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Chapter 4

Vibration Under General
Forcing Conditions

_ F F .. 2 Fo 1 27T
F = 90 o t - £l t ‘) = —
A A A P - R

= Fo _._1;....._____ in -
x(t_) 7"1« T % Va-r) +(2rry? im0t - 4)
_ 2Fo 1 i ' net ~
Tk 2, __(nf--a_)' \/a ntr ")z+(zrnr)" Cos(m 9‘")

“=2)416)
where = Gywn R ;61-_- ta_n'i (z'rr ) and 5& ta_"i(z:rhr

1 n"r’-

Q From the solution of problem 1.67.,
E(t) = { CRYZ) : o=t < z4

‘(Z&Vt.)-f-?-f:o 3 o =tsce

Fourier serces representation of F(t) is

F
Y = 5= 2% [ L cosmot

cos(nwt -— "n)

x(t): Fo - 4F° g" T:;_

2 w2 % N3, J('_rzhz)2+(z‘s-nr)z-
where _ow ’
TG, e A - tan“(——ffn'l';z)-
'II’ n= 135...
n.—

x(t) = 8K 4,y - Sm(nwt-¢)

C N O (e

where r-c.s/w and g = tan -‘(_12"_"2:_2_>

- n

o ]
@ F(é) = ° + i3 = % sin nwt where 3= %
w n=1,2,...
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F o = 1. ' t-,
t) = 2 ° sin (nwt -8
x(t) 2%+ T Z n ‘[(i_n’-r ) +(zj-nr) )
where r= U/wn a_nd ¢n = ta_n- : (—:l;nz—:T-)
From Example 1.12, F(t) = _F__[IZ"_ - = i -Sin nwt] where W= ?Tr
L n= 123
E. E 1. i > " Sin nwt -
x@®) = E% - —°7 ne1,2,3,.. 7 J(i n rz) +(z:rnr) ( ¢">
where r= /(s and an™* ( 12-‘::: )
@ Torau.e, Mﬁ(t)
4\
Ny,
o > lime, t
\5 27
er T ‘(6'5

Torque transmitted to driven gear is shown in the figure. It can be expressed as:

29 @ .
Mt(t)=?+ » [a,, cosnwt+bnsmnwt]

n=1
where w=2r [ = 104.72 rad /sec
1'=2—=006 sec ; — T =0.05625 sec
w 16
15
My = 1000 N—m ; OSt._<_1—‘r
Mt(t) = 1 15 .
0 H E T S t <7
9 7 9 oos;zs
ag = = f t(t) dt = 006 f (1000) dt = 508 (0 05625) = 1875.0 N—m
9 ? 9 0.05625
3y == [Mt)cosnwtdt==My [ cosnwtdt
T%o T 0
2My [sinnwt] " 318.3001 '
= = ———— sin 5.8005 n N—m
T nw o n
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o " p 005025
b, = 7fMt(t)smnwtdt———T— f sinn wtdt
0

0.05825
_ 2My [_ cos n wt] _ 318.3091

[1 — cos 5.8905 n] N—m
n

% = (80 (10%) [1%@—] T = 302,700 N-m/rad

k¢
T \ / 392700 = 1981.6660 rad /sec

Equation of motion:

<

Jo.9.+ke0==Mt(t)=321

+ § [a.,, cosnwt + by sinnwt]
n=1

Response:

o) 2 apcosnwt+b,sinnwt
= ——+
2 kt =1 kt - Jo (D. ZAJ)
= 0.0023873 :
318.3091 sin 5.8905 n cos w t + 318.3091 (1 — cos 5.8905 n) sin n w t} 4
ra

et n (392700.0 — 1096.6278 n?)

x(t)
2]

Base motion is given by:

y(t) =r +& —rcoswt —fcosp=r+€ —recoswt—¢ V1—sin® ¢ (1)
Using € sin ¢ =r sin w t, Eq. (1) becomes

y(t)=r+f—rcoswt—t’V1—%:—sinzwt (2)

Using the approximation:

V1—’2 sin? wt =1 - a sin? wt (3)
e 2 62

Eq. (2) can be expressed as

2
Y(t)=r+€—rcoswt.—-f[1—%%-sinzwt]

2 2
£ lr €|t : .
—_p — Zol—] -2 i— 4
r rcoswt+4[£] 4[(] cos 2wt (4)
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Equation of motion:

mx+cx+kx=ky+cy

ke (r) _ke
¢ 4

=kr—krcoswt + —
r

4 2
—] 2w)sin 2wt + - (5)

—;7] cos2wt+ -

+crwsinwt+c—4€-

¢

Solution of Eq. (5) can be found by adding the solutions due to each term on the right
hand side of Eq. (5).

Solution due to constant term, F (terms 1 and 3 on the r.h.s. of Eq. (5)):

1

x(t) = Fl‘c—o {1 - ‘\/—1;_—?- e St cog (wy t — 4’)] (6)
where ¢ = tan™! [W——g—g‘z_]

Solution due to sinusoidal term, F, sin {1t (terms 5 and 8 on the r.h.s. of Eq.

(5)):
x(t) = X sin (2t — ¢p) (7)

F 0
where X = 2 and ¢ = tan~? [_c__] (8)

| —m oy 4 nzﬁ Lomf

Solution due to cosine term, F cos {1t (terms 2 and 4 in Eq. (5)):
x(t) =X cos (2t — &p) (9)
Fo 1 Cc ﬂ
=tan" | 10
T and ¢ = tan [k—mf?] (10)
[(k —m Q) 4+ & 02] :

c 10 r
= = 0.5, —= 0.1, w = 100, 2 w = 200,
2Vmk 2V1(100) e ’ ’

etc. and the solution of Eq. (5) can be obtained by using Egs. (6) to (8) suitably.

Base motion can be represented by Fourier series as (from Example 1.12):

where | X =

For given data, ¢ =

y(t)=% %—{s'mwt+%sin2wt+-;—sin3wt+"'} _ (1)
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Equation of motion of mass:

mii+c(i—$')+k(x—y)=0

(2)

Since y(t) is composed of several terms, the solution of Eq. (2) can be found by
superposingg the solutions corresponding to each of the terms appearing in Eq. (1).

When y(t) = Y/2, constant, equation of motion becomes:

mi+c5c+kx=k—2Y—=constant (3)
The steady state solution of Eq. (3) is given by (see Example 4.6):
Y 1 —guwyt _
)= — [l ——F=—===c¢ cos (wy t — ¢) (4)
W=z Vi g ‘
¢
where ¢ =tan™! | TF7— (5)
? LV1-8]
When y(t) = A sin {1 t, the steady state solution of Eq. (2) is given by Eq. (3.67):
x(t)=Asin ({1t — ¢) (6)
1
1+(2¢r)? |2
h A= 7
where [(1—r2)2+(2§r)2 (M)
_ 2¢ r’
=tan™! (8)
¢ =tan [1+r2 (48—1)]
and r= _ﬂ_
From solution of Problem 47,wec;.nex'prws the base motion as:
' 2 2
€ |r € |r .
y(t)—r—rcoswt+z[?] iy 7] cos2wt + (1)
Equation of motion:
mx+k(x—y)xuN=0
or
mx+kx+uN=ky
ke [r) ke ()
r r
= —  — -— -— e | — e 2
kr+ " t’] krcoswt " [f] cos2wt + (2)

For given numerical data, Eq. (2) becomes:
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X + 100 x + 0.981 = 100 y

2 2
=1100 (0.1) + -w—l;ﬂ [gil-] — (100) (0.1) cos 100 t — -lg(l(—l) [%1—] cos 200t — - - -

=10.25—10cos 100t —0.25¢cos 200t — - - - (3)

Using the definition of equivalent damping constant, c.q, the solution of Eq. (3) can be
found by superposition.

_4uN _4pumg
‘“aTTAX 70X (4)

where () is the frequency of the harmonic force and X is the amplitude of the mass.

Steady state solution due to constant term, Fy, on the r.h.s. of Eq. (3) (from
Example 4.6):

ke (| e ()
x(t) = +— [7] =T+ [7] (5)

Steady state solution due to harmonic term, Fj cos {1 t, on the r.h.s. of Eq. (3)
(from Egs. (3.89), (3.93) and (3.96)):

x(t) =X cos ({1t — ) (8)
' W
r 1
aun) |z g Aul
1=1%F ™o
0 0 -
where X=—k- Bl and ¢ =tan™'{ 4uN 2—;-’ (7)
iy ~ |7,
L
N=mg=1(9.81) = 9.81 Newtons,wn='\/;l::= \/¥=10 rad/sec, and

+ sign is to be used in Eq. (7) for {1 < w, and - sign for {1 > w,. Equations (5) and (8)
can be superposed suitably to find the complete steady state solution of Eq. (3).

Base motion can be represented by Fourier series as (see solution of Prol:lem 4.8 or
Example 1.12):

_Y |7 . 1 . 1 .
y(t)—?{?—(smwt+Esm2wt+-3—sm3wt+"')} (1)

Equation of motion of mass:
mx+k(x—y)xuN=0
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or
mxXx+kx+uN=ky
=_1.(7r_ %—{sinwt+%sin2wt+—;-sin3wt+"'} (2)

* Using the definition of equivalent viscous damping constant:
4 uN 4pumg
= = 3
‘T TaX  r0X 3)
where ( is the frequency of the harmonic force and X is the amplitude of the mass, the
solution of Eq. (2) can be determined using the superposition principle.

Steady state solution due to constant term, Fo, on the r.h.s. of Eq. (2) (from
Example 4.6):

" T "I 2 “)

Steady state solution due to harmonic term, Fy sin {1 t, on the r.h.s. of Eq. (2)
(from Egs. (3.89), (3.93) and (3.96)):

x(t) =Xsin (2t — ¢)

. w

[ 1

sunN) e 4 ArN
1- T Fo
h X Fo WFO d ¢ i -1 | 1 (6)
w = I
ere x 7V an an . 4uN 2|2
UJ% 7I'Fo
) \

and + sign is to be used in Eq. (8) for {} < wy and - sign for {1 > w,. Equations (4) and
(5) can be superposed suitably to find the complete steady state solution of Eq. (2).

Base excitation: Y(t)= Y cos et (-D

with Y= o0:05 and =5
Ezuwhan of motion of the system:

mrx+ ex + Hx = k7+c_y'= kY cos Wt - cwY simawt

Eguation E-2) is similar o Eyg . (4-4) with (&)
D= 0,5 = kY, l’=--C6u.9‘f and ""=l=‘=03¢°—23..~-'
S{:eaulj state reSFonSe of the Sys{em IS Jiven by

Ez (4 la)
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'x ()=

2! cos (wt ¢‘)
+ -—— Sin (("f ¢l)}

Here ’ 4000 - 20 ra.a\/s
\1 1o
_ 20

= 0-25 , = = =005
Wy 20 C Z‘I_—": 2 \J4 000 (10)

I-3% W= 19-975 ra.J/s

\[( r)) 4 (23 ) {

a,= %Y = 4000 (0:05) = 200, b,=-cwY=-20 (5)(e-05)= -5
¢|= {'ah-'(;zjrz ) = t‘a.\:|(z (0.05>(o.25)> = 0:02666 ra.J

\[(|_r1.)2+ (zwr)i = \[('_0.251.)1.+ (2'*ooo'5 *-o~2'5>z

= 0.937833%
Solution of the Aomoaeneous e&ua.,b‘on 's given bj
Ey. (2.70):
—Tw,t
x ()= X, e cos (Wt - 4.)
= X, e-t cos (19.975 £ - ¢,) - 3)

where X, and ¢, are Unknown constants.
Total solution : :
x ()= 3‘;‘({')‘\' "P(t) = Xo € CoS(H-??Sf - ﬁ,)

+_'___ ._zig_ Co$(5£-0'02666>‘4s S;n(st—O'OZGGG)}

0:937833 ( 4o00 000

= X, gt cos (l?-‘?‘rs t -~ ¢°) + 0.0533 14 Cos(‘a"t —o-oZGGG)

~ 0001333 Sin (5t -0-02666) (E-4)
where G—nd‘ ¢° are 1o be ;FOunJ frem the initial
condi honS‘ Differentiation of EZ (E:4) gqives the
Ve‘oc-{y af :

x ({:) - - Xo st coes (|7'975 t - ¢°)
- Xo (H,q—'g) e-,t Sin (|9'775 t - ¢o>
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~ 0-2€657 sin (5t —0-02666 ) .
- 000 6665 C°$‘(5£ -— 0,02666) (E- 5)
Us“"‘ﬂ the initial conditions, we obtain

X = x(t:o): o] = )(° cos @ + 005331y Cos(a-o2666)

(]
+0:001333 sin (0:02666)

oY
Xo oS 4, = 004666947 (E-6)

and
%= % (£=0)= f.0= — X, cos g + (1975 X, sin ¢,

+ 0:26657 s-‘n(o-02666>—o-oo6635 cos (0:02666)

or X, Sin @, = 0.0523 7678 (E-7D
Solution of Egs- (e'6) and (E7) gives

Xo= { Q‘o cos ¢o)z+ (X, sin ¢°)" }Ji - 0.07015247 (E-8)

¢= '!-a—h—,< xo S$in ¢0>= 094 2959‘6 TG-J (E-.S)
° K, Cos @,
Com}:iel:e Solution s given bj Eg. (E:4):

-t

x(t)= 007015247 e cos(19.975 ¢t —0-84295916)

+0-053314 cos (5t ~0:026€6))
~0:001333 sin (5t - 002666 ) (E-10)

From Solution of problem 1.75,
F(*) = 9-9584 - 20- 1587 cos o-472 t + 23.52573 sin to-472¢

+ 3.3097 cosz0.944t + (2264
+ 3.7719 Cos 31416t — o0.40¢64 sin 31.416 € (E')

WOy = J% = '.‘E.‘%’-”— = 122-47%5 rad/frec ; T =o0.1; r=0:0855

'TLC Sl:ea-"lj state S'olu-(:.'on 'S 3:’v¢n Bj E&.(q-ia):

g Sin 20.74 4 t
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_ 9-95%4 .
X (¢) = AL NN, 4:97 1 = cos(10- 472t~ )
\’Q—r"')"q—(zrr)"
23:.5253 ! .
sn (10472t — ¢
4 Jq-r-‘_)l_{_(z?YF ( ‘)
4 323097 —0u ) cos (20944t — #2)
* Ja-4ryts Gy’
2.2646 { .
+ = sin(20.944t- ¢
« ey g
y 2720 ' T cos (31 416t — #7)
o Jemeryte(ern)?
— 94064 ! < sin (31-416t - #3) ()

k /Q-sv’-)z+ GAS

h - -
Where ¢.= ‘tﬂ.n' er) = an'(ﬂ'0|7216): 0:0) 72 rﬂ-d

1-r?

4%Tr -1
5‘ = = ¢ 0.0 229) = o0-0352 r‘a-#(
2 —ar? an ( 35 )

#3= tan”’ etrf ,.) = tan'(0:054213) = 0.0549 rad
—or

Noting that 2¥r =2 (e:1)(0-0855) = 0.017!

ard  (1-v*) = 0.9927, Ep. (E;) can be rewritien as

x?(t) = [6.6381 - 137921 <o (10.472 + ~o0:0172)
4+ 15- 7765 sim (ao-wzf: -o'0l72-> + 2:2715 cos(20.944t- o-ossz)
4+ 84168 sin (20-7#4\&-0.0352.) + 2:687¢ c,g(-,q.zuct —o.osll?)
= 02896 sin (31-416t - 000549 ] x 6t .

From problem {.74
F(f)= 1137.5 - 414:9436 cos s23-¢6t + (50-3139sins23.¢t

+ 28-6059 cos 10472t ~ 146.-1706 sin 1047-2 t
+35.7279 cos IS70-8+ + 55-154¢ sin (5708t (Ec)

5902 = 126.491 radfec ;¥ = 0.0
r=2 = 22— o 4394, ¢P= 171348 5 1-ri=—t6u3us

Wn " j26.4910
27T =2(0:06)(4:1394)= 0-4967
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x,(¢) = 1375 4i4.943¢ cos (523-6t — %)
+* 4 \/(‘_rL)L+ (zrvjz_'
+ lso;alaﬁ sin (;za-ct—ﬂ,)+ 28. Co5¥ cos (to47- 2t —#2)
VG- 27y’ * ) (s
_ 1461706 sin (10472t —F’z) 35.7278 co:Q’:‘?O-S‘f—ﬂ;)
%
/G-#?")‘+ Caith K J(l-sr")"+ (6vr)*
55.154¢ Sin (|s7o. st - ﬂ;)
3
\/("3")2-!- (ex7)? €0
Since an "2%Y
¢, = —— ;)= tan' (-0:0308) =-0.0301
-
¢2= tan “Trz) tan (- 0:0l47) = -0.01477
4T
pi= \‘:an"(‘T" ) tan (—o 00973) = —0.00773
t—9r?

the Sfe.n.Jj — state solution, E;- (E2), can be expressed as

Xp(t)= 0+1422-0-00320 cos (523-C %t +0.0309)
+ 0001163 sin (523-6'& +000308) + 52921 x ,;5 cos (qu7-zf+o.o|q7)
-9, -4 . -
2:7042x10 " sin (loq7-2f+ o.ou,?).,. z.qiqsx;gsc,g(l§70-8t+o-oo.97?)

+4:4992 x15° sin (15708 ¢ +0:00973) m
\ F(£)

Wp= 5x 10¢ d 1

T = 22-3607 &9 400 ™ ‘—

10 x 10 Sec '

]

T=z0-15 sec |
- [}

- 2T

W= 2T = 41.888 rad fsec :

-

e e e e s s ccmee

- W _ [+ . 0:06 0"5
r= o = 1-8733

T=o0
Fo”owfnj data s used in Prajra,rn i.F ] ;Fmo( Fourier
Coefficients in the expansion of F(t):

= 3.50913

J

L)

t, sec i o0l 0:02 0:03 0:04 0:05 0:¢6 0-07 -+ 015

F(£), «N | 400 400 400 400 400 400 o - 0

224



www.FluidMechanics.ir

Result is:

F(t)= (60:0 4+ 25-5002 cos 41.888t + 242-¢27¢ sin 4). 888t
-75.3884 cos 83-77¢t + (6-0237 Sin 83:77¢ €

+106:4306 cos 125-¢64t + 50.7237 sin (25-664 ¢
~62:3538 co$ (£7-552t + 27-76o04 S'n (67-552 1
+ - 4« N

Since Y=o amd a1 ¢’- = o, ‘}':),Z;--- » the

Stea—{y - state response of the water tank, Eg- (4-13),
bccames_

"-p(ﬂ: 0:032 + 2.0325 x10 > cot 41.888 ¢
+ 193383 xia >
+0:2458 x16°

S’n 41.888t — (+1566 x 10 cos B3.776¢t
sin 83.776t 4+ 0.107% xm'a coS 125.664 t
to.3317 “0_3 sin 125664t — 0.2334 Juo-3 cos l67.552 ¢

+O'loo7x(;3 sin 167.552t 4+ --.

1 F(¥) A E(E)
m

m

(F(£)=F(£)+ R ()

L

t

2 o
o

Forcing function can be considered as the sum of fwo ramp

functions, F (¢) = Fo t and Fz.({") = _ R(t- to) .
t, t,
Resporse of the casting (undampeal spring — mass system) t F,
is given by
- Fe _t_ - Sin c‘-’nt + E
(o B(E-mEY) aeae @

ReSPonse due to F, can be'obt'a-l'neJ from EZ,(E.) Bj
reklac:nj + bj t‘fo a_“A E, ”y - F :

Fo t-t : -
@)= - 25T - ‘;’;‘zo "°’} for t2 t, (&
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Total response of the casting is given by _
x(t) = 2,(F) + %, (¢) = _E_{i_'_ Sin GIp (E—to) = Sin w,_,t}
| k @, t,
for tz t, (E3)

(F°t/£'03 > ostet,
F() = K,

Fo ; t,st<5t,

o y +£> 8t ---(51) 7 ~t
: 0 5t
Response of the anvil is given
by [Eg (4 33) acor an undamped Sgst‘em]
x() = — ff-'(?:) sin W, (£-7) 4T (E2)
For o<+ < --f?
........ : .
x f - ° T
( ) Mwnto Lt Sin W (t T) d
= ___Fg— ( - Sin uS,.,t) (53)
& t, n
Ee:-.to._f-.*_.s.-_s_fg_-
x(t) = f F(T) sin 0, (t-7) dz
t
= Fo 'to F.
mu"to J; T Sin WOy, (f—"t) 4T + T:;; J\ts‘.n "’n(t' z') dz
= _Fe sin ot {A— cos o t, + to sin o t, - —
mont,[‘ On {cs,‘" et s, T @nte "’n"}
—wswt{‘L'-ﬁ'n(J‘t - _t°_ cos 9, £ }
vt § dmsm oty -t ot 1]
M e G u,z)}*
L YA @, £,
= Fo [Sl'\ (A ('t fo) - Cin AN + + 6, 't ] (E4)
k t.sh o
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For t> s_f_o_;
N s5t,
x(t mw" sin @, (t-7) dz + F, f:«'n W, (£-7) 4"']
t,
F
= —‘Sm(ﬁ(t to) + t, cos W, (t-+t, -LSm(Jt
-+ [ cos 9, (t- 't)]
@y,
F
= py (;nfo [S‘in @, (t-t) -sin W, t + t,w, s GS,,(*-‘:‘fo)] ()

-T, -
mwy ‘Yo

t
_ywt (- (d-TWT
= o T {6 ( T e @ (t-7) d°

\‘nwd o
- T3
F eT nt

m“"

t
- "’nt ‘@('Ta’n)r .
= Fo e T S‘mU&‘t[ e - l{_(g(-‘_f&’n oS (.&t'.fw" sin (Jl‘t‘}
™ W) (o¢=TWn ) + &y

'l(‘t) =

t
L e (d-Tw“) T. {Sn’n »ﬂ.’it. Co$ wﬁ,“c’ - o8 6341: Sin T } dz

-yw,t =(¢-TW,) T
Fo e cos tJ‘t [e { (a(_yc.s )Sm W,T = Wy cos 09-{5}]

™ O, (x-7 c.sn)‘.{. W}
_yw,t
Fo © 7 {w e-(d- Twn)t + ("(— ]’Un) $in (de - L.SJ cos "’Jt}
m @y [[(@-7On)? + 5 ]
ot -TW. .t
Fo © E e

t in (Wt -
m[(d‘Twh)2+ waz] ™, [(q_rwn)z_'_ w‘l] s ( d #)

where ¢= ta.n-i(

Equation of motion:

or 10X + 1000 x = ; (0.1)% (50) (1 — e~ 3%) = 0.3927 — 0.3927 &~ 3*

o — T("n\)'

mX + k x = A p(t)

Solution:
0.3927 0.3927 -3t
k k + m (3°)

x(t) =Cy cos wy t + Cy sinwy t +
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where w, = '\/1-= \ / 1(1)%0 == 10 rad/sec. Thus x(t) becomes

x(t) = C; cos 10 t + C, sin 10 t + 39.27 (107°) — 36.0275 (10™°) e™** m

where C; and C, can be determined from the initial conditions. As t —co, e” 3t —0
and the steady state response becomes

x(t) = C; cos 10 t + C, sin 10 t + 39.27 (10~°) m

< T
For o=t = 5 Ezuntawdkw&n Tnx-i—kl-&——’:iw‘@*

Fo
- in Wt 4 Fo _
x(t)= A bt + B sin Wt + 2 v (- 2 )c.os ot

x@)zo . A+ :‘k - 2*?1- STX . A= f (Za—n)?-
. _ '3'> 2% {1-—(-"2-32}
1("):0 .+ B=0 WOn
) = Fo _ t- Q;Z _ ]
x(t) — {1‘(—3‘:)2} [1. cos W (QD (1 Cos c.slt)-’r]
At ¢-= 1(.-%’ X(%)" [2_.__(1-05 W )J

21:(1— - )

Ep-(4-33) gives

/s

-
For t>% ¢

t
x(t) = ;"%;; f F(?). sin @, (t-7) 4T + ;%,‘ S F(r) sin 0,(t-T) 4%
0 " s
t
- (*_ __) f Sin w,.(f-f) e

s
= x(t--—)

(t-r)]
_ F . } _x
) 21:(1-9;- [2‘ or (1- e %ﬂ+ f[‘ @3 nlt=5)]

For an unda.mpeaf system EB (4-33) 9gives
X(£) = j F(T) sin 0, (£~7) 4T

nu

F(t’): { Fo for 0= 7T < £,
) For T > ¢,
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- ’ t
For o< t ¢ t,: x(t) = Fo J sin w9 (£-7) 4T =,—F9-T (l- usw"t)
l"‘lwn o] . mwn .

= _E‘_ (1— cos (-9,.1‘5)

et b xs B (f L ) s B[, s ot ]"
m, T=o

= .t::_ [us S, (t‘to)— Cos (..9,,‘&]

{ for o= T < t,
for Tf)fo

For o< t < : z(¢) = Fo J'tq: sin @ (t-7) 4T
™m @&, T Yo
e, x(t)= — (..9 3 [f (t-7) sin & A(t- t') ( J’Z) t I:m W, (t- ?-')("Jr)]

. R . (£-7) s o (b=
'm[i‘ sin 10, (8-) — 5= cos O (¢ "L

ws&?(f t)
mwt [ ]t’o

B (e- m o)

For t > %,

t
F [] .
z(t) = ; T sin I t-7) dt
(€ mo,t, Yo . "(

Fo _’;_ sin W, (t-T) = t-%) cos (.3“(1:—‘8)] €
(.9 @,
my, t,

mwt [casw({: f)]t ]

- F i_ '- - - - _i_ S:n w"é
= ‘ko‘to ["’n sin W, (t i:o) + to cos w, (t tﬁ) @, ]

mt . <‘ o
F(t)'—' { Fo (i CoS 2¢t, ) 5 ost < to (Ei)
3 t >t

(o) r

For an u.nchmped system , E&'(‘f‘”) qives

1 t
x(t) = ;"-—“?n ‘J. F(?-') Sin C.Sn(t—'c) dT
[
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x(®)= — j (1- cos — t ) sin 9, (t-7) d7 .(E")
NO‘hng that

‘(;Iln((&'t (.-9?> Jf-’["‘ COS(Ut Ut)] =Q_—;— |-co$(4.9"f>
end

jcos T (S‘m&?f s W, T - cos @, t s.nw‘c'> dT

zto
= s.nw{:[ s"‘(zt “’")?" 4 $|n( °+0>?: ]t
2(2g, —@n) 2( -+ ) ¢
- cos W, t [_ “‘(“’n“}ra)l‘ _ CoS(wn-f—z-‘i-o)'C]f
o - 1%03 o+ 25

S [ Cos Tt _ c¢os c.s,,{-].,,
%. (Ez) can be S.mPI.f,‘eA ol
9(({:) = -:::— (l- cos w,,t) + <F/""3 [a:s rt — coS W, tJ (EJ>

(AR

<
[cas zlr—t;- cos ("nt]

z( _7_7_‘;_04- as,,)

fe':--f_.?_?-
x(t)= —— f (1 Cos——— ) sin 09, (£-7) 4T Ea)
m:’“ -—n cos W, (t-to) - Z;Z, cos Wt [ ~ :gé_ﬂ{;.-,.as,.t -
- ;in(%:? ~w,) to L S (——'-r-w)to ] 4 ot Wut *
zt{"") z(—z'E',"' “n
'CoS(zt—c.s,, coS(——+Un 1

i
[ J}
2 (on- T e B oKy e

e ()= £ Teos 0, (e £) = cos W, t ]
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fo o, (= ) — — Sin 0, (8- &
~ 2w A (_2_11'?’_0") s n ( o) zmmﬂ(_;r?"+ Q,") °)
Fo 1 L
-+ cos (d,.i'- - -+ } E
2m W, { (-;—rt—e - Un) (%°+ CJ,.,) (5>

Base displacement = 3(4£) = Y sin 1‘;—4 (&)
Y y(t) = VY sin I‘t_t (Ez)

Sfea.dj—:{'ai'e relative ol-'sPlgcement can be found from Ez.(q-36)u

)= - f 50 €O ey e (@)
Where y(qg) = -Y ("_ * Sin _71_%_2_’ (54)

}(4:)— °’a (to) f' t_osw,t rw.. i lrt_:: sin @, (t-7) 4T (&5)
But ¢ -—to— Sin a:'(t T) =-£- cos(?_ré —‘-ﬁt"""f’)'%“‘(%f*“&t"&z)
= -'z-[cos (‘?{;'PG’J)'U- cosc.g,t + s.‘n(l:-.+ﬁ’4>‘c'. Sin UJtJ
1 [cos (_TL_uJ)'c- cos &yt - s.'n(_l!';..waz'. sineyt | ()
Eps- (Es) and (Ec) give . ¢ .
3,(-!:): % Y (-rr gw [cu a{,t-fer”" C“(.’é...o‘,)r.lt
(-]
+ Sin a:,t.fe ©n .:in(-z—;"""a)"""!r-

t w,T
— ¢os @yt - f ¥ "—"‘(Itr_,—u‘or"!t

+ sin W, t - TWOnT y L S Jt] (E
s d jo- (J . Sin (to C"J>'c 7>
E&'(E7) can be simplified
2 i Tt
3(t)= _Y _E) YW, o5 L
-vw,t
+(%+"’J) "HWT::"'YUH e COS"&t
-, t
+('T°+wd) {4 .ﬁn&’dt}‘

CoS it

“"d(*o) (ru) (‘"‘ a‘) {- to
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. - T W,t

(—_‘_—o —(dd> Sin lr;f + v, e cos Wyt
- Tw,t
+(—,E—o-' d)e sin c.s‘,t} (Ea)
Base displacement:

Yvb o p<i<tg=2
) - v

3(t) =1 5

0; t>to—-v—

Equation of motion of vehicle:

mx+k(x—y)=0
Using Eq. (1), Eq. (2) can be expressed as

) kvYt L0<t <t
mx+kx=ky= 6
0; t>tg

Steady state solution of Eq. (3) from Example 4.9:

vY

—_— t —si tr c0<t <
x(t)= 5wnk{w" smwn},o_t_to

Note that the homogeneous solution,

x(t) =C; cosw, t + Cy sin wy ¢

(2)

(4)

()

is to be added to Eq. (4) to obtain the complete solution. The constants C, and C, are
to be evaluated from the initial conditions (at t = 0). In fact, tthe resulting complete

solution is valid for all values of ¢, including values of t > tq.

@ Speed of automobile = 50 km/hr
Excitation freguency = (50 xi000)_t

3600 );_—; = 27-7778 Hz

Natural :FTBZ“C“CJ =f = 1o Hy = @,= 27T rad fsec
+ = 05 x3600
® T Toxigos = 0036 sec 13®
Ol fpovmonee
042 t :
xt)= to s osts f°/z :
—oe2t .2, Bets<t : >¢
to z o o 0-0!8 t,=0.036

o > t > to . em (el)
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Ezua;l:n'on of motion (fo.r unJa.mpe:l c:a.:e) :
Where  F(t) = 4 y(¢) (£y)

Solution of €. (&,) is:
4 ()= —o fF(-e) sin W,(t-7) de (&4)

For o<+t < fo.

e e e 2 _"
Xt =
®)= mw,, j eo (&)
S
nce f’t’fm(d({‘ ‘Z‘) At"'(——--——;sma)ht),
% (Eg) L\mee.f
x(t) = 5.555¢ (t- 01592 Sin g.2832t) ™ oﬁtsc.oqi’se(;‘)

f.'o/,_
x(é)= {_! £ SmU (t-T) dT + (ﬂ+°z ’"‘U(* t)li}
toz

t
B:k v .z* ] r
_2;/1' - fin wn(t-—t') dr = ° {Sl‘n w,t [;; Cos W, ¢ +
Mwnto 0o \'ﬂwnto n

T bo/2 [ z to/2
(—Jf"fl'n (.9,,2’] - cos Wt —J—Sl‘n UHZ'-“-’— Cosﬂnz]

n 0 n n []
= §.555¢ [o-l5.92 Sin G.zg;;_(-t- o:ow)

+ oc0l80 cos 6:2932 ('l:— o'OIR) — 01592 sin 6-2232'&J m (57)

Since {'0: 0-036 .

t
-02% f 02 % { . [_'_ P
_— T Sin W (t-TYdT = - Sin Wat [ g2 05 W,
™m Q’nto fo A " H( ) mWn tﬂ “’n

t ‘ t
x Sin I, T] -— t[_‘— S'n W, T — X cos &9, T }
+ @, fo/z Cos Q,. w? W, ]*o /z

= - 5.555¢ l:t = 01592 sin 6:2832 (t - 0-017)

- 010180 cof 62832 (- 0018) | m Es)
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t
0:2 k
™ Wy f"'n W, (t-T) dv - o2 %

¢
= o2k [ o as,,(t-z)J _
s mor 5 "

= 0:31 [t cof @, (t- £2)]

—
-—

0.2 [t- cos 6:2932 (t—o-°'3> J ™ (ES>

Hence the solution can be expressed as

z(t).. [l 17689 sin 6:2832 (t - 0i0)8) — 09945 Sir 6.2832 t

~5.5556 t +02] m ; o008 <t oe3se

For t >t,: .

RLeTI by, o

X(‘k = _Oﬂ_ J\ . - 02 k J . t- T
) . to ) T sinw, (t-7) dT — —mwhto T sin 5, (E-T) d

. _ /2
+ 0e2 Kk to
—h Sin 9y, (‘t - 'C') T

t°/2.

GH)

The first term on the right side of (E") is given by (E7)

Second ferm on the right side of (E,) is

t .
—*'o.z‘k y _OOZk __ wswt
m Wa t, f T sin wn(f—?.'> dr = mw. to {nnw f[
t°/z

L o
+ 1— N i . ) [
nwo,T - s Wpt] — sin W, T = —— cos W,T
(‘,h n wl n “’n ¢
to/;r_ " %
= -5.555¢ [0-159?. sin 6-28?2.(f—o-o?G)-(-o-oBGocosCvzgaz(t-c 036)

-~ 0-1592 sin 6.2932 (t-o aw)...o 0180 cCos 6-2832(f—o-ol?):) m
The third term on the right side of (E“) s

(Ei2)
002 % to 2 %
™ W, J‘ Sin Wu(t-) dT = ° C.LS cos &, (t- Z')]
tofs ™ n to/2
= 02%

[cos W, (t=ts) — cos , (t- L
mw

)]

02 [cos 6:2932 (£-0.036) — cos G.2932 (t- 0r018)] m (Ers)
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Sox(t) s 3t'veﬁ by the sum of Eps- (E-,),(E(z)amA (Ei3),
which can be Sfmrliffed ad

x(t) = (.7689 sin 62832 (t— 0-0i8) —o- 8845 sin 62932 £

-

—0:8945 Sin G.2332 (t-—o-o‘sé) m 3 t >o0036 sec (EW)
When the container strikes the floor, the velocity of the
s s )
mass 1S 9iven bj 'mj" - _2': m v2 or v= ,,194‘ (E,)

The d-‘splmwenf of the camcorder Su.LJ‘ed:ecl to an

initial Velocify ‘iazv is given by €p. (2:72), with
Xo=0 amd T < 1,

Y, t ;
x(t) = ¢ Ot _ % . sin f1- %% w,t &)
W, JI-5*

System can be modeled as a Spring~ mass system m =
subjed:ed to base motion: %« :
t)

3(’:)={<Y*‘/t}) 3 ost € ¢, I

0 5 t > to -t (£|)

Relative dn‘spla.cemcnf of mass , 3 = x-Y, is given by E;. (4-36):

ment
3O == 5 [Ty & T g €

Where . /2
= (7 ° ’
#Ho) = ( /'t )} e et )
}(T): (ZY/{-:')
o,nd y(r) =0 H T > ‘to

For o<t = ¢,:

Since the system is undamped, w, = @, and T=0, amd (Ez)

reduces +o
t

F(t) = - 2T y sin W, (t-2) dv Ea)
o

@, t;

Here

, t
jsin s, (t-7) dz = _r(sin Wt CosW,T — Cos Wt sin 3, T)dT
0 °

t t
= sin cS,t fcdo,,z' dz — ws ot f sin @3, T dT
(]
0
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t
= Sin W, t (Z;L,, Sin w,,2'>t Cos oot (_j cos as,,r)
- {— cos .t
= | —— E
(gt o
Thus Ey- (E4) 9ives
2
x(t) = Y_Jc_ - (1- cos @3 t) ; o< t=t, (E‘)
t2 t"
(-]
For t > to:
Eg. (E2) 9gives
t
3(#) = - °2Y o, (t-2) A7 (E7)

But :

w
fo

sin W, (t-7) dT
-]

. ()= x () -3 @#)= -
Wl

-

219—,. {cos W, (t—te) — cos W,t }

{Co:w(f to) — cos W, t} t>t,

(EJ>

—TGS

(29

f (t-7)
-7, (t-

*-7)

z)

sin (9 (t-7)(dv)

[(t ) e
(‘;6.9“) + 6932
RELNCED

(Twn) z + “’;

wﬂ
_ye,t
+ E____—- {U,,
ﬂ

t -
I, f e-Twn (t 2‘)

(-]

[e
Y} + @)
%) -3 W,

-,

e
w? ol

_L_(zwc.snc.sn_,.

{— T Wn sin &) (£-7) — Wy cos d"(t—z)}

t
{(‘;"&9:_ w:)sin S (£-7%) + 2T W) cos “’J(t'r)}:’

~-TwW,t T=0

t e

(‘r W, Sin Wt + W, mw;t)
W

(1‘;2'—1) Sin c.sdt +27 9,0, cos wdt}

sin Oy (£-T)EdT)

-, (*-7) {—TG’ o wd(t ?)_w‘l cosS "’J(t ‘C)}]

t
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() = g, o LRI 3
™) ]

2 2

_ §F 23 -T("“t{zr _(("J“"“ i wt}]
- T[t_ o, ¥ € T, ot RS

[2
n Wn C&’J

(1) mx+cx4 kx = F(t)
where wm(t)= M -m,t = (2000 - 10 t)

k9
ond F(¢) = m, v = 0 (2000) = 20000 N

(2) with m= M- T mt, = 2000~ 4 (0)(100) = 1500 *g ,
eaua.i:ubn of motion becomes

1500 x + 0-1 x10° x + 75 xuos x = 20000 = constant

Maximum steady state displacement is
x,(t)= £ = _20000
4 ) * 7-5 2 0®

From Eg.(4.32), the response to unit step function can be obtained by
@ setting F ()= 1 os

A(t) = fotg(t—‘z) dz - o= (E1)

By differentiating this eguation with resped: to t, we obtain
dh -
]T{-:'(t) = 9(¢)

Epuation (4.32) ives x(®) = (*F(x)-g(t-7).dz
But 3({:-1’): -:—_—t—(t—?) from PTOB'QM 4..30 .
t dh
x(t) = S8 (¢-2) dT
Y= [ R R
Integration by parts sive: & I
%(£) = =F(t). h(t-7) !no + ‘[ 2 he-2) 4T

= 0-002667 m

-F@®) h(o) + FC) t(+) + _[;t %—:7 fA(t-T) 4T
But 4’!(0) =0 f"Om Ez. (Ei) ,; r'I’OL'CM 4.30.

x(t) = FE) h{t) + f"%(ﬂ.g(f-z).ar

Equation of motion for rotation about O: |

Jo6+MX(€)+k a0 +k, b2 6=Fple "

(1)

where X = € § and

=1 2 Cve_1_p
Jo = 13 m ¢ +m(2) 7 @
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Eq. (1) can be rewritten as:

[%meMMe? B+ (kya® +ky b?)6=Fo e’ (2)

For given data, Eq. (2) takes the form:
53.3333 0 + 1562.5 § =500 e~ * (3)

1562.5
Noting that the system is undamped with w; = \ / 533333 5.4127 rad/sec and

the forcing term as 500 e~ %, the convolution integral, Eq. (4.33), can be used to find the
steady state response as:
t

1

6(t) = e _

(t) (53.3333) (5.4127) _!; 500 e~ " sin 5.4127 (t — 7) dr
t

=1.7320 [ e~ * el* = 1) sin 5.4127 (t — 7) dr
0

t
=—17320e" "¢ [ el*~ ") gin 5.4127 (t — 7) (— dr) (4)
0
Using the formula:
. 1 '
e**sinbxdx = ——— &** [a.sinbx—bcosbx] 5
J a? +b? )
Eq. (4) can be expressed as
. rT=t
(t-1)
6(t) = — 1.7320 €™ * | ———— {sin 5.4127 (t — 7) — 5.4127 cos 5.4127 (t — 7)
1° + 5.4127
r=0

= 0.3094 e~ * + 0.05717 sin 5.4127 t — 0.3094 cos 5.4127 t radian
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1
Jo=—mé +m
0= me tmiy 48 48

2
ﬁ] =L met = L (10) (1%) = 1.4583 kg—m?

Equation of motion for rotation about O:

A (2 9 2
S v 6= -2t

or J0;9.+%-k6’29=M0e““

or 1.4583 f +3125.0 0 =100 ¢ 2" (1)
. . . 3125.0
Noting that the system is undamped with w, = T8 46.2915 rad/sec, the
convolution integral, Eq. (4.33), can be used to find the steady state response as:
t
1 .
f(t) = 100 e~ % ) sin 46.2915 (t — 7) dr
() = (T2583) (@5.2913) { (100 €™ *7) sin (k=)
¢
=—1.4813e” 2" [ ¥~ gin 46.2915 (t — 7) (— dr) (2)

Using Eq. (5) in the solution of Problem 4.32, Eq. (2) can be expressed as:

Tewt
e2(t—1)

6(t) = — 1.4813 e~ 2*
(t) 22 4 46.29152

{2 sin 46.2915 (t — 7) — 46.2915 cos 46.2915 (t — 1')}

r=0

=0.03194 e~ 2* + 13.7994 (10™*) sin 46.2915 ¢ — 0.03194 cos 46.2915 t radian (4)

i

360

Net compression of spring PQ =

- x(t). Equation of motion for rotation about O:

Jo§=—k%£[£]— 3es (t)] [3(]

4
or Jo'é+%k(20—u (t)—uxo -t (1)
For given data, Jo =1—12-m6’2 +m (:)2 mé = — (10) (1%) = 1.4583 kg—m?,

-~ k &= (sooo) (12) = 3125 N/m, and Eq (1) becomes

1.4583 § + 3125.0 6 = 37.5 ¢ * . (2)
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Noting that the system is undamped with

Wy = 31250 _ 46.2015 rad /sec
1.4583
the convolution integral, Eq. (4.33), can be used to find the steady state response as:
t
1
f(t) = 37.5e” ") sin 46.2915 (t — 7) d7 3
(t) (1.4583) (46.2915) { ( ) (t=1) )

Using Eq. (5) in the solution of Problem 4.32, Eq. (3) can be expressed as
t
e(t - r)
12 + 46.29152
r=0

=0.01199 e~ * +2.591 (107*) sin 46.2915 t — 0.01199 cos 46.2015 t radian  (4)

f(t) = — 0.5555 ¢~ *

{sin 46.2915 (t — 7) — 46.2915 cos (t — r)}

<, Br <
Fx
F., F} = reactions l =
at O m |
]
T gmx
Equation of motion for rotation of pulley about O: * z
J00+mii(2r)+k1x(2r)+k2(9r)r=2rFoe"t (1)
where 0 = 2x—r Eq. (1) can be rewritten in terms of x only as:
JO o 1 -t
;+2mr x + 2k1r+Ekzr x=2rFye (2)
For given data, Eq. (2) becomes
110X +1125x =5 ¢ ¢ (3)
Noting that the system is undamped with w, = 11112;)5 = 3.1980 rad/sec, the
convolution integral, Eq. (4.33), can be used to find the stead.y state response as:
t
x(t) = —0.1421 ™ * [ e~ 7) 5in 3.1980 (t — 7)) (~ dr) (4)
0
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Using Eq. (5) in the solution of Problem 4.32, Eq. (4) can be expressed as
t

: -t
x(t) = — % [e(‘ -7 {sin 3.1080 (t — 7) — 3.1980 cos 3.1980 (t — T)H
' T=0

= 0.04048 e~ * + 0.01266 sin 3.1980 t — 0.04048 cos 3.1980 t m (5)

(w) Unit |'ml;u,$'e response function for undam‘:eal case:

Use T =0 and W, = &S, in E&.(q-ﬂ):
x(t) = mias sin &, t (E'D

n
(b) Unit impulse response function for unJero‘o.mPeJ
case : Ep.(4°27):

x(t) = mi(JA gTwnt Sin CJJ’I: (EZ)

(c) UnH: im]oulse resronse funch‘on :For Cri‘l:u'cwuj
Ja.m]:eol case :
Free vibration response of a"cr.'f:‘w-flj a(a.mlﬂeo‘
Syetem is 9iven by E,, (2.90):
J | n by g( 0) st
%(£)= i, + (ot Wnxo)t} e (e-3)
US\'nj the inH:u'aJ. conditions x,=0 and ".‘az —r'rT’
Eg,- (E:3) gives

x (t) = —%gwht (54')
d) Unit impulse response function for an over damped
Ccase .

Free vibration response aﬁ- omn -everalampec’ rjrtem (s

9given by EZ.(z.gl :
- 2 —T_‘i z—,)wnt

4 ('E) = Cl (E' 5)
where

oo Xo w,,(r-nlr‘—:) C c - _x,wn(r—\E’—t )"“‘;‘o
v 2‘"1'\ '{1"" , 2" zwn&—{:

For the an:u‘qJ conditions Xo=0 and 's‘o: —',;' >
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C, and C, become
4 1

€= 2'm wths"'—l— ;o CG= 2m W, \¥5 -1
and hence Eg. (E-5) yields

1 ,/ T _ t —(-Jyx*-Net
t)= —("" ¥ '> wrl (r s n
x (1) P = {e - e }

(& 6)
@ wm=2%g, €= 4 N-S/m, 4= 32 N/m, F =4 3(t),
X°= ool m, 9.‘°= i YH/S'
O e o d o
mwm 2 / cc 2 km 2 31(2) ° 5

Wiz N1-* 5, = 3872983 rad/;
Undeer.mPeJ Sjsfem.
Impulse response is given by Eg. (4.23) :
F oJ Wt
x(t)y= =~ €
™ C«SJ

Sin Q’d f:

—t
= 0:516398 € Sin 3:872983 £ m

The stiffness of the cantilever beam (win7> is given by

9
EX 3 (15 x1

System cam be modeled os o stnale degree of freedom
uno\a.mpecl system:

mx + kx = o

where m= 2500 kg9, k&= 45 x 1o N/m, and

- 4% 6
Wy = \/:= /ﬁ% = 134. 1641 rad /s
2:5 x1o

Response of wmass due fo imru[se E is 9iven by

Eg - (4'28) with T =0 and W,y = W,
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x (t)

Sin wn t

It

s'n V341641 t
2500 (134. t641)

0:000(49071 Sin (341641t m

A

Fo ; o=t 4
F(f)={
o ; ot > to

>

€-(4-33) gives , for an undamped system,

t
x(¢) = iw.. f F(r) sin W (t-7) dT

m

For 05t < %,

= _Fo t = Fo (1= cos wnt
z2(t) = ey L sin W, (£-2) dT = r” ( )
using EZ‘(E5) in the solution of PTOHCM 4.217.
For € > %o
t
x(t)= _Fo °

m G, f sin @, (t-7) dz

0
Using the relation

€s
f sin W, (£-7).dT = -ol?"'{cos @, (t-T) - cos Wt }
o

tHie solution can be exrressec’ as
7L(‘t) = _’:_:_[c,ax o (t—fo) — Cof agnt]

For o< t < t,, x (t) = E‘:. (1_cqs w,,t)

% = fo G sn &t =0 > wntmu =T
F _ 2F
v Xmu= 'Z(‘t?- tm) = -—:— ("' cos 69“ tmul)— *o
For t > ¢, F

x(t)= = {Cos o, (t-t,) — cos c.s,,t}

4"_-F69 N - — St at =0
* " _21.‘_2{”6-9"(* to) — sin @ } ,
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> Sin @3y, ({-mu - to) = Sin Wn 'L-max

. ; ¢ .
e, tan Wptmax = ( — w: " 1) (Es)
Cos Gnlo —
'T'C') | h X t .__ sin Oy to (Eg>
in ma - 1
n x J?(i - oS wn fo)
Wnto — 1
anJ Cos wn ’Ema.x = cos n ‘o (E’o)

\/;( { - cag}w..to)'

Tmax = x (t: f‘ma.r.> = f&. {cos c.:,‘t’:mu - Cos W,to

+.$fn W tmax - Sin Wnts — cos Cl)n'bma.x}

- Fo{ @" wnto - ')z sin” o3, t, }
")

v + v
\[2(‘- cos W) Jz(:- cos &3, ts)
= 2F ¢n WGnto <Eu)
3 2
Plotting: 5. 2T
n
‘tma.l L
For os t < ¢, » W tmax = T or =, 2
Tn
When < ¢, , tpax= z = b
-e. to 1
e % 23
Y X max o > 1 (E"')
= for ?" - 2
Sst
For t>to» te 1
“Tn 2
Tn
x 2T to
B 2 sim Ol o g osin T
v t,
S Xma.x = 2 Sin 71'___‘&0 for —,E,o; <"‘zL (EH)
8s¢ "
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A 1‘111“
Egs- (E ) amd (Ej3) are W (as-t >
rlo{:{:ed m the gcn'jurg. 2b----=---

%

0 3 1 1%
Response SPec,'l:rum for a
rectangular pulse-type load

The response is foundl n proHem 4.22.
For o< t < to:

- F Fo 2 &n cgs-— - cos Ut
x(t) = _:_(1— cos c.s,d:) + pypry {(_) ~ }{ ( f
E,
For X oax ’ SI =0
'.e F w8 ) FO ks Sin ﬂ . +
B ° 7" sinw,t + ("— 2t, + Wy Sin “’ﬂ)

2¢,
* m T 2 2 0
{(1tc> - é’n }

which can be reduced to the _Farm

; il t E
sin O, tmax = si, T tmax E2)
= [zw,.to {m ('}I—‘,Y—mw:}ﬁ-k] " T2E,

Once 'éma.x is known fram (Ez), E&.(E,> can be used
to find «x at :

=o

max
Zmax = 7‘(“:= tma.x) = —i—.:-' { - Cos w..*ma.x)
=

Tl"fma.x - cos @3, {'ma.x> (EB)

m{(lto = ©n }(
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For t >t ¢

TR LR AL R T

x(t) = -—°— cos &, (t - to)

t Fe
— X t-1,
Sin G’n( ) {Q_m 6’ (___ - (Jn> am CJn J-r—- <+ wn)}

26, 2t,
+ cos w,t {_ e _ . }
2m & (“ T ) amon(F,ren)
0o
For fmo.x ’ g.-:— =0 | (E*>
ve Fo Wn si (t -t ) Fo ™ Wn cos 0"(tm“'x-to>
- _...1._(.._. n G9n max °) —
2m W9, ‘f.‘ {( > -, }
™ \2
N Fo (ET) Wn

sin Oy tmax =0 (e

*{(zt, - “’"L}

Once  tmax 'S found by solving Ep. (E5)» %mex M be found
}mm Es. (54) ald

Xmax = .7"(*-‘- tma.x) = l:-:— cos Un(l—'mn.x - t") :

™ F

2y m o {(zn) - w"z}’

P ()

* Jf N> 2

{<2t¢,> = n }
Eys: (E3) amd (Eg) can be wed to plot x
to Set the cl-'spla.c.emené refPonse Sped:ru.m.

Base acceleration = %(t) = @, (1_ Sin ;.-z‘ ) (&)

For an undamped system, the relative d.s/,la.cement is given by
G (e3):

3(t) = - ——— f Y(7) sin @(t-7) dT

sin CJ,.,( 'bma.x - to)

Cos @9, tmax (E 6)

max VETSus @,

= ———[fa,o Sin W9, (-b-‘t‘) dr -fa, Sin "‘Eo sin &9, (‘b Z’)JCJ
(E2)
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Here -

t { - cos Wt )
f.fl'n S (t—?—') a7 = ( = n > (E;)
0 n

;rom E&’(Es) in H\C So'uéfoh 0; Pro“em 4 - 27 .
an
t wTT /.
f Sin (Sl'n Wnt cos 9,7 — cos Wt sinw,T)dT
0 2t 7 i
- sin wht {_ COS( - (Jn>'r_ _ co$ (—7_"‘ + CJ..)z' }t
2(‘5.?; - @) 2(Fe+ wn) e
w (- — 4. +
- oS Q}nf { Sin (Zi'o @) T _ sin (_{—t', + wn> (o } (54)
T :
_7’(‘2",‘:';“"311) z(.:[— +c"n> o

Thus the solution, =¥ (E2) >, can be finally exrre:recl as

}(t) = - a(:: (1 - ot w"t {S‘m W, [COS -© >t
n 7 7-(-———(.’ ~>
cos (_2:1%; “"wn)t -2]+ o wnt.[ﬁn(ﬁ‘o—w.bt Sln ____ +(-9> J
z.(%‘;-o-{-can) » z(%"&-as,b z(w +w>

(e5)
During o5 .5 ty:

x(t)= F" (1 T s ot %‘E sin W, t) (&)
2(£) =0 9gives  Wht, SiINWyty, = 1 =3 W, tm
er  Wntm= 2 tan “(©n t.) (€2)
(EI) becomes Tm - T ok Ot ——? in (5, tm (EJ)
(F/k) o ©nto

where t_ is given by (Ez)
Durmg t>ts:

-------- :;9.-- [(1 s W, )4';! (.9,.{' - (&9,, to- Aim “’nt°) s 63,.'&] (54,)

e, x(#) kW, te

= %(1‘:): A 4in Ot + B et W, t

Fo k
wl'\ere A= 1- (& (“’nta H B= - (wnto - fan c"nto)
Since X% lm - ,A"+ BE |
1/)_
Xm - i 2 _ . + 1 (E
2o = (bl + (ot 0t ] )
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2:0 p Ez (2-0)-
(E3 .(Es

gkl o'}
2 r 12 -
0% 08 |
0'4 I~ 004 o

L 1 1 A | W | ] i Il ) L | MR PO |

0 2 4 68 10 2 ¥4 K 0 2 4 ¢ 8 b 12 i4 16

wntc (s'nto

From Exa,rnple 4.10 , the response of the building frame is 95Yen by

'X(‘\‘:):: "Eg' [1" —g; - Cos 69,,* -+ Sin G’nt] » 0% fS to (513

Wt
and e
x(t) = F___ [(1— ws Wato) sinw,t — (“’nfo“"'" w,,t,,) Cos ca,.t] , t>t,
* W, t, &)
(i) Fer 0 st = ¢, :

For ‘l(t) to be maximum, the &ua.nh'i:j nside sguare

brackets in () wust be maximum. This implies that

d t ] .
T [I— T, of Wt + = s.nw,,t] -0
i“e., | wnt" sinw,t = 1- (os W,
e C",ﬂto Co3 (_‘_9.'_'.3 = Sl'r\'.lg_"_‘g
2 .

;-e-) h“ g;__t_. - wn to (E3>
Thus, & x(t) ottains & maximum value at t= tmax, Eg-(E37)
gives 2 _4 _

tmax = . tan (v, t5) )

once thax is known from (54),(E,) gives
Xax= % (t= t"’"’") = —E—{(— f:‘“
o

J

Cmax _ o5 69, e

-+

to Sin Ul‘l 'tmq_x } . (55)

(i) For t> t, :

For % (t) to be maximum, the @u.a.nt-'f:y inside sguare brackets
n % (Ez) must Le maximum. Thes fmp'n'es' that

d%t' [('— cos (.9,.,'&0) Sin wnt - (@"to - Sin Cn’,,t°> cos wnf-] -0
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l.rev)
(1- s Wato) W, cos Wt + (w,,t,, -sin Wpte) W, Sin Wt =0
€
- cos wyte
tan ©,t (Ee>
cﬁsﬂ to — Sl'n wnto

Ig x(t) attains its maximum at t= tgax > Eg'(56> gives

-\ - ~to
L cL-L_ T S S

Whte~ Sin Wato
once tmax S computed ;rom (E7), (E2) gives

Xmax = % (t= tmax

CDS (] t;) ‘F<@d t -SinW,t > ]
leen data: (EB)

m= 5000 %9, Fo= 4-x|06 N, t,=o0-4 sec,

n= \*/m = coigta V&

Procedure :

i, Assume o series of values of % .

Xpax = 00l m.

2. Fl.nd tmo.x USI'ns Egs. (E;.) and (E.’) .

3. Find X max USing Eps. (E;)a.nd (eg).
4. Select 4« such that X ey £ 00IMm in E. (E;) or (Ea)

S‘ample computer progra-m and results arvre shown below.

XM=5000. 0

FO=4. QOE+6

T0=0. 4

XK=0. 0

DG 10 I=~1i, 110G

XK=XK+1. QE+7

OMN=0. 014144SCGRT{ XK) ‘
TMAX1=(2. 0/0MN) #ATAN(GFN%*TO)
XMAXI=(FO/XEK3# (1. O~ {THAXL /TG -COS{OMNETHAXL 1 +SIN(TMN=TMAXL I/
(OMN#TO) )

XMR=-(1. O—-COS{(OMN*TQ))
AOR={OMN2TG-SIN{CMNETD))

THAX2=ATAN{ XNR/XCR: /OMNN

X1=(1. 0-COS (OMN#TO) ) »%2
X2=(OMN#TO-SIN(OMNN#TGj ) #+2
X3=(X1+X2)#%#0. 5
AMAXZ2=X3*FO/ ( XK*»OMN#TQ)

PRINT 5. I. XK, TMAX1, XMAX1, TMAX2., XMAX2

n

S FORMAT (IS, 2X, E1S5. 4, 21, 2E12. 4, 2%, 2E12. 4)
10 CONTINUE

sSTOP

END
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s UI&CJF.IP‘

ir

00000

. LOGQE+G8
. <00CE+C8
. 300CE+C8
. 4000E+38
. 900GE+C8

DO

. &776E-01
. 4843E-01
. 3F73E-01
. 3430E-01
. JO92E-01

. 7322E+00
. 3758E+Q0Q
C.

G,

2534E+0C
1914E+00
153EBE+GC

-0. 5124E-03
-0. B204E-05
-0. 3839E-04
-G. 41G8E-03
~0. 42G4E-03

These results indicate that the reguired stiffness is
K= 8«x loB N/m.

0. 41Ut +00
Q. 190471 +00
0.
0
0

13551 =00

. 1071 +00
. 7807k 01

Solution:

Let d = thickness of bracket. Then, from Example 4.15,

Specific weight 30 kN/m3
Permissible stress 180 MPa
Young’s modulus 70 GPa

self weight of beam = w = 135 d (N)

total weight at free end of beam = W = 135 d + 2 (N)
moment of inertia of beam cross section 0.00125 d2 m?

static deflection of beam under w:

_ W _(135d+2)

st 3R]

use trial and error procedure to find the correct value of d.

Let d = 40 mm,

d3

(1.0286 x 10719 m

w=54N, W=74N,I=80x 109 (m%

Tl’l

t

WA 14

T 3EI 0.04°

Ot

g

27

— =14.4
Tl‘l

from Fig. 4.561, A = 2.

Dynamic load at end of cantilever = P, =A, M a_ = (2) [

max

_Myc _

(1480 x 0.3)(

(1.0286 x 10719) = 11.8932 x 106 (m)

0

j =111 MPa

=6.9218 x 102 (s)

.04

I

80 x 107°

7.4
g

;J (100 g) = 1480 (N)

Since this is smaller than the permissible value of 180 MPa, we choose a smaller
value of d next. :

Let d = 30 mm,
w=4.05N,W=6.05N,I=233.75x 107 (m*%)
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6.05

8, = —— (1.0286 x 10719 = 23.0483 x 1075 (m)
0.033
— 65t — -3
T,=2mn |- =9.6358 x 107 (s)
g
t
-2 =103

Tn

from Fig. 4.561, A_ = 2.

P,=A,Ma, = (2 (@J (100 g = 1210 N
g
1210 x 0.3 x 0—;)—3
o] = = 161 MPa
e 33.75 x 107°

This stress is close to the permissible value, we take d = 30 mm.

Let d = thickness of bracket. From Example 4.15, self weight = w = 135 d (N),
total weight = W = 135 d + 2 (N), moment of inertia = 0.00125 d? (m*),
static deflection of beam

_ W/ _ (1354 +2)
* BEI a3

(1.0286 x 10719 m

Since shock amplification factor for large values of —% in Fig. 4.52 is similar to

T
Fig. 4.12, we start with d = 20 mm.

n

w=27N W=47N,I=10"8 m*

135 x 0.02 + 2
5., = (1.0286 x 10719) - = 6.0430 x 105 m
0.02
-5
ro=2n (O =2g \/M = 0.01560 (5)
g 9.8
f _ 01 _
Tn  0.01560
From Fig. 4.52,
A =11
P oA Ma = 4.7 _
J=A Ma =1 | 2L (100 g) =5.7 N
g
. G17x03) [QQJ
= bl = = 155.1 MPa
I 1078

This stress is quite close to the permissible value, we select d = 20 mm as the design.
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Let d = thickness of bracket (beam).
Self weight of beam = w = d (1072) (40 x 10~%) (3000) (9.81) = 117.72 d N.
Total load at the middle beam = W = ((0.5) (9.81) + 117.72 d) N.

Area moment of inertia of beam cross section =1 = % (1072) d3 m*.

Static deflection of beam at the middle due to W:

5 = ' _ (4.905 + 117.72 d) (0.4)*
s 192 E1

192 (700 x 10°) [%2} (10%) @

_ (4905 + 117.72 d) x 5.714286 x 107" -
d3

We need to use a trial and error procedure to determine the correct value of d.
Letd=1cm

w=1.1772 N, W = 6.0822 N, I = 8.3333 x 1070 m*, §_, = 3.47554 x 108 m

3 \/ 3.47554 x 107
T, =27
9.81

=0.0037399 s

) = L = 26.7389
T,  0.0037399
From Fig. 4.12(b), A, = 1.1, and the dynamic load on beam is given by P, =A M a_
where M = total mass of beam and a_ = acceleration due to shock = 100. Thus
4 = (1.1) (6.0822) (100) = 669.042 N. Maximum bending moment in a fixed-fixed

beam due to load (F) at the middle is given by M, = % so that

-2
(669.042) (0.4) [1(; j
=My — = 9200.7134 x 10° N/m?
1 (8) 8.3333 x 10

Since this stress is higher than the maximum permissible value of 150 MPa, we next
select a higher value of d.

Letd=15cm

3
w = 1.7658 N, W = 6.6708, [ = 2.8125 x 102 m*, §_ = 1:; iﬂI =1.12945 x 106 m

—6
T=2m \/{1'129‘;58’1‘ 10 } = 0.00213196 sec
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t
=0 = 46.90526. From Fig. 4.12(b), A, = 1.1, P, = (1.1) (6.6708) (100) = 733.788 N
a d

.
-2
733.788 (0.4) [%}
o . = = 97.8384 x 108 N/m?
(8) (2.8125 x 107%)

n

Since this stress is lower than the maximum permissible value, we decrease the value
of d.
Letd =1.2 cm

w = 1.41264 N,

W =6.31764, [ = 1.44 x 1072 m*

W
8st -
192 E1

-6
T =2n \/ [2‘089167 x 10 } = 0.00289956 sec

=2.089167 x 106 m

9.81

t
0 = 34.488. From Fig. 4.12(b), A, =~ 1.1, P, = (1.1) (6.31764) (100) = 694.9404 N

Tn

—2
(694.9404) (0.4) | 12X 10
_ Myc _ 2
max I 8(1.44 x 107%)

= 144.7793 x 10% N/m?

Since this stress is close to permissible value, we select the design as d = 1.2 cm.

W = mg = 50000 x 9.81 = 490500 N, { = 0.05, o, = 230 MPa
o,
6. .. = maximum permissible stress = —~ = 115 MPa

max

_2m _ /m /50000 1. 40496 x 10°
T, = — = - sec
®, k

We need to use a trial and error to find k.

3EI  3(200x 10°)1
Let k = 1.75 x 10% N/m; k = = ( 1>5<3 )

= 1.75 x 10% N/m

I=0.84375 x 10 m* = - d% (0.5904) with & = 0.8
64 d,

d? = 0.33966 m*
d, = 0.763416
_ 1.40496 x 10°
J1.75 x 10°

= 1.06205 sec
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From Fig. 4.15, for 7, = 1.06205 sec and £ =0.05, we find S = 25 in/sec = 63.5 cm/sec,
S;=4.21in=10.668 cm and S, = 0.42 g.

W (490500)

Maximum shear force in column: E S (0.42 g) =206010 N=F__

a

Maximum bending moment: M, = F___h = (206010) (15) = 3090150 N - m
(3090150) 0.763416
Myc _

I 9.84375 x 1072

Maximum bending stress: 6, = =119.826 MPa

Since this stress is slightly bigger than the maximum permissible value, we choose a
larger value of k.

Let k = 3.5 x 108 N/m;

3 (200 x 10%) I
15°

k =3.5x10%= I=19.6875x 1073 m*

with i =0.8;
do

I= é dj (0.5904) = gi=0.67932 m*
or d, = 0.90786 m

d. = 0.726288 m

_ = 140496 x 10°

V3.5 x 10°

From Fig. 4.15, we find S_ = 26 in/sec = 66.04 cm/sec, S; = 3 in = 7.62 cm, S,=06¢g

= 0.750983 sec

Maximum shear force in column: F___= w S, = 490500 0.6 g = 294300 N
g g
Maximum bending moment: M, = F___h = (294300) (15) = 4414500 N - m
M. o (4414500) (0.90786)
Maximum bending stress: o, = b — -— = 101.784 x 10% MPa
I 19.6875 x 10~

Since this stress is less than the maximum permissible value, we choose the inner
and outer diameter as d; = 0.726288 m and d, = 0.90786 m.

m = 2300 kg, { = 0.02. From Fig. 4.16, in order to have S, = 1 g, we need to have
7, = 0.2 sec.

fk
Thus 1, ,=02= 2_17.; o = 31.416 rad/sec = ,|—
m

Wy

k = (31.416)2 m = (31.4162) (2300) = 2270019.63 N/m
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Eguation of motion s x4 W2 x = % Ciwt

~ For zero initial conditions

2 yzs) = Fo .1 B - F _1__—-———“"'“,
(l + G’,.) x(%) = Beie > x (»5)- _1.—:-'(‘;4.“:) (At+wl)

Inverse La.pla.ce {'ransformaiion gives

x(t) = b 1 { iwt

™m (w:_wz)
The terms confaining cos Wt omd  4Cn @t dencte the transient

part of the response q_r\J- hence can be m:gled:cd- Thus the steady
state response can be exPresseJ as

- F s ‘ot = .
x(t) = _;".( >€ where r w/wn

1-v?

o,
From Ep. (4#.57), %(3)= Fo (2l

' 2 + 2 A w,_)‘x
ma (424270, 4+ On) (" +2TGp %+

- (Co’ ot + %:‘;"; Aion wnt)}

]

U S .
+ 4 2 z ) %o
A2+ 27 09,4 + @,
Inverse transformai'.'on gives

-Tw, t : -
x(%) = ;‘F&{i- fi Sl'n((.BJ‘l:-{- ¢1)}+ ) 16,

\h-r‘

1-%
. -7, t

+ iqr_eT " sin @yt
L

where g= wsi(y).
The forcing function can be expressed as
Fit)= o {fu@®) - u(t-to)}
where u(t-7) is the unit step function applied of t=7- The
La.rfa.ce transform of F(t) is
F()= B(+ -4 a2t
The eaud:u'on of motion wm=x +kx = F(t) Jives
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—~5t,

_ E, -st,\ 1t R 4 €
= — (1~ = =
x(4)= - ( € ) mat + x Tn"{i(,& +@7) A(5%+ G’:)}'

Since -1 1 R | _
x {/‘(31*‘0-‘:_)}—?(1 Cosa.;t)»

x(t) = (1- s @, ) u(® - Fo {1- Cdc"n(t‘to)} "“(t-tt’)
™, ™y
Hence
- (- ot Oy ) for ost=s ¢,
x(t)= rn(.9
for t = {'o

Fo_ fen o (t-te) - st}

n

=% 'z‘: AF{ (rony e D o wye- )
~Y, (£-t)

=Y .
+ e w (é t )wa Sin wa(t-t4) ( TCS“) T‘::" Sin CJJ (f-t:)
-TO, (t-¢t;)
-e T(‘;" 69y - Cof Wy (k- t)}
-1
-1
=L S A § gT0n(t- ED) T ) sin 0 (b=t
: 2\ —TW, (& —t)
Xj: )———ZAF (QSJ-FTU )e Sln@;(‘-’j‘ﬁ)
i=1 Wy
E& .(.--.6.8.)_ fofCrEhtl'a.fl'na Ez. (4—.6@), Y, (’l: )
. 2 J-|
x t)= . -Tw“(t— t}‘-l) Izwn in & (-é _ + l.’ e
() fe wJ(H ————vj)sn (E=tn)
{- Z,‘_ sin (J’J (t_ tj—.) +- ﬁ:‘_ CoS wd(t-tj-.)
]
T‘*’" 2 (%o, + TG, yny) sin G (E-t )]
For t= t ’ o at T’-G’z -)’69 At { . SmUJAt)'
. > - n ] n @9,
15,=Eer ’(ﬁa (i+ Qz)SIHQ’At"" J P
k d
+ x"_-a CAG-Z,A*) - JW,, ( = +T9, x )sln GSJA }
6’4 (1.9‘
4.7
fe T 0, (-t 4y 3 (i)
ity. A 25 [a-ve.é 2L cos wy(t-tj-1) - €
t At T‘A%.(th T o,
zT au sin Wy (t- t; .)+ T, e c)(_uz_’:'_ sin W, (t‘tjq)
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»

_ T n(t-ti-y) (_(TZ’:_‘) @, sy (t-t; .)] + "'[70 T (t-t;)

-.‘m..(t- -
s 6 (=tjo)) + € =T G, (¢-t5) ; -Z

G, Sin wd(‘b-tjd) + TWah e

(1‘;’__) sin g, (- ) = g Ot -03(70»») w5y o8 Gt ]

Wy Wy
S TGN (E-t0) _yWn (t-t20)
-7, e

Sin QSJ (f ‘) - TU ‘rw (t '-l)(%j_,i-jwn XJ:"') Sin (&’J(‘l‘.’- t},_')

Wy
- (.9
+ eTG’n(‘: f}-i)( )-u*’)‘ n J >6"J 0’“",; (- t-‘)

©y

_, R @y(t-t;n) - ¢ Xim G

s:mplifica.h'on of this ezucu’: gives ot t=t;,

. _TwA
%= gAi: J{o&q‘ at; 1‘."_':unc.sAt }]
_T0, at;
+§_.1er P D osin 9yt
r W,
- T, At J nx. W, At.
&t {",cw"a‘*"j'—;(";""’ 3 xj) 4 Q8 |

i
[]
(3 N
(]
’
|
]
|
o:,d-
[ ]
[)
'
1
]
]
[]
o:’.
:..
2y
'
b
-]
| R
]
i
1
]
]
|
'
)
:
g
'/\
L N
i
!\/
[}
[]
1
'
]
]
]
)

i o

2 04T 0,276010€400 0.,275040E+00
3 o 0,462605E400 0,461K87E400
4 03 0,549249E400 0.547683E+00
5 o4 0.536630L400 0,934405E400
¢ 05T 0,435845E+00 0,433036E+00
7 oOST 0.266613E+00 0.263378F¢+VO0
] T 0,547668E=01 0.,513272E-01
9 o4 «0,170711E+00 «0,174093E+00
o o9y {4 38NT784E+00 =0,383830E+00
n m «0,549289E+00 =0,551730E+00

. §~1
Meﬂin. ,’zz 32“{1 cosu({;-t)}
n.=1
;1

. *5 + AR W, sin 0n(t-t)
Method 2: 24

*= _2 [1— @S Q, AJ:J-]*. Xy @l O, At; + z_-:’.'_'. Ai..ca,At}

x; = _:ﬁ'. u..c.s,,atj.q.w,, {- X &nw,,At}-.,. "j_—: c,,a‘“.}

Method 3: | o
'x-= ;A_%{ —"siv\ﬁ.’"at} -' (1 AN at; )+ ,-.MUA*

x-
+ 27 sin U“A‘Ej
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5 = 8% (1- ot @,at; ) + -t (g, sin @ty + %5, of 9y ot;
P 4 ’ K 7

4 Af}'

- O %joy S w, at;

VALUE HETHOD #1 METHCD a1 METHUU B METHOD 3
oF (FI1G, 4.26) (FLG.427) EEU&-if?-------ff?ﬁ:f:i??
1 XQ1) X(1) X(1) x(1)

2 0.489435F=01 0.412870E=01 0,451034E01 0,463829E=01
3 0.183327E+00 0.153639F400 0.168413E400 0.170863E+400
4 0.374871E400 0.311494E+00 0.342969E+00 0.346380E+00
5 U.590262E400 0,485757F+00 0.537537E400 0.541621E400
6 U 794 1T4E+90 0.6469R1E+00 0.720014E400 0.724433E400
7 0.95590HE+00 0.768556E+00 0,860A96E+00 0.865287E400
B 0.104732E+01 0,829582E +00 0.936446E400 0.940461E+00
9 0.105081E+01 0.817133E+00 0.931268F+00 0.934605E+00
10 0.959172E400 0.727695E400 0.840009E+00 0.842438E400
11 0.776638E+00 0.566437E+00 0.668027E+00 0.669410E400
I XD(T) XDCI) XDCI) XD (1)
2 0.309017E+00 0,260676E+00 0.284772F4+00 0.284646F400
3 0,539444E400 0.448685E 400 0.49377SE400 0.4932H6E400
3 0.669917E400 0.547974E+00 0.608327E+00 0.607283£400
5 0,690013E400 0.552279E400 0.620126E+00 0.618406E+00
6 0.6U1222E+00 0.465650E+00 0.531993F4+00 0.529561E+00
7 0.416706F +00 0.301948E400 0.357498E400 0.354412E400
8 0.159909E+00 0.833536F=01 0.119506E4+00 0.115921F+00
9  =0,137878E+00  =0.1G61957E+00 =0.152198F400 =0, 156045E400
10 =0.440725E+00  =0.402734E4+00  =0,423989E+00  =0,42779Y9E+00
1" “0.711751F400  =0.615408E4+00  =0,661B62E+00 <0.665302E4+00

m: lo Kg, 4= 4000 N/m, €= 40 N-S/m , E =100 N-5
, . )
wn"\/-—i—‘:\: \{i%ﬁ = 20 ra—al/s
40

[

T= —/— =

c
= = 01\
e 2 Jkm 2 ,/4ooo (10)

0= 1= 5% @z fim o (20) = 19:899749 red/s
Assuming that imPa—d: is given at t=o, we find the

response of the system as (}rom Eg.(4-28)>:

-TWw, t
xl('b)zﬁ L $in wd\‘:
m CJJ_
e—(o-u)(zo) t

=(100) sin 19-899749 t

(0 (19-899749)
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x (B)= 0:502513 e_“: sin 19-899749 ¢ ’ E&-D
Plotting of 5. (£:1) using MATLAB:

$ Ex4_56.m
for i = 1: 501
t(i) 5*(i-1)/500;
x(1i) 0.502519 * exp(-2.0*t(i)) * sin( 19.899749*t (i) );
end
. plot(t,x);
xlabel(’'t’):;
ylabel (*x(t)’);

0.5 I 1 4 I ¥ 1) I 1 L

0.4 m | |

0.3} -

0.2}t _ .

0.1} . |

x(t)

-0.2F i
-0.3F U i

.04 1 1 1 1 ] 1 ] 1 1
0

@ W, = 20 rad/s, g=01, G5 = 19. 89774 9 rad /s
Respense due to F §(t) is given by Eg. €1) of Preblem 4:56.

Respense due to F §(t-o5) can be found from Egs-

(4-29) and (428):
~-Jw, (t=7) |
x,(t)= [, _e 3in W) (£-7) E-2)
\'nQSJ

For ¥z o5, Eg. (E-2) gives
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- ol (26) (t-o-5)

x,(t)= 29 € sin 19.899749 (t- o-5)
1o (19-899749)
= 02512598 @ 27 gin 19.259749 (£ ~o5)

The respense due te two impacts (in meters) is given by
0:502519 e'” sin 19.899749t ; o<t =< o.5
t) =
* ) {0-25”.53 é’“'”’) sin 19.899749(t~0.5); t>e'5

Plotting of Eg. (£:3) using MATLAB: (e-3)

"% Ex4_57.m
for i = 1: 1001
t(i) = (i-1)*5/1000;
if t(i) <= 0.5
x(i) = 0.502519 * exp(-2*t(i)) * sin(19.899749*t(i));
else .
x(i) = 0.251259 * exp(-2*(t(i)-0.5)) * sin(19.899749*(t(i)-0.5));
end
end
plot(t,x);
xlabel(’'t’);
ylabel ('x(t)’);

0.5 ; ' , : . .

ol _

0.3 - -

0.2 !\ | | :

0.1

T
1

x(t)

-0.1

1
. -

0.2 .
ot | _

04 1 1 1 1 L ! 1 1 3
0 0.5 1 15 2 25 3 3.5 4 45 5
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Response due';t:a s::ep Aoad (see Ej.(E. 1) of Example 4-8):

t) = -~ cos (69t -
% ( \/'_:__ { cs(‘l ¢)

+ en’"}c" cu["’a(*'*o)—ﬁf]}
with rf:fa,h—i '

{ 3

VI - *g'}

Data: wm= j00 kg, k= 1200 N/m, €= 59 N~4/m>
Z=looN, to=o0.)8g.d 1-5%

Waz JX =0T = 3-464102 Tad/s,

T--% 5o 25

= = = 0.072169
f¢ m 2 J(lloa}(loo') 346.41016 |

@Wh= -t W,

o\l
\

3-455069 rad/s

-1 0072169
¢ = tan ( . = 0072232 rad
0:9597392
Ho“:l'nj:
% Ex4_58.m
FO = 100;
m = 100;
k = 1200;
c = 50;
= 3.464102;

zeta = 0.072169;
wd = 3.455069;
phi = 0.072232;
t0 = 0.1;
for i = 1: 501
t(i) = 20*(i-1)/500;
x1(i) = FO * exp(-zeta*wn*t(i)) * ( -cos(wd*t(i)-phi) + ...
exp (zeta*wn*t0) * cos{wd*{t(i)- -t0)-phi) );
end
t0 = 1.5;
for i = 1: 501
t2(i) = 20*(i-1)/500;
x2(i) = FO * exp(-zeta*wn*t2(i)) * ( -cos(wd*t2(i)-phi) + ...
exp (zeta*wn*t0) * cos(wd*(t2(i)-t0)-phi) );

end
plot{t,x1);
xlabel(’t’);

ylabel (’x(t)’});

title(’Solid line: t_0 = 0.1s Dashed line: t_0 = 1.5s');
hold on; .
plot(t2,x2,'--");
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Solid line: ‘o =0.1s Dashed line: to =1.5s
100 I 1 L ] 1 T 1 T L

x(t)

-100

-150 L
0

%$Programd.m
%Main program which calls PERIOD

%Run "Programd4" in MATLAB command window. Programé.m and period.m
%should be in the same folder,and set the path to this folder
$following seven lines contain problem-dependent data

xm=1.0;

xk=400.0;

xai=0.125;

n=20;

m=10;

time=1;

£=[62.5 125 187.5 250 312.5 375 437.5 500 zeros(1,12)]’;
£=0.05:0.05:1.00;

%$end of problem-dependent data
[xsin,xcos,psi,phi,fzero,fc,x,xpc,xps]=period(xm,xk,xai,n,m,time,f,t);
fprintf (‘Response of a single D.0.F. system under periodic force\n\n’);
fprintf(’/xm = %10.8e\n’,xm);

fprintf (‘xk = %10.8e\n’,xk);
fprintf(‘xai = %10.8e\n’,xai);
fprintf({'n = %2.0f\n’,n);
fprintf(‘m = %$2.0f\n’,m);

%$10.8e\n\n’, time) ;

fprintf(’time
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fprintf (’Applied force and response: \n\n'’); .
fprintf (’ i t(i) £(1i) _x(1)')v¢

fprintf(’\n\n’);

for i=1l:n .
fprintf(’ %2.0f %$10.8e %$10.8e %10.8e\n’,1i,...

t(i),£(1i),x(1));

end .

subplot(121);

plot(t,£f);

xlabel(’'t’);

ylabel ('F(t)’);

stitle('F(t)’);

subplot (122) ;

plot(t,x);

gtitle(’'x(t)’);

xlabel('t’);

ylabel ('x(t)’);

%=========================================================================={
%

$function period.m

%
%==========================================================================(

function [xsin,xcos,psi,phi, fzero, fc,x, xpc, xps]l=period(xm,xk,xai,n,m,time, £«
. &)
omeg=2.0%*3.1416/time;
omegn=sqgrt (xk/xm) ;
sumz=0.0;
for i=1:n
sumz=sumz+£ (i) ;
end
fzero=2.0*sumz/n;
for j=1:m
sums=0.0;
sumc=0.0;
for i=1l:n
theta=j*omeg*t(i);
fsin=£f(i) *sin(theta);
fcos=f (i) *cos(theta);
sums=sums+£fsin;
sumc=sumc+£cos;
end
aj=2.0*sumc/n;
bj=2.0*sums/n;
r=omeg/omegn;
phi({j)=atan(2.0*xai*j*r/(1-(3*r)"~2));
con=sqrt((1.0-(j*r)"2)"2+(2.0*xai*j*xr)~2);
xpc(j)=(aj/xk)/con;
xps(j)=(bj/xk)/con;
end
for i=1:n
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x(i)=fzero/2/xk;
for j=1:m L - L
x(i)=x(i)+xpc(j) *cos(j*omeg*t (i)-phi(j))+xps(j) *sin(j*omeg*t(i)-phi (¢
V)i
end
end

500 T T T 2

450 1

400 .

350 : .

300 .

250

x(t)

200 .

1501 .

100} .

50} R

0 L 1 1 1 _1 1 L ] 1
1} 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t ot
Results of Ex4_59

AR A ERRRERRERER SRR R R RARRRRR R R R E L R KN BEEREEEDT
>> programd

xm = 1.00000000e+000
xk = 4.00000000e+002
xai = 1.25000000e-001
n = 20
m = 10
time = 1.00000000e+000

Applied force and response:

i t(i) £(i) x(i)
1 5.00000000e-002 6.25000000e+001 " 3.78789292e-001
2 1.00000000e-001 1.25000000e+002 6.65286858e-001
3 1.50000000e-001 1.87500000e+002 5.00283762e-001
4 2.00000000e-001 2.50000000e+002 2.37031525e-001
5 2.50000000e-001 3.12500000e+002 3.39025654e-001
6 3.00000000e-001 3.75000000e+002 9.42110868e-001
7 3.50000000e-001 4.37500000e+002 1.58854150e+000
8 4.00000000e-001 5.00000000e+002 1.55862192e+000
) 4.50000000e-001 0.00000000e+000 6.56373440e-001
10 5.00000000e-001 0.00000000e+000 -5.2363267%9e-003
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11 5.50000000e-001 0.00000000e+000 ~3.77065247e-001
12 6.00000000e-001 0.00000000e+000  -5.06616825e-001
13 6.50000000e-001 0.00000000e+000 -3.57481271e-001
14 7.00000000e-001 0.00000000e+000 4.83338999%e-002
15 7.50000000e-001 0.00000000e+000 4.21581779%e-001
16 8.00000000e-001 0.00000000e+000 4.69545854e-001
17 8.50000000e-001 0.00000000e+000 1.02656116e-001
18 9.00000000e-001 0.00000000e+000 -3.54840551e-001
19 9.50000000e-001 0.00000000e+000 -5.10135040e-001
20 1.00000000e+000 0.00000000e+000 -1.71815377e-001

. %:==================‘_’===============================‘_‘==============:======
(50)
%Program5 .m

%Response of a single D.O.F.ystem under arbitrary forcing function
%usingthe methods of section 4.8

% Run "Program5® in MATLAB command window. Program5.m should be in one
% folder, and set the path to this folder
% following 11 lines contain problem-dependent data
xai=0.1;
omn=31.622777;
xk=1e5;
delt=0.1;
np=21;
npl=20;
np2=19;
$np = number of points at which value of f is known, npl=np-1,np2=np-2
%end of problem-dependent data '
xn=xai*omn;
pd=omn*sqrt (1-xai”*2);
%$solution according to method 1 using the idealization of Fig. 26
t(1)=0;
f(1) = 0;
f£(1) = 0;
for i=2:np
t(i)=t(i-1)+delt;
f(i) = 1000*(1l-cos(pi*t(i)));
f£(i) = 1000*( l-cos{ pi*( t(i)+t(i-1) )/2 ) );
end
for i=1l:npl
delf(i)=£(i+1)-£(i);
end
for j=2:np
x(3)=0;
xd(3)=0;
jml=j-1;
for i=1:jml
x(3)=x(j)+(delf (i) /xk) *(l-exp(-xn*(t(j)-t(i)))*...
(cos(pd*(t(j)-t(1)))+{xn/pd) *sin(pd* (t(j)-t(i)))))}:
xd(j)=xd(j)+(delf (i) /xk)*exp (-xn*(t(j)-t(i))) *sin(pd*(t(j)-t(i))):
end
end
for i=2:np
x1(i)=x(i);
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xdl(i)=xd(i);
end _ )
%solution according to method 1 using the idealization of Fig. 27
for k=2:np2

_ delf(k)=delf(k+l);
end
delf(1)=£(3);
delf (np)=£f (np);
for j=2:np
x(3)=0;
xd(3)=0;
jml=j-1;
for i=1:jml
x(F)=x(j)+(delf (i) /xk)*(l-exp(-xn*(t(j)-t(i)))*...
(cos(pd*(t(j)-t(i)))+(xn/pd) *sin(pd* (t(j)-t(i)))));
xd(j)=xd(j)+(delf (i) /xk) *exp(-xn* (t(j)-t(i))) *sin(pd*(t(j)-t(i)));
end
end
for i=2:np
x2{(i)=x(1);
xd2 (1) =xd (i) ;
end
%solution according to method 2 using the idealization of Fig. 28
x{(1)=0; ’
xd(1)=0;
for j=2:np
del=delt;
x(3)=(££(F) /xk) * (1-exp(-xn*del) * (cos (pd*del) + (xn/pd) *sin(pd*del))) ...
+exp (-xn*del) * (x(j-1) *cos (pd*del) + ( (xd(j-1)+xn*x(j-1)) /pd) *sin({pd*del));
xd(j)=(£f£(j) *pd/xk) *exp (-xn*del) * (1+xn"2/ (pd"2) ) *sin(pd*del) + pd* ...
exp(-xn*del) * (-x(j-1) *sin(pd*del) + ( (xd(j-1) +xn*x(j-1)) /pd) *cos (pd*del) ..V

-xn* (x(j-1) *cos(pd*del) +( (xd{j-1) +xn*x(j-1)) /pd) *sin(pd*del)) /pd) ;
end
for i=2:np
x3(1)=x(i);
xd3 (i) =xd(i);
end
%$solution according to method 3 using the idealization of Fig. 29
x(1)=0;
xd(1)=0;
for j=1:npl
£(3)=£(3+1);
end
f(np)=0;
for j=2:np
delf(j)=£(3)-£(j-1):
x(j)=(delf(j)/(xk*del)) *(del-(2*xai/omn)+exp (-xn*del) *{(2*xai/omn)...
*cos (pd*del) - { (pd"2-xn"2) / (omn*omn*pd) ) *sin(pd*del) ) ) +(£(j-1) /xk) ...
*(l-exp(-xn*del) * (cos (pd*del) + (xn/pd) *sin(pd*del) ) ) +exp(-xn*del) *...
{(x(j-1) *cos(pd*del)+((xd(j-1)+xn*x(j-1))/pd) *sin(pd*del));
% xd(j)=(delf(j)/(xk*del))*(l.-exp(-xn*del)*(((xn*2+pd~2)/(omn"2))*...
% cos (pd*del) +( (xn*3+xn*pd*pd/ (pd* (omn~2) ) ) *sin(pd*del) ) )+ (£(j-1) /xk) .¢
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% *exp(—xn*del)*((xn“2/pd)+pd)*sin(pd*del)+exp(-xn*dei)*(xd(j—l)*...

% cos(pd*del)-({xm*xd(j-1)+xn*xn*x(j-1)+pd*pd*x(j-1))/pd) *sin{pd*del))) v
xd(j)=(delf(j)/(xk*del))*(l.—exp(-xn*del)*(cOs(pd*de1)+xn/pd*...
sin(pd*del)))+£f(j-1) /xk*exp(-xn*del) *omm"~2/pd*sin{pd*del) +exp(-xn*del) ..«

*{xd(j-1) *cos(pd*del) -xn/pd* (xd(j-1)+om/xai*x(j-1)) *sin(pd*del));
end
for i=2:np
x4 (1)=x(1i);
xd4 (i)=xd (i) ;

end
fprintf...
('value Method#l Method#l Method#2 Method#3\n'«¢
)i
fprintf...
(’ of (Fig.26) - (Fig.27) (Fig.28) (Fig.29)');
fprintf{’\n\n’); '
fprintf. ..
(" I x(1i) x(i) x(i) x(i)\n\n');
for i=2:mp
fprintf... '
{('%2.0f %B.6e %8.6e %8.6e %8.6e\n’,i,x1(i),x2(i),x3(i),...
x4(i));
end
fprintf...
(‘\n\n I xd(i) xd (1) xd (i) xd(i)');

fprintf(’\n\n’);
for i=2:np
fprintf...
(%2.0f %8.6e %8.6e %8.6e %8.6e\n’,1i,xdl(i),xd2(i), ..
xd3(i),xd4(i));
end
subplot(221);
plot(t,x1);
hold on;
plot(t,xdl);
xlabel('t’);
ylabel ('x(t) xd(t)');
title(’'Method #1 (Fig. 26)');
subplot (222) ;
plot(t,x2);
hold on;
plot (t,xd2);
xlabel(’'t’);
ylabel (‘x(t) xd(t)‘});
title(’Method #1 (Fig. 27)’});
subplot(223);
plot(t,x3);
hold on;
prlot(t,xd3);
xlabel('t’);
ylabel(’x(t) xd(t) ) ;
title('Method #2 (Fig. 28)');
subplot (224);
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plot(t,x4);

hold on;

plot(t,xd4);

xlabel(‘'t’);

ylabel ('x(t) xd(t)');
title(’Method #3 (Fig. 29)');

Results of Ex4_60

de de e kK de dede e de e de e o dr de ek e ke ke e de e de e e ok e ok e e e ok

>> programb
Value Method#1 Method#1 Method#2 Method#3
of (Fig.26) (Fig.27) (Pig.28) (Fig.29)
I x(i) x (1) x(i) x(i)
2 8.463498e-004 3.302553e-003 2.128980e-004 2.112992e-003
3 2.685367e-003 4.719852e-003 1.729506e-003 3.731773e-003
4 5.169912e-003 8.506840e-003 3.803611e-003 6.890461e-003
5 8.178657e-003 1.108890e-002 6.668076e-003 9.675896e-003
6 1.132821e-002 1.454957e-002 9.724658e-003 1.298875e-002
7 1.437507e-002 1.684652e-002 1.290593e-002 1.564646e-002
8 1.697375e-002 1.899708e-002 1.573148e-002 1.801666e-002
9 1.890432e-002 1.988503e-002 1.804796e-002 1.940816e-002
10 1.995267e-002 2.008383e-002 1.953876e-002 2.002060e-002
11 2.003452e-002 1.909252e-002 2.012346e-002 1.954838e-~002
12 1.912848e-002 1.735920e-002 1.969707e-002 1.821740e-002
13 1.733299e-002 1.47975%e-002 1.833615e-002 1.602653e-002
14 1.481670e-002 1.184504e-002 1.614852e-002 1.328634e-002
15 1.183110e-002 8.654518e-003 1.336683e-002 1.019478e-002
16 B8.664674e-003 5.637520e-003 1.024989%9e-002 7.105849e-003
17 5.630116e-003 3.017069e~-003 7.112632e-003 4.284352e-003
18 3.022466e-003 1.102377e-003 4.254988e-003 2.033946e-003
19 1.098443e-003 4.244805e-005 1.961909e-003 5.548287e-004
20 4.531599e-005 -3.095846e-005 4.540486e-004 6.474018e-006
21 -3.304897e-005 -8.237715e-004 -1.182168e-004 -4.635301e-006
I xd (i) xd (i) xd (i) xd (i)
2 -1.724478e-006 -6.729107e-006 -1.378674e-005 2.450722e-002
3 -2,490738e-006 2.014596e-006 ~8.816757e-005 2.042474e-002
4 -3.247781e-006 -9.183878e-006 -7.008044e-005 3.328193e-002
5 -3.764329e-006 1.429730e-006 -1.344394e-004 2.918735e-002
6 -3.674900e-006 -8.092879%e-006 -9.999247e-005 3.213625e-002
7 -3.530832e-006 1.215821e-006 -1.331627e-004 2.478209e-002
8 -2.722577e-006 -5.267651e-006 -8.596171e~-005 2.017583e-002
9 -1.950123e-006 2.028444e-006 -8.738285e-005 9.855085e-003
10 -7.153334e-007 -1.882855e-006 -3.287885e-005 1.272298e-003
11 3.543858e-007 3.391564e-006 -1.391042e-005 -9.388100e-003
12 1.587911e-006 1.060844e-006 3.774625e-005 -1.771827e-002
13 2.501541e-006 4.446538e-006 6.063053e-005 -2.533370e-002
14 3.304589e-006 2.7764%8e-006 9.749376e-005 -2.973266e-002
15 3.675776e-006 4.478047e-006 1.091071e-004 -3.175330e-002
16 3.773808e-006 2.884849%e-006 1.223568e-004 -3.028136e-002
17 3.433694e-006 3.237571e-006 1.140193e-004 -2.612284e-002
18 2.811634e-006 1.542582e-006 1.019865e-004 -1.920680e-002
19 1.871907e-006 1.035826e-~006 7.419301e-005 -1.055539%e-002
20 7.820400e-007 -6.050694e-007 4.359287e-005 -7.662515e-004
21 -4.100735e-007 2.056210e-006 5.299422e-006 5.589628e-004
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Method #1 (Fig. 26) Method #1 (Fig. 27)

0.025 - 0.025

0.02 - 0.02} -

0015 - 0.015} 1
R oo X 001}
g g

0.005 _ : 0.005}

0 0 ~
-0.005 - -0.005 .
o o5 1 15 2 25 o 05 1 15 - 2 25
t t
Method #2 (Fig. 28) Method #3 (Fig. 29)
0.025 : 0.04
0.02 1
0.02

0.015
% oot T o
g g

0.005 ~
. -0.02}

0
-0.005 . -0.04
o o5 1 15 2 25 6o 05 1 15 2 25

@}
$Program5.m

$Response of a single D.O.F.ystem under arbitrary forcing function
$usingthe methods of section 4.8

% Run "Program5" in MATLAB command window. Program5.m should be in one
% folder, and set the path to this folder

% following 11 lines contain problem-dependent data

xai=0.1;

omn=5;

xk=50;

delt=0.1;

np=11;

npl=10;

np2=9;

$np = number of points at which value of £ is known, npl=np-1,np2=np-2
%end of problem-dependent data

xn=xai*omn;

pd=omn*sqgrt (1-xai*2); :

$solution according to method 1 using the idealization of Fig. 26

t(1)=0;

for i=2:np
t(i)=t(i-1) +delt;

end
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f=[0.0 -8.0 -12.0 -15.0 -13.0 -11.0 -7.0 -4.
ff=(-8.0 -10.0 -13.5 -14.0 -12.0 -9.0 -5.5 -

for i=1l:npl
delf(i)=£(i+1)-£(1);
end

Method #1 (Fig. 26)

© o o
o N O

x(t) xd(t)

©
i

-0.4

0.6

-0.8
0

25

Method #2 (Fig. 28)

x(t) xd(t)

2 >
1.5
t

0.5

N

Results of Ex4_61

Fhdkdkdkhdkhkdhhkhhrrxhkdrkdrkhkxhkhin

>> programb
Value Method#1l Method#1
of (Fig.26) (Fig.27)
I x(1) x{i)
2 -1.895258e-002 -2.842886e-002
3 -7.844079%e-002 -1.105540e-001
4 -1.770172e-001 -2.242651e-001
5 -2.901286e-001 -3.307430e-001
6 -3.807183e-001 -3.918096e-001
7 -4.157648e-001 -3.812882e-001
8 -3.761180e-001 -2.849867e-001
9 -2.546674e-001 -1.008869e-001
10 -5.487595e-002 1.476431e-001
11 1.971323e-001 4.198656e-001
I xd (i) xd (i)
2 -7.263201e-002 -1.089480e-001

0 3.0 10.0 15.01;
0.5 6.5 12.5 16.5];
Method #1 (Fig. 27)
06 .
04
£ 02
R
X o0
0.2
A .
0 0 0.5 1 15 2 25
t
Method #3 (Fig. 29)
3 - r
2
=1
hel
»
Xo
4
.2 S
0 0.5 1 15 2 2.5
t
Method#2 Method#3
(Fig.28) (Fig.29)
x({i) x(i)
-2.369072e-002 -2.216415e-002
-9.449737e-002 -9.232748e-002
-2.006411e-001 -2.003034e-001
-3.104358e-001 -3.118343e-001
-3.862639e-001 -3.896705e-001
~-3.985265e-001 -4.025740e-001
-3.305524e-001 -3.35762%e-001
-1.777772e-001 -1.828250e-001
4.638356e-002 4.342363e-002
3.061299e-001 2.920608e-001
xd (i) xd (i)
-4.562370e-001 -4.597525e-001

270




www.FluidMechanics.ir

N bW

8
9
10
11

-1.577455e-001
-2.252429e-001
-2.156793e-001
-1.386163e-001
-2.742288e-004
1.522037e-001
3.182622e-001
4.579186e-001
5.229886e-001

-2.093812e-001
-2.333148e-001
-1.824523e-001
~5.760411e-002
9.602153e-002
2.762085e-001
4.384471e-001
5.284869%e-001
5.322201e-001

-9.224406e-001
-1.152170e+000
-1.000343e+000
-4.930222e-001
2.405741e-001

1.076426e+000
1.901304e+000
2.478437e+000
2.605688e+000

2

-9.313379e-001
-1.162393e+000
-1.007436e+000
-4.919218e-001

.518514e-001
1.100724e+000
1.938544e+000
2.523778e+000
2.224476e+000

‘% Ex4_62.m

% This program will use the function dfunc4_62.m,

% be in the same folder

tspan =
%x0 =

[0: 0.01: 0.5];
[0.0; 0.0];

[t,x] = ode23(’dfunc4_62’', tspan, x0);

disp(’ t
disp([t x]);
plot(t,x(:,1));
Xlabel(’t’);
gtext(’'x(t)’);

‘% dfuncd4_62.m

function £ =

x(t)

dfuncd_62 (t,x)

F = 200*t - 200*t*stepfun(t,0.1)...
+20*stepfun(t,0.1)-20*stepfun(t, 0.25);

f = zeros(2,1);
£(1) = x(2);
£(2) =

Results of Ex4_62

khkhhkhkdddekkhhdrhkdhhdrddkihdddddk

>> Ex4_62

t x(t)

0 0
0.0100 0.0000
0.0200 0.0001
0.0300 0.0004
0.0400 0.0010
0.0500 0.0019
0.0600 0.0031
0.4100 0.0043
0.4200 0.0064
0.4300 0.0081
0.4400 0.0092
0.4500 0.0096
0.4600 0.0093
0.4700 0.0083
0.4800 0.0066
0.4900 0.0045
0.5000 0.0021

F/2 - 1500 * x(1)/2;

xd(t)
0
.0050
.0195
.0425
.0723
.1067
.1430

[=NeNoNoleN]

.2352
.1949
.1400
.0748
.0039
.0671
.1332
.1893
.2313
.2560

[
[eNololelelooleNe N
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0.025 T T T L T T

0.02

0.015

0.01

0.005

-0.005

(] [ 1 L 1

-0.01

1 1 (]
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

05

% Ex4_63.m

% This program will use the function dfunc4_63.m, they should
% be in the same folder

tspan = [0: 0.01: 0.5];

x0 = [0.0; 0.0);

[t,x] = ode23('dfuncd4_63', tspan, x0);
disp(’ t x(t) xd(t)’);
disp((t x]);

plot(t,x(:,1));

xlabel(’t’);

gtext('x(t)’);

.% dfuncd4_63.m

function £ = dfunc4_63(t,x)

F = 200*t - 200*t*stepfun(t,0.1)...
+20*stepfun(t,0.1)—20*stepfun(t,0.25);

f = zeros(2,1);

£(1) x(2);

£(2) F/2 - 10 * x(2)/2 - 1500 * x(1)/2;
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0.025

0.02

0.015

0.01F

0.005

-0.005

J

1

1

-0.01
0

0.05

0.1 0.15

Results of Ex4_63

e dede ok de Ik K gk deded dede de gk A g ok e de e e ke ode Kk de ke ok ke ke

>> Ex4_63

COO0O0000O0OOO

[cNoloNooNeloNolele]

t
0

.0100
.0200
.0300
.0400
.0500
.0600
.0700
.0800
.0900
.1000

.4100
.4200
.4300
.4400
.4500
.4600
.4700
.4800
.4900
.5000

x(t)

0
0.0000
0.0001
0.0004
0.0010
0.0018
0.0029
0.0044
0.0061
0.0081
0.0103

-0.0000
0.0019
0.0035
0.0049
0.0058
0.0062
0.0062
0.0057
0.0048
0.0037

0.2

xd(t)

[eYeoYoR=NoNoNeNolo N

0

.0049
.0189
.0405
.0678
.0986
.1303
.1608
.1877
.2093
.2244

.1962
.1797
.1510
.1127
.0680
.0206
.0259
.0683
.1037
.1298

1
0.25 0.3 0.35 0.4 0.45 05
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Please input n and m:

20 10

Results of Ex4_64

de g e Je ok e de kS e % I de g ke ek de K ke ke ok ok ok

Please input xm, xk, xai, time:
1400 0.125 1

Please input £[i]: i = 0, 1,

.., n-1

62.5 125 187.5 250 312.5 375 437.5 500000000000000

RESPONSE OF A SINGLE D.O.F SYSTEM UNDER PERIODIC FORCE

=1

XK = 400
XAI = 0.125
N =20

M =10
TIME =

APPLIED FORCE RESPONSE

I T(I) F(I) X(I)

0 0.05000000 62.50000000 0.37878929

1 0.10000000 125.00000000 0.66528686

2 0.15000000 187.50000000 0.50028376

3 0.20000000 250.00000000 0.23703152

4 0.25000000 312.50000000 0.33902565

5 0.30000000- 375.00000000 0.94211087

6 0.35000000 437.50000000 1.58854150

7 0.40000000 500.00000000 1.55862192

8 0.45000000 0.00000000 0.65637344

9 0.50000000 0.00000000 -0.00523633

10 0.55000000 0.00000000 -0.37706525

11 0.60000000 0.00000000 -0.50661682

12 0.65000000 0.00000000 -0.35748127

13 0.70000000 0.00000000 0.04833390

14 0.75000000 0.00000000 0.42158178

15 0.80000000 0.00000000 0.46954585

16 0.85000000 0.00000000 0.10265612

17 0.90000000 0.00000000 -0.35484055

18 0.95000000 0.00000000 -0.51013504

19 1.00000000 0.00000000 -0.17181538

Results of Ex4_65
I R R R EE R 222222222222 2 2 2 R X2 8 |

VALUE METHOD #1 METHOD #1 METHOD #2 EMTHOD #3
OF (FIG.4.18) (FIG.4.19) (FI1G.4.20) (FIG.4.21)
I X(I) X(I) X(I) X(I)
1 0.000846 0.003303 0.000213 0.002113
2 0.002685 0.004720 0.001730 0.003732
3 0.005170 0.008507 0.003804 0.006890
4 0.008179 0.011089 0.006668 0.009676
5 0.011328 0.014550 0.009725 0.012989
6 0.014375 0.016847 0.012906 0.015646
7 0.016974 0.018997 0.015731 0.018017
8 0.018904 0.019885 0.018048 0.019408
9 0.019953 0.020084 0.019539 0.020021
10 0.020035 0.019093 0.020123 0.019548
11 0.019128 0.017359 0.019697 0.018217
12 0.017333 0.014798 0.018336 0.016027
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13 0.014817 0.011845 0.016149 0.0132%0
14 0.011831 0.008655 0.013367 0.010195
15 0.008665 0.005638 0.010250 0.007106
16 0.005630 0.003017 0.007113 0.004284
17 0.003022 0.001102 0.004255 0.002034
18 0.001098 0.000042 0.001962 0.000555
19 0.000045 -0.000031 0.000454 0.000006
20 -0.000033 -0.000824 -0.000118 - -0.000005
I XD(I) XD(TI) XD(I) XD(I)

-0.000002 -0.000007 -0.000014 0.024507
-0.000002 0.000002 ~-0.000088 0.020425
-0.000003 -0.000009 -0.000070 0.033282
-0.000004 0.000001 -0.000134 0.029187
.000004 -0.000008 -0.000100 0.032136
-0.000004 0.000001 -0.000133 0.024782
-0.000003 -0.000005 -0.000086 0.020176
-0.000002 0.000002 ~0.000087 0.009855
-0.000001 -0.000002 -0.000033 0.001272

Voot WwWwivE
|
o

10  0.000000  0.000003 -0.000014 -0.009388
11 0.000002  0.000001  0.000038 -0.017718
12 0.000003  0.000004 0.000061 -0.025334
13 0.000003  0.000003 0.000097 -0.029733
14  0.000004  0.000004  0.000109 -0.031753
15  0.000004  0.000003 0.000122 -0.030281
16  0.000003  0.000003 0.000114 -0.026123
17  0.000003  0.000002 0.000102 -0.019207
18  0.000002  0.000001  0.000074 -0.010555
19  0.000001 -0.000001  0.000044 -0.000766
20 -0.000000  0.000002 0.000005  0.000559
c R L et R P P e e e
Cc
@ C PROGRAM 4.F
‘ C MAIN PROGRAM WHICH CALLS PERIOD

c
C R S s S TS R S S e S R s N S S S TS T S T T S S SREmoEEE=SISE==
C FOLLOWING 10 LINES CONTAIN PROBLEM-DEPENDENT DATA
DIMENSION F(20),T(20),XSIN(10),XCOS(10),PSI(10),PHI(10),FC(10),
2 X(20),XPC(10),XPS(10)
DATA XM,XK,XAI/1.0,400.0,0.125/
DATA N,M,TIME/20,10,1.0/
DATA T/0.05,0.1,0.15,0.2,0.25,0.3,0.35,0.4,0.45,0.5,0.55,0.6,
2 0.65,0.7,0.75,0.8,0.85,0.9,0.95,1.0/
DATA F/62.5,125.0,187.5,250.0,312.5,375.0,437.5,500.0,0.0,0.0,
20.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0/
C END OF PROBLEM-DEPENDENT DATA
CALL PERIOD (XM, XK,XAI,N,M,TIME,F,T,XSIN,XCOS,PSI,PHI,FZERO,FC,
2 X,XPC,XPS)
PRINT 100, XM,XK,XAI,N,M,TIME
100 FORMAT (/,56H RESPONSE OF A SINGLE D.O.F. SYSTEM UNDER PERIODIC FO
2RCE,//,6H XM =,E15.6,/,6H XK =,E15.6,/,6H XAI =,E15.6,/,
364 N  =,I3,/,6HM =,I3,/,6H TIME=,E15.6,/)
PRINT 200 '
200 FORMAT (/,27H APPLIED FORCE AND RESPONSE,//,3H 1I,3X,5H T(I),1l0X,
2 5H F(I),10X,5H X(I),/)
DO 400 I=1,N
400 PRINT 500, I,T(I),F(I),X(I)
500 FORMAT (I3,3El5.6)

STOP
END
c R St R i St E R P R £ 2 e
C
C SUBROUTINE PERIOD
C

C ============zz=====z======-S=x3==S=====-=sSE=SS=SSSSSSSSSS=SSS==SISS=SSSESSS==S
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SUBROUTINE PERIOD (XM,XK,XAI,N,M,TIME,F,T,XSIN,XCOS,PSI,PHI,
2 FZERO, FC, X, XPC, XPS)

DIMENSION F(N),T(N),XSIN(M),XCOS(M),PSI(M),PHI(M),FC(M), X(N)
2 ,XPC(M),XPS (M)

OMEG=2.0%*3.1416/TIME

OMEGN=SQRT (XK/XM)

SUMZ=0.0

DO 100 I=1,N

SUMZ=SUMZ+F (I)

FZERO=2.0*SUMZ/REAL(N)

DO 300 J=1,M

SUMS=0.0

SUMC=0.0

DO 200 I=1,N

THETA=REAL (J) *OMEG*T (I)

FSIN=F(I) *SIN(THETA)

FCOS=F (I) *COS (THETA)

SUMS=SUMS+FSIN

SUMC=SUMC+FCOS

CONTINUE

AJ=2.0*SUMC/REAL (N)

BJ=2.0*SUMS/REAL (N)

R=OMEG/OMEGN

PHI (J) =ATAN (2. 0*XAI*REAL (J) *R/ (1.0- (REAL (J) *R) ¥*2))
CON=SQRT ((1.0- (REAL(J) *R) *#*2) *#24 (2. 0*XAT*REAL (J) *R) **2)
XPC (J) =(AJ/XK) /CON

XPS (J) = (BJ/XK) /CON

CONTINUE

DO 400 I=1,N

X (I)=FZERO/ (2.0*XK)

DO 500 J=1,M

X (I)=X({I)+XPC(J)*COS (REAL (J) *OMEG*T (I) -PHI(J))+
2 XPS(J) *SIN(REAL(J) *OMEG*T (I) -PHI(J))
400 CONTINUE

RETURN
END

RESPONSE OF A SINGLE D.O.F. SYSTEM UNDER PERIODIC FORCE

100

200

300

500

M = 0.100000E+01
XK = 0.400000E+03
XA = 0.125000E+00
N = 20
M = 10
TIME= 0.100000E+01

APPLIED FORCE AND RESPONSE

I T(I) F(I) X(1)
1 0.500000E-01 0.625000E+02 0.378789E+00
2 0.100000E+00 0.125000E+03 0.665287E+00
3 0.150000E+00 0.187500E+03 0.500283E+00
4 0.200000E+00Q 0.250000E+03 0.237031E+00
5 0.250000E+00 0.312500E+03 0.339026E+00
6 0.300000E+00 0.375000E+03 0.942112E+00
7 0.350000E+00 0.437500E+03 0.158854E+01
8 0.400000E+00 0.500000E+03 0.155862E+01
9 0.450000E+00 - 0.000000E+00 0.656374E+00
10 0.500000E+00 0.000000E+00 -0.523643E-02
11 0.550000E+00 0.000000E+00 -0.377065E+00
12 0.600000E+00 0.000000E+00 -0.506617E+00
13 0.650000E+00 0.000000E+00 -0.357481E+00
14 0.700000E+00 0.000000E+00 0.483334E-01
15 0.750000E+00 0.000000E+00 0.421582E+00
16 0.800000E+00 0.000000E+00 0.469546E+00
17 0.850000E+00 0.000000E+00 0.102656E+00
18 0.900000E+00 0.000000E+00 -0.354840E+00
19 0.950000E+00 0.000000E+00 -0.510135E+00
20 0.100000E+01 0.000000E+00 -0.171815E+00
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C PR PR PP R E R A P i R E PP R F R P R ]
c
C PROGRAM 5.F .
C RESPONSE OF A SINGLE D.O.F. SYSTEM UNDER ARBITRARY FORCING FUNCTION
C USING THE METHODS OF SECTION 4.8
c
C 2 1t P 3t F F  E R R F PR
C FOLLOWING 14 LINES CONTAIN PROBLEM-DEPENDENT DATA
DIMENSION F(21),FF(21),DELF(21),T(21),X(21),XD(21),X1(21),
2 XD1(21),X2(21),XD2(21),X3(21),XD3(21),X4(21),XD4(21)
DATA NP,NP1,NP2/21,20,13/
DATA XAT,OMN,XK/0.1,31.622777,100000.0/
DO 1 I=1,NP
1 T(I)=0.1*REAL(I-1)
F(1)=0.0
DO 2 I=1,NP
2 F{I)=1000.0*(1.0 - COS(3.1416+T(I-1)))
FF(1)=0.0
DO 3 I=2,NP :
TT=(T({I-1)+T(I))/2.0
3 FF(I)=1000.0+*(1.0 - COS(3.1416+*TT))
DELT=0.1
C NP = NUMBER OF POINTS AT WHICH VALUE OF F IS KNOWN; NP1=NP-1, NP2=NP-2
C END OF PROBLEM-DEPENDENT DATA
XN=XAT*OMN
PD=OMN*SQRT (1.0-XAI**2)
C SOLUTION ACCORDING TO METHOD 1 USING THE IDEALIZATION OF FIG. 4.26
T(1)=0.0
DO 10 I=2,NP
10 T(I)=T(I-1)+DELT
DO 20 I=1,NPl
20 DELF (I)=F(I+1)-F(I)
DO 40 J=2,NP
X(J)=0.0
XD(J)=0.0
JM1=J-1
DO 30 I=1,JM1
x(J)-X(J)+(DELF(I)/XK)*(1 0-EXP (-XN* (T(J) -T(I)))*(COS(PD* (T(J)-
2 T(I)))+(XN/PD)*SIN(PD*(T(J)-T(I)))))
C XD(J) OBTAINED BY DIFFERENTIATING EQ. (4.64)
XD (J) =XD (J) + (DELF (I) /XK) *EXP (- XN* (T (J) T(I)))*SIN(PD*(T(J)-

2 T(I)))
30 CONTINUE
40 CONTINUE
DO 50 I=2,NP
X1(I)=X(I)
50 XD1(I)=XD(I)

C SOLUTION ACCORDING TO METHOD 1 USING THE IDEALIZATION OF FIG. 4.27

DO 60 K=2,NP2
60 DELF {K) =DELF (K+1)
DELF (1) =F(3)
DELF (NP) =F (NP)
DO 80 J=2,NP
X(J3)=0.0
XD(J)=0.0
IM1=J-1
DO 70 I=1,JM1
X (J)=X(J) +(DELF (I) /XK) * (1.0-EXP (-XN* (T(J)-T(I))) *(COS (PD*(T(J) -
2 T(I)))+(XN/PD)*SIN(PD* (T(J)-T(I)))))

XD (J) =XD (J) + (DELF(I) /XK) *EXP (-XN* (T (J) -T (I)) ) *SIN(PD* (T (J) -

2 T(I)))

70 CONTINUE

80 CONTINUE
DO 90 I=2,NP
X2 (I)=X(I)

90 XD2 (1) =XD(I)

C SOLUTION ACCORDING TO METHOD 2 USING THE IDEALIZATION OF FIG. 4.28

X({1)=0.0
XD{1)=0.0
DO 100 J=2,NP
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DEL=DELT '
X (J)=(FF(J) /XK) * (1. 0-EXP (-XN*DEL) * (COS (PD*DEL) + (XN/PD) *

2 SIN(PD*DEL)))+EXP(-XN*DEL) * (X (J-1) *COS (PD*DEL) + ( (XD (J-1) +
3 XN*X(J-1))/PD)*SIN(PD*DEL) )
XD (J) = (FF(J) *PD/XK) *EXP (-XN*DEL) * (1. 0+XN**2/ (PD**2) ) *SIN(PD*DEL)
2 +PD*EXP(-XN*DEL) *(-X(J-1) *SIN(PD*DEL) + ( (XD(J-1) +XN*X(J-1) ) /PD) *
3 COS (PD*DEL) -XN#* (X(J-1) *COS (PD*DEL) + ( (XD (J-1) +XN*X(J-1) ) /PD) *
4 SIN(PD*DEL))/PD)
100 CONTINUE
DO 110 I=2,NP
X3(I)=X(I)
110 XD3 (I)=XD(I)
c SOLUTIO? ?CCORDING TO METHOD 3 USING THE IDEALIZATION OF FIG. 4.29
X(1)=0.0 «
XD(1)=0.0
DO 120 J=1,NP1
120 F(J)=F(J+1)
F(NP)=0.0
DO 130 J=2,NP
DELF(J) =F(J) -F(J-1)
X (J) = (DELF (J) / (XK*DEL) ) * (DEL- (2.0*XAT/OMN) +EXP (-XN*DEL) *
2 ((2.0*XAI/OMN)*COS(PD*DEL) - ( (PD**2-XN*#*2) / (OMN*OMN*PD) ) *
3 SIN(PD*DEL)))+(F(J-1)/XK)*(1.0-EXP(-XN*DEL) * (COS (PD*DEL) +
4 (XN/PD) *SIN(PD*DEL) ) ) +EXP (-XN*DEL) * (X {J-1) *COS (PD*DEL) +
5 ((XD(J-1)+XN*X(J-1))/PD) *SIN(PD*DEL))
XD (J) = (DELF(J)/ (XK*DEL) ) * (1.0-EXP (~-XN*DEL) * ( ( (XN**24+PD**2) /
2 (OMN**2))*COS (PD*DEL) + { (XN**3+XN*PD*PD) / (PD* (OMN*#2)) ) *
3 SIN(PD*DEL)))+(F(J-1)/XK) *EXP (-XN*DEL) * ( (XN**2/PD) +PD) *
4 SIN(PD*DEL)+EXP (-XN*DEL) * (XD (J-1) *COS (PD*DEL) - { (XN*XD (J-1) +
5 XN*XN*X(J-1)+PD*PD*X(J-1))/PD) *SIN(PD*DEL) )
130 CONTINUE
. DO 140 I=2,NP
X4 (I)=X(I)
140 XD4 (I)=XD(I)
PRINT 150
150 FORMAT (//,6H VALUE, 6X,10H METHOD #1,7X,10H METHOD #1,7X,
2 10H METHOD #2,7X,10H METHOD #3)
PRINT 160
160 FORMAT (3X,3H OF,5X,11H (FIG.4.26),6X,11H (FIG.4.27),6X,
2 11H (FIG.4.28),6X,11H (FIG.4.29),/)
PRINT 170
170 ) 5?RMAT (3X,2H I,7X,5H X({(I),12X,5H X(I),12X,5H X(I),12X,5H X(I),
DO 180 I=2,NP
180 PRINT 190,I,X1(I),X2(I),X3(I),X4(I)
190 FORMAT (15,2X,E15.6,2X,E15.6,2X,E15.6,2X,E15.6)
PRINT 200
200 FORMAT (//,3X,2H I,6X,6H XD(I),11X,6H XD(I),11X,6H XD(I), 11X,
2 6H X0(I),/) '
DO 210 I=2,NP
210 PRINT 190,I,XD1(I),XD2(I),XD3(I),XD4(I)
STOP
END
VALUE METHOD #1 METHOD #1 METHOD #2 METHOD #3
OF {FIG.4.26) (FIG.4.27) (FIG.4.28) (FIG.4.29)
I X(1) X(1) X(1) X(1)
2 0.000000E+00 0.846353E-03 0.212899E-03 0.436457E-03
3 0.846353E-03 0.268538E-02 0.172951E-02 0.179377E-02
4 0.268538E-02 0.516994E-02 0.380363E-02 0.396527E-02
5 0.516994E-02 0.817869E-02 0.666810E-02 0.671973E-02
6 0.817869E-02 0.113282E-01 0.972469E-02 0.980081E-02
7 0.113282E-01 0.143751E-01 0.129060E-01 0.128975E-01
8 0.143751E-01 0.169738E-01 0.157315E-01 0.157133E-01
9 0.169738E-01 0.189043E-01 0.180480E-01 0.179679E-01
10 0.189043E-01 0.199527E-01 0.195388E-01 0.194439E-01
11 0.199527E-01 0.200345E-01 0.201235E-01 0.199945E-01
12 0.200345E-01 0.191284E-01 0.196970E-01 0.195674E-01
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13
14
15

17
18
19
20
21

H

VOoOJaudeWwN

21

0.191284E-01
0.17332%E-01

" 0.148166E-01

0.118310E-01
0.866455E-02
0.563001E-02
0.302236E-02
0.109838E-02
0.452846E-04

XD(I)

0.000000E+00
-0.172452E-05
-0.249092E-05
-0.324756E-05
-0.376474E-05
-0.367587E-05
-0.353146E-05
-0.272319E-05
-0.195096E-05
-0.715022E-06
0.354310E-06
0.158842E-05
0.250225E-05
0.330546E-05
0.367656E-05
0.377466E-05
0.343428E-05
0.281221E-05
0.187208E-05
0.780412E-06

0.173323E-01
0.148166E-01
0.118310E-01
0.866455E-02
0.563001E-02
0.302236E-02
0.109838E-02
0.452846E-04
-0.164289E-02

XD(1)

-0.172452E-05

.~-0.249080E-~05

-0.324797E-05
-0.376418E-05
-0.367551E-05
-0.353144E-05
-0.272320E-05
-0.195040E-05
-0.716030E-06
0.355044E-06
0.158800E-05
0.250220E-05
0.330546E-05
0.367670E-05
0,.377466E-05
0.343435E-05
0.281221E-05
0.187212E-05
0.782150E-06
0.286762E-05

0.183361E-01
0.161484E-01
0.133667E-01
0.102498E-01
0.711252E-02
0.425488E-02
0.196183E-02
0.454000E-03
-0.118221E-03

XD(I)

-0.137871E-04
~0.881697E-04
-0.700823E-04
~0.134442E-03
-0.999934E-04
-0.133166E-03
~0.859626E-04
-0.873908E-04
-0.328717E-04
-0.139179E-04
0.377523E-04
0.606291E-04
0.975016E-04
0.109105E-03
0.122362E-03
0.114020E-03
0.101990E-03
0.741911E-04
0.435943E-04
0.529627E-05

©CO0O00000O0O0

0000000000

.182034E-01
.160367E-01
.132788E-01
.102001E-01
.710175E-02
.428716E-02
.203174E-02
.556341E-03
.533267E-05

XD (I)

.846353E-02
.183903E-01
.248456E-01
.300875E-01
.314956E-01
.304687E-01
.259867E-01
.193056E-01
.104834E-01
.818215E-03
.906063E-02
.179552E-01
.251631E-01
.298560E-01
.316645E-01
.303454E-01
.260765E-01
.192398E-01
.105310E-01
.783125E-03

x(t)= {A®). sin 5yt - BLE)- o8 wt }
where

3,7
awy= [FFe) €

_ 3 t
2({)_:,; J; F(T-')

But sin (Ba(t—t') = Sin G’Jt cos W9

"Tﬂsn(*'“z)

e

B(¥) = {*F(r) e"f“’"r sin 9T ¥

sin @, (t-7) dT

T - ¢of uaf: sin W) T

_uycs,t

e e
™

Let F(%) be taken as a piecewise linear function
during (t;_,, t;) as

F(z)= F;,_, +

'L'—t.'-l
-t
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F(L'-) F(z) r(ti)
it €t
fe— at; -



www.FluidMechanics.ir

we can write

§ (z ar)e ¥ s 0,7 AT
A(t:) = A (ti—l) + _ti-'('A_E ") e os &g
t; Ak TGN T u.v-dAT
+ _f =) %, e @ “2

t ak;
=1
af;
AFAl - —t‘_ — Pz

= A(f;.,)+—AE P1+(F_, = At;)
where %; W,

P = {* = e’ ws T .dT

tim

P, = fé" e.ﬂ""t cos T -dT
1=
‘-

t. TG“? dr
‘fT_ aF)e sin BT -
B(t:)= B(t)t { (Atz .

=1
4

y af;
=B (t“_l)'l" :A"F_" P4 "‘(F:.""t )P’

t; D 1 2
(Frm i o )€ g4

i~

at; ' 3,
w\nere t:
. T(.’“'t' .
Pg - f Sin UJ‘C-J‘U
ti-l
pe JH oz @O s g de
4~ o,

Assuming A(t,=0)= B (t,=0) =0,

- t;
X(f‘:) = _C__T—G’:——‘ [A(é") Sin G’Jt‘ - B(t‘:) Cos QJ t;]

) c.sl
The ir\{egmls in P, Pa, Py and Py can be evaluated m closed
Form- '
The computer program and output are given.
c =====================================================================
C

€ PROBWLEW 4.68
¢ NDMERICAL INTEGRATLIUN OF DUHAMEL INTEGRAL

C PROBLEM~-DEPENDENT DATA

DIMENSION F(21), X(21),DELT(21),T(21).A(21),B(21)
NP=21

XAI=0. 1
OMN=1. 0
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XM=1.0 :
DATA F/1.0.. 8434, . 4510, . 5440, . 4122, . 252%. . 1710, . 10%0,
= G4Bq4r012311010-01020:O101C"O:OJO/'

DO 10 I=1,21

10 DELT{I)=0. 31416
¢ END OF FROBLEM-DEFENDENT DATA
A(1)=0.0
B(1)=0.0
OMD=0OMN#SERT (1. O-XAI*#2}
T(1)=0.0

DO 20 I=2, NP
T(I)=T(I-1)+DELT(I)

TIME=T(I)

CALL PI1(TIME, XAI, OMN, OMD. PP1)
CALL PI2(TIME, XAI, OMN, OMD, PP2)
CALL PI3(TIME, XAI, OMN, OMD, PP3)
CALL PI4(TIME, XAI, OMM, OMD, PP4)
TIME=T(I~1)

CALL PIL(TIME, XAI, OMN, OMD, PM1}
CALL FI2{TINE, A1, OMN, OMD, FM2}
CALL FI3{TIME, XAI, OMN, OMD, FM3)
CALL PI4(TIME, XAI, OMN, OMD, PM4)
P1=PP1-PM1

P2=PP2-PM2

P3=PP3-PM3

P4=PP4-PM4

DELF=F(I}-F(I-1)

ACI)=A(I-1)+(DELF/DELT(I) ) #P1+(F(I-1)-T(I-1)#DELF/DELT(I))*P2
B(I)=B(I-1)+(DELF/DELT(I))#P4+(F(I-1)-T(I-1)#DELF/DELT(I})#*P3
X(I)=(EXP(-XAI#0OMM#T{I))/ (XM*OMD))#(ACI)#SIN(OMD*T{I) )~
2 B(I)*COS(OMD#T(I)))
20 CONTINUE
PRINT 30

30 FORMAT (//,2X, 41H NUMERICAL EVALUATION OF DUHAMEL INTEGRAL.
& /7, 9%, 2H I,6X,5H T(I),10X,5H F(I),10X.5H X(I), 7/}
DO 40 I=2,NP
40 PRINT 50, I, T(I),F(I), X(I)

50 FORMAT (2X,I5,3E15. 8)

sSTOP
END
C ==== =E========== =sE=SE==ssSSEms ==== = === ==: ==
c
C SUBROUTINE PI1
c
C =====s=zs====cczssssssssSsssS SR sSsSSsS S ESETIESSESSSSSISSssSsSsSsSs=r S

SUBROUTINE PI1 (T, XAI, OMN, OMD, P)

DEN=(XAI#0OMN) ##2+0MD#42

P=(T#EXP { XAI #OMN#*T) /DEN ) # (XA I #0MN#COS(OMD#T)+OMD#*SIN(OMD*T) )
2 —(EXP(XAI®OMN¥*T)/(DEN##2) )#( { (XAI#OMN)##2-0MD##2)#C0OS (OMD%T)
3 +2. 0#XAI#+OMN#OMD#SINC(OMD#T) )

RETURN

END
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T T e Y b T e T T T T T U T T b o T L T b by T
it S e e et e e - A

SUBROUTINE FI2 (T.XAI, CMN, GMD, P)
DEM=( XAI#0MM) #£2+0OMDE42
P=iEXP (XAI#0OMN=T) /DEM) # { XAI#GHNN=COS{OMD#T : +GHD#SIN(OME#T )

RETURN
END
C B e s s s e e P P P T - TP T T 1 T
<
C SUBROUTINE PI3
c
C ===

S e e e e e = A e = e e P e e T e e o e e e et T e S S S e e e o S e e e e e S > e T e P &
it b s B P A Y e T T T T

SUBROUTINE PI3 (T, XAI, OMN, OMD, P)
DEN=( XAI #0MN) ##2+0OMD+#2

P={EXP (XAT#0OMN=T) /DEM)#{ XAT#O0MN*SIN{ OMD# T 3 —OFD#COS {OMD#T))

RETURN
END
C ====z=zsss==sms===cos=sScooos=TsssS=sss—sssooSSS=S=SS=SSsss=szTs==r v ir
c .
C SUBROUTINE PI4
c
c

SUBROUTIME PI4 (T, XAI. OMN, OMD, P)

DEN=( XAI#0MN) ##2+0MD=42

P={T#EXP { XAI#OMN#T) /DEM) % ( XAI #OMN#SIN{OMD=T ) -OMD#COS(OMD=T) }
2 ~{EXP(XAI#QMN#T)/ (DEN#%2) 3 #( { (XAI#OMN} #%2-0MD##2) #SIN(OMD#T)
3 -2. 0% XAI#OMN#*OMD#COS (OMD#T) )

RETURN

END

NUMERICAL EVALUATION OF DUHAMEL INTEGRAL

I T(I) FCI) X(I)
2 0. 31415999E+00 0. 84359992E+00 0. 4S415732E-01
3 0. 6283199BE+Q0 T. 6FO09F9PSE+CO G. 1&377741E+G0
4 0. 94247997E+00 C. 5440CQ0CE+CO (. 32499743E+00
9 G. 1296&404E+01 G. 4121F997E+00 0. 45747675E+00
6 0. 15708008E+01 ©, 29290003E+00 Q. 65152758BE+00
7 0. 12849511E+01 0. 1909999SE+00 C¢. 7&23F21ZE+00
8 C. 21991215E+01 0. 1090C002E+G0 C. 81258393E+C0
? 0. 25132816E+01 ©. 4893F999E~-C1 C. 79324195E+G0
10 0.28273422E+01 0. 1230999SE-01 0. 7C4E2814E+00
11 0. 31416025E+01 0. O0000000E+C0 Q. 55644867E+00
12 0. 34557627E+01 0. 0C0Q000CE+Q0 0. 33454141E+00
13 0. 37699232E+01 C. QOOOO000E+00 0. 149715&65E+00
14 0. 4084C834E+01 C. 0GOOGOOGE+G0-G. 643231847E-C1
15 0. 43982439E+01 0. Q000Q0Q0E+00-0. 252728451E+00
16 0.47124043E+01 Q. 0Q00C00QQE+Q0-C. 42235131E+00
17 0. S0265644E+01 0. 0000COOCE+G0-0. 53218421E+00
18 0. S3407249E+01 C. OCOQCOOCE+Q0~0. 58483124E+00
19 0. 56548853E+01 C. 000QCO0CGE+C0-0. 57878375E+00
20 0. S76904S5&E+01 C. QCOOGOQCE+00~-0. 51819199E+00
21 0. 628320&0E+01 0. OCOOQDOCE+Q0—0. 41212624E+00
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The Comf’utef program of Pl‘ouem 4.68 can be used to f.‘ncl the
relative displacement 3.(t) of +the water tank provided -m¥(7)
is used in place of F(T).
Here Y=o, Wn= 22.3607 rad/sec and
F() = - 10000 X 9.8 x 5.(T') if g is in }'s-

The Prob'em- dependent data for the program of pro blem
4.68 and the output are given below.

PROBLEM 4.9

FROBLEM-DEPENDENT DATA

DIMENSION F(15), X(15), DELT(15), T(15), A(15),B(15)
NP=13 '

XAI=0.0
OMN=22. 3607
XM=10000. 0 .
DATA F/ 00 . 451 - 8: - 91 - 65 -. 75: - 71 . 55: 1 75: l. 65: . 251
2 —1.11_1.4)-1. 05:.0/ ’
DO 10 I=1,15
10 DELT(1)=0. 025
DO 11 I=1,15
11 F(I)==XM#9 BIXF(1I)
C END OF PROBLEM-DEPENDENT DATA

[—— =
=== =

c
c
c
c
c
c

NUMERICAL EVALUATION OF DUHAMEL INTEGRAL

I T(I) F(I) X(1)

2 0. 24999999E-01-0. 441449946E+05-0. 45271125E-03
3 0. 49999997E-01 0. 78480000E+05-0. 17453337E-02
4 0. 74999988E-01 0. 88290000E+0S 0. 11150776E-02
5 0. 99999944E-01 0. 58840004E+05 0. 86095147E-02
6 0. 12499994E+00 0. 73575000E+0Q5 0. 17519452E-01
7 0. 14999992E+00 0. £8670000E+05 0. 2537434BE-01
8 0. 17499989E+00-0. 93995000E+0S 0. 284739131E-01
? 0. 19999987E+00-0. 17147500E+06 0. 196746924E-01
10 Q. 22499983E+00-0. 16186494E+06-0. 426Q01228E-02
11 0. 24999982E+00-0. 24525000E+05-0. 35448214E-01
12 0. 27499980E+00 0. 10791006E+06-0. 57387743E-01
13 0. 29999977E+00 0. 13734000E+06—-0. 36341648E-01
14 0. 32499975E+00 0. 10300506E+046—-0. 30433871E-01
13 0

. 34999973E+00 0. 00000000E+00 0. 10307007E-01
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©

C PHODLEM=D

EPEHDENT DATA

The problem— dependent data (to be used in the program of Problem
4_53)and output are given.

DIMEMSTUN F(30),XC30),DELT(30),T(30),A(30),B(30)

NP= 30
XAl1=0
UMM =8
iM=2,

DATA F /60,0,60,0,60,0,60,0,60,0,100,0,100,0,100,0,100,0,100,0,
2 10,0,30,0,30,0,30,0,30,9,30,0,0.0,0,0,0,0,0.0,0,0,0,0,0,0,0,0,

eV
«661254
0

3-0.0,0,0,9,0,0,0,0,0,9,0/

ho 10

10 NELT(

1=1,30
1)=0,01

€ END UF PROBLEA=DEPENDANT DATA
NUMERICAL EVALUATION NF DUHAMEL TNTEGRAL

0.99999993E=02
0,20000000E=01
0.29999993F =01
039999999 =01
0,50000001E=0}
0.60000002E=01
0.,70000000E=0]
0.79999998E=ut
0,89999996L=~01
0.99999994E=01
N,10999999E +00
0.,11999999E+1)0)
0.131000000E+00
0.,14000000E+00
0.15000001E+00
N.16000001F+00
0.1700D0002E+00
0.18000002E+00
0.19000003E+00
0,20000003E+00
0.21VU00004E+00
0,22000004E+190
0.,23000N0DSE+(D
0e24000005E+00
0,25000006E+00
0.2600000SE+00
0,27000004E4+0D
0,2R070003E¢00
0.2900002E+00

V,60000000E+02
N,6000000NE+02
0,60000000E402
U.00000000E402
N0.,10000000F.+03
U, 10000000E403
n,a10000000E+03
D, 10000000F+03
0,10000000£403
1,30N00000F 402
U, 30000000E+02
0,30000000E402
0.,3N0000008¢02
0, 300U0VV0OE Q02
0.,30000N00F.+072
0, 00000000F+00
0, 00000000E400
0.00000000E+00
N,00000000E+00
0,00000090E+00
0., 0000D00QE+00
V. 00000000400
0,00000000F+00
U,00000000E+00
0.,00000000F +00
0,00000000E400
1,00000000F+00
0.00000000E400
N, 00000000E400

0.,14990796E=-02
0,59849964E=02
0.,13424230E=01
0.23760952E~01
0.37250735E=01
0.55125091F=01
0.77583194E-01
0.10445669E+00
0,.135541408F.+00
0.,17002963E+00
0.20532255E+400
0,240575%8BE+00
0.,27552453E4+00
U, 30990744E+00
0.343466419E+00
0,37570029E+00
0,40536803E+00
0,13199742E+00
0,45538884F+00
U.47536695E+00
0,19178207E400
0,50451112E+00
0.51315861E+400
0.951855767E+00
N_.S5197698%E+00
0,5170R633E+00
0.51052707E+00
0.,50714120E+00
0,18600671E+00
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(i) Find matural freguency :
J; = mb? - +

= 9 ma
T%: 6" = Le(ao) =+« *y = ka
w - *
\/ 3 \/ ::’a_ F = 27 (10) = 20T ;_';:—;i (E:l)
('i)- Find_eguation of motion : x(¢)
when the base and l
hence the pivot O is /[,”T_r_,——-—‘
leplaced 3y, g Lo —
the displacement of
mass m, 2(t), is
Jiven by
x(t)= L(E) + £ o(t) (e2)
Relat:yve d.‘sfala.cement of mags is
3(t)= x(t) - 3() = b o(t) Y
Fy

P

| T*—w—'l = (&)
Fx = e<==3"" | ka6

Epuation of motion: o["v & b ———bi

= Forces Jong }(ver*:a'ul) direction = o0 > F},-«wemn;é (E‘,)

S Moments a;Lou{: P =o > F}""*‘“O(b-w)a (E;)
Solve (Eq) for Fj and substitute the result in (Eg):

(kmo tmi)b- xa e(b-a..) =0
i-e. mbx + @ kd =o0 &)
Bit x = 3+3 and o(t)= + 3(¥)

Hence (E;) becomes
‘k o’

}:—mbi

or m}+.1r.a. 3 __m;_ (E7>
Es-(E7) can be compared with o standard Forced wvibration
epuation for an undamped system:

ml’;,-f-
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T x4 kx o= B (E5)
Comparison of (E7) and (Eg) Shows that

2 °° -

x= %, T=m, %= *——LZ' and F =-m¢ (€5)

(iii) Find  solution:

Selution of Eg. (€g) under o rectangular pulse is given
in pro\vlem 4.20. Hence the solution of problem 4-:2¢0 can
be used to find the relative displacement.
() pesign:
Eg- (E)) gives VK = 60T Vm or = 3600 T m (&)
Fo“owa‘ng procedure can be used to solve the Froblem;
@ Agsume a value off @ .
b, Assume o Small velue of m.
Find % from Ep. (Ep).
Evaluate the solution numerically as outlined in Pa.rt(iii).

!oﬁ.n

If the maximum relative dl‘spla—cemenf i3 /(a.rje,r than or
eguel 6 0.02m, the design is complete.
f. Ofterwise , increase the value of m and g0 to step c.

d. If necessary change the value of ain step a.

@ Let %« and m dencte the egu-‘va,lenf stiffrnesr and mass of
the cutting head.
E?/u.a,f-‘on of motion is: mx + k= = F(¢t) (E,)
where F(&) is given by
Figs. 4.59 (a) and (b).

Solution of €5. (E)) under the force given by Fig. 4-53()
can be obtained as in Prablem 4.22. Solution of (E)D under

t"le _-ForCe af Fl.j- 4.59 (L) can be determined u.h'r\g a.
Procedu.re similar to that of Problem 4.15,

The values of 4« and m can be olefefrm‘necl as ;Fa”ohl:.’

o Assume a small value for m.
b. Assume a small value for «.

¢c. Evaluate the response under F(¢) given by Fig. 4.59(a).
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d. Evaluate the response under F(t) given by F9.4.59(b).

e.
ezu.a;l fo 0.1 mm a,hd 005 mm , the current
Va—Lues' 0; m a.hcl % are the d(es:‘reo? values.

§. Otkerwise, increment +the value of m and/for %
and go t Sfep c.

¢ the responses in steps ¢ and Jd are a.f}:roxu‘m.a.'i-cfy

Model the system as a single d.o.f. torsional system with:

Jo =0.1 N-m? ; ¢; =0 (no damping assumed) ;
=83 1 o |-~ (a4 — at

where d, = outer diameter of shaft, and d; = inner diameter.
k, = 62.832 (10°) (d4 — df)

Torque acting on the arbor due to breakage of one tooth can be modeled as shown
figure.

‘M-e(e)
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°

(1)

in

o 15 5. 27
fe— 025 m————>{ ria T 4

16
05 Mm——>{

27 2
My = 500 N- T= = = 60/N = 60/1000 = 0.06 sec where N =
to o w _ N(2m)/60 /N =60/

speed of cutter = 1000 rpm. Express

+(t) in Fourier series:

Mt(t)=-a2i+§ [ancosnwt+bnsinnwt] (2)
n=1

(see solution of Problem 4.8 for procedure). where w = 27N _ 104.72 rad/sec.

- Equation of motion:

Jo 6 + ki 0 =M,(t) (3)

where M;(t) is given by Eq. (2). Find solution of Eq. (3) and determine the maximum
value of 8, 6,,,,. This value must be less than 1°.

Note:

The solution requires an iterative procedure. Assume values for d; and d,. Compute ki,
find solution of (t), and the value of Oy . If O,y exceeds 1°, choose a different set of
values for d; and d, and continue the process until f5,, comes out to be less than 1°.
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