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Chapter 2

Free Vibration of Single Degree
of Freedom Systems

-3
PG -
W, = sst) = (&5 ) = 44-2945 radfsec = 7-0497 Hz

Tp= 0:21 sec = 27T /L:- , v = o2t VE /2T

(")(’C') - zrrJ?_ 2T Im 2T ole_>
n /new —-—-[_*“u = —

= 0+\715 Sec.
\h.S' L3
(“) (’C’) = 2mJm Z 2mym _ 2T (o.ztj?‘ ! = 0+2970 Sec.
" /new 'knew Josk 2T /Jo.S5«%
@ W, = 62:832 rdfec = B, & = /62822
when spring constant is reduced, ), decreases.
[A) = 055 W, = 34.5576 rad/sec = [Krew _ [x—%00
( “) new n 4 /ec v ™M oew B m
k- 800 =
= x 62:336 = 34.5576¢ , /4:_-'«_80_9 = 6:55
_ 2
4<_T“Q_°_ = (0:55) = 0-3025
k= 1146-9534 Nfm
2 H46-9534
= Jk . . = %/ ¢2.832 = >
Jm /52 332 ; ™ / 3947 8602

m = 0-2905 kg,

K= loo/(‘m = 10000 N/m
SYCRNCENC s L S 1

24
= 632456 rad/sec
Tp = 2L = 62832 _ . 5993 sec o
" Wn 63-2456
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Unit weight: 9000 N
Natural frequency 5 rad/s ~ 10 rad/s

Solution:
_ 9000
9.8

Let o, = 7.5 rad/sec

I

n m
9000

Ky, = mo? = {—gs—j (7.5)2 = 51658.2 N/m = 4 k
where k is the stiffness of the air spring.
Thus k = 51658.2 _ 12914.5 N/m

x = A cos (Wt -8) , x = =G, A s.'n(c.snt..,%)’
x = - (.9:‘/\ cos (Wt —#,)
@ W, A= 0-1 ™rec s Tz 20 5 sec, &, = 31416 rad/sec

A= o4/es, = 0.03183 m
d) x,= x(t=0) = A cws(-¢,) = 0-02 m
cosfg) = 22 = o.6283

#6 = 54-0724°

F) %, = x(t=0) = -G, A sin(-g)= —ot s.‘n(—si-onq-’)
= 0:07779 wfsec

X|ax = OF A= (3'““'6)2 (0-03193) = 0.314151 m/sed
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For small angu‘a.r rotation of bar PQ about P,
3 (klz)ez (913)1 2 k ©4)" + < Kk, (911>z
e Gtu)% = (k' 2% + ko 12 )/Z,z

Let ‘keﬂ = overall Spring constant at Q@ .

[ { !
—_— L —

mn—

Keg ~ (ku.)et, %3 _I,_ 2 £, \ 2
* () ) e
‘kfﬁ = ( 'z>¢& 'k; —
B £ \* £, \*
% fc K (=) + k, (2= f
(‘2)63"' 3 ) £?> 2 fa>+ 3

-

’*CZ /*t“zlu + kg k3 zz

m (e, A+ Ky B4 K5 13)

. m = 2000 X9 , §4 = 0.02 m-
(9/3st) (9'—3-1— 72 = 22- 1472 rad/sec

0:-02

, Let x be measured from
the Pos‘n‘:aon of mass ab which
the springs are unstretched. Wsino

Ezuai‘«on of motion 1S

ni = (e B ma (e 80 ¥ s
+~ Wsine === (E')

Thus Eg- (E() becomes mx+ (f;+%2) x=0 > W, = —_—
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Cart weight: 20 kN
Steel Young’s modulus E = 200 GPa

steel wire rope
1 mm diameter

Solution:
A E,  Z(0.001) (200 x 10°
k, = 21=4( * ) 14533 NIm T T T T 7
1 9
A, E
k, = —2 2 = —1745353 (5 _ 14544.4 N/m
2

k, =k, +k, = 31997.7 N/m

Let x be measured from the unstretched length of the springs. The equation of motion
is:

mx=—(k,+k)x+3,)+Wsin6
where (k, +k,) & =W sin 6
l.e. mx+(k, ,k)x=0

Thus the natural frequency of vibration of the cart is given by

[k, + 31997.7 x 9.8
o, = |tk \/—3 = 3.9597 rad/s
m 20 x 10

Weight of electronic chassis = 500 N. To be able to use the unit in a vibratory
environment with a frequency range of 0 - 5 Hz, its natural frequency must be away
from the frequency of the environment. Let the natural frequency be w, = 10 Hz =
62.832 rad/sec. Since

keq

“a m

we have
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, | 500 9 .
keq =m w} = [981] (62.832)* = 20.1857 (10*) N/m =4k
so that k = spring constant of each spring = 50,464.25 N/m. For a helical spring,
4
I = Gd '
8nD
Assuming the material of springs as steel with G = 80 (10°) Pa, n = 5 and d = 0.005
m, we find
9 4
k = 50,464.25 = 22 (10) (0'205)
8(5)D
This gives
3 _ 1250 (107%) 9
= = . = 0.029 =2,
D YIS 24,770.0 (107") or D 1492 m = 2.91492 cm
i) with spn‘njs‘ k, and Ky g ------ 3 l I

@)

Let Y, . 35 s 3l be deflections

of beam ot distances a, b, 2
frOrn ;‘:'xed end.

. r N
) (kn.)e& ;1 =Jik 7‘z+"i‘1< 3:-

: 2
(.g., (’kn)es = ‘k (—> + kz. }I % N 3 Fl
y= F22 oo 2 T 1¥
GEI Fa* Tl
@ A= Q , 7“,: CET (32—0) h
- ~ Fb* -
@ = ": }L = <EI (31 )
@=zx=4, = FL
3EI \
2 2 7
x, k3 [Ja *, 1<z [ 2h 2
W, = v o3 ( 72 ) * T T3 (7[) where *W=EI_E::_.

Ja V2 2\
T (B« o ()« )
%, (3€1) w¢(3l-a-)z+ %, (3€1) b* (3£-4)*
m,f{—k,aﬁ (3I—a.)z+ %, b* (3 0- b)* + 12 €1 13}

/

)

(ii) without springs 'k,.a.nJ *®, :

Kbeam _ ,35: ‘
m wm f?
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@ Let x,, %z = d:’splacemem’:s of
Pulleyf {,2

x= 29(,-1-212 -—— - (E’)
Let P = tension in rope.

P
For eau..'l.'l:rium of P“ucj i,

2P =4 %, -——-- (E,_) L
For epuilibeium of pulley 2,

2P= #, % ---- (E3)

Lo o
where %, 4’1‘4’4* ik > k|=2"¢

and  ky= K+ K= 2%

Combining Egs- (E1) to (E3): | | \r
x=2x v2m= 2(B) v ()= 4Pran) = ¢

Let keﬁ= c&uivaienf: spring constant of the system:

_ P _ &
ke& - ‘x-. - _4- ”e
Egua:l:o‘on of wotion of mass m: mz + Keg X =0

-.o a’n - ‘kﬂz - _’k_
J m ’J 4m .
For a displacement of x of mass m, pulleys B R R e e

1, 2 and 3 undergo displacements of 2x, 4x
and 8x, respectively. The equation of motion
of mass m can be written as

(1)
where Fg =2F; =4 F, =8 F; as shown in figure.
Since F3 = (8x) k, Eq. (1) can be rewritten as

m% +8F; =8 (8k) =0 (2)

from which we can find

- = ®)
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@ (@) W,= \]4*/14.'
(b) w, = ﬁ“/(!d + m)‘
Ini'l:n‘g,_L_ o p_d c'_h'ons_ d A°
Veloc.‘ty of fa.u.t'ng mass m = V= ng ( v ‘q" 1}[)
x=0 ok Afaf}'c ezuilibrium Po:c’élan

%= m(bme) oo Mt 22

Conserv:.f.'qn of momentum : (/‘\4"‘") ia =mV =M 2_’!

io= #G=e) = 2o \agk

M+m
comrlefe solution: z(t) = Ao s.'n(t..!nt -+ #o)
where A, = J;o).+ (%;__)2-‘ _ mz,’- + m’-,l a
n 16 % 246(M+m™)

and

%y (90
o=t ( > el (\ralt(m-'-'"))

Velocity of hammer 20 m/s
Weight of hammer 50N

Weight of anvil 500N

Stiffness k = 20 kN/m

Solution:
(a) Velocity of hammer = v = 20 m/s, x = 0 at static equilibrium position.
weight mg

X, =x(t=0)=- =
0 =x(t=0) Keq 4k
i : : . m v
Conservation of momentum: M + m)X, =mv, or X, = x(t =0) =
M+ m
4k
Natural frequency: o_=
4 Y- O M+ m
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Complete solution: x(t) = A, sin (w_t + ¢,)
where

3 1

X 2 2 2.2 2

A=x§+w_° _|mPg®  m’v 2
° n 16k (M+m)4k

and
gvM + m
| 252
0 vwd k
50
since v=20 m/s, M = 500 kg, m = 500 kg, k = 20 k/m, m = — kg, k = 20 kN/m
9.8 9.8 9.8

o |[5008 +(50 (2)JZ 9.8 o 004816
0~ 1{ 4 (20000) (9.8) 9.8 ) 550 (4) (20000) | ~ m

9.8 V550
o, = tan‘ll } = tan1(-0.01298) = —0.7436 deg
0 V9.8 (20) +/4(20000)

(b) x = 0 at static equilibrium position: x, = x(t = 0) = 0.
Conservation of momentum gives:

MXo=mvorx0=x(t=0)=%,x0=x(t=0)=0

Complete solution: x(t) = A, sin (@t + ¢,)

where
. )22 2 2 % mv 50 (20) v9.8
A.= Xg + ﬁ = M = =
0 o, 24 k JakM ~ 9.8 4 (20000) (500)
= 0.0505(m)
and

Xy 0,
b = tan—l[ ox } =tan1(0) =0

0

62



www.FluidMechanics.ir

@ A, = ai.ar. (st tip) 5 Hy= 498272 (ot middle)
' Lo

(3 E I, + 48E; I,_>
w

= {+(ooi)z}{zo7uo } _ 0'8129"'06 N/m
)

12
@, = ‘/;(_; = (0-8129 xro‘) = 28.514 ra..n{/)!ec

1000
io =2 “‘/;3 )
Period of ensuing vibration = 7, =
Amplitude = A= Xo/5, = 2/29.514 = 007015 m

27 zﬂ'

% = 0 (suddenly stopped while it has velociéy)

‘ W,= 2 Hz = 12:5664 ra,d/,gg,;: jg

Jk = 12-5664 Jm

i S Y ad /sec
/m, ’hﬂ 6.2932 rad/.

JT= 6:2832 (m+1
= 12.56¢4 Jm

Jm+1 =2vr'"T » m:%—k?

%= (12- 5664-) m= 52:6381 N/m

Cable stiffness = k = % = % [4 (0.01)’] 2.07 (10'!) = 4.0644 (10°) N/m

Hence
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@ b= 2[ sin 6 N
Neglect masses of links. g . . 1 {
- 412 -— bz (4 — 41%sin”0
(dl) kez = K (_——b‘ ) = % 412 Sinze l_‘ 7
- (252) pe

("h = ’1_‘2_9_ = \[‘k} Co.&'et:z'e1 (frou solution
™ w of Problem {8

(L) wn_-: ’fﬁrz Sl."lce ‘kez= <.
@ y=Ve& —(6sinf—x)? —€cosf =V cos? § —x* +28xsin 0 —£cos §
x? 2¢xsinf
=(c050V1—-{2cosza+ ypr —€ cos b

1 1 1
E—k_eqx2=—2—kly2+-§k2yz

where
1 x? 1 2€xsind
o —_—— ey 2t - ]
y=€cosf |l 2f2cos29+2 !zcosza] € cos
x sin 6
= =x tan 0
cos 8

Thus ke, can be expressed as

Equation of motion:

Natural frequency:

‘ k (ky +ko) g
Wy = f=v—lw_2 tan 4 _L
/\(15‘}‘ e-,x>
T
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@ (a) Neglect masses of rigid links. Let x = displacement of W. Springs are in series.

k
k=73
Equation of motion:

mX +keqgx=0

Natual frequency:

m 2m
(b) Under a displacement of x of mass, each spring will be compressed by an an

amount:
=V
B=Xy

Equivalent spring constant:

%keqx2=2 —kx

or k,q=2k[-x;—]2=2k[£2—] |

Equation of motion:

mX +Kkeqx=0

Natural frequency:

A ka 8k |, b |
w _V—m = e - 4 e
Fi= F3= 4, % ws45°

Fo= Fy= %, = cos 135°

E= force n,l.on" x = F Ca‘!45°+ F; 5135°

+F; w545° + F, cop135°
= 2% (%, 0s45% + «, ws?(35°)
F Ky |, %
*q=7=z(_i!+71)=kl+ L3
Ezuai'-'an of wotion: mx + (%, + k) x = O
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Let d‘: JEnofe the a..hgle
made l? o Apring with
respect to X axis.

let x= dlsﬂa_ccment of
mass alﬂ'r\? tke dowcliom
J-‘tvruui L}

¥ 4( %Vﬁzbnt Apring
Consfa.n.t The ezj.u'.vh.&»\u

ke = é‘; k; cos (e 4) zk(cosewh( + Ain © xm.a()

L= =1

& (e e s s 29
=1
r2 5 (Aot winct; A6 2 0)
(=1
Natural fre;uenc# = O, = _‘k:f;
For @, to be .‘nAeobenalenf of &, Z‘ki uﬁ"d;: é *; 4.;..‘-:(‘----(5,)
i=1 i=1
ard é k; S Aml; =0 ~{€0)

=1

(E;) and (E;) can be rewritten as

e
£ (kb o) - F (o )

a.,nol i é‘ k. Sin 2o; = O
t o
. 6
ve: Z k;, ©s 2e; = O --- (Ei)
‘=
and ZG . Sin 24; =0 --- (E")
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In the present exa.m;ale, (Ea) and (54) become
*, cos 60" + %, ces zqé'+_ kg cos 200y + k, o3 420°+ %y cof GO0
+ k3 ws (360’+ 2¢3) =0
%k, sin 60" + &z Sin 240° + k3 sin 2003 + K, Sin 420° + Kk Sin coo’
+ k3 sin (360" + 293) = ©
en Ay - K2 + 243 o5 205 =0 2 k3 cof 2a3 = k- ¥ ... (Es)
N7 K=V Ky +2 k3 sin 2al3 = O } ; 213 sin 2a3 = V3 (K2 = k))-(Eg)
Sguaring (Eg) and (E¢) and adding,
4 *32 = (%, - 1‘:)2 (""3>
Yok =t (k- %) D k3= lda- %
Dividing (B¢) by (Es),
tan 203 = V3
Soay= tam* (V¥) = 30°

(@) wmx+ (T. +Tz)=o

rn'z'+(_1;+ I)X =0
o b

(L) W, = -;I:-P —I— = fT (a,+ L)
/ — mab
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Jumper weight 720 N
Rope length 60 m
Rope stiffness 2 kN/m

Solution:

m = 720 kg, k = 2 kN/m,
9.8

Velocity of jumper as he falls through 60 m:

mgh = % mvZorv=+2gh = 2 (9.8) (60) = 34.2928 m/s

About static equilibrium position:

Xo= X(t = 0) =0, x5 = x(t = 0) = 34.2928 m/s
Response of jumper:

x(t) = A, sin (0, t + ¢)
where

1

272
Xo - 31.2928
A= |%o+|— _xodm 342938 130 o m
o, " V2000 V9.8

n

and }
Xo 0,

0, = tan™! { % |- 0

Aerobat weight 540 N

Natural frequency of vibration 10 rad/sec
The natural frequency of a vibrating rope
is given by (see Problem 2.26):

Solution: \I*/

o = ’T(a+b)
n mab

where T = tension in rope, m = mass, and a and b are lengths of the rope on both
sides of the mass. For the given data:

= [[;O(z—’%)]z = T (0.013611)

0 @ @
which yields

100

T=———="7346.9388 N
0.013611
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' W‘IEH Ww=o, total

T E
vertical height=20+4 Fo e
when W3 o, total ke +— K "No
vertical height =(zf cos @+h) ml T
spring  force = k[2 L+ k- (21 ws 0+ 4)] mg
= 24l (1~ B 0) _ k .
For vertical eguilibrium of mass m, Fozmx®
mg + T, fe = Ty e --- (€1) x= Laine

For horizental e?/u:l:hm:mn ,

\ F¢= (-r.-sz) sn e
T = (Fc— Ty sin 6)/““ o ce- (E2)

From (E;) , (E)) can le expressed as

“‘3+(E°;;_&_$.l9- cose® = T, cos @
sSn ©

2
e, T = ™, R ot @ mg + wmd L ese
2 cos 6 2 w3 e
e
Ty = - Ty sne ='"I!G91—- E%tme-,—“—‘gl Sin ©
Sin © sSn @
= ‘1‘_1_“_’_2_-"‘_3,_
2 2¢5 @
Spring force = 2L (1- cos @)= 2T, ws ©
= mfiw cose -mg
2kl
“”°=( —2 ;) --- (&)
2't-£+mffa9

This epuation defines the ezu.‘h‘Ln‘um position of mass m.
For small oscillations about He ef},,._l.buum Miﬂ}",
Newton’s second law gives

e 2*
2my + kF=0 , TREENE S
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’

(b)

Let P = total spring force, F = centrifugal force acting on each ball. Equilibrium
of moments about the pivot of bell crank lever (O) gives:
20 P |12
F 100] T2 [10_0] (1)

When P = 104 l—l—] — 100 N, and

100
2
25 |16
"~ 9.81 | 100

where N = speed of the governor in rpm. Equation (1) gives:

0.004471 N2 (0.2) = 129- (0.12) or N =81.9140 rpm

27N
60

27N
60

F=mr«*=mr

2
] = 0.004471 N?

Consider a small displacement of the ball arm about the vertical position.
Equilibrium about point O gives:

(mb?) 8+ (kasinf)acosf=0 (2)
For small vallues of 8, sin § = 6 and cos § = 1, and hence Eq. (2) gives
mb?f+ka?f=0
from which the natural frequency can be determined as

1
1 —

1 2 2
ka? |2 L l012] 981
= = ] = = 37.585 d
wy {m 03 } (10) (0.20 5 1 rad [sec
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when each wire stretches by x,, let tke

~ie,

resu.lhnj vertical J:spla.cemen{: of fthe
Pla.ff;:rm be x -

2!
0S + X3 = [4\+z.)"+ %

xg = /4\1. z { (£+z) +:_ _1} S

LR

f——\[\/u- 2£z+z} J

For small x, x* is negl.gaue camfwu.d tt 2fx and Vite = 1+

and ‘\Cncc
/4-‘4— a [14' ’”‘ ]
ﬁ+
Potential energy e,zu.-va.(e,nce 3lves
%kasxzz 4 (—Lk Xy
g 4k (). AR
Efjn.am-n o“.m_arm g& M (1‘+ )

(Y

xg

M x + %o, x =0
/] 1
2 2T ™Im ( 2 4% + o V2
U= = = =
>, (ktg/ﬂl)y" Y 2k

@ Equation of motion:
mx =3 F,

ie, (LAp)X=—2(Axpg)

. 2
i.e., x+Tg-x—0

where A = cross-sectional area of the tube and

p = density of mercury. Thus the

natural frequency is given by:
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Assume same area of cross section for all segments of the cable. Speed of blades = 300
rpm = 5 Hz = 31.416 rad/sec. )

wl = % = (2 (31.416))* = (62.832)?
keq =m w? =250 (62.832)* = 98.6965 (10') N/m (1)

AD = V0.5 +0.52 =0.7071m , OD = V22 +0.70712 =2.1213 m
Stiffness of cable segments:
_AE _ A(207) (10°)

kpo =207 (10°) AN/m
¢po 1 o
AE _ A(207)(10%) 9
= = = 97.5817 (10
Kop = & 2.1213 (10°) A N/m
(o]
2m ®
07071 M
. =t (a:,701!
g = tan —_ )
= 194710°

The total sttiffness of the four inclined cables (k;.) is given by:
ki, =4 kop cos® 6

= 4 (97.5817) (10°) A cos? 19.4710° = 346.9581 (10°) A N/m
Equivalent stiffness of vertical and inclined cables is given by:

1 1 1
_—— e —
kq kpo _ ki
e, ke = kpo ki

’ k%o + k;. o

(207 (10°) A) (346.9581 (10%) A) _ _ 190 6404 (10) A N/m @)

(207 (10°) A) + (346.9581 (10°) A)
Equating keq given by Egs. (1) and (2), we obtain the area of cross section of cables as:

__ 98.6965 (10%)

S =17.6126 (107°) m*
129.6494 (10°%)
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1
) k
1 {k_1}2 =5 ; I—;- =4 (m)? (25) = 986.9651

1 k, 2 ky 2
=4,0825 ; —————— =4 ()" (16.6668) = 657.982
27r{m+5000} m + 5000 ( ) ( ) 2

Using k; = A{—E we obtain
1
k 9
S _AE _ AR Q0) _ ge5.9651
m ¢ m 2m
ie, A=9.5350(10"%m

Also

k, _ AE
m + 5000  ¢; (m + 5000)

= 6.3573 (1079)

= 657.9822
e, ———
m + 5000
Using Egs. (1) and (2), we obtain

A =9.5359 (107°) m = 6.3573 (107°) m + 31.7865 (10~°)

ie, 3.1786 (107°) m = 31.7865 (107°)
i.e., m =10000.1573 kg

Equations (1) and (3) yield
A =9.5359 (107°) m = 9.5359 (10™%) (10000.1573) = 0.9536 (10~*) m?

(1)

(2)

(3)
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@ Lonyitudfna.l. Vibration:

Let Wy = part of weight w carried by length o of shast

\\/z= W—-wy = we-'JAt carcied Lv [engH- b

x-E(onanTIOh of lenyH-. a = T"i

—c IE Youny: modulus
7=$horfenm3 of zeng{'h b= (w- Wj_)(!-a,) 'A a.rea.; of cross-section
AE o= md/
Since x= 14, Wy = W(l-a) @) |
1 | {
x = elongation or static Jef!ec\‘:u'on of lengH-» @ = y—a"—(—‘_—-i)-
AE
Considering the shaft of fengu. o with end mass Wi 3 as a
SPrmg - mass Sysfem,
/ < F22..8 12
Wo (1- a-)

Transverse vibration:

spring constant of a fixed — fired beam with off-center load

- &« = 3e1 £’ - 3EI ,l.;
a b o’ (l—a.)3
3 1 4
Go= fE = ;Ef(f 3)3 2 wth 12 (T4%s)
a’ -

= moment of inertia
Torsional vibration:

I flywheel is given an angular deflection o, resisting
torgues offered by fengths o and b are §E_Q and 9_3;-9-
Total resisting torgue= M, = GJ(-E 1}9

m 44
ky = 'Etz 6J‘(é‘7+—t—) where 7= g5 = polr

moment of inertia

: 1
W= _& = GCJ _i_+_£_) /Z
%o % \(a™ B

where & = mass polar moment of inertios of the f[jw;\eel.
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Cable cross-sectional area 3 x 10*m?
Antenna tower can be modeled as a steel beam of square section of side 25 mm

Solution:
m,, =3 (200 x 109) equivalent mass of a uniform beam at the free end
(see Problem 2.38)
_ 33 33

= m = —— [0.025 (0.025) (45) (7.75 x 10%)] = 51.378 k
™ 140 120 | (0.025) (45) ( ) g

Stiffness of tower at free end:

3EI  8(200 x 10°)(2 (0.025) (0.025)")
b~ L3 - (45)3

= (0.2143 N/m

Length of each cable:

OA =0.6 V2 =0.8485 m, OB = 4.5v2 = 6.3640 m,
AB=0B-0A=55155m

TB = \/TAZ + AB? = \/302 + 5.5155% = 30.5028 m

AT 3.0
tan 6= — =
AB 5.5155

Axial stiffness of each cable:

= 5.4392, 6 = 79.5825°

_ AE _ 3x107* (200 x 10%)
¢ 30.5028

k =1967033 N/m
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Axial extension of each cable (y,) due to a horizontal displacement of x of tower:

eq. x

N | =

2
1
—2-kyc2= k xzorkeqc=k[h) =k cos? 0

This gives

k,q, = (1967033) cos? 79.5825° = 64313 N/m

2
In order to use the relation k., =k +4 k,,_, (—YLIJ
en en yL

we find

yu _ L2 (BL-L;) _ 30°[3(45 — 30)]
YL 213 2 (45)°

=0.5185

Thus

keg s =kp+a kg . [0.5185]2 = 0.2143 + 4(64313)(0.5185)2

= 69165 N/m

Natural frequency:

1 1

k 2 2

o =|—wed | o ( 69165) = 36.6905 rad/sec
meqend 51.378

Traffic sign thickness = 0.003 m

Post height: 1.8 m Yo02o0m

Post cross section: 0.05 m x 0.006 m X T

Wind frequency: 1.1 H, 0.8m

Solution: l
1.1 H, = 6.9 rad/s

AB = v0.22% + 0.22% = 0.3111 m I

BC =08-022-0.22=0.36m

1 1.8m
Area = 0.8(0.8) — 4(— (0.22) (0.22)] 0.05m
2 —| |le—
= 0.5432 m?
Thickness = 0.006 m, 77777
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Weight of density of steel = 75950 N/m3
Weight of sign = 75950 (0.003) (0.5432) = 123.8 N
Weight of post = 1.8 (0.05) (0.006) (75950) = 41.01 N
3EI

e

Stiffness of sign post (cantilever beam): k =

Area moments of inertia of the cross section of the sign post:

I

XX

1—12 (0.05) (0.006)3 =9 x 107%(m*)

yy

é (0.006 ) (0.05)3 = 6.25 x 10°8(m?)
Bending stiffness of the sign post:
3EL, 3x(200x 10°) (6.25 x 10°®)

Xz = es = 1.83 = 6430 N/m
SEL, 3 x(200x 10% (9 x 10
g = 2 hts  3Xx@0x10)Ox107) _ g, 5g Ny
yz e 1.83
ab? b b*
k, =533 22 34{1-063-2|1-
¢ a 12 a*
(see Ref: N. H. Cook, Mechanics of Materials for Design, McGraw-Hill, New York,
1984, p. 342).

Thus,

_ (0.025) (0.003)° . (0.003)  0.008
ki _5'33[ 1.8 }(83“09) {1 O3 5025/ | 12 (0.025)*

= 153.3547 N - m/rad

Natural frequency for bending in xz plane:

1
|2 6430
w,= 12 = [123_3] = 22.5610 rad/sec
m 9.8
Natural frequency for bending in yz plane:

1

0 'S CRR
o, = {;} = kyz = 2.7073 rad/sec
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By approximating the shape of the sign as a square of side 0.8 m,

we can find its mass moment of inertia as:
75950 |1 0.8
I,= %(bg' h + h3b) = (W) [ J [0.8%(0.003) + (0.003)3(0.8)]

= 3.1744 kg.m?

Natural torsional frequency:
1

1

k, |2 153.3547 |2

®, = {—t} = {ﬂ—} = 6.9505 rad/sec
Ioo 3.1744

Thus the mode of vibration (close to resonance) is torsion in xy plane.

N

| 70.006 m "\i-fw%)ﬂ“‘/ﬁ
0.003m=h l
A7

.
=
&

+
— U
—

N

oty s e g X

’ (a') Pivoted: Let L= 4.
#(2E2) . 12EE

'kez = 4- kCo{unn = 13 = _Ti—
Let mdf.i = Eﬁl&&\ﬁl— malts c&u'- t A&'{-wﬁ# o’& cplu.mnf

w .o
Ep«afd‘h Cf‘- motion: <7 + mef‘: 1} %z + 'kez x = 0O
Natural .'FVC-Z/“Q"‘J of horigon‘tai vibration= &, =

{2ET
13( ARD)
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(b) Fixed :
since the joint between column and floor
does not permit rotation, each column

will bend with -'n:,(-’fecl:forl Pav‘n"' af middle.
When force F is applied ot ends,

x= 2 F (%)3 = _F_P_ -~
ENE: 12€L A9ET F
kulumn = ——-‘ZEEI > kea = 4 kc,pluv-n = —[3_—

Let Mepgy = Effective mass of each column at top end

Eguwfn'an of motion: (‘%{‘ + meﬁ:z) x + 'ke& x =0 —

Natural freguency of ﬁon‘SOn{:aJ- vibration = O, = 13(_;_'7‘,_ M¢_;,cz>

Eggective mass (due to self weight): & ' bm
(“') Let meg‘ = Cf_fccfive part of ‘_—; “--’t}\ - l F
mass of beam (m) at end . - \\%

Thus vib ra.{'l'nj inertia force at end

'S due to (M+ T"c,(;i) .
Assume deflection shape during vibration same as +he
static deflection sl—-a,lge with a tip lad: ,

y(X,‘t) = Y cp.f(whf—-,d) where  Y(x)= Fx (311,‘) .

6EI
Y(Z) - Yo 11(3 I_z) where YQ: Fat; = maXx- t.‘r .lbf'ecf-'on
243 3€I
Yy (x,t) = ""Y;a (3x*4 - za) cos (Wnt—#) (&)
2 .
Max. strain energy of beam = Max- work by force F
= $F%=23 55 % (&)
Max - kinetic energy due to distributed mass of beawm
m 1.2 .2
£ [ o] de e 4(3) 5
0 max
2 z '
= Lz 69,,2 Y, (% rn) + 5 WY, M . (EB)
™ = 323 -
eff1 = a0 m= 0:2357 m
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(b) Let Y{x) = agta,x+ ay Ky a, x3

L}
Y(°)= °, :l“; (°)=O » Y([) =Y°)' %(!):o
This leads to Y(%) = 3 Yo 2 2% 3
N U
y(l,'t): Yo(a-—i;_ -2 _77—:—> COS(Q’."{—#)
Maximum Strain energy = —’i EI . 31} >z dx
. A Ix* ma.x
_ GEI Y, (E;)
3 l 3
. 2 1 (M) er [(ax_oz=V
Max. kinetic energy = -%M G_’: Yo + Ji(f )\3 W . %'%)‘4"
3
= Lo, Yo (m+ FT ™) (&)

L]

m = 13 = o-
eff2 = 3z M = oINAm

Object weight 50 N

¢,=0.30 m, D, = 0.05 m, d, 045 m

¢, =0.25 m, D,=0.04m, d, .0356 m
¢, =0.20 m, D,=0.03m, d .025 m
E,=E,=E; =70 GPa

Solution: Stiffness of segments:

n
o OO0

A, g (D2-4d? = g (0.052 — 0.0452) = 3.7306 x 10~ m?

A1 E,_ (3.7306 x 10™*) (70 x 10°)
oL 0.30

= 87.0483(10%) N/m

i s
A= (D3 - d3) = o (0042 - 0.035% = 2.9452 x 10 m?

AE N °
K, = —2—2 = (2942610 ) (10 X 107) _ 44 7993(106) N/m
L, 0.30

T kI
A= (D% - d2) = . (0.03% — 0.0252) = 2.1598 x 10~* m?

A E —4 9
k, = A3 By _ (21598 x 107*) (70 x 10°) _ 50.3964(106) N/m
Ls 0.30
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Equivalent stiffness (springs in series):

1 1 1 1
k— T+ T+ 7 =1.14879(1078) + 1.45513(1078) + 1.98427(107%)
eq kl k2 k
= 4.58819(10%)
or Ko = 21.7951(10%) N/m

Natural frequency:

k k 6
w, = \/ﬁ - J 8 _ \/(21'7951 x107) ©08) ~ 9066.8429 rad/sec
m w 50

— AV VAA—e A VREPY i A
p—2— T %e,
‘k| kl = ._'_ ! : — ™
F—AAANVS—ANA—e Eht‘l %, roooeS = o [T
L 4L - 4
Zz 2 kfhu‘"‘-—“‘k =2k ™o _

! V% 2w
K,= 4%k 3 |

WA -_‘_...l_=_c_+_;_= I
I“—! e 31 —] total Ky 4y 4k 3 "X

= 4

3

= 277 = 4 - 1€
h F where Q& _3_1<_ 3 f
lsk ? Ve = 4

sec
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‘ Let M= coefficient of friction I | W

x= o‘.s‘{a'a.cemenf: of <G, of

block ’_j
Fb Fz'z net reactions befween I
I‘_

‘t
N
o
Lo
i
3
Nl

roller and block on

left axd right sides .

Reactions at left and right due to static load W are
(c X)/zc amc‘ W(c+ x)/zc, reS’PQCfnvelj

M= moment about G due fo motion of block = (M Fa—pF)a

Reactions ak legt and right to balance m= M . pe(R-F)

o ‘i%_;_z}.. ,._;_%(a-ﬁ) , F= 1%;:_:)2: zigz(c&—ﬂ
Subfraction 9ives g _p . wx 4 Az (R-F)

e R-F= KX (cf/“*) = e
Restoring force = /A(Fz' ) = ( c/“:j: 3

Ezua.i'aor- of wmotion :

D
/ AW G T
W (c-pa) Jc. —pa

S»olvmj this, we get W = [C w/(} + a'wl)]
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From problem 2.4, W x
. . (F —F) - /_.__-——
Reston‘ng force without springs= M z=h) = c—pa
SPr.‘nj re S"f:on'nj force = 2%kx
Total restoring force = 1‘.‘_‘_'.";’%' + 2% x
C—
w
Epuation of wmotion: l;— x + (..’:_::jh—-a + 2 % >x zo
S AL R
(€= perw

Solution of this eguation gives

W We- 2x¢c¢
A W}+W¢a"a..—_zkg.a,>

(a) Natural frequency of vibration of electromagnet (without the automobile):
, k 1.8 x 10°
O = ,|— = (1.8 x 107) = 35.8569 rad/sec
n M 1,400
(b) When the automobile is dropped, the electromagnet moves up by a distance (x,)
from its static equilibrium position.

X, = static deflection (elongation of cable) under the weight of automobile

Ay 900) (9.81
= —auto _ ( ) ( 6) = 0.004905 m
k 1.8 x 10

Resultant motion of electromagnet (tx upwards):
x(t) = A, sin (0t + ¢,)

where

Rt
A0={x§+[w—°” = x,= 4.905 mm
n

Xy ©
and ¢, = tan‘l( 05(0 n] = tan}(e0) = g rad

Hence x(t) = 4.905 sin (35-856913 + gJ = 4.905 cos (35.8569) t mm

(¢) Maximum x(t)

X(6)]0e = Ay = 4.905 mm

Maximum tension in cable during motion = kx(t)| + Weight of electromagnet

max

= (1.8 x 109) (0.004905) + (1,400) (9.81) = 22563 N
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K, X, =
|—->x - l—p .
N VAN ™m [ WVVWAAN/ N ] ™m A
] Rk *, %
~ "

NNANNSN \\\\\\D\\\\\\\\\\\\\ NN
(a) Newton’s second law of motion:

F)=—kix—kyx=mX or mX + (k; +k,)x =0
(b) D’Alembert’s principle:
Ft) —~mX =0 or —k;x—k;x—m%=0
Thus mX +(k; +ky)x =0
(c) Principle of virtual work:

When mass m is given a virtual displacement &x,
Virtual work done by the spring forces = - (ky + ko) x &
Virtual work done by the inertia force = - (m ¥) &

According to the principle of virtual work, the total virtual work done by all forces
must be equal to zero:

~mX & —(k; +ky)x&x =0 or m¥ + (k, +k)x=0
(d) Principle of conservation of energy:

.2
T = kinetic energy = % m X

U = strain energy = potential energy = % k, x* + % kp x2

T+U=%m:§:2 +%(k1 + k3) x> = ¢ = constant

%(T +U)=0 or mX + (k, +k)x=0
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Equation of motion:

Massm: mg—T=mxX
PulleyJO: J°0=Tr—k4r(9+00)4r

where 8y = angular deflection of the pulley under the weight, mg, given by:

mgr=k(4rf)4r or Gy = —nB8

16rk
Substituting Egs. (1) and (3) into (2), we obtain
s = _ o - 2 meg
Jo0=(mg—mx)r-k16r* (6 + 16rk)

Usingx =r §and X =r §, Eq. (4) becomes

(Jo+mr?)d+(16r2k) =0

(1)
(2)

(3)

(4)

Consider the springs connected to the pulleys (by rope)

to be in series. Then

Let the displacement of mass m be x.

Then the extension of the rope (springs
connected to the pulleys) = 2 x. From

the free body diagram, the equation of
motion of mass m:

mE+2kx +ky (2x) =0
or miE+Tkx=o

r — I —>

x(t)

T = kinetic energy = T, + Toulley

1 . 1 . 1 ;
=me +-2—Jo =?(ml'2+Jo)92

U=potentialenergy=%kx§ =%k(4rﬁ)z =%k(16 r?) ¢

Using % (T + U) =0 gives

(mr? +J)f+(162K)6=0

T = kinetic energy = % mx + —;— Jo 2

U = potential energy = % k x2
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X
where § = T X, = extension of spring = 4 r # = 4 x. Hence
1 .

. . d
Using tthe relation Ty (T +U) = 0, we obtain the equation of motion of the
system as:

Jo,..
r

cross- section: S5¢cm x 5em !F
(-

N |

lg——— [: 08 m :‘L-a.zo-ﬂ."'sl
Due to a load P at C, deflection at point C is given by (from Appendix B):
R Sl A - 1 6<x<
y(x) SEL? a(3x—¢)— (x t’) x<fl+a

yc=y(x=£’+a)=

7 &+ a)
Moment of inertia of cross section of beam:
I= 312- (0.05) (0.05)* = 52.0833 (107%) m*

Equivalent stiffness: \
ke = P _ 3EI¢ _ 3(207(10°)) (52.0833 (107%)) (0.8)
Yo a?(€+2) (0.2)* (0.8 +0.2)
= 6.4687 (10%) N/m

Natural frequency:

wy = '\/k"‘ V “68570(106) = 350.6872 rad /sec
- i

A4 = c
] WA
k f=0.8m ———l—-w:o-zm-hi

From Appendix B, the deflection of fixed-pinned beam with an overhang, due to
load P at the free end, is given by:

86



www.FluidMechanics.ir

, |2¢
—ex® =12 4
4EI( =137+

y(x) =

Pl; €<x<fl+a
Usinga = 0.2,/ = 0.8,x = a + £ = 1.0, and

I= TIE (0.05) (0.05)* = 52.0833 (10~°) m*
we obtain

P (0.2) _ L8
e 4 (207 (10°)) (52.0833 (107%)) (0.8) [lz 08 (1) (55 +1 (02

=P (9.895652 (107%))

keq = yi = 1010.5448 (10*) N/m
. C

1 1 '
1 L
wy = {k_ﬂ;}z = {1(’-1055*‘;(10)}2 = 449.5642 rad /sec
m

@ Datoa: k= 500 N/m, m= 2 k9, X,=0:| m, x
G, = \l‘k/m = (5'00/2)'/"_
Eg.(2:19) :

- 5 m/g

15.8114 ra.J/.r
7‘("5)— ), Cos W t +

Sin wnt
n
= o0.| o3 [S.8014 ¢ .,.( s

———— \sin I15.81/4 L
5. gng)Sin 158104
x(f) = 0+l cos I5-811g4 ¢ +0:3162 sin I5.8114t wm

% (t)= - 15811 Sin 15.811h t 4+ § (o5 15.8014 £t w/s

% (t)= ~24.9998 cos 158114t —79.0570 sin I5.81y t =

@Da.tau wn:jo I‘O-A/s, X, = 0.65m, 9.‘-°= 1 7"‘/5
Res/oahse of uno’a..mPeJ sysfem

x(t)=z x

Ko os @t + Fo g ¢

n

= 0:05 oS 1ot +< )Snn ot
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(E1)

() = 0.05 cos 10t 4+ 0.1 sin 10F m

(t)

o x

E-2)
D

m/s

ot
m/g?

0:5 sin 1ot 4+ ¢ps

-
- -

L]
P8

x(t)= _5 ¢os 10t - 10 sin 1ot
Plotting ¢ Eps. (E.1) to (E.3):

% Ex2_52.m
for i

1: 1001
(i-1)*5/1000;

x(i) = 0.05 * cos(10*t(i)) + 0.1*sin(10*t(i));

dx(i) = -0.5*sin(10*t(i)) + cos(10*t(i));

t(i)

-5*cos(10*t(i)) - 10*sin(1l0*t(i));

ddx (1)

.

[

ylabel ('x(t), dx(t), ddx(t)’);

plot(t, x);
hold on;
plot(t, dx,
plot(t, ddx,
xlabel(’t’);

end

Dotted line: ddx(t)’);

Dashed line: dx(t)

title(’Solid line: x(t)

4.5

3.5

Solid line: x(t) Dashed line: dx(t) Dotted line: ddx(t)
1.5

0.5

15
-15

(xpp ‘()xp “()x

2.5

88



www.FluidMechanics.ir

@ Data: wd= 2 ra.af/s, Szo-1, X’.;o.o.m,?s:im_a
o

Initial conditions 1

W= Yi-%* w, , woz “4/1-%" = "/\/"“"

Egs- (2.73), (2.75): ~, = 2.0l01 red/s (E-1)
X, = 2 %, W, %o\ 13 |
{xa + ( +(‘3;J ) }Z - 001 (E-z)
5&0: '('an-i (_ ;co + T W, %, .
CGJ x, =1 (E'3>
Egs- (E-2) and (E, 3) Lead to:
x, +( °+°2‘”°‘ "o)zzo-aaal (E-‘I)

- (‘xo + 0:20101\ 7‘0

>= tan 1 - 0:7854

2%,

T = (%, 40.20100 %) = (5708 o (e.5)

Substitution ef Eg.(E-5) inte (€. 4) yields
o= 0.007864 m (e-¢)

E&s (E 6) oms (E 5) give
= -0.013933 /s | G
‘\mH—.ou’c pa-ssengers,

= ’% = 20 rad/s = &= 400 m (E'>

With ’oa,ssengers ,

(wn), = ,’ o 1732 rad/ (e-2)

Szuatinj Ez~(E~'2).- we 9e't
% 2
miSoo - (17:32)" = 299:-9824 (E‘3>
Using 4= 400 m in (E-3) gives
m= [499-648) %9
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() = % = T - 40 ol

0o=0

2 v \2
X,z fx,-f x, = 0.4
(A’“
-2 Xo = o4 or 'J't.o =0l W,= 4 "'/S
Wn .
D=15cm, G=79.3GPa, p=7800kg/m?3
f=193 Hz, k = 4.62 kN/m
d* G d* (79.3 x 10°%)
k = Spri te = = 4.62 x 103
pring rate 5D’ N = 8 (L5 x 10_2)3 N X
d4
or — =1.5730 x 10712 (E.1)
N
o1 \E
2 \w
71:(:12 7152 9 2 2
where W = - DN p= " (1.5 x 1072) (7800) N d2 = 288.686 N d

3
Hence f_—_ l M e 193
2 V 288.686 N d?

or Nd? =107.409 x 10¢ (E.2)
Egs. (E.1) and (E.2) yield

d? 107.409 x 107®
N = 12 2
1.5730 x 10 d
d® = 1.68954 x 1016
or d =0.00235123 m = 2.35123 mm

Hence N =19.429
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Data: D =15cm, G =30 GPa, p = 3000 kg/m3
f =193 Hz, k = 4.62 kN/m
d* G d* (30 x 10°)
3 = -2\3
8D°N 8(1.5x107%)°N

k = Spring rate = = 4.62 x 10°

d4
or ~ =4.158 x 1012 (E.1)

_1 /k
/_zJ;

BEXE n’ _2 0
where W = e DN p= ”y (1.5 x 1072) (3000) N d2 = 111.033 N d2

/ 4.62 x 10°
Hence f= l T g T 193
2V111.033N d

or N d? =279.264 x 106 (E.2)
Egs. (E.1) and (E.2) yield
d® = 1.16118 x 1015 or d = 0.00324203 m
Hence N = 26.569397

By neglecting the effect of self weight of the beam, and using a single degree of free-

/ k
dom model, the natural frequency of the system can be expressed as 0 = ,—
m

where m = mass of the machine, and k = stiffness of the cantiliver beam:

_3EI
k= P
where € = length, E = Young’s Modulus, and I = area moment of inertia of the beam

section.

Assuming E = 200 GPa for steel and 72 GPa for aluminium, we have:

1
3 (200 x 10°) 1}2

m €3

(mn)steel = {

m
7,

SONNNANN

7
b
'

)y = {3 (72 x 10°) 1}5

m £

Ratio of natural freq. =

((Dn)steel — (@\J%
(wn)Al

Thus the natural frequency is reduced to 60% of its value if aluminium is used in-
stead of steel.

= 1.6667 = 1
0.6
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@ For fre,e vibration, a,(wnlj Newton's

Second [a.w 0of wotion:

mile + vmj sing =o €1

For small o.mgu[a.r J-'SFla-cemenfs, EZ'(E")
i-e_a(uce_s fo

mlé+mgeo =o (e-2)

oyr e + (,.9: e =0 E-3)

where W, = ’}_ 4
F «

Solution of Eg - (E-3) is:

8(t)= 6, cos w. t + io_ sin @, t (E-s)
Wy,
wLere 6, and éo Qenote the a.ngula.r A.‘sF(acemEn‘t
and amjula.r Veloc.‘{'y ot t=zo. The amF{ituo!e of
motion s given by

R 1
® = {9" + (6. \ 1%
» Un) } (E.6)
USu'hj @ = 0.5 ra.J,, 6,=0 and éo= i ra.d'/s, E&.
(E-6) gives
) jpond é - 1
0.5 = _a_;:- o or S,= 2 ra_J/s

n
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The system of Fig.(A) Driver o Driven

can be drawn in

CZu.:VOJEnt form as

Shown im F.'j-(B) where

both pu”ey: have the swme

m""us Vg we rotice in 250 wm ¢

Fi . . 1000 wm &
i9:(B) that vibration can fake b /] Fig. A 7.

Pla—ce in only one way with one
I"‘”e'f moving cleckwse and

the other moving counter clocxwaéT
when Pulley" rotate /n : @
opposite directions, 0 _ &

@ 7 b A Frg . ’
The spring force , which has the ' i ;; 3{';{2 """" . "'€.2 """" -
Jome value on either pulley & — Kk, (6,+6r) ; ez —5F = (forie‘emt:’ o );'-e
Wheve % = torsional spring constant of | _ @k nae)l _ .2
' 26 = '
]

'Hue /stfem- Ez)"a'mﬂ‘ d“- mo'&c'on i3 2*('25 )z - */ N /‘“J
oo oo H - 32 -m,

16y + k¢ (e.-{-ez) =0 At Jp8, t+ 1¢+(8|+Gz)=°:.; Eg. (E,)“m;iyes, for = 12T rad,

e 56,+ *t(l+%-_';>e'=° & Jié;_+‘kt(%+l)ez=°§- k= 454-7935 N/,

Eithar of these egua.t.‘o;; 3|'ves it The other PaSSiHe motion (¢
®= {*t ( Tl_;'_;r_'-) } L &) 5 rotation of the .0 rul'ley: as o
He 192 . ' Whole (as vigid body)in Same
e 5= o-%— =005 xg-m, ' divection. This will have o natuval

Ji’: % (speed rn.*l:.‘o)":. o-Z(—,’;)": o025 *1-"'1 i freguency of 3ero. See section 5.7,
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m/f é'+m;4-'nv9 =0

For small o, mld +mge =0

w, = [&
)4
= 2T _ u = 1.4185 gec
% S, 9-§1 4
05

<a) o= [E

(b) mlzé.... xatsin 6 + "‘39 Sne =0 ;. mlzs + (ka}-f—'m?f) 6 =0

Wa = *a+ mal
ml*
) mf? 9 + «a sne - mgl sin & =0 ;

o - [EmE

m f?

ml 8 +(kal— m}f) =0

configuration (b) has the highest natural freguency.
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2.5 cm diameter

2.5cm

m = mass of a panel = (150 x 1072) (90 x 107?) (2.5 x 102) (3000) = 101.25 kg

L . m
J, = mass moment inertia of panel about x-axis = o (a2 + b?)

101.25
12

((2.5 x 1072)2 + (90 x 1072)2) = 6.83965 kg m?2

—
|

o = polar moment of inertia of rod = 3—7; d¢ = 3—“2 (2.5 x 1024 = 38.3495 x 109 m*

_ GI, _ (26 x 10°) (38.3495 x 10™)
ot (30 x 1072)

= 3323.62 N-m/rad

1 L

k, |2 2

w, = —t| = [3323'64J = 22.044 rad/sec
Jo 6.83965

I, = polar moment of inertia of cross section of shaft AB
n

=2 g4= 2 (2.5 x 102)* = 38.3495 x 10-° m*
32 32

., = torsional stiffness of shaft AB = %

83 x 10°) (38.3495 x 107°
= ( 1)5( 102 ) = 21220.06 N-m/rad
X

o — mass moment of inertia of the three blades about y-axis

[
|

1
3J,/PQ =3 [g mfzj = me? = 1(30 x 1022 = 0.09 kg m?

1 1

k t 2 2

o=|—| = (WJ = 485.57 rad/sec
Jo 0.09
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&%)

Jo = mass moment of inertia of the ring = 1.0 kg—m?.
I,s = polar moment of inertia of the cross section of steel shaft

= 37-72- (43 —df) = % (0.05* — 0.04*) = 36.2266 (10~%) m*

Ly = polar moment of inertia of cross section of brass shaft
= 12 (d4 —di) = % (0.04* — 0.03%) = 17.1808 (10~%) m*

Kis = torsional stiffness of steel shaft

_ GsLs _ (80 (10°%) (36.2266 (10%))
'4 .2
ki, = torsional stiffness of brass shaft
_ Gv Lb _ (40(10%) (17.1806 (10~%))
'4 2
ki =ky + ki =17,926.76 N—m/rad

= 14490.64 N—m /rad

=3436.12 N—m//rad

Torsional natural frequency:

ke
= '\/_Jol =\/ .119_21“'& — 133.8908 rad /sec

=2t o 2T _ (.04693 sec
W,  133.8908

Kinetic energy of system s
T = Todt Tk = £(1mf?) &y L mf 6"

Potential energy of system is
(s:nce mais d} the rod a.bti Tf\'mujk & Ce,nfer)

U= Ypd + Yol = —myl (:L—Cas e>+ Mgf(t cos e) f(i—case)l

4 |_ _____ m
Egua—floh of motion : 7 : + |
(T+ U) =0
re. M+—')l".6'+(m+ 1>52 Sime =p
For small angles, . M+ 3D 3
et (m+ 2 1 =0

©, = (M"'L;')?'
\/ (M+ )1
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' 4+ o5yt

32
GJT " -8
= & - (0793 x w0 l(ii-as.%.x 6) 24329-002 N-m/rad

For the disc.

T = - f‘n'D+‘~

32

LBS x 10 )7" (1)4(" 1) =76 8710 1‘3'"‘1

W, = ’__t, - ( - 77

Eguation of motion

N :-Wo‘&—lk(%e)—g-.

'2*(%&9)'1% ~ kg

Wl-nere 2
1
J;A= J‘G“-hd —Eml +m§'€'
= -;—mlz
z w:m,
m {

2
9+(m3f‘+2"£ +§—%—I+ ké>9-_-o
\/6"33*' 5 i+ L g xL* +‘kt)9 _ \/9mgcl+w‘kfz+9*el

m g mit

S

For 9iven data,
W, = \/;("’)(7 1) (%) +10 (2-000) (s)* +9(1000)
1o (5%

= 45.1547 rad

SEC
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2
Jt;:i"mﬂ > 3&=-2'-mkz+mﬂz

y ,
z :
Let angular displacement = @ 2 2
Eaua.f:fon of wmotion: é g
v 2 2 . 4 /
J; o+ « (R+w> 4 + kl (R+w) @ =0 /////////7//f/)////////////// ;
14
O, = \/(’kﬁ- 2-) (R+°’) /(k,+ k,_)(R-;-w) (E
J.C .5 m R? ')
Ezua.f:c’oh (Eg) shows that- W, Increases with the value
of .
.- WOn thL be maximum whenl o= R.
Net ¢ acting on the tenc?u(um = 981-5= 4:81 m/sed = 3
Wn= J?: / 4:31 = 3,016 ra.A/zec
Ta= W5 = 2.0259 fec
@ Ezua.hon of motion:
To © = ~#,0-(k, 0. 6)a - (K, 16) 1
where & = Lmll-f- m (—1>z=£-mlz
12 T) ™3
v — L — %, L0
émlze + (%p+ tg ot + k,_l‘)9=o z z %2
@, = {3(*4:1- kyat + o 4*) }1/"
" ml*

G) 3= %onb - tndonn

Egua.fu‘on of motion:

@, = *"3“ / 22 b

A 2+ 2 bt
Wn _ (zab -'é' {(a‘nb*)(za)-ng(z,s)
ob 2 o +z.bz> (a,"+ zb‘)z
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i-e_': b= x ’f?—
O |, e = [F = _ (%
=+ a7 ¢z+2(a_=/2_) V' o

b= - W/J'z' gives (maginary value for @9, .

a
Since Wn=0 wlnen E=O »y we have w"/max ot b= "E

@ 3*(9.%_) #(93;{-
L |

C—FFE = ————)
“ ey 9}
£ Sk Y
7 %

Let 6 be measured from static equilibrium position so that gravity force need not
be considered.

(a) Newton's second law of motion:
” ¢, ¢ 3¢,,3¢ 5, 3
=— -) = - ) (=— 6+ =két b=
Jo 0 3k(64)4.k(04)(4)or Jo +4k€ 0
(b) D’Alembert’s principle:
M(t) ~Jo 8 =0 or —~3k(f %) (%) —x(8 34_") (%)—J°'0'=0
or J0.9.+%k€20=0 '
(¢) Principle of virtual work:
Virtual work done by spring force:
e, ¢ 3¢6,,3¢
=— =) (— 66) — —)(— 80
Virtual work done by inertia moment = - (J 0) 66
Setting total virtual work done by all forces/moments equal to zero, we

obtain

%§+%kﬂ0=o

@ Let m.s = effective part of mass of beam (m) at middle. Thus vibratory inertia
force at middle is due to (M+ m.g). Assume a deflection shape:

y(%,t) = Y(x) cos (wy t — ¢) where Y(x) = static deflection shape due to load at
middle given by: :
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F

3

Y(x) =Y, 3%—4%] ; OSXS%
. . . F &
where Y, = maximum deflection of the beam at middle = BEI
- Maximum strain energy of beam = maximum work done by force F = -;—F Yo.
Maxjmum kinetic energy due to distributed mass of beam:
£
=241 m 2 2
- —_’fY(x’t)Imaxdx +2 [ym“] M
2 ¢ 5
£
mwy 1 2
= 7 jYz(x)dx+_2‘wleYmuM
k4
2 2 2 ] 4
m Wy 9x X X 1
= Yi|l—— +186 = —24 = | dx + — Y2 2
2 v2
muwy Yo | 9 8 18 x’ 24 x° 2, 1 9
- 2x 8 x 24 x 1 2
7 73t w7 e‘5|0+2Yonn
1. 17
=7 Youn |ggm+M

This shows that m.g = -%% m = 0.4857 m

For small a.ngu(a.r rotation of bar P about P,
z (*n)eﬁ (923)7’.= L (08) + L+ %, (0 22>z
: 2 2
<*'7'>€f/ = *! Il +z *2- IZ :

13
Since (kn)eﬁ and k3 are in series,
2
(*n_)eﬁ-l- k3 1<,1f'+ ko A2+ %3 15

T = kinetic energy = £ m %z » U= potential energy-= + ke_z x?
I‘f 2= X ces W, t,

PN 2
Tma.x'—'_zl,mwnx )
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2 )
Tma_x - Umu SI.VCS' k,‘kB 1|L+ kz 'k; !l -
Wy = r 3 2 2
""'(k,f, + %2 A2 + 3 13 )
When mass m moves bj x, —
@ Spring %, deflects L'J x/q. *2=2%
T= Kinetic energy :-'_ ™m (';:)z
V= Po{'en{'mi enerjy 2.{-’-(11:)( ) } Tm
= -'L % z x
For ‘ka.v'mam‘c. rnotion, k=2t
Tmax = %m 03,,1 Xz., Umax = f; 1 3 Xz
T;na.x = Unmax 9ives 09,, - 4_1;;
@ Refer to the fu‘gu.re of solution of problem 2.24
- L > 2 ° °
< T= zmx" | =%[2k, (% o5 45 Y+ 24, ¢ ca.rl3‘5>zJ
2
= L () + 1) x
harmonic motion R
2
Tmo.x = é'm w,,z xz » Uma_; = LJ. <k|+ kZ) X
Tmax = Umax give: W = . K+ K2
W= T
kinetic energy (K.E.) = mx
Potential energy (p-€- )_ L Tx+ 1 + T, % = work done in

JlSPl°~°‘ﬂ3 mass wm By clasfa.hce X against The total Force
(tension) of T, 4 T3,

T = -; T, T= —b— T from solution of problem é-ZG

2
Max. K-E- = %’m 69,,2 X Max. P-E: = -% T(a.—"“ -i-) xz

-Kn » = b= >
Max E Max. P-E. gjves . JT 2+ /
mab ™a (f{-a)
Tkt =$ 36 =3 (G+md)é’= L(Gmlml) g
-+ (h)s? .
U=P-E-=m30l(1—cos 9)+2( k'x,+-’,:1<-x,_> ++ k0
with cos @ = 1"5.' z, 1—%9 and %= ia-‘e-e
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u=med o . L 1* 2 gt
Je T t*ge+*k L o 1Lk, 6
mi*\ 2 ’
Tmax = + ()6, Urax = 3 _}io l(°“!)0+%*®

A 10 4 ’
mg = 4 ”
Wy = e _ Tt 451547 ';-“e'é for given
m data
- -9
Refer to the figure in the solution of problem 2.9:1.
- .z

2 2
L,_JS@'.@ » Umo..x= %‘(‘kt+ kla'z'*" kz!—)‘a
Tmax= Umax 9gives

1 — =
W = k{_-i-kiaf'-i- sz.& _\/3(4({:1- ‘k,_a."-i- kzl")
. Jo

2
since  J, = ml%/3. - m £
When prism is displaced by x f—a —f
JeI'Om ezuil:’Lrium Posif:.'on, the b 7 T
weight of oil displaced “
Ezm“bnum
= f } abx = resfon‘ng force POSL ion —'x]"—“—'—-*—-——
Mass of prism= m = f abh et ---— --
EZ“G—{-"OY\ of motion:

mx + res’bormg Force =o
f’wwbk ;- + J:?a,lx - o

_ [fgab _ [F7F |
Y v el 7 (g1)

Since @, is ma'e):enc:'ent': of cross-section of H.e prism, Gy
Yémains same even for a circular wooden prism.

q:» 1 .2 1 .2 1
T=—mx —Jo § =—
‘ 2 +2 o 2

mR""+%mR2 2

8

1
U=?kle+%k2 %(k1+kz)(R+a)z
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where x; = {R + a) 0. Using _c‘lit— (T 4+ U) =0, we obtain

(3 mB) G+ (o +1) R+ 0=0

@ Let x(t) be measured from static equilibrium position of mass. T — kinetic energy
of the system:

Jo

.2
m+ —
r

X

since 8 = % = angular velocity of pulley. U = potential energy of the system:
=Llyyz L 2
U= > ky? 5 k (16 x°)
since y = 6 (4 r) =4 x = deflection of spring. % (T 4+ U) =0 leads to:

. Jo..
mx+—;-x+16kx=0
r ,

This gives the natural frequency:

w, = 18 k r?
mrz +Jo

For pendulum, W, = % n Vaccum = 0.5 Hz = T rad/sec
L= %2 = 93712 = 0.9040 m
CdJ = W, ’1- Y?* n viscous medium = 0:45 Hz = 0.9 T ra.J/Se:

2 Y P 1/ 1— 071
To = u =7T( 7 >=|-875?.
Wz
T = 13694
1 (X ] .
Eauai‘fon of motion: mi" o + C; @ + Yﬂjl @ =o0

ce = 2(m8) @, = 2 (1)@ 94Y(T) = 6. 2080

Since T: _c_f__ = 1-3694, C‘: = 8§.5013 N-m-xec/ra"f.
: Cet
From Ep. (2.85),
In ;I‘L = La(18) » Li_ = 2.9%04
;’-H -7 N
2 z
T={(z'8904') = 0-4179

@-8904) + 4 T2

103



www.FluidMechanics.ir

(@) If damping is doubled, Thew = 0-8358

z‘h (%' _ 2T 3'"“ _ zﬂ'(o"358) = 9.565¢
X1 [i-TZ)  Vi- (0.83 5¢)*
%
o —2 = 14 265.362
Z"*u
() If damping is halved, 0o,
L ) . 2T Jrew 27 (0:2090) —
1"'4-! r 2" = > 1.3428‘
I ‘[1.. (o.zoso)z
L] x.
o= = 24296 |
2""

xt)= X e Tt sin Wt where @ = /13 o

For maximum or minimum of x(t),

T - x e-Twnt (—Twﬂ Sin U‘e <+ 69‘, CoSs C{’d'k> =0
W
Tt #+= o0 for finite t,

—Twh Sin wlt + Q’J cos &3‘!{:

= 0
e tan ot = “1-“"/3'
Using the relation
_ tan Wyt + (Ji— ‘T"/T)
sin Wyt = * T = =+ Ji-1*
J_i‘i' td.ﬂz Q’Jt \/1 +( ,1_71 >? -
we obtain ¥
Sin Wyt = JI-37 , cos wyt = T
and
sin Wyt =~ Ji-y% , cos Gt= -7
. 4% ST

+ _
dt* X e " [Tz‘s: Sin ‘*94*-' —2T W, cos U‘lt—a&zs.’n c.:'ﬂ

when sin 9t = J1- 7% and cos &yt = T,
4% ~-TW,t

2
- —Xe W, JL-T* < o

sin “’a*— = Ji—T" ccrresPonJ: t maximum of -x(t)_
when  sin oyt = -Ji-T7% and cos Wt= -7,
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2 -TWw,t
d x = X e QS,.L Ji-1* > 0

dtz -
L sin GSJf = - {1 - Tz CorresPOan' to minimum of -’_(t)
Enveloping curves: x(t)‘F\“ - = (1)
Let the curve : TS~ -
pasSing throusgh the o ! L “‘;—qzic_
mMaximum (or ml'nimum) iy 1.1:"_31_1'_ - ("J-t
goints  be - -
-y t o
x®)=c e % (£)
_ _ -1 —
For maximum Pomfs, t max = Sin ( i'T”)
)
and
-7, tmu - T, t'“"’
C e = X e Sin 09 tmax
re-
¢ = X Ji-v*
=T, t

-~ xi(t) = X Ji—‘f" e
Sfm-’la.fly for mintmum Fo.’ntf, tmin =
ard

- () . tm? —Twn trm'n
c gl _ox e sin 6 tomin

e = =X Ji-7*
— t
x,()= - X VI-3* € Tn

x(t) = [‘x°+ (%,+ @, xo){_] c Wt

---- (1)
For X >Q, graph of EZ'(Ei) 1

is shown for different fco .
we assume x, >0 as it is the
only case that gives a maximum.

For maximum of =(t),

i%: e—wnt {_(io_,_wnzo)wﬂt + 7'!,,'} =0
tn= e - @)

Wn (%, + w0, %)
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L V .
‘ -t .
%‘x’{ =' .- ewn {2 wn xo 4+ LS:' xa - (:3.:' (*O -+ w" xa)t }-_.--(Eb
() and CE;7 ‘give
::z’_! - -, twm {2(49'. .;,_o -+ (.S: xy — U: (';Lo-p- 9, '&o) fm }
t'sf,..

- _gc’“( 0..(-3:.:-69,.19)) { 69,.,7.(, + "’: 7‘0} C - (54)

For Kg> O and i°>o, J"x
dt*

tw

Hence t,, given by Eg. (Ez) corresponds fo a maximum of x(t).
. . -W, tm
Il -t = {x,ﬁ- (% + Wn%e) _%o - }e "
t=tm Wy (%o + Wy Xo)

- (x, + %o:> e— (i.i: On *-> ---- (&5)

Eguation (2.92) can be expressed as 5= L L. (_;::_
For haly C#o&.. m= 1

an hen xq
2 4 hence 8=zzn(:;— =1L.—"—>

0I5
Necessaxy Ja.vnpfna ratio I, is =3.7942
- § _ 3.7942%
Y = — = -
{em)* + 3 V4mt+ 3-7942
= o519
(a)

I T=%—'5'. = 0-3877, the overshoot can be determined by
;incl?rlj S from Ez.(Z-BS) :
2T 27 (0:3877)

$ 26427 _22"(:,)
'S SN Fesr T *

3
Xo
n— - R 's
Zﬂ(xf) 1.3213

X, = z/el-n'” = 0.26CT75 X,
3

overshoot is 26- €775Z

(b
I} T = -;_—T°= 0-64¢Gl, & is given l’j
5= 2Tt Y 2T (o.GkGl) _ 5.3189 - 2 Z“("O >

fioss Ji- (o.eq.s!)z" ) 1
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o

x,
z

" overshoot = 77,

= Ii4.2888 , x., = ¢@-0700 %o

Nl

@ (i) (a) Viscous dé.mping, (b) Coulomb damping.
(iii) (a) 74 = 0.2 sec, fy = 5 Hz, wy = 31.416 rad/sec.
(b) 7, = 0.2 sec, f, = 5 Hz, w, = 31.416 rad/sec.

ii =¥
(i) (a) — o

m[ X ]'=1n2=o.6931= 37T

Xi+1 ﬁ?

or 39.9590 ¢ =0.4804 or ¢ =0.1096
Since wy =wy, V1 —¢, we find

wp =t = 3118 _ 37 6085 rad/sec
\/1 -2 ~ Vossies
k=muw? = 95(;0 ] (31.6085)* = 5.0916 (10*) N/m
g == i == ¢
Cc 2muwy
500

Hencec=2m w, ¢ =2 (—) (31.6085) (0.1096) = 353.1164 N—s/m

(b) From Eq. (2.116)-
k=mw}=—"—r (31 416)? = 5.0304 (10*) N/m

Using N = W = 500 N,

_ 0.002k _ (0.002) (5.0304 (10*))
X 4 (500)

= 0.0503

@ (a.) Cc= 2 Jkm =2 “Soooxsc = 1000 N-4/m

() c= €/2= 500 N-4/m

W= W, Yi-7% = J—' ,1 (c - Jﬁoo

= 8:6603 rad/sec

f @

500

c) (2.8 = & ()
( From Ep (2.85), s§= @, (21") §.6¢03

=3.6276

(

2x 50
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m = 2000 %g , V= % = (o ""/SC’—C > %= 40,000 N/m
C 20,000 N-se¢/m

&
I

n J_i‘,_;: J% = 4.4721 ra-a'/sec
Cc = 2Vkm = 25,298.221 N-sec/m
T= Y. = 0.790¢
W=, JI- T

= 4.4721 \]l— (0-7306)T = 2.7384 ra.J/sec
2’4: 211"/09'1 = 2:-294S5 Sec

(@) For %, =0 and x, = io mfec, E5. (2.72) gives
-Jw,t .
=(t) = ej~" Zo sin w, J1—T> ¢
- %
T+ o
At %oy, ot = T and  sin 1= T t =1
-0+ 7906 (T\'/z.)
Xmax = @ (Z 394 1) 1-0548 m

() - 2'4/4 = 2.2945/4 = 0.573¢ sec.
@, = 200 Cs"JGS/rmn = 20944 rad/sec , 09, = 180 cycles/min = 18-9496 =
d= 02 "5‘ 7

W, 18:8496 \2
Since. @y = Vi-¥¢ Wy, \’1 ( J \/ ( 4

20.944 ) - 04359

(Ct)cn = 2 J’, («9

Cy= 27, W, 7= 2(0:2)(20:94 4)(4359)

= 3.¢519 N-m-4/rad
EG.(2-7Z) can be used to obtain 6(t) for @ =o

, <O, ©,= 2 = 003491
rad and t= T = _%r; = 0.333) sec,
-T .t T WSn .
9({:) = e n 8, {c_d CBJE + _6-3—4__ Sn C.SJ{: }
_ e_(o-4.359)(zo.944)(o.nn)

(0-03491) {cos 18:.8496 x 0-3333
0:43859 x 20-944 .
+ b . <3333

ETAee Sin 18- £496 x 0 }

= 0:001665 rad = 0.09541°
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Assume that the bicycle and the b;)'}—' fall as a rigid body by 5 ecm at point A. Thus
the mass (m,q) will be subjected to an initial downward displacement of 5 cm (t =

0 assumed at point A):
=0.05m, xg =0

Xo
keg (50000) (9.81) _ rad fsec
wy = '\/K a o 24.7614 rad fse

Ce=2muwp, =2 L%ol-] (24.7614) = 4038.5566 N—s/m
c 1000.0
2 e I ceee—eec— S .247 i
¢ 2038 5568 0.2476 (underdamping)
wg=wy, V1—¢ =247614 V1 —0.2476> = 23.9905 rad /sec
Response of the system: .
x(t) =X e *“** sin (wa t + )
1
. 4
where X = x% + M
Wy -
1L
(0.2478) (24.7614) (0.05) || *
—_ 2 . . . = X
(0.05) + T b =0.051607 m
J
: (
Xg Wy 0.05 (23.9905)
and ¢=tan"! |————| =tan! = 75.6645°
¢ %o + ¢ wr Xg " | 02478 (247814) (0.05) | 10004

Thus the displacement of the boy (positive downward) in vertical direction is given

by
x{t) = 0.051607 e~ 81309 5ip (23.9905 t + 75.6845°) m

Reduction in amplitude of viscously damped free vibration in one cycle = 1 cm
h_ Db 1.07143; 1 == 0.0689942 225
=1. ;In = 0. =
V1 -1¢?

X9 14 Xy

. 47 (2

1.e. 0.0047602 = P
1-¢

or 0.0047602 = 39.48318 {2 or { = 0.0109801
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;t"=o.z SEC:—:-;E R (.54: 31:.416 ra.J/s'ec
From Eg. (2.92) $= ?15 fnt10 = o0-04605

§ 0:-046CS

T=J——(T—w—r-)——x:?r = = 0007329

V@M o ogcos?
When damping is neglected,

270 '
Wp= O /JIoTF = 31.417 rad/fec i Tw= G, = 0-19999 sec

Propor tional decrease in per.od =_(‘Zﬁ_'°_'1_922)___ 000005

0.2
For Crifu'ca.Uj Ja.mped system Es. (2:80) gives
% (t) = {xo-q- (""o + 3, Ka)f } e-u"t (E(>
K ~Wet ¢ . .
x@F)= g " {zo - x, Wt - w: x,t} | (Ez)
Let t_ = tl'me at which == % and x =o éccur.

™m max
Here x,=0 and %, =initial recoil velocity. By setting

x () =0, E. (E2) 9ives

= %o = Ze_ . L (e3)
wn (xo + (4.9,.. xa) ‘ wn %o n
. -, t e =1
Xmax = X, tm € "z X e
Wy,
e Xy = O Xpmgy & = Gy (0-5) (2-7183) (Eq)

US.‘n_s Xo = (0 m/sec, @, = “/(0-5' * 2.7,33) = 7-3575
When mass of Qun is 500 kg,
the stiffness of the Spring is
2
k=W m= (73575) (500) = 27,066.403 N/m

ra.J
sec
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4= 5000 N/m , €= 0:2 N-Sfnm = 200 N-4/m
= 2\'1<'m = 2\/5000 ™m

m = 2 4&9
Wy = ,{ﬁ/,,,‘ = \/5000/; = 50 ra.A/sec
Loga.riﬂnmn'c decrement = § = _27T T = 2.0
c 1 - Tz
(@ = =— = . 3
ie < 0. 303 amd ¢z 5.3033 (0:2) = go.66 N-5/m
ﬂf:urm'nJ xoz fo) MJ ‘;‘O = 4 -'l'ﬂ/s;
—_yw,t | .
x®) = &7 T o VioyT et
W, Jt—-71*
For 2 ax, w,t x T2 and sin Vi-y* ot = 1
A — 003033 (/) 1

x 2 (1) = 001303 m
ma ¢ 50 \}1-0-3033 »
For an overdamped system, Eg.(z.sf) gives |
i ooy b,

x(t)= e (¢, ed*, C, e'u“t) (1)

USl'ng the relations et‘x. — cosh % * sinh x (Ez)
Eg-(€)) can be rewritten as

-TW,t
x(8) = & 7 (¢, cosh ayt + C, sinh ayt) &)

Where Cy=¢+¢ and C,=C - ¢,
Differentiating (&,),

[ J —Ta’nt -

x (‘E) = e [C3 “’J sinh Cﬁdf + Cq a_," c‘,s[, o‘l.t ]

- 7065, é’T"‘sr\t [C3 cosh G%lf + Cy sinh C\J‘lt ] (E4>

Initial con&;‘x’:x‘onr x(-t:o\: x, M;f ‘:f-(f-‘-°) = D.CO with (EJ)
and (E4) give

Ca=2%5 , C4= (xo+ T Wy, "o)/agd (E;)
Thus (E3) becomes
Yy, t
x(t)= x, e . (Cosl. Wyt + T:;:“ sinh cadt)
10 _Twnt .
+ EJ_ e sinh Qelt (E‘)
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(c) when -,Qc =0, E- (E¢) gives

-Yw,.t (A1 .
x(t>= z, € ¥ (Cosl-. G.:"t + TC«J; sinh o, f) (E-,)
Since @ T, t ) cosh wt _T_z”;_ and sinh &yt do not
g a
change sign (clways positive) and ¢ Tw,t approaches

3ero with increasing t, x(t) will not cha.nJe sign .
(i) when =z5=0, E.(Ec) gives

v -Tw,t
x(t)= %"_ e T sinh as,t <53>
d
Here also, W, , e Twat ard sinh Wt do not change sign
(O'L“ﬂ-_ys poSiffve) arnd é—Tw“t a,ﬁ:roa.ckes zero with

a‘ncrea-ﬁng ¢ , x(t) will not c,l;a.nge sign.

@ Newton’s second law of motion: ™%
[ ] (1)
o > 2 > 2

YF=mxX=—-kx—cx+F (1) s
. 5
YM=J,§=—FR 2) . SN L s
Ll vy B
where Fy = friction force. R %e
. mR? .. X s
Using Jy = and 6 = L Eq. (2) gives
S 2] X __1.%
Fy 3R [m R R ;7 mX (3)
Substitution of Eq. (3) into (1) yields:
3 ..
?mx+cx+kx=0 (4)
. 2k
The undamped natural frequency is: wp = Ty (5)
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Newton’s second law of motion: (measuring x from static equilibrium position of
Y. .

cylinder)
Z‘,F=m5i=—kx—cfc—kx+Fg (1)
NM=J,§=—FR 2)

e X .
where F; = friction force. Using Jo = —;— mR? and § = R Eq. (2) gives
1

Substitution of Eq. (3) into (1) gives
%mii-}-_c:'c+2kx=0 (4)

Undamped natural frequency of the system:

. k= “ — (4)
Cx
r& mx
5,6
=x

Gy CF

Consider a small angular displacement of the bar 8 about its static equilibrium
position. Newton’s second law gives:

bl

i'e'a J00+_0+—kf20 0

TM=1J, 6=—k [9_
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7
where Jy = T ¢%. The undamped natural frequency of torsional vibration is

given by:
3k(’
W, = 36 k
4Jo 7m

Let éx = virtual displacement given to cylinder. Virtual work done by various
forces:

Inertia forces: §W; = — (, 8) (59) — (m £) & = — (3o 5) (%) — (mE) &

Spring force: W, = — (k x) &
Damping force: {Wq = — (¢ x) &
By setting the sum of virtual works equal to zero, we obtain:

Jo

R

%

R

—mX—kx—cx=0 or %mii+ci+kx=0

®

Let &x = virtual displlacement given to cyllinder from its static equillibrium
position. Virtualll works done by various forces:

Inertia forces: W, = — (Jp §) 8 — (m ) 80 = — (Jq _;-) (%) — (m¥) &

Spring force: W, =—(kx) &x —(kx) &x =—2k x &

Damping force: Wy = — (¢ x) &
By setting the sum of virtual works equal to zero, we find

Jo %
—fh——mx—ka—cx—Q (1)

Using Jo = % m R?, Eq. (1) can be rewritten as

%mi+ci+2kx=0 (2)

@

See figure given in the solution of Problem 2.101.Let 8¢ be virtuall angular
displacement given to the bar about its static equilibrium position. Virtual works
done by various forces:

Inertia force: SW; = — (Jo 6) 69

Spring forces:
3¢,,3¢ e, ¢ 3

Damping force: Wy = — (c 8 g) (-g- 56)

By setting the sum of virtual works equal to zero, we get the equation of motion
as; 2
J09+¢€—0+—kt” 0=
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See solution of Problem 2.8). When wooden prism is given a displacement x,
@ equation of motion becomes: m X + restoring force = 0

where m = mass of prism = 40 kg and restoring force = weight of fluid displaced

= pp g 2 b x = pp (9.81) (0.4) (0.6) x = 2.3544 py x where p, is the density of the
fluid. Thus the equation of motion becomes:

40%+23544 pox=0_____

2.3544 po

9 40
Since 7, = LU 0.5, we find
Wy

5 v 2.3544 py
0.5 40

Hence pp = 2682.8816 kg/m>.

Natural frequency = w, =

Let x = displacement of mass and P = tension in rope on the left of mass.
Equations of motion: ,

YF=mX=-kx—P or P=-mX—kx (1)
2M=J°9=Prz—c(0r1) (2)
Using Eq. (1) in (2), we obtain
—(mX+kx)r,—chr =Jg 8 (3)
With x = § r,, Eq. (3) can be written as: _
(Jo+mrd)d+er, 0+krib=0 (4)
For given data, Eq. (4) becomes

[5 + 10 (0.25)%] § 4+ ¢ (0.1) § + k (0.25)2 § =0

or 5.6250+0.1c0+0.0625k6=0 (5)
Since amplitude is reduced by 80% in 10 cycles,
x_l = ﬂ =5 =e10gw,r,,
X111 0.2
S |
ln-x—-=ln5=1.6094=10§wnrd (6)
11

Since the natural frequency (assumed to ‘be undamped torsional vibration

frequency) is 5 Hz, wp =2 7 (5) = 31.416 rad/sec. Also
2T 27

= =L (7)
“a uln\/l—gz m

1
Td=H=

Eq. (8) gives
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".:]~—vwww~——F 16094—10;(31416)[_\/.—]= 82183—2;
i.e. '\/1_-—-F=62832

= 39.0408
1.6094 5 ¢

ie, ¢=0.02561
Thus we obtain:

A / 00625 k

wy = ——=2 " =31.416 —8. "
seos 1416 or k =8.8827 (10°) N/m

rocoaca .

¢ =0.02561 = — = —u0 0.10 c
e

Zme Wy 2 (5.625) (3L416)
' -3
Torpue = 2x 10 N-m
a.ngle - 50 = 80 divisions

or ¢ =190.5134 N—s/m
For a. torsional system , Ep: (2.84) 3|ves

6 _ eT‘*’ n%d &)
e, .
(b) For one cycle, ¥, = 2 sec and (Ey) gives
359 = ezT"’“ or TWO, = + I (16) = 113763 E2)
Since Ty = ~ z‘rrz =
J—(:’“ - T W,
2
2 _ @) 152 - 4T o 3963 = (-7915
Or = g T = T ©
- (€
e, W, = 3. 4339 ra..o\/sec 3

@) since angular displacement of rotor under appled torgue
= 50 = 0:8727 rad,

: -3
k£'= tbf&“'ya.ngula.r dlspla.cemenf = 2x10 /0°3‘727

E
= 2.2917 63 N-m/rad (E4)
(o) Mass moment of inertia of rotor is \ )
T = X o 2207 %16 /17915 = 149436 x10 " N-m= S Es)
o~ G’:

() ¢ =23, Wy

. . JWn _ |.3363 :
Eps- (Ez) and (E3) give  T= B " 3939 =0-4037
Bg- (E¢) 9ives ¢, = 5.3837 x16°* N-m-8/rad.

(e¢)
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(a,) m=|0 Kj
: C=150 N- s/rm

(b) m= (o k3
C= 200 N-5/m

() wm=10.kg

| !
| ]
| I
] |
*= 1000 N/m | *=10600 N/m ! = looo N/m
| : -
S RN N [0 | On= [
= 10 ra.d/s : =10 ra.J/s : = to rad/s
|
- € ! - _< V... _€
2wm Wy : 5 2m WOn :r 2m Un
- e :0-75': =%%° - 1o : =_2%°% _ .25
2 (10) (10) i 2 (10)(ho0) : 2 (10) (10)
[
CJA: WO !~ Tz ‘ :‘"J {0 Ji— I-ooz :‘-‘94 = not w"’n‘ca-ue
,I =g | (over-damped
= 1o\\-0:.15 | =0 : ( P )

-6:¢1438 rw‘/s I(Cf«f'ca'uj—o(ampeal):
(under- dam Pe.d) ; '

(@) Underdamped system: Response: Eg. (2:70)
= 2 iﬂ + T Wn %o 2 yz (E.|
Xo {xo + ( ”y > } )

USina *o = 01, ’)'lozlo,'S': 075, w9, = 10, wA=6.6|1{38)
EZ.(E-I) 9IVes y _ 1.62832 m.

(__ i,+‘5wh x°>
wJ %,
= tow | (- e + °"7'5('°>(°">> = - 86.47908
6:61438 (o) = - 150935 rad

Ez.(zﬂo) gives: st _
x(t) = 1-62832 ¢ Cos (6.g|qgg t + 150935 ) m

(b) Critically damped sysiem: Response: Eg. (2.80)7
x(€) = {'XO + (‘;(o+ @S, X,)t } é-wnt
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=fori 4 (or oro) b} & 0"

:(o-u-;-ulit)é'mt m

) overaia,mpeol sys’cem: Pes{?anse: Ea.(2'8}>

Using 371 = \1-125°= 1 = 6.75, we obfain
C': L wn{‘{+\f‘§2—1 }+ ’Eo

Eg.(2:82)
2 W, (g2
= o1 (10) §125+4075F + (0 .
2 (10) (0:75) - o
- - %o Wy, ‘—\I z2_ )1 __
i s s } it Eg. (2.82)
2 W, ~;2__,
—o:1 (10) §1-25 —0:715} — 10
= — 0.7

2 (10) (6:1%)
Eg- (2.81) 9'ves e
v Z é?r4wk’—l)&h¢ C - 5-Vr*-r)w.t
|

ﬁ(t)-’- + 2€

-1:25 +0-75)(10) £ (-1-25-075) (10D %

= 0.8 e( uQ - 0:7-€ )
-5t -20t

= 0:8 € - 07 @ m

Enery‘y Jn‘ss.',oa.i'u( in o cycle of motion,
x(t) = X sin (ﬁdf > is given lny
AW= 91 ¢ Wy Xz E&- D

= |% _ llooo _
@) wa= % = | 90 = o rad/s
¢

-]
- _5o

o~ < 25

2wy 2 (1) (10)

GSJ = S, ,(,- v¥ =0 \[(— 025" = 9. 682458 Ta-a’/s

For X =02 m, Ez. (E-l) 3:‘ves
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AW = T (50) (s-exzqsa)(o-zz) = 60-83682 Joules

) wa= [ = 15 rad/

C
_ _ 150
3-_ = O|75

2m C"n—- 2(’0)((0) :

[T <Z J 2
“’J=°’h e ¢ =Jlo (1-0'75

For X = o:2 m, Eg. (E-1) gives

6.614378 rad/s

Aaw = T (150) (e.éwB‘?S’)(o.zz): 124.678385 doules

m= 20 k;, <= 4000 N/m

o, = ’% = Ii‘;-_c;.g = 141421 !‘a’c’/.fec

Amplitudes of successive cycles : 5o, 45, 40, 35 mm
Amplifudes of successive cycles diminish by Smm= X0 m

System has Coulomb dwmp.‘n3.

-3
iﬂ.: 5*10.3 > /‘N={(5'Xw )4.(4-000)}_15“

*

= Ja.mpu‘na force
Freguency of damped vibration = 141421 rad/sec

m= 20 "‘7. = 10000 N/m R +FN — 'so- 100 mm = lZ'SX|0.3 m
* +

p= (12:5x157%) (10 000) = g-
4 (20 x 9.31) o

Time elapsed = 4 T, =4 =z 3: = 37"\[-%? = 1-124 sec

m= 10 kg , K= 3000 N/m , p=o0-12, X =100 wmm
4N _ 4-(6-I1)(lo x 9-84)
*

= 0:0457m= 15.7 mm
3000

6(.4#‘-'3) = 94.2 mm, mass comes to rest at Qoo—94.;2)=5.s e

[ mg: 25 N , = {000 N/m > da.‘mpl'nj force = constant
Mass released with

As

. Xo= 10 em and x,= 0.
Static deflection of spring due to sels weight of masr = %o
= 0:025 m
.ak' t=0": x=9g-1m , 7.¢=O
0o =0-1
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N
x|,=xo"z/‘1£—‘ » xz= Ko — ‘f}:
x3= %o - _ﬁ___‘ ‘kN > 'x4= x, - ——-8}::\‘ =0
f-e-» 102 8z N =01
*
Ko K o't) (toco
_ MG.yr‘lH:uJe of d‘a-mrt'nj Force = /lN= _28.—- :-.( )(8 0)
= $2:5 N

m= 20 kg, %= 10,000 N/m MAN= 50N, x,= 005 m
() Number of half cycles elapsed before mass comes to
rest (r) is given by.

Pz {.’f_;’%_} _ oo (Gegm) _

2 LN T
*

2 (2

0 000

. r=5 v
(b) Time elapsed before mass comes to rest -
ty = 27 | =T 22— = 0-2810 sec
P * ="\ lec00 =29
Time taken = (2-5’ C#cltd) t‘, = 0:7025 sec
(¢) Final extension of spring after 5 halp- cycles :
xsz onos— 5(2_5:‘ =o.°5‘;_¢; z*_i.o_,)-___o

10 o000

(displacement from static eguilibrium position =/o)

But static deflection = ""2— = 20 9.81

{0 coo
Final extension of spring = 1:9620 cm.

= 0-01962 m

(a.) EZ‘_*‘H"“ 0‘[,— molion for o-mq,ulﬂ-"' otcllalions a& Fendulum:

3;é+m314¢netm}ta%cgse =0

For Amall amales, é.*l%&(aifi)-.-o
2f
This shows that the amgle of swing decs ty pd
(b) For mation from right L lest :
8(E) = A, wh Wt + Ap #in 0Ont + A5

21
where 3 _ [mgl
% d
Let e(t=0) = §, amd B(f:o): 0- Then A1= o - . A, =0
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a(t) = (e, - L“z_:_)cos Wt + _zf‘_lﬂ

For mction from lejt to right:
e(t) = A; cos os“t + A4‘ sin wnt - /i
24

- —— J L]
At G’nf T e= -8, + _2_1&1_ ) 6 =0 frOm Prev-'ous solu.{:a‘an.

3pd _
Az = 8, - —?.CI_- » A4=O

t) = (g - 344 d

9( ) (9, —-Ei—) Cos Qnt -— %

©) The wotion ceases when d =
(9, -n —tl_ ) <

d
where n denotes the number oF  coeld: 24
C .

x(t)= X simawt (under sinusoidal force F, sin wt)
Da.m}n'nj }’orce = /.4N

Total al:frt_cmwr\t Per Cydc = 4X
(&)

Energy dn’s’:n’pa.teJ per cyele = Aw = 4./uN X

If ¢, = ezua‘vo.len't viscous da.mp.'nj Consﬁa.nt, energy
dissipated per eyele is given by Ep. (2.99) :
AW = TV C¢&C|’ xz
Ezua.‘!:u'nj_ (E,) and (Ez) 9ives
N S
ApNXx o _EPT (€5)

(e 2)

c, =
% ™oy X2 TeX
Due to viscous c'a-mrl'ng : N
8 = xm 3
£ (xm.) 2ms

= percent decrease in amplitude per cycle at X,
-2TCT

xm" X et Xost
= 100 (‘—7:—')-‘-100(1——?—"’" —,(oo(l-e )

Due to Coulomb c'n.mpfng:
3. - percent decrease in amplitude per cycle at X,

2
Xom = X 4 N
= J]00 ( X ) = |00 (« xm)

When both types of dampina are present:

S

+5’| =2 . = 3
4 2 Xm= 20 mm ? 3TP}"’L(...: fo mmn
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e )
- MN
o (1- )+ 32 (5) -
_17\'3“ 400 N
loo (1- )+ o.ol /‘t )

The solution of these eguations gives

N -
50 (1-c”rr)=o'5 omd f'—;=°'5"‘°

Coulomb damping.
o 2w

(a) Natural frequency = w, = —— = —— = 6.2832 rad/sec. Reduction in

Ta 1
amplitude in each cycle:

4uN m 4pg 9.81
= — = —_— =44
Paiaiald 2 K [6.28322
5

= 0.005 m
0

=0.9940 p =

[y
oc

Kinetic coefficient of friction = p = 0.00503
(b) Number of half-cycles executed (r) is

= o ¥
) (“‘)

6.28322
[2 (0.00503) (9.81)]

[0.1 __ 0.00503 (9.81)]

6.28322
> 39.5032

> 40
Thus the block stops oscillating after 20 cycles.
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‘ W= (%5 = [ = 44.721359 rad/s

2™ 2T

= o.l40497 A

(A" — =
Gn 44.721359
Trme taken 1, complete 10 cycles = 10 7,
= 40497 s

N= mg cos e

.
TSN x ()
@) e=30 Pu%x

rnys.‘ne
Cake 1 hen x4 and % = + or x=— amd X = 4
mx - 2U%X —UN + mg sin 0
or mx 4 2kx= -p "“g'case-}'mgn‘ne €)

Case 2: yhen xz + and %= = or  x=z= = avd x = — :

m % = —-2%%x+ /ﬁN + MJanG

or m % +LHx = pmg cose + mg sin @ (E-z)
EZS (E- 1) amd (E.2) can be written a5 a -s"njle
eaua;\:low a’s .

m % + Mmy cose Ajn(?t)-(- 2 4%+ ™y Sin@=0
(-3

(b) Xo= 0l m, Xo= 5 m/s

o
I \!m,o, 7.071068 rad/s

Selutrion of Eg - (E-1):

umg cos 6
x(t)= A, cos Wt + Ay sin Wat — *
+ Sin 6 (.4
Solubion of Eg. (E-2):
2 ()= Ay s wat + Ay Sin Wit 4 "‘mi“"e 4 g 38

%
(. 5)
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Using the ihi):;'al conditions in ea.c’n 'ﬁaif c}cle, the
constants A, and A, or Ajand Ay are 5 be found.
For example, in the first half tyele, the motion

starts from le;.{ toward fu'jkt with x, =o0.] and

'2.¢0= 5. These values can be used in Eg.(E"l)
fn.nd A| a.na' Az-

Friction force = uN= 02 (5) = 1 N. k = oifb' = 250 N/m. Reduction in
itude i 4pN _4() _ 0016 m Number of half-cycles

amplitude in each cycle = T 550
executed before the motion ceases (r):
uN
|2 | _o1-o004
- 2uN 0.008
k

Thus after 6 cycles, the mass stops at a distance of 0.1 - 6 (0.016) = 0.004 m from
the unstressed position of the spring.

Wy = ‘\/_ ‘\/ 250 (9 81) _ 991472 rad/sec

== 0 2837 sec
Thus total time of vibration = 6 7, = 1.7022 sec.

Energy dissipated in each full load cycle is given by the area
enclosed by the hysteresis loop.

The area can be found by cou.m':u‘ng the sguares enclosed by
the hysteresis loop. In Fig. 2-100, the number of spuares is

2 33, St':‘ce ea:i( sguare 3‘1:2!%3!5_‘ =01 N-m, the
ener s$Sipa o

3:1 | IP n Cg, pr Y

AW = 33 x 0l = 3.3 N-m ='IT1<IBX

S.‘ncc 'Hae max,mum Jef[ec‘l:n'on = X = 4'3 mm , a.nal Hae

slope of the force-deflection curve is
[
k= 300N _ 364 xi0° N/m,

it mm

the ‘\jsteres.s c‘a.'mpnny constant /3 IS given l:y
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6= AW 3:3
Tk x* T T (1-6364 x10°) (o-0043)?
§= TR = logarithmic decrement = T (0.3%72) = 1.0908

= 0-3472

Ezu.'va.len{' viscous a‘a.m]m‘ng ratio = ‘S’ea = /% = o-173¢.

J+s &

Ceg= f Jmx = 0-03032 Jix2 = 0-0423% N-5/m
| 2 _
aw= T xf X?= T (2) (c-03032) (.'% = 19-05% 15 Nem

Logarithmic decrement = § = g, (xf >= e
@ t | T
For n cycles, S=-’-',;fm(—°-> =mp

Xn
1 30 -
= 30\ - 0.004055 = T
({«To] l"‘(zo) ° F

IB = 0-001291

n Xn

| 25 )
= G5 = 25 0.0091629

\

. Zaa
ko (r0091629) @00 Loiasg N/om
W
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% Ex2_127.m

% This program will use dfuncl.m
tspan = [0: 0.05: 8]; v

x0 = [0.4; 0.0];

[t, x] = ode23(’dfuncl’, tspan, x0);

plot(t, =x(:,
xlabel(’'t’);
ylabel ('x(t)’);

1));

$ dfuncl.m

function £ = dfuncl(t, x)

u 0.5;

k 100;

m 5;

f zeros(2,1);

£(1) x(2);

£(2) -u * 9.81 * sign(x(2)) -

k * x(1) / m;

$Ex2_128.m
10;

x0 = 10;
for i =
t{i) =
x1(i) =
end

1:101
2*(i-1)/100;
(x0 + ( d&x0 + wn*x0)*t (i)

126

) *exp (-wn*t(i));
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x0 = 50;
for i = 1:101
t(i) = 2*(i-1)/100;
x2(i) = (x0 + ( dx0
end
x0 = 100;
for i = 1:101
t(i) = 2*(i-1)/100;
x3{(i) = (x0 + ( dx0
end
x0 = 0;
dx0 = 10;
for i = 1:101
t(i) = 2*(i-1)/100;
x4(i) = (x0 + ( dxO0
end
dx0 = 50;
for 1 = 1:101
t(i) = 2*(i-1)/100;
x5(i) = (x0 + ( dx0
end
dx0 = 100;
for i = 1:101
t(i) = 2*(i-1)/100;
x6(i) = (x0 + ( dx0
end .
subplot(231);
plot(t,x1l);
title(’x0=10 dx0=0');
xlabel(’t’);
ylabel ('x(t)’);
subplot(232);
plot(t,x2);
title(’'x0=50 dx0=0');
xlabel('t’):
ylabel ('x(t)’);
subplot (233);
plot(t,x3);
title(’'x0=100 dx0=0');
xlabel{’t’);
ylabel (’'x(t)’);
subplot {234);
plot{t,x4);
title(’'x0=0 dx0=10‘);
xlabel(’t’);
ylabel('x(t)’);
subplot (235);
-plot(t,x5);
title(’'x0=0 dx0=50');
xlabel(’t’);
ylabel ('x(t)’);
subplot (236);
plot(t,x6);
title(’'x0=0 dx0=100’);
xlabel(’'t’);
ylabel ('x(t)’);

+

wn*x0) *t (i) ) *exp(-wn*t(i));

-+

wn*x0) *t (i) ) *exp(-wn*t(i));

-+

wn*x0)*t (i) ) *exp(-wn*t(i));

+

wn*x0)*t (i) ) *exp(-wn*t(i));

+

wn*x0) *t (i) )*exp(-wn*t(i));
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x0=10 dx0=0 ' x0=50 dx0=0 x0=100 dx0=0
10 50 100
8 40 80
6 30 60
g g g
4 20 40
2 10 20
0 0 0
0 1 2 0 1 2 0 1 2
t t t
x0=0 dx0=10 x0=0 dx0=50 x0=0 dx0=100
0.4 : 2 . 4
03 1.5 3
go2 1 g2
0.1 0.5 1
0 0 0
0 1 2 0 1 2 0 1 2
t t
$Ex2_129.m
wn = 10;
zeta = 2.0;
dx0 = 50;
x0 = 20;
cl = ( x0*wn*( zeta + sqrt(zeta”2-1) ) + dx0 )/( 2*wn*sgrt(zeta~2-1) );
€2 = ( -x0*wn*( zeta - sqrt(zeta”2-1) ) - dx0 )/ ( 2*wn*sqgrt(zeta~2-1) );

for i = 1:101 -
t(i) = 5*(i-1)/100;
x(i) = cl*exp( (-zeta + sqrt(zeta*2-1)) *wn*t (i) )

+ c2*exp( (-zeta - sqrt{zeta*2-1)) *wn*t(i) ):
end

plot(t,x);
xlabel(’t’);
ylabel(’x(t)’);
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20l Y T T T T T T T T
!
i8¢ 1
16 -
14} -
12 .
.%10- ]
8 1
61 ]
4_ .
2+ 4
0 L o - - L 1 1 1 ]
0 0.5 1 15 2 25 3 35 4 45 5
t
Results of Ex2_130_a
Jrdrvode de de dr e dr g g deodede Xk dedede ok ke ko k ke vk e ke
>> program2
Free vibration analysis
of a single degree of freedom analysis
Data:
m= 4.00000000e+000
k= 2.50000000e+003
c= 0.00000000e+000
x0= 1.00000000e+002
xd0= -1.00000000e+001
n= 50
delt= 1.00000000e-002
system is undamped
Results:
i time(i) x(1i) xd (i) xdd (i)
1 1.000000e-002 9.679228e+001 ~6.282079e+002 -6.049518e+004
2 2.000000e-002 8.756649e+001 -1.207348e+003 -5.472905e+004
3 3.000000e-002 7.289623e+001 -1.711420e+003 -4.556014e+004
4 4.000000e-002 5.369364e+001 -2.109085e+003 -3.355853e+004
5 5.000000e-002 3.115264e+001 -2.375618e+003 -1.947040e+004
6 6.000000e-002 6.674722e+000 -2.494445e+003 -4.171701e+003
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44 4.400000e-001 8.425659%9e~-001 2.499931e+003 ~5.266037e+002
45 4.500000e-001 2.555609e+001 2.417001e+003 -1.597256e+004
46 4.600000e-001 4.868066e+001 2.183793e+003 -3.042541e+004
47 4.700000e-001 6.877850e+001 1.814807e+003 -4.298656e+004
48 4.800000e-001 8.460003e+001 1.332986e+003 -5.287502e+004
49 4.900000e-001 9.516153e+001 7.682859e+002 -5.947596e+004
50 5.000000e-001 9.980636e+001 1.558176e+002 -6.237897e+004
x10‘
8 T T T T T T
6 xdd(t) -
4 .
2r i
1
S-OF 1 ] Y ] e
R x(t)
g
21 .
4F 4
8+ .
'8 1 1 1 | 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Results of Ex2_130_Db

kdhkdkdkdddrdedrhkkdrkkkw e kkkhdeddhk

>> program2

Free vibration analysis
of a single degree of freedom analysis

Data:

m=

Cc=
x0=
xd0=
n=
delt=

system is under damped

4.00000000e+000
2.50000000e+003
1.00000000e+002
1.00000000e+002
-1.00000000e+001

50

1.00000000e-002

Results:
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i time (i) x(1) xd (i) xdd (1)
1 1.000000e-002 9.704707e+001° -5.547860e+002 -4.678477e+004
2 2.000000e-002 8.940851e+001 -9.485455e+002 -3.216668e+004
3 3.000000e-002 7.854100e+001 -1.203024e+003 -1.901253e+004
4 4.000000e-002 6.575661e+001 -1.335030e+003  -7.722135e+003
5 5.000000e-002 5.218268e+001 -1.364393e+003 1.495649e+003
6 6.000000e-002 3.874058e+001 -1.312202e+003 8.592187e+003
4% 4.500000e-001 -4.071590e-001 3.283u88e+000 1.723973e+002
46 4.600000e-001 -3.667451e-001 4.698554e+000 1.117518e+002
47 4.700000e-001 -3.150951e-001 5.542443e+000 5.837337e+001
48 4.800000e-001 -2.575358e-001 5.894760e+000 1.359090e+001
49 4.900000e-001 -1.985409e-001 5.844858e+000 -2.203340e+001
50 5.000000e-001 -1.416733e-001 5.484453e+000 -4.856551e+001
x10
100 T 400 T T
2001 - i
1 -
80 . xd(t) xdd(t)
0 L -
o = -
60 4 -200} N
400} 1M ’
40} .
500} 1 .l ]
20t 4 -800 1
-3 B
x(t) -1000 .
0 o N .4 4
-1200 .
-20 . -1400 5 L
0 0.5 1 0 0.5 1 0 0.5 1
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Results of Ex2_130_c
Je e dr ke de ke de e e de g de ke de de ok de g de de ok U dr ok ke ok ke
>> program2

Free vibration analysis
of a single degree of freedom analysis

Data:

m= 4.00000000e+000
k= 2.50000000e+003
c= 2.00000000e+002
x0= 1.00000000e+002
xd0= -1.00000000e+001
n= 50

delt=  1.00000000e-002

system is critically damped

Results:
4
100 —r 0 . 1 x10 .
%0 - 4 100} ) i ]
100 xd(t) 05 xdd(t)
80F 4 -200} . 4 oH ]
x(t
70 {1 -300p 4 -o5H J
60 T -400 -1 -1 T
501 4 -500f 4 15 i
401 1 -600 - 2 .
301 i1 -700 { 25 -
20 o N -800 E _3 T
10 1 -900f { 35 .
0 1 -1000 1 4 1
0 05 1 0 0.5 1 0 0.5 1
t t t
i time(i) x(1i) xd (i) xdd (i)

.000000e-002 9.727222e+001 -4.925915e+002 -3.616556e+004
.000000e-002 9.085829e+001 -7.611960e+002 ~-1.872663e+004
.000000e-002 8.252244e+001 -8.868682e+002 -7.233113e+003
.000000e-002 7.342874e+001 -9.196986e+002 9.196986e+001
.000000e-002 6.432033e+001 -8.946112e+002 4.530357e+003

ceo e Uik W
VbW
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(S B

.400000e-001
.500000e-001
.600000e-001
.700000e-001
.800000e-001
.900000e-001
.000000e-001

1.996855e-002
1.587541e-002
1.261602e-002
1.002181e-002
7.957984e-003
6.316833e-003
5.012349e-003

-4.
-3.
.901765e-001
-2.
-1.
-1.
-1.

576266e-001
644970e-001

309008e-001
836505e-001
460059e-001
160293e-001

N Wk U1 OO

.040098e+001
.302721e+000
.623815e+000
.281410e+000
.208785e+000
.352274e+000
.668750e+000

Data:

delt=

system is over damped

Results:

Results of Ex2_130_4d

******************,**********
>> program2
Free vibration analysis
of a single degree of freedom analysis

4.00000000e+000
2.50000000e+003
4.00000000e+002
1.00000000e+002
-1.00000000e+001

50

1.00000000e-002

100

90

80

70

60

30

20

10

0 . 0520
100} xd(t) : 0
200+ 4 -05
-300} . -1
<400} { -5
-500 : 2t
00, oL , 25
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i time (i) x(1i) xd (i) xdd (1)
1 1.000000e-002 9.764929e+001 -3.945541e+002 -2.157540e+004
2 2.000000e-002 9.294636e+001 -5.205155e+002 -6.039927e+003
3 3.000000e-002 8.756294e+001 -5.463949e+002 -8.734340e+001
4 4.000000e-002 8.214078e+001 -5.344391e+002 2.105923e+003
5 5.000000e-002 7.691749e+001 -5.090344e+002 2.830006e+003
45 4.500000e-001 5.281309e+000 -3.537806e+001 2.369881e+002
46 4.600000e-001 4.939118e+000 -3.308581e+001 2.21632%9e+002
47 4.700000e-001 4.619098e+000 -3.094209%9e+001 2.072727e+002
48 4.800000e-001 4.319813e+000 -2.893726e+001 1.938429e+002
49 4.900000e-001 4.039920e+000 ~2.706233e+001 1.812832e+002
50 5.000000e-001 3.778161e+000 -2.530888e+001 1.695374e+002
% Ex2_134.m
% This program will use dfunc2_134.m
tspan = {0: 0.05: 12};
x0 = [0.1; 51;
(£, x] = ode23(’dfunc2_134', tspan, x0);
plot(t, x(:, 1));
xlabel(’'t’);
ylabel (‘x(t)’);
% dfunc2_134.m
function £ = dfunc2_134(t, x)
u-=0.1;
k = 1000;
m = 20;
g = 9.81;
theta = 30 * pi/180;
f = zeros(2,1);
£(1) = x(2);
£(2) = -u*g*cos(theta)*sign(x(2)) - 2*k*x(1)/m - g*sin(theta);
D.B 1} L T T ¥
o | W _
02} ﬂ
(1] 3
e
b3
02¢
04+ J u U -

06}

0.8
1}

-
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<

Please input n:

Results of Ex2_135

dhkkdkhkkhdhkdehkhkdkhkdkkkdddkdkhkik

VIBRATION ANALYSIS

SINGLE DEGREE OF FREEDOM SYSTEM

50

FREE

OF A

DATA

M =4

K = 250
c =0
X0 = 100
XD0 = -10
N = 50
DELT = 0.0
SYSTEM
RESULTS:

0

1

IS UNDAMPED

Please input M, K, C, X0, XDO, DELT:
4 2500 0 100 -10 0.01

I TIME(I) X(1) XD(I) XDD(I)

0 0.010000 96.792281 -628.207911 -60495.175367
1 0.020000 87.566486 -1207.347713 -54729.053733
2 0.030000 72.896231 -1711.420483 -45560.144615
3 0.040000 53.693642 -2109.085416 -33558.526371
4 0.050000 31.152642 -2375.617633 -19470.401495
5 0.060000 6.674722 -2494.445451 -4171.701358
44 0.450000 25.556088 2417.000750 -15972.555129
45 0.460000 48.680657 2183.792919 -30425.410466
46 0.470000 68.778498 1814.807420 -42986.561143
47 0.480000 84.600025 1332.985987 -52875.015650
48 0.490000 95.161532 768.285940 -59475.957780
49 0.500000 99.806357 155.817595 -62378.972923

S

Results of Ex2_136

Je ke de e de ode de e d e dr ok ke gk e dk ok de de I de e de de e e o ok

Please input M, K, C, X0, XDO, DELT:
4 2500 100 100 -10 0.01

Please input n:

50

FREE
OF A

DATA

M

K

C

X0
XDO
N
DELT

VIBRATION ANALYSIS
SINGLE DEGREE OF FREEDOM SYSTEM

2500
100
100
-10

0.01
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SYSTEM IS UNDER DAMPED

RESULTS:
I TIME(I) X(I) XD(I) XDD(I)
0 0.010000 97.047075 -554.786003 -46784.771735
1 0.020000 89.408515 -948.545502 -32166.684060
2 0.030000 78.540996 -1203.023676 -19012.530355
3 0.040000 65.756612 -1335.029917 -7722.134854
4 0.050000 52.182677 -1364.392905 1495.649356
5 0.060000 38.740577 -1312.201909 8592.187235
45 0.460000 -0.366745 4.698554 111.751841
46 0.470000 -0.315095 5.542443 58.373370
47 0.480000 -0.257536 5.894760 13.590899
48 0.490000 -0.198541 5.844858 -22.033396
49 0.500000 -0.141673 5.484453 -48.565509
Results of Ex2_137
e dede dede Jede de e Je dr de e de % de de % e de g de de ke e ok ke
@ Please input M, K, C, X0, XDO, DELT:
4 2500 200 100 -10 0.01
Please input n:
50
FREE VIBRATION ANALYSIS
OF A SINGLE DEGREE OF FREEDOM SYSTEM
DATA
M = 4
K = 2500
C = 200
X0 = 100
X0 = -10
N = 50
DELT = 0.01
SYSTEM IS CRITICALLY DAMPED
RESULTS:
I TIME(I) X{I) XD(I) XDD(I)
0 0.010000 97.272218 ~-492.591495 -36165.561364
1 0.0200000 90.858293 -761.195978 -18726.634119
2 0.030000 82.522437 -886.868203 -7233.112839
3 0.040000 73.428736 -919.698603 91.969860
4 0.050000 64.320327 -894.611228 4530.357100
5 0.060000 55.648662 -835.622450 7000.708775
45 0.460000 0.012616 -0.290177 6.623815
46 0.470000 0.010022 -0.230901 5.281410
47 0.480000 0.007958 -0.183651 4.208785
48 0.490000 0.006317 -0.146006 3.352274
49 0.500000 0.005012 -0.116029 2.668750

136



www.FluidMechanics.ir

s

Results of Ex2_138
o Je de de e Je ok ok de de de de de e gk ok ok ok Fede ke de ok ke d ko ok

Please input M, K, C, X0, Xp0, DELT:
4 2500 400 100 -10 0.01

Please input n:

50

FREE VIBRATION ANALYSIS

OF A SINGLE DEGREE OF FREEDOM SYSTEM

DATA

M = 4

K = 250
C = 400
X0 = 100
XD0 = -10
N = 50
DELT = 0.0

0

1

SYSTEM IS OVER DAMPED

RESULTS:

[efeNolojoNo]

[oNoNoleNo i)

TIME(I)

.010000
.020000
.030000
.040000
.050000
.060000

.450000
.460000
.470000
.480000
.4%0000
.500000

X(1)

97.649291
92.946355
87.562936
82.140779
76.917491
71.972668

5.281309
4.939118
4.619098
4.319813
4.039920
3.778161

-394
-520
-546
-534
-509
-479

-35.
-33.
-30.
-28.

=27

-25.

XD(I)

.554074
.515453
.394916
.439095
.034379
.680638

378062
085814
942087
937259
.062330
308882

XDD (

-21575.

-6039.
-87.
2105.
2830.
2985.

236.
221.
207.
193.
181.
169.

I)

399270
926862
343400
922757
005865
146261

988076
632927
272682
842880
283234
537364
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The input data for Program2.F and results are given below.

~
-

DELT

THE FOLLOWING 3 LINES CONTALN PROBLEM~DEPENDENT DATA

DIMENSION X(50),XD(50),X0D(50),T(50)
DATA M,K,C,Xx0,X00,N,DELT/

2 4,0,2500,0,0,0,0,1,=10,0,50,0,01/
END OF PROBLEM=DEPENDENT DATA

. VIBRATLON ANALYSIS

SINGLE OEGREE Ot FRELDOM SYSTEM

.40000000E+01
«25000000E+04
.00000000E+00
«10000000£+00
.10000000E+02
50
0.99999998E~02

V
0
0
0
=0

SYSTEM IS5 UNDAMPED

RESULTS:
l TIME(1) X(1l) x0(1) XDD(1)
1 0,100000£-01 <=0,207036E=-02 =0,103076E+02 0.129397£+01
2 0.200000E~-01 <«0,104012E+00 <=0,997438L+01 0.65007SE+02
3 0,300000£=01 =0,199487E+00 =9,902097E+01 0.124679E+03
4 0,400000E=01 =0,282558E£+00 <=0,750667E+01 0.176599E+03
5 0.500000£=-01 =0,348062E+00 =~0.552565E+01 0.217539E+03
6 0.600000L-01 =0,3919246+400 <«0,320107L+01 0.244953E+0)
1 0.70000UE=01 <0,411419E+00 <=0,677464E+00 0,257137E+03
8 0.800000E=01 <0,405334E+00 0.,188826E+01 0.,253334E+03
9 0.900000E=01 <=0,374047E+00 0.433059E+01 0.,233779E+403
16 0.100000E+0V «0,319503E+00 0,651528L+01 0.,199690E+03
46 0,460000E+00 0.398512E400 <=0.264442E+01 <=0,249070E+03
47 0.470000E+00 0.359954E400 <0,502704E+401 =0,224971E+03
48 0.480000L+00 0.,299016E+00 =0,709711E+01 =0,1868B85E+03
49 0.430000E400 0.219486E+00 =0.872591E+01 =0,137179E+03
50 0.,500000E+00 0,120310E+400 =0,981218E+01 =0,789439£+02

The Pro“em- JePenJen{: data and results are given( Given by Prasm.m‘l.F),
< THE FOLLOWING 3 LINES CONTAIN PROBLEM=-DEPENDENT DATA
DIMENSLION X(50),XD(50),XDD(50),T(50) :
2 4.0,2500.0,100.0,0.1,'10.0,50,0.01/
o END JF PROBLEH4=DEPENDENT DNDATA
PKEL VIBRATION ANALYS1S i
UF A SINGLE DEGREE OF FREEDUM SYSTEM
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DATA

. = 0,40000000E+01
K = 0,25000000E+04
¢ 5 0.10000000£+03
X0 = 0,10000000E+00
ADO ==0,10000000E+02
N = s0

DELT = 0,.99999998E=02

SISTEM 1S UNDER DAMPED

RESULTS:
1 TIME(I) X(I) Xo(I) Xp0 (1)
1 0,100000E~01 <=0.957279E=02 0,807168E+01 =0,195809E+03
2 0.200000E-01 0,613786E=01 0.612586E+01 <=0,191508E+03
3 0,300000E~-01 0.113259E+400 0,427345E+01 «=0,.177623E+03
4 0,400000E=01 0.147433E400  0,259570E+01 =0,157038E+03 _
5  0.500000E~01 0.165937€400 0.114627E+01 <=0,132367E+03
6 0.600000E=01 0.,171219E+400 =0,456091E=01 <=0.105872E+03
7  0.700000E<01" 0,165914E+00 =0,971334E+00 =0,794127E+02_
8 0.800000E-01 0.i52654E+00 =0,163885E+01 «0,544377E+02
9 0.900000E=01 0.,133930E+00 =0,206856E+01 <=0.319924E+02
10 0.100000E+00 0,111980E+00 =0,228942E+01 =0,127520E+02
45 0,450000E+00 =0,113169E-03 =0.310021E=01 0,845783E+00
46 0,460000E+00 =0,381386E=03 =0,227080E=01  0,806065E+00
47 0.,470000E+400 =0,569294E=03 =0,149992E=01 0.730789E+00
48 0,480000E+00 =0,684317E=-03 =0,817052E=02 0,.631961E+00
49  0,490000E+00 <=0,736251E=03 =0,240284E=02  0,52022BE+00
50 0.500000E+00 <=0.736195E-03 0.,222121E-02 0.404592E+00

The problem Jependen{: data, (to be used n Pro’ra.mz F)a.r\d oufpu.t
Qare glveh

~ THE

DIMENSION X(50),XD(50),XDD(50),T(50)

DATA M,K,C,X0,XD

o END OF PROBLEM=DEPENDENT DATA

0,N,DELT/

FREE VIBRATION ANALYSIS
OF A SINGLE DEGREE OF FREEDOM SYSTEM

INT-DATA——

DATA

M- = 0.,40000000E+01 -
K = 0,25000000E+04

C = 0.,20000000E+03

X0 = 0_10000000E+00_

XD0 ==0,10000000E+02

N = 50

DELT = 0.99999998E=(Q2
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BESULTS:
1 TIME(L) X(1) KD(I) X0DCI)
1 0.100000E=01 0,194700E=-01 <=0,632776E+01  0,304219E+03
2 0.200000E-01 <=0,303265E=-01 =0,379082E+01  0,208495E+03
4 0.400000E=01 =0,735759E=01 <=0.919699E+00 0,919699E+02
5 0.500000E-01 <=0,787888E=01 =0.179066E+00 0,581963E+02
7  0.700000E-01 =0,738539E=01 0.543044E+00 0,190065E+02
8 0.800000£=-01 =0.676676E=01 0.676676E+00 0,845846E+01
10 0.100000E+00 <=0,533553E=-01  0.718244E+00 =0,256515kE+01
47 0.470000E400 =0.270210E=04 0.616356E=03 =0,139296E=01
48 0.480000E+00 =0,215048E-04 0,491539E-03 =0,111364E-01
SO  0.500000E400 =0.136023E=04  0.312109E=03 =0.710396E=02

given-

The problem- dependent data (to be used in Program2.F) and results are

~ LHE ,
DIMENSION X(50),XD(50),XdD(50),T(50)
DATA M,K,C,X0,XD0,N,DELT/

0. 0012
Vvt

c END OF PRUBLEM=DEPENDENT DATA

FREE VIBRATION ANALYSIS
OF A SINGLE DEGREE OF FREEDOM SYSTEM

DATA

_M_ = 0,40000000E+01
K s 0,25000000E+04
C 2 0,40000000E+03
X0 = 0,10000000E+00
%00 ==0,10000000E+02
N = 50

—DELT = 0,99999998E=02

i

TIME(I)

(1)
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0.100000E=-01

1 0,351455E-01 =0.390559E+01 0.368593E+03
2 0.200000E=01 0.990550E=-02 ~U.151007E+01 0.144816E+403
3 0.300000£=01 0.,230870E=03 <=0.569458£+00 0.568015E+02
4 0.400000E=01 =0,333730E-02 =0,201042E+00 0.221900E+402
S 0.500000E=01 =0,451879E=02 =0.576071E-01 0.858495L+01
6 0.600000E-01 <=0,477582E-02 <=0.257606E-02 0.324249E+01
7 0.700000E=01 =0,368266E~02 0.,177700E=-01 0.114966E+01
8 0.800000E-01 <=0,446433E~02 0.2455064E-01 0.3345069E+00
9 0.900000E-01 =0,420854E=02 U.260878E=01 0.215607L=01
10 0.100000E+00 =0,394902E=02 0.,256257E-01 =0,944359L-01
46 0,460000E+00 =0,354993E-03 0.237800E=02 =0,159296E=01
47 0.470000E+00 =0,331992E-03 0.222393E-02 =0,148975E=01
48 0,480000E+00 =0,310481E=-03 0,207983E-02 =U.139322E-01
49 0.490000E+00 =0,290364E=03 0,194507E=02 =0,130295E~01
50 0.500000E+00 =0,271551E=03 0,181905£-02 =0,.121853E~-01

The e&ua;t.'om' for

the natural freguencies of vibration were

in

derived Problem 2.35.
Operating speeJ of turbine is:

W, = (24—00) %t‘ 251.328 ra.d/sec.
Thus we need to satisfy:

g4

)

(1)

(€z)

(&s)

,

2
0o kg-m",

w5 l _ a2l A€ Y
" laxial W o (1-'“')} zZ W
o l _ sexf’g }'/z
» tra—\‘l:verse {w w‘é (l_ a‘)i o
)
W - fET L. LR
circumferential Jo * f-a
where wd?
A= =% W = (o000 x9-81 = 9810 N,
_ td? d*
L= 4 ° T = 32 ° Jo =
and E = 207 mo’ N/m" >

The unknowns

G: 793 X(O, Al/',-uz (for sfcel).
d, ! omd o can be determined t

S'a"}.'c'sfy the a'nezua_lc"l:n'es (E,),(E,_)_MA (E;) u.$|'n5 as

trial and error Proce.a[u.re.
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From solution of problem 2.38, the requirements can be stated as:
12E1

mn l pivot ends = €3 ( ] 2 (DO (El)

w
E + meffz

where E = 30 x 10 psi and I = é [d* — (d - 2t)4]

48 E1
®n I fixed ends — 4| £3 (ﬂ + meffz) 20, (E.2)

g

with meffl = (0.2357 m), meff2 = (0.3714 m),

¢p

m = mass of each column = E [d2 — d - 2t)%] ?,

p = 7,800 kg/m3, g = 9.81 m/sec?
¢ = length of column = 240 cm
W = mass of floor = 1,800 kg

W = mass of columns = 4{% [d® — (d - 2t)* ¢ p} (E.3)

Frequency limit = w, = 50 x 2 = 314.16 rad/sec.

Problem: Find d and t such that V~V given by Eq. (E.3) is minimized while satisfying
the inequalities (E.1) and (E.2).

This problem can be solved either by graphical optimization or by using a
trial and error procedure.

: 2 2
Jp = Ti_ + ";1 + M[ -g-m.{-#-(/:‘!
().

Viscous o'a.mplnj

. ‘
V (-’- 1% 4 M1> --- (€3)
(c*)cn = = \}'75 ke --- (€3)

FO\' Cl‘lflm—l olﬂ-““Pan, Ez (Z 80) 3!:33‘
-3

o(t)= {o,+ (6, +wn o)t } e

m

=/

3

N

01‘
|

--- (E4)
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For 9,,: 75"’ = 1309 vo.d M“ éo = 0,

e(t)= (1-309 + 1.309 C«S,f) e—c‘s"t

- ()

For ©= s5°= 0.08727 ra.d’, Eg- (E;) becomes

0:08727 = 1309 (14 w,t) e Ut --- (&)
Let time to veturn = 2 %ec. Then Eg. (E'g> gives
0:08727 = l.3a?(|+ 2 5, e"zw" --- (&7)

Solve (E7> Ly trial and error 4 Fnd Wy Then

choose the values of m, M and ke to get the

desired value of s, . Find the damping constant

(Ct>cr: usimg Ep. (E3).

(i) Coulomb_damping :

(@) Follow the procedure of part(i) to find the value
of W,- |

(b) Derive expression for the ezuiva,lem‘: torsional viscous
alam\pn'ng econstant (Ct)‘_.z for Coulomb Ao-mpn'ng. This
eKPY‘BS'S'I.OﬂJ fof Sma.ll a_moun‘t}' 0} dd.fhrl.ﬂg, s
<°£>ez,={4-cl/7rw,®} - (ep)
wkere 1:1 = :Fr[c{'.'on (dq.mr\'nj) f_‘orzu.e.-. a.nc'
® = a_mPln'fuJe of angular oscillations.

O T (e6)ey i fo be egual o @Yo = 2/% Fp -
we §|'n'4

T TE8 (2rw) --- (&)
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Let x = vertical displacement of the mass (lunar excursion module), x, =
resulting deflection of each inclined leg (spring). From equivalence of potential
energy, we find:
ke, = stiffness of each leg in vertical direction = k cos?

Hence for the four legs, the equivalent stiffness in vertical direction is:
keq =4 k cos® a

Similarly, the equivalent damping coefficient of the four legs in vertical direction is:
Cq =4 ccos® a

wh.ere ¢ = damping constant of each leg (in axial motion). Modeling the system as
a single degree of freedom system, the equation of motion is:

My X +cgqX +keyqx=0

and the damped period of vibration is:

T 21r‘ - 2w -
LT AR
™ .

Using meq; = 2000 kg, kg =4 k cos? @, coq =4 ¢ cos? @, and o = 20°, the values
of k and ¢ can be determined (by trial and error) so as to achieve a value of 74
between 1 s and 2 s. Once k and ¢ are known, the spring (helical) and damper
(viscous) can be designed suitably.

Assume no damping. Neglect masses of telescoping boom and strut. Find stiffness of

telescoping boom in vertical direction (see Example 2.4). Find the equivalent stiffness
of telescoping boom together with the strut in vertical direction. Model the system as
a single degree of freedom system with natural time period:

27 o mg,
T =" =27
now, k

eq
Using 1, = 1s and m = 100 + 50 = 150 kg, determine the axial stiffness of the strut
(ko). Once k_ is known, the cross section of the strut (A) can be found from:
AS ES
63
with  E_ = 200 GPa and €_ = length of strut (known).

k =
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