
Two-dimensional Cascades 
Let us first understand the facts and then we may seek the causes. (ARISTOTLE.) 

Introduction 
The operation of any turbomachine is directly dependent upon changes in the 

working fluid’s angular momentum as it crosses individual blade rows. A deeper 
insight of turbomachinery mechanics may be gained from consideration of the flow 
changes and forces exerted within these individual blade rows. In this chapter the 
flow past two-dimensional blade cascades is examined. 

A review of the many different types of cascade tunnel, which includes low-speed, 
high-speed, intermittent blowdown and suction tunnels, etc. is given by Sieverding 
(1985). The range of Mach number in axial-flow turbomachines can be considered 
to extend from M = 0.2 to 2.5 (of course, if we also include fans then the lower 
end of the range is very low). Two main types of cascade tunnel are: 

(1) low-speed, operating in the range 20-6Ods; and 
(2) high-speed, for the compressible flow range of testing. 

A typical low-speed, continuous running, cascade tunnel is shown in Figure 3.l(a). 
The linear cascade of blades comprises a number of identical blades, equally spaced 
and parallel to one another. A suction slot is situated on the ceiling of the tunnel 
just before the cascade to allow the controlled removal of the tunnel boundary layer. 
Carefully controlled suction is usually provided on the tunnel sidewalls immediately 
upstream of the cascade so that two-dimensional, constant axial velocity flow can 
be achieved. 

Figure 3.1 b shows the test section of a cascade facility for transonic and moderate 
supersonic inlet velocities. The upper wall is slotted and equipped for suction, 
allowing operation in the transonic regime. The flexible section of the upper wall 
allows for a change of geometry so that a convergent-divergent nozzle is formed, 
thus allowing the flow to expand supersonically upstream of the cascade. 

To obtain truly two-dimensional flow would require a cascade of infinite extent. 
Of necessity cascades must be limited in size, and careful design is needed to ensure 
that at least the central regions (where flow measurements are made) operate with 
approximately two-dimensional flow. 

For axial flow machines of high hub-tip ratio, radial velocities are negligible and, 
to a close approximation, the flow may be described as two-dimensional. The flow in 
a cascade is then a reasonable model of the flow in the machine. With lower hub-tip 
radius ratios, the blades of a turbomachine will normally have an appreciable amount 
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FIG. 3.1. Compressor cascade wind tunnels. (a) Conventional low-speed, continuous 
running cascade tunnel (adapted from Carter et a/. 1950). (b) Transonidsupersonic 

cascade tunnel (adapted from Sieverding 1985). 

of twist along their length, the amount depending upon the sort of “vortex design” 
chosen (see Chapter 6) .  However, data obtained from two-dimensional cascades can 
still be of value to a designer requiring the performance at discrete blade sections 
of such blade rows. 

Cascade nomenclature 
A cascade blade profile can be conceived as a curved camber line upon which a 

pro$le thickness distribution is symmetrically superimposed. Referring to Figure 3.2 
the camber line y(x)  and profile thickness f ( x )  are shown as functions of the distance 
x along the blade chord 1. In British practice the shape of the camber line is usually 
either a circular arc or a parabolic arc defined by the maximum camber b located at 
distance a from the leading edge of the blade. The profile thickness distribution may 
be that of a standard aerofoil section but, more usually, is one of the sections specif- 
ically developed by the various research establishments for compressor or turbine 
applications. Blade camber and thickness distributions are generally presented as 
tables of y / l  and t / l  against x / l .  Some examples of these tables are quoted by 
Horlock (1958, 1966). Summarising, the useful parameters for describing a cascade 
blade are: camber line shape, b / l ,  u / l ,  type of thickness distribution and maximum 
thickness to chord ratio, tma/Z. 
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FIG. 3.2. Compressor cascade and blade notation. 

With the blades arranged in cascade, two important additional geometric variables 
which define the cascade are the space-chord ratio SA and the stagger angle 6, 
which is the angle between the chord line and a reference direction perpendicular 
to the cascadefront. Throughout the remainder of this book, all fluid and blade 
angles are referred to this perpendicular so as to avoid the needless complication 
arising from the use of other reference directions. However, custom dies hard; in 
steam turbine practice, blade and flow angles are conventionally measured from the 
tangential direction (i.e. parallel to the cascade front). Despite this, it is better to 
avoid ambiguity of meaning by adopting the single reference direction already given. 

The blades angles at entry to and at exit from the cascade are denoted by a; and 
a; respectively. A most useful blade parameter is the camber angle 8 which is the 
change in angle of the camber line between the leading and trailing edges and equals 
a', - a; in the notation of Figure 3.2. For circular arc camber lines the stagger angle 
is 6 = ;(a; + a;). For parabolic arc camber lines of low camber (i.e. small b / l )  as 
used in some compressor cascades, the inlet and outlet blade angles are 

bll a; = 6 +tan-' Jc a; = 6 - tan-' 
(a l l  l2 ( I  - a/Z)2 

the equation approximating for the parabolic arc being Y = X { A ( X  - 1) + B Y }  
where X = x / l ,  Y = y/E. A ,  B are two arbitrary constants which can be solved 
with the conditions that at x = a, y = b and dy1d.x = 0. The exact general equation 
of a parabolic arc camber line which has been used in the design of highly cambered 
turbine blades is dealt with by Dunham (1974). 

Analysis of cascade forces 

The fluid approaches the cascade from far upstream with velocity c1 at an angle 
a1 and leaves far downstream of the cascade with velocity c2 at an angle a2. In 
the following analysis the fluid is assumed to be incompressible and the flow to be 
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steady. The assumption of steady flow is valid for an isolated cascade row but, in a 
turbomachine, relative motion between successive blade rows gives rise to unsteady 
flow effects. As regards the assumption of incompressible flow, the majority of 
cascade tests are conducted at fairly low Mach numbers (e.g. 0.3 on compressor 
cascades) when compressibility effects are negligible. Various techniques are avail- 
able for correlating incompressible and compressible cascades; a brief review is 
given by Csanady (1964). 

A portion of an isolated blade cascade (for a compressor) is shown in Figure 3.3. 
The forces X and Y are exerted by unit depth of blade upon the fluid, exactly equal 
and opposite to the forces exerted by the fluid upon unit depth of blade. A control 
surface is drawn with end boundaries far upstream and downstream of the cascade 
and with side boundaries coinciding with the median stream lines. 

Applying the principle of continuity to a unit depth of span and noting the assump- 
tion of incompressibility, yields 

c1 cosa1 = c2 cosa2 = cx. (3.1) 

The momentum equation applied in the x and y directions with constant axial 
velocity gives, 

x = (P2 - Pl)& 

y = PSCX(C,l - cy217 

(3.2) 

(3.3) 

or 

Y = psc,(tana1 - tana2) (3.3a) 

Equations (3.1) and (3.3) are completely valid for a flow incurring total pressure 
losses in the cascade. 

FIG. 3.3. Forces and velocities in a blade cascade. 
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Energy losses 

A real fluid crossing the cascade experiences a loss in total pressure Apo due to 
skin friction and related effects. Thus 

APO PI - p 2  1 2 2 - + -(c* - c2). 
P P 2 

(3.4) 

Noting that c: - ci = (c;~ + c,') - (c;~ + c,') = (cyl + cy2)(cyl - cy2), substitute 
eqns. (3.2) and (3.3) into eqn. (3.4) to derive the relation, 

APO 1 - = -(-x + Y tanff,), 
P PS 

(3.5) 

where 

tana, = ;(tanal + tanffz). (3.6) 

A non-dimensional form of eqn. (3.5) is often useful in presenting the results of 
cascade tests. Several forms of total pressure-loss coefficient can be defined of 
which the most popular are, 

(3.7b) 

Using again the same reference parameter, a pressure rise coefficient C ,  and a 
tangential force coefficient C f  may be defined 

P 2 -  P1 x -- 
- ;psc,2' CP = 

2 p c x  
Y 

using eqns. (3.2) and (3.3a). 
Substituting these coefficients into eqn. (3.5) to give, after some rearrangement, 

(3.10) c, = Cf tana, - z'. 

Lift and drag 
A mean velocity c, is defined as 

c, = cx/ cosff,, (3.1 1) 

where a, is itself defined by eqn. (3.6). Considering unit depth of a cascade blade, 
a lift force L acts in a direction perpendicular to c, and a drag force D in a direction 
parallel to c,. Figure 3.4 shows L and D as the reaction forces exerted by the blade 
upon the fluid. 
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FIG. 3.4. Lift and drag forces exerted by a cascade blade (of unit span) upon the fluid. 

FIG. 3.5. Axial and tangential forces exerted by unit span of a blade upon the fluid. 

Experimental data are often presented in terms of lift and drag when the data may 
be of greater use in the form of tangential force and total pressure loss. The lift and 
drag forces can be resolved in terms of the axial and tangential forces. Refemng to 
Figure 3.5, 

L = X sinam + Y COSam,  (3.12) 

D = Ysincr, -X'COS(Y,. (3.13) 

From eqn. (3.5) 

D = ~ ~ ~ a , ( Y t a n a ,  -X)=SAPOCOSCY~.  (3.14) 

Rearranging eqn. (3.14) for X and substituting into eqn. (3.12) gives, 

L = (Y tan a, - SAPO) sin a, + Y cos a, 

= Y sec a, - SAPO sin 01, 

= pscz(tanal - tana2)seca, -sAposina,, (3.15) 

after using eqn. (3.9). 
Lift and drag coefficients may be introduced as 

(3.16a) 
L 

CL = j--- +;' ' 

;pC;1. 
(3.16b) 

D 
C D  = - 
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Using eqn. (3.14) together with eqn. (3.7), 

(3.17) 

With eqn. (3.15) 

S 
= 2- cosa,(tanal - tana2) - CD tana,. (3.18) 

1 

Alternatively, employing eqns. (3.9) and (3.17), 

S sin h, 
CL = -cosa, 1 (Cf -e7) (3.19) 

Within the normal range of operation in a cascade, values of CD are very much less 
than CL. As a, is unlikely to exceed 60deg, the quantity CD tana, in eqn. (3.18) 
can be dropped, resulting in the approximation, 

L C L  . 2sec2a, Cf 2 _ -  - ( m a l  - tana2) = - sec a,. _ -  - 
D C D  - e  e (3.20) 

Circulation and lift 
The lift of a single isolated aerofoil for the ideal case when D = 0 is given by 

the Kutta-Joukowski theorem 

L = prc, (3.21) 

where c is the relative velocity between the aerofoil and the fluid at infinity and r is 
the circulation about the aerofoil. This theorem is of fundamental importance in the 
development of the theory of aerofoils (for further information see Glauert (1959). 

In the absence of total pressure losses, the lift force per unit span of a blade in 
cascade, using eqn. (3.15), is 

(3.22) 

Now the circulation is the contour integral of velocity around a closed curve. For 
the cascade blade the circulation is 

r = s(cyl - cy2). (3.23) 

Combining eqns. (3.22) and (3.23), 

L = pn,. (3.24) 

As the spacing between the cascade blades is increased without limit (i.e. 
s += oo), the inlet and outlet velocities to the cascade, c1 and c2, becomes equal in 
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magnitude and direction. Thus c1 = c2 = c and eqn. (3.24) becomes identical with 
the Kutta-Joukowski theorem obtained for an isolated aerofoil. 

Efficiency of a compressor cascade 

The efficiency VD of a compressor blade cascade can be defined in the same way 
as diffuser efficiency; this is the ratio of the actual static pressure rise in the cascade 
to the maximum pbsible theoretical pressure rise (i.e. with Apo = 0). Thus, 

P2 - P1 
I]D= 1 &.: - 4 

= I -  APO 
p.,2 tana,(tanal - tana2)' 

Inserting eqns. (3.7) and (3.9) into the above equation, 

(3.25) 

Equation (3.20) can be written as </Cf = (sec2 a,)CD/Ct which when substituted 
into eqn. (3.25) gives 

(3.26) 

Assuming a constant lift-drag ratio, eqn. (3.26) can be differentiated with respect 
to am to give the optimum mean flow angle for maximum efficiency. Thus, 

ar]D 4cDcOskim 
= 0, -- - 

h m  cLsin2kim 

so that 

therefore 

(3.27) 

This simple analysis suggests that maximum efficiency of a compressor cascade is 
obtained when the mean flow angle is 45 deg, but ignores changes in the ratio CD/CL 
with varying am. Howell (1945) calculated the effect of having a specified variation 
of CD/CL upon cascade efficiency, comparing it with the case when CD/CL is 
constant. Figure 3.6 shows the results of this calculation as well as the variation of 
CD/CL with am. The graph shows that V D ~ ~  is at an optimum angle only a little less 
than 45 deg but that the curve is rather flat for a rather wide change in am. Howell 
suggested that value of am rather less than the optimum could well be chosen with 
little sacrifice in efficiency, and with some benefit with regard to power-weight ratio 
of compressors. In Howell's calculations, the drag is an estimate based on cascade 
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FIG. 3.6. Efficiency variation with average flow angle (adapted from Howell 1945). 

experimental data together with an allowance for wall boundary-layer losses and 
“secondary-flow’’ losses. 

Performance of two-dimensional cascades 
From the relationships developed earlier in this chapter it is apparent that the 

effects of a cascade may be completely deduced if the flow angles at inlet and 
outlet together with the pressure loss coefficient are known. However, for a given 
cascade only one of these quantities may be arbitrarily specified, the other two 
being fixed by the cascade geometry and, to a lesser extent, by the Mach number 
and Reynolds number of the flow. For a given family of geometrically similar 
cascades the performance may be expressed functionally as, 

<, a2 = @ I ,  MI,  Re), * (3.28) 

where < is the pressure loss coefficient, eqn. (3.7), M1 is the inlet Mach number 
= ~l/(yRT1)’/~, Re is the inlet Reynolds number = p l c l l / p  based on blade chord 
length. 

Despite numerous attempts it has not been found possible to determine, accurately, 
cascade performance characteristics by theoretical means alone and the experimental 
method still remains the most reliable technique. An account of the theoretical 
approach to the problem lies outside the scope of this book, however, a useful 
summary of the subject is given by Horlock (1958). 

The cascade wind tunnel 
The basis of much turbomachinery research and development derives from the 

cascade wind tunnel, e.g. Figure 3.1 (or one of its numerous variants), and a brief 
description of the basic aerodynamic design is given below. A more complete 
description of the cascade tunnel is given by Carter et al. (1950) including many of 
the research techniques developed. 
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FIG. 3.7. Streamline flow through cascades (adapted from Carter et al. 1950). 

In a well-designed cascade tunnel it is most important that the flow near the 
central region of the cascade blades (where the flow measurements are made) is 
approximately two-dimensional. This effect could be achieved by employing a large 
number of long blades, but an excessive amount of power would be required to 
operate the tunnel. With a tunnel of more reasonable size, aerodynamic difficulties 
become apparent and arise from the tunnel wall boundary layers interacting with 
the blades. In particular, and as illustrated in Figure 3.7a, the tunnel wall boundary 
layer mingles with the end blade boundary layer and, as a consequence, this blade 
stalls resulting in a non-uniform flow field. 

Stalling of the end blade may be delayed by applying a controlled amount of 
suction to a slit just upstream of the blade, and sufficient to remove the tunnel wall 
boundary layer (Figure 3.7b). Without such boundary-layer removal the effects of 
flow interference can be quite pronounced. They become most pronounced near the 
cascade “stalling point” (defined later) when any small disturbance of the upstream 
flow field precipitates stall on blades adjacent to the end blade. Instability of this type 
has been observed in compressor cascades and can affect every blade of the cascade. 
It is usually characterised by regular, periodic “cells” of stall crossing rapidly from 
blade to blade; the term propagating stall is often applied to the phenomenon. Some 
discussion of the mechanism of propagating stall is given in Chapter 6.  

The boundary layers on the walls to which the blade roots are attached, generate 
secondary vorticity in passing through the blades which may produce substantial 
secondaryflows. The mechanism of this phenomenon has been discussed at some 
length by Carter (1948), Horlock (1958) and many others and a brief explanation 
is included in Chapter 6. 
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FIG. 3.8. Contraction of streamlines due to boundary layer thickening (adapted from 
Carter et al. 1950). 

In a compressor cascade the rapid increase in pressure across the blades causes 
a marked thickening of the wall boundary layers and produces an effective 
contraction of the flow, as depicted in Figure 3.8. A contraction coeficient, used 
as a measure of the boundary-layer growth through the cascade, is defined by 
plcl cos al/(p2c2 cos a2). Carter et al. (1950) quotes values of 0.9 for a good tunnel 
dropping to 0.8 in normal high-speed tunnels and even less in bad cases. These are 
values for compressor cascades; with turbine cascades slightly higher values can 
be expected. 

Because of the contraction of the main through-flow, the theoretical pressure rise 
across a compressor cascade, even allowing for losses, is never achieved. This will 
be evident since a contraction (in a subsonic flow) accelerates the fluid, which is in 
conflict with the diffuser action of the cascade. 

To counteract these effects it is customary (in Great Britain) to use at least seven 
blades in a compressor cascade, each blade having a minimum aspect ratio (blade 
span-chord length) of 3. With seven blades, suction is desirable in a compressor 
cascade but it is not usual in a turbine cascade. In the United States much lower 
aspect ratios are commonly employed in compressor cascade testing, the technique 
being the almost complete removal of tunnel wall boundary layers from all four 
walls using a combination of suction slots and perforated end walls to which suction 
is applied. 

Cascade test results 
The basic cascade performance data in low-speed flows are obtained from 

measurements of total pressure, flow angle and velocity taken across one or more 
complete pitches of the cascade, the plane of measurement being about half a 
chord downstream of the trailing edge plane. The literature on instrumentation 
is very extensive as are the various measurement techniques employed and 
the student is referred to the works of Horlock (1958), Bryer and Pankhurst 
(1971), Sieverding (1975, 1985). The publication by Bryer and Pankhurst for 
deriving air speed and flow direction is particularly instructive and recommended, 
containing as it does details of the design and construction of various instruments 
used in cascade tunnel measurements as well as their general principles and 
performance details. 
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FIG. 3.9. Some combination pressure probes (adapted from Bryer and Pankhurst 1971): 
(a) claw probe; (b) chamfered tube probe; (c) wedge probe. 

Some representative combination pressure probes are shown in Figure 3.9. These 
types are frequently used for pitchwise traversing across blade cascades but, because 
of their small size, they are also used for interstage (radial) flow traversing in 
compressors. For the measurement of flow direction in conditions of severe trans- 
verse total pressure gradients, as would be experienced during the measurement of 
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FIG. 3.1 0. Apparent flow angle variation measured by three different combination probes 
traversed across a transverse variation of total pressure (adapted from Bryer and 

Pankhurst 1971 ). 

blade cascade flows, quite substantial errors in the measurement of flow direction 
do arise. Figure 3.10 indicates the apparent flow angle variation measured by these 
same three types of pressure probe when traversed across a transverse gradient of 
total pressure caused by a compressor stator blade. It is clear that the wedge probe 
is the least affected by the total pressure gradient. An investigation by Dixon (1978) 
did confirm that all pressure probe instruments are subject to this type of directional 
error when traversed across a total pressure variation such as a blade wake. 

An extensive bibliography on all types of measurement in fluid flow is given 
by Dowden (1972). Figure 3.11 shows a typical cascade test result from a traverse 
across 2 blade pitches taken by Todd (1947) at an inlet Mach number of 0.6. It is 
observed that a total pressure deficit occurs across the blade row arising from the 
fluid friction on the blades. The fluid deflection is not uniform and is a maximum at 
each blade trailing edge on the pressure side of the blades. From such test results, 
average values of total pressure loss and fluid outlet angle are found (usually on a 
mass flow basis). The use of terms like “total pressure loss” and “fluid outlet angle” 
in the subsequent discussion will signify these average values. 

Similar tests performed for a range of fluid inlet angles, at the same inlet Mach 
number M I  and Reynolds number Re, enables the complete performance of the 
cascade to be determined (at that M I  and Re). So as to minimise the amount of 
testing required, much cascade work is performed at low inlet velocities, but at a 
Reynolds number greater than the “critical” value. This critical Reynolds number Re, 
is approximately 2 x 1 6  based on inlet velocity and blade chord. With Re > Re,, 
total pressure losses and fluid deflections are only slightly dependent on changes 
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FIG. 3.1 1. A sample plot of inlet and outlet stagnation pressures and fluid outlet angle 
(adapted from Todd 1947). 

in Re. Mach number effects are negligible when M I  < 0.3. Thus, the performance 
laws, eqn. (3.28), for this flow simplify to, 

<9 a2 = f(a1). (3.28a) 

There is a fundamental difference between the flows in turbine cascades and those 
in compressor cascades which needs emphasising. A fluid flowing through a channel 
in which the mean pressure is falling (mean flow is accelerating) experiences a 
relatively small total pressure loss in contrast with the mean flow through a channel 
in which the pressure is rising (diffusing flow) when losses may be high. This 
characteristic difference in flow is reflected in turbine cascades by a wide range of 
low loss performance and in compressor cascades by a rather narrow range. 

Compressor cascade performance 

A typical set of low-speed compressor cascade results (Howell 1942) for a blade 
cascade of specified geometry, is shown in Figure 3.12. These results are presented 
in the form of a pressure loss coefficient Apo/ ( ;pc : )  and fluid deflection E= 
a1 - a2 against incidence i = a1 - u; (refer to Figure. 3.2 for nomenclature). Note 
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FIG. 3.12. Compressor cascade characteristics (Howell 1942). (By courtesy of the 
Controller of H.M.S.O., Crown copyright reserved). 

that from eqn. (3.7), ~ p o / ( i p ~ : )  = <cos2 at. There is a pronounced increase in 
total pressure loss as the incidence rises beyond a certain value and the cascade 
is stalled in this region. The precise incidence at which stalling occurs is difficult 
to define and a stall point is arbitrarily specified as the incidence at which the 
total pressure loss is twice the minimum loss in total pressure. Physically, stall is 
characterised (at positive incidence) by the flow separating from the suction side of 
the blade surfaces. With decreasing incidence, total pressure losses again rise and a 
“negative incidence” stall point can also be defined as above. The working range is 
conventionally defined as the incidence range between these two limits at which the 
losses are twice the minimum loss. Accurate knowledge of the extent of the working 
range, obtained from two-dimensional cascade tests, is of great importance when 
attempting to assess the suitability of blading for changing conditions of operation. 
A reference incidence angle can be most conveniently defined either at the mid- 
point of the worlung range or, less precisely, at the minimum loss condition. These 
two conditions do not necessarily give the same reference incidence. 

From such cascade test results the projile losses through compressor blading of 
the same geometry may be estimated. To these losses estimates of the annulus 
skin friction losses and other secondary losses must be added, and from which the 
efficiency of the compressor blade row may be determined. Howell (1945) suggested 
that these losses could be estimated using the following drag coefficients. For the 
annulus walls loss, 

CD, = 0.02s/H (3.29a) 

and for the so-called “secondary” loss, 

CD, = 0.018Cz (3.29b) 

where s, H are the blade pitch and blade length respectively, and CL the blade lift 
coefficient. Calculations of this type were made by Howell and others to estimate 
the efficiency of a complete compressor stage. A worked example to illustrate the 
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FIG. 3.13. Losses in a compressor stage (Howell 1945). (Courtesy of the Institution of 
Mechanical Engineers). 

details of the method is given in Chapter 5. Figure 3.13 shows the variation of stage 
efficiency with flow coefficient and it is of particular interest to note the relative 
magnitude of the profile losses in comparison with the overall losses, especially at 
the design point. 

Cascade performance data to be easily used, are best presented in some condensed 
form. Several methods of empirically correlating low-speed performance data have 
been developed in Great Britain. Howell’s correlation (1942) relates the performance 
of a cascade to its performance at a “nominal” condition defined at 80% of the 
stalling deflection. Carter (1950) has referred performance to an optimum incidence 
given by the highest lift-drag ratio of the cascade. In the United States, the National 
Advisory Committee for Aeronautics (NACA), now called the National Aeronautics 
and Space Administration (NASA), systematically tested whole families of different 
cascade geometries, in particular, the widely used NACA 65 Series (Hemg ef al. 
1957). The data on the NACA 65 Series has been usefully summarised by Felix 
(1957) where the performance of a fixed geometry cascade can be more readily 
found. A concise summary is also given by Horlock (1958). 

Turbine cascade performance 

Figure 3.14 shows results obtained by Ainley (1948) from two sets of turbine 
cascade blades, impulse and “reaction”. The term “reaction” is used here to denote, 
in a qualitative sense, that the fluid accelerates through the blade row and thus 
experiences a pressure drop during its passage. There is no pressure change across an 
impulse blade row. The performance is expressed in the form L = A p o / ( p o z  - p2)  
and a2 against incidence. 

From these results it is observed that: 
(a) the reaction blades have a much wider range of low loss performance than the 

impulse blades, a result to be expected as the blade boundary layers are subjected 
to a favourable pressure gradient, 
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FIG. 3.1 4. Variation in profile loss with incidence for typical turbine blades (adapted from 
Ainley 1948). 

(b) the fluid outlet angle a2 remains relatively constant over the whole range of 
incidence in contrast with the compressor cascade results. 

For turbine cascade blades, a method of correlation is given by Ainley and Math- 
ieson (195 1) which enables the performance of a gas turbine to be predicted with an 
estimated tolerance of within 2% on peak efficiency. In Chapter 4 a rather different 
approach, using a method attributed to Soderberg, is outlined. While being possibly 
slightly less accurate than Ainley’s correlation, Soderberg ’s method employs fewer 
parameters and is rather easier to apply. 

Compressor cascade correlations 

Many experimental investigations have confinned that the efficient performance 
of compressor cascade blades is limited by the growth and separation of the blade 
surface boundary layers. One of the aims of cascade research is to establish the 
generalised loss characteristics and stall limits of conventional blades. This task 
is made difficult because of the large number of factors which can influence the 
growth of the blade surface boundary layers, viz. surface velocity distribution, blade 
Reynolds number, inlet Mach number, free-stream turbulence and unsteadiness, 
and surface roughness. From the analysis of experimental data several correlation 
methods have been evolved which enable the first-order behaviour of the blade 
losses and limiting fluid deflection to be predicted with sufficient accuracy for engi- 
neering purposes. 

LIEBLEIN. The correlation of Lieblein (1959), NASA (1965) is based on the 
experimental observation that a large amount of velocity diffusion on blade surfaces 
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tends to produce thick boundary layers and eventual flow separation. Lieblein states 
the general hypothesis that in the region of minimum loss, the wake thickness 
and consequently the magnitude of the loss in total pressure, is proportional to 
the diffusion in velocity on the suction-surface of the blade in that region. The 
hypothesis is based on the consideration that the boundary layer on the suction- 
surface of conventional compressor blades contributes the largest share of the blade 
wake. Therefore, the suction-surface velocity distribution becomes the main factor 
in determining the total pressure loss. 

Figure 3.15 shows a typical velocity distribution derived from surface pressure 
measurements on a compressor cascade blade in the region of minimum loss. The 
diffusion in velocity may be expressed as the ratio of maximum suction-surface 

FIG. 3.15. Compressor cascade blade surface velocity distribution. 

FIG. 3.16. Model variation in velocity in a plane normal to axial direction. 
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velocity to outlet velocity, cm,,,/c2. Lieblein found a correlation between the diffu- 
sion ratio C , , , ~ / C ~  and the wake momentum-thickness to chord ratio, 92/1 at the 
reference incidence (mid-point of working range) for American NACA 65-(Alo) and 
British C.4 circular-arc blades. The wake momentum-thickness, with the parameters 
of the flow model in Figure 3.16 is defined as 

sJ v 
92 = lp v (1 - e) dY. (3.30) 

The Lieblein correlation, with his data points removed for clarity, is closely fitted 
by the mean curve in Figure 3.17. This curve represents the equation 

(3.31) - 92 = o.W/ { 1 - 1.171n (y)} 
1 

which may be more convenient to use in calculating results. It will be noticed that for 
the limiting case when ( & / l )  -+ 00, the corresponding upper limit for the diffusion 
ratio C , , , ~ / C ~  is 2.35. The practical limit of efficient operation would correspond 
to a diffusion ratio of between 1.9 and 2.0. 

Losses are usually expressed in terms of the stagnation pressure loss coefficient 
w = Ape/ ( i p c : )  or < = Ape/ ( ipc: )  as well as the drag coefficient C D .  Lieblein 
and Roudebush ( 1956) have demonstrated the simplified relationship between 
momentum-thickness ratio and total pressure loss coefficient, valid for unstalled 
blades, 

- 

1 cos2 a, 
(3.32) - 

w = 2 ( ? )  (;> zQ2. 

FIG. 3.1 7.  Mean variation of wake momentum-thicknesdchord ratio with suction-surface 
diffusion ratio at reference incidence condition for NACA 65 - (CloAlo)10 blades and 

British C.4 circular-arc blades (adapted from Lieblein ( 1  959)). 
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Combining this relation with eqns. (3.7) and (3.17) the following useful results can 
be obtained: 

C D  = 55 (S) ___ cos3 01, =2(:> (“““)J=5(;)c0s 3 am. 
1 cos2 cy, cos cy2 

(3.33) 

The correlation given above assumes a knowledge of suction-surface velocities in 
order that total pressure loss and stall limits can be estimated. As this data may be 
unavailable it is necessary to establish an equivalent diffusion ratio, approximately 
equal to c,,,,/c~, that can be easily calculated from the inlet and outlet conditions 
of the cascade. An empirical correlation was established by Lieblein (1959) between 
a circulation parameter defined by f(r) = rcoscyl/(lcl) and cm,,,/cl at the refer- 
ence incidence, where the ideal circulation r = s(cyl - cy2), using eqn. (3.23). The 
correlation obtained is the simple linear relation. 

(3.34) cmaX,,/c1 = 1.12 + 0.6 i f ( r )  

which applies to both NACA 65-(Alo) and C.4 circular arc blades. Hence, the 
equivalent diffusion ratio, after substituting for r and simplifying, is 

At incidence angles greater than reference incidence, Lieblein found that the 
following correlation was adequate: 

1 { 1.12 + k(i  - i,f)‘.43 + 0.61 cos2cyl(tancy1 - tancy2) 
cos cy2 D -- 

es - coscy1 
(3.36) 

where k = 0.01 17 for the NACA 65-(Alo) blades and k = 0.007 for the C.4 circular 
arc blades. 

The expressions given above are still very widely used as a means of estimating 
total pressure loss and the unstalled range of operation of blades commonly 
employed in subsonic axial compressors. The method has been modified and 
extended by Swann to include the additional losses caused by shock waves in 
transonic compressors. The discussion of transonic compressors is outside the scope 
of this text and is not included. 

HOWELL. The low-speed correlation of Howell (1942) has been widely used by 
designers of axial compressors and is based on a nominal condition such that the 
deflection E* is 80% of the stalling deflection, E, (Figure 3.12). Choosing E* = 0.86, 
as the design condition represents a compromise between the ultraconservative and 
the overoptimistic! Howell found that the nominal deflections of various compressor 
cascades are, primarily, a function of the space-chord ratio s / l ,  the nominal fluid 
outlet angle cy; and the Reynolds number Re 

(3.37) 

It is important to note that the correlation (which is really a correlation of stalling 
deflection, E, = 1.25~*) is virtually independent of blade camber 0 in the normal 
range of choice of this parameter (20” < 0 < 40”). Figure 3.18 shows the variation of 

E* = f ( s / l ,  cy;, Re).  
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FIG. 3.18. Variation of nominal deflection with nominal outlet angle for several 
spacekhord ratios (adapted from Howell 1945). 

E* found by Howell (1945) against a; for several space-chord ratios. The depen- 
dence on Reynolds number is small for Re > 3 x 16, based on blade chord. 

An approximating formula to the data given in Figure 3.18, which was quoted by 
Howell and frequently found to be useful in preliminary performance estimation, is 
the tangent-difference rule: 

tan a; - tan a; = 
1.55 

1 + 1.5s/Z 
(3.38) 

which is applicable in the range 0 5 a; 5 40". 

Fluid deviation 

The difference between the fluid and blade inlet angles at cascade inlet is under the 
arbitrary control of the designer. At cascade outlet however, the difference between 
the fluid and blade angles, called the deviation 6, is a function of blade camber, blade 
shape, space-chord ratio and stagger angle. Refemng to Figure 3.2, the deviation 
6 = a2 - a; is drawn as positive; almost without exception it is in such a direction 
that the deflection of the fluid is reduced. The deviation may be of considerable 
magnitude and it is important that an accurate estimate is made of it. Re-examining 
Figure 3.11 again, it will be observed that the fluid receives its maximum guidance 
on the pressure side of the cascade channel and that this diminishes almost linearly 
towards the suction side of the channel. 

Howell used an empirical rule to relate nominal deviation 6* to the camber and 
space-chord ratio, 

6* = m6(s/l)", (3.39) 

where n = i for compressor cascades and n = 1 for compressor inlet guide vanes. 
The value of m depends upon the shape of the camber line and the blade setting. 
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For a compressor cascade (i.e. diffusing flow), 

m = 0.23(2~/1)~  + a;/500, (3.40a) 

where a is the distance of maximum camber from the leading edge. For the inlet 
guide vanes, which are essentially turbine nozzles (i.e. accelerating flow), 

(3.40b) 

EXAMPLE 3.1. A compressor cascade has a space-chord ratio of unity and blade 
inlet and outlet angles of 50deg and 20deg respectively. If the blade camber line is 
a circular arc (i.e. all = 50%) and the cascade is designed to operate at Howell's 
nominal condition, determine the fluid deflection, incidence and ideal lift coefficient 
at the design point. 

m = constant = 0.19 

Solution. The camber, 8 = a; - ai = 30deg. As a first approximation put a; = 
20deg in eqn. (3.40) to give m = 0.27 and, using eqn. (3.39), S* = 0.27 x 30 = 
8.1 deg. As a better approximation put a; = 28.1 deg in eqn. (3.40) giving m = 
0.2862 and 6* = 8.6deg. Thus, a; = 28.6deg is sufficiently accurate. 

From Figure 3.16, with s/ l  = 1.0 and a; = 28.6deg obtain E* = a: - a; = 
21 deg. Hence a; = 49.6deg and the nominal incidence i* = a: - a', = -0.4deg. 

The ideal lift coefficient is found by setting CD = 0 in eqn. (3.18), 

CL = 2(s/l)cosa,(tana, - tana2). 

Putting a1 = a:, a 2  = a; and noting tana; = i(tana; + tans;) obtain a; = 
40.75 deg and C i  = 2(1.172 - 0.545)0.758 + 0.95. 

In conclusion it will be noted that the estimated deviation is one of the most 
important quantities for design purposes, as small errors in it are reflected in large 
changes in deflection and thus, in predicted performance. 

Off-design performance 

To obtain the performance of a given cascade at conditions removed from the 
design point, generalised performance curves of Howell (1942) shown in Figure 3.19 
may be used. If the nominal deflection E* and nominal incidence i* are known the 
off-design performance (deflection, total pressure loss coefficient) of the cascade at 
any other incidence is readily calculated. 

EXAMPLE 3.2. In the previous exercise, with a cascade of s/ l  = 1.0, u; = 50deg 

Determine the off-design performance of this cascade at an incidence i = 3.8 deg. 

Solution. Referring to Figure 3.19 and with ( i  - i*)/&* = 0.2 obtain CD + 0.017, 
E / & *  = 1.15. Thus, the off-design deflection, E = 24.1 deg. 

From eqn. (3.17), the total pressure loss coefficient is, 

and u; = 20deg the nominal conditions were E* = 21 deg and i* = -0.4deg. 

< = Apol  (ip.2) = C o / [ ( ~ / l ) c o ~ ~ ~ , l .  

Now a1 = a; + i = 53.8 deg, also a2 = a1 - E = 29.7 deg, therefore, 

a, = tan-' { 4 (tan a1 + tan a*)} = tan-' {0.969] = 44.1 deg, 
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FIG. 3.19. The off-design performance of a compressor cascade (Howell 1942). (By 
courtesy of the Controller of H.M.S.O., Crown copyright reserved). 

hence 

< = 0.017/0.7193 = 0.0458. 

The tangential lift force coefficient, eqn. (3.9), is 
1 2  C f  = (p2 - p ~ ) / ( z p ~ , )  = 2 ( t a n ~ l  - tan~i2) = 1.596. 

The diffuser efficiency, eqn. (3.25), is 

~0 = 1 - < / ( C f  tanam) = 1 - 0.0458/(1.596 x 0.969) = 97%. 

It is worth nothing, from the representative data contained in the above exercise, 
that the validity of the approximation in eqn. (3.20) is amply justified. 

Howell’s correlation, clearly, is a simple and fairly direct method of assessing 
the performance of a given cascade for a range of inlet flow angles. The data can 
also be used for solving the more complex inverse problem, namely, the selection 
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of a suitable cascade geometry when the fluid deflection is given. For this case, if 
the previous me,thod of a nominal design condition is used, mechanically unsuit- 
able space-chord ratios are a possibility. The space-chord ratio may, however, be 
determined to some extent by the mechanical layout of the compressor, the design 
incidence then only fprtuitously coinciding with the nominal incidence. The design 
incidence is therefore somewhat arbitrary and some designers, ignoring nominal 
design conditions, may select an incidence best suited to the operating conditions 
under which the compressor will run. For instance, a negative design incidence may 
be chosen so that at reduced flow rates a positive incidence condition is approached. 

Mach number effects 

High-speed cascade characteristics are similar to those at low speed until the crit- 
ical Mach number M ,  is reached, after which the performance declines. Figure 3.20, 
taken from Howell (1942) illustrates for a particular cascade tested at varying Mach 
number and fixed incidence, the drastic decline in pressure rise coefficient up to the 
maximum Mach number at entry M,, when the cascade is fully choked. When the 
cascade is choked, no further increase in mass flow through the cascade is possible. 
The definition of inlet critical Mach number is less precise, but one fairly satis- 
factory definition (Horlock 1958) is that the maximum local Mach number in the 
cascade has reached unity. 

Howell attempted to correlate the decrease in both efficiency and deflection in the 
range of inlet Mach numbers, M ,  2 M 5 M, and these are shown in Figure 3.21. 
By employing this correlation, curves similar to that in Figure 3.20 may be found 
for each incidence. 

One of the principal aims of high-speed cascade testing is to obtain data for 
determining the values of M ,  and M,. Howell (1945) indicates how, for a typical 
cascade, M ,  and M, vary with incidence (Figure 3.22) 

FIG. 3.20. Variation of cascade pressure rise coefficient with inlet Mach number (Howell 
1942). (By courtesy of the Controller of H.M.S.O., Crown copyright reserved). 
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FIG. 3.21. Variation of efficiency and deflection with Mach number (adapted from Howell 
1 942). 

FIG. 3.22. Dependence of critical and maximum Mach numbers upon incidence (Howell 
1945). (By courtesy of the Institution of Mechanical Engineers). 
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Fan blade design (McKenzie) 

The cascade tests and design methods evolved by Howell, Carter and others, 
which were described earlier, established the basis of British axial compressor 
design. However, a number of empirical factors had to be introduced into the 
methods in order to correlate actual compressor performance with the performance 
predicted from cascade data. The system has been in use for many years and has 
been gradually modified and improved during this time. 

McKenzie (1980) has described work done at Rolls-Royce to further develop the 
correlation of cascade and compressor performance. The work was done on a low- 
speed four-stage compressor with 50 per cent reaction blading of constant section. 
The compressor hub to tip radius ratio was 0.8 and a large number of combinations 
of stagger and camber was tested. 

McKenzie pointed out that the deviation rule originated by Howell (1945), i.e. 
eqns. (3.39) and (3.40a) with n = 0.5, was developed from cascade tests performed 
without sidewall suction. Earlier in this chapter it was explained that the consequent 
thickening of the sidewall boundary layers caused a contraction of the main through- 
flow (Figure 3.8), resulting in a reduced static pressure rise across the cascade and 
an increased air deflection. Rolls-Royce conducted a series of tests on C5 profiles 
with circular arc camber lines using a number of wall suction slots to control the 
axial velocity ratio (AVR). The deviation angles at mid-span with an AVR of unity 
were found to be significantly greater than those given by eqn. (3.39). 

From cascade tests McKenzie derived the following rule for the deviation angle: 

(3.41) 

where 6 and 8 are in degrees. From the results a relationship between the blade 
stagger angle ( and the vector mean flow angle CY, was obtained: 

s = (1.1 + o . ~ ~ B ) ( s / z ) ~ / ~  

tan( = tan~~, - 0.213, (3.42) 

where tan CY,,, is defined by eqn. (3.6). The significance of eqn. (3.42) is, that if the 
air inlet and outlet angles (a1 and  CY^ respectively) are specified, then the stagger 
angle for maximum eficiency can be determined, assuming that a C5 profile (or a 
similar profile such as C4) on a circular arc camber line is being considered. Of 
course, the camber angle 8 and the pitchkhord ratio s/Z still need to be determined. 

In a subsequent paper McKenzie (1988) gave a graph of efficiency in terms of 
C p i  and s/Z, which was an improved presentation of the correlation given in his 
earlier paper. The ideal static pressure rise coefficient is defined as 

(3.43) 

McKenzie's efficiency correlation is shown in Figure 3.23, where the ridge line of 
optimum efficiency is given by 

(3.44) 

EXAMPLE 3.3. At the midspan of a proposed fan stator blade the inlet and outlet 
air angles are to be  CY^ = 58' and a2 = 44'. Using the data and correlation of 
McKenzie, determine a suitable blade camber and space-chord ratio. 

s / l  = 9 x (0.567 - C p i )  
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FIG. 3.23. Efficiency correlation (adapted from McKenzie 1988). 

Solution. From eqn. (3.6) the vector mean flow angle is found, 

tana, = ;(tanal + tana2) = 1.2830. 

From eqn. (3.42) we get the stagger angle, 

tan6 = tana, - 0.213 = 1.0700. 

Thus, a, = 52.066' and 6 = 46.937'. 
From eqn. (3.43), assuming that AVR = 1.0, we find 

2 COsaI 
Cpi = 1 - (-) = 0.4573. 

cos a 2  

Using the optimum efficiency correlation, eqn. (3.44), 

S / l  = 9 x (0.567 - 0.4573), 

:_ s/ l  = 0.9872. 

To determine the blade camber we combine 

6 = cy2 - a; = a2 - 6 - 812 

with eqn. (3.41), to get 

6 - a2 + l . l ( . ~ / l ) ' / ~  46.937 - 44 + 1.1 x 0.9957 - 8 =  - 
0.5 - 0.3 1 (s/ l)II3 0.5 - 0.31 x 0.9957 

:. 8 = 21.08'. 

According to McKenzie the correlation gives, for high stagger designs, peak effi- 
ciency conditions well removed from stall and is in good agreement with earlier fan 
blade design methods. 

Turbine cascade correlation (Ainley) 
Ainley and Mathieson (1951) published a method of estimating the performance 

of an axial flow turbine and the method has been widely used ever since. In essence 
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the total pressure loss and gas efflux angle for each row of a turbine stage is 
determined at a single reference diameter and under a wide range of inlet condi- 
tions. This reference diameter was taken as the arithmetic mean of the rotor and 
stator rows inner and outer diameters. Dunham and Came (1970) gathered together 
details of several improvements to the method of Ainley and Mathieson which 
gave better performance prediction for small turbines than did the original method. 
When the blading is competently designed the revised method appears to give reli- 
able predictions of efficiency to within 2% over a wide range of designs, sizes and 
operating conditions. 

Total pressure loss correlations 

The overall total pressure loss is composed of three parts, viz. (i) profile loss, 
(ii) secondary loss, and (iii) tip clearance loss. 

(i) A profile loss coefficient is defined as the loss in stagnation pressure across 
the blade row or cascade, divided by the difference between stagnation and static 
pressures at blade outlet; i.e. 

(3.45) Po1 - Po2 
Po2 - P2 

Y ,  = 

In the Ainley method, profile loss is determined initially at zero incidence (i = 0). 
At any other incidence the profile loss ratio Yp/YP( ;=o)  is assumed to be defined by 
a unique function of the incidence ratio i / i s  (Figure 3.24), where is is the stalling 
incidence. This is defined as the incidence at which Yp/YP( ;=o)  = 2.0. 

Ainley and Mathieson correlated the profile losses of turbine blade rows against 
spacekhord ratio s / l ,  fluid outlet angle 4 2 ,  blade maximum thicknesskhord ratio t / l  

FIG. 3.24. Variation of profile loss with incidence for typical turbine blading (adapted 
from Ainley and Mathieson 1951). 
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(Vl = 0.2 Re = 2x10’; Me0.6) 

FIG. 3.25. Profile loss coefficients of turbine nozzle and impulse blades at zero inci- 
dence ( t / l =  20%; Re = 2 x IO5; M < 0.6) (adapted from Ainley and Mathieson 1951). 

and blade inlet angle. The variation of Y p ( ; d )  against s / l  is shown in Figure 3.25 
for nozzles and impulse blading at various flow outlet angles. The sign convention 
used for flow angles in a turbine cascade is indicated in Figure 3.27. For other types 
of blading intermediate between nozzle blades and impulse blades the following 
expression is employed: 

2 a1 la2 

Y,(i=O) = { Yp(al=o) + (2) [Yp(al=cr2) - Yp(&0)I} ($) (3.46) 

where all the Y,’s are taken at the same spacekhord ratio and flow outlet angle. 
If rotor blades are being considered, put 382 for a1 and 83 for a2. Equation (3.46) 
includes a correction for the effect of thickness-chord ratio and is valid in the 
range 0.15 2 t / l  5 0.25. If the actual blade has a t / l  greater or less than the limits 
quoted, Ainley recommends that the loss should be taken as equal to a blade having 
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t/Z either 0.25 or 0.15. By substituting a1 = a 2  and t/Z = 0.2 in eqn. (3.46), the 
zero incidence loss coefficient for the impulse blades Y p ( m 1 = 4  given in Figure 3.25 
is recovered. Similarly, with a1 = 0 at t / l  = 0.2 in eqn. (3.46) gives Y p ( a l = ~ )  of 
Figure 3.25. 

A feature of the losses given in Figure 3.25 is that, compared with the impulse 
blades, the nozzle blades have a much lower loss coefficient. This trend confirms 
the results shown in Figure 3.14, that flow in which the mean pressure is falling 
has a lower loss coefficient than a flow in which the mean pressure is constant 
or increasing. 

(ii) The secondary losses arise from complex three-dimensional flows set up as 
a result of the end wall boundary layers passing through the cascade. There is 
substantial evidence that the end wall boundary layers are convected inwards along 
the suction-surface of the blades as the main flow passes through the blade row, 
resulting in a serious mal-distribution of the flow, with losses in stagnation pressure 
often a significant fraction of the total loss. Ainley found that secondary losses could 
be represented by 

C D s  = hcL2/(s/l> (3.47) 

where h is parameter which is a function of the flow acceleration through the blade 
row. From eqn. (3.17), together with the definition of Y ,  eqn. (3.45) for incompress- 
ible flow, CD = Y ( s / l )  cos3 a,/ cos2  CY^, hence 

(3.48) 

where Z is the blade aerodynamic loading coefficient. Dunham (1970) subsequently 
found that this equation was not correct for blades of low aspect ratio, as in small 
turbines. He modified Ainley’s result to include a better correlation with aspect ratio 
and at the same time simplified the flow acceleration parameter. The correlation, 
given by Dunham and Came (1970), is 

Y ,  = 0.0334 (k) (-) cos a 2  Z 
cos a1’ 

(3.49) 

and this represents a significant improvement in the prediction of secondary losses 
using Ainley’s method. 

Recently, more advanced methods of predicting losses in turbine blade rows have 
been suggested which take into account the thickness of the entering boundary layers 
on the annulus walls. Came (1973) measured the secondary flow losses on one end 
wall of several turbine cascades for various thicknesses of inlet boundary layer. He 
correlated his own results, and those of several other investigators, and obtained a 
modified form of Dunham’s earlier result, viz., 

+0.009’) (-) cos a 2  z - Y1 
H COS ai’ 

(3.50) 

which is the net secondary loss coefficient for one end wall only and where Y1 is 
a mass-averaged inlet boundary layer total pressure loss coefficient. It is evident 
that the increased accuracy obtained by use of eqn. (3.50) requires the additional 
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effort of calculating the wall boundary layer development. In initial calculations of 
performance it is probably sufficient to use the earlier result of Dunham and Came, 
eqn. (3.49), to achieve a reasonably accurate result. 

(iii) The tip clearance loss coefficient Yk depends upon the blade loading 2 and 
the size and nature of the clearance gap k. Dunham and Came presented an amended 
version of Ainley's original result for Yk: 

(3.51) 

where B = 0.5 for a plain tip clearance, 0.25 for shrouded tips. 

Reynolds number correction 

Ainley and Mathieson (1 95 1) obtained their data for a mean Reynolds number of 
2 x lo5 based on the mean chord and exit flow conditions from the turbine state. 
They recommended for lower Reynolds numbers, down to 5 x 104, that a correction 
be made to stage efficiency according to the rough rule: 

(1 - qrr) o< Re-'I5. 

Dunham and Came (1970) gave an optional correction whch is applied directly to 
the sum of the profile and secondary loss coefficients for a blade row using the 
Reynolds number appropriate to that row. The rule is: 

Y ,  + Y ,  a Re-'I5. 

Flow outlet angle from a turbine cascade 

It was pointed out by Ainley (1948) that the method of defining deviation angle 
as adopted in several well-known compressor cascade correlations had proved to 
be impracticable for turbine blade cascade. In order to predict fluid outlet angle a2, 
steam turbine designers had made much use of the simple empirical rule that 

a2 = cos-1 o/s (3 S2a) 

where 0 is the opening at the throat, depicted in Figure 3.26, and s is the pitch. This 
widely used rule gives a very good approximation to measured pitchwise averaged 
flow angles when the outlet Mach number is at or close to unity. However, at low 
Mach numbers substantial variations have been found between the rule and observed 
flow angles. Ainley and Mathieson (1951) recommended that for low outlet Mach 
numbers 0 < A 4 2  0.5, the following rule be used: 

a2 =  COS-' O / s )  + 4s/e (deg) (3.52b) 

where f(c0s-l O / s )  = -11.15 + 1.154cos-' O/s and e = j2/(8z) is the mean 
radius of curvature of the blade suction surface between the throat and the trailing 
edge. At a gas outlet Mach number of unity Ainley and Mathieson assumed, for a 
turbine blade row, that 

 CY^ = Ar/A,,* (3.52~) 
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FIG. 3.26. Details near turbine cascade exit showing ”throat“ and suction-surface 
curvature parameters. 

where At is the passage throat area and An2 is the annulus area in the reference 
plane downstream of the blades. If the annulus walls at the ends of the cascade 
are not flared then eqn. (3.52~) is the same as eqn. (3.52a). Between M Z  = 0.5 and 
M2 = 1.0 a linear variation of a2 can be reasonably assumed in the absence of any 
other data. 

Comparison of the profile loss in a cascade and in a 
turbine stage 

The aerodynamic efficiency of an axial-flow turbine is significantly less than that 
predicted from measurements made on equivalent cascades operating under steady 
flow conditions. The importance of flow unsteadiness originating from the wakes 
of a preceding blade row was studied by Lopatitiskii et al. (1969) who reported 
that the rotor blade profile loss was (depending on blade geometry and Reynolds 
number) between two and four times greater than that for an equivalent cascade 
operating with the same flow. Hodson (1984) made an experimental investigation 
of the rotor to stator interaction using a large-scale, low-speed turbine, comparing the 
results with those of a rectilinear cascade of identical geometry. Both tunnels were 
operated at a Reynolds number of 3.15 x 16. Hodson reported that the turbine 
rotor midspan profile loss was approximately 50 per cent higher than that of the 
rectilinear cascade. Measurements of the shear stress showed that as a stator wake 
is convected through a rotor blade passage, the laminar boundary layer on the 
suction surface undergoes transition in the vicinity of the wake. The 50 per cent 
increase in profile loss was caused by the time-dependent transitional nature of the 
boundary layers. The loss increase was largely independent of spacing between the 
rotor and the stator. 

In a turbine stage the interaction between the two rows can be split into two parts: 
(a) the effects of the potential flow; and (b) the effects due to wake interactions. 
The effects of the potential influence extend upstream and downstream and decay 
exponentially with a length scale typically of the order of the blade chord or pitch. 
Some aspects of these decay effects are studied in Chapter 6 under the heading 
“Actuator Disc Approach”. In contrast, blade wakes are convected downstream of 



Two-dimensional Cascades 87 

the blade row with very little mixing with the mainstream flow. The wakes tend to 
persist even where the blade rows of a turbomachine are very widely spaced. 

A designer usually assumes that the blade rows of an axial-flow turbomachine 
are sufficiently far apart that the flow is steady in both the stationary and rotating 
frames of reference. The flow in a real machine, however, is unsteady both as a 
result of the relative motion of the blade wakes between the blade rows and the 
potential influence. In modem turbomachines, the spacing between the blade rows 
is typically of the order of 1/4 to 1/2 of a blade chord. As attempts are made to 
make turbomachines more compact and blade loadings are increased, then the levels 
of unsteadiness will increase. 

The earlier Russian results showed that the losses due to flow unsteadiness were 
greater in turbomachines of high reaction and low Reynolds number, With such 
designs, a larger proportion of the blade suction surface would have a laminar 
boundary layer and would then exhibit a correspondingly greater profile loss as a 
result of the wake-induced boundary layer transition. 

Optimum space-chord ratio of turbine blades (Zweifel) 

It is worth pondering a little upon the effect of the space-chord ratio in turbine 
blade rows as this is a factor strongly affecting efficiency. Now if the spacing 
between blades is made small, the fluid then tends to receive the maximum amount 
of guidance from the blades, but the friction losses will be very large. On the 
other hand, with the same blades spaced well apart, friction losses are small but, 
because of poor fluid guidance, the losses resulting from flow separation are high. 
These considerations led Zweifel (1945) to formulate his criterion for the optimum 
space-chord ratio of blading having large deflection angles. Essentially, Zweifel’s 
criterion is simply that the ratio (&-) of the actual to an “ideal” tangential blade 
loading, has a certain constant value for minimum losses. The tangential blade loads 
are obtained from the real and ideal pressure distributions on both blade surfaces, 
as described below. 

Figure 3.27 indicates a typical pressure distribution around one blade in a turbine 
cascade, curves P and S corresponding to the pressure (or concave) side and suction 
(convex) side respectively. The pressures are projected parallel to the cascade front 
so that the area enclosed between the curves S and P represents the actual tangential 
blade load per unit span, 

y = P S C A C y 2  + cy1 ), (3.53) 

cf. eqn. (3.3) for a compressor cascade. 
It is instructive to examine the pressures along the blade surfaces. Assuming 

incompressible flow the static inlet pressure is p1 = po - ipc:; if losses are also 
ignored the outlet static pressure p2 = po - kpci. The pressure on the P side 
remains high at first (po being the maximum, attained only at the stagnation point), 
then falls sharply to p2. On the S side there is a rapid decrease in static pressure 
from the leading edge, but it may even rise again towards the trailing edge. The 
closer the blade spacing s the smaller the load Y becomes (eqn. (3.53)). Conversely, 
wide spacing implies an increased load with pressure rising on the P side and falling 
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FIG. 3.27. Pressure distribution around a turbine cascade blade (after Zweifel 1945). 

on the S side. Now, whereas the static pressure can never rise above po on the P 
surface, very low pressures are possible, at least in theory on the S surface. However, 
the pressure rise towards the trailing edge is limited in practice if flow separation 
is to be avoided, which implies that the load carried by the blade is restricted. 

To give some idea of blade load capacity, the real pressure distribution is 
compared with an ideal pressure distribution giving a maximum load Y i d  without risk 
of fluid separation on the S surface. Upon reflection, one sees that these conditions 
for the ideal load are fulfilled by po acting over the whole P surface and p2 acting 
over the whole S surface. With this ideal pressure distribution (which cannot, of 
course, be realised), the tangential load per unit span is, 

(3.54) y . - 1  Id - Z@,b 2 

$T = Y / Y i d  = 2(s/b)cos2 (YZ(tanal + tan(Y2) 

and, therefore, 

(3.55) 

after combining eqns. (3.53) and (3.54) together with angles defined by the geometry 
of Figure 3.27. 

Zweifel found from a number of experiments on turbine cascades that for 
minimum losses the value of $T was approximately 0.8. Thus, for specified inlet and 
outlet angles the optimum space-chord ratio can be estimated. However, according 
to Horlock (1966). Zweifel’s criterion predicts optimum space-chord ratio for the 
data of Ainley only for outlet angles of 60 to 70deg. At other outlet angles it does 
not give an accurate estimate of optimum space-chord ratio. 
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Problems 
1. Experimental compressor cascade results suggest that the stalling lift coefficient of a 

cascade blade may be expressed as 

CL (2) 3 = 2.2 

where c1 and c2 are the entry and exit velocities. Find the stalling inlet angle for a compressor 
cascade of space-chord ratio unity if the outlet air angle is 30deg. 

2. Show, for a turbine cascade, using the angle notation of Figure 3.27, that the lift 
coefficient is 

CL = 2(s/l)(tana1 + tanaZ)COSa, + C ~ t a n a ,  

where tana, = i(tana2 - t a n a ~ )  and C D  = Drag/(;pc,’l). 
A cascade of turbine nozzle vanes has a blade inlet angle a; = Odeg, a blade outlet angle 

a; of 65.5 deg, a chord length 1 of 45 mm and an axial chord b of 32 mm. The flow entering 
the blades is tc, have zero incidence and an estimate of the deviation angle based upon similar 
cascades is that S will be about 1.5 deg at low outlet Mach number. If the blade load ratio $T 

defined by eqn. (3.55) is to be 0.85, estimate a suitable space-chord ratio for the cascade. 
Determine the drag and lift coefficients for the cascade given that the profile loss coefficient 

3. A compressor cascade is to be designed for the following conditions: 

Nominal fluid outlet angle a; = 30deg 
Cascade camber angle 9 = 30deg 

Circular arc camberline al l  = 0.5 
Pitchkhord ratio s / l  = 1.0 

Using Howell’s curves and his formula for nominal deviation, determine the nominal inci- 
dence, the actual deviation for an incidence of +2.7 deg and the approximate lift coefficient 
at this incidence. 

4. A compressor cascade is built with blades of circular arc camber line, a space/chord 
ratio of 1.1 and blade angles of 48 and 21 deg at inlet and outlet. Test data taken from 
the cascade shows that at zero incidence (i = 0) the deviation 6 = 8.2deg and the total 
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pressure loss coefficient 0 = Ap0/(;pCl2) = 0.015. At positive incidence over a limited 
range (0 6 i 6 6") the variation of both 6 and T3 for this particular cascade can be represented 
with sufficient accuracy by linear approximations, viz. 

d6 dz 
- =0.06, - =0.001 
di di 

where i is in degrees. 
For a flow incidence of 5.0 deg determine 

(i) the flow angles at inlet and outlet; 
(ii) the diffuser efficiency of the cascade; 

(iii) the static pressure rise of air with a velocity S o d s  normal to the plane of the cascade. 

Assume density of air is 1.2 kg/m3. 
5. (a) A cascade of compressor blades is to be designed to give an outlet air angle a 2  

of 30deg for an inlet air angle al of 50deg measured from the normal to the plane of the 
cascade. The blades are to have a parabolic arc camber line with all  = 0.4 (Le. the fractional 
distance along the chord to the point of maximum camber). Determine the spacdchord 
ratio and blade outlet angle if the cascade is to operate at zero incidence and nominal 
conditions. You may assume the linear approximation for nominal deflection of Howell's 
cascade correlation: 

E* = (16 - 0.2a;)(3 - s / l )  deg 

as well as the formula for nominal deviation: 

S* = b.23  ( y)2 + g] B,/ i  deg. 

(b) The spacelchord ratio is now changed to 0.8, but the blade angles remain as they are 
in part (a) above. Determine the lift coefficient when the incidence of the flow is 2.Odeg. 
Assume that there is a linear relationship between E / € *  and ( i  - i*)/c* over a limited region, 
viz. at (i - i*)/c* = 0.2, E / € *  = 1.15 and at i = i*, € / E *  = 1. In this region take CD = 0.02. 

6. (a) Show that the pressure rise coefficient C ,  = A p / ( i p ~ : )  of a compressor cascade 
is related to the diffuser efficiency qD and the total pressure loss coefficient t by the 
following expressions: 

C ,  = qo(1 - sec2 a 2 /  sec2 a11 = 1 - (set' a 2  + <)/ sec2 a1 

t = APo/(;pc:)  

a1, a 2  = flow angles at cascade inlet and outlet. 

(b) Determine a suitable maximum inlet flow angle of a compressor cascade having a 
spacdchord ratio 0.8 and a 2  = 30deg when the diffusion factor D is to be limited to 0.6. 
The definition of diffusion factor which should be used is the early Lieblein formula (1956). 

(c) The stagnation pressure loss derived from flow measurements on the above cascade is 
149 Pa when the inlet velocity c1 is 100ds at an air density p of 1.2 kg/m3. Determine the 
values of 
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(i) pressure rise; 
(ii) diffuser efficiency; 

(iii) drag and lift coefficients. 
7 (a) A set of circular arc fan blades, camber 0 = 8 deg, are to be tested in a cascade wind 

tunnel at a spacekhord ratio, s / l  = 1.5, with a stagger angle { = 68 deg. Using McKenzie’s 
method of correlation and assuming optimum conditions at an axial velocity ratio of unity, 
obtain values for the air inlet and outlet angles. 

(b) Assuming the values of the derived air angles are correct and that the cascade has an 
effective lifvdrag ratio of 18, determine 

(i) the coefficient of lift of the blades; 
(ii) the efficiency of the cascade (treating it as a diffuser). 


