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Chapter 8

Continuous Systems

c= (%)’/z - (41:9)2 = 28:2843 m/s

P = mass density x area. =. 5330 {:"'_"(z,g.;’)"} = 24.59387 x10 > %9/ m

P=25s0 N, £z 2wm

by c = (P/,\¥2 _ 250 2
( (/J’) -(24.53” ais? ) = (008124 m/z
™
@) ©= C} = ‘00'92‘24' Ll = 1583561 m.cVA’ = 25-2031 Hz

W = 3000 (2T) rad/sec = 1"1_‘ = Ic
C :(GOOOTT x Z/Tl') = 12000 T"'/S
Wy= 3TY) =30 = 9000 Hy
Coriginal = (%)‘/2 = 2000 m/s
Cnew = ("2 "/,p)y2 = 1.0954 (%a)y" = 10954 ¢

on‘gina.L
(..’1 and W3 are increased By _9-54Z

P= 30000 N, f£= 2 ¥59/m
1
e

_ 300 _

=0 : W _ Fur
A*"° Paxw =™ Sa €
At ==L P ww (&)
General solution is

:.r(*:*—'): W(z).T('b) = (A coS a_.l_z + B sn %-)(C cos wt + D sin w'l:)
Eguations (E() and (&) give: (&3)

{P(_A -“ci sin ”T”' + B% cos —“z—'-‘)(c coswt+ D s:‘nw'l:) |
= —mo (A cos £ + B sin “2Y(C cos ot + D fl'ﬂwt)},r_:o

b€ A(ma®) + B (B2) =0 (%)
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Eas. (Ez) and (E;) y.'eld
wl + B sin %—

P(-%A s.-nﬂ’c—‘ + BEL ¢os %!)z-k(A cos 22

Y19
A(-—E_(E’;s.'n-a-’c—!-}-k cos-“zz;).pg(gg Cgsh—,cx +ks-'n.°’T")___o (ES)

E&" (54) and (ES) give the greguenc‘y egua-fl'on:

(mwz) (P"%) = o
(—P.?(‘zsfn%i.ykwsi"c—!) (?QS“_’;-{- ks?n‘.‘%‘-)

which, wlpon su'm]olif'rca.fl'on, becomzes
pa _ (P 2
S 2k &

(cz';*)“ + (p=1c> =

L=2m, d= o.5mm, P= 7800 k9/m’, &, T,
(@) o= 1(27) rad/fsec = 7('_;_ = _;_r_ /7;:’0

. 2 1\'2 P
.e. = e (—
e (Q.TT) p 7300)
s P = 124,800 N

tan a4 =

= : =X _ x [P
() G, = 5(2m) vad fsec = 7 = = V750
by 00T = Life - P
4 (7800)

i€y P = 3120000 N
Let x=o0 be fixed and ==X be connected to the pin which

tan move in a frictionless slot.
A cos _“%’.‘ + B sin %’_‘.

W(’l) =

wo,t) =0 =» W(o):o 2> A=-o
oW -
R S
&’Cl = (zn+|)-’z‘: im= 0,1,2,..-
or Wy, = (2“+|)1rc, 5 n=0,1,2,.-.
2/
1) = o gom MTX newt .. newt
w(x i i LA R e
wohene I ?
) Tz Py . . NTX x
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Since 1.]'(1) = 1‘)'(1,0) =0, c - o

S e e [ o]

1T'cn
- ga.f A _%\' _{ o .ﬁ n i& even
men® - =t oo ) )
COF o e
aa,ﬂ “ - "—;" ® n t
wEt) = == 7 E1X 4T et
h:i.a,sl
@ B, (3:18) a <48 - awe
x
Fluﬂr’,'f;&s egualion by W(x) awd imfignats  f o ot L:
2 f
sz W(x) ‘!._."‘-I-Ql dx = a j [\d(z)]z A=z
o 2x
This shows that the agn of o will be forme as Hat of the

gl on e Mt ik wiliiatin Ly eti g

I-= fl £ W dx = w(t)- JW(z) - W) é!.(o) f [“W(zﬂ e

&m;u{'rstmnbwucnmhgum&a}m%rm

will Le ru.}a.tw.
Common froumdorny conditions (U%f&{)
Fixed ok ondt W) = W(x) =0

Free ot ende: 4. 0)= d¥ (g) _
ort end fixed omd othn end pree: W)= GPL(P) =0
one evd  fixad amd Sthin emd conneclid tmm
W) =o; me— % w(l)

'1: 2000 m , p= 8890 *g/m?, 0=  to W, = 20 Hz
C’nzuzn}: ._P_
1 R
<

20 (2T) raJ/sec, 4T /}!’_ < 40T

For
)
e, P < 4’0 v (ZOOO)
8890 - 4T

ve. P = 35560 xlog N
Let the Permissi“e (y'eld) stress of the material be
300 Mfa = 3 x 0¥ N/m2.
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Assuming the diameter of cable as 0-1m, area of
cross- section is 7" (o 1.) = 0.007854 m- ,and the
PermISSl“e f,'ensuon (with foctor of s‘a,fe'f:j of one) is

(0 007854)(3“08) = 2,356,200 N
I'n{ffa,l, tension = 2.3562 XIOG N

Solution is given by

Eg- (8-30) 3
w'(w. t) = n%i En Sin 3—1—}5 cos E—Tfi (E')

where { 2 (Ez)

2 . nT
tn = —1.— Gg 1,_);(1) Sin _———I d=x
TLIE in?fu'aJ. aleflec{:[on w;('x.) is given 57

w;("")z { 3"1/[ For
shi(-xY/3q  For l/s

Substitution of Eg- (E;) into (E2) gives
=2 %3t L
‘Gn 1 {j: 1 Sin 1 z + a&

xr

(€3)

IA
R
A
o

Lspt-n _, nmx
sin * 1 "‘}

2 £
/3
_ ___{l{ 1% sin "TCX }_}_ cos T'__._r;‘ }1/3 3{ cos ’_"_-—— ﬂ/
- £ nmw 3
3‘ - Sv\r'llr’f cos n‘l’\'l}
—_ e— ] 1 — __——-
1% Lot v,
f _. n¢
= ngf-'n"' Sin 3
shi3 - ____-9{‘5 n=2, o for n=3,
2 ® for m=t gmw* For
- 9“’: ;ﬂr“ 4, — Z‘Jz ﬁ.‘, n= 5) Qﬁ'fﬁ:c’...
327 o T
mt
_ 953 i TTX s et 993 4 o 2mx g 22
w(xt) = — hosin S o T J z
I3 f em 452 yerwt |
Y L A Ji
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At t=o0 ¢
’ 9J3 . TTx 3 . 2TX 5J3 S
w(x,0) = {_;‘_3_‘ h sin Tt T h sim T - 3”'_‘/: sin 7
_ a1 sig 5T
50Tr?
At t= _f.c
U(x,_'l_. AL _L.Sc'nv—‘:-z- - 373 A si 4T x 983 b sn ;12‘
4cC 2aw® |z L 32 T2 4 5o V2
1
At t= 3T
i3 k.. 2mx ATX gwx
U(x,;"t—:-)- 94:‘-:{&”1—1-1’;—-“;5'" 1 + = fin T—-z—gfln ‘—1 }
At t:_éc.c_
AN - o3 4 .z ) 4T
w(z,u)_ PP {Sn 1 +;Snn.—-—-},}
At t= -g—:
_ Shh s | .. 2TT® ) ™ ) . SWX
U(“,%—)- g s {- f'“—“-i--q—ﬂnzx iy S'"Li_-‘-zs‘m T}

These deflection Si'mapes are Shown below:

.933700 7
.700273
166830
+233425 4
.000000
-.233429 4
-,468830 4

~+700273

-.933700 y T T Y Y
0 00008 123000 230000 373000 500000 625000 730000 323000 lbOOﬂO

x7

510



www.FluidMechanics.ir

¢, = viscous damping coefficient P+ dp
= Sorce funit velocity /unit length Ft)
(P+ dP) sin (o+ do) + §(x,+) dx
- ¢, %E-"alx ~-Psine

(7777777777777,

= p dx T .-- (&) )
with dpP= %f_ dx and sin(e+de)=x oW . W
p 4

3z x?
Ep. (E)) can be rewritten as

W _ " 3% w(x,t dw(=x,t
32;(" )t FE) =) + o B

at?
@ Free vibration solution is given by .
s v
'w'(‘)t,t) = = sl.“n'l}z {cnmncw-\‘: + D, s_‘,'_'r'u.':l }
n=1 ‘Z

with c. = 2 g . T .

"7 J; up (%) sin T dx |

1
d D, = 2 T e oy MIX

an n®— i w () s ————1 dax

. g _ 2w _ _
S‘nce w(x) = —a-'_l:—(x’t-o) =06y D,=o.

_ . TTx 1
For  wp(®) = w sin — , c, = 2% fs,-n’_"_’i P LU Y
7 4" 1
Using the relations
fsu'n Mm% Sin nx dx = Sin (-m,—nl)l - Sin (ot ) ;o MFE D
2 (m-n) 2(m+n))
fSl'nz mx de= X _ sin 2m %,
4m
we get for n=1,
¢ = i_h_!'?_ Snz rx dx = W
'T 71 [ g °
and for n=12,3, ...,
2w, { Sin —I(n—c) x Sin ""(“*“) x 1
an ———{ 1 —_ d } = O
) (a1 2 T (n+1) 0
s t
w(x,t) = gy s ‘B—x cos c7;
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u(x,t) = (’A\‘Cf!-(‘%-p E,kmc‘—sc—)cc @acat.q.pzs«:.cat)
_ 3—}=-?—(-Q4%“%+Eca‘——5)(cwwt+bmwt)

amd Dy,= -2

nwe

2
(w) u(mt) = (A cos-“il‘+g,s‘;.°2c-’-‘>(c et Wt + D i L) __ M
At x=0: p, %u _

!
att = AE 9x

9 Mc
2 X ] - ] )
-"Ml& AE-E-E; %> B= ( )A

R — -4

AE
— = _AE d"i M2

(b) u(")t) (A Cos B

+ B $in ——)(c st + D sin (éf)---(E.
At x=o,

x
* u = AE _— B = |
| = T R Ls @
At x=f, tou=_a 2%
K
#kz(écdf—g+8 Sm‘.‘?é):_AE% ",e"'"%!—{-gcﬂ(‘-':—‘
S'ubs*:”:utfng (&) l'ﬂ‘l-'o (E3) , we 3et --- (&)
. == k) k2 AEWN . wl
ﬂ[(kz AEW cos -l-(Aew - )Sm T]:o
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Hence Hﬂ’- freguency egud.t.’oh {3 given E]

(k- 2V es @ (Tatae A2yl
AE‘*’ ) ¢

e {,ugsc_ﬂ_ =< B, e* — %, AE WS¢
kK - A2E*?

€) u(xt)= (A (o1 g}'+ B sm—)(c st + Dsmut>

At x=o, 4« u= AE _a_u_ - 4¢ o ') x=o
ox d g - AECS é’ === (EZ)
At x= {, AEﬂ‘_-_m&i_‘
% 3t?
FAE(-AL g @ a5
< < 3 c vel
=M(A cdsﬁ_’ci+ B sin &’i) W e (E3) |
S'ubsf:il:uh‘ns (E) into ('E;), we 33&
AECJ wl ke Q& 2 wl ke iﬂ
A(Si ‘—+——AE(‘9 M c):M@é(@?*‘AE*{J Sinm C)

Tlm‘s- 3.‘ve$ the ;Freaqencj eaua.'l:('on

tan wl _ AEWC (k-Mw")}
¢ AZE2 9% - M w? kel

]
«C T
Hene == - 1 (e -4 = 0-7354
2 2 L!) > % =g

me,mwﬂwwmvww

Toble 8-1. When B =01 , %= 0:3113
when B= 1.0, o= 0-3602

Thes gives o (F) = a+ lrF = 0:609% B+ 0-2503

Br  «=07354, we b p= 0:7854-02503 _ 5.3774 =

0-6099 M
© Mass 15 Le attoched = M s m = 1.
8774 = 141397 m .
Eguation of wmotion For free vibration 2 37"‘;_ = 31';‘_ (&)
: Dx ot
Assume sePa.ra-hon o\iivwca.bles n Ef_ (ED): u(x,t)= U). T(*) |
so that . G T g g
x At* V g~ F - %7-¢
—ee (B
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2



www.FluidMechanics.ir

1
U .
ie., c* J—d:—g_fz + as" U(z) =0 (63)
N

To show that the constant a on the rn'gl-\‘l: 4.0.\—\6' side of
Ey- (E2) is @ nega.’cfve ?/ua.n{:.‘{:j, mul-{:id,(:} Eg. (Es) by U(x)
and in{'ejra,{:e w-r-t. x _-From o t /(
A 4
c"f Ux) =— dx = o f {U(z)} dz (es)

o)

....... e ———r

Pom‘:. ve always

Ej-(Es) shows that a will have the same s'gn as the
integral on the [left side: :

= Ly LU0 4 (=)
Ih{:e,sra.fe (_E‘) B_y pa.r\‘:s to 9e.'!:
= dudd 0) . dUEY JU(x)

Teu). A e A PV (s
Since U(0) =0, the second term on the rhs of (E7) will be
3ero. Also , AE _.(1) - — 4« U(l) (Eg)
of x=4. Muun‘,l.ca-hon of (Es) "J vd) givés

VORE-T( g {u(l)}

This skows that 1 <o a.nal ﬁence o < O.

In Eps- (E3) and (E4), there exists an eigen (norma.l)
function for each freguency (constant) 9. Let Um (%) and
Un(%) dencte the rnormal functions corresranalfng to the freguencies
W and W, , rcsre.ch'vely. Ep. (Es) gives

1 zum - 2
c o:lza- + “’: Un =0 --- (E9) ; < ‘izU:. + W Un=0--- (€,
Mul.'t\'P‘J (Bg) by Un , (Eo) by Um and subtract the re:u.l.f:t‘ng
ezua;l:.ons one from the other get
2 JLUm z d*Un
¢’ Un - ¢ U, T+ (c,gm - Wy ) UnUn =0 (Equ)
In".e§ra'be (Eu) with rcsped: b x from o t f & get,

a.}f:er integration B_y pacts, the desired or thogonality rcla:l:ton:
f Un(® Un(x) dx =0, o 2 o, E2)
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\

&rufmwm\'&nnt«tﬁ,mnd %, at Showmn.
A

W(t)s (& ot 82y S Gt oomet) Y]

Uy (x,,t) = (fg;cﬂs <-_9zl‘5+ B, & b%."f-)(cwsqst-f—.b&wt)
2 2

‘D.,(o,t> =0 > é( =0

»
~
Na-— 4 R —. ¢

u‘(xl'f) = U (O,‘b) > 5| P IR ‘:9%"— = ﬁ'z

A€, %(2,,1:): A E, Xz (a,t') — tensile force same in Ik oowuns
) 29Xz

. ‘ AE, !
ie. AE B L s WL _aE, 8 B, 3 Bzt g
' ~ <, 3 2c2 cs ~2. ~2 AzezC‘ <, ~l
'uz("zat)= 3|(““¢_;g£,_ s WOx2 AE C2 wf, Wx
~ —_ + ’ z
< <, Y ot == Al . (Cca!(.sh— D/sm..cst>
U
o, () =0 > 3 ﬁ{ ~pin 8 OB MEC ot gl ]
¢ < €2 AE.C € cs
FTEZ j B m“—’—!—'-t'amc‘_’_!i:— Atelcz
C| Cz T e——
Az E2 €
‘ (a.) Axial vibration: m, I,
J ,
_mo _ mass of rod Y. S, Ry “T
Usmgp—765kN/m for steel, we find |-<—— X.

mp = xd*ep _ 7 1(5)0] (1) llﬂﬁ] =15.3117 kg

4 4 9.81
my 15.3117
= = 0.1531
m 100

From Table 8.1, the value of o; for § = 0.1531 (using linear interpolation between
values of f = 0.1 and § = 1.0) is:

oy = 0.6099 (0.1531) + 0.2503 = 0.3437

=20 _ 2 '\/E_ - 0.3437 '\/ 207 (10%) (9.81) _ 1770 7058 rad e
¢ ¢ p 1 76500 )

(b) Torsional vibration:

In this case, we use the result of Example 8.6.

_ rod Jpf€
b= I Iy

where J = polar moment of inertia of the shaft:
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J=-_ 4% = (0.05)* = 2.4544 (107%) m*
32 32

p =176500/9.81 kg/m® ; £=1m
Jrod = (2.4544 (107%)) —— 76500 (1) = 1.9140 (10™*) kg—m?
g = L9140 (10“ )
10
Since A is close to zero, we have from Example 8.6,

~ & —"\ / GS _ (80 (10°)) (9.81) _
wy 7 \/— = _p = 78500 14.0126 rad /sec

= 1.9140 (107°)

Consider 4.nlﬁ e W amd ;“‘f'
4\216 w, M 0 —— ( "x
e(x,t) = (Aul +Bﬁon“")(cuscat+bhut)
6(c,t) =0 > A=0
ao L =_ % 2__ Lt
67 B (L t)y=-2 28 (L.¥)
> Ga‘i’;.a sl = Z&* . g gt
C <c 2 2c
> foum WL _ 26T _ 2¢  &JA
tc Lwe wl Fet
F . _ here _wh and _ail
regpmcy e.vmlz'n =4 t’amd-fs =< P T
I roots of tha eppalion ane givem Ly ., =(J_'{}_)
Wy, = i:‘.!'—-f- a.,.u:' o
{
e(x,t) = Z°'°\ 03n Cc ot Wt + D, &m WO t) ---- (&)
n=1
Q(z,o):_ > sin ©n % (C“> = 0 »> Ch,= 0 -——— (Ez)
n=41
. - res . w“x N
8(%,0) = n§ s 2 (C.s“ Dn) = - (&)
ad ell tmo = éo amd hence é(%ﬂ) = 2 30 o
G ©=0 T
Multl'F(J EZ (E3) by sin w::x ~and integrate from o to 2o,
) . 3=
ijzwn L2 W,x a,‘;-?-eof";;;n‘ﬁ%fx (E4)
) <. 1 ° '
i-e. D= .LGL (es)
n
Tlow
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St (8¢ 8, . Wax oy - (&)
o(z,t) = = Sin —— sin Wy ¢
nz=1 \mf w?* .

o(x,t) = (A ot BX + B sin 22)(C s ot + D 4im o)
@ e(o,t) =0 = A=o

e(Lt)=0=> #n ‘i}=o A3 -

’ ——
v ,= ATC _ owm ’_G__ 5 m= 1,2,3,...
x LN S

C
@ Boundary conditions : <o .
At x=o0, 6T 22 (ot) = K¢y 00+ <y B+ g 5%

At x:f,

e
22 (Lt)=-%y, 6(Lit) - ¢y, 28 (0.4)~ & L (LF)

T s e aa s
8ty =0 = Aao0

. Wl _ iy
2 (L,t)=0 > C"s%'!z ’ e = (1)

A = -4 ,G . M= ‘ee
Wn= (“ 1)."- HE ; n= 0,2,

o(xt) = (A - Q—*-+ B Adn ——)(C A St +D sim Ot) ---- (€)
ak x=0: a; d?e 20

%o _ a7 22 cee- (e
ok x= {: _:Z:t?. = 67 g: -—--(E)
Ev'CEI)G""& (E?.) 9““’ (J'(B:L)A"" QJ_('B)B =0 '--'( )

(E)MJ (E!) 3"“e (J‘ wsc.sl GTU &on“"x)n+(rf{8 &QR_GJ;CJ 691 B=o
Slting the dilBiminant of ta ca%a.uiz o A ond B'"(E’)
m(e,')md(e,)eﬁ..alt}ano we geb tha puppamey -

2
TS
J; 3 &I =0

1 ol 768 2. WO 2o ook _ GITO 5 O
(J;cs ws-;_—+§.?£'_ &m—c—) (J‘,(-D Aim B2 = =)
€. *_12

Ain WA cof AT L
J' (.3 l—(T,*“r?.) Gac'CS CIZR_ = — =0

517



www.FluidMechanics.ir

Zp.ﬂata'n malion : 2 2:3 = 2.2 S (]
} iy ¢ ax* 2t )
Let sftady slale vibrnadion Le o(x,t) = X(®). wf Ot - ---(8)
- 2
(E)) amd (E2) give .__ii(.‘.-“f-:x:o
x c
Solution 4« X(x)= A f ‘%E + B 4n (3_1

8(x=0,t) =0 > X(x=0) =0 > A=o0

At free end,  GT 28 (x=0,£) = M, b ot
BGJ._C@.M“’CJ ot wt = M, b wt
B= Mg w?
GTw ¢
o(mt) = Mo€ o wh 4o 8% gt
GI

‘ From solution of prob\em 8.21, - nT (G
2 L

= / Y ’o g x10'

7800

50305861 rad/sec

Le'&ﬁnewngulmWﬁmM&Mfmm
@ Mnawaru&armw tkzM”’&GH:&J Thew T
HMWW
e(x,0)=0, 36 (-x o) —(LS . ---- (EI)

WW%M*

8(x.t) = (A s X o B i 22 DXY( @ wf Wt + D 4imst) --- (B)

A!tktwb,warx=oud Kllza.*x=£:

G(Opt) =0 , %?‘(Q-t) =0 -———(E;)
Eps (€g) omd (E3) gine A= o .
B&’.cﬂ_izo 1] :: =—z—-,n=|,a,...
C C
en(z,t) = &m ﬂer(c W8 Wt + D, am Wat) ----(5)
n=1,3,.
= . nwx
“hse g - B e TG e
n=1,3,..
'af‘(xp) = Z:a sim TEF @, D, = @ SRS (A
n=1,3,-

Since  9(x,0) =0, ¢, = o. By ml%mj Lth sides C"&(E7)
Eyun“wx nt?’Latﬂﬁfmotﬂam.ﬂ'""t“ﬂM
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fx ,}';,3' YI__TI’Z JI=£ gmg' fﬁg MYITI'Z dx = &? "—"21 ’
° 22 2 A rv 22 n
2L _ w o - 7. P
we gt o= = 20 > D= g smslbd
2 NI x 3 W -
9(1;t)= = A 21 ('Z—f_)%w“t
n=1,3,.:- nm"mwW €

I-= é—(o-j,)(o-B);: 2-25 x5t w

i
A= 003 m*, f=2m, E= 206x10° N/m?, £= 7-83 x0° *3/m3

Fig. 815 9gives the values of ﬂnl -

W, = (ﬂn!>z fiIl# |

- N
Here [ ET ' _ ((20-5 x10'®) (2-25 x16 *)) 2
ALY T = 1o0-7814

7830 X 003 x {6

(o) For pinned- pinned beam :
pl= T, @ =T (110.7814) = 1093.3737 vadfec
Pol=2T, = 40 = 4373.4948 radfec
pJ: 3IM, ;= W= 9?40.3;31.' ra.%/sec

(b) For $ixed - fixed beam :

Bl= 4730841, 0, = 24793726 rad fse
p.l= 7853205, w,= 6§32. 2023 rad/rec
/5.,1 = 10:995608, Wy = 13393. 3474 rad /sec
© For fixed - free beam :

p {= 1-875104 , = 387.509( vad frec
p,_f: 4.69 4091 , W, = 2441. o(17 rad/sec
‘331 = 7.954757> Wy = 6834. 9030 rad /sec
@) For free- free beam:

Brl=o. W,=0; B l= 4.730541,

8.28

W, = 2477- 3826 vod [sec
ﬁs = 7:853205, O3 = 6?32-20;3 "'“-J/Sec.

Mode sha.Pes: The mode sha,‘pe.s are given in Fig. 8.15

(eguations only). They result in the following.

e %\o./— ¢t 1 o “;;z-a""";;;"
Q338 _ 0667 T3 o Q%04 0868 m
jvcﬂv_g a — < 7@@4

Pinned- pinned  Fixed- §ixed Fixed- free Free - free
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Bounala.ry conditions are: .
At x=0, fixed end 3> WE)z=0 (&) . W ()=0 --- ()

dx

At 2= 1, freeend 5 %\% (D) =0 --- (Es) » %(‘,)= o ---(£)
The deflection (normal) function is given by

W)= C wAfx+ C, SinBx+ C wihpx+ C4 simh o (&)
Srom Which _

-‘%—':—:-(zh p[—c, Ainfrx + Cp APx+ C shPxt m{px] (E‘)
Es- () and (55) 9ive ¢ Cy o (e7)
Egs- (E2) amd (Eg)) geeld B (et Ca)=o0 D)

Use o4 (&7) amd (E5) in (E5) leads to

W)= ¢, (fpx— ohpx) 4 ¢, (4 Bx — #nh px) Es)
Use of Egs- (E3), E4) ond (E5) yields

¢, (sl + e gy + Cy (4 pf + ik h) =00 (o)

Co (#mpl —aid pl) — ¢, (et pl + b ply = 0 (&)
The frezuencj egua-tion can be obtained by setting the
coefficient wmatrix in (5103 and (E,,) B zero as

ot pl + it pl s g X ¢ acd pd
=0 (En.)
sin pd - ik g4 ~eh gl - coth pX |
Upon sim rlff{cn.b'on’, EZ,(EH,) yields the frebuenc_«j e,aua,fa‘on
cos pl. wahpl = -1 (€13)

Fiest four voots of (€3) ove given by
pl= 1-875104, P.l= 4.6940%, Bsl = 7354157, B h= 10.995541.
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Bounda.ry conditions are: , ;
. 2 |
At x=0; ET S5 =0 - (&), EI W .-k ¥ . (E)
W

dx?* t dx
At =l erdd ogw .- (E), BT LMW cem (EQ)
x . d=z
€g- (8-105) gives

l C’- W wlll h'll” Vi w.", / w/,JB

[y an= - (M - e ]
y | --- (Es)
At x:l, E%'(E4) 9ives " . |
w; =0 --- (€), Wj =o --- (&)

EZ.(E_;) 9;\/85 )
EI W;w: W, --- (EJ)'. EI \‘5‘”’: o Wy --- (&)

Mu.ltid,lj.'ng () by Wy (&) by Wy , and suﬁi‘ra_cfa'nJ one
from the other, we get

EI (ij W, —w;”’ w}-) = % ('A{, We = W, wj> = 0 ---(Ew)
TI'N'.S SLOUS that the r-h-s- of (.E;) s zero at x= L.
Mxzo, B (E)sves W v_ o (&), w'=o -~()
. (52)3""63 ” ’
7 er W= - 4, w --- (En), EIW = -t W - (Ei)

Mul.{'i‘,[j.;ng (E3) "J wy | € IU w;", and S‘uL‘L'ra.c":l'r\J one
Lrom the otker , we get

Vi /7 7 7 / _
ex (W’ W —w W)= (W W - W w ) =0 --- (€15)
This shows that the r-hs. of &.(Es) is zevo ot x=o.

@ w(a,i‘:)_-. %L_:—:(o,t) = w’(Jl,t) = %l{(!,t) =0; t =20
W(x)= C, (ot Bx+ ot Bx) + C, (oot fx— otk Bx)

+ C3 (B Bx+ sinh Bx) + C4 (%in Bx- Aind B%)
AWy = €, BH(- ot Br + obh Bx) + ¢ P px- wth (%)
B Gy B (cain B 4 simh B 4+ G B im B Ak B)

w(°)=o > C|=o

2
w -
éﬁ (o) =0 > Cz = O

W) =0 = Cy(%n pR+ sk BR) + ¢, (5im pl— #ink £R) = o--E)
LW ()= 05 €3 sinphs sink pR) - ¢ (im ph+ sink pl) =0 - €
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Setting thn dilfiminamt of the Gtfficiand wmoliix crl,cc.mjl
¢, m(E)om.J(Ez)'G}wo mgxrmwc‘,evmm
-(&wp}l-q-wpl) +(xm@1 sink AY

or sin gl ik L =

Since Mp!:;:o WWWW

Aon 2 =
P “l-n'z E£ s N= 1,2,..-
) {9” =nT I (‘91‘\: —lz A 5 =

w(ont) = (o,)—’aw(xt)-aw(ge)_o,tgo

W(x) = C(cgspx+wﬁpx)+ c (uf,ex-us& Bx)
+ C3(Ain Bx + Aimh BR) + Cy(Hm px - Ak B2
dW )= ¢ p2 (- Afx+ b ) +c, pF (- AFx HEX
+Ci B (—- ﬁx+4~n}-‘3x>+c4[5 (—M{Sx— Ak px)

LWy 2 ¢ B (sim e+ Himh p) + € B (6 = Sk £
4 +¢ B ( mpz+c¢&¥\px)+c4p (- cpspx—u#.px)
we)=zo = ¢, =0

___..(o)-O = C?_-——o

e 2y -
(z>—o=>c;(-wﬂ“%*ﬂ)-%(”“ﬁ“"‘"""p) “@

,w > (1) =0 = Cs( s B+ eath pl)— ¢y CMFK L‘*&PZ) ---—(Ez)

Sl-&ngmmwo‘&WdL_C3wc in Egg.
) and (E2) t 3000, t Yuppimey egualn cam be obtbinad:
— (- #im L+ sinh ALY (o8 p2+aﬂpﬂ)+(anp1+ sinh B2 (- a8 ph

+ cp%f\pk) =0
or t:.mﬁf— MPR =0

For o s mply SuPPorteo\ beam , the first three natural freguencres
are given 53 y
2
@ =(B8Y (F/pat®)® = =t (E/as*)

05,_=(F,_1) (E%AI">2 - 4T (E.VfAIlf)t
“’3"‘(#31)1(51/)%1")% = 9T~ <EI/PA 14)%.
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For steel, E= 2:07 xi0" N/m": P = 7880 1‘3/,.,.,3
Setting

’ A= tiom.

] ]
W, Z 1500 Hz = 9424-3 ra_.,(/sgc = n—’-{@a?x:o’)z ¢

; 7880)A (L)
we 5e* z 2.07 x 10" ¢ )
(aza) = wh (22222 ) (X))
or 5 S 00347 (&)
L
. 1
Setting Wy < 5000 Hz = 3l4l6.0 ra.d/sec = 971'7'{@'°7"’° »I}z
7880 A (1)
we get
-i— Z 00047617 |""""‘ (€2)

Let the beam have o rectangular section

) T
A= wd, 1=Log3, I d* / d

*c G 7z

Let %2 0:005 to satisfy |'ne8uo.,l(£‘l‘e$ (€)) omd (E2).
Then J%*=0:06 or d= o 2447 m

Taking w=o9-lm (ur can hare amsy Va-zw?->; we 9€f
A:un[: 0:02449 mt amJ I= 2240 x/a_" m".

From the Aduflon of problee 9.31, we fird for ain pl=o0,
C;: C

Hence W, (z)_C Linf,x = C, Am-ﬁF—

Femenal (e wbnation sdlution is
w(x.t) = Z:,&in"“-x (A,,c,gwt+3,. Ain wn't)
w((x,t) = A&n IIE(A‘M Wt + B &6..(.9,1‘:)

Mm(=t) = EI -9-1—"—"(1,*) =~ TEET 4 T2 (g, cof 4t + B, #n OfF)
a-x {3 1
= - —— EI w(x,t)
I{,—ffiam?lv&&o‘.w.bnai}n aV, mmanmbmlmgmbi
e
i [ Mo | = Tpr €T Y

For the 3«% &aia,

(zo 5 xi0') 10
IM'mn.x' = (1) ('o ) |ooo>= 20:-2328 N-wm
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W(x) = C, ot px+ C, #n P+ C3 b px + ¢, LnhBx

£E,f-(*): -¢ B B = C, pFAinfx + Cy B coth x4 Cy f Ainh o
dx

‘J‘;'gﬂ("-)z CuP;&'nP" ‘Czpsdpx+capaﬁn1tpx+c4paca&£ﬂx
dx

2
EI jz‘;‘_’ (¢)=o0 = C, = C3 --- (&)

EI ““fw,'(a) —k, We) > EIA (FG+C)+ () =0
I ~

Cz—(-EI B}) + ¢ (#2 %) + ¢, (EIB%) =o --- (&)
dtw gy _
ET sz(l) =0 =» Cz(-&npz)+cs(‘5“ﬁx‘wﬂ1)+ C4(Mﬁ2)=o

EI .:“%’(t): + e wl) > o @

C;(-EIp’mpZ - %2 ginpl) 4+ (eI B’ gin pl+ ez p’ aink g1

Setﬂfn.gm dtminant of ta cotfficionti of c,,cawnc_ Sff)
€) & () 5 30, chl;t'#& MW

]
_EILBB Y v grp’
e T T S S U S N

- 2in L L (eoth pl- et 1) L aind B4

(Cerp’ s pL | (e1p’ fainphesinhpl} | (1 6° caihpl
— 4% 4in pf) : —tafet gl +enh pL1) '

Boumdary condilions ane:
wt)=0, g1 2W (o,t) =0
Ix?

&&r‘“‘nﬁ’%‘fzod x= L.

t

Bmot-brnnmywm&nan% falp of bean & the fogtof M.

3 z
ET 2¥W -, M 3w of x= 2
ax 2 at? 2

W(x) = C,(cAPX + ol Bx) + C, (08 px—coth %)
+ C3(&in Bx+ gink px) + ¢, (Ain px - sk px)
. w() =0 > ¢ =0

z —
£Y (o) =05 ;=9

W(x) = C3(sin fx+ainkpx) + ¢ (#n px— aink g}
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¥ ()= B C3 (cot Pxt ok px) +pCy (cof B = ik fX)
LYoz fCy (- prr otk )= 3, (cn e i A
ﬂ(_&)_—_o: C3(C95 ﬁf-’-(pSKﬂX)_‘_c(Cafpx—coSA é-)-o

--- (B
er“’( )=-R S wE) >

er g’ [Cs(—ca!:31+c_ﬂ£ BEY - ¢, (et éz&_,_c,,,g,a_f_)]:
N g [C;(/ﬂnéé +M%£)+C4(ﬁn§§-wéé)]_--(el)

ie. R,caséz£+ﬁz°°“p?x =0
R.(_ME§.+AM,%&)+R2(CDS{/¥+AM§_§)=O
whane

2
R, = C3+C4 ) Rz=C3"C4 ’ A:_N_‘_(",;—-s—
2€EXL

B;/Szﬂ'ns WWW R.md?zevmitv}vw
we obtain the Yugpimey ai.'an

7
<o ﬁ’l (cosh /31+A Mﬁ1)+ w&ﬁﬁ'?(ca&ﬂl+/\&nﬂ1) o
o Aftamh BR, tam BLYy -2

For cmw,mtuftn ’
O W sa—"

— x, xp <

«— { >t {

Wi ()= C) cof B+ Cp £im B+ C3 Cavh Bx, + C, Mﬁx,

AU’(x,)_ C,pétmﬂx,+czﬁcpspx,+C;ﬁM~J-px,+C4‘9 ok B =y
wW(¢)=0 > ¢ +C3 =0 ; C, = -Gy

dw (c)=o0 3 C2+ C4=o 5 Cp=-— C4_
ax,

w(x) = C3(coth px, - o8 px)) + Cq (Himh B, = Him g =)

W.(l):o# C3= -C mﬁk-wﬁl>

et Bl - oth g
w(x)= C, [ (sink Bx, - &in Bx,)_ ,smpl snh AN o ax,- BB X,
+[ caspl coth Bl )( i ____(2']

W, (22)= ¢t Bx; + Cz /5‘-I312+c3 ca?ﬁpxz+c xm}\p'lz
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dWs )2 el B Hnprarcl p oot pryn ] @ 4ch prs ] PR
2

W,(e) =0 > ¢f =-c} |
&_wl 0)=0 = C;- = -c,

ax: ) , :, (‘Mpk—wﬂz>

ey = 6 [k pramn prs)- (22 £L ‘cﬁ;f)("“ 's“"_f'f’.'ge?]

, . |
%(1,=f)=-‘!_‘.(xz=l) gives

dxz
gin Bl sk A » .
o C4[(°°’£ﬁ!'“5/32)"(cdp£-wﬁpz )(MP£+M,31)]
+ ¢ [(cthpl-corply— (ainp - sk PR\ oy 0p s 400 a2y T
4[ (mpl_m&pl >( £ +&mp__>_](e,§
(x,= £) gives

2 2
%(z,:ﬂ): - J o

kA
) dx

. o _ ,unpf—&alwl-,ﬂk A 8l 2
c4[(m..1.p£+m,e¥) (dﬁz_uxpxj( Bl+ s gl)]
+cf [(hnk 04 pin pR) - (Bim pR - sick PRy (o pR+ o8 62) ] = 0

s B — ohh gl —em (54
Since the dedinwminamt o‘s the c_a-cw:c_:_q_mt aﬁ, C4_amsl C‘; o
€ omd (8g) 4 idenlically 3eno, we gt th cotppiciants o
Cq amd cf in (E3) omd (Ef) fo 3en0. This foads 7 the
s pl ok pl = 1
amd i]nfn(sl = lanh ﬁﬂ

. General free vibration solution of a ,s:mplj &-Wﬂddld beam is
8.38 oe

W)= F 4 ITE (A, ot 0 + Bndin O3F)

n=1
4
At t=o, 3w = T 2% (x,0) = .‘F
5t ("‘Jo) o) OJV\A E 314_( ) [«
T“\us %B“Q’FM%—,—.-:O d’l B"___o
n=1
G PNC L I -
n=1i
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MWM Ea.(Ec)Ly ,&_.-.!'_T_;_’E oond pwﬁz?«‘l.at\j fhdm Oto'l,

we ohtain
S I R LS SRR
" Ern*w‘+o o L T Ervtnt
=_4-i_1__ : n= 1,3,5,.--
eI T'STF;
. - . 4 oo
- Sludion is w(x,t) = 45 L > _g.? ain X gt
TSET n 2
: n=1,3,
2

Let W)= (1- = 2 ; dw _xy . 4w 2
d*w \? L 4ET,
[ ez (Tx‘) dx = =

N = Ero‘f x(%)i* = T

»= f‘fA{W(z)}z Iz = J""‘°j (- —> de - phL

(4

30
2 N 4ETI, (30) 120 EI,
W = > ~ —— bl

Q~J;;a( %
J"Aol"

@ Gpation o widin for o soiti Bearm &
. EI :'x._ FG.t) - fA %%: ----(&)

Let r(x,t)= z; Wp(2) To(®)  whowe W,(®)= n™ ndvmal mode
saliafying  tin x,mwxm, ma.tm amd the egpalion

4

EB'(E') becomes for the assumed golution,

d4* T,

= J"W - xX). PR —
L X L T () = f(xt) - oA :4;.‘1 Wa(x) - =g ()
which , in view of (E;) ., becomes "T
z: OF Wn(x) To(t) = L £xst) - ZW() ---- ()
muu:.,.f,m, Eg- (Eq) by w,,,(x) amd A.\tghaﬁua from o t £, we gt
4 T Y
+ G.’ T, = F, U’:) 5
at*
F.(E) = f £Ox,t) W) dx -—-- (&)

NofeMWWOwanmmlﬂ
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2 o) : _
W (%) W () dx = 4 m=nm
j; ) , {l/z 4§ m#En ,
8 used in dl)u\l-r.m..s (Es). The Alution ot E&,(Es) cam Lez.!‘uﬁa\a,s

Ta ()= A, &S Ot + By 4w Ot +

- fx WO, k-7)dT
pALW, I F,(z) Ao, (-

Where An OI'\J Bn ol COTM b X;C m‘:n‘d ———— (E_,)
from initial conditions. Thas o tad Alion cam Le

as

ca i 2 + ‘ )
k) = 3, [An B @at + By S Oyt * T, [ Fo(2) i 0, (£-7) Ji)wn( )

n=1 - - (E3)
by For o u% &Wﬁd bearm,

For the given Jmding, (E;) becomes  F (+)= ‘-_-O%n_;& in Ot
Hence (B4) becomes

o
. —> . 2
n‘t): 2F°13 n Nra —1ﬁ /ﬁm@t-—_(ca' Mn@ltb
" T ["4"(%. w{nt- ()} ]

 whene wi____v% /%:_ = fumdamedol fregpimey o the beam
Thus the  fheed supponte of the beam & given by
w@,t):ﬁ[é il ) Mnl"_’i] sim ot

Y
TTEL n=1 h*— (_‘_l_’_ 2
[A]

- 2GRy [gt il sim g i n‘w.f]

Derivation of Ep.(Es): ,,
Ip shear deformation is zero, M= EI oW

Ix*
2
Eg (8-131) = %\L_._.__yA R
2 2 3&7
. (3-132) > M -z % , M_V_op
% ) —a-—z- V f gtz 91" ax f axl-atz
5 2 +
or IM A d W _ £ =91 Cak
— -
ax? f at? s ;):z,"aj.:1
4 3"‘&1’ 9 w __ E'i
oy EI%;E:—+.S’A'—3?’—£I3—J‘;3—;;—§ =0 -- ( y)

Derivalion of Ep- (Ee):
EZ(EJ) Lcwmu,-for -Sl_—_o,
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er tw st o 3w

fA axf T 2t2 A x?at? =° G
It w'(fx,{-).. C Aim “’;" ef @,t, Eg. (E2) becomes
4 2 E
ol ('an —Un— rz(lgl) (.9:' - 0 :dz::i_r
i-e. O = (_;L _ <% nt ¥ Erz= L
i 4 ntwd e |
+ rr(=F ; ) 1 (1 + - ) '
Derivation of (E7): ' 28
@ If votary inertia is neglected, M= EI —— (Y]
V= 'kAG(ﬁ' %‘{— (5.7_)
& (8:13)) => - + 5= pA %{— (e-3)
& (8-132) = ™y =0 (€4
Using (E-t) amd (E 2). E3) and (E.4) cam be written o
2w
-kAG( .,_ ) + § = fA 3t='
or 28 _ 3"'1.:' F LA E-5)
°x T ax* *AG «AG at*
J b4 dw \ _
o B = - sAG(f-32 ) =0 .
r (28 e dw —o E-G)
or BT 2o(22) —%AG o + ¥AG oo ¢
subtlitition of (£:5) ite (E:6) gives .
tw . BT *f AEr 2TW W _ o (e
Ex Ix# * ®AG axt fkﬂg axat? —§ +pA ot* ° €&

+ ¢

1§ =0, (€7) becomes EIZ :"...f/\é)i:’ J;"EGI -32;.—:{&_—0 (e9)
x

Derivation of (Eg):

With  w(x,t) = C sin L’% S Wt , [E-1) gives

2 oF nt 4

S, = —
L* (1+ E _ x*n?w
«G 21

mwurrt, g - (8:83) Ly W(x) WJ mzzam.zz from 0t Q:
a* _ et
f wey 47 de = & j’o [weer ]° dw
This shows tl—.ai: the sign of (¢9* will be same as that of the
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Llegt hand »s.‘a'e term. Intejra.{':ing the left homd aide e-'-f’w""ﬂ“
Ly I,ahi!' we

L4 (o, wml _ Ay d (x)\ +f (z)] (D
For cm‘mc'ﬂ lmv.n-dﬂ]‘g CmAAtW: the &rs‘k t"a bﬂ'ﬂ: o (ED
will be zero, and (E) will be positive. Hence w" is pesitive.

Simply Auﬂ’orted end: W)= &% =—o

dx*
Fixed end: W(x)= T_ -0
Free end: d W - 43w _
I )= =0
8.44 Equation of motion: » o
w .
EIE;—'*'PA—B? =Fgsinwt (1)
For steady state response, we assume the particular solution as
w(x,t) = W(x)sin wt ' (2)
Substitution of Eq. (2) into (1) gives
4 F
d‘'w i 0 3)
dx4 ? p Acd
where ¢ = % (4)

The complete solution of Eq. (3) can be written as

Fo

W(x) = C; cos fx + C, sin fx + C; cosh x + C, sinh fx — N (5)
pAc |
where = _ué_ (8)
c
The boundary conditions for a simply supported beam are
W(x=0) =0 (7)
Y (x=0) = 0 ®)
W(x=¢) =0 )
AW (v—t) = (10)
Equations (7) and (5) give:
Fo |
Cy +C3 — =0 11
1 3 P) A c2 ( )
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Equations (8) and (5) yield:

~C P +C3F =0 or C;=C; T (12)
Egs. (11) and (12) provide:
Fo
C,=C3= (13)
! T e pAct
Eqs. (9) and (5) give:
F 4 sh 0 ¢
Cy sin B¢ + Cy sinh f € = — —— [wsﬂ *;°° 4 —1] (14)
pAc
Eqs. (10) and (5) yield:
F
—Cysin €+ Cysinh f € = — 2 : [cosﬂf—-coshﬂt’] (15)
2pAc
Solution of Eqs. (14) and (15) gives:
Fo FO ﬂ [
C, = 1 —cosh B€)=— tanh 2 (16)
‘ 2pAczsinhﬁ£( cosh £€) 2pAc 2
Fo FD ﬂ 1
C, = 1 — cos = tan (17)
: ZpAczsinﬂt’( Be) 2pAc 2

Thus the complete solution becomes

w(x,t)=2—;::7 [[cosﬂx+mshﬂx]+ta.nﬁ—2l-sinﬁx

--ta.nh-'32—e-sinhﬂx—2]sinwt

F(f.‘) = e G’z sin ot
z T 2
MI_—’. x 2
— X
w = lg%— (2 ) = 104.72 rad /sec. z L —
F(t) =m e «? sin wt = (0.5) (104.72%) sin 104.72 t = Fy sin w t (1)
where Fp =5483.1392 N ; w =104.72 rad/sec
Steady state response of the beam can be expressed as:
[~ =)
w(x,t) = ¥ Wy(x) aa(t) (2)
n=1
where the normal modes, W, (x), are given by (see Fig. 8.15):
Wy (x) =sinh By x —sin By x + [cosh By x — cos B, x] | (3)
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sinh B, € —sin G, €

and o = cos f € —cosh (3 € ' )
The generalized force, Q,(t), can be expressed as: i
¢
€, .
Qu(t) = [ f(x,t) Wy (x) dx =F, Wn(i) sin w t (5)
0

The steady state values of the generalized coordinates, qy(t), are given by Eq. (8.117):

t
) = sy J Q) (=)
Fo Wn(%) t . )
=m£51:1wrsmwn(t—r)d1 (6)
where b= [ Wi(x)dx=¢ ()
0

The integral of Eq. (6) can be evaluated as:
t
fsinwr{sinwntcoswn'r—coswnt.sin%f}df
0 t

. 1 . 1
=smu1,,tf?sm2wnrdr—coswntfE(l—cosan‘r)d‘r
0 0
sin wy t tcosw, t
2 T 2 (8)
Wy

Thus g, (t) can be expressed as

'4
® Fo Wn(;) sinwy, t teoswyt
Wit = PpALw 2wy 2
18.2771 Wa(3)
= sinwy, t ~tcosw, t (9)
Wy
The steady state response of Eq. (2) can be expressed as
4
oo wn(?)
w(x,t) = 18.2771 1 Wa(x) [sin Wyt —tcos w, t] m (10)
n=1
. -0l t
Steady state displacement of the beam 2 em dia F(£) = 100 f N
tm aa- p
can be expressed as l
oo 7
w(x,t) = 3 Wa(x) aa(t) (1) a1
n=1 '[" im >

where the normal modes, W, (x), are given by (see Fig. 8.15)
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Wn(x) =C, [Sin .Bn X —sinh ﬂn X—0y (COS .Bn x — cosh ﬁn x)]

sinﬂn (+Sinhﬂn{
% = cos B, € + cosh G, €

and the generalized coordinates, q,(t), are given by

d?q,(t)
dt?

1
pADb

+ wle aw(t) = Qu(t)

¢
where Qg (t) = [ f(x,t) Wy(x) dx = F(t) Wy(¢)
0

The steady state solution of Eq. (5) is given by

t
wlt) = g | Q) s =) dr

¢
where b= [ Wi(x)dx=¢

° t

¢
J Qu(7) sin wy (¢ —7) dr =100 W, (€) [ e~ %! " sin wy (t —7) dr
0 t—r=0 0

=—100 Wy(¢) e %t [ &= ginwy (8 —17) (—dr)
t—rm=¢

Ueing the formula

1

eXfsinbxdx =
I a® + b2

e*r [a.sinbx—b cosbx}

Eq. (9) can be evaluated to obtain

(2)

(3)

(8)

(8)

()

(8)

(9)

(10)

100 W, (0
t) = e " +0l1lsinw, t —wpcoswy t 11
1% (t) pAt’wn(wi+o,01){w‘ n b= wy n (11)
Using p=7500kg/m®, f=1m, A= % (0.022) = 3.1416 (107*) m?, Eq. (11) can be
written as )
42,4412 W, (6) o1t
au(t) = Wype " +0.1sinwyt—w, coswy t (12)
“ wy (wi +0.01) {
The total steady state solution can be found from Eq. (1).
The solution is assumed as
o0
w(x,t) = 35 Wy(x) qa(t) (1)

n=]

where the normal modes of a cantilever beam are given by (Fig. 8.15):
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t
M= M, M)
> > M,
"_’x l . 7\% o . $
W, (x) =sin 8, x —sinh 8, x — 0y (cos B, x — cosh 3, x) (2)

an:lsinﬂn€+sinhﬂnf] @)

cos (B, € + cosh B, €
where 3, € are given by the frequency equation:
cos By €cosh B, € =—1 (4)
The generalized force Q,(t) given by Eq. (8.115) becomes

Qu(t) =M, dzvx‘ l2=e (5)

where

an |,‘..¢a=ﬁn'(cos1ﬁnt’—-cos:hﬂnf)+a,,ﬁ,l (sin By € + sinh B, €) (8)

The steady state response of the beam is given by Eq. (1) with

t
1 .
Qn(t)—'m' { Qa(7) Su:wn (t—7)dr
1 dW,
= i -7)d 7
pA.bUJnMo ix |x—l‘!;sm""’n(t 7) dr (7)
where b= [Wi(x)dx=¢ (8)
0
Noting that
t
fsinwn(t—‘r)dr=—1—(1—cosw,,t) (9)
0 Wy
Eq. (7) can be written as
dW
= ks - t 10
) = o o lxe (L= eo0 ) (10)
8.48 Y Sp——— M
N
— t——
w(x,t) = W(x) sin w t (1)
where W(x) = C; cos fx + C, sin #x + C; cosh fx + C, sinh S x (2)
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Boundary conditions:

Eq. (2) gives:

idx"y_=_ﬁcl sin fx + B Cy cos fx + f C; sinh fx + f C, cosh fx

2
(fixvzv =52{—cl cos fx — C, sin fx + C3 cosh fx + C, s'mhﬂx}

d*w
dx3
Eqgs. (2) and (3) give:

= {C, sin #x — Cy cos fx + Cj sinh fx + C, coshﬁx}

Cl + C3 = 0
Eqgs. (2) and (4) lead to:

Cz + C4 =0
Egs. (2) and (5) yield:

—Cycos3¢ ~Cysin f€+ C3coshf€+Cysinh f€ =0
Egs. (2) and (6) result in:

C,(sinB€+keos B¢)+C, (—cos B € +ksin 5 ¢)
+ C; (sinh € +k cosh B €) + C, (cosh f¢ + ksinh §€)=0

where
k=B
EI
Egs. (10) to (13) can be expressed in matrix form as
[A]C =0
where
1 0 1 0
0 1 0 1
[A] =|—cos B¢ —sin B € cosh f ¢ sinh G €
(sinp ¢ (—cosf¢ (sinhf¢ (cosh B €
[+kcosf€) +ksinfl) +kcosh ) + k sinh 3 ¢)|
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(12)

(13)

(14)

(15)
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() (

G 0
— Cz -— 0
C =1 s ; 0=1 ¢
C3 0}
C, 0
\ ) \ J

By setting the determinant of the coefficient matrix, [A], to zero, we obtain the
frequency equation:

-

(17)

Let P = temsion

Forces in radial direction are P rdo and >P(r+ dr) de

vertical component of radial forces

= P(r+JT)¢lO(p+’a_e.Jr) - Prde /5_-: |’r(3£_*__'lT P)ere

or

'Y Since (3 = a—&z
or r or
forces in tangential direction are Pdr and Pdr.
vertical comfcm»i‘ o} fa.m.?an fdices
= ?dr(q+%de)—l’cﬁro( :l’%"e‘—&rde

1 2w

7
= Pr(dW, 1 %:‘—")ere

| X 4 9 W
 — d yayy - ."_ l‘ﬁr_ ——a = —
T ez | drde s = T 20 20 r ae?
Evmi’n.g the thadl vertical ferce to mass times acceloralon, we 3'1-
i  or 2t
vdrde [ 2= L L 3w _ 4 2w 2= rdrde
P . [ T T r* Jel at*
e W L L ow 1 Y _ P dw
3!‘ r \ g rz 397- - P at?.
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For harmonic motion, eguai'a‘an of wation becomes
i

19w | L 3w P ot
SEtry trig -z @ W

Let W(r,e)= X(r)-Y(G)

7 > 2 z

rrodTX 0 dx o pet wN_ L Y 2

“\1 T TP )- Y de? " ()
2
_i_\_i.q. a(zY =0 (EO)
de

2 b3

d¥x '_Q(_-p(‘ic-‘—,—ﬁ—))( =0 (Ez)
Ar?- r r P :

d
Soluton of (E2) is X(r)= C, ,J;({'r)_‘. C, Im(f. r) ;3 m=0,012,..
where J, omd I, ane Bessel fumclond of th firat and cond
aw,nu?mdg, amd

r= £2
Since ]:m()".r)—r-oo when c— O,Pczzo t k-u# X(r) amd
hemwce w(ret) findz.

o X(T): C, J;(fr)
At r=R, X()=o ie., . (7R) =0
Eg-(E3) hos  geenal rodls R, TQR, ceey Yo Ryel
. 2 ):' P

wmn =
I
(sor) @) i i P TE= (G FE) 6 @
Let the forced response of the rectangulon wembtame be of ta
&a’m ‘U"(‘l,?,t) = 5 21 Tmn(t) ’5'”‘ I"'_"ar’_'-

m=1 n=

&)

At Tl'ﬂ’g
where T (£) 48 1 e dedDumined. Eps- (E,) omd (E2) give
z = o _"'_\3 n* - mIUwR . Nt
i P,,.,ZL%ZL °~’+—LT> T..(t) Am - 7
+f § § Az-rwm(e) Aom m“;f Mu“T:: - f =0 (Eg)
m=f n=3 dt*

Mublply (85) Ly i ZT= gin 172 ond ilignalt wilh sespect
foothu#thfmot#ﬁﬁd
d* T, Pr* mt | on* . t);
et (£) + N (a-‘+ b")T""‘(t) abp Fom ()

mn = LZ,-..

(52

(Ee)
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whane

a b )
Enn(t) = jf ;(I‘VJ'E) Aom 1? At nwd dx J_,' (Es‘>
o o b
Sobulion o (By) com L expresied as
= At T E(Z A ¢ nm () 4

4 t
*rreb JI(men) [} Rt e ;_(:_L\»i‘-,:?-(_t(-:‘))}ir

where A, and B, o ddGimind from Mo tmown aulil
CannbL':vu of the membrame. Tha e genoral sdliom a
Fum by B E) with T (6) showun in e fask eguation, ().

(B) For f(x,y,{-) = £, (€5) becomes
Fop (£) = fa'S'L_Fa LT > 2 4y

] o b

= £ ab - ™ _ -
omn (.1. (&) Tr)(i (-2 1!‘)

>
- (o for ™M or n enem
{i_ﬁ»_o-} for m amd n ol

T2 mn
B =0

Since WWMJ Mw&iﬁg, A.n= Pp
ord B (E) Fues

L t
T t - —4‘__- * 4 faCL . -
wn (€D Trab A = jo)k,..'rrA(t ). dr
- 16 £, (1 - w8 Tat)
T mnp A Ta
- 16 f‘o (1_M‘ITA{7) g-or m and n odd
4 manl
arhaone A= {P(Ii+ _,,_l> /2
? a-i. bl
Final scludom i
©o o 1 mmhTx T\'ﬂ'y
w ) t ot 16;0 ™ 1 2 rim “.m—_'i-MTFA‘b
(x y: ) ‘n’f'P Z Zﬂ.=1.3.---n(:_‘?+:—a.> o b ( )
m=1.,3 .

From exomple 3.1,
Wi ht) = X Y&) T = (C s xr C bim «x)(C; cABY+C, 4im pY)

(A bt + B 4 ot)
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Bcwanh-y,anAZEona: »

w9 t) =w(a,¥,t)=0; osyzh and t= o
'U'(‘K,O,t): U'(x, L) f) = 0O<s X< a-f\'\& t=>o0
e X@)= X(@)=0 , Y() = Y(b) =
Ci=0, G=0 > SinxKa=o0, Lmpb=o0

e,
dm= L <m= ,’1’___) ’ Fn: y_’,_b,: (H: 'Jz)--.)
2 2 n?
W, = sz(zr"'?) 3 Mn=LLaz,.

W (’x; ¥, t) = n 7—"{5- Lin ":"3- (A,...f-a* ..t + B 4 6.9,,,_‘&)

o o9
wx,%,t) = = w, (9,1)
m=1  w=/
= f Ain m;‘rl Ain _"ﬂ(Am ot o, .t + B, A c.sm'l:>

m=1 n=41 b

General so|ut|’on“ .
o . .

WEyt) = = = sin m: cin 2"'?' (A, cos ...t + B, sin 0, t)

™m={ n={ (E‘)

M w0 = W (%,%)

. i osx=<a,
omd -aatTJ'(")yao) = 1";(“'7) } 0o y= b (Ez)

€. (E)) gives
EZ A B e T ey &)
o9 o9 R mr . Y o ’
ZZ W B fin BT sin 252 2w (x,7) (%)

These are double Fourcer sine series expansions so that
ng

_ _4_ . mTTx .
om = y? ,_J; f (z,y.) st = Sin L dx J}

a .
= :4:' f Zd; Sin T% sin 22 X dx f Sin ’;l Evnnn-y JJ (E5>

x=0 L y-o
Q
Pt e, [ [ sy e PIE 2Ty,
xX=0 Y=o
(&)

= o for 9iven data
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Uslnj ‘tke refa.hon fln «t sin ﬁt k= _L{sm (d-P)f Sin (4(4-69)-& }; e(#P
B- (E5) can be simplified a4 X-f %+ f

{ [ (m—!) ™™= .-"g—'"ﬂ‘)bwl]""} {' l‘s;ﬂ@-llﬂ'J g‘.n("+"2w7b}
+ -

Amn = 222 L
ab gm—nZ‘rr (m+) T ZL (n=-)™T hr)T
' a a b b
= o0 ;Por m > 1 wnol/or n>1 (E,)
For m=1 and n=1 5 EZ' (EF) can be Sl'mP'n'fl'eJ al
4 Wy o b
Ap = b fo Sin- ]_T‘;_ dx £ Sin _7.%7. JJ = W, (€s)

o 'w'(x,y,t.) = Sin % s’n T—r‘;Z [Pt 03“ t
with - tp2 L, L V2

; a3, {C w2 (4 L">}
(frOm the solution of problem §. 52)

General Sofulion - '
@ ® X . M ‘nTl'j. .
W(x,t)=3 = ain —— Adin - (A,,,,.Cﬂ‘wm* + B, ., #in caﬂt)

m={ n=41

i‘W(z,#,O)n%(z,;) } 02 xs a, o= y=b
W (x,3,0) = dy(xy) S

g; oai Amn&&“m"x /“Vr\p—:—} = ‘U;(x)y_)
m= n=
% nz":"icam B, Aon TIX tom vz = W (% %)
-:.::em&auﬂﬁummmuww expomtions of w, (%,Y)
o (2, F)

4 @ . mIXx -
Amn= = fo _[-w;(x,y) m—:-m"’:"’ dx dy
= 0 'fU'r ?“-"-Cfncg-o.t:u

= 4 a .
Bonn 2b G, f f vg(xa)%"[%%"? dx dy
o S PR S
Using the rula.LT:n
Ain ot Aim BE. dE = (d-EZ _ A (24Pt '
J gt { T } for «#8,
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B 43;35 {1 Atn - A (M) TC X\ (O
" = — - @ S rN
ab W (* m-1 m+ 1 ) }X

o

b b

i
—

{.&. Lin -2} £in (n+z)‘n'})
2

N

n-2 n+ 2

=0 for m¥ 1 Q.n-LJ‘n#-'-z

R

(49
I {z_m%w%)m}{ i TTE o4 LT\
z -
a‘b (‘an 2—1!- 2 s
(w o (4_L—> (3
- 4% o) (k) = %
ab @), (z ) (z) )2
. ‘L:I' '
oo > ,t = ° C Tr_i G 1“’} y
CACYRD) or M IE e 2TE g0t
@ ;:‘v";ﬂa‘b’;e“hi natural Jereg‘ABHCj of transverse vibratron is
2= * - ey *- ’ L |.d
Wr= ' (aﬁ + L,) ﬁ:r a'::c :—ujua.r membrane of sides__ (g)
with ct= P/f . (Ez)
@) For aizhiza,  ora cnt(d) e (B
(C) For Q,= ZLIJ area = aqlpl-a, '—‘21’,1 T
. L,:a.,/ﬁ_-, @& =V2 o : i
("’lf = c’- “-1(0':" + —é'?_) - Cz.n.i(:_") . (84) l(——a.v,—)'
a

(}) From solution of problem 8.50, the fundamental natural
Frequency of a cireular membrane of radius R is given by
2
W, = ﬂ =2 : where {;R = 2:404 = first zero of
Bessel function of the first kind.
Since  TTR*= oF, - q,/JTT and

=S () = @ (2R )
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F, (x,t)-dx
( |kt '/IVH'V)
M v v : : . mM+dm
- x e dz s
FA dx Fuwr w(x,t)

2t
(w) If load due to the car moves with o constant veloc?‘l'j v,

in the x- direction,

F(x:t)= F(zx- V,t) ()
Eguilibrium ezua:l:(ons ore
(V-f-dV) -V - Fo(x,*:) dx + kw dx = _ fAJx -3;—:{
oV
or Y _F(at) + kw = _pA ?;{ (E2)
and (m+dMm) = m— (v+dv) dx + F(x,t) dx "_;:‘- =0
or %g. -V = o - (&)
Using (E3), (E2) can be rewritten as
2 . z
SR Rty + ke w = —pA Y (£4)
| P
But m= E1I1 2 x2 (E’)
Egs- (E,) and (Es) fead to
* . % 2
f;_( 139—7—':-";)— Fo(t) + & w .—_-,fA%f-: E)
For a; uniform ,_Lea.m, () s.‘m},l.‘f.‘es to, in view of (&),
W
EI—a—l-"_-f-fA%% + kw = F (z— ‘Uof) (E7)
(b) Solution:
:Deffnu'nj Y= z- y,t (Es)
Ep- (E7) can be exrresse:l a4
Jtur 2 %
EI—A—J-;+fA'Uo i;:+1<t-r = fk(¥) &)

Let F = comcentrated doad. Then the Joverning epuation
ak oll foints of the beam, except ot =0, &
er 4 a0z A ()
J,,‘f o Ty + kw =o0 o/ -
Solution of (Ep) can be e.xprcssec{ as
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w(y)= 7 (Eu)
Substitution of (g,) into (Ew) 9gives '
Er o + PA voz + % =o0 (Bi2)
whose roots can be expressed as
X,p= % (o..+ tb) s 3,y = (Va» -1b) (En)
with z
=Vi—c’d, b=Virc d, c= Yo

| e | G
I A= (K VA o *
and (451_) FPoA
Thus the solution of (Ep) becomes |
o ¥
w(s)= Ave ' 4 op, e
where

o
+Azeq§: + A, e 4 GD)

A; ({=1,2,3,4) arve constants which can be determined
Srom the follow:ns conditions:

J'I:’J'zo ok ¥= ol } Je{—lecf(on & Be:holn'nj moment are
l;:- =0 of Y=o ) zero ot Y=
%lﬂ' =0 ok Y=o } s(ope s zero under the food
J
3 L
EL %‘ +— EL 'A—;Tb;' = =P shear force. l‘laaS'
! ’”:,_ =e discontinuity
&) ET A.;: = —I;T under the load
W = 24_ s (l“") 2451 (L% + = —zlz)
dw _ G _
-I’—‘-—ZHEI (2:1 + 4x3 —6l x* )
1w 4 Ty X'
= MEI (20 + 12 %" -2k x) |
*w - f I,L+gx —él2y dx
N= EI J; (sz> dxz = 4ET (ZQEI> 0( )
2 .5
= o b (=)
720 EI 1
1 2 Co 2 292 3\2
D= ,fA y (W(z)) dx = fA(Z—QE.'-[) f(x,f +z"_zlz>¢!x
o o
9 2
= fAl C‘O (EZ>
362880 E*1® _

543



www.FluidMechanics.ir

ot = N cg’-i 362880 g*r* . soq _EI
> 720X/ \ pAl® F - pALY
= 22 4499 [-EZX
PA LY

This can be compu.re_ol with the exact solution (F»g BIS)

EI
Wopoct = (473004!) = 2273 ’;Arq‘

8.58 W(1)= Co i"’ coS ZT;X X
AW 27 d*w 2T 21X
= - Co ..-1—- sin 21X Tt = Co( [] CoS 1
| SN 4 . J
N= EI (A W) _ z (ﬂ) 2 2mx
50 d=x?* dx = EI G 1 "(o s -——1 dx
= 8636:"”4/13 | )
= 2 2mx 2mx
D = pA 5; (W) d== A o L (1+ o 5 —2cn 2 )dx
= 3C°2fﬁx/2_
W= _%J_ emw? EI
3 Al
“ W= 22-7930 EI Comra-re this with
FA
Wexact = (4-730047Y EAI” = 22.3773 [EI_
£ pald
From strength of materials, 4 W /fength
I e
the static deflection curve 7 -
A P
Xy 9nven b’ [ "
W)= 2 — (l -%) (2x-3£) = _
4_35 ( ) ———-4_8EI (sdx> - 2x% -3 1% x%)
dw 1 <>
= | - -
I 4—95: (150" —2 " - 4%
d*W _

A 8EI S (slzx-4x*-1 )

2 2 ¢5
N= EI [ (a_lf_bi) = S0 4
5 \dx* 320 EX
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Cez fA IS
E* 1r?

-5
13090 «x o

L 2
D= FA J (W(z)) d=

o
©=3= ARV L

EI
AL

TI'NS can Le comPa.reJ with f’\e exa—d: Value

E
Wyt = (3-926602) / I,, 5. 4182 /

W= (54510

860 W)= —'—"(-‘rx+3l) s_%_ g_;\‘ - __ E
4—3EI - \‘-/! _'I
L
43EI =
fw "—‘315 -4x+l) ; o< z<‘__j1£
e
" QEI (4x-38) -?L,:-s x< {
beam = w? jffA [W(z)]z dx
6‘- - 1
2 - "
‘-‘923"* 4-85 ) [f%14'((61 +91 _24-:1)&14-5{(1 z) (4: ) {l
[o]
LI [‘ﬁ.i’+9l‘x‘_z4lz‘]%
= 8E1I1- 7 [3 6 o s )
460 : 'y 2 5 613 x*‘ 14‘*-3 lzlxl ‘x
l617 72 % 29 = _ u . 54 _ul 1 .
N TR SRR S L
—6 [ pPA*Y
de%’m:__m u}m'z_}- -—-‘Jim(.sz W(’x-"-i'
o 296
S Sy mw” L )
=@ = 136 %13
2" 192 EI) * , g*r? w,_LG
2.
Trax A = 5 x5 © PAG )4 136 x& mE,_I
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Vm={f (dé)ax

lzasr[\f (51+1—81*)Jz+S (lsz+7£—z42:>c!]
g (e (e )
3

394 ET
S & S __25%.7 EI
384 €T (smo“fA 97 + 136 x6° ™ k‘) 1’(5fAl.+ca-em)

T W = 50-8987 \/ whare ML=fo=m'ss of beam
28 (smbusem

)

Le.t W(z) = Co(l ) —c°(1+ -’-‘—:-—?ﬁ‘. %
W

W _ e x= f x «—
=2 (p) patagct ol . Y
2
= - dx = 82 j x_ .=
Tm ‘5_“ jof/'()[w(z)] x 2L A x(i‘f‘ l:. . > dx
4
= p'A, ¢ -;‘—"+3"—G—+i—z—;+2"4_4_,_j_4x’ L
2l gt 44 Y LY Y IR T P
‘Pfalﬂocgl
- o ' Il
PR | d*w\? I, x\/ 4 ¢ _ EL
Voaa = 3 [Vezeg () 4 = 5 ) C2)(5 )+ - =2
Tm=Vm gives
wzz EI, C: 60 _ 60 EIL,
¢ rhecis b I
W= 7-7460 | EZTo
£ Ao R*
Co ke
Let W(")=Z;E—I-(z4'-4l 23, 611x1> : L
2 x=0 z=l
BT Ot ‘

= & (0] gt ]
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Since b « 2 lg
ii‘ [Wx=1)]‘ =T % c4 e*1? ’
ke [ AW o)t = ke 2 LS
=L *"; e e
amd Ler J' d*w\2 cZ 25
dx = So Lolution blem g.57
Z . cl::") T (from utio o_-F l’m em J
Vinax = o £ xc L’ e Co £
40ETI 128 g*r? 72 E*r?
2 |4 2 99
Tmex = 8 £ f E’"(x):]lcﬂr- = GDzJ’A (13 o > from Pm”em
) ¢480 e* 1’ 8.57
Vmu= T‘l‘hﬂ-l 3:V€3
692 = (12-46I5 Er + 3:8942 S 4+ 6-9231 .2_— 2
( pAl* Al fAl
wiy= ¢ (1- SN 4‘W=c( e
W? 1 2
max = —— Wi - W pPAC 2 amx
. zj;.PA[(")]ch_ 'S, 'J'(,_,,_@s y_r:_c,s!)a;
- ‘Psz C. [x+(x + lf-'lrl) ( zwz)]
=£—wa ¢ 4
V. 23 J ) dx _ EL ‘chz(7'_1£>4 Qfsz IME gx
max 2 A =3 ) t ] ;_
- SEI C;‘"Tl"" x L e 4T X )x _ 4€ET c|27\'4'
14 £ L /o 2
Tmn-u = Vm 3«.v-u
ot = 4EI it 4 5(9-52 EL
L3 3pACH | pAL*
W = 22.-7930 / 514_
FA R
T
U(x)= C, A#in —F m(x), EA(%)
864) S / N
W_ . w T o — — ==
dx "2 o8 7.1 y
)4
: [raco (2 A
o
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-1

"% zsAo(i-ﬂ (5 ) e I

= EA, c,z(:"—z)"[g M"‘:_lx de - S: ';f' A TE 4y

<o (B (ko g 2 F L = T Y

= EA¢im’ (1+3’.>

16 £ "
T - ot 2 o* 4 _= 2 .2 Tx
m-—z—fm(x)u dx =_2_5 2m, (4 I)c,/&m—{—- x
o 0
2 2 2 Trx d 1 x
omd [ g ez ]
- (8% z l__L oqrx A 4 2 Lin XX o T g
s otmec [(Fogr eI ) - p (£ 2T =) ]
(2F) (8xy %
- @tm,C, i(i--;%) 41
Vmax = Tmax Fwes
4
2 £
c'sl_ EAo'ﬂ' (1+ P = 5.9303 EAQ
te L m, 1 (1__ i-_) m, £
-"-l-

Wefmfke-clkﬁ&cﬂbnw soliifying tha boumdarny condilons
w(oy)= 'D-T(Oa,‘i-) = Ww(x,0) = u'(-z,b) =0 of

w(x,%) = ¢ xY (x-2) (Y- L)
W _ C,'}(l"a‘)(}"b) + ¢,y (y— L)

2x
%’_= ¢, x (x=a)(y-b) + ¢, xy (x-a)
( 'aw' _cy(y b)(zw) +cx#(?‘b>

+eb ot (x-a) (y-b + F xP ¥t (x—ay
= ot yts Y (2 w2 b)) 4 PP ab) + y (@) s (@)
+ 47 (2ba") + xy¥ (-20) ¢ x¥ (20 1) 4 x3P (4ab)
+2x* 2 o xF (B) 4 2ty (C2b) £ o (@B L) + P (b))

+ ¥ ) ¢ (2al) + LY (40b)+ 2 ¥ (2a) ]
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b .

b
ST+ (Y] gy - (% %
2.2 3 .4
wi(n,y) = [143.4'+a.1 = y4+b"x4’yz+°3'l’zl yt-za x4

2 3 2 312
—7_514"}3 + za,l: xgy—; +7_aJ: x; };—za}Lx '}—Za.': x;]

faf bwz.dz dy = ¢t o Ls/g,oo

vm B oo (@P)(@+H)

Toax = O°F . <} @ b

Vmax = Tm: 3.\220 _1.:_5 = 20 (o'} +
o= eamz [ L (s )

@

For a shaft under torsion, the shear stress (7) induced at a radius r from the center of

the cross section is given by
Mi(x) r
IS

T

(1)

where M;(x) = torque at section x. The potential energy of the shaft is given by the

strain energy:

1
V= 3 [ ey 7 dA dx
Using Eq. (8.61):
My (x) = GJ %‘:
Eq. (2) can be expressed as '
» R
1 a0
== )
V=5 { GJ [ Gx]

The kinetic energy of the shaft can be written as
¢ 2
1 a6
— J|l=] dx
-3
By assuming a harmonic variation of 8(x,t) as

f(x, t) = O(x) cos wt

and equating Vmax t0 Tpax, We obtain
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fas [%g] i

[pI €% ax

0

For the shaft shown in Fig. 8.386,
G =80 (10°) N/m? ; pg="76.5kN/m?

J=— d = — (o 054) = 61.3594 (107%) m*
Let ©(x) be assumed to vary lmearly on either side of the dise for simplicity:

6

e(x)=(;’—: ; 0<x <08
(1%
Y

where 0, is the angular displacement of the disc. Equation (8) satisfies the boundary
conditions and gives:

; 08<x<1 (8)

-2 ;08<x<10 (9)
.2
4 d6 4
jGJ < | d4x =306 767 6 ; prezdz =159.5384 (107°) 6}
Thus Eq. (7) gives the approximate natural frequency as:

_ 306797 63
159.5384 (107°) 63

= 1923.0292 (10°)

w == 13,867.3328 rad/sec

For comparison, the torsional natural frequency of a fixed-fixed shaft with no
intermediate disc, is given by (see Fig. 8.12):

9
=TT '\/-_(T - v 80 (10°) (9.81) _ ;0 062.3557 rad/sec
¢ 7 10 76500
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Let P= tension

@ @) Wi = ¢ x(l-%
dw =4tcke jf(x—zx)’“ dx
— _!._ Pcl 13

{ 2 2 5
o W £¢< L

| z
= ]
Vmax = Tymax 3"’3;
% f P
) = 3.1623 FKT

o = (10?
Exact vafue is W=7 .
fl‘

b W@ =¢,x (I-x) + ¢, x> (L=
c,(l 7-") +C7_(z£ x+41. -—slz)
-LJ; P %> = = ?‘Y [ (""4’1—41:)

e g at -4l — 24 11 2%)

Vmu= 2
+-c;(4-24x"+lax +36?
4 P22 _gx¥ 1124 xa)]d;

dw
dx

+2¢,C, (9_231 + 40-3-a2?
('L 12 +—?C117+‘-C'C’-2 >
Twax = ‘Fw J' [C. (1 14--227-3)

+Cz (24 x++7f. + 61 =© -44 x -41 ;)
+c,cz(zl = +61'x. -¢f? 4—22‘)]41

f fEN("-)] A

7
Gao 2 +—CC"£ ]

= “9 [-—-C
_ L 2 g3 2 2
X= P(a P+ Eel T acat’)
G G ARy LR 7
F (35 2 + = g L7 + 3 ¢ c2 f )
7
? 3 _z___ 5 QX _ iC 2 +—1—C
_a_c__P(3c'K sz ) ) —_C_g_- P 05 S (s 1
_‘_(_ . 25 Lo 17 oY LI 29 I c 27
3¢, f(‘;c, t*30 % ) ’ 5—;_'—"?("“5 22 *3 )
3IX 2 Y X Ch ¢ :
—_— - = et _w — =0 wve
c, o » acz CZ 9
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b e <l )

Sﬁhﬁmmmmrdtm CD%MO‘%-C|°~J C,y

+ 30 Gives
2099
(.%P!’-—c.sﬁ)(;gl’l-g,—; wﬂ)
2
e, 4‘ ~ 2z (XY ? + 1008 =0
t 1] w ] (!1 ) + ('le
2 g P
W = 9.8¢97 — , 021302 =337
.fll J’f _
F
O, = 346 ,P' ) W, = lo-mS‘SJ:—;—F
1l
First mode Third mode

Exact solution & :

_— f?' ca:e-zs;z’.f’_. w=1-4z42(F
691 21416 ;.F , 2 fﬂz 3 [

1 1 du 2 :U =_C_'—i
)@ o= £ e (1) o= g
1 1 2 :é—!= Ct
=2 ) ea (L) d4x LI
J: (;) '
= EAC for wmifdm feom
24 . K )
_ o 2 A A S Fdx
Tma.x— ‘F—E—-E A UJK = TL zzx
_ ofpAac ! ~ e
. fur W
T. =V wes t_ 3E
max mox P - W ,,FI-T
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1 I
b EL v ' U(x)=s S X 4 G %
(2) Viax = 7. J; (J ) dx ! (z) n + -
l "
EA ¢ Cz 2¢,Cz IJ_U___ < 2C, ®
el s e ] R s

Tm" J’ w® XA,U‘L.&: ;

- yAcs ['C"ﬂ-rL ‘3-'1+ch|¢:.1]

Ezs-(E") amd (Elz_) of Exa.mplc g-12 give

2 3Y
X 2 Y _ X _ w2 -o )
3c " 7] 3¢, =0 amd 3¢, YN (E 1)
Where  x = ___.:i‘ [cr+ 4 cs+26,¢] (€-2)
omd Y= f_’}& [:'?‘ c:"+ -%,_- C: + % C.Cz] (e-3)

Egs- (e-1) b (e.a) give

EA 2 _
- oAl
EA

(
Cz(—eh——wf“) + & (

_#waA,Q)
Fre?/uenr., evm:to'h
(t-+2) (t-x) D R | B SRR PN
DR
where ) - 091.511

A= 2-48526, 32-1%07

3
3y = 1.57669 }El_‘— ,  W,= 5-¢7280 ’;_F

V) =G Aie T o i
2

8.69

')
o
NSYNAAS

e LG e B B

dx 2
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gL ATX = 2 L g, 3T
fg,s 21 dx = 2+c1r Aan 1
™
rx 3TTX 4z = Ain T 3-1
Jes T8 25 ’TE/’L+ Ry
. (*72) 2)
EAT 12 2 ..
32 4T 3R 4. 2W
+c|c21(‘f/“"?+z—w"h‘ 3)]
, ;
Trax = L& 35 2A $c? gt IX 2 e 30X
2 J: z {C'M 2 TG A T
A 2
. Tx 3T x 4 2 gt mwx
+zc,cz,c«.-ﬁ- M’"—zﬂ } +5 A{Cl 2
3
S 3TMX
+ ¢ Hm 2+2-C|Cz"1m—::i%%r—3— J’-]
But .2 Trx _=_1 T
f,un _l— = 3 z——"_/‘kn 1
f.u"’m‘ dx = = _ KX 3=
24 ¢ [

F A . _ . 2T X
j&%-ﬁnﬂ-—dx= Aen T - An L
(=) CL7
Tcs AL TS (L i) i () (L o 5-L)]

(& = din -,—) + cF (62)+ C.Cz(l&%1+z"‘4""2’;—>]

R Ty e () (L F - L s 5]

3

?2X _ EAT? . . :
A RIC R z>+Cz(%*~’+‘+:—f—rM¥>]

E%[zc.(o- goasly + Cz(l- 2405 1) ]

AX - iﬂ‘c‘:l cz(lll)“'C.(?x %T_t_ 3_1_ %ZT )]

= EA-rr: [ea (122) +¢( 12405 Ly ]
Hoapabo(F - ra(FaT-Hay)]
..J:A[zc, (052882)+c,_(a-|3782)]

o pla()ra( L Tt 5]

AL (3333 + ¢, (01378 4) ]

Y
(o)

'Y
|

554



www.FluidMechanics.ir

X _ " 25 amd 22X _* 2L =0 give
C, 3c. acz BC',

G (E"‘;" 0. 40225 — PAGL 1:0576)

+C1.(EQ""1 0. 31012 — pPA Wl ou;va’) =0

< (Eéll" 0-31012 —;Ac.s"l 0-1330>

z
+ C2 EAIW

Fragpamcy egualion i

a
(o-:mzs E"l”z- pASL n.os-zex_E_A"_‘ 3.0 — pAST A |o39?3>

1.3333) = O

- (E’”" 0-31012 — pAW*L o na&o) = o

-e. 4 _ 95.709 " 77-7692 =0
8 ) (_3 ( ’.") + (f’_
.7 o +
o* (25‘ 09 /8- 7olo) e
Ny
E — E
S W, = 1.8719 7 = 4.7022 ’f]."

S R R T
Vipax = + j’ EA()( ) dx —15‘ 2E A, ,___)('n") ( e ;_"L

2 37Wx

m—— ;1rx
+?c.,_cd 20 + 6¢Cy S LM )A‘
r EA, T 4 2 35,\0 3EA,TTH
= ¢ 1+ —=)+c, o 1+
' Tl ( “'") : 62 ( 21
2 41 2 l RS s
Toas = & [ “mea.UT A= M (=T (4
(<]
e e 5 s*">,,,

X= ¢ E;;e(o.ssces) + Cr E;" (5:30165) + ¢,C2 EA° (1-5)
¢k mod (o-14%¢8) + ¢F mo (0-23374) + ¢ €2 m°9. (0-20264)

\(
%CL' = C, _E_KA_O_ (|'7;37°>+ Cz E-—fe(|'5>
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83X = EA° (15) + & Edo (u 60330)

¢,

A = mal (0-29736) +c2-m°Q (o-202¢4)
¢

2t

c.'mol (0'2024—6) + €3 mod (c-47749)

-
—3

Cz
2 .
2 3_! - (3 _QI_ =0 we
—a— - W ‘g%' =0 OJ‘V\J 9Cy acl 8

c,(?l‘"’_ {-73370 — o moﬂ o-z973¢>+cz(§%’ ivs-wt'"ol o.20264>=
4 :
z— -
ci( Ele 15 - @ m, L 0.20246) + ¢;(EAe y.¢0330- @ mod 0:47748) = 0
1 1

Fre%uenr.; evAatan LR

2
(EAo 17337 8 m, R 0-29736)(?—31 16033 @ m, L 0. 47747%)

e —

: 2
— (B 15 - @ mL 0-20264) =
AN

E Ao \?2
or ot _ 36369 wl(:AEL) 4+ |77+ 04292 (—ma l‘) =0
[~}

3 = <3c-349 + 24-7998 ) EAo
- v! z
2 m, L

©= 2.4062 [EAo  , @, = 5.5099 |Efe

m, & Mo

. For o 2tring, - _ e £ Ty
e £ [V b e E [

=

Here  W(x)= C,z(l-—x)-q-cz x (-2
% = ¢l-z2e,x +2c,0%% —6 L x>+ 46, %°

{ z zy? 22 g7 c, 24°

dw = ¢ L +C = [ +¢C
uf,(:r;) d= 3 05 E

) Y - 2° z 19 ¢ g’
frwidx =55 4G oo Qg
Eppaling Troy amd  Vipay » we et =

3
v y= Ll Lo d 071 ]
amd = £ o 2 47 e, A7
Y T[C‘T5+C‘E§3+ 2 =]

2 (W) 2(W?) =o yedd Egs (E) ond (E) of Em,?ﬁma
9 ¢ 2C2
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AR LS TR ICE L B
- Ledlrag ], 2 e Lra &
Pt flmon o (Bt (- 1) <o
-0 v (- 0L va (222 -0

By ufﬁ'nghmmt of th Wmﬁixa}c,wcz
G g0, we gt b’“vaevm’fmu

(%- £ (ls
% l4o -2\ + 1008 =0
1A _
(ls T’f_o) (lo 630)
whow A= pliet
P
A= 18722, A= (02: 4144

. P
S0y = 3142 {_L_ , W, =012 /——-
i J"" 2 yE

Results of Ex8_72
Je e 4 e e de e Sk s e e e de ke ke e e e Roots
1. beta = 0.01 3.173097e+000

>>programl?2 6.299059%e+000
Roots of nonlinear equation '
3. beta = 1.0

Data: >>programl2
n = 2 . Roots of nonlinear equation
Xs = 5.000000e-001
xinc = 1.000000e-003 Data:
nint = 5000 n = 2
iter = 10000 Xs- = 5.000000e-001
eps = 1.000000e-006 xinc = 1.000000e-003
nint = 5000
iter = 10000
Roots eps = 1.000000e-006

3.144773e+000
6.284776e+000

. Roots
2. beta = 0.1 8.603336e-001
>>programl2 3.425618e+000
Roots of nonlinear equation
Data:
n = 2
XS = 5.000000e-001
xinc = 1.000000e-003
nint = 5000
iter = 10000
eps = 1.000000e-006
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4, beta = 10.0
>>programl2

Roots of nonlinear equation

Data:
n = 2
Xs = 5.000000e-001
xinc = 1.000000e-003
nint = 5000
iter = 10000
eps = 1.000000e-006
Roots

1.428870e+000

7.228110e+000

5. beta = 100.0
>>programl?2

Roots of nonlinear equation

Data:
n = 2
XS = 5.000000e-001
Xinc = 1.000000e-003
nint = 5000
iter = 10000
eps = 1.000000e-006
Roots
1.555245e+000
2.644501e+001

@ Results of Ex8_73
3k K % g ok de K e e e e de e e o ok ke
>>programl2

Roots of nonlinear equation

Data:
n

Xs
xinc
nint
iter
eps

5

2.000000e+000

1.000000e-003
50000

100000

1.000000e-006

Roots a

.730041e+000
.853205e+000
.099561e+001
.413717e+001
.727876e+001

IR IS

Sdlid line: one tem  Dotted line: two terms

w(1/2,t)
o

-0.02

-0.04

0.06}F \’
0.08F M

-0.1

t

0 001 002 0.03 004 005 006 007 008 009 0.1
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Ex8_74.m
= 0.1;
= 1.0;
= 100.0;
= 1.0/2.0;
or i = 1: 501
t{(i) = (i-1)*0.1/500;

X O KD

wl(i) = { 8*h/(pi*2) ) ¥ ( sin(pi*x/1)*cos(pi*c*t(i)/1) );
w2(i) = ( 8*h/(pi*2) ) * ( sin(pi*x/1)*cos(pi*c*t(i)/1)...
- gin(3*pi*x/1) *cos(3*pi*c*t(i)/1)/9 );

end
plot(t,wl};
hold on;
plot (t, w2,
xlabel('t');
ylabel('w(1/2,t)"')
title('Solid line: one term

R

Dotted line: two terms');

Results of Ex8_75

J d J K Je ok Kk vk e ke ke ko e de ok ke ke ke ke

1. beta = 0.01

Please input N:

5

Please input XS and XINC:
1.0 0.01

ROOTS OF NONLINEAR EQUATION

DATA:
N=25
Xs =
XINC
NINT 5000
ITER 10000
EPS = 1le-006

0.01

[T I

ROOTS:
3.14477252
6.28477645
9.42583887

12.56716634
15.70859986

2. beta = 0.1

Please input N:

5

Please input XS and XINC:
1.0 0.01

ROOTS OF NONLINEAR EQUATION

DATA:
N=25
Xs =1
XINC = 0.01
NINT = 5000
ITER = 10000
EPS = 1le-006
ROOTS:
3.17309718
6.29905936
9.43537598
12.57432316
15.71432680

559

3. beta = 1.0

Please input N:

5

Please input XS and XINC:
1.0 0.01

ROOTS OF NONLINEAR EQUATION

DATA:
N=25
XS =
XINC
NINT 5000
ITER 10000
EPS = 1le-006

0.01

[

ROOTS:
3.42561846
6.43729818
9.52933441

12.64528722
15.77128487

4. beta = 10.0

Please input N:

5

Please input XS and XINC:
1.0 0.01

ROOTS OF NONLINEAR EQUATION

DATA:

N =25

Xs =1

XINC = 0.01

NINT = 5000

ITER = 10000

EPS = 1e-006

ROOTS:
1.42887002
7.22810977

10.20026259
13.21418568
16.25936123
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5. beta = 100.0
Please input N:

5. ‘
Please input XS and XINC:
1.0 0.01

ROOTS OF NONLINEAR EQUATION

DATA:

N =25

XS =1

XINC = 0.01

NINT = 5000

ITER = 10000

EPS = 1e-006

ROOTS:

1.55524515

35.78466751

45.12916593
51.36179625
54.47903674

Results of Ex8 76
B R T L L §
Please input N:

5
Please input XS and XINC:
1.0 0.01

ROOTS OF NONLINEAR EQUATION

DATA:
N =235
Xs =
XINC
NINT 5000
ITER 10000
EPS = 1e-006

0.01

nwnte

ROQTS:
4.73004075
7.85320462

10.99560784
14.13716549
17.27875966

C
C PROGRAM 12.F
C MAIN PROGRAM FOR CALLING THE SUBROUTINE NONEQN

c i
c:======================================================================
C FOLLOWING 3 LINES CONTAIN PROBLEM-DEPENDENT DATA
DIMENSION X(5)
DATA N, XS,XINC,NINT, ITER, EPS
2 /5,1.0,0.01,5000,1000,0.000001/
C END OF PROBLEM-DEPENDENT DATA
PRINT 10,N,XS,XINC, NINT, ITER, EPS
10 FORMAT (//,28H ROOTS OF NONLINEAR EQUATION,//,6H DATA:,/,
2 2H N,4X,2H =,14,/,3H XS,3X,2H =,E15.6,/,8H XINC =,6E15.6,/,
3 B8H NINT =,I4,/,84 ITER =,I4,/,8H EPS =,E15.6)
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11
12

13

14

15

16

17

CALL NONEQN (N, X,XS,XINC,NINT,ITER,EPS)
PRINT 20, (X(I),I=1,N)

FORMAT (//,7H ROOTS:,/, (E15.6))

STOP

SUBROUTINE NONEQON (N, X,XS, XINC,NINT, ITER,EPS)
DATA NP,II,CC,DELX /1,0,0.0,0.0/
DIMENSION X(N)
A=F(XS)
IF (A) 13,11,13
IF (XS) 13,12,13
II=II+1
X(II)=0.0
XS=XS+XINC
A=F(XS)
=A

A=F(XS)
IF (CC .LT. XS) CC=XS
IF (NP .GT. NINT) GO TO 18
XS=XS+XINC

 NP=NP+1
IF (A/AA) 14,16,13
XS=XS-XINC

* XINCN=XINC/5.0
I=1
DELX=F (XS) *XINCN/ (F (XS+XINCN) -F (XS))
XS=XS-DELX
ITER1=1
IF (ABS(DELX) .LE. EPS) GO TO 16
IF (CC .LT. XS) CC=XS
I=1I+1
IF (I-ITER) 15,15,16
II=II+1l
X(II)=XS
XS=CC+XINC
IF (II-N) 17,18,18
A=F(XS)
XS=XS+XINC
IF (A .EQ.
GO TO 13

0.0) A=F(XS)

C FUNCTION F(Y)

C THIS

ROOTS
DATA:

X8
XINC
NINT
ITER
EPS

FUNCTION IS PROBLEM-DEPENDENT

FUNCTION F(Y)
F = Y * TAN(Y)
RETURN

END

- 0.01

OF NONLINEAR EQUATION

5
0.100000E+01
0.100000E-01
5000
1000
0.100000E-05
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ROOTS:
0.314477E+01
0.628478E+01
0.942584E+01
0.125672E+02
0.157086E+02

c

C FUNCTION F(Y)

C THIS FUNCTION IS PROBLEM-DEPENDENT
Cc

FUNCTION F(Y)

F =Y * TAN(Y) - 0.1
RETURN

END

ROOTS OF NONLINEAR EQUATION

DATA:
5
0.100000E+01
0.100000E-01

5000

1000
0.100000E-0Q5

Lol ]
0
[ I I 1 1

Er4594
L EE

ROOTS:

.317310E+01
.629906E+01
.943538E+01
.125743E+02
.157143E+02

00000

C FUNCTION F(Y)
C THIS FUNCTION IS PROBLEM-DEPENDENT

FUNCTION F(Y)

F =Y * TAN(Y) - 1.0
RETURN

END

ROOTS OF NONLINEAR EQUATION

DATA:

N = 5

XS = 0.100000E+01
XINC = 0.100000E-01
NINT =5000

ITER =1000

EPS = 0.100000E-05
ROOTS:

0.342562E+01
0.643730E+01
0.952933E+01
0.126453E+02
0.157713E+02

C FUNCTION F(Y) .
C THIS FUNCTION IS PROBLEM-DEPENDENT
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FUNCTION F(Y)

F=Y* TAN(Y) - 10.0
RETURN

END

ROOTS OF NONLINEAR EQUATION

DATA:

N = 5

XS = 0.100000E+01
XINC = 0.100000E-01
NINT =5000

ITER =1000

EPS = 0.100000E-05
ROOTS:

0.142887E+01
0.722811E+01
0.102003E+02
0.132142E+02
0.162594E+02

c

C FUNCTION F(Y)

C THIS FUNCTION IS PROBLEM-DEPENDENT
c

FUNCTION F(Y)

F = Y * TAN(Y) - 100.0
RETURN

END

ROOTS OF NONLINEAR EQUATION

DATA:
5
0.100000E+01
0.100000E-01
5000
1000
0.100000E-05

Xs

XINC
NINT
ITER

2]
g
0

ROOTS:

.155525E+01
.357847E+02
.607154E+02
.638345E+02
.669543E+02

0000 O

Freguency eguation for a fixed - Fixed beam is (from Fig. 8.15):
s pl b pl -1 =0

The main program , the function F(Y) and the output are given
below.
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c
C
C PKUGEAr

C MALIN PRUGRAM FOk CALLING THE SUBRUUTINE NONEQN
C

C

C

FULLUWNING LIHES CUNTAIN PROBLEM=DEPENDENT DATA
DIMENSION X(5)

DAIA {,NINT,ITER,EPS/5,50,100,0,000001/
XS5=2.9
ALNC=3.5

END OF PROBLEMN=DEPENDENT DATA

WRITE (12,1V) N,XS,XINC,NINT,LTER,EPS

FORHAT (//,281 ROOIS UF HONLINEAK EQUATION,//,6H DATA:,/,
24 M,4X,24 =,14,/,30 XS,3X,2H =,E15.6,/,8H X1INC =,El15,6,/,
3 8H NINT =,I4,/,84 ITER =,14,/,8H EPS =,E15.6) ‘
CALL HONEQN (N,X,XS,XINC,NINT,ITER,EPS)
WRITE (12,20) (X(I1),11=1,N)
20 FORWAT (//,7H ROUTS:,/,(E15.6))
STP

(o]

10

C FUNCT10:4 F(Y)
C THIG FUNCTIUN IS PRUBLEM=DEPENDENT

D v S A D D D D e A D D D D R Y G P P R W D T SR D Ve D e D S5 an s et e D e D R WD ED G S O G WD WS D Wb A B B e S e Sn D . S

FUNCTIIUN F(Y)
F=CUS(Y)¥CUSH(Y)=1,0
RETURH

EWD

ROOTS OUF NOMLLINEAR EQUATION

DATA:
N = 5
XS = 0,200000E+01
XINC = U.500V0UVE+V0
NINT = 50
ITER = )uo0
EPS = U.1000090E=95
ROOUTS:
0.473004E+01
0.,785320E+01
0.109950E+02

0.111372E+402
0,172788L+02

From Example 8.7, the nt+ mode shape is given by
@ Wa () = Cin {(Cos B.x - cosh F,,z)_ w!ﬁ..l- otk B, £ (’*‘P.."‘MP,"-)}
“nﬁnl-&.&p..l

where g f = 3.926602 , 7-068583, 10-210176G , 13-351768 for n= 1,2,3,4,
The program and vesults are given below,
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DIMENSION X(3),w(4,9)

MN=4
M=y
ML=10
C H = NUMBER OF MODE SHAPES TU BE CUMPUTED
Cm = NUMBER OF STATIUNS 1M THE BEAM AT WHICH VALUE OF DEFLECTION
C 1S REYUIRED
C MD = NUMBGR UF SEGMENIS LN THE BEAM
C W(N,H4) = MATRIX CONTAINING THE MOODE SHAPES IN ROWS
DATA X/3.926602,7.068593,10,210176,13.351768/
hu 10 I={,N
DO 20 J=1,H4
Y=sX(1)*REAL(J)/REAL(MD)
11=X(I)
20

2 (SIH(Y)=GINH(Y))
10 CONTINUE
WRITE (86,30)

30 FORMAT (//,24,4311 MODE SHAPES OF FLXED-SIMPLY SUPPURTED BEAM,/)
DO 40 I=1,N

40

50
sTue
EilL

WR1TE (86,50) 1,(W(l,0),J=1,M)
FORMAT (/,2X,6H MODE:,14,4E15,.6,/,(12X,4E15.6))

MODE SHAPES OF F1XEN=GIMPLY SUPPORTED HEAM

MODE: 1

N(laJ)=(COS(Y)'COSH(Y))‘((CDS(YY)'CDSH(YY))/(SIN(YY)-SINH(YY)))

“V.133996E400 =0,45573BE+00 =~0.848519E+00 =0.120675E+01
=0,.144486E+01 <=0.150550E+01 <=0,136498E+01 =0,103456E+01
=0.557241E+400

MODE: 2 =0,382233E+00 =0.107449E+01 =0.149510K401 <=0,131923E+01
=0.,570351E+00 0.422676E+00 0.,119881E+01 0.139349E+01
0.917175E+400

MODE: 3 =0.630370E+00 =0,147476E+U] =0,112212E+01 0.204393E+00
0.130019E+01 0.114192E+01 <-0,111633E400 =0,126025E+01
=0.120557E+01 -

MUDE: 4 <0,100204E+401 <=0,141423E+01 0.927429E-01 0.,139201F+01
U,539917E+00 =0,114341E+4u1 <=0,107568E+01 0.642578E400
0,137500E4+01
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Fo
[ R I
\\,
Ezua,{'-'on of motion is x 3
9iven L_y Eg. (8-77): Ex" ) yi |
v "1
4 2
9w 9w
et 2 e pn Y oy (e

Representation of load:
Load is  f(xy which is zero everywhere except over o
length z24ax ok x= x,, where it is egual to (Ea/zAx).
The load f(xy can be expanded into Fourier sine series

ob
:F(,,‘)_.: = ﬁ“ Sin 'n”l;z (Ez)
n=1{
where Kp— A% Xotax x
:F,, = —;‘ f ©) sin hvit dx + % f ZFZ'L sin T
°"x xX,-Ax
. y Xot A%
+'II (O)St'nr—wr‘l" =—E" f:{nm‘l"
X, +hHx 1 ax ®_ -Ax :
o
F . 0 Sim P'—Tr—e!' -
= zFh . '%‘_ _n_(w_zl;__ (es)
(*7)
As Ax —o0, (E,) becomes g z_f_" sin n’;?c (54)
o [P x
. ,C('z)z -21 = sin "w;" sim "; &)
n={

Since  F, is  moving cJ.a-ns the l:rc'olge, with wnstant
Veloci{?j V, ot fme t, K will be ot o didance x,=vt

from xtff Su]’ror‘k- Hence the foad m%d} Eg- (Es)

can be rewritten a4

f(‘l)'t) = 2;° {Sl'n I}-’—# g.‘n—-’% -+ sin ﬂ_.;!‘t an l;i -+ o }
(&)

Setting (9= Y > (E¢) can be expressed ag
9 1 [
F(x,t) = -2—;7.g {Sl'n X sn ot + Sin 7'7;1 sin 2wt +-- } (E">

T
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Ez‘ua.‘bt‘on of motion, (E.), becomes

3% 9w had L
EI ;;Tf_ ‘i'fA Py = f('x,'l:) = Z| F;. sin T sin nwt (E8>
"=
Where E, = ngo 5 owme 2.

We can $ind the solution of Ez.(Eg) by superposing the
solutions of the individual harmonic components. Thus, we

need t ;Fl'nJ, fOr the nt Akaxmom'c, the Solu.{:t'an of the

fo llow ing ezua;!n‘on :

94 ar St nTre

o R ®)

The solution (Pa.réo‘cular fn*—egrai) of Eg.(Es) can be taken as
w(z,t) = W, sin 1-.1;:& Ssin ﬂwf - (E'O)

Substitution of (Ej) inte (Es) 9ives
w, = F. 2%

n
EI (nm) f1- (%’. )'-}

w,me e z :
v W,= n*w /fiIl" (€12

Aoul'nj the "-ornogeneous solution to the Pa-r‘l’:icula_r n'n\':egfal of
Ep. (Ew) , the geneml solution can be expressed ag

(Eu)

oo .
fw('x,t) = Sin 41;1 {Ai s (.Szt + B; ‘Sl.ﬂ wzt}
4=1
+ w;, sin %f Ain Nt E13)

The initial conditions are Jiven by

w(x,0) =0 , :TW (x:0) =o (E1y)
These initial conditions are S'ail'sf{eJ if
A;=o for ol o, Bi=o for all i# n

Bn= _ur (""__“_’_‘)
wn

4 _
w'(x,i:) = R X St nmx {Sl’ t- 18
n . n N ® Sin wh-t}

Er(n.n_)‘f{‘_(nw)z} j4 n (E's>

©,
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Since  (3,= n°W,, where 5, /s the fundamental

freguency the Ln-olge, Eg- (Eis) becomes

F, 1*
w(x,t)= - in 2T [otn not - 22 sin "z“"t}

sin
A

Thus the total response of the bridge tan le expressed as

3 TC x -
wiet)= 2R A7 [ sin T2 o~
Er 77" ____E.{Sm wt—- -—;:) Sm CJ"&}

+ :.‘:_37_—_2 {sin 30){:—(_:‘:9") sin 9,t } +] (E"')
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