Chapter §

Two Degree of Freedom Systems

@ Ezuaﬂons of motion m, X, + (%,+ k) %y — K%, = o
' M2Xp 4k Kidg — KXy = O (=)
with x; (‘E) = X; Cos (&9“: + ¢) {= 1,2 , Egs. (Ei) give the

:Freguency eaua.t.on

— (_.3 ™My + A+ kz - kg - 5
- 1‘2 : ' “‘092-7"1-\— %5
4 _ k, + K2 ka 2 *, K2 _ - (e
or w9 ( __;;_- -+ ._m_t) W+ S =0 ( 2)
Roots of E - (€2) are
z 2 k+‘<.z \/ ‘k|+*2 k2 2 k,‘kz E |
(K] W = ! 3
T T;T 2"“2 4— g ( )
' 1
1f — (1) X(i ) —(2) (f)
X = amcl X = ’
(1) (1) 2) @
Xz =7 Xy X, =T
2 .
X(1») —wmy WOy + K, + K2 kK, (E )
n= 2 = = — 4
x(i) k?. "Mzw’_ + k?.
1 |
7
.o xéz) —-my 3 + K + kK - ¥z (<)
72 = —— =
X(iz) ke - YNy @) + kg

Geneval solution of (EyY) is
s (8) = X cos oyt +#1) 4 X cos(@pt + £2) (éa
%,y (8) = vy x(i) cos(@it + ¢,) + 1, xP cos (Lt + ) |

whe re x(") , (Z) , ¢, and ¢, can be found using Eps. (5.18).

For wy=m, v=2m, k1= & and %k,= 24, (E;) gives

=k-ME , e=0@rF)E | (E)



when k= 1000 N/m ond m= 20 g ,

Wy = 3.6603 fa-dl/Sec and 3 = |3.6603 ra-d/sec
n=__ % 1-3660 4, 1 e 6
7 = . ) = = — 0.36602
“772‘*9111""‘2 - ’ 2' ‘"‘2(‘9:.'*"(?- ° |
With xj(0) =1, %)= 0, %,(0)= -1 and *,(0) = o, g5 (5-1%)
give X(x)\a . @) ,
1 = —-0-36602, Xy’ = —1.36603, 4, =o0, @, =
Response of the system is
*3(t) = — 036602 cos 3.6603+t — |.36e03 cos 13.6603 t
%2 (¥) = —0-5 cos 3-6603t + 0-5 cos 13-cgo3 t
Ta.Kinj moments about 0 and mass my o, o
2 - . t
my e, = —w (fshe)+qsineg, (4, cos 6))
- R cos 8, ({4 sin &) | |
= -wiklye 4 Wz 11 (92-91) (ev) :
assuming @ ’ I '
m2 22. 92 + my 22 (g e,) = — Wz (£1 Sin 92> l xi; !

Using the relations g, = X1 nd o Xy - ANy

Wy
'v
, N = X2- X
Egs- (Ei) and (E;_) become £y z £, I LY
N 1+ 2. w, L
wmy Ly Xy + [W1+ Wz(_lj;_z_.z)] Xy — z[zi x, = O (E;).

wz 42 Xy — WX + WX, =0 _ (FP)

When my=my =m, Ly=l,=L and w,= Wz—mj, Egs.-(&3) and
(E4) give

ml %y + 3mg X3 — mg X, =0 (E5)
‘mf';,_“"‘}xi'i'"‘}' 'kz = o
For harmonic motion X () = X; cos Wt 5 =12 . Eps.(Es)
become
E
-—(Bmixz-—m‘?xi.f..m})(z = © (‘)

from which -H;e j-’rezucncy epuation can be obtained as
st JGra) otz gt o
1€, (3 692 (2 ¥ J——) 9-

{12
Wy = 0-7654 J: o,_: 1-9478 J:;}—



. ~Ratio of amplitudes is given by E- (E¢) as
X1 _ m3 . 1 |
X2 —w?*ml + 3 ™9

In mode 1, Wy = 0-7654 (¥

In mode 2, @, = 1-8478\E‘,
J3

x,\(2)
Y, = (Tj) = —2.-4133

one node LOC@E&J at 3
¥y . i-F

1 24133

or 3= 0-2930

@ Let Ry, R, and R; be the restoring forces

in Springs, Ezua}c:‘ons of motion of mass m
in x and 2 directions are
g ;

mx = 3 R, cos ' (e4)
i=1
e 3 o
my = z‘ Ri sin d‘-_ (EZ)
i{=1 .
where Ri= = % ( % cos &, + ¥ Sin ;) (&)

Egs- (E1) 4o (E3) 9give
3

Mk + Xk (x ot + ¥ SnA B eo) = o

L=1

(E4)
. ; .'
™Yy 4+ ;:1 k; (x sine; wso; + % ,x.-nzaeo = o (es)

For o= 45°, o= 135", (3= 270° and

and (Es) reduce to |

™x + kx =0 ' (£Q)
mY+2ky =o | (e7)

These eguations are uncoupted‘ For harmonic wnotion, ‘

x(£) = X s (Wt +8), YHE)= Y o5 (wt + #), and  dence

Wy = J—i:‘; for motion m x An‘recb‘on

W, = lZT': for motion in e direction

Natural modes ore given 55 x(#) = X wS(‘Em‘ t + ¢1> |

= ¥ ws (BE v+ 4)

where X, $4, Y and @, can be determined From initial conditions.




Ll
@ Eguations of wotion in termg m. T f:
of % and ©: —

. —.
. . =_ T
max+ K (x~£,0) + %, (x+ £,8) =0 (E,)

% o-# 4 (= £,6)+ kL, (x+ 1,6)

kl kz
For free vibration, D (El)
x(t) = X cos(wt +%) (£3) }4_ fi 12 ’
9(‘6) =@ <os (wt+)d) (E4>

and Eps- (E)) ard (E;) become

—m e+ fe,+ kK, : —(kl,Q, —‘kzz2> X °
\ Jlar =i} ®
—<k!£‘— klfz) .__J;Ce -+ ‘kr'ell"f' kzzz . ® ©

Freauenc:j 88ua:f::on is

- _
— m LY ~+ kg‘f’ kz, —(k“f'——kziz_) (
=0 E
(k,!, szz) _ 3;681+ %, Zl + kzlzz G)
€.,
. | v _
-+ 5000 Xe;
= o
ioo — 0.3 w2+ 2030
l"e') )
0:3% 3530 w?* + lo-14 x10° = o
;-e-) o !
W = £785.3373 , 49813293
v = 70.5785 vradfsec , €9, = 82-3732 radfee
Mode S‘ha.PeS':
(- 100 2 ¢ 6
(1000 9%+ 5xt0 ) X + o:ixi6° @ =o
or ——-x 1 = —o! x'og 6
= = — 5. 7
D | o, — 1006 @, + 5x 0% 24
a.nc] 6
X —0=-{ X Ig
@ 699_.— = o0.0S¢0i

2
—tooo 9 & 5x 10°

. ) 48E 1 48 (8 (10'%))
~ k, = stiffness of girder = P ——- (30 (12))3

" _AE _ A(30(10%) _ s :
k, = stiffness of rope = T 12.5 (10*) A 1b/in

= 6.1728 (10% 1b/in




mass of trolley = 8000/386.4 = 20.7039 |b—sec? /in

my =
m; = mass of load = 2000/386.4 = 5.1780 lb—sec? /in
Desired frequency value: w; >20Hz. Let wy = 25 ‘Hz = 157.08 rad/sec or

Wi = 24674.1264 (rad /sec)?.

Fundamental natural frequency is given by (see Eq. (E3) in solution of Problem 5.1):

Vi

Using the known values of k;, m;, and my, a series of trial values of A are given and Eq.
(1) is evaluated to find the corresponding values of w?. The results are given in the table
below. It can be gseen that A = 1.1 in2 yields a frequency that satisfies the specification.

ky
2 s

ky

Imy

k; ke

m; mp

_ ky +k2
N 2m1

ky +k
1 2 L

m,

wi

(1)

A (in?) k, (1b/in) w? (rad/sec)® | w (rad/sec)

0.6 0.7500 (10°) | 0.1434 (10°) | 119.7 "

0.7 0.8750 (10°) | 0.1715 (10%) | 131.0

0.8 0.1000 (10%) | 0.1946 (10°) | 139.5 ™,

0.9 0.1125 (10°%) | 0.2176 (10°) | 147.5 T

1.0 0.1250 (10%) | 0.2406 (10%) | 155.1 % x,

1.1 0.1375 (10%) | 0.2662 (10°) | 163.2 2

1.2 0.1500 (10°) | 0.2918 (10°) | 170.8

1.3 0.1625 (10%) | 0.3123 (10%) | 176.7 ™2 1’

1.4 0.1750 (10%) | 0.337¢ (10°) | 183.8

1.5 0.1875 (10°) | 0.3610 (10%) | 190.0 *2
ki_‘_ 4‘851 4’3(?-‘067(‘0”)(0‘0?‘) - 3.09;(‘06 N/m z"::*‘

1 @o)? 3 HemTh
2= 0.3 1006 N/m , my= 1000 '1(3 > Mg = 5000 kg my

Eg.(E3) in the solution of problem 5.1 gives

2

[
3-39 %o

2' ——
wl,wz-—
2000

1}

W= 7-33892 vad/i,

3 K‘OG
O 1
-‘“F'\/I

(0000

(1725 7 1-6704)10°

(.91=

3:09%0-3x 0
5§ x10

3.39 x 10°
1000

6\2
+ 0-3 xi0
5Q00

5§8.2701 m.al/,a

From Egs- (E4) and (Es) of solution of problem 5.1,

Ly
~m, 09:' + K,
kl

"2
—my Wi + ¥z

Mode Sl'xmpes are

o-3 xto‘

V= ——— =

—5000 (54.6003) + 03 x 10

03 x IO‘

W=t
& .

= (b

. _ —=
-5000(3395. 4046) + 0-3 x 10

o

—
—_—

{

X u- 1tz

P

= - 001799

wm -0

% @)

o
1z’

{—o-omss

€))
P




@ Frequency equation: _
[~ ot + ]| =0

or

(kyy — o my) kg o R
kZl (kzz - O.)z mz) .

Expansion of the determinantal equation (1) gives:

(my mg) w* — (my kez +my kyy) w? + (kyy kyy —kip) =0 (2)
Roots of Eq. (2):

' (m; kag +my kyy) + V{(ml kg2 —mj kyy)? +4 my my k%z}
2 2= ) ~
?

Ws ~
’ 2m; my

3

Substitution of known expressions for k;;, k;z, and kyy into Eq. (3) yields:

48 EI1 .
wi, wi = 7 T, my [{ml +8m,) + ‘\/(ml —8my)? +25m, mz] (4)

. Ezua;hons o:)c mo{'ton . x) t :
. _ my = {000 k3
m; % —+ ‘k' x; — ‘k Xz- =
' 5
} (El) %k.: 4 xt0 N/m

‘m212_+('k+1<2_)x:_- k'—x‘_o t_-
= 3
Let x, (£ = X‘: cos(@t+¢); ™m, 300 kg

4?:'.3)7_ . (Ez_) ; -kzz leosN/m
Ez- (E,) becomes : | : E

n (‘91 oim \\_”"- \\-J,"\\\'_’l
1 + i, - & _ (X, o l"‘ f=6m _){

-— 2 = ’
kl —m, W + Kk, + %, |- xz {o }

Freauency eaua;{;(on is

Xz

.’ . - o
— Ky My Bkt ey
8.

2
m‘mzw‘*, (7”4*;1-7'1,1(2)0.9 —-k,mzc.az'.}. Kik, = ©



I“B)
052 [(m,k,-rm.kz-»mzk,):t (m,k, +m,kz+m &, +zm K, %g

-2mmy KKy + 2mmg Z) ]/Zmﬂ"z . <53>

Since m = oco Kg, my, = 300 kg, 'k|=: 4XDOS'N/-“-, a.rr\.A ’kzz 51&105 N/m’
Ez, (Eg) 9;VES'

@, = 144539 radfsec , = G, = 56-4897 mc!/se,c
. (4. 4532 - 5 10002
5' ‘-———————--z-Tr H} = t ( ‘ (___>

3600 21:6

where ,{_ G'm ard & is in ‘Km/hr-

A= eritical veloeity #4 = #1235 4539(-’—‘ €) = 49-6887 #m fhr
56:43387 :
52 = I H - (loao _ A2
* 2Tt ¥ ‘ 3600)(1 206
o Ay = cvite real ve_lom'&j # 2= 56-48397 (2t 6)“ 1941968 f""ﬁ:r.
2T

1

Egua,tions of motion for ro{‘oi:a'on about 0 and A
give
m, li é, == w‘Q, Sin 8 +& Sin 6, (L, et SD;Q@az(I,,ﬁne,)
= -wi8+ql(o:- 8)
= _W.9¢6‘+ wz,?‘(ez—e,) _———— (E1)

since @ ~ W,

L 6, +my L, (,8,)= — W2 2, sin s,
: = -—-Wzig 8, - - -~ (Ez)
For wm=wmy =m and 1,=92,=21, Egs. (E')MJ () become
mlg, +2m3 0 -~ m3 6, =0

m { 51‘*‘ md o, + mg 8, =o0
Assuming g (t) = @; cos (0t+$) 5 i=hL2 , we get

e PO b I g Y

@ ml —0 ml 4 my @/ °} -

pefining )\ = %’;2 9;.!:, fm?/.mcg%._alfcn can be oblained as
—-A+2 -1
I—A | ~A+i]

I

= Al-—l')-.fl-l =0



A= 2-yZ = 058538, Ar= 2+ V2 = 3.4/42

(!51: 0'7€54— % > (,31: 1-8478 "%—
For @y, First e&uaz-a'n on (E;) gives for @, = 1,

b 4142

@, = —M+2=42 = 14142
First mode
Far W,, First eguation in (E3) gives for @, = 1, A
Q= —Ap+2 = —JZ = - 1. 4142
" Location of node :
¥ _ o 1-3
g~ "1 3 3 T o442

[— Faig2!

Second mode

EZ‘ (E;) in the solution of Pmblem 5.1 gives
. 2 \J
w:)’c“’: = Ku* kz K+ “z ) 1‘_‘:. - ¥y %2
2mgy 2my mg m; my

For m= My, = m and *, = ‘k?_: k, we 95‘1:

2 1 % A 1 2
Uiawz:‘v—'ﬂ'f"‘;.‘;\/_‘:_%_‘k - =3*T_‘k >
4\ m m* 2m - V4
z
O = o0332% | = 203 X

@, = 06191 JE = - s:so\/'_‘

Mo de cf».a,res' are given 63 (me Eps- (E4) a.nJ (E;) of Pro“em'S'i)

2 1 ()
T, = - 1 . — (1) { X
i —‘Ynzw::-'—kz = ' 6!8‘ M x - 1-@'8'} ]
1) i (2
= ks = —0-cif0 ; X ={ } x ()
—-m, u:' + K2 - 06180

For the system of Fig.5.3(a),

| (2) |
_.(|)T[ ] "(2.) (l) ) m o} X { (') (3-) i
X % » } [O mz]{xﬁn X h ri}[ z]{'z}

' = x,(') xcz) (my+myn )
But x
mE MYy = M+ mz( 2 >(
m, (J: + k,+ %3 MZLS + &5+ f(;) re
where

N = (w2 0 4+ *3)(-m, ) 4 &, + *3) + ™, w5

D= (mmy OF 4 K2t k) (e OF + K, + )

> a.no'



By substituting | )
(k,+ ke) M2 + (k,_+ k;) mi; 4 {Eﬁ-,-’. t,)mz D)) m‘q

2 2
W, W, = =
I 2mmy 2z ™™g i
(ky+ ko) (%+ K3) — "y }1/2

™,

we get

—

’

_ .z .z 2 2 2 2
N =mm 6 & —mmy K, B -mym,; %, W, —mmy Kk, S,

2 z 2 2
4+ My Kz + om Ky K3 - M K3 L) oy Ry kg my Ky 4 oy K

= m, "”2 { [(k j+ ka)yma + (kz+ ks)‘mi]z— %[((k|+kz)m2-+ (kz* 1)) ij

‘ 2m my m,Mm,
-4 (ky+ k2 ) (ko v *3) — ":‘)] — mym, kz{(k'*'k’-)“‘z + (eat k’>m‘}
m mz T™me
- 7)™ Ky 4 K 2
_ M'mz k3 {(kl+ ?-) 2+( 2+ 3) ™y } + m, ‘ki + m, kzz'_’_zm' kzkj-i-h',t-,
mmaz
=0
EZ (s IO) gives 2 ¥
(900)1 +(700)2 - 1 (300)1 + (700) 2} 2 (800)(700) - (5006) )72
2 b1
- =550 F 3940573 = ((5-9427, 934-0573
;= 12-8819 vad/z, 9,= 30-5624 rad/3
@ Eg.(E3) in the solution of problem 5.1 gives
2 2 _ 8000 Gooo - 9000 . ¢ 2 ¢’ _
W, = = \/4 T+ 22 ) - ’—1—1’5-1‘-’— = 917-2, 130829
Wy= 30-2953 vad/sec , &, = 143501 vad/2
Egs- (Eq) and (Es) of solution of problem 5.1 give
r = ke | - 6000 _ ligos -—)—(r(‘)= {1 }an
-y O + % ~-917-2 + 6000 ’ 1-1803
: K2 6000 ' 1 (2
2= z = =-0-1471 ; —’(L) -0 947(}x )
—m, W, + Kz —~13082-8 + 6000

. Same as example 5.1 with m=m, =25 ¥ and Kk,= k= %3 =50000 N/,

Wy = ,[}-—'2 ‘f?iz%?_?. = 44-7214 rad //S
3, 3k (5
=== 0009 = 77-4597 vad /s

Geneval wotion ¢ given by Bp.(£,) of Exa_mple 5.1 -




x, (£) = x(i') ek (447214 ¢ + 4) + X cos (774597 + 2

x,(t) = X\ cos (44.7214 ¢ +#1) - x(2 cos (77.4597 ¢ + 1)

Eg (5 10) Gives -
~ 4 (3000(2)+ 4c00(4) 3000(’-) + 4000(1))" —4 {3000("00") - loooﬂz
@ @ { 2 } 2 ‘
= 1633-974¢, 33660254
Wy = 40-4225 ra..cl/,x, 532:: 58.0175 ra_d//!
k,_'

1000
= - — = : = 1-3660
—T W Kyt K; —~2(1633-9746) + 4000 -
r= *2 1000 2
- = = = — 03660
-m, f\,; + K4 K3 -2 (336‘ '0154_) + 4000
When  x,(0) = x,(0) = % .00 =0 and x,(0) = 20 m/s,
x® = 1 [+o 366 (20)
' (-o-3¢6—1.366)L 40.4225 ] = —0-1046
@ 1 _
Xq --——————-—[.Liﬁf;ﬁ.".‘?]: — 0-2719
-1-732 580115

= B2 tawl(e)= T

.....-.-

Motion of the two wmasses s given by Eg.(5-15) :
7(’_({') = O-.!O46 sin 40.-4225t 1 0.2719 Sm 5% .ol7s5t
%y (£) = +(1-3660) (0.104€) Sin 40-4225t — (- 0-3660)(—=0-27(9) Sin 58-0175¢

= 0:1429 Sin 40.4225t — 0:09952 sin 589-0175t

(Od) 69:'== 9572, asj: 13082-9 , Ty= {-1805, irz_-, —~ 0-§471
‘ x‘(O)‘: 02, v X

%3(0) = %, (o) = %,(0) = ©

Eg- (5:18) gives

@ - —= c 0-8470)(0-2)] = o0-08356
X (-0-847) — 1-1305) [¢o-2470(2)]

X = - [11805)(:2) ] = o-it644
X C 0-247! — |-1305) L€ : _

¢] :'¢2= ta.n—‘(o = O ‘
x,(t) = 0°03356 A30-2853t + 0-11644 co5 n4--3904t
%, (t)

1

(1-1805) (003 356) 5 30-2853t 4 (-0-847')(0-1!644) h V4 3901t
= 0.09964 <1 30-2953 ¢t - 0:09964 =€ 114-3301 ¢

B) %)= 02, X()= %,(e) = 0, (o) = 5.0

Ep. (s 1I8) gives . l
i "2
( - (5) —_
X = e reTs [{ o- 84'7!(0 1)} + S ] = _ o 1te7



, 2 Y
xg;): i [{_ 4.@05 (o.z)}z+ _(___'_E.).-— ] z - -—0'184

—-2.0276 130828
;, 5:0 -l . <
?Se = tam { } = tom (—- 0-9‘74-'5) ='135.73 392
30:2853 (-0.8471)(0.2) _
' - -1 - 5-0 -1 °
¢z = tom { Hi4.380) (- i-ls’os)(a.z)} = tar (0 ISS‘) =, lo: 4335
% (£) = ~ 0167 ot (30-2953 t 4 135.73997)

—0: 1184 S (114-3800 t 4+ (p.4395°)
x,(6) = (1-1805) (~0-1167) st (30-2853% 4 135-73997)

—0-8471 (-01194) 5 (1i4-3801 t + 10-4895°)

= — 01378 5 (30-2853t + 135.7399°)
+ 01003 ('”4-.380l t 4 l0v4895.)

Eau-‘va.fen{-, sysfgm is skqwn in :f-;gure: <y Ky
S inerie o =]
'k.«.'" .L; l.) ; A= 1,2 | L...xl(\‘:) L_.pxz(-b)
EX '
=% = &k = 483 } M=2m, m_=wm x G{E—’ '
" 2 ‘ kl r,_—-"‘) ‘
" Mgy — Kyxy 4+ K, %X, = O

For farmonic motion x‘:(t—) = X; cos (&9*—' +95) ; A= 1,2, we ‘5«:{:

S e e} [ e

~ks k)]

X2
Frezuenc:j eauafl'cn is ,

@ m + K+ k) -,
. = 0
-k, (—-‘45; m, + kl)
2, |

. .

3 = (““z'ki+""zk2+‘“4k2> t \/6"2*:+mzkz+”‘r*t)z — 4 m My Kk Ky
. ---(€2)
2mimy

For given data, 7 1 ' |
1 _ (mk+mk+1mk)t \/6n1<+m-k+?.rnk) — 8w «? —*(i‘* ._i:..>
W = e Twm\V T2
™

Wiz 05402 JE = 3.5445 /,_._E Ia ; 9= 13066 J—% = 9.052¢4 [ET
mh

. , m$
From Eg- (&), we get ‘




s
X.z(_') . (Aj; my A4 ‘k|+ kl —2m w'z'_“_'?_'k, _2(0.2?7_‘?{()+1k

= = = -
t ) X, - ”
= 4142
X(ﬂ 1 . _
N = 2 = @y m+ gt ke _—2m 8, 2k _ —2(1 0TI K) 42K
x Ka % *
< ] ' 2.
: a4 1- 4142 — 1o 4142
Mode s}m.f:es’ are:  fee=-—- (__-_,' |
- (). 13 = 0-5833
. { }X, node '
X = ({.4142 ;

;(0(1.)= { -0 } x(‘z)

A= 4142 First mode Second mode
TLeocation of node : (ne node) (one node)
¥ 1- ¥ ,
L AT42 = 1 5 3= o.583%8

@ Let P be the tention in the string. Horizontal
componen&s of tension (a.long Xy Jimctu'on) in the
string l,ing above and below m, are
- _'f_?_'t_': g'_f_x}l__ mfrecfn'velg.
| .
Newton’s second chw 3nveS‘

Y 2y P |“"x2.) P

= 1, T o ""3;04'%?1- x,exz)?=°
S‘imila.r(g . .
m 4+ — 1t~ *2 -
: 2 %2 13 P ( 1, P =0 | ‘
With 2 (t) = X; cos (Wt+d) ; i=1,2, and L=Ly=L3=1, mz=my=m,
2 2P _‘L X o - .
Cme+ 5) 1 ‘o )
N 2 2P X - -

This gives the §reguencd'eaua,%cbn
Cret+ BEY - (§) = Emet+ 3p ("“3*1)”

- . [3P
031: _t... » (492:- —T
From first of Egs: (El).-
“) 2 ? @) r 2P
Yy = xr. - ....TﬂGS|+T —4 . o= X, _..mtdz +T‘
w - - > i - —0 = -1

& (1) (D)



mode shapes are: e ty W . ! €D
P -,)Z(l)z {'}X » X(z)= { }X.

1
-1

No vnode one node at middle 0‘5’
the two wmmasses

For mz3m, my=m, K =3k and k3= 4, & - (Ea) in solution of
Problem 5.17 gives -

2z
wz: Grmk +mk+ 3Imk) + \/(3m1<+m4<+BMK) -3¢ %" m* :—t(Ti\n?)
ém?
9 = 0-5657 £, 17e7s x
- x = 1. 3
@, = 07524 JE | @ = (3295 [E
1) 2
o %e -y ™M+ b+ k -0
n= 2t - t T T T2 —00565T(3) 4341 _ 45000
X' kz i
L= Xi0 _ —oim kit ke _ —17676G)+3+1 | ) a00g
xl ) o }I :-L—l-aon.ﬂ
— ) {0 x(l) Lo ‘;(1)2 (2) :
X = ] ~1-302% 1 .
(2-3029
No node one node
¥ 1-3'; 3=0-5¢57

3er 3 (L at? 3
"k' = L? = (‘32 @ ) - E%E__ _ . _
b 4b ) , ‘klz kc:.nh"ever

ko= AE - mwa'e '
2 4 ot At
From problem 5.1, ‘ é“"z= krope
2 ' V
- %
(..54,7. = 1t Ke + 2 *‘/—'— kt’”‘t ‘kz. Kﬂ‘z W2z Wy 3
?ml 2m, 4 ™y ™2 m.'"z

"

Eat’® d% 2
( L E>2w y TdEZ
r

3
4b 8l w,
wd*e) ¢ wd*E2 92 2 43rd? gt
1\/[{(53 1)w+ 2] _eerid 2
4 4 L alw, e 1% w, wy
@ From solution of Problem 5.1, we find that for m; = m, my —-Zm, ky = k and ky =

2k,
(2—\/—) ; =(2+\/§)-k_

Pt Pk, =

X —my etk 1 13

L =



X&Z) o — Ins C«Ug +k2 - —1—\/:3_

X?) / ko 1
Tp = =

First mode shape:

1) coSs
X1 Xgl) cos (wy ¥ + &) X (wnt + 1)

= = X 1) ’ )
x4l ry XtV cos (wy t + ¢) {V—g——_] cos {wy t + @)
: 3 —1
For the motion to be identical with the first normal mode, we need to have Xﬂz) = 0.

This requires that (from Eq. (5.18)):

2 .' 2 %
1 {"‘ r1 x1(0) + x; (ﬂ)} + -63—2" {1'1 % (0) — iz(o)} =0

Ly — Iy 2

Xz(o) =T X (0) = %@_)—1‘
x,(0)

2(0) =r1 & (0) = 7

Letml =m,m2;—~2m,k1 =k,k2=2k.
Initial conditions: x;(0) =0, x3(0) = 0.1 m, ¥, (0) = 0, x,{0) =0
Eqs. (5.18) yield:

) :
2 0.1 0.1 0.1

x = 1 [0—0.12]2== - e
rz — I ( ) Ty —n -1 1 | Q3A
o V3i+1 V3-1
XS2)= 1 [0.1 z]—f _ 0.1 — 0.1
I —ny ( )- I'p. — I 03

¢ =tan™! (0) =0
¢ =tan™! (0) =0

where w; and w, are given by Eq. (E3) of solution of Problem 5.1.

Resulting motion:

2
=
I

x{V cos (wy t + ¢y) + X cos (wy t + o) = — %L{cos wy t + cos wy t} |
| | | 3

Xo(t) =1y X[V cos (wy t + ¢) + 1, X cos (wy t + ¢s)

0.1

[ [ s

0.1

) s

1
'63 +1



cos wy t

@ W2 > (2 cw) = 3947-8602 (rad/sec)’

Froum Sc(uft'on O:F Problem 5.20, f"".s i"eZ“q’l;‘Ej can Le
expressed as : ‘

2 (Ea,ta_*v'ﬂ'c[?-E) 3 md E3

— +
Gy = 4 49 2w 8l w,

3

> 3947-8602 (&)
Da,taa: E = 30x 506 psi, w, = (000 JU:, W, = 500 b , ¢° 386-4 tn 31’

1

4 b3 T 41 Wy 4lw, 6l ww,

3
(sata TAEY 2, wd*eg3)? gZt’wd” 3—"]

—

b=30 in, £=60in.
Unknowns : a, t, d.
Let gzt and d=t. | |
For this data, t is incremented from 0.1 im m increments of

0+:01 in CLT\-A f'}{‘g le{: )‘\a—h.(.l glpde Q‘;- +Ae fnegua,lifj CE’) 'S
evaluated. This gives o value of t= |.54in For

satisfying (E|) .
.+ Design is +=1.54", d=t= t.54" , a=lot= 15.4"

@ With %4y = kg Kex= 2 %, F= T, 5,227 , %, 20 and M= M=o,
Eps- (5.20) give .. :
. L6, + 3%09, —2%: 8, =o

23 6,-2k0 +2%, 68 =o
For harmonic solution, 8,(t) = ®; S (wt+¢) ; i=12,

(—- @LJ; + 3*.&) -2 ‘kf |, o
-2 Ky o' nr2x)| (@ [ 7 o
<8

— Ty +3 Ky —2ky
— 2%y . -2 0" % + 2k,

2 2 I : '
= F V3 —_— .
@ (2+r> o » 691: 0-5176 .;_i_, CJZ: t-2319 /kt
vV & va

> 2
:.:?_3;0—-870‘1({.&9 -f-2‘f<_t=0




=T, 0+ 3 ke

: @fl) 2 K¢
(2)

rf.: 92 - - J; Lszz + 3 k't

@,(1) ?.‘kt
First mode séwnd mode
@‘ Ezua,b'on of motion of mass wm: mx = - %, (x—rg) ‘ --_(E,)
: Ezuata-n a‘ﬁ, molion a% cylinder of

mass m, and mass moment of

L6 =-kre-xk,(reg-x)r ()
inertia  J, = leoyl
For x(t) = X cos (Wt + ) and 6(£)=® cos(tdt+ $), EB"(E')
and (E;) 9ive the freguency epguation
—m©ty kg - %2 = o
— K, —+ mrt e 4 T kvt
.e. 69+_wz _35 _*_‘z{«.-sz}) 2 K, %, co
Tﬂ m
2 =
(Jsz: w;_ = :_2. (k +k2> \/ (k:_ Z’kl 2*2 )2 11‘]{(2
2m = =+ + I
‘ mo ™ m,
For Ty= do, H=2%, %= Ky,= K, = "‘e: and m*._mh:o, &
(5-20) give
: J;e+ 1“{9:—“&92 = O
2«];92—- ke 6, + 2k L 9, = o
For farmonic motion, these eguations give
[-—CS o + 2%y o= ke _ ®, 0
- Kt  —2 G 2k @2‘ - o
from which the -f—re?/uenc:j ezua, on  can be obtained a3
2
LJ;CB4—GJ;th9 + 3 Kk =0
' 1
wh, 8, = L3 7)) ke
%
6= 03623 (JEE o w, = 153ng JEt
" : 2k o
= - L9, d,
n l(') t %o + t = |-36607% Second mode:
®, k"_‘ noo‘e\‘ _L
@) L 4 & <%
n= % __ Z@ %t 2T . 430003 0366 *
a5 kst |

F= 02677




@ Egs. (5.20) give T, 6 + 6k © — 544 8, =0

S-'TO é‘z_—stfe’ '+Sk‘f‘ 6,; = O

These ezua.’n‘ons can be expressed af, for hanmonic moliom,

/ _
[—,wa;,ﬂ»e«t -5k, o, o3
- S k¢ | ~56r % + 5 k¢ || @, "go}
Frepuency w

L8
' 2
Tt Tk, 7 9+ xf =0
2 2 kf‘ 7 _ L3 k¢
W= 038197 [*t | w;= 2.61803 |kt
GU) ' 2 % %o
- _ =&y I k
n= —2 = ZH Tt CR 708
+ka = — 01708
Second mode
- 1=
: node a-1708 1
L : ' = 01459
1.1708

. (i) Using %(t) amd o(t):

For tran s!a.forj motion:

mx =~ kK, (x~£,0)-¢,(x-£,6)

- kl (x‘f‘ Rg_e) - C,_(;C +£1 é) —-——- (E,)
For votational wmotion

GLOut C.-.&.
I o=x(x-4,0){ +c (%x-186)4,

\

s
4o s
— %y (x+8,0) 8y — Co( % +0,6) Lz -~ (Bg) ot

€gs- (£1) and (E2) can be

rewritten as



(i) Using %(%) amd e(¥):
For bramslodity molion:
miy =~k (y- 27 €) - ¢, (F-4] L 6) -k (V1 £, e)~c1(u+! e)-mee
For votational vnotion: - (&)

T8 = 4,(y-06) € +¢,($-2/6) L ~#, (44 150) N7 — oS+ 2, 6 ) Limme

Egs- (85) amd (£,) cam be nudtilli. as - (Ea)

™ E'rne ’; € tC2 ! —C0£1/+C22: 1 ';
e o Rl et I
me | 3 (6 -c,ﬂ +¢ f7 o8 +¢ 47 | e

.MMW%M % 1

w, L ef = - w 4, Sin @) + 1“(2291"9090 L, ot e

2 ae
M {8, = Wy, himo, - 1(1,0,- 1,00 £ ot &,

oer .e 2
m' 9.7- 9' + 9' (w[l?f+ *gl )—- * ,Q, fz .92 = 0

m,!f§2 +91(wzf,+kff‘)_1<,(l929,:o
FO!’ ‘quvwnd_.' Y"\-Ota“i 9;_(":‘): @‘: o8 (‘wt+ ¢); J:=',2 , we 3J'

[w’m,z,gw,i' SR Y B 1(® '{" }
-x LA . —ajlm,_fi+w,_l,_+4<f::HOz} “lo
Freguency ep pwoalion 3 _

it (mmy A7) - " [y 47 (Wi kAZ) 4 m L ot k22 )]

+ [th! W, Rl + wz"l 'k'(tz + w,!, k!: ] =0 -_‘-(E,)'
Roots of this epualion give the natuned frepuincies O and @,
Ampl ‘tude voliss anc %{.Wﬂ LJ

()
r'= e, _ - m ywi + w7
PR
®0' . kl,ﬂ;
) 2
@ - rwhl,+ kh
= —La-s- = 2 m'ﬂ' + ™A ' where V‘zm,a‘ Wy=wm, 9,
®, b L, V '

~



Ezua,‘f:(ons of woetion: 4(
2 ve )
4ml ° =-klo2- k(o +x)1 9 x(f94)

>7”.72=“1<2—*‘(,99+x) ~— { e £

-e. 4_m115+ 2xf’e + klx =0 r
m§+9.4<x+1<29 = O x kx

For harmonic wotion, these ggua,trons 9‘\'ve

—+mlzw2+2"kgz % £
x £ ‘ ' —mtp2k
=0

FreguenCJ czuatr'On is Qmi ot — o fom 9% + 3 %3

2_ k5 13 \
99“ ‘ﬁ(?? T> = 0'3486.}‘; , 2~|5\4;—t—

3y = 0-5904 ,l.’:—,‘. , B, = 14668 ‘l{‘;

Amphtude ratios are .
X —qam T + 2«4

= —X_ﬁ = 4 : + = {;.50562
@" -« f

(
Mode Sf’lo..PGS' are — (D) @0 B i @(I)

=(2) @™ 4 @
X c-605¢6 £

@ Ezua:f:iohsuof motion : ' T— x l'-e-l .
| m(x-€6) = - xx -
3266=“kt9"’ kx € Y. —
) . a(t)
vE. mx+kx-—'mee_~o

(7,-me’) o + kya+kex =0
For harmonic motion, we get the Frepuency eaua-fton as

—mc.32+k mE.(Sz :
2 2 = 0
k€ “(a::_"'me D ® +‘k_t
or 2 Y (%« ) 9* -
(F-me)m @ — (% £+ m & + % kg =0

Roots of this epuation give the natural freguencies of the system.




&)

Speed becomes uhfa-Voro.He when PRl B
it is rela:l:eci to ,2 as .L.___l‘___,___.

VTa= A .-t
. ‘ =5 m
L L e, IE !

€., V= = = y4 Jch =
Example 5.6 gives
W, = 5.8593 rad/sec ((bouncing)
W, = 9.4341 ra.cf/sec_ ('Pn'fc.lm'n3>

2

&

Lo, = 12:, _ 15 (;fssa) - 13.9880 m/s (Aouncing)
_ Lz 15 (9-4341) _ ., itchin
v = R = — 225222 wfs (P 9)
A
kg Y(E) kg (%= ¥)

L,
™) e
T 7 vy X,

x (t
‘k 1 ( ) 1‘ (xz— “')
o
™, wmy |

Equations of motion: T ,:,'“z *2

Z, (%)
my i] + (kg -+ k) X — k Xy = kz Y F,rec Lo:{tj C!'.averS'

my Xg —kx; +kxp =0 of masses

Since velocity of crane in z-direction = 30 ft/min = 0.5 ft/se¢, 7 = time to complete
one cycle = 10/0.5 = 20 sec, and w =.—g;_zr— = —2-2-—71 = 0.31416 rad/sec.
Base motion for m; (girder motion due to unevenness of rails):

| y(t) =Y sin wt

where Y = 2 in and w = 0.31416 rad/sec.

Road surface varies sinusoidally with amplitude, Y = 0.05 m and wavelength, d = 10

m. If v = velocity of automobile (m/sec), time to travel one wave length = 7 = d/v
’ 2 27y

sec. 7= 10/v sec, w= — = rad /sec. ,

v = 50 km/hr = (50 (10%)) /(80 (80))

Jop =m r} = 1000 (0.9)> = 810 kg—m?.

13.8889 m/sec,

Equations of motion:



";}c (;r) = ground or Ea.ase c{fspfmchEn{
of Front (re.ar) wheels, downwards

For motion along x:

mi+X(kf+kr)+6(krf2—kffl)=kfyf+kr}'r (1)

For motion along &:
Jo 0 +x (€2 —€1 k) +0(k: €3 +ks €3) =k, €y — K¢ &1 7y (2)
where the ground (base) motions can be expressed as
yﬂﬂ=Yﬂnwt#&%ﬁn2$vtrn - (3)
27(€; +¢€
¥:(t) = Y sin (w t — ¢) = 0.05 sin [217;" g 27 ¢ :1+ 2) ()

For given data, Egs. (1) and (2) take the form:
1000 ¥ + 40 (10%) x + 15000 § = 900 sin 8.7267 t + 1100 sin (8.7267 t — 1.5708) (5)
810 § + 15000 x + 67500 6 = 1650 sin (8.7267 t — 1.5708) — 900 sin 8.7267 t  (6)

@ Natural frequencies are given by:

my; Q kin k2l (X 0
— [0 mz} + [kZI kZZ] {X2}={0} ‘ (1)

Ib—sec? in ; m, = mass of motor = 3%%97{ Ib—sec? /in

200
wh = f pulley =
ere m,; =mass of pulley = 386 4

X, = amplitude of pulley, X; = amplitude of motor,
30 (108)) (- (o*
£ (80%)

Frequency equation becomes:

= 32.3210 lb/in



(—«? my +ky) Ky

k12 (— «* my + kyg) =0

or !

(my m) ! — (ki my +kag my) o + (kyy kg — ki) =0 (2)
From known data, Eq. (2) can be expressed as:
0.8898 w* — 11563.2894 o + 7.3108 (10%) = 0 (3)
Roots of Eq. (3): -
W = 657.26642, 16606.5300 (4)
or

wy = 25.8372 rad /sec, wy = 128.8663 rad /sec

%x

mo. 3§ (m )_, mass
6 [momer\f of inertia (J'o)

G «

ks S o =] ¢k

1 i
¥y, 7(¢)
1. Model the bicycle and the rider as a two d.o.f system as shown in figure.

2. Find the equivalent stiffness (k;) and damping coefficient (c1) of the front wheel in
the vertical direction.

3. Find the equivalent stiffness (k,) and damping coefficient (c;), if applicable, of the
rear wheel in the vertical direction.

4. Describe the road roughness under the wheels as y, (t) and y,(t).
5. Derive the equations of motion of the system subjected to base excitation.

8. Solve the resulting system of equations to find the steady state response.

(2)
Choose‘unknown coordinates as x(t) and 6(t). Equations of motion:
mX=—k(x—¢6/2) -2k (x+¢6/3) +F(t)
I, 6=k (x —¢€8/) (£/2) —2k (x + € 8/3) (¢/3) + F(t) (¢/3)



m ollgl [3x ke x={F(t) }
lo 2| Vsl ke 17238 |0 fF(t)/3

2
m ¢ and F(t) = Fy sin w t.

where JQ‘ =

(b)

Elastic or static coupling.

k x «—

(mjm)} |

2

| Free Loérfj

diagrom

Equations of motion with coordinates x(t) and 6(t):

For motion along x:

MX=—kx—cx—(m¢/2)6cosf —m¥x + (m £€/2) & sin 6 + F(t) (1)
For rotation about O:
T 6+ (me/2) §(6/2) +m% (€ cos 6/2) = — m g (¢/2) sin 6 +My(t) @)

Using J. = —112— mé%, cosf= 1 and sin §~@ and neglecting the nonlinear term

-2 i
involving 6 in Eq. (1), Eqs. (1) and (2) can be rewritten in matrix form as:

M+m) mé/2 X c Of |x ko x| Fi(t)
mé/2 (I, +me*/e)| |5 Tlo o p +_o mg /2] 6] Mi(t)




,———— M =

kop(xy~ ) X, m*
'k| xl e -

Ta ]

Free Loa(«j ‘9"0‘3 ra-m

N = normal reaction between cylinder and trailer, F = friction force, R;, R,
reactions between trailer and ground.

Equation of motion for linear motion of cylinder:
NZWF=mX, or m¥X =—F —k, (x, —x;)
Equation of motion for rotational motion of cylinder:
SMy =Joa or Jy 6=Fr
where Jg = % mr? and 6= ——-——-—x"‘_ -;XI .
Equation of motion for linear motion of trailer:
NF=MX or M¥ =—k x; +k; (xg —%;) +F

- Eq. (2) gives

Substitution of Eq. (4) into Egs. ( 1) and (3) yields the equations of motion as:

E—Ig—iiz'—imii1-k2x1 +k2X2=O
2 2 |
M s m .. .
(M+'—2")X1——Q—X2 +Xl (k1+k2)—'kzxg=0

(1)

(2)

)

B, m e, .- - ——— - - mememem—-—

‘ x
(fb) Natural freguencies of the system: z Y [ m, |w,=100 000 b

From praHem 5.1, %4(2:: ¢ x1° /i
z ,+ Ko k

o ,= Tz, = x
2 + 2mg 1 I | wm; |w=uoo000 b

2my _
. m] . .
T -l.(k\+’<a+19_2 keka
C + 4‘ m m - m, m Gﬂ,/‘
1 2 1m2 4¢.= 3Ax1a on



z 6
) €
L2

£ xlo
s _ Fxio &+ —
23,”0 20 X0
6 2 IZ'
9,(,0 6 X o 18 x lo
;qx.o loxtoq 40 x10%

G, = €6 3408 ra.af/gec,

W, = 208, 8557 Tmcl/sec

e L -

(6) Tnitial conditions of _*!*.f.-iiffs'r__

Lef 'UZ = im‘{'fa,l Vclocffj aJC MVAL and frame jus(" a—gc‘fe-l’
the impact of tup

From COnserva.,{‘.on of momentum FrlnClP’e;

Y'nomem‘:um of- ﬁ‘f’ Plu.s momentum of anvil Jus('-‘ Lefore cm}pa-ci'

—
—

momentum of ‘t'ulb Pfus' marfenf‘um of anvil just affer ‘mpact

i-€.,

t“"f’ tu.r + ma.nvft (0) = méu}' Vo +- ma.nvn'l. ’\)2 ‘ (E')
where V, = velocity of rebour\o‘ of h“f’ after impact
A’S'O; f
COEF_-,("ca'ent of restitution (e) =(rcla1:.ve ve‘ac:}j arf’fer impe< )
rela,hre veioc,d:y },eforc fmFafc.{.'
5. /\j - Y, . ,
] 2 e = o — (E
U{.u_r 14 V, = vz_ e vtu.r 2)
From EZ:; (E,) and (Ez),
’Vz = Tn’cur vtur <1+ e)

(&3)

mf“l’ +vma.nv£t.
For given data,
5000 (190) (14 0:5)
‘\72_:
o5 ooo

= 12:9571 i [sec

-0 Initial conditions are:
xX,(e) = o, ‘)::' () = o

X,(0) = 0, %,(c) = 12:3571 ™ /sec



(C) D\sp[a,cemenfs o} a,h\n’ a.n_o( ;F'ouncqqi'ton block.

e hm am s - mEm e W o Em A m P mm e A e M M e e e e . R A e At e - e e B e S ™ e .

We can use results of section 5.3 with k3= 0.

() C—my w9 14000
r' - Xz _ | r + %\t ka3 -%5?,'2:(‘1‘40f'096)+ 9!!06
x M - kg -
! 6 Xtos
= 142342
(2) 2, -
= X2'' _ —mi 4tk - ’%(#3420-6%) + 9xi
x® * B
] 2 ¢ x 10®
= - |-1341
Response of the system can be Computeof using Egs- (s5- IB)
xm—_- ! x, _ 4 12. 9571 )
' nh-v |G /= = —0.08183 in
2=t ! —2:3083 \ 66, 340¥% '
x®_ (’Ez> _ 4 (:9_.»957;
PRRY Wy —2.3683 \ 208" 255‘7> = —0:82323 in

#= an {ii(o). } '-_.-

o
$,= tan {_3_%@}= -

Response is given by Bps-(5-15)°

x (1) = xS cos(w,t+8,) + x ) cos (Wt +4))
= ~0.08183 cos (66-3408 t +.T{_)_o.02577 ws(zag-SSS?*"’%) in.

%)= 1 X s (w4 8 + 1 x®) cos (b4 )

= —0-1010 cos (66.34081‘:-1- —?)+o-02??3 cos (z02-g557 £t - I ) in.

> W m o e - Am = . =

Epuations of motion: ™m 52. + ‘f<, X - %, %X = F(t) (&)
™, %, + (Kt k) x, — Kk, X = 0 (8,)
Freguenc'.j egu.a_\‘:fan:

ra

i
0

— K, : ~m %+ k+ R,




or 4 (‘kf %, + Kq 2 ®, g
— —_— — 9 — - ]
2 —
@, = k. 4 ¥+ %2 k2 _ (ke Rt *7_)7' *k, *2
? 2m, 2my LI VA S Qe ™, ™ M2

' _ 5
Here m = 2xo kg, m, = 2-5 xaos {45) £, = (50 x:oé N/m
and y= 75 x10° N/Tn

A : (4 . '
w')l. = ...,..-5—0__).‘_’0_ -+ 225 x |O — \/ ISOX'O ZZG )(‘o‘ )2’ ‘SOXTS‘»U'OL
5 - —
4 x 10 5 xi0° me Z-S‘st 5 ¢ 10°
= 150, 500 (rad/56c>2
© = 122474 rcLJ/sec » W= 32.7298 vad fsec

- —— e - - -

Assuming 3en0 imidial condilioms, the c.afiau Trarmsfoms of. (€) and
' (Ez) Camn U’L«—t&:n =% ]

m A% X B) + K /) - R X (5) = F(4)

ma /sl 7_{1(5) -+ (*‘*' kz) _X_Z(X) — ‘k, —i‘ (3) = 0 »
i-e. (*“l At +“’<|) x, (8) — %, x,(5) = _f;:,(,!)

-k, (%) + (™, A% 4 4, + %2) X,(8) =0

m, A% + K, + * —
o) - oG e Teg—.
mm, g4 + A (‘M."‘l + ""t"‘zf’mz‘kl) + k%,
%,(%) ={ ya— } Rey -G
wmmy 87 g (m,k,+m,«z+ mek)) + K kg B
For the forcing funcllion given, F(t)‘

— - ST
A= Fo= Big-e (Z- )€ R
For the given data, EZS (E;) to (E5) Lecome
6
E,(J)z ‘2.5)&f0/5 + 225 x 0 E(l) ‘

<5x(o° 2t 4+ 825x10" 4% + 1250 x(0'?

,sz + 90co

= . : ’ T:;(”) _———- (E‘>

2%10”> A% + 330 x10® A% + 45 x10?




e
150 x j© —_
x,(8) = — F ()
5x%t0 134' + 825 x 0" ,!1 <+ thSO-xgo‘Z

30

X I

wt A% 4 (65 x10® A% + 225 %10
—0: 53 ‘ .

whene F(/‘)-— 2% 10 [/‘z"e : ("L"""‘)] -——— (Eg)

The inverse transforms of (E‘) amd &7 W’QA =, () amd x, ().

@ Ezucu‘:fons of motion for free vibration are (;From Ezs.(s.,)mwl(s-z))

m, ;-.-f-‘(C‘-f—Cz) D.‘-q +'(k‘+ 'k7_>’x’-—_cz‘;(z— wy, X, = O } (E')
mi;z + (ot Ca)iz‘*' (kz_'* ka)";— <y 9:'-, - ‘kzx; = o
ASSumtnj ‘H'ue So‘u’f:(an at
' ,s.t R
x:(t)= T 3 £=1,2

Ey‘(Eﬂ car be rewritten as -

wm, A5+ (c1+ €)Y A + (R + %) — (24 + %) {r‘f—;()}

- (24 t %) M ¥ g (c2+C3) £+ (ot k3 12}
For a non-trivial solution of Eps (e2), | ' (57')
T Y N RN TP I
= (€2 %) AT fd? (c.‘,_.,.vc;),g.(. 1;24. *3 °

re.,
/ﬁk(m,‘mz) + 5> [ﬁ'n(‘z*' Cé)*— *"z(ct*'CZ}] + /Sz[_-mn("z‘f‘ ks)
o (Errea) (et es) 4 my (k) = <2 D b [Gorn ey (ke K0
+ (c7_+ C;) (k + kg) —2¢, kz] [6: + ‘kn)(‘kl-f k;) — 1(2 ]-— o (E3>

3 .
wo,g‘*+ a; A +aazAl+'a,3,x+a,+=o ‘ (&)

.wj.\e_re Qg , Aoy 5-vtr By Cam Z’CMM @ Cafr\ﬁpafufl“'-ﬁ
E&z-(E4)cunaf (E3>.



Nature of fo:f:’éfe solutions:

- e - ———— - . m - = . - —— -

CIf A, A2, B3 ard £y one e rvoots of Es- (£4)- the
38”8\"2" SO’Mfl‘Oﬂ Of .#Y-Q SjS+¢m Can be CKFY'CS'IEJ ald

CORY & At 3) A3t ¢ t
()= 7 M g e e P e

’ (Es>
1, (t) = 2:2_“) ed't-i— ‘C,fz) edlt‘!' ‘c,‘;_(?) €43t+ ‘C’zw) ed#t }
where the wrttarti B0 | it 4, cam be found
from the four initial conditions of #he system, namely,
x,(o), Az (o), ”:’-'(°) amnd ';‘2(0)- The ratios of o.mlpliéucles
(< y .
G, ) fg‘) cam  be difonmined frum Egs. (52)M

< 2
Cf ) CZ . + ‘kz mz_ /g‘: + (c2+ C3>'54'+ 4<7_+ ka
5 = n _ = e s - >
C, ™M) AL+ (D) AP+ K+ *g 24+ Ky
iz 1,2,3,4 (Ee)

1§ any root A4; ké,s a Fosl"tfve _rea.,l pcur't » () amd x, (%)

will increase with time. z1f ol £ fave negative real parts
s
)S,;f = —Y; + { w,

3 ¢
then +the solution > x, (1), can be c:ﬁfvreSSec‘ as
4 . . )
P 3) vt {w;t 4 i) -t :
x,(t) = Z ‘C'( etV s I',( )e ! éos@f*‘i Zin w;%)
J—zi }.‘=1 & .

‘ If f‘wo rOO‘b’ A, eru?, /52 axe camp‘ex Conjujcd:es as
/5'3—(1";}—»(:20';) ornd 'AZ‘;-'—(Y'I“‘;U‘))

% (£) cam be expressed as

—nt )
x(t) = er {C‘(\)Coi wt -4 ‘C,’,(')s.'n w',f:}

- -nt 2
+e {C,(z) coswijt + & ‘C.(Y)sfn w;f}

3) =zt ) At
_63 +‘L‘:.() 2

+ e

Sl‘m-‘fa.r 67()9)"85‘5’{0»63 can be deriveq{ §Ol‘ x, (‘é)




m=m,=10 kg, = k= 2000 Nfm > k3= 2 N/m.

€= 100 N-$/m, C,=C3=1 N- /S/'m

Egua,fcorls (53) a,n.d [54) in the solution of ProHem 5. 42 give
Qp= THMy; = (00 |

a,= to(2) +10 (101) = (o030

a, = 1o (2002) + to1 (2)+ to (4000) -1

@y = lot2002) + 2 (4 000) ~2(1)(z000) = 206 202
4

= 60221

@, = 4000 (zoo2) — 4 xto° = 4008 000

amnd |

loo'/sl’ﬂo;o 534— o2zt A+ 206202 £ + $00§000 =0 ED

Usfﬂ.j PRoGRAmMm 10 , the roots O;F E&'(El> can be }ouno{ }'a_,g
/g[,z = f!:lf-/{lf + i 8.8272 ) (Ez)
B3,4 = —3.678¢ £ i 22-066¥ - (D

Thus the solution is 3fven Ej

X (‘L‘ = = g e? , t (}

) j=i | 2 )‘}S; €2 (E4. E9)

where U'(” » 3 =023, 4, can be found from the initial
COhda'{:lth‘; and the rotos of Q__mi,if%udeg { C, (47} Ccan be
Ob{'ﬂ.fned from %'(EG) n Prob,em 5‘42: )

fl(?) €2 %4 + k2 £; + 2oao
() ~ 2 = 5
73 m Ay 4 (o +6)) A5+ Kyrky o £+ 101 B4 + 4aoo
| £=1,2,3, 4 o (ec)
For j=1’ A= 14714 + { 8-8272 and (Eg).gl.VE.ST
) ’
) /fz('). = 06207 — ! 0-1239 (B7)
FOT‘;.'—'-‘?_, /gzz - 4Ty — ¢ §.-8272 and (Eg) 9:\,,5;
(2) o .
= € /) 2 06207 + i 001239 (€8
For =3, %3= -3.6786 + i 22' 0668 amd (&) vields

(3)
X3= G, (3) = ~1.3908 —{ 0.775& \ (E9)



For g=4, %= —3.6756 —( 22.0668 and (E¢) yields
Ay = ‘:(4/73}_(") 1:3808 + {07757 (B
Thus the Solufhon of EV (64) oamd (Es) can be rewritten g

fs 4 At .
x® (f)’ Z °( ‘C’(}) , xz(t’):}_z_:, o(g. e’ (Eu,Eiz)
v 3= N
Since the poirs (d;, o22), (93, ), (£, £2) axd (33, 44) o

E13)

ard (E)) amd (Ejp) can Ee Sl’mP'Ff‘,eJ Surther. However,

wWe PFOCQQC’ J.‘rec{-ij with '(E,,) a.mA (E”_> amd e He ‘
initial conditions to evaluate the con:t‘a.r'y{'s f(}) P 5=h2,34

(3 4>
x‘(o)z ‘0(‘ fz_(') + 0(2 tz( )—f—d; ﬁz( e o 4‘?‘ Kz - 02 W

@)= Vv g 4 g ™

= oc-|i

: «© ‘ NG
Xi(0) = sty C1 + 5, % ‘C.'z( )+ £33 T 2_( )-1— Ay 5y C’z(Q): o ,("')

Once ez(i-) ; j:l,Z,'B‘,‘Lr arxe &.:QE:nsz from EZ/‘"(EI‘('>:
the displacements of masses % (£) amd 2,(t) can be
obtamed LlSl.YLs E&B' (E“) amd (E,z).

. (2) :
XZ(O-)z A fg_(‘)"}"gz e+ %3 Cg_( )+ Ay COQ) =0

- S A e W e . —— s P W s n e e we M S M. e e e e - e T wm n e - - o w - = . . o o ——

I ox= a+bi

» it can be rewritten as

c+dl.,
= (@+b)(c-d2) a.c+bJ Lc_a..al>
(c*+d*) et +4*




Q= M = 125-664 ra-vl/sec ’ m,
60 T
F(t) = me w” cos ot - *‘é F(t)
—Z\E)(125-66Y) cos 125-ce4t '
3%, 4)()( ) m
= (22:-604Y4 Cos lzs.cg4t y73 LFJ Fo ()
2
m= 300/386-4 = 22,0704 - s/ *, €2
77

m, = 2000/395,4.: 5.1760 b-sYin ,
#,= 2000 thim . Hy= to0o U/m , C2= 200 bo s/, , Flo=122- 6044,

FQ.O::O'

W of maliom ane [Subs{:d:u:ke R,= Ky, C = Ca, M= M2,

'-‘-0; “kz-— ty) C2=0, mp= M), F‘_z.- F,) 4‘3-—0 C;..om Ez(s'g)]
m, o ‘;2_ c, © ‘3;-2 kz-t- Ky -k *2.
[o | mt]{§|}+[o oj}{y}.. }+[-—k| k,]{ } F(-&)}v (E>
m; © x, o o° ’.‘n K -+ (= R
[o mz .. }*‘[‘, c?_}{- }-f[ 'k' 1<,+kz]{xz} { } (e )

Cmra.rlnj (Ez) with ‘E? (5 27) we jctndl tat
MU=, =0, My =My, =0, =0, €3,7 %25 *""k*’ k'z_o amd

Aprll'(_‘a:h'on 05- Eg. (5-3!) lca,ds‘fo

. 2 *
2'“(1&9): —W My, +16 g+ k= - O+ ]

N b -
Z,, (4&9): —w M, 4 {W Ca+ K, = - L
Z,, (i) = — ot : 2, cwc,+

Response of the system con be expressed as

EHOE X; e'“t - X; cos @t (real P¢rt)

with Xj given by Eg. (5-35):
X, (i®) = L2 (£9)- Fy — Z, (<w). K,
Zy(s0). Z,, (<9) — Z,2 (09)




2
(ma@Triwe, « ki+ k) Fy

= :
C_mlw2+ ka) (-m, w"-f- CW Cp + K+ k) — K
{— 5176 (i25- 664)* +<(125.664)(200) 4 3000} 1226044

{[ 2:0704 (125.664) + 2000][= 5176 (125.664) + i (125 ““)(2"")
+ 3000] - 4 x18 b

(— 40-0042 —0:0(71% .c.) x l;" n

X ((:9) - le(cw) Flo + £y ("w> an _ * Fla
o B | - A 2 N
| Zn (<o) 2y ($08) — 2,2,:(‘509) Z (<) le(‘”)-'zn_("’)
= 2000(‘22-6044> ( 9221 + 0> Z?#Y)xlo

(?_q. 1272 = 7.7043 <)

| 4= k, = 112 (Lat’)y  wEat’ ,
ot T A %= Kygrm

Eguaut(ons aof motion - o ™ -1 T

‘m,‘;, + Ky + kg (- %) = F,(t): F, cos c.sf:} ( } é*z x (t) F(t)
: ‘ , . (g,

My Xy + Kp(xz— ™) =0 m2 |1

ASSum«'ng Aarmonic response : x, (t)

'Xj(t> = X}: cos @t 5 J._—_ ), 2

EZ“(EIB :jie‘[c!‘
('kz— mMa wl) Fo

X, = - "

D (ke m o) (ka - mp w®) -
Ky, Fo

X, = — prra—

(ki+ #p- ™m0 ) ( kz- mpo ) — Ky

bea-M) X|=O

For mo sn‘:ea,otj state vibration of the
O._nA “\QY.ICE_ 'f.'lqe (Lor'\dl’t't‘on 'to be SﬂLfl'S‘fc'eot s

Uaoﬂb'rv‘ of wmotion: e ,

Yﬂ.x.-t- (%, + Kz) Xxg — ko X, = F(E) = F, s$in ot

Ynzx?_ + ﬁz_xz —_— 1(2 x' — O



we use F, eiwt (W[t'n ,Z,,.J—i) for F (%) and <onsider only
the imaginary part at +the end.

Let 9( (f‘) - x_ {wt

5 }:’I,Z
E E E e
g5+ ( ) o.m\ (i ,_) tloecom et o .
-'ml(ﬁ X‘ e -+ (k"f" ‘kz)x e _1(2 Xle — F"e
2 cut : -
'-"“203 X:_ e -+ 'kz X,_ ol wt — sz xl e‘wt = O

e

[z¢e)]X = E ---- (&)

o

e ze 0 B- (- B
[z(:0)] = (z,,(x@ Z"'(M)].

Z, (F0) Z,, (1

z“(‘:(ﬂ) = —my wl‘f“ 'kl'f‘ kZ; 'Zo.;_((@) ;‘2_ Z-;.('i&9>= -.kz.)

ZIZ (i[B): v-—h'lz(ﬁl + Kz . '
Eps.(5:35) 9ive

: T
X, (iw) = (-m2@” + *2) F,
. =
wm, O 4t + k) (~mp O 4 %2) - Ky

lxz(‘.w) = el F,._,

(=0 + 4+ *2) (Mt + Ky) - x2 :
Snce F, sin Ot = Im (Fa etwt ), x(t—) -I,.,,(x g"w ) X sin wt
‘ 2

x, (¥) = (-ma O+ %)

7 z sin ot
(-Gt 4 iyt ko) (M@ K,) — 2

' %, _
x,(t) = ——f— - sin ot
<~— m, W+ «,+ kz)(-m,_w + ‘kz) - k:’

Ezua,’cn'ons of wmotion: - I ’(t) -

mex, = -4,(x %) -k, (x,—xl>

%, Yo cos ot
My Xy = - ke (Xz= %P ™
or m, St:, + (%, + ko) % = K, %3 = K Y, cos wt - (E,) 2 *(®)
i§1+ Kp Xy — Ky % =0 ---(Ez) ma
As ;:;T is no da.mpmg the mastes wibrnafe ethon

x, (B
or {80 aui‘o{,Huux wilhs mx?eci‘t;
ﬂte. frase motion . Hewce kaf@mm



";;("): X, A Wt ; j= 4,2 - (3)
Egs. (E) and (Ey) neduce B

(-—-(.92‘"|+k,+ 4‘:.) X, = kg X, = %, Yo

-%y Xy + (—o"rnz-f kz) Xy, = O

— ‘ - F )
v [2(0)] X = F vhere ¥=§§L}"F={él}‘{o}’

Z, (i) = - m + kg + k2, Z,(iw) = By (AW0)= — Ka,
Z,, (iw) =- c‘g".m, + K2
Egs- (5-35’) and (E3) 3ive

x,(t) = (- m. + *2) % Y" B ot
v 1 m, o + %, + K1) (-,mzwl-t- “L) - k,’_‘
K, %
xy () = ¥ Yo s ot
Cm 6+ #+ k) (- ma @ 4 k) — Kf
L
E&“a-ffons of motion: -:k,=k2_: 500 N/m . LrJ
. . ) - = i Y

. ‘m,‘X, +(C;‘+C1> x‘+(kl+ kz)x-l Y| = Ny 1 “3 C,

C.:C;:C-: 200

Rl B N OR Xc
o=t vadss MO %i

. ‘ot
"szz"*zxz: F'(t).?Foe ©

’

)

)

'

]

on . P '
My %z +C3 Xg + kX2 - C2 Xy :
|

I

'

|

I

I

-, x = m
2 X o st £— 2
Let ’x}-(t)z Xj e y 3 =h2 % &)
Eguations of motion become _
Lo m +10(eren) + ke ka] X, - (9 Car k) X, = B -~ (&)
—(':CLSC-1+ 432) X, +‘[..bc,92'ml+ias <2 + kg] X, =0 -—- (Ez)
For given dota, (E() amd (€;) become ,
- ' g
Bl - F _ (e

where g (i) = 400 i + 999

Z,(i@) = Z4,(L®) = —-2004 — 500

L)

Z,, (i) = 200 L + 499

g F
- _ {X' E = {'0} -
X_— xz} 2 o] F!o

Solution of (E3) is , using Eps-(5.35),



x

X, = (200i +499) b

_ (200{+499) Fo

-

(400i +999)(200 i + 499) — (-200 -500)
(200 i +471) €137 400 i + 208500) Fo

(1%9400i + 208501) ({99400 £ +208501)

= (17-2915 5t - 69464 x5t VF
(200 i + 500) F

(199 400 4 + 108501)

Xz.::'-

---- (&)
_ (200 Lt500) Fo
(400 4 + 999) (200 < +49%) ~ (- 100i-506)" (199400i+ 208501)
_ (2004 +500) (199400 +208500) Fo

(99400< +1208501) (- 199400 <+ 208501)
= (173165 xi6% - 6694 x15% <) K
Final solution

S—c»
iS 9given bj the real Po,x—l:'s as
(1) = Re(X, €Y ) = Re (X, wf 0t + i X, & wt)
= Re [(17- 2915 216 - c9444 xuSl*L) E 8ot

FUT2N5 16t &+ 6 -P444 0t ) Fo 4in 0 ]

{7-2915 xlo-q' Fo ¢t wt + 6-944% 4 xio
Lot
2(E)= Re (x, e

o 4in ot —-- (E)
) = Re (( Xy ot ot +ix; 4in wt)

= Re [(17-3165x16" — 6-9684 x0 * L) Fo et O

-

+ (17-3155 xio £ + 69684 x 10 4 ) o sm ot ]

17.3165 159 Fo AWt + 69684 w5t £ Avm ot ---(E7)

ﬁSSuming xj(f) = X. e

Eff‘f‘ﬁ”"‘" of mlion: X+ (ker k2 X, — pxg = Fy ct 0t = Re (Fip €°F)

\mz 'Kz'l' (‘K2+ k;) 'Kz._. kzz‘-: Fxo (_,S(.St: RC(F;D e
Lt ‘

T y ot L
; $= 12 alengwith g ()= f;-o e 3 4202,
the _egua.hbns of wmotion can be exFr‘QSSed as
C"wl""l‘f *;'f'kz) X, — k22X, = Fp
- K2 Xy + (— w"mz + ¥+ k,) xl - on
e [mGe)]F - F D
where Z, (i8) = ~w T+ K+ kg, Z,(i0) = 2, (i) = —%,,
Z,a2 (i) = _wlmz + ky+ k3,
-

R0

ER RN



- Solution o{- (E) can be exrnsgsed using Eps- (s- 35) as

W@ m e+ k3 F, + ks F '
x‘_: ( 2 + 2 3) 10 Z 120 _ ) ____(E,)
(" ™+ &+ ko) - 6 my + ket k1) — K2

X, = K, o + (- @ m 4+ i+ x2) Fo (
2~ ’ ‘ S ¢ =
C—@Lm‘ 1+ k'-l" ‘kz) ( 031!?\1-1- Ko+ Kj ) - 22 . )

Since X, and X, are real (Since there is no damping), the
final  solution is given by

X (t) = X, et ot

x,(6) = X, s ot
whane X, am~d Xy ane 3&-%71»(]? (E2) and (E,)

From the solution of problem 546, we have
x, (€)= Cmw't k) R ‘ sikn wt

mi W+ 5+ %) (- myu*+ ke) — k7

x, (6) = *z Fo _ s oot
(-m9*+ %, + k2) (-—"“-1.691+ k;)—— Ky ‘ _
For the data F(t) =50 inaTt , F= S0 &, w= 47 vad/s,
m =10 'Ky, m,=°5 ‘k?, .‘k'= 9000 N/m s «, = 2000 N/m,

(——5’ xig T 4+ 2000) 50

2'.'({:) = Sin 41’!"’:

(—io x16 W% + 8000 +2000)(-5x 16 T2 +zoco) —(zo00)?
= o oo<)773 Ain 4T E meters
z000(%0) . Aen 4T E
(—tex16 T*+ J000 + 2cc0)(~ 5 X 16 W? 4 2000) — (2000)

x,(t) =

= 0-016148 An 4Tt meters

*, = £otq,l stiffness = 800 N/
,q= total Atiffness = €0o Nm
m, = 50 "k3; ™m,= 50 kg
Y=0-2m, W= T vad/s

W ‘oJC mdion :

mx, = - (- %) = Ky (% - %2) 1Y) = Y 4im oot
"_"‘z;';z = — %y (xz2— %)
i-e. ,+(k.+k)X.— Ky Xy = 4, Y = K, Y Sin ot

m 7‘1‘*‘ kKyX3 — k, X, =0



,Ass‘um:ng x; (t) = X; 4o ot ; i=1,1, we gﬂf
(—wm, O 4 &+ K2) X, — %, %, = %7
—ky X} + (- my 0* k) X, = ©
For 9given datn , these aU.uaI«:mJ tare the Fom
(- 50T" + 1400) X, = éco X, =(800)(o-2)
- 600 X, + (— 50 T? +¢o00) X, = ©
Solution of these eppolions giwes X =-0-06469m, X,=-036439 m
X,(t) =-0:06463 Ain Tt m ; x,(t) = ~0.3643% #n Tt m.

G2

Eg).miiaw! of molion :
™ X, +l(1<.+4<z) %, - ke Xz = F () —--- (€)
™y Xy 4 (ky+ K3) Xz — Kz X = O --- (82)
Laplace Tamstdims of. (E)) amd (E,) one R(¥)
my (A7 Z,(8) =5 x,(2) =%, () T (R + R2) X, () - %, () = F(a)
mz[a‘ Xy ()-8 x,4(0) - 2@ J4 (1,0 k) E, (D -4, K, 8) =0
Rearramging these eppalions, we gqof
() A%+ * + k2) %,(A) = &, T (5) = F (D) sy 100+, X, (0) __ . (€3)
—ky X, (A) + (w2 A%+ Kyt k3) T,(B)= AWy %, 0) 4 my x,(0) --- ()
When = k;= %3 = k amd m=m; =m, (E3) amd (E4) give
(ma* 124) X, (8) =% %,(8) = F(£)+ 2 mx,) + m %,(2) --- (E5)
-k (8 + (mati2x) T, (A) = Am x,(0) 4 m T, (o) --- (&)
Shdion of Epgp- (€5) amd (E) gives

(ma*+2€) {R(8) +m x,(0)- Sy m % (0) } + & §m %,(0)- A4+ m x,(0) }

%, () =

MmA L2 &) (m AT+ 2k) — k2
K TE) +m x (0 B + %@ mjr (mAr2i) {m % C)F 4+ m *200) }
(mAT+2.) (At 4 ax) — 52
These e_?f.mto‘m ,l;;ccrnz, for x,(e)= %;3(0) = X, (o) = X(°) = O,
RE)=5u@#), F(#) =3 ,m=1 amd «=100, |

NOE

x(5) = 5 (#7+ 200) = — (4% + 200) : ---(e9)
2 [+ 200)* = 10000 ] A(A*+ 300) (4% +100)
foy = 0o(3) e

[(8*+209)" - 10000) 4 (#*+ 300) (5% +100)



Bg exrresrmj

06 = 5 (4%+ 200) 2 AL, AArAr L ALBE A
A(s*+300) (A% +100) £ A% 100 A%+ 300
x ()S): 500 _ By B, 3 + B3z B.(, 2 +Bs
2 : WL - 7+ L + z
A(£%+300) ()s +100) A+ 100 AX+ 300
we can find A,, As,..., B, Bas,... (Pcm.ﬁ.—al Jclla.‘oflhar\.d‘ wuthod ) .
! T 304 40 (A*+100) i20 (£*4+ 300)
4 A A
Fa) = A - - -
: x2 (%) 604 40 (£*+100) 2o (4% +300) )
Inverse La,pfa.ce trans forms of (E9) amd (Eio) 9ive
‘ i ! ' ! |
x,(t) =(§3 - g5 GF ot — = ot VT £) w()
: ) = (L - L A 3 u(t
xa(8) = (L 5 ot + = cof 1047 t) u(t)

Ik is ke nibd thet x(t) = ;& mdna amd X, (t)= A milin
wmm%mawu:#s“mm
Cappliad B owmats my- W,z 0 rad /s amd @, = 1007 rad /5

fin degee of preedom Ayslor

Egpivalint mass of eqlinden A respect b %y = (mi)ey = myr e
WUB—M ™, X,._.--k (%~ %2)

(‘mi)% = -‘-k(z‘z-— f)
- m‘£'+ Kx, — % ‘2(1:‘0 -——- (E,)
| (m,_-f— _':%_) X, 4+ kX, — k X, =0 ---- (E)
Assuming  x ()= X, of (Wt+ B) ; i=t2, Egs (E)) and (E2) am
le Mo o5 (_m.c.92+k>x| - kX, = o

-% X, 4 (—ca"‘{mz.‘.__gg{}-;-«) Xy =0

Fre?)m'rwa. efjmm“

Cm(.9+4<)(——&9‘mz—ﬁ9 Ji-f-'k)-—kl:o
r
+( m, 2 * J
or m, o):o
' m, K wm, K ” 1/2
W, =0, W; = {( S )/(\'n,rnz+m'z° }




m - = .@—\: + mT - "“
% rt z - = —3—1— = (‘mu)cz: (‘m,_)ez
Ev.m.t-anl 0“- rolom (m')&a X, + 4 (x,—x)) =0
() % — % (-2 =0
Y A —(m.)eﬂc.s + % -%
= O
— K —(’l‘ng_)gz “+ 4 ‘
or ("H)ez (T’"l)ez W' - C.S‘JL [ (mf)ez‘k+ (m:.)tz 'k]-o
W, =0, 9, /(ml)ga  + (1'"1)53 _ (€=
. _ - (m')ez Q"’-)c& 3w
For hanwmonic mdotion x:(¥) = X‘:‘QyS((gtq—#) ; A=1,2
given e?},u.a.m:rm! fad G (- Gﬁlzﬂn-fﬂ"l)x. 4 ¢, Xy - o
"z X, + («-092'0.,24- Cz) Xg=0
Freguency evm_tm ] l—uﬂiau-f-ia. Gy o o
bz ‘ -*(B'za)z_'f‘ Ca
or 9 (0'1"“1)—&9 (o C24 by @) + (b, C:—CM)-O
Cond:!:mn for Jegenermc‘y if : b,¢; —c, by =0

vm.tonld}rmtoh J‘9,+-kfe,—1<t92_c,

oTG,_+ ktez-— kt6| =0
For  g;(t)= ®; cf(wt+ ¢); <=1z,

— @ T+ kg - ke ®, 0}
-k ~StH v ] ] @, [ o

rezy.:mcg ep olion s w4—(J-‘ ‘Tz) _ wz( ‘Z'kt"; ‘Tr.'k{:) -0

=0, Wy = J*t("f‘f'a‘l).
. ) J d
Amplitude ratios: - @i:)  _wtae e,
&' %
@z&) _ -y T T T

Yz-—_-

@) - . _ I



General solution is given by eppalions similar to Egs. (5-15). With
6 (0)= 6,(c) =0, we oblain from eppalions simidan B Eps. (5:19)-

) 1 . :
® = v, 6,(0) - e,(®); — _ _L _
Ve o] = (AEE 06— a]
{ g, 6,() + 21 ez(o)}
i+ &
@) _ 1 _ ) g, 6,(® .
o = i {na@r e} = - ()L 27 4 e ]
v J+ T2
¢I = ¢g_=
@ ®) ) >
o(t)= @, hot+ 8, f Bt - @ + ® f @t
8,(t)= 0‘(:) _ & gu) ws W,t
g3 !

6

When gy = 0, the sytem becomes identical o the agiliem o}
MS‘SC wilk ke = Ky, - Notmad wmodes o."u_aav-bnfg_

) | — (1) )
CHEE M R O C AR DY ii;)}@'ﬂ
e, + %(e..—ez) =0 SR ()
6 - St(a-e:) =0 -- o= (ED)
Subtracting (E,_) from (€)) 9ives
G- 6+ @-o) (B s XY o —om @)

Defining o = o1—02, (8) cam ke il as

(B K)o o e D |
TMMQMY\%{W t—m 15%.‘ “tﬁ ﬁ:al }hz:i;llncgu
k .
J(‘?,— * “Ff = J *(;: -;l.r,_) = (9, of problem 5.45.
5
i
\v N ‘
N {‘1-5
\W




Since the length of shaft 1 is small and its diameter large, it will be very rigid and hence

the turbine and gear 1 are assumed to be rigidly connected. This helps in modeling the
system as a two d.o.f. system.

J |
Jo1 = Jeurbine + Jgeart + "’;’2 = 3000 4 500 + (1000/2.25) = 3944.4444 kg—m”’

32

GJ }

ki = [7— = : = 7.854 (10°) N/m
shaft2

Joz = Jgenerator = 2000 kg'—mz

(80 (10°)) [—”— (0.1%)

System is a semi-definite system. Its natural frequencies are given by (see Eq. {5.40)):

w =0

- kiz (Jor + Joz) =v (78.54 (10%)) (5944.4444) _ ) 2ons 0 Jsee
wy = To1 oz (3944.4444) (2000) ’ '

Natural frequencles are given by Eq. (5.40): ' m
el k (m; + m;) _Vﬁk(m+M)
i m; my mM ’k,&

Assumption: Balloon is a point mass. "

"‘cgf 12 & cos 45°
= 6k

%, 8 + Cey 8 — +2( 6, - 9')+ Key 01— %y (0, - l) = @
T84 4y (6-8) + kuy (62— )
l'-eaj

T ]
[ ' ]{9'} +[CMC“ - “e2] fo,
o . ‘Tz 91 -y, . :

[kea"’ Ky —"tz:) {9. o
g )
LCf s).(_t) - X‘ eJt t2 ‘ktl 92 OE)
Egs. (E)) yield : '

. . . '
g A o (cti+<e)® - S0’ (kp* *ke2) —Hya Xl st
. + + €
o J A — Cer A “t2 4 - K2 Kea /(X2

. = {o} ---- (&9
Tﬁ\e d-»ara_cter{sb‘c e?juaﬁ:fon becomes: o :



R
L
—(ce A+ k) T, A7+ €8+ kg,

’
€.,

. (E,Q

Xy A%+ od A% + o, /gz-f-a«;ﬁ + e, =0
wl-\ere,

Qg = 9, J'z

Q= T Cpp 4+ F, (Copt Cra)
Dy = T Ky o+ Gy (Gt ced) + TRy + Key) — ta

2
F3 = Kep (1 +942) + Sy (Key+ Kez) —2 ¢y, *f:z
a, = LN |
4 = *éz(*h“’ Kea) — ki,_
For the stability of the system, the conditions derived in section

5.8 are a.yph‘ca,bf: :

@ >0 ;3 L=0,1,2, 3,4

@, Az — 04;1@4, - o, @?5 >0
2% , F 5m 2
~— : . re— —=-=-->
v
T Smg, I
Free bady diagram of trailer
Fr;g bon J:’agram of bar
Equations of motion of bar:

m(ae—-glé)'=k,ae+rs | (1)
hi-mE-$9 L =—xoe()+mgLeind )

Equation of motion of trailer:
5mx=—F—2kx or F=—2kx—5mX



Equations (1) and (2) can be rewritten as:

m[ii-——g;.ﬁ']—~k9€+2kx+5mi=0 (5)
‘Jo?é-—%{(ii—-g@)—}-kﬁt’?—g—g—{ﬁ:o (8)
where J =—31-m6’2 ‘ : (M

Equations (5) and (8) can be expressed in matrix form as:

[ . ]
sm —2¢ [[] fox —xe

2 x+ 1 x=0 (8)
_m¢ —17—2—111(’ é 0 (kﬁ——fmgf) 6 0

Assuming a solution of the form: |
x(t) =Xe'" and 6(t) =6 et (9
Eq. (8) can be expressed as:

6m _22_{ 2k —k¢ |
) .X 0
g2 né me + 0 a[mgt’_k{z] {G}ES‘::{O} (10)
2 : .

|t - d
By setting the determinant of the coefficient matrix in Eq. (10) equal to zero, we obtain:

2
més Lk

(6m32 +'2vk) —‘[

2 —0 (11)
_[mfs] ‘[mt’zsz_mgf_i_kez '

2 3 2

which, upon expansion, gives:

[-7— m? 52] s! + 37

e

. —s——mkt’z—(%ngf 82+[—mkgf+2k23’2]=0 (12)

A compaﬂson of Eq. (12) with Eq. (5.43) gives:



Conditions for the stability of the system:
1. All coefficients a; must be positive:

18 mg

>0 k>— —°

8.2_ or _317 f
a, >0 or k>—- 28
t= =9 ¢

ay ag ag > a9 2§ + a4 af

This is not applicable since both sides of the inequality are zero.

Thus the condition for stability is: k > — .

2 ¢ :
vEgua.‘cu'ons of motion are (EZ" (5-1) and (s-z)) ‘}F;(f)

2m X 43k Xy - 24 %, = F(§) | N
'm;,_-zk"-.+3k X2 =0 o oo5x;~

~ 2m o’]l_Jz0 © _|3x -—2% .Jeooo _ gaoe
Hence [m] = [, .m] [o IO] ’ B‘]‘[—zk 3K ]-= ‘[—4000 2000]’

7o {f©
2] v

Frezu.enc‘y ezuai‘bn 5 {-— wz'[m] -+C1r:] ‘ = &34-— 300 C:?z-l—- oo o0 = ©
Hence W, = 11-3949 ra.d/x > W, = 27.75(7 rcwf/i’

and T, = 05514 & , T;= o-2264 -
We select’ At = 0:02 4 and use central difference method for
numerical solution (see chapter | for details).

The main program which calls  CDiFF, the subroukine

‘ EXTFUN
and the output are given pelow.

C
C
C PRIUGRAM

C MAIs PROGRAM WHICH CALLS CDIFF
C.

C

C

- - - - - e D L L S L e Sy T e T T 13
-SSRl L bR e G P o PR R

FOLLOWING 10 LINES CONTAIN PROBLEM-DEPENDENT DATA
PEAL M(2,2}),K(2,2),#C(2,2),MK(2,2),MCI(2,2),MMC(2,2)
DIMENSION €(2,2),X1(2),XD1(2),XDD1(2),XM1(2),F(2),R(2),RR(2),

XMK(2),XMI(2),XM2(2),XP1(2),2ZA(2),2B(2),2C(2),LA(2),LB(2,2),
3 5(2),X(50,2),XD(50,2),XDD(50,2) '

DATA I§,NS1EP,NSTEPL,DELT/2,49,50,0.02/

DATA X1/0,0,0.0/

DATA X01/0.0,0.0/

DATA M/20.0,0,0,0,0,10,0/

DATA €/0.0,0.0,0.0,0.0/

DATA K/6000,0,-4000,0,-4000,0,6000,0/
C END 0OF PRORLEM=DEPEMDENT DATA

- CALL CDIFF (M,C,K,XIL,XDL,XDDI,N,NSTEP,DELT,F,R,RR,XM1,XN2,XP1,
2 4C,MK,MCT, XMK,MMC,XMI,ZA,ZBR,2C,LA,LB,S,X,XD,XDD,NSTEP1)



STEP

OVONO U d N

.

417
48
49
50

10

WRITE (13,20) N,NSTEP,DELT

2N
2 E15,.8,7)

WRITE (13,30)

30

weN

na 49,

2),7)
1,NSTEP1

IIME=KEAL(I-1)*DELT

2 [,

sSTOP

C SUBROUTINE EXTFUN
C THIS SUBROUTINE [S PRORLEM=DEPENDENT

FORMAT (1X,I4,F8.4,6(1X,E10,4))

FORMAT (//,38H SOLUTIGN BY CENTRAL DIFFERENCE METHOD,/)

FORMAT (12H GIVEM DATA:,/,3H N=,15,4X,7H NSTEP=,I5,4X,6H DELT=,
FORMAT (10H SOLUTION:,//,5H STEP,3X,5H TIMF,3X,7H X(I,1),3X,

44 XD(I,1),2X,91 XDD(1l,t),4%X,7H X(1,2),3X,8H X0(I,2),2X,

9H XDD(I,
I=

WRITE (13,50) I,TIME.X(I,!),XD(I,I),XDD(I,1),X(IaZ),XD(I,ZJ,XDD(

- - - > e A O o — - > T . S Sy A S VR D A UG MR P et s v e e W T A G W W e S G W YO W S A e Sa S N G T M WD WS Ay S - - -

SUBRUUTINE EXTFUN (F,TIME,N)
DIMENSION F(N)

F(1)=0.0
F(2)=0,0
IF (TIME
RETURN
END

«Lk. 0.5) F(1)=500,0

SOLUTION BY CENTRAL OIFFERENCE METHOD

GIVEN DATA:
N= 2 NSTEP=

SOLUTION:

TIME X(L,1)
0.0000
0.0200
0.0400
0.0600
0.0800
¢.1000
0.,1200
0.1400
0.1600
G.1800

»
-

0.9000
0.9200
U,9400
0.9600
0.9800

0.0000E+00
0.5000E=02
0.1940E=01
0.4154E=01
0.6305E=01
0.9938E~01
0.1302E400
0,1800E+00
0.1877E+00
0.2129F+00

49

ADCI,1)

0.,0000E+00
0,0000E+00
0,4850E+00
0.9134E+400
N.1446E+01
0,1530E+01
0,1515E+n1
U.1436E+01
V.1323E+01

0.2315E+400 =-_,1023E£+401
0.2101E+00 =.1165E+01
0.1842E+00 =-,1253E+401
0.1571E+00 -_,13125E+401
0,1290E+00 =,1379E+01

xnnN(er,1)

0,250QE+02
0,250NE+02
0.23%0E+4+02
0,1934E+02
01,1344E+02
0.7043E£+01
0,1347E+01
-.281Q0E+01
-.5164E+01
-, 6053E+01

-,8737E4+01
- .5533E£+01
-.3717E+01
~e2966E+01
-,2315E+01

DELT= 0,20000000E=-01

X{1,2)

n,00N0F+00
0.0000FE+00
0,8000E~0Q3
0.,4512¢ =02
0.1379E=-01
0,3080E=0Q1
0.5632E-01
V.,9917E=-01
0.1262R400
0.1630E+00

0.1991E4+n0
0.1715E+00
0.1365E+00
0.9408E=-01
0.6131F=01

XD(I,2)

0.0000E+00
0.0000E+0D
0,2000E-01
0.1128E+00
0,3247E+400
0.6572E+00
0,1063E+01
0.1459F+01
0.1747E+01
0.1846E4+01

-.5925E+00
-.1120F+01
-, 1966E+01
~.1837E+01
~.1879E+01

xbo(T1,2)

0.,0000E+00
0.0000E+400
0.,2000E+01
0.7280£401
- 0,1391E402
0,1535F+02
0.2127r402
0,1831F+02
0.1050F+02
-, 657TE+00

-.27114E+02
-.2565E+02
~.1BB9E+02
-,8195F+01
0.3993F+01




(a,) Freguency egua.{‘aon is _
° +[3s - 13

—wh|? t_2700" |
, ) Em]-q—[t]l 0.2 -3 i3 A L ) + %00 = ©
=================:======-::::::::::::::::=:=======================i:==

C
C
C PROGRAM B

C MAIN PRUGRAM FOR CALLING THE SUBROUOUTIME QUART
C

C

C

—— A Ty - S 8 W we e M v R S e e S T e S A T e e B By e S R TR e W e e et S e W ST T WR e vy < S Sm R ey e AR .
St — R s i B -+ e e o e S B e R S Bw g e e e e e v e ol e g e e o e ot g e e

SOLUTION OF: ACLY®(X*¥4)+A(2)F(XCXII+A(II*F(X**¥2)+A(4)*¥X+A(5)=0
DIMENSIUN A(S),RR(4),R1(4) .

C FULLO«WIHG LIME CONTATNS PROBLEM=DEPENDENT DATA
DATA A/1.0,92.0,-270,0,n,0,8100,0/

C END GF PROBLEM=DEPENDENT DATA
WRITE (26,10) (A(ID),T=1,5)

10 FORMAT (//,31H SALUTION OF A QUARTIC EQUATIDN //,6H DATIA:,/,
749 A{1) = ,ElS 6,7,7TH pA(2) =,E15.6,/,7H A(3) =,E1%.6,/, :
7H A(4) =,E15.6,/,7H A(S) =,E15;6,/)

CALL QUART (A,RR,F1)
WRITE (26,20)
20 FORMAT (/,7H RNQTS:,//,9H RANQT NUO.,3X,10H REAL PART,SX,
2 150 IMAGINARY PART,/)
po 30 I1=1,4

[V 3 ]

30 4RITE (20,430) 1,PP(I1),K1(I)
40 FORAAT (I5,3X,E15.6,3X,E15.6)
STQP
END

SOQLUTINN OF A QUARTIC EQUATIUY

DATA: :
A(1) = 0.100000E+01
A(2) = 0.000000E+00
A(3) = =0,270000E+93
A(4) = 0.000000L+00
A(S5) = D.,810000E+n¢
ROOTS:
ROOT NO, REAL PART IMAGINARY PART
1 -0.,153500E+02 H.00000QE+NQ
2 -0.586319F+91 0.000Q00E+0D
3 0.586319E+01 0.000000E+NO
4 0,1535N0E+02 0.000009E+00
(b) (.o.zw,.,-sc)x -48 x;")—o ; j=h2
wrcfmg x(‘n (-ozw +3‘> :') .
. 2
Yy = {-o0-2 (5.36317) +"}/ra = 16130334
= f-o2 (1535)" +36}/1g = -0 ¢130278

Dis}:ln.cemcnfs af masses my a,nd ™my; are gfven L:, E&S- (5-‘5):
x,(£)= 1-44722 cos (5:-84UTt) 4 0.55279 o (15.35 ¢)

x,{t) = 2.34165 cos (s.scmt) — 034164 cos (ys-zsf:)



2 Xe s K

——— - -y > - - o W % e 8 T MR e e S S e e Y S W T e P e . A . m e S e M me =
el Bl e e e R e i e R R o S o el — R

DIARNSTUY €(2,2),F2(2)

REAL K(2,2),%(2,2)

CUMPLFEX 2(2,2),X(2),AA,RB,0EN
INPUT DATA

DATA 4,0.1'U-000-0p0.1/

DATA C/].O,Q.D,Q.O,O.O/

DATA K/4u.0,=20,0,=20,0,20,0/

PATA FL/1.0,2,07

~

QHF=9,0
C £ND OF [4PUT NDATA
bou 1o 1=1,2

P10 J=1,2
A==(3Fs82)*M(T,J34K(1,T)
h=MF*C(1,J)

10 4(1,J)=CMPLX(4,8)
NEM=Z2(1,1)%Z(2,2)=2(1,2)%2(1,2)
AA=Z(2,2) $CHPLX(FZ(1),9.u)
BA=Z(1,2)%CHPLX(F2(2),n.0)
X(1)=(AA=BB)/DEH
AA=Z(1,1)%CMPLX(FZ(2),0.0)
B8=2(1,2) $CHPLX(FZ(1),0. M)
XC2)=(AA=BE) /DEN
PRINT 20, X(1},X(2)

20 FUOPMAT (//,2X,254 SOLUTLaON NOF PROURLE# 5.49,//,2X, -

2 TH £(1) =,2E15.8,/,2X,78 X{(2) =,2E15.8,/)
PRINT 30, OMF

30 FORMAT (2X,6H DMF =,E15,.8)
sTQP
END

SULUTION OF PRQBLEM 5., 64

X(1) = 0,20095894E+00-0,686201385-01
X(2) = 0.3439531NE+00~0,79423016E=01

OMF = 0.50000000F+01

can be o{ra.wn m e&u.'ya'lant
form ax Ahown on F-'g-B_ " @

where both Pullcjr hove the

Same. ra.dius, . Driven, &
2] Driver, J 72

The e@u{va.loznf mass Fig. A
moment of inertia of
f""“‘] 2 can be ComPuf‘cA — " —

in digferent speed ratios
as




%' = F; (speed ra—i"'o)z
% (553) : % (23
°r 7] = 01837 7, ; o-5lo2 I, 5 16531 % ; 4.5918 3
Stiffness of the belt (on each side) /s given by

where A= crass-—.?e;:%:n'ono,l area of ‘:eu:, €= Yomny’: modulus
and f= lcngﬂw of the belt. Length of fhe belt (distance
PI Pz in Fl‘g- A) ;SB;VCH L‘y .
1 [4-c7'—- (D-—d)z:}z
In this exa_m}:)e, c=-=&5m, D= { ’lﬁ d= 06.25 ™ ard Ile.nc.z
[4(5) ~(1-0-25) ] = 4.9859 m
% = A (;o‘°> ‘

9
Ale 7 _ 2.0057x10 A N/m
4.9859 | |
Eau_a,f[oh of motion :

J.lé;+k_e(9|+92)::0:} gié'l-'-_ kfel(i'*' _J_—l_;)zo
' %2

D268, + ke (81+62)=0 => 3;8,+ keez(‘_a:&’+,>
<

/ T
w, = \/-k,c (:r,+ 5 )
= A (

where -gfz 2 % r,z' (See solution of problem 2<51>.

Here o, = o-i kg-ﬁ‘l and T,z 0.2 kg-m>. In order for the

natural freguency 5, to be Q,Waj From the speeds
I50, 250,350, 450 amd 750 rpm {or’ I5. 708, 26180,

36.652, 47.i24 and 78.540 ra.d/sec} ,

W, < 15.709 mol/sec
W, = 7¢.540 vad/sec

Since W, involves A (fkrou.gk kt)* it can be determined

From the above ine ualities.




Velocity of tup before impact is given by:

—;— My vi= my, gh or v= Ve gh = Ve (9.81) (2) = 6.2642 m/sec

(a) Impact is inelastic:

. F
Conservation of momentim leads to:

Myyp Vigp + Manyil (0) = (Mynp + Magvil) Vo
_ (1000) (6.2642)

= = 1.0440
o Yo = 000 5 5000) 1.0440 m /sec

(b) Natural frequencies:

k; +k -k k; +k k, |” ki k
w§ L = 1 2 + 2 + l 1 2 + 2 A1 X
! 2 m, 2 msy ‘""'-g 4 my mgy m; my

Thus the natural frequency requirement can be stated as:

R L S S N IV N TN YD
(2 7)* | 50000 10000 4 | 25000 5000 125 (10%)

(1)

(¢) Free vibration response:

Initial conditions:
x1(0) = x2(0) =%, (0) =0, %,(0) = vy = 1.0440 m/sec

Maximum forces in the springs:

Fy =k x; Imax (2)
, Fy =k; (x2 —x;) | max (3)
For a helical spring, the shear stress (7) under an axial force F is given by:
T = ka 8% :? | (4)
md :
. 2D +d . '
where k, = shear stress correction factor = ~———— | D = mean coil diameter, and d

2D

= wire diameter.

Ref: J. E. Shigley and C. R. Mischke, "Mechanical Engineering Design," 5th Ed.,
McGraw-Hill, New York, 1989.



Since stress is to be less than the yield stress witth a factor of safety of 1.5, we have

Tyield ’
<Xz . 5
1="15 (5)
Tt
ry < I (8)

where 71 and 7, denote the shear stresses induced in the springs k; and ks, respectwely,
and Ty;eq is the shear stress correspondmg to the yield stress of the material.

r ™2 |=5000 k3

*2
4‘2
r ™y :2’5000*.3

%,




