta _
9 | sin(2vax e /P
(2var) oo
1
10 | —sin(2v/az) merf(y/a/p)
T
p
11 | cos(ax) m
2 2
) P+ 2a
12 | cos“(ax) 7]) (p2 n 4a2)
nlp™! koo (@)
13 | z" cos(ax), n=1,2,... T il =D"Cri <—)
(P +a?)" 0S2k§z+1 p
1
14 | —[1-cos(az)] 1In(1+a’p?)
x
1 1 P+
15 = [cos(az) — cos(bx)] 5 In o
16 | Vzcos(2v/ax) 17l2p2(p — 2a)e~/P
1
17 %cos(Zx/ax) r/pe /P
. . 2abp
18 | sin(ax) sin(bx)

[p2 +(a+ b)z] [pz +(a - b)z]

19

cos(ax) sin(bx)

b(p2 —a®+ bz)
[p? + (a +b)?] [p? + (a—b)?]
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No Original function, f(x) Laplace transform, f(p) = / eP? f(x)dx
0
p(p2 +a’+ bz)
20 | cos(ax)cos(br) [p2 Tt b)z] [pz s b)z]
21 ar cos(aac)z— sin(ax) parctan a “
x x
a
22 | " sin(ax) G-t
. p-b
23 | b cos(ax) m
. . 2a%p
24 | sin(ax)sinh(ax) m
2 2
25 | sin(ax)cosh(ax) %
2 2
26 | cos(az)sinh(az) %
P a
»
27 | cos(ax)cosh(ax) R
4.7. Expressions With Special Functions
No Original function, f(x) Laplace transform, f(p) = / eP? f(x)dx
0
1 2 5 1
1 | erf(ax) — exp(b°p?) erfc(bp), b= —
p 2a
Vva
2 f
erf (v/ax ) PGS
3 | e erf (\/@ ) %
1
4 | ert(lv/arz) [1-exp(-vap)]
5 | erfe(var) S
1
axr f
6 | e erfe(vax) P+ vap
1
7| erfe(3v/a/z) Eexp(—\/@)
8 | Ci(x) % In(p? + 1)



http://MiladZaman005.blogfa.com

http://MiladZaman005.blogfa.com [Danesh e Amari]

No Original function, f(x) Laplace transform, f(p) = / eP? f(x)dx
0
. 1
9 | Si(x) — arccot p
p
. 1
10 | Ei(-z) - In(p+ 1)
7 1
11 b(ax) \/m

12 | Ju(ax), v>-1

aV

V@ /e

13 | z"J,(ax), n=1,2,...

1-3-5...2n- l)an(pZ + az)fn—l/z

22 | 2", (ax), v>-1

14 | z"J,(ax), V> —% 2V7T_1/2F(l/ + %)ay (pz + ag)—u—l/Z
15 | @ J(az),  v>-1 27T (14 3)avp(pP + )
16 | Jo(2v/ax) %e—a/p
17 | Vadi(2vaz) gea/p
18 x”/le,(Z\/ﬁ>, v>—1 aV/Zp—I/—le—a/p
1

19 IQ(CLSL‘) p2 _az

I 1 a”
20 | I (ax), v>— \/zm(p+ o
21 | z"I,(ax), l/>—% 2U7T71/2F(V+ %)ay(pz_az)—u—l/Z

-v-3/2

2V+17T71/21—1(V + %)aup(pZ _az)

23 10(2\/@) Eea/p
L ax n e/ -
| &h (2vaz) \/5( 1)

25 | 2"’I,(2Vaz),  v>-1

au/2p—u—lea/p

_ 2 Arsinh(p/a)

26 | Yo(ax) - W
2 42 _
27 | Koz In (p +\/p*—a ) Ina

@ References for Supplement 4: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), V. A. Ditkin and

A. P. Prudnikov (1965).
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Tables of Inverse Laplace Transforms

5.1. General Formulas

No Laplace transform, f(p)

1 c+i00 5
Inverse transform, f(z) = i / eP* f(p)dp
T Jcjoo

1| fp+a)

e f(x)

2 | f(ap), a>0

()

3| flap+b), a>0

zo0(52) (7)

4 | fp-a)+ f(p+a) 2f(z) cosh(azx)
fp-—a)- f(p+a) 2f(z) sinh(ax)
—ap F 0 if 0<zx<a,
6| i), az0 {f(a:—a) if <.
7 | pf(p) dj;(x), if £(+0) = 0
X
1 - x
8 | —f(p / f@t)dt
p 0
1 7 —ax * at
9 p+af(p) e /0 e ft) dt
1 . T
10 | =/ / (x—t)ft)dt
p 0
f(p) l /$ _ pa(z-t)
11 T ., [1—e™™ D] f(t) dt
f(p) /l _ —a(z—t)
12 Gt aP A (z-t)e f@)dt
i) 1 / T aat)  —b(a-t)
13 P oo ), e e @] ft) dt
F@) 1 / o) o Trr
14 DT+ b ), e s1n[b(x t)]f(t) dt

1 -
15 p—nf(p), n=1,2,...

1

! n-1
0 | @

16 | fip)falp)

/o fi®) fa(z =) dt
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No Laplace transform, f(p) Inverse transform, f(z) = 2%” / clmo eP® F(p) dp
17 —f cos(2\/_) ot
N ( ) A f@®)
Ll = sin(2Vat )
18 p\/ﬁf(p> /O N — L f(t)dt
1 /1
19| St/ (5) / (/1) Jo, 2Vt ) f(£) dt
1./1 %
20 ;f(;) /0 Jo(2V/at ) £(b) dt
21 lf(p+l) /Jo (2Vat—12) f(t)dt
p P 0
» | f(p+—) / ( le, (2Vaxt —af?) f(t) dt
p 0
23 | F(vD) / exp( ——) Fdt
1 .
24 %f(ﬁ) \/ﬁ/o exp —E)f(t)dt
25 | f(p+vp) / - exp| - £ |rwar
2y7 Jo (w—1)3/2 4(z-1)
26 | [(VPP+a?) f(z)—a/ F(Va?—12)Jy(at) dt
0
27 | f(Vp?-a?) f(a:)+a/zf(\/a:z—tz)ll(at)dt
0
f( p2+a2) x
28 W /(; J() (a V2 —t2 )f(t) dt
F(/m2 _ 42 x
29 Ip-a) / Io(aVa? —12) f(¢) dt
p*—a? 0
0 | F(Vorar-) €97 f() + b7 / F(VE =2 )bt dt
0
5 00 pt-1
31| Fanp) /0 F f
1. ot
3 | -y | raspro
33 | fp—ia)+ f(p+ia), i*=- 2 f(x) cos(ax)
34 | i[f(p-ia)- fp+ia)], ¥ =- 2 f(x) sin(ax)
35 m —x f(x)
dp
36 | L@ ()" f(x)
dp™
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No

Laplace transform, f(p)

1 c+i00 5
Inverse transform, f(z)= — / eP* f(p)dp

278 Jelioo
) o
37 | p pm >n -1 w[m f(x)]
38 / f(@)dgq lf(g;)
P T
1 P oo t
39| — [ Fadg / K0 gy
0 x
1 [ . z
40 | — f@)dq / @ dt
P 0
5.2. Expressions With Rational Functions
No Laplace transform, f(p) Inverse transform, f(x) = 2%” / . eP* f(p) dp
1
L . 1
p
1
2 e oz
p+a
1
3 F xT
4 1 1 —-ax
p(p +a) —(1-e")
1
> (p+a)? re
p 1 —axr
6 (p + a)? (1-ax)e
1
7 P é sinh(ax)
P h
8 P cosh(ax)
! 1 —bx —ax
? | wrawth =< )
L 1 -ar —bx
0] Grap+n gl b
1 1
11 m - sin(ax)
_pr
12 P+ @ cos(ax)
! 1 -bx L3
13 m Ee sin(ax)
__r . b .
14 (p+0)2 +a? € [cos(ao:) — Sln(ax)]
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No Laplace transform, f(p) Inverse transform, f(z) = 2%” / . eP® f(p) dp
1
15 p—3 %xz
1 1 ax
16 2+ a) g(e +az—1)
1 1 ax -bx
7 Soram+b ey (@ bHbe T —ae™)
1 1 —axr ax
18 m E(l—e —axe )
19 1 (c=b)e ™ + (a—c)e ™ + (b—a)e
(p+a)p+b(p+c) (a-b)b-c)c—-a)
20 p a(b - 0)e™ + b(c—a)e™® + c(a — b)e™c®
(p+a)p+b)p+o) (a—b)(b—c)(c—a)
)1 P a(c-b)e " + b2 (a - c)e ™ + (b - a)e™*
p+a)p+b)(p+c) (a—-b)(b-c)c—a)
1 1 —ax —bx —bx
22 —(p+a)(p+b)2 L [e —e "+ (a-b)re ]
p ! —-ax —bx
23 (p + a)(p + b)2 (0,—— b)2 {—ae + [a + b(b— G,).’L'] e }
2 1
p 2 _-ax _ 2 —bx
24 m @ b? [a e +b(b-2a-b"x + abx)e ]
25 1 Ly2ean
(p+a)? 2
p
26 (D +a)y z(1-faz)e™®
27 P (l —2ax + ia2x2)e‘“
(p+a)’ :
1 1
28 W ) [1 - COS(al‘)]
1 1 —-bx b :
29 m pra 1-¢ [cos(aa:) + o sm(aa:)}
1 —-axr a .
30 W PR [e + n sin(bx) — COS(bx)}
p 1
31 Pro@ ) P [~ae™** + a cos(bx) + bsin(b)]
P’ 1 ar
32 m L+ |:Cl2€ —ab Sll’l(bl‘) + b2 COS(bZ‘)]
1 1
- ax _ _—  _ax/2 _ .
3 : 1 : 3¢ 3¢ [cos(ka) \/gsm(kx)},
pita k= lav3
1
_ —ar , ~ _ax/2 .
34 . f — 3 + 3 e [cos(kx) +V3 sm(lm)] ,
p k= %a\/g
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» Trigonometric functions of multiple arguments

cos2z =2cos’x—1=1-2sin’z, sin2x = 2sinx cos x,
cos3x = -3cosz +4cos’z, sin3z = 3sinz —4sin’ z,
cosdx = 1—8cos®z +8cos? T, sindx =4 cosz (sinx —2 sin’ ),

cos5x =5cosx—20cos’ z+16cos’ z, sin5x = 5sinz —20 sin® z + 16 sin’ T,

n2-1)...[n2—(k—1)2]4k

2k)! in**

s

x’

n 2
cos@nz) = 1+ (-D)F" (

k=1

cos[(2n+1)x] = cosx {1+i(—l)k [@n+ D>~ 1@+ D*-37.. [@n+1)-@hk-1)] sin?* w}

2 2k)!
n 2 1yr2_ 2 212

sin(2nz) = 2n.cos & {sin z+ > (P (n 1)(”( : k:z—)l')'! KD 2kt |
k=1

" 2n+1
sin[(2n+1)z] = (2n+1){sin e+ (D [(2n
k=1
2tan 3tanz —tan’ 4tanx —4tan’ x

tan 2x = — tan 3x = — tandx =
1 —-tan- x 1-3tan“x

2k+1)!

l1-6tan’z +tan* 2
» Trigonometric functions of half argument

,x l—cosx ,* l+cosz

sin — = —— cos” —
2 2 ’ 2 2 ’
T sin 1-cosz T sinx 1+cosx
tan — = = - , cot— = = -
2 1+cosx sinx 2 1-cosx sinx
) 2tan % 1-tan® £ 2tan ¥
Slnl‘=7”, COS$=7”, tanx=7”
1 +tan” 2 1 + tan 5 1 —tan” 5

» Euler and de Moivre formulas. Relationship with hyperbolic functions

eVt = eY(cosx +isinz), (cosz +isinz)” =cos(nz)+isin(nx), i =-1,

sin(¢4x) = ¢sinhx, cos(ixz)=coshx, tan(ix)=itanhz, cot(iz)=—icothz.

» Differentiation formulas

dsinx dcoszx . dtanx 1 dcotx 1
=coszT =—sinx = =_— .
dz ’ x ’ dz cos?z’ dz sin?

» Expansion into power series

2?2 at 2
COSI=1—2—!+4—!—H+"' (|I|<OO),
I’3 IS 1'7
51nx=1:——!+§—7+~-- (|| < 0),
3 220 1727
t =r+—+—+ + <7/2),
e =c+ = 5t 313 (x|l < 7/2)
1 3208
cotwr=—— 2Tzl <.

Y -11[(2n+1)2=3%] ... [(2n+1)*-(2k-1)4] G2k
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B 1 c+i00 5
No Laplace transform, f(p) Inverse transform, f(z)= — / P f(p) dp
2mi c—100
1 1 )
54 (P® + a2)? 53 [sin(ax) — az cos(az)]
p
55 | T3 au — s
(p? + a?)? 20 sin(ax)
P’ 1
56 m 2 [sin(a:ﬂ) +ax cos(aw)]
»
57 P cos(az) - ax sin(az)
1 1,
58 [@ +b) + az} 2 2—(136_ r [sin(a:z:) —ax cos(ax)}
9 | L1 inh L sinhs
(P2 — a2)(p? — b?) 20 {g sinh(ax) — 3 sinh( z)]
0| — L cosh(ax) — cosh(bx)
(p? —a’)(p? - b?) a? -2
61 P a sinh(ax) — b sinh(bx)
(p* —aH)(P* - b%) a? - b2
62 P’ a? cosh(az) — b? cosh(bx)
2 _ a2)(n2 — b2 >3
(p” —a’)(p ) a*-b
! 1 1
63 (p2 n az)(pz n b2) m g sm(ax) - 3 Sln(b.’l?):|
64 I S cos(azx) — cos(bx)
@ + )P + 1) — g
65 P’ —a sin(ax) + bsin(bx)
(P2 + a2)(p? + b?) B2 — a2
66 P’ —a? cos(ax) + b? cos(bx)
2 1 a2\ (02 + b2 )
(p* +a*)(p* + b°) b2 —a
1 1
—, - 1’ 2, n-1
71 n—D"
1 1
_ = 1’ 2, . n-1_-ax
o8 P+a)” (n—1!
1 2 o
=1,2,. ] — e = 2oy 2
69 (p+ay’ y 2 a [1 e en(a:c)], en(z)=1+ T +.F o
1 T hatn Z exp(aix) [ak cos(by) — by, Sin(bkx)] ,
70 Py =1,2,. k=1
_ o _mk-1)
ag = acos pi, by = asinpy, @ = o
n
1 . -
ot Sinh(az) + > explaxz)
1 _
M| 55— n=12, x| k=2
p2n g2 ag cos(brx) — by, sm(bkx)] ,

w(k—1)

ap = aCoS Yk, bk = @ sin Pk, Pk =
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p2n+1 + g2ntl ’

3 1 c+100 .
No Laplace transform, f(p) Inverse transform, f(z) = o / | e F(p) dp
e az 2 n
1 Q2n+ Da2"  2n + 1)a2n! ; exp(a)
72 n=01,... =

X [ak cos(bpx) — by, sin(bkx)] ,
T2k -1)

ax = acos pk, by = asin g, @ = a1

1

p2n+l _a2n+1 ’ n= 0’ l’ T

73

et 2 i
+
Cn+ a2 | @n+ Da2rt ; explax)

X [ak cos(bgx) — by, sin(bk:z:)] ,

Q)

Pp)’

74 | P()=@-a)...(p-an);
Q(p) is a polynomial of degree
<n-1; ai;tajif EN]

. 2k
ag = acos pk, by = asinpyg, ¢ = a1
= Q(ax) exp(akx)’
 P'(ar)

(tﬂe prime stand for the differentiation)

Q)

P(p)’

Pp)=@-a)™ ...(p—an)™";
Q(p) is a polynomial of degree
<mi+mp+---+my—1;

a; # a; if i#7

75

n mp

Z Z Mxmkfl CXp(akx),
e~ = (my D! (1= D!

— dl_l Q(p) _ P(p)
) = g {?(p)} L me—

Q(p) + pR(p)
P@p)
76 | P() =@ +a})...(p° +a3);
Q(p) and R(p) are polynomials
of degree <2n-2; a;#a;, [ #j

)

E”: Q(iay) sin(agx) + ap R(iay) cos(a,x)

P a Pr(iar)
P(p) 2
P..(p) = , -1
() Prd,

5.3. Expressions With Square Roots
No Laplace transform, fp Inverse transform, f(x) = ZLm / ‘ eP* f(p) dp
1 L !
NG Vi

5 ; eba: — e0%

—a-— _ . _—°

P P PAVE v

1 1 —-azr
3| Jrra N
4 p;a -1 %aefa“"/z[fl(%ax) +[0(%az)]
5 | vPta - +(a—b)" e erf[(a - b)'/?2'/?]

NG



http://MiladZaman005.blogfa.com

http://MiladZaman005.blogfa.

com [Danesh e Amari]

No Laplace transform, f(p) Inverse transform, f(x) = 2%” /c j:o eP* f(p) dp
1

5| o 2\/=

7 m (b—ay'/?eo® erf[(b—a)]/le/z]

8 —\/]_)(;—a) %e” erf(vax )

9 m a3/?e® erf(vaxz ) - 2a7 72512
10 \/]—?1_'_ o 2712 _ ged’a erfe(av/z )
11 m 1— e erfe (av)
12 ot :1\/1_7 %' erfe (av)
13 m 1- %(am)l/z +(1-2ax)e™ [erf (vaz ) — 1]
14 ;2 l+(2:E—l>e‘””erfc(\/a_)— 2 vz

p(vp++va) a a e
15 m 271241/ _pgzed’® erfe(av/z)
16 W %(azx + Dz —azx2a’z + 3)e?’® erfc(av/z)
17 pr A n=12, 3. (222- D o
8| @ray'? 3. (222 B~ a7 /2ee
19 ﬁ Jo(az)
20 p;_ = Io(ax)
21 ; _1 _1.2\1/2
VPR +ap+b exp(~zax)Jo[(b~ za?) ]

2 | (ViR+a2-p) \/227 sin(ax)
23 p21+ = (VP*+a?+p) Y \/g cos(ax)
24 pzl_ 2 (\/ p*—a’+ p) g \/g cosh(ax)
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Laplace transform, f(p)

1 c+ioo 5
Inverse transform, f(x)=— / eP* f(p) dp

278 S esioo
25 | (VPP+a2+ p)_n na "z J,(ax)
26 | (VP?-a*+ p)fn na "z ' I, (az)
5 o\-n-1/2 (x/a)" Jn(ax)
27| (p* +a’) 1-.3-5...2n-1)
2 2\—n-1/2 (x/a)"[n(ax)
28 | (p*-a?) 13-5..2n-1)
5.4. Expressions With Arbitrary Powers
No Laplace transform, f(p) Inverse transform, f(z) = ﬁ / eP® f(p) dp
1 _u 0 L v-1_—ax
p+a)y”, v> ) e
2 | [+ P+ @+, v>0 (a_yb)y a exp[-5(a+ )z L, [5(a—b)]
—v NI N Ve a+b a-b
3 [(p+a)(p+b)} , v>0 W(@_b) exp(— > x)[l,_l/2< > x)
-v-1/2 \/E v
4 (p2 + a,z) , V> —% 7(2@)”1—‘(1/ " %) z¥J,(ax)
2 on-v-1/2 1 \/E v
5 (p -a ) s U>—5 7(2a)”F(1/+ %)x I (ax)
—v-1/2 ay/m v
6| pltea) T 20 Cayrw+1)"
2 on-v-1/2 aﬁ v
7| p(p*-a?) , v>0 7(2@@(”+ y x" I, 1 (ax)
[(pz +a2)1/2+p]7y _ e
8| v [+ =p]”, v>0 va™ " J,(ax)
I:(p2_a2)l/2+p:|_l/: o
9| - @ —a)", v>0 vaz ' I, (ax)
10 p[(Pz +a)!/? +p) You>1 va' V' I, (ax) - v(v + Da V272 J,(ax)
11 | p [(p2 —a)'? + p) o>l va' V', (ax) — v(v + DaV 221, (ax)
/2 2 v
| Werarn) o aJ,(az)
/P + a2
/2 _ o2 v
O I Gl ) B a I (az)
/D7 —a?
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5.5. Expressions With Exponential Functions

No Laplace transform, f(p)

1 c+i00 5
Inverse transform, f(z) = i / eP* f(p)dp
T C

—100

0 if0<x<a
—1 —ap >
Llp e™, a>0 {1 if a<ux.
-1(]_gop {1 if 0<z<a,
2 p( € )’ a>0 0 if a<uz.
0 if0<zx<a,
3 p’l(e’ap—e’bp), 0<a<b 1 ifa<z<b,
0 if b<ux.
0 if 0<x<a,
4 p‘z(e_“p—e_bp), 0<a<bd {x—a if a<xz<b,
b—a if b<uzx.
0 if0<zx<a
—1 —ap >
S| prbye™, a>0 {e‘b(””‘“) if a<u.
0 if 0<z<a,
6 | pe®, v>0 {(x a)”! i
Tw) if a<x.

f(@y=n if na<zx<m+a; n=0,1,2,...

8 | eo/P_1q \/%1'1(2\/ax)
1
9 | p /2P cosh(2v/ax )
NG
1
10 | p3/2e/P sinh(2v/az)
Vma

11| p>/2e/?

\/% cosh(2v/ax ) - 2\/;? sinh(2v/az )

12 | pled?P, v>-l

(z/a)"/*1,(2v/az )

13 1_€—a/p ,/2J1(2\/am)

X

1
14 | pi/2emalp N (2vaz)

1
15 | p3/2ea/v N sin(2v/ax )
16 p—S/Zefa/p sin(2w/ax) ) cos(2\/ax)

a3 \V 7a
17 | prleer, ysol (/)] 2/az)
18 exp(—, /ap), a>0 —2\/\;;% x*3/2 exp (—%)
Vva

19 | pexp(—y/ap), a>0

_ -1/2 _a
oo -6 o)

1
20 ;exp(—\/@), az0

erfc ( 2\/\;_% )
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No Laplace transform, f(p) Inverse transform, f(z) = ﬁ / C{ - eP” f(p) dp
1 -5/2 a
21 \/ﬁexp(—\/@), a>0 W (a—2x)x™’" exp <_E)
1 1 a
22 7 exp(—y/ap), a=0 N exp (_E>
1 2 2\/x a Vva
23 G exp(-y/ap), a=0 7 exp(—a)—\/aerfc(zﬁ)
exp(—k/p? +a2) 0 if 0<x<k,
o g k>0 Jo(aVaT—R) if k<.
exp(—k+/p? —a2) 0 if 0<z<k,
25 o k>0 I(aVa—F2) if k<u.
5.6. Expressions With Hyperbolic Functions
No Laplace transform, fp) Inverse transform, f(x) = ZLm / C. - eP® f(p) dp
) 1 00 f@)=2n if a@n-1)<z<an+1);
psinh(ap)’ n=0,1,2,... (x>0)
1 f@) =2n(x—-an) if a@n-1)<xz<an+1);
2 p? sinh(ap)’ a>0 n=0,1,2,... (x>0)
3 sinh(—\/%/p) 2\/_ [cosh(2v/az ) —cos(2v/ax ) |
4 | Sinh@/p) (sinh(2/az ) - sin(2/az )]
py/P 2\/_
5 | p¥'sinh(a/p), v>-2 L@/a)*[1, (2v/az) - J, (2v/az )]
1 fx) = 0 if adn-1)<zx<a@dn+1),
6 | oy ©0 D=2 if a@n+ 1)<z <a(dn+3),
peosiiap n=0,1,2,... (x>0)
1 x—(=D)"(x-2an) if 2n-1<z/a<2n+1;
7| ooy 270 n=0,12. . (z>0)
8 —COSl\lﬁg/p) 3 \/_ [cosh(2v/az ) + cos(2v/ax )|
9 %\Z_jm 2\/_ [sinh(2v/az ) +sin(2v/az )]
10 | p'cosh(a/p), v>-1 L@/a)*[I, (2vaz ) + 1, (2V/az )]
1 1 a>0 f@) =D if 2a(n-1) <z < 2an;

— tanh(ap),
p

n=1,2,...
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No Laplace transform, f(p) Inverse transform, f(z) = 57 / _ eP® f(p) dp
1 lcoth(ap), 0> 0 f@)=02n-1) if 2a(n-1) < x <2an;
p n = 1, 2, .
13 | Arcoth(p/a) %sinh(a:c)

5.7. Expressions With Logarithmic Functions

B 1 c+i00 5
No Laplace transform, f(p) Inverse transform, f(z) = e / eP* f(p) dp
4 Cc—100
1 —-Inx-C
1 >
! P np C =0.5772 ... is the Euler constant
1,1 1 z"
2 p—n—llnp (1+§+§+"'+E—1HSIJ—C)W,
C =0.5772... is the Euler constant
o2+ 2+ 2+ + 225 —In(dz) - C|a™ '/,
3 p—n—1/2 h'lp omn
ky = , C=05772...
1-3-5...2n-Dy/7
| R . —
4| p¥np, v>0 mx [z/J(u) —In x] ,  ¥(v) is the logarithmic
derivative of the gamma function
1
5 5(1np)2 (nz+C)*-1ix*, C=05772...
1
6 | —(np)’ z[(nz+C-17+1-1x%
p
In(p + b) —ax :
e In(b-a)-Ei|(a-0b
[ e e {In(b—a) - Ei[(a - b)z]|}
8 _lnp ! Si L 1 Ci
s P cos(ax) Si(ax) + . sm(ax)[ na-— 1(ax)]
plnp . . .
9 m cos(ax) [ln a-— C1(ax)] —sin(ax) Sl(ax)]
+b 1
10 In b - (e—ar _ e—bz)
p+a x
212
p +b 2
11 | In PR ~ [cos(az) — cos(bx)]
2+’ 2
12 | pln Py — [cos(ba:) + bx sin(bz) — cos(ax) — ax sin(ax)]
P +a?
(p + a)2 + kz 2 -bx —ax
13 In m E COS(kJC)(@ —€ )
1
14 pln(; \p*+ az) — [cos(az) - 1] + ¢ sin(ax)
T T
1 /55 1 a .
15 pln(— P —a ) — [cosh(az) - 1] — — sinh(ax)
p x x
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5.8. Expressions With Trigonometric Functions

No Laplace transform, f(p) Inverse transform, f(z) = ﬁ / _ eP® f(p) dp
1 M ! sinh( 2ax ) sin( 2ax )
/b vz ”
2 Smp(—ji_)p) \/;_a cosh (\/ 2ax ) sin(\/ 2ax )
3 &\/aﬁ/p) \/ir_x cosh(\/ 2ax ) cos (\/ 2ax )
4 % \/;_a sinh(\/ 2ax ) cos (\/ 2ax )
1 . 1 . ra
5 %exp(—\/a_p)sm(\/@) ﬁsm(ﬂ)
1 1 a
6 %exp(—\/@)cos(\/@) ﬁcos<ﬂ)
7 | arctan - 1 sin(ax)
x
8 l arctan e Si(azx)
arctan a_ a 1 i
9| P » 2 [ax cos(ax) — s1n(ax)]
2
10 | arctan pz;:-pbz % sin(ax) cos(zVa? + b?)
5.9. Expressions With Special Functions
No Laplace transform, f(p) Inverse transform, f(z) = % / eP? f(p) dp
™ c—100
: W
1 | exp(ap®) erfe(pv/a) Jra exp (— " )
1 T
2 > exp(ap?) erfe(pyv/a) erf( 2\/5>
0 if 0<z<a,
3 erfc(\/@ ) , a>0 { Vva .
rovE—a if a<ux.
Vva
ap S S —
4 | e erfc(\/@) E @t
35 1 e? erfc (\/@ ) _
NGZ V(T +a)
1 .
6 | erf(v/a/p) %sm(Z\/@)
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B 1 c+i00 B
No Laplace transform, f(p) Inverse transform, f(z)=— / eP* f(p) dp
2mi c—100
1 1
7 | —=-exp(a/p)erf(\/a/p sinh(2+v/ax
L expa/met (valp) L sinh(2y/a )
1 1
8§ | —=exp(a/p)erfc(\/a/p ——exp(—2vax
NG p(a/ ( / ) I p( )
a—1 .
-2 (. bp). b>0 T if 0<xz<b,
9 | patp). a {0 if b<a.
10 | Y(a,b/p), a>0 b/ 23/, (2v/ba)
1 | a®y(p.a) exp(-ac™)
0 if 0<zx<a,
12 | Ko(ap), a>0 { @2 — a2 if a<a.
0 if 0<xz<a,
h|v A h
13 | Ku(ap), a>0 coshv Arcosh(z/a)] .
)
1 a?
14 | Ko(ay/p) —exp(——)
2x 4z
15 | —=Ki(ayp) <
N P P(‘E )

@ References for Supplement 5: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), I. I. Hirschman and
D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965).
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Tables of Fourier Cosine Transforms

6.1. General Formulas

No Original function, f(x) Cosine transform, fc(u) = /0 ~ f(x)cos(ux) dx
1| afi@)+bfo(@) afie(u) +bfre(w)
1y
2 | fax), a>0 _fc(ﬁ)
a a
) d2n .
3| 2 f@), n=12 ... )" folw)
du?™
2n+1 . . 00
4 x2n+l f(ax), n= 0’ 1, ... (_1)7L duzn_+l fs(u)’ fs(u) = ‘/0 f(l’) sin(wu) dx
1 rx/u+b v /u—>b
br), a,b>0 — | fe A
o] remeson. S )
6.2. Expressions With Power-Law Functions
No Original function, f(x) Cosine transform, fc(u) = /0 ~ f(x)cos(ux) dx
1 ifO0O<z<a, 1 .
! {o if a<a  Sinaw)
x if 0<x<l, u
2 2-z if l<z<2, — cosu sin? =
. u? 2
0 if 2<x
3 ! , a>0 —sin(aw) si(au) — cos(au) Ci(au)
a+x
i
1 N —au : :
4 . a>0 7a e (the integral is understood
as+x in the sense of Cauchy principal value)
1 7 sin(aw)
Y@ *70 2
a N a o
6| 2% b+2)?  a?+(b-x)? e cos(bu)
- b+x N b—=x ~at gin(bu)
a?+(b+z)? a2+ (b-x)? e ou
1 L e oxp(—L ) sin( & 5 2
8 o a>0 STa exp( \/E)sm(4+\/§)
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. =S
No Original function, f(x) Cosine transform, f.(u) = /0 f(x)cos(ux) dx
1 T ae % — e
T N/ . N bl b O T3, A 1<
? @+a)Bl v “07 2 ab(a?-b?)
:L.Zm - o
10| @rap Dy (@l Ve
nm=1,2,...; n+1>m=20 2n! Oa
1
1| —= s
NZ7 2u
1 .
12 { ﬁ if 0<z<a, 24/ 21 C(au), C(u) is the Fresnel integral
0 if a<x u
0 if 0<xz<a, p
13 r if o< \/5— [1-2C(aw)], C(u)is the Fresnel integral
NG 2u
0 if 0<z<a,
1 [T .
14 { if a<x ™ [cos(au)—sm(au)]
Tr—a
15| —— Ko(au)
—_— au
va?+ a:z 0
if 0<zx<a, m
16 { N 5 Jo(au)
0 if a<zx
17 |z, O<v<l sin($7v)T(1 - vyu”™!

6.3.

Expressions With Exponential Functions

No Original function, f(x) Cosine transform, fc(u) = / A f(x)cos(ux) dx
0

-ax 7@
Ie a? +u?

1 1. V+u?
2 — (,ax —bx -

x (e ) 2 In a? +u?
3| Vze VA (@ +u?)>* cos (% arctan E)

a

4 Le"” z[a+(a2+u2)l/2}1/2

VT 2 a? + u?

n+l i
5 nefax, n= 17 27 (az +u2)n+1 Z (_1) Cn+1( )
0=2k<n+1
a" 1
knu— ———,
6 n-1/2 -ax n= l, 2 oam T\/m
where r=Va?+u?, k,=(=1)"\/7/2
7| prleam T(v)(a? + u?)™"/? cos (1/ arctan E)
a
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No Original function, f(x) Cosine transform, fc(u) = /0 ~ f(x)cos(ux) dx
z I R S
8 | 2u? 242 sinh? (ﬂ'aflu)
1/1 1 1 1 o
0| 2325 7) (=)
2 1 /m u?
10 exp(—am ) 5\/gexp(—£>
11 Texp(—%) ,/ T e*‘/m[cos(\/Zau) —sin(v2au )]
12 . exp (-;) \/> ~V2au cos 2au)
6.4. Expressions With Hyperbolic Functions
No Original function, f(x) Cosine transform, fc(u) = /0 > f(x)cos(ux) dx
1 -~
1 COSh(alL’) ’ a>0 2a COSh(%']Ta u)
1
2 cosh’(az)’ @>0 242 smh(% )
cosh(azx) 7 [cos( smab™) cosh(3mb " u) ]
3 , lal<b —
cosh(bz) b [ cos(mab) + cosh(wb'u)
A 1 7 sinh (a'bu)
cosh(az) + cos b asinbsinh(ra'u)
2 1 |/« b —u? abu
5 | exp(-axz®) cosh(bz), a>0 o exp( ” )cos(T)
T 2
6 sinh(ax) 4a? cosh2( Ta lu)
sinh(az) k3 sin(mab™)
7 sinh(bz)’ lal <b 2b cos(mab™") + cosh(mb'u)
8 % tanh(az), a>0 In[coth(47ma™u)]
6.5. Expressions With Logarithmic Functions

Original function, f(x)

Cosine transform, fc(u) = /0 > f(x)cos(ux) dx

{lnx if 0<x<1,
0 if 1<z

1 Si(u)
U
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No Original function, f(x) Cosine transform, f,(u) = /0 f(x)cos(ux) dx
T T
2 Inz —,/Z[ln(4u)+6+5],
Ve C =0.5772 ... is the Euler constant
TV T T
312 'nz, O<v<l F(u)cos(T)u*” [w(u)—ztan<7) —lnu}
a+x 2
4 ln’ , a>0 — [cos(au) Si(au) — sin(au) Ci(au)]
a-= U
2 2 ™ —au
Z(1-
5 1n(1+a/x), a>0 u( e )
a2 + x2 T _pu —au
6 ln—b2+a:2’ a,b>0 E(@ —-¢€ )
1 2,2
7| e e a>0 _aC+ saln(u” +a”) + u arctan(u/a)
u? + a?
oz e T
8 | In(1+e*), a>0 2u?  2u sinh(ﬂa‘lu)
—-axT a ™ -1
9 | In(1-¢*), a>0 W—Zcoth(ﬂ'a u)

Expressions With Trigonometric Functions

No Original function, f(x) Cosine transform, f,(u) = /0 f(x)cos(ux) dx
] .
. T if u<a,
| sm(ax)’ a>0 %ﬂ_ I
. 0 if u>a
. (u+a)™ —|u+al™ sign(u — a)
v-1 o: T
2 | ¥ " sin(ax), a>0, |v/<1 AT(1- 1) cos(%m/)
x sin(ax) %We‘“b cosh(bu) if u<a,
3 2+ " b>0 { —sme " sinh(ab) if u>a
. 1 _ _a .
4 sin(ax) C ab>0 ?wb_j [}b— e. b cosh(bu)] %f u<a,
(22 + b?) smb e sinh(ab) if u>a
5 b s b0 1 [ a+u . a—u }
e Tsin(axr), a,b> 2l@+w?+02 " (a—u)?+0?
1 2
6 | —sin*(az), a>0 lln’1—4a—‘
x 4 u?
1 ., LlrQa-w) if u<2a,
7 Esm(ax), a>0 {6‘  usa
1 T
8 —sm(g), a>0 —Jo(2v/au)
T T 2
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. oo
No Original function, f(x) Cosine transform, f.(u) = /0 f(x)cos(ux) dx
9 | <= sin(ava) sin(0va). a.b>0 | [T (L) sin(az +0 )
NG U 2u 4u 4
2 2
. 5 T u v
) 0 o - ] -
10 | sin(az®), a> » [cos(4a) sm(4a)}
VT ( Au? ) , ( Bu? )
11 exp(—axz) sin(bxz), a>0 (A2+B2)l/4 P\~ 2y gz ) MM\ g )
A=4a, B=4b, ¢ = 5 arctan(b/a)
1- 2
jp | Izcosan) oy l111’1—‘1—‘
x ) w2
13 l—cos(a:c)’ 0> 0 { %T((CL—U) %f u<a,
T2 0 if u>a
14 | 2 'cos(ax), a>0,0<v<l1 3Tw)cos(37v) [lu—al™ +(u+a)™]
cos(axr) %Wb‘le‘“b cosh(bu) if u<a,
15 2+ @ b>0 { 1mb e cosh(ab) if u>a
16 | et b>0 ﬁ[ SR ]
e " cos(ax), a,b> 2la+uw?+02 " (a—uwl+0?
1 T . /a> 7
7| eoslevn) Vo il + )
1 T ab A+ 7w
_ b /™ avy . ™
18 \/E Cos(aﬂ) COS( \/E) u COS(ZU) sm( 4u + 4)
19 | exp(-bz?) cos(az), b>0 1 T ex ( M) cosh(a—u)
P : 2V P 20
20 | cos(az?), a>0 \/ % [cos(La'u?) +sin(4a'u?)]
LS Au? Bu?
21 | exp(-az?)cos(ba?), a>0 (A2 4 Bry/s P <_ A2+B2) o8 ((P_ A2+B2>’
A=4a, B=4b, ¢ = 5 arctan(b/a)

6.7. Expressions With Special Functions

No Original function, f(x) Cosine transform, fc(u) = /(; f(x)cos(ux) dx
. 1 U
1 | Ei(-ax) - arctan(—)
u a
. 0 if O<u<a,
2 | Cilaz) {—ﬁ if a<u
3 | si(ax) —i ‘u+a’ u#a
2u  lu—a
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No Original function, f(x) Cosine transform, fc(u): /0 ~ f(x)cos(ux) dx
1 i
4 | Jolaz), a>0 Vo—a T0cus<a
0 if a<u
Cos[uarcsin(u/a)] i
if 0<u<a
Va2 2 ’
5| J(ax), a>0, v>-1 a’ sin(mv/2) fa<u
§u+ &) '
where ¢ = Vu?—a?
| v cos[varcsin(u/a)] if 0<u<a,
6 | —J,(ax), a>0,v>0 a” cos(mv/2) :
. v(u+vVu2—a?)” a<u
v-1/2
VT (a? —u?) )
v 1 fO<u<a,
7| ¥ (ax), a>0,v>—53 (2a)”1“(1/+%) 1 u<a
if a<u
u+1J( ) 0 1\/_ if O<u<a,
x v(az), vt /ma’u
8 1 if a<u
a>0,-1<v<—5 v+3/2
2 M- Pt-)™
1 . /a®
9 Jo(aﬁ)» a>0 —sm(—)
U 4u
10 LJ (a\/E) a>0 4.2 a
\/5 1 B gsln (a)
2
v/2 1 a\” _, a TV
11 T / J,,(aﬁ), Cl>0, -1<rv< 2 (5) u ISIH(E_T)
cos(b az—uz) )
12 Jo(a’/m2+b2) N7 if O<u<a,
0 if a<u
0 if O<u<a,
13 | Yolaz), a>0 {_71 if a<u
02— a2
0 if O<u<a,
14 | 2"Yam), a>0, <L I CISE i a<u
F(%—V)(’U,2—a2)y+1/2
VY T 21 o2
15 K()(a $2+bz), a,b>0 2\/mexp( bvu*+a )

@ References for Supplement 6: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), V. A. Ditkin and

A. P. Prudnikov (1965).
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Supplement 7

Tables of Fourier Sine Transforms

7.1. General Formulas

No Original function, f(x) Sine transform, fs(u): /0 ~ f(x)sin(ux) dz
1| afi(@)+bfr(x) afis(w) +bfos(w)
1 y/u

2 | flax), a>0 Eﬂ(E)

d2n .
30 & f@), n=12,... (=1)" == fu(u)

du n

2n+1 oo
4| 22 faw), n=0,1, ... 1! d‘fﬂnﬂ few), few = / f(@) cos(au) dz
0

5 | flazx)cos(bx), a,b>0

WA ) ()]

7.2. Expressions With Power-Law Functions

No Original function, f(x) Sine transform, fs(u) = /o f(x)sin(ux) dz
1 if 0<z<a, 1
! {O if a<x Z[l—cos(au)}
x if 0<x<l, 4 u
2 22—z if l<x<2, — sinw sin® =
. u? 2
0 if 2<ux
1 s
4 ! , a>0 sin(au) Ci(au) — cos(au) si(au)
a+T
X s _au
S| @ 470 ¢
1 s
- - . 1 _ —au
6 z(a? + 22)’ >0 2a2( € )
a ~ a N
7 a?+(x-b? a?+(x+b)? me™" sin(bu)
8 T+b r-b ot cos(bu)
a2+ (x+b? a?+(x-b)? e Y
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No Original function, f(x) Sine transform, fs(u) = /0 f(x)sin(ux) dz
n-2
z Tue % 2n-k-4)!
———, a>0,n=1,2,... 20u)F
| @rady 2202 — 1)l 22 ; R (n— k=21 2™
x2m+l
N s 3
10 | (224 q)n+1” D)™ — —— ( m-uy/a )
n,m=0,1,...;0<m<n 2n! da
1 P
11| — 2
VT 2u
NG 27U
13 | 2(a? +2%)3/? uKo(au)
14 (\/a2+x2—a)1/2 T au
Va2 + x? u
15| 277 0<v<2 cos(4mv)T(1 - vyu”!

7.3.

Expressions With Exponential Functions

No Original function, f(x) Sine transform, fs(u) = /0 f(x)sin(ux) dz
—Qax u
1] e*, a>0 pra)
/2] 2k+1
2 | 2", a>0,n=1,2 n(a2+u2> Z(—l)k 5’3‘( )
1 U
31—, a>0 arctan —
T a
4 | Vze ™, a>0 ﬁ(az +u?)3/4 sin(2 arctan 2)
2 2 a
1 /.2 2 _ /2
5| —=e*, a>0 /E( o+’ —a)
V7 2 va?+u?
1
6| —=e*, a>0 V2r (\/ot2+u2—ot)l/2
T\/T
T O | (Va?+u?-a 1/2
7| 2"V 4>0,n=1,2,... | D"\/5 5= ( )
2 da" va?+u?
8 | 2 e, a>0, v>-1 T'(v)(a* + uz)"’/2 sin (l/ arctan %)
2 b2
9 | 272 (e~ efbx), a,b>0 % ln(zz—:—az) + barctan(%) —a arctan(%)
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No Original function, f(x) Sine transform, fs(u) = /0 f(x)sin(ux) dz
1 RS m
10 37 @20 2u 2asinh(ru/a)
1 U 1
11 , 0 T h(_) _
e — 1 “> 2a ¢ a 2u
x/2
12| € 1 tanh(7ru)
et —1
2
13 | zexp(—az? \/E (_u_)
p( ) 2032 " P\,
U
14 | —exp(-az?) Y erf( 2\/5>
a
15 exp(——) T V2au [cos(V2au ) +sin(V2au )]
\/_ 2u
16 exp(—g) T ev2au sin(\/Zau)
\/E x a

7.4. Expressions With Hyperbolic Functions

No Original function, f(x) Sine transform, fs(u) = /0 ~ f(x)sin(ux) dz
1 b a>0 ltanh(lwa"u)
sinh(ax)’ 2a 2
.| - T a0 w2 sinh($7a )
sinh(ax) 4a? cosh? (%mz*lu)
| | 2au
3 ;e smh(ax), b> |a| 3 arctan(m)
1 . -1
4 m, a>0 arctan [smh(%wa u)}
5 —tanh(zaz), a> u  asinh(rau)
6 | coth(3az)-1, a>0 zcoth(wa" )—l
2 a U
. 09sh(ax)’ al<b k3 sinh (b u)
sinh(bx) 2b cos(mab™") + cosh(mb'u)
g sinh(ax) lal < b T sin(%ﬂab‘l) sinh(%wb‘lu)
0 a £
cosh(bx) b cos(mab) + cosh(mb'u)
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7.5. Expressions With Logarithmic Functions

No Original function, f(x) Sine transform, fs(u) = /0 f(x)sin(ux) dz
. 1
1 {lnx if 0<z<l, —[Ci(u)—lnu—C],
0 if 1<z U .
C =0.5772 ... is the Euler constant
2 ln_x —%ﬂ(ln u+C)
T
Inx s m
3| —= /= [In(4uw)+C - =
vV 2u [Inw) 2]
o T [Y(v) + 5 cot( %) —Inwu]
4 | ¥ Inx, |y <1 21“(1—1/)008(%)
5 ln’a+x , a>0 zsin(om)
a-z u
(z + b)? + a? —au -
6 In m, a, b>0 —e€ sm(bu)
1 2,,2y_.C
71 e e a>0 aarctan(u/a) — suln(u” + a*) —e“u
u? +a?
1 R
8 —ln(1+a2x2), a>0 —7TE1(——>
T a

Expressions With Trigonometric Functions

No Original function, f(x) Sine transform, fs(u) = /0 f(x)sin(ux) dz
) sm(ax)’ 0> 0 lln’u+a’
T 2 lu-a
) sin(;w:) C as0 { éﬂ'u %f O<u<a,
x sma if u>a
. lu—al™ —|u+al™ £0
v-1 s _ ™ . 14
3 | ¥ sinfaxr), a>0, 2<v<l1 4F(1—1/)sin(%7rl/)
sin(az) 1rb e sinh(bu) if O<u<a,
4 2+ ® b>0 { Tmb e sinh(ab) if u>a
5 sin(mx) { sin if O<u<m,
1-22 0 if u>m
ar g a S
6 sin(bz),  a>0 2 LL FO-w? @+ b+up
. 1. (u+b)?+d?
7 -1 _—ax —In——
x~ e sin(bxr), a>0 1 Wt
1 41177 if 0 <u<2a,
8 | —sin*(az), a>0 éﬁ if u=2a,
v 0 ifu>2a
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NG

No Original function, f(x) Sine transform, fs(u) = /(; ~ f(x)sin(ux) dx
9 Lz sin(az). a>0 %Eu +2a)In|u + 2a| + %(u— 2a)In|u - 2a|
T —Eulnu
1 /m u? + b? bu
2\ .
_ bx), 0 i _
10 | exp(-az®)sin(bz), a> o\ 2 exp( o ) sin h( a)
1 0 ifO<u<a-b,
11 | —sin(ax)sin(bxr), a=>b>0 T ifa-b<u<a+b,
r 0 ifa+b<u
a NG
12 sm(;), a>0 2\/_J1(2\/au)
13 1 sin(a) a>0 \/ il [sin(2v/au ) —cos(2v/au ) +exp(-2v/au )|
— — 1, — au ) — au 2/ au
VT T {u p
2
T a
_ i , 0 Zu3?
14 | exp(-ayvz ) sin(avz), a> ay/ g U exp( 2u)
0 if O<u<a,
s cos(aw)’ a>0 Iy if u=a,
z %77 if a<u
o m(u+ a)™ —sign(u — a)lu —al™
16 | z¥7 cos(ax), a>0, |v|<1 AT(1- 1) cos( m/)
x cos(ax) —5776 ab ginh(bu) if u < a,
17 2+ @ b>0 { Imetcosh(ab) if u>a
_ 2_ 2
18 1 cos(ax)’ a>0 Eln’u a‘ _1’u+a’
x2 2 u?
19 Lcos(a\/E) T Cos<a_2+£>
VT U 4u 4
20 Lcos(a\/E)cos(b\/E), a,b>0 Zcos<a_b> co (a +0? E)
U 2u 4 4

7.7. Expressions With Special Functions

No Original function, f(x) Sine transform, ﬂ(u) = /0 OO f(x)sin(ux) dx
fc(ax) 0 ’
1 erfc(ax), a> _[1_ (_ )}
u FP\ 42
2 | ciaz), a>0 _Lln‘l_“_Z‘
2u a?
O .f 0 b
3 | si(ax), a>0 { 1 posus<a

if a<u
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No Original function, f(x) Sine transform, fs(u) = /0 f(x)sin(ux) dz
0 if O<u<a,
4 | Jo(ax), a>0 1 i a<u
W2 — a2
sin [1/ arcsm(u/aﬂ iF0<u<a,
a2 —-u
5| Julax), a>0,v>-2 a¥ cos(mv/2) )
_— if a<u,
Su+&Y
where &= Vu?-a?
1 arcsin(u/a) if O<u<a,
6 EJo(az), a>0,v>0 {77/2 Fa<u
| v sin[varcsin(u/a)] if O<u<a,
7 EJ”(M)’ a>0, v>-1 a” sin(wv /2) ] fa<u
y(u +Vu? —a? )
0 if O<u<a,
8 | 2¥J,(ax), a>0,-1<v<3 Vr(2a)” if a<u
1 2 2 l/+1/2
L(3-v)(w?-a?)
9 ~lema® Jo(b) 0 arcsin 2u
, >
v e VW +b)? +a?++/(u—-b)? +a?
o | R@ g { b! sinh(bu)Ko(ab) if 0<u<a,
22 + b2 0 if a<u
xJy(ax) 0 if 0<u<a,
11 22 ® b>0 { iretIo(ab) if a<u
b \/5‘72;;1222(“” { (~1)" sinh(b) Kyype1 o(ab) if 0 <u < a,
72 + .
a,b>0, n=012, ... 0 if a<u
x¥ J,(ax) ) )
—— b¥~! sinh(bu) K, (ab) if 0 <u <a,
13 >+ b .
a,b>0, -l<v<3 0 if a<u
1-v
" %, {O if 0<u<a,
xr- + 1 _3-v -bu :
ab>0, 1/>—% >mb eI, (ab) if a<wu
a2
15 | Jo(avz), a>0 _COS(_)
U 4u
1 2 CL2
—J , 0 Zsin( ==
o Va l(aﬁ) “ asm(4u)
o | Py, P w
a>0, —2<V<% 2V v+l (5_7)



http://MiladZaman005.blogfa.com

http://MiladZaman005.blogfa.com [Danesh e Amari]

No Original function, f(x) Sine transform, fs(u) = /0 ~ f(x)sin(ux) dz
2 arcsin(u/a) )
— if 0<u<a,
18 | Yo(ax), a>0 mVa?-u?
’ 2[ln(u—\/u2—a2)—lna] ]
if a<u
mVu? - a?
19 | Yitaz) 0 0 if O<u<a,
, > u :
axr a —m if a<u
21 2) -
20 | Ko@), a>0 In(u+vu?+a?)-Ina
Vu? +a?
™
21 | zKolaz), a>0 202 + a2y 2
22 | 2""'K,(ax), a>0, v>-3 VT Qa)'T (v + 2)u?® + a2y 32

@ References for Supplement 7: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), I. I. Hirschman and
D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965).
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Supplement 8

Tables of Mellin Transforms

8.1. General Formulas

No Original function, f(x) Mellin transform, f(s): /0 > f(x)xs’1 dx
1| afi(@)+bfax) afi(s)+bfa(s)
2 | f(az), a>0 a’sf(s)
3| 2 f(x) fs+a)
4| f(/z) fs)
1 ~/s
B —_ (=2
51 f(=7), B>0 ﬁf(ﬂ)
1 4
6 | f(=z7), >0 Ef(_%)
7 x’\f(axﬁ), a,3>0 %a_ﬁf(sg)\)
I 2 ./ s+
A -0 - _
8 | x f(ax ), a,>0 6a5 f( 3 )
9 | fi@ ~(s-Df(s-1)
10 | zfi(z) -sf(s)
T(s) &
(n) _1\" _
11| fi(w) 1) F(s—n)f(s n)
d\" s
12 (a:%) f(@) —D)"s" f(s)
d \» R
13 <%x) F(@) D)"(s = 1)" f(s)
14| a0 / £ £, (at) ot dt fis+a)fu(l=s—a+p)
0
15 | o [ () o d fis+arfals+a+ B+ 1)
0
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8.2. Expressions With Power-Law Functions

No Original function, f(x) Mellin transform, f(s) = /OOO F@yr™ de
T if 0<z<l1, 2125 -1) " 0
1 {2—x if 1<z<2, {S<S+1) 520, Res>-1
0 if 2<zx 2In2 if s=0,
1 s—1
2 , a>0 T 0<Res<l
r+a sin(7rs)
1 7.r(as—l _bs—l)
3| ———, a,b>0 " 7/ 0<R 2
(x +a)(x +b) (b—a)sin(rs) ~ _ness
r+a ™ b—ay, C—ay\ 51
4| ey be>0 sin(ws)[(b—c)b +(c—b)c }
(@+b)@+0) 0O<Res< 1
52
5 ; a>0 #, 0O<Res<?2
22 + a2 251n(57rs)
1 w62 sin [ﬂ(s— 1)]
bl 0’ -
6 22 +2ax cos B+a? a>0. Ppl<m sin Bsin(ws) O<Res<2
7 ! b>0 T@ ) cRes<4
———5 , <Res<
(z% + a?)(z? + b?) 2(0? — a?)sin(37s) >
1 D"
_ 0,n=1,2,... | ————C",, R 1
8 Aramym> @700 o sin(rs) -1 O<Res<n+
9 ! , a>0,n=1,2,... L O<Res<n
"+ a” ’ T n sin(ws/n)
-z 7 sin(/n)
= , O<Res<n-1
10 1—zn’ n=23 ... n sin(rs/n) sin[ﬂ(s+ 1)/n] essn
v if O<x<l,
1 {o if 1<z sy Res>v
1-a¥ 7 sin( /n)
12 5 ’I’L=2,3,... . . . (s+1) ] ° O<ReS<(’I’L—1)V
1 —axnv nv sin(Z2) sin[ T2
8.3. Expressions With Exponential Functions
No Original function, f(x) Mellin transform, f(s) = / > f@)z* da
0
1] e, a>0 aT'(s), Res>0
e? f0<z<a s
> b>0 b°v(s,ab), R
2 {0 if a<z, > (s, ab) es>0
0 if 0O<xz<a, s
3 {e‘bx if <z, b>0 b=°T'(s, ab)
e—am
4 IR abps-1 _
o a,b>0 e”b " I'(s)['(1 —s,ab), Res>0
5| exp(-az”), a.3>0 Ba/PT(s/B), Res>0
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No Original function, f(x) Mellin transform, f(s) = /0 - F(@)z™ da
6 | exp(-az™®), a,3>0 B'a*/Pr(=s/B), Res<0
70 1- exp(—amﬁ), a,3>0 —ﬁ’la’s/ﬁl“(s/ﬁ), -B<Res<0
8| 1- exp(—am_ﬁ), a,3>0 ~B'a/PT(-s/B), 0<Res<}f

8.4. Expressions With Logarithmic Functions

No Original function, f(x) Mellin transform, f(s) = /o f(x)z " do
1 {ln:z: %f O<z<a, slnajl, Res> 0
0 if a<zx s2as
T
—, -1<R 0
2 | In(l+ax), a>0 sa® sin(rs) <Res<
3| Injl-z gcot(ws), 1 <Res<0
4 Inx a0 ma®! [ln'a—ﬂcot(ws)]’ 0<Res< 1
T+a sin(7rs)
Inx m[a* Ina-b""Inb—m cot(ms)(a*" - b*)]
5| —————, a,b>0 : ,
b’ ’ (b—a) sin(ms)
(@+a)w+b) 0<Res<1
zInz if O<x<l1 1
’ . Res>-
6 {O if 1<z (s+v)?’ €8sz
2 32 _gin?
7 In” —W[_Sm(ws)}, O<Res<1
T+1 sin3(ms)
v-1 :
8 {1“ z if 0<z<l, T(w)(=s)”, Res<0, v>0
0 if l<x
2
9 | In(z?+2xcosB+1), [Bl<m 2meos(B) | Res<0
s sin(ms)
10 | In ]+$‘ ztan(%ws), ~1<Res<1
1-x s
dn
11| ez, n=12,... d—I‘(s), Res>0
STL

8.5. Expressions With Trigonometric Functions

No Original function, f(x) Mellin transform, f(s) = /0 f(@)z™ dz
1 | sin(az), a>0 a”T(s)sin(37s), -1<Res<1
2 | sin*(ax), a>0 275717 (s) COS(%TFS) , —2<Res<0
1 . 1 —s -5
3 | sin(ax)sin(bxr), a,b>0, a#b 21(s) 003(771'5) [lb —a”=(b+a) ]’
-2<Res<1
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No Original function, f(x)

Mellin transform, f(s) = /o f@)z" da

4 | cos(ax), a>0

a”T'(s)cos(4ms), O<Res<1

5 | sin(az)cos(bx), a,b>0

I'(s) . /ms s e
— sm(7) [(a +b)™ +|a— b sign(a — b)} ,
-1 <Res< 1

I'(s) sin[s arctan(b/a)

11 | arccotx

—ax
6 | esin(br), a>0 PRNTE , —-1<Res
_ I'(s) cos [sarctan(b/a)]
axr
7 | e cos(br), a>0 RN TE , O<Res
sin(alnz) if O<x <1, G Res> 0
8 {O if 1<z 2+ad o
9 {cos(alnx) if 0<z<1, S Res> 0
0 if 1<z s2+a?’
T
————, -1<Res<0
10 | arctanzx 2scos(%7rs)
i 0<Res<1

2s cos(%ws) ’

8.6. Expressions With Special Functions

No Original function, f(x) Mellin transform, f (s) = . /(; > f@)z™" da
1 | erfcx %, Res>0
2 | Ei(-z) —s'I'(s), Res>0
3 | Si(x) 5! sin(%ﬂs)r(s), -1 <Res<0
4 | si(z) ~4s7'sin(47s)['(s), -1<Res<0
5 | Ci(x) —s7! cos(%ws)f‘(s), O<Res<1

6 | Ju(axr), a>0

25_1F(%V + %s)
asf(%u— %s + 1)

s —V<RCS<%

7| Yy(ax), a>0

2l /5w 5 v (s —v)
TGP e[
e \2 7 2) \272)% T

3
V] <Res< 3

8 | eI, (ax), a>0

I'a/2-s)'(s+v)
VT RayT( +v-5)’

—1/<Res<%

9 | K,(ax), a>0

252 s v s v
(5 5)0(5-5). men
e 2+2 777 V| <Res

10 | €e** K, (ax), a>0

VaT(s-)(s+v)
QayT(s+1/2)

|| < Res

@ References for Supplement 8: H. Bateman and A. Erdélyi (1954), V. A. Ditkin and A. P. Prudnikov (1965).
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Tables of Inverse Mellin Transforms

See Section 8.1 of Supplement 8 for general formulas.

9.1. Expressions With Power-Law Functions

~ 1 o+i00 ‘
No Direct transform, f(s) Inverse transform, f(z) = P / f(s)x™ds
T Jo—-ioco
1 1 if0<z<l,
1] 5 Res>0 {0 if 1<z
1 0 ifo0o<z<l,
2| . Res<0 {_1 posr
z? if O0<zxz<l,
3| 574 Res>—a {o if 1<z
1 0 if 0<z<l,
4| 53q Res< {—x“ if 1<
1 2%z if O<z<l,
5| Grap Res>-a {0 if 1<z
1 0 if 0<z<1,
6| Grap Res< {xalnaj if 1<z
1 o —xb
7| ————, Res>-a,-b b—a if 0<z<1,
(s+a)(s+b) 0 e
1 x if 0<xz<l1,
8 7{), —a<Res<-b b:;ba
(s+a)s+b) 1<z
b-a
1 Ob if O<z<l1,
e Res < —a.— —z%
O Graeey Res<-a-b YT i l<a
b-a
! asin(oml) ifo<z<1
10 PR R Res>—-a g ( _> )
(s+a)*>+b o x $ 1<
sta acos(blnz) if O<z <1
2 Res>-a {x cos( ,
H Grap+p 0 if 1<z
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N 1 o+i00 )
No Direct transform, f(s) Inverse transform, f(z) = 57 / f(s)x ds
T Jo—ioco
a .
12 */sz—az—S, Res > |l —RII(—alnx) if 0<x<l1,
0 if 1<z
13 s+a 1. Res> |l { alp(-alnx) + ali(-alnx) ¥f O<zx<l,
s—a if 1<z
1 vl -
14 | (s+a)”, Res>-a,v>0 { () r%(=Inz) if 0<z<l,
if 1<z
15 s (s+a)”, ” F(V) v(u,—alnx) if 0<z<l,
Res>0, Res>-a, v >0 if 1<z
16 s'(s+a)”, *” I‘(z/) F(V,—alnx) if 0<z<l,
—-a<Res<0,v>0 if l<x
Vr (~Inz)*V21, | p(-alnz) 0 .
17 (82 - az)fy, Res>|al, v>0 T(v)(2a)"-1/2 Ti<z<l
if 1<z
) K, p(-alnz)
AT () 2ay T if 0<z<1,
2 2\-v
18 | (a-s")", Res<lal, v>0 (lnz)”’l/zK,,_l/z(alnx) .
if l<xz
V7 T(w)Qa)r-1/2
9.2. Expressions With Exponential and Logarithmic
Functions
N 1 o+i00 )
No Direct transform, f(s) Inverse transform, f(z)=— / f(s)x ds
271 Jo—ico
1 In?
1 exp(as2), a>0 exp (— i x)
1_
2 .
2 | s 5, Res>0: a,v>0 { V1(2 allnxl) if 0<z<l,
if 1<z
(a/w)l/2 a )
3 exp(—ﬁ), Res>0,a>0 { 2lnz |3/2 4|1 |) if 0<z<l,
if 1<z
1 erfc ) if0<z<l,
4 | —exp(-av/s), Res>0 { 2\/|1na; *
S 0 if 1<a
1 if O<x<l1,
5| —[exp(-av/s)—1], Res>0 { 2\/|lnx> v
s 0 if 1<z
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N 1 o+i00
No Direct transform, f(s) Inverse transform, f(z) = P / f(s)x™ds
T Jo—ioco
a— 2|lnx| ( a ) F0<z<l
x i
6 | Vsexp(-vas), Res>0 41 /7r|1na:|5 4lnz
if 1<z
1 ! ( a ) if 0<z<l
——exp(——-) i r<l,
7| —=exp(-Vas), Res>0 izl P\ 4]
Vs .
0 if 1<z
a b
. x4 -z .
g 1n5+a’ Res> —a,—b { I if 0<z<l1,
S+b .
0 if l<zx
1 ¥ —Inflna]
9| s¥Ins, Res>0,v>0 {lln zl I'(v) if 0<z<l,
0 if 1<z

9.3. Expressions With Trigonometric Functions

N 1 "O0+100 .
No Direct transform, f(s) Inverse transform, f(x) = P / f(s)xds
T Jo-ioco
1
—, 0O<Resx<1
! sin(7s) s r+1
T n<Res<1l-n x"
2 | sin(ws)’ ’ D" —
n=...,-1,0,1,2, ... r+1
2
s Inx
3| ————, O<Resx<l1
Sin?(7s) s -1
2
———, n<Res<n+l, Inz
4 | sin’(ws) 2z —1)
n=...,-1,0,1,2, ...
213 2 2
5/ =", O<Res<l T +In7e
sin3(ms) z+1
2 3
6 .L, n<Res<n+1, w2+ 1In’z
sin3(s) o)z + 1)
n=...,-1,0,1,2, ...
7 . ( 2/ ) >0 1 a . 1 1 2 1
sin(s“/a), a 2\ = sm(zal n x| —Zﬂ)
77 1 1 VT
R s <Res< s
8 cos(s) 2 SRES<7 r+1
™ 1 1 _
———, n-s<Res<n+s 1/2-n
9 | cos(rs)” 2T ROESTR s
n=...,-1,0,1,2, ... z+1
cos(0s) 1
——— , —-1<Res<0, |0 < — 2
10 Py es Bl < w . In(z” +2xcos B+ 1)
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a 1 o+i00
No Direct transform, f(s) Inverse transform, f(z) = 57 / f(s)x™ds
i o—100
2 0 1 Ja Laln z? — 1
11 | cos(s’/a), a> R cos(yallna|* - ;)
b . .
13 aICtan<sib)’ Res> b T sin(allnz]) if 0<z <1,
0 if 1<x
9.4. Expressions With Special Functions
N 1 o+i00 .
No Direct transform, f(s) Inverse transform, f(x) = P / f(s)xds
Tl Jo-ioco
1| I'(s), Res>0 e
2 | I'(s), -1<Res<O e -1
3 | sin(47ws)I(s), -1<Res<]1 sinz
sin(as)I'(s),
4 | Res>_1 la] < m exp(—z cos a) sin(x sin a)
’ 2
5 cos(%ws)F(s), O<Res<1 cosT
6 | cos(3ms)['(s), —2<Res<0 —2sin’(x/2)
7 | cos(as)['(s), Res>0, |a| < % exp(—z cos a) cos(x sin a)
T'(s) 1
R — T erf
8 cos(ns)” 0< es< 3 e” erfe(v/z)
F(a+9)I'(b-s), a —a-b
9 —a<Res<b, a+b>0 Ia+bz(z+1)
T'(a+s)I'(b+s), (a+b)/2
10 Res>-a,-b 2z Ko (2\/5)
F (1 _x)u—l ]
1 (s) . Res>0. >0 T if 0<z<l,
T'(s+v) v .
0 if 1<z
I'l-v-s) 0 if 0<z<l,
_— v—1
12 T(l-s) ° { (z-1) .
Res<1—-v, v>0 Ty Tl<e
I'(s)
13 I'v-s+ 1)V’ x_”/le, (2\/5)
0<Res< ) + 1
I'(s+v)'(s—v)
R -1/2_—x/2
14 Ter1/2) es> |y 72K (2/2)
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N 1 o+i00
No Direct transform, f(s) Inverse transform, f(z) = P / f(s)x™ds
i o—100
T(s+v)'(1/2-5s)
15 Tl+v-s) 7262 (x/2)
-v<Res< %
b a
16 ﬁ(SM)_ngb)’ {xl_x if 0<z <1,
€8> -0~ 0 if 1<x
17 | T'(s)y(s), Res>0 e*lnx
18 | T(s.a). a>0 {O_I %f0<z<a,
e if a<zx
19 | T(s)I'(1-5,a), Res>0, a>0 (x + 1) tea@h
T if 0<x<a
,a), Res>0,a>0 {e ! ’
20 | v(s,a), Res a 0 ifa<z
0 if 0O<zr<e™®,
/.2 _1n2
21 Jo(avb2—s2), a>0 cos(b @ —In x) if €%<x<e?,
Va2 -1n’z .
if e“<zx
1 if 0<ax<el,
22 | s'Iy(s), Res>0 mlarccos(lnz) if el <z <e,
0 if e<x
2Y sin(mwv) .
T ifO0<z<el
7F(@)VIn®z -1
cos[varccos(Inz)| |
23 | I,(s), Res>0 if el<z<e,
aV1l-In’z )
if e<uz,
F)= (Vol-nz+V1-Inz )™
2Y sin(mwv) . 1
——. fo ,
— A if 0<x<e
24 | s'I,(s), Res>0 st [V arccos(ln x)] if el<z<e,
T
0 if e<ux,
F@)= (V=I-Inz+VI-Inz)"
0 if 0<z<el,
1n2 -1/2
25 | sVI,(s), Res>-1 (A -Inm)™ if el<z<e,
VT2'T(v +1/2)
0 if e<x
1 ] Arcosh(-Inz) if O<z<el,
26 | s Ky(s), Res>0 {0 el <n
2 : -1
27 | S Ki(s), Ress0 {\/ln a—1 if O<z<el,
s H1(s) > 0 if el <
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a 1 o+i00

No Direct transform, f(s) Inverse transform, f(z) = 57 / Py f(s)x™ds

cosh [v Arcosh(~1n z)] S 0<p <o)

i r<e,

28 | K,(s), Res>0 Vidr-1

0 if el<z

1 . .
29 s‘lKl,(s), Res> 0 { > sinh [1/ Arcosh(-In a:)] if 0O<z<el,

0 if e!l<z

Vr(n?z-1)1/2 ¥
30 | sVK,(s), Res>0,v>-1 2T +1/2) if 0<z<e,

0 if el<z

@ References for Supplement 9: H. Bateman and A. Erdélyi (1954), V. A. Ditkin and A. P. Prudnikov (1965).
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Supplement 10

Special Functions and Their Properties

Throughout Supplement 10 it is assumed that n is a positive integer, unless otherwise specified.

10.1. Some Symbols and Coefficients

» Factorial
ol=1'=1, n!'=1-2-3...(n-1Dn, n=2,73,...,

Cn)!'=2-4-6...2n-2)2n) = 2"n!,

(2n+1)!!=1-3~5...(2n—1)(2n+1)=%F(n+%),
""'={$§)i!1>u LEZ:;ZH ott=1.
» Binomial coefficients
Cﬁ:#!k)" where k=1,...,n,
Ch=(- l)k(a)k:a(a—l)...(a—k+1)’ where k=1,2,...

k!
General case:

b C(a+1)
T T+ DI(a-b+1)°

where I'(z) is the gamma function.

Properties:

Cg=1, Cﬁ:O for k=-1,-2,... or k>n,

b
Cg+1 — - a be] _ Z’ Cb Cb Cb+1 Cg:i,
n - 1)” _ n(27l H
-1/27 TH2n 3 Can = D) [

n o _ n~t _ D)™ 2n-3)!!
1/2 n22n-1 2n-2 n (2n —2)N >
o)y = 2oy, Crj2 = O

22n+1

2
On/Z _ 25 C«(n—l)/Z
ﬂ_Crzn ’ n - T n .
n

Cl/2=
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» Pochhammer symbol (kK =1,2,...)

B B T'(a+n) n T'(l—a)
@)y =ala+1)...(a+n-1)= @) =(-1) Td—a—n)
n+k-1)!
@0=1. @i =@t (= T2
_Tla-n) D" _
(a)-p = T@ ~ (o, where a# 1,...,n;
' |
p=nl, (12, =220 (39 g2 @ DL
n! n!

(a)mk+nk (a)Zn (a)k(a + k)n
a+mk)p, = ———, (a+n),= , + = R TN
@tmbne= = T, e

» Bernoulli numbers, B,
Definition:
T o "
=N"B
er — 1 Z n n!
n=0
The numbers:
By=1, Bi=-3, By=¢, Bi=—35, Bs=35, Bsy=-3. Buo=g4,

B2m+1=0 for m=1,2,...

10.2. Error Functions and Integral Exponent

» Error function and complementary error function (probability integrals)
Definitions:

2 z 2 e
erfr=— / exp(—tz) dt, erffcr=1-erfe=— / exp(—tz) dt.
\/7—T 0 ﬁ T

Expansion of erf x into series in powers of x as x — 0:

x2k+l

k 2 2
erfx_fz( D oaE+n \/ECXP(_%);%H)!!‘

k=0

2kx2k+l

Asymptotic expansion of erfc z as x — oo:

M-1 (%

erfcx = Texp —z? {Z( 1)’” m+1 O(lxl_ZM_l)}, M=1,2,...

» Integral exponent
Definition:

T t
Ei(x) = / dt for =<0,

e
t
— et x et
Ei(z) = lim < — dt + / — dt) for x>0.
0 t et
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Other integral representations:

. [ xsint+tcost
Ei(-z) = - / LIMETICOSE dt for x>0,
0

22 + 12
> xsint—tcost
Ei(-z) = ¢ / A for w<0,
0 xc+t
o0
Ei(-x) = —:r/ et Int dt for z>0.
1

Expansion into series in powers of x as x — 0:

e k
C+In(-a)+ Y kxw if z<0,

Ei(z) = Ookzlzk '
C+lnm+zk.k! if >0,

k=1

where C = 0.5572 ... is the Euler constant.
Asymptotic expansion as £ — 00:

ey gk (B D) n!
Bi(-a)= ¢y D=+ Rn,  Rn<—.

x n
k=1
» Integral logarithm
Definition: s g
Todt
— =FEi(Inxz) if 0<z<1,
. 0 Int
ll(x) = 1-¢ dt €T dt
lim / —+/ — if x> 1.
e—+0\ Jo Int l+e Int
For small z,
liz) ~ —b
In(1/x)

Asymptotic expansion as x — 1:

o0

li(z) =C+Inflnaf+ )
k=1

In*
k-k!

10.3. Integral Sine and Integral Cosine. Fresnel Integrals
» Integral sine

Definition:

xr : t oo : t
Si(z) = / S g siw)=- / S gt = Sie) - =
, 1 T 2

Specific values:
Si(0)= 0, Si(oo) = % si(00) = 0.

Properties:

Si(-z) = -Si(z), si(z) +si(-x) =-7, lim_si(z) =
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Expansion into series in powers of z as x — 0:

o0

(_1)k+1 £L.Zk:—l

Si(z) = kz:; k-1 k-1

Asymptotic expansion as £ — 00:

M-1 m .
si(x) = —cos = {Z chmemt O (2 2M1) } +sing {Z D" 2m-1! +O(l™)],

$2frn+ 1 .7,‘27”
m=0

where M, N =1,2,...

» Integral cosine
Definition:

t * t—1
Ci(:r):—/ ﬂdt C+lnx+/ Cost dt,  C=05572...
x 0

Expansion into series in powers of z as x — 0:

Ci(z) = C’+lnzzc+§3M
B £~ 2k (2k)!
Asymptotic expansion as £ — 00:
M-1 N1
. =D"2m-1! _ . =DH"2m)! N
Cl(x) =COST |:Z T + O(ll’l 2M):| +smnx |:Z W +O(|IL’| 2N 1) s
m=1 m=0
where M, N =1,2,...
» Fresnel integrals
Definitions: Vs
t 2 r
S(x) = / ﬂd _,/—/ sin 2, dt,

!ﬁ!

C(x) =

ost
dt = / cos 2 dt.
\/_ A=

Expansion into series in powers of z as 2 — 0:
( l)k 2k+1
S@) = [ Z @k+3)2k+ D
( l)k 2k
Cl@) = \/7 Z @k+1) k)

Asymptotic expansion as £ — 00:

>1

1 cos T sin
= — P
@ =5 Gl W 5 @
1 sinx CcOS &
4" P(r)- —/—=
C@ =3+ ol W 55 0@,
1-3 1-3-5-7 1 1-3-5
Px)=1 Qx) =

Tt Tt T 2 Qa)
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10.4. Gamma Function. Beta Function

» Definition. Integral representations

The gamma function, I'(z), is an analytic function of the complex argument z everywhere,
except for the points z =0, -1, -2, ...

ForRe z > 0,

I'(z) =/ t= et dt.
0

For—-(n+1)<Rez<-n,wheren=0,1,2,...,

I PN
F(z)—/o {e Z p— }t dt.

m=0

» Euler formula

I'(z)= lim ntn” (2#0,-1,-2,...)
D G (aan) T TR

» Simplest properties
F'z+1)=2I'z), T'n+1)=n!, TI'D)=TQ2)=1.
» Symmetry formulas

T2 (=2) = - LI -z2)=

zsin(mz)’ sin(mz)’

05+ (3-2) = e

» Multiple argument formulas

r'Q2z) = j/z; NON (z + %)
I'Gz) = 3;1/2 NN (z + %) F(z + %)

n-1

-n nz— k
T'(nz) = r)=/2p, I/ZHF(2+5>.

k=0
» Fractional values of the argument
1 1 NZs
LA r( —)=—2—1!!,
F(z) v, nty)=ga@n-b
1 1 2n/m
L R R
2 VT 2 ") = G T

» Asymptotic expansion (Stirling formula)

I()=V2re 2 21+ L2l + 522+ 0] (larglz < ).
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» Logarithmic derivative of the gamma function

Definition:
_InT(2) I.(2)

¥ dz ~ T(z)°

Functional relations:

1
V() - +2)=-—,

z

Y(z) =Y - z) = —m cot(z),
P(z) = Y(=2) = —m cot(mz) — %
¢(% + z) - w(% - z) = mwtan(mz),

m—1
1 k
P(mz) =Inm + ooy ;w(z+ E)
Integral representations (Re z > 0):
P(2) = / [ —(1+ "]t " dt,
0

PY(z)=Inz+ /OO [ ==ty et at,
0

P—t=!

P(z)=-C+ / dt,
0

where C = —)(1) = 0.5572. .. is the Euler constant.
Values for integer argument:

n-1

d(y=-C, Y =—C+> k' n=23,..)

k=1

» Beta function
Definition:

1
Bla,y) = / 11— v d,
0

where Rez > 0 and Rey > 0.
Relationship with the gamma function:

_ @'y

By = 1y

10.5. Incomplete Gamma Function

» Definitions. Integral representations
x
Yo, T) = / et dt, Rea >0,
0

TI'(a,x) = /OO et dt = T (o) — Y(a, ).
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» Recurrent formulas
Y(a+1,2) = ay(o, ) —x% ™7,

T'la+1,2) =al'(a, ) + %

o _—T

» Asymptotic expansions as x — 0:

e _1])gpatn
V(Q,JU):Z&,

= n!(a+n)

I(on.2) = (@) - Z (=)ngotn

- nl(a+n)’

» Asymptotic expansions as x — oo:

v(a,x>=r<a>—xa‘e$[z(l o 0fr™) |

m=0 ( x)m
My
T(o,z) = 2% 'e™® [% C x)mm O(lxl‘M)} (-3r<argz < 3).

» Integral functions related to the gamma function:

%w(%, xz), erfcx = %F(%, xz), Ei(-x) = -I'(0, x).

» Incomplete beta function:

erfx =

1
Bu(p.g) = / (1 - dt,
0

where Rex > 0 and Rey > 0.

10.6. Bessel Functions

» Definition and basic formulas
The Bessel function of the first kind, J,,(x), and the Bessel function of the second kind, Y, (x)
(also called the Neumann function), are solutions of the Bessel equation

syl +ayl + (@ -1y =0

and are defined by the formulas

- 1)’f(x/2)v+2k (@) cosTr — J(x)
Z HTw+heD) V0= sin ‘ W

The formula for Y, (x) is valid for v # 0, 1, 42, ... (the cases v # 0, £1, £2, ... are discussed in
what follows).

The general solution of the Bessel equation has the form Z,(x) = CJ,(x) + C,Y,(x) and is
called the cylinder function.
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The Bessel functions possess the properties
w2, (x) = 2[Zy-1(2) + Zy (2)],
d 1 v
2@ = 5121 @) - Zyn@)] = £ 2 Z,@) - Zyni(@)],
dx 2 x

d d
i (2" Z,(x)] = 2" Z,1(2), — [ Z, ()] = 27" Z 1 (),
T dx

1 " 1 "
<_i> [xVJV(x)] =z v-n (), (_i> [xiyju(x)] = (_l)nxiyint]uﬂz(x)a

T dr T dx
Jop(@) =D T (), Y. (x)=D"Y, (), n=0,1,2,...

» The Bessel functions for v = +n =+ %; n=01,...

/2 . [ 2
Jipp(w) = P sin x, J_y o) = P cos z,
J3/0(z) =4/ 7% (% sinx —cosx), J32(x) =4/ % (—% cos T — sinx),

(n/2] k
2. nr (1Y% (n + 2k)!
T (@) =\ T {Sm(x_ 2 ) ; (k) (n—2k)! (2z)2F

[(n-1)/2]

1k
+cos(:c— =D +2k+1)! }

7 ; (2k+ 1)'(n—2k_1)!(2x)2k+1

[n/2] k
) i nm =D*(n +2k)!
Ton1/2(%) = \/; {COS@ 2 ) ; (2k)! (n—2k)! Qu)?*

[(n-1)/2]

. " ~DF(n +2k + 1)
—sm(m + > g 2k + D! (n -2k — 1)! )+~ }

[ 2 [ 2 .
Yi(x) =~ Ecosx, Y. p0(x) = Esmx,

Yrm/z(I) = (—l)nHJ_n_l/z(fE), Y—n-l/z(ﬂf) = (—1)7LJn+1/2($)-

» The Bessel functions for v = +n; n =0,1,2,...
Let v = n be an arbitrary integer. The relations

Jon(@) = D" Jn(@), Yonu(x)=(-1)"Yo(2)

are valid. The function J,(x) is given by the first formula in (1) with v = n, and Y,,(x) can be
obtained from the second formula in (1) by proceeding to the limit » — n. For nonnegative n, Y;,(z)
can be represented in the form

(n— k—l)'( )nzk 12( 1)’“( )"+2kw(k+l)+z/}(n+k+l)

2 T
Yo(@)=—Jn(@)In 5—;2 A kU (n+k)! ’

k=0

n-1

where (1) = C, ¢(n) = —C + >_ k™', C = 0.5572.. . . is the Euler constant, ¢)(z) = [InT'(z)]’, is the
k=1

logarithmic derivative of the gamma function.
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» Wronskians and similar formulas

2
W(J,,Y,)=—

)
T

2
W(Jy, Jy) = —— sin(7v),
™

Ju(x)J—uH(x) + J—V(x)‘]l/—l(x) = %’

Here the notation W (f, g) = fg,, — f.g is used.

» Integral representations

[Danesh e Amari]

2
J(@)Y,1(x) - Jo (@)Y, () = —

The functions J, and Y, can be represented in the form of definite integrals (for z > 0):

wJ,(x) = / cos(x sin @ — v6) df — sin T / exp(—zx sinh t — vt) dt,
0 0

WYu(x) = / Sil’l((ﬁ sin@ — 1/9) do — / (e”t + e—’/t cos ﬂ.y)e—az sinh t dt.
0 0

For|v|< $,2 >0,

T(2) = v v > sin(xt) dt
vit) = FI/ZF(%—V) N Ve
Qv gy *° cos(zt)dt
Y, (x)=- .
(T) WI/ZF(% _ V) /1 (tz _ 1)u+1/2
1
For v > -2
2z /2) /2
J(x) = @/2) cos(z cost)sin® tdt (Poisson’s formula).

/20 +v) Jo
Forv=0,2>0,
2 [ 2 [
Jo(x) = — sin(x cosh t) dt, Yo(x) = ——
™ Jo ™ Jo

For integerv =n=0,1,2,...,

1 ™
Jp(x) = — / cos(nt —xsint)dt (Bessel’s formula),

™ Jo

2 /2

Jon(x) = — / cos(x sint) cos(2nt) dt,
™ Jo
2 /2
Jons1(x) = — / sin(x sint) sin[(2n + 1)t] dt.
™ Jo

» Integrals with Bessel functions

/ 2 I, (z)dr=

0

2

7)
4 b

x)\+u+l

22A+v+DHITw+1)

A+v+3
2 9

A+v+1

s v+1;
2

u

cos(x cosh t) dt.

Re(A\+v)>-1,

where F'(a, b, c; z) is the hypergeometric series (see Section 10.9 of this supplement),

2

x
N cos(wmI'(—v)  y,ip4 ()\+u+1 A+v+3 =z
Yl/ d T E—— Fi, 1’75__
/O‘r @ e == v v+ 1) ; vt > 4>
2T@W) s n (/\—V+1 A—v+3 xz)
_ s (AT oy, 2T
vl > VT T4 )

Re A >|Rev|-1.
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» Asymptotic expansions as |x| — oo

]2 4z —2wm -7\ [ D 2212 5 Ol 2M
u(z)—\/ﬁ{cos(T)L;(—) (v, 2m)(22) > + O(al )]

M-1
_ Sin(W) [ Z(_l)hL(V, 2m + 1)(2:5)’2”‘*1 + O(Imlzwfl)} }’
m=0

M-1

Y, (z) = | /% {sm(“x‘%#) L;)(—n’"(u, 2m)(2a)y 2" + 0(|:c|-2M)}

4z —um -7 [ 22 D2 D2 4+ Oz 2M!
+cos(f){2(—) . 2m + 1)22) 2" + O(|z| )H

m=0

1 I +v+
where (v,m) = = — (4 ~ (@2~ 3) ... [47 - @m — 1] = —2 7/ F)
22mm! m!F(% +v-m)

For nonnegative integer n and large z,

VTE Jon () = (~1)™(cos z + sin ) + O(z72),
VL Jopa1 () = (=1)"(cos z — sin ) + O(z72).

» Asymptotic for large v (v — 00).
1 ex\Vv 2 rex\v
o o (5) w2 ()"
@)= 2my \2v @) = v \2u

21/3 1 v 71/3 1
T3 n Y T 3G ) i

where z is fixed,
Jy(v) —

» Zeros of Bessel functions

Each of the functions J,(z) and Y, (x) has infinitely many real zeros (for real v). All zeros are
simple, possibly except for the point x = 0.

The zeros vy, of Jy(z), i.e., the roots of the equation Jy(y,,) = 0, are approximately given by

Ym =24+3.13(m-1) (m=1,2,...),
with maximum error 0.2%.
» Hankel functions (Bessel functions of the third kind)

HV(z2) = J,(2) +iY,(2), HP()=J,(z)-iY,(2),  i*=-L.

10.7. Modified Bessel Functions

» Definitions. Basic formulas
The modified Bessel functions of the first kind, I,,(x), and the second kind, K, (x) (also called
the Macdonald function), of order v are solutions of the modified Bessel equation

Yy + 7Yy — @ + 1)y =0
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and are defined by the formulas

(/22 L, -1,
(@)= Zk‘F(u+k+l) Ko@) =5 SGnmn

(see below for K, (z) withv =0,1,2,...).
The modified Bessel functions possess the properties

K_(x)= K, (2); L,(x)=-D)"I,(x), n=012,...
2vly(z) =zl (x) = Ty ()], vKy(z) = —z[ Ky 1 (2) = Ky (2)],

d 1 d
afu(iﬂ) = E[qul(iﬂ) + I ()],

1
%Ku(w) = _E[Ku—l(x) + Ky ()]

» Modified Bessel functions for v = +n + %, wheren =0,1,2,...

/2 [ 2
I j5(z) = \/ — sinhz, Ly5(x) =1/ — coshz,
T T
2 1 . 2 1 .
I3 5(x) = — _E sinhx +coshx |, I3/p(z)= —\ coshz +sinhzx |,

pxnm (EDE(+E)! S n+k)!
L1 pp(2) = —/— N [e 2 (- =k o —-(=D" Z FT(n = k)'(Zx)k}

n

~DF(n + k)! S (n+k)!
I—n—l/Z(‘r) = |: Z k! (n k)' (2 )k; ( 1) Z k! (n I{)‘ (2$)k:|

1
Kuip@)=/3-6%  Kusp@ =)o (1+ =)™,
e (n+k)!
Kyi)2(@) = Koy pp(x) = \/ Z EICETe

» Modified Bessel functions v = n, wheren = 0,1,2,...
If v = n is a nonnegative integer, then

n-1

_ ot x 1 m T\ (n—m—1)!
Ko@) = ™ L@ 2+ 2> 0" (5) T

2 m!

m=0

1 =\ 2mah(n+m+ 1) +h(m+ 1)

—(=D" — : =0,1,2,...
260" 30(3) mimamy - =02

m=0

where 1(2) is the logarithmic derivative of the gamma function; for n = 0, the first sum is dropped.

» Wronskians and similar formulas.
2 . 1
wd,,1.,)=——sin(7v), WU,,K,)=-——,
T T

2 si 1
L@@~ L@@ =22 L @)Ky (0) + LK @) =

where W(f,9) = fg. - f.g.
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» Integral representations.
The functions I,,(x) and K, (x) can be represented in terms of definite integrals:

- - 2\v-1/2 1
I,(x) 1/22VI‘(V+ 2) / exp(—zxt)(1 —t°) dt (x>0, v> )
K, (x)= / exp(—x cosh t) cosh(vt) dt (x>0),
Jo
1 o0
K,(r)= —— / cos(x sinh t) cosh(vt) dt (x>0, -1<v<l),
cos(im/) 0
1 o0
Ky(2)= —F—— / sin(x sinh t) sinh(vt) dt (x>0, -1<v<]).
sm(2 ) 0

For integer v = n,

l ™
I,(x)= p / exp(z cos t) cos(nt) dt n=0,1,2,...),
0

Ko(z) = / cos(z sinh t) df = / sy (>0,
0 0 t2+1

» Integrals with modified Bessel functions

T A+l 2
N T Atv+1l A+v+3 T
I,(x)dx = F( R , v+1; —) Re(A+v)>-1,
/Oglj (@) dz 2N +v+ DI'(w+ 1) 2 2 v 4 c(A+v)

where F'(a, b, c; z) is the hypergeometric series (see Section 10.9 of this supplement),

r 2v-Ir A— 1 A— 3 a?
/ K, (z)dx = (V) N ”“F( i ,1-v v x_)
0

A-v+1 2 ’ 2 4
2*V*1r(—y) sl ATV +1 A+v+3 2?2
— P —, 1 _— — R Rev|- 1.
Arval " (T ) ReAsRed
» Asymptotic expansions as x — oo
V-1 -3%). . 4 -2m-1)?]
1, 1 m ,
(x) = { Z( ) G }
T @ - D> =3% .. . [4* - 2m-1)?]
K, (x)=4/—e"}1 .
@) =125¢ { +g=:1 m! (8z)™

The terms of the order of O(z~™1) are omitted in the braces.

10.8. Degenerate Hypergeometric Functions

» Definitions. Basic Formulas
The degenerate hypergeometric functions ®(a, b; ) and ¥ (a, b; z) are solutions of the degenerate
hypergeometric equation

xyl . +((b-z)yl, —ay =0.
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TABLE S1
Special cases of the Kummer function ®(a, b; z)

a b z P Conventional notation
a a T e’
1 .
1 2 2x —e% sinhx
T
Incomplete gamma function
—Q x
a a+l T az™*vy(a, ) ~(a,7) :/ tpa-l gy
0
1 3 X Jr i Er;or ful;ction
= = - ~—erfx 2
2 2 erfr=— / exp(—t-) dt
2 VT Jo
_n 1 x_z n! (_l)m Hop (1) Hermite polynomials
2 2 '\ 2 , dn R
H,=-D"e" — (e_”” )
3 x? n! ( 1)*”H @) dxn
-n > L e (2 1 (T _
2 2 Qn+\ 2 2+l n=0,1,2,...
Laguerre polynomials
| (a) - efa d_n —T . n+o
-n b x %L(é"])(m) L@ n! dz" (ea™),
(O)n a=b-1,
(b), =b(b+1)...(b+n-1)
Lo | 2 F(1+V)e“(£)7yl (@)
) vE * 2 v Modified Bessel functions
3 T\ I, (x)
n+1 2n+2 2x F(n+§)e”(5> L1 ()
In the case b # 0, -1, -2, -3, ..., the function ®(a, b; x) can be represented as Kummer’s series:

— () o*
Dabir)=1+5 DeLT
2y w

where (a)r =al(a+1)...(a+k-1), (a)y = 1.
Table S1 presents some special cases when ® can be expressed in terms of simpler functions.
The function ¥(a, b; x) is defined as follows:

\Il(a, b,.’[:) = Fr(li_b)@(a, b;l’)+ F(b— 1)

1-b _ 7.
@b+ 1) @) x "Pla-b+1, 2-b; x).

» Some transformations and linear relations
Kummer transformation:

B(a,b;z) = e D(b—a, b;—x), U(a,byz) =201 +a-b,2-b;z).
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Linear relations for ®:
b-a)®a-1,b;2)+ Ra-b+x2)P(a,b;x)—aP(a+1,b;z) =0,
bb—-1)®(a,b-1;2)-b(b-1+2)P(a,b;z)+ (b—a)xP(a,b+ 1;z) =0,
(a=b+ DP(a,b;x)—aP(a+1,b;2)+(b—-1)P(a,b-1;2)=0,
b®(a, b;x) - bP(a—-1,b;2) —x2P(a, b+ 1;2) =0,
bla+2)P(a,b;x)—(b—a)xP(a,b+ 1;2) —abP(a+1,b;z) =0,
(a-1+2)P(a,b;z)+(b-a)®a-1,b;2)—(b—-1)P(a,b-1;x)=0.
Linear relations for W:
Ua-1,b;2)—Ra-b+x)V(a,b;x) +ala—-b+ 1NV (a+1,b;x) =0,
b-—a-D¥(a,b-1;2)—(b-1+2)¥(a,b;x) + x¥(a,b+ 1;2) =0,
Y(a,b;x)—aV(a+1,b;2)—VY(a,b-1;2)=0,
b-a)¥(a,b;x)—z¥(a,b+ 1;2)+P(a-1,b;2) =0,
(a+x)¥(a,b;x)+alb—a-1D¥(a+1,b;x)—x¥(a,b+1;2) =0,
(a=1+2)¥(a,b;x)-V(a-1,b;2)+(a—c+ D)¥(a,b-1;2)=0.

» Differentiation formulas and Wronskian
Differentiation formulas:

d d"” "
%CI)(Q, b;x) = %@(a +1,b+1;2), dx—n‘l)(a, b;x) = EZ;n ®(a+n,b+n;x),
d dTL
—W(a,b;x) =-aV¥(a+ 1,0+ 1;2), ——U(a,b;2) = (-D)™a), T(a+n,b+n; ).
dx dx™
Wronskian: T'th
W(®,0) =00, -, U= IO e
I'(a)
» Degenerate hypergeometric functions forn =0, 1, ...
-1 n-1
Y(a,n+1;x) = L ®(a,n+1;x)Inz
n!T'(a-n)
o) . n-1 .
(a), x’ (n-1)! (a-n), ™"
_ (1 _ (1 adll
+Z;, s @D =Y =yl +n+ )] T }+ ) Zoj o

where n = 0, 1, 2, ... (the last sum is dropped for n = 0), ¥(z) = [InT'(2)],, is the logarithmic
derivative of the gamma function,

n—1

p()=-C, Pm)=-C+y Kk,

k=1

where C = 0.5572 . .. is the Euler constant.
If b < 0, then the formula

U(a,b;z) =z "W(a-b+1, 2-b; )

is valid for any z.
For b #0, -1, -2, -3, ..., the general solution of the degenerate hypergeometric equation can
be represented in the form
y =C1®(a,b;z) + C2,¥(a, b; ),

and for b=0,-1,-2,-3, ..., in the form
y=2""[C1®(a-b+1, 2-b; )+ Cy¥(a-b+1, 2-b; z)].
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» Integral representations

D(a,b;z) = _ I le”t“‘l(l -t ldt  (for b>a>0)
o L@Tb-a) Jo ’
1 o0
U(a,b;z) = —— / e + )P0 dt (for >0, z>0),
L(a) J,

where I'(a) is the gamma function.

» Integrals with degenerate hypergeometric functions
b-1
®(a,b;x)dr = —1‘1'((1— I,b—1;2)+C,
a p—

1
/\I/(a,b;x)dx= ml’(a—l,b—l;x)+0,

n+l
N . (_1)k+1(1 _b)kxn—k+1 '
/x ®(a,b;x)dr =n! Z d_ant_k+ D Pla-k,b-k;x)+C,
k=1

ntl (_1)k+lxn—k+l

/x"‘l/(a, b;x)dz =n! Z - E+ D Wa-kb-k;z)+C.
k=1

» Asymptotic expansion as |x| — oco.

N
®(a,b; ) = yexx“‘b [Z b-and-a)n "+ 5] , x>0,

(a) —~ n!
. T o[ o= @nla=b+1),
®(a, by x) = F(b_a)(—x) [; T(—x) +5}, <0,
N (@n(a—b+1)
U(a,b;x)=a° [Z(—l)nwx" + 6] , —00<x <00,
n=0 '

where € = O(z~N).

10.9. Hypergeometric Functions

» Definition
The hypergeometric functions F'(«, (3,7; x) is a solution the Gaussian hypergeometric equation

z(z— Dyl +[(a+ B+ Dz -]y, +afy = 0.

For v #0,-1,-2,-3, ..., the function F(«, 3,~; x) can be expressed in terms of the hypergeo-
metric series:

(@r(B) ="

o F @k=aler D tk-1),

Fla,B,y;2)=1+)
k=1

which certainly converges for |z| < 1.
Table S2 shows some special cases when F' can be expressed in term of elementary functions.
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TABLE S2

Some special cases when the hypergeometric function F'(«, 3,7; 2)
can be expressed in terms of elementary functions

« J6] Y z F
— (B "
-n y x ———— —, where n=1,2,...
’ 2o W
— (B =" _
-n ﬂ -n—m T Zmy, where n = 1,2,...
k=0
a 3 g x (1-z)®
o a+i 1 2 3 [+ + (1-2)2]
12 12«
a a+% % 2 (1+x) —(1-x)
2x(1 -2a)
a —a ! a2 H(VT+22+2) + (VI+a2-2)]
1 ) (V1+a? +9:)2a71 +(V1 +x2—x)2a71
« -« 3 —x
2V 1+ 22
a a—1 2a-1 x 2202 (14v/1-2 )"
o | 3 . sin[a—1)x]
-« 2 St (a—1)sin(2x)
B 3 - sin[(2a—2)x]
“ 2-a 2 sin” (a—1)sin(2z)
cos[a-1)x
a l-a % sin® cosl@a -zl
cos
« a+1 %OZ x (1+l’)(l—.’[:)_a_l
2«
a | a+} 2o+ x (“7 V21—x>
12«
o a+% 20 " 1 (1+\/1—x>
Vi-z 2
1
1 1 3 2 _ i
2 2 2 x warcsmx
1 1 3 > 1 et
2 2 —x xarc an
1
1 1 2 —x —In(x+1)
X
1 l+z
1 3
1 1 2 2 _1
2 2 * 2x 1 -z
D™ (n+m+1+1) g™ {(1 )m+lle}
—r hadill
A ! | dpntm r(
n+l | n+m+1 | n+m+1+2 T n.l.(n+mi.§71n+l). dx dz
po =D =012,

X
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» Basic properties
The function F' possesses the following properties:

F(o, B,v;2) = F(B, o, v; ),
Fa,B,v;2)=(1-2) " PE(y—a, y= B, v; 2),
Fla.fyia) = (=) F(a y=B, % —— ).

x -1
d" F(a,B,v;,x) = MF(a+n, B+n, y+mn; x).
dx™ (’Y)n

If ~y is not an integer, then the general solution of the hypergeometric equation can be written in
the form

y=C F(a,B3,7;0)+ Cox' T Fla—v+1, B-—y+1, 2—7; ).

» Integral representations
For v > /3 > 0, the hypergeometric function can be expressed in terms of a definite integral:

I'(y)
LT -p6) Jo
where I'(0) is the gamma function.

See M. Abramowitz and I. Stegun (1979) and H. Bateman and A. Erdélyi (1973, Vol. 1) for
more detailed information about hypergeometric functions.

1
F(a, B,7v;x) = 1A =Pty dt,

10.10. Legendre Functions

» Definitions. Basic formulas
The associated Legendre functions P (z) and Q¥ (z) of the first and the second kind are linearly
independent solutions of the Legendre equation:

(1=22y!, =22y, + v+ 1) = 21 - 22y = 0,

where the parameters v and p and the variable z can assume arbitrary real or complex values.
For |1 — z| < 2, the formulas

Pj(z) =

1 1\ ~/2 _
<Z+ )ﬂ F(—V,1+1/,1—u, ! Z),
Td-w\z-1 2

z—1 5 1-2 z+1 5 1-2
Qﬁ(z):A( >2F(—I/,l+l/,1+p,, >+B( >2F(—I/,1+I/,1—‘u, —)
Z+1 2 1 2

Pewld+vtp o W) o

A=ehm , = , =-1,
2T (1 +v—p) 2
are valid, where F'(a, b, c; 2) is the hypergeometric series (see (see Section 10.9 of this supplement).
For |z] > 1,
—v-1 1
Pli(z) = 2 F(—g—l/)z_,jw_l(zz_l)_u/zF(l+V—u’ 2+V—/J,’ 21/+3’ 1
VAT (v — ) 2 2 2 22
. 2VI‘(%+V) z”*“(zz—l)’“/2F< v+p l-v—p 1-2v i
VAT +v—p) 2’ 2 2 7 2)

i VILW 4 D) iy

Quz)=e
210w + 2)

(- 1)“/2F( , , €

24v+4+p l+v+p 2v+3 1
2 2 2 2)
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The functions P,(z) = P2(2) and Q,(z) = Q%(2) are called the Legendre functions.
The modified associated Legendre functions, on the cut z = z, -1 < x < 1, of the real axis are
defined by the formulas

Pi@) = L[ Pl(a +i0) + € T Pli(z — i0)],
Ql(x) = Le T [ THTQ(x +00) + €T 1T QP (z — i0)].
» Trigonometric expansions

For -1 < = < 1, the modified associated Legendre functions can be represented in the form
trigonometric series:

e+l x 1 1
Pri(cos ) = 2 TLELED (G gy 5 (2 “")k( FURIR Golk + v+ o+ 1)),
VT Tw+3) P k' v+ 3)k
r = (% 1
Q"(cos ) = ﬁzuw(sing)uz (2 + )i ( +31/+,U)k cos[(2k + v + 1 + D)0,
T(v+3) )
where 0 < 0 < 7.
» Some relations
I'v+n+1)
H = H n = n =
PL@=PhoG), PIG = oo R e, n=012,..
iy i ey LA AVHL) by,
GO = smamn PO i O

ForO<z <1,

Pl (—x) = PH(z)cos[m(v + pu)] - ZW_IQ‘;(I) sin[7(v + )],
Qb (—z) = -Q4(x) cos[m(v + w)] - %TFPD‘U’(I) sin[7(v + w)].

For-1<z <1,

2v+1 v+
Pt =—— 2 Pzx)- ——L—P* .
1/+1(x) V—,U,+1I II(I) V_M+1 V—l(‘r)
Wronskians:
1 F(u+/¢+l )F(V+u+2)
W(P,,Q,)= ——, W(PHQ" = , k=2 2 I
( Q ) 1—$2 ( v V) 1_12 l—w(u—2££+l)l—x(u—2££+2)

Forn=0,1,2,...,

Pl(x)=(-1)"(1- :c%””j—nPu(:c), Qp(x) = (-1)"(1 - xz)"“d—zczu(m
T dxr

» Legendre polynomials
The Legendre polynomials P, (x) and the Legendre functions ),,(z) are defined by the formulas

n

n!2n dxm

I+ 1
. Z} — P 1) P ().

Poa) = @1, Qu) = g Pu@)n
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The polynomials P,, = P, (z) can be calculated recursively using the relations

1 2n + 1 n_
P(x)=1, P@)=z, Px)=-3a>-1), ..., Pu@)="—zP,(2)- Po1(2).
2 n+1 n+l
The first three functions Q,, = @,,(x) have the form
1. 1+ . l+x 322-1_ 1+z 3
= — 1 = — — 1 = — —.
Qo(@)=5In—. Qi@)=zIn—-1 (a2) noT— 5%
The polynomials P, (x) have the implicit representation
[n/2]
Pn (.CL') =" Z (_1 )m, C:ln Cznn_zmxn—2m’
m=0

where [A] is the integer part of a number A.
All zeros of P,(x) are real and lie on the interval -1 < x < +1; the functions P, (z) form an
orthogonal system on the interval —1 < z < +1, with

0 if n#m,

+1
1 m if n=m.

The generating function is

» Integral representations

Forn=0,1,2,...,
ne o Tw+n+1)
Pl(z) = o+ J, (z+cost\/ - ) cos(nt)dt, Rez>0,
r 1 T
0™z) = (1) %( _ 1y /0 (2 +cos )™ (sint)?* df, Rev>-1,

Note that z # x, —1 < x < 1, in the latter formula.

10.11. Orthogonal Polynomials

All zeros of each of the orthogonal polynomials P, (z) considered in this section are real and
simple. The zeros of the polynomials P,,(x) and P, (x) are alternating.

» Legendre polynomials
The Legendre polynomials P,, = P, (x) satisfy the equation

(1 =2yl —2xy, +n(n+ 1y =0.

They are outlined in Section 10.10 of this supplement.
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» Laguerre polynomials
The Laguerre polynomials L,, = L, (x) satisfy the equation

zyy, +(1=z)yl, +ny =0
and are defined by the formulas

_ T d" ne=a n|..n 2 n-1 n2(n_l)2 n-2
Lu@) =" - (a"e )" [ —n?am 4 e

The first four polynomials have the form

Lo=1, Li=—x+1, Ly=2>-4x+2, L;=-2°+92>-18x+6.

To calculate L,, for n > 2, one can use the recurrent formulas
Ly () = 2n+1-2)Ln(x) =0 Ly (2).

The functions L, (x) form an orthogonal system on the interval 0 < z < oo, with

/ ¢ Ly (2) Ly (z) dt = { 0 ifnzm,
0

n)? if n=m.

The associated Laguerre polynomials of degree n — k and order k are given by

k dk

These satisfy the differential equation
zyn, +(k+1-2)y, +(n—-k)y=0,

wheren=1,2,... and k=0,1,2,...
The generating function is

le(
l—sp

~)= ZLn@)

» Chebyshev polynomials
The Chebyshev polynomials T, = T},(x) satisfy the equation

( - )ym:c_xym-'-nzyzo

and are defined by the formulas

_ G Y o S PR
T, (x) = cos(n arccos ) = ! -z T (1 -z*)" 7]

[n/ 2]

i Z(_ )m (n m2 D! Qx )n—2m (n=0,1,2,...

)Y

where [A] stands for the integer part of a number A.

ey
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The first four polynomials are
To=1, Ty=z, Th=22*-1, T3=42>-3z.
The recurrent formulas:
Thi(x) = 22T, (2) - T (), n=2.
The functions T;,(x) form an orthogonal system on the interval -1 < x < +1, with
! L@@ { 0 mnrm
dr=<¢ im if n=m
N 2 ’
-1 1-z T ifn=m=0.
The Chebyshev functions of the second kind,

Uy(x) = arcsin z,

V1-22dT,
U, (x) = sin(n arcsin x) = :c % (n=1,2,...),
n X

just as the Chebyshev polynomials, also satisfy the differential equation (1).
The generating function is

I=sw Z T,(x)s"  (s|<1).

1-2sz+82

» Hermite polynomial
The Hermite polynomial H,, = H,(x) satisfies the equation

Yoz = 23y +2ny =0
and is defined by the formulas

H,(x)==D" exp(acz) ddx" exp(—azz).
The first four polynomials are
Hy=1, H =z H,=42>-2, H;=82"-12z.
The recurrent formulas:
H, . (x)=2xH,(x)-2nH,_ (), n2>2.

The functions H,,(z) form an orthogonal system on the interval —co < z < 0o, with

0o 0 if n#m,
TR O

o0

The Hermite functions v,,(x) are introduced by the formula t,,(2) = exp(-42?) Hy (), where
n=0,1,2,...
The generating function:

exp -2+ 2.9::: Z Hn(:c)—

» Jacobi polynomials
The Jacobi polynomials P®? = P9 (x) satisfy the equation

(I-2?yl, + [B-a-(a+B+2z|y, +n(n+a+B+ 1y =0

and are defined by the formulas

ap_ ED"
Pf= 2

(-ar ey (4] = 2y OO a1 )

m=0

where C}' are binomial coefficients.

@ References for Supplement 10: H. Bateman and A. Erdélyi (1953, 1955), M. Abramowitz and I. A. Stegun (1964).
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