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Chapter 7

Determination of Natural
Frequencies and Mode Shapes
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m=m, My=z2m, m3=3m ; T ;
L= 05 = X £ |
1= 2 3 1‘,— / H—+ {
z 34 ,__L_,l
P

v s B2 Y e L et
__Pa,(l—x.) 2_,f0x ‘a‘<x<l — a 7} b >
“eerl (-2l e £ |
Deflection due weight of m,: (-p, m;)
At location of my (x= %, L= 32, 8=1)
22 1 4 13
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-~ (-4 (L4 g g2y _ ™27 a
i T ) 767 ET

¢erl
At location of m3 (o= 7’5—, x = %_—- 2= I)

3
= = @) (L)(- 2N (L L,z*_é_z*)=11°’—l-
CEIZ TET

At focation of m (x=4,8=4,10=1)

mg) (1 3
= (2 ;)(T)(‘é‘> (lz—- 2 +lz> - nmg l
6exy 4 ¢ 384 EI
At lOCa,’l:lon of 'mz (%=-£— L=-i'l— ’ = —()
1‘72”= (ng)( )( ) ( i _£) mg 12
s6ex f 4 4 24 €I
At l.oc:ai'.‘on af my (‘Z: 3,1—; = —i—, b= é, f:f) 3
nmgd

m l 2 .
= - (D) () (Lt fgry-
¢exf
ffecfuon due 3723 we_agkt oJC’ m3 = (P_ 3;.-\})

-/;'Z'"Io.ca.f:non of m, (z= 7{" b= —— 1=1>
7mg L3
= > S

(gm")(qi)(’i‘) (1_'-
¢éex { 256 EI

lo24 ET

l‘

467



www.FluidMechanics.ir

At location of m (x=%, L=‘1; 1=1) ,
w,” = Gms) (2)(£) (12— + L _:> nms !
cert 25¢ €I
At location of m3 (x— 33, b= ;{—, f:l)
w-_?///= (Bmy)( )(21) (Z L og*_ 3 !z> _ _amg [3
GE]:I N * - as¢ EI
w = '+ +”’|’= P(zsc zss) 2 !
EI 92 EC
=+ 0y —Lf—m’ 2!4*'2'7‘;?::‘}22&2_?
=15 ¢ w1 " ? 16% "'"7!3
Bl 3 "L‘ 76? :ozw+25£>=3a7z ET
W = # 7"17'1 +z,l_7_+3,‘159 Y%
= €I ‘77— 192 3072)

16 m
T { () 2 (B + 2 (35) f

@ Weapon’s mass 900 kg, stiffness of the wing 700 kN/m.
Solution:

o,, = natural frequency of wing itself = 20 Hz = 125.664 rad/sec
®,, = natural frequency of weapon attached at the tip of the wing
(neglecting the effect of mass of wing)

{ , 3
= L = M = 27.8887 rad/sec
m 900

New frequency of vibration of the wing with weapon is given by
i = L + 1 = 1 + 1
2 o) ol 125664> 27.8887

134.9040 x 1075

11
22

()

W, = 27.2262 rad/sec = 4.3332 Hz
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For a 5'."‘1"7 SuPPor{'eJ beam, na;f:u.ra,l 1
freguency is given by (assuming its
masys to be concentrated ot th
m(olo”.e)
,‘k SET

wnz ooy wlvere * = i——z?—
Ne lec{inj the mass of beam, if f'ro”ej is Pla.ceo' at fbe
"m-‘au_,e of 31?46!‘, its natural freguency is given by

W,, = IJ_‘_.
22 fom
Fundamental natural freguency of the com bined system

s given by
{ | } m 10 _ I m
= —++ — = —
N k k k

o W= o-3015 sz‘ = 30-157, of the natural
Frezucncj of the 3|‘r4er
(without the tro ”e.j)

F‘EX”’“:E’ coeff.’cients : fe— 11 >} 12 _{_1, —
Let T= tension in string m" "/F
a, = deflection of my dueto unit ""1
force G—ff"'ea' to my Unit force
Unit force = sum of componenés of tension in vertuca( direction
t bed adl Ta
-e. = + T = T o Lee—)}= 3 "
( ) ( £, + 11 " ( L 2! 7
Pu = 31. = Qu,, (Lj z!’rnme{:ry) .
4m
ey = 5T

N~ QM+ Oy, My =

T m . .
Wy = 0:966 / Exa.:_f wbdiom 8 WOy= J:‘—; (Proble 5'8)

From Exa,mPIe 6-3,
-*|+ kﬁ. —-kz Q 3 -2 o
D‘] = e+ %3 - k3 = % -2 5 -3

-2 .

° —%s k3 ° -3 3
FT’H o [ " o
E'n] = o Mo o = ™m 2 o
° o m3 ) 3
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ASSumfnj the mode S}\a’f'e as —xp }, Ray'eu’gk’g zuof,-ent.-

\
A,
wp

becomes

ﬂT -
R(;)-_—, wzz _X__[k_]_x_

xT Cm] X

(i S ; o]{i}
-2 5 -3 (3
[o -3 3 3

Wy = o0-40%82 \F,;
Exact value i @, = 0-3376 ,Tt‘ (l’ro“em c.q.s).

Stiffness matrix :
Give each disc a ik omy.laﬂ- JAJ?ZO—C«DNJ “a‘"‘] Alain Lotk
wilt 3en0 notation. Torgue rezun'red wnll give stiffness coefficients .
61=1, 9, = 63 =0 : Mgy = ktl*kfz , “Ez"’kf:z , Mé,=o
91=i: 9,-- 93=° : mf;'—‘- ktl"'kf!’ M,H_:-k‘*z, Mﬂ""‘kt;

Keg + %ygp — Ky e ] 1t ‘-';
- - 2 -
k1= %4 K+ Kig —kpy |= ke|t
-1 i
(~] —kk, kf; - °
J, o o 4 o o ]
[m] = o > o = J, |o 2 o
o [«] 3-3 o o 3 -
pssume the mode shape o3 e = {i}
3

(l 2 3) %y 2 -1 ° [
- 2 - - 2
R(B)= = ! 2 = -
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s{-.')q:ness matrix:
When =1, :

Xy =0 l
Fi= %y = 1—|+ —2—; v lF; Fz
F= %,= - 1L
2 21 21
when x,=0, x,= 1
- .
Fz" 1: + 13
Fi= &,= — :E_z.
L +L -+ T T 12 -1
[«1=T [(1'. L) ,‘2 = —9—[-! z]
"1, (T 13) -

= " ° 1 o]
an-[o m,_]'—'m[o 1 ]
Assume the mode sha.re as ;(’ = {1}

R(X) = 0 = © [z _']{}

e T
m Lm
SERITE
W, ~ 1.0954
Exact value W, = VZ (FroLlem 5. 18)
From problem 7.9, for 2, =4,=10,=2¢,
S S FE o
_ - | fox m=z=m, my=5m, [rn]-.- mE‘,i 5]
let X = {3}
| -1 ‘
RN o =TS A 1Y S
R(X)= & = =3 ar

« 0[5l

T
Wy = 0:5345 \’ y)
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Apply o unit load to masses m; and m, aﬁrr\g x, and %z, resrectwf_ly;
LI — | _ ket Kk .
Q= 21, } %227 24,V 7%, T T2k K2

Dunkerley’s ezua—f:a'on gives

i ™y m, (kz+ 1‘!) (E')

Z,?’- @Mt Ay M= e T *, K2
Si'nce ﬂlz 'kz: BEI/»‘.-’ = < , m=2m, mz_-.\"'l d.n-\J A-lfw"-f— (El)
qives W, = 3EL
2m 43

7.21) gives , for v=n

& (7-21) 9 ,;_‘
Ca or + Cn ) 69

R(Z) = _ (€1

2 €.
Ch + C: Z (T)
i=1 n

Let ig_‘l = € << 1. Then Ep. (1) becomes
On+ = € W

R(%)= i=t = (on +Z‘e o )(1-2 €

n-i
1+ = G
i=1
x CO:'F E‘ie o3; _G’,,z Z €;
i=1 i=1
2 n-4
=69n+zj(c.9-w)e (E,)
Since c.szz < 2, .‘n general, (€,) shows that
- 2
R(X) < (‘,n
Ezua.hbns of motion — x —x —x;
@ m X, + 4, (m=%X2) =0 --- (e.1) @ A |2 iy @
™, %y + K (Re= %)) + K2 (*2- %) =0 ... (B:2)
my ;, + ¥ (1’—11) =0 .- (5.3)
with % ()= X; cos O, Eps.(€-1) and (&-2) 9give
m X, = (X -X3) M Xyz —@0m X, + Ky (Xo=X3)
2
or Xy= Xy = E’;{l’_.x_‘ 3 X3z Xq - _‘;‘_’3 (m,X,+ szz)
) 2
Since the system is Sree - free, the vesultant force applied & mass 3,
Fz 2 o’m;X; , must be zero.
i=1

The computer program , with the subroutine FUN and the output,

are given below.
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HILLER METHUL ‘
InIS PPJUGRAM REQUIRES USER SUPPLLED SUBRUUTINE FUN

NT = NUMBER OF [IMES U4CFEMENL OF 08 CEANGED
FIuwualtis Lihe CONTALNS PRUbLEM=VEPENDENT DATA
HR S ~wJABER UF ROOTS REQIJIEED

NK=¢ ‘-
ENO UF PROBLEM=DEPELDENT DAlA

NFUNS]

J!‘.goll * -~

CALL FUN (OM,F)

PRINT 60,NFUN,OQM,F

FBsF

INRSO

JN=0.0
10 DEL=10,0 @e=--

NI=O
200 CONTINUE

F1=FB
10 Ju=0UM+DEL

cALL FUN (OM,F)

NFUNSNFUN+ [

PRINT 60,NFUN,UM,F

F2sF1%F

IF (F2 .LT. 0,0) GO 1O 29

FlsF

GO TO 10
20 NT=SHT+L

PRINT 30, OM,F,DEL,dFUN
30 FORMAT (/7,314 CHANGE OF S1GH DELECTED AT OM=,E15,8,7,3H F=s,

2 E15.8,/,5H ODEL=,E15.6,/,6H NFUN=,15,/) .

IF (NT .EQ. 6) G0 fU ¢

OM=0M=DEL

OEL=DEL/10.,0

GO To 200
40 INR=INR¢1

IF (INR ,EQ. NR) GO TN SO

aM=0MB

CALL FUN (OM,F)

NFUN=NFUN+1

PRINT bO,NFUN,OM,F

Fa=F

GU.TO 100
50 CONTINUE
6V FORMAT (2X,6H NFUN=,I4,24,4hH OM=,E15.8,2X,3H F=,E15,.8)

STUP

ExD

€C1CrC1NCIEINCIOD

)

T nNnaon
w
[ =
o
e ]
o
c
)
L]
2,
m
)]
c
=
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SUBROYTIINE FUN (0M,F)
A¥1=190.0

AM2=20.0

143=¢00,.0

Al\l=b000 oV

An2:4000 .,V

JAS=0U¥FL

K1s1,.0

2421 U= (UHS A1/ A1) ) %A1
X3282=(0MS/AK2) F(XN1 ¥ X1+ XM ¥A2)
FoUASF(AALEXLI+AN2%X2¢LA3%X3)

RETURD )

SRR %) |, mecememmoan - Wy = o0
NFUN= 1 J¥s 0,10000000E+00 = 0,351991253E£+01
NFUNS 2 M= U, 10000GU0E+0O2 F==0,43000000&E+GS

CHANGE OF SIGN DETECTED AL QM3 0,1vJd00090E+L2

F==3.43000000E+05

DEL= 0.,10000000E+02

NFUN= 2
NFUns 3 0v= 0,10000000k+01 FS U.,31126251E+03
NFUN= 4 du= 0.20000000E+01 F= 0.11408000E+04
NFUNS 5 IM= J.30000000E+01 F= 0.,218036425e+04
NFUNS ) O%= U.4U000GV0E+UL F= 0.,29312v00E+V4%
NFUN= ] 94= 0,50000000E+01 b= ).27205625t+04
NFUN= 8 UM= 0.,60000000E+01 r= 2.,76320U44L+03
NFUN= 9 J4= 9,70000000E+01 F==(,38581377E+04

CHANGE OF SIGN DETECTED Af UM= 0,.70000000E+01

F==0,38581377E+04

DEL= 0.,10000000E+01

NFUN= 9 :

CHANGE OF S1GN DETECZTED AT 08= 0.62220016E+01 «— W= ¢-2220016

F==0,28649828L+00

DEL= 0.,9999999uE=01

NFUN= 217

NFUN= 28 M= 0,10000000E+U2 F==0.43000000E+0S
NFUN= 29 JyM= 0,2000000QE+402 F==0,37200000E+00
NFUN= 30 IM= 0.30000000E+02 t= 0,23130000E+407

CHANGE OF SIGw DETECTED AT OM= 0.30000G00E+02
F= 0,23130000E+¢07

DEL= 0.10000000E+02
NFUN= 30

NFUd= 31 4= U,21000000L+02 F==),48851225E+0b
NFUN= 3¢ IM= 0,2200000U0E+0Q2 F==u,47761113E+00
NFUN= 33 M3 0,23000000E+02 F==0,42888006E+00
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CHANGE 0OF SIGN DETECTED Al UM4= 0,25715595E+402

LY “— W, =25-715595
F= 0.214b67506E+u2 3 7
DEL= 0.99999990E-V1
NFUN= 58
Eigenvalue problem is (A-2) N ° X, R
1 (k—l) i Xz - o (E.)
m @ ° 1 (2)‘-3) X3 o
where - =2
I X=1, (E,) gives Xo= =(A=2) X, , X3= - x'_(x_,_) Xq ,

= Xo+ (z);g) X; (should be zero)
The computer program and results are given.

- -
A - - - R 1

HOLZER METHOD
THIS PROGRAM REQUIRES USER SUPPLIED SUBROUTINE FUN

NT = NUMBER OF TIMES INCREMENT OF OM ZHANGED
FOLLOWING LINE,Z CONTAINS PROBLEM=DEPENOENT DATA
NR = NUMBER OF KOOTS REQUIRED

NR=3 ¢ mu--
END OF PROBLEM=DEPENDEMT DATA

NFUN=1

AanNOaOOananan

«

CALL FUN (OM,F)
ARITE(13,60) NFUN,OM,F
FB=F
INR=0
oM=0,0
100 DEL=0,25 €~-=--
NT=0
200 CONTINUE
F1SFB
10 OM=OM+DEL
- ZALL FUN (OM,F)
NFUNSNFUN+1
F2=F1%F
IF (F2 .LT. 0.0) GO TO 20
FisF
GO TO 10
20 NT=NT+1
WRITE(13,30) OM,F,DEL,NFUN
30 FORMAT (//,31H CHANGE OF SIGN OEIECTED AT 0OM=,E15.8,/,3H F=,
2 £15.9,/,5H DEL=,E15.8,7/,6H NFUN3,IS5,/)
IF (NT ,EQ. 6) GO TO 40
IF (NT .EQ. 1) OMB=0OM
OM=0M=DEL
DEL=DEL/10,0
GO TO 200
40 INRSINR+1
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iIF (INR ,EQ. NR) GO TO 50
oM=0MB
CALL FUN (OM,F)
NFUN=SNFUN+L
ARITE(13,60) NFUW,OM,F _
FB=F
GO TO 100
50 . CONTINUE

60 FURMAT (2X,6H NFUN=,14,2X,4H OM=,£15.3,2X,3H F=,E15.8)
SIOP

SUBROUTINE FUN (OM,F)
X1=1.0
X2==(0M=2,0) *X1
X3==X1=(OM=2,.0)*X2
FsX2+(2.0%0M=3,0)*X3
RETURN
SO 1. | N,
NFUN= 1 OM= 0,99999998E<-02 F==0,68310986E+01
NFUN= 2 OM= 0,25000000E+00 F==0,34062500E+01
NFUN= 3 JM= 0,50000000E+00 F==0,10000000E+01
NFUNs 4 OM= 0,75000000E+00 F= 0.,40625000E+00

CHANGE OF SIGN DETECTED AT OM= 0,75000000E+00
F= 0,40625000E+00
DEL= 0,25000000£+00

NFUNs ]
NFUN= 5 OM=2 0.,52499998E+00 F==0,81746900E+00
NFUN= [} OM= 0.54999995E+00 F=«0,64475036E+00
NFUN= 1 OM=s 0.57499993E+00 F==0,48165655E+00
NFUN= 8 aM= 0.59999990&£+00 F==0,32800055E+00
NFUN= 9 OM= 0.,62499988E+00 F==0,18359447E+00
NFUN= 10 OM= 0,64999986E+00 F==0.48250675E=01
NFUN= 11 OM= 0.67499983E+00 Fs 0,78217864E-01

NFUN= 28 OM= 0,65932715E+00 F2«0,.,38385391E=04
NFUN= 29 M= 0,65932965E+00 F==0,25749207E=04
T NFUN= 30 UM= 0,0 + =<0, -
NFUN= 31 OM= 0,65933466E+00 F==0,11920929E-06
NFUNs 32 OM= 0,65933716E+00 Fz 0.,12636185E-04

CHANGE OF SIGN DETEZTED AT OM= 0.65933716E+00 <« Ay= 065933716
T= 0.12636185E-03

PEL= 0,24999997E-05
BFUN= 32

NFUN= 33 JM= 0,7S000000E+00 F= 0,40625000E+00
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NFUN= 34 2¥= 0,10000000E+01 F= 0,10000000E+01
NFUN= 35 JM= 0.12500000E+01 F= 0.96875000E+00
NFUN= 36 OM= 0,15000000E+401 F= 0,50000000E+00
NFUN= 37 0OMz 0,17500000E+01 F==0,.21875000E+00
NFUN= 63  JM= 0.16789526E+01 2 0.32067299E-04
NFUN= 64 U¥= 0,16789551E+01  F= 0.24497509t-04
NFUN= 65 J4= 0.10789576E+01 F= 0,16927719E-04
NFUN= 66 0OM= 0,16789601E+01 F= 0,93579292E=05
NFUNS 67 OM= 0,16789626E+01 F= 0,17881393E=05
NFUN= 68 OM= 0,16789651E+01

==0,57816505E=05

CHANGE OF SIGN DETECTED AT OM= 0,106789651E+01
F==0,57816505E=05

« A= 1:6789¢51

DEL= 0,24993997E=05

NFUN= 68
NFUN= 69 OM= 0,17500000E+01 F==0,21875000E+00
NFUN= 70 OM= 0,20000000E+01 F==0,10000000E+01
NFUN= 71 IM= 0,22500000E+01 F==0,16562500E+01
NFUN= 72 M= 0,25000000E+01 F==0,20000000E+01
NFUN= 73 OM= 0,27500000E+01 F=-0,18437500E+01
NFUN= 74 UM= 0,30000000E+01 F==0,10000000E+01
NEUN= 75 OM= 0,32500000E+01 F= 0.,71875000E+00
NFUNs 95 OM= 0.31615264E+01 F=2=0,13036728E=02
NFUN= 96 oM= 0,31615515E+01 F==0,11179447E-02
NFUN= 97 OM= 0,31615765E+01 F==0,93221664E-03
NFUN= 98 OM= 0,31616015E+01 F==0,74636936E-03
NFUON= 99 OM= 0.31616266E+01 F2=0,56064129E-03
NFUN= 100 OM= 0,31616516E+01 F=«0,37479401E-03
NFUN= 101 OM= 0,31616766E+01 F==0,18906593E-03
NFUN= 102 dM= 0,31617017E+01 F==0,32186508E=05
NFUN= 103 OM= 0,31617267E+01 F= 0.18215179E=03

CHANGE OF SIGN DETECTED AT OM= 0,31617267E+01
F= 0,18215179E-03

DEL="0,24999998E-04

« A3= 31617267

NFUN= 103
The program listed in Problems 7-13 and 7.14 is used with
NR= 4, initial value of OM= o0.01, DEL = 0-25 and

c B::::=============:===================================::::::::::3883:8

o

£ SUBROUTINE FUN

E ======================:=:===========:‘.=::::::::::::::::::::::::::::::::
SUBROUTINE FUN (OM,F) @ =1 (.naz\
X1=1.0 =(-A+2)®, A= ZT:"
X22(2,0=0M) *X1 ©, t }7

X33=X1+(2,0=-0M) *¥X2

©3= -~ @+ (")‘.'2)@1

F==X2+(1,0-0M)*X3

—ET @, F CAFI);

477



www.FluidMechanics.ir

RETURN

NFUN=
NFUN=

1
.

IM=
JdM=

0,99999998E=02
0.25000000E+00

F=

V.94049907E+00

F==0,20312500E+00

CHANGE OF SIGN DETECTED AT OM= 0,25000000E+00
F==0,20312500E+00

DEL= 0.25000000E+00

NFUN= 2
NFUN= 3 OM= 0,25000000E-01 F= 0,85310948E+00
NFUNsS 4 J¥= 0.,50000001E=01 = 0,71237516E+00
NFUN= 5 OM=z 0,75000003E=01 = 0,57770300E+00
NFUN= 5 QM= 0,10000000E+00 = 0,43899976E+00
NFUN= 1 IMs 0,12500000E+00 s 0,32617188E+00
NFUN= 8 dM= 0,15000001E+00 = 0,20912516E+00
NFUN= 9 OM= 0,17500001E+00 F= 0,97765565E=01
NFUN= 10 OM= 0.,20000002E+400- F==0.80001354E-02

CHANGE OF SIGN DETECTED AT OM= 0.20000002E+00
F=-0,80001354E-02

DEL= 0.25000000E-01

NFUNs 10
NFUN= 11 OM= 0,17750001E+0C F= 0,86938858E~01
NFUN= 12 OM= 0.18000001E+00 F= 0.76168060E=01
NFUN= 13 OM= 0.18250000E+00 F= 0,65452933E-01
NFUN=z 14 OM= 0,18500000E+00 = 0,54793477E=-01
NFUN= 15 OM= 0,18750000E+00 2 0,44189453E-01
NFUNs 16 OM= 0,.19000000E+00 = 0,33641100E=01
NFUNs 17 OM= 0,19250000E+00 s 0,23147941€E-01
NFUN= 18 OM= 0,19499999E+00 = 0.,12710214E-01
NFUN= 19 OM= 0.19749999E+00 FS 0,23275614E-02
NFUN= 20 OM= 0,19999999E+00 F==0,79998970E=02

THANGE OF SIGN DETECTED AT OM= 0,19999999E+00
F=-0,79998970E=02

DEL= 0,24999999E=02

NFUN= 20
NFUN= 21 OM= 0.19774999E400 F= 0.12923479E=02
NFON= 22  JM= 0.19799998E+00  F= 0,2577304BE-03
NFUN= 23 OM= 0.19824998E+00 F==0,.77641010E=03

CHANGE OF SIGN DETECTED AT OM= 0,19824998E+00
rs=0,77641010E-03

DEL= 0,24999998E-03

NFUNs

23
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NFUN= 24 0OM= 0,19802499E+00 F= J.15425682E~03
NFUN= 25 OM= 0.19804999E+00 F= 0.50902367E=04
NFUN= 26 OMs 0.19807500E+00 ==0,52571297E-04

CHANGE OF SIGN DETECTED AT QM= 0.19807500E+400

F==0.52571297E-04
DEL= 0,24999998E-04

NFUN= 26 e N o
NFUN= 27 OM= U,19805250E+00 F= 0,40531158E-04
NFUN= 28 JM= 0,19805500E+00 = 0,300407%1E-04
NFUN= 29 OM= 0,19805750£+00 = 0,19669533E-04
NEUN= 30 OM= 0.19806001E+00 F= 0.92983246E=05
NFUN= 31 OM= 0,19806251E+00 F==0,10728836E=05
CHANGE OF SIGN DETECTED AT OM= 0,19806251E+00 - Aizoqguuzﬂ
F==0,10728836E=05
DEL= 0,24999997E-05
NFUN= i

The system can be modeled
a8 Ahown.
The system can be redrawn
af _-Fa“.cw.r:

™3

—

%3

™ma
~

BT
X2

.m.
~

2 ]

—

Here ™, =m, Ky = 2%, M, =2m,
Ki=gr, 2,2 %, X,= %, , %30,

2‘3 = "'“J value .

r—)x' r-»xz
}—vwwﬁ—'ma—wvw— m2
2*' " Zkz 1)
" 2m " ™m
4 & 2k
I
| Let 5,:1
' 2
m X
: 52: X.‘ el AN
! - x
i 2
| X)
; (1_ 2 % )
)
: X =X, - ("‘ X1+, ~z>
|
) 2
| ms
: =X O (4k>
r
- 4 S mawt
: =X |+'"” - 2=

4 «* 4 «

Holzers Procec!u.re mvolve: a.SS’umm.j d‘the,rent valees for

Ca ard f..—dug,ou-{' of those values,

te cor rect :Frzgu-e"'-‘-y

W as the one whodk gives X3 =o0 ( boundary condition ¢

Be Sa.i'l‘.fffd ) .

From tke eXpression

:For va;
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freguency (without trial and error) by setting

(F) -t (5) v =

2 9"
or z P + — 7 5m 3m
W = %« / 2 2 2= 4+ ==
4 ¢ Kk ® - 4 4%

("‘z/zk") (77‘72 kz)
Thus the Frrst naturel frezuency s Given by
2 5m_ 3m ™"
Y= \7x W)/(Lk*) or W, = J-E
Egs- (7-32) to (7-35) give

2

®;= @ - “9——43 ®
1

¢
= - Q:. A
@, ®2 %en (J; @f + Y2 ®2>

E= 23 @ T, ®; = sum of inertia torpues (skouu be zerow>

i=t1 i
The computer program of Problems 7:13 and 7-14 is used with
NR=3, Om=0.04 a~d DEL =10-0-

The subroutine FUN and results are given.

c
C SUBROJUTINE FUN
t ———————
c ==================================:==============::======:===-= -------
SUBROUTINE FUN (OM,F)
- XJIF10.0
XJ235,0
XJ3=1,0
— XKTT=1,0E+0&
XKT221,0E406
X1=1,0
OMS30M**2
X2=X1-(0MS*XJ1/XKT1)*X1
X3=2X2=(OMS/XKT2) *(XJ1$X1+XJ24X2)
F2OMS¥ (XJ1¥X1+XJ2¥X2+XJ3*#X3)
RETURN
e EBND___ . Wwy=0
NFUN= 1  OM= 0,99999998E-02 Fa 0,16000000E=02
NFUN= 2 D= 0.,10000000E+02 = 0.15992500E404
NFUN= 3 OM= 0,20000000E+02 = 0.63880034E+04
NFUNS & OM= 0,30000000E+02 = 0.14339287E+05
NFUN= 5 0OM= 0,40000000E+02 3 0,25408205E+405
NFUN= 6 OM= 0.50000000E+02 = 0.39532031E+05
NFUNS T 0ONM= 0,60000000E+02 = 0.56630336€E+05
NFUN= 8  JM= 0.70000000E+02 = 0,76605133E+05
NFUNS 9  0M= 0.80000000E+02 = 0.99341109E+0S
NFUN= 10  OM= 0.90000000E+02 = 0.12470582E+06
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F= 0,21006358E+06
F= 0,93750000E+05

NFUN= 50 IM=s 0,49000000E+03
NFUN= 51 OM= 0,50000000E+03
NFUNS 512 IM= 0,51000000E+03

€] [\ ] - uMs= .

F==0,32486393E+05
DEL= 0,10000000E+02

F==0,32486393E+05

WFUNE 52 -
NFUN= b9 UMs 0,50750012E+03  F= 0,.,93337460E+01
NFUN= 70 OM= 0.50750021E+03 F= 0,79214058E+01
NFUN= 71 OM= 0.50750031E+03 F= 0,66932836E+01

“—NFUNE 72 OM= 0,50750040E+03  F= 0,57721915E407
NFUN= 73  0OMsz 0.50750049E+03 F= 0,45440674E+01
NFUN= 74 OM= 0,50750058E+03 F= 0,33159423E+01
NFON= 75  OM= 0,50750067E+03  F= 0,20878162E+01
NFUN= 76  JM= 0,50750076E+03 F= 0,92109573E+00
NFUN= 77 OM= 0,50750085£403 F==0,30703202E+00

CHANGE OF SIGN DETECTED AT OM= 0.,50750085E+03

F==0,30703202E+400
DEL= 0.99999930£E-04

NFUN= 71
NFUN= 78 OM= 0,51000000E+03 F==0,32486393E+05
NFUN= 79 OM3 0,52000000E+03 F==0,16878158E+06
NfUﬁE 80 OM= 0,53000000E+03 F==0,31524272E+06
NFUN= 137 OM= 0,11000000E+04 ==0,18694431E+07
—NFON= 138 ON= 0.,I1100000E+04 F==0,062095219E+06
NFUN= 139 OM= 0,11200000E+04 F= 0,74758494£+06

CHANGE OF SIGN DETECTED AT OM= 0,11200000E+04

F® 0,74758494E+00
DEL= 0.,10000000E+02

'ifu§= 139
~ NFUN= 168 OM= 0,11146489E+04 F==0,37916328BE+02
NFUN= 169 OM= 0,111346490E+04 F==0,23697710E+02
NFUN= 170 OM= 0,11146492E+04 Fs=0,94790859E+01!
= = 0,111 T F= 439£+01
THANGE OF SIGN DETECTED AT OM= 0.11146493E+04 <« 3= 1114-6433
P 0,47395439E+01
DEL= 0,99999990E-04
WUN= 171
Eigenvector ;(') corresponding to Ag= t0- 38068 _—> s given b_y
Gl:’ @s-») . -9 0 x{" °
-1 (5->2) -2 x,f') =40
Y -2 (o= >) x}') o
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e xV= -7-380¢8 x

and  x) = - 371497 x = 29.27¢49 x©

0] !
-X) = o {-7.23053} where o = value of X(')

0.10000000E+01+0.25172873E+01=0,71176373E+00
0.10000000E+01~0,25073018E+01=0,70907575E+00
0,10000000E+01=0,25030899E+01=0, 70794201E+00
ITER= 10 0.10000000E+01+0,25013082E+01-0,70746231E+00
ITER= 11 0.,10000000E+01+0,25005538E+01=0.70725930E+00
ITER= 12 0.10000000E+031«0,25002341E+01=0,70717323E+00
ITER= 13 0,10000000E+01-0.25000987E+01=0,70713681E+00
ITER= 14 0e10000000E+01=0.25000415E+401=0,70712131E+00
ITERZ 15 __0.10000000E+01=0.25000172E+01=0,70711482E500
converged value of N,z 5.00004216 (or W= o 4472u71) -
By using a similar procedure, [D;] is found. with the same X, ,

the results obtained from -;(":H_—.[D;] -X.i are given below.

29-27¢49 -
when X s normalized a5 X" [m1 X X" = 1, o=or03296
- 0:032 96
X = _{—0-25975
0.96 495
-0 gy |
D, ]=07-»nx XV [m]
\'z-s -1:0 0.0 0-03296 {o.ogzggé-o.zssvsgo-mas}
=|~neo 5.0 —1.4142 -(:o-asaca) -0.25975
| 00 —14142 0.0 0-964 95
[" 2.-488722% - 09111273 - 0:330(54%
=l -0.9273 4-2976 149 I+ {87¢73%
| ~0:3301549 111876738 03342530 .
- 1o . . - % =[p1X.
1f X, = -7-88068 ) & wsed, the firalive pmlu-ﬁ-'— X, : [>2] %,
29:27649
9|ves t‘ﬁ ¥ol(owm3 resuH:s (wr.m X. ) 1)
ther. % o o tow vector (wit hoX. .= 1y T
Nos(d) Xy ot @ vow vector (uith Xy0®t)
ITER= 0 0.10000000E+01=-0,78806801E+01 0,29276489E+02
I1TER= 1 0.10000000E4+01=0,10666667E+02 0.29333334E+02
ITERs 2 0.lOOOOOOOEfOl-O.47272644E+01'0.130668545+01
ITER= 3 0.,10000000E+01=0,31531227E+01=0,88291872E+00
ITER= 4 0.10000000E+010,27448514E+01~0,77301961E+00
ITERs 5 0.10000000E+01=0,25989382E+01=0,73374254E400
ITER= 6 0e10000000E+01=0.25411220E+01=0.71817952E+00
IIER= b]
8
9
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Tter.

—l

X., @8 o vow vector (wiHn P S 1)

0.10000000E+01 0

0.10000000E+01=0.78806801E+01 0.29276489E+02
0.10000000E+G1 0,19600000E+02-0.72824997E402
0,10000000E+01 0.38067123E+00 0.68348452E=01

«38067168E+00 0.68312615E=01
9.10000000E+01 0.38067159E+00 0,68312593£-01

Converged value of N;= 2.1(932243 (©; = 0-63691260).

4
5

<@

@ -+t ot 1 -1 1t 1
= = =m
k]l =211 2 2|, PI=[ =] Tl 2
i 2 25 1 2
1 . . )
U:.'n3 -;(’o-: 1 . the -fououhnj results are o[;ta.meel.
1 .
O om0 % with X124 (e s o v
number (<) 1 i ¢ i -
ITER= 0 9,10000000E+01 0,10000000E+01 0,10000000E+01
ITER= 1 0.10000000E+01 0,17500000E+01 0,20000000E+01
ITER= 2 ).10000000E+01 0,18518518E+01 0,21481481E+01
ITER= 3 0.10000000E+01 0,18601036E+01 0,21606219E+01
ITER= 4 2.10000000E+01 0,18607503E+01 0,21616161E+01
ITER= 5 0.10000000E+01 0,18608015E+01 0.21616952E+01
ITER= ) 0.,10000000E+01 V.18008055E+01 0,21617017E+01 «— X

converged :F'e&“e"cj = 0-373088 = (y "'—“—
*

Repetition of the procedure with [D,] and [2;] gives the

followng results:

W, ’._".‘_ = 1.321324
*

;;(z) _

m
‘-’s\/‘r

— (3)
X

= { 1r000000

{t-oooo«:o

2:.028523

0

- 2-il14¥80\

25409%

- 0-340706 }

0478847 }
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[k]‘ 1 (1 1 i 1 1 i
x [t 1.5 15 v [k [rn =1 15 45
1 i-5 1-833 1 1.5 1.833
L+ 1 1
[D]= [:1 1.5 1.5 .]
1 1.5 1.833
T 4
With X,= J3 {6 the fuugu;ng results are obtained (Progra.m 10.F):
X .
H';f,:tg.oa) Xni -[-.D] X with X =1 (9ven as row ve:.far)
0 V.10000000E+01 O, 100000005+01 0.10000000E+01
1 0.,10000000E+01 0,13333334E+01 0.14443334E+01
Pl U,10000000E+01 0,13676430E+01 0.14949605E+01
3 0.,10000000E+01 0,13705537E+01 0.14994360E+401
3 0.10000000E+01 0.13708007E+01 0.14998223E+01
S V.10000000£+01 0,13708220E+01 0.14998555E+01 - (1)
b 0.10000000E+01 0.13708237E+01 0.14998584E40] = X
converged freguency = 0.50928409 = W,
0 0.,10000000E+01 0.10000000E+01 O, 10000000E+01
1 0.10000000E+01-0,56349640E=01=0,561459929E+400
2 . 0,10000000E+01=0,22656711E=01+0,64602280E+00
3 0.100000008+01'0.910924105*02'0.b5340477E+00
4 0,10000000E+01-0.38191630£=02=0,66323972E+00
5 0.10000000E+01=0,17635337E~02=0.66511846E+00
6 0.10000000E401=0,96027331E=03=0,66584712E+00
1 0.10000000E+01=0,65728393E~=03=0,66612953E+00
8 U.10000000E+01-0,53756207E=03=0.66623896E+00
9 0.10000000E+01=0,49118389E=03=0,66628140E+00
10 0.10000000E+01-0,47320157E=03-0,66629785E+00
11 0.10000000E+01~0,46624581E=03~0.66630417E+00
12 0.10000000E+01=0,46355074E=03=0,66630661E+00
13 0.10000000E+01+0,46252197E=03=0,66630769E+00
14 0.10000000E+010,46209697E=03-0.66630799E+00
15 0.10000000E+01=0,36194042E=03~0,66630810E+00
16 0.10000000E+01~0,46183448E=03=0,66630810E+400
17 0.10000000E+01=0.46137337E~03=0,66630816E+00
18 0.10000000E+01~0,.36186216E-03=0,66630822E+00
19 0.10000000E+401-0,46185096E=03=0,66630816E+00 - (2)
20 0.10000000E+01-0,46185098E-03=0,66630822E+00 «— X
converged freguency = 1.732317¢ = @,
0 0.10000000E+01 0,10000000E+01 0,10000000E+01
1  0.10000000E+01=0,23654659E+01 0.15024464E+01
] 0.10000000E+01-0.23733659E+01 0.,15024523E+01 —(3)
3 0.10000000E+401=0,23733664E+01 0,15024524E+01le— X

Converged frepuency= 2.7§3294 = 5,

From problem €18, ] = &7 l:j "?" _°1
o -1 2

[D] [ 0715 0-50 o0.25
= o0.50

.00 o0.50
0-25 o050 p.75

(4]

@ ]

], [51 =
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Wltl‘l ;02 {7;} ) 'é“le ;O!.(-O\lh.hg rES'U.LtS are Ob%ﬂiﬂﬁ& (Progra.m to .>F):

-3

~ 3O

Itevation | 7 .= 1 or)
oenber (0] Yo = D0 X% VI Yug =4 (ohen o row vecter)
0 0.10000000E+01 0.20000000E+01 0.30000000E+01
l 0.10000000E+01 0,16000000E+01 0.14000000E+01
2 V.10000000E+01 0.14736842E401 0.11052632E+401
3 0.10000000E+01 0,14328358E+01 0.10298507E+01
4 0.10000000E+01 0.14199134E+01 0.10086581E+01
5 V0.10000000E+01 0.14159292E+01 0.10025285E+01
b V.10000000E+01 0.141347242E+01 0.10007399E+01
7 0.10000000E401 0.,14143645E+01 0.10002166E+01
8 V.10000000E+01 0.14142580E+01 0,10000634E+01
9 0.10000000E+01 0.14142267E+01 0,10000186E+01
10 0.10000000E+01 0.14142175E+01 0.10000055E+01
11 0.10000000E+01 0,14142147E+01 0,10000015£+01
converged freguency = 0.76536608 = &,
0 0.10000000E+01 0,20000000E+01 0,30000000E+01
1 0,10000000E+01 0.,29291141E+00+0,14141605E+01
2 0,10000000E+01 0.15801974E+00=0,12234681E+01
3 V.10000000E+01 0.88471927/E=01~0,11251128E+01
4 0.10000000E+401 0,50517395E=01=0,10714371E+01
5 0.,10000000E+401 0,29161638E=01=0,10412357E+01
21 Je10000000E+01 0,19669531E~05-0.99999768E+00
28 0.10000000E+01 0,18924472E=05=0,99999750E+00
29 0.10000000E+01 0.,18179417E=05=0,99939750E+00
30 0.10000000£+01 0,18030403E-05-0,99999738E+00
i1 0.10000000E+01 0,17732382E=05-0,99999744E+00
32 0.10000000E+01 0,17732380E=05-0.99999726E+00
converged freguency= 1.4142134 = ¢,
0 0.10000000E+01 0,20000000E+01 0,30000000E+01
1 0.10000000E+01-0,14143940E+01 0.10000018E+01}
2 0.10000000E+01-0,14142135E+01 0.10000004E+01
3

—
0.10000000E+01-0,14142135E+01 0.10000004E+01 = X(”
converged frepuency= 1.8477590 = 9

From Problem 7.9, [x] = %[fi -:]. ["‘]="‘[c': 7]' B‘]-'="—'

w02

pl= [ %]

With X,= {1}, the following results are obtained (Program is.F):
Tteration T T = X. wi = iven af row vector
rumber @) | Xies T1X with X, ;=1 (given of rou vector )

0 0.10000000E+01 0,20000000E+01
i 0.10000000E+U1 0,12500000E+01
2 0.10000000E+01 0,10769231E+01
3 U.10000000E+01 0,.,10250001E+01
4 0.10000000E+0! 0,10082645E+01
5 0.10000000E+401 0,10027474E+01
6 J.10000000E+01 0.10009151E+01
7 0.10090000E+01 0.100030439E+01
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) 0.10000000E+01 0,10001017E+01
9 0.10000000E+01 0,10000340E+01
190 0.10000000E+01 0,10000113E+01 S ()]
11 0.10000000E+401 0,10000038E+01 -« X
Convcrged_ ;F_rezuency= 0:99999809 = (A )] ,ml/_r
0 0.T000000GE+0T 0.20000000E+01
1 0.10000000E+031+0,99991959£400
2 VelVU000000E+31-0,99998856E+00 —(2)
3 0.10000000E+01<0,99998856E400 «— X
mnvtﬂgedjfﬁgﬂn:y: 1.7320508 = (Sz,lvnl7'rl
0.5 0.5 0.5 0§ 15 0 0+ 9.5
[*]'1 =31 los o 1o 1o [D]‘ milrs 20 /0 10
. -0 2.0 2:0 -5 20 2.0 20
5 10 2.0 3.0 5 20 20 3.0
- 1
With x,= {:}’ the following results are obtained for ¥ amd Wy .
1

Iteration

0.10000000E+01
0.10000000E+01

0.15714285€+01
0.17200000E+01

0.21428571E+01
0.25733335E+01

0.24285715E+01
0.30266669E+01

V,10000000E+01
0.10000000E+01

0.17508308E+01
0,17574103E+01
0,17588729E+01

0.26810634E+01
0.27059193E+01

0.31838319E+01
0.32208292£+01

0.,10000000E+01 0.27116063E+01 0,32293591E+01
0.10000000E+01 0,1759204¢E+01 0.27129092E+01 0,.32313194E+01
0,10000000E+01 0,17592804E+01 0,27132087E+401 0,32317696E+01
0.10000000E+01 0.17592978E+01 0.27132771E+401 0,32318730E+01
0,10000000E+01 0.17593019E+01 0,27132931E+01 0,32318966E+01

Converged freguency = 0.40058133 = W\ "k
The problem-dependent data for Program9-F and output ave given.

i

T_DATA
DIMENSION D(3,3),E(3,3)
DATA N,ITMAX,EPS/3,200,1.0E=05/
DATA D/3 .0,«2.0,0.0,= b=3,0,0,0,=3. 0,3 0/
C END OF PROBLEM=DEPENDENT DATA
EIGENVALUE SOLUTION BY JACOBI METHOD
GIVEN MATRIX
0.300000E+01 =0,200000E+01 0.000000E+00
0.000000E+00 =0,300000E+01 0.300000E+01
_EIGEN VALUES ARFE
0.774166E+01 0.,300000E+01 0.258343E+00
_EIGEN YECTARS
FIRST SECOND THIRD
0.335734E+00 0.,832048E+00 0.441564E+00
=0,796032F+00 «0_.3133903F=05 0,605254E+00
0.503602E+00 =0,554704E+00 0.,662336E+00
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The problem - dependent data. for Program 9-F and output are given.
C FOLLOWING 3 LINES CONTAIN PROBLEM=DEPENDENT DATA
- DIMENSION D(3,3),E(3,3)
DATA N,ITMAX,EPS/3,200,1.0E=05/

DATA D/3.°.2.°'l-0'2.°'2.0'1.0'1-001001100/
C END OF PROBLEM=-DEPENDENT DATA

EIGENVALUE SOLUTION BY JACOBI METHOD

GIVEN MATRIX

0,300000E+01 0,200000E+01L 0.100000E+01
0.200000E+01 0.200000E+01 0.100000E+01
0.100000E+01 0,100000E+01 0.100000E+01

EIGEN VALUES ARE
0.504892E+01 0,643104E+00 0.307979E+00

EIGEN VECTORS
FIRST SECOND THIRD
0.736978E4+00 <«0,591004E+00 0.327991E+00
0.591007E+00 0.327977E+400 =0,736982E+00
0,327985E+00 0.736984E+00 0.590999E+00

The main program which calls pecomP and results are given.

(of b e A T T P e,
c _

C PROGRAM

C MAIN PROGRAM WHICH CALLS DECOMP

c

C =====3=333=3S335=S=xs=23sS3=S2ssI3=s=sIS=SSSss=S===ssssssssss=s==========

DIMENSION A(4%,4),U(4,4) _ A
DATA A/4.0,'2.0'6.0,4.0,'2.0,2.0,'1.0,3.0,6.0,'1.0,22.0.13.0,
2 4,0,3,0,13.0,46.0/
N=4
CALL DECOMP (A,U,N)
#RITE (17,10)
10 FORMAT (/,25H UPPER TRIANGULAR MATRIX:,/)
DO 30 I=i,N
WRITE (17,20) (U(I,J),J=1,N)
20 FORMAT (3E15.8)
30 CONTINUE
STOP
END

UPPER TRIANGULAR MATRIX:

0,20000000E+01=0,10000000E+01 0,30000000E+01
0.20000000E+01
0.00000000E+00 0,310000000E401 0,20000000E+01
0.00000000E+00
0.00000000E+00 0.00000000E+00 0,30000000E+01
0,23333333E+01
0.00000000E+00 0,00000000E400 0.00000000E+00
0.60461192E+01
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@ From Ez,(7.84), u,= E: 2:236068 , uuz a%z_ = —5—: —0'4’4’72'3591
" " :
' Uy u, - o- 447213 9. ‘
(0'21- -u:-z )/I. = 2-408319, Uy,= 1_::_. (a,".. Uy, u,;): - 15778641
uys= (@n—ups _u:,> = 0.55708¢1)
2:236068 -0-44721359 0-44T72(359
[ul=]o 2.408319 -1-5778641
o ° 0:557086 11
1 ! 1
a,, = W T ,.4,4721359.: oy = . (u,z o(u) = 0.083045475
oy,= L. = 0.41522738 . - -1 - 4.
122 - =04 L o= = (g o) = 401760702
[}
dgaz _‘;'.;3- = 17950547 E «13 = -;1-"-(14,2"(2; + uu *33).’-‘. -0-12379687

-1 o 0-44721359  0.083045475 - 012379697
[U] = [ i}'] = o 0:4152273 %8 t-1760702
o 0 1:7950547
@ From Egs. (7-84) and (7-8) »
-u"= E: 1.4.42[35, u“_= g'—'ﬁ - i = 3'5355333. 'ulsa 22- - 5-6569542
Uy Un u

"
2\ )
Upy= (V2 - '"n.) *= (8708287, Uy3= ;z;_(a'z;" Uy U) = 4-2761798

usz= (@33- u} -u’z‘;)y‘ = 119272485
[U] 1. 4!42|35 3.6355339 5.6568542
1:8708287 4:276179°%
] 0 1:9272495

!
¥y = '.u—" =0.70710677 °‘12“ = —(ulz "-) = -l-3363062

)
olg3 = t- - 0-5188744 7 %y = = ;_(u,za(,_,+ Uy 33) = 0-8394393
[[]
- [a( ] 0.70710677 -1-3363062 0.9894993)
[U] - ")' - o 0-53452247 -§-185998%
o 0 0.51887447

The problem - dependent data to be used in Program 3-F and results are given.

BLEM=DEPENDENT DATA

DIMENSION D(4,4),E(4,4%)
DATA N,ITMAX,EPS/4,200,1.,0E=05/

DAT _2_002_."1.'3‘.0609‘1-.'22.,13004.'3-0013_!“.,

UHLA—B'I'Q—'i—ﬁ"_Q‘
C END OF PROBLEM=DEPENDENT DATA
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EIGENVALUE SOLUTLION BY JACOBI METHOD

GIVEN MATRIX

0.400000E+401 =0,200000E+01 V,600000E+01
0.400000E+91
=0.200000E+01 0,200000E401 =0,100000E+01
0.300000E+01
0,600000E+01 «0,100000E+01 0.220000£+402
0,130000E¢02
0.400000E¢01 0,300000E+01 0.130000€+¢02
0.460000E+02
EIGEN VALUES ARE
0.,525424E+02 0.173109E402 0.346931E+01 0.,177413E+00
EIGEN VECTOIRS
FIRST SECOND THIRD
0,123182E400 =0.,274316E+00 0.718788E+00
0.,626834E+00 0,407039E=-01 0,167114E+00
«0,614583E+00 0.,769873E+00 0.407591E+00
-0,851753E+00 <=0,316805E+00 «0,895647E-01
0.903902E+490 0.413933E+00 0.725754E-01
«0,797051E~-01
1'II' 4 =2 o o 3 (] o o
k]=x|-2 3 -t o m]= m]|]° %2 ©° °
@ [*] P L o o I o
o o =i ' o o o ¢
Ep- (784) 9gives, for [A1=[%],
2 - (] o
[U] = (o 141421 -0.707/07 o )
o 122474 -0:816497
o ° 0-577350
& (7-3¢) 9ives
. 0.5 0.35355338  0-20412414  0-23367510
vl = ]e° 0.70710677 0-40924828 0:577350201 %
o o ) 1+7320507
S'tn-naard e.‘genyrolalem is [D] '\? =2 -\';
where
-1
-1\T
pl=(p17t) o1 ]
0-15 053033006 0.30618620 0+43301266
m | 053033006 1:3749999 079385662 11226827
= % | 030618620 o0.79385662 {-125 1-5909899
0-433012G66  1.1226827 15909 8399 5.2499990
As 1/(,9’-
and Y= 01X
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From Eg.(7- 84),

’-—-v 12 20 _ %3 _.24 o
- - — T am— T -5 u P c—
1“11: Ja;" = 16 = 4, ull- Uy 4 b 13 Uy 4

u,,= (a,u— ,ui‘-z ¢ = (89 - 25)'/z = 8
uz.,_ __. (a'z;— u u|3)“ —'( 50"‘(—5)(“)) - -lO

U= (0‘33" ulg-—uu) (280-36- loo)

[A1= vl [ul . s e
with [U] = [o 8 _m]

o (o) 12

t—

@ From Example 7-3, W= 0-028222EI

Since E= 2.07x 10" N/m?, W= 12840.2346 JT ra.cl/se_c
Ir\ Order to ha've = 05 H& = 3-‘4'6 m-d/sec,

-12
12940-2346 VT =3-1416 = I = 57862:43022 x15
For a tubular section,

= f;‘(p"—&")= 59862.413022 xia 't ' @
e D"_J"-_-_ 1219504 xlo-‘ m"

N

m

To minimile We-‘jH:, we need 1 minimile (D"—al").

Problem is: Find D ard A bt minim3e (Dl—Olz)
-------- su.bJ'ect' to ;p"...J*: 1219504 )uo.6
or Fl‘nd d C-MA r= D/J
to mn‘nime‘}e f—_-. d* (\'2—') ()
SubJ'ect to d‘f(r‘f_d) = 121-9504 x ‘;8 (Ez)
N s e o431 x 10
Ez.(Ez) 3lve$ Azz ——
\ N
Eﬁ-(E') becornes:F oyl xl;l-f(rz_l)
r4—i

For minimum of £, 2_ |
df _d [ r=1_\ -
ar —arr.(Jr"-l > °
ner (r2-1) % (r* -0 (lf\';> Jraar (2r)

r4—1

=0
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i-e. r2(r*-0) = (r%) (x>0

2

e rf=1 or vz 231
e r=1 s the °"‘!7 jlga,sible Solu{:{on.
i-e., A soled c:‘rcu.(a.r section.

Since T= T2 = 0.0579862 xwe, D=-0:03323 m

6
$ Ex 7_33.m
>> A= [3-20; -25-3; 0-11]
A =
3 -2 0
-2 5 -3
0 -1 1

>> [V, D] = eig(A)

VvV =
-0.4765 -0.8962  0.4154
0.8656 -0.3444  0.5950
-0.1537  0.2797  0.6880
D =
6.6334 0 0
0  2.2315 0
0 0  0.1351
% Ex 7_34.m
@ >> A= [-521;1-9 -1; 2 -1 7]
A=
-5 2 1
1 -9 -1
2 -1 7

VvV =
-0.0723 -0.9572 0.4172
0.0570 -0.2514 -0.9027
-0.9958 0.1431 -0.1048
D =
7.2024 0 0
0 -4.6241 0
L 0 0 -9.5783
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% Results of Ex7_35
>> program9
Eigenvalue solution by Jacobi Method

Given matrix

2.50000000e+000
-1.00000000e+000
0.00000000e+000

-1.00000000e+000
5.00000000e+000
-1.41421356e+000

0.00000000e+000
-1.41421356e+000
1.00000000e+001

Eigen values are

1.03806779%9e+001 5.00000000e+000 2.11932209e+000

Eigen vactors are
First
3.29649826e-002
-2.59786425e-001
9.65103271e-001

Second
3.59210604e-001
-8.98026512e-001
-2.54000247e-001

Third
9.32674140e-001
3.55048443e-001
6.37146104e-002

% Results of Ex7_36

>> programl0

golution of eigenvalue problem by
matrix iteration method

29

Natural frequencies:

4.450417e-001 1.246977e+000 1.801938e+000

Mode shapes (Columnwise):
1.000000e+000

8.019379e-001
4.450421e-001

1.000000e+000
-5.549503e-001
-1.246987e+000

1.000000e+000
-2.246941e+000
1.801867e+000

% Results of Ex7_37 -
>> programll
Upper triangular matrix [U]:

2.000000e+000
0.000000e+000
0.000000e+000
0.000000e+000

-1.000000e+000
1.414214e+000
0.000000e+000
0.000000e+000

0.000000e+000
-7.071068e-001
1.224745e+000
0.000000e+000

Tnverse of the upper triangular matrix:

5.000000e-001
0.000000e+000
0.000000e+000
0.000000e+000

3.535534e-001
7.071068e-001
0.000000e+000
0.000000e+000

Matrix [UMU]={UTI] [M][UI]):

7.500000e-001
5.303301e-001
3.061862e-001
4.330127e-001

Eigenvalues:

6.231904e+000

5.303301e-001
1.375000e+000
7.938566e-001
1.122683e+000

1.431905e+000

Eigenvectors (Columnwise) :

4.804506e-001
8.452583e-001
1.303605e+000
1.552770e+000

-4.370337e-001
-4.162514e-001

2.067115e-001
6.853100e-001

.041241e-001
.082483e-001
.164966e-001
.000000e+000

ok N

.061862e-001
.938566e-001
.125000e+000
.590990e+000

PR W

5.000000e-001

2.672613e-001

-2.672612e-001
-2.672612e-001
2.672613e-001

3.361911e-001

-8.209847e-002

2.021007e-001

-4.318039e-001
2.186930e-001

492



www.FluidMechanics.ir

@ Results of Ex7_38
' EEE22222 222222 22 £ 0 B2

Please input N:
3

Pleas
222
255
2 512

EIGENVALUE SOLUTION BY JACOBI METHOD

GIVEN MATRIX

2.000000 2.000000
2.000000 5.000000
2.000000 5.000000

EIGEN VALUES ARE
15.15868265

EIGEN VECTORS
FIRST
0.20164232
0.46419929
0.86247284

lease input matrix D row by row:

2.87890731

SECOND
-0.49011982
~0.71456420

0.49917989

2.000000
5.000000
12.000000

0.96241005

THIRD
0.84801117
-0.52337082
0.08342689

Results of Ex7_39
@ dhkhhkkkdkdddkhhkkhh
Please input N and NVEC:

33

Please input matrix D row by row

eas
00
10
01

lease input matrix XM row by row

SOLUTION OF EIGENVALUE PROBLEM BY
MATRIX ITERATION METHOD

NATURAL FREQUENCIES

0.256844 0.589369 1.019342

MODE SHAPES (COLUMNWISE):

1.000000 1.000000 1.000000
2.302093 1.457934 -0.617178
4.277246 -1.018484 0.098382
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Results of Ex7_40

i*i*ii****i********i*i*****t*i*********************t*****i*i*****

Please input ND:

3

Please input BK matrix row by row:
10 -4 0

-4 6 -2

0 -2 2

Please input BM matrix row by row:
300

020

001

UPPER TRIANGULAR MATRIX [U]:

3.16227766 -1.26491106 0.00000000
0.00000000 2.09761770 -0.95346259
0.00000000 0.0000000C0 1.04446594

INVERSE OF THE UPPER TRIANGULAR MATRIX, ([UI],

0.31622777 0.19069252 0.17407766
0.00000000 0.47673129 0.43519414
0.00000000 0.00000000 0.95742711

MATRIX [UMU] = [UTI][M][UI]:

0.30000000 0.18090681 0.16514456
0.18090681 0.56363636 0.51452725
0.16514456 0.51452725 1.38636364
EIGENVALUES:
1.67156962 0.38337151 0.19505887
EIGENVECTORS (COLUMNWISE):
0.28923075 -0.23770397 0.16281604
0.59330466 -0.12923308 -0.21898643
0.84651373 0.42480537 0.14007703
c =====================================================================
Cc
C PROGRAM S.F
C MAIN PROGRAM FOR CALLING JACOBI
c
c =====================================================================

C FOLLOWING 3 LINES CONTAIN PROBLEM-DEPENDENT DATA
DIMENSION D(3,3),E(3,3)
DATA N,ITMAX,EPS/3,200,1.0E-05/
DATA D/2.,2.,2.,2.,5.,5.,2.,5.,12./

C END OF PROBLEM-DEPENDENT DATA

PRINT 50

50 FORMAT (//,37H EIGENVALUE SOLUTION BY JACOBI METHOD)
PRINT 40

40 FORMAT (/,13H GIVEN MATRIX)
DO 30 I=1,N

30 PRINT 20, (D(I,J),J=1,N)

20 FORMAT (3E15.6)

CALL JACOBI (D,N,E,EPS, ITMAX)
PRINT 10, (D(I,I),I=1,N), ((E(I,J),J=1,N),I=1,N)
10 FORMAT (/,1X,17H EIGEN VALUES ARE,/,3E15.6,//,1X,
2 14H EIGEN VECTORS, /, 6X, SHFIRST, 10X, 6HSECOND, 9X, SHTHIRD, /,
3 (1X,3E15.6))
STOP
END
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SUBROUTINE JACOBI (D,N,E,EPS, ITMAX)
DIMENSION D(N,N),E(N,N)
ITER=0
DO 110 I=1,N
DO 110 J=1,N
E(I,J)=0.0
110 E(I,I)=1.0
120 2Z=0.0
NM1=N-1
DO 130 I=1,NM1
IP1=I+1
. DO 130 J=IP1,N
IF (ABS(D(I,J)) .LE. 2Z) GO TO 130
ZZ=ABS(D(I,J))
IR=1I
IC=J
130 CONTINUE
IF (ITER .EQ. 0) YY=ZZ*EPS
IF (22 .LE. YY) GO TO 210
DIF=D(IR,IR) - D(IC,IC)
TANZ= (-DIF+SQRT (DIF**2+4.0%2Z**2) )/ (2.0*D(IR, IC))
COSZ=1.0/SQRT (1.0+TANZ**2)
SINZ=COSZ*TANZ
DO 140 I=1,N
2ZZ=E(I,IR)
E(I,IR)=COSZ*ZZZ+SINZ*E (I, IC)
140 E(I,IC)=COSZ*E(I,IC)-SINZ*22Z

I=1
150 IF (I .EQ. IR) GO TO 160
YYY=D (I, IR)

D(I,IR)=COSZ*YYY+SINZ*D (I, IC)
D(I,IC)=COSZ*D(I,IC)-SINZ*YYY
I=I+1
GO TO 150

160 I=IR+1

170 IF (I .EQ. IC) GO TO 180
YYY=D(IR,I)
D(IR,I)=COSZ*YYY+SINZ+D(I,IC)
D(I,IC)=COSZ*D(I,IC)-SINZ*YYY
I=T+1
GO TO 170

180 I=IC+1

190 IF (I .GT. N) GO TO 200
2Z2=D(IR,I)
D(IR,I)=C0SZ*2ZZ+SINZ*D(IC, I)
D(IC,I)=COSZ*D(IC,I)-SINZ*Z2ZZ
I=I+1
GO TO 1%0

200 YYY=D (IR, IR)
D(IR,IR)=YYY*COSZ**2+D (IR, IC)*2.0*COSZ*SINZ+D(IC,IC)

2 *SINZ**2

D(IC,IC)=D(IC,IC)*COSZ**24+YYY*SINZ*+2-D(IR,IC)*2.0*COSZ*SINZ
D(IR,IC)=0.0
ITER=ITER+1
IF (ITER .LT. ITMAX) GO TO 120

210 RETURN
END

EIGENVALUE SOLUTION BY JACOBI METHOD
GIVEN MATRIX
0.200000E+01 0.200000E+01 0.200000E+01

0.200000E+01 0.500000E+01 0.500000E+01
0.200000E+01 0.500000E+01 0.120000E+02
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EIGEN VALUES ARE
0.151587E+02 0.287891E+01 0.962410E+00

EIGEN VECTORS
FIRST SECOND THIRD
0.201639E+00 -0.490153E+00 0.847993E+00
0.464200E+00 -0.714545E+00 -0.523397E+00
0.862474E+00 0.499175E+00 0.834492E-01

C PROGRAM 10.F
C MAIN PROGRAM FOR CALLING THE SUBROUTINE MITER
c
C =========================================================:=:==‘========
C FOLLOWING 8 LINES CONTAIN PROBLEM-DEPENDENT DATA
DIMENSION D(3,3),X(3),XS(3),B(3,3),C(3,3),XX(3),XM(3,3),FREQ(3),

2 EIG(3,3)
N=3
NVEC=3
DATA D/2.,2.,2.,2.,5.,5.,2 ,5.,12./
DATA XM/1.0,0.0,0.0,0.0,1.0,0.0,0.0,0 0,1.0/

EPS=0.00001
DATA XS/1.0,1.0,1.0/
C END OF PROBLEM-DEPENDENT DATA
CALL MITER (D,X,XS,N,NVEC,B8,C,XX, XM, EPS, FREQ, EIG)
PRINT 10
10 FORMAT (//,34H SOLUTION OF EIGENVALUE PROBLEM BY,/,
2 24H MATRIX ITERATION METHOD)
PRINT 20, (FREQ(I), I=1,NVEC)

20 FORMAT (//,20H NATURAL FREQUENCIES,//,3(E15.8,1X))
PRINT 30
30 FORMAT (//,26H MODE SHAPES (COLUMNWISE):,/)
DO 40 I=1,NVEC
40 PRINT 50, (EIG(I,J),J=1,N)
50 FORMAT (3(E15.8,1X),/)
STOP
END
C=======================================================================
c
C SUBROUTINE MITER
o]
c=======================================================================

SUBROUTINE MITER (D,X,XS,N,NVEC,B,C, XX, XM, EPS, FREQ, EIG)
DIMENSION D(N,N),X(N),XS({N),B(N,N),C(N,N) ,XX(N),XM(N,N),
2 FREQ(NVEC),EIG(N,NVEC)
CON=XS (1)
DO 10 I=1,N
10 X(I)=XS(I)/CON
50 ICON=0
. CALL MULT(D,X,N, XX)
ALAM=XX (1)
DO 20 I=1,N
20 XX (I)=XX(I)/ALAM
DO 30 I=1,N
30 IF (ABS( (XX (I)-X(I))/X(I)) .GT. EPS) ICON=1
DO 40 I=1,N
40 X(I)=XX(TI)
IF (ICON .EQ. 0) GO TO 60
GO TO 50
60 ICON=0
FREQ (1) =SQRT (1.0/ALAM)
DO 70 I=1,N

70 EIG(I,1)=X(I)
II=1

100 ITI=II+1
SUM=0.0

DO 110 I=1,N
110 SUM=SUM+X (I) **2
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ALP=SQRT(1.0/SUM)
DO 120 I=1,N
120 X (I)=X(I)*ALP
DO 130 I=1,N
DO 130 J=1,N
130 C(I,J)=X(I)*X(J)
CALL MATMUL (B,C,XM,N,N,N)
DO 140 I=1,N
DO 140 J=1,N
140 D(I,J)=D(I,J)-ALAM*B(I,J)
CON=XS (1)
DO 150 I=1,N
150 X (I)=XS(I)/CON
250 TICON=0 :
CALL MULT (D,X,N,XX)
ALAM=XX (1)
DO 220 I=1,N
220 XX (I)=XX(I)/ALAM
DO 230 I=1,N
230 IF (ABS((XX(I)-X(I))/X(I)) .GT. EPS) ICON=1
DO 240 I=1,N
240 X(X)=XX(I)
IF (ICON .EQ. 0) GO TO 260
GO TO 250 :
260 ICON=0
FREQ (II)=SQRT (1.0/ALAM)
DO 270 I=1,N
270 EIG(I,II)=X(I)
IF (II .EQ. NVEC) GO TO 300

GO TO 100
300 RETURN
END
C ====s=====ss=c=S=S-Ss oSS SSESE S SR SRR S S S R S S S S S SRS E S S S SSSS S SRS SSESS
Cc
C SUBROUTINE MULT
Cc
C T T T T TP P P R T PR P B e b e e b e L
SUBROUTINE MULT (D,X,N,XX)
DIMENSION D(N,N), X (N}, XX (N)
DO 10 I=1,N
XX(I)=0.0
. DO 20 J=1,N
20 XX (I)=XX(I)+D(I,J)*X(J)
10 CONTINUE
RETURN
END
C =SS =SS S=ECSS =SS S EREEsSS S E S EE =SS SSSESSSSSEESSS=SSSSI=E=EsSS
C
C SUBROUTINE MATMUL
C
C e T P T PP P PP P IS TR FE P R R L L B Pt bl b ot

C MATRIX MULTIPLICATION SUBROUTINE: A =B * C
C B(L,M) AND C(M,N) ARE INPUT MATRICES, A(L,N) IS OUTPUT MATRIX
SUBROUTINE MATMOL (A,B,C,L,M,N)
DIMENSION A(L,N),B(L,M),C(M, N}
DO 10 I=1,L
DO 10 J=1,N
A(I,J)=0.0
DO 10 K=1,M
10 A(I,J)=A(I,J)+B({I,K)*C(K,J)
RETURN
END

SOLUTION OF EIGENVALUE PROBLEM BY
MATRIX ITERATION METHOD

NATURAL FREQUENCIES

0.25684494E+00 0.58936858E+00 0.10193421E+01
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MODE SHAPES (COLUMNWISE) :
0.10000000E+01 0.10000000E+01 0.10000000E+01
0.23020921E+01 0.14579326E+01 -~0.61717808E+00

0.42772374E+01 -0.10184917E+01 0.98382086E-01

C PROGRAM 11.F :
C DETERMINATION OF EIGENVALUES AND EIGENVECTORS BY FINDING THE MATRIX
C [D] ACCORDING TO THE RELATION [D] = [OUTI] [M] [UI]
c
C ======================::"_‘=‘.‘.=====================================$======
C FOLLOWING 5 LINES CONTAIN PROBLEM-DEPENDENT DATA
: DIMENSION BK(3,3),BM(3,3),0(3,3),0I(3,3),UTI(3,3),BMU(3,3),
2 U©UMUO(3,3),XF(3,3),EV(3,3)
DATA BK/10.,-4.,0.,-4.,6.,-2.,0.,-2.,2./
DATA BM/3.,0.,0.,0.,2.,0.,0.,0.,1./
ND=3
C END OF PROBLEM-DEPENDENT DATA
C DECOMPOSING THE MATRIX [BK] INTO TRIANGULAR MATRICES
CALL DECOMP (BK,U,ND)
PRINT 100
100 FORMAT (//,29H UPPER TRIANGULAR MATRIX [U]:,/)
DO 110 I=1,ND
110 PRINT 120, (U(I,J),J=1,ND)
120 FORMAT (4(1X,E15.6))
DO 130 I=1,ND
DO 130 J=1,ND
130 UI(I,J)=0.0
DO 140 I=1,ND
140 UI(I,I)=1.0/0(I,I)
DO 160 J=1,ND
DO 160 II=1,ND
I=ND-II+1l
IF (I .GE. J) GO TO 160
IP=I+1
SUM=0.0
DO 150 K=IP,J
150 SUM =SUM+U(I,K)*UI(K,J)
UI(I,J)=-SUM/U(I,I)
160 CONTINUE
PRINT 170
170 FORMAT (/,46H INVERSE OF THE UPPER TRIANGULAR MATRIX, [UI],/)
DO 180 I=1,ND
180 PRINT 120, (UI(I,J),J=1,ND)
- DO 190 I=1,ND
DO 190 J=1,ND
190 ~UTI(I,J)=0I(J,I)
CALL MATMUL (BMU,BM,UI,ND,ND,ND)
CALL MATMUL (UMU,UTI,BMU,ND,ND,ND)
PRINT 200
200 FORMAT (/,29H MATRIX [OMuU] = [OTI] [M] {UIl:,/)
DO 210 I=1,ND
210 PRINT 120, (UMU(I,J),Jd=1,ND)
CALL JACOBRI (UMU,ND,EV,1.0E-05,200)
PRINT 230
230 FORMAT (/,13H EIGENVALUES:,/)
PRINT 120, (UMU(I,I),I=1,ND)
PRINT 240
240 FORMAT (/,27H EIGENVECTORS (COLUMNWISE):,/)
CALI, MATMUL (XF,UI,EV,ND,ND,ND)
DO 250 I=1,ND
250 PRINT 120, (XF(I,J),J=1,ND)
STOP
END
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SUBROUTINE DECOMP (A,U,N)

DIMENSION A(N,N),U(N,N)

DO 10 I=1,N

DO 10 J=1,N
10 U(I,J3)=0.0

U(1,1)=SQRT(A(1,1))

DO 90 J=2,N
90 0(1,3)=A(1,J)/0(1,1)

DO 40 I=2,N

IM=I-1

SUM=0.0

DO 30 K=1,IM
30 SUM=SUM+U (K, I)**2

U(I,I)=SQRT(A(I,I)-SUM)

J=I+1

SUM=0.0

DO 50 K=1,IM
50 SUM=SUM+U (K, I) *U (K, J)

" U(1,J)=(A(I,J)-SUM)/U(I,I)

40 CONTINUE

RETURN

END

UPPER TRIANGULAR MATRIX [U]:
0.316228E+01 -0.126491E+01 0.000000E+00
0.000000E+00 0.209762E+01 -0.953463E+00
0.000000E+00 0.000000E+00 0.104447E+01

INVERSE OF THE UPPER TRIANGULAR MATRIX, [u1],

0.316228E+00 0.190693E+00 0.174078E+00

0.000000E+00 0.476731E+00 0.435194E+00

0.000000E+00 0.000000E+00 0.957427E+00
MATRIX [UMU]l = [OTI] [M] [UI]:

0.300000E+00 0.180907E+00 0.165145E+00

0.180907E+00 0.563636E+00 0.514527E+00

0.165145E+00 0.514527E+00 0.138636E+01

EIGENVALUES:

0.167157E+01  0.383372E+00  0.195059E+00
EIGENVECTORS (COLUMNWISE) :

0.289231E+00  -0.237705E400  0.162815E+00

0.593305E+00 -0.129231E+00 -0.218987E+00
0.846513E+00 0.424805E+00 0.140081E+00

C PROGRAM 9.F

C MAIN PROGRAM FOR CALLING JACOBI

c

C =====================================================================

C FOLLOWING 3 LINES CONTAIN PROBLEM-DEPENDENT DATA
DIMENSION D(3,3),E(3,3)
DATA N, ITMAX,EPS/3,200,1.0E-05/
DATA D/S.,-1.,1.,-1.,6.,-4.,1.,-4.,3./

C END OF PROBLEM-DEPENDENT DATA
PRINT 50

50 FORMAT (//,37H EIGENVALUE SOLUTION BY JACOBI METHOD)

PRINT 40

499



www.FluidMechanics.ir

40 FORMAT (/,13H GIVEN MATRIX)

DO 30 I=1,N
30 PRINT 20, (D(I,J),J=1,N) .
20 FORMAT (3E15.6)

CALL JACOBI (D,N,E,EPS, ITMAX)
© PRINT 10, (D(I,I),I=1,N), ((E(I,J),JT=1,N),I=1,N)
10 FORMAT (/,1X,17H EIGEN VALUES ARE,/,3E15.6,//,1X,
2 14H EIGEN VECTORS,/,6X,5HFIRST, 10X, 6HSECOND, 9X,5HTHIRD, /,
3 (1Xx,3E15.6))
STOP
END

EIGENVALUE SOLUTION BY JACOBI METHOD

GIVEN MATRIX
0.500000E+01 -0.100000E+01 0.100000E+01
-0.100000E+01 0.600000E+01 -0.400000E+01
0.100000E+01 -0.400000E+01 0.300000E+01

EIGEN VALUES ARE
0.923048E+01 0.455549E+01 0.214034E+00

EIGEN VECTORS
FIRST SECOND THIRD
0.312915E+00 0.948172E+00 -0.552614E-01
-0.775620E+00 0.288684E+00 0.561315E+00
0.548176E+00 -0.132782E+00 0.825755E+00

C FOLLOWING 3 LINES CONTAIN PROBLEM-DEPENDENT DATA
DIMENSION D(3,3),E(3,3)
DATA N,ITMAX,EPS/3,200,1.0E-05/
DATA D/16.,-20.,-24.,-20.,89.,-50.,-24.,-50.,280./
C END OF PROBLEM-DEPENDENT DATA

PRINT 50

50 FORMAT (//,37H EIGENVALUE SOLUTION BY JACOBI METHOD)
PRINT 40

40 FORMAT (/,13H GIVEN MATRIX)
DO 30 I=1,N

30 PRINT 20, (D(I,J),Jd=1,N)

20 FORMAT (3E15.6)

CALL JACOBI (D,N,E,EPS,ITMAX)
PRINT 10, (D(I,I),I=1,N), ({(E(I,J),J=1,N),I=1,N)
10 FORMAT (/,1X,17H EIGEN VALUES ARE,/,3El5.6,//,1X,
2 14H EIGEN VECTORS,/,6X,SHFIRST, 10X, 6HSECOND, 9X, SHTHIRD, /,
3 (1X,3E15.6))
STOP
END

EIGENVALUE SOLUTION BY JACOBI METHOD

GIVEN MATRIX
0.160000E+02 -0.200000E+02 -0.240000E+02
-0.200000E+02 0.8S0000E+02 -0.500000E+02
-0.240000E+02 -0.500000E+02 0.280000E+03

EIGEN VALUES ARE
0.293547E+03 0.855832E+02 0.586943E+01

EIGEN VECTORS
FIRST SECOND THIRD
0.673507E-01 -0.332766E+00 0.940601E+00
0.230709E+00 0.922386E+00 0.309802E+00
-0.970689E+00 - 0.196140E+00 0.138895E+00
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The problem-dependent data and output are given (Program {3.F):-

~

C FOLLOWING 5 LINES CONTAIN PROBLEM=DEPENDENT DATA
DIMENSION BK(3,3),BM(3,3), U(3 3),U1(3,3),UTI(3,3),84U(3,3),
’ ’
DATA BK/Z..'I.;O."I..2.,'1., -0-1.'3./
DATA BM/1+/0¢904400y1090.,0.,0.,42./
D=3
C END DF PROBLEM=DEPENDENT DATA

UPPER TRIANGULAR MATRIX (Ul.

0.,141421E+01 =0, 707107E+00 0.000000E+00
0.000000E+00 0,122474E401 -0,816497E+00
— 05 000000E+00——05000000E+00— 05 152753Ev0t

INVERSE OF THE UPPER TRIANGULAR MATRIX, (UI],

0.707107E+00 0.108248E+00 0,218218E+00
0.000000E+00 0.816497E+00 0,436436E+00
—0600000E+00—050006000E+00——0- 654654E+HO

MATRIX (UMUJ = (UTIJ(M}(UIL]:

0.500000E+00 0.,288675E+00 0.154303E+00
0.288675E+00 0.,833333E+00 0.445435E+00
— O SA303Er0 00T HSIISEYO O — 0109524 EYO L

EIGENVALUES:

0.151668E+01 0.595606E+00 0.316285E+00

TN -
EIGENVECTORS(COLUMNRISE S

0.610531E+00 =0,468617E+00 0.349193E+00
———9—%1%569E+00———-0—150#&%E#0&———-&—40Sbitﬁvﬂﬁ
0.486814E+00 0.420340E+00 0.122055E+00

The problem-dependent date for Program ii-F and output are
given.

C FOLLOWING 5 LINES CONTAIN PROBLEM=DEPENDENT DATA
DIMENSION BK(3,3),BM(3,3),U(3,3),U1(3,3),UT1(3,3),8MU(3,3),
——2—-UMU(3,3),XF(3,3),EV(3,3)
DATA BK/Z. p’i-yoo "lop3op'2000-a'2012-/
DATA BM/1.,0,,00,06,1¢90¢,00,0.,2./
...——_—-...-..ND=3 -
C END OF PROBLEM=DEPENDENT DATA

UPPER TRIANGULAR MATRIX (U]:

0.141421E+01 =0.707107E+00 0.000000E+00
0.000000E+00 0.158114E401 «0,126491E+01
9.000000E+00 0.000000E+00 0.632456E+00
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INVERSE OF THE UPPER TRIANGULAR MATRIX, (UL},

0.707107E+00 0.316228E+400 0.632456E+00

0.000000E+00 0.,632456E+00 0.126491E+01%

0.000000E+00 0.,000000E+00 0.158114E+01
MATRIX (UmU} = [UTIJEM)(UI):

0.500000E+00 0.223607E+400 0.447214E+00

0.223607E+00 0.500000E+00 0.100000E+01

0.4472143€E+00 0.100000E+401 0.700000E+01
EIGENVALUES:

0.718421E+01 0.572771E+00 0,243019E+00
EIGENVECTORS (COLUMNWISE):

0.,721309E¢00 =0,664609E+00 0.194954E+00

0.134220E+01 =0,168876E+00 ~0,412289E+00

0.155923E+01 0,226436E+00 0.132344E+00

Tbe ProLIem—Jepenclen{: data. and results are given (Program ;1.F ) :

CTOLLOWING 5 LINES CONTAIN PROBLEM=DEPENDENT DATA
DIMENSION BK(4, 4),B8M(4,4),U(4,4),01(4,4), UTI(4 4),8MU(4,4),
2 UMU(4,4),XF(4,4),EeV(4,4)
DATA BK/4."'2.'0. 'O.'°2.o3o 0-‘000' loo' 1-020 "100000000‘10010/

DAIA BM/3¢'°.'0. ,0. ,0..2..0.10. '0. ponolopooloo 100'00'1 /
=4

C END OF PROBLEM-DEPENDENT DATA

P T T e e L T

UPPER TR1ANGULAR MATRIX {U):

0.200000E+01
0.000000E+0V
0.000000E+00
0.000000E+00

0.500000E+400
0.000000E+400
0.,000000E+00
0.000000E+00

MATRIX (UMU) =

0.750000E+00
0.530330E+00
0.306186E+00
0.433013€E+00

EIGENVALUES?S

0.623190E+01

«0.100000E4+01

0.141421E+01
0.000000E+00
0,000000E+00

0.353553E+00
0.,707107E+00
0.000000E+400
0,000000£+00

(UTI) (M) {UI):

0.530330E+00
0.137500E+01
0,793857E+00
0.112268E+01

0.143190E+01

0,000000E+00
=0.,707107E+00
0.,122474E+01
0.000000E+00

INVERSE OF THE UPPER TRIANGULAR MATRIX, ([UI),

0.204124E+00
0.408248E+00
0.816497E+00
0,000000E+00

0,306186E+00
0,793857E+00
0.112500E+01
0.159099E+01

0.500000E+00
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0,000000E+00
0,000000E+00

=0,816497E+00

0.577350E+00

0,288675E+400
0.577350E+00
0.115470E+01
0.173205E+01

0,433013E+00
0.112268E+01
0.159099E+01
0.,525000E+01

0.,336191E+00
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EIGENVYECTORS (COLUMNWESE T e S

0.480456E+00 =0.,437028E+00 0.267261E+00 ~0,821001E-01
—0 845263+ 00—=0- Lt E24LEY OO — =0, 267258E+00 0,202104E+00
0.130360E+01 0.206727E+00 =0,267263E+00 =0,431800E+00
0.155276E+01 V.685329E+00 0,267266E+00 0.,218693E+00

= W
2 £ f——ttm ——

Bas'c relationship :

Pb =z L P < x< o E
wix)= |Gerf A=F-* s @ &

eIl
DCf‘f—Cfl'on of Mmass m, due o loa.c' m3:

Using x=f, bz 2-4, and L=2 in (&) :

/= (00 x9-30) (z= YR ¢, (0 gz g2q _ I LEE-LY oS
v GEI(B) ').‘{4-(;, 1y=1 = GEI &)

Dc,de.ctt‘an of mass my due & Jorad ™g:
Ug"nﬁ x= Il-f'h_, Q= f,, b=2-4,, =2 in (El):

- Ei(—l-:ﬂ(a.z-f-'zz— zfz.) ; a<x=J{ (€2)

/

W, = — (0ox9-80) £, (2-1,- £2) {2"'1-(1.4—12.)1— 2(2)(L+12) |
GEI(2)

S IF NGO WAPLIPI IS NPy NV AR O
ZEIL

Deﬂer.‘l:.‘on of mass wm due G food my2:
Using x=f,, f=2, b= @- 4,-42) in (E):

= (50 x9-80) (2= 1,-12) A, {4_(2_2'_&)‘_2:}
6EI(2) . 2
= 4?0' SII(Z-II—IZ)(—ZZ. _h +41'+#22—22'1Q (EQ
I12EI
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Def',e(.‘h'on of mass My due to load ™My 3:
U$|'n3 7(;"1'0'11_, 1—?. a..ndl b= 2—f|-21. 'n (E|):

_ (sox9-81)(2-4,-22) (0, + I,_){ (2= 4i- Rl)z_ (1,.4.!,_)"}

i 6EI(2)
490.5 (L+4) (2~ 4~ I,_)(-zl,z—zlf’.g.q,f, + 44, -4 f2)
- 12€L )
Tota.l def,eC£"O\"l cf ma.sses m, QnJ mz are - .
ﬁﬁ.‘. L)"/-{- w|” - 981 l."(z—!l)i'.‘_
6EI
490548, (1-2,— 22) (24315 +uliroha-t bl
” zEer (E'?)
‘U',_.—. wi’-l— w,_ = - 981 xl (z"l —!L)(ZII-(-RQ_-I-LIIQ_ q.! _4!’)
12 €1
v 4905 (Li+le) o8, =A0) (— 24,1 2Lz + 44, + 4 £y 4 £, 22)
I2EI
()

Fundamental natural fre&uency is given by

3( ! My Wy z : wy +
W= { il ) z= 30321 (2 ur-,,) )

2
("‘l'-"'l + m, ur:') 2w+ W
To maximize W, we can maximize (.

Problem is: Find 2| amd fg_
to maximize £= ( 2y + W2
it W
where w, and w; are given by (€7) and (Eg).

Froblem can be solved as follows:

Treat £ a1 a function of A, ard  £,.

St 3 aF _ E
ax. = 0 anJ 3—11_0 (lo)

Solve Egs- (Bi) For L, and 1,.
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Solution:
Stiffness of one girder (simply supported beam)

1 *3
BT 48 (200 x 10°) [E a4j
o= 821 = 1.097 x 10° a* m¢
I 9°
| e
where a = width and depth of cross-section (m) of girder.
k, =2k, = 2.195 x 10° a* (N/m) ™y
m, = mass of trolley = 20000 kg
2
AE 247 (200 x 10°)
Stiffness of rope = k, = ; =_4 S = 26.1799 d?

m, = mass of lifted load = 5000 kg

From section 5.3, the natural frequencies of a 2 d.o.f. system (shown in adjacent
figure) are given by

. _1{(k1+k2)m2+k2m1} €, ™ ¥ m
Wy, 2= 3

2 m; m,

o

¥

2
{(kl +ky) my + Ky ml} » {(kl + k) Ky = k%}

m; My m; My

(E,)

Here k, =k, k,= k,m; =m, m, =m, and hence ®? and ®j can be expressed as

functions of a and d:
o? = 0? (a, d); w2 = o) (a, d
Requirement 1s

o? (a, d) > (157.08)% ) (a, d) > (157.08)°

(Ey)

(Ey)

Since 1500 rpm = 157.08 rad/sec, choose a and d such that the inequalities (E,) are

satisfied. A trial and error procedure can be used for this purpose.
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