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Supplement 1

Elementary Functions
and Their Properties

Throughout Supplement 1 it is assumed that n is a positive integer, unless otherwise specified.

1.1. Trigonometric Functions

� Simplest relations

sin2 x + cos2 x = 1, sin(–x) = – sin x, cos(–x) = cos x,

tan x =
sin x

cos x
, cot x =

cos x

sin x
, 1 + tan2 x =

1
cos2 x

, 1 + cot2 x =
1

sin2 x
,

tan x cot x = 1, tan(–x) = – tan x, cot(–x) = – cot x.

� Relations between trigonometric functions of single argument

sin x = ±
√

1 – cos2 x = ± tan x√
1 + tan2 x

= ± 1√
1 + cot2 x

,

cos x = ±
√

1 – sin2 x = ± 1√
1 + tan2 x

= ± cot x√
1 + cot2 x

,

tan x = ± sin x√
1 – sin2 x

= ±
√

1 – cos2 x

cos x
=

1
cot x

,

cot x = ±
√

1 – sin2 x

sin x
= ± cos x√

1 – cos2 x
=

1
tan x

.

� Reduction formulas

sin(x ± nπ) = (–1)n sin x,

sin
(
x ± 2n + 1

2
π
)

= ±(–1)n cos x,

tan(x ± nπ) = tan x,

tan
(
x ± 2n + 1

2
π
)

= – cot x,

sin
(
x ± π

4

)
=

√
2

2
(sin x ± cos x),

tan
(
x ± π

4

)
=

tan x ± 1
1 ∓ tan x

,

cos(x ± nπ) = (–1)n cos x,

cos
(
x ± 2n + 1

2
π
)

= ∓(–1)n sin x,

cot(x ± nπ) = cot x,

cot
(
x ± 2n + 1

2
π
)

= – tan x,

cos
(
x ± π

4

)
=

√
2

2
(cos x ∓ sin x),

cot
(
x ± π

4

)
=

cot x ∓ 1
1 ± cot x

.
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� Addition formulas

sin(x ± y) = sin x cos y ± cos x sin y,

tan(x ± y) =
tan x ± tan y

1 ∓ tan x tan y
,

cos(x ± y) = cos x cos y ∓ sin x sin y,

cot(x ± y) =
1 ∓ tan x tan y

tan x ± tan y
.

� Addition and subtraction of trigonometric functions

sin x + sin y = 2 sin
( x + y

2

)
cos

( x – y

2

)
,

sin x – sin y = 2 sin
( x – y

2

)
cos

( x + y

2

)
,

cos x + cos y = 2 cos
( x + y

2

)
cos

( x – y

2

)
,

cos x – cos y = –2 sin
( x + y

2

)
sin

( x – y

2

)
,

sin2 x – sin2 y = cos2 y – cos2 x = sin(x + y) sin(x – y),

sin2 x – cos2 y = – cos(x + y) cos(x – y),

tan x ± tan y =
sin(x ± y)
cos x cos y

, cot x ± cot y =
sin(y ± x)
sin x sin y

,

a cos x + b sin x = r sin(x + ϕ) = r cos(x – ψ).

Here r =
√

a2 + b2, sin ϕ = a/r, cos ϕ = b/r, sin ψ = b/r, and cos ψ = a/r.

� Products of trigonometric functions

sin x sin y = 1
2 [cos(x – y) – cos(x + y)],

cos x cos y = 1
2 [cos(x – y) + cos(x + y)],

sin x cos y = 1
2 [sin(x – y) + sin(x + y)].

� Powers of trigonometric functions

cos2 x = 1
2 cos 2x + 1

2 ,

cos3 x = 1
4 cos 3x + 3

4 cos x,

cos4 x = 1
8 cos 4x + 1

2 cos 2x + 3
8 ,

cos5 x = 1
16 cos 5x + 5

16 cos 3x + 5
8 cos x,

sin2 x = – 1
2 cos 2x + 1

2 ,

sin3 x = – 1
4 sin 3x + 3

4 sin x,

sin4 x = 1
8 cos 4x – 1

2 cos 2x + 3
8 ,

sin5 x = 1
16 sin 5x – 5

16 sin 3x + 5
8 sin x,

cos2n x =
1

22n–1

n–1∑
k=0

Ck
2n cos[2(n – k)x] +

1
22n

Cn
2n,

cos2n+1 x =
1

22n

n∑
k=0

Ck
2n+1 cos[(2n – 2k + 1)x],

sin2n x =
1

22n–1

n–1∑
k=0

(–1)n–kCk
2n cos[2(n – k)x] +

1
22n

Cn
2n,

sin2n+1 x =
1

22n

n∑
k=0

(–1)n–kCk
2n+1 sin[(2n – 2k + 1)x].

Here Ck
m =

m!
k! (m – k)!

are binomial coefficients (0! = 1).
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� Trigonometric functions of multiple arguments

cos 2x = 2 cos2 x – 1 = 1 – 2 sin2 x,

cos 3x = –3 cos x + 4 cos3 x,

cos 4x = 1 – 8 cos2 x + 8 cos4 x,

cos 5x = 5 cos x – 20 cos3 x + 16 cos5 x,

sin 2x = 2 sin x cos x,

sin 3x = 3 sin x – 4 sin3 x,

sin 4x = 4 cos x (sin x – 2 sin3 x),

sin 5x = 5 sin x – 20 sin3 x + 16 sin5 x,

cos(2nx) = 1 +
n∑
k=1

(–1)k
n2(n2 – 1) . . . [n2 – (k – 1)2]

(2k)!
4k sin2k x,

cos[(2n+1)x] = cos x

{
1+

n∑
k=1

(–1)k
[(2n+1)2 –1][(2n+1)2 –32] . . . [(2n+1)2 –(2k–1)2]

(2k)!
sin2k x

}
,

sin(2nx) = 2n cos x

[
sin x +

n∑
k=1

(–4)k
(n2 – 1)(n2 – 22) . . . (n2 – k2)

(2k – 1)!
sin2k–1 x

]
,

sin[(2n+1)x] = (2n+1)

{
sin x+

n∑
k=1

(–1)k
[(2n+1)2–1][(2n+1)2–32] . . . [(2n+1)2–(2k–1)2]

(2k+1)!
sin2k+1 x

}
,

tan 2x =
2 tan x

1 – tan2 x
, tan 3x =

3 tan x – tan3 x

1 – 3 tan2 x
, tan 4x =

4 tan x – 4 tan3 x

1 – 6 tan2 x + tan4 x
.

� TrigonoTrigonometrmetric functions of half argument

sin2 x

2
=

1 – cos x

2
, cos2 x

2
=

1 + cos x

2
,

tan
x

2
=

sin x

1 + cos x
=

1 – cos x

sin x
, cot

x

2
=

sin x

1 – cos x
=

1 + cos x

sin x
,

sin x =
2 tan x

2

1 + tan2 x
2

, cos x =
1 – tan2 x

2

1 + tan2 x
2

, tan x =
2 tan x

2

1 – tan2 x
2

.

� Euler and de Moivre formulas. Relationship with hyperbolic functions

ey+ix = ey(cos x + i sin x), (cos x + i sin x)n = cos(nx) + i sin(nx), i2 = –1,

sin(ix) = i sinh x, cos(ix) = cosh x, tan(ix) = i tanh x, cot(ix) = –i coth x.

� Differentiation formulas

d sin x

dx
= cos x,

d cos x

dx
= – sin x,

d tan x

dx
=

1
cos2 x

,
d cot x

dx
= –

1
sin2 x

.

� Expansion into power series

cos x = 1 –
x2

2!
+

x4

4!
–

x6

6!
+ · · · (|x| < ∞),

sin x = x –
x3

3!
+

x5

5!
–

x7

7!
+ · · · (|x| < ∞),

tan x = x +
x3

3
+

2x5

15
+

17x7

315
+ · · · (|x| < π/2),

cot x =
1
x

–
x

3
–

x3

45
–

2x5

945
– · · · (|x| < π).
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1.2. Hyperbolic Functions

� Definitions

sinh x =
ex – e–x

2
, cosh x =

ex + e–x

2
, tanh x =

ex – e–x

ex + e–x
, coth x =

ex + e–x

ex – e–x
.

� Simplest relations

cosh2 x – sinh2 x = 1,

sinh(–x) = – sinh x,

tanh x =
sinh x

cosh x
,

tanh(–x) = – tanh x,

1 – tanh2 x =
1

cosh2 x
,

tanh x coth x = 1,

cosh(–x) = cosh x,

coth x =
cosh x

sinh x
,

coth(–x) = – coth x,

coth2 x – 1 =
1

sinh2 x
.

� Relations between hyperbolic functions of single argument (x ≥ 0)

sinh x =
√

cosh2 x – 1 =
tanh x√

1 – tanh2 x
=

1√
coth2 x – 1

,

cosh x =
√

sinh2 x + 1 =
1√

1 – tanh2 x
=

coth x√
coth2 x – 1

,

tanh x =
sinh x√

sinh2 x + 1
=

√
cosh2 x – 1

cosh x
=

1
coth x

,

coth x =

√
sinh2 x + 1

sinh x
=

cosh x√
cosh2 x – 1

=
1

tanh x
.

� Addition formulas

sinh(x ± y) = sinh x cosh y ± sinh y cosh x, cosh(x ± y) = cosh x cosh y ± sinh x sinh y,

tanh(x ± y) =
tanh x ± tanh y

1 ± tanh x tanh y
, coth(x ± y) =

coth x coth y ± 1
coth y ± coth x

.

� Addition and subtraction of hyperbolic functions

sinh x ± sinh y = 2 sinh
( x ± y

2

)
cosh

( x ∓ y

2

)
,

cosh x + cosh y = 2 cosh
( x + y

2

)
cosh

( x – y

2

)
,

cosh x – cosh y = 2 sinh
( x + y

2

)
sinh

( x – y

2

)
,

sinh2 x – sinh2 y = cosh2 x – cosh2 y = sinh(x + y) sinh(x – y),

sinh2 x + cosh2 y = cosh(x + y) cosh(x – y),

tanh x ± tanh y =
sinh(x ± y)

cosh x cosh y
, coth x ± coth y = ± sinh(x ± y)

sinh x sinh y
.

� Products of hyperbolic functions

sinh x sinh y = 1
2 [cosh(x + y) – cosh(x – y)],

cosh x cosh y = 1
2 [cosh(x + y) + cosh(x – y)],

sinh x cosh y = 1
2 [sinh(x + y) + sinh(x – y)].
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� Powers of hyperbolic functions

cosh2 x = 1
2 cosh 2x + 1

2 ,

cosh3 x = 1
4 cosh 3x + 3

4 cosh x,

cosh4 x = 1
8 cosh 4x + 1

2 cosh 2x + 3
8 ,

cosh5 x = 1
16 cosh 5x + 5

16 cosh 3x + 5
8 cosh x,

sinh2 x = 1
2 cosh 2x – 1

2 ,

sinh3 x = 1
4 sinh 3x – 3

4 sinh x,

sinh4 x = 1
8 cosh 4x – 1

2 cosh 2x + 3
8 ,

sinh5 x = 1
16 sinh 5x – 5

16 sinh 3x + 5
8 sinh x,

cosh2n x =
1

22n–1

n–1∑
k=0

Ck
2n cosh[2(n – k)x] +

1
22n

Cn
2n,

cosh2n+1 x =
1

22n

n∑
k=0

Ck
2n+1 cosh[(2n – 2k + 1)x],

sinh2n x =
1

22n–1

n–1∑
k=0

(–1)kCk
2n cosh[2(n – k)x] +

(–1)n

22n
Cn

2n,

sinh2n+1 x =
1

22n

n∑
k=0

(–1)kCk
2n+1 sinh[(2n – 2k + 1)x].

Here Ck
m are binomial coefficients.

� Hyperbolic functions of multiple arguments

cosh 2x = 2 cosh2 x – 1,

cosh 3x = –3 cosh x + 4 cosh3 x,

cosh 4x = 1 – 8 cosh2 x + 8 cosh4 x,

cosh 5x = 5 cosh x – 20 cosh3 x + 16 cosh5 x,

sinh 2x = 2 sinh x cosh x,

sinh 3x = 3 sinh x + 4 sinh3 x,

sinh 4x = 4 cosh x(sinh x + 2 sinh3 x),

sinh 5x = 5 sinh x + 20 sinh3 x + 16 sinh5 x.

cosh(nx) = 2n–1 coshn x +
n

2

[n/2]∑
k=0

(–1)k+1

k + 1
Ck–2
n–k–22n–2k–2(cosh x)n–2k–2,

sinh(nx) = sinh x

[(n–1)/2]∑
k=0

2n–k–1Ck
n–k–1(cosh x)n–2k–1.

Here Ck
m are binomial coefficients and [A] stands for the integer part of a number A.

� Relationship with trigonometric functions

sinh(ix) = i sin x, cosh(ix) = cos x, tanh(ix) = i tan x, coth(ix) = –i cot x, i2 = –1.

� Differentiation formulas
d sinh x

dx
= cosh x,

d cosh x

dx
= sinh x,

d tanh x

dx
=

1

cosh2 x
,

d coth x

dx
= –

1

sinh2 x
.

� Expansion into power series

cosh x = 1 +
x2

2!
+

x4

4!
+

x6

6!
+ · · · (|x| < ∞),

sinh x = x +
x3

3!
+

x5

5!
+

x7

7!
+ · · · (|x| < ∞),

tanh x = x –
x3

3
+

2x5

15
–

17x7

315
+ · · · (|x| < π/2),

coth x =
1
x

+
x

3
–

x3

45
+

2x5

945
– · · · (|x| < π).
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1.3. Inverse Trigonometric Functions

� Definitions and some properties

sin(arcsin x) = x,

tan(arctan x) = x,

cos(arccos x) = x,

cot(arccot x) = x.

Principal values of inverse trigonometric functions are defined by the inequalities

– π2 ≤ arcsin x ≤ π
2 , 0 ≤ arccos x ≤ π (–1 ≤ x ≤ 1),

– π2 < arctan x < π
2 , 0 < arccot x < π (–∞ < x < ∞).

� Simplest formulas

arcsin(–x) = – arcsin x,

arctan(–x) = – arctan x,

arccos(–x) = π – arccos x,

arccot(–x) = π – arccot x,

arcsin(sin x) =

{
x – 2nπ if 2nπ – π

2 ≤ x ≤ 2nπ + π
2 ,

–x + 2(n + 1)π if (2n + 1)π – π
2 ≤ x ≤ 2(n + 1)π + π

2 ,

arccos(cos x) =

{
x – 2nπ if 2nπ ≤ x ≤ (2n + 1)π,
–x + 2(n + 1)π if (2n + 1)π ≤ x ≤ 2(n + 1)π,

arctan(tan x) = x – nπ if nπ – π
2 < x < nπ + π

2 ,

arccot(cot x) = x – nπ if nπ < x < (n + 1)π.

� Relations between inverse trigonometric functions

arcsin x+arccos x = π
2 , arctan x+arccot x = π

2 ;

arcsin x =




arccos
√

1–x2 if 0 ≤ x ≤ 1,

– arccos
√

1–x2 if –1 ≤ x ≤ 0,

arctan
x√

1–x2
if –1 < x < 1,

arccot

√
1–x2

x
–π if –1 ≤ x < 0;

arccos x =




arcsin
√

1–x2 if 0 ≤ x ≤ 1,

π–arcsin
√

1–x2 if –1 ≤ x ≤ 0,

arctan

√
1–x2

x
if 0 < x ≤ 1,

arccot
x√

1–x2
if –1 < x < 1;

arctan x =




arcsin
x√

1+x2
for any x,

arccos
1√

1+x2
if x ≥ 0,

– arccos
1√

1+x2
if x ≤ 0,

arccot
1
x

if x > 0;

arccot x =




arcsin
1√

1+x2
if x > 0,

π–arcsin
1√

1+x2
if x < 0,

arctan
1
x

if x > 0,

π+arctan
1
x

if x < 0.

� Addition and subtraction of inverse trigonometric functions

arcsin x + arcsin y = arcsin
(
x
√

1 – y2 + y
√

1 – x2
)

for x2 + y2 ≤ 1,

arccos x ± arccos y = ± arccos
[
xy ∓

√
(1 – x2)(1 – y2)

]
for x ± y ≥ 0,

arctan x + arctan y = arctan
x + y

1 – xy
for xy < 1,

arctan x – arctan y = arctan
x – y

1 + xy
for xy > –1.
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� Differentiation formulas

d

dx
arcsin x =

1√
1–x2

,
d

dx
arccos x = –

1√
1–x2

,
d

dx
arctan x =

1
1+x2

,
d

dx
arccot x = –

1
1+x2

.

� Expansion into power series

arcsin x = x +
1
2

x3

3
+

1 ⋅ 3
2 ⋅ 4

x5

5
+

1 ⋅ 3 ⋅ 5
2 ⋅ 4 ⋅ 6

x7

7
+ · · · (|x| < 1),

arctan x = x –
x3

3
+

x5

5
–

x7

7
+ · · · (|x| ≤ 1),

arctan x =
π

2
–

1
x

+
1

3x3
–

1
5x5

+ · · · (|x| > 1).

The expansions for arccos x and arccot x can be obtained with the aid of the formulas arccos x =
π
2 – arcsin x and arccot x = π

2 – arctan x.

1.4. Inverse Hyperbolic Functions

� Relationship with logarithmic function

Arsinh x = ln
(
x +

√
x2 + 1

)
, Artanh x =

1
2

ln
1 + x

1 – x
,

Arcosh x = ln
(
x +

√
x2 – 1

)
, Arcoth x =

1
2

ln
1 + x

x – 1
;

Arsinh(–x) = –Arsinh x, Artanh(–x) = –Artanh x,

Arcosh(–x) = Arcosh x, Arcoth(–x) = –Arcoth x.

� Relations between inverse hyperbolic functions

Arsinh x = Arcosh
√

x2 + 1 = Artanh
x√

x2 + 1
,

Arcosh x = Arsinh
√

x2 – 1 = Artanh

√
x2 – 1
x

,

Artanh x = Arsinh
x√

1 – x2
= Arcosh

1√
1 – x2

= Arcoth
1
x

.

� Addition and subtraction of inverse hyperbolic functions

Arsinh x ± Arsinh y = Arsinh
(
x
√

1 + y2 ± y
√

1 + x2
)
,

Arcosh x ± Arcosh y = Arcosh
[
xy ±

√
(x2 – 1)(y2 – 1)

]
,

Arsinh x ± Arcosh y = Arsinh
[
xy ±

√
(x2 + 1)(y2 – 1)

]
,

Artanh x ± Artanh y = Artanh
x ± y

1 ± xy
, Artanh x ± Arcoth y = Artanh

xy ± 1
y ± x

.

� Differentiation formulas

d

dx
Arsinh x =

1√
x2 + 1

,

d

dx
Artanh x =

1
1 – x2

(x2 < 1),

d

dx
Arcosh x =

1√
x2 – 1

,

d

dx
Arcoth x =

1
1 – x2

(x2 > 1).
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� Expansion into power series

Arsinh x = x –
1
2

x3

3
+

1 ⋅ 3
2 ⋅ 4

x5

5
–

1 ⋅ 3 ⋅ 5
2 ⋅ 4 ⋅ 6

x7

7
+ · · · (|x| < 1),

Artanh x = x +
x3

3
+

x5

5
+

x7

7
+ · · · (|x| < 1).

©• References for Supplement 1: H. B. Dwight (1961), M. Arbramowitz and I. A. Stegun (1964), G. A. Korn and T. M. Korn
(1968), W. H. Beyer (1991).
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Supplement 2

Tables of Indefinite Integrals

2.1. Integrals Containing Rational Functions

� Integrals containing a + bx.*

1.
∫

dx

a + bx
=

1
b

ln |a + bx|.

2.
∫

(a + bx)ndx =
(a + bx)n+1

b(n + 1)
, n ≠ –1.

3.
∫

x dx

a + bx
=

1
b2

(
a + bx – a ln |a + bx|

)
.

4.
∫

x2 dx

a + bx
=

1
b3

[ 1
2

(a + bx)2 – 2a(a + bx) + a2 ln |a + bx|
]
.

5.
∫

dx

x(a + bx)
= –

1
a

ln
∣∣∣ a + bx

x

∣∣∣.
6.

∫
dx

x2(a + bx)
= –

1
ax

+
b

a2
ln

∣∣∣ a + bx

x

∣∣∣.
7.

∫
x dx

(a + bx)2
=

1
b2

(
ln |a + bx| +

a

a + bx

)
.

8.
∫

x2 dx

(a + bx)2
=

1
b3

(
a + bx – 2a ln |a + bx| –

a2

a + bx

)
.

9.
∫

dx

x(a + bx)2
=

1
a(a + bx)

–
1
a2

ln
∣∣∣ a + bx

x

∣∣∣.
10.

∫
x dx

(a + bx)3
=

1
b2

[
–

1
a + bx

+
a

2(a + bx)2

]
.

� Integrals containing a + x and b + x.

11.
∫

a + x

b + x
dx = x + (a – b) ln |b + x|.

12.
∫

dx

(a + x)(b + x)
=

1
a – b

ln
∣∣∣ b + x

a + x

∣∣∣, a ≠ b. For a = b, see integral 2 with n = –2.

13.
∫

x dx

(a + x)(b + x)
=

1
a – b

(
a ln |a + x| – b ln |b + x|

)
.

14.
∫

dx

(a + x)(b + x)2
=

1
(b – a)(b + x)

+
1

(a – b)2
ln

∣∣∣ a + x

b + x

∣∣∣.
* Throughout this section, the integration constant C is omitted for brevity.
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15.
∫

x dx

(a + x)(b + x)2
=

b

(a – b)(b + x)
–

a

(a – b)2
ln

∣∣∣ a + x

b + x

∣∣∣.
16.

∫
x2 dx

(a + x)(b + x)2
=

b2

(b – a)(b + x)
+

a2

(a – b)2
ln |a + x| +

b2 – 2ab
(b – a)2

ln |b + x|.

17.
∫

dx

(a + x)2(b + x)2
= –

1
(a – b)2

( 1
a + x

+
1

b + x

)
+

2
(a – b)3

ln
∣∣∣ a + x

b + x

∣∣∣.
18.

∫
x dx

(a + x)2(b + x)2
=

1
(a – b)2

( a

a + x
+

b

b + x

)
+

a + b

(a – b)3
ln

∣∣∣ a + x

b + x

∣∣∣.
19.

∫
x2 dx

(a + x)2(b + x)2
= –

1
(a – b)2

( a2

a + x
+

b2

b + x

)
+

2ab
(a – b)3

ln
∣∣∣ a + x

b + x

∣∣∣.
� Integrals containing a2 + x2.

20.
∫

dx

a2 + x2
=

1
a

arctan
x

a
.

21.
∫

dx

(a2 + x2)2
=

x

2a2(a2 + x2)
+

1
2a3

arctan
x

a
.

22.
∫

dx

(a2 + x2)3
=

x

4a2(a2 + x2)2
+

3x
8a4(a2 + x2)

+
3

8a5
arctan

x

a
.

23.
∫

dx

(a2 + x2)n+1
=

x

2na2(a2 + x2)n
+

2n – 1
2na2

∫
dx

(a2 + x2)n
; n = 1, 2, . . .

24.
∫

x dx

a2 + x2
=

1
2

ln(a2 + x2).

25.
∫

x dx

(a2 + x2)2
= –

1
2(a2 + x2)

.

26.
∫

x dx

(a2 + x2)3
= –

1
4(a2 + x2)2

.

27.
∫

x dx

(a2 + x2)n+1
= –

1
2n(a2 + x2)n

; n = 1, 2, . . .

28.
∫

x2 dx

a2 + x2
= x – a arctan

x

a
.

29.
∫

x2 dx

(a2 + x2)2
= –

x

2(a2 + x2)
+

1
2a

arctan
x

a
.

30.
∫

x2 dx

(a2 + x2)3
= –

x

4(a2 + x2)2
+

x

8a2(a2 + x2)
+

1
8a3

arctan
x

a
.

31.
∫

x2 dx

(a2 + x2)n+1
= –

x

2n(a2 + x2)n
+

1
2n

∫
dx

(a2 + x2)n
; n = 1, 2, . . .

32.
∫

x3 dx

a2 + x2
=

x2

2
–

a2

2
ln(a2 + x2).

33.
∫

x3 dx

(a2 + x2)2
=

a2

2(a2 + x2)
+

1
2

ln(a2 + x2).

34.
∫

x3 dx

(a2 + x2)n+1
= –

1
2(n – 1)(a2 + x2)n–1

+
a2

2n(a2 + x2)n
; n = 2, 3, . . .

35.
∫

dx

x(a2 + x2)
=

1
2a2

ln
x2

a2 + x2
.

36.
∫

dx

x(a2 + x2)2
=

1
2a2(a2 + x2)

+
1

2a4
ln

x2

a2 + x2
.
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37.
∫

dx

x(a2 + x2)3
=

1
4a2(a2 + x2)2

+
1

2a4(a2 + x2)
+

1
2a6

ln
x2

a2 + x2
.

38.
∫

dx

x2(a2 + x2)
= –

1
a2x

–
1
a3

arctan
x

a
.

39.
∫

dx

x2(a2 + x2)2
= –

1
a4x

–
x

2a4(a2 + x2)
–

3
2a5

arctan
x

a
.

40.
∫

dx

x3(a2 + x2)2
= –

1
2a4x2

–
1

2a4(a2 + x2)
–

1
a6

ln
x2

a2 + x2
.

41.
∫

dx

x2(a2 + x2)3
= –

1
a6x

–
x

4a4(a2 + x2)2
–

7x
8a6(a2 + x2)

–
15
8a7

arctan
x

a
.

42.
∫

dx

x3(a2 + x2)3
= –

1
2a6x2

–
1

a6(a2 + x2)
–

1
4a4(a2 + x2)2

–
3

2a8
ln

x2

a2 + x2
.

� Integrals containing a2 – x2.

43.
∫

dx

a2 – x2
=

1
2a

ln
∣∣∣ a + x

a – x

∣∣∣.
44.

∫
dx

(a2 – x2)2
=

x

2a2(a2 – x2)
+

1
4a3

ln
∣∣∣ a + x

a – x

∣∣∣.
45.

∫
dx

(a2 – x2)3
=

x

4a2(a2 – x2)2
+

3x
8a4(a2 – x2)

+
3

16a5
ln

∣∣∣ a + x

a – x

∣∣∣.
46.

∫
dx

(a2 – x2)n+1
=

x

2na2(a2 – x2)n
+

2n – 1
2na2

∫
dx

(a2 – x2)n
; n = 1, 2, . . .

47.
∫

x dx

a2 – x2
= –

1
2

ln |a2 – x2|.

48.
∫

x dx

(a2 – x2)2
=

1
2(a2 – x2)

.

49.
∫

x dx

(a2 – x2)3
=

1
4(a2 – x2)2

.

50.
∫

x dx

(a2 – x2)n+1
=

1
2n(a2 – x2)n

; n = 1, 2, . . .

51.
∫

x2 dx

a2 – x2
= –x +

a

2
ln

∣∣∣ a + x

a – x

∣∣∣.
52.

∫
x2 dx

(a2 – x2)2
=

x

2(a2 – x2)
–

1
4a

ln
∣∣∣ a + x

a – x

∣∣∣.
53.

∫
x2 dx

(a2 – x2)3
=

x

4(a2 – x2)2
–

x

8a2(a2 – x2)
–

1
16a3

ln
∣∣∣ a + x

a – x

∣∣∣.
54.

∫
x2 dx

(a2 – x2)n+1
=

x

2n(a2 – x2)n
–

1
2n

∫
dx

(a2 – x2)n
; n = 1, 2, . . .

55.
∫

x3 dx

a2 – x2
= –

x2

2
–

a2

2
ln |a2 – x2|.

56.
∫

x3 dx

(a2 – x2)2
=

a2

2(a2 – x2)
+

1
2

ln |a2 – x2|.

57.
∫

x3 dx

(a2 – x2)n+1
= –

1
2(n – 1)(a2 – x2)n–1

+
a2

2n(a2 – x2)n
; n = 2, 3, . . .

58.
∫

dx

x(a2 – x2)
=

1
2a2

ln
∣∣∣ x2

a2 – x2

∣∣∣.
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59.
∫

dx

x(a2 – x2)2
=

1
2a2(a2 – x2)

+
1

2a4
ln

∣∣∣ x2

a2 – x2

∣∣∣.
60.

∫
dx

x(a2 – x2)3
=

1
4a2(a2 – x2)2

+
1

2a4(a2 – x2)
+

1
2a6

ln
∣∣∣ x2

a2 – x2

∣∣∣.

� Integrals containing a3 + x3.

61.
∫

dx

a3 + x3
=

1
6a2

ln
(a + x)2

a2 – ax + x2
+

1

a2
√

3
arctan

2x – a

a
√

3
.

62.
∫

dx

(a3 + x3)2
=

x

3a3(a3 + x3)
+

2
3a3

∫
dx

a3 + x3
.

63.
∫

x dx

a3 + x3
=

1
6a

ln
a2 – ax + x2

(a + x)2
+

1

a
√

3
arctan

2x – a

a
√

3
.

64.
∫

x dx

(a3 + x3)2
=

x2

3a3(a3 + x3)
+

1
3a3

∫
x dx

a3 + x3
.

65.
∫

x2 dx

a3 + x3
=

1
3

ln |a3 + x3|.

66.
∫

dx

x(a3 + x3)
=

1
3a3

ln
∣∣∣ x3

a3 + x3

∣∣∣.
67.

∫
dx

x(a3 + x3)2
=

1
3a3(a3 + x3)

+
1

3a6
ln

∣∣∣ x3

a3 + x3

∣∣∣.
68.

∫
dx

x2(a3 + x3)
= –

1
a3x

–
1
a3

∫
x dx

a3 + x3
.

69.
∫

dx

x2(a3 + x3)2
= –

1
a6x

–
x2

3a6(a3 + x3)
–

4
3a6

∫
x dx

a3 + x3
.

� Integrals containing a3 – x3.

70.
∫

dx

a3 – x3
=

1
6a2

ln
a2 + ax + x2

(a – x)2
+

1

a2
√

3
arctan

2x + a

a
√

3
.

71.
∫

dx

(a3 – x3)2
=

x

3a3(a3 – x3)
+

2
3a3

∫
dx

a3 – x3
.

72.
∫

x dx

a3 – x3
=

1
6a

ln
a2 + ax + x2

(a – x)2
–

1

a
√

3
arctan

2x + a

a
√

3
.

73.
∫

x dx

(a3 – x3)2
=

x2

3a3(a3 – x3)
+

1
3a3

∫
x dx

a3 – x3
.

74.
∫

x2 dx

a3 – x3
= –

1
3

ln |a3 – x3|.

75.
∫

dx

x(a3 – x3)
=

1
3a3

ln
∣∣∣ x3

a3 – x3

∣∣∣.
76.

∫
dx

x(a3 – x3)2
=

1
3a3(a3 – x3)

+
1

3a6
ln

∣∣∣ x3

a3 – x3

∣∣∣.
77.

∫
dx

x2(a3 – x3)
= –

1
a3x

+
1
a3

∫
x dx

a3 – x3
.

78.
∫

dx

x2(a3 – x3)2
= –

1
a6x

–
x2

3a6(a3 – x3)
+

4
3a6

∫
x dx

a3 – x3
.
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� Integrals containing a4 ± x4.

79.
∫

dx

a4 + x4
=

1

4a3
√

2
ln

a2 + ax
√

2 + x2

a2 – ax
√

2 + x2
+

1

2a3
√

2
arctan

ax
√

2
a2 – x2

.

80.
∫

x dx

a4 + x4
=

1
2a2

arctan
x2

a2
.

81.
∫

x2 dx

a4 + x4
= –

1

4a
√

2
ln

a2 + ax
√

2 + x2

a2 – ax
√

2 + x2
+

1

2a
√

2
arctan

ax
√

2
a2 – x2

.

82.
∫

dx

a4 – x4
=

1
4a3

ln
∣∣∣ a + x

a – x

∣∣∣ +
1

2a3
arctan

x

a
.

83.
∫

x dx

a4 – x4
=

1
4a2

ln
∣∣∣ a2 + x2

a2 – x2

∣∣∣.
84.

∫
x2 dx

a4 – x4
=

1
4a

ln
∣∣∣ a + x

a – x

∣∣∣ –
1

2a
arctan

x

a
.

85.
∫

dx

x(a + bxm)
=

1
am

ln
∣∣∣ xm

a + bxm

∣∣∣.

2.2. Integrals Containing Irrational Functions

� Integrals containing x1/2.

1.
∫

x1/2 dx

a2 + b2x
=

2
b2

x1/2 –
2a
b3

arctan
bx1/2

a
.

2.
∫

x3/2 dx

a2 + b2x
=

2x3/2

3b2
–

2a2x1/2

b4
+

2a3

b5
arctan

bx1/2

a
.

3.
∫

x1/2 dx

(a2 + b2x)2
= –

x1/2

b2(a2 + b2x)
+

1
ab3

arctan
bx1/2

a
.

4.
∫

x3/2 dx

(a2 + b2x)2
=

2x3/2

b2(a2 + b2x)
+

3a2x1/2

b4(a2 + b2x)
–

3a
b5

arctan
bx1/2

a
.

5.
∫

dx

(a2 + b2x)x1/2
=

2
ab

arctan
bx1/2

a
.

6.
∫

dx

(a2 + b2x)x3/2
= –

2
a2x1/2

–
2b
a3

arctan
bx1/2

a
.

7.
∫

dx

(a2 + b2x)2x1/2
=

x1/2

a2(a2 + b2x)
+

1
a3b

arctan
bx1/2

a
.

8.
∫

x1/2 dx

a2 – b2x
= –

2
b2

x1/2 +
2a
b3

ln
∣∣∣ a + bx1/2

a – bx1/2

∣∣∣.
9.

∫
x3/2 dx

a2 – b2x
= –

2x3/2

3b2
–

2a2x1/2

b4
+

a3

b5
ln

∣∣∣ a + bx1/2

a – bx1/2

∣∣∣.
10.

∫
x1/2 dx

(a2 – b2x)2
=

x1/2

b2(a2 – b2x)
–

1
2ab3

ln
∣∣∣ a + bx1/2

a – bx1/2

∣∣∣.
11.

∫
x3/2 dx

(a2 – b2x)2
=

3a2x1/2 – 2b2x3/2

b4(a2 – b2x)
–

3a
2b5

ln
∣∣∣ a + bx1/2

a – bx1/2

∣∣∣.
12.

∫
dx

(a2 – b2x)x1/2
=

1
ab

ln
∣∣∣ a + bx1/2

a – bx1/2

∣∣∣.
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13.
∫

dx

(a2 – b2x)x3/2
= –

2
a2x1/2

+
b

a3
ln

∣∣∣ a + bx1/2

a – bx1/2

∣∣∣.
14.

∫
dx

(a2 – b2x)2x1/2
=

x1/2

a2(a2 – b2x)
+

1
2a3b

ln
∣∣∣ a + bx1/2

a – bx1/2

∣∣∣.

� Integrals containing (a + bx)p/2.

15.
∫

(a + bx)p/2 dx =
2

b(p + 2)
(a + bx)(p+2)/2.

16.
∫

x(a + bx)p/2 dx =
2
b2

[
(a + bx)(p+4)/2

p + 4
–

a(a + bx)(p+2)/2

p + 2

]
.

17.
∫

x2(a + bx)p/2 dx =
2
b3

[
(a + bx)(p+6)/2

p + 6
–

2a(a + bx)(p+4)/2

p + 4
+

a2(a + bx)(p+2)/2

p + 2

]
.

� Integrals containing (x2 + a2)1/2.

18.
∫

(x2 + a2)1/2 dx =
1
2
x(a2 + x2)1/2 +

a2

2
ln

[
x + (x2 + a2)1/2

]
.

19.
∫

x(x2 + a2)1/2 dx =
1
3

(a2 + x2)3/2.

20.
∫

(x2 + a2)3/2 dx =
1
4
x(a2 + x2)3/2 +

3
8
a2x(a2 + x2)1/2 +

3
8
a4 ln

∣∣x + (x2 + a2)1/2
∣∣.

21.
∫

1
x

(x2 + a2)1/2 dx = (a2 + x2)1/2 – a ln
∣∣∣ a + (x2 + a2)1/2

x

∣∣∣.
22.

∫
dx√

x2 + a2
= ln

[
x + (x2 + a2)1/2

]
.

23.
∫

x dx√
x2 + a2

= (x2 + a2)1/2.

24.
∫

(x2 + a2)–3/2 dx = a–2x(x2 + a2)–1/2.

� Integrals containing (x2 – a2)1/2.

25.
∫

(x2 – a2)1/2 dx =
1
2
x(x2 – a2)1/2 –

a2

2
ln

∣∣x + (x2 – a2)1/2
∣∣.

26.
∫

x(x2 – a2)1/2 dx =
1
3

(x2 – a2)3/2.

27.
∫

(x2 – a2)3/2 dx =
1
4
x(x2 – a2)3/2 –

3
8
a2x(x2 – a2)1/2 +

3
8
a4 ln

∣∣x + (x2 – a2)1/2
∣∣.

28.
∫

1
x

(x2 – a2)1/2 dx = (x2 – a2)1/2 – a arccos
∣∣∣ a
x

∣∣∣.
29.

∫
dx√

x2 – a2
= ln

∣∣x + (x2 – a2)1/2
∣∣.

30.
∫

x dx√
x2 – a2

= (x2 – a2)1/2.

31.
∫

(x2 – a2)–3/2 dx = –a–2x(x2 – a2)–1/2.
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� Integrals containing (a2 – x2)1/2.

32.
∫

(a2 – x2)1/2 dx =
1
2
x(a2 – x2)1/2 +

a2

2
arcsin

x

a
.

33.
∫

x(a2 – x2)1/2 dx = –
1
3

(a2 – x2)3/2.

34.
∫

(a2 – x2)3/2 dx =
1
4
x(a2 – x2)3/2 +

3
8
a2x(a2 – x2)1/2 +

3
8
a4 arcsin

x

a
.

35.
∫

1
x

(a2 – x2)1/2 dx = (a2 – x2)1/2 – a ln
∣∣∣ a + (a2 – x2)1/2

x

∣∣∣.
36.

∫
dx√

a2 – x2
= arcsin

x

a
.

37.
∫

x dx√
a2 – x2

= –(a2 – x2)1/2.

38.
∫

(a2 – x2)–3/2 dx = a–2x(a2 – x2)–1/2.

� Reduction formulas. The parameters a, b, p, m, and n below can assume arbitrary values,
except for those at which denominators vanish in successive applications of a formula. Notation:
w = axn + b.

39.
∫

xm(axn + b)p dx =
1

m + np + 1

(
xm+1wp + npb

∫
xmwp–1 dx

)
.

40.
∫

xm(axn + b)p dx =
1

bn(p + 1)

[
–xm+1wp+1 + (m + n + np + 1)

∫
xmwp+1 dx

]
.

41.
∫

xm(axn + b)p dx =
1

b(m + 1)

[
xm+1wp+1 – a(m + n + np + 1)

∫
xm+nwp dx

]
.

42.
∫

xm(axn + b)p dx =
1

a(m + np + 1)

[
xm–n+1wp+1 –b(m – n + 1)

∫
xm–nwp dx

]
.

2.3. Integrals Containing Exponential Functions

1.
∫

eax dx =
1
a
eax.

2.
∫

ax dx =
ax

ln a
.

3.
∫

xeax dx = eax
( x

a
–

1
a2

)
.

4.
∫

x2eax dx = eax
( x2

a
–

2x
a2

+
2
a3

)
.

5.
∫

xneax dx=eax
[ 1
a
xn–

n

a2
xn–1+

n(n – 1)
a3

xn–2–· · ·+(–1)n–1 n!
an

x+(–1)n
n!

an+1

]
, n=1, 2, . . .

6.
∫

Pn(x)eax dx= eax
n∑
k=0

(–1)k

ak+1

dk

dxk
Pn(x), where Pn(x) is an arbitrary nth-degree polynomial.

7.
∫

dx

a + bepx
=

x

a
–

1
ap

ln |a + bepx|.
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8.
∫

dx

aepx + be–px
=




1

p
√

ab
arctan

(
epx

√
a

b

)
if ab > 0,

1

2p
√

–ab
ln

(
b + epx

√
–ab

b – epx
√

–ab

)
if ab < 0.

9.
∫

dx√
a + bepx

=




1
p
√

a
ln

√
a + bepx –

√
a√

a + bepx +
√

a
if a > 0,

2
p
√

–a
arctan

√
a + bepx√

–a
if a < 0.

2.4. Integrals Containing Hyperbolic Functions
� Integrals containing coshx.

1.
∫

cosh(a + bx) dx =
1
b

sinh(a + bx).

2.
∫

x cosh x dx = x sinh x – cosh x.

3.
∫

x2 cosh x dx = (x2 + 2) sinh x – 2x cosh x.

4.
∫

x2n cosh x dx = (2n)!
n∑
k=1

[
x2k

(2k)!
sinh x –

x2k–1

(2k – 1)!
cosh x

]
.

5.
∫

x2n+1 cosh x dx = (2n + 1)!
n∑
k=0

[
x2k+1

(2k + 1)!
sinh x –

x2k

(2k)!
cosh x

]
.

6.
∫

xp cosh x dx = xp sinh x – pxp–1 cosh x + p(p – 1)
∫

xp–2 cosh x dx.

7.
∫

cosh2 x dx = 1
2 x + 1

4 sinh 2x.

8.
∫

cosh3 x dx = sinh x + 1
3 sinh3 x.

9.
∫

cosh2n x dx = Cn
2n

x

22n
+

1
22n–1

n–1∑
k=0

Ck
2n

sinh[2(n – k)x]
2(n – k)

, n = 1, 2, . . .

10.
∫

cosh2n+1 x dx =
1

22n

n∑
k=0

Ck
2n+1

sinh[(2n – 2k + 1)x]
2n – 2k + 1

=
n∑
k=0

Ck
n

sinh2k+1 x

2k + 1
, n = 1, 2, . . .

11.
∫

coshp x dx =
1
p

sinh x coshp–1 x +
p – 1

p

∫
coshp–2 x dx.

12.
∫

cosh ax cosh bx dx =
1

a2 – b2

[
a cosh bx sinh ax – b cosh ax sinh bx

]
.

13.
∫

dx

cosh ax
=

2
a

arctan
(
eax

)
.

14.
∫

dx

cosh2n x
=

sinh x

2n – 1

[
1

cosh2n–1 x
+
n–1∑
k=1

2k(n – 1)(n – 2) . . . (n – k)
(2n – 3)(2n – 5) . . . (2n – 2k – 1)

1

cosh2n–2k–1 x

]
,

n = 1, 2, . . .

15.
∫

dx

cosh2n+1 x
=

sinh x

2n

[
1

cosh2n x
+
n–1∑
k=1

(2n – 1)(2n – 3) . . . (2n – 2k + 1)
2k(n – 1)(n – 2) . . . (n – k)

1

cosh2n–2k x

]

+
(2n – 1)!!

(2n)!!
arctan sinh x, n = 1, 2, . . .

Page 694

http://MiladZaman005.blogfa.com   [Danesh e Amari]

http://MiladZaman005.blogfa.com


16.
∫

dx

a + b cosh x
=




–
sign x√
b2 – a2

arcsin
b + a cosh x

a + b cosh x
if a2 < b2,

1√
a2 – b2

ln
a + b +

√
a2 – b2 tanh(x/2)

a + b –
√

a2 – b2 tanh(x/2)
if a2 > b2.

� Integrals containing sinhx.

17.
∫

sinh(a + bx) dx =
1
b

cosh(a + bx).

18.
∫

x sinh x dx = x cosh x – sinh x.

19.
∫

x2 sinh x dx = (x2 + 2) cosh x – 2x sinh x.

20.
∫

x2n sinh x dx = (2n)!

[ n∑
k=0

x2k

(2k)!
cosh x –

n∑
k=1

x2k–1

(2k – 1)!
sinh x

]
.

21.
∫

x2n+1 sinh x dx = (2n + 1)!
n∑
k=0

[
x2k+1

(2k + 1)!
cosh x –

x2k

(2k)!
sinh x

]
.

22.
∫

xp sinh x dx = xp cosh x – pxp–1 sinh x + p(p – 1)
∫

xp–2 sinh x dx.

23.
∫

sinh2 x dx = – 1
2 x + 1

4 sinh 2x.

24.
∫

sinh3 x dx = – cosh x + 1
3 cosh3 x.

25.
∫

sinh2n x dx = (–1)nCn
2n

x

22n
+

1
22n–1

n–1∑
k=0

(–1)kCk
2n

sinh[2(n – k)x]
2(n – k)

, n = 1, 2, . . .

26.
∫

sinh2n+1 x dx =
1

22n

n∑
k=0

(–1)kCk
2n+1

cosh[(2n – 2k + 1)x]
2n – 2k + 1

=
n∑
k=0

(–1)n+kCk
n

cosh2k+1 x

2k + 1
,

n = 1, 2, . . .

27.
∫

sinhp x dx =
1
p

sinhp–1 x cosh x –
p – 1

p

∫
sinhp–2 x dx.

28.
∫

sinh ax sinh bx dx =
1

a2 – b2

[
a cosh ax sinh bx – b cosh bx sinh ax

]
.

29.
∫

dx

sinh ax
=

1
a

ln
∣∣∣tanh

ax

2

∣∣∣.
30.

∫
dx

sinh2n x
=

cosh x

2n – 1

[
–

1

sinh2n–1 x

+
n–1∑
k=1

(–1)k–1 2k(n – 1)(n – 2) . . . (n – k)
(2n – 3)(2n – 5) . . . (2n – 2k – 1)

1

sinh2n–2k–1 x

]
, n = 1, 2, . . .

31.
∫

dx

sinh2n+1 x
=

cosh x

2n

[
–

1

sinh2n x
+
n–1∑
k=1

(–1)k–1 (2n–1)(2n–3) . . . (2n–2k+1)
2k(n–1)(n–2) . . . (n–k)

1

sinh2n–2k x

]

+ (–1)n
(2n – 1)!!

(2n)!!
ln tanh

x

2
, n = 1, 2, . . .

32.
∫

dx

a + b sinh x
=

1√
a2 + b2

ln
a tanh(x/2) – b +

√
a2 + b2

a tanh(x/2) – b –
√

a2 + b2
.

33.
∫

Ax + B sinh x

a + b sinh x
dx =

B

b
x +

Ab – Ba

b
√

a2 + b2
ln

a tanh(x/2) – b +
√

a2 + b2

a tanh(x/2) – b –
√

a2 + b2
.
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� Integrals containing tanhx or cothx.

34.
∫

tanh x dx = ln cosh x.

35.
∫

tanh2 x dx = x – tanh x.

36.
∫

tanh3 x dx = – 1
2 tanh2 x + ln cosh x.

37.
∫

tanh2n x dx = x –
n∑
k=1

tanh2n–2k+1 x

2n – 2k + 1
, n = 1, 2, . . .

38.
∫

tanh2n+1 x dx = ln cosh x –
n∑
k=1

(–1)kCk
n

2k cosh2k x
= ln cosh x –

n∑
k=1

tanh2n–2k+2 x

2n – 2k + 2
, n = 1, 2, . . .

39.
∫

tanhp x dx = –
1

p – 1
tanhp–1 x +

∫
tanhp–2 x dx.

40.
∫

coth x dx = ln |sinh x|.

41.
∫

coth2 x dx = x – coth x.

42.
∫

coth3 x dx = – 1
2 coth2 x + ln |sinh x|.

43.
∫

coth2n x dx = x –
n∑
k=1

coth2n–2k+1 x

2n – 2k + 1
, n = 1, 2, . . .

44.
∫

coth2n+1 x dx = ln |sinh x|–
n∑
k=1

Ck
n

2k sinh2k x
= ln |sinh x|–

n∑
k=1

coth2n–2k+2 x

2n – 2k + 2
, n = 1, 2, . . .

45.
∫

cothp x dx = –
1

p – 1
cothp–1 x +

∫
cothp–2 x dx.

2.5. Integrals Containing Logarithmic Functions

1.
∫

ln ax dx = x ln ax – x.

2.
∫

x ln x dx = 1
2 x2 ln x – 1

4 x2.

3.
∫

xp ln ax dx =




1
p + 1

xp+1 ln ax –
1

(p + 1)2
xp+1 if p ≠ –1,

1
2 ln2 ax if p = –1.

4.
∫

(ln x)2 dx = x(ln x)2 – 2x ln x + 2x.

5.
∫

x(ln x)2 dx = 1
2 x2(ln x)2 – 1

2 x2 ln x + 1
4 x2.

6.
∫

xp(ln x)2 dx =




xp+1

p + 1
(ln x)2 –

2xp+1

(p + 1)2
ln x +

2xp+1

(p + 1)3
if p ≠ –1,

1
3 ln3 x if p = –1.

7.
∫

(ln x)n dx =
x

n + 1

n∑
k=0

(–1)k(n + 1)n . . . (n – k + 1)(ln x)n–k, n = 1, 2, . . .
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8.
∫

(ln x)q dx = x(ln x)q – q

∫
(ln x)q–1 dx, q ≠ –1.

9.
∫

xn(ln x)m dx =
xn+1

m + 1

m∑
k=0

(–1)k

(n + 1)k+1
(m + 1)m. . . (m – k + 1)(ln x)m–k, n, m = 1, 2, . . .

10.
∫

xp(ln x)q dx =
1

p + 1
xp+1(ln x)q –

q

p + 1

∫
xp(ln x)q–1 dx, p, q ≠ –1.

11.
∫

ln(a + bx) dx =
1
b

(ax + b) ln(ax + b) – x.

12.
∫

x ln(a + bx) dx =
1
2

(
x2 –

a2

b2

)
ln(a + bx) –

1
2

(
x2

2
–

a

b
x

)
.

13.
∫

x2 ln(a + bx) dx =
1
3

(
x3 –

a3

b3

)
ln(a + bx) –

1
3

(
x3

3
–

ax2

2b
+

a2x

b2

)
.

14.
∫

ln x dx

(a + bx)2
= –

ln x

b(a + bx)
+

1
ab

ln
x

a + bx
.

15.
∫

ln x dx

(a + bx)3
= –

ln x

2b(a + bx)2
+

1
2ab(a + bx)

+
1

2a2b
ln

x

a + bx
.

16.
∫

ln x dx√
a + bx

=




2
b

[
(ln x – 2)

√
a + bx +

√
a ln

√
a + bx +

√
a√

a + bx –
√

a

]
if a > 0,

2
b

[
(ln x – 2)

√
a + bx + 2

√
–a arctan

√
a + bx√

–a

]
if a < 0.

17.
∫

ln(x2 + a2) dx = x ln(x2 + a2) – 2x + 2a arctan(x/a).

18.
∫

x ln(x2 + a2) dx = 1
2

[
(x2 + a2) ln(x2 + a2) – x2

]
.

19.
∫

x2 ln(x2 + a2) dx = 1
3

[
x3 ln(x2 + a2) – 2

3 x3 + 2a2x – 2a3 arctan(x/a)
]
.

2.6. Integrals Containing Trigonometric Functions

� Integrals containing cosx. Notation: n = 1, 2, . . .

1.
∫

cos(a + bx) dx =
1
b

sin(a + bx).

2.
∫

x cos x dx = cos x + x sin x.

3.
∫

x2 cos x dx = 2x cos x + (x2 – 2) sin x.

4.
∫

x2n cos x dx = (2n)!

[ n∑
k=0

(–1)k
x2n–2k

(2n – 2k)!
sin x +

n–1∑
k=0

(–1)k
x2n–2k–1

(2n – 2k – 1)!
cos x

]
.

5.
∫

x2n+1 cos x dx = (2n + 1)!
n∑
k=0

[
(–1)k

x2n–2k+1

(2n – 2k + 1)!
sin x +

x2n–2k

(2n – 2k)!
cos x

]
.

6.
∫

xp cos x dx = xp sin x + pxp–1 cos x – p(p – 1)
∫

xp–2 cos x dx.

7.
∫

cos2 x dx = 1
2 x + 1

4 sin 2x.
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8.
∫

cos3 x dx = sin x – 1
3 sin3 x.

9.
∫

cos2n x dx =
1

22n
Cn

2nx +
1

22n–1

n–1∑
k=0

Ck
2n

sin[(2n – 2k)x]
2n – 2k

.

10.
∫

cos2n+1 x dx =
1

22n

n∑
k=0

Ck
2n+1

sin[(2n – 2k + 1)x]
2n – 2k + 1

.

11.
∫

dx

cos x
= ln

∣∣∣tan
( x

2
+

π

4

)∣∣∣.
12.

∫
dx

cos2 x
= tan x.

13.
∫

dx

cos3 x
=

sin x

2 cos2 x
+

1
2

ln
∣∣∣tan

( x

2
+

π

4

)∣∣∣.
14.

∫
dx

cosn x
=

sin x

(n – 1) cosn–1 x
+

n – 2
n – 1

∫
dx

cosn–2 x
, n > 1.

15.
∫

x dx

cos2n x
=
n–1∑
k=0

(2n – 2)(2n – 4) . . . (2n – 2k + 2)
(2n – 1)(2n – 3) . . . (2n – 2k + 3)

(2n – 2k)x sin x – cos x

(2n – 2k + 1)(2n – 2k) cos2n–2k+1 x

+
2n–1(n – 1)!
(2n – 1)!!

(
x tan x + ln |cos x|

)
.

16.
∫

cos ax cos bx dx =
sin

[
(b – a)x

]
2(b – a)

+
sin

[
(b + a)x

]
2(b + a)

, a ≠ ±b.

17.
∫

dx

a + b cos x
=




2√
a2 – b2

arctan
(a – b) tan(x/2)√

a2 – b2
if a2 > b2,

1√
b2 – a2

ln

∣∣∣∣
√

b2 – a2 + (b – a) tan(x/2)√
b2 – a2 – (b – a) tan(x/2)

∣∣∣∣ if b2 > a2.

18.
∫

dx

(a + b cos x)2
=

b sin x

(b2 – a2)(a + b cos x)
–

a

b2 – a2

∫
dx

a + b cos x
.

19.
∫

dx

a2 + b2 cos2 x
=

1

a
√

a2 + b2
arctan

a tan x√
a2 + b2

.

20.
∫

dx

a2 – b2 cos2 x
=




1

a
√

a2 – b2
arctan

a tan x√
a2 – b2

if a2 > b2,

1

2a
√

b2 – a2
ln

∣∣∣∣
√

b2 – a2 – a tan x√
b2 – a2 + a tan x

∣∣∣∣ if b2 > a2.

21.
∫

eax cos bx dx = eax
[

b

a2 + b2
sin bx +

a

a2 + b2
cos bx

]
.

22.
∫

eax cos2 x dx =
eax

a2 + 4

(
a cos2 x + 2 sin x cos x +

2
a

)
.

23.
∫

eax cosn x dx =
eax cosn–1 x

a2 + n2
(a cos x + n sin x) +

n(n – 1)
a2 + n2

∫
eax cosn–2 x dx.

� Integrals containing sinx. Notation: n = 1, 2, . . .

24.
∫

sin(a + bx) dx = –
1
b

cos(a + bx).

25.
∫

x sin x dx = sin x – x cos x.
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26.
∫

x2 sin x dx = 2x sin x – (x2 – 2) cos x.

27.
∫

x3 sin x dx = (3x2 – 6) sin x – (x3 – 6x) cos x.

28.
∫

x2n sin x dx = (2n)!

[ n∑
k=0

(–1)k+1 x2n–2k

(2n – 2k)!
cos x +

n–1∑
k=0

(–1)k
x2n–2k–1

(2n – 2k – 1)!
sin x

]
.

29.
∫

x2n+1 sin x dx = (2n + 1)!
n∑
k=0

[
(–1)k+1 x2n–2k+1

(2n – 2k + 1)!
cos x + (–1)k

x2n–2k

(2n – 2k)!
sin x

]
.

30.
∫

xp sin x dx = –xp cos x + pxp–1 sin x – p(p – 1)
∫

xp–2 sin x dx.

31.
∫

sin2 x dx = 1
2 x – 1

4 sin 2x.

32.
∫

x sin2 x dx = 1
4 x2 – 1

4 x sin 2x – 1
8 cos 2x.

33.
∫

sin3 x dx = – cos x + 1
3 cos3 x.

34.
∫

sin2n x dx =
1

22n
Cn

2nx +
(–1)n

22n–1

n–1∑
k=0

(–1)kCk
2n

sin[(2n – 2k)x]
2n – 2k

,

where Ck
m =

m!
k! (m – k)!

are binomial coefficients (0! = 1).

35.
∫

sin2n+1 x dx =
1

22n

n∑
k=0

(–1)n+k+1Ck
2n+1

cos[(2n – 2k + 1)x]
2n – 2k + 1

.

36.
∫

dx

sin x
= ln

∣∣∣tan
x

2

∣∣∣.
37.

∫
dx

sin2 x
= – cot x.

38.
∫

dx

sin3 x
= –

cos x

2 sin2 x
+

1
2

ln
∣∣∣tan

x

2

∣∣∣.
39.

∫
dx

sinn x
= –

cos x

(n – 1) sinn–1 x
+

n – 2
n – 1

∫
dx

sinn–2 x
, n > 1.

40.
∫

x dx

sin2n x
= –

n–1∑
k=0

(2n – 2)(2n – 4) . . . (2n – 2k + 2)
(2n – 1)(2n – 3) . . . (2n – 2k + 3)

sin x + (2n – 2k)x cos x

(2n – 2k + 1)(2n – 2k) sin2n–2k+1 x

+
2n–1(n – 1)!
(2n – 1)!!

(
ln |sin x| – x cot x

)
.

41.
∫

sin ax sin bx dx =
sin[(b – a)x]

2(b – a)
–

sin[(b + a)x]
2(b + a)

, a ≠ ±b.

42.
∫

dx

a + b sin x
=




2√
a2 – b2

arctan
b + a tan x/2√

a2 – b2
if a2 > b2,

1√
b2 – a2

ln

∣∣∣∣ b –
√

b2 – a2 + a tan x/2

b +
√

b2 – a2 + a tan x/2

∣∣∣∣ if b2 > a2.

43.
∫

dx

(a + b sin x)2
=

b cos x

(a2 – b2)(a + b sin x)
+

a

a2 – b2

∫
dx

a + b sin x
.

44.
∫

dx

a2 + b2 sin2 x
=

1

a
√

a2 + b2
arctan

√
a2 + b2 tan x

a
.
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45.
∫

dx

a2 – b2 sin2 x
=




1

a
√

a2 – b2
arctan

√
a2 – b2 tan x

a
if a2 > b2,

1

2a
√

b2 – a2
ln

∣∣∣∣
√

b2 – a2 tan x + a√
b2 – a2 tan x – a

∣∣∣∣ if b2 > a2.

46.
∫

sin x dx√
1 + k2 sin2 x

= –
1
k

arcsin
k cos x√

1 + k2
.

47.
∫

sin x dx√
1 – k2 sin2 x

= –
1
k

ln
∣∣k cos x +

√
1 – k2 sin2 x

∣∣.
48.

∫
sin x

√
1 + k2 sin2 x dx = –

cos x

2

√
1 + k2 sin2 x –

1 + k2

2k
arcsin

k cos x√
1 + k2

.

49.
∫

sin x
√

1 – k2 sin2 x dx = –
cos x

2

√
1 – k2 sin2 x –

1 – k2

2k
ln

∣∣k cos x +
√

1 – k2 sin2 x
∣∣.

50.
∫

eax sin bx dx = eax
[ a

a2 + b2
sin bx –

b

a2 + b2
cos bx

]
.

51.
∫

eax sin2 x dx =
eax

a2 + 4

(
a sin2 x – 2 sin x cos x +

2
a

)
.

52.
∫

eax sinn x dx =
eax sinn–1 x

a2 + n2
(a sin x – n cos x) +

n(n – 1)
a2 + n2

∫
eax sinn–2 x dx.

� Integrals containing sinx and cosx.

53.
∫

sin ax cos bx dx = –
cos[(a + b)x]

2(a + b)
–

cos
[
(a – b)x

]
2(a – b)

, a ≠ ±b.

54.
∫

dx

b2 cos2 ax + c2 sin2 ax
=

1
abc

arctan
( c

b
tan ax

)
.

55.
∫

dx

b2 cos2 ax – c2 sin2 ax
=

1
2abc

ln
∣∣∣ c tan ax + b

c tan ax – b

∣∣∣.

56.
∫

dx

cos2n x sin2m x
=
n+m–1∑
k=0

Ck
n+m–1

tan2k–2m+1 x

2k – 2m + 1
, n, m = 1, 2, . . .

57.
∫

dx

cos2n+1 x sin2m+1 x
= Cm

n+m ln |tan x| +
n+m∑
k=0

Ck
n+m

tan2k–2m x

2k – 2m
, n, m = 1, 2, . . .

� Reduction formulas. The parameters p and q below can assume any values, except for those at
which the denominators on the right-hand side vanish.

58.
∫

sinp x cosq x dx = –
sinp–1 x cosq+1 x

p + q
+

p – 1
p + q

∫
sinp–2 x cosq x dx.

59.
∫

sinp x cosq x dx =
sinp+1 x cosq–1 x

p + q
+

q – 1
p + q

∫
sinp x cosq–2 x dx.

60.
∫

sinp x cosq x dx =
sinp–1 x cosq–1 x

p + q

(
sin2 x –

q – 1
p + q – 2

)

+
(p – 1)(q – 1)

(p + q)(p + q – 2)

∫
sinp–2 x cosq–2 x dx.

61.
∫

sinp x cosq x dx =
sinp+1 x cosq+1 x

p + 1
+

p + q + 2
p + 1

∫
sinp+2 x cosq x dx.

62.
∫

sinp x cosq x dx = –
sinp+1 x cosq+1 x

q + 1
+

p + q + 2
q + 1

∫
sinp x cosq+2 x dx.
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63.
∫

sinp x cosq x dx = –
sinp–1 x cosq+1 x

q + 1
+

p – 1
q + 1

∫
sinp–2 x cosq+2 x dx.

64.
∫

sinp x cosq x dx =
sinp+1 x cosq–1 x

p + 1
+

q – 1
p + 1

∫
sinp+2 x cosq–2 x dx.

� Integrals containing tanx and cotx.

65.
∫

tan x dx = – ln |cos x|.

66.
∫

tan2 x dx = tan x – x.

67.
∫

tan3 x dx = 1
2 tan2 x + ln |cos x|.

68.
∫

tan2n x dx = (–1)nx –
n∑
k=1

(–1)k(tan x)2n–2k+1

2n – 2k + 1
, n = 1, 2, . . .

69.
∫

tan2n+1 x dx = (–1)n+1 ln |cos x| –
n∑
k=1

(–1)k(tan x)2n–2k+2

2n – 2k + 2
, n = 1, 2, . . .

70.
∫

dx

a + b tan x
=

1
a2 + b2

(
ax + b ln |a cos x + b sin x|

)
.

71.
∫

tan x dx√
a + b tan2 x

=
1√
b – a

arccos

(√
1 –

a

b
cos x

)
, b > a, b > 0.

72.
∫

cot x dx = ln |sin x|.

73.
∫

cot2 x dx = – cot x – x.

74.
∫

cot3 x dx = – 1
2 cot2 x – ln |sin x|.

75.
∫

cot2n x dx = (–1)nx +
n∑
k=1

(–1)k(cot x)2n–2k+1

2n – 2k + 1
, n = 1, 2, . . .

76.
∫

cot2n+1 x dx = (–1)n ln |sin x| +
n∑
k=1

(–1)k(cot x)2n–2k+2

2n – 2k + 2
, n = 1, 2, . . .

77.
∫

dx

a + b cot x
=

1
a2 + b2

(
ax – b ln |a sin x + b cos x|

)
.

2.7. Integrals Containing Inverse Trigonometric
Functions

1.
∫

arcsin
x

a
dx = x arcsin

x

a
+
√

a2 – x2.

2.
∫ (

arcsin
x

a

)2
dx = x

(
arcsin

x

a

)2
– 2x + 2

√
a2 – x2 arcsin

x

a
.

3.
∫

x arcsin
x

a
dx =

1
4

(2x2 – a2) arcsin
x

a
+

x

4

√
a2 – x2.

4.
∫

x2 arcsin
x

a
dx =

x3

3
arcsin

x

a
+

1
9

(x2 + 2a2)
√

a2 – x2.
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5.
∫

arccos
x

a
dx = x arccos

x

a
–
√

a2 – x2.

6.
∫ (

arccos
x

a

)2
dx = x

(
arccos

x

a

)2
– 2x – 2

√
a2 – x2 arccos

x

a
.

7.
∫

x arccos
x

a
dx =

1
4

(2x2 – a2) arccos
x

a
–

x

4

√
a2 – x2.

8.
∫

x2 arccos
x

a
dx =

x3

3
arccos

x

a
–

1
9

(x2 + 2a2)
√

a2 – x2.

9.
∫

arctan
x

a
dx = x arctan

x

a
–

a

2
ln(a2 + x2).

10.
∫

x arctan
x

a
dx =

1
2

(x2 + a2) arctan
x

a
–

ax

2
.

11.
∫

x2 arctan
x

a
dx =

x3

3
arctan

x

a
–

ax2

6
+

a3

6
ln(a2 + x2).

12.
∫

arccot
x

a
dx = x arccot

x

a
+

a

2
ln(a2 + x2).

13.
∫

x arccot
x

a
dx =

1
2

(x2 + a2) arccot
x

a
+

ax

2
.

14.
∫

x2 arccot
x

a
dx =

x3

3
arccot

x

a
+

ax2

6
–

a3

6
ln(a2 + x2).

©• References for Supplement 2: H. B. Dwight (1961), I. S. Gradshteyn and I. M. Ryzhik (1980), A. P. Prudnikov,
Yu. A. Brychkov, and O. I. Marichev (1986, 1988).
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Supplement 3

Tables of Definite Integrals

Throughout Supplement 3 it is assumed that n is a positive integer, unless otherwise specified.

3.1. Integrals Containing Power-Law Functions

1.
∫ ∞

0

dx

ax2 + b
=

π

2
√

ab
.

2.
∫ ∞

0

dx

x4 + 1
=

π
√

2
4

.

3.
∫ 1

0

xn dx

x + 1
= (–1)n

[
ln 2 +

n∑
k=1

(–1)k

k

]
.

4.
∫ ∞

0

xa–1 dx

x + 1
=

π

sin(πa)
, 0 < a < 1.

5.
∫ ∞

0

xλ–1 dx

(1 + ax)2
=

π(1 – λ)
aλ sin(πλ)

, 0 < λ < 2.

6.
∫ 1

0

dx

x2 + 2x cos β + 1
=

β

2 sin β
.

7.
∫ 1

0

(
xa + x–a

)
dx

x2 + 2x cos β + 1
=

π sin(aβ)
sin(πa) sin β

, |a| < 1, β ≠ (2n + 1)π.

8.
∫ ∞

0

xλ–1 dx

(x + a)(x + b)
=

π(aλ–1 – bλ–1)
(b – a) sin(πλ)

, 0 < λ < 2.

9.
∫ ∞

0

xλ–1(x + c) dx
(x + a)(x + b)

=
π

sin(πλ)

(
a – c

a – b
aλ–1 +

b – c

b – a
bλ–1

)
, 0 < λ < 1.

10.
∫ ∞

0

xλ dx

(x + 1)3
=

πλ(1 – λ)
2 sin(πλ)

, –1 < λ < 2.

11.
∫ ∞

0

xλ–1 dx

(x2 + a2)(x2 + b2)
=

π
(
bλ–2 – aλ–2

)
2
(
a2 – b2

)
sin(πλ/2)

, 0 < λ < 4.

12.
∫ 1

0
xa(1 – x)1–a dx =

πa(1 – a)
2 sin(πa)

, –1 < a < 1.

13.
∫ 1

0

dx

xa(1 – x)1–a
=

π

sin(πa)
, 0 < a < 1.
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14.
∫ 1

0

xa dx

(1 – x)a
=

πa

sin(πa)
, –1 < a < 1.

15.
∫ 1

0
xp–1(1 – x)q–1 dx ≡ B(p, q) =

Γ(p)Γ(q)
Γ(p + q)

, p, q > 0.

16.
∫ 1

0
xp–1(1 – xq)–p/q dx =

π

q sin(πp/q)
, q > p > 0.

17.
∫ 1

0
xp+q–1(1 – xq)–p/q dx =

πp

q2 sin(πp/q)
, q > p.

18.
∫ 1

0
xq/p–1(1 – xq)–1/p dx =

π

q sin(π/p)
, p > 1, q > 0.

19.
∫ 1

0

xp–1 – x–p

1 – x
dx = π cot(πp), |p| < 1.

20.
∫ 1

0

xp–1 – x–p

1 + x
dx =

π

sin(πp)
, |p| < 1.

21.
∫ 1

0

xp – x–p

x – 1
dx =

1
p

– π cot(πp), |p| < 1.

22.
∫ 1

0

xp – x–p

1 + x
dx =

1
p

–
π

sin(πp)
, |p| < 1.

23.
∫ 1

0

x1+p – x1–p

1 – x2
dx =

π

2
cot

( πp

2

)
–

1
p

, |p| < 1.

24.
∫ 1

0

x1+p – x1–p

1 + x2
dx =

1
p

–
π

2 sin(πp/2)
, |p| < 1.

25.
∫ ∞

0

xp–1 – xq–1

1 – x
dx = π[cot(πp) – cot(πq)], p, q > 0.

26.
∫ 1

0

dx√
(1 + a2x)(1 – x)

=
2
a

arctan a.

27.
∫ 1

0

dx√
(1 – a2x)(1 – x)

=
1
a

ln
1 + a

1 – a
.

28.
∫ 1

–1

dx

(a – x)
√

1 – x2
=

π√
a2 – 1

, 1 < a.

29.
∫ 1

0

xn dx√
1 – x

=
2 (2n)!!

(2n + 1)!!
, n = 1, 2, . . .

30.
∫ 1

0

xn–1/2 dx√
1 – x

=
π (2n – 1)!!

(2n)!!
, n = 1, 2, . . .

31.
∫ 1

0

x2n dx√
1 – x2

=
π

2
1 ⋅ 3 . . . (2n – 1)

2 ⋅ 4 . . . (2n)
, n = 1, 2, . . .

32.
∫ 1

0

x2n+1 dx√
1 – x2

=
2 ⋅ 4 . . . (2n)

1 ⋅ 3 . . . (2n + 1)
, n = 1, 2, . . .

33.
∫ ∞

0

xλ–1 dx

(1 + ax)n+1
= (–1)n

πCn
λ–1

aλ sin(πλ)
, 0 < λ < n + 1.
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34.
∫ ∞

0

xm dx

(a + bx)n+1/2
= 2m+1m!

(2n – 2m – 3)!!
(2n – 1)!!

am–n+1/2

bm+1
, a, b > 0,

n, m = 1, 2, . . . , m < b – 1
2 .

35.
∫ ∞

0

dx

(x2 + a2)n
=

π

2
(2n – 3)!!
(2n – 2)!!

1
a2n–1

, n = 1, 2, . . .

36.
∫ ∞

0

(x + 1)λ–1

(x + a)λ+1
dx =

1 – a–λ

λ(a – 1)
, a > 0.

37.
∫ 1

0

xλ–1 dx

(1 + ax)(1 – x)λ
=

π

(1 + a)λ sin(πλ)
, 0 < λ < 1, a > –1.

38.
∫ 1

0

xλ–1/2 dx

(1 + ax)λ(1 – x)λ
= 2π–1/2Γ

(
λ + 1

2

)
Γ
(
1 – λ

)
cos2λ k

sin[(2λ – 1)k]
(2λ – 1) sin k

, k = arctan
√

a;

– 1
2 < λ < 1, a > 0.

39.
∫ ∞

0

xa–1 dx

xb + 1
=

π

b sin(πa/b)
, 0 < a ≤ b.

40.
∫ ∞

0

xa–1 dx

(xb + 1)2
=

π(a – b)
b2 sin[π(a – b)/b]

, a < 2b.

41.
∫ ∞

0

xλ–1/2 dx

(x + a)λ(x + b)λ
=
√

π
(√

a +
√

b
)1–2λ Γ(λ – 1/2)

Γ(λ)
, λ > 0.

42.
∫ ∞

0

1 – xa

1 – xb
xc–1 dx =

π sin A

b sin C sin(A + C)
, A =

πa

b
, C =

πc

b
; a + c < b, c > 0.

43.
∫ ∞

0

xa–1 dx

(1 + x2)1–b
= 1

2 B
(

1
2 a, 1 – b – 1

2 a
)
, 1

2 a + b < 1, a > 0.

44.
∫ ∞

0

x2m dx

(ax2 + b)n
=

π(2m – 1)!! (2n – 2m – 3)!!

2 (2n – 2)!! ambn–m–1
√

ab
, a, b > 0, n > m + 1.

45.
∫ ∞

0

x2m+1 dx

(ax2 + b)n
=

m! (n – m – 2)!
2(n – 1)!am+1bn–m–1

, ab > 0, n > m + 1 ≥ 1.

46.
∫ ∞

0

xµ–1 dx

(1 + axp)ν
=

1
paµ/p

B
( µ

p
, ν –

µ

p

)
, p > 0, 0 < µ < pν.

47.
∫ ∞

0

(√
x2 + a2 – x

)n
dx =

nan+1

n2 – 1
, n = 2, 3, . . .

48.
∫ ∞

0

dx(
x +

√
x2 + a2

)n =
n

an–1(n2 – 1)
, n = 2, 3, . . .

49.
∫ ∞

0
xm

(√
x2 + a2 – x

)n
dx =

n ⋅ m! an+m+1

(n – m – 1)(n – m + 1) . . . (n + m + 1)
,

n, m = 1, 2, . . . , 0 ≤ m ≤ n – 2

50.
∫ ∞

0

xm dx(
x +

√
x2 + a2

)n =
n ⋅ m!

(n – m – 1)(n – m + 1) . . . (n + m + 1)an–m–1
, n = 2, 3, . . .

3.2. Integrals Containing Exponential Functions

1.
∫ ∞

0
e–ax dx =

1
a

, a > 0.
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2.
∫ 1

0
xne–ax dx =

n!
an+1

– e–a
n∑
k=0

n!
k!

1
an–k+1

, a > 0, n = 1, 2, . . .

3.
∫ ∞

0
xne–ax dx =

n!
an+1

, a > 0, n = 1, 2, . . .

4.
∫ ∞

0

e–ax

√
x

dx =

√
π

a
, a > 0.

5.
∫ ∞

0
xν–1e–µx dx =

Γ(ν)
µν

, µ, ν > 0.

6.
∫ ∞

0

dx

1 + eax
=

ln 2
a

.

7.
∫ ∞

0

x2n–1 dx

epx – 1
= (–1)n–1

( 2π
p

)2n B2n

4n
, n = 1, 2, . . . (Bm are the Bernoulli numbers).

8.
∫ ∞

0

x2n–1 dx

epx + 1
= (1 – 21–2n)

( 2π
p

)2n |B2n|
4n

, n = 1, 2, . . .

9.
∫ ∞

–∞

e–px dx

1 + e–qx
=

π

q sin(πp/q)
, q > p > 0 or 0 > p > q.

10.
∫ ∞

0

eax + e–ax

ebx + e–bx
dx =

π

2b cos
( πa

2b

) , b > a.

11.
∫ ∞

0

e–px – e–qx

1 – e–(p+q)x
dx =

π

p + q
cot

πp

p + q
, p, q > 0.

12.
∫ ∞

0

(
1 – e–βx

)ν
e–µx dx =

1
β

B
( µ

β
, ν + 1

)
.

13.
∫ ∞

0
exp

(
–ax2

)
dx =

1
2

√
π

a
, a > 0.

14.
∫ ∞

0
x2n+1 exp

(
–ax2

)
dx =

n!
2an+1

, a > 0, n = 1, 2, . . .

15.
∫ ∞

0
x2n exp

(
–ax2

)
dx =

1 ⋅ 3 . . . (2n – 1)
√

π

2n+1an+1/2
, a > 0, n = 1, 2, . . .

16.
∫ ∞

–∞
exp

(
–a2x2 ± bx

)
dx =

√
π

|a|
exp

( b2

4a2

)
.

17.
∫ ∞

0
exp

(
–ax2 –

b

x2

)
dx =

1
2

√
π

a
exp

(
–2
√

ab
)
, a, b > 0.

18.
∫ ∞

0
exp

(
–xa

)
dx =

1
a

Γ
( 1

a

)
, a > 0.

3.3. Integrals Containing Hyperbolic Functions

1.
∫ ∞

0

dx

cosh ax
=

π

2|a|
.

2.
∫ ∞

0

dx

a + b cosh x
=




2√
b2 – a2

arctan

√
b2 – a2

a + b
if |b| > |a|,

1√
a2 – b2

ln
a + b +

√
a2 – b2

a + b –
√

a2 + b2
if |b| < |a|.
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3.
∫ ∞

0

x2n dx

cosh ax
=

( π

2a

)2n+1
|E2n|, a > 0.

4.
∫ ∞

0

x2n

cosh2 ax
dx =

π2n(22n – 2)
a(2a)2n

|B2n|, a > 0.

5.
∫ ∞

0

cosh ax

cosh bx
dx =

π

2b cos
( πa

2b

) , b > |a|.

6.
∫ ∞

0
x2n cosh ax

cosh bx
dx =

π

2b
d2n

da2n

1

cos
(

1
2 πa/b

) , b > |a|, n = 1, 2, . . .

7.
∫ ∞

0

cosh ax cosh bx

cosh(cx)
dx =

π

c

cos
( πa

2c

)
cos

( πb

2c

)

cos
( πa

c

)
+ cos

( πb

c

) , c > |a| + |b|.

8.
∫ ∞

0

x dx

sinh ax
=

π2

2a2
, a > 0.

9.
∫ ∞

0

dx

a + b sinh x
=

1√
a2 + b2

ln
a + b +

√
a2 + b2

a + b –
√

a2 + b2
, ab ≠ 0.

10.
∫ ∞

0

sinh ax

sinh bx
dx =

π

2b
tan

( πa

2b

)
, b > |a|.

11.
∫ ∞

0
x2n sinh ax

sinh bx
dx =

π

2b
d2n

dx2n
tan

( πa

2b

)
, b > |a|, n = 1, 2, . . .

12.
∫ ∞

0

x2n

sinh2 ax
dx =

π2n

a2n+1
|B2n|, a > 0.

3.4. Integrals Containing Logarithmic Functions

1.
∫ 1

0
xa–1 lnn x dx = (–1)nn! a–n–1, a > 0, n = 1, 2, . . .

2.
∫ 1

0

ln x

x + 1
dx = –

π2

12
.

3.
∫ 1

0

xn ln x

x + 1
dx = (–1)n+1

[
π2

12
+

n∑
k=1

(–1)k

k2

]
, n = 1, 2, . . .

4.
∫ 1

0

xµ–1 ln x

x + a
dx =

πaµ–1

sin(πµ)

[
ln a – π cot(πµ)

]
, 0 < µ < 1.

5.
∫ 1

0
|ln x|µ dx = Γ(µ + 1), µ > –1.

6.
∫ ∞

0
xµ–1 ln(1 + ax) dx =

π

µaµ sin(πµ)
, –1 < µ < 0.

7.
∫ 1

0
x2n–1 ln(1 + x) dx =

1
2n

2n∑
k=1

(–1)k–1

k
, n = 1, 2, . . .

8.
∫ 1

0
x2n ln(1 + x) dx =

1
2n + 1

[
ln 4 +

2n+1∑
k=1

(–1)k

k

]
, n = 0, 1, . . .
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9.
∫ 1

0
xn–1/2 ln(1 + x) dx =

2 ln 2
2n + 1

+
4(–1)n

2n + 1

[
π –

n∑
k=0

(–1)k

2k + 1

]
, n = 1, 2, . . .

10.
∫ ∞

0
ln

a2 + x2

b2 + x2
dx = π(a – b), a, b > 0.

11.
∫ ∞

0

xp–1 ln x

1 + xq
dx = –

π2 cos(πp/q)
q2 sin2(πp/q)

, 0 < p < q.

12.
∫ ∞

0
e–µx ln x dx = –

1
µ

(C + ln µ), µ > 0, C = 0.5772 . . .

3.5. Integrals Containing Trigonometric Functions

1.
∫ π/2

0
cos2n x dx =

π

2
1 ⋅ 3 . . . (2n – 1)

2 ⋅ 4 . . . (2n)
, n = 1, 2, . . .

2.
∫ π/2

0
cos2n+1 x dx =

2 ⋅ 4 . . . (2n)
1 ⋅ 3 . . . (2n + 1)

, n = 1, 2, . . .

3.
∫ π/2

0
x cosn x dx = –

m–1∑
k=0

(n – 2k + 1)(n – 2k + 3) . . . (n – 1)
(n – 2k)(n – 2k + 2) . . . n

1
n – 2k

+




π

2
(2m – 2)!!
(2m – 1)!!

if n = 2m – 1,

π2

8
⋅

(2m – 1)!!
(2m)!!

if n = 2m,
m = 1, 2, . . .

4.
∫ π

0

dx

(a + b cos x)n+1
=

π

2n(a + b)n
√

a2 – b2

n∑
k=0

(2n – 2k – 1)!! (2k – 1)!!
(n – k)! k!

( a + b

a – b

)k
, a > |b|.

5.
∫ ∞

0

cos ax√
x

dx =

√
π

2a
, a > 0.

6.
∫ ∞

0

cos ax – cos bx

x
dx = ln

∣∣∣ b

a

∣∣∣, ab ≠ 0.

7.
∫ ∞

0

cos ax – cos bx

x2
dx = 1

2 π(b – a), a, b ≥ 0.

8.
∫ ∞

0
xµ–1 cos ax dx = a–µΓ(µ) cos

(
1
2 πµ

)
, a > 0, 0 < µ < 1.

9.
∫ ∞

0

cos ax

b2 + x2
dx =

π

2b
e–ab, a, b > 0.

10.
∫ ∞

0

cos ax

b4 + x4
dx =

π
√

2
4b3

exp

(
–

ab√
2

)[
cos

(
ab√

2

)
+ sin

( ab√
2

)]
, a, b > 0.

11.
∫ ∞

0

cos ax

(b2 + x2)2
dx =

π

4b3
(1 + ab)e–ab, a, b > 0.

12.
∫ ∞

0

cos ax dx

(b2 + x2)(c2 + x2)
=

π
(
be–ac – ce–ab

)
2bc

(
b2 – c2

) , a, b, c > 0.

13.
∫ ∞

0
cos

(
ax2

)
dx =

1
2

√
π

2a
, a > 0.
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14.
∫ ∞

0
cos

(
axp

)
dx =

Γ(1/p)
pa1/p

cos
π

2p
, a > 0, p > 1.

15.
∫ π/2

0
sin2n x dx =

π

2
1 ⋅ 3 . . . (2n – 1)

2 ⋅ 4 . . . (2n)
, n = 1, 2, . . .

16.
∫ π/2

0
sin2n+1 x dx =

2 ⋅ 4 . . . (2n)
1 ⋅ 3 . . . (2n + 1)

, n = 1, 2, . . .

17.
∫ ∞

0

sin ax

x
dx =

π

2
sign a.

18.
∫ ∞

0

sin2 ax

x2
dx =

π

2
|a|.

19.
∫ ∞

0

sin ax√
x

dx =

√
π

2a
, a > 0.

20.
∫ π

0
x sinµ x dx =

π2

2µ+1

Γ(µ + 1)[
Γ
(
µ + 1

2

)]2 , µ > –1.

21.
∫ ∞

0
xµ–1 sin ax dx = a–µΓ(µ) sin

(
1
2 πµ

)
, a > 0, 0 < µ < 1.

22.
∫ π/2

0

sin x dx√
1 – k2 sin2 x

=
1

2k
ln

1 + k

1 – k
.

23.
∫ ∞

0
sin

(
ax2

)
dx =

1
2

√
π

2a
, a > 0.

24.
∫ ∞

0
sin

(
axp

)
dx =

Γ(1/p)
pa1/p

sin
π

2p
, a > 0, p > 1.

25.
∫ π/2

0
sin2n+1 x cos2m+1 x dx =

n! m!
2(n + m + 1)!

, n, m = 1, 2, . . .

26.
∫ π/2

0
sinp–1 x cosq–1 x dx = 1

2 B
(

1
2 p, 1

2 q
)
.

27.
∫ 2π

0
(a sin x + b cos x)2n dx = 2π

(2n – 1)!!
(2n)!!

(
a2 + b2

)n
, n = 1, 2, . . .

28.
∫ ∞

0

sin x cos ax

x
dx =




π
2 if |a| < 1,
π
4 if |a| = 1,

0 if 1 < |a|.

29.
∫ π

0

sin x dx√
a2 + 1 – 2a cos x

=

{
2 if 0 ≤ a ≤ 1,
2/a if 1 < a.

30.
∫ ∞

0

tan ax

x
dx =

π

2
sign a.

31.
∫ π/2

0
(tan x)±λ dx =

π

2 cos
(

1
2 πλ

) , |λ| < 1.

32.
∫ ∞

0
e–ax sin bx dx =

b

a2 + b2
, a > 0.

33.
∫ ∞

0
e–ax cos bx dx =

a

a2 + b2
, a > 0.
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34.
∫ ∞

0
exp

(
–ax2

)
cos bx dx =

1
2

√
π

a
exp

(
–

b2

4a

)
.

35.
∫ ∞

0
cos(ax2) cos bx dx =

√
π

8a

[
cos

(
b2

4a

)
+ sin

(
b2

4a

)]
, a, b > 0.

36.
∫ ∞

0
(cos ax + sin ax) cos(b2x2) dx =

1
b

√
π

8
exp

(
–
a2

2b

)
, a, b > 0.

37.
∫ ∞

0

[
cos ax + sin ax

]
sin(b2x2) dx =

1
b

√
π

8
exp

(
–
a2

2b

)
, a, b > 0.

©• References for Supplement 3: H. B. Dwight (1961), I. S. Gradshteyn and I. M. Ryzhik (1980), A. P. Prudnikov,
Yu. A. Brychkov, and O. I. Marichev (1986, 1988).
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Supplement 4

Tables of Laplace Transforms

4.1. General Formulas

No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

1 af1(x) + bf2(x) af̃1(p) + bf̃2(p)

2 f (x/a), a > 0 af̃ (ap)

3

{
0 if 0 < x < a,
f (x – a) if a < x, e–apf̃ (p)

4 xnf (x); n = 1, 2, . . . (–1)n
dn

dpn
f̃ (p)

5
1
x

f (x)

∫ ∞

p

f̃ (q) dq

6 eaxf (x) f̃ (p – a)

7 sinh(ax)f (x) 1
2

[
f̃ (p – a) – f̃ (p + a)

]
8 cosh(ax)f (x) 1

2

[
f̃ (p – a) + f̃ (p + a)

]
9 sin(ωx)f (x) – i2

[
f̃ (p – iω) – f̃ (p + iω)

]
, i2 = –1

10 cos(ωx)f (x) 1
2

[
f̃ (p – iω) + f̃ (p + iω)

]
, i2 = –1

11 f (x2)
1√
π

∫ ∞

0
exp

(
–

p2

4t2

)
f̃ (t2) dt

12 xa–1f
( 1

x

)
, a > –1

∫ ∞

0
(t/p)a/2Ja

(
2
√

pt
)
f̃ (t) dt

13 f (a sinh x), a > 0
∫ ∞

0
Jp(at)f̃ (t) dt

14 f (x + a) = f (x) (periodic function)
1

1 – eap

∫ a

0
f (x)e–px dx

15
f (x + a) = –f (x)
(antiperiodic function)

1
1 + e–ap

∫ a

0
f (x)e–px dx

16 f ′
x(x) pf̃ (p) – f (+0)

17 f (n)
x (x) pnf̃ (p) –

n∑
k=1

pn–kf (k–1)
x (+0)
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No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

18 xmf (n)
x (x), m ≥ n

(
–

d

dp

)m[
pnf̃ (p)

]

19
dn

dxn
[
xmf (x)

]
, m ≥ n (–1)mpn

dm

dpm
f̃ (p)

20

∫ x

0
f (t) dt

f̃ (p)
p

21

∫ x

0
(x – t)f (t) dt

1
p2

f̃ (p)

22

∫ x

0
(x – t)νf (t) dt, ν > –1 Γ(ν + 1)p–ν–1f̃ (p)

23

∫ x

0
e–a(x–t)f (t) dt

1
p + a

f̃ (p)

24

∫ x

0
sinh

[
a(x – t)

]
f (t) dt

af̃ (p)
p2 – a2

25

∫ x

0
sin

[
a(x – t)

]
f (t) dt

af̃ (p)
p2 + a2

26

∫ x

0
f1(t)f2(x – t) dt f̃1(p)f̃2(p)

27

∫ x

0

1
t
f (t) dt

1
p

∫ ∞

p

f̃ (q) dq

28

∫ ∞

x

1
t
f (t) dt

1
p

∫ p

0
f̃ (q) dq

29

∫ ∞

0

1√
t

sin
(
2
√

xt
)
f (t) dt

√
π

p
√

p
f̃
( 1

p

)

30
1√
x

∫ ∞

0
cos

(
2
√

xt
)
f (t) dt

√
π√
p

f̃
( 1

p

)

31

∫ ∞

0

1√
πx

exp
(

–
t2

4x

)
f (t) dt

1√
p
f̃
(√

p
)

32

∫ ∞

0

t

2
√

πx3
exp

(
–

t2

4x

)
f (t) dt f̃

(√
p
)

33 f (x) – a

∫ x

0
f
(√

x2 – t2
)
J1(at) dt f̃

(√
p2 + a2

)

34 f (x) + a

∫ x

0
f
(√

x2 – t2
)
I1(at) dt f̃

(√
p2 – a2

)
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4.2. Expressions With Power-Law Functions

No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

1 1
1
p

2

{
0 if 0 < x < a,
1 if a < x < b,
0 if b < x.

1
p

(
e–ap – e–bp

)

3 x
1
p2

4
1

x + a
–eap Ei(–ap)

5 xn, n = 1, 2, . . .
n!

pn+1

6 xn–1/2, n = 1, 2, . . .
1 ⋅ 3 . . . (2n – 1)

√
π

2npn+1/2

7
1√

x + a

√
π

p
eap erfc

(√
ap

)

8
√

x

x + a

√
π

p
– π

√
aeap erfc

(√
ap

)

9 (x + a)–3/2 2a–1/2 – 2(πp)1/2eap erfc
(√

ap
)

10 x1/2(x + a)–1 (π/p)1/2 – πa1/2eap erfc
(√

ap
)

11 x–1/2(x + a)–1 πa–1/2eap erfc
(√

ap
)

12 xν , ν > –1 Γ(ν + 1)p–ν–1

13 (x + a)ν , ν > –1 p–ν–1e–apΓ(ν + 1, ap)

14 xν(x + a)–1, ν > –1 keapΓ(–ν, ap), k = aνΓ(ν + 1)

15 (x2 + 2ax)–1/2(x + a) aeapK1(ap)

4.3. Expressions With Exponential Functions

No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

1 e–ax (p + a)–1

2 xe–ax (p + a)–2

3 xν–1e–ax, ν > 0 Γ(ν)(p + a)–ν

4
1
x

(
e–ax – e–bx

)
ln(p + b) – ln(p + a)
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No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

5
1
x2

(
1 – e–ax

)2 (p + 2a) ln(p + 2a) + p ln p – 2(p + a) ln(p + a)

6 exp
(
–ax2

)
, a > 0 (πb)1/2 exp

(
bp2

)
erfc(p

√
b), a =

1
4b

7 x exp
(
–ax2

)
2b – 2π1/2b3/2p erfc(p

√
b), a =

1
4b

8 exp(–a/x), a ≥ 0 2
√

a/pK1
(
2
√

ap
)

9
√

x exp(–a/x), a ≥ 0 1
2

√
π/p3

(
1 + 2

√
ap

)
exp

(
–2
√

ap
)

10
1√
x

exp(–a/x), a ≥ 0
√

π/p exp
(
–2
√

ap
)

11
1

x
√

x
exp(–a/x), a > 0

√
π/a exp

(
–2
√

ap
)

12 xν–1 exp(–a/x), a > 0 2(a/p)ν/2Kν

(
2
√

ap
)

13 exp
(
–2
√

ax
)

p–1 – (πa)1/2p–3/2ea/p erfc
(√

a/p
)

14
1√
x

exp
(
–2
√

ax
)

(π/p)1/2ea/p erfc
(√

a/p
)

4.4. Expressions With Hyperbolic Functions

No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

1 sinh(ax)
a

p2 – a2

2 sinh2(ax)
2a2

p3 – 4a2p

3
1
x

sinh(ax)
1
2

ln
p + a

p – a

4 xν–1 sinh(ax), ν > –1 1
2 Γ(ν)

[
(p – a)–ν – (p + a)–ν

]

5 sinh
(
2
√

ax
) √

πa

p
√

p
ea/p

6
√

x sinh
(
2
√

ax
)

π1/2p–5/2
(

1
2 p + a

)
ea/p erf

(√
a/p

)
– a1/2p–2

7
1√
x

sinh
(
2
√

ax
)

π1/2p–1/2ea/p erf
(√

a/p
)

8
1√
x

sinh2(√ax
)

1
2 π1/2p–1/2

(
ea/p – 1

)

9 cosh(ax)
p

p2 – a2
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No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

10 cosh2(ax)
p2 – 2a2

p3 – 4a2p

11 xν–1 cosh(ax), ν > 0 1
2 Γ(ν)

[
(p – a)–ν + (p + a)–ν

]

12 cosh
(
2
√

ax
) 1

p
+

√
πa

p
√

p
ea/p erf

(√
a/p

)

13
√

x cosh
(
2
√

ax
)

π1/2p–5/2
(

1
2 p + a

)
ea/p

14
1√
x

cosh
(
2
√

ax
)

π1/2p–1/2ea/p

15
1√
x

cosh2(√ax
)

1
2 π1/2p–1/2

(
ea/p + 1

)

4.5. Expressions With Logarithmic Functions

No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

1 ln x
–

1
p

(ln p + C),

C = 0.5772 . . . is the Euler constant

2 ln(1 + ax) –
1
p
ep/a Ei(–p/a)

3 ln(x + a)
1
p

[
ln a – eap Ei(–ap)

]

4 xn ln x, n = 1, 2, . . .
n!

pn+1

(
1 + 1

2 + 1
3 + · · · + 1

n – ln p – C
)
,

C = 0.5772 . . . is the Euler constant

5
1√
x

ln x –
√

π/p
[
ln(4p) + C

]

6 xn–1/2 ln x, n = 1, 2, . . .

kn
pn+1/2

[
2 + 2

3 + 2
5 + · · · + 2

2n–1 – ln(4p) – C
]
,

kn = 1 ⋅ 3 ⋅ 5 . . . (2n – 1)

√
π

2n
, C = 0.5772 . . .

7 xν–1 ln x, ν > 0
Γ(ν)p–ν

[
ψ(ν) – ln p

]
, ψ(ν) is the logarithmic

derivative of the gamma function

8 (ln x)2 1
p

[
(ln x + C)2 + 1

6 π2
]
, C = 0.5772 . . .

9 e–ax ln x –
ln(p + a) + C

p + a
, C = 0.5772 . . .
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4.6. Expressions With Trigonometric Functions

No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

1 sin(ax)
a

p2 + a2

2 |sin(ax)|, a > 0
a

p2 + a2
coth

( πp

2a

)

3 sin2n(ax), n = 1, 2, . . .
a2n(2n)!

p
[
p2 + (2a)2

][
p2 + (4a)2

]
. . .

[
p2 + (2na)2

]

4 sin2n+1(ax), n = 1, 2, . . .
a2n+1(2n + 1)![

p2 + a2
][

p2 + 32a2
]
. . .

[
p2 + (2n + 1)2a2

]

5 xn sin(ax), n = 1, 2, . . .
n! pn+1(

p2 + a2
)n+1

∑
0≤2k≤n

(–1)kC2k+1
n+1

( a

p

)2k+1

6
1
x

sin(ax) arctan
( a

p

)

7
1
x

sin2(ax) 1
4 ln

(
1 + 4a2p–2

)

8
1
x2

sin2(ax) a arctan(2a/p) – 1
4 p ln

(
1 + 4a2p–2

)

9 sin
(
2
√

ax
) √

πa

p
√

p
e–a/p

10
1
x

sin
(
2
√

ax
)

π erf
(√

a/p
)

11 cos(ax)
p

p2 + a2

12 cos2(ax)
p2 + 2a2

p
(
p2 + 4a2

)

13 xn cos(ax), n = 1, 2, . . .
n! pn+1(

p2 + a2
)n+1

∑
0≤2k≤n+1

(–1)kC2k
n+1

( a

p

)2k

14
1
x

[
1 – cos(ax)

] 1
2 ln

(
1 + a2p–2

)

15
1
x

[
cos(ax) – cos(bx)

] 1
2

ln
p2 + b2

p2 + a2

16
√

x cos
(
2
√

ax
)

1
2 π1/2p–5/2(p – 2a)e–a/p

17
1√
x

cos
(
2
√

ax
) √

π/p e–a/p

18 sin(ax) sin(bx)
2abp[

p2 + (a + b)2
][

p2 + (a – b)2
]

19 cos(ax) sin(bx)
b
(
p2 – a2 + b2

)
[
p2 + (a + b)2

][
p2 + (a – b)2

]
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No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

20 cos(ax) cos(bx)
p
(
p2 + a2 + b2

)
[
p2 + (a + b)2

][
p2 + (a – b)2

]

21
ax cos(ax) – sin(ax)

x2
p arctan

a

x
– a

22 ebx sin(ax)
a

(p – b)2 + a2

23 ebx cos(ax)
p – b

(p – b)2 + a2

24 sin(ax) sinh(ax)
2a2p

p4 + 4a4

25 sin(ax) cosh(ax)
a
(
p2 + 2a2

)
p4 + 4a4

26 cos(ax) sinh(ax)
a
(
p2 – 2a2

)
p4 + 4a4

27 cos(ax) cosh(ax)
p3

p4 + 4a4

4.7. Expressions With Special Functions

No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

1 erf(ax)
1
p

exp
(
b2p2

)
erfc(bp), b =

1
2a

2 erf
(√

ax
) √

a

p
√

p + a

3 eax erf
(√

ax
) √

a√
p (p – a)

4 erf
(

1
2

√
a/x

) 1
p

[
1 – exp

(
–
√

ap
)]

5 erfc
(√

ax
) √

p + a –
√

a

p
√

p + a

6 eax erfc
(√

ax
) 1

p +
√

ap

7 erfc
(

1
2

√
a/x

) 1
p

exp
(
–
√

ap
)

8 Ci(x)
1

2p
ln(p2 + 1)
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No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

9 Si(x)
1
p

arccot p

10 Ei(–x) –
1
p

ln(p + 1)

11 J0(ax)
1√

p2 + a2

12 Jν(ax), ν > –1
aν√

p2 + a2
(
p +

√
p2 + a2

)ν
13 xnJn(ax), n = 1, 2, . . . 1 ⋅ 3 ⋅ 5 . . . (2n – 1)an

(
p2 + a2

)–n–1/2

14 xνJν(ax), ν > – 1
2 2νπ–1/2Γ

(
ν + 1

2

)
aν

(
p2 + a2

)–ν–1/2

15 xν+1Jν(ax), ν > –1 2ν+1π–1/2Γ
(
ν + 3

2

)
aνp

(
p2 + a2

)–ν–3/2

16 J0
(
2
√

ax
) 1

p
e–a/p

17
√

xJ1
(
2
√

ax
) √

a

p2
e–a/p

18 xν/2Jν
(
2
√

ax
)
, ν > –1 aν/2p–ν–1e–a/p

19 I0(ax)
1√

p2 – a2

20 Iν(ax), ν > –1
aν√

p2 – a2
(
p +

√
p2 – a2

)ν
21 xνIν(ax), ν > – 1

2 2νπ–1/2Γ
(
ν + 1

2

)
aν

(
p2 – a2

)–ν–1/2

22 xν+1Iν(ax), ν > –1 2ν+1π–1/2Γ
(
ν + 3

2

)
aνp

(
p2 – a2

)–ν–3/2

23 I0
(
2
√

ax
) 1

p
ea/p

24
1√
x

I1
(
2
√

ax
) 1√

a

(
ea/p – 1

)

25 xν/2Iν
(
2
√

ax
)
, ν > –1 aν/2p–ν–1ea/p

26 Y0(ax) –
2
π

Arsinh(p/a)√
p2 + a2

27 K0(ax)
ln

(
p +

√
p2 – a2

)
– ln a√

p2 – a2

©• References for Supplement 4: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), V. A. Ditkin and
A. P. Prudnikov (1965).
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Supplement 5

Tables of Inverse Laplace Transforms

5.1. General Formulas

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1 f̃ (p + a) e–axf (x)

2 f̃ (ap), a > 0
1
a
f
( x

a

)

3 f̃ (ap + b), a > 0
1
a

exp
(

–
b

a
x
)
f
( x

a

)

4 f̃ (p – a) + f̃ (p + a) 2f (x) cosh(ax)

5 f̃ (p – a) – f̃ (p + a) 2f (x) sinh(ax)

6 e–apf̃ (p), a ≥ 0

{
0 if 0 ≤ x < a,
f (x – a) if a < x.

7 pf̃ (p)
df (x)
dx

, if f (+0) = 0

8
1
p
f̃ (p)

∫ x

0
f (t) dt

9
1

p + a
f̃ (p) e–ax

∫ x

0
eatf (t) dt

10
1
p2

f̃ (p)
∫ x

0
(x – t)f (t) dt

11
f̃ (p)

p(p + a)

1
a

∫ x

0

[
1 – ea(x–t)

]
f (t) dt

12
f̃ (p)

(p + a)2

∫ x

0
(x – t)e–a(x–t)f (t) dt

13
f̃ (p)

(p + a)(p + b)

1
b – a

∫ x

0

[
e–a(x–t) – e–b(x–t)

]
f (t) dt

14
f̃ (p)

(p + a)2 + b2

1
b

∫ x

0
e–a(x–t) sin

[
b(x – t)

]
f (t) dt

15
1
pn

f̃ (p), n = 1, 2, . . .
1

(n – 1)!

∫ x

0
(x – t)n–1f (t) dt

16 f̃1(p)f̃2(p)

∫ x

0
f1(t)f2(x – t) dt
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

17
1√
p
f̃
( 1

p

) ∫ ∞

0

cos
(
2
√

xt
)

√
πx

f (t) dt

18
1

p
√

p
f̃
( 1

p

) ∫ ∞

0

sin
(
2
√

xt
)

√
πt

f (t) dt

19
1

p2ν+1
f̃
( 1

p

) ∫ ∞

0
(x/t)νJ2ν

(
2
√

xt
)
f (t) dt

20
1
p
f̃
( 1

p

) ∫ ∞

0
J0

(
2
√

xt
)
f (t) dt

21
1
p
f̃
(
p +

1
p

) ∫ x

0
J0

(
2
√

xt – t2
)
f (t) dt

22
1

p2ν+1
f̃
(
p +

a

p

) ∫ x

0

( x – t

at

)ν
J2ν

(
2
√

axt – at2
)
f (t) dt

23 f̃
(√

p
) ∫ ∞

0

t

2
√

πx3
exp

(
–

t2

4x

)
f (t) dt

24
1√
p
f̃
(√

p
) 1√

πx

∫ ∞

0
exp

(
–

t2

4x

)
f (t) dt

25 f̃
(
p +

√
p
) 1

2
√

π

∫ x

0

t

(x – t)3/2
exp

[
–

t2

4(x – t)

]
f (t) dt

26 f̃
(√

p2 + a2
)

f (x) – a

∫ x

0
f
(√

x2 – t2
)
J1(at) dt

27 f̃
(√

p2 – a2
)

f (x) + a

∫ x

0
f
(√

x2 – t2
)
I1(at) dt

28
f̃
(√

p2 + a2
)

√
p2 + a2

∫ x

0
J0

(
a
√

x2 – t2
)
f (t) dt

29
f̃
(√

p2 – a2
)

√
p2 – a2

∫ x

0
I0

(
a
√

x2 – t2
)
f (t) dt

30 f̃
(√

(p + a)2 – b2
)

e–axf (x) + be–ax
∫ x

0
f
(√

x2 – t2
)
I1(bt) dt

31 f̃ (ln p)

∫ ∞

0

xt–1

Γ(t)
f (t) dt

32
1
p
f̃ (ln p)

∫ ∞

0

xt

Γ(t + 1)
f (t) dt

33 f̃ (p – ia) + f̃ (p + ia), i2 = –1 2f (x) cos(ax)

34 i
[
f̃ (p – ia) – f̃ (p + ia)

]
, i2 = –1 2f (x) sin(ax)

35
df̃ (p)
dp

–xf (x)

36
dnf̃ (p)
dpn

(–x)nf (x)
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

37 pn
dmf̃ (p)
dpm

, m ≥ n (–1)m
dn

dxn
[
xmf (x)

]

38

∫ ∞

p

f̃ (q) dq 1
x

f (x)

39
1
p

∫ p

0
f̃ (q) dq

∫ ∞

x

f (t)
t

dt

40
1
p

∫ ∞

p

f̃ (q) dq
∫ x

0

f (t)
t

dt

5.2. Expressions With Rational Functions

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1
1
p

1

2
1

p + a
e–ax

3
1
p2

x

4
1

p(p + a)
1
a

(
1 – e–ax

)

5
1

(p + a)2 xe–ax

6
p

(p + a)2 (1 – ax)e–ax

7
1

p2 – a2
1
a

sinh(ax)

8
p

p2 – a2 cosh(ax)

9
1

(p + a)(p + b)
1

a – b

(
e–bx – e–ax

)

10
p

(p + a)(p + b)
1

a – b

(
ae–ax – be–bx

)

11
1

p2 + a2
1
a

sin(ax)

12
p

p2 + a2 cos(ax)

13
1

(p + b)2 + a2
1
a
e–bx sin(ax)

14
p

(p + b)2 + a2 e–bx
[
cos(ax) –

b

a
sin(ax)

]
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

15
1
p3

1
2 x2

16
1

p2(p + a)
1
a2

(
e–ax + ax – 1

)

17
1

p(p + a)(p + b)
1

ab(a – b)

(
a – b + be–ax – ae–bx

)

18
1

p(p + a)2
1
a2

(
1 – e–ax – axe–ax

)

19
1

(p + a)(p + b)(p + c)
(c – b)e–ax + (a – c)e–bx + (b – a)e–cx

(a – b)(b – c)(c – a)

20
p

(p + a)(p + b)(p + c)
a(b – c)e–ax + b(c – a)e–bx + c(a – b)e–cx

(a – b)(b – c)(c – a)

21
p2

(p + a)(p + b)(p + c)
a2(c – b)e–ax + b2(a – c)e–bx + c2(b – a)e–cx

(a – b)(b – c)(c – a)

22
1

(p + a)(p + b)2

1
(a – b)2

[
e–ax – e–bx + (a – b)xe–bx

]

23
p

(p + a)(p + b)2
1

(a – b)2

{
–ae–ax + [a + b(b – a)x

]
e–bx

}

24
p2

(p + a)(p + b)2

1
(a – b)2

[
a2e–ax + b(b – 2a – b2x + abx)e–bx

]

25
1

(p + a)3
1
2 x2e–ax

26
p

(p + a)3 x
(
1 – 1

2 ax
)
e–ax

27
p2

(p + a)3

(
1 – 2ax + 1

2 a2x2
)
e–ax

28
1

p(p2 + a2)
1
a2

[
1 – cos(ax)

]

29
1

p
[
(p + b)2 + a2

] 1
a2 + b2

{
1 – e–bx

[
cos(ax) +

b

a
sin(ax)

]}

30
1

(p + a)(p2 + b2)
1

a2 + b2

[
e–ax +

a

b
sin(bx) – cos(bx)

]

31
p

(p + a)(p2 + b2)
1

a2 + b2

[
–ae–ax + a cos(bx) + b sin(bx)

]

32
p2

(p + a)(p2 + b2)
1

a2 + b2

[
a2e–ax – ab sin(bx) + b2 cos(bx)

]

33
1

p3 + a3

1
3a2

e–ax –
1

3a2
eax/2

[
cos(kx) –

√
3 sin(kx)

]
,

k = 1
2 a

√
3

34
p

p3 + a3
–

1
3a

e–ax +
1

3a
eax/2

[
cos(kx) +

√
3 sin(kx)

]
,

k = 1
2 a

√
3
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� Trigonometric functions of multiple arguments

cos 2x = 2 cos2 x – 1 = 1 – 2 sin2 x,

cos 3x = –3 cos x + 4 cos3 x,

cos 4x = 1 – 8 cos2 x + 8 cos4 x,

cos 5x = 5 cos x – 20 cos3 x + 16 cos5 x,

sin 2x = 2 sin x cos x,

sin 3x = 3 sin x – 4 sin3 x,

sin 4x = 4 cos x (sin x – 2 sin3 x),

sin 5x = 5 sin x – 20 sin3 x + 16 sin5 x,

cos(2nx) = 1 +
n∑
k=1

(–1)k
n2(n2 – 1) . . . [n2 – (k – 1)2]

(2k)!
4k sin2k x,

cos[(2n+1)x] = cos x

{
1+

n∑
k=1

(–1)k
[(2n+1)2 –1][(2n+1)2 –32] . . . [(2n+1)2 –(2k–1)2]

(2k)!
sin2k x

}
,

sin(2nx) = 2n cos x

[
sin x +

n∑
k=1

(–4)k
(n2 – 1)(n2 – 22) . . . (n2 – k2)

(2k – 1)!
sin2k–1 x

]
,

sin[(2n+1)x] = (2n+1)

{
sin x+

n∑
k=1

(–1)k
[(2n+1)2–1][(2n+1)2–32] . . . [(2n+1)2–(2k–1)2]

(2k+1)!
sin2k+1 x

}
,

tan 2x =
2 tan x

1 – tan2 x
, tan 3x =

3 tan x – tan3 x

1 – 3 tan2 x
, tan 4x =

4 tan x – 4 tan3 x

1 – 6 tan2 x + tan4 x
.

� Trigonometric functions of half argument

sin2 x

2
=

1 – cos x

2
, cos2 x

2
=

1 + cos x

2
,

tan
x

2
=

sin x

1 + cos x
=

1 – cos x

sin x
, cot

x

2
=

sin x

1 – cos x
=

1 + cos x

sin x
,

sin x =
2 tan x

2

1 + tan2 x
2

, cos x =
1 – tan2 x

2

1 + tan2 x
2

, tan x =
2 tan x

2

1 – tan2 x
2

.

� Euler and de Moivre formulas. Relationship with hyperbolic functions

ey+ix = ey(cos x + i sin x), (cos x + i sin x)n = cos(nx) + i sin(nx), i2 = –1,

sin(ix) = i sinh x, cos(ix) = cosh x, tan(ix) = i tanh x, cot(ix) = –i coth x.

� Differentiation formulas

d sin x

dx
= cos x,

d cos x

dx
= – sin x,

d tan x

dx
=

1
cos2 x

,
d cot x

dx
= –

1
sin2 x

.

� Expansion into power series

cos x = 1 –
x2

2!
+

x4

4!
–

x6

6!
+ · · · (|x| < ∞),

sin x = x –
x3

3!
+

x5

5!
–

x7

7!
+ · · · (|x| < ∞),

tan x = x +
x3

3
+

2x5

15
+

17x7

315
+ · · · (|x| < π/2),

cot x =
1
x

–
x

3
–

x3

45
–

2x5

945
– · · · (|x| < π).
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

54
1

(p2 + a2)2
1

2a3

[
sin(ax) – ax cos(ax)

]

55
p

(p2 + a2)2
1

2a
x sin(ax)

56
p2

(p2 + a2)2

1
2a

[
sin(ax) + ax cos(ax)

]

57
p3

(p2 + a2)2
cos(ax) – 1

2 ax sin(ax)

58
1[

(p + b)2 + a2
]2

1
2a3

e–bx
[
sin(ax) – ax cos(ax)

]

59
1

(p2 – a2)(p2 – b2)
1

a2 – b2

[ 1
a

sinh(ax) –
1
b

sinh(bx)
]

60
p

(p2 – a2)(p2 – b2)
cosh(ax) – cosh(bx)

a2 – b2

61
p2

(p2 – a2)(p2 – b2)
a sinh(ax) – b sinh(bx)

a2 – b2

62
p3

(p2 – a2)(p2 – b2)
a2 cosh(ax) – b2 cosh(bx)

a2 – b2

63
1

(p2 + a2)(p2 + b2)
1

b2 – a2

[ 1
a

sin(ax) –
1
b

sin(bx)
]

64
p

(p2 + a2)(p2 + b2)
cos(ax) – cos(bx)

b2 – a2

65
p2

(p2 + a2)(p2 + b2)
–a sin(ax) + b sin(bx)

b2 – a2

66
p3

(p2 + a2)(p2 + b2)
–a2 cos(ax) + b2 cos(bx)

b2 – a2

67
1
pn

, n = 1, 2, . . .
1

(n – 1)!
xn–1

68
1

(p + a)n
, n = 1, 2, . . .

1
(n – 1)!

xn–1e–ax

69
1

p(p + a)n
, n = 1, 2, . . . a–n

[
1 – e–axen(ax)

]
, en(z) = 1 +

z

1!
+ · · · +

zn

n!

70
1

p2n + a2n
, n = 1, 2, . . .

–
1

na2n

n∑
k=1

exp(akx)
[
ak cos(bkx) – bk sin(bkx)

]
,

ak = a cos ϕk, bk = a sin ϕk, ϕk =
π(2k – 1)

2n

71
1

p2n – a2n
, n = 1, 2, . . .

1
na2n–1

sinh(ax) +
1

na2n

n∑
k=2

exp(akx)

×
[
ak cos(bkx) – bk sin(bkx)

]
,

ak = a cos ϕk, bk = a sin ϕk, ϕk =
π(k – 1)

n
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

72
1

p2n+1 + a2n+1
, n = 0, 1, . . .

e–ax

(2n + 1)a2n
–

2
(2n + 1)a2n+1

n∑
k=1

exp(akx)

×
[
ak cos(bkx) – bk sin(bkx)

]
,

ak = a cos ϕk, bk = a sin ϕk, ϕk =
π(2k – 1)

2n + 1

73
1

p2n+1 – a2n+1
, n = 0, 1, . . .

eax

(2n + 1)a2n
+

2
(2n + 1)a2n+1

n∑
k=1

exp(akx)

×
[
ak cos(bkx) – bk sin(bkx)

]
,

ak = a cos ϕk, bk = a sin ϕk, ϕk =
2πk

2n + 1

74

Q(p)
P (p)

,

P (p) = (p – a1) . . . (p – an);
Q(p) is a polynomial of degree
≤ n – 1; ai ≠ aj if i ≠ j

n∑
k=1

Q(ak)
P ′(ak)

exp
(
akx

)
,

(the prime stand for the differentiation)

75

Q(p)
P (p)

,

P (p) = (p – a1)m1 . . . (p – an)mn ;
Q(p) is a polynomial of degree
< m1 + m2 + · · · + mn – 1;
ai ≠ aj if i ≠ j

n∑
k=1

mk∑
l=1

Φkl(ak)
(mk – l)! (l – 1)!

xmk–l exp
(
akx

)
,

Φkl(p) =
dl–1

dpl–1

[
Q(p)
Pk(p)

]
, Pk(p) =

P (p)
(p – ak)mk

76

Q(p) + pR(p)
P (p)

,

P (p) = (p2 + a2
1) . . . (p2 + a2

n);
Q(p) and R(p) are polynomials
of degree ≤ 2n – 2; al ≠ aj , l ≠ j

n∑
k=1

Q(iak) sin(akx) + akR(iak) cos(akx)
akPk(iak)

,

Pm(p) =
P (p)

p2 + a2
m

, i2 = –1

5.3. Expressions With Square Roots

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1
1√
p

1√
πx

2
√

p – a –
√

p – b
ebx – eax

2
√

πx3

3
1√
p + a

1√
πx

e–ax

4

√
p + a

p
– 1 1

2 ae–ax/2
[
I1

(
1
2 ax

)
+ I0

(
1
2 ax

)]

5

√
p + a

p + b

e–ax

√
πx

+ (a – b)1/2e–bx erf
[
(a – b)1/2x1/2

]

Page 725

http://MiladZaman005.blogfa.com   [Danesh e Amari]

http://MiladZaman005.blogfa.com


No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

6
1

p
√

p
2

√
x

π

7
1

(p + a)
√

p + b
(b – a)–1/2e–ax erf

[
(b – a)1/2x1/2

]

8
1√

p (p – a)
1√
a
eax erf

(√
ax

)

9
1

p3/2(p – a)
a–3/2eax erf

(√
ax

)
– 2a–1π–1/2x1/2

10
1√
p + a π–1/2x–1/2 – aea

2x erfc
(
a
√

x
)

11
a

p
(√

p + a
) 1 – ea

2x erfc
(
a
√

x
)

12
1

p + a
√

p ea
2x erfc

(
a
√

x
)

13
1(√

p +
√

a
)2 1 –

2√
π

(ax)1/2 + (1 – 2ax)eax
[
erf

(√
ax

)
– 1

]

14
1

p
(√

p +
√

a
)2

1
a

+
(

2x –
1
a

)
eax erfc

(√
ax

)
–

2√
πa

√
x

15
1

√
p

(√
p + a

)2 2π–1/2x1/2 – 2axea
2x erfc

(
a
√

x
)

16
1(√

p + a
)3

2√
π

(a2x + 1)
√

x – ax(2a2x + 3)ea
2x erfc

(
a
√

x
)

17 p–n–1/2, n = 1, 2, . . .
2n

1 ⋅ 3 . . . (2n – 1)
√

π
xn–1/2

18 (p + a)–n–1/2
2n

1 ⋅ 3 . . . (2n – 1)
√

π
xn–1/2e–ax

19
1√

p2 + a2
J0(ax)

20
1√

p2 – a2
I0(ax)

21
1√

p2 + ap + b
exp

(
– 1

2 ax
)
J0

[
(b – 1

4 a2
)1/2

x
]

22
(√

p2 + a2 – p
)1/2 1√

2πx3
sin(ax)

23
1√

p2 + a2

(√
p2 + a2 + p

)1/2
√

2√
πx

cos(ax)

24
1√

p2 – a2

(√
p2 – a2 + p

)1/2
√

2√
πx

cosh(ax)
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

25
(√

p2 + a2 + p
)–n

na–nx–1Jn(ax)

26
(√

p2 – a2 + p
)–n

na–nx–1In(ax)

27
(
p2 + a2

)–n–1/2 (x/a)nJn(ax)
1 ⋅ 3 ⋅ 5 . . . (2n – 1)

28
(
p2 – a2

)–n–1/2 (x/a)nIn(ax)
1 ⋅ 3 ⋅ 5 . . . (2n – 1)

5.4. Expressions With Arbitrary Powers

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1 (p + a)–ν , ν > 0
1

Γ(ν)
xν–1e–ax

2
[
(p + a)1/2 + (p + b)1/2

]–2ν
, ν > 0

ν

(a – b)ν
x–1 exp

[
– 1

2 (a + b)x
]
Iν

[
1
2 (a – b)x

]

3
[
(p + a)(p + b)

]–ν
, ν > 0

√
π

Γ(ν)

( x

a – b

)ν–1/2
exp

(
–
a + b

2
x
)
Iν–1/2

( a – b

2
x
)

4
(
p2 + a2

)–ν–1/2
, ν > – 1

2

√
π

(2a)νΓ(ν + 1
2 )

xνJν(ax)

5
(
p2 – a2

)–ν–1/2
, ν > – 1

2

√
π

(2a)νΓ(ν + 1
2 )

xνIν(ax)

6 p
(
p2 + a2

)–ν–1/2
, ν > 0

a
√

π

(2a)νΓ
(
ν + 1

2

) xνJν–1(ax)

7 p
(
p2 – a2

)–ν–1/2
, ν > 0

a
√

π

(2a)νΓ
(
ν + 1

2

) xνIν–1(ax)

8

[
(p2 + a2)1/2 + p

]–ν
=

a–2ν
[
(p2 + a2)1/2 – p

]ν
, ν > 0

νa–νx–1Jν(ax)

9

[
(p2 – a2)1/2 + p

]–ν
=

a–2ν
[
p – (p2 – a2)1/2

]ν
, ν > 0

νa–νx–1Iν(ax)

10 p
[
(p2 + a2)1/2 + p

]–ν
, ν > 1 νa1–νx–1Jν–1(ax) – ν(ν + 1)a–νx–2Jν(ax)

11 p
[
(p2 – a2)1/2 + p

]–ν
, ν > 1 νa1–νx–1Iν–1(ax) – ν(ν + 1)a–νx–2Iν(ax)

12

(√
p2 + a2 + p

)–ν

√
p2 + a2

, ν > –1 a–νJν(ax)

13

(√
p2 – a2 + p

)–ν

√
p2 – a2

, ν > –1 a–νIν(ax)
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5.5. Expressions With Exponential Functions

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1 p–1e–ap, a > 0
{

0 if 0 < x < a,
1 if a < x.

2 p–1
(
1 – e–ap

)
, a > 0

{
1 if 0 < x < a,
0 if a < x.

3 p–1
(
e–ap – e–bp

)
, 0 ≤ a < b

{
0 if 0 < x < a,
1 if a < x < b,
0 if b < x.

4 p–2
(
e–ap – e–bp

)
, 0 ≤ a < b

{
0 if 0 < x < a,
x – a if a < x < b,
b – a if b < x.

5 (p + b)–1e–ap, a > 0
{

0 if 0 < x < a,
e–b(x–a) if a < x.

6 p–νe–ap, ν > 0

{ 0 if 0 < x < a,
(x – a)ν–1

Γ(ν)
if a < x.

7 p–1
(
eap – 1

)–1
, a > 0 f (x) = n if na < x < (n + 1)a; n = 0, 1, 2, . . .

8 ea/p – 1

√
a

x
I1

(
2
√

ax
)

9 p–1/2ea/p
1√
πx

cosh
(
2
√

ax
)

10 p–3/2ea/p
1√
πa

sinh
(
2
√

ax
)

11 p–5/2ea/p
√

x

πa
cosh

(
2
√

ax
)

–
1

2
√

πa3
sinh

(
2
√

ax
)

12 p–ν–1ea/p, ν > –1 (x/a)ν/2Iν(2
√

ax
)

13 1 – e–a/p

√
a

x
J1

(
2
√

ax
)

14 p–1/2e–a/p
1√
πx

cos
(
2
√

ax
)

15 p–3/2e–a/p
1√
πa

sin
(
2
√

ax
)

16 p–5/2e–a/p 1

2
√

πa3
sin

(
2
√

ax
)

–

√
x

πa
cos

(
2
√

ax
)

17 p–ν–1e–a/p, ν > –1 (x/a)ν/2Jν(2
√

ax
)

18 exp
(
–
√

ap
)
, a > 0

√
a

2
√

π
x–3/2 exp

(
–

a

4x

)

19 p exp
(
–
√

ap
)
, a > 0

√
a

8
√

π
(a – 6x)x–7/2 exp

(
–

a

4x

)

20
1
p

exp
(
–
√

ap
)
, a ≥ 0 erfc

( √
a

2
√

x

)

Page 728

http://MiladZaman005.blogfa.com   [Danesh e Amari]

http://MiladZaman005.blogfa.com


No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

21
√

p exp
(
–
√

ap
)
, a > 0

1
4
√

π
(a – 2x)x–5/2 exp

(
–

a

4x

)

22
1√
p

exp
(
–
√

ap
)
, a ≥ 0

1√
πx

exp
(

–
a

4x

)

23
1

p
√

p
exp

(
–
√

ap
)
, a ≥ 0

2
√

x√
π

exp
(

–
a

4x

)
–
√

a erfc
( √

a

2
√

x

)

24
exp

(
–k

√
p2 + a2

)
√

p2 + a2
, k > 0

{
0 if 0 < x < k,
J0

(
a
√

x2 – k2
)

if k < x.

25
exp

(
–k

√
p2 – a2

)
√

p2 – a2
, k > 0

{
0 if 0 < x < k,
I0

(
a
√

x2 – k2
)

if k < x.

5.6. Expressions With Hyperbolic Functions

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1
1

p sinh(ap)
, a > 0

f (x) = 2n if a(2n – 1) < x < a(2n + 1);
n = 0, 1, 2, . . . (x > 0)

2
1

p2 sinh(ap)
, a > 0

f (x) = 2n(x – an) if a(2n – 1) < x < a(2n + 1);
n = 0, 1, 2, . . . (x > 0)

3
sinh(a/p)√

p

1
2
√

πx

[
cosh

(
2
√

ax
)

– cos
(
2
√

ax
)]

4
sinh(a/p)

p
√

p

1
2
√

πa

[
sinh

(
2
√

ax
)

– sin
(
2
√

ax
)]

5 p–ν–1 sinh(a/p), ν > –2 1
2 (x/a)ν/2

[
Iν

(
2
√

ax
)

– Jν
(
2
√

ax
)]

6
1

p cosh(ap)
, a > 0 f (x) =

{
0 if a(4n – 1) < x < a(4n + 1),
2 if a(4n + 1) < x < a(4n + 3),

n = 0, 1, 2, . . . (x > 0)

7
1

p2 cosh(ap)
, a > 0 x – (–1)n(x – 2an) if 2n – 1 < x/a < 2n + 1;

n = 0, 1, 2, . . . (x > 0)

8
cosh(a/p)√

p

1
2
√

πx

[
cosh

(
2
√

ax
)

+ cos
(
2
√

ax
)]

9
cosh(a/p)

p
√

p

1
2
√

πa

[
sinh

(
2
√

ax
)

+ sin
(
2
√

ax
)]

10 p–ν–1 cosh(a/p), ν > –1 1
2 (x/a)ν/2

[
Iν

(
2
√

ax
)

+ Jν
(
2
√

ax
)]

11
1
p

tanh(ap), a > 0 f (x) = (–1)n–1 if 2a(n – 1) < x < 2an;
n = 1, 2, . . .
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

12
1
p

coth(ap), a > 0 f (x) = (2n – 1) if 2a(n – 1) < x < 2an;
n = 1, 2, . . .

13 Arcoth(p/a)
1
x

sinh(ax)

5.7. Expressions With Logarithmic Functions

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1
1
p

ln p – ln x – C,
C = 0.5772 . . . is the Euler constant

2 p–n–1 ln p
(
1 + 1

2 + 1
3 + · · · + 1

n – ln x – C
) xn

n!
,

C = 0.5772 . . . is the Euler constant

3 p–n–1/2 ln p

kn
[
2 + 2

3 + 2
5 + · · · + 2

2n–1 – ln(4x) – C
]
xn–1/2,

kn =
2n

1 ⋅ 3 ⋅ 5 . . . (2n – 1)
√

π
, C = 0.5772 . . .

4 p–ν ln p, ν > 0
1

Γ(ν)
xν–1

[
ψ(ν) – ln x

]
, ψ(ν) is the logarithmic

derivative of the gamma function

5
1
p

(ln p)2 (ln x + C)2 – 1
6 π2, C = 0.5772 . . .

6
1
p2

(ln p)2 x
[
(ln x + C – 1)2 + 1 – 1

6 π2
]

7
ln(p + b)
p + a

e–ax
{

ln(b – a) – Ei
[
(a – b)x

]
}

8
ln p

p2 + a2
1
a

cos(ax) Si(ax) +
1
a

sin(ax)
[
ln a – Ci(ax)

]

9
p ln p

p2 + a2 cos(ax)
[
ln a – Ci(ax)

]
– sin(ax) Si(ax)

]

10 ln
p + b

p + a

1
x

(
e–ax – e–bx

)

11 ln
p2 + b2

p2 + a2

2
x

[
cos(ax) – cos(bx)

]

12 p ln
p2 + b2

p2 + a2

2
x

[
cos(bx) + bx sin(bx) – cos(ax) – ax sin(ax)

]

13 ln
(p + a)2 + k2

(p + b)2 + k2

2
x

cos(kx)(e–bx – e–ax
)

14 p ln
( 1

p

√
p2 + a2

) 1
x2

[
cos(ax) – 1

]
+

a

x
sin(ax)

15 p ln
( 1

p

√
p2 – a2

) 1
x2

[
cosh(ax) – 1

]
–

a

x
sinh(ax)
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5.8. Expressions With Trigonometric Functions

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1
sin(a/p)√

p

1√
πx

sinh
(√

2ax
)

sin
(√

2ax
)

2
sin(a/p)

p
√

p

1√
πa

cosh
(√

2ax
)

sin
(√

2ax
)

3
cos(a/p)√

p

1√
πx

cosh
(√

2ax
)

cos
(√

2ax
)

4
cos(a/p)

p
√

p

1√
πa

sinh
(√

2ax
)

cos
(√

2ax
)

5
1√
p

exp
(
–
√

ap
)

sin
(√

ap
) 1√

πx
sin

( a

2x

)

6
1√
p

exp
(
–
√

ap
)

cos
(√

ap
) 1√

πx
cos

( a

2x

)

7 arctan
a

p
1
x

sin(ax)

8
1
p

arctan
a

p
Si(ax)

9 p arctan
a

p
– a 1

x2

[
ax cos(ax) – sin(ax)

]

10 arctan
2ap

p2 + b2
2
x

sin(ax) cos
(
x
√

a2 + b2
)

5.9. Expressions With Special Functions

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1 exp
(
ap2

)
erfc

(
p
√

a
) 1√

πa
exp

(
–
x2

4a

)

2
1
p

exp
(
ap2

)
erfc

(
p
√

a
)

erf
( x

2
√

a

)

3 erfc
(√

ap
)
, a > 0

{ 0 if 0 < x < a,√
a

πx
√

x – a
if a < x.

4 eap erfc
(√

ap
) √

a

π
√

x (x + a)

5
1√
p
eap erfc

(√
ap

) 1√
π(x + a)

6 erf
(√

a/p
) 1

πx
sin

(
2
√

ax
)
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

7
1√
p

exp(a/p) erf
(√

a/p
) 1√

πx
sinh

(
2
√

ax
)

8
1√
p

exp(a/p) erfc
(√

a/p
) 1√

πx
exp

(
–2
√

ax
)

9 p–aγ(a, bp), a, b > 0

{
xa–1 if 0 < x < b,
0 if b < x.

10 γ(a, b/p), a > 0 ba/2xa/2–1Ja
(
2
√

bx
)

11 a–pγ(p, a) exp
(
–ae–x

)

12 K0(ap), a > 0

{
0 if 0 < x < a,
(x2 – a2)–1/2 if a < x.

13 Kν(ap), a > 0




0 if 0 < x < a,
cosh

[
ν Arcosh(x/a)

]
√

x2 – a2
if a < x.

14 K0
(
a
√

p
) 1

2x
exp

(
–

a2

4x

)

15
1√
p
K1

(
a
√

p
) 1

a
exp

(
–

a2

4x

)

©• References for Supplement 5: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), I. I. Hirschman and
D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965).
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Supplement 6

Tables of Fourier Cosine Transforms

6.1. General Formulas

No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

1 af1(x) + bf2(x) af̌1c(u) + bf̌2c(u)

2 f (ax), a > 0
1
a
f̌c

( u

a

)

3 x2nf (x), n = 1, 2, . . . (–1)n
d2n

du2n
f̌c(u)

4 x2n+1f (ax), n = 0, 1, . . . (–1)n
d2n+1

du2n+1
f̌s(u), f̌s(u) =

∫ ∞

0
f (x) sin(xu) dx

5 f (ax) cos(bx), a, b > 0
1

2a

[
f̌c

( u + b

a

)
+ f̌c

( u – b

a

)]

6.2. Expressions With Power-Law Functions

No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

1
{

1 if 0 < x < a,
0 if a < x

1
u

sin(au)

2

{
x if 0 < x < 1,
2 – x if 1 < x < 2,
0 if 2 < x

4
u2

cos u sin2 u

2

3
1

a + x
, a > 0 – sin(au) si(au) – cos(au) Ci(au)

4
1

a2 + x2
, a > 0

π

2a
e–au (the integral is understood

in the sense of Cauchy principal value)

5
1

a2 – x2
, a > 0

π sin(au)
2u

6
a

a2 + (b + x)2
+

a

a2 + (b – x)2 πe–au cos(bu)

7
b + x

a2 + (b + x)2
+

b – x

a2 + (b – x)2 πe–au sin(bu)

8
1

a4 + x4
, a > 0

1
2 πa–3 exp

(
–

au√
2

)
sin

( π

4
+

au√
2

)
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No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

9
1

(a2 + x2)(b2 + x2)
, a, b > 0

π

2
ae–bu – be–au

ab(a2 – b2)

10
x2m

(x2 + a)n+1
,

n, m = 1, 2, . . . ; n + 1 > m ≥ 0
(–1)n+m π

2n!
∂n

∂an
(
a1/

√
me–u

√
a
)

11
1√
x

√
π

2u

12

{
1√
x

if 0 < x < a,

0 if a < x
2

√
π

2u
C(au), C(u) is the Fresnel integral

13

{ 0 if 0 < x < a,
1√
x

if a < x

√
π

2u

[
1 – 2C(au)

]
, C(u) is the Fresnel integral

14

{ 0 if 0 < x < a,
1√
x – a

if a < x

√
π

2u

[
cos(au) – sin(au)

]

15
1√

a2 + x2
K0(au)

16

{
1√

a2 – x2
if 0 < x < a,

0 if a < x

π

2
J0(au)

17 x–ν , 0 < ν < 1 sin
(

1
2 πν

)
Γ(1 – ν)uν–1

6.3. Expressions With Exponential Functions

No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

1 e–ax
a

a2 + u2

2
1
x

(
e–ax – e–bx

) 1
2

ln
b2 + u2

a2 + u2

3
√

xe–ax 1
2

√
π (a2 + u2)–3/4 cos

(
3
2 arctan

u

a

)

4
1√
x

e–ax
√

π

2

[ a + (a2 + u2)1/2

a2 + u2

]1/2

5 xne–ax, n = 1, 2, . . .
an+1n!

(a2 + u2)n+1

∑
0≤2k≤n+1

(–1)kC2k
n+1

( u

a

)2k

6 xn–1/2e–ax, n = 1, 2, . . .
knu

∂n

∂an
1

r
√

r – a
,

where r =
√

a2 + u2, kn = (–1)n
√

π/2

7 xν–1e–ax Γ(ν)(a2 + u2)–ν/2 cos
(
ν arctan

u

a

)
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No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

8
x

eax – 1
1

2u2
–

π2

2a2 sinh2(πa–1u
)

9
1
x

( 1
2

–
1
x

+
1

ex – 1

)
–

1
2

ln
(
1 – e–2πu

)

10 exp
(
–ax2

) 1
2

√
π

a
exp

(
–
u2

4a

)

11
1√
x

exp
(

–
a

x

) √
π

2u
e–

√
2au

[
cos

(√
2au

)
– sin

(√
2au

)]

12
1

x
√

x
exp

(
–
a

x

) √
π

a
e–

√
2au cos

(√
2au

)

6.4. Expressions With Hyperbolic Functions

No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

1
1

cosh(ax)
, a > 0

π

2a cosh
(

1
2 πa–1u

)

2
1

cosh2(ax)
, a > 0

πu

2a2 sinh
(

1
2 πa–1u

)

3
cosh(ax)
cosh(bx)

, |a| < b
π

b

[
cos

(
1
2 πab–1

)
cosh

(
1
2 πb–1u

)
cos

(
πab–1

)
+ cosh

(
πb–1u

)
]

4
1

cosh(ax) + cos b

π sinh
(
a–1bu

)
a sin b sinh

(
πa–1u

)

5 exp
(
–ax2

)
cosh(bx), a > 0

1
2

√
π

a
exp

( b2 – u2

4a

)
cos

( abu

2

)

6
x

sinh(ax)
π2

4a2 cosh2( 1
2 πa–1u

)

7
sinh(ax)
sinh(bx)

, |a| < b
π

2b

sin
(
πab–1

)
cos

(
πab–1

)
+ cosh

(
πb–1u

)

8
1
x

tanh(ax), a > 0 ln
[
coth

(
1
4 πa–1u

)]

6.5. Expressions With Logarithmic Functions

No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

1
{

ln x if 0 < x < 1,
0 if 1 < x

–
1
u

Si(u)
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No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

2
ln x√

x
–

√
π

2u

[
ln(4u) + C +

π

2

]
,

C = 0.5772 . . . is the Euler constant

3 xν–1 ln x, 0 < ν < 1 Γ(ν) cos
( πν

2

)
u–ν

[
ψ(ν) –

π

2
tan

( πν

2

)
– ln u

]

4 ln
∣∣∣ a + x

a – x

∣∣∣, a > 0
2
u

[
cos(au) Si(au) – sin(au) Ci(au)

]

5 ln
(
1 + a2/x2

)
, a > 0

π

u

(
1 – e–au

)

6 ln
a2 + x2

b2 + x2
, a, b > 0

π

u

(
e–bu – e–au

)

7 e–ax ln x, a > 0 –
aC + 1

2 a ln(u2 + a2) + u arctan(u/a)

u2 + a2

8 ln
(
1 + e–ax

)
, a > 0

a

2u2
–

π

2u sinh
(
πa–1u

)

9 ln
(
1 – e–ax

)
, a > 0

a

2u2
–

π

2u
coth

(
πa–1u

)

6.6. Expressions With Trigonometric Functions

No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

1
sin(ax)

x
, a > 0




1
2 π if u < a,
1
4 π if u = a,
0 if u > a

2 xν–1 sin(ax), a > 0, |ν | < 1 π
(u + a)–ν – |u + a|–ν sign(u – a)

4Γ(1 – ν) cos
(

1
2 πν

)

3
x sin(ax)
x2 + b2

, a, b > 0

{ 1
2 πe–ab cosh(bu) if u < a,
– 1

2 πe–bu sinh(ab) if u > a

4
sin(ax)

x(x2 + b2)
, a, b > 0

{ 1
2 πb–2

[
1 – e–ab cosh(bu)

]
if u < a,

1
2 πb–2e–bu sinh(ab) if u > a

5 e–bx sin(ax), a, b > 0
1
2

[ a + u

(a + u)2 + b2
+

a – u

(a – u)2 + b2

]

6
1
x

sin2(ax), a > 0
1
4

ln
∣∣∣1 – 4

a2

u2

∣∣∣
7

1
x2

sin2(ax), a > 0

{
1
4 π(2a – u) if u < 2a,
0 if u > 2a

8
1
x

sin
( a

x

)
, a > 0

π

2
J0

(
2
√

au
)
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No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

9
1√
x

sin
(
a
√

x
)

sin
(
b
√

x
)
, a, b > 0

√
π

u
sin

( ab

2u

)
sin

( a2 + b2

4u
–

π

4

)

10 sin
(
ax2

)
, a > 0

√
π

8a

[
cos

( u2

4a

)
– sin

( u2

4a

)]

11 exp
(
–ax2

)
sin

(
bx2

)
, a > 0

√
π

(A2 +B2)1/4
exp

(
–

Au2

A2 +B2

)
sin

(
ϕ–

Bu2

A2 +B2

)
,

A = 4a, B = 4b, ϕ = 1
2 arctan(b/a)

12
1 – cos(ax)

x
, a > 0

1
2

ln
∣∣∣1 –

a2

u2

∣∣∣
13

1 – cos(ax)
x2

, a > 0

{
1
2 π(a – u) if u < a,
0 if u > a

14 xν–1 cos(ax), a > 0, 0 < ν < 1 1
2 Γ(ν) cos

(
1
2 πν

)[
|u – a|–ν + (u + a)–ν

]

15
cos(ax)
x2 + b2

, a, b > 0

{ 1
2 πb–1e–ab cosh(bu) if u < a,
1
2 πb–1e–bu cosh(ab) if u > a

16 e–bx cos(ax), a, b > 0
b

2

[ 1
(a + u)2 + b2

+
1

(a – u)2 + b2

]

17
1√
x

cos
(
a
√

x
) √

π

u
sin

( a2

4u
+

π

4

)

18
1√
x

cos
(
a
√

x
)

cos
(
b
√

x
) √

π

u
cos

( ab

2u

)
sin

( a2 + b2

4u
+

π

4

)

19 exp
(
–bx2

)
cos(ax), b > 0

1
2

√
π

b
exp

(
–
a2 + u2

4b

)
cosh

( au

2b

)

20 cos
(
ax2

)
, a > 0

√
π

8a

[
cos

(
1
4 a–1u2

)
+ sin

(
1
4 a–1u2

)]

21 exp
(
–ax2

)
cos

(
bx2

)
, a > 0

√
π

(A2 +B2)1/4
exp

(
–

Au2

A2 +B2

)
cos

(
ϕ–

Bu2

A2 +B2

)
,

A = 4a, B = 4b, ϕ = 1
2 arctan(b/a)

6.7. Expressions With Special Functions

No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

1 Ei(–ax) –
1
u

arctan
( u

a

)

2 Ci(ax)

{
0 if 0 < u < a,
– π

2u if a < u

3 si(ax) –
1

2u
ln

∣∣∣ u + a

u – a

∣∣∣, u ≠ a
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No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

4 J0(ax), a > 0

{
1√

a2 – u2
if 0 < u < a,

0 if a < u

5 Jν(ax), a > 0, ν > –1




cos
[
ν arcsin(u/a)

]
√

a2 – u2
if 0 < u < a,

–
aν sin(πν/2)

ξ(u + ξ)ν
if a < u,

where ξ =
√

u2 – a2

6
1
x

Jν(ax), a > 0, ν > 0




ν–1 cos
[
ν arcsin(u/a)

]
if 0 < u < a,

aν cos(πν/2)

ν
(
u +

√
u2 – a2

)ν if a < u

7 x–νJν(ax), a > 0, ν > – 1
2




√
π

(
a2 – u2

)ν–1/2

(2a)νΓ
(
ν + 1

2

) if 0 < u < a,

0 if a < u

8
xν+1Jν(ax),
a > 0, –1 < ν < – 1

2




0 if 0 < u < a,
2ν+1√π aνu

Γ
(
–ν – 1

2

)
(u2 – a2

)ν+3/2
if a < u

9 J0
(
a
√

x
)
, a > 0 1

u
sin

( a2

4u

)

10
1√
x

J1
(
a
√

x
)
, a > 0 4

a
sin2

( a2

8u

)

11 xν/2Jν
(
a
√

x
)
, a > 0, –1 < ν < 1

2

( a

2

)ν
u–ν–1 sin

( a2

4u
–

πν

2

)

12 J0
(
a
√

x2 + b2
)




cos
(
b
√

a2 – u2
)

√
a2 – u2

if 0 < u < a,

0 if a < u

13 Y0(ax), a > 0

{ 0 if 0 < u < a,

–
1√

u2 – a2
if a < u

14 xνYν(ax), a > 0, |ν | < 1
2




0 if 0 < u < a,

–
(2a)ν

√
π

Γ
(

1
2 – ν

)
(u2 – a2

)ν+1/2
if a < u

15 K0
(
a
√

x2 + b2
)
, a, b > 0

π

2
√

u2 + a2
exp

(
–b
√

u2 + a2
)

©• References for Supplement 6: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), V. A. Ditkin and
A. P. Prudnikov (1965).
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Supplement 7

Tables of Fourier Sine Transforms

7.1. General Formulas

No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

1 af1(x) + bf2(x) af̌1s(u) + bf̌2s(u)

2 f (ax), a > 0
1
a
f̌s

( u

a

)

3 x2nf (x), n = 1, 2, . . . (–1)n
d2n

du2n
f̌s(u)

4 x2n+1f (ax), n = 0, 1, . . . (–1)n+1 d2n+1

du2n+1
f̌c(u), f̌c(u) =

∫ ∞

0
f (x) cos(xu) dx

5 f (ax) cos(bx), a, b > 0
1

2a

[
f̌s

( u + b

a

)
+ Fs

( u – b

a

)]

7.2. Expressions With Power-Law Functions

No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

1
{

1 if 0 < x < a,
0 if a < x

1
u

[
1 – cos(au)

]

2

{
x if 0 < x < 1,
2 – x if 1 < x < 2,
0 if 2 < x

4
u2

sin u sin2 u

2

3
1
x

π

2

4
1

a + x
, a > 0 sin(au) Ci(au) – cos(au) si(au)

5
x

a2 + x2
, a > 0

π

2
e–au

6
1

x(a2 + x2)
, a > 0

π

2a2

(
1 – e–au

)

7
a

a2 + (x – b)2
–

a

a2 + (x + b)2 πe–au sin(bu)

8
x + b

a2 + (x + b)2
–

x – b

a2 + (x – b)2 πe–au cos(bu)
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No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

9
x

(x2 + a2)n
, a > 0, n = 1, 2, . . . πue–au

22n–2(n – 1)! a2n–3

n–2∑
k=0

(2n – k – 4)!
k! (n – k – 2)!

(2au)k

10
x2m+1

(x2 + a)n+1
,

n, m = 0, 1, . . . ; 0 ≤ m ≤ n
(–1)n+m π

2n!
∂n

∂an
(
ame–u

√
a
)

11
1√
x

√
π

2u

12
1

x
√

x

√
2πu

13 x(a2 + x2)–3/2 uK0(au)

14

(√
a2 + x2 – a

)1/2

√
a2 + x2

√
π

2u
e–au

15 x–ν , 0 < ν < 2 cos
(

1
2 πν

)
Γ(1 – ν)uν–1

7.3. Expressions With Exponential Functions

No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

1 e–ax, a > 0
u

a2 + u2

2 xne–ax, a > 0, n = 1, 2, . . . n!
( a

a2 + u2

)n+1
[n/2]∑
k=0

(–1)kC2k+1
n+1

( u

a

)2k+1

3
1
x

e–ax, a > 0 arctan
u

a

4
√

xe–ax, a > 0
√

π

2
(a2 + u2)–3/4 sin

( 3
2

arctan
u

a

)

5
1√
x

e–ax, a > 0
√

π

2

(√
a2 + u2 – a)1/2

√
a2 + u2

6
1

x
√

x
e–ax, a > 0

√
2π

(√
a2 + u2 – a)1/2

7 xn–1/2e–ax, a > 0, n = 1, 2, . . . (–1)n
√

π

2
∂n

∂an

[ (√
a2 + u2 – a

)1/2

√
a2 + u2

]

8 xν–1e–ax, a > 0, ν > –1 Γ(ν)(a2 + u2)–ν/2 sin
(
ν arctan

u

a

)

9 x–2
(
e–ax – e–bx

)
, a, b > 0 u

2
ln

( u2 + b2

u2 + a2

)
+ b arctan

( u

b

)
– a arctan

( u

a

)
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No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

10
1

eax + 1
, a > 0

1
2u

–
π

2a sinh(πu/a)

11
1

eax – 1
, a > 0

π

2a
coth

( πu

a

)
–

1
2u

12
ex/2

ex – 1
– 1

2 tanh(πu)

13 x exp
(
–ax2

) √
π

4a3/2
u exp

(
–
u2

4a

)

14
1
x

exp
(
–ax2

) π

2
erf

( u

2
√

a

)

15
1√
x

exp
(

–
a

x

) √
π

2u
e–

√
2au

[
cos

(√
2au

)
+ sin

(√
2au

)]

16
1

x
√

x
exp

(
–
a

x

) √
π

a
e–

√
2au sin

(√
2au

)

7.4. Expressions With Hyperbolic Functions

No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

1
1

sinh(ax)
, a > 0

π

2a
tanh

(
1
2 πa–1u

)

2
x

sinh(ax)
, a > 0

π2 sinh
(

1
2 πa–1u

)
4a2 cosh2( 1

2 πa–1u
)

3
1
x

e–bx sinh(ax), b > |a| 1
2 arctan

( 2au
u2 + b2 – a2

)

4
1

x cosh(ax)
, a > 0 arctan

[
sinh

(
1
2 πa–1u

)]

5 1 – tanh
(

1
2 ax

)
, a > 0

1
u

–
π

a sinh
(
πa–1u

)

6 coth
(

1
2 ax

)
– 1, a > 0

π

a
coth

(
πa–1u

)
–

1
u

7
cosh(ax)
sinh(bx)

, |a| < b
π

2b

sinh
(
πb–1u

)
cos

(
πab–1

)
+ cosh

(
πb–1u

)

8
sinh(ax)
cosh(bx)

, |a| < b
π

b

sin
(

1
2 πab–1

)
sinh

(
1
2 πb–1u

)
cos

(
πab–1

)
+ cosh

(
πb–1u

)
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7.5. Expressions With Logarithmic Functions

No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

1
{

ln x if 0 < x < 1,
0 if 1 < x

1
u

[
Ci(u) – ln u – C

]
,

C = 0.5772 . . . is the Euler constant

2
ln x

x
– 1

2 π(ln u + C)

3
ln x√

x
–

√
π

2u

[
ln(4u) + C –

π

2

]

4 xν–1 ln x, |ν | < 1
πu–ν

[
ψ(ν) + π

2 cot
(
πν
2

)
– ln u

]
2Γ(1 – ν) cos

(
πν
2

)

5 ln
∣∣∣ a + x

a – x

∣∣∣, a > 0
π

u
sin(au)

6 ln
(x + b)2 + a2

(x – b)2 + a2
, a, b > 0

2π
u

e–au sin(bu)

7 e–ax ln x, a > 0
a arctan(u/a) – 1

2 u ln(u2 + a2) – eCu

u2 + a2

8
1
x

ln
(
1 + a2x2

)
, a > 0 –π Ei

(
–
u

a

)

7.6. Expressions With Trigonometric Functions

No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

1
sin(ax)

x
, a > 0

1
2

ln
∣∣∣ u + a

u – a

∣∣∣
2

sin(ax)
x2

, a > 0

{ 1
2 πu if 0 < u < a,
1
2 πa if u > a

3 xν–1 sin(ax), a > 0, –2 < ν < 1 π
|u – a|–ν – |u + a|–ν

4Γ(1 – ν) sin
(

1
2 πν

) , ν ≠ 0

4
sin(ax)
x2 + b2

, a, b > 0

{ 1
2 πb–1e–ab sinh(bu) if 0 < u < a,
1
2 πb–1e–bu sinh(ab) if u > a

5
sin(πx)
1 – x2

{
sin u if 0 < u < π,
0 if u > π

6 e–ax sin(bx), a > 0
a

2

[
1

a2 + (b – u)2
–

1
a2 + (b + u)2

]

7 x–1e–ax sin(bx), a > 0
1
4

ln
(u + b)2 + a2

(u – b)2 + a2

8
1
x

sin2(ax), a > 0




1
4 π if 0 < u < 2a,
1
8 π if u = 2a,
0 if u > 2a
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No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

9
1
x2

sin2(ax), a > 0
1
4 (u + 2a) ln |u + 2a| + 1

4 (u – 2a) ln |u – 2a|
– 1

2 u ln u

10 exp
(
–ax2

)
sin(bx), a > 0

1
2

√
π

a
exp

(
–
u2 + b2

4a

)
sinh

( bu

2a

)

11
1
x

sin(ax) sin(bx), a ≥ b > 0

{
0 if 0 < u < a – b,
π
4 if a – b < u < a + b,
0 if a + b < u

12 sin
( a

x

)
, a > 0

π
√

a

2
√

u
J1

(
2
√

au
)

13
1√
x

sin
( a

x

)
, a > 0

√
π

8u

[
sin

(
2
√

au
)

– cos
(
2
√

au
)

+ exp
(
–2
√

au
)]

14 exp
(
–a

√
x

)
sin

(
a
√

x
)
, a > 0 a

√
π

8
u–3/2 exp

(
–

a2

2u

)

15
cos(ax)

x
, a > 0




0 if 0 < u < a,
1
4 π if u = a,
1
2 π if a < u

16 xν–1 cos(ax), a > 0, |ν | < 1
π(u + a)–ν – sign(u – a)|u – a|–ν

4Γ(1 – ν) cos
(

1
2 πν

)

17
x cos(ax)
x2 + b2

, a, b > 0

{
– 1

2 πe–ab sinh(bu) if u < a,
1
2 πe–bu cosh(ab) if u > a

18
1 – cos(ax)

x2
, a > 0

u

2
ln

∣∣∣ u2 – a2

u2

∣∣∣ +
a

2
ln

∣∣∣ u + a

u – a

∣∣∣
19

1√
x

cos
(
a
√

x
) √

π

u
cos

( a2

4u
+

π

4

)

20
1√
x

cos
(
a
√

x
)

cos
(
b
√

x
)
, a, b > 0

√
π

u
cos

( ab

2u

)
cos

( a2 + b2

4u
+

π

4

)

7.7. Expressions With Special Functions

No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

1 erfc(ax), a > 0 1
u

[
1 – exp

(
–

u2

4a2

)]

2 ci(ax), a > 0 –
1

2u
ln

∣∣∣1 –
u2

a2

∣∣∣
3 si(ax), a > 0

{
0 if 0 < u < a,
– 1

2 πu–1 if a < u
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No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

4 J0(ax), a > 0

{ 0 if 0 < u < a,
1√

u2 – a2
if a < u

5 Jν(ax), a > 0, ν > –2




sin
[
ν arcsin(u/a)

]
√

a2 – u2
if 0 < u < a,

aν cos(πν/2)
ξ(u + ξ)ν

if a < u,

where ξ =
√

u2 – a2

6
1
x

J0(ax), a > 0, ν > 0

{
arcsin(u/a) if 0 < u < a,
π/2 if a < u

7
1
x

Jν(ax), a > 0, ν > –1




ν–1 sin
[
ν arcsin(u/a)

]
if 0 < u < a,

aν sin(πν/2)

ν
(
u +

√
u2 – a2

)ν if a < u

8 xνJν(ax), a > 0, –1 < ν < 1
2




0 if 0 < u < a,√
π(2a)ν

Γ
(

1
2 – ν

)(
u2 – a2

)ν+1/2
if a < u

9 x–1e–axJ0(bx), a > 0 arcsin

(
2u√

(u + b)2 + a2 +
√

(u – b)2 + a2

)

10
J0(ax)
x2 + b2

, a, b > 0

{
b–1 sinh(bu)K0(ab) if 0 < u < a,
0 if a < u

11
xJ0(ax)
x2 + b2

, a, b > 0

{
0 if 0 < u < a,
1
2 πe–buI0(ab) if a < u

12

√
xJ2n+1/2(ax)

x2 + b2
,

a, b > 0, n = 0, 1, 2, . . .

{
(–1)n sinh(bu)K2n+1/2(ab) if 0 < u < a,
0 if a < u

13
xνJν(ax)
x2 + b2

,

a, b > 0, –1 < ν < 5
2

{
bν–1 sinh(bu)Kν(ab) if 0 < u < a,
0 if a < u

14
x1–νJν(ax)

x2 + b2
,

a, b > 0, ν > – 3
2

{
0 if 0 < u < a,
1
2 πb–νe–buIν(ab) if a < u

15 J0
(
a
√

x
)
, a > 0 1

u
cos

( a2

4u

)

16
1√
x

J1
(
a
√

x
)
, a > 0 2

a
sin

( a2

4u

)

17
xν/2Jν

(
a
√

x
)
,

a > 0, –2 < ν < 1
2

aν

2νuν+1
cos

( a2

4u
–

πν

2

)
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No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

18 Y0(ax), a > 0




2 arcsin(u/a)

π
√

a2 – u2
if 0 < u < a,

2
[
ln

(
u –

√
u2 – a2

)
– ln a

]
π
√

u2 – a2
if a < u

19 Y1(ax), a > 0

{
0 if 0 < u < a,
– u

a
√
u2–a2

if a < u

20 K0(ax), a > 0
ln

(
u +

√
u2 + a2

)
– ln a√

u2 + a2

21 xK0(ax), a > 0
πu

2(u2 + a2)3/2

22 xν+1Kν(ax), a > 0, ν > – 3
2

√
π (2a)νΓ

(
ν + 3

2

)
u(u2 + a2)–ν–3/2

©• References for Supplement 7: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), I. I. Hirschman and
D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965).
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Supplement 8

Tables of Mellin Transforms

8.1. General Formulas

No Original function, f (x) Mellin transform, f̂ (s) =
∫ ∞

0
f (x)xs–1 dx

1 af1(x) + bf2(x) af̂1(s) + bf̂2(s)

2 f (ax), a > 0 a–s f̂ (s)

3 xaf (x) f̂ (s + a)

4 f (1/x) f̂ (–s)

5 f
(
xβ

)
, β > 0

1
β

f̂
( s

β

)

6 f
(
x–β

)
, β > 0

1
β

f̂
(

–
s

β

)

7 xλf
(
axβ

)
, a, β > 0

1
β

a
– s+λ
β f̂

( s + λ

β

)

8 xλf
(
ax–β

)
, a, β > 0

1
β

a
s+λ
β f̂

(
–

s + λ

β

)

9 f ′
x(x) –(s – 1)f̂ (s – 1)

10 xf ′
x(x) –sf̂ (s)

11 f (n)
x (x) (–1)n

Γ(s)
Γ(s – n)

f̂ (s – n)

12
(
x

d

dx

)n
f (x) (–1)nsnf̂ (s)

13
( d

dx
x
)n

f (x) (–1)n(s – 1)nf̂ (s)

14 xα
∫ ∞

0
tβf1(xt)f2(t) dt f̂1(s + α)f̂2(1 – s – α + β)

15 xα
∫ ∞

0
tβf1

( x

t

)
f2(t) dt f̂1(s + α)f̂2(s + α + β + 1)
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8.2. Expressions With Power-Law Functions

No Original function, f (x) Mellin transform, f̂ (s) =
∫ ∞

0
f (x)xs–1 dx

1

{
x if 0 < x < 1,
2 – x if 1 < x < 2,
0 if 2 < x

{
2(2s – 1)
s(s + 1)

if s ≠ 0,

2 ln 2 if s = 0,
Re s > –1

2
1

x + a
, a > 0

πas–1

sin(πs)
, 0 < Re s < 1

3
1

(x + a)(x + b)
, a, b > 0

π
(
as–1 – bs–1

)
(b – a) sin(πs)

, 0 < Re s < 2

4
x + a

(x + b)(x + c)
, b, c > 0

π

sin(πs)

[( b – a

b – c

)
bs–1 +

( c – a

c – b

)
cs–1

]
,

0 < Re s < 1

5
1

x2 + a2
, a > 0

πas–2

2 sin
(

1
2 πs

) , 0 < Re s < 2

6
1

x2 +2ax cos β +a2
, a > 0, |β| < π –

πas–2 sin
[
β(s – 1)

]
sin β sin(πs)

, 0 < Re s < 2

7
1

(x2 + a2)(x2 + b2)
, a, b > 0

π
(
as–2 – bs–2

)
2(b2 – a2) sin

(
1
2 πs

) , 0 < Re s < 4

8
1

(1 + ax)n+1
, a > 0, n = 1, 2, . . .

(–1)nπ
as sin(πs)

Cn
s–1, 0 < Re s < n + 1

9
1

xn + an
, a > 0, n = 1, 2, . . .

πas–n

n sin(πs/n)
, 0 < Re s < n

10
1 – x

1 – xn
, n = 2, 3, . . .

π sin(π/n)

n sin(πs/n) sin
[
π(s + 1)/n

] , 0 < Re s < n – 1

11
{

xν if 0 < x < 1,
0 if 1 < x

1
s + ν

, Re s > –ν

12
1 – xν

1 – xnν
, n = 2, 3, . . .

π sin(π/n)

nν sin
(
πs
nν

)
sin

[
π(s+ν)
nν

] , 0 < Re s < (n – 1)ν

8.3. Expressions With Exponential Functions

No Original function, f (x) Mellin transform, f̂ (s) =
∫ ∞

0
f (x)xs–1 dx

1 e–ax, a > 0 a–sΓ(s), Re s > 0

2

{
e–bx if 0 < x < a,
0 if a < x,

b > 0 b–sγ(s, ab), Re s > 0

3

{
0 if 0 < x < a,
e–bx if a < x,

b > 0 b–sΓ(s, ab)

4
e–ax

x + b
, a, b > 0 eabbs–1Γ(s)Γ(1 – s, ab), Re s > 0

5 exp
(
–axβ

)
, a, β > 0 β–1a–s/βΓ(s/β), Re s > 0
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No Original function, f (x) Mellin transform, f̂ (s) =
∫ ∞

0
f (x)xs–1 dx

6 exp
(
–ax–β

)
, a, β > 0 β–1as/βΓ(–s/β), Re s < 0

7 1 – exp
(
–axβ

)
, a, β > 0 –β–1a–s/βΓ(s/β), –β < Re s < 0

8 1 – exp
(
–ax–β

)
, a, β > 0 –β–1as/βΓ(–s/β), 0 < Re s < β

8.4. Expressions With Logarithmic Functions

No Original function, f (x) Mellin transform, f̂ (s) =
∫ ∞

0
f (x)xs–1 dx

1
{

ln x if 0 < x < a,
0 if a < x

s ln a – 1
s2as

, Re s > 0

2 ln(1 + ax), a > 0
π

sas sin(πs)
, –1 < Re s < 0

3 ln |1 – x|
π

s
cot(πs), –1 < Re s < 0

4
ln x

x + a
, a > 0

πas–1
[
ln a – π cot(πs)

]
sin(πs)

, 0 < Re s < 1

5
ln x

(x + a)(x + b)
, a, b > 0

π
[
as–1 ln a – bs–1 ln b – π cot(πs)(as–1 – bs–1)

]
(b – a) sin(πs)

,

0 < Re s < 1

6
{

xν ln x if 0 < x < 1,
0 if 1 < x

–
1

(s + ν)2
, Re s > –ν

7
ln2 x

x + 1

π3
[
2 – sin2(πs)

]
sin3(πs)

, 0 < Re s < 1

8

{
lnν–1 x if 0 < x < 1,
0 if 1 < x

Γ(ν)(–s)–ν , Re s < 0, ν > 0

9 ln
(
x2 + 2x cos β + 1

)
, |β| < π

2π cos(βs)
s sin(πs)

, –1 < Re s < 0

10 ln
∣∣∣ 1 + x

1 – x

∣∣∣ π

s
tan

(
1
2 πs

)
, –1 < Re s < 1

11 e–x lnn x, n = 1, 2, . . .
dn

dsn
Γ(s), Re s > 0

8.5. Expressions With Trigonometric Functions

No Original function, f (x) Mellin transform, f̂ (s) =
∫ ∞

0
f (x)xs–1 dx

1 sin(ax), a > 0 a–sΓ(s) sin
(

1
2 πs

)
, –1 < Re s < 1

2 sin2(ax), a > 0 –2–s–1a–sΓ(s) cos
(

1
2 πs

)
, –2 < Re s < 0

3 sin(ax) sin(bx), a, b > 0, a ≠ b
1
2 Γ(s) cos

(
1
2 πs

)[
|b – a|–s – (b + a)–s

]
,

–2 < Re s < 1
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No Original function, f (x) Mellin transform, f̂ (s) =
∫ ∞

0
f (x)xs–1 dx

4 cos(ax), a > 0 a–sΓ(s) cos
(

1
2 πs

)
, 0 < Re s < 1

5 sin(ax) cos(bx), a, b > 0
Γ(s)

2
sin

( πs

2

)[
(a + b)–s + |a – b|–s sign(a – b)

]
,

–1 < Re s < 1

6 e–ax sin(bx), a > 0
Γ(s) sin

[
s arctan(b/a)

]
(a2 + b2)s/2

, –1 < Re s

7 e–ax cos(bx), a > 0
Γ(s) cos

[
s arctan(b/a)

]
(a2 + b2)s/2

, 0 < Re s

8
{

sin(a ln x) if 0 < x < 1,
0 if 1 < x

–
a

s2 + a2
, Re s > 0

9
{

cos(a ln x) if 0 < x < 1,
0 if 1 < x

s

s2 + a2
, Re s > 0

10 arctan x –
π

2s cos
(

1
2 πs

) , –1 < Re s < 0

11 arccot x
π

2s cos
(

1
2 πs

) , 0 < Re s < 1

8.6. Expressions With Special Functions

No Original function, f (x) Mellin transform, f̂ (s) =
∫ ∞

0
f (x)xs–1 dx

1 erfc x
Γ
(

1
2 s + 1

2

)
√

π s
, Re s > 0

2 Ei(–x) –s–1Γ(s), Re s > 0

3 Si(x) –s–1 sin
(

1
2 πs

)
Γ(s), –1 < Re s < 0

4 si(x) –4s–1 sin
(

1
2 πs

)
Γ(s), –1 < Re s < 0

5 Ci(x) –s–1 cos
(

1
2 πs

)
Γ(s), 0 < Re s < 1

6 Jν(ax), a > 0
2s–1Γ

(
1
2 ν + 1

2 s
)

asΓ
(

1
2 ν – 1

2 s + 1
) , –ν < Re s < 3

2

7 Yν(ax), a > 0 –
2s–1

πas
Γ
( s

2
+

ν

2

)
Γ
( s

2
–

ν

2

)
cos

[ π(s – ν)
2

]
,

|ν | < Re s < 3
2

8 e–axIν(ax), a > 0
Γ(1/2 – s)Γ(s + ν)√
π (2a)sΓ(1 + ν – s)

, –ν < Re s < 1
2

9 Kν(ax), a > 0 2s–2

as
Γ
( s

2
+

ν

2

)
Γ
( s

2
–

ν

2

)
, |ν | < Re s

10 e–axKν(ax), a > 0
√

π Γ(s – ν)Γ(s + ν)
(2a)sΓ(s + 1/2)

, |ν | < Re s

©• References for Supplement 8: H. Bateman and A. Erdélyi (1954), V. A. Ditkin and A. P. Prudnikov (1965).
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Supplement 9

Tables of Inverse Mellin Transforms

See Section 8.1 of Supplement 8 for general formulas.

9.1. Expressions With Power-Law Functions

No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

1
1
s

, Re s > 0
{

1 if 0 < x < 1,
0 if 1 < x

2
1
s

, Re s < 0
{

0 if 0 < x < 1,
–1 if 1 < x

3
1

s + a
, Re s > –a

{
xa if 0 < x < 1,
0 if 1 < x

4
1

s + a
, Re s < –a

{
0 if 0 < x < 1,
–xa if 1 < x

5
1

(s + a)2
, Re s > –a

{
–xa ln x if 0 < x < 1,
0 if 1 < x

6
1

(s + a)2
, Re s < –a

{
0 if 0 < x < 1,
xa ln x if 1 < x

7
1

(s + a)(s + b)
, Re s > –a, –b

{
xa – xb

b – a
if 0 < x < 1,

0 if 1 < x

8
1

(s + a)(s + b)
, –a < Re s < –b




xa

b – a
if 0 < x < 1,

xb

b – a
if 1 < x

9
1

(s + a)(s + b)
, Re s < –a, –b

{
0 if 0 < x < 1,
xb – xa

b – a
if 1 < x

10
1

(s + a)2 + b2
, Re s > –a

{
1
b
xa sin

(
b ln

1
x

)
if 0 < x < 1,

0 if 1 < x

11
s + a

(s + a)2 + b2
, Re s > –a

{
xa cos(b ln x) if 0 < x < 1,
0 if 1 < x
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No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

12
√

s2 – a2 – s, Re s > |a|
{

–
a

ln x
I1(–a ln x) if 0 < x < 1,

0 if 1 < x

13

√
s + a

s – a
– 1, Re s > |a|

{
aI0(–a ln x) + aI1(–a ln x) if 0 < x < 1,
0 if 1 < x

14 (s + a)–ν , Re s > –a, ν > 0

{
1

Γ(ν)
xa(– ln x)ν–1 if 0 < x < 1,

0 if 1 < x

15
s–1(s + a)–ν ,
Re s > 0, Re s > –a, ν > 0

{
a–ν

[
Γ(ν)

]–1
γ(ν, –a ln x) if 0 < x < 1,

0 if 1 < x

16
s–1(s + a)–ν ,
–a < Re s < 0, ν > 0

{
–a–ν

[
Γ(ν)

]–1Γ(ν, –a ln x) if 0 < x < 1,
–a–ν if 1 < x

17 (s2 – a2)–ν , Re s > |a|, ν > 0

{ √
π (– ln x)ν–1/2Iν–1/2(–a ln x)

Γ(ν)(2a)ν–1/2
if 0 < x < 1,

0 if 1 < x

18 (a2 – s2)–ν , Re s < |a|, ν > 0




(– ln x)ν–1/2Kν–1/2(–a ln x)√
π Γ(ν)(2a)ν–1/2

if 0 < x < 1,

(ln x)ν–1/2Kν–1/2(a ln x)√
π Γ(ν)(2a)ν–1/2

if 1 < x

9.2. Expressions With Exponential and Logarithmic
Functions

No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

1 exp(as2), a > 0
1

2
√

πa
exp

(
–

ln2 x

4a

)

2 s–νe–a/s , Re s > 0; a, ν > 0




∣∣∣ a

ln x

∣∣∣
1–ν

2
Jν–1

(
2
√

a|ln x|
)

if 0 < x < 1,

0 if 1 < x

3 exp
(
–
√

as
)
, Re s > 0, a > 0




(a/π)1/2

2|ln x|3/2
exp

(
–

a

4|ln x|

)
if 0 < x < 1,

0 if 1 < x

4
1
s

exp
(
–a

√
s
)
, Re s > 0

{
erfc

( a

2
√

|ln x|

)
if 0 < x < 1,

0 if 1 < x

5
1
s

[
exp

(
–a

√
s
)

– 1
]
, Re s > 0

{
– erf

( a

2
√

|ln x|

)
if 0 < x < 1,

0 if 1 < x
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No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

6
√

s exp
(
–
√

as
)
, Re s > 0




a – 2|ln x|
4
√

π|ln x|5
exp

(
–

a

4|ln x|

)
if 0 < x < 1,

0 if 1 < x

7
1√
s

exp
(
–
√

as
)
, Re s > 0




1√
π|ln x|

exp
(

–
a

4|ln x|

)
if 0 < x < 1,

0 if 1 < x

8 ln
s + a

s + b
, Re s > –a, –b

{
xa – xb

ln x
if 0 < x < 1,

0 if 1 < x

9 s–ν ln s, Re s > 0, ν > 0

{
|ln x|ν–1 ψ(ν) – ln |ln x|

Γ(ν)
if 0 < x < 1,

0 if 1 < x

9.3. Expressions With Trigonometric Functions

No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

1
π

sin(πs)
, 0 < Re s < 1 1

x + 1

2
π

sin(πs)
, –n < Re s < 1 – n,

n = . . . , –1, 0, 1, 2, . . .
(–1)n

xn

x + 1

3
π2

sin2(πs)
, 0 < Re s < 1

ln x

x – 1

4
π2

sin2(πs)
, n < Re s < n + 1,

n = . . . , –1, 0, 1, 2, . . .

ln x

xn(x – 1)

5
2π3

sin3(πs)
, 0 < Re s < 1 π2 + ln2 x

x + 1

6
2π3

sin3(πs)
, n < Re s < n + 1,

n = . . . , –1, 0, 1, 2, . . .

π2 + ln2 x

(–x)n(x + 1)

7 sin
(
s2/a

)
, a > 0

1
2

√
a

π
sin

(
1
4 a|ln x|2 – 1

4 π
)

8
π

cos(πs)
, – 1

2 < Re s < 1
2

√
x

x + 1

9
π

cos(πs)
, n – 1

2 < Re s < n + 1
2

n = . . . , –1, 0, 1, 2, . . .
(–1)n

x1/2–n

x + 1

10
cos(βs)
s cos(πs)

, –1 < Re s < 0, |β| < π
1

2π
ln(x2 + 2x cos β + 1)
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No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

11 cos
(
s2/a

)
, a > 0

1
2

√
a

π
cos

(
1
4 a|ln x|2 – 1

4 π
)

12 arctan
( a

s + b

)
, Re s > –b




xb

|ln x|
sin

(
a|ln x|

)
if 0 < x < 1,

0 if 1 < x

9.4. Expressions With Special Functions

No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

1 Γ(s), Re s > 0 e–x

2 Γ(s), –1 < Re s < 0 e–x – 1

3 sin
(

1
2 πs

)
Γ(s), –1 < Re s < 1 sin x

4
sin(as)Γ(s),
Re s > –1, |a| <

π

2
exp(–x cos a) sin(x sin a)

5 cos
(

1
2 πs

)
Γ(s), 0 < Re s < 1 cos x

6 cos
(

1
2 πs

)
Γ(s), –2 < Re s < 0 –2 sin2(x/2)

7 cos(as)Γ(s), Re s > 0, |a| <
π

2
exp(–x cos a) cos(x sin a)

8
Γ(s)

cos(πs)
, 0 < Re s <

1
2

ex erfc
(√

x
)

9
Γ(a + s)Γ(b – s),
–a < Re s < b, a + b > 0 Γ(a + b)xa(x + 1)–a–b

10
Γ(a + s)Γ(b + s),
Re s > –a, –b

2x(a+b)/2Ka–b
(
2
√

x
)

11
Γ(s)

Γ(s + ν)
, Re s > 0, ν > 0

{
(1 – x)ν–1

Γ(ν)
if 0 < x < 1,

0 if 1 < x

12
Γ(1 – ν – s)

Γ(1 – s)
,

Re s < 1 – ν, ν > 0

{ 0 if 0 < x < 1,
(x – 1)ν–1

Γ(ν)
if 1 < x

13

Γ(s)
Γ(ν – s + 1)

,

0 < Re s <
ν

2
+

3
4

x–ν/2Jν
(
2
√

x
)

14
Γ(s + ν)Γ(s – ν)

Γ(s + 1/2)
, Re s > |ν | π–1/2e–x/2Kν(x/2)
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No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

15
Γ(s + ν)Γ(1/2 – s)

Γ(1 + ν – s)
,

–ν < Re s < 1
2

π1/2e–x/2Iν(x/2)

16
ψ(s + a) – ψ(s + b),
Re s > –a, –b

{
xb – xa

1 – x
if 0 < x < 1,

0 if 1 < x

17 Γ(s)ψ(s), Re s > 0 e–x ln x

18 Γ(s, a), a > 0
{

0 if 0 < x < a,
e–x if a < x

19 Γ(s)Γ(1 – s, a), Re s > 0, a > 0 (x + 1)–1e–a(x+1)

20 γ(s, a), Re s > 0, a > 0
{

e–x if 0 < x < a,
0 if a < x

21 J0
(
a
√

b2 – s2
)
, a > 0




0 if 0 < x < e–a,
cos

(
b
√

a2 – ln2 x
)

π
√

a2 – ln2 x
if e–a < x < ea,

0 if ea < x

22 s–1I0(s), Re s > 0

{
1 if 0 < x < e–1,
π–1 arccos(ln x) if e–1 < x < e,
0 if e < x

23 Iν(s), Re s > 0




–
2ν sin(πν)

πF (x)
√

ln2 x – 1
if 0 < x < e–1,

cos
[
ν arccos(ln x)

]
π
√

1 – ln2 x
if e–1 < x < e,

0 if e < x,
F (x) =

(√
–1 – ln x +

√
1 – ln x

)2ν

24 s–1Iν(s), Re s > 0




2ν sin(πν)
πνF (x)

if 0 < x < e–1,

sin
[
ν arccos(ln x)

]
πν

if e–1 < x < e,

0 if e < x,
F (x) =

(√
–1 – ln x +

√
1 – ln x

)2ν

25 s–νIν(s), Re s > – 1
2




0 if 0 < x < e–1,
(1 – ln2 x)ν–1/2

√
π 2νΓ(ν + 1/2)

if e–1 < x < e,

0 if e < x

26 s–1K0(s), Re s > 0

{
Arcosh(– ln x) if 0 < x < e–1,
0 if e–1 < x

27 s–1K1(s), Re s > 0

{√
ln2 x – 1 if 0 < x < e–1,

0 if e–1 < x
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No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

28 Kν(s), Re s > 0




cosh
[
ν Arcosh(– ln x)

]
√

ln2 x – 1
if 0 < x < e–1,

0 if e–1 < x

29 s–1Kν(s), Re s > 0

{
1
ν

sinh
[
ν Arcosh(– ln x)

]
if 0 < x < e–1,

0 if e–1 < x

30 s–νKν(s), Re s > 0, ν > – 1
2




√
π (ln2 x – 1)ν–1/2

2νΓ(ν + 1/2)
if 0 < x < e–1,

0 if e–1 < x

©• References for Supplement 9: H. Bateman and A. Erdélyi (1954), V. A. Ditkin and A. P. Prudnikov (1965).
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Supplement 10

Special Functions and Their Properties

Throughout Supplement 10 it is assumed that n is a positive integer, unless otherwise specified.

10.1. Some Symbols and Coefficients

� Factorial
0! = 1! = 1, n! = 1 ⋅ 2 ⋅ 3 . . . (n – 1)n, n = 2, 3, . . . ,

(2n)!! = 2 ⋅ 4 ⋅ 6 . . . (2n – 2)(2n) = 2nn!,

(2n + 1)!! = 1 ⋅ 3 ⋅ 5 . . . (2n – 1)(2n + 1) =
2n+1

√
π

Γ
(
n +

3
2

)
,

n!! =

{
(2k)!! if n = 2k,
(2k + 1)!! if n = 2k + 1,

0!! = 1.

� Binomial coefficients

Ck
n =

n!
k!(n – k)!

, where k = 1, . . . , n,

Ck
a = (–1)k

(–a)k
k!

=
a(a – 1) . . . (a – k + 1)

k!
, where k = 1, 2, . . .

General case:

Cb
a =

Γ(a + 1)
Γ(b + 1)Γ(a – b + 1)

, where Γ(x) is the gamma function.

Properties:

C0
a = 1, Ck

n = 0 for k = –1, –2, . . . or k > n,

Cb+1
a =

a

b + 1
Cb
a–1 =

a – b

b + 1
Cb
a, Cb

a + Cb+1
a = Cb+1

a+1,

Cn
–1/2 =

(–1)n

22n
Cn

2n = (–1)n
(2n – 1)!!

(2n)!!
,

Cn
1/2 =

(–1)n–1

n22n–1
Cn–1

2n–2 =
(–1)n–1

n

(2n – 3)!!
(2n – 2)!!

,

C2n+1
n+1/2 = (–1)n2–4n–1Cn

2n, Cn
2n+1/2 = 2–2nC2n

4n+1,

C1/2
n =

22n+1

πCn
2n

, Cn/2
n =

22n

π
C (n–1)/2
n .
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� Pochhammer symbol (k = 1, 2, . . . )

(a)n = a(a + 1) . . . (a + n – 1) =
Γ(a + n)

Γ(a)
= (–1)n

Γ(1 – a)
Γ(1 – a – n)

,

(a)0 = 1, (a)n+k = (a)n(a + n)k, (n)k =
(n + k – 1)!

(n – 1)!
,

(a)–n =
Γ(a – n)

Γ(a)
=

(–1)n

(1 – a)n
, where a ≠ 1, . . . , n;

(1)n = n!, (1/2)n = 2–2n (2n)!
n!

, (3/2)n = 2–2n (2n + 1)!
n!

,

(a + mk)nk =
(a)mk+nk

(a)mk
, (a + n)n =

(a)2n

(a)n
, (a + n)k =

(a)k(a + k)n
(a)n

.

� Bernoulli numbers,Bn

Definition:
x

ex – 1
=

∞∑
n=0

Bn
xn

n!
.

The numbers:

B0 = 1, B1 = – 1
2 , B2 = 1

6 , B4 = – 1
30 , B6 = 1

42 , B8 = – 1
30 , B10 = 5

66 , . . . ,

B2m+1 = 0 for m = 1, 2, . . .

10.2. Error Functions and Integral Exponent

� Error function and complementary error function (probability integrals)
Definitions:

erf x =
2√
π

∫ x

0
exp(–t2) dt, erfc x = 1 – erf x =

2√
π

∫ ∞

x

exp(–t2) dt.

Expansion of erf x into series in powers of x as x → 0:

erf x =
2√
π

∞∑
k=0

(–1)k
x2k+1

(k)!(2k + 1)
=

2√
π

exp
(
–x2

) ∞∑
k=0

2kx2k+1

2k + 1)!!
.

Asymptotic expansion of erfc x as x → ∞:

erfc x =
1√
π

exp
(
–x2

)[M–1∑
m=0

(–1)m
(

1
2

)
m

x2m+1
+ O

(
|x|–2M–1

)]
, M = 1, 2, . . .

� Integral exponent
Definition:

Ei(x) =
∫ x

–∞

et

t
dt for x < 0,

Ei(x) = lim
ε→+0

(∫ –ε

–∞

et

t
dt +

∫ x

ε

et

t
dt

)
for x > 0.
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Other integral representations:

Ei(–x) = –e–x
∫ ∞

0

x sin t + t cos t

x2 + t2
dt for x > 0,

Ei(–x) = e–x
∫ ∞

0

x sin t – t cos t

x2 + t2
dt for x < 0,

Ei(–x) = –x
∫ ∞

1
e–xt ln t dt for x > 0.

Expansion into series in powers of x as x → 0:

Ei(x) =




C + ln(–x) +
∞∑
k=1

xk

k ⋅ k!
if x < 0,

C + ln x +
∞∑
k=1

xk

k ⋅ k!
if x > 0,

where C = 0.5572 . . . is the Euler constant.
Asymptotic expansion as x → ∞:

Ei(–x) = e–x
n∑
k=1

(–1)k
(k – 1)!

xk
+ Rn, Rn <

n!
xn

.

� Integral logarithm
Definition:

li(x) =




∫ x

0

dt

ln t
= Ei(ln x) if 0 < x < 1,

lim
ε→+0

(∫ 1–ε

0

dt

ln t
+

∫ x

1+ε

dt

ln t

)
if x > 1.

For small x,
li(x) ≈

x

ln(1/x)
.

Asymptotic expansion as x → 1:

li(x) = C + ln |ln x| +
∞∑
k=1

lnk x

k ⋅ k!
.

10.3. Integral Sine and Integral Cosine. Fresnel Integrals

� Integral sine
Definition:

Si(x) =
∫ x

0

sin t

t
dt, si(x) = –

∫ ∞

x

sin t

t
dt = Si(x) –

π

2
.

Specific values:

Si(0) = 0, Si(∞) =
π

2
, si(∞) = 0.

Properties:

Si(–x) = – Si(x), si(x) + si(–x) = –π, lim
x→–∞

si(x) = –π.
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Expansion into series in powers of x as x → 0:

Si(x) =
∞∑
k=1

(–1)k+1x2k–1

(2k – 1) (2k – 1)!
.

Asymptotic expansion as x → ∞:

si(x) = – cos x

[M–1∑
m=0

(–1)m(2m)!
x2m+1

+ O
(
|x|–2M–1

)]
+ sin x

[N–1∑
m=1

(–1)m(2m – 1)!
x2m

+ O
(
|x|–2N

)]
,

where M , N = 1, 2, . . .

� Integral cosine
Definition:

Ci(x) = –
∫ ∞

x

cos t

t
dt = C + ln x +

∫ x

0

cos t – 1
t

dt, C = 0.5572 . . .

Expansion into series in powers of x as x → 0:

Ci(x) = C + ln x +
∞∑
k=1

(–1)kx2k

2k (2k)!
.

Asymptotic expansion as x → ∞:

Ci(x) = cos x

[M–1∑
m=1

(–1)m(2m – 1)!
x2m

+ O
(
|x|–2M

)]
+ sin x

[N–1∑
m=0

(–1)m(2m)!
x2m+1

+ O
(
|x|–2N–1

)]
,

where M , N = 1, 2, . . .

� Fresnel integrals
Definitions:

S(x) =
1√
2π

∫ x

0

sin t√
t

dt =

√
2
π

∫ √
x

0
sin t2, dt,

C(x) =
1√
2π

∫ x

0

cos t√
t

dt =

√
2
π

∫ √
x

0
cos t2 dt.

Expansion into series in powers of x as x → 0:

S(x) =

√
2
π

x

∞∑
k=0

(–1)kx2k+1

(4k + 3) (2k + 1)!
,

C(x) =

√
2
π

x

∞∑
k=0

(–1)kx2k

(4k + 1) (2k)!
.

Asymptotic expansion as x → ∞:

S(x) =
1
2

–
cos x√

2πx
P (x) –

sin x√
2πx

Q(x),

C(x) =
1
2

+
sin x√

2πx
P (x) –

cos x√
2πx

Q(x),

P (x) = 1 –
1 ⋅ 3
(2x)2

+
1 ⋅ 3 ⋅ 5 ⋅ 7

(2x)4
– · · · , Q(x) =

1
2x

–
1 ⋅ 3 ⋅ 5
(2x)3

+ · · · .
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10.4. Gamma Function. Beta Function

� Definition. Integral representations
The gamma function, Γ(z), is an analytic function of the complex argument z everywhere,

except for the points z = 0, –1, –2, . . .
For Re z > 0,

Γ(z) =
∫ ∞

0
tz–1e–t dt.

For –(n + 1) < Re z < –n, where n = 0, 1, 2, . . . ,

Γ(z) =
∫ ∞

0

[
e–t –

n∑
m=0

(–1)m

m!

]
tz–1 dt.

� Euler formula

Γ(z) = lim
n→∞

n! nz

z(z + 1) . . . (z + n)
(z ≠ 0, –1, –2, . . . ).

� Simplest properties

Γ(z + 1) = zΓ(z), Γ(n + 1) = n!, Γ(1) = Γ(2) = 1.

� Symmetry formulas

Γ(z)Γ(–z) = –
π

z sin(πz)
, Γ(z)Γ(1 – z) =

π

sin(πz)
,

Γ
( 1

2
+ z

)
Γ
( 1

2
– z

)
=

π

cos(πz)
.

� Multiple argument formulas

Γ(2z) =
22z–1

√
π

Γ(z)Γ
(
z +

1
2

)
,

Γ(3z) =
33z–1/2

2π
Γ(z)Γ

(
z +

1
3

)
Γ
(
z +

2
3

)
,

Γ(nz) = (2π)(1–n)/2nnz–1/2
n–1∏
k=0

Γ
(
z +

k

n

)
.

� Fractional values of the argument

Γ
( 1

2

)
=
√

π,

Γ
(

–
1
2

)
= –2

√
π,

Γ
(
n +

1
2

)
=

√
π

2n
(2n – 1)!!,

Γ
( 1

2
– n

)
= (–1)n

2n
√

π

(2n – 1)!!
.

� Asymptotic expansion (Stirling formula)

Γ(z) =
√

2π e–zzz–1/2
[
1 + 1

12 z–1 + 1
288 z–2 + O(z–3)

]
(|arg |z < π).
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� Logarithmic derivative of the gamma function
Definition:

ψ(z) =
ln Γ(z)

dz
=

Γ′
z(z)

Γ(z)
.

Functional relations:

ψ(z) – ψ(1 + z) = –
1
z

,

ψ(z) – ψ(1 – z) = –π cot(πz),

ψ(z) – ψ(–z) = –π cot(πz) –
1
z

,

ψ
(

1
2 + z

)
– ψ

(
1
2 – z

)
= π tan(πz),

ψ(mz) = ln m +
1
m

m–1∑
k=0

ψ
(
z +

k

m

)
.

Integral representations (Re z > 0):

ψ(z) =
∫ ∞

0

[
e–t – (1 + t)–z

]
t–1 dt,

ψ(z) = ln z +
∫ ∞

0

[
t–1 – (1 – e–t)–1

]
e–tz dt,

ψ(z) = –C +
∫ 1

0

1 – tz–1

1 – t
dt,

where C = –ψ(1) = 0.5572 . . . is the Euler constant.
Values for integer argument:

ψ(1) = –C, ψ(n) = –C +
n–1∑
k=1

k–1 (n = 2, 3, . . . )

� Beta function
Definition:

B(x, y) =
∫ 1

0
tx–1(1 – t)y–1 dt,

where Re x > 0 and Re y > 0.
Relationship with the gamma function:

B(x, y) =
Γ(x)Γ(y)
Γ(x + y)

.

10.5. Incomplete Gamma Function

� Definitions. Integral representations

γ(α, x) =
∫ x

0
e–ttα–1 dt, Re α > 0,

Γ(α, x) =
∫ ∞

x

e–ttα–1 dt = Γ(α) – γ(α, x).

Page 762

http://MiladZaman005.blogfa.com   [Danesh e Amari]

http://MiladZaman005.blogfa.com


� Recurrent formulas
γ(α + 1, x) = αγ(α, x) – xαe–x,

Γ(α + 1, x) = αΓ(α, x) + xαe–x.

� Asymptotic expansions as x → 0:

γ(α, x) =
∞∑
n=0

(–1)nxα+n

n! (α + n)
,

Γ(α, x) = Γ(α) –
∞∑
n=0

(–1)nxα+n

n! (α + n)
.

� Asymptotic expansions as x → ∞:

γ(α, x) = Γ(α) – xα–1e–x

[M–1∑
m=0

(1 – α)m
(–x)m

+ O
(
|x|–M

)]
,

Γ(α, x) = xα–1e–x

[M–1∑
m=0

(1 – α)m
(–x)m

+ O
(
|x|–M

)] (
– 3

2 π < arg x < 3
2

)
.

� Integral functions related to the gamma function:

erf x =
1√
π

γ
( 1

2
, x2

)
, erfc x =

1√
π

Γ
( 1

2
, x2

)
, Ei(–x) = –Γ(0, x).

� Incomplete beta function:

Bx(p, q) =
∫ 1

0
tp–1(1 – t)q–1 dt,

where Re x > 0 and Re y > 0.

10.6. Bessel Functions

� Definition and basic formulas
The Bessel function of the first kind, Jν(x), and the Bessel function of the second kind, Yν(x)

(also called the Neumann function), are solutions of the Bessel equation

x2y′′xx + xy′x + (x2 – ν2)y = 0

and are defined by the formulas

Jν(x) =
∞∑
k=0

(–1)k(x/2)ν+2k

k! Γ(ν + k + 1)
, Yν(x) =

Jν(x) cos πν – J–ν(x)
sin πν

. (1)

The formula for Yν(x) is valid for ν ≠ 0, ±1, ±2, . . . (the cases ν ≠ 0, ±1, ±2, . . . are discussed in
what follows).

The general solution of the Bessel equation has the form Zν(x) = C1Jν(x) + C2Yν(x) and is
called the cylinder function.
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The Bessel functions possess the properties

2νZν(x) = x[Zν–1(x) + Zν+1(x)],
d

dx
Zν(x) =

1
2

[Zν–1(x) – Zν+1(x)] = ±
[ ν

x
Zν(x) – Zν±1(x)

]
,

d

dx
[xνZν(x)] = xνZν–1(x),

d

dx
[x–νZν(x)] = –x–νZν+1(x),(

1
x

d

dx

)n
[xνJν(x)] = xν–nJν–n(x),

(
1
x

d

dx

)n
[x–νJν(x)] = (–1)nx–ν–nJν+n(x),

J–n(x) = (–1)nJn(x), Y–n(x) = (–1)nYn(x), n = 0, 1, 2, . . .

� The Bessel functions for ν = ±n± 1
2 ; n = 0, 1, . . .

J1/2(x) =

√
2
πx

sin x,

J3/2(x) =

√
2
πx

(
1
x

sin x – cos x

)
,

J–1/2(x) =

√
2
πx

cos x,

J–3/2(x) =

√
2
πx

(
–

1
x

cos x – sin x

)
,

Jn+1/2(x) =

√
2
πx

[
sin

(
x –

nπ

2

) [n/2]∑
k=0

(–1)k(n + 2k)!
(2k)! (n – 2k)! (2x)2k

+ cos
(
x –

nπ

2

) [(n–1)/2]∑
k=0

(–1)k(n + 2k + 1)!
(2k + 1)! (n – 2k – 1)! (2x)2k+1

]
,

J–n–1/2(x) =

√
2
πx

[
cos

(
x +

nπ

2

) [n/2]∑
k=0

(–1)k(n + 2k)!
(2k)! (n – 2k)! (2x)2k

– sin
(
x +

nπ

2

) [(n–1)/2]∑
k=0

(–1)k(n + 2k + 1)!
(2k + 1)! (n – 2k – 1)! (2x)2k+1

]
,

Y1/2(x) = –

√
2
πx

cos x,

Yn+1/2(x) = (–1)n+1J–n–1/2(x),

Y–1/2(x) =

√
2
πx

sin x,

Y–n–1/2(x) = (–1)nJn+1/2(x).

� The Bessel functions for ν = ±n; n = 0, 1, 2, . . .
Let ν = n be an arbitrary integer. The relations

J–n(x) = (–1)nJn(x), Y–n(x) = (–1)nYn(x)

are valid. The function Jn(x) is given by the first formula in (1) with ν = n, and Yn(x) can be
obtained from the second formula in (1) by proceeding to the limit ν → n. For nonnegative n, Yn(x)
can be represented in the form

Yn(x)=
2
π

Jn(x) ln
x

2
–

1
π

n–1∑
k=0

(n – k – 1)!
k!

( 2
x

)n–2k
–

1
π

∞∑
k=0

(–1)k
( x

2

)n+2k ψ(k + 1) + ψ(n + k + 1)
k! (n + k)!

,

where ψ(1) = –C, ψ(n) = –C +
n–1∑
k=1

k–1, C = 0.5572 . . . is the Euler constant, ψ(x) = [ln Γ(x)]′x is the

logarithmic derivative of the gamma function.
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� Wronskians and similar formulas

W (Jν , J–ν) = –
2
πx

sin(πν), W (Jν , Yν) =
2
πx

,

Jν(x)J–ν+1(x) + J–ν(x)Jν–1(x) =
2 sin(πν)

πx
, Jν(x)Yν+1(x) – Jν+1(x)Yν(x) = –

2
πx

.

Here the notation W (f , g) = fg′x – f ′
xg is used.

� Integral representations
The functions Jν and Yν can be represented in the form of definite integrals (for x > 0):

πJν(x) =
∫ π

0
cos(x sin θ – νθ) dθ – sin πν

∫ ∞

0
exp(–x sinh t – νt) dt,

πYν(x) =
∫ π

0
sin(x sin θ – νθ) dθ –

∫ ∞

0
(eνt + e–νt cos πν)e–x sinh t dt.

For |ν | < 1
2 , x > 0,

Jν(x) =
21+νx–ν

π1/2Γ( 1
2 – ν)

∫ ∞

1

sin(xt) dt
(t2 – 1)ν+1/2

,

Yν(x) = –
21+νx–ν

π1/2Γ( 1
2 – ν)

∫ ∞

1

cos(xt) dt
(t2 – 1)ν+1/2

.

For ν > – 1
2 ,

Jν(x) =
2(x/2)ν

π1/2Γ( 1
2 + ν)

∫ π/2

0
cos(x cos t) sin2ν t dt (Poisson’s formula).

For ν = 0, x > 0,

J0(x) =
2
π

∫ ∞

0
sin(x cosh t) dt, Y0(x) = –

2
π

∫ ∞

0
cos(x cosh t) dt.

For integer ν = n = 0, 1, 2, . . . ,

Jn(x) =
1
π

∫ π

0
cos(nt – x sin t) dt (Bessel’s formula),

J2n(x) =
2
π

∫ π/2

0
cos(x sin t) cos(2nt) dt,

J2n+1(x) =
2
π

∫ π/2

0
sin(x sin t) sin[(2n + 1)t] dt.

� Integrals with Bessel functions
∫ x

0
xλJν(x) dx=

xλ+ν+1

2ν(λ + ν + 1) Γ(ν + 1)
F

( λ + ν + 1
2

,
λ + ν + 3

2
, ν+1; –

x2

4

)
, Re(λ+ν) > –1,

where F (a, b, c; x) is the hypergeometric series (see Section 10.9 of this supplement),
∫ x

0
xλYν(x) dx = –

cos(νπ)Γ(–ν)
2νπ(λ + ν + 1)

xλ+ν+1F
( λ + ν + 1

2
, ν + 1,

λ + ν + 3
2

, –
x2

4

)

–
2νΓ(ν)

λ – ν + 1
xλ–ν+1F

( λ – ν + 1
2

, 1 – ν,
λ – ν + 3

2
, –

x2

4

)
, Re λ > |Re ν | – 1.
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� Asymptotic expansions as |x| → ∞

Jν(x) =

√
2
πx

{
cos

( 4x – 2νπ – π

4

)[M–1∑
m=0

(–1)m(ν, 2m)(2x)–2m + O(|x|–2M )

]

– sin
( 4x – 2νπ – π

4

)[M–1∑
m=0

(–1)m(ν, 2m + 1)(2x)–2m–1 + O(|x|–2M–1)

]}
,

Yν(x) =

√
2
πx

{
sin

( 4x – 2νπ – π

4

)[M–1∑
m=0

(–1)m(ν, 2m)(2x)–2m + O(|x|–2M )

]

+ cos
( 4x – 2νπ – π

4

)[M–1∑
m=0

(–1)m(ν, 2m + 1)(2x)–2m–1 + O(|x|–2M–1)

]}
,

where (ν, m) =
1

22mm!
(4ν2 – 1)(4ν2 – 32) . . . [4ν2 – (2m – 1)2] =

Γ( 1
2 + ν + m)

m! Γ( 1
2 + ν – m)

.

For nonnegative integer n and large x,

√
πxJ2n(x) = (–1)n(cos x + sin x) + O(x–2),

√
πxJ2n+1(x) = (–1)n+1(cos x – sin x) + O(x–2).

� Asymptotic for large ν (ν → ∞).

Jν(x) → 1√
2πν

( ex

2ν

)ν
, Yν(x) → –

√
2
πν

( ex

2ν

)–ν
,

where x is fixed,

Jν(ν) → 21/3

32/3Γ(2/3)
1

ν1/3
, Yν(ν) → –

21/3

31/6Γ(2/3)
1

ν1/3
.

� Zeros of Bessel functions
Each of the functions Jν(x) and Yν(x) has infinitely many real zeros (for real ν). All zeros are

simple, possibly except for the point x = 0.
The zeros γm of J0(x), i.e., the roots of the equation J0(γm) = 0, are approximately given by

γm = 2.4 + 3.13 (m – 1) (m = 1, 2, . . . ),

with maximum error 0.2%.

� Hankel functions (Bessel functions of the third kind)

H (1)
ν (z) = Jν(z) + iYν(z), H (2)

ν (z) = Jν(z) – iYν(z), i2 = –1.

10.7. Modified Bessel Functions

� Definitions. Basic formulas
The modified Bessel functions of the first kind, Iν(x), and the second kind, Kν(x) (also called

the Macdonald function), of order ν are solutions of the modified Bessel equation

x2y′′xx + xy′x – (x2 + ν2)y = 0
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and are defined by the formulas

Iν(x) =
∞∑
k=0

(x/2)2k+ν

k! Γ(ν + k + 1)
, Kν(x) =

π

2
I–ν – Iν
sin πν

,

(see below for Kν(x) with ν = 0, 1, 2, . . . ).
The modified Bessel functions possess the properties

K–ν(x) = Kν(x); I–n(x) = (–1)nIn(x), n = 0, 1, 2, . . .

2νIν(x) = x[Iν–1(x) – Iν+1(x)], 2νKν(x) = –x[Kν–1(x) – Kν+1(x)],
d

dx
Iν(x) =

1
2

[Iν–1(x) + Iν+1(x)],
d

dx
Kν(x) = –

1
2

[Kν–1(x) + Kν+1(x)].

� Modified Bessel functions for ν = ±n± 1
2 , where n = 0, 1, 2, . . .

I1/2(x) =

√
2
πx

sinh x, I–1/2(x) =

√
2
πx

cosh x,

I3/2(x) =

√
2
πx

(
–

1
x

sinh x + cosh x

)
, I–3/2(x) =

√
2
πx

(
–

1
x

cosh x + sinh x

)
,

In+1/2(x) =
1√
2πx

[
ex

n∑
k=0

(–1)k(n + k)!
k! (n – k)! (2x)k

– (–1)ne–x
n∑
k=0

(n + k)!
k! (n – k)! (2x)k

]
,

I–n–1/2(x) =
1√
2πx

[
ex

n∑
k=0

(–1)k(n + k)!
k! (n – k)! (2x)k

+ (–1)ne–x
n∑
k=0

(n + k)!
k! (n – k)! (2x)k

]
,

K±1/2(x) =

√
π

2x
e–x, K±3/2(x) =

√
π

2x

(
1 +

1
x

)
e–x,

Kn+1/2(x) = K–n–1/2(x) =

√
π

2x
e–x

n∑
k=0

(n + k)!
k! (n – k)! (2x)k

.

� Modified Bessel functions ν = n, where n = 0, 1, 2, . . .
If ν = n is a nonnegative integer, then

Kn(x) = (–1)n+1In(x) ln
x

2
+

1
2

n–1∑
m=0

(–1)m
( x

2

)2m–n (n – m – 1)!
m!

+
1
2

(–1)n
∞∑
m=0

( x

2

)n+2m ψ(n + m + 1) + ψ(m + 1)
m! (n + m)!

; n = 0, 1, 2, . . . ,

where ψ(z) is the logarithmic derivative of the gamma function; for n = 0, the first sum is dropped.

� Wronskians and similar formulas.

W (Iν , I–ν) = –
2
πx

sin(πν), W (Iν , Kν) = –
1
x

,

Iν(x)I–ν+1(x) – I–ν(x)Iν–1(x) = –
2 sin(πν)

πx
, Iν(x)Kν+1(x) + Iν+1(x)Kν(x) =

1
x

,

where W (f , g) = fg′x – f ′
xg.
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� Integral representations.
The functions Iν(x) and Kν(x) can be represented in terms of definite integrals:

Iν(x) =
xν

π1/22νΓ(ν + 1
2 )

∫ 1

–1
exp(–xt)(1 – t2)ν–1/2 dt (x > 0, ν > – 1

2 ),

Kν(x) =
∫ ∞

0
exp(–x cosh t) cosh(νt) dt (x > 0),

Kν(x) =
1

cos
(

1
2 πν

)
∫ ∞

0
cos(x sinh t) cosh(νt) dt (x > 0, –1 < ν < 1),

Kν(x) =
1

sin
(

1
2 πν

)
∫ ∞

0
sin(x sinh t) sinh(νt) dt (x > 0, –1 < ν < 1).

For integer ν = n,

In(x) =
1
π

∫ π

0
exp(x cos t) cos(nt) dt (n = 0, 1, 2, . . . ),

K0(x) =
∫ ∞

0
cos(x sinh t) dt =

∫ ∞

0

cos(xt)√
t2 + 1

dt (x > 0).

� Integrals with modified Bessel functions

∫ x

0
xλIν(x) dx =

xλ+ν+1

2ν(λ + ν + 1)Γ(ν + 1)
F

( λ + ν + 1
2

,
λ + ν + 3

2
, ν +1;

x2

4

)
, Re(λ+ν) > –1,

where F (a, b, c; x) is the hypergeometric series (see Section 10.9 of this supplement),

∫ x

0
xλKν(x) dx =

2ν–1Γ(ν)
λ – ν + 1

xλ–ν+1F
( λ – ν + 1

2
, 1 – ν,

λ – ν + 3
2

,
x2

4

)

+
2–ν–1Γ(–ν)
λ + ν + 1

xλ+ν+1F
( λ + ν + 1

2
, 1 + ν,

λ + ν + 3
2

,
x2

4

)
, Re λ > |Re ν | – 1.

� Asymptotic expansions as x → ∞

Iν(x) =
ex√
2πx

{
1 +

M∑
m=1

(–1)m
(4ν2 – 1)(4ν2 – 32) . . . [4ν2 – (2m – 1)2]

m! (8x)m

}
,

Kν(x) =

√
π

2x
e–x

{
1 +

M∑
m=1

(4ν2 – 1)(4ν2 – 32) . . . [4ν2 – (2m – 1)2]
m! (8x)m

}
.

The terms of the order of O(x–M–1) are omitted in the braces.

10.8. Degenerate Hypergeometric Functions

� Definitions. Basic Formulas
The degenerate hypergeometric functions Φ(a, b; x) and Ψ(a, b; x) are solutions of the degenerate

hypergeometric equation
xy′′xx + (b – x)y′x – ay = 0.
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TABLE S1
Special cases of the Kummer function Φ(a, b; z)

a b z Φ Conventional notation

a a x ex

1 2 2x
1
x

ex sinh x

a a+1 –x ax–aγ(a, x)

Incomplete gamma function

γ(a, x) =
∫ x

0
e–tta–1 dt

1
2

3
2

–x2

√
π

2
erf x

Error function

erf x =
2√
π

∫ x

0
exp(–t2) dt

–n
1
2

x2

2

n!
(2n)!

(
–

1
2

)–n
H2n(x) Hermite polynomials

Hn = (–1)nex
2 dn

dxn
(
e–x2)

,

n = 0, 1, 2, . . .–n
3
2

x2

2

n!
(2n+1)!

(
–

1
2

)–n
H2n+1(x)

–n b x
n!

(b)n
L(b–1)
n (x)

Laguerre polynomials

L(α)
n (x) =

exx–α

n!
dn

dxn
(
e–xxn+α

)
,

α = b–1,

(b)n = b(b+1) . . . (b+n–1)

ν+
1
2

2ν+1 2x Γ(1+ν)ex
( x

2

)–ν
Iν(x)

Modified Bessel functions

Iν(x)
n+1 2n+2 2x Γ

(
n+

3
2

)
ex

( x

2

)–n– 1
2
In+ 1

2
(x)

In the case b ≠ 0, –1, –2, –3, . . . , the function Φ(a, b; x) can be represented as Kummer’s series:

Φ(a, b; x) = 1 +
∞∑
k=1

(a)k
(b)k

xk

k!
,

where (a)k = a(a + 1) . . . (a + k – 1), (a)0 = 1.
Table S1 presents some special cases when Φ can be expressed in terms of simpler functions.
The function Ψ(a, b; x) is defined as follows:

Ψ(a, b; x) =
Γ(1 – b)

Γ(a – b + 1)
Φ(a, b; x) +

Γ(b – 1)
Γ(a)

x1–bΦ(a – b + 1, 2 – b; x).

� Some transformations and linear relations
Kummer transformation:

Φ(a, b; x) = exΦ(b – a, b; –x), Ψ(a, b; x) = x1–bΨ(1 + a – b, 2 – b; x).
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Linear relations for Φ:

(b – a)Φ(a – 1, b; x) + (2a – b + x)Φ(a, b; x) – aΦ(a + 1, b; x) = 0,

b(b – 1)Φ(a, b – 1; x) – b(b – 1 + x)Φ(a, b; x) + (b – a)xΦ(a, b + 1; x) = 0,

(a – b + 1)Φ(a, b; x) – aΦ(a + 1, b; x) + (b – 1)Φ(a, b – 1; x) = 0,

bΦ(a, b; x) – bΦ(a – 1, b; x) – xΦ(a, b + 1; x) = 0,

b(a + x)Φ(a, b; x) – (b – a)xΦ(a, b + 1; x) – abΦ(a + 1, b; x) = 0,

(a – 1 + x)Φ(a, b; x) + (b – a)Φ(a – 1, b; x) – (b – 1)Φ(a, b – 1; x) = 0.

Linear relations for Ψ:

Ψ(a – 1, b; x) – (2a – b + x)Ψ(a, b; x) + a(a – b + 1)Ψ(a + 1, b; x) = 0,

(b – a – 1)Ψ(a, b – 1; x) – (b – 1 + x)Ψ(a, b; x) + xΨ(a, b + 1; x) = 0,

Ψ(a, b; x) – aΨ(a + 1, b; x) – Ψ(a, b – 1; x) = 0,

(b – a)Ψ(a, b; x) – xΨ(a, b + 1; x) + Ψ(a – 1, b; x) = 0,

(a + x)Ψ(a, b; x) + a(b – a – 1)Ψ(a + 1, b; x) – xΨ(a, b + 1; x) = 0,

(a – 1 + x)Ψ(a, b; x) – Ψ(a – 1, b; x) + (a – c + 1)Ψ(a, b – 1; x) = 0.

� Differentiation formulas and Wronskian
Differentiation formulas:

d

dx
Φ(a, b; x) =

a

b
Φ(a + 1, b + 1; x),

d

dx
Ψ(a, b; x) = –aΨ(a + 1, b + 1; x),

dn

dxn
Φ(a, b; x) =

(a)n
(b)n

Φ(a + n, b + n; x),

dn

dxn
Ψ(a, b; x) = (–1)n(a)nΨ(a + n, b + n; x).

Wronskian:

W (Φ, Ψ) = ΦΨ′
x – Φ′

xΨ = –
Γ(b)
Γ(a)

x–bex.

� Degenerate hypergeometric functions for n = 0, 1, . . .

Ψ(a, n + 1; x) =
(–1)n–1

n! Γ(a – n)

{
Φ(a, n+1; x) ln x

+
∞∑
r=0

(a)r
(n + 1)r

[
ψ(a + r) – ψ(1 + r) – ψ(1 + n + r)

] xr

r!

}
+

(n – 1)!
Γ(a)

n–1∑
r=0

(a – n)r
(1 – n)r

xr–n

r!
,

where n = 0, 1, 2, . . . (the last sum is dropped for n = 0), ψ(z) = [ln Γ(z)]′z is the logarithmic
derivative of the gamma function,

ψ(1) = –C, ψ(n) = –C +
n–1∑
k=1

k–1,

where C = 0.5572 . . . is the Euler constant.
If b < 0, then the formula

Ψ(a, b; x) = x1–bΨ(a – b + 1, 2 – b; x)

is valid for any x.
For b ≠ 0, –1, –2, –3, . . . , the general solution of the degenerate hypergeometric equation can

be represented in the form
y = C1Φ(a, b; x) + C2Ψ(a, b; x),

and for b = 0, –1, –2, –3, . . . , in the form

y = x1–b
[
C1Φ(a – b + 1, 2 – b; x) + C2Ψ(a – b + 1, 2 – b; x)

]
.
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� Integral representations

Φ(a, b; x) =
Γ(b)

Γ(a) Γ(b – a)

∫ 1

0
extta–1(1 – t)b–a–1 dt (for b > a > 0),

Ψ(a, b; x) =
1

Γ(a)

∫ ∞

0
e–xtta–1(1 + t)b–a–1 dt (for a > 0, x > 0),

where Γ(a) is the gamma function.

� Integrals with degenerate hypergeometric functions

∫
Φ(a, b; x) dx =

b – 1
a – 1

Ψ(a – 1, b – 1; x) + C,
∫

Ψ(a, b; x) dx =
1

1 – a
Ψ(a – 1, b – 1; x) + C,

∫
xnΦ(a, b; x) dx = n!

n+1∑
k=1

(–1)k+1(1 – b)kxn–k+1

(1 – a)k(n – k + 1)!
Φ(a – k, b – k; x) + C,

∫
xnΨ(a, b; x) dx = n!

n+1∑
k=1

(–1)k+1xn–k+1

(1 – a)k(n – k + 1)!
Ψ(a – k, b – k; x) + C.

� Asymptotic expansion as |x| → ∞.

Φ(a, b; x) =
Γ(b)
Γ(a)

exxa–b

[ N∑
n=0

(b – a)n(1 – a)n
n!

x–n + ε

]
, x > 0,

Φ(a, b; x) =
Γ(b)

Γ(b – a)
(–x)–a

[ N∑
n=0

(a)n(a – b + 1)n
n!

(–x)–n + ε

]
, x < 0,

Ψ(a, b; x) = x–a

[ N∑
n=0

(–1)n
(a)n(a – b + 1)n

n!
x–n + ε

]
, –∞ < x < ∞,

where ε = O(x–N–1).

10.9. Hypergeometric Functions

� Definition
The hypergeometric functions F (α, β, γ; x) is a solution the Gaussian hypergeometric equation

x(x – 1)y′′xx + [(α + β + 1)x – γ]y′x + αβy = 0.

For γ ≠ 0, –1, –2, –3, . . . , the function F (α, β, γ; x) can be expressed in terms of the hypergeo-
metric series:

F (α, β, γ; x) = 1 +
∞∑
k=1

(α)k(β)k
(γ)k

xk

k!
, (α)k = α(α + 1) . . . (α + k – 1),

which certainly converges for |x| < 1.
Table S2 shows some special cases when F can be expressed in term of elementary functions.
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TABLE S2
Some special cases when the hypergeometric function F (α, β, γ; z)

can be expressed in terms of elementary functions

α β γ z F

–n β γ x

n∑
k=0

(–n)k(β)k
(γ)k

xk

k!
, where n = 1, 2, . . .

–n β –n – m x

n∑
k=0

(–n)k(β)k
(–n – m)k

xk

k!
, where n = 1, 2, . . .

α β β x (1 – x)–α

α α + 1
2

1
2 x2 1

2

[
(1 + x)–2α + (1 – x)–2α

]

α α + 1
2

3
2 x2

(1 + x)1–2α – (1 – x)1–2α

2x(1 – 2α)

α –α 1
2 –x2 1

2

[(√
1 + x2 + x

)2α
+

(√
1 + x2 – x

)2α]

α 1 – α 1
2 –x2

(√
1 + x2 + x

)2α–1
+

(√
1 + x2 – x

)2α–1

2
√

1 + x2

α α – 1
2 2α – 1 x 22α–2

(
1 +

√
1 – x

)2–2α

α 1 – α 3
2 sin2 x

sin[(2α – 1)x]
(α – 1) sin(2x)

α 2 – α 3
2 sin2 x

sin[(2α – 2)x]
(α – 1) sin(2x)

α 1 – α 1
2 sin2 x

cos[(2α – 1)x]
cos x

α α + 1 1
2 α x (1 + x)(1 – x)–α–1

α α + 1
2 2α + 1 x

(
1 +

√
1 – x

2

)–2α

α α + 1
2 2α x

1√
1 – x

(
1 +

√
1 – x

2

)1–2α

1
2

1
2

3
2 x2

1
x

arcsin x

1
2 1 3

2 –x2
1
x

arctan x

1 1 2 –x
1
x

ln(x + 1)

1
2 1 3

2 x2
1

2x
ln

1 + x

1 – x

n + 1 n + m + 1 n + m + l + 2 x

(–1)m(n + m + l + 1)!
n! l! (n + m)! (m + l)!

dn+m

dxn+m

{
(1 – x)m+l d

lF

dxl

}
,

F = –
ln(1 – x)

x
, n, m, l = 0, 1, 2, . . .
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� Basic properties
The function F possesses the following properties:

F (α, β, γ; x) = F (β, α, γ; x),

F (α, β, γ; x) = (1 – x)γ–α–βF (γ – α, γ – β, γ; x),

F (α, β, γ; x) = (1 – x)–αF
(
α, γ – β, γ;

x

x – 1

)
,

dn

dxn
F (α, β, γ; x) =

(α)n(β)n
(γ)n

F (α + n, β + n, γ + n; x).

If γ is not an integer, then the general solution of the hypergeometric equation can be written in
the form

y = C1F (α, β, γ; x) + C2x
1–γF (α – γ + 1, β – γ + 1, 2 – γ; x).

� Integral representations
For γ > β > 0, the hypergeometric function can be expressed in terms of a definite integral:

F (α, β, γ; x) =
Γ(γ)

Γ(β) Γ(γ – β)

∫ 1

0
tβ–1(1 – t)γ–β–1(1 – tx)–α dt,

where Γ(β) is the gamma function.
See M. Abramowitz and I. Stegun (1979) and H. Bateman and A. Erdélyi (1973, Vol. 1) for

more detailed information about hypergeometric functions.

10.10. Legendre Functions

� Definitions. Basic formulas
The associated Legendre functions Pµ

ν (z) and Qµ
ν (z) of the first and the second kind are linearly

independent solutions of the Legendre equation:

(1 – z2)y′′zz – 2zy′z + [ν(ν + 1) – µ2(1 – z2)–1]y = 0,

where the parameters ν and µ and the variable z can assume arbitrary real or complex values.
For |1 – z| < 2, the formulas

Pµ
ν (z) =

1
Γ(1 – µ)

( z + 1
z – 1

)µ/2
F

(
–ν, 1 + ν, 1 – µ,

1 – z

2

)
,

Qµ
ν (z) = A

( z – 1
z + 1

) µ
2
F

(
–ν, 1 + ν, 1 + µ,

1 – z

2

)
+ B

( z + 1
z – 1

) µ
2
F

(
–ν, 1 + ν, 1 – µ,

1 – z

2

)
,

A = eiµπ
Γ(–µ) Γ(1 + ν + µ)

2 Γ(1 + ν – µ)
, B = eiµπ

Γ(µ)
2

, i2 = –1,

are valid, where F (a, b, c; z) is the hypergeometric series (see (see Section 10.9 of this supplement).
For |z| > 1,

Pµ
ν (z) =

2–ν–1Γ(– 1
2 – ν)√

π Γ(–ν – µ)
z–ν+µ–1(z2 – 1)–µ/2F

( 1 + ν – µ

2
,

2 + ν – µ

2
,

2ν + 3
2

,
1
z2

)

+
2νΓ( 1

2 + ν)√
π Γ(1 + ν – µ)

zν+µ(z2 – 1)–µ/2F
(

–
ν + µ

2
,

1 – ν – µ

2
,

1 – 2ν
2

,
1
z2

)
,

Qµ
ν (z) = eiπµ

√
π Γ(ν + µ + 1)

2ν+1Γ(ν + 3
2 )

z–ν–µ–1(z2 – 1)µ/2F
( 2 + ν + µ

2
,

1 + ν + µ

2
,

2ν + 3
2

,
1
z2

)
.
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The functions Pν(z) ≡ P 0
ν (z) and Qν(z) ≡ Q0

ν(z) are called the Legendre functions.
The modified associated Legendre functions, on the cut z = x, –1 < x < 1, of the real axis are

defined by the formulas

Pµ
ν (x) = 1

2

[
e

1
2 iµπPµ

ν (x + i0) + e– 1
2 iµπPµ

ν (x – i0)
]
,

Qµ
ν (x) = 1

2 e–iµπ
[
e– 1

2 iµπQµ
ν (x + i0) + e

1
2 iµπQµ

ν (x – i0)
]
.

� Trigonometric expansions
For –1 < x < 1, the modified associated Legendre functions can be represented in the form

trigonometric series:

Pµ
ν (cos θ) =

2µ+1

√
π

Γ(ν + µ + 1)

Γ(ν + 3
2 )

(sin θ)µ
∞∑
k=0

( 1
2 + µ)k(1 + ν + µ)k

k! (ν + 3
2 )k

sin[(2k + ν + µ + 1)θ],

Qµ
ν (cos θ) =

√
π 2µ

Γ(ν + µ + 1)

Γ(ν + 3
2 )

(sin θ)µ
∞∑
k=0

( 1
2 + µ)k(1 + ν + µ)k

k! (ν + 3
2 )k

cos[(2k + ν + µ + 1)θ],

where 0 < θ < π.

� Some relations

Pµ
ν (z) = Pµ

–ν–1(z), Pn
ν (z) =

Γ(ν + n + 1)
Γ(ν – n + 1)

P –n
ν (z), n = 0, 1, 2, . . .

Qµ
ν (z) =

π

2 sin(µπ)
eiπµ

[
Pµ
ν (z) –

Γ(1 + ν + µ)
Γ(1 + ν – µ)

P –µ
ν (z)

]
.

For 0 < x < 1,

Pµ
ν (–x) = Pµ

ν (x) cos[π(ν + µ)] – 2π–1Qµ
ν (x) sin[π(ν + µ)],

Qµ
ν (–x) = –Qµ

ν (x) cos[π(ν + µ)] – 1
2 πPµ

ν (x) sin[π(ν + µ)].

For –1 < x < 1,

Pµ
ν+1(x) =

2ν + 1
ν – µ + 1

xPµ
ν (x) –

ν + µ

ν – µ + 1
Pµ
ν–1(x).

Wronskians:

W (Pν , Qν) =
1

1 – x2
, W (Pµ

ν , Qµ
ν ) =

k

1 – x2
, k = 22µ Γ

(
ν+µ+1

2

)
Γ
(
ν+µ+2

2

)
Γ
(
ν–µ+1

2

)
Γ
(
ν–µ+2

2

) .

For n = 0, 1, 2, . . . ,

Pn
ν (x) = (–1)n(1 – x2)n/2 dn

dxn
Pν(x), Qn

ν (x) = (–1)n(1 – x2)n/2 dn

dxn
Qν(x).

� Legendre polynomials
The Legendre polynomials Pn(x) and the Legendre functions Qn(x) are defined by the formulas

Pn(x) =
1

n! 2n
dn

dxn
(x2 – 1)n, Qn(x) =

1
2
Pn(x) ln

1 + x

1 – x
–

n∑
m=1

1
m

Pm–1(x)Pn–m(x).
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The polynomials Pn = Pn(x) can be calculated recursively using the relations

P0(x) = 1, P1(x) = x, P2(x) =
1
2

(3x2 – 1), . . . , Pn+1(x) =
2n + 1
n + 1

xPn(x) –
n

n + 1
Pn–1(x).

The first three functions Qn = Qn(x) have the form

Q0(x) =
1
2

ln
1 + x

1 – x
, Q1(x) =

x

2
ln

1 + x

1 – x
– 1, Q2(x) =

3x2 – 1
4

ln
1 + x

1 – x
–

3
2
x.

The polynomials Pn(x) have the implicit representation

Pn(x) = 2–n
[n/2]∑
m=0

(–1)mCm
n Cn

2n–2mxn–2m,

where [A] is the integer part of a number A.
All zeros of Pn(x) are real and lie on the interval –1 < x < +1; the functions Pn(x) form an

orthogonal system on the interval –1 ≤ x ≤ +1, with

∫ +1

–1
Pn(x)Pm(x) dx =

{ 0 if n ≠ m,
2

2n + 1
if n = m.

The generating function is

1√
1 – 2sx + s2

=
∞∑
n=0

Pn(x)sn (|s| < 1).

� Integral representations
For n = 0, 1, 2, . . . ,

Pn
ν (z) =

Γ(ν + n + 1)
πΓ(ν + 1)

∫ π

0

(
z + cos t

√
z2 – 1

)ν
cos(nt) dt, Re z > 0,

Qn
ν (z) = (–1)n

Γ(ν + n + 1)
2ν+1Γ(ν + 1)

(z2 – 1)–n/2
∫ π

0
(z + cos t)n–ν–1(sin t)2ν+1 dt, Re ν > –1,

Note that z ≠ x, –1 < x < 1, in the latter formula.

10.11. Orthogonal Polynomials
All zeros of each of the orthogonal polynomials Pn(x) considered in this section are real and

simple. The zeros of the polynomials Pn(x) and Pn+1(x) are alternating.

� Legendre polynomials
The Legendre polynomials Pn = Pn(x) satisfy the equation

(1 – x2)y′′xx – 2xy′x + n(n + 1)y = 0.

They are outlined in Section 10.10 of this supplement.
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� Laguerre polynomials
The Laguerre polynomials Ln = Ln(x) satisfy the equation

xy′′xx + (1 – x)y′x + ny = 0

and are defined by the formulas

Ln(x) = ex
dn

dxn
(
xne–x

)
(–1)n

[
xn – n2xn–1 +

n2(n – 1)2

2!
xn–2 + · · ·

]
.

The first four polynomials have the form

L0 = 1, L1 = –x + 1, L2 = x2 – 4x + 2, L3 = –x3 + 9x2 – 18x + 6.

To calculate Ln for n ≥ 2, one can use the recurrent formulas

Ln+1(x) = (2n + 1 – x)Ln(x) – n2Ln–1(x).

The functions Ln(x) form an orthogonal system on the interval 0 < x < ∞, with

∫ ∞

0
e–xLn(x)Lm(x) dx =

{
0 if n ≠ m,
(n!)2 if n = m.

The associated Laguerre polynomials of degree n – k and order k are given by

Lkn(x) =
dk

dxk
Ln(x).

These satisfy the differential equation

xy′′xx + (k + 1 – x)y′x + (n – k)y = 0,

where n = 1, 2, . . . and k = 0, 1, 2, . . .
The generating function is

1
1 – s

exp
(

–
sx

1 – s

)
=

∞∑
n=0

Ln(x)
sn

n!
.

� Chebyshev polynomials
The Chebyshev polynomials Tn = Tn(x) satisfy the equation

(1 – x2)y′′xx – xy′x + n2y = 0 (1)

and are defined by the formulas

Tn(x) = cos(n arccos x) =
(–2)nn!

(2n)!

√
1 – x2 dn

dxn
[
(1 – x2)n– 1

2
]

=
n

2

[n/2]∑
m=0

(–1)m
(n – m – 1)!
m! (n – 2m)!

(2x)n–2m (n = 0, 1, 2, . . . ),

where [A] stands for the integer part of a number A.
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The first four polynomials are

T0 = 1, T1 = x, T2 = 2x2 – 1, T3 = 4x3 – 3x.

The recurrent formulas:

Tn+1(x) = 2xTn(x) – Tn–1(x), n ≥ 2.

The functions Tn(x) form an orthogonal system on the interval –1 < x < +1, with∫ +1

–1

Tn(x)Tm(x)√
1 – x2

dx =

{
0 if n ≠ m,
1
2 π if n = m ≠ 0,
π if n = m = 0.

The Chebyshev functions of the second kind,

U0(x) = arcsin x,

Un(x) = sin(n arcsin x) =

√
1 – x2

n

dTn(x)
dx

(n = 1, 2, . . . ),

just as the Chebyshev polynomials, also satisfy the differential equation (1).
The generating function is

1 – sx

1 – 2sx + s2
=

∞∑
n=0

Tn(x)sn (|s| < 1).

� Hermite polynomial
The Hermite polynomial Hn = Hn(x) satisfies the equation

y′′xx – 2xy′x + 2ny = 0

and is defined by the formulas

Hn(x) = (–1)n exp
(
x2

) dn

dxn
exp

(
–x2

)
.

The first four polynomials are

H0 = 1, H1 = x, H2 = 4x2 – 2, H3 = 8x3 – 12x.

The recurrent formulas:

Hn+1(x) = 2xHn(x) – 2nHn–1(x), n ≥ 2.

The functions Hn(x) form an orthogonal system on the interval –∞ < x < ∞, with∫ ∞

–∞
exp

(
–x2

)
Hn(x)Hm(x) dx =

{
0 if n ≠ m,√

π 2nn! if n = m.

The Hermite functions ψn(x) are introduced by the formula ψn(x) = exp
(
– 1

2 x2
)
Hn(x), where

n = 0, 1, 2, . . .
The generating function:

exp
(
–s2 + 2sx

)
=

∞∑
n=0

Hn(x)
sn

n!
.

� Jacobi polynomials
The Jacobi polynomials Pα,β

n = Pα,β
n (x) satisfy the equation

(1 – x2)y′′xx +
[
β – α – (α + β + 2)x

]
y′x + n(n + α + β + 1)y = 0

and are defined by the formulas

Pα,β
n =

(–1)n

2nn!
(1–x)–α(1+x)–β dn

dxn

[
(1–x)α+n(1+x)β+n

]
= 2–n

n∑
m=0

Cm
n+αC

n–m
n+β (x–1)n–m(x+1)m,

where Ca
b are binomial coefficients.

©• References for Supplement 10: H. Bateman and A. Erdélyi (1953, 1955), M. Abramowitz and I. A. Stegun (1964).
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