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Preface

This compendium contains solutions to most of the problems discussed during the
exercises in the Vehicle Dynamics course (4B1425) at KTH, during the spring 2002.

The problems are taken from the course material, Ezempelsamling i Fordonsdy-
namik and textbook refers to Fordonsdynamik, both compendia are from the Division
of Vehicle Dynamics, KTH.

Many people have contributed to the solutions, probably everyone who has been
employed at the division. However, any comment or found error is greatly acknowl-
edged by the editor.

KTH, May 2002

Johan Andreasson
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101

Equation (3) in section 1.4.4.

@ =97 + 05 + pi® (1.1)
Should be used to express the relative angular velocity between the frames A and
B with respect to frame A and frame B.
Rewrite the equation

Planar rotation v gives '

and for this case, equation 1.1 can be simplified

W=7, (1.3)

Transformation into frame A and frame B

Here, frame A equals the inertial frame I and frame B equals frame M;. Thus, we
can express the angular velocity according to

0 0
A=l =¢Z =y |0|and&? =™ =Myl =4 | 0] . (1.4)
1 1

Check the result

From equation (4) in section 1.4.4, we have

@ —1pst
T = | Ocp + hspch (1.5)
—0sp + Pepchd

Together with equation 1.2 we can express the angular velocity as

0 0 0
EB = MlTK wK = ¢ 0 and wA = ITB GB = ITMl 0 = w 0 (16)
1 W 1

Difficulties?

Check equation 1.4 by evaluating T; (0,0,1)” and equation 1.6 by evaluating
Ky, = BTy, 2Ty, . Mind the planar rotation, equation 1.2
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SOME DEFINITIONS

AT5 is the same as [45 in the textbook.
ct) is short for cos(v).
st is short for sin(y).

With superscript at a vector, the frame it refers to is indicated,
e.g. WX means "W with respect to frame K.

102

From equation (3) in section 1.4.4,

W=7+ 09 + pi?, (1.7)
equation (4) in section 1.4.4,
p — st
B = | bep +dspcd | . (1.8)
—0sp + Pepch

should be derived.

Rewrite the equation

Equation 1.7 is expressed in several frames while equation 1.8 is expressed in frame
K. Thus, Z, §' and 2% must be transformed into 2, § and &, respectively:

ol = BT Z 4+ KTy, 69 + KTy, i, (1.9)
We need to evaluate:

BTy, = BTy, Y27y, (1.10)
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Transformations

Using the transformations in section 1.4.3, we get

1 0 0
KTy, = [0 cp —sp
0 sp cp

BTy, = BTy, Y27

1 0 0 cd 0 —sb ct 0 —s6
=10 cp sp 0 1 0 = | spsd cp spch
0 —sp c s 0 b cpsd  —sp  cpch
Y cp ¥ ¥ cp (1.11)
Ky = K1y, Meqy, My
cl 0 —s6 cp sy 0
= | spsd cp spch —s cp 0
cpsd  —sp  cpcl 0 0 1
cBcyp sy —s6
= | spsh cp — cpsy  cpc) + spshsy  spch
sps + cpslfsy)y  cpslsy — s cpch
Now, equations 1.11 in equation 1.9 give
[=s0\ [0 1 —tps6 +
g =9 |spcl | +0| cop | +¢ |0 = | ¥spch + bcp (1.12)
cpc —5¢p 0 Yeped — s

which is the same as equation 1.8.

Comments

Is there a faster way to do the calculations above? Try to evaluate from the right
instead, e.g. ' '
BTr)Z = (X T, (M o, (M1 T7 40 2))) (1.13)

What is the difference?
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1 1 1

Express the signals w; and Wy as well as the velocities u, 2" = ﬂglﬁ and u, 2" = U,

with respect to the car frame.
Identify the transformation

Since the the motion is planar, frame Ms equals frame K and we can express the
transformation matrix as

cd 0 —sb
BTy, =M1y, =0 1 0 (1.14)
s 0 cf

Transform w; and W,

Now, a vector expressed in frame M, can be transformed to frame K according to

=K Tar, ™1, For the signals W1 and W, this yields
cd 0 —sb0 0 —wis0
wi =Ky, wh=(0 1 0 0|= 0 (1.15)
s 0 b w1 wicH
and o
cd 0 —sb 0 ! —wos6
Wi =Ky wih=(0 1 o0 0 = o (1.16)
s 0 cf Wo woc
Transform w, and wu,
Like in equations 1.15 and 1.16, we get
cd 0 —s6 Uy Ul
a =fryyal=(0 1 o0 0= 0 (1.17)
s 0 cf 0 Uy S0
and
cd 0 —sb 0 —u,s6
af =Ffryal=10 1 0 0]l=1( o (1.18)

s 0 cf U, ucl
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Wheels and tyres
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Supplementary problems, Chapter 2

1

Calculate overturning moment for a truck tyre with specifications as below

e with, b = 0.2m

radius, R = 0.5m

belt mass, m = 40kg
e lateral force, Fyy = 10kN
e normal load, F, = 35kN

The modes of the tyre are shown in figure 2.

-7/
@
c” ~N C——"

—_——— e ——

Figure 2.1. The modes: Lateral translation, 30Hz and tilting rotation, 35Hz.

2

Derive an expression for the aligning moment, M,, for small slip angles. Use the
brush model and assume evenly distributed normal pressure, t,, over the whole
contact patch, 2a.

3

From the brush model, the following expression for the longitudinal force, F, can
be derived:

Fy = Cysf(N)
Cfaez-n A<

JA) = {1 A>1 (2.1)
T
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Figure 2.2. The deformation of the brushes over the contact patch.

a) Derive expression 2.1, assuming that the normal force is evenly distributed
over the contact patch.

b) Sketch the lateral and longitudinal force as a function of longitudinal slip at
combined braking and cornering. Use the sketch to describe the principle of
the ABS.
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Supplementary problem 1
Calculate the overturning moment for a truck tyre.

Side stiffness

The stiffness can be calculated from the frequencies given.

_w 1 ja — 2
f1 = o = o m — C1 = m(27rf1) (2.2)

w2 1 C2 2
—Z=_,/= =1(2 . 2.
2 2w\ 1 e (27 f2) (2:3)

To evaluate this we have to calculate the inertia, I.

and

f2 =

Inertia

Assuming that the mass is evenly distributed around the tyre’s periphery, the inertia
can be calculated according to

I= %RQ + 1”—21)2 (2.4)

Displacement

To find the displacement from x, we need to calculate the total side stiffness of the
tyre. The rotational stiffness, ¢, and translational stiffness, co, are considered to
be in series. Transforming, co, to a translational stiffness, cotrans, Wwe can write:

-1 -1 —1 -1 2 —1
Ciot = €1 + Cotrans = €1 +R Co (25)

The displacement,Ay, is now

Ay = (2.6)

Overturning moment

We now have the levers needed to calculate the components of the overturning

moment:
Side force induced: M1 = F,Ay = 5000Nm

Normal force induced: My = FyR = 595Nm (2.7)
Totally: M, = 5.6KNm.
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Supplementary problem 2

Derive an expression for the aligning moment, M,, for small slip angles, alpha,
assuming evenly distributed normal force.
Aligning moment

This is calculated in section (2.11.1) in the textbook. The answer is

M, = %cpa?’ tan(«). (2.8)
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Supplementary problem 3

a) Derive an expression for the longitudinal force F, with the brush model,
assuming evenly distributed normal force.

b) Sketch the lateral and longitudinal forces as a function of longitudinal slip
during combined turning and braking. Use the sketch to explain the principles
of ABS.

X aln
AVéI

_a XS

v

2al
J 2a

“ >

Figure 2.3. Adhesion (light grey) and sliding zone (dark grey) in contact area.

The normal force. F, os assumed to be evenly distributed over the contact
length 2a, giving a constant vertical pressure.

F;

=2 (2.9)

Tz

Furthermore we know that the lateral and longitudinal force per length unit is
limited by the the friction:

|Tay| < 7. (2.10)

Thus, sliding occurs when
Cly y > UT, (211)

where u, , is the stretch of the bristle defined according to

Uy = T — Xy = TWAL — v, At = M(UIAt) =s(a—z)=—s(x—a)
Vs (2.12)

uy = tan(a)(a — z) = —tan(a)(xz — a), where « is the slip angle.

Obviously, the only difference between lateral and longitudinal components is the
factors tana and s for the lateral and longitudinal parts, respectively. Thus we
write

—t lateral
u:—n(m—a){n ama atera (2.13)

n=s:s longitudinal
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We can now rewrite equation 2.14
—cen(z —a) > uty (2.14)
giving the point where the sliding starts, x5, when

x<xp=— L (2.15)
ctan o

Consider the geometry of figure 2.3; the length of the adhesion can be written
2a\ = a — x5. Thus, we can write

pE, _ pE,
4a2cn  2Cny

a— T

2a

HT
2ac

A= (2.16)

= [use eq. 2.9] =

= [use eq. 2.15] =
and
=a(l—2\). (2.17)

To get the total force, we integrate the two contributions from sliding and adhesion:

a(1-2)) a
F = / TrydT + / T ydT
(1-2))

a(1-2X) F a
/ M / en(z — a)dx

(1-2))

= [~ ij]a(l 2)) [ (%2 _w)}z(l_m
= —207A(1 — ) — 2\%a?en

= —2Cn\(1 — \) — A\2Cr
=—Cn\(2-])

(2.18)

However, this result itself is not valid. Consider what would happen e.g. if A > 1.
Clearly, A has to be restricted. We write instead

F=-2Cnf(})
o= {1732
Now, we complete the expression for the longitudinal force, giving:
F = -2Cssf()\)
A2-2) A <1
fw:{1( | As1 (2.20)
\— F.u

20| s|
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b)

Figure 2.4 illustrates the lateral and longitudinal forces. There are three objectives
aimed at simultaneously:

e Steerability: Maximum F,.
e Driving stability: Optimal force distribution front/rear.
e Optimal stopping distance: Maximum F},

Thus the ABS tries to keep the slip within the area indicated in the figure. How
this is done is described in section (2.12) in the textbook.

v

Figure 2.4. The shadowed area shows the preferable range for the ABS system.

—_—

1
1
I
I

F, (--) and F, (—)

)
)
1
1
I
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LAGRANGE’S EQUATION
L =T — U is the Lagrangeian and R is the Rayleigh dissipation.
¢; is the DOF and F; is external force acting at that DOF.
301

Derive the motion equations for the given system with Lagrange’s equation.

Identify the system’s DOF

In this case, we only have one Degree Of Freedom, x, indicated in the problem

illustration.

Derive expressions for L, R and F

Assume that x refers to the displacement of the mass compared to when the spring

is unloaded, we then get:

T = %mdﬂ, U= %kx2 — mgr —

L = imi? — ($kz? — myz) (3.1)
R= %c:tQ
F=0.
Derivate L and R
oL oL OR
i = = — =i 3.2
55 = M 5 kx + mg, a; = (3.2)
Evaluate Lagrange’s equation

d
a(mx) — (=kx+mg)+ct =0

mZ + ct + kx = myg
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STEINERS LAW (planar motion)

If I” is the inertia with respect to the centre of gravity, then the
inertia with respect to a point B can be written as

I8 =14 + md® (3.4)

where d is the distance from A to B.

304

a) Calculate the wheel’s inertia from the given data.

b) Evaluate how sensitive the method is to erroneous data.

Calculate the inertia of the pendulum

A momentum relation around the pendulum’s centre of rotation gives:

—mgALsin(p) + Jpp ~ —mg Lo + Jp =0 (3.5)
Identify the eigenfrequency:
9 mgAL
p=TweET e
p
r mgAL (3.6)
0 — Jp
Now, the inertia can be calculated as
mpgAL  mpgAL
P 2 T onn2 (3.7)
“o (F)

Calculate the inertia of the wheel

The total inertia of the wheel and pendulum is calculated according to equation 3.7:

MpgAL + my,gL

Jiot = () kgm? (3.8)
Tiot
With equation 3.4 we can now calculate the wheel’s inertia according to
Jw = Jiot — Jp — Mypd? (3.9)

Though, the inertia is now around the x-axis while we are looking for the inertia
around the y-axis. The wheels symmetry gives Jy, = Ju. and therefore we can
calculate

Jwy = Jwz + Juwz = 2y = 11.9 kgm?. (3.10)
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Calculate the wheel’s inertia for b)

According to above but with T;,;=2.8 s and T;,;=2.7 s we get Jy,, = 51.4 kgm? and
Juwy = 2.2 kgm?, respectively.

Conclusions?
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Derive the system’s motion equations and express them in state space. We use
Lagrange’s equation for the motion equations.

Identify the system’s DOF

There are 2 DOF, the motion of the chariot, x, and the motion of the connection
between the spring and the damper, y. We define both positive to the right.

Derive expressions for L, R and F

T = %mx’% U= %ka:2 + %kcy2 —
L=1mi?— (Lka? + 1.2
fmx _(22 v+ ghey”) (3.11)
R =5c(@ —y)
F =F,.
Derivate L and R
Since we have 2 DOF we get four derivatives of L and two of R:
a—L—mi: 8—L——kx a—R—c(jz— 7)
o | ox - U oi Y
(3.12)
oL 0L OR
—:0—:—k67—.:— r — 1
Evaluate Lagrange’s equation
doL 0L OR . L
E%—a—x—i-%—mw—i-c(x—y)—i-kxf}f}
(3.13)
doL 0L OR
—— — — + —=—c(@—9y)+ky=0
dt dy Oy + oy @ =)+ key
Express in state space
Rewrite equations 3.13:
L1 ..
i=—(F,—c(@—9) — kx)
m (3.14)

1,
y—g(cx—kcy)
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For this model we get three states, two along x and one along y:

F, k ke
U=———x— —Y

m m m
rT=u

(3.15)
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312

The losses in a system due to friction is measured and plotted in the problem. With
a viscous damper model, this can be described as

to

Wy — 7§ Fudz — / (co)zdt (3.16)
t1

The motion can be described as

z = zpsinwt

. (3.17)
Z = Zgw cos wt
Use equation 3.17 in 3.26
to T
Wy :/ coFldt = / cezgw2 cos2(wt)dt
t1 0
1 1 in 2wt
=cezow? = (1 4 cos 2wt)dt = ~coz8W?[t + e I (3.18)
2 2 2w
1
:§cez§w2T

Now, since the measured energy loss corresponds to the area of the plotted ellipse
Wy =~ 25 squares - 1000N - 0.01m/square = 250Nm (3.19)
Thus

2Wy 2 - 250
Ce = =~
¢ 2202T  0.00452 - (47)2-0.5

— 3131Ns/m (3.20)
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313

Since the terms referring to the spring are equal and render no energy loss, they are
left out. The friction model can be described as

F,, = pApsign(z) (3.21)
Model this with a viscous damper instead of friction
Fy=ci (3.22)

The motion of can be described as

T = xosinwt
. (3.23)
T = Tow coswit
with wT = 27. The energy loss in the system per cycle due to friction can be found
from
to
Wy :jl{Fudx = / pApsign(z)zdt

t1

T
:/ pApsign(z)zow cos wtdt
0

to T
=pApu / Tow coswtdt — pApu / Tow cos wtdt
0 fo (3.24)

T
=pApxo([sinwt]d + [sinwt]5r — [sinwt]5)
4

<l

=pApxo[(sin 0.5 — sin 0)

+ (sin 27 — sin 1.57) — (sin 1.57 — sin 0.57)]
=pApxo[(1 —0) + (0 — (=1)) = (=1 -1)
=4dpAuzxg

The energy loss per cycle in a system with a damper model is

to
Wd :%Fddx = / cradt
t1

T
:/ cxiw? cos wtdt
0

) . ot (3.25)
:cx(z)w2§(1 + cos 2wt)dt = 5035%@02[ bkl

1
:§cx3w2(T —0+0—-0) =[Tw = 27]
—caiwn
Now, since the energy loss in both systems should be equal, we write

dpAp
TTow

dpApzy = cxiwr — ¢ = (3.26)



Supplementary problems, Chapter 3 25

Supplementary problems, Chapter 3

1

Using the nonlinear equation
i4+23=0 (3.27)

show that if z1 and z2 are solutions satisfying the differential equation, their super-
position, 1 + 9, is not a solution.

2

Determine the differential equation of motion for the spring-mass system with the
discontinuous stiffness resulting from the free gaps of figure 3.

—i X [ —i X [

Figure 3.1.

3

Determine the phase plane equation for the damped spring-mass system
&+ 2wpd +wiz =0 (3.28)

and plot one of the trajectories with v = y/w,, and z as coordinates.
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Supplementary problem 1

. 3
1 4+27=0
o (3.29)
To+x5=0
However, if z3 = z1 + 22, then
23+ x§ =121 + 22+ x?f + 3x%x2 + 33:133% + a:%
= 71 + 7} + 3viws + 31235 + 2 + 25 £ 0 (3.30)

=0 #0 =0

Thus, the superposition of x1 and x5 is not a solution.
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Supplementary problem 2

Figure 3.2.

The spring force acting at the mass is

—k(x —xz9) x> x0
=40 —x0 < x < X9
k(x +x9) x<mo

Thus, Newton’s second law gives

mi + k(x —x9) x> xo
0= mz —xg < x < X0

mi —k(z+x9) x <o

27

(3.31)

(3.32)
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Supplementary problem 3
Use state-space to rewrite the equation according to
y:g‘c—>y+2g‘wny+w%x:0
Substitute
v = y/wn -
wp + 2020 4+ wir =0 —
0+ 2Cwnv + wpxr = —f(z,y)
Find the slope

dv  dv/dt —f(z,y) —2Cvw, —wpr —2(v—=x
= = = _= = X —

dz ~ dz/dt Yy VW, v
x

—a+2¢

Thus, the phase plane equation is

£ Y
v=———and v=—
—a+2¢ Wy,

(3.33)

(3.34)

(3.35)

(3.36)

In figure 3, a plot for initial values zg = 0,v9 =5 and { = 0.1,w, = 1 is shown.

PHASE PLOT

Figure 3.3.
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401

First the motion equation should be derived. Then the eigen-frequencies and the
corresponding dampings for bounce and pitch, should be calculated.

Identify the system’s DOF

There are 2 DOF and we choose them as bounce, z, and pitch, 6.

Identify forces

The external forces are induced by w; and we where

F, = cwi + kywy + kowo

I ) (4.1)
My = §<—CW1 — kiwy + ]{?QWQ)
Derive expressions for L, R and F
T =1mz?+170%,U = $ki(2 — £0)? + Lko(2 + £0)* + mgz —
L=1imz*+ %JQQ — (3k1(2 — 50)* + ka2 + £6)? + mgz) (4.2)
R= %C(é’ - %9)2
F =F, and My.
Derivate L and R
Since we have 2 DOF we get two derivatives of L and two of R.
8—L =mz
0%
OL L I
% —(k1(z — 50) + ka2(2 + 50) + mg)
g—}? =c(z - L)
oL . (4.3)
00
OL
50 = —(=Lki(z — £0) + Lk (2 + £0))
OR :
=—Le(z - L9

a0
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Lagrange’s equation

We now write Lagrange’s equation on matrix form:

(5 5)6) (o ) ) (07 F ) 6)-
(e o) () (o 42 ()

Eigen-frequencies and relative damping

(4.4)

We now only should consider the homogenous version of equation 4.8, this means
that there will be no external forces. If we name the mass, damping and stiffness
matrices M, C and K, respectively, we can write:

Z z z _
M<(~9~>+C<é>+K(0>—O (4.5)
Assume z = zpe™? and 0 = 0pe™?, we can then write:

(—w?M + iwC + K) (;2) =0 (4.6)

The determinant equation
| — w?M +iwC + K| =0 (4.7)
gives, with numerical data

wt = 200w? + 9375 =0

4.8
—i5w? + 625w = 0 (48)
Solving these equations give
w? =100+ 25
w? =125 (4.9)

Thereby we see that we have a real double root in w? = 125. From polynom division
we get that:

w? — ibw? — 200w? + 1625w + 9375

w? — 125 B

w? —ibw — 75 (4.10)
giving
w=i5+,/E (4.11)

Though, we assumed z = zpe™! and 6 = et but now we have w = a + ib.
This corresponds to e~¢“oteivet where ¢ is the relative damping, w, is the damped
eigen-frequency and wy is the undamped eigen-frequency.
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We get w, from the real part of w and since (wg is the imaginary part of w, (
can be calculated from:

Im|w]

2 201 _ /2y L —
we =wol =6 = ¢ w? 4+ Im|w]

e =

=0.29 (4.12)

We now have
w=+125=11.18 rad/s and ( =0
w=+/275/4 = 8.29 rad/s and ¢ = 0.29
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402

Eigen-frequencies

From equation (1.2) in problem 410 we get the motion matrix equation, but in this
case, there is no damping:

m 0 Z n k1 + ko k‘Q(l — )\) — k1A z\ I
0 +)\0L k(1= X) = kih kA + k(1= N)2) \oL) — \ e
(4.13)
Next step is to find the eigen frequencies by solving

K — M| = M 'K — I =0 —

4.14
(48.6667 — w?)(82.6019 — w?) — 3.3548 - 22.3889 = 0 (4-14)

giving w? = 46.5814 — f; = 1.086 Hz and w3 = 84.6871 — f; = 1.4646 Hz.

Decoupled masses

We search AL, and (1 — A\.)L.. Consider figure 4 — 14 in the text book and the
equations on page 4 : 16 and 4 : 17:

(1= N)2—1+1

§= 20— = —0.2095

Le=L-2-\/(1—-1—-€2+1(1—1)=5.2762 (4.15)
1 L

Ae:i_(l_A_g)L—e:00547

Le. AeLe =0.2887 m and (1 — A\¢)Le =4.9874 m .
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406

Calculate steady-state of a braking car. Before we can derive and solve the motion
equation we need to identify the forces that act on the car.

Identify forces

Since the car brakes, there are longitudinal forces acting at the wheels, F' = mr.
The gravitational force mg is not relevant in this case.

Identify the system’s DOF
There are 2 DOF: bounce,z , and pitch, 6.

Derive expressions for L, R and F

T =1mz? 4+ 1J02,U = $ki(2 — ALO)? + Sko(z + (1 — N)LO)* —

L=1mz?+1J0% — (3ki(z — ALO)? + Sko(z + (1 — N)L6)?) (4.16)
R=1ci(z2 - MO + Lea(2 + (1 — N)LO)?
F, =0,My = kLmr.

where AL is the longitudinal distance from the front wheel to the CoG and kL is
the CoG height over ground.

Derivate L and R

Since we have 2 DOF we get two derivatives of L and two of R.

oL _ .
e
Z—L = —ky(z — ALO) — ko (2 + (1 — M) L6)

z
(?)—E = c1(2 — ALO) + (2 + (1 — N L)

z

(4.17)

9L _ 1
Gl
oL
S5 = Mki(z = ALO) — (1= ) Lka(2 + (1= ) LO)
OR

=5 = —ALey (2 — ALO) + (1 — AN Lea(2 4 (1 — N L)
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Solve the Lagrange equation

We are only interested in steady-state, i.e. 0=0=2:=3

oL OL OR
(4.18)
oL OL OR
— — — + — = —ALk1(z = ALO) + (1 —= N\)Lko(z + (1 — N)LO) = sLmr
590t a5 i )+ (1= ) Zha(z + (1= N)LO)
With values we get:
1.1-10°2 +7.8-10%9 = 0,7.8 - 10*z + 2.8 - 10°9 = 1260 (4.19)

6 =0.022 rad = 1.26°, 2 = —1.56 - 1072 m. (4.20)
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410

Motion matrix equation

Write the motion equations:

mi+(c1 + c2)% + (c2(1 — A)L — e1AL)0
+(k1 + k2)z + (=k1iX + ka(1 — \)OL = £,
(4.21)
JO4(ca(1 = AL — ] AL)2 + (1 A2L? + eo(1 — N)2L2)0
+(ko(1 = AL — kyAL)z + (ki AN2L? + ko(1 — X\)2L)0 = My

Set the DOF to z and 0L, rewrite equation 7.91 as a matrix equation and divide
row two by L:

m 0 zZ c1+ co CQ(l—A)—ClA z
<0 %) <9L> i <Cz<1 A =X aX + el —A>2> <0'L>
i k1 + ko ka(1 —X) — k1A 2\ ([
ko(1— X)) —kid kA2 +ko(1—N)2) \OL) %

Decouple the motion equation

(4.22)

Start by checking that the damping can be written as
C =aM + K. (4.23)
From positions (1,2) and (1,1), we get

(1= A) — A =0+ (ka(1— \) — ly N8 —
1200 = 200003 — (8 = 0.06
(4.24)
1+ co=am+ (k1 + ke) —
6000 = 1000 + 100000 - 0.06 - =0

Checking this against position (2,2)

J
a4 (1l —N)?% = 7o+ k1A + ko(1 — N)26 —
1680 = 128 - 0 + 28000 - 0.06 = 1680.

(4.25)

Thus, the equations can be decoupled. Next step is to find the eigen-vectors and

eigen frequencies by solving
K —w?M| =0 (4.26)

and
(K — w’*M)p = 0. (4.27)
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From equation 4.45 we get
(100000 — 1000w?) (28000 — 128w?) — 200002 = 0, (4.28)

giving w? = 77.8251 and w3 = 240.9249. Now, we can solve equation 4.46

Y1 = —0.902(,02 w1

(100000 — 1000w?)¢p1 + 2000009 = 0 — { (4.29)

Y1 = 0.142@2 w9

Choose the transformation where || = 1, i.e:

[ 0.6698 __(0.1405
L= (—0.7426) and @2 = (0.9901) (4.:30)

The equivalent system is now given by:

M., = &' Mo
Cey = 07CO
. (4.31)
K, = ?"K®
76q = (I)T?

where ® = (§;,P,). In this case, we get m; = 520 kg, mo = 145 kg, ¢ =
2.42 KNs/m, ¢a = 2.10 KNs/m, k1 = 40.4 KN/m, ks = 35.0 KN/m, f; = 186 N
and fo = —248 N.
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412

Motion equations

The system is decoupled and thus, each DOF can be alalysed individually:

miZ1 + c121 + ki1z1 = cqwy + kiwy (4.32)
MmoZo + Ca2o + kazo = coWa + kowo .

The excitation, w, can be written wo = h - U(t) and wy = h-U(t — £). Introduce
28wp = -~ and w% = % and rewrite equation 4.32

zZ1+ 2{1&)012}1 + wglzl = 251W01W1 + wglwl (4.33)

Zo + 2{200022:’2 =+ W(%QZQ = 252&102\7'\72 =+ w82W2 (4.34)

Solve with Laplace

Transform the exitation:

(4.35)

Transform equation 9.1

h
§2Z1 4 261w01571 + wi Z1 = 2&1worh + wg1g —

h
Z1 (s 4 26 w015 + wiy) = S (2Gwors + wiy) — (4.36)

_h 2&wo1s + wpy
s 8% 4 2&wo s + wiy

L =
and equation 9.2

L h _L
§% 7o + 26ow25 72 + Wiy Zo = 2bawoahe™ v F + wggge_?s —

h _L
Z2(82 + 2&5w028 + w(2)2) = §(2§2W025 + w82)6 v® > (4.37)

2
h 28wo2s + Wi ~Lg

Za(s) = —
2(5) s 8% + 2&w028 + wiy
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Rewrite Z;(s) and Z3(s) so that they can be transformed back to the time-domain
(Beta handbook).

YL s + &1wo1
A =M e (=8
N §1wo1 ]
(5 + &wor)? + wiy (1 - €7)
(4.38)
gl s + Lowo2
Zals) =ev"hlg (5 + Eawo2)? + Wi (1 — €3)
N §owo2 ]
(5 + &awo2)? + wip(1 — £3)
Transform Z;(s) and Za(s):
21(t) =h-U)[1 — 6_51”°1t(608(w01\/ 1—&7t)
1 El&) sin(wo /1 — &7t))]
(4.39)

2(t) =U(t — £)[1 _ e*€2w02(t*%)(cos(w02\/ 1—&(t— %))

(1 5252) sin(wozy/1 — &(t - %)))]

These are the bounce motion of the two masses m; and mo. Assuming small angles,
the pitch motion can be written:

o) = 2 —alt) (4.40)
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415

Decouple the motion equation

From equation (1.2) in problem 410 we get the motion matrix equation:

m 0 z n c1 + ¢ c2(1—=X) — 1A ‘2
0 &) \6L (1 =X —cih aXN+e(l—-N2) \4L

(4.41)
+< k1 + ko kQ(zl_)\)_kl)\2><z>:?-
Ea(1 = X)) — k1A kiA* + ka(1 — ) 0L
Start by checking that the damping can be written as
C =aM + K. (4.42)
From positions (1,2) and (1,1), we get
c2(1=X)—caA=0+ (k2(1 = X) — k1A —
1200 = 250008 — (8 = 0.08
(4.43)
c1 +c2 = am+ Bk + k2) —
8000 = 1200a 4+ 100000 - 0.08 — a =0
Checking this against position (2,2)
X +e(l =22 = éa + kA% + k(1 — N8 — (4.44)

2320 = 108 - 0 4- 29000 - 0.08 = 2320.

Thus, the equations can be decoupled. Next step is to find the eigen-vectors and
eigen frequencies by solving

K —w’M| =0 (4.45)
and
(K — w’*M)g = 0. (4.46)
From equation 4.45 we get
(100000 — 1200w?)(29000 — 108w?) — 250002 = 0, (4.47)

giving w? = 60.1852 and w3 = 291.1667. Now, we can solve equation 4.46

— —0.9000
(100000 — 1200w2) 1 + 2500005 = 0 — 4 ! 72 (4.48)
Y1 = 0.1000g02 w9
Choose the transformation:
_/0.9000 ~ {0.1000
o (—Loooo) and @z = <1.oooo> (4.49)

With ® = [¢] = (§;,P,), the system can be decoupled and this allows studying
each DOF separately.
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Identify the DOF

41

Since the motion of the road as well as the hook is known, there is only one DOF.

Choose the pitch motion, 6.

Motion equations

Introduce the help variables z; and Fj for the displacement of, and the force acting
at the trailer where the spring-damper is attached. F}, is the force at the hook. We

can now write:
F1+C(2’1 —W)+k(21—W) =0

Fi 4+ F, = m#
—Fy(1 = \NL+ FI\L = Jb
z=p+0(1-NL

21:p+(9L

4.50

N
ot

1

N
o)

N
ot

(4.50)
(4.51)
(4.52)
(4.53)
(4.54)

4.54

We now have 4 unknowns (F1, F), 21 and z) one DOF () and five equations.

Reduce the unknowns

Rewrite eqn 9.3:

and insert in eqn 9.2

mé:Fl-i-

Use eqn 8.20 in eqn 9.1:

(I =X)(mZ+ 0) +c(é1 —W) +k(z1 —w)=0

(1-MNL
and insert eqn 9.4 and eqn 8.52:

(l—A)(m(j)'—i-é(l —A)L) +m j

(1= X)2%m + i]9’L = —cL — kOL — (1 — \)mjp — cp — kp + cw + kw

L2

. -
1-X " (I=MNL  1-2A (1-M\)L

(4.55)

(4.56)

(4.57)

6)+c((p+6L) =) +k((p+0L) —w) = 0 (4.58)

(4.59)
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State space
Introduce 0, = 6 and write eqn 4.59 on state space form:

_cbpL+kOL + (1 — A)mp + cp + kp — e — kw
(1= N)2mL+ 4 (4.60)

0, =

0=9,
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Stochastic excitation and
comfort

43
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Supplementary problems, Chapter 5

1

The accelerations of the driver seat in a wheel loader have been measured. It
turns out that the pitch motion dominates the reduction of comfort. The pitch
acceleration can be approximated with

6 = Asin(27 f1t), where A = 2.0rad/s and f; = 3.0Hz (5.1)

a) Calculate the spectral density of the pitch acceleration.

b) Calculate the un-weighted RMS value of the pitch acceleration.

)
)
c¢) Calculate the comfort-weighted RMS value of the pitch acceleration.
b) How should the comfort be evaluated? (see table 5.9-3 in the textbook.)

2
The Unevenness of a road can be described with the spectral density:

Ga(n) = Gd(ng)nﬁoiu where Gg(ng) = 0.001m*, ng =0.1lm " and u =4  (5.2)

a) How does the comfort depend on the vehicle’s speed?

b) Are there differences between the comfort related to bounce and pitch, respec-
tively?

c¢) Show these differences/equalities with a simple half-vehicle model.



Supplementary problem 1

Supplementary problem 1

O(t) = Asin(27 fit)
A = 2.0rad/s”
f» = 3.0Hz

Unweighted RMS value

GRMS \/ / ))2dt = \/ / (Asin(27 f1t))2dt

_ 2 |t _ sin(4nfit) _ i T _ sin(drfiT) sin(0)
_A\/T [2 127 }0 - A\/T [2 125 F; 0+ Tompr |,
1 2
:A\/j =~ =+/2rad/s’
2 V2 /

Spectral density

There is only one frequency, F}, within the spectrum and thus

O(f) = 6 = B3(f - )
Gge = Co(f — f1) when T' — oo

From equation (5.9.8) in the textbook, we get
Ons = | Gool0)df =
0
Shas = | Goslr = [~ ot~ i = ¢

Equations 5.4 and 5.6 now gives C = \/52 = 2 and thus
Gag = 26(f — f1)

Comfort-weighted RMS value

45

(5.3)

(5.4)

(5.6)

(5.7)

From table 5.9-1 in the textbook we see that we should use curve W, in figure 5.9-3.

Since f; = 30Hz we get W, = 0.35. Equation 5.9.9 in the textbook gives

Ow :\//Oo Goo (f)|lw(f)|2df = [one freq.] = V2 0.352 = 0.495
0

(5.8)
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Estimate comfort

From equation 5.9.11 in the textbook we get
Our =1/ (kO.)% = kO, = 0.40 - 0.495 = 0.198 (5.9)

Comparing this to table 5.9-3, we see that éwk = 0.198 < 0.315 and thus it is not
uncomfortable.
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Supplementary problem 2

The road’s spectral density

—n

Ga(n) = Ga(no) (%)
G4(ng) = 0.001m>
no = 0.11/m (5.10)
n=4
4 1

From table 5.6-2 with G4(ng) = 0.001m?® we see that it is a class D road, which is
" fairly bad”.

The spectrum of the road disturbance depends on the road profile as well as the
vehicle speed.

Guns(f) = Ga(n) = [0V = f] = 0177 (£) ™"

v v
3 (5.11)
=10""—
74
Study the the vertical acceleration
4 4 V3 4 7173
Gui(f) = W Guw(f) = 27 f)* - 10~ 7 =(2n)*- 107V (5.12)

Now, study the example in section 5.9 in the textbook, starting at page 5:41. The
spectral density for Z and 6 are given at page 5:45

1A 2rfL foi + 4G 15, 1
G::(f) = 874Gy (ng)ndVi L 47" (1 + cos
() (0) 0 ( v )féll_i_(4<12_2)fglf2+f4
max for cos 2Z2fL =1

v

32 o or fL T 4 4c2f2 12
G _ =Z 4G uy/u 1 rd—u 1— 02 2702
i) = gam Galno)ngVE St (e 5) e UG = o) i

min for cos %:1

(5.13)
Thus, the wheelbase, L and the frequency f filter differently for z and #. This is
illustrated as a periodicity in e.g figure 5.9-7 in the textbook. This is often referred

to as wheel base filtering.
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Vehicle dynamics in the
asymmetry plane

o1
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701

Motion equation

The following refers to the textbook. Consider figure 7.1-1, the z —y and X — Y
systems correspond to the M and I systems in section 1.4.2, respectively. We have

?Ml = v,z + vyyl = (U, Uy, 0)
%Ml = (1‘)3377.)3/70) +w X (,UCCJUyJO) = (’l.)$7,l.)y70) + (O7O7¢) X (U-T?vy?O) (71)
= (i)x - Uyd.}? by + Uac¢a 0)

Now we can write the force and torque equilibrium:

may = Fiacosd + F34, ay = Uy + vm¢ and F; = —Co; —
m(i)y + U;ﬂﬁ) = — COS 50120412 — 0340134 (7 2)
J@Z} = fFi9cosd — bF3y = —f cos 6Croa19 + bC340034
Assume small §, i.e. cosd ~ 1 and rewrite equations 7.91
m(i)y + Ux@D) = —(C12a19 + C3par34 (7.3)

Jp = fFiac088 — bF3y = — fCraa19 + bCsa034

Now, the slip angle, o, must be calculated at the front and rear wheels, respectively.
Thus we need to express the velocity at each wheel, vy and v, as functions of vy, vy
and .

T =T+ fx '

?f :?"'w X fxl = Uxxl +Uyy1 +f¢y1 = (vavy + f¢70)

(7.4)
Fr=7—ba! —
Tr=T—wx bz = vzt + vyyl — byt = (Vgy vy — b, 0)
The slip angle can now be calculated as
o= arctan(zi) R i—yl —
rx rT
Q19 = M B (7.5)
Uy
vy — b
agy = 4—— L4
Vg
Use equations 7.5 in equations 7.3:
. . vy + FU vy — bl
m(vy + Um’l/J) = —Cu(nyw — (5) — O3 Y U v
N o (7.6)
. vy — b Vy +
7= 0 0TI

x x
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Now, we rewrite equation 7.6 on matrix form with ¢ as input.

m 0\ (v, Gl oy, 4 [Q20C8\ 1\
0o J «(/} T fC12=bCs [2C12+4b°Caq ¢ -
Vg Vx

Ci2
Ciaf

58

> 5 (7.7)
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702

Use the result from problem 701, in this case we have constant v, and Y, ie.

012:;034 muy + fclzyfzbcszx vy Cro
fC12—bC34 F2C12+b%Cs4 1/} = Chaf o (78)
Vg

Ve

To avoid messy calculations, we rewrite equation 77 as

v ail a12 v C1
Al Y) = V)l =Cs = ) 7.9
() =G o) () o= (3) )
We want to calculate /6 and v, /5. Rewrite equation 7.9

C)z) % —A"'C (7.10)

Thus, we need to evaluate

- 1 azp —a12) [(a
A~lCc =
a11G22 — 12021 \—a21 411 C2

a22C1 — Q12C2
—a1C1 + a11¢2

11022 — 412021

(7.11)

With expressions from equation 77
v ((f2012 + b2C54)C12 — (M2 + fC12 — 5034)012f>
* —(fCh2 — bC34)Ch2 + (Ch2 + C34)Cra f

A~ lCc =
(Ch2 + C34)(f2Ch2 + b2C54) — (M2 + fC12 — bC34)(fCr2 — bC'34)

" <f20122 + b?C34C12 — mviCraf — f2CE, + bC34C1Qf>
7 —fCFy +0C34Ch2 + fCFy + C34Cra f
b2C12C34 + f2C12C34 — mv2 fCr2 — mu2bCsy + 2 fbC12C3

v <Lb012034 — mv§012f>
* LC12C34

- L2C12C54 + mu2(bC34 — fC12)

(7.12)
Evaluation of equation 7.12 with m = 1100kg, f = 1.3m, b = L — f = 1.8m,
Ci2 = 2 - 40kN /rad C34 = 2 - 38.6kN/rad and v, = 25m/s gives

(2)3- (i) &
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703

Use the result from problem 701, in this case we have constant v, and Y, ie.

01212034 mug + fcmq;bCM Uy C1a
f012*b034 f2012+b2034 ,(/} = C12f 5 (714)
Vg

Ve

From problem 702, equation 7.12 , we know that

v <L5012C34 — mU%Cmf)
’ LC12C34

<vy> 1 (7.15)
Y ) 6 L2012C34 +mu2(bC3q — fC12)

For the stationary case a, = vy1p. The steering ratio gives dp = i56. We use row
two of equation 7.15:

ay g g Uz (LC12C34) _ v2 (7.16)

(53 o 5is - EL2012C34 + mv%(bCM — fclg) iSL + iSKUSU%

With values m = 900kg, f = 1.3m, b = L — f = 1.1m, C13 = 2 - 59kN/rad,
034 =2 72kN/rad and ’is = 20.
ay v m /s>

= 7.17
o 48+42.21-1073v2 rad (7.17)
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704

Derive K,

From problem 702, equation 7.12, we know that

<Lb012C34 — mvfc 012 f)

<vy) 1 LC12C34 (7.18)
Y )5  L2C12034 + mv2(bC3q — fCO12)
We use row two of equation 7.18:
f _ vz (LC12C34) .
d  L?2C12C34 + mu2(bCsq — fC12)
(7.19)
_ L2C1C34 + Ym2(bCss — fC1a) L . bCsy — fCiy
0= = — +Ypvym——_ "
02 (LC12C34) Vg LC12C34

Assume steady-state, i.e. a, = vgﬂL and &R = vy, then equation 7.18 can be written

L bC3q — fC12 bC34 — fC12

0= — — = =9 _ = 7.20
R + aym L012034 Atm L012034 “ ( )
Thus, K,s can be identified as
bC34 — fC12
Ky=m———= 7.21
LC12C34 (7.21)
K,. for 702 and 703
Use the data from problems 702 and 703:
bCsq — fC12  1100(1.8 - 77200 — 1.3 - 80000) _3
702: Ky = = =2.0-10
" LC1C 3.1- 80000 - 77000 (7.22)
203 K. — mb034 — fC12 900(1.1-144000 — 1.3 - 118000) 11104 )
o LC19Csq 2.4 - 118000 - 144000 -

I.e. both cars understeer but the car in 703 understeers less.
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Critical and characteristic speed

Study figure 7.6-1 in the textbook. The critical speed is reached when

) vz (LC12C34) B Uy
r _ = — 00 (7.23)
1) L2012034 + mv%(bC’M — fclg) L+ Kus”%
i.e when
—L
L+ Kusvi =0 — Vppjt = (7.24)
KUS
The characteristic speed is reached when
§Y T
vs _ 7.25
-0 — (7.25)
v, — Uchar Ko
Kus) Verit and Vchar
Use the data to caculate K, for the original and modified car:
Original:
bCs4 — fC12  2000(1.7 - 76000 — 1.5 - 78000) _3
K, .= = =1.29-10
us = T G Cy 3.1 - 78000 - 76000
(7.26)
Modified:
bCs34 — fC12 2000(1.7 - 76000 — 1.5 - 96000) _3
K, = = =—-1.27-10
us = T G Oy 3.1- 96000 - 76000

Normally, the car understeers and we get the characteristic speed, vepar = v/ L/ Kys =
49.88m/s = 179.6km/h. With modified front tyres, the car oversteers with critical

speed veprit = \/—L/Kys = 50.24m/s = 180.9km /h.

Plot

We should plot

¢ Vg
R - 7.27
) (ve) L+ K,sv2 ( )

this is illustrated in figure 7.1.
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is

Consider equation 7.3.6 in the textbook. Introduce the gear ratio ¢5 and rewrite the
equation:

5—H =04+ Kysay = (7.28)

Since we know that 64 = L/R we get for a, =0

OH (a,=0) _ L _
is R
Ot (a,—0\ R
is = % = [from diagram, a, = 0] (7.29)
3775
= =17.94
2.7
Kus
From equation 7.28 we get
O = 1504 + isKusay —
ogR —isL .
Ky = HisaiyRs = [from diagram, a, = 6] (7.30)
45-7/180 — 17.94-2.7 4
_ —1.297-1
17906 rads®/m 97- 10 °rads®/m

Vchar

Since K,s > 0 the car understeers and we can calculate the characteristic speed

L
Kus

Vchar = = 45.62m/s = 164.2km/h (7.31)
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708

Study the relative damping for the acceleration in the y-direction of the car.

ay

To study the damping, we need the transfer function from ¢ to a,. According to the
rule at page 7.2 in the textbook, we can write the acceleration of the car relative to
the ground frame with respect to the car.

oo _

ot twXxv= (2 +wx)(vg, vy, 0) = (Vg — Uyd}a@y + Uﬂb,O) (7.32)

ot

a=
In the Laplace plane, using the transfer function from A to ¥ and Vy, we can write
Ay =V, + 0,7 = sGWA +v,GLA (7.33)

Relative damping

To find the relative damping, we only need to study the denominator of equa-
tion 7.70, i.e. |A|. Since we have a second order system, this can be expressed

as
|A| = 5% + 2¢wos + wd (7.34)

where ( is the relative damping. Comparing equation 7.45 to equation 7.8.7 in the
textbook gives

o= (wy— ¢ = — (7.35)
wo
where
oo Ciaf? + C34b® + J(Cra + Cs4)
a 2Jmu,

(7.36)

C12C34 L(Kysv2 + L)

Wy =
Jmuv?

With data, m = 1500kg, j = 2800kgm?, f = 1.2m, b = 1.4m, Cj5 = 2 - 55kN/rad
and C34 = 2 - 65kN/rad we get

¢ 153.8 (737

/17.9v2 + 23016

The plot is shown in figure 7.2.
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Figure 7.2.
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709

Critical speed

We search the speed when the car gets instable, i.e. when the transfer functions get
poles in the right half-plane. The poles are given by

|A| = 5% + 20wps +wi =0 —

(7.38)
s=—0+4/0%—w?

We look for v, so that R(s) > 0.

—o+ /02 =W} >0— 0t <o® —wi —

W2 — C12034 L(Kysv2 + L) —0 (7.39)
0 Jmuv?
With data from problem 708, we get
L2 —61.502 + 48334 0
0 4202 (7.40)

vy > 28m/s
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Acceleration

If we can express the lateral acceleration at the hook, a,;, as a function of v, and &,
we can reuse the transfer functions derived earlier. According to the rule at page

7:2 in the textbook, we write
Tq = oo + @ X (—d)z' = (vg, v, — di), 0)
ag = @ = @ +w X7
TTd T ot T (7.41)
= (®x7 by - dl/% O) + (—UW + dl/)2, Uaﬂ/% 0)

= (Vg — vy¥ + dip?, 0y — A + V31, 0)

Transfer function

Here, we are only interested in the y-component of @g4, ayq. In the Laplace plane,
we write

Ayqg = sV, — dsU + v, ¥ —
Gt = sGy" — dsGY + v, GY
= sGXy + (vg — ds)G:;i’

~ s(JCias — fCramu, + %3034) + (v — ds)(mfCr2 + %1034) (7.42)
(ms 4 CI%JCCM)(JS + f2012+b2012) _ (mvx + fCIQv—bCS4)(fcl2—bCS4)

Vg ki Vg

(JClg — mfd)s2 + %ic%(b — d)S + LC12C34
mdJ(s%+ 205 + w3)




64 Chapter 7. Vehicle dynamics in the asymmetry plane

711

We want to calculate |G§;| and arg Gg;

Transfer function

Use the result from problem 710 and insert d=0, since dp = 730 we can write.

e _ 1 JC1as* + %jc‘“s + LC12C54 (7.43)
0r T, mJ(s? + 20s + wd) '

Since dp is sinusodial we can write

1 —JCpaw? + %w + LC12C34

G (jw) = 7.44
5R (]W) is mJ(—w2 _'_‘720_00 +w(2)) ( )
Now we write
a \/(L012034 — JCaw?)? + (£bC12Ca1)2
|G6;| B i 2 212 2
ismJy/ (Wi — w?)? + (20w)
(7.45)
are G% — arctan LbC12C34 retan _20%
&on 03 (LC12C34 — JCrow?) wg — w?

With data we get 0 = 11.34 and wg = 159.8. Furthermore, w for f = 0.1, 1, 10 Hz
are 0.2m, 27 and 207, respectively. For the sketch, we also calculate a, and ¢.

w = 0.2m: |G§"| = 8.268m/s°rad
arg G§” = 0.0409 — 0.0892 = —0.0483rad

307 7.46
ay = 1558268 = 4.33m/s (7.46)
—0.0483
t=————=-0.0769s
2m
w = 2m: |G§;| = 6.251m/s’rad
arg ng = 0.4827 — 0.8696 = —0.3869rad
307 7.47
ay = 1556-25 = 3.27m/s? (7.47)
—0.3869
t=——— = —0.0616s
27
w = 20m: |Ggy = 7.027m/s’rad
arg Gg; = —0.1915 + 0.3598 = 0.1683rad
30w 9
ay = m?.OQ? = 3.68m/s (7.48)
0.1683
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Acceleration in frequency domain

We want an expression for the lateral acceleration of the COG relative to ground,
expressed in the car’s coordinate system (M7). According to e.g. problem 710 with
d = 0, we know that .

Ggy = sG(‘;y + va:;I’ (7.49)

In this case, we have a step input at the steering wheel with an amplitude of 40°,
i.e.

5(t) = 0T by —

1807

107 1 (7.50)
A(s) = ——

180125 s

Now, we use the result from problem 710 and write the acceleration in the frequency
domain
A
Ay(s) = GA"Als)
(JClg — mfd)s2 + %1034(6 — d)S + LC'12034 40 1 (7-51)
mdJ(s? + 20s + wd) 180i, s

Transformation to time domain

To get back to the time domain, equation 7.51 is rewritten to fit the inverse trans-
forms in Beta. The right hand side of equation 7.51 is on the form

240 b
ais” + 18—1-05 __as+h " C1 ~ (7.52)
s(s2+20s4+wj) s2+20s+w;  s(s? 4205+ wp)

where
. JClg — mfd 407

mdJ 180i,
- L012034(b - d) 407
a vemJ 1804,
. L012034 407
 mJ  180i,

The first term of equation 7.53 can be transformed directly with

a

by

(7.53)

C1

1
L(ge“t cosbt) = a+ P2
+ b2

(
(

S —_—

— )2

. ° “i (7.54)
at : _

L(ge sin bt) = p—

where

2

2+ 205 +ws = (s+0)*+wi —0> = a=—0and b =wi — o* (7.55)
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We now write

a1s + by s—(—o) B 1
= —
4205 +wf (s ()P W -0 (s~ (-0))? + (wf — 0?)
A1 = a1
Bl :bl—Ala:bl—ala
(7.56)
The second term of equation 7.53 has to be rewritten according to
cl A Bs+ C
— [
s(s2+20s+wd) s s2+20s+ wi
A =c— A= :—12
’ (7.57)
A+B=0—-B=—-——
wg
20’61
20A+C=0—-C=-—
“o
Now we can write
A Bs+C al s+o 1 20¢ 1
L, PP o 2z A o
s s2420s+wh wis Wi s+ 205+ wl s2+20s+wd w2 (s+0)2+wi—o?
(7.58)
use the results from equations 7.56 and 7.58 in equation 7.51
A (Jclz — mfd)82 + %1034([) — d)S + LC19Cs4 401 1
y\s) = mJ(s2 + 205 + wg) 180i, s
(7.59)
cl c1 s+o
= —— —|— alt — —
wi s (a1 wg)(s + )% (wd — 0?)
1
b 1—
+ (o +( al)a)(s+0)2+(w8—02)
Equation 7.59 can now easily be transformed to the time domain, giving
1 1
ay(t) =5 + (ar — =) € cosbt + (by + (1 — a1)o) e sin bt (7.60)
wg wg' b b

Calculate o = 9.049 and w3 = 119.8rad?/s® according to equation 7.8.7 in the
textbook. Together with the given data, L = 2.6m, b = 1.5m, m = 1000kg, is; = 20,
vy = 25m/s, C1o = 104kN/rad, C34 = 144kN/rad and J = 2200kgm?, we get

ay(t) =5.16 + 1.52e %% cos 6.15¢ + 6.90e %" sin 6.15¢ (7.61)
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Yaw in frequency domain

We want to calculate

b = v,GY8(2), 8(t) = H(t)% §in(0.5 - 27t)

Use L4 and L24 in Beta to transform 6(t) to A(s)

307

T T
As) =2 T __
(s 6is 52 + 72

To find G"i’A we use the motion equation in the laplace plane
(ms + 4012,3;034 MUy —+ _f012v;b034) (Vy) ( 012 > A
FC12—bC: F2C124b2C T
12% 34 Js + 12% 12 \\ Cl2f
We want row two of A~1C, i.e.

i _ —A21C1 + A11Cs
GX(s)=A"1C =

als) A A1 — A1 Ao
~ mug fC128 + C12034 L
© mJvg(s? + 205 + W)

Express the yaw velocity in the Laplace plane as

C
¥ = n2fCry 5+ 1

6isJ. 2+ 205+ wi s + w2

67

(7.62)

(7.63)

(7.64)

(7.65)

(7.66)

This needs to be modified before we can transform it back to the time plane, assume

As+ B Cs+D s+ Ceiuk o
52+203+w8 52 4+ 72 52+203+w852—|—ﬂ'2

3. A+C=0

s B+20C+ D=0
s: AT* 4+ Cwi +20D =1
LC34

1: Br?+ Dw? =
™+ Wy Uxmf

(7.67)
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Transform equation 7.74 back to the time plane, introduce we = /w3 — 02
\II() 72 fC1g As+ B C’S-i-D]
S) =
6isJ. 's2+20s+wi 2472
2 7.68)
w2 fChe, (
P(t) = 6;']:!]212 [Ae™" cos(tw.)
1 —ot D 1
+ (B — Ao)—e 7" sin(twe) + C cos(nt) + — sin(nt)]
We m

Use the data form problem 715, giving w(z) = 74.9425, 0 = 5.6591, wy = 6.5539,
A=5672-10"3, B=15.687-10"2, C = —5.672- 1073 and D = 1.210 - 10~!. Thus

Y (t) =4.2768[0.005672e 7551 ¢os(6.5539t)

7.69
—0.01357e 2691 5in(6.5539t) — 0.005672 cos(7t) + 0.0385 sin(t)] (7.69)
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Yaw in frequency domain

We want to calculate

607

~ 1804,

¥ = v, GY(t), 8(t) sin(t)[H (t) — H(t — 2)] (7.70)

Use L4 and L24 in Beta to transform 46(t) to A(s)

o(t) = 168%7; sin(mt)[H(t) — H(t — 2)] — -
A(s) :31%82177@(1 _ e :

To find Gg we use the motion equation in the laplace plane
C C Ci2—0bC:
ms + _12:; 34 mu, +2_f 121)952 34 (Vy> _ ( 012 ) A (7 72)
fC12U;bC34 Js + f Cm:;b Ci2 N Ciaf

We want row two of A™1C, i.e.

—AnCy + AnnCy mu, fCras + C12034 L

G¥(s)=A"'C = = 7.73
a(s) Az A11 — AnArz mJug(s? + 208 + W) (773)
Now we can express the yaw in the Laplace plane as
. 2 mfQgs + Cr2Caal 1 — e 28
sU(s) = U(s) = — fCrz v € (7.74)
JisJm s2+20s+wi s+ w2
The change in direction is given by 1(t — o0) — ¥ (t — 0).
2 mfCios + C12C34L 1 — =28
lim(t) = lim sU(s) = lim — A v c -0
=0 5500 s—oo 3igJm 2+ 20s+wi s+ m? (7.75)

=0

i . i . i 72 mfCias+ 0121234L 1— 28
tlgloq’/)( )= e (s) = 500 3igJm s +20s+wi  s%4 7

Thus ¥(t — o0) —(t — 0) = 0 — 0 = 0 and the car returns to the initial course
after the manoeuvre.
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722

We want to calculate
lim (1) (7.76)

t—o0

Yaw in frequency domain

Use the motion equations in the laplace plane

C12+C34 fC12—=bC34
+ Gzl g, 4 [C12=0C
miclrb(i}*;l " P20 482 ) (G A (7.77)
- Js + 121) 34 /s 012f
In this case, A = 0 but an external force is applied at a distance d behind the front
axis giving
(Y A11 A12> < -1 >
A(Y) =BFuin, A= , B= 7.78
(w) / (Azl Ao a7 (7.78)

From A~'B we get the transfer function from F,q to 1[)
W vzm(d — f)S + Chod + C34(d — L)

Fuina — vymJ (82 + 208 + wi) (7.79)
In the time domain, F,, = F,,(t) = F,(H(t) — H(t — tp)), giving
Fin
Fwind(s) = _(1 - e_tos) (780)
s
We can now write
A
‘11 =2 = _Gﬁwind wind
58 (7.81)
_ vem(d — f)s + Crad + Cs4(d — L) &(1 _ e*tos)
vemJ (s + 208 + w) 52
t — oo
We use that
tlim Y(t) = lin% sU(s)
B va’m(d — f)s+ Crad + Cs4(d — L) F_m(1 etos) = 1—-1 (7.82)
B vemJ (s + 208 + w?) 2 0
Thus, we can use 'Hospitals rule and write
.  Gil(vam(d = f)s + Crad + Caa(d = L)) (Fyn(1 — e0%))]
lim s¥(s) = lim 5
5—0 5—0 FlvamJs(s? + 205 + W)
(7.83)

~ Crad + C34(d — L) Fipto

= —0.05881rad
Umewg e
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F3y

We want to find
A1) () "

Tyre forces

The slip angle is given by

. Y
a9 = arctan Yy : 1Y — 012034 = arctan % ” L — 034 (7.85)
Assuming linear tyres and small angles, the tyre forces are
vy + [y v, — by
Fig = —Cha(- ” v _ 612)F34 = —Cia (-2 ” v _ 934) (7.86)

Accelerations

To set up the motion equation, we need the accelerations of the COG relative to
the ground, with respect to the car.

a . h . M . .
(E + wx)(vzavya 0) = (Uz — Uyw, vy + Uzw7 0) — ay = Uy + vzw (787)
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Motion equations

Assume small 4, in y-direction we get

may, =m(vy + vxw) = Fiocos 019 + F34 cosd34 —

T o b (7.88)
o+ RO, 1 10080, kg

z Vg
and around

Jp = — C12f(vy /Y 012) + C34b(vy LA ko12) —
Uz Ve (7.89)

2C19 + b2C3y Ci2 — bC;
[“Ci2 34¢+f 12 34vy:(f012—bk034)612

Vg Vg

J +
On matrix form

mD + 012:;034 mvg + fCIQv;bCM vy _ [ Cia+kC3y 0
fC12—bC34 JD + f20121}+b2012 w - f012 o bk?034 12 (790)

Uz

Laplace plane

We now are to study the transfer function from 812 to 4 to find the time delay.
Transform equation 7.91

ms + 012;;034 mug + fclzl;bcu vy Cho + kCsy
fC12—bC34 Js + [2C124b%Cr2 w - fC12 — bkC'3y 012 (7.91)
We have . Ao Cr 4+ Avi
GY (s)=A"1(1,;)C = 2l T 7.92
512 %) (1.3 A Ay — A1 Arg (7.92)
Evaluating equation 7.92 gives
j _ 2(fCr2 — bkC34)s + C12C34 L(1 — k)
GY (s) =A-1(1,)c = Ml .
12 (%) (1,:) mJvy(s? + 205 + wj) (7.93)
Since we have sinusodial motion, we can write s = jw and we get
j z _ ] L(1—k&
GY (jw) _mug(fC1y bkcg4)Jw+C12Q34 (2 )
12 mJug(—omega? + 20jw + w§)
(7.94)
PN mug (fCh2 — bkCsq)w 20w
/Gy (jw) =arctan CoaCoL(l— k) arctan Tt
With data we get .
k=0: /GY (jw)=—0.2360rad —
o, 7.95)
/GY (jw (
At = 09

w
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k=01: LG (jw) = ~0.2539rad —

onid) 7.96)
ZG( va) w (
A= 290 U9 o0 s
w
k=—0.1: G (jw) = —0.2215rad —
(7.97)

(g, ¥) /-
LG\
At = LG5, () — —70.1ms

w
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801

Camber angles

Standing still Driving through a curve

Figure 8.1.

Consider figure 8.1. The roll of the var ¢ = (2°,4°,6°) is known. &., and e
can be calculated from z, — z9 and z; — 2, respectively. From the track width, wy,
we get

zi—zozAz:%tangom%(p

2y —20 = —Az = —%tancp R —%cp

With ¢ and €, we can now calculate the camber angle as v; = p—¢ and vy = p+egy.

(8.1)

Settings 1

o [ | Az [mm] | e [°] | ey [T | % | W

2 26 -0.5 0.9 | 25|11
4 52 -0.1 -0.8 | 4.1 32
6 78 0.5 -0.5 55|95

Settings 2

v [ | Az [mm] | gci [ ‘ Eey [°] ‘ Yi ‘ Yy
2 26 0.5 -0.3 | 1.5 | 1.7
4 52 1.1 -04 |29 3.6
6 78 1.9 -0.3 | 4.1 | 5.7
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Figure 8.2.

77

The steering rod is either mounted in front of or behind the McPherson suspen-
sion as shown in figure 8.2, A. The steering lever and pushrod are considered to be

rigid and all angle are small.

Study figure 8.2, B. The lateral force generated by the tyre, Fy, can be written

F, = —Cqa = —Caq,,, 0tot, Where ayor = 46

A momentum equilibrium around O gives
~Fy(a—ty) — K -a*

Rewrite eqn 8.2

o= szy and oo = Cji
and eqn 8.3
5= —Fy(a — to)
K -a?
giving

—Fy —Fy Fy(a — t())

= —_ 2 —_—
Coor Co K-a
1
Caror = T T aly
Ca K-a?

With values we get
Case A: C,,,, = 40.1kN/rad

Case B: C,,,, = 57.1kN/rad

Qtot

(8.2)

(8.3)

(8.7)

Since the tyres themselves has C, = 50kN/rad, case A will increase the understeer-

ing of the car and therefore this case should be chosen.
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804

Side stiffness

Write the stiffness of the steering axis with respect to the wheel rotation, C,,. Then
the momentum equation around the steering pin can be written

1
_Fy(nc - tO) - §Cu)5 =0 (88)
Furthermore
F, = —Coa = —Cly,,,atot, Wwhere oior = o0 + 0 (8.9)
Rewrite equations 8.8 and 8.9 according to problem 803, giving

~F, _F, 2F(a—t)

Cooy  Ca K -a?
5 (8.10)

- Fy Fy(ncfto)
Co Cuw

Steering axis stiffness
Use solid mechanics to find the the stiffness of the axis

GK m(D* — d%)

C= < where K = 5 (8.11)
Transform C to C,, through the gear ratio is:
Grn(D* —d*
= i2c =2 =d) (8.12)

32L

Total side stiffness

The total side stiffness for the whole front suspension is now given by equation 8.10

and 8.12
2

Aot = B Fy(ne—to)32L (8.13)

Co ~ 2Grn(D*—d%)

C

With data, this yields 89.6kN /rad.
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Roll centre

v

RC. .
‘,

A
\4
A
v
A
v
A
v

A
A\ 4

Figure 8.3.

We want to find the distance form the ground to the roll centre, RC, below
called tpc. Consider the geometry of figure 8.3.

h
- 14
T tand (8.14)
R—r+trc R—1r R
F+zxz  F+z2-85/2

o BDE D) SR S-S

™ " Fra—5/2 T F4a—S5/2 Foly 52

With data this yields
1.5/2(0.3 - 0.1

tre /A ) _0.156m (8.16)

T 03+ 03 15/2

tanl12°

Roll stiffness

To find the roll stiffness, we transform k to the wheel’s contact point to ground. To
ease up the calculations, we go via the low spindle joint.
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Assume a displacement of the spring,  and the corresponding displacement and
stiffness at the lower spindle joint, d; and k1, respectively. A momentum equilibrium
yields

kdfr = ki fr (8.17)
Geometry gives
fr_fL
=== 8.18
5 =3 (8.18)
Equations 8.17 and 8.18 now gives
ki = k:(f—F)2 (8.19)
Ir

Step two is to go from the lower spindle joint to the wheel’s contact point.
According to above, with a momentum equilibrium around M P, we get

S
2 = k(R

where a is the distance form MP to the wheel’s contact point.
The total roll stiffness, Cy,, can now be calculated according to
M kobod

Jrbd
C,=2— =2 = [69 = do| = 2k
® o o (02 ¢l (fLa

ko = ki ( )2 (8.20)

Q|

)2 (8.21)

where d is the distance from the wheel’s contact point to the roll centre.
Now we need expressions for a, b and c.

a=+/(R—7)2+(F+x—S5/2)? =0.982m
b=z — fr=1111m (8.22)
d=+/(trc)? + (S/2)2 = 0.766m

Thus, the total roll stiffness is

0.15-1.111 - 0.766

Cp =2 20000(—3=—5 555

)? = 7510Nm/rad (8.23)
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Roll angle

A

b
Figure 8.4.
Consider figure 8.4. Geometry gives
ep —ef ey
he=h—es— =h-— 8.24
Momentum equilibrium around the roll axis gives
(Ct + Cy)p = mgh,sin g + mayh, cos ¢ (8.25)

where Cy and Cj, are roll the front and rear roll stiffness, respectively. ¢ is the roll
angle, m is the mass of the car, g is the gravitational acceleration and a, is the
lateral acceleration. Assume that ¢ is small and rewrite eqn 8.25

(C + Cy)p = mghep + mayh, (8.26)

2
In steady-state, a, = % and thus, we can rewrite eqn 9.3

mhe v2
= =z 8.27
4 Cy+ Cp —mghe R (8.27)

Use the given data to calculate h., and ¢
ep 0.325
he=h— =0.6— 1 =04

f+bf 0.6 516 000 = 0.475m

mh.. v? 1200 - 0.475 302 (8.28)

_ Jr l
v Cy+ Cp +mgh. R 22000 + 18000 — 1200 - 9.82 - 0.475 400
= 0.03728rad = 2.136°
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808

K’u,S

We should calculate K mb034 — fC1a (8.29)
B o |

In this case, we have to calculate Ci5 and (34, the rest is known.

C34

The rear suspension is a rigid axis and thus only the tyre stiffness contributes

Cs4 =2 - Cy = 240000 = 80kN/rad (8.30)

Ci2
The front suspension contains several stiffnesses in series

1
Zz’ Ci

The contributions from tyres, steering and suspension are:

)= [ b o o ] (8.31)
Ctyre Csteering Csusp Croll C’yl CyQ ’

Cia2 = (

Tyres: Cyyre = 2C, = 80kN/rad
. i2C 202 - 65
Steering: Citeering = ncs—sto = 0.09E = (—0.01) = 400kN /rad
2C, B 20 - 38000

nsu—tg  0.08 — (—0.04)

(8.32)

Suspension: Cyysp = = 633kN/rad

Left to calculate are the contributions from the roll steering, camber due to suspen-
sion and camber due to lateral forces.

Roll steering The roll steering is the influence on the steering angle due to roll,
i.e.%
96 00 0z
dp 0209
Assume symmetric roll, i.e. the deflection at each suspension is Az in opposite
directions. Then

(8.33)

0z Az  2Az twf

With the given data we can write

06 0 0z T
_— —— = —4— . — —U. 2 .
9, 9200 1800 75 0.05236 (8.35)
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To calculate the roll angle we need to find 687"2. According to problem 807 we can
write

mhe
S&:C'f-f—C'b—mghcay_> (8.36)
Op mhe ’
day — (Cp+Cy) —mghe
with
he =h— @ — 75— 12 0'31;61‘4 005 _ ) 58m (8.37)

To get the stiffness, we also must know the relation to the side force, Fio. A
momentum equilibrium around the rear wheel’s centre gives

day L
= =
8F12 bm
9 dp 0 h.L
LA s B - (8.38)
0Fis 8ay O0Fio (Cf + Cy — mghc)b
0.58 - 2.6
= =2.635- 20 °rad/N
(28000 + 20000 — 1250 - 9.82 - 9.58)1.4 rad/
Now, we can write
—6F12 -1
Cronl = 95 = Top BN
. oz 0 . 5 (8.39)
_ - 105 = 725kN /rad
99 095 _0.05236 - 2.635 /ra
OF12 0p

Camber from suspension We want to find the effect in the side stiffness from
the camber change due to suspension i.e.

—0F1y _ OF120p Oc

= — = — 4
Cn 6. Do Oe 09 (8.40)
The textbook, page 8:5 gives
Oe tws O
I T Mg A1
Oy + 2 0z (841)

We also need to find g—i which is given from the ratio between the tyre and camber

stiffnesses, i.e. 700“
€

OF5 0p O —1-10° 1 —40000
_dadp oc = 656kN/rad  (8.42)

dp 9 90.  2.635 1+ L3(—12:%) 2000

C =

Camber from steering The effect in the side stiffness from the camber change

due to steering is searched i.e.

*3F12 N _8F12 Os _ —180 —40000
d6. O 05.  260m 2000

Cpp = — = 4407kN /rad (8.43)
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Gathering all The total stiffness of the front suspension, C}s is now given ac-

cording to eqn 8.31

YT NS SIS SIS SNV S SR B
2 i Cz Ctyre Csteering Csusp C’roll nyl C’y?
1 1 1 1 1 1 (8.44)
1% — 4+ — 4 — 4 — 4~ 4+~ 171 = 50.7Kn/rad
50 * 200 633 T 725 T 656, T 4107 n/ra
~ = o o

63.4% 12.7% 8.0% 7.0% 7.7% 1.2%

Values in K,

Now we have both Ci2 and (34 and can calculate K, according to eqn. 8.29

bCs34 — fCr2

LC12Cs (8.45)

1.4 - 80000 — 1.2 - 50700 e
=5 680000 - 50700 6.06 - 10 rads”/m

Kus =
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Handling diagram

The plots mentioned below are found in figure 8.5. Since the rear axis is rigid, we
know that the stiffness of the rear suspension equals the stiffness of the tyres. The
front suspension is flexible up to d,,4=0.04 rad. To plot the stiffness, we need to
find the p at this point.

2Csu0maz 2-6000-0.04
= = =0.5 8.46
frmaz F.19 9600 (8.46)

This is added to the plot as a red dash-dotted line. The over-all stiffness of the
front suspension is calculated by adding the plots as o = f(Fy/F.). The result is
shown as a black, dashed line.

no4
| 1
I 0.1,0.7) (0.14,0.7)
0.7 — . I~ <
_| -
0.5 —
0.0

>
rFrrrr—Trrr -1t r1° 71T T"7

o

Figure 8.5. Characteristics of the tyre pair and the rear suspension (blue, filled),
the front linkage (red, dash-dotted) and the front suspension (black, dashed).

The handling diagram is drawn as as4 — a2 on the horisontal axis and Fy/F;
on on the vertical axis. Thus, the stable plot in the handling diagram of the entire
car equals the plot of the front linkage, dash-dotted red in the plot above.

Steer input

The required steer input at a certain speed and radius is found from

F 2 2L L
_y:@:U_x:U_x_:?,()ﬁg_
L

a3y — g =0 — —

R
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R=150m

L/R =3/150 = 0.02 — a,/g = 0.6116 and from the handling diagram we find that
this corresponds to 0.04 rad and thus §g150 = 0.02 4+ 0.04 = 0.06rad

R=300m

L/R =3/300 = 0.01 — a,/g = 0.3058 and from the handling diagram we find that
this corresponds to 0.024 rad and thus dz150 = 0.01 + 0.024 = 0.034rad
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814
e
he mg
Fio + F3y
T Fia + F3y
Fz,inner Fz,outer
Figure 8.6.
From figure 8 we get
F.
z,outer — 212 + AFz
Cfi/i + Flgef
DeltaF, = 7&7 (8.48)
Ciott) = mghe sin +mayhe cos
~—— ——
) ~1
Thus, we need to calculate he, Cior, Fr2 , Fr12 and ay.
Ctot
Study figure 8. The front and rear roll stiffnesses are calculated according to
Ctot = Ca + Cb
brdy s
Cr =2k (— C
=20 (L0 4 0y .49
Fr.d
Cy = 2kg(—2)?

Qp
Where following values are measurements from the suspension drawings

ay=13m bf = 0.67m df =1.1m
ar =0.7"m Fp,=0.35m d,=0.54m



88 Chapter 8. Vehicle stability

Figure 8.7.

he

From the suspension drawings we also get ey = 0.12m, e, = 0.24m and now we can
calculate

hezh—(ef—i-ebgef)\L):h—ef—)\(eb—ef)

(8.50)
VP
From equation 8.48
Ciot) = mghe sin +mayhe cosp —
—~—
=) ~1
Y(Ciot — mghe) = mayhe — (8.51)

mayhe

B Ctot - mghe
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F12 ) leg and Q.

Since we are driving in a curve in steady-state, Fi2 , F.12 and a, are all constant
and can be calculated according to

F12 = (1 — /\)may
Feiz = (1= A)mg (8.52)
v}
ay = E
Now
F.19

Fz,outer = 2 +A

(1 - )\)mg + Cf@/) + F12€f
2 Sf

(8.53)
= 5416N
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9

Trailers
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901

Fy

Equations of motion

J = F,f — Fib
Vg = ucosy + a(t)siny
vy = —usiny + a(t) cosy

and
U = (Vg,0y,0) = (u,vy,0)
w=(0,0,w)
- o  _ ) - .
U= (5 +wx)0 = (Uy — vyth, Uy + 39, 0)

ot
Force equilibrium '
may = m(vy + vp) = Fy + Fipy —

Fry = —F, +m(vy, + Ugﬂ/})
Equations 9.1 and 9.3 give
Tt = (=Fy + m(vy + vat))) f — Ftb
= mf(vy +vy)) — FtL
The lateral acceleration, a,
Uy = —wip costp + a(t) cosp — d(t)q,l} sint — fi
ay = Uy + vx¢
= (a(t) — ue)) cosp — a(t)hsinep — fip + urp) cos h + a(t)y sin 1
= i(t) cos ) — f9

(9.2)

(9.5)
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Tyre force, F}

Uyt

F, = —Ciay = —C, -, vyy = vy and Uyt = Vy — b@[} —
Vgt
vy — b —usin + a(t) cosh — L) (9.6)
Fy = -G =—-C; ; .
Vg ucos + a(t)siney
Use equations 9.4, 9.5 and 9.6 to write
. . —usi At — I
T = mf(a(t) cos — fi + Loy =S +alt) cos = Ly (9.7)

wcos ) + a(t) sin

Now assume small ¢ so that cosy =~ 1, siny ~ ¢ and |ucos| > |a(t) sintp|. Then,

7= m(att) - 5+ Lo~

2
(J +mf)o + CtuL U+ C Ly = mfi(t) + %a(t) -
. > . GL . omf . CiL (9-8)
Loy eyl eyl prupeey > AL Ry ey >3 S
QCUJO w2 Kl K2

)+ 2woth + with = Kyi(t) + Koalt)



94 Chapter 9. Trailers

902
Use the result from problem 901.
W+ 2wot +wiy = Kid(t) + Kaa(t) (9:9)
Transform into Laplace plane
§20 4 2CwosT + Wil = K15°A + KosA (9.10)

Form the transfer function from the lateral displacement of the coulper, a, to the
yaw angle of the trailer, 1:

K1s> 4+ K»s
Gh(s) = 9.11
As) $2 + 2Cwos + w3 (9-11)
Consider the case when a(t) is a sinusodial function, i.e. when s = jw:
. —Kiw? + jKow
G (jw) = 9.12
A(jw) —w? + j2Cwow + wi (9.12)
Insert the numerical values given
CyL? 30000 - (3 +2)?
2wy = t = B+2)° )
u(J+mf?)  25(1800 + 1000 - 32)
C:L 30000(2 + 3
wi= 22 = 2+3) 139
J+mjf2 1800 + 1000 - 32 (9.13)
K mf 1000 - 3 0978 ’
YT T+ mf2 T 1800+ 1000-32
C.L 30000(2 + 3)
Ky = = = 0.556
7 w(J+mf?) ~ 1800+ 1000 - 32
The transfer function is then
—0.278w? + j0.556
G (jw) = ot oo (9.14)

—w? + j2.78w + 13.9

Use equation 9.14 to create bode plots, see figure 9.1.
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Phase (deg); Magnitude (dB)

Bode Diagrams, problem 902

From: U(1)

To: Y(1)

0 1

10 10

Frequency (rad/sec)

Figure 9.1.




