CHAPTER 8

Radial Flow Gas Turbines

! like work; it fascinates me, | can sit and look at it for hours. (JEROME
K. JEROME, Three Men in a Boat.)

Introduction

The radial flow turbine has had a long history of development being first conceived
for the purpose of producing hydraulic power over 170 years ago. A French engineer,
Fourneyron, developed the first commercially successful hydraulic turbine (c. 1830)
and this was of the radial-outflow type. A radial-inflow type of hydraulic turbine
was built by Francis and Boyden in the U.S.A. (c. 1847) which gave excellent
results and was highly regarded. This type of machine is now known as the Francis
turbine, a simplified arrangement of it being shown in Figure 1.1. It will be observed
that the flow path followed is from the radial direction to what is substantially an
axial direction. A flow path in the reverse direction (radial-outflow), for a single
stage turbine anyway, creates several problems one of which (discussed later) is
low specific work. However, as pointed out by Shepherd (1956) radial-outflow
steam turbines comprising many stages have received considerable acceptance in
Europe. Figure 8.1 from Kearton (1951), shows diagrammatically the Ljungstrom
steam turbine which, because of the tremendous increase in specific volume: of
steam, makes the radial-outflow flow path virtually imperative. A unique feature of
the Ljungstrodm turbine is that it does not have any stationary blade rows. The two
rows of blades comprising each of the stages rotate in opposite directions so that
they can both be regarded as rotors.

The inward-flow radial (IFR) turbine covers tremendous ranges of power, rates of
mass flow and rotational speeds, from very large Francis turbines used in hydroelec-
tric power generation and developing hundreds of megawatts down to tiny closed
cycle gas turbines for space power generation of a few kilowatts.

The IFR turbine has been, and continues to be, used extensively for powering
automotive turbocharges, aircraft auxiliary power units, expansion units in gas lique-
faction and other cryogenic systems and as a component of the small (10kW) gas
turbines used for space power generation (Anon. 1971). It has been considered
for primary power use in automobiles and in helicopters. According to Huntsman
(1992), studies at Rolls-Royce have shown that a cooled, high efficiency IFR turbine
could offer significant improvement in performance as the gas generator turbine of a
high technology turboshaft engine. What is needed to enable this type of application
are some small improvements in current technology levels! However, designers of
this new required generation of IFR turbines face considerable problems, particularly
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Fic. 8.1. Ljungstrém type outward flow radial turbine (adapted from Kearton®).

in the development of advanced techniques of rotor cooling or of ceramic, shock-
resistant rotors.

As indicated later in this chapter, over a limited range of specific speed, IFR
turbines provide an efficiency about equal to that of the best axial-flow turbines.
The significant advantages offered by the IFR turbine compared with the axial-flow
turbine is the greater amount of work that can be obtained per stage, the ease of
manufacture and its superior ruggedness.

Types of inward flow radial turbine

In the centripetal turbine energy is transferred from the fluid to the rotor in passing
from a large radius to a small radius. For the production of positive work the product
of Ucy at entry to the rotor must be greater than Ucy at rotor exit (eqn. (2.12b)).
This is usually arranged by imparting a large component of tangential velocity at
rotor entry, using single or multiple nozzles, and allowing little or no swirl in the
exit absolute flow.

Cantilever turbine

Figure 8.2a shows a cantilever IFR turbine where the blades are limited to the
region of the rotor tip, extending from the rotor in the axial direction. In practice
the cantilever blades are usually of the impulse type (i.e. low reaction), by which
it is implied that there is little change in relative velocity at inlet and outlet of the
rotor. There is no fundamental reason why the blading should not be of the reaction
type. However, the resulting expansion through the rotor would require an increase
in flow area. This extra flow area is extremely difficult to accommodate in a small
radial distance, especially as the radius decreases through the rotor row.

Aerodynamically, the cantilever turbine is similar to an axial-impulse turbine and
can even be designed by similar methods. Figure 8.2b shows the velocity triangles
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FiG. 8.2. Arrangement of cantilever turbine and velocity triangles at the design point.

at rotor inlet and outlet. The fact that the flow is radially inwards hardly alters the
design procedure because the blade radius ratio r»/r3 is close to unity anyway.

The 90 degree IFR turbine

Because of its higher structural strength compared with the cantilever turbine, the
90 degree IFR turbine is the preferred type. Figure 8.3 shows a typical layout of a
90 degree IFR turbine; the inlet blade angle is generally made zero, a fact dictated
by the material strength and often high gas temperature. The rotor vanes are subject
to high stress levels caused by the centrifugal force field, together with a pulsating
and often unsteady gas flow at high temperatures. Despite possible performance
gains the use of non-radial (or swept) vanes is generally avoided, mainly because
of the additional stresses which arise due to bending. Nevertheless, despite this
difficulty, Meitner and Glassman (1983) have considered designs using sweptback
vanes in assessing ways of increasing the work output of IFR turbines.

From station 2 the rotor vanes extend radially inward and turn the flow into the
axial direction. The exit part of the vanes, called the exducer, is curved to remove
most if not all of the absolute tangential component of velocity. The 90 degree
IFR turbine or centripetal turbine is very similar in appearance to the centrifugal
compressor of Chapter 7 but with the flow direction and blade motion reversed.

The fluid discharging from the turbine rotor may have a considerable velocity
c3 and an axial diffuser (see Chapter 2) would normally be incorporated to recover
most of the kinetic energy, %cg, which would otherwise be wasted. In hydraulic
turbines (discussed in Chapter 9) a diffuser is invariably used and is called the
draught tube.

In Figure 8.3 the velocity triangles are drawn to suggest that the inlet relative
velocity, w, is radially inward, i.e. zero incidence flow, and the absolute flow
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Fic. 8.3. Layout and velocity diagrams for a 90 deg inward flow radial turbine at the
nominal design point.

at rotor exit, c3, is axial. This configuration of the velocity triangles, popular with
designers for many years, is called the nominal design condition and will be consid-
ered in some detail in the following pages. Following this the so-called optimum
efficiency design will be explained.

Thermodynamics of the 90 deg IFR turbine

The complete adiabatic expansion process for a turbine comprising a nozzle blade
row, a radial rotor followed by a diffuser corresponding to the layout of Figure 8.3,
is represented by the Mollier diagram shown in Figure 8.4. In the turbine, frictional
processes cause the entropy to increase in all components and these irreversibilities
are implied in Figure 8.4.

Across the nozzle blades the stagnation enthalpy is assumed constant, hy; = hg;
and, therefore, the static enthalpy drop is,

b —hy =33 —c}) 8.1

corresponding to the static pressure change from p; to the lower pressure p;. The
ideal enthalpy change (h; — hy;) is between these same two pressures but at constant
entropy.

In Chapter 7 it was shown that the rothalpy, I = hgret — %U 2, is constant for an
adiabatic irreversible flow process, relative to a rotating component. For the rotor
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)
FiG. 8.4. Mollier diagram for a 90 deg inward flow radial turbine and diffuser (at the
design point).

of the 90 deg IFR turbine,
ho2 el ~ %Ui = ho3rel — %U§
Thus, as hge; = h + %wz,
hy — hy = 3[(U3 — U3) — (w5 — w3)] (8.2)

In this analysis the reference point 2 (Figure 8.3) is taken to be at the inlet radius
ry of the rotor (the blade tip speed U, = Qr). This implies that the nozzle irre-
versibilities are lumped together with any friction losses occurring in the annular
space between nozzle exit and rotor entry (usually scroll losses are included as well).

Across the diffuser the stagnation enthalpy does not change, hg3 = hg4, but the
static enthalpy increases as a result of the velocity diffusion. Hence,

hy —h3 = 3(c3 — c5) (8.3)
The specific work done by the fluid on the rotor is
AW = hg1 — hoz = Uacer — Usces (8.4)
As  hoi = ho,
AW = hoy ~ o3 = hy — b3 + 5(c3 — €3)
= 3[(U3 = U3) — (W3 —w3) + (c; — ¢3)] (8.42)

after substituting eqn. (8.2).
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Basic design of the rotor

Each term in eqn. (8.4a) makes a contribution to the specific work done on the
rotor. A significant contribution comes from the first term, namely %(U% - U,
and is the main reason why the inward flow turbine has such an advantage over
the outward flow turbine where the contribution from this term would be negative.
For the axial flow turbine, where U, = U\, of course no contribution to the specific
work is obtained from this term. For the second term in eqn. (8.4a) a positive
contribution to the specific work is obtained when w3 > w;. In fact, accelerating
the relative velocity through the rotor is a most useful aim of the designer as this
is conducive to achieving a low loss flow. The third term in eqn. (8.4a) indicates
that the absolute velocity at rotor inlet should be larger than at rotor outlet so as to
increase the work input to the rotor. With these considerations in mind the general
shape of the velocity diagram shown in Figure 8.3 results.

Nominal Design

The nominal design is defined by a relative flow of zero incidence at rotor inlet
(i.e. w» = ¢,2) and an absolute flow at rotor exit which is axial (1.e. ¢3 = ¢,3). Thus,
from eqn. (8.4), with cy3 = 0 and cg; = U,, the specific work for the nominal design
is simply

AW = Us. (8.4b)

EXAMPLE 8.1. The rotor of an IFR turbine, which is designed to operate at the
nominal condition, is 23.76 cm in diameter and rotates at 38 140 rev/min. At the
design point the absolute flow angle at rotor entry is 72 deg. The rotor mean exit
diameter is one half of the rotor diameter and the relative velocity at rotor exit is
twice the relative velocity at rotor inlet.

Determine the relative contributions to the specific work of each of the three
terms in eqn. (8.4a).

Solution. The blade tip speed is U; = aND,/60 = m x 38 140 x 0.2376/60 =
474.5 m/s.
Referring to Figure 8.3, w; =U; cotap = 154.17 m/s,and c; = U; sina; =498.9 m/s.

3 =w}— Ul = (2 x 154.17)* — ( x 474.5)* = 38786 m?/s’.

Hence, (U2 — U3)=U%(1 — 1/4)=168863 m%/s”, w? — w2 =3 x wl=71305m?/s’
and c2 — 2 =210115m?/s>. Thus, summing the values of the three terms and
dividing by two, we get AW = 225142 m?/s°.

The fractional inputs from each of the three terms are: for the U? terms, 0.375;
for the w? terms, 0.158; for the ¢? terms, 0.467.

Finally, as a numerical check, the specific work is, AW = U3 = 474.5% = 225150
m?/s? which, apart from some rounding erors, agrees with the above computations.
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Spouting velocity

The term spouting velocity ¢y (originating from hydraulic turbine practice) is
defined as that velocity which has an associated kinetic energy equal to the isen-
tropic enthalpy drop from turbine inlet stagnation pressure pp; to the final exhaust
pressure. The exhaust pressure here can have several interpretations depending upon
whether total or static conditions are used in the related efficiency definition and
upon whether or not a diffuser is included with the turbine. Thus, when no diffuser
is used

%C(Z) = ho1 — ho3ss (8.52)
or,

13 = hoy — hig (8.5b)

for the total and static cases respectively.
In an ideal (frictionless) radial turbine with complete recovery of the exhaust
kinetic energy, and with cg, = U»,
AW =Uj = 1
U2
— =0.707
Co

At the best efficiency point of actual (frictional) 90 deg IFR turbines it is found that
this velocity ratio is, generally, in the range 0.68 < U,/co < 0.71.

Nominal design point efficiency

Referring to Figure 8.4, the total-to-static efficiency in the absence of a diffuser,
is defined as

_ hoi—hoes AW
hot — hags AW + %C% + (h3 — hag) + (h3s — h3ss)

s (8.6)

The passage enthalpy losses can be expressed as a fraction () of the exit kinetic
energy relative to the nozzle row and the rotor, i.e.

h3 — h3s = %Wgé’R (8.7a)

h3s — hass = 5656 (T3/T2) (8.7b)

for the rotor and nozzles respectively. It is noted that for a constant pressure process,
ds = dh/T, hence the approximation,

hss — h3ss = (ha — hos)(T'3/T2)
Substituting for the enthalpy losses in eqn. (8.6),

s = [1 + 5(c5 + watr + 3enT3/T2)/ AW] ! (8.8)
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From the design point velocity triangles, Figure 8.3,
¢y = Uy cosecay, ws = Uscosec 3, c3 = Uscot B3, AW = U%.

Thus substituting all these expressions in eqn. (8.8) and noting that U3 = Ujrs/r,
then

-1
T 2
= [1 +3 {;NT—3 cosec® a» + ('—3) (¢g cosec? B3 + cot? ,33)}} (8.9)
2 n

Usually r3 and B3 are taken to apply at the arithmetic mean radius, i.e. r3 = %(r3, +
rin). The temperature ratio (7T'3/7>) in eqn. (8.9) can be obtained as follows.

At the nominal design condition, referring to the velocity triangles of Figure 8.3,
w} — U2 = ¢3, and so eqn. (8.2) can be rewritten as

hy — hy = (U3 —wj + c3). (8.2a)

This particular relationship, in the form I; = hg e} — %U% = hg3 can be easily iden-
tified in Figure 8.4.

Again, referring to the velocity triangles, w, = U, cota, and c3 = Uscot B3, a
useful alternative form to eqn. (8.2a) is obtained,

hy — hy = LU — cot® @y) + (r3/r2) cot? ], (8.2b)

where Uj is written as U,r3/ry. For a perfect gas the temperature ratio 73/7> can
be easily found. Substituting # = C,T = yRT/(y — 1) in eqn. (8.2b)

T 1 2
1— 22 = luz(y ) [1 —cotPay + (r—3> cot2ﬂ3]

T, 2 % yRT, r
T U 2 2

2o - y-1 (—2> 1 —cot?ar + (r—3> cot? ,33] , (8.2¢)
T2 an r

where a; = (yRT,)"/? is the sonic velocity at temperature T.
Generally this temperature ratio will only have a very minor effect upon the
numerical value of 5, and so it is often ignored in calculations. Thus,

1+ % {CN cosec? ar + <riav
2

U x~

9 -1
> (r cosec? Bzav + cot? B3av) }:| (8.9a)

is the expression normally used to determine the total-to-static efficiency. An alter-
native form for 7., can be obtained by rewriting eqn. (8.6) as

— hoy — hoz _ (o1 — hags) — (hos — h3) ~ (hs — hag) — (h3s — hag)
" hOl - h3ss (h()l - h3ss)
=1~ (c5 +¢nck + Lrwd)/ch (8.10)

where the spouting velocity cg is defined by,
hot — hass = 3¢5 = CpTarll = (p3/ po1)”~ """ (8.11)
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A simple connection exists between total-to-total and total-to-static efficiency
which can be obtained as follows. Writing

AW = U% = nzsAWis = nt:(h'ﬂl - hBSs)

then,
_ AW _ 1
= AW — %c% - L c%
s 2AW
1 _ 1 c%
Nis Mts 2AW
11 2
- ('3“ cot 53av) 8.12)
Nis 2 r

EXAMPLE 8.2. Performance data from the CAV type 0Ol radial turbine (Benson
et al. 1968) operating at a pressure ratio pg;/ps of 1.5 with zero incidence relative
flow onto the rotor, is presented in the following form:

m/To1/por = 1.44 x 107°, ms(deg. K)!/?
N//To = 2410, (rev/min)/(deg. K)'/?
7/poy = 4.59 x 1078, m?

where 7 is the torque, corrected for bearing friction loss. The principal dimensions
and angles, etc. are given as follows:

Rotor inlet diameter, 72.5 mm
Rotor inlet width, 7.14mm
Rotor mean outlet diameter, 34.4 mm
Rotor outlet annulus width, 20.1 mm
Rotor inlet angle, Odeg
Rotor outlet angle, 53 deg
Number of rotor blades, 10
Nozzle outlet diameter, 74.1 mm
Nozzle outlet angle, 80deg
Nozzle blade number, 15

The turbine is “cold tested” with air heated to 400 K (to prevent condensation erosion
of the blades). At nozzle outlet an estimate of the flow angle is given as 71 deg and
the corresponding enthalpy loss coefficient is stated to be 0.065. Assuming that the
absolute flow at rotor exit is without swirl and uniform, and the relative flow leaves
the rotor without any deviation, determine the total-to-static and overall efficiencies
of the turbine, the rotor enthalpy loss coefficient and the rotor relative velocity ratio.

Solution. The data given is obtained from an actual turbine test and, even though
the bearing friction loss has been corrected, there is an additional reduction in
the specific work delivered due to disk friction and tip leakage losses, etc. The



Radial Flow Gas Turbines 245

rotor speed N = 2410+/400 = 48 200 rev/min, the rotor tip speed U, = 7ND,/60 =
183 m/s and hence the specific work done by the rotor AW = U2 = 33.48k/kg.
The corresponding isentropic total-to-static enthalpy drop is

h01 - h3ss = CpT()l[l - (p3/p01 )(7_1)/7]
= 1.005 x 400[1 — (1/1.5)/*°] = 43.97 kJ/kg

Thus, the total-to-static efficiency is
Nis = AVV/(hOl — h3ss) = 76.14%

The actual specific work output to the shaft, after allowing for the bearing friction
loss, is

) T N poi i
m fm (Pm) VT (""x/Tm) 30 °

=459 x 107% x 2410 x 7 x 400/(30 x 1.44 x 1075)
= 32.18kJ/kg

Thus, the turbine overall total-to-static efficiency is
no = AWae/(ho1 — h3ss) = 73.18%
By rearranging eqn. (8.9a) the rotor enthalpy loss coefficient can be obtained:

Zr = {2(1/mis — 1) — &y cosec? ar}(ra/r3ay ) sin? Bay — €0S% Bray
= {2(1/0.7613 — 1) — 0.065 x 1.1186} x 4.442 x 0.6378
0.3622
= 1.208

At rotor exit c3 is assumed to be uniform and axial. From the velocity triangles,
Figure 8.3,

c3 = Uz cot B3 = Us,y cot B3,y = constant

2 __gy2 2
W3—U3+C3

2
r
( & ) +COt2 ﬂ3av]
F3av

waay = Us cotan

2
= Usay

ignoring blade to blade velocity variations. Hence,

) 172
w3 I3ay £
= tan a» ( + cot? Baav
Woav r I3ay

(8.13)
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The lowest value of this relative velocity ratio occurs when r; is least, i.e. r3 =
ra, = (34.4 — 20.1)/2 = 7.15 mm, so that

( w3 ) = 0.475 x 2.904[0.4152 + 0.7536]"/% = 1.19.
min

Woav
The relative velocity ratio corresponding to the mean exit radius is,

W3y _ 0.475 x 2.904[1 + 0.7536]'/2 = 1.73.

Woav

It is worth commenting that higher total-to-static efficiencies have been obtained
in other small radial turbines operating at higher pressure ratios. Rodgers (1969) has
suggested that total-to-static efficiencies in excess of 90% for pressure ratios up to
five to one can be attained. Nusbaum and Kofskey (1969) reported an experimental
value of 88.8% for a small radial turbine (fitted with an outlet diffuser, admittedly!)
at a pressure ratio pg;/ ps of 1.763. In the design point exercise given above the high
rotor enthalpy loss coefficient and the corresponding relatively low total-to-static
efficiency may well be related to the low relative velocity ratio determined on the
hub. Matters are probably worse than this as the calculation is based only on a simple
one-dimensional treatment. In determining velocity ratios across the rotor, account
should also be taken of the effect of blade to blade velocity variation (outlined in this
chapter) as well as viscous effects. The number of vanes in the rotor (ten) may be
insufficient on the basis of Jamieson’s theory* (1955) which suggests 18 vanes (i.e.
Z win = 27 tan a). For this turbine, at lower nozzle exit angles, eqn. (8.13) suggests
that the relative velocity ratio becomes even less favourable despite the fact that the
Jamieson blade spacing criterion is being approached. (For Z = 10, the optimum
value of a7 is about 58 deg.)

Mach number relations

Assuming the fluid is a perfect gas, expressions can be deduced for the important
Mach numbers in the turbine. At nozzle outlet the absolute Mach number at the
nominal design point is,

U,
M, = — = — cosecas.
az az

Now, T, = To1 — ¢3/(2Cp) = Toy — U3 cosec? ap /Cp.

T
s =2 =1Ly = 1)(Uz/a0 P cosec? a,
Tot

where a> = ao1(T2/To1)!/?. Hence,

M, = Uz/aor (8.14)

sinaz[1 — $(y — 1)(Uz/ao1 ? cosec? az]'/?

* Included in a later part of this Chapter.
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At rotor outlet the relative Mach number at the design point is defined by,
wy 3l

Ma3=—= cosec Bs.
as ras

Now,

hy = hot — (U3 + 3¢3) = hot — (U3 + LU cot® B3)

2
141 B cot B3
2\ r,

2
& =a — (y - WU [1 +1 (:—zcot/%) ]

M= (Uz/an X(r3/r2) 8.15)

: 2 1 (713 1"
sinfz |1 —(y — D(Uz/a01)* 1+ 3 r—ZCOtﬂ3

Loss coefficients in 90 deg IFR turbines

= hg, — U3

There are a number of ways of representing the losses in the passages of 90 deg
IFR turbines and these have been listed and inter-related by Benson (1970). As well
as the nozzle and rotor passage losses there is, in addition, a loss at rotor entry at
off-design conditions. This occurs when the relative flow entering the rotor is at
some angle of incidence to the radial vanes so that it can be called an incidence
loss. Tt is often referred to as a “shock loss” but this can be a rather misleading
term because, usually, there is no shock wave.

(i) Nozzle loss coefficients

The enthalpy loss coefficient, which normally includes the inlet scroll losses, has
already been defined and is,

tn = (ha — h25)/(563). (8.16)
Also in use is the velocity coefficient,

PN = 2/ 8.17)
and the stagnation pressure loss coefficient,

Yn = (por — po2)/(Po2 — P2) (8.18a)
which can be related, approximately, to ¢y by

Yy = on(1+ 3yM3) (8.18b)
Since, ho1 = by + 3¢% = hys + 33, then by — by, = 1(c3; — c3) and

ey = 1 1. (8.19)

T
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Practical values of ¢ for well-designed nozzle rows in normal operation are usually
in the range 0.90 < ¢ < 0.97.

(i) Rotor loss coefficients

At either the design condition (Figure 8.4), or at the off-design condition dealt
with later (Figure 8.5), the rotor passage friction losses can be expressed in terms
of the following coefficients.

The enthalpy loss coefficient is,

Zr = (h3 — h3)/ (Gw3). (8.20)
The velocity coefficient is,
dr = w3/ws; 8.21)
which is related to ¢z by
1
== —1 (822)
%

The normal range of ¢ for well-designed rotors is approximately, 0.70 < ¢g < 0.85.

Optimum efficiency considerations

According to Abidat et al. (1992) the understanding of incidence effects on the
rotors of radial and mixed flow turbines is very limited. Normally, IFR turbines are
made with radial vanes in order to reduce bending stresses. In most flow analyses
that have been published of the IFR turbine, including all earlier editions of this text,
it was assumed that the average relative flow at entry to the rotor was radial, i.e. the
incidence of the relative flow approaching the radial vanes was zero. The following
discussion of the flow model will show that this is an over-simplification and the flow
angle for optimum efficiency is significantly different from zero incidence. Rohlik
(1975) had asserted that “there is some incidence angle that provides optimum flow
conditions at the rotor-blade leading edge. This angle has a value sometimes as high
as 40° with a radial blade.”

The flow approaching the rotor is assumed to be in the radial plane with a velocity
¢, and flow angle a; determined by the geometry of the nozzles or volute. Once the
fluid enters the rotor the process of work extraction proceeds rapidly with reduction
in the magnitude of the tangential velocity component and blade speed as the flow
radius decreases. Corresponding to these velocity changes there is a high blade
loading and an accompanying large pressure gradient across the passage from the
pressure side to the suction side (Figure 8.5a).

With the rotor rotating at angular velocity 2 and the entering flow assumed to
be irrotational, a counter-rotating vortex (or relative eddy) is created in the relative
flow, whose magnitude is —£2, which conserves the irrotational state. The effect
is virtually the same as that described earlier for the flow leaving the impeller of
a centrifugal compressor, but in reverse (see Chapter 7 under the heading “Slip
factor”). As a result of combining the incoming irrotational flow with the relative
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Direction
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FiGc. 8.5. Optimum flow condition at inlet to the rotor. (a) Streamline flow at rotor inlet; p
is for pressure surface, s is for suction surface. (b) Velocity diagram for the pitchwise
averaged fiow.

eddy, the relative velocity on the pressure (or trailing) surface of the vane is reduced.
Similarly, on the suction (or leading) surface of the vane it is seem that the relative
velocity is increased. Thus, a static pressure gradient exists across the vane passage
in agreement with the reasoning of the preceding paragraph.

Figure 8.5b indicates the average relative velocity w,, entering the rotor at angle
B> and giving optimum flow conditions at the vane leading edge. As the rotor vanes
in IFR turbines are assumed to be radial, the angle §, is an angle of incidence, and
as drawn it is numerically positive. Depending upon the number of rotor vanes this
angle may be between 20 and 40 degrees. The static pressure gradient across the
passage causes a streamline shift of the flow towards the suction surface. Stream-
function analyzes of this flow condition show that the streamline pattern properly
locates the inlet stagnation point on the vane leading edge so that this streamline is
approximately radial (see Figure 8.5a). It is reasoned that only at this flow condi-
tion will the fluid move smoothly into the rotor passage. Thus, it is the averaged
relative flow that is at an angle of incidence B, to the vane. Whitfield and Baines
(1990) have comprehensively reviewed computational methods used in determining
turbomachinery flows, including streamfunction methods.
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Wilson and Jansen (1965) appear to have been the first to note that the optimum
angle of incidence was virtually identical to the angle of “slip” of the flow leaving
the impeller of a radially bladed centrifugal compressor with the same number of
vanes as the turbine rotor. Following Whitfield and Baines (1990), an incidence
factor, X, is defined, analogous to the slip factor used in centrifugal compressors:

A =ca/U;.

The slip factor most often used in determining the flow angle at rotor inlet is that
devised by Stanitz (1952) for radial vaned impellers, so for the incidence factor

A=1-0637/Z~1-2/Z. (7.18a)
Thus, from the geometry of Figure 8.5b, we obtain
tan B = (2/Z)Uz/Cm2. (8.23)

In order to determine the relative flow angle, 8,, we need to know, at least, the values
of the flow coefficient, ¢» = ¢,;5/U> and the vane number Z. A simple method of
determining the minimum number of vanes needed in the rotor, due to Jamieson
(1955), is given later in this chapter. However, in the next section an optimum
efficiency design method devised by Whitfield (1990) provides an alternative way
for deriving B;.

Design for optimum efficiency

Whitfield (1990) presented a general one-dimensional design procedure for the
IFR turbine in which, initially, only the required power output is specified. The
specific power output is given:

w R
AW = — = hy; — hoz = i (To1 — T3) (8.24)
m y—1

and, from this a non-dimensional power ratio, S, is defined:
S=AW/hy1 =1—-Ty/Tp. (8.25)

The power ratio is related to the overall pressure ratio through the total-to-static
efficiency:

S
[1 = (p3/po)¥~D/71

If the power output, mass flow rate and inlet stagnation temperature are specified,
then S can be directly calculated but, if only the output power is known, then an
iterative procedure must be followed.

Whitfield (1990) chose to develop his procedure in terms of the power ratio S
and evolved a new non-dimensional design method. At a later stage of the design
when the rate of mass flow and inlet stagnation temperature can be quantified, then
the actual gas velocities and turbine size can be determined. Only the first part of
Whitfield’s method dealing with the rotor design is considered in this chapter.

(8.26)

Mis =



Radial Flow Gas Turbines 251
Solution of Whitfield’s design problem

At the design point it is usually assumed that the fluid discharges from the rotor
in the axial direction so that with cg3 = 0, the specific work is

AW = U2C92
and, combining this with eqns. (8.24) and (8.25), we obtain,
Uscpr/agy = S/(y = 1), (8.27)

where ag; = (yRTp;)"/? is the speed of sound corresponding to the temperature To;.
Now, from the velocity triangle at rotor inlet, Figure 8.5b,

U, — cop = cmp tan By = ¢y tan B/ tan as. (8.28)
Multiplying both sides of eqn. (8.28) by cga/c2,, we get
Ujycor/c2y — ¢y /ct, —tanas tan By = 0.
But, )
Uscar/c2y = (Uscer/c3) sec’al = c(1 + tan® a3),
which can be written as a quadratic equation for tan a,:
tan? ap(c — 1) — btanay + ¢ =0,
where, for economy of writing, ¢ = Uacga/ c% and b = tan $;. Solving for tana;,
tana; = {b + /[b? + 4c(1 — )]}/ [2(c — D). (8.29)

For a real solution to exist the radical must be greater than, or equal to, zero;
i.e. b2 4+4c(1 —c¢) > 0. Taking the zero case and rearranging the terms, another
quadratic equation is found, namely

2 —c—b*/4=0.

Hence, solving for c,
c= (1 + \/1+b2) /2= 1(1 % sec ) = Uscar/ 2. (8.30)
From eqn. (8.29) and then eqn. (8.30), the corresponding solution for tan «; is
tanay; = b/[2(c — 1)] = tan B, /(—1 £ sec 7).
The correct choice between these two solutions will give a value for «; > 0, thus:

tang, = - 0P (8.31)
1 —cosB;

It is easy to see from Table 8.1 that a simple numerical relation exists between these
two parameters, namely

a, =90 — B,/2. (8.31a)
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TABLE 8.1. Variation of a, for severai
values of B,.

B> (deg) 10 20 30 40
a; (deg) 85 80 75 70

From eqns. (8.27) and (8.30), after some rearranging, a minimurmn stagnation Mach
number at rotor inlet can be found:

S ) 2cos B,

8.32
y—1/ 14+cosB (8.32)

MGy =5 /ay = (
and the inlet Mach number can be determined using the equation

2 2

M

M% — (C_z) = : 02 5 (8.33)
a 1-3(y—DMp,

assuming that Ty = T, the flow through.the stator is adiabatic.
Now, from eqn. (8.28)

[o5) _ 1
U, 1+tanpB,/tana;

After rearranging eqn. (8.31) to give

tan By /tana; = sec f; — 1 (8.34)
and combining these equations,

cp/Us=cosB,=1-2/Z. (8.35)

Equation (8.35) is a direct relationship between the number of rotor blades and the
relative flow angle at inlet to the rotor. Also, from eqn. (8.31a),

cos 2a; = cos(180 — B,) = —cos B>
so that, from the identity cos 2a; = 2cos’a; — 1, we get the result:

cos’ay = (1 —cosBr)/2 =1/Z, (8.31b)
using also eqn. (8.35).

EXAMPLE 8.3. An IFR turbine with 12 vanes is required to develop 230kW from
a supply of dry air available at a stagnation temperature of 1050 K and a flow rate of
1 kg/s. Using the optimum efficiency design method and assuming a total-to-static
efficiency of 0.81, determine:

(1) the absolute and relative flow angles at rotor inlet;
(2) the overall pressure ratio, pg;/ps,
(3) the rotor tip speed and the inlet absolute Mach number.
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Solution. (1) From the gas tables, e.g. Rogers and Mayhew (1995), at Tg; =
1050 K, we can find values for C,=1.1502kJ/kg K and y=1.333. Using eqn. (8.25),

S =AW/(CpTo1) = 230/(1.15 x 1050) = 0.2,
From Whitfield’s eqn. (8.31b),
cos?ay = 1/Z = 0.083333, . ap = 73.22 deg
and, from eqn. (8.31a), B; = 2(90 — a») = 33.56 deg.
(2) Rewriting eqn. (8.26),
LA (1 - i>w_l) = <1 - 2)4 =032165, . 2% =3.109.
Po1 Nis 0.81 D3
(3) Using eqn. (8.32),

S 2cos B2 0.2 2 x 0.8333

M2 = = = 0.5460
02 (y— 1) 1+cosf, 0333 < 1+08333

- Mgy = 0.7389.

Using eqn. (8.33),

M2, B 0.546

M= =
2T 1-Lly—-1DM2, T 1-(0.333/2) x 0.546

=0.6006 ..M,=0.775.

To find the rotor tip speed, substitute eqn. (8.35) into eqn. (8.27) to obtain:

U3 S
—— |} COS = —
(0(2)1) P y—1

s 02
" Up = aguy | e = 6338y o = 538.1 s,
2= N 5 " T)cos B2 0.333 x 0.8333 s

where ag) =+/yRT 1 =+/1.333 x 2871050 = 633.8 m/s, and Ty = T, is assumed.

Criterion for minimum number of blades

The following simple analysis of the relative flow in a radially bladed rotor is
of considerable interest as it illustrates an important fundamental point concerning
blade spacing. From elementary mechanics, the radial and transverse components
of acceleration, f, and f, respectively, of a particle moving in a radial plane
(Figure 8.6a) are:

fr=w—Qr (8.36a)
fe=rQ+2Qw (8.36b)
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Radial velocity, W
Radial acceleration, f,

Tangential velocity, Qr
Tangential acceleration, f,

(a) Motion of particle in a radial plane

Insufficient blades
at this radius

—— Region of flow reversal

{b) Optimum radius to avoid
flow reversal, I,

FiG. 8.6. Flow models used in analysis of minimum number of blades.

where w is the radial velocity, w = (dw)/(dt) = w(dw)/(dr) (for steady flow), Q2 is
the angular velocity and Q = dQ2/dt is set equal to zero.

Applying Newton’s second law of motion to a fluid element (as shown in
Figure 6.2) of unit depth, ignoring viscous forces, but putting ¢, = w, the radial
equation of motion is,

(p+dp)(r +dr)d6 — prd — pdrdé = — f .dm

where the elementary mass dm = prdfdr. After simplifying and substituting for f,

from eqn. (8.25a), the following result is obtained,
10 ow
2P LW qr 8.37)
p or or

Integrating eqn. (8.37) with respect to r obtains
p/p+ iw? — 1U? = constant (8.38)

which is merely the inviscid form of eqn. (8.2).
The torque transmitted to the rotor by the fluid manifests itself as a pressure
difference across each radial vane. Consequently, there must be a pressure gradient
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in the tangential direction in the space between the vanes. Again, consider the
element of fluid and apply Newton’s second law of motion in the tangential direction

dp.dr = f,dm = 2Qw(prdfdr).
Hence,

lap

2Qrw (8.39)
p 00

which establishes the magnitude of the tangential pressure gradient. Differentiating
eqn. (8.38) with respect to 6,
1 ow
lop _ _ o (8.40)
p 00 a0
Thus, combining eqns. (8.39) and (8.40) gives,

»_ _sor (8.41)
%0

This result establishes the important fact that the radial velocity is not uniform
across the passage as is frequently assumed. As a consequence of this fact the
radial velocity on one side of a passage is lower than on the other side. Jamieson
(1955), who originated this method, conceived the idea of determining the minimum
number of blades based upon these velocity considerations.

Let the mean radial velocity be w and the angular space between two adjacent
blades be A = 27/Z where Z is the number of blades. The maximum and minimum
radial velocities are, therefore,

FAW =W+ Qrae (8.42a)
Wmin =W — 1Aw =W — QrAf (8.42b)

using eqn. (8.41).

Making the reasonable assumption that the radial velocity should not drop below
zero, (see Figure 8.6b), then the limiting case occurs at the rotor tip, r = r, with
Wmin = 0. From eqn. (8.42b) with U, = Q2r;, the minimum number of rotor blades is

Zin = 27TU2/W2 (8433)
At the design condition, U, = w; tan />, hence
Zmin = 2w tan a; (8.43b)

Jamieson’s result, eqn. (8.43b), is plotted in Figure 8.7 and shows that a large
number of rotor vanes are required, especially for high absolute flow angles at
rotor inlet. In practice a large number of vanes are not used for several reasons,
e.g. excessive flow blockage at rotor exit, a disproportionally large “wetted” surface
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30 T T T T

Number of rotor vanes, Z

1 ] ! |
60 70 80

Absolute flow angle, a, (deg)

FiG. 8.7. Flow angle at rotor inlet as a function of the number of rotor vanes.

area causing high friction losses, and the weight and inertia of the rotor become
relatively high.

Some experimental tests reported by Hiett and Johnston (1964) are of interest
in connection with the analysis presented above. With a nozzle outlet angle a; =
77 deg and a 12 vane rotor, a total-to-static efficiency n,; = 0.84 was measured at
the optimum velocity ratio U,/cp. For that magnitude of flow angle, eqn. (8.43b)
suggests 27 vanes would be required in order to avoid reverse flow at the rotor tip.
However, a second test with the number of vanes increased to 24 produced a gain
in efficiency of only 1%. Hiett and Johnston suggested that the criterion for the
optimum number of vanes might not simply be the avoidance of local flow reversal
but might require a compromise between total pressure losses from this cause and
friction losses based upon rotor and blade surface areas.

Glassman (1976) preferred to use an empirical relationship between Z and «j,
namely

Z= 3”—0(110—a2)tana2, (8.44)

as he also considered Jamieson’s result, eqn. (8.43b), gave too many vanes in the
rotor. Glassman’s result, which gives far fewer vanes than Jamieson’s is plotted in
Figure 8.7. Whitfield’s result given in eqn. (8.31b), is not too dissimilar from the
result given by Glassman’s equation, at least for low vane numbers.

Design considerations for rotor exit

Several decisions need to be made regarding the design of the rotor exit. The flow
angle B3, the meridional velocity to blade tip speed ratio, ¢,3/U>, the shroud tip to
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rotor tip radius ratio, r3;/r;, and the exit hub to shroud radius ratio, v = r3;/r3;, all
have to be considered. It is assumed that the absolute flow at rotor exit is entirely
axial so that the relative velocity can be written:

w3 = 23 + Us.
If values of cpg3 /U> and r3,/ry can be chosen, then the exit flow angle variation
can be found for all radii. From the rotor exit velocity diagram in Figure 8.3,

c r r
md DA ot Biav = 2 ot Bs. (8.45)
U 2 r

The meridional velocity ¢,3 should be kept small in order to minimise the exhaust
energy loss, unless an exhaust diffuser is fitted to the turbine.

Rodgers and Geiser (1987) correlated attainable efficiency levels of IFR turbines
against the blade tip speed/spouting velocity ratio, U,/co, and the axial exit flow
coefficient, ¢,,3/U>, and their result is shown in Figure 8.8. From this figure it can
be seen that peak efficiency values are obtained with velocity ratios close to 0.7 and
with values of exit flow coefficient between 0.2 and 0.3.

Rohlik (1968) suggested that the ratio of mean rotor exit radius to rotor inlet
radius, r3ay/r2, should not exceed 0.7 to avoid excessive curvature of the shroud.
Also, the exit hub to shroud radius ratio, r3;/r3,, should not be less than 0.4 because
of the likelihood of flow blockage caused by closely spaced vanes. Based upon the
metal thickness alone it is easily shown that,

(2rtran/Z) cos Bap > tap,

where t3; is the vane thickness at the hub. It is also necessary to allow more than
this thickness because of the boundary layers on each vane. Some of the rather
limited test data available on the design of the rotor exit, comes from Rodgers and
Geiser (1987), and concerns the effect of rotor radius ratio and blade solidity on
turbine efficiency (see Figure 8.9). It is the relative efficiency variation, /Ny, that
is depicted as a function of the rotor inlet radius/exit root mean square radius ratio,

0.8 =
— %S\
0.7 / @ \ \ \
‘\f: K\/é / ’
:o.e \_// < M
0.557 0.2 03 0.4 06 08 1.0
Cra/ U

FiGg. 8.8. Correlation of attainable efficiency ieveis of IFR turbines against velocity ratios
(adapted from Rodgers and Geiser 1987).
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Fia. 8.9. Effects of vane solidity and rotor radius ratio on the efficiency ratio of the IFR
turbine (adapted from Rodgers and Geiser 1987).

r2/rams, for various values of a blade solidity parameter, ZL/D, (where L is the
length of the blade along the mean meridion). This radius ratio is related to the
rotor exit hub to shroud ratio, v, by

12
ms _ 135 (1407 /
rn r 2

From Figure 8.9, for rp/ryms, a value between 1.6 and 1.8 appears to be the
optimum.

Rohlik (1968) suggested that the ratio of the relative velocity at the mean exit
radius to the inlet relative velocity, wiay /w2, should be sufficiently high to assure a
low total pressure loss. He gave wi,, /w2 a value of 2.0. The relative velocity at the
shroud tip will be greater than that at the mean radius depending upon the radius
ratio at rotor exit.

EXAMPLE 8.4. Given the following data for an IFR turbine:
Cm3/U2 = 0.25, V= 0.4, r3s/r2 = 0.7 and W3av/W2 = 2.0,
determine the ratio of the relative velocity ratio, ws;/w; at the shroud.

Solution. As wis/cm3 = sec f3; and wsay /Cm3 = sec Biay, then

Wi3s _ Sec Bas
W3ay seC Bzay

Bov L1 4v)=07and 22 = 225 _ 97 407 =0.49.
r3s rn r3s 2
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From eqn. (8.45):

Cm3 12 0.25
t Brav = — = — =0.5102 . B3,y =62.97 de
cot B3, Us e 0,49 B3a g
Cm3 12 0.25
tfzy;, = —— = ——=0.3571 .. B3, =70.35d
co ﬂ3 U2 r3s 0.7 ﬂ3 °8
W e W Secha o, 0B o0
wy Wiay W2 sec Baay 0.3363

The relative velocity ratio will increase progressively from the hub to the shroud.

EXAMPLE 8.5. Using the data and results given in the examples 8.3 and 8.4
together with the additional information that

(a) the static pressure at rotor exit is 100kPa, and

(b) the nozzle enthalpy loss coefficient, &y = 0.06, determine:
(1) the diameter of the rotor and its speed of rotation;
(2) the vane width to diameter ratio, b,/D; at rotor inlet.

Solution. (1) The rate of mass flow is given by

2
. P3 Cm3 I3 2\ 2
= Ay = | =2 ) (2 Y - )
M= P3Cm323 (RT3> (UZ)UZ’T(Q) (I =vn

From eqn. (8.25), To3 = To1(1 — S) = 1050 x 0.8 = 840 K.
e\ U3
U,/ 2C,

= 840 — 0.25% x 538.1%/(2 x 1150.2).

T3 =Tos — ch3/(2Cp) = To3 — (

Hence, T35 = 832.1K.
Substituting values into the mass flow equation above,

1 =[10°/(287 x 832.1)] x 0.25 x 538.1 x 0.7> x 7 x (1 — 0.4%)r3
o153 =0.01373 and r, = 0.1172m, .. D; =0.2343m
5. =Uz/r, =4591.3 rad/s (N = 43 843 rev/min).

(2) The rate of mass flow equation is now written as

= pacmaAz, Where Ay = 2roby = 4mrs (by/Ds)
b m
"Dy 47rp2C,,,2r§'

Solving for the absolute velocity at rotor inlet and its components,

ce2 =S8SCpTo1/Up; = 0.2 x 1150.2 x 1050/538.1 = 448.9 m/s,
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cm2 = Cop/ tanay = 448.9/3.3163 = 135.4 m/s,
cy = co/ sinay = 448.9/0.9574 = 468.8 m/s.

To obtain a value for the static density, p,, we need to determine 7, and p»:

Ty = Tox — c5/(2C,) = 1050 — 468.8%/(2 x 1150.2) = 954.5K,
hoy —hy= %C% and as {v=(hy — h25)/(%C§), then hgy — hzs=%0§(1 + &N,
CTe—Tas _ (1+4y) _ 468.8° x 1.06

- - = 0.096447
Tos 2C, Ty 2x 11502 x 1050

T ; y—=l)/y

5 (ﬂ) = 1 —0.09645 = 0.90355
Ty Dol
T y/(y—=1)
L (—21> = 0.90355% = 0.66652
Dol Tor

- pa=3.109 x 10° x 0.66652 = 2.0722 x 10° Pa

b, _ 1 /RT, m
D, 4w D2 cm2r§

1 < 287 x 954.5 ) 1

= 0.0566.

T ax7 \20722% 105 ) 135.4 x 0.01373

Incidence losses

At off-design conditions of operation with the fluid entering the rotor at a relative
flow angle, B, different from the optimum relative flow angle, B ox, an addi-
tional loss due to an effective angle of incidence, iy = B2 — B2,opt, Will be incurred.
Operationally, off-design conditions can arise from changes in

(a) the rotational speed of the rotor,
(b) the rate of mass flow,
(c) the setting angle of the stator vanes.

Because of its inertia the speed of the rotor can change only relatively slowly,
whereas the flow rate can change very rapidly, as it does in the pulsating flow of
turbomachine turbines. The time required to alter the stator vane setting angle will
also be relatively long.

Futral and Wasserbauer (1965) defined the incidence loss as equal to the kinetic
energy corresponding to the component of velocity normal to the rotor vane at inlet.
This may be made clearer by referring to the Mollier diagram and velocity diagrams
of Figure 8.10. Immediately before entering the rotor the relative velocity is wy'.
Immediately after entering the rotor the relative velocity is changed, hypothetically,
to w,. Clearly, in reality this change cannot take place so abruptly and will require
some finite distance for it to occur. Nevertheless, it is convenient to consider that the
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Fic. 8.10. (a) Simple flow model of the relative velocity vector (1) immediately before

entry to the rotor, (2) immediately after entry to the rotor. (b) Mollier diagram indicating

the corresponding entropy increase, (s;s — S3s), and enthalpy “loss”, (h, — hy) as a
constant pressure process resulting from non-optimum flow incidence.

change in velocity occurs suddenly, at one radius and is the basis of the so-called
“shock loss model” used at one time to estimate the incidence loss.

The method used by NASA to evaluate the incidence loss was described by
Meitner and Glassman (1980) and (1983) and was based upon a re-evaluation of
the experimental data of Kofskey and Nusbaum (1972). They adopted the following
equation devised originally by Roelke (1973) to evaluate the incidence losses in
axial flow turbines:

Ah; = hy — hy = Jw3(1 — cos™ iy). (8.46)

Based upon data relating to six stators and one rotor, they found values for the
exponent n which depended upon whether the incidence was positive or negative.
With the present angle convention,

n=25fori>0and n =1.75 for i <O.

Figure 8.11 shows the variation of the incidence loss function (1 — cos” i) for a
range of the incidence angle i using the appropriate values of #n.
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(1 — cosni)

-80 40 60
Incidence angle, i (deg)

FiG. 8.11. Variation of incidence loss function at rotor inlet as a function of the incidence
angle.

EXAMPLE 8.6(a): For the IFR turbine described in Example 8.3, and using the
data and results in Example 8.4 and 8.5, deduce a value for the rotor enthalpy loss
coefficient, £, at the optimum efficiency flow condition.

(b) The rotor speed of rotation is now reduced so that the relative flow enters the
rotor radially (i.e. at the nominal flow condition). Assuming that the enthalpy loss

coefficients, ¢y and {g remain the same, determine the total-to-static efficiency of
the turbine for this off-design condition.

Solution. (a) From eqn. (8.10), solving for &z,
¢ = [(1 = mis)cg — €3 — Ene3)/ws.

We need to find values for cg, c3, w3 and c».
From the data,

3 = Cm3 = 0.25 x 538.1 = 134.5my/s.
Wiay = 2wy = 2c¢pp/ c0s B = 2 x 135.4/ cos 33.560 = 324.97 m/s.
1e5 = AW /n,s = 230 x 10°/0.81 = 283.95 x 10°
2 = 468.8 mis.
S r= (2 x 283.95 x 10% x 0.19 — 134.5% — 0.06 x 468.82)/324.97%
=76, 624/105, 605
= 0.7256.
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(b) Modifying the simplified expression for 7, egn. (8.10), to include the incidence
loss term given above,

ns=1— [c% + ;Ncg + ;‘Rw§ + (1 — cos” iz)wg]/c(z).

As noted earlier, eqn. (8.10) is an approximation which ignores the weak effect of
the temperature ratio 7'3/7» upon the value of n,. In this expression wy = ¢, the
relative velocity at rotor entry, i = —f ope = —33.56 deg. and n = 1.75. Hence,
(1 — cos'7333.56) = 0.2732.

s = 1 —[134.5% 4 0.06 x 468.8*
4 0.7256 x 324.97% + 0.2732 x 135.4%1/567 900
=1 —[18090 + 13 186 + 76 627 + 5008]/567 900
. N = 0.801.

This example demonstrates that the efficiency reduction when operating at the
nominal design state is only one per cent and shows the relative insensitivity of
the IFR turbine to operating at this off-design condition. At other off-design condi-
tions the inlet relative velocity w, could be much bigger and the incidence loss
correspondingly larger.

Significance and application of specific speed

The concept of specific speed N; has already been discussed in Chapter 1 and
some applications of it have been made already. Specific speed is extensively used
to describe turbomachinery operating requirements in terms of shaft speed, volume
flow rate and ideal specific work (alternatively, power developed is used instead of
specific work). Originally, specific speed was applied almost exclusively to incom-
pressible flow machines as a tool in the selection of the optimum type and size of
unit. Its application to units handling compressible fluids was somewhat inhibited,
due, it would appear, to the fact that volume flow rate changes through the machine,
which raised the awkward question of which flow rate should be used in the specific
speed definition. According to Balje (1981), the significant volume flow rate which
should be used for turbines is that in the rotor exit, Q3. This has now been widely
adopted by many authorities.

Wood (1963) found it useful to factorise the basic definition of the specific speed
equation, eqn. (1.8), in terms of the geometry and flow conditions within the radial-
inflow turbine. Adopting the non-dimensional form of specific speed, in order to
avoid ambiguities,

_Nos”

NS

5

(8.47)

where N is in rev/s, Qs is in m?/s and the isentropic total-to-total enthalpy drop
Ahg; (from turbine inlet to exhaust) is in J/kg (i.e. m%/s2).
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For the 90 deg IFR turbine, writing U, = nND, and Ahg, = L¢3, eqn. (8.47) can
be factorised as follows:

. ;/2 U, U, \?
~ (A2p4 \nD,y ) \aND;

s
32
V2 U2\ (03 \'2
=|— — — (8.48)
T Co ND;
For the ideal 90 deg. IFR turbine and with cgy = U3, it was shown earlier that the

blade speed to spouting velocity ratio, Us/cp = 1/+/2 = 0.707. Substituting this
value into eqn. (8.34),

0; \
N, =0.18 (W) , (rev) (8.48a)

2

i.e. specific speed is directly proportional to the square root of the volumetric flow
coefficient.

To obtain some physical significance from eqns. (8.47) and (8.48a), define a
rotor disc area A; = nD3/4 and assume a uniform axial rotor exit velocity c3 so
that Q3 = Ascs, then as

C0~/2
2JID2
Q3 _ A3C327TDz _ A3 C3 7'[2
ND} ~ VacDi  Adco2V2

N =Uz/(nD;) =

Hence,
1/2 1/2
N, =0.336 (Ci> (i‘i) . (rev) (8.48b)
co Ag4
or,
1,2 172
Q, =2.11 <C—3> (’3) . (rad) (8.48¢)
o Ad

In an early study of IFR turbine design for maximum efficiency, Rohlik (1968)
specified that the ratio of the rotor shroud diameter to rotor inlet diameter should be
limited to a maximum value of 0.7 to avoid excessive shroud curvature and that the
exit hub to shroud tip ratio was limited to a minimum of 0.4 to avoid excess hub
blade blockage and loss. Using this as data, an upper limit for A3/A,; can be found,

A D3\ 2 2
_3=< 3:) 1_<D3h) =0.72 x (1 —0.16) = 0.41.
Ag D, Ds;

Figure 8.12 shows the relationship between €, the exhaust energy factor (c3/co)?
and the area ratio A3/A; based upon eqn. (8.48c). According to Wood (1963), the
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limits for the exhaust energy factor in gas turbine practice are 0.04 < (c3/co)? <
0.30, the lower value being apparently a flow stability limit.

The numerical value of specific speed provides a general index of flow capacity
relative to work output. Low values of €2, are associated with relatively small
flow passage area and high values with relatively large flow passage areas. Specific
speed has also been widely used as a general indication of achievable efficiency.
Figure 8.13 presents a broad correlation of maximum efficiencies for hydraulic and
compressible fluid turbines as functions of specific speed. These efficiencies apply
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to favourable design conditions with high values of flow Reynolds number, efficient
diffusers and low leakage losses at the blade tips. It is seen that over a limited range
of specific speed the best radial-flow turbines match the best axial-flow turbine
efficiency, but from €2; = 0.03 to 10, no other form of turbine handling compressible
fluids can exceed the peak performance capability of the axial turbine.

Over the fairly limited range of specific speed (0.3 £ Q; < 1.0) that the IFR
turbine can produce a high efficiency, but it is difficult to find a decisive performance
advantage in favour of either the axial flow turbine or the radial-flow turbine. New
methods of fabrication enable the blades of small axial-flow turbines to be cast
integrally with the rotor so that both types of turbine can operate at about the same
blade tip speed. Wood (1963) compared the relative merits of axial and radial gas
turbines at some length. In general, although weight, bulk and diameter are greater
for radial than axial turbines, the differences are not so large and mechanical design
compatibility can reverse the difference in a complete gas turbine power plant. The
NASA nuclear Brayton cycle space power studies were all been made with 90 deg
IFR turbines rather than with axial flow turbines.

The deéign problems of a small axial-flow turbine were discussed by Dunham and
Panton (1973) who studied the cold performance measurements made on a single-
shaft turbine of 13 cm diameter, about the same size as the IFR turbines tested by
NASA. Tests had been performed with four different rotors to try and determine the
effects of aspect ratio, trailing edge thickness, Reynolds number and tip-clearance.
One turbine build achieved a total-to-total efficiency of 90 per cent, about equal to
that of the best IFR turbine. However, because of the much higher outlet velocity,
the total-to-static efficiency of the axial turbine gave a less satisfactory value (84 per
cent) than the IFR type which could be decisive in some applications. They also
confirmed that the axial turbine tip-clearance were comparatively large, losing two
per cent efficiency for every one per cent increase in clearance. The tests illustrated
one major design problem of a small axial turbine which was the extreme thinness
of the blade trailing edges needed to achieve the efficiencies stated.

Optimum design selection of 90 deg IFR turbines

Rohlik (1968) has examined analytically the performance of 90 deg inward flow
radial turbines in order to determine optimum design geometry for various appli-
cations as characterised by specific speed. His procedure, which extends an earlier
treatment of Balje (1981) and Wood (1963) was used to determine the design point
losses and corresponding efficiencies for various combinations of nozzle exit flow
angle a», rotor diameter ratio D;/D3,, and rotor blade entry height to exit diameter
ratio, b;/Ds,y. The losses taken into account in the calculations are those associ-
ated with,

(i) nozzle blade row boundary layers,
(ii) rotor passage boundary layers,
(iii) rotor blade tip clearance,
(iv) disc windage (on the back surface of the rotor),
(v) kinetic energy loss at exit.
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A mean-flowpath analysis was used and the passage losses were based upon the
data of Stewart er al. (1960). The main constraints in the analysis were:

(a) wiav/w2 =2.0

(b) ce3=0

(©) B2 = Br.op, Le. zero incidence
(d) r3s/r2 = 0.7

(e) r3;,/r3s =04.

Figure 8.14 shows the variation in total-to-static efficiency with specific speed
(92,) for a selection of nozzle exit flow angles, «;. For each value of «; a hatched
area is drawn, inside of which the various diameter ratios are varied. The envelope of
maximum 7, is bounded by the constraints D3, /D3; = 0.4 in all cases and D3,/D; =
0.7 for €2, > 0.58 in these hatched regions. This envelope is the optimum geometry
curve and has a peak n;; of 0.87 at ; = 0.58 rad. An interesting comparison is
made by Rohlik with the experimental results obtained by Kofskey and Wasserbauer
(1966) on a single 90 deg IFR turbine rotor operated with several nozzle blade row
configurations. The peak value of 7, from this experimental investigation also turned
out to be 0.87 at a slightly higher specific speed, 2; = 0.64 rad.

The distribution of losses for optimum geometry over the specific speed range
is shown in Figure 8.15. The way the loss distributions change is a result of the
changing ratio of flow to specific work. At low €, all friction losses are rela-
tively large because of the high ratios of surface area to flow area. At high €2, the
high velocities at turbine exit cause the kinetic energy leaving loss to predominate.
Figure 8.16 shows several meridional plane sections at three values of specific speed
corresponding to the curve of maximum total-to-static efficiency. The ratio of nozzle
exit height to rotor diameter, b, /D>, is shown in Figure 8.17, the general rise of this
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ratio with increasing €2, reflecting the increase in nozzle flow area* accompanying
the larger flow rates of higher specific speed. Figure 8.17 also shows the variation
of Us/co with €2 along the curve of maximum total-to-static efficiency.

Clearance and windage losses

A clearance gap must exist between the rotor vanes and the shroud. Because
of the pressure difference between the pressure and suction surfaces of a vane, a
leakage flow occurs through the gap introducing a loss in efficiency of the turbine.
The minimum clearance is usually a compromise between manufacturing difficulty
and aerodynamic requirements. Often, the minimum clearance is determined by
the differential expansion and cooling of components under transient operating
conditions which can compromise the steady state operating condition. According to
Rohlik (1968) the loss in specific work as a result of gap leakage can be determined
with the simple proportionality:

Ah, = Ahy(c/bay) (8.49)

where Ahy is the turbine specific work uncorrected for clearance or windage losses
and c/b,, is the ratio of the gap to average vane height (i.e. b,y = %(bz + b3)).
A constant axial and radial gap, ¢ = 0.25 mm, was used in the analytical study
of Rohlik quoted earlier. According to Rodgers (1969) extensive development on
small gas turbines has shown that it is difficult to maintain clearances less than about
0.4 mm. One consequence of this is that as small gas turbines are made progressively
smaller the relative magnitude of the clearance loss must increase.

The non-dimensional power loss due to windage on the back of the rotor has
been given by Shepherd (1956) in the form:

AP, /(02S®D3) = constant x Re™!/°

where €2 is the rotational speed of the rotor and Re is a Reynolds number. Rohlik
(1968) used this expression to calculate the loss in specific work due to windage,

Ah,, = 0.56p,D3(U,/100)%/ (1 Re) (8.50)

where m is the total rate of mass flow entering the turbine and the Reynolds number
is defined by Re = U,D,/v,, v» being the kinematic viscosity of the gas corre-
sponding to the static temperature T, at nozzle exit.

Pressure ratio limits of the 90 deg IFR turbine

Every turbine type has pressure ratio limits, which are reached when the flow
chokes. Choking usually occurs when the absolute flow at rotor exit reaches sonic
velocity. (It can also occur when the relative velocity within the rotor reaches sonic
conditions.) In the following analysis it is assumed that the turbine first chokes when

* The ratio b /D; is also affected by the pressure ratio and this has not been shown.
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the absolute exit velocity c¢3 reaches the speed of sound. It is also assumed that c3
is without swirl and that the fluid is a perfect gas.

For simplicity it is also assumed that the diffuser efficiency is 100% so that,
referring to Figure 8.4, Toyss = To3s5(Po3 = posa). Thus, the turbine total-to-total
efficiency is,

To1 — To3
nn=-—-——: (8.51)
*7 Tor — Tosss
The expression for the spouting velocity, now becomes
s = 2C ,(Tor — To3ss),
is substituted into eqn. (8.51) to give,
1 2C ,To3
n : (8.52)

T 1— (Tose/Tot) c3

The stagnation pressure ratio across the turbine stage is given by pg3/po =
(To3ss/Tor)Y/"~V; substituting this into eqn. (8.52) and rearranging, the exhaust
energy factor is,

C3 2_ 1 C% (853)
co) L1 —(pos/po)¥=Dlr G 2CpTos '

Now To3 = T3[1 + 1(y — 1)M?}] and

2
3 y—1 2
— =Ty ~=To =T33 | — | M3,
2C, 03 01 3( ) 3
therefore,
g  iy-DM}

(8.54)

2C,Tos 1+ 1y —DMS

With further manipulation of eqn. (8.53) and using eqn. (8.54) the stagnation pres-
sure ratio is expressed explicitly as

( pou )W—”/V __ (es/eo) + [3(r = DM3n/[1 + 5(y — DM3]
P03 (c3/co)® — [(y — DM — n)}/11 + (v — DM

Wood (1963) has calculated the pressure ratio { pg1/ po3) using this expression, with
n, = 0.9, y = 1.4 and for M3 = 0.7 and 1.0. The result is shown in Figure 8.14. In
practice, exhaust choking effectively occurs at nominal values of M3 = 0.7 (instead
of at the ideal value of M3 = 1.0) due to non-uniform exit flow.

The kinetic energy ratio (c3/co)? has a first order effect on the pressure ratio
limits of single stage turbines. The effect of any exhaust swirl present would be to
lower the limits of choking pressure ratio.

It has been observed by Wood that high pressure ratios tend to compel the use of
lower specific speeds. This assertion can be demonstrated by means of Figure 8.12
taken together with Figure 8.18. In Figure 8.12, for a given value of A3/A4,

(8.55)
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increases with (c3/co)? increasing. From Figure 8.18, (po;/po3) decreases with
increasing values of (c3 /co)z. Thus, for a given value of (c3 /co)?, the specific speed
must decrease as the design pressure ratio is increased.

Cooled 90 deg IFR turbines

The incentive to use higher temperatures in the basic Brayton gas turbine cycle is
well known and arises from a desire to increase cycle efficiency and specific work
output. In all gas turbines designed for high efficiency a compromise is necessary
between the turbine inlet temperature desired and the temperature which can be
tolerated by the turbine materials used. This problem can be minimised by using
an auxiliary supply of cooling air to lower the temperature of the highly stressed
parts of the turbine exposed to the high temperature gas. Following the successful
application of blade cooling techniques to axial flow turbines (see, for example,
Horlock 1966 or Fullagar 1973), methods of cooling small radial gas turbines have
been developed.

According to Rodgers (1969) the most practical method of cooling small radial
turbines is by film (or veil) cooling, Figure 8.19, where cooling air is impinged on
the rotor and vane tips. The main problem with this method of cooling being its
relatively low cooling effectiveness, defined by

_ To — (Tm+ ATp)
To1 — (Toc + ATyp)

(8.56)
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Fig. 8.19. Cross section of film-cooled radial turbine.

where T, is the rotor metal temperature,

ATy = %U% /Cp. is half the drop in stagnation temperature of the
gas as a result of doing work on the rotor,

Tis the stagnation temperature of the cooling air.

Rodgers refers to tests which indicate the possibility of obtaining £ = 0.30 at the
rotor tip section with a cooling flow of approximately 10% of the main gas flow.
Since the cool and hot streams rapidly mix, effectiveness decreases with distance
from the point of impingement. A model study of the heat transfer aspects of
film-cooled radial flow gas turbines is given by Metzger and Mitchell (1966).
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Problems

1. A small inward radial flow gas turbine, comprising a ring of nozzle blades, a radial-
vaned rotor and an axial diffuser, operates at the nominal design point with a total-to-total
efficiency of 0.90. At turbine entry the stagnation pressure and temperature of the gas is
400kPa and 1,140K. The flow leaving the turbine is diffused to a pressure of 100kPa and
has negligible final velocity. Given that the flow is just choked at nozzle exit, determine the
impeller peripheral speed and the flow outlet angle from the nozzles.

For the gas assume y = 1.333 and R = 287 J/(kg °C).
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2. The mass flow rate of gas through the turbine given in Problem No. 1 is 3.1kg/s, the
ratio of the rotor axial width/rotor tip radius (b,/r») is 0.1 and the nozzle isentropic velocity
ratio (¢») is 0.96. Assuming that the space between nozzle exit and rotor entry is negligible
and ignoring the effects of blade blockage, determine:

(i) the static pressure andystatic temperature at nozzle exit;
(ii) the rotor tip diameter and rotational speed;
(iii) the power transmitted assuming a mechanical efficiency of 93.5%.

3. A radial turbine is proposed as the gas expansion element of a nuclear powered Brayton
cycle space power system. The pressure and temperature conditions through the stage at the
design point are to be as follows:

Upstream of nozzles, py = 699kPa, T = 1, 145K;
Nozzle exit, p2=5272kPa, T, =1,029K;
Rotor exit, p3 =384.7kPa, T3 =914.5K, Tg3 = 924.7K.

The ratio of rotor exit mean diameter to rotor inlet tip diameter is chosen as 0.49 and the
required rotational speed as 24,000 rev/min. Assuming the relative flow at rotor inlet is radial
and the absolute flow at rotor exit is axial, determine:

(1) the total-to-static efficiency of the turbine;
(i1) the rotor diameter;
(iii) the implied enthalpy loss coefficients for the nozzles and rotor row.

The gas employed in this cycle is a mixture of helium and xenon with a molecular
weight of 39.94 and a ratio of specific heats of 5/3. The universal gas constant is, Ry =
8.314 kJ/(kg-mol K).

4. A film-cooled radial inflow turbine is to be used in a high performance open Brayton
cycle gas turbine. The rotor is made of a material able to withstand a temperature of 1145K at
a tip speed of 600 m/s for short periods of operation. Cooling air is supplied by the compressor
which operates at a stagnation pressure ratio of 4 to 1, with an isentropic efficiency of 80%,
when air is admitted to the compressor at a stagnation temperature of 288 K. Assuming that
the effectiveness of the film cooling is 0.30 and the cooling air temperature at turbine entry
is the same as that at compressor exit, determine the maximum permissible gas temperature
at entry to the turbine.

Take y = 1.4 for the air. Take y = 1.333 for the gas entering the turbine. Assume R =
287 J/(kg K) in both cases.

5. The radial inflow turbine in Problem 8.3 is designed for a specific speed 2 of 0.55
(rad). Determine:

(1) the volume flow rate and the turbine power output;
(2) the rotor exit hub and tip diameters;
(3) the nozzle exit flow angle and the rotor inlet passage width/diameter ratio, b,/D>.

6. An inward flow radial gas turbine with a rotor diameter of 23.76cm is designed to
operate with a gas mass flow of 1.0kg/s at a rotational speed of 38 140rev/min. At the
design condition the inlet stagnation pressure and temperature are to be 300kPa and 727°C.
The turbine is to be “cold” tested in a laboratory where an air supply is available only at the
stagnation conditions of 200 kPa and 102°C.

(a) Assuming dynamically similar conditions between those of the laboratory and the
projected design determine, for the “cold” test, the equivalent mass flow rate and the speed
of rotation. Assume the gas properties are the same as for air.
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(b) Using property tables for air, determine the Reynoids numbers for both the hot and
cold running conditions. The Reynolds number is defined in this context as:

Re = ppyND?/ oy

where pp; and g, are the stagnation density and stagnation viscosity of the air, N is the
rotational speed (rev/s) and D is the rotor diameter.

7. For the radial flow turbine described in the previous question and operating at the
prescribed “hot” design point condition, the gas leaves the exducer directly to the atmosphere
at a pressure of 100kPa and without swirl. The absolute flow angle at rotor inlet is 72° to
the radial direction. The relative velocity w; at the the mean radius of the exducer (which is
one half of the rotor inlet radius r,) is twice the rotor inlet relative velocity w,. The nozzle
enthalpy loss coefficient, £y = 0.06.

Assuming the gas has the properties of air with an average value of y = 1.34 (this temper-
ature range) and R = 287 J/kg K, determine:

(1) the total-to-static efficiency of the turbine;

(2) the static temperature and pressure at the rotor inlet;

(3) the axial width of the passage at inlet to the rotor;

(4) the absolute velocity of the flow at exit from the exducer;

(5) the rotor enthalpy loss coefficient;

(6) the radii of the exducer exit given that the radius ratio at that location is 0.4.

8. One of the early space power systems built and tested for NASA was based on the
Brayton cycle and incorporated an IFR turbine as the gas expander. Some of the data available
concerning the turbine are as follows:

Total-to total pressure ratio (turbine inlet to turbine exit), Poi/ pos = 1.560
Total-to-static pressure ratio, poi/p3 = 1.613
Total temperature at turbine entry, To = 1083 K
Total pressure at inlet to turbine, Toy =91kPa
Shaft power output (measured on a dynamometer) P = 22.03kW
Bearing and seal friction torque (a separate test), 75 = 0.0794 Nm
Rotor diameter, D, =15.29¢cm
Absolute flow angle at rotor inlet, ay =T72°
Absolute flow angle at rotor exit, a3 =0°

The hub to shroud radius ratio at rotor exit, ry/r, = 0.35
Ratio of blade speed to jet speed, v = Uz/cy = 0.6958

(co based on total-to-static pressure ratio)

For reasons of crew safety, an inert gas argon (R = 208.2J/(kg K), ratio of specific heats,
y = 1.667) was used in the cycle. The turbine design scheme was based on the concept of
optimum efficiency.

Determine, for the design point:

(1) the rotor vane tip speed;
(2) the static pressure and temperature at rotor exit;
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(3) the gas exit velocity and mass flow rate;
(4) the shroud radius at rotor exit;

(5) the relative flow angle at rotor inlet;

(6) the specific speed.

NB. The volume flow rate to be used in the definition of the specific speed is based on the
rotor exit conditions.



