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• Because of the generally complex velocity 

variation within the field, we expect the element 

not only to translate from one position but also to 

have its volume changed (linear deformation), to 

rotate, and to undergo a change in shape 

(angular deformation). 



• Velocity Field 

 

 

 

• Acceleration Field 



 

• The acceleration is also concisely expressed as 

 

 

 

• where the operator 

 

 

 

• is termed the material derivative, or substantial 

derivative. In vector notation 



• Linear Motion 

 

 

 

 

 

 

• Linear Deformation 



 

 

 

 

 

 



 

 

 

 

 

 



• Rotation 

 

 

 

 

 

 

 

• Vorticity 



• Angular Deformation 

 

 

 

 

 

 

 

 



• Conservation of mass requires that the mass, M, 

of a system remain constant as the system moves 

through the flow field. In equation form this 

principle is expressed as 

 

 



 

 



 

 



 

• The differential equation for conservation of mass 

is 

 

 

 

 

 

 

 

• For steady flow of compressible fluids 

 

 

 

• For incompressible fluids 

 

 



 

 

 

 

 

 

 

 
 

• For steady flow of compressible fluids 
 

 

 

 

• For incompressible fluids 

 

 



 

• Steady, incompressible, plane, two-dimensional 

flow represents one of the simplest types of flow 

of practical importance. For this flow the 

continuity equation reduces to 

 

 

 

 

• The stream function, which relates the velocities as 

 

 

 

 



• Lines along which psi is constant are streamlines. 

 

 

 

 

 

 

 



• Volume rate of flow 

 

 

 

 

 

 



 

• In cylindrical coordinates the continuity equation  

for incompressible, plane, two-dimensional flow 

reduces to 

 

 

 

 

 



 



 



 



 



 



 



 



 



• To develop the differential, linear momentum 

equations we can start with the linear momentum 

equation 

 



• In general, two types of forces need to be 

considered: surface forces, which act on the 

surface of the differential element, and body 

forces, which are distributed throughout the 

element. 



 





• The expressions for the body and surface forces 

can now be used to develop the equations of 

motion. 



 

• Flow fields in which the shearing stresses are 

assumed to be negligible are said to be inviscid, 

nonviscous, or frictionless. 

 

 

 

• Euler’s Equations of Motion 



 

• The Bernoulli Equation 



• The Bernoulli Equation 

 

 

 

 

 

 

 

 

 

• inviscid flow 

• steady flow 

• incompressible flow 

• flow along a streamline 

 

 

 

 

 

 

 

 

 



• Irrotational Flow 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• The Velocity Potential 

 

 

 

 

 

 

• For an incompressible fluid we know from 

conservation of mass that 

 

 

 

 

 

 



• The Velocity Potential 

• For some problems it will be convenient to use 

cylindrical coordinates, 

 

 

 

 

 

 

 

 

 

• Also, Laplace’s equation in cylindrical coordinates 

is 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• A major advantage of Laplace’s equation is that 

it is a linear partial differential equation. 

• The practical implication of this result is that if we 

have certain basic solutions we can combine them 

to obtain more complicated and interesting 

solutions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• We know that by defining the velocities in terms 

of the stream function, conservation of mass is 

identically satisfied. If we now impose the 

condition of irrotationality, it follows that 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Uniform Flow 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Source and Sink 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Vortex 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Vortex 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Vortex 

• A mathematical concept commonly associated 

with vortex motion is that of circulation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Doublet 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Doublet 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Doublet 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Source in a Uniform Stream 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Source in a Uniform Stream 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Source in a Uniform Stream 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Source in a Uniform Stream 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Rankine Ovals 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Rankine Ovals 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Flow Around a Circular Cylinder 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Flow Around a Circular Cylinder 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Flow Around a Circular Cylinder 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• D’Alembert’s paradox 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Flow Around a Circular Cylinder 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Flow Around a Circular Cylinder 

 

 

 

 

 

 

 

 

 

 

 

 

 

 







 



 



 



 



 



 



 



 



 



• Stress-Deformation Relationships 

 

• For incompressible Newtonian fluids it is 

known that the stresses are linearly related to 

the rates of deformation and can be expressed 

in Cartesian coordinates as  

 

 

 

 

 

 

 

 

 

• where p is the pressure, the negative of the 

average of the three normal stresses 

 

 

 

 

 

 

 

 

 



• Stress-Deformation Relationships 

• In cylindrical polar coordinates the stresses for 

incompressible Newtonian fluids are expressed 

as 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• The Navier–Stokes Equations 

 

• The stresses as defined in the preceding section 

can be substituted into the differential 

equations of motion and simplified by using 

the continuity equation to obtain 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• The Navier–Stokes Equations 

 

• In terms of cylindrical polar coordinates, the 

Navier–Stokes equation can be written as 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• The Navier–Stokes Equations 

 

• In terms of cylindrical polar coordinates, the 

Navier–Stokes equation can be written as 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Stress-Deformation Relationships 

 

• For incompressible Newtonian fluids it is 

known that the stresses are linearly related to 

the rates of deformation and can be expressed 

in Cartesian coordinates as  

 

 

 

 

 

 

 

 

 

• where p is the pressure, the negative of the 

average of the three normal stresses 

 

 

 

 

 

 

 

 

 



• Stress-Deformation Relationships 

• In cylindrical polar coordinates the stresses for 

incompressible Newtonian fluids are expressed 

as 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• The Navier–Stokes Equations 

 

• The stresses as defined in the preceding section 

can be substituted into the differential 

equations of motion and simplified by using 

the continuity equation to obtain 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• The Navier–Stokes Equations 

 

• In terms of cylindrical polar coordinates, the 

Navier–Stokes equation can be written as 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Steady, Laminar Flow Between Fixed Parallel Plates 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Steady, Laminar Flow Between Fixed Parallel Plates 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Steady, Laminar Flow Between Fixed Parallel Plates 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Steady, Laminar Flow Between Fixed Parallel Plates 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Steady, Laminar Flow Between Fixed Parallel Plates 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Couette Flow 

 

 

 

 

 

 

 

 

 

 

 

 



• Poiseuille flow 

 

 

 

 

 

 

 

 

 

 

 



• Poiseuille flow 

 

 

 

 

 

 

 

 

 

 

 



• Poiseuille flow 

 

 

 

 

 

 

 

 

 

 

 



• Steady, Axial, Laminar Flow in an Annulus 

 

 

 

 

 

 

 

 

 

 



• Steady, Axial, Laminar Flow in an Annulus 

 

 

 

 

 

 

 

 

 

 



• Flow between Long Concentric Cylinders 

 

 

 

 

 

 

 

 

 



• Flow between Long Concentric Cylinders 

 

 

 

 

 

 

 

 

 



• Of the various techniques available for the 

numerical solution of the governing differential 

equations of fluid flow, the following three 

types are most common: (1) the finite 

difference method, (2) the finite element (or 

finite volume) method, and (3) the boundary 

element method. 

• In each of these methods the continuous flow 

field (i.e., velocity or pressure as a function of 

space and time) is described in terms of 

discrete (rather than continuous) values at 

prescribed locations. 

 

 

 

 

 

 

 

 









 



 



 



 



 



 



 



 



 



 



 



 





• Very few problems involving real fluids can be solved 

by analysis alone. The solution to many problems is 

achieved through the use of a combination of analysis 

and experimental data. 

 

• An obvious goal of any experiment is to make the 

results as widely applicable as possible. 

 

• The concept of similitude is often used so that 

measurements made on one system (for example, in the 

laboratory) can be used to describe the behavior of 

other similar systems (outside the laboratory). 

 

• The laboratory systems are usually thought of as 

models and are used to study the phenomenon of 

interest under carefully controlled conditions. 

 

• From these model studies, empirical formulations can 

be developed, or specific predictions of one or more 

characteristics of some other similar system can be 

made. 



• To illustrate a typical fluid mechanics problem in 

which experimentation is required, consider the 

steady flow of an incompressible Newtonian fluid 

through a long, smooth-walled, horizontal, circular 

pipe. 

 

• The first step in the planning of an experiment to 

study this problem would be to decide on the 

factors, or variables, that will have an effect on 

the pressure drop per unit length. 

 

• We expect the list to include the pipe diameter, 

the fluid density, fluid viscosity, and the mean 

velocity, at which the fluid is flowing through the 

pipe. Thus, we can express this relationship as 



• To perform the experiments in a meaningful and 

systematic manner, it would be necessary to 

change one of the variables, such as the velocity, 

while holding all others constant, and measure the 

corresponding pressure drop. 

 



• Rather than working with the original list of 

variables, we can collect these into two 

nondimensional combinations of variables (called 

dimensionless products or dimensionless groups) 

so that 

 

 

 

 

• Thus, instead of having to work with five 

variables, we now have only two. 



• A quick check of the dimensions of the two groups 

shows that they are in fact dimensionless products; 

that is, 

 

 

 

 

 

 

 

• Not only have we reduced the numbers of 

variables from five to two, but the new groups 

are dimensionless combinations of variables. 

 

• This type of analysis is called dimensional 

analysis. 

 

 



• A fundamental question we must answer is how 

many dimensionless products are required to 

replace the original list of variables? 

 

• If an equation involving k variables is 

dimensionally homogeneous, it can be reduced to 

a relationship among k – r independent 

dimensionless products, where r is the minimum 

number of reference dimensions required to 

describe the variables. 

 

 

 

 

 

 

 

 



 

• Several methods can be used to form the 

dimensionless products, or pi terms, that arise in a 

dimensional analysis. 

 

• Essentially we are looking for a method that will 

allow us to systematically form the pi terms so 

that we are sure that they are dimensionless and 

independent, and that we have the right number. 

 

• The method we will describe in detail in this 

section is called the method of repeating 

variables. 

 

 

 

 

 

 



Method of Repeating Variables 

 

Step 1.     List all the variables that are involved in 
the problem. 

 

• The determination of the variables must be 
accomplished by the experimenter’s knowledge of 
the problem and the physical laws that govern the 
phenomenon. 

 

• Typically the variables will include those that are 
necessary to describe the geometry of the system 
(such as a pipe diameter), to define any fluid 
properties (such as a fluid viscosity), and to indicate 
external effects that influence the system (such as a 
driving pressure drop per unit length). 

 

• Since we wish to keep the number of variables to a 
minimum, so that we can minimize the amount of 
laboratory work, it is important that all variables be 
independent. 

 

 

 

 



Method of Repeating Variables 

 

Step 2.     Express each of the variables in terms of 
basic dimensions. 

 

 

Step 3.     Determine the required number of pi 
terms. 

 

• This can be accomplished by means of the 
Buckingham pi theorem, which indicates that the 
number of pi terms is equal to k – r  where k is the 
number of variables in the problem (which is 
determined from Step 1) and r is the number of 
reference dimensions required to describe these 
variables (which is determined from Step 2). 

 

• There may be occasions (usually rare) in which the 
basic dimensions appear in combinations so that the 
number of reference dimensions is less than the 
number of basic dimensions. 

 

 

 



Method of Repeating Variables 

 

Step 4.     Select a number of repeating variables, 

where the number required is equal to the 

number of reference dimensions. 

 

• All of the required reference dimensions must be 

included within the group of repeating variables.  

 

• Each repeating variable must be dimensionally 

independent of the others. This means that the 

repeating variables cannot themselves be 

combined to form a dimensionless product. 

 

• Do not choose the dependent variable as one of 

the repeating variables, since the repeating 

variables will generally appear in more than one 

pi term. 

 



Method of Repeating Variables 

 

Step 5.     Form a pi term by multiplying one of 

the nonrepeating variables by the product of the 

repeating variables, each raised to an exponent 

that will make the combination dimensionless. 

 

Step 6.     Repeat Step 5 for each of the remaining 

nonrepeating variables. 

 

Step 7.     Check all the resulting pi terms to make 

sure they are dimensionless. 

 

Step 8.     Express the final form as a relationship 

among the pi terms, and think about what it 

means. 



Method of Repeating Variables 

• To illustrate these various steps we will again 

consider the steady flow of an incompressible 

Newtonian fluid through a long, smooth-walled, 

horizontal circular pipe. 

 

• Step 1. 

 

 

• Step 2. 

 



Method of Repeating Variables 

 

 

• Step 3.      According to the pi theorem there will 

be (5 – 3) or two pi terms required. 

 

• Step 4.     The repeating variables to be used to 

form the pi terms need to be selected from the 

list. 

 

• Step 5.     We would start with the dependent 

variable and combine it with the repeating 

variables to form the first pi term; that is, 

 



Method of Repeating Variables 

 

 



Method of Repeating Variables 

 

• Step 6.     The process is now repeated for the 

remaining nonrepeating variables 



Method of Repeating Variables 

 

• Step 7.     At this point stop and check to make 

sure the pi terms are actually dimensionless 



Method of Repeating Variables 

• Step 8.     Finally, we can express the result of the 

dimensional analysis as 

 

 

 

 

• Dimensional analysis will not provide the form of 

the function. This can only be obtained from a 

suitable set of experiments. 

 

• If desired, the pi terms can be rearranged. 



Selection of Variables 

 

• For most engineering problems, pertinent variables 
can be classified into three general groups—
geometry, material properties, and external effects. 

 

• Geometry. The geometric characteristics can usually 
be described by a series of lengths and angles. 

 

• Material Properties.  The material properties that 
relate the external effects and the responses must 
be included as variables. 

 

• External Effects. This terminology is used to denote 
any variable that produces, or tends to produce, a 
change in the system. 

 

• Since we wish to keep the number of variables to a 
minimum, it is important that all variables are 
independent. 



Determination of Reference Dimensions 

 

 

• It is also important to know how many reference 

dimensions are required to describe the 

variables.  

 

• F, L, and T appear to be a convenient set of basic 

dimensions for characterizing fluid-mechanical 

quantities. There is, however, really nothing 

“fundamental” about this set, and as previously 

noted M, L, and T would also be suitable. 

 

• We occasionally find that the number of 

reference dimensions needed to describe all 

variables is smaller than the number of basic 

dimensions. This point is illustrated in Example 7.2. 













• A little reflection on the process used to 

determine pi terms by the method of repeating 

variables reveals that the specific pi terms 

obtained depend on the somewhat arbitrary 

selection of repeating variables. 

 

 

 

 

 

 

 

 

• There is not a unique set of pi terms which arises 

from a dimensional analysis. However, the 

required number of pi terms is fixed. 

• Once a correct set is determined all other 

possible sets can be developed from this set by 

combinations of products of powers of the 

original set. 



• Thus, if we have a problem involving, say, three pi 

terms, 

 

 

 

 

 

• where a and b are arbitrary exponents. Then the 

relationship could be expressed as 

 

 

 

 

 

 

 



 

 

 

 

 

 

 



 



 



 



 



 



 



• Problems with One Pi Term 

 

• Application of the pi theorem indicates that if the 

number of variables minus the number of reference 

dimensions is equal to unity, then only one pi term is 

required to describe the phenomenon.  

 

• The functional relationship that must exist for one pi 

term is 

 

 

 

• where C is a constant. 











• Problems with Two or More Pi Terms 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

• For more complicated problems, it is often more 

feasible to use models to predict specific 

characteristics of the system rather than to try to 

develop general correlations. 



 

• A model is a representation of a physical system 

that may be used to predict the behavior of the 

system in some desired respect. 

 

• The physical system for which the predictions are 

to be made is called the prototype. 

 

• Usually a model is smaller than the prototype. 

 

• With the successful development of a valid 

model, it is possible to predict the behavior of the 

prototype under a certain set of conditions. 

 

• We may also wish to examine a priori the effect 

of possible design changes that are proposed for 

a hydraulic structure or fluid-flow system. 

 



• The theory of models can be readily developed 

by using the principles of dimensional analysis. 

 

 

• If the above equation describes the behavior of 

a particular prototype, a similar relationship can 

be written for a model of this prototype; that is, 

 



• Consider the problem of determining the drag, on 

• a thin rectangular plate placed normal to a fluid 

with velocity. 

 

 

• Application of the pi theorem yielded 

 



 

 

 

 

• With the foregoing similarity requirements 

satisfied, the prediction equation for the drag is 

 

 

 

 

 

 

 

• Thus, a measured drag on the model, must be 

multiplied by the ratio of the square of the plate 

widths, the ratio of the fluid densities, and the 

ratio of the square of the velocities to obtain the 

predicted value of the prototype drag. 



• Distorted Models 

 

• Models for which one or more of the similarity 

requirements are not satisfied are called 

distorted models. 

 

• The classic example of a distorted model occurs 

in the study of open channel or free-surface 

flows. 

 

• Typically in these problems both the Reynolds 

number, and the Froude number, are involved. 

 

• Froude number similarity requires 

 

 



• Distorted Models 

 

 

 

 

 

• Reynolds number similarity requires 

 



 



 



 





• Laminar or Turbulent Flow 



• Entrance Region and Fully Developed 

Flow 



• Pressure and Shear Stress 



• From F = ma Applied Directly to a Fluid Element 



• From F = ma Applied Directly to a Fluid Element 



• From F = ma Applied Directly to a Fluid Element 



• From F = ma Applied Directly to a Fluid Element 



• From F = ma Applied Directly to a Fluid Element 



• From F = ma Applied Directly to a Fluid Element 



• From the Navier–Stokes Equations 



• From Dimensional Analysis 

 

 

 

 

 
 

• It seems reasonable to impose a further 

assumption that the pressure drop is directly 

proportional to the pipe length. 



• The value of C must be determined by theory or 

experiment. For a round pipe, C = 32. 

 

 

 

• It is usually advantageous to describe a process 

in terms of dimensionless quantities. 

 

 

 

 

 

 

 

 

• is termed the friction factor, or sometimes the 

Darcy friction factor. 

 

 

 

 



 

 

 

 

• The friction factor for laminar fully developed 

pipe flow is simply 

 

 

 

 

• By substituting the pressure drop in terms of the 

wall shear stress, we obtain an alternate 

expression for the friction factor as a 

dimensionless wall shear stress 

 

 

 

 

 

 

 

 

 

 



• Energy Considerations 

• consider the energy equation for incompressible, 

steady flow between two locations 

 

 

 

• Even though the velocity profile in viscous pipe 

flow is not uniform, for fully developed flow it 

does not change from section (1) to section (2) 

 

 

 

 

 

 

 



• Transition from Laminar to Turbulent Flow 

 

 

 

 
 



• Turbulent Shear Stress 

• If u=u(x, y, z) is the x component of instantaneous 

velocity, then its time mean (or time average) 

value is 

 

 

 

 

• The fluctuating part of the velocity, is that time-

varying portion that differs from the average 

value  

 

 

 

 

 
 



• Turbulent Shear Stress 

 

 

 

 

 

 

 

 

 

• The turbulence intensity, is often defined as the 

square root of the mean square of the fluctuating 

velocity divided by the time-averaged velocity, or 

 

 

 

 

 

 

 

 
 



• Turbulent Shear Stress 

 

 

 

 

 

 

 

 

 

• Finite parcels of fluid (not merely individual 

molecules as in laminar flow) are randomly 

transported across the A-A plane, resulting in a 

relatively large (when compared with laminar 

flow) shear force. 

 

 

 

 

 

 

 
 



• Turbulent Shear Stress 

 

 

 

 

 

 

 

 

 

• Finite parcels of fluid (not merely individual 

molecules as in laminar flow) are randomly 

transported across the A-A plane, resulting in a 

relatively large (when compared with laminar 

flow) shear force. 

 

 

 

 

 

 

 
 



• Turbulent Shear Stress 

 

 

 

 

 

 

 
 

• In a very narrow region near the wall (the viscous 

sublayer), the laminar shear stress is dominant. 

• Away from the wall (in the outer layer) the 

turbulent portion of the shear stress is dominant. 

• The transition between these two regions occurs in 

the overlap layer. 

 

 

 

 

 
 



• Turbulent Shear Stress 

• An alternate form for the shear stress for 

turbulent flow is given in terms of the eddy 

viscosity, where 

 

 

 

• Prandtl proposed that the turbulent process could 

be viewed as the random transport of bundles of 

fluid particles over a certain distance, the mixing 

length, from a region of one velocity to another 

region of a different velocity. 

 

 

 

 

 

 

 

 
 



• Turbulent Velocity Profile 

 

 

 

 

 

 

 

 

 

 

 

 

 

• Fully developed turbulent flow in a pipe can be 
broken into three regions which are characterized 
by their distances from the wall: the viscous sublayer 
very near the pipe wall, the overlap region, and the 
outer turbulent layer throughout the center portion 
of the flow. 

 

 

 

 

 

 

 
 



• Turbulent Velocity Profile 

 

• In the viscous sublayer the velocity profile can be 

written in dimensionless form as (law of the wall) 

 

 

 

     

    Friction velocity 

 

 

• The law of the wall is valid very near the smooth 

wall. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 



• Turbulent Velocity Profile 

 

• Dimensional analysis arguments indicate that in 

the overlap region the velocity should vary as the 

logarithm of y. 

 

 

 

 

• where the constants 2.5 and 5.0 have been 

determined experimentally. 

• In the central region (the outer turbulent layer) 

often-used correlation is the empirical power-law 

velocity profile 

 

     

     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 



• Turbulent Velocity Profile 
 

• Dimensional analysis arguments indicate that in the 
overlap region the velocity should vary as the 
logarithm of y. 

 

 

 

 

• where the constants 2.5 and 5.0 have been 
determined experimentally.  

 

• In the central region (the outer turbulent layer) 
often-used correlation is the empirical power-law 
velocity profile 

 

 

 

 

• The one-seventh power-law velocity profile is often 
used as a reasonable approximation for many 
practical flows. 

 

 

 

 

 

 

 

 

 

 

 
 



• Turbulent Velocity Profile 

 

 

 

 

 

 

 

 

 

 

• Closer examination of the above equation shows 

that the power-law profile cannot be valid near 

the wall, since according to this equation the 

velocity gradient is infinite there. In addition, the 

equation cannot be precisely valid near the 

centerline.     

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 



• Turbulent Velocity Profile 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 













 



 



 



 



• The Moody Chart 

 

 

• The pressure drop, for steady, incompressible 

turbulent flow in a horizontal round pipe of 

diameter D can be written in functional form as 

 

 

 

 

 

 

• Although the pressure drop for laminar pipe flow 

is found to be independent of the roughness of 

the pipe, it is necessary to include this parameter 

when considering turbulent flow. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 



• The Moody Chart 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 



• The Moody Chart 

 

 

 

 

 

 

 

• As was done for laminar flow, the functional 

representation can be simplified by imposing the 

reasonable assumption that the pressure drop 

should be proportional to the pipe length. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 



• The Moody Chart 

 

 

 

 

 

 

 

 

 

 

 

• For laminar fully developed flow, the value of f is 

simply 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 



• The Moody Chart 

• The energy equation for steady incompressible 

flow is 

 

 

 

• With the assumption of a constant diameter so 

that horizontal pipe with fully developed flow this 

becomes 

 

 

 

 

 

• The above equation called the Darcy–Weisbach 

equation, is valid for any fully developed, steady, 

incompressible pipe flow—whether the pipe is 

horizontal or on a hill. 

 

 

 

 

 

 

 

 

 

 

 

 
 



• The Moody Chart 

 

 

• It is not easy to determine the functional 

dependence of the friction factor on the Reynolds 

number and relative roughness.  

 

 

• Much of this information is a result of experiments 

conducted by J. Nikuradse in 1933 and amplified 

by many others since then. 

 

 

• L. F. Moody, who, along with C. F. Colebrook, 

correlated the original data of Nikuradse in 

terms of the relative roughness of commercially 

available pipe materials. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 



• The Moody Chart 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 



• The Moody Chart 

 

• For very large Reynolds numbers, f is 

independent of the Reynolds number.  

• For such flows, commonly termed completely 

turbulent flow (or wholly turbulent flow), the 

laminar sublayer is so thin (its thickness decreases 

with increasing Re) that the surface roughness 

completely dominates the character of the flow 

near the wall.  

• For flows with moderate values of Re,  the friction 

factor is indeed dependent on both the Reynolds 

number and relative roughness. 

• The gap in the figure for which no values of f are 

given is a result of the fact that the flow in this 

transition range may be laminar or turbulent. 

• Note that even for smooth pipes (called 

hydraulically smooth) the friction factor is not 

zero. 

 

 

 

 

 

 

 

 

 

 

 

 
 



• The Moody Chart 

 

• Various investigators have attempted to obtain an 

analytical expression for f. 

 

 

• The following equation from Colebrook is valid 

for the entire nonlaminar range of the Moody 

chart 

 

 

 

 

 

 

 

 

 

 

 
 











• Minor Losses 

 

• The flow pattern through a typical component 

such as a valve is shown below.  

• the head loss information  for essentially all 

components is given in dimensionless form and 

based on experimental data. 

 

 

 

 

 

 

 

 
 



• Minor Losses 

 

• The most common method used to determine these 

head losses or pressure drops is to specify the 

loss coefficient, which is defined as 

 

 

 

 

 

 

 
 



• Minor Losses 

 

• The actual value of loss coefficient is strongly 

dependent on the geometry of the component 

considered. It may also be dependent on the fluid 

properties. That is, 

 

 

 

 

• In most cases of practical interest the loss 

coefficients for components are a function of 

geometry only, 

 

 

 

 

 
 



• Minor Losses 

 

• Minor losses are sometimes given in terms of an 
equivalent length, 

 

 

 

 

 

 

 

 

• Many pipe systems contain various transition 
sections in which the pipe diameter changes from 
one size to another. 

• The extreme cases involve flow into a pipe from a 
reservoir (an entrance) or out of a pipe into a 
reservoir (an exit). 

 

 

 

 

 

 

 
 



• Minor Losses 

 

 

 

 

 

 

 
 



• Minor Losses 

 

 

 

 

 

 

 
 



• Minor Losses 

 

 

 

 

 

 

 
 



• Minor Losses 

 

 

 

 

 

 

 
 



• Minor Losses 

 

• A sudden expansion is one of the few components 

(perhaps the only one) for which the loss 

coefficient can be obtained by means of a simple 

analysis. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 



• Minor Losses 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 



• Noncircular Conduits 

• The hydraulic diameter defined as is four times 

the ratio of the cross sectional flow area divided 

by the wetted perimeter of the pipe as is 

illustrated below. 

 

 

 

 

 

 

 

 

 

 

 

 
 



• Noncircular Conduits 

• The hydraulic diameter defined as is four times 

the ratio of the cross sectional flow area divided 

by the wetted perimeter of the pipe as is 

illustrated below. 

 

 

 

 

 

 

 

 

 

 

 

 
 























• Multiple Pipe Systems 

 

 

 

 

 

 

 

 

 

 

 
 



• Multiple Pipe Systems 

 

 

 

 

 

 

 

 

 

 

 
 



• Multiple Pipe Systems 

 

 

 

 

 

 

 

 

 

 

 
 













• Pipe Flowrate Meters 

 

 

 

 

 

 

 

 

 

 
 



• Pipe Flowrate Meters 

 

 

 

 

 

 

 

 

 

 
 



• Pipe Flowrate Meters 

 

 

 

 

 

 

 

 

 

 
 



• The Energy Line and the Hydraulic 

Grade Line 

• The Bernoulli equation states that the sum of the 

pressure head, the velocity head, and the 

elevation head is constant along a streamline. This 

constant is called the total head, H. 

 

 

 

 

 

 



• The Energy Line and the Hydraulic 

Grade Line 

 

 

 

 

 



• Comparison of the Energy Equation with 

the Bernoulli Equation 

 

 

 

 

 

 

 

 

• It is sometimes called the mechanical energy 

equation or the extended Bernoulli equation. 

 



• Application of the Energy Equation to 

Nonuniform Flows 

 

 

 

 

 

 

• Where α is the kinetic energy coefficient. 



 



 



 



 



 





• Lift and Drag Concepts 

• The resultant force in the direction of the 

upstream velocity is termed the drag, and the 

resultant force normal to the upstream velocity is 

termed the lift. 



• Lift and Drag Concepts 



• Lift and Drag Concepts 

 

• The lift coefficient, and the drag coefficient, are 

defined as 

 

 

 

 

 

 

 

 

• Where A is a characteristic area of the object. 

Typically, A is taken to be frontal area, in other 

situations A is taken to be the planform area. 

 

 

 

 

 

 

 



• Characteristics of Flow Past an Object 

 

• One of the great advancements in fluid 

mechanics occurred in 1904 as a result of 

theinsight of Ludwig Prandtl, a German physicist 

and aerodynamicist. 

 

 

• He conceived of the idea of the boundary 

layer—a thin region on the surface of a body in 

which viscous effects are very important and 

outside of which the fluid behaves essentially as 

if it were inviscid. 

 

 

 

 

 

 

 

 

 

 

 

 



• Characteristics of Flow Past an Object 

 

• Flow past the flat plate 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Characteristics of Flow Past an Object 



• Characteristics of Flow Past an Object 



• Characteristics of Flow Past an Object 

• Flow past a blunt object 

 

 

 

 

 

 

 

 

 



• Characteristics of Flow Past an Object 



• Boundary Layer Structure and Thickness 
on a Flat Plate 

 

 

 

 

 

 

 

 

 

• The presence of the plate is felt only in the 
relatively thin boundary layer and wake regions. 

 

• The flow is said to be irrotational outside the 
boundary layer and rotational within the boundary 
layer. 



• Boundary Layer Structure and Thickness 

on a Flat Plate 

 

• We define the boundary layer thickness, as that 

distance from the plate at which the fluid velocity 

is within some arbitrary value of the upstream 

velocity. 



• Boundary Layer Structure and Thickness 

on a Flat Plate 

 

• Because of the velocity deficit, within the 

boundary layer, the flowrate across section b–b is 

less than that across section a–a. However, if we 

displace the plate at section a–a by an 

appropriate amount the boundary layer 

displacement thickness, the flowrates across each 

section will be identical. 



• Boundary Layer Structure and Thickness 
on a Flat Plate 

 

 

 

 

 

 

 

 

• The displacement thickness represents the amount 
that the thickness of the body must be increased 
so that the fictitious uniform inviscid flow has the 
same mass flowrate properties as the actual 
viscous flow. 

• It represents the outward displacement of the 
streamlines caused by the viscous effects on the 
plate. 











• Boundary Layer Structure and Thickness 

on a Flat Plate 

 

• Another boundary layer thickness definition, the 

boundary layer momentum thickness, is often used 

when determining the drag on an object.  

• Again because of the velocity deficit, in the 

boundary layer, the momentum flux across section 

b–b in is less than that across section a–a.  

• This deficit in momentum flux for the actual 

boundarylayer flow is given by 



• Boundary Layer Structure and Thickness 

on a Flat Plate 

 

• This deficit in momentum flux for the actual 

boundary layer flow is given by 

 

 

 

 

 

 

 



• Prandtl/Blasius Boundary Layer Solution 

 

• For steady, two dimensional laminar flows with 

negligible gravitational effects, the governing 

Navier-Stokes equations reduce to the following: 

 

 

 

 

 

 

 

• In addition, the conservation of mass equation, for 

incompressible flow is 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Prandtl/Blasius Boundary Layer Solution 

 

 

• By using boundary layer concepts introduced in 

the previous sections, Prandtl was able to impose 

certain approximations, and thereby to simplify 

the governing equations. 

 

• In 1908, H. Blasius, one of Prandtl’s students, was 

able to solve these simplified equations for the 

boundary layer flow past a flat plate parallel to 

the flow. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Prandtl/Blasius Boundary Layer Solution 

 

 

• Since the boundary layer is thin, it is expected 

that the component of velocity normal to the 

plate is much smaller than that parallel to the 

plate and that the rate of change of any 

parameter across the boundary layer should be 

much greater than that along the flow direction. 

That is, 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Prandtl/Blasius Boundary Layer Solution 

 

• With these assumptions it can be shown that the 

governing equations reduce to the following 

boundary layer equations: 

 

 

 

 

 

 

• The flow represents a balance between viscous 

and inertial effects, with pressure playing no role. 

• The boundary conditions 

 

 

 

 

 

 

 

 

 

 

 



• Prandtl/Blasius Boundary Layer Solution 

 

• In mathematical terms, the Navier–Stokes equations 
and the continuity equation are elliptic equations, 
whereas the equations for boundary layer flow are 
parabolic equations. 

 

• The nature of the solutions to these two sets of 
equations, therefore, is different. Physically, this fact 
translates to the idea that what happens 
downstream of a given location in a boundary layer 
cannot affect what happens upstream of that point. 

 

• In general, the solutions of nonlinear partial 
differential equations are extremely difficult to 
obtain. However, by applyinga clever coordinate 
transformation and change of variables, Blasius 
reduced the partial differential equations to an 
ordinary differential equation that he was able to 
solve. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Prandtl/Blasius Boundary Layer Solution 

 

 

 

 

 

 

 



• Prandtl/Blasius Boundary Layer Solution 

• It can be argued that in dimensionless form the 

boundary layer velocity profiles on a flat plate 

should be similar regardless of the location along 

the plate. That is, 

 

 

 

 

• In addition, by applying an order of magnitude 

analysis of the forces acting on fluid within the 

boundary layer, it can be shown that the 

boundary layer thickness grows as the square 

root of x and inversely proportional to the square 

root of U. That is, 

 

 

 

 

 

 

 



• Prandtl/Blasius Boundary Layer Solution 

 

• Thus, we introduce the dimensionless similarity 

variable 

 

 

• and the stream function 

 

 

 

• By substitution 

 

 

 

 

 

 



• Prandtl/Blasius Boundary Layer Solution 

 

• We substitute the above equations into the 

governing equations, to obtain the following 

nonlinear, third-order ordinary differential 

equation: 

 

 

 

• The boundary conditions can be written as 

 

 

 

 

• From the solution it is found that 

 

 

 

 

 

 

 

 

 



• Prandtl/Blasius Boundary Layer Solution 

 



• Prandtl/Blasius Boundary Layer Solution 

 



• Prandtl/Blasius Boundary Layer Solution 

 



• Prandtl/Blasius Boundary Layer Solution 

 

• It can also be shown that 

 

 

 

 

 

 

 

 



• Momentum-Integral Boundary Layer 

Equation for a Flat Plate 

 

 

 

 

 

 

 

 



• Momentum-Integral Boundary Layer 

Equation for a Flat Plate 

 

 

 

 

 

 

 

 



• Momentum-Integral Boundary Layer 

Equation for a Flat Plate 

 

 

 
 

• The development of the above equation and its 

use was first put forth in 1921 by T. von Karman 

(1881–1963), a Hungarian/German 

aerodynamicist. 

 

 

 

 

 

 

 



• Momentum-Integral Boundary Layer 

Equation for a Flat Plate 
 

 

 

• Hence, by combining the previous equations we 

obtain the momentum integral equation for the 

boundary layer flow on a flat plate  

 

 

 

 

 

 









• Momentum-Integral Boundary Layer 

Equation for a Flat Plate 
 

• The momentum integral equation can be used 

along with an assumed velocity profile to obtain 

reasonable, approximate boundary layer results. 

Thus, we consider a general velocity profile  

 

 

 

 

 



• Momentum-Integral Boundary Layer 

Equation for a Flat Plate 
 

 

 

 

 

 

 



• Momentum-Integral Boundary Layer 

Equation for a Flat Plate 
 

• By combining the above equations we obtain 

 

 

 

 



• Momentum-Integral Boundary Layer 

Equation for a Flat Plate 
 

 

 

 

 



• Momentum-Integral Boundary Layer 

Equation for a Flat Plate 
 

• It is often convenient to use the dimensionless local 

friction coefficient, defined as 

 

 

 

 

 

 

 

• while the Blasius solution result is given by 

 

 

 

 

 



• Momentum-Integral Boundary Layer 

Equation for a Flat Plate 
 

 

 

 

 



• Momentum-Integral Boundary Layer 

Equation for a Flat Plate 
 

• It is often convenient to use the dimensionless local 

friction coefficient, defined as 

 

 

 

 

 

 

 

• while the Blasius solution result is given by 

 

 

 

 

 



• Momentum-Integral Boundary Layer 

Equation for a Flat Plate 
 

• For a flat plate of length and width b, the net 

friction drag, can be expressed in terms of the 

friction drag coefficient, as 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Transition from Laminar to Turbulent Flow 

• Transition from laminar to turbulent flow involves 

a noticeable change in the shape of the 

boundary layer velocity profile. 

 

 

 

 

 

 

 

 

 

 

• The turbulent profiles are flatter, have a larger 

velocity gradient at the wall, and produce a 

larger boundary layer thickness than do the 

laminar profiles. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Turbulent Boundary Layer Flow 
 

 

• The structure of turbulent boundary layer flow is 
very complex, random, and irregular. 

 

• There are no “exact” solutions for turbulent 
boundary layer flow.  

 

• It is possible to solve the Prandtl boundary layer 
equations for laminar flow past a flat plate to 
obtain the Blasius solution. Which is “exact” within 
the framework of the assumptions involved in the 
boundary layer equations. 

 

• Since there is no precise expression for the shear 
stress in turbulent flow, solutions are not available 
for turbulent flow. 

 

• Approximate turbulent boundary layer results can 
also be obtained by use of the momentum integral 
equation which is valid for either laminar or 
turbulent flow. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 















• Turbulent Boundary Layer Flow 

• In general, the drag coefficient for a flat plate of 

length is a function of the Reynolds number, and the 

relative roughness. 

• Fully developed horizontal pipe flow is governed by a 

balance between pressure forces and viscous forces. 

The fluid inertia remains constant throughout the flow. 

Boundary layer flow on a horizontal flat plate is 

governed by a balance between inertia effects and 

viscous forces. The pressure remains constant throughout 

the flow. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Effects of Pressure Gradient 
 

• The pressure and free-stream velocity distributions in 

the flow past a circular cylinder are shown below. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Effects of Pressure Gradient 
• The decrease in pressure in the direction of flow along the 

front half of the cylinder is termed a favorable pressure 

gradient. The increase in pressure in the direction of flow 

along the rear half of the cylinder is termed an adverse 

pressure gradient. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Momentum-Integral Boundary Layer Equation 
with Nonzero Pressure Gradient 

• If the freestream velocity is not constant, the pressure will 
not be constant. 

 

 

 

 

• For a given body the free-stream velocity and the 
corresponding pressure gradient on the surface can be 
obtained from inviscid flow techniques. 

• By using the x component of the momentum equation with 
the appropriate shear forces and pressure forces the 
following integral momentum equation for boundary layer 
flows is obtained: 

 

 

 

 

• The general momentum integral equation for two-
dimensional boundary layer flow, represents a balance 
between viscous forces, pressure forces, and the fluid 
momentum. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

• Most of the information pertaining to drag on 

objects is a result of numerous experiments with 

wind tunnels, water tunnels, towing tanks, and 

other ingenious devices that are used to measure 

the drag on scale models. 

• Typically, the result for a given-shaped object is a 

drag coefficient, where 

 

 

 

 

 

• and drag coefficient is a function of other 

dimensionless parameters such as Reynolds number, 

Mach number, Froude number, and relative roughness 

of the surface, That is, 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Friction Drag 

 

• Friction drag, is that part of the drag that is due 

directly to the shear stress, on the object. It is a function 

of not only the magnitude of the wall shear stress, but 

also of the orientation of the surface on which it acts. 

• Because the viscosity of most common fluids is small, the 

contribution of the shear force to the overall drag on a 

body is often quite small. 

• For highly streamlined bodies or for low Reynolds 

number flow, however, most of the drag may be due to 

friction drag. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Pressure Drag 

 

• Pressure drag, is that part of the drag that is due 

directly to the pressure, on an object. 

 

• It is often referred to as form drag because of its 

strong dependency on the shape or form of the object. 

 

• Pressure drag is a function of the magnitude of 

the pressure and the orientation of the surface 

element on which the pressure force acts. 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Drag Coefficient Data and Examples 

 

• Shape Dependence. 

 

 

 

 

 

 

 

 

 

 

 

 



• Drag Coefficient Data and Examples 

 

• Reynolds Number Dependence. 

 

• Low Reynolds number flows are governed by a 

balance between viscous and pressure forces. 

Inertia effects are negligibly small. 

 

 

 

 

 

 

 

 

 



• Drag Coefficient Data and Examples 

 

• Reynolds Number Dependence. 

 

 

 

 

 



• Drag Coefficient Data and Examples 
 

• Reynolds Number Dependence. 

 

• Moderate Reynolds number flows tend to take on a 
boundary layer flow structure.  

• For such flows past streamlined bodies, the drag 
coefficient tends to decrease slightly with Reynolds 
number. 

• Moderate Reynolds number flows past blunt bodies 
generally produce drag coefficients that are 
relatively constant. 

• For many shapes there is a sudden change in the 
character of the drag coefficient when the 
boundary layer becomes turbulent. 

• For streamlined bodies, the drag coefficient 
increases when the boundary layer becomes 
turbulent because most of the drag is due to the 
shear force, which is greater for turbulent flow than 
for laminar flow. 

• On the other hand, the drag coefficient for a 
relatively blunt object, such as a cylinder or sphere, 
actually decreases when the boundary layer 
becomes turbulent. 

 



• Drag Coefficient Data and Examples 

 

• Reynolds Number Dependence. 

 

 



• Drag Coefficient Data and Examples 

 

• Reynolds Number Dependence. 

 

 



• Drag Coefficient Data and Examples 

 

• Surface Roughness. 

 



• Drag Coefficient Data and Examples 

 

• Composite Body Drag. 

 



• Drag Coefficient Data and Examples 

 

• Composite Body Drag. 

 



 

• Any object moving through a fluid will experience 

a net force of the fluid on the object. For 

symmetrical objects, this force will be in the 

direction of the free stream—a drag, If the 

object is not symmetrical or if it does not produce 

a symmetrical flow field, such as the flow around 

a rotating sphere, there may also be a force 

normal to the free stream—a lift. 

 

• Some objects, such as an airfoil, are designed to 

generate lift. Other objects are designed to 

reduce the lift generated. 

 

• For example, the lift on a car tends to reduce the 

contact force between the wheels and the ground, 

causing reduction in traction and cornering ability. 

It is desirable to reduce this lift. 



 

• Surface Pressure Distribution 

 

• Typically, the lift is given in terms of the lift 

coefficient. 



 

• Surface Pressure Distribution 

 

• A typical device designed to produce lift does so 

by generating a pressure distribution that is 

different on the top and bottom surfaces. 



• Surface Pressure Distribution 

 

• If angle of attack is too large, the boundary 

layer on the upper surface separates, the flow 

over the wing develops a wide, turbulent wake 

region, the lift decreases, and the drag increases. 

The airfoil stalls. 



• Surface Pressure Distribution 

 



• Surface Pressure Distribution 

 

• To generate the necessary lift during the 

relatively low-speed landing and takeoff 

procedures, the airfoil shape is altered by 

extending special flaps on the front and or rear 

portions of the wing. 



• Circulation 

 

• Since viscous effects are of minor importance in 

the generation of lift, it should be possible to 

calculate the lift force on an airfoil by integrating 

the pressure distribution obtained from the 

equations governing inviscid flow past the airfoil. 

 

• That is, the potential flow theory should provide a 

method to determine the lift. 



• Circulation 

 



• Circulation 

 







 



 



 



 





 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 



• The Mach number is defined as the ratio of the 

value of the local flow velocity, V, to the local 

speed of sound, c. In other words, 

 

 

 

• What we perceive as sound generally consists of 

weak pressure pulses that move through air. 

When our ear drums respond to a succession of 

moving pressure pulses, we hear sounds. 

 

• To better understand the notion of speed of 

sound, we analyze the one-dimensional fluid 

mechanics of an infinitesimally thin, weak 

pressure pulse moving at the speed of sound 

through a fluid at rest. 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

• When the continuity equation is applied to the 

flow through this control volume, the result is 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

• The linear momentum equation can also be 

applied to the flow through the control volume. 

The result is 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• From continuity and linear momentum we obtain 

 

 

 

 

 

 

 

• If the energy equation is used for the flow 

through this control volume, the result is 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

• By combining continuity and energy we again 

find that 

 

 

 

 

• Thus, the conservation of linear momentum and 

the conservation of energy principles lead to the 

same result. If we further assume that the 

frictionless flow through the control volume is 

adiabatic (no heat transfer), then the flow is 

isentropic. 

 

 

 

 

 

 

 



• For the isentropic flow of an ideal gas, we have 

 

 

 

 

 

 

 

 

• More generally, the bulk modulus of elasticity, of 

any fluid including liquids is defined as 

 

 

 

 

 

 

 

 

 

 



• The variation of drag coefficient with Reynolds 

number and Mach number is shown for air flow 

over a sphere. Compressibility effects can be of 

considerable importance. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• This discussion about pressure wave patterns 

suggests the following categories of fluid flow: 

 

• 1. Incompressible flow: Ma ≤ 0.3. Unrestricted, 

nearly symmetrical and instantaneous pressure 

communication. 

• 2. Compressible subsonic flow: 0.3 < Ma <1. 

Unrestricted but noticeably asymmetrical pressure 

communication. 

• 3. Compressible supersonic flow: Ma ≥ 1. 

Formation of Mach wave; pressure communication 

restricted to zone of action. 

• In addition to the above-mentioned categories of 

flows, two other regimes are commonly referred 

• to: namely, transonic flows (0.9 ≤ Ma ≤1.2) and 

hypersonic flows (Ma ≥ 5). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 









• Effect of Variations in Flow Cross-Sectional Area 

 

 

 

• For the inviscid and steady flow of a fluid 

particle. 

 

 

 

 

 

• If we form the logarithm of both sides of the 

continuity equation, the result is 

 

 

 

 

 



• Effect of Variations in Flow Cross-Sectional Area 

 

 

 

 

 

 

 

 

 



• Effect of Variations in Flow Cross-Sectional Area 

 

 

 

• We can use the above to conclude that when the 

flow is subsonic velocity and section area changes 

are in opposite directions, and when the flow is 

supersonic velocity and area changes are in the 

same direction. 

 

 

 

• We can conclude that for subsonic flows density 

and area changes are in the same direction, 

whereas for supersonic flows density and area 

changes are in opposite directions. 

 

 

 



• Effect of Variations in Flow Cross-Sectional Area 

 

 

 

 

 

 



• Effect of Variations in Flow Cross-Sectional Area 

 

 

 

• By rearranging the above equation, we can 

obtain 

 

 

 

• This result suggests that the area associated with 

Ma = 1 is either a minimum or a maximum 

amount. 

 



• It is convenient to use the stagnation state of the 

fluid as a reference state for compressible flow 

calculations. 

• The stagnation state is associated with zero flow 

velocity and an entropy value that corresponds to 

the entropy of the flowing fluid. 

• The stagnation state can also be achieved by 

isentropically decelerating a flow to zero velocity. 



• A very useful means of keeping track of the states 
of an isentropic flow of an ideal gas involves a 
temperature-entropy diagram, as is shown below 

 

 

 

 

 

 

 

 

• When the duct back pressure is lowered sufficiently, 
the Mach number at the throat of the duct will be 1. 

  

• Any further decrease of the back pressure will not 
affect the flow in the converging portion of the duct 
because information about pressure cannot move 
upstream when Ma=1. 

 

• When at the throat of the converging-diverging 
duct, we have a condition called choked flow. 



• We have already used the stagnation state for 

which Ma=0 as a reference condition. 

• It will prove helpful to us to use the state 

associated with Ma=1 and the same entropy 

level as the flowing fluid as another reference 

condition we shall call the critical state. 

 

 

 

 

 

 

 



• For choked flow through the converging-diverging 

duct, the conservation of mass equation yields 

 

 

 

 

 

 



 



 



 



• Adiabatic Constant-Area Duct Flow with Friction 

(Fanno Flow) 

 

 

 

 

 



• Adiabatic Constant-Area Duct Flow with Friction 

(Fanno Flow) 

 

 

 

 

 



• Adiabatic Constant-Area Duct Flow with Friction 

(Fanno Flow) 

 

 

 

 

 



• Adiabatic Constant-Area Duct Flow with Friction 

(Fanno Flow) 

 

 

 

 

 



• Frictionless Constant-Area Duct Flow with Heat 

Transfer (Rayleigh Flow) 

 

 

 

 

 

 

 

 

 

 

 

 

• Since the flow cross-sectional area remains constant for 

Rayleigh flow,from the continuity equation we conclude that 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Frictionless Constant-Area Duct Flow with Heat 

Transfer (Rayleigh Flow) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Frictionless Constant-Area Duct Flow with Heat 

Transfer (Rayleigh Flow) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Normal Shock Waves 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



• Normal Shock Waves 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


