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Chapter 5

Two Degree of Freedom Systems

@ Ezuaﬁons of motion m, 'x', + (k'-c- )%y - K;%X,= o
My Xy 4 KyXg - kg Xy = O (Ey)
with =) = X; os(Wt +4); =12, Egs(Er) give the
J—reguenq’ eau.a:l::on

-wzm1+4<.+k2 - k2 - o
- kz -(;917"1_+ kz
4 _ [ %+ K2 ot 2 o *2 E
or z) (T+ —m_z)w + v =0 (E2)
RoofS‘ of Ez (Ez) axe
2 T kK, + ko «q — (4 i+ K2 Ky 2 _ f, %2 Es
o, e = e () o ©)
1
¥ () x$) 3 = x®
X = () (1) an X = ) (2) ’
1 2
x2 =N Xy X, = T2 Xi
2 .
Y= 2 - = 3 4
X(ii) ke -wm,w; + %2
(2) 1 ¥
e fo _—mlarhrke - : (s)
2 X(:) Ko - Yy wi + k2

General solution of (€1) is
) @) t+ ¢
2, (8) = X, cos (gt +#g) + %y cos(t ¥ 2) (€0)
x,(t) = vy x(:) cos(Ost+¢4)) + 1 x(f’ cos (Wt + ¢,
where X(:), sz), ¢1 and ¢z can be found using Ezs'.(s..ﬂ).

For mg=m, TMz=2m, k3= K and Ko= 2%, (E;) qives

ﬁ’f-‘-(Z-ﬁ)-:‘; , W = (2+ IS : - (B9)
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when k= 1000 N/m and m= 20 %g,

@, = 3.6603 rad/sec and 9 = 13.6603 rad/sec
= ka ) k2
Y= = = 1.36604, = —— =~ 0.36602
-m Wi + k, C-mpwy t kg

with x;00) =1, % (0)=0, %(6)= 21 and *,00) = o, Egs-(5-18)
ive 1)
g x(j_ = -0-+36¢602, x(f)=—|'36‘°3, ¢1=0, ¢z= [o}

Response of the system is

=y (t)

%, (t) = - 0.5 cos 3-6603t + 0:5 cos 13-6603 t

- 0:36€602 (oS 3-6603t — 1.3G6603 Cos 13.6603 t

1

@ Ta.Kinj moments about 0 and mass my,
my R.: .9.1 = - Wy (1‘ sm 6£)+Q sin 8, (1. co:ei)
- ® o5 8, ({1 sin 6,)
= -wilyey + wy 4y (0,-0)) (E1)
a,ssuming R W,

ng: 52 <+ mzfz (Ql é,)

- Wz (11 fin 92>

= - W | e, (53_)
Using the relations 8,= X4 and o = X2-%
J (&) b h Pk
Egs. (E1) an (E2) lecome
- £i+ 2 w, L1
wmely %y + [We+ “’2(—1-‘:—2)] xq - 112 %, = O (e3)
my L2 Xy - Wp Xy + W, %X, =0 €s)
When my=my =m, Ly=l, =L and W= Wz = mg, EzS-(Ea) and
(Ee) give g
mi Xy + lmg X4 — 'm} Xy =0 (.Es)
'ml‘;,_-""‘}7‘1+"‘j- xX, = o0
For harmonic motion x;(t) = X; cos wt ; i=1,2, Eps-(Es)
become ‘
—wiml x4 +3mg Xy —- mg X2 = o (E)
—wtml Xz-m} X1+m}>(z = 0 ¢

from which the freguency eguation can be obtained as
(.34m2£2 - (4 mz!}) w?+ 2 ng.z =0

i€ o, ©; = (Zq:fi)-%-

o Wy = 0-7654 \/-—‘gf ’ W, = 1-9478 \/:'_":L
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Ratio of amplitudes is given by EB'(E‘) as

5}_ _ mg _ 1
X2 -*ml + img - (—(.92_‘_ +3
F
In mode 1, Wy = 0-7654 \{E > Ty = (”Xi >(1) = 0-4142
No noc‘é. Z X2

In mode 2, ,= 1-8478 ’? ,
(x1 (2) £
Y'z= ——-> = —-2:4133
X2

one node located at 3 :

¥ . =% . 1:=0-29%
2 r o3
1 2:4133

Let Ry, R, and R; be the restoring forces
in springs. Ezua.{:n’ons of motion of mass m
in x and y directions are

mx = Z R‘.' cos «; (g4)
i=1
(1) 3 -
my = Z R‘-. sin d;_ (El)
¢=1 X,
where R;= —#; (> coso; + ¥sinc;) (E)
Egs- (€1) to (E3) 9give '
v 3
mx + = k: (x costo; + ¥ sine; elot) = 0 Eq)
i=1
wH e B (x oo et 4§ g = o (&
i=1

For o= 45°, ;= 135, 3= 270" and % = k= &3 = &, Eps: ()
and (Es) reduce to

m-'i...k—z =0 (€¢)
1'\3-{-2*} =0 (57)

These epuations are uncou.lplecl- For harmonic motion,
x(t) = X cos (Wt +2), Y@®)=Y cos (0t +¢). and fence
Wy = ‘Ig‘ for motion 'n x dicection »

W, = ’21‘ for motion in Y% direction
m
Natural modes ore given by x(t)= X ws(@ t + ¢1)
)= ¥ ws (B £+ ¢)

where X, #4> Y and ¢, can be determined from a‘m‘h’g.l conditions.
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Egua.{'l‘ons of wmotion in terms “r“
m, d, x
of % and ©: 2
Ja ,9.— ‘k,l| (l- 1,9)-{- szz (21’126) kz
=0 [
For free vibration, ( 2) _
x(t)= X Cos(cdti—ﬁ) - (&3) ’qi Iz—’|
O(t) = ® c<os(wt+g) (&)
and Eps- (E,) and (Ey) become
-mat+ e, + %, -(k,f,—‘szz) {X {o (E)
= 5,
= (%4, - kl’ez) - ‘7;“91.‘*' % 27+ k, 2: ® °©
Freguency ezuai:ton is
2
-mW + K+ Kk, — (k,f, - 1(,_17_) (
-— - e : o E
(% 4y = %, £,) N F7 NN Sl , £} ¢)
€.y
—w"+ 5000 100
= o
joo - 0.3 6.92'+ 2030
1°e.
0:30%-3530 w* + 104 x10° = o
ire. 2
W = 6785.3373 , 49813293
Y W= 70.5785 rad/fsec €9, = 82-3732 radfsec
Mode shapes:
C_ 1000 c.s,z+ Sx(o‘) X + o ,”06 ® =o
S L IL Ty 6
@, = looo GS,z+ 5x 108 = < 5-347
and
X —_ 0| X lo6
2 = : = o0.05¢60lI
@ a3, - 1000 59;'.'. 5 x ‘06 °

e 9°
AE _ A (200 x 10%)
6

48 (17 x 10°
@ kg = stiffness of girder = 48ET 48 A7 x 107) =1.11934 x 10° N/m

= 3.3333 x 101° A N/m

k = stiffness of rope =
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m, = mass of trolley = 3600 kg
m, = mass of load = 900 kg

Desired frequency value: w; > 20 Hz. Let w, = 25 Hz = 157.08 rad/sec
or o = 24674.1264 (rad/sec)?

Fundamental natural frequency is given by (see Eq. (E,) in solution of Problem 5.1):

@

2
w%:kg+k+ k l{kg+k+ k] B k, k
4

2m, 2 m, m, m, m; m,
Using the known values of kg, m, and m,, a series of trlal values of A are given and
Eq. (1) is evaluated to find the corresponding values of w?. The results are given in

the table below.

A (1073 m?) k (N/m) w? (rad/sec)? o, (rad/sec)
%

0.4 13.3333 (10%) | 14,631.88 120.962 ¥
0.5 16.6667 (10°) 18,230.206 135.02 ™
0.6 20.0 (108 | 21,803.27 147.66 _l—
0.7 23.3333 (105) 25,350.53 159.22 & =
0.8 26.6667 (105 | 28,871.44 169.916 ‘
0.9 300 (105 | 32,365.116 | 179.90
1.0 33.3333 (109 35,830.995 189.29 ™2

It can be seen that A = 0.7 x 1073 m? yield a frequency that best satisfy Xq

o = 157.08 rad/sec

T -. " .
¥y = 485 = 43(ro6xw )(°°2) = 3.09xi0 N/m %4=%
= oy’ 1=%p

k2= 0-3 mo6 N/m » M™mg= 1000 1<3 > m, = 5000 kg ™y
Ep.(E3) in the solution of problem 5.1 gives }1‘1
3 6 '
w:-’ (.9: = 3°39xw0 + o3 xi0 _ fy (3.39x 10 03 xi0’ ) ;.ag.g.;..é" ™2
2000 woce ¥ [4 \ iooo 5000/ ~ s x10°

(725 ¢ +6704) 10’

W= 7-3892 vadfs, 3, = 58.2701 rad/s
From Ezs (E4) and (Es) of solution of problem 5-1,
(4
= * = o3xte = U-itl7
""z‘*’f + =5000 (94-6003) +0:3 x 10®
% 3 x of
=, = 22X = = - 0.01799
—my I + ¥2 —5000(339;. 4045) + 0+3 X 10

Mode shapes are } (' - 1o @
. 'i(" {u Tk X(z)= —0r01799 [ *1
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@ Frequency equation: .
|- o tml + {k]]l ~0

or

(kn —«? my) ki 1

=0
ka; (kgy — o* my)
Expansion of the determinantal equation (1) gives: _
(ml mg) (A)4 - (ml kzz + Mo ku) wz + (ku kzg - kfz) =0 (2)
Roots of Egq. (2):
(m; kg +mg kyy) & V{(ml kyy —mj kyy)? +4m; m, kgz}
w%’ w? = 2 m,; m; (3)

Substitution of known expressions for k;;, ka2, and kj, into Eq. (3) yields:

48 EI |
7 m m, [(ml +8m,) + V(m —8my)® +25m mz] (4)

Esua—{«'fons of wmotion : x| L — -
t =

2 2
Wy, Wy =

Somyp R, + #, X, — 1€, X =0
”n ) X 1 Xz } (El) %4‘.___““05“/"‘
My xp + (K ke )Xy~ &% =0 *2
L m, (= 300 kg
Let n, (E)= X‘-_ cos'(as":-i-ﬂ’):
i=1,2 (Ez> *, = s'xlosN/m

Ez . (E| > becomes

2 ‘Im
-m 09 + %, _k. X, 0
-k —mlwz+ K+ %, { xz}={o }

Frezu-e;-m, ezu_a,h‘an is

-my (:32'4- k| -*.
2 = ©
€0
m|ml c""- (m'*|+m|kz) Caz—'k;m’_ wl+ K"kz - (o]
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le ’) .
[(m K+ m K, + rn,_k,) t (m, 'I<,7'+ m,zkz+ mzk,L +2 m‘z | 9% 5

-2 ml"ﬂzk kz + Zm,mz kl ) ]/Z‘m,mz (Eg)

Since  m=1000 K9, my= 300 kg, «,= 4xio N/m amd %,= 50 N/m,
Ep. (E3) 9ives -
W = 144539 radfec , W, = 56. 4897 raA/sec
5:1: ____’4':;39 H}: 1('°°° ( )
3600 2 216
wlxere. X-'- ém a-r\ﬂ' Z. is in km/hr.

< 8= critical ve‘cciby #1 = L‘_f_'_‘f__5_3_9_(2|-6)= 49-6887 hm/..-

_ 564397 _
b Tk (;:::Xz —

8, = critical velocnkj #2= 56:4837 (21.6) = 941963 kmﬁ,r,
2T

Epuations of motion for rotation about o and A
9give

w, 1:_ 'e', =-wl, sne ; & sin 6, (L, o8 eb_Qdez(Q,xine.)
= -w,8,+ql (8;~- )
= w0, + w4, (8y-0,) ---- (€1

Since @ ~ w,.

'“21;.. 52 +m,_12 (J!l '9',) - = w,_!z n‘ne
= —wl, 0, -—-- ED
For mi=my=m and 1-91-1 Ezg (E.)MJ (E,_) become

ml e, +2m3 0, -mg8, =0
m191+mlez+m;62 =0
Assuming o, (t) = ®; cos (ot+d) ; i=12, we get

[_@"ml +2mg -mg :l {01 } - ° } o (E,)
- ml —&*mi +mg @, °

min - Y z' : i
Def 3 A= wm; = wg" N fre?j..mc? e&_a&'n cam be lomeJa-J

-A+2 -1 l_ 2 N _
'_A A = M-4A+2 =0
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A= 2-V2 = 05858, Ma= 2+V2 = 3-4142

Cl,’_: 0-7‘54— \j:i-'— » wzz ‘.8478 r_%_

For @y, first eva.a,tan in (Ey) gives fHor © = 1,

@ = -M+2 =41 = 14142

Al
I 4142

First mode

For w,, first eguation in (E3) 9gives for @, =1,

@,= -Xg+2 = -2 = - 14142
Location of node :
¥ 1-
a2 "'f}" i F = 04142 = lqiy2}

Second mode

Eg. (€3) i the solution of problem 5.1 gives
2 2 k,+k1 / (k-rkz . 1“. _ %, *_z'

W, 8 = -
Lo 2 zmi ™, me

For mw=1mM3 = m o-na «®, = kz= k, we 3e-t

3 % " 3«_4"5_'
\/()"" Zm ¥ = V%

2 2
Ui,wz -

§|*

Wy = 0382 % | oF

9, = 0-6I8} Jg , = 1-6180 _‘%
Mode S"na.res are given by (see Egs- (Ex) and (Eg) of Pro“em '5-1)

re
p
l‘
0

1 7% (.)' {1 } )
= ~ = 1-6181 = _ ) X,
1 "'""1.(‘9:""‘2 X = t-6131
% — () i } (2)
= t = =0 . — X
9 —— 0-Gifo0 X {—o-Gl?O !

-m, U: + kg

For the system of Fig.5.3(a),

"(')TE"] ;(z) _ ") xm m, o X(.l) - h) (z){' n} {1}
: TS I [N e i
x?) x{) (w+mar )

But *y ky
w4+ m,Y, r?_ = M™M; 4+ Mgy - >(
=My U’ +k1.+ k; - my (‘3:’*_1‘11_ k;

where
z b3
N = ml (‘ mz (l’lz""' kz'f' k;)(—h‘\z wz + kl + k;) <+ WMy kz > QI\J

N
D

D= (mwmy WF + fot K3) (cmy B + K, + &)

295



www.FluidMechanics.ir

By SULSfafu‘bmg
(431 ) wf_ = (ki + #2) ™2 + (et k;) mL‘T ;.

1mmy
(%, + %) (ka¥ K1) = k2 }1/2 , we get

nlﬂz

{EK,-&- kg) m, + + (ko + #3) "'—]
J

- 4

™m,

- z % y N 7 ) 2 2
N=mm & & —mm Kk, B -mm; ky @3, - mmy ¥, I,

2 e 2
4 m Ky + myKz K3 - myima k309 4 m Ky k3 + My K3 4 mp ke

m, ™ { [(kn- k) my + (Kot “3)"‘1]7'_ %[((k,sz)m,%- (ky+ K1) ,,,')z

= 2m mg mymy
-4 (ky+ k2 ) (k2 + k3) - k:. ] - mymy kz{("""kl-)mz + (te2t k’)m"}
m;ma ™mma
—mymy K3 {(k'+ ) mat (Kot *2) v } b oAl 4 mg i e kg
m may
=0
' Eg. (5-0) gives s
@ 2 42 (aoo)i +(700)2 } {(300)1 +(700) 2} 4{(30o)(7oo) - (500) }]%
@ 0a = { 2 2
= 550 ¥ 3840573 = 1¢5-9427, 934-0573
Sy = 12-8919 vad/s, ¢, = 30-5¢24 rad/s
@ Ep. (E3) in the solution of problem 5.1 gives
wl , 0 30:0 GOOO T \/; (QOOO GOOO) ]1_ xlo = 917.2, 13082+ 9

Wy= 30-2953 vadfsec , @ = 14- 380 rad/s
Egs- (54_) and (E;) of solution of Problem 5.1 9give
i )
‘)
X {I lﬂos}

%2 6oo0o0
"= 2 = = (1805 Xy
-my Wy + Kz -917-2 + 6000
g éaoo —(2) : @
G = - = =-03471; X "= -0-34 X,
-m, w0, + kK -~ 13092.3+ 6000

Same as example 5.1 with m; = m, = 4400 kg and k, =k, = k; =9 X 10% N/m

6
1, 1’ 9 x 10 = 45.226 rad/sec
W, = |— = 78.335 rad/sec
V m

General motion is given by Eq. (E,,) of Example 5.1:
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x, ®) = x{V cos (45.226 t + ¢,) + xP cos (78.335 t + )

x, (t) = x(l) cos (45.226 t + ¢,) — x¥ cos (78.335 t + ¢,)

2 2 z

@ Eg-(5-10) Gives . o ‘
) + 4 1 3000 (4000) — 1000
G’:: Uz?- =1 {3000 (;)4- 4000(1)} : %[{3000( + 4-000( )} _ 4{ }]_

= 1633-9746, 33¢6.-0254 '
Wy = 40-4225 rad/fs, W,z 58.0175 rad /i

ke 1000
= = : = 1.3660
-m, OF g+ k3 —2(1633-9746) + 4000
k 1000
n= : = - = -0:3660
M @) + Ko+ K3 _2(3366.0254) + 4000
When x,(0)= x,(0) = %,(0) = 0 and *,(0) = 20 m/2,
x® = L [-m 366 (20)
' T (-0-366—1.366) L g0. 4225 | = —O-1046
x® = ———["“(“)] - 0.27T19
-1-732 L 57.0115

b= fr= tawt(e0)= T
Motion of the two wmasses i given by Eg.(5.15):
x,(t) = 0-:1046 sin 40-4225t 4+0.2719 Sin53- o175t
%, (£) = +(1:3660) (010 4€) Sin 4o-4225t — (_o.zsco)(-o.zvn) sin 58-0175¢

= 0:1429 Sin 40.-4225t - 0:09952 sin 59-0175¢

' (Q.n) (‘3‘ N72, 69:= 13082:-% , T¢= (.1805 , = -0 8471

x,0)= 02, %,(0) = x,(0) = x,(°) = ©
EZ (5-18) gives

. L 841 2) | = 0:08356
X1 = Co-1471 - 11305) [( 0-3471)(0-)]
xl(‘) - [6-(-‘805)(0-2)] = o«ll644

(-0.34T1 — 11905 )
¢ = ¢z 'h-h-. (0 =0

x,(¢) = 008356 330:2853t 4 0-11G44 o3 143801 t

x,(£) = (11305)(0:08356) (o5 30-2353L + (-0.8471)(0- 116 44) «f5 V143501
= 0.09964 <f30-2853t - 0-09864 <=f 114-3301 ¢

(b) ‘Z'(O) =07, ch°)= i|(0) = 0, iz(o) = 5.0
. (5- |9) 9gives 2y
X" = m [ {-o0-8471 (- z)} + gl?z 1% = - o-tt67
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.
1 _ 11805 (ee2)} 4+ _E5) - -o0-1184
xf": ~2.0276 SRS o+ 130828 3 = -0
$= tam { i } - tow (- 0.9745) = 135.7399°
30:2853 (-0.8471)(0.2)

= -1 - 5.0 y ' o ,
¢" = far { 14.380] (_i.,gos)(o,,_)} = *am ( o ‘35') = 10-4895

() = = 0.1167 of (30-2853 t 4 135-7399°)
-0°1184 b (14-3801 t + (0-4895°)

%,(£) = (1-1305) (~0-1167) ot (30-28531 & 135-7399°)
- 08471 (-01194) 8 (na-3801 ¢ + 10-4895°)

= - 0137% b (30.2353t + 135.7399")
+ 041003 2 ('“4..380l € 4+ 0 4895.)

@ Eguivalent system is shown in figure: 3 %, £ 139 ]

2 I, .
. AfET R i
f=ta= ko= 33 mEEm mEm 't kz(tz-:'_)-
€ A a*t. moliom; m X, + (k,+ K) X -k, %, =0
MKy — kex) + Ky Xy = O

For harmonic motion x.(t)= X; cos (wt+ #); {=1-2, we get

(0 mi+ k¢ k2) - %, x\) (o
[ - ¥ (—w‘mﬁh)]{n}'{o} @

Fre%uen cy ezua.i:a‘on is

(—(BLTTH —+ k|+ kz) - ‘kz -0
_kz (-w"m,_-I- k,_) -
or (B" mm; - (’.91 (m,_k.+ my kg + m,kz) + k% =0

stz (Makidmekaemis) £ L e ---(&)

Zfﬂ'mq_

For given data, = 7
2 (mk+m«+zmk)-i_-\/(mk+m«+zmk) - 8m ___£(1+ _1.>
= m = VN1

9
4 m

Gy = 0542 JE = 5.9495 [EL . (9= 17066 & = q.0524 |EL_

mhd mh

From Ez. (Et), we 3e.f:
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= x;" = Gimr kK —1m W +2k 22929 k) 2%
1 x(")_ *y = ” = "
= 1'4142
(2)
|‘1= xz _ -— (.3;_.1’11'-}- ‘k;+kz -m U:+1k __2(|,1°7|1() +2.1<
x(ln *y i« *
- ew [ 1 -
44 1-4142 . ~ 442
Mode shapes are: fe----- (----.,I
1 = 05838
) { 1-o }x(') )
X = "444_2 | - node

. !‘1
-)(’(:L)= { o }x(':.) :

-1 4142 First mode Second mode
Liocation of node: (no mode) (one node)

¥ 1-%

4ld4z 1 ¥=o5833

Let P be the tension in the sfring. Horison{:a.l.
components of tension (along x, direction) in the
string fying above and below m, are
- E'l_P and — (Zi— "7-)__ respectively.

]
Newton’s second La.u 3.ves

P (x-x2) P

m X = - Lo

v x
L4 12 [ B
""z;z*' _z_".]’_(xl"‘l

L3
with 7(;_(‘!7) = X‘: cos (@f-}-d) ; Li=21,2, and L,= lz=l;=1, m=m,=m,

(.mcal+ %-E) -% X\ ) {o } B

P 2 2P
- -ma < Xy o
1 ‘ ( m + 1

Sumula.r(,

This gives the -Frezuency eguation

.GM’J' -(§) = Eme e 3 ) =

wml ™
From first of Egs- DY
) z 29
r1= X’- = —mw|1+ —11 1 ¢ = xf:) _m‘a’z +T .
(l = H t 2 = E
X) (P) xM (—P-
T 1
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mode shapes are: _ 1 W —(@) { l } @
X. = | ' 4 X = -l
No node one node at middle of
the two masses

For my= 3m, me=m, =3k and k= %, Ep.(Ey) in solution of
Problem 5.17 gives

z l
W = (3nwk +mk + Imk) + \f(3m1t+m«+3mk) - 36 %K*m” - X (7i\m1)

ém?
W= 05657 % , 17676 X

©, = 0-7524 {; , @ = (3295 [E

(') 2 )

n= ko= I ™t bt ke -00565T() #3415 5099
X. kz 1

n= x®  _oim kR da 17676043 3028

= X 1
x,‘” 2 }I “‘d,__..aozi
{0 @) '
3 = ]-1.302% {
one node
No nede ¥ - 1=F. s=o0m0s7
1+3023 1

T4 Wiz
From ]proHem 5.4, ' %1(2; krope
1 L
("l,l = Xtk + L ?\/l(kl"' 1‘2- ‘kz _ kika Waz|m, 3
m; 2my 4\"wm, ™2) mma

3
(Ea't +yT4EVE | mdley

4'53 4’- Z\Al, 32 wz
1
\/[ Eat’ wd"E) ¥ o wd*Eg? grat mdt 3
4"’3 4L Jwi 4wy f T 611 wowa
@ From solution of Problem 5.1, we find that for m; = m, my = 2 m, k; = k and k; =

2k,
o=@2-Va) L uf= 2+\/§)£
Tk
ry =
1 X&l) —mp wi +kz -1 +\/_

+
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ng) ' ky 1
Fop = = =
: ¥ —mpuitk, 1-V3

First mode shape:

X{Y cos (w; t + ¢1)

X ~ XM cos (wy t + ¢,) X

XL ey X cos (wy ¢+ 6y)

cos (wy t + 1)

For the motion to be identical with the first normal mode, we need to have Xﬁz) = 0.
This requires that (from Eq. (5.18)):

1

. z -;—
— {-—- r; x1(0) + Xz(O)} + ;1-2- {r1 % (0) — 5:2(0)} =0

or

x2(0) = r; x,(0) = 5;-(9_)_—1
x,(0)

x3(0) = r; %,(0) = LV /ey

Let m; = m, m, =2ni,k1 =k, ky =2k
Initial conditions: x,(0) =0, x(0) = 0.1 m, x,(0) =0, x,(0) =0
Eqgs. (5.18) yield:

1
y_ 1 owlTo_0 0.1 __ o1
x{ r;—n [(0 0°1)2] r, — 1y -1 1 V3
1 Vi+r V3-1
) L ) __01 _ 01
x{ Iy — 1 [(0'1)2] - 1'1 V3
¢ = tan™! (0)

¢s =tan™! (0) = o
where wy and w,p are given by Eq. (E3) of solution of Problem 5.1.

Resulting motion:
=x{ 2) ) ¢ ¢
x(t) =X cos (wy t + ¢y) + X cos (wy t + ) = e + cos w,

x3(t) =1y XY) cos (wy t + ) + 1, Xﬁz) cos (wy t + @)

0.1

- et

S TR
3 -1 3 3 41
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< [ [ e

62

w? 2 (2 7 x 10)* = 3947.8602 (rad/sec)? '

From solution of problem 5.2, this inequality can be expressed as:

3 2 2
2= Eat® nd’E| 1 , nd’E
! 4b° 44

2m, 8/m,

2
l{[Eat3+nd2E] 1 +nd2E} R2a t* o d

4|l 413 4/ | m; 4/{m, 16 /b3 m, m,

> 3947.8602 (E))

Data: E =200 x 10° Pa, m, = 450 kg, m, = 225 kg
b=0.7m,€=15m

Unknowns: a, t, d
Leta=10t and d=t

For this data, t is incremented from 2.5 mm in increment of 0.25 mm and the left
hand side of the inequality (E)) is evaluated. This gives a value of t = 38.75 mm for
satisfying (E,).

Design is t = 38.75 mm, d =t = 38.75 mm, a = 10 t = 387.5 mm

Ezuo/‘h‘ons of motion:

m.f’,+(h+“z)"u"1‘z"z=° ] ) i, = %
My %y —ky x4 (kg k3) e, =0 f
E.’jenVa,lue Pro“em: —1— sk
(-m 69t f,+ 1) - ey X, x) k,=nk
-, (m %t ey 4 keg) xz} =
{.} 12
. (2 S
] xq 1‘3:1(
For the data = LFIE g, ‘kZ:‘n'k = 8. ' i-7

M=M= m= 2, Ep. (2) becomes
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~205%+ 16 -8 ' X °
-9 -zu‘+:s:H xz}': {0} €3>
Freau.enc,j ezua.'h'on:

2
(—20"+16)° — g" =0

or Wt =4, 12 _

or W= 2, 3:4641 ' (4)
For w*= 4; Eg-(3) 9ives

E’z(‘l)-f-lé]x,‘-'- 8 Xo or X, = X,

- !
X(') = {' } XE') (5)
For 69;' =12 Eg.(3) 9gives

[-2(2)+16] x,= 8 X, or X, = - X,
3(" (2) - {-ll } X(‘?-) (6)
Free vibration responses of masses m, and m, are

Jiven Ly

x,(+) = X, cos (2t +¢,)+ x,(z)cos (3-46t1 +¢z) 1)

x,(8)= xiP cos (284 6,) = X2 cos (3ughi t + #2) (9

q
where x,), x,(n, #, and ¢, are constants to be

determined from the initial conditions. U-‘l’ﬂj the
given initial conAa"h'onS‘, Ezs; (7) and (8) yield

D)
x'(t:o) =l = X, Cos & + x'(z) cos g, (9)
- D)
X2(t=03=0 = X" o5 g, - x* cos g, Go>
i,(t:o) =0 = -2 x("> sSin ¢y — 3-464] xlu') sin g, 1)
';tz(t =o): i = -2 XEI)SI‘n ¢' + 3:464) x&Z) $in ¢2 (lz)
Egs-(9) and (o) give:
x(':) cos P, = x'n) S, = (3)
Egs: (n) and (12) yield :
%, sin g1=-025, xsing,= o-1yu3 (4)
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From Eps-(13) and (14) , we can find

= @O+

$y= tan ( xV sin #)
X' cos ¢,

4
x‘(z)z {("1’.)2-} (o'l‘l'-f?>z }": 0:5204

(2) gin
¢1= fa.n—l(x‘ sin 92 ) = 'f‘%-'(o-2886>=o-2810 Tad

x {2 cos by

05590

= tay ' (00D = _ 0.463¢ tad

Free vibration responses of m, and m;:

%, (£) = 05590 cos (2t - 0/ 636)
+0:5204 cos (34641t +0-2810)

12({:):. 0° 5590 cos (2t —o-4636)
-0+5204 cos (3-4eyl t +o~2810>

€2

From solution of problcm 5.24, the free vibration responses of
ma.S3eg m, and M2 are 9Jiven bj

x,(£) = xf') cos (2t +¢4)) + x,“') cos (34641t + ¢2) (1D
@)= X' cos (2t + $1) = x? ces (34641t + $2) (2)
where x{7, x (), ¢, and ¢, are constants 1t be defermined

$rom the initial conditions. Using the given imitial

conditions, Ea‘s~(|) ond (2 lead to
()

M= 1z xcorg, + xP cos g, (3
x,(d=0 = X A~ x(Pcosgy >
i,(o)=o = -2 X\ sin ¢, - 3-464! x.(z) sin &2 (5>
%y(0)=0 = -2 xf') Sin @ + 3-464] xf”) sin ¢ (¢)
Bgs- (3) and () give:
x{"? cos ¢, = 4 @
xP) cosgd; = 4 ()

Ezs-(s') and (¢) give:
x{V sin ¢, = o ("
% gin g,= 0 | Qo)
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Eg,s- (7) and (9) 9ive:

Pe{dhn @) -
Egs-(8) and (o) yleld:
={E)Y+@ FT L, gyt (o) 2o
Hence, the

free vibration responses of m, and m, are
X (E)= 4 cos 2t + L
L

2z CoSs 3-4341 t
Results of Exaxnple 5.1:

x(n:{.’}x't) , X(z)zg—l|} X, ) , W= —

Pl [, 57 1= «[2 2]

BTEO g o

l —

SRR IR0 A N E RS
mx. z{( l}{_|}_o

) E 2w (xOY 3 [L 2T}

(1 \2
=2m (X, ) = €, = constant

_;‘(nT[ ]-.(1)___ 1‘((l)>:"{‘ 1}[2 -l]{I}

CHEYE Y e ()

5 ¢‘:— '{Eu:‘(o)z o

1)%

= < T'n =4 C"l
;(“T[fﬂj -*(z.)= m(x|")> { —u}[ ]{_‘ }
= ZMG((Z)) = Cohsfa—hf

x*xP T[] % ) =

<“>> P IL)
= . ) § AT - ¢t (x)"
=61<< ) ( >=c2wz

2
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@(&) E?ual'aons of motion:

Assume: g,,0, are small.

Moment e&u\l.h’uum ,@ua.hong
Of the 'hUO masses about

Pand & :

- .6‘,+mgle| + K dz(-e‘— ®,)=0
(1)

’l‘\"x ezfmjlez-kal (9| 92)‘:-0
(2)

(b) Natural ;Frc;,uencies and
mode shapes:
Assume: Harmonic motion with | %d (62 9‘)
0,(t) = @ cos (Wt -¢Y); i=1,2
(3) !
Wlnere & dnA @2 are ( Is,hel
a.mrhkudes' of 9‘ and 62, | $in 91

resrechvelj, W is the
natural frey,uencj ond ¢
s the }o(ﬂa—‘ie a-hg‘-e-

Using Ez,-(i)) E&S-(l) and (2) can
be expressed in matrix form as

o [ Yade [ Sl e

Fre.v-n-encj ev-a.ta-n .

—wzmlz+m(71+ ko\z - fd )
—kd’ —w"m,iz-l-mg['!' 1% d

Free bo{" c'la.,ara.m

=0

or

we_@‘<£«2 1ed =)+ 1+ -}—-—“ ) =o (5
ﬂ ™m

Selution of Ez.(s) 31V€S’ 2
2 _ 2 _ J 2 % d ,
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By Subsh'f:u'h'ng for w?* and 6.9" into Eg. (4), wWe obba.m

_;Z_z;>(l)=1 or { }(l) { } (|

ond

(2) @) 4(2) { (2)
@ -
—®}|- = -1 or {@z} = {_-' }®I
Thus the motion of the masses in the twe modes is given by
] ) ) '
-ﬂr( (f) - {91(')('5) } - ®(I) { : } cos (@,t + 56;) (7)
6, (t)
5@y = foi” (D)) _ g {_‘| } cos (W t +8,) (8)
6\” (&)

(¢) Free vibration response:

' Using linear superposition of natural modes, the free vibration
response of the system is given by

e®)= ¢, 8™+ cp 8@ ()

(9)
By choosing ¢;= ¢g =1, with no loss of 3enera.(|‘ty , Egs.
(1) to (9) lead to
(1) @)
o) = ® cos (vt +g)) + @ cos (0t +¢2) (10)
e,(t) = (') cos (Bt +¢)) - ‘(z cos (wyt + ) ()
Where @0)

L 95.,®|“) and @, are constants t be determined
from the initial conditions. ghen 6,(0)= a, 9,(s) =0,

6,(0)= 0 and é (e)=o0, Eps:(10) and (1) yield
o = @f')ﬁ"s?s +®()cos d2 3
0= @ " cos 75 (z) cos ¢, (12)
6 = -0, ®. Sm¢|—-wz®(,)$m¢g_ ‘
o = —o9,®, Sm¢|+09;®$)5"“ $2 |

Ei,!- (12) ecan be solved for 0, :¢,, @(L) and ¢2 f Ob‘l'a.l'n

0,(t)= & cos (‘-’%'-ﬁ‘l’{ . cos D2+ W) t

z } (13)
9,t)= o ¢in 0-2-2——22!'6 Sin “’Z_IQ‘. t ' .
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(d) conditions for bead:.nq

* dz m 9
W"Ien 2 mf" << 3— or ‘k << J

, ' 4
1 2d? '

the fwo frequency components in Egs. (13), namely,
Wz - (AR Q.J @, + W)
2

» can be a.?}wraxima.‘tec' al

s,z B2, K

A = v F ' | (5D
an
L, = 0.92 + (09! \/.—‘ (l‘)
2 f_Tﬂ

This imrh‘es that the motions of the pendulums are
given by

gl(t) ~ o CoS§ J’-|t . COS .-Q..z-b 2

07
eth) 2 o Sin,t. stnn,t f

This metion, Esf-("l)) denotes beaﬁrfna P'-\enomenon-

w"th «fi' kf’ ktl‘ 2 ke- J-|= J;, J-z=za; )‘ké' =0 O.ﬂd mh: Méz=oj
Eps- (5.20) give

0;9,+ 3kp o, —2%4 8, =o0

For harmanic solution, 9;,(t)= ®; Wl (wt+@) ; i=12,
4 &

(6 i) -rk o (o
| -2 %y (‘“”'33+2*t)] {91} {"}

Freguency e”o.niran 3
2
-8 % +3 k¢ —-2ky 2 4
=239, & -8, % (49 2* =0
| —2% 26", + 24k, * t TETe

w‘:(z;ﬁ)%

’ G = o5176 [X£ , w,= 19319 /1‘-*-
% e
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Q)
Y‘=_——®"‘ = _J;U,"+31<{.
1 ®:|) 2 g

2
r= ® - HWwl+ 3ke

@fn 2k,

366
»Firsf mo de Soe:on:.’ mode
@ Ezua.b'on of motion of mass m: Mmx = - ky (2~ ro) ---(E,)
Etuali'c'n c‘t. molion d& cy‘n’nder of ‘
mass m, and mass momert of T8 =-kr'e -« (re-0r - ()

: . - .
inertia 5= Lm,rt :

For x(t)= X cos(Ot+#) and 0(t)= ©® ws(Wt+¢), Es(E)
and (E;) give the freguency epuation

_m(‘91+ <y "‘"zr - o
2 2 2 2
-k, —E MY @+ T+ kT
. 27 Kz 23k, + g «,
e, 694‘ - w —"‘—- -+ { ' }) + z ] Z -0
Mg m, m

2 1
(le, w1_ = :.z_ + (k'+ k") T ji L 37 + 2 K, + 2 %y 2 _ 2 ®) K2
im My 4 ™ my me ™ My

For Jj= do, 3=2%, %= K= Ky, = &, and My = My, =0, Eps-
(5. 20) give

B 6, + 1tk 9 — K, 6, = O

27,6, - k9, + 2k 9, = O
For farmonic mo{'.‘on, these eg“‘—"fohf give

[-(823;+2kt - k¢ ®, o
- k¢ —28 T+ kg @, B o}
from which the {—re?/uenc:, ezun:h'on can be obtained as

2 2
LJ;CB4-GJBkt Z I Ky =0

o, 8= (0 77) —t_:
©= 09623 \[BtT ;o= 15309
[

)

T\= 07. - “902 'To + Zkf - |- 366073
" k¢
@) L &
@ ke
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@Ezs.(s-zo) give J’é,+6k¢9|— Skt 6, =0

57 ez_5tt6|+‘:'kt.6:=0 :
These ezua:hons can be expressed as, for harmonic m&n

-("LJ;'*G‘('E -;kt @, o
- 5k —-56*T, +5 k¢ || @, o

Freguency 2‘0“‘1‘7’“ s

2
ot-Te, "+ 4 =0

13 « 4
@b W = ?" (-Z— ¥ -{—445) = 0-1459 =% , G.954) =
(-]

b

= 0:38197 |Xt | w,= 2.61%03 ,_‘_‘_t(

t) Jo %
2
- J,
"'="0_%T>'= Dl r R 14708
@. : s kt
@) .
TZ: ;o;':— - ‘(‘91.;51'6"{ = - 0+1708
@)
Fiest wode

(1

@(:) Using %(t) amd 9(t):
For fra.nsla,forj motion:
mx = k(x-4,8)-c,(x-£,6)

—tp(x+4,0) - ¢y (% +£,6)--- E)
For rotational motion

about ¢.G :
T 6=4(x-2,61 +¢(2-2,8)1,

-y (x+£0) 0, - Co(% +0,6)0z --- (1)
Egs- (E)) and (E2) can be rewritten as

m E ° ; ) € +C2 E'Cngl"'czlz x K+ ko E""l‘l"'*tl’l ¥
it ) o Bl iy LAy e £ Rt Ao |y
0 ; J'O e —C'!""Cz’l; CII' +Cz!’ e _k'l'+"<’,2| k,f,szgz

-]
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(i) Using %(¢) amd e():
For trwrw{a-*o”*j molion:
my = —4, (Y- 1 @) - (%-1 16)- ®o (Y+ 1, e)-cl(‘u-f e)_mee

E
For rotational vnotion: - (&)
16 = 4,(4-1/8) 4 +¢,($-06) & - (3+ 1,0) Ny ~Co(§+ 8,6 ) 4;-me
Egs: (£3) amd (E,) cam e nefilfi. as ---- (E¢)
] o | / /7 7 ’
™ me ||y C)+<C2 . -c,g,+czf,
et | v S v S
me | 3 (e -y ly v &5 |
k+ k2 i-k.!.’+'<z9{_
|ty T
—";f,/+4<zfz AN AR N A

m, 9,,' ;‘ = -W 2. Sin 8 + k(2191‘glel) .l. T X1

or Qoo 2
m 8 8 +6,(wli+x8 )-xL106,=0

My 1:- 52 + 92(“’1’:+f<l:)—1<!|91 8 =0

qu km mdta‘r\- ei(f)z@‘-_d(@f+¢)3i=':z,

[""zmpgul-i-“tf:-f-kﬂ," w1, ®, ~ o

. -(.Szmz!:+w,_£1+ k!,’]{@} B {0

Freguency ev.uafan 3

wt(mmg 8203) = @0 [my 42 (W L+ k7)) 4 m (W har 6 he)]
+[wlw, 8, + wle k2 L Wi, k45 ] =0  ----&)

Roots of thic eva_a.z.'o-n give the natunad §ragpuuncios 63 amd @5,
Ampl ‘tude ralisS ane Fiven L-;

)

Y, = 91_ - —(.9 m!,+W1.+kl,a'
05') w £, 1,
@) z 2
0 - E A
rz = __(z_)_ = 097_ m, l' + wlx|+ k!' w“ere u'=m,a , wl= mza.
0' L xn xz
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Ezua.fions of wmotion:
4wl 6 = - xlo-2 - «(lo+x)R

mx = "‘k'l—-"(fe-l-x)

e 4m115+2k116 + kx =0 - l_.
mX 4+ 2%x 4+ «fo =0 - x

For harmonic wmotion, these e,gua;bIOns" give

—4m ot 42422 ) ® o
“2 —rﬂ(;92+21‘ X -{O }

Freguency eguation is 4wt % -

o'= E(f+ @)

10 km W + 3%k =o0
= o0-1436 £ , 21514 £

Wy = 05904 % ’ W, = 14668 ,l—:‘;

-z 2 2
X -
n= om = 4'“1_:;' ekl hcosed
(2) T 2 Y
X -4m {75 + 2k 4
N —5 = : = 66056 1
® -x{

Mode sl-m..res are - ) ®(') i 9(l)

)

(2)
-;(’(ﬂ - {(E (l) } — 1 0(1)
X ¢-6056 4

Ezua.td;ns of wmotion:
m (; - e .9.) - - 422

J&Ge=—kt9—kze

. a oo
ve. MX+4kxXx —-meS =0

(3;““32)5 +kieo+kex =0
For harmonic motion, we get the freguency epuation a3

_mwz+k m:(&z . . - o
e -(Z-me" )" + «
or 2 4’ 4 $ Caz 3 -—
(J;,-me)m(a —(FH ket me ) + ki =0

Roots of this epuation give the ratural freguencies of the system.
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SPeed becomes unfavorable when R
it is related +o 2 as "——‘lt'——;'———

Ta= X p
;.:., v=2A _gg . Low le—1f=15m

2',., 2T
EXa.mPle, 5-7 gfves
W, = 5.8593 ra.c!/sec Cbou.nc.‘ng) o
C.Sz= 9.4341 ra,cl/sec (Pi'l:ch.'n3>
LY lz_f;:i - L5 (25-“_85912 = 13.9880 rn/s (bouncfng)

_1._“3_2'. - 15 (3‘4‘34') = 225222 m/_g (Pffc’u‘ng)

2T T T T aw
6=) 1T
(*)
N 2
I
™ T T
' .
x
x, (t) I' Y
L] e (xy=21)
o
m, m, | ! .
Equations of motion: T =, (t) imar-z
. _ 2
m, X, + (kg + k) X - k Xy = kg y Free body diagrams
m, X,-kx;, +kx,=0 of masses

Since velocity of crane in z-direction = 9m/min = 0.15 m/s, T = time to complete

2m _2m

one cycle = 3 =20 sec, 0 = = — =0.31416 rad/s
0.15 20

T
Base motion for m, (girder motion due to unevenness of rails):

yt)=Ysinwt
where Y = 0.05 m and @ = 0.31416 rad/sec.

Road surface varies sinusoidally with amplitude, Y = 0.05 m and wavelength, d = 10

m. If v = velocity of automobile (m/sec), time to travel one wave length = 7 = d/v

sec. T= 10/vsec,w=-21_—7r= 27y

vy = 5 km/hr = (50 (10%))/(60 (60))
Jo=m rg = 1000 (0.9)® = 810 kg—m?.

rad/sec.
13.8889 m/sec,

Equations of motion:
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7‘? (}r) = 3rouna| or \aa,Se df:[ala.cemen{
of Front (rear) wheels, downwards

For motion along x:

m¥X+x(k+k)+0(k € —k &)=k 71 +k ¥ (1)
For motion along 6:

o G+x(Cake =& k) +0 (ke €3 + ke €3)=ke Lo y: —kt O1 7 (2)

where the ground (base) motions can be expressed as

yi(t) =Y sin wt =0.05 sin 27V ¢ m (3)
27(6y +€
¥:(t) = Y sin (w t — ¢) = 0.05 sin 21’:)" ¢ — (:1 )| (4)

For given data, ‘Eqs. (1) and (2) take the form:

1000 % + 40 (10%) x + 15000 8 = 900 sin 8.7267 t + 1100 sin (8.7267 t — 1.5708) (5)
810 § + 15000 x + 67500 § = 1650 sin (8.7267 t — 1.5708) — 900 sin 8.7267 t  (6)

Natural frequencies are given by:
—o? m 0 + kip kg X = {O} )
0 m, ko ko Xy 0

where m, = mass of pulley = 90 kg; m, = mass of motor = 225 kg

X, = amplitude of pulley, X, = amplitude of motor

(200 x 10%) | = x 0.05*
EI 64

A (2.25)3

= 5386.82 N/m
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Frequency equation becomes:

(-0’ my + k) kp —
ki, (-0 my + kyp)
or (m; my) w* — (ky; m, + kyy my) 02 + (ky; kyy — k2) =0 (2)

From known data, Eq. (2) can be expressed as:
20250 w* — 335.1033 x 10 w? + 2.030784 x 1011 =0 3)
Roots of Eq. (3):
»? = 15918.309, 630.00177
or o, = 25.01 rad/sec, w, = 126.1678 rad/sec

S . <
A\ mass ('m)) masy
e

l;m‘mem’c of inertia (J,)

Q e

kz ¢ oy l__l ki

i 1

7, 7,@)
1. Model the bicycle and the rider as a two d.o.f system as shown in figure.

2. Find the equivalent stiffness (k;) and damping coefficient (¢;) of the front wheel in
the vertical direction.

3. Find the equivalent stiffness (k,) and damping coefficient (c;), if applicable, of the
rear wheel in the vertical direction.

4. Describe the road roughness under the wheels as y; (t) and y,(t).
5. Derive the equations of motion of the system subjected to base excitation.

6. Solve the resulting system of equations to find the steady state response.

(a)

Choose unknown coordinates as x(t) and 6(t). Equations of motion:
mXx=—k(x—¢60/2) -2k (x+¢6/3)+F(t)
Jo 0=k (x—28/2) (£/2) —2k (x + ¢ 8/3) (¢/3) + F(t) (¢/3)
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or
m 0| |x 3k k¢/fs x| [F(t)
o To|ls Tlkess 1 ersas| (6] T leF)/3

2 .
m ¢ and F(t) = Fy sin wt.

where Jo =

(b)

Elastic or static coupling.

% x

(Mem)p
'3

Free Ean‘g

diagram

Equations of motion with coordinates x(t) and 4(t):
For motion along x:
Mi=—kx—ck—(mé/2)fcos6—m¥ +(m¢/2) & sin 6 +F(t) (1)
For rotation about O:
J. 6+ (me/2) 8 (£/2) + m i (€ cos 0/2) = —m g (£/2) sin 6 + M(t) (2)
Using J. = % mé?, cosf~ 1 and sin §~06 and neglecting the nonlinear term

involving & in Eq. (1), Eqgs. (1) and (2) can be rewritten in matrix form as:

M+m) mé/2 x| |F(t)
méf2 () +m (’/4) 00 o mg 6/2] [ ] {Mt(t)}
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’whereJo=—;-mr2 and 4=

B m ;I
x)
%6
ka(xg-x1) X, mX%
'k| z‘ s auease 4 -
“—F
N .
Lﬁ RzT
Free Locl(j cha..gra.m
N = normal reaction between cylinder and trailer, F = friction force, R;, R, =

reactions between trailer and ground.

Equation of motion for linear motion of cylinder:
Y"F=mX, or m¥X, =—F —k, (x5 — %)
Equation of motion for rotational motion of cylinder:
SMg=J§8 or Jpf=Fr

X2 — X3

r
Equation of motion for linear motion of trailer:

EF =MiE1 or Mil =—k1 X) +kz (X2 —x1)+F
Eq. (2) gives

Substitution of Eq. (4) into Eqs. (1) and (3) yields the equations of motion as:
3Tm-3£2 -—%-miil —kz X1 +k2 X =0

(M+%)551 ‘%iz +x (ky +ko) —kyx; =0

(1)

(2)

(3)

(4)

(5)
(8)

317



www.FluidMechanics.ir

mass of tup: 2000 kg, X4
mass of frame: 20000 kg.

m, m, = 50000 kg

mass of anvil: 30000 kg,
mass of foundation block: 65000 kg, k,=1GPa

stiffness of elastic pad: 1 GPa,
stiffness of isolation: 500 MPa, T 1
striking velocity of tup: 4.5 m/s.

m, m, = 65000 kg

Solution:

(a)

(b)

Natural frequencies of the system: k, = 500 MPa
From problem 5.1,

2
; _kitky , ky l(i_kk_J _kyky
4

®
L2 2m, 2 m, m, m, m; m,
1.5 9 9 9 9\ 15
g - 15x10° 107 _ 1(15x10° 10 500 x 10
O rP = -
L2 130000 100000 4| 65000 50000 3.25 x 10°

or ;= 62.6894 rad/sec.
w, = 197.8559 rad/sec.

Initial conditions of the system:
Let 9, = initial velocity of anvil and frame just after the impact of tup.

From conservation of momentum principle, momentum of tup plus momentum of
m, just before impact = momentum of tup plus momentum of m, just after
impact.

l.e. m,, ﬁtup +m, (0) = m,. U, + m, I, (E)

where 9, = velocity of rebound of tup after impact

Also,

Coefficient of restitution (e) = rela'flve velocflty after 1.mpact

relative velocity before impact
: By =Y
1.e. e= Fop or ¥,=9,—e fitup (E,)
From Egs. (E;) and (E,),
mtup 13tup (1 + e)
2" mg,, + my

For given data,
2000 (—4.5) (1 + 0.5
9 = ( ) ( ) = —0.2596 m/s
2000 + 50000
Initial conditions are:
x,(0=0, x,(0)=0, x,(0)=0, X, (0) =-0.2596 m/s.
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(c) Displacements of anvil and foundation block:
we can use results of section 5.3 with k; =0

CX® _mye?+k, +k, _ — 65000 (62.6894)° + 10° + 0.5 x 10°

T Sm T B 9
X§ k, 10
= 1.2445
. XP _ -m 0} +k +k, _ —65000(197.8559)° + 1.5 x 10°
D < ky 10°
= -1.0446
Response of the system can be computed using Eq. (5.18):
I, — 1 \ @ —2.2891 | 62.6894
xo =1 |- 1 0.2596_| = 05732 x 10-3 (m)
n—1 \0,) —2.2891|197.8559
1%, (0) -
¢1 = tan 1 { 20 } = ?
s 0| _ =«
¢2—tan1 {—2T}— —2‘

Response is given by Eq. (5.15):

X, ()= X cos (@, t + 0,) + XP cos (@, t + )

=—-1.809 x 1073 cos (62.6894 t — g} — 0.5732 x 1073 cos (197.8559 t+ g] m

X, t)=r, X(ll) cos (0, t +¢;) +r, X(lz) cos (W, t + &)

=-2.2513 x 103 cos [62_6894 t — EJ + 0.5988 x 1073 cos (197_8559 t + E] m
2 2

_ (8) Natural freguencies:
(E D)

Ezua;l:l'ons of motion: m, 52, + kX -k, X = F(t)
my a'c'z + (%, + k,_) n, — %, X = O (E;)
Fre&uencj eguation:
- (4.91 my + K, - %k
2 = ©°
- k| —mzw + *|+ ‘kz
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or 4 ot *,+ %q 2 ) k2
- — (X] = o
W my + ~ g ) + ™, My |
2 1
(‘91 2 - L + k_'t_k_z. —_— K + k,+‘k;)2-_ *, g
- 5
Here my= 2x10 k9, mMy= 2.5 XIOS kg, k,= I50 xl06 N/’m
and ‘f(2= 75 zuo6 N/m. .
o 150 ;uo6 225 x 10° 6 2 12
th = — ——— e \/T 150 x 10 + 225 x.os [S0Ox75x1e
Q'xlog leog 4 2“05 -

Z's'xms Sxio

iS50, 1500 (ra.d/sec)z

oWy = 1222474 radfsec W= 33.7298 rad fsec

Assuming 32n0 indiad comdilions, the La-rfn.u. Wa&, (E,)m.-l
(Ez) cam Le Lﬂ-"-m“ s

m AT R (8) + K KA = K X2 (8) = F(4)

™, A% 'J.(z(") + (*.‘I’ f2) ;z(‘) -k x(8) = ©

i-e.

(m A%+ %) X, (8) - %, X (5) = T (45)
- %, ;,(/‘) + (mzjz.l. k, + kz) iz(ﬁ) =0

%,(4) ={ (s &7 ¢ St %)

}F.(") ----(&3)
™mm, b L g2 (™%t Mk + My ) + K %z
: & _
%,(8) = { 7 ' } Ry - 6)
mmy 4 + 3z(~m,k,+ ™ Ry + mzk,) + *®,%k,y

For the fom.'ng {-unct'on given,

E - F = F §L _ ~TA /1 _ L %
R = F() _T_{,‘ e (.;. ;>}_ €s)
For the given datw, Egs- (E3) to (E5) become

- 2.5 x10° A% 4 225 x10°
71'(1) =

F(¥)

,, . — )
(5%10° #* 4 g25x00" £* + U250 x(0! )

A"-i- 900

F(4) ---- (B¢)
A% + 330 x10° A% + 45 x10? (

21-;05
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’ 6
- 150 x (10 -
z1(") = 0 Fl(”)
5x10° £* + 825 x 10" 4% 4+ 11250 x(0'2
30 -_— .
= ' Fc(") -= == (57)
10% 5% + 65 x10® A% 4+ 225 xi0’
- —-0:53
M F,(A)z 'I.xlog[‘ﬁ— e (-— ——)] _———— (Eg)

The inverse trans forms of (E‘) amd &) 'yu_ﬂd %,(£) amd x, (t).
Ezua.h'ons of motion for free vibration are (from Ezs‘-(s-g)a.ml(s'.z))
m,§,+(c.+cﬂ 92'4-(«'4- k,_)x,-cza'cz- ®, %, = O } (e,)

m, X; + (Cz"'ci)’.‘z‘*' (k2 + K3) Xy = ¢, x, -%kyx =0
ASSumtnj the S‘o‘uhan at
£t
&(t) r e 5 &= (Y4
Egs-(E1) cam be rewritten as

l:vm AY . (¢\+ C2) A + (k‘+k,_) —~ (24 + 1) ;L‘,f go}

- (%4 + %) ™, £+ CC,,+C;)/¢+ (k2 + %) 2

o)

(E2)

For a non-trivial solution of Es- (€2),

™, ,g"'+ (c.+ c,_)l«!— %+ %y ~ (c2 5+ kz) I
. =0

_(C23+ kz) ngl_‘_ (Cg_-l-cj),‘"' %+ K3
B4 (mma) +8” [micur oy ma (eree) ] + 5[ Coar 43)
+ (c'fc?-)(cl"' c;) + my (kl"' *2)"C: ] + 3 [(CH—C:.)(":* 1‘3)
+ (c2+ @) (kit ko) —2¢, kz] + [(k,+ kz)(*z*' kg) - ‘kz ]: o (E;)
This e@mﬁ“ cam fe Cx.‘gn.mul as

4 3
%W L5 + a 8 +a, 4 +a,.,/3+a,4_==o (E‘f>

where Qo, @y svr Qg Cam ngfp.iﬁ'éu} by comgoanimg
€o3- (E4) amd (£3).
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If A, 42,53 ard £ one Hz voots of Eg.(g4), The
general solution of The system can be expressed as

" 4t t A 4 t
()= T, e’ 1-‘6,(;)' er + f}(;) e 3t + ‘G’( s

e
m 4t At (3) 43t E:,) 4, t } (E;)
8= ¢ e v+ e v e+, e

Where the cmatarts ‘6.“.) , =11t &, caw be found
from the four initial conditions of fhe system, ha.mely,

xl(o)* A2 (o), ".‘-l(°) amd 7'(2(0)' The vatios of a_mP‘Ifuc(es

b’l(‘) fgi) cam be difnmined from Egs- (52) at
2
'C,4> G Ll + K, ™, B + (Co+ ) B+ R+ ka_
737(.0 m AL+ (€, +€D) Ai+ ®,+ %3 C24: + %,
A= ')213)Ll (E6>

If any root £ has a positive real part , x(t) amd =, ()

will increase with time. 1¢ all £ fave negative real parts
s

then the solution , x,(t), can be fof'e“e“l as

4 . . .
- (#) -t iwt 4 @G) -t
x‘(t)-jzzj_ U, e ? e 4 =}.Z=:"C, e * (cosﬂ;fh: Lin '-'5"-’)
If fuo roots 4 amd %, are complex conjugates as
‘|=—(r|+iq3 amd /‘z:—(r,-—i‘bf‘)’
x,(t) cam be exdpres.reol as

M= & e o unt i T it}

-nt
+er' {‘C,(z) cos Wit + 4 ‘t.‘,(")s.‘n ur,f}

(3) 45t ) Byt
»+C| e? +\C'()e‘l

Sn‘milar c,xpresﬁons can be derived for x, (\‘r')-
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Known Jaftao: ™m=¥Yn, = jo ka, “,= %, = 2000 N/m, 1¢3-,_ 2 N/m
C,= loo N-S/m, c,=C3=1 N-S/m ‘,

‘K‘(O): G-ZM, x2(0)= ot m, i((‘): 7.‘2("): o

Egs: (E3) and Eg of the solution of Problem 5.46 give
Wo= Mmy = (00

a,= lo(2) +10 (101) = l030

@y = 10 (2002) + lo1(2) + lo(4000) - = €022)

@y = 101(2002) + 2(4000) - 2(1)(2000) = 206201
6

@y = 4000 (2002) - 4 xt0° = 4 008 000
amd
3
[ofo) Aq+l030 A + 60221 A+ 206 202 £ + 4008000 =0 (E'>

Us:‘n_j PROGRAmM 10, the roots of Ep.(E) can be found ar

8,2= ~1'4T14 + i 8.8272 (€2)
B3,4 = =3.678¢ + i 22-0c6¥ (e2)
Thus the solution is given Lj
4 N 4.
(5 A;¢ & i) 5 ¢
X (’E) = =7 e b , x, (£) = (3) 4
I }_=1 ] Z( ) j=2' CI e (Elp E;)

¢ .
W“!E\"C UI ) ’ 4 = 1,2,3,4 , tan l:e found fmm {:lae ini‘l:u'a,l
Cc’nd.-{:fth’, a.n-A the I"O;‘Et'os og QmP'f{udeg { r. (}) } can Le
ob{’a,.‘negl _‘Frpm EZ,(EG) in PTOHem 5.46: f;_(})
(#) |

L _ Q@ 34 + k2 £; + 2oao
Cz(?) m, ,g} + (c.+c,_) A3 + K+ Ky B Io A'J'z+lol B4 + 4000 ’
F=02,34 (ec)

For 7=1, A= 14714 + { 8-8272 and (&) 3ive:T |

o) = E;(')/fz') = 0:6207 - ¢ 0.1239 E7)
For 7=2, A= _ 4714 ~¢ 9.9272 and (E¢) gives

<= € E,_(z) = 0:6207 +{ 0-i239 (ep)
For j=3, %3= -3.6786 +{ 22: 0668 and (Ec) yvields

5= & ) = —1.3908 - i 0,775 (&)
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FO" 3= By=—3-6786 ~ 22.0668 amd (EG> yields ,
€= 5" & = — 13809 + { 0.775% (Bi0)
Thus 'Hue Solw(:(on o} Egs- (E‘O amnd (E;) can be rewritten o4

x,(t) = Z u( *c("') % , (f;)—Z 0( e 7t (2w E E2)
3= 5= |

Since the pairs (a(,, %2), (d3, oy, (£, A2) a~d (33; Jlr)a-’“-
(.m?fu W; We cam express them as
|, Az = + < 5 , oy = )
1»¥2= 4 12 o, dy= Pt {7, } €D
AnB2= uyxiv, 3 A3, 8= Ut iV,

 amd (eEn) amd (El?.) can be Sl‘mr“ffed fur-f:’ner. However,

We proceed directly with (E,) amd (Er2) amd ﬁm
f}

initial conditions to evaluate the constants ©p 7; =1,2,34:

%(0)= « T e v, € 4y z‘” + oy o —oz2 )
O
x@= &+ P + ® 4 ® = o-1 k
v (0) = © (2) () () _ Ew)
X)(0)= M Ty + 8,42 T; 4 £33 Ty 4 £y 84 T, o
. €))
zz(o)'-; A f;l)"‘ 7 Cz + 43 C(a)-{- Ay C(") =0 .

Once ‘l?z(}) y J=0L2,3, 4 ave AR Gwrined from Ezs-(EM):
the displacements of masses x(t) amd =,(¢t) can be

obtained using Ezs- (E,) amd (Eiz)-

= — it can be rewritten as
c+
x = (@a+bi)(c-4dd) — (a.c+l,:]>+ (Lc-a.o‘>
(c*+d*) ct +d
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m = 0.2 kg, e = 0.15 m, m; = 400 kg, k, = 400 kN/m, m, = 900 kg, k, = 200 kN/m,
c, =40 N - s/m

Solution:
2
©= 7 (1200)
60

F, (t) = m e @? cos o t = (0.2) (0.15) (125.664)2 cos (125.664 t)
= 473.7432 cos (125.664 t) (N)

= 125.664 rad/sec

F,,=473.7432 N, F, =0

Equations of motion are [substitute k; = k,, ¢; = ¢y, m; = m,, F, =0, k, =k, ¢y =0,
m, =m,, F, =F,, k; =0, c; =0, in Eq. (6.3)]:
m, 0 [%,) [e, ollxy] [k,+k, —k,|[x 0
2 2l | .2 + |52 1 1 2| _ E)
| 0 my | (X 10 0] %] i -k, k, ] 1% F, (t) 1
or
_ml 0 Xy 0 0] —Xl- [ k, -k, | X3 F®
X + . + = (E )
| 0 m, | (X, 10 cyf|%Xo] |- k, ky+ky|lx, 0 2

Comparing (E,) with Eq. (5.27), we find that m,; = m;, m;, = 0, my, = m,, ¢;; =0,
C1p =0, Coy = Cy, ky; = ki, kjp =0, and ky, =k, +k,.

Application of Eq. (5.31) leads to
Z,(w)=-0’m,;+tinc,; +k;=-m 0 +k
Z, (o) =—0?m;,+iocy,+k,=-k,
Zoy (1 0) = —0% My, + 10 Cpy + kyy =—my, 02 +iwc, k +k,

Response of the system can be expressed as
X ) =X el0t = X;cos wt (real part)
with X) given by Eq. (5.35):

Zyy (0) ¥y — 7y, (0) - Fyy
Z, Q) Zy () — Z5, (o)

X, (i w)=

_ (my,w?+iwe, +k; +ky) Fy
(-m; ©® + k) ((m, 0® +iwe, + ky + ky) — kI

{—900 (125.664) + i (125.664) (40) + 600 x 103} (473.7432)

—400 (125.664)% + 400 x 10°| -
900 (125.664) + i (125.664) (40) + 600 x 103] —400% x 10°

(-8.0230 — 1 5.8964 x 107%) x 105
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— 2y, () Fy+7Z,,0) Fy _ k, Fio
Z1G0) Zoy (@) = Z (0)  Zy; () Zgy ( 0) — Z2, (@)

X, (i 0) =

~ 400 x 10? (473.7432)
"~ (8.0539 x 10" —12.0133 x 109)

= (2.2145 + i 0.5536) x 10

*= %, = P2E (Gat’)  wEat?
/tg 13 ‘k,: kbea.m

Esua.fu‘ohs of wmotion : .
1 7T

my
m, %, + K, %, + Py (‘l,.-?‘z)-.: F,(f)= F, cos wt %* x'(t) Fn(ﬂ
}--(ED 2
m2

My %, + Kg(%zg =) =0

ASSuming "~a.rmon-'c response
%, (t)
x}-(t)z xi: cos ca.t ;=2

Egs-(E)) yield

(«2" ma “"z) Fo

X|=

(it am m@a) (fam mpr®) = F
ko, Fo

X, =
27 (ky+ k- m o) (ke mawt) — k2

For no steady state vibration of the beam , X, =0
a.nJ ‘mnce. the condrtion to be Sa.f:.':f.‘eof 'S

_12. = CGZ
™Mo
Evu:mfv’ Of wmotion:
m, ;zl + (1, + %) x4 = k2% = F () = F, sin wt NP (1))
\'ﬂz;z"' klxz _Kz X' - 0 e = (El)
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we use F, glwt (wltln i=V=1) for F (t) and consider conly
the fma-g?na.ry Pa,rf: at the end.
Let 7‘-'({7)= X ‘wt 5 f=u2

EZS (E.) a.ha (E,_) become

iwt ot ot
iot : lwt _
Le. — - o _ (e
“  [z@e)]X = E | (&)

here - X N—’ —_ F'o = Fo >
- "2{’(:}’ = {on}‘t}
z,Ge)  Z, (i)
[Z(*'w)] = Z,,(4®)  Z, G |’
Z, (@) 2 mm 0 Ky K, T (0)= Z,(0)= -k,
zzz (i) = -mzwl + K.
- Eps.(5:35) 9ive

2
X,(iw) = Cme +*) R

[N
(-—\-n,w"+ )+ &2) (- my w* + ) - K,

. %, F
xt(“") = r =

(-t e+ ) Mt + ) — 2 .
-Since R, sin Ot = Im (Fo eiwt )» .,,_j(ﬂ = Im (xi e‘w )-.:X}- sin wt

2
xy(6) = __(& ": Otr)k sin Wt
(-mMW" &+ R)(-m 0 ¢ k) — k;_'
kz FO
x(t) = sin 3t
2 (—— m, G9L+ «,+ kz}(‘"“zwl-f- kl) — k:_'
Eguations of wmotion: b y(t)=
- Y, s ot
mx = -"‘o("l"y)-*z (1.'_::,_) 1 !
"'7.5‘.7. = - Kz (x2- %)) ™
. x,(t)
or m x, + (%, + 1) X, = KXy = K, Y, <08 wt --- (E,)_
myx, + KXy — Kp%, =0 ---(E2) L
As there is no da-mrmg the mastes whnale ellon % (5

or (80° aui'ogHmuwdrnu?ui'fz

ﬂﬁ.lmumotanHona. nvg‘:unuca.m takem a3
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x}(t)-_- XJ; A wt ;o= 1,2 ---(g3)
Egs- (E)) omd (E)) neduce G
(-— (Blm’+ k"f- kl) x' -— k,_ Xz = leO
k2 Xy + (@ mat k) Xy = O
- b — X| - F(o leO
ve Lz(iw)] X = F where X.=§ } » B = Fw}: o)’
z"(;w)-_- -cstrrl' + k) + K, zn(ica) = 2, ({W)= = k,,
Zy, (@) =— @ M+ &y
Eps- (5.35) and (E3) give

2
7(1({5) = (-0met+ %)% Y B ot
=wm, o* + *,+ k1) (— ™, W4 *e) - kz”

C—m.(ﬁl—-{- ;4 kl)(—- my &S"+ kﬂl_) - k:-
T

@ Ezua.i:a'ons of motion: i W, =k, =500 N/m
e . - LT
w, X, .,.(c,+C:.) X, +(k.+ kz) x, E‘l'l'u =W, = 14 ks |—I_£|
|=Cz=C=N?-;¢/3“ £— ™ IF,(t):Focasw‘E
I9=1 m.d/,s () g‘% -I- c
2

s ot

(2}

-Cox, —kpxy = F)Y=F e':"’t

My Xy +C3 %y + %y%3 - Cg %

"kzx| =0

L=

x, (¢)

ot
Let 'xj(t)= X}- e 5 §=he

Epuations of motion become

[—w"h.+i‘~9(ca+°z)+ krtz] X, = (iwCy+ k) X, = F, --- (&)
- ({wWer+ *2) X, + [c@"m+ivcat 2] X, = o --- (&2)
For given data, (/) amd (E;) become

EZeo)]% = F —-- (€D
where 2, (i) = 400i + 999

Z,(i@) = Z,,(i@) = -200i - 500
Zya (i) = 200 L + 499

7= {n) e R b= {0}

Solution of (E3) is , using Eps-(5.35),
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x,=_(200:+439) R o (200<+499) F
(400i +999)(200 i + 499) ~ (-200L -500)" (199 400 i + 1208501

(200 i +47%) (199400 i + 208500) Fo
(199400 i + 209501) (- 199400 { +208501)

= (1-25 x6t - 69444 x6* O)F, —--- (&)

(200 i +500) B _ (200i+500)
(400 & +999) (200 < +499) - (-2004- soo)z (1994004 + 208501)

xl-—'

_ (200 +500)(-199400i + 208501) F,
(199400 +108501)(~ 199400 { + 208501)

= (173165 xi6% - 6-9¢%4 xu?"{) Fo ---- (ES)
Final solution is 9given by the real Pa_x*l’s as
L) = Re(x,€°9F ) = Re(x, wh 6t +iX #n of)
= Re[(l7-2.?|5 1459—6-?444 <o D R <-°5°9t
+(|7:2‘N‘5 xigt i+ 6-?%44 xlo"') Fo 4im Wt ]
= 172%5 xi6 ! Fo of Ot + 69444 xiaT Fo Ain @t —-- (EQ)
it
%, (€)= Re (x, e*® ) = Re ( Xy wof ot +i X, 4im ot)
= Re [(l‘1~3|65 xi6? - 67694 xao—l'i.) Fo ot 9t
+ (n-ms xot: 4+ 69684 x4 DRI wt ]
, = 173165 %164 B cA Wt + 69684 x5t F, #in w0t ---(E7)
. = — - ist
@ o".matbn ™ Xy 4 (R4 K2) X, = kyxy = Fy cA Ot = Re(ﬂo e )

v ot
Wy Xy 4 (Kot K3) X, - kyx = F, Swt=Re(Fp e )
tot

Assuming  x;(t) = X; e » =02 alenguith F(£)=Fy, e“"t;‘;':l.z,
the eguations of motion can be expressed as
C-“’z‘"'l‘\' *l"’kl) Xy — k2 Xz = Fp
=KXy + (- Wmy+ kgt ) X, = F
e [2(ie)]X=F I (-
where 2, ({v) = - m, + <+ Kg , le(‘:(") = 'z.z'(ic.s) = —%;,
2, (fw) = ".wL"‘z + kp+ k3,

=) ke )
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Solution of (E,) can be exPrcSSec', using E&g.(sJE), as
(- W My + kot ka) Fo + %2 Fo

e (e
2 2 z
(mW" ™+ k,+ k) (- O mg + kot k3) = Kk,

X, = %y Fo + (- W m+ K+ kz) F.0 (E)

2= -———— 3
@ mi+ kot k) (~0 mat+ kok K3) - Kg

Since X, and X, are veal (Since there is no ola,mpmg) the
final Solu{-uon is given by

x(t) = X, s ot
Xz(’t’) = X, f wt
vhow %, and X; ane ?i%nlry () amd (E,).

From the soluition of problem5.50, we have
"Z|(’b) = G m,w"+ kz) Fo

(-m, 9+ x,t ¥2) (- m, % + ®g) — ki‘

sin ot

xz(e) = 'kz FO
(-m &%+ «, + k) (—'“1(~91+ kz)— '3y
For the dafa F(t) =50 #inaTt , fo= 50 N, 3= 4T vad /8,
=10 kK¢, M= 5 kg, k= 2000 Nfm amd «,=2000 N/

2
x,(k) = (——5 xig T 4+ 2000) 50

Sin wt

sin 4Tt
(<10 x16 W* + 8000 +2000)(~5x 16 T 4+2000) ~(2000)"
= 00009773 Aim 4T L meters
2000(50) : '
xz(‘t) = Aen 4T E

(-tox16 W+ 8000 + 2ce0) (- 5 x16 W4 zooo)—(zooo)z
= 0-016148 Am 4Tt meters
4, = total stiffness = 800 N/m
ko= total stiffness = 600 N/m
™, = 50 ®g, W= 50 k9

Y=02m, =T vrad/s

Wo,cwt:m:

m,i,: - % (%)= %) = *2 (%, - %2) ;_’Iy(t)=YAn‘m<.9t
MyXp = —t (X2= X))
i-e m, x, + (ki+ k) %1 — K2 X3 = 4,4 = %,Y Aim ST

m,_;,_+ kyX; - kX, =0
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Assuming  x.(t) = X; Awm 0t ; (=1,2, WE 3‘*
(—m &+ K+ K2) X, = Kk, X, = %, Y
—ke Xy + (-myw? 4 k1) X = ©
For given dofa, thee epuations tare The fom
(_ 50T : + 1400) X, - 600 X, =(800)(c-z)
-600 X) + (-50T? +g00) x, = ©
Solution of fthese ejpolions giver  X,=-0-06469m, X, =-0-36439 m
C %) =-0:06461 Sim Tt m;  x,(£)=-0.36439 Sm Tt m.

Egpations of malion: |
™ X+ (K +K) K - ke Xy = F(E) ~-- (E)

™My Xy 4 (kyt k) Xy =Ky %, = O --- (&)
Laplace Bamspdime of. (£,) amd (B> are F($)
m DA T (8) - 8 2,) =%, () T+ (e 42) X, (8) = &, %y(B) = F (8)
m, (8" X, (8)=5 x,(0) - X2(®) J (e, k) X, (4) - 6, T, (8) =0
Rga.?lhmr\?i.nﬁ these evuaroru, we gk
CuA™ k4 k1) % (4) = %, Bo(8) = () 4smy 200 +m X ____ (g,)
—ky () + (m2 8%+ K4 ka) T ()= S, %,(0) 4 my %, () ---C&))
When £ =%=%;3 = * amd mzm; =m, (E3) and (E4) give
MmA* +2%) X,(8) =% X, (8) = F,(5)4 £ mx,(c) + m %,() —-- (E5)
=k 5(8) + (mAp24) T, (4) = sm %,(0) 4 m %,(0) --- (&)
Shlion of Epp- (€5) amd (Eq) pives

(ma*+2%) {F(4) + m x,(0)- 84 wn %0)}+ 4 {m x,0)- A+ m x,(0) }

() =

MmA® 42 &) (m 824 2%) - &2
™ { F'(l)+rn z,(9)- 8 + x,(0) ™ }4. (sz...zk){'f'" x, (). 2 + m zz(o)}

These eg,«-ﬂ-toﬂ becoma , for x,(0)= %;(0) = X, (o) = %z(°) =0,
Fi(t)= 5 u(¥), F,("):-}-,m:i omd &=100,

2,4 =

%,(A) = 5 (4*+ 200) _ 5 (4% + 200) _--(E-,)
A L&*+ 200)? - 0000 ] A (£%+300) (£ +100)
;z(}) = 100 (35_) 1 SO0 —--(Eg)

[(s*+ 200)* - 10000 - A (£*+ 300) (5% +100)
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By exrr-esrm_q
(0 = 5 (554 200) - Al ArA+As . AsB+ As
4(8*+300) (s*+100) £ A% 4100 A%+ 300
%, (8) = 500 _ By + B2 4 + B3 + By 2 +Bs
A(A"-Hoo) (8‘+|oo) A At 4+ 100 A+ 300
we can find A,, Ap,..., B, B,,... (Fa.nt/l fraclioms waudled) .
This Lwads & y= 3 p 4 -"(ES)
x(4) = 30)! " 40 (A*+100) 120 (£*+300)
- 1 A A E
A) = - + === ( '0)
x2(#) 605 40 (s*+100) 120 (4*+300)

Inverse La,p'a.ce trans forms of (Eg) and (E) aive
x,(t) _(-—~—Z’~o «f ot —';_—o s 0T £) w(t)

x5 (£) =(60 _*_ Aot + _z‘_ ot »oﬂf) u(t)

Tha b e b ot 0(4) = & midnr amd %,(8)= g5 I
wWM%WMSNMW
appliad & mats my- W= © vad/s amd @5, = 00T rad /s
ane e fin negonant pugpencies asfouiadrd with te

fin deguee of fpredom Ayelem.

W.llmtm o‘t. o’ﬂn&u.. u-nﬁ?hud,u;i't X, = énl)cz““z* %
@Waﬂ.m&n m, ;(,_-k(‘xl—x,_)

(“‘z)gz "*z = —k(xp-%

e X+ kX, - & X, =0 ---- (D
| ("'7-"' —i%) X+ k %y — kX, =O ---- (Ea)
pssuming  x,(t)= X, of (St+F) ; i=t2, Egs- (E)) ord (E2) cam
e Sl o mo®+k) X, - kX, = ©

-kxl -+ (—@L{mz+_a;?}+4&)xz=0
r
Fregpimesy ei,.atﬂ _ ,
Cmo +4'.)(—c.9 my - O r_g +%) - %k =0
or 4”(“"t""z+ m'

2) - o (mra ke L) =0

Y
@, =0, e, = {(m.k+m1k+ = )/(m,rn,_-pmi:::")}
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E cvalend mass o‘& each x,(t) «— xXa () «—
. e for b_w m: ‘(Dt’ﬁ:' ‘k(zl-xz)
motion , referred to point A, & Ma
My, = A mrt A A
& —= = =z *t m
z - = 3? = (m,)ez = (’ml)ez

E'vm.k_anl of moliom : (m')eﬁ ;' + k’(xv,—?(z) =0
(e)e 5o % (m 2 =

Freguamcy egpalion: ) Y .

-k - (“‘z)ez + &
or (’m')ez (mz)ez Wt - [ (m.)ezk-&- (ml)‘z k]:o

(‘,l-_-O, (‘91-_; \/(ml)eb * + (T"L)e& < ' _ \/E_{?
(T’”)e?l Q"'—)c& 3w

For hanmonic wmdion %, (¢) = X; o (Wt+ ) i=12
given egualions fad 1 2

(- aa,+l»|)x, + ¢ X =0

by Xy + (-cala..z-t-cz) X2=0

Freguency eva.ai;-an “ l- Wa + b, Cy =0

bz —-wlal,_‘f' C2
oY &54‘(04“'1) - wz(a'ncz+5|°"z) + (biC2- c,bz)zo
Condition for degeneracy is: b,c, — ¢, by =0

Ev.ammdb.mﬂtdh J;é.|+1<t9|—1<tez=o

J-z .9;_4- ktez— kt 8 =0
For @;(t)= @; cA(wWt+ @g); i=1,2,

[-w’an.kt . (@, {0}
-k St +ke || @, [ 7 (o

Fm‘l}"“""“y ezuoifan' i w“'(J‘, 'Tz) _ 691( T ke + T, %) =0

(8,::0) 092= \/*t(J'.-'-‘T’-)
J, Iy
Amplitude ratios: w 2
Y, = ®, = 2O a+ ke | 1
* o % B
(1) 2 ' ¢
Yy = ®2 = — O 5+ ke = - i'_
o LI /]
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General solution is given bj ev«afmw similar to Egs. (5.15). Vitl:-n
6,(0)= 6,(°) =0, we oblain from ev,\a.mrml amidan Ey.(s-lls)-.

o) 1 T
@, = —— {r 60 - 6,00} =_< 2 \[- 7. g00) — a.(0)
e 5oz, )L 5 00— e ]
- {9?6.(°)+J1 9,_(0)}
I+ N
@ _ 1 2 5 6,0 .,
0 = —{-mee e} = - Q+ﬁ)[ + 0 ]
- { 'Tlel(°)+35,91(°)}
Jy+ J2
¢l=¢1= ]
m 2)
o)z 8 Hots 8 Ayt = @ + 8 Of Ot

6,(t)= o _ % @) wh Wt

when %¢y = 0, the system becomes identical to the A?&&n\. !
@ MNE-GOM ke = kyy o Novmad modes w?.w.mf}

o o {1} I L {m‘“}z{‘ } @)
® T {02’} RS Uiy )@
va.ain-_ahl O’L—motcn cam be ruutfin as

9,+ (9.—67_) ---- (&)

& - Tz(e.—eo - ceem (ED)
Su“:ra.d:-‘ng' (E) From (E,) gives
(e - 6:) + (81— ) (L;‘-+ %) =0 ---- (&3)
Definimd = 6,-02, (€3) cam fe WLlin as

&+ (kf‘l- t)o( =0 —— - (54)
This is o "“"72‘ ‘U‘-“m" bor hich Hg nodiad fregpaney i
9 = X \ %y (7, ' ”
W = J(% + -;_: = J-_*(;-';J'tm = wz of rroblem 5.45.

I
|z

P
\v
N

el

qah
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Since the length of shaft 1 is small and its diameter large, it will be very rigid and hence

the turbine and gear 1 are assumed to be rigidly connected. This helps in modeling the
system as a two d.o.f. system. '

J ‘
Jor = Jiarbine + Jgeart + —p = 3000 -+ 500 + (1000/2.25) = 3044.4444 kg—m?
1.5
(80 (10°)) ‘% (0.14)] o
kyp = {G—J] = = 7.854 (10°) N/m
¢ shaft2 1 .

Joz = Jg:nua.tor = 2000 kg—mz
System is a semi-definite system. Its natural frequencies are given by (see Eq. (5.40)):
w =0

~ kiz (Jor + Joz) _ ‘\/ (78.54 (10%)) (5944.4444) _ 24.3273 rad Jsec
up = To1 Joz (3944.4444) (2000)

Natural frequencies are given by Eq. (5.40): m
k (m; +mg) _ VM .
w=05 @=N —om mM v

Assumption: Balloon is a point mass.

*

12 & casz45..
6%

Turbine mass moment of inertia 0.5 kg - m?, generator mass moment of inertia
0.25 kg - m2, shaft inner diameter 0.02 m, shaft outer diameter 0.04 m,
shaft length 0.4 m, turbine power 70 kW.

Ct,

Solution:

6000 (2
Speed of shaft = 6000 rpm = 6000 2m) = 628.32 rad/sec

60

Torsional stiffness (spring constant) of the hollow steel shaft:

K = nG(d; —d}) _ m(83 x 107) (0.04* — 0.02%)
‘ 32 ¢ 32 (0.4)

Natural frequencies of the system, given by an equation similar to Eq. (5.40):

1 1

2 3 2

©,= 0,0, = k, (Jy +Jdp)|* _ |48.8910 x 10° (0.5 +0.25) |* _ .\ 0o 0
J,d, 0.5 (0.25)

= 48.8910 x 10° N - m/s
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Second mode shape is given by

8, _ k,—J, 05 _ 488910 x 10° — 0.5 (541.6143)
©, ki, 48.8910 x 103
=-2.0 E,)

Torque transmitted before turbine is stopped (T):

= 700 x 10
628.32

=1114N'm

In view of the fact that w, = O corresponds to the same angular motions of the
two mass moments of inertia, we have constant angular displacements and constant
angular velocities so that the free vibration can be expressed as:

01=cl+c2t+c3cosw2t+c4s1nw2t
62=c1+c2t+c30tcosu)2t+c4ocsmu)2t

where ¢, c,, c; and ¢, are determined by the initial conditions.

The total initial angular displacement between the turbine and generator is given by

0 T 111.4 0.00228 rad = ©, — © (E.)
= — = =0. rad = —_
0k, 48.8910 x 10° 12 2

The initial angular displacements at the instant when turbine is suddenly stopped
can be found by solving Egs. (E,) and (E,):

0,=-26,
3©,=0.00228 or ©,=0.00076 rad

The initial angular velocities (speeds) at the instant when turbine is stopped are
given by

©, = 0, = 628.32 rad/sec
Using the conditions
0, (t = 0) = ©, = 0.00076, 8, (t = 0) = ©, = — 0.00152
0, (t =0) = ©, = 628.32 rad/sec, 8, (t=0)= O, = 628.32 rad/sec

the constants c;, c,, ¢ and ¢, can be determined.
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@ Efua.\‘:n'ons of motion :
d 0+ Ch 8 — . 42 ( é,_" é|)+ Ky 01 = ky,(8,- 9:) =0

R+ (d-8) + kea(orn o)

e,

T .
[ol T]{G.}+[C£|+Céz -Cbl]{?| . ke tRer —*ez2 ] (g _fo
Let o T w2 1% —ke ke J102) (0

. t

POt R E - ()
Ezs-(€)) yield :

D A" o Ca+<e)4 = Cer 4 [(kf + K¢z) -ktz Xy

+ +
° g;_);‘} - Ce2 A Ceg 4 - kK¢a

o

The characteristic e%uai’-'on becomes:

2
T A+ (Cop+ ch_),g + Kyt ke, — (Cea B+ Ky2)

"'(ch. A+ Kyy)

ll’e')
3 2z
o.ao/Sq-i-a.,)S +ta, A taz34 +a, =o0 -"(Eq,)

2
J;A +Ch/3+ LI

where
Qo= 9,7,
o= g e 4 g (Copt Ced)

@, = Iy kep + céz(ch'f' cf?—) + ‘Tz(k-h‘*' ktz) - C:z

sy

Ay = Kia (Ko + Kea) - kzé,_
For the stability of the system, the conditions derived in section

= Kea (Cer+ 1) + ¢y (Ke + Kta) —2 Cgy gy

5.8 are applicable:
a:l‘: >0 H 4:'—'0,')2)3‘4

2 2
A3 ~aja, - a, vy >0
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Free body diagram of bar

24 x F 5mx
-~ P—— -~ -
v
I Sm} T
Bm} am}

Free Lch c!n'a.gra..m of trailer

Equations of motion of bar:
m(ii—%@)=k06’+F
Jo'é_m(ii_g..é)%=—k0((()+mg§-sin9
Equation of motion of trailer:

5mx=—F—-2kx or F=—-2kx—-5mX

338
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Equations (1) and (2) can be rewritten as:

m[ii—%@]—k0€+2kx+5mii=0

mé€ ,.. € -
T(x—36)+k9€2—

0

o8- mgf¢l
2
where Jo=-%-m£’_2

Equations (5) and (6) can be expressed in matrix form as:

_ﬂw
2

m &2

6m 2k —-k¢

o (kt”—-;-mgf)

T mel o

12

m¢

{ 2

b4

Assuming a solution of the form:

xt)=Xe't and 6(t) =0 et (9)

Eq. (8) can be expressed as:

6m _mTl 2k —k¢ X 0
| me me |t -[mg’—kﬁ] {e}ét:{o} (10)
T T2 T3

- By setting the determinant of the coefficient matrix in Eq. (10) equal to zero, we obtain:

(2
(6ms* +2k) _[m = +ke
=0 11
m ¢ s m &2 §? mgé )
- ~TEB° 4xet
2 3 2

which, upon expansion, gives:

[% m? 6’2] st +

%mkfz—3m2gt’]sz+[—mkgt’+2k2t’2]=0 (12)

A comparison of Eq. (12) with Eq. (5.43) gives:

7 2 g2
= — 4
29 m

3.1=0
az=%7-mk(2—3m2gt’

3.3=0
2, =2k ~mkgt¢
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Conditions for the stability of the system:
1. All coefficients a; must be positive:

1

a3 20 or k>

k
a, 20 or k2>

F°|"‘23L»

mg
¢
e
4

a; ap ag >a.oa.§ + a4 a%
This is not applicable since both sides of the inequality are zero.

Thus the condition for stability is: k > %— %5
Ezua.{'u'ons of motion are (Ezs- (5. and (s.z)) ‘%ﬁ(e)
2m ;, + 3% %X, - 24 xz._.'p'(t) 5240
TH;;—ZR X, +3k X, = o o o-51¢t
' 2w o |_T20 © 3k =-2% 6000 .
Hence [m]= [, m]‘ [o |o] ’ ["]’[—zt 31:]"' [—:.:oo 2:::]’
F= {Fl(t)

°
Freau.ency azua:h‘on s l_ o (m] +(x] ‘ = w"’- 900 W + 100 000 = o
Hence W, = 11-3949 rad/3, W= 27-7517 rad/?

and ‘t": 05514 & » Tp= o0.2264 4.
we select

At = 002 5 and use central difference method for
numerical solution (see chapter || for details).

The main program which calls CpiFF, the subroutine EXTFUN
and the output are given below [cDiFF is in Program 15.F]:

PRIIGRAM
MAIiN PROGRAM WHICH CALLS CDIFF

NOAQAGNHNND

FOLLOwWING 10 LINES CONTAIN PROBLEM=DEPENDENT DATA
REAL M(2,2),K(2,2),4C(2,2),MK(2,2),MC1(2,2),MMC(2,2)
DIMENSION C(2,2),X1(2),XDI(2),XDDI(2),XM1(2),F(2),R(2),RR(2),

XMK(2),XMI(2),XM2(2),XP1(2),2A(2),28(2),2C(2),LA(2),LB(2,2),
5(2),X(50,2),XD(59,2),XDD(50,2)

DATA H,NSYIEP,NSTEP!,DELT/2,49,50,0.02/
DATA XI/0.07,0,0/
DATA XD1/0.0,0.0/
DATA M/20.0,0,0,0,0,10,0/
DATA €/0,0,0,0,0,0,0,0/
DATA K/6000,0,-4000,0,-4000,0,6000,0/
C END OF PROBLEM=DEPEMDENT DATA ,
CALL CDIFF (M,C,K,XI,XDI,XDDI,N,NSTEP,DELT,¥,R,RR,XM1,XM2,XP1,
‘2 MC,MK,MCT,XMK,MMC,X¥1,2A,2ZR,2C,LA,LB,S,X,XD,XDD,NSTEP])

w N
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#RITE (13,10)

10 FOR4AT (//,38H SOLUTION BY CENTRAL DIFFERENCE METHOD,/)
#RITE (13,20) N,NSTEP,DELT

20 FORMAT (124 GIVEM DATA:,/,3H N=,15,4X,TH NSTEP=,15,4X,6H bELT=,
2 E15.8,/7)
WRITE (13,30)

FORMAT (10H SOLUTION:,//,SH STEP,3X,SH TILIMF,3X,7H X(I,1),3X,

44 Xb([,1),2X,94 Xob(1,1),4X,7H X(1,2),3X,8H XD(X,2),2X,
9H XND(1,2),/)

D0 40, I=1,NSTEPI1
TIME=KEAL(I-1)*DELT
WRITE (13,50) I,TIME,X(1,1),%D(I,1),XDD(I,1),X(X,2),XD(I,2),XC0(
2 ['2)
50 FORMAT (1X,I4,FR.4,6(1X,E10,4))
STOP
END

30

w N

C SUBROUTINE EXTFUN
C THIS SUBROUTINE 1S PROBLEM=DEPENDENT

SUBRUUTINE EXTFUN (F,TIME,N)
DIMENSION F(N)

F(1)=0,0

F(2)=0,0

[F (TIME ,Lt, 0.5) F(1)=500,0
RETURN

END

SOLUTION BY CENTRAL OIFFERENCE METHOD
GIVEN DATA:

N= 2 NSTEP= 49 DELT= 0.20000000E=01
SOLUTION:
STEP TIME X(1,1) Xp(I1,1) xon(I,1) X(1,2) xD(1,2) XDD(T,2)

0.0000 U,0000E+D0 0,000NE+00 0,2500E+02 0,0000F400 0,0000E+00 0,0000E+00
0.0200 6,5000E=-02 0,00002+00 0,2500E+02 0,0000E+00 0,0000E+00 0,0000E+00
0.0400 0,1940E-01 0,4850E+00 0,2350F+02 0,8000E~03 0,2000E=01 0,2000E+01
0.,0600 0.4154E=01 0,9134E+00 0,1934E+02 0,4512F~=02 0,1128E+00 0,7290E+01
0.0800 0,6305£=01 0,1241E+01 9,1344E+02 0,)379E~01 0,3247E+400 0,1391F+02
0.1000 0.9938E-01 N.1446E+01 0,7043E+01 0,3080E=01 0.6572E+00 0,1935E+402
0.1200 0,1302E+400 0,15305401 0,1347E+401 0,5632E~01 0.1063F+01 0,2127E+402
0.1400 0,1H00E+00 0,1515E+M1 - ,2R10E+01 U,A917E~01 0,1459F+01 0,1831F+02
0.,1600 0,1877E+00 0,1436E+01 =,5164E+01 0,1262E+00 0,1747E+01 0,1050F+02
0.1800 0,2129E+00 U,1323E401 -,6059E+01 0.1630E+00 0.1846L401 =,657TE+00

46 09,9000 0,2315E+00 =,1023E+01 -,8737E+01
47 00,9200 0,2101E+00 =,1165E+01 =,5533£+01
48 10,9400 0.1842E+00 -, 1258E+01 «,3T717E+01
49 00,9600 0,1S71E+00 «,1325E4U1 =_,2966E+01
50 0.9800 0,1290E+0u =,1373E+01 -,2515E+01

CWVUDNT NS N =

0.1991E+N0 -,5925E+00 =,2714F+02
0.1715E+00 =,1120F+01 ~,2565k+02
0,1365E+00 =,1566E+01 =_.1889E+02
0,9408E=01 =,1837E401 =,/195F+01
0.6131F=01 -,1879E+01 0,3993F+01
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m, = m, = 40 kg, k; = k, = 3000 N/m, _ ’
ks =0,c,=c,=¢3=0,X, (0) =X, (0) = 0.05 m, X, ) =X, (0) =0.

Solution:
(a) Frequency equation is:

o {40 0} +[6000 —3000”=0

—? + |:
’ " [m] + [K] 0 40| |=3000 3000

0* - 225 0? + 5625 = 0

PROGRAM 6.F
MAIN PROGRAM FOR CALLING THE SUBROUTINE QUART

SOLUTION OF: A(1)*(X**4)+A(2)* (X**3)+A(3)* (X**2)+A(4) *X+A(5)=0
DIMENSION A(5),RR(4),RI(4)

FOLLOWING LINE CONTAINS PROBLEM-DEPENDENT DATA
DATA A/1.0,0.0,-225.0,0.0,5625.0/

END OF PROBLEM-DEPENDENT DATA
WRITE (26,10) (A(I),T=1,5)

10 FORMAT (//,31H SOLUTION OF A QUARTIC EQUATION,//,6H
DATA:, /,
2 7H A(1) =,E15.6,/,7H A(2) =,E15.6,/,7H A(3) =,El5.6,/,
3 7H A(4) =,E15.6,/,7H A(5) =,E15.6,/)

CALL QUART (A,RR,RI)
WRITE (26,20)

20 FORMAT (/,7H ROOTS:,//,9H ROOT NO.,3X,10H REAL PART,
5X,
2 15H IMAGINARY PART, /)
DO 30 I=1,4
30 WRITE (26,40) I, RR(I),RI(I)
40 FORMAT (I5,3X,E15.6,3X,E15.6)
STOP
END
SOLUTION OF A QUARTIC EQUATION
DATA:
A(l) = 0.100000E+01
A(2) = 0.000000E+00
A(3) -0.225000E+03
A(4) = 0.000000E+00
A(5) = 0.562500E+04
ROOTS
ROOT NO. REAL PART IMAGINARY PART
1 -0.140126E+02 0.000000E+00
2 -0.535230E+01 0.000000E+00
3 0.535230E+01 0.000000E+00
4 0.140126E+02 0.000000E+00

(b) (- 40 o} +6000) X - 3000 X{ = 0; j = 1.2
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- 2 4 ‘
40 o° 6000} X0~y x0

Writing X{® = ( 3000

{—40 (5.3523) + 6000}

r, = = 1.6180384
3000
{—40 (14.0126)% + 6000}
r, = = - 0.6180395
3000

Eqgs. (5.18) give
X = _0.03618 m,
X® =-0.01382 m,
0, =0,=0
Displacements of masses m; and m, are given by Eqgs. (5.15):

X, (t) = —0.03618 cos (5.3523 t) — 0.01382 cos (14.0126 t)
X, (t) = —0.05854 cos (5.3523 t) — 0.008541 cos (14.0126 t)

DIMENSION C(2,2),FzZ(2)
REAL K(2,2),M(2,2)
COMPLEX Z(2,2),X(2),AA,BB,DEN

C INPUT DATA
DATA M/20.0,0.0,0.0,20.0/
DATA (C/200,0.0,0.0,0.0/
DATA K/7000.0,-35000.0,-35000.0,7000.0/
DATA FZ/5.0,10.0/
OMF=5.0
C END OF INPUT DATA
DO 10 I=1,2
DO 10 J=1.2
-(OMF**2)*M(I,J)+K(I,J)
B=OMF*C(I,J)
10 Z(I,J)=CMPLX (A, B)

DEN 2(1,1)*z2(2,2)-2(1,2)*Z2(1,2)
z(2, 2)*CMPLX(FZ(1),0.0)
BB Z(l 2) *CMPLX(FZ(2),0.0)

X(1)=(AA-BB) /DEN
=Z(1,1)*CMPLX(FZ(2),0.0)

BB=Z(1,2)*CMPLX(FZ(1),0.0)

X(2)=(AA-BB) /DEN

PRINT 20,X(1),X(2)

20 FORMAT (//,2X,25H SOLUTION OF PROBLEM 5.49,//,2X%,
27HX(1) =,2E15.8,/,2X,7H X(2) =,2El15.8,/)
PRINT 30, OMF
30 FORMAT (2X,6H OMF=,E1l5.8)
STOP
END

SOLUTION OF PROBLEM 5.69

X(1)=0.58883249E-02-0.24365482E-02
X(2)=0.10203046E-01-0.28426396E~-02

OMF=0.50000000E+01
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Free vibration response of the system shown in Fig, 5.16:

*,= 1000, %= 500, m =2, m,=1,

%,(0)= |, 2,(0) = 0, 9':, ()= —-1, *},(") =0

“"z) "’zz= k:-ﬁz_'_ fea 1{"‘(“"“‘2—? ﬁ)’_ K ke }‘2&
il z2m, 4 m2 ™mm,

|5oo soo {_L(lsoo 500 z_ EL‘_".S }':’.'

2
= 250; {000

W= IS. 8114 ra.d/,? > 69, = 31-¢g229 Y‘a-d'/,s (E|)
Y= Xg') _ ka2 _ 500 - 2
x(," -mzag’;_,, q —l(zSo)+$oo
(
ry = Xz") _ f _ 500 ., (£2)
xfz) “mg G+ kg = 2

-1 (Iooo)-f-‘i'oo
x,(6) = X(l) cos (wt+¢;)+ X, 2) e’ (w,_t'f' ¢z>

@)= r, xS @+ $1) + 1y xC 2 s (@it + 92y (E3)
Initiad condilions yeeld ;

*0)= | = xf) s (15-811t+4) + x,(z) cos (31- 6223 t+4¢2)
x2()= 0= 2 X" eof (1580 1) = x(*) cos (306228 ¢ 4 g2)
x,0)=-1 = _ e, xf ? Sin (1s.804 1 +¢) _ 6, X ‘ ) §in (316229t t+4,)
Xy(0)=0 = _r 03, X' ) sin (15814 t+4) -y, xf )gm(;u-ezzs t+d,)
ov _ (E‘i)
) cos ¢ + x,(z)cos $2 = | (es)
zxf') coS ¢|-X,(z)04912= o) )
~15.8n4 %" sin ¢, — 31.6228 x©° ) gin 3, = - | €7
-316228 %" sing, + 316228 X ) sing, = o (Es)
Solution of Eps. (Es) amd (E¢):
(')Ca‘$95| = 3 (ES)
x{V b= G . (E10)
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Solution of Ezs‘.(E-,) amd (Eg):
XE')‘f" @y = 6.02108

x'(z) sin ¢, = 002108

(Ew)
©(ER)

EZS- (E9) omd (Ell) 3'3":‘ : XE')= '0.334 ¢,= 0:06316 \"0-4

Egs: (Eio) omd (Etz) 3"3‘0‘5 Xl(z)'-? °©°667, $,=0-0316| ra.J

Response:
2, (t) = 633y cos (158141 +0:06316)
+ 0:667 cos (31.6228 t +0:03161)
7%, (t)= o0- 668 o5 ((S'-RI.I‘-I'I: +o-063l6)
~0:667 cos (316228 t 4+ 0-03161)
'F(ol'f:u'nj of E&S-(En) ond (EH);

ey
TR

% Ex5_70.m
for i = 1: 501
t(i) = 10 * (i-1)/500;

x1(i) = 0.334 * cos(15.8114*t (i) + 0.06316)...

+ 0.667 * cos(31.6228*t(i) + 0.03161);

x2(i) = 0.668 * cos(15.8114*t(i) + 0.06316)...

- 0.667 * cos(31.6228*t(i) + 0.03161);
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end

subplot (211);
plot(t,xl);
xlabel('t’);
ylabel (‘x1(t)’)
subplot (212);
plot(t,x2);
xlabel(’t’);
ylabel ('x2(t) ")

@For the initral conditions
zl(°)=1, 9‘2(0):'—2, 7‘"(0): { aﬂ\A &2.(0 - -2,

Egs- (E3) of Solution of Problem 5.70 yield

D)
7‘.(0):1 = X, Cﬂf¢|+ x‘(?-) CoS @, (El)
O
7y ()= 2 = 3 X\ )cos ¢ - x‘(z) cos P (Ez>
X @)= | = —15-811y x,").sin g, —316228 xfz)s.‘n % (E,)

X,(0)=-2= -31-6228 x$ sing, + 31,6228 xPsing, (B4
Egs- €\) amd (E2) give:
x,") CoeSy = 1, X‘(z) cos Bg,=o (Es)

Egs- (£3) and (Ey) yield

2 .
xf')Sin #,= 0:02108, x'( ) S-‘n¢2=—o-o‘l2(6 (EG)

Ez,uifm (Ex) amd (E¢) can be used to obfain

(D) a
X, = 1re00222, ¢,= 0-02108 ra
X{*)= er04216, $,= T vad

Response of the system:
x, ()= 1r000222 cos (is5.8liu t + 0:02108)

+0.04216 cos (31-6228t + L &7
7 (t) = 2.000 444 cos ((5.911yt + 0.02108)
—0.04216 cos (31.6228 £ + L) (Eg)

FloH:ing of Egs- (E9) and (Eg):
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% BEx5_71.m
for 1 = 1: 501
t(i) = 10 * (i-1)/500;
x1(i) = 1.000222 * cos(15.8114*t(i) + 0.02108)...
+ 0.04216 * cos(31.6228*t(i) + pi/2);
x2(i) = 2.000444 * cos(15.8114*t(i) + 0.02108)...
-°0.04216 * cos(31.6228*t(i) + pi/2);
end , )
subplot (211) ;
plot (t,x1);
xlabel(’t’);
ylabel ('x1(t)’)
subplot (212) ;
plot(t,x2);
xlabel(’'t’);
ylabel (‘x2(t) ")

2 T T T T T T T T T

1t

x1(t)
o

10

o
-y
N
w
H
(3]
(=]
~
(o]
w

.
!
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% Ex5_72.m
, S>>A = le6*([25 -5; -5 5]

A =
25000000 -5000000
-5000000 5000000
>>B = [10000 0; 0 5000]
B =
10000 0
0 5000
>>[V, D] = eig(A, B)
V =
0.8719 0.2703
-0.4896 0.9628
D =
1.0e+003 *
2.7808 0
0 0.7192
Diffevential etlua.hons
2X,+zox,_§xz+Sox|—loxz= 2 sin 3t (Ei)
|ox2__5x,+51tz_|o-x|+lo xzzscossf (Ez)
Let Y= X
y.’ :72:7“
y;: Aq
jaz Yy = %2

E?)mﬂmvs (D arnd (E2) can be tewritien as
2 3.Z+1ayz-579_+50 Y, -to 3= 2 sin 3t

'ay.l,—syq+sy(’—'°y|+lo 73 = 5 cos 5t

or

4 7 72

7 )i = )-ret+2s ;lq—zs'y,+§¥3+s.n 3t (53)
73 74
7y 0:5Yy =05, +Y, -3 +0:5coF st

or

- E’ | (E4)

p
with \
7 - ,z} o |
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—

and § s given Ly the n‘ght hand side of Eg. (E3).
Selution of Er. (Ey) using MATLAB:

% Ex5_73.m

% This program will use the function dfun5_73.m, they should
% be in the same folder

tspan = [0: 0.4: 20];

y0 = [1; 0; -1; 0];

[t,y] = ode23('dfun5_73’, tspan, y0);

disp(’ t x1(t) xd1(t) x2(t) xd2(t)');
disp(lt y1); :

subplot (211);

plot(t,y(:,1));

xlabel{’'t’);

ylabel (‘x1(t)’);

subplot (212);

plot(t,y(:,3));

xlabel(’'t’);

ylabel ('x2(t)’');

$ dfun5_73.m -
function £ = dfun5_73(t,y)
f = zeros(4,1);

£(1) = y(2);
£(2) = -10*y{(2) + 2.5*y(4) - 25*y(1l) + 5*y(3) + sin(3*t);
£(3) = y(4);
£(4) = 0.5*y(2) - 0.5*y(4) + y(1l) - y(3) + 0.5*cos(5*t);

1 T Lt T T T T

T T 1

x1(t)

_0.5 1 1 L 1 1 3 1 i
0 2 4 6 8 10 12 14 16 18 20
t
05 T T T — . - T
- 0r
S
x
-0.5¢ -
_1 L L 1 i1 A 1 1 1
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Results of Ex5_73

khk kb hkhkhkdhkdhrhhhdrhdkhdhhhdhki

>>Ex5_73

t x1(t) xdl(t) x2(t) xd2(t)

0 1.0000 0 -1.0000 0

0.4000 0.3177 -1.4828 -0.8995 0.3577
0.8000 -0.0076 -0.3482 -0.7604 0.3375
1.2000 -0.0763 -0.05%4 -0.5974 0.5230
1.6000 -0.0741 0.0612 -0.3445 0.6835
2.0000 -0.0356 0.1222 -0.1033 0.4929
2.4000 0.0214 0.1625 0.0716 0.4371

18.8000 -0.0268 0.0072 0.0066 -0.0481
19.2000 0.0010 0.1087 0.0196 0.0720
19.6000 0.0331 0.0247 0.0233 -0.0721
20.0000 0.0178 -0.0827 -0.0117 -0.0459

E@u_a.‘h’ons'- 2m ;¢..|+3k x'.—‘Z‘k xy = F'('é)

rn‘iz —2K %X 4+ 34 %3 = O

e %) = -300 %) 4 200 Ny 4 'i'?» F, (¥
5-':2= 400 X - Goo x,
Let 71 x| 1 ° ze;"aj
-.— - Y on o - ° = ihl. (
‘- ;z - :l d }(O) o] conditions
ya '2 0 G.SSumEJ
- % )
Then ev.n.a.ﬁmvs £t be solved are:
J - yl
I _ —3006 Y, +200 Y, + = F(t)
45 P | P &)
400 Jy — 605 7,
F (), N
vk F, ) /S'-\own_c'n the fa'jure: A
500
t (seq)
0 0.5

MATLAB Solution of Eg. (Ei):
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$ Ex5_74.m

% This program will use the function dfun5_74.m, they should
% be in the same folder

tspan = [0: 0.01: 5);

y0 = [0; O0; 0O; O};

{t,y] = ode23(’dfun5_74', tspan, yo0);
subplot (211) ;

plot(t,y(:,1));

xlabel(’t’);

ylabel{’x1(t)’);

subplot (212) ;

plot(t,y(:,3));

xlabel(’t’);

ylabel(’'x2(t)’):;

$ dfun5_74.m

function £ = dfun5_74(t,y)

Fl = 500 * stepfun(t, 0.0) - 500 * stepfun(t, 0.5);
f = zeros(4,1);

£(1) = y(2);
_f(2)'= -300*y (1) + 200*y(3) + F1/20;
£(3) = y(4);

£(4) = 400*y(1) - 600*y(3);

x1(t)

x2(t)
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Frezuency eguation, Eg. (5-9):

™mymy - {(k,+ Koy m, + (Kot k3D ™) } es?
+ § (k0 %) (Ry+ %3) - g } =0

With MITE M= 02, K,z 4z= 18

Ez- (E,) becomes

4

004 1 =108 W 4324 =0

or WY - 276 9%+ 8100 =o

Solution of Eg,. (Ez) using MATLAB:

% Ex5_75.m :

>>roots([1 0 -270 0 8100))

ans = :
15.35001820805078

-15.35001820805078
5.86318522754564
-5.86318522754564

(E))

amd k;:b,

(E2)

1‘!1

DT

cwt
P A T
Kj(t) = Xj éwt ? J: = 1,2 (E3)
Ezs-(5035)‘
Z,.(vw) Fip = Z,, (¢9) Fro
X (168) = ]
: Z, (¢) Z”(cc.s)-Z,i (‘@)
-2 (i6) Fo + Zy () Fzo
X,(tw) = 3
zll (4:&.’) 222 (l:((’) - z‘z (1‘.‘4’)
here
Tz ()= — Wt 4 gt g s
Da.;‘:a.l‘.

R m”:h'!ZZ: O'l) m|2=°) C”= I'O, C|2:

Xy

P AR R

(ED
(E4)
(Es)
r, A= 1,2
(E¢)
C22 = 0O,

=40, k3,220, k,=-20, F o= 1, Fo= 2,

W= 5

Hence Z,,(aw):
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and Z,, (1= 175

Solution using MATLAB:

( Real amd Imaginony Paﬂ/t! of %, (£ amd x, (>
9given Ly Ez. (E;))

% Ex5_76.m

mll = 0.1;

m22 = 0.1;

ml2 = 0;

cll =1.0;

cl2 = 0;

c22 = 0;

k1l = 40;

k22 = 20;

k12 = -20;

F10 = 1;

F20 = 2;

w =05;

z1l = complex((-w*2*mll + kll1l), w*cll);

z12 = complex({(-w*2*ml2 + kl2), w*cl2);

z22 = complex( (-w*2*m22 + k22), w*c22);

X1 = (222*F10 - z12*F20)/(z11*222 - z12*zl1l2)
X2 = (-2z12*F10 + z1l1*F20)/(2z11*z222 - 2z12*z12)
for i = 1: 101

t(i) = 5*(1i-1)/100;
x1(i) = X1 * exp(complex(0, w*t(i)));
x2(1i) = X2 * exp(complex(0, w*t{(i)));

end

subplot (231);

plot({t, real(xl));
xlabel(’'t’);

title(’'Real part of x1(t)’);
subplot (232);

plot(t, imag(xl));
xXlabel(’t’);
title(’Imaginary part of x1(t)’);
subplot (233);

plot{real(xl1l), imag(xl));
title(’'xl: x-real y-imag’);
subplot (234) ;

plot(t, real(x2));
xlabel(’t’);

title(’'Real part of x2(t)’);
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subplot (235) ;

plot(t, imag(x2));

xlabel(’t’);

title(’Imaginary part of x2(t)’);
subplot (236) ;

plot(real(x2), imag(x2));
title(’x2: x-real y-imag’);

Real part of x1(t) Imaginary part of x1(t) x1: x-real y-imag
0.4 0.4 0.4
0.2 0.2 ' 0.2
0 0 0
0.2 -0.2 0.2
0.4 -0.4 0.4
0 5 0 5 -05 0 0.5
t t
Real part of x2(t) Imaginary part of x2(t) x2: x-real y-imag
0.4 0.4 0.4
0.2 ' 0.2 0.2
0 of 0]
0.2 -0.2 0.2
0.4 ' -0.4 0.4
0 5 0 5 -05 0 0.5

t t

@Roots of the eaua.i:c‘on .
x4 - 32 >r.3+ qu/'xz— 20X - 1200 =0

USl'n’ MATLAB:

% Ex5_77.m
>>roots([1 -32 244 -20 -1200])
ans =

20.00000000000001
11.15980239097340

2.77656274263302
-1.93636513360642
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Results of Ex5_78 using Program88.cpp

khdkkhkhdkhkhkhkhhhkdhhkhkhkkhkhkdhdkdhhkhdhdkkkikdhikd

Please input the coefficient array a

(af0] is the coefficient of x*4 and nonzero):

1.0 0.0 -270 0.0 8100

SOLUTION OF QUARTIC EQUATION

DATA:
A[0]
Afl]
Al2]
A[3]
Al4]

ROOTS:

1.000000
0.000000
-270.000000
0.000000
8100.000000

ROOT NO.

_ W

REAL, PART IMAGINARY PART

-15.35001821
-5.86318523
5.86318523
15.35001821

0.00000000
0.00000000
0.00000000
0.00000000

Results of Ex5_79 using Program88.cpp

khkhkkdkdhdhkhkhkhkkhkkddhkkhhhdhddkdkddkhkkhkikkkikii

Please input the coefficient array a

(a[0] is the coefficient of x4 and nonzero):

1.0 -32 244 -20

-1200

SOLUTION OF QUARTIC EQUATION

DATA:
A[0]
A[l]
Al2]
Al3]
Al4]

ROOTS:

1.000000
-32.000000
244.000000
-20.000000

-1200.000000

ROOT NO.

W N

REAL PART IMAGINARY PART

11.15980239
20.00000000
-1.93636513

2.77656274

0.00000000
0.00000000
0.00000000
0.00000000
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C m=sm==s==sss=c=acoccccs====s=sssss=——==s==ss=s=s==SSSSSSSSESSSSS=SSSESXS=IIESS

o

C PROGRAM 6.F :
C MAIN PROGRAM FOR CALLING THE SUBROUTINE QUART .

c
C FEEt -t it r ittt sttt P R e R R AR A
C SOLUTION OF: A(L1)*(X*%4)+A(2)*(X**3)+A(3)*(X**2)+A(4)*X+A(5)=0
DIMENSION A(5),RR(4),RI(4)
C FOLLOWING LINE CONTAINS PROBLEM-DEPENDENT DATA
DATA A/1.0,0.0,-270.0,0.0,8100.0/
C END OF PROBLEM-DEPENDENT DATA
PRINT 10, (A(I),I=1,5) -
10 FORMAT (//,31H SOLUTION OF A QUARTIC EQUATION,//,6H DATA:,/,
2 7H A(1) =,E15.6,/,7H A(2) =,E15.6,/,7H A(3) =,E15.6,/,
3 7H A(4) =,E15.6,/,7H A(S) =,E15.6,/)
CALL QUART (A,RR,RI)

PRINT 20
20 FORMAT (/,7H ROOTS:,//,9H ROOT NO.,3X,10H REAL PART,5X,
2 15H IMAGINARY PART,/)
. DO 30 I=1,4
30 PRINT 40,I,RR(I),RI(I)
40 FORMAT (I5,3X,BE15.6,3X,E15.6)
STOP
END
c NS EESEEETsEEEE=EEas Y Tttt P it 1ttt ettt
(o]
C SUBROUTINE QUART
c
c ======================================================================
SUBROUTINE QUART (A,RR,RI)
DIMENSION A(5),RR{4),RI(4),B(4),RRC(3),RIC(3)
DO 10 I=2,5 :
10 A(I)=A(I)/A(1)
B(1)=1.0
B(2)=-A(3)
B(3)=A(4)*A(2)-4.0*A(5)
B(4)=A(5)*(4.0%A(3)-A(2) **2) -A(4)**2
CALL CUBIC (B,RRC,RIC) )
IF (RIC(2) .NE. 0.0) GO TO 20
X=AMAX1 (RRC(1) ,RRC(2) ,RRC(3))
RRC(1) =X
20 . X=RRC(1)/2.0
IF ((X**2-A(5)) .GT. 0.0) GO TO 30
Y=0.0

Z2=SORT((A(2)/2.0) **2+2.0*X-A(3))
C ADD TO ABOVE EQN.
GO TO 40
30 Y=SQRT (X**2-A(5))
Z2=-(A(4) -A(2) *X) /(2. 0*Y)
40 Cl=1.0
C2=A(2)/2.0+2
C3=aX+Y
CALL QUADRA (C1,C2,C3,QR1,QR2,QI1,QI2)
RR(1)=QR1
RR(2)=QR2
RI(1)=QI1
RI(2)=QI2 -
C1l=1.0
Cc2=A(2)/2.0-2
C3=X-Y
CALL QUADRA (C1,C2,C3,QR1,QR2,0I1,QI2)
RR(3)=0R1
RR(4) =QR2
RI(3)=QI1
RI(4)=QI2
RETURN
END
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c - SOLUTION OF QUADRATIC EQUATION Al%* (X**2)+A2*(X)+A3 = 0
c Al,A2,A3 ARE INPUT, (RR1,RI1) AND (RR2,RI2) ARE ROOTS (OUTPUT)
C Al MUST NOT BE EQUAL TO ZERO
SUBROUTINE QUADRA (Al,A2,A3,RR1,RR2,RI1,RI2)
RAD=A2*%*2-4.0*A1*A3
IF (RAD) 20,10,10
10 SRAD=SQRT (RAD)
RR1=(-A2-SRAD)/(2.0*A1)
RR2= (-A2+SRAD) / (2.0*A1)
RI1=0.0
RI2=0.0
RETURN
20 SRAD=SQRT (-RAD)
RR1=-A2/(2.0*A1)
RR2=RR1
RI1=SRAD/(2.0*Al)
RI2=-RI1l

c ROOTS OF CUBIC EQUATION A({1l)*(X**3)+A(2)*(X**2)+A(3)*X+A(4)=0
. SUBROUTINE CUBIC (A,RR,RI)

DIMENSION A(4),RR(3),RI(3)
DO 10 I=1,3
RR(I)=0.0

10 . RI(I)=0.0
A0=A(1) .
Al=A(2)/3.0
A2=A(3)/3.0
A3=A(4)
G=(AO**2) *A3-3 ,0*A0*A1*A24+2,0% (A1*%3)
H=AQ*A2-Al**2
Y1=G**2+4.0*% (H**3)
IF (Y1 .LT. 0.0) GO TO 100
Y2=SQRT (Y1)
21=(G+Y2)/2.0
Z2=(G-Y2)/2.0
IF{Z1 .LT. 0.0) GO TO 21
Z3=21*%*(1.0/3.0)
GO TO 22

21 Z3=(-21)**(1.0/3.0)
23=-23

22 IF(22 .LT. 0.0) GO TO 23
Z4=2Z2%+{1.0/3.0)
GO TO 24

23 Z4=(-22)**(1.0/3.0)
Z4=-Z4

24 CONTINUE
RR(1)=-(A1+23+24) /A0
RR(2)=(-2.0*A1+Z3+24)/(2.0*A0)
RI(2)=SQRT(3.0)*(24-23)/(2.0*A0)
RR(3)=RR(2)
RI(3)=-RI(2)
GO TO 200

100 SH=SQRT (-H)
XK=2.0*SH
THETA=ACOS (G/ (2.0*H*SH)) /3.0
XY1=2.0*SH*COS (THETA)
PI=3.1416 .
XY2=2.0*SH*COS (THETA+(2.0*PI/3.0))
XY3=2.0*SH*COS (THETA+(4.0+*PI/3.0))
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RR (1) =(XY1-Al) /A0
RR (2) = (XY2-A1) /A0
RR(3}=(XY3-Al) /A0
RETURN

END

200

SOLUTION OF A QUARTIC EQUATION

DATA:
A1) = 0.100000E+01
A(2) = 0.000000E+00
A(3) = -0.270000E+03
A(4) = 0.000000E+00
A(5) = 0.810000E+04
RCOTS:
ROOT NO. REAL PART IMAGINARY PART
1 -0.153500E+02 0.000000E+00
2 -0.586319E+01 0.000000E+00
3 0.586319E+01 0.000000E+00
4 0.153500E+02 0.000000E+00
C ======================================================================
c
C PROGRAM 6.F
C MAIN PROGRAM FOR CALLING THE SUBROUTINE QUART
c

C SOLUTION OF: A(Ll)*(X**4)+A(2)* (X**3)+A(3)*(X**2)+A(4) *X+A(5)=0
DIMENSION A(5),RR(4),RI(4)
C FOLLOWING LINE CONTAINS PROBLEM-DEPENDENT DATA
DATA A/1.0,-32.0,244.0,-20.0,-1200.0/
C END OF PROBLEM-DEPENDENT DATA
PRINT 10, (A(I),I=1,5)
FORMAT (//,31H SOLUTION OF A QUARTIC EQUATION,//,6H DATA:,/,
74 A(1) =,E15.6,/,7H A(2) =,6E15.6,/,7H A(3) =,E15.6,/,
7H Al4) =,E15.6,/,7H A(5) =,E15.6,/)
CALL QUART (A,RR,RI)
PRINT 20
FORMAT (/,7H ROOTS:,//,9H
15H IMAGINARY PART,/
DO 30 I=1,4 :
PRINT 40,I,RR(I),RI(I)
FORMAT (IS5, 3X,E15.6,3X,E15.6)
STOP :
END

10

20 ROOT NO.,3X,10H REAL PART,5X,

30

SOLUTION OF A QUARTIC EQUATION

DATA:

a(l) = 0.100000E+01

A{2) = -0.320000E+02

A(3) = 0.244000E+03

A(4) = -0.200000E+02

A(5) = -0.120000E+04

ROOTS:

ROOT NO. REAL PART IMAGINARY PART
1 0.111598E+02 0.000000E+00
2 0.200000E+02 0.000000E+00
3 -0.193637E+01 0.000000E+00
4 0.277656E+01 0.000000E+00
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The system shown in Fig. A h P -
can be drawn in e&u«'va.lenf _
form a4 ALOWH in Fls B.

where both Puuc‘yr have the

' Driven
same 'ra,duu.:, ri Driver, J ’

The eguivalent mass , Fig. A
moment of inertia of
pulley 2 can be computed -_ by

in d.’;fe.rent spe.ea' ratios
s

% 5
Fe'g. B
/ 2
H = J; (S‘becd ra,f.‘o)
= 150\° | 250
= %2(3%) ¢ (350 ;
7 45°) 750
350 3,0
or ‘Tz/ = 0-i837 J, ; o0.5102 T, ; 16531 ; 4.5918 J;
Stiffness of the belt (on cach side) is given by
E
k= Sp

where A = cross-sectional area of belt, E= Young's modulus
and L= length of the belt. Length of the belt (distance
P,Po in Fig.A) isgiven by
L
_%-_ [4c2._ (p-d‘)z]l

In this examrle, c=5m, D=1m, d= 0.25 m and fhence

1= '—zta(sf-(,_o-zs)‘]'/z = 4.9859 m

t:f_(lg‘:)—-:

9
2.0087 x 10 A N,
4.9859 Y/m

Eguation of motion:
o9 an I

‘T|9t+*+_(9|+92)=o=‘r 9 6 + kéel(i+}|—t = o

2

028+ ki (B1+0:)=0 > T o,+ kégz(_ajz_’+,)
=
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W, = | /1‘{ (J"-P ‘Tz, )
a5

where £, = 2% r'z (see solution of problem 5-50).

Here J,= ot k-j-mz and T,= 0.2 «g—mz» In order for the
natural freguency 9, to be away from the speeds
IS0, 250,350, 450 omd 750 rpm {or, [5:70F, 26-180,
36.652, 47.124 ard 78.540 rad/sec} ,

W, < I15.708 mal/gec

Wy = 78.540 vad/sec

Since W, involves A (tkrough kt), it can be determined
from the above ine?/u.a.lff:u'es.

Velocity of tup before impact is given by:

—;-mt“pvz =mp,gh or vy=V2gh=V2 (9.81) (2) = 6.2642 m/sec

(2) Impact is inelastic:

Conservation of momentum leads to:

Myp Vigp T+ Mapvil (0) = (mtup + ma.nvil) Yo
— (1000) (6.2642)

VY,
°F 0 = "(1000 + 5000)

= 1.0440 m/sec

(b) Natural frequencies:

k, +k k ky +k k, |° k k
wg'l - 1 2 + 2 iVi \ 1 2 + 2 ‘ _ 1 X2
2m1 2m2 4 my mo m; mp

Thus the natural frequency requirement can be stated as:
2

=

-1 k1+kz+ ky 1|k +k + ke |7 knke 1s(s%
(27 |7s0000 ' 10000 4 | 25000 © 5000 125 (10°)

(1)
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(¢) Free vibration response:
Initial conditions:

x1(0) = x5(0) = x;(0) =0, %;(0) = vo = 1.0440 m/sec
Maximum forces in the springs:

Fi =k X1 [mar (2)
Fp =k (x2 = %1) [ max (3)
For a helical spring, the shear stress (7) under an axial force F is given by:
8FD
T= 4
W2 “
. 2D +d a
where ky = shear stress correction factor = 5D D = mean coil diameter, and d

= wire diameter.

Ref: J. E. Shigley and C. R. Mischke, "Mechanical Engineering Design,” 5th Ed.,
McGraw-Hill, New York, 1989.

Since stress is to be less than the yield stress witth a factor of safety of 1.5, we have

Tyield
<2 5
1= 15 . )
< Jd 6
=75 (6)

where 7, and 7, denote the shear stresses induced in the springs k; and k,, respectively,
and Tyeq is the shear stress corresponding to the yield stress of the material.

l"_ o |=5000 1<3

x2
L)

r my =2'Sooox3

3]
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