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* Because of the generally complex velocity
variation within the field, we expect the element

not only to from one position but also to
have its volume changed ( ), to

, and to undergo a change in shape
( )-

Fluid Element
Kinematics

Element at 15 Element at t,+ &1

General Translation Rotation Angular
motion deformation deformation
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* The acceleration is also concisely expressed as
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Dt
* where the operator
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Fluid Element Dt ¢ 9x oy 97

Kinematics
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. In vector notation




Linear Motion
and Deformation




Linear Motion
and Deformation
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Angular Motion
and Deformation
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Conservation
of Mass

Conservation of mass requires that the mass, M,
of a system remain constant as the system moves
through the flow field. In equation form this
principle is expressed as

System Control Volume
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* The differential equation for conservation of mass
is

dp  dpu) d(pv) Ipw)
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Differential Form
of Continuity

Equation
* For flow of fluids
V:-pV =0
* For fluids
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* Steady, incompressible, plane, two-dimensional
flow represents one of the simplest types of flow
of practical importance. For this flow the

continuity equation reduces to
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The Stream

Function * The , Which relates the velocities as
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* Lines along which psi is constant are streamlines.

Streamline

The Stream
Function
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The Stream
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* |In cylindrical coordinates the continuity equation
for incompressible, plane, two-dimensional flow

reduces to

The Stream
Function




Problems

6.4 The three components of velocity in a flow field are
given by

u=x>+y+z?
'I.} .

w= —3xz—2z%/2 + 4

(a) Determine the volumetric dilatation rate and interpret the
results. (b) Determine an expression for the rotation vector. Is
this an irrotational flow field?




Problems

Volumedric dilatation vate = /Eg_ ¢.9 )

Thus, tor velocity eomponents g1/en

volumetric dilalabion rate = 2x + (x+2) + (~3%-2) = O

This result indicates That There 1s no chamge n  The

Volume of a Fluid elemend a5 1t pnoves from one
[0Cation to anethenr.

(5) From £gs. 612,613 and 614 with The velocry tomposerts

g1ven

wé:é- f,{-j——;‘)=é(5-25)=‘§



Problems

6.9 A viscous fluid i1s contained in the space between con-
centric cylinders. The inner wall is fixed, and the outer wall ro-
tates with an angular velocity w. (See Fig. P6.9a and Video
V6.1.) Assume that the velocity distribution in the gap is linear
as illustrated in Fig. P6.9b. For the small rectangular element
shown in Fig. P6.9b, determine the rate of change of the right
angle vy due to the fluid motion. Express your answer in terms
of rg, r;, and w.




6.12 For each of the following stream functions, with units
- 3 . . .
of m“/s, determine the magnitude and the angle the velocity
vector makes with the x-axis at x = I m, y = 2 m. Locate any

stagnation points in the flow field.
(a) iy = xv |
(b)y & =-—-2x"+y

Problems




Frem the detinition of The stram funchon,
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Where C 1s an arbitrary constant .




6.17 Make use of the control volume shown in Fig. P6.17
to derive the continuity equation in cylindrical coordinates

(Eq. 6.33 in text).

Problems

Volume element
has thickness d 7




Problems

6.19 In a certain steady, two-dimensional flow field the
fluid density varies linearly with respect to the coordinate x;

that is, p = Ax where A is a constant. If the x component of ve-
locity u 1s given by the equation # = vy, determine an expres-
sion for v.
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Where  Fix) is an arbitrary Ffunction A .




* To develop the differential, linear momentum
equations we can start with the linear momentum

equation

Conservation of
Linear

-
P

Momentum 9 o .
2 Fcuntents of the — l AY P d¥V + l
Jev

control volume or

VpV - ndA

o CD
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Om Di
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* In general, two types of forces need to be
considered: , Which act on the
surface of the differential element, and

, Which are distributed throughout the
element.

Description of
Forces Acting on
the Differential
Element

.
™ Arbitrary
surface




Description of
Forces Acting on
the Differential
Element

.
™ Arbitrary
surface
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Description of
Forces Acting on
the Differential
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The expressions for the body and surface forces

can now be used to develop the equations of
motion.

om a,
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Equations of
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* Flow fields in which the shearing stresses are
assumed to be negligible are said to be h
, or

Inviscid Flow
ou ou
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Inviscid Flow (V- V)V o EV(V V) = VX (V X V)
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A\ 1 5
“Pds + SV(VY) - ds + gVz-ds = [V x (V x V)] - ds

p

(VX (VXV)]-ds=0

Inviscid Flow

p V2
L4 Y + g7 = constant
P - _

* inviscid flow
* steady flow
* incompressible flow

* flow along a streamline



Uniform Boundary
approach velocity
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/
1 i
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Inviscid
irrotational
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\ ’—— Entrance region

o

Inviscid Flow Uniform

entrance
velocity

Inviscid,
irrotational core

En:-undarir layer




Inviscid Flow * For an incompressible fluid we know from

conservation of mass that




* For some problems it will be convenient to use
cylindrical coordinates,

%, | o
ar o6

o 1 0 db

s

ar r o6 a7

V()=

Inviscid Flow ' : € ‘
V = v,.€e, + Vy€y + v.k£,




* A major advantage of Laplace’s equation is that
it is a

* The practical implication of this result is that if we
have certain basic solutions we can combine them

to obtain more complicated and interesting
solutions.

Some Basic,
Plane Potential
Flows




Some Basic,
Plane Potential
Flows

* We know that by defining the velocities in terms
of the stream function, conservation of mass is
identically satisfied. If we now impose the
condition of irrotationality, it follows that

ou ov

o0x

o [ o o [ o
dy \ dy ox \ 0x
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0
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dx along s = constant

dch A
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Some Basic,

Plane Potential

" — U(x cos a + y sin «)

U(y cos @ — x sin «)
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Some Basic, o Py 0
Plane Potential
Flows




Y= constant

Some Basic,
Plane Potential

Flows




Some Basic,

Plane Potential
Flows




* A mathematical concept commonly associated

with vortex motion is that of

Some Basic,
Plane Potential
Flows




Some Basic,
Plane Potential
Flows




Some Basic,
Plane Potential
Flows
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Some Basic,
Plane Potential
Flows
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Superposition of
Basic, Plane
Potential Flows
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Superposition of
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Potential Flows

y = nbU
Stagnation point '
Stagnation
point
AN

Source
- b L




Superposition of
Basic, Plane
Potential Flows

y = nbU

Stagnation point

Stagnation
point
AN

Source
- b L




Superposition of
Basic, Plane
Potential Flows

m ]
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Superposition of
Basic, Plane
Potential Flows
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Superposition of
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Vg, = —2U sin 6

Superposition of
Basic, Plane
Potential Flows
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Superposition of
Basic, Plane
Potential Flows
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A liquid drains from a large tank through a small opening as illustrated in Fig. E6.6. A vor-

E XAM PLE tex forms whose velocity distribution away from the tank opening can be approximated as
6 6 that of a free vortex having a velocity potential

I
h=—"0

—

]

Determine an expression relating the surface shape to the strength of the vortex as specified
by the circulation T

V6.2 Vortex in a
beaker

B FIGURE EG6.6




SoLution

Since the free vortex represents an irrotational flow field, the Bernoulli equation

l-'rj V3
< SR UM . SR S
2g 2g

can be written between any two points. If the points are selected at the free surface, p, = p,
= (), so that

Vi
2
where the free surface elevation, z,, 1s measured relative to a datum passing through point (1).
The velocity 1s given by the equation
1 b I
rafh 2ar

(1)

™ =

We note that far from the origin at point (1), V; = v, = 0 so that Eq. | becomes

]._'2

——— (Ans)
8mrog

which 1s the desired equation for the surface profile. The negative sign indicates that the sur-
face falls as the origin 1s approached as shown in Fig. E6.6. This solution is not valid very
near the origin since the predicted velocity becomes excessively large as the origin is
approached.

o




Problems

6.31 [t is known that the velocity distribution for two-
dimensional flow of a viscous fluid between wide parallel plates
(Fig. P6.31) is parabolic; that is,

v\
=U|1—-(=
! ! (h)]

with » = 0. Determine, if possible, the corresponding stream

function and velocity potential.



Io determime The stream zmcéan /.:t’
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VA [_’7 N + A ex)

Stnce 1= 5..’.& =o 15 net a function of x so That
s Uy [/-3(,,)]+c

where C /s an arbitrary constant.

To determine the velocity Poff’ﬂffd/ let

W= oY = -
w=m [ -Gy]
and inteqrate with rvespect to X to obi-qm

[44 = ) % [i- ] o
g= T [x-6E ]+ £

_2Uxy | & HY

T Iy
and This reldtionship  cannot be salished For all valyes of
X and 4. Thus, There IS not a wvelocity potentiz) That
describes This Flow ( The flow 1s not ivrotational)

obtarn

Problems

40wew r)




Problems

6.47 Water flows over a flat surface at 4 ft/s, as shown in
Fig. P6.47. A pump draws off water through a narrow slit at a
volume rate of 0.1 ft*/s per foot length of the slit. Assume that
the fluid is incompressible and inviscid and can be represented
by the combination of a uniform flow and a sink. Locate the
stagnation point on the wall (point A) and determine the equa-
tion for the stagnation streamline. How far above the surface,
H, must the fluid be so that it does not get sucked into the slit?

4 ft/s

0.1 ft¥s
(per foot of length of slit)



Problems

6.49 The velocity potential for a spiral vortex flow is given
by ¢ = (I'/2mw) 6 — (m/2m) In r, where I' and m are con-
stants. Show that the angle, «, between the velocity vector and
the radial direction is constant throughout the flow field (see
Fig. P6.49).




For Tne velocity potential given,

Problems

Thus) br a glven (7 and m The ang)e o is
a ConS'an__é.




Problems

6.59 Assume that the flow around the long, circular cylin-
der of Fig. P6.59 is nonviscous and incompressible. Two pres-
sures, p, and p,, are measured on the surface of the cylinder,
as illustrated. It is proposed that the free-stream velocity, U, can
be related to the pressure difference Ap = p, — p, by the equa-
tion

| Ap
Lf = C '\u'l _*
) }-:]

where p is the fluid density. Determine the value of the con-
stant C. Neglect body forces.



Problems

6.67 A long, porous pipe runs parallel to a horizontal plane
surface, as shown in Fig. P6.67. The longitudinal axis of the
pipe is perpendicular to the plane of the paper. Water flows ra-
dially from the pipe at a rate of 0.5 7 {t’/s per foot of pipe. De-
termine the difference in pressure (in Ib/ft*) between point B
and point A. The flow from the pipe may be approximated by
a two-dimensional source. Hint: To develop the stream function
or velocity potential for this type of flow, place (symmetrically)
another equal source on the other side of the wall. With this
combination there is no flow across the x axis, and this axis can
be replaced with a solid boundary. This technique is called the

method of images.

4 ft
B FIGURE P6.67




Problems
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Problems Thus, from The Bernoulli equation
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0.00620 psf




* For incompressible Newtonian fluids it is
known that the stresses are linearly related to

the rates of deformation and can be expressed

Au Jv
Ty = M|\ —— +
ay X

in Cartesian coordinates as

Viscous Flow

Jv  ow
I
0z dy

oW ou
L _+_ L
ox d7

* where p is the pressure, the negative of the

average of the three normal stresses



Viscous Flow

In cylindrical polar coordinates the stresses for

incompressible Newtonian fluids are expressed

as

vy N la’v_r
"\ r I o6

vy 1 avz)
T
0z r o6

Jv, I,
L + L |
oz adr



* The stresses as defined in the preceding section
can be substituted into the differential

equations of motion and simplified by using
the continuity equation to obtain

Viscous Flow u u au ou ap Pu 9 u
p\ - tu—+vo_—+tw_—-|=—"—"+pg,tu\-—3+t-3+
Jr dx ady )’ ox 00X Ay

—tu—+v—+w—|=———+pg +tun
ot ox ay az. ady o

ant oy

v v v v ap v P
p + +

t:’\ w aw aw EPY
P\ + u - + v - + w -
or ox ay




Viscous Flow

|

* In terms of cylindrical polar coordinates, the
Navier—Stokes equation can be written as
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ar adr r ob r

1 dp N N 1o/ ov, v 1 0%, N
—— g —| r - — + 5
rog PRI\ e )T 2T 20
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v, v,
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Jt ar

fi"’l?‘__,) 1 v,
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ar r? 96?



Viscous Flow

|

* In terms of cylindrical polar coordinates, the
Navier—Stokes equation can be written as

IV My  VydVy VU AV
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ar adr r ob r
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* For incompressible Newtonian fluids it is
known that the stresses are linearly related to

the rates of deformation and can be expressed

Au Jv
Ty = M|\ —— +
ay X

in Cartesian coordinates as

Viscous Flow

Jv  ow
I
0z dy

oW ou
L _+_ L
ox d7

* where p is the pressure, the negative of the

average of the three normal stresses



Viscous Flow

In cylindrical polar coordinates the stresses for

incompressible Newtonian fluids are expressed

as
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T
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* The stresses as defined in the preceding section
can be substituted into the differential

equations of motion and simplified by using
the continuity equation to obtain

u ou ou 0L o) a%u
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ot ox ady ) o ay”

Viscous Flow

— + u— + V— +
ot ox ay

- - - - - -7 - -7
Jv Jv v oJ) J“v J°v v
P o + + 5

ant oy

of ox dy

P( + V- T‘) = —T-"'l[}‘ T pg + P{,?"'V

Cdt




Viscous Flow

|

* In terms of cylindrical polar coordinates, the
Navier—Stokes equation can be written as

IV My  VydVy VU AV
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Some Simple
Solutions for
Viscous,

Incompressible

Fluids
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Steady, Laminar
Flow in Circular

Tubes _ i
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Steady, Laminar
Flow in Circular

Tubes
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Steady, Laminar
Flow in Circular

Tubes
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Steady, Laminar
Flow in Circular
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Numerical

Methods

Of the various techniques available for the
numerical solution of the governing differential
equations of fluid flow, the following three
types are most common: (1) the
method, (2) the (or
) method, and (3) the
method.

In each of these methods the continuous flow
field (i.e., velocity or pressure as a function of
space and time) is described in terms of

(rather than continuous) values at




A wide moving belt passes through a container of a viscous liquid. The belt moves vertically

E X AM P L E upward with a constant velocity, V,,, as illustrated in Fig. E6.9. Because of viscous forces the

6.9 belt picks up a film of fluid of thickness h. Gravity tends to make the fluid drain down the belt.
) Use the Navier—Stokes equations to determine an expression for the average velocity of the flud
film as it 1s dragged up the belt. Assume that the flow i1s laminar, steady, and fully developed.

alls

_..-""'-‘ Fluid layer
Vp _

B FIGURE E6.9




SoLution

Since the flow is assumed to be fully developed, the only velocity component is in the v di-
rection (the v component) so that w = w = 0. It follows from the continuity equation that
dv/dy = 0, and for steady flow av/at = 0, so that v = v(x). Under these conditions the
Navier—Stokes equations for the x direction (Eq. 6.127a) and the z direction (perpendicular
to the paper) (Eq. 6.127¢) simply reduce to

d )
—==0 ==
ax dz

0

This result indicates that the pressure does not vary over a horizontal plane, and since the
pressure on the surface of the film (x = h) is atmospheric, the pressure throughout the film
must be atmospheric (or zero gage pressure). The equation of motion in the y direction

(Eq. 6.127b) thus reduces to

2

0=-pg+p—s

Integration of Eq. 1 yields

dv ¥
—=—x+ (2)
de M
On the film surface (x = h) we assume the shearing stress is zero—that is, the drag of the
air on the film is neghgible. The shearing stress at the free surface (or any interior parallel

surface) 1s designated as 7,,, where from Eq. 6.1254

_(dv
T = B




Thus, if 7., = 0 at x = A, it follows from Eq. 2 that

vh
cy — —
L

A second integration of Eq. 2 gives the velocity distribution in the film as
v = ﬁf —%h.r + ¢
At the belt (x = 0) the fluid velocity must match the belt velocity, Vi, so that
c; =W
and the velocity distribution is therefore
vy , vh
'L‘=ﬂ.r—j.r+ H—,
With the velocity distribution known we can determine the flowrate per unit width, g.
from the relationship

- h i o }’fl
ﬂi‘:J vdx = ‘ ( f——x+'~“ru)dx
0 Jo N2 M

L
g = Voh — ﬂ

The average film velocity, V (where g = Vh), is therefore

vh?
11‘: — r

,:]—E (Ans)

It is interesting to note from this result that there will be a net upward flow of liquid (positive
V) only if Vi > yh*/3u. It takes a relatively large belt speed to lift a small viscosity fluid.

\




Problems

6.81 Two immiscible, incompressible, viscous fluids hav-
ing the same densities but different viscosities are contained be-
tween two infinite, horizontal, parallel plates (Fig. P6.81). The
bottom plate is fixed and the upper plate moves with a constant
velocity U. Determine the velocity at the interface. Express your
answer in terms of U, w,, and p,. The motion of the fluid is
caused entirely by the movement of the upper plate; that is,
there is no pressure gradient in the x direction. The fluid ve-
locity and shearing stress are continuous across the interface
between the two fluids. Assume laminar flow.
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Problems

Since The velocity distribution 15 linear 1w each layer
The shearing stress
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P4.36 A constant-thickness film of viscous liquid flows in lami-
nar motion down a plate inclined at angle #, as in Fig. P4.36.
The velocity profile is

u=Cy(2h —y) v=w=20

Find the constant C in terms of the specific weight and vis-
cosity and the angle #. Find the volume flux  per unit width
in terms of these parameters.

Problems




Problems

6.93 An incompressible Newtonian fluid flows steadily be-
tween two infinitely long, concentric cylinders as shown in
Fig. P6.93. The outer cylinder is fixed, but the inner cylinder
moves with a longitudinal velocity V,, as shown. For what value
of V,; will the drag on the inner cylinder be zero? Assume that
the flow is laminar, axisymmetric, and fully developed.

Fixed wall ~_



Problems
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Problems

6.71 For a two-dimensional incompressible flow in the
x—y plane show that the z component of the vorticity, ¢, varies
in accordance with the equation

What is the physical interpretation of this equation for a non-
viscous fluid? Hint: This vorticity transport equation can be de-
rived from the Navier—Stokes equations by differentiating and
eliminating the pressure between Egs. 6.127a and 6.127b.




P4.82 A solid circular cylinder of radius R rotates at angular ve-

locity £} in a viscous incompressible fluid which is at rest
far from the cylinder, as in Fig. P4.82. Make simplifying
assumptions and derive the governing differential equation
and boundary conditions for the velocity field v, in the fluid.
Do not solve unless you are obsessed with this problem.
What is the steady-state flow field for this problem?

vy (r, 0, 1)

Problems
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Similitude;, Dimensional Analysis, and Modeling




Very few problems involving real fluids can be solved
by analysis alone. The solution to many problems is
achieved through the use of a combination of

and

An obvious goal of any experiment is to make the
results as widely applicable as possible.

The concept of is often used so that
measurements made on one system (for example, in the
laboratory) can be used to describe the behavior of
other similar systems (outside the laboratory).

The laboratory systems are usually thought of as
and are used to study the phenomenon of
interest under carefully controlled conditions.

From these model studies, can
be developed, or specific predictions of one or more

of some other similar system can be
made.



* To illustrate a typical fluid mechanics problem in
allel is required, consider the
steady flow of an incompressible Newtonian fluid
through a long, smooth-walled, horizontal, circular

pipe.

* The first step in the planning of an experiment to
study this problem would be to decide on the
factors, or variables, that will have an effect on
the pressure drop per unit length.

* We expect the list to include the f
the A , and the
, at which the fluid is flowing through the

pipe. Thus, we can express this relationship as




* To perform the experiments in a meaningful and
systematic manner, it would be necessary to
change one of the variables, such as the velocity,
while holding all others constant, and measure the

corresponding pressure drop.

D, p, u— constant "1 V. p, u— constant

Dimensional
Analysis

D, p, V= constant
D, V, u— constant




Dimensional
Analysis

Rather than working with the original list of
variables, we can collect these into two
combinations of variables (called
or )

so that

Thus, instead of having to work with five
variables, we now have only two.




* A quick check of the dimensions of the two groups
shows that they are in fact ;
that is,

D Ap, L(F/L°)

AN — it ——— o L
pV~© (F L_dT‘)(LT N 1)"

pVD  (FL™*T*)(LT™')(L)
» (FLTT)

I I . 07070
Dimensional = [ O70pC

Analysis M

* Not only have we the numbers of
variables from five to two, but the new groups
are dimensionless combinations of variables.

* This type of analysis is called



* A fundamental question we must answer is how
many dimensionless products are required to
replace the original list of variables?

Buckingham Pi
Theorem

uy = f(up. us, . .., uy)

I—[1 - QS(HZ* H?.n SN Hk—r)




Several methods can be used to form the
, or , that arise in a
dimensional analysis.

Essentially we are looking for a method that will

allow us to systematically form the pi terms so

that we are sure that they are and
, and that we have the right number.

The method we will describe in detail in this
section is called the



Step 1. List all the variables that are involved in
the problem.

The determination of the variables must be
accomplished by the
and the

Typically the variables will include those that are
necessary to describe the of the system
(such as a pipe diameter), to define any
(such as a fluid viscosity), and to indicate
that influence the system (such as a
driving pressure drop per unit length).

Since we wish to keep the number of variables to a
, so that we can minimize the amount of
laboratory work, it is important that all variables be



Step 2. Express each of the variables in terms of
basic dimensions.

Step 3. Determine the required number of pi
terms.

* This can be accomplished by means of the
Buckingham pi theorem, which indicates that the
number of pi terms is equal to k — r where k is the
number of variables in the problem (which is
determined from Step 1) and r is the number of
reference dimensions required to describe these
variables (which is determined from Step 2).

* There may be occasions (usually rare) in which the
basic dimensions appear in combinations so that the
number of reference dimensions is less than the
number of basic dimensions.



Step 4. Select a number of repeating variables,
where the number required is equal to the
number of reference dimensions.

. must be
included within the group of repeating variables.

* Each repeating variable must be
. This means that the
repeating variables cannot themselves be
combined to form a dimensionless product.

* Do not choose the as one of
the , Since the repeating
variables will generally appear in more than one
pi term.



Step 5. Form a pi term by multiplying one of
the nonrepeating variables by the product of the
repeating variables, each raised to an exponent
that will make the combination dimensionless.

Step 6. Repeat Step 5 for each of the remaining
nonrepeating variables.

Step 7. Check all the resulting pi terms to make
sure they are dimensionless.

Step 8. Express the final form as a relationship
among the pi terms, and think about what it
means.

H] — {'fl(HEﬂ H3




* To illustrate these various steps we will again
consider the steady flow of an incompressible
Newtonian fluid through a long, smooth-walled,

horizontal circular pipe.

Determination Ap, = f(D, p, . V)
of Pi Terms




According to the pi theorem there will
be (5 — 3) or two pi terms required.

The repeating variables to be used to
form the pi terms need to be selected from the
list.

We would start with the dependent
variable and combine it with the repeating
variables to form the first pi term; that is,




H | = &p{Da ‘!rb pc

(FL—S?)(L){I(LT— 1 )f?(FL_—dTE)C - FUL-DTU
Determination

of Pl Terms l+c=0 (forF)

—3+a+b—4c=0 (for L)
—b + 2c =0 (for T)




Determination
of Pi Terms

The process is now repeated for the
remaining nonrepeating variables

H = 1 Da VE: pc

(FL—ET)(L)Q(LT— l)b(FL—-iTE)C - F{]LOTG

l+c=0
—24+a+b—4c =0

| —b+2c=0



At this point stop and check to make
sure the pi terms are actually dimensionless

D (FLT)L)
2 (FL*T?)(LT')
Determination (FL_ET)

| ; e FO7 070

— FGLGT[]

~ ApD | (MLT*T7?)(L)
pV?  (ML)(LT ')
(ML™'T™

S . ———,— fﬂLﬂTU
(LYLT)(ML™)

- ﬂ f UL[]-T 0




Determination
of Pi Terms

Finally, we can express the result of the
dimensional analysis as

Dimensional analysis will provide the form of
the function. This can only be obtained from a
suitable set of

If desired, the pi terms can be




For most engineering problems, pertinent variables
can be classified into three general groups—
" , and

The geometric characteristics can usually
be described by a series of lengths and angles.

The material properties that
relate the external effects and the responses must
be included as variables.

This terminology is used to denote
any variable that produces, or tends to produce, a
change in the system.

Since we wish to keep the number of variables to a
minimum, it is important that all variables are



* |t is also important to know how many
are required to describe the
variables.

* , ,and ' appear to be a convenient set of
for characterizing fluid-mechanical
quantities. There is, however, really nothing
“fundamental” about this set, and as previously
noted , , and would also be suitable.

* We occasionally find that the number of
reference dimensions needed to describe all
variables is smaller than the number of basic
dimensions. This point is illustrated in Example 7.2.



An open, cylindrical tank having a diameter D is supported around its bottom circumference
XA M PLE and is filled to a depth i with a liquid having a specific weight y. The vertical deflection, 8,

7 2 of the center of the bottom is a function of D, h, d, y. and E., where d is the thickness of the
bottom and E is the modulus of elasticity of the bottom material. Perform a dimensional

analysis of this problem.




§oLution

From the statement of the problem
8 = f(D,h,d, v, E)

and the dimensions of the variables are

&=L

D=L

h=1L

d= L

y=FL =ML T’

E=FL*=ML'T?




where the dimensions have been expressed in terms of both the FLT and MLT systems.

We now apply the pi theorem to determine the required number of pi terms. First, let
us use F, L, and T as our system of basic dimensions. There are six variables and two ref-
erence dimensions (F and L) required so that four pi terms are needed. For repeating vari-
ables, we can select D and -y so that

[T, = 6 D%
(LWHFL ) = L

1+a—3b=0 (for L)
b=10 (for F)
Therefore, a = —1. b = 0, and

l_[|:

o
D

Similarly,
nz =h Dﬂ'}’b




The remaining two pi terms can be found using the same procedure, with the result
E

[y =—

Dry

Thus, this problem can be studied by using the relationship

(Ans)

=¢| —.—
D DD’ Dy,

O ( h d E )

Let us now solve the same problem using the MLT system. Although the number of
variables is obviously the same, it would seem that there are three reference dimensions re-
quired, rather than two. If this were indeed true it would certainly be fortuitous, since we
would reduce the number of required pi terms from four to three. Does this seem right? How
can we reduce the number of required pi terms by simply using the MLT system of basic
dimensions? The answer is that we cannot, and a closer look at the dimensions of the variables
listed above reveals that actually only two reference dimensions, MT 2 and L, are required.




This is an example of the situation in which the number of reference dimensions differs
from the number of basic dimensions. It does not happen very often and can be detected by
looking at the dimensions of the variables (regardless of the systems used) and making sure
how many reference dimensions are actually required to describe the variables. Once the
number of reference dimensions has been determined, we can proceed as before. Since the
number of repeating variables must equal the number of reference dimensions, it follows that
two reference dimensions are still required and we could again use D and 7y as repeating vari-
ables. The pi terms would be determined in the same manner. For example, the pi term con-
taining E would be developed as

(ML—]T—])(L)H(ML—]T—Z)E' - (MT—E)[]L[]
1+b=0  (forMT?)

—1+a—2b=10 (for L)
and, therefore, a = —1. b = —1 so that

E

M, = —
4 DT

which is the same as [, obtained using the FLT system. The other pi terms would be the
same, and the final result is the same; that is,

h d E
(Ans)

This will always be true—you cannot affect the required number of pi terms by using M, L,
and T instead of F, L, and T, or vice versa.




Uniqueness of
Pi Terms

A little reflection on the process used to
determine pi terms by the method of repeating
variables reveals that the specific pi terms
obtained depend on the somewhat

selection of repeating variables.

There is a which arises
from a dimensional analysis. However, the
is

Once a correct set is determined all other
possible sets can be developed from this set by
combinations of products of powers of the
original set.



Uniqueness of
Pi Terms

Thus, if we have a problem involving, say,
ferms,

where a and b are arbitrary exponents.
relationship could be expressed as

(T4, T1

H] — (f)z(nz, HE)

three pi

Then the

(;\ p_{-D') (pVD ) _ ApD?
pV: )\ 1 Vi




Common

Dimensionless
Groups in Fluid

Mechanics

Dimensionless
Groups

Name

Interpretation (Index of

Types of

Force Ratio Indicated)

pVe

Reynolds number, Re

Froude number, Fr

Euler number, Eu

Cauchy number,” Ca

Mach number,* Ma

Strouhal number, St

Weber number, We

inertia force

viscous force

inertia force
gravitational force

pressure force

inertia force

inertia force

compressibility force

inertia force

compressibility force

inertia (local) force

inertia (convective) force

inertia force

surface tension force

Applications

Generally of importance in
all types of fluid dynamics
problems

Flow with a free surface

Problems in which pressure,
or pressure differences, are
of interest

Flows in which the
compressibility of the fluid
is important

Flows in which the
compressibility of the fluid
in important

Unsteady flow with a
characteristic frequency of
oscillation

Problems in which surface
tension is important




Problems

7.7 It is desired to determine the wave height when wind
blows across a lake. The wave height, H, is assumed to be a
function of the wind speed, V, the water density, p, the air den-
sity, p,, the water depth, d, the distance from the shore, {, and
the acceleration of gravity, g, as shown in Fig. P7.7. Use d, V.
and p as repeating variables to determine a suitable set of pi

*

terms that could be used to describe this problem.
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Problems

Fop T ! o
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7.17 When a fluid flows slowly past a vertical plate of

height & and width b (see Fig. P7.17), pressure develops on the
face of the plate. Assume that the pressure, p, at the midpoint
of the plate is a function of plate height and width, the approach
velocity, V, and the fluid viscosity, p. Make use of dimensional
analysis to determine how the pressure, p, will change when
the fluid velocity, V, is doubled.

Problems

Plate width = b




Problems

7.19 The viscosity, u, of a liquid can be measured by de-
termining the time, f, it takes for a sphere of diameter, d, to
settle slowly through a distance, €, in a vertical cylinder of di-
ameter, D, containing the liquid (see Fig. P7.19). Assume that

t=f(f.d.D, n, Ay)

where A<y is the difference in specific weights between the
sphere and the liquid. Use dimensional analysis to show how f
is related to p, and describe how such an apparatus might be
used to measure viscosity.

- Cylinder
P




Problems

i=7 AL A=l bl AYEFRCT R RCCT
Frem The pi Theoyem, §=3= 3 piderms veguved . By mjfﬂ.ﬁw

for T, (tonteinidg f:}

7 = tArd . (T)(F3)(L)

CAT T rFeiT ) =T

Cﬁf{:g ﬂ:‘f&j MLT* 1'._.'43"51’ ) (‘T‘J rHL__ET—;Jl fi.] L -
E s e = 00T
A ( Me='7™")
For T (containis D). D
P
Which 15 obviously dimensionless
Ao [P (eontains L) i
- X
7?:3' I
Which I5s obviousls dimensionless . Thus,

AT _ oog
tavd . $(2,4)

and fer & fiied Geemetry
fﬂ&‘d c

wﬂm 4 K oQ ﬁmsi"mnf er
J; -‘_.il.‘.']a’f = C’M’rr

C

M.Llrf I::Ir" .g a- Constant dor a e d 3earneﬁ-5 Tﬁuf‘, For
Ths demee o ¢ b ()

The Constant C, @an be dedermined -E'f; Oaly brakion it a
’P'ery ":’r ‘fnau‘n u‘-‘-”l!ﬂf”"j. i’-’;n ﬂ:, "ﬁlﬂw‘n The V!:'}-EES.';}I, a‘r

oTher Fluds Caw be delermined Threagh & m egsavemend
of Thy Fimie + i EﬁﬂJ’anﬁﬂ}r [AYrE Eg_fl}_




Application of the pi theorem indicates that if the
number of variables minus the number of reference
dimensions is equal to unity, then only one pi term is
required to describe the phenomenon.

The functional relationship that must exist for one pi
term is

where C is a constant.



XAMPLE
7.3

Assume that the drag, %, acting on a spherical particle that falls very slowly through a viscous
fluid is a function of the particle diameter, d, the particle velocity, V, and the fluid viscosity, p.
Determine, with the aid of dimensional analysis, how the drag depends on the particle velocity.




SoLuTion

From the information given, it follows that
9 =f(dV, )
and the dimensions of the variables are
% =F
d=1L
V=LT"!
w= FL*T

We see that there are four variables and three reference dimensions (F, L. and T) required to
describe the variables. Thus, according to the pi theorem, one pi term is required. This p1

term can be easily formed by inspection and can be expressed as

- g
' ouvd




Since there is only one p1 term, it follows that

ay

wVd

C

% = CuVd
Thus, for a given particle and fluid, the drag varies directly with the velocity so that
9 oc V (Ans)

Actually, the dimensional analysis reveals that the drag not only varies directly with
the velocity, but it also varies directly with the particle diameter and the fluid viscosity. We
could not, however, predict the value of the drag, since the constant, C, is unknown. An
experiment would have to be performed in which the drag and the corresponding velocity
are measured for a given particle and fluid. Although in principle we would only have to run
a single test, we would certainly want to repeat it several times to obtain a reliable value for
C. It should be emphasized that once the value of C is determined it is not necessary to run
similar tests by using different spherical particles and fluids; that is, C is a universal constant
so long as the drag is a function only of particle diameter, velocity, and fluid viscosity.




An approximate solution to this problem can also be obtained theoretically, from which
it 1s found that C = 37 so that

:1 = 347 L Vd

This equation is commonly called Stokes law and is used in the study of the settling of

particles. Our experiments would reveal that this result is only valid for small Reynolds num-
bers (pVd/p < 1). This follows. since in the original list of variables, we have neglected in-
ertial effects (fluid density is not included as a variable). The inclusion of an additional variable
would lead to another p1 term so that there would be two pi1 terms rather than one.




Correlation of
Experimental
Data

I3 = C; (constant)

* For more complicated problems, it is often more
feasible to use to predict specific
characteristics of the system rather than to try to
develop general correlations.



A is a representation of a physical system
that may be used to the behavior of the
system in some desired respect.

The physical system for which the predictions are
to be made is called the

Usually a model is than the prototype.

With the successful development of a valid
model, it is possible to the behavior of the
prototype under a certain set of conditions.

We may also wish to examine a priori the effect
of that are proposed for
a hydraulic structure or fluid-flow system.



* The theory of models can be readily developed
by using the principles of dimensional analysis.

I—[1 — (b(HE* H?n- RN HH)

* |f the above equation describes the behavior of
a particular prototype, a similar relationship can
be written for a model of this prototype; that is,

Theory of
Models




Theory of
Models

* Consider the problem of determining the drag, on

* a thin rectangular plate placed normal to a fluid

with velocity.

W p Vw)
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Theory of
Models
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* With the foregoing similarity requirements
satisfied, the prediction equation for the drag is

=L

2 72
WinPm V m

() GG
o -‘[ m
m p m ‘ rm

* Thus, a measured drag on the model, must be
multiplied by the ratio of the square of the plate
widths, the ratio of the fluid densities, and the
ratio of the square of the velocities to obtain the
predicted value of the prototype drag.



Models for which one or more of the similarity
requirements are not satisfied are called
distorted models.

The classic example of a distorted model occurs
in the study of open channel or free-surface
flows.

Typically in these problems both the Reynolds
number, and the Froude number, are involved.

Froude number similarity requires

m

V Sm € m
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Problems

7.43 A solid block in the shape of a cube rests partially
submerged on the bottom of a river as shown in Fig. P7.43. The
drag, “, on the block depends on the river depth, d, the block
dimension, A, the stream velocity, V, the fluid density, p, and
the acceleration of gravity, g. (a) Perform a dimensional analy-
sis for this problem. (b) The drag is to be determined from a
model study using a length scale of 1/5. What model velocity
should be used to predict the drag on the prototype located in
a river with a velocity of 9 ft/s? Water is to be used for the
model fluid. Determine the expected prototype drag in terms of
the model drag.
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(b) Fpr similarity bebween model and F-raéu-l-gpe

Problems




Problems

7.50 The drag, “/, on a sphere located in a pipe through
which a fluid is flowing is to be determined experimentally (see
Fig. P7.50). Assume that the drag is a function of the sphere di-
ameter, d, the pipe diameter, D, the fluid velocity, V, and the
fluid density, p. (a) What dimensionless parameters would you
use for this problem? (b) Some experiments using water indi-
cate that ford = 0.2 in., D = 0.5in., and V = 2 ft/s, the drag
is 1.5 X 107 ? 1b. If possible, estimate the drag on a sphere lo-
cated in a 2-ft-diameter pipe through which water is flowing

with a velocity of 6 ft/s. The sphere diameter is such that
geometric similarity is maintained. If it is not possible, explain
why not.
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o Boundary layer
Inviscid core v
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Fully developed

flow
D
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Developing
flow

{ _ :
Eﬁ' = ().06 Re for laminar flow

L g

5 =44 (Re)"* for turbulent flow
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flow: dp/dx = constant
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Laminar Flow

Laminar (inviscid)
t(DI2) =, profile profile

J LV =V./2
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Laminar (inviscid)
profile profile
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Laminar Flow ¢

~ (Ap — yEsin)D?

% :
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~ m(Ap — y€sin 0)D*
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Vp )
——] + g + V-V
F

Fully
Developed V-V=0

Laminar Flow ~ _.,
Vp + pgk = uVYV

ox I or

ap _ | ) du
& + pgsin 6 = p(f‘)




Ap = F(V. ¢, D, )

Fully

Developed * |t seems reasonable to impose a further

Laminar Elow assumption that the pressure drop is directly
proportional to the pipe length.




Fully
Developed
Laminar Flow

* The value of C must be determined by theory or
experiment. For a round pipe, C = 32.

Ap = 32ulV/D?

* |t is usually advantageous to describe a process
in terms of dimensionless quantities.

Sy VD) a0y 6 (4
% p‘ﬁ. % pvz ,OVD J\ D Re \ D

= Ap(D/€)/(pV?/2)

* is termed the , or sometimes the



= Ap(D/0)/(pV?*/2)

* The friction factor for laminar fully developed
pipe flow is simply

* By substituting the pressure drop in terms of the
wall shear stress, we obtain an alternate

expression for the friction factor as «
dimensionless wall shear stress




Fully
Developed
Laminar Flow

* consider the energy equation for incompressible,

steady flow between two locations

* Even though the velocity profile in viscous pipe
flow is not uniform, for fully developed flow it
does not change from section (1) to section (2)




Random,

turbulent flﬂf:tuallons Turbulent

Turbulent
bursts

Transitional

Fully

Laminar

Developed
Turbulent Flow

T = time-averaged
(or mean) value




* If u=u(x, y, z) is the x component of instantaneous
velocity, then its (or )
value is

Fully

Developed * The of the velocity, is that time-

Turbulent Flow varying portion that differs from the average

value

l *I@‘FT 'f@—FT
(u —u)dt = T( udt —u ch‘)

JIy JIg

| _
= ?(Tu —Tu)=20




—_—l

—_ ()

Fully
Developed
Turbulent Flow

* The turbulence intensity, is often defined as the
square root of the mean square of the fluctuating

velocity divided by the time-averaged velocity, or




Average velocity profile,
__-Velocity profile, . - T=a)
-~ u=uly) )

F U I I y - Turbulent

eddies

Developed

Turbulent Flow

3 (not merely
as in laminar flow) are randomly

transported across the A-A plane, resulting in a
relatively large (when compared with laminar
flow) shear force.

du

L e — _ d r— ;
T = MK dv PUV = Ty + T turb




Average velocity profile,
__-Velocity profile, . - T=a)
-~ u=uly) )

F U I I y - Turbulent

eddies

Developed

Turbulent Flow

3 (not merely
as in laminar flow) are randomly

transported across the A-A plane, resulting in a
relatively large (when compared with laminar
flow) shear force.

du

L e — _ d r— ;
T = MK dv PUV = Ty + T turb




Fully
Developed
Turbulent Flow

Viscous
sublayer
|

Pipe wall

[ Overlap
layer

Pipe centerline
/

In a very narrow region near the wall (the
), the laminar shear stress is dominant.

Away from the wall (in the ) the
turbulent portion of the shear stress is dominant.

The transition between these two regions occurs in
the

du

_ - ! ! /
T = M v PUV = Tiam T Twrb




* An alternate form for the shear stress for
turbulent flow is given in terms of the

, Where
Fully ; proposed that the turbulent process could
Developed be viewed as the random transport of bundles of

fluid particles over a certain distance, the
Turbulent Flow : )
, from a region of one velocity to another

region of a different velocity.




Fully
Developed
Turbulent Flow

O Experimental data

I , Pipe
Eg. 8.30 centerline

7
)\" —

7

7
ff

sublayer

Fully developed turbulent flow in a pipe can be
broken into three regions which are characterized
by their distances from the wall: the

very near the pipe wall, the , and the
outer throughout the center portion
of the flow.



* In the the velocity profile can be
written in dimensionless form as ( )

* The law of the wall is valid very near the smooth

wall.
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Turbulent Flow

Dimensional analysis arguments indicate that in
the the velocity should vary as the
logarithm of .

where the constants 2.5 and 5.0 have been
determined experimentally.

In the central region (the )
often-used correlation is the empirical




Fully
Developed
Turbulent Flow

Dimensional analysis arguments indicate that in the
the velocity should vary as the
logarithm of .

where the constants 2.5 and 5.0 have been
determined experimentally.

In the (the )
often-used correlation is the empirical power-law
velocity profile

The one-seventh is often
used as a reasonable approximation for many
practical flows.



Fully
Developed
Turbulent Flow

* Closer examination of the above equation shows

that the power-law profile cannot be valid

, Since according to this equation the
velocity gradient is infinite there. In addition, the
equation cannot be precisely valid
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E XAMPLE

Water at 20 °C (p = 998 kg/m” and » = 1.004 X 10~ ° m*/s) flows through a horizontal pipe
of 0.1-m diameter with a flowrate of Q =4 X 10 >m’/s and a pressure gradient of
2.59 kPa/m. (a) Determine the approximate thickness of the viscous sublayer. (b) Determine
the approximate centerline velocity, V.. (c) Determine the ratio of the turbulent to laminar
shear stress, T /Ti.m. at @ point midway between the centerline and the pipe wall (i.e., at
r = 0.025 m).




§oLution

(a) According to Fig. 8.16, the thickness of the viscous sublayer, o;, is approximately

ﬁsu*

The wall shear stress can be obtained from the pressure drop data and Eq
is valid for either laminar or turbulent flow. Thus,

_ DAp  (0.1m)(2.59 X 10° N/m’)
T4 4(1 m)

= 64.8 N/m?

Hence, from Eq. 1 we obtain

_ (54.3 N/m’
Hk“: — _
998 kg/m’

112
) = (0.255 m/s




~5(1.004 X 10"° m’/s)

0.255 m/s

& = 1.97 X 10 ° m = 0.02 mm (Ans)

5
As stated previously, the viscous sublayer is very thin. Minute imperfections on the pipe
wall will protrude into this sublayer and affect some of the characteristics of the flow
(i.e., wall shear stress and pressure drop).

The centerline velocity can be obtained from the average velocity and the assumption
of a power-law velocity profile as follows. For this flow with

0.04 m’/s )
/ = 5.09 m/s

(0.1 m)*/4

the Reynolds number is

VD (5.090 m/s)(0.1 m) _ i
v (1.004 X 10 " m/s)

Thus, from Fig. 8.17, n = 8.4 so that




To determine the centerline velocity, V., we must know the relationship between V
(the average velocity) and V.. This can be obtained by integration of the power-law ve-
locity profile as follows. Since the flow is axisymmetric,

r rr=R 1/m
_ r
Q=AV= | udA =V, (l —E) (27r) dr
| Jr=0

which can be integrated to give

) n*
= 27R°V,
¢ “(n+1)(2n + 1)

Thus, since O = ﬁREV, we obtain

v 2n?

V. (n+1)2n+1)

With n = 8.4 in the present case, this gives
n+ 1)2n +1
_(mrentn

.
2n’

= 6.04 m/s (Ans)

= 1.186V = 1.186 (5.09 m/s)

Recall that V. = 2V for laminar pipe flow.
From Eq. 8.4, which is valid for laminar or turbulent flow, the shear stress at r = 0.025 m
is

27,r  2(64.8 N/m’)(0.025 m)
D (0.1 m)

—_——
d




T = Tiam + Trh = = 324 N-”m_

where
gradient of the average velocity as

du V, (] r){""}f"
dr  nR R

which gives

du _ (6.04 m/s) ( ~0.025 m)'i"ﬂ-4w-4 265k
dr 8.4(0.05m) '

0.05m

du
= _}.:I'_ = —(yp)
= —(1.004 X 10°° mzfs)(f)QS kg/m*)(—26.5/s)
= 0.0266 N/m’
Thus, the ratio of turbulent to laminar shear stress is given by

Tlu]-h T — 'l_l:]'r“ 32.4 - 010266
Tlam Tlam 0.0266

Tlam = — M du/dr. From the power-law velocity profile (Eq. 8.31) we obtain the

(AnNs)

As expected, most of the shear stress at this location in the turbulent flow is due to the

turbulent shear stress.




Problems

8.13 Some fluids behave as a non-Newtonian power-law
fluid characterized by = = —C(du/dr)", where n = 1, 3, 5, and
so on, and C is a constant. (If n = 1, the fluid is the customary
Newtonian fluid.) For flow in a round pipe of a diameter D,
integrate the force balance equation (Eq. 8.3) to obtain the ve-

locity profile

_ —n (Ap\[ . (D\"tUm
u(r) = ——— ( 'Eﬂ) {f‘[’m""'" - (_) ]
T+ n\2tc 2,



8.22 Oil of SG =087 and a kinematic viscosity
v = 2.2 X 10~* m*/s flows through the vertical pipe shown in
Fig. P8.22 at a rate of 4 X 10~* m’/s. Determine the manome-
ter reading, h.

Problems




Problems

3
0 _ 4x0 L .
V= "W = /274 so that

P vb _ (.278)(0.02m)
= g J(#275000.02m)
= EARwYyT 22

The flow is laminar with

" - 52)0* _ 128448
Q=ZREGT", or ap=prpi= e 1

H&ﬂﬂﬁ with §'=86 ¥,0 = 08?(?81"“?) = 8.53 =5 ,g{s gnd
= Y P =¥ $6 Pyo = 222107 2) 0. 97)(!000—51-0,!?:

=1l5<2/00

E{ () gives

” __ —?ﬂ’-‘
np =128 L a2 OmYINTZ) 4 (553 8) (o) 10

N-S
“ni

or
ap= LUAxi0%h: =119 114



Problems

From manemetfer considerations

£ Chtdmh=0h.<f, where f)'ﬂ,:Sgﬂ&;,zﬁf.s(ml X)=/2.7
and by =L+h=h, or hth =Lk

Thus,
prpa=ap= 8lhath)= 4 h = =(8-8)h +34

Combine Egs. (2)and (3 1o give
=—(12.74- sss) Gh+a.s35 ()
{2)e

h=~185p

Note: Since h<0 the manomefer is displaced
in the direction apposite that shown in the .
original figure.

gkl
)”




* The pressure drop, for steady, incompressible
turbulent flow in a horizontal round pipe of
diameter D can be written in functional form as

Ap = F(V.D, {, e, u, p)

* Although the pressure drop for laminar pipe flow
is found to be independent of the of
the pipe, it is necessary to include this parameter
when considering turbulent flow.



B Velocity
“ profile, @ = @ly)

Dimensional
Analysis of
Pipe Flow

Rough wall Smooth wall




Ap = F(V.D, €. &, u, p)

Dimensional

AanYSIS of * As was done for laminar flow, the functional
representation can be simplified by imposing the
reasonable assumption that the pressure drop
should be proportional to the pipe length.

Pipe Flow




Dimensional
Analysis of
Pipe Flow

* For laminar fully developed flow, the value of f is
simply




* The energy equation for steady incompressible

flow is

* With the assumption of a constant diameter so
Dimensional that horizontal pipe with fully developed flow this

Analysis of becomes

Pipe Flow

* The above equation called the
, is valid for any fully developed, steady,
incompressible pipe flow—whether the pipe is
horizontal or on a hill.



It is not easy to determine the functional
dependence of the friction factor on the Reynolds
number and relative roughness.

Much of this information is a result of experiments
conducted by in 1933 and amplified
by many others since then.

, who, along with "
correlated the original data of Nikuradse in
terms of the relative roughness of commercially
available pipe materials.
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For very large Reynolds numbers, f s
independent of the Reynolds number.

For such flows, commonly termed

(or ), the
laminar sublayer is so thin (its thickness decreases
with increasing Re) that the surface roughness
completely dominates the character of the flow
near the wall.

For flows with moderate values of Re, the friction
factor is indeed dependent on both the Reynolds
number and relative roughness.

The gap in the figure for which no values of f are
given is a result of the fact that the flow in this
may be laminar or turbulent.

Note that even for smooth pipes (called
) the friction factor is not
Zero.



* Various investigators have attempted to obtain an
analytical expression for f.

* The following equation from Colebrook is valid
for the entire nonlaminar range of the Moody
chart




EXAMP{IS_E

Air under standard conditions flows through a 4.0-mm-diameter drawn tubing with an aver-
age velocity of V = 50 m/s For such conditions the flow would normally be turbulent. How-
ever, if precautions are taken to eliminate disturbances to the flow (the entrance to the tube
is very smooth, the air is dust free, the tube does not vibrate, etc.), it may be possible to
maintain laminar flow. (a) Determine the pressure drop in a 0.1-m section of the tube if the
flow is laminar. (b) Repeat the calculations if the flow is turbulent.




SDLUTION

Under standard temperature and pressure conditions the density and viscosity are
p=123keg/m’ and o = 1.79 X 10> N - s/m’. Thus, the Reynolds number is

_pVD  (1.23 kg/m’)(50 m/s)(0.004 m) B
T 4 T 179%X10°N-s/m’

13.700
which would normally indicate turbulent flow.

(a) If the flow were laminar, then f= 64/Re = 64/13,700 = 0.00467 and the pressure
drop in a 0.1-m-long horizontal section of the pipe would be

A 0.1m) 1
Ap =fEEJJV' = (0.00467)¥—{1.23 kg/m*)(50 m/s)?

(0.004 m) 2

Ap = 0.179 kPa
Note that the same result is obtained from Eq. 8.8.

R Vo 32(1.79 X 107° N - s/m*)(0.1 m)(50 m/s)

— 2
2 (0.004 m)’ = 179 N/m




(b)

[f the flow were turbulent, then f = gf:(Re., s;,fD}. where from Table 8.1, £ = 0.0015 mm
so that &/D = 0.0015 mm/4.0 mm = 0.000375. From the Moody chart with Re =
1.37 % 10*and /D = 0.000375 we obtain f = 0.028. Thus, the pressure drop in this
case would be approximately

(0.1m) 1

€1
= f— — pV? = (0. _ (5 2
Ap=f 5P (0.028) (0.004 m) 2 (1.23 kg/m”)(50 m/s)

Ap = 1.076 kPa (Ans)

A considerable savings in effort to force the fluid through the pipe could be realized
(0.179 kPa rather than 1.076 kPa) if the flow could be maintained as laminar flow at
this Reynolds number. In general this is very difficult to do, although laminar flow in
pipes has been maintained up to Re = 100,000 in rare instances.

An alternate method to determine the friction factor for the turbulent flow would
be to use the Colebrook formula, Eq. 8.35. Thus,

e/D N 2.51 )
3.7  ReVT

0.000375 N 2.51 )
3.7 1.37 X 10*Vf

= —2.0 lﬂg(

—= —2.0 log(
VI

1.83 % 10‘4)

—2.01log (1.01 X 1074 +



An iterative procedure to obtain f can be done as follows. We assume a value of f
(f = 0.02, for example), substitute it into the right-hand side of Eq. 1, and calculate a
new f(f = 0.0307 in this case). Since the two values do not agree, the assumed value
is not the solution. Hence, we try again. This time we assume [ = 0.0307 (the last value
calculated) and calculate the new value as f = 0.0289. Again this is still not the solu-
tion. Two more iterations show that the assumed and calculated values converge to the
solution f= 0.0291, in agreement (within the accuracy of reading the graph) with the
Moody chart method of f = 0.028.

Numerous other empirical formulas can be found in the literature (Ref. 5) for por-
tions of the Moody chart. For example, an often-used equation, commonly referred to
as the Blasius formula, for turbulent flow in smooth pipes (/D = 0) with Re << 10°
1

For our case this gives

f=0.316(13,700) "% = 0.0292
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The flow pattern through a typical component
such as a valve is shown below.

the head loss information for essentially all
components is given in dimensionless form and
based on experimental data.




* The most common method used to determine these
head losses or pressure drops is to specify the

, Which is defined as

Dimensional
Analysis of
Pipe Flow




* The actual value of loss coefficient is strongly
dependent on the geometry of the component
considered. It may also be dependent on the fluid
properties. That is,

K; = ¢(geometry, Re)

r,

* In most cases of practical interest the loss
coefficients for components are a function of
geometry only,

K; = ¢(geometry)

F




* Minor losses are sometimes given in terms of an

Dimensional
Analysis of

Pipe Flow

* Many pipe systems contain various transition

sections in which the pipe diameter changes from
one size to another.

* The extreme cases involve flow into a pipe from a
reservoir | ) or out of a pipe into a
reservoir ( ).
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() (d)
B FIGURE 8.22 Entrance flow conditions and loss coefficient (Refs, 28, 29). (a) Reen-
trant, K; = 0.8, (b) sharp-edged, K; = 0.5, (¢) slightly rounded, K; = 0.2 (see Fig. 8.24),
(d) well-rounded, K; = 0.04 (see Fig. 8.24).
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Separated flow
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Flow separation _—~"
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(c) (d)
B FIGURE 8.25 Exit flow conditions and loss coefficient. (a) Reentrant, K; = 1.0,
(b) sharp-edged, K; = 1.0, (¢) slightly rounded, K; = 1.0, (d) well-rounded, K; = 1.0.
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* A sudden expansion is one of the few components
(perhaps the only one) for which the loss

coefficient can be obtained by means of a simple
analysis.

Dimensional
Analysis of
Pipe Flow




—————— Control volume

Dimensional
Analysis of AV = A3V;
Pipe Flow

PiAs — p3As = PA3‘-"I3(V3 - V])

Ky, =h/(V /72’)




* The hydraulic diameter defined as is four times
the ratio of the cross sectional flow area divided
by the wetted perimeter of the pipe as is

illustrated below.

V=ulyz)
A = cross-sectional
area

Dimensional

Analysis of AN
: ), = A/P = hydraulic

Plpe FIOW P 4;i;3meley;

Friction Factors for Laminar Flow in Noncircular Ducts (Data from Ref. 18)
L

Parameter

DD,

0.0001
0.01




* The hydraulic diameter defined as is four times
the ratio of the cross sectional flow area divided
by the wetted perimeter of the pipe as is

illustrated below.

V=ulyz)
A = cross-sectional
area

Pipe Flow

P = perimeter —™

of pipe \\\_
E xXam p I es D, =4A/P = hydrauliﬁvﬂ/

diameter

Friction Factors for Laminar Flow in Noncircular Ducts (Data from Ref. 18)
L

Parameter

DD,

0.0001
0.01




E xavpLE
8.8

(TYPE I,
DETERMINE
PRESSURE
DROP)

Water at 60 °F flows from the basement to the second floor through the 0.75-in. (0.0625-ft)-
diameter copper pipe (a drawn tubing) at a rate of Q = 12.0 gal/min = 0.0267 ft’/s and ex-
its through a faucet of diameter 0.50 in. as shown in Fig. E8.8a. Determine the pressure at
point (1) if: (a) all losses are neglected, (b) the only losses included are major losses, or (c) all
losses are included.

K, = 2 based on

I
==

pipe
velocity

s

0.75-in. diameter ©) T -D?:R ' (2)
copper pipe _
5| |10 ft Wide open
l globe valve

(4) 0.50-in.
diameter

0 5
12.0 ,l,g
gal/min )

—
(1) Threaded

90" elbows

|—15ft—

B FIGURE E8.8Ba
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Since the fluid velocity in the pipe is given by V|, = Q/A, = Q/(wDF/4) = (0.0267
ft'/s)/[ w(0.0625 ft)'/4] = 8.70 ft/s, and the fluid properties are p = 1.94 slugs/ft’ and
p=234x1071b-s/ft* (see Table B.1), it follows that Re = pVD/u = (1.94
slugs/ft*)(8.70 ft/s)(0.0625 ft)/(2.34 x 1077 Ib - s/ft") = 45,000. Thus, the flow is turbulent.
The governing equation for either case (a), (b), or (c) 1s Eq. 8.21,
Vi . Vi
%+Ll|2—‘;+:|=%+{r32é L+ h

where z; = 0, z; = 20 ft, p, = 0 (free jet), y = pg = 62.4 1b/ft’, and the outlet velocity is
V, = Q/A; = (0.0267 f'/s)/[ 7(0.50/12)f*/4] = 19.6 ft/s. We assume that the kinetic
energy coefficients «; and «, are unity. This is reasonable because turbulent velocity profiles
are nearly uniform across the pipe. Thus,

Py = vo +3p(V3 — Vi) + vy (1)
where the head loss is different for each of the three cases.
(a) If all losses are neglected (h, = 0), Eq. | gives
py = (62.4 Ib/ft)(20 ft)

1.94 slugs/ft 2 2
o 194 slugs/TE KIQ.&E) —(E.’mﬂ)]
2 5 5

= (1248 + 299) Ib/ft* = 1547 Ib/ft*

py = 10.7 psi (Ans)

Note that for this pressure drop, the amount due to elevation change (the hydrostatic ef-
fect) 1s y(z; — z;) = 8.67 psi and the amount due to the increase in kinetic energy is

,rm['r":; — Vf}fz = 2.07 psi.




(bh)

If the only losses included are the major losses, the head loss is

From Table 8.1 the roughness for a 0.75-in.-diameter copper pipe (drawn tubing) is
e = 0.00005 ft so that &/D = 8 x 107°. With this &/D and the calculated Reynolds
number (Re = 45,000), the value of fis obtained from the Moody chart as f = 0.0215.
Note that the Colebrook equation (Eq. 8.35) would give the same value of f. Hence,
with the total length of the pipe as € = (15 + 5 + 10 + 10 + 20) ft = 60 ft and the
elevation and kinetic energy portions the same as for part (a), Eq. | gives

= vz +l Vi—VH + iﬂ
Py = Y4z 2.“'[ 2 1) Pfﬂ ?

= (1248 + 299) Ib/ft*

60 ft )(s.?u fit/s)’

+ (1.94 slugﬁfﬁ'}}mmljj(ﬂ 0625 fit

= (1248 + 299 + 1515) Ib/ft" = 3062 Ib/ft*

2

= 213 psi (Ans)

Of this pressure drop, the amount due to pipe friction is approximately (21.3 — 10.7)
psi = 10.6 psi.
If major and minor losses are included, Eq. 1 becomes

F

Vi
Eg + pri}_

Fal

I . £
P1 = Yo +§rﬂ{*z — Vi) +f}*5

2

= 213 psi + Zpﬂ'{_?



where the 21.3 psi contribution is due to elevation change, kinetic energy change, and
major losses [part (b)], and the last term represents the sum of all of the minor losses.
The loss coefficients of the components (K; = 1.5 for each elbow and K; = 10 for the
wide-open globe valve) are given in Table 8.2 (except for the loss coefficient of the
faucet, which i1s given in Fig. E8.8a as K; = 2). Thus,

V2 _ ~(8.70 fi)?
> K= = (1.94 slugs/ft’) |

1321 Ib/ft

[10 + 4(1.5) + 2]

I :
5 j.rﬁ;_T = 0.17 psi i3

Note that we did not include an entrance or exit loss because points (1) and (2) are lo-
cated within the fluid streams, not within an attaching reservoir where the kinetic en-

ergy 15 zero. Thus, by combining Egs. 2 and 3 we obtain the entire pressure drop as

p1 = (21.3 + 9.17) psi = 30.5 psi (Ans)




This pressure drop calculated by including all losses should be the most realistic an-
swer of the three cases considered.

More detailed calculations will show that the pressure distribution along the pipe
is as illustrated in Fig. E8.8b for cases (a) and (c}—neglecting all losses or including
all losses. Note that not all of the pressure drop, p, — p., 1s a “pressure loss.” The pres-
sure change due to the elevation and velocity changes i1s completely reversible. The
portion due to the major and minor losses 1s ureversible.

.~ 30.5 psi

e (] M0 05325
27.1 ' tc) Including all

losses

Prassurs
loss

10.7
|k

Elevation
and
[ kinetic
energy

10 20 30
Distance along pipe from point (1), ft

Location: (1) 3 (4} (5} (B}  (FHBY (2} B FIGURE EB.Bb




This flow can be illustrated in terms of the energy line and hydraulic grade line
concepts introduced in Section 3.7, As is shown in Fig. E8.8c, for case (a) there are no
losses and the energy line (EL) is horizontal, one velocity head (V*/2g) above the hy-
draulic grade line (HGL), which is one pressure head (yz) above the pipe itself. For case
(c) the energy line is not horizontal. Each bit of friction in the pipe or loss in a com-
ponent reduces the available energy, thereby lowering the energy line. Thus, for case

salope due to pipe friction
- 3harp drop due to component loss

Energy line including all ./

losses, case (o}

K"\
* Energy line with no losses, case (a)

=
-:1I-
L=
| =
L1
[ =]
ot
[ =
-]

10 20 a0 40 RO Gl

i

Distanca along pipe from point (1), ft B FIGURE E&.8¢c




(a) the total head remains constant throughout the flow with a value of
(1547 Ib/ft) N (8.70 ft/s)* N
U624 1b/f°) T 2(32.2 fi/sY)

3 p Vi
+ =+

B 4 2g+:'1=

For case (c) the energy line starts at

Vi 30.5 x 144)1b/ft? 8.70 ft/s)?
H,=ﬂ+—'+:|={ }f +|: JIllrl’.}'.--
y 2 (6241b/f0) | 2(322 fi/sY)

+0="Tl6f

and falls to a final value of

P 0+ LMY o= 2605

= —t+— 45 =0+———=+ 20t =260t

Sy 2 - 2(32.2 ft/s7)

The elevation of the energy line can be calculated at any point along the pipe. For ex-
ample, at point (7), 50 ft from point (1),

Cpr V2 (993 x 144)Ib/f% (870 fi/s)

HT +_+;_'.' T + 9
Ty T2 T (62.4 1b/ft)) 2(32.2 ft/s%)

+ 20ft = 441 ft

The head loss per foot of pipe is the same all along the pipe. That is,
h; V2 0.0215(8.70 ft/s)*
€ 7 2gD  2(32.2fi/s7)(0.0625 fi)

= 0.404 ft/ft

Thus, the energy line is a set of straight line segments of the same slope separated by
steps whose height equals the head loss of the minor component at that location. As is
seen from Fig. EB.8¢c, the globe valve produces the largest of all the minor losses.
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.11

(TYPE I,
DETERMINE
FLOWRATE)

The turbine shown in Fig. E8.11 extracts 50 hp from the water flowing through it. The
1-ft-diameter, 300-ft-long pipe is assumed to have a friction factor of 0.02. Minor losses are
negligible. Determine the flowrate through the pipe and turbine.

300-ft-long,
1-ft-diameter pipe

)
=t
i

'x:?;,
., 2

-
T
>

F=002
B FIGURE E8.11
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The energy equation (Eq. 8.21) can be applied between the surface of the lake {(point (1)) and
the outlet of the pipe as

Vi.o_p V3

+ -+ ?+,,—{é+z:+h,_+!a7 (1)

L)

head loss is given by

£ Ve 300 ft V2
hy = —E = 0.02 |: )

= 0.0932V* ft

(1ft) 2(32.2ft/s%)
where V is in ft/s. Also, the turbine head is

P, @, (S0hp)[(S50ft-Ib/s)/hp]  S61
YO y(w/HDV (624 Ib/F0)(x/4)(1 f)PV]  V
Thus, Eq. 1 can be writlen as

hy =

00 = v + 0.0932v + 22
o232y T Vv

0.109V* — 90V + 561 =0 (2)

where V is in ft/s. The velocity of the water in the pipe is found as the solution of Eq. 2.
Surprisingly, there are two real, positive roots: V = 6.58 fi/s or V = 249 fi/s. The third root
15 negative (V = —31.4 ft/s) and has no physical meaning for this flow. Thus, the two ac-
ceptable flowrates are

0="D%W=

. E[] f1)%(6.58 fi/s) = 5.17 ft'/s

- (1249 f1/s) = 19.6 ft/s




Either of these two flowrates gives the same power, 2, = yQhy. The reason for two
possible solutions can be seen from the following. With the low flowrate (Q = 5.17 ft'/s),
we obtain the head loss and turbine head as h; = 4.04 ft and hy = 85.3 ft. Because of the
relatively low velocity there is a relatively small head loss and, therefore, a large head available
for the turbine. With the large flowrate (Q = 19.6 ft'/s), we find h, = 57.8 ft and

7 = 22.5 ft. The high-speed flow in the pipe produces a relatively large loss due to friction,
leaving a relatively small head for the turbine. However, in either case the product of the tur-
bine head times the flowrate is the same. That is, the power extracted (#, = yQhy) is iden-
tical for each case. Although either flowrate will allow the extraction of 50 hp from the wa-
ter, the details of the design of the turbine itself will depend strongly on which flowrate is
to be used. Such information can be found in Chapter 12 and various references about tur-
bomachines (Refs. 14, 19, 20).

If the friction factor were not given, the solution to the problem would be much more
lengthy. A trial-and-error solution similar to that in Example 8.10 would be required along
with the solution of a cubic equation.




Pipe Flow
Examples

hL&_E = hL] + hLE — hLﬁ_




Pipe Flow

Examples

) =01+ O + Qs

Bl




Pipe Flow

Examples




E xampLE
8.1

Three reservoirs are connected by three pipes as are shown in Fig. E8.14. For simplicity we
assume that the diameter of each pipe is 1 ft, the friction factor for each is 0.02, and because
of the large length-to-diameter ratio, minor losses are negligible. Determine the flowrate into
or out of each reservoir.

Elevation =
20 ft

Elevation =
0 ft

B FIGURE E8.14
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It is not obvious which direction the fluid flows in pipe (2). However, we assume that it flows
out of reservoir B, write the governing equations for this case, and check our assumption.
The continuity equation requires that 0, + @, = ., which, since the diameters are the same
for each pipe, becomes simply

V] + Vj == V::, {l}

The energy equation for the fluid that flows from A to C in pipes (1) and (3) can be written
as
ps | Vi pc | Ve {6 Vi

2+ =—=+—+z+f——+
Y 2g Ay 2g ¢ f'DIZg

By using the fact that p, = p- = V, = V. = z- = 0, this becomes
(, Vi {y V3
For the given conditions of this problem we obtain

0.02 1
100 ft = 1000 ft)V2 + (400 ft)V3
2(32.2 ft/s?) (1 ft) i Vi + (400 f)V3]

322 = V2 + 0.4V2




where V, and V; are in ft/s. Similarly the energy equation for fluid flowing from B and C is

V3 %; (, V3
Po 2By =BC 2O 2y
Y 28 Y 28 D, 2g

fy V3 {3 V3

zg = N S
B szZ 22 fRD; 22

For the given conditions this can be written as
64.4 = 0.5V3 + 0.4V3 (3)

Equations 1, 2, and 3 (in terms of the three unknowns V|, V;, and V3) are the governing equa-
tions for this flow, provided the fluid flows from reservoir B. It turns out, however, that there
is no solution for these equations with positive, real values of the velocities. Although these
equations do not appear to be complicated, there is no simple way to solve them directly.
Thus, a trial-and-error solution is suggested. This can be accomplished as follows. Assume
a value of V| = 0, calculate V; from Eq. 2, and then V, from Eq. 3. It is found that the re-
sulting V,, V,, V; trio does not satisfy Eq. 1 for any value of V| assumed. There is no solu-
tion to Egs. 1, 2, and 3 with real, positive values of V|, V,, and V5. Thus, our original as-
sumption of flow out of reservoir B must be incorrect.

To obtain the solution, assume the fluid flows into reservoirs B and C and out of A.

For this case the continuity equation becomes

» + Oy




Application of the energy equation between points A and B and A and C gives
LV, 6V
A= T h D, 2g 2 D, 2¢

L uv, on

which, with the given data, become
258 = Vi +0.5V3

and
322 = Vi + 04 V3

Equations 4, 5, and 6 can be solved as follows. By substracting Eq. 5 from 6 we obtain

Vi = V160 + 1.25V3

Thus, Eq. 5 can be written as
258 = (V, + Vi)’ + 0.5V3 = (V, + V160 + 1.25V3) + 0.5V

2V, V160 + 1.25V% = 98 — 2,75V}

which, upon squaring both sides, can be written as
V3 — 460 Vi + 3748 = 0




By using the quadratic formula we can solve for V3 to obtain either V3 = 452 or V3 = 8.30.
Thus, either V, = 21.3 ft/s or V, = 2.88 ft/s. The value V, = 21.3 ft/s is not a root of the
original equations. It is an extra root introduced by squaring Eq. 7, which with V; = 21.3

becomes “1140 = —1140.” Thus, V, = 2.88 ft/s and from Eq. 5, V|, = 15.9 ft/s. The corre-
sponding flowrates are

i

0, =AY, =ED2.V. — Z (1 )2 (15.9 fys)

= 12.5 ft'/s from A (Ans)
0, = AV, = iD%VE - i(] ft)? (2.88 ft/s) (Ans)

= 2.26 ft'/s into B

0; =0, — 0, = (12.5 — 2.26) ft’/s = 10.2 ft’/s into C (Ans)

Note the slight differences in the governing equations depending on the direction of the flow
in pipe (2)—compare Egs. 1, 2, and 3 with Eqgs. 4, 5, and 6.
If the friction factors were not given, a trial-and-error procedure similar to that needed
for Type II problems (see Section 8.5.1) would be required.
\.
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Flowrate

| &
|
|

Q — Cerid-:al - C

Measurement "N p(1 = BY

[2(p1 — p2)
Q = Cligea = CoAAry =Y




Float at large end of tube indicates
maximum flowrate

Flowrate
M easuremen 1. Position of edge of float against

scale gives flowrate reading.

T—Ta pered metering tube-—__

. Metering float i

Float at mnarrow end of tube
indicates minimum flowrate




Review

* The Bernoulli equation states that the sum of the

pressure head, the velocity head, and the
elevation head is constant along a streamline. This
constant is called the ; H.

.._,
p,V .

? + S + 7 = constant on a streamline = H
. 2¢

Stagnation
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Problems

8.49 At time t = 0 the level of water in tank A shown in
Fig. P8.49 is 2 ft above that in tank B. Plot the elevation of the
water in tank A as a function of time until the free surfaces in
both tanks are at the same elevation. Assume quasisteady
conditions—that is, the steady pipe flow equations are assumed
valid at any time, even though the flowrate does change (slowly)
in time. Neglect minor losses. Notfe: Verify and use the fact that
the flow is laminar.

N 0.1-in. diameter, galvanized iron



Problems

8.102 The three water-filled tanks shown in Fig. P8.102 are
connected by pipes as indicated. If minor losses are neglected,
determine the flowrate in each pipe.

Elevation = 60 m

Elevation =20 m

Elevation =0

&
#

D =0.08m
€ =200 m
f =0.020



P6.30 A steady push on the piston in Fig. P6.30 causes a flow

rate Q = 0.15 cm’/s through the needle. The fluid has p =
900 kg/m* and g = 0.002 kg/(m - s). What force F is re-
quired to maintain the flow?

Problems




*P6.35 Let us attack Prob. 6.33 in symbolic fashion, using Fig.
P6.35. All parameters are constant except the upper tank

depth Z(1). Find an expression for the flow rate Q(f) as a
function of Z(t). Set up a differential equation, and solve
for the time f to drain the upper tank completely. Assume
quasi-steady laminar flow.

Problems




P6.115 In Fig. P6.115 all pipes are 8-cm-diameter cast iron. De-
termine the flow rate from reservoir 1 if valve C 1s
(a) closed and (b) open, K = 0.5.

PI‘OblemS @;}Z:{}m

A
10 m

L=50m

L=100m




———

A RRARR R ARIR S
| p—

Flow' Owver Immersed Bodies



General
External Flow
Characteristics

The resultant force in the direction of the
upstream velocity is termed the , and the

resultant force normal to the upstream velocity is
termed the

Pressure
distribution

T Shear stress
_r - _~" distribution

@S

e




General
External Flow

Characteristics dF, = (pdA)cos 6 + (7,,dA)sin 0

dF, = —(pdA)sin 8 + (7, dA) cos #

= I dF., = | pcosbHdA + [ sin 6 dA

Tw

¥ = I dF, = — l psinf dA + I T, COS 6 dA



* The lift coefficient, and the drag coefficient, are
defined as

* Where A is a characteristic area of the object.
Typically, A is taken to be , in other
situations A is taken to be the



One of the great advancements in fluid
mechanics occurred in 1904 as a result of
theinsight of , a German physicist
and aerodynamicist.

He conceived of the idea of the boundary
layer—a thin region on the surface of a body in
which viscous effects are very important and
outside of which the fluid behaves essentially as
if it were inviscid.



General
External Flow
Characteristics

* Flow past the flat plate

Viscous effects
important

< 0.990

£

Streamlines deflected
considerably



General
External Flow
Characteristics

Viscous effects
Re = 10 important

Viscosity not
important

% —— — E——

u < 0.99U

/

Streamli nes deflected
somewhat



General
External Flow
Characteristics

Re = 107
Boundary layer
Viscosity not "\
important \ Viscous effects

I"'gl important
N N———

‘\
™ Streamlines deflection
very slight

Wake
regi_c:n

A




* Flow past a blunt object

Viscous f
important throug
Re = Uiy =0.

General
EXi'eI‘nCII FIOW . ~ Viscous

Viscosity not - gffects
important ) important

Characteristics 7

o Boundary |ayer separation

e - Viscous effects
/4 important

region




General
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Characteristics

Re = 107
Boundary layer
Viscosity not "\
important \ Viscous effects

I"'gl important
N N———

‘\
™ Streamlines deflection
very slight

Wake
regi_c:n

A




!
General .
External Flow L R re—— —
Characteristics Leading layer ayer

r=0

* The presence of the plate is felt only in the

relatively thin boundary layer and wake regions.

* The flow is said to be irrotational outside the
boundary layer and rotational within the boundary
layer.



General
External Flow
Characteristics

We define , as that

distance from the plate at which the fluid velocity

is within some arbitrary value of the upstream
velocity.

=,

0=y where u=099U

u=099 U
AY




* Because of the velocity deficit, within the

boundary layer, the flowrate across section b—b is
less than that across section a—a. However, if we
displace the plate at section a—a by an
appropriate  amount

General
, the flowrates across each

External Flow section will be identical.

Characteristics

| u=099U
™,

u = u(y)




General
External Flow
Characteristics

or*blU = l (U — g;.f_)b .{_2{1:
JO

The displacement thickness represents the amount
that the thickness of the body must be increased
so that the fictitious uniform inviscid flow has the
same mass flowrate properties as the actual
viscous flow.

It represents the outward displacement of the
streamlines caused by the viscous effects on the
plate.



EXAIVIPSI)_%

Air flowing into a 2-ft-square duct with a uniform velocity of 10 ft/s forms a boundary layer
on the walls as shown in Fig. E9.3. The fluid within the core region (outside the boundary
layers) flows as if it were inviscid. From advanced calculations it is determined that for this
flow the boundary layer displacement thickness is given by

5% = 0.0070(x)" (1)

where 6* and x are in feet. Determine the velocity U = U(x) of the air within the duct but
outside of the boundary layer.

=
I

Viscous effects important

. } Ulx)

._..
=
,-,'r'rr'r1r1r1|,,E,,E

m FIGURE E9.3
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If we assume incompressible flow (a reasonable assumption because of the low velocities in-
volved), it follows that the volume flowrate across any section of the duct is equal to that at
the entrance (i.e., @, = Q). That is,

UiA; = 10 ft/s (2ft)> =40 ft’)/s = | udA
J)

According to the definition of the displacement thickness, 6%, the flowrate across section (2)
is the same as that for a uniform flow with velocity U through a duct whose walls have been
moved inward by o%*. That is,

40 fe/s = | udA = U(2 ft — 25%)
J(2)
By combining Egs. 1 and 2 we obtain
40 ft'/s = 4U(1 — 0.0070x'/)*

10

U= —ft/s
(1 — 0.0070x'72) /
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If we assume incompressible flow (a reasonable assumption because of the low velocities in-
volved), it follows that the volume flowrate across any section of the duct is equal to that at
the entrance (i.e., @, = Q). That is,

UiA; = 10 ft/s (2ft)> =40 ft’)/s = | udA
J)

According to the definition of the displacement thickness, 6%, the flowrate across section (2)
is the same as that for a uniform flow with velocity U through a duct whose walls have been
moved inward by o%*. That is,

40 fe/s = | udA = U(2 ft — 25%)
J(2)
By combining Egs. 1 and 2 we obtain
40 ft'/s = 4U(1 — 0.0070x'/)*

10

U= —ft/s
(1 — 0.0070x'72) /




Note that U increases in the downstream direction. For example, U = 11.6 ft/s at
x = 100 ft. The viscous effects that cause the fluid to stick to the walls of the duct reduce
the effective size of the duct, thereby (from conservation of mass principles) causing the fluid
to accelerate. The pressure drop necessary to do this can be obtained by using the Bernoulli
equation (Eq. 3.7) along the inviscid streamlines from section (1) to (2). (Recall that this equa-
tion is not valid for viscous flows within the boundary layer. It is, however, valid for the in-
viscid flow outside the boundary layer.) Thus,

pi +3pUT = p + 3pU?
Hence, with p = 2.38 X 10 7 slugs/ft’ and p, = 0 we obtain

] ) )
n =—p (U7 — U*
I 2#( | }

a4

/s
(1 — 0007957 1/

I )
= 5(2.33 X 107 slugs/ft’) [(10 ft/s)” —

I
(1 — 0.0070x'2)*

p=0.119{] — llbfﬁ?

For example, p = —0.0401 Ib/ft* at x = 100 ft.
If it were desired to maintain a constant velocity along the centerline of this entrance
region of the duct, the walls could be displaced outward by an amount equal to the bound-

ary layer displacement thickness, 6*.
.




General
External Flow
Characteristics

Another boundary layer thickness definition, the
, is often used
when determining the drag on an object.

Again because of the velocity deficit, in the
boundary layer, the momentum flux across section
b—b in is less than that across section a—a.

This deficit in momentum flux for the actual
boundarylayer flow is given by

| u=099U
™,




* This deficit in momentum flux for the actual

boundary layer flow is given by

~ 00

pu(U — u) dA = pb l u(U — u)dy

General .

External Flow
Characteristics

P ]

pbU*© = pb l u(U — u) dy

JO




* For steady, two dimensional laminar flows with
negligible gravitational effects, the governing

Navier-Stokes equations reduce to the following:

ou ou 1 dp u ou
General Uu—+ v- ——— t+ v+
ox dy P ox 0Xx Jy”

External Flow . )
s g v v 1 ap oV )
Characteristics U+ v— = —— 4 [ = + =
dx C _}}-‘ P (f"'_',,.? _(_}I" {_}}:"'

* |n addition, the conservation of mass equation, for
incompressible flow is




By using boundary layer concepts introduced in
the previous sections, was able to impose
certain approximations, and thereby to simplify
the governing equations.

In 1908, , one of Prandtl’s students, was
able to solve these simplified equations for the
boundary layer flow past a flat plate parallel to
the flow.



* Since the boundary layer is thin, it is expected
that the component of velocity normal to the
plate is much smaller than that parallel to the
plate and that the rate of change of any
parameter across the boundary layer should be
much greater than that along the flow direction.
That is,

< and

ox




* With these assumptions it can be shown that the
governing equations reduce to the following

boundary layer equations:

ou ov

General ax  dy

External Flow Ju au 9*u

U—+v—=vo

Characteristics Ox 9y 9

* The flow represents a balance between

, With pressure playing no role.

* The boundary conditions

u—U as y—x




In mathematical terms, the Navier—Stokes equations
and the continuity equation are A
whereas the equations for boundary layer flow are

The nature of the solutions to these two sets of
equations, therefore, is different. Physically, this fact
translates to the idea that what happens
downstream of a given location in a boundary layer
cannot affect what happens upstream of that point.

In general, the solutions of nonlinear partial
differential equations are extremely difficult to
obtain. However, by applyinga clever coordinate
transformation and change of variables, Blasius
reduced the to an

that he was able to
solve.
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It can be argued that in dimensionless form the
boundary layer velocity profiles on a flat plate
should be similar regardless of the location along
the plate. That is,

In addition, by applying an order of magnitude
analysis of the forces acting on fluid within the
boundary layer, it can be shown that the
boundary layer thickness grows as the square
root of x and inversely proportional to the square
root of U. That is,




* Thus, we introduce the dimensionless

and the stream function
General

External Flow = (wxU)f(n)
Characteristics

By substitution




* We substitute the above equations into the
governing equations, to obtain the following

nonlinear, third-order ordinary differential
equation:

2 e _I_ ™~ It —
General f I 0

External Flow

Characteristics * The boundary conditions can be written as

f=f"=0atn=0 and f'—>lasn—x®

* From the solution it is found that

u/U = 0.99 when n = 5.0




-

-

U -099atn=5"~
U
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Laminar Flow Along a Flat Plate (the Blasius Solution)

n = y(U/vx)'? [l = u/U
0
General | 0264
External Flow o 0916
Characteristics ). 0200 . 00075

0.8115 ). 0.9990
0.8761 1.0000




* |t can also be shown that

General
External Flow
Characteristics
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Characteristics
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D =pb| u(U— u)dy

JO

* The development of the above equation and its

General use was first put forth in 1921 by
(1881-1963), a Hungarian/German
External Flow aerodynamicist.

Characteristics




* Hence, by combining the previous equations we
obtain the for the
boundary layer flow on a flat plate




Consider the laminar flow of an incompressible fluid past a flat plate at y = 0. The bound-
EXAM PLE ary layer velocity profile is approximated as u = Uy/éforO =y =dandu = U fory > 4,
94 as is shown in Fig. E9.4. Determine the shear stress by using the momentum integral equa-
tion. Compare these results with the Blasius results given by Eq. 9.18.

« W FIGURE E9.4




SDLUTION

From Eg. 9.26 the shear stress is given by

dO
7, = pU2-
dx

(1)

while for laminar flow we know that 7, = w(du/dy),—o. For the assumed profile we have

- Llir

Tw = K7
}

and from Eq. 9.4

(2)




k)
6

(3
Note that as yet we do not know the value of & (but suspect that it should be a function of x).
By combining Egs. 1, 2, and 3 we obtain the following differential equation for &:

||I_AI.L|I B PUEdﬁ
) 6 dx

I T
odo = ,UU dx

This can be integrated from the leading edge of the plate, x = 0 (where 6 = 0) to an arbi-
trary location x where the boundary layer thickness is &. The result is

(4

Note that this approximate result (i.e., the velocity profile is not actually the simple straight
line we assumed) compares favorably with the (much more laborious to obtain) Blasius re-
sult given by Eq. 9.15.

The wall shear stress can also be obtained by combining Eqs. 1, 3, and 4 to give

[

m = 02800

{Ans)

Again this approximate result is close (within 13%) to the Blasius value of 7, given by

Eq. 9.18.
\




* The momentum integral equation can be used

along with an assumed velocity profile to obtain
reasonable, approximate boundary layer results.
Thus, we consider a general velocity profile

General

External Flow
Characteristics
u

— =1 ftor Y > 1
U

g(0)=0 and g(l)=1



-0 -1

9 = pf? l

u(U — u)dy = pbU?S [ g1 — g(Y)]dY
Jo

JO

% = pbU*SC,

General
External Flow .

Characteristics C, = l g(V)[1 — g(Y)] dY
Jo




* By combining the above equations we obtain

General
External Flow
Characteristics




Linear _

Cubic

Sine wave __

General
External Flow
Characteristics
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* |t is often convenient to use the dimensionless local
friction coefficient, defined as

> "\ oUx  VRe.

* while the Blasius solution result is given by

0.664
VRe,

C‘f —




Flat Plate Momentum-Integral Results for Various Assumed Laminar Flow Velocity Profiles

Profile Character 6Re!/?/x f_,rRe_{."'z f_'.'DJ,-Re:-""E
a. Blasius solution 0.664
General .
u/U = y/d 3.46 0.578
o w/U = 2y/8 — (v/8)* 548 0.730
Characteristics d. Cubic

w/U = 3(y/8)/2 — (y/8)/2 4.6 0.646
e. Sine wave
u/U = sin[7(y/5)/2 4.7¢ 0.655 1.310
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Characteristics

* |t is often convenient to use the dimensionless local
friction coefficient, defined as

> "\ oUx  VRe.

* while the Blasius solution result is given by

0.664
VRe,

C‘f —




* For a flat plate of length and width b, the net

friction drag, can be expressed in terms of the
friction drag coefficient, as

b | r,dx
Jo

1pUE L pUbE

G,
General Co — Ly
b =

External Flow
Characteristics




* Transition from laminar to turbulent flow involves
a noticeable change in the shape of the
boundary layer velocity profile.

General |
External Flow - [[
Characteristics __ e ]

I
S
/r

* The turbulent profiles are , have a
, and produce a
than do the
laminar profiles.



The structure of turbulent boundary layer flow is
very complex, random, and irregular.

There are no solutions for turbulent
boundary layer flow.

It is possible to solve the Prandtl boundary layer
equations for laminar flow past a flat plate to
obtain the Blasius solution. Which is “exact” within
the framework of the assumptions involved in the
boundary layer equations.

Since there is no precise expression for the shear
stress in turbulent flow, solutions are not available
for turbulent flow.

Approximate turbulent boundary layer results can
also be obtained by use of

which is valid for either laminar or
turbulent flow.



EXAMP!_’I)_E

Consider turbulent flow of an incompressible fluid past a flat plate. The boundary layer ve-
locity profile is assumed to be u/U = (y/8)/" = ¥/ forY =y/d = 1landu = Ufor Y > 1
as shown in Fig. E9.6. This is a reasonable approximation of experimentally observed pro-
files, except very near the plate where this formula gives du/dy = = at y = (. Note the dif-
ferences between the assumed turbulent profile and the laminar profile. Also assume that the
shear stress agrees with the experimentally determined formula:

r, = 0.0-225,_..{F( : ) (1)

Ud,

Determine the boundary layer thicknesses &, 6%, and O and the wall shear stress, 7, ¢
function of x. Determine the friction drag coefficient, Cpy.




SOLUTIGN

Whether the flow is laminar or turbulent, it is true that the drag force is accounted for by a
reduction in the momentum of the fluid flowing past the plate. The shear is obtained from

Lo

1

(2]
T s
Turbulent

/
Laminar —_

B FIGURE E9.6




Eg. 9.26 in terms of the rate at which the momentum boundary layer thickness, O, increases
with distance along the plate as
L de

Tw — ;JU'E

For the assumed velocity profile, the boundary layer momentum thickness is obtained

- ~1
o i ol 1
B = — 1 ——ldv=05| —|1——]|dY
Jn U( U)” "o U( Lf)

from Eq. 94 as

or by integration
: 7
O =5 Y (1 -Y'"dY=—5 (2)
0 L .[ :} )

where & 1s an unknown function of x. By combining the assumed shear force dependence
(Eq. 1) with Eq. 2, we obtain the following differential equation for 4:

b \14
0.0225p0°2 =
a (m)

14
Sl g5 v
6" do = 0.231 (E)

This can be integrated from & = 0 at x = 0 to obtain

NS
a=n.3?n(a ek (Ans)

or in dimensionless form

5 0370

x  Rel”




Strictly speaking, the boundary layer near the leading edge of the plate is laminar, not tur-
bulent, and the precise boundary condition should be the matching of the initial turbulent
boundary layer thickness (at the transition location) with the thickness of the laminar bound-
ary layer at that point. In practice, however, the laminar boundary layer often exists over a
relatively short portion of the plate, and the error associated with starting the turbulent bound-
ary layer with & = 0 at x = 0 can be negligible.

The displacement thickness, 3%, and the momentum thickness, ©, can be obtained from
Egs. 9.3 and 9.4 by integrating as follows:

- -1
i i
5% = (1 ——)dy — a' (1 ——)d}’
J0 U Ja U

o1 -

5
5| (1 —Y/)ydy ==
Jo 8

Thus, by combining this with Eq. 3 we obtain

v /3 :
5% = 0.0463 (E) x°

Similarly, from Eq. 2,

15
0 =15 = 0.0360 (%) x5




The functional dependence for &, 6*, and O is the same; only the constants of proportional-
ity are different. Typically, O << 6% << 4.
By combining Eqs. 1 and 3, we obtain the following result for the wall shear stress

- 4 0.0288pU°
U0370)(w/U)x* | —  Re?”’

(Ans)

7, = 0.0225pU° [

This can be integrated over the length of the plate to obtain the friction drag on one side of
the plate, ¥  as

~F ~F » Uq
G.= | br. dx = b(0.0288pU"> — | dx
f Jo v ( . ),D(UI) '

Op — 2
e = 0.0360pU Rl

where A = b( is the area of the plate. (This result can also be obtained by combining Eq. 9.23
and the expression for the momentum thickness given in Eq. 4.) The corresponding friction
drag coefficient, Cypy, is

oM _ 00720
< % pU A RE.!-’ES

(Ans)




Note that for the turbulent boundary layer flow the boundary layer thickness increases
with x as & ~ x*° and the shear stress decreases as 7,, ~ x~ . For laminar flow these de-
pendencies are x'/? and x~ /2, respectively. The random character of the turbulent flow causes

a different structure of the flow.

Obviously the results presented in this example are valid only in the range of validity
of the original data—the assumed velocity profile and shear stress. This range covers smooth
flat plates with 5 X 10° < Re, < 10"




General
External Flow
Characteristics

In general, the drag coefficient for a flat plate of
length is a function of the , and the

Fully developed horizontal pipe flow is governed by a

balance between and

The fluid inertia remains constant throughout the flow.

Boundary layer flow on a horizontal flat plate is

governed by a balance between and
. The pressure remains constant throughout

the flow.

Completely
turbulent

Transitional

Laminar—= Turbulent
smooth plate




* The pressure and free-stream velocity distributions in
the flow past a circular cylinder are shown below.

General
External Flow
Characteristics

an 180 . ( a0 180
8, degrees 8, degrees




* The decrease in pressure in the direction of flow along the
front half of the cylinder is termed a
. The increase in pressure in the direction of flow
along the rear half of the cylinder is termed an

General
External Flow

energy deficit

Characteristics

Locations indicated in
Fig. 9.17a and 9.18
|

Turbulent —
™,
Laminar
\

\
) Yo
"'i\-.-i';I

, [ i

. hY =
For profile I, 3;% =0aty=0




General
External Flow
Characteristics

If the freestream velocity is not constant, the pressure will
not be constant.

For a given body the free-stream velocity and the
corresponding pressure gradient on the surface can be
obtained from inviscid flow techniques.

By using the x component of the momentum equation with
the appropriate shear forces and pressure forces the
following integral momentum equation for boundary layer
flows is obtained:

E! U fs

dx

d 5 N
Tw — P T(UFS (T)) + po~ Uﬁ
dx " - :

The general momentum integral equation for two-
dimensional boundary layer flow, represents a balance
between , , and the



* Most of the information pertaining to drag on
objects is a result of numerous with
wind tunnels, water tunnels, towing tanks, and
other ingenious devices that are used to measure
the drag on scale models.

* Typically, the result for a given-shaped object is
, Where

* and drag coefficient is a function of other

dimensionless parameters such as Reynolds number,
Mach number, Froude number, and relative roughness
of the surface, That is,

Cp = ¢(shape, Re, Ma, Fr, e/¢)

#




Drag

Friction drag, is that part of the drag that is due
directly to the shear stress, on the object. It is a function
of not only the , but
also of the on which it acts.

Because the viscosity of most common fluids is small, the
contribution of the shear force to the overall drag on a
body is often quite

For highly streamlined bodies or for low Reynolds
number flow, however, most of the drag may be due to
friction drag.

%, = 5pUblCpy

7..s1n 6 dA

w S

dA = szde



* Pressure drag, is that part of the drag that is due
directly to the pressure, on an object.

* |t is often referred to as because of its
strong dependency on the shape or form of the object.

* Pressure drag is a function of the
and the
on which the pressure force acts.

Drag

- -

0y p
“p .

Cop =T 7= 1 2.
b 1pUA 1oU%A A

l p cos 0 dA C,cos 6 dA




Drag

Shape Dependence.

pe
4
| =

Flat plate
~normal to flow

Flat plate
parallel to flow




* Reynolds Number Dependence.

* Low Reynolds number flows are governed by a
balance between and
Inertia effects are negligibly small.

Drag

9 2CputU  2C
pUM?  pU™*  Re

CD:




Drag

* Reynolds Number Dependence.

Low Reynolds Number Drag Coefficients (Ref. 7) (Re = pUD/p. A = wD*/4)
C, = 9/ p[.-"z,-:l/ 2)
(for Re = 1)

a. Circular disk normal 20.4/Re c. Sphere 24.0/Re
to flow

[ g |IIF-)_T_ [ —l‘r
Ul ‘ /|

b. Circular disk parallel 13.6/Re d. Hemisphere 22.2/Re

to flow
[/ D D
A



Reynolds Number Dependence.

Moderate Reynolds number flows tend to take on a
boundary layer flow structure.

For such flows past , the drag
coefficient tends to slightly with Reynolds
number.

Moderate Reynolds number flows past
generally produce drag coefficients that are
relatively

For many shapes there is a sudden change in the
character of the drag coefficient when the
boundary layer becomes turbulent.

For streamlined bodies, the drag coefficient
increases when the boundary layer becomes
turbulent because most of the drag is due to the
shear force, which is greater for turbulent flow than
for laminar flow.

On the other hand, the drag coefficient for a
relatively blunt object, such as a cylinder or sphere,
actually decreases when the boundary layer
becomes turbulent.



* Reynolds Number Dependence.

Drag

1]

i

f= ]

1

oo oo
F=a]

[l ]

-8




* Reynolds Number Dependence.

Drag

Laminar boundary layer, Turbulent boundary layer,
wide turbulent wake narrow turbulent wake




* Surface Roughness.

e

D

= relative roughness

Drag




* Composite Body Drag.

Drag

1960 15970 1980 1920 2000
Year




* Composite Body Drag.

Reynolds numiber

Re = pLilin

Salid
hemisphene

Hallow
hemisphene

Thin disk

Drag

o flow

Streamlined
body




* Any object moving through a fluid will experience
a net force of the fluid on the object. For
symmetrical objects, this force will be in the
direction of the free stream—a drag, If the
object is not symmetrical or if it does not produce
a symmetrical flow field, such as the flow around
a rotating sphere, there may also be a force
normal to the free stream—a lift.

* Some objects, such as an airfoil, are designed to
generate lift. Other objects are designed to
reduce the lift generated.

* For example, the lift on a car tends to reduce the
contact force between the wheels and the ground,
causing reduction in traction and cornering ability.
It is desirable to reduce this lift.



* Typically, the lift is given in terms of the lift

coefficient.

Lift




* A typical device designed to produce lift does so
by generating a pressure distribution that is
different on the top and bottom surfaces.

Lift

MNonsymmetrical




L

ft

If angle of attack is too large, the boundary
layer on the upper surface separates, the flow
over the wing develops a wide, turbulent wake
region, the lift decreases, and the drag increases.
The airfoil g

0.010 0.015

, degrees Cp



Lift

" ——

Separation /
__location




L

ft

* To generate the necessary lift during the

relatively low-speed landing and takeoff
procedures, the airfoil shape is altered by
extending special flaps on the front and or rear
portions of the wing.

. No flaps
. Trailing edge
slotted flap

Double slotted
trailing edge flaps

(Data not Leading - ‘{_‘—'-—-—:_:_:_

shown)  edge flap & —_—




* Since viscous effects are of minor importance in
the generation of lift, it should be possible to

calculate the lift force on an airfoil by integrating
the pressure distribution obtained from the
equations governing past the airfoil.

Lift * That is, the potential flow theory should provide a
method to determine the lift.

S = stagnation point (highest prassura)
“la) + (B =)™




Lift

*la) + circulation = ()"




L i ft Smooth sphere

w2
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9.16

A table tennis ball weighing 2.45 X 1072 N with diameter D = 3.8 X 10 % m is hit at a ve-
locity of U = 12 m/s with a back spin of angular velocity w as is shown in Fig. E9.16. What
is the value of w if the ball is to travel on a horizontal path, not dropping due to the accel-
eration of gravity?

Horizontal path
with backspm

(O

Path without
spin

B FIGURE E9.16



SoLuTion

For horizontal flight. the lift generated by the spinning of the ball must exactly balance the
weight, W, of the ball so that

W =9 =1plU*AC,
B 29
LT pUNm/4)D?
where the lift coefficient, C;, can be obtained from Fig. 9.39. For standard atmospheric con-
ditions with p = 1.23 kg/m’ we obtain
c 2(2.45 x 107*N)

E (123 kg/m)(12 m/s)(w/4)(3.8 x 1072 m)?

which, according to Fig. 9.39, can be achieved if

wl)
E =09

= 0.244

_20(09)  2(12m/s)(0.9)
w = D 3R x107m 568 rad/s

w = (568 rad/s)(60 s/min)(1 rev/27 rad) = 5420 rpm (Ans)

Is it possible to impart this angular velocity to the ball? With larger angular velocities
the ball will rise and follow an upward curved path. Similar trajectories can be produced by
a well-hit golf ball —rather than falling like a rock. the golf ball trajectory is actually curved
up and the spinning ball travels a greater distance than one without spin. However, if top
spin is imparted to the ball (as in an improper tee shot) the ball will curve downward more
quickly than under the action of gravity alone—the ball is “topped” and a negative lift is
generated. Similarly, rotation about a vertical axis will cause the ball to hook or slice to one
side or the other.

\




Problems

9.15 Air enters a square duct through a 1-ft opening as is
shown in Fig. P9.15. Because the boundary layer displacement
thickness increases in the direction of flow, it is necessary to
increase the cross-sectional size of the duct if a constant
U = 2 ft/s velocity is to be maintained outside the boundary
layer. Plot a graph of the duct size, d, as a function of x for
0 = x = 10 ftif U is to remain constant. Assume laminar flow.




Problems

9.25 A laminar boundary layer velocity profile is approxi-
mated by the two straight-line segments indicated in Fig. P9.25.
Use the momentum integral equation to determine the bound-
ary layer thickness, 6 = 6(x), and wall shear stress, 7,, = 7,,(x).
Compare these results with those in Table 9.2.




Problems

*P7.98

A buoyant ball of specific gravity SG << 1 dropped into
water at inlet velocity V, will penetrate a distance & and
then pop out again, as in Fig. P7.98. Make a dynamic
analysis of this problem, assuming a constant drag coef-
ficient, and derive an expression for i as a function of
the system properties. How far will a 5-cm-diameter ball
with SG = 0.5 and Cp = 0.47 penetrate if it enters at
10 m/s?

Diameter
D

_(8G<1)
i Vo




P7.104 Suppose that the body in Fig. P7.103 1s a thin plate

welghing 0.6 N, of length L = 20 cm and width b = 4
cm into the paper. For sea-level standard air, plot Pode’s
angle # versus velocity V in the range 0 << V << 40 m/s.

Would this device make a good air-velocity meter

(anemometer)?

Problems
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The Mach number is defined as the ratio of the
value of the local flow velocity, V, to the local
speed of sound, c. In other words,

What we perceive as sound generally consists of

that move through air.
When our ear drums respond to a succession of
moving pressure pulses, we hear sounds.

To better understand the notion of speed of
sound, we analyze the one-dimensional fluid
mechanics of an infinitesimally thin, weak
pressure pulse moving at the speed of sound
through a fluid at rest.



V4 Weak pressure pulse ~Weak pressure pulse

Control volume /Control volume

p+ op
p + 6p

Mach Number * When the continuity equation is applied to the
and Speed of flow through this control volume, the result is
Sound

pAc = (p + 6p)A(c — V)

pc = pc — p8V + cp — (8p)(8V)



V4 Weak pressure pulse ~Weak pressure pulse

Control volume /Control volume

p + op
P+ Op

Mach Number * The linear momentum equation can also be

and Speed of applied to the flow through the control volume.
The result is

Sound

—cpcA + (¢ — 8V)(p + dp)(c — 8V)A = pA — (p + p)A

—cpcA + (¢ — 8V)pAc = —OpA




* From continuity and linear momentum we obtain

Mach Number

and Speed of * |If the energy equation is used for the flow
Sound through this control volume, the result is

vz
T) + 2 8z = 8(loss)




Mach Number
and Speed of
Sound

* By combining continuity and energy we again
find that

* Thus, the conservation of linear momentum and
the conservation of energy principles lead to the
same result. If we further assume that the

through the control volume is
(no heat transfer), then the flow is




* For the isentropic flow of an ideal gas, we have

p = (constant)(p")

p k—
— | = (constant) kp"

p /s

Mach Number
and Speed of

Sound * More generally, the , of
any fluid including liquids is defined as




* The variation of drag coefficient with Reynolds
number and Mach number is shown for air flow
over a sphere. Compressibility effects can be of
considerable importance.

Categories of
Compressible
Flow




s Wave emitted at 1, =

Wave emitted at 1 =

Wave emitted at 1.

Wave emitted at 1, . =

Wave emitted at 1, =

Categories of
Compressible

Source location ~

FIOW ! | h s i att=3s




Categories of
Compressible
Flow

Zone of silence o Wave emitted at ..,

Wave emitted at 7,

Tangent plane Wave emitted at £,

(Mach wave) ~=

Source location
atr=3s



1 1 e ="
f,.‘.l'l.l'al.re emitted at =2 5

(Wave emitted at £ . =15
| e

II."'.l'v.l';a'l.re emitted at . =0s

fone of silence

Categories of |

Source location -F|'_ ~
att=3s

Compressible
Flow




This discussion about pressure wave patterns
suggests the following categories of fluid flow:

1. : Ma < 0.3. Unrestricted,
nearly symmetrical and instantaneous pressure
communication.

2. : 0.3 < Ma 1.
Unrestricted but noticeably asymmetrical pressure
communication.

3. : Ma = 1.
Formation of Mach wave; pressure communication
restricted to zone of action.

In addition to the above-mentioned categories of
flows, two other regimes are commonly referred

to: namely, transonic flows (0.9 < Ma <1.2) and
hypersonic flows (Ma = 5).



E xampLE

11.4

An aircraft cruising at 1000-m elevation, z, above you moves past in a flyby. How many sec-
onds after the plane passes overhead do you expect to wait before you hear the aircraft if it
is moving with a Mach number equal to 1.5 and the ambient temperature is 20 °C?




§oLution

Since the aircraft is moving supersonically (Ma > 1), we can imagine a Mach cone origi-
nating from the forward tip of the craft as is illustrated in Fig. E11.4. When the surface of

Aircraft moving with velocity
¥ and Mach number Ma

-t B FIGURE E11.4

the cone reaches the observer, the “sound™ of the aircraft is perceived. The angle « in
Fig. E11.4 is related to the elevation of the plane, z, and the ground distance, x, by

_, 1000

o = tan
Vi

(1)

Also, assuming negligible change of Mach number with elevation, we can use Eq. 11.39 to
relate Mach number to the angle «. Thus,




1
Ma =

sin «
Combining Egs. 1 and 2 we obtain

1

Ma=———"F-—"—"—#—¥——
sin [tan ! (1000/V1)]

The speed of the aircraft can be related to the Mach number with

V = (Ma)c
where ¢ is the speed of sound. From Table B.4, ¢ = 343.3 m/s. Using Ma = 1.5, we get
from Eqgs. 3 and 4
1
(1.5)(3433 mys)t | |

sin \l tan




Isentropic Flow
of an ldeal Gas

m = pAV = constant

For the inviscid and steady flow of a fluid
particle.

dp +3pd(V?) + ydz =0

If we form the logarithm of both sides of the
continuity equation, the result is

dA dV
+ T =0




Isentropic Flow
of an ldeal Gas




Isentropic Flow
of an ldeal Gas

We can use the above to conclude that when the
flow is velocity and section area changes
are in directions, and when the flow is
velocity and area changes are in the

direction.

dp dA  Ma?

p A (1 —Mad)

We can conclude that for flows density
and area changes are in the direction,
whereas for flows density and area

changes are in directions.



Subsonic flow Supersonic flow
(Ma < 1) (Ma>1)

dA >0 dA >0
dV <0 dV >0

Isentropic Flow
of an ldeal Gas




Isentropic Flow
of an ldeal Gas

* By rearranging the above equation, we can
obtain

* This result suggests that the area associated with
Ma = 1 is either a minimum or a maximum

amount.




* It is convenient to use the of the
fluid as a reference state for compressible flow

calculations.

* The stagnation state is associated with

and an entropy value that corresponds to
the

* The stagnation state can also be achieved by

. a flow to zero velocity.
Converging-

Diverging Duct 1
Flow I + [(k — 1)/2]Ma’

1 k/(k—1)
{1 + [(k — l)/E]Maz}

| 1/(k—1)
{1 + [(k — 1)/2]&’[32}




Converging-
Diverging Duct
Flow

* A very useful means of keeping track of the states
of an isentropic flow of an ideal gas involves a
temperature-entropy diagram, as is shown below

l

— W
i, -

(1) (2)

* When the duct back pressure is lowered sufficiently,
the Mach number at the throat of the duct will be 1.

* Any further decrease of the back pressure will not
affect the flow in the converging portion of the duct
because about pressure cannot move
upstream when Ma=1.

* When at the throat of the converging-diverging
duct, we have a condition called



°* We have already used the for
which Ma=0 as a reference condition.

* It will prove helpful to us to use the state
associated with Ma=1 and the same entropy

level as the flowing fluid as another reference
condition we shall call the

Converging-
Diverging Duct
Flow




* For choked flow through the converging-diverging
duct, the conservation of mass equation yields

Converging-

Diverging Duct

Flow V = Ma VRTk

(@ ) [(T*/Ty)
\

A*  Ma\po/\p )\ (T/T)

A*  Ma

A _ 1 {1 + [k - 1)/211»-1;12-}{:“I::|..e-'[z::s:—1.n

1+ [(k — 1)/2]




Converging-
Diverging Duct
Flow

1 {1 + [(k — 1)/2]1\432}tk+w[ztmn

Ma




Converging-
Diverging Duct
Flow




Converging-
Diverging Duct
Flow




Nonisentropic
Flow of an

ldeal Gas

Insulated wall «,

|
Section (1) Section (2).
-

Adiabatic flow —
-~ Control volume

O(negligibly  O(flow is adiabatic)
small for f O(flow 1s steady
gas flow)  / throughout)

7 /
/

-
o “JI) _anet + W shaft
! in.

iy net in

— = hy = constant

h— o= ¢,(T — T,)

vr?ﬁ

T+ — = T, = constant
. 0
Ecp




_~Fanno line
.

Constant entropy line

Nonisentropic
Flow of an

ldeal Gas

VY ETZ.
I+ 7(;{)% = T, = constant
2¢,(p“/R?)

P

s—s;=c,In—— Rln—
p |
I Pi




Nonisentropic
Flow of an

ldeal Gas

Summary of Fanno Flow Behavior

Parameter Subsonic Flow Supersonic Flow

Stagnation temperature Constant Constant

Ma Increases Decreases
(maximum is 1) (minimum is 1)
Friction Accelerates flow Decelerates flow
Pressure Decreases Increases
Temperature Decreases Increases
|




Frictionless and adiabatic Imagined

Reference converging-diverging duct Section Section choked flow
(1) (2) section

section

N

Actual duct with Imagined duct
friction factor = f friction factor = f

Nonisentropic
Flow of an

Ideal Gas (k + 1)/2

I+ [(k — 1)/2]Ma’

{ (k + 1)/2 }lﬁ
Ma (1 + [(k — 1)/2]Ma’




Frictionless and adiabatic Semi-infinitesimal Frictionless duct with
converging-diverging duct  control volume , heat transfer

O(frictionless flow)

Nonisentropic

ldeal Gas

X

—— = constant

V)? RT
. (PV) RT
p

* Since the flow cross-sectional area remains constant for

P = constant

Rayleigh flow,from the continuity equation we conclude that

pV = constant




Nonisentropic
Flow of an

ldeal Gas

VY2 RT
+(»0 )
p

P = constant

p
s — 8§ = (?pln?1 — Rlnp—l




Nonisentropic
Flow of an

ldeal Gas

Heating
Subsonic

Increase
Increase

Increase for .
0=Ma= VI/k
Decrease for
V1/k=Ma =1
Increase
Decrease
Decrease

P 1 + k

P, 1 + kMa

Supersonic

Decrease
Decrease
Increase

Increase
Increase
Decrease

Subsonic

Decrease
Decrease
Decrease for

Cooling
Supersonic

Increase
Increase
Decrease

0=Ma= V1/k

Increase for
V1/k = Ma
Decrease
Increase
Increase

=1
Decrease
Decrease
Increase

(1 + k)Ma 2

| + kMa®




Diverging .,

duct _ Normal shock wave

4

Infinitesimally thin
control volume

I Subsonic
flow

Supersonic

—
flow

Section (x).

o

~Section (v)

s

S

/

Nonisentropic
Flow of an

ldeal Gas

constant




Nonisentropic
Flow of an

ldeal Gas

T* =
constant

Summary of Normal Shock Wave Characteristics
.|

Variable Change Across Normal Shock Wave

Mach number Decrease
Static pressure Increase
Stagnation pressure Decrease
Static temperature Increase
Stagnation temperature Constant
Density Increase
Velocity Decrease

Py 1+ kMa2 y 1L+ [(k—1)/2]Ma;

pe 1+ kMa? . L+ [(k— 1)/2]Ma2




