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PREFACE

The name multibody stands as a general term that encompasses a wide range of
systems such as: mechanisms, automobiles and trucks (including steering sys-
tems, suspensions, etc.), robots, trains, industrial machinery (textile, packaging,
etc.), space structures, antennas, satellites, the human body, and others.

The use of computer aided kinematic and dynamic simulation has emerged as a
powerful tool for the analysis and design of multibody systems in fields such as
automobile industry, aerospace, robotics, machinery, biomechanics, and others.
The attention that it has received recently can be measured by the amount of
computer-aided analysis programs proliferating in the market for engineering
software, a phenomena similar to that produced by the finite element method in
the early seventies for structural design. Efficient formulations for dynamics and
reliable computational methods play a key role in achieving good simulation
tools.

The purpose of this book is to describe not only the commonly used methods
for multibody kinematic and dynamic simulation, but also the advanced topics
and the state of the art techniques. These include numerical methods and improved
dynamic formulations that allow real-time simulation response. The real time re-
sponse in multibody simulation is a characteristic that the engineering profession
is demanding more and more for analysis and design purposes. The analyst and
designer are interested in visualizing a whole set of successive responses of a
multibody in real time under different conditions, so as to get a clear picture of
the actual performance of the system that will help them to optimize the design
process.

The main features that characterize this book and distinguish it from other
texts are:

a) The use of the natural or fully Cartesian coordinates which allow for a
simple representation of multibodies, and lead to important advantages for
kinematic and dynamic simulation.

b) The consideration of advanced topics such as: friction, backlash, forward and
inverse dynamics of flexible multibodies, sensitivity analysis, and others.

¢) The detailed description of numerical methods and improved dynamic formula-
tions that allow real time simulation response.



Contents

The first part of the book contains a description of the basic approaches and
methods for kinematic and dynamic analyses. Chapter 1 serves as an introduction
where the basic concepts and definitions are explained, the different types of prob-
lems identified, and the general ways they may be solved are outlined. Chapter 2
describes the types of coordinates commonly used for the analysis of multibody
systems. Emphasis is placed on the fully Cartesian coordinates for 2- and 3-di-
mensional systems which are treated thoroughly along with the types of con-
straint conditions that they generate for different kinematic pairs. Chapter 3 deals
with kinematic analysis. The solution of problems such as initial position, finite
displacements, finding of the velocities and accelerations, treatment of redundant
constraints (over constrained systems), and the study of the Jacobian nullspace
that contains the possible motions are thoroughly exposed in this chapter.
Dynamic analysis starts in Chapter 4 with the formulation of the inertia forces
(mass matrices) generated by the different kind of bodies, and the external and
gravitational forces. Chapter 5 continues with a detailed description of the differ-
ent methods currently available for the dynamic analysis. Special attention is
given to the description of the methods in both dependent and independent coordi-
nates, and those based on velocity transformations. Chapter 6 deals with the anal-
ysis static equilibrium position and the inverse dynamic problem.

The more advanced topics are dealt with in the second part initiated in Chapter
7 which describes the numerical integration of the resultant equations of motion.
Attention is given to the methods available for the solution of nonlinear ordinary
differential equations and differential-algebraic equations, and emphasis is placed
not only on accuracy but on stability for real time simulation. Improved dynamic
formulations of order O(N) and O(N?) such as recursive formalisms, improved
use of velocity transformations, and some particular implementations of the
penalty formulations in dependent coordinates are dealt with in Chapter 8.
Emphasis is placed on the real time simulation from the viewpoint of versatility,
generality, ease of implementation and possibilities of parallelization. The lin-
earized dynamic analysis is treated in Chapter 9. Chapter 10 deals with further
topics such as backlash, Coulomb friction, impacts, singular positions, kine-
matic synthesis, and sensitivity analysis. Some of these topics offer open areas
for further research. Chapter 11 covers the forward dynamic analysis (simulation
problem) of multibodies with flexible elements. The formulations that arise from
the use of moving reference frames as well as inertial frames that require large
displacements and rotation elastic theories are explained in detail. Chapter 12
deals with the newly developed inverse dynamics of flexible multibodies that
leads to the time anticipatory joint efforts capable of reproducing a specified
endpoint trajectory.



Audience for the Book

The aims of the book are twofold: educational and tutorial on the one hand, and a
state of the art compilation of techniques and results on the other. The basic ideas
are presented in sufficient detail in the first part of the book which can be used ei-
ther as a textbook for an undergraduate elective course or basic graduate class on
computer aided kinematic and dynamic analysis of mechanical systems, or as a
self-study tool for the newcomer. The more advanced topics presented in the sec-
ond part of the book are aimed at both the graduate student and researcher, who
will find a compendium of state of the art information and a number of areas
identified for further research. This part may be of interest not only to the
mechanical, biomedical, or aerospace engineer, but also to people in other fields
such as the numerical analyst, computer scientist, and even the software
developer with interest in the computational aspects on the analysis of multibody
systems.

Emphasis has been put on techniques which are basic to understanding the
subject, and results included are felt to be of essentially permanent value. The au-
thors believe that a very important feature of this book is the simplicity and easi-
ness (rather than the sophistication) of the methods explained therein. All chap-
ters include solved examples. Problem assignments can be found in addition at
the end of each chapter of the first part of the book. Finally, the book requires
only a minimal amount of background in physics and mathematics that does not
exceed the basicskhown by undergraduate junior students in science and
engineering in both American and European universities. We have purposely tried
to avoid more advanced mathematics such as tensorial calculus, dyads, and quater-
nions, which are used in this field but are not part of that basic background.
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1

Introduction and Basic Concepts

The kinematics and dynamics of multibody systems is an important part of what
is referred to as CAD (Computer Aided Design) and MCAE (Mechanical
Computer Aided Engineering). Figures 1.1 to 1.6 illustrate some practical exam-
ples of computer generated models for the simulation of real multibody systems.
The mechanical systems included under the definition of multibodies comprise
robots, heavy machinery, spacecraft, automobile suspensions and steering sys-
tems, graphic arts and textile machinery, packaging machinery, machine tools,
and others. Normally, the mechanisms used in all these applications are sub-
jected to large displacements, hence, their geometric configuration undergoes
large variations under normal service conditions. Moreover, in recent years op-
erating speeds have been increased, and consequently, there has been an increase
in accelerations and inertia forces. These large forces inevitably lead to the ap-
pearance of dynamic problems that one must be able to predict and control.

The advantage of computer simulations performed by CAD and MCAE tools
is that they allow one to predict the kinematic and dynamic behavior of all types
of multibody systems in great detail during all the design stages from the first
design concepts to the final prototypes. At any design stage, computer-aided
analysis is an auxiliary tool of great value, providing a sufficient amount of data
for the engineer to study the influence of the different design parameters, since it
allows him to carry out a large number of simulations quickly and economically.

The analysis programs simulate the behavior of a multibody system once all
of its geometric and dynamic characteristics have been defined. The analysis
programs are certainly very useful. At the present time they are the only general
purpose tools available for the largest number of applications. We are also wit-
nessing the advent of the design programs that will not only perform system
analyses, but also modify automatically its parameters so as to obtain an optimal
behavior. An intermediate step between the analysis and optimal design pro-
grams are the parametric analyses, which determine the different responses of a
multibody system with respect to the variation of one of the design variables. In
any case, the analysis programs constitute the basis of the design programs. This
book is particularly oriented towards the study of the analytical methods and
numerical algorithms that are necessary to build such simulation tools.
Nevertheless, we will also pay attention to some important design issues.
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Figure 1.1. Computer model of heavy machinery.

Figure 1.2. Computer model of the steering and suspension system of a car.



1. Introduction and Basic Concepts 3

Figure 1.3. Computer model of a space deployable antenna.

Figure 1.4. Computer model of a complex space scenario, including a satellite, the earth,
a shuttle with a robot, and an astronaut.
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Figure 1.5. Computer model of a bicycle and a cyclist.

- ; !
Figure 1.6. Computer animation of two long jump finalists in the 1992 Barcelona
Olympic Games.
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1.1 Computer Methods for Multibody Systems

Computer systems, while increasing tremendously in power in recent years, are
so affordable nowadays, that their use has become widely spread in many differ-
ent fields and for an immense amount of applications. Today we consider the
computer as a necessary tool, whose availability is taken for granted by engi-
neers, scientists, businessmen, writers, and others. We can take the PC as an ex-
ample of a system currently used by students in the classroom, laboratory and at
home, whose power exceeds that of the mainframes used in the sixties and sev-
enties, and which only the largest corporations could afford. Engineers working
for consulting firms or large corporations in the analysis or design of new prod-
ucts, perform their work using personal workstations. These workstations have a
capability for number crunching that vastly exceeds that of minicomputers,
which only a few years ago used to be considered powerful enough to satisfy the
needs of a whole engineering department. The field of mechanical engineering
has not been an exception to this trend. There is an increasing demand for faster
executions and better graphical interfaces that will facilitate and improve the te-
dious tasks of data entry and interpretation of the results. The help of the com-
puter is sought in the decision-making process for optimal designs.

The two authors of this book started their professional careers in the late sev-
enties working on the finite element method in Spain and the United States. At
that time, the analysis of a medium size finite element model with several thou-
sands of degrees of freedom, or the complete dynamic analysis of a multibody
system, could last for over twelve hours in a mainframe computer. The analyst
would spend a long time preparing the data entry consisting of large numbers of
punched cards and interpreting the results shown on the endless pages of com-
puter output. This process has changed quite a bit up to the present method. The
analyst can prepare the input data in an interactive manner with the help of a
preprocessor running in sophisticated graphic terminals. The execution time has
been reduced to a fraction of an hour of CPU of modern workstations. For larger
problems the analyst considers the access to super computers or parallel archi-
tectures remotely connected to his personal system. The tedious work of inter-
preting the pages and pages of computer output has been alleviated and even
made pleasant through the use of graphic terminals which can show an animated
picture of the results.

Although finite element analysis and multibody simulation are part of the
MCAE family, they are substantially different not only in their respective aims
but in their modus operandi, namely, in the way they work. Finite element anal-
ysis must be fast. It is essentially a batch process, in which the user does not
usually interact with the computer analysis from the beginning to the end of that
process. On the other hand, the kinematic and dynamic analyses of multibody
systems are processes which are most appropriately performed using interactive
analysis. The analyst is interested in visualizing a whole set of successive re-
sponses of the multibody system, with a simulation of its behavior and operation
over all the workspace and over a certain period of time. In certain cases it may
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be necessary to obtain a real-time response, and introduce the analyst as an addi-
tional element in the simulation, called man-in-the-loop, who may act by intro-
ducing external forces or control over specific degrees of freedom. This obvi-
ously imposes constraints on the computer hardware and software, which exceed
those imposed by the finite element analysis. Real-time analysis now requires
the use of mostly top of the line workstations, and is not yet possible for the very
large problems. Interactive and real-time analysis will help the engineer optimize
productivity and the use of his own time, which is really the most expensive part
of the simulation process. Obviously the class and size of problems that may be
solved in real time will increase as the computer hardware and numerical
algorithms improve in the ensuing years. In any case, readers will find that the
methods described in this book will always help to speed up and improve the
interactive analysis of multibody systems.

The advent of powerful workstations in the computer market is making this
interactive analysis now possible for the engineering profession in general and
for the multibody system analysis in particular. These workstations can currently
reach 100 Mips and 20 Mflops of processing power, and draw hundreds of thou-
sands of three-dimensional vectors and polygons per second. They run under
standard operating systems and graphic interfaces such as UNIX, X-Windows,
MOTIF, PHIGS, etc., and may be obtained at very affordable prices. Given the
rate at which the computer hardware has been improving in the past, we can
only expect better and faster hardware platforms in years to come. As a conse-
quence, it is foreseeable that the use of general purpose computer programs for
the interactive three dimensional analysis of multibody systems will be consid-
ered by the engineering profession not only as a necessary tool but also as some-
thing to be taken for granted in the design process. We intend to describe in this
book formulations and numerical methods aimed at this end.

Traditional methods of analysis, such as graphical and analytical, may be
limited when they are applied to complicated problems. Graphic methods, al-
though they provide a good understanding of the kinematics, lack accuracy and
tend to be time-consuming. These are the reasons why they are not used for
repetitive or three-dimensional analyses. Analytical or closed-form methods can
be extremely efficient, although they are application-dependent, and may suffer
from an excessive complexity in a multitude of practical problems.

An alternative to overcome these limitations is to resort to numerical analysis
and the fast processing of alphanumeric data available in current digital com-
puters. Several books have recently appeared (Nikravesh (1988), Roberson and
Schwertassek (1988), Haug (1989), Shabana (1989), Huston (1990), and
Amirouche (1992)) that emphasize the use of formulations and computational
methods for multibody dynamic simulation. Various general purpose programs
for multibody kinematics and dynamics (Schiehlen, (1990)) have been described
simultaneously in the literature or made available in the market.
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Figure 1.7. Four-bar articulated quadrilateral

1.2 Basic Concepts

1.2.1 Multibody Systems and Joints

We define a multibody system as an assembly of two or more rigid bodies (also
called elements) imperfectly joined together, having the possibility of relative
movement between them. This imperfect joining of the two rigid bodies that
makes up a multibody system is called a kinematic pair or joint, or simply a
Jjoint. A joint permits certain degrees of freedom of relative motion and prevents
or restricts others. A class I joint allows one degree of freedom, a class II allows
two degrees of freedom and so forth. For example, a revolute joint (R) is a class
I joint that only allows one relative rotation. In planar multibodies, the most used
joints are revolute (R) and prismatic (P), which allow one relative rotation and
translation, respectively. In three-dimensional multibodies, cylindrical (C),
spherical (S), universal (U), and helical (H) joints are also used. Other joints
such as gears (G) and the track-wheel rolling contact (W) are sometimes used.
All these will be seen in detail in Chapters 2 and 3.

Usually the elements of a multibody system are linked by means of joints, as
shown in the articulated quadrilateral of Figure 1.7. At times, the elements do
not have direct contact with one another but rather are interrelated via force
transmission elements, such as springs, and shock absorbers or dampers.

Multibody systems are classified as open-chain or closed-chain systems. If a
system is composed of bodies without closed branches (or loops), then it is
called an open-chain system; otherwise, it is called a closed-chain multibody
system. A double pendulum and a tree-type of system are good examples of an
open-chain configuration. The four-bar mechanism of Figure 1.7 is an example
of a closed-chain system.
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1.2.2 Dependent and Independent Coordinates

In order to describe a multibody system, the first important point to consider is
that of choosing a mathematical way or model that will describe its position and
motion. In other words, select a set of parameters or coordinates that will allow
one to unequivocally define the position, velocity, and acceleration of the multi-
body system at all times. There are several ways to go about solving this prob-
lem, and different authors have opted for one way or another depending on their
preferences or the peculiarities of their own formulation.

Even though the same multibody system can be described with different types
of coordinates, this does not mean that they are all equivalent in the sense that
they will allow for formulations that are just as efficient or as easy to implement.
In fact, it will be shown in Chapters 2 and 3 that there are differences in compu-
tational efficiency and simplicity of implementation when using different sets of
coordinates. The different dynamic formulations may also benefit from the char-
acteristics of a particular set of coordinates.

Consequently, the first problem encountered at the time of modeling the mo-
tion of a multibody system is that of finding an appropriate system of coordi-
nates. A first choice is that of using a system of independent coordinates, whose
number coincides with the number of degrees of freedom of motion of the
multibody system and is thereby minimal. The second choice is to adopt an ex-
panded system of dependent coordinates in a number larger than that of the de-
grees of freedom, which can describe the multibody system much more easily
but which are not independent, but interrelated through certain equations known
as constraint equations. The number of constraints is equal to the difference
between the number of dependent coordinates and the number of degrees of
freedom. Constraint equations are generally nonlinear, and play a main role in
the kinematics and dynamics of multibody systems.

Studies on this subject tend to conclude that independent coordinates are not
a suitable solution for a general purpose analysis, because they do not meet one
of the most important requirements: that the coordinate system should unequivo-
cally define the position of the multibody system. Independent coordinates di-
rectly determine the position of the input bodies or the value of the externally
driven coordinates, but not the position of the entire system. Therefore additional
non-trivial analysis (seen in Chapter 3) need be performed to this end. For some
particular applications, independent coordinates can be very useful to describe
with a minimum data set the actual velocities or accelerations and small
variations in the position. In addition, they may lead to the highest computa-
tional efficiency.

For general cases, the alternative choice to the independent set of coordinates
is a system of dependent coordinates, which uniquely determine the position of
all the bodies. Three major types of coordinates have been proposed to solve this
problem: relative coordinates, reference point or Cartesian coordinates, and
natural or fully Cartesian coordinates. The latter are the ones most frequently
used in this book. These types of coordinates are described in detail in Chapter
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2, both for planar and three-dimensional multibody systems. Although this book
deals with these three types of coordinates, it emphasizes the use of the later
ones. By means of these coordinates, the position of a three-dimensional object
is defined using the Cartesian coordinates of two or more points and the compo-
nents of one or more unit vectors rigidly attached to the body. Chapters 2 and 3
describe these coordinates in detail, along with other sets of coordinates.

1.2.3 Symbolic vs. Numerical Formulations

Among the computer programs for kinematic and dynamic analysis of multibody
systems, there are two groups with very different approaches and capabilities:
symbolic programs and strictly numerical programs.

Symbolic programs do not process numbers from the outset, but variable
names and analytical expressions. Their outcome is a list of statements in
FORTRAN, C, Pascal, or any other scientific programming language containing
the mathematical equations that model the kinematics and/or dynamics of the
system in question. If the problem is of large complexity, the formulae can oc-
cupy dozens or even hundreds of pages of listings. The advantages of symbolic
methods are mainly that they eliminate those operations with variables having
zero values, and also allow one to explicitly see the influence of each variable in
the equations that control the behavior of the assembly. However, in order for a
symbolic code to achieve maximum efficiency it also must be able to compact
and simplify the equations by extracting common factors and by compacting
trigonometric expressions. Such operations are alleviated through the use of
symbolic tools such as MACSYMA, MAPLE, and MATHEMATICA.

Symbolic formulations can be advantageous when the generation of the equa-
tions is performed only once and is valid for the entire range of motions that the
multibody may undergo. However, one of their major problems stems from the
fact that a multibody system may undergo a qualitative change in its kinematic
configuration during its motion, thus, demanding a substantial change in the
equations of motion. Such situations occur with changes in generalized coordi-
nates, the appearance and disappearance of kinematic constraints, impacts and
shocks, backlash, Coulomb friction, etc. Special provisions need to be made in
these cases to avoid the complete reformulating of the symbolic equations of
motion.

Numerical programs, on the other hand, provide a real general purpose solu-
tion to the kinematic and dynamic analysis of all types of multibody systems.
These programs formulate the equations of motion numerically without generat-
ing analytical equations suited to the specific problem. In many cases, numerical
methods are less efficient than the symbolic counterparts. However, their gener-
ality and the fact that they are easy to use is a definite advantage. In addition, re-
cent advances in numerical methods have allowed a substantial improvement in
the efficiency of numerical approaches and have made them more competitive
for many types of applications. These advances include the use of sparse matrix
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techniques that eliminate operations involving zero terms, and the possibility of
using improved dynamic formulations (See Chapter 8).

1.3 Types of Problems

We briefly describe in this section the most important types of kinematic and
dynamic problems that occur in real everyday situations.

1.3.1 Kinematic Problems

Kinematic problems are those in which the position or motion of the multibody
system are studied, irrespective of the forces and reactions that generate it.
Kinematic problems are of a purely geometrical nature and can be solved, irre-
spective not only of the forces but also of the inertia characteristics of elements
such as mass, moments of inertia, and the position of the center of gravity.

We define input elements of a multibody system as those whose position or
motion is known or specified. The position and motion of the other elements of
the system are found in accordance with the position and motion of the input el-
ements. There are as many input elements as there are degrees of freedom for
the multibody system. As an example, let us consider the four-bar mechanism of
Figure 1.7 in which the crank A-1 (body or element 2) is the input element.
Sometimes the kinematic problem is based not on an input element, but on input
coordinate or degree of freedom, such as an angle or a distance.

Below is a brief description of the different kinematic problems that occur in
practice and which will be discussed in detail in Chapter 3.

Initial Position Problem. The initial position or assembly problem consists of
finding the position of all the elements of the multibody system once that of the
input elements is known. In general, the position problem is difficult to solve,
since it leads to a system of nonlinear algebraic equations which has in general
several solutions. The more complicated the system is, the larger the number of
possible solutions.

Finite Displacement Problem. This problem is a variation of the initial position
problem, both from a conceptual point of view as well as from the mathematical
methods that can be used to solve it. Given a fixed position on the multibody
system and a known finite displacement (not infinitesimal) for the input bodies
(or elements), the problem of finite displacements consists of finding the final
position of the system's remaining bodies.

In practice, the finite displacement problem ends up being easier to solve than
the initial position problem, mainly because one starts from a known position of
the system, which can be used as a starting point for the iterative process needed
for the solution of the resulting nonlinear equations. The problem of having
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multiple solutions is not as critical in this case, because usually one is only
interested in the solution nearest to the previous position.

Velocity and Acceleration Analysis. Given the position of the multibody sys-
tem and the velocity of the input elements, velocity analysis consists of deter-
mining the velocities of all the other elements and all the points of interest. This
problem is much easier to solve than the position problems discussed earlier,
mainly because it is linear and has a unique solution.. This means in mathemati-
cal terms that it is modeled by a system of linear equations. Consequently, the
principle of superposition holds that the velocity of an element is the sum of the
velocities produced by each one of the input elements. If all the input velocities
are zero, then the velocities of all the elements will also be null.

Given the position and velocity of all the elements in the system, and the ac-
celeration of the input elements, the acceleration analysis consists of finding the
acceleration of all the remaining elements and points of interest. Just as the ve-
locity problem is linear, so also is the acceleration problem linear. Moreover, the
matrix of the system of linear equations that models this problem is the same as
the one in the velocity problem.

Kinematic Simulation. The kinematic simulation provides a view of the entire
range of a multibody's motion. The solution of the kinematic simulation encom-
passes all the previous problems with emphasis on the finite displacement prob-
lem. It permits one to detect collisions, study the trajectories of points, sequences
of the positions of an element of the multibody system, and the rotation angles
of rocker levers and connecting rods, etc.

1.3.2 Dynamic Problems

In general, dynamic problems are much more complicated to solve than kine-
matics ones. The kinematic problems need be solved before the dynamic prob-
lems. Henceforth, it will be assumed that the velocity and acceleration problems
can be solved without any difficulty. The outstanding characteristic about dy-
namic problems is that they involve the forces that act on the multibody system
and its inertial characteristics as follows: mass, inertia tensor, and the position of
its center of gravity (seen in detail in Chapter 4). We will describe briefly the
most important dynamic problems encountered in practice.

Static Equilibrium Position Problem. The static equilibrium position problem
(dealt with extensively in Chapter 6) consists of determining the position of the
system in which all the gravitational and external forces, elastic forces in the
springs, and external reactions are balanced. This problem is not really a dy-
namic problem, but a static one, that depends on the weight and the position of
the center of gravity of the multibody system and not on its inertia properties.
The problem of determining the static equilibrium position takes place very
frequently in vehicles with spring suspension systems. It is not always easy (for
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example, when the loads are not centered) to determine the static equilibrium
position at a glance or by means of simple calculations. The general solution to
this problem also leads to a system of nonlinear equations which need to be
solved iteratively. Even though there might also be several solutions for this
case, there are reliable initial estimates normally available that lead to the right
solution.

Linearized Dynamics. A problem closely related to the previous one is that of
determining the natural vibration modes and frequencies of the small oscillations
that take place about the static (or dynamic) equilibrium position. This problem
is solved by first linearizing the equations of motion at a particular position, and
then performing a step-by-step time history or an eigenvalue analysis. A knowl-
edge of the natural vibration modes and frequencies gives an idea of the system's
dynamic stiffness, and it also allows one to design different control systems.
This problem is discussed in Chapter 9.

Inverse Dynamic Problem. The inverse dynamic problem aims at determining
the motor or driving forces that produce a specific motion, as well as the reac-
tions that appear at each one of the multibody system's joints. It is necessary to
know the velocities and accelerations to be able to estimate the inertia forces
which, together with the weight, the forces in the springs and dampers and all
the other known external forces, will provide the basis to calculate the required
actuating forces.

The solution to the inverse dynamics (See Chapter 6) has different applica-
tions. In the first place, it determines the forces to which the multibody system is
subjected, for both dynamic and kinematic simulation problems. Extremely im-
portant is the fact that the inverse dynamics yields the driving forces necessary
to control a system so that it follows a desired trajectory.

Forward Dynamic Problem (Dynamic Simulation). The forward dynamic
problem yields the motion of a multibody system over a given time interval, as a
consequence of the applied forces and given initial conditions. The importance
of the direct dynamic problem lies in the fact that it allows one to simulate and
predict the system's actual behavior; the motion is always the result of the forces
that produce it.

The forward dynamics implies the solution of a system of nonlinear ordinary
differential equations (initial value problem). These differential equations are
numerically integrated starting from the initial conditions. An important charac-
teristic of this mathematical problem is that it is computationally intensive.
Because of this, it is very important to choose the most efficient method for deal-
ing with and solving this problem. The results of the dynamic simulation prob-
lem can be displayed numerically, or they can be depicted graphically by means
of a plotter of a graphics terminal in the same way as with the kinematic simula-
tion results. Chapter 5 deals with the most common formulations used for dy-
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namic analysis. Chapter 8 presents the most recent ones, including those most
suited for real time analysis.

Forward and Inverse Dynamics of Elastic Multibodies. So far we have as-
sumed that all the bodies in a multibody system satisfy the rigid body condition.
A body is assumed to be rigid if any pair of its material points does not present
relative displacements. In practice, bodies suffer some degree of deformation.
This tends, however, to be so small that it does affect the system's behavior, and
therefore, it can be neglected without commiting an appreciable error.

There are some important cases in which deformation plays an important role
in the dynamic analysis. It happens, for instance, in lightweight spatial structures
and manipulators, or in high-speed machinery. The complexity and size of the
equations of motion considering deformation grow considerably, since all the
variables defining the deformation must also be considered. Chapter 11 deals
with the forward dynamics of elastic multibodies and Chapter 12 with the in-
verse dynamics. This case is of particular interest since the driving forces are
now non-causal, which means that there is a time delay between actuation and
response and the solution goes to negative time and future time.

Percussions and Impacts. Mechanically, a percussion is a force with a large
value that occurs in a very short period of time. It is convenient to distinguish
between percussion and impact problems. In the case of percussions, it is as-
sumed that a very large force of known value acts during an infinitesimal
amount of time. Bear in mind that the percussion is the value of a mechanical
impulse (the integral of the force in relation to time). A typical characteristic of a
percussion is that it produces discontinuities (finite jumps) in the distribution of
velocities, which are determined from the value of the applied percussion. This
problem is of limited practical importance because in practice the percussion
value is seldom ever known. The impact problem is more important.

The impact involves the collision of bodies in which at least one of them ex-
periences a sudden change in velocities. The point of contact undergoes a per-
cussion which is generally unknown. In order to be able to calculate the effect of
the impact on the system's velocity distribution, it is necessary to introduce an
additional equation of experimental nature which measures the nature of the sur-
faces in contact and the type of impact.

The study of the effects of percussions and impacts in the distribution of ve-
locities of a multibody system can be carried out separately or within a dynamic
simulation program. Chapter 10 deals with this problem as well as the design is-
sues outlined in the next section.

1.3.3 Other Problems: Synthesis or Design

We have outlined in the previous sections the most important analysis prob-
lems that can occur in the kinematics and dynamics of multibody systems. In all
these problems, it is assumed that the geometry and physical properties of the
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system are known (either because it is an existing multibody system or it has
been previously designed). When wishing to design a new system to comply
with certain specifications, with only analysis tools available, one must proceed
in an iterative manner by means of rough calculations. A preliminary design is
carried out and the system is analyzed. Once the results of the analysis have
been obtained, the design is then modified if they are not entirely satisfactory,
and another analysis is performed. The same procedure is followed until the de-
sired effect is attained. This process may be slow and rather dependent upon the
experience of the designer.

Synthesis or design methods help to overcome this difficulty, or at least
lessen it. These methods directly lead, without the intervention of an analyst, to a
design which complies with the given specifications, or which is the optimal one
from a certain design point of view. The design of a multibody system can also
be carried out from a more general perspective by taking dynamic factors into
account. Two different problems can be considered: pure kinematic design also
called synthesis, and the more general dynamic sensitivity analysis.

Kinematic Synthesis of Multibody Systems. Kinematic synthesis entails the
finding of the best possible dimensions for a given type of multibody system.
This is mainly a geometric problem, about which much has been written in the
last half of the past century and in the first half of the present one. During this
time, many methods were developed, almost all of them graphic and containing
a notable amount of ingenuousness and originality. The majority of the methods
were focused on the planar four-bar mechanism. However, graphic methods of
kinematic synthesis are limited, too specific, and at times difficult to use. In re-
cent years, more general programs based on numerical methods have been de-
veloped, and they are applicable to many different types of planar and three-di-
mensional multibody systems.

Sensitivity Analysis and Optimal Design. The optimal design of a multibody
system is started by defining an objective function which will optimize the sys-
tem performance. The solution to the problem will be the configuration that
minimizes the objective function. This function is minimized in relation to cer-
tain variables which depend on the design of the multibody system and are re-
ferred to as design variables. It may or may not have design constraint equa-
tions, that is, equalities or inequalities that should comply with certain specific
functions of the design variables. The constraint equations mathematically intro-
duce certain physical design limitations into the problem. An example of a de-
sign limitation is that there cannot be any elements with negative mass or length.

The objective functions are defined depending on the application of the
multibody system. Since multibody dynamics is a process that takes place over a
period of time, it often turns out that the objective function is defined as the time
integral of a specific function or as a series of conditions that the multibody must
satisfy within certain intervals of time or at specific moments.
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There are several optimization methods or ways to minimize the objective
function, which are applicable to this problem. Almost all of them are based on
the knowledge of the derivatives of the objective function with respect to the de-
sign variables. The determination of these derivatives is known as sensitivity
analysis and is the first phase in the optimization process which can also be con-
sidered separately. Sensitivity analysis determines the tendencies of the objec-
tive function with respect to design variations, and is very useful in a non-auto-
matic interactive design process. Sensitivity analysis is considered in Chapter
10.

1.4 Summary

In this introductory chapter we have tried to outline the different problems that
arise in the analysis and design of multibody systems. We have also succinctly
commented on the different ways these can be tackled in a very general form,
and in this respect it is important to mention that at the present time there is not a
formulation or method that can solve all the problems in the best possible man-
ner. Some methods are preferable over others depending on the type of configu-
ration and motion. In the chapters that follow we will deal with all these differ-
ent problems and try to offer methods for their solution.
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2

Dependent Coordinates and
Related Constraint Equations

In either the kinematic or dynamic analysis of multibody systems described in
Chapter 1, the first issue to consider is that of modeling the system, which in-
volves the selection of a set of parameters or coordinates that will alow one to
define unequivocally at al times the position, velocity and acceleration of the
multibody system. There are several ways to solve this problem, and different
authors have opted for one way or another depending on their preferences or
the peculiarities of their own formulation.

Even though the same multibody system can be described with different
types of dependent coordinates, their definition is not a trivial problem. They
are al not equivalent in the sense that they will lead to formulations that are
just as efficient or as easy to implement. In fact, there are in practical applica-
tions large differences both in efficiency and simplicity among the different sets
of coordinates. We will provide some examplesthat corroborate this fact.

The most important types of coordinates currently used to define the motion
of planar and three-dimensional multibody systems are relative coordinates,
reference point coordinates (also called Cartesian coordinates), and natural
coordinates (also called fully Cartesian coordinates). These will be described in
detail in this chapter. A qualitative comparison among them will also be
provided. No general quantitative comparison is yet available, athough some
preliminary results for 2-D systems have been aready published by Unda et al.
(1987). We will also deal extensively with the constraint equations that the de-
pendent coordinates generate. A combination of the ideas and concepts arising
from the different types of coordinates (relative, reference point, and natural)
explained in this chapter, are the basis for very efficient dynamic formulations
that will be seen in Chapter 8._

2.1 Planar Multibody Systems

Different sets of dependent coordinates for planar multibody systems and the
related constraint equations are described below. These systems are a ssimpler
aternative to the three-dimensional ones and make it easier to understand the
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Figure 2.1. Solutions of the position problem in a four-bar mechanism.

important concepts and the differences between the various types of dependent
coordinates.

The first dilemma encountered when choosing a system of coordinates which
may describe the motion by position, velocity and acceleration is the problem of
either adopting a set of independent coordinates, whose number coincides with
the number of degrees of freedom and is thereby minimal, or adopting an ex-
panded system of dependent coordinates. The latter can describe the system
much more easily, but they are not independent but instead related through
certain constraint equations.

Studies on this subject tend to conclude that generally a system of indepen-
dent coordinates is not an acceptable solution, because it does not meet one of
the most important conditions: the system of coordinates should be capable of
unequivocally describing the position of the multibody system. Independent co-
ordinates directly determine the position of the input elements or the value of
the driven degrees of freedom but not the position of the other elements. In
order to determine the position of the entire system, the position problem must
first be solved. As was aready explained in Chapter 1, there are multiple
solutions to this problem. For example, the four-bar mechanism of Figure 2.1
has one degree of freedom and one independent coordinate, the angle j . It may
be seen that there are two possible solutions for the position of the elements 3
and 4. The same thing generally occurs with other multibody systems.

Once the independent coordinates have been ruled out for the description of
the position, a system of dependent coordinates larger than the number of
degrees of freedom must be adopted to determine the position of each and every
one of the bodies. Three mgjor types of coordinates have been described in the
literature: relative coordinates, reference point coordinates, and natural
coordinates. These types of coordinates will be described in detail in the
following sections, both for planar and three-dimensional multibody systems.
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Figure 2.2. Representation of afour-bar mechanism using natural coordinates.

An important aspect of the dependent coordinates is precisely their
dependent nature, or in other words, the fact that they are related by algebraic
constraint equations in a number equal to the difference between the number of
dependent coordinates and the number of degrees of freedom. Constraint
equations are generally nonlinear and play a main role in the kinematic and
dynamic analysis of multibody systems. Therefore, the description of the
dependent coordinates included below and their comparative study will be
completed with the study of the specific constraint equations generated by each
one of the types of dependent coordinates. The concept of constraint equation is
not complicated and neither is its mathematical formulation. A very simple
example will be presented next.

Example 2.1

Figure 2.2 illustrates a four-bar mechanism modeled with natural coordinates, i.e.
with the Cartesian coordinates of points 1 and 2. There are four dependent coordi-
nates (X;, Y1, % Y,) and the mechanism has one degree of freedom. Hence, there
should be three constraint equations relating the four dependent coordinates.

The constraint equations shall guarantee that points 1 and 2 move in accordance
with the limitations imposed on them by the three moving bars of the four-bar
mechanism. It is precisely from there that the three constraint equations arise: from
the fact of imposing the rigid body condition (a constant distance between points) on
the three elements of the mechanism. These conditions can be formulated
mathematically as follows:

(X, - XA)2 A\ YA)2— L22 =0

(x2- X1)2 +(Yo- Y1)2— L32 =0

(Xo- XB)2 + (Y2—y3)2— Lf =0
These are the three constraint equations that correspond to the mechanism of
Figure 2.2. It may be seen that they are nonlinear equations (quadratic in this case).

A similar system of equations can be established for any other type of coordinates
and for any other multibody system.
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Figure 2.3. Representation of a four-bar mechanism using relative coordinates
(a) Open chain, (b) Closed chain.

In the following sections, three types of dependent coordinates will be dis
cussed: relative, reference point, and natural, both for planar and three-dimen-
sional systems. The generation of constraint equations will be studied in detail.
For the case of planar multibody systems, the explanations will be illustrated
with simple completely devel oped examples.

2.1.1 Relative Coordinates

Relative coordinates were the first ones used in the general purpose planar and
three-dimensional analysis programs of Paul and Krgjcinovic (1970), Sheth and
Uicker (1972), and Smith et al. (1973).

Relative coordinates define the position of each element in relation to the
previous element in the kinematic chain by using the parameters or coordinates
corresponding to the relative degrees of freedom allowed by the joint linking
these elements. In the case of planar multibody systems, if two elements are
linked by means of a joint R (revolute), their relative position is defined by
means of an angle. If they are linked by a joint P (prismatic), their relative
position is defined by means of a distance. Figure 2.3 shows two examples of
mechanisms with four bars that are described with relative coordinates.

Relative coordinates make up a system with a minimum number of
dependent coordinates. In fact, in the particular case of open kinematic chain
systems, as in Figure 2.3a, the number of relative coordinates coincides with
the number of degrees of freedom; therefore there will not be constraint
equations. Likewise, Figure 2.4 shows a more complicated mechanism modeled
by means of relative coordinates.
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N

Figure 2.4. Multi-loop mechanism modeled with relative coordinates.

The advantages of relative coordinates can be summarized as follows:

. Reduced number of coordinates, hence good numerical efficiency.
. Relative coordinates are specially suited for open-chain configurations.
. The consideration of the corresponding degree of freedom at each joint. This

has an important advantage when the joint has a motor or actuator attached
to it, since it allows to control the motion of the corresponding degree of
freedom directly.

The following are considered to be the most important difficulties of the

relative coordinates:

1.

The mathematical formulation can be more involved, because the absolute
position of an element depends on the positions of the previous elements in
the kinematic chain.

. They lead to equations of motion with matrices that, although small, are full

and sometimes expensive to evaluate.

. They require some preprocessing work (to determine the independent con-

straint equations) and postprocessing (to determine the absolute motion of
each point and element).

In the case of planar multibody systems formulated with relative coordinates,

the constraint equations arise from the condition of the vector closure of the
kinematic loops.

Example 2.2

If a mechanism has an open kinematic chain type (See Figure 2.33), then there will
not be any constraint equation. In the case of the four-bar mechanism shown in
Figure 2.3b, there are three relative coordinates and one degree of freedom; therefore
there should be two constraint equations.

Vectorially, the condition of closed loop for the four-bar mechanism of figure 2.3b
can be expressed as follows:
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Figure 2.5. Relative coordinates in a four-bar mechanism with a prismatic joint.

[ O ——

OA +AB+BD- OD = 0
This vector equation is equivalent to two algebraic equations which correspond to
the components x and y of the previous equation

LycosY,;+L,cos(Y,;+Y,)+Lscos(Y;+Y,+Y3)—-0OD=0

LysinY,;+L,sin(Y,;+Y,)+Lszsin(Y,;+Y,+Y3) =0
It may be seen that these equations are nonlinear and contain transcendental func-

tions. This is a common characteristic of all the multibody systems formulated with
relative coordinates.

Example 2.3

Figure 2.5 shows a four-bar mechanism with a prismatic joint. The number of con-
straint equations is the same as before (two) and they also come from the vector
closure of the only loop that the mechanism has

[ O ——

OA+AB+BD-0OD= O
Thisis equivalent to the following algebraic expressions
LycosY +Ygcos(Y,+Y,) +Lgcos(Y,+Y,—p/2)—0D=0
LysinY +Ygsin(Y;+Y,)+Lgsin(Y,+Y,—p/l2)=0

It may be seen in these equations that since Y 5 is not an angular coordinate, it is
not affected by the sine and cosine functions.

Example 2.4

As a last example, let us consider the mechanism of Figure 2.6, which has six ele-
ments and one degree of freedom. This mechanism can be modeled with five relative
coordinates. Then four constraint equations must be found. By examining the
mechanism, it may be seen that there are three closed loops which satisfy the fol-
lowing vector equations:
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O '. )
Figure 2.6. Geometrical representation to generate the constraint equations with reletive

coordinates.

o
Figure 2.7. Alternative representation to generate the constraint equations with relative
coordinates.
OA +AB +BC+CE- OE=0
OA+AB +BD+DF-OF =0

—_— —

FD + DC + CE - FE= 0
These three vector equations give rise to six algebraic equations; however, only
four of them are independent. Four equations can be chosen corresponding to any

two of the three loops. For example, by using the first two loops,
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L,cos Y, +Lscos (Y +Y,) + BCcos (Y +Y ,+Y )
+Lgcos (Y +Y,+Y4+Y,)— OEcosb=0

LysinY; +Lysin (Y, +Y,) + BCsin (Y +Y +Y 5)
+Lgsin (Y, +Y,+Y +Y,)—OEsinb=0

L,cos Y, +Lsc0s (Y +Y,) + BD cos (Y, +Y ,+Y s+a)
+Lgcos (Y, +Y ,+Y j+a +Y5) —OF cosg=0

LysinY, +Lssin (Y,+Y,) +BDsin (Y, +Y ,+Y s+a)
+Lgsin (Y, +Y +Y +a +Y5) —OF sing=0

These equations make up a nonlinear system of four equations with five unknown
variables a'so involving transcendental functions.

Relative coordinates may be chosen in many different ways; and the one that was
used in this example athough perfectly valid may not necessarily be the best. Instead
of beginning to establish relative coordinates from one of the fixed points to other
fixed points, passing through all the joints on the mechanism, one can define relative
coordinates from the three fixed points. Simultaneously one can advance and pass
through al the joints, and in this way make the constraint equations simpler. Figure
2.7 shows the mechanism of Figure 2.6 modeled according to this new criteria.

Now the loop closure vector equations are:

S —

OA+AB-OE-EC-CB=0

[P ——

EC+CD-EF-FD =0
thus, resulting in the following algebraic equations:
L,cos Y, +Lscos(Y,+Y,)—OEcosh —LscosY,—CB cos (Y,+Ys) =0
LzsinY1+L3sin(Y1+Y4)—@sinb —L55inY2—C_Bsin(Y2+Y5)=O
LscosY,+CDcos (Y ;+Yg+a) — EF cosf —LgcosY,=0
LssinY,+CDcos(Y,+Ysta)—EFsinf —LgsinY;=0

These expressions are more manageable and easier to evaluate than their coun-
terparts as shown in Figure 2.6.

From the previous example it may be concluded that relative coordinates are
particularly suitable for open-Chains or with few closed loops. When relative
coordinates are used in multibody systems with many closed loops, it is very
important to correctly choose the independent loops with which the constraint
equations will be formulated and at what point the loop is going to be inter-
sected or broken to establish the loop closure vector equation. In the previous
example (Figure 2.7) the loops were intersected at B and D. This task is re-
ferred to as system preprocessing. In some computer implementations this can
be automatically carried out using graph theory, but in othersit is assumed that
the preprocessing is carried out by the analyst.
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Figure 2.8. Representation of two four-bar mechanisms using reference point coordi-
nates: a) Revolute joint, b) Prismatic joint.

2.1.2 Reference Point Coordinates

The reference point coordinates try to remedy the disadvantages of the relative
coordinates by directly defining, using three coordinates or parameters, the
absolute position of each one of the elements of the system. This is done by
determining the position of a point of the element (the reference point, which
often is the center of gravity) with two Cartesian coordinates, and by
determining with an angle the orientation of the body in relation to a system of
inertial axes. Figure 2.8 shows two four-bar mechanisms represented with
reference point coordinates. Note that although the two mechanisms are
different, they both are modeled with the same coordinates.

The reference point coordinates require a much larger number of variables
than the relative coordinates (nine as compared to three in the four-bar
mechanism, 15 as compared to five in the mechanism of Figure 2.6) and do not
take into account at all if it is an open chain configuration or not. This means
that for some particular cases, and from the numerical efficiency point of view,
reference point coordinates may not be the most suitable ones.

The advantages of reference point coordinates can be listed as follows:

1. The position of each element is directly determined; hence the formulation is
easier with less preprocessing and postprocessing requirements.

2. The matrices appearing in the equations of motion are sparse, meaning that
they have very few non-zero elements. If one takes advantage of this
condition and uses special techniques for this type of matrices, then one may
make the formulation numerically efficient.

As mentioned earlier, the apparent disadvantages are their large number and
the difficulty to be adapted for particular topologies such as open kinematic
chains.

Using reference point coordinates, one can develop the constraint equations
by considering the constraints that the joints introduce in the relative motion of
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contiguous elements. With these coordinates the motion of each element is de-
fined regardless of the motion of the rest of them. However, the motion of the
adjacent elements, linked by a kinematic joint, cannot be arbitrary. Rather it
must generate a relative motion between these elements according to the nature
of the joint. For instance, a class | kinematic joint (it allows one degree of free-
dom of relative motion) will constrain two degrees of freedom for a planar sys-
tem. This means that it must also generate two constraint equations.

Example 2.5

Let us consider the four-bar mechanism of Figure 2.8a. This mechanism has nine
dependent coordinates and one degree of freedom, meaning that there should be
eight constraint equations. These eight equations will originate from the four
kinematic joints (points O, A, B and D), with two equations per joint.

The eight algebraic constraint equations are as follows (for the sake of simplicity,
it will be assumed that the reference points are located at the middle points on the
bars):

(%, = xg) = Lal2 cosY, =0
(yi-yo) - Lil2 sinY;=0
(x,—x,) = La/2 cosY, - Lof2 cosY, =0

(y,-y,) - Lal2sinY, - Lol2 sinY,=0
(X3—x,) = Lal2 cosY, + Lal2 cosY,=0

(ya—y,) - Lal2sinY, + Lgl2sinY ;=0
(x3—xp) = Lal2 cosY5=0

(ys—-yo) - Lal2sinY;=0

It can be seen that these equations are more sparse (a lower number of variables
intervenes in each one of them) than the ones corresponding to relative coordinates
(see Example 2.2). Likewise, it is evident that the constraint equations are nonlinear
and cause transcendental functions to come into play.

Figure 2.8b shows a mechanism with four bars, three revolute joints, and one
prismatic joint. The reference point coordinates are identical to the ones in the ar-
ticulated quadrilateral of Figure 2.8a, as are the constraint equations corresponding
to joints O, A and D. However, the constraint equations corresponding to joint B
change as follows: the first equation directly indicates the constant relationship
existing between angles Y, and Y .

Y,-Y3-pl2=0

The second equation is more complicated. In order to understand it better, one

should carry out the graphic construction of Figure 2.9. Bear in mind that the G;-B

segment is equal to the sum of the projections coming from segments M-G, and M-
G, which result in the following equation:

(Y2—Y3a) COS Y+ (X3—Xp) SinY ,— Lal2=0
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Figure 2.9. Detail of the representation of a prismatic joint.

It is very easy to generalize these results for any planar mechanism and for those
cases where the reference point occupies an arbitrary position on the element.

A very important characteristic of the reference point coordinates is that for
the constraint equations corresponding to a particular joint, the only
coordinates that intervene are the ones of the elements related to this joint. This
means that, unlike relative coordinates, constraint equations are established at a
local level; therefore a particular joint will aways have the same ones
regardless of the system’'s complexity. Thus the reference point coordinates do
not require preprocessing like the relative ones do, and it becomes much easier
to generate the constraint equations automatically on a computer program.

The simplicity of reference point coordinates and the related constraint equa-
tions in 2-D cannot be extrapolated to 3-D directly, because in the latter case
there are many more types of joints and the definition of orientation is more
complicated.

2.1.3 Natural Coordinates

Natural coordinates represent an interesting alternative to relative coordinates
and reference point coordinates. These coordinates were originaly introduced
by Garcia de Jalon et a. (1981) and Serna et al. (1982) for planar cases, and
Garciade Jalon et al. (1986 and 1987) for spatia systems.

In the case of planar multibody systems, natural coordinates can be
considered as an evolution of the reference point coordinates in which the
points are moved to the joints or to other important points of the elements, so
that each element has at least two points (See Figure 2.10).

It is important to point out that since each body has at least two points, its
position and angular orientation are determined by the Cartesian coordinates of
these points, and the angular variables used by reference point coordinates are
no longer necessary. It will be seen later on that this simplifies the formulation
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Figure 2.10. Evolution of the reference point coordinates to the natural coordinates.

Figure 2.11. Representation of the mechanism of Figure 2.6 in natural coordinates.

of the constraint equations along with the fact that points can be shared at the
joints.

Thus the natural coordinates in the case of planar multibody systems are
made up of Cartesian coordinates of a series of points. We will call these the
basic points, and they are distributed throughout the entire mechanism. These
points should be chosen according to the following rules or criteria:

1. Each element should have at least two basic points for the motion to be de-
fined.

2. There should be a basic point in each revolute joint R. This point is shared
by the two elements linked at thisjoint.

3. Each prismatic joint P links two bodies, and the two basic points at one of
these determine the direction of the relative motion. Although one of the ba-
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sic points of the other body can be located on the segment determined by the
two basic points of the first one, thisis not absolutely necessary.

4. In addition to the basic points that model the body, any other important
point of any body can be selected as a basic point, and its coordinates would
then automatically become part of the set of unknown variables.

The number of natural coordinates tends to be an average between the num-
ber of relative coordinates and the number of reference point coordinates. For
example, in the mechanisms of Figure 2.10, the number of natural coordinates
is four and six respectively, as opposed to three and three relative coordinates,
and nine and nine reference point coordinates. The reason for the decrease in
the number of coordinates is due, on one hand, to the elimination of the angular
coordinates and, on the other hand, to the sharing of the basic points (located at
the joints R) by two or more bodies. Thus, they have the advantage of describ-
ing the position of bodies with a reduced number of unknowns.

Figure 2.11 shows the six-body mechanism of Figure 2.6 modeled with natu-
ral coordinates. In this example and in the previous ones, another characteristic
of the natural coordinates can be observed: preprocessing and postprocessing
are practically not required. In fact, once the basic point coordinates are known,
drawing the position of the mechanism on a plotter or on a terminal is abso-
lutely trivial. Drawing the velocity and acceleration vectors of the different
pointsisjust as easy.

Finally, it should be pointed out that perhaps the most important advantage
of natural coordinates is their easy formulation and implementation from a pro-
gramming standpoint. As may be seen in the next paragraphs, the constraint
equations and their Jacobian matrix are very easy to evaluate. Some numerical
tests performed by Unda et a. (1987) have shown that for some 2-D multibody
systems the advantages mentioned for natural coordinates versus reference
point coordinates can be translated into some reductions in calculation times.

Even though natural coordinates can be explained as an evolution of
reference point coordinates, in reality their history is quite different. In fact,
natural coordinates historically came about as an adaptation of the displace-
ment method for matrix analysis of structures to the anaysis of multibody
systems. A multibody system can be considered as an underconstrained struc-
ture that lacks bars or elements, therefore becoming unstable. Van der Werf
(1979) and Van der Werf and Jonker (1985) developed a multibody analysis
method entirely based on the finite element method. The difference between the
method proposed by these authors and the one described in this book is that
while the former remained entirely based on the principles of the finite element
method, the method based on natural coordinates has been entirely reformu-
lated mathematically; so it can be introduced and considered as a new method
expressly developed for analysis of multibody systems.

It has been shown in the previous sections how the relative coordinates lead
to constraint equations that are originated from closed loops of the system. The
constraints with reference point coordinates originate in the kinematic joints.



2.1. Planar Multibody Systems 29

A

Figure 2.12. Four-bar mechanism with a prismatic joint modeled with natural
coordinates.

Further on, it will be seen how the constraint equations originate for two
sources when using natural coordinates:

1. Rigid body condition of each element.
2. Congtraints corresponding to some kinematic joints.

A four-bar mechanism modeled with natural coordinates was shown in
Example 2.1. Its three constraint equations come from the constant length
condition for each one of the moving bars. No joint constraint was present for
this case. A second example in which joint constraints appear is given below:

Example 2.6

Figure 2.12 shows a four-bar mechanism with one prismatic joint modeled with nat-
ura coordinates. There are six coordinates and one degree of freedom, which means
that there should be five constraint equations. These equations can be obtained as
follows. In the first place, the mechanism in question has three elements each of
which contains two points. It must be guaranteed that these elements move as rigid
bodies. To do this, the following three constant length conditions must be imposed:

(Xl_XA)2+(yl_yA)2_ |—22=0
(Xz—X1)2+(y2—y1)2— |—32=0

(X2_XB)2+(y2_yB)2_ Lf=0

In the case of the fixed points A and B, the constraint equations are automatically
taken into account when considering that their coordinates do not vary. Note that the
revolute joints do not generate any constraint equation. In the case of the revolute
joint located at point 1 the joint constraints also have been automatically taken into
account, when considering that 1 is a point common to or shared by elements 2 and
3. Aslong as point 1 belongs and contributes to the definition of both elements, the
only possibility of relative motion that these elements have is that of relative rota-
tion.
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The two remaining eguations will originate in the prismatic joint. In this
kinematic pair, the adjacent elements do not share anything; therefore two equations
are required to constrain the two relative degrees of freedom eliminated by the
prismatic joint.

The first equation originates by imposing point 3 be permanently aligned with
points 1 and 2. This can be done in two ways. The first way is by imposing the
following condition of proportionality:

X3 —X1_Y3—VY1
X2—X1 Y2—VY1
This equation can also be expressed as follows:

(Xz=X1) (V2= Y1) = (Xo= %) (Ys—y) =0
An equivalent result can be obtained by imposing the constant area condition
(zero area, in this case) of the triangle determined by points 1, 2 and 3. Using the
formula of the determinant, whose value is equal to twice the area of thetriangle,

1 X1y,
1 X,Y,
1 X34

By expanding the determinant, the following eguation is obtained:

(X2=X1) (Ya— Y1) = (Xa—X1) (Y2~ YD) =0
which coincides with the equation obtained previously. The advantage of the area
formula is that it can be applied to non-aligned points, forming a triangle with a
constant area. For example, in the mechanism of Figure 2.12, the area of the triangle
(1-2-B) is constant, because segment (B-3) moves perpendicular to segment (1-2).
This means that the previous equation could be substituted by the equation:

1 X1Y:
1 XgYg
1 X,y
and by expanding the determinant
Xe=X1) (Y2- Y1) — (X2= %) (Ye— Y1) —2A1=0
One more equation still remains to be obtained, the one corresponding to the
condition that the angle between elements 3 and 4 is maintained constant. This

condition, when the angle does not have a value close to 0°, can be imposed by
means of the scalar or dot product of vectors (1-2) and (B-3),

(Xo=X1) (X3—Xg) + (Yo— Y1) (Ys—Yg) —LgLscosf =0
wheref isthe angle formed by both elements.

det =2A;=0

det —2A;=0

Let us now consider the constraint equations corresponding to angular quan-
tities. When the angle is close to 0°, the scalar product is not valid for imposing
the constant angle condition, and the cross product of vectors must be used in-
stead (more specifically, in the case of planar systems, the z component of the
cross product). In turn, the cross product is not valid when the angle has a
value close to +90°. The reason for this can be understood by observing the two
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Figure 2.13. Variation of the scalar product in terms of theanglef.
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Figure 2.14. Variation of the triangular areain terms of the angle f .

parts of Figure 2.13. The scalar product keeps the angle between the segments
constant by controlling the projection of one over the other. In Figure 2.13a, the
angle f cannot be changed without changing the projection of segment (i-k) on
(i-}). However in Figure 2.13b, where f is zero, the angle can vary infinitesi-
mally without varying the projection of (i-k) on (i-j). Therefore the scalar prod-
uct is not a good method for driving an angle when it is zero or close to zero.
The same statement is valid when the angle is near 180°.

On the other hand, the module of the cross product is related to the area of
the triangle determined by the three points, which means that the cross product
uses the area of the triangle to control the angle. It may be seen in Figure 2.14a
that small variations in the angle f produce significant variations in the area of
the triangle; while in Figure 2.14b it is observed that when f is equal to or close
to 90°, small variations of f do not produce any variation in the value of the
area. From this it can be concluded that the cross product is not valid for
driving the value of the angle when the latter has a value close to 90°. The f =
180° case is similar to thef = 0°case, and the f = —90° caseissimilar to the f =
90° case.

The cross product can be formulated by means of the well
known determinant formula. In the case of Figure 2.14:
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Figure 2.15. Mechanism with atelescopic joint.

Uy Uy U,
oI —x ye—yi 0 |=0—x);—yi)— X —%) (k—yi) (2.1)
Xi=X Yi—-yi O
and equating this value to twice the area of the triangle (i-j-k), we obtain
(e =%) (Vi —Yi) = (X = %) (Ve —Yi) =2 A =0 (2.2

Example 2.7

Accordingly, it is not difficult to establish the constraint equations corresponding to
the prismatic pair of the mechanism shown in Figure 2.15, which is formed by a
telescopic element. The two constraint equations required can originate from the zero
area (alignment) condition of triangles (1-2-3) and (2-3-4).

(X2=%1) (Ya— Y1) — (Xg—X1) (V2= Y1) —2A153=0

(X3=%2) (Ya=Y2) = (Xa=%2) (Ya—=Y2) =2 Az =0

It should be clear at this point how to establish the constraint equations for
prismatic planar joints. In regard to the rigid body constraints of elements
defined by more than two basic points, there are a few particular cases that
should be analyzed in detail.

Example 2.8

Figure 2.16 shows three elements with more than two basic points in each one of
them. The element in Figure 2.16a is standard, and its rigid body condition can be
established by imposing the constant length condition on the three sides of the
triangle,
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Figure 2.16. Different types of elements with more than two basic points.

(Xi_X])2+(yi _y])z_Li?:O 0]
(% =x)% + (¥ = ¥i)* — Lk = (ii)
Xe=x)’ + (Y- y) - Lg =0 (iii)

These three equations are not valid, however, for the element in Figure 2.16b
where the three points are aligned. In principle, the three equations (i)-(iii) could
aso be valid in this case. It can be realized that they are not independent and there-
fore are not capable of guaranteeing that the element will move as a rigid body. The
reason for this is that point k can be separated infinitesimally from segment (i-j)
without varying the distances to pointsi and j.

The solution to the problem of the element in Figure 2.16b is to substitute one of
the equations (i)-(iii) for the zero area condition of the triangle (i-j-k) which guaran-
tees that k will be aligned with i and j. This equation is as follows:

Xe=%) (Vi —Yi) = (%= %) (Y—y) =0 (iv)
However, thisis not the only possible solution. An easier solution can be obtained
by adopting the following constraint equations for the element in figure 2.16b:

(Xi_xj)2+(yi_yj)2_Li?:0 W)
(% —=%) —=C(x—x%;)=0 (vi)
i-y)-Cyk—-yN=0 (vii)

where C is a constant whose value is (L;i/L;j)). Equation (v) is a constant distance
condition. Equations (vi) and (vii) indicate that the segment (i-j) is equal to segment
(i-k) scaled by the constant C. Note that both segments always have the same
direction.

Equation (iv) is alittle more complicated than equation (iii). Even though both of
them are quadratic, equation (iv) involves three points, while equation (iii) only
involves two. On the other hand, equations (v)-(vii) are one quadratic and two linear;
whereas equations (i)-(iii) are all quadratic.

Regarding the body in Figure 2.16¢c, bear in mind that it has four basic points,
therefore eight coordinates, and that it has three degrees of freedom as a rigid body
moving on the plane. Thus, it is necessary to establish five constraint equations. An
immediate solution is to establish the constant length condition for the four sides of
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the body and for one of the two diagonals. This guarantees that the element will be
non-deformable. These equations are as follows:

(=X + (YY)~ L& =0
(X =%*+ (Vi -y’ - Lk=0
(X]_XI)2+(y]_yl)2_Lﬁ:0
(Xi_X])2+(yi_y])2_Li?:0
=%+ (Y -y)*-LF=0
However, another possibility exists which results in simpler equations. This

solution will insure the non-deformability of the triangle (i-j-k) by means of the
following equations:

(i —X1)2 +(Yi _y])z_ Li? =0
(Xe=X)? + (Y- y)’ - Lg =0
=%)* + (Y- y)?—Lg =0

Then the condition is imposed that the vector (i-I) be expressed as a linear
combination of vectors (i-k) and (i-j), with coefficients a and b properly determined:

Xi=x)—a (X —x)=b(x,—x)=0
yy-y)—-ay—-y)—-b(yj—y)=0

The advantage of these last two equations lies in the fact that they are linear in-
stead of quadratic.

As before, constraint equations can aso be generated for planar elements
with any number of basic points. The generation of constraint equations with
natural coordinates can be easily automated on a computer program. No
preprocessing is required and the resulting equations are sparse. In addition,
the natural coordinates generate quadratic or linear constraint equations. These
equations are easier to evaluate than the transcendental equations obtained with
both relative and reference point coordinates.

2.1.4 Mixed and Two-Sage Coordinates

It was mentioned previoudy that one of the advantages of the relative
coordinates is the possibility of directly accounting for the relative degrees of
freedom permitted by the joints. This type of coordinates alows the direct
inclusion of motors or actuators at the joints with no further difficulties. On the
other hand, neither natural coordinates nor reference point coordinates have
this advantage. However, mixed coordinates can solve this problem. Mixed
coordinates are obtained by adding, to natural coordinates or to reference point
coordinates, angular or linear variables corresponding to the degrees of freedom
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Figure 2.17. Four-bar mechanism with a prismatic pair modeled with mixed coordi-
nates.

of the system joints. It is very easy to add relative coordinates to natural
coordinates, as can be seen in the next example.

Example 2.9

A mechanism with six Cartesian (natural) and two relative coordinates can be seen
inFigure 2.17.

The constraint equations that must be added, because of the introduction of angle
Y and distance s, come from the scalar product of vectors and are, respectively

(X1=Xa) X2 =X1) +(Y1=Ya) (V2= Y1) — Lia Lo cOSY =0
(X3—X1)2+(y3—y1)2—52=0

An angle Y different from 0° or 180° has been assumed in order for the scalar
product to define the relative angle.

When considering mixed coordinates, joint variables do not replace the other
coordinates; rather they are simply added to them. When increasing the number
of dependent coordinates without modifying the number of degrees of freedom,
one should increase the number of constraint equations by the same amount.

Some authors as Jerkovski (1978) and Kim and Vanderploeg (1986) use two
different coordinate systems in two stages of the analysis. First they describe the
mechanism using reference point coordinates, and then they perform the
analysis using relative coordinates, hoping this will be more effective. This
successive use of two different types of coordinates is also called velocity
transformations, and should be distinguished from the use of mixed
coordinates. Velocity transformations can improve the efficiency significantly
and will be considered in more detail in Chapters 5 and 8.
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2.2 Spatial Multibody Systems

The same types of coordinates discussed in the previous section for planar
multibody systems also apply to three-dimensional ones. Although the formula-
tion is at times substantially more complicated, the basic concepts hardly differ,
therefore the explanations tend to be quite straightforward.

The general principles and guidelines for constraint equations in three-
dimensiona multibody systems will be developed next. In this case, the
constraint equations corresponding to relative and reference point coordinates
will not be developed in detail as previously done for the case of planar systems,
because they are much more involved. Following thisisageneral description of
the basic guidelines used for obtaining them. Natural coordinates and mixed
coordinates will be explained in detail.

2.2.1 Relative Coordinates

The main difference regarding the use of relative coordinates, between three-di-
mensional multibody systems, and the planar ones, is the great variety of joints
that appear in the three-dimensional case and the fact that many of these joints
allow more than one degree of freedom of relative motion. It is also necessary
to introduce a rdative coordinate for each one of the degrees of freedom
permitted by the joint. Thus a ball-joint or spherical joint (S) introduces three
rotations, a cylindrical joint (C) one rotation and one trandation with
coincident axes, and so forth.

Some authors propose to simplify the problem and minimize the number of
possibilities that may arise with all the types of joints by combining the revolute
joints (R) and/or the prismatic joints (P), thus creating a combination of joints
with a single degree of freedom. This substitution is carried out by introducing
fictitious elements with zero mass and dimensions. For example, a cylindrical
joint can be substituted by a prismatic joint and a revolute joint by simply in-
troducing an intermediate element. A spherical joint can be substituted by three
revolute joints with concurrent axes forming 90° angles between them.
Consequently any multibody system can be transformed by this substitution
method into an equivalent one with more elements containing only R and P
joints. The analysis should be thus considerably simplified.

Robots congtitute a specific case of three-dimensional mechanisms in which
the relative coordinates are especially effective and suitable. Usualy, robots are
open chain systems with revolute and/or prismatic joints and with an actuator
controlling each one of these joints. These are the ideal conditions for relative
coordinates. In fact they are the ones used almost exclusively in robotic applica-
tions. Relative coordinates in three-dimensional multibody systems and the cor-
responding matrix formulation for the constraint equations were introduced by
Hartenberg and Denavit (1963). Other authors (Sheth and Uicker (1972),
Wittenburg and Wolz (1985)) developed three-dimensional computer codes
based on this type of coordinates.
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Figure 2.18. Hartenberg and Denavit representation of a binary element.

The advantages and disadvantages of relative coordinates in three-
dimensional multibody systems are similar to those described for planar ones.
The degree of involvement of the resulting formulation grows at a higher order
with the addition of the spatial dimension.

Similar to the planar case, constraint equations are generated, with three-di-
mensiona relative coordinates, by closing the kinematic loops. In the case of
three-dimensional configurations, the constraint equations are usualy
formulated in matrix form instead of vectorially using the Hartenberg and
Denavit (1963) method and notation. This technique usually starts by reducing
al the class Il joints, Il etc., to class | joints. As explained previously thisis
done by introducing as many fictitious elements as required.

For binary links, a system of Cartesian coordinates rigidly attached to each
one of the moving elements is defined next (See Figure 2.18). In this way, axis
Z; coincides with the axis of the pair (R or P) that joins the elements (i—1) and
(i). Axis X; is drawn along the common normal line to axes Z, and Z; . AXis Y,
is the normal common to axes X; and Z;. The key to the Hartenberg and Denavit
method isthat it is possible to find a (4" 4) transformation matrix 'T,,,(y.,,) that
permits passing from the frame (X, ;, Y, Z,,) to the frame (X, Y, Z).

This matrix depends on a series of constant lengths and angles that are
characteristic of element (i), and of the joint variable y, , which will be an
angle or a distance depending on whether it is a revolute or prismatic joint. If
element (i) has more than 2 joints, it will be necessary to define as many local
frames as needed for it (al of them will have axis Z; in common) and the corre-
sponding (4" 4) transformation matrices between the reference frames.

The constraint equations with relative coordinates are established by
carrying out all the coordinate transformations along a closed loop of the
multibody system and by imposing the condition that the product of all those
transformations be the unit matrix (one will end up at the original axis). A loop
can aso be intersected by a specific element to obtain the transformati on matrix
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Figure 2.19. Series of Hartenberg and Denavit transformations.

between the fixed element and that element in two ways, equating the
corresponding results.

In the loop shown in Figure 2.19, the closure matrix equation would be as
follows:

*Ta(y1) "Taly2) *Talys) *Talya) “To(yo) =! (2.3)

where T, (Y ,,) isthe (4" 4) matrix that permits the transformation from frame
(i+1) to frame (i), which depends on the coordinate y .. Starting from the ma-
trix equation (2.3), one can obtain the corresponding algebraic equations by for-
mulating the matrix product and equating the sufficient number of elements of
the left hand side to the corresponding elements of the unit matrix. When
closing a loop, there are many more equations available than needed. The
problem lies in correctly choosing the equations so that they will be inde-
pendent and that the solution they provide will suit al the other equations. This
second condition is hard to meet. What is usually done is to gather more
constraint equations than required and to solve at the time of analysis an over
determined system of equations using, for instance, a least square method. This
enables one to solve the problem, even at the price of a greater computational
effort.

2.2.2 Reference Point Coordinates

In the case of three-dimensional multibody systems, reference point coordinates
define the position of an element by means of the Cartesian coordinates of one
of its points and by means of the angular orientation of a reference frame,
rigidly attached to the element, in relation to an inertial or fixed reference
frame. Asiswell known, the definition of the angular orientation of two frames
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Figure 2.20. Euler angles.

is a classical problem of mechanics that has received different solutions
(Argyris (1982)). One way of unequivocally defining this orientation is by
means of the nine elements of the rotation matrix A, whose columns contain
the three direction cosines for each one of the moving axes in relation to the
fixed frame. The nine elements of the matrix A are not independent, but are
related by means of six equations (a unit module for each column and
orthogonality between the three columns). The main drawback is that no subset
of three elements of the matrix A is capable by itself of unequivocally
representing the orientation of the moving frame at any possible position.

Various three-parameter systems have been developed to solve this problem
that define the relative orientation between the two reference frames. The best
known ones are the Roll, Pitch, and Yaw rotations or Tait-Bryant angles (a suc-
cession of three rotations which carry the moving frame from the position of the
fixed frame to its final position: a around the Z axis, R around the Y axis, and g
around the X axis; and the well-known Euler angles (See Figure 2.20). The
problem is that all the existing three-parameter systems have singular positions
in those locations where these parameters are not defined unequivocally. For
example, for Euler angles when the nutation angle q is zero, the node line N is
not defined (neither are the precession angle y and the rotation angle j , d-
though their sum is still defined). This shortcoming can be corrected by chang-
ing one of the coordinate frames every time the movable body approaches a
singular position. For instance, the moving frame can be rotated in relation to
the element on the mechanism to which it is linked. This approach will solve
the problem but tends to complicate the implementation on a computer
program. Reference point coordinates with Euler angles were used, for
instance, by Orlandea et a. (1977).
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Figure 2.21. Description of the orientation and motion of arotating axis.

Some other programs based on reference point coordinates use sets of four
non-independent parameter systems to describe the angular orientation of the
elements. These systems do not have the drawbacks of the three-parameter
systems. However, they pay the price as the number of coordinates is increased
(seven instead of six for each element). There is also the additional problem of
having to take into account the constraint equation that relates the four
parameters .

The simplest and easiest to understand of the four-parameter systems is that
which defines the orientation of the moving frame by means of arotation angle
y around an axis defined by the three direction cosines of the unit vector u.
This axis and angle represent the rotation that must be transmitted to the fixed
frame to make it coincide with the moving one (See Figure 2.21).

The relation that exists between these four parameters is that the module of
the axis direction vector u should be the unit value, thus

uf + uf + uf = (2.4)

In practice, the four-parameter system used the most is not the one
suggested, but one made up of the so-called Euler parameters, that is closely
related to the former. The Euler parameters are defined as follows:

pr=uy cos (Y /) (2.5)
P2 =uy cos (Y /) (2.6)
ps =z cos (Y /) 2.7)
pa=sin(Y 1) (2.8)
The constraint equation for Euler parametersis easily found to be:
Py +ps+ps+pi=1 2.9)

The Euler parameters have a very interesting set of properties summarized
by Wittenburg (1977), Nikravesh et a. (1985), Nikravesh (1988), and Haug
(1989). There are simple detailed expressions in these references to express the
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Figure 2.22. Spherical joint.

angular velocity and the angular acceleration of any element in accordance with
the Euler parameters and their derivatives. Euler parameters are used in many
computer programs for multibody simulation.

Some programs based on reference point coordinates use variables for the
velocities (called quasi-velocities), which are different from the derivatives of
the coordinates used to describe the position. Thus, Nikravesh et al. (1985) use
Euler parameters to describe the position and components of the angular
velocity vector w to describe the velocities. The reason is that the
indetermination encountered in position is not found in velocities and
accelerations; thus the number of variables is minimized and the problem is
simplified. Bear in mind that the angular velocity vector w is not an integrable
variable. There are no set of three parameters whose derivatives are the three
components of the angular velocity vector. Therefore, in order to describe the
position, one must rely on the Euler parameters.

In the case of three-dimensional multibody systems, the reference point coor-
dinates have advantages and disadvantages similar to those encountered in
planar systems. That the number of coordinates becomes larger is an added
difficulty, and the description of spatial orientation and the formulation of
constraint equations according to the terms of the Euler parameters is
somewhat more complicated. The following references: Wittenburg (1977),
Shabana (1989), and Huston et al. (1978), contain detailed descriptions of
formulations based on the Euler parameters.

With reference point coordinates the constraint equations originate from the
kinematic joints. The constraint equations corresponding to spherica (S), revo-
lute (R), and prismatic (P) joints will be examined separately. Equations corre-
sponding to other joints can be found in asimilar way.

Spherical Joint. Two elements are linked by means of a spherical pair simply
when they have one point in common. Let P be this point, and O, and O, be the
reference points for the two elements, where two systems of coordinates rigidly
attached to these elements are located (See Figure 2.22).
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Figure 2.23. Revolute joint.

Figure 2.24. Prismatic joint.

The condition that P is a common point belonging to both
elements can be written vectorially:

ri+si—rj—sj=0 (2.10)
where al the vectors are expressed in the absolute coordinate system.

Expressing the vectors s and s in their local frames and using the rotation
matrices A; and AJ., equation (2.10) becomes

it AS =1 —Ajls =0 (2.11)

which is the constraint vector equation equivalent to the three algebraic equa-
tions that restrict the three degrees of freedom prevented by the spherical joint.
In equation (2.11), the two local position vectors for point P ('s ands) are con-
stant. The reference point coordinates are given by vectors r; and r i whereas
the Euler angles, or Euler parameters, appear in matrices A; and A;.

Revolute Joint. The revolute joint (See Figure 2.23) restricts five degrees of
freedom; and therefore five constraint equations must be found.

The revolute pair can be defined in various ways. The first and perhaps the
easiest way, is by means of two spherical pairs, that is, by making the two ele-
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ments share two points positioned on the rotational axis. In this case, two vec-
tor eguations formulated like the one in equation (2.11) can be obtained, thus
resulting in six algebraic equations, out of which only five are independent.
Whether or not it will be necessary to eliminate one or the other of the equa-
tions from one of the points will depend on the orientation of the joint's axis.
However, the most natural way to impose a revolute joint between two con-
tiguous bodies is to establish the compatibility condition between the axis direc-
tion and one common point on the axis. According to Figure 2.23 we can write:

ri+Ailsi—r-Ajls =0 (2.12)

Ailu-Ajlu=0 (2.13)

where iu and iu are the coordinates of a vector on the axis expressed in the local
reference frames attached to bodies (i) and (j). Only two equations are
independent in equation (2.13).

Prismatic Joint. The prismatic joint also generates five constraint equations,
but in this case no point is shared. A possible modeling of a prismatic joint will
be described next.

Let r; and r; be the reference point position vectors of the two elements
shown in Figure 2.24, and P, and Q, be two points belonging to element (i),
whose position vectors on the local axes of the element are 'p; and 'q;, respec-
tively. P, and Q, are positioned on the axis of the prismatic pair. P, and Q; are
two points similar to the previous ones, belonging to element (j) and also posi-
tioned on the axis of the prismatic joint.

Four of the five constraint equations originate from imposing the condition
that the four points B, Q, B and Q, remain aligned. This condition can be im-
posed with the corresponding proportionality among the vector coordinates
being aligned or with the following cross products of vectors:

(A (g ="p) U (5 + A;'p) = (ri + A 'p) =0 2.14)

(A Cop="p) U (i + A 'p) =+ Ajlp)) =0 (2.15)

where the symbol U stands for cross product.

Equation (2.14) guarantees that points P, Q and P are aligned; whereas
equation (2.15) guarantees the same for points Q;, B and Q.

Each one of the equations (2.14)-(2.15) give rise to two independent alge-
braic equations, which should be chosen among the three available equations in
accordance with the direction of the axis of the prismatic pair (the component
corresponding to the largest direction cosine for this axis shall be eliminated).

Equations (2.14) and (2.15) correspond exactly to the equations generated by
a cylindrical joint. In order to find the additiona 5% equation, that is
characteristic of the prismatic joint, it is necessary to avoid the possibility that
elements (i) and (j) have relative rotation with respect to the joint's axis. Thisis
achieved by imposing the condition that two vectors, each fixed at a body and
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Figure 2.25. RSCR spatial mechanism.

not parallel to the axis, will maintain a constant angle. Assuming that the angle
does not have a value close to 0°, this condition can be imposed by means of the
scalar product of vectors as follows:

(Ai'pi) x(A;'pj) ~ Lo Loy cosa =0 (2.16)

whereupon the joint is perfectly defined.

The reference point coordinates and the generation of the
corresponding constraint equations have been extensively dealt
with in Nikravesh (1988) and Haug (1989).

2.2.3 Natural Coordinates

In the case of three-dimensional multibody systems, the natural coordinates de-
scribe the position of each element by means of the Cartesian coordinates of the
basic points distributed throughout the elements and by means of the Cartesian
components of several unit vectors as seen in the example of Figure 2.25. Each
element of the system should have a sufficient number of points and vectors
linked to it; so that their motion completely defines that of the element.

Example 2.10

Figure 2.25 shows an RSCR spatial mechanism with four elements and one degree of
freedom. There are three basic moving points (1, 2 and 3) and two fixed points (A
and B). There is one moving unit vector u; and two fixed vectors u, and ug.
Element 2 is made up of basic points A and 1, and the unit vector u,. Element 3 is
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a)
©)
Figure 2.26. Modeling different spatial elements with natural coordinates.

b)
d)

made up of points 1 and 2 and vector u;. Element 4 is made up of points 3 and B and
vectors u; and ug. Each element has at least two points and one unit vector not
aligned with the points; therefore their position and motion completely defines that
of the element. The mechanism in Figure 2.25 has a total of 12 natural coordinates.
This number is an average between the number of relative and reference point
coordinates, since the same mechanism would have four, five or six relative
coordinates (depending on how it is modeled) and 18 or 21 reference point coordi-
nates, depending on whether Euler parameters or Euler angles were used.

Figure 2.26 shows severa possible elements of a three-dimensional mecha-
nism modeled with natural coordinates. There are many more possible com-
binations of unit vectors and points. One indispensable condition is that the
motion of the element be defined by means of the motion of its points and vec-
tors. This does not occur in the element in Figure 2.26a, as the coordinates for
the element’s two points are not capable of describing the angular position or
the rotation around the line connecting these points. This rotation is determined
with all the remaining elements in Figure 2.26, except for Figure 2.26b, which
requires the unit vector to not be collinear with the direction determined by the
two points.

The modeling of a three-dimensional mechanism with natural coordinates
can be carried out following these general rules and recommendations:

1. The elements must contain a sufficient number of points and unit vectors so
that their motion is completely defined.

2. A basic point shall be located on those joints in which there is a point com-
mon to the two linked elements. This happens at the spherical joint (S), at
the revolute joint (R), at the universal joint (U), and at other kinematic
joints.

3. A unit vector must be positioned at those joints having a rotational or trans
lational axis and should have the direction of the corresponding axis.
Sometimes the role performed by a unit vector can aso be performed by a
couple of basic points.
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Figure 2.27. Modeling of a spatial robot arm with natural coordinates.

4. Some joints, such as the universa joint (U), have their own particular re-
quirements concerning the introduction of points and unit vectors. These re-
quirements will be studied later on when the constraint equations introduced
by each joint are discussed.

5. All points of interest, whose positions are to be considered as a primary un-
known variable of the problem, can likewise be defined as basic points.

6. Each unit vector is associated with a specific basic point, and the same sin-
gle unit vector can be associated with severa basic points. For example, on
the robot's arm of Figure 2.27 there are three rotational joints whose axes
have the same direction. It is not necessary to enter three different unit vec-
tors which would substantially increase the number of unknown variables,
but to enter only a single unit vector that is associated with three basic
points. A minimum of 21 Cartesian variables are required for this robot.

In the case of three-dimensional multibody systems, the natural coordinates
also provide a simple formulation and implementation. The complexity of the
mathematical formulation increases linearly when moving from 2-D to 3-D ap-
plications, because it only suffices to add new points to the model and a new
term to the equations coming from the scalar product of vectors. This may be-
come more advantageous than the formulations based on rotational variables,
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Figure 2.28. Element with two basic ~ Figure 2.29. Element with three non-collinear
points. basic points.

v

in which the complexity increases at a faster rate by use of rotation matrices
with transcendental functions, etc. As in the case of planar multibody systems,
the need for preprocessing and postprocessing is minimal when using natural
coordinates.

The fundamental topics of the formulation of the kinematic constraint equa-
tions will be addressed next. In the case of three-dimensional multibody
systems, the constraint equations with natural coordinates also originate in two
ways.

1. from the rigid body condition of the elements and
2. from some of the kinematic joints that exist among them.

In the sequel the constraint equations corresponding to both
cases will be formulated separately.

2.2.3.1 Rigid Body Constraints

The natural coordinates corresponding to three-dimensional multibody systems
have been introduced previousy. These coordinates are made up of the
Cartesian coordinates of certain points and by the Cartesian components of
certain unit vectors. Each element and its motion are defined by a set of points
and unit vectorsrigidly attached to it. There are many different combinations of
points and unit vectors that can be formed when defining an element. Some of
the most commonly used combinations can be seen in Figures 2.28-2.33. It will
be explained below how rigid body constraints can be found for the elementsin
these figures. Some cases of particular interest will be studied.

Element with two points. The element in Figure 2.28 has only two basic points
and does not have any unit vector. This means that its rotation around the line
connecting these basic points is not defined. At any position, the element will
behave as if it had only five degrees of freedom. Taking into account that it has
six natural coordinates (three Cartesian coordinates for each point), it must
have one rigid body constraint equation. This equation is precisely the constant
distance condition between points i and | that can be imposed using the scalar
product of the relative position vector between both points:
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Figure 2.30. Element with three collinear basic points.

il — L =0 (2.17)

where rii is the relative position vector. Equation (2.17) can be formulated as
follows:

(=) + (v —yi)’ +(z-2)* - L§ =0 (2.18)
that is a quadratic equation in the natural coordinates.

Element with three non-collinear points. The three-dimensional motion of
the element in Figure 2.29 is fully represented by the motion of its three basic
points. It has nine natural coordinates and six rigid body degrees of freedom.
Therefore, it will be necessary to formulate three constraint equations which
could correspond to the three following constant distance conditions:

rlxrl —L§ =0 (2.19)
o xr — L =0 (2.20)
Ko - LG =0 (221)

Element with three collinear points. When the three points are aigned
(Figure 2.30), the three equations (2.19)-(2.21) are not independent, since point
k can move infinitesimally without varying its distance to the other two points.
Since the element has nine natural coordinates and five degrees of freedom, it
will be necessary to find four constraint equations. One of them is the constant
distance condition between pointsi and j:

il — L =0 (2.22)

The other three equations originate from imposing the condition that vector
rii is a specific constant a multiplied by vector rik:

-ark=0 (229)
Equation (2.22) is quadratic, and the three algebraic equations that originate
from the vector equation (2.23) are linear.

Element with two points and one unit vector. The element in Figure 2.31
contains two basic points and one non collinear unit vector. It has nine natural
coordinates and six degrees of freedom which give rise to three constraint equa-
tions. These equations are the result of the constant distance condition between
pointsi and j:
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L =0 22

the constant angle condition between unit vector u™ and vector r':
rl xu™—Ljjcosf =0 (2.25)

and the unit module condition of vector u™
umsum-1=0 (2.26)
Equations (2.25) and (2.26) can be formulated algebraically as follows:

X —X) U + (Y=Y uy + (z—2)u; —Ljcosf =0 (2.27)
WD+ W) + @) -1=0 (2.28)

If the unit vector is aligned with pointsi and j (angle f egual to zero), the el -
ement will have five degrees of freedom. In this case, the four constraint equa
tionswill be

L =0 229

-aum=0 (230)
where a is a constant. The three algebraic egquations corresponding to equation
(2.30) are linear. There is not much need in defining a unit vector in the
direction of a known segment, because unit vectors are used for determining
directions. In this case, the direction has aready been determined. It is aways
possible that the unit vector may be introduced for other reasons such as the
condition of compatibility with an adjacent body.

Element with two points and two unit vectors. The body of Figure 2.32 has
two basic points and two non-coplanar unit vectors. Thus, it has 12 natura

um

[
Figure 2.31. Element with two basic points and a unit vector.

Figure 2.32. Element with two basic points and two unit vectors.
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Figure 2.33. A more complex body representation.

coordinates and six degrees of freedom. It will be necessary to find six con-
straint equations. These six conditions are: one constant distance equation,
three constant angle conditions (between the two vectors and the segment, and
between the two vectors themselves), and two unit module conditions for the
unit vectors. The corresponding equations become:

il -1 =0 (2.31)
rl xu™ —Lijcosf =0 (2.32)
rl xu" —Lijcosy =0 (2.33)

u">um-cosg=0 (2.34)

um>um-1=0 (2.35)

utu'-1=0 (2.36)

Several interesting cases can be discussed concerning this element. If one of
the angles between segment (i-j) and unit vectors u™ and u" is zero, it will be
necessary to proceed as stated in the previous case. The same will occur if the
angle g between the two unit vectors is zero (or 180°); then the two unit vectors
will be equal (or one isthe opposite of the other). Strictly speaking, it would not
be necessary to consider two different unit vectors. It could be assumed that it is
the only vector associated to two different points. This would be the case of the
element with two points and one vector studied previoudly. If it is wished that
the two vectors be included, the following considerations will have to be made.

If the two unit vectors are coplanar, equations (2.31)-(2.36) are not linearly
independent and do not guarantee a rigid body condition for the element. In
order to find the constraint equations corresponding to this case, one should
take into account that if u" and u™ are coplanar, one of them (for example u")
can be expressed as a linear combination of u™ and segment (i-j). The
constraint equations would then be:

il —L§ =0 (2.37)
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rl xu™—Ljjcosf =0 (2.38)
u>ut - 1=0 (2:39)
u” —alrij—azum= (240)

where a; and a, are the constant scalar coefficients of the linear combination.
Equation (2.40) is the equivalent to three linear algebraic equations.

More complex elements. The example in Figure 2.33 is one of the many
examples that may be created with a large number of points and unit vectors.
For al the elements, the number of required constraint equations is always
equal to the number of natural coordinates minus the number of rigid body de-
grees of freedom, which normally will be six. The constraint equations are al-
ways determined in the same way: 1. impose the constant distance conditions,
2. impose the necessary constant angle conditions so that the direction of the
unit vectors is established, and 3. impose the unit module conditions.

For more complicated elements, the following steps can simplify the process
of obtaining the constraint equations and improve the results:

1. Three vectors that can generate a base in the three-dimensional space are
chosen. These vectors can be rii segments that link two basic points or unit
vectors.

2. The constraint equations which guarantee that the three vectors chosen form
arigid body are formulated.

3. The remaining vectors of the body (segments and unit vectors) are expressed
as a linear combination of the three vectors that form the base frame. The
advantage is that all the equations obtained in thisway are linear.

For example, in the body of Figure 2.33, segments (i-k) and (i-j) and the unit
vector u" can be used as base vectors. The equations that guarantee that these
three vectors form arigid body are the six indicated below:

xrll — L =0 (2.41)
ok L =0 (2.42)

rl xrK —Ljj; Lik cosf =0 (2.43)
rl xu" —Ljcosy =0 (2.44)
rksu"—Lixcosg =0 (2.45)
u"su"-1=0 (2.46)

The remaining vectors (such as vector u™) can be expressed as a linear com-
bination of the base "vectors"

um—asri—a,rk-azu"=0 (2.47)
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Figure 2.34. Spherical joint.
wherea,, a,, and a, are the coefficients of the linear combination.

2.2.3.2 Joint Constraints

Once all the constraint equations which guarantee that each element moves as a
rigid body have been entered, it is necessary to formulate the constraints that
also guarantee that the bodies have relative motions in accordance with the
kinematic joints that link them. It will be shown how, in the case of certain
joints, it is not necessary to introduce any additional equations. In other cases
this will have to be done. The spherica (S), revolute (R), cylindrical (C),
prismatic (P), and the universal (U) joints will be considered below. Other types
of joints will be discussed later on in other sections of the book.

Spherical joint (S). The spherical joint (Figure 2.34) is one of the joints that
does not generate any constraint equation. The kinematic constraints
corresponding to the spherical joint are automatically entered when two
adjacent bodies share a basic point as in the case of planar systems with
revolute joints. In fact, when two bodies share a point, the only possibility for
relative motion is a rotation around this point. This rotation could be any one at
all, just asit should be with the spherical joint.

The constraint equations for the spherical joint can aso be defined when the
basic point is not shared, such as when the joint is going to be broken in a spe-
cific moment of the simulation. It will suffice to match the coordinates of points
i and j belonging to different bodies

Xi—X =0 (2.48)
yi-yi=0 (2.49)
z2-7=0 (2.50)

Revolute joint (R). The revolute joint is considered automatically (with no
need for constraint equations) when two adjacent elements share a basic point
and a unit vector. Then the only possibility of relative motion is the rotation
around this unit vector (Figure 2.35).

Another possible way of automatically introducing the revolute joint is by
making two adjacent elements share two basic points (Figure 2.36). In this case
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Figure 2.35. Revolute jaint.

Figure 2.36. Revolute joint defined with two points.

the only possibility of relative motion is the rotation around the axis that goes
through those two basic points.

A revolute joint can also be entered in the formulation (without sharing any
variable) by matching the coordinates of two points and the components of two
unit vectors, each one belonging to a different element.

Cylindrical joint (C). A cylindrical joint restricts four degrees of freedom, and
should generate four constraint equations. In the cylindrical joint of Figure
2.37, two elements share a unit vector in the direction of the joint axis. Thisis
equivalent to two constraint equations, the two independent equations that
would originate from the cross product of two paralel vectors, each one
belonging to a different element. The other two constraint equations originate
from the condition that two basic points on the joint's axis, each one belonging
to a different element, are aligned with the unit vector. Mathematically, this
condition is expressed by the following cross product:

r! U u=0 (251)

where only two of the three algebraic equations of (2.51) are independent.
Another way of introducing a cylindrical joint is by making four points (two
in each element) permanently aligned on the joint's axis (Figure 2.38). In this

case, the constraint equations originate from the following cross products of
vectors:

—
rurt=0 (252)

Kl ki =
reure =0 (2.53)
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Figure 2.38. Alternative way to model acylindrica joint.
m
j
u
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Figure 2.39. A third way to model acylindrica joint.

The first one imposes the condition that the points i, j and k are aligned; and
the second imposes the condition that points k, j, and | are aligned.

Figure 2.39 shows a third way of modeling a cylindrical joint. The four con-
straint equations are the result of imposing the conditions that point k and
vector u remain aligned with points i and j. Mathematically, these conditions
are expressed as follows:

N
rturt=0 (2.54)
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Figure 2.40. Universal joint.

' Uu =0 (255)
Each one of equations (2.52)-(2.55) gives rise to two independent algebraic
equations.

Prismatic joint (P). The prismatic joint P allows only one degree of freedom;
and generates five constraint equations. These equations are the same ones that
the cylindrical joint generates. In fact, all the degrees of freedom restricted by
the cylindrical joint are aso restricted by the prismatic joint. In addition one
equation prevents relative rotation between the elements with respect to the
joint axis.

The three configurations of Figures 2.37, 2.38, and 2.39 are all possible for
the prismatic joint. The fifth equation (characteristic of the prismatic joint) can
be obtained by means of a scalar product between two vectors (one of each ele-
ment), which comply with the conditions of not being parallel to the joint's axis
and not forming an angle close to @ between them. If the angle is close to (?,
the scalar product should be substituted by the linear combination condition.
For the joints in Figures 2.37, 2.38, and 2.39, the additional equations are
respectively:

ot —a, =0 (2.56)
rim)rkn_azzO (2_5n
im _ _kn _

' -az=0 (2.58)

where mand n are appropriate points represented in Figure 2.38; and a;, a,,
and a, are scalar constants.

Universal Joint (U). Figure 2.40 shows a drawing of a universal (Cardan) joint
together with its modeling using natural coordinates. The universal joint re
stricts four degrees of freedom. If the angle is fixed between the two axes, then
the universal joint will only allow for one degree of freedom (it restricts five).

In the model of the universal joint of Figure 2.40, vector u™ belongs to the
same element as segment (i-j) and is orthogonal to it. Similarly, the unit vector
u" belongs to the segment (j-k) and is orthogonal to it. Therefore, point j is
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A

a) b)

Figure 2.41. Introducing mixed coordinates in revolute and prismatic joints.

shared by both elements. This condition is equivalent to three constraint condi-
tions even though no equation needs be formulated. Unit vectors u™ and u"
should be kept perpendicular to each other. This is the only equation that
generates the universal joint to restrict the four degrees of freedom:

um>ut=0 (2.59)

If the angle formed by the two axes is to remain constant, the following
equation must be considered:

rl xrk —Lj Lk cosy =0 (2.60)

This equation should be substituted by a component of the cross product of
vectorsif theangley isvery small.

2.2.4 Mixed Coordinates

As in the planar case, the Cartesian coordinates of points and of unit vectors,
which make up the set of natural coordinates, can aso be supplemented with
angles, distances, or any other type of variables related to the degrees of free-
dom that describe the relative motion of the kinematic joints. It is easier to
simulate in this way the driving of a multibody system by means of motors or
actuators located at the joints. There will be as many new constraint equations
as there are new coordinates. Figures 2.41a and 2.41b show an R joint and a P
joint respectively with their corresponding angle and distance defined as mixed
or relative coordinates.

Consequently, mixed coordinates can be very useful for introducing
variables as dependent coordinates which are directly related to the degrees of
freedom permitted by the joints at which the actuators are connected. Only the
prismatic and revolute joints will be considered here.

Prismatic joint. The distance s, between two basic points (in the joint's axis)
which belong to different elements, becomes the new coordinate to be
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Figure 2.42. Mechanism with hydraulic actuators.

|

Figure 2.43. Detail of the angle description in arevolutejoint.

introduced. Any modeling carried out for the prismatic joint (Figures 2.37,
2.38, and 2.39) contains the two basic points required to define the distance s.
The additional constraint equation, assuming that i and j are located in the axis,
is.

i —x)>+ i—yi) + (@ —-2)°-s*=0 (2.61)

This eguation can also be used to define the conditions imposed by hydraulic
actuators (or by linear motors), as may be seen in the mechanism of Figure
2.42. Here the distance sis related to the volume of fluid contained in the actu-
ator, and its derivative depends on the corresponding flow. The variable s may
or may not be known, depending on the conditions of the problem.

Revolute joint. Mixed coordinates in three dimensiona revolute joints are
more complicated than those of prismatic joints. Consider the revolute joint,
shown in Figure 2.43 and defined by sharing a point k and a unit vector u.

A problem with the angle definition in this joint occurs when points i, j, and
k are not located on a plane perpendicular to the unit vector and to the joint
axis, because then the angle between segments (i-k) and (k-j) does not exactly
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Figure 2.44. Helical joint defined with mixed coordinates.

represent the angle rotated by the joint. However, if i* and j' are the projections
of points i and j on the joint axis, then the angle formed by the two bodies be-
comes equal to theangley formed by segments (i-i') and (j-j').

Segment (i'-i) is equal to segment (k-i) minus the projection of (k-i) on the
joint axis. Segment (j'-j) can be determined in a similar manner. When the
angle y is not close to 0° or to 180°, the corresponding additional constraint
equation coming from the scalar product becomes:

(" = uyu) - (M- () u) - Lig Ljgoosy =0 (2.62)
and by compacting this egquation, one obtains
ekl — () (M) Ly g Ljq cosy =0 (2.63)

Only the first term of this equation depends on the coordinates of the basic
points. The second term is a constant that only needs to be calculated once. The
third term is the one that causes the angle y to intervene. The two distances, L
and L;;, are also constant.

Wﬁen the angle y is small or close to 180°, the scalar product of equation
(2.62) should be substituted by the cross product of vectors as follows:

' = Huyuy o - uyu)-u LigLjgsiny =0 (2.64)

after expanding this equation, one arrives at
rki V] rkj - (rki>u) uvu rkj - (rkj>u) rki Ju —u Li I LJ g S|ny =0 (265)
which is also a quadratic equation in the natural coordinates. The coefficients
of the second and third terms (scalar products between brackets) are constants.
Out of the three agebraic equations corresponding to the vector equation
(2.65), it is only necessary to consider the equation corresponding to the largest
component of vector u.

Mixed coordinates will be used next to formulate the constraint equations
corresponding to other types of joints, such as gear or helical joints.
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Figure 2.45. Gear joint defined with mixed coordinates.

Helical joint. In Figure 2.44 a helical joint is represented. Basically, a helical
joint can be seen as a cylindrical joint in which the translational and rotational
degrees of freedom are nat independent but related by the linear equation:

S=5tny (266)

where g is a constant, giving the value of swheny = 0. In equation (2.66) the
trandlational and rotational mixed coordinates s and y previously introduced
have been used. Equation (2.66), together with the constraints of a cylindrical
joint described in Section 2.2.3.2, are the constraint equations of the helical
joint.

Gear joint. Figure 2.45 shows a possible modeling with mixed coordinates of a
three-dimensional gear joint between axes 1 and 2 which cross but do not inter-
sect in space. The axis 1 is defined by points i and j, and the axis 2 is defined
by points k and |. The two unit vectors u" and u™ are fixed to axes 1 and 2, re-
spectively, and are used to complete the kinematic definition of the bodies
related by the gear joint.

Two points p and q located on axes 1 and 2, respectively, are used to define
the line that is the common normal to both axes. In a gear joint, the angles ro-
tated by the axes are not independent but are related by a constant n defined by
the quotient between the number of gear teeth. If y, and y , are the angles that
measure both rotations and y ,q is a constant initial value, the linear relation be-
tween anglesy ; and y , can be written as

Y2=Y20—-NY1 (2.67)

Anglesy ; and y , must be measured between the common normal line (p-q)
and two straight lines that are normal to the axes 1 and 2 and that rotate with
each of the gears. If vector u™ is normal to axis 1 and vector u" is normal to
axis 2, then angles y; and y, can be measured between these vectors and the
normal line (p—q). If thisisnot the case, then two non-unit vectors v and v",
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Figure 2.46. RSCR mechanism with reference point coordinates.

” v

Figure 2.47. RSCR mechanism with natural coordinates.

belonging to bodies 1 and 2, respectively, can be obtained from u™ and u" as
follows:

nxrij .
v =y -4 r'

2.68
LiJ2 ( )
ym=ym u™ xr! Kl

r 2.69
Lé ( )

The position of points p and g can be established from the positions of points
i,], k andl, in terms of two known constant coefficients a and b, as
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rp=ri+a (rj—ri (2.70)

Fq=rk+ b (n—ry (2.71)

The constraint equations of the gear joint can now be written. This joint re-
stricts five degrees of freedom and it is necessary to formulate five constraint
equations. One of the constraints is given by equation (2.67), while the remain-
ing four equations must force the axes to maintain their relative spatial
position, i.e., to maintain their angle and their relative distance:

P> P -C1=0 2.72)
P4 r-C; =0 2.73)
P -Ca=0 (2.74)
rsrk_Cs=0 (2.75)

where C, through C, are constants. By substituting equations (2.70)-(2.71) into
(2.72)-(2.75), four quadratic equations in the natural coordinates are obtained.

2.3 Comparison Between Reference Point
and Natural Coordinates

In this section we present a comparative example between the reference point
coordinates and the natural coordinates. In the previous sections we have
shown how the natural coordinates represent a suitable choice of dependent
coordinates and how to write the constraint equations. However, since the
reference point coordinates are used in most of the multibody formulations, it is
believed that a fully developed example can give a better idea to the reader of
how both formulations compare.

Consider again an RSCR linkage similar to the one presented in Figure 2.25,
this time modeled using reference point coordinates with Euler parameters. The
mechanism is composed of four links and has a single degree of freedom. Since
seven variables (three coordinates of the center of gravity and four Euler
parameters) are used for each movable link, a total of 21 dependent variables
are necessary. The constant geometrical data, composed of vectors § that
appears in the constraint equations, have aso been represented in Figure 2.46.

Following the notation of Nikravesh (1988), it can be shown that the
Jacobian matrix (matrix of partial derivatives of the constraint equations) have
the form shown in Table 2.1.

The Jacobian matrix is of size (20x21) with 128 non-zero elements. Matrices
Gi,Si andS; are

€ &€ &
Gi=|l-& & = (2.76)
—6-6 € §
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Table 2.1. Jacobian matrix of an RSCR mechanism with reference point coordinates
and Euler parameters.

Fry Fpl_ Fr, Fps Fra Fps
3] | 2G1 S 0 0 0 0
R
31 0 250 &1 51 0 0 0 0
S 3| 1 2G; Ss - —2G» Sy 0 0
2 0 0 0 —dengé 0 2§5G3§é
C ~ —
- -2S5G Sr+ | - _
2 0 0 S5 +2 an §;5) S5 2 SS GS Sé
3| 0 0 0 0 [ 2G3 So
R
2| o 0 0 0 0 |-2S1 GsSu
0 -siz sy
Si=| s; 0 s« (2.77)
—-Sysx O

0 —s'ix —siy —Siz
= Six 0 Siz -sj
S = y
I Siy —Siz 0 Six (2.78)
Siz giy —Six 0

All the primed symbols are referred to the moving frame of the link to which
it belongs. Therefore, al the vectors s'i are constant, and their components in
the absol ute reference frame can be obtained through the rotation matrix as

Si=Ais; (2.79)
Matrix A; can be written in terms of the four Euler parameters as
Ai=(eh-1)13+2(€ el +€&) (2.80)

withe ={e1 &2 a3}

The number of floating point arithmetic operations (products, additions, and
substractions) required to compute the Jacobian matrix of Table 2.1 is 988.

Let us now consider the same mechanism model ed with natural coordinates,
as represented in Figure 2.47. In this case, 12 dependent variables are used
which are the coordinates of points 2, 3, and 4, and the components of vector
u,. The Jacobian matrix, of size (12" 13), is presented in Table 2.2.
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Table 2.2. Jacobian matrix of an RSCR mechanism with natural coordinates.

I I3 uo 4
r2>rip==C X21 Y2121 00O 00O 000
r2>uU;=C [ U Uy U 000 000 000
r3°rs=a X23 ¥23 223 X32 ¥32 232 000 000
32 2 U2 =Cq [ -Upy-Upy-Up, Upy Upy Uy X32 ¥32 232 00O
uz>uz=1 000 000 Upy Upy Up, 000
000 0 -Up Uy 0-Z43 Va3 0 -Up Uy
rs Uuz =0 000 Uy, O - Uy, 7430 %43 Uy, 0 Uy
000 -Upy, Uy O “Yaz3 X430 Upy -Up O
45 > 45 =G5 000 000 000 X5 Y45 Za5
Fa5 *U2 =Cs 000 00O X45 Yas 245 Uy Upy Uz
45 > U3 =C7 000 000 000 Usx Ugy Uz,
Us>U,=1 000 000 Usx Ugy Uz, 000
Table 2.3. RSCR mechanism: comparative results
RSCR Euler parameters Natural coordinates
Size (20 21) (11" 12)
Non-zero elements 128 51
No. of fl.-point ops. 988 12

This Jacobian has 57 non-zero elements and requires 12 floating point
operdions to be calculated. All these results are summarized in Table 2.3.

2.4 Concluding Remarks

The fully Cartesian or natural coordinates described in this chapter have some
interesting features that are convenient to summarize at this stage. Some of
these features have been previously mentioned and others will be described for
the first time:

1. Natural coordinates are composed of purely Cartesian variables and
therefore are easy to define and to represent geometrically.

2. The rotation matrix of a rigid body whose motion is described with natural
coordinates is a linear function of these coordinates (See Chapter 4). Note
that with reference point coordinates the rotation matrix is a quadratic
function of Euler parameters and a transcendental function (sine and cosine)
of Euler or Bryant angles.

3. Natural coordinates can be defined at the joints and then shared by
contiguous bodies, contributing to define the position of both bodies and



significantly simplifying the definition of joint constraint equations. At the
same time, the total number of variablesis kept moderate.

4. With other kinds of coordinates, it is necessary to keep two sets of informa-
tion: the variables that define the position and orientation of the reference
frame attached to the moving body with respect to the inertial or fixed
frame, and the local variables that define the body geometry (position and
orientation of axis, etc.) with respect to the moving frame. With natura
coordinates, a single set of variables define the geometry and the position of
the body directly in the global reference frame. It is only necessary to keep
some constant values (distances, angles, etc.) that are independent of the
reference frame.

5. With natural coordinates the constraint equations that arise from the rigid
body and joint conditions are quadratic (or linear); so their Jacobian matrix
isalinear (or constant) function of the natural coordinates.

6. Natural coordinates can be complemented easily with relative angles and
distances defined at the joints to yield a mixed set of Cartesian and relative
coordinates. Driving an angle or a distance, and defining forces and/or
torques in joints become rather straightforward. Relative coordinates also
simplify the task of defining the constraint equations for some particular
joints, such as the helical and gear joints.

7. In the constraint equations arising from natural coordinates, the design vari-
ables (lengths, angles, etc.) appear explicitly, not hidden by coordinate trans-
formations. Thus, parametric and variational design, kinematic synthesis,
sensitivity analysis, and optimization may benefit from the use of these coor-
dinates.
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Problems

2/1  Write the constraint equations of the mechanism shown in the figure when mod-
eled with: a) Relative coordinates, b) Reference point coordinates, c) Natural co-
ordinates, d) Mixed coordinates, with relative coordinatesin all the joints.

1
L L2 b
= 5
0 D @

Ls

Figure P2/1. Figure PZZZ

2/2  Assuming that there is rolling with no slipping between the disk and the rod, se-
lect an appropriate set of mixed coordinates (natural and relative) and write the
constraint conditions.

2/3  The wheel on the figure rolls without slipping. Use mixed coordinates (natural
and relative) and find the constraint equations. It is suggested that the contact
between the wheel and ground be modeled by means of arack and pinion type of
kinematic joint (a particular case of the gear joint).

Figure P2/3. Figure P2/4.
2/4  Write the constraint equations of the mechanism shown, knowing that the wheel
rolls on the ground with no slipping and slides on the rod DP.

2/5  Given the mechanism shown in the figure, find the constraint equations that re-
late the input distance d with the output angle q and distance s.
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Figure P2/5. Figure P2/6.

2/6  The centers of the two gears shown in the figure are connected by means of arod
with point A being fixed. Considering mixed coordinates, find the constraint
equations that relate the angular positions (relative or absolute) of the three ele-
ments.

2/7  Consider the mechanism in the figure and find the constraint equations that re-

late the angles j ; and j , with the parameter s that measures the relative position
between elements 3 and 4.

N @

L2

Figure P2/7. Figure P2/8.

2/8  Consider the mechanism shown to be modeled with natural coordinates. Rods 2
and 4 are attached to the gears with radius r; and rg whose centers are connected
by means of rod 3. Write the constraint equations that relate the position of the
complete system in terms of the input anglej ;.
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1

Figure P2/9. Figure P2/10.

2/9  Two perpendicular slots have been cut in a plate that is placed so that the slots
fit two fixed points A and B. Determine the constraint equations that allows one
to obtain the position and orientation of the plate as a function of the input angle

]

2/10 Determine in the mechanism shown the constraint equations that relate the dis-
tance s with the anglej .

Figure P2/11. Figure P2/12.

2/11 Consider the Geneva wheel of the figure and using natural coordinates, find the
equations that relate the input angle j ; with the output anglej ».

2/12 Element 2 of the mechanism in the figure is represented by the relative coordi-
nate j », element 3 by the reference point coordinates (X;,y1,y 3), and element 4 by
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the natural coordinates (x,y») and the fixed point A. Determine the five con-
straint equations that relate these six coordinates.

Figure P2/13. Figure P2/14.

2/13 A plane may be defined by a point i and a unit perpendicular vector u as seenin
the figure. Determine the constraint equations corresponding to the motion of a
point j that moves parallel to the plane.

2/14 A straight line can be defined by a point i and a unit vector u as seen in the fig-
ure. Determine the constraint equations for a point j that moves at a constant
distance d from the line. Discuss the case when d=0. How can you enforce that j
moves on along the straight line?

2/15 Determine the constraint equations for a solid defined by two points and a unit
vector that moves parallel to a plane, defined by a point i and a unit vector u, as
seen in the figure.

(@]

Figure P2/15. Figure P2/16.

2/16 The figure shows the frame A12B that can rotate about the fixed axis AB by the
action of the string attached to point 2 that goes through a pulley located at C.
Find the constraint equations that relate the anglej with the length s of the cable
between points 2 and C.
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2/17 The ends of adlender rod of length V2 move on the sides of a cube with sides of
unit length. Find the constraint equations that relate the distances s; and s,.

\/

Figure P2/17. Figure P2/18.

2/18 Use natura coordinates to model the given mechanism and find the constraint
equations of the RSSR mechanism shown in the figure.

2/19 The mechanism shown has a composite kinematic joint R-C (Revolute-
Cylindrical). Find the constraint equations that relate the angle j with the dis-
tance s.

Figure P2/19. Figure P2/20.

2/20  Find the constraint equations of the gyroscope shown, considering the angles of
relative motion.

2/21 A six degree of freedom spatial manipulator is depicted in the Figure 2.27.
Using natural coordinates and knowing that the axes defined by unit vector u;
are parallel, find the corresponding constraint equations.
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Kinematic Analysis

The kinematic constraint equations corresponding to the natural coordinates
were explained in detail in Chapter 2, both for planar and three-dimensional
multibody systems. They were then compared to other types of coordinates.
Attention was also given to the main sources of constraint equations with natural
coordinates: rigid body constraints, joint constraints, and the optional definition
of relative or joint coordinates.

In this chapter we will make use of those constraint equations to solve what is
usually called kinematic problems, namely, the initial position or assembly
problem, the finite displacement problem, and the velocity and acceleration
analysis. The first two problems require an iterative solution of a system of
nonlinear equations. Some special techniques to improve the convergence will
be explained. Special attention will be addressed to the important case of over
constrained multibody systems or, in general, to systems with non-independent
constraint equations. The last section of this chapter is devoted to the case of
non-holonomic joints.

3.1 Initial Position Problem

The initial position problem was defined in Section 1.3. It basically consists of
determining the position of all the bodies in the system by knowing the positions
of the fixed and the input bodies which can also be called guided or driven ele-
ments. Mathematically, the initial position problem is reduced to determining
from the known coordinates corresponding to the input elements the vector of
dependent coordinates that satisfies the nonlinear system of constraint equa-
tions. Note that the input can also be specified as the externally guided or driven
linear or angular coordinates corresponding to several joints (as many joints as
there are degrees of freedom) on which mixed coordinates have been defined.
This basic notion is explained by means of the following examples:

71
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Figure 3.1. Four-bar mechanism modeled  Figure 3.2. Four-bar mechanism modeled
with natural coordinates. with mixed coordinates.

Example 3.1

As a first example, the four-bar mechanism of Figure 3.1 will be considered. This sys-
tem has four natural coordinates (x;,y;,%,,,).
The constraint equations corresponding to this mechanism are following constant
distance conditions:
(1= xaP+ (i -yaf-13=0
(2= xif + 2=y - L3=0
(e2 = xpf + (2 - ysf - Li=0
These three equations are not sufficient to determine the four unknown variables of
the problem. In fact, it is still necessary to enter the condition that the position of the
input element (element 2) is known. If both coordinates of point 1 are known, then
only two unknown variables are left. In this case, it is obvious that the first constraint
equation which establishes the constant length condition of element 2 no longer makes
any sense, because it does not contain any unknown variable. Consequently the prob-

lem reduces to the finding of x, and y,, using the last two nonlinear quadratic con-
straint conditions.

Example 3.2

Let us consider the four-bar mechanism shown in Figure 3.2, which uses mixed coor-
dinates; that is, the same coordinates as in example 3.1 plus the angle ¥ between ele-
ments 2 and 3 at joint 1. Let's assume that, instead of the position of the input element,
one knows the angle w. In this case the constraint equations will be as follows
(assuming a suitable value for y to be able to use the scalar product):

(r1—xaP +(i—yaf-17=0
(2= xif + 02—y -Li=0
(x2—xpf +(y2—ys)f - L¥=0
(1= xa) (2= x) + (i = ya) 2= y1)) = Lo Ls cos y =0
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us

Figure 3.3. RSCR mechanism modeled with natural coordinates.

which is a system with four equations and four unknown variables, assuming that the
externally driven angle y is known.

Example 3.3

Figure 3.3 depicts a three-dimensional four-bar mechanism RSCR (Revolute-
Spherical-Cylindrical-Revolute) modeled with natural coordinates. This mechanism
has three movable points and one movable unit vector; that is, twelve dependent
Cartesian coordinates and one degree of freedom. Also the input angle y has been in-
troduced as an additional externally driven coordinate. The constraint equations corre-
sponding to this mechanism are the following:

Lo (xr—xa)(xo—xa) +(y1—ya) (yo—ya) Hz1 = 24) (zo — 24) — k1 cos =0

2. -2l +G1—yaP +z - 2u)f - k2 =0
3. (1 —xa) uar + (1 — ya) uay +(z1 —za) uac— k3 =0
4. (xz—x1)2+(y2—y1)2+(Zz—Z1)2—k4=0

5. (2 —x) uie+ (2 —y1) uy +(z2 - z1) wi, —ks =0
6. uty+ uly+ ut,— 1=0

7. (x3-xp) +(y3-ys)Y +(z3-28)* —ke=0

8. (x5 —xp) urc+(ys - yg) ury+ (23— z8) ur. —k7=0
9. (x3—x5) up +(v3— y5) upy +(z3— 28) up. — ks =0
10. Upy Uiy + Upy Uty + Up U1z —ko=0

11. (ys—-y2)ur. (23— 22) ur, =0

12. (23— z2) uie—(xs — x2) up, = C

13. (o3 = x2) ury=(y3 - y2) ure=0

This is the system of nonlinear equations that governs the position problem for the
RSCR mechanism. The first equation corresponds to the input angle definition; equa-
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tions 2 and 3 represent rigid body condition for element 2; equations 4 to 6 represent
rigid body constraints for element 3; equations 6 to 10 represent the same for element
4, and equations 11 to 13 (only two of them are independent) contribute to define the
cylindrical joint. Finally, k; (i=1,...,9) represents constant values.

The above examples clearly indicate that irrespective of the multibody sys-
tems being considered, the position problem is always based on solving the con-
straint equations, which make up the following set of equations:

®(q,7)=0 (3.1)
where q is the vector of the system dependent coordinates. It will be assumed
that there are at least as many equations as there are unknown variables or coor-
dinates. To solve systems of nonlinear equations such as (3.1), it is customary to
resort to the well-known Newton-Raphson method which has quadratic conver-
gence in the neighborhood of the solution (the error in each iteration is propor-
tional to the square of the error in the previous iteration) and does not usually
cause serious difficulties if one starts with a good initial approximation.

The Newton-Raphson method is based on a linearization of the system (3.1)
and consists in replacing this system of equations with the first two terms of its
expansion in a Taylor series around a certain approximation q; to the desired
solution. Once the substitution has been made, the system (3.1) becomes

D(q, 1) = D(q) + Pg(q) (- q) =0 (3.2)
where the time variable has not been accounted for, so that in this problem has a
constant value. Matrix (Dq is the Jacobian matrix for constraint equations; that is

to say, the matrix of partial derivatives of these equations with respect to the de-
pendent coordinates. This matrix takes the following form:

w0 90 o0 |
dqi Oq oG
0 0 o
oq1 O OGh

®, = 3.3)

OO OPm O

L dqi O oG |

In equation (3.3), m is the number of constraint equations and »n the number
of dependent coordinates. If the constraint equations are independent, f=n-m is
the number of degrees of freedom of the multibody system.

Equation (3.2) represents a system of linear equations constituting an approx-
imation to the nonlinear system (3.1). The vector q, obtained from the solution
of equation (3.2), will be an approximation of the solution in (3.1). By calling
this approximate solution q;, , a recursive formula is obtained as follows:

D(q) + Py(qi) (g1 — i) =0 (3.4)
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q
" G ai

Figure 3.4. Iteration process of the Newton-Raphson method.

which can be used repeatedly until the error in the system of equations (3.1) is
insignificant, or until the difference between the results of two successive itera-
tions is smaller than a pre-specified tolerance. Figure 3.4 shows the geometric
representation of the Newton-Raphson method for the case of a nonlinear equa-
tion with one unknown. The function ®(q) is linearized at point q,, i.e. substi-
tuted by its tangent linear space, which are the first two terms of the Taylor ex-
pansion formula. The point where the tangent space intersects the horizontal axis
is the approximate solution q,,,. The function ®(q) is again replaced at point
q,,, by the new tangent space and a new approximate solution q;,, is found. One
arrives ultimately within the desired accuracy to the exact solution q.

Note that the Newton-Raphson iteration will not always converge to a solu-
tion. It has been pointed out that if the initial approximation is not close enough
to a solution, the algorithm may diverge. There is still another source of difficul-
ties. If the values of the input variables do not correspond to a possible physical
solution, the mathematical algorithm will fail irrespective of how the initial ap-
proximation has been chosen.

The Jacobian matrix of the constraint equations, defined by means of equa-
tion (3.3), plays an extremely important role in all kinematic and dynamic analy-
sis problems. In the equation (3.4), the Jacobian matrix determines the linear
equation system used to find the successive approximations for solving the ini-
tial position problem. Evaluating and triangularizing this matrix easily and
quickly are characteristics of all good multibody system analysis methods. The
natural coordinates permit the performance of these operations in the best
possible way.

In Section 1.2, it was stated that the initial position problem had multiple so-
lutions, and this is indeed the case. Depending on the vector q, where the itera-
tion begins, some solution will be attained.

Example 3.4

To complete this section on the initial position problem, the equations (3.4) corre-
sponding to the four-bar mechanism studied in Examples 3.1 and 3.2 will be com-
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a) b)

Figure 3.5. Iteration process of the Newton-Raphson method in a four-bar mechanism.

pletely developed. The constraint equations of this case were presented in Example
3.1, and consequently the equation (3.4) takes the following form:

(i =xa)i-ya) O 0 /)yc:\ _/;C:\ =

2| (x1 = x2) (1 = y2) (x2 = x1) (y2 = 1)

0 0 (x2 - x5)(y2 - ys) | \iilm Ui/l

((XI—XA;2+§)71—)/A))2—L22\
=—{lo-xP+br-yfP-13
| )

(w2 —xp) + (y2 - ys) - L2

In this system of equations, at least one of the four unknown coordinates must be
known ahead of time in order to be able to solve the problem. If, for example, x; is
known, then:

(X Digr = (=0

and the first column of the Jacobian matrix is multiplied by zero, meaning that it can
be eliminated.

In the case of the four-bar mechanism of Figure 3.2, modeled with mixed coordi-
nates and whose constraint equations are presented in Example 3.2, equation (3.4) be-
comes:

2(x;—xy) 2001=y4) 0 0 0
2(xy—x,) 201 -y2) 2(x, = x4) 2(yo-y1) 0
0 0 2xy-xp) 22— vp) 0

o+ =) Oy 1ty Y1) (k1 —xp) V1=ya) L, Ly siny) |
f xl\ I xl\ (=) + 0y ) - L
y y
S el (o)’ + Gy - L

\\yzf \)’zf \ (x2_xB)2+(y2_yB)2—L42 f
Vim \V/]i (c=xg) Gpx )+ =y Oy ) — L Ly cosy),
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Usually, the angle yis known; therefore, the last unknown variable ( V., ;— ;) has
a zero value. Thus the fifth column of the Jacobian matrix can be eliminated.

One characteristic common to the Jacobians matrices shown in this example (and
in all the Jacobians matrices calculated with natural coordinates) is that they are linear
functions of the dependent variables. For example, Figures 3.5a and 3.5b include
drawings of the initial approximation, the first iterations, and the final solution of the
initial position problem in the two four-bar mechanisms of Figures 3.1 and 3.2 com-
puted according to the above expressions.

The Newton-Raphson method, explained in this section, converges rather
quickly (quadratic convergence) when it is close to the desired solution. At
times, and during the first iterations, it can give very abrupt jumps as a result of
not having started from a sufficiently good initial approximation. Figure 3.6
shows what could happen in this case. The approximate solution q;,, is further
away from the true solution q, than the previous approximation q;. It is even
possible that the value of function ®(q), a function that should be equal to zero,
could increase when moving from ¢, to q;,,.

This problem is not easy to solve without resorting to much more compli-
cated numerical methods. In general, one should do everything possible to start
from good initial approximations. If this cannot be achieved, then one should try
to apply a reduction to the coordinates modification given by equation (3.4) and
to apply it to the previous approximate solution g, As this often works, a cor-
rection factor of 1/2 or 1/3 is recommended. Finally, one should always make
sure that the module of ®(q) decreases when going from point q; to q;, ;.

Some authors have solved the position problem at times by calculating differ-
ent solutions numerically by means of the so-called continuation methods (Tsai
and Morgan (1985)). Continuation methods start out from a position where the
multibody system complies with all the constraint equations, although the input
elements might not be at the desired position and the fixed joints might not be at

qi+1 - q di q

Figure 3.6. Possible divergence in the Newton-Raphson iteration
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their final position. With relaxed conditions regarding the input elements and the
fixed element, it is not difficult to find a position on the multibody system that
satisfies the constraint equations. Then, by means of small finite displacements
whose convergence is guaranteed by the Newton-Raphson method, an attempt is
made to move the input elements and the fixed joints to their correct position. At
times, the bifurcation points (points at which two or more possible movements
can occur) provide a way of finding different solutions to the position problem.

3.2 Velocity and Acceleration Analysis

3.2.1 Velocity Analysis

The equations that permit solving the velocity problem originate after one dif-
ferentiates with respect to time the constraint equations. If these equations are
represented symbolically as

P(q, 1) =0 (3.5)
by differentiating with respect to time, the following equation is obtained:
®@y(q. 1) q=-Dd;=b (3.6)

where @ is the Jacobian matrix defined by means of equation (3.3). Vector q is
the vector of dependent velocities (derivative with respect to the time of the vec-
tor of dependent coordinates or position variables). Vector (—®, = b) is the par-
tial derivative of the constraint equations with respect to time. If all the con-
straints are scleronomous, meaning that there are no rheonomous or time depen-
dent constraints, this derivative will be zero) If the position of the multibody
system is known, equation (3.6) allows us to determine the velocities of the
multibody system by starting from the velocity of the input elements. Just as in
the position problem, the matrix that controls the velocity problem is the
Jacobian matrix of the constraint equations. The essential difference between
both problems is that where the position problem is nonlinear, the equations
governing the velocity problem are linear. This means that the equations do not
have to be iterated, and there is only one solution to a properly posed problem.
The following example illustrates these concepts:

Example 3.5

As an example of this, the velocity equations of the four-bar mechanism of Figure 3.1
will be determined below by using: a) relative coordinates, b) reference point coordi-
nates, ¢) natural coordinates, and d) mixed coordinates.

a) Using relative coordinates, the constraint equations are given by (See Section
2.1.1),

Licos V| +L,cos (\,+¥W) +L;cos (‘P + ¥,+¥;) —0OD=0
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L, sin ¥, + L, sin (¥, + ¥) + Ly sin (¥, +'¥, +¥5) =0
Differentiating these equations with respect to time, we obtain:
Ly sin Y, Y — Ly sin (yi+y5) (Yi+y) -
= Ly sin (Wi+yotys) (Wi+yh+ys) =0
Ly cos i Y + L, cos (Wi+ys) (Wi+ys) +
+Ls cos (Yi+yatys) (Yi+ys+ys) =0
and by rearranging these equations, we arrive at:

—Lisy—Lysiy —Lysiy —Lysip—Lysip —L_;sm}fl{/l\:’()\
Licy+Lycpp +Lycis Lycpp +Lzcpp Lycips \%I \01
Y3
where 57 =sin ¥, 575 = sin (y; + ¥»), and so forth.
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If one of the three velocities in the previous equation is known such as the one cor-
responding to the input coordinate) the corresponding column of the Jacobian matrix
can be moved to the right-hand side of the equation. This results in a system of two

linear equations with two unknown velocities that can be solved with no difficulties.

b) Using reference point coordinates, the constraint equations are represented by (See

Section 2.1.2):
(x1 - xo) — L2 cos¥, =0
(y1 - yo)— L2 sin®, =0
(xz - xl) — Li/2 cosW, — L2 cos¥ =0
(2= y1) = Li/2 sin'¥i — Lo/2 sin'¥s =0
(x3 — xz) — Lz/2 cosWV, — L3/2 cos¥V; =0
(y3 — y2) = La2 sin¥s — Lsf2 sin¥s =0
(xs - xD) — L2 cos¥s =0

(ys — yp) = Ls/2 sin'¥¥s =0
and the time derivatives are:

X, +L,/2 '1”1 sin¥; =0

V= LJ2 ¥ cos', =0
Xy— %+ L1 ‘I’] sin¥, + Ly ‘I’z sin¥, =0
Vo= Yi —L1/2 '1”1 cos'P, —L2/2 ‘Pz cos', =0
Xy—x,+ Lo '1”2 sin¥y +Ls2 'P3 sin'¥; =0
5’3—5’2—L2/2 ‘I’2 cos'P, _Lih ‘I’g cos'¥; =0

X3+ L3 v sin¥ =0

Vi—Lsl2 W cos¥; =0
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These equations can be expressed in matrix form as follows:

@, q =0
where the matrix ®@q is
o1 0 s L2 0 0 0 0 0 0 |
0 1 -aL/2 0 0 0 0 0 0
-1 0 s L/2 1 0 sL/2 0 0 0
0 -1 —aL/2 0 1 —aL/2 0 0 0
0 0 0 -1 0 L2 1 0 s3Li2
0 0 0 0 -1 —aL/2 0 1 - Li/2
0 0 0 0 0 0 1 0 s3Li2
L0 0 0 0 0 0 0 1 - Li/2 ]

which is a system of eight equations with nine unknown velocities. If the angular ve-
locity y; is known for element 2, the third column of the Jacobian matrix will be
moved to the right side member. The result will be a system of eight linear equations
with eight unknown velocities.

¢) With natural coordinates the constraint equations (Section 2.1.3) are represented
by:
2 2 .2
(p=xy) +O1—ya —L;=0
2 > 2
(y=x)" +(—y) - L3=0
2 2 2
(x3—xp) +(3—yp —Ly=0
whose time derivatives are:
(X =x) X+ 1=y ¥ =0
(ry=x) (o= x) + (2= y) (2= y) =0
(X =xp) Xo+ (V2= Yp) ¥,=0
and in matrix form yields:
X
x=x) O1ya) O 0 5 0
(x1=x2) (V1= 2) (x=xy) =y 1) =10

0 0 (x=xp) Y2y p)
Y2

By knowing one of the four natural velocities and by moving the corresponding
column to the right-hand side of this equation, one can find the remaining velocities
with the resulting set of three linear equations and three unknown variables.

d) Using mixed coordinates, the constraint equations (Section 2.1.4) are:

2 2 2

(xi=x) +O1—ya) - Ly=0
2 2 2

(Xp=x)" +(—y) —L3=0
2 2 2

(x3—xp) +(3—yp —Ly=0

(1 =x0) (a=x)+ 1=y O2=YD) — Ly Ly cos¥ =0
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=1 2

Figure 3.7. Results of a velocity analysis in a four-bar mechanism.

differentiating with respect to time:
(r1=x4) %1+ (i=ya) y1=0
(ro=x 1) Gt 1) + (y2=v1) G=31) = 0
(x2xp) X2+ (y2y8) y2=0
(xz—xl) X1+ (xl—xA) (562—561) + (yz—y 1) 571 +
+(y1-ya) (j’z—)ﬂ) + L, I3 siny l}/= 0
which can be expressed in matrix form as

(xx1=x4) (yi—ya) 0 0 0 ).Cl
(x1x2) (vi-y2) (x2x1) (yoy1) 0 )y; _ / 8\
0 0 (x2x8)  (y2vs) 0 - \0/
(x2—2x l+xA) (y2—2y |+yA) (xl—XA) (yl—yA) LyLssiny y.z 0
v

If y is known, the fifth column will be moved to the right-hand side and will leave
four equations with four unknowns. Figure 3.7 shows the result of a velocity analysis
in accordance with an input velocity of y =1.

3.2.2 Acceleration Analysis

The finding of the dependent acceleration vector q becomes apparent by simply
differentiating with respect to time the velocity equation (3.6). This yields the
following result:

@y (q. 1) q=— DB - Py q=c (3.7)

If the position vector q and the velocity vector q are known, by solving the
system of linear equations (3.7), one can find the dependent acceleration vector
q. Note that the leading matrix of the systems of linear equations (3.6) and (3.7)
is exactly the same. As a consequence, if it has been formed and triangularized
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v=y=1 2

A B

Figure 3.8. Results of an acceleration analysis in a four-bar mechanism.

to solve the velocity problem, the acceleration analysis can be carried out by
simply forming the right-hand side and by performing a forward reduction and
backward substitution. When there are no rheonomous or time-dependent con-
straints, the velocity problem is homogeneous; whereas the acceleration problem
is always non-homogeneous as long as the velocities are not equal to zero.

Equation (3.7) can be differentiated once again to obtain the jerk or over ac-
celeration equation:

@y 4 (g)=-D-2® q- Dy q (3.8)
dt

Once again a system of linear equations has been obtained whose leading

matrix is the Jacobian matrix of the constraint equations.

Example 3.6

Included below are the acceleration equations for the four-bar mechanism of Example
3.5d modeled with mixed coordinates. These equations are obtained by differentiating
the corresponding velocity equations:

(xl_xA) (Y1—YA) 0 0 0 j:
(x =X 2) (y 1y 2) (xz—x 1) (J’ry 1) 0 ¥
0 0 (xz—xB) (Y2—y B) 0 ’

<
N}

(o202, (02 2y 1 +ya) - (v=xy) Oiva) L Lysing

0 0 X5 ¥
(i,-2x%,) (}}2—2}.)1) X Vi L, Ly cosy y

X, Vi 0 0 ).C'
(%) G Ged) G o
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If all the velocities q and input accelerations  are known, the remaining accelera-
tions q can be calculated by means of the four equations with four unknowns resulting
from moving the fifth column, multiplied by , to the RHS of the acceleration equa-
tion. Figure 3.8 graphically shows the result of an acceleration analysis that corre-
sponds to the expression developed in this example.

3.3 Finite Displacement Analysis

The finite displacement analysis is closely related to the initial position problem,
and is controlled by the same system of nonlinear equations (the kinematic
constraint equations). The velocity and acceleration analyses are used at times in
finite displacement analysis to improve the initial approximation with which the
iterative process begin, which explains the reason for including it here and not
immediately after the initial position problem.

3.3.1 Newton-Raphson Iteration

As explained in Section 1.2, once one knows a position of the multibody system
where all the constraint equations are satisfied, the finite displacement problem
consists of finding the new position that the system takes when a finite displace-
ment is applied to each one of the input elements or externally driven relative
coordinates. Finite displacement is understood to be any movement other than
infinitesimal.

The main problem dealt with in this section is of the same nature and conse-
quently controlled by the same equations of the position problem. Therefore, the
Newton-Raphson method can be used for solving it. The difference between
both problems lies in the fact that the finite displacement problem usually relies
on a good initial approximation which is obtained from a previous exact posi-
tion where all the elements satisfy the constraints. It is possible to improve upon
the approximation by means of a velocity and acceleration analysis, as will be
described in the next section.

These advantages do away with many of the convergence problems encoun-
tered in the initial position problem. In addition, the problem of multiple solu-
tions becomes marginal. If the displacement of the input elements is small
enough, then of all the possible solutions for the constraint equations, the correct
one will be the closest to the starting position. This is precisely the one obtained
by the Newton-Raphson iterations. However, there still remains the possibility
of driving or trying to drive the multibody system to unfeasible positions, that is,
positions that cannot be reached without violating some constraints equations.
Trying to move the end-effector of a robot out of its workspace is an example of
a finite displacement problem where the Newton-Raphson method will necessar-
ily fail to find a correct solution.
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Figure 3.10. Better estimate for an initial approximation.

3.3.2 Improved Initial Approximation

In order to determine and improve the initial or starting approximation, the ex-
ample of the four-bar mechanism will be used once again. This will clearly de-
scribe the method without any loss of generality.

Figure 3.9 shows a four-bar mechanism, in which the input element has been
rotated a finite angle. One possible way of generating an initial approximation is
by not varying the remaining natural coordinates as in the starting position
shown in Figure 3.9. This approximation leads to a severe violation of the con-
straint equations.

The initial approximation shown in Figure 3.9 can be improved upon by
means of velocity analysis, as indicated in Figure 3.10. The velocity analysis is
carried out by imposing a velocity at the input element so that the endpoint 1' of
the velocity vector of 1 is the closest point to 1" over the perpendicular to A-1
(1'-1" is parallel to A-1).
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Since 1" is known, it is not difficult to determine the velocity of the input el-
ement such that the end of the velocity vector at point 1 is 1'. Using this velocity
as input, a velocity analysis is performed, and the ends of the velocity vectors
are determined for all the basic points of the mechanism (in Figure 3.10, 2' is the
end of the velocity vector of point 2).

The initial approximation used to start the iterations for the Newton-Raphson
method is indicated by the dotted lines in Figure 3.10 It is an improvement over
the one in Figure 3.9. Note that the initial approximation is (A-1"-2'-B) and not
(A-1'-2"-B). The exact position 1" of point 1 is known because it belongs to the
input element and this exact position should be used.

It is not essential that point 1' be the closest one to 1" on the tangent to the
trajectory of 1. Another simpler possibility for calculating point 1' and the
velocity of the input element, is to assume that point 1 changes to position 1" in
an arbitrary period of time such as 1 second. Next, calculate the angular velocity
of the input element by dividing angle 1-1" (in radians) by the said amount of
time where the quotient is the said angular velocity. The position at the initial
approximation of any point P can be calculated by means of the following
expression:

q=qo + q At (3.9

Equation (3.9) is an approximate integral of velocities starting from the previ-
ous position. An approximate integration which also causes the accelerations to
intervene can be obtained in a similar manner:

q=qo + qAt+ L g ar’ (3.10)
2

This formula suggests that the initial approximation can be constructed start-
ing from a velocity analysis and an acceleration analysis. To calculate the veloc-
ity and acceleration of the input element one may proceed as follows:

1. Apply one of the previously studied methods and determine the velocity of
the input elements.

2. Knowing the initial and final position of the input elements and their veloc-
ity, determine the acceleration to be applied to them applying equation (3.10)
to the input elements

Determination of the initial approximation by means of velocity and accelera-
tion analysis allows the iterations to begin with a better approximation to the fi-
nal solution. The cost of an acceleration analysis is small if a velocity analysis
has already been performed. The matrix for both systems of equations is the
same, and one only needs to form it and triangularize it once. Based on the expe-
rience gained through numerical experiments performed by the authors, the ini-
tial approximation constructed with velocities and accelerations does not always
give better results than the one determined from velocities only.
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Figure 3.11. Iteration process of the Modified Newton-Raphson method.

Figure 3.12. Kinematic simulation of a four-bar mechanism.

3.3.3 Modified Newton-Raphson Iteration

The Newton-Raphson method of solving systems of nonlinear equations pro-
ceeds as indicated in equation (3.4) and in Figure 3.4. It has already been men-
tioned that this iterative scheme has second order convergence in the neighbor-
hood of the solution. The most important computational burden in the solution
of equation (3.4) is the factorization of the Jacobian matrix.

The idea behind the modified Newton-Raphson method consists of applying
the same iterative scheme but with a constant Jacobian matrix (See Figure 3.11),

@(q;) + Pg(qo) (Gir1 —q) = 0 (3.11)

The main advantage of the modified Newton-Raphson method is the reduced
computational cost of each iteration. More iterations may be necessary to satisfy
the convergence criterion, but in general the total CPU time can be reduced.
However, if the motion increments (finite displacements of the input elements)
are not small, the modified Newton-Raphson method is bound to have more
convergence difficulties than the standard Newton-Raphson method. Sometimes,
a mixed strategy such as a new Jacobian factorization every few iterations may
give the best results.
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Figure 3.13. Spatial robotic manipulator modeled with natural coordinates.

Table 3.1. CPU time in seconds for 1000 finite displacement analyses of the robot in

Figure 3.13.
(SNR) Standard (MNR) Modified MNR with improved
Newton Raphson Newton Raphson initial approx.
53.1 21.7 15.5

3.3.4 Kinematic Simulation

87

Kinematic simulation is merely a repetition of the finite displacement problem,
with the object of generating a sequence of positions that represent its movement
in a specific time period or range of the input variables. This sequence of posi-
tions can later be depicted in animated form on the computer screen, as long as a

system with sufficiently fast graphics is available.

The only problem with kinematic simulation is to find easy and general
means of defining the movement of the input elements for the time interval in
which one wants to simulate the motion of the multibody system. The increment
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between two consecutive positions depends on the speed with which one wants
to visualize the motion afterwards.

Kinematic simulation may simply involve the animated display of the sys-
tem's motion, or it may also deal with the study of trajectories, possible colli-
sions or geometrical interferences between solid models of the mechanism ele-
ments, and even the necessary driving forces and reactions that occur in a spe-
cific movement. This last problem is truly dynamic (an inverse dynamic prob-
lem) even though it may seem to be just a kinematic problem, since no dynamic
differential equations need to be integrated.

All data previously stated for the finite displacement problem and the kine-
matic simulation is basically valid only when the displacements of the input el-
ements are small. If the input displacements are very large, then it is desirable to
split them into akdries of smaller ones and to solve them sequentially. As an ex -
ample Figure 3.12 shows the kinematic simulation of a four-bar mechanism
where there are various consecutive positions of the system.

Example 3.7

Figure 3.13 shows a spatial 6R robot modeled with natural coordinates. It has four
movable points and three movable vectors, with a total number of 21 dependent coor-
dinates and six degrees of freedom. The kinematic simulation consists of imposing an
end-effector translation on an elliptic path contained in a plane perpendicular to the
robot initial position plane. One thousand finite increments in the end-effector position
have been imposed. The corresponding CPU times on an HP 9000/834 computer (14
Mips and 1.8 DP Linpack Mflops) are shown in Table 3.1 for different conditions:
standard Newton-Raphson method, modified Newton-Raphson method, and modified
Newton-Raphson method with initial approximation obtained from a velocity analysis.
In this case the improvements that result from using modified Newton-Raphson
method and the velocity approximation are quite important. These figures could be
modified for other computers according to the DP Linpack megaflops ratio.

3.4 Redundant Constraints

It has been seen in the previous sections of this chapter that the nonlinear kine-
matic constraint equations that govern the initial position or finite displacement
problems can be formulated as,

®(q, =0 (3.12)

In order to solve the previously mentioned kinematic problems departing
from equation (3.12), such as initial position and finite displacement problems
using Newton-Raphson iterations, or velocity and acceleration analysis, it is
necessary to solve linear systems of equations in the form:

D, (q,)x=d (3.13)
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Figure 3.14. Slider-crank mechanism modeled with mixed coordinates.

The vector x may represent incremental displacements, velocities, or acceler-
ations, depending on the type of problem being analyzed. The corresponding
RHS term is d.

In practice, the multibody software developer and the engineer analyst very
often face the problem of an excess of equations (more equations than the
strictly necessary number) in (3.12), reflected by the fact that some of these
equations are not independent from the remaining ones. This lack of equation
independence in system (3.12) may lead to the following troubles in the solution
of the linear system of equations (3.13):

a) arank deficiency in the Jacobian matrix @, if an inadequate subset of equa-
tions is chosen, and

b) an over-constrained system of linear equations (more equations than un-
knowns) which will not have a solution that satisfy all the equations.

This section is addressed to consider the ways on which redundant equations
appear in system (3.12), the consequences that this fact has on the system of lin-
ear equations (3.13) and the practical solutions or numerical strategies that can
be followed to eliminate the resulting difficulties. Some very simple examples
will be used to explain these points.

Multibody systems with n dependent coordinates and f degrees of freedom
will be considered in the sequel. If the analyst is able to find m=n—f independent
constraint equations, no redundant constraints appear in the formulation and the
standard formulations of previous sections in this chapter have full validity.

However, if m>n—f consistent constraint equations are found, it is clear that
there are m—(n—f) redundant constraint equations. The following examples illus-
trate two possible origins for this situation.

Example 3.8

Figure 3.14 shows a planar slider-crank mechanism driven by the angle y. The con-
straint equations corresponding to the rigid body condition and the prismatic joint are

(x1=xaf + (1yaf - L7 =0 ®
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Figure 3.15. Spherical mechanism with natural coordinates.

(xomx i)' + (y2y ) - L3 =0 (ii)
y2=0 (iii)
It remains to formulate the constraint equation corresponding to the driven angle
y. If angle yis near 90° or (—90°) the cosine equation that can be used is

(x1—x4)= L cosy =0 (iv)
However, if angle  is near 0° or 180°, this equation is not valid (See Section
2.1.4) and the sine function that shall be used instead is
(V1= ya)— Ly siny =0 )
After these facts we arrive at the following situation. There are four dependent co-
ordinates (four unknown ones (x;, y;, x5, y) and one externally driven ) and four
equations ((1), (ii), (iii), and (iv) or (v) depending on y value). If the user takes care of
switching between equations (iv) and (v) according to the value of y; then the relation
m=n—fis always met and there is no problem. However, the user can decide to include
always both equations (iv) and (v) with m>n—f , leaving to the equation solver the re-
sponsibility of disregarding the less appropriate equation in each position. Note that
equations (i)-(v) constitute a system of nonlinear redundant but compatible equations:
If equations (iv) and (v) are squared and added together, equation (i) is obtained.

Example 3.9

Consider the spherical four-bar mechanisms of Figure 3.15. It is well known that
spherical mechanisms (all the revolute joint axes pass on a common point) are excep-
tions to the Gruibler criterion, because they have more degrees of freedom than fore-
seen by the Grubler formula. In particular, the mechanism of Figure 3.15 has one de-
gree of freedom, but the Grubler formula predicts (-2). This is due to the particular
orientation of joint axes. Note that for arbitrary joint orientations the Grubler result
has full sense.

Consider this mechanism in terms of natural coordinates. There are two movable
points and two movable unit vectors; hence there are n=12 dependent coordinates. The
following constraint equations shall be formulated:
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— Unit module conditions:

1.- ufe + upy +ut — 1 =0
2.- wh +uf +uf—1=0
— Constant distance conditions:
3.- (x1=xaf + 01y a)f + (zza) - L3 =0
4.- (xox 1 + oy + (-1} - Li=0
5.- (xox5) + oy + (228 -~ Li=0
— Constant angle conditions:
6.- (ori—x ) uae + 61—y ) way + (1—24) uge — k1 = 0
7.- (x2x1) we + (y2y 1) wy + (2221 ) i, — k2 =0
8.- (x2—x ) upe + (y2-y B) upy + (z22-28) up. — k3 =0
— Linear combination conditions:
9.,10., 11.- u - kgus—ks(r;—ra)=0
12.,13., 14.- w—keu —ks(r;-1r)=0
15., 16., 17.-  — kg up — ko (r2 —rg) =0

There are 17 equations. Taking into account that vectors u; and u, have unit
length, only two of each three linear combination conditions are necessary. This gives
a total number of 14 constraint equations on 12 dependent coordinates.

There is another way to arrive at the same result. Each element with two points and
two unit vectors generates six rigid body constraint equations, including two unit
module conditions. This gives a total number of 18 equations. If it is taken into ac-
count that vectors u, and ug are constant, that is no unit module conditions for them
are necessary and the unit module condition for vectors u; and u, has been considered
twice because they belong to two different elements, one arrives again to a total num-
ber of constraint equations m=14.

Then, this mechanism has 12 dependent coordinates, one degree of freedom, and
14 constraint equations, which gives an excess of three constraint equations, in accor-
dance with the wrong prediction of Griibler criterion (-2 instead of 1). Of these 14
constraint equations, only 11 are independent.

The two previous examples demonstrate without any lack of generality the
two ways from which redundant constraint equations arise:

a) Due to convenience of implementation, as in Example 3.8.
b) In over constrained multibody systems that are exceptions to the Grubler cri-
terion, as in Example 3.9.

Once a system has been characterized using systems of redundant constraint
equations, the search of solutions can follow two different avenues:

1. Systems of equations (3.12) and (3.13) can be preprocessed with the aim of
determining and eliminating the dependent equations, to keep only m=n—f in-

dependent constraint equations, and then to use the standard formulations of
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Sections 3.1-3.3. The main disadvantage of this method is the need to repeat
the dependent equation elimination process each time the multibody system
changes its configuration or, in the case of Example 3.7, after large changes
in the position of the multibody system. Thus this procedure is not suitable
for real-time applications (there is no time to repeat the dependent equations
elimination process) or even for interactive simulation.

2. The second possibility is to solve system (3.12) directly, with a procedure
capable of directly tackling redundant constraints on a strictly standard form.
This way will be explained next.

Let us assume that system (3.12) has m nonlinear equations, of which only
(n—f)<m are independent. As a consequence, one may be tempted to think that
the redundant equations in (3.12) just produce an excess of compatible equations
in the linear system (3.13). If this were true no particular difficulties would ap-
pear during the solution, because there are a lot of ways and numerical routines
to solve linear systems of equations with an excess of compatible equations.
However, the problem is a little more complicated than assumed previously.

The redundant but compatible nonlinear equations in system (3.12) can in-
duce an excess of non-compatible linear equations in system (3.13). This does
not happen in velocity or acceleration analysis, because in these cases the
Jacobian matrix is evaluated in the exact position ¢, a position in which all con-
straint equations (3.12) are satisfied.

However, in the initial position and finite displacement problems, the follow-
ing Newton-Raphson iteration formula is used:

(@) (qis1 — q) =— (@), (3.14)

In this expression the Jacobian matrix ®, is evaluated at an intermediate ap-
proximate position q; at which the constraint equations (3.12) are not fulfilled.
This makes the linear system (3.14) over-constrained and non-compatible which

does not have an exact solution that satisfies every equation. There are again two
ways to circumvent this difficulty:

a) Sometimes this problem can be solved using Gaussian elimination with col-
umn pivoting and row scaling. Then, as long as q; is approaching the true so-
lution at which the constraint equations are fulfilled, the algorithm tends to
disregard automatically the dependent equations. However, this procedure
can not be considered in general sufficiently robust and reliable.

b) A reliable algorithm to solve the redundant system of linear equations (3.14)
is the least-square formulation (Strang (1980)). Let us consider the normal
equations corresponding to system (3.14):

T T
(@4 @) (a1 — a) = - (@) (@) (3.15)
This algorithm converges on a very reliable way to the exact solution of all
constraint equations. It has been gathered from numerous simulations that it

allows large displacements in the input coordinates with fast and reliable
convergence.
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It can be argued that the solution of system (3.15) is less efficient than the so-
lution of equation (3.14), mainly because the product (@Z ®@,); needs to be per-
formed prior to the solution. However, practical experience has shown that even
for non-redundant systems, equation (3.15) can be more efficient than its coun-
terpart (3.14). In large multibody systems, matrix @ tends to be very sparse, and
then the product (@4 @,); can be carried out very efficiently. System (3.15), al-
though perhaps less sparse than system (3.14), has the advantage of being sym-
metric with the possibility of saving storage and using simpler pivoting strate-
gies.

3.5 Subspace of Allowable Motions

In kinematic problems, the motion of the input elements or driven degrees of
freedom is already known. From this knowledge the motion of the remaining
bodies (or elements) is calculated. In the case of the direct or forward dynamic
problem, the motion of the input elements is not known, or at least, it is not
known for all of them, and the motion is obtained as a solution to the dynamic
differential equations. Before entering the study of the dynamic problems treated
in Chapters 4 and 5, we will study in this section the possible or allowable mo-
tions that the multibody system may have in accordance with the constraint
equations. The study of these possible motions and the methods of expressing
them is a purely kinematic problem that has important implications in the formu-
lation of the differential equations of motion. These allowable motions will be
studied next, and it will be distinguished, in order to introduce the subject pro-
gressively, between scleronomous and rheonomous constraints.

We will see in this section that the actual velocity vector q of a constrained
multibody system is always a vector that belongs to a very particular vector
space called the space of allowable motions. The term motions should actually
be velocities. The study of this vector space and the ability to find a basis for it
constitute very important points for both kinematics and dynamics multibody
formulations. Many authors have been explicitly or implicitly referring to it. See
for instance: Kamman and Huston (1984), Kim and Vanderploeg (1986), Many
et al. (1985), Agrawal (1984), Kane and Levinson (1985), Ider and Amirouche
(1988), Huston (1990), and others. However, we find that the concept of the
space of allowable motions allows for a simpler and more general way to ex-
plain, on a unified background, many different ideas and formulations that have
been introduced in the last years. This concept is also the key towards the under-
standing of the improved real time dynamic formulations that will be studied in
Chapters 5 and 8.
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3.5.1 Scleronomous Systems

Consider a system with m constraint equations that do not depend explicitly on
the time variable ¢, n dependent coordinates, and f=n-m degrees of freedom. The
constraint equations only depend on the dependent coordinates vector q, and can
be formulated as

®(q)=0 (3.16)

The velocity and acceleration equations are obtained by differentiating (3.16)
with respect to time:

Dy(q) 4 =0 (3.17)

®q(q) G =—Dq q (3.18)

Equation (3.17) indicates that the velocity vector q of a multibody system, at
a specific position, belongs to the nullspace of the Jacobian matrix <I>q of the
constraint equations. The theory of linear systems of equations (Strang (1980))
establishes that if the matrix CII'q has m independent rows and n columns
(m+f=n), (it is of rank m, because the rank is equal to the number of rows), then
the nullspace of <I>qis the subspace of the possible or allowable motions
(velocities), in the sense that any possible velocity vector (compatible with the
constraint equations) must belong to this subspace. The dimension of the space
of allowable motions is the number of degrees of freedom f=n—m of the multi-
body system.

Example 3.10

Consider again the four-bar mechanism with four dependent coordinates and one de-
gree of freedom of Figure 3.1; thus, it has three constraint equations corresponding to
the three constant distance conditions. The Jacobian matrix of the constraint equations
for this mechanism (as already shown in Example 3.1) is :
X1=XAY1=YA 0 0
By =| x1—X2 y1-y2 XX 1 YY1
0 0 X2—=XBY2—YB
By symbolically performing a Gaussian elimination of this matrix, it can easily be
demonstrated that its nullspace is defined by the following column vector:

/ iy a) [y 1) (xax8) = (x2-x1) (y2-y 5)] \
o ) Gox) [y () = (e d) 2y )]
\ 2y 8) [(y1-y2) (x1i=x4) = (x1=x2) (y1-y a)] {

(x2x ) [(y1-y2) (x1=x4) = (x1=x2) (y1-y a)]

Since in this case the nullspace has dimension 1, the vector r completely defines
this subspace. In other words, any possible velocity vector q shall be equal to the vec-
tor r multiplied by a specific factor.
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Figure 3.16. Planar robotic manipulator modeled with natural coordinates.

Example 3.11

Figure 3.16 shows a planar robot arm with four dependent natural coordinates and two
degrees of freedom. There must be two independent constraint equations, which in
this case are the corresponding constant distance equations. Their Jacobian matrix is
similar to that of Example 3.10, except for the last row which is in this case elimi-
nated,

q)_{xl—xA yi—=ya 0 0 }
q=
X1—=X2 Yy1=y2 Xo=X1 Yy2=V1

)
yil_fo)
\lfcz f Lo/
y2
In order to find a basis of the nullspace of this matrix, one may find two linearly
independent vectors that belong to the said subspace.

This can be done as follows: by making, x> = 1, y2 = 0 the following vector is ob-
tained:

The velocity equation will be

{xl_xA yiya 0 0 }
X1—=X2 Y1=y2 X2—=X1 Y2 )1
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- (xz—x ])(xl_xA)
(y 1y 2) (x l_xA) - (xl—xz) (y l_yA)
(xz—x 1) (y 1—YA)
1 ()’1—)’2) (xl—xA)—(xl—xz) (y 1—)’A)
1

0

Similarly, making x» = 0, y» = 1, the following vector is obtained:

Gy )=y a)
(yl—)’2) (xl_xA)_ (xl_x2) (y.—yA)
_(y2_y])(xl_xA)
P= (yl_y 2) (x 1—XA)— (xl—xz) (y 1—yA)
0

It is evident that vectors r! and r2 are independent in that one of them can never be
obtained by multiplying the other by a constant. Therefore, a basis of the subspace of
allowable motions can be formed. Any possible velocity vector of the mechanism in
Figure 3.16 can be expressed as a linear combination of r! and r? as follows:

Q=ri+r5
where z; and z are the coefficients of the linear combination, namely, the indepen-
dent velocities of the mechanism.

An attempt will be made further on to generalize all that stated in the previous
examples. The vector  characterizes the velocity of the system with n dependent
coordinates. To represent the velocity of the multibody system with a lower
number of variables, one should construct a basis for the nullspace, so that the
velocity of the system can be represented by means of a new vector z, whose
components are those of the vector q on the chosen nullspace basis. Vector z
will have only f=n—m components which will be independent.

Let ri (i=1, 2, ..., f) be a set of f linearly independent vectors that constitute a
basis of the nullspace of @, Any dependent velocity vector q can be expressed
as a linear combination of this basis as follows:

q=r'zZ1+ 2+ .. +1rz (3.19)
Introducing an (nxf) matrix R, whose columns are the vectors r, this expres-

sion can be written as
q=R z (3.20)
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Figure 3.17. Hydraulically driven four-bar mechanism.

Matrix R thus defined plays a very important role in some of the most effi-
cient formulations for dynamic analysis. Since vectors ri are the components of a
basis of the nullspace of the Jacobian matrix, it can be verified that,

Q(qr'=0 ( =1,2,..0 (3.21)
and consequently
Dy(q)R =0 (3.22)

The previous expression is a reminder that the matrix R depends on the posi-
tion vector ¢, and therefore there is a different matrix R for each of the positions
of the multibody system.

The results obtained for the velocities can also be extended to the accelera-
tions. We must search for a way of expressing the dependent accelerations q in
terms of findependent accelerations z. Differentiating (3.20) with respect to time
we arrive at the following expression:

q=RZ+Rz (3.23)

Note that now both matrices R and R are needed for the acceleration trans-
formation. The calculation method for matrix R depends on the method adopted
to form R and will be seen later on in this chapter.

Even though in the simple examples presented in this section the matrix R
has been calculated symbolically. In practice, this matrix needs to be calculated
numerically. However, both the concepts and applications concerning the matrix
R remain of general validity.

3.5.2 Rheonomous Systems

Rheonomous systems are characterized by the fact that some of the constraint
equations depend on the time variable. This general case will be used to general-
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ize the concepts and ideas introduced previously. For rheonomous systems the
analytical expression for the constraint equations become:

@(q, 1) =0 (3.24)

The velocity and acceleration equations are obtained by differentiating this
equation with respect to time once and twice, respectively:

®y(q, 1) q=—®@, =b (3.25)

®y(q, ) q=—D -Dq q =c (3.26)

where the dot indicates total derivative; and the sub index ¢, the partial derivative
with respect to time. Equations (3.25) and (3.26) serve as definitions for the
right-hand side vectors b and ¢, which will be extensively used in the dynamic
formulations of Chapter 5.

If all the degrees of freedom of the multibody system are controlled kinemati-
cally, that is, if the motion of all the input elements is known as a function of
time, equations (3.25) and (3.26) constitute two systems of m equations with m
unknowns controlled by rank m matrices. The solution of these equation systems
is perfectly determined, and there should be no problem in finding this solution.

Example 3.12

Such is the case with all the mechanism’s degrees of freedom controlled kinematically
in the hydraulically driven four-bar mechanism shown in Figure 3.17, whose con-
straint equations are:

(xi=x4) + (i—yaf - L =0

(erx 1)’ + oy - L3 =0

(xoxp)f + (yrys) - Li =0
(xi=xs) + (i) - fi* =0

It may be seen that the last constraint is time dependent, thus rheonomous.

It is noted that the general case, where some of the input elements can be
controlled kinematically (their motions prescribed by means of rheonomous con-
straint equations), and others have their motion kinematically undetermined,
constitutes a dynamic problem determined by the differential equations of mo-
tion. From here on, it will be assumed that the equation (3.25) has a total number
of m independent constraint equations, corresponding to the constraints of rigid
body, joints, and degrees of freedom kinematically controlled by means of
rheonomous equations. If there are n dependent coordinates, there will be (n-m)
free or kinematically undetermined degrees of freedom.

We will introduce now a large family of methods in which the independent
velocities z can be defined as the projection of the dependent velocities q on the
rows of a constant (not time or position dependent) matrix B

7=Bq (3.27)
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Equation (3.26) can be augmented by equation (3.27) to yield

r’ﬂ q=/b) (3.28)
B |z

Let us assume at this point that matrix B, in addition to being constant, also
fulfills the condition of having f=n—m rows that are linearly independent from
one another and also linearly independent of the m rows of @

With these assumptions, the matrix in equation (3.28) can be inverted, and
finding the vector q involves the solution of the following equation:

-1
q:[q’ﬂ [bl_sb+ Rz (3.29)
B | \zf
where S is a matrix constituted by the m first columns of the inverse matrix of
equation (3.29), and R is the matrix constituted by the f=n—m last columns of the
said inverse matrix. It can be verified that

O | ® [ [ [ ®yS ®R| [1 0
{Bq}[Bﬂ { Bﬂ[SRJ{BqS BqR}{O I} (3:30)

which demonstrates that the columns of matrix R pertain to and generate the
nullspace of @,.

Regarding the linear equation system (3.25) which is undetermined as long as
a value is not given to the input velocities, equation (3.29) indicates that the
general solution of the system is obtained as the sum of a particular solution of
the complete equation (term Sb) in addition to the general solution of the homo-
geneous equation (term Rz).

The result of equation (3.29) may be compared with the terminology com-
monly used in Kane's method (Kane and Levinson (1985)). The columns of ma-
trix R are the partial velocities with respect to the generalized coordinates z, and
the term Sb constitutes the partial velocities with respect to time. However, the
approach presented herein includes a more general algebraic method to compute
these partial velocities for all kind of multibody systems: open or closed chains,
overconstrained, singular positions, and so forth.

The acceleration equation can be obtained in a similar manner. Augmenting
equation (3.26) with the derivative with respect to time of equation (3.27), we
obtain:

(I)q [\ ’c ‘
=1 (3.31)
{ B } P
and the inversion of this matrix:
. [ @[ [c) .
= C'=Sc+Rz (3.32)
a { B } |7

This expression, analogous to expression (3.29), indicates that matrix R can
be calculated by triangularizing the leading matrix of systems (3.28) or (3.31),
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and performing f successive forward and backward substitutions with the f last
columns of unit matrix I as the RHS terms.

Some of the dynamic formulations that will be seen in Chapter 5 require the
calculation of the term (Sc) in expression (3.32). This term generalizes the role
of the term (Rz) in equation (3.23). In order to determine (Sc), one possibility is
to calculate the matrix S by the same method used to calculate R and then multi-
ply by the known vector ¢. This way is valid but not very efficient. It is not nec-
essary to calculate matrix S, but just to calculate the product (Sc). From expres-
sion (3.32), it is concluded that the product (Sc) is q when z is zero. By making
z equal to zero in expression (3.31) and finding q, one can arrive at the desired
term. Since the leading matrix of system (3.31) has been previously triangular-
ized when finding matrix R, the calculation of the term being considered re-
quires very little additional effort.

During the preceding development one has been able to see that the inclusion
of rheonomous links in the analysis can be carried out very simply and effi-
ciently. The methods currently used to determine a basis of the subspace of al-
lowable motions (matrix R) are divided into two large groups, the projection
methods and the orthogonalization methods, which will be studied in the follow-
ing sections.

3.5.3 Calculation of Matrix R: Projection Methods

Projection methods are based on defining the independent velocities z as the
projection of the dependent velocities g on the rows of a known constant matrix
B:
z=Bq (3.33)
Following the mathematical formulation of Section 3.5.2 for the general case
of rheonomous systems, the following expressions have been obtained:

i
q:[“ﬂ_l{g}:smm (3.35)
el
q{qlﬂ_l{;}ﬁcmi (3.37)
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Figure 3.18. Singular Value Decomposition of the matrix (IJq.

It is clear that these expressions completely define the transformation be-
tween dependent and independent variables.

This only leaves matrix B to be determined. Once this matrix is calculated, it
remains constant during a large range of motion of the multibody system. The
condition with which matrix B must comply in order for the inverse matrix in
expressions (3.35) and (3.37) to exist, its n—m rows must be independent from
one another and independent from the m rows of matrix <I)q. We can identify and
describe in this context three methods that have been proposed in the literature
to construct the matrix B. These will be reviewed below.

1. Method based on the Singular Value decomposition. Singular Value decom-
position (SV) is a generalization of the eigenvalue and eigenvector concept ap-
plicable to rectangular matrices. The SV decomposes a rectangular matrix such
as <Dq, as indicated in the sketch of Figure 3.18, or shortly:

®,=U"DV (3.38)

where matrix U is orthogonal (its inverse is equal to its transpose and its rows
are mutually orthogonal) of size (mxm). Matrix D is composed of a diagonal
matrix of size (mxm) that contains the singular values and a zero matrix given by
Jf=n—m last columns. Matrix V is orthogonal of size (nxn) and can be decom-
posed into two sub-matrices V4 and V; of sizes (mxn) and (f>n) respectively, ac-
cording to the partition in D. The most important property of the SV decomposi-
tion that pertains to the problem at hand is that the rows of the matrix V, consti-
tute an orthogonal basis of the nullspace of matrix qu. In other words, it is veri-
fied that

T
D, Vi=0 (3.39)

In view of this expression, Singh and Likins (1985) proposed constructing the
matrix R directly from the SV decomposition. The problem is that the SVD is
essentially an iterative process in some ways similar to the calculation of all the
eigenvalues and eigenvectors of a matrix. This process consumes a great deal of
computer time, and it is absolutely impractical to carry out at each position q of
the system. Other authors (Mani, Haug, and Atkinson (1985)) have proposed us-
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ing the SV decomposition to calculate the matrix B. This operation only needs to
be performed once or at most a few times throughout the entire range of the mo-
tion of the multibody system. Bear in mind that many matrices R, corresponding
to different positions q of the multibody system, can be calculated from only one
matrix B. Matrix B continues to be valid as long as its rows are independent
from those of <Dq(q).

Equation (3.39) indicates that the rows of matrix V, are orthogonal to the
rows of (Dq at the position q, for which the SV decomposition has been per-
formed. This means that matrix V; complies with the conditions required for ma-
trix B, so long as no large changes are produced in the positions q and, thus in
matrix <I>q, that the linear independence condition between the rows of the said
matrix and those of matrix B is lost. The following example helps to clarify this
point.

Example 3.13

Demonstrate that after performing the singular value decomposition of <I> under the
condition that R = V7, the following relation B = V, is satisfied.
After the singular value decomposition (IJ is orthogonal to V], we can take R =
Vi , and also
q=R z
and
z=B q=BR z

Therefore B R = L. Since R = V{ and V. is an orthogonal matrix, the following re-
lationship: B = V, immediately follows.

This method of calculating the matrix R has a very simple geometric interpre-
tation that can be seen in Figure 3.19. Let's assume that bar OA is fixed at O by
means of a spherical pair. If the rotation around the axis OA is not considered,
this mechanism has two degrees of freedom and three natural coordinates, the
Cartesian coordinates of point A. Thus, it will have one constraint equation
which will be the constant distance condition between points O and A. In this
case m=1, n=3 and f=2.
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Figure 3.19. Graphical representation of the columns of the matrix B.

The subspace of the possible movements has a dimension 2, and is formed by
the plane perpendicular to OA through A, since in fact all the possible velocity
vectors of point A are contained in the said plane. Vectors r! and r? constitute an
orthogonal basis of the subspace. It has been possible to calculate them by
means of the SV decomposition of matrix <I>q at the position OA.

Now it can be assumed that the mechanism moves and changes to a new
position OA'. Matrix B continues being defined by vectors r! and r2, calculated
at the position OA. The independent velocities Z; and 2, are the projections of
the velocity of A' on the axes r'! and r2, respectively. Note that the velocity of A'
is no longer contained in the tangent plane at A but can be easily determined
from its projections on r! and r2, and by the condition that it is perpendicular to
OA' (constraint condition for velocities).

2. Method based on the QR decomposition. This method of constructing matrix
B is similar to the previous one, but it uses the QR instead of the SV decomposi-
tion. The main advantage is that QR decomposition is a direct, not iterative, pro-
cess which requires considerably fewer arithmetical operations as indicated by
Kim and Vanderploeg (1986).

The QR method decomposes the matrix <I>T1 as indicated in the sketch of fig-
ure 3.20, or briefly,

®,=QR (3.40)

where 6 is an orthogonal (nxn) matrix, and R is a rectangular (nxm) matrix
formed by an upper triangular matrix (mxm) and a zero matrix of order (fxm).
Note that a tilde has been used to distinguish the result of the QR decomposition
from the matrix Q that symbolizes the forcing vector in dynamic analysis
(Chapter 4) and the matrix R (basis of the nullspace of the Jacobian matrix). The
application of this decomposition to the problem at hand is straightforward when
considering that the f last columns of Q which define the sub-matrix Q; consti-
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tute an orthogonal basis of the nullspace of the matrix <I>q. This matrix can be
written as

B=Q; (3.41)

and likewise verified that
Pyq)Qi=0 (3.42)

This matrix B is used in exactly the same way as that calculated by means of
the SV decomposition. The QR decomposition is carried out at a determined po-
sition q of the multibody system. The matrix B is formed, and the matrix R is
calculated for the successive positions of the multibody system using equation
(3.35), without recalculating the matrix B. This recalculation will have to be
done when its rows become a linear combination of those of <I)q.

The geometric interpretation of the method based on QR decomposition is
similar to that of the SV decomposition. Returning to Figure 3.19, matrix B
formed by vectors r! and r? gives inadequate results when the bar moves to a
position perpendicular to OA and therefore, parallel to the plane defined by r!
and r2. At this position the derivative of the constant distance condition in ma-
trix <I>q is a linear combination of r!' and r2 and the matrix of equations (3.34)
and (3.36) cannot be inverted.

Both the QR and SV decomposition can be carried out by means of standard
Fortran or C subroutines, contained in the readily available IMSL, Harwell,
NAG, and other mathematical libraries.

3. Method based on Gaussian triangularization. This method, described by
Serna et al. (1982), is based on the triangularization of matrix (I)q by means of
the Gauss method with total pivoting. This triangularization implies decomposi-
tion of the Jacobian matrix in sub-matrices, as shown below:

o,=| 0! o (3.43)

where matrix @Y is a square matrix (mxm) that contains the columns of @ in
which the pivots have appeared. Matrix @ contains the columns in which the
pivots have not appeared and has the size (mxf). In the theory of linear equation
systems, the variables associated with columns <I>'q are called independent vari-
ables, and those associated with columns <I>fl1 are called dependent variables.
The reason for this nomenclature is that to solve a system of m equations with n
unknowns, with a matrix such as that in equation (3.43), it is necessary to assign
a value to the independent variables and then, with matrix (I>‘i'1 reduced to trian-
gular form, calculate the dependent variables with the corresponding forward
and backward substitutions.

Once matrix @gq is triangularized as shown in equation (3.43), matrix B is a
Boolean matrix constructed as follows:

B=[0 | I| (3.44)

whereupon the matrix from which the inverse of matrix R is calculated is
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d i
P4 } - P P (3.45)

B 0 I

The rows of matrix B defined in this way are formed by ones and zeros. Since
matrix <I>ii1 is triangularizable, it is guaranteed that the rows of matrix B are inde-
pendent from those of ®,. Note that the triangularization of matrix (3.45) is sim-
pler than with the SV or QR decomposition. In the part corresponding to matrix
B, no additional work is necessary, since the zeros have already been obtained.
With this method, matrix R is calculated more easily and with fewer arithmetical
operations.

Other repercussions from choosing matrix B, in accordance with equation
(3.44), will be analyzed below. Particularizing equation (3.27) for this case,

z=[0 | I]q (3.46)
This expression indicates that the independent velocities z are chosen as a

subset or extraction of the dependent velocities q. In other words, f elements of
q have been chosen to form vector z.

Example 3.14

Let as consider a planar mechanism with five bars and two degrees of freedom, as
shown in Figure 3.21. The independent coordinates are a subset of the dependent co-
ordinates. Let's assume that the independent velocities are

LIRS
2 = X3
According to expression (3.35), matrix R can be formed thusly The first column of

matrix R (vector r!) is the velocity vector of the mechanism, when the independent
velocities have the following value:

y2=1  x3=0
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A B

Figure 3.21. Five bar mechanism.

The second column of matrix R (vector r2) is the velocity vector of the mechanism,

when the independent velocities are:
y2=0 x3=1

Thus in this case and with this type of matrix B, matrix R is especially easy to con-
struct. It will suffice to alternatively give value 1 to each of the independent velocities,
keeping all the others at the value 0. Therefore, the partition of matrix R, which corre-
sponds to the independent velocities, becomes the unit matrix L.

This geometrical interpretation and significance of the independent velocities con-
trasts with that carried out for the SVD, starting from Figure 3.19.

3.5.4. Orthogonalization Methods

One can use the orthogonalization methods to try to obtain a matrix R, whose
columns are in some way orthogonal to one another at all times. The method that
will be explained here was developed by Liang and Lance (1985) and is based
on the previously considered matrix:

_| Qg
P= { B } (3.47)
where the matrix B can be constructed by means of any of the methods shown in
previous sections, but preferably by means of the third method. This produces a
Boolean matrix B in accordance with the partition of <I>q, and determined by the
Gaussian triangularization method with total pivoting.

The first step in this method consists of orthogonalizing the n rows of matrix
P by means of the Gram-Schmidt orthogonalization method. This yields an (nxn)
matrix as follows:
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v E{ v } (3.48)
Vl

where the rows of V¢ are the rows of @, with each of them orthogonalized in re-
lation to the previous ones, and where the rows of V! are the rows of matrix B
with each one of them orthogonalized in relation to the rows of V' and to the
previous rows of V4,

According to the standard Gram-Schmidt orthogonalization process, all the
orthonormal vectors v! are calculated by means of the general expressions:

i1
V=g (p‘ -> ¢ -p) VJ) (3.49)
1
and
i1
pi- X (v p)v
1
The f last vectors obtained in this way correspond to the rows of matrix B,
orthogonalized with respect to those of @, and in relation to the previous rows
of B. These f rows form matrix V!(See equation (3.48)). This matrix is orthogo-
nal to @, . In addition, the rows of V! are independent and mutually orthogonal.
By the first condition, the rows of V! pertain to the ®_ nullspace, and by the sec-
ond condition, they constitute a basis. Thus, matrix ViT can be taken as matrix R.
The final step is the calculation of the term (Rz) or (Sc) is calculated. Liang

and Lance (1985) calculate matrix R explicitly, differentiating equations (3.49)
and (3.50) with respect to time:

=1/ (3.50)

= B i1 ) (3.51)
S PR L)

1

and
. . . . .2_% i . . . j . . i
oc,-=—(pl-p‘—2(V‘ : p‘)) (p - )V pav p)) (3.52)
1 1

In these expressions, the derivatives of the P rows are obtained from the
derivatives of the rows of <I>q. The derivatives or the B rows are zero.

The calculation of matrix R by means of equations (3.49) and (3.50) and of
matrix R by means of equations (3.51) and (3.52) requires an enormous compu-
tational effort, which is far greater than that required for the previously ex-
plained projection methods. Another important feature of this method is that the
matrix R obtained depends on the order in which rows @, and B are considered,
since the Gram-Schmidt orthogonalization depends on this order. The effect of
this order is not yet known.
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Figure 3.22. Disc modeled with two basic points, in contact with a surface.

3.6 Multibody Systems with Non-Holonomic Joints

Non-holonomic pairs or joints are those whose constraint equation (joint con-
straint equations) do not depend on the dependent coordinates only but also on
the dependent velocities by means of non-integrable equations. The rolling of a
disc or wheel on a surface is a typical example of the non-holonomic constraint
It is the only one that will be discussed here. A distinction will be made between
the planar case and the three-dimensional one.

3.6.1 Wheel Element in the Planar Case: First Method.

Figure 3.22 shows a disc in contact with a surface. In principle, there can be two
types of movement between the surface of the wheel and that of the track:
rolling and rolling plus sliding (simply referred to as sliding).

The fact that the movement is one type or the other depends on the dynamic
conditions of the problem (coefficient of friction and contact force), which will
not be studied here. In this section, only those constraint equations correspond-
ing to the rolling and sliding conditions will be studied.

There are at least two ways of establishing the constraint equations of the sys-
tem shown in Figure 3.22. One way is to directly establish the non-holonomic
constraint equations in terms of dependent velocities. The second way is to sub-
stitute the non-holonomic joint with one or more equivalent holonomic joints for
that position of the multibody system. Both ways will be seen further on. In ei-
ther case, it will be assumed that the wheel is modeled by means of two basic
points, one at the center and the other at the end of a radius. The movement of
both points completely defines the movement of the wheel.

The constraint equations of non-holonomic joints are directly generated in
terms of the velocities. Therefore, there are no constraint equations for the posi-
tion problem. To solve the position problem with wheels and tracks, it is neces-
sary to dispense with the wheels and find the position of their centers. It is
known that they are located on a curve, as shown in Figure 3.23, which is the
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wheel center
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Figure 3.23. Wheel center path.

geometric place of the possible positions of the wheel center. Once the position
of the center of the wheel is known, the wheel can be placed at the desired angu-
lar position.

Rolling. In the case that there is a rolling motion between the wheel and the
track, the joint kinematic constraint equation establishes that the velocity of the
wheel point in contact with the track shall be zero. If the track moves, the condi-
tion is that the velocity of the two points in contact is the same. From here on, it
will be assumed that the track is stationary and all that stated previously will be
applicable to the relative movement between the rolling wheel and the track.

Depending on the velocities of the basic points O and A, the condition that
the velocity of point P be zero is equivalent to the conditions that the velocities
of O and A be perpendicular to PO and PA respectively. When the coordinates
of P, O, and A are known, these conditions are easily established by means of
the scalar product of vectors:

(xo —xp) X0 + (yo = yp) Yo =0 (3.53)

(xa—2xp) X4+ (4 = yp) 74 =0 (3.54)
Point P can be determined by means of the normal line traced from point O to
the track.

Sliding. In the case that there is a sliding motion, the constraint condition estab-
lishes that point P does not have any velocity in the direction normal to the sur-
faces in contact. This condition is equivalent to equation (3.53), which estab-
lishes that the velocity of point O is perpendicular to PO. Note that in this case
the equation (3.54) is no longer valid. It should be noted that when there is a
rolling movement, two degrees of freedom are restricted. If there is sliding, only
one degree of freedom is restricted. This is in accordance with the number of
equations that should be satisfied.
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Figure 3.24. Description of the center of curvature of the wheel.

A|

®0

Figure 3.25. Substituting a non-holonomic constraint by a holonomic ones.

To derive equations (3.53) and (3.54) and to find the equations corresponding
to the accelerations, one should bear in mind that in order for the equations to be
valid at all times, point P must not belong to either the wheel or to the rolling
track, but should be the mathematical point that always coincides with the pole
(center of velocities). If equations (3.53) and (3.54) are differentiated with re-
spect to the time, one obtains

(xo~xp) %o + (Xomp) X0 + (oyp) Yo + (Fo-yp) Yo =0 (3.55)

(xa=xp) Ea + (Eatp) X4 + (yayp) Ia + Gayp) 74 =0 (3.56)

In these equations, (xp, yp) are the components of the pole velocity which

must be calculated, since equations (3.55) and (3.56) should not have unknowns
other than the natural accelerations.

To calculate the pole velocity rp, one discovers the only solution is to con-

sider the geometry of the trajectory. If O” is the center of curvature of the wheel
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center O trajectory (See Figure 3.24), points P and O are always aligned with O”.
The ends of the corresponding velocity vectors are aligned also. From this it may
be deduced that:

e =(0'P)(0°0) - ¥o (3.57)
By decomposing this expression into its Cartesian coordinates and substitut-

ing them in equations (3.55) and (3.56), the constraint equations corresponding
to the accelerations can be obtained.

3.6.2 Wheel Element in the Planar Case: Second Method.

Another way of entering the rolling and sliding conditions is by substituting the
non-holonomic joint for one or more equivalent holonomic joints.

In Figure 3.25, the said substitution is being carried out and is based on
knowledge of the centers of curvature of the trajectories of the basic points O
and A. The center of curvature of the trajectory of O is the center of curvature of
the track at the point of contact P. The center of curvature of the trajectory of A
can be calculated using the Euler-Savary formula:

(L + L) sinw=1 4 1 (3.58)
PA PA’ PO PO’

Rolling. In the case of a rolling motion, the non-holonomic joint is replaced by
the articulated quadrilateral A”’AOQ, since the distance between the point and
the center of curvature of its trajectory is constant and has first and second con-
stant derivatives. Therefore, this equivalence is instantaneously valid for veloci-
ties and accelerations. Note that at another time, the equivalent four-bar mecha-
nism will be different. For the position of Figure 3.25, the constraint equations
are

(XA—XA’)2 + (}’A—)’A')2 - LjA’ =0 (3.59)

()CO—XO’)2 + (Vovor )2 - Léo’ =0 (3.60)

Sliding. In the case of a sliding movement, only the constant distance condition
between points O and O” should be imposed. The equations corresponding to
velocities and accelerations are obtained by differentiating equations (3.59) and
(3.60) and considering A” and O as fixed points.

3.6.3 Wheel Element in the Three-Dimensional Case.

Consider the three-dimensional wheel element shown in Figure 3.26, which is
formed by two basic points O and A and a unit vector u perpendicular to the
plane of the wheel and associated to point O.
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Figure 3.26. Modeling of a three dimensional wheel with natural coordinates.

Rolling. The constraint equations corresponding to this non-holonomic joint are
defined by the condition that the velocity of material point P (pertaining to the
wheel) is zero:

rp =0 (3.61)

The vector equation (3.61) represents three algebraic equations. Therefore
three degrees of freedom are restricted by this joint when there is a rolling
movement, thus only permitting the three rotations about point P. It is necessary
now to consider equation (3.61), in accordance with the natural velocities and
coordinates. The velocities of points O and A can be expressed in terms of the
angular velocity vector :

o= A (rg—rp) (3.62)
ra=0 A(ry—rp) (3.63)
which can be expanded to yield

X0 = @y (20-2p) - @, (vo-yp) (3.64)
Yo = . (xo—xp) — @, (z0-2p) (3.65)
z20 = @, (yoyp) = @, (xo—xp) (3.66)
x5 = @ (24-2p) — @ (ya-e) (3.67)
ya = @, (x4xp) — @, (24-2p) (3.68)
24 = O (ya—yp) — @ (x,xp) (3.69)

Three conveniently selected equations among the previous ones, which are
two corresponding to one point and one to the other, permit determining the vec-



3.6 Multibody Systems with Non-Holonomic Constraints 113

tor . For example, by selecting equations (3.64), (3.65), and (3.69), the follow-
ing matrix equation can be written:

0] (z0-zp) ~yo—yr) / Wy \ X0
Hz0-z¢) O (xo=xp) | { @ }={yp (3.70)
Guve) bar) 0 o] \z'A /
If the matrix of this system is not singular, one can find the angular velocity

vector ® and substitute its value in the remaining equations (3.66), (3.67), and
(3.68), which are those not used to determine the angular velocity vector.

Consequently
)

i)
(voyp) {xo—xp) 0 Y 0 (20-2r) _(yo_yp),lfjco\l (3.71)

=0 () lwwe )| o) 0 xowr) | o
—(ZA—ZP) 0 «(xA—x p) (yA—yP )—(XA—x p) 0 \ j

This equation can be considered as the constraint equation in velocities for
the rolling joint. In practice, these equations must be numerically evaluated.

In the case of accelerations, it is necessary to differentiate equations (3.64)-
(3.69), considering that P is the mathematical point of contact:

ZA

Xo = iy (z02p) = @, (voyp) + @, (a-2) - @, Go-3p) ~ (372)
(to-xp) - o (2-2p)  (3.73)
. Go-ye) - o, (ko-xp)  (374)
(
(

S

)’0 = (XO—XP) (ZO—ZP + @,

&8

2 =, (YO—YP) (xo—x p)t
ZA—ZP) ()’A—}’P) (3.75)

)

)
Xa= 0, (24-2p) — @, (ya—yp) + 0,
Ya =, (xuxp) - i (24-2p) + @, (tatp) - 0, (242p)  (376)
)

2= (YA—)’P) (xA_xP + @, ().’A_)}P) -y ().CA_XP) (3.77)

From equations (3.72), (3.73), and (3.77), the angular acceleration vector @
can be found. It will be a function of the coordinates, the velocities, and vector
. By substituting in the three remaining equations, one obtains three ratios be-
tween the natural accelerations of points A and O. Vector ®, which can be re-
placed by the equation (3.70), intervenes in these ratios. In the resulting equa-
tion, the only unknown term is the pole velocity rp. Point O is the center of cur-
vature of the intersection of the disc plane with the contact surface (line (a) in
Figure 3.26). Point P is a mathematical point that instantaneously moves along
the line of intersection. Of the three components of vector ® at point P, only one
perpendicular to the disc plane produces a velocity at this point. This velocity
will be:
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ip=(fo - (fo - u) u) P (378)

All the ratios are defined. The only thing left to do is to formulate the con-
straint equations for the three-dimensional wheel. These equations are more
complicated than in the planar case, and they should be numerically formulated.

Sliding. In the case that there is sliding, only the component of the velocity of
material point P in a direction normal to the surfaces in contact should be can-
celled. In this case, the joint permits five degrees of freedom. One way of enter-
ing this constraint equation is by expressing the equations in a local system of
coordinates located at the point of contact and only cancelling the normal com-
ponent. Another possibility is to project the previous equations by means of their
scalar product for a unit vector in the direction normal to the surfaces at the
point of contact. As this value does not depend on the natural coordinates, it
does not increase the degree of the polynomial equations obtained.

For the three-dimensional wheel, the problem is more complicated than in the
planar case and should be solved by considering the center of the wheel, the unit
vector normal to the wheel on which it is located, and the contact surface.

Likewise, in the case of the three-dimensional wheel, it is possible to substi-
tute the rolling or sliding joint for one or more equivalent holonomic joints, re-
membering the differential geometry of the surfaces in contact and the three-di-
mensional generalization of the Euler-Savary formula. This approach is more
complicated than in the planar case, and will not be developed here.

References

Agrawal, O.P., "Dynamic Analysis of Multibody Systems Using Tangent Coordinates",
Pergamon Press, The theory of Machines and Mechanisms (Proc. 7th World

Congress), pp. 533-536, (1987).

Agrawal, O.P. and Saigal, S., "Dynamic Analysis of Multibody Systems Using Tangent
Coordinates", Computers & Structures, Vol. 31, pp. 349-355, (1989).

Garcia de Jalon, J., Avello, A., and Jiménez, J.M., "Basis for the Nullspace of the
Jacobian Matrix in Constrained Multibody Systems", Pergamon Press, The Theory of
Machines and Mechanisms (Proc. 7th World Congress), pp. 503-504, (1987).

Huston, R.L., Multibody Dynamics., Butterworth-Heinemann.,(1990).

Ider, S.K. and Amirouche, F.M.L., "Coordinate Reduction in the Dynamics of
Constrained Multibody Systems— A New Approach", ASME Journal of Applied
Mechanics, Vol. 55, pp. 899-904, (1988).

Kamman, J.W. and Huston, R.L., "Dynamics of Constrained Multibody Systems", ASME
Journal of Applied Mechanics, Vol. 51, pp. 899-903, (1984).

Kane, T.R. and Levinson, D.A., Dynamics: Theory and applications, McGraw-Hill Book
Company, (1985).



References 115

Kim, S.S. and Vanderploeg, M.J., "QR Decomposition for State Space Representation of
Constrained Mechanical Dynamic Systems", ASME Journal on Mechanisms,
Transmissions and Automation in Design, Vol. 108, pp. 176-182, (1986).

Liang, C.G. and Lance, G.M., "A Differentiable Null Space Method for Constrained
Dynamic Analysis", ASME paper No. 85-DET-86, (1985).

Mani, N.K., Haug, E.J., and Atkinson, K.E., "Application of Singular Value
Decomposition for Analysis of Mechanical System Dynamics", ASME Journal on
Mechanisms, Transmissions and Automation in Design, Vol. 107, pp. 82-87, (1985).

Serna, M.A., Avilés, R., and Garcia de Jalon, J., "Dynamic Analysis of Plane
Mechanisms with Lower-Pairs in Basic Coordinates", Mechanism and Machine

Theory, Vol. 17, pp. 397-403, (1982).

Singh, R.P. and Likins, P.W., "Singular Value Decomposition for Constrained Dynamic
Systems", ASME Journal of Applied Mechanics, Vol. 52, pp. 943-948, (1985).

Strang, G., Linear Algebra and its Applications, Academic Press, New York, (1976).

Tsai, L.-W. and Morgan, A.P., "Solving the Kinematics of the Most General Six-and
Five-Degree-of-Freedom Manipulators by Continuation Methods", ASME Journal of
Mechanisms, Transmissions and Automation in Design, Vol. 107, pp. 189-200,
(1985).

Problems

3/1  Starting from the constraint equations resulting from Problem 2/1, write the velocity
equations of the mechanism shown in the Figure P3/1 when modeled with:
a) Relative coordinates. b) Reference point coordinafedNatural coordinates. d)
Mixed coordinates, with relative coordinates in all the pairs.

3/2  Write the velocity and acceleration equations for the mechanism shown in the
Figure.

Figure P3/1. Figure P3/2.

3/3  Assuming that there is rolling with no slipping between the disk and the rod and
using the set of mixed coordinates chosen in Problem 2/2 (natural and relative),
write the Newton-Raphson iteration equations for the finite displacement problem.
Write the driving constraint equations for the cases when the rotation of the disk
and the relative rotation in joint 1 are the externally driven variables.
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Figure P3/3. Figure P3/4.

3/4

Write the velocity equations for the mechanism of the figure.

1

A

Figure P3/5. Figure P3/6

3/5

3/6

3/7

3/8

The wheel on the figure rolls without slipping. Use mixed coordinates (natural and
relative) and find the velocity equations. It is suggested that the contact between the
wheel and the ground be modeled by means of a rack and pinion type of kinematic
joint.

The figure shows a slider-crank mechanism with the two elements of equal length.
Write the velocity equations of this mechanism when the driven velocity is:

a) x-velocity of point 1. b) x-velocity of point 2.

What will happen to the rank of the Jacobian matrix when both bars are in the verti-
cal position?

For the slider-crank mechanism of Problem 3/6, find analytically the matrix R (null-
space of the Jacobian matrix without driving constraints) both for the general posi-
tion and for the case when both bars are placed vertically (singular position).

Find the velocity equations of the quick return mechanism of the figure when using
mixed coordinates, so that the input angle ¢ is directly related to the output distance
s.
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Figure P3/8. Figure P3/9.

3/9 The centers of the two gears shown in the figure are connected by means of a rod
with point A being fixed. Considering mixed coordinates and using the constraint
equations of Problem 2/6, find the equations that relate the angular velocities
(relative or absolute) of the three elements.

3/10 Consider the mechanism in the figure and find the constraint equations that relate
the velocities and accelerations of the angles ¢; and ¢, with the parameter s, that
measures the relative position between elements 3 and 4 and its derivatives with re-
spect to time.

?1

>

Figure P3/10. Figure P3/11.

3/11 Consider the mechanism shown (See Problem 2/8 for the constraint equations) to be
modeled with natural coordinates. Rods 2 and 4 are attached to the gears with radius
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r3 and r5 whose centers are connected by means of rod 3. Write the velocity equa-
tions for the complete system in terms of the input angle ¢;.

3/12 Determine in the mechanism shown the constraint equations that relate the veloci-
ties and accelerations of coordinate s with the angle ¢.

2

Figure P3/12. Figure P3/13.

3/13 Consider the Geneva wheel of the figure. Using natural coordinates, find the equa-
tions that relate the velocities of input angle ¢; with the output angle ¢,.

3/14 Find for the clam-shell bucket of the figure the equations that relate the speed of the
control cable v with the angle 6.

3/15 The figure shows the frame A/2B that can rotate about the fixed axis AB by the ac-
tion of the string attached to point 2 that goes through a pulley located at C (See
Problem 2/16). Find the equations that allow one to relate the angular velocity
with the cable speed s at the pulley.

Figure P3/14. Figure P3/15.
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3/16 The ends of a slender rod of length V2 move on the sides of a cube with sides of
unit length. Find the equation that relates the speed of both ends of the rod.

AR T
D

/\

Figure P3/16. Figure P3/17.

3/17 Use natural coordinates and the result of Problem 2/18 to find the Jacobian matrix
of the RSSR mechanism shown in the figure. How many arithmetic operations are
necessary to evaluate this Jacobian matrix?

3/18 The mechanism shown has a revolute joint, a spherical joint, and a composite joint
RC. Find the constraint equations that relate the time derivatives of angle ¢ and dis-
tance s.

¢ X

Figure P3/18. Figure P3/19.

3/19 For the 3-D planar joint shown in the figure, find the constraint equations for posi-
tions, velocities, and accelerations. The plane is defined by point P and its normal
unit vector v, and the body is defined by points 1 and 2, and unit vectors u; and u,.
Discuss what difficulties may arise with other possible body positions and/or con-
figurations.

3/20 Find the velocity constraint equations of the gyroscope shown, considering the an-
gles of relative motion (See Problem 2/20).
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Figure P3/20. Figure P3/21.

3/21 Find the six kinematic constraint equations (and their derivatives) that allow one to
guide kinematically the three translational displacements and the three roll, pitch
and yaw rotations (in the local reference frame) of the rigid body of the figure.

3/22 A six degree of freedom spatial manipulator is depicted in Figure 3.13 (See also
Problem 2/21). Use natural coordinates to find the finite displacement Newton-
Raphson iteration equations.



4

Dynamic Analysis. Mass Matrices and
External Forces

The formulation of the inertia and external forces appearing at any of the ele-
ments of a multibody system, in terms of the dependent coordinates that describe
their position, velocity, and acceleration, is of fundamental importance for the
solution of the dynamic analysis.

The external and inertia forces of a body subjected to an acceleration field may
be expressed in a diversity of ways. The most general way is finding the resul-
tant force and torque about a specific point of the element. However, there are
many ways of doing this. All of the ways are based on representing the inertia
and external forces by means of equivalent force systems (the same resultant
force and torque about any point). This will depend on the type of representation
(coordinates) used for the multibody system. We deal in this chapter with the
representation of the inertia and external forces generated in the elements of pla-
nar and three-dimensional multibody systems that are characterized by natural
coordinates. The formulation of the simpler planar element is the start, which
will serve as an introduction to the more complicated three-dimensional devel-
opment.

The reader needs a minimum background in analytical dynamics for the under-
standing of this and subsequent chapters. For this reason, a background on this
topic is provided in the first section, that can certainly be skipped by those with
a sufficient knowledge.

4.1 Background on Analytical Dynamics

This section is intended to provide the reader with a basic background on some
fundamental principles of analytical dynamics that are important for the under-
standing of the rest of this chapter and subsequent ones. The interested reader
who wants to attain a deeper knowledge on this topic is referred to other works
dedicated to the study of classical mechanics, such as Goldstein (1980), and
Bastero and Casellas (1976).

120
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i

Figure 4.1. A virtual displacement on a single pendulum.

4.1.1 Principle of Virtual Displacements

The principle of virtual displacements is a powerful principle which is suitable
for the dynamic analysis of connected rigid and flexible multibody systems. Prior
to the definition of the principle, we need to introduce some concepts. A virtual
displacement is defined as an infinitesimal imaginary change of configuration of
a system at a stationary time that is consistent with its boundary and constraint
conditions. If the configuration is represented by the position vector q, the vector
of generalized virtual displacement is customarily denoted by dq.

Figure 4.1 shows a single pendulum of length L with a mass m at its tip. If
the system is characterized by the independent coordinate 6, a virtual displace-
ment 86 consistent with the boundary condition is simply an imaginary in-
finitesimal rotation at the hinge. If the system is characterized by the dependent
Cartesian coordinates x and y of its tip, the virtual displacements dx and Jy are
not independent but interrelated through the constraint condition:

dp=x2+y2-L>=0

The relationship between Ox and 8y can be obtained by imposing the condi-
tion that a virtual variation of the constraint be zero:

59 =0,80=[2c 2[%\=0 @.1)

Loy
Virtual quantities operate the same way as variations. Without entering into
the details of calculus of variations (Reddy (1984)), a virtual quantity or variation
0, acts like a differential operator but with respect to the dependent variables
only, since the time variable is considered fixed. In other words, the multibody
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system is considered at a stationary position. As an example, if ¢is a function
of q, q, and ¢, its variation is

0¢ = ¢q 0q + ¢4 q 4.2)
whereas its differential is
dp = ¢q dq + ¢g dq + ¢r dt 4.3)

The laws of variation of sums, products, ratios, and so forth are the same as
those of differentiation. In addition, the variational operator can be interchanged
with the differential and integral operators.

Virtual work 6W is defined as the work done by all the forces acting on a sys-
tem, including the inertia forces, that undergoes a virtual displacement and can be
expressed as

sw=3 0 6 (4.4)
1

Each of the generalized forces Q, represents the virtual work done when ¢ =1
and dq ;=0 for j#i. When the system is characterized by n independent coordi-
nates, the principle of virtual displacements can be defined as

W=Y 0 84=0 .5)
1

meaning that the virtual work of all the forces acting on the system, including
the inertia forces, must be zero. In multibody dynamics the forces Q; do not in-
clude the reaction forces, because these do not produce any virtual work. The rea-
son being that reaction forces are couples of internal forces that act along the
vector connecting their position coordinates but with opposite signs, thus can-
celing the corresponding virtual work.

4.1.2 Hamilton's Principle

Consider a system characterized by a set of n independent coordinates ¢g,. Let
L=T-V be the system Lagrangian, where T and V are the kinetic and potential
energy, respectively, and W, is the work done by the non-conservative forces.
Hamilton's principle (Hamilton (1834)) establishes that the motion of the sys-
tem from time ¢, to time #,, at which the motion is specified, is such that the
integral action

‘1 1
A= ’ Ldt + Whe dt (4.6)

It

It

has a stationary value for the correct path of the motion. This means that the
variation of the action A has to vanish:
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- 12

)
5A=’ OL dr +
t

Jn

In

where the property that the variation is interchangeable with the integral operator
has been used.

In most cases, the representation of multibody systems is done by means of
dependent coordinates that are interrelated through the constraint conditions. Let
us assume that the system is characterized by a vector q of n dependent coordi-
nates that satisfy m constraint conditions ¢,(q, #)=0, which we will assume are
of the holonomic type. Hamilton's principle can still be generalized for these
cases by means of the Lagrange multipliers technique. Accordingly, the action A
is augmented with an additional term:

-1 -1
A= [ Lat +
t

JI1

-1 m
W, dt - ; (P Ay dt (4.8)

Ju Jn

where 4, are the Lagrange multipliers affected by a minus sign for convenience
of the formulation. The stationary condition 6A=0 now leads to

-1 12

5A=‘ OL dt +
t

J1

W b — ’ 33 (6 aa¢k Ay d=0  (4.9)
In

Jt k=1 i=1

The summation in the last term of (4.9) can also be expressed in matrix form
as (8qT®LA), where Ais the vector of the Lagrange multipliers and D, is the
Jacobian matrix of the constraints.

4.1.3 Lagrange's Equations

The Lagrange's equations can be directly obtained from Hamilton's principle.
Knowing that T=T(q, ) and V=V(q) their variations become

ST = ZaTa +23T5, _5qTaT i o7 (4.10a)
qi 86]1 q Bq
5v=3 WY 5 = 647 (4.10b)
Gi Jdq
Woe = 6q" Qex (4.10¢)

where Q,, represents the external forces and those not coming from a potential.
Note that both index and matrix notation have been used simultaneously.
Continuing with matrix notation, the application of Hamilton's principle defined
by equation (4.9) leads to
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-1
’ {&T(aT—aV+Qex—¢£ x)+5qTath=0 4.11)
1 aq aq aq

The last term can be integrated by parts to yield

"tz 5(.1’1“87_‘6#={6qu87,:|[2_ ’~t2 &le(M)Cﬁ (412)
I aq aq 1 1 dt aq

The first term on the RHS vanishes because the motion is specified at the
two ends ¢, and #,. Thus the variations will be zero: oq(t 1)=5q(t2)=0. The substi-
tution of (4.12) into (4.11) yields

1
{6q7d oL —aL+®£h—Qex}dt=O (4.13)
" dt\oq) dq

Although the coordinates q are not independent, the expression between paren-
thesis can always be made zero through the selection of the m Lagrange multi-
pliers A. According to the fundamental lemma of the calculus of variations
(Reddy (1984)), equation (4.13) leads to

d(@)—Z’L+ @7 A= Qex (4.14)
dat\oq/ Iq

which along with the m constraint equations ®(q)=0 constitutes a set of (m+n)
differential algebraic equations of motion. In the next example we apply these
equations to a mechanical system.

Example 4.1

Use the Lagrange's equations to write the equations of motion of a mechanical sys-
tem with kinetic energy 7 = 1/2 qTM q, potential energy V = V(q), external

forces Q,,, and whose constraint conditions are ®(q)=0.
The partial derivatives of the kinetic and potential energies are
oL . oL JdT 9V
—=M@q; —=—-—
aq dq dq dq

then
oL : . .
4 () =M(q) q + M(q) q
dr \aq
and the application of equation (4.14) leads to
. T . .
M(q) g+ PgA=Qua-M(q)q+Tq-Vq

It is worth pointing out that the terms M(q) q and Tq are quadratic in the veloc-
ities with coefficients that may depend on q (See Example 4.2). The terms that in-
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PN

mp
(X2,¥2)

Figure 4.2. Mass sliding along a single pendulum.

volve ¢ ? are called centrifugal, and those that involve (¢, q'j) are called Coriolis
terms. The term Vq involves q but not its derivatives.

Example 4.2

Figure 4.2 depicts a mass m that slides along a massless rod which also has a
mass m, attached at its tip. Find the equations of motion of this system subject to
gravity using the two independent coordinates g; and g,.

The kinetic energy of this system is

Tzéfm] ()&12+y'.2)+;—m2(5c22+y'22)
Knowing that x, =¢q, cos q,, y, =¢q, sin g, x,=L cos q,, and y, =L sin g, the ki-
netic energy in terms of ¢, and g, becomes
T=L{6}15]2}{m1 0 pqll
2 0 myL*+m gt lqz‘
Similarly, the potential energy is
V=m, ggq sin go+m, g Lsin q,
and the application of equation (4.14) leads to

{m. 0 péllzf mads | [ mgsing, |
0 m2L2+m1q12 “ZZ’ \—zmlqlqlilz’ \(m,q] +myl) g cos Cb‘

Since q; and ¢, are independent coordinates, note that there are no Lagrange
multipliers involved in the equations. Note also that the mass matrix depends on
the coordinate g,, and this leads to velocity-dependent nonlinear terms on the
RHS of the equation. In addition, the gravity forces contain nonlinear terms that
involve transcendental functions with g, as argument.
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Example 4.3

Repeat Example 4.2 using the Cartesian (natural) coordinates of the two masses m;
and m, .
The kinetic energy of the system in Cartesian coordinates takes a simpler ex-

pression:
X1
i

00
00
my 0 X2
0 my )}2
Similarly the potential energy is
V=mi gy +mgy>
The constraint conditions to be satisfied by the Cartesian coordinates are

1

T= 1

N |—

m; 0

X1y1X2y2

\ J 00
00

2
x}+y}-L"=0
X1y,=%,y;=0

Since the mass matrix is now constant, the equations of motion take this sim-

pler form:

mlooofxl\ 0 IO\

0mO0 O Vi 4+ 0 —x2 ’M‘z -mig

0 011120 \‘fo 2)(2 =yV1 ‘12’ \l 0 f

00 0 mll\y, 2y, X —mag

Although the number of equations in Example 4.3 has increased compared to

the results of Example 4.2, first the mass matrix and gravity forces are constant.
Secondly, the degree of nonlinearity has decreased, since there are neither veloc-

ity-dependent terms nor transcendental functions in the RHS. In addition, the
Jacobian matrix of the constraints is linear in q.

This simple example already illustrates a general fact: the formulation of the
equations of motion in independent coordinates leads to a minimum set of highly
nonlinear and coupled ordinary differential equations. On the other hand, the for-
mulation using natural coordinates, at the expense of increasing the number of
equations, results in a simpler and less coupled set of equations with milder non-
linearities.

4.1.4 Virtual Power

Virtual power also constitutes a powerful principle that will be extensively used
in the formulations of this chapter. A virtual velocity vector is defined as a set of
imaginary velocities at a stationary time that is consistent with the homoge-
neous form of the velocity constraint conditions, that is, having no RHS term
including the partial derivatives with respect to time. Following the example of
Figure 4.1, let ('1* be a set of virtual velocities which must satisfy the velocity
constraint conditions:
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0=0aq =[2¢ 2y] {X}=o (4.15)
y

Contrary to the virtual displacements, the virtual velocities need not be in-
finitesimal since equation (4.15) involves q and not &q. A virtual velocity
(finite) is a virtual displacement (infinitesimal) divided by the infinitesimal scalar
ot. The principle of virtual power is heavily used for the algorithms and formula-
tions presented in this book; hence it is worthwhile to describe it in some detail.
Virtual power can be applied with dependent or with independent coordinates.
Both ways will be presented next.

Dependent coordinates. If q* constitutes a set of n dependent virtual velocities,
the principle of virtual power can be formulated as:

w'=YFg=q F=0 4.16)
i=1

where F is the vector of all the forces that produce virtual power, including the
inertia ones:

F=Mg-Q (4.17)

Vector Q includes the external forces and the velocity-dependent inertia forces
(centrifugal and Coriolis), but it does not include internal constraint forces, since
they do not produce virtual power. Therefore, equation (4.17) leads to a set of
equilibrium equations (M q — Q =0) in which the internal constraint forces are
missing. These forces should appear in the equilibrium equations. In order to find
the equilibrium equations from (4.16) and (4.17), we need to add a set of forces
in the direction of the constraint violations (QE A), where the columns of <I)1(;
(rows of @) give the direction of constraint forces and A is the vector of their
unknown magnitudes. As the virtual velocity vector q>r belongs to the nullspace
of @4, the product (q*T(I)E A) is zero and can be added to equation (4.16) yield-
ing:

W“‘=('1*T(M'c'1—Q+<I>T]l A)=0 (4.18)

Only n—-m elements of the virtual velocity vector q>r can be arbitrarily se-
lected. It is always possible to find the m components A (Lagrange multipliers)
in such a way that the parenthesis of (4.18) becomes zero. Consequently, the
complete set of force equilibrium equations is:

Mq+® A=0Q (4.19)
Equation (4.19) is analogous to the equations of motion of Example 4.1, that

were obtained from the Lagrange's equations (4.14).

Independent coordinates. The virtual power principle can be applied also with
independent virtual velocities. From equations (4.16) and (4.17), it could not be
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concluded that (M q — Q = 0), because the multiplying virtual velocities q* were
not independent; hence they could not be chosen arbitrarily. However, it is pos-
sible to use now the transformations between dependent and independent veloci-
ties and accelerations introduced in Chapter 3 as carried out in the following ex-
ample.

Example 4.4

Starting from equation (4.16), obtain the equations of motion with independent
coordinates, using the velocity and acceleration transformations defined in
Section 3.5.

The virtual velocity vector ¢ must satisfy the homogeneous version of the ve-
locity constraint equations:

®,q =0 i)
and according to equation (3.29) there is an (nxf) matrix R such that
q¢ =Rz (ii)

On the other hand, according to equation (3.32), the following relationship be-
tween dependent and independent accelerations can be established:
q=RzZ+ Sc (iii)
where R is the same matrix that appears in the previous expression and (Sc) is a
term that depends on the actual velocities and can be computed easily. Introducing
equation (iii) and the transpose of equation (ii) in equation (4.16), we get
Z7TRT(MRZ+MSc-Q)=0 (iv)
Since the virtual velocities z* can be chosen arbitrarily, it is possible to con-
clude that the term that multiplies them in expression (iv) must be zero.
Consequently, we arrive at the following set of equations:

RTM R z=RT(Q - M Sc) (v)

This is an important result that will be developed with more detail in Chapter
5. In Chapter 8, it will be used as the basis of very efficient dynamic formula-
tions. The application of the virtual power method with independent coordinates
is also referred to in the bibliography as Kane’s method or Kane’s equations
(Kane and Levinson (1985), and Huston (1990)). Other authors (Schiehlen
(1984)) refer to it as Jourdains’ principle.

4.1.5 Canonical Equations

The Lagrange's equations lead to a set of n second order differential equations in
the coordinates q. Hamilton introduced a transformation that leads to a set of 2n
first order differential equations and they are called the canonical or Hamilton's
equations. The study of these equations is important because it gives one a fur-
ther insight into the multibody problems. In addition, they provide an alternative
to the acceleration-based formulations at the time of their numerical implementa-
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tion. Also, the canonical equations constitute the foundation for the study of
quantum and relativistic mechanics.
The canonical momenta is defined as

p=2& (4.20)

where L is the Lagrangian and q a set of dependent coordinates that characterize
the system. According to this new variable, the Lagrange's equations (4.14) take
the following form:
p=Qe+ L _@la 4.21)
daq
The Lagrangian is a function of q, q, and ¢, and, consequently, its differential
becomes
LT
dL = dq a£+quai+aidt (4.22)
dJq Jdq ot

Using equations (4.20) and (4.21):
cl=qup+ai1T(li—Qex+d>E?~)+%—I;dz (4.23)
Knowing that dq' p =dpT q)— dp™ q, equation (4.23) can be transformed
into
_dL 4

d(pTq-L)=dp" q +dq" (Qur — ®F A - p) < (4.24)

The expression H = pT q — L is called the Hamiltonian function. The RHS of
(4.24) tells us that it is an explicit function of p, q, and . Consequently,

dH = dp™ 1 + dqr OH 4 4 OH (4.25)

op Jq ot
Finally, identifying the terms on the RHS of equations (4.24) and (4.25), we
arrive at the canonical equations:

oH_,4 (4.26)
ap
H_ g -®tA-p (4.27)

Jq

In the case of mechanical systems, the Lagrangian L is defined in terms of q,
q, and ¢. Rather than following a lengthy process to form the Hamiltonian as an
explicit function of q, p, and ¢, and then differentiating as in (4.26) and (4.27),
the canonical equations can be directly obtained from (4.20) and (4.27). Since the
system kinetic energy is a quadratic function of the generalized velocities, equa-
tions (4.20) and (4.27) directly lead to the following set of equations in matrix
form:
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p=Mg (4.28)

P=Lg+Qex—Pg A (4.29)

where M is the mass matrix, Ly=Tq-V, is the partial derivative of the
Lagrangian with respect to the coordinates, @, is the Jacobian matrix of the con-
straints, and Q,, the vector of applied external forces. The combination of equa-
tions (4.28)-(4.29) and the constraints conditions constitutes a system of 2n+m
differential and algebraic equations (DAEs). Although we arrive at n more equa-
tions than with the acceleration-based formulation (4.14), p can be obtained ex-
plicitly by (4.29). When comparing equations (4.29) and (4.14), one may see
that the term (M q) that appears in the Lagrange's equations is not present in
their canonical counterparts.

Example 4.5

Repeat Example 4.2 using the canonical equations.
The application of equations (4.28) and (4.29) along with the expressions ob-
tained in Example 4.2 directly leads to the following equations:

’ﬁl\z_’ mpg sing ‘+’ml%‘.]22‘
\Pz’ l(mlql"'mzl‘)g cosqu \ 0

Pl\z n, 0 ‘41\
{sz {O m2L2+m1q12hc'12’

Note how the term related to (M q) that appears in Example 4.2 is not present now.

4.2 Inertia Forces. Mass Matrix

We study in this section the formation of the inertia forces that arise in each of
the elements of a multibody system undergoing a given motion. The aim of this
study is the formation of the mass matrix of the most common elements that
appear in the analysis of multibody systems. The form of these mass matrices
will undoubtedly depend on the type of coordinates chosen for the representation
of the multibody system, and we will only use the setting provided by the natu-
ral coordinates.

The inertia forces will be represented by means of equivalent forces that are
congruent with the natural coordinates of the element. Of all the analytical
methods exposed in Section 4.1, we will use the virtual power method, because
it leads to a direct formulation of the inertia forces and avoids the differentiation
process inherent in the Lagrange's equations. The Lagrange's equations can lead
to rather involved computations in cases when the kinetic energy is position
dependent. As mentioned in Section 4.1.4, if q are the virtual velocities, the
virtual power of the inertia forces can be written as the following dot product:
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X

v

Figure 4.3. Inertial and local system of coordinates in a planar element with natural
coordinates.

W =q" Q (4.30)

where Q, are the inertia forces with respect to the natural coordinates, and W" is
the scalar virtual power.

The expressions of the inertia forces for the elements of the planar and three-
dimensional multibody systems will be developed below. The formulation of the
planar element is simpler and will serve as introduction for the three-dimensional
cases. In both the planar and spatial cases, the aim is to establish the inertia
forces as a product of a matrix (mass matrix) times the acceleration vector, so
that the virtual power expression becomes

W'=—q Mg (4.31)

where the matrix M is a square, symmetric, and positive definite matrix which
depends on the inertia characteristics of the element: mass, position of the center
of gravity, and inertia tensor, and in some cases, on the position q of the ele-
ment as well.

4.2.1 Mass Matrix of Planar Bodies

Consider the planar element shown in Figure 4.3, whose motion is completely
defined by that of the basic points i and j. Consider also an inertial coordinates
system (x, y) and a moving one (x, y), with its origin fixed at the basic point i
and axis X going through point j.

The location of a generic point P of the element is defined by a position vec-
tor r in the inertial system and ¥ in the moving system, so that
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r=r;+Ar (4.32)

where A is the rotation matrix. Since the element is rigid, the local position
vector I remains constant with the motion of the element. If the position of an
element is characterized by the Cartesian (natural) coordinates of the points i and
J» that of the point P will be defined as follows:

r=ri+ Ar=rj+c¢ (rj-r)+on (4.33)

where ¢, and c, are the components of the vector T in the basis formed by the or-
thogonal vectors (rj—ri) and n. The vector n follows the direction of y and has
the same module as (rj—ri). Accordingly, the components of the vector r become

.X=.Xi+ C] (.Xj—xi)—C2 (y]_yl) (4343)
y=yit+tc @-y)+cxj—x) (4.34b)
Equations (4.34) can be expressed in matrix form as follows:
Xi
r=/X\ = (I-a) o a4 T2 )Vil=cq (4.35)
\y’ ) (I—Cl) (&) C1

]

where qT = {x; y; Xj yj} is the vector containing the natural coordinates of the el-
ement. Note again that the matrix C is constant for a given point P. It does not
change with the system's motion or with time. Consequently,

r=Cgq (4.36)

F=Cy 4.37)

The coefficients ¢, and c, that define the matrix C can be simply expressed as

a function of the coordinates of the points i and j in the local reference frame in
the following way:

F=¢ [;-T)+ N (4.38)

Note, however, that r;=0 in the local reference frame, therefore (4.38) becomes

r=[r, 1 n][9)=Xc (4.39)
LRI
where the vector ¢ contains the coefficients ¢, and c,, and the matrix X has as
columns the components of the vectors T; and n. Therefore, the following form
is taken:

X [fj i (4.40)

Yio X

_[Ly 0

where L; is the distance between points i and j. The matrix X can always be in-
verted unless points i and j are coincident. Equation (4.39) can be used to solve
for ¢:

c=X'r (4.41)
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We now can formulate the virtual power of the inertia forces generated within
the element. These can be obtained as the integral, extended to all the elements,
of the virtual power of the inertia force of a differential mass located at the
generic point P:

*

Wi=—p| rTFdC (4.42)

1Q

where p is the mass density. Making use of equations (4.36) and (4.37), equation
(4.42) becomes

w* =—p‘ q'CTC qd (4.43)
JQ

Since the vectors q*T and q are independent of £, they can be moved out of
the integral to yield

W =_ q*T(p [ c'c d.Q)ij (4.44)
Ja
and comparing (4.31) with (4.44) the mass matrix can be established as
M=p’ CTcd (4.45)
Ja
Performing the product CTC in equation (4.44), we obtain
(-¢)’ +¢2 0 (-c)ei -2 -0
. 2 2 2
- 1- —
M= p 0 2(1 ) +¢6 2C2 X (I-c))ey — dQ  (4.46)
Ja | (I-¢))c; — & C c+ 6 0
) (I=¢))ey — 022 0 c12 + 6‘22
Note that the equation (4.46) involves the following integrals:
pdQ =m (4.47a)
Jo
l ped? =X""| prd2 =m X 'rg (4.47D)
Q Jo
' T v [ = =T el 1 |k ly
pccd2 =X prr d2 | X = Y (4.47¢)
Ja JQ L\ Ik

where m is the total mass of the element, rg represents the local coordinates of
the center of gravity, and I , Iy and Ly are the moments and products of inertia
with respect to x and y respectively. The integral in (4.47b) is the static moment
or first order area moment which is equal to the mass times the coordinates of
the center of gravity. Similarly, the integral in (4.47¢c) yields the moments of in-
ertia. Substituting the results of (4.47) into (4.46), we obtain the final expres-
sion for the mass matrix M:
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m_2m.¥G+Li2 0 mfg_i _myG
Ly L; Ly L; Lj
0 _2me+Ii m yg mxg I
2
M= i Ly Ly Li Ly | (a4
mxg _ I myg 1 0
Ly L L L
_myg mxg _ I 0 1
B Ly Lj L L; |

where [; is the polar moment of inertia with respect to the basic point i. The
mass matrix defined by equation (4.48) is completely general for any planar ele-
ment, since any planar element will have at least two basic points with which
the mass matrix can be formulated. The mass matrix thus obtained is always
constant and this constitutes an important fact.

Example 4.6

Derive the mass matrix of a single bar element of total mass m and length Ll.j that
has the center of gravity located at the middle point.
Choosing the points i and j as the end points, one finds that the different pa-
rameters that appear in (4.48) take the following values:
2

Xg="L; y5=0; L=m=Y
2

and the direct application of (4.48) yields

m g m g
3 6
0 m o m
M= 3 6
m g m g
6 3
0o m o m
L 6 3

4.2.2 Mass Matrix of Three-Dimensional Bodies

The determination of the mass matrix of the three-dimensional bodies (or ele-
ments) follows a method similar to that used in the planar case. Three-dimen-
sional bodies not only require more complicated algebraic manipulations than the
planar ones, but in some cases the mass matrix is not constant and, therefore, re-
quires a special study. The analysis will start with the most general element de-
fined by two points and two non-coplanar unit vectors, which happens to have a
constant mass matrix. The mass matrix of the other elements including those
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Figure 4.4. Inertial and local system of coordinates in a spatial element with natural
coordinates.

that are not constant, may be derived from this main one by coordinate transfor-
mations in which the virtual power method plays a key role.

Element with two points and two non-coplanar unit vectors. Consider the ele-
ment of Figure 4.4 defined by two basic points i and j and two unit vectors u
and v. Similar to the planar case, consider an inertial reference frame (x,y,z) and a
moving (or local) one (x,y) rigidly attached to the element that has its origin
located at a point O. Again, P represents a generic point of the element, and its
location is defined by the position vector r in the inertial frame and r in the local
frame. Since the element is rigid, the local relative position vector (r — r;) re-
mains constant with the motion of the element. If the position of the three di-
mensional body is characterized by the Cartesian coordinates of the points i and j
and the unit vectors u and v, the position of the point P relative to point i will
be defined as follows:

r—-r,=c (I'j—l'i)+ cGu+cv (4.49)

where ¢, ¢,, and c; are the components of the vector (F — T;) in the basis formed
by vectors (rj —r)), u, and v. Equation (4.49) may be represented in matrix form
as

-

I

S —
=

—_—

I

r,\
r; e
(l-c); L ol ¢l I uf =Cq (4.50)

I’
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where I is the identity matrix of order (3x3) and ¢ is the vector of the natural
coordinates. As in the planar case, the matrix C is independent of the system's
motion and therefore remains constant with time. Again, the following relations
are obtained:

r=Cq° (4.51)

F=Cq* (4.52)

The coefficients c;, ¢,, and c; that define C can be expressed as a function of
the coordinates of the points i and j and unit vectors u and v in the local refer-
ence frame in the following way:

r—-r,=c (fj_fi)-'- cou+c3v (453)
Equation (4.53) expressed in matrix form becomes

r- f:[f—rlulv’ \=Yc (4.54)

where the vector ¢ contains the coefficients c;, ¢,, and c;, and the matrix X has
as columns the components of the vectors (f;—T;), U, and V. As in the planar
case, the matrix X can always be inverted (provided (F; - T;), W, and V are non-
coplanar). Equation (4.54) can be used to solve for ¢:

c=X '@®-¥) (4.55)

We have gathered all the information necessary to formulate the virtual power
of the inertia forces generated within the spatial element. The integral form of
the virtual power becomes

*

w =—p’ FEdQ (4.56)
JQ

where p is the mass density. Making use of equations (4.51) and (4.52), equation
(4.56) becomes

W*:_pl qg c'cgav =_q*T(pI c'c dv)ij (4.57)
JV JV

where again the vectors q*T and q, which are independent of V, have been moved
out of the integral. Comparing (4.31) with (4.57) we obtain the expression for
the mass matrix

M=p ’ ctcav (4.58)
JV

The substitution of C into equation (4.57) yields
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Figure 4.5. Element with three basic points and a unit vector.

(=)L (=) I -l (I-¢) ¢ Is

M= p G-al L e Loaal 1y 4so)
JV (1—01) Cy 13 [51%) 13 (&) 13 (3 13
(I-¢) i3Iz czsIs oo Is Il

The integration over the element of the product CTC involves the following
integrals:

‘ pdV =m (4.602)
JV

]l peadV =X l pr-t)dV =m X ' (Fg-T)=ma (4.60b)
JvV JV

l pec'av =X (l PE—T)[E—T) dv )X‘T =X '3, X "=72 (4600
Jv Jv

where m is the total mass of the element, and rg represents the local coordinates
of the element's center of gravity. The matrix Z can be formed from the matrix
J; which contains all the information about the moments and products of inertia
of the element as in the planar case. Substituting the results of (4.60) into
(4.49), the following expression for the mass matrix is obtained:

(m—zma1+211)13 (mal—Z11)I3 (ma2—112)13 (ma3—213)13

M = (mal—Z]])I3 zi1 I3 21215 4ERE (4.61)
(may—z51) I3 21 I3 SERE 2231y
(mas—z31) I3 z31 I3 23213 23313

The mass matrix defined by equation (4.61) is a constant and symmetric ma-
trix formed by diagonal sub-matrices of size (3x3). This matrix depends on a
minimum set of ten different values, since the inertia characteristics of a three-
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i #F i

Figure 4.6. Element with four basic points.

Figure 4.7. Element with two basic points and a unit vector.

dimensional solid depend on ten parameters: the mass, the coordinates of the cen-
ter of gravity, and the six different elements of the inertia tensor.

Other Elements with Constant Mass Matrix. Consider the element of Figure
4.5, determined by three non-aligned basic points and by one unit vector not con-
tained in the plane determined by the three points. This element may actually be
made similar to the one considered in the previous section (two points and two
unit vectors), by simply defining the missing unit vector v at point j as the vec-
tor that goes from j to k. Thus

vV = (rk — r_l) / ij (462)

Now we can use (4.61) to obtain the virtual velocity and acceleration vectors:

r; I, 0 0 0][r r;
. 0 I 0 0 .
T 3 . T
=lo o0 o I, |{. '\ =v!{.} (4.63)
u r r
. o-Lr Lio||f h
v L_jk ij u u

where the transformation matrix V is a (12x12) constant matrix. Equation (4.63)
may be expressed as

q =V Qnew (4.64)
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where ¢ represents the components of the two points and two unit vectors, and
q,., are those of the new element represented by three points and one unit vec-
tor. Similarly, the relation between the virtual velocities will be

a4 =V Guew (4.65)

The expression for the virtual power given by equation (4.31) can be used to
obtain the mass matrix of the element at hand. This can be done by simply sub-
stituting (4.64) and (4.65) into (4.31) to yield

W =—q ™™ g=- qotw VIM V Grew (4.66)
and, therefore, the new mass matrix becomes
Muw=V' MV (4.67)

Since V is constant the new mass matrix will also be constant.

A similar situation arises with the type of element depicted in Figure 4.6,
which can also be made equivalent to an element with two points and two non-
coplanar unit vectors. In fact, the two unit vectors u and v located at points i and
J may be defined as

u=(rc—ri)/ Lu (4.68a)
v=(r-rj)/ Ly (4.68b)
Equations (4.68) allow for the definition of a new transformation matrix V
as:
. 0 0 0
fri\l 0 | B 0 0 I
rj -1l o 113 o T
\lu/ = ij ij \lrkf =V q (469)
v o -l o Lip "
Lk Lk

The matrix V is again constant and, therefore, it also relates virtual velocities
and accelerations as in (4.64) and (4.65). The new mass matrix is thus obtained
by the same equation (4.66) with V defined by (4.69).

Element with two points and one non-aligned unit vector. Figure 4.7 shows an
element with two basic points and one unit vector not aligned with them. The
coordinate transformation between the standard element consisting of two points
and two non-coplanar unit vectors, and the new one is not as simple to establish
as with the elements considered in the previous section. In the element of Figure
4.7, the vector v cannot be constructed non-coplanar with u by just a linear
combination of the position vectors of points i, j, and u.

A geometric transformation is needed in this case, and the method of con-
structing the vector v is to start from the following cross product of vectors:
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v=c(ri-r)Au (4.70)

where c is a constant that makes the vector v have a unit module. The differenti-
ation of equation (4.70) with respect to time yields

\;zc(ri—rj)/\li+c(f‘i—f‘j)/\u (471)

A transformation matrix V for velocities can now be constructed from (4.71)

as follows:
ri Iz 0 0 .
. ri
1y 0 I 0 / i \
_ 4.72)

‘u{‘ 0 0 Iy \r,jfzvq“ew
. ~ ~ u
v —cd cU cF

where U and Fjj are skew-symmetric matrices of order (3x3) that correspond to the
cross product of vectors obtained with u and (ri—rj), respectively. These matrices
are written as follows:

0 —u; uy
U=| u; 0 —uy 4.73)
—uyuy 0
0 Hzz) (v-m)
= (Zi—Zj) 0 —(Xi—xj) 4.74)

~yiy) (o) 0
Equation (4.72) can be differentiated with respect to time so as to obtain the
corresponding equation for the accelerations. However, the matrix V defined by
equation (4.72) is no longer constant and, therefore, the differentiation process is
different from those appearing in the previous section:

ri I 0 0 . I 0 0 .
. r;j ri
T 0 I O f\ 0 I 0 f\ 475)
L= T + T .
u 0 0 I \ / 0 0 I \ ; /
. ~ o~ = |u . . . \u
v —cucu crg —cU cU cTj
or
d =V &].new + V Cinew 4.76)
The relation between the virtual velocities is
q =V quew 4.77)

By substituting expressions (4.76) and (4.77) into the virtual power expres-
sion (4.31), we obtain

W =—q Ma=-que V' M (V ey + V o) 4.78)
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—

Figure 4.8. Element with two basic points.

where M is the constant mass matrix corresponding to the element with two
points and two unit vectors. This equation contains the new mass matrix
Mew=V™MV and velocity-dependent inertia terms defined by V' MV @new to be
added to the external forces in the right-hand side of the equations of motion.
Note the simplicity by which these forces are obtained using the virtual power
method in which only the computation of V is required, as compared to the
Lagrange's equations. The latter would have required the differentiation of the
new mass matrix with respect to both time and q.

Element with two basic points. The use of an element with two basic points
only makes sense when it is used: first, to maintain a constant distance between
two points; and second, when its dimensions, other than the length, are negligi-
ble. As in the planar case, the motion of an element of this type is fully charac-
terized by the motion of the two basic points (See Figure 4.8). Any rotation
around the element axis is disregarded, an assumption that is valid only if the
moment of inertia about that axis is negligible.

The position vector of a generic point P can be defined in terms of the vari-
able s (Figure 4.8) as:

r=rj L-s 1§ L 4.79)
L L
which may be expressed in matrix form as:
r{L;S i} [%) =N q (4.80)
L Li\nf

Since the matrix N is independent of the motion, the velocity and acceleration
vectors will be given by

r= NG)q 4.81)

F=N@©q (4.82)

Consequently, the virtual power of the inertia forces is in this case:

- L
wi=| F fpAds (4.83)
JO
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Figure 4.9. a) Element with two basic points and two coplanar unit vectors,
b) Element with four basic points and four coplanar unit vectors.

where A is the cross-sectional area of the bar. By substituting the results of ex-
pressions (4.81) and (4.82) in equation (4.83), the following expression is ob-
tained:

L

% 'L_*T T . «T
w =—l q N pANqds =—q l
Jo Jo

N'pAN dy) q  (4.84)

Therefore the mass matrix is

- ) .
2
I, (L;S) pA ds 13’ L=s s hA g (4.85)
|2 lo L L
- )
I3’HSpAds L| 32 pAds
Jo L L 0 L2

where I3 is the unit (3x3) matrix. Assuming a constant density and cross sec-
tional area for the element, the following final expression for the mass matrix is
obtained:

my; miy,

M= 3 6 (4.86)
m13 m[3

Mass matrix of other three-dimensional elements. All the three-dimensional
elements that may appear in practice, belong either to one of the groups studied
previously or contain a set of points and vectors whose mass matrix is known.
For example, the body in Figure 4.9b contains four basic points and four unit
vectors. Fortunately, one does not have to worry about calculating mass matrices
of elements as complicated as this one. It will be sufficient to take any two
points with which two non-coplanar unit vectors are associated and attribute the
corresponding mass matrix to the subset of points and unit vectors given by
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equation (4.61). The body's system of local coordinates will be located according
to the selected points and unit vectors. The inertia properties of the element,
such as center of gravity and inertia tensor, must be referred to those coordinates.

The element shown in Figure 4.9a, contains two basic points and two unit
vectors that are coplanar. For this reason, the mass matrix of equation (4.61),
which assumes that the unit vectors are non-coplanar, is not applicable.
Therefore, one of the two unit vectors must be selected and used in the virtual
power equation (4.78) corresponding to an element with two points and only one
unit vector.

Irrespective of the geometry and number of basic points and unit vectors of
any element of a multibody system, a subset of points and vectors can always be
found whose mass matrix corresponds to one of those calculated in the previous
sections.

4.2.3 Kinetic Energy of an Element

The formation of the mass matrices of different elements has been studied in the
previous sections through the application of the principle of virtual power.
Expressions for the kinetic energy of a body may be convenient, either because it
is of direct interest to evaluate the energy, or because one wishes to formulate
the equations of motion through another type of formulation, such as the method
of Lagrange.

The way of formulating the kinetic energy is rather similar to that used for
the virtual power of the inertia forces. The kinetic energy is defined by:

T=% ' rp W:ép qgC'Cq av (4.87)

Since the natural velocities are independent of V, they can be moved out of
the integral to yield

T= % i"Mq (4.88)

where q are the natural velocities of the element. The matrix M given by equa-
tion (4.61) corresponds to the element that has two non-coplanar points and two
unit vectors. In the other cases, the mass matrix may be formed by the coordi-
nate transformation matrix V'MV. The use of the Lagrange's equations for the
formulation of the equation of motions with non-constant mass matrices will
lead to the differentiation process explained in Example 4.1, which may become
involved in those cases where the mass matrix is coordinate-dependent. The ki-
netic energy is then given by

T=-q V(9 M V(@) q (4.89)

N =
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Vi

fP

Figure 4.10. Concentrated force f}, at point P.

4.3 External Forces

We deal in this section with the formulation of external forces, such as concen-
trated loads and moments that are applied to the elements of the multibody sys-
tem, and those generated from specific types of elements, like translational and
rotational springs. Although the forces generated by springs are not really exter-
nal, it is customary in multibody dynamics to include them as applied external
forces, as opposed to structural mechanics and the finite element formulation in
which those forces are considered as internal forces acting by means of the stiff-
ness matrix.

4.3.1 Concentrated Forces and Torques

This section with the analysis of concentrated forces and torques. The problem is
the representation of those forces and torques in terms of the natural coordinate
system used to represent the motion of an element.

Concentrated Forces. When a concentrated force is applied at a point P of an el-
ement that is not a basic point (See Figure 4.10), a transformation needs to be
introduced that will transform the forces at point P to the natural coordinates
(basic points and unit vectors) of the element. A typical case is the gravity force,
applied at the center of gravity of an element, which needs to be referred to the
natural coordinate system used to represent the motion of the given element. In
order to set up the required transformation, we can directly use equation (4.50)
applied to point P, so that

rp=C,qe (4.90)

where q° represents the natural coordinates of the element. The coefficients that
form the matrix Cp, can be obtained using equation (4.55), such that

c=X, @-F) 4.91)
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Figure 4.11. Concentrated torque M acting on element (i-j).

The vector T contains the coordinates of P in the local frame. The matrix C,
in equation (4.90) acts as a coordinate transformation matrix that may also be
used to transform the forces f;, into equivalent forces, Q% , expressed in terms of
the natural coordinates of the element. We use for this purpose the principle of
virtual work and impose the condition that both sets of forces perform an equal

amount of virtual work. Accordingly,

SW =drp fp = 8q°" QS (4.92)

Since orp= 5quCT>, equation (4.92) becomes

W = 5q°T C} £p (4.93)

Comparing equations (4.92) and (4.93), we obtain the following equation for
the force transformation:

QL =Cpfp (4.94)

The potential of this concentrated external force £}, acting at point P, is de-
fined by the expression:

q q q
v =—‘ ) f(q):—’ da'Chf@=-| d'Q @99
‘4o L) Iy
that is also valid for the case in which the force depends on the position. The dif-
ferential term dq has been intentionally placed in the left side of the integral, be-
cause this order leads to simpler and more congruent expressions for the deriva-

tives of V that are calculated in Chapter 6.

Concentrated Torques. The case of a concentrated torque can be dealt with in a
similar way as that for the concentrated force except for the addition of a preced-
ing and important transformation. In basic statics, any torque M may be replaced
by an equivalent pair of forces, f and —f, of equal magnitude and opposite direc-
tions, acting on a plane perpendicular to the direction of M, and separated by a
vector d. The result is: M=dAf.
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Figure 4.11 shows a torque M acting on an element with basic points i and j,
which is substituted by a pair of forces f and —f applied at the beginning and end
of a unit vector ur with origin at r;. This unit vector is defined by:

(ri-r) AM
= (4.96)
(rj—r) A M|
and
f=u;A M 4.97)

Note that vector us does not belong to the natural coordinates vector q°. The
forces f and —f can now be treated as concentrated forces following the results of
the previous section. Accordingly, the virtual work expression becomes

W =8¢ (C{ f - Ciy ) (4.98)

Therefore the equivalent generalized force with respect to the natural coordi-
nates finally results in

Q% =(Ci —Cpy) f (4.99)

where C; is very simply obtained in this case because i is a basic point. It will
be shown that the force f given by equation (4.97) is the force variable conju-
gated with the displacement variable us. The potential of the torque M can be
calculated as the sum of the potentials of forces f and —f. This potential is

V=- ].q(drin—(driT+du¥)f)=+

< do

rq rq
duf f = —l dug (M Aug)  (4.100)
Jqo Jdqo

The forces f and —f can be treated as concentrated forces following the results
of the previous section. Accordingly, the expression for the potential becomes

~q - q
vz—l dr?f-(drhdu})f:] dq (C} -ClL)f  (4.101)
Jqo < do

4.3.2 Forces Exerted by Springs

Springs are elements capable of storing elastic potential energy and of exerting
forces that are a function of their positions. In addition, springs play an impor-
tant role in all but the kinematic problems. We study in this section the forces
exerted by both translational and rotational springs as well as the potential en-
ergy stored in them. As in previous sections, the study will be conducted within
the context of planar and three-dimensional natural coordinates.

Translational Springs Between Basic Points. Consider the translational spring
shown in Figure 4.12 which connects the basic points i and j. Let L;; and Lo be
the deformed and undeformed lengths of the spring, respectively. When the
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Figure 4.12. Translational spring with mixed coordinates.

spring is stretched (or compressed), it exerts a force between the basic points in
the directions of the spring that is a function of the elongation. The value of the
force is given by

f=k(Ly) (L - Lo) (4.102)

where k(L;;) is the stiffness of the spring which will have a constant value &, if
the spring is linear.

In the planar case, according to Figure 4.12, the force vector that acts on the
basic points i and j can be expressed as follows:

ANEEwE
Q- Qiy _f —siny\ _ £ |YiY (4.103)
]ijf 1“,’“’” Lij]xf_x"(

0, sy Yi—Yi

and in the three-dimensional case:

T
Q = Zt { (xl—xj) (Yi—)’j) (Z:—Zj) (xrxi) ()’;—Yi) (ZJ—Zi) } (4.104)
ij
Both fand L;; are functions of the natural coordinates. If the spring is linear
equation (4.104) becomes

T
Q =k (1 - Li) { () b)) rg) () (rwi) (gz) ) (4-105)
ij

It is important at times to evaluate the potential energy stored in spring ele-
ments (See Chapter 6). The potential energy stored by a translational spring is
equal to the integral of the force times the differential extension of the spring,
between the non-deformed state and the final deformed configuration. Considering
the coordinates of points i and j:
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Figure 4.13. Translational spring between any two points.

-L-L,

LU
dq' Q =’ fd (4.106)

o

When the spring is linear, the integration of equation (4.106) yields

2
V= % k(Ly—L,) = % k W(xrxi)z + O +(@ra) - LJ (4.107)
Translational Springs With Relative Coordinates. Equations (4.103) and
(4.104) define the spring forces in terms of the natural coordinates. However,
this formulation can be greatly simplified if the relative distance s between the
points i and j is introduced as a new dependent (mixed) coordinate through the

following constraint condition:
(xi - xj)2 + (y,- - yj)2 + (Z,' - zj)2 —s?=0 (4.108)
The force f can be directly entered into the formulation as the conjugate vari-
able of distance s with a value:
f=k(s) (s - s0) (4.109)
where s = L , and s is equal to the deformed length. Proceeding with this mixed
type of coordinate representation, the formulation of the forcing terms becomes

much simpler at the expense of increasing the number of dependent variables by
one variable.
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If the dependent coordinate s is used, the potential energy of the spring is
simply given by

V= ’ ) fds= ’ ) k(s) (s—s,) ds (4.110)

Translational Springs Between Any Two Points. When the origin and end points
of the spring are not basic points but any two points corresponding to two dif-
ferent elements, equations (4.104) and (4.107) cannot be used.

As shown in Figure 4.13, it is necessary to construct the position vectors of
the origin and end of the spring, starting from the local coordinates of these
points at the local coordinates frames attached to the elements to which they be-
long. In the case of Figure 4.13, we can write:

ri=ri+A, T -r (4.111)

r)=ry+ A2(172_17k) “4.112)

where A, and A, are rotation matrices that depend on the natural coordinates of
the points and vectors of each element. In computing these rotation matrices, we
can express the local and global coordinates of the basic points and vectors that
belong to a rigid body as the columns of a (3x3) matrix X as follows:

X =[r—u|v]=AX=A[r—Tu|v] (4.113)
Hence, the rotation matrix A can be found as
A=XX"=[rrulv]X" (4.114)

Consequently, the rotation matrices corresponding to the rigid bodies to
which points 1 and 2 belong will be defined by

| |
Ar=X, X, =[rrlug v X (4.115)
— — 1
A2=X2X2 =[I‘k—l‘l\u2|vﬂ X2 (4116)
Using the result of equation (4.90), we can write
I‘1=C1 qe] (4117)
r;=C,q; (4.118)

Matrices C; and C», defined by equation (4.50), are constant matrices that
permit finding the global coordinates of points r; and r, in terms of the natural
coordinates of the elements to which they belong. Using matrices C, and C,,
we can obtain two expressions similar to (4.94):

Qi =Cif, (4.119)

Q. =Cif, (4.120)
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k

Figure 4.14. Rotational spring with mixed coordinates.

where f, = — f;. The generalized forces Q7 and Q5 are conjugated with the virtual
displacements dr; and dr,, that can be defined as functions of dq by equations
(4.117) and (4.118). It is possible to write an expression for the potential energy
analogous to equation (4.106):

= N _L, ‘ Clql_c2q2\T’C15qI\
Y -’qok(L)(l L).‘—C1CI1+C2CI2’ \Cz&lz’ @12

and expanding the product of vectors,

rq T T
1% =’ k(L)(l—ll).{qT qg}\ C‘T _CT‘
BT L —C2 CZ

{Cl 0} [ 8a;
0 C,! | g,

- q
=’ k(L)(l—%)- {sq" 5q1)

do

T T
C, C, -C CZW [q1) (4.122)
clc, clc, @

The length L that is the distance between points r; and r, can be computed
by using the formulae (4.117) and (4.118) to solve for the coordinates of r, and
r,; and then to find the distance directly.

Rotational Springs. A rotational spring exerts, between the elements to which it
is connected, a torque about the common articulation of both elements; that is a
function of the relative angle twisted between them (Figure 4.14). Angles of
more than 360° are possible; therefore, it is necessary to take into account not
only the angle between both elements as calculated with the scalar or cross prod-
ucts of vectors, but also the number of complete turns that the rotational spring
may have gone through.
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Figure 4.15. Special case of rotational springs.

Consider the planar rotational spring shown in Figure 4.14 in which v is
the angle corresponding to the non-deformed position of the spring. If the rela-
tive angular position of the elements is considered as a new mixed variable
(w+2nm), the torque exerted on both elements will be directly given by

M =k(p) (v + 2n7m — y,) (4.123)

Note that the new dependent coordinate ¥ may be introduced by either one or
a combination of the following constraint conditions:

rij . rjk =L” L]k cos l// (4124)
iy Arpl =Ly Ly sin (4.125)
In addition, the potential energy is given by
s Y+2nm-yo s Y+2nm-yo
V= M(y)dy = k) (v=wo)dy  (4.126)
Two I Yo

Since yis one of the dependent coordinates of the system, no additional trans-
formation is required.

In the three-dimensional case, the situation is a little more complicated, par-
ticularly in the case in which the points 7, j, and k are not in a plane perpendicu-
lar to the axis of the revolute joint. Here, the angle y in the joint is not the an-
gle formed by the segments (i—j) and (i—k), but the angle determined by two
straight lines normal to the axis of the pair. This can be seen in Figure 4.15. It
is assumed in this figure that the axis of the pair is determined by the unit vector
u. A similar and simpler formulation for the forces is obtained when the pair is
determined by two basic points.
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If the angle is introduced as a dependent coordinate, the expression for the po-
tential energy is immediate and responds to the same equation as that of the pla-
nar case (equation (4.126)). When the spring is linear,

V=%k(w+%n—wf (4.127)

where k is the spring constant.

4.3.3 Forces Induced by Known Acceleration Fields

The simplest case of forces induced by known acceleration fields are gravitational
forces. The gravitational force acting on an element is simply the product of its
mass m times the gravitational acceleration g, acting on the center of gravity r:

f=—mg (4.128)

and the potential of this force can be expressed as

V=-mrsg (4.129)

A matrix Cg similar to that of expression (4.50) can be constructed for the
center of gravity to express its coordinates in terms of natural coordinates q° of
the element. Consequently the potential becomes

V=-mq'C.g (4.130)

Another important case, is the one in which the external forces originate from
a known accelerations field. This situation arises when the fixed element is
moving in a prescribed mode or when the entire multibody system is subjected
to a rotation.

Let v, and Q be the velocity of the origin and the angular velocity vector, re-
spectively, of the reference coordinate frame whose motion is known. The accel-
eration of this system is defined by v,, Q, and Q which are known. Using the
principles of relative motion (Greenwood (1988)), the motion with respect to a
moving reference frame can be studied as if it were an absolute motion, introduc-
ing as known external forces all the inertia forces corresponding to the motion of
the frame. Assuming a standard element with two basic points i and j and two
non-coplanar unit vectors u and v, these accelerations are:

F=QAari+QA(Q ari)+ve (4.131)
Fi=QAarj+Qa(QAar)+v, (4.132)
i=QAu+QA(QAu) (4.133)
V=QAav+QAr(Qav) (4.134)

As a consequence of these accelerations, the vector of inertia forces Qf, acting
on the element is,
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Q,=-M/ MG (4.135)

where M€ is the mass matrix developed in Section 4.2.2. The potential of these
forces, which is position dependent, will be

rq rq
1% =_’ dquQ$n=_’ dg""™ M q° (4.136)
Jq0 0

One will find these expressions useful for carrying out the dynamic analysis
of a multibody system evolving in a known field of centrifugal forces.
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Problems

4/1 Using equation (4.48), find the inertia matrix (with respect to points i and j) of
the 2-D element shown in the figure, in the following cases:
a) The element has a concentrated unit mass located at i.
b) The element has a concentrated unit mass located at j.
c) The element has a concentrated unit mass located at point (0,1)
d) The element has a concentrated unit mass located at point (0,—1)
e) The element consists of a disk with its center at i, having unit radius, and uni-
formly distributed unit mass.

4/2  Using the results of Problem 4/1 and admitting the possibility of inertia matri-
ces corresponding to negative masses, to eliminate mass from a real rigid body,
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find the concentrated masses at points (0,0), (1,0), (0,1), and (0,-1), so that the
resulting mass matrix is:

0010
00 01
1 000
0100
A y
i j X
° -
T 1
1
Figure P4/1. Figure P4/3.

4/3 Find by integration of
oL
Mq="] r(s)ds
L],
the inertia matrix M of an homogeneous 3-D bar and show that M is in-
dependent of the position of the bar.

Figure P4/4. Figure P4/5.

4/4  The inertia properties of a 3-D rigid body depend on ten parameters including the
mass m, the position of center of gravity rg, and the inertia tensor Ig, defined on
a moving frame attached to the body. Show by intuitive reasoning (without al-
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gebraic calculations) that it is possible to find a (12x12) constant inertia matrix
in the global frame. Use as acceleration variables the Cartesian accelerations of
points 1, 2, 3, and 4.

A bar 1 connects two rigid bodies 2 and 3 through two spherical joints i and j.
The motion of bodies 2 and 3 is known, so the motion of the bar is known ex-
cept for the rotation around the direction i-j. There is a friction torque of con-
stant magnitude 7 and direction opposed to the relative angular velocity applied
at the joints i and j. Find the directions of torques T; and T; that guarantee the
complete equilibrium of the bar.



5

Dynamic Analysis. Equations of Motion

This chapter deals with the direct dynamic problem which consists of determin-
ing the motion of a multibody system that results from the application of the ex-
ternal forces and/or the kinematically controlled or driven degrees of freedom. The
direct dynamic analysis is also commonly referred to as the dynamic simulation.
Its importance is steadily increasing in fields such as: automobile industry,
aerospace, robotics, machinery, biomechanics, and others. The possibility of
kinematically controlling some degrees of freedom in a dynamic problem has
many practical applications. For example, in the analysis of vehicle suspensions,
if the wheel is rigid, its center follows the trajectory determined by the rolling
surface. The dynamic problem will determine the resulting motion of all the ve-
hicle's remaining elements.

It is very important to emphasize the difference between the kinematically and
dynamically controlled degrees of freedom. In the previously stated kinematic
simulation, all the degrees of freedom were controlled kinematically; that is, the
motion of as many input elements as degrees of freedom is known. There are as
many additional kinematic or driving constraint equations such as known angles,
and known distances, as degrees of freedom. In order for the problem to be truly
dynamic, it is necessary that the number of unknown dependent variables be
greater than the total number of independent geometric and driving constraint
equations. As a result, the motion of the multibody system cannot be unequivo-
cally defined by the geometric and driving constraint equations and by the known
motion of points and vectors only. In order to determine the motion of the entire
system, it is necessary to establish the dynamic equilibrium condition that leads
to a system of second order differential equations generally called the equations of
motion.

The direct dynamic problem pursues the determination of the system's motion
during a period of time originated by known external forces and/or the kinemati-
cally driven degrees of freedom. The position of the multibody system is charac-
terized by its dependent coordinates. It is not sufficient to know the values of a
minimum set of independent coordinates, because the position is not unequivo-
cally known by simply knowing the independent coordinates. However, at the
time of formulating the equations of motion, it is possible to do it with both
dependent or independent coordinates. There is not a consensus among the ex-

156
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perts as to which method is the best for all cases. A method can be advantageous
over another under certain conditions and vice versa. Continuing research is be-
ing carried out to find the best possible formulation in terms of efficiency and
accuracy.

The dynamic formulation with independent coordinates calls for solving the
position problem at each stage of the integration or adopting alternative methods
that will be later explained below. In practice this is not a serious problem. As
the positions of the system corresponding to two consecutive steps of the inte-
gration are very close, the position problem converges rapidly and the problem
of multiple solutions does not present a serious practical difficulty.

We discuss in this chapter several methods concerning formulating and solv-
ing the direct dynamic problem with both dependent (Section 5.1) and indepen-
dent coordinates (Section 5.2). In many instances we include algorithms which
explain and facilitate their computer implementation. Some recent formulations
that are based on velocity transformations and the canonical equations are dis-
cussed in Sections 5.3 and 5.4, respectively.

5.1 Formulations in Dependent Coordinates

Several methods of formulating the equations of motion with dependent coordi-
nates will be developed below. In all cases, the desired end result can be obtained
by either the Lagrange's equations or the method of virtual power. Hereafter, the
vector q represents a set of n unknown dependent coordinates, m is the total
number of independent constraint equations (geometric and kinematic), and f=n-m
is the number of dynamic degrees of freedom. The constraint conditions are writ-
ten in the following general form:

®(q,1) =0 (5.1)

Let T(q, q) be the kinetic energy of the system, V(q) the potential energy and
Q..(q) the vector of generalized external forces acting along the dependent coor-
dinates q of a constrained mechanical system. The Lagrange's equations of such
systems have been derived in Chapter 4 in the form:

d[oL) 9L, oT ) = q,, (5.2)
dr\oq/ oJq

where L =T-V is the Lagrangian function. The third term on the LHS of equation
(5.2) is introduced, because the coordinates q are not independent but interrelated
by means of the constraint equations. The matrix @, is the Jacobian matrix of
the nonlinear constraint equations (5.1). The vector A in (5.2) represents the
Lagrange multipliers. With this formulation the number of unknowns has in-
creased to n+m, since not only q but also A needs to be calculated.
As shown in Chapter 4, the kinetic energy of a multibody system can be

written as follows:
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T:iqT M(q) q (5.3)

where the mass matrix is constant as long as all the bodies have at least two
points and two non-coplanar unit vectors or an equivalent structure. Otherwise,
the mass matrix is dependent on the positions q. For the general case in which
the kinetic energy depends on q, equation (5.2) becomes (See Example 4.1)

MG+®@A=Qu+L,-Mq (5.4)

where Q_, is the vector of external forces and L the Lagrangian. It may be seen
that equation (5.2) involves the time differentiation of the mass matrix which
leads in certain cases to rather involved computations.

Another way of formulating the equations of motion is by means of the
method of virtual power. It was demonstrated in Chapter 4 that the virtual power
of the forces acting on a multibody system can be written as

q (Mg-Q)=0 (5.5)

where (" are the virtual velocities, which must satisfy the first derivative of the
constraint equations at a stationary time. Therefore,

@ (q.1)q =0 (5.6)

It cannot be inferred from equation (5.5), that the part of the expression be-
tween parenthesis is zero. In addition to the inertia and external forces coming
from a potential, the constraint forces, such as forces at the pairs, also act on the
multibody system. Although they do not appear in a virtual power expression,
they should appear in the equilibrium equations. In order to eliminate the virtual
dependent velocities from equation (5.5), one should add to (5.5) the equation
(5.6) transposed and multiplied by a vector of m unknown coefficients A. This
would yield:

q (Mg-Q+@ia)=0 (5.7)

As mentioned in Section 4.1, it is always possible to find m values of the
vector A. This vector establishes the magnitude of the constraint forces; so that

M§+®@A=Q (5.8)

where now the vector Q contains the external forces plus all the velocity-depen-
dent inertia terms obtained as explained in Chapter 4. Hence, equations (5.4) and
(5.8) are equivalent. The first term corresponds to the inertia forces; the last, to
the external forces, velocity-dependent inertia forces, and those obtained from a
potential. The intermediate term corresponds to the forces associated with the im-
posed constraints, that is, the forces necessary for the constraint equations to be
satisfied.
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5.1.1 Method of the Lagrange Multipliers

Equation (5.8) represents n equations and (n+m) unknowns: the n elements of
vector q and the m elements of vector A. In order to have a sufficient number of
equations, it is necessary to supply m more equations. The obvious choice is to
use the algebraic constraint equations (5.1) which along with (5.8) constitute a
set of differential algebraic equations DAESs of index three (See Chapter 7). In or-
der to avoid DAESs, one can use the acceleration kinematic equations which are
obtained by differentiating the constraint equations (5.1) twice with respect to
time:

®,G=-®-®,q=c (5.9)

This expression is used to define the vector c¢. By writing equations (5.8) and
(5.9) jointly, one obtains:

M @, [4)_[Q)
vl e

q

which is a system of (n+m) equations with (n+m) unknowns, whose matrix is
symmetrical and, in general, non-positive definite, and also very sparse in many
practical cases.

The system of equations (5.10) can be used for the simultaneous solution of
the accelerations and Lagrange multipliers. Alternatively, equation (5.8) can be
solved first to obtain an expression for the accelerations:

. -1 -1 2T
G=M ' Q-M @ 1 (5.11)

which can only be used if the mass matrix is non-singular, as it will be in most
of the cases. By substituting equation (5.11) in equation (5.9), one obtains:

oM O A=®,M ' Q-c (5.12)

from which the Lagrange multiplier vector A can be found. In order to calculate
the accelerations, it will suffice to substitute A in equation (5.11).

In the majority of practical cases, the direct solution of equations (5.10) is
preferable over the use of (5.11) and (5.12). The main advantage of the dynamic
formulation in dependent coordinates using Lagrange multipliers, besides the
conceptual simplicity of the method, is permitting the calculation of forces asso-
ciated with the constraints (which depend on the Lagrange multipliers) with a
minimum additional effort. The solution of (5.10) yields A directly without the
need for a special call to an inverse dynamic module (See Chapter 6).

Numerical Implementation. It will be assumed that a numerical integration
subroutine for first order differential equations, such as those described in Chapter
7, is available. The operation of these subroutines can be summarized as follows:
given the vector of derivatives y, of the dependent variables at time ¢, the numeri-
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cal integration subroutine (n.i.s.) returns the value of the vector y at time (#+A¢).
Schematically,
n.i.s.

Y:

Yi+ar

Therefore, following the Lagrange multiplier method, the numerical integra-
tion of the equations of motion may proceed as follows:

Algorithm 5-1

1. Start at a time ¢ in which the position q and velocity q are known.

2. Use equations (5.10) to solve the accelerations at time ¢ . We call this process
a function evaluation.

3. The vector y, ={q", q'}, is given as input to the numerical integration sub-
routine (valid for first order differential equations), and the vector
¥har={a". q"; .4 is obtained:

. T .T .T n.i.s. - T
y.={q.q }, YzT+AtE {q 7qT}t+At

4. Upon convergence of the n.i.s., update the time variable and go to step 2.

This numerical integration algorithm has the advantage of being much sim-
pler than those shown below corresponding to other methods. However, it may
not be the most efficient. In addition, it will be explained below that as the nu-
merical integration proceeds using this algorithm, the constraint conditions are
progressively violated leading to unacceptable results in all but very short simu-
lations.

5.1.2 Method Based on the Projection Matrix R

A second possibility of formulating the motion differential equations with depen-
dent coordinates is based on the matrix R introduced in Chapter 3. Remember
that the f=n—m columns of the matrix R represent a basis of the nullspace of the
Jacobian @; that is, a basis of the subspace of possible motions. The matrix R
verifies the following relationship for holonomic systems:

®,R=0 (5.13)

It also directly relates the dependent and independent velocities for the case in
which there are no rheonomous constraints:

q=Rz (5.14)

If in the virtual power equation (5.5) the dependent virtual velocities q* are
substituted in terms of the independent virtual velocities z*, the use of equation

(5.14) leads to

i R'(M

q-Q)=0 (5.15)
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Since the previous expression should be verified for any arbitrary vector of in-
dependent virtual velocities, the following must also be satisfied:

R'Mq=R Q (5.16)

Equation (5.16) contains (n—m) equations with n unknowns. In order to have
as many equations as unknowns, it is necessary to complete this system with
the kinematic acceleration equations (5.9), resulting in

?‘1 ij=/ c | (5.17)
R'M| |R"of
which is a system of n equations with n unknowns which can be easily solved for
the dependent accelerations q. The upper part of equation (5.17), corresponding to
matrix @, has been previously factored in order to calculate the matrix R.
Because of this, the system of equations can be solved with very little additional
effort. The method based on equation (5.17) is sometimes more efficient than the
one based on equations (5.10) (Unda et al. (1987)). The dynamic formulation
whose end result is equation (5.17) was originally introduced by Kamman and
Huston (1984), although they did not use a general matrix R but a set of eigen-
vectors associated with the zero eigenvalues of the matrix ((I)Z(Dq).
Matrix R can be calculated by means of any of the methods explained in
Chapter 3. The simplest is the projection method (Section 5.2.3) based on the
selection of the independent coordinates as a subset of the dependent ones.

Remarks:

* The same result of equation (5.16) can be arrived at by eliminating the vector
A in equation (5.8). By multiplying equation (5.8) by the matrix RT, we can
write

R'M ¢+R ®A=R Q (5.18)

but by virtue of equation (5.13), the term containing the Lagrange multipliers
can be cancelled, thus equation (5.16) is obtained.

* Equation (5.17) allows one to clearly distinguish the equations corresponding
to the kinematics (the m first ones) from the equations corresponding to the
dynamics (the n—m last ones). Besides, system (5.17) does not explicitly con-
tain any independent coordinates; rather they are implicitly considered via the
matrix R. Each matrix R implies a choice of independent coordinates in accor-
dance with equation (5.14). The chosen set of independent coordinates must be
changed anytime there is a need to guarantee the existence and perfect condi-
tioning of the Jacobian factorization necessary to compute the matrix R.

Numerical Implementation. Similar to the case of the Lagrange multiplier
method, the numerical integration process of the equations of motion using the
matrix R may proceed as follows:
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Algorithm 5-2

1. Start at a time ¢ in which the position q and velocity q, are known.

2. Form the matrix @, and triangularize it with column partial pivoting. From
this triangularization, decide whether the current set of coordinates continue to
be valid (independent) to form the matrix R, or if it is necessary to change
them. In the latter case, make a new choice of independent columns by means
of a triangularization with total pivoting.

. Form the matrix R and the product RTM.

. Solve equation (5.17) for the dependent accelerations.

5. Obtain the vectors q and q at time (#+Af) are obtained by numerical integra-

tion.

B~ W

.T .T .T n.i.s. T T T
Y. =4 .49} T Yeear=14 .9 }rin

6. Upon convergence of the n.i.s., update the time variable and go to step 2.

Similar to Algorithm 5-1, this method also requires constraint stabilization
for long simulations. This point is treated next.

5.1.3 Stabilization of the Constraint Equations

Once the position, velocity, and external forces are known, equations (5.10) and
(5.17) permit calculating the dependent accelerations of the system at a specific
time. Both equations use the kinematic acceleration equations (5.9) which are ob-
tained by differentiating the constraint equations (5.2) twice with respect to time.
This means that the following differential equation is also being integrated with
respect to time:

®(q,1)=®, G+ D, q+D,=0 (5.19)
This system of differential equations has the following general solution:
®(q.1)=at+a, (5.20)

where a, and a, are constant vectors that depend on the initial conditions; that is,
on the value of the constraint equations and on its first derivative with respect to
time at r=0. If the position and initial velocity satisfy the constraint equations,
both vectors a, and a, are null. Theoretically, equation (5.20) guarantees that the
constraint equations will be satisfied at any time. The fact of the matter is very
different.

Equation (5.19) is unstable, since for any vector a; different from zero the
general solution given by equation (5.20) is not bounded and tends to increase
indefinitely with time. Even though the initial conditions guarantee that a,= 0,
during the course of the numerical integration, the round-off errors that appear
during the integration do not satisfy the constraint equations. The effects of these
errors increase with time, in accordance with expression (5.20). Therefore, the
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constant distances cease to be constant and the points of the same element pro-
gressively move closer to or further away from them. A similar situation hap-
pens with the other constraint equations.

This difficulty takes place during the integration of the differential equation
(5.19). For example, let's take a look at a constraint equation of constant dis-
tance between two points i and j:

(6-1) @ -1)—L; =0 (521)
By differentiating this equation twice with respect to time, one obtains
T . . . T . .
@r-r) @;-r)+@-r) @;-r)=0 (5.22)

When numerically integrating equation (5.22), one loses the information
about the distance L;; that should be maintained between both of the points. The
constant L; disappears during the differentiating process. Thus, expression (5.22)
does not have the information corresponding to the distance that must be main-
tained, and errors accumulate on the distance between points i and j. The same
situation happens with all the other constraint equations, which at the time of
differentiation lose the information carried by the constant terms.

The instability during the numeric integration of kinematic acceleration equa-
tions ensures that Algorithms 5-1 and 5-2 may not be used directly to obtain the
solution of the dynamic simulation problem. Two different methods have been
proposed for overcoming this difficulty and are stated below.

5.1.3.1 Integration of a Mixed System of Differential and Algebraic Equations.

The purpose of this method is to jointly solve the system of nonlinear algebraic
equations (5.1) and differential equations (5.10) or (5.17). Thus, the constraint
equations, and not only their second derivatives, are satisfied at any given time.
Refer to Chapter 7 for a description on the general solution of differential alge-
braic equations or DAEs. There are numerical integration methods for mixed sys-
tems of differential equations that permit adding algebraic equations. However,
they are not the most numerically efficient and are not free from stability prob-
lems in the simulation of mechanical systems (See Chapter 7 and Steigerwald
(1990)).

5.1.3.2 Baumgarte Stabilization

The aim of the Baumgarte stabilization method (Baumgarte (1972)) is to replace
the differential constraint equations (5.19) by the following system:

O +200+8 D=0 (5.23)

where o and f3 are appropriately chosen constants. The general solution to this
differential equation is

®=ac’+a,e? (5.24)
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where a; and a, are constant vectors that depend on the initial conditions, and s,
and s, are the roots of the characteristic equation, defined by the expression:

sps,=—atNa?- B (5.25)

If o and B are positive constants, the two roots s, and s, have a real negative
part which guarantees the stability of the general solution (5.24) in contrast with
that in (5.20). The initial position and velocity conditions of the multibody sys-
tem should guarantee that the vectors a, and a, are zero. If the numerical round-
ing-off errors alter this condition, the real negative part of the exponential terms
damps out the possible errors occurring during the integration process. The con-
stants o and f are usually equal to one another with values between 1 and 20,
and it appears that the behavior of the method does not significantly depend on
these values. Chang and Nikravesh (1985), and Bae and Yang (1990) proposed
different methods for optimizing this choice.

By using equation (5.23) instead of equation (5.9), the differential equations of
motion (5.10) and (5.17) are respectively transformed into:

M @, (4|_[Q)
sl e

and

q =/ f \ (5.27)

where
g=-®,-0,q-20(0,q+®)-5 @ (5.28)

Nikravesh (1984) has studied comparatively the numerical integration of the
equations of motion with dependent coordinates without stabilization, with
Baumgarte stabilization, and integrating mixed systems of differential and alge-
braic equations. His conclusions indicate that the Baumgarte stabilization is
twice as efficient as the integration of the mixed systems, even though not all
the problems examined were satisfactorily solved with the said stabilization
method. On the other hand, the direct integration of equations (5.10) or (5.17)
produced unacceptable results. The Baumgarte stabilization is general, simple,
and numerically efficient. Its computational cost is a small fraction of the total
required. However, it does not solve all possible instabilities, such as near kine-
matic singular configurations (Haug (1989)). This aspect works in favor of other
methods with dependent and independent coordinates that will be studied below.

5.1.4 Penalty Formulations

As shown in Section 5.1.1, the Lagrange multipliers technique allows for the so-
lution of the dynamic problem at the expense of solving for an augmented set of
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(n+m) unknowns: q plus A. In this section we will present an alternative penalty
formulation proposed by Bayo et al. (1988) that eliminates the Lagrange multi-
pliers from the equations of motion and leads to a set of n ordinary differential
equations with q as the only unknowns. In essence, this method directly incorpo-
rates the constraint equations as a dynamical system, penalized by a large factor,
into the equations of motions. The larger the penalty factor the better the con-
straints will be achieved at the cost of introducing some numerical ill-condition-
ing. We will show next how this penalty formulation can be applied to holo-
nomic and non-holonomic constraint conditions and how to avoid the numerical
problems that may arise in the use of penalty factors. Theoretical studies of its
convergence and stability have been carried out by Kurdila and Narcowich (1992).
This penalty method has also been successfully extended to real time dynamics
within the context of fully Cartesian coordinates in Bayo et al. (1991). This will
be explained in Chapter 8.

Holonomic Systems. A holonomic system is characterized by constraint
equations of the form given in (5.2) which represent a set of nonlinear algebraic
equations in the coordinates and the time variable. The penalty formulation is de-
rived by adding three terms to the Lagrangian: These terms include a fictitious
potential:

v*=25ak % cb,fséqfasfcb (5.29)
k

a set of Rayleigh's dissipative forces:

Gk:—zakwkpk%s—zaguqs (5.30)
and a fictitious kinetic energy term:
* do 2 . T .
X T =zlak(7k) =1lo ad (5.31)
. 2 dt 2

The oy are very large real values (penalty numbers), and @, and p, represent
the natural frequency and the damping ratio of the penalty system (mass, dash-
pot, and spring) corresponding to the constraint @,=0. Matrices o, Q and { are
(mxm) diagonal matrices that contain the values of the penalty numbers, the nat-
ural frequencies, and the damping ratios of the penalty systems assigned to each
constraint condition. If the same values are used for each constraint, these matri-
ces become identity matrices multiplied by the respective penalty numbers. Note
that in equations (5.29) through (5.31), we have used both index as well as ma-
trix notation, hoping that this will lead to a better understanding of the physical
significance of the different terms. In the following discussion, we will only use
the matrix form in order to be consistent with the notation used so far in this
book.

The differentiation of the new penalty terms that form the Lagrangian term
L*=T"-V" leads to
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T .
aaichqacp—cpzanch (532)
q
S

L _¢, 0 (5.33)

oq

¥ LT . A T ..
;(aL)=<an<I>+€I>qa<I>=<an<D+<I>‘T]a€I> (5.34)
aq

T . T
where the easily verifiable relation ®; = @, is used.
The work done by the fictitious Rayleigh forces is

Wr=-2(50) aQud=-25¢"®,0Qpd (5.35)

and, therefore, the final expression obtained by the application of the Lagrange's
equations is

Mg+@ a(@+2Qpd+0°0)=Q (5.36)

where M and Q:Qex+Lq—M('1 are the mass matrix and the force vector corre-
sponding to the system without constraints.

Remark: The second term in the LHS of equation (5.36) represents the forces that
are generated by the penalty system when the constraints ®, ®, and ® are vio-
lated. The virtual power method leads to this result directly without the need of
differentiation, as is the case with the Lagrange's equations. By merely comparing
equations (5.36) with (5.4), we may see that (0®+2QUP+Q2D) is an approxi-
mation to the true Lagrange multipliers A. The pre-multiplication by <I>T, projects
these forces unto the space of the dependent coordinates.
Substituting for @ with values from equation (5.9) the following final result

is obtained:

M+®,0®,)(=Q-D, (D, q+P+2Qud+Q° ®) (537

It has been demonstrated (Oden (1983)) that the solution of the modified prob-
lem coincides with that of the original problem provided that o, —eco.
Numerically, this condition is achieved by merely using large penalty factors.
These in turn may produce numerical ill conditioning which may be avoided by
the improved technique described below. For double precision arithmetic, a factor
of 107 times the largest term of the mass matrix gives excellent results. The co-
efficients m and u may have a stability effect similar to that produced by the o
and B coefficients of the Baumgarte constraint stabilization method explained
above. However, the penalty formulation of equation (5.37) does not fail near
kinematic singular configurations or with redundant constraints, as the Baum-
garte stabilization does.
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Non-holonomic Systems. The penalty formulation also allows one to in-
troduce, with no difficulty, non-holonomic constraints. The general form of a
non-holonomic constraint is

Dy (g, g, 1) =0 (5.38)

Non-holonomic constraints conditions for multibody systems typically take
the form:

©=A(q.)q+B(q,1) (5.39)

The classical Lagrange multiplier approach leads to the following equations of
motion (Goldstein (1980)):

Ma+A A=Q (5.40)

Considering the penalty formulation, we introduce as for the holonomic sys-
tems a set of fictitious Rayleigh's dissipative forces that are proportional to the
velocities:

%

Gr=-—0oh p=-0p® (5.41)
and of inertia forces:
L=—0, =—0a® (5.42)

The projection of the forces acting on the constraints over the space of depen-
dent coordinates is given by

Ala @+ p D) (5.43)

and the application of the virtual power method directly leads to

q*T(M q-Q+A a(@+ p,<I>))=O (5.44)

Since the penalty formulation makes the problem become unconstrained, the
virtual velocities may be arbitrarily selected. The expression between brackets
vanishes, consequently,

Ma+A a@+p®)=0Q (5.45)
Knowing that
®(q,q, ) =P, q+ P; q+ D, (5.46)

equation (5.45) becomes

. - 5.47
M+A"aA)G=Q-A" a(A q+B +p®) (547)

As in the holonomic case, the diagonal matrix o can be substituted by a con-
stant that multiplies the identity matrix, if the same penalty number is used for
all of the constraints.
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Augmented Lagrangian Formulation. Equations (5.37) and (5.47) form
the modified Lagrange's equations that are obtained by virtue of a penalty formu-
lation. Penalty methods bring forth the problem of choosing the right penalty
number. While large penalty values will ensure convergence to the constraint
within a tight tolerance, those values may also lead to numerical conditioning
problems and develop round-off errors. It is therefore important that the analyst be
supplied with a method that converges, regardless of the size of the penalty val-
ues, to the right solution within specified tolerances in the constraints. This
method will have all the possible advantages of a reduced number of equations and
have no need for very large penalty values to assure convergence.

To this end, we can extend the augmented Lagrangian method commonly used
in optimization analysis (Vanderplaats (1984)) to improve the numerical condi-
tioning of the proposed penalty equations. Let us consider again the classical
Lagrange multipliers method as stated by equation (5.8). This method, along
with the constraints (5.1), forms a system of DAEs whose solution will yield
the values of the n generalized coordinates g; as well as the m Lagrange multipli-
ers A,. Instead of following this approach, we can modify equation (5.8) by
adding the corresponding penalty terms, whose values will be zero if the con-
straints are satisfied. Therefore

Mg+o a(@+2Qpd+0’°0)+ 0 2 =Q (5.48)

This new equation can be viewed as a penalty method to which the Lagrange
multipliers are added. In the limit, the constraint conditions are satisfied; thus
A=\" and equations (5.8) and (5.48) become totally equivalent except for round-
off errors induced by the penalty parameters and finite machine precision. In
(5.48) the Lagrange multipliers A" play the role of correcting terms.

By merely comparing equations (5.8) and (5.48), it can be inferred that

rzd +a(@i2Qpe+Q’o) (5.49)

We are seeking the solution of (5.48) without having to use the algebraic
constraint equations (5.1). This requires that the correct values of A" be known,
so that they can be inserted in (5.49). Since those values are not known in ad-
vance, there is a need to set up an iterative process that calculates the unknown
multipliers A*. The iteration is easily established by taking advantage of equa-
tion (5.49):

}\'i+1 =7wi+a(&)+29 u¢+92¢)i+1
i=0,1,2,...

with ngo for the first iteration. Equation (5.50) physically represents the intro-
duction at iteration i+/ of forces that tend to compensate the fact that the con-
straints are not exactly zero. It becomes obvious now that the penalty number
does not need to be very large, since the resulting error in the constraint equations
will be eliminated by the Lagrange's terms during the iteration procedure. The

(5.50)
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generic penalty method corresponds to the augmented Lagrangian method in
which the iteration process is carried out only once.

The matrix formulation of (5.48), including the iterative process defined in
(5.50), is given by the following expression:

(M + @0 @) i, =
=M - Dy a(®,q+D,+2Q pd + Q' B) (5.51)
i=0,1,2, ...

with M qo = Q for the initial iteration. The subscript i represents the iteration
number.

This improved formulation for the non-holonomic case leads to an iterative
procedure as given by the following equation:

(M+AT°‘A)di+1=M iji—ATa(A Q+B+ud>)
i=0,1,2,...

with again M qo = Q for the initial iteration.

At first, this procedure might seem to be at a disadvantage since an iteration
process and thus extra computation are required. However, the extra numerical ef-
fort is practically insignificant, since an iterative procedure is usually necessary
to solve a system of nonlinear differential equations. A major advantage obtained
in return for this additional computation is that the analyst does not have to be
concerned with the value of the penalty number that simultaneously assures con-
vergence and avoids round-off errors. The numerical integration of the equations
of motion using the penalty formulation may proceed as follows:

(5.52)

Algorithm 5-3

1. Start at a time ¢, when the position q and velocity q are known.

2. Use equation (5.37) in holonomic systems, or (5.47) in non-holonomic sys-
tems, to solve for the accelerations q at time ¢. If the augmented Lagrangian is
desired, then use equations (5.52) and (5.53) for holonomic and non-holonomic
systems, respectively.

3. Obtain the vectors q and q at time (¢+Af) by numerical integration:

T T .T n.i.s. .T
y,={q.q9} —~ YzT+AtE {q, qT}t+At (5.53)

4. Upon convergence of the n.i.s., update the time variable and go to step 2.

This numerical integration algorithm has the advantage of solving a set of n
equations as compared to (n+m) needed by the Lagrange multiplier method.
Constraint stabilization is implicitly considered within the algorithm and is im-
plemented more simply than the methods that use independent coordinates which
are shown in the sequel. An efficient numerical implementation of this penalty
method, which is more suitable for real time applications, has been proposed by
Bayo et al. (1991) and will be explained in detail in Chapter 8.
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Table 5.1. Maximum constraint errors for different penalty values.

Number of iterations
0 1 2
Penalty time error time error time error
10! 10.5 | 071071 | 12.8 | 071072 | 14.1 | 091073
103 11.7 | 071073 | 133 | 061075 | 14.6 | 0.6 107
103 11.7 | 0.1 1004 | 133 | 06 107> | 14.6 | 0.6 107
107 11.7 | 061075 | 13.3 | 0.6 107> | 14.6 | 0.6 107
109 11.7 | 061075 | 133 | 0.6 107> | 14.6 | 0.6 107>
10!l 173 1 011004 | 19.1 | 091073 | 21.9 | 02104

Example 5.1

Given the results of a numerical simulation of the motion of a double pendulum
moving in a vertical plane under gravitational forces. The pendulum has two ele-
ments of unit mass and length. Four natural coordinates with two constraints con-
ditions are used to model the system. We use the penalty-augmented Lagrangian
method with coefficients 2 and u equal to 10 and 1, respectively. These provide
critical damping in the stabilization process. Table 5.1 contains a comparative
study of the resulting maximum constraint errors and CPU times in seconds ob-
tained, using different penalty numbers and O, 1 and 2 iterations. In all the cases,
the integration is performed using the subroutine DGEAR (Gear (1971)) with an er-
ror tolerance equal to 10~4. It may be seen how the use of only one iteration con-
siderably widens the range of acceptable penalty values at practically no addi-
tional computational cost.

5.2 Formulations in Independent Coordinates

Some of the methods used to formulate and integrate the motion differential equa-
tions in independent coordinates will be presented below. One advantage of this
type of coordinates is an important reduction in the number of equations to be in-
tegrated. Most important is the disappearance of the instability problem in the in-
tegration of the constraint equations using ODE solvers. However, this has a
price in terms of computational effort since the position and velocity problems
need to be solved after the function evaluations. Some of the numerical integra-
tion algorithms studied in Chapter 7, and in particular the more stable implicit
algorithms are difficult to implement. In addition, the formulation and implemen-
tation of these methods become more involved than those which use dependent
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X1

Figure 5.1. Independent velocity in a four-bar mechanism.

1 X1

Figure 5.2. Need to change the independent velocity in a four-bar mechanism.

coordinates. One important point is the choice of the right set of independent co-
ordinates. This point will be studied in greater detail next.

5.2.1 Determination of Independent Coordinates

This is a point of transcendental importance. The independent velocities normally
are given by the projection of the dependent velocities q on certain vectors defined
by the rows of a constant matrix B (See Section 3.5) as:

z=Bq (5.54)

The need to suitably select the independent coordinates can be illustrated from
the mechanical point of view with some very simple mechanisms. For example,
in the four-bar mechanism of Figure 5.1, the velocity x; perfectly defines all the
mechanism's velocities. However, in the quadrilateral of Figure 5.2, this coordi-
nate is not adequate, since in no way does it determine the velocity of point 2. In
fact, at the position of Figure 5.2, x; will always be zero.

Figures 5.3 and 5.4 show a mechanism with five bars at two positions. At
one of these the selected coordinates are adequate, but at the other they are not.
When bars 2 and 3 are parallel, bars 3 and 4 have the possibility of being jointly
moved as a rigid body. This motion is not determined by angles y; and v,.

The examples mentioned should be sufficient for understanding: first, no sys-
tem of independent coordinates is adequate for the entire motion of the system;
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Figure 5.3. Adequate set of independent Figure 5.4. Inadequate independent
coordinates in a five-bar mechanism. coordinates in a five-bar mechanism.

and secondly, that a particular set of independent coordinates may be the most ad-
equate at a certain position of the mechanism but not at another. Therefore, one
must establish a double actuation procedure. On one hand a method must be de-
veloped that permits checking when a set of independent coordinates is becoming
inadequate. On the other hand, it is necessary to establish a method for finding
the most adequate new set of independent coordinates. Fortunately, there are
mathematical properties of the Jacobian matrix @ that permit the solution of
the two problems satisfactorily. These properties will be seen later in connection
with the specific methods of formulating and solving the dynamic problem with
independent coordinates.

One last important point is that normally the numerical integration subrou-
tines of ordinary differential equations are based on multistep methods (Shampine
and Gordon (1975); Gear (1971)). These methods are very efficient, but they have
certain limitations. They require special techniques for starting the integration
process, and they are long and drawn out. Since it is necessary to change each
time the independent coordinates, the numerical integration must be restarted
again. One must carry out the minimum possible number of coordinate changes.
On the other hand, when some determined coordinates start to be inadequate, the
integration process becomes much slower. It is necessary to arrive at a compro-
mise solution, therefore, by making the minimum number of coordinate changes
that guarantee quick and accurate numerical integration. Sometimes, the speed of
the numerical integration can be utilized as the criteria for the change of indepen-
dent coordinates, when subroutines with automatic step size control are used.

The most important numerical integration methods for the differential equa-
tions of motion in independent coordinates are described next.
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5.2.2 Extraction Methods (Coordinate Partitioning)

This method, proposed by Wehage and Haug (1982), consists of finding the de-
pendent accelerations q by means of equations (5.10) or (5.17)Only some of the
vector's elements are integrated, specifically, those corresponding to the indepen-
dent coordinates. Wehage and Haug have called this technique the coordinate
partitioning method.

In order to choose an independent set of coordinates from vector ¢, it should
be remembered how the numerical integration subroutine behaves in this case.
Consider the vector q and a partition of dependent and independent coordinates as
follows:

q'={a. ¢} (5.55)
where there are m dependent coordinates and (f=n—m) independent coordinates.

The numerical integration subroutine is applied to only the independent coor-
dinates as follows:

Vosaha MY yhasa o e (5.56)

Since only the independent coordinates and velocities at time (1+Af) are

known, it is necessary to calculate the remaining coordinates and velocities. This

is done by solving the position problem to calculate qq in terms of q; after each

function evaluation, and doing the same for the velocities. The latter requires the

solution of the following set of linear equations which are the partitioned con-
straint equations for velocities:

{q; S M \—b (5.57)
lal

where the partition carried out on the vector q leads to a similar partition on the
Jacobian matrlx ®@,,. In order to calculate the dependent variables, the inverse of
matrix CI)q must ex1st During the Gauss triangularization process of this matrix
with column pivoting to maintain the previously determined partition, all the
pivots must be sufficiently different from zero. The fact that one or more of the
pivots of <D((11 tend to zero, means that the current set of independent coordinates
are becoming inadequate. More specifically, the dependent velocity corresponding
to the column in which the pivot tends towards zero appears, must now be taken
as a new independent coordinate.

When a system of independent coordinates becomes inappropriate in actual
practice, rather than substituting one coordinate for another, it is recommended
that one choose a new complete system of independent coordinates. This is done
by carrying out the factorization of @, with total pivoting. The (n—-m) columns
in which the m pivots have not appeared will determine the coordinates that
should be chosen as independent ones.

Although Gauss total pivoting is neither the only nor the most reliable tech-
nique that may be used for determining a decomposition of vector q into depen-
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dent and independent coordinates, it is undoubtedly the most economical. Mani et
al. (1985) proposed the Singular Value decomposition (SV) and Kim and
Vanderploeg (1986b) the QR decomposition. Both are, without a doubt, more re-
liable than the Gauss total pivoting method, but require considerably more calcu-
lation effort. These techniques can be used perhaps to choose a new set of inde-
pendent coordinates at specific positions, because this process will only need to
be carried out very few times in all the simulation. However, the QR or SV de-
compositions are completely unsuitable to detect the need for change in the set
of independent coordinates. Since the detection must be carried out at each step of
the numerical integration, these decompositions would unacceptably delay the in-
tegration process.

This numerical integration process requires solving the position problem and
performing the velocity analysis at each iteration. The latter does not constitute
an important difficulty. However, the position problem does, because it requires
an iterative solution that consumes an important amount of computational time.
For this reason, Paul (1975) suggested the integration of the following extended
set of differential equations:

vo=tahah MY yias @ q e (5.58)

By integrating all the velocities, and not only the independent ones, the new
position of the multibody system is directly obtained as a result of the numerical
integration. With numerical integration, the constraint equation stabilization
problem is not so critical. The equation that is integrated is that of the velocities
instead of accelerations. The general solution of the first derivative of the con-
straint equations is simply a constant vector. Therefore, round-off errors do not
tend to increase with time, although they accumulate and slow down the integra-
tion.

Numerical integration of the extended differential equations system (5.58) is
frequently used. Generally speaking it is more efficient than that of system
(5.56) which, as mentioned above, entails a repeated solution of the position and
velocity problem at each step. For long simulations, if the use of (5.58) leads to
an accumulation of constraint errors which may even lead to numerical stiffness
in the solution of equations, then the position problem is solved and the integra-
tion proceeds. Park and Haug (1986) proposed a hybrid method that combines the
coordinate partitioning and Baumgarte stabilization of the constraints. Thus,
when the errors in the constraint exceed a specified tolerance, the accelerations are
calculated with equation (5.26) instead of (5.10). When the Baumgarte stabiliza-
tion fails in the neighborhood of a kinematically singular configuration, the pro-
posed method reverts to pure coordinate partitioning with the solution of the po-
sition and velocity problems.

To summarize, the extraction method calculates all the dependent accelerations
with the same formulae used in the methods based on dependent coordinates. It
then integrates only one subset of the accelerations chosen by means of Gauss
triangularization with total pivoting or by the QR or SV decomposition. To de-
termine when an independent coordinates system starts becoming inadequate, the
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best and most economical method is to check the pivots during the triangulariza-
tion with column pivoting. This should be done at each step of the numerical in-
tegration.

5.2.3 Methods Based on the Projection Matrix R

One should recall the velocity equation, obtained after differentiating the con-
straint equations with respect to time:

®,q=—@=b (5.59)

Likewise one should consider again equation (5.54), in which the independent
velocities z are defined as the projection of vector  on the rows of a constant
matrix B of size ((n—m)xn). The rows of matrix B satisfy the condition of being
linearly independent from one another and with respect to the rows of matrix @
By jointly writing the expressions (5.59) and (5.54) one obtains

4q=lb (5.60)
[ B } il
The matrix on the LHS of this expression is invertible and consequently,
-1
q= @4 fl?\s[s R]f'?\:Sb+Rz' (5.61)
B \z z

where S and R are (nxm) and (nx(n—m)) matrices, respectively. It is easy to
demonstrate that term Rz represents the general solution of the homogeneous ve-
locity equation, and that the term Sb represents a particular solution of the com-
plete equation. This is a particular solution of the velocity equation for the case
in which there are rheonomous constraints.

By differentiating equations (5.59) and (5.54) with respect to time, one ob-
tains

®,4=-®,-®,q=c (5.62)
Bq=1z (5.63)
By jointly expressing these equations:
(I)q . ‘c \
q=" (5.64)
[ B } \z]

Solving for q and introducing the matrices S and R defined in (5.61), we ob-
tain

d{iﬁl{;}zs c+Rz (5.65)

It shall be remembered that matrix R must be explicitly calculated with n—m
forward and backward substitutions, starting from the leading matrix of (5.60)
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factored by means of Gauss elimination. However, it is important to note that
the matrix S never needs to be explicitly calculated. The terms (Sh) and (Sc)
are, respectively, q and q, when z = 0 and z = 0. These terms products can be di-
rectly calculated from expressions (5.60) and (5.64).

Eq. (5.16) represents the equations of motion with dependent coordinates:

R'Mg=R'Q (5.66)

By introducing in this equation the equation (5.65) for the dependent accelera-
tions in terms of the independent accelerations, we obtain

R'MRz=R'Q-R'"MS ¢ (5.67)

which constitutes the equations of motion in terms of independent coordinates.
The derivation process that starts with equation (5.59) and ends in (5.67) leads to
this general form of the equations of motion in independent coordinates, which
was first introduced in this context by Serna et al. (1982). Equation (5.67) repre-
sents a general matrix transformation from the vector spaces of dependent acceler-
ations and forces to the vector space of independent accelerations and forces.

This formulation is valid for both scleronomous and rheonomous constraint
equations. In addition, this layout is valid, irrespective of the matrix B chosen in
equation (5.54), provided that the conditions of being constant and of having its
rows linearly independent from one another and with respect to the rows of @,
are satisfied. The matrix B can be chosen in two different ways as explained
next.

Boolean matrix. The matrix B is formed by a set of ones and zeros that extracts
(n—m) components of q as independent coordinates z. By partitioning equation
(5.60) in a similar way to that performed in equation (5.57), one obtains

B=[0 I (5.68)

and

%0 @4 [4,\_fb|
o 1 a2 G0

One should keep in mind that the matrix d)‘.jl should be invertible in order to
express the dependent velocities in terms of the independent ones. All the pivots
must be sufficiently different from zero. In this way it is assured that the chosen
rows of B are independent from those of ®,. If during the motion of a
multibody system one of the pivots of CDC({] becomes much smaller than the
others, this independence is gradually lost. It is then necessary to choose new
independent coordinates by means of a total pivoting process.

This is the simplest method of all those formulated in independent coordi-
nates. In actual practice this method is almost always the most efficient one.

SV and QR Decompositions. As explained in Chapter 3, these methods take
rows of matrix B as an orthogonal basis of the nullspace of <I>q, calculated at a
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previous position of the multibody system by means of the singular value (SV)
or QR decompositions. Both lead to similar results. The SVD is more stable in
poor numerically conditioned problems. However, the QR decomposition is nu-
merically more efficient, since it is a direct process that does not need iterations.

The matrix R is also calculated starting from equation (5.60). As before, the
matrix B is given by an orthonormal basis of the nullspace at a previous posi-
tion. Since the row subspace of matrix ®, is orthogonal to this nullspace, it is
expected that the rows of @ are independent from the rows of B for a wide range
of the motion. Since matrix B is kept constant, one may arrive at a position of
the multibody system in which this independence is lost or deteriorated.
Therefore, it will be necessary to change the independent coordinates by carrying
out a new SV or QR decomposition. The most efficient method to find whether
the rows of B are becoming linearly dependent is through the monitoring of the
pivots during the Gauss triangularization process of equation (5.60).

Even though this method may occasionally require fewer changes of indepen-
dent coordinates than the Boolean matrix method, the latter is simpler and nu-
merically more efficient. It is not necessary to carry out additional operations to
complete on B the Gauss triangularization of matrix <I>q.

Numerical integration algorithm with projection matrices R. Of all the methods
based on the projection matrix R shown in Chapter 3, the one based on the
Boolean matrix B with theonomous constraints will be chosen in order to pre-
sent the corresponding numerical integration algorithm. The possibility exists of
solving the position problem at each step, or integrating an enlarged system of
differential equations. This second option is presented first.

Algorithm 5-4

1. Start at a time when the position q and velocities z are known.

2. Calculate a new matrix @,. Triangularize this matrix with column pivoting,
and verify that all the pivots are sufficiently different from zero, so that the in-
dependent coordinates continue to be valid. Otherwise, carry out a new triangu-
larization with total pivoting and choose a new set of independent coordinates.
In addition, restart the numerical integration process if using a multistep
method.

3. Form matrix R from equation (5.60). Note that the triangularization of @4
has been carried out already in step 2.

4. Calculate the new dependent velocities ¢ by means of equation (5.61).

5. Form the matrix products (RT™), (RTMR), and (RTQ).

6. Calculate the terms (Sh) and (Sc¢) by making z = 0 and z = 0 in equations
(5.61) and (5.65), respectively.

7. Obtain the independent acceleration vector z from equation (5.67).

8. Obtain the vectors q and z at time (#+A¢) by numerical integration:

vo=Ghah MY yla=0aYw (5.70)

9. Upon convergence of the n.i.s. update the time variable and go to step 2.
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This algorithm constitutes an efficient and general purpose method of solving
the forward dynamics. However, it is more difficult to implement than those
based on dependent coordinates. By means of small modifications, this algorithm
can be easily adapted to the other theoretically described projection methods.
Since the integration is carried out using {z", q'}, errors in the constraint condi-
tions may accumulate with the effect of slowing down the integration process.
For long simulations and in order to eliminate this problem, it is necessary to
solve the position problem either after a specified number of time steps or after
checking at step 8 the fulfillment of the position constraint equations. In what
follows we also give an algorithm based on {zT, zT} which requires the solution
of the position and velocity problems in each iteration:

Algorithm 5-5

1. Start at a time in which the independent coordinates z and z are known.

2. Solve the position and velocity problems to obtain q and q. Simultaneously,
do the column pivoting on the matrix @, to check the validity of the current
set of independent coordinates.

3. Form R from equation (5.60). Note that @ has already been triangularized.

4. Form the matrix products (RT™M), (RTMR), and (RTM).

5. Calculate the terms (Sb) and (Sc¢) by making z = 0 and z = 0 in equations
(5.61) and (5.65), respectively.

6. Obtain the independent acceleration z from equation (5.67).

7. Obtain the vectors z and z at time (1+At) by the numerical integration:

Y;r = {iT’ z'T}t L5 YzT+At = {iT’ ZT}1+Az

9. Upon convergence of the n.i.s., update the time variable and go to step 2.

5.2.4 Comparative Remarks

The penalty formulation characterized by equation (5.37) has the advantage over
the formulations in independent coordinates, in that the appearance or disappear-
ance of constraints can be accommodated automatically without changing the co-
ordinates. This in turn avoids the restarting procedure of the numerical integrator.
The penalty formulation is also more suitable when the multibody system goes
through a singular or bifurcation position. In these cases the Jacobian matrix
changes its rank, and the use of independent coordinates requires a sudden change
of coordinates. Unless special provisions are made, the formulation in indepen-
dent coordinates and even the Lagrange's equations in dependent coordinates tends
to either crash the simulation or introduce sudden large errors. However, with the
penalty formulation, the term (M + (I)Tl o @) of equation (5.37) is free of singu-
larities and the integration becomes be very stable under these circumstances.
This fact also makes the penalty formulation go through kinematic singular posi-
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tions without problems, an advantage not shared by the classical Lagrange's
method with Baumgarte stabilization (See Bayo and Avello (1993)).

The penalty formulation of Algorithm 5-3 will tend to be more efficient nu-
merically than the Algorithms 5-4 and 5-5 in independent coordinates, because in
Algorithm 5-3 the major computational burden is the formation, triangulariza-
tion, and one forward reduction and backsubstitution of (M + CII'Tl o ®@,). Since
the mass matrix does not modify the sparsity of the product ((D(Tl ®,), this opera-
tion is less costly than the formation, triangularization, and f forward reductions
and backsubstitutions of (@E @) required for the formation of the matrix R in a
single step of Algorithms 5-4 and 5-5. These algorithms also include the forma-
tion and triangularization of (RTMR) which represents an additional computa-
tional burden of these methods.

5.3 Formulations Based on Velocity Transformations

In Section 5.2.3, a family of methods for transforming the dynamic equations
from dependent to independent coordinates was presented. Equation (5.61), which
defines the relation between dependent q and independent velocities z, is really a
particular case of the velocity transformation equations that can be introduced in
the dynamic formulation. Equation (5.65) is the corresponding relation for accel-
erations. In this section, it will be shown how some velocity transformations can
be used to improve the efficiency of the dynamic formulations described previ-
ously. These formulations, initially introduced by Jerkovsky (1978) and subse-
quently extended by other authors, such as: Kim and Vanderploeg (1986b),
Nikravesh and Gim (1989), Garcia de Jalon et al. (1990), and Bae and Won (1990)
can be extremely efficient and simple to implement. However, they may have
been presented in the literature in a rather involved way. We present these ideas in
this section in a simple and yet rigorous manner, so that one can understand them
easily. The concepts presented hereafter are independent of the coordinates used be
they natural, reference points, or others. The efficiency of these formulations
makes them be one of the best candidates for real time simulation. There will be
a return to this topic in Chapter 8.
The numerical complexity in equation (5.67) comes from a double fact:

1) The computation of the matrix R, that requires the factorization of the
Jacobian matrix and as many forward and backward substitutions as columns
that this matrix has; and,

2) The products of matrices that appear in equation (5.67), of which the most
important and expensive to compute is the one on the left-hand side.

The relative importance of these computational tasks is problem dependent.
Experience shows that very often each one of these two operations consisting of
the computation of R and products of matrices requires around 40% of the total
computational cost involved in the numerical integration.
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Figure 5.5. Tree-type planar multibody system.

The purpose of this section is to introduce velocity transformations similar to
those of expressions (5.61) and (5.65) but with the difference of being particu-
larly favorable in the sense of completely avoiding the Jacobian triangulariza-
tion; hence allowing for an easy and efficient computation of the matrix R and
term (Sc). It can be seen that these velocity transformations will not necessarily
represent transformations between vectors of dependent and independent velocities
but transformations between different or alternative sets of dependent velocities,
that are particularly suitable from the point of view of improved numerical effi-
ciency. Open- and closed-chain configurations are considered separately.

5.3.1 Open-Chain Multibody Systems

Multibody systems that have open kinematic chain or tree configuration are most
appropriate to introduce the velocity transformations described in the previous
section. In the sequel, the matrix R that relates the natural (or mixed) velocity
vector ¢ and a set of independent velocities z can be constructed directly with very
few arithmetic operations and avoiding the formation and factorization of the
Jacobian matrix @,.

An example of a tree-configured planar mechanism is presented in Figure 5.5.
If the system has not gotten any fixed element, one of the elements of the sys-
tem shall be defined as a base body. There is not a single choice for the base
body, but in practice there are nearly always some natural or physical reasons
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Figure 5.6. Numbering of the independent coordinates of a tree-type planar multi-
body system.

that determine the selection. The base body can have several branches departing
from it, and some branches can also originate other branches.

An appropriate set of independent variables or coordinates for open-chain sys-
tems, such as the one shown in Figure 5.6, is determined by the variables that
describe the rigid body motion of the base body plus the relative or joint coordi-
nates that define the motion of each body with respect to the previous one in the
corresponding branch of the chain. It is quite clear that this set of relative coordi-
nates is independent. Figure 5.6 displays the base body plus relative coordinates
of the planar system of Figure 5.5. In the example shown in Figures 5.5 and
5.6, it has been assumed that all the joints are of revolute type, although pris-
matic or any other joint type may be considered also.

There is a very easy way of constructing a matrix R for the system of Figure
5.6 without any need of forming and factoring the Jacobian matrix @,.
Remember that the columns of matrix R are a basis of the nullspace of the
Jacobian matrix or, in other words, a base of the space of allowable velocities.
This means that any velocity vector can be expressed as a linear combination of
the columns of matrix R. This is exactly what expression (5.61) represents. The
column (i) of matrix R is the velocity vector in dependent coordinates q ob-
tained with:

zi=1

%=0 j=1,2,...n (%) (5.71)
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Figure 5.7. Detail numbering of one of the branches of the tree-type planar multi-
body system.

If the multibody system does not have closed loops, as is the case of the
mechanism of Figure 5.6, this velocity vector; thus the corresponding column of
matrix R, can be computed directly. In Figure 5.7, a branch of the mechanism of
Figure 5.6 is displayed in more detail, including a possible numbering of some
points.

Consider, for instance, the column of matrix R corresponding to the indepen-
dent coordinate zg. This column is obtained by giving a unit velocity to angle
Zg» and no velocity to all the remaining coordinates Zj (j#8). Only the column el-
ements corresponding to points 4 and 5 will have a non-zero value. In general
terms, only the dependent coordinates that are upwards in the branch of the inde-
pendent coordinate being moved will introduce non-zero elements in the corre-
sponding column of matrix R. It is very easy to take advantage of this well-
defined sparsity structure on the computer implementation.

In the 3-D case, the concepts and computations are nearly as simple as in the
planar case. The slightly higher complexity comes from: first, definition of the
base body coordinates in 3-D; and second, the different kinds of joints that can
appear in 3-D multibody systems. Only revolute, prismatic, cylindrical, univer-
sal, and spherical joints will be considered here.

5.3.1.1 Definition of Base Body Motion

There is no problem in finding six independent variables that define the velocity
of the base body. Perhaps the simplest choice is determined by:

1) The three Cartesian components of the velocity of a reference point P; and,
2) The three Cartesian components of the base body angular velocity vector ®.
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\

The difficulty arises because the velocities ig:{ vi (u)T, cannot be integrated to
get the corresponding position variables due to the angular velocity part. There is
no problem in using this base body velocity vector to compute the correspond-
ing columns of matrix R. The velocity vector z, needs to be transformed into a
different one, which can be called iB, and contains only integrable variables. The
most important options are:

i) Sets of three independent parameters, such as Euler or Bryant angles. The
limitation of this option is that none of these sets are free of singular
positions; that is, positions for which the angular parameters are not
determined unequivocally. If these positions can be effectively reached, it is
necessary to foresee the cure, perhaps in the form of a change of reference
frame.

ii) Larger sets of dependent parameters, such as Euler parameters or
quaternions. Singularities can always be avoided, but there are constraint
equations that relate the variables to be integrated. This dependency can be
taken into account in the integration process. It is not really a very serious
problem, as seen previously in this chapter.

It will always be possible to find a position-dependent matrix W that relates
integrable and non-integrable base body velocities:

2, =W (2p) 7z (5.72)

where z,, is used to construct the matrix R, and zg is used for the numerical inte-
gration process. This transformation shall be introduced in the vector of indepen-
dent velocities z before integrating it. It is not necessary to introduce it in z
which can always be integrated once.

The first three columns of R related to the velocity of the reference point P
can be computed as the result of applying three unit translations to the whole
system on the inertial frame axes. In order to find a general expression, if Z1, 22,
and z3 are the related independent velocities, the velocity of a point j, and a unit
vector u;, due to the translation of the base body can be expressed as:

l;j:Z.I n +22112+Z.3113 (573)

u;=0 (5.74)

where (n;, n,, n3) are unit vectors on the inertial frame axes. From these equa-
tions, the elements of the columns of matrix R, corresponding to point j and vec-
tor u;, can be computed in the form:

— column 1 a=1 =0 z5=0
— column 2 2=0 =1 z3=0

— column 3 2=0 22=0 zz=1
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If the independent velocities are the Cartesian components of the angular ve-
locity vector @, the columns 4 to 6 of the matrix R corresponding to the base
body rotation may be computed as follows:

ri=24 A (= Tp)+Z5M A (Fj—Tp)+ZsM A (Xj—Tp) (5.75)
l'lj=Z.4Il1 /\llj+Z.5n2/\llj+Z.6n3/\llj (5.76)

From these formulas, columns 4 to 6 can be computed by making

— column 4 u=1 2z5=0 z4=0
— column 5 %2=0 z5=1 z5=0
— column 6 2=0 zs=0 zc=1

and this completes the information necessary to determine the part of R due to
the base body degrees of freedom.

5.3.1.2 Different Joints in 3-D Multibody Systems

Figure 5.8 illustrates a generic joint i, a point j, and a unit vector u located up-
wards in the branch. The non-zero elements, corresponding to point j and vector
u in the columns of matrix R associated with the degrees of freedom of joint 7,
are considered next.

Revolute joint. The joint variable is the angle z; that defines the rotation of the
joint around the axis determined by point i and vector u,. The velocity of point j
induced by the relative velocity at joint i is

ri=zuA (ri-r) (5.77)

and the velocity induced in the unit vector u;:

lij=Z'iuiAUj (578)

As done before, the corresponding values of the column (i) elements of the
matrix R can be computed by giving a unit value to z;.

Prismatic joint. Let z; be the translational joint variable located on a line defined

by point i/ and vector u;. The induced velocities of point j and vector u; are:

l"jzz.iui (579)
u;=0 (5.80)

These expressions allow for a very easy computation of the elements of the
considered column of the matrix R.
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Uj

Figure 5.8. Description of a generic joint.

Cylindrical joint. This joint is different from the previous ones, since it has two
degrees of freedom and it introduces two columns in matrix R. Let z; and z;, ; be
respectively the relative angle and distance that constitute the joint variables.
Vector u, determines the direction of both the rotation axis and the translation.

The velocities of point j and vector u;, due to the joint variables, are in this
case:

l.'j:Z'illi/\(rj—ri)'FZ'i.H u; (581)

lij=Z'iuiAUj (582)

The non-zero elements in the corresponding matrix R columns, can be ob-
tained by making, respectively:

— column z=1 Ziy =0

— column i+/ =0 Ziw =1

Universal joint. This joint can be considered equivalent to two revolute joints,
with the axes (belonging to different bodies) intersecting orthogonally at a com-
mon point. If z; and z;,; are the joint independent velocities, the elements related
to point j and vector u; in the columns of R come from the following velocity
expressions:

F=2; U A (5= T+ 2y Vi A (55— T) (5.83)

l.lj=Z.iui/\llj+Z.i+1 Vi/\llj (584)

From these expressions, the two columns of matrix R can be obtained by
giving, respectively, the following values to the independent velocities:
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— column z=1 Ziy =0

— column i+/ =0 Ziw =1

Spherical joint. The spherical joint allows for three rotations. This fact produces
in the joint similar difficulties to the ones that were found at the time of defining
the angular orientation of the base body. There is no problem in using three unit
angular velocities on three orthogonal axes to compute the corresponding
columns of matrix R. However, these independent velocities cannot be integrated
to get displacement or position variables. It is necessary to transform those inde-
pendent velocities into another set of integrable velocities that are dependent or
independent according to an expression similar to (5.72).
If z'ih , z',-}i ; and z'i}i , are the Cartesian components of the relative angular veloc-

ity vector, the velocities of point j and vector u; are:

. .b .b b
ri=z; Ny A (Fj—T)+ Ziy Dy A (Bj— )+ Zio N3 A (T5—T) (5.85)

. b b .b
W=7 Dy AU+ Zi Dy AW+ Zi0 N3 AU (5.86)

where (n,, n,, n;) are orthogonal unit vectors on the inertial reference frame
axes.

Using equations (5.85) and (5.86), the columns of matrix R (the terms corre-
sponding to point j and vector u)) can be computed with the following values:

. .b b .b

— column ¢ zi=1 z4=0 zp=0
. .b .b .b

— column i+/ Zi =0 Zitl =1 Ziv =0
. .b .b .b

—column i+2 ;=0 z,4=0  zp=1

Once we have described how the columns of matrix R can be computed, the
computation of the term (Sc) that appears in equation (5.67) remains. This term
represents the dependent acceleration vector q computed with the true velocities q
or z but with zero independent accelerations z.

The elements of vector (S¢) corresponding to point j and vector u; can be
computed by adding to the acceleration of this point and vector the contribution
of the true independent velocities of the base body and all the joints that are
downwards in the branch of point j. The corresponding expressions are:

.l;j|'i=0 =2 2k [uk A (f’j— r) +uy A (rj— 1'1)} (5.87)
K

il.j"Z':Ozg, % (uk/\lij"' likAui) (5.88)
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Figure 5.9. Closed-chain multibody system.

Hence, all the information necessary to compute the coefficients of equation
(5.67) is available.

5.3.2 Closed-Chain Multibody Systems

In order to extend the previous formulation to multibody systems including
closed loops, one should remember briefly the formulation of the dynamic equa-
tions using dependent coordinates and Lagrange multipliers through equation
(5.10) repeated here:

M @, (4]
ol R

This equation describes the motion of the multibody system formulated with
dependent coordinates. The natural coordinates can lead to a constant matrix M, a
Jacobian matrix @, being a linear function of coordinates ¢, and to no velocity-
dependent inertia forces in the RHS of equation (5.89). The term ¢(q, q) comes
from the double differentiation of the constraint conditions and can be replaced by
the term g (See equation (5.28)), if the Baumgarte constraint stabilization tech-
nique is desired.

After this brief introduction, the formulation described in the previous section
can be extended to systems with closed loops and perhaps several base bodies, as
in the system shown in Figure 5.9. Here, the system can be transformed into
one or more open tree systems by opening the closed loops and disconnecting
the base bodies. With natural coordinates, most of the constraint equations come
from the rigid body conditions of the elements. The simplest way to transform
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the system into one or more open trees is by removing the rigid body constraints
corresponding to the closure of the loops and the connection between base bodies
shown by dashed lines in the system of Figure 5.9. With reference point coordi-
nates, constraints arise mainly from the system joints. In this case, the best way
to open the loops is by removing some of them.

In order to obtain the dynamic equations, it is now very convenient to distin-
guish between the constraint equations corresponding to the open-chain systems
(superscript 1) and the constraints corresponding to the closure conditions and
connection between base bodies (superscript 2). Writing the dynamic equations
using the Lagrange multiplier formulation of equation (5.89) and separating the
two groups of constraints, we arrive at:

M @, o | (4 \ j Q\

©, 0 0 \A'[={c!
@ 0 0 \ﬁ/ \cz f

The velocity transformation corresponding to the open-chain constraints,

whose Jacobian matrix nullspace is given by matrix R! can now be introduced.
Consequently,

—

(5.90)

-}

q

q=R'z (5.91)
and equation (5.90) becomes:
T 1
RTMR' R0 |[;|_[RI@-Ms'c)|
@, R' o | eelse |

The vector z in equations (5.91) and (5.92) is not a vector of independent co-
ordinates as in Section 5.3.1, but dependent coordinates corresponding to the
base bodies plus the relative coordinates of the open tree configuration joints.
These coordinates are related by the constraint equations @2, Then equation
(5.91) is a transformation between two dependent velocity vectors. Vector z will
contain usually far less variables than vector q.

This formulation is also advantageous because the matrix R! which corre-
sponds to open-chain constraints can be constructed directly without any explicit
Jacobian factorization as explained in Section 5.3.1. The term (<I>f1 R') repre-
sents the projection of closure loop constraints (superscript 2) on the nullspace
of the open-chain system (superscript 1).

Equation (5.92) has the form of the equations of motion in dependent coordi-
nates with Lagrange multipliers to which Baumgarte stabilization can be directly
applied. This could obviously be substituted by the penalty formulation (See
Section 5.1.4), or by seeking a true independent set of coordinates. This can be
done (See Section 5.2) by computing numerically the nullspace of the projected
Jacobian matrix (<I>%1 R I) which can be a very small matrix.

(5.92)
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5.4 Formulations Based on the Canonical Equations

Some authors have drawn attention recently to the use of the canonical equations
as a way to improve numerically the formulation of the equations of motion of
mechanical systems and to perform a faster and more stable simulation; thus
more suitable for real time analysis. We discuss in this section the different ap-
proaches that can be derived from the use of the canonical equations for con-
strained mechanical systems, and whether the use of these equations may lead to
more efficient and stable numerical implementations than those coming from ac-
celeration-based formalisms. Specifically, we will describe the canonical equa-
tions that result: first, from the use of the Lagrange multipliers; secondly, from
the use of independent coordinates; and thirdly, from the penalty formulation.

5.4.1 Lagrange Multiplier Formulation

Consider again a mechanical system whose configuration is characterized by a
vector q of n generalized coordinates that are interrelated through the m kinematic
constraint conditions ®(q, #)=0, of the holonomic type. The Lagrange's equations
of such a system are given in equation (5.2) which along with the constraint
equations (5.1) constitute a set of (n+m) mixed differential algebraic equations
(DAES) of index three (See Chapter 7), with A as the Lagrange multipliers. The
conjugate or canonical momenta was defined in Chapter 4 as:

p= a—L (5.93)
Jq
along with the Hamiltonian:
H=pTq-L (5.94)

where the previously introduced matrix notation has been employed. Hamilton's
equations for a constrained system are formulated (See Section 4.1.5) as:

q=2" (5.95)
op
5= _qQ +oiA (5.96)
Jq

In the case of mechanical systems, the Lagrangian L is defined in terms of q,
q, and ¢ and rather than following a lengthy process to form the Hamiltonian as
an explicit function of q, p, and ¢, and then differentiating as in (5.95), the
canonical equations can be directly obtained from (5.93) and (5.96). Since the
system kinetic energy is a quadratic function of the generalized velocities, equa-
tions (5.93) and (5.96) directly lead to the following set of equations in matrix
form:
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p=Mgq (5.97)

P=Ly+Qey—@g A (5.98)

where M is the mass matrix, Lq is the partial derivative of the Lagrangian with
respect to the coordinates, <I>q is the Jacobian matrix of the constraint equations,
and Q,, is the vector of applied external and dissipative forces. The combination
of equations (5.97)-(5.98) and the constraints conditions constitutes a system of
(2n+m) differential and algebraic equations (DAE) of index two (See Chapter 7).
Although there are n more equations than in equation (5.10), p can be obtained
explicitly by (5.98). In addition, index two DAEs are better behaved than index
three DAEs (Brenan et al. (1989)). Therefore, the use of (5.97)-(5.98) may be
numerically advantageous as compared to the use of (5.10), when using algo-
rithms for the solution of the mixed differential algebraic equations.

In order to avoid the mixed differential and algebraic equations, Lankarani and
Nikravesh (1988) modified the system Lagrangian to include the kinematic ve-
locity constraints as:

L*=L+®" o (5.99)

where G is a new set of Lagrange multipliers (It may be very easily demonstrated
that A = 6.) The new Hamiltonian is H*=pTq-L", and the application of (5.93)
and (5.95) leads to:

p=M{q+®,0 (5.100)
. .T
P=Ly+ Qi +P 0 (5.101)
That, along with
Q=D q (5.102)

constitutes a set of 2n+m ordinary differential equations (ODE), with p, q, and G
as unknowns. If equation (5.100) is differentiated and substituted into the accelera-
tion-based equation (5.4), the result is precisely the additional canonical equation
(5.101). Thus, the canonical equations originate from the acceleration-based
equations by the mere canonical transformation defined by equation (5.100).
Only (n+m) equations need to be solved at each time step in the numerical
implementation of the algorithm, which can be described as follows:

Algorithm 5-6

1. Start at time ¢t when p and q are known.
2. Use (5.100) along with (5.102) to solve for q and G at time ¢, as follows:

T .
M @[ 4q|_[p) (5.103)

o, o |\-of lof
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3. Use (5.101) to compute p explicitly, with no solution of equations involved.
4. Obtain the vectors p and q at time (¢+A¢) by the numerical integration:

[.T . A.8.
=\z .,y J; SrT+At = {ZT, yT}t+Ar
5. Upon convergence of the n.i.s., update the time variable and go to step 2.

Lankarani and Nikravesh (1988) showed in their numerical simulations that
since only the first time derivative of the constraints is used, the integration of
this equations is more efficient and more stable than the acceleration-based for-
mulation. With the acceleration-based formulation to avoid the integration of the
mixed differential algebraic equations, the constraint conditions need to be differ-
entiated twice; thus leading to larger constraint violations.

5.4.2 Formulation Based on Independent Coordinates

The formulation of the canonical equations of motion can also be written as a
function of a minimum set of independent coordinates. This is the approach fol-
lowed by Bae and Won (1990) who used the velocity transformation method de-
veloped by Kim and Vanderploeg (1986) to transform the equations of motion
from the Cartesian space to the joint space. They used an equivalence between the
Lagrangian and Newton Euler formulation to derive the partial derivative of the
kinetic energy with respect to the independent coordinates. We show in this sec-
tion how the canonical equations in independent coordinates can be obtained very
simply if one considers equations (5.97) and (5.98) as the starting point.

Given the constraint conditions (See equation (5.61)) ®(q, £)=0, one can find
the two matrices R and S such that

q=Rz+S b (5.104)

where z represents a set of independent of velocities. The substitution of (5.104)
into (5.97) yields
p=MRz +MSb (5.105)

and pre-multiplying both sides of equations (5.105) and (5.98) by RT one can ob-
tain, respectively,
RTp=RTM Rz +RTMSbH (5.106)

RTp=RT (L, +Q,) (5.107)

where the term containing the Jacobian matrix has been dropped, since RTd)l(; =0
(See Chapter 3).

The new variable y=RTp can be defined as the projection of the canonical
momenta over the subspace of allowable motions. Then

. -T T .
y=Rp+R p (5.108)

and the substitution of these two expressions into equations (5.106) and (5.107)
leads to
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y=RTMRz +RTMSb (5.109)

. -T
y=RT(L,+Q, ) +R p (5.110)

Substituting the value of p given by (5.105) into (5.110) one can arrive at
the final set of canonical equations in independent coordinates:

y=RTMRz+RTMSb (5.111)

. -T .
y=RT(L,+Q)+R (MRz+MSb) (5.112)

These two equations may be also obtained from the acceleration-based equa-
tions (5.67) by the mere canonical transformation of (5.111). Equations (5.111)
and (5.112) constitute a set of 2(n—m) first order ordinary differential equations.
Since y is given explicitly in (5.112), only n—m equations need to be solved for
each function evaluation in the numerical implementation of the algorithm. This
can be described as follows:

Algorithm 5-7

Start at time ¢ in which z and y are known.

Solve the position and velocity problems to get q and g.

Obtain the matrices R and R.

Use (5.111) to solve for z. The solution of n—m equations is required.
Use (5.112) to solve for y explicitly.

Obtain the vectors z and y at time (#+Af) by numerical integration:

T f.T .7\ n.i.s. T _ /.1 _T\
S; =\z .,y J; SieAr=NL 5 Y 144

AN B W=

7. Upon convergence of the n.i.s., update the time variable and go to step 2.

This scheme can be compared to the (n—m) second order ordinary differential
equations resulting from the acceleration-based formulation (equation (5.67)):

RTMRzZ=RTQ+RTMS[® +® (Rz+S b)] (5.113)

where Q =Q,, + L, - M q contains the external forces plus all the inertia terms
coming from the differentiation of the Lagrangian. One can see that both methods
require the triangularization of the same matrix (R™M R) at each function evalua-
tion. In addition, there might not be much advantage in using the canonical equa-
tions (5.111) and (5.112). Because although equation (5.113) involves more ma-
trix manipulations than (5.111) and (5.112) and has a more complicated forcing
term, the canonical approach requires the additional evaluation of R with a sizable
amount of computations.



5.4 Formulations Based on the Canonical Equations. 193

5.4.3 Augmented Lagrangian Formulation in Canonical Form

We consider in this section the penalty augmented Lagrangian formulation in its
canonical form. Its better accuracy and stability properties makes this method
more attractive than the generic penalty formulation.

Basic Augmented Lagrangian Formulation. Equation (5.99) can be considered as
the starting point to build a modified Lagrangian formulation that will not only
contain the Lagrange multipliers ¢ but also the penalty terms of the previous
section. Accordingly

. LT . LT,
L =L+%(I> a(IJ—%chQza(D+<D c (5.114)

In the limit when the constraint conditions are satisfied, the penalty terms
vanish, and 6=0". This is similar to the Lagrange's formulation 6"=A" and after
the augmented Lagrangian iteration when the constraints are satisfied to machine
precision 6 =A. The differentiation of L* with respect to q leads to the following
new canonical momenta in matrix form:

p=2L -Mg+0,ad+ @ o (5.115)
Jq

The modified Hamiltonian can be written as H *= pT ¢ — L™ and the use of

(5.96), including the dissipative Rayleigh forces of (5.30), leads to:

M+ a®,/ q=p -0 a®+ @ o (5.116a)

. T . T . T,
P=Q+L,+ D aP-B (X DP+2Q p®)+®, ¢ (5.116b)

Equations (5.116) constitute a set of 2x first order ordinary differential equa-
tions. However, p is given in explicit form, and therefore only n algebraic equa-
tions need be solved at each function evaluation for the numerical implementa-
tion of the algorithm. The numerical simulations have shown that equations
(5.116) tend to be numerically stiff due to all the penalty terms concentrated in
the RHS of (5.116b). This numerical stiffness limits the possible choices of
numerical integrators. Standard ODE integrators that are based on conditionally
stable predictor-corrector multi-step formulae lead to an increased number of
function evaluations. A modification of (5.116) is used in the next section that
circumvents this problem.

Modified Augmented Lagrangian Formulation. The canonical equation (5.116a)
may be also written as:

P=M(+®, ad+d, C (5.117)

which indicates that the canonical momenta is stabilized through the addition of
penalty terms that are proportional to the violation of the velocity constraint
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equations. If equation (5.117) is differentiated and substituted into the accelera-
tion-based augmented Lagrangian equation (5.48) the result is the additional
canonical equation (5.116b).

However, we can achieve a better stabilization of the canonical momenta if
we add to the RHS of (5.117) two additional penalty terms: one term propor-
tional to the constraint violation and the other to its integral. Accordingly, we
define a new momenta p as:

.t
<1'>+ng<1>+92] @ dr

Jto

p=Mq+®,a ~®, 0 (5.118)

By expanding the term @, equation (32) becomes
-t

(M+<I>£(xd>q)q=p—<l>£a((l>,+2p.ﬂ @+ Q° q>dr)_d>£o* (5.119a)

Jto
The differentiation of (5.119a) and substitution into (5.48) leads to the second
set of modified canonical equations:

-t

. LT
P=Q+L,+P,0

d>+29u<b+ﬂzl

Jto

LT,
<Ddr)+ ®,0 (5.119b)

which along with (5.119a) constitute a set of 2n first order ordinary differential
equations in the unknowns p, q, and 6*. Again, only n algebraic equations need
be solved at each function evaluation for the numerical implementation of the
algorithm. Contrary to equations (5.116), equations (5.119) do not become stiff.
They even provide more numerical accuracy and better constraint stabilization
than the acceleration-based formulation of equation (5.48).

We can compare this set of equations with the n second order ordinary differ-
ential equations resulting from the acceleration-based formulation. While both
formulations require the triangularization of the same leading matrix for each
function evaluation, there are advantages in the use of (5.119) as compared to
(5.48). The kinematic constraint conditions are differentiated only once with the
canonical procedure and twice, in the acceleration based formulation. This will
lead to less violations of the constraints. It is shown in Bayo and Avello (1993)
how this factor becomes detrimental for the acceleration-based formulation under
repetitive singular positions, whereas the canonical approach leads to a much
better performance.

The multipliers 6™ do not need to be solved explicitly. Following the same
procedure as that used with the acceleration-based augmented Lagrangian formula-
tion, the 0™ may be obtained in an iterative manner as:

.t
0,.1=0 +(@+2pQ@+ Q| ®dr).
It (5.120)
i=0,1,2, ...
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with 0':; =0 for the first iteration. Equation (5.119a), including the iterative pro-
cess of (5.120), becomes
T T 2!
(M+@,0®)q, =Mg-D,0@+2pQ ®+Q°| &)
Jio (5.121)
i=0,1,2,..

with Mq,=p for the first iteration. Equation (5.121) shows that the velocity cal-
culation at each function evaluation is refined so that the weighted summation of
the constraint equations (5.120) is satisfied to machine precision. After the ve-
locity calculation equation, (5.119b) may be used to evaluate the derivative of
the canonical momenta.

Algorithm 5-8

1. Start at time ¢ in which p and q are known.

2. Use (5.121) iteratively to solve for q, with M qo=p for the first iteration. At
the end of each iteration use (5.120) to calculate the Lagrange multipliers ¢”.

3. Use (5.119b) to compute p explicitly with no solution of equations involved.

. Call the numerical integration subroutine to compute p and q at time #+At.

5. Upon convergence of the n.i.s., if desired, use a differentiation scheme to ob-
tain A = 6.

6. Update the time variable and go to step 2.

~

This algorithm is as efficient numerically as Algorithm 5-3, but much more
stable under repetitive singular positions.

Canonical Augmented Lagrangian Formulation for Non-Holonomic Systems.
The modified augmented Lagrangian formulation described above may also be ex-
tended to non-holonomic systems with constraints of the form:

®(q,q,H)=0 (5.122)

Typically, non-holonomic constraint conditions for multibody systems are
such, that
®=A(q.) q+B(q,) (5.123)

The acceleration-based augmented Lagrangian formulation for this type of
constraints is

Mg=Q+L, -Mq-A" oal®+pd)- A" (5.124)

In order to obtain the canonical equations, we follow a procedure similar to
that used for the holonomic case and establish the following canonical transfor-
mation
.t

®d)+A' G (5.125a)

Ji,

p=Mg+A' a(®@+p
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which indicates that a better stabilization of the canonical momenta may be
achieved by considering one penalty term proportional to the constraint violation
and the other term proportional to its integral. The differentiation of (5.125a) and
posterior substitution into (5.124) leads to the second set of canonical equations:

-t

T LT,
p=Q+L,+Aa@+pu| ®d)+A © (5.125b)

Ji,

which along with (5.125a) constitutes a set of 2n first order ordinary differential
equations in the unknowns p, q, and 6*. Again only n equations need to be
solved at each function evaluation. The multipliers are given by
.t

D dr),

G, =0 + (D+p i=0,1,2,... (5.126)

+17
Jt,

with 0':; = 0 for the first iteration.
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Problems

5/1 Using natural coordinates, write the equations of motion of the slider-crank
mechanism of the figure with: a) Lagrange multipliers b) Penalty formulation.
Assume that the mass is uniformly distributed and the center is located at the
middle of each element. Also Ly=L3/2=L, my=1, m3=2, and my=1.

5/2 Form the matrix R of the mechanism of Problem 5/1 and find the equations of
motion: a) in dependent coordinates using qT=(x;,y;,x,) and equation (5.17); and
b) in independent coordinates using z;=x, and equation (5.67). For case a)
discuss the regularization process to avoid the singular position when L3;=L,
and both slider and crank are in the vertical position.

5/3 Repeat Problem 5/2 using the canonical formulation (equations (5.111) and
(5.112)) in independent coordinates using z;=x,.
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X1
—-
\1
(X1,y1)
€ “
(x2,y2) 2
2
[ (XZ’ YZ)
Figure P5/1. Figure P5/4.

5/4 Find the equations of motion of the mechanism of the figure when the coordinate
x; is kinematically imposed. Use: a) Dependent coordinates with Lagrange mul-
tipliers; b) independent coordinates choosing the angle z; as the independent
variable.

5/5 Solve Problem 5/3 using the canonical formulation of Section 5.4 with depen-
dent coordinates and the penalty formulation for the constraint equations.

5/6 Solve for the equations of motion of the mechanism shown in the figure, using
the velocity transformation methods of Section 5.3. Open the loop at joint 2
where indicated and then apply the closure conditions using the Lagrange multi-
plier approach with Baumgarte stabilization.

(x2,y2)
A

Figure P5/6. Figure P5/7.

5/7 Form the differential equations of motion of the mechanism of the figure, using
velocity transformations and the penalty formulation for the closure condition

y2=0.
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5/8 Derive the equations of motion of a coin that rolls over a flat surface with no
slipping, using the natural coordinates that are shown in the figure. The non-
holonomic constraint condition is given by vp=0 (3 equations).

Figure P5/8. Figure P5/9.

5/9 Consider a satellite that is modeled with two points 1 and 2, and two unit vectors
u; and u,. This satellite contains a high speed rotor that rotates at a constant
relative angular velocity £2. Model the effect of the rotor by means of an equiva-
lent set of forces.

Figure P5/10.

5/10 The controlled mechanical system in the figure consists of two rods with two
revolute joints that move on a vertical plane. Joint A is torque free. Joint 2 has
an actuator that applies two opposite torques on both bars, so as to keep the
system in the vertical position (Y; = Y, = 0). Write the differential equations of
motion using Y; and Y, as independent coordinates.
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6

Static Equilibrium Position and Inverse
Dynamics

This chapter deals with two important multibody problems related to forces: the
determination of the static equilibrium position and the solution of the inverse
dynamics. In both cases, it is assumed that the motion, that is, velocities and ac-
celerations, is known, and, in the former case also, that the motion does not ex-
ist. At least, there is not relative motion with respect to the reference frame on
which the problem is to be solved.

In Section 6.1 we will consider the static equilibrium position problem. This
problem consists in determining the position of the multibody system, when all
the acting balanced forces (gravitational and external, forces in the springs, and
external reactions) are known. The static equilibrium condition requires that the
total potential energy for the system be at a minimum; that is, the sum of the
gravitational potential energy of the elements, the elastic potential energy of the
springs, and the potential energy of external forces has to satisfy a minimum
condition. It is not always easy to determine the static equilibrium position by
inspection or by means of simple calculations. Generally, the solution of this
problem leads to a system of nonlinear equations which need to be solved itera-
tively.

Section 6.2 deals with the inverse dynamics that solves for the driving forces
and joint reactions necessary to produce a specified motion. The inverse dynam-
ics requires a previous knowledge of positions, velocities, accelerations, and ex-
ternal forces such as weight and forces in springs and dampers and involves the
finding of an unknown driving force for each one of the kinematically guided in-
put elements. It involves finding an unknown reaction force also for each one of
the degrees of freedom constrained by the kinematic joints.

The solution of the inverse dynamics has different important applications. It
permits the determination of the forces to which the multibody system is sub-
jected in both the dynamic and the kinematic simulation problems. The inverse
dynamics is also of special importance when trying to control a multibody sys-
tem, so that it follows a specified trajectory in either the Cartesian or joint
space. The inverse dynamics solves for the forces that the motors must apply in
order to achieve this movement.

201
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6.1 Static Equilibrium Position

The static equilibrium position problem consists of determining the equilibrium
position of a multibody system which may contain elastic, rectilinear or torsion,
linear or nonlinear springs. The multibody system is subjected to the action of
different external forces such as: its own weight, centrifugal forces, or, in gen-
eral, any other type of inertia forces corresponding to a known field of accelera-
tions.

The static position problem is typically nonlinear, since the final equilibrium
position is not known with sufficient accuracy to formulate the equilibrium
equations about this position. At the final equilibrium position, not only should
the external forces and reactions be in equilibrium at each element and at the
whole system but also the kinematic constraint equations be satisfied. Therefore,
all the methods for solving this problem should simultaneously impose both
types of conditions: the equilibrium of forces and the fulfillment of constraint
equations.

The method of computing the generalized external and spring introduced forces
Q, from the applied forces and/or torques have been seen in Section 4.3. Included
in this chapter are some detailed descriptions for evaluating the potential energy
and the work of these forces, an essential condition for establishing the solution
methods, that are based on the minimum potential energy (two methods) and on
the theorem of virtual power (one method).

6.1.1 Computation of Derivatives of Potential Energy

We will develop in the next sections the solution methods for the static equilib-
rium position problem. First, we will study two methods based on the mini-
mum condition for the total potential energy of the system. The total potential
energy minimum condition is a necessary and sufficient condition for the stabil-
ity of the solution.

We first consider the formulation of the minimum potential energy condition,
introducing the kinematic constraints by means of Lagrange multipliers. The so-
lution of the resulting system of nonlinear equations by Newton-Raphson itera-
tion requires the first and second derivatives of the total potential energy which
was obtained from the expressions developed in Section 4.3. This total potential
energy contains terms that can originate from different sources:

a) Potential of concentrated external forces.

b) Potential of external torques.

c) Potential energy of translational springs.

d Potential energy of rotational springs.

e) Potential of gravitational forces and forces coming from known acceleration
fields.
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The way of calculating the first and second derivatives with respect to the po-
sition variables of each one of these terms will be developed below.

6.1.1.1 Derivatives of the Potential of External Forces
The derivative of the potential of a force applied at point P (equation (4.95)) is

W __Cheq 6.1)
dq

If the external forces are constant, the second derivative of its potential func-
tion is also zero, provided the element has at least two points and two non-
coplanar unit vectors; so as to guarantee that Cp exists and is constant. If the
forces depend on the position, it is necessary for one to carry out the differentia-
tion taking the specific case in question into account.

Example 6.1

Determine the first derivative of the expression rp = Cp q¢, when the element has
only two points and one unit vector; thus matrix C;, is not being constant.

If the element has two points and one unit vector (or an equivalent structure),
the derivative of Cp is not zero, but can be calculated as indicated below. The posi-
tion of point P can be expressed in this case as:

rp=r;+ A (fp—T) 1

The rotation matrix A may be formed from the two points r; and r;, and a non-

coplanar vector defined by the cross product of (ri—rj) and u in the form:
Az[ri—ri\u\(ri—ri)Au] x! (ii)
where X is a constant matrix defined as follows:
X =[r,-r,|ul (r;-r)~u (iii)
It may be seen that this matrix is defined by the points and vectors of the ele-
ment in local coordinates. Introducing the vector a as

a=X ' (fp-T,) (iv)
expression (i) becomes

rp=ri+q (ri-r)+au+aE-r)ru= )
v

— ri‘
=l0+a)Ll-a Lok +4R;] ’rj = Colq) ¢

|uf
where Rj; is the skew-symmetric matrix related with the cross product of (ri-r)),
and I is the (3x3) unit matrix. The derivative of expression (v) with respect to

vector q is

az)ﬂ:[(l +a) L] -a Ll e L+a R, |+a[-ul @] 0] i)
q
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6.1.1.2 Derivatives of the Potential of External Torques

Where one is dealing with an external torque applied perpendicularly to a unit
vector uy, the use of (4.101) directly leads to

WV ol -clut (6.2)

dq
If the element has at least two points and two non coplanar unit vectors and,
if the external torques are constant, the second derivative of its potential function
is zero. If the torques are position-dependent, it is necessary to take into account
their specific dependency expression.

6.1.1.3 Derivatives of the Potential Energy of Translational Springs

a) Spring connecting two basic points. When the spring connects two basic
points, the potential is given by equations (4.102), (4.104), and (4.106) and its
derivative with respect to the position vector q is:

Xi—Xj
Yi— Y
WV _gkDL-L))%~% (6.3)
aq L xj—x,-
Yi— i
<j— %
That can be written as:
Y iy (1-Le) [55
daq L) \r-xf
100-100 (X 6.4)
0100-10 |y
=k(L)(1—L0) 00100-1|/%
100100 ||%
0-100 10 ||Y
00-1001]\%

Before differentiating the previous expression with respect to q, it is conve-
nient to differentiate the scalar term that appears in it:

R

{ak(—”(l —L—")+k(L) &}a_L
oL L 12| g

(6.5)

Taking into account that L is
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) ) 5 112
L=((xrx) + 0y + (z7z)") (6.6)

and it is easy to see that its derivative with respect to the dependent coordinates
is

1 00-100 |(x
0100-10 1]y
OL_1 /00 100-1|]% 6.7)
q L|-100100 ||
0-100 10 ||y
00-1001]\z

Now, we differentiate equation (6.4) with respect to q. Taking into account
equations (6.5) and (6.7), we obtain

2
a—Z:k(L)(l—L—")J+
L

dq
Xi
Yi
ok(L) L, L, Zi
el MCHE L AR R
Yj
Zj

where J is the matrix defined in equation (6.7).

b) Spring with its length defined as a dependent coordinate. When the distance
between the extremes of the spring is defined as generalized coordinate s, the po-
tential energy is given by equation (4.110). Its derivative with respect to the dis-
tance s is:

W _V _ks) (ss,) 6.9)
dq Os
and its second derivative with respect to the distance s is
2 2
oV _JdV _ k(s) + ok(s) (s-5,) (6.10)
o ds’ os

The simplicity of this expression resulting from the use of mixed coordinates
is noteworthy, as compared with the expressions developed previously for trans-
lational springs connecting points without mixed coordinates.

c) Spring connecting any two points. Finally, when the spring connects two
points that are not basic points, the potential energy is given by equation
(4.122). Its derivative with respect to the generalized coordinates vector q is:
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T T
Y L)[ cie, - Cﬂ )
oq T q
C2 CcC, CC, 6.11)
=kL(1——")C [ar)
(L) 1)\ )
In accordance with expression (6.11), it can be verified that
2_f 1 T\ [q;\
L™ = C 6.12
{ql QL \q ( )
Differentiation of this expression with respect to vector q yields
JL [ai)
2L—==2C ! 6.13
P 12\ q,/ (6.13)
and, differentiating expression (6.11) with respect to q and substituting (6.13):
a—‘:_k(L)( LL_o)clz+
% Jq (6.14)
L, [ai\
(BL( I +k(L)7 Clz\ 2,{q{qg}clz

which is the final expression of the second derivative. If the elements to which
points r, and r, belong have less than two unit vectors, or they are coplanar,
matrix C,, is not constant, and the previous derivation process will be different.

6.1.1.4 Derivatives of the Potential Energy of Rotational Springs

The potential energy of a rotational spring corresponding to a revolute joint,
whose axis is defined by a unit vector u and whose angle is defined as generalized
coordinate P, is defined by equation (4.128). Its derivative with respect to the
angle variable is

oV _ oV
——=_— =MP) =k(') (Y- ¥)) (6.15)
Jdq JY¥
where M is the torque and ¥ is the angle formed by the two elements, calculated
by means of the scalar and cross products of vectors.
Again, differentiating this equation with respect to Wyields
2 2
IV _ 0V _kF) p_ w4k (6.16)

aqz oy’ k4

6.1.1.5 Derivatives of the Potential Energy of Gravitational Forces

a) Weight forces. The derivative of the potential gravitational energy can be ob-
tained from equation (4.132) as follows:
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WY m Csg 6.17)

where C; is a constant matrix if the element has two points and two non-copla-
nar unit vectors. Here, all the terms of this expression are constant, and the sec-
ond derivative is zero.

b) Forces due to a known field of accelerations. When the known inertia forces
originate from a known field of accelerations, the potential is given by equation
(4.138), and its derivative is:

L =-Q,=-M q (6.18)

The second derivative depends on the particular expression of the known ac-
celeration field.

6.1.2 Method of the Lagrange Multipliers

Once the different terms of the potential function and their derivatives have been
calculated, the total value of the potential can be determined as the sum of the
potentials due to the springs, the gravitational, and the external forces. In order
to apply the Lagrange multiplier method, and before imposing the minimum
condition to the total potential energy, it is necessary for one to add the virtual
work performed by the Lagrange multipliers in the form of an energy term as:

V =3V +®(q) A (6.19)

The minimum condition of this function is obtained by making its first
derivative with respect to the natural coordinates q equal to zero:
W sV, @lgr=0 (6.20)
daq aq
where d)q is the Jacobian matrix of the constraint equations. The derivatives of
the different potential terms have been calculated previously. Equation (6.20),
that is, the mathematical condition of the minimum of the total potential en-
ergy, leads to a set of nonlinear equations in the dependent coordinates q and in
the Lagrange multipliers A. One can symbolically represent it as

¥(q.A)=0 6.21)

In order for this system to have a number of equations equal to all the un-
knowns q and A, it is necessary to add the constraint equations, resulting in:

f‘l’g(L )Mi 0 (6.22)
q
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By applying the Newton-Raphson method to the nonlinear equations system
(6.22):

g: H({g}l ‘{i})L{i}i (6.23)

In accordance with equation (6.19),
¥, =, (6.24)

and, therefore, it results in the following set of symmetric linear equations:

¥, O,
L’q 0 ]i({;}iﬁ_{g}i):“m (6.25)

6.1.3 Penalty Formulation

This method can be considered as a variation of the method introduced in the pre-
vious section, with the difference that the constraint equations are introduced by
means of penalty functions instead of the Lagrange multipliers. The advantages
of this method are that it reduces the number of unknowns in the problem, it has
less convergence problems, and it also permits an easy calculation of the reac-
tions at the joints.

Expression (6.19), which gives the potential function to be minimized by us-
ing the Lagrange multipliers method, is now replaced by the expression

vi=zv+ %@(q)T o ®(q) (6.26)

where V represents the potentials of the applied external forces, springs, and the
gravitational forces. Matrix o is a diagonal one, whose elements are the penalty
coefficients of each one of the constraint equations.

In order to minimize the potential function defined in expression (6.26), it is
necessary to cancel out the first derivative with respect to the dependent coordi-
nates q:

sk

W3V, @l adq)=0 (6.27)
Jq Jq

This yields a system of nonlinear equations that may be solved by Newton-
Raphson method. It is again necessary to differentiate the potential V** with re-
spect to q. The derivatives of the potential terms in equation (6.27) have already
been calculated in the previous sections. Therefore, special attention must now
be paid to the derivative with respect to q of the last term of this equation.
Consequently,
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9 (0f a ()= 0! o @, + -2 DL 0 (g (6.28)
aq dq

The derivative of <I>T1 with respect to q can be calculated column by column,
as constraint equation to constraint equation. The column corresponding to a
constant angle condition between segment (i-j) and unit vector u can be consid-
ered here:

(rj - ri)T u — constant =0 (6.29)

This equation can also be written as:

(o1 oT\ 0 0 -I;| (T
;—\ri U0 00 rj ) — constant =0 (6.30)
-I;I; O \“/
By differentiating with respect to q, we obtain
T 0 0 -I; | |Fi
D= 0 0 I, r (6.31)
- I; 0 \“/

By differentiating again with respect to q, we obtain the contribution to the
last term of expression (6.28) equal to

0], 0 0 -I4
5 Lo ®@=0P@ o 0 I (6.32)
4 L1 0

and the contributions of the other constraint equations could be calculated in a
similar way.

Once the second derivatives of the potential function have been evaluated, the
process continues with the typical scheme of the Newton-Raphson method. This
is similar to expression (6.23),

Yy (qir1 —q) = - ¥(qQ) (6.33)
where
2 k%
¥, = F v } (6.34)
oq°

6.1.4 Virtual Power Method

6.1.4.1 Theoretical Development

The application of the virtual power method is a third alternative for solving the
static equilibrium position problem. This method is based on the fact that at the
final equilibrium position, the virtual power of all the forces that act on the
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multibody system should be zero. To set out this method, it is necessary for one
to start by formulating Q with all the forces acting on the system and which
generally will be position-dependent.

Let q be a virtual dependent velocity vector related to the virtual independent
velocities by means of the expression:

q =Rz (6.35)

By imposing the null virtual power condition to the set of all the applied
forces and taking the arbitrary nature of virtual independent velocities into ac-
count, we obtain

¥(q)=R(q) Q(q)=0 (6.36)

which constitutes the system of nonlinear equilibrium equations. The static
equilibrium position is defined by the vector q that satisfies equation (6.36).

In order to solve the nonlinear equations system (6.36), one can resort to
Newton-Raphson method. One should remember that the number of equations of
the system (6.36) is equal to the number of degrees of freedom of the multibody
system and not equal to the number of dependent coordinates. Equation (6.36)
must be modified to put it in terms of independent coordinates. For this purpose,
the following expressions are to be used later:

5q =R &z (6.37)

q=Rz (6.38)

To apply the Newton-Raphson method to (6.36), it is necessary for one to
calculate the Jacobian matrix of the system, which will be given by:

¥ aR" TdQ|d
W _ 9 R Q)——(R Q) ( Q+R Q) Y (6.39)
Jz Jz 0z ) oz
The direct calculation of the derivatives appearing in this expression will be
included as an exercise at the end of this section.
Using the result of equation (6.38) in equation (6.39) yields

0¥ _0R" o, gT0Q g (6.40)
Jz 0z Jq
By transposing the equation that defines matrix R (See Section 3.5):
T[T T
R' (@, B |=[011] (6.41)
and differentiating with respect to z,
T T
dR { o BT} +R" 9% o R=0 (6.42)
0z 4 aq

By again transposing this equation to recover the habitual form:
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90y
T
P‘I} R | g7/ % IR (o] (6.43)
B 0z 0

The three-dimensional hyper-matrices have been shown with double square
brackets.

Example 6.2

Determine direct expressions for the derivatives that appear in equation (6.39).

— dq/dz = R, by virtue of equation (6.38).

— dQ/dq can be calculated in accordance with the dependence that Q has in re

lation to vector q.

- dRT/9q

This term, which is the variation of the basis of the nullspace of ®4 with re-
spect to the dependent coordinates q, constitutes a third order tensor or a three-di-
mensional hyper-matrix. To calculate it, one must start from the equation that de-
fines R (See Section 3.5),

Lo
B

ey

By differentiating with respect to coordinate g;,

9D,
dq; P
o 1 |9R L {0} (i)
0 B dq; 0

One can obtain the desired derivative of R with respect to coordinate g;. Even
though the leading matrix of (ii) remains constant, the number of forward reduc-
tions and back substitutions to be performed can be very high.

6.1.4.2 Practical Computation of Derivatives

An alternative way of finding the derivatives with certain interesting mechanical
interpretations can be obtained from equation (6.43). We start with equation
(6.38) in summation form:

q=Yr'z (6.44)
j
By again differentiating with respect to time:

=Y S Y 645)
i k aZk j
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This expression permits calculating the derivatives with respect to the inde-
pendent coordinates of the columns of matrix R.
By making z; =0 (V j), and zx = &;, one obtains

ar*
aZk

This indicates that the derivative of the column k of R with respect to the in-
dependent coordinate k is the acceleration vector of the multibody system, when
all the independent accelerations and all the independent velocities are made zero
An exception is that corresponding to the degree of freedom k, which is made
equal to unity.

By making z;=0(V j), =2 =1, =0 (i =}, k), and substituting in ex-
pression (6.45), we obtain

q (6.46)

‘ K ' K
&i:i.{.ai.yg.yai
dzxy dz; dz; Oz

7

(6.47)

From this expression, taking into account the equality of crossed derivatives
one obtains

. -
o _1|g_or _or (6.48)

)

Expression (6.48) assumes that the derivatives of columns j and k with re-
spect to the corresponding independent variables have been calculated previously.

Once all the derivatives appearing in expression (6.40) have been evaluated,
the Newton-Raphson iteration proceeds in accordance with the habitual scheme:

E:

(Ziy1 —2) == ¥; (6.49)
Z .

1

6.1.5 Dynamic Relaxation

A last and most appropriate method to solve the static position problem, is to
use the dynamic simulation procedures explained in Chapter 5. To apply this
method, it is enough to start a dynamic simulation from any position, applying
the external static forces and introducing dampers so as to dissipate the kinetic
energy. At a certain time of the simulation, the system will converge to the
static equilibrium position. The largest difficulty in applying this method is how
to define the values of the dampers. It shall be large enough to avoid oscillations
and small enough not to introduce stiffness in the motion differential equations.
A trial and error procedure seems to be the simplest solution for most practical
cases.

The main advantages of dynamic relaxation are that computation of deriva-
tives is not necessary at all, and that the user can have better control over the
convergence process as compared to the Newton-Raphson iteration.
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6.2 Inverse Dynamics

The inverse dynamics consists in the determination of the driving or motor
forces and reactions at the joints of a multibody system once the movement
(inertia forces and forces produced by the springs and dampers) and the external
forces (weight, point forces, torques, etc.) are known. The inverse dynamics can
be applied either to an isolated position of the system or to the entire kinematic
and dynamic simulations or a static equilibrium position.

Several methods exist for solving the inverse dynamic problem. The basic
theories and practices of the Newton method, of the Lagrange multiplier method
and the virtual power method will be developed in this section. Whether one
method is better than another will depend on the type of dependent coordinates
used, the calculation of all or some motor forces and reactions, and also on the
specific multibody system being considered to a certain extent. We will consider
in the last subsection the particular case of inverse dynamics for open-chain sys-
tems.

6.2.1 Newton's Method

Newton's method basically consists of laying out the simultaneous equilibrium
for all the multibody system and considering the motor forces and the reactions
at the joints as unknowns. A simple recount of the number of unknowns and
equations permits checking that both are equal and, therefore, the problem has
only one solution in multibody systems that follow the Grubler criterion. The
Grubler criterion for three-dimensional multibody systems establishes that:

G=6(N-1)-5P -4 P;-3Py-2Py-Py (6.50)

where G is the number of degrees of freedom, N is the number of elements, and
P, is the number of class I joints consisting of joints that allow I degrees of free-
dom of relative motion between the elements. In expression (6.50), 6(N-1) is
the total number of equations (six for each moving element) and the term
(G+5P+5P+5P 1+ 2P+ Py) is the number of unknowns with G motor forces
and as many reactions per joint as degrees of freedom that restrict the joint.

In order for Newton's method to be applicable, it is necessary to clearly define
how the unknowns are going to be considered and how the equilibrium equations
of each element are going to be set. Reference will be made to these two prob-
lems further on.

There are two possibilities for defining the problem inputs: one with regard to
motor forces that will normally be produced by translation and/or rotation mo-
tors or actuators, and one by kinematically driven degrees of freedom.
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M
u
1
t M
Figure 6.1. Forces produced by a hy- Figure 6.2. Torques produced by a rota-
draulic actuator. tional actuator.

Normally, both translational and rotational motors will be associated with
distance or angle coordinates (relative coordinates), whose variation is known as
functions of time. With a distance between two points that varies in a predefined
manner, the associated motor force is constituted by two equal and opposed
forces that act on these points in the direction determined by them (Figure 6.1).
In the case of the known angle between two elements, the motor forces will be
two equal and opposite torques in the direction of the axis joint, acting on the el-
ements. The analytic expressions of these forces and torques for both transla-
tional and for rotational motions are included in the following pages.

In the case of the translational motors of Figure 6.1, the value of forces act-
ing on the basic points i and j are:

QlT = aﬁ { @i=x) Oi—y) @-2) } (6.51)
QjT = Zl,ﬁ { @j=x) —y) (@G-2) } (6.52)
ij

In the case of rotational motors between the two elements as seen in Figure
6.2, the torque acting on each one of them has the direction of the joint axis and
may be written as

M =M \Zy i (653)

U,

There is a similar expression for the torques produced by the rotational
springs and dampers. The difference lies in the fact that in the motor torques the
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Figure 6.3. Universal joint with natural coordinates.

e

Figure 6.4. Helical joint with natural coordinates.

magnitude M is unknown; whereas in the case of the springs and dampers, it is
perfectly known.

The other unknowns of the problem, not including the motor forces and
torques, are the reactions at the joints. At each joint, there are as many unknown
reactions as there are degrees of freedom that the joint constraints. For example:
at a ball joint or spherical joint, there are three unknown reactions; at a revolute
joint, there are three reaction forces and two torques (the torques perpendicular to
the axis); at a cylindrical joint, there are two reaction forces and two torques
(both also perpendicular to the axis), and so forth. The consideration of only the
reactions that really exist at a joint is possible, although somewhat complicated,
because it requires the establishing of certain local coordinate axes at each joint
in which the components are cancelled in accordance with the degrees of freedom.
At a cylindrical joint, for example, the axis should be taken as one of coordinate
axes.

At the time of choosing the unknowns, it is better to choose six unknowns
per joint, three forces and three torques in the direction of the general coordinate
axes, and formulate some additional equations that compensate for the excess of
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Figure 6.5. Gear joint with natural coordinates.

unknowns. These additional equations are very easy to establish, since they pose
the inability of the joint to transmit forces in the direction of its degrees of free-
dom. At a cylindrical joint, the three components of the force and the three com-
ponents of the reaction torque would be considered as unknowns. The additional
equations would be taken as those resulting from imposing the condition that the
component of the force and torque in the direction of the joint axis be zero. This
condition could be imposed by means of the scalar or dot product with the unit
vector in the direction of the joint axis. The spherical, revolute, and prismatic
joints generate similar types of equations.

In other types of joints, the generation of these additional equations is some-
what more complicated. The universal, helical, and gear joints are briefly re-
viewed below.

a) Universal joint. The universal joint is formed by sharing a point with two
perpendicular revolute joints R. It is a joint with two degrees of freedom. The
two additional equations originate by imposing that the components of the
torques in the direction of the rotational joints be zero. This direction is deter-
mined by the corresponding unit vectors (See Figure 6.3).

b) Helical joint. Consider a helical joint without friction, as shown in Figure
6.4. The contact force is perpendicular to the thread of the screw. This force is
decomposed into an axial force F and into a tangential force (F tan ). This tan-
gential component gives a torque in relation to the screw axis that is equal to

M=F tana r (6.54)

where r is the average radius of the thread. Equation (6.81) indicates that there is
a constant ratio between the axial force and the torque with respect to the joint
axis. This is the additional equation that relates the three components of the force
and the three components of the reaction torque.
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Figure 6.6. 3-D Gear joint.
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Figure 6.7. Contact force in helical joints.

c¢) Gear joint. Consider the planar gear joint shown in Figure 6.5. The
constraint equations corresponding to this joint are established by imposing the
condition of constant distance between the centers of both wheels, and of a ratio
between the angles turned by both wheels and considered as mixed or relative
coordinates. Normally, the element that links the centers of the wheels will truly
exist. If nonexistent, there is no way of guaranteeing that the centers remain at a
constant distance. This element will have its own inertial forces and equilibrium
equations. The problem is reduced to establishing the equilibrium equations of
each wheel. This is accomplished by entering the contact force T that forms an
angle O (pressure angle) with the tangent to both wheels or by entering two
components in the direction of the absolute coordinates and imposing the
condition that the resultant force is on the contact line (force transmission line).
Now consider the three-dimensional gear joint of Figure 6.6. The relative po-
sition between the axes of both wheels is guaranteed by an element with two
joints R, assuming that it is located on the normal line common to both axes.
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In the case of helical gears, the direction of the transmission force is defined by
the helix inclination angle 3 and by the apparent pressure angle 6, (Figure 6.7).

These angles can be calculated starting from those of inclination 3, and nor-
mal pressure 6 by means of well-known formulae (Shigley (1969)). To deter-
mine the contact force that acts on each one of the wheels, a force F can be as-
sumed. This force F consists of three unknown components expressed in accor-
dance with axes of the general coordinates, acting at a point P of the common
normal calculated in accordance with the distances to the points A and B and de-
pendent on the contact ratio (See Figure 6.6). At the components of the force F,
it is necessary to impose two ratios in order to make the force have the direction
shown in Figure 6.7. These ratios can be two scalar products with two directions
contained in a plane perpendicular to F or two components of a vector product
with a vector in the direction that F should have been.

One can see briefly how the unknowns of the inverse dynamics are introduced
and how the additional equations are calculated, when more unknowns than nec-
essary are defined. The only remaining problem is to determine how to set out
the force equilibrium equations for each element. The simplest way is to carry
out this setting in general coordinates.

To set out the equilibrium of an element, it is necessary to consider the fol-
lowing forces:

a) inertia forces of the element.

b) external forces that act on the element, including the forces produced by the
springs and dampers.

¢) reaction forces at the joints of the element.

The sum of all these forces and their resulting torque with respect to a point
should be zero. This point can be any one, but the two simplest options are the
center of gravity and the origin of the system of absolute coordinates. The latter
possibility appears to be the most adequate.

The inertia forces can be calculated by multiplying the inertia matrix of the
element by the accelerations of its basic points and unit vectors, in accordance
with the expression:

Qn=-Mq (6.55)

The inertia forces vector Qf, contains point forces corresponding to basic
points and couples of forces corresponding to unit vectors. The components of
the inertia forces conjugated with the unit vectors are force couples that act on
the ends of the vectors, as seen in Figure 6.8. These force couples have a null re-
sultant and a resultant torque equal to the cross product of the force by the corre-
sponding unit vector. Thus, the components of Qf; associated with basic points
are forces that intervene in the force equilibrium. These yield a torque about the
origin of coordinates; that is, the components of Qf,, conjugated with the unit
vectors, are cross multiplied by the associated unit vector and constitute torques
that are added up in the torque's equilibrium equation of the element.
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Figure 6.8. Couple of forces conjugated Figure 6.9. Inverse dynamics in a four-
with a unit vector. bar mechanism.

With respect to the velocity-dependent inertia forces, the external forces, and
those produced by the springs and dampers, when known, are directly incorpo-
rated without further difficulties into the equilibrium equations of the elements
on which they act.

Lastly, the reactions at the joints intervene as unknowns in the equilibrium
equations of each element.

To avoid the calculation of all the reactions at all joints is also possible, by
formulating the equilibrium of groups of bodies or even of all the multibody
system. For example, in the four-bar mechanism of Figure 6.9 there are five
overall unknowns: the reactions at joints A and B, and the motor torque M. It is
necessary to establish five equations, which will be the three static equilibrium
equations of the entire mechanism, and two additional equations. These two addi-
tional equations could be the null moment condition of all the forces acting on
bar 2 with respect to point 1, and the null moment condition with respect to
point 2 of all the forces acting on elements 2 and 3. This equation could be sub-
stituted by the null moment condition with respect to two of the forces acting on
bar 4.

An interesting case, with regard to solving the inverse dynamics by means of
Newton's method, is that of the over-determined multibody systems that do not
satisfy the Grubler criterion. They are systems that in theory should not move,
since Griibler predicts a null or negative number of degrees of freedom for them.
But in practice, due to their specific dimensions and the orientation of the axes,
these systems do in fact move. A typical example is the planar four-bar mecha-
nism with four revolute joints. When considered as a three-dimensional mecha-
nism, the Grubler criterion predicts —2 degrees of freedom for it. However the
mechanism moves when the four revolute joints have parallel axes. If this condi-
tion is not satisfied, it would be locked.

The inverse dynamics presents additional difficulties in over-determined
multibody systems. From the forces equilibrium point of view, these systems
constitute undetermined problems in which there are more unknowns than equa-
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Figure 6.10. Constraint force corresponding to a constant distance condition.

tions. The reactions at the joints cannot be calculated without resorting to addi-
tional hypotheses. For example, if at a planar articulated quadrilateral there is an
external force applied to it in a direction perpendicular to the motion plane, there
are infinite systems of external reactions and torques that compensate this force.
It can even have external reactions that are self-compensated with one another,
without affecting the motion.

To solve this difficulty, the additional condition of the external reactions at
the joints having a minimum norm should be applied. It makes sense physically
since it presupposes that the multibody system is well-constructed or installed
without initial self-compensating forces, and allows to find a mathematical so-
lution to the problem without excessive calculation effort.

6.2.2 Method of the Lagrange Multipliers

The Lagrange multiplier method permits determining the motor forces and the
reactions that appear at the joints of a multibody system and makes optimum
use of the relationship that exists between the Lagrange multipliers and the
forces associated with the constraint equations. The equations of motion devel-
oped in Chapter 5 establish that

Mg+®A-Q=0 (6.56)

where the first term represents the inertia forces; the second, the forces produced
by the constraints; and the third the external forces plus additional velocity-de-
pendent inertia forces. Each column of matrix <I>£, multiplied by the correspond-
ing A, represents the vector of forces associated with the constraint.

The forces introduced by some of the most common constraint equations in
planar and three-dimensional multibody systems will be studied in greater detail
below.
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Figure 6.11. Planar prismatic joint.

6.2.2.1 Constraint Forces in Planar Multibody Systems

The most commonly used constraint equations in planar multibody systems are
those arising from the constant distance, and those in which the prismatic joint
is introduced. These are the ones in which three points are kept aligned, and the
scalar product between the segments determined by two couples of basic points
are constant.

Figure 6.10 shows two points between which there is a constant distance
condition and the force system f necessary to maintain this condition. This force
system will consist of two equal and opposite forces in the direction of the bar.
These forces will amount to

Il
Q=L —" (6.57)
L {x; —x4
Y2 =1
On the other hand, the constant distance constraint is
2 2 2
D=y —x)) +(O2-y1) -L =0 (6.58)
The derivative of this equation with respect to q is
D,
IPifry—x) (3 —y2) k1 — %)~ —¥2)) (6.59)

Jq

By the Lagrange multipliers theory, the constraint force will be this vector in
column form, multiplied by the corresponding Lagrange multiplier A:

t=A/ Y172 (6.60)
\—(xl ), f
-1 —y2)
By identifying expressions (6.57) and (6.60), it can be concluded that the
force associated with the constraint has the following value:
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4 6 f3
Figure 6.12. Constraint forces corre- Figure 6.13. Constraint forces corre-
sponding to the alignment condition. sponding to the perpendicular condi-
tion.
f=AL (6.61)

Figure 6.11 shows a prismatic joint corresponding to a planar mechanism.
The joint generates two constraint equations. The forces associated with the
alignment condition are shown in Figure 6.12. There is a normal reaction f that
is balanced by forces f; and f, acting on the basic points.

In this case the alignment constraint equation is

D ={(x2—x) a—y) —(xg—x1) -y} (6.62)

and the corresponding force, in accordance with the Lagrange multiplier method
is

Y2 —Ya

X4 — X9

Ya =1

f=a 0P [N (6.63)

oq 0
0

yi—)2

Xy — Xy

On the other hand, based on Figure 6.12, the reaction forces can be calculated
in terms of the force f:

Qi =f (()’2 - ¥/ (y2 —)’1)) sin O =f (y, —ya)/Li, (6.64)

Qly =-f ((xz = x)(xy — xl)) cos O=—f (x, —x4)/Ly, (6.65)
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0o, =f (a =yD)/(y2 —y) sin O=f (yqs —y1)/L;, (6.66)

sz = —f ((X4 —xl)/(xz - xl)) Cos 0=—f (X4 —xl)/le (667)

Qqe=—f sinO=—f (y2 —y)/Li, (6.68)

Q4 =f cos 0=f (x, —x1)/Ly, (6.69)

By comparing these expressions with the vector of reaction forces defined by

equation (6.63), one can conclude, in this case, that
f=24-Lp

Figure 6.13 shows the forces associated with the perpendicular condition be-

tween segments (/-2) and (3-4). If M is the torque that keeps this angle condi-
tion constant, one must formulate the forces at the basic points in terms of the

value of M. It is easy to see that:

(6.70)

Q1= (M/ Lyy) sin 6 = (M/(Lyy L)) (x3 — x4) (6.71)
Q1y =(M/ Lyy) cos 6 =— (M /(L Lag)) (v4 — y3) (6.72)
02 == Q1r == (M /(L1 Lay)) (x3 — x4) (6.73)
02y == Q1y =+ (M /(L1z L34)) (4 —¥3) (6.74)
Qs == (M Ly) cos 0 =— (M /(Ly; Lsy)) (x2 — x;) (6.75)
Q3 =— (M / Lyy) sin 6 =— (M /(L L)) (72 — y1) (6.76)
Q4 =— Qs = (M /(L1 Lsy)) (x5 — x1) (6.77)
Quy == 03y = (M /(L1 L34)) (2 = ¥1) (6.78)
On the other hand the perpendicular constraint equation is in this case:
(xp —x1) (xg —x3) + (2 —y1) (4 —y3) =0 (6.79)

The associated constraint force vector will be

Q=29%_,
dq

X3 — X4
V3 — Y4
X4 — X3
Ya—Y3
X1 —X2
Y1 —Y2
Xy — X

Y2 =1

(6.80)
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Figure 6.14. Linear combination of planar vectors condition.
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A

Figure 6.15. Constraint forces corresponding to a linear combination condition.

By identifying the coefficients of equations (6.71)-(6.78) with the vector equa-
tion (6.80), one can conclude that the Lagrange multiplier A is equivalent to:

A=—M (6.81)
Ly L3y

In order to carry out this identification of the Lagrange multiplier, it is gener-
ally not necessary to calculate all the terms of the forces vector. Only one must
be calculated and the identification carried out with that term.

Figure 6.14 shows a different type of constraint equation that may appear in
planar multibody systems and also in three-dimensional ones more frequently. In
this case, the position vector of one point in relation to another is expressed as a
linear combination of the position vectors of other points of the same multibody
system. In the planar multibody system shown in Figure 6.14, the constraint
equations that establish the position of point / in relation to the other three
points are
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Figure 6.16. Gear joint.
k
I fi

Figure 6.17. Constraint forces corresponding to a gear joint.

(I‘l — I‘i) - (rJ — ri) — ﬂ (rk — I‘i) =0 (682)

where ¢ and f§ are known constants. The vector equation (6.82) represents two
constraint equations. The derivative of the first of them with respect to the de-
pendent coordinate vector q results in:

@, = {(1-0-p),0, 2,0, ,0,-1,0} (6.83)

Multiplied by the Lagrange multiplier A, the vector of equation (6.83) repre-
sents a system of four forces in the direction x acting on the four basic points of
the element, as can be seen in Figure 6.15. It is evident that these forces are in
equilibrium, because their sum is zero. It is also easy to demonstrate that they
give a zero torque about point i. The torque's equilibrium equation in accordance
with axis z is

M. = o (y-y) +B (b —v) - 0i-) (6.84)
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This expression is cancelled because it is nothing more than component y of
equation (6.83). Therefore, once the Lagrange multiplier is known, each linear
combination of constraint equations produces a system of resultant forces and a
null resultant torque acting on the basic point of the element. These forces
should be equivalent to those that would have been obtained if point / had been
determined in relation to the other three points with three constant distance con-
ditions.

The only case left to be seen is the gear joint.

Figure 6.16 shows a gear joint determined by points i and k, and j and [, re-
spectively. The constraint equation that enters the angular coordinate 6, for
wheel 1, is

(e —x) 05— x) + O —y) vy — ) = Lig Ly cosf; =0 (6.85)
For the angular coordinate 0,:
(e =xp) &= x) + O —y) i =y —Ljg Ly cos6, =0 (6.86)
The ratio between both angular coordinates is
6, +m6,=0 (6.87)

To see the significance of the constraint forces associated with equation
(6.85), one should differentiate this equation with respect to the dependent vari-
ables vector q. We exclusively consider the following terms

9Py xn 9%y 1y, (6.88)
axk ayk
PYs :
—= L," Li sin@ (689)
og,

The two equations (6.88) indicate that at point k there is a force f; that is par-
allel to the segment (i-j), as shown in Figure 6.17. This force is compensated
with another one, equal and opposite, applied at point i. Likewise, other forces
of magnitude f,, equal, opposite, and parallel to the segment (i-k) appear at
points i and j. The magnitude of the forces f;, applied at points i and &, will be

Ml :fl Lik Sin@l (690)

The component x of force at point k£ can be used to identify the Lagrange mul-
tiplier value A:

.x]'—.xi

A (xj - x,») :fl Cos, :fl (691)
ij
From expressions (6.90) and (6.91), one can arrive at the following result:

a=ho M (6.92)

Ly Ly Lisin,
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Figure 6.18. Constant angle condition.

which shows how one can calculate the torque acting on wheel 1, once the value
of A is known. From expressions (6.89) and (6.92), it can be concluded that the
value of the force associated with the angular coordinate 9, is

82 = /l L” Lik Sin91 = M] (693)

6,

This is the torque M, that acts on each of the elements. The force f, could be
calculated by means of an expression similar to (6.118). Constraint equation
(6.113), however, leads to certain forces similar to those studied and which pro-
duce a torque M, at wheel 2. The angle's constraint equation (6.114) establishes
the relationship existing between torques M, and M,,.

6.2.2.2 Constraint Forces in Three-Dimensional Multibody Systems

The determination of the constraint forces in three-dimensional multibody sys-
tems by means of Lagrange multipliers follows the same basic steps as in the
planar case. The only difference is that the mathematical formulation is more
complicated. The development of the constraint forces corresponding to some of
the most normal constraint equations is shown in an example included below.

a) Constant distance constraint. The constant distance constraint between two
points is also very easy to consider. This constraint equation can be formulated
as follows:

2 2 2 2
Q=;—x) +Oi-y) +@&-z) —-L;=0 (6.94)

The constraint forces vector will have the following form:

A aa(fl)E A {(X[ - xj) (yi - yj) (Z[ - Zj) (Xj - X,’) (yj - y,) (Zj - Z[)} (695)



228 6. Static Equilibrium Position and Inverse Dynamics

Figure 6.19. Constraint forces corresponding to a constant angle condition.

from which it is inferred that the force f acting at the ends of the bar is in the
same direction of the bar. The component of this force, at node i and in the direc-
tion x, is

X;— Xj

A@i—x)=f (6.96)

Y

from which the value of the constraint force can be identified depending on the
Lagrange multiplier, or vice versa.

b) Constant angle constraint between a segment determined by two points and
one unit vector. Figure 6.18 shows an element with two points and one unit
vector, between which a constant angle 0 should be maintained. The correspond-
ing constraint equation of the constant scalar product can be formulated as:

O=u'(rj-1)=0 (6.97)

The derivative of this equation with respect to q, and multiplied by the
Lagrange multiplier A, will yield the constraint force:

]

This expression indicates that there are certain equal and opposite reaction
forces at i and j in the direction of vector u. There is a reaction force associated
with vector u that has the same direction as the bar. Remember that the reaction
forces associated with the unit vectors are equal and opposed pairs of forces act-
ing at its ends. Consequently, the reaction forces that appear as a result of this
constraint equation are those shown in Figure 6.19.
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@ 2

Figure 6.20. Inverse dynamics in a four-bar mechanism.

These forces have zero resultant. It is easy to see that the torque of the pair of
forces acting on the unit vector is equal to the pair of forces acting on segment
(i-)). It is verified that:

unfi=un(r-r)i (6.99)

fz/\ (ri—rj):—ﬂ,U/\(ri—rj) (6100)

which are equal and opposite torques.

¢) Unit vector constraint. The unit module vector equation is a variant of the
constant distance constraint equation. This constraint equation generates two
equal and opposite forces on the extremes of the unit vector and on its same di-
rection.

d) Other constraint equations. Other types of three-dimensional constraint equa-
tions such as: a vector that is a linear combination of others, a constraint equa-
tion corresponding to the entry of an angular coordinate, and the three-dimen-
sional gear joint, generate the corresponding constraint forces similar to those
studied in the planar multibody system case. Their mathematical development
follows the same rules as stated previously.

6.2.2.3 Calculation of Reaction Forces at the Joints

With reference point coordinates and joint constraints, the Lagrange multipliers
directly provide the constraint forces at the joints. With natural coordinates, the
Lagrange multipliers do not, in general, directly provide the forces at the joints.
The joints are almost always considered without constraint equations by means
of sharing of points and/or unit vectors or with a number of constraint equations
that is smaller than the number of degrees of freedom prevented by the joint. The
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element's constraints, which are always present, give rise to forces on the ele-
ments and not on the joints.

Figure 6.20 shows a four-bar mechanism whose motion is perfectly known.
Assume that it is wished to calculate the forces at joints 1 and 2. The equilib-
rium condition of element 3 must be established. Four types of forces act on the
element: external forces Q.,, inertia forces, forces associated with the element's
constraint equations, and the reactions Q, at the joints. The following equilib-
rium equation can be established:

Q-M g -@ A +Qu =0 (6.101)

This is an equation in which all the terms are known, except for the unknown
reactions Q, produced at the joints by adjacent elements. In expression (6.101),
the mass matrix, the dependent accelerations, the element's constraint equations
and the Lagrange multipliers only intervene at the level of the element being
studied. This has been indicated with the superscript (¢). In addition, equation
(6.101) is general and can be applied to any element of any multibody system,
once the Lagrange multipliers have been calculated.

The Lagrange multiplier method is attractive especially when using the
Lagrange multipliers for the numerical integration of the differential equations of
motion. An important part of the previously carried out numerical effort is then
used to the outmost. If other numerical integration methods are used, it will be
necessary to carry out a specific calculation of Lagrange multipliers term (CIJT, A)
by means of the equation:

M G+ @A =Q,, (6.102)

in which everything, except the second term, is supposedly known. The
Lagrange multiplier method is more useful with reference point coordinates and
joint constraints than with natural coordinates and element constraints, since in
the latter case, the Lagrange multipliers do not directly give the reactions at the
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Figure 6.21. 3-D four-bar mechanism with parallel axes.
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Figure 6.22. External force perpendicular to the four-bar plane.
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Figure 6.23. Self-equilibrating external forces.

6.2.3 Method of the Lagrange Multipliers with Redundant
Constraints

If the multibody system is over-constrained or if there are redundant constraints
in the formulation (See Section 3.4.), <I>T1 has more columns than rows (m>n—f).
There is an infinite set of solutions for vector A in the following system of lin-
ear equations:

D A =Q.,-Mg{ (6.103)
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line 1

" line 2

Figure 6.24. Geometric meaning of the minimum norm condition.

This difficulty can be solved as is indicated above. The infinite number of so-
lutions for vector A has a physical meaning. There are many possible sets of ap-
plied external and reaction forces that produce or arise from the same motion.
Difficulties arise in finding a unique mathematical solution, because physically
there are many solutions that are possible. A very simple example will help to
explain this point. Figure 6.21 shows a four-bar mechanism with four revolute
joints with parallel axes. This is a 1 degree of freedom system, but when consid-
ered as a three-dimensional mechanism, the Griibler formula predicts —2 degrees
of freedom; so this mechanism should not move, but in fact it may move only
when the four joint axes are parallel. For this system, using reference point co-
ordinates, the Jacobian matrix has twenty rows, with five constraint equations
for each joint, and eighteen columns with six coordinates for each one of the
three moving links. Thus, there is not a unique solution for the system of linear
equations (6.103). It is possible to have, as indicated in Figure 6.22, external
forces that are perpendicular to the plane motion and that do not produce virtual
work. These forces can be balanced externally with forces and torques in the fixed
joints in many different ways. It is even possible, as indicated in Figure 6.23, to
have self-equilibrating external reaction forces and torques that could be due, for
instance, to assembly or manufacturing errors and that do not appear in any term
of the equations of motion (6.103).

In order to find a single solution for equation (6.103), one must add some in-
formation or introduce a new hypothesis. A very reasonable addition is to im-
pose to the solution A the minimum norm condition (See Figure 6.24). To ful-
fill this condition, A shall be orthogonal to the null-space of CIJE. It shall belong
to its orthogonal complement that is the column space of @4 (Strang (1980)):

A=®,0 (6.104)
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where 0 is a vector of n components, which are the coefficients of vector A ex-
pressed as a linear combination of the columns of @ . Substituting this expres-
sion in equation (6.103):

@, ®,6=Q,-Mg (6.105)

This is an expression that can be solved for ¢ without major difficulties, be-
cause ((I)Tl ®,) is a (nxn) matrix of rank n. Vector A is computed from equation
(6.104) and the inverse dynamics problem continues in the standard way.

6.2.4 Penalty Formulation

Equation (6.102) allows the calculation of the Lagrange multipliers for those
cases in which they have not been explicitly obtained during the simulation pro-
cess. The penalty formulation provides an equivalent alternative to equation
(6.102) in the form:

Mi+®@,0@+2pQ &+ Q°®) =Q (6.106)

It may be seen by comparing equations (6.102) and (6.106) that the penalty
method approximates the Lagrange multipliers by the term:

AV —a@+2pQ 0+ QD) (6.107)

The accuracy of A will depend on the method of integration and the value of
o. For ¢=107 and working in double precision arithmetic, one should expect an
accuracy in A up to the sixth digit. The augmented Lagrangian formulation de-
scribed in Chapter 5 will improve this accuracy.

6.2.5 Virtual Power Method

The Newton and Lagrange multiplier methods are by themselves global methods,

Figure 6.25. Five-bar mechanism with two input torques.
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that is to say, methods used to calculate all the motor forces and all the reactions
at the joints. There are variations of these methods that permit saving a certain
amount of work, when it is not really necessary to calculate all the reactions and
all the motor forces.

The virtual power method, which is going to be described below, is a method
specifically used to calculate a reaction or a motor force. In this case it is much
more efficient than the previous methods. However, the said methods must be
used whenever it is required to calculate a large number of forces and/or reactions.
The virtual power method will be shown in the following sections. The case for
evaluation the motor forces will be distinguished from the case for evaluation of
reactions at the joints. In principle these cases use natural coordinates with min-
imum adaptations which are mostly simplifications. These cases can be applied
to the other types of coordinates.

6.2.5.1 Calculation of Motor Forces

Motor forces are very easy to calculate with the virtual power method. The idea
of the method is very simple and can best be explained by means of an example,
such as the planar mechanism with five bars and two degrees of freedom, shown
in Figure 6.25. It can be assumed that bars 2 and 5 are the mechanism's input el-
ements on which torques M, and M are applied.

To determine M,, one can evaluate the virtual power of the forces that act on
the mechanism with the virtual velocities q; calculated by giving a unit angular
velocity at element 2 and a zero angular velocity at element 5. The following
equation will be obtained:

VET .
2 1+Ms-0 =¢q, (Mq-Q.,) (6.108)

In the previous equation, the RHS represents the virtual power of the inertia
forces and of the external forces (sign changed). If the mechanism's movement is
known, its dependent accelerations vector q will also be known. The only calcu-
lation that is required to obtain the moment M, is that of the virtual velocities
vector q 1. This vector is easy to calculate, since normally the triangularized ma-
trix (I> , or even matrix R, will be already available.

To calculate the torque M, one can determine a virtual velocities vector qz
based on a unit angular velocity at element 5 and null velocity at element 2. The
resulting equation will be

JET .
My-0+Ms-1=q (Mg-Q) (6.109)

The virtual velocity vectors qj and q;, used in expressions (6.108) and
(6.109) are nothing more than the columns of matrix R, when angles 6, and 6;
are taken as independent coordinates. In this case, expressions (6.108) and
(6.109) can be jointly represented as
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Figure 6.26. Cutting a joint in a four-bar mechanism.

A

Figure 6.27. Vertical constraint in the Figure 6.28. Horizontal constraint in
cut joint. the cut joint.
M T .
[ 2}=R (M g -Q.) (6.110)
5

Expression (6.110) or its other variants, formed from it with slight modifica-
tions, is general, and represents the optimum way to determine the motor forces.

6.2.5.2 Calculation of Reactions at the Joints

The calculation of reactions at the joints by means of the virtual power method
is slightly more complicated than the calculation of the motor forces. There are
several possibilities for tackling this problem, and not all of them are equally
simple and efficient. The most important variants are described below:
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Figure 6.29. Four-bar mechanism with a prismatic joint.

Figure 6.30. Cutting a joint in a six-bar mechanism.

a) Method of elimination of a joint. As its name implies, this method consists
of eliminating the joint from the multibody system in which it is wished to cal-
culate the reactions by substituting the said joint for the corresponding reaction
forces. Figure 6.26 shows this method applied to a four-bar mechanism. When
eliminating a joint that constrains a certain number of degrees of freedom (two,
in the example of Figure 6.26), the total number of degrees of freedom of the
mechanism is increased by the same number. Sometimes, such as happens in the
example being considered, the multibody system is divided into two that share
the total degrees of freedom.

It is now necessary to enter some virtual velocities in the mechanism that are
compatible with the other constraints which permit determining the reaction
forces at the joint. In the example of Figure 6.26, this can be done by means of
the method shown in Figures 6.27 and 6.28; in the first case, the zero virtual ve-
locity at point 1 and the unit horizontal virtual velocity at point 1' is given; in
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the second case, the unit vertical velocity at point 1' is given. In the first case,
the horizontal reaction Q.,_is obtained; in the second case the vertical reaction
0,,, s obtained.

If one wishes to calculate the reactions at other joints in the example above,
the method could be used in a similar way. If one wishes to calculate the reac-
tions at point 2, there is no difference with the methods explained previously. If
the reactions at a fixed point (for example B) are required, a mechanism with
three degrees of freedom is obtained when the joint is eliminated. The virtual ve-
locities that permit calculating Q,,, and QrBy could be the following: q, is ob-
tained by giving a zero angular velocity to element 2, a upgt horizontal velocity
to point B, and a null vertical velocity to the said point; q, is obtained by also
giving zero velocity to element 2 and a zero horizontal velocity and unit vertical
velocity to point B.

If one wishes to calculate the reactions at a prismatic joint as shown in
Figure 6.29, one should keep in mind that the reactions will be: the normal
forces at the bar and one torque. To solve this case, it would be necessary to bi-
sect at the prismatic joint and use virtual velocities that immobilize bar 4 at the
same time so they give virtual power with one and only one of the contact
forces. In order for only the force to give power, it would be necessary to force
bar 3 to move in a direction parallel to itself. In order for only the element to
give power, it must turn without the point of contact having velocity in the di-
rection of bar 4.

As a last example of this method, consider the six-bar mechanism of Figure
6.30 in which one wishes to calculate the reaction forces at joint 1. In this case,
the virtual velocities could be chosen as follows: to determine the horizontal re-
action, select a virtual velocity vector based on giving a zero angular velocity at
element 2 and a unit horizontal velocity at point 1'; the vertical reaction would
be likewise calculated, with a virtual velocity obtained by giving null angular
velocity at element 2 and unit vertical velocity at point 1".

The method for eliminating a joint, described by means of examples for pla-
nar multibody systems, is perfectly adaptable to three-dimensional multibody
systems and all types of joints, but there will be a slight increase in practical dif-
ficulties. The only thing required is the means for imposing any linear velocity
or any angular velocity on the elements adjacent to the joint that has been elimi-
nated.

In the case of natural coordinates, the main practical inconvenience of the
method just described lies in the fact that when the joint is eliminated, new de-
pendent coordinates appear, and, sometimes, constraint equations disappear. This
means that the kinematic problem to be solved for calculating the virtual veloci-
ties is significantly different from the original, and very little of the work carried
out can be used. This results in a higher cost for the calculation of the reactions
by this method and also complicates the implementation.

rix

b) Method of elimination of an element. This method can be considered as a
variant of the previous one. In order to avoid adding dependent coordinates at the
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Figure 6.31. Four-bar mechanism.

point for which it is wished to calculate the reactions one of the elements
connected at the joint is eliminated. The multibody system increases the number
of total degrees of freedom by a number equal to the constraint equations of the
eliminated element and joints. In either case, the inertia forces and external forces
that act on the eliminated element must be transmitted to the points and vectors
of the adjacent elements.

The implementation of this method is complicated, since a large number of
specific cases and special situations should be taken into account. The main ad-
vantage lies in the fact that it can use, to calculate the virtual velocities, the cal-
culations carried out for determining the true velocities and accelerations.

c) Method of variation of the constraints. The method described below is ori-
ented to calculating the force associated with each constraint equation in a similar
way to that done with the Lagrange multipliers. The difference is that with the
multiplier method, all of the constraint forces are calculated at the same time;
whereas with this method, only the desired force or forces are calculated.

The key point of this method is that of imposing a unit variation in the cor-
responding constraint equation. Once again one can consider the example of the
four-bar mechanism in Figure 6.31. Let's assume that it is wished to calculate
the constraint force associated with the constant length condition of bar 3. The
corresponding constraint equation is

2 2 2
(2 =x1) + (2 —-y1) —Lj»=0 (6.111)

In order to calculate the force associated with this constraint equation, it is
necessary to eliminate the constant distance condition and replace it with a dis-
tance condition that is variable with the time (rheonomic). Therefore, in order to
calculate the virtual velocities, equation (6.111) must be replaced by

(2 — xl)2 + (2 —yl)2 - le(t)2 =0 (6.112)
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Base body

Figure 6.32. Open-chain system with branched tree structure

which, differentiated with respect to the time, becomes

Xy —x) (G —x) + (=) G =) =Lpp(® Lip(®  (6.113)

Thus, to calculate the virtual velocities that permit finding the constraint
force, one can give a zero value to the velocities of all the mechanism's input el-
ements and value 1 to the derivative Li2(7), The equation which results from ap-
plying the theorem of virtual power will be

Fol=q (Mg-Qu) (6.114)

where f'is the force associated with the constant length constraint of bar 3.

The main advantage of this method lies in the fact that the left-hand member
of the velocity constraint equation (6.113) is identical to the left-hand member of
the equation which it has replaced. Since the triangularization of matrix @ is al-
ready carried out, it is only necessary for one to do the corresponding forward and
backward substitutions.

If the forces Q. associated with all the constraints of an element are calculated
by this method, the corresponding equilibrium equations can be set out in accor-
dance with the natural coordinates

Qr+Qc_Md+Qex=0 (6115)

where Q; are the forces at the joints looked for, and Q,, are the external forces.
When one wishes to calculate all the reactions at the joints, using this
method is probably the most efficient alternative to the global methods.
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Figure 6.33. Force equilibrium of a junction body

6.2.6 Inverse Dynamics of Open-Chain Systems

A very important particular case will be considered in the last section of this
chapter: the inverse dynamics problem of open-chain systems, such as the
branched tree shown in Figure 6.32.

Inverse dynamics for open-chain multibody systems can be carried out recur-
sively in an extremely efficient way. In Chapter 8 it will be seen how to take ad-
vantage of the system topology (open-chain, for instance); so as to improve the
efficiency in the direct dynamic simulation. We will concentrate now on the in-
verse dynamics.

It is possible to distinguish in a branched tree multibody system, such as the
one shown in Figure 6.32, three kinds of bodies:

a) The base body, that is the body from which all the main branches originate.
If there is in the system a fixed or non-moving body, it shall be chosen as the
base body; otherwise, the base body can be chosen rather arbitrarily. It is
common to select the base body according to physical considerations or using
some criteria, for instance trying to equilibrate the lengths of the different
branches.

b) The junction bodies, that are bifurcation bodies with one input joint con-
nected to the father body, and two or more output joints connected to the
filial bodies.

¢) The terminal bodies, that are the last bodies in a branch.

In order to solve for the inverse dynamics in open-chain systems, it will be
assumed that the system's motion, including positions, velocities and accelera-
tions, as well as the external forces are known. We will see how to obtain the
driving forces acting on the system’s degrees of freedom and the constraint reac-
tion forces at the joints.
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The method that we will describe next is a variant of the well-known recur-
sive Newton-Euler method widely used in robotics (Luh et al. (1980)). Let us
consider the general case of the force and torque equilibrium of a junction body J,
such as the one shown in Figure 6.33. Terminal bodies, simple two-joint bod-
ies, and even the base body, can be considered as particular cases of this general
junction body. In order to make this analysis as simple as possible, we will con-
sider only multibody systems with revolute R and prismatic P joints.

Link J originates from link I, and links K1, K2, etc., originate from J;
whereas g; is the position vector for the link J center of gravity. Point jO and
unit vector uj are the input point and vector (reference point and direction in J
for the joint with link I). Points j/, j2, etc., and vectors uj;, Uj, etc., are the
output points and vectors (reference points and directions in J, for the joints with
links K1, K2, etc.). Al the joint constraint or driving forces and torques will be
referred to these points and vectors.

In order to formulate the equilibrium equations, the following sets of forces
will be considered:

a) External forces and torques. It is assumed that f;*" and n{' are the force and

torque resulting from all the externally applied 1oads respectively, applied at
point g;.

b) Inertia forces. They are also applied at g;. According to the Newton and
Euler expressions they are:
in ..

where m; and I; are the mass and inertia tensor of link (J). The inertia tensor is
expressed on a reference frame with axes parallel to the global or inertial
frame and with its origin in the center of gravity g;.

©) Joint forces. We will consider that f;, , and n;,,, are the total (driving and
reaction) force and torque that link Kn exerts on link J at point kn. Vectors fj;
and ny; are the reaction force and torque between bodies I and J.

The equilibrium of forces can be expressed as:
£ + f“+z en— 1 8= 0 (6.118)

The equilibrium of torques with respect to the input point jO becomes:

ext in
nji+ nj +ankn+nj +
n
ext in
+ 2 (l'j— rjo) A fJ + Z (rjkn_ rjo) A fjkn+ Z (rj— rjo) A fj =0
n n

n

(6.119)

Equations (6.118) and (6.119) allow one to solve for the inverse dynamics re-
cursively. It is assumed that these equations apply to a terminal body. In this
case there is no summation extended to the output joints, so equations (6.118)
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and (6.119) can be solved respectively for the force fji and the torque nj; in the
input joint. If one goes backwards, applying equations (6.118) and (6.119), one
will always know the forces and torques in the summation extended to the output
points, since all of them have been computed previously. One should remember
that f;; = — f}; and nj; = — n;; according to the Newton’s Third Law

The force fji and the torque nj; represent the total action in joint jO. It is easy
to separate by taking into account the nature of the joint, the driving and reaction
components of the total force and torque that link I transmits to link J. One can
call 7 the scalar value of the driving component on a revolute joint. T will be the

projection of torque ny; on the joint axis uj
T= n;; - Wjo (6120)

and for a prismatic joint, the driving force fis the projection of force fj; on the
joint axis uj:
f= f_]l ujo (6121)

The constraint reaction force or torque can be computed accordingly, subtract-
ing the driving component from the total force and torque acting at the input
joint. This recursive procedure is far more efficient than the general or particular
methods previously explained. Although its application is restricted to open-
chain systems, it is always possible in a closed-chain system to compute the re-
action forces at a joint using the virtual power method. Then it is possible to
compute recursively the remaining reactions using the concepts explained in this
section.
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7

Numerical Integration of the Equations
of Motion

It was shown in Chapter 5 how the application of the laws of dynamics to con-
strained multibody systems leads to a set of differential algebraic equations
(DAE). These can be transformed to second order ordinary differential equations
(ODE) by proper differentiation of the kinematic constraint equations, by use of
an independent set of coordinates, or by penalty formulations. A stable and accu-
rate integration of both DAE and ODE is of great importance for the solution of
the equations of motion. Although analytical solutions may be found for some
simple cases, the number and complexity of the equations resulting from the ma-
jority of multibody systems requires numerical solutions. Because the theory of
ordinary differential equations has been known for a long time, the stability,
convergence, and accuracy of many methods have been studied in great detail.
This has led to a wide use of these methods as compared to the differential alge-
braic equations, not so thoroughly known at this stage. As a consequence, many
of the computer programs currently available for the computer-aided analysis and
design of multibody systems rely on well-established methods for the solution of
ODE.

In this chapter, we first present a brief introduction to the concepts involved
in the solution of ODE with particular emphasis on the notion of stability,
which is of fundamental importance for the integration of constrained multibody
systems. This is followed by a description of the most widely-used methods
from the viewpoint of their application to the numerical integration of the equa-
tions of motion of multibody systems. Finally, we also describe some of the
methods used for the direct integration of DAE and draw some conclusions for
real time analysis.

7.1 Integration of Ordinary Differential Equations

As shown in Chapter 5, the mixed differential algebraic equations of motion can
be written after differentiation of the kinematic constraint equations as a set of
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second order ordinary differential equations. They can be expressed in a general
way as

q=F@ q,q) (7.1

The solution q to this equation must satisfy also the initial conditions
q(tp)=qy and q(¢y)=q,. The majority of general purpose computer programs for
the solution of ODE integrate first order equations. For this purpose, the second
order system of equation (7.1) may be written as a system of 2n first order equa-
tions by defining the additional set of variables s = q. Consequently (7.1) be-
comes:

s=F( q,s) (7.2)

q=s (7.3)

Introducing yT = {qT, sT} as a new vector variable that includes q and s, one
can write equation (7.2) in the form commonly used in textbooks dealing with
ODE:

y =f(1,y) (7.4)

Function evaluation is the name of the process by which, given ¢ and y, the
value of y or f is computed. This obviously entitles the calculation of the accel-
erations as a function of the positions and velocities. Equation (5.67) may be

used to perform the function evaluation with independent coordinates; equation
(5.10) with Lagrange multipliers; and equation (5.37) for the penalty method.

7.1.1 General Background

Since in a general setting it is not possible to find closed form (analytic) solu-
tions to the set of equations (7.4) describing the motion of a multibody system,
we seek numerical methods (time-marching schemes) to approximate the solu-
tion at discrete times 7, t,, .... ,. We will define the time step At as the differ-
ence (7, ,~,), and we will consider it constant during the integration process un-
less it is otherwise specified. If the function f is continuously differentiable with
respect to t and y over the interval of interest, then there is a unique solution to
(7.3) which also satisfies the initial conditions y, = y(¢,). A proof of this theo-
rem can be found in Ince (1956).

Taylor's Series Method. A first approach to the discrete approximate solu-
tion of (7.4), assuming that f is sufficiently differentiable with respect to ¢ and
y, is to expand y in Taylor series as

2
y(1) = yo+ Ary'(zp) + % i) + (7.5)

where the total time derivatives of y (denoted by (Y)) can be found by differentiat-
ing f as:
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y' =1@y) (7.6)

yl=fi=f+f,f (7.7)

Therefore the Taylor's expansion (7.4) can be written in terms of the function
f and its derivatives. The difficulties involved in obtaining high order derivatives
of f make this method unsuitable except for low order approximations resulting
from the truncation of the higher order terms of equation (7.5). One such approx-
imation is the well-known Euler's method which, given the solution at time
step n, approximates the solution at step n+/ as follows:

Yoe1 =¥, +Ar kG, y,) (7.8)

which is an explicit method, because the RHS does not depend ony,_ ;.

One can infer from Taylor's series expansion of (7.5) that the local truncation
error resulting from Euler's method is (A72f'(§)/2). It has been demonstrated
(Gear (1971)), that Euler's method converges to the true solution as At decreases
and that it is first order accurate. Although the local truncation error is propor-
tional to the square of At , or O(Af?), the global error consisting of error accu-
mulated as the integration proceeds in time depends linearly on At, or O(At). It
is also demonstrated in Gear (1971) how an rth order method in which its global
error is O(Af") has a local truncation error equal to O(Af+1).

Accuracy is a very important aspect that needs to be considered when choos-
ing a method to integrate the equations of motion. Euler’s method is extremely
simple and easy to implement in a computer program, but it yields low accuracy
and requires rather small time steps. In some cases, the time step Af may need to
be so small that the round-off errors become important and render the method
useless. The search for higher order methods that will produce more accurate re-
sults as the time step is decreased would lead us to include more terms in
Taylor's series (7.5) and approximate the solution at each time step with a more
accurate polynomial interpolation. This is not a simple task since the high order
derivatives of f are not readily available. One could use numerical or even sym-
bolic differentiation; but the equations of motion of multibody systems are so
involved that these tasks would not be of practical implementation in a general
purpose computer program.

Stability. In addition to accuracy, another important aspect to be considered for
the integration of ODE is stability. One can loosely define stability as the prop-
erty of an integration method to keep the errors resulting in the integration pro-
cess of a given equation bounded at subsequent time steps. An unstable method
will make the integration errors increase exponentially, and an arithmetic over-
flow can be expected even after just a few time steps. Since stability depends not
only on the given method but also on the type of problem, the test equation
y'=Ay, where Ais a complex valued constant, is customarily used to characterize
the stability properties of a given method. This characterization is performed by
defining the set of values of A and Ar for which the corresponding method is sta-
ble.
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Mathematical literature has defined a large number of different kinds of stabil-
ity. We only address three kinds of stability which are of use for the analysis of
multibody systems and which will be referred to repeatedly later in the text.

1. Algorithms that are stable for some restricted range of values (1Ar) are called
conditionally stable. When using these methods, the time step should be
chosen depending on the characteristics of the problem as defined by A (or a
set of A). In the case of a nonlinear problem for which the value of A changes
with time, the algorithm may be stable for some part of the integration and
unstable for another. Consequently, it is very important when using
conditionally stable algorithms to know in advance the range of values (1A¢)
for which the method is stable and to compare it with the possible range of A
values of the given problem. For this purpose the region of absolute stability
of a method is defined as that set of values (1A¢) (area of the complex plane
C) for which a perturbation in the solution y, will produce a change in
subsequent values which does not increase from step to step. The region of
absolute stability is an intrinsic characteristic of the method which should be
considered prior to the use of conditionally stable algorithms. As an example,
Euler's method described above is conditionally stable and Ar must be less
than IAl/2 to assure stability.

2. Algorithms whose regions of absolute stability are Re(AAr)<—nand where 1
is a positive constant, are call stiffly stable methods. These methods are im-
portant when dealing with stiff systems of ordinary differential equations. The
stiff problems contain a very large dispersion (several orders of magnitude) on
the values of A and arise either as a consequence of the type of formulation
such as the penalty formulations, or simply because of the physical character-
istics of the multibody system. The integration of these systems by condi-
tionally stable algorithms should be avoided, because it would require such
small time steps that the integration would become exceedingly expensive and
even inaccurate due to round-off errors. Stiffly stable algorithms do not in-
clude the imaginary axis of the complex plane as part of their region of abso-
lute stability. Multibody systems may have pure vibration modes whose A4
may lie in the imaginary axis. For these cases the stiff stable methods are in-
adequate and a more stable family of algorithms, such as A-stable methods,
should be required for the integration.

3. An algorithm is said to be A-stable if the solution to y'=Ay tends to zero as
n—oo when the Re(4)<0, which means that the numerical solution decays to
zero whenever the corresponding exact solution decays to zero. An A-stable
algorithm may be also defined as an algorithm whose region of absolute sta-
bility is the complete left half complex plane including the imaginary axis.
The most important consequence of the A-stability property is that there is no
limitation on the size of At for the stability of the integration process: A-sta-
ble algorithms have also been called unconditionally stable in the linear set-
ting. It is apparent that this property is very important and generally desired
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in the integration of multibody and other engineering systems, since the ana-
lyst would only have to be concerned with the step size for accuracy purposes
and not for stability. The use of A-stable algorithms may become strictly
necessary for stiff problems, where the imaginary axis must be part of the re-
gion of absolute stability. An important subclass of the A-stable methods is
the L-stable ones. A method is said to be L-stable (also called stiff A-stable),
if it is A-stable and when applied to the solution of y'=Ay with Re(4)<0, it
gives y,, ;=A(AAt)y, where A(AAt) tends to zero as Re(A)—oo. The
difference between L-stability and A-stability is that the former damps out the
response of the stiff components (that is equations with high 1) very rapidly,
almost in only one time step. This property is interesting and very applicable
in those cases with spurious stiff equations that may arise as a consequence of
the formulation or modeling process. However, caution should be practiced
when using these methods since they tend to artificially damp out part of the
response of interest corresponding to values of A that are not that high.

7.1.2 Runge-Kutta Methods

Euler's method is not useful because of its low accuracy. Higher order Taylor's
series are also impractical because of the difficulty involved in obtaining the
derivatives of f(z, y). It is possible, however, to develop one step methods that
match the accuracy of the higher order Taylor's series methods by sequentially
computing the function f(z, y) at several points within the time interval. The
task of computing higher order derivatives is replaced by function evaluations at
a given number of points. Such methods are called the Runge-Kutta methods.
One can refer to classical books in numerical analysis (Carnahan et al. (1969),
Conte and Boor (1972)) for a detailed description and derivation of these methods.

One of these algorithms which is commonly used in engineering applications
is the second order explicit Runge-Kutta method defined by:

Yor = Yo+ 2 (ki +ko) .9)
kl = f(tn’ yn) (710)
k, =f(t, + At y, + Atk (7.11)

which is also called the improved Euler's method, modified trapezoidal
method, or Heun's method. Note that two function evaluations are required per
time step, which in the case of multibody systems implies the solution of the
equations of motion to obtain the accelerations twice at the given time step. The
method is also explicit because k; does not depend on k,, and neither one
depends on y, .

One of the most widely used Runge-Kutta methods is the fourth order method
which requires four function evaluations per time step:
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Yos1=Yn +%(k1 +ky +k; + k) (7.12)
k; =1(t, yn) (7.13)
k,=f(r, + ALy, + AL k) (7.14)

2 2
k;=f(t, + ALy, + ALk, (7.15)

2 2
Kk, = f(1, + A, y, + At ks) (7.16)

This method is explicit, because all the k; depend on previous values already
calculated. Otherwise, the method is said to be implicit. Solving for y, ., at each
time step requires an iterative process for the solution of a set of nonlinear equa-
tions. A general r-stage implicit Runge-Kutta method requires r function evalua-
tions and has the following general form:

T
K, =f(t, + ¢; A1, y, + At Y a; k) (7.17)
=

T

Yot = Yo+ AL Y biK; (7.18)

i=1

If a,=0 for j=i, then the values k; can be computed explicitly from the pre-
ceding values k,, k,,...k; |, and the method is explicit. If a;=0 for j>i and
some a;#0, the method is called semi-explicit. If all a,#0 the method is di-
agonally implicit. Butcher (1964) has shown that it is possible to achieve order
2r for an implicit r-stage method. The two-stage method with a,,=a,,=0,
a,;=a,,=1/2,¢;=0, c;=1, and b;=b,=1/2 corresponds to the trapezoidal rule
which according to Dalhquist (1963) is the most accurate second order A-stable
method. This method can also be expressed in finite difference form as

Yn+1 =Yt % [f(tn’ Yn) + f(l‘n+1» Yn+l)} (7~19)

Norsett (1974) proposed a diagonally implicit two-stage Runge-Kutta family
of methods for which a,,=a,,=¢, a,;,=1-2a,a,,=0; b;=b,=1/2 and c,=q,
and c,=/—c. For general values of ¢, the method is second order accurate. For
azlf\/E/Z the method is L-stable. For (x=(3+\/%)/2 the method is third order
and A-stable and corresponds to the approximation used by Calahan (1968).
Good results of the Norsett algorithms have been reported by Smith (1975) who
used them for the solution of first as well as second order ODE:s.

The explicit Runge-Kutta methods are easy to implement, because they only
require function evaluations, and are self-starting, meaning that they do not need
any other algorithm or technique to start the integration process. However, they
are only conditionally stable. Figure 7.1 shows the area of absolute stability of
the fourth order explicit Runge-Kutta method of equation (7.12). In addition,
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Figure 7.1. Areas of absolute stability of some fourth order methods.

they require several function evaluations per time step. This turns to be compu-
tationally expensive when considering large systems of nonlinear equations, such
as those arising in the analysis of multibody systems.

Implicit Runge-Kutta methods are more stable (the r-stage methods of order
2r are A-stable), and much more accurate than the explicit ones. However, except
for the simplest trapezoidal rule, they are more difficult to implement and much
more expensive to use. A set of nonlinear equations that involve repeated func-
tion evaluations needs to be solved at each time step. A disadvantage of both the
implicit and explicit methods is that it is very difficult to evaluate bounds for the
accumulated or propagated error. This makes error control and time-step adjust-
ments rather involved with this kind of method. An algorithm that uses error
control and time step adjustment for the Runge-Kutta method of order four is due
to Felhberg (1970). The implementation is explained in detail by Burden et al.
(1989).

7.1.3 Explicit and Implicit Multistep Methods

The Taylor’s series and the Runge-Kutta Methods are called single step methods
because they only require information on the time step (n, n+1) to advance to the
next step. When information of other previous steps is also used, the resulting
method is called multistep. These methods are very simply derived by integrating
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the differential equation y =f(z, y) from ty_p 1O 1,1, Where p is a positive inte-
ger.

In+l
Y =Y n-p + f(t’ Y) dl (720)

-

In order to carry out the integration, one can approximate the function f(z, y)
for instance by using backward finite differences, with the values f(z, y) calcu-
lated at previous time steps. One is referred to Carnahan et al. (1969) and Conte
and Boor (1972) for a detailed description of this process. The end result is a fam-
ily of methods that depends on the order of approximation of f(z, y) and on the
value of p. If the approximation for f(z, y) includes the value at n+1/, the method
is called implicit, and explicit otherwise. Implicit methods are much more accu-
rate and stable than the explicit ones. However, they are also more difficult to
use, since y,,; can not be solved for explicitly and an iteration process is re-
quired.

The general form of the multistep methods is given by the following expres-
sion:

ptl k
EO O Ynu-i + EOAI Bif(tn s You) =0 (7.21)

The ¢; and f; are parameters that define the method. If 8y=0 the term £(z,.,, ¥y.1)
does not appear in the difference equation and the method is explicit. If 8,20 the
method is implicit. The methods resulting from S;=0 for all i>] are called back-
ward-difference methods.

One can readily see that the trapezoidal rule defined by (7.19) corresponds to
oy=—0,;=1 and By=P,;=-1/2. In addition, the more terms involved in (7.21) the
better the approximation and the accuracy of the method will be. However, in-
creasing the number of terms also leads to a larger amount of information from
previous steps that needs to be stored. This can be a serious disadvantage in the
analysis of multibody systems with a large number of equations, since it may
lead to swapping of information from the in-core to out-of-core computer stor-
age.

Three important conclusions known as Dahlquist's theorem (1963) may be

Table 7.1. Coefficients of the Adams-Bashforth Methods.

k %y o Bo Bi B Bs B4 Bs
1 1 1 0 1

2 2 2 0 -3 1

3 12 12 0 -23 16 =5

4 24 24 0 =55 59 =37 9

5 720 720 0 -1901 2774 2616 1274 251
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Table 7.2. Coefficients of the Adams-Moulton Methods.

k Q o Bo B, B, Bs B4
1 1 1 -1

2 2 2 -1 -1

3 12 12 -5 -8 1

4 24 24 -9 -19 5 -1

5 720 720 =251 -646 264 -106 19

mentioned at this stage, which can be summarized as follows:

1. There is not an A-stable explicit linear multistep method.

2. The order of accuracy of a linear multistep A-stable method cannot exceed
two.

3. The second order accurate A-stable linear multistep method with the smallest
error constant is the trapezoidal rule.

The widely known Adams-Bashforth methods are explicit with p=0. Table
7.1 shows the parameters corresponding to different orders of accuracy. The most
commonly used Adams-Bashforth method is the fourth order method that takes
the following form:

Yol =yn+2AZf(55 £,-59f, ,+37f,,-9f, 5 (7.22)

with local truncation error E = (251/720) At SV (&) . Being explicit, these
methods are conditionally stable, and the area of absolute stability for the fourth
order method is illustrated in Figure 7.1.

The family of implicit methods obtained for p=0 are called the Adams-
Moulton methods. Table 7.2 depicts the coefficients of several of the methods.
The widely used fourth order method is

Yn+1=Yn t+ ?f (9 fn+1 +19 fn -5 fn—l + f11—2) (723)

with the local truncation error E = — (19/720) A " (9).

The use of (7.23) requires an iteration process that is usually initiated using
(7.22) to obtain an estimate or prediction of the value of f,,;. It is worth paying
this price, since the Adams-Moulton method is much more accurate than the
Adams-Bashforth as seen by the respective constants of the error terms. Note
also that the (7.22) is a fourth order method with only one function evaluation
per time step as compared to the four evaluations required by the explicit fourth
order Runge-Kutta Method. As a consequence of Dahlquist's theorem (1975), the



252 7. Numerical Integration of the Equations of Motion

Adams-Moulton method is also conditionally stable. The area of absolute stabil-
ity for the fourth order method is also illustrated in Figure 7.1.

Predictor-Corrector Iteration. The use of an implicit multistep method
leads to much more accurate results than the explicit ones. Since f(,,1, ¥n41) is
nonlinear for the case of multibody systems, a set of nonlinear equations is re-
quired for the solution of y,,;. The necessary iteration process can be initiated
by using an explicit method of the same order to obtain a predictor. For the case
of the Adams-Moulton method of (7.23) a good predictor is the Adams-Bashforth
method of equation (7.22). One can obtain a predicted value y2+ 1 with which
f.. of (7.23) can be computed and from these a new approximation yrlﬁl. This
value can be reentered again in (7.23) to obtain a new estimate yﬁH, and so on
until the difference of two consecutive values is smaller than a prescribed toler-
ance. This process can be summarized in the following algorithm:

Algorithm 7-1

1. Use the explicit method (predictor) to obtain yg+ 1

2. Use the implicit method (corrector) for the successive y§+ Lk=1, 2, ..
k k-1
3. Check w < tolerance

Yo+1
4. If 3 is true, go to the next step. Otherwise go to step 2.

The predictor-corrector algorithm outlined above is equivalent to performing a
fixed point iteration for the solution of the nonlinear equations on y, . This it-
eration is rather slow, since the rate of convergence is only linear in the neigh-
borhood of the solution. It can also be shown (Carnahan et al. (1969)) that the
time step required for this iteration to converge has to satisfy the following con-
dition:

< C_ (7.24)
of/dy
where C is a constant that depends on the type of explicit method being used.
One may see how At is limited not only by the stability criteria but also by the
convergence of the iteration process that is required at each time step.

It is also possible to use a Newton-Raphson or quasi Newton-Raphson itera-
tion by providing a derivative of the function f(#, y) with respect to y. In this
way the convergence rate increases from linear to quadratic. Some integrators
have the option of computing f, by finite difference approximations or allowing
the user to provide it. In this last case the calculation of fy is entirely equivalent
to linearize the equations of motion as explained in Chapter 9.

Error Estimates. A very positive advantage of the use of predictor-corrector
algorithms is the possibility of finding an estimate of the error at each time step.
This can be accomplished using the local truncation errors of both predictor-cor-
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rector methods. For example, if y(#,,;) represents the exact value of y at time
t,+1 the errors produced by the predictor and corrector of (7.22) and (7.23) will re-
spectively be:

Y(ht) — Yot = % A° £ E) (7.25)

V(i) - Yot =— 12 A7 17 (&) (7.26)
720

For a sufficiently small time step one can assume that fI¥ remains constant
and by subtracting (7.25) and (7.26), one can get the following estimate of the
error after one iteration:

Y(Tost) — Yot = i (Yot — Youd) (7.27)

This error estimate allows for the possibility of general purpose integrators
with time step adjustments. If the error is larger than a pre-specified tolerance, it
may be more convenient to reduce the time step rather than continue the fixed
point iteration. However, if the error is small, the time step can be enlarged to
achieve a faster integration. The most expensive part of the integration process is
the function evaluation f(¢, y) which requires the solution of the dynamic equa-
tions. These function evaluations can be composed in the case of multibody sys-
tems of a large number of coupled nonlinear equations.

7.1.4 Comparison Between the Runge-Kutta and the Multistep
Methods

The Runge-Kutta and multistep methods can be used for the solution of the equa-
tions of motion of multibody systems. The Runge-Kutta methods are single-step
and therefore self-starting. In addition they need a minimum amount of storage
requirements. However, they require a larger number of function evaluations
(four for the fourth order method). Due to the difficulty of estimating their local
truncation errors, the time step adjustment can only be performed by integrating
with two different time steps. This is computationally expensive.

The multistep methods require a smaller amount of function evaluations, par-
ticularly if the time step is chosen so that the number of predictor-corrector itera-
tions per step is kept below two or three. Error estimates are easily provided, and
step-size adjustments can be performed with no difficulties. Being a multi-step
method, they are not self-starting, requiring the help of a single-step method to
start the integration. In the case of multibody system, the forcing terms may
have jumps or discontinuities. While this does not affect a single-step method, a
multistep method will need to be reinitialized. The necessary historical data pool
is larger for these methods thus requiring a larger amount of storage.

Regardless of these difficulties and since the total cost of integration is
mostly due to the number of function evaluations, the general purpose integra-
tors that are based on predictor-corrector Adams-Moulton-Bashforth methods
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Table 7.3. Parameter values of the Gear’s Stiffly Stable Methods.

p Bo Qo o (%%] 03 0y
1 -1 1 -1

2 -2 3 -4 1

3 -6 11 —-18 9 -2

4 -12 25 —48 36 -16 3

(Gear (1971), and Shampine and Gordon (1975)) have been customarily used for
the integration of the equations of motion of multibody systems. Both explicit
Runge-Kutta methods and multistep methods suffer from being only condition-
ally stable. This poses serious limitations in the size of the time steps in those
systems with a large dispersion on the values of A, the so-called stiff systems,
and also in those cases in which the forcing terms contain high frequency com-
ponents.

Stiff Systems of Equations. A stiff system of differential equations is
characterized by a large dispersion of the values Aof each of the individual equa-
tions. The stiffness can be produced by the physical characteristics of the multi-
body system (components with large differences in their masses, stiffness and/or
damping). However in many other instances, stiffness is numerically induced due
to either the discretization process, the large number of components and equa-
tions of motion, or sudden or accumulated violations in the constraint condi-
tions. Gear (1971) developed a family of variable order stiffly-stable algorithms
for the solution of stiff problems. Table 7.3 illustrates the parameter values of
such methods. Each method is a backward-difference multistep algorithm. The
second order method is A-stable (it actually is L-stable) but much less accurate
than the trapezoidal rule which is the most accurate second order A-stable
method. For orders larger than two, the regions of stability do not include the
complete imaginary axis. This feature does not appear appropriate for typical
multibody systems with oscillatory motion. In second order systems, the back-
ward difference methods may introduce an excess of artificial damping in the in-
teresting part of the response. They tend to yield better results in first order prob-
lems with exponentially decaying responses; such as those in heat conduction,
mass transport, and ground water flow (Wood (1990)).

In the case of constrained multibody systems with stiff equations, the analyst
may benefit by the choice of an A-stable method (unconditionally stable) and not
have to worry about the stiff effects produced by either the physical characteris-
tics of the multibody system, the forcing terms, or the large number of equations
of motion. Unconditionally stable methods are widely used in the field of struc-
tural dynamics because of the high frequencies produced by the finite element
discretization, even to such an extent that A-stability is considered as a necessary
condition for any new method to gain acceptance within the structural engineer-
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ing community. The next section reviews a few of the mostly used A-stable
methods in structural dynamics. Some of them have also been successfully used
in the integration of the equations of motion of multibody systems (See Bayo et
al. (1991), and Chapter 8).

7.1.5 Newmark Method and Related Algorithms

Newmark (1959) proposed what has become one of the most popular family of
algorithms for the solution of problems in structural dynamics. His method re-
lies on the following interpolations that relate positions, velocities, and accelera-
tions from step n to n+1:

Vot = Vo + At[(1-p) a, + 7 2, (7.28)

2
Xp+1 = Xp + At Vot % [(1_2ﬁ) a, + Zﬁ an+l} (7~29)

where X, v, and a_ are approximations to the position, velocity, and accelera-
tion vectors at time step n; and 8 and y are the parameters that define the
method. The method is implicit, and A-stability is guaranteed for 23>y>1/2
(Bathe (1982)). The trapezoidal rule is a particular case of this family for which
B=1/4 and y=1/2. This case also corresponds to the assumption that the
acceleration is constant over the time interval [z, ., ;] and equal to (a +a,_,)/2.
This method is also known as the average acceleration method. For any other
set of Band yvalues within the range of A-stability, the degree of accuracy of
the method degrades to order one. The linear acceleration method, in which a
linear variation of the acceleration in the time interval [z .z ,,] is assumed,
corresponds to the case B=1/6 and y=1/2. This method is conditionally stable
and has little practical importance; however, it was used as the basis for another
important method known as the Wilson-6 method (Bathe (1982)).

Similar to the multistep methods, the implicit algorithm of equations (7.28)
and (7.29) can be used in a predictor-corrector fashion with fixed point iteration.
This is not the way it is customarily applied in structural dynamics. Rather, the
interpolations of (7.28) and (7.29) are directly introduced into the equations of
motion. This leads to a set of algebraic equations which can be linear or nonlin-
ear depending on the type of problem, with a__, as the resulting unknowns. The
algebraic equations can alternatively be solved with x_, as primary unknowns,
by substituting a,,, and v, ,, in terms of X, v, a and x Equations (7.28)
and (7.29) can then be written as:

n+l°

=1 Cx)- Ll vy _q-L
apy ‘BAtz(Xml Xp) B A Vo= ( 2ﬁ)an (7.30)

Vo =ﬁ(xm] —x@—(%— 1) vn—%— 1) A a, (7.31)
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The procedure can be explained by applying these equations to a linear struc-
tural dynamics problem which has the following form (Bathe (1982) or Hughes
(1987)):

Ma,, +Cv,, +Kx,, =F@ (7.32)

with M, K, and C as the mass, stiffness, and damping matrices, respectively;
and F as the vector of externally applied forces. The substitution of equations
(7.30) and (7.31) into (7.32) yields

Xn+1 =

1 M+ 7Y c+K
BAt® B At

=FH+ M

B — xn+—1 vn+(1—L)an
2 2

B At v At
S @ (Lo a an}

+ (7.33)

+C

Once the constant matrix that multiplies x_,, on the left-hand side has been
triangularized, the solution for the displacements at each time step only requires
the formation of the right-hand side of (7.33) plus a forward reduction and a
backwards substitution. This implementation is by far more efficient than the it-
erative process required with a fixed point iteration which would require a func-
tion evaluation per iteration with several iterations per time step. This substitu-
tion has also been carried out for nonlinear problems in structural dynamics. The
resulting set of nonlinear algebraic equations in x, ,, is customarily solved by ei-
ther Newton-Raphson iteration which has a quadratic convergence in the neigh-
borhood of the solution, secant methods, or quasi-Newton methods (Bathe
(1982)).

The same idea can be applied in principle to the equations of motion of
multibody systems which take the following general form:

M(q) q + P(q, g =F(») (7.34)

However, the substitution of (7.30) and (7.31) in (7.34) usually yields a
highly nonlinear set of equations in the unknowns q,,,. The tangent or quasi-
tangent matrices necessary for the solution of the resulting set of equations
through Newton-Raphson iteration may be of such complexity, that one may
end up being forced to use the simpler but less efficient predictor-corrector algo-
rithms with the fixed point iteration outlined above. For those cases in which
the formation of the tangent or quasi-tangent matrix is possible, this way of in-
tegrating the equations of motion tends to be much more efficient than the pre-
dictor-corrector schemes which only have linear convergence in the neighborhood
of the solution. Such cases and special implementations will be dealt with in
Chapter 8.

The most accurate A-stable algorithm of the Newmark family is the trape-
zoidal rule (f=1/4 and y=1/2) which is energy preserving for linear systems. It
does not damp out any of the frequency content of the system during the integra-
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tion process (for a detailed analysis of the accuracy and stability of the Newmark
method refer to Bathe (1982) and Hughes (1987)). For y>1/2, the A-stability is
preserved and artificial damping is introduced. However, the accuracy is reduced
to first order. This artificial damping is in some instances necessary because the
mathematical model may contain spurious high frequency content that needs to
be damped out.

There is another reason why artificial damping may be necessary. The trape-
zoidal rule is unconditionally stable for linear problems. However, this property
is not maintained in the nonlinear regime. As examples of instabilities, Hughes
(1976) reported pathological energy growth in structural dynamic problems with
bilinear softening material. Cardona and Geradin (1989) and Bayo et al. (1991)
also reported instability of the trapezoidal rule in the integration of constrained
multibody systems. Gourlay (1970) considered the nonlinear scalar equation
y+A(y)y = 0. He reported that when A, >4, ,, the trapezoidal rule becomes condi-
tionally stable with critical time step Ar<4/(A,—A,. ;) (See example below). One
way of circumventing this problem is to use the midpoint rule and related
algorithms (Simo and Wong (1991)) that preserve unconditional stability in the
nonlinear regime. The midpoint rule also uses the same interpolations defined by
the equations (7.28) and (7.29), with the difference that equilibrium is computed
at the middle of the time step rather than at the end. Accordingly equation (7.34)
becomes

M(@n+12) Ans12 + P(@nsins Ane1n) =F(th110) (7.35)

with t,,12 = t,+A12, Que12 = (Que1+9,)/2, and the same for q,,,,, and for
Un+1/2-

The instability of the trapezoidal rule in nonlinear problems can also be
avoided by: first, introducing the energy constraints (Hughes (1983)) or the
kinematic velocity constraints (Bayo et al. (1991) or Section 8.5); and secondly,
by adding some artificial damping through the numerical integration scheme. We
discuss in the next sections a couple of these methods.

Example 7.1

Demonstrate that the trapezoidal rule is conditionally stable in the nonlinear set-
ting for A >A ., and that the critical time step becomes Ar<4/(A -4, ).

Consider the equation of motion y+A(y)y = 0. @)
The trapezoidal rule is given by
yn+1=yn+%[)}n+)}n+l} (ii)

Substituting (i) into (ii) and grouping terms together one obtains

Yast 2+ Ay A1) =y, 2= 2 A) (iif)

and the condition for stability becomes
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Vo _ 2= A AL _ | (iv)
Yn ‘2+An+l Al‘

which leads to the critical time step Ar<4/(A,-4,,, ;).

o-Method (Hilber, Hughes and Taylor). Since numerical damping can
not be introduced with the Newmark family unless the order of accuracy is de-
graded, Hilber, Hughes, and Taylor (1977) proposed the o-method which can
still maintain second order accuracy and A-stability and in addition introduce
variable damping depending on the value of the parameter ¢. This method uses
the same finite difference expressions of the Newmark method (7.28) and (7.29),
however the equations of motion of the type (7.34) are modified in the following
form:

M(qn+1) i:.|n+1 + (] +OC) P(qn+ls (.]n+1) - aP(qn» qn) = F(tn+{z) (736)
where 1, =(I+a)r, ,—at,. For a=0 this method reduces to the Newmark fam-

n+o
ily. The best choices for the parameter « lie in the interval [-1/3, 0]. One can
reduce this three parameter family of methods to only one parameter by choosing
¥y = (I-2)/2 and = (I-)?/4. This choice of parameters results in a second
order accurate, A-stable algorithm with variable artificial damping, depending on
the value of o. The smaller the value of o the larger the damping is. When
a=0, there is no damping. The resulting method is the trapezoidal rule. A
comparison of the accuracy of the Newmark method and the a-method as
measured by the period elongation and algorithmic damping ratios can be seen in
Hughes (1987) and Hilber (1976). Cardona and Geradin (1989) used the a-

method successfully in the integration of constrained multibody systems.

Wilson-0 and Collocation Methods. In order to make the linear accelera-
tion method (Newmark's method with f=1/6 and y=1/2) unconditionally stable,
Wilson (1968) proposed the idea of applying the equations of motion not at time
t+At but at r+0Ar, where 8>1.37 for unconditional stability. This method, when
applied to the type of equations of multibody systems (7.22), yields the follow-
ing expressions:

M(qn+6) dn+9 + P(qn+6’ (.1n+9) = F(tn+6) (7~37)
iin+9 =(1-06) dn+9 +06 i:.ln (7.38)
Froio=(1-0)F, 0+ 0F, (7.39)

with the displacement and velocity expressions given by the Newmark interpola-
tion (7.18) with f=1/6, and y=1/2.

The collocation methods were proposed by Hilber (1976) as a three-parameter
family of methods resulting from the combination of the Newmark interpolation
with the Wilson-0 method. The resulting equations are composed of equations
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Figure 7.2. Double pendulum with rotational springs.

(7.37)-(7.39) plus the Newmark finite difference equations that now include the 6
parameter (also called the collocation parameter), as follows:

Qneo = A + 0 A1 [(1=9) @y + 7 nrel (7.40)

Qoo = Qo + O A G, + (1=2P) Gy +2 B o) (7.41)

(9 At )2 [
2
This family of methods now encompasses the Newmark method for which

0=1 and the Wilson-6 for which f=1/6 and y=1/2. Second order accuracy and

unconditional stability are assured if the following conditions on 7, 3, and 0 are
met:
26°-1
y=12, =1, 0 >p> - (7.42)
26+ 400 -1

Similar to the a-method, the collocation method also allows for controllable
algorithm damping. A good comparison on accuracy and damping characteristics
of both methods is included in Hughes (1987) and Hilber (1976). However, as
reported by Goudreau and Taylor (1973), the method suffers from a tendency to a
spurious overshoot of the response in the first few steps of integration. Such
disadvantage is not present in either the Newmark or the o-methods.

Example 7.2

Double pendulum with rotational springs. With this example, we show the stabil-
ity and convergence properties of the trapezoidal rule when its difference equations
are introduced in the equations of motion as explained in Section 7.1.4. The posi-
tions are the primary variables, and the resulting set of equations are solved by
means of Newton-Raphson iteration. Figure 7.2 illustrates a double pendulum that
has two elements of unit mass m = 1 and unit length with rotational springs at the
joints of value k. The joints are subjected to equal initial velocities of value 100
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rad/sec. The system is then analyzed using the two independent joint rotations ¢,
and @, as coordinates for a total time of 20 seconds.
The kinetic energy of this system is

3+2cosp, 1+cosp, W(pl‘

14
T 2\(P1 ‘Pz} 1+cos, 1 \‘Pz’

and the potential energy,
V=k (i o)

The application of the Lagrange's equations leads to the following equations of

motion:
3+2cosp, 1+cosp, ‘¢1‘= ’k(pl‘ . 2¢2 ¢2 ’(PI\
1 +cosq, 1 h‘/’z’ lk‘p2‘+sm(p2 (¢2_¢1) —¢1 “Pz’

Since independent joint coordinates are being used, the mass matrix is not con-
stant, and there are velocity-dependent terms in the RHS of the equations of mo-
tion which make the integration more critical. Also, the terms coming from the
springs constants k in the RHS of the equation add additional numerical stiffness
to the above equations of motion. These are integrated for different values of the
spring constants k: first, in the predictor-corrector fashion (Algorithm 7-1) by us-
ing the subroutine DE (Shampine and Gordon (1975)); and secondly, by substitut-
ing the difference equations corresponding to the trapezoidal rule (equations (7.28)
and (7.29) with B=1/4 and y=1/2) and solving the resulting set of nonlinear alge-
braic equations by means of the Newton-Raphson iteration. Although it is rather
involved, the expression for the tangent matrix can be obtained for this particular
case in closed form and its elements are:

t =i2(3 +2cospy)+k —iq.)z sing,
At At

o =ﬁ(1 +c0s@,)- Ai(q)l + Q) singy — 2 @ @y + 1) cos@s — 2 Gy + o) singy,
t t

ty == (14 cosp)— 4 () + @) sing,
At At

4
A
where the velocities and accelerations can be expressed in terms of the positions
using the difference equations (7.28 and 7.29). Even in this simple case, the ele-
ments of the tangent matrix are quite involved. One can conclude that for a general
case the formulation of the equations of motion in independent coordinates makes
the task of obtaining the tangent matrix exceedingly complicated. On the other
hand, the use of dependent coordinates and in particular the natural coordinates
leads to a much simpler tangent matrix at the expense of increasing the number of
equations and adding constraint conditions. This can be done as an exercise (See
problem at the end of the chapter). These concepts are further developed in Chapter
8 (Section 8.5) in the context of real time analysis.

.2 ..
ty = +k + @, cosp, — @, sing,
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Another very important point is that the spring terms k appear in the tangent
matrix and do not produce numerical instabilities. On the contrary, these terms
help in the convergence process with increasing values of k; thus coping very
nicely with the problem of numerical stiffness.

Table 7.4 contains a comparative study of both methods, by showing the re-
sulting maximum energy errors along with the processing times for a time step of
0.001 seconds and different values of the spring constant k. The constant is
changed with the idea of adding numerical stiffness to the problem. One can see
how the integration with the trapezoidal rule, although not as accurate, compares
favorably with the subroutine DE for small values of & (low numerical stiffness).
When stiffness is present due to large values of k, the implementation of the
trapezoidal rule with the positions as primary variables becomes much faster and
accurate than DE which behaves very slowly in some cases and does not converge
in others. With this implementation of the trapezoidal rule, the integration be-
comes faster as the system gets stiffer.

7.2 Integration of Differential-Algebraic Equations

7.2.1 Preliminaries

We present in this section a brief discussion on the direct integration of the dif-
ferential algebraic equations (DAEs) with special emphasis in its application to
the integration of the equations of motion of multibody systems. The intention
is to give a basic notion of where the state of the art in this field currently is and
of how these new methods are applied to the problems at hand. One is referred to
specialized works in this area (Brenan et al. (1989), and Haug and Deyo (1990))

Table 7.4. Maximum errors and total CPU time in the integration of the double pen-
dulum.

Error CPU time
k, ko h Trapez. DE Trapez. DE
0 0 0.001 4.6 1074 -3.4 1073 14.6 11.2
100 100 0.001 2.7 1073 7.3 1073 17.2 14.2
104 104 0.001 2.3 1073 3.8 103 14.7 18.0
106 106 0.001 1.2 1073 -2.0 1073 12.1 48.4
108 108 0.001 7.7 1075 —-4.9 103 9.2 342.6
0 100 0.001 4.0 1074 -1.7 1073 14.2 10.9
0 104 0.001 6.0 1075 6.0 105 14.0 12.1
0 106 0.001 1.0 103 3.5 102 11.7 47.3
0 108 0.001 3.7 1073 No conv. 8.8 No conv.
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for a more comprehensive study on these topics.
Nonlinear DAEs are classified into two major groups: implicit and semi-ex-
plicit. Implicit equations take the following form:

F(r,y,y)=0 (7.43)

with initial conditions y(z,) =y, and where 0F/dy' may be singular. This type
of equation arises in problems related to electrical circuits. Semi-explicit equa-
tions can be written as:

y' =1 2,y) (7.44)

0=g(tzYy) (7.45)

with initial conditions y(¢,) =y, and z(¢,) = z,. This type of equation arises
commonly in constrained multibody systems, optimal control, and trajectory
prescribed path problems.

Whereas the theory of existence and uniqueness of ordinary differential equa-
tions (ODEs) is complete, that of the DAE:s is still incomplete. It is also more
difficult to establish than that of the ODEs. Solutions to DAEs may not always
exist. If they do, they may not be unique. Other important issues that pertain to
the integration of DAE are their theoretical as well as numerical solvability; that
is, the identification of analytical as well as numerical solutions. Such topics are
very important when considering the development of both special and general
purpose DAE solvers. The amount of research dedicated to this important math-
ematical problem has been steadily increasing in recent years, as measured by the
amount of related literature appearing in specialized journals and conferences.
One may identify such published works in Brenan et al. (1989), and Haug and
Deyo (1990).

Differential algebraic equations are classified according to their differential in-
dex or simply index, defined as the number of times that the DAE has to be dif-
ferentiated to obtain a standard set of ODE. This ODE is also called the underly-
ing ODE, and is satisfied by all the components of the solution. The differential
index can also be defined as the number of differentiations necessary to solve for
y' uniquely in terms of y and . The higher the index the more complex the inte-
gration becomes. As an example, one can verify that the equations of constrained
multibody systems of the form:

M(q)q=Q(r,q,q) - @q (A (7.46)
®(r,q)=0 (7.47)

is semi-explicit of index three, with q as the positions, q the velocities, q the ac-
celerations, and Q as all the forcing terms. Equations (7.46) and (7.47) can be
transformed to first order form by the following transformation q = s, yielding:

M(q)s =Q(r, q,s) — Dg (@) A (7.48)

q=s (7.49)
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®(t,q)=0 (7.50)

Two families of methods used for the integration of ODEs have also been uti-
lized for DAEs: the backward difference formulae (BDF), and the implicit Runge-
Kutta methods (IRK). This does not necessarily mean that all DAE problems are
solvable by ODE methods. In fact this does not hold true in all the cases. How-
ever, success has been reported when using these methods for certain classes of
DAE. Special care must be exercised at the time of using these algorithms since
their implementation is not as simple as in the case of ODEs.

The way of solving a differential algebraic equation in essence is to approxi-
mate y' in (7.43) or (7.44), and (7.45) by a finite difference formula or implicit
Runge-Kutta method, and solve the resulting set of nonlinear algebraic equations
by some iterative procedure for an approximation to y. For example, the simple
backward Euler method (y,,;=y,+Af y,.1) can be substituted into the implicit
equation (7.28) to yield

Fltoits Yosts i (Yns1 = ¥0)|=0 (7.51)

The procedure can be applied in the same manner for the semi-explicit equa-
tions (7.44) and (7.45). Equation (7.51) constitutes a set of nonlinear equations
with y,_, as unknowns that can be solved by standard methods such as Newton-
Raphson iteration. This way of proceeding is similar to that outlined above for
the solution of the equations in structural dynamics and used in the numerical ex-
ample of the double pendulum, in which the finite difference equations of the in-
tegrator (the Newmark family, collocation, or o-methods, etc.) that approximate
the derivatives (accelerations and velocities) are directly introduced in the equa-
tions of motion. More recently, the implicit Runge-Kutta methods have also
been used in a similar fashion, resulting in a set of nonlinear equations with
¥,+1 s unknowns.

7.2.2 Solutions by Backward Difference Formulae

The BDF methods were first successfully applied to the solution of DAEs. The
theory of stability and convergence has been almost completed, and there is even
public domain software currently available (Petzold (1982)). The method consists
of directly applying the backward difference formulae to the system equations.
This approach is one of the options used in commercial programs for the integra-
tion of the equations of motion of constrained mechanical systems (Chace
(1984)). The procedure consists of substituting the backward difference approxi-
mations:

p
" -1
qn+1=—— (qn - o; qnfi) (752)
+1 At B,, +1 ;)

P
Snel = ﬁ (Snst — 20 O Sp_i) (1.53)

0
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into the equations of motion (7.48)-(7.50) to form the following set of nonlinear
algebraic equations with q,,, and s_,, as unknowns:

P
M(q,,1) Atl 5 Snrt = Y, % 830 = Quyt = Do) Apyy (7.54)
i=0

0

p
fﬁ” (Gns1 — 20 O Qi) = Spit (7.55)
®(1,q,,,)=0 (7.56)

The solution of this system of equations can be carried out by Newton-
Raphson iteration provided a tangent matrix is available. Otherwise, a less accu-
rate secant method or simplest fixed point iteration would have to be used. An
approach that consists of substituting the backward difference equations (7.52)
and (7.53) into the equations of motion written in the form of the generalized
coordinate partitioning method has been proposed by Haug and Yen (1990).

It has been demonstrated by Gear and Petzold (1984) that for all index one
DAE:s, the k-step BDF with fixed step size are stable and convergent to order
O(At%), if all initial values are sufficiently accurate. An extension of this result
to variable step size is shown by Gear et al. (1985). General purpose DAE
solvers designed to solve this kind of problems are not free of some implementa-
tion problems that are described below. For higher index systems, instability
may be present. Encouraging results have been obtained for the particular case of
semi-explicit systems which are those in which the multibody systems are clas-
sified. It has been demonstrated (Lotstedt and Petzold (1986)) that the k-step BDF
with constant step-size are also convergent to order O(A#) for semi-explicit in-
dex two DAEs and even index three of the type of equations (7.46) and (7.47),
when the initial conditions are defined within sufficient accuracy. This result has
been generalized (Gear et al. (1985)) for variable step-size and index two prob-
lems.

While the BDF seem to achieve convergence and yield satisfactory results for
a wide variety of DAEs, the actual implementation of the algorithms in general
purpose solvers is not free from serious numerical difficulties. This becomes
more acute for index three problems such as constrained multibody systems with
equations (7.46) and (7.47). Such difficulties stem from the following points:

® It can be shown that for an index m DAE, the tangent or quasi-tangent matrix
used in the Newton-Raphson iteration has a condition number of order
O(1/Ar"). Consequently, the practical implementation of the method is
bound to have large round-off errors for small sizes of the time step.

® Instabilities may result for sudden changes in the system variables and con-
straints, such as impacts or sudden appearances or disappearances of con-
straints. Any time there is a situation of discontinuity in the response, the
multistep BDF tries to fit a polynomial through such discontinuity, and the
step size must be severely reduced. This results in an ill-condition iteration
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matrix, and the Newton-Raphson iteration may end up near a solution and yet
be unable to converge. These problems can be circumvented as explained by
Steigerwald (1990) at the expense of reinitializing the integration with consis-
tent initial conditions which have to be obtained from the derivatives of the
constraint equations. This reinitialization produces serious delays in the inte-
gration process.

® The multistep methods are not self-starting. A k-step method requires suffi-
ciently accurate (k—/) starting values which have to be obtained by other
methods which may render the method sensitive to the starting values. This
problem also arises when either the time step or order of the BDF method is
changed during the integration process.

7.2.3 Solutions by Implicit Runge-Kutta Methods

The IRK methods have been used as an alternative to the BDF methods for the
integration of DAEs, offering some important advantages over them for the inte-
gration of multibody systems. Being single step, the IRK methods do not suffer
from systems discontinuities and changes in the order or time step as the BDF
do. The IRK are also self-starting which means that the only starting values re-
quired are the initial conditions. These methods have the disadvantage of leading
after the time discretization to larger and more complex sets of nonlinear alge-
braic equations. In addition, the convergence and stability analysis is still in
early stages and no public domain software is yet available.

The method consists of substituting the expression of the IRK (7.17) into the
system equations. In the case of the implicit type of equations (7.43), this sub-
stitution leads to

F(ta+ i A, yn+ At Y, ajki, k) =0, i=12,..r (7.57)
j=1

Once the system (7.57) is solved for the values of the stage derivatives k;, the
solution at step n+/ is given by equation (7.18). The application of the IRK to
the solution of the equations of motion of constrained multibody systems of the
form (7.48)-(7.50) becomes:

T T r
M(q, + At z a; k) L; = Qpy + @y(qn+ At z a; K;) y
J=1 J=1

7.58
i=1,2,..r ( )

Ki=sn+ At Y a;L; i=1,2, .. (7.59)
j=1

@ (1, +¢ALq,+ ALY a;k)=0 (7.60)
j=1
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where k; and L; are the stage derivatives for the approximations to q and s, re-
spectively. Equations (7.58) to (7.60) have to be solved for the unknowns k;, L;,
and Lagrange multipliers A . The resulting set of equations can be seen becom-
ing larger and more involved than that resulting from the application of the
BDF. Obtaining the tangent matrix of equation (7.58) for a Newton-Raphson it-
eration becomes an exceedingly complicated task. The use of the IRK method
still defies implementation in a general purpose DAE solver.

Stability conditions for index one and semi-explicit index two DAE are given
by Burrage (1982), and Brenan and Petzold (1989).

7.3 Considerations for Real-Time Simulation

Real time simulation of multibody systems requires an analysis time
(integration time plus time for graphical display) smaller than the physical time
taken by the actual motion of the multibody system. This has an important in-
fluence on the type of method used for the integration of the equations of mo-
tion. Commonly used integration routines in multibody dynamics are based on a
variable order, variable step size multistep methods with error control. The user
specifies the maximum allowable error, and the routine adapts the order and the
step to fulfill the error conditions. With this kind of integrators, it is not possi-
ble to predict the computer time necessary to integrate the equations on a deter-
mined period of time. Multistep methods adjust very poorly to force and/or sys-
tem discontinuities such as those arising from sudden forces and appearances or
disappearances of constraints, leading to very small time steps and ill-condition-
ing of the Jacobian matrices. Special formulas are required to restart the integra-
tion after system or force discontinuities. These restarting procedures do not fit
well into the real time condition, since the requirement for a fixed time of inte-
gration per time step will not be met.

Explicit multistep methods can be inexpensive and accurate for real time
analysis provided the time step is chosen sufficiently small. However, they do
not present good stability conditions This poses a serious limiting factor for real
time integration. Sometimes, the equations of motion may become stiff,
whereby the solution has components whose time constants can differ in several
orders of magnitude. It is convenient that the chosen integrator performs well
under such conditions. This makes the implicit stiffly-stable or A-stable methods
more suitable.

It seems that for real time integration, it would be more convenient to use an
implicit single step integration formula with fixed time step and order that will
have the same computational cost in each integration step (fixed number of itera-
tions) and will be capable of adjusting to system discontinuities. Since the com-
putational time needs to be smaller than the step size, the selected integration
method must be computationally inexpensive, with few function evaluations and
iterations in each step, and must allow for large step sizes without introducing
excessive loss of accuracy and, most importantly, must not become unstable.
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The stated preference towards implicit A-stable methods does not necessarily
mean that the explicit methods cannot be used for real time integration. This
would require, on the analyst's part, a previous knowledge of the range of the
values A(t) of the given problem, so that the necessary Ar may be chosen. As
soon as the problem has a certain degree of stiffness as most practical cases do,
the necessary time step will be so small that the use of an implicit method will
be more than justified.

The suitable methods for real time simulation of multibody systems should
be implicit, simple step, and inexpensive in terms of computational power re-
quired, with good stability properties (A-stability, if possible), and sufficiently
accurate. Accuracy contradicts other characteristics such as stability, economy
and single step integration. For real time applications, accuracy is the feature
that must be sacrificed in conflicts with other properties. It is better to obtain a
solution with some small error than not be able to obtain it at all in the allowed
time. Moreover, many real time applications incorporate a feedback control ei-
ther embedded in the dynamic formulation or carried out visually as in the case of
a teleoperator training system. Feedback control helps to compensate errors and
disturbances, including integration errors.

According to these considerations and in view of the theory and methods ex-
plained above, it seems that the methods used in structural dynamics (Newmark
family, a-method, collocation methods), the midpoint rule, and the implicit
Runge-Kutta methods are suitable choices for the integration of the equations of
motion in their ODE form. In particular, the o-method which adds artificial
damping to the trapezoidal rule without losing second order accuracy, the general-
ized trapezoidal rule with energy or velocity constraints, and midpoint rule seem
to be good choices and somehow preferable over the more expensive implicit
Runge-Kutta methods. However, in order to make these methods computation-
ally inexpensive, it is necessary to limit the number of iterations necessary to
solve the resulting system of algebraic nonlinear equations. We will show in
Chapter 8, how the trapezoidal rule with velocity constraints performs very satis-
factorily in real time analysis when it is directly introduced in the equations of
motion of multibody systems. We will also show how this integration scheme
fits quite well in the framework of the natural Cartesian coordinates and the
penalty formulation, because it allows for a very simple expression of the tan-
gent matrix necessary for the Newton-Raphson iteration.

Regarding the integration of the equations of motion in their DAE form, it
seems that currently available DAE solvers are not capable of competing against
their ODE counterparts in speed of integration.
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Problems

7/1 Integrate the second order differential equation: y+y=0 with initial conditions
y(t=0) =1 and y(1=0)=0, during the time interval [0,10] with Ar=0.1, using the
following methods:

a) The trapezoidal rule (Newmark with y=1/2 and B=1/4).

b) The a-method with a = -0.1.

c¢) The backward difference method with p=1 of Table 7.3 equivalent to
Newmark with y=1 and B=1/2.

In all cases, introduce the difference equations of the corresponding algorithm
into the equation of motion and solve the resulting set of linear equations for the
unknown y, .. Plot the results of each of the methods and the exact solution and
compare the period elongation and amplitude decay. Draw some conclusions
about the accuracy and artificial damping introduced by each of the methods.

7/2  Write a subroutine for the integration of the first order differential equations us-
ing the four order Adams-Bashforth-Moulton predictor-corrector algorithm (Egs.
7.22 and 7.23). Solve Problem 7/1 by transforming the second order equation
into a set of two first order ones and then using the new subroutine. Compare
your results with those obtained in Problem 7/1.

7/3 Formulate the equations of motion of the double pendulum used in the numerical
example of Section 7/1 including rotational dash pots and using the two inde-
pendent joint coordinates. Then use the trapezoidal rule and the Adams-
Bashforth-Moulton predictor-corrector algorithm developed in Problem 7/2 (or
any other multistep method available in the software library of your computer).
Write up a table with the energy errors and CPU times obtained by both methods
for different values of the springs and dash pots.

7/4 Repeat Problem 7/3 using the Cartesian coordinates of the ends of the two links
with additional constraints to introduce the joint angles. Then use the penalty
formulation (Chapter 5) to form the equations of motion (take a penalty value
equal to 107). Compare the results with those obtained in Problem 7/3.

7/5 Repeat Problem 7/4 with the same coordinates and the Lagrange multiplier for-
mulation to form the equations of motion of the type of equation (7.46). Then
use the backward difference formula with p=1 (Table 7.3) to solve the resulting
set of differential and algebraic equations. Compare your results with those ob-
tained in Problems 7/4 and 7/3.



8

Improved Formulations for Real-Time
Dynamics

The general purpose dynamic formulations described in Chapter 5 are simple and
efficient, but they are not suitable for real time dynamic simulation. Real time
performance requires faster formulations. These can be developed by taking into
account the system’s kinematic configuration or topology. In the last two
decades, a big effort has been dedicated to developing very efficient dynamic for-
mulations for serial robots or manipulators. These formulations have been ex-
tended later on to general open and closed chain configurations.

In the first section of this chapter, a survey of two of the most efficient avail-
able formulations that need O(N’) and O(N) arithmetic operations is presented. It
follows, a detailed description of a formulation based on velocity trans-
formations that can be parallelized at body level. In the next section, a descrip-
tion of how the penalty formulation can be used for improved performance is
also included. Finally, two complex examples: a model of the human body and a
heavy truck, with theoretical count of arithmetic floating-point operations, and
some numerical results are presented.

The methods and results presented in this chapter are contributions coming
mainly from Jiménez (1993), and Avello et al. (1993).

8.1 Survey of Improved Dynamic Formulations

Most of the improvements in multibody dynamic formulations that have been
developed in the last 25 years come from the robotics field. This field was very
active in the 60’s and 70’s with scientists trying to solve very hard problems of
simulation and control with the limited computational resources available at that
time. Anyone familiar with robot control algorithms based on dynamic models
knows the very competitive race that took place in order to decrease the number
of arithmetic operations required for the inverse dynamics in serial robots. This
research was quite important and led to the solution of the inverse dynamic prob-
lem two or three hundred times per second with a DEC-PDP 11 processor. The
recursive Newton-Euler formulation seems to have been the winner of the race
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(Luh, Walker, and Paul (1980)), at least for general geometries of serial manipu-
lators with about six degrees of freedom.

Inverse dynamics, which consists in computing the motor torques and/or
forces required to produce a desired motion, was directly interrelated to control
purposes. However, it was realized that the high efficiency reached in solving the
inverse dynamics could also benefit the formulation of the simulation problem,
That is, the computation of the accelerations from the state variables (position
and velocities) and the external and driving forces. As it may be seen in Walker
and Orin (1982), the solution of the inverse dynamics allows for a formulation
of the equations of motion much more efficient than conventional or even recur-
sive Euler-Lagrange formulations.

Other authors, such as Armstrong (1979) and Featherstone (1983, 1987) have
developed fully recursive O(N) algorithms for open-chain systems, that is, algo-
rithms whose number of floating-point arithmetic operations grows linearly with
the number of degrees of freedom or bodies in the open-chain. The algorithms of
Walker and Orin (1982) conclude with the solution of a system of N linear equa-
tions. They are of order O(N?), if Gaussian elimination is used.

Although it has been demonstrated (Featherstone (1987)) that the best O(N?)
algorithms are better and faster than the best O(N) algorithms for N<10 (that is,
for most of the practical cases), the elegance and attractiveness of the
Featherstone’s O(N) formulation has exerted a strong influence on later develop-
ments that have generalized these ideas for non-serial (tree-configuration) systems
(Bae and Haug (1987)) and closed-loop systems (Bae and Haug (1987-88),
Rodriguez et al. (1991)). A limitation arises when closed-chain multibodies are
analyzed, since for these cases special provisions must be made to account for
the reaction forces between the different loops. More interest has been placed re-
cently in looking for improved efficiency using O(N?) methods in cases with
small values of N per chain (Bae, Hwang and Haug (1988), Bae and Won
(1990)).

The foundations of the O(N?) formulation of Walker and Orin (1982), the
O(N) formulation of Featherstone (1987), and the generalizations of Bae and
Haug (1987-88) will be described in the following subsections . Since it is not
possible to reproduce these formulations in detail, the fundamental ideas on
which each formulation is based will be outlined. Those interested in further de-
tails are referred to the original references given at the end of the chapter.

The number of floating-point arithmetic operations has been the criterion fol-
lowed to compare the efficiency of different dynamic algorithms. From the 60's
to the late 80's, this seemed to be the most reasonable criterion, since the aver-
age computers required over 20 times more CPU time to carry out a SP or a DP
floating-point operation than an integer operation. Thus, it made full sense to
neglect integer or logical operations and to draw comparative conclusions only
from the theoretical account of floating-point operations. This procedure does not
make sense any longer, since the RISC computers of the 90’s have similar CPU
cost for integer and floating-point operations. The new RISC processors can
carry out two double precision floating-point operations (a product and an accu-
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Forces backward propagation

Velocities and accelerations
forward propagation

Figure 8.1. Recursive Newton-Euler method.

mulative addition) for each clock cycle. In these new machines, a clear and neat
logic of the algorithm and an efficient use of the registers and of the cache mem-
ory can be more important than the number of floating-point operations. It will
be seen that the methods presented in Sections 8.2 and 8.3 are simpler than other
methods found in the literature. Moreover, these methods offer excellent oppor-
tunities to get very efficient computer implementations on modern computers
using high level languages.

8.1.1 Formulations O(N?): Composite Inertia

One of the most efficient dynamic formulation for serial robots with N<70 is the
one based on the recursive Newton-Euler solution of the inverse dynamic prob-
lem (Walker and Orin (1982)). This formulation proceeds as indicated below.

The inverse dynamics consists in determining the vector T of the N motor
torques and/or forces from the external forces Q., and the joint positions z, ve-
locities z, and accelerations z. Symbolically, it can be written

T =tau(Qex, z, Z, Z) (8.1)

where tau(—) represents a function that solves the inverse dynamics for the val-
ues of the input parameters.

The recursive Newton-Euler method proceeds as indicated in Figure 8.1. In the
first step, the joint positions, velocities, and accelerations are recursively propa-
gated forward to compute the absolute link position, velocity, and acceleration
and from them the inertia forces. In the second step, inertia and external forces
are recursively propagated backwards so as to compute the equilibrating actuator
forces and torques. If local reference frames are properly chosen on each body and
used for the recursive equations, one can further reduce the computational cost.
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Figure 8.2. Composite-Inertia method.

Now it will be described how the inverse dynamic solution given by equation
(8.1) can be used for direct dynamic simulation following Walker and Orin
(1982). The equations of motion can be written in the form,

M@)z +C(z,2)Z + G@)+ Q(z,Qcx) =T (8.2)

where M(z) is the position-dependent inertia matrix, C(z, z) z is a term repre-
senting velocity-dependent (centrifugal and Coriolis) inertia forces, G(z) repre-
sents the effect of gravitational forces, and Q(z, Q.,) represents the vector of
generalized external forces. Remember that in the direct dynamic problem, every-
thing is known except the accelerations z.

If a vector b is defined as

b=Cl(z,2)z + G(z) + Q(z, Qex) (8.3)
equation (8.2) can be written as
M(z)z=T-b (8.4)

Now, all the terms in equation (8.4) can be computed with the inverse dynam-
ics function tau(-) defined in (8.1):

— From equations (8.2) and (8.3), b can be computed by introducing a null ac-
celeration in equation (8.1)

b =tau(Qcx, z, z, 0) (8.5)
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Figure 8.3. Revolute joint between contiguous bodies.

— From equation (8.4) it can be seen that the column i of M(z) can be obtained
with an acceleration vector e’ (all elements zeroes, except for a unit value on
component ),

m,(z)=tau(0,z,0,e) i=1,2,...N (8.6)

— Once all the columns of M(z) and vector b have been computed, the actual
acceleration vector Z can be obtained by solving the linear system of equa-
tions (8.4).

This algorithm can be improved if one takes into account that the matrix
M(z) is symmetric and only the upper (or the lower) part needs to be calculated.
The most efficient algorithm is the so-called composite inertia method (Walker
and Orin (1982)). This method computes only the terms of M(z) located over the
diagonal, starting from column N and proceeding to column 1 (See Figure 8.2a).
In order to compute column i use equation (8.6). This equation computes the
torques and/or forces in joints (/, 2, ..., i) with null velocities and null accelera-
tions in all the joints, except in joint i, where z; = 1 (See Figure 8.2b).

At the time of computing column i, the joints from (i+1/) to N have zero ve-
locity and zero acceleration. Furthermore, for all j<i, that is, in all subsequent
calls to function tau(-), both the velocity and acceleration of joints (i+1),
(i+2), ..., N remain zero. Therefore, bodies i to N do not exhibit relative veloci-
ties and accelerations and move as a single rigid body. Walker and Orin's idea
(1982) makes use of this property and computes the composite inertia, or inertia
of a fictitious rigid body, with the same center of gravity and inertia tensor as the
set of rigid bodies i, (i+1), ..., N. The composite inertia is updated beforeBach
call to function tau(-). For instance, before computing column (i-7), the inertia
of body i is added to the composite inertia. The complexity of expressions in
this method can be considerably reduced by choosing appropriate local (body-
fixed) reference frames. So far, the composite inertia method is the most efficient
general purpose algorithm for serial manipulators with N<10 which includes
most practical cases.
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8.1.2 Formulations O(N): Articulated Inertia

This method has been fully developed by Featherstone (1983, 1987) and has had
a major influence on later works, in spite of being less efficient than the com-
posite inertia method for N<9. Featherstone described this method using spatial
vector notation for both the kinematic and dynamic equations. This notation
yields simpler, more compact and more efficient expressions, but many engi-
neers and students are not familiar with it. The main ideas behind Featherstone’s
formulation will be explained employing a more conventional notation used by
Bae and Haug (1987).

Two contiguous elements, (i—7) and i, linked by joint i can be seen in Figure
8.3. It can be assumed that joint i is of revolute type. The following kinematic
relationships can be written for the rotation matrices:

A=A (u,z) A 8.7)
for angular velocities:
0= +7u; (8.8)
and for the velocities of the centers of gravity:
I=ri_;+®;_;s;_|+®t=
—1'11"'0)11511"‘( ®,_ +zu ) (8.9)
=ri; +®;_ (si_, + ti) +z Ut =

=r o+ @ (-1 )+ 0t

Equations (8.8) and (8.9) can be written together in the following matrix
form:

' { i }+ ’ﬁl t; ‘ B (8.10)

or, in compact form:
Yi:BiYi—l+biZ.i (811)

Equation (8.11) is a recursive relation between the velocities of two consecu-
tive bodies, in terms of the relative joint velocity. Matrix B; and vector b; de-
pend on the position variables. Differentiating this equation one obtains

Y.izBiY.i—l"'biéi'l'di (8.12)
where d; is a vector that groups the velocity-dependent terms

di=BiYi—l+Biéi (813)
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Now, for an N-link serial manipulator, it is possible to formulate the princi-
ple of virtual power in the form

N .
YYT(M Y,-Q)=0 (8.14)
i=1
where
Mi:{mil 0} (8.15)
0 J
QF{ fi } (8.16)
n-o;J; o

and where n; and f; are the external torques and forces acting at the center of grav-
ity of link i. Vector Y: represents the virtual velocities of link i. In equation
(8.14), the virtual velocities cannot be eliminated, because they are not indepen-
dent. Only the relative velocities z are independent.

One can transform expression (8.14) and write explicitly the last two terms,

N2 '
T v (MY- Q)+
i=
+ Y;T_l (MN—I YN-] - QN—I) + Y;T (MN YN - QN) =0

The virtual velocities must satisfy the compatibility equation (8.11).
Substituting Yy, and Y in equation (8.17)

(8.17)

N-2 .
Z{ YiIT (MiYi - Qi) + YNT—I (MN—I Ynoi— QN-1) +

T T % T . . (8.18)
+ (YN—I By +znby )[MN(BNYN—I +byznt dN)_QN} =0
Reordering and grouping the terms yields
N2 . #T T .
21, Y; (MiYi_ Qi) + YN [ (MN—I + By My BN) Yoo -
T T T .
~(Qu_i + By Qu- By Mydy) + By Mybyzy] + (8.19)

JE (T . T - T T
+ZN(bN My By Ynoi+ by My by 2y + by My dy— by QN)=0

The joint virtual velocity zy appears in this equation. This virtual velocity is
independent of the remaining virtual velocities; thus the parenthesis multiplying
zq in equation (8.19) must be zero,

by My By Y i + by Myby Zx+ by Mydy—by Q=0 (8.20)

From this equation the independent acceleration zn can be computed as
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T T : T
by Qn—by My By Yy 1 —by Mydy (8.21)
On the other hand, defining

— T T -1 T
My =My + By (My—Myby (by Myby) by My) By (8.22)

— T T T -7
Qno1= Qnoi + (By — By My by (by My by)  by) (Qn—Mydy) (8.23)

Equation (8.19) can be written as

N-2
Y Y, (MiYi— Qi) + Yno (MN—I Yoo - QN) =0 (8.24)
i=1

Equation (8.24) is similar to equation (8.17) but with two important differ-

ences:

— There are only (N-1) terms.

— The inertia matrix and the vector of forces corresponding to link (N—I) have
been modified according to equations (8.22) and (8.23) in order to incorporate
the effects of link N. My _, is the articulated inertia of links (N-1) and N.

The process of eliminating the last element in the virtual power expression
can continue in the same manner using the recursive relations,

Mi—l = Mi—l + B;r (Ml - Mi bi (b;r Mi bi)il b;r Ml) Bi (825)

Q1= Q.+ (BT-B Mb,(b) M,;b) b)(Q-M,d) (826)

. -1 17__ T . T-—
Zi=(bi Mibi) (bi Qi-b; M;B; Y, - b; Midi) (8.27)

i=N,N-1,..21

Finally, one arrives at the equation of the first link. If it is a floating link,
one can write,

Y(M, ¥, -Q/)=0 (8.28)
But now the virtual velocities are independent, so Y, can be computed as,
Y= M' Q (8.29)

Summarizing: the method of articulated inertia proceeds with a triple recur-
sion in the following way:

1. Knowing the position and velocity of the base body and the joint relative po-
sitions z and velocities z, one can compute recursively forward the Cartesian
position and velocity of all the links from i=7 to i=N.
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branch 1

branch 2

junction body

Figure 8.4. Kinematic chain with two branches.

2. The articulated inertias M, the forces Q, and the coefficients of equation
(8.27) are then computed recursively backwards from i=N to i=1, using equa-
tions (8.25)-(8.27).

3. Finally, the acceleration of the base body is computed from equation (8.29)
and then the relative accelerations z; are computed recursively forward from
i=1 to i=N, using equation (8.27).

The Featherstone version of this algorithm is probably much more efficient
from the computational point of view. Bae, Hwang, and Haug (1988) presented
an improved version of this algorithm, using as reference point the point of the
moving body that instantaneously coincides with the origin of the inertial refer-
ence frame. Looking at the triple recursive procedure, one can see that the num-
ber of arithmetic operations grows proportionally with the number of degrees of
freedom of the open-chain; thus it is an O(N) method.

8.1.3 Extension to Branched and Closed-Chain Configurations

The ideas explained in the two previous sections can be extended to multibody
systems with any kinematic configuration. There are three main directions in
which this formulation can be generalized: a) include any kind of joints, b) ex-
tend it to multibody systems with many branches on a tree-configuration, and c)
generalize it to systems with closed loops. The extension of this formulation to
multibody systems with joints of any type is a straightforward task. It can be
found in the original references.

The consideration of branches in the kinematic chain (See Figure 8.4) is also
a simple task. Both the composite inertia and the articulated inertia methods can
be easily accommodated to include junction bodies, that is, links with more than
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Figure 8.5. Cut-joint method to open a closed-chain multibody system.

two joints. In the junction bodies, remember that the forward recursive computa-
tions must be split into two separate procedures that move independently along
each branch. In the backward recursive computations, the two separate procedures
along each branch meet at the junction body and yield a single procedure. From
the theoretical point of view, the formulation can be extended to include tree-
structured multibody systems without difficulty. The main difficulties arise in
the practical implementation, when one tries to compute in parallel terms corre-
sponding to different branches, since it is necessary to set up synchronization
points at the junction bodies.

More difficulties can be found when the above formulations are modified to
tackle closed-chain multibody systems. These can be transformed into open-chain
systems through the cut-joint method which eliminates or cuts a joint in each
loop, as seen in Figure 8.5. This method is described by Bae et al. (1987-88,
1988).

Where a joint is removed, the corresponding constraint forces, formulated
through the Lagrange multipliers method as (CIDT1 A) and (—CIJEA,) on both links,
can be propagated backwards on both branches just as equation (8.23) indicates.
All joint accelerations in the loop, given by equation (8.27), depend on the
Lagrange multipliers vector A.

In order to have enough equations to compute the relative accelerations z and
the Lagrange multipliers A, it is necessary to differentiate twice the constraint
equations corresponding to the cut joint.

Initially, these constraints are formulated using the Cartesian coordinates of
the adjacent bodies. One must to substitute backwards on both branches the
Cartesian velocities and accelerations by the corresponding relative variables us-
ing equations (8.11) and (8.12). Finally, as many equations as unknowns are
available, and the details of this fully recursive formulation are described in Bae
and Haug (1987-88). In a later work Bae, Hwang, and Haug (1988) introduced a
modification addressed to compute all the relative accelerations z at once by solv-
ing a system of linear equations; thus becoming an O(N’) method. More re-
cently, Garcia de Jalon et al. (1989) and Bae and Won (1990) presented other
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formulations better suited for real time analysis, which are based on velocity
transformations (Jerkovsky (1978), Kim and Vanderploeg (1986)).

The recursive methods, so eagerly accepted at the beginning, have been
steadily losing ground and interest in favor of the methods based on velocity
transformations which seem simpler to formulate and easier to parallelize.

8.2 Velocity Transformations for Open-Chain Systems

Some of the most efficient formulations for the forward dynamic analysis that
have been developed in the last decade have been dealt with in the preceding sec-
tions. These methods were classified, according to the number of floating-point
operations that they require, as methods of order O(N) or O(N?). Although there
are important theoretical and practical differences among them, there are also
common aspects that are worth pointing out.

The first point in common is their origin. These formulations arose from the
study of the dynamics of serial robots, were posteriorly extended to other more
general open-chain and tree-type multibody systems, and to those with a closed
chain configuration. Therefore, the topology of the multibody system has played
a key role in the development history of these recursive formulations. This is a
point to be contrasted with kinematic and dynamic methods exposed in Chapters
3 and 5 which can be really considered as configuration independent.

The second point in common between the O(N) and O(N?) families is the ex-
tensive use, with a different emphasis, that those methods make of the concept
of recursion along the kinematic chain. The recursive formulations have meant
an important contribution to the dynamics of robots in particular, and to the dy-
namics of multibody systems in general, since they have substantially reduced
the number of required floating-point operations. This does not mean that they
do not suffer from some limitations that make the other non-recursive formula-
tions compete advantageously against them.

From a computational viewpoint, vectorization has an enormous importance
in the solution of large computational problems with thousands of degrees of
freedom, such as those arising in fluid and solid mechanics. It may not influence
the analysis of multibody systems very much, because these problems lead to
systems of equations of small or moderate size. Parallelization, however, may
have a very important effect in the dynamics of multibody systems, provided the
dynamic method is such that different parts of the computational process may be
executed simultaneously.

A general and simple method that formulates the dynamic equations of any
open- or closed-chain multibody system, and which can be parallelized even to
the body (or element) level will be studied in this and the next sections. This
formulation is based upon the velocity transformations considered in Section
5.3.

The general purpose dynamic formulations described in Sections 5.1 and 5.2,
are simple and may be applied to any multibody system regardless of their con-
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Figure 8.6. Open-chain multibody system with tree structure.

figuration. They treat all systems in the same way, regardless of their topology
and particular characteristics which make those methods insufficiently efficient
for real time applications. A way to improve the efficiency of these formulations
is to take advantage of the open-chain configurations that the multibody systems
may have, or in which they may be transformed.

Open-chain multibody systems are less constrained than the closed-chain
ones. This is a fact that when conveniently considered can be used to improve
the efficiency of the dynamic formulation. Open-chain multibody systems are
not only frequently found in robotics, aerospace, and biomechanics, but in any
closed-chain multibody system that may also be transformed into an open-chain
configuration by simply opening its loops (removing certain constraint equations,
which can be considered separately). Consequently, all the benefits that may be
drawn from the formulation of open-chain systems can be posteriorly extended to
closed kinematic chains as well. The study of the open-chain multibody systems
is next.

8.2.1 Dependent and Independent Coordinates

An open-chain multibody system will be considered that consists of one or sev-
eral branches, forming a tree structure and connected to a base element, as
shown in Figure 8.6. The total number of degrees of freedom f (or independent
coordinates) will be equal to the six degrees of freedom of the base body plus all
the relative degrees of freedom allowed by the kinematic joints along the
branches of the multibody system. In order to be consistent with the
formulations previously written in this book, the vector of independent
coordinates will be denoted as z. This vector can be composed for instance of the
three translations and three rotations of the base body, the rotations of the
revolute joints, the translations of the prismatic joints the two rotations of an
universal joint, and so forth. The vector z, thus formed and its derivatives, will
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Figure 8.7. Planar system with floating base body and two robot arms.

completely and univocally define the position and motion of the open-chain
system.

It is also possible to describe the motion of the open-chain multibody system
by means of an augmented set of coordinates q with n components, where n>f.
These coordinates will no longer be independent, but interrelated through (n—f)
constraint equations of the form:

D(q)=0 (8.30)

where it has been assumed, without important loss of generality, that the con-
straints are scleronomous.

Whereas there is a natural choice for the independent coordinates z (degrees
of freedom of the base body plus the relative coordinates at the joints), the choice
of dependent coordinates q is not so restrictive. One may make a choice from
among the different sets of dependent coordinates based on convenience of im-
plementation or even on personal preference. The following example clarifies
this point.

Example 8.1

Figure 8.7 illustrates a planar multibody system with a base element that can move
freely and to which two robots with three degrees of freedom each are attached.
Therefore, there is a total number of nine degrees of freedom, corresponding to the
independent coordinates z; to z,. Among the many possible sets of dependent co-
ordinates, the following set q of natural coordinates can be chosen,
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q'={rj. 5. 15, L, T 1 gL 1)
where rf={x,,y,;}. These 18 Cartesian coordinates will be interrelated by means of
nine constraint conditions, that the reader may formulate as an exercise following
the rules given in Chapter 2.

Another possibility is to form a vector of dependent coordinates q composed of
the previous set plus the coordinates of the center of gravity of the base body,
those that describe its orientation, and the relative coordinates of the joints. Thus,
the following set of 27 mixed coordinates is obtained,

T T T T T T T T T T T
q =A{ry, 23,1, 2 ¥y, 27, I3, 25, Ty 265 Ts55 L5 I7, Zg, T35 295 To )

which will require 18 constraint equations.

A third possibility is to form q from the reference point coordinates of all the
elements, including the coordinates of the center of gravity and the angular orien-
tation of each element with respect to the inertial frame, which will lead to the fol-
lowing 21 dependent coordinates

qu{gT’ @15 gg’ ®, g;l", ¢, gL (e g;l"’ s, gg’ Pe> g;l", (P7}

where g?:{gix,gi)} is the position vector of the center of gravity of body (i).
These coordinates can also be augmented by the addition of all or part of the rela-
tive coordinates at the kinematic pairs.

The last possibility is to form a vector q that includes all the available infor-
mation in terms of the position of the basic points, position of the center of grav-
ity, and the rotation matrix that relates the orientation of the element with respect
to the inertial frame. Accordingly,

T T T T T T T T
q ={r;,r,g,A,r35,8.A,r,,835,A; ... )

where r; is the position vector of the point 7, and g; and A. contain respectively
the coordinates of the center of gravity and the rotation matrix of element (j). As
above, this vector q can be augmented by the relative coordinates of the joints and
by the Cartesian components of the unit vectors in the case of three-dimensional
multibody systems.

It has been seen in the previous example that there are many different sets of
dependent coordinates that can conveniently represent the position of open-chain
multibody systems. One should choose the most favorable one from the view-
point of practical implementation, and the velocity and acceleration vectors need
not be the derivatives, term by term, of the dependent position coordinates. For
example, for the dependent position coordinates for a rigid body, one can chose
those of the center of gravity and the Euler angles. As dependent velocities, one
can chose those of the center of gravity plus the vector of angular velocities @,
which is not obtained through the direct differentiation of the Euler angles. The
Euler angles could be replaced by the Euler parameters or by the nine compo-
nents of the rotation matrix. They would still use as dependent velocities those
of the center of gravity and the vector of angular velocities .

The reason for this peculiar choice comes from the non-integrability of the
vector of angular velocities ®. One is forced to look for other sets of position
variables (obviously more complicated than @) that will enable representation of
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the angular orientation. In order to take into account the different character be-
tween the position vector and the velocity or acceleration vectors, we introduce
the following notation: q will represent the vector of position dependent coordi-
nates; whereas q and q will represent the dependent velocity and acceleration vec-
tors. Accordingly, the following relations will hold:

q#q (8.31)
q=V(@q (8.32)
q= U@ q (8.33)

where V(q) is a position-dependent matrix that transforms the derivatives of the
position vector q into the velocities q. The matrix U(q) represents the velocity
inverse transformation between q and q.

8.2.2 Dependent and Independent Velocities: Matrix R

The velocity transformations introduced in Chapters 3 and 5 will now be
considered, The corresponding equations will be rewritten here for convenience
as,

q= R(q) z + Sb(q) (8.34)

q= R(@) z + Sc(q, @) (8.35)

where the dependency of the matrix R and the terms (Sb) and (Sc) on q has been
explicitly indicated in (8.34) and (8.35). The term (Sb) will be zero if the con-
straints are scleronomous.

The columns of the matrix R constitute a basis for the vector space of all the
possible velocity vectors q. Any vector q that satisfies the velocity constraint
equations may be expressed as a linear combination of the f columns of the ma-
trix R. As shown in equation (8.34), the components of the vector z of indepen-
dent velocities are the coefficients of such linear combination.

Equation (8.34) also indicates the physical significance of the columns of the
matrix R. Column i represents the dependent velocities q obtained by giving a
unit value to the component z; of the vector z, and zero to the rest of the compo-
nents. Thus,

r=q z=1 and ;=0 for j#i (8.36)
where r! represents the column i of the matrix R, as compared with r; which rep-
resents the position vector of point i.

The definition made in equation (8.36) of the columns of the matrix R leads
for the general case of open- and closed-chain multibody systems, to the methods

explained in Chapter 5, such as the LU factorization of the Jacobian @,
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Singular Value decomposition, and so forth. In the particular case of open-chain
multibody systems that are represented by the independent coordinates mentioned
above, the columns of the matrix R can be obtained directly through velocity
computations, without the need of forming and factoring the Jacobian matrix;
thus leading to a greatly reduced numerical effort. In addition, the following ad-
vantages can also be obtained:

a) The sparsity pattern of the matrix R becomes apparent and can be used in
subsequent matrix operations.

b) The part of the matrix R that affects a particular link or element of the
multibody system can be formed independently of the rest of the elements.
This property leads to an element-by-element treatment of the equations of
motion.

These advantages become apparent when considering the physical significance
of each of the columns of the matrix R. Column i represents the dependent ve-
locities resulting from a unit value of the independent velocity z; and zero values
of the rest of independent velocities. Taking into account that vector z contains
the position coordinates of the base body plus the relative joint coordinates, three
possibilities can be considered:

1) z; corresponds to a translational velocity of the base body along one of the in-
ertial axis. All the elements of the multibody system will have a unit transla-
tional velocity along the same inertial axis. Only the Cartesian coordinates of
the basic points will be affected by this translation. The rest of the dependent
velocities including unit vectors and relative joint coordinates will take zero
values.

zi corresponds to a rotational velocity of the base body along one of the iner-
tial axis. The corresponding column of the matrix R will contain the rotation
velocities of all the points and unit vectors about an axis parallel to the iner-
tial one. This axis goes through the reference point of the base body.

zi corresponds to the relative velocity of one of the kinematic joints. Only the
distal elements (those after the corresponding joint) of the kinematic chain
will be affected by the relative joint velocity.

2

~

3

~

The following example will make use of these considerations to show the
ease by which the different columns of the matrix R can be calculated in an
open-chain multibody system, when the proposed sets of coordinates are used.

Example 8.2

Consider the open-chain multibody system illustrated in Figure 8.7 which is repre-
sented by a set of mixed coordinates. Derive the columns of the matrix R that cor-
respond to the following independent velocities: zy, z3, and z7.

The vector of dependent mixed coordinates is, in this case,

T T T T T T T T T T T
q ={ry,z3.r],24 3,25 Ty, X5, 2, Fe. Ty, 27, T7, Zg, Ty, 29, To}
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where r; is the position vector of point i, and z; represents the relative coordi-
nates.

a) When z,=1, all the points will have the same velocity nT={1,0), and the rela-
tive coordinates will have zero velocity. Accordingly,

IT T T T T T T T T T T
r ={n;,0,n,;,0,n;,0,n;,n;,0,n;,n;,0,n;,0,n,;,0,n,}

b) When z3 = 1 (unit rotation of the base element), each point will have the fol-
lowing velocity: v,=r;=kA(r;-1,), where Kk is the unit vector perpendicular to the
plane of the multibody system. Therefore

3T T T T T T T T T T T
r’={0,1,v;,0,v;,0,v,,v5,0,v4,v,,0,v;,0,vg5,0,vy}

c) Finally, if a unit relative velocity is introduced in the joint 7, z7 = 1, only those
points that belong to the distal elements after joint 7 will have a non-zero veloc-
ity, which will have the following value: v,=ri=KA(rr,), (i=7,8,9).
Consequently, the seventh column of R becomes

r’7=40",0,0",0,0",0,0",0",0,0",0",1,v1,0,v,0,vI}

d) In order to complete this example, the part of the matrix R that corresponds to
the element that joins the points 3 and 4 will be calculated separately. This part of
the matrix R is composed of the columns that correspond to the degrees of freedom
of the base element (z, z,, z;) and those of the joints (z,, z5) that are before the el-
ement within the same kinematic chain. The result for the element is

21 2 %4 Zs
1/ 0
R s = o 1| kA @3-ro) kA(r;—ry) 0
3.4 =
9 kA = xo) KA (g = )] koA g - x)

The previous example clearly illustrates two very important advantages of
this method: a) the way in which the matrix R can be calculated is direct, sys-
tematic, and general; and, b) the procedure can be carried out for each body inde-
pendently in a body-by-body or element-by-element basis (rather than recur-
sively). Therefore, the method can take full advantage of parallel computer archi-
tectures.

Finally, the columns of matrix R, thus calculated, constitute a basis for the
nullspace (subspace of possible motions) of the Jacobian matrix ®,. Although
the constraint equations are not explicitly calculated, the following relation will
always hold:

O, R=0 (8.37)

q
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Table 8.1. Algorithm to formulate and integrate the equations of motion of an open-
chain system.

Step Data Result Mode
1 z q recursive
2 q R e-by-e or rec.
3 Z,q q recursive
4 Z,4q,q (Se) e-by-e
5 R, M RTMR e-by-e
6 R, Q R” Q e-by-e

R, Se, M R™M Se¢ e-by-e

8 Linear equations Z global
9 (z,Z) (Z, Z)rs At global
10 GOTO 1

8.2.3 Equations of Motion

Once the matrix R is known, the methods presented in Chapter 5 for the formu-
lation of the equations of motion in independent coordinates can be used. We
will use equation (5.67) that is written again for convenience as:

R"'MRZ=R"Q-R"MSc¢ (8.38)

where Q is the vector containing the external forces, those coming from a poten-
tial and the velocity-dependent ones. The term (Sc) contains the dependent accel-
erations q that are calculated from the true velocities q by equating to zero the
independent accelerations z in equation (5.65).

The algorithm that allows the formulation and numerical integration of the
motion differential equations of an open-chain system, according to the proposed
method and to equation (8.38), is given in detail in Table 8.1. The integration is
carried out in independent coordinates; and therefore no constraint violation stabi-
lization is considered. Table 8.1 also indicates the way each step can be calcu-
lated in an optimal way. Some steps can be carried out in an element-by-
element basis; thus susceptible for being parallelized. Other steps are carried out
recursively, and others in a global manner.

The steps included in Table 8.1 will be described more in detail, starting from
the position problem.
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Figure 8.8. Body with one input point and two output points.

dik k1 (®
N

Figure 8.9. Model of a generalized joint.

8.2.4 Position Problem

A recursive solution to the position problem of a spatial open-chain multibody
system will be shown in this section. We assume that the multibody system is
composed of a base element and a series of branches with arbitrary size and dis-
tribution composed of rigid bodies interconnected by any of the following joints:
revolute (R), prismatic (P), cylindrical (C), universal (U), or spherical (S). The
formulation can also be extended without difficulty to other types of joints.

The position problem, required in Table 8.1, consists in finding the dependent
coordinates q that define the position of the individual elements of the multibody
system from the independent coordinates z, composed of the degrees of freedom
of the base body plus the joint coordinates. Later on, in order to avoid possible
singular positions, dependent angular orientation coordinates will be included for
the base body and for the spherical joints. The vector of dependent coordinates q
includes the natural coordinates of the elements plus the following additional
variables:
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— Cartesian coordinates of the points r; referred to the inertial frame.

— Cartesian components of the unit vectors w, referred to the inertial frame.

— Rotation matrices A, that relate the current position of every element with
respect to a known reference or initial position.

— Cartesian components of the center of gravity g; of each body expressed in the
inertial frame.

The aim of this section is to calculate the components of the position vector
q in a recursive manner (avoiding the expensive Newton-Raphson iterations de-
scribed in Chapter 3), starting from the base body and moving forward towards
the distal elements in the different branches. We will assume that the vector q,
with the initial or reference positions is known.

Figure 8.8 shows a general element J that has an input point j/, whose posi-
tion is already known, and one or more output points j2, j3, and so forth. These
output joints are related to the pairs that join the element J with the posterior el-
ements in the chain. Figure 8.9 illustrates the model of the generalized joint
that joins elements J and K. The points j2 and kI are the output point of element
J and input point of K, respectively. The vectors u; and uy belong to J and K, re-
spectively, and must be chosen according to the type of the kinematic pair that
joins both elements. The relative degrees of freedom allowed by this joint will
be represented by a vector of relative joint coordinates Z;. The vector djk corre-
sponds to the position vector between points j2 and k1.

Assuming that the position vector T and rotation matrix Aj corresponding to
the element J are known, the solution of the position problem gives the remain-
ing position variables of J (such as the center of gravity g;» output point rp and
unit vector u;), plus the input position variables of element K (position vector
r,, and rotation matrix A, ). The necessary calculations are represented schemati-
cally in Figure 8.10. The corresponding analytical expressions are:

gj=rj+Aj(g) -1j) (8.39)
uj=Ajuj (8.40)

g =rj+ A (rp—rd) +dj, (8.41)
A=Az A (8.42)

where the superscript (-)° refers to the corresponding variable to the known ini-
tial or reference position defined in the inertial frame. The matrix A;(z;) is the
relative rotation matrix of the kinematic joint between elements J and K that de-
pends on the relative rotation. Note that equations (8.39) to (8.42) apply to any
output variable and joint of the element J.

Equations (8.39) through (8.42) will be particularized to each of the different
joints.



8.2 Velocity Transformations for Open-Chain Systems 291
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Figure 8.10. Scheme of recursive position calculations.

Revolute Joint R. Equations (8.41) and (8.42) become in this case:
djx=0 (8.43)

Ajk = A( Zijk» llj) (8.44)

where z;, is the angle rotated by the joint with respect to the reference configura-
tion q, and w; is the unit vector in the direction of the joint axis. The rotation
matrix in (8.44) is defined in terms of the angular rotation Ty about the axis de-
fined by the unit vector u;. It can be demonstrated (See Argyris (1982)) that

A(zjp, u)= T+ W U (1 - cos z;) + W sin z; (8.45)
where U is the skew-symmetric matrix commonly used to perform the cross
product of vectors.

Prismatic Joint P. Considering that the vectors u; and djk have the direction of
the relative translation allowed by the prismatic joint, the following equations
describe the relative configuration of the elements:

djk = Zjr (8.46)

Ak=A'

; (8.47)

Cylindrical Joint C. The vectors u; and d;, are considered to have the direction
of the joint axis. Consequently,

djk = Zj[k u; (8.48)

Ax= Ak (g uj) A (8.49)

where zj; and zﬁ are the relative coordinates that represent the rotation and transla-
tion of the joint, respectively.

Spherical Joint S. The spherical joint allows an arbitrary rotation that may be
defined either by the Euler angles, the Bryant angles, or the Euler parameters p
which are interrelated by the following condition pg+p 12+p22+p32 = 1. Equations
(8.48) and (8.49) become:
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djx=0 (8.50)

Ak = Ajk(zjk = p) - A

; (8.51)

The rotation matrix in terms of the Euler parameters is defined as (Nikravesh
(1988) and Haug (1989))

Ap)=(2e2-1)I;+2(eeT+e,@) (8.52)
where e =p_, and eT=(p], P2 P3)-

Universal Joint U. This joint allows two rotations zjlk and ijk with respect to
two perpendicular axes along the unit vectors u, and u,. The axes intersect at the
common point between both bodies J and K. The equations that correspond to
this joint become

djx=0 (8.53)

uj=Ajuj (8.54)

= Aj(ah. uj) Ajug (8.55)
A= Ajzh . u) Ajlzh u)) A (8.56)

Base body. Let the independent coordinate vector of the base element z, be de-
fined by the coordinates of a reference point i and by the Euler parameters.
Consequently,

zi = (Arf p7) (8.57)

and the following two relations will hold for the reference point and rotation ma-
trix:

ri=r) + Ar; (8.58)

A= A(p) (8.59)

Equations (8.39) to (8.59) allow one to solve recursively the position prob-
lem for a wide range of open-chain multibody systems.

8.2.5 Velocity and Acceleration Problems

A recursive process addressed to obtain the dependent velocity and acceleration
vectors of a multibody system can be similar and even simpler than that used in
the preceding section to solve the position problem.
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Figure 8.11. Consecutive bodies for recursive velocity calculation (Form. A)

It is possible and even convenient to use a set of dependent velocities and ac-
celerations that does not correspond to the derivatives of the dependent position
vector (. It has been shown in the previous section that the vector ¢ may be
composed of the Cartesian components of basic points, those of the centers of
gravity, and the components of unit vectors and the rotation matrices. Two dif-
ferent sets of dependent velocities and accelerations will be considered, that will
lead to the following formulations:

a) Formulation A, based on the Cartesian components of basic points and unit
vectors. This formulation follows the concept of natural coordinates so much
used throughout this book. If an element is defined by two basic points and
two unit vectors the corresponding mass matrix is constant and no velocity-
dependent inertia terms are involved in the forcing function. It is possible to
take advantage of these important facts at the time of implementing the algo-
rithm of Table 8.1.

b) Formulation B, based on the reference point coordinates. This formulation
uses the velocity and acceleration vectors of the center of gravity and the an-
gular velocity and acceleration vectors of each element. This leads to some
important advantages at the time of calculating the matrix R in an element-
by-element basis, because contrary to the Formulation A, there are no vari-
ables shared by the different elements. These advantages materialize in an ease
of parallelization and in computational savings.

The analytical expressions necessary to calculate the dependent velocities and
accelerations in both formulations will be described next.

8.2.5.1 Formulation A

In this case, it is necessary to compute the velocities of the basic points and unit
vectors. Figure 8.11 illustrates two consecutive elements J and K whose posi-
tions are known. In addition, it will be assumed that the velocity of J, as well as
the relative velocity of the joint zjk, are also known.
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The aim is to compute the velocity of the basic points k/ and k2, and those
of the unit vectors uy; and u,,. These are given by the following velocity equa-
tions:

Py = Fp + djy (8.60)
0= 0+ O (8.61)
=Ty + @y A (Tg — Typ) (8.62)
U = O AUy, (8.63)
Uy = @y AUy, (8.64)

Similarly, the accelerations can be obtained from the following equations:

= T+ dj (8.65)

O = @+ Oy (8.66)

T =T+ O A (To—Ty) + O A (O A (T — Tip) (8.67)
U = @ Al + @y A (O A ) (8.68)

U, =0 Al + Op A (O Ay,) (8.69)

These equations will now be particularized to the different types of kinematic
joints.

Revolute joint R. In this case, kI coincides with j2, and the unit vector uy; co-
incides with u; and the joint axis. Consequently, the following expressions can
be easily obtained:

djk = d_lk = d_]k =0 (870)
0= Z.jkuj (8.71)
0')jk=éjkuj+z.jk0)j/\uj (872)

Prismatic joint P. This joint can be modeled by considering uy; = u; in the di-
rection of the joint which is defined by the points j2 and k/. After this considera-
tion, the following equations define the required velocities and accelerations:
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djk = Z.jkllj + Zj0; A Uy (8.73)

mjk = mjk =0 (874)

djc = Zjk uj + 2z O A U + Zji O A Uj + Zj O A (wj A uj) (8.75)

Cylindrical joint C. This joint can be considered as a combination of a revolute
and a prismatic joint. Therefore the following equations yield the required veloci-
ties and accelerations:

djk = ij llj + Zjlk (’OJ A llj (876)

W) = Zj U (8.77)

o et .t ¢ - t
djk—ij uj+2zjk O; A Uj + Zjg O; AU + Zj (Oj/\((l)j/\llj) (8.78)

ot .t
Wi = Zjk W + Zjx O A U, (8.79)

Spherical joint S. This joint can be modeled by joining points j2 and k/ in the
system of Figure 8.11. The relative velocities and accelerations of the joint will
be defined by the first and second derivatives of the Euler parameters. This is not
strictly necessary for the accelerations, since ® is integrable. The expressions
that define the motion of the joint are (Nikravesh (1988) and Haug (1989)):

dj = dy =0 (8.80)

P11 Po Pz P2
Ps Po —Pi (8.82)
-P3 P> P1 Po

Q

I

|
<

@ =2G p (8.83)

Universal joint U. The points j2 and k/ that belong to this joint are joined to-
gether, and the unit vectors u; and uy, that belong to elements J and K, respec-
tively, are perpendicular to each other. The axes of the two relative rotations zjlk
and z ﬁ, are uj and wuy, respectively. The equations that define the motion of the

joint become:

djk = d_]k =0 (884)



296 8. Improved Formulations for Real-Time Dynamics

Figure 8.12. Consecutive bodies for recursive velocity calculation (Form. B)

. -1
U = (0 + 2 w) Auyg (8.85)
.1 .2
O = O; + Z;; W5 + Zjp Uy (8.86)
. . w1 ) S 2.
W = O + Zj; W5 + Zjp Uy + Zjp U+ Zj Uy (8.87)

8.2.5.2 Formulation B

The main difference between this formulation and the previous one is the kind of
dependent variables used to derive the equations of motion. In this formulation,
the velocity of the center of gravity and the angular velocity of each body are
taken as velocity variables instead of the velocities of points and unit vectors
that were used in Formulation A. Using these variables, one can obtain a similar
expression of the equations of motion as the one presented in equation (8.38).
However, the mass matrix is of size (6x6) with the following expression:

M :[ m013 \ ,;)AT} (8.88)

An additional term appears in the right-hand side of equation (8.38), to ac-
count for the centrifugal terms giving RT(Q—C) instead of RTQ alone.

Consider the general joint of Figure 8.12. The following data is assumed
known:

— the position of all the points and the unit vectors,
— the velocity gj and acceleration g; of the center of gravity of body J,
— the angular velocity ®; and acceleration ®;j of body J, and,

— the relative velocities zjk and accelerations zjx of the joint that links bodies J
and K.
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The velocities of the output points of body J and the input point of body K
will be given by:

rp=g;+0A(rp-g) (8.89)
Uj=0;Au; (8.90)

Py =+ dj (8.91)

O =0+ O (8.92)
U= O AUy (8.93)

g =Ty + @O A(ge—1y) (8.94)

The accelerations will be given by:

=g+ @A (rp—g) + @A (04 (r2 - gj)) (8.95)
@ = @)+ @ (8.96)

iy = + dy (8.97)

g =T+ O A(gr—1)+ O A (0 A (g —1h1)) (8.98)

In equations (8.89)-(8.98), the particular values of the variables that define the
relative motion of each kind of joint are given by the same equations developed
for the Formulation A: equations (8.70) to (8.87).

8.2.6 Element-by-Element Computation of Matrix R

The matrix R may be obtained globally (for all the multibody system) or in an
element-by-element basis. Each column of matrix R represents the result of ve-
locity analysis, in which one computes the dependent velocities corresponding to
a unit relative independent velocity (rigid body motion of the base body or rela-
tive joint velocity). On the other hand, one may consider separately the rows of
matrix R that correspond to the dependent velocities of a particular body. In
these rows, only the columns corresponding to the independent velocities that af-
fect this body, that is, base body velocities and relative velocities in joints that
are located backward in the branch of the body, will contain non-zero elements.
This presents very good opportunities for carrying out the computations in paral-
lel.
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Figure 8.13. Open-chain system with two branches and seven bodies.

Since R is a transformation matrix from independent to dependent velocities,
R may be obtained by either one of the two Formulations A or B, seen in the
previous section. The topic of how to obtain R using velocity analysis should
not present any conceptual difficulty. Formulation B, which seems to be the
most efficient method, will be dealt with here. The basic ideas of how to obtain
the matrix R using Formulation A will be treated through some exercises.

In Section 8.2.2, the physical meaning of the velocity transformation matrix
R of order (6npXf) was explained. In this section, a procedure for the fast parallel
computation of matrix R will be presented. Recall from Section 8.2.5 that in
the Formulation B, the i-th column of matrix R represents the velocity of the
center of gravity and the angular velocity of all bodies, that is vector q, when all
the relative joint velocities z are zero except the i-th component that takes a unit
value. Consequently, the columns of matrix R can be computed, one at a time,
by solving f times the velocity problem. The parallelization of the algorithm be-
comes easier, if an element-by-element computational scheme is adopted. This
scheme is based on computing ‘separately’ the rows of R corresponding to each
body. In this way, most of the computations can be carried out independently for
each body and can be computed concurrently.

Example 8.3

Consider the example in Figure 8.13, with seven elements or rigid bodies forming
an open-chain with two branches. It is assumed that all the joints have a single
degree of freedom, and that the base body is fixed.

In this example, the size of matrix R is of (42x7). Suppose that it is necessary
to compute the rows of R corresponding to body 5. First of all, columns 3, 4, 6,
and 7 will be zero, because the unit velocities of joints 3, 4, 6 and 7 will not pro-
duce motion in the bodies that are backward in the kinematic chain. Hence, label-
ing R5 as the six rows-matrix R corresponding to body 5, omitting the zero
columns, one can write it as

R;=[R{R2R]|
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where R} represents a (6x1) vector obtained by extracting from R the rows of col-
umn i that correspond to body 5. Therefore, matrix Ry is of (6x3) size. The number
of columns of R; in the general case coincides with the number of degrees of free-
dom found in the path from body J to the base body. Vector R} can be written in
the following form:

.
i
R5 = ’ g i5 ‘
s
where gé and w5 are, respectively, the velocity of the center of gravity and the an-

gular velocity of body 5, when all the joint relative velocities are zero, except the
i-th component, which has unit relative velocity.

Generally, the rows of matrix R corresponding to body b are contained in ma-
trix Ry. The size of matrix Ry is (6Xf},), where f; is the number of degrees of
freedom found in the path that goes from body b to the base body including the
base body degrees of freedom. Matrix Ry, can be written in the following way:

R,=/R, R ... R} (8.99)

where py, is the number of joints in the path from body b to the base body.
Subscripts are used for bodies and superscripts for joints. Each submatrix Ry, is
of size (6xd'), where d'is the number of degrees of freedom of joint i. In the ex-
ample of Figure 8.13, d'takes unit value for all the joints, since all of them
were assumed to allow a single degree of freedom.

The computation of matrices Ry, for the different types of joints are presented
below:

Revolute joint R. Since a revolute joint allows a single degree of freedom, d=1
in this case. Labeling u; to the unit vector that points in direction of the revolute
axis, R}, is calculated as

Rb‘rlA%F_nN (8.100)

where (g,— r;) is the vector that goes from the revolute joint i to the center of
gravity of body b.

Prismatic joint P. Again d=1. Using the same notation, one can obtain

i =fui\
R. Lo (8.101)

Cylindrical joint C. Since a cylindrical joint allows two degrees of freedom,
d'=2; and hence R}, has two columns, that can be written as follows:

i A (gp—1)  w

R, = 8.102
b u 0 ( )
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Spherical joint S. In this case, d'=3. Since the relative angular velocity vector is
taken as relative joint velocity, the expression of Ry, is

R;a — 1A (gb - ri) J A (gb - ri) k A (gb_ ri) (8103)
i j k
where i, j, and k are three orthonormal unit vectors parallel to the inertial axes.

Universal joint U. As the cylindrical joint, the universal joint has d'=2. Vectors
u;; and u;, to the two orthogonal unit vectors that point in the directions of the
axes. Hence,

R :{uil A(gp—T) UpA(gy- Ti)} (8.104)
° Ui Ui '

Base body. An unconstrained floating base body has six rigid body degrees of
freedom; thus d'=6. As in the spherical joint, the rotational part of matrix R is
defined from three unit angular velocities in the directions of the inertial axes.
Vector gy, is the vector that goes from the center of gravity of the base body
(reference point) to the center of gravity of body b. Matrix Ry, is thus calculated
in the following way:

Ri,= i J k ing, jrgy kagy (8.105)
0 0 0 i J k

where columns one to three correspond to the translational degrees of freedom,
and columns four to six to the rotational ones.

The procedure described in this section for the computation of matrix R
works independently for each of the bodies. Thus, matrices R;, can be computed
concurrently.

8.2.7 Computation of Mass Matrices M,

As it can be seen in Nikravesh (1988) and Haug (1989), with reference point co-
ordinates the multibody mass matrix M can be obtained by assembling the body
mass matrices My, It is not necessary to obtain explicitly matrix M, but only to
compute M,, and perform the required product with matrix R,.

The body mass matrix My, is a (6x6) matrix formed by two (3x3) subma-
trices on its diagonal. The leading (3%3) submatrix is the unit matrix I times the
mass of the element. The second (3x3) submatrix J,, which represents the
inertia tensor of body b expressed in the inertial reference frame, requires further
computation because it is position dependent. Using the well-known tensor
transformation expression between two reference frames, one can obtain

Jo=A, J, AL (8.106)
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R'MR =

|

Figure 8.14. Non-zero pattern for the product RTMR in Example 8.3.

®RMR) =

Figure 8.15. Non-zero pattern for the product RTMR for body 5 in Example 8.3.

where matrix J,, is the constant inertia tensor expressed in the moving frame of
body b.

8.2.8 Computation of the Matrix Product R'MR

One of the most attractive features of the choice of dependent coordinates that
has been made (reference point coordinates) is that the multibody system mass
matrix M has a block-diagonal structure without coupling terms between con-
tiguous bodies. The immediate application of this property is that the triple ma-
trix product (RTMR) that appears in the equations of motion (8.38) can be
computed efficiently on an element-by-element basis. This means this triple
product can be computed as

Np
R'"MR= Y R!M;R, (8.107)
i=1
where the symbol 3" represents the combined action of summation and assem-

bly of the resulting matrix. Due to the fact that there are no coupling terms in
matrix M, equation (8.107) shows that the triple product can be performed ele-
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ment-by-element without increasing the total number of arithmetic operations.
This product can be computed independently for each body which allows an easy
parallelization that fits perfectly into the whole computational scheme.

With this formulation, there is no need to treat in a special way the junction
bodies, or bodies that are linked to more than two other bodies. In the example
of Figure 8.13, the only junction body is body 2, which is linked to bodies 1, 3,
and 5. The term in the summation corresponding to it can be computed exactly
in the same way as all the other terms.

If one returns again to the multibody system of Example 8.3 (which is de-
picted in Figure 8.13), one can symbolically represent the product R'MR as
shown in Figure 8.14. Submatrices that contain non-zero terms have been repre-
sented with a shaded pattern. When the product MR is calculated, the distribution
of zero and non-zero terms in the resulting matrix coincides with the one in ma-
trix R. This means that the product between R" and MR involves two matrices
with exactly the same structure of matrix R. Then it is possible to obtain the
whole product as a summation of individual terms corresponding to each body.
The terms that involve body 35, (RTMR)5 have been outlined with a dark shaded
pattern and are represented separately in Figure 8.15, once the zero columns of
matrix R have been removed. Again, shaded terms correspond to non-zero ele-
ments in the different matrices. The result of this small triple product is a sym-
metric matrix. Only the terms above the diagonal need to be computed. Finally,
the partial result corresponding to body 5 has to be assembled in the final matrix
on rows and columns 1, 2, and 5. This computational scheme can be applied to
all the bodies in the system, so as to obtain the matrix R™™R in a very effi-
cient way.

8.2.9 Computation of the Matrix Product R"MSc

Looking at equation (5.65) in Chapter 5, it can be seen that the product (Sc) has
a clear physical meaning, that makes it very easy to compute. If one makes the
independent accelerations z equal to zero and then computes the dependent accel-
erations q, the resulting vector turns out to be (S¢). Therefore, (Sc) represents
the vector of dependent accelerations that depends only on the independent veloci-
ties. The recursive computation of accelerations has been described in Section
8.2.5. It can be applied to this particular case.

Once the term (Sc¢) has been computed, the final product RTMSe can be
computed again in an element-by-element basis, recovering the partial product
R™M from the previous section.

8.2.10 Computation of the Term RT(Q — C)

Once more, this product corresponds to the projected external and velocity-depen-
dent inertia forces and does not offer any special difficulty. This product can be
computed on an element-by-element basis and then conveniently assembled to
produce the corresponding forcing term in the equations of motion.
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Figure 8.16. Opening a closed-chain system by removing rigid body constraints.

Figure 8.17. Opening a closed-chain system by removing joint constraints.

8.3 Velocity Transformations for Closed-Chain Systems

It was shown in Section 5.3 how a closed-chain multibody system can be trans-
formed to an open-chain by simply eliminating certain constraint equations that
enforce the closure of the loops.

Two different formulations, A and B, have been introduced in Section 8.2.5.
Which one is used depends on how the velocities and accelerations are repre-
sented. Formulation A considers as variables the natural coordinates, that is,
the Cartesian components of basic points and unit vectors. The constraint
equations that these coordinates generate (See Chapter 2) are primarily due to the
rigid body conditions. Therefore, the way to proceed in this case to open the
kinematic chain is by eliminating certain rigid body conditions of some of the
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elements of the multibody system. Figure 8.16 illustrates how this procedure
may be applied to a complex system using the concepts just explained.

Formulation B considers that the dependent velocities of each element are
characterized by the velocity of the center of gravity and by the angular velocity
of the element. In this case, the constraint equations (See Chapter 2) are origi-
nated not at the elements but at the kinematic joints. Therefore, in order to open
a loop, one needs to cut a joint by removing the corresponding constraints.
Figure 8.17 illustrates this procedure.

Regardless of what formulation is used to represent the dependent velocities
and accelerations of the multibody system, it is always possible to divide the
constraint equations into two major groups: the first, that will be represented by
the superscript 1, is formed by the constraints of the open-chain multibody sys-
tem that result from the opening of the kinematic loops; the second, that in the
sequel will be represented by the superscript 2, will be formed by those con-
straints needed to close the loops previously opened. Consequently, the velocity
constraint equations become

o, . o!
LI’% {q}={p)= _{d’%} (8.108)

where b=0, if the constraints are scleronomous. Let m; and m, be the number of
rows of dJL and (I>%], respectively. Assume that m;>>m, (m; much greater than
m,), since the opening of the loops will be done by removing only a few con-
straint equations.

If the number of dependent coordinates is n, the number of degrees of freedom
of the open- and closed-chain subdivisions will be fi=n—m; and f,=n-m—m,, re-
spectively.

The key point in this formulation is the fact that the matrix R!, which de-
fines a basis for the nullspace of <I>1], can be directly obtained by the procedure
exiplained in Section 8.2 without forming and triangularizing the Jacobian matrix
@, This leads to important savings in computational costs. Even though the
matrix (Dil is never formed explicitly, the following relationships will still be
satisfied:

®o,R'=0 (8.109)
g=R'z' (8.110)
g=R'z'+S'¢! 8.111)

where the vector z! is formed by the base body and relative joint coordinates of
the open-chain system. Now, in the closed-chain system, these coordinates z! are
not independent, because they are interrelated through the constraints ®2. The
problem is that the constraints ®? are not written in terms of z!' but in terms of
q. However, this problem may be easily solved as follows.
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The equations of motion seen in Chapter 5 that are based on the Lagrange
multipliers technique will be considered. These equations, applied to the problem
at hand, become

1T 22T
ot fal _fe)
®, 0 0 |[A'}={¢ (8.112)
@, 0 0 \7&2 ¢’

where A! and A? are the multipliers that correspond to the partitions (Di] and (I)%],
respectively. The vector Q includes the external as well as all the velocity depen-
dent inertia forces.

Substituting equation (8.111) into equation (8.112) and pre-multiplying the
first row of equation (8.111) by (R")T, one obtains

1T 1 IT 21T IT 22T . IT IT 11
R'MR' R" @, R" @] lel IR Q-R MScl

R 0 0 A=l ¢ -oys'e! (8.113)
®.R' 0 0 A’ c-as'c!

However, introducing equation (8.109), the second row and column of equa-
tion (8.113) cancels out. It follows that the coefficient of A! vanishes and the
following equation is obtained:

RTMR! Rqu)f]TpillszlTQ_RlTMslcl\ (8.114)

@R o 1| e-elsle |

The new mass matrix is of size (f;Xf}), instead of (nxn) as was the original
mass matrix M. The new projected Jacobian matrix ((DH:CD%,RI) is of size
(myXf;). Since my<<m and f;<<n, this new Jacobian matrix is much smaller
than the original in equation (8.112), that had a dimension of ((m;+m;)xn).

The matrix transformations implied in equation (8.114) may be performed in
an element-by-element basis and thus can be parallelized in an optimal manner.

Therefore, the reduced system of equations (8.114) has a size much smaller
than that of system (8.112). The equations of motion (8.114) may be solved by
either one of the following methods, studied in detail in Chapter 5:

a) Lagrange multipliers. The system of equations (8.114) can be solved as is or
including the Baumgarte stabilization terms, as explained in Section 5.1.

b) Penalty formulation. The application of the penalty formulation is straight-
forward. By introducing @, = CIJE,R1 and Q, = RIT(Q—MSICI), this formu-
lation (See equation (5.37)) leads to

. T .
(RITMR1 + o €I>II <I>Zl)i1 =Q, - 05<I>5(<I>zl i - ®,(z') +

. (8.115)
+2Qu <I>(zl)+ Q° <I>(zl))
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¢) Independent coordinates. The kinematic part of (8.114) can be written in the
following form:

®,7 =c (8.116)

where @, = (I>%1Rl and ¢” = c2—<DéS '¢!. One can always choose a subset of
independent accelerations z from the vector z . Using the method of the
Boolean matrix B (See Section 3.3), the following relation is satisfied:

Bz =7 (8.117)

By simply joining equations (8.116) and (8.117), the following equation is
obtained:

o R' .
[ a ]{i'}:’??} (8.118)
z

If the unit values of the matrix B have been chosen according to the pivot
structure of the matrix CD%IRI, the leading matrix of equation (8.118) can be

inverted to yield
_2
e P P & (8.119)
A

1\
\Z }— |7 f

Equation (8.119) leads to the definition of the matrices R? and (Szfz). The
columns of the matrix R2 constitute a basis of the nullspace of the projected
Jacobian matrix <I>11=<I>%1R1. Substituting equation (8.119) into equation
(8.114) and pre-multiplying by R?T, one obtains

-1

2 1
@, R
B

RTRTMR R = < 120
=R" RT(@Q-MS'¢)-R"MR'S’ &) (8.120)
which is the final equation of motion in independent coordinates.
While the matrix R! (of size (nxf;)) corresponding to <I)1], has been directly
obtained without forming and triangularizing (Di], the matrix R? (of order
(f1xf>)) has to be computed numerically. The size of R? can be significantly
smaller than R! as may be seen in Figure 8.18, where the sizes of the matri-
ces involved in this formulation are illustrated for a typical case.
Table 8.2 shows the scheme of a numerical algorithm applicable to closed-
loop multibody systems using the method presented in this section, with the
Lagrange multipliers version.
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n m;i my f1=n-m1=f+mz
n M q)}]T cI)czlT n R!
m2 o) 0 0
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Figure 8.18. Matrix pattern for the method based on velocity transformations.

It may be seen that dealing with closed-chains does not complicate the formu-
lation very much. Thus a good numerical efficiency and a very simple imple-
mentation can be expected.

8.4 Examples Solved by Velocity Transformations

In Sections 8.2 and 8.3, the application of velocity transformations to open- and
closed-chain kinematic chains has been presented. In this section, two rather
complex theoretical examples of the above methods will be described in detail.
Afterwards, some numerical results will be presented to demonstrate the effi-
ciency of these formulations.
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Table 8.2. Algorithm to formulate and integrate the equations of motion of an closed-

chain system, by the Lagrange multipliers method.

Step Data Result Mode
1 z, q recursive
2 q R! e-by-e or rec.
3 Z, q q recursive
4 i,.4,4 (s'eh eby-e
5 R',M R!'TM R! e-by-e
6 R, Q R'TQ e-by-e
7 R!, Sle!, M RITM Sle! e-by-e
5 a0 ol & oy
9 @, R! @ R! e-by-e
10 c? — q,is lel e-by-e
11 linear equations Z, global
12 ,,2)), Z,,2),,, global

GOTO 1

8.4.1 Open-Chain Example: Human Body

Figure 8.19 shows an interesting example of open kinematic chain: a dynamic
model of the human body with 40 rigid bodies and 45 degrees of freedom. All
joints are of the revolute type. Some of them are defined by sharing one point
and one unit vector and others are defined by sharing two points.

This mechanical model of the human body has been used for some time in
several studies on sport biomechanics, as the ones shown in Figures 1.5 and 1.6
which include also realistic geometric models.

Table 8.3 summarizes the resulting theoretical number of floating-point
arithmetic operations both for Formulations A and B. It may be seen that impor-
tant savings can be obtained with Formulation B. The most important conclu-
sion is that, according to the number of floating-point operations of Formulation
B, a 6 Mflops computer would be enough to get a function evaluation every 10
msec. This CPU performance is available in many RISC low-cost workstations.



No. de bodies 40
No. d.of. 6+39
No. points 28

No. vectors 62

Figure 8.19
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. Mechanical model of the human body.

Many additional unit vectors (not represented in Figure 8.19) have been intro-
duced in Formulation A. This was done in order for the model to have constant

mass matrices with natural

coordinates.

8.4.2 Closed-Chain Example: Heavy Truck

Figure 8.20 shows the scheme of a heavy truck suspension and steering system.
This system consists of the chassis, the front axle, the rear axle, the leaf-springs
modeled by four articulated rigid bodies, the front and rear stabilization bars, the
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No. of rigid bodies: 3321+ 12)

Joints: 23R + 15S +6U + 1G
Open-loop d.o.f.: 39

No. d.o.f.: 18

Dependent coordinates: 285 (246 + 39)

Figure 8.20. Mechanical model of a heavy truck.

elements of the steering system, and the wheels. There are 33 rigid bodies and 18
degrees of freedom. With Formulation A the loops have been opened by remov-
ing the constraint equations corresponding to the elements represented by dashed
lines. In this case there are 39 open-chain degrees of freedom or relative coordi-
nates.

With formulation B, some joints have been cut to obtain an open-chain sys-
tem with 48 degrees of freedom. The cut joints are shown in Figure 8.20 with a
line crossing the corresponding joint. Table 8.4 presents the theoretical count of
floating-point operations for both Formulations. Again important savings are
obtained with Formulation B. In spite of the closed loops of this system, it
needs less arithmetic operations than the human model of Figure 8.19, because
the branches of the open-chain model of the truck are shorter than in the human
body.
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Number of floating-point arithmetic operations for the human body

Function Mode Formulation A Formulation B
zZ—q Glob-rec. 1820m + 859a 1560m + 960a
Z—-q Glob-rec. 615m + 441a 360m + 360a

d"i:o =S ¢ Glob-rec. 1089m + 915a 840m + 840a
M e-by-e -- 1080m + 480a
c e-by-e -- 600m + 360a
R e-by-e 4716m + 3537a 1050m + 525a
R™R e-by-e 25824m + 22142a 7482m + 5285a
RTMSc e-by-e 3060m + 2885a 1050m + 875a
RT(Q— ©) e-by-e 3060m + 2885a 1050m + 995a
¢%1 R e-by-e -- --
c,— ¢fIS c e-by-e - -

Assembly e-by-e 3918a 700a

Linear eqs. Global 16710m + 16170a | 16710m + 16170a
TOTAL 56894m + 53752a | 31782m + 27550a
Table 8.4. Number of floating-point arithmetic operations for a heavy truck

(Formulations A and B).

Function Mode Formulation A Formulation B
zZ—q Glob-rec. 1500m + 1222a 1170m + 720a
Z—>q Glob-rec. 507m + 627a 585m + 360a

qli-0=S ¢ Glob-rec. 561m + 492a 870m + 540a
M e-by-e -- 837m + 372a
c e-by-e -- 465m + 279a
R e-by-e 960m + 726a 306m + 153a
R™R e-by-e 25890m + 20893a 1947m + 1394a
RTMSc e-by-e 4947m + 4120a 306m + 255a
RT(Q— ©) e-by-e 2040m + 1870a 306m + 348a
¢%1R e-by-e 2220m + 1850a 1224m + 1374a
c,— ¢iS C e-by-e 432m + 432a 108m + 108a
Assembly e-by-e 897a 900a
Linear egs. Global 16000m + 16000a | 16000m + 16000a
TOTAL 55084m + 49129a | 24124m + 23406a
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Figure 8.21. Bricard mechanism. Figure 8.22. Five-bar pendulum.
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Figure 8.23. Multibody model of a car suspension and steering system.
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Table 8.5. Comparative results in CPU milliseconds for function evaluation.

Penalty method Matrix R Formulation B
(Section 5.1.4) (Section 5.2.3) (Section 8.2.5.2)
Bricard 8,01 8,73 1,33
Five-bar pendulum 12,00 18,65 1,29
Car model 87,79 224,54 12,21
Human body 91,30 942,64 23,39

8.4.3 Numerical Results

Finally, some comparative numerical results obtained with the Formulation B,
and with two other standard dynamic formulations explained in Chapter 5 will be
presented. Four examples will be considered. Two of them are very simple. The
other two present some degree of complexity.

Figures 8.21 and 8.22 show two simple three-dimensional multibody systems
with five bodies and revolute joints only. Figure 8.21 shows the Bricard mecha-
nism which is an over-constrained closed-chain system. According to the Gribler
criterion, this mechanism has zero degrees of freedom. Because of the particular
orientation of the axes in the revolute joints, it actually has one degree of free-
dom. Figure 8.22 illustrates a five-bar three-dimensional pendulum that can be
obtained directly from the Bricard mechanism by opening the chain through the
removal of one of the fixed revolute joints. This pendulum has five degrees of
freedom.

Figure 8.23 shows a car model that includes the chassis, the steering and the
suspension system. The front suspension is a McPherson type and the rear sus-
pension is based on the five-point system. The complete model has 25 rigid bod-
ies with general mass and inertia properties and 15 degrees of freedom. This car
model corresponds to the more realistic model shown in Figure 1.2 of Chapter 1.
The fourth example is based on the 45 bodies and 45 degrees of freedom human
body model shown in Figure 8.19 which constitutes the basis of the models pre-
sented in Figures 1.5 and 1.6 of Chapter 1.

These four examples with different topology and degree of complexity have
been analyzed using three dynamic formulations: a) the penalty method, based on
dependent coordinates (Section 5.1.4); b) the method of independent coordinates
based on the matrix R (Section 5.2.3); and c¢) the Formulation B previously ex-
plained in this chapter (Section 8.2.5.2).

Table 8.5 contains the CPU time per function evaluation (computation of ac-
celerations from positions and velocities) expressed in milliseconds for the four
examples and using the three different formulations. The results have been ob-
tained with a SG workstation using a MIPS 3000 processor rated at 25 MHz
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(3.9 DP Mflops in the Linpack test). Taking into account that there are currently
newer low-cost workstations that are much more powerful, it may be concluded
from the results shown in Table 8.5 that real time dynamic simulation is at hand
for these systems, at least from the point of view of fast function evaluation.

These results do not provide an idea of the absolute efficiency of each method,
since the total time of integration depends not only on the time required per func-
tion evaluation, but also on the type of numerical method used for the integra-
tion of the equations of motion. Standard ODE integrators, such as the DE
Shampine and Gordon routine, require less function evaluations with the matrix
R or Formulation B than with the penalty method. The penalty method leads to
stiffer equations and works more efficiently in conjunction with more stable in-
tegrators (See Section 8.5). In order to get the best possible response, the con-
cepts developed in Chapters 7 and 8 must be jointly considered along with the
particular physical characteristics of the case at hand.

8.5 Special Implementations Using Dependent Natural
Coordinates

So far in this chapter dynamic formulations have been considered that, although
they may use dependent coordinates to define the motion of the system, try to ul-
timately solve the equations of motion through a minimum set of independent
(in the case of open-chain systems) or dependent coordinates (in closed chain sys-
tems). In our search for formulations suitable for real time analysis, we present
in this section a method proposed by Bayo et al. (1991) which is an alternative
to the methods seen already in this chapter. This method is based on formulating
and solving the equations of motion with respect to a full set of dependent coor-
dinates without intermediate transformations. The constraints are considered via a
modification of the penalty formulation seen in Chapter 5. The numerical inte-
gration is carried out using the trapezoidal rule (See Chapter 7) with the posi-
tions, rather than accelerations, as primary variables.

Among the possible sets of dependent coordinates, the natural coordinates
(explained in Chapter 2) provide the best setting. They present important advan-
tages over other possible sets: first, the use of elements with two basic points
and two unit vectors leads to a constant mass matrix in the inertial frame and to
the absence of velocity dependent (centrifugal and Coriolis) inertia forces in the
formulation; and secondly, the natural coordinates originate quadratic constraint
equations that yield linear Jacobian matrices. As clearly explained in Chapter 2,
these Jacobian matrices can be evaluated by a number of arithmetic operations
that is considerably lower than those required by other types of coordinates.

Other choices of 12 Cartesian components that define the position and orien-
tation of the rigid body will also lead to a constant mass matrix, such as one
point and three Cartesian vectors, four points, and so forth. The choice of two
points and two unit vectors is due to the fact that these variables can be shared
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by contiguous elements; thus leading to a lesser number of dependent coordinates
that will represent the multibody system.

8.5.1 Differential Equations of Motion in the Natural
Coordinates

A dynamic system shall be considered whose configuration is characterized by a
vector q of n fully Cartesian coordinates that satisfy m constraint conditions
®=0. Let L=T-V be the Lagrangian function of the system, where T and V are
the kinetic and potential energies, respectively.

In order to introduce the constraint conditions, a penalty formulation slightly
different from that explained in Section 5.2 will be used, that will also lead to a
set of ordinary differential equations (ODE), and will guarantee the fulfillment of
the constraint equations. In order to introduce these constraints, a fictitious po-
tential is added to the expression of the Hamilton's principle:

v =%<I>T0c€1> (8.121)

and a set of Rayleigh's dissipative forces

G=-opd (8.122)

The penalty factors oy, k= 1,2,... m (with each constraint having a different
factor) are large real numbers that represent the spring values of the physical sys-
tem associated with the constraint @, = 0, and (o4l ) represents the damping
characteristics. Similar to the development already carried out in Chapter 5, the
application of the Lagrange's equations directly leads to

Mg+l al@rpd)=0 (8.123)

where @ is the (mxn) Jacobian matrix of the constraint equations, M the mass
matrix, and Q the external forces plus those coming from a potential acting on
the system. The matrices o and W are (mxm) diagonal matrices that contain the
values of the penalty numbers and damping coefficients. If the same values are
used for all the constraints these matrices become identity matrices multiplied by
constant factors. Remember that the natural coordinates described above yield a
constant mass matrix. In addition, neither Coriolis nor centrifugal forces are pre-
sent in the vector Q. Consequently, the only nonlinear components in (8.123)
except for position-dependent forces are the penalty terms which physically rep-
resent the forces necessary to maintain the constraint conditions. The product
ol(®+ud) represents an approximation to the Lagrange multipliers that arise in
the classical formulation.

The nonlinear system (8.123) without the velocity constraints and the penalty
system only composed of springs is merely stable. Depending on the type of in-
tegrator used, the numerical integration may lead to numerical instabilities in
long simulations when using large time steps. These problems disappear when
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the velocity constraints consisting of fictitious dissipative forces are included in
the formulation as done in (8.123), or when the numerical integrator supplies ar-
tificial numerical damping (for example the o.-method of Hilber, Hughes, and
Taylor seen in Chapter 7).

Augmented Lagrangian formulation. Using the integration procedure described
below and penalty factors equal to 107 in double precision arithmetic, the solu-
tion of (8.123) can be achieved with an excellent satisfaction of the constraints.
In case a wider range of penalty values is desired, a correcting scheme can be in-
troduced by means of an augmented Lagrangian formulation also seen in Chapter
5. These methods assure convergence within the desired constraint tolerances
without the need for very large penalty factors, thereby avoiding ill-conditioning
problems.

The expression of the equations of motion can be augmented by adding the
Lagrange multipliers as follows:

Mg+®lal@rpd)+ @l =0Q (8.124)

It may be seen by comparing equation (8.124) with the classical Lagrange
multipliers technique (equation (5.8)) that

A=A"+a(®+pd) (8.125)

where A are the true multipliers. Since the values of A" are unknown a priori,
an iterative procedure is necessary to solve equation (8.125). In each iteration a
new value of A* is computed as follows:

A=A +ol@+pd) (8.126)

with 7\,;:0 for the first iteration. In the limit 7L;= A, however, enough accuracy is
obtained in one or two iterations. Equation (8.126) physically represents the in-
troduction at step i+/ of forces that tend to compensate the fact that the con-
straints are not exactly zero. A consequence of this iteration is that small devia-
tions in the constraints resulting from either the integration process or small
penalty factors will be eliminated by the Lagrange multiplier terms of (8.124).
The additional computational effort that it requires is not significant when com-
pared to that necessary to solve the system of nonlinear differential equations.

8.5.2 Integration Procedure

For real time integration, it is necessary to use a fixed integration formula that
will yield the same computational time in each integration step which has to be
smaller than the step size. This condition imposes severe limitations to integra-
tion methods. They must be computationally inexpensive with few function
evaluations and iterations in each step and must allow large step sizes without
introducing excessive loss of accuracy and —most importantly— without becom-
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ing unstable. Because of the ease of implementation, the trapezoidal rule has
been chosen for the integration of the equations of motion in real time. This
method is implicit, A-stable, and second order. It was shown in the numerical
example of Chapter 7 how this rule performs, when it is directly combined with
the equations of motion taking the positions as primary variables. It will be
shown here how this integration scheme fits quite well into the framework pro-
vided by the fully Cartesian coordinates and the penalty formulation. Other re-
cently proposed methods based on the midpoint rule that preserve energy and an-
gular momentum (Simo and Wong (1991)) could also be used within this con-
text.
The trapezoidal rule can be written as:

qn+1 = qn +]l( qn + c'ln+1 )
2 (8.127)

qn+1 = qn"'%(dn +dn+1)

where £ is the time step. These finite difference expressions can be rewritten,
considering q,,; as the primary variable and solving for the velocities and accel-
erations at step (n+1). Consequently,

qn+l = ;qn+l - (in+1
h N (8.128)
Un+1 = I;%qrwl “Qn+1
Vectors n+1 and qn+1 depend on the positions, velocities, and displacements
at step n and can be written as:

qn+1 = qn + 2*qn
h (8.129)

dn+1: q.n+4;(in+i2qn
h h

The setting up of the difference equations as done in (8.128) adds numerical
efficiency to the computer implementation of the algorithm. Knowing that
(® =®yq + D,), the substitution of (8.128) into the equations of motion
(8.124) yields the following expression:

%M qn+l+¢za <I)"'(I)q(%u'an_l-lan)"'I-L(I)z =
h (8.130)

A~

=Q+Mdn+l

which constitutes a set of nonlinear algebraic equations with q,_; as the only
unknowns. The use of Newton-Raphson iteration leads to the following iteration
process:
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1
Aqi,, = —(af) f(q)) (8.131)
aq i

where i represents the iteration number. The function f is defined as
f=M g, + O o(®+pd)-Q (8.132)
and the tangent matrix as
of _ 4

M +@IpD,+ @ 0 (®+pd)+dlapd,q-Q, 133

where B=o (I + 2u/h). Qq is the contribution to the tangent matrix coming
from the nonlinear generalized forces (such as springs). A close examination at
the tangent matrix reveals that the second term of the RHS of equation (8.133) is
always much larger than the third and the fourth. This is so: first, by virtue of
the fully Cartesian coordinates, @4 is a very sparse third order tensor in which
the only non-zero terms are constants of value 2 (these correspond to the expo-
nents of the quadratic terms); and secondly, the values of ® and y ® are always
negligible compared with the values of ®,. Furthermore, the parameter y, which
is an order of magnitude smaller than /4, will make the fourth term negligible.
This will be shown in the next section. Neglecting these terms may no longer
assure the quadratic convergence of the Newton-Raphson iteration. However, ac-
curacy and quasi-second order behavior are still satisfied. As a consequence, a
quasi-tangent matrix can be defined as

%E%M + @, B D,-Q, (8.134)

where the diagonal matrix B becomes a constant times the identity matrix, when
all the constraints are assigned the same penalty values.

8.5.3 Numerical Considerations

Improving convergence. The iteration process defined by (8.131) is carried out
until lIAqll is smaller than a prescribed tolerance. For real time simulation, the
iteration is stopped after a fixed number of iterations, that is one or at most two
per time step. Convergence can be accelerated at each time step if the iteration is
started not from the solution at the previous time step, but from the solution
given by a predictor. A good second order predictor is the modified trapezoidal
rule or Heun method which gives the following explicit coordinate interpolation:

2
Qi1 =qn+hq, +h?qn (8.135)

Once the solution has been obtained at step 7, the iteration process of (8.131)
can be started at step n+1 with q,,; rather than q,. Since no function evaluation
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Table 8.6. Percentage of the total time required by each algorithm phase.

% of CPU time

Solutions of equations 35.0
Forming the tangent matrix 33.5
Forming the residual 14.6
Evaluating the Jacobian matrix and constraints 13.0
Updating velocities and accelerations 3.5
Predictor 0.4

Total 100.0

is required in equation (8.135), the use of this predictor adds an insignificant
amount of computations. As will be shown in an example below, it accelerates
the integration process substantially.

Computer implementation. Fully Cartesian coordinates yield a constant mass
matrix. This obviously represents a substantial savings in numerical computa-
tions at the time of forming the quasi-tangent matrix of eqruation (8.134). The
major burden in computing this matrix lies in the product ®,8®,. Note that @,
is a sparse matrix and that due to the type of coordinates chosen the only non-
zero terms are linear. The formation of this linear Jacobian matrix is rather inex-
pensive computationally. Furthermore, the product of the Jacobian matrices can
be optimized by the use of sparse matrix operations. Note that the coordinates
can be numbered so that a minimum profile of the final matrix is obtained.

This way of introducing the constraints through a penalty method leads to a
tangent matrix that is dominated by the terms in the main diagonal. Conse-
quently, the triangularization process does not require pivoting. Although the
number of arithmetic operations is problem dependent, Table 8.6 gives an indica-
tion of the percentage time that each of the different phases of the solution pro-
cess takes as a fraction of the total time. This Table corresponds to an average of
many simulations performed by the authors. The most time consuming parts
correspond to the formation of the tangent matrix and the solution of the result-
ing equations. In all the cases studied the use of the Heun method as a predictor
eliminates the need for an extra iteration. Yet it only takes 0.4% of the time
taken to complete one iteration. For real time applications, the time step size
should be chosen so that at most two iterations are performed per time step.

Choosing the velocity constraint factor. The characteristic equation correspond-
ing to the constraint condition u@+@=0is uA+A=0. and its root is A=—1/u .
The region of absolute stability for the trapezoidal rule is the negative half-plane.
The product 24 must lie in the negative real axis. Thus, h/m>0. At this stage,
there are a series of possibilities. If both constraints @ and @ are wanted to be
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satisfied within the same accuracy, then both should be penalized with the same
factor. Therefore u should be equal to one. This value, however, tends to intro-
duce damping in the system's response, producing a gradual decrease in the en-
ergy of the system. If the intention is to just eliminate the possible instabilities
during the integration process, then 4/u can be chosen away from the area of the
stability region where the response of the multi-body system lies. In the exam-
ples shown below, values of h/u were chosen between 30 and 80 to eliminate
the high frequency response in the acceleration. This yielded excellent results.
Very small values of the parameter ¢ may not provide sufficient damping to
eliminate the numerical instability. On the other hand, large values of u will
eliminate the instability but may introduce artificial damping in the response of
the multibody system.

The method explained above is systematic and general, and shows very good
convergence characteristics, even for large time steps. A numerical simulation is
shown next which demonstrates its capabilities.

Example 8.6

Five-link open-chain multibody system. The multibody system shown in Figure
8.21 is composed of five links interconnected by revolute joints and has a total of
30 coordinates, 25 constraint conditions, and five degrees of freedom. Each link
has a unit mass which is equally lumped at the joints to yield a stronger motion.
The motion is due to its self-weight. The simulation is carried out using the algo-
rithms described above for 20 seconds with a time step h=0.008 seconds.

The multibody system is analyzed with y=h/80 and a=10". The response is not
sensitive to the value of u. Similar responses are obtained with /40 < u < h/120
with slightly more damping for larger values of . The time history of the vertical
tip acceleration is depicted in Figure 8.24. This time history gives a clear indica-
tion that the multibody system undergoes a very strong motion with peak acceler-
ations of the order of 180 m/sec2. This again illustrates the excellent convergence
characteristics of the algorithm. In fact, the analysis was stopped after 10 minutes
of simulation without any appearance of convergence problems. Each time step
requires two iterations with a tolerance in the positions of 5%1077, and each itera-
tion takes 6.5 milliseconds of CPU time of a DECstation 3100.

The time history of the energy is shown in Figure 8.25. This time history
shows how the energy is well preserved for this strong motion, even with a rela-
tively large time step (the maximum error is 1.3%). Figure 8.26 illustrates the
time histories of the constraint errors for a penalty factor of: 107 (solid line), 10°
(short dashed curve), and 10° with 1 iteration of the augmented Lagrangian formu-
lation. It can be seen how the maximum constraint error using the penalty value of
107 is 1075, With the penalty value of 10° the maximum constraint error is about
10~%, but the use of one iteration of the augmented Lagrangian method brings it
down an order of magnitude.
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Figure 8.24. Vertical tip acceleration of the open-chain multibody system.

Figure 8.25. Total energy time history of the open-chain multibody system.
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Figure 8.26. Maximum errors in the constraints using a penalty value of 107 (solid
line), 10° (short dashed line), and 10°® with augmented Lagrangian formulation (long
dashed line).

Figure 8.27. Vertical acceleration at the middle link of the Bricard mechanism.



8.5 Special Implementations Using Dependent Natural Coordinates 323

Figure 8.28. Total energy time history of the Bricard mechanism.

Example 8.7

Five-link closed-chain multibody system. The multibody system shown in Figure
8.21 is transformed into the closed-chain Bricard mechanism shown in Figure
8.22. The simulation is carried out for 40 seconds with a time step of 0.03 sec-
onds, a penalty value of 107, and u=h/60. Figure 8.27 illustrates the acceleration
time history of the middle link which shows that this multibody system undergoes
a smoother motion than the previous one. Each time step requires two iterations
with a tolerance in the positions of 5%¥10~7. Each iteration takes 5.0 milliseconds
of CPU time. The total CPU time required to simulate 40 seconds simulation is
about 13 seconds. The time history of the energy is depicted in Figure 8.28 which
again shows how well the energy is preserved. The maximum error is 0.03%.
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9

Linearized Dynamic Analysis

Several ways of formulating the differential equations of motion of a multibody
system have been presented in Chapter 5. These equations are fully nonlinear in
either the independent or dependent coordinates. The solution of these non linear
equations is required in order to simulate the dynamic behavior of multibody sys-
tems that undergo large displacements and rotations. However, many systems
work mostly on the proximity of a fixed or constant dynamic equilibrium
configuration. It is very convenient to linearize the equations of motion about
this equilibrium configuration, so as to take advantage of the linear analysis
tools: fast computation of linear response, eigenvalue analysis, control design by
pole placement, or other linear techniques, that are not available or at least are
more complicated for the fully nonlinear models.

This chapter deals with several techniques that linearize the most commonly
used forms of the equations of motion. In particular, closed-form and numerical
computation of the derivatives of the equations of motion will be considered. In
addition, linearization methods of these equations expressed in terms of dependent
(using the penalty formulation) and independent coordinates as well as in the
canonical form will be explained. This chapter will end with a short review of
the available methods used to compute the response of the linear system and its
frequencies and mode shapes.

9.1 Linearization of the Differential Equations of
Motion

In this section a constant or fixed dynamic configuration will be considered, such
that position y, velocity y, acceleration y, and external forces Q that satisfy the
equations of motion will be symbolically expressed in the form:

H(y.y.y.Q) =0 9.1)

The dynamic equilibrium configuration will be denoted by the subscript (p).
Hence, the equations of motion at the equilibrium configuration can be written
as

325
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Ho = H(yo, Yo, Y0, Qo) =0 9.2)

Small perturbations of the equilibrium configuration variables can now be
considered. The equations (9.1) will be linearized by replacing them with the first
two terms of the Taylor's series expansion about the dynamic equilibrium con-
figuration,

H(yo+ Ayo, Yo + Ayo, Yo + A¥o, Qo+ AQo) = Ho+ AHo =

. . . 9.3)
=H(yo, Yo, Yo, Qo) + HyAy + Hy Ay + Hy Ay + Ho AQ =0
According to equation (9.2)
HyAy + Hy Ay + Hy Ay + HQAQ =0 94

which constitutes the linearized set of equations of motion. The main issue is
now to compute the partial derivatives that appear in equation (9.4). The follow-
ing subsections deal with this problem for those cases in which y represents ei-
ther the independent coordinates z, or the dependent ones (, and for the case when
H is represented in canonical form.

9.1.1 Independent Coordinates

According to equation (5.67), the equations of motion in terms of independent
coordinates take the form:

H(z, 7,7, Q)=R(z) M(z) R(z) 7 —

T s ’ 9.5)
-R(z) (Q(z,z,f) - M(z) Sc(z,2)) =0

where M is the inertia or mass matrix, R is the velocity projection matrix
whose columns span the nullspace of the Jacobian matrix @, (Sc) is the term
that accounts for the velocity-dependent accelerations, and Q are the generalized
forces that depend on the inertia and applied external forces f. In expression (9.5),
the dependence of each term or factor with respect to the configuration variables
has been introduced explicitly. Remember (See equations (5.64) and (5.65)) that
matrix R and vector (Sc) came from the expressions

Wt

. [@,
a- %

1
[el=sc+rz 9.7)
\z]

Then the partial derivatives of function H take the following form:

H,=(R"™MR,+RIMR + R"M,R) 7 —

8
~R; (Q-MSc)-R"(Q,- M, (Sc)- M(Sc),) 08
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H;=R" (Qi- M(Sc))) (9.9)
H;=R" MR (9.10)
Hi=R" Q¢ 9.11)

All these derivatives must be evaluated at the equilibrium configuration. If the
equilibrium configuration is static (zo = zo = 0), equations (9.8)-(9.11) are very
much simplified, because all terms depending on velocities and accelerations van-
ish.

In the sequel, ways of evaluating some of the partial derivatives that appear in
the RHS of equations (9.8)-(9.11) will be considered.

i) Computation of Raz. There are several possible ways to compute the partial
derivative of matrix R with respect to the vector of independent coordinates z.
Here, a method based on the acceleration analysis will be presented.

If the system is scleronomic, matrix R relates dependent and independent ve-
locities in the form:

q=Rz'=ﬁriz',- (9.12)
i=1

where rl is the i-column of matrix R. Differentiating this expression with re-
spect to time and taking into account that R depends explicitly on the position
variables only,

d:(ﬁ‘;Rz',»)mRi =ﬁﬁgriz',-z',+R'z' (9.13)

j=1 0%j i=1 j=1 0%j

This expression offers a simple way to compute the derivatives of R.
Remember that this matrix is of order (nxf). Its derivative dR/dz; is also a ma-
trix of size (nxf), but the derivative dR/0dz is a hyper-matrix of size (nxfxf).
Equation (9.13) suggests that the derivatives of the columns of R can be com-
puted through an acceleration analysis. For instance, by making

a  zi=0(@=1,..0; z=1,=0

q=o" (9.14)
0z

b) zi=0 (i=l..00; zi=1,z=1,2=0((k=#i))
ij=@+@+1_(@+ai) (9.15)
dzi dz; 2 9z Iz
This expression yields
: . . .
o' _od_j G or_or (9.16)
dz; dzi 2 dzi 0z
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There are a number of ( f2 + f)/2 acceleration analyses. They can be done
rather inexpensively, because all of them use the same LU factorization of the
Jacobian matrix. Therefore, only one forward reduction and back substitution is
needed per acceleration analysis. If the multibody system is open-loop, these
evaluations can be made even more cheaply.

ii) Computation of M,. The computation of the derivatives of the inertia matrix
with respect to the position variables is strongly formulation dependent.

If one considers fully Cartesian coordinates and bodies with four non-
coplanar points and/or unit vectors, the mass matrices are constant (See Section
4.2.2). Consequently, their derivatives are zero. If the bodies do not have
constant inertia matrices (See Section 4.2.2.3), it is still possible to consider a
virtual power transformation that allows one to compute the rigid body inertia
matrix in the form:

Micw=V' M V (9.17)
and the additional velocity dependent inertia forces in the form:
Qineria=V' M V g (9.18)
where M is constant and V is position dependent. Thus,
(Mnew)z=V' M V,+V; MV (9.19)
According to equation (4.72), matrix V has the expression:
I; 0 0
v=| 0 L 0 (9.20)
0 0 I;

—cu cu Crij

This matrix depends explicitly on the dependent coordinates vector . Hence,
using the chain differentiation rule,

V.=V, % 4V R 9.21)
0z

where V is a hyper-matrix with most of its components equal to zero.
If reference point coordinates are used, the inertia matrix of a rigid body
takes the form (See equation (8.15)):

mily 0 } (9.22)

0 A JiAT

where A; is the rotation matrix of this element. This rotation matrix introduces
the position dependency in matrix M;. Thus, it is possible to write:

.-
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M, = 0 9.23)

0 A,JA +AJA],

The derivative A;, can be computed using again the chain rule of differentia-
tion:

Ais=Aig 3;1 +AiqR (9.24)
YA

where A, ; can be computed easily in terms of the variables used to define angu-
lar orientation, that is, Euler angles or Euler parameters.

iii) Computation of (Sc),. In order to compute this derivative, it may be useful
to return again to equation (5.65) written in the form:

q=R(z)z+Sc (9.25)
Taking time derivatives and assuming scleronomic constraints yields
= Re+ Rg+ (Sc), 5+ (Sc) & (9.26)

This equation offers the opportunity of computing the derivative (Sc), by
means of a jerk analysis. This is not significantly more complicated or expen-
sive than a velocity or acceleration analysis, because it uses again the same LU
factorization of the Jacobian matrix @,

By making #=#=0, % =1, and z; =0, forj #i in equation (9.26), one can
obtain

q(: @

9.27
7 9.27)

iv) Computation of (Sc)z, This derivative can also be computed from equation
(9.26) in two steps:
— with #=@=0 and the true velocities z, a jerk analysis based on equation
(9.26) yields
<= (Sc), & (9.28)

— now, assuming that R is known and making #= 0, the following expression
is obtained:

d(Se)
%

g= (¥ +(Sc),®) + (9.29)

from which the desired derivative can be obtained.

There is another way to compute this derivative. Equation (9.7) states that
matrix S depends on the position but not on the velocity vector z. Thus, taking
into account that ¢ is given by the expression:

c=-®,-Dyq (9.30)
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Figure 9.1. Double pendulum rotating about a vertical axis.

which contains terms that depend explicitly on z. The derivative can be found as

(Sc)i=Sci=Scdg—9=ScdR 9.31)
z

The main disadvantage of equation (9.31) is that it requires the explicit evalu-
ation of matrix S. That is not necessary when computing this derivative using
the first way.

v) Computation of Q,, Qs, and Q. These derivatives are strongly case dependent.
It is not expected that one will have any particular difficulty in their evaluation.

Example 9.1

Consider the double pendulum of Figure 9.1. Each link has a length equal to 2/ and
a lumped mass m = 1 at both ends. The double pendulum is rotating about the verti-
cal axis with a constant angular velocity @. Due to the gravity effects, the pendu-
lum reaches the equilibrium position at angles ¢, and ¢,. Considering the depen-
dent Cartesian coordinates of the ends 1 and 2 {x;, y;, x5, y,}, the mass matrix M
becomes

2000
Mz 0200
0010
0001

The vector of generalized forces Q composed of the gravity forces and the cen-
trifugal forces corresponding to the rotation about the vertical axis is
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f 410 sing, \
-2
Q= | &
‘21(0 (sing +sin(qo1+(p2)){
-8

If the two angles ¢, and ¢, shown in the figure are taken as independent coor-
dinates, the matrix R becomes

2lcos @

o O

2lsing;
21 (cos@r+cos(@1+¢2)) 21 cos
21 (singi+sin (@1 +¢2)) 21 sin

Q1+¢2)
P1+¢2)

_— e~

and the product (Rz) is

—21sin(p1q')12

ZIcos(plgblz
_2lsin(p1¢12—21sin((p1+(pz)(¢12+¢22)
\\21c05(p1¢|2+21cos((p1+¢2)(¢|2+¢22) f

We desire to linearize the equations of motion about the equilibrium position
given by ¢y, @5, ¢1=¢2=0, and ¢, =¢,=0. After a tedious but straightforward ma-
nipulation of expressions, one can verify that the linearized equations of motion
are:

Rz =

AAZ+B Az=0
where
Aca?|? (2+§in(pz) (1+sing,)
(1+sing,) 1
and
B-_2g l{ cos ((p1+(pz) + 3 cos @ cos ((p|+<P2) } +
cos (@1+@2) cos (@1+@2)
2cos (2¢1+¢2 )+ cos (21422 +
+cos (2¢01+2¢, J+3cos 2@ +cos (2¢1+¢>)
+ 41%w*
cos (2¢1+2¢2 )+ cos (2¢1+2¢,) -
+cos (201+¢2) — sin (@1+@2) sin @,

9.1.2 Dependent Coordinates

It is implied in the linearization of a set of nonlinear equations that the differen-
tiation takes place with respect to independent variables. The linearization of the
equations of motion formulated as a function of the dependent coordinates q is
not entirely meaningful when the Lagrange multipliers method is used to formu-
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late the equations of motion (See Section 5.1.1.). If the penalty formulation is
used (See Section 5.1.4.), the elements of the vector q are considered as mathe-
matically independent or unconstrained. Therefore, the partial derivatives of the
equations of motion with respect to q and with respect to its time derivatives q
and q have a full mathematical meaning. In addition, it can be seen that the re-
sulting equations are simpler than those resulting from the use of the indepen-
dent coordinates z as seen in the previous section.

Using the penalty formulation with holonomic constraints (See Section
5.1.4.), the equations of motion (9.1) take the following form:

H(q.q,q,Q)= M(q)q + @4(q) & (D(q,q,q)+
+21Q ®(q,q)+ Q° B(q)- Qq.q,H) =0

where o is the diagonal matrix of penalty factors, and p and Q also are constant
diagonal matrices that control the frequency and the damping of the constraint
violations. In equation (9.32), the dependencies of each term or factor with re-
spect to the configuration variables have been made explicit again.

Assuming that the constraints are scleronomic, the first and second time
derivatives of the constraint equations can be written in the form:

(9.32)

®=Dy(q)q (9.33)

® = By(q) 4 + Pq(q,4) g (9.34)

Then the partial derivatives of the equations of motion (9.32) take the form:

Hq=Myq+®qq0 (P+2pQ ®+Q°®)+

b Ol (Pyqii+ Poqd+ 2RQ @yqi+ Q2 By)- Qg 9.35)
Hy=® 0 (P q+ P +2pQ D) - Qq ©36)

Hii= M+ &0, 9.37)

He=Qr (9.38)

These derivatives are particularly simple to evaluate if natural (or mixed) co-
ordinates are used. If only Cartesian coordinates are used, the constraint equations
are quadratic, and then @ is a constant and very sparse hyper-matrix of dimen-
sion (nxnxn). In addition, the terms @44 and @¢q will be zero. If a few relative
or joint coordinates are used (mixed coordinates), these terms will no longer be
zero, but only a few of their elements need to be computed. Expressions (9.35)-
(9.38) become even simpler when considering a static equilibrium configuration
at which qO = do =0.
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Example 9.2

Repeat Example 9.1 using natural coordinates and the dependent coordinates for-
mulation .
Considering the set Cartesian coordinates of the two lumped masses at the end
of each link {xi, y1, x2, y2}, the mass matrix takes the following form:
2000
M=|/0200
0010
0001

The constraint equations based on the constant distance between the masses is:
1 2 _
f —(xf+yf-(2D°=0) \
®-= 2
\;(xz—xlf +(2-y)' - Q)" =0) f

The Jacobian matrix of the constraints becomes

(I)q - { X1 Y1 0 0 :|
(x1=x2) (1 = y2) (k2 = x1) 2 = y1)
The force vector is directly obtained as a combination of gravity forces in the y
direction and centrifugal forces in the x direction:

QTz[ 2 @*x, -2g @ (x| +x2) -8 ]
where g is the acceleration of gravity, and @ the constant angular velocity. At the
generic position {x1i, y1, x2, y2} where the equations are to be linearized, the fol-
lowing conditions are met: @ =0, ®=0, and®=0. Since the mass matrix is con-
stant, Mq =0, Q¢=0, and Qg = 0. Finally, Qq is
20° 0 @ 0
Q= 0 0 0 O

o 0 o 0
0 0 0 O
Applying equations (9.35), (9.36), and (9.37) the following results are ob-

tained:

Hy=®,0Q @, Q,
Hy=®,02pQ®,

Hi=M+ @, a®,
The final set of linearized equations becomes:
(M + @y 00 D)AG + (@g 00 2 b Q PYAG + (B & Q° By — Qg)Aq =0

where all the matrices have been previously defined.
This approach is much less involved than that resulting from the use of inde-
pendent coordinates.
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9.1.3 Canonical Equations

Another route to the linearization process can be taken through the canonical
formulation of the equations of motion previously seen in Chapter 5. The aim of
this section is to show in a simple manner another possible approach to the lin-
earized dynamic analysis. The use of canonical equations will be limited to the
case of dependent coordinates with the penalty formulation for the introduction of
the constraint conditions.

The canonical approach as seen in Section 5.4 leads to 2n first order differen-
tial equations in terms of the momenta p and coordinates q

T

H1=p—<i>qa<i>+d>qToc(de>+2uQ(i>)_Q=0 (9.39)

Hy= M+ @ a®yg-p=0 (9.40)

where it has been assumed that the constraints are scleronomic. The vector y is
now composed of 2n entries, p and q. The partial derivatives of H; and H, be-
come:

(H)p=0 (9.41)
(H))g= @ @ (Q°@+2pQ @)+
s 0l (@01 2pQ b - b, 0D, ad,-Q, 9.42)
(Hy),=-1 (9.43)
(Hy)g =M+ @pg 0 @y + @, 0 Dy § (9.44)
Hy)p =1 (9.45)

. T . . T
(H)j=-0ya®- D, a® +P®2paQd,-Q;  (946)

(Hy); =0 (9.47)
(Hyg=M + ® 0 @, (9.48)
Hpe=-Qy (9.49)
(H,);=0 (9.50)

Similar to the acceleration-based formulation, some of these partial deriva-
tives cancel out when using the fully Cartesian coordinates, since @4 is a con-
stant tensor. The linearized set of equations in phase space takes the following
form:
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AH, = (H)p Ap + (Hi)q Aq + (H)pAp + (Hi)gAq + (H)QAQ =0 (9.51)

AH:= (H2)p Ap + (H2)q Aq + (H2)p Ap + (H2)q Aq + (H2)QAQ =0 (9.52)
that expressed in matrix form gives the final result

I (Hl)qup\ { 0 (Hl)qupi [H)eAQ)| 0.53
{0 Mg |ag| ™| -1 g lagf ™| 0 70 O

9.2 Numerical Computation of Derivatives

The expressions for the partial derivatives in the linearized dynamic equations
(9.3), both using independent and dependent coordinates, have been found in the
previous section. Some of these derivatives are straightforward, but others are
more complicated. As a whole, the computer implementation of these linearized
dynamic equations may end up being tedious and cumbersome. An alternative
way will be presented in this section to find these derivatives, that can be very
interesting in practice because of its simple theoretical formulation and computer
implementation. This alternative way relies on the numerical computation of the
partial derivatives of the dynamic equilibrium equation (9.1).

The linearization of the differential equations of motion is a task that is nor-
mally performed only once in each program execution. It differs from the direct
and/or inverse dynamics formulations that are applied again and again in each
step of the numerical integration process. The linearization of dynamic equa-
tions, like the solution of the static equilibrium position problem, is a task that
can be carried out in the preprocessing phase, so its numerical efficiency is a
second order of importance factor. In most practical cases, it is more convenient
to be able to implement it in an easier way.

Formulas for numerical computation of derivatives can be found in many text
books on numerical analysis (Burden and Faires (1985), Smith (1986), and
Chapra and Canale (1988)). If choice is restricted to symmetric formulas that are
the most accurate for the same number of function evaluations, one can include
the following expressions to evaluate the first derivative of a function:

— Three-point O(h?) formula,

N G) (9.54)

2
=1 e+ —fix— |-
fa =2 fox + 1) = fix = b)) o
— Five-point 0(h*) formula,

£(x) :ﬁ[ﬂx —2h) — 8 fix — h) + 8 flx + h) — fix + 2h)| — %f@(g) (9.55)

If formula (9.54) is applied to the dynamic equilibrium equation (9.1), it can
be written (assuming independent coordinates z)
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M_ 1
0zi

where hiT = {O, 0,..0,h,O0, ...,O}. Analogous expressions can be used for the
remaining partial derivatives, with respect to z, z, and Q.

Equation (9.54) requires 2f function evaluations to compute the partial deriva-
tive with respect to z, and it is second order accurate. On the other hand, equation
(9.55) requires 4f function evaluations, but it is fourth order accurate. Equation
(9.55) should be preferred in most practical cases.

The choice of an adequate size for the increment % is problem dependent. It
can be different for positions, velocities, accelerations, and forces and even for
each component of these vectors. The use of & = 1072 to 10~ should provide
good results in most practical cases.

H(z + hi,z',i,Q)—H(z—hi,i,i,Q)] (9.56)

9.3 Numerical Evaluation of the Dynamic Response

Once the partial derivatives are obtained, the resulting linear equations of motion
(9.4) or (9.53) can be integrated using the methods explained in Chapter 7 for the
integration of differential equations. In addition, standard techniques widely ap-
plied in linear structural analysis may be used as well. Refer to Craig (1982) and
Meirovitch (1980) for a detailed description of these methods.

Of particular importance is the evaluation of the linearized natural frequencies
and mode shapes around a particular configuration. These are helpful not only for
the dynamic response but also for design purposes and vibration control.

Similar to equation (9.53), the matrix differential equations of motion in ac-
celerations (9.4) may also be written as a set of 2n equations in state space
form:

(9.57)

H; 0 wA'yL Hy HywAy'lJ—HQAQi
0 I ||ay[ | -T 0 [lay] | o |

Whether in phase space form (9.53) or state space form (9.57), the linearized
equations of motion can be written in simplified notation as

Au+Bu=U@ (9.58)

where u and U represent the linearized response and forcing terms, respectively.
Notice that for dependent coordinates with the penalty formulation,

Hy =(H) =M + @, a @, (9.59)

Therefore, A is a non-singular matrix, with B being a non-symmetric matrix.
The eigenvalue problem associated with (9.58) has the following form:

AAvV+Bv=0 (9.60)
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where A is the eigenvalue and v the eigenvector. Equation (9.60) may also be

written as
Av=Dv (9.61)

where D =— A B. Equation (9.61) represents a standard eigenvalue problem,
but with D being non-symmetric. Its solution will lead to 2n eigenvalues and
eigenvectors that are real or complex in conjugate pairs. Jennings (1979) affirms
that the reduction of equation (9.61) to its upper Hessenberg form and subsequent
use of the QR method for the eigen-solution leads to a very efficient algorithm
for matrices whose order does not exceed /00. These algorithms are available
through standard mathematical subroutine packages that run in a diversity of
computers.

The real part of the eigenvalue A represents the decay of the amplitude of the
natural mode. The imaginary part represents the damped frequency. The eigenvec-
tors v can also be used to uncouple the linearized equations of motion (9.58)
since they obey the orthogonality conditions:

ViAvi=a (9.62)

vi Bvi=b (9.63)

Introducing the linear transformation
2n
u=>y vir (9.64)
1

into equation (9.58) and pre-multiplying the same equation by V,~T one obtains
the following set of uncoupled first order equations with complex entries:
viAviri+vi Bviri=v; U®) (9.65)
or
G i+ bi vi=v; u(t) (9.66)

which can be solved using the standard methods explained in Chapter 7.
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10
Special Topics

This chapter deals with several techniques to solve some problems of particular
interest in multibody simulation that have not been considered in other chapters.
These techniques are neither very sophisticated nor trivial. However, they may be
very useful at the time of solving practical or real problems.

The first problem to be considered in this chapter is a way to model Coulomb
friction in a dynamic simulation. This approach to friction forces and energy dis-
sipation is more accurate in many practical cases than the viscous friction model,
but it is also far more difficult to implement. The second topic is to be impact
forces, that is, very large forces that act on a very short period of time. There are
many practical cases where impact forces play a very important role, and a sim-
ple and efficient way to model the process becomes necessary. One of these cases
is the backlash or clearance in joints. This becomes the subject of another sec-
tion of this chapter. Kinematic synthesis, which entails the finding of the best
possible dimensions for a multibody system, and sensitivity analysis, so useful
for determining the tendencies of the optimal objective function with respect to
design variations, are also dealt with in this chapter. Finally, some ways to deal
with singular positions of multibody systems will be described.

10.1 Coulomb Friction

Coulomb, or dry modeling for friction, seems to be more accurate than viscous
friction for joints with small relative velocity. Coulomb friction is also more
difficult to introduce in a general purpose program because it is highly nonlinear
and can involve switching between sliding and stiction conditions. A consistent
consideration of the Coulomb friction model can be found in Bagci (1975) and
more importantly, in Haug et al. (1986). Figure 10.1a represents the friction
force dependency on relative velocity, according to the Coulomb model. In order
to avoid the discontinuity at zero, some authors (Threlfall (1978) and Rooney
and Deravi (1982)) have introduced more continuous dependency laws similar to
the one shown in Figure 10.1b. In this section, we will be consistent with the
Coulomb friction model.

338
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Figure 10.1. Coulomb friction models: a) standard. b) modified.
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Figure 10.2. Block sliding on a plane with Coulomb friction.

10.1.1 Review of the Coulomb Friction Hypothesis

Consider a block on a flat surface as seen in Figure 10.2. The block is a body of
mass m subjected to gravity forces of vertical descending direction. These forces
are in equilibrium with the ground reaction force F. There is some experimental
evidence that if a rather small horizontal force F is applied to the block, no mo-
tion is obtained. This means that a horizontal reaction force F; has appeared. If
the external force F is increased little by little, it can be observed that when it
reaches a particular value the block starts to move, sliding on the ground. This
critical value of F depends on the nature of the ground and block contact surfaces
and on the normal force Fy. It also may be observed that during the relative slid-
ing, the horizontal reaction force F (the friction force) depends on the normal
force Fy, but it does not depend on the velocity and/or acceleration. The mathe-
matical model for this mechanical behavior is call Coulomb friction after the
French scientist of the XVIII Century or dry friction, because it models reason-
ably well the friction forces between non-lubricated contact surfaces.
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The Coulomb friction model assumes that between the block and the ground
there is a normal reaction force Fy and a horizontal friction force F.

With respect to the relative motion between the surfaces in contact, two dif-
ferent cases or situations are possible: sliding and stiction (or lock up)

—  Sliding: F;=usFy (10.1)

—  Stiction: Fr<usFy (10.2)

where (1, and U, are the coefficients of dynamic and static friction, respectively.
Two coefficients have been introduced because there is some experimental evi-
dence that the external force F necessary to start the motion is different (higher)
that the force necessary to maintain the motion with constant relative velocity.
Both u, and y; are constant scalar coefficients that depend on the nature of the
contact surfaces (material, finishing state, etc.) but not on the external forces or
motion variables. Very often both coefficients are considered as equivalent, with
a single value u.

In the sliding condition, the friction force Ffis known and the motion accel-
eration becomes the unknown. In the stiction condition, the friction force Fyis
unknown, but there is no relative acceleration.

It is very important to set the conditions for switching between the two pos-
sible states of sliding and stiction. If the block is initially at rest, the motion
will start when the external force F reaches the critical value, that is, maximum
value for the friction force Fy. In the stiction condition, the friction force is un-
known. It shall be obtained from the horizontal equilibrium equation. The mo-
tion will start when a friction force is obtained such that

—  Stiction to sliding: Fr>us Fy

If there is sliding but the external forces are changing, it is possible that a
state is reached in which the relative sliding velocity changes its sign. In this
case stiction will occur. The mathematical condition becomes:

— Sliding to stiction: Sliding velocity changes sign.

In summary, when there is stiction, the relative velocity is zero and the fric-
tion force shall be computed and checked. When it goes over its maximum
value, it is necessary to switch to the sliding condition. In the sliding condition,
the friction force is known, but the relative motion shall be computed and
checked. When the relative velocity changes its sign, it is necessary to switch to
the stiction condition.

The Coulomb friction model is quite different from viscous friction model, in
which friction forces depend (often linearly) on velocities. Viscous dampers and
the motion of a body inside a fluid environment are examples of viscous friction.
Its mathematical model is simpler than the Coulomb one, mainly because there
is neither force dependency on reaction forces nor switching conditions between
different states governed by different sets of differential equations.
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Figure 10.3. Friction forces in a planar revolute joint.

In the following sections, the Coulomb friction model will be extended for
applications in complex multibody systems.

10.1.2 Coulomb Friction in Multibody Systems: Sliding
Condition

In a complex multibody system, Coulomb friction may likely appear in joints
where there are contacting surfaces belonging to different bodies that have rela-
tive sliding motion. The simpler and more likely to occur sliding condition will
be considered first.

If there is sliding, the friction force in a joint is a known linear function of
the normal reaction force in this joint. The normal reaction force can be com-
puted from the Lagrange multipliers associated with the joint constraint equa-
tions (See Chapter 6). The corresponding equations of motion take the form (See
equation (5.10)):

Moo, i)
o, 0 |A

where the term ((I)(Tl A) represents the joint constraint forces. For any kind of
joint, the normal forces F, can be expressed as a function of the constraint
forces in the form:

Fy=E(q) @, A (10.4)
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where E(q) is a term that depends on the joint geometry and sometimes on the
position as well. The generalized friction forces Qy are proportional to Fy and
can be written as

Q=1 - u(q) E(g) @, A (10.5)

where fis the friction coefficient and u(q) another function characteristic of each
joint type and geometry.

Example 10.1

Consider the planar revolute joint with Coulomb friction, shown in Figure 10.3.
The backlash is assumed to be small, although large enough to assure a single
point of contact between the inner (1) and outer (2) circles. Force F ,lv is considered
to be the normal contact force that body 2 exerts on body 1. This normal con-
straint force can be computed by solving the inverse dynamics problem, as ex-
plained in Chapter 6. Also assume that that the joint relative angle y has been in-
troduced as a dependent coordinate. This will lead to an easier definition of the fric-
tion torques on the two contacting bodies.

In order to use vector expressions, the relative velocity of body 2 respect to
body 1 is defined as

o =-yk )

where k = i A j is the unit vector normal to the plane of the mechanism. The mi-
nus sign (—) is necessary for full consistency of expression (i). The tangent fric-
tion force F} is computed as

1 . -
Fp=usign(y) Fy A k (ii)

The friction force F; shall be applied to body 1 at the joint center which is a
basic point. It is then necessary to apply the opposite force on body 2. However,

it is also necessary to apply the friction torques on both bodies. These torques can
be computed by means of the following equation:

1
1 F . - 1 1
M/-szk=Ff/\—1NR=u51gn(l//)R(FNAk)/\FN (i)
Fy|
The scalar value of this torque M; is the force variable conjugated with the rela-
tive angle . Therefore, it can be applied on both bodies at the same time (See
Section 4.3.1).

The equations of motion with Coulomb friction become

M @ [g|_[Q+Qh)
D

It may be seen that the vector of Lagrange multipliers A appears on both sides
of the equation. Therefore it must be solved iteratively. A possible algorithm,
based on fixed point iteration, is the following one:

q
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(I)N
~

Figure 10.4. Change of sign of sliding velocity.

Algorithm 10-1

1. Estimate A°. Compute QAA). Seti = 0
2. Calculate A" from (10.6) adjusted for fixed point iteration

Moo) [ _[erom)
o 0 \kiﬂl c

q
3. If abs(A*'-A)) < tolerance, stop. Otherwise, go to step 4.

4. Set A*'=A, i=i+1, and go to step 2.

Remember that the friction force Fj, which may be obtained from an equation
analogous to (10.5), needs be checked in relation with Fy in order to see if the
assumed sliding condition remains valid.

10.1.3 Coulomb Friction in Multibody Systems: Stiction
Condition.

The sliding relative velocity must be monitored during the sliding condition. At
time t,, if a change in the relative velocity sign is detected (See Figure 10.4), the
joint becomes locked, and it is then necessary to switch to the stiction condition.

The joint lock-up can be represented mathematically by a new constraint equa-
tion. In a revolute joint, for instance, the relative angle must be kept constant.
The stiction constraint equation can be written in the general form:

® =0 (10.7)

This new equation is appended to the remaining constraints, leading to a sys-
tem of dynamic equations similar to (10.6)
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01
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Figure 10.5. Planar mechanism with Coulomb friction in the joints.
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Figure 10.6. Time variation of the joint coordinates.

(10.8)

At this point, the stiction force Fis to be computed and monitored. It can be
computed from the force associated with the stiction constraint (10.7) in the

form:
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F,=D(q) @ A' (10.9)

where D(q) is again a term that depends on the joint type, geometry, and posi-
tion. This friction or stiction force shall be checked so as to be sure that it is be-
low its maximum value. This value is the normal force multiplied by the coeffi-
cient of friction. When it is found that

F,>uFy (10.10)

it is necessary to switch to the sliding condition, releasing the previously added
constraint equation (10.7).

The mathematical model for the Coulomb friction is not easy to implement
in general purpose codes, even for the simplest cases. It is not currently imple-
mented with generality in any commercial simulation package to the authors'
knowledge. The difficulties stem from the switching between sliding and stiction
states involving a change in the number of the system degrees of freedom and the
need to iterate, in the sliding state, for each acceleration evaluation with equation
(10.6).

Example 10.2

Figure 10.5 shows a planar multibody system consisting on a double pendulum
joined to the fixed element through a prismatic joint that allows a horizontal
translation. The physical characteristics of the problem are:

L]Z =[23=1m.

m; =my =10 kg.

I=1;=0

Uup =025 u;=0,14 U, =0,11
where lp is the friction coefficient at the prismatic joint, and y;, and u, are the
friction coefficient at the revolute joints 1 and 2. The pendulum starts moving
from the horizontal position and falls under gravity effects. Figure 10.6 shows the
time history of the three relative coordinates. It may be seen how these curves re-
main flat during some time intervals. This means that during those time intervals
the corresponding joint is locked due to friction.

10.2 Impacts and Collisions

Impacts are due to large impulsive forces, acting over infinitesimal periods of
time. The mathematical representation of impacts can be done with the unit im-
pulse or Dirac delta function &(t—a). This function can be seen as the limit of a
rectangle function of unit area centered at time a, when the width € tends to zero
as can be seen in Figure 10.7.
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Figure 10.7. Rectangular function of unit area.

As € goes to zero, the function value becomes infinite, but the area under the
function remains equal to the unit value. The product of the Dirac delta function
by an arbitrary function f{) satisfies the following property:

'Nf(t) &(t—a) dr = fla) (10.11)

that is used sometimes as an alternative definition for function &(t—a).
A general discussion on impact forces in multibody systems was presented by
Haug et al. (1986).

10.2.1 Known Impact Forces

It is customary in mechanics to compute the effect of impacts on bodies assum-
ing that during the impact all the remaining finite forces can be neglected. It is
also assumed that the system position does not change, because the impact time
is very small. As with the Dirac function, the equations of motion under impul-
sive forces can be considered in an integral form. For instance, the equations of
motion (10.3) with known impulse forces Q' acting at time #; become

ST

Integrating from time ¢; to #;":

]il (M + D) dr = ] Q+Q)d (10.13)
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. 1 . t?'
l (I>qij dat = l cdt (10.14)
Ji Ji
Using incremental notation, one obtains:
M Aq+®@g A, =P (10.15)
D, Aq=0 (10.16)

where A, are the Lagrange multipliers that are related to the internal impact
forces (impact reactions), and P! is the integral effect of the impact forces.
Equation (10.15) represents the conservation of momentum, and equation (10.16)
states that the velocity increment shall fulfill the homogeneous velocity con-
straint equations. In equation (10.15), Pi is

Y
P = l Qa (10.17)
Ji

Writing equations (10.15) and (10.16) jointly in matrix form, one can obtain

T . i
M o
. ’Aq\={P } (10.18)
®, 0 l Ay ‘ 0
It may be seen from equation (10.18), that the mechanical effect of a known
impulse is an instantaneous increment in the system velocities q. If the impact

forces P are known, the dynamic simulation can proceed according to the fol-
lowing algorithm:

Algorithm 10-2

1. Integrate the equations of motion from ¢ = 0 to 7= #; using the equations

M @, [§|_[Q)
q)q . X’_\C’ (10.19)

2. Att=t;,during the actuation of the impact force, use the equation

M @, (ag|_[p']

= (10.20)
@

o \%| Lol

to compute jump discontinuity in velocities and find the velocities after the
impact as

q

a) =) + Aq (10.21)
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Figure 10.8. Impact between two bodies.

3. Use the new velocities q resulting from (10.21) to restart the numerical inte-
gration.

10.2.2 Impacts Between Bodies

When two bodies impact against each other, an unknown impulsive force acts
between them. In this case, equation (10.20) cannot be used because the impact
Pi is not known. According to the physical characteristics of the bodies, one
normally knows if the impact is perfectly elastic (because there is a perfect re-
bound), perfectly plastic (where there is no rebound at all), or something in be-
tween. One can use this information to compute the velocities after the impact.

In Figure 10.8, two bodies can be seen impacting and rebounding. Vector n is
a unit vector normal to the body surfaces in the contact point; s is the distance
between the contact points, and f(¢) is the impact force.

The virtual work produced by f(¢) is

T
SW=fSs=f (as) 5q (10.22)
dq

and the generalized impulse Pis given by the integral of the generalized force
between #; and #; leading to

p=9, (10.23)
Jq
where
p=| fod (10.24)

Jt;

Since the magnitude p of the impact is unknown, the additional equation that
arises from the impact characteristics of the bodies is needed. From experimental
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Figure 10.9. Points in contact during the impact.

testing, it is known that the normal relative velocities of the contact points be-
fore and after the impact are related by

st =—es(t;) (10.25)

where e is called the coefficient of restitution or Newton's coefficient. If the im-
pact is perfectly elastic (e=1), the normal relative velocity changes its sign but
keeps the magnitude. On the other hand, if the impact is perfectly plastic (e=0),
there is no rebound or normal relative velocity after the impact. Notice that this
formulation assumes that there is no friction or tangent impact forces. Impact
with friction is a very specialized and difficult subject and will not be considered
here.
Next the equations for the impact will be developed. Using the chain rule of
differentiation for the normal relative velocity,
T
= (aS) a (10.26)
dq

Substituting this in equation (10.25) yields
T T
(as) 1) =—e (as) a) (10.27)
dq aq
Subtracting g—s q(#;) from both sides of equation (10.27), one obtains
q

T
(g;) Aq=-(1+¢)

This last equation can be written together with the impulse equations (10.18),
yielding

%) o 10.28
% q;) (10.28)
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Figure 10.10. Element defined with two points and two unit vectors.

M o & 0
" IAq\
® 0 0 [al= 0 (10.29)
as)T 0 0 \ as)T. _
o —a+o %) 4
_(Bq | (I+e) 3 q;)

The derivative ds/dq needs to be computed next. The two points that will be
in contact during the impact are called A and B, as can be seen in Figure 10.9.

According to the expressions developed in Chapter 4, the position vectors r
and rp can be written as linear combinations of the elements of the dependent
coordinates vector q (See equations (4.50) or (4.90)) in the form

rA=CAq (1030)

rs=Cgq (10.31)

For an element defined with two points and two vectors as the one in figure
10.10, C, and Cy are constant matrices.
Thus, the distance s can be expressed as

S2 =(rA— l'B)T (rA—rB) (1032)
Differentiating with respect to q yields
T
0s _ dra=ry) FA=TB _(Ch-Cgp)n=Crpn (10.33)
dq daq s

Substituting this result in equation (10.29), one obtains
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@

Figure 10.11. Planar revolute joint with backlash.

T .
M @, Cun' (Aq 0 \
®, 0 0 A, )= 0 (10.34)
Cisn 0 0 \—pf \—(1+e)CQBni1(tZ)f

This system of linear equations allows the computation of all the unknown
parameters. The new velocities after the impact are

a6 =q;) + Aq (10.35)

and one also obtains the magnitude of the impact p and the internal reaction or
constraint impacts ((I)}; Ap).

Remark. Equation (10.34) can be modified so as to eliminate the internal impact
forces by expressing it in terms of the increment of the independent velocities
with the use of the matrix R introduced in Section 3.5. After some algebraic
manipulations, one can obtain

R'MR R'n"Cu[az)_| 0 | 1036
CiznR o o] \—a+ocChnaw]

This concludes the formulation of impacts between bodies.

10.3 Backlash

The problem of backlash or existing clearances in joints is an important prac-
tical problem in many applications that may produce noise, vibrations, severe
damage and other difficulties in normal operation of real multibody systems.
Some results on this subject for complex mechanical systems can be found in
Dubowsky et al. (1987).



352 10. Special Topics

B~

Figure 10.12. Contact condition in a revolute joint with backlash.

Figure 10.13. Non-contact condition in a revolute joint with backlash.

Backlash is a difficult problem to model because it depends on poorly known
data, as for instance the clearance magnitude itself. Backlash is also a problem
that strongly depends on the particular geometry of the joint. In a 3-D revolute
joint with backlash, there are many possible ways to set the physical contact be-
tween the inner and outer cylinders, and a general formulation for backlash
largely exceeds the aims and scope of this section. This text will be limited to
introducing some backlash concepts using the planar revolute and prismatic
joints.

10.3.1 Planar Revolute Joint

Figure 10.11 shows a planar revolute joint where the backlash has been made
very large in order to make it clearly visible. This joint is materialized by two
circles, the inner of radius R; and belonging to body 1, and the outer of radius R,
and belonging to body 2. One can assume that points 1 and 2 are the centers of
the two circles. In this case, the revolute joint shall be considered with two
points and not with a single shared point, as in Chapter 2.

It is easy to see that there are two possible scenarios:
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a) The two circles are in contact. The mathematical condition for this case is
that the distance between the circle centers should be equal to the difference of
radius (clearance):

(1 —x) + 0 =y) —(Ry =R’ =0 (10.37)

As long as the circles are in contact, the centers move as if they were con-
nected by a rigid bar 1-2, of length d122 =R, - Rl)2 . Thus the joint can be
replaced by an equivalent mechanism with an additional bar as indicated in
Figure 10.12.

b) The two circles are not in contact. In this case, elements 1 and 2 move inde-
pendently, and there is not any mathematical constraint equation between
them as may be seen in Figure 10.13. The following inequality must be ful-
filled:

(1 —x2)" + (1 =y’ =Ry =R’ <0 (10.38)

It remains to explain when the joint switches from condition (a) to condition
(b), and vice versa.

Assume that the system is under condition (a). In this case, the constraint
equation (10.37) must be added to the system constraint equations ®(q)=0 as an
additional dynamic constraint ¢, ;(q)=0. If equation (10.37) is added to the dy-
namics through a Lagrange multiplier A,,,;, this multiplier represents the axial
force exerted by the fictitious bar that joins the centers of the circles. This force
also represents the contact force between both circles. The value of A,,,; may
only represent a tensional force, or, in other words, the fictitious bar can avoid a
separation between points 1 and 2, but it is not able to actuate if the points tend
to join each other. Therefore, the value of 4,,,; shall be checked in each integra-
tion step to make sure that it is positive. If so, the joint is under condition (a),
and this value remains positive. If A,,,; changes its sign, the constraint equation
(10.37) must be removed and one should switch to case (b).

Consider now that the system is under condition (b).

In this case, bodies 1 and 2 move independently; consequently, the equations
of motion are integrated without any constraint equation for the joint where the
backlash is located. It is only necessary to check the inequality (10.38).

If condition (10.38) is not fulfilled, a contact between the two circles occurs.
This represents a real impact between bodies 1 and 2. We can assume that be-
cause lubricant in the joint and small relative velocities, the impact is perfectly
plastic with no rebound. In order to solve for the new dependent velocities after
the impact q(t") = q(t") + Aq, one can use equation (10.34) by taking into ac-
count that points A and B are points 1 and 2, and thus matrices C, and Cy can
be taken as unit matrices. Equation (10.34) also provides the impact force and
the remaining internal impact reaction forces. At time (%), the numerical inte-
gration is restarted including equation (10.37), because one is now in case (a). If
in addition to backlash there is also Coulomb friction in the joint, the formula-
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Figure 10.14. Planar prismatic joint with backlash.
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Figure 10.15. Four contact possibilities for a prismatic joint with backlash.
tion becomes more involved and will not be discussed here. It is necessary again
to watch the normal force between the circles in order to check the contact condi-
tion, but now there is also a tangent friction force that can be introduced as an

external force. As this external force changes the value of the normal force, it is
necessary to iterate inside each integration step, as explained in Section 10.1.

10.3.2 Planar Prismatic Joint

The formulation of backlash for this kind of joint is more complicated than that
for the revolute one. Figure 10.14 illustrates a possible geometry for a prismatic
joint with backlash.

The possible scenarios for the backlash in a prismatic joint are illustrated in
Figure 10.15, and consist of:

a) No contact (Figure 10.15a).
b) Contact on a single point (Figure 10.15b).
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¢) Contact on two points on the same side (Figure 10.15¢).
d Contact on two opposed points (Figure 10.15d).

Consider four points (A, B, C, and D) defined on element 2 and two lines (L
and L’) defined on element 1. The equations corresponding to segments L and L’
can be expressed as a function of the dependent coordinates of body 1 (q") and the
coordinates of points A, B, C, and D, which may be expressed as functions of
the dependent coordinates of body 2 (q?)

Segment L: y—m(@)x - Y(@) =0 (10.39)
Segment L’: y—m'(q)x - Y'(q") =0 (10.40)
Point A: x5 = alqd) (10.41)
Ya=a(q) (10.42)
Point B: xp=bqd) (10.43)
y5=by(@") (10.44)
Point C: xe = clqd) (10.45)
ye =o(q) (10.46)
Point D: xp = d(q>) (10.47)
o = d(q’) (10.48)

where m, m', Y, Y', a., ay, bx, by, cx, ¢y, dx, dy are known functions of the de-
pendent coordinates vector of the corresponding element.

Using these expressions, it is possible to set the constraint equations corre-
sponding to the four cases in Figure 10.15. This is done in the following way:

a) No constraint equations are necessary.
b) Point A shall be on line L. Substituting equation (10.41) on equation
(10.39):

a(q’) -m(q") - a(q’) - Y(q") =0 (10.49)

¢) Points A and B shall be on line L. The corresponding equations are:

a(q’) —m(q") - a(q’) - Y(¢g") =0 (10.50)

b(q>) - m(q") - b(q") - Y(@) =0 (10.51)
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d) Points A and D shall be on lines L and L’, respectively. The constraint equa-
tions are

a(q) - m@") - a(q’) - Y(q) =0 (10.52)

d(q>) -m'(q") - d(q>) - Y'(q") =0 (10.53)

Once again, the conditions for switching from one case to a different one de-
pend on the dynamics. In particular they depend on the constraint forces that cor-
respond to the constraint equations (10.49)-(10.53). If the constraint equations
are introduced into the dynamics through the Lagrange multipliers or augmented
Lagrangian formulations (See Chapter 5), the multipliers directly represent the
contact forces (it will be assumed again that there is no friction in this case).
Contrary to the fictitious bars in revolute joints, in direct contact only compres-
sive contact forces are allowed. If the sign of a contact force changes, the corre-
sponding constraint must be removed.

When the joint is in either case (a) or (b), there is also the possibility of go-
ing into an impact condition. This condition can be detected by checking the po-
sition of point D with respect to segment L'. If an impact is detected, equation
(10.34) will have to be applied to obtain a new velocity distribution. The numer-
ical integration will have to be restarted again with the new constrain equation
included.

Backlash may have additional difficulties because of the extremely small space
and time scales in which losses of contact, impacts, and so forth take place. It is
necessary, therefore, to use very small time steps and some interpolation tech-
niques to capture very precisely the time of occurrence of those events. When
there are many joints with backlash within the same system, the computations
become exceedingly expensive.

10.4 Kinematic Synthesis

The method presented in this section is a contribution coming from Alvarez and
Jiménez (1992).

In the previous chapters and sections, the most important formulations for the
kinematic and dynamic analysis of multibody systems have been presented. In
all these problems, it has been assumed that the system was perfectly known
either because it is an existing system or it has been previously designed. When
wishing to design a new system which must comply with certain specifications
and only analysis tools available, one must proceed in a iterative trial-and-error
manner by means of re-analysis. A preliminary design is carried out and the
system is analyzed. Once the results of the analysis have been obtained and are
not entirely satisfactory, the design is then modified. Another analysis is per-
formed, and the same mode is proceeded with until the desired effect is attained.
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Figure 10.16. Function generation kinematic synthesis.

Figure 10.17. Path generation kinematic Figure 10.18. Rigid body guidance
synthesis. kinematic synthesis.

This trial-and-error process may be slow and quite dependent upon the
experience of the designer.

Synthesis or design methods help overcome this difficulty, or at least lessen
it. These methods lead directly without the intervention of an analyst, to a design
which complies with the given specifications or which is the best one available
from a certain point of view. The design of a multibody system can also be car-
ried out from a more general perspective by taking dynamic factors into account.
Two different problems will be studied: pure kinematic design, also called kine-
matic synthesis, and the more general sensitivity analysis for optimal dynamic
problems.

Kinematic synthesis of mechanisms is mainly a geometric problem about
which much has been written in the last half of the past century and in the first
half of the present one (Angeles (1982), Erdman and Sandor (1978), and Suh and
Radcliffe (1978)). During this time, many methods were developed. The majority
of these methods were focused on the planar four-bar mechanism, with most of
them graphic and containing a notable amount of ingenuity and originality.
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Figure 10.20. Design points for a path generation synthesis.

The traditional problems of dimensional synthesis are grouped together in
three families: function generation synthesis, path generation synthesis, and
rigid body guidance synthesis. An example of the function generation problem
is shown in Figure 10.16. The purpose of this type of synthesis is to achieve an
output angle y that is as close as possible to the desired nominal angle ¢.

Figure 10.17 graphically illustrates a path generation problem. This basically
consists of designing a four-bar mechanism so that a specific point of the cou-
pler draws a trajectory that passes through a series of predefined points, or, at
least, comes as close to them as possible.

The rigid body guidance problem can finally be seen in Figure 10.18. In this
case, the design requirement is to obtain a four-bar mechanism in which a certain
specific reference frame linked to the coupler passes through (or comes as close
as possible to) a series of pre-established positions.

Graphic methods of kinematic synthesis are limited to simple mechanisms.
They tend to be too specific and at times difficult to use. In recent years, more
general programs for optimal synthesis have been developed. They are applicable
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to many different types of planar and three-dimensional multibody systems and
include many different design conditions or specifications. Normally, these
methods are based on numerical methods for optimization that seek the optimal
solution with a minimum degree of error.

In this section, a simple and general numerical method will be described that
is an improved version of the method presented by Avilés et al. (1985) for the
optimal kinematic synthesis of linkages. Although this method will be described
with a path generation problem for a four-bar example, it may be easily general-
ized for nearly any planar or three-dimensional linkage.

In order to carry out the optimum design of a multibody system for a defined
set of design specifications, three steps shall be considered:

a) Choose the multibody system topology
b) Select the design variables
¢) Define and minimize the objective function

Two kinds of constraint equations will be described: geometric constraints
and functional constraints. The geometric constraints come from the multibody
system topology (step (a)), and are the constraints that have been considered in
Chapters 2 and 3 of this book. The functional constraints come from the specific
design requirements that the multibody systems must fulfill.

Example 10.3

As a particular example, one can consider the path generated by point 3 belonging
to the coupler of the four-bar mechanism in Figure 10.19.

Consider that points A and B cannot be moved; thus the design variables are
the elements of the following vector:

T _
b = {dIA7 dlZ? dZB7 X3, yS} (1)
The vector of dependent coordinates is
qu {xX1 Y1 X2 Y2, X3, Y3} (ii)

In this example, the geometric constraints are the constraints that correspond
to the particular system being considered. In this case, the system is a four-bar
mechanism with three points in the coupler, whose geometric constraints are:

0= —x) + (0 -y —din=0 (iii)
¢zE(X1—xz)z“'()’l—yz)z—dlzz:o @iv)
¢3E(x2—x3)2+(y2—y3)2—d223=0 v)
= . _ Gp=x) — oY) - -0 .
Oy=x3—-x; + a, X3 d, Y3 (vi)
g5 =ys -y, + 02V g W) 5 g (vii)

12 12
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In addition to the geometric constraints, the designer also specifies the func-
tional constraints. For the particular example being considered, we will impose
the conditions of the trajectory of point 3 passing as close as possible to a finite
set of design points (P;, P, P3, ..., Py), as shown in Figure 10.20.

It is clear that each design point corresponds to a different value of the depen-
dent coordinates vector q. These values will be called (q!, q2, ..., q). The func-
tional constraints are now imposed for each design point. For a generic point i:

i —
X3 = Xp, = 0 (viii)

Yi-yp=0 (ix)
wherei=1,2, .., N.

In the general case, if q and b are the vectors of dependent coordinates and de-
sign variables, the geometric constraints equations can be expressed in vector
form as

®(q,b)=0 (10.54)

Using natural coordinates, the constraints equations are very simple, and the
design variables b appear explicitly in ®@. The constraint equations (10.54) differ
from the ones considered in previous chapters because the parameters in b are not
constant as before. They are true variables, because one is in the process of find-
ing their optimum values.

The whole set of constraints for the design point i (geometric and functional)
can be written as

®'(q\b)=0 i=1,2, ., N (10.55)

The objective function can now be introduced. Point 3 of the four-bar exam-
ple should go exactly through the design points P,. If it is not possible, a four-
bar mechanism should be obtained whose dimensions guarantee that the error in
getting these design points is minimum in some sense. Since exact solutions for
the design problem may not exist, one must look for the optimal solution in the
least square sense. One can define an objective function of the form:

¥(q', q% ..., q".b) =% i " (q',b) ®'(q,b) (10.56)
i=1
or in a more compact form,
¥(q,b) = é ®(q,b) B(q,b) (10.57)
where q is the vector q"={q'T,q",...,q""} and ® is a vector that contains all

the geometry and functional constraints. The optimum design problem consists
in minimizing the objective function ¥ with respect to vectors ¢ and b, that is,
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min® @b)=1 ®(q.h)' ®@.b) (10.58)
q,

Differentiating with respect to q and b and equating to zero, the following
system of nonlinear equations is obtained:

J@,b) ®(q,b)=0 (10.59)
where
0d(q, b)
_ _ aq
,b)y=| 10.60
J(@.b) 3%(q. b) ( )
db

The system of nonlinear equations (10.59) may now be solved by a quasi-
Newton method. Expanding ®(q,b) in Taylor’s series;,

®D(q + Aq, b+ Ab)=d(q, b)+JT’Aq‘+--- (10.61)
\ab |
and substituting in equation (10.59), on can obtain
J@.b)®@.b) + J@.b) J'@. b) {ig } -0 (10.62)

from which the following iterative expression can be obtained:

[al 19} Tyqm r@ b Ja by @@y, (10.63)
\b e b
This method is sufficiently simple and general to be applied to nearly any
system topology such as planar and three-dimensional, open- and closed-chains,
with any number and kind of joints and bodies. This method can accommodate
any kind of functional constraints, even a mixed set.

Example 10.4

The complete set of constraint equations will now be found for the four-bar mecha-
nism of Example 10.1 considering five design points. Particularizing equations
(iii)-(vii) and (viii)-(ix) for the generic design point P;:

(=20 + (=) —diy =0 )
(-2 + Ol - y) ~dp=0 (ii)
(rh=xp) + (= yp) —dy=0 (iii)
— (1 +X3/dp) X1 + (73/dp) yi + (F3/dp) x3 — (V5/dy) yi + x5 =0 (iv)

= Gsld) xi = (1 +X35/d) yi + (3/dy) X5 + Xldy) y3 +y5= 0 W)
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i _ .
X3 = Xp = (vi)

y3=yp,=0 (vii)
fori=1, 2, ..., 5. There are 35 constraint equations. The number of unknowns is also
35: five values of the six-element dependent coordinates vector q' plus the five
elements of the design variables vector b. With five design points, it is possible
to get a mechanism that exactly satisfies the functional constraints. If there are
more than five design points, only an optimal solution in the least square sense
can be obtained.

10.5 Sensitivity Analysis and Optimization

The subject of the previous sections in this book has been the study of methods
for analysis that constitute the basis simulation programs. These simulate the
behavior of a multibody system once all of its geometric and dynamic character-
istic have been defined. The analysis programs are certainly very useful. At the
present time they are the only general purpose tools available for the largest
number of applications. Currently, design programs are becoming more impor-
tant. These programs will not only perform system analyses but also modify au-
tomatically its parameters so as to obtain an optimal behavior. An intermediate
step between the analysis and optimal design programs are the sensitivity analy-
ses which determine the variation of the response of the system in relation to
each of the design variables.

The optimal design of a multibody system is started by defining an objective
function which will optimize the system performance. The solution to the prob-
lem will be the configuration that minimizes the objective function in relation
to the design variables. The problem may or may not have design constraint
equations, that is, equalities or inequalities that should comply with certain spe-
cific functions of the design variables. The constraint equations mathematically
introduce certain physical design limitations into the problem. For example,
there cannot be any elements with negative mass or length, geometric limita-
tions in the workspace, and so forth. The objective functions are defined depend-
ing on the application. Since the dynamics is a process that takes place over a
period of time, the objective function is often defined as the integral of a specific
function over a period of time or as a series of conditions that the multibody sys-
tem must satisfy within certain intervals of time or at specific moments. The
objective function depends on the design variables not only directly but also
through the results of the dynamic analysis such as: positions, velocities, accel-
erations, stresses, and reactions.

Several optimization methods that minimize the objective function have been
proposed (Gottfried and Weisman (1973), Haug and Arora (1979), Reklaitis et al.
(1983)) . Almost all of the methods are based on the knowledge of the deriva-
tives of the objective function with respect to the design variables. The determi-
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nation of these derivatives is known as sensitivity analysis and is the first phase
in the optimization process which may also be considered separately. Sensitivity
analysis, which determines the tendencies of the objective function with respect
to design variations, is also very useful in a non-automatic interactive design
process. The derivatives of the objective function with respect to the design vari-
ables are calculated by means of the derivatives of the dynamic response with re-
spect to positions, velocities, accelerations, stresses, and reactions.

The optimal design of multibody systems is undoubtedly an important prob-
lem, although it has not yet attained the level required for a general commercial
implementation. Still, the calculation times are excessively high for even cases
of average complexity, and there are important formulation and implementation
problems that remain to be solved. For the time being, an interactive design
based on analysis methods and sensitivity studies seems to be the most suitable
alternative for general use. In this sensitivity analysis, the general ideas of
Chang and Nikravesh (1985) will be followed.

First the sensitivities of the kinematic equations will be considered with re-
spect to variations of the design variables 8b. As introduced in Chapter 2, the
constraint equations are expressed as

®=P(q,1)=0 (10.64)

By simple differentiation, the velocity and acceleration constraint conditions
can be found to be:

O=P,q+ D=0 (10.65)
®=0,q-7=0 (10.66)
Y =—(P@)g— 2Py q- D, (10.67)

The vector of dependent coordinates q will now be considered as a function of
time ¢ and also of the design variables b. If a variation db of the design variables
is allowed, the following series expansion can be written:

q(t,b + 3b)=q(t,b) + qp, 5b + ... (10.68)

and as a consequence the first variation of the positions, velocities, and accelera-
tions become:

dq = qn 6b (10.69)
8q=qp &b (10.70)
8q =qp ob (10.71)

Taking into account equation (10.69), the first variation of the constraint
equations become
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D, qp Ob + Dy b = (Pgqp + Py)db =0 (10.72)
Since the variation 8b is arbitrary, it can be concluded that
Dyqp + Pp=0 (10.73)

Expression (10.73) is the equation that models the variation of the position
vector q with respect to the design variables b. The term qj, represents a matrix
of partial derivatives. Similarly, the first variation of the velocity and accelera-
tion constraint equations becomes:

DOyqp +Pyqqr q+ Pgnq + Pigqp + Pp=0 (10.74)

q’qdb+q’qqud+q’qbd+d’qquq+

. i . . (10.75)
+DPyprq+ Pqqp + Pigqp + P=0

Equations (10.73) to (10.75) allow one to compute the sensitivities of the
kinematic constraint equations. Turn now to the variation of the equations of
motion. To this end one can consider the Lagrange multiplier version of the
equations of motion (equation (5.10)):

Mq+®;A=Q (10.76)
Taking into account that the first variation of the Lagrange multipliers is
A = Ay Sb (10.77)
it becomes easy to see that the variation of (10.76) with respect to b is
M G, +®g Ay =
=Qp+Qqqp+ Q4 ap— My, d_q)qubx_(Dzb}"

Equations (10.75) and (10.78) can be expressed jointly in the following form:

M @ (g, |_[Q)
°, o {qxb}_‘c” (10.79)

(10.78)

where

. . . T T
Q=0+ Qqap+ Q3 qp—-M, q- Py qpy A - Py, A (10.80)

éb=_q)qqqbill_(l)qbill_(l)qquq_

. : (10.81)
- P q-D q,-DP,gqp— Dy,

Equation (10.79) closely resembles the general form of the equations of mo-
tion (5.10):
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Moo fq|_[ @
@, 0 \;]»l {—d’t—éqq} (10.82)

The set of linear equations (10.79) and (10.82) have a common matrix of co-
efficients, and therefore only one Gauss decomposition is necessary. Equation
(10.82) must be solved first to obtain q and A that appear in the RHS of (10.79).
This last equation has as many unknowns as design variables. The position and
velocity sensitivities may be obtained from those of the accelerations through
numerical integration. The possible instabilities arising from the integration
process may be eliminated by solving the system of mixed differential and alge-
braic equations (See Chapter 7) or by using the Baumgarte stabilization (See
Chapter 5).

A third way to avoid the instabilities is through the use of independent vari-
ables, as explained in Section 5.2. It is possible to define a matrix of indepen-
dent sensitivities that according to equations (5.64) and (5.61) must satisfy the
following relation:

zb=B qp (10.83)
where
-1
(.Ibzr)q} ’Yb‘s[s R| ”b\:Syb+Rz'b (10.84)
B \Zb ‘ \Zb ‘
Yo =-Pqqdrq-Pgr4-Prgqp - Py (10.85)

Taking into account equation (10.81), the sensitivities for accelerations be-
come:

W?h\E[S R| {?b}:sab+Rib (10.87)

Introducing (10.87) into (10.79), pre-multiplying the result by RT, and taking
into account that the columns of R are orthogonal to the rows of (IJq, one can
get

. D, i
(lb—[ B

R'MR7,=R'Q,-MS &, (10.88)

All the improved dynamic techniques described in Chapter 8 can be applied to
the sensitivity equations (10.79) and (10.88). The most efficient formulations for
the dynamic analysis may also be the basis of a very efficient computation of the
sensitivities of the position, velocity, and acceleration vectors.
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10.6 Singular Positions

The methods and results presented in this section are contributions from Bayo
and Avello (1993).

A singular position is encountered when the multibody reaches a kinematic
configuration in which there is a sudden change in the number of degrees of free-
dom. For instance, a slider-crank mechanism, as the one shown in Figure 10.21,
reaches a singular position when the two links are in vertical position. In that
configuration, both links are coincident, and the mechanism has not one but two
degrees of freedom. These two degrees of freedom correspond to the two possible
motions (bifurcations) that the mechanism can undergo (illustrated in Figure
10.22). Figure 10.22a shows the first possible motion that corresponds to a
slider-crank mechanism. Figure 10.22b shows the second motion corresponding
to a rotating bar (in fact two coincident rotating bars). Here, a singular position
implies a bifurcation point, in which the mechanism can theoretically undergo
different paths.

The existence of a singular position with both the classical Lagrange multi-
pliers approach and the use of independent coordinates is invariably detected when
the Jacobian matrix of the constraints becomes rank-deficient. These formula-
tions are based on the decomposition of the Jacobian matrix. Since its rank sud-
denly falls at a singular position, the decomposition fails and therefore no solu-
tion can be found. The simulation then may crash not because of the physics of
the problem but because of the inability of the dynamic formulation to overcome
the sudden change in the rank of the Jacobian matrix.

Equation (5.10) is the key equation for the solution of the dynamics using the
Lagrange multipliers method. This equation is again written as

M @, [d)
o, 0 | |Af

Assuming that all the constraints are independent, that is if (m=n—f), the rank
of the leading matrix in this equations is (n+m). Since the Jacobian matrix be-
comes rank-deficient in singular positions, this matrix becomes singular. The
accelerations cannot be computed, and the dynamic simulation may either crash
or introduce large errors at this point. Equation (5.67) is the alternate key equa-
tion for the independent coordinate method, which can be rewritten again as

R'MRz=R'Q-R"MSc (10.90)

= { (3 } (10.89)

When a singular position is reached, the computation of the matrix R fails,
because the Jacobian matrix becomes rank-deficient. Thus, it's decomposition
can no longer be carried out.

If a singular position is not exactly reached, the leading matrix of both meth-
ods will not be strictly singular but quasi-singular with a very high condition
number. If this situation is not correctly tracked, the integration and round-off er-
rors will be amplified, and the resulting solutions may be totally erroneous. A
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partial solution to the problem of singular positions was provided by Park and
Haug (1988) with a method that detects the ill-conditioning of the Jacobian ma-
trix so that the integrator can step over it. Ider and Amirouche (1989) and
Amirouche and Chin-Wei (1990) proposed a regularization method to cope with
singularities. Roughly, the idea consists in substituting the linearly dependent
rows of the Jacobian matrix by their derivatives, which turns the Jacobian matrix
non-singular.

The penalty-augmented Lagrangian formulation provides a nice solution to
this problem. A more detailed exposition of the following analysis is presented
by Bayo and Avello (1993). The key equation for the augmented Lagrangian
formulation (5.48) can be expressed as

M+ @, 0 ®,)q=

T .. . ) T % (10.91)
=Q-®,0 (P, q+D,+2QUP+Q D)-D A
It is important to note that there is a very important difference between equa-
tion (10.91) and those corresponding to the Lagrange multiplier and independent
coordinates (10.89) and (10.90), respectively. The leading matrices of equations
(10.89) and (10.90) become singular in singular positions. Although the mass
matrix M is generally positive semi-definite, it is always strictly positive defi-
nite in the nullspace of the Jacobian matrix. A look at equation (10.91) reveals
that its leading matrix (M + @E o D) is always positive definite. It can always
be factored, even in singular positions.

Remark. It is important at this stage to emphasize the difference between a sin-
gular Jacobian matrix and a singular position. While a singular position always
implies a singular Jacobian matrix, the converse is not always true. A Jacobian
matrix can become singular when redundant constraints are present, a dead-lock
position is reached, or when the coordinate partitioning between dependent and
independent coordinates is not made properly or has not been updated for a while.
Contrary to the case of a singular position, these singularities can be avoided and
the simulation may proceed smoothly. The difference between avoidable and un-
avoidable singular Jacobian matrices can be better understood by partitioning the
columns of the Jacobian matrix ®q into two submatrices <D‘f] and @, corre-
sponding to the dependent and independent coordinates, respectively. This parti-
tion is made so that <I)‘3] has full row rank. When <I>‘f] is rank-deficient but ®4 has
full row rank, the singularity is avoidable, since the full rank of <I)‘3] can be re-
covered by a new suitable choice of independent coordinates. However, when @4
loses rank, the singularity is unavoidable. It is a physical singularity, and the
rank of CI)‘(’] cannot be modified by any choice of the independent coordinates.

Example 10.5

To better understand the application of the augmented Lagrangian formulation in
singular and non-singular positions, consider the slider-crank mechanism shown
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Table 10.1. Convergence rate with a=10%.

Iteration # Error
1 6.5792 10~4
2 4.3705 10-8
3 2.9206 10~12
4 1.6107 10-14

in Figure 10.21. Both links are of length /=1 m with a uniformly distributed mass
of m=1 Kg. Take as position coordinates q, the x and y coordinates of the crank
end, and the x coordinate of the slider. Thus qu{x], ¥1, X2}. One can consider the
gravity force with a value g=—9.81 m/s2 acting in the Y direction. The (3X3) mass
matrix corresponding to these variables is

| { 40 1 }
M = 6 040
1 0 2
This mechanism has one degree of freedom only. Therefore there are two geo-
metrical constraints that correspond to the constant distance conditions:
@={Llxteyi-1) M Fayi-1 )
When the crank forms an angle of 7/2 radians with the horizontal, the coupler
is coincident with the crank. The crank axis is also coincident with the slider. In
this position the mechanism has two instantaneous degrees of freedom, since it
can undergo either the motion of a slider-crank or the motion of two superimposed
rotating bars. The augmented Lagrangian formulation (Algorithm 5-3) can now be
applied for the instantaneous solution of the accelerations for both a nonsingular
position and a singular position.

Nonsingular Position. Consider the mechanism in an initial position in which the
crank forms an angle of 7/4 with the horizontal and in which the slider has a ve-
locity x, = — 2 m/s. The exact acceleration has been computed first with the clas-
sical Lagrange multiplier method of equation (10.89). The accelerations have been
calculated with the Algorithm 5-3, using equation (10.91) iteratively with a value
a=10%. Table 10.1 shows the norm of the difference between the exact accelera-
tion and the one obtained with augmented Lagrangian formulation.

Table 10.1 also shows that the convergence rate of the iterative algorithm is
considerably fast. A higher penalty value gives a faster convergence rate but a
lower precision. For instance, a penalty value of o=107 yields an error on the
order of 10712 in one iteration. Further iterations are unable to improve the
solution, since some precision is lost in floating-point arithmetic operations
between numbers with exponents of significantly different values.
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Figure 10.21. Slider-crank mechanism

a) b)

Figure 10.22. Possible bifurcations: (a) slider-crank mechanism motion,
(b) rotating bar motion

Singular Position. Consider the crank in a vertical position, forming an angle of
1t/2 radians with the horizontal. As was done in the nonsingular case, the slider ve-
locity takes the value x, = — 2 m/s. Since the mechanism is in a singular position
with two instantaneous degrees of freedom, the horizontal velocity of the crank
end also has to be specified. It can be easily shown that, theoretically, the crank
end can have any velocity value x; =v. However, the slider-crank motion must
satisfy the condition x;=x2/2 over all its motion. Therefore the velocity
x,;= — 1 seems the obvious choice. In this example, the choice for the crank-end
velocity is being made explicitly, but during a dynamic simulation, the numerical
integrator will provide this value. Since the integrator assumes a continuous varia-
tion of the variables, this condition will be automatically guaranteed.



370  10. Special Topics

50.0
o, [
g 25.0 |
e oL
5 [
g L
- 0.0+
=} -
=} L
S
2 [
E L
9 2501
8 L
> L
[ 1 1 1 I 1 1 1 l 1 1 1 I 1 1 1 l 1 1 1
-50.0 T T T T
0 2 4 6 8 10
Time (s)
(@)
100.0
< 7254
8 .
= i
El 1
32 450 i
) N
g i
2
— 17.5—1
1 1 1 I 1 1 1 l 1 1 1 I 1 1 1 I 1 1 1
-10.0 1 | T 1
0 2 4 6 8 10
Time (s)
(b)

Figure 10.23. Acceleration-based augmented Lagrangian formulation: (a) accelera-
tion of the crank-end; (b) Lagrange multiplier.

In this case, the exact acceleration value cannot be computed with equation
(10.89), because the leading matrix is singular. However, the application of equa-
tion (10.91) with a value of a=10% leads to
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2 0 1

3 6 9

0 2(104+L) 0 /;1\=I—(2-104+9.81)\
o ale) e
6 3

which can be inverted and leads to the solution (0, —1.00047382543624272, 0).
After three iterations, the result is (0,—1,0) which is accurate to 14 digits.

This example clearly and simply illustrates that the augmented Lagrangian
formulation works in singular positions; whereas the classical formulations such
as the Lagrange multipliers method or the reduction to independent coordinates
fail.

An interesting finding is the augmented Lagrangian formulation in its canoni-
cal form defined by equation (5.119):

(M+@ 0@)q=
(10.92)

=p—<I>£(x —¢(T10*

.t
®,+2uQ <I>+92] ® dr

Jto

This formulation is more effective and reliable than its acceleration-based
counterpart (equation 10.91) under singular positions. In fact, while both formu-
lations require the triangularization of the same leading matrix for each function
evaluation, there are advantages in the use of the canonical as compared to the
acceleration. The kinematic constraint conditions are differentiated only once
with the canonical procedure but twice in the acceleration-based formulation.
This will lead to lesser violations of the constraints. The next example illus-
trates how this factor may become detrimental for the acceleration-based formula-
tion under repetitive singular positions; whereas the canonical approach leads to
a much better performance.

Example 10.6

Dynamic simulation of the slider-crank mechanism. Consider again the same
slider-crank mechanism in an initial position so that the crank forms an angle of
7/4 radians with the X axis and that the slider’s velocity is x, = — 4 m/s. By inte-
grating the equations of motion for a total of 10 seconds, a dynamic simulation is
performed using a conditionally stable variable step and order integrator based on
predictor-corrector multistep formulae (Shampine and Gordon (1975)). The error
tolerance is set to 107> and penalty parameters =107, 2=10, and u=1 are
chosen. During the simulation, the mechanism goes through the singular position
eleven times following a periodical response.

First, the simulation was carried out with the acceleration-based Algorithm 5-3
(equation (10.91)). Figure 10.24a shows the X acceleration of the crank-end over
the time period of 10 seconds. Figure 10.24b shows the value of the Lagrange mul-
tiplier A; corresponding to the constant distance constraint condition between the
crank axis and the crank end. A very interesting point can be brought up from
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Figure 10.24. Canonical-based augmented Lagrangian formulation:
(a) acceleration of the crank-end; (b) Lagrange multiplier.

these figures. The value of the acceleration of the crank-end and A; presents
spikes around 7=9.25s. The cause of this phenomenon is the violation of the con-
straints around the singular position, due to the combination of the errors pro-
duced by the numerical integration routine and by the round-off errors produced by
augmented Lagrangian procedure. These errors are more critical in the acceleration-
based algorithm because the constraint equations are differentiated twice.

The simulation is repeated, using the Algorithm 5-8 (canonical formulation)
with the same error tolerance and values for the penalty parameters. This time, the
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values of A; and the crank-end acceleration, illustrated in Figures 24a and 24b, no
longer show the spikes shown in Figure 10.23. The accumulation of small con-
straint violations in the neighborhood of the singular position is the cause for the
sudden peaks and jumps in the constraint forces and accelerations produced in
Figure 10.23. The better results obtained with the canonical formulation are due to
its better constraint stabilization properties that make this algorithm better suited
for problems in which the constraint violation must be effectively stabilized, as is
the case of the analysis of singular positions.

The way the acceleration-based augmented Lagrangian formulation may be im-
proved, if it is to be used in repetitive singular positions, is by setting tighter er-
ror tolerances and raising the value of the parameter £2. However, this will intro-
duce numerical stiffness in the problem and will increase the computational effort.
In this example, the value of @ =20 solves the problem satisfactorily at the cost of
a lengthier and more costly integration.
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11

Forward Dynamics of Flexible
Multibody Systems

So far, several approaches to the solution of the kinematics and dynamics of
multibody systems have been presented. It has been assumed in these approaches
that all the bodies satisfy the rigid body condition. A body is assumed to be rigid
if any pair of its material points do not present relative displacements. In prac-
tice, bodies suffer some degree of deformation; so this assumption does not hold
in the strict sense. However, in the majority of the cases the relative displace-
ments are so small that they do not affect the system's behavior. Therefore, they
can be neglected without committing an appreciable error.

There are some important cases, however, in which deformation plays an im-
portant role. This is the case of lightweight spatial structures and manipulators
or high-speed machinery. The dynamics of those systems is influenced by the de-
formation; thus the formulation of the preceding chapters cannot be applied. The
complexity of the equations of motion considering deformation grows consider-
ably. So does its size, since all the variables defining the deformation must also
be considered.

In this chapter some of the methods that have been presented in the literature
for the dynamics of flexible multibodies will be reviewed. Next a general method
based on the moving frame approach will be described with natural coordinates
that can be used when the elastic displacements are small. A formulation for
beam-like elements based on the large displacement theory will be presented, and
expressions for a nonlinear finite element that uses the same kind of Cartesian
variables such as coordinates of points and components of unit vectors used in
the previous chapters will be developed. Finally, some practical examples will
be shown.

11.1 An Overview

In this section a quick overview will be given on some of the methods presented
in the literature for the analysis of flexible multibody systems. Some of the
work in the field was aimed at developing formulations suitable for particular

375
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mechanisms such as the four-bar linkage or the crank and rocker mechanism.
These approaches are not reviewed here, but the reader is referred to the papers by
Lowen and Jandrasits (1972), Lowen and Chassapis (1986), Erdman and Sandor
(1972), and Erdman and Sung (1986).

All the methods currently available may be divided into three main groups: a)
the simplified methods based on elasto-dynamics, b) the methods based on defin-
ing the deformation with respect to a moving reference frame, and c) the methods
based on defining the overall motion plus deformation with respect to an inertial
frame.

In the simplified elasto-dynamic methods the deformation is considered un-
coupled from the rigid body motion which is considered known by means of
rigid body dynamics and is called the nominal motion. The main assumption is
that the nominal motion induces deformations which are considered small, but
that the deformations do not affect the nominal motion. This approach originally
proposed by Winfrey (1971) was later expanded by Midha et al. (1978) and
Sunada and Dubowsky (1981) to include inertial and centrifugal effects in the
elastic equations. Naganathan and Soni (1987) proposed, for the case of open-
chain flexible manipulators with independent coordinates (no constraint condi-
tions), the use of elasto-dynamics with an iterative procedure that couples the
elastic deformations with the nominal motion. For more general applications,
the simplified approaches based on elasto-dynamics cannot be accepted since the
coupling terms may strongly influence the solution. In such cases, one of the
other two families of methods must be used.

The methods in the second group include all the nonlinear coupling terms in
the formulation. Two kinds of variables are considered: first, the rigid body vari-
ables, that express the large nonlinear overall motion and characterize the mov-
ing frame of each body; second, the deformation variables, that express the state
of deformation with respect to the moving frames. Both the relative displace-
ments and the gradient of the displacements are assumed to be small, in order
that the linear theory of elasticity holds. Some authors take as deformation vari-
ables the nodal variables resulting from a finite element discretization of the flex-
ible body (Song and Haug (1980) and Serna and Bayo (1989)). Since this may
lead to a large number of unknowns, one way of reducing the size of the problem
consists in assuming that during the motion only a few modes will be excited
and in taking the amplitude of such modes as unknowns. Shabana and Wehage
(1983) used a popular substructuring technique called component mode synthesis
(Hurty (1965)) to reduce the number of unknowns in each body. Other ways of
selecting the most convenient assumed modes may be found in Craig (1981).
Other authors (Book (1980), Kim and Haug (1988 and 1989), Changizi and
Shabana (1988)) have developed recursive formulations that are based on the
same approach for the definition of the deformation. A major advantage of the
moving frame approach is that it makes use of the classical linear finite element
theory to introduce either the nodal variables or the assumed mode shapes. Since
there are a large number of reliable finite element codes well-known by engi-
neers, this method has a special attractiveness. Some of the limitations of this
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method have been pointed out by Kane et al. (1987), who showed that the mov-
ing frame approach with linear elasticity fails to consider the rotational stiffening
effects that appear at very fast speeds of operation and which become important.
As pointed out by Simo and Vu-Quoc (1987), second-order strain measures are
necessary to capture these centrifugal stiffening effects through the geometric
stiffness.

The third group encompasses a series of more recent methods, introduced first
by Simo and Vu-Quoc (1986), that are based on the large rotation theory. Its
main purpose is to develop nonlinear finite elements to be embedded in the
multibody formalism. There is only one kind of variables, which are the global
positions and orientations of the nodes referred either to an initial undeformed
state (total Lagrangian formulation) or to a previously known state of deforma-
tion (updated Lagrangian formulation). These variables define at the same time
the large translations, rotations, and deformations of the body. This method al-
lows for the existence of arbitrarily large relative displacements and displacement
gradients. However, since elastic constitutive relations are most commonly used,
the assumption of small strains is often made. Unlike the moving frame ap-
proach, this method incorporates automatically the correct rotational stiffening
terms and is well suited to study instabilities and buckling. Its main drawback is
that the size of the problem cannot be reduced as in the moving frame approach.
Therefore it is usually large. Furthermore, this formulation is limited to flexible
bodies that can be modeled using beam and shell elements.

After considering this overview of all the methods available so far for the dy-
namic analysis of flexible multibodies, we are going to concentrate in this chap-
ter: first, in the formulation of the classical approach of the moving frame with
natural coordinates (Section 11.2) and secondly on a new formulation for beam-
like elements based on the large displacement theory that is also based on the use
of natural coordinates (Section 11.3). Note that both formulations are non-exclu-
sive in the sense that one may be preferred over the other depending on the type
of applications. Since both are based on the natural coordinates, they can per-
fectly coexist with the rigid-body formulation of the previous chapters, in a gen-
eral purpose simulation package. In those cases in which the geometry is com-
plicated and only small deformations are expected, the moving frame approach
with assumed modes will be the best choice. Conversely, with simplified geom-
etry and appearance of nonlinear effects the second approach will be the way to

go.

11.2 The Classical Moving Frame Approach

In this section the moving frame method using the natural coordinates will be
described (Vukasovic et al. (1993)). A complete formulation of the moving
frame approach within the setting provided by the reference point coordinates has
been described by Shabana (1989)). By means of the classical formulation, we
use the natural coordinates of the body (or element) to unequivocally define the
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X

Figure 11.1. Flexible body with natural coordinates and the moving frame.

moving frame that moves with the large overall rigid body motion and to which
the elastic deformation variables are referred. The natural coordinates of the body
do not include relative translations or rotations and are subjected to the corre-
sponding rigid body constraints. The formulation of the joint constraints is dif-
ferent than in the rigid body, because now points and vectors cannot be shared at
the joints and the elastic deformations at those points need to be included.

11.2.1 Kinematics of a Flexible Body

Figure 11.1 shows a flexible body which will be denoted as b and which is de-
fined by the two points i and j and by the two vectors u; and u;. Note that points
i and j are not material points but just two points chosen for the definition of the
moving frame. We assume that ri-r;, u;, and u; are not coplanar. If a body has
more than two points and two vectors, the formulation can readily be modified to
accommodate the additional coordinates by simply adding additional rigid body
constraints (See Chapter 2).

Consider the moving reference frame (X», Y», Zb) attached to the body. Let
AP be the orthogonal rotation matrix that relates the inertial frame (X, Y, Z) to
the body moving frame. We can write

X" =A"X" (11.1)

where X represents a (3x3) matrix whose columns are, respectively, ri-T;, u;,
and u;. The upper bar denotes vectors referred to the moving frame. Similarly
(See Chapter 4), X ~ is a (3x3) constant matrix, whose columns are rj-r;, u;, and
u;j. Matrix A’ can be obtained from equation (11.1) by simple inversion:

AP =x" xhy (11.2)
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I

Figure 11.2. Cantilever modes of a beam-like flexible body.

Consider the body b and in it a material point P. Consider also a material
segment through P, with its direction defined by a unit vector up. The deformed
position of P and up can be written as:

rp=r,+ A’ Fp—1)+ A° 5Tp (11.3)

uP=Ab(ﬁP+ oup (11.4)

where 0 T represents the elastic displacement P, and & ur the elastic incremental
rotation of up, both expressed in the moving reference frame.

We can now proceed with the spatial discretization of the elastic displacement
by defining a set of N Ritz vectors, such as finite elements or assumed modes
for body b, namely 5;}(, k=1, ..., Ng. These vectors are functions of the mate-
rial coordinates rp of the point. The set 5;3( contains the assumed displacement
field corresponding to the assumed modes or finite elements with the rotations
defined by the derivatives 5';?1( Using this set of Ritz vectors, the displacements
and rotations at point P can be expressed as:

Ngr

—b — b
5fp=k2 M@ bp =®Bp M’ (11.5)
=1
NR b —ob
Sup=> OO =®p M’ (11.6)

k=1

where rh'f(t) are the time-dependent amplitude factors of the Ritz vectors (assumed
modes or finite elements).

At this point, the analyst has two choices: a) consider a finite element model
from which one can extract a reduced set of assumed modes using, for instance,
component mode synthesis; or b) obtain a set of such modes experimentally
through a vibration analyzer. Note that 6;11 does not depend on time; thus it will
not be differentiated. That the rigid body modes must also be eliminated from the
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Ritz vectors, since the rigid body motion is already taken into account by the
natural coordinates of the moving frame. One of several possible ways of impos-
ing this condition is to select all the Ritz vectors with a clamped end at the ori-
gin of the moving frame. In this case, the moving frame attached to the elastic
modes will be defined by (rj-r;) and u;. Note that r; is not a material point of the
elastic body. Figure 11.2 shows the two first cantilever modes for a beam-like
body.

11.2.2 Derivation of the Kinetic Energy

In order to obtain the expression for the inertia forces we first derive the expres-
sion for the kinetic energy of the body b in the form

Tb:% Fp Fpdn (11.7)

Jvp

Then, substituting equation (11.5) in (11.3) one can obtain
rp=r; + A’ (rp-T)+ A’ 6Pb 'ﬂb) (11.8)
Substituting equations (4.49) and (4.50) into (11.8) one obtains
rp=Cpq’+ A" @ 1" (11.9)

where (See Chapter 4) Cl% is a time invariant matrix that depends on the location
of P, and (" is the vector that contains the Cartesian coordinates of both the
points i and j and the unit vectors u; and u;. The velocity of P is obtained by the
differentiation of equation (11.9):

. b by b__b.b
tp=Cpd +A ®pn’+A ®Bp1 (11.10)
.b .
Matrix A may be expressed in terms of qb in the following manner: first,
differentiate (11.2) to obtain
b b -l
A =X X) (11.11)
then, substitute this result into (11.10) to obtain
: LI _b.b
fp=Crg +X X)) @, n"+A° @, 1 (11.12)
Now the second term on the RHS of (11.12) can be modified by defining a
modal transformation matrix Tllj , such that
-1
¥, =X @ (11.13)

The mentioned term may be expressed as
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.b b b NR
X X) CDP‘I’] X ‘I’p‘l’] =X ztpk T]k (11.14)

where t are the transformed modal vectors. The product of X' ty may be ex-
pressed as:

-\ b
t
X6 = [ -5 \} -

(11.15)

u.

S b b .
=L 0L ol 5Ll wl ~ Tr q
1
] Jf

where T}y is a matrix that plays the same role of C} but now is applied to the
coordinates of the point P. Substituting (11.14) into (11.10) a final expression
for the velocity of P is obtained:

) pb.b My b b_b.b
rp=CPq +Z7‘]kTqu + A q)pn (1116)
k=1

Finally, by substituting (11.18) into the expression of the kinetic energy
(11.7), we arrive at the following final expression:

.b
/q\ (11.17)

where

. ve
M?r=’ CETcEdm+2nEI (Y Tp + Tp Co)dm +
Vol k=1 Vol

(11.18)
NR NR
bT b
+ 771? nlb Tpy Tpydm
k=1 I=1 IVol
b [ _bT bbb Moy T bbb
M1f=] Cpr A <I>pa?n+2nk] T A ®p dn (11.19)
Vol k=1 Vol
Mg:’ 6PbTAbTAb6Pbam =’ 6pr5Pbdm (11.20)
JVol .

The sub indexes (-), and (-), have been used to dlfferentlate the terms corre-
sponding to the rigid body motion characterized by q from those that correspond
to elastic deformations characterized by 1. It may be observed from those expres-
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sions how both ¢’ and 1 are coupled in two different ways: a) through the cou-
pling matrices M, y My,; b) and by means of the 1) dependent terms that are in-
cluded in M% and which appear in equation (11.20). The first term on the RHS
of equation (11.20) coincides with the mass matrix of the rigid element as devel-
oped in Section 4.2. The second term contains a summation term that is linear
in the elastic deformations 1. The last term contains a double summation that
depends on the square of the elastic deformations. If one is consistent with the
assumption of small deformations, these square terms may be neglected for all
practical purposes. However, the second linear term in 1} may not be neglected as
a general rule. Only after a careful comparison of the magnitude of these terms
with those corresponding to the rigid case, may they be neglected. It may be fi-
nally observed that M does not depend either on the deformation or the rigid
body coordinates. It is the constant mass matrix usually considered in structural
dynamics (Craig (1981)).

Equation (11.18) contains integrals that are independent of both position as
well as time. These can be computed only once prior to the numerical integra-
tion of the equations of motion. The integral of the first term of this equation
was seen in detail in Section 4.2. In the following exercise, it will be shown
how to compute in an efficient manner the second term of this equation.

Example 11.1

Assuming that the Ritz vectors have been computed using finite elements, develop
a procedure to integrate

bT T b .
(Cp Tpx+ Ty Cp)dm (1)

Jvp
Solution: Recall that the expressions for le> and thnk are:
To=l -0 L1 4L | oL | 5l ] (ii)
=<)Ll gL, | 51, | &I, | (iii)

where the vectors flt;k y ¢p have been defined in equations (11.16) and (4.55), re-
spectively, as:

-1
th=X" On (iv)
o= X" &7 W)

It becomes obvious that one does not need to integrate the matrix products as
they appear in (i). It is sufficient to compute the following integral

- c
b bT 1 b .
l cp tp dm = ’cz‘ {1,213 Jp dm (vi)
Vb . \ C3 ’P
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Equation (vi) contains all the terms necessary to build equation (i). If finite el-
ements are used to compute (vi), one may proceed in the following manner. First,
substitute in (vi) the results of (iv) and (v):

" et an =[x l (Fo-t) by dm [X"] (vii)
Vb JVp

Now, interpolate the spatial variables (geometry as well as deformed shapes)
appearing in the integrand of (vii) using the finite element deformed shapes

-1) =N (T -T)X (viii)

b b,— — b .
¢p = N(rp— 1) Py (ix)
where Nb(FP — 1) are the finite element functions that are used to interpolate both
the geometry as well as the global deformed shapes of the body. The vector X rep-
resents the coordinates of the finite element mesh, and p; are the values of k mode
in the nodes of the finite element mesh. Substituting the equations (viii) and (ix)
in the integral (vii), one can obtain
- -1 [ T -T
bT —b b b _ —b
[ ety dm = X" | N o N @) an (X x)
Vi Jvp
Only interpolation functions are part of the integrand, since the expression in-
side the parenthesis in the middle of the integral does not depend on the spatial
coordinates. The integral (x) may be calculated in a body-by-body basis.

The final step is to express the kinetic energy of the whole multibody system
as an addition of the energies of each individual body:

.T .
T=2Tb=%q Mq (11.21)
b

wherebM andbi] have been obtained by assembling the submatrices MP, and vec-
tors q and M , respectively.

11.2.3 Derivation of the Elastic Potential Energy

The expression for the elastic potential energy takes a very simple form with the
moving frame approach, since it is only due to the contribution of the elastic
displacement. The overall rigid body motion does not contribute to the potential
energy. Consequently, the potential energy of a body is given by

1, :%anKgnb (11.22)
where K© = K} , if the stiffness has been obtained by using finite elements or
Ki=0"K' @ (11.23)

by using assumed modes defined in the local frame.
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The elastic potential energy of the multibody system is obtained by assem-
bling the potential energies of each of its bodies as:

=1 =1 BT o ) ’ \ 1L 11.24
R AL {oxfj\ntz nm

where K is the resulting global stiffness matrix that only affects the subset of q
that corresponds to the elastic displacements 1.

11.2.4 Potential of External Forces

Only the case of a concentrated external force f that is applied at a point P of the
body b will be considered in this section. Assuming that the force f;, is defined
in global coordinates and making use of the equation (11.9), the virtual work of
this force may be written as:

W =drnfp=5¢" Cp + " @y A" fp =

or (11.25)
Cp
o bT o BT\ £
\dq om { } P
1O gAY
from which one may find the generalized force
bT
b C
o {¢prPAbT1 " (1120
Consequently, the potential may be easily calculated as
q
b
v=| " Qp (11.27)

/90

The same procedure is used to calculate the generalized force and potential of
any other type of loading.

11.2.5 Constraint Equations

The constraint equations for flexible bodies modeled with natural coordinates also
come from two different sources, namely, rigid body constraints and joint con-
straints. The rigid body constraints now correspond to the definition of the mov-
ing frame and are derived and formulated as described in Chapter 2. However, the
joint constraints must be modified, since these joints also include elastic defor-
mations. As a consequence, variables such as points and unit vectors can no
longer be shared at the joints.
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Figure 11.3. Revolute joint between two flexible bodies.

The reason why the variables cannot be shared at the joints is explained with
a simple example. Consider the two contiguous bodies ij and mn shown in fig-
ure 11.3, with each of them defined by two points and two vectors. Consider for
the moment that the flexibility is modeled by taking for each of them the first
cantilever mode. In addition, assume that there is a revolute joint between the
two bodies. Now consider that instead of taking two points j and m, only one
point, say i , that is shared between the two bodies is taken. Further consider
that there is only one vector in the joint, say u;, which is shared. Note that in
the flexible case the natural coordinates do not necessarily coincide with material
points or directions, but they are only a mathematical tool to describe the overall
motion. Since a joint constraint must be imposed between material points and
directions, the sharing of variables does not in this case enforce the revolute joint
constraint. Rather, the condition that the deformed end of the body ij is coinci-
dent with the deformed origin of the body mn must be imposed. Since mn is
clamped at the origin, the previous condition means that the body ij cannot de-
form. This obviously is unacceptable. This reasoning can be extended to more
than one mode, but the conclusion is always that the sharing of variables limits
the deformation modes in an unacceptable way.

After this consideration, one can now formulate the constraint equations for
the revolute joint shown in Figure 11.3. First, the deformed positions of j and m
must coincide. Similarly, the deformed unit vectors u; and u,, must also coin-
cide. Those conditions can be written as:

(rj+ 5rj)—(rm+ 5rm)=0 (11.28)

(0 + 8uy) - (uy + Suy,) =0 (11.29)

Using expressions (11.5) and (11.6), the displacements dr;, ory,, ou;, and Suy,
can be expressed as a linear combination of the Ritz vectors as:
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NR

Sr=A"51,=3 10 A" ¢, =A" ®°n" (11.30)
k=1
NR

Su;=A"8u,=Y MO A om=A" &y 1 (11.31)
k=1

and analogously dr,,, and du,,.

The constraint equations for the whole multibody system that can include the
definition of relative coordinates at the joints are obtained by putting together all
the rigid body and joint constraints in the form

®(q.71)=0 (11.32)

11.2.6 Governing Equations of Motion

Several methods for deriving the equations of motion have been presented in
Chapter 4 for rigid body dynamics. The equations of motion in the flexible case
are derived in an analogous way, and, therefore, the final form is identical.
Having developed expressions for the potential and kinetic energies, the most
reasonable way of obtaining the equations of motion is through the Lagrange's
equations, which leads to the following result:

M{+Kq+®A =Q,-M q+T, (11.33)

The last two terms on the RHS of this equation are velocity-dependent in
both the rigid and the elastic coordinates. If the second derivative of the con-
straints is appended, the final form of the equations is

. q,;],d\:/Qw_qu-Kq\
o, 0 M| —eyq-o |

However, the Lagrange multiplier approach is generally not the best way of
integrating these equations of motion. This is due mainly to two reasons: First,
the number of constraints and therefore Lagrange multipliers is now much larger
than in the rigid body case, since there is not sharing of variables at the joints.
Secondly, the elastic terms in the RHS of (11.22) induce a considerable amount
of numerical stiffness to the integration process, particularly if high frequency
modes of vibrations such as axial modes are present in the formulation.

The first problem can be remedied by the use of the penalty formulation as
done in Bayo and Serna (1989) which eliminates the multipliers from the equa-
tions of motion; thus reducing considerably the size of the system of equations.
Other approaches, described in Chapters 5 and 8 to formulate the equations of
motion in independent coordinates using the projection matrix R, can also be
applied for flexible multibody dynamics.

(11.34)

q
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Figure 11.4. Flexible space robot in reorientation maneuver.

It is easy to verify that using the penalty formulation, the equations of mo-
tion become:

(M + ®,a®,) q+Kq=

. T .. . 2 (11.35)
=Qx —Mq+ Ty - P00 (Pq+21LQ2D + Q D)

The second problem, which is related to the stiffness of the resulting equa-
tions, may be solved by using the A-stable numerical algorithms presented in
Chapter 7. The most appropriate implementation of these algorithms for the case
at hand is that explained in Chapter 8, Section 8.5. In this explanation, the dif-
ference equations of the integrator are substituted into the equations of motion.
The resulting set of nonlinear equations is solved using Newton-Raphson itera-
tion.

11.2.7 Numerical Example

Using the method presented above, a satellite deployment maneuver has been
simulated, where a flexible robot turns and repositions a satellite. Figure 11.4
shows the complete system, and Figure 11.5 shows the set of points and vectors
used to define the mathematical model. The main links of the robot (bodies 3 and
4) are assumed to be flexible and have been modeled using six beam elements,
while the other links of the robot (end-effector, wrist) are assumed rigid. The
main body of the satellite is supposed rigid, while the solar arrays are flexible
and modeled with eleven beam elements of equivalent stiffness and mass. An in-
ertial reference frame is located at the base of the manipulator on the shuttle bay.
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Figure 11.5. Natural coordinates model of a flexible robot.

Figure 11.6. Deviation of the x-coordinate of the robot end-effector.

The input to the system is a known variation of the angles driving the ma-
nipulator that leads to the desired motion of the system. This motion is a 90 de-
grees rotation around the Z axis, and, simultaneously, a 180 degrees rotation
around the Y axis, in order to re-orientate the satellite. Using this input, the dy-
namic response of the system has been calculated. Figure 11.6 shows the devia-
tion of the position of the robot end-effector (x-coordinate) relative to the rigid
body motion that represents the elastic vibration response superimposed on the
large rigid body motion. Once the driving input is finished at time 600 sec., a
residual vibration remains in the system due to the absence of damping.
Calculations have been carried out on a Silicon Graphics Power Iris 4D/240
computer, using only one processor. The required CPU time has been about
2000 sec. for a maneuver that lasts 800 sec. in real time.
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11.3 Global Method Based on Large Rotation Theory

The methods in this section are contributions from Avello (1990).

As mentioned in the overview of the different methods, the classical moving
frame approach is based on the assumption of small displacements and equilib-
rium in the undeformed configuration. Kane, Ryan, and Banerjee (1987) showed
that these assumptions lead to a spurious loss of stiffness, when the rotational
velocities are large. Moreover, the method seen in the previous section cannot
handle larger displacements than those for which the linear finite element method
yields accurate results.

When both the elastic displacements are small and the stiffening effects are
not important, the classical method yields sufficiently accurate results. It is usu-
ally preferred because of the reduced number of equations and the possibility of
using either assumed or experimentally found modes of vibration. When the
stiffening effects become important and/or displacements become finite, the
global or absolute method described in this section can be applied. It is called
global or absolute because the entire motion of the body (finite rotation plus de-
formation) is all referred to a fixed frame. This produces a shifting of non-linear-
ity from the inertia terms in the moving frame approach to the deformation
terms in this new approach. A formulation of this type was first presented by
Simo and Vu-Quoc (1986 and 1988) for multibodies modeled as planar and three-
dimensional beams, respectively.

In this section it will be assumed that the flexible bodies are long and slender
and that they can be correctly modeled as beams. Timoshenko’s beam theory will
be used, under the basic assumption that plane sections initially normal to the
centroidal line remain plane after global deformation has taken place. With these
basic assumption, one will derive expressions for a simple nonlinear finite ele-
ment method that can be used to model flexible bodies in a multibody formal-
ism. The most attractive features of this formulation are its simplicity and the
compatibility with the natural coordinates so far used in this book, since the
nodal variables of the new beam element are also Cartesian points and unit vec-
tors.

11.3.1 Kinematics of the Beam

Figure 11.7 shows an initially straight prismatic beam of length L and constant
cross section A. One can define a fixed reference frame (X; X, X3), with the X
axis coincident with the centroidal line, and axes X, and X; coincident with the
principal axes of inertia. Any cross section of the beam can be described in this
initial state by the coordinates (X;, 0, 0) of the intersection point between the
cross section and the centroidal line, and by two mutually orthogonal vectors M
and N parallel to the X, and X; axes. Vectors M and N can be considered as co-
rotational vectors that move rigidly attached to the cross section to which they
belong.
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Figure 11.7. Deformed and undeformed prismatic 3-D beam.

After the beam has undergone finite displacements, the position of its cross
sections can be defined with the coordinates of the intersection point r and with
the components of the co-rotational vectors m and n, as shown in Figure 11.7.
Upper-case letters will be used for the undeformed positions (material coordi-
nates) and lower-case letters for deformed positions (spatial coordinates). If a
Lagrangian formulation is used, one can write the deformed positions as a func-
tion of the undeformed ones. Since the initially straight prismatic beam is char-
acterized in its undeformed position by just the X; coordinate, vectors r, m, and
n can be written as a function of X;, and the time ¢, as r=r(X,, 1), m=m(X,, 1),
and n=n(X,, 7). The deformed coordinates x=(x;, x,, x3) of a particle whose ma-
terial coordinates are X=(X;, X,, X3) can be written as

x(X, ) =r (X, 1)+ X, m(X,, ) + X3n (X}, 1) (11.36)

where X; is not a function of time.

11.3.2 A Nonlinear Beam Finite Element Formulation

In the finite element method, a proper inter-element continuity for the interpo-
lated function and its derivatives must be assured by the shape functions. Typical
Timoshenko beam elements require continuity only in the displacements and ro-
tations but not in their derivatives (C” continuity). This is achieved by interpo-
lating independently the displacements and rotations inside each element. In this
section, an independent interpolation will be assumed for the nodal variables.
However, the nodal variables that will be used in this section are different, in na-
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Figure 11.8. Cartesian dependent coordinates for a beam section.

ture and number, from the classical nodal variables used in linear beam elements.
The nodal variables in the classical beam elements are composed of three dis-
placements u; and three rotations 6;. Instead, the nodal variables used here are
composed of the three coordinates of the position r' and the six components of
the two orthogonal unit vectors m' and ni, as shown in Figure 11.8.

The nine nodal variables (r!, m!, n') are redundant, because only three of the
six components of m' and n' are independent. In fact, there are three constraint
equations that m' and n' must satisfy, two corresponding to the unit norm condi-
tion and the third corresponding to the orthogonality condition between them.
Redundant variables have been extensively used in the kinematic and dynamic
analysis of multibody systems, as has been seen throughout this book, but sel-
dom in the finite element method. The main advantage of using redundant vari-
ables is that the overall complexity of the formulation is reduced. The degree of
non-linearity of the problem is reduced as the number of variables is increased.
The cost that one has to pay is the introduction of constraint equations to enforce
the satisfaction of the constraints at the nodes.

Let (rl, mi, n!), i = 1, ..., p¢ be the values of (r, m, n) in the p¢ nodes that
belong to the finite element e. The values of (r, m, n) inside each finite element
are obtained through the following interpolation scheme:

I I 7
r'=Y) Nr, m°=) Nm, n'=)Nn (11.37)
il = &l
where N; are the shape functions that can be found in any standard book in the
finite element method (See Bathe (1982)).

Note that in expression (11.37) unit vectors are being interpolated. Since the
shape functions are not required to preserve the norm, vectors m® and n® have no
longer a unit module. In the same way, the interpolated values m® and n® are not
orthogonal. This interpolation inconsistency adds a new source of numerical er-
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ror that is added to the global error of the finite element method. A full discus-
sion on how this error affects the accuracy of the solution goes beyond the scope
of this chapter, but the following points may give more insight.

— First, the magnitude of the interpolation errors depends on the relative rota-
tion among the nodes of a single finite element. This means that small rela-
tive rotations imply small interpolation errors. For example, one can interpo-
late the two vectors:

w0V 2 fcos o)

\1/ isin (pf (11.38)
with the linear shape functions:
N=L=X N =x (11.39)
L L
The resulting interpolated vector inside the element can be obtained as
m'=N,m' + N,m’ (11.40)
The module of this vector can be easily calculated as:
2 2 2
m m =N+ N, 2N, Nym' m’ =2 %~ X |(1-cos @)+ 1 (11.41)
L L

The maximum constraint violation is obtained in the middle of the element.
Take =10 degrees and compute the module of m® by taking the square root
of equation (11.41). The resulting value is |me‘=0.996195, which represents
an error below the 0.4%. Since one does not expect to handle rotations larger
than 10 degrees among the nodes of the same finite element, the approxima-
tion seems quite reasonable.

— Secondly, the convergence of the finite element method is guaranteed, because
as the number of elements increases the error due to the interpolation de-
creases. In the limit, no error is obtained.

— Finally, the results obtained with this formulation are similar to the ones ob-
tained with other nonlinear formulations.

11.3.3 Derivation of the Kinetic Energy

In order to obtain the inertia forces, one must first develop the expression for the
kinetic energy, which can be obtained from the integral:
[ LT .
Te=1| x° x“dm
2], (11.42)
The velocity of a material point X° is obtained by differentiating expression
(11.36) particularized for element e, and by substituting the interpolation scheme
given in (11.37). This leads to
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e

e P i i i

X =Y N, +X,m +X;n) (11.43)
i=1

Substituting equation (11.43) into (11.42) yields
v TG 2 i

ZNiNj(r r+X,m
=1 j=1

<

e 1 T . 2 T |
T =+ m+X;n n +
2

Ve

(11.44)

T T

AT L AT L AT
+2X,r m +2X3r n+X,X;m n)a?n

where the only terms that depend on the variables of the integral are X, and X;.
Since X, and Xj are principal axes of inertia and recalling that X; coincides with
the center of gravity of the cross section, the three last terms in the integral van-
ish, because they represent two static moments of first order and an inertia prod-
uct. After reordering equation (11.44), the standard form of the kinetic energy is
obtained as

e €T e .¢
T'=1q M q (11.45)
2
where (€ is a vector that contains the nodal variables of element e as
T T T
¢ ={rTm' T @) ) @) ) (11.46)

The matrix M® is constant, symmetric, and is composed of sparse submatri-
ces Mj; of size (9x9). In an homogeneous beam, M° takes the form:

M, M, - Mlpe
M= Mo Mo My (11.47)
Mpel Mpe2 - Mpepe

Acil; 0, 0;
Mij=p| 0, Lely 05 (11.48)
0; 0; Iigls

where p is the volumetric density, I3 the (3X3) unit matrix, and c;; the integral
over the length of the element of the product of shape functions (N; N)).

Compare this simple and constant expression for the mass matrix with the
highly nonlinear matrix obtained in Section 11.2.3. Although the mass matrix
is simpler, the elastic potential energy in the next section is more complicated
than with the moving frame method.
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X3

o

Figure 11.9. Undeformed and deformed position vectors of a point.

X2

11.3.4 Derivation of the Elastic Potential Energy

One of the basic assumptions often made in structural theory is that dis-
placements and displacement gradients are small. When this assumption holds,
the Cauchy strain tensor can be used and accurate results are given. However,
the Cauchy strain tensor does not work for large displacements, since it does not
exhibit the proper invariance under rigid body rotations of the displacement field.
Therefore, when large rotations are considered, a different measure of the strain
must be used.

Several different kinds of strain measures have been proposed when displace-
ments, displacement gradients, or both are finite (Malvern (1969)). These strain
measures can be included in two major groups. Eulerian formulations formulate
the problem in the deformed configuration, while Lagrangian formulations for-
mulate it in the undeformed configuration. Eulerian formulations are used in ap-
plications where an undeformed or initial state does not exist or is unknown, as
in fluid mechanics. In elasticity, however, it seems more useful to use a
Lagrangian formulation, since an undeformed configuration is always assumed to
exist and is taken as a reference state.

The Green strain tensor has typically been used in nonlinear elasticity to
characterize the deformation field of bodies undergoing large displacements. As
the displacements and displacement gradients get smaller, the Green tensor tends
to the Cauchy tensor and, in the limit, they are identical.

Consider a continuous body and a fixed reference frame (X;, X,, X3), as can
be seen in Figure 11.9. Capital letters X=(X;, X,, X3) will be used to refer to the
coordinates of a particle in an initially undeformed position, and lower-case let-
ters x=(x;, x,, x3) will be used for the currently deformed position. In a
Lagrangian formulation, x is taken as a function of X and time, and therefore
can be written
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x =x(X, 1) (11.49)

The deformation gradient F is defined as the matrix that contains the partial
derivatives of x with respect to X. An infinitesimal vector in the deformed posi-
tion dx can be expressed in terms of the deformation gradient and of its unde-
formed position dX as

dx=§dX=FdX (11.50)
X

The Green deformation tensor C is defined as the one that gives the new
squared length (ds)? of vector dx, into which the given vector dX has deformed.
Thus,

ds’ = dX' C dX (11.51)

The Green strain tensor E gives, by definition, the change in squared length
between the deformed and the undeformed state of a vector dX

ds’—ds* =2 dX' EdX (11.52)

where (dS)? is the original length of vector dX. Comparing equations (11.50),
(11.51), and (11.52), the two following relations can easily be found:

C=FF (11.53)

c-L
2

E= (11.54)
where I is the (3x3) identity matrix.

The potential energy for a linearly elastic homogeneous material can be writ-
ten in terms of the strain vector E= {E;; Ey E33 Ejp Ej3 Ep; 1T as

_1 T
V_E VeE D EdV (11.55)

where the integral is extended to the body in the undeformed configuration. D
represents the matrix of elastic constants, which is defined in terms of Lame’s
constants A and G as

A+2G A A 0 0 0

A A+2G A 0 0 0

D= A A A+2G 0 0 0
0 0 0 26 0 0 (11.56)

0 0 0 0 2G 0

0 0 0 0 0 2G

The values of A and G in terms of the Young modulus E and the Poisson ra-
tio v are:

- Ev G=_FE

(1+v)(1-2v) 2(1+4v) (11.57)
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As seen in equation (11.36), the deformed coordinates of any point of the
beam can be written as

x(X, )=r (X, )+ Xo,m (X, 1) + X3n (X, 1) (11.58)
The deformation gradient F can be easily computed as

K %, %s|x3]=[r +X,m, + Xy, [m|n] (11.59)

oX
where the vertical bars in equation indicate the separation between columns. The
notation () ; is used to represent d(-)/0X;. The Green strain tensor can be ob-
tained by substituting equation (11.59) into equations (11.53) and (11.54) as

F

T T T
X,l X,l — 1 X,l m X,l n
E=;— x) m 0 0 (11.60)
X, n 0 0
with
X,1:r,1+X2 m’1+X3 n (1161)

Substituting equation (11.61) into (11.60) and operating, the following ex-
pression is obtained for the components of the strain vector E:

T T 2 T 2 T
E”=1—(X1X1—1)=]—(r]r1+X2m1m1+X3n1n1+
7 s s 7 N s s s s s

v T T (11.62a)

£2X 0 m, 42X, 0, +2X X;mn, — 1)
Ey =E; =0 (11.62b)
E12=;—X,T1m ;—(r m+X2m m+X3n m) (11.62¢)
E;; = ;xl n—;(r n+X2an+X3n n) (11.62d)
Ey =0 (11.62¢)

If it is assumed that the strains are sufficiently small (note, however, that fi-
n1te elastic dlsplacements and rotations are still being considered), the products
(m m ), (n n, ), and (m n ) in E, are second order terms that can be ne-
glected Furthermore the products (m m) and (n n) are zero, as can easily be
seen by differentiating with respect to X; the two unit norm conditions
(mT m- 1 =0)and (nT n— 1 =0), respectively. With these simplifications, the
strain measures can finally be written as:
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Axial: —L 2,1 - Bending: r; n X; Bending: r m;X,
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Torsion: n m;X, Torsion: m n ;X;  Shear: 0 r; Shear:m’

Figure 11.10. Axial, bending, torsion, and shear strains in a beam.

T

Ell=%(r,l r’,—1+2X2r?] my]+2X3 rT] n,l) (116321)
E12=%(r,T1m+X3 nﬂm) (11.63¢)
E13=%(1’,T1H+X2 mT, n) (11.63d)

which is in accordance with the strain distribution predicted by the elemental
theory of strength of materials for a prismatic beam under axial, shearing, bend-
injg, and torsion loads, as illustrated in Figure 11.10. For example, the term
(r; r;—1)/21in Ej, represents a constant strain distribution corresponding to

a pure axial load. Analogously, the term (X» rTl m ;) in E | represents a strain
distribution that varies linearly with X,, with a zero value at the centroid and ex-
treme values at the edges, as corresponds to a pure bending load. The two con-
stant shear strains predicted by the Timoshenko beam theory are known to be in-
correct, and a parabolic strain distribution should appear. This has typically been
corrected by multiplying the area of the cross section by a factor (5/6 for rectan-
gular sections) which gives the correct shear strain energy of the beam.

The potential energy of a single element can now be written as

ne=1’ (EE}, +2GEL+2GEL)av (11.64)
JV

Substituting equation (11.63) and operating, one can obtain
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EAT 4 ELL+ELTY +GA T+
v (11.65)
+GAgTs +G1, rﬂ dx,

He=l’
2.

where I represents the axial strain, I'; and I'; are the bending unit rotations per
unit length, I'; and I'5 are the shearing strains, and Iy is the torsion rotation per
unit length. Their expressions are:

T

ryr;—1
Fl=¥ F2=r,Tln,1 F3=r,Tlm,l
2
11.66
F4=r,Tlm F5=rT1n Iy =nT1m ( )

where A and Ag3 are the equivalent shear areas, and I3, I3, and [, have the
following meaning:

L=|Xx;a L=|X;a L=| (X +X3)dA (11.67)
JA JA JA

The finite element interpolation given in equation (11.37) can be introduced
into equations (11.65) and (11.66). After some algebraic manipulations and rear-
rangements, the following expressions for the strains I'; can be obtained:

E=%quque_Bi’ i=1,...,6 (11.68)

with B, = 1/2,3,=0,i =2, ..., 6, and where q° was defined in (11.46). The ma-
trices G' are symmetric, sparse, and depend only on the shape functions and their
derivatives with respect to X;. Their expressions are as follows:

Niy NiiI; 03 O3

G'=| o, 05 0 (11.69)
03 0; 05
03 03 Ny Nji I
2 —
G = 0, 0, 05 (11.69b)
Nig NIz 03 03
\ 03 Ny NIy 03
G =N, N, I 0; 0; (11.69c)
05 0, 0,
. 0'; Ni,l N] I3 03

G = Nj,l Ni 13 03 03 (1169d)
05 05 03
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Figure 11.11. Definition of a revolute joint.

03 03 Ni; NIz
G’'= o, 0, o (11.69%)

03 03 05
6 —
G = o 03 NuNL (11.69f)
03 Ny NI 03

The total potential energy for the beam is obtained by adding the potential en-
ergy of all the elements given by expressions (11.65), (11.68), and (11.69) as

n=3 1 (11.70)

Observe that in this beam element the potential energy is obtained as a poly-
nomial of order 4 in the position variables because I'T¢ depends on the square of
I';, and T; depends on the square of g°. It is unlike the classical moving frame
formulation of Section 11.2, in which the potential energy is a quadratic func-
tion of the position variables. This complicates the implementation of the elas-
tic forces, but the mass matrix obtained in Section 11.3.3 is constant and can be
computed only once. Therefore, the complexity is transferred from the inertia
forces to the elastic forces, but the overall complexity remains similar to the
moving frame method's complexity.

11.3.5 Constraint Equations

Since the position variables are not independent, constraints must be introduced
at the finite element nodes and at the joints. The constraints at the nodes account
for the unit norm and orthogonality conditions that the unit vectors must satisfy.



400 11. Forward Dynamics of Flexible Multibody Systems

The constraints at the joints restrict the relative motion of adjacent bodies to the
rotations or translations allowed by the kinematic joints.
Each node introduces six constraints of the form

T (11.71)

The constraint equations at the joints can be written in terms of the nodal
variables of the nodes next to the joint. The constraint equations for a revolute
joint are presented below as an example. Figure 11.11 shows two beam-like bod-
ies linked at point P by a revolute joint of axis u. Let a and b be the two nodes
next to the joint, each of them belonging to one of the beams. The revolute
joint constraints must enforce both the condition that point P as attached to the
frame in ¢ and as attached to the frame in b coincides, and the condition that the
vector u as attached to a and as attached to b also coincide. Both conditions can
be written through the following two vector equations equivalent to six scalar
equations:

o /ra+AaarP—rb—AbbrP 0
= a = 11.72
| A'w-A"bw (11.72)

where only two of the last three equations are independent. The matrices A? and
Ab are (3x3) orthogonal rotation matrices given by

A'=[m*An'|m*n*] and A"=[m’An°/ m®°/n"] (11.73)
where the vertical bars denote the separation between columns. The values of
apP bpP ay and Pu are the coordinates of point P and the components of vector
u expressed in frames a and b, respectively.

In the previous example, the joint is linking two beams, but the joint could
also be thought as linking a beam and a rigid body or a beam and a flexible body
with assumed deformation modes. The joint constraints would be developed in
the same way, but different position variables would be used for one of the bod-
ies.

11.3.6 Governing Equations of Motion

Once more the equations of motion can be derived using any of the methods seen
in Chapter 4. Here, the Lagrange multipliers method will be used again. The
Lagrangian function L can be written as
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Figure 11.12. Cantilever beam 45-degree bend.

L=T-I+® A (11.74)

where @ contains the constraints that arise from the unit norm and orthogonality
condition that the nodal variables have to satisfy at the nodes and from the kine-
matic constraints imposed at the joints. Vector A contains the Lagrange multi-
pliers corresponding to the constraints.

The application of the Lagrange’s equations leads to
M§+®,A=Q-F (11.75)

where M is the mass matrix obtained by assembling the mass matrices M¢ of
each element, <Dq the Jacobian matrix of the constraint equations, Q the vector
of generalized external forces, and F the elastic forces. The elastic forces are ob-
tained by differentiating equation (11.65) with respect to ¢, giving

L
Fe= l EANG +ELLG +ELTLG +GAL, T, G +
0 (11.76)
+GAsTsG +GI, T4 G| dX, q°
The matrices G' are very sparse, and consequently the multiplications by ¢
can be carried out analytically with very few arithmetic operations.

11.3.7 Numerical Examples

In this section, the results obtained in three examples are presented in order to
test both the accuracy of the present beam finite element and the numerical inte-
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Table 11.1. Tip displacement (cm) in the cantilever 45-degree bend.
f=300Kg f=450Kg f=600Kg
X] X2 X3 X] X2 X3 X] X2 X3

Present method |22.14 58.66 40.65|18.23 51.84 49.31|15.26 46.48 54.54
Cardona (1989) |22.14 58.64 40.35(18.38 52.11 48.59|15.55 47.04 53.50
Simo (1986) 22.33 58.84 40.08 |18.62 52.32 48.39|15.79 47.23 53.37
Bathe and B. (1979) [22.50 59.20 39.50 | - - - 1590 47.20 53.40
Crisfield (1990) |22.16 58.53 40.5318.43 51.93 48.79|15.61 46.48 53.71

gration procedure. In all cases, the penalty matrix o was taken as oI, and the
value of the penalty factor o was taken as 10° times the largest term appearing
in the tangent stiffness matrix Hqp obtained through differentiation of equation
(11.76). No attempt was made to optimize the value of the penalty factor. It was
found that the iteration process converged in few iterations and that the constraint
violation was kept small, roughly |¢| < o=!. The calculations were performed in
a Silicon Graphics 4D/240 using only one processor. To avoid the shear-lock-
ing, reduced integration has been used for the shear terms.

Example 11.2

The 45-degree bend cantilever beam shown in Figure 11.12 of radius equal to 100
cm shall be considered. It is located in a horizontal plane and a vertical static load f
will be considered acting at the tip. The beam has a unit square cross section and E
= G = 107 Kg/cm?. Tt is discretized using eight linear straight elements.

In Table 11.1, the three coordinates of the tip in the deformed position are pre-
sented for three different values of the force. The values obtained with the finite el-
ement developed in this chapter are compared to the values obtained previously by
Cardona (1989), Simo (1986), Bathe and Bolourchi (1979), and Crisfield (1990).
The total load is applied in six equally-spaced load increments.

It is worth noting that the tip displacements are of the same order of magnitude
as the length of the beam, which is 78.54 cm. Therefore, the behavior of the beam
is totally nonlinear, with finite displacements which could not be studied using a
mode superposition method. As the value of the load increases the solution pro-
vided by the proposed method gives larger displacements than the other formula-
tions. This is because the interpolation in each finite element, as discussed in
Section 11.3.2, does not satisfy the orthogonality condition for variables (m, n).
This static example is an extreme one, and it has been presented to prove that this
assumption is valid. In fact, the maximum discrepancy between the results pre-
sented in Table 11.1 for the different methods is about two per cent.
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Figure 11.13. Right-angle cantilever beam.

Example 11.3

This example, a right-angle cantilever beam, was first proposed by Simo and Vu-
Quoc (1988) and solved with quadratic elements. Later, it was solved by Cardona
(1989) using linear elements with a very similar formulation as the previous one.
The problem consists of a right-angle cantilever beam composed of two straight
parts of length L=10, each, as shown in Figure 11.13.

The physical characteristics of the beam are not realistic, but they are useful to
test the accuracy of the method in a dynamic simulation when large relative dis-
placements appear. Their values, using the notation in Simo and Vu-Quoc (1988),
are given below:

GA=FEA=10°
El, = El; = GI, = 10°
A,=1

Loy =215 =21,3=20

There is a dynamic vertical load F acting at the elbow with a triangular varia-
tion law. The load acts for 2 sec and reaches a peak of F,,,,=50 at =1 sec, as can be
seen in Figure 11.13. The problem has been solved with two different discretiza-
tions using four and eight linear elements. The total simulation time is 30 sec. In
Figures 11.14 and 11.15, the vertical displacements of the elbow and the tip ob-
tained with four and eight elements are plotted. The agreement of this dynamic re-
sponse compared to Simo and Vu-Quoc (1988) and Cardona (1989) is poor for the
four elements discretization, but it is good when eight elements are used.

The results were obtained using a constant step size of 0.125 sec. The average
number of iterations in the Newton-Raphson procedure was three. The CPU times
were 20.6 sec for the four elements discretization and 44.4 sec for the eight ele-
ments discretization .
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Figure 11.14. Elbow vertical displacement using four and eight finite elements.
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Figure 11.15. Tip vertical displacement using four and eight finite elements.
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Figure 11.16. Spatial manipulator with two flexible links.
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Example 11.4

A flexible spatial manipulator composed of two rigid and two flexible links is pre-
sented in Figure 11.16. Links 2 and 3 are flexible beams of tubular section. Each
link is connected to the previous one through a revolute joint. At the midpoint of
link 4 a lumped mass of 200 Kg has been attached to represent a load. The geomet-
ric and material properties of the links are:

L;=03m Inner radius of the cross section for links 2 and 3.

L) =40m ri =0.04 m

L3=50m

Ly=05m Outer radius of the cross section for links 2 and 3.
E = 6895 107 N/m2 ro=0.05m

p = 2699 Kg/m3

Links 1 and 4 have been modeled, respectively, with a single finite element of
high-elasticity modulus, and links 2 and 3 have been modeled with four elements
each. The simulation that has been carried out is based on a prescribed motion in
each revolute joint that moves the manipulator from the initial configuration to
the final one, both shown in Figure 11.16. The prescribed motion is such that
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Figure 11.17. Tip deviations in the X, Y, and Z directions with respect to the rigid
body trajectory.

there is a rotation of 90 degrees in joints 1 and 4 and a rotation of 45 degrees in
joints 2 and 3. The variation law of each joint is the following:

”(t—Tssin(zm)) 0<t< T,
2T; 2r T,

us t>T,
2

9]=04=

”(t—TSsin(zm)) 0<t< T,
ar,\\ 2z \ 7T,

92 = 93 = '
\ A t=2T,
4

The total simulation time is 25 sec, and Tg was taken to be 15 sec. Figure 11.17
illustrates the three (X,Y,Z) components of the tip deviation with respect to the
nominal motion (that is, the trajectory obtained with all the links considered as
rigid) as a function of time. The CPU time is 43.2 sec with a fixed step size of 0.2
sec and an average of 3.3 Newton-Raphson iterations per step.
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12
Inverse Dynamics of Flexible
Multibodies

Applications of artificial manipulation and robotics are steadily increasing in ar-
eas such as: microelectronics, agile space aircraft, vacuum mechatronics, satel-
lite-mounted robots, biomedical sciences, teleoperation, assembly lines, manu-
facturing, and so forth. As a consequence, more demands are being placed on
these systems, such as the need to design and use light and fast arms handling
heavy payload with accuracy and low energy consumption. If the various links of
a manipulator are to be considered rigid, they must be structurally stiff, and this
leads to bulky and massive designs. If speed is not to be sacrificed, powerful and
heavy actuators with high energy consumption are in turn required to move these
arms. The most natural remedy is to use flexible multibodies with slender links.

The requirement that manipulators and multibody systems be flexible places
new demands and challenges in their design, analysis, and control. The flexibility
of their members becomes a very important factor that must be considered, so
that vibrations are avoided, particularly for position control. In this chapter, con-
centration will be placed on the inverse dynamics of flexible multibodies. This
recently introduced approach (Bayo (1987) and Bayo et al. (1989)) consists of
finding the feed-forward torques that need to be applied at the joints so that the
end effector can follow a desired trajectory. From the vibration control view-
point, the inverse dynamics provides an inversion of the system dynamics. This
gives the control specialist a strong tool with which he can design stable and ro-
bust control laws for the motion control of multibody systems (Paden et al.
(1993)).

This chapter begins with the solution of the single-link case where the elastic
Coriolis and centrifugal terms are negligible, and algorithms are proposed for the
solution of the resulting time invariant system. The algorithms are then extended
for the time variant case that includes the Coriolis and centrifugal terms.
Solutions in the time and frequency domains are provided. It is clearly shown
how the inverse solution is anticipatory; also called non-causal, meaning that
the actuation precedes the endpoint motion and continues after it has stopped.
For the sake of clarity and conciseness, we will concentrate on the planar case,
and we will provide indications as to how to proceed with the 3D cases.
Simulation examples are given to clarify the meaning of the inverse dynamics.

409



410 12. Inverse Dynamics of Flexible Multibodies.

nominal trajectory

Figure 12.1. Flexible multibody system.

The techniques and methods explained in this chapter are somehow more ad-
vanced than those seen in previous chapters. Non-causal integration requires that
the reader be familiar with the basics of Fourier and Laplace analysis. In this
chapter, we deviate from the natural coordinates and use the reference point coor-
dinates instead. This is because the reference point coordinates provide a better
setting for the non-causal inversion that the inverse dynamics require.

12.1 Inverse Dynamics Equations for Planar Motion

Consider a general multi-link flexible multibody system (Figure 12.1). The ob-
jective is to move the end effector along a given trajectory without overshoot and
residual elastic oscillations of the tip. These oscillations are due mainly to the
transverse elastic displacements of the links. The longitudinal axial oscillations
are negligible because of the much greater rigidity of the links in their axial di-
rection. For the sake of simplicity, the equations will be derived for planar ma-
nipulators with revolute joints. The procedure, however, is also valid for general
spatial manipulators.

The solution is obtained by first studying an individual link in the chain,
coupling the equations of the individual links, and then setting up an iteration
scheme that converges to the desired torques and corresponding joint displace-
ments.
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Figure 12.2. Nominal motion (dotted) and elastic deformation (solid) in a flexible
body.

12.1.1 Inverse Dynamics Equations of an Individual Link

The individual flexible link depicted in Figure 12.2 forms part of a planar multi-
link manipulator and has a total length L, mass per unit length 7, moment of
inertia /, area A, Young modulus E, shear modulus G, and shear coefficient k. A
tip mass of value M, is attached at one end, and a hub of inertia /, at the other
end. The hub is attached to the actuator.

A point P at a distance x from the center of the hub has undergone elastic de-
flections of value u, and u, and rotation 6. These are defined with respect to a
nominal position characterized by the moving frame (e, e,) attached to the hub,
that rotates at a specified (nominal) angular velocity and acceleration @, and ®,,,
respectively. The idea of the inverse dynamics is to force the end of the link to
follow the specified (desired) nominal motion. This is an important conceptual
difference with the methods of Chapter 11, in which the nominal motion of the
moving frame was not specified, because it was actually unknown.

As a consequence of the elastic deflections and rotating nominal motion, the
point P is subjected to a total translational acceleration a, and angular accelera-
tion 0')p. Using the principles of relative motion (Greenwood (1988)), the accel-
eration of the point P can be set in terms of the translation and angular accelera-
tions at the hub, a;, and @y, angular velocity ®, at the hub, and the relative ve-
locity v, and acceleration a,; of point P. The latter are due to the elastic deflec-
tions u, and u, with respect to the moving frame. In vectorial notation:

ap= mh/\(mh/\Fp)+u')h/\fp+th/\vrd+ah+ ard (12.1a)

®p=0h+ 6 (12.1b)

where Tp = (x + u,) €,(#) + u, e,(¢) is the position of P after deformation,
relative to the hub.
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The components of the relative velocity are u, and ity. Those of the relative
acceleration are iz, and iuty. Performing the vectorial operations involved in (12.1)
the following components of the accelerations are obtained:

2 . . .. 2
Ay =— O Uy— O Uy—2 O Uy+ Uy— OF X + Gy
2 . . .. .
== O Uy+ O Uyt 2 Oy U+ Uy+ Oy X + Giy (12.2)
Ci)p=d)h+ 0

Using the Timoshenko beam theory which includes the effects of shear de-
formation and rotatory inertia, the principle of virtual displacements (Chapter 4)
can be used directly to set up the equations of motion:

L
l [Mczx Ou, + 1 a, 5uy+ﬁn2 d)Pé‘Gde+Ih (o, + 6,06, + M, a, Su, +
Jo

-L

\EA u., Su.+ EI 0560 + GAk (0-u) 86— u)| dx =
Jo (12.3)
= T66, + Ry, Ouyy + Ry, Ouy, +T56,

+

where 7 is the radius of gyration of the section. The subscripts h and t indicate
hub and tip, respectively. The symbol (') indicates derivative with respect to the
spatial variable, and 5ux, 5uy, and 06 represent a set of virtual elastic displace-
ments. 7 is the unknown torque to be applied at the hub, so that the prescribed
tip motion is obtained. R, , R, and T, are the reaction forces and the torque at
the tip that comes from the next link in the chain (See Figure 12.2). Note that
the acceleration at the hub is decomposed into @, and @n. The first is the nomi-
nal acceleration, and the second is the acceleration due to the elastic deflections.
Also observe that the reactions at the hub do not have any effect on the total vir-
tual work. This assumption is met by imposing the constraint that the hub
move along the nominal path without any elastic deformations (See Figure
12.1). As shown later in the discussion, this condition is enforced in each of the
links to compute the inverse dynamic torques. Substituting equation (12.2) into
(12.3), one can obtain:

-L -L
’ [ 1,8ux+ 7 uySuy+ m N> 066] dv + | [27m @n (ttx Suty— tty Suy) | dv +
Jo Jo
‘L
+ | [m oi(-u, Su,— iy Ouy) + @y m (i Suy— u, Ou,] dx +
Jo

-L

+ 1@y + 6) 86, + M, adu, +| [EI 056+ GAK(6-u) &(6-u) + EAu, du) dv =

JO
-L

=T 86, + R, Suy, + R.Ou, + T,56, _[ [, x8u, + M@y, x Su,+ N’ @,60]dx
JO
(12.4)
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Figure 12.3. Finite element partition in the body.

The first integral on the LHS corresponds to the internal virtual work done by
the inertial forces including the rotatory inertia. The second integral term repre-
sents the work done by the Coriolis forces. The third integral corresponds to the
centrifugal and tangential forces due to the rotating frame. This last effect also
produces additional forcing terms that are represented in the RHS of the equation.
The fourth integral corresponds to the virtual work done by the internal axial and
shear forces and bending moments.

The displacement field of equation (12.3) can be discretized using the finite el-
ement or assumed mode method under pin-free boundary conditions (Figure
12.3). A set of interpolation functions are defined within each body:

) = 3 HOO w0, i) =3 HE o), e =3 ) 00 (12:5)
1

where H; are the interpolation functions; us, u;, and ' indicate the nodal or gen-
eralized deflections.

Substituting equations (12.5) in the virtual work expression (12.4), and fol-
lowing standard procedures for the formation and assemblage of element matrices
(Bathe 1982), the equations of motion of the link may be expressed by a set of
time varying differential equations in the form

MV +[C + Clw)] v +|K +Kdwy, @) v=T-Qw, @)  (12.6)

where M and K are the conventional finite element (or assumed mode) mass and
stiffness matrices, respectively. C_ and K are the time varying Coriolis and
centrifugal stiffness matrices that depend on the nominal angular velocity @), and
acceleration @y, of the link. Matrix C has been added to represent the internal
viscous damping of the material. Vector T contains one non-zero term only, and
that is the unknown torque at the hub. Finally, Q contains the reactions and the
torque at the end of the link and the known forces produced by the rotating frame
effect. A detailed description of these matrices for a Timoshenko beam finite el-
ement is given in the Appendix.
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12.1.2 Solution of the Inverse Dynamics for an Individual Link
The set of equations (12.6) may be partitioned as follows:

éh éh 0y

. 1 Oh
M| i, |+[C +C(al| v, |+ [K+Kdan. ol | v, =0/ T~ Q| (127
i}t "’t Vi 0 (0

where 6, is the rotation at the hub, v, is the elastic deflection of the end point,
and v, is the vector containing all the other internal finite element degrees of
freedom such as displacements and rotations of the nodal points, as shown in
Figure 12.3. The force vector Q is partitioned in the same manner.

The solution of equations (12.7) for a specified nominal motion, defined by
oy, and @y, and a set of external forces applied to the link, constitutes the for-
ward dynamic problem. This simply requires the numerical integration of a set of
time variant ODEs for which techniques are readily available (See Chapter 7). A
problem of different and more complicated nature is the inverse dynamics. This
problem is to find the torque T that will ensure that the endpoint will move ac-
cording to a specified trajectory avoiding any possible oscillations and deviations
from the path. The problem can be quantitatively stated as the finding of 7(7) in
equation (12.7) under the condition that elastic normal deflection at the tip v (1)
be zero.

12.1.2.1 The Time Invariant Case

Under low nominal speeds of operations, the elastic Coriolis and centrifugal
terms acting on the LHS of equation (12.7) become insignificant and are cus-
tomarily neglected. An example will be shown later which clearly illustrates this
assumption. Consequently, equation (12.6) becomes

MV+Cv+Kv=T-Q(w, &) (12.8)

Observe that the force vector Q in the RHS of (12.8) contains the external
Coriolis and centrifugal forcing terms due to the rigid body motion which are not
neglected (See Appendix).

Direct integration in the time domain. The inverse dynamics is, in the
classical sense, an ill-posed problem, because its solution does not depend con-
tinuously on the data. The intention of this section is to briefly describe that a
standard integration in the time domain leads to an unbounded (thus unstable) so-
Iution and that the unique stable solution is found to be non-causal. Actuation is
required before the endpoint has started to move as well as after the endpoint has
stopped. After a first glance at equation (12.8) one may be tempted to partition
the system of equations as follows:

O
{ M 11 M2 } . +

V<

M, My,

On On 0u(0)
Cllclz} . K k2 _1 "

v |+ vi =10/ T-] Qin | (129
C,1 Cs, Ky Kyl Vi Q@ | (12.9)

1 1
v, v, vel L0 Q)
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where for a system with n degrees of freedom (n equations): M,,, C,,, and K,
are Ix(n—1) row vectors; m,,, ¢,, and k,, are (/xI) elements; M,,, C,,, and
K,, are (n—1)x(n—1) matrices; and, M,,, C,,, and K,, are (n—{)xI column vec-
tors. Collecting the v,(¢) dependent known terms on the right-hand side, the last
n—1 equations of (12.9) can be rewritten as:

0 . 6
h+m12v,+C“ h

O
LV ] L i i

My, +ep v+ Ky +kip v =T -0y®» (12.10)

1
while the first equation of (12.9) is

6 N 0
M, ..h ,h +ep v+ Ky h
\ 4 \ A

+mp v, +Cyy +kpv=T0) - Q0 (12.11)

1

In principle, given initial conditions for 6,(7=0) and v;(=0), equation (12.10)
may be integrated to yield 6,,(¢) and v,(¢) (inverse kinematics). Then, substitution
of 6,,(t) and v;(t) into equation (12.11) would yield the required actuating torque
T(t) (inverse dynamics). However, this simple approach yields an unbounded
and thus unacceptable solution, which does include a time delay between the
actuation and the response at the endpoint.

In order to clarify this point, let the beginning of the prescribed tip motion be
at time zero; so that v;(¢) is zero for t < 0, and let the arm be initially at rest.
Since the elastic waves in a solid have a finite speed of propagation, intuition
dictates that in the case of a flexible arm, the torque must be applied before the
tip starts moving; that is, it must be non-zero before #=0. This time anticipation
is necessary for the actuation to reach the end of the arm. Using a term customar-
ily used in control theory, the desired torque should be non-causal. As a conse-
quence, if standard numerical integration of ODEs for initial value problems is
carried out, no time anticipation would be present, and the resulting torque be-
comes unbounded. From a control point of view it can be said that this way of
proceeding leads to a causal inverse which, in the case of a non-minimum phase
problem such as the one at hand, is always unbounded and thus unstable. This
important point is addressed in detail in Moulin (1989), and Moulin and Bayo
(1991).

Allowing for this time delay, let the actuation begin at some negative time 7
with the arm initially at rest and initial conditions equal to zero. Now, over [7,
0] vy(t) is identically zero, and the unique solution of equation (12.9) with zero
initial conditions and zero terms on the right-hand side will be 6,(¢#)=0 and
v;(t)=0. Substitution of 6,(t) and v;(¢) into equation (12.11) leads again to 7(t)
=0 over [7, 0]. Hence, the torque resulting from this approach is always zero be-
fore the tip starts moving and does not lead to the desired time anticipatory non-
causal inverse dynamic solution described above. The delay effect does not ap-
pear, regardless of the value of the time 7 introduced, and the resulting torque be-
comes unbounded.

In summary, the inverse dynamic equations need to be solved by means of an
integration process that will yield the time delay between actuation and response.
The fact that the stable solution is non-causal in that it starts at negative time
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and extends to future time precludes standard time domain initial value ODE
solvers from obtaining the proper solution. We will show in the next sections
how this problem can be circumvented by solving the inverse dynamics in the
frequency domain using the Fourier transform, or in the time domain using the
bilateral Laplace transform.

Solution in the frequency domain. The frequency domain approach cap-
tures the desired time delay between actuation and response, because the initial
and end conditions are imposed at -co and +eo, respectively. The system of equa-
tions (12.8) can be transformed by means of the fast Fourier transform (FFT)
(Newland (1984)) into a set of algebraic equations with complex entries. The fre-
quency associated with each of the Fourier pairs is equal to w; = (27/I1) i , where
IT is the total time interval considered for the motion of the system and i is the
number of the Fourier pair. For a particular frequency w, equation (2) becomes

ol _[Foo) [

Vi =\ 0 /— Qi (12.12)
\3} f 0 \étj
where the caret stands for the Fourier transform, and Q represents all the known
forcing terms. Equation (12.12) may be expressed in simplified notation as

Hv=ITWw)-Q (12.13)

The transfer matrix H is a complex non-singular symmetric matrix except for

w = 0 for which it is not defined. However, the zero frequency represents the rigid

body motion. Therefore, the corresponding component of the torque can be ob-

tained by simply applying equilibrium of the moments produced by all the ex-

ternal forces about the origin of the link. For the Fourier pairs with w # 0, T (w)
may be obtained by solving (12.13) for each frequency as follows:

Iih G Ghi G T(w)l Ith

Vi (| Gin Gii Gy, 0 Q
1;\ f Gth Gti th l 0 j \l/Q\tI

t

M+ Lc-1K
W2

(12.14)

where G is the inverse of the complex transfer matrix H. From (12.14), it is ob-
vious that

W =Gn T W) = Gy O - G Q- Gy O, (12.15)
Equation (12.15) may now be solved for the required torque 7 under the condi-
tion that v, = 0:

T =Gy (Gy On+GyQi+ G, 0) (12.16)

The values of the torque 7(¢) are obtained through the application of the in-
verse discrete Fourier transform. The joint angles and velocities that will yield
the desired endpoint motion (inverse kinematics), and which are used for control
purposes (Paden et al. (1993)), can be obtained in the time domain by a forward



12.1 Inverse Dynamics Equations for Planar Motion = 417

integration of equation (12.8). Since the forces Q are linear functions of the
nominal accelerations, equation (12.16) also leads to an expression for the trans-
fer function between the torque 7" and the endpoint acceleration. This transfer
function contains poles in the right half-plane; thus characterizing this non-mini-
mum phase system.

By using the frequency domain, the initial and final conditions are imposed at
-oo and +oo. This leads to an inverse dynamics torque that shows the above-men-
tioned time anticipation with respect to the endpoint motion (See example be-
low); thus providing the non-causal inverse to this non-minimum phase prob-
lem. A formal explanation of this issue is given in Moulin (1989), and Moulin
and Bayo (1991).

The following algorithm summarizes the steps necessary for the inverse dy-
namics and kinematics of a single-link arm in the frequency domain:

Algorithm 12-1

. Define the rigid nominal motion, w, and ®;, .

. Evaluate the forcing terms Q,, Q;, and Q, which depend on w, and ®;, .

. Apply the fast Fourier transform to the forcing terms.

. Solve for the torque T (w) in the frequency domain using equation (12.16).
This involves the solution of a set of algebraic linear complex equations.

. Obtain 7(¢) through the inverse discrete Fourier transform.

. Perform a forward time integration of equation (12.8) to obtain the joint an-
gles and velocities (inverse kinematics).

N T R S R
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Stable integration in the time domain. From the above observation that
in order to obtain a stable inverse that includes the delay between the actuation
and response, the integration process needs to be carried out from -eo to +co. The
equivalent of equation (12.16) in the time domain is

. 00

T0) = | (ha(t=1) 0(7) + hy(t-1) Qi(7) + hy(t-7) Q1)) dt (12.17)

J—oo

where hy,, hy;, and h are the impulse response functions that correspond to the
transfer functions defined in (12.16). The former are the inverse Fourier trans-
forms of the latter.

Since there is no complex algebra involved, the integration in the time do-
main will in general be faster than that in the frequency domain. In addition,
since the impulse response functions depend only on the physical characteristics
of the link, they can be computed off-line. The only on-line computations in-
volved consequently to obtain the torque 7(¢) will be the evaluation of the inte-
gral (12.17).

It should be observed that equation (12.17) differs from the familiar Duhamel
integral:

‘'t
y@®O=| hit-17 i(Dd1 (12.18)
10
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Figure 12.4. Typical tip-to-hub impulse response function of a flexible body.

relating the input i(z) to the output y(¢) of a linear system with impulse re-
sponse function /() by the bounds of integration.

Equation (12.18) which is typical of a causal response is valid when the input
i(7) and the response function h(t) are zero for 7<0. The condition on h(7)
states that there is no output before there is an input, in other words the system
is causal. In the inverse dynamics problem, the input is formally the tip
acceleration profile, and the output is formally the actuating torque. As
mentioned above, there is a delay in the forward problem between hub torque
actuation and tip response. Therefore in the inverse problem, the torque must be
applied before the tip starts moving. The inverse is non-causal. For a non-causal
system, the impulse response functions in (12.17) are not identically zero for
negative time. Figure 12.4 shows a typical impulse response function for
inverse dynamics. The convolution integral of (12.17) cannot be reduced to that
of (12.18).

The use of equation (12.17) hinges on the availability of the impulse re-
sponse functions. This can be obtained in the following manner: if the input o,
is a Dirac delta function at time 7, then the output 7(¢) is the impulse response
function translated by 7.0One way of obtaining /,(¢) numerically is to use equa-
tion (12.16) with an approximation of a delta function for ®,. Having computed
the impulse response functions, we now turn to the evaluation of the convolu-
tion integral defined by (12.17). This equation can be evaluated at discrete time
intervals of length A¢, using a suitable composite integration rule.

The following paragraph summarizes the steps involved in the inverse dynam-
ics integration in the time domain:
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Algorithm 12-2

. Define the rigid nominal motion: @, and ®;,.

. Evaluate the impulse response functions.

. Calculate the forcing terms F,, F;, and F, which depend on @, and ®y,.

. Solve for the torque 7(t) by means of the convolution integrals (12.17).

. Perform a forward time integration of equation (12.8) to obtain the joint an-
gles and velocities (inverse kinematics).

[ I SO I N

This algorithm leads to a very fast computation of the inverse dynamics and
allows one to obtain real time response (Bayo and Moulin (1989a)). Another ef-
ficient time domain approach consists of decomposing the transfer function into
its causal and non-causal components (Kwon and Book (1990)).

12.1.2.2 The Time Varying Case

In case the manipulator undergoes a fast motion and one desires to include the
elastic Coriolis and centrifugal terms, the solution for the torque 7(¢) can still be
found in either the frequency or time domains by means of an iteration procedure.
In order to set up the iterative process, equation (12.6) may be restated as fol-
lows:

MV +CvtKv=1T-Q(&, o) - Cdw) Vv —Kgoy, o) v (12.19)

where all the time invariant terms have been left in the LHS of the equation and
the time varying ones have been collected on the RHS. The vector 1 contains a
unit value for the degree of freedom corresponding to the hub rotation and zero
for the rest, as shown in equation (12.7).

The iteration process is initiated by solving equation (12.19) for the unknown
torque 7, using either the frequency or time domain procedures described above.
The first iteration is done in the absence of the last two terms involving C_ and
K_ in the RHS and yields a displacement vector v!(t) which in turn will be used
to compute the last two terms in (12.19). The process is then repeated with the
new force vector under the constraint that v,(z)=0. The iteration procedure may
be stopped, when the norm Ilvi - vi-!|l for the solution of two consecutive itera-
tions is smaller than a prescribed tolerance. A formal proof of convergence of
this algorithm is given by Moulin et al. (1992). The experience of the authors in
all the cases analyzed reveals that unless the accelerations and velocities are large,
the terms involving K_ and C, are insignificant, and this iterative procedure can
be neglected. Also and most importantly, when the speeds of operations are
large, not only the Coriolis and centrifugal terms need be included but also the
nonlinear geometric stiffening effects (Bayo and Moulin (1989b)).
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Algorithm 12-3

1. Define the rigid nominal motion: @, and @y,.

2. Evaluate the forcing terms on the RHS of (12.19) that depend on w, , @y, Vv,
and v.

3. Apply the fast Fourier transform to the forcing terms.

4. Solve for the torque ?(@ in the frequency or time domains.

5. Add T{(t) to the forces on the RHS of equation (12.19) and perform a forward
integration to obtain v(f) (inverse kinematics).

6. Check convergence. If convergence is obtained, stop; otherwise go to step 2.

12.2 Recursive Inverse Dynamics for Open-Chain
Configurations

In this section, the procedure outlined above for the inverse dynamics of the sin-
gle-link is extended in a recursive manner for multi-link open-chain configura-
tions. These cases can be decomposed into a series of individual links that can be
analyzed recursively. This analysis is similar to that used in the previous sec-
tion.

12.2.1 The Planar Open-Chain Case

Similar to the single-link case, the solution process for an open-chain robot is
started by defining the nominal motion consisting of the inverse kinematics of
the robot as if it were rigid and characterized by the 6, @, and @} of each indi-
vidual link. A difference with respect to the single link arises from the fact that
an intermediate link in the chain contains reaction forces at its endpoint. These
forces come from the next distal link and are to be added to those arising from
the moving frame effect to form the forcing vector Q in equation (12.19). The
solution of equation (12.19) for the desired torque requires that these reaction
forces contained in the force vector Q be known in each link.

In the open-chain case this difficulty can be easily overcome by starting the
inverse dynamics with the last link, since in this case there are no link reaction
forces at its end. Once the torque for the last link has been obtained under the
condition that the elastic displacement at the tip is zero, the next step is to com-
pute the reactions at the hub which will be transmitted to the previous link in
the chain. These reactions may be obtained simply by equilibrium considera-
tions. The procedure continues with the next link in the chain in the same man-
ner as before. Reaction forces are present and therefore included. This process is
conceptually similar to the recursive Newton-Euler scheme for inverse dynamics
of rigid manipulators.

The method continues with the rest of the links, until the torque on the first
link is determined. This way of proceeding assures that the end of each link
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moves along the desired nominal trajectory without oscillating from it, as shown
in Figure 12.1. Once the torques T have been obtained, the motions at any point
of the links specified by v, or the angles 6, (inverse kinematics) follow from
equation (12.6) by a direct analysis. The basic steps involved in the process are
summarized as follows:

Algorithm 12-4

1. Define the nominal motion consisting of inverse kinematics of the system
considered rigid.
2. For each link j starting from the last in the chain:
a) Compute the torque 77 imposing v,]l.p=0 and obtain v(t) (inverse kinemat-
ics) following the single-link time-varying approach.
b) Compute the link reaction forces R/ from equilibrium.

12.2.2 The Spatial Open-Chain Case

In the case of spatial manipulators with elastic properties in all directions, the
elastic displacements contained in the plane defined by the joint axis and the tip
of the link cannot be controlled by only one joint torque. These elastic displace-
ments will influence the motions of subsequent links, introducing perturbations
in their nominal motion. The nominal position of each link will be modified by
the elastic displacements at the end of the previous link as follows:

r=r,' - v, (12.20)

where r, is a vector describing the nominal position and orientation of the link,
v, indicates the elastic deformations at the end of the previous link, and "i" is
the iteration number. The steps described above for the open- and closed-chain
will have to be repeated introducing the displacement corrections, starting with
the last link. Assuming that the elastic deformations are small compared to the
overall nominal motions, the process should converge rapidly.

According to the authors' experience, the recursive procedure described in the
previous section is the most suitable for open-chain configurations in which the
elastic deflections on the proximal links does not affect the overall motion of the
distal links. Such is the case in the planar open-chain case or in spatial manipu-
lators that are designed with large stiffness in the plane defined by the joint axis
and the endpoint of the link; so that the corresponding elastic displacements are
negligible. If this is not the case, the recursive procedure demands an iteration
process to account for those perturbations, and the inverse dynamics for each link
needs to be repeated until convergence. Non-recursive approaches are more suit-
able and efficient under these circumstances, and we will see them in the next
section. Other special recursive methods that avoid the need to iterate are cur-
rently being developed in this exciting area of research (Ledesma and Bayo
(1992b)).



422 12. Inverse Dynamics of Flexible Multibodies

12.3 Non-Recursive Inverse Dynamics

The methods of this section are due to R. Ledesma and E. Bayo.

We presented in the previous section a recursive procedure for the inverse dy-
namics that relied on a pinned-free finite element or assumed mode model of a
flexible beam, and the equation for the inverse dynamics torque was formulated
by imposing the condition, that the transverse deformation of the free end of each
link be zero throughout the motion. The recursive procedure is suitable for open-
chain but not for closed-chain configurations.

In this section, we describe a non-recursive approach to solve the general pla-
nar inverse dynamics and kinematics, that has been introduced by Ledesma and
Bayo (1992a). For the sake of simplicity, we will not describe herein the more
general non-recursive procedure for spatial flexible multibodies which is pre-
sented in Ledesma and Bayo (1993). Compared to the recursive procedure, this
non-recursive approach is more systematic and general and becomes the only
choice, when closed-chain systems are encountered. The finite element model of
the elastic links now has pinned-pinned boundary conditions. This allows one
to express the end effector trajectory in terms of the rigid body coordinates only.
In addition it leads to a simplified form of the inverse kinematics equations.
Once these are solved, the equations of motion give an explicit expression for
the inverse dynamics torque.

The starting point is the equation for the forward dynamics (11.33) that was

developed in Section 11.2. In partitioned form, this equation may be written as
jﬁl 000 IR\ 0.0 0 (R}
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[mRR m gy M pe
mep Mpg My

o (12.21)
? QeR QVR
+ q)e A' = QeO + Qve
q); Qq‘ Qvf

where, as shown in Figure 12.5, R represents the Cartesian components of the
origins of all the body axes with respect to the inertial frame and 0 are the angles
of rotation of the body axes. These are the coordinates that define the rigid body
motion namely q, = [R, 0]T. The term Q, represents the external loads, and Q,
the quadratic velocity terms. The second set of equations in (12.21) can be rear-
ranged to express the externally applied joint forces as

Qe9=meRk+m99é+ mgrqp+ le—Qve (12.22)

Equation (12.22) constitutes the inverse dynamics equation that yields the
joint forces (torques) necessary for the endpoint or any other control point to fol-
low a prescribed trajectory. In order to obtain Q,¢ the nodal acceleration vector gy
is needed. This vector can be obtained from the third set of equations in (12.21)
which may be written as
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Figure 12.5. Reference frame for a planar flexible body.

m; Qe+ Crqr+ Kpqr=Qu+ Q—myzR —mp6 - @ A (12.23)

The vector of applied nodal forces Q,;can be expressed in terms of the exter-
nally applied torques through the following mapping:

ef:Ge QeQ (1224)

where in the planar case the matrix Gy is a constant Boolean matrix which maps
the externally applied torques to the vector of externally applied nodal forces. For
example, in the open-chain planar multibody system shown in Figure 12.6, the
Boolean matrix Gyis constructed such that: the external moment on the node lo-
cated at the base of the first link is equal to the base motor torque, the moment
on the node located at the tip of the first link is the negative of the elbow motor

Ve Elbow Motor

Link No. 1 Link No. 2

\— Base Motor

Figure 12.6. Open-chain planar multibody system.
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torque, the external moment on the node located at the base of the second link is
equal to the elbow motor torque, and all other external forces are zero.
Substituting equations (12.22) and (12.24) into (12.23) yields

my Qe+ ¢ Qe+ K qr= Gemgrq+ Fi(A, q,, 4,4, 95 q)) (12.25)
where F, is a force vector that includes the inertial terms, reaction terms between
contiguous bodies, and quadratic velocity terms.

The problem statement for the inverse kinematics is that of finding the non-
causal internal states g so that the endpoint coordinates characterized by a subset
of the rigid body coordinates q, follow a prescribed trajectory. The inverse kine-
matics equations (12.25) are nonlinear in the variable q; As pointed out before,
the nonlinear non-causal inversion cannot be carried out by standard numerical
integration of ODEs. It requires a linearization process in either the frequency
domain or time domain or splitting the linearized system into its causal and anti-
causal components.

The key to the linearization process for the non-recursive approach relies on
decomposing the inertial coupling submatrix mg into the sum of a time-invari-
ant matrix and a time-varying matrix:

mgy=mb + my, (12.26)
where the first and second components in the RHS are the time-invariant and the
time-varying parts of mg, respectively. This decomposition is essential for the
iteration process needed to obtain the non-causal solution to the nonlinear inver-
sion problem. Substituting (12.26) into (12.25), one can obtain the inverse
kinematics equation of motion for the internal nodal displacements gy :

m:;- ar+ ¢ qr+ kyq=F(X,q,,9q,,4,,95 Q) (12.27)
where
my;=my— G mj, (12.28)

The mass matrix mf is non-symmetric. It is precisely the non-symmetry of
the mass matrix that produces internal states q; (nodal deformations). These
states are non-causal with respect to the endpoint motion when non-causal tech-
niques are employed to obtain the proper inversion of the nonlinear, non-mini-
mum problem characterized by (12.27). The nonlinear inversion can now be car-
ried out efficiently in the frequency domain, since the leading matrices have been
constructed such that they remain constant throughout the motion. It is thus
solved (12.27) iteratively in the frequency domain to yield the nodal deformation
vector gy that is non-causal with respect to the endpoint motion. Note that this
iterative procedure is similar to that used in the recursive case. Each iteration can
also be carried out in the time domain through the use of an equation similar to
(12.17).

Once the non-causal nodal accelerations are known, equation (12.22) can be
used to explicitly compute the non-causal inverse dynamics joint efforts. The in-
verse dynamics torques and internal states given by equations (12.22) and
(12.25), respectively, depend on the Lagrange multipliers and rigid body coordi-
nates which in turn depend on the internal states and the applied torque. The rigid
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body coordinates and Lagrange multipliers are different from their normal values,
when the components of the multibody system are flexible. Therefore, a forward
dynamic analysis is required to obtain an improved estimate of the generalized
coordinates and Lagrange multipliers. In order to ensure that the iteration process
converges to obtain the joint efforts that will cause the end-effector to follow the
desired trajectory, the forward dynamics analysis is carried out with the additional
constraint that the coordinates of the endpoint follow the desired trajectory.

To summarize, the procedure for obtaining the inverse dynamics solution for
flexible multibody systems involves the following steps:

Algorithm 12-5

1. Perform a rigid body inverse dynamic analysis to obtain the nominal values
of the rigid body coordinates , and Lagrange multipliers A.

2. Solve the inverse kinematics equation (12.25), either in the frequency or time
domain, to obtain the non-causal nodal accelerations q;

3. Compute the inverse dynamics joint efforts Q,g, using equation (12.22).

4. Perform a forward dynamic analysis, using equation (12.21) to obtain new
values for the generalized coordinates and Lagrange multipliers.

5. Repeat steps 2 through 4 until convergence in the inverse dynamics torques is
achieved.

Compare the recursive procedure and the non-recursive Lagrangian procedure
for the inverse dynamics of multibody systems. In the former method, each body
in the multibody system is analyzed sequentially, starting from the last element
in the chain. For each element, the joint torques are determined first under the as-
sumption that the rigid body coordinates are moving according to the nominal
trajectory. With the joint actuation known for this component, a forward dy-
namic analysis is carried out for this component to determine the nodal deforma-
tions. The reaction forces from the next element in the chain are subsequently de-
termined from equilibrium considerations. This recursive method works very
well for open-chain systems but is not suitable for closed-chains. In these cases,
the reaction forces at the cuts need to be accounted for by ad hoc procedures
(Bayo et al. (1989)). The non-recursive method avoids this problem, since the re-
actions between different bodies are automatically accounted for by the Lagrange
multipliers and no distinction is made between open-chain and closed-chain con-
figurations. The non-recursive procedure, although more involved, is therefore
more systematic and general.

12.3.1 A Planar Open-Chain Example

In order to illustrate the performance of the above-mentioned algorithms we de-
scribe in this section some results. Consider the system of Figure 12.6 which
consists of two flexible aluminum links and two revolute joints driven directly
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Figure 12.7. Tip acceleration profile.

by servo motors. The intention is to apply both the recursive and non-recursive
approaches and compare the results to test their validity.
The links have the following characteristics:

First link: L = 0.66m, A=1.2097x10"*m2, [=2.2864x10"19m*
M:=1.049 Kg, 1, =0.0011823 m*

Second link: L =0.66 m, A=0.4032x10~4m2, [=8.4683x10~12 m%,
M= 0.067 Kg, I, = 0.00048 m?*

They both share the following properties: £ = 7.11x10'° N/m?, mass density
p= 2715 Kg/m?3, shear coefficient k = 5/6, and a damping ratio of 0.002. The
cross section of the links is such that the arm is rigid in the vertical direction and
flexible in the horizontal direction.

A straight-line tip trajectory along the x axis is generated according to the ac-
celeration profile shown in Figure 12.7 which corresponds to an endpoint dis-
placement of 0.483 meters. Optimal acceleration profiles for inverse dynamics
have also been proposed (Bayo and Paden (1987), and Serna and Bayo (1990)).

Figure 12.8 shows the inverse dynamics torque profile for the base motor.
Both the recursive and non-recursive methods yield the same results that super-
impose to each other (solid curve). The inverse dynamics torque profiles for the
elbow motor computed by both methods also coincide and are superimposed to
each other in Figure 12.9 (solid curve). Therefore, it is a good validation to see
that the results obtained are the same regardless of the method used. The corre-
sponding rigid body torques which are torques obtained considering that the sys-
tem is rigid are also shown as dashed curves in Figures 12.8 and 12.9 to clearly
illustrate the pre-actuation present in the inverse dynamics torque profiles of the
flexible system.
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Figure 12.8. Rigid (dotted) and flexible (solid) inverse dynamics torques for first mo-
tor.

Figure 12.9. Rigid (dotted) and flexible inverse (solid) dynamics torques for second
motor.

The inverse dynamics torques produce the desired tip trajectory without over-
shoot or residual oscillations. Figure 12.10 shows a comparison of the tip posi-
tion error in the y direction resulting from feed forwarding the inverse dynamics
torque (solid curve) and the rigid body torque (dashed curve). While the inverse
dynamics torque provides an excellent tracking of the tip trajectory, the rigid
torque induces a large oscillation in the tip motion. Figure 12.11 shows a com-
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Figure 12.10. Tip error: inverse dynamic (solid) vs. rigid torques (dotted).

Figure 12.11. Elastic hub rotation: inverse dynamic (solid) vs. rigid torques (dotted).

parison of the elastic angular rotation at the base of the second link, obtained by
a feed forward of the inverse dynamics torque (solid curve) to that obtained by a
feed forward of the rigid body torque (dashed curve). One can observe that while
the inverse dynamics torque does not induce residual vibration, the rigid body
torque induces substantial residual oscillation.

A very important feature of the inverse dynamics is that not only the tip tra-
jectory is tracked but also that the vibrations are minimized; so that the actual
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Link No. 2 s

Link No. 1 v Link No. 4

| | X
(@) -
Link No. 3

Figure 12.12. Closed-chain flexible multibody systems.

Figure 12.13. Rigid (dotted) and flexible inverse (solid) dynamics torques.

motion of the whole system resembles that of a rigid system (Bayo et al. (1988
and 1989)). An experimental validation consisting in feed forwarding the inverse
dynamics torques to this flexible multibody system is presented in Bayo et al.
(1989). An exponentially stable control scheme based on the inverse dynamics
has been recently proposed and experimentally validated by Paden et al. (1993).
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Figure 12.14. Tip error: inverse dynamic (solid) vs. rigid torques (dotted).

12.3.2 A Planar Closed-Chain Example

The non-recursive procedure can be applied to closed-chain configurations with-
out loss of generality. For example, the inverse dynamics and kinematics are cal-
culated for the closed-chain system depicted in the Figure 12.12. A straight-line
tip trajectory along the diagonal (See Figure 12.12) is generated according to an
acceleration profile similar to that of Figure 12.7. Figure 12.13 shows the in-
verse dynamics torque profile for one of the base motors. In this case, only the
non-recursive method is applied, since the closed-loop configuration precludes
the recursive procedure from a straightforward application. The corresponding
rigid-body torque (torques obtained considering that the system is rigid) is also
shown as a dashed curve in Figures 12.13 to again illustrate the pre-actuation
present in the inverse dynamics torque profile of the flexible system.

Figure 12.14 shows a comparison of the tip position error in the y direction
resulting from feed forwarding the inverse dynamics torque (solid curve) and the
rigid body torque (dashed curve). While the inverse dynamics torque provides an
excellent tracking of the tip trajectory, the rigid torque induces a large oscillation
in the tip motion.
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Appendix

We present in this Appendix the body matrices of equation (12.6) corresponding
to a Timoshenko beam finite element. The axial deformation is modeled with
linear element shapes defined by

Nix)=% and Nyx)=1-%
L L

and Hermite polynomials for the bending deformation are

Hx)=1-35"+25) | H@) =x-2LE) + LE)
L L L L

Hy) =35 —2%) . Hy@)=- L&) + L)
L L L L

Element mass matrix

140 0 0 70 0 0
2 2 2 2
0 156+504™" 2214421 o s54-504"  _131442""
L? L L2 L
2 2
_ 0 220+421° 4r%456n2 0 13042 3121472
mL L L
420

70 0 0 140 0 0

2 2 2 2
0 545041 130421 0 1564504 _221-42"1"
L? L L? L

2 2
0 —13L+42’7f -3L%-14n% 0 —22L—42'7f 4L%+561>

Element centrifugal matrix

140 @ —147 @, 21 L@, -0, -63@, 4L @,
147 @, -156 w, 2L w, 636, -S40, 13Law,
D Lay, 2Le) 4L 0w} 4L &, -13Lo; 31" o}
70 wp 63 &, -14L @, 140 0, —147 @, 21L @,
63 @, -S40, -13Lw, 1476, -1560, 2L o,
4L, BLol 3100 21Le, 2Leo. 4L o

3|
h

N
S}
(e

The part of the element centrifugal matrix multiplying @, is skew-
symmetric, and the part multiplying g is symmetric.
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Element Coriolis matrix
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0 21 3L 0

21 0 0 -9

2mLw,| 3L 0 0 -2L
60 0 9 2L 0

9 0 0 -21

L 2L 0 0 3L

The element Coriolis matrix is skew-symmetric.

Element stiffness matrix

Element force vector

3|

60

| EA 0 o _EA
L L
0 12EL ¢EL o _12£EL
L3 L2 L3
0 6L 4E o _¢E
L? L L?
_EA 0 EA 0
L L
0 -12£E ¢EL o 12£EL
L3 LZ L3
0o 6L 2E o _¢E
L L? L L?

10 w21 +34)
L
—@wn©9+304)
L
—@nRL+54d)
10 wF2+34)
L

—won 21 +304)
L

—on(=3L-54d)

9
0
0

21

S o

4 EI
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ERRATA in the book

"Kinematic and Dynamic Simulation of Multibody Systems. The Real-Time Challenge”,
ISBN 0-387-94096-0, 440 pp., Springer-Verlag, New-York, 1994,

from J. Garcia de Jalén and E. Bayo

Equation (4.75) in page 140 should be:
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Kinematic and dynamic simulation of mullibody systems is an important tool
for analysis ond dasign of a wide variety of systems and, similar to the finite-
element method, it constitutes an integral part of Computer-Aided Engineer-
ing. While the finite-element method is essantially o "bateh” process, the
analysis of multibody sysiems can be inherently interactive, With the spec-
tacular growth in computing power new available to individual users and
with the improvements in simulation algorithms, it is becoming more and more
feasible for enginaers fo use interactive and even reallime dynamic analyses
in every day engineering colculofions.

This text prasents the main types of coordinates used to describe multibody
systems, as well as the most common and useful methods used in kinematic
and dynamic analyses. The first chapters introduce basic techniques essential
to o further study of the literature, The book contains many original de-
valeprants due to the authors and their research teams. The emphasis is on
clarity of presentation, computational efficiency, and simplicity of the formu-
lations. Each chapter contains many worked examples as well as problems
and computer exercises. The book concludes with o compendium of recent
developments in tha field.
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