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Chapter 12
Finite Element Method

As drameter "\(z) = D akt x=o0 — U1 u(x) _‘.‘_z
an-J:Jaﬁ'x:[)u_‘Aa_ve —T— ;—-- __L
- D — — d
A(x)= D+ .4._—2 € o x
) ( 1 ) 1 e T
(c')S{'l'f-fness matrix: | 1
V(t) = strain energy of ¢lement = L IREA (23_>2 .
with “ ox

u(x,t) = (I— -—) a (B + (——) cug(¥)

a.nd < —-D o’ / }
A():?:_L_4£p (J ) 422 9>

A

Thus strain erergy exrres‘s'ton becomes

V = XE (D-rel +JD)(“|+‘"2—2""“‘)
24 £
-7 - ey iz {'Ul }
=_;—' u [1‘] u = JZ_ ('u' ‘“2-) kn. *12] U
This gives the element stiffness matrix ob

[’k]‘ (D >4 d +JI’)[ ]

(i) consistent mass matrix :

T®) = kinetic energy of element = SfA< > ol
with
. z
u(x, t)—-——-(x,t) = (1- -’-;—) u(t) + T) uy(t)
substi -I:u'lzms _-For A(®) amd U = %—*- » kinetic energy
eéxpression can be derived as
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. o L4
‘-PT. -:' . . m” ""‘I?. u.
= g = 4
= —"{ U [mc] u = 2 (u| u’-) s mzz]{ iy }

This gives the cons.steni’ ma.ss ma;l:rnx as
E“c] = -n“—!i (’- + 30 30 )

& L-{- +D°‘ (D +___+ >

20 7-0

d
<f-+——+-’*—

(7'.;> Lu.m)éecl mass matrix : 0
Total mass 01— eloyrant = 1;:? f "1(:) . dlx

=3 fv% )" e R
o

4 1

Dlsfnbu‘hnj +the mods ok tre two rlocles >

[(D'L_{_ J2'+D°‘> o J
7 2
A _ -

=)

strain energy = f/‘f’ Lo e, dv - Ji fﬂE (Uz-U.)z AGxy dx
ve x=o0
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} Z—Eli (v2- U‘)z 1 Ao (i" %) =3 Efo (O'Gn') (V- u')z
$U 410 = (0 w[«T{0}
o [xk] = E_%o_(o.ezzu)[_ii -4 1

1

PROBLEM 12.3 PROGRAM FOR STRESS AMALYSIS OF PLANAR TRUSSES

- - - O " Wm e D e B4 A M s W G D WS e e S G ML G W W wm e

OMNOOOON

[ e e T L
e e e R N S S S SN S S S S NN T S S ST S SN S s eSS S s n e s m e mc o e m oo cw - - —® W e - o - -

DATA FOR PRIBLZHM 12410 (TEST EXAMPLE)
DIMENSICON AC4) 9L (8)y6S5(892)9PP(By1)yP(8)1)9s6S5S(444)
2 ySTRSCG91) 39X (4)yY(4)oLOC(G42)y IFIX(3)
DOUBLE PRECISIOK DIFF(2)
DATA LOC/1929392939208y4/
M=1 i
DATA NN oNE gNDyNRgNFIX gL /4949894 44930.CE+6/
DATYA IFIX/1920344/
DATA X/Ce9ll0e9S50e92204/
DATA Y/Je9Ye92391004/
0N 10 I=1,8
10 P(I41)=0.0
P(2+1)==103C.0
DATA Al2-02..1.o1./
C END OF PROBLEM=-DEPENDENT DATA
CALL TRUSS (NN oKE yMDyNB )M yLOC s X 9Y9EwAgELyNFIXGIFIXyPyGSyDIFFy
2 GSSyND2)
PRINT 21
21 FCRMAT (2X20H4 MODAL DISPLACEMENTS,/)
DO 11 I=1,4ND
PP(Iy1)=P(sl)
11 PRINT 12¢ Is P(Iy1)
12 FORMAT (44X I39y2XyE1S.6)
DO 45 I=1,NFIX
00 45 Js=14¢4
II=IFIX(I)
PP(IIsJ)=04%
45 CONTINUE
PRINT 22
22 FORMAT (//4y2Xy Z1H STREISSES IN ELEMINTS./)
D0 80 K=14NE
DO 70 KK=14M™
I=L0C(K 1)
J=LO0C(K,42)
I11=2#]=2+1
I2=11+1
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13=2¢4y=2+1

14=13¢+1

XL=(X(J)=X(T))/EL(K)

XM=(Y(J)=Y(D))/EL(K)

STRS(K,KK)=(E/EL(K))'(XL'(PP(I39KK)-PP(I1|KK))*XM'(PP([“IKK)-

2 PP(I2yKK)))

CONTINUE

CONTINUE

00 120 T=1sNE

PRINT 130y IoLDCCIy1)9LOC(I,2)ySTRS(IH1)
FORMAT (2X+314492X92E15.8)

STOP

R T Lk e e R R

- - Te B W e e W D W A - D S A RS D G R S e Ge M W E 4 W Gm W W @D Mw ae e S W R A W
gt ered— e i i o= e e e i

NN = NUMBER OF MODESy NE = NUMBRER OF ELEMENTS
D = NUMBER OF DEGREES OF FREEDOMy NB = SEMI-BANDWIDTH

= NUMBER OF LOAD CONDITIONS, LOC = NODE CONNECTIVITY MATRIX

oY = X = AND Y- COORDINATES OF NOQDES

= YOUNGS MODULUSy A = AREAS OF CROSS SECTION OF ELEMENTS

EL = LENGTHS OF ELEMEMTSy, NFIX = NUMBER OF Ds0.Fs WHICH ARE FIXED
IFIXx = FIXED DEGREES OF FREEDOM NUMBERSy P = LOAD VECTOR
SUEROUTINE TRUSS (NNyNE yNDyNAsMoLOCoXeYsE»AsELINFIXeIFIX9P ¢3Sy
2 DIFF,GSSsND2)

DIMENSION LOCC(NE2) oX CNN) g ¥ (NN) yACNE) yEL(NE) 9 IFIX(NFIX) )

N
M
X
E

2 P(NDsM) 9GS (NDyNB) yGSS(ND2yND2)

DIMENSION B(444)yN(4)
DOUBLE PRECISION OIFF(M)
DO 5 I=14ND

D0 £ J=1,4NB
GS(IyJ)=0.0

DO 6 I=1,NDC

D0 & J=14ND2
GSS(IyJ)=0.3

D0 200 K=1,Nt
I=LOC(K,1)

J=LOC(K,y2)
EL(K)I=SARTC(X(II=X(I)Iw22+(Y(J)=Y(]))»e2)
CONSA(K)+E/EL (K)
XL=(XC(I)=XCI) ) 7EL(K)
XM=(YC(J)I=Y(I))/EL(K)
BUlyl)=XLww2
B(ly2Z)=XL*XM
B(193)==8B(1,1)
B(1y4)==8(1,2)
B(2y2)=XMrx2
B(293)==XL*XM
B(2y4)==XMen2
B(393)=XLww2
BC34)=XLe XM
BU4ya)=XMan2

DO 10 II=1y4

DN 10 JJ=1,1I1
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10 BCIIsdJ)I=B(JJHII)
DO 20 II=1s4
DO 20 JJ=1lr4
20 B(IIyJJI=B(IIyJJ)*CON
00 90 II=142
NCIT)=2+1I-2+11
90 N(11+2)=2aJd-2+]1
DO 100 II=1,4
DO 100 JJu=1y4
IK=N(IT)
JK=N(JJ)
IF (IK «GTe ND2 sORs JK oGTe ND2) GO TO 91
GSS(IKyJKI=GSS{IKyJK) +B(I1yJJ)
91 CONTINUE
INSJK=1K+1
IF ,(IN oLEe. 0) GO TO 130
GSCIKyINI=GSIIK IN)+B(IIyJd)
100 CONTINUE
200 CONTINUE
DO 110 II=1,NFIX
IX=IFIX(II)
110 GS(IX91)=6S(IXe1)*1.0E6
CALL DECOMP (NDJNBsGS)

CALL SOLVE (NDyNBsMsGSPyDIFF)
RETURN

END

NODAL DISPLACEMENTS

-0.116462e~1%
0.232924e~C8
=0,128993e~-14
0.17019%=~07
0.116462e=-02
0.2329252-02
0+514655e=01
=070321%-01

DN E N

STRESSES IN ELEMENTS

0411180378e+04
038109762e=02
0,22360752e+04
-0.28284324e+04

PO NN
N Gl
F N S V)
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@ (@) Derivation of Wy
element Stiffness W,
' matrix

At x )
thickness= t

width = w(x)= B- B-L)

(_JZ'“ l\lg

I('&)- ‘U’(z){' = Bt (B b+’ = a -a..x\"l
YA ' z

t
seleckion f benm. o R

where N: (%) are defined by LE;:_(lz.gg)_ (12-3¢).

Strain energy of element is given by

Ve g e (L

with L’-L.!-_—__G__*_E'_x, £A_,?—'=_i+_ii,
dx? 72 g3 dx™ 1 7*
2
{ (z) e+ <2 22t r2c,¢% = (C.+Cz.">z
whem c____w._.%wz+;—,_wz—-}w+
amd Cp= _'f_aw, “'—;TWZ'%WB*"%IW4-
inteqration in E. ives
:1-3 E{w, 3‘%(:.,2)_3% 2/ (wQ — 2% 2/3)

w‘r Lt (a, 2/3 - o, I/q)]_‘_wz[l_z (! -2, ,f/z)
_ z~ (o 0= 202 875) 4 26 (0 073 = @a 1) ]
+W3[Qq(a‘|£—az/7->-— o 0%~ 200 l/?)
+ “fi(‘”'l/a = et )T wf[ (el - e 17
_ n. (a« 1 -z:w,_ll/;).,. —(a, 1% - cu,_lA )J
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+2W|Wz[——*(aﬁ1 %f/z)— 2 (@ 1*- 22, 1/3)
ls(a'l 3/3-°‘z£/4)]+zw,w3[ H(w,! w,_]l/:.)
LI (e o) M (0 2]
+zw.w4[7;(°:f- o 1/1)- % (@ 1%= 22y £/3)
+'F (o1 173 - wzl/‘f)]+ ZWLW3[ T ("“"Z"""ﬁ/z>
- +42 (e ! “Za"'-l/g)- ——-(m.f/a "“’zg/‘f)]
ZWqu[Q—:. (a;,f-a.o,_!/,,) - (au ! -za.zf/s)
(@,1/, - a,d /4)]+ w,u‘, [-73-(@ -0, 27/2)
2 ot 2 /) - T (@t "/‘*>] JINC

By wﬂ*ms = LW [«] W
with '{;2 {!:’l;_ R the 5*‘?}-—:3:; matrix can be .‘Jen{:igfec'!-
W3
Way
3 (B"’)J‘ _ 4 L=d,,
Deft'mns = % R J'— -—-—lz—— > @y = —7 > %2 1

b= Efa(1B) -4(H)) . - =D (D)
k3= E{e () a5}, ke E{ME) - (D
K= Efe(f) - 4(F0)F, wnm e{m(-F)* 4 (P}
= E{en(f) -4 (F) ] k= E{(C ) rd (@)}
f= Efon(F) =4 (D) s waem s{o - E) 4 (R

(b) S{:T‘eSSeS fnaucacl n ‘H'»e bea.m;

7
B=0.25m, b= o¢owm, t=0.025m, 2 2wm, E= 2.07 x1t0 N/,.,.,z,

- -
P=1000 N, a@(= 32552.-0833 x1to " > dy = 19531.25 x 16

Sf‘.’f’fness matrix c¢an be comru‘l‘:ed ald
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W W, Wi ‘ Wy
[ 70750 dogéo - 70750 Go64o| W
[‘k] - Jos8éo 4 600 —80%6o 47170 wy
- 70150 -80%¢60 70150 - 60640 w3
| 60640 47170 ~-Go0640 74120 Wy
Ezu,du'lm'um. e,gua,t ‘ons:
[k1w =F
he: 70 750 —60640 {Ws } _ {o }
. [-60 4o 74 120 :| Wy 1000

The Solutn‘on o_!,‘. these ezu.ad:(ows 'S
W3 = 0.0387! wm, W4= 0:04 516 rad

stress ab root: > wix

m #
o_ = max =
mlx' I <=0 I( xX=0
_ g W ¢
B dx® 2 {x=0
t 6 A° 4 . ¢ W,
BT PRV AP RV SRE SR VA
= E|-m¥ -t :)
- et - 2 w
= S [T
= (2 107 xto )(0 015){.__;:0 3§71 - = = xo: ol'-SlG}

2
7 2
= 3.3392x 10’ N/m
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@ A9 =13x10*m?i=1,2, 3,4, E=200x 10° N/m?
Y1

¢ = {1.25% + 2.50% = 2.795085 m

@ = \/{1.252 + 2.50%} = 2.795085 m

(® = \/{3.752 + 1.25%} = 3.952847 m

¢@ = {252 + 3.75%) = 4.506939 m

EDAO | 1 -1 ®(0 0)
9 -1 1

k] =

From Eq. (12.52), the global stiffness matrix of element 1 is
[E(i)] = AT [kD] [AD) (E)

cos 6, sin6; 0 0

h O =
where  [A7] { 0 0 cosB sin6;

and 6, is the angle made by the element with respect to x axis. Thus (E)) gives

cos” 6, cos 6, sin 6, —cos” 6 —cos 0, sin 6;
[_ (i)] _ ED A® | cos 6, sin 6; sin® 0, —cos 6, sin 6; —sin® 6,
k)= ) —cos® 6, —cos 6; sin 6; cos® 6; cos 6; sin 6
—cos 6, sin 0, —sin® 6, cos 6, sin 6; sin® 6,

Here 6, =63.4349° (line ® @) 6, = 116.5651° (line ® @)
8, = 18.4350° (line @ @) 8, = 56.3099° (line @ @)

ED A® (200 x 10%) (13 x 107)
A 2.795085
cos 0, = 0.4472, sin 6, = 0.8944

= 93.0204 x 108 N/m,

U U, U, U,
18.6041 37.2082 -18.6041 -37.2082| U,

1

[_(1)] — 106 37.2082 74.4162 -37.2082 -74.4162 Uz
k - -18.6041 -37.2082 18.6041 37.2082 U3

-37.2082 -74.4162 37.2082 74.4162 U4
E(Z) A(2)

@ - 930204 % 106 N/m, cos 8, = —0.4472, sin 0, = 0.8944

715



www.FluidMechanics.ir

U Us Us U,
18.6041 -37.2082 -18.6041 37.2082| Uj,
-37.2082 74.4162 37.2082 -74.4162| Ugq
-18.6041 37.2082 18.6041 -37.2082| U,
37.2082 -74.4162 -37.2082 74.4162| U,

[E(z)] =106

E® A® (200 x 10°%) (13 x 107*)
@ 3.952847
sin 6, = 0.3162

= 65.7754 x 10® N/m, cos 6, = 0.9487,

U3 U4 U7 US
59.1978 19.7326 -59.1978 -19.7326| U,
19.7326  6.57757 -19.7326 -6.57757| U,
-59.1978 -19.7326 59.1978 19.7326| U,
~19.7326 -6.57757 19.7326 6.57757| U,

['12(3)] =106

E®D A® (200 x 10°) (13 x 107%)
S 4.506939
sin 64 = (0.8321

= 57.6888 x 10® N/m, cos 6, = 0.5547,

U5 U6 U7 UB
17.7504  26.6256 -17.7504 -26.6256| Uj
€] = 108 26.6256 39.9384 -26.6256 -39.9384| U,
~17.7504 -26.6256 17.7504 26.6256 | U,
—26.6256 —39.9384 26.6256 39.9384] Uy

U, 1000000031
Q0|0 1000000 R g
U, 00100000}U'_ -
U, OOOIOOOOUZ
U,
Us) [o0001000]|;
5o _fuil oo 000100 g
U, 00100000U7 -
UJ looo100o0o0f|f
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U, 0010000051

6)(3)= U4=00010000 :Z}E[A(a)][_f
U, 00000010U' -
U, 00000001U:
U, 0000100031

I—J>(4)= Ug| _|00000100 12>E[A(4)]I_J)
Up[ [000000 10 -
U, 00000001UZ

Assembled stiffness matrix of the truss is given by Eq. (12.63):

4
[K]= Y [A@T @] [a©]
e=1

Ul U2 U3 U4 U5 U6 U7 US
18.6041 | 37.2082 | -18.60411-37.2082} O i 0 ! O i O
37.2082 i 74.4162 1-37.2082 17441621 0 :____Q____L____O____J____Q____
~18.6041 | -37.2082 | 18.6041! 37.2082 | -18.6041'! 37.2082 | -59.1978 | —19.7326

i | +18.6041 | —37.2082 ! i ! !
R 4501078 141978261\ 0 4
-37.2082 | ~74.4162 1 37.2082 | 74.4162 | 37.2082 | -74.4162 | -19.7326 | ~6.57757

E | —37.2082 1 +74.4162 | i i i

T L 419.7326 [ 4657757 L I I

0 | 0 1-186041! 37.2082 | 18.6041 | -37.2082 | —17.7504 | —26.6256

| | i _{+17.7504 142662561 i
0 1 0 1372082 |-74.4162 | —37.2082 | 74.4162 | -26.6256 | ~39.9384

: ] j 266256 | 399384 | I
0 1 0 1-59.1978 i"féﬁééb_iiiﬁs_éi:—'26.62563 59.1978 | 19.7326

: ! : o . | +17.7504 _t2_§§?_5§
70 0 11197326 | —6.57757 | —26.6256 | -39.9384 | 19.7326 | 6.57757
I ; E i ! i | +26.6256 E +39.9384
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Since nodes ® & ® are fixed, U, =U, = U, = U; = 0 and the final equilibrium

equations can be expressed as

> o
[K]U = F where

96.406 19.7326 -59.1978 -19.7326 U,
_ _ —

K] = 19.7326 155.4100 -19.7326 -6.57757 106 N/m, U = Uyl
-59.1978 -19.7326 76.9482 46.3582 U,
-19.7326 -6.57757 42.3582 46.5160 U,

F, 0
_>
and F = Fl_] 0 N
F, 0
F, -5000

W, = U, (0) + Uz (o)

+ Uy (1)
C'e:)
Wi -Sn® CoS® O Y
177% | o ) i vz
U;
-— -l
w=[AJ v
WLere —“7 - Wi —G
Wz
ws
W,
-Sng cwre o
[k] - o ) }
4x6 o ° o
L ° o o

> X
Ui
= Uz_ F) CI—Y\-A
Us
Uy
Usg
Vg
o o o |
o o o
—-Sin @ s O o
(o] o i
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For o beam element with degrees of freedom
12 el -1z el
e _;_f 2 Y L L
-1z ¢k 12 _.q
| ¢k 20* 61 4.1,"_
amd
156 22 1 54 —13L]
[m®q = J:,/:oz Y S L
54 i34 s -2z
IEIEY SEEY Ly S Y

—lp
w,

Matrices in 3io|oaJ system (X,Y sjsf2m> are given I’J

[%®] =
omd

[A1' («® T[]

[7®7= 21T [(=®10]

R A\“’ A A

{

Ve

Iq-— 13 ¢cm
Width = 3.8 cm
E(e) I(e)
(e =
[k©)] e
12 6+¢© 12
_|669 469 _g¢®@
-12 —6¢9 12
66© 209" _g¢@

13 cm —,{.4-13 cm-)L-13 cm,lq- 13 cm

EJ@I.

6 ¢©
9 0@’
-6 g(e)
4 ¢@’
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E® =E =200x 109 N/m2%,e=1to 5

€®@=¢=0.13m;e=1to 5

1
I® = = (0.038) (0.0325)° = 108.706 x 10 m = 125 I,

1
1® = 5 (0.038) (0.026)° = 64 I

1 =271,
@ =81,

1
I® = I (0.038) (0.0065) = 8.69646 x 10710 m~*

Assembled stiffness matrix, after applying the boundary conditions, is given by

Eq. (E,).

Load vector:

=]

0

R

1

=

12

with E = 200 x 10° Pa, I, = 8.69646 x 10 m~* and ¢ = 0.13 m

AW

[ 2268
—366 ¢
~768 ¢
384 ¢

S O O © O

S O O O O o O

-8900

W

4

-366 ¢
756 €2
-384¢
128 €2

S O O O ©

Ws

~768
-384 ¢
1092
-222¢
-324
162 ¢
0

0
0
0

W6
384 ¢
128 ¢2
-222¢
364 ¢*
-162¢
54 £2

0

0
0
0

720

W,

0
0
-324
~162 ¢
420
-114 ¢
-96
48 €
0
0

Wy

0

0
162 ¢
54 £*
114 ¢
140 ¢2
48 ¢
16 ¢2

0

0

S O O O

-96
-48 ¢
108
-42 ¢
-12
6¢

W

10
0
0
0
0
48 ¢
16 €2
-42¢
36 ¢2

-6¢
2 ¢2

E)
Wll W12

0o o0 |W,
o o0 |Ww,
0o 0 |W
0 0 |W,
0o o |Ww
0 0 |W,
~12 6¢ | W,
6¢ 26> |W,
12 -6¢ |W,
—6¢ 4¢> |W,
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- o
Solution of equilibrium equations, [K] W = F | gives

—T

W =W, W, W, Wo, W,, Wy, Wy, W,;, W, W ,}T
= {~ 0.002099 m, — 0.031132, — 0.009366 m, — 0.078424, — 0.025113 m,
- 0.158496, — 0.057428 m, — 0.320642, — 0.136585 m, — 0.7563031}

Assembled stiffness matrix is given in the solution of Problem 12.8. For the
assembled mass matrix, we note

156

(e) Ae) ple) (e)
[m(e)]=p A¥ Y [ 22¢
420 54

292 ¢© 54  —13 ¢©
469" 1309 3@
13¢© 156 —22 ¢©
2 2
—13¢9 -3¢© _292¢® 4 ¢®

with

p® = 7800 kg/m3, £ =1to 5
€©@=¢£=0.13m,€=1to 5

AD=5A; AD =4 A;A® =3 A AD =2 A; A® = A_ = 2.47 x 105 m?

Assembled mass matrix, after applying boundary conditions, is:

W3 W4

(1404 —22¢

22 ¢ 36 ¢

216 52¢

52 ¢ -124¢2
0 0
= R84 | 0
420 | 0
0 0
0 0
0 0

with p = 7800 kg/m?, € = 0.13 m and A; = 2.47 x 105 m?

Ws

216

52 ¢

1092
22 ¢
162
-39 ¢

o O O

W

-52 ¢
-12 ¢2
22 ¢
28 2
39¢
-9 £

o O O O

W,

0
0
162
39 ¢
780
—22¢
108
22 ¢

Wy

0
0
-39¢
-9 ¢
22 ¢
20 ¢2
26 ¢
—6 2

W,

o O O O

108

26 ¢
468
-22 ¢

54
-13 ¢

wlO

o O O

o)

26 ¢
-6 £2
—22¢
12 €2
13¢
-3 ¢

13 ¢
156
-22 ¢

=

O O © O O

-13¢
-3 ¢
22 ¢
4 2
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element area of c/s, length Young’s Modulus
e A®© £© E®©

1 13 x 1074 m? 1.39754 m 200 x 10° Pa
2 13 x 1074 m? 1.39754 m 200 x 10° Pa
3 6.5 x 107t m? 4.19263 m 200 x 10° Pa
4 6.5 x 104 m? 3.53553 m 200 x 10° Pa

" 125m vV 1.25m " 25m !

element global node coordinates of
e corresponding local nodes (m) direction cosines
to local node
___________ L. S S R . B B
1 1 3 0 0 1.25 0.625 0.8944 0.4472
2 3 2 1.25 0.6256 2.5 0 0.8944 —0.4472
3 3 4 1.25 0.625 5 2.5 0.8944 0.4472
4 2 4 2.5 0 5 2.5 0.7071 0.7071
-, , .
81] 61] my; _eij _ell my;
k(E) _ A(e) E(e) el] mij m2ij _eij mij —In1J
[ ] - e(e) _gi —€u mij €%] eu mu
2 2
__gll mu _IrllJ gl] mu mlJ i

0.8 04 -08 -04|U,

(18 x 107*) (200 x 10°) | 0.4 0.2 -0.4 -02|U,
1.39754 -0.8 04 08 04|U;

-0.4 -02 04 02]|Ug

kD] =

U, Us Uy U,
0.8 -04 -08 04|U,

(13 x 107%) (200 x 10°) [-0.4 0.2 0.4 -0.2| Ug
1.39754 -08 04 0.8 -04|0U,
04 -02 -04 02|0,

[k(2)] =

U; Uy U, U,

0.8 0.4 -08 -0.4]|U;,

ko) = 6:5x107) (200x 10% | 04 0.2 -0.4 -0.2| U
4.19263 -0.8 -0.4 0.8 0.4|U,

0.4 -0.2 04 02] U,
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U3 U4 U7 US
05 05 -0.5 -0.5|U,

(6.5x 107*) (200 x 10°) | 0.5 0.5 -0.5 -0.5|U,
3.563553 -0.56 -0.5 0.5 0.5|U;,

-0.5 -0.5 0.5 0.5]|Ug

[k(4)] =

Assembled stiffness matrix, after deleting the rows and columns corresponding to
degrees of freedom U,, U,, Ug;and U, is

Us Usg U, Us
322.471 12.4027 -24.8054 -12.4027| U,
[K] = 108 12.4027 80.6178 -12.4027 -6.20136| Ug
-24.8054 -12.4027 43.1902 30.7875 | U,
-12.4027 -6.20136 30.7875 24.5861 | Ug

S =T

Load vector: (F) ={0, 0, 0,-4500 N}, (U) ={U,, U, U, Ug}
- -

Equilibrium eq. : [K] U = F

Solution of these equations is

—> T
(U) ={3.02426 x 1075, 6.04849 x 107%, 0.00133645, — 0.0018261} m

(@) ONE ELEMENT IDEALIZATION ,41‘" w, ,+w3
-------------------------- y /
Wi Wol wy, W 2 = J
~ 2, W 4 1 Yez1,0.A,1 ®
12 ol E-iz | w | T
["]- EX| ¢ 4 a2t w,
3=~ i ittt R :
2 12 =¢L v 12 -el | ws (1)
|
_cl 24 :-;! 4-1z Wy
3
where 1= lz bh”™= 11(100)(1000 ‘6'5'04“;8 m4-
Ws :
2 ] : “ Ws
(7=« [ LT] )

To incorPora:l:e the boundary conditions Wi=W,= Ws=0, we
delete the First fwo rows amd columns in (B ormd  first rowand
column in (E;). The assembled matrix becomes
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W3 W4’
<2+ * _-> -6l | wy
[K]
-CX 4_11 Wq,
3
o ey e -8, |24 () (0:25) —6(0+25)
= (2 07 xi10 )(6 5'04 xlo ) (z’ovx'ou)(e's'oq";:)
(025’ 2
-6 (0:25) 4(0:25)
. [az-us*? -1:5 ]
= §:6250 xt0
~(5 0:25
Load vector is ﬁy _ {P; {500
2=, f
Eﬁu{ll‘l’r[u_m egua,t‘:.‘ons' become [K] ";7 - F
ey ['2°“'5‘7 =15 {W3} 57.971 xi0 -
-1.5 0:25 Wy ) { 0 }
T‘"e Solwh‘on S 91‘\/2" bj W3= 1-8605 g(o‘rm W4_u.|629 xao—#’md.
(b) Tuo ELEMENT iDEALIZATION .
SO SRR
" lerpa AL E LfA
E w
_ _ 7
{2 ‘(T) -2 6(-{-—_-) 1
k“]=[x"]= (iza “2) 4(2)" —g(dy _l_)z
= - E
) 'i‘ -¢(%) £y )
z
A 2
‘(z) z({-) _6(—) 4( )1

hn

S'u.bsfi{:u‘bfng €= 7_'0";?(10

(E)) becomes

Wg W4
wi w2
2 0.75
{ 5 . ] y
[K(t)_-,= P x e 0.75 010625
"‘2 —0175
Lo-'75 003125

724

, L=65004 x16% ol Q=025 &.

wWg

We -----for (=2

W3 W for iz1 '
-2 0.75 Wy ws
-0:75 0:03125 W2 Wy
12 -0.75 W3 we
-075 o0.0625 Wy We
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[K(3)] = «[_i, _:J = 10 [_', -:J :Z

Assembled AEffness matrix is

w3 Wz Ws We
T (i2+12) (~0:75+40.78) 12 075 | ws
— 075 + o 0:0625 + .
K 5 ( ° to 75) ( 0:0625 -0:75 0+0 3125 Wy
= 69 xi0 12 w0’ N
- - 0:75 ((21- s>_°.75 Wg
75 (25 G
o 003 -0.75 0:0625 | wg
Load vector is
Ps 4
1—; - P4 = 0
Ps 500
73 0
Eau.\'ln'l:n‘um epuations are CK] w = ﬁ’
ve.
24 o -12 0.75 W3 ) o
. 5 o 0:i25 -0:75 003125 Wy - o
x{0 - -
1z -0:75  12:0145 _4.75 We 500
| 075  0:03125 -0.75 0:0625 | Y, o
The solutiem s given by -
-4 - i
W;= 0-58i4 xto ™, Wy =38.372 xlo4 rad, Wg = |.86 x10 # m,
We = 11c1€ x16? rad.
W' w A
Element 1 w,_"'t\ M w’?*’ w g
3 4 2 ] ¢
T =_l (50 \/50 1000 =
I lZ(E?o) |000> | % N-m 21 (\ 345
20:5208 x10°° wmt 4 Y50x50 mm 25x25 mm
EX _ (Z'IXlo“)(a-SZog xlo—6> |“_'°‘25"' ——>re—o0-40m —-)“
13

(0-25)°

= 07 x Io7
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wy Wy w3 Wy
12 i-s =2 s ] w
1 . '
[K()] = 0 7xi10!
IS 5.25 —p5  0.125 Wa
-2 -u5§ 12 =15 W3
i 1§ 2:125 -5 0:25 Wy
W3 Wy

7 2 -|.5 w3 '

= 0.7xi0 \ aJ'fer a-ﬁv/],‘nj LaunJa.ry
'S 0-25 We conditions

Element 2.

>

-7
'z (‘°°0>(l000> = 0r3255 %x1io m

EX _ (21 x10")(0-3255 x5 ")
13

"
= lo.- 6805 x 10
(o 4)>
W3 W+ Ws W¢
12 2.4 —12 24 | wsy
2
[K( )] = 106805 x10" 4 064 2.4 .32 Wy
-2 -2y (2 -204 Wy
B 2.4 032 —-2:4 0:64 W,
W3 wa -
12 2:4 w3 .
= 10:6805 xi10? after “Pkljm'j
24 oky| wa boundary conditions
Assempbled At fress makrix -
(8-qx¢o7+ (;4-05 :uo-r+ ]
[K] - 0-1282 x |o7> . 0:025¢ x 107)
(105 xi0” + (0175 x10” +
B 0-0256_x«o7) 0. 0068 xw-’)_J

Ezu.u'(.‘brfum ezu.a.'l: ons:

'o_’ ): §-5282 ~l.0244 w3 o
—lo24¢ 0. 1819 we [ { 103}
Solution ;s v

given by

Wi = 2:044¢ xco—" m, W4.= h7o2.lx15-3 rad
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S “resses tn elemen":S‘

Bending moment = j= £ 4l
wibk wi(x) = % W. N, (%)
T M'C = Mmh _ g4 AP
e 2T - —2 e
[ (lzx -60) + ——(Gz-ltf)+ %(Gf-ux)...%(;z-zzz]
r dmn.z»* 1 —-(E)

Wi=0, Wp=0, Wiz 2.044¢ ”0-4 » YW4= 170 21 xlt;aa
- "
{= 025, h= 0.05, E =21 xto + Hence Eﬂ.(E.) gives

ml;ﬁ-xdemf = 0. (2=°) = 3.1560 xio' N/,,.,

O - o =0:25)= 3:9929 N/ 2
"'““lzoa,acaw‘ (%= 0:25) <0’ N/m

For eltment 2,
W, = 2'0446“0—4, Wy = |-702!x|o'3, W; =0,

£=0-4, f= o.025, E =2-ixi0 - Hence EBs. (E)) Gives

W4 =0,

o-"“*l[ndde,d = Tax (2=9) = —¢. 4907 x10" N/m?

—
m’*l‘){d 6:\5( = o‘h‘\—a.x (x=°' )= 4. ‘1467 x(o7 N/'ml

Wg
S S
B o ®
For element 1: fe— .}’__ —.{4—% —]
W _Wz Wi W"
E<(|)]_ ET 2 é‘i‘ -2 g_ W,
AR L 1
g
=12 —3_5_. 2 -121 W3
7 S L 2
2 T "-3—,_- _i_ w4
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FOI" elemen“: 2:

wg W4. ws w‘
12 1;_1- -2 _9_2.1_ ws
ET 18 7 ) | +
[K(z)] == 2 i = iéf_ Wy
(3 /4) "le. ..jé_ 12 - llg ws
9 2
£ 2
R R
ASSechJ S'hffness matrix : W Wy

u.|§
i
>
&

(k1% -

e,eqer[”z/s ‘41]{ }
3 0} -4 1 1*

Solution is given Ly

(|z+ (.?i + ¥
k] = 23 -31 7‘ (1" Y2 bl I
rY

l08
Eau.i Lbrium e&ua;f:u'ons :
P
)

3 3
wy=_9 P12 and W, = g Pl
409¢ ET 1024 EL
?.'I"_P.'E-."Sf‘.':-.éfi’f_‘f‘.‘:’:‘_-2‘9 rmula : - 4P
y A 4 T’ ’,c
AB~ cErP [x(o+3)-301] '“—

0"1-—0&,

z 2
33: —GPLI;; [30}_‘_“"_3&2]
E

when a= 2/4 amd L=-3£/4,

409% EIL
slope = d¥a3 -~ b _[32*(3a+}) —czal ]
dx ¢erl*
o %= a, iy_- - ?L" [90,34.3@1]:—6@;2]
d= |B ‘EI!S
when o= x/lf and b= 32/4, dy | _ ep L?

dx |B~ lozy EI
. Reason: S’m,Pe funchions = static deflection

relations-

.. Both results gre same
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~ A z:m = Q ZJ“)z L3
12 ¢d-iz ol 2"‘ /I\
2

= )
[]=[k"]= EZ{ <f 4L -ex at® iy  a— o |
~ Ploz - 1z -¢l @; 1®
| ¢L 20> -6l 41‘_ e 1“’:2 ——’l
[ 156 220 54 -ul-‘
SRR g
420 54 i3l 1s€ g, f
IRGEET STV Y b

Since node (D) i fixed, Q= @y =0. BJM"Q the first two rows
ard columns in [K] amd M7, the eiqenvalue problen. fecomes

(k3 -stma]{g} = {2}

Frezuencj ezu.ai‘{on is

ger | 12 -¢f pALw?[ise -2t
Floa wel- Sl ]

4 2
Let )= J’Al @ . Then 12— (56 A -c24 222 ) .
420 ET —61+u£)\ 4-[1—4-le
e 40 £ A - 40807 2 + 12 L% - o
re- = 0°029 7S, 2. 8846571
ine. w": 12.4803 ET L.s"-:. 1211-519% €1
' ALt 2 rAlt

Wz:' DEL
&

Q.ﬁ LA LLE
R ¢l -2 ¢l
G) EI
E1=671= 2| 0 la e €)
-1z ¢l 1z '
B2 LTS ST Lo
[ 56 224 54 SNEY
m AR
[Q]: [M ]: ‘220 220 44* 134 -3L* €.)
54 nd  1sg -224
Y SR L Y 41"
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’ AHvlyl'ng the boundary condition W,=o, the e\'genVa.lue problem

can be expressed as -
F - MIw + [kJW =0

- af* 5l st RNy CANE
- % 38 156 -2l |+ —Ef—I,- S SRR B | VR W

EPYLIPP) B o 20 -l 4 0% |[{ wy (o
bens
(422 -\ 1%) (-ed = i342) 2 UFA)T] (wa °
(-¢d -131 Y] (1z- 156 2) 2+ 22 f ) wi | = o p (E;)
G2+ $252)  efraad 2y (427 -40%2) A 0
Where \ = wﬂfA!"_

420 €1

Es-(E3) gives the jfreguency eguation
422(1-2Y  —L(6+30) | A*(2+3))
-L(e+13)) 12(1-132) A (-6+22))
£%(2+3)) L6 +220) 4L%(1=2)

which reduces to

-A (1?5 ,\"_2436>\+(580) =0

RGO*S are ;

|
o

= 2436 i/(zq 36)%_ 4 (196)(1630)

M=035 Ag)a
’ 2 (196)
= 0¢:7329; (1-695717
Thus
(_.9,:0
ET
S,= 175447 Al
W3 = 70-0870 EX
PA LY

These values can be umPa,reo( with the exact values (see

Fls 8-[5)2 _EI 2
(13‘= 0, W= 1S. 4182 J’AI" > Wy= 499649 ,fAf"'
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Wy w;
Element matrices: W, ‘4\ , W4r1\
= ,,
& T“."s

-224 4!2_ Wy

o l-) w3
[M(’)J = [ E ] (mas‘s‘ of S,bn'n_g s a,s'.rume.J 1 be
Ws 3ero) _

s £L0Y  _ ws
[K-] = .E_I. Ex
3
4 -¢l 42* We
W3 W4_
156 —221 wj
m]= pAX
[ 420 [-—zzl 4-1'] "

El:genvalu.e ezua;l:fon: ,
fAlw"['“ -zzl] ex (,2,,.% _61:)‘::0

- +
420 | o0 4]0 O L _4 41*
e k!g I
12 + 7 156 ) -6 + 224 ) s—o
¢ +224 ) 40%_ 40*)
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A
Where ( ‘fAf CJ

420ET

Upon expansion , the fre?/ue.nCJ e.zua.fu'on reduces to

35 A%~ (102 + kel YA+ (3+ K £=

whech l'mH.'es that
3
A, = {(nou— Lsgr') +

EL

3
6?84 + 64 x £

ex Ezl) }

70
W
, Element watrices: Wz"{‘ ‘ /'f'X ALE + -
wy w2 W3 W+ '; m =
' ( FIZ ¢d -2 ¢l ] w @ * W
]
[< )]:.- % 6l 48% ¢l gt | w, I )
1z gl 2 _¢f w3
‘ 2 - z
i ) Y | L 42 1w,
Wy w2 Wj We
" (156 228 54—l ] wi
()
E“' ]= sz_S 224 41* 134 Py w2
54 134 56 —22f w3
(LR SRR Y LA ¥Y B A5 B
w3 ws W3 wg
- (o] o W3
®7_ .| o 7.
IR Y IV ol

Assembled matrices (adter a’f’f’y'nj bouno‘mr:] conditions) :

w3 Wy Wy
{2+ .1<_1. ~¢f _15_1_;- w3
[K]_ ET EL EL
v 13 = 1 4‘12 lo] W4,
-_k_f: 4<1;
L EI ° T - Wg
IRE _p3 -]
= E
F IR L
-1 0
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w3 Wi Ws
I5¢+0 —z224 o w3
é 2
m]= J;_%a 224 41 o Wi
&Za
(o] o ..FA£> Wpg
N 56 -22k o
= £47 | _ 2
oY 224 41 2)
) o) 420

Frezuenc‘y e&uﬂ)ﬂ'o\'\:
l—-wz'EM]-r [k1]=o

-L'e-)
, 156 -221 o) 13 —¢d
420 41 ° | + 1 -¢d a4l
o o 420 -1 0
ve-
- 156\ —el+220 » -
-+ 220 ) 40% - 41% ) 0 = o
-1 o l-420 )
where _ (fA l#w
420 ETL

EZ'(E') Can be S‘lmPllfu'e.J to oH:a.in
~58900 A2 4 173180 \*=7128)\ + 12 =0

Roots of Eg- (E2) 9Yiven by :

M= 000175555 = = 09587 \/EI/(fAll")

Ay = 0039951 > W, = 4.0965 ‘/EI/(!AXU

Ag= 2.90351 > G = 34-9210 \/EI/(J’AN;
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W3 Wy
Element matrices: w,_l"?\ o “ & w‘r?\
2] ¥
fﬂ’f €=2 ..-Ww3 W" wg W‘%j l 13 ?
Fore=1---w w2 w3 w,," "+ 4 '
'z 61 -1z ¢l R w) Wy
@) ETI
e Ve 2P Y 7 Iy LI IR
-2 -l 1z _ef wy W
O L Y o VA
for e=x e: 2
w3 4 ws We -----fore=2
_ M Wa W3 Wy --for €= ! v
113 224 54 -3l 71 W) Wy
[M(e)]z _".’ﬂ 224 412 13l -34* Wy "
420
54 134 is¢ -22X W3 ws
| -134 -38*  _228 4L* Wy  Wé

Assembled matrices, after incorporating bounafa.rj

conditions Wi=W= Wg= Wg =0:
w3 U4,
- E_g[lu,z —65+6f]=ﬂ[2q o] w3
LB e+ 44+ 48 2 gl w,
W3
[M _ fo I56+156 -zzl+2zl]= JAJ? 312 ]
1= Lottt avarr "o Lo a2l vy
Egenvalue problem :

—
=0

[-e'rm1+ Ck1] W
For natura fre&uenc-‘es.

I-—wttmj + [k] ‘ =
e
l Al [3!2 ] [ o :l _.
_ 420 o gl* o gl* 14 X
Ve 4— 312\
@-o 122 wo-k)‘ = o where )= 41051
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192 A2 (1 =2) (- 13A) =0
A= Tig' > W, = 22-73¢ EL with L=24

FALY

Az = | > W, = 81.975¢ EL

PALY

For mode S'-\a..FeS',
2 —(¢) -
[.-(‘3‘: CLm] + [K]]w =0 5 £=1,2

e

[(zq- 312 Ap) 0 wf)
0 92"'(:—%;)] W< } B {o

o)

}

For A= ,—;— wa(') can have amy value
(‘t‘ra.n.r verse J.‘sta_cement- moie)
Ry Ao =1, w‘(f) can have any value
(rotation or slope mode)
W| W3 l\ws'
@ m=(00 kg, L,=02=1m ) l mass of % We T
4__moter = m —P77] 7
From solution of problem 1219, 2 ¥
wreo have f ke im e tm —>
W3 wWa
EI [ 24 o | ws
- EL E
[K] 13 i o 811 ] W4 ( 1)
x w3 Wy
_ fA [~ 312 o 1 ws
[m]= L= ()
420 ) g* 1l Y%
When the mass of motor is added to d.o-f- W;, the mass
ma.‘trix becomes
/9 _ J’_A_X 312 + m (222 o
EM ]- 420 £AL (g5)
o g £?

Egs-(E.)o.mA (E;) ju‘elcl the fregucncj e,zua;!:a'on

|- M7 + [k]

|-
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(3!2 Zoio S 24 o )
EAI w” FA + EI - o
3 L* 23 g L2 )

o
e
42000
24— (312 + A o
“-(n2t =)
) - °
o 842 (1=3)
re-

w2 12 0=n fr- (13 L2y 0 )

where 3= AL *

420E1I
A= N ca, _ 420EZI Ay _ 420 EI
LA LY FPA L4
|
X = z _ 420 EIL
2 (l3+ HASIO > W, = oAtk 1750
L (|3+ m‘)

For the steel beam,
E= 2| xao" Pa , L= m, p= 1.8 x003 ky/ma

21_ 420(2.ix0"Y T |
@ = ) 2> (5, = l0:6338 x:oq‘/i[— rad/sec
(7'8 x'o3)A (1)" ! A (E4)

2 420 (1-:x,o") I aa-zxoon I
G, =
13 (7.8 x10° ) A (1) + 1750 (D loruxi® A+ 1750
6
?2:3915 x(0 I
> @, = F ” ra.o'/sec (Es)
(lot4o0 A +1750)72
Let dePH-. = twice width for cross-section. T
3
Then A= 2b* and L= 7':(&)(25) = 0-6667 bq j
Operating Apeed = _n = 1800 (2m) )
p 9 Ap of motor = T f—=b—f

= 199.-49¢ ra.J/Sec
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Assume (.,9, = smaller than 9, -

For 9, > 195 496, we need to have

. o4
104 (10.6338) \/0 6667 b > 198 .49

- -3
e b > 3.07x10 m

Let b= 5mm ond d= 10 mm £ that

A=50x16° m* and L= 416-6667 xi6 = m?
This gives )
o —12\"2
93915 x10. (416.6667x10 ')
8, = ( . - = 4.5760 rad
(lolqoo X 50 xt6 +|750> z Sec

This violates the original assumpbion of 3, > &,
Assume (3, = smaller than G, .
For Q92>I8$-L}?61, we need t have
93915 x10° (0. 6667 L")y"
{mmoo (2b*) + 1750 }'/z

> 188-49%6

ie., '
(6548624 b"—o-?.oza }»'z— 0.00l75 >0 : (Es)
By setting the fnegua.h' "'j in (EO 7 e&ua,l ity and
Qolvinj Por b*, we ;F-‘nJ
b* = 000109145 or b= 0.03304 m

Let b= 35mm o.m.at J-: 20 mm,; so that
the ile,ff side of inezuaJH"j (Eg) becomes

(0-062‘183—0'000 248 -~ 0:001750) which is positive.
Hence the ft'na,( des.‘jn ¥y 9n‘ven BJ
b= 0:035 mM

= 0:-070 m

737



www.FluidMechanics.ir

Boundary conditions: Wz Wy "'f\ ’f\ wa"'f\
L

Wz=W=Wy=Wg= W.,:W::o

k_' 1 :4‘ 1 < I —
Ws- W6 w7 Ws ______ 45’( L =3
w3 Wy Wy W eeue for (=2 ';
Wi W2 Wy Wi For iz Voo
12 ¢l -2 ¢f Wi Ws b:ls
[k ] = % N A7 BEEY Ll S R
-2 gl 2 -l | Wy w w,
1 24 -l 4P| wy w, W

Ws W, W4 wp e for (=3
W3 Wy wg Wg — ——— for =2 ".
Wi wWa w3 W4.--:‘or =1 ':
. 156 224 54 -1l | w ‘:Va Wi
[M(‘°)]= -ﬂg 2l 4t nl g p* wa Wy, Wy
420 54 134 156 —220 | ws ws Wy
| —13{ -3 -224 42t | wy, wWe  wg

Assembled Sfuffnes: ma;t':rtx, after %ﬂnﬂ LounJa,ry

conditions :

W4 We
cr @A+ 41D 28 W,
k1= VR YA CTOVY )] B
Wa Wg
[M]= £A% @2+ 407 -t ] 2
420 | —-34* (40%+ 414y wg

FreguenCJ eguation:
- rales? ot + EL AN & = o (&)
420 -312 311 ’e'i le gzz ] !

Defining ( ALY co )

4—20 EI
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E;. (Ei) can be expressed as

(1= 2) (z+3))
(2+31) g (1-2) |
or T Az-28A+¢z=o
A = 23E 784 - 40002 _
I,Z - - ‘W 2 2
2(m)
veH = 1357 ET 4 = . €I
@, (5 PWE an @, = 28.9928 J’_A_F
w w3
‘ Element matrices : Wz £ ! w4‘4\
2 : M
7\
Wi w2 Wiz  wa LSS m=10pAl
12 ¢ -{2 ‘1 ] W)
[K(')J-_- EI | (0 40 -2 24% Wy
Eloe 1z —¢f w3
L‘l g_l" -¢ 412 B W4
W, Wy Wy W+
156 224 54 =137 w
2 _2)* W,
. Al 220 41 134 3l 2
E" - 4201 54 134 156 —221 w3
| -3l _at* 228 40P | v

Assembled wmatrices ( after a-fklying Lou.ncga.ry conditions
W, =Wz =0 omd n.:LAJ.'n.D makf M ok d-0-F- W3):

- EI
[:K]" 13

- Al
W)= T2
.'Deffn.‘nj )y

w3
12
| -¢f
W3
r 156 + 4200

=

-224

- (fA 14
420 ETI

W3
We
w4
-22/1 w3
44* ] Wy

the Jcrezu—&nf—j eaua:l‘«‘on can be
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written ag

(12— 4356 A) =L+ 2242
eZ+2202)  (40%- 40* )

.3 2
° 4235 \° - 4302 A +3 =0

4
4302 x ( 4307_1— 4 x 4235::3}"
2(4235)

This gives

B

= 0-0006978 , l.0l5122772

ET EI
'.' (&91= 0'54‘4 \/

= 206483
ALY %2 AR
:FQG e; Qg
Qz Qb‘-(.T\ Q5+
é !)E,A.,I, fEA I
8| ik L N P
llt li + Iz ‘{ .
e 12 1) 2 1@ ]
(e e 2 2
(O] [#0] = 5 | 9 4 -9
@ | le @ 2 e
a® I(e)’ —c 1@ 4@
156 221€ 54 _13 0]
@ 2 ) )2
©1_ r=@q _ f(e)A(e)l(e) 22 £ 4 f¢ 13 1 -3 g€  eat,2
En 1= %71 = 420 54 W AT T -22 4
Il o o o o O] o o | o 0 ©
0 | O o0 o © ’ o o o | o o
[A(')]" © o I o0 o o [Aﬂ)]= © o © o 1| O
9 o o | o o_j ’ o ¢ o o o |

[K]= 2 KOTIEOIAO]
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12 I./Q.3 GIﬁ:l- —i2 J:/i,s GI,/I,?- o o -
cT/pr 4n/l, —6I,/p 2L /4, ) o
-i1L,/,3 -¢I lar, | 1212 ¢TI, T ¢I
= E Ve, A (1 > ( ‘1‘ 61:) _111/1: }1/:
CI,A: zr/l _GI. CI:. L 4T, L
i ] ( ' l:) 4'1' 1l> _‘r/!zz_ 2 1/12
o o '"'I?-/l,, '“‘/1, ur%: -CI%;
L o (] ‘Iz/l: lI,/z' _‘Iz/!: +I'/lz
2 - -
[0]= F BT (R3]
B 3
1s6AL, 22A L'  s4A % —13A 4 ) o
1AL 4A1}  atl -3} o o

S S4A L 13 A]f.l ISC(A|I'+A:_KL) zz(—A,R,L-f-AZI;) 54 ALz -BA,};:

O -oall AL neatiald) AP eact]) nall caa g
o o 54 A, 12 13 A, l: 156 A s

(o] (o] -{3 ﬁzl: -3 Az l:

where T® = I omd € _ g, ; ez12
Since Q,= Q;= ;= Q¢ =0, TYOWS amd columns 1,2,5 and ¢ in [5] amd

|[l<]- 0" EMJ,
i-e. {.15(-1';‘+I—§)_“__‘ﬁz(a,l.+nzlz)} {cz(- :'; ;:> z:{:a _A“_“

{GE(' -;-[t"+ %) ll.fﬁ-’ (—A,l +A, 12)} {4,5 I;)
] 2

ROOts O:F this e”..a.lﬁ:n ?cu (AR omnd G, . =0
Load vector: g \
# I ¥<x.+) Ny(2) dx Ny
?’(1)2—;’(1): :1 - lf %, (xt) Np(x) dx -4 };th.h >
;: Llis (x,t) N,(X) dx ‘ IL'N’ dx
L5528 N de fz. 2]

741

-1 Ay

22 A, 87 44,22 _
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Ly

5/
1,/2
12/12

- — (2)
§f = £
[

|

= 2 T ="(e)
= = A(e)] f
e=1 [

09 0O
W\/

)
-~

L./
/2
l,/z
1,‘/,.
o

A&&r%ﬁewm,bd%kw

Fa [1h
#A /1

} .

Oz

¢

] - [Mm] _

41* -
-¢1 12

sAt
420"

¢l 7
2L*

-¢l

¢l -2

2

21 ¢t 41:

56
224
54

_—ul

22 £

44

13l

-34*

o) _ ' (')=
z(.)qu,f\z, =Q, 3?’ Qq,fz, &,
@P—-—-——X é@
— 1@ = 1 —

54 138
T3 BY b
15¢ —22.1
YTY Y

Since node () it pin connected amd wode @) s fa;eJ, Q,=Q1=y
=o0. B}&J;Bﬁﬂid%\dhjwuﬁmd clisnmns in [5]
omd [M7], e &auwhﬂa.fmo'ir&nu becomes

[[K] -w'fml]a =0

F"‘ff“"cj egua-{‘t'on s 4

'::l—f-(u’) - ©

2 fAI
410

1) ‘: °

which gives 42 420 EL EL
= —— WS4y = 20-493 —_—
4 FA 1 oY 1 0-4939 fo.‘.

742



www.FluidMechanics.ir

' J,G,ZIP,ZJ f;G)I?,J’
£ ‘
N p

Le £ le L ——-’l
| |

—_ 0 5 I, 2, ] ST A 4 2

[ ]=[m >]=_,_£,___[z.. 2 )= ,; [z 4

]
[F®]=[m®7]= 4 IP: 2 [ [ ]____ SIpL [z { :\

[E("L[u("]_zca'[ —|} E%[-.: _Z
) 001 gl 7)) £ 7]

2

r°1-[ ¢ 1, ®31=[
[M] 2 [A(")] [—(e)][A(e)] Jl_zt_& [42: 2‘- :’]
o [

o o
0‘
-0
—

=4
[E]=e=£1[A(e)]T[4_‘.(e)][A(e)] - 267 FZ -; o]
J

in = 1 -
Rt R Sl P DU B i

Freguzncy egua,h‘on is

ez 3 - 1. sRlo e
[—| I:'— 12 { 2

2 2
I, W
,[ "']_)[ o where a= £
24 G7J
At _sd 42 =
i-€. A= o-l640 , Az- (1087
2
GT
. Wy = 9§83 GJ n = 5.1583712 —_—z
1= 1983935 v and 9, FLE
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Elemen{' matrices : 4
O F—u @ Uz Y3
KV]= L5 [_' - ] 4 @
1' ] | Y m
U| Uz
= 4_'45 | -\ U,
) 4 [" l] Uy
) ALE o W
K= 2222T0 =17 O AETL -1 W
[ ] 93 [' ! :I R [—l ( ] Us
Q) AbLrz Vi Va
[ ]"f"'—f"[l z]" 2744 [z I]U’
3 ! 2 Vg
)7 _ £ AL : v Us
el P CC 0 PR I
1 2
Assembled matrices (with U,=o); Vs
02 UJ U?

Uz

_ _A_E 5 -1 Vg A} (o)

[K]" 1 [—u |] ug (1= J’__‘_["
Eigen value problem :

[-s*cm1+ (k1] - 3

For natural ;cre?/uen c'es,

e T s )

e 5~jo) -t=A \
= o
—-1-2A 1-2 )
Where - (LWt
'\'( GE >
l.'e';

19 A* =222+ 4 =0
This gives

A,= 0-225% ’ W, = I-1642 {VG’F')}

A2= 093 20 » G’z = 2'3649 {E/(flz>}
For e_ije.-nvec-l:ors,

Use of (Ez) leads 4
(S—lo A|) Uz —("f' A|)Ug = 0

744
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S5~ 10 M ,
or Uz = ( TEY ) Uz = 2-23.57 Uz with ) = 0.2259
’ ""(‘) Uz (l) j.0 (E
R '{03} = {2-2359}’ | )
S'a'm-'la.r(y,
U3 = 5-10 )2.> Uz = —-2:.2360 Ujy w:{:‘- )\zz o-9320
i+A2
. ) ¢,
L gMe v ={ P €7)
~ Us - 2-2360
Orthonormwl:Sa.h'on of normal modes with (_‘M]_md:er:
-»>(1) —> ) - (2) —=(2)
Let U = o, (,:,) omns V) = Q, B (Ea)
where a, amd a, are tonstants to be determined.
-O(n)T[Mj-»(l) _ s 2 — 11.- _
U =14 9ive a; = l'{‘m [ m] g‘(l)

Y - T -
Since U(l) [M] l;!'(')___ ("o z-z35‘l) Lﬁ[lo |]{ 1e0 }
~ 6 . 2 2.2359
= 4.0734 gAX,
A= 0.4952 ‘/fA,e , amd

-G(t)z 41 {o- 4952 (Es)
\lfA! l-io72
similaxly, 2 i
where

=) T = (2) AR [ie (-0
D I O i 1 R S

= 2.5879 pAL
o’zz o- 62,‘ Vfo ) O-I'VJ

o __ 1 { 0:6216 E)
JPAax' (-1-3%00

Modal wmatrix:

i -4952 0:6216
{.-U] = [o ] (En)
\lfAf 1 1072 —1.3900
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with

[U] [m][v]= [ C::l . [U]T[K][U]_—_}%[l;;s;q o ]

5.5921
Forced vibration eguaxl:tons s

Egpralions o motion ane  [m3 U +[(xJT =P (Eip)
Let  CU@)=[u] 7{(*) (Ei3)
where [U]: modal matrix and

-’-7’({73:- {:u((:} = vector of 3enera.).3¢d coordinates
2 .

SubS'Ef{-u:t‘.‘ns (E13) into (E,,_) amd PrEmu.L‘t\’f.(ju‘nj by
[U]T gives the uncouklea’ eguations of motion:
:7; (&) + ‘43‘:2 ﬂz(t) = Qi (f:) ; (= 1,2 (E“r)
Where +he 3eneraJ-‘3e.J foads @;(t) are 9given by

=[] F -

1 [0'4752 06216 o

\/fA} 1-i072 -1+3900 :H P(t)}

_ _ 1 0:6216 E
m {— 3900 }P({:3 |s>

Hence e&ua:hohs' of motion become

1:355 o 6216 o, (E
7 + 4(ﬂt) — P e)
T+ 55tz (), = "—%’—%ﬁ P() (E17)

Assume ol initial conditions t be 3ero :
U(t=0o) = [U]TC) =o
- ) )= E
U(k=0) = Lul (o) = }ﬁ’ ne T@=3 Ew

Thus the solution of Ezs (E,‘) and (E”) can be

e,xlpresseal as .
n,(t)= c.s, J‘ Q,(T) sin @, (£-T) 4T
)

t
= [X (5.5339) P in 1o E  (t-2V4d=T
\/;( L @) s {; 642 e (+ t)}. @
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t _
L= [ew) sinw(t-T) de
° t
X @sirs) [ R sinf [E . 2isie - 2 I
AE ; o (220)
Since A $o <= t < to ’
P(E) = { ¢ r o0

o For t > &, (&21)

we can express the solution as

- U (8 - 14952 y (+) 4 t

u(”"{ z }: VI = =t {41 1D+ orkaie 0, ()
Vs (&) L ]YL JIAI

111072 n(8) — 1- 3900 7 (+)
W‘nck Be.comes, N view O;F EZS’ (E(?> - (Ez‘>
For t < t,-

Uy(t) = P A

° { 3816 —0r2271 c_osucqz £ -t

AE

— 000545 cos 2.3¢48 /E t}
id &

U (t) = f"l 0622 — 0:5078 coS 1.1642 ’ t
AE g1

+ '3"5 Z' qs J‘ j ! i 2

Uy (t) = R
A

0:2271 cos 1-(642 / (t- to)
E
- 0'2271 coS quz’ t JISy7 cos 2-3648 / t-t
e + o:/54 G ( o)

—0:1547 cos 23¢43 |5 ¢
>

U;('b)= _P;.‘é- {0-5'078 coS (- 642 \/%' (t- ‘to)

—0-5078 cos I.l642 }—E—- t —o 3456 cos 2:3643 | =

7 (- £

s
0-3456 S 2:3648
+ w 4 /ﬂz } (E25)
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E® = E@ = 200 GPa,
A®D =A® = 0.5 x 1073 m?,

¢D=0.5m,

€@ = v0.22 + 0.52 = 0.5385 (m)

cos 6, =cos 0 =1, Y
sin 6, = 0, | X

cos 0, = (X, — X,)/£® = 05385 0.9285
0 — 10

in 6, = —Y )@ = =-0.3714
sin 6, = (Y3~ Yy) 0.5385

Element stiffness matrices:

L] = ADED | 1 -1 0 1000
(k] = -1 1= 01 0

Ul U2 U5 UG

0 0|U

kD] = [AO]T kO] [AD] = 200 x 106 2
k@] = [A]T [kV] [AY] X -1 0 1 0|U;
0o 0 0 0|Ug

(2) @ _
[k(z)] - _A_E_ |:+1 1

1 -1
= 6
@ |1 J 185.7010 x 10 [_1 J

[0.9285 ~0.3714 0 0 }

@1 =
] 0 0.9285 -0.3714

k@] = A@]T [k®@] [A@)]

U, U, Us Us
0.8621 -0.3448 -0.8621 0.3448| U,
= 185.7010 x 106 -0.3448 0.1379 0.3448 -0.1379| U,
-0.8621 0.3448 0.8621 -0.3448| U;
0.3448 -0.1379 -0.3448 0.1379] Ugq

_— (200 x 10° + 185.7010 x 10° x 0.8621) (0 — 0.3448 x 185.7010 x 10°%)
(K] = (0 — 0.3448 x 185.7010 x 10°) (0 + 0.1379 x 185.7010 x 10°)

359.8886 —64.0297
x 106
-64.0297 25.6082
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- 0
Load vector: F = { 5}

Equilibrium equations:
- -
[K] U=F

l.e.,

359.8886 Uy — 64.0297 U,

In
e
(R —

—64.0297 U + 25.6082 U; = —5 x 1075 (Ey)
Solution is:
U, =-0.0626 x 10¢ m
U, =-0.3517 x 10 m
Axial displacements of elements:
U -2 1 0 0 O0|llu,=0
o=pouU ={ } 2 =01l 0 o[ M
U, 0 0 1 O U U, -0.0626 x 10
Us
@ U;=0
Ull™ _ oy @ 09285 03714 0 0 U,=0
U,] i Lo 0 0.9285 -0.3714] | U,
Us
_ 0
~ 0.07250 x 107¢] ™
Stresses in elements:
9 —6
o = EW ¢ = EO (U0 — U, Wy = 200X 107 0.0626 x 107) _ 7 ) gp,
0.5
9 —6
6@ = E® ¢® = EOU,® — U, @)@ = 200X 107) 007250 x 107) _ o6 4956 kp,

0.5385
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n W
E‘-..: 2"XIO rﬂl 5> 4.»=|,7-;3 @
Wg
1l= 2:0 m, /?z= 04 m, 13=24m

I,

e Z ey (?::)] o

= 3-(89%53 xoo 'm W4

_ 34 -1z, B]  wy
3= ,z[aso(sso)-— 320(520) Jxro s‘é@ ] 2am
w,
= |.l0305§ xlo-s m? ¢
£z 7.8x10° Kg/md ; i=1,2,3 -
2m
A=A, = .TL[(sao) 800>
4 looo logo ]
= 0-038406 M
W,
(350x5'50- 320 x 5a.o)xuo 772
®©

= 0-0261 m?

4 . 4
_E_‘i = §373-3641 xlo E’-_;‘?: = 1046 670-516 xi10
2° t
E#— = (6756523 x(o‘,'

3

Element stiffness matrices:

12 ¢le -12 éle |

) EeIe Ic fe 40 -ele 248
[k®]=

L | " -¢le 12 -k,

| ¢ 2l eke 4]
Wz W3 Wsg

i 10+ 0480 10'0480 - 10:04%0

( ' o 13-397 —l010480
E< u)] = o048 4. 4

~(0+ 0480 —{0+0480 l0.0480

| to.0480 6.¢987  —io.04¥0

750
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_ Wy We Ws We _
i256.0052 25l-2010 =—1256.0052 25 1l-2010 We
[K'(")J_-. 25(.2010 66- 7869 -251-2010 33.4935 “03 W
-1256.0052 —251-20/0 1256-0052 —251-20100 Wy
251.20 10 33.-4935 -251- 20l0 66-78¢69 w9
W4, Wg Wio /7]

B 2-0l08 2-4129 =-2-0l08 2: 4129 Wy

2.4129 3.3607 —2:4129 j+?303 ] W,

[K(DJ = , x 10 ¢

= | =2:0108 -2:4129% 2.0108 —-2:4129 Wio

| 2:4129 (-9303 —-2:4(29 3: 8607 | W,

Axial stiffnesses are given by

ﬁ_E_' = 40.3263 )uo3 , ﬁ = 20(-63l5 xaog, A3 €3 = 22-837% xtoa
1| ll 23

Considering the axial stifgnesses of clements {and 2 ot

degree of freedom W, e assembled /KZEW maliix com be

derived a8 '
Wy Ws w¢ W We Wre Wiz
—243.?‘fc o 24129 (o] o -2'0l0f Zt‘rllﬂ W4
o 1266:0532Z 241-1530 —125¢.0052 2512000 o c Wy

[szlo‘ 2:4129  241-1530  £4.245 -250.20i0 33-4935 - 24129 1.9303 | W

0 -1256-0052. -25]-20l0 1256+0052 ~25).20i0 o o Wy
o 251-2000 33.4%35 -251.2010 ¢€6-98¢9 © o Wq
-2:0l0¢ ° 2429 ° o 2:0008 -2:4129 (W,
2:4129 ° (9303 o o -2:4129 3-8607 |Wi2
fl Alzl = ""265’ sz?_IZ =o'29§3) f; A! 23 = )-(633
420 420 420
Element vnass matrices:
156 22 Le 54 —134e ]
2
[1®]= fehe fe | 22 42"  13pe -zt
420 54 i3 lg I5¢ —-22 Ie
2
_—l3 Ie —3le —ZZIC 42: J
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Wo
—
222534
62:766

F] -

77.031

| -37.089

Ws
44 .5068
25106

[m(l)] -

154062

181- 4748
él-¢gr22

[M*] =

€2-%182

L_—-36:2950
For axial wmotion,

aAL _ eq.m,
3

W3 Wz We
62:766 77-031 -37-089 Wy
22.824 37.089 -17.08 W3
37.089  222.534 —¢2.76¢ | Ys
-17.-118 —62-76¢ 22- 824 | We
Wg Wy We
2-5106 5. 4062 ~1.4336 | Ws
0. 1826 1+ 483¢€ —0:13¢% | W¢
1.4836¢ 44.50¢ 8 -2:5106 | Wy
-0-i369 -2:510¢ 01526 | Wq
We Wio Wia
Cl-4222 62-8182  -36-2950 | Wy
26. 8024 36-2950 -~20-{0i8 We
36.2950 (8l: 4748 —¢l.4222 Wio
-20:1018 -6l-4222 26.8024 | Wiz
____f”;‘1= 39.942 , f’_——-A;I’ = 62-364.

Cons-'aler-'ng mass matrix terms (correspoanng to axial motion of

elements (and2) ot degree of freedom Wy, the agsembled
mass maliux can be obtained as:

— W+ Ws-
420-1268 0
(0]

Wg
6(:4222

267.0408 -¢0.2554
Cl-4222 —¢o-2554 49-8070

[M]=1] o (5.4062 14836
o —1.483 -01369

¢2:8182 0 362950

| ~36.2950 0 —20.10(8

wg Ws
o o]
5.4062 -1:4836
(+4836 =—0:1369
44.5068 -2.510¢
-2:5l06 o.1826
o -]
o )

Wie Wi _
¢2-8172 —36.2950 Wy
) o Ws
36.2950 -20-10183 |Wg
Q o Wg
o ° M@
1Bl: 4748 —¢i-4222| Wio
~6leg222 26 8024| Wiz

Once [K] and [M] are known, the natural freguencies can be
found by solving the e/genvolue problem.
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Force vector -

F = F4_,F§')Fc)F8)F9'F'OJFIo} =§OJ 01010;0)50001 500}

—t

[K] KI) = F "'(Et>
where [k] is given i, the solution of Problem 12.27. The
solution of Eys- (E,) 3 Jiven bj

Wg = 0- 2066 X166 m,

EZuilibrium e?/ua:l:ions‘ :

_ -4
Ws=0:3732 x5 *m, W=0.3731x10 ' rad,
wg = 0-5224 %16 % m, Wo = 0.373) Xfo-lf r‘a.J, W, =0-1954 xie 3

m,
Wiz = 0:1046x 15> rad.

—wreow - E e E——--—_——-wEmte" m"w " w -

e

4 (e) 2, ()
= Ee ym e Z‘ pr J Nf

=t dx*
- ®/ ¢ 2 e/ 4 €
- eyme W (-ﬂ" +-L_;-z>+ W, (.7+Fz>

e
+ W,( ) 2}

N’

(=39 + (4 5

]-€

w=w=0, W =w=o0, Wi = we = 03732 x5 m,
W40)== W = 0-373¢ xco-q rad
"
QI:Zm, y—mﬂz 0-4(S m, E, = 2:ix10 Fa
At x=o <ai' node @)

e = (200" )(ortis ) [or3752008 () w0 3730057 (-3) ]

= |.6262 XIOC R

At x=fi=2m (o node @)

Fmax =(2"x'°',>(°‘4‘5)[°'3732""74(’54‘- %)4—0.3731“:' “2+4y]
= 16245 x5 P

Axial stress in element 1 (ot rode ©):

o = (M2 )e, = 5, =[( 2066 wTE 0)/, TG md”)
= 0,0217 “06‘ Pa
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Total stress in element { = (’-6261+ou02l7>,oc = 16479 % 16° Pa
Benclu'ng Atress in e_!emenf 2 (ezz):

LV‘(?—)z Wg = 03732 xto-q m, wz(-z)= Wg = 0:.373¢ X'°_4 rad,

Wg(z)z Wg = o.5224 xro—-‘f m, W4_(z) = Wg = 0.3731 u<u:|-'l'f rad ,

lzz o4 wm, ymﬂ_— 0:4(5Sm, E,= z.Jx:o” Fa

At x=o:

¢ _4a
O = (@0 710" ) (0.415) [0.3732 (= =)+ 03731 (- o5

+o-5224 (:G_IG— ~0:373| (":7")] lo-q = 32.503 x406 fa

Be.no'l'nj stress i elemenf 3 (e=3>:

S S e e e e r e . CrEm et - t et am e m . e e .. - a.a-

W,(a)z We = 0.2066 x16 ¢ m, Wz(a)= Wg = 0.373) x:o_" rad,
W3(3)= Wio = 0.1954 Xlo—3 m, W4(3) = W2 = 0:1046€ x16> rad
L3= 2:4m, Fran, 3= 02TS™,  E3z 2.ix0 R

At x= ¢ (m,-,!_g_ @)

3
o;n-‘u = (2.4 xw") (o-?.'?s') [0.2066 XIO—G (",;7‘

+ 03731 xio ! (—%)_*_0,19;4_ x";z( 6 )

5.76
+ o046 x15°> (- ﬁ)J

= 3.0172 x,oG fa
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Fig- 1

H‘g .2
General beam

element in a
r(a.ne

Pressure on the piston 1 MPa, diameter of the piston 0.3 m, the length of the
crank 0.3 m, the length of the connecting rod 1.2 m.

Solution:

For a general beam element in XY plane, we consider four axial nodal displacements
U,, U, U, and Uy, and two bending nodal displacements U, and U,. By
superimposing the stiffness matrices of a bar element and a beam element, the
stiffness matrix of the element shown in Fig. 2 can be found as

a2 g o A2 o9 g |U
I I 1
0O 12 6¢ 0 -12 6¢|U,
EI| 0 6¢ 4¢ w -6¢ 2¢|U,
K] = —- : ) (E)
e |-l 0 0 Al 0 0 |U,
-12 -6¢ W NO -6¢|U;
| 0 6¢ 2¢ 0 -6¢ 4¢°|U,
U, U, U3 U, U, U
IfU,,i=1, ..., 6 denote the global nodal displacements, we find from Fig. 2,

u, = U, cos 8+ U, sin 6

u, =-U, sin 6 + U, cos 6

u, = U, (E)
u, = U, cos 6 + Uy sin 6

u; =-U, sin 6 + U, cos 6

u, = Ug
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Defining A = cos 6 and p = sin 6, Eq. (E,) can be expressed as

%
w=[AU
where
uy U, (A w0 0 0 0
u, U, - A0 0 00
= U
Pl TolUsl g |0 01 0 00 &)
Uy U, 0 00 A uo
us Us 0 00 —-p A O
Ug Us) (0 00 0 0 1]
Globl stiffness matrix of the general beam element can be found as
[K@] = [A]T [k] [A] Ep

For element :

E=200x10°Pa, €=12m

I=2 {115 (0.06) (0.02) + (0.06 x 0.02) (0.04 + 0.01)2} é (0.02) (0.08)3

=6.9333 x 10~ m*

A=2(0.02 x 0.06) + 0.02 x 0.08 = 0.004 m?

A= co: 7.1808° = ;.9922 [":ML]' ofga‘m
W = sin 7.1808° = 0.1250 002 m—sl b

For element : - _‘—0.08 m
E =200 x 10° Pa, I = 6.9333 x 1076 m* | |O_0*§m
A=0.004 m? €= 0.3 m, f—o006m—> T

A = cos 330° = 0.866
u = sin 330°= - 0.5
Boundary conditions:
W, =W, =W,=0

Load on piston = g (0.3)% (10) = 70.6858 x 103 (N)

Load vector:

F, 70685.8)]
- F, 0
F =1 ro=

|y ) 0 |
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Element matrices in global system (given by Eq. (E)):

Wl W2 w3 W4 W5 W6
[6.5640 0.8149 -0.0072 -6.5640 —0.8149 -0.0072]
0.1990 0.0573 -0.8149 —-0.1990 0.0573
0.0462 0.0072 -0.0573 0.0231
[k®] = 108 x ,

symmetric 6.5640 0.8149 0.0072
0.1990 —0.0573
I 0.0462

W, A W, W, W, A
(2.1541 -0.8878 0.0462 -2.1541 0.8878 0.0462] W,
1.1289 0.0801 0.8878 -1.1289  0.0801| W,
0.0185 -0.0462 -0.0801 0.0092| W
[k®] = 10 x 6
2.1541 -0.8878 -0.0462| W,
1.1281 —0.0801| W,
i 0.0185 | W,

Assembled stiffness matrix (after incorporating boundary conditions):

Wl W3 W4
[0.6564 —0.0007 —0.6564
0.0046  0.0007
2.8105

(K] = 10° x

w

5

-0.0815

-0.0057

-0.8064
1.1488

Wy

-0.0007
0.0023
0.0469
0.0743
0.0231

WQ
0 |w,
A
0.0462 | W,
0.0801 | W;
0.0092 | Wy
0.0185 | W,

- S
Solution of the equilibrium equations [k] W = F gives the following:

W, =0.0007 m
W, = 0.0022 rad
W, = 0.0005 m
W, = 0.0008 m
W, =-0.0024 rad
W, = -0.0035 rad

Element displacements in local coordinate system:

Element 1: A =0.9922, n = 0.1250

757

= EZ



www.FluidMechanics.ir

1D r 7

w0 0 0 0 (W,=00007m | [ 0.0007m
u, 4+ A 0 0 0 0| |W,=0 -0.0001 m
ug| _ 0 0 1 0 0 O JW3 = 0.0022 rad _ | 0.0022 rad
u, 0 0 0 A u o W, = 0.0005 m 0.0006 m
u; 0 0 0 -u 2 O W; = 0.0008 m 0.0007 m
| U ) | 0 0 0 O 0 1] W, = 0.0024 rad —0.0024 rad
Element 2: A =0.866, n =-0.5
r(2) 7(2)

u, ‘A w0 0 o0 0]7(W, =00005m 0.00003
u, - A 0 O O o W; = 0.0008 m 0.0009
Jus|  _ 0O 0 1 0 0 O W = 0.0024 rad | _ —0.0024>

uy 0 0 0 A un o W, =0 0

ug) (0 0 0 0 0 1] |W,=-00035rad| |-0.0035
Axial stresses:
Element 1:

1 1) [u,)? 200 x 10°
=E|-— = o= = (ca, +u)® = Z222Y (0.0007 + 0.0006
M ( ¢ e) {uj ¢ Furu) TR )
= -16.67 MPa
Element 2:
E 9
c X = 7 (—u; +u)® = —200())(310 (=0.00003 + 0) = —-20 MPa
Bending stresses:
Element 1: Y ..,=005m,£=12m.
d*w (x) 6  12x 4 6X

cx)=E i Y .=E Y .. _6—2 + —63 u, + _g_2 + €—3 £ uy

€2 03 T &

at x=0,0(0)=-7.7984 x 107 Pa
at x=1.2m, 6 (1.2) =-7.6463 x 107 Pa

Element 2: Y . =0.05m, £=0.3 m.
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at x=0, 0 (0)=-7.6463 x 107 Pa
at x=0,0(0.3) =-1.4901 x 108 Pa

Maximum stresses:

In element 1:

0,..x = Max (axial + bending)
=-1.667 x 107 + 7.6463 x 107
=-9.3133 x 107 Pa

In element 2:

0., = max (axial  bending)
= -2 x 107 + 7.6463 x 107
=-9.6463 x 107 Pa

x=12m

_—.'/J/crankrin
X®=0 . 114

ting

: connes

Prston

m = 5000 kg, €=12m, d=0.6 m, t = 0.02 m, P .. =700 kPa

Solution:

¢=12m, E =200 x 10° Pa, P = 7750 kg/m3

I=

6% {(d+2t)4-dy = E;% {(0.6 + 0.04)* — 0.6% = 0.0018738 m*

A= g (d+28)?—d = g (0.642 — 0.62) = 0.038956 m?

M = 5000 kg, P___ =700 kPa

Pressure at x = (% Pmax) Pa

load at x = % P

Stiffness matrix:

(d+2t) N'm =37333 x N/m

Wl W2 W3 W4
12 6¢ -12 6¢|W,
I1|6¢ 4¢2 -6¢ 22| W
(K] = k] = = :
~ ¢ |-12 -6 12 -6¢| W,
6¢ 26 -6¢ 4¢*| W,
I 200 x10° x 0.0018738
where — = = 216875 N/m

e 123
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W, W,
EI[12 -6¢ 12 -

k] = = 6¢ 1216875 2\ W,
e |-6¢ 4¢ 72 576 W,

Mass matrix:

Wl W2 W3 W4
156 22¢€*> 54 -13¢| W,
pPAL 1 22¢ 46> 13¢ -3¢€| W,
420 | 54 13¢ 156 -22¢| W,
-13¢ -3¢ -22¢ 4¢€ | W,

[M] = [m(l)] =

pA€  17.75x10° x 0.038956 x 12

where = 8.6260 kg
420 420
Mass matrix after incorporating W, = W, =0,
W, W,
Ae | 1586 -22¢ 156 -264| W.
M) = 220 = , | =8.6260 3
4920 -22¢ 4¢ -264 576 | W,

Consistent load vector:

¢
f, = I f(x) N, (x) dx where f(x) = distributed transverse load
0

¢ <2 3 3
= I (37333 x) | 1 — 83— + 2—| dx = 37333 | —¢?
0 14 £ 20

= 806 392.8 N

11 4 2 3
O ECERTS At E

7 €2
= 37333 ) = 1881583.2 N

As there is no distributed bending moment, f, = f, = 0.

(a) STATIC ANALYSIS

cqep . e
Equilibrium equations are [k]w = f

12 -72] [w,] [£]_[1881583.2
216875 | 79 s76) |w,| " |£,] "L O
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(b)

Solution is
w, = 2.8920 (m)
w, = 0.3615 (rad)
Since w (x) =N, x) W, + N, (x) W, + N, (x) W, + N, (x) W,

d*W
Stress=0:MC=EI( Jg
d x? 1

d2 d* N, (x
wzz ()W.

1

X2 3

2 3
Since W= W, =0, N, =3 (%) -2 (%) and N, = —7 + };—2 and stress will be
maximum at x = 0,

d?w

d+2 t) dZ_W
2 dx? =0
= (200 x 10%) (0.32) (0.06025)
= 3.856 x 10° (Pa)
Direct compressive stress due to load W:

Oma|_ = Ec = (200 x 109) (

=0 dx? _

W 5000 x 9.8
o =W _5000x98 ., rr899 x 106 Pa
<" A 0.038956

Max. compressive stress = 6, + o= 3.85726 x 10° Pa

Max. tensile stress = 6, + 6, = 3.85474 x 10° Pa

NATURAL FREQUENCY ANALYSIS

By adding the mass of tank, the mass matrix becomes

156 -264 5000 O
[M] = 8.6260 _964 576 + 0 0

_ | 6345.656 -2277.264
-2277.264 4968.576

Natural frequencies are given by:
~® [M] + [K]| = 0
le.,

2.6025 x 10° — 6345.656 ®® —15.615 x 10° + 2277.264 02| _
-15.615 x 10° + 2277.264 0® 124.92 x 10° — 4968.576 w*

®, = 166.6493 rad/sec
®, = 10.5356 rad/sec
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A, = 0.001 m2, A, = 0.0006 m?,
E =200 x 10° Pa,
p=17.75 x 103 kg/m?, £, = €, = 1 m.

Solution:
Consistent mass matrices

[m®]_ = LA e =[2 1} _ 775 x 10° x 0.001 x 1 [2
6 1 2 6 1
Ul U2
=1.2917 |, u,
m@ = Peha € |2 11 775 x10° x 0.0006 x 1
¢ 6 1 2 6
U2 U3
=0.775 |, U,
Lamped mass matrices
Ul U2
pA e |10 1 0| U,
an = P11ty _
[m*H], 5 [0 | =387 U,
U2 U3
ppA €, |10 1 0| U,
@) = P22ty _
[m“], 9 [0 [|=2825 1, U,

Stiffness matrices

kO] = AVE -1 A _ 0.001 x 200 x 10° 1 -1 _
6oL 1 11
_ o )
oy = A2B [ 171 0.0006x200x10° | L -1
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Assembled matrices (before applying boundary conditions)

U U, U

02 -02 0 |U,
[K]=10°|-0.2 032 -0.12| U,

0 -012 0.12]| U,

Ul UZ U3
2.5834 1.2917 0 | U,

(M] = |12917 4.1834 0.775| U,
o 0.775 155 | U,

Ul U2 U3
38751 0 o | U,
(M],=| 0 62000 0 | U,
0 0 2.325| U,

Assembled matrices after applying boundary conditions

K = 109 0.32 -0.12
[K] = 10 -0.12 0.12

_— 4.1334 0.775
(M}, = 0.775 1.55

M1 = 6.2001 0
[M]e= 0 2.325

Natural frequency with consistent mass matrices:

‘_mz [4.1334 0.775} ' 10° {0.32 —0.12} o

0.775 1.55 -0.12 0.12

w, = 13.4131 x 103 rad/sec
o, = 4.7937 x 10 rad/sec

Natural frequencies with lumped mass matrices:
o 6.2001 O +10° 0.32 -0.12
0 2.325 -0.12 0.12
®, = 9.1224 x 10° rad/sec
®, = 4.4728 x 103 rad/sec
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With consistent

mass matrices:

1.
). -
),
"], -

[#]. -

[m].
K] =

f

)
(e)A(C) 2

6

(7

NN\ NN

]

2

(7-8 Mos)(avé x:o_;) (o'?.) [7_
6 1

(7.2 x 10 DNortxio )(a 2)

- (7:8 x10 )(o:z xto?) (0.2) [ 1

6

Uy

8
0026 4
o

L. 0

12

0,026

[

A e®
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va

4
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(vt xi6 2)(2-ixe" ) v =1
-1

(:K(z)] _ (o2 xm:?(z. 1x10") [:|'
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vz U3
6 -2 g [6-3 - 2. ‘] U,
= 10

Natural frequencies are given by

\-wz[M]c +['<]|= °

v 6+ — 0:312 A - 211 = 0052 A

i
o

-2, - 0°052 ‘>~ 316 - 0:156 A

where A= 5% Wt

‘e 0.045768 A- — 2:i84 X + 15.435 = o

This 9ives X‘___ g-6372, Ao = 38, 8721
m
or W, = 2:93879 x0T ""’/sec » @=6:2347xr0" vadfrec.

with lumped

massS matrices:

(_—M(e)]l= f_%l l—l o]

- 0 )

E“m]l _ @t xie) o xie7) or2) [; ‘:]= 312 [uo ° ]

2

], = (7'“'03)7(?'2”;;)(0'2) [L ‘:] = 0.15¢ [.: | ]

[Mts)J!z:(7-sm’)(;..x,:‘)(a.z)[ :, | d ]= . [L ¢: ]

_ U' Vg Us U* )
4 o] o o V)
[ﬁ\]l = 0:.078 0 4 +2 o o va
o o 2+4) o Us
L (o] -] o) i | Ys
Uz Ua
¢ ° . o Va
[Mjl= 0:078 [ 3 ] = 0:468
? o 0:234 U,
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Neatural frezuenc.‘es are given by

‘—w’-[m]l + [K]\:o

e

2 0:468 o 63 -2
-9 <+ lo' [ =0
o 0:234 -2.1 3.15

i'e-)
6:3~ 0,468 ) -2:
= -]
-2/ 3|5 - 0:234 )\
where o 5 &2
re.

0. 109512 A% —~ 2.9484 ) + 15.435 = o

This gives ) - 7.us7 , Ay= 19.8074

or
@y = 2.6675 r1o? radfeee , 9, =4:450¢ xi0? radfrec.
F-—-——- Program Ex12_33_34.m
P Initialization of values-----=-ceemmmmmm e
Al = 256e-4 ;
A2 = l1l6e-4 ;
@ A3 = 9e-4 ;
El = 20el0 ;
E2 = El1 ;
E3 = El1 ;
Rl = 7.8e3 ;
R2 = R1 ;
R3 = Rl ;
LL =3 ;
L2 =2 ;
L3 =1 ;
F-————- Definition of [K]---=~-—=-ecmmmmmcmcmeeee -

K1l = A1*E1l/L1+A2*E2/L2 ;

K12 -A2*E2/L2 ;
K13 =0 ;
K21 = K12 ;

K22 = A2*E2/L2+A3*E3/L3 ;
K23 = -A3*E3/L3 ;

K31 = K13 ;
K32 = K23 ;
K33 = A3*E3/L3 ;

K = [ K11 K12 K13; K21 K22 K23; K31 K32 K33 )
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Fomm Calculation of matrix
P=1[00 500)’

U = inv(K)*P

M11 = (2*R1*A1*L1+2*R2*A2*L2)/6;
M12 = (R2*A2*L2)/6;

M13 = O;

M21 = M12;

M22 = (2*R2*A2*L2+2*R3*A3*L3)/6;
M23 = R3*A3*L3;

M31 = M13;
M32 = M23;
M33 = 2*M23;

M= [M11 M12 M13; M21 M22 M23; M31 M32 M33 ]

MI = inv(M);
KM = MI*K;
R e L L L Calculation of eigen wvector and eigenvalue---------—-——————---

[L,V] = eig(KM)

Results of Ex12_33 and Ex12_34

dekdkhdkhdbhrhhkhhihkirir

>> Ex12_33
K =
1.0e+009 *
1.8667 -0.1600 0

-0.1600 0.3400 -0.1800
0 -0.1800 0.1800

P =
0
0
500
U=
1.0e-005 *
0.0293
0.3418
0.6196
M=
208.0000 4.1600 0

4.1600 10.6600 7.0200
0 7.0200 14.0400
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L =
-0.0253 0.6914 0.0772
0.8009 -0.1479 0.5712
-0.5982 -0.7072 0.8172
vV =
1.0e+007 *
9.0719 0 0
0 0.9178 0
0 0 0.2860

>> PROGRAML17
NATIONAL FREQUENCIES OF THE STEPPED BEAMS

1.0892e+003 3.5774e+003 7.8776e+003 1.9602e+004

MODE SHAPES

1 2.3905e-004 5.5663e-005 8.4828e-005 -5.4254e-004
2 -1.1061e-005 3.3146e-004 9.7314e-005 -1.1524e-004
3 -2.6780e-005 -3.3777e-004 4.8527e-005 64908e-005
4 9.6166e-006 8.0727e-005 2.8116e-005 5.7820e-004

NATURAL FREQUENCIES OF THE STEPPED BEAM

1089.203865 3577.355406 7877.612285 19602.488436

MODE SHAPES

1 0.0002390496 0.0000556632 0.0000848280 -0.0005425426
2 -0.0000110609 0.0003314590 0.0000973142 -0.00011523091
3 -0.0000267802 -0.0003377731 0.0000485271 0.0000649080
4 0.0000096166 0.0000807270 0.0000281164 0.0005781958
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C
C PROGRAM 17.F

C PROGRAM FOR FINITE ELEMENT VIBRATION ANALYSIS OF STEPPED BEAM
C

C

C DIMENSIONS: XL(NE),XI(NE),A(NE),XMAS(NE),BJ(NE,4),XM(4,4),XK(4,4)
C AT (4,8),AIT(8,4),XKA(4,8),XMA(4,8),AKA(8,8) ,AMA(S,8),
C BIGM(N,N),BIGK(N,N),BM(ND,ND),BK(ND, ND)
C U(ND,ND),UI(ND,ND),UTI(ND,ND),BMU(ND,ND),UMU(ND,ND),
C XF (ND,ND) , EV (ND, ND)
C NE = NUMBER OF ELEMENTS
C N = TOTAL NUMBER OF DEGREES OF FREEDOM
C ND = TOTAL NUMBER OF DEGREES OF FREEDOM AFTER DELETING ZERO D.O.F.
DIMENSION XL(3,XI(3),A(3),XMAS(3),BJ(3,4),XM(4,4),XK(4,4),
2 AI(4,8),AIT(8,4),XKA(4,8),XMA(4,8),AKA(8,8),AMA(8,8),BIGM(8,8,)
3 BIGK(8,8),BM(4,4), BK(4,4)
DIMENSION U(4,4), UI(4,4),UTI(4,4),BMU(4,4),UMU(4,4),XF(4,4),
2 EV(4,4)
INTEGER BJ
DATA XL/0.8,0.5,0.2/
DATA XI/0.0000083333,0.0000034133,0.00000052083/
DATA A/16.0,9.0,4.0/
DATA BJ/1,3,5,2,4,6,3,5,7,4,6,8/
E=70E+09
RHO=3000
DO 10 I=1,3
10 XMAS(I)=A(I)*RHO
DO 20 I=1,8
DO 20 J=1,8
BIGM(I,J)=0
20 BIGK(I,J)=0
DO 100 II=1,
DO 30 I=1,4
DO 30 J=1,8
30 AI(I,J)=0.0
I1=BJ(II,1
I2=BJ(ITI,2
I3=BJ(II,3
I4=BJ(II,4
AT(1,I1)=1.0
AT(2,I2)=1.0
AT (3,I3)=1.0
AT (4,I4)=1.0
XM(1,1)=156.0
XM(1,2)=22.0*XL(II)

0
0
3

)
)
)
)
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XM(1,3)=54.0
XM(1,4)=-13.0*XL(II)
XM(2,2)=4.0* (XL (II)**2)
XM(2,3)=13.0*XL(IT)

XM(2,4)=-3.0*(XL(II)**2)
XM(3,3)=156.0
XM(3,4)=-22.0*XL(II)
XM(4,4)=4.0*(XL(II)**2)
XK(1,1)=12.0
XK(1,2)=6.0*XL(II)
XK(1,3)=-12.0
XK(1,4)=6.0*XL(II)
XK(2,2)=4.0* (XL(II)**2)
XK(2,3)=-6.0*XL(II)
XK(2,4)=2.0* (XK(II)**2)
XK(3,3)=12.0
XK(3,4)=-6.0*XL(II)
XK(4,4)=4.0* (XL(II)**2)
DO 40 I=1,4
DO 40 J=1,4
XM(J,I)=XM(I,J)
40 XK(J,I)=XK(I,J)
DO 50 I=1,4
DO 50 J=1,4
XM(I,J)=(XMAS(II)*XL(ITI)/420.0)*XM(I,J)
50 XK(I,J)=(E*XI(II)/(XL(II)**3))*XK(I,J)
DO 60 I=1,8
DO 60 J=1,4
60 AIT(I,J)=AT(J,I)
CALL MATMUL (XKA,XK,AT,4,4,8)
CALL MATMUL (XMA,XM,AI,4,4,8)
CALL MATMUL (AKA,AIT,XKA,S8,4,8)
CALL MATMUL (AMA,AIT,XMA,8,4,8)
DO 70 I=1,8
DO 70 J=1,4
BIGM(I,J)=BIGM(I,J)+AMA(I,J)
70 BIGK(I,J)=BIGK(I,J)+AKA(I,J)
100 CONTINUE
C APPLICATION OF BOUNDARY CONDITIONS
C ROWS AND COLUMNS CORRESPONDING TO ZERO DISPLACEMENTS ARE DELETED
DO 110 I=1,4
DO 110 J=1,4
BM(I,J)=BIGM(I+2,J+2)
110 BK(I,J)=BIGK(I+2,J+2)
C DECOMPOSING THE MATRIX ([BK] INTO TRIANGULAR MATRICES
ND=4
CALL DECOMP (BK,U,ND)
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C FINDING THE INVERSE OF THE UPPER TRIANGULAR MATRIX [U]
DO 120 I=1,ND
DO 120 J=1,ND
120 UI(I,J)=0.0
DO 130 I=1,ND
130 UI(I,I)=1.0/U(I,I)
DO 150 J=1,ND
DO 150 II=1,ND
I=ND-ITI+1
IF(I .GE. J) GO TO 150
IP=I+1
SUM=0.0
DO 140 K=IP,J
140 SUM=SUM+U(I,K) *UI (K, J)
UI(I,J)=-SUM/U(I,TI)
150 CONTINUE
DO 160 I=1,ND
DO 160 J=1,ND
160 UTI(I,J)=UI(J,1I)
CALL MATMUL (BMU,BM,UI,ND,ND,ND)
CALL MATMUL (UMU,UTI,BMU,ND,ND,ND)
CALL JACOBI (UMU,ND,EV,1.0E-05,200)
CALL, MATMUL (XF,UI,EV,ND,ND,ND)
DO 170 I=1,ND
170 UMU(I,I)=SQRT(1.0/UMU(I,I))
PRINT 180, (UMU(I,I),I=1,ND)
180 FORMAT (//,40H NATURAL FREQUENCIES OF THE STEPPED BEAM,//,
2 4(1X,E15.6))
PRINT 190
190 FORMAT(//,12H MODE SHAPES)
DO 200 J=1,ND
200 PRINT 210, J, (XF(I,J),I=1,ND)
210 FORMAT (/.I4,5X,4(1X,E15.6))

STOP
END
C ===========z=—==z==================================================
C
C SUBROUTINE MATMUL
C
C ==========z==========z============================================

C MATRIX MULTIPLICATION SUBROUTINE: A = B * C
C B(L,M) AND C(M,N) ARE INPUT MATRICES, A(L,N) IS OUTPUT MATRIX
SUBROUTINE MATMUL (A,B,C,L,M,N)
DIMENSION A(L,N),B(L,M),C(M,N)
DO 10 I=1,L
DO 10 J=1,N
A(I,J)=0.0
DO 10 K=1,M
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10 A(I,J)=A(I,J)+B(I,K)*C(K,J)
RETURN
END
C ===============-=-=-=-=-=-==========S=—=—=-==-—=====================—=—==—=—=—====
C
C SYBROUTINE JACOBI
C
C ====================—==========-==—=—=—=—=—=—======—=—=—===—=—=—=====—==========

SUBROUTINE JACOBI (D,N,E,EPS,ITMAX)

DIMENSION D(N,N),E(N,N)

ITER=0

DO 110 I=1,N

DO 110 J=1,N

E(I,I)=0.
110 E(I,J)=1.
120 22=0.0

NM1=N-1

DO 130 I=1,NM1

IP1=I+1

DO 130 J=IP1,N

IF (ABS(D(I,J)) .LE. ZZ) GO TO 130

ZZ=ABS(D(I,J))

IR=I

IC=g
130 CONTINUE

IF (ITER .EQ. 0) YY=ZZ*EPS

IF (ZZ .LE. YY) GO TO 210

DIF=D(IR,IR) - D(IC,IC)

TANZ=(-DIF+SQRT (DIF**2+4.0*Z2Z2**2))/(2.0*D(IR,IC))

COSZ=1.0/SQRT(1.0+TANZ**2)

SONZ=COSZ*TANZ

DO 140 I=1,N

ZZZ=E(I,IR)

E(I,IR)=COSZ*ZZZ+SINZ*E(I,IC)

0
0

140 E(I,IC)=COSZ*E(I,IC)-SINZ*ZZZ
I=1

150 IF (I .EQ. IR) GO TO 160
YYY=D(I, IR)

D(I,IR)=COSZ*YYY+SINZ*D(I, IC)
D(I,IC)=COSZ*D(I,IC)-SINZ*YYY

I=I+1
GO TO 150
160 I=IR+1
170 IF (I .EQ .IC)GO TO 180

YYY=D(IR,I)
D(IR,I)=COSZ*YYY+SINZ*D(I,IC)
D(I,IC)=COSZ*D(I,IC)-SINZ*YYY
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Q0

180
190

200

10

90

30

50

40

I=I+1

GO TO 170

I=IC+1

IF (I .GT. N) GO TO 200

ZZZ=D(IR,I)

D(IR,I)=C0OSZ*ZZZ+SINZ*D(IC,I)
D(IC,I)=COSZ*D(IC,I)-SINZ*ZZZ

I=I+1

GO TO 190

YYY=D(IR, IR)
D(IR,IR)=YYY*COSZ**2+D(IR,IC)*2.0*COSZ*SINZ+D(IC,IC)
*SINZ**2
D(IC,IC)=D(IC,IC)*COSZ**2+YYY*SINZ**2-D(IR,IC)*2.0*COSZ*SINZ
D(IR,IC)=0.0

ITER=ITER+1

IF (ITER .LT. ITMAX) GO TO 120

RETURN

SUBROUTINE DECOMP (A,U,N)
DIMENSION A(N,N),U(N,N)
DO 10 I=1,N

DO 10 J=1,N

U(I,J)=0.0
U(1l,1)=SQRT(A(1,1))

DO 90 J=2,N
U(l,J)=A(1,J)/U0(1,1)

DO 40 I=2,N

IM=I-1

SUM=0.0

DO 30 K=1,IM
SUM=SUM+U (K, I) **2
U(I,I)=SQRT(A(I,I)-SUM)
J=I+1

SUM=0.0

DO 50 K=1,IM
SUM=SUM+U (K, I)*U(K, J)
U(I,J)=(A(I,J)-SUM)/U(I,I)
CONTINUE

RETURN

END
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NATURAL FREQUENCIES OF THE STEPPED BEAM
0.108920E+04 0.357736E+04 0.787761E+04 0.196024E+05
MODE SHAPES

1 0.239050E-03  0.556632E-04 0.848280E-04 -0.542542E-03
2 -0.110609E-04  0.331459E-03 0.973142E-04 -0.115239E-03
3 -0.267802E-04 -0.337773E-03 0.485271E-04  0.649080E-04
4  0.961657E-05  0.807270E-04 0.281164E-04 0.5781196E-03
C S S S S S S s SsSES SIS S S S s S S C S S S s s S sS =SS S S=s =S SRS SSss===s==========
c .
C PRUBLEM 12.38
C GENERATION OF ASSEMBLED STIFFNESS MATRIX OF A PLANAR TRUSS
c .
c =2==============================================:==================
C NE = NUMBER UF ELEMENTS
C N = TOTAL NUMBER UF DEGREES OF FREEDOM
C NN = TOTAL MUMBER OF KODES
C A(I) = AREA OF I TH ELEMENT
C EL(I) = LENGIH OF 1 TH ELEMENT
C DIMENSIONS:
c BIGK(N,N),XK(4,4),A(NE) ,EL(HE),CX(NN),CYC(NN),LOC(NE,2),AL(4,N),
c ALT(N,4) ,XKAC4,N),AKACN,N)
c \
C *%£%%x INPUT DATA S%%%s

C

DIMENSION BIGK(8,8),XK(4,4),A(4),EL(4),CX(4),CY(4),L0C(4,2),
2 AI(4,8),AIT(8,4),XkA(4,8),AKA(B,8)
DATA NE,N,NN/4,8,4/
E=2.0E+6
DATA A/2.0,2.0,1,0,1.0/
DATA CX/9.0,50.,0,100,.0,200,0/
DATA CY/0,0,50,0,0,0,100,0/7
DATA LOC/1,2,2,3,2,3,4,4/
¥s55% END OF INPUT DATA *¥xx%
Do 190 I=1,N
pu 10 J=1,N
10 BIGK(L,J)=0,0
DO 100 I=1,NE
I1=L0OC(I,1)
I2sL0OC(L,2)
ELCL)=SQORT((CX(I2)=CX(I1))**¥2+(CY(I2)=CY(11))*%2)
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XLIJ=(CX(I12)=CX(I1))/EL(I)
XMIJ=(CY(I2)=CY(I1))/EL(1)
XK(1,1)=XLIJ**2
XK(1,2)=XLIJ*XMIJ
XK(1,3)==XK(1,1)
XK(1,4)=-XK(1,2)
XK(2,1)=XK(1,2)
XK(2,2)3XMIJ**2
XK(2,3)==XK(2,1)
XK(2,4)==XK(2,2)
XK(3,1)='XK(1.1)
XK(3,2)==-XK(1,2)
XK(3,3)=XxK(1,1)
XK(3,4)=XK(1,2)

XK(4,1)= 'XK(Z 1)
XK(4,2)==XK(2,2)
XK(4a3)=XK(2o1)
XK(4,4)=xK(2,2)

DO 20 1I=1,4

DO 20 JJ=1,4

20 XKC(II,JJ)=XK(II,JJ)*A(I)*E/EL(I)

DO 30 II=1,4
DO 30 JJ=1,N

30 AI(1I,JJ)=0.0
I1=sL0C(I,1)%*2~1
12=L0C(I,1)%2
I3=L0C(I,2)%2=~1
I4=3L0C(1,2)*2
AI(1,I1)=1,0
AI(2,12)=1.0
AL(3,13)=1.0
AX(4,I4)=1,.0
00 40 II=1,N
DO 40 JJ=1,4

40 AIT(I1,JJ)=AI(JJ,I1)
CALL MATMUL (XKA,XK,Al,4,4,N)

CALL MATMUL (AKA,AIT,XKA,N,4,N)

DO 50 II=1,N
D0 50 JJ=1,N

50 BIGK(1I,JJ)=BIGK(II,JJ)+AKA(II,JJ)

100 CONTINUE
DO 120 II=t,N

120 PRINT 130, (BIGK(I1,JJ),JJ=1,N)

130 FORMAT (1X,10(1X,EB8.2))
STOP
END

0.28E+05 0,28E+05 -,28E+05 =,28E+05
0.28E+40S 0.,28E+05 =-,28E+05 =,28E+05
-, ,2BE+05 ~-.28E+05 0,68E+05 0,3B8E+04
-,28E+05 =-,28E+05 0,38E+04 0.58E+0S
0,00E+00 0,00E+00 -,2B8E+05 0.28E+05
0,00E+00 0,00E4+00 0,2BE+05 =,28E+05
0.00E+00 0,00E+00 =,11E+0S =-,38E+04

0.00E+00 0.00E+00 0,00E+00 0,00E+00
0.00E+00 0,00E+00 0,00E+00 0.00E+00
~.28E+05 0.2BE+05 =,11E+05 ~.38E+04
0,28E+05 =-.2BE+05 =-,3BE+04 ~.13E+04
0.,35E+05 =,21E+05 =-,71E+04 =-.71E+04
~.21E+05 0,35E+05 =-,71E+04 -,71E+04

-.71E4+04 -,71E+04 0,18E+05 0.11E+05
0,00E+00 0,00E+00 =,38E+04 =-.13E+04 ~-,71E+04 -.71E+04 O,.11E+05 0,83IE+04

The general program is used to solve the example of
Tl-.e rfcsra.m o.na ouiru-{' are sa'ven,
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nnnnnnnnnnonnnnnnnnnnn

C

2EZ=SSTSESSSSSISISSSSSSSSSSSSSESSSESISSSrSISSISSSSSSSISSSSSSSSSSISISSSIE
PROBLE4 1239
PROGRAM FOR FINITE ELEMENT VIBRATION ANALYSIS OF STEPPED BEAM

DIMENSIONS: XL(NE),XI(NE),A(NE),XMAS(NE),BJ(NE,4),XM(4,4),XK(4,4),
AI(4,N),AIT(N,4),XKAC4,N),XMAC4,N),AKA(N,N),AMA(N,N),

BIGM(N,N),BIGK(N,N),BM(ND,ND),BK(ND,ND)
U(no,ND),ULI(ND,ND),UTL(ND,ND),BMU(ND,ND) ,UMUCND,ND),
XF(ND,ND) ,EV(ND,ND)

NUMBER OF STEPS = NUMBER QF ELEMENTS

ND NUMBER OF DEGREES QF FREEDOM (EXCLUDING THE FIXED D.0.F.)

N TOTAL NUMBER OF DEGREES OF FREEDOM

XL(I) = LENGTH OF I TH STEP OR ELEMENT

X1(I) = AREA MOMENT OF INERTIA OF I TH STEP OR ELEMENT

A(1) = CROSS=SECTIONAL AREA UF I TH STEP OR ELEMENT

RHO = MASS DENSITY OF THE MATERIAL

E = YOUNG’S MODULUS

BJ(I,J) = GLOBAL D.O.F. NUMBER CORRESPONDING TO THE LOCAL J TH

D.0.,F, OF ELEMENT 1
$X%28% INPUT DATA $5%%%

DIMENSION XL(3),XI(3),A(3),XMAS(3),BJ(3,4),XM(4,4),XK(4,4),
2 AI(4,8),AIT(8,4),XKA(4,8),XMA(4,8),AKA(8,8),AMA(8,8),
3 BIGM(8,8),BIGK(8,8),BM(4,4),BK(4,4)

DIMENSION U(4,4),UI1(4,4),UTI(4,4),BMU(4,4),UMU(4,4),XF(4,4),
2 EV(4,4)

INTEGER BJ

NE=3

DATA XL/40,0,32.0,24.0/ _
DATA XI1/1.333333,6.75,0.083333/
DATA A/4.0,9.0,1.0/

DO 2 I=1,NE

BJ(I,1)=1%2~1

BJ(I,2)=I*2

BJ(I,3)=I%2+1

BJ(I,4)=I%2+2

NE

2 CONTINUE

E=30,0E+06
RHO=0.283/386.4

s*x¥¥x END OF INPUT DATA *%»¥¥
N=NE®*2+2
ND=NE#*2-2
DO 10 I=1,NE

10 XMAS(I)=A(I)*RHO
DO 20 I=1,N
DO 20 J=1,N
BIGM(I,J)=0,0

20 BIGK(I,J)=0.0
DO 100 II=1,NE
DO 30 I=1,4
DO 30 J=1,N

30 AI(I,J)=0.0
I1=BJ(II1,1)
12=BJ(1I1,2)
I13=BJ(II,3)
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14=BJ(I1,4)
AIci,I1)=t.0
AI(2,12)=1,0
AI(3,I3)=1.0
AL(4,I4)=1,0
XM(1,1)=156.0
XM(1,2)=22.0%XL(1II)
XM(1,3)s54.0
XM(1,4)==13,0%XL(II)
AM(2,2)=4,0%(XL(IX)**2)
XM(2,3)=13,0*XL(II)
XM(2,3)==3,0%(XL(11)%%2)
XM(3,3)=156.0
XM(3,4)==22,0%XL(II)
XM(4,4)=4,0%(XL(II)**2)
XK(1,1)=12,0
XK(1,2)=6,0*%XL(1I)
XK(1,3)==12,0
XK(1,4)=6,0%XL(II)
XK(2,2)=4,0%(XL(II)**2)
XK(2,3)=-6,0*XL(1II)
XK(2,4)=2,0%(XL(II)**2)
XK(3,3)=12,0
XK(3,4)==6,0%XL(II)
AK(4,4)=4,0%(XL(II)*%2)
DO 40 I=1,4
DO 40 JU=1,4
XM(J,I)=XM(I,J)

40 XK(J,I)=XK(I,J)
DO 50 I1=1,4
DO 50 J=1,4
XM(I,J)=(XMASCII)*XL(II)/420,0)%XM(I,J)

50 XK(I,J)=(E*XI(II)/(XLCII)**3))*XK(I,J)
DO 60 I=i,N
DO 60 J=1,4

60 AIT(I,J)=3AL(J,I)

CALL MATMUL (XKA,XK,AI,4,4,N)
CALL MATMUL (XMA,XM,AI,4,4,N)
CALL MATMUL (AKA,AIT,XKA,N,4,N)
CALL MATMUL (AMA,AIT,XMA,N,4,N)
DO 70 I=1,N
DO 70 J=i,N
BIGM(I,J)=BIGM(I,J)+AMA(I,J)
70 BIGK(I,J)=BIGK(I,J)+AKA(I,J)
100 CONTINUE
C APPLICATION OF BOUNDARY CONDITIONS -
C ROWS AND COLUMNS CORRESPONDING TO ZERO DISPLACEMENTS ARE DELETED
DO 110 I=1,ND
DO 110 J=1,ND
BM(I,J)=BIGM(I+2,J+2)
110 BK(I,J)=BIGK(I+2,J+2)
C DECOMPOSING THE MATRIX [BK] INTO TRIANGULAR MATRICES
CALL DECOMP (BK,U,ND)

C FINDING THE INVERSE OF THE UPPER TRIANGULAR MATRIX (U)
DO 120 I=1,ND
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DO
120 Ul
DO

130 uI(I,1)=1,0/U0(I1,I)

DO
DO
1=

120 J=1,ND
(1,J)=0,0
130 I=1,ND

150 J=1,ND
150 II=§,ND
ND=II+1

IF (T .GE, J) GO TO 1S0
IP=1+1

SU

M=0,0

DO 140 K=IP,J
140 SUM=SUM+U(I,K)*UI(K,J)
UI(1,J)==SUM/U(I,I)

150 co
Do
DO

160 UTI(I,J)=VUI(J,I)
CALL MATMUL (BMU,BM,UI,ND,ND,ND)
CALL MATMUL (UMU,UTI,BMU,ND,ND,ND)
CALL JACOBI (UMU,ND,EV,1,0E=05,200)
CALL MATMUL (XF,UI,EV,ND,ND,ND)

DO

NTINUE
160 1=1,ND
160 J=1,ND

170 I={,ND

170 UMU(I,I)=SQRT(1.0/UMU(I,I))

180
2 4«

1X,E15,.6))

PRINT 190
190 FORMAT (//,12H MODE SHAPES)
DO 200 J=1,ND
209 PRINT 210, J,(XF(I,J),I=21,ND)

2190 FORMAT (/,14,5X,4(1X,E15.6))
sTOP

END
NATURAL FREQUENCIES UF THE STEPPED BEAM

0.160083

MODE SHAPES

1

E+03 0.617460E+03

0.103333E-01

PRINT 180, (UMU(I,I),I=1,ND)
FORMAT (//,40H NATURAL FREQUENCIES OF THE STEPPED BEAM,//,

0,189147E~-03

0,225198£+04

V.141026E=-01

0.712653E+04

0.445258E~04

2 =0,3765Y3E=-02 0.202976E-03 0.471097E~02 0.259495E-03
3 0.167902E~03 =0,181687E-03 0.135672E-02 0.207580E~03
4 0.182648E=03 0.b07247E-04 0,373775E-03 0,163869E=03
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Program 17.F is used by replacing three lines (data XL, XI and A). The new lines are

DATA XL/0.2,0.2,0.2/

DATA XI/0.133333E-07,0.133333E-07,0.133333E-07/

DATA A/0.0004,0.0004,0.0004/

The density and Young’s Modulus, from Section 12.10, are
7880 kg/m® and 200 GPa respectively.

The results are given below.
NATURAL FREQUENCIES OF THE STEPPED BEAM

0.205922E+04 0.495886E+04 0.134511E+05 0.212338E+05
MODE SHAPES
1 0.446568E-05 0.179093E-04 0.446568E-05 -0.179093E-04
2 -0.216519E-05 0.108159E-04 0.216519E-05 0.108159E-04
3 0.240286E-06 0.207140E-04 0.240167E-06 -0.271826E-04
4 -0.179093E-06 0.108159E-04 0.207230E-06 0.204584E-03
Exact natural frequencies (from chapter 8):

W, = 1807.6675, W, = 4982.9053, W, = 8883.9889, W, = 16147.8019

Helicopter cross section 0.02 m x 0.3 m, length 1.2 m.

'S4
kifg‘n' /-J’,E.A.I

— R —fa
l e

R MRy

(1) Rotating beam element

strain energy due to
rotation:

The rotation of the beam
induces an axial force P in _
the beam due to P
centrifugal action. If the
beam bends in xz-plane as

P+dP
z=p+ 2P dx
ox

shown in Fig. 2, the

change in the horizontal "— dx ——I

projection of an element of
‘leng’th “c}@” is given by

=

2
2 d
ds —dx = [(d x)® + BS—W dx} —dx = % (—W] dx...

X

Fig. 2

(E)
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Since the axial force P acts against the change in the horizontal projection, the
work done by P is

2
1 (¢ oOw
! jo P(x)(s—x] dx

where

€+ xq
P(x)= j p? Q2¢ d{ where p = weight density

Xe + x

p A Q?
= Tog [(€ + R)? — (R + %)% (Ey)
Work done by the transverse distributed force

P_(x) can be expressed as

2

¢
J‘ P, (x) w(x) dx where P_(x) =
0

w(x) (Ey)
If w,1=1, 2, 3, 4 denote the nodal w,
displacements of the beam element, the /.T\ w(x) o {'f\w 3
transverse displacement w(x) can be W, — T 4 -
expressed as I— -'l
- x - .
F'ﬂ .3
4
wx, )= 2 N w) (E,)
i=1

where N,(x) are the shape functions given by Eqs. (12.33) — (12.36). Introducing time
variation of displacements, we get

kinetic energy of element is:

—

_1 ¢ 8w(x,t)}2 I :
T(t) = 2 J:) pA{T dx = v_v) [m] V_V> (E5)

Total strain energy of the element is

2
_1 ¢ 8% w (x, t) 1 {SW(X t)}
v(t)—z“‘0 EI{_—SX2 } dx+2 J. P(x)

¢
[ Py waoa =1 (Eo
0
Total virtual work of element is
¢ N N
d W(t) = .[ f(x, t) S wix, t) = f (t) dw (t) (E,)
0
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where f(x, t) denotes the distributed force (which is zero in the present case).

Evaluation of integrals in Egs. (E;) — (E,) enables us to find the mass matrix, stiffness
matrix and load vector.

(i1) For the helicopter blade, we can model it as one beam element for simplicity.
Q = 300 (2m)/60 = 31.416 rad/sec.
A=0.006 m% 1= é (0.3) (0.02)>=0.2x10%m* ¢ =12 m,
E =71 GPa, p = 2660 kg/m?3 (for aluminium)
Boundary conditions:
W, =W,=0

Solve the eigenvalue problem

W
[-02 [M] + [k]] ® = O where W = {W3}
4

for the natural frequencies and mode shapes.

Electric motor mass 500 kg, Uz Vg Vg
girder: E = 200 GPa, U
U s v
p = 250 kg/m?, ~3 . L
columns: E = 30 GPa, @
p =75 kg/m3
h/b = 2

@ @

v
Solution: y T T

(a) Generate element matrices

Ul U2 U8 UG
¢, -1 1|Uy €, |-1 1| U

U2 U3 U4 U5
6€, 262 -64; 445 |U;
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(b)

(©

(d)

U4 U5 U6 U7
1266, -12 6¢,|U,
k@] = ¢ |-12 -6¢, 12 -6¢,|U;
6¢, 2¢2 -6¢, 446 |U,
U, U, U, U,
W] = @ P22 te
e 6 [1 2}U2’ [M®)] e 12U
U, U, U, U,
156 22¢€, 54 -13¢,|U,
[M®] = ps_A?)ﬁg 22¢€; 4 €23 13¢, -3 623 U,
T 420 54 13€, 156 -22¢,|U,
-13¢, -3¢% -22¢, 4% |U;
U4 U5 U6 U,,
156 22¢, 54 -13¢,|U,
M@ = Ps A b, | 22¢€, 4¢% 13¢, -3¢ |U;
M=o | 54 13¢, 156 -22¢,|U,
-13¢, -3¢, -22¢, 46 |U;
where

P, =Py = 75 kg/m?, €, =€, = 3 m,

n d?

E,=E,=30GPa, A, =A,= —, p, = p, = 250 kg/m?,

€,=¢,=3m, E;=E, =200 GPa, A, = A, = bh = 2 b?

1 2
I,=I,= —bh’= - b".
12 3
Find the assembled stiffness and mass matrices after applying the boundary
conditions U, = Ug = 0.

Select trial values of d and b and find the fundamental natural frequency (w,) by
solving the eigenvalue problem

~0? M] + [Kl| =0

= 157.08 rad/sec.

1
Change d and b until , > %(275)
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