Chapter 2

Free Vibration of Single Degree
of Freedom Systems
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Let w, = 7.5 rad/sec.
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where k is the stiffness of the air spring.
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W, = (3/351:)/2 = LIRS = 22- 1472 'rad/sec
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, Let x be measured from
the Pas‘i'&fon of mast al which
1re Springs are gnsfrcfcbec‘. Wsine
Ezua:ffon of motion is
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Where 8o (4, + %) = W sin o - ' ’«,-«— %,
Thus Eg- (E)) becomes mx + (k;+Kz) x=0 = o = m

AR 77:-(0.05)2 (30 (10%))
L= -

'3 30 (12)
= 163.6250 Ib /in
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Az B2 163.625 (25)
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keq =k; + kp = 163.6250 + 136.3542 = 299.9792 lbfAn =~~~ - -—~—-—
~ Let x be measured from the unstretched length of the springs. The equation of motion is:
mX =—(k; +k;)(x + &) + W sin ¢
where (k; + kp) 64 = W sin | '
ie, mx+(k; +ks)x=0

ky = = 136.3542 1b/in

Thus the natural frequency of vibration of the cart is given by

| k; +ky »\/ 299.9792 (386.4)
Wy = V — = 000 = 4,8148 ra.d/sec

Weight of electronic chassis = 500 N. To be able to use the unit in a vibratory
environment with a frequency range of 0 - 5 Hz, its natural frequency must be away
from the frequency of the environment. Let the natural frequency be w, = 10 Hz =

62.832 rad/sec. Since
Wy = V—lf'i = 62.832
m

we have



200 ] (62.832)? =20.1857 (10*) N/m =4k

keg =m _[081

so that k = spring constant of each spring = 50,464.25 N/m. For a helical spring,
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Let P = tension in rope. : p
fFor eaui Librium oae Pul(cj 1,

2P =4, x, _———— (E2> »i
For epuilibrium of pulley 2,

2P = 4k, %, ~--- (£3)
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a.na‘ *, = K+ K= 2%
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Egua,fion of motion of mais wn: mzx + k% xX =0

e R [E
™ 4771

mE+8F; —8(sk)=0 (2)

. : L L A
For a displacement of x of mass m, pulleys

1, 2 and 3 undergo displacements of 2x, 4x
and 8x, respectively. The equation of motion

of mass m can be written as

where Fy =2 F; =4 F, =8 F; as shown in figure.

Since F3 = (8x) k, Eq. (1) can be rewritten as

from which we can find




(@) W, =" \/4"/1‘4
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@ (a) Velocity of anvil = v = 50 ft/sec = 600 in/sec. x = 0 at static equilibrium

position. .
' | ~ weight mg
Xo = x(t=0) ., Tk
Conservation of momentum: :
M . - __myv
M+m)xg =mv or x, =x(t=0) Mim
Natural frequency:
' L 4k
_ B M+ m
Complete solution:
x(t) = Ag sin (wy t + ¢y)
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Since v = 600, m = 12/386.4, M = 100/386.4, k = 100, we find
1

2 2
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12 (388.4) +
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Bo = {4 (100) (386.4)

386.4 V 112 ] =tan"! (— 0.01734) = — 0.9934 deg

$o = tan™! ["
\V/386.4 (600) V 400

(b) x = 0 at static equilibrium position: x; =
momentum gives:

MxX; =mv or % =x(t=0) =_£;—Il'-

Complete solution:

x(t) = AQ sin (w, t + &)

= x(t=0) = 0. Conservation of
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Thus k,q can be expressed as
keq = (kl + kz) ta.n2 g

Equation of motion:

m§’+keqx=0

k k k :
h = ._iq... = V-(_l_.i__z_l_g; tan 9
m W _L
. /I‘(l sl.ﬂ g - x)

T

Natural frequency:

@ | (a) Neglect masses of rigid links. Let x = displacement of W. Springs are in series.

k
Equation of motion:
mX + ke x=0

Natual frequency:

a keq k
wn ——1 — == —
m 2m

(b) Under a displacement of x of mass, each spring will be compressed by an an

amount:
e 2 v
HEXY

Equivalent spring constant:

X

x!
or keq=2k — ] =2k

Equation of motion:

Natural frequency:




Fi=Fs= £, x cwt45° F F
Fp= Fy= *,x cos 135° g * 45°
. P x

F= force aionj K = F, Cp*.f45°+ F, w3135 %y fm &,
+F wf45° + F, cori3s’® F3 ;
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For @3, to be fnc‘tfenolenf of 8,

and

(EL) and (E;) can be rewritten as

= kg (hetoenr) =
=1

6
- > 2
and "i Z.—Lt | Sin 2,

=1

e ‘
OMJ Z 1:2 Sin 2.0(; (]
=1

fl

6
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= *.‘.(';_“ )
=

= O
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' : .
= z L Ao O(;v--(Ej)
4=1
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In the present example, (53) and (64) become
| k; ¢os 60" + K, cos 240° 4 k3 co3 2005 4 k, Cof 420°+ Ky ¢t coo°
+ K3 w3 (360" + 243) = ©
%, sin €0° + 4z 5in 240" 4 %3 5in 2 o3 + K, Sin 420° + *g Sin oo’

+ k3 sin (360 + 291) o

\

e “k; - K2 4+ 2 ‘kg 0¥ 2«3 = O

} 2 k3 CoF 2«3 = *kz - 1y ---(ES)
J';"Ak,—'u’?kzﬁ'Z*;an 23 = © )

2 k3 sin 20ty = V7 (k2 — & )-(E)
Sguaring (55) and {Eg) ond a.dding,

41‘32 = (%, - "‘1)2 (1+3) :
kg =+ (k- k) > k3= ‘4’<7_- 1:."
Dividing (E¢) by (€s5)
fon 203 = V3
tant (V3D = 30°

&
i
nNl-

f-
_ T ., T — '
> W = ~t 3 = ma (v 2
m
160 lb—sec?
—_— k = 0 b i .
™= 3864 inch 10 Ib/inch

Velocity of jumper as he falls through 200 ft:

mgh= % mv: or v=V2gh =V2 (386.4) (200 (12)) =1,361.8811 in/sec

About static equilibrium position:

Xo = x(t=0) =0, x;3 =x(t=0) = 1,361.8811 in/sec
Response of jumper:

x(t) = Ap sin {w, t + &)

where
2|4 |
. 2 . . ;
. . | % Xo X Vm  1381.8811 v 160 | _ oo 1081 in
=131X + U = = - - ok o
i i s Vi V10 386.4
and do = tan™? %0 “a —0




The natural frequency of a vibrating rope is given by (see Problem 2.28):

w ="\ / T (a +Db)
2 mab

where T = tension in rope, m == mass, and a and b are lengths of the rope on both
sides of the mass. For the given data: '

T (30 +160) |5

10=1| 120
[386.4] (8?) (1‘?0)

="V'T (0.080375)

which yields
T—_ 100
0.080375

W‘)En W=o0, total ' ‘ T
I . ,

vertical height=20+#h : o

= 1,656.3147 Ib

W E Fe ~e
Wl"lt»hv W o, total FC*——l o c "No
Ve.rf«'ca.‘ f\e.u'slwt.—.(zf w;e+i~) g | T,
spring  force = k2 L+ L~ (28 cos 0+ A)] mg
= 2441 (1—- ol 9) *
-2
For vert\'caJ. e,eu.f(ibn‘u.m af ™mass m, Fc= m x &9
mg + T, e = Ty ofe --- (B1) x= {sine
For horizontal eam‘lzbuwm, F. = }(T.-;-T,,) wn 6
‘ T = (Fc — Ty sin .6)/“" o o (Ez)
From (E;) » (E/) can ke expressed as
l:'Gv Tl.': m3+FcC0te= ma‘*’mwzxc‘ose
2 cos & 2 wI e
2
T = fe— Ty sine _ mx S — 'L'lé’the.-""";’q Sin ©
Sin @ EXL )
= m L wo? _ ™%
2 2 o8 &

Spring fo}ce = 2kl (i- Cos @)Y= 2T, cos ©
= mf(g" oS & —m3
?.kl—f—mg

cos 8 = - (E;
(ztl + mfca"> )




This e_gua..tmn defines the e.au: Libyinm Posf{‘«'on of mass m.

for sma.u psc.f!a.bons aJLO'ui_ the ef),_‘_LJ.n.wn MZZ,—,\
2 %

Newton's second flaw gives
amy + k¥=o0 AREENES

of moments about the pivot of bell crank lever (O) gives:
pl20|_P {12
100 | 2 |100

| 1
10t 1] —
When P = 10 [100] 100 N, and

(a) Let P = total spring force, F = centrifugal force acting on each ball. Equilibrium

(1)

2
27N _ 25
100 60

2 '
= |28 127N _ 0.004471 N?
60 9.81

F=mrwz=mr[

where N = speed of the governor in rpm. Equation (1) gives:

0.004471 N? (0.2) = 3-(22 (0.12) or N =81.9140 rpm

(b) Consider a small displacement of the baIl arm about the vertical position.
Equilibrium about point O gives:

(mbz)9+(kasin6’)acos¢9=0 ‘ - (2)
For small vallues of 8, sin = § and cos § = 1, and hence Eq. (2) gives
mb?f4+ka®fd=0

from which the natural frequency can be determined as
1

1
2
o _{ kz } (10)* [012} 2811 _ 37.5851 rad fsec
m

0.20 25




~le,

z
so’= 2= oo’ =L, os= [K+
a
when eech wire stretches by %, , let tke
resulting vertical olis'ffa.czmen{: of the

Pfa,ff::rm be x -

2
05 + Xy = f4»+x)+ =
9 !

FRIESE )
R[] -1

x* is rnegligible (a'rrrh.f_l; tt 2fx ond Vi+re i+—g-

1

1)

Xy

For small x,
and hence

x = f—_:[““&i‘;‘) t ] - J;—:‘“

Potential enerjy ezu,va.(enc.e 3:Ves

—-'ktz :4—(—‘-1(9(1)

= 5 =Y
- 2 ™ J (2¥.z+a.
T = s, (ktz/ﬂl)lyi 4 2%

@ Equation of motion:

ie, (LApXx=—2(Axpg)

where A = cross-sectional area of the tube and

p = density of Inercury. Thus the

natural frequency is given by:




Assume same area of cross section for all segments of the cable. Speed of blades = 300
rpm = 5 Hz = 31.416 rad/sec.

wl = % = (2 (31.416))® = (62.832)*
keq =m Wi = 250 (62.832)% = 98.8965 (10*) N/m (1)

AD = V0.5 405 =07071m , OD =V2? +0.7071 =2.1213m

Stiffness of cable segments:
AE _ A(207) (10%)

kpo = =207 (10%) A N/m
. ‘po 1 .
AE A (207) (10%) 9
= = = 97.5817
Kop Zon 2.1913 817 (10°) A N/m
. (o]
o5 m B
\\\ o5m
N 2wm ©
D
007I M
4. (o701t
o=tar (2707)
= 19.4710"
The total sttiffness of the four inclined cables (k;) is given by:
k;. = 4 kgp cos® 8 '
= 4 (97.5817) (10°) A cos® 19.4710° = 346.9581 (10°) A N/m
Equivalent stiffness of vertical and inclined cables is given by:
1 1 1
= +
kaq kPO kic )
ie k. — kpo kic
7 e k};o +kie 0
207 (10 346.9581 (10
(207 (107) A) ( (1) A) _ 129.6494 (10°) A N/m (2)

(207 (10°) A) + (346.9581 (10°) A)
Equating k., given by Eqs. (1) and (2), we obtain the area of cross section of cables as:

4
A — _98.6965 (10%)

=7.6126 (107%) m?
129.6494 (10%) (1075)




1
k, |z k
1 {_1_} =5 ; — =4 (m)? (25) = 986.9651
, 27 |m m

1

k 2 k
1 L =4.0825 ; — =4 (m)? (16.6668) = 657.9822
27 |m + 5000 m + 5000
Using k; = AE e obtain
4O .
k 9
f1 _AE _A (207) (10°) _ 086.0651
‘m f; m 2m
ie, A=9.5359(10"")m 0
Also |
k
= AE = 657.9822
m + 5000 ¢, (m + 5000)
le, — > —§.3573 (107%) 2
m -+ 5000

Using Eqgs. (1) and (2), we obtain

A =9.5359 (107°) m = 6.3573 (10™%) m + 31.7865 (107%)
ie., 3.1786 (10‘9) m = 31.7865 (107%)
i.e., m =10000.1573 kg (3

Equations (1) and (3) yield
A =9.5359 (107°) m = 9.5359 (10™*) (10000.1573) = 0.9536 (10™*) m?

@ Longu‘budrna.L Vibration:

Let W, = Fa.}t of weight w carried by length o of s;lna,ft
Wz= W—wy = wen;jkt ca.,erecq L:j {engffx b : '

x= E(Onga.{'{on of 'le".VH‘ @ = ——-—-—REEQ‘ ,’ E= Young: modulus
Y= Shor{:en?nj of ienji-h b= (w- W) (!.. a) ,' A= o.rec; of cross- section
o AE b= mdYs
Since x= Y, W = W(l-a) !
! wWa (1- a-) ;

x = elongation or static Jeffec{:t‘aw of ler\dfl'\ a = 7
. AE

Cons:dermj the shaft of fengﬂq a with end mess W, 3 as a
Spring - mass system, '

F ( glAE i/‘2

We (1-a)



Transverse vibration:

spring constant of a frxc.sf—{-'fxvu? beam w;’fk of § - center L’CU!
-y = 381 2 3er [’

P

a b3 a? (1—&,)3

i

Gaz E = uf?(fjaia }1/2 wth 1= (T4et)

Torsional vibration:

= moment of nertia

If :f—'[gwl-.eel is .g{vén an a:njda.r deflection o, fes.‘sb‘nj

torgues offered by fengths a and b are _GE.Q and 93-;2-

Total resisting torgue= M, = G;( : ___>6
My 1 4f
* = St = a7 ('&7 + ']iT) where T= “;7_ = pokar

e

/kf. Y2
,= _— = GJ 1 i
<Vw T (F )]

W""IETC Jo = mass Pola.r moment of inertios of the ﬂju‘\ecl.

moment of inertic

Meq_, = equivalent mass of a uniform beam at the free end (see Problem 2.38) =

3. 0.283
33 =33 {1 (1) (150 x 12) 2 4}:.0.3107

140 140
Stiffness of tower (beam) at free end:

3EI _
L (150 x 12)®

3 (30x 10°) (- (1) (1%))

ky = = 0.001286 Ib /in

Length of each cable:

=V2 —141421t . OB="V2 15=21.21321t , AB — OB — OA =19.7890 ft

TB = VTA? + AB? = V1002 + 19.7990% = 101.9412 ft
AT 100

tan 6 = — —=5.0508 , 6 = 78.8008°
AMY=AB ~ 19.7990 ’ 8.8008

Axial stiffness of each cable:

AE _ (05)(30x 10%)
¢~ (101.9412 x 12)

Axial extension of each cable (y.) due to a horizontal displacement of x of tower: .

k=

= 12261.971 1b/in



£ =¢% £x* —2€xcos (180° — ) = 2 +x2—11—2€x9039

2 2
X X
or {1 =¢ 1+7 +27c039
omb—emefl X 4 L)X enl
e~ M 2 £ 2 ¢

Equivalent stiffness of each cable in horizontal direction:

2
1 1 Yy
E‘k}’g =‘2—‘qu= x_2 or keqc =k [—;‘E—] =kc082 8
This gives

keq, = (12261.971) cos? 78.8008° = 462.5419 Ib /in

In order to use the relation

) 2
Kegoy = kb +4 keg, [ﬁ:l_]

YL
we find “
Yu FLI(3L—L;) 3EI _ L} (3L —1L,)
L 6EI  FL 2L3
_ 100* (3 (150) —100) _ . ..
2 (150)
Thus

Keq_, = kp + 4 keg_ (0.5185)* = 0.001286 + 4 (462.5419) (0.5185)% -
= 497.4045 Ib /in o

Natural frequency: ‘ y g * e,
4 i - x
—————&@7

L ]
1 1
. 3 1 |
w = Ko ~]A874045 12 _ 40.0114 rad /fsec
LI Y 0.3107




@ Sides of the sign:

AB ="V38.8% 4+ 882 =1244in ; BC=30—8.8 —88=1241in
Area = 30 (30) — 4 (%- (8.8) (8.8)) = 745.12 in®

Thickness = —g— in ; Weight densitylof stee]l = 0.283 b fm3 l“" g 841—){

Weight of sign = (0.283)(-3—)(745.12):26.64 Ib ’
Weight of sign post = (72) (2) (;.) (0.283) = 10.19 Ib
Stiffness of sign post {cantilever beam):
_3E1
€3

Area moments of inertia of the cross section of the sign post:

k

1 1 1
I = (2 —3=_—'4
= — (=) (2)® = = in?
=75 (PP =3 i
Bending stiffnesses of the sign post:

3 (30 (10%)(5)

3E L,
u =g~ —~ 1 = 40.1877 !b/in
3 (30 (10) (=)
3E Iq 384
L . 0.6279 Ib/in
v
|
b jaw
o 4
-4-2-1—&1
|| A7
ARd |
Y | |
L x
B 4 Y . /%/-

2q,

‘ S27 1
Torsional stiffness of the sign post: \l/




b3 b b*
kK, =533 22 Q{1 —0.83 = |1 —
¢ £ a [ 1234]

(See Ref: N. H. Cook, Mechanics of Materials for Design, McGraw-Hill, New York, 1984,
p. 342).
Thus

1. 1y
1) (3) (11.5 (10°%)) {1 — (0.63) (=) 1— '5)
72 ® 12 (1)*
= 1531.7938 lb—in /rad

k, = 5.33

Natural frequency for bending in xz plane:

L |deasm |5

2

Wy = { n} =1 1]26.64 = 24.1434 rad/sec
1 386.4

Natural frequency for bending in yz plane:

1
, : 0.6279 |3
-——{k"}- 96.64 |} =3.0178 rad
Wyy = = . =3, rad /sec
m 386.4

By approximating the shape of the sign as a square of side 30 in (mstead of an octagon),
we can find its mass moment of inertia as:

Lo = 351—‘- (b% h 13 b) = [0'283] [3—0] [303 (%) + (%)3 (30)] = 24.7189

386.4 3

Natural torsional frequency:
: 1 1

ky |27 . B
Wy, = L G 1531.7938 1% _ 7 8720 rad /fsec
Lo 24.7189 -

Thus the mode of vibration (close to resonance) is torsion in xy plane.

(a) Pivoted: ‘ tet L=4.
3EI>__ IZEI

'kez = 4 kcalumn = 4 .

Let mq}'fl = %U«ch mass c?u-t t Ablj_u-b.j# O‘E columns
EMG?* mc'boy-l- (3 + g_ﬁ: 1) % + ’k =

Q
12ET '

Natural freguency of I’lané’on‘ta.l v;brad:conx f
tf_fl



(b) Fixed: pp
Since The joint between column and :}'(oor
dogs not permc‘z’: votation, each column

WE“— bend with ‘ﬂ'nJCIECft'or\ jaon‘n‘l’ af m.'o{cu.e-
When force F is o,p;aifcol ot ends,

- - - -

3 3
x= 2 F ( %‘) - __E_ﬂ__. -
3EI 12EL oE F
_ 4ger
Keolumn = Flfil 5 'kea = 4 Keglumn = E

Let Megrg = €ffective mass of each column ok top end

Eguai‘l'on of motion: (% + mgﬁ;z)»;. + ‘k x = 0 49ET
Natural fr«:z,uem:j of Aonsonfa,!. V:Era-i“nan = {

(—K+ ""g:,cz
Effective mass (due to sely weight): €g,5,8,m
................................... m
: L
(‘*’) Let YYICJC;‘: Effccflve Pa-rt‘ of g --—‘f“{}“ ElF
mass of beam (m) ot end . == \\é

Thus vibrating inertia force ot end

s due to (M+ 'mcﬂ_,')
Assume o(ef/ec{-.on sLaffe G[unnj vibration same as the
static Jﬂfleci'xon S!\a_fe with a t‘d’ foad :

,"l-(’x,‘t) Y(x) UJJ‘(GS t— ,d) where Y (x) = F" (3?—1)

, GEI
Y(x) = _I?__.. x (slax) where Yp= F! — max- tr,[e,f‘ecf-on
‘ 29? | 3EIL
¥ (1) = Y;a (3 oy g ’2:3) Cos (wnt—;z!)' Cerd
. 2
Max. strain energy of beam= Max. work Lj Force F
— _L EX 2
- F Yo p— .23.. ——F— YO ' (Ez>

Max - kinetic energj Jug to distributed mass of Lea.m
= + L
[ ¥ >}mw< e+ 1(ym M
2 . _ 2 :
o () v p el v on (&s)
33

“’e,cfi = TG0 T < 0:2357 m

]

M-




(b) Let Y(x)= ay+e,x+ ay x2+ oy x
Y(O):O, %l_}:_(o):o, Y(1)=Yo, _“.g.(f):o
This leads te ymx)= 3Yo 2 2% .3

£ 23
Y(xt) = Yo( —-’5—2 -2 3;—;—) COS(L&N‘E—F()
Maximum Sfram enerjy = 1 EI fk(g’;;t |
z x>

—

. 2z 2 m
Max. kinetic energy = ‘é‘m @,, Yo + 2—(

= z W Yo (m"l' __'_§_N>

UJ

eJa_.;:z = -"g"’“ = ©0-3714 m

Stiffnesses of segments: _
T

Ay = -} (D} —a}) = T (2% —1.75%) = 0.7363 in’
A E 3) (107
k; = L - = (0'7,3613; (197) _ 61.3583 (104) Ib/in
1 v

Ay = ;-I— (D —d}) = -} (1.5% —1.25%) = 0.5400 in?

Az By (0.5400) (107)

| Lo 10

Ay = ir- (D3 —d2) = 77:- (1* — 0.75%) = 0.3436 in®

Az B3 (0.3438) (107)
L 8

Equivalent stiffness (springs in series):

1
IS I S
keq k;  ky ks
= 0.0182977 (107*) + 0.0185185 (10™*) + 0.0232820 (10™*) = 0.0580982 (107*)

’ or ke =17.2122 (10*) Ib fin

k, = = 54.0 (10%) Ib/in

ky = = 42.9516 (10*) 1b/in

Natural frequency:

keq k 4
o = v_;?__ _ %%_ _ V 17.2122 (13 ) (388.4) = 9578.9157 rad/S!/EC




& i
. } Th: ?.'ﬂ’ -
— f — . | ke,
* Ky T— = _L L : _
W totak Kk, K, : o5 = 21 -f;;‘
Fe e el B ksl IR 1
i < 277
kzz 4 % 3 . i .
TAMMTTAMANMAMMA— =4 _ P
hed o R Ttetel ok T R TG T
. ky = —;tk
T = 277 : where &, = 4k+ % 4 = 16 «
ez, /4 3 3
== o e 2T [ 2T ﬁ;(_.‘__>=o 4330 sec
16 & 4 kT 4 zm
@ Let M= cocffrcrent of Friction J w
' £ : " K
i n = a‘.‘s‘fo’e.c.emenf O;F .G, of ___ﬁ,' !G Tw '.4.1".2

block -
F,E= net reactions between !rx

roller and block on ' - _ ’
l:f't‘ amnd right sides . '.—c ' © _’l
Rea.ctions at Ief‘t a,no{ ‘rfghf due to static ‘{00—4 W are

w (c- x)/z c and W (c-{- "‘)/zc, res'/oecw‘:.'vefj.
M= moment about G due + motion of block = (M Fz.—/‘FOaa

Re.a,cb'Onf O-k Lt/{- MA Y{?;\‘t to ba_[a_nce m—_:_/n__ = /‘_‘_a‘_(FZ_F')

2C 2¢C
_ W(-x) a (R-F) w ¥ _
e WED | 2R | Ll ween aenem

Subtraction 9i
LL‘lLYa.c{‘qn Qives F,_-F,- w % + /ua, (F;_"‘Fz)

(e F— F, = Wx ( ) _
Ve -»/m
Reston‘nj f'ofce = (Fz_ ') — < /u.u/x. 3
C Q-
Egua:l:.‘o:—» of motion : w o /“W/*
=2 w =0

i

' 7
‘ — (c-p*)
th 43 = /‘LW} _ : /A; /A
W(C_fa') - \“‘C—-}AO’

SoLv.nj this, we 36{7 Q3 = /__Cwy(} -+ o/asl)]



@ From problem 2. 41, Wk
F)
?eStOrmj force without springs= /A <Fz_ 1) = C—po

SPrlnj re S'fOr'Lnj forc_e = 2%x
Total restoring force = f"_/:_ + 24 x
Eguation O;F_ motion: %‘ x + (/u—/ka + 2 Kk >9C =0
W,= ¢ = {C/uw+ 2« (c—/ua.,)]} }
: (c-/.a-a«) w

S'olu-ft‘on 03C {"'u's EZLLO—{'«‘O‘n _9ive$

( W We - 2%3c¢
M= W}-}-W&S"@-—Zk}w

(a) Natural frequency of vibration of electromagnet (without the automobile):

v— V 10000.0 (386.4) _ 55 gggy rad /sec
3000 0

(b) When the automobile is dropped, the electromagnet moves up by a distance (xq)
from its static equilibrium position.
Xo = static deflection (elongation of cable) under the wexght of automobxle

Waato 2000
= = =0.21n
k 10000

xp =0
Resultant motion of electromagnet ( +x upwards):

() Ag sin (wy t + 6o)

where
1
)
Ag =1t +|X |} —=x, =02
%.
2
Xg Wy
and ¢y =tan! = tan™! (oo0) = 90°
. Xp .

Hence x(t) = 0.2 sin (35.8887 t + 80°) = 0.2 cos 35.8887 t
(¢) Maximum x(t):
x(t) | max = Ap = 0.2 in

Maximum tension in cable during motion = k x(t) | n.y + Weigh of electromagnet

= 10000 (0.2) + 3000 = 5,000 lb.
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x x) x 2 *

3 *, ‘ 3
%[ 2

WA T ‘——'V\NMWW——? <« m &=
N
N N *,7¢ k,x
N (@] N 1 2
AETARTRTRITTH § T i i Kt K I KRS R KSR SN S N

Newton'’s second law of motion:
Ft)=—k; x—kyx=mX or mX+(k; +k;)x=0
D’Alembert’s principle: ‘
| Ft)—mX=0or —k;x—k;x—mX=0
Thus mx +(k; + k) x=0
Principle of virtual work:
When mass m is given a virtual displacement &,
Virtual work done by the spring forces = - (k; +k,) x &
Virtual work done by the inertia force = - (m X) &

According to the principle of virtual Work the total virtual work done by all forces
must be equal to zero: .

—mx &x — (k +kg)x5x—0 or mX + (k; +k2)x—-0

Principle of conservation of energy:

.2
T = kinetic energy = % m X

U = strain energy = potential energy = —%— k; x? + —%— k, x?
1 201 : 2
T+U=-5mx t5 (ky +k2) x* = ¢ = constant
d

I (T+U)=0 or mX+(k; +ky)x=0

245

* ()

7



Equation of motion:

Massm: mg—T=mX
Pulley Jyg: Jo0=Tr—kdr(f+6)4r

where 8, = angular deflection of the pulley under the weight, mg, given by:

m g
16k

mgr=k(4"r90)4r or =
Substituting Eqs. (1) and (3) into (2), we obtain

Jof=(mg—m%)r—k16r? (8 + l’é“rgk)

Usingx =rfand X =1 §, Eq. (4) becomes
(Jo+mr?) 8+ (162 k)6=0

Consider the springs connected to the pulleys (by rope)

to be in series. Then

1 g 5
or ke =<
Let the displacement of mass m be x.

“Then the extension of the rope (springs
connected to the pulleys) = 2 x. From

the free body diagram, the equation of
motion of mass m;:
mX+2kx+ky (2x)=0

or mii-{--lé-l-kx_—-:o

|

2 % 2

x> (£)

T = kinetic e‘nergy' = Thass + Tpullegy

1 .2 1 »2 1 .2
=-2—mx +‘2‘300 %—E(mrz—}—.}o)@

U = potential energy = —;— kx: = % k(4r6)} = % k (16 r*).6*

. Using —(%— (T + U) =0 gives

(mr? +J)8+(16r2 k)6 =0

21 -2
T = kinetic energy = é— mx + > I, 0

U = potential energy = —;— k Xﬁ



x . .
where ¢ = — %= extension of spring = 4 r § = 4 x. Hence

2

1 Jo . . 1
T-—-2—(m+—;§—)x 3 U=E(18k)x2

. . d
Using tthe relation I (T +U) = 0, we obtain the equation of motion of the
system as: |

Jo , ..
(m+ —)x+18kx=0
T _

cross-section: Sem x 5 ¢em l?
- 2l Pe
L x 1 |

Le ‘ — O e a =0.2Mm
- f- ot m fooso2

A

Due to a load P at C, deflection at point C is given by (from Appendix B):

y(X)=%%—I—£-,Q [a(3x—-t’)—-—(x—-f)2];(§x§{+a
P a? '
Yc=Y(x=¢+3a)= YT (€ +a)

Moment of inertia of cross section of beam:
1= —;2— (0.05) {0.05)% = 52.0833 (107%) m*

Equivalent stiffness:

k. P __3El¢ _ 3(207 (10°)) (52.0833 (10~*)) (0.8)
3¢ al(€+a)  (0.2)? (0.8 +0.2)

= 8.4687 (10°) N/m

Natural frequency:

. 8
P, VAN, Y TR
m v 50

AN

}‘? f£=0.8m ———l—-w:o-zm.-»{

Aj _ B ) C

From Appendix B, the deflection of fixed-pinned beam with an 0verhaﬁg, due to
load P at the free end, is given by: |



AN

2 5.2
X fx 32

(x—€P|; e<x<e+a

y(x) = 4E?é’

Using a = 0.2, £ = 0.8, x = a + ¢ = 1.0, and

I= 1L2 (0.05) (0.05)% = 52.0833 (107%) m*
we obtain '
- P (0.2) - . 16 3
7€ T 4 (207 (10°)) (52.0833 (10-%)) (0.8) [1 0.8 (1)* — (55 +1) (02)

=P (9.895652 (107%))

keq = L 10105448 (10*) N/m
Yc
1 1
1 61 )3
w __.{3‘5;]2 ={1°'1°54 (10 )} = 449.5642 rad fsec
m 50 : :
The 3ystem of Fig.(A) Driver Driven
can be drawn in
epuivalent form as
Ahown im F-‘j'(B) where
both pulleys have the game |
ra.c'.’us q- we motice in 250 wnm ¢ . 1000 mm ,d
Fn'g-(B) that vibration tan ke J) ’ F,’g, A . 7,

Pla.t-e in Oﬂ‘j one way with one
)ml/ej moving clocwse and

the other moving cQu.nter c!ock.wffeT
wWhen I’“"‘,‘!" rotg.tc n -
oﬂ’osfte directions, 8t _ %

= -

: N 7 Fig - B 7
The spring force, which has th e AMy  force in 4'}’“’"33)‘r
fame value on either Pul(ej R kf(e,-re,_) ot me = ( due to' AD Zlé
!

heve 4y torsional spring contbantt of | (o 1205 o gt

the Ajstgm' W 01’ motion i :: = Zk(y—'—’—)z = */;2 N—'rn/rcu’

S . LX) oo
T+ ke (B1t©2) =0 N e, t+ ¢ (8 +9)=01_ €- (£,) gives, for W= 12T rad,

e 579,+1<+_(t+%)6|=° & G +% (F)g=0] k= 454.7935 N4,

e e e ® e e e = - - = - = -



Either O:F these czu.n:bonx SIVES :+T“Ic other POSSFE\Q motien (s
8= {*t ( ‘Tl"' T’-)} — (El> ' rotation of the two ral(ej: as o

E whole (as ngq& Lo&y)m Same
Here 9= © % =0 05 3= m*, ) direction. This will hove o na.:l:uml

(JPGEJ ra.f.o) = 0. 2("") = 00125 ‘k.’-m ,frezutnc., Of 33«"'0 See Aec.ton 5.7, .

@ mf 6 + mg sin @ =0
For

srna.u. e, ml 6 + m}s =
I, = l
1
T = 2T ..___2_1.1__..._ = 41.4185 tec
n w3, 9:-81

@@») s= [2

() ml'é 4 xaPsine+ myf sne =0 wml e + (kd+mgl)e=0

2 1
W, = j'ka- +I:nzf
™

) mi? ) + %a sne - "‘51 sin ® =0 mlze +(kaf‘-— TH}Z) =0
03.“ = /ka}_ mzf'
m £2

confiquration (4) has the ;n'g‘»esf natural freguency.

C Aluminu ma | |
in &“b ) \

— __—..—_

\v——n——\\ \

"'-‘———— 5 ————-»] th.cknes‘: = 1

m = mass of a panel = (5 x 12) (3 x 12) (1) (:82682) = 1.5820

Jo = mass moment of inertia of panel about x—axis = — (a + b2)
12

_ 1.5820

= (1% + 36%) = 170.9878

Ip = polar moment of inertia of rod = 57% ad =T (1)* =0.098175 in*
- 3



Gl _ (3.8(10%) (0.095175)

= 3.1089 (10*).1b—in/rad

k=7 12
1 | 1
1 03 |
Wy = Relr 31080 (107 | 13.4841 rad /sec
=17, 170.9878
@ I = polar moment of mertla of cross section of shaft AB
=— d4 ™ (1)* = 0.098175 in*
32 G 1,
k, = torsional stiffness of shaft AB = —7

[}
_ (12 (10 ))6(0'098175) = 19.635 (10*) Ib—in/rad

Jo = mass moment of inertia of the three blades about y—axis

2 2
= (. 3
Y 4} (12)? =0.745

: 1

Torsional natural frequency:
1

1
ki |2 92
s {_} ,..{1933_5_@_).} 5132747 rad fec

To 0.7453

es9

Jo = mass moment of inertia of the ring = 1.0 kg—m?.

I,s = polar moment of inertia of the cross section of steel shaft
= 3—7;- (A4, —di) = {-‘(0.054, — 0.04%) = 36.2266 (10~®) m*

I,p = polar moment of inertia of cross section of brass shaft
T T |
=35 (df, —di) = 5 (0.04* — 0.03*) = 17.1806 (107%) m*

ki; = torsional stiffness of steel shaft
_ GsLs _ (80 (10%) (36.2266 (10°%))
1 2
ki, = torsional stiffness of brass shaft
_ Gv Ly (40 (107)) (17.1808 (1078))
¢ 2
ke =k +kyp =17,926.76 N—m/rad

= 14490.64 N—m /rad

= 3436.12 N—m /rad

Torsional natural frequency:

ky A /
Wy, = V_jﬁ_ = 11221}_1?_ = 133.8908 ra.d/sec _
0 ,

.2 m . 2T
Ty, = = = 0.04693
2= o 133.8908 see




@ Kinetic energy of system s
T= Tedt & L,.._-(i‘ml)g +_i.ml &

- Potential erergy of system is
(ance mats dB the rod ocls Through M C_en‘te\") :

U= Upd + Yial ——myl(i—a:s e)+ M}ﬂ(i-cgs 9>
Eaua,f:aon of motion :
é—('r+u) =0
e. '” M"“ —‘)1 e +<m+"§_'>3,q sSm® =0

(M+3) 4
(m+ 3 l—e=o

For srna.tl anglcs .
4 e +

(M+3) g
(m+35)1

- " " ‘
For ‘H'ze SFCL;H’.', J = T;: = v ("'csz = 61- 3594. JHO 3 *m4_'

32
3] ) -8
k-é-: —G—T'T = <0'733 X 10 )(61-35.94- x 10 ) = 24329-002 N'"’/fa«d

2

For the disc, ‘_ .
" 5= M2 (p T2 a)pt . poth

32
\ |
1
= (783 xw )‘"‘() (CIED R *9-m"

% - 24329- 002\ /2 '
w = [Fe _ ( — .
n / 5 - T ) 177902 ra.ci/sec

Eguation of motion

) _._W019-24<(19>'§'

A
2*(“9) 22 _ Kk, ©

&
s‘*

>
+md —-—-m£ +m
2 36

m A

—_

>
d &o)s me'*

W= mg

. | ok f  gx g*
E§L9+(*“?‘J+ 3?*—?—&+k£)9=0

7 T J 1
wh=/§"23+%«f‘+—5«1 + %) 9 =\/‘9M§J+lo4<!z+9‘kf -

mlz ?Y\fz



For 9iven data.,

9(10)(9-21)(5%) +10 (2000) s)z-re(tooo)
o (5)%

2 ' 2 2/ \ ! f
hrzmR L LEpmRankt ] mEee)e d A sg(ee)e |
—~ A/ AN —
Let a..njula.r d:‘sp(a_cernenf = e : : 1, f
A y
A
Eau.ai:-'on of wmotion. 2 A
. Y, A
. 2 2 m, J )
= /A , ° /

JEr i R S e

R (&r)
Egua:l::‘on (E,) shows that ¢, a'ncfea_ses with the value
of @. '
T Wn will be maximum when a= R.

Net } a.,cl:mj on the Jren&u(um = 984-5= 4-81 ""/3€cl=-‘}
Oy = f / = 3.0l ra.c?/zec |

: T = 2"'/&9“ = 2-0259 Jec
Ezu.a.{"{on of motion:
Jo 9:—'kt -(tiae)w 99)

Where J = —m£+m( ) _;_ I

l,(,..._.
> e : e L — kLo
tmf? 6 ¢ (kpr *g 4t f? )e=o z | 3%

S, = {3(*++’<1°-‘+*111) }% ﬂ
n =

me?

I = 3&+‘1mb2: -?_Lma,z+m£2

Eg, uation o_{-’ motion:

06+’m§59*o

/mg,lr / 29 b b
a + 7.1:2
?Wn _ (@ +2b")(23)-29b (4b)
- Z
b 2 (a. +zbz> (@-{-262‘)

=0



- L'-: T J—a_z’:l—

a 1
wn} - /% F _ 3
L:-;.aa/\(? a.z+2(d2-%_> \I':E‘a,
b= — Cb/\[z“ Gives imaginary value for @9, .
_ o
Since W,=o Wwhen b=0, we have e, ok b= -
' 3!
264 ' 3% (o £) « (o2
T _.—"'";B : T
et ———)
7> O
7

- 77 Y
-2 ) EL QU
v %
Let § be measured from static equilibrium pesition so that gravity force need not

be considered.

(a) Newton’s second law of motion:
| y £, ¢ 3¢,,3¢ 5,3
=— 6 —)——k ({8 —)(— Jo 0+ k& b=
.Joa 3k(4)4 (4_)(4)01'0-}-41( 0
(b) D’Alembert’s principle:
M)~ T, 6=0 or —3k(6§)({-)-k(8¥)(3—4{)—J029'=0
or J0;§+:31-k[’9=0

(¢} Principle of virtual work:

Virtual work done by spring force: »
€, , ¢ 3¢,,3¢ .
=—3k (0 =-)(— 08—k (0§ —)(— &

Virtual work done by inertia moment = - (Jo 8) o8
Setting total virtual work done by all forces/moments equal to zero, we
obtain '

Let meg = effective part of mass of beam (m) at middle. Thus vibratory inertia
2.65 . . - '

force at middle is due to (M+ me). Assume a deflection shape:

¥(x,t) =Y(x) cos (w, t — ¢) where Y(x) = static deflection shape due to load at
middle given by: ' .



X X3 £

. . F &
where Yy = maximum deflection of the beam at middle = BB

1
Maximum strain energy of beam = maximum work done by force F = 5 F Y-

Maximum kinetic energy due to distributed mass of beam:

, 1 {. 2
z(x:t)lma.x dx + E [Yma.x] M

Il
|3
2|
OL-—,NIN
(e

'4
£
mog Lo, 1 22
=7 IY(x)dx'-*'?wnYmaxM
2 - |
Cmed T et )y
R ¥ R R
2 ~r2 - £
muw, Yp | 9 x° 18 x’ 24 x 2 4 1 <2
¢ [fz 5 T A T T A s |l Ty YiMe
1 17 :
=_2_ng121 [—3—-5—m+M

This shows that m,g = % m = 0.4857 m

For Small a,hgulq.r rotation of bar P& about P,
2 .
- («.z)e,& 1) =% x (64) + L+ %, (o £:)*
(*nz)ez, T S 0y |

e 15
Since (kn)e& and k3 are in series,
f ' . 1
(‘ku.)ez + %3 K, ﬂ;z+ *, !zz + k3 1;

T = kinetic energy = "7!_‘ m x > U= potential energy= 4 k"z ?‘-2_
If x= X cos W, t, |

2 2
Tma_xz'il_mw"x 2 Umﬂ.x:—itezx



2 ra
Tmax = Umax Jives 9. = K k3 L)+ Ka K3 1,
n

mk 45+ k2 A+ K s )

.
When mass m moves by x,
SPrfnj k| ale.f[ed’:s LJ X'/L' . |

T = Kinetic energy =+t m (7':)2

] = Po{'enfmi energy = Z{L("*)( ) }

= akx

x+
3

Fov Aa.rmam'c votion,

2 2
Tmax = 'é"m W, X > Um“_xf-

IX‘ og )~
A
X

Tomax = Ymax 9gives C9. =
) . n’ 4_.".,

Refer to the figure of solution of problem 2.24
. >

T= -ém % > v ‘,'j[sz, (x Ca5'4'5°)7_+ 21, (x co:lBS')zJ

2
- —Z'T (k,"" ‘k’_) x
'f'\va.rmom'c motion,

]

z
T i 2 z |
max = "%_"m @, X , Uma.x - 7T (ki"' *z) X

Tmr.ux = Umq_x QI‘VES' (5 = kl+ t?.
, n N m
N .2
kinetic energy (K.€) = £ m=x

Potential enerjy'(p )= 4

ET'X*' ,_Tx = work

done in
displacing mass wm by distance x against The total Force
C‘t‘enﬁon) of T+ 1.

T = '5.7 T, T = —:——T from solution of Prolzfem 2.19
Max. KE- = Lm w?x", Max. PE =& T(£+ )x
Max. K-E. = Max. P-E. gjves ’
b
TR RCET Ny AT
ma b a (f-a)
T:k.g.: %J‘é =‘;:‘(é-€fmdl)9.2=—( -f-m.__.)e
=+ (=) 67 .
U= pP-E- = m34(1-—cos a)+2( * %+ & kxz)+-§ ke ©
with cosel,_." 1- 1 @ e >_"1=-§~e and 9, = 22 g

3



= 1 92 | S r =2 2
U'm5?7+4“9—9+4‘i9—~9+-§kt6
12 Z : 2
PR PRI P
ngx = Uma.x qives ‘
£ 1o « £ A
_ |m + % .
w" B J ¢ 29 Tt = 451547 Te'i .‘for given
m data
9 B
271) Refer to the figure in the solution of problem 2.62.
. T o
= X 3,6 . i
U= 4 ¢, 0" + L 1 (ga) + L%, (6l)
For e(t) = ® cos w,t,
2 2
T'“M'—"i{g;c‘s:el » Umax = —i{(kt+ “u“'z-i— 1‘z.'(>®
Tmax= Umax 9gives , ’ , |
Lo = f*\‘:"’ki“&"‘.’ x, 12 _ 3 (ke + Kot %y L)
Since J, = mll/a_ .
272 When prism Iy J:‘sPIaced Ly x . , |-<—-—Cb——){
i from egw'l(é‘rium Poft'i:u‘on, the , e T
weight 03@ oil displaced ‘ ol i | L
= *f Fabx = restoring force Bposh‘:fcn —x]-——-——— -‘L
Mea.ss of prism= yn = f a,LI\ Rl sty - - -
tr ,

Ez,ua-ffon of motion: _—/

mx + restoring force =o
,Jiraabln x + JZ}QJ‘X = o

_ [ Lgeb _ (2 | |
n = £, abh £ (er)

Since B, is fno'e}:encgcnf of Cross —section of t‘:_he PrfS’m, I

e

remains same even for a circular wooden prism.

.2

-2 2
mx -+

T = I 6 =%[mR2+—;-mRz]f9'

0o | =
I

since x =R & and J, =—;—mR2.

‘U=

to |-

1
klx%+3k2x§=_;_(kl»+k2) (R + a)? &2



where x; = (R + a) #. Using T;i-t_ (T + U) = 0, we obtain

(3 mRY 4 +io) ® +2) =0

@ Let x(t) be measured from static equilibrium position of mass. T = kinetic energy
of the system:
Jo

m + —-
2

<2

1 1 .2
—J, § = —
tg o 2

.2
T=%—mx‘ x

since § = X = angular velocity of pulley. U = potential energy of the system:
r L

1

1
=_..k2=._ 62
U g kY 2k(l x*)

since y = 6 (4 r) = 4 x = deflection of spring. Ed{ (T +U) = 0 leads to:
., Jo . ;
mx+Tx+16kx=0
r

This gives the natural frequency:

w = 16 k r?
: mr? 4+ J,

@ For pendulum, W, = % in vaccum = 0.5 Hz = T rad/sec

| L= $m2 = 290/t = .9940 m
wJ = W, ,1__ Tz n - Vviscous medium - = 0:45 Hz = 0-9 1 ra,cf/Sa:

2 _ i wyt 2/ 1— 0-fI
¥s *——'—"Uz L =7 (_T‘—) = 1.3752
n . . .
T = 13694
Al e . .
Eauai’fon o:F motion: mi 6 + cCy € + h‘jz 8 =o0
Ccfz Z(MXZ) W, = 2(() (0.9?4)2(11') = g 2080
Since. T=. St - .3¢94, c, = 85013 N-m-sec/rad.
Cet : :
From Eg. (2.85),
' x, . T
I [22=) = La(18) » 2= = z.9%04
?+I f_Tz

2 2
‘:*{(2'8904') } = 0-4179
@ -8904) + 4 T



(@) If damping is doubled. ' 5355
Z“ ‘XZ' 2T j‘n&w

_ 21 (0:8358) g.
2. )= = : = 9-565¢
”+' - ?—hew \/"‘ (0'835'3)2'
%
o —8— = 14265.362
xé'.,,.:
b)Y I/ damping i { ‘
( f damping is halved , ¥ = 0-2080
#s 27 T.
£n ('x. -) = == 27 (0-2090) t-3428
Jf 2 vy
N = Tew \[I—- (0-10.90)2
x. L
D(‘-} = 3-829¢
;_-{—i

— Y, t . |
x(t) = X e ¥ sin Wt where Wy = 1— T+ w

n
For maximum Of minimum of x({:),

J)‘_ “Twnt
t— - X 8

(—Tf&n Sin («9"{: =+ CASJ cos 0.9&'{:) =0
As e-Tw“t

*‘ O %Y fl‘n:te— t >
- YL, Sin w,t + G, cos “34*: = O

Le. tan Wt = Ji-“r‘/ kY

Using the relation

Sin USJ‘E = + ten wlt - * ( t- j.z/T> - T
- = 2 - = X (1-7
_ Vie tard oot \/i+(JI:‘~,'3>21 |
we obtain T
S}'ﬂ w‘lt - l_TZ- » Ccos th - j-
Q,Y\J
sin Wyt = - J1—-7* , cos Wt= -7
4% _ —-rw, t g _ |
d+* X e [T &9: Sin wdt — 2763, W, ces wd‘t-&zfﬂ'n CJJ‘E)
when sin wdt = 1 - T" and cos GSJ": =7,
4% ~TW,t 2 '
2—;; = — X € G, Ji1-7* < o

‘s(n wdt = JI—TL carrestan o maximam of -x(t).
when  sin w‘[-b = —J1-T? and cos Wt= -7,



dx _
dt* ~ X e

—yuw,t x

1-7* > O

r

- sin 0.9"1‘.‘ = — [1- Tl CoTTESFOnJS to minimum Of 'x(t)

Enveloping curves:

" Let the curve
Po;S‘anj eroujlv the
maximum (or minimum)

auofm‘:s be .
-Tw.t

For maximum ’poinfs,

and
- T3, %ma-x
¢ e .

e C = X Ji-7*

< oxg(E) = X,,/i-—j”'

S{mfla.fly for wmintmum Po-'nts', tmin

and

- wntm'v
C e T n

-

x ()P~ _ x. (¢
L m®

—
- -

Ll /\ T oo -

° T ol —— 5

) AT -4
T N ®
e = s (5T
maa
3y
—Twntmg.x ‘
- Xe Sin 09y toax
—vw,t
e .
‘ N sIr\_-1 (- vi-7* )
= )
-—Twn tminb
= X e sin C-%,ltm.'n

e ¢ = =X Jiort

‘ —Tw,t
S F) = - X Vi-77 grer

@ x{t) = [xo+ (g'(°+ W, xo){.]é'w,.t ' .

For x,>0, 9raph of

Eg.(e,_) o

is shown for differvent x, .

X (t)‘

~--- (E1) °

We assume x, >0 as it is the
_only case that gives a maximum.

For maximum of =(t),

— t . .
—idf- = e &3,., {—(10+wn zé) w“t + ‘Xo} e}
tw = Ze - @

w" (":(a + Wn xO)



sz _ —wnt - 2 2 .
atr — € {an X, + B, X, — Iy (xo-{-wn?(‘,)t}—-"(E?)
(e.) and (€3) give

1t x : —w, tw {2.&9,. §¢°+£J:x° _w:‘ (.,',.o.,. wn?(°> t. }

dt*

‘t'-"bm

. ,-’-o
-0 : ' y 2 '
_h( Un(x,-\!-(ﬁ,,lo))‘ { (.ana + C"h xo } - (84)

= —e

For %Xg>o0 and %, >0,
dt*!t,. <°
Hence t,, 9iven Ly Eg. (E2) covrresponds fo a maximum of =(t) .
. . ~w, t,.
z!__{_ = {x°+ (“a*“"n"o)-"" }e i
= Wy, (%o + 63y X))

- (x + .._) (r.+w* IR (-

Epuation (2.92) can be expressed as §= L §. (_"_‘__
FO = ..i— nc x
Y" “’IO-L# (JJ&IL; m 3 q.nd ‘\t e §= 2 A ( ° - zl“ (o ‘5_)
. : g .

NCC&SS’O—Tj o{a.mpfns ra.i'l'o Tc is = 3.-7942
Y, = 8 _ 37942%
RO V4wt + 3.7942°

= 05169

(a) |
r 7= 3 23 = 03877, the overshoot can be determined by

'_Fnc!-nj 8 from Eg. (2 85') |
2Ty 270 (0-3877) - 2.¢427 =2 L(*o )

$ = — = =
Ji-7* Ji-o0-3877%
L(—E‘;—): 132135

X = 1/61-32‘35 = 0.26CT75 xg
i

pos

Oversho_ot is 26‘-(:‘775Z

(b) |
y If T = _—3— = 0-64Gl, 8§ is given bj

27T X LE4LE! | *o
§= = = 2x (0-64 >r - 5.3189 = 2 £ ( x_,)
=7 ,/f- (0-6465) . *




Xo = 14.2888 3 x

xJ_z z
)

* overShoot = 7/.

= @+0700 Xo

(i) (a) Viscous damping, {b) Coulomb damping.
(iii) 0.2 sec, {3 = 5 Hz, wy = 31.416 rad/sec.

(a) Td = p——y —
(b) T, = 0.2 sec, f, = 5 Hz, w, == 31.416 rad/sec.
x-
() (a) — =ef“ "
Xi+1
Xj ' 27¢
In =In2=0.6931 = ———2-——.5p
[xi+1 Vi-¢

or 39.9590 ¢ =0.4804 or ¢ =0.1096

Since wy =w, V1 —¢, we find

o |
Wy = d - _ 31416 31.6085 rad /sec
V1— V0.08798 |
500 ,
k=md? = [9 21 ] (31.6085)* = 5.0916 (10*) N/m
Cc C

€. 2m w, A -
500

Hence ¢ =2 m wy ¢ =2 (5o-) (31.6065) (0.1096) = 353.1164 N—s/m

(b) From Eq. (2.118):
500 2 4
k =m o} ol (31.418)* = 5.0304 (10*) N/m

Using N = W = 500 N,

_ 0.002k _ (0.002) (5.0304 (1
4w 4 (500)

) :
) = 0.0503

(a,) Cc= 2 \]‘km =2 ‘jsooox 50 = 1000 N—/‘/’"

(k) €= €/2= 500 N -8/ m
_ W= ,f1-v*" = J—_' ’1 (C Jrooo j’(z)
| )  From EZ.(z.BS), 8.! 21\' (zm) . 2w ( 500 )

= 8:6603 ra_cl/sec
#.6603 1x 50

= 3. 6276

2000 kg , V= % = (0 mfsec , *= 40,000 N/m
20,000 N-Ses/m

®
o 3
i



- * o = 40000
Wy = \/f;n" - J 2000 - 44721 ra-c'/sec
Cc= 2vVkm = 25,298.22) N_Sec/m

T= Y% = 0.790¢
G = o, Vi- T = 44720 Vie (0-7906)2 = 2.7394 rad /fsec

cy = 27"/&94 = 2-2945 sec

(@) For x, =0 and x = 10 mfiec, €. (2.72) gives
"j‘wnt o ‘ -
*x(t) = e %o sin W, J1—T7 ¢
(.19,_‘ ]._.Tz'
At EAY Cen ¢t =~ 1
Xrax » Wht = 5 and sin W, ¥ !~ T
— 0 7506 (7\'/1) ‘
x ~ ( o
e € Z. 7394) (t) = 1-0548 m

(L’) t = TJ/4 2. 294—5A = 0.573¢ Ssec.
®,= 200 cgdes/m.n = 20.944 rad/sec , @) =180 cycles/min = 18-8496 22 f°—4

JH= 02 kg_m '
: Wy \2 18-8416
—-— 2z = 1— el = — R ] - .
Since Wy = Ji-v% &O,, ¥ \ (c_,n) 1 A erryw: 04359
(Ct)cri = 2 J, W9,

Co= 27, W, T= 2(02)(20-944)64359)
= 3'65‘!9 N-m-4/rad
Eg-(2.72) can be used to obtain 6(t) for  =o0,
vad qmol t= T = }Za% = ©:333) sec,
-~Tw,.t T Wy .
o(t) = c‘n e, {coi@d{‘-f- “oa s.nc.sdt}
e-.(o.4—359)(20.944}(01.3331) (0-034_51) {cos 8. 849€ x 03333

e, = 2° = 0.03494

04359 x 20-944 . Y
-+ $4 . »3333
e n 18- 8496 x 0 }

— 0,001665 rad = 0.09541°

Assume that the bicycle and the boy fall as a rigid body by 5 cm at point A. Thus
the mass (me,) will be subjected to an initial downward displacement of 5 cm (t=

0 assumed at point A):
=0.05m, Xo =0

(50000) (9-81) _ 947614 rad/sec
meq 800




800 |
=2 |——| (24.7814) = 4038.5566 N—s/m

cc =2muwy 9.81
c 1 .0
=& =27 0.2476 (underdampi
4038.5566 (underdamping)

(M
Wyg=wy, V1—¢ =247814 V1 —0.2476% = 23.9905 rad /sec

Response of the system:
x(t) =X e $“** sin (wy t + ¢)
2|3
7_.(0 + ¢ wy Xg v

where X ={x% +
Wy

1

212 '
. . | (0.2478) (24.7614) (0.05)
= {(0.05)% + 23 D00 = 0.051607 m

0.05 (23.9805) = 75.8645°

Xp &y
= tan~! :
= [0.2476 (24.7614) (0.05) |

and ¢= tap~! |———
) Xp + ¢ wn Xp

Thus the displacement of the boy (positive downWard) in vertical direction is given

by *
x(t) = 0.051607 e~ 313% ¥ 5in (23.9905 t + 75.6645°) m

Reduction in amplitude of viscously damped free vibration in one cycle = 0.5 in.

27¢

*1 _ 80 _ 0008 In XL —0.08701 =
X9 5.5 : ! XQ : :; ;1 __gz

ie., 0.007571 (1 — ¢*) =39.478602 ¢ or ¢ =0.013847

T} = 0.2 sec = % L Wy = 11416 rad/rec
From Ep. (2.92) 8= Eia‘ w10 = 0-.-04605
. ,
— . 5
T= J(?Jr)z-f- 81‘ = 0:-046¢ T = 0007329
V@M e ¢ cqe052
when o!a.mp.‘nj is neglected.
270
5- = ©0-19999 Sec

W, = CJJ/,[I__T:.' = 3t-417 rad/sec 3 Tp= cM

ProPorfioha.( decrease in perod = (0.2'—00.219959' = ¢:00005

@ For Crifn'c«:,u_ej o!a,mpec) System) %.(‘2-80) gives
= () = {xo+ (';‘o + 8, Ka)t } e. wnt ' (Eq)

2= e {5, &, o0t - wl ot} )



Letl ‘(?m-:_ time at which x= X pax and X =© oceur,

Here x,=0 and %, = initial recoil velocity. By setting

% (t) =0, Eg- (Ez) gives

m ~ = . = , :
wn ('7(0 —+ 6‘37\ x") wn xo n
With €. (E3) #for t, and X, =0 > (E,) gives
. AN 1
xma.x = 7(0 &m e " = xo €
W, ' v
c-e. 7"(0 = 9, Xpmage e = W, (O-S') (2'7!‘93} : (54)

| US'"‘B Xo = {0 Y"/SBC, W, = “/(o,g * 2.7133) = 7-3575 ;‘-cc
“When wmass of gun is 5§00 kg,
the stiffness of the spring is
2 .
*« = (43:' m = (7:35‘7‘5> (S'OO) = 27,066 -403 N/m

"k:: 5000 N/m > Cce= 02 N—S‘/{-nm = 200 N-—J/rn
i :2.\l*k'm = 2\y5000 m

T'ﬂ:Z.‘k?_

W= \f‘k/m = \{5000/1 = 50 ra;_o’/s”ec

Logarithmic decrement = § = zwg;.r' = Zz.0
< 3033 -3t |
(- @2 = — = o0-30 .
e S M‘A C= o+ 3033 (O'2> = @O- 66 N——S/M

ﬂf’“m:nj XK, = O and ‘;"o = 1 '"/S;

_Yw,t -
x(t) = @ Xo ;,-,_,Jq._ y* oot

w, J1-7*
" For %rnn-x s wn.t- ~ Tf/z and Sin Jl- )—3- C._?n-t‘ ~ 4
- . ; T, ‘
.- v . —- 03035( /7-) i - (1) _ 0.01303 m

™ = .
“x < 50 J1-o0.3033

For an overdamped system, Eg-(2-8|) gives

x(t)= e (C', e + C, e (E1>
USl'n3 the r‘ela,tc‘ons Ci x : ‘COS!I x f.".‘ sinh x - (52)
Eg-(Ey) can be rewritten as

x(t) = & T (0 cosh ayt + O sink ayt) )



W!‘LQY‘E C3 = C) + c.z O-Yla C" - C, — CZ'
Differentiating (Eg);
S LN s

- 745, é_ Twht £C3 cosh wd‘t -+ Cq sinh w‘tt ] (E‘f)

Initial conditions % (t=20) = %y and = (t=0) = x, with (E3)
and (E4) aive

Cz= %o ». C4= (%o + 7o x")/“%l (5D
Thus (E5) becomes
x(t) = 2, e"Tw"t (COsl. Wt + T_w":;" sinh cadt>
+ ’i;; e—,Tw“t sink Gyt (Eo)

("> when ia =0, - (Eg) gives
‘ _YtS.t s . |

X(t>= X, e ¥ n (CJSL C;Z"t + den sinh G}Jf) (E-;) _

Since @ Tw,t

) CO:A wdt 5 19_2_ a-nd S'|'n"\ (L,J't do na'{,‘

. L. “u —Jw t

,chamje sigm (always Fpﬂft\fe> and @ " a,Naraa,ckcs
3ero with increasing t  ,(t) will not change sign.

(ii) when ‘10 =0 > Eg'(Ec) gives

X(t): Xo —'Tw“t

= e sinh wdt (Es>
d ‘
Here a.LO-O ) “’d , e_ Twat ard sink (;%{; do rnot C.}m.hje S‘?ah
(@LJJGJS PoS‘C‘t‘:iVE) . a«hd e—.\rw“t a‘irroa'c_‘,eg Zero WZ".’}\

increa,finj ¢t , :z(‘t) will nof cﬁa.nje,AS‘fgn.

Newton’s second law of motion:

: — %X, %X, *
YF=mx=—kx—cx+F (1) —
| kx< Y
‘where Fy = friction force. £ %o
e m R? uX "
Using Jg = and 9=—R—, Eq. (2) gives
i g ) £ - o

Substitution of Eq. (3) into (1) yields:



%mi+ci+kx=0 (4)

. : 2k
The undamped natural frequency is: w, = 5o (5)

Newton's second law of motion: (measuring x from static equilibrium position of
cylinder) '

SF=mx=—kx—cx—kx+F; (1)
: ZM=J09=—FfR _ (2)
where F; = friction force. Using J; = -;— mR? and § = %, Eq. (2) gives
1.
F, = — & 3
| | f 2 mXx (3)
Substitution of Eq. (3) into (1) gives
| %mi&+ci+2kx=0 | (4)
Undamped natural frequency of the system:
: 4k
| K= \ TV )
cx ,
™ x .

5

4 x
i

Consider a small angular displacement of-the bar § about its static equilibrium
position. Newton's second law gives:

maemni= 3 2] g (8] e 4] 4

. ve 67 .
e, Jo 0+ _drZxete=
i.e 0 6+ T5 9+4kf =0



where Jg = i m ¢*. The undamped natural frequency of torsional vibration is
T

given by:
o = 3k 36 k
1 4 J, 7m
Let &x = virtual displacement given to cylinder. Virtual work done by various
forces:

' Inertia forces: 8 W;.= — (Jo 8) (8) — (m ¥) 6 = — (J, 9) (%) — (m%) &

Spring force: 6W, = — (k x) & ‘

Damping force: W4 = — (c x) &

By setting the sum of virtual works equal to zero, we obtain:
Jo

% g . 3 . _
= [.ﬁ.] mx —kx cx—O‘or 2mx+cx+kx—0

Let &x = virtual displlacement given to cyllinder from its static equillibrium
position. Virtualll works done by various forces:

Inertia forces: OW; = — (Jo 9) 8 — (m %) 8 = — (Jp =) (%‘_) —(m¥) &
Spring force: W, = — (kx) & — (kx) &x = — 2k x &

Damping force: W4 = — (¢ x) &
By setting the sum of virtual works equal to zero, we ﬁnd

Jo ¥
__ﬁ_-ﬁ—mx-—zkx—cx—o ‘ . (1)

Using Jg = —;— m R?, Eq. (1) can be rewritten as

%miﬁ+c~i+2kx=0 ' (2)

See figure given in the solution of Problem 2.92. Let 68 be virtuall angular
displacement given to the bar about its static equilibrium position. Virtual works
done by various forces: :
Inertia force: SW; = — (Jq ) 0

Spring forces:

aw,=_(k9i‘—‘;)(ﬁ59) (31(9_.)(5. )_;[%kﬂe]ae

Damping force: §Wyq = — (c 8 —) ( 69)

By setting the sum of virtual works equal to zero, we get the equation of motion
as:
J09+c——8+——kf29 0



See solution of Problem 2.72. When wooden prism is given a displacement x,

equation of motion becomes: m X + restoring force = 0
where m = mass of prism = 40 kg and restoring force = weight of fluid displaced
= pg g abx=p (9.81) (0.4) (0.6) x = 2.3544 py x where py is the density of the

fluid. Thus the equation of motion becomes:

40X 4+ 2.3544 pgx =0
. : 2.3544 pg .
Natural frequency = w, = = K

Since 7, = 2n_ 0.5, we find
Wy

o / 2.3544 p,
Wn=5-5—=47r= T

Hence pg = 2682.8816 kg/m3.

Let x = displacement of mass and P = tension in rope on the left of mass.

Equations of motion: ‘
' ZF=miE=—k:F'—P or P———;—mi—kx (1)
SM=I,8=Pr; —c(fr)) - ' (2)
Using Eq. (1) in (2), we obtain .‘
—~(mX+kx)r,—chr, =1J, 8 ‘ (3)
With x = 6 ry, Eq. (3) can be written as:
(J0+mr§)é+cr1b+kr§9=0 . . (4)

For given data, Eq. (4) becomes
[5 410 (0.25)%] 6 + ¢ (0.1) & + k (0.25)2 6 =0

or 5.6256+0.1c8+0.0625k =0 | (5)
Since amplitude is reduced by 80% in 10 cycles, '
X _ 10 . 0cer
xll 0.2
X1 .
In — =In5=1.6094"=10 ¢ w, 74 ' (8}
xll .

Since the natural frequency (assumed to be undamped torsional vibration

frequency) is 5 Hz, w, = 2 7 (5) = 31.416 rad/sec. Also

-1 27 27 0.2
Td=}:1—= =

“  wVieg Vig

(7)

Eq. (6) gives



’Z
82.832 ¢

P
- W 1.8094 = 10 ¢ ( 31415){ ]=
6\/8;52 Vi-¢
' ie, V1-¢ = 2 ¢ = 39.0408 ¢

1.8004

- i.e., g = 0.02581
Thus we obtain:

A /0.062
Wy = _532_553‘. = 31.416 or k =8.8827 (1 o“) N/m

¢=002561 =" =_ ¢ _ 0.10 ¢
c.  2mg uwy, 2 (5.625) (31.416)

or c= 90.5‘134 N—s/m

m= 20 ‘kj, 4= 4000 ~N/m

wnz ’.t:;‘— = ’i%._oc-,g- = 141421 ra,a'/fec

Ampl ctudes oj: successive cycles : 50, 45, 40, 35 wmm ;
Aml,h—&udcg of successive cycles diminsh by Smm=5x0 m

System has Coulomb daompmg.
4MN 5*10_.3 > /uN__:{(wa )(4000)} 5 N
* :

._Ja..m;:na force
Fre?/uenﬂ—j o_:F Ja.mpea[ vibration -

= 14421 ra..ol/sec_

m=20 k9, &= l000C N/m ifi_ﬁl_ - .'.5.9;:_‘_9.2 mwm = |2.5 x |53 m
pe= Gusaeece) o |
4 (20 x9-381)

Time elapsed = 4 Th= 4 x LA 8“'\}'}:” = 41.124 sec

!\

m= 10 %3 , K= 3000 N/.-,, s p=o0-12, X = 400 wm
N
+/A = 4'(0‘1)('0’(931):001577“— 15:7 mm
3000

As 6(_21__) = 94 -2 mm, mass comes to rest ot (oo 94 2) 5.8 mm

mg = 25N, & = 1000 N/m1 .
Mass released with x

_da,mrn‘nj force = consStant

o= 10 am and 9;.:0 .5

Sf“‘“b'c O‘eflé?cfaon of spnnj due ta sels weight of mass = Tooo
= 0:025 m

ekt t=p: X= g.1m

xo=O¢l

, i:o



N 4 N
- . 6 MmN _ g uN
3 = el —i:—(——- > O<4_ x, — k -0
L1 € x0= 8 !L:N - o-1 )
- “ xo & _ (0'1) (1000)
Ma.jrtf‘l’: wde of a‘a‘mr:‘nj Fforce = /u N = _,_E__ = 3

= 2.5 N

= 20 1-:3 , = 10,000 N/m 5 /HN= 5'0 N, o'coz 0-05 m
() Number of ﬁa..ff cycles c?a,;:sed before mass comes to
rest (r) i given Ly'.

. A, — MmN 5o ‘
ro> { o = } _ 0:05— (JOOOD = 4.5

N (S0 __
2 }";,: 2. mooa)

r=>5
&) Time ela.,‘bsecf before mass comes to rest :

tp = 2 [E com [5555 = 0-2810 sec
Time taken = (2,'5' o;clo!) tf"’ = 0-7025 sec

(¢) Final extension of S'Pr-.nj after 5 halp—cycles:
X5 = 0-05— 5 (—t——>= o 05_5(2*—'5—‘1—-—->=o

{0 o0o
(Jur[a.cemeni' f’ram S{:a.tnc Czuttlkrlum PoSLtlon— O)

But St‘a.tu‘c deflection = mnF - 20 x 981 = 0-0i762 m
*® - lo oo
F»‘naJ— e,lfe'ﬂ Sfon U:F S'F rfng = 1. 9620 ‘ cm .

@) Ezuoftzo"‘ o mdtion for amc;.uln-?\ oscllalions o Fenclu(.um:

A 6 + mgikwne +'~m},u9‘—wse =0
FCTMOJV\-?Z‘M: 8 + ~—L(6i [‘*d) o
This shows that the am-?ll "6‘ Auing cﬂwwmu ﬂ}( )

cach v;.cmfi‘»
(b) For wmetion from rrght '&, left :
B(t) = A, wf Wt + A, #n Wt + }%%
where w, = [mgl

% d
Le‘t 9(*‘ :O) :'60 GJT\.A e(b:O): O TLen Ai: eo- _Z-T R AZ

1]



d

+) = e '~ + f*

8(t) ( )cos w,t + 5T
For wotion from Ief{: to right:

8Ct) = Ay cos Wt + A, sin Wat ~ f‘j
2
+ d
AT ,t=T, G—d—-e + -?lt(—-— > 8 =0 from previous solution
= g, - 2£<
Ag 9 ?.l 2 A4—O J
e(t) = (e —__.t_—)cosw't-— H

) The wotion ceases ivhen ( ‘
o < "'--"
Ukere n C‘EY\O*CS t“\e numtcr )
of ugclcr

x(t)= X smuwt (under siausoidal force Fo sin cot)

Da.m ping gc’orce::/ul\l

Toted digplacoment per cycle = 4 X ’

Energy dlS‘SJPQ.teC’ per cycle = AW— 4./uN X
1 Cep = eguivalent viscous da.,mP.nJ constant, energy
cf“s';‘a‘dpatenl' per c.go&_ is given by Ep. (2-98) :

AW = TU Cewxz

(€1)

1/ (Ez>
Eguating (E)) and (E2) gives ‘
e - ApNX 4 pN (&3
i TXxt T OTeX

Due to Vviscous Jo.mpa'ng :

§= ﬂ,\( )-:: 2T Y

'm+l
3.1 - Percem‘: Jecrea,se in O-mrll‘{'ut’e Pgr Cgclc at X
X = X s X -2TT
= 100 (--r—x—m——*—')=wa(1——iﬂ>—roo(l—€ )
Due to Coulomb da-mPtng '
3 = Percenf decrease in a;mpl ‘tude per cycle at X
2

o= Xom 4 AN
= Q0 ( : s = jiao (_L)

Xm
W"le-n [)O'&'L fjre: O.F aam"fnj are PT‘CSE nt-
+ 7 , = - . =
}l 2 Xm= 20 mm 2 37+}1\X = fo mm ?



HN

P

0o (1~ e 27Ty + %22 s

(o0 (1 —?.T!‘T)_f—-r 400 ( *N> = 3

0.0l

= 2

The solution of these EZu.a.i:na'nS gives
-6

Coulomb damping.
' 27 27T

(2) Natural frequency = w, = —— =7 = 62832 ra,d/sec Reduction in
n
amplitude in each cycle:
4 N m 4ug 9.81
= —apg 2= —tp
K ey = a2 # | 628322
0.5
= 0.9940 u = = 0.005
=700 =™

Kinetic coefficient of friction = p = 0.00503
(b) Number of half-cycles executed (r) is:

rg
7)

D

[0.1 _ 0.00503 (9.81) ]

8.28322
>

[ 2 (0.00503) (9.81)]

6.28322

> 39.5032

> 40
Thus the block stops oscillating after 20 cycles.

Friction force = pN= 0.2 (5) = 1 N. k = 02150 250 N/m Reduction in
i i 4pN 4 _ = 0.016 m. Number of half-cycles

amplitude in each cycle = =

k 250
executed before the motion ceases (r): »
_uN .
o2 T | _o01-0004 .
= 2 uN ~0.008

k



Thus after 6 cycles, the mass stops at a distance of 0.1 - B (0.018) = 0.004 m from
the unstressed position of the spring.

Wy = —]f— = Eo_gif_l_)_ = 22.1472 rad /sec
m
o= 2T — 0.2837 sec

Wy
Thus total time of vibration = 6 7, = 1.7022 sec

Energy_ do'S'ra'Fa.tcx’ in each full lO&J 'cgc(.c is glven b_y the areo
Enc{oSec’ ' by the 'Byrberesu's !aop-

The area can be founo? lnj caunf:t'ng the syzuares enclosed bj
the hysteresis foop. In Fig. 2.99, the number of spuares is
% 33. Since each sguare - '__0_'%3%.‘ - 0.4 N-m . the
energy o(a‘s'r.‘pa,tecl n a c#o& Py .
AW = 33 x ort = 3-3 N-m = T kg X
Since the max;mum Je:plccta‘on

Slope of the force—deplection
o= 800 N

= X = 4-3 mm, and the
curve is ' '

"ol = 1e36a xi0” N/,
Hx}e fsj:teresis da.m’m‘nj constant ﬁ ’'s. given Lj
_ AW _ 3.3
f= Tk X T (1-63¢4 XJos)(o.col;B)z = 03472
= Tg =

loja.rifhm-'c decrement = 7 (0-3472) = 1-0908

= 3;8 = B4 = o-1736.
@ _}.(.2'._.—_ 2—'3'—-1& =1-14 » = 003032

X}‘d—! z-mf

Ezun'valcn{‘ viscous da,mlol‘ng ratio

Cezz & Jmx = ©0°03032 Jix2Z = 0-0428% N"S/m
Aw = T kﬁ x? = 7 (2) (c-03032) ('ooo‘ = 19-05%15 % N-m

Losa.rifhmic decrement = § = Eh(x-’ )N g
x -‘

For n cycles, X,
or "y 8=%f'“3‘<‘>””

;3-5 L,.(“’)_ 0-004055 = TP
[8 = 0-001291




Torguc = 2 x '0—3 N o-m
o.nsle = 50’ = o divisions
For a. torsional system , €p.(2.84) gives
8 T @,y

Dl , )
(b) For one cycle, &, = 2 sec and (Ey) gives
Jo szn ‘
T = e or TW, = —7'_- L ("C)z 1-3563 (Ez>
Since T, = 27 |
J. J-wnz - -Tzw:j
TR . o
Wa = Qf..}_ + Tl = AT 4 13963 = w-7915
(7 4
i-e., W, = 3. 4339 ra.ol/sec ' (53)

O Since angu(dr d:'spfa,cement of rotor under applied torgue
=50 = 0-8727 rad,

Ky = for&“/cmyulcu displacement = 2x16 /0-8727

= 2.2947 267 N-m/rad (e4)
(@) Mass moment of inertic of rotor is

I = Z’CZ = 22907 %16 . 7915 = 149436 xi6t Nom- st (Ey)
2 .

) o= 2 3 7o, (g6)

. . w9 . . i
Eps. (Ez) and (Ez) give T = Tw n - 1-33863 =0-4037
: ‘ n 3. 4339 ‘

Ep- (Eg) gives Cg= 5.3887 x16? N-m-8/rad.




The input data for Program 2 and results are given below,

< T'HE FOLLOWING 3 LINES CONTAIN PROBLEM=DEPENDENT DATA
DIMENSION X(50),XD(50),XxDD(50),T(50)
DATA M,K,C,x0,XD0,N,DELT/
2 4,0,2500,0,0,0,0.1,~10.,0,50,0,01/
c END OF PROBLEM-DEPENDENT DATA

e - n e - e e W S MEe N W e A W R e e e W

VIBRATION ANALYSIS

OF A SINGLE DEGREE OF FREEDOM SYSTEM
DATA
M = 0V.40000000K+01
K = 0,25000000E+04
C = 0,00000000E+400
X0 = 0,10000000E+00
D0 ==-0,10000000KE+02
N = 50
DELT = 0,99999998E=02
SYSTEM IS UNDAMPED
RESULTS:
1 TIMECL) X(1) x0C1) XDD(I)
1 0,100000E~01 =0.207036E=02 =0.103076E+02 0.129397E+01
2 0.200000E=01 =0.104012E+00 =0.997438:+01 0.65007SE+02
3 0.300000E=01 =0,199487E+00 =0.902097E+01 0.124679E403
4 0.400000E=01 =0.282558E+00 =0.750667E+01 0,176599E+03
5  0.500000E=01 =0.348062E+00 . =0.,552565E+01 - 0.217539E+03
6 0.600000L-01 =0,391924E+00 =0,320107E+401 0,244953E+03
7 0.700000E=01 =0.411419E+400 =0.6T77464E+400 0,257137E+03
8 0.800000E=01 =0.405334E+00 0.188826E+01 0.253334E+03
9 0.900000E=01 =0.374047E+00 0.4330%9£+01 0.233779E+403
16 0.,100000E+0V =0.319503E+00  0,651528kL+01 0.199690E+03
46 0.460000E+00  0,398512E+400 =0.264442E+01 =0.249070E+03
47 0.470000E+00 0.359954E400 ~0.502704E401 <=0.224971E+03
48 0,4800008400  0,299016E+00 =-0,709711E+01 =0,186885E+03
49 0.430000E400 0.219486E+00 =0,.872591£+401 =0,137179E+03
50 0.500000E+00 0,1206310E+00 =0,981218E+01 =~0.789439£+402

The Pro“em- c‘ePenJen‘t data and results aye giveh( given b_y Progrn.m 2),

THE FOLLOWING 3 LINES CONTAIN PROBLEM=-DEPENDENT DATA
DIMENSLION X(50),XD(S50),XDD{(50),T(50)

DATA M,X,C,X0,XDO,N,DELT/

2 4,0,2500,0,100.0,0.1,~10.0,50,0.01/

< END JF PROBLEM~-DEPENDENT DATA

PREEL VIBRATION ANALYS1S

OF A SINGLE DEGREE OF FREEDUM SYSTEM

(]



DATA

M = 0,40000000E+01?
K = 0,25000000E+04
C = 0.10000000£+03
X0 = 0,10000000E+00
ADU =-0,10000000E+02
N = 5Q

D&LT = 0.99999998E~-02

SYISTEM 1S UNDER DAMPED

RESULIS:
1 TIME(I)

i 0.100000E=01
2 0,.,200000E=01
3 0.3000Q00E~01
4 _0,400000E-01
S 0,500000E-01
b V.,600000E=01
7., 9.700000£=01
3 0.,800000E-01
9 0.500000E~O1
0 0,100000E+00

A5  0,450000E+00
46 0.460000E+00
47 70,470000E+00
48  0,480000E+00

49 0,490000E+00

50  0,500000£+00

X(I)

-0.957279E=02
0,.613786E=01
o 113259400

«147433E+00
0 '165937E+00
0.171219€+00
0.165914E+00
0.152654E+00
0.133930E+00
0.111980E+00

-0,113169E-03
=0.381386E~03
-0.569294E-03
~0.684317E=03

=0,736251E~03 -
=0,736195E~03

XDeIy

0.807168E+01
0.612586E+01
0.427345E+01
0.259570E+01
0.114627E+01
-0,456091E=01
=0.971334E+00
«0.163885E+01
-0.206856E+01
-0,.228942E+01

-0,310021E=01
-0,227080E-01

" =0.149992E=-01

=0,817052E-02
«0.240284E=-02
0,222121E-02

XDD(I)

-0,195809E+03
-0.191508E+03
=0.,15703BE+03
=0.,132367E+03
-0.105872E+03
«0,794127E+02
-0.544377E+02
«0.319924E+02
=0.,127520E+02

0,845783E+00
0.,806065E+00
0.730789E+00
0.631961E+00
0,520228E+00
0.404592E+00

are given.

DIMENSION X(50),xD(50),4AD0D(50),T(50)

DATA

M,kK,C,X0,X00,N,DELT/

._______;_Aru,zsna,arzaarararLr-;av0r50T0704¢—

C END OF PROBLEM~-DEPENDENT DATA

s am wm e e wme e e UR M e B m e e e m e W M E a4 e e

FREE VIBRATION ANALYSIS
OF A SINGLE OEGREE OF FREEDOM SYSTEM

DATA
M = 0,40000000E+01

K = 0,25000000E+04

C = 0.20000000E+03

X0 - =.0,10000000E+00 .
XDo ==0,10000000E+02

N = 50

DELT -=_0.99933998 =02

The problem - JePEnder\i‘ data (to be u.sen' n Program 2) and output

C THE FOLLOWING 3 LINES CONTAIN PROSLEM=DERENDENT- DATA --



SYSTEM LS CRITLCALLY -DAMRED — —— - — .

BESULTS S oo oo o

I TIME(L) X(1) XDCIL) xDpp(I)

1 0,100000E-01 0,194700E-01 =0,632776E+01 0,304219E+03

2 0.200000E=-01 =0,303265E-01 =0,.379082E+01 0.208495E+03
30300000 E =0} — =0 590458 Em0t =0 2066606401 —— 0, 1 40234E403——

4 0.400000E=01 =0,735759E=01 =0.91969%E+00 0,919699E+02

5 0.500000£=01 =0,787888L=01 =0.179066E+00 0,581963E+02
—6 0, 6J0000E=Q L =0, 780956E~01 0, 27891 364+00 (0 348641E+02 —
1 0.700000E=0Q0t =0,738539E=01 0.543044E+00 0.190065E+02

8 0,800000£=01 =0,.676676E=01 0.676676E+00 0.845846E+01

-0 900000E>0 ]l =0, 606045E=01 -0 J24619E+00 0, 16468T7E+0}-—
10 0.100000E+00 =0.,533553E~01 0.718244E+00 ~0.256515E+01

A% 0,450000E+00 —~04339359E~04— 0577242260301 T4 11 2E-04—
47  0.470000£+00 =0.270210E-04 0.616356E-03 =0,139296E=01
48 0,480000E+00 =0.215048E-04 0.491539E-03 =0,111364E=01

| 48— 043000+ G— =031 OB E=04— 0391783 E~03 -—= 6588937 F6E~2—
50 0,500000£+0v =0,136023E~04 0,312109E=-03 =0,710396E-02

Tf:e Probiem-— depcndcn{- da.ta (‘l’o be used in Program 2) and results are

gwtn

.——v—————iﬂg—EQLLQ4}NG—%—L*NES*GQN¥A;N—PR33£EM‘DEPENQEN%mBA%A————
DIMENSION X(50),XD(50Q),X0D(50), r(50)

DATA M,K,C,X0,XD0,N,DELT/

______~;~¢rarz5aoraT40araror;rn;ararsaroraLA_n_——“-
c END OF PRUBLEM-DEPENDENT DATA

FREE VIBRATION ANALYSIS
OF A SINGLE DEGREE OF FREEDOM SYSTEM

DATA

]

M = Q_40000000E+0) : e e
K «25000000E+04
C »40000000E+03

OO

[

X0
%DO
N

|
|
|
|

-Q0. 10000000&#02
50

i

-} . wmt e mamimm i A e b b bt - tmam et e ————

—SYSTEM IS JVER DANRED—- — e

_RESULTSS:  — oo - T
1 TIMECL) O X(1) XDCI) XDD (L)



[ ‘
P2 O W @M OB WA

46
47
48
49
50

0,100000E=-01
0,200000E=01
0.300000E=01
0.400000E=-01
0.50000Uk=01
0.5600000E-01L
0.700000E=-01
0.800000E=-01

0.900000E~01
0.100000E+00Q

0.460000E+0Q0
U,.470000&+0Q0
0,480000E+00
0.49000uk+00
0.500000E+00

0.351455E-01 =-0,390559£+01 0,368593E+4+03
0.990550E~02 =0.1510Q07£+01 0.,144816E+403
0.230870E-03 =0.569458£+00 0.568015E+02
=0,333730E-02 ~0,201042E+00 0.,221900E402
-0.,451879E=02 =0,576071£=-01 0.858495E£+01
=0.477582E=02 =0.257606L=02 0.324249E+01
-0.468266£-02 0.177700E-01 0.114966E+01
=0.446433£-02 0.2455064E-01 0.334569E+00
=0.420854E=02 - 0,.260878E-01 0.215607E=01

=0.394902E=-02

0.256257£=01

-0.944355L-01

«0,354993E=03 0,237800E~-02 =-0,159296£=01
~0.331992:=03 0.222393e-02 =0.,148975E-01
-0.310481E-03 0.,207983E~02 =0.139322E~01
«0.290364E=-03 0,194507E-02 =-0,13029%E~01

=0,271551E=~03

0.181905E=-02

-0.121853E~01

The epuations for

the natural freguencies af vibration were

_J.ert'veal in Problem 2.35.
Operating SPECJ of turbine is -

&, = 00) 2T _
o (24 ) o =
Thus we need o satisfy:

251-328 rad/sec

(1)

(E2)

Z s, (gs)

2

773 xlo" N/T.,"" (:For s‘i’ee.’.)

determined to

i
09"’ = 2L AE 72 Ll
axial W o (1-a) zZ %
w l sez %2 }yz
= >
Pltransverse { W o? (f—- 0'_)3 » o
VZ
e, = &GJ (.5': + __'___> 2.
c;frcumferertfna—l- I f-a
h | z
wheve A= lr;:—l' ) W = tooco x%-81.= 9810 N,
_ 4 wd*
T = -—ﬁ > Jd = 32 » J—O=
and  E = 207 x1o! Nfm* > G=
The unknowns d, ! omd o can be

S’aﬂ:‘fS‘fy the .'nezua.ltfu‘ey (ED,(59_> arned (Eg) using o

{9 rocedure.

trial ord evror




From solution of Problem 2.38, the t
reguiremen‘t‘s can be stated as:

w"j - _ 12 ET B
| pivot ends 13(1;.’+ ""%*} z w, (E)

where E =

30 x 10° psT amd I = -6:% [44’_ (d—zt)4]

ca“s 2 42ET o
;)c;.er eT)JS‘, 23 (%4_ mgﬁ:) . Z (4.90 (Ez)
ith »
“! meff‘ = (0-2357 m) R meﬁ:z = (0.37l4 rn),

m= mats dg each colurmn = %[Al“' (4,2_.[-_-)1]:_(_;&

+ 3
L= 0-29¢3 u/xm > g = 386-4 A/Secz;

g = vaaﬁ‘ og, column = 96 in.,

W = weright of floor = 4000 b,
4{%1‘.[&‘— (d-20"Tlef (B3
Frezuenc_j z.‘m;t = vC.SO = Boxzm — 31416 Y‘d——‘!/;‘ec. .
Prd_"_’_e"l_" Find d and t such tat W given by
Ezo (E;) ¥y ‘m-'n»'m:se_c‘ while S’a.tfs‘f—j:‘nj the
J‘nezua,l\"b?es (E)) and (E2).

%: wefjl'\*‘ a; cglL(an'

1]

This Probleh\ can be S‘ohrcaf either Ly g’m’bk{'c,o,l__ o]o‘h‘rnfja.h‘on
or by using e trial and error procedure.
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Wy, = 4,;‘ = ke z o
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(c“’)cri. = 2d, W, = 2 m-—; --- (E;)

For critical dampimg , g5 (2.80) gives

o (t) = { 0, + (60 + wn ) t et --- (&)
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For ©,= 75° = 1309 vrad amd 6, = 0,

e(t)= (J-BO‘) + 1-309 ca,,i:) e-w"t - (Es)

For 6= 5°= 008727 vad , . (€s) kecomes
0:08727 = |.309 (1+ St e—wnt L (EG>

Let ‘l:tfme to return = 2 jec. Then ‘Ez. (Eg) gives
0-08727 = 1-307(:4- 2 (S, e_zw,, R (é7)

So‘ve (E7> Ly ‘tr[a.,l a_nc’ error 'fo Jc‘.ncf wn , TI—\e,n
choose the values o;F m, M a~d /kt to 5&& the
Je S :'red YGJ.U.Q Of Cr.Bh . anC‘ H-\e. JG-T'H an.j co nsfa_'n t

(Ced e using Ez. (E3).
(@) Follow the procedure of part(i) to find the value

of W, -
(b) Derive expression for the ezua‘va,lenf torsional viscous

da.rnpfng c_anS"l‘.‘d-Yl't' (Ct )QZ :Fcr Coulomb Aa—"‘}’l"k3~ T}'“."

expression , for Small amounts of damping, is
(Cf>%={4ﬁ/ww,@} --- (&)
where Ty = friction (damping) torgue. and
® = o_m)ah’fuole of angular oscillations.

(@ IF ()ey is to be egual to (Ce),; = 2V% *t
we $ind
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Let x = vertical displacement of the mass (lunar excursion module), x; =
resulting deflection of each inclined leg (spring). From equivalence of potential

energy, we find:
keq, = stiffness of each leg in vertical direction = k cos® «

Hence for the four legs, the equivalent stiffness in vertical direction is:

keqg =4k cos® o

- Similarly, the equivalent damping coefficient of the four legs in vertical direction is:

2

ceq=4ccos- 107

where ¢ = damping constant of each leg (in axial motion). Modeling the system as
a single degree of freedom system, the equation of motion is:
Meq X + Coq X +keqg x =10
and the damped period of vibration is:
27

“a \f——s" vmeq Vl_[4k:qmaqj

Using m,, = 2000 kg, keq~—4kcos &, Coq =4 c cos® @, and o = 20°, the values
of k and ¢ can be determined (by trial a.nd error) so as to achieve a vaIue of 74
between 1 s and 2 s. Once k and ¢ are known, the spring (helical) and damper
(viscous) can be designed suitably.

’J'd=_-‘

Assume no damping. Neglect masses of telescoping boom and strut. Find stiffness
of telescoping boom in vertical direction (see Example 2.2). Find the equivalent
stiffness of telescoping boom together with the strut in vertical direction. Model
the system as a single degree of freedom system with natural time period:

m
Tn=27r=27r .
Wy keq

W, + W; _ 300

g 386.4° _
the strut (k). Once k, is known, the cross section of the strut (A,) can be found
from: ‘

determine the axial stiffness of

Usinng——:lsa.ndmeq#

As B,
s

with E; = 30 (10%) psi and ¢, = length of strut (known).
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