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Chapter 6
Multidegree of Freedom Systems

Equations of motion:

m ¥ =—kx -5k (@ —x) -k (@ —x)+Fi(t)
m; ¥, =—k (x; —x;1) — k (x3 —x3) + F3(t)
mg X3 =—5k(x3 —x1) —k (x3 —x3) =k x3 +F(t)

or

()

m o o |[B 7 -1 5| ]| [Fu®)
0 m 0 |[{Xf+k|-1 2 —1}{xsf=1Fa(t)
0 o m Eia =5 -1 7 ]|xa| [Fs(t)
m, X, ™y X,
—————————— >
— F (&) — F(t)
— 5*(1%—13) St (za_x')4—‘
& %, +—q M Male—— ¥ X3
1: (z 1-%2) & (13_12)4—5
37— =(®) F— x; (O
—————2 :":z
— R ()

k(xz_:r.,)q— mz — 4 (xz_x;)

F— %2 ()

— - — —

4 4

Equations of motion: _
Jo§=—2k {fe—xl] £ {ié—sq]  _3k(BO)e+M,

2 m %, =—2k[xl—{-0] e |x -%é]-k(xl—x,)wl
mi:'z =—'k(x2 —x1)+F2
where J0=%-(2m)t’2 =%mf2

These equations can be stated in matrix form as:
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Equation of motion for rotation about B:

Jg 0 —2mXg [52_5]=kx3 (56)—F3(56) +k(xa —x2) (2€) +c(xa —x;) (2 ¢)
(1)

Equation of motion for rotation about D:

JG2‘5+2mSEG [%]=—kxl (5!)+F1 (St’)—k(xA—xz)(St’)—c(ch—iz)(?a(’)

(2)
Equation of motion of mass 5m in vertical direction:
5miX; =—k(x3 —xp) —c(Xz —%2) +F, (3)
Noting that
1 25 X; —X3 x; +X3
= — (2 5 { 2 = — 2 M = N =
Jo=1;2m)(S) =-mé ; §=—o— 5 xg 5

and xA=x1—2f0=%xl +§-x3
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Egs. (1) to (3) can be rewritten as:

m .. 2 . 29 6

3 1+§6‘“" +2_54'kxs+2—25'k"1
—Esz+ECXI+-2?CX3—ECXz=F3 . (4)

2 v m .. 34 3

sgmxl+o?x3+2—gkx1—-§kxz
+?5-kX3+ECi1—'§'Fiz+gci3=Fl (5)

5m§2 ——:;-kxl +kxz —%kx;

—%ci1+0iz".%°i3=F2 (B)

Equations of motion:
MassM: Miil =—kx1 +T—2k(x1 — X3 —1'9) +F1 (1)

Massm: mX3=—3kx3+2k(x; —x3—rf)+F; (2
Mass 3m: 3miE2=F2—T (3)

Rotation of pulley:
Jo6=T@r)+r2k)(xy—xs—rf) (4

Noting that
X —Xy
3r

8=

and

X — X3 4 1
X} —X3 —rf=x; —x3 —r ==Xy — — Xy —
1 I 3r ] 31T g

Eq. (4) can be used to find the tension T as:

Jo | oy 8 2 2
T=[W](xz—xl)—?kxl+—9-kx,+3-kx3 (5)
Using the expression of T, Egs. (1) to (3) can be rewritten as

Jo W . Jo .. 41-

1 8 8 —
M+9_r2— xl—-ﬁ-xzkaxl——g-kxz—?kx3—F1(t) (6)

4

. Jo '].. 8 2 2
—_— 3 —_— —_ — =k x3K =Fyft 7
5 x1+Lm+9r2]xz 9k:|:1+gkxz+3 X3 2(t) (7

mis—%kxl +'§—kxz+5kx3=F3(t) (8)
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M, Cos (J'E I|§| IZea 6,
.

%, (6,-6; " N
ti ) 1‘{-.(92 &) k“?’;(e h 93)
A bl
/ 'I’ / I :’
T T\ x
kh(ea‘gz% k‘ ( 3 g -9‘) k - 93

n, 2 n, 2

Izeq =Iz + I3 —] H I3eq =I4 +15 ——]
n3 g

Equations of motion:

Il .0.1 +ku (91 —92) =M1 coswt

L+1;

blb
[A1X)

?
ng |- , Dy ng ny
Fls | By bk (05 — 0y 22) Fhyg (0, 24 —p,) =
L 5n§ s + ke (65 2n3)+mn5(3n5 1)

T By +kis (6 — 63 —) =0
. ng

By + Xy (6 — 0) +kyy 2-(‘92 2 —03) =0
nj 03

M3 =—cy (X3 — €1 8 —%y) —ky (x3 — &, 0 —xy)

—ca(x3+6, 6 —Xz) —kp (x3 + €, 0=x,)

Jce—cz(xs-(l —x1)31+k2(x3-61 -x) €y
—cp (xs + €3 0 —%p) €2 —ky (x3 + &3 0 —x5) &
my X =—c (X —%3 + 6 0) —k; (x; —x3 + ¢, 6)
—clfcl—kl.xl+F1
my Xy = —cp (Xp —X3 — & ) — ks (x3 —x3 — €3 0)
—k; xpg —c; xp +Fy
Egs. (1) to (4) can be rewritten as

M3).(3 +2C2i3—C2i1 —Cziz +2k213
+0(k2£2—'k2 fl)—kle —kzxz =0
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’ cz(i3+ﬂzé-§1)
cz<’;t;-g|9'-i>l kZ(x?"'!?e'xz)
1(1(“3—!|9"x|>
- -x3-40) .,
. . :ﬂ|'x-| kz(x'-‘l;.'.g’e) %« (z’. 3 2 >mz'&7_
Q(#y-23+1,6) 4 b (Ra-%y-T16)
% E | E : X2

= AT e [
=l 1“

Cv;‘\

*, % *) %2

JG‘é+(02£¥ +02 6’3)9+(—c2 fl +02 ez)).(3 +02 [1 J.{]_ - Cy fz].iz
+(—ke €1 tky &3)x3 +ky &y X —ky €3 Xp + (ko €] + ko €5)0=0 (6)

my X; + (e + &)k —ez k3 +¢3 & 0+ (ky +ky)xy

—k2 X3 +k2 fl 9=F1 (7)
my ¥p +(c) +cg) ks — g Xz — ¢y &5 0
+(k; tko)xs —kpx3 — k3 &, 0=F, (8)
‘-_z’,=l X,=0 l_‘:?,:O
kn LY —1‘:|

(i) Set x; = 1, x9 =x3 = 0:

Equilibrium of forces:
kll —'k—Sk—k=0 or kll =7k;k21 =—k H k31 =—5k

F— x=0 b— x,=1 > %3=0

™MP—> Kk <— mlk— & —3 m3

—_— —
K LI 32
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(ii) Set Xg =1 y X3 =x3 = 0:

Equilibrium of forces:

k12=—k H kzz—k—k=0 or kzz =2k;k32 =—k

|—>9<)=° I_)xz=a l__,x;:l
m|—>5k my — & < ,m3»<_‘k
_4:'3 kg3 — f33
(lli) Set X3 = 1, X =Xy = 0:
Equilibrium of forces:
k13 = — 5k ’ k23 =~k ) k33 =Tk
7 -1 -5
kl=1|-1 2 -1
-5 =1 7
| - 9=‘ 3k(2)
4‘00 \
24 (4) = 77
= =0
* ko1 €20 54 kg2 @
l * |
am 2m
~ \Crl
X2 Gy SR W
ke x,=0 % 3
¢
=] i T K
l T Ry %y=0 *zz
K,0 x,=0
(i) Cive f=1,% =%, =0
Equilibrium equations:
k“=3kf2+2k(f/4)2=28—5kf2 ) k"=—k2—{,k20=

(ii) Givex; = 1,8 =x, = 0:

Equilibrium equations:
kn =—2k (€)== £ | kg =2k +k=3k ; ky =~k
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(iii) Give x; = 1,0 =x, = 0:

Equilibrium equations:
kg =0 ; kypg =—k ; ks =k

2
25k € ke
5 T
k] = —% 3k ~k
-k k
LO
L (i) Givex; = 1,x; =x3 = O
5 m l
Static equilibrium equations:
LY xy=0 :
3 6
EMB =0 or k31 (5{)——1{(2()_0 or k31=?5—k34
$"Mp =0 or ky (5¢€) — k(5€)——(3t’) =0 or kn— k

Y F =0at mass 5m or ky +Ek—0 or k21=—€k

= 1K
L S 33
(ii) Givexz = 1,%; =x, = 0 -
feal
Static equilibrium equations:
2
SMp =0 or ki3 (56’)——k(2f) ~k(5€6)=0 or k33—£k

25
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2k 6
EMD =0 or kl3(5[)——5—(3{)=0 or k13=§'k

3} F =0 at mass 5m or k23+-§—k=0 or k23=—%k

< 5 ——
— 22 ——)J-
- w® =0
%, =0 .L y XA=o \L 3
B8 b
¥ ' *
(iii) Give x3 = 1, x; =%y = 0: l 5m l
Static equilibrium equations: ka2 %27
ZMB=0 or k32(5l)+k(2€)=0 or k3z=”—§-k
3

$SMp =0or ky3(5¢)+k(3€6)=0 or k12=—-5-k
S F=0at mass5Sm or kygs —k =0 or ky =k

34 5 8]

25 5 25

3 2

S K=k |-= 1 —
M=k|-g 1
s 5 B

| 25 25 |
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(i) Givex; = 1,X3 =%x3 = 0

33 F =0 for mass M: ku—k+T—8—3l£=0 (1)
S F =0 for mass m: ky +8—3k-=0 (2)
Y F =0 for mass 3m: kg =T (3)
3 My = 0 for pulley: T(3r)+2k[%]r=0 or T=—% - (4)
Egs. (1) to (4) yield:
8k 8k 41
k21="T, ka1 =— = ku=‘3-k
(ﬁ) Give X9 = 1, X1 =X3=0:
Y F =0 for mass M: k12+T+-2§lf-=0 (5)
2 F =0 for mass 3m: kjy —2k=0 (8)
¥ F =0 for mass m: k32——-3—-=0 (7)
My = 0 for pulley: T(3r)+r(—%)=0 T (8)
Solution of Egs. (5) to (8) yields:
. 2k 2k 8k
kzz=T=T: k32=T. k1z=-'—9—
(i) Givexz = 1, % =x3 = O:
l l"l.'=o
YF=0formassM: kj3+T—(—2k)=0 (9) | i
SJF =0 for mass 3m: ky3 — T =0 (10) T
SF=0formssem: kp—2k—3k=0 (1) . . . o |
=0 for pulley: T (3 —2k)= '
M, orpulley: T(3r)+r(—2k)=0 (12) - an Eﬂll
Solution of Egs. (9) to (12) gives: 443 *2=0
‘i ok Y s
ka3 =5k, ksg=—; kg =—— 3K :
3 3 33
3k
a8 _s]
9 9 3
o=k -% 2 2
S k] =k T 3 T -
8 2
"3 3 °
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L3
( / k4'2
i 9?:0 94-0
1 % 3 e ‘ l l
k“ 8,=\ ': :‘za f 1 j
: @‘*1 %)& 9:=q L*
] *t‘ktl 42 1‘2 32
m o T
v U VLY o i)
e 1) % n2
! él(ng)
%
43
*t‘—:_z- a’go
ke
"tzﬂ'—f—(_(- 2 Ky T gtk
i k:: 0321 X3 kts(‘?" 3 s E (e ( +
a=o =0 +
1 "\f ( D ] ! k*'
Ve o ©)=0 E | -6
(l " ) ‘o 1‘2: 34 ke 'ln‘!;-
6=° = 6,0 f D
. 7
|: \ \ (IV)

(i)Set 01 == 1, 02 =93 =94=0:

Equilibrium equations give:

ki =ky, ko =—ky, kay =ky =0

(ii) Set 02 = 1, 01 =03 =94 =0:

Equilibrium equations yield:

2
2

n
kyg = —ku, ko =ky + ki ]
n3

(iii) Set 03 = 1, 01 = 02 = 64 = 0:

Equilibrium equations provide:

371
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ki3 =0, ko3 =—kyip l

(iV) Set 94 = 1, 91 =9z = 03 = 0:

Equilibrium equations give:

Thus the stiffness matrix is:

n,

_ g
n3] y kaz =k +kis lg] , k43=_kt3[

Dy

-

ns

ka  —k 0 0 1
—ky ku tki [—2'2*] — ki [%:"] 0
2
k] = 0 — ke (%] ki +kia {‘i] —ky {n_:-“
(2
LO 0 — ki l;; L
% L x3=0 ‘k Xy=1
N I < T "1 _SeEeo
1 o ! A
kz ol *7. o3 kz
o l %=1 kay Xy=0 ‘k'? T x=0 *23 x,=0
T 'Il my T m ‘{ T 1
, (i) (i)
fe— b, —fe— . 44
x40 - L ——
1
ky
%=0 *22 l
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(i) Setx; = 1,Xp =x3 =8 = 0:

Equilibrium equations:
kyy =k; +ke, kay =—kg, kyp =ks 4, kgy =0
(ii) Set X3 = 1, X =Xg = 8=0:
Equilibrium equations:
ka3 =2ky, ki3 =—ky, kg =—ky, ks =—ky &; +k &
(ii'l) Set § = 1, X1 =Xg =X3 = 0:
Equilibrium equations:

ke =kg (€ +€3), ki =ky (€2 —€1) , ki =kp &4, kyy=—ky &5

(iv) Setx; = 1,%x; =x3 =8 = 0:

Equilibrium equations:

ki =0, kag =—ky, keg =—ky €3, kog =k; +ky

(k; +k;) O ~ky ky 4 1
] = 0 (ky +k) —k —ky &,
—k, -k, 2k, ks (€2 —€1)
Lkz 4 -k &y k(62 —€1) ky(€} +€3)
(i) Give Fy = 1, M, = 0:
Same force of F; = 1 is induced everywhere along the rope. Since k; and k, are in
series,
1 141
kg ki ke
force k; +ky
agy = = deflection at m due F; of 1 =
keq ' * k; ko
Linear deflection of k; under F; = 1 is -]—(1—, angular deflection & due to linear
1
displacement of 1 agy-
ky
agy = linear deflection of k; = a4, r = L gy = 1
kl ’ kl r
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L,

(i) Give My = 1, F, = 0:

Extension of k;, = ay r, spring force = k; (ag r).

2M3=0 or M'=[k1 a”l']r=]_ Oor ag == 3
1T

Displacement of m = ayy =apy r =

1T
Xy + ks 1 |
kl k2 kl r
=] , .
kl r kl 1'2

i«

Lo ley

ke —ky =0 or ky =k ; kg +kor=0or kyy=—kpr

(i) Givex=1,0=0:

Equilibrium equations give:
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(ii) Give 0 = 1, x = 0:
Equilibrium equations yield:

k,p +rk2—0 or k‘g——kzr
kg —rPky —r? k; =0 or ky =r? (k; +kp)

ks —kyr -
[k]=[—k2r (k1+kz)l'2]

l ( (+a

() Give Fy = 1, My = O:

(a"-ggh)
Extension of spring AB = a4, £.
Total extension of spring CD = (agy € + ay).
Compression of spring DE = a,.
VWF=0or agk+ayfk+tagk=1o0r 2apk+agkf=1 (1)

SMyg=0or aps k€ +(ankf +agk)=0or 225,k +an k=0
Solution of Egs. (1) and (2):

(ii) Give My = 1, F; = 0O:
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Extension of spring AB = ay, ¢.
Total extension of springs CD and DE = ay ¢.

keq of series springs CD and DE = 3

EM(,:O or (a“ke)e'l'(keqaﬂl)[:l or a'”=3k2{2 (3)
1

NWF=0o0r kay+kayé+kay=0 or == o7 (4)

2 _ 1
_|3% 3k ¢

[a']— _ 1 9
3ké¢ 3kxé

(i) Givex= 1,0 = 0:

$F=0or kg ~k—k=0or kg =2k
My =0 or kyy — k& =0 or keyy =k ¢
(ii) Give = 1, x = 0:

YZWF=0or kyg—ké€=0 or kyy =k ¢
ZMO =0 or k“—k{(()—kf(()=0 or k“=2kfz

. 2k k¢
L=l bep

@ Kinetic energy of the system can be expressed as:
T=%(2m) (€ &) +-;—(2m) (sz)+%mi2 =%(4m) (€ by? +%-mi

which can be expressed in matrix form as
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1 5
T=§( ﬂ)[m] P Wwhere [m]=[m 0 J

0 4me?
Flexibility influence coefficients: .
Spring constants of ﬁr ! _
different Sections of : o ;
the shaft (€;) are C, F
~ L
= (Gﬂ {=12,3,4 Mee L M.,

.
4

wWhere (GJ‘) -‘i‘omona.l
rigidity, ;= polar moment
a_f merfno., a,ncl 1;: ICv\gH\
of section ¢ of shaft.
Considey disc 1. Shaft to the l&f'l: of disc 1 has o 8Prfn3
constont of &, while the shaft b the right Awle of disc 4 has an

cgu.vnleni: spring constant of % = _T_"

=1
1§ we apply wsit torgue to discs (my=1) as shown in Fig.(A),reactive
torf/ues ot left and right ends of the shaft are

Mey = kes 9 » m!1= %, 0,
Since M, 4+ Mu =My =1, we se{’

e o (D)) 2

Mg, = «,8, = ( /{Z(’_ ‘-?(7"-‘.—)= k- ::_:(_'_3
Also, =, = Mys
05 = kg *1"4{2 '—)}

6, =@, = M «3} }Z ———)}{ ( >}

Consider disc 2. Shaft to the feft side of disc 2 Aax am epuivale
Apring constant of ke, and the sheft & ol nght sde fas an

377



www.FluidMechanics.ir

egu-'ve—!enl: Apring constant of Key with

L 1
Key = Zm r L = TE L
. =1E) A

I we apply a wnit torgue fo dive 2 (m,=1), reactive torgues ot
the legt and right ends of shaft qre

Mh = eu ‘kez >

Mey = 625 %es  ith M, = m!z* M., =1
o EEHEG)/EG)
93 = %32 = % = ::"'*4 = {‘%‘4’. (%)}/&4 {%1(-&:)}]

m 4 4
O - AN
Consider disc 3. Apply unit torgue to disc 3 (M3=1) to obtain

Mps= key 033 5 Mpg= kg 635, M+ My =M= 1

where ko, = 1
AR
B
" o= o= {2 (0 Jo {E(2) 1]
OH' @y = -m_’. = !

1
Al “{EGHHE®)
Flex(lu'l;‘{'y matrix i C‘”]: [:u :az asa ]
2)

22 %213
Q,, @y @33
bl.o:b_e_:_ Tn this prouem , it IS wmuch easier to derive the stiffness

influence coefficients, k;j, compared tob ;. Hence &

4 odwitable & find [%] First omd thn find [@] by
ﬁnverting the matrix [«].
Stiffness influence coefficients:

Let amgulan displacement of dise 1 be anidy (9,2 1) omd
o‘B &M 2 a.m.t' 3 be 3en0 M&&OWT\M\ F.j.(B) If = b:raue o.”p‘:ecl
£ discd a4 M, amd e neactons onu Mh“"‘" mu',m.l\m

378



www.FluidMechanics.ir

ﬂu: KiOy=% », My, = %, 6, =k,
My= My + Myz ko= k4 k2 _
Ky =~ My = %5 (¥ reactive torgue is oﬂ:oﬂ'te to M,in .J«'red:a'on)
k3= My, =0 (V disc 2 is Fixed, no reactive torgue is gelt of disc 3)
Let  displacement of disc 2 =1 and displacements of discs tand 3
be zero. o
K2 Kot %3 , Az =Kz,  kyy= - ks
S'l'rnifa.rly we can obtain _
€33= K3+ kg, K;3=0, %23 = — K3

Sl‘.’ffﬁess' matrix s [%] =

Epuations of wotion of the system:
Pl e+ ()5 = My

v o o
where [‘"] = :i' 5 ° = matrix of mass moments of
: inertias of the discs
o o
- 6,(t) My, () .
- - vec:or of o
e = {9,_((:: } omd £E= {Mh- (¢) }= external = {o
o toroues
? Mg (8 Q;",J{;e,l to discs
’PM” _ENMn:o
¢ iy
M}_’_ ~ My = ’ Fg- (B)

Stiffness influence coefficients: e I e N g
@ Let x,=1, %= %3 =o. M—D—MW

K ™ Kz m, K3 my ¥g
Forces re&uireul of ,2,3 are
Fiz= kit %2= &, 3 Fz-xp=%k,;, 3 B=0= %5

’
Let x,=1, x,=2%3 =0,
Forces rczw‘re:l of 1,2,3 ane
F|=—kz= *'z; F1= kz-(' kg = kzz H F’="' kf = 4‘31.
Let X3={, Xy=X3=0-.
Forces reguired ot 1,2, 3 are

firo=%3 ; K= —Kky=%,4 s F3= kz+ &4 = K33
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(%,+ %2) - k2 ©
1 = [ — (ko k3)  —f3 }
o —%3 (k3+ *4)
Flexibility _influence _coefficients:
Procedure and results are similar to those of problem 6-1.
Ezua-f ‘ons of wmotion:

"1 4+ [«1 % = F

From Atrength of waterials, the i lF
@ deflection of the cantilever beam I = = %
shown s 9iven by Q@ —fe Qb "
Fx® (o I
= -x4+3a) ---(€
”(z)la. A8 GET ¢ ) OB

w(x)'&..ac: F"’ (o +3%) --- (E2)
AH:‘:, Fi=1, F,_.-F;: o: (F-i x=4, a =4 M\(El))“ 9*/(351)
(F-t.x—zl a=1 w(Ez))— 51/("51)
a;, (F=1, x=3%, a=2 in €)) = 42/GeD)
S‘-mila.r‘j % F=1, F= F;_:o t 3;,1‘ Qrpp , ™32 » %2 amd
F=t f=R=o k& g agj,a;, @,y Result &

] = L [ ¥ s/6 4’/’]

ET | % s /s

; f’f; 4/3 14/3 9

E"'] ur+ [&]E:g RN [w][m] u;-;.;

wnlhe En3=["'o' ma ,?,]w‘ 5={ }

- Deflection of a f.‘xeel— fixed beam i x
‘y(x)( = F" % -x(3a+b) + 30, L. } --- (&) A c'l’
im AB L

—D

rb—da‘!‘ 4

L

y(z)l - Fa !’- -x) { (- x)(ak+w)+3bL}--E,_)¢7'
mBc gz’
Applg Fi=1, Fp=F3=0"
= (F=t,o=d, L=3f,x=0, L= 42 i ()= 91;/(64-51)
a, =(F bazl, b=30, =28, L=44 in (€2)) = 1/ (ceD)
“;'—(F o=, =30, 2=30, L=48 i (5)))= 131/(Hze:)

S’fmilarly % Fz='. Fy= Fs =0 G ?)— 024,32, Qi Q’“J

380



www.FluidMechanics.ir

F=1, Fi= F,=0 6 921' Q33, i3 X3 Result s
9 Y%a /e 1%/192 i

(@] = T 1% 1/3 1/6
Yoz 1 964

Flexibility motrix : % mr—-—- xy
Plexipilty o.n2 2 -
oy, = deflection of m for o unit load . |™ %3 ‘

on My = ‘/«1
m, and m, get same Jl'srlwcemnt (as
Y'l.gl'tl Boc!, mo{‘fon) al 'f'k-Qrg are

no offer forces oy constraints-
= Q3= -1-:-';- If we “rl".‘f unit load to m,, eZuTVa.lenf stiffness
h i B ...é‘.—--. i.. _1__ = i - k\"’ *1‘ .
S SIVB\‘\ Y r = = -+ .

oY Rd =
' *2 k&z kK2
Mass m; follows deflection of m,. 21’

If we “ff'ﬂ unit load t mj, eeua'va.,lenl' stiffness of Jprfnax ]
ven by L _ 4 R _ 1
given by = ot -,';+ o %= 4‘ez.;_1"_'_,_-!’-;1.,._"‘--,.

Q3= @

Fis ktta= «,, FP=-ta= &, , Fp=0= %y .
Let x;=1, 2,=x3=0. Forces rez)u‘):.u' of 1,2,3 axe

Fizs—tke= k)2, Fp= k4 %3 = Ky, F= —%k3 = Ky3.
Let xg:l,k,: x, =0+ Forces reguived ok (,2,3 ore

Fizo =3, Fa= = k3= 4,4, Fy= %3 = k33 -

(1t %2) - %y
[k1=] - ka (ot k3)
o —t3

Assume small deflections;
hence fension in Arring(l’)
remains constant.

Let Fi=1, RR=FR/=0
as shoum im Fig.(A).
Vertical force balamce gives

Fim e (2 pa (2
! ( 2 ) P+(lz+23+lu,
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1

(s Lt
(T+ 13 1,+2,)
From relations of triangles,

@i Quzy Qyy Q3

amd
lz+93+zlr 2;"’1" !2+Q3+ 1" z

¥y = (__—1’+ QQ ) oy, |, QUy,y = >Q'u
111—2;‘? 14 »(1_1- l; + 29

When F,=1, Fi= F;:: 0, vertical force balance gives (F.'g.(n))

1
FR=4= ( > + Nza >|,
2 L, + 2, (1;+ 1, > 0y, = r{ 1 }
.+lz L3+,
From triangle velations
a"l2=(l Q\)w ’ 0133_- +2 )0111
3 4
when Fs=1, Fi= Fz-—O (F.g (c)) vertical force balance glvcg
F;: 1=(__ ) + °~'33 ; _ 1
’ £|+ 93_4' 23 F lq 0'33 = F( i + 1 )
From fn'a.nale relations, l +11 ‘n"'lzfl; L4
Q = (+7] = Sl N
ST o) AR Py )L

EZ’.g.t.'a'ru' momh 2 —

i @)l W+ =0

wilh Em]=[’8' 2. 3] , :’::{‘;’;}.
(o]

o ™3 Wy
Let X3, %2 and x; denote the displacements of top. middle and
bottom masses. Ef/.a.a.t._aw& ofp motion ane
MKy = k RNy K (%= A2) 23k (%, %3)
m 5o =2k o= K (e ) (e 20

m ';:'; = -% X3- ;’k(z;-x.)- g(ﬂ‘a-lz)

e m ° ° ;c', 5k —k =3k % o
o 2wm o Xp +|-% 4%« - Xz {=¢(©
0 ° m (%3 | |-3%« -« 5% x3 °

Let o move to O with § small.
Then Fi=% 38 «f (p-45)
F2= x & of (135° - &)

F= x8 b (6-45°)
Fp=%3 of (135°-9)
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Force olm-g S u:
F= Fi o8 (0-45°) + R o8 (135°-0) + F,cps(e 45° )+ Fy et (135° -e)

=248 [ f *0-45") + ot (135_9)]

= 2%3

s Stiffness mfluence caef-f.c.eni' of junction point in arbitrary
direction= £/3 =

Stiffness matrix & 9iven b’ By, (6-6)'-» '
@ (i +t2) -ty ° o . e o ]
(o]

"'kz \(ﬁz«kkj) —k’ (o) » L4 .

[k]: ? -k3 3"‘;-} kq)\—kq . . . lo]

0 ~~
o o o e (kn-r knu)_
Nl elt-m.u-\t e,;gcept' those on ‘ﬂ&. 11~Tree &m.?annja ane }uw HM»C«L [1&]

We use the expression of kinetic energy to derive the mass matrix. Let the generalized
coordinates be x;, X, and x3. The kinetic energy of the system is.

.2 .2 .2
T=—;-m1x1 +%m2x2+%m3x3

This can be expressed in matrix form as

)

X
1,. . . .

T=2& % %)m i
F'ra
with the mass matrix given by

m 0 0 W
0 0 mgj

We use the expression of kinetic energy to derive the mass matrix. Using the generalized
coordinates 6, x; and x,, the kinetic energy of the system can be expressed as:

. 1 .2
T=_ 0 faall =
3 Jo +2 (2m)x1+2mx2

4
where Jp = Jg + (2m) (?)2 = % m €2. T can be expressed in matrix form as:
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'4 3\ )
1 ’ %m € 0 o
=—(0 %X, %)|m|{x,}{ with the : =
5 (6 x xp)[m]< .1 mass matrix [m] 0 om 0
sz 0 0 m

We derive the mass matrix from the kinetic energy expression. Using the coordinates x,,

X and X3, the kinetic energy of the system can be expressed as (see figure in the solution
of Problem 6.3):

22 .2 .2
T=%-JG0 +%(2m)xc+—;-(5m)xz (1)
. 1 s 25
Using Jg = T3 (2m) (5 €)® = & o & (2)
X) + X3 X; —X3
Eq. (1) can be rewritten as: '
' 2
_ 1125 o X; —Xg 1 X; + X3 1 .2
T 2[5 m ] —| +g m) + 5 (5m)
1 2m 12m 11
= 2 3 +—2-' T +—2— m(2 X1 X3)+ (5m) X2 (4)
Equation (4) can be expressed in malrix form as
() _ .
il i 0 i
T=1 (%1 Xz X3)[m|{Xsf  with the tri : 3
2 massmatriX [ml=mlo 5 o
2 1,02
» 3 3

The kinetic energy of the system can be expressed, in terms of the coordinates x;, x, and
X3 as:

1 .2 1 -2 1 .2 1 .2
T=-2—MX1+?J06 +-2—(3m)x2+5mx3 (1)

Xp —X
Using the relation § = —2371, Eq. (1) can be rewritten as

2 01 Jo .. 2

1 .
T=21 = +3m xz—EF(2xlx2)+me3 (2)

2

o
M+—
l'

1
+_
2 {9r

By expressing T in matrix form as

384



www.FluidMechanics.ir

()
Xy [ 3 3
1,. . . . M+-—°2- ——02— 0
T='§'(xl X2 X3) (m| {X2{ the mass matrix 9r 9r
X3 [m] = _do 0
» 9 r? 9r? tim 0
0 m
) 0
The kinetic energy of the system can be expressed as
2 2
1.2 1. 22 1. | D2 1. 22 1. |, 24 1, -2
= — — 6, — — — 6 — -
T 21191+2Izaz+213l2n3] +21493+2Is[3n5] +21094
This can be expressed in matrix form as
by
B,
1 .. . . . 2
T='27(91 by 03 94)[m]‘ba’
.
and the mass matrix can be identified as
[ )
L, 0 ] 0
n}
0 |L+L—| o 0
D3
[m] =
2
ng
0 o L+k—| o
ng
o O 0 Iy
bum bz M
.y
(T) Bu(ln‘zl)
_ )
e o
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Let x(t) and 8(t) indicate the coordinates to define the linear and angular positions of the
trailer (M) and the pendulum (m), respectively. To derive the inverse inertia influence

coefficients, first we apply a unit linear impulse at point @ (along x(t)) and write the
impulse-momentum relations as (see Fig. 1):

Linear impulse-momentum relation along x:

. '4
x=1=by; (M+m)+by (22—) (1)
Angular impulse-momentum relation along 6:
; 4 &
0=0=b11(m—2')+b21(m3 ) (2)
Solution of Egs. (1) and (2) gives:
4 6
U= m T IMetme (3)

Next we apply a unit angular impulse at point ¢ (along 4(t)) and write the impulse-
momentum relations as (see Fig. 2):

Linear impulse-momentum relation along x:

. ' m¢
x=0=byz (M+m) +bx (=) (4)
Angular impulse-momentum about O along 6:

m 2
3

§=1=by, (P?(") + bas ( ) (5)

Solution of Egs. (4) and (5) gives:

8
T AMC+ml '

___12M+m)
4AMmé +m?
Thus the inverse mass matrix is given by
4 ]

1
4 _ 6
4M+m [ ]

e it

by =

(6)

22

[b] = [m]™ =
12 (M + m)
4Mmé +m? &

!

4M¢é+m¢

The shear building can be modeled as shown below :

X2 kg

T

4

*

;}__

Fig. (A
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*, x,

€ % ]

Fig.(B)

(@)
Ezua.flons of motion ( from free body Jua.grams in Fig. B).

—]

mx)
< ~=

ko (%= x2p) k3 (xm%2 (- 23)

s 1 m s | Am,x. x Fe(t
— R () | 7222 s F ()| ™73 s Feey e X | Do (F)
> > 7 P i

€2 ("z' "l) 63(13—’;3) c‘i(z.'r' i?)

m.x,+c,x. + %, %, —Cz(xz—x,>_ 1€y (%y=%) = F(¢)

M2xp + C2(%2 =) + Ky (xp- 2) = €3 (R3=%7) - 43 (x3- %) = R (¥)

m; X.3 + C3 (".;— ’22> + ‘kg (z;-x,_) - Cq(x."..x.;>— k" (a"—"(;) = F,(t)

My Xy 4+ Cq(xy-%3) + ky(Xy—x3) =

(}) Lagrange’s e&ua.‘h'ons are

i (55)- %

Where T = finetic energy, V =
Ra_yleijk’-r dn‘ssipa.ft'on {uncfloh

and ?’j

Fy (£)
oD
33 + ;&'}. =

% genera ’tjeal coordinate:

&
T= _L{m'x‘+mzxz+mgza+'mq }

v
R

& = F
Uang 7

?

i— =052,3

o4
=%; 5 7=02,3, 4, the application of Egs- (E2)
Yulds the eguations of motion given in (Ey).

e E2)

= Po'l:enfa‘a,l energy , R =
R, = :"" 5cnera.'.3eaf force

=1 {k. z, + k, (%~ x,) + k3 (x;-—xz) + *"(“4’_13):.}

Coordinates of the bob are (x+ Leote, L 4in e)

T = kinetic energy = kinetic energy of slider
+ kinetic energy of bob

tm
2
L

dx \2
T +im

=Tﬂ‘iz+“'mlz

z"'ﬂ(t

2L sne 6)

387
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V = potential energy = fo‘l‘entia_j‘ energy of 4pring+ potential energy
N 2 of beb
=4 xz" + mgl (1-ct @)

(No‘(‘e: Pofenfu'wl energy Of /!(i'c!cr neecl vnot be considered u'f x=0
C.orresronels to static eau.‘l-‘brium posit-‘on>

. ~ 2 2

Since cos 8 = 1-%6*, V= Txd+4+tmyle

As there are no external forces, Lagrange's C&ua.{'fons become
d

__(_3_‘_"__>__ 2T + 2V . "z
dt > . 29, , =0 5% 3= 0
%%/ Yy %y

Here 9= x and 3 =0

2T _ T _ : .!..(.3.'-!'-)-_-2 Y v _
0 ST E TR ap G )T TR
t. g o0
AT _ AT _ 4 (3T N\ v _
% = O, ;;'_ mﬁ (=] ) Jf(aé Tﬂl 9) >6 m?ﬁe

L a.grang es ezmi’th s become

lm:x.. 4+ %x =0 ; mlz.é +m319=031 1'6--4-76:0

(1) With Xy omd x; 08 gennalized cofidinates :

Since %, -8 amd X,z x+ {0,

x = x‘lz-f- '11_1| 0= (X,_—-ll )
’ ( _!."‘ -{!2 ) a.nd 1|+ lz

st (gt (4
"= e 2(‘:#112 (L direttadeys Z?f.ffz)z i 2,
i(if. )= (1:11)‘ (fe =+ A1t ")+ (::n,)‘ (%= %)
1}1= 0, :Zzz 2(:‘.1-11)2 (28 x,+ 24,4, )+ zz'+ 5 (2%, - 2%)),
B gy (5 s

.

- z z
V-}'_‘k,x.-f-likz,_

-3—::-' = %%, —%!'xz = 'kzxz.
La,aro.nae'.f egua.{—«‘ons R Ez.(6-4l), give
—’"——z(f: X+ 2,02 %) + % .
(ll‘"lz) (2|+l;_)

(;'—.x.z)+k|x'= o)
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_(;_:_“I_:)_;.(I X, + 2,4, x,)+ (:::.z) (;z_ x,) 4+ k,%, =0
| ' 2
A€

x, ("“1: + Jt’)+ ;‘.z("’“xl!z“ 'J;)+ x'(x'+12)z k)= o

;‘ (m! 2, - %) + ;;(hl?"i‘a') + x; (Li+ l,_)t %y = O

T= zmz + L J' él
V= 4% (z-l,e)-f--};kz(z-r lze)z

aT _ oT =

>x =0, 3—;- = wmx > ..-- > l(x_x 9)+. ‘g,_(z-f-l.,e)
aT - oT _ ; J AT 3V _

39 0) 30. = J; e ) dt ae ) = J; 6 » g = _k'i\(x_l'e).‘. kzxz(x-flze)

m; -+ kl(z— ﬂle) + kz(x‘f' 1’.9) =0

B -1k (x-12,08)+ k2 Ly (x+ L28) =0

.1 o &4 '1
V=44, x| + z"‘z(zz-"l) + § %3 (13"11-) +1 %y "3

oT _ 3T _ =
3x. - ©? m'x"rb{ax,) ”~u -,g—rf-kx.-*z.("z"")

31‘ ‘az'
EI::O, _a.L.:Tﬂz‘x’_,_—. ) m xz'—-ﬁz(zz_x|)—kg(x;—2)
"1 3:3

T T . d v x
— =0, Z—m =Wy X3 , — _m;__—«zx-f-ka
%3 ,3!.; 3730 9 313) 3% 353 3(=3 z) 4
La.gra.nge‘s eguations give

m, ‘;, + x (t,+ t._) - kg%, = O
=0

™, ;z — %) + X3 (K4 K3) - K3 X3 =
My X3 —tax, + X3 (k34 Kg) =
Using ,, 6; and 95 a3 generalized coordinates, we find
T +m(26)++tm (Lo +1, e,) + L m(4 6+ 2208, + 239;) ---€)
Let reference position correspond to 9)= 9,z 63=0.

Vertical wovement of m, is

l‘-(.-c.se.): L, {1- ('—GT'.L>}= Ji 2,6,
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vertical movement of my= $L:6% 4+ L 2,07

vertical movement of my= L9, oF++ Lo0; +1 s e,

V= m.sﬂ. 9| ‘“13'(2 6 + 22.97_) 4+ M 1'133' (1|9| + 2,_92_+ 139;)_-_(2,_)
8
T T

E,“’ 3% = miré,+ mati (1,6 +1, e,_) + ™3 Rl(!lé| +2,0, + 23 é;).
:&( ::; ) = (m+me+ m3) 1 9| + (ma+m3) L 1:. 9:. +mydi 2365,

Y = (m+™Mrt ™3) 3f 6,

:? =0, 9T = m, L z(1|9\+1z92)+"‘s!z(n'e"*""e""’g’ai)

20, 26,

d

4 (me+™3) 4,4, 0y + (met™?) Lz 81+ m L2385,
dt 303)

2 - m9f,0, +mgle, = ("‘2“""3) 7 f,oz

391
3T _ o, 2L = ml; (1,6,+ L6t 13 63),
903 903

i . . v _
flf(gzé[i)'_' myls (L6¢226, + I3 83), 36}“"331393

La.ara.nje!r ezua-fcons give the eU.um'nJ o’t— molion
(\“I'.' mz.‘i""!) ll ("Iz‘f' “I;) l 11_

m; 4,43 9,
fry + A3) L, 22 (mg+ ,..,)g’_ my 1203 8,
my 2,43 wmy 2,13 ms 43 93
(mememgly o o Trey (o
* ° (mytmi)gfy o & = o
° ) m; 313 | O3 )]

(O)Let generalized coordinates be 9, =x ond 9= 0

p.s',[a.cemen{: of mass M & x+ lo.
Kinetic emersy ofa.lrf'a.ne a T=4m 42 {.I. M(x+Xe) }

Potenhal energy & = ?.(-'- k., © )

Laqvange's eguations are d_ ¢ 3T 3T 3V _ = 1,2
ﬂ—j 3 a dt( )z‘ ) ;Z" + 3%; = Q; 3 t

Here T

r %—}-—-O,;—=M x+zm(z+le) 'a_z =0
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31- ,0,212 2MQ(£+1§), %—:—:21‘te, Q:QZ=O

39 39
tlence Laagra.nge'r egucd‘.'ons' become
Mo§+zm(§+13)=o } &)
emi(x+06)+2%4.0 =0

(b) If x(t)= X cos ((Jt+¢) and 9(£)= @ cos(wt+g),

the eguations of motion become

My -2me™)X —2ml* @ =0 ]

J €2)

which yrelds the frepguency eguation :

—2ml* X —2mifw*® +2%,@ =0

Mo + 2m " Czmiwt

amf ot | 2m -2 %y

i-e- l[zmomlzwz_zmokt_4mk£] =0

i-e. 032-'-‘0 . w’-= (Zmo ke + 4M4<f>
am,m L?

Mode sLa.)»es: Eg - (E,_) gives

® _ 2m L o°
X —amfPor + 2k
For ), =0 ; l )
> —_— = — =20 > =
X lw, 2%y ®=o

This corr'espoan to n‘ga‘o‘ Lo«ly translation
in = (vertical) direction.

ZMQ<ZM°**+4M ke
— amom (2

o -
-2mf (zm,, Kok 4M KN,
2Mym L*

=_(m° i
2mf l)

(C> For @, > 4T rad/sec,

2M, kK, + 4MK
( ° ¢ - *) > (e m (e3)
2mm,{
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When M, = 1000 *g ,
(€3) becomes
2000 kg + 2000 kg

(lx ) ) (36)

t-ern

M= 500 ‘k’

1<£_ > 1-42]2 xwe

a.nJ 1: 6em,

-‘ncgua.l:’fj

2
> 67C

N-m/rad.

Generalized coordinates: x; Xp, X3:

.2 .2 .2
=%mlxl+%m2X2+%m3X3
1 1 1 1
=-2-kx¥+Ek(xz-—x1)2+Ek(xa—!z)z+-5kxz
Q=F ;i=1,23
ﬂ—m,xl ; 1=1,2,3
O%;
a (9T .
T gl =mx; ;1=1,2,3
oT .
—_—=0;i=1,2,3
Ox;

1
3t 3 (5k) (x3 —x,)?

=7kxl —kx2 —5kx3

=—kx1 +2ka—k13

Flz |y 2

~5kx) —kxp+7kx;

Lagrange's equations yield the equations of motion:

my iil +7kx1 —kx —Skx;; =F1(t)
me 522 —kxl +2sz -kx3 =F2(t)
mj3 5&3 —5kxl —sz +7k23 =F3(t)

Generalized coordinates: 6, x,, x,:

1
—Jp 0
T2°

1 2 1 .2
+E(2m)x1 +me2

where Jp = %(Zm) &= % m 2.

V= %(21() (x1 -—9)2 + = k(xz""!l)z
R=§c(il—§é)’

Q =Mi(t) ; Q1 =F1(t) ; Q =Fy(t)
-a—']_.:=Job ; ﬂ=2mxl ; — =mX,
o8 23 Xa

392
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— ) _"5 =2 m X
_d - 00 ; —-l i mx; ; 32 = 2
aT aT _ -

_—=0 ; _:._o s i=1,2
* ._._.—_0

-6—v-=—kx1 +kx,

Lagrange’s equations, Eqgs. (6.118), yield the equations of motion as

f20+—c(29——c€x1+—k€29——kfxl Mt(t)

2 m X, ——ct’0+cx1 ——k(9+3kxl —kx; =Fq(t)
mx, —kx +kxz = F,(t)

Generalized coordinates: x; ; i =1, 2, 3:
. .2 .2
-%-JG & +-;—(2m)xc +%(5m)xz

T
1|25 f—ta ) 1 [H im0 2
__[Tmﬁ][ 15{"3] + 5 (2m) [‘1 2‘3] + 5 (5m) &z

2

where the subscript G denotes the mass center of the bar with
1 2 25 5 o, %1—Xs X +X;
JG—12(2m)(5€) ——B—mf ’ 0— se y X@ D)
1 2 1 2 2
V=?kxl +-§-kx3+—k(xA—x2)
1 1 1 3x1+2x3
==k 2 —k 2 t _ 2
2 x1+2 X3+2 ( 5 X3)
9 3x; +2x;3
since Xy =% — — (X; —x3) =
5 5
1 1 3 + 2 X 2
X X
R= EC(XA—XZ) -§-c 15 3 _xz]
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Qi.(t) =Fi(t) ; i=1,2,3

2ol P

il +*3
2

) s am 3

d |21 25 m £* 1
at [6::1] [‘—B'—] [25 [z] (xl X3) + — (11 +X3)
aT d | T
gz- = (511'1) X9 d [ ax ] (5m) Xa
8_T_= 25mt’2 ( )l ).Il +J.(3
0%3 2 2
d |9 _ |25mé 1 e m .. | .
E[&ia]— [_6_] [25{2](1‘1“13)"'?(11 +X3)
ng=o s i=1,2 3
%
)
JR 3 3x; +2x; v 3 3Ix; +2x
_— — g - 1 3 —
ail 5 { 5 le axl kXI+5 k 5 xz
( 3
Lﬁll____g_c 3x; +2x3 . v _ 3x; +2x;
Ox3 5 L S sz oxy 5 o
JR 3x; +2x, av 2 |3x +2x;
— S — —_ -——=k +—-k -—
Oxp : 5 xz] Ox3 3 S S X2
Application of Lagrange’s equations gives the equations of motion as:

2 % + m X +icx _3 x+-£-cx +—kx ~3 ex +—kx =F,(t)
3t 3325‘5;2533 ‘222531
Smxz—gcx1+cxz—gcx3—?kxl +kx2——kx3—F2()

1 2 6 2 . 4 . 6 2 29
-3—mx1+ mx3+55—cx1 5cx2+gcx3+gkxl—Ekx2+—2-§-kx3=F3(t)

1 .2 1 .2 1 .2 1 .2
T=EMXI+EJ°0 +—2—(3m)x2+5-mx3

1 1
V= skxl+ 2 (2 —xg —r OF + 1(3k)x§
Q=F ;1i=12,3

X9 —X)

Noting that § = [
r

], We can express
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. 1 Xy —X d |OT Jo |%, —%
—_—=M —_— 2 1 s — =M —_ 2 1
3 Xy +Jg 3r] s ] at ax,] x 3r[ T
oT _ 1| |x—x . d |97 % .
——;—J [31‘][ 3T +3mx2 ’ H 35[2 —;?-(X2 XI)+3ID.X2

Application of Lagra.nge s equations give the equations of motion:

Jo |.. Jo ..

M+— xl———x2+—-kx1——kxz——kxa—Fl(t)
9 r? 9r?

Jo

- %+
9 r?

Jo
1m+9—2]x2——kx1+ kX2+ kX3-—F2(t)
r

mx3—-§-kx1 +-§-kx2 +5kxs=F3(t)

Generalized codfdinai-:es: 6 ;i =»1, 2, 3, 4:

2 2
1 .2 1 Ng | .2 1 Dg| .2 1 .2
T=?IIGI+E Iz+I3—§ 02+—I4+15¥ 03+EI¢94

2 2
n 1
T e

aT 8T :
aal 11 602 2 3 g 2
A
2
T+t 2o 5 2oy p,
863 g 304
P,
( A (
d [T ) d 8T 3
3\3911 1191,3@92 —Iz‘|'1:4'—§ 02
a [oT) "y niw-é d [T ;
R EN e A P e
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gV

50, =—ky (6; — 6)
%=ku (62 — 61) —kia [93 — 0, %] _nn%
%=ku [03—02 %:_ —kis [94 — 0 z—:] i—:
=k [ —]

Equations of motion (from Lagrange's equations):
Il .9.1 —'ku (02 —01) =M1 coswt

n? .. n, | n
3

D3 j D3
2
ng | .. JLP) D4 | Dy
— ‘ b3 — 6y —| — by — 03 —|— =
L +1s Y 03 + ko |03 2n3] k'-"[‘v 3n5]n5 0
o n
Is 04 +kia 94—93;:- =0
Eguations of motion for the ystem of Fig. 6.8(a) ave:
M X+ kX + Ky (2, —-%;) =0 --- (&)
™y %y — *2(x~ %2) + k3 (x- x3) =o --- (E,_)
h, ;! - k, (:1— x,) =0 -——(Eg)

Let g,=%1, %= xa=-2% ond 2= x3-%,- Egs.(E)) b (Ei) become
mE K g k28, =0 > Kt - Kgzo - (f)
muﬁw k1l - %3 =0 » fﬂ mh- kgm0 oo (e)
myxy + k3?,; =0 > X3 + %%3 - 0 ---(E‘)

(E‘r) mnus (E;) 9fve$ (;z_x',)— :—n':e'*- %1- t_:')zz_::_“_i; 33:0---(57)

(Es) mivus (E‘) gives (x3- %) - % 2, +%s ( ";‘; + %)-_-o --- (&)

(E), (Ev) end (Bg) can be expressed as

(1] *

8, + ‘.'n—: ?/, - *—’:'.- Zz = 0

a %, f [ 3 fe

:t.z--f‘&,+(—';’;-_+ -‘“—’;)?,z-h—':33=o -~ - (Es)
- = %«

7 m122+(%+%)33=°

For #;=% amd m =m (i=1,2,3), Es- ( €g) reduce to
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For g.(t)= &; ef (wt+ P ); i=12,3, (E,) 9Yive

-+ % - £ ) Q, o
- = o'tk - £ & L-do b---(8)
o -% Co*+2 %) ] |3 0

1
7 -5 °
3
" | x 6 4 2k
- —@'r2 k. Lk =0 -50 i k-0
« -
) - X
™ —(-.91-0-2%
3
. 3 2 m
e L =5« 46 =4 =0 where X = wk

Roots of this e&ua,f.‘on give
&, = 0-1¥%806 , 94 = 0-4 4504 %
o= 115553 , = (24T [
%3= 3.24%0 W= 1-8025 [X
It can be feen that the eigenvalues are some in both problems.

Eguations of motion (from problem 6.19) :
m, o ° %, i+ ke =1 ° x, o

o m, o x, [+ -%y .+ K3 -k3 x, L={do

0 o ™3 X3 o ~fk3 ks+ kg4 | [ %3 o
For harmonic motion x;(t) = X; e (wt+8) s i=123, we get
— M+ K+ Ry — %, ° Xy 0

- K3 _w"mz+ ey + %3 -%3 Xz \ = o

(o] -3 -691""34' k3+1¢+ X; o

Freauenc y ezua.{n'on s

2
—-W@ M+ &+ & ~-k2 o
- k2 —(.9"m,_+ *,+ Ry — k3 = O
° - %3 _wZM3+ 3+ kg

i-e. (-w’-m,+ k+ ‘ki){(_ (.9th+ "+ k;)(—(BL"’? + 3+ k4_)_1<’z}

+ kz{- ke (-9*m; + k3+“4)} =o

397



www.FluidMechanics.ir

e g6 (mymam3) - c.94[m,m2 (k3+ kg) + me™1( K+ %2) +
m,m3 (“z+"‘3)] + @ [mi(ka+ %3)(*3+ #4) +m; (%t "‘)(*3""‘4)
+my (it k)( K+ ¥3) —m x5 - ™, ks ] -
[(kit 2)(kat t3) (k3 + #4) + (% *2) ki + (k3 + ky) k3 J= O

uations of wmotion: 7
"t tm.s f ° x) %eky —%g . O x °
[o m, o ] %*z}"’["‘z *a+ K3 ‘*!]{x1}={°} "'(El\)

(4 0 m3 ;i, o -3 3 x3 -]

For harmonic motion, we get

. _(,’lm.q- k|+ *l -kt o X' (s
- K32 —wzm,_-q. Koq 3 -K3 Xz = o == (El)
o - K3 -w"m,-{-ﬁ’ X3 o

This gives the freguency epuation (For %) =%, *a=2%, ¥3= 3%,
m=m, WMy= 2m a.ncl ™m3 = 3'm)

- m 43k —2% )
- 2% 2t meS K -k =0 - (Es)
o -3k -3 m 4 3%
e, (- O m+ 3#)[(_1wtm+5k)(_ngm+ 3%) 91‘;] .
| z«[—z«(-zw"m+ 1%) ] =0
i
i-e. z.(; 13« +19 ¢ -2 =0 where 0(=9?'_" ---(54)

This gives the roots
o= 0113992 &, = 2:00002 . 3= 4.38¢600

3 . k - [] -— k
O=0n721[K , o tasen [, we 2094278 (&
Mode shape im 4T mode:

Ep- (e,) gives —x_g_’ _ _w;m. +1,4 Ky - _w;' m 4+ Ik
xl(j) xy 2%
xs(i) _ 43 _ 3%
Xz(“ N ~0}my + k3 - —3w}m+31<
x5 ) _ox ) x W) 3(= W m+3k)
S TT R 2(=36)m +3%)
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xl(i) 1
-;(’) = xg(,.') = x|(}) (_w;m+3ﬁ)ﬂzg)
X,(i) 3(- w;m+ 31:)/[,_(_;(3;'...4- 34|
Thus ==~ (85)

) \+0 -0
) . - "(3) (»
XM= x, { l"4439094,, % B2 & {0-49979 }, X =X, {-0613

]
1628659 -0:49198 0:204666

Mode A"npes :

Second mode

™3 Third mode

When 4, =3k, %= Ky3= 4, M=3m and My=My=m, Ep.(E2) of
}ro_Llem 6-46 gives the frepuency egua:l:ﬁ'oh

-ImW 4 4K -tk o
-k _ —me 4 24 -k = 0
0 -k C emT+ K
e (-am@* 4 45) [ (w4 2x) (- mtr k) =1t ]+ k[—k(-mw‘-i»k)]:o
e 3} i3+ 14 =3 =0 --- (&)
where o= m/%. TRoots of (Ei) ane
oy = 0284515 » %= 1-26053 , «(3 = 2.78829

=«
W,= 0'5333199 J}m: » By,= 122733 ,_:_‘ , (O3= 1-669817 \I-;;

E-(Es) of problem 6.46 gives the jH mode shape as

1.0
: . .
}'(’) = xf’) (3mwy; +4%) /5
(—3m w;+4k)/(-mw;+ %)
Thus
1O (Y} 110
‘ —() ()
4 O x?) 3ageyss & X @ x(,l) 0:21841 s X X Lg436487
4-397653 -0-83813 2-4408)

Orthogonality of normal modes:

=R
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. 2
T _ -0 >0 ®
YO mIX =1 o (r0 3MSS 4+397¢53) gB-IQC‘i‘SS } m X, =1

) 4397653
- (
> 32:239531 m x{) =4 or x,” (o.nsu?)
_’(') 4 o-\'lGH?
=7‘; 0:55451
0: 774510 _
XOTm1%x® =1 2 (o o241 -0.33833)( 30 @)’
0:2184) mX, =1
-0-83833

> 3.7505 m x(‘) =1 or x®a

—(2) 1 yo:516363
X°"= Tm Yo-n2779
-0:432383

2= (0:516363)

(3)
-4.36487 Y™ X" =
. (24403
= T (018895)

XOm)T® 2y 3 (o 436487 2.44081)

2
> 2900964 m X =1 o x®

—-(3) _ _I_ 018995
X T Im )-o0824742 }
0-461(9!
It can be verified that

1.54 9089
-*(.)T[mj-('-)= (0176119 @:554151  0774510) ) o -0

-0.432883
— l -l
Xm ["“] X(;)

(0-176119 0:554151 0-774510) {0-5¢¢85 }

-0:'824742 =0
o- 46 19! _
-.»(z)T -=(3)
X [m3 X =(c'516363 0.112779 —0.432383) (o 56635
-0-824742 ©
0-4611%!

For §4=0:2m, f220.3m , 3= 04m, Mm= 1 kg, M2= 249 amnd m3= 343,

6.48 =X (Eg) of Pr’OHem 6-37 Jives the eaua:l'.'ons ef wotion
E(rod) Swo6) 3(o9) o, 632 o ° -]]
5(0-0¢) 5(cr0?) 3(0-12) 8, r+| © 5(7-91)p-3) o e,
1(0:98)  3(-12) 3(o-16)_ 5 o ° 1(3-31)f-4)] @3
' o
For harmonic motion, (ED becomes = {g }--— )]
oe24 030 ©-24 (@, Wiz o 0 @ o
-9 ]o30 0:45 o-36 @z +| o 45 o @z} = {o _——— (E,_)
0:24 o-3¢ 0-48 @3 o o 1172 o o
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This gives the freguency eguation

1 L]
0 r24) =772 caz(o-;o) W (0 24)
W' (030) ' (0-45)-14- N5 9% (0:36) =0
o (0r24) " (0+36) 3 (o-48)-1T772

e, (o-240" -1772) [ 45 ©0* - 14715 ) (0- 485~ 11.772) - (0-3¢)" w* ]
~ 030 o3 W (e-4800%- 11:772) — (6-24) (o-36) w* ]

+ 0024 02 [(0:30)(0:36) W*— 0-24 0% (0:450*- 4.75) ] = o
ie. w®— éoo- 8625 wt+ 54132-506 * - 590047-¢ =0
Roots of this egua,h‘on are

Or=12.6335 , = 3.554364 rodfs

B = 94616 5 5= 726849 rod/s

3= 493-619 » ;= 22-21753% rad /3.

(w) BJ replacinjl L} é in problem €:21, we obta.in
3

sl + 0=
4 6 192
21 = 64EX } L !
4 3 3 <
13 L 3
92 3 [T
i o [ l; 0:00211775 0.0026042 0-00i057F
m
Em] =m| o 1 o ; [P] = [m] [m] = 0.0026042 0-0052093 0-0026042
' o o 1 EI

0-0010579 00026042 0:0021973

uaton i \
Fregueney eguasion is |[D]—>‘E"]|=° where )\=-:;z

Y-8

{0:0021973 - & 0: 0026042 00010579
0-0026042 00052083 - « 0.0026042 = o ---(E)
0:0010579 0:0026042 0:0021973 - &
where «=_EI _ _EI

Wiy TP E&.(E.) gives

(00021973 -« )[(o-ooszon- of ) (a-oo 21973 - ar) - (0°°ozeo4:.)" ]
~ (0-0026042) [o-oozcu.z(o-oo:z_n?g-a() — (0-00 10579 )(0- 00 2604—1)]
+ (0- 0010577) [(0-002604-1)"- (0-00 10577)(0-0052093 ~ ) J=o0

. -2 -
,-e. o - 0:96029 xi6* o + 0:1303355 xig ¥ & — 0.0038623 x16 S =0

Roots are:

3
o) = 0:000 421453 Wy = 48-71082 W
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X3 = 0:0080 4192 ’ Wi= u.151¢ m

b) m= 10 kg, L=0.5m, E=2.07 x10" N/im?
( kg . .

4 5 \4 -
I= %J =E}(—,’;—o- = 19175 x15° & m*

ET = (Z'O7K lo")(l-?l75 xn;')‘ —_ 56.3505
wme? 10 (o.5)°

Wy= 48 71082 (56-3505) = 2744.38791 rad /sec
W, = 29.62322 (56-3505) = |66F.2872 ra-d/;ec
W, = 11115116 (56.3505) = 628.3734 rad /sec
€) In order to have the same natural freguencres, we need to
fave the same value of I.
(i) For solid circular cross—section of diameter 2.5 cm,
: I= 1.9175 x_lo—s m4
(ii) For hollow circular section:
Lt d,= st
T=gg(@d-aty=T(e2s- 2y ¢t

= 26:703¢ {:4 = 1975 215" l
f=0-§,77 o, J°=2-5‘8,'i'§c,.n, dl"-'"ssa' cm.

(“') For solid rCcf"a..ngu,a.r section : T
Let b=2a. b
=-;L;_(a')1>3: -;—'-a.4 = 1.9175 xlo—x _L :
o= l3023cm, b= 2:604¢ m. “-a/"“
('V) For #ollow '(‘ec.{.'a.n_gu-la.r section : ty
Let b= st 5 "oz at T b
a=25t, a,= o5t bt.. oa,‘-u ot
I=_1_ 3 3
2 [ab - a, b, ] '(—Zf—)[
= £ [25(29) £ - )7y £ ]
= 249067 t9 = s x5 omt
t=0:52¢7 em, a=1.3167 om, b= 2:6335 cm,

@, = 012634 cm, by= 1.5801 cm-
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VEA'gh‘tS: :
Weights are proportional fo cross- sectional aveas.

(!) For solid circular section:

A= _Tzl'_dzz —}(1.5)": 4.90875 sz
() For hollow circular section:

A= .}’r-(doz— d5) = %[2-5885"-{'5!“1] = 3.3680 an”
(.';i> For Solu'cg rec'l‘:a._ngula.r section:

Az ab = (1-30233(2-&546): 3,3920 c¢m

W) For 4ollow rec{:a_njula.r section:

2

Az ab- aob, = (1:3167) (2. 6335) - (6.2634)(i-5%01) = 3-0513 cm'
- Least weight beam will have a. hollow rectangular section.

A-5 -3 -2
-3 A-6 -4 = o
-1 -2 A-6

e (A-)[0-6) - ) ()] - [-3(3-&) - (-)(-) ]
+ (-2) [—3(—1) - (—I)(A-G)] =0

e AN-oj7 N 77A-98 =0

Roots give: Ay=2-21398, )\, = 416927, A3 = 10" CI6?
@ From problem 6.19, for k:= « ; i= 1,2.3,4,
2 -1 (] { o 0
El=+%]|-y 2 v | » [MY=mloe 1 o
o -1 2 o 0

Eaua.{:n'ons of wetion:

AR SR
:

These become, for harmonic motion,

w2 % - o

---(&)

-k -mwiy2x -k

xl
X, =
o -k w2k X3

Fre;mncy egua.'h'on :
CmI +2%) [(—m691+2k)1 -x*] + wx[-% (-mw*+219)] =0

2
mud |

ire- (—-d"l’l) (q"_gra(-g-z)_-_o where X = %
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This gives &= 2-VZ = 0-585786, d,=2, o3=3-414214

€9, = 0-765367 \E:_" , W= 1414214 [K | o= 1347759 &

€&) gives - 2 G
xgi) - (..m til +:.1<) x.’)
- % x,‘”+ Cmels24) x{P _ 4 x&") =0

or xa(” = {(—m &’;-ﬁ-l‘k)a - k"} xf’)

(#) x @ *

A% =@ _ ) @ ;

} wede= X ={X, . = x,(}) (;.m w}-".q-zk)/k
X,(’)

[Fm (.9;+ zk)"— k"]/k"

Mode shapes are:

(1) ! ") -+(2) | ) —(3) 1
X'z qramn4rx, X =90 X s X = {-oraia214 p x®
-1

)
1 L
"\ From rro‘“em 619,
(652) ie % o am o
[k-\s -t 2% -% ’ m]= o im °
o -t 24 (] 0 2m

Ezuq.i:-‘ohs o} motion For harmonic motion:

X (]
-2m c.sz+2k -1 o !
= 0 -=(E
—% —amWi4+ 2k -« X2 €)
0 - —am @4k X3 °

Freguency eguation: z
(‘“"w"-o- 1*)[(—_371\ &9"+zk)(—zm Wi 2k) - «° ] + k[-k (em o +z1t)}=o
i-e. (_mw1+ 4‘)[3""-04' -5 kmwl-\- «* ] =0
ie. (—a+i) (39" -54+1) = o  where = 5~
o, = 0232408 , \= ©0:432087 \f-—"‘;‘
X,= 1.0 y WOy = \[f

™
Xy= [.434258 ’ 33 = (-197605 [7—‘;

ives :
C x,(’) _ -2m 6’; + 1K

x,“’ ®
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(-m U;+21<) x‘” % X(” = % x(”

or (- +a.k)(-‘m4-’z +zk) x84k x'u’) - x x;’i)
o X,(?) = (=3m &+ 2)(-2m u} +24) - x*
(:) - "
«®
1.0
. —(#) ; 2 .
tﬂ' mode = x( = xf’) (—Lrnca’- +zg)/k
L 2 2 2
This Leads to: (- 3m W +2x)(—2m s +2%) — % }/1:

|
=0 _ x(,'){ |.'5asn4-}, *®_ (2){ ] } , %P2 x® {-o 869516}
For Li=1 amd m;=m (¢=123), problem ¢.37 gives
2 “

3m f 21mf* me* & 3""32 0 o =] o
aml®  amlt wmit 8+ | o wmgl o o,y = Jo
mit mi? mit 53 0 ) mgﬂ e, o
For harmonic motion,
—ilo*+3¢ -2l w? ~fw? ®, 0
-0 w? —fotiry _fot { e, = °
~1* -1t ~1etig | | @ o
Dividing throughout I:y -3 ond def ning o= .‘-ﬂ > this gives
3t -3 2 =1
2 -2 « } -—--- (&)
« « x-1

Fre&uencj egua.tion :

Q- [ (2e-2) (@=1) = 2* ] = 2 [2t (=1) = > ]+ of 2= «@=-2)]

' 3 2 =0
(€. €’ -9« " +18¢ —6 =0

Roots are: o= 0415764 , & = 0:64479% J-_Q’;—

0(1:' 2-2743' i) c.’
Xy= 6-29995

Mode )“{-afui &) 9ives

1:5146%8 (31

@ = 2.507917 {31

@G)z{-z« +6o(; —3 @(J) , @(’) ( J ) (?)
) D) 3
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. i
3t mode= 5= @ 2+ 6e5-3)/ (] — 2 %5)

(*4-3)/(%;-2)

Hence
I-0 1ro t-0
5. —@3) O
—0) ®(|) 129224, @ 0:3527 5 » @ =0 (-16450
& =% 6312 -2.3978 0-7669

From ProHem 6.22 we find, For my=my=m, Mp=2m, K= ky= k and
@ ¥a= 2%, 2k -k ° m e °
k1= |-« 3k -ak|, [m]=|° am

o -2% 2%

o o m
Egua-&ions of motion for harmonic metion

WM 2k -k ° X, o
-k _mel_‘_;k -2 4 Xz = o ---(El)
o -24 ‘ —Wm+2% | L X3 °
Frezuenclj- e%u.a.fu‘cn ‘s
- m 2k - o
- & —am O a4 -2% =0
o -2% -(.9"m+zk
> 692
or 2 +2)(27=1% +1) =0 with «= T2
o, = 0149219 , Wy = 0396289 \%/m
o, = 2:0 ’ W, = 1414214 (¥/m
oy = 3350781 W3 = 11330514 | K/m
Eg. (8)) 9ives, for w; . x _w}'m + 2k
5 - %
() X |
2z
X3 — - (-Zm (.9;'_‘.3*) (.-.mw)' +2k) _..kz
x,(” v
. {-0
. - (# F4
ith mode= x ) - ch ) (—(-9’!'r1n+2.1‘)/4<
{(-Zrn +3k) (- +zk)—k }/(ztz)
Thus

=X {-1-350781L
2.0 2:0

o -0 =) () -0
o x© |-85079l}, % = x'P{ oo }. X
= -0-5
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@ For =3k, ky=K3=%k, M=4m, M =2m ard m3=m, E&.(Ez) of
PmHem 646 gives

—4mWt+ 4« -% 0 X, 0
2 -
-k -2mW +2% -k X, = ° --- (El)
0 -k w0k || X, o

Frezuency &u.a.{:ion K )
(- 4m (' +4.4‘){(-9.mc.9 +L1=)(- m@* ) — « }+k{ k(-v-.ca +1<)}

e o) (3™ - 169 +3) =0 with o= me’
<
« = 0209431 W= 0.457636 Y ¥/m
«L= 1.0 ’ B2= \J*/m
Ly= 1790569  » @y = 338121 \¥/m
€. (E)) gives (5) —4m @) + 4% ) (3)
X2 = { * }x

xa(i);- [—I +(—zmc.9;+zk)( 4"“" +‘*")] (#)
1-0

5*" mode = ;(5) = X'Q) (—4"\ (;9;'-4- 4‘()%(

2 ?' - 2 2
o {(—-zmw} +2% ) (<4m 6+ 4%) -k }/1‘
Y-) ' ) ) () -0
- 3
-)E(')= x(') 3162276 5, -".m= x(,t) o0 \» X = Xy (-3.162276
! 4—00 "‘"o 4"0
For m=2m, My=m, My = 3m Q.I\J l;_ =2 for QJ.Q i, Problem 623 9D‘Ve$
i L .
' a‘u=—r'?_é_—+"_;_—= % ’ °‘z|=-§-0an="i?n°';|=‘;‘°’n=z-7
3
1 ) 1 X 1 _ 13X
a"l?.: 1 = _.l. ’ 0'37.:?0‘2.1“ 2 p > Y= ' ) .

Ezun.hons of motion:
BI[m] * +[11% =
Frezuenc; egua.\‘:-om ,- ] [»] wz +[1] ’ =0

-.
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e,
6 2 ! (o)
_cl’z lm 4 z + = 0
2 2 9 0 o |
with o= (Bzf'm/@_P) » this ezu.a.f:u'on becomes
6ol -1 2 3
3 2
4 4o~ 6 = 96« -8« + 19« -1 =0
29 - 2 -1
Roots are: P

™m
For (G‘T)i = GT, Jy, = & and f;= A for o0 &, problem 6-18
@ gives .

2 -1 (o) . | o) 0o

GJ ' -
[‘k] = =i 2 - ’ [J‘i] = Jo o | o
0 -1 1 o (o) |

Eaucd:ions of wmotion for harmonic oscillation:

4 - .
- o+ 2 gﬂl- "—52-1 o] @, 0
- GJ
T -wL +z g!i' - GT: [ @z »= < O P—-(E')
J
’ - w‘sa+z€§ . o)
pividing throughout by 6«3/ and fegining o= -(Eh gives
GJ'
-1 ~«+2 -1 ® =40 -‘._(Ez)
0 -1 —x+2 Q, °
Frezuen cy ezua.tmn :
-d+2 - ) X
-1 —o4+2 =] = (- L+2) (K= 4%+ 2) =0
o -1 -o+2
Roots are:
% =2-11 = 05857 8¢, X2= 2, «3z2+2 = 3:414214

([~ GJ G7
W= 0765367 , W,=1414214 Gy= l-84775'7 -
: E> 2 \“ 5 Vg,
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Noting that Eg.(E) is similar to Ep.(E)) of problem €.51 , we
can use the Aame modes}u"fes:

- m (" ! IRSEECN
A {1-444114}, 7= @ft){ 0 } 8%, @),g ~ 1414214
=1 o

-0

|0 2 o =
o o ) ;3
This gives, for harmonic motion,

TE Tl

Z_wzJ:Al_’.;:_%s_) _L_Ai_e_ o T rx'w (o)
- L%E <"“9 Al 4'AE) -Z,ﬁg {X2={0}
zAE B
N - (s e ) o]
Div‘dfnj "thl‘oujhou‘l: Ly ?-ATE Q.I‘\J Jef"n\-ﬂj o= © fﬁﬂ ’ - - (El)
P TYRS 0 X\ 0 ?AE
-1 -2o42 - Xa y = 4o --- (€3)
L o - - X3 o
Frezuencj eguation :
- ol - o
-1 —mt+2z = |= 2 «-n)(o:-z)_o
0 -1 -t
o, =0 ’ Wy = 0
- { 3 AE |
dl‘—' i » W, = FA xl
«3= 2 ) Gy = ,13/\5‘
A &
?ru‘ncipa.l modes: . £ 1(.)
By (B3) Jives xz(’) = C«+r) x;?
(3)

. 1.0
5*“ mode ¢ "(’) = X|(3) (""’(j‘“) }
2 (- a(j+|)1' -1

Thus
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) | \
PR {, EEICIMSD I G TORNG {_' }
| | -1 |

For or'l:lwonorma.la'jah'oh , XOT M) XE _ 1 i=1,2,3
o
Let vew _i(') = o {—ll } » -’-(-(z.): cuz{ :l } a,nd _)E(a)= o.;g i }

! 2
- L@ 2 - |
X m1x 2 ol (1 - ‘)[:, S {.. } =ga =1 Das §
° -] | '
- i o o I
—x’(i-)-r[m] x("): Q;z; (l ' l) o 2 o] ! }: 4@: ={ = oy= Lz
d (-} | !
2 o o
#(?)[m]x =a;(c | z)[:, ';_ o]{a _.;50,’;,1:, a'3=J.E‘
o o | 2

- l J ,. '!:r' = = 1 i o
m]- dbkonormal wodal matrix [xl 'z’.‘ _1 . ’___.,%
1 ¥
stif§ness matrix: _
e Let x,=1, x,=%3=0. FRA=z24141=4 = %,, R=-1=%y, F=-t=%,

Let xXy=1, Xy= x3=0- Fa=1+4 =2= y FP Fi=—I= %, F3=0= %33
Let xX3=1, X, =%,=0. Fj=1+1=2= %33, Fi=-1= k3> F=0= %33
. 4 - - b) Plot of A(s*):
T [_| - ] ( A (%)

-l 0 2 2]

Mass matrix:

2 O -] L
["']=[o ) o]
o o ' 4T .

@) Charvacteristic polynomia.l: 0 1\/2/'\; ; )

C26"+4) - -] ul
z —-—
-1 Fu'+2) o =0
-1 o (—(.914—7-) -3}
i-e: 2(“"1*")("‘"1"”') Co't3)=0 |-l
CA(W ) (¢) Roots of esuc»h'on:
2(-wWr+1)(- u9+z.)( ca+3) Wl = g
("zz= 2 from the 3rapk
G’; = 3
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‘27 +6316979
(QJ) —b(’.) o 1 54?46 _’(1) © ' -} [=]
X' ' =< 03994672 % , x = 02974301 7, fm]={0 2 o

04490562 , -0-3389320 © o 3
E 1x _(0-27947% 03994672 0-44-90552) 0-5748602 p * ©
o ~{-016 7960
Let %O i az }
2 T ®)_
—»(?) - (2 - (3
Then _,(3)1":"‘] = _ . _-(i) mIxX =0, X? (m]1X ‘=0
These relations give
2
ay + 20,4325 =1 CH)
02754946 &, + 07789344 o, + 113471686 @3 =0 ---(E,)
0:6916977 oy + ©:594%602 @, - |.01679¢0 w3 = 0 =~--- (&)
From (€2) and (E3),
“a@y= - 2.9000002 %3 — 4:839 a3 = =~0-86 o, + (470000l ay
or 0,2:—3-”764-69 (=7 | "‘(54)
amd Q, = —z-?ooooo?.(_ 31176 4€% Ov3) - 4.3 3 = 4 (5HT63 Qg
--- (&s)
(E.),(Eq_) cond (Eg) 9ive
ey (17.232265+ 97177216+ 1) =1 > a;=1% 0. 199445
Hence @, = 10.5996857 , a,=t 0-795(722
X = -0:5896%5 7
0+ 1891445 4 o
2 (7 T -l G -
L - (0275496 194¢72 © 0ely ¢
UL =(o- 4 0:3994¢ 0'4470961) 0:0550988%
2-8926938 p = 2.380624%8
2:6943374
2 7604671
W, ={o€716¢979 0.2974301 - 0-3399320) | 2:769¢
Al ¥ )go-zovso'ﬂs = 2:77¢7(80
. -2-0335920
Wy =(0:7851722 -0.5896957  0.1391445) § 7-069776/ | _
3 ( ){_7.0”5“1 = 11-094957
111348671
1 )= 1-5429274 , 3, = 167291369, ©w; = 3.3307095 .
From solution of Problem 6.1, we find 1 0 0 " -1 =5
[m]____m o 1 of ; [k]:k -1 2 —'1.
0 0 1 -5 -1 7
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Frequency equation:

l— w’[m] + [k]{ =0
(—a+7) -1 -5
or -1 - (~a+2) -1 =0
-5 -1 .(— a+7)

w? .
where a = ka Expansion of the frequency equation gives:

(—a+7){(—a+2)(—a+(7)—‘1‘l+1 —(—a+7) -5 —5{1+5(—-a+2)}=0 i

or &® =162 +50a—24=0

Roots of this equation give:

a; =0.58576 ; w, = 0.7653 '\/5-—
m

@ =4.41428 ; w, = 1.8478 L3
m
k
a3 =12.0 ; wy = 3.4641 —
m
@ From the solution of Problem 6.2, we obtain:
v r -1
. 2
2 “;e 0 0| [o6667 o O
(m] = “1=|e 2 0
0 2m 0 0 0 1
0 0 m
L J
25 k £2 Lo ]
8 mhr-w 0 3125 —500 0
kl=| ké - _y|=]|500 3000 —1000
2 ~1000 1000
2 x k 0
0
Frequency equation:
|- o2 ) + )| =0
(3125 — 0.8667 «#)  —500 ‘ 0
or |—500 (—2 «? +3000) —1000 =0
0 —1000 (1000 — u?)
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or (3125 —0.6667 u?) {(3000 — 2 ) (1000 — u?) — 10002}

+ 500 {— 500 (1000 — u?) — o} =0
or —1.3334 o +9583.4 w* —16.7083 (10°) u* + 6.0 (10°) =0

Defining a = [ o

1000], the above equation can be rewritten as

o —17.1872 o + 12.5306 o — 4.4998 =0
Roots of this equation are (using Program ):

ay = 0.484831 ; w, = 22.0189 rad /sec
ap =1.95501 ; wp = 44.2155 rad/sec
a3 =4.74738 ; w; = 68.9012 rad/sec

@erf s [ ] wf

« -k ©
am o |, [K]=|-k, (qek)-ke|=]-% 2k -k
m3 [~ 0o ‘3Iwm o —kl *y (] -k

k
Egua.{‘a'ons of wotion for harmonic motion:
(.m 691-1» *) - % o Xy 0
- % (-am*24) -k Rg p =40 (E-)
0 -t (~3m e+ )f | X3 o
Def.‘m‘ng o = I“_:_S_.z y (E-1) can be rewritten as
(~x+1) -1 o Xy _
-1 (—20+ 2) -1 X2 A = ¢ o (e-2)
) -1 (-3¢ + 1) X3 o
Frezuean ezuai'fon is
2 (3¢2-T +3) =0
Roots are
&= 0 : W= o
o, = 0°56574! i W, = 0752158 Ve
o3 = 1767592 i Wy = 1-329508 | k/m
TEDI B e Py
-3°(j+l
L@ _) "

(-a(a'+ 1 ) X(”

1
(— 0(;‘1—! >
-3+

J
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Hence

I { :
(‘) - -»(3)
_).(.(t)z { | } X, x(?-)= 0-434253_})(('” , X = {_0.7675'92.} x(ls)
|

- 0.62284! 0:178395

[“g"*t : -: :], 7] = a;[.', . :]

With o= ©JF the epuations of wotion for harmonic motion

ke
become
(--a(-f-l) -1 ° ®,
-1 (~x+3) -2 ® = (o (e-1)
° -2 ~«+2) | \ O o |
Freguency eguation is o (d"— Gt +6) =0
Roots are: a=o, oy= 11267949 , oly = 4-73205i

=0, 9= 1126032 "'**/% . Wy = 2-175328 \k¢/7T,

By-(€-1) gives : i
(,) (:) (ﬂ 2 (3>
(-« +1) @ P (_a()-+z)
t
® =J 4+ @f”
(.. 25 +2
oty
. | e (! —m (' ¢
QO)= | @f‘) , © =_{—0-2679+9}q(2), ® -‘-{-3-‘!3205!}0.)
‘ ~0:732050 2.732051
Normalize the e.‘genvecbors with respect to the inertia matrix as
T - 2
e RN YO RIEEERER MY
1

@f) = o 57735/‘,——-

1
(71 @ =>(2) _ 0(z) % (, —0:267747 -0.732050) _0.26.7949}

—’(;)T
= o 7 % (re07694) =
0(")= 0-78 %86 ‘15/J 7y

[_ ] (3) (;) g, (' - 3.T32065I z.1310‘5') {-3.73205' }
2.-732051

_.(;)T

= @(” 9o (22-392307)

& = o-zuazs/{?o'
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modal ma.{:rcx i

[x]-= I_..‘
% los7135 -0:571349 0577351

From solution of Problem 6.52, the natural frequencies and mode shapes are given by:

w, = 0.482087 '\/-E Dy = '\/Z- . w = 1197605 \ / &
m m m

0:577135 0.788675 o zuaz‘j

0:57735 _o.211325 -0.788676

yo Lo
T = 1535184} 5 X
1.0

0 868516

Initial conditions:
XI(O) = Xj0, 12(0) = 0, X3(0) = 0, ).(1(0) =0 H i = 1, 2, 3
Equations (6.98) and (6.99) yield:

Al cos ¢1 +A2 cos ¢2 +A3 cos ¢3 = X0 (1)
1.5352 A, cos ¢, -+ 0.8685 A cos 3 =0 (2)
Ay cos ¢y — Ay cos ¢y — Az cos §3 =0 (3)

—0.4821 '\/_A, sin ¢y — '\/—A, sin ¢y — 1.1076 '\/-k——Aa sin g5 = 04

— 0.4821 '\/-:(1 5352) A, sin ¢; — 1.1976 '\/j(o 8685) A sin ¢3 =0 (5)

— 0.4821 ‘\/—(1 0) A, sin ¢, — '\/_(—1) A, sin ¢, — 1.1976 '\/_(—1) A; sin ¢;

Solution of Egs. (4) to (6): =0 (e
h=0;i=123
Solution of Egs. (1) to (3) gives:
Ay =05% ; Ay =0.3838x)9 ; Az = — 0.8838 xyg
Thus the free vibration solution of the system is given by:

%1 (t) = Xy0 (0.5 cos 0.4821 ‘\/_t + 0.3838 cos '\/;;

—~ 0.8838 cos 1.1976 '\/-—-—-t)

Xa(t) = X10 {0.7676 cos 0.4821 '\/_k-t 0.7676 cos 1.1976 11; }
3
x3(t) =x;p (0.5 cos 0.4821 t — 0.3838 cos E—

+ 0.8838 cos 1.1976 '\/:-t)
m
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From solution of Problem 6.53, we find that:
g . g g
=0. 5 . =1. 5 . = 2.5080 5
' “ 06448'\/—6”% 15147‘\/7,&13 2.508 V-_?

. 1.0 . .0 ) 1.0
i() =11.2922¢ ; i() = 10.3527 ; _ki = {—1.6450

1.6312 —2.3978 0.7669

Equations (8.98) and (6.99) can be written, for the stated initial conditions, as

A cos ¢y + Ay cos Py + Az cos ¢3 =0 (1)
1.2922 A; cos ¢y +0.3527 A; cos ¢, — 1.6450 A3 cos 3 =0 (2)
1.6312 A, cos ¢; — 2.3978 A, cos ¢ + 0.7669 Az cos 3 = b3y (3)
—0.6448 '\/;A1 sin ¢, — 1.5147 ’\/?A, sin ¢y
— 2.5080 '\/-%_A, sin ¢3 =0 (4)
—0.6448 '\/-%_(1.2922) A, sin ¢, — 1.5147 '\/-5-_(0.3527) A, sin ¢,
o — 2.5080 '\/—(- 1.8450) Ay sin @3 =0 (5)
—0.6448 ‘\/_(1 6312) A, sin ¢, — 1.5147 '\/-_(— 2.3978) A, sin &,
— 2.5080 7 (0.7669) Aq sin ¢3 =0 (6)
Equations (4) to (8) yield:
h=0;i=123
Equations (1) to (3) give
Al =0.1812 X30 Az = —(0.2665 X309 A.3 = 0.08524 X390
Thus the free vibration solution can be expressed as (see Eq. (6.96)):
%1 (t) = x39 (0.1812 cos 0.6448 '\/;t — 0.2665 cos 1.5147 '\/;t
+ 0.08524 cos 2.5080 '\/;t) (7)
Xa(t) = x3p (0.2341 cos 0.6448 '\/-%_t — 0.09399 cos 1.5147 '\/;t
— 0.1402 cos 2.5080 '\/gt) (8)
xa(t) = x30 (0.2956 cos 0.6448 '\/gt + 0.6390 cos 1.5147 '\/-%-t
+ 0.06537 cos 2.5080 % t) (9)
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From solution of Problem 6.56, we obtain

wl—osszs'\/ ,wz_oslss‘\/ ,%—15848'\/€m

6.68

= 0.209671 ; o3 = = 0.627872
The mode shapes can be determined from the equations:
| Ba—1)X; +2aX; +3aX; =0 (1)
4QX1+(4C¥—1)X2+6C¥X3=0 (2)
26!X1+2aX2+(9a—1)X3=0 (3)
Let Xl =1 ' (4)
Then Egs. (1) and (2) yield
X, =2-8a (5)

1—-10a+16 ?
X3 = T o (6)

Using the values of @, @ and o3, we obtain, from Egs. (4) to (8):

1 1 1
T Zise7ob ; ¥ =doa22s | ; XY ={-3.0230
1.3014 ) -0.6253 0.5462
‘The stated initial conditions give, using Eqs. (8.98) znd (6.99),
' Ay cos ¢, + Ay cos dy + Az cos 3 =0 (7
1.3670 A, cos ¢; + 0.3228 A, cos ¢, — 3.0230 Az cos ¢3 = Xzq (8)
1.3014 A, cos ¢; — 0.6253 A, cos ¢y + 0.5462 Az cos ¢p3 =0 (9)

“ / P . A / P .
0.5626 T; Al sin ¢1 + 0.9158 ?n— A.z sin ¢2

+15zz4z;’\/lAamqs3 -0 (10)

0.5626 \ / — (1.3670) A, sin ¢, +0.9158 ’\ / — (0.3226) A, sin e

—1.5848 \ / 7 (3.0230) Ay sin ¢ =0 (11)

0.5626 \ / — (1.3014) A, sin ¢ — 0.9158 \ / 57— (0.6253) A, sin ¢,
m

+1.5848 "\ / = 5 (0.5462) Aq sin g =0 | (12)
Equations (10) to (12) yield:

h=0;i=123
Equations (7) to (9) give

A-l = 0.1527 X920 » Az = 0.09847 X20 3 A3 = —0.2512 X90
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xl(t) = X9 (0.1527 cos 0.5626 \ / -{P— t + 0.09847 cos 0.9158
m

A / P
fm 6
P
- 0.25 . —_—

12 cos 1.5848 \ / s t) (13)

Xg (t) = Xs0 (0.2087 cos 0.5626 —P—- t + 0.03177 cos 0.9158 L t
V é{m V €m
A / P
_t
fm

+ 0.7594 cos 1.5848 \ / —P— t)
- fm
x3(t) = x30 (0.1987 cos 0.5626 \ / t’_f:n_ t — 0.06157 cos 0.9158

— 0.1372 cos 1.5848 \ / P t) (15)

(14)

¢m
From solution of Problem 6.46, we obtain
k k .\/k—
_ X =1 £ wy =2.0943 —
w = 0.3376 '\/: ;W = 1.4142 '\/:: wy =

1 . , |t
3 _ 1430l ; TP =1os }; T ={-0.603
1.6286 —0.5 0.2047

Initial conditions:

x(0)=0; i=123 ; %(0) =%y, X(0) =%x3(0) =0
Equations (6.98) and (6.99) can be expressed as:
A, cos ¢, + Ag cos Py + Az cos ¢3 =0

1.4430 Al cos ¢1 + 0.5 A.z cos ¢2 — 0.6930 A.3 cos ¢3 =0
1.6288 A; cos ¢; — 0.5 Ay cos ¢y + 0.2047 Az cos ¢3 =0

— 0.3376 '\/-ETA1 sin ¢; — 1.4142 '\/—L-A, sin ¢s
m m

— 2.0943 '\/E;A;, sin ¢ =%y0

— 0.4872 '\/_L-I.A.1 sin ¢, — 0.7071 '\/-—k:-A, sin ¢y
m m

+1.4513 '\/_%_Ag, sin ¢ =0

— 0.5498 '\/—L-Al sin ¢y + 0.7071 ’\'/—k-_A2 sin ¢,
m m

— 0.4287 '\/E-A3 sin ¢3 =0
m

Equations (1) to (3) give:

T .
¢i='2— 3 1=1,2,3
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Treating '\/-I—I::Ai sin ¢; (i = 1, 2, 3) as unknowns and noting that all ¢ = l;—, Egs.
(4) to (6) can be solved to obtain

‘\/%ﬁA1 = —0.2257 %10 ; A; =— 0.2257

k

; Az = —0.3143 ilO ’ A.z = —0.3143 Xj0

’\/g Ay =—0.2280 35 ; Az = — 0.2289 = 340

The free vibration solution of the system can be expressed, using Eq. (6.96), as

x(t) = %10 ‘\/—(— 0.2257 cos (0.3376 '\/k_t + —) — 0.3143 cos (1.4142 ’\/gt + %)

— 0.2289 cos (2.0943 '\/E+ ) (7)

Xa(t) = %0 '\/_(— 0.3257 cos (0.3376 '\/_t + —) — 0.1571 cos (1.4142 '\/gt + %)

+ 0.1586 cos (2.0043 '\/It + —)) (8)

x3(t) = %10 '\/— (— 0.3676 cos (0.3376 V-_t + —) +0.1571 cos (1.4142 '\/gt + %)

— 0.0469 cos (2.0943 '\/gt + E)) (9)

From solution of Problem 6.54, we find:
X _ X .\/k_
, w = 0.3863 \/-E'_ s wy = 1.4142 ‘\/; : wy = 1.8305 -

X10

ﬁ%ﬁ

1 1 1
T _Jissost ; ¥ =0 }; ¥ ={-1.3508
2 0.5 2

Initial conditions:

X,(O) =0, i= 1, 2, 3 H il(O) =ig(0) = 0, ).{3(0) = l.{3o
Equations (6.98) and (6.99) can be expressed as:

A; cos ¢y + A, cos ¢ + Az cos ¢3 =0 (1)
1.8508 A, cos ¢; — 1.3508 A3 cos ¢3 =0 (2)
2 A; cos ¢y —0.5 Ay cos Py +2 A3 cos 3 =0 (3)

—0.3863 '\/—E:s.1 sin ¢y — 1.4142 '\/-L_A2 sin ¢,
m m

— 1.8305 '\/T%_Ag, sin ¢3 =0 (4)
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—0.7150 ngl sin ¢1 + 2.4726 v%_Ag sin ¢3 =0 (5)
—0.7726 '\/—T--Al sin ¢ + 0.7071 '\/-L_A2 sin @
m m
—3.6610 '\/—%:h sin ¢3 = Xap (6)

s . .
¢i='2- ;1=1,2,3

Equations (1) to (3) yield:

and '\/_I;(-I—I-A,' sin ¢ (i = 1, 2, 3) are the unknowns in Egs. (4) to (6). The solution of
Egs. (4) to (6) gives, with ¢; = -g- :

k . . \/?
A; = —0.4369 %30 ; A; = — 0.4369 m
'\/k—A, —=0.2828 k35 ; Ay = 0.2828 g0 '\/E
m k
k . . \/?
X Ay =—0.1263 %3 ; Ay = —0.1263 m

Thus the free vibration response of the system can be expressed as (see Eq. (6.98)):

%1 (t) = Xso '\/—(— 0.4369 cos (0.3863 '\/_t + —) +0.2828 cos (1.4142 '\/%_t + 12r-)

k
—0.1263 1.8305 —_t+ =
cos ( = e+ 7))

Xy (t) =% '\/E—.soss o.ssa'\/z Iy-o. : '\/E-_t z
2(t) =x30 A { 0.8086 cos (0.3 — &+ ) — 0.1708 cos (1.8305 —t+3)
Xa(t) = %ao '\/— (— 0.8738 cos (0.3863 '\/_t+—)—01414 cos (1.4142 '\/gwg)

k
— 0.2526 1.8305 —t+ -
cos ( V: + 2))

From Example 6.13, we obtain:
1 0 0 1 -1 0

[mj=mf0o 1 o0f ; k]=k|-1 2 -1
0 0 1 0 -1 1

The natural frequencies and mode shapes are given by:

k 3k
o, wl=0;wz= E-;wa= —uT
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1 1
i(z)_b 0 ;Tc‘3)=c —2

1

S

- P

Orthonormalization of mode shapes:

1 0 0
T 1
XV @ =221 1 Ymlo 1 o =3a2m=1 or a="\/-1
0 0 1 3m
o] [1
T
X @ =t m(1 0 —1) 1 offo }=2b"m=1 or b= 2—1-
0 o 1| -
o 1 o olfa -
X% m] =c¢"m(l =2 1)[0 1 O0O|{—2t{=6c* m=1 or c= Ty
o o 1|1 "

1
| Vs
Modal matrix: [X] =[S.[(l) X ]_i(a)]=r—_\71— VIS- 0 /Y (1)
m 1
1 -
Vs

Solution is given by Eq. (8.104): |
x(t) = X] q{t) (2)
where q[t) is given by Egs. (6.113):
G(t) +of G(t) =Qi(t) 5 i=1,2,3 (3)
where
_Q.(t) =Xt F(t) =0 (no external forces)
For the rigid body mode, w? = 0 and Eq. (3) reduces to:

Q) =0 (4)

whose solution can be written as

Q) =c +ecat (5)
where c¢; and c, are constants given by

¢ =q(t=0) ; ¢, =q(t=0) | (6)
Initial conditions of the problem:
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x1(0)] o
3(0) = {x2(0){ =10 (7)
x3(0) 0

and i’(o) =

U S,
oog-

(8)
Using Egs. (6.115) and (6.1.16), we find
q0) = X7 [m]¥(0) =0 ) (9)
V3
0) = X fm] %0) = Vi %0 {7 (10)
1
V5]

From Egs. (6), (9) and (10), we obtain

g =q0)=0 ; ¢, =q(0)= v_xo {11)

and hence, from Eq. (5), we {ind
qt) = '\/%_io g (12)

Solution of Egs. (3) for qz(t) and q3(t) can be expressed as

az(t) = a2(0) cos wp t +

q2(0) . k "
o sin wp t = v-z—; V-m_t (13)

qa(t)=q3(o)cos;u3t+‘.’f) nup b= 2N %t (14)

sin wg t = sin
3 -\72]{

The free vibration of the system is given by Eq. (2):

1 1] m

1 2
[’iig]:vl;v.? o ~vr| [ \/; e
3 1 vy 1

Vs Vs 7—’“ \/
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@ For given .sgsfem, m= (0, K= (00 and hence h/m = Jo
= 3.1623. For fregV-'l:ra;h'on response, the initial conditions
lead to Egs- (6.98) ard (6.99), which can be expressed

ol !

Ay o)+ Ay cof @+ Az o8 g3 = x,(0) =0 (")
18019 Ay A @ +0-4450 Azcosg, -'-'«-zqeg A3 cosgz=x,(0) =0
2:2470 A, to5¢) —0:8020 Ay CoS f, + 0. 554y A; cosd; = X3 (o) =°.|(2)
—o-#qgoq\/—i,f? A sin g -n.zqﬂ@ Ay Sin g, - l‘gozs\[‘!&_: A Sin :Z)
ot = %) =0

~1:4073 Ay Sind| =3.9437 Ay Sing, — 5.70c0 A3 Sind3 = o )

-o.lolqz\l_—_.:i A Sind, —0.55496 J’.‘E Ay sing, +2.2474JE Aj sin ¢3

= :'t.z(o) =0

or
-0.3223 A Sing; —1.7549 Az Sing, + T-1067 A3 Sind3 =0 (5)
_J—.i‘; A|sin¢,+\{i‘; Az Sin @, —\J—L“: A3 sn@, = "‘a (0) =0
or
— A sing, + Apsing, —Aysinds = o )

Solution of Etlc-(l) to(3) is given By

A cosg, = 00543, Az cos g, = 00349, A; cos = o-0lod

Solution of EZ"(") te (6D is given 1’.7 (7)
A sin @, =0, Az sin @, =0, Az sin 43 =0 ()
Eguations (7) and (8) yield
Ay=0-0543, A, =0-0349, Ay=o-olos }, (9)

170, ¢2=0, ¢3=0
Thus the free vibration response of the system is given
by Eg. (6.96):

7"-'("':)-:. 0:0543 cos C&,\‘: 4+ 00349 coS wz‘t + 0:0108 cos w;t

%, ()= 148019 (0 0543) cos &5t + 0-4450(0:0349) cos w,1
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- 1'24 68 (0-0lo8) cos Wyt
23 () = 2-2470 (0-0543) ces w,t —o0-8020 (c:0349) cos w,t
+ 0:5544 (o:-0l08 ) Cos w,f
where = o-4ys504 Vio = 1r4073 rad/fsec, ©,= 12471 {15
= 3:94137 l"M‘/sec > and 3= 1-8025 Jio = 5-700; Ta.J/sec-_

@ From the solution of Problem 5-'24-, the natural

freguencies and normal modes are given by

W= 2, X0 = {" } xf') a
W,= N1z, %@ = {-||} xfz) | : (2)
where xf” and x,m are o.rbil:rarj constants . By

or‘l:koaona.\u‘zfnj the normal modes with respeck to the
mass ma,tn'x, we Con ;Fl‘ncl the values of x(")ame\ X,(z'):

AR R D N TN S AR F R

o ox =k

ROTEIF@s 1 @) 2 0] e
X|(z)= L ° : R .

or 2

Thus the modal matrix becomes

BI-[X0 FPT=4 [ ] o

=1

Using 32 [ X] _?;, the e,Zua,l:.‘ons of motion can be
written as

77+ [e]? =€ =0 )
" .t W Li=o; izl =

Solution of Ezg- (5):

Z;, ('&)3 Zio Cos wit +

?’4.0 s'n w‘:t (6)
: W
where Peo and Vo denote the initial values of ?/4'
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and ii ’ respectively- Frem given initiad conditions,
we find :

Te= e b D e Fe=a [ 0000
=0y

2= fUe @) T St e
lief e T I

T hus Egs- (6> become
7,(£)= cos 2% + 1 sin 2t

§,(£)= cos N12' ¢ - 3'_3 sin 12 ¢

The P\-\jsicai o\a'sflcu.emem‘:s can be ;f’ounJ ad
% (=[] Z(t)= & [ " _'| ]{ii }

12

oY
x, (t) = _7L. (i’l+ %4) > X, (B) = Ji (2/‘ "zz}
.-.'x‘((;): -%{Cos‘ 2t +-;—_ sin 2t + cos \rl_i t - -\F‘—F anﬁif}
2
Xz(t)z-%{Cos Zf‘{-—i—s‘fnle_wsh-z'.t +\["=S|‘nf€1‘:}
(2
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Ezuai'ians of motion are
[Z'ﬂ o o}{*-} [u -k -k ° N
o m o ;z +i-% % o 22 (=(,

= J000 N/;,. N F(-b): 5 sinwot N. * * *
Egenvalie amolyiis : ] [
Frezuem:y ezua.h'on is - : r '

x3 x3

where m= 1 *g,

*3

F(t) 0}
IR EI I [
6 o | = o I
oY -2A+3 -1 -1
-1 A+ o l = o where A= “’:"‘
-1 o -+t
o A7) +6A - =0
Roots are
M= 0:219220, Ag= Lo, A3= 2.28078%
W= 0-4682094 (K, ,- ..o\]f_' , @y= I-5l02251 [&
Moede shapes ane  given by
-2 A +3 - - Xfi) 0
-1 =As+1 o) xz(") = °
-1 ° A+ x’(‘-') 0
or

) _ () . . .
XiU= Ene) X7, w2 cahien) x _x(O
- (%) -+

= ()
1 X,

F2re+D)EMH) -1

078078 . o] - -1-2807%
F { } MO { . }xg=>, - { . }xz‘”
{ | [

NormwlBaiu’on of mode Almfa with ch-&f t [w]:

2
XOTEIX® = (o-18078 V) { "56‘55} (x© ’ _ 3.21923 (xi')>=1
: z

|
Xz(‘)= 0.55734 . :

3 %® . ro-43s1c
{0-55734-}
0:5573 4
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T —D(l) o 2 (l) 2 =
%® X G 1 -V { l}(x"") = 2 (xz ) 1
-1 2
)
xiz): 0-7071 5 x®) = { 0707H}
T —-0:7071)
X m1%P= Crasors ) §-2 sslsc}(xm) 52807? (1)> 4
I
-0 55713
D oo 02 (gnne ]
. ( o0.435i¢
e=[x]" F(f).-. vector of generalized forces
0:4135{¢ 0:55734 0:55734 o 2.7967
= Y g-701 —0:70711 o } —3.535¢ /S ot
—0.55734  0.43516 043516 |(R ot 2.1758
Unco‘a.’pled ﬂ.;plTo'M 4 motion ant
z, + 21922 ¢, = 2:7867 Ain ot
8 + locow00 ¢, = -3¢ 5356 4&in lot (E-l)
Z, + 2290-78 ; = 2:1758 4m 0t
Particular solutions of (E-1) are
2,() = (1'7’67 > fin ot = 0-0233744 4in lot
219.22 - 100
%(t): (ﬂ) o (O‘t = _0.0039234. Aln ot
fooe -~ too0
%ty = (21758 )m ot = ©:0009977 4m 0t
228078 - 00
Snce P - 2 = [o4351¢ o ~0-55734 7] _,
n x = [x]g = 4 i Z,uege.*:
0.55734 o.70711 ©°43

0:55734 —co:.ToT ©-43516
x,(t) = 0.0096155 4im lot M
%, (t) = 0:0095333 A fot ™
X3 ()= 0.0162395 Ain 10t ™.

‘(a.) From Example 68, for kg = Kea= kiy= &, and 7,z = 1= T,

1= &z fe]s Blsw[d: 2]

E(gem/aiue rmblern becomes

~-\+2 -1 o ®, o
. Y
- -A+2 -\ ®l = o) where A: w9 J; .
o -1 -2+ @, o kg

427




www.FluidMechanics.ir

Freguency eguation is

A’-S’Az.q.ét\—!:o
Roots ane
M= 0198, Aa= 1555, A3= 3.247
%
0w, = 0'44‘f97‘j.§ > W,= 1-24700 ke, ;= |-80194 \l—i
% A o
(E-]_) gives (}) (__A +2) @ b;}) ( A +z> ®(?)
i N —) +)
6(’):- -M+2 @U)
1
(Z5)
= At
i g 1
- ) =@ @) - 3)
®(‘\= { - 802 }®l , ® = { 0-445}®1 , @(3)= §_|.z47} ®|
2:247 -0-802 0555

Normelization :

—’(1)[ ]""’ ( i-802 1-247){;'.302} 69, > = 9.2962 (0. ) %=1

(') 2'24’7
cD, = o-azs/\[a'j

T 2 2
8V 18" = (1 o0-445 '°'8°2>{o'~445} % (@(z)) = 1.8412 (9.‘1)>"5=1
2) . —-0-802
®, = 0-737/\]——‘

- 2 2
_.(z)T[m] (3)_ (1 -1-247 o 555){ lzlﬂ} 7 (0:”) - 2-863 (gfﬁ)) 7

555
@, = 0.591/43;" °

[m] - orthonormal modal matrix is

{
[X] = \1—5; ©.591 0:328  _0.737
° 0.737 -0.591 o0-32%

For given datas,
= 44497 rdfs, = 12.4700 ad/s, ,=13.01%4 vad/s

0328 0.737 0591
[X] = o591 0328 -0.737
0737 -0-591 0-329

b Accorc\nng to modal analysis, uncoupled epuations of motion are

2.(6) + & %) = &) 5 i=102,3 (e-2)

1
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o

- T = ) _ T 0
Q) = [X] M. (t) = [X] {m“(p&wf }

Qo _( 368-5 -
= t =
{Q“} 8 100 = {_295. 5} <t icot

Steady state solution of (g-2) is Z_(t):(%) cos ot
(s Wi-

where

?’I(t)= -0:03692 <t toot
g, (¥) = 003002 ¢h 100t

2,(£) = -o.01695 cof toot
Angular deflections are

- - 0-0000025 .
g(t) = [ij t) = { 0:0005i90 }ws oot radian
-C+050515 .
G [k P
' - '
0
(m] = wm [1': 1 : ] '
0o o |
Novwalization gives
o ' () R
IO =0 @ {E} "‘\) ™= Y

y 1
o x“’)m—i > xf--z:

)
XOTm] %@ 2 0 o _0{

--(3)T - (3) - ] ) i
(m] x -(' yT '){\F}(X.U)"‘:i:’ x?):m_—

Modal wmatrix is

. _ 4 yz %’{ V2
[x] = &= Yz o -'/JE]
o Vg w»a .

original coupled eguations are [m1 X + [*] = = °
uncouHeJ 88uai-.‘on$ with 2 - [x] 5’ ane

g+ E"’J%=o

or 3 W ° ° % o
i ]
3 +\o (.9:_' o 22 V=¢o
-‘l (o] t %
3 (] (2 2 3 (¢]
3

with '= 0585786 X, @, = 2 X | o= 3414214 &
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-t - [ 1 _ 3
[«J‘Fu):_;-[: o |{i )R et s b {5 fR et

é
From Example Giﬂ - E
. j
z _ Q,o 1:6561| Jm
10

‘ ) l (017806 )* \1 - o‘::so4> ‘

0.57816 F..,J'—'/u

and g, = % oS wt

5 ?, = -9, @ s oot
1 =z ca 0:3280
-2 X g = ) cos cst
@ 21 Z 63' \ {:2 '7'0 }

= 8.93979 Fo goazso

0:59 1 } cos @t
0.7370

Ep- (e 3) in ProHem statement gives

2:93225
Z () = { }fi ws Wt + {szu;. P ocos ot
¢ 653963
5§.93225
= Ji0-2943| fo cos oot
12-588¢3 '
Ezu.a.{'n'ons of motion far free vibration
{ o o > 3 -2 o - 0
"‘[° 2 °]x‘+«(z—?- 5 -3 |x ={o
0 o 3 o -3 3 °
From PrOHErn 46,
w1=0-337627a W= 1-41422]1,

w,; = 2-094-27 8

0°49998 0:20466

) 1o 1.0
pal { I 44-3004} ¢ " X®= { 0-49999 (") *®= ] .cos x(,)
' ’
1629659 A ]
- Free Ve'lwa.tor_-, motion is given by (see section 5.3)

= 2 '-‘)
T = 2y +2 ¢ (e 420

x cd!(cs t+ 80 + x§

®

Do (@yt+dy) ¢ x0T con (@t + )
= 1:443 X| (.D’S(Gstf'¢|)+05 x(|)d((a9 +¢z)—0 <693 x' (p‘(‘l”t‘.'#_?)
16287 XV coh (it+#)) - 0:5 X )ud(as{’+¢z)+o-204-7 X, cas(c.s,hﬁ;)

Known i {'la,l condl{-,ons 9|ve "’(E'i)
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x, (®) | ! J ! xfl) cos B
'xz(o) - 2 - "4"3 0-5' —0'693 xf") (&1 ¢z - (E-Z)
@) U te2g7 —o-5 02047 | ( X[ et g
o1 (o] [-o  —ea e K sin 1
1,(0) - ¢ o X(z) sin ¢z
20 =)0 T --443©8, —0:5Wy 0-6953 W3 '(?)
? -1 -1-6287 ) o0.5w, -0:2047 W3 % Sinds
X;(o) ! - ) 3 e (2'3)
Solution of (E-2) and (E-B) gives
X(," cos ¢,= 0-88%84 , xf" sin ¢,= 0.4514
XP) ot @, = 0:666T , x(2) sin #y = - 0-7857
2D cor gy =-0.5550 , XM singy = 0-4579
Hence xf": 0.9965 , x‘,”: lodo4 , x{*)z o.7i9s
f= 26-9353°, #,= —49.¢v40", $1= 140-4370°
and the final solution is given !:y (E-i).
X)) =X q) ; ¥t) =X T (1)

1X{0) and ?E(O) are the known initial conditions in terms of phys:cal coordinates, to find

~ the corresponding values of '{0) and q(0) , we premultiply bath sides of Eq. (1)
: [X]T [m] to obtain at t = 0:

by

| [m] X(0) = X7 [m] [X] 5(0) (2)
X]T [m) X(0) = X]T [m] [X] §(0) (3)
Since the normal modes are normalized with respect to the mass matrix as
X" [m) [X] = 1] (4)
Ekqs. (2) and (3) reduce to: :
0) = X7 [m]X0) ; 9(0) = [XIT [m] X0) 5)
CE R [NV
I
lm] = 30 go] ke
T ::os"'
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Natural frequencies are given by (see Eq. (3) in the solution of Problem 5.1):

2
(7Y = —
127 Tom, +2m2 13

m, mg

_ k1 +kz kg 1 [kl +kz + kz ]2 kl kz 2

2
_ 1150 , 100 , |1 |150 , 100 (100) (50) 3
so+1so:':4l + ] (10°)

4|40 " 80 (40) (80)

L

= 334.9365, 4665.1

wy =18.3013 rad/sec ; wp = 68.3015 rad/sec
Mode shapes are defined by Egs. (4) and (5) in the solution of Problem 5.1:

)k 100 (10°)
X —my u? +k — (80) (334.9365) + (100) (10°)

i(l) _ o

= *11.366
where a is a constant.
X2 _ ke _ (100) (10°) — — 0.3660
X —mp itk — (£0) (4665.1) + (100) (10°)
2) 1.0
X7 =b {—0.353}

where b is a constant.

Orthogonalization of modes:

X (B =a? (1.0 1.386) [;0 0 ]{1'0 } =189.2765 a% =1

80| |1.366

a = 0.07269

X" ) X = b2 (1.0 —0.366) [:0 00] {1'0 } =50.7165 b =1

80 |—0.366

b = 0.14042

Modal matrix:

| = 0.07268  0.14042
X} = 0.09929  —0.05139
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Due to the elevation of 0.05 m, spring k; and hence m; will be subjected to additional
compression of k; (0.05) = 2500 N.

F) = {2500} N

0
Equation (6.111) gives:

CORLIOR {18”25}

351.05
Solution is given by (without initial conditions) Eq. (6.114):

Qi(t)=&'_ZQi(T)sinw,(t-r)d1 ; i=1,2

t PTmt—r=0
Since [ smQ(t—r)dr=— [ sinﬂ‘i‘df‘=—r17(l—cosﬂt)
rT=0 Pmt—rmt
we find _
(t) = Lnsz (1 — cos 18.3013 t) = 0.5426 (1 — cos 18.3013 t)
Bl |
(t) = ————>— (1 — cos 68.3015 t) = 0.07525 (1 — cos 68.3015 t)
(68.30152)

Response of the masses can be found from Eq. (6.104):

= |0.07289  0.14042 | [0.5426 (1 — cos 18.3013 t)
x(t) = [X] q(t) =
0.09929  —0.05139| |0.07525 (1 — cos 68.3015 t)

_ }0.03944 (1 — cos 18.3013 t) + 0.01057 (1 ~ cos 68.3015 t)
0.05387 (1 — cos 18.3013 t — 0.00387 (1 — cos 68.3015 t)

Note:

This problem can also be solved by specifying the initial conditions as

w0 - = 5 0-{)

and solving the free vibration problem.

6 =05m;m =1kg (i = 1,2 3) Assume my =my =m3 = m = 1 ;
{1=(2 =[3 =£=0.5.

From solution of Problem 6.37, we obtain:

3 2 1 3 2
[mj=meé* |2 2 1|=0252 2
1 1 1 1 1
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3 0 0 3 0 0
k]=mgélo 2 o/=4905f0 2 o
0 0 1 0 0 1

From solution of Problem 6.53, the natural frequencies and mode shapes can be found as

w, = 0.644798 '\/5_; Wy = 1.514698 '\/-?T; w = 2.507977 '\/g
Since '\/-5: \ 90851 — 4.4294, we find

= 2.8561 rad/sec ; w, = 6.7092 rad /sec ; w3 = 11.1088 rad /sec

1.0

. 1.0
1 2 3
)-5( ) = a 11.2922} ; 5('( ) =b {0.3527 ; 5(.( ) = ¢ {—1.6450
1.6312 —2.3978 0.7669

Orthonormalization of mode shapes: -

im =54118a%2 =1 or a=0.4299
i{"” [m] 3('( )) = 0.9805 b2 =1 or b=10099
X m X 03577 ¢? =1 or c=1.6720
Modal matrix:

0.4200 10099  1.6720
[3(‘(" 3 3(“3’] 0.5555 0.3562  —2.7504 1)
07012 -2.4215 1.2822

0
F(t) =10 : (2)
Mis(t)
0.7012 Mys(t)
Q(t) = [X|T F(t) = {— 24215 M(t) (3)

1.2822 Mys(t)

Solution of q;(t) without initial conditions:
t
a(t)= o J Qs (=) dr 5 i=1,2,3 (4)
0

We denote My3(t) as

Mis(t) =M [“(t) —uft — to)] (5)

where My = 0.1 N-m, t; = 0.1 sec and u(t) and u(t — to) are the unit step functions:
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0 ;t<0
“(t)={1 L 4>0
it <ty
)=y st

Thus we obtain

=1 t 7) sin —7)dr
()= - [ Q) sin vy (t = 7)

t
= 2.815 o { 0.7012 (0.1) {u(‘r) —u(r - 0.1)} sin 2.8561 (t — 7) dr
t t
= 0.02455 { [ u(7) sin 2.8561 (t — 1) dr — [ u(r — 0.1) sin 2.8561 (t —7)dr
0 1]
By noting that
t
| fu(T)s'mﬂ(t—T)dT=T1)-(l—cosﬂt) (8)
0
and }u(‘r'—to)sinﬂ(t—f)d'r=l[l—cosﬂ(t—to)] (7)
5 0l

we can derive

q; (t) = 0.008596 [1 — cos 2.8561 t] ; 0<t<0.1sec
= 0.008596 |cos 2.8561 (t — 0.1) — cos 2.8561 t] ; £=0.1 sec (8)

Similarly, we can derive

qz(t) = — 0.005379 [1 — cos 6.7092 t] ; 0<t<0.1 sec ,
= — 0.005379 [cos 6.7092 (t — 0.1) — cos 6.7092 t} ; £+ 20.1sec (9)

q3(t) = 0.001039 [1 — cos 11.1088 t] ; 0<t<0.1sec
]
=0.001039 [cos 11.1088 (£ — 0.1) ~ cos 111088 t| : ¢ > 0.1 sec (10)

Thus the angular (physical) displacements of the pendulum can be expressed as:
X(t) = [X] qt) (11)
where [X] is given by Eq. (1) and q(t) is given by Eqs. (8) to (10). Hence

xl(t) = (0.003675 (1 — cos 2.8561 t) — 0.005432 (1 — cos 6.7092 t)
+0.001737 (1 — cos 11.1088t) 0 <t < 0.1 sec

= 0.003695 |cos 2.8561 (t - 0.1) — cos 2.8561 ¢
—0.005432 |cos 6.7092 (t — 0.1) — cos 6.7092 t
+ 0.001737 [cos 11.1088 (t — 0.1) — cos 11.1088 t] t 2 0.1 sec
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X;(t) = 0.004775 (1 — cos 2.8561 t) — 0.001916 (1 — cos 6.7092 t)
—0.002858 (1 — cos 11.1088 t) 0 <t < 0.1 sec

= 0.004775 |cos 2.8561 (t — 0.1) — cos 2.8561 ¢
—0.001916 |cos 6.7092 (t — 0.1) — cos 6.7092 t

— 0.002858 [cos 11.1088 (t — 0.1) — cos 11.1088 t] t 2> 0.1 sec

x3(t) = 0.006027 (1 — cos 2.8561 t) + 0.013025 (1 — cos 6.7092 t)
+0.001332 (1 —cos 11,1088 t) 0 <t < 0.1 sec

= 0.006027 {cos 2.8561 (t — 0.1) — cos 2.8561 t
+ 0.013025 |cos 6.7092 (t — 0.1) — cos 6.7092 t
+ 0.001332 [cos 11.1088 (t — 0.1) — cos 11.1088 t] t 2 0.1 sec

' ' (&), N
m = 2 kg, k = 10,000 N/m, ‘1
| k _4 /10000
V;= T = 70.7107. F°= {000

1 0 0
[mj=2{0 2 o
0 0 3 | . ot sec
3 -2 o0 0:25
k}=10'[-2 5 -3
0 -3 3

From the solution of Problem 6.46, we find the natural frequencies and mode shapes as:

wy = 0.337627 '\/I s wp = 1.414221 '\/L_ ; wy = 2.004278 '\/I
: m m m

or w =23.8738 rad/sec ; w, =100.0008 rad/sec ; w; = 148.0879 rad /sec

3 1.0 ) 1.0 s 1.0
—X.( = a 11.4430¢ ; i( =b 105 t ; _k;( ) = ¢ 1—0.6930
1.6286 0.5 0.2047

Orthonormalization of modes:

XV (m) XY =26.243022 =1 or a=0.1052
X" (m) ¥ =45b2 =1 or b=0.4714

T =3
X () X =41724 ¢ =1 or ¢ =0.4898
Modal matrix:

0.1952 04714  0.4896
'[X]=[3'(“) 3 5('(3)] = |0.2817 02357  —0.3393 (1)
0.3179 —0.2357  0.1002
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F(t) =10 (2)

0.1952 F, (t)
Q(t) = [X|T F(t) = {0.4714 F, () (3)
0.4896 F (t)

Solution of q;(t) without initial conditions:

t
qi(t)=ifQi(r)sincq(t—‘r)dr;i=1,2,3 (4)
“ o

Fi(t) =F, {u(t) —uft - to)}

where Fq = 1000 N, ty = 0.25 sec, and u(t) and u(t - to) are unit step functions:

0 ;t<0
W=1 >4

M-t =1 st

Equations (3) give:

( 3

195.2 {u(t) ~u(t — 0.25)}

. Qu(t)

Q(t) = {Qa(t)} = {4714 {u(t) —ut — 0.25)}» (5)
Qa(t)

489.8 {u(t) — uft — 0.25)}
_ l )
and Egs. (4) yield:
q (t) = 0.3425 (1 — cos 23.8738 t) ; 0 <t < 0.25 sec
= 0.3425 [cos 23.8738 (t — 0.25) — cos 23.8738 t| ; t > 0.25 sec

qz(t) =0.04714 (1 — cos 100.0006 t) ; 0 < t <.0.25 sec
= 0.04714 [cos 100.0006 (t — 0.25) — cos 100.0006 t| t > 0.25 sec

q3(t) = 0.02232 (1 — cos 148.0879 t) ; 0 <t < 0.25 sec
= 0.02232 [cos 148.0879 (t — 0.25) — cos 148.0879 q ; £2>0.25 sec
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The physical displacements of the masses are given by:
X(t) = [X] q(t)

which can be explicitly expressed as:
x(t) = 0.06686 (1 — cos 23.8738 t) + 0.02222 (1 — cos 100.0006 t)
+ 0.01093 (1 — cos 148.0879 t) ; 0 <t < 0.25 sec

= 0.06686 |cos 23.8738 (t — 0.25) — cos 23.8738 t
+ 0.02222 {cos 100.0006 (t — 0.25) — cos 100.0006 t]

+ 0.01093 |cos 148.0879 (t — 0.25) — cos 148.0879 t| ; & > 0.25 sec

X(t) = 0.09648 (1 — cos 23.8738 t) + 0.01111 (1 — cos 100.0006 t)
= 0.007573 (1 — cos 148.0879 t) ; 0 <t < 0.25 sec

= 0.09648 |cos 23.8738 (t — 0.25) — cos 23.8738 ¢

+ 0.01111 {cos 100.0006 (t — 0.25) — cos 100.0006 t]

— 0.007573 |cos 148.0879 (t — 0.25) — cos 148.0879 t| ; t > 0.25 sec

x3(t) = 0.1089 (1 — cos 23.8738 t) _ 0.01111 (1 — cos 100.0006 t)
+0.002236 (1 — cos 148.0879 t) ; 0 <t < 0.25 sec

= 0.1089 |cos 23.8738 (t — 0.25) — cos 23.8738 ¢
— 0.01111 |cos 100.0006 (t — 0.25) — cos 100.0006 t]
4- 0.002236 [cos 148.0879 (t — 0.25) — cos 148.0879 t| ; t > 0.25 sec

Egua,h'ons of wotion [m] 1.—;' + [c] % + [«k] X =F --(e1)
where

™, © o G +C2 —=C3 °
[’ﬂ'\]: [o my o ]’ [C] = [-C’_ C1+C3 -C3 ‘k ’
° o ™3 [

_Cg C34+ Cq
kitrky -ty o %) - = F, ot &t
Bl=| -« x ra M
it} ket k3 —ky y x=yx2 4, F=(F, = o
o -k, e+ Ky =3 F; =0

Since  F;(t) = Re [ Fp e“’t] with Fo=Fy,and Fg=F=0,

we assume x(4) = X; ei""t 3 §=02,3. Then (e-1) becomes

[zswo] %= F e ed)
where 2, (iw)=z -m @+ (6+€2) {0 + (K4 %2) = ~g" 1019 + 200
Z,((0)=Z,,(i9) = —C2i@O -k, = ~{wW —100
Z3({9) = Z,(fW@) = 0
Z,, (<) = -Mz&91+(‘z+ )i+ (Ep+ K3)=- W4 24+ 200 -(43)
Z33 ()= Z3,(RW) = - €3 $@@ — K3 = i - 100
Zy3 () = =my* 4+ (C+ Cy) i@ + (u,+«,,)=_wz+ 25 +200
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(E-2) becomes

(2¢+199) X, = (¢+100) X, +(0) X5 = 10
= (i+100) X + (zi+m) Xg=(i+106) X3 = o - (e4)
(0) xl - (l+l°0) x1+(li+”7) X3 = o
Solution of (E-4) can be expressed as
A -
X, = & ; 4=012,3
where 7 A ? o (89
10 —(i+4100) o
A= |o ' (1;+|19) =(i+100) | = 295980+ 5960 4
©  —(i+109)  (2i4199)
N [ 0
L= -(i+100) o —(i+100) [ = 198 780 + 3990 <
0 ) (2i+ 199)
(22 +199)  =(<i+100) 1o
0 = (i+100) o
(2i+199)  =(<{+100) o
A= 1_(i+100) (2i+ 199) = (i+100) \ = 8002 i + 1 895407
. o -(i+ [oo) (s +199)
Using (E-5), we get
X, = el o39 682 ; Amplitude = 0-0T5§845 m
1154850392+ 11 685 754 < Phase angle = 0-5798°
39¢608-
2= 03:9¢61 ; Amr'v'{:ude= 0:0510152 m™
776375228+ T921-39¢ <& Phase angle = o-5845°
Xy = 10002+ 000 . Amplitude= 0-025¢357 m

390137914 + 4000-202 4

Phase amngle = 0:5874°

Thus the steady state responses oone:
%, (£)= 0.0758945 cos (et + 0.5798" )
%2(t)= 0-0510152 cos (wt+ 0-5845°) m
x3(t)= 0.0256357 cos (st 4 0.5874°) m

™m

Modal matrix can be erresseJ as [X] = [')2(') ;(‘) ")E(')]

6.84 '
Us:ii .(6-122), — - 12x3 ¢
" & (120 x(B)=[XT2(}) where g(t) = :’((t))
12xi 12x3 3x4 cht>
3

eguations of motion can be written as
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I X1 §+010xT 2+ [A0XxTF = -[m1 & %(O
Premultiplication by [x1T gives

2 . - T - .
[x1T=1x1% + IXTTeix1 & + [Xx T xI0x17 = -[X1 [ % @)

. 5.1)
Assuming that the mass matrix is diagonal and the damping mcg,frix is

proportu'ona,l, (E-i) can be exPresseJ in ,;:a,la.r form as
iy s oo ' "
i Ut Calir Al = —ax (b)) I omy X;'( )y i= 12,3 - E2)

,’.21
Uhere mee s C‘-‘; a.nJ k“ are gcnemlged mass,'genem.lfj'ed

damping, and ?enera.li;ed stiffness, m iS the wmass at the jth
G .

J.o.f. and X" is the j—ﬂ" component of the vector -)E(i).
2 . 12
Here m;, = m: (x$OV _ (<) \2
2= Zm(g) = m o= (%)
b 4 ’=1
Ce= 27, W; and :"-": = GSf s 0=1042,3

where m = mass at e:.d\ d.o. £.

E.(E-2) can be written, noting that there is no damping in the

system, ad . n i '
y-- w? Z x, () { Z_; ms X,(-‘)} 'z‘ xj(t)
WSk - Z : o = -E ) 2
LA B x_( (‘) 2
{j:i L 4 ( P 4 ) } ;E_:'(x)- )
3 i=10,2,3 ——— (E,g)
By noting that
o . _
= Xﬁ‘) = 7-964 for i=1, -2.67 for i=2, €13 for (=3,
j:i
. 2 .
% (x‘;‘)) = 6275658 for i=1, 6-48612 for <=2, .90%2 fmwi=3,
=

E&S.(g.a) can be reduced to
.B.,(t) + 50625-0 2,(t) = — 1-26903 x_(t)
 §,(6) + 435600-0 Z(£) = 0-41648 X, (£

2,(t) +1210000-0 2,(t) = - 0-234166 x,(t)
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Eiqenvalue problem: - -
J b* 2[m1 X = ] x

Wffl'o k_—, (.91, - ! © -
[~]- e 2 o |’ [«] = -2 4 -
o |

. . I -2 )
Solution using MATLAB:
% Ex6_85.m
>> k = [1 -2 1;-2 4 -2; 1 -2 1]
k =
1 -2 1
-2 4 -2
1 -2 1 |
>>m=1(100; 02 0;001]
m =
1 0 0
0 2 0
0 0 1
>> [V, D] = eig(k, m)
VvV =
-0.6439 -0.5792 0.5000
-0.4876 0.1105 -0.5000
-0.3314 0.8001 0.5000
D =
-0.0000 0 0
0 0.0000 0
0 0 4.0000
‘ P
X1 (t) = X0 (0.1527 cos 0.5626 \ / —— t + 0.09847 cos 0.9158 P
ém ?m

— 0.2512 cos 1.5848 "\ / Py (1)
{m

x2(t) =x30 (0.2087 cos 0.5626 "\ / % t + 0.03177 cos 0.9158 {L t
+0.7594 cos 1.5848 \ /E_ 4 (2)
f{m

1ol = o (01987 com 03020 V t’Pm t — 0.06157 cos 0.9158 \/(P_—t
m

— 0.1372 cos 1.5848 —_
7=t )

Data : 7C-2°= 0.5, P= 100, f= 5, m=2
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(1)

M X, - k®) 4+ €% = 0

()

(3)

2 Fo Sin wt

Ty — k%, 4+ Kk x5 = F(E)

442

MATLAB Solubion of Egs. (1) -@3):
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Usfne H.e cla.tau: m= {, * = 1{0Ces, FO:S, CG:(o,
Egs. (1) -(@) can be expressed as

%)= -1500 X + 560 %3 + 506 X (4)
'k'z: 1000 X, — jooe %K) (5)
563: {000 X, — (000 x3 4+ 5 sin ot (6)
Let 7| N\ rz.' ~ .- (O‘\
- EH ol - °
Y= | | %2 J Y ()= J 0
Y = Y%, ¢ of
7} x3 o
. y‘J L;‘BJ LOJ
Egs- (4) - (6) can be rewritten as
fyz 7
- 1500 ¥, + 500 ¥; + 500 75
Y b
LI 4 (7)
dt Y 1ooe ¥, - (000 ¥; > 7
%¢
leoo 3, - (000 35 + 5 sintot

Solution of E&.(7) USing MATLAB :

$ Ex6_87.m

% This program will use the function dfunc6_87.m, they should
% be in the same folder

tspan = [0: 0.01: 10];

x0 = [0.0; 0.0; 0.0; 0.0; 0.0; 0.0];
[t,x] = ode23(’'dfunc6_87', tspan, x0):
subplot (311);

plot(t,x(:,1));

xlabel(’t’);

ylabel ('x1(t)’):

subplot (312);

plot(t,x(:,3));

xlabel(’t’);

ylabel(’'x2{(t)");

subplot (313);

plot(t,x(:,5));

xlabel{’t’);

ylabel(’'x3(t)’);

% dfunc6_87.m
function £ = dfunc6_87(t,x)
FO = 5;
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w8 £

£(1)
£(2)
£(3)
£(4)
£(5)
£(6)

x1(t)

x2(t)

x3(1)

10;
1;
1000;

0.02

zeros(6,1);

x(2);

-1500*x(1) + 500*x(3) + 500*x(5);
x(4); ‘

1000*x(1) - 1000*x(3);

x(6);

1000*x(1) ~ 1000*x(5) + 5*sin(10*t); ~

0.01
0
0.01
0.02

0.02

0.01

-0.01

-
[
w
E-N
o -
(]
~
(-]
w0
s

-0.02
0

0.04

0.02

-0.02

-0.04

=

@
[7-]

| 2
1 2 3 4 5 6 7 10

6.88

Roots

of

% Ex6_88.m
>> x = roots([1 zeros(l,11) -2])

X

-1
-0
-0
-0
-0
0.
0
0
0
1
0
0

.0595
L9175
.9175
.5297
.5297
0000
.0000
.5297
.5297
.0595
.9175
.9175

P+ 1 4+ 1+ 1+

1+

() = x'z_z =0 qung MATLAB .

.52971
.52971
.9175i1
.9175i
.05951
.0595i
.91751
.91751

.52971
.5297i1

oo OO MHFOOOO
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6.89

E&ua:h‘ohs of motion can be rewritten as

5&|=—|-5 él“'o's;‘z—llf 1|+612+ 0.5 Cofs 2'& (')
*z:O-Z'; x.|-;‘z+0'75 ‘i; + 31,—5“2’1’ Z‘K-; (2)
Xy=0:.5%, —0.5 %3 + 1.3333 %, ~ 3333 X3 (3)
fy' Y (’(‘ 3 poﬂ
-> y& ‘iq (o]
Let Y = y; _ X, anJ Y ﬁ): o
9 r = {7 r Y 7
4 *2 °
215 X3 °
. 0
4 ng L an ‘L J
Egs- (1) -(B3) can be expresseol s
(Y, A
- —!-5');4-0-571,—'('1 7|+C?;+o-5 cos 2t
el A
T 4
J ﬁ o‘zsyz-y,’+o-75 Jg+t3Y%-503+2 4 (
9
| o5 Y, -05F +1.7333 J3 - 1.3333 e

Solution of Eg- (4) vsing MATLAB:

. % Ex6_8%.m

‘% This program will use the function dfunc6é_89.m, they should

% be in the same folder

~ tspan = [0: 0.01: 20];

= [0.0; 0.0; 0.0; 0.0; 0.0; 0.0];
[t.x) = ode23(‘dfunc6_89’, tspan, x0);
subplot (311);
plot(t,x(:,1));
xlabel(’t’);
ylabel(’x1(t)’);
subplot (312);
plotit,x(:,3));
xlabel(’t’);
ylabel (‘x2(t)’);
subplot(313);
plot(t,x(:,5));
xlabel(‘t’);
ylabel(’'x3(t)’);
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% dfunc6_89.m
function £ = dfuncé_89(t,x)
f = zeros(6,1);

£(1) = x(2); :
£(2) = -1.5*x(2) + 0.5*x(4) - 14*x(1l) + 6*x(3) + 0.5*cos(2*t);
£(3) = x(4); .
£(4) = 0.25*x(2) - x(4) + 0.75*x(6) + 3*x(1l) - 5*x(3) + 2*x(5);
£(5) = x(6);
£f(6) = 0.5*x(4) - 0.5*x(6) + 1.3333*x(3) - 1.3333*x(5);
0.1 T T T T ~T T — T T
0.05

xi(t)
o

-0.05
-0.1

0.05

x2(t)
o

-0.05
0

0.04

0.02

g o

-0.02

-0.04 L L ) 1 1 1 1 1 1

0 2 4 6 8 10 12 14 16 18 20
t .
Egua.’c('ons of motion:
{ 6 o] .. - 0 o =~1060 P to cos t
. 2~ . Jeo 5

o t O lx+ [y 2 -v|x+|j00 200 -100|{*¥74 O

c o | 0 - 2 ) -loo 200 o
i-e.

5E|=-27'<,+ iz—zoox,+loo’¢z+|° cost ()
Ky = 3, —2%y+ X34+ 1007 - 200 X, + 100 %3 (2)
X35 X, -2%;3 4100 %Xy ~ 200 X3 (3)

—» y, <

Definin = = . . — -

£ 3 Y Y, x, ond using ()= 0

x2
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Egs: (- @) can be rewritten asg

’ yz. -
N -2Y, + Jy-200F +100 73 +10 cost
Y - Iy |
At Y Y-yt Yo+ 00¥ - 2005 400 Isf  (8)

e
_ J,—2% t100 J3 - 200 Is

Solution of E&-(Q) Using MATLAB:

0-3 Ll T LI T ¥ I T
o 02F ]
€ i
>
0 W
-0.1 1 . 1 1 1 L \ 1
0 5 i0 " 15 20 25 30 35 40
t
0.3 T T T T T T T
0.2}F -1
g:a1 w
opVb\Ar///‘\\\\—////~\\\\‘////-\\\\“///’\\\g~////~\\\\~////—\\<
0.1 . 1 ! 1 1 1 1
5 10 15 20 25 30 35 40
t
0.15 T T T T T T T
01} .
g 005 .
o i
'0.05 L 4 L ] 1 ) 1
0 5 10 15 20 25 30 35 40

% dfunc6_90.m
function £ = dfunc6_90(t, x)
f = zeros(6,1);

£(1) = x(2);

£(2) = -2*x(2) + x(4) ~- 200*x(1) + 100*x(3) +.10*cos(t);
£(3) = x(4);

£(4) = x(2) - 2*x(4) + 100*x(1l) - 200*x(3) + 100*x(5);
£(5) = x(6);

f(6) = x(4) - 2*x(6) + 100*x(3) - 200*x(5);
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% Ex6_90.m

% This program will use the function dfuncé_90.m, they should
% be in the same folder

tspan = [0: 0.01: 40];

x0 = [0.0; 0.0; 0.0; 0.0; 0.0; 0.0];
[t,x] = ode23(’'dfunc6_90’, tspan, x0);
subplot (311);

plot(t,x(:,1));

xlabel(’'t’);

ylabel(’'x1(t)’);

subplot (312);

plot{t,x(:,3));

xlabel(’'t’);

ylabel('x2(t)’);

subplot (313);

plot(t,x(:,5));

xlabel(’'t’);

ylabel (*x3(t)’);

Results of Ex6_91
[ EEEXEEZEEEEEERE S & )
>> program7

polynomial expansion of a determinantal equation

data: determinant A:

5.000000e+000 3.000000e+000 '2.000000e+000
3.000000e+000 6..000000e+000 4.000000e+000
1.000000e+000 2.000000e+000 . 6.000000e+000

result: polynomial coefficients in
pcf (np) * (x"n) +pcf (n) * (x* (n-1) ) +.. .+pcf (2) +pcf (1) =0

-9.800000e+001 7.700000e+001 ~-1.700000e+001 1.000000e+000

N }
@ % Program8.m

% Main program which calls the function MODAL

% Run "Program8" in MATLAB command window, Progrm8.m and modal.m
% should be in the same folder,and set the path to this folder
% following line contain problem-dependent data

n=3; '

nvec=3;

nstep=300;

delt=0.01;

xm=[41.4 0.0 0.0; 0.0 38.8 0.0; 0.0 0.0 25.88]);

omf=[{5 10 20];

om={25.076 53.578 110.907];

z=[0.001 0.001 0.001]; .

x0=[0.0 0.0 0.0]:

xd0=(0.0 0.0 0.0};

ev={1.0 1.0 1.0;1.303 0.860 -1.0;1.947 -1.685 0.183];

$end of problem-dependent data
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for i=1l:nstep
time=i*delt;
£(1,i)=5000*cos(5*time) ;
£(2,1)=10000*cos (10*time) ;
£(3,i)=20000*cos (20*time) ;
end '
for i=l:nvec
for j=1:n
evt(i,j)=ev(i,3);
end
end
[x, t]=modal (xm, om, omf, z,x0,xd0, £,delt, ev, evt,nstep,n,nvec) ;
fprintf(’\n Response of system using modal analysis \n\n’);
for i=1:n
fprintf (‘' \n Coordinate %2.0f \n’,i);
fprintf(’ %8.5e %8.5e %8.5e %B.5e %$8.5e\n’,x(i,l:nstep));
end
fori =1:n
plot(t,x{(i,1l:nstep));
hold on;
end
xlabel(’'t’);
ylabel(’'x’);
gtext (’'Coordinate 3');
gtext {’'Coordinate 2°);
gtext ('Coordinate 1’ );

function [x,t]=modal (xm,om,omf,z,x0,xd0, £,delt,ev, evt,nstep,n,nvec);
t(1l)=delt;
for i=2:nstep
t({i)=t(i-1)+delt;
end
$ normalization of modal matrix with respect to the mass matrix
% xax=matmul (xm, ev,n,n,nvec);
% xtmx=matmul (evt,xmx,nvec,n,nvec) ;
XmxX=xm*ev;
xtmx=evt *xmx;
for i=1l:nvec
for j=1:n .
ev(j,i)=ev(j,i)/sart(xtmx(i,i));
end
end
% conversion of information to mormal coordinates
for i=1l:nvec
y0(i)=0.0;
yd0{i)=0.0;
end .
for i=l:nvec
for j=1:n
yo(i)=yO(i)+ev(j, i) *x0(j);
yd0{i)=yd0(i)+ev(j,1i)*xd0(3);
end
end
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for i=1:nvec
for j=1l:n
evt(i,j)=ev(j,i);
end
end
% g=matmul (evt, £f,nvec,n,nstep);
g=evt*f;
for i=l:nvec
r=omf (i) /om(i);
pp=y0(i);
qq=ydo0 (i) ;
zi=z(i);
omeg=om(i);
omd=omeg*sqrt (1-zi~2);
- for j=l:nstep
if j~=1
pp=u(i, j-1);
qq=v(i,j-1);
end
cl=exp(-zi*omeg*delt);
c2=cos (omd*delt) ;
c3=sin(omd*delt) ;
c4=(gg+omeg*zi*pp) /omd;
cS5=omeg*zi/omd;
c6=qli,j)/(omeg”2);
u(i,j)=cl*(pp*c2+c3*c4)+c6* (1-cl* (c2+c3*c5));
v{i,j)=omd*cl*(-pp*c3+c2*cd-c5* (pp*c2+c3*cd))+c6*omd*cl*c3* (1+c572) ;
end
end
% finding the solution in the original coordinates
% x=matmul (ev,u,n,nvec,nstep);
x=ev*u;

function [a]=matmul(b,c,1l,m,n)
% Matrix multipication subfoutine:‘A=B*C
% b(l,m) and c(m,n) are input matrices, A(l,n) is output matrix
for i=1:1
for j=1:n
a(i,j)=0;
for k=1:m
a(i,j)=a(i,j)+b(i,k)*c(k,j);
end
end
end
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6 1 T
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Results of Ex6_92

LSRR RS R R R R SR RS S

>> program8

Response of system using modal analysis

Coordinate 1

1.16587e-002 4.77899e-002 1.
4.51127e-001 5.89314e-001 7.
8.3304%e-001 7.35446e-001 5.
-2.46502e-001 -5.41192e-001

Coordinate 2

1,94937e-002 7.72115e-002 1.
6.17690e-001 7.84560e-001 9.
1.01695e+000 8.83330e-001 6.
-3.51910e-001 -7.26226e-001

Coordinate 3

5.07839%9e-002 1.94324e-001 4.
1.11328e+000 1.26237e+000 1.
1.04849e+000 8.0618B6e-001 5.
-7.22160e-001 -1.20031e+000

10778e-001 2.01670e-001 3.17703e-001
15610e-001 8.10748e-001 B8.55251e-001
63789e-001 3.29513e-001 5.16989e-002
-8.10289e-001 -1.03560e+000 -1.20447e+000

71039e-001 2.97350e-001 4.49827e-001
29302e-001 1.02905e+000 1.06321e+000
64302e-001 3.71083e-001 2.35527e-002
-1.07196e+000 -1.36651e+000 -1.59315e+000

06865e-001 6.55062e-001 9.01966e-001
33292e+000 1.31883e+000 1.22192e+000
01856e-001 1.41193e-001 -2.69837e-001
-1.68000e+000 -2.12777e+000 -2.50340e+000

451



www.FluidMechanics.ir

¢

Results of Ex6_93

e de de Jrde o de ke o de ok de ok de ke W e e e ok e e ke

Please input the dimension n of matrix A:
3

Please input matrix A row by row:
53 2
364
126

POLYNOMIAL EXPANSION OF A DETERMINANTAL EQUATION

DATA: DETERMINANT A:

5.000000 3.000000 2.000000
3.000000 6.000000 4.000000
1.000000 2.000000 6.000000

RESUﬁTS: POLYNOMIAL COEFFICIENTS IN
PCF(NP) * (X ** N) + PCF(N) * (X ** (N - 1)) +

. + PCF(2) * X + PCF(

1) =0
-98.000000 77.000000 -17.000000 1.000000
Results of EX6_94
LEEREE RN R XL
Please input N, NVEC and NSTEP:
3 3 300
please input delt
0.01
Please input omf:
5 10 20
Please input f0:
5000 10000 20000
Please input mass matrix xm row by row:
41.4 0.0 0.0 ’ :
0.0 38.8 0.0
0.0 0.0 25.88
Please input matrix ev row by row:
1.01.01.0
1.303 0.860 -1.0
1.947 -1.685 0.183
Please input array om:
25.076 53.578 110.907
RESPONSE OF SYSTEM USING MODAL ANALYSIS
COORDINATE 1
0.006208 0.026654 0.065312 0.125053 0.205024
0.300019 - 0.401234 0.496988 0.573101 0.614066
0.606065 0.541135 0.420141 0.252677 0.054151
-0.157847 -0.366008 -0.554538 -0.710303 -0.824498
~-0.893819 -0.919633 ~-0.905025 ~-0.851612 -0.758411
COORDINATE 2
0.012775 0.050530 0.112047 0.195985 0.300008
0.418443 0.540214 0.649161 0.727132 0.758080
0.730937 0.640590 0.488040 0.280835 0.033452
-0.233891 ~0.498681 -0.740536 -0.944195 -1.099724
-1.200809 -1.243237 -1.224671 -1.145067 -1.006415
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COORDINATE 3

0.037474 0.142990 0.297929 0.476242 0.649396
0.791676 0.884394 0.917875 0.890876 0.808089
0.676890 0.504451 0.295938 0.054152 -0.219265
-0.521240 -0.844032 -1.172584 -1.483733 -1.747970
-1.933446 -2.011182 -1.960222 -1.771687 -1.451017

/* ProgramB.cpp
Program 8
subroutine MODAL is given for the modal analysis of a multidegree of freedom system.

™ = Array of size N by N, in which the mass matrix [m) is stored. Input data

oM = Array of size NVEC, in which the natural frequencies are stored. Input data.

T = Array of size NSTEP, in which the times tl, t2, ENSTEP are stored.

z = Array of size NVEC, in which the modal damping ratios of various modes are stored.
Input data.

X0 = Array of size N, inhich the initial values x1(0), x2(0), ..., xn(0) are stored.
Input data.

XDO = Array of size N, in which the initial values x1’(0), x2’(0), ..., xn’{(0)} are stored,
Input data.

Y0,YDO = Array of size NVEC.

Q = Array of size NVEC by NSTEP.

F = Array of size N by NSTEP, in which the magnitudes of the forces applied to the
different masses at times tl, t2, ..., tNSTEP are stored. Input data.

DELT = Time step used for calculation, delta t = t(i+l) - t{i). Input data.

BV = Array of size N by NVEC, in which the normal modes are stored colummwise. Input data

EVT = Array of size NVEC by N = transpose of the matrix EV.

XMX = Array of size N by NVEC.

XTMX = Array of size NVEC by NVEC.

X = Array of size N by NSTEP, in which the displacements of the masses ml, m2, ..., mm at
various time stations tl1, t2, ..., tNSTEP are stored. Output.

u,v = Arrays of size NVEC by NSTEP.

NSTEP = Number of time stations or integration points tl, t2, ..., tNSTEP. Input data.

N = Number of degrees of freedom of the system. Input data.

NVEC = Number of modes used in the analysis. Input data.

example: [m]x’’ + [c)x’ + [k]lx = £ with x(0) = x0, x’'{0) = x0’
fm] = ((2, 0, O0},(0, 2, O),[0, O, 1]},
EV = ([1.0, 1.0, 1.0],(1.8019, 0.4450, -1.2468),[2.2470, -0.8020, 0.5544]}
n=3, NVEC =3, z_i=20.01, i=1, 2, 3.
wl = 0.89008, w2 = 1.4942, w3 = 3.6050.
x0 = {0;0;0), xd0 = (0;0;0}, £ = {£0[0);£0(1];£0([2]}*cos(w(i]t), w[i] = 3.5, £0{i) = 2.0
NSTEP = 20, DELT = 0.1 .
-
/
#include <iostream.h>
#include <stdlib.h>
#include <iomanip.h>
#include <math.h>

void m&al(double' **, double *, double *, double *, double *, double *, double *, double *, double *

) double **, double **, double, double **, double **, double **, double **, double **
double **, double **, int, int, int);

void matmul (double **, double **, double **, int, int, int);

int main()
¢

int n, nvec, nstep, i, j, k;

double delt, time;

double **xm, *cm, *z, *x0, *xd0, *y0, *yd0, **ev, **evt, **xmx, **xtmx, *t, **f,
**x, **u, **v, **q, *omf, *£0;

cout << "Please input N, NVEC and NSTEP:® << endl;
cin >»> n >> nvec >> nstep;

cout << endl << "please input delt®" << endl;

cin >> delt;

xm = new double* [n];

om = new double[nvec);
omf = new doubleln};

f0 = new double(n];

z = new double{nvecl];

x0 = new double(n];

%xd0 = new double([n);

y0 = new double(nvec];
yd0 = new double[nvec]);
ev = new double* {n);
evt = new doubla* [nvec];
xmx = new double* [n];
xtmx = new double* [nvec]);
new double(nstep];
new double* [n];

new double* [n];

new double* [nvec]:
new double* [nvec]:

dEX Mo
wouomnom
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-q@ = new double* [nvec];

for (1 = 0; i <mn; i +)

{ .
xm[i] = new double(n];
ev[i] = new double{nvec];
xmx[i] = new double[nvec]);
x[i] = new double(nstep];
f[(i] = new double[nstep];
}

for (i = 0; i < nvec; i++)

evt(i] = new doublein);
xtmx{i} = new double[nvec]);

u(i} = new double(nstep]:
v{i) = new double[nstep]);
qli]l = new double(nstep]:

}

cout << endl << "Please input omf:®" << endl;
for (i = 0; L < n; i ++)

{

cin >> omf(i};
)

cout << endl << "Please input £0:* << endl;
for (i = 0; i < m; i ++)
{

}
cout << endl << "Please inﬁuc mass matrix xm row by row:® << endl;

for (i = 0; i < n; 1 ++)
{

cin > f0li};

for (3 = 0; 3 < n; j++)
cin > xm[i)[j];

cout << endl << "Please input matrix ev row by row:® << endl;
for (i = 0; i < n; i ++)

for (j = 0; j < nvec; j++)
cin >> evii}ljl);

}
cout << endl << "Please input array om:® << endl;
for (i = 0; i < nvec; i ++)

cin >> oml[i);
for (i = 0; i < m; i++)

x9[i) = 0.0;

xdo{i] = 0.0;
}

for(i = 0; i < nvec; i++)
z{i] = 0.001;

for(i = 0; i < nstep; i++)
{
time = double{i+l) * delt;
£10)}[i] = £0[0) * cos(omf([0] * time);
£[(13[i] = £0[1) * cos{omf(l] * time);
£(2][1i) = £0[2) * cos{omf(2] * time);
}
for (i = 0; 1 < nvec; i ++)
for {J = 0: j < n; j++)
, evt[il (3] = ev(jl(i);

modal (s, om, omf, t, z, x0, xd0, y0, yd0, q, £, delt, ev, evt, xmx, Xtrx,
X, u, v, nstep, n, nvec);

cout << endl << "RESPONSE OF SYSTEM USING MODAL ANALYSIS® << endl << endl;
for (i = 0; i < n; 1 ++)

cout << endl << "COORDINATE® << setw(6) << setiosflags(ios::right) << i+l << endl;

for (k = 0; k < 60; k ++)

(
for (3 = 0; j < nstep/60; j ++)
{
cout << setprecision(6) << setiosflags(ios::fixed | ios::showpoint)
) << setw(12) << setiosflags{ios::right) << x[i] [{nstep/60}*k + j);
cout << endl;
}

cout << endl;

454



www.FluidMechanics.ir

delete []am;

delete []t;

delete {1z;

delete (]omf;

delete []1£0;

delete {}x0;

delete []1xd0;

delete {]1y0;

delete []ydO;

for (i = 0; 1 < n; i ++)

{
delete []x[1];
delete [Jev{i);
delete {)xmx[i};
delete []xmii];
delete [1£[i];

}

for (i = 0; i < nvec; i++),

{
delete [lqli);
delete [] vt[il:
delete {)xtmx[1]};
delete ([Ju[i);
delete [lv([i);

} .

, delete [)x;

delete [lev;

delete ([]xmx;

delete ([]xm;

delete [)f;

delete [)q:

delete [)evt;

delete ([]xtmx; -

delete [lu;

delete [lv;

return 0;

void modal (double **xm, double *om, double *omf, double 't,-dnuble *z, double *x0, double *xdo0,
double *y0, double *yd0, double **q, double **f, double delt, double **ev,
double **evt, double **>amx, double **xtmx, double **x, double **u, double *'v,
_ int nstep, int n, int nvec)
int i, 3;
double r, pp, 9Q, zi, omeg, omd, cl, c2, c3, cd, ¢5, c6;
t[0] = delt;
for (i = 1; i < nstep; i ++)
e[i] = t[i-1] + gdelt;

// normalization of modal matrix with respect to the mass matrix

matmul {xmx, >xm, ev, n, n, nvec);

matmul (xtmx, evt, xmx, nvec, n, nvec);

for (i = 0; i < nvec; i ++)

for (j = 0; j < n; J ++)
evi{jll[i] = ev[Jl[i] / sqrt(xtmx[i][i)):

}
// convertion of informaton to normal coordinates
for (i = 0; i < nvec; i ++)

yo[i] = 0.0;

ydao{i) = 0.0;
for (i = 0; i < nvec; i ++)

for (j = 0; J <n ; j++)
{

yO[i] = yO[i] + ev(j]l (il * xdo(j)
* xdo

ydo{i) = ydO[i] + evii]ii} 5];

for (i =0; 1 < nvec; 1 ++)

for (j = 0;

i3 <n; j ++)
eve[i] [{] =

) ev{j]iil;
~matmul(qg, evt, £, nvec, n, nstep);

for (i = 0; 1 < nvec; i ++)
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r = omf[i) / am[i};

pp = yO0[i];

qq = yd0[i];

zi = z[i};

omeg = om{i];

omd = omeg * sqrt(l.0 - zi * zi);
for (j = 0; j < nstep; J ++)

{

if (3 1= 0)
A

pp = ulil(3-11;
aq = vlil{j-1l;

}

cl = exp(-zi * omeg * delt);

¢2 = cos(omd * delt);

¢3 = sin{amd * delt);

cd4 = (gqq + omeg * zi * pp) / omd;

¢S = omeg * zi / omd;

c6 = qlil[j] / (omeg * omeg); .
u[i} jl =cl * (pp *c2 + c3 * cd4) +c6 * (1.0 - cl * (c2 +c3 * c5));

——

jl =omd *cl * (-pp *¢3 +c2 *c4-c5* (pp*c2+c3* chd))
+c6 *omd *cl*ecd * (1.0 +#c5 * c5); .
}

}

matmul (x, ev, u, n, nvec, nstep);
return;

}

void matmul (double **a, double **b, double **c, int 1, int m, int n)
{

int i, 3, k;
for (i = 0; i <1; i ++)

for (3 = 0; j < n; j++)
{
afil{j] = 0.0;
for (k = 0; k < m; k ++)
) afil[j] = alil[j] + blil(k)*c(k](]);
}
return;

C PROGRAM 7.F o
C MAIN PROGRAM WHICH CALLS POLCOF
C
c ST ST T T S S S S S T eSS S e S T T S S TS =SS == oSSR EESsEEESETES
C FOLLOWING 4 LINES CONTAIN PROBLEM-DEPENDENT DATA
DIMENSION A(3,3),B(3,3),C(3,3),P(3),S(3),PCF(4)
N=3
NP=4
DATA A/5.0,3.0,1.0,3.0,6.0,2.0,2.0,4.0,6.0/
C END OF PROBLEM-DEPENDENT DATA
CALL POLCOF (A,B,C,P,S,PCF,N,NP)

PRINT 10
10 . FORMAT (//,49H POLYNOMIAL EXPANSION OF A DETERMINANTAL EQUATION)
: PRINT 20
20 FORMAT (//,21H DATA: DETERMINANT A:,/)
DO 30 I=1,N :
30 PRINT 40, (A{I,J),J=1,N)
40 FORMAT (4E15.6)
PRINT 50
50 FORMAT (/,35H RESULT: POLYNOMIAL COEFFICIENTS IN,/,

2 53H PCF(NP)* (X**N)+PCF(N) * (X**N-1)+...+PCF(2) *X+PCF (1) =0, /)
PRINT 60, (PCF(I),I=1,NP) :

60 FORMAT (4E15.6)
STOP
END
c s e TS S SRS E S S SSTrEEEESEEE T T ECEEE EEEEE C EESTSCSEEEESESSE=ESEEEEEEEEE
e
C SUBROUTINE POLCOF
C
c ========================================='=============================

SUBROUTINE POLCOF (A,B,C,P,S,PCF,N,NP)
DIMENSION A(N,N),B(N,N),C(N,N)},P(N},S(N), PCF(NP)
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DO 10 I=1,N
P(I)=0.0
DO 10 J=1,N
10 B(I,J)=0.0
DO 20 J=1,N
20 B(J,J)=1.0
DO 60 K=1,N.
S(K)=0.0
" DO 30 I=1,N
DO 30 J=1,N
30 c(I,J)=B(I,J) :
CALL MATMUL (B,C,A,N,N,N)
DO 40 J=1,N ’
40 S(K)=S(K)+B(J,J)
P(1)=-S(1)
IF (K .EQ. 1) GO TO 60
KM=K-1
DO 50 I=1,KM
50 P(K)=P(K)-{1.0/FLOAT(K)) * (S(I)*P(K-I))
P(K) =P (K) -S (K) /FLOAT (K)
60 CONTINUE
DO 70 I=1,N
70 PCF(I)=P(NP-I)
PCF(NP)=1.0
RETURN

C MATRIX MULTIPLICATION SUBROUTINE: A = B * C

C B(L,M) AND C(M,N) ARE INPUT MATRICES, A(L,N) IS OUTPUT MATRIX
SUBROUTINE MATMUL (A,B,C,L,M,N)
DIMENSION A(L,N),B(L,M),C(M,N)

DO 10 I=1,L
DO 10 J=1,N
A(I,J)=0.0
DO 10 K=1,M
10 A(I,J)=A(I,J)+B(I,K)*C(K,J)
RETURN
END

POLYNOMIAL EXPANSION OF A DETERMINANTAL EQUATION

DATA: DETERMINANT A:
0.500000E+01 0.300000E+01 0.200000E+01
0.300000E+01 0.600000E+01 0.400000E+01
0.100000E+01 0.200000E+01 0.600000E+01

RESULT: POLYNOMIAL COEFFICIENTS IN
PCF (NP) * (X**N) +PCF (N) * (X**N-1) +. . . +PCF(2) *X+PCF (1) =0

-0.980000E+02 0.770000E+02 -0.170000E+02 0.100000E+01
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C PROGRAM 8.F
C MAIN PROGRAM FOR CALLING THE SUBROUTINE MODAL

DIMENSION XM(3,3),0M(3),Z(3),X0(3),XD0(3),Y0(3),YD0(3),EV(3,3),
2 EVT(3,3),XMX(3,3),XTMX(3,3),T(30),F(3,30),X(3,30),0(3,30),
3 v(3,30),0(3,30)
4 ,OMF(3)
DATA N,NVEC,NSTEP,DELT/3,3,30,0.1/
DATA XM/41.4,0.0,0.0,0.0,38.8,0.0,0.0,0.0,25.88/-
DATA OMF/5.0,10.0,20.0/
DATA OM/25.076, 53.578,110.907/
DATA Z/0.001,0.001,0.001/
DATA X0/0.0,0.0,0.0/
DATA XD0/0.0,0.0,0.0/
DATA EV/1.0,1.303,1.947,1.0,0.860,-1.685,1.0,-1.0,0.183/
DO 5 I=1,NSTEP
TIME=REAL(I) *DELT
F(1,I)=5000.0%COS (OMF (1) *TIME)
F(2,I)=10000.0*COS (OMF (2) *TIME)
5 F(3,I)=20000.0*COS (OMF(3) *TIME)
DO 20 I=1,NVEC
DO 20 J=1,N
20 EVT(I,J)=EV(J,I)
. CALL MODAL (XM,OM,OMF,T,Z,X0,XD0, YO0, YDO0,Q,F,DELT, EV, EVT, XMX,
2 XTMX,X,U,V,NSTEP, N, NVEC)
PRINT 30
30 FORMAT (//,40H RESPONSE OF SYSTEM USING MODAL ANALYSIS,/)
DO 40 I=1,N
40 PRINT 50,I, (X(I,J),J=1,NSTEP)
50 FORMAT (/,11H COORDINATE,IS,/, (1X,SE14.6))
STOP

SUBROUTINE MODAL (XM,OM,OMF,T,Z,X0,XD0,Y0,YDO,Q, F,DELT,EV,EVT,
2 XMX,XTMX,X,U,V,NSTEP,N,NVEC)
" DIMENSION XM (N,N),OM(NVEC) ,T(NSTEP), 2 (NVEC),X0(N) ,XD0(N),
2 YO (NVEC), YDO (NVEC),Q(NVEC, NSTEP) , F(N,NSTEP) ,EV(N,NVEC) ,
3 EVT(NVEC,N),XMX(N,NVEC) , XTMX (NVEC,NVEC) , X(N,NSTEP) , U(NVEC,
4 NSTEP),V(NVEC,NSTEP)
5 - ,OMF(N)
T (1)=DELT
~ DO 10 I=2,NSTEP
10 T(I)=T(I-1)+DELT
C NORMALIZATION OF MODAL MATRIX WITH RESPECT TO THE MASS MATRIX
CALL MATMUL (XMX,XM,EV,N,N,NVEC)
CALL MATMUL (XTMX,EVT, XMX, NVEC, N, NVEC)
DO 30 I=1,NVEC

DO 20 J=1,N
20 EV(J,I)=EV(J,I)/SQRT (XTMX (I, I))
30 CONTINUE

C CONVERTION OF INFORMATION TO NORMAL COORDINATES
DO 40 I=1,NVEC
Y0(I)=0.0
40 YDO(I})=0.0
DO 60 I=1,NVEC
DO 50 J=1,N
YO (I)=Y0(I)+EV(J,I)*X0(J)

50 ¥YDO(I)=YDO{I)+EV(J,I)*XD0(J)
60 CONTINUE

DO 70 I=1,NVEC

Do 70 J=1,N
70 EVT(I,J)=EV(J,I)

CALL MATMUL (Q,EVT,F,NVEC,N,NSTEP)
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80

90
100

DO 100 I=1,NVEC
R=OMF (I) /OM(I)

PP=Y0 (I)

Q0=YDO (I)

ZI=Z(I)

OMEG=0M (I)
OMD=OMEG*SQRT (1.0-ZI**2)
DO 90 J=1,NSTEP

IF (J .EQ. 1) GO TO 80
PP=U(I,J-1)

QQ=V(I,J‘1)
Cl=EXP(-ZI*OMEG*DELT)
C2=C0S (OMD*DELT)
C3=SIN(OMD*DELT)
C4=(QQ+OMEG*ZI*PP) /OMD
C5=0MEG*ZI/OMD
C6=Q(X,J)/(OMEG**2)

o(I, J)-Cl*(PP*C2+C3*C4)+C6*(1 0-C1* (C2+C3*C5))
V(I,J)=OMD*Cl* (-PP*C3+C2%C4-C5* (PP*C2+C3*C4) ) +C6*OMD*CL*C3*

(1.0+4C5**2)
CONTINUE
CONTINUE

C FINDING THE SOLUTION IN THE ORIGINAL COORDINATES
CALL MATMUL (X,EV,U,N,NVEC,6NSTEP)

C MATRIX MULTIPLICATION SUBROUTINE: A =

B*C

C B(L,M) AND C(M,N) ARE INPUT MATRICES, A(L,N) IS OUTPUT MATRIX

SUBROUTINE MATMUL (A,B,C,L,M,N)
DIMENSION A(L,N),B(L,M),C(M,N)

10

DO 10 I=1,L

DO 10 J=1,N

A(I,J)=0.0

DO 10 K=1,M
A(I,J)=A(I,J)+B(I,K)*C(K,J)
RETURN

END

RESPONSE OF SYSTEM USING MODAL ANALYSIS

COORDINATE 1

-0.
0.
0.
0.
0.

-0.

464810E-01
130776E+01
206455E+00
535653E+00
108567E+01
982506E-02

COORDINATE 2

-0.
0.
0.
0.
0.

-0.

652229E-01
181845E+01
327264E+00
648688E+00
128876E+01
413525E-01

COORDINATE 3

-0.
0.
0.
0.

0

168211E+00
278795E+01
762385E+00
970877E+00

.149501E+01
-0.

143291E+00

-0.
-0.

0

-0.
-0.

0.
-0.
-0.

-0

-0

281889E+00
102870E+01

.402444E+00
-0.

0.
-0.

124196E+01
547941E-02
278357E+00

401249E+00
132434E+01
557237E+00
157278E+01
662384E-01

.444138E+00

.803460E+00
-0.

0.
-0.
-0.
-0.

201096E+01
992008E+00
195164E+01
358931E+00
114794E+01

0.647861E+00
-0.837508E-01
0.523450E-02
0.554321E+00

-0.743677E+00"

0.769791E+00

0.782121E+00
-0.196819E+00
-0.663155E-02
0.856773E+00
-0.929877E+00
0.911875E+00

0.107799E+01
-0.487560E+0Q0
-0.5639407E-01
0.164283E+01
-0.118424E+01
0.907985E+00

-0.516883E+00
0.100628E+01
-0.193166E+00
0.468392E+00
0.519931E+00
-0.326540E+00

-0.688138E+00
0.123485E+01
-0.300626E+00
0.710609E+00
0.763235E+00
-0.452567E+00

-0.818669E+00

0.162661E+01
-0.754704E+00
0.118810E+01
0.153441E+01
-0.589494E+00

-0.

-0

.619579E+00
.103089E+01
.156882E+00
.127719E+01
.652021E-01
.892837E+00

.719795E+0Q0
.133215E+01
.132372E+00
.170227E+01
.127997E+00
.107113E+01

843998E+00

.191215E+01 .

-0.
-0.
.444169E+00
-0.

186120E+00
271367E+401

112923E+01
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C S3=333XISSSSSSISSESES=SSSSSSSSSSSITSSSSSSISSISSSSSSISIEIZSSSISSIZ==Ss=3ss
C
N O 6:97
c
C ====z==EEsEE2=SSSSSSszSSESSSSTISI=SSSSSSSSSESSSESSSISS233SSSSs33s=E=s
c -
CN = NUMBER OF DEGREES OF FREEDOM OF THE SYSTEM
C NM 2 N=i{
C XK(N,N) = STIFFNESS mATRIX
C XM(N,N) = MASS MATRIX
C OM(N) = VECTOR OF NATURAL FREQUENCIES
C X(N,N) = MATRIX OF EJGENVECTORS, J TH EIGENVECTOR IS STORED IN THE
(o J TH COLUMN OF THE MATRIX X

C DIMENSIONS OF OTHER MATRICES: A(NM,NM),B(NM),LA(NM),LB(NM,2),S5(NM)
c

2DI:§§SIDN XK(3,3),XM(3,3),0M(3),X(3,3),A(2,2),B(2),LA(2),LB(2,2),
S

DATA XK/2.,°1e900s=1cs2e9"les0er=te,2./
DATA XM/24,040,04,06,34404400,0,,2,7/
DATA OM/.482087,1,.,,1.197605/
N=3
NM=Ne=}
IND®1
DO 10 I=1,N
DO 20 J=1,NM
DO 20 K=1,NM
AT K)SXKEI , K+1)=(OMCI)*%2)8XM(J,K+1)
20 B8(J)==XK(J,1)¢+(OM(1)**2)8XM(J,1)
CALL SIMUL (A,B,NM,IND,LA,LB,S)
X(1,I1)=1,0
DO 30 J=1,NM
30 X(J+1,1)=8(J)
JRITE (44,110) OM(I),(X(J,1),J=1,N)

110 FORMAT (//-2X,19H NATURAL FREQUENCY=,E15.8,7/,2X,13H EIGENVECTORS=,
10 CONTINUE
srope
END

CY= 0,48208699E+00

EIGENVECTOR=
0.10000000E+01 0.,15351844E+0% 0.,10000019E+01

NATURAL FREQUENCY= 0,10000000E+01
EIGENVECTOR=
0.10000000E+01 0,00000000E4+0Q00-0,10000000E+721

NATURAL FREQUENCY= 0,11976050E+01
EIGENVECTOR=
0,10000000E401-0,86851549E+00 0,99999440E+00
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C ===S====3SSSSS3==SZSISSSI3TISITTISISSSSSSSSIISITITIIIITIIZIIIITZIIISI=R
CN = NUMBER OF DEGREES CF FREEDOM OF THE SYSTEM

C XM(3,N)= MASS MATRIX

C X(N,N) = MATRIX CONTAINING THE ORIGINAL .1 TH NORMAL MOUE IN I TH

C coLuMn .

C XN(N,¥)= MATRIX CONTAINING THE ([M)-ORTHONORMAL I T4 NORHAL MODF

C IN T TH COLUHN

C DIMENSINNS OF OTHER VECTORS: A(N),B(N)

DIME.ISION XM(3,3),X(3,3),XN(3,3),A(3),8(3)
N=3 .
DATA X% /1,0,0,0,0,
DATA X /1.0,-1.0,1,
DO 10 I=t1,N
DU 20 J=1,N

20 ACJ)=X(J,1)
CALL MULT (XM,A,B,N)
SUM=0,0 .
DO 30 K=i,n

30 SUM=3UM+X (K, [)*B(K)
SUM=SQRT(1.0/SUM)
nn 49 K=st,N

40 XN(K,1)=X(K,I)*sun
PRINT 50, I,(XN(J,1),IJ=1,N)

50 FDRMAT (/,2X,13H EL1GENVECTOR:,15,/,2X,(4E15,8))
10 CONTLINUE

0,0.0,2
0,1.0,1

sToP
FND
C =====z==SSS==S=3S=SSSS=SSSSSS=S=I=SRSSTSS=SISSSSSSSsz=I=sSSESIsSssasss
c
C SUBRUUTINE MULT
C
C

SUBRAOUTINE MULT (XM,A,B,M)
DIMENSION XM(N,N),A(N),B(N)
Lo 10 1=1,N
B(I)=0,0

_ pu 20 J=t,N

20 BCI)=BCII+XM(1,J)*A(I)

i0 CUNTINUE
KETURN
ERD

EIGENVECTUR: 1 '
0.50000000E+00=0,50000000E+00 0,50000000E+00

EIGENVECTOR: 2
0.50000000E+00 0.50000000E+400 0,50000000E+00

EIGENVECTUR? 3
0,00000000E+00 U,.40324831E+00 0,81649661E+00
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The wain program and results are shown below,

DIMENSION XM(3,3),0%¢3),2(3),X0(3),x00(3),Y0(3),¥Y00(3),EV(3,3),
EVT(3,3),X4X(3,3),XI4%(3,3),T(42),F(3,49),X(3,40),U(3,40),
v(3,40),Q0(3,40)

w N

DATA ,NVEC,MSTEP,DELI/3,3,40,0,1/
DATA xi4/2.0'0oop0.0,0.0'2.0,0.0,0.0,0.0,2.0/

OMF=5,0
04/71.530734,2.828429,3,695518/
2/0,9,0,2,0,0/
Xn/0,2,0.9,0.97
XD0/3.9,0.0,0,0/
(EV(I,1),151,3)/1.9,1,.113214,1.0/
(EV(I,2),1=1,3)/1.9,0,0,-1,0/
(EV(I,3),1=1,3)71,0,-1,114214,1.0/
I=1,MNSTED

DATA
DATA
DATA
DATA
UATA
DATA
DATA
D0 S

TIME=REAL(I)*DELT
5 F(1,1)=10,0%STN(5,0%TINE)

DO 10 I=1,HSTEP

F(2,1)=0,0

10

F(3,1)=0,0

DO 20 1=1,MVEC
D0 29 J=1,4

20

EVT(I,J)=EV(J,1)

CALL MQODAL (XM.O“,OMF,T,Z,XO.XDO.YG,YDO,Q,F'DELT'EVpEVT,X“X.
2 XT.‘iX.X,U,V,NSTEP,H,-‘WEC)
WRITE (29,30)

19

DO 490 I=1,:

40

50
sTOP
E~O

FORMAT (//,410H PESFOMSE OF SYSTEM USING

WRITE (29,50) I,(ACI1,J),J=1,NSTEP)
FORMAT (/,11H COAPDINATE,IS,/,(1X,5E14.5))

RESPONSE OF SYSTEM USING MODAL ANALYSIS

COORDINATE
0.119060E-01
0.526842E+00
0.170858£+00
«0,465406E+00

0.368518E+00
=0,148937E+400
=0.154034E+00
=0,216811E-01

COORDINATE
0.397433E-04
0.612223E-01
0.,391991E+00
0.253658E+00

=0.313689E+00
=0,.745270E=01
«9,356190E-01
=0,369097E+00

COORDINATE
0,526197E=07
0,274891E~02
0,795763E-01

0,556720E~01
0,608511E+00
=0,67621NE=-01
=0, 335616E+00
0.338672E+00
=N,235117E+00
=9,297635E-01
=0,1556343E+00

0.655754E-01
0.108686E+00
0,3439459E+00
N.121640E+00
=0.334930E+00
=0,794475E-02
=0,171361E+00
=0,336327E+00

0,338722E=05
N.h35317E=02
0.118784E+90

0.130716E+00
0.618689E+00
=0.294971E+00

=0,144346E+00°

J.337414E+00
=N,354495E+00
0,652391E-01
=0,295363E#00

0.356972E-02

N, 171738E+00
V.454133E+00
=0,196366E=-01
=0,306091E+00
0.,276338E-01
=0,256531E+00
=0,271711E+400

0.398979F=04

0.117839E-01
N,165901E+00

0.262090E+00
0,543493E+00
<0,410109E+00
0,660445E=-01
0.202231E+00
-0,346914E400
0,103368E4+00).
<0,403527E+00

0.119145£-01
0.246047E+00
0.429213E4+00
<0,151233E+00
=n,242021E+00
0.247827€=01
=0,325272E+00
<0,184302E+00

N,232946E=03
0.284018E-01
0.,217719£+00

462

MODAL ANALYS1S,/)

0.400585E+00
0.386B804E+00
-0,503791E+00
0.249893E+00
0.264541E-01
«0.271541E+00
0,723514E-01
-0,449197E+00

0,297943E-01
“0-323279E+00
U, 359732E400
<0,255357E+00 °
-0,158585E+00
-0,156785E=01
<0.365137E400
~0,851769E~01

0.912614E-03
0.495493£-01
0.269161E+00
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0,313352E+00
0,188751E+00
-N,443429E+00
“0.417951E+00
0.213903E+00

2.342632E+00
0.758134E=-01
-0,524977E+00
=0.,297528E+00
0.288030E+90

0.349486E+00
=0,563065E=-01
=0,565224E+00
«0,160267E+00
0.326005E+00

0,327819E+400 0,274185E+00
-0,195996E+00 =0,329661E+00
=0,559583£+00 ~0,508616E+00
=0,204086E=01 0,108245E+00
0,327354E+00 0,295404E+00

The main program used to generate the numerical results and
the _ara.’vl-a are 9given.

- - > D P D > D Y T D T WD S D D WD P R S - - - - - - - - - - - - -
R P R e e e Pt ]

C MAIN PRNGRAM FOR CALLING THE SUBROUTINE MQCAL

w N

10

20

30

40
50
55

DIMENSTON X4(3,3),0M(3),2(3),X0(3),XN0(3),Y0(3),¥DO(3),FEV(3,3),
EVI(3,3),XMX(3,3),XTMX(3,3),T(40),F(3,49),X(3,40),U(3,40),
V(3,40),003,40)

DATA N,NVEC,NSTEP,DELT/3,3,40,0,.1/

DATA XM/2,0,0.0,0,0,0,90,2,0,0.0,0.0,0,0,2,0/

DATA OM/1,530734,2,.,828428,3,695518/ 1
DATA Z2/0.0,0,0,0,0/

- PIME=REAL(I)*DELT

DAIA X0/0,0,0.,0,0,0/

DATA XD0/0.0,9.0,0,9/

DATA (EV(I,1),I=1,3)/1.,0,1.,414214,1,0/
DATA (EV(I,2)11=103)/100'000'-1.0/

DATA (EV(I,3),I=1,3)/71.0,=-1,414214,1.0/
OMF=0,0

DO 55 IJK=1,10

OMF=0MF+1,9

D3 S I=1,NSTEP

F(1,1)=10,0*%SIN(OMF $TIME)
DO 10 I=1,NSTEP
F(2,I)=0,0

F(3,1)=0,0

DO 20 I=1,NVEC

00 20 J=i,N
EVT(I,J)=EV(J,I)

e
]
o6
o

02

v4F Plots of fFirst peaks of
N

\ x‘. wiﬂ». rufe‘t «b(,’

CALL 40DAL (XM,3M,0MF,T,Z,X0,XDO,Y¥0,YDO0,0,F,DELT,EV,EVT,XMX,

XTMX,X,J,V,dSTEP,N,NVEC)
WRITE (29,30)

FORMAT (/7,404 RESPONSE OF SYSTEM USING MODAL ANALYSIS,/)

DO 40 I=1,N
ARITE. (29,50) I,(X(I,J),J=1,NSTEP)

CONTINUE
STOP
END

FORMAT (/,11H COORDINATE,IS5,/,(1X,5E14.0))
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(@ k; =900 kN/m, k, = 900 kN/m, k, = 3.5 MN/m,
¢; = ¢y = ¢y = 2000 N - s/m, m; = 9000 kg, m; = 2000 kg, m; = 400 kg,
F (t) = 200 cos 60 t (N)

Solution:
(a) Equation of motion:

m, 0 O |[X, cp+tcy, €y 0 |[x; ki+k, ko 0 ||x,
0 my O [{Xgpt4| —Cg Cytecg —C3|<iXot+| —-ky kog+ky —kijix,
0 0 my| X, 0 —Cg Cy | (X3 0 kg4 kg | x5
0
=4 0
F; ()

Forcing function can be written as
F, (t) =R, (Fye'®*) = F,, cos o t = 200 cos 60 t (N) E)

Steady-state solution can be assumed as

XJ (t):)%eimt,jzl, 2’3 (Ez)
Equations of motion become
-m, 0 + (¢, +c)iw+k, +k, —, i -k, 0
—, im0 -k, -m, ©® + (c; + ¢5)iw+k, +ky —; i -k,
0 —yim— kg -m, 0% +cio + k,

X, 0

X,|=| 0 (E,)

X, Fg,

For known data, Eq. (E;) becomes
[Z] X = F, (E)
where

Z,, = - 9000 w2 + i 4000 ® + 1.8 x 106 = — 30.6 x 10° +1 0.24 x 105

Z,, = Ly, = —1 2000 © — 900 x 10° = — 900 x 10% — i 120 x 103

2y3=23=0 (Ey)
Zyy = — 2000 ®? +1i4000 © + 4.4 x 106 =—-2.8 x 10 +10.24 x 108

Zoy = Zyy = — i 2000 0 — 3.5 x 105 = — 3.5 x 106 — i 120 x 103

Z,, = — 400 ©? +i 2000 o + 3.5 x 106 = 2.06 x 106 +1 0.12 x 108
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(b)

(©

Solution of Eq. (E,) can be expressed as
% =27 F, By

Using Cramer’s rule, we get

0 Zyy, Zyy
X =|0 Z, Zs| ——— =(0.0114 x 104 + i 0.0016 x 104
1 22 Dog| " o Z]
F30 Zgy Zgg
Z;, 0 Zy
1 .
X, = |Zs 0 By o = (03893 +10.0010) x 1074
Zy, F3p Zgg )
Zyy, Z, O
Zy, Zsy Fy !

x; (t) =X, (cos 60 t + 1 sin 60 t)
= (0.0114 cos 60 t — 0.0016 sin 60 t) x 104
+1(0.0016 cos 60 t + 0.0114 sin 60 t) x 10~

Actual response of m; = Real [x, (t)]
= (0.0114 cos 60 t — 0.0016 sin 60 t) x 10~¢ m

Similarly, we find

Actual response of m; = Real [x, (t)]
= (-0.3893 cos 60 t — 0.0010 sin 60 t) X 10™# m

Actual response of m_ = Real [x; (t)]
= (0.3071 cos 60t — 0.0388 sin 60t) x 10™*m

Change the stiffness k, from 900 kN/m in increments of 500 kN/m, and find the
response of the tool head (x;) using the procedure outlined in part (a). Find the
value of k, for which the maximum response of x, is 25% lower than the value
found in part (a).

Change the values of ¢, c,, ¢;, k; and k, individually and find whether any of
these quantities can be used to achieve the goal of part (b).
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