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Chapter 13

Nonlinear Vibration

LA 1 LAd z
@el'l'("o e =f 92+“’oze= Yo g2
4

2
Use o= 81+ 6, in Ez,-(Ez)-' 2
2 2

. .. 5
9,+ez+a)29,+vze~f'+ -63‘29.;+5’é"-93+&9a2+-2—°9.9:
Le-}f fand side (s not ezu.a.f. t the nght bhand side.

T,'lus’ SuPerPosr.'hon Prmmp/e is not valid.

— .
@ T = kmetic enerqy ot time zevo =L m<i°>" . i
2

Le'L' z, = maximum Jcsﬂa.umen{‘ on r;gH,’ side. K

Po‘l:e.n'hal energj n ?“"‘3 Y W T 3 7y :.

X,z .Lk,_ 2 ( x 4 zero ok x,) o —4Fy

Since T=V, "‘_z"‘\/%(_’;_\ = J-:k—? %,
Let %= maximum dsplacement £o fegt side. V= L%
T=vVv gives m J:

@) Since k,< K,, maximum deflection = x,= JE.":-'- °
b Pgn‘oc’ of vibration for a ApTing — masgs /‘?‘&""‘ i Th=a2mw \E-‘
In the P‘?-a'-mkc.a}t, 'c,‘:(xﬂntfurmbgo{sz:z,fm

: xz=0 ond nediive t x= o)-'-

. (e for m &5 g0 & x= %, from
'E'"= T(E""E;) =0 Q”J )uﬁ,\)"n\ﬁ ‘)(:0)
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. ]
Restor.‘ng force = F= (2%x 3 0€%k< %, F .
21%x Ik—- %X
o

2k 4 f(x=R%o)

< -Xg '
x> Xeo T ” ”
. x x
e F= {1"" 3 0 x< X, ; 0 0

3kx- ‘klo; x?xo -cs (E')

Eauai‘icm of wmotion (s
m x + F=Psinwt where F s given Ly (Eg).

el L4

1

Let

E = fension in wire a.féer clu‘spla.ceme.hf of masSses

P = initial tension in wire

g; = length of :™ segment of wire after displacement of masses

x

= transverse Ja‘sf'acement of mass & (C: l,z)

;51 = vg.z+ "ul ’ 5:" \/Xz"i- (=,- z.)z > 'g, = \/ [3‘.,. z:
Lo fow ly 81,1,
- o i = ad ~ ~ c
€= Strain in wire ( TR ) (')
New tension in wire = p _ (P*'AEG)

Where A= Cross - s‘ec.*:lona,l. area of Wire o.m.d E= Youngs‘ modulus,

E'Zu.a.‘hons of motion of wmasses

™ 1. + P sin o) + Psinez =o (E’-)
™, X, + t Sin €4 4 f‘ S’n 83 = (E;)
-

™, ;, +(P+AE e)

Xt - X2 — X, _ -
\/xll"‘ x,* \]lzz + (%, - x,)‘:> =° (")
m %, + (P+AE e)( o Sl

\‘I‘+(zz_x —,[1’:-:,; > -° (e9)
el W TR A (hﬂ 2 2[i-(%)]

(¢)

with
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XZ—‘K\ _ xz_z| N 2 .
17+ (x,_-x.)’" ” 1, [' -z ( z!z ) J (E7)
—_ %2 ~ X 1/ %2\
o LEe 227 T:' [1-32 ('T;') ] (5)
Similarl R 1'9_
’ FIRR IR R A TS ™ 11[""%(%)1]'1!:'% i
,!z - 1,_ = \]Xzz + (xz_ x,) X - !2_ ~ 1 Xy — x,)
Iy -1; = & X2 fe
3 2 2
amd hence € = {xl (xz2- %) + _1_3_}
| 1?.' 1? (ES)

2("""12“'23)
Substitution of E&" (E) to (E?) into E&s- (E;,)a.«n:‘ (Es}

}jfeus the nonlinear ezua-fl'ons of metion qF'H-e masses

m, QI\.A Tﬂz».
Using x and 6 as the coordinates, the kinetic and potential energies of the system can be
expressed as
1 .2 1 2
where Jo = m (¢ + x)? and
V=%k(x+6,t)2—mg(t’+x)cose 2)
where 0y = % Equations (1) and (2) give
. d rﬂ\ .
=mx ; = el = m X
(
_nb; L& s B+Job=2m(€+x)x0+71,0
=Jo 'dtkaé—o oV=2zsm X)X 0

.2 aT
—mE+x) 8 5 S =0

=k(x+6y)—mgecosh ; %%=mg(6’+x)sin9

The equations of motion can be derived using Lagrange’s equations, Eq. (6.44), as:

mii—m(€+x)92+kx+mg—-mgcos€=0 (3)

m(l+x0+2m(€+x)x0+mg(f+x)sinf=0 (4)
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Using , sinf=~6, «cosf=1, and neglecting nonlinear terms
x* 6, 8, x 0, and x 6, Eqgs. (3) and (4) can be reduced (linearized) to obtain:

mxXx+kx=0

mfz.é+mg6’9=0

Equations (5) and (6) correspond to the natural frequencies:

Wp) =

X
m
Wha =V§-

‘involving

(8)
(6)

(7)
(8)

2M0=Job

or Jo.8.=;k[¥sin9] [-2-3£cos9]+(6’c059)F(t)

1
— m ¢
or [3m

Eq. (1) can be approximated using

é+%k€2 sin & cos 6 = € cos § F(t)

sin0=9—%3— and cos@=1-—£

which yields
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1 v, 4 ' 6 U
—mlli+ k(- Y1 —-)=¢(1— 2
[3vm +9k€ (6 6)(1 2) (1 2)F(t)
1 2%, 4 . 2 ¢ 6
— b+ — f—=6)=(6 -
or 3m£’ +9kt’( 3 ) =( 5 ) F(t) (2)
Neglecting the nonlinear term, Eq. (2) can be reduced to
Fmli+ Ik 9=CF() (3)
I‘-—— £+% —0s
® | o
o-_-- (L)
X >wm %
Extension of kj:
OB —PB = VBP? +P0? ~PB="Vh? +x* —h
1 2
xz -2— ~ 1 xz — ~ix_.
=h(1+h—2) —h~h(1+'2—?') h=5 5
g X _ x
sin B0 1 =
2 h
VYF=mxXx
. 1 x? .
or mx=-—k;x— T ky sin 6 + F(t)
1 x3k2 v
or mE+k x+|2B | _p (1)
h++ X
2 h
Note that
3 3 5
sz ' th];z_x:(‘z (2)
1 x 2 4
2h(h+§-T)
Substituting Eq. (2) into (1), we obtain
ke x°k
mx +ki x + ot — 22 ZF(t) (3)

2 h? 4 h*
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Neglecting the terms involving x°, Eq. (3) can be reduced to

ko
2 h?

o
HM\ Mg = F(t)

RS

m¥+k x+ x® =F(t) (4)

A

mF
Xg =x+¢€sin b ; xg =% + € 0 cos 0
ys =€cos b ; iz=—£’ésin9
T=iMi2+l-m(fc§+ff:)
2 2
1.,.2 1 L. . S
=—2-Mx +—2-m (x + ¢ 0 cos 6)* + (— € 8 sin 6)
=—;—(M+m)i2+%m€2 7 +meéxcosb
V=%kxz+mgf(1—c050)
Qx =F(t) ; Qs =M(t)
Equations of motion:
(M+m)5i+m€.0.c030—mt’92sin¢9+kx=F(t) (1)
mé+mé¥Xcosd—mexhsinf+mgésinf =Mt (2)
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Using the approximations
2
cosﬁ»’:l—-% ; sineze_ﬁ
Egs. (1) and (2) can be expressed as

(M+m)§+m€.9.—%m(92'9.—m(092+%m€9392+kx=F(t) (3)

mﬂb+m€iﬁ—%m(9’i&—mt’99i+%m(€391':

+mgt’0-—%mg€03=Mt(t) (4)
By neglecting the nonlinear terms, the linearized equations of motion can be written as
M+m)¥+meéb+kx=Ft) (5)
me+meX+mgéh=Mt) (6)
'E& (13')13 é-f-% $m® = o --- (g)
= _J_é_ = Jé .4-2 = ;‘—g
At* &t  Jo dt - ° de . 1 g
. ) < e =
Ep-(E) can be rewritten as Ia- + 7 sm @ =0

]:nl:egra;\:-'ng this,we get @I _ 2__ wfe - c --- (E2)

At t=0., @ =0 ond o= e,z—,-. c=-(’/ﬂ)case,
& (E2) 9ives (%%)1:(9')" =2 (c+ %- 5 0)
de _
Jz(c-f- cda) B Jz %(c,se_cde,s

t=fJ

dt =

--- (E3)
13’(@39—&59,) .

But cosG—Cdeoz(i—zhn%)—(l—ZMnleT")
. .+ 06
e g (o 22y T
£ S 4
2
oA e o,
#in 80 k’- = sn g where = fim 2
z

i M%,Je = chg.dgs do= kAL dS

(-]
@ 3

(&)
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%} (E;) & (E;) gewe

G
\gfm ] x/jg fh—kzw?
Pe"”" 4 \F \Jﬁ ' where &= *""'-92—’-

J1- & st
The "“tejr"’l‘ n T s the wmrlefe eu\P{‘o‘c infesrc\-l of the
first %ind. Hence the numerical value of T corresponding b
a.n:j 9 can be ob’t:a.mec( }rom the ell; phc m‘!:egm.l. tables.

Pendulum length 0.8 m

) d . 2 .
Equation of motion: 6 + % smB=0 or d_ (62) + ZE sin6=20

—sianB—O
¢} 4
0

e

6

do d

halkid = (2
Let 6 = 6, at T 'Id (62 d e+ .

2
ie. (02 + Tg (— cos 8)9_,, = 0

2
ie., (0% = Tg (cos 6 — cos 6,)

. de
le, — =*,[— w/cos 0 —- cos 0,

Le., dt =%,
\/cose—cose0

Time taken by pendulum to reach vertical position can be found as

t 0
4 do
t=J. dt= 2— _[ n (E)
0 € 6=0 (cos B — cos 0y)?

. i . 5 0 .
Using the relation cos 6 = 1 — 2 sin? Py Eq. (E1) can be rewritten as

doe
. f (E,)
% \/sin2 6_0 — sin? 9
2 2

.0 . 0 . T
Leta=s1n?OandsmE=a-s1n¢sothatwhen6=0,¢:Oandwhen6=60,<]>=5.
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6 do 2
cos§-7=acos¢-d¢; do= ﬁo;_(b do
COSE
., 0 ., 0
sin? -2 — sin? §=az—a2 sin? ¢ = a2 cos? ¢
Eq. (E,) becomes
0 0
1
e=2l [ Tﬂziﬁf —— 4o
& 2 R € 7 Jl-cos?
2 cos2 acoso 2 9
O U L do
g 0 \/1—a2sin2¢ g 0

\/1 — sin?® 5 . sin? ¢

/ 2
el

where F is called the incomplete elliptic integral of the first kind.

L /0.8 . 0 )
Here \/: = .|— =0.2857 and a = sin —2 = sin 40° = 0.6428.
g 9.8 2

. 0, T
From CRC Standard Mathematical Tables, we find for F (a, g) =F (sm ?" EJ with
6, = 80°, F = 1.7868
t = 0.2857 (1.7868) = 0.5105 second

Alternatively, £ = 0.8 m, 6, = 80° = 1.3963 rad and g= 9.8 m/s%

Time taken by pendulum to reach vertical position (one-quarter of the time period)
can be found from Eq. (E,;) in solution of problem 13.11 as

T _ 1 n
=37 ( eg) . (a’ 2) 5
Wy |1 -2

12
Here o, = \/% = 19.8/0.8 = 3.5, 6, = 1.3963 rad,

05 1.9496

" 12 (0.8375
12 (1 L 68] ( )
12

F (a, g ~ 1.6490 from CRC Standard Mathematical Tables.

_ 1.6490
(3.5)(0.8375)
Note that this result is only approximately due to the approximation sin 6 = 6 —

a2 = = 0.1940 = (0.4405)2 = (sin~! 26.1358°)2

= 0.5626 sec

D

used in the solution of problem 13.11.
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Dt
Ths eguation is similar to Eg - (13'3) with

x=8, =06, , F(x)= F(e)= 8-+ o’
E- (€)) can be rewritten as

j‘lg-(éz)+zuoz(e-‘é o’) =o ()
which upon integration gives
v 2 = 2 692 90 2 90 4 .3
e = (] f F(-»z)dyz = ZCJ,J' (Tl—‘fl )a‘rz
2% ( 1" - 35 1 “’(9‘.9.9 ~o"+he) (@)
=C"90 (60—9){1—H(90+e)} (E‘f>
Since the maximum value of © s @,, we assume
o(t)= @, sing | | Es)
T“luS eoz - 92' - goz — eoz' Sl-nzp = e: Cﬂsz!s (E‘>
9:‘+ e = o (1+ sfn"@) ()
amd e = Ay oS (3 é‘g (EB)
Substitution of Ez: (E¢) G (Eg) into (54) gives
o @'P (F)" = kol o’p [1- ol (4O}
1o s .y

12 (1- + g%
pefa'm'nj ( 2

2 - 6o

v 2 (1- 12 90) ) (E'°>

Ez (Es> Can Le used to ex'a'res: (taakcnj Fosuklve roof)

= wo'(f— 5 a,) (,_ a Sin (b) (Ean)
(Elz>

(@)= (- % % ){1- " ) ; (Es)

l"e-)

©, (15 o2 Y dt -

4p
fJf— & i B

In‘l‘eara.i‘a‘on of (Elz) yields @ P
T = d E
as,(:--,’;_ej‘) (€=t {: J1-a& sin" 8 | ('3>
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USinj the mitial conJ.'t‘:ions

fo=0 at t,=o0, Eg.(€;) can be
reduced to

g, .
@o (175 o l s f\/'- :fs,. e Flap) ()

where F(a,

) is an incomplete elliptic integral of the
first kind - Using A= when 6= 0, o~d g=o when o=,
we get for one- 8ua_rter Penod

T 1

T ey T (&)
Thus the time period of the pendulum is given Ly

T = 4

0. (-5 ) 0D (=)

Ezua,fn'on: Ef‘xj = X + w:'z— -éw:' =3 = 0 ‘ (E.)
Assumed Solution:

Z(t)= A, sin eyt + A3 sin 309t (€2)
i(f) = = A, 3 sin ot — Az (3w) sin 305t
3 3 .3 3 3 | .
?.: = Ao sin” wt + A; sin” 39t (ne’lechnj cross rroofu.ei' term.r>
A . 3 3 . 1 047
= sinwt (_3_4_0 ) + sin 33t (-4-,4, + %,1’),. sin 99t (-4 A; )
This gives
. 2
E: E['E,j = -A,wtﬁn wt - As (3&?)15-?: 3wt + Ay & S'n wt
+ As (_,_92 sin 30t — —'§ C.S:A: sin ot
-4"_‘*'[.9 (Ao "3A3)$|n 3(.|9t+——'&.9 A; Sin 7“’{:
= B, sin wt + B, sim 39t + By Sin 9wt (53)
2 2
Where B =-A,w +A°(,9:'_._’f.,q: W,
3 2
Ba= 9300+ A0, + 2 AL — F A3 O
1 3 2
’ 33 = E‘T A3 6'90
in Rl.f}— Galerkin method,
T  3E
f E —/— T o (E4)
o =~ 2Re
T
f E 3’5_ dt =o
~

(es)
) IA3
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. (4
ve 'f(B, sin wt + B, sin 300t + B, sin swt)(Bq sin wt +B; sin 30H)dt =0
0

- 2 2
with Bq.’: -c.92'+ &902——3—/4:(‘92 and Bg = 'Lﬂo &

T
f(.B,Bq Sin C.?t + B B‘f Slnujt s 300t + 3?54 sin Ot sin Swt

+ B,;Bg sinwt sin 3wt + By Bg sin 3(.91‘:+B B sin jwt :..-3«:9'1:),,& o

t-e., B, B‘f + Bz Bs -6 (E6>
and Ep- (Es) leads to

(4
f(B, sin Wt + B, sin 30t + By sin 7wt)(Bg sin 3wt + B, s 903941- =0
° w"tk B‘ = -1 c‘sz+ 6'902_ % A: a’oz w'»"A B7= JL Aaz clsaz.
e BZ BG + B; By =0 (57)

Egs- (EG) amd (E7> can be rewritten as

(—Ao w?+ Ao 692--‘- A:wz) (—-as'+ (J,z— iAzw‘,")

+ (-A3 905" 4 A; s +35 Ad 03 A;c.) )(-'—Aoc.s)—o (Eg)
and
(A, 9 +A3a9 + 7 Aa @, -%A; QOZ)(_?QB1+ wol_% A;”:’)
+ (Z‘f A3 6, )(’?L AJ 09,, ) =o0 (59)

T‘\e Solu{‘.‘an of Ez: (Ea) OJI‘\.J (Es) 9"‘/33 {-I,e VQJ_ueg of AoamJ A;‘
Note that (58).,.,-,\;! (59) are Too s:'mulfb.neo;cs elgebraic

ezua.f:l'anf n Ao and Ay for which 9cne.ra-1 closed - form

Solution ;s not Pos‘.r[ble.
Ea.rf_«'c_u_lci.\:_cm :
If As=o, E. (E) yields |
4
2 2 2 -
Ao (- o+ Uoz"}!‘ Ao wol)(‘a"l* Wo - 5 Ao 3, )* 192 A “

e,

Aof i+ W (C2wf+ L AZS Y 4 st (1-2 A +% a)f=o
Since A, :,EO, we 3ef

- W (205 -4 AS 6, .) + (‘90 (1- £ Aq + ) =0 (51)
which can be seen to be identical t Eg. (E.¢) Of Exa-rnf”e (3-1.
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Ezua.{'u'on: x + &9:' x + o 2’ = o (&)
we assumt

X () = 2, (t) + « x,(£) + & x,(#) Y
amd Gﬁzz (.9:+ ¢ “’n(Ao) + °(z G’z(“o) (E3)
OF Wy = g9t — o W (Ad) — x> wy(Ao) (E4)

where Ao-‘— am},lffude amd W= true funda,menfaj “frczuency.
Substitution of (Ez)amd (Eq,) nto (E|) gives

'1.0-{—01 ;l +°‘1;2+°’on"““’|"0"‘(1sz0 +‘4’z°(7‘l
C e, Xy - Pk xS Xy X0y Xy =0, %y 4 %]
ot x? bt xS r 3 xE %y 3 %% 4 3k %
43 «° xox:‘+ 3 o(‘x,"'xz.(. 3 o® x,zf_‘ + 6 q"xox,xz=o (€s)
Nejled:fng terms a'nvolv.‘nj 0(3, o(",... ’ (E;) can be rewrittenas

o o z a0 3
« (Xo+(.9 zo) + o(' (x,—a,o,x°+(._92'z|+x°)

+ dz(iz-wzzo_u,z,-c-wl r1+3x?; z,‘) =o (Eg)
Setting the coefficient of «° to 3ero in (Eg), we get
%o+ 6 Xy =0 (&)
whose solution is
X (£) = D, cos Gt + Dy shast Gy
amd hence 2,(t) = -D,&0 Sin et + D, e cos et (&9)
Let the initial conditions of the system be
Xo(t=0) =Ao amd % (t=0) =0 (Ew)
Egs- (Eg) & (Eio) yield D;=As amd D=0 so that
X, () = Ao cos et (EID
Thus, if =0, the solution becomes
%, (£) = A, cos wt , W= W, (E1z)
By setting the coef ficient of <! t 3ero in (E¢), we get
X, + %, =W, Xo - %} (Es)

Substituting Bg.(E,) for Xo, (Ey3) leads to
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X, + 6 = (09, A0 -2 A]) coscot - LAD st (E)

Tke ComP‘E—te Solufu'On of CE“,,) can be ngresseJ al (ca-h ke
verified by substitution) :
x(t) = D, coswt + D, sinwt + () Ao"% AZ)-;—cat-s\'nfdt

{ I 3
+-:,—2-'G—9;'Ao cos 3wt (Eu,-)

Note that the third term on the r-h-s. of (Eis) s o Secular
term which can be eliminated B_y setting

3 2

0, Ao—% A, =0 e Ao=0 or w.=-;—_- Ao CE(D
\Sju'r?r_e Ao +0, we have C"|=% A: (&i7)

sing the initial conditions X (t=0) = x(t=0)=0 in (Ei5)
we get 3
1= 7 322 Ao, Dy=o (Ea)
Hence the first —order correction is given Bj
3

x ()= - 3?;2 (cos @t — cos 39t) ; ,=7+3— A: (Bi9)
Finally, by setting the coepficient of «” in (E¢) to 3ero, we
get . 2

x, + 092'7(1 = W X + X)Wy — 3 X, Xy CEZCD

SLLLS{:("l:u'L‘(‘nj for %, , X%, amd @, , E. (Ezo) (ea.c's +o
x P x, = 3 Ae 3 As
2 1‘ (41 ] XZ - ((l’z_ Ao — EE Zgﬂ{) CoS G?t +(—E? 50: CoS BCJf

5
-f-% %OT ( CoS'; Wt — cosTwot cos 3a$f> (Ezc)
Here cos’Wt = % os Wt + ‘i‘ cos 3GSt (Eza)
amd Cas"c.sf.‘ .cos 3t = -‘—i— coe 9t +"i (&1 3&9t+‘4'j s St (Ez;)

EZS' (Ez) o (E23) lead t

- z 3 As - 3 As t

Xy + 069 zzz(szo.pE;E?f)coswt_(—z;Z;i Cos 5 (Ez,b
Since the first term on the r-h-s- of (Ezy) leads & the
secu.,a:r‘ tel’m, we e’:'mina,{'e ot b_lj Sef:'tl‘nj

A 2_ A 3 Aq
G, Ao t+ 123 BE =0 or ap?_:..;;-é _Ll (E2§>
w .
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With this, the total solution of (EZID » aSter ad»% the
initial conditions xz({:.—_o) =0 amd a':z({;=o) =0, can be
obtained asg

5 4
x, (Y= — Ao St —cof 5t w=-3- A (&
2 lo2y " (eo DR 128 o9* )
Thus the +total Solution becomes
3
= 1 A
x(t)= A, cos wt ~35 Zs:( (o8 wt — of 3wt))
— | .Aas.(z(cdc)f—w 5&9'&)
lo2y o4
S B 3 A L (£27)
o ¥ ¥ oY i3 oy
@ Eguation: 3 icx +1%x+ Kk, 2’ = a, s 10t — oy sin 3wt (E()
Assume
x(t)= A cos @t + B s 3wt + C sin 3wt (E2)

so that x(t)= -WA sinwt -36B sin 3wt +30C cos3wt (E3)
X(E)= A ot ot — 909" B cf 20t -9~ C sin 1wt (Eq)
= AP caP ot + B st + @2 sind 300k
+ 3A%B cosPest o8 3Lt + 3ABT cof ot ot 30t
+ 3A%C sttt o 3wt 4 3AQY o5 ot 4ot 3wt
+ 3B%C s 3wt sin 3wt + 3BCT et 3ot 2T 300t
+ 6ABC f wt wf3wt s lwt
= t(Z A+ 2 A8+ FABT+ S ACH)+sinwt (T ATC)
+as3ot (g A%+ 2 B2+3A'B + 1 BCH)
tan et (S0 atC e T e - L a'c - 2 e
+ s 905t (‘4'.'33) + Sin 95t (‘#Ca+—3;37'c -% BCL)
+ ¢of 5wt (79'_ A*B + %ABZ——Z—AC")
+ 8 7ot (%ABZ—% Ac") + sin st (Ti' A +_;: ABC>
+ 50 700t (£ ABC) (Es)

For convenience, we use +the notation
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9= wt so that =x= %: é—;—%ﬁ =c¢9%=ux'

ard X = i‘(“’*’)= wt x”’
With this, Egs. (€,) & (Es) become
X reox’ 4k xt fyxd o o, X 30 - va,z Ain 30 (E¢)
xX(0)= A ¢S o + B wf 30 + C 4 30 )
x'(6) = ’.‘/&9= -~ A %O - 3B %30 +3C oS30 (€s)
x(0)= X/(5* = — A 5 @ —9B cof 30 —9C 40n 30 (Es)

()= (3 AT+ 2 A8+ L AR+ 1ACT) ws o
+(75AC) sing +--- + (2ABC ) £ 7O (Ero)

Terms Containina g 56, Sn 58, ¢cof5 76, 4in 10, ¢cof 96 a.w\ﬂ'

Ain 90 in Bp. (Ej) com be m?&du for the present M\a-b(,,m
T‘vcn the substitution Of EZS-(E7) © (Ego> into (Eg) amﬂf
R the coefficients of cos @, sin6&, cos 36

Sin 3@ on both sides gives : |

(k-0™) + F %, (A*+ AB + 28>+ 2¢*) =0 (&)
-cw -f—%*z AC =o (Ei2)
(k1-96")B + 3cw C +J44<,_(A’+ CA*B+35 + 3pc Y=ay (Epy)
(k-90")C -3cws B+% —k,_c(cz+zAz+B")= —-a, (Ewy)
E&S' (E) to (Ew) r‘e’aresem‘: four simultaneous nonlinear
algebra,.‘c eZua,{'l‘Ons n A, B, c arnd @ - 5\' amy /Sr&.c;.-b-.c
Cage, these Ef)o.at:'p\l shoud L yu,u non-3er0 read volues
for A, B and ¢ JCGY the existence of subharmonic

oscillations of order 3.
More /Sdpe.c(f.'c_a,l.[i, for A

Eﬂ’ (Eu) amd (E|z> can be solved o f“nd

R

W' = Kt ke, (AT+AB+ 2B +20%) (&)
- 4CG’
€T FaA B0
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€7- (E5) can be solved to obtain -
' A
2
A== 32 (P k) - 78* - s ) (&)
This epuation gives the condition for the existence of
subbarmonic of order 3 (nonjero A7) as

i6 2 2 N
3k, (@ -k) -78 -3c* >o
. 2 1
t-e., W > %X + 3—-'-6—?" (7 Bz"l' 8 Ca') ‘ (E|8>
@ Ezua,h'on: X +cx+ k, x + Ky x* = a cos 2wt (&)
As in the solution of problem (3.14, we introduce

. / Jx
le:w*:, X = X and z:w”x” with == de
Eg - (E) becomes
2
c.s"x”.,. ceo x’ + k2 + %, X = o o3 20 (Ez)

The solution of (E,) must contain terms .‘nVo,v.‘n3 cos & and/or

Sin © in on{er o include SuHaaxmontcs of order 2. Is the

< 2 .
nonlinear term k,x” i assumed to be small with «, >0,

we can express c and o as c= ek:‘ ornd o= a. &
(-]

Thus (E2) becomes h

wzx”+ Ew kZ‘ x’-f- K, X+ %, x" = K,a, cos 20 (Ea)
USl'nJ ]verfurlaai:«‘on method, we assume
x(£) = x,(€) + &, % () + k,_z () +-... )
W= G + koW + K Iy +--- (&s)

S’uLsEf{-u{'-‘nﬂ (Eq) and (Es) into (E3), we get

(6, + k2 Wy + %3 c.:z)z(x;' + Kk, x & 3 "’-z”) + € *:‘(“’o"' ey &)
+ 41 @) (%g + 4%/ + ky x[) 4 & (%o + %y, + & x,)

+ %, (Ro+ k% + 4<1.2'7‘2>z = %2, 5 206

i-e.,

0 " 2 _ 4 v 2 " z_
k;, (Ko @o ¥ ¥ %) 4 4, (%) 6, + 26,0 Xy + k%1 + %, °'°°’”9>

2 I{4 " /,

+ kz (xz” C"oz"' xé,w,z"'zwoﬁﬁ Xy + 2,09, Xy + € 09, %, + %k, X2
3 E

+2xox.)+ kz(--->+"' = O . (‘)

By setting the coefficients of various powers of #, egual to
3ero in (Eg), we get the following.
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Coefficient of k: : 'Xo” (43:-1- kyxg = O (€7)
Solution o Eq) is
F (B %(t)= Ay o5 8+ A, sin 6 (E)
and CJ:L = %k, (EQ) ’
Coeffn'c;l'enf of ‘k;:
X," CJ:- + KXy = - 209, W, x,” -x:' + @, cos 26 (E'D

Substituting (Eg) and (Eg), Ep.(E,p) becomes
x'”a,oz + ‘k|1| = = ?.Cdow| (-—Al (& X=} --Az Sin e) -A'z C.O-’La

2.2
"'AZ Sin 6 _A,Az An 20 4+ Qo Cos 20

or,
" 209, A, 209, A5\ . AE A}
x = ! el A i ! z
2 FR
- (A‘“) Sin 20 — (_Al_"'_'“_i : (Ew)
k‘ 2*.

Since H\e f-‘rsf two ‘\'.'erms on 'Hie r-l—..g.‘ o_-f (E“) ,lea_c! ‘\‘-'o

secular terms > we should ha.ve
W, =o (E2)
'bo avoid those terms. Thus ( E‘ ‘_) rgdu.ces to

2 2 2

” _ | A A 3

o s (A e e A o AR
0 (

The particular integral of (E;3) car be written as

2 kA
x, (9) = - ( A.~Z+R—Az ) + A; s 20 + A4 Sin 26 (Eu,)
!

where Az amd A4 can be :Fou.rml Ly S‘ubsh’fuh‘ng (E,q.)
into (E(;): 2 0

- _'__ A\ - A7_ A|Az

As = 3k, ( z - °'°> g Ay = 3 4, (E"’-)
coefficient of i :
2 N n y/ /

GSo Xy, + k2 = —6-9|z X, —20,0, xl”"’zwoc"z x¢:»,-' €Wo%Xo —2 xg %y
or, n _ (ATY 7 € ’ 2

xz+x2-_1_F° xo—z’: Xo _;T Xol, (E(G)

since W9, =0 omd 2 = k,. By substituting (Eg) and (Epy)
on the r-h-s. of (E(), we get

" 2 t A A
Xy + X, =(2“92Al__§_Az+_f‘zL(A.+A2)-—!1(—’--A_2A_")cose
*, '

C'So C‘SO !
W2 Az Az A
+(z 2 e A As 2. .2 2A3 A Ay .
‘—_G’o + —;—+ -;F(A‘+Al)+ '| T) S\n 6_
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-+ (" ARy + Az Ay s 36 4 (- AzAs - A Ay Sin 30 '(EW)
ki k) &y *)

To oawved secular terms | the coefficients of cos @ and
Sin & in (E,-,3 must be 3ero. This _9»‘\/25‘

2 W9, Ay € Az Ay 2. L2 AAs3 Az Ay
—_— - — (A+ A)) - - =0 (Eig
o Wy ’k|z ( l ?.) ky %) )
26, A, €A, A 2. .2 A, Az A Ay '
+ Az +A )+ 22— - L H =0 (e
(‘90 C|9° + k.L(Al i 7—) 1(. *, IQ)

Thus (Ei7) reduces to
x! + ’X.z = (—A|A3 + AzAl') -’l‘- s 36 - (A1A3+ A.Aq)i— Sin 30 (EZO)
i 1

Subsﬂ{'ufa‘nj (E‘g) nto (Els) and (5,9)_. we get'

209, Ay €A Ay 2 2 2 2 2 a
W, = ©, * P (6A +6hA, _ A+ Ay —2A, )4— ;'k: =0
] | (E )
265, Az €A Ay 2 2 v 2 A
©, @, T Z'Z.;(GA“‘GA”"'Z‘AZ'“')‘%? =
) ---(E
Dividing (Eg_b amd  (Egzp) by A and A, , respectively, we get 22)

2 W € A 5

& A~ 2 2 z Qg
o - G A|+6k‘l(A|+AZ)+31<|Z =0 (Eza>
2 G9 € _AL 5 2 2 )
G, * oo Az+c1<,"(A|+AL>- Tx: =° (E24)
Addition and subtraction of (Ezs) and (524) give
€ A Al 5 6,
W= (72 -5 )= 222 a2 A2
,,| 2= AR " wy) - e (AT A (E25)
{
N (E2¢6)
where r= Az/A and = __zio__ E
(’/{ F=(35= . . (E27)
Solution of (Ez¢) is: As ' z
= == : -
r= A, = f f R (E'za)
T‘W.S wz LECO:'ieS (EE (525)) :
C"2= + (a"o -9 e* k'3)'/z - 5(A|1+A:) (E
6 % &, 12 %, W9, 23}
The solution of Ez. (Ez0) tan be determined ot
12(9) = (A' As — Ay A‘r) Az A3+ Al Ay .
1 Cos 39 + ( — > sin 30 (Es0)

Thus EZS- (Eq) and (Es) become
B = X, () + ko X () + K] x,(£) 3 @= WGt Ko+ K 0,
along with Eps- (E3),(E9), (En), (En), (E29) and (E30)-
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@ Eg. (13:82) can be rewritten as
2 2, 3 2
(&92)3 _ w:-(csz.)?-_%a(AZ(wz) +§3?a( FA (W )—E‘T"(F =0 (E,)
Differentiation of (E|) gives
do" (10 - 20 0®- 3 x A%0" 3z X FA)
+ dA (-—404A+——0(F w*) =o &)
Se{:*:lln JU -
b TA— = 0> E&.(Ez_) 9IVCS' A= ‘_'6_ _‘.% (EJ)
With this Ep. (E3), & (&) becomes
6 2 4
W -, & =3 «F2, 32 -3 F? _ 2! 2
128 Yiozs XF s X = oz (E‘D

DaVndmj (54) "j @, 6 , we 33“:

T 2l o F*

(6'9 ) ( (02‘0 wc (E5>
LeH:""J -5; = 1+ 8 w+th 8S<<i, . (Es) can be expresseJ

ag
21
61—8) - (l+ 8) = 024 .2;:. (E‘>
. ' (-}
et (+8)'m 1468 ot (|+S)4:: 1+48,
Eg. (EG) becomes 2§ = 2\ o F?
T loz4 Tg5f
or i = W, + Z— xF* (&7)
2048 6905

Derivation of E.(13.113b)) :
US;'nj Q, = ".T and y.o.—. Sin —§- N E&- (l?-loS) 3?ve$

gl“‘a‘o = a Y- g, o5t
v .t . 3t
or y‘+‘fLy'=(_q,.+Ji) s.n?_lsm% (El)
Homegeneous solution of (E)) is:
NE) = A s+ Ay sin S (&)

where A awd A,_ are constants of mfeara.tmn. To anoid

secular term , tl-.e coe_F{—.c.en‘L' of sm.'_:. must be set eguﬂl

t 3ero in (ED This gives o:,:";_ and

'yl ,l = —% sin ’3?{: (&)
US'l."'-j the Pa-lrhcu.‘a_r solution
$(E) = Ay sin -"?"— : (E")
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(E3), we get A, = -,_'; and }(t):Lss‘n 3,:5 (&5)
With = I =
i’ecom:‘: y > =37, yo = Sin -% a—ru:! J' = :.l'.' Ain —3— EZ (l? '043
y LY = (mag-d)smd _ 4 s 3 . st
yZ + y = ( a, ) Sin z - 7 Awn < ?{ Aon 2= 5 (E‘)

Again tlne efficient of Sm—— n (E‘) must Le S‘ef e_auﬂl G
3ero to aveid the secdar -L-grm

Eg. (13.100) becomes
2

@=®°+€°|+szz:-‘!‘—+%_ %._ (l?-HBL)

This 3nver @, = - ‘8- + Thus

Derivation of Eg. (13. 116 b)) :

Wit‘\ o‘a:.' { a.'ncl yoz S.‘nt > Ez,(|30 lo;) 'Decomes

ylf H = - Jo — 3, cost = — ay sint —%:a'nzt 4 (57)
Coefficient of sint in(E7) must be 3ero to avoid the
secular term. This gives a;=0 and hence (E7) reduces to

'y‘ + %, = -% sin2t &)
By substituting the particular solution
Y )= A, sin 2t Es)
into (EBB » we get A = -;— Using a,=1, ¥Y,= sint, a,=0
and ¥ =g sinat, Ep.(13-104) becomes
}z+ a, 7:. T —,Y -y -y st
= (map-%)sint - -"; sin 3t (EMD
To avoid secular terms, the coefficient of sint on the rh-s-
of = ( Eio) must be zero. This gives a,= "+z' Thus
Eg- (13-i00) becomes
= o, -+—eaa.+eza.az = (—-%_ c? (l;-ucl)
X404 % 40-8x=0. This Z in the form 52+1's‘c.9,,-}.+w: x=z 0

Wl ez Joo8 =0.99443 ond Y= 0-22364.
W= wnm = o-8717¢.
Solution is x(t) = T (A. ot '-94‘7 + Ag Sin c.sat)
x(¢) = e_ns..f: [(-xw,. Ay + 09y Ar) cos Wyt - (w3 A +Tn Ag) £in u,t]
Using x(0)= Aj==1 amd %(0) = - TGOu A+ G A, =2, we obtain
Azt amd A,z @ +TOn A)/CJJ = (.77058
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ax@®)= %2 (- 0.87178 ¢ + 177058 Aim 0-37178t)

amd

@)

(-4
2

10
o-8
0.6
o4
oz
o]
-0e2
-0-4.
-0:6
-08
-0
-2

()

(t)= e"°'7~{' ((.7735'6 50:37178t +0:51766 4 0-37178 t‘:)

1; x (t)
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x 401 (2*-1) % 4 x = o or *:—[o-i('xz-i);c *‘"j
Let x= x4 . ':2,: g, = f'(-x.i,xz>
%, = - [o-1 (xf-1) =, + xy ] = £, (%0 xz)

fFor BZu;I.'Ln'u.m , from Ep. (,3. (29)Y,

fi=o > X,=0 ; f=0 > xy4=0

Eg- (13-132) becomes {’.‘1 } _ Ten @ xy
x4 - [a‘u a’zz] { 2 }

where o o, _ Y
W= 2x,[(0,0) = © P12 = 2% (0,0) = 1.
G'ZI = 3$Z - - (0-2 LT T i>| =-1,
Ix, (Olo) (0.0)
= 9% 2
Qa2= 22 = - ot (xg-1 l = o-i
Ixq |(0,0) Lot (xs )] (0,0)

From EZ-(|3-|35), we find ‘P:o.i , §= 1

Mrd= 5 (oot £ \lo-m-—4 ) = complex with positive real parts
Since p>0, the %ystem is unstable at the ezuih'Ln‘wrn pornt

(x,*%) = (0,0)- A%
Hence the phase - P'fa.ne t‘ra,)'ecforj in the /

neighLOr hood of the eZ“" librium }»oSH:l'on N x
ajpears a3 shown in the Figure. K )

X+ 04%X+0.8% =0
Let x= x , ;‘(:7, y.=_o.4y_-.o-8x.

d -0 - o
7{_: 0 4—; 0?x =C = slope of the fm,}'ectorj

Egua.{'{or: of isocline is

Initial conditions:
x(o)=2, Y(0)=1

Y -0°8
-0 —-0-3 = —
4%-08x=cy or x> crod

This ezua.{'fon is P‘oH:eJ for different values of ¢. Then
gmall  Line segments are drawn and slopes are uged for ex‘fra.Pola;l:.‘on.

fmem e e e o e e e e e e
4 ' -2 -3 -4 -8 0o 8 4

value of 2/ | o5 0:3071  0.2222 o-1053 0  —00152 -0.1913
Angle '26.5651° 17-10°  12-53° c.of° S 54« -i0.30"

slepe )
oFfrag‘ictorJ:—ﬁ-qi -71-56

-75.9¢° ~3287° -0 32.87° 95.9¢°
.......... &4
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S T Yy S+ R S S PP

—0-2353 =~043333 -0.5T14 -o-8

-{.0 '-|,;333 -2°0 -4 0 - o9
20 ° [ (4 4 ° o ° o
—-13:24 _y8.43 -29.74° -38-65 -—45 -53.43° -63.y3° _75.96¢ -90
LT0SET e34d 45T 3017 2080 wn’ ot 3’ —arw0
ee . —0:8 -0 -z e ~20 o4 7T -8 o
4.0 2.0 1-3333 1.0 06667 o0-5 0:2222  4.(053 o
75.96¢" 63.-43° 533" 45°  33.69° 2657 15 0"
[ v N
—]o-?c '38"‘ —QSOOO -;0"96 -;7'??0 _‘3.430 _75?‘ —22'87° _90 L
) <+
R Qo ° o
X \o ' '
S \° \
©
z - — w—
$ -63.43°
e
& \ ’
A_..
\
s § - : oo
- -J S
/_,_./
—~ 90 ——
/"o
*.0
2 ]
6 °
- +
\‘&
< N
AY
s 0
N
/ 2 v
0 .
/ [+]
/

Eauai'n'on a} motion : -;(. + ol x + x =65 (Et)
Le;t{‘:l'ng

dx
d¢ =y: jz: S'—x—o.tg_ (Ez)
we obtain N

7 (= a)
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Instead of ;nfejrwéfns (E;) G“"ec-'blj) we find the solution of (E|)
using the procedures of chapter 4.

Noting that m=¢, c=o.1 , k=1, F, =5, we f£ind
(A _t = { T = < = ol - .
n Jm and 2(km z(y - °2°°8
Hence the solution of (E.), with the initial conditions
x(e) = 72 (¢) =0, is given Lj [4ee E&a.mrfe 4.6 J .

...‘;t.s t
x(t 1 - t -

(+)= [ e & e (e )]
where ©, = @, ,“_ = J,_o.os" = 09987

and @ = {-M:'( 3 (oovovssv = 28681

. —0.05 ¢t
P x(t) =5 [1 — {+001(3 e° ° cos (o.9987t - 2- esst‘)] (E,,,)
Ve_locdj 'S 9iven LJ (&. :Fe_re,ni:la_{:lnj Ep . (Ez,))
% (t) = o-2503 & °°%¢

cos (0:9987 t —2.8621°)

sin (0. 9987 t - 2-3681") (&)
The ‘traje,d:orj in the Pl—»q,se—‘;la.ne (x-=% planed) appears
as ghowm felow . . -
-~
> ,/ \\
V4
3¢t J o —a \\\
’ -
2 ..,’ ,’ \\ \\
[} \ A )
‘b / - Y \ x
1 { AN Y .“‘ + -
ol ‘?. 3 5 78 11 0
[ ]
\ \\‘_—/l ’I
j'l‘"wl > i
Pchfl‘Oh > N i
- rd

@ Ezua,h'on of motion: x + f T;_I +©, = =0 (&¢)

ter X+ ) (x+a) =0 for x >0 )
od 4 0r (r-a) 26  for x <o (E3)
where = ;F/w: (Eq>
Multiplying by ;% and integrating , (£, Yomd (E9) yield
PP 6l (xea) = R} S 4 >0 (es)
TR (x-a) = R;:-i-\ fr x <o (&)
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where R‘z

3 and R:‘;; are a‘nfejra,\‘:u“on constants which are to be
COmrufeJ ok eacdd /Swftc‘u'ng o:f s‘l'jh o}' x .

We can r\of the {'ra,jgc,for{es of a rerresen‘l:ai'n‘ve point
whose coordinates are

A=W,k , Hp= % (52)

Egs: (Eg) amd (Eg) show that the ‘f’ra.jec{'orj is made of
semicircles whose centers are focated at x= —a (or %= -a.t.y,,)
and %=+ (or X = 4+ o (.9,,3 as Shown in te fo“owinj frqure,

SN

X

R, tan be cbtained from the
‘initial conditiens using Ep. (EG)M:

R¥= o'+ c.9,f'('°f - £ "’-=(£f_)" 5 Ry= %‘ (Es)
n

Unl c.,nl.
. decrease a.r.co.-&m]

Notice ‘that the radii of the circles Ry, R,
to the relation )

Rj: Rj-. -2a (9, }"_“JZJ-"
and the system will Stop when

R‘k < 2w Wp

_ 28 74 _p 2§ _ 5§
2 24
Re=B-ghs B Remhe- 5= £

Wy
arnd the wmeotion sfor: at thes dvofn'l‘: (a.f{'er five

4\“[; - c”cle$> since RG < 2a68, < i;_ .
@n
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6 4+CHO + 5n 6 =0 or 0 =—Cc8 — sin &
Let x=0o am.ayz dx _ -

dt ~ ®
dx
Ez y' _‘_!__.—_—C}—-St'n x (E|)
dt
E'Zuu'“bn.'urn or Crf{:l'ca.t Poinf (W‘aere :t_x=o aa—lJ %:o) of ‘é‘n’s

system s (x=0, ¥=0), L.‘nea.r[_;ai'c'on of Egs- (E)) abeut the
ezuiltbrium ro;n‘b (ort’gfn) leads t

d v

or A%/d)(_— o 1 x
e 2

3/ 4t L o—e J ¥

The eigehva,lues of this syS'l:ern are 9iven 5]
[ o 1 ] ) [l o]
-1 =-c o |

e l -\ t l = o
-1 -A—c

SR VR N ) 2

If c=0: f=058=1; ).h,_=i\/-_1-‘
The orgin will be a..cenfcr-

If o<c<2:

= ©0

e z\t-i- Ae + 5A1+1=)«+&=-o

g>°5 ¢8>0 X"z = comple.x conjugates
The origin will be o stable focad point (spival point).

If c=2: f>o; >0 A.ﬂ_: heja,*:o've and e&““‘l’
The origin will be a stable nodal point.

If ¢ >2: p705 ¢ >0 I A= negative real , the
origin will be a stable nedal point.

If -2 <c<o: $<o; v >05 X ,= com plex conjugates .

The on‘gfn will be an wunstable Jc';c@,{ fofnf
(spival point).

E&ua'ﬂon of motion: & + 056 + Sin 8 = 0.3 ()
Let  xz9 omd y=dxg,

j—;—:—.y, :'u:__7‘=_stnz—o-5y + 0-8 | : (E’-)
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d4 _  —=Sin X -05 # + o8 .(E3>
dx 4
At (xz sin"'oez, ¥=0), 2 =2 L fence i will be an

_ dx °
eﬂa;awt-‘/rﬂ point. 15 investigate the nature of sfn_gu.la.riéy,

we rewrite Egs- (Ez) in lu‘nea.rf;ecl form as

i‘- = (o)x + (1) }

(€4)
éL = (0)1 —o'5 y'
dt

Thus the e-'genva.lue: o;F the sysfem are 9:’ven Ly

[0 | } [l o]\ - |
—-_A = 0 or =0

o —-0:+5 o 1 o —-0:5-=)
Y€ arpesh = A+ pAre g =o

A, =0, ) Ao = nega,#ive
Here f - POSI..'kl.Ve ; % =0 ) Al =0
and Az = negative.
Thus the eauu'lfbn'u.m fwini‘ 2

falls on the border of
saddle points and stable

nedal points a3 Ahoum in
the a.Aja.ceni' figure.

G - ar 2
dy
d&

= <1.%x —CcYy +(0) x> (Ez)

Eg" (€)) amd] (E,_) are 3ero at (x=o, '}:.o) . Hence the origin
(o,o) will be egu-t'l('br('um Poinf (su‘ngula.rf'l:tj). The
eigenvalues are given by

[o 1 N 1 o _ - A { o
- —c]— [o 1] -1 —e-A]
i-e., AM+det+t = ,\"+/=A+& =o0

Moz = {—c £ (g4 }
2
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For ¢>0 and c¢< 2:
f)O; Y >0 am-a‘ Xl,z= COmf'ex COnJ'ujaffeS'.

Hence the origin will be a stable focus (or spn'ral Fain‘t) .
For c>22: ‘

>0, ¥>0; k,’z= nega,{'a've real .

Hence the Orl'sin W:‘-L be o Sfa,‘;le noda.,l. Fo.‘nf.

‘;C.-'e(a;.(l—xz)+-x =0 > o > O (E')
This eguwh‘on

can be rewritten a4

do/ie = ¥ €:)
dy/de = - + 2 « (1-x*)

dy _  —x + 2« (1-2*)

2% - g (E;)

Thus the system' has singularity at (x=o0, ®=0) . Near

the origin, the nature of singularity can be n‘nvest.'ja,t-ed
Lj Consialerinj the fl'nea.rije,o‘ e&u.a.'l'u‘ons:

dx =
y e = @z + MO F (&)
Yok = (D= + () J

The eigenvalues corresponding to Eps- (E,4) are jiven by

o ! 1 o -\ |
—A = =0
[:‘ q] [° ‘] l -1 x=2
ire) A2 +1 = A"+I’A+Z=o
e A':z = o« + \la(z—-q
2

Here p=-%, g=1 amnd A,)z = Com}:’ex canjujai'u bor
& >0 ard of = Amall. Hence the ora‘a-:‘n will be an
unstable focus (Spl'ra,‘. )ﬂoinf) .

eal e (14 %0 aE) =0 G
Let de/ye =Y, 2.3

Jy/cu: = -U"zx—wnzk x (€2)
anau.lq,rifj is ot (x=o, Y=o0). Eigenvwfue: are given LJ

Eor w1010 9] =
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e Az+ w:‘ = A"-(- Pr+g =0
ire: >‘|,2 = £ £ Wn

Here f =0; ¢= CJ"; = J,os{-{,-,'ve 3 Al,z = ('ma.gfna,rj(canjuya.f:es>

Ezuilc'brl'u.m l;ofnl' i o center,

@ x +wrx (1- «*x*) =0 &)
with dxf = ¥, d9/14 2o xtw kFxl (e2)

S-‘ngu.'a.rifj ok (x=o0, Y=o0).

L.‘nea.n‘secl eaua;i'c‘ons about or‘gin are

dage =y, W= —olx (£5)

Eigenvalues are given by

M

)"’+w,,z = Az-f-?h +9 =o

I-.‘ €

e Al,z = = Z Cl.’h

“ p=os g= positive = C.S'nz 3 AN, = conjugates (a‘ma.yi‘na.r_y)

1,2
Hence epuilibrium point is a center.

6 + 0 sine =o ()
Uﬁnj xX=8, Ez. (E.) can be exPrcg:eJ al

Al/# =%, A’/CU_. = -CJ:' Sin x (E?-)
SI.ngula..ri‘Ey is at (Z= 0, #= o) .
Linearized eguations akout origin yield
doie =¥, M= -0k x
Eigenvalues ore given b o 14 it o
? ' 7 [—w,.‘ o]—'\[" ']

. 2 2
re., A+C-9n.‘-.-.)\z+1vx+5_—_oi A = x {Wn

= 0

1,2
Here gp=0; ¢ = &3: = positive ; A, .= fma,gn‘na.rj (canjujo.tes)

Ezun'([brium Fofnf is a center.
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x -7

CI=

Assuming the solution as x _ X vt
7 ° { }} - {Y} € ’

we get the follwng eigenvalue problem

S T N (e)

The eigenvalues are given by

\"" - l: M—4Xr+ 4 =o
| 3-2

(e A, = 4% \I 16 —4
12 —_—
Both eigenvalues are same.

Using A\ =2 in the #first ezu.ai‘c‘on of (El)) we get
Y= -X. ) 1
Left:’nj X=1{ ar b."l:ra_rfl_"l> we get { x } = { ' } fov A
Y -—

=2
p E
Stnce the Subff{f:u.f:(on of Arz=2 9ives the (52)
Same eigenvector af in (E,), we Seek @

SanJ solwf:.-on n fhe :FOT'm gf;} _ {ﬁ }_b ezé (E3>
Substitution of (E;) inte  the original egualions gives

X 2t X 2t - X 2t o
et e et - [ e = 2] @
It can be seen that the only way (E,) can be satisfred for all

values O,F t s b Aa.ve {)\;} = {oo}‘ TA.‘; fmfh'es that Salu‘ba‘on

of the form of Eﬁ(E;) can not exrst. Hence we feek o solution

of the form
r & _ X| 2t X2 't 2t
{7-}-{7,}6 +{Y,_} < (€s)
where {x'} ard {X"} are to be determined . Substitution of
Y Y2
(E;) n'n{'o on‘Ja‘naJ e&uaih'ons 7|‘V€S

t 2¢
X2 2t X2 Xy 2t R | {x’-}tez +{ X
{ujte +({Yz}+2 Yn}>e 2[' > <Y” i)
By evmia‘-_"ﬂ the coefficients of ¢ QZt amd elt on both s-SEe‘R
of (Eg).we get

{up-0 Sl e

= 2,2
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X2 ( Xy - 1 - X| -
a.hd { YZ} + 2 {Yl } [l 3 J {\r' } (EB)
It can be teen that (57) will be satisfied

{::} - {ff: }“)= {-'l } = ei'genvector Cerresponding o A= 2.

Eps - (EE;) can be rewritten in scalar form as
+2X; = X, =Y X,+ = =X
X2 ! | 1 } or t Y 2 } (Es)
Y2t 2Y%;, = X, +3Y, =X1-Y,=-Y2
Thus $or Xg =1 ord Yp=-1, (E'9) give X,z ¢ = ang constant
ard Y, = -i-c.

M ERENY R B TS Y £.)

. The solution of (Es) becomes

x ) 2t | 2t 2t E
{21 =f{o)ereflbet s 1 ee (&)
We can ignore the middle term on the r.hs-of (Eu) Since it is
b
same aj {\xr‘ }(] .« Thus the Aecond solution 05- Ol"fjfnaj e,zuatbn‘

(31={0) e €.)
(b) " x+3 } (gD

3 HGn+ @ y A'&
Rss‘uminj the solution of {; } = {Y} e (Ez)
Ev.(EQ give

i-A {x _J° ()

o o divi={.}
Ergenvalues are given b 1=A | 2 _ G
? I 4 -y | A EA-3=0 +)
:-e-, A‘: -1, Azz 3 " )
substitution of )\ z-1 i (E3) gives 2X +Y '=o }
RVE S N 4 x4 2v® -0

choosing x® =, Q.\’Li":ra.n'lj, the Ffirst e.‘ge_nvec_{'or becomes

{; }0 - {""} @ (@

Next , Lj subsfﬂ:u{:fna Ap=3 im (E3), we get —-2x "+Y "=o0

or Y(z) = 2 X(z) © By choosing X(Z) =1 a.rbn"l:ra.rily > the
second eigenvector becomes x 1@ g
{ Y } — { 2 } ’
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x= X—- 2% d _ 4x-5%
¥=4x-53 )’ ol ST (=)

Ec enva-lues are ch-ned IDJ
‘]

R

This gives = = \2 =

\4 _S_A’_A+4A+3-o
A|'="3, Az= -1{.
Eigenvectors : For A=-3, Ep.(g,) 9ives 4Xx=2Y

For dy=-1, %.(sz) Jives 2x=2Y

R A S R R (T

)
Thus the solutions are: (1) _ {X }(') cx'e —;(2)2{);} exz*
Y »

z -
Guneraj Solu.fu'on (S +
- ) ( (2) -3t 1y -
z= ) = ¢, (‘f:')+ 2_—7" ("73:‘1{;}'6 +‘5z{l}e
HE (E5)
where ¢y and ¢, are a.rbu"i:ra.ry constants.
The Sohd:a‘on can be rerre sented in the xy Plcune for
various values of ¢, amd c,,
First, we consider ¢;=o0 so that
-3t -3t
xX=c¢ e ] y.: ?.C.e ’ ()
Elu‘m-’na.{‘l'nj t Le_f.‘wee.n 'H-oeSE,
we find that the solution lies
on the S'l:ra.a'gH: Line ¥=2x.

The solution z“) () a*rroa.clnes
origin olp-»j -H.'g Line Yy=2x.
Sn‘m'la.r‘:’ , (t) q,i,Proa..c’-neS'
ongtn o).m-\g the Ln.r. y=x
As t5eo, m(‘l') is
nejl.:gfue comFa.rea! + x(?.)
Hence _z’(t) of (E3)
O-frroa.ckes origin iz,,,,jen{-.a,l )
t Ql'ne F=%x- The fra.je.cton'es ’ /
axe shown in the f-'gure- Here the origin is a node! /
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':.L.= xX=-F j: xX+3Y (&)
@ i"‘" xt3 ¥ (Ez)

dx x -y
The e-'genvalueé' and e'gen vectors of thes Syrfem were found in

Problem 13.30 (@) a4
A. =2, Az =2, _x'(') - { t } = Oh‘y one |‘nJeFerlc’ent e;jenVCCtOl'

200 (g = {-l }ezt L 2@y :{—: } cit, {o} 2t (E3)

The geneval solution of (E)) is
T = I 2t 11 ¢ a2t ' o 2t (E‘)
C»{-'}e "'Cz{-l} € +C2.{-l}e “
T draw the frag‘ector[es given by (£,), we First observe the
fo“ow:‘nj behavior. As t—soo x(t) becomes unbounded omd
of t—o—~o, %) > o. A'_go) ot + ~» — 00, the  solutions
a..}yroa,c‘\ the origin {3} {'a.nsenf(a.u_y to the line ¥=-x
(which denotes the eigenvector , ;(')) . Further, a4 t — o,
the tra,je.:fon‘es will Ace a,syrnrfo{’-‘c to the Aine F=~-%x.
The orx'gl'n will be a node in thes case. The \‘.’ra.jec{:on'es are

shown below- N \
W

x= 2% +% , Y= -3x-—2% (&)
dy _ —3x—-2% e
dx 1x + ¥ 2 . o X o )
Eigenvalue preblem is: [[_3 _z]")‘[° ' ]J{Y} = { } (&)
0o
-A

Ea‘jenvalues are given by 2 i 2
' = AN -1 =o

-3 —-2-)
X,:—l, hz:l : (5)
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EfgenvecforS'. For A|="'; (2-' t\p)X 4+4Y =0 > Y=-3X.
For‘/\z= 1, (Z—r\z) X +y=o0 > Y= —X
—b(') I —’(Z) {
b 4 = {—3} > X = {_'}

{ -t |
Hz‘nce the 3encra/l solution is : ;(f) =< {_; } e 4 Cz{-g }et (EF)
where < amd Cz are cu'l:n"bra.ry constants.

To Hof the trajectories, first consider the case of ¢,=o0.
-> - (
x(t) = ¢, x z)({:) e x(b)=¢, et » ¥(B)=-¢, et (Ec)

EL‘m-'na.E(ng t from (EQ), we get Y=-z. This Line denotes
the e-‘genvecfor -)?(z). we consider the ‘f.'ra«jecforg of a
representative point, the particle moves away from origin as t

increases. Next, we consider ¢, =o . & (Es) gives |
x(t)= <, e-f s ;(t): -3¢, e-i‘ (E-,)
This fleads to the eau.a-'l:.‘on ¥=-3% , which represents tHe
e’;jehvec'{-or) ;C') . A repre sentative Pofnf in th's cCa.se 3089 to
Offjl‘n ad t— oo
In the 3enera.l solution of (Eg), the term ¢, :(z) (t)

dominates Sor la.rge velues of t. Thus the solutions with ¢; #0
will be a,sympi‘oi‘l'c to the [line } =-3x a4 t—>oea. sc'm-'la.rly,
all solutions with ¢, +0 wll be asymptotic 1t the Line Y=-3x
ot t— —co. The trajectories are shown below, with

origin Aenoh‘nj a saddle I:a:‘nt .

A

i R (1)

\\2(1 (f )

» ¢

Van der Pol’s egua.t‘:a‘on: :.E-x(u-x")z'-{-z =0, «>O0 (8y)
Assume by = x(B) + ¢ % () + & X,(8) ()
Wy = =w"—=ccs,- «* e, : (&3)
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where CJ:' = {= coefficient of = in Ep. (E(),.
Substitution of (Ep) and (E3) inte (E;) gives

d0[;°+wzx°]+ qi[;'_i°+x.oxoz-_a,x°+wlz']

2 e . . I 3 L 2
+ 4 [’(7_‘7‘.1-::. Xo + 2 %o X X) — W, Xp -~ X + @ x,_]

+ a(g['--]-{-.-- =o (E‘f)
Setting coefficient of «° in (E,) to 3ere, we obtain
.x.o + (’"z Xy =0 2 I.-e-, oxo (_t) - A' oS Qt + Al Sin L'Jt (Es)

Assuming the initial conditions %x(0)= A amd % (o) =0, We get
A=A amd Ar=o0. Thes (B5) reduces to
% (t) = A s ot (&)
Setting coefficient of o1 & 3ero, n E. (Ey),
:JE,+(.9"x,= ‘io-io 1:'1-(,,‘:0

= AW sinwt + A’ s wt. coswt + @) A cos oot

= (—Au + "4; A;"’) sim ot + A cos O + Ales sin 30t

The ccefficients of sinwt amd st wmust be 3eve in (:7>
to owoid secular terms. This gives %-( 7
A= i 2 , w' =0 (Es)

Thus the Pa.rf:fcula.r solution of (E) can be ex]aress;-.cl as

() = Ay sin 300t + Ay cos 30t (ES)
substitution O; (Eg)o:na (EQ) into (= 9ives

3
Az = 3’;_ —f; ard Ay =o (Eio)
3

TR x(6) = g AL sin st CH)

Fl-nd—\(.") Set*l.h’ coeff.'cfent of qz ) (Eq) t SCT‘O) we 7et

'Y) 4 3 - 2 .

x, + w® A= Xy—x, Xy~ 2%y Xy 1,+wzx°+c.s,z, (EIZ)
Substitution of (&), (Es) amd (eg) into (E,) leads &

7“.2 + o X3 = 5% A cos 30t - (;_;z— A? cos 3 u't') A* cos" T

A3
- z(A cos c.st)(.Ac._q s.'nwt) (?E Sin acst>+ W, A cos ot

=(-'—§EA5+;"7A5+ Aesy) cos oot + (57 3-% A™Y) eos 30t
3
(A ) o st @

818



www.FluidMechanics.ir

To avoid secular ferms , the Coeffa'c.‘enf of cos ot n (Eu) muét

be zero. This gives W, = _”!_8 At (Eiy)
with this, and using A=2, Ep. (Ei3) reduces to
X, ¥ W Xy = -—"; cos 36t — 7 cos St (Eix)
Assuming %, (t) = Ag 835t + A¢ s St (Ew)
we §ind, Srom Ep. (Eis))
Ag = 531. E;? , Ag = ?;s"-o;_’_- (&iy)
SR, () = _3.3;3 cos 3wt 4 sim"' s swt (Ei)

Thus the Cmndizb. polulion , Eps. (E2) amd (Ez), become

% 1
3% o8 300t + 5—‘3—1 os 5wt
32 0% % W

x(t)= 2 s wt + %s—su‘n 3wt 4

2
omd 632’:1-5'%-

With k = 3.25, the sequence of values generated oscillate between two distinet values.
With k = 3.5, the sequence of values generated oscillate between four distinct values.

With k = 3.75, the sequence of values generated do not show any apparent periodicity
(i.e., exhibit chaotic behavior). The resulting plots are shown below.

k= 3.25 (2 distinet values)

4= 3.50 (4 distinct va(ugs)

= 3.75 (cka.o'{:.‘c. )

By taking two different initial values of x; which apparently do not differ much from

one another, completely different sequences of values are generated. The sequences are
shown plotted in the following figure.
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X.: {002

% Ex13_37.m :

% This program will use the function dfuncl_a.m, dfuncl_b.m ‘and dfunl_c.m
% they should be in the same folder, two different initial conditions
tspan = [0: 0.1: 100];

x0 = [0.01; 0.0];

%0_1 = [0.01; 10.0];

ﬁi,xa] = ode23('dfuncl_a’', tspan, x0);

Tx,xb] ode23('dfuncl_b', tspan, x0);

[t,xc] = ode23('dfuncl_c', tspan, x0);

[t1,xal] = ode23('dfuncl _a', tspan, x0_1);

{t2,xbl] = ode23('dfuncl_b', tspan, x0_1);

{t3,xcl] = ode23('dfuncl_c', tspan, x0_1);

subplot (211);

plot(t,xa{:,1));

ylabel ('Theta(t): i.c. = [0.01l; 0.0]");

xlabel('t');

title... .

('Function a: solid line, Function b: dashed line, Function c: dotted line');
hold on; '
plot(t,xb(:,1),'-="'):

hold on;

Blot (t,xc(:,1),':');

Subplot (212);

hold off;

plot(tl,xal(:,1)):

ylabel ('Theta(t): i.c. = [0.01; 10.01");
xlabel('t');

title...

('Function a: solid line, Function b: dashed line, Function c: dotted line');
hold on;

plot(t2,xbl(:,1),'--");

hold on;

plot (t£3,xcl(:,1),":");
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% dfuncl_a.m
function £ =

wO = 0.1;
f=

dfuncl_a(t,x);

zeros(2,1);

£(1) = x(2);

£(2) =

% dfuncl_b
function £
w0 = 0.1;
zeros(2,1):

x(2);

w0~2 * ((x(1))73) / 6.0 - w0"2 * x(1);

f =
£(1) =
- f(2) =

% dfuncl_c
function £

w0 = 0.1;
£ =
£(1) =
f(2) =

0.01

.m

.m

-w0”2 * x(1);

dfuncl_b(t,x);

dfuncl_c(t,x);

zeros(2,1);
x(2);
-w0”2 * sin(x(1));

Function a: solid line, Function b: dashed line, Function c: dotted line

0.005

(0.01; 0.0]

o
T

-0.005

Theta(t): i.c.

-0.01
0

1 1 T 1 { T T T

10 20 30 40 50 60 70 80 90

100

Function a: solid line, Function b: dashed line, Function ¢: dotted line

0]

=

=]

=]
1

Theta(t): l.c. =[0.01; 10
‘ S
(=]
1<}
¥

T T T T T T T T T
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% Ex13_38.m

% This program will use the function dfuncl3_38.m,
% they should be in the same folder

tspan = [0: 0.001: 8);

x0 = [0.5; 1.0};

[t,x] = ode23('dfuncl3_38', tspan, x0);
plot(t,x(:,1));

title('Theta(t)'):

xlabel ('t');

% dfuncl3_38.m

function f = dfuncl3_38(t,x);

£0 = 200;

= 10;

0.1;

= 4000;

20;

zeros(2,1);

£(1) = x(2);

£(2) = fO*sin(w*t)/m - ¢c* x(2)"2 * sign(x(2))/m - k*x(1)/m;

th e &~ 03

Theta(t)
25 T T T T T T T

0.5

0.5F 1

% Ex13_39.m

% This program will use the function dfuncl3_39.m,
% they should be in the same folder

tspan = [0: 0.01: 10];

x0 = [0.05; 5.0];

f[t,x] = ode23('dfuncl3_39', tspan, x0);
plot(t,x(:,1));

ylabel('x(t)');

xlabel('t");
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% dfuncl3_39.m
function f = dfuncl3_39(t,x)

823

£0 = 1000;
m= 10;
kl = 4000;
k2 = 1000;
FF = £f0* ( stepfun(t, 0.0)-stepfun(t, 5.0} );
f = zeros(2,1):;
£(1) = x(2);
£f(2) = FF/m - k1*x(1)/m - k2*x(1)"3/m;
0.6 T 1} 1 ] T 1 I ]
0.4W W N N
0.2}
allinn -
¥
0.2} .
04} i
0.6+ R
A 1 ] 1 1 ] L L
08 1 2 3 4 5 6 7 8 10
t
Results of Ex13_40
¢ e Je Je e Jr e Sk i g e e I kK
» programl8
Solution of nonlinear vibration problem
by fourth order Runge-kutta method
Data:
ym = 1.000000e+000
yc = 5.000000e-001
yk = 1.00000000e+000
yks = 1.20000000e+000
Results
i time (i) x(i, 1) x(i,2)
1 5.000000e-002 2.230824e-003 8.884132e-002
2 1.000000e-001 8.843311e~003 1.752342e-001
3 1.500000e-001 1.971028e-002 2.589902e-001
4 2.000000e-001 3.469540e-002 3.399312e-001
5 2.500000e-001 5.365366e-002 4.178885e-001
6 3.000000e-001 7.643182e-002 4.927007e-001
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7 3.500000e-001 1.028687e~-001 5.642099e-001

8 4.000000e-001 1.327951e-001 6.322582e-001

9 4.500000e-001 1.660341e-001 6.966810e-001
10 5.000000e-001 2.023999%e-001 7.573016e-001
11 5.500000e-001 2.416976e-001 8.139235e-001
12 6.000000e-001 2.837219e-001 8.663231e-001
13 6.500000e-001 3.282553e-001 9.142430e-001
14 7.000000e-001 3.750665e-001 9.573844e-001
15 7.500000e-001 4.239083e-001 9.954025e-001
81 4.050000e+000 -1.175452e-001 =3.112257e-001
82 4.100000e+000 -1.328833e~-001 -3.02500%e-001
83 4.150000e+000 -1.478152e-001 -2.949702e-001
84 4.200000e+000 ~1.623999e-001 -2.886102e-001
85 4.250000e+000 -1.766953e~001 -2.833937e-001
86 4.300000e+000 -1.907578e-001 -2.792902e-001
87 4.350000e+000 -2.046423e-001 -2.762657e~001
88 4.400000e+000 -2.184017e-001 -2.742829%e-001
89 4.450000e+000 -2.320873e-001 -2.733010e-001
90 4.500000e+000 -2.457478e~-001 -2.732763e-001
91 4.550000e+000 -2.594301e-001 =-2.741616e-001
92 -4.600000e+000 -2.731783e-001 -2.759064e-001
93 4,.650000e+000 -2.870341e-001. -2.784572e-001
94 4.700000e+000 ~3.010365e-001 ~-2.817569e-001
95 4.750000e+000 -3.152213e-001 - =2.857454e-001
96 4.800000e+000 -3.296215e-001 - -2.503593e-001
97 4.850000e+000 -3.442666e-001 -2.955318e-001
98 4.900000e+000 -3.591828e-001 -3.011930e-001
99 4.950000e+000 -3.743928e-001 -3.072695e-001
100 5.000000e+000 -3.899154e-001 -3.136849e-001

15 T T i ] T 1 1
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% Results of Ex13_41

dr e ek de e de de de dr de ke de ok ke %k e ke %k e ok de o e ke

>> programl8
Solution of nonlinear vibration problem
by fourth order Runge-kutta method

Data:
ym = 1,000000e+000
yc = 0.000000e+000
vk = 5.00000000e-001
yks = -8.33333333e-002
Results
i time (i) x(i,1) x(i,2)
1 5.000000e-002 7.849578e-001 -1.761378e-002
6 3.000000e-001 7.695847e-001 -1.051476e-001
11 5.500000e-001 7.325772e-~001 -1.903594e-001
16 8.000000e-001 6.747684e-001 -2.712057e-001
21 1.050000e+000 5.975204e-001 -3.454950e-001
26 1.300000e+000 5.027601e-001 -4.109125e-001
31 1.550000e+000 3.929984e-001 -4.651246e-001
36 1.800000e+000 2.713140e-001 -5.059555e-001
41 2.050000e+000 1.412872e-001 -5.316073e-001
46 2.300000e+000 6.877705e-003 -5.408763e-001
51 2.550000e+000 -1.277459e-001 -5.333127e-001
37N 1.855000e+001 7.849876e-001 -1.700658e-002
376 1.880000e+001 7.697655e-001 -1.045496e-001
381 1.905000e+001 7.329049e-001 -1.897843e-001
386 1.930000e+001 6.752355e-001 -2.706680e-001
391 1.955000e+001 5.981157e-001 -3.450103e-001
396 1.980000e+001 5.034682e-001 -4.104971e-001
1 T T . T
s J
]
_1 1 1 1 1
0 5 10 15 20 25
0.6
0.4 J
0.2 N

~ 0 J

()

X 02 .
0.4 J
o6} .

1 1 1 |
0'80 5 10 15 20 25

time
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Results of Ex13_42

% Je kA K g ke de ke Je e de de Kk de ok Yok

>> programl8

Solution of nonlinear vibration problem
by fourth order Runge-kutta method

;000000e+001
.00000000e+005
vks = 6.00000000e+003

%3
a

o,

o

Results
i time (i) x(i,1)

1 2.000000e-002
6 1.200000e-001
11 2.200000e-001
16 3.200000e-001
21 4.200000e-001
26 5.200000e-001
31 6.200000e-001
36 7.200000e-001
41 8.200000e-001

.973319e-003
.341183e-002
.266651e-002
.145722e-004
.800441e-002
.888710e-002
.953964e-004
.170805e-002
.354467e-002

BLWWWWNHD WA

461 9.220000e+000
466 9.320000e+000
471 9.420000e+000
476 9.520000e+000
481 9.620000e+000
486 9.720000e+000
491 9.820000e+000
496 9.920000e+000

.397870e-002
.308378e-003
.776651e-002
.692116e-002
.278773e-003
.492314e-002
.953430e-002
.673648e-003

HPWwwPRrWwWWHW

x(1i,2)

1.946639%e-001
3.375669e-001
~4.754773e-001
5.888314e-002
4.259926e-001
-4.145664e-001
-7.910512e-002
4.804600e-001
-3.234886e-001

-4.512661e-001
4.378072e-002
4.106881e-001
-4.211170e-001
-2.297464e-002
4.419094e-001
-3.843744e-001
-8.686608e-002

MRV
O'OLO'M;HU;NUQHUJHU M;M@WML
NI
UL
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Programli8.m

%
%
%
% Main program for solving a nonlinear vibration problem using the
% subroutine RK4

%

%

% Run "Programl8" in MATLAB command window. Progrml8.m, fun.m, and
% rk4.m should be in the same folder,and set the Matalb path to this folder
% following 8 lines contain problem-dependent data
xx={0 0];
n=2;
nstep=500;
de=0.02;
yc=10;
yk=8e5;
vks=6000;
$end of problem-dependent data
t=0;
fprintf(’Solution of nonlinear vibration problem\n’);
fprintf (‘by fourth order Runge-kutta method\n\n’);
fprintf(’Data:\n’);
fprintf(’yc = %8.6e\n’,yc);
fprintf(‘yk = %10.8e\n’,yk);
fprintf(‘yks = %10.8e\n\n’,yks);
fprintf(’Results\n\n’);
fprintf (’ i time(i) x(i,1) x(i,2)\n\n’);
for i=l:nstep

[xx, £,t]=rk4 (t,dt,n,xx);

time(i)=t;

for j=1:n

Cox(i,3)=xx(3);

end
end
for i=1:5:nstep

fprintf(’/%3.0£f %8.6e %8.6e %8.6e\n’,i, time(i),x(i,1),x(i,2))
end
subplot{211);
plot(time,x(1l:nstep,1));
ylabel (‘X(1)’);
subplot (212);
plot(time,x(1l:nstep,2));
xlabel ('time’) ;
ylabel (*X(2)");

function [xx,f,tl=rk4(t,dt,n,xx)

(xi]=fun(xx,n, t);

for i=1:n
ua(i)=xx(i)+.5*dt*xi(i);

end

tn=t+0.5*dt;

[xj]=fun(uu,n, tn);
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for i=1:n
uu{i)=xx(i)+.5*dt*xj(i);

end

[xk]:fun(uﬁ,n,tn);
for i=1:n .
uu(i)=xx(i)+dt*xk(i);

end

tn=t+dt;

[x1]=fun(uu,n, tn);

for i=1:n
E(i)=x1(i);
xx(i)=xx(i)+(xi(i)+2*xj(i)+2*xk(i)+x1(i))*dt/6;

end

function [f]=fun(x,n,t)
ym= (2000 - 10*t)*( stepfun{t,0) - stepfun(t,100) );

yc=10;

vk=8e5;

vks=6000;
f(l)=x(2);
£(2)=10*2000*( stepfun(t,0)

(yc/ym) *x(2) -~

(20/ym) * x(2)72 - (yk/ym)*x(1) -

~ stepfun(t,100) )/ym...

(yks/ym) * (x(1)~3) ;

Results of Ex13_43

e dr e de de e de e e A de de ko e de dk de ke ke ke ki k ok ke ek

SOLUTION OF NONLINEAR VIBRATION PROBLEM

BY FOURTH ORDER RUNGE-KUTTA METHOD

DATA:

™ = 1.000000

YC = 0.500000

YK = 1.000000

YKS = 1.200000

RESULTS:
I TIME(I)
1 0.05000000
2 0.10000000
3 0.15000000
4 0.20000000
5 0.25000000
6 0.30000000
7 0.35000000
8 0.40000000
9 0.45000000
10 0.50000000
11 0.55000000
12 0.60000000
13 0.65000000
14 0.70000000
15 0.75000000

[ NaoNoNelolleNeNeeleNololo}o}e)

X(1,1)

.00223082
.00884331
.01971028
.03469540
.05365366
.07643182
.10286867
.13279513

.16603407
.20239986
.24169759
.28372185
.32825526
.37506653
.42390833

828
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X(1,2)

.08884132
.17523421
.25899017
.33993117
.41788851
.49270065
.56420995
.63225817
.69668101
.75730159
.81392345
.86632314
.91424296
.95738436
.99540253
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91 4.55000000 -0.25943007 -0.27416160
92 4.60000000 -0.27317830 -0.27590643
93 4.65000000 -0.28703415 -0.27845716
94 4.70000000 --0.30103650 -0.28175687
95 4.75000000 -0.31522132 -0.28574539
96 4.80000000 -0.32962147 -0.29035928
97 4.85000000 -0.34426656 -0.29553181
98 4.90000000 -0.35918279 -0.30119299
99 4.95000000 -0.37439279 -0.30726955
100 5.00000000 -0.38991540 -0.31368495
Results of Ex13_44
Thhhkdrhdhkkkrrddrrhdhhkrrhdhdkdhdin
SOLUTION OF NONLINEAR VIBRATION PROBLEM
BY FOURTH ORDER RUNGE-KUTTA METHOD
DATA:
™ = 1.000000
YC = 0.000000
YK = 0.500000
YKS = -0.083333
RESULTS:
I TIME (I) X(I,1) X(I,?2)
1 0.05000000 0.784957717 -0.01761378
6 0.30000000 0.76958469 -0.10514758
11 0.55000000 -0.73257718 -0.19035941
16 0.80000000 0.67476835 -0.27120566
21 1.05000000 0.59752039 -0.34549495
26 1.30000000 0.50276011 -0.41091248
31 1.55000000 0.39299837 -0.46512455
36 1.80000000 0.27131399 -0.50595545
41 2.05000000 0.14128723 -0.53160732
46 2.30000000 0.00687770 -0.54087626
51 2.55000000 -0.12774587 -0.53331264
56 2.80000000 -0.25840436 -0.50928396
61 3.05000000 -0.38110846 -0.46992334
66 3.30000000 -0.49223282 ~-0.41697757
71 3.55000000 -0.58864363 -0.35259431
76 3.80000000 -0.66777078 -0.27910032
81 4.05000000 -0.72762849 -0.19881842
86 4.30000000 -0.76679863 -0.11395498
91 4.55000000 -0.78439597 -0.02656762
96 4.80000000 -0.78003441 0.06139708
101 5.05000000 -0.75380896 0.14802117
106 5.30000000 -0.70630037 0.23132208
111 5.55000000 -0.63860072 0.30918427
331 16.55000000 0.19315002 0.52342651
336 16.80000000 0.32035201 0.49162680
341 17.05000000 0.43775099 0.445298523
346 17.30000000 0.54195230 0.38640534
351 17.55000000 0.63009547 0.31721971
356 17.80000000 0.69989971 0.24008210
361 18.05000000 0.74966380 0.15726679
366 18.30000000 0.77823802 0.07090574
371 18.55000000 0.78498761 -0.01700659
376 18.80000000 0.76976545 -0.10454959
381 19.05000000 0.73290488 -0.18978427
386 19.30000000 0.67523547 -0.27066796
391 19.55000000 0.59811564 -0.34501030
396 19.80000000 0.50346820 -0.41049707
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S

Results of Ex13_45
LE AR R R R AR ERRREEE 2R R R RS EE)
SOLUTION OF NONLINEAR VIBRATION PROBLEM
BY FOURTH ORDER RUNGE-KUTTA METHOD

DATA:
YC = 10.000000
YK = 800000.000000
YKS = 6000.000000
RESULTS:
I TIME(I) X(I1,1) X(1,2)
1 0.02000000 0.00197333 0.19466640
6 0.12000000 0.04341811 0.33766449
11 0.22000000 0.03267006 ~-0.47558080
16 0.32000000 0.00021457 0.05888324
21 0.42000000 0.03800922 0.42610043
26 0.52000000 0.03889213 ~0.41467399
31 0.62000000 0.00039540 -0.07910520
36 0.72000000 0.03171139 0.48056153
471 9.42000000 0.03777123 0.41079244
476 9.52000000 0.03692556 ~0.42122285
481 9.62000000 0.00127876 - -0.02297349
486 9.72000000 0.03492716 0.44201314
491 9.82000000 0.03953938 -0.38447832
496 9.92000000 0.00167363 -0.08686515
: %, (+)

@ Ezuﬂ-flbns of motion:

The main program which calls Rk4 and subroutine FUN

OO0 0n

alongwith the

-i(t) =

{

owl:lnt.d: are given below :

= (t)

——— —

MAIN PROGRAM FOR CALLING THE SUBROUTINE RK4

THE FOLLOWING

10

20

30
40

2

k) [ = {[1-8 cos 0.4t -0.5 Xy }zF

-ll—lcz z?]

==y T

DIMENSION TIME(100), X{100,2), XX(2),F{(2), YI(2), YJ(2), YK(2), Yl (),

uu(2)
XX¢1)=0.0
XX(2)=0.0
NEG=2
NSTEP=100
DT=0. 05
T7=0.0
PRINT 10

FORMAT (//,3X,5H [

DO 40 I=1

» NSTEP

» 10H

CALL RK4 (T,DT,NEQ, XX, F,YI,YJ, YK, YL, UU)

TIME(I)=T
DO 20 J=1
X(I,J)=XX
PRINT 30,

» NEQ
(J)

FORMAT (2X,IS5,F10.4,2X,E15. 8,2X,E15. 8)

CONTINUE
STOP
END

830
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C SUBROUTINE FUN FOR USE IN THE SUBROUTINE RK4
C THIS SUBROUTINE CHANGES FROM PROBLEM TO PROBLEM

- SUBROUTINE FUN (X, F, N, T)
DIMENSION X(N), F(N)
F(l1)=X{2)

- - - - e o s o e -

F(2)=1. B#C0S(0. 4#T)-0. S5#X(2)=-X(1)-1. 2%#(X(1)#*x3)

RETURN

END

~0000000O00000000000

BEERPRERBERRRERAD

0D0000CO000000000O0O0D

-

. 22308242E-02
. 88433102E-02
. 19710280E-01
. 346935394E-01

93653665E-01

. 76431811E-01
. 10286868E+00
. 13279516E+00
. 16603410E+00
. 20239991E+00
. 24169767E+Q0

28372198E+00

. 3282554 LE+Q0
. 375064670E+00
. 42390853E+C0
. 47451508E+00
. 92659953E+00
. 97985157E+00
. 4339351 5E+00
. 68848B470E+00

. 19073796E+00
. 20462143E+00
. 21837986E+C0
. 23206437E+00
. 24572390E+G0
. 25940514E+00
. 27315235E+00
. 28700721E+00
. 30100858E+00
. 31519240E+00
. 32959157E+00
. 34423572E+00
. 35915107E+00
. 37436020E+00
. 38988203E+00

0000000000000 000OO00O0

e e - e-e——- - ™ w e

. 88841319E-01
. 17523426E+00
. 25899023E+00
. 33993125E+00
. 41788858E+00
. 49270076E+00
. 56421006E+00
. 63225830E+00
. 69668114E+00

75730175E+00

. B1392360E+20
. B6632329E+00
. 91424310E+00
. 95738453E+00
. 99540269E+00
. 10279036E+01
. 10544405E+01
. 10745211E+01
. 10876102E+01
. 10931435E+01

. 27927017E+00
. 27624547E+00
. 27426249E+00
. 273280&2E+00
. 27325594E+00
. 27414125E+00
. 275BB&24E+00
. 27843720E+00
. @8173721E+00
. 28572613E+00
. 29034048E+00
. 29551363E+00
. 30117553E+00
. 30725288E+00
. 31366713E+00
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“1
1-2 A
o-8 4
0-4 -

o Y T T

T T T >
1 2 3 ;\5 c 7 t
—004-

Plot : variation of x with ¢

mlz3+~m§‘2(e-‘Le’)=o i-e. .3+%-é 6’ =0 for %:o.s

F { } w‘F\m xX,= 6 o,..a?xz=:;'.,=é
% Loy 3
I T

Since the natuml time period of the Llinear system is 2W W

_ G~ o5
= 8.8958, At is tokem af 0-25 in the present case. Using

8(t=0)= 07854 rad and © (t=0)=0, the Runge - kutta method
s used to find the solution. The main progvam which calls Rk4
amd the sabroutine FUN oiwxz,un-b\' the outpuf are given below.

C THE FOLLOWING 7 LINES NEED TO BE CHANGED FOR A D1FFERENT PROBLEM

DIMENSION TIME(100),X(100,2),XX(2),F(2),Y1(2),YJ(2),YK(2),YL(2),
2 Uu(2)

XX(1)=0,7854
XXx(2)=0,0
NEQ=2
NSTEP=100
DT=0.25
T=0.0
WRITE (15,10)
10 FORMAT (//,3X,5H 1 ,10H TIME(I),7X,5H X(1),12X,5H X(2),/)
DU 40 I=1,NSTEP

CALL RK4 (T,DT,NEQ,XX,F,YI,YJ,YK,YL,UU)
TIME(I)=T
DO 20 J=1,NEQ
20 X(I1,J)=XX(J)
WRITE (15,30) I1,TIME(1),(X(1,J),J=1,NEQ)

30 FORMAT (2X,I5,F10.4,2X,E15.8,2X,E15.8)
40 CONTINUE

STGP
END
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C BEESZIZB=Z=I===S

C SUBROUTINE FUN FOR USE IN THE SUBROUTINE RK4
C THIS SUBROUTINE CHANGES FROM PROBLEM TO PROBLEM
c ======================================================================
SUBROUTINE FUN (X,F,N,T)
DIMENSION X(N),F(N)
F(1)=X(2)
F(Zlf:!(1)/2.0*(X(1)‘*3)/12.0
RETURN
_END
TTITTTTTTINECYY X1y TTTX(y T T
- 1 0.,2500 0,77440965E+00 «0,87762989E=0Q1
2 0,5000 0.74167883E+400 <=0,17359795E+400
3 0.7500 0,68793911E+00 =0,25548738E+00
4 1,0000 0.,61444390E+00 =0,33127007E+00
S 1.2500 0.,52300471E+00 <~=0,39865014E+00
6 1.5000 0,41601548E+00 =0,45528558E+00
7 1.7500 0,29644495E+00 =0,49895233E+00
8 2.0000 0.16778104E+00 =0,52775872E+00
9 2.2500 0.33919662E=01 =0,54036677E+00
10 2.5000 <«0,10099708E+00 <«0.53616732E+00
11 2,7500 =0,23277587E+00 =0.51536494E+00
12 3.0000 =0,35727443E+00 <«0.47894892E+00
13 3.2500 =0,47108278E+00 =0,42855906E+00
14 33,5000 =0,57066125E+00 =0,3662B109E+00
15 3.7500 =0,65342385E+00 <~=0,29442233E+00
16 4,0000 =0,71726823E+00 =0,21531790E+00
17 4.2500 =0,76066524E+00 <=0,13120258E+00
18 4.5000 =0,78262591E+00 =0.44162579E=01
19 4.7500 <=0,.78266639E+00 0,43838933E=01
20 5.,0000 <=0,76078576E+00 0.13088597E+00
94 23,5000 <=0.7610148BE+00 0,13025595E+00
95 23,7500 <=0,71784961E+00 0.,21441360E+00
96 24,0000 <=0.65422338E+00 0.29358405E+00
97 24,2500 <=0,57165933E+00 0.,36553413E+00
98 24,5000 <=0,47225332E+00 0.42792925E+00
99 24.7500 =0,35868505E+00 0.47846088E+00
100 25,0000 <-0.23418844E+00 0.51503974E+00
(CII) Ezua'fu'on of motion a
L L] 2 s
(M—m,f:) X + 10% + 20% 4 §%xl0 X +6000 X = mo V
.8 b L4 2 s 3
i€ (ZOoo—lot) x 4+ lox +t20x" 4 gxto x+ Ggooo %
: =(to) (zooo) = 2x1w? (Ei>
(b) 4t x,=%, 2= 420 _ dx
4t T dt
il - X2 S
=F = 3
X'_ (leoq— lo xz-—Zo ‘JL: - exros x, - é 000 1&1 /zooo—oot)
Initial conditions : assume %X,(0) = x;(°) =0.

.rke main rrajra—m » whech Ca.uf Rk4 MJ SML"O“{:I’"C FuNn,
alongwith the ou.‘k‘pu.-l: are given below.
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C
C
c

c

C THE FOLLOWING 7 LINES NEED TO BE CHANGED FGR A DIFFERENT PROBLEM
DIMENSION TIME{Z00), {200, 27, XX(2), FL{2), YI(2), YJ(2), YK(D), ¥I (i),

& uu2)
XX{1)=0.0
XX(2)=0.0
NEG=2
NSTEP =200
DT=0. 1
T=0.0
PRIi:T 10
FORMAT (77,34, 5H 1
DO 40 I=1,NSTEP
CALL RR4 (T,DT,NEQ, XX, F, YI, ¥YJ, YK, YL, LU)
TIME{ID) =T
DO 20 J=1,NEQ
X{I, J¥=XX(J)

PRIMT 30, I, TIME(I). (X(I,J),J=1,NEQ)
FORMAT (2%, 15,F10.4,2X,E15. 8,2%,E15. 8)
COMTINUE

STOP

16 » 10H

" TIMECI), 7% SH X(1), 12X, 5H X(2), /)

e e - PR e R

C SUBROUTINE FUN FOR USE IN THE SUBROUTINE RK4
C THIS SUBROUTINE CHANGES FROM PROBLEM TO PROBLEM

DIMENSIONM X{MN), F(N)
F(1)=X(2)

F(2)=(20000. 0-10. 0%X(2)-20. 0# (X (2) ##2)

2 ~—B0000O. 0#X(1)-6000. 0#(X(1)##3))/(2000. 0-10. 0£T)
RETURN
END
I TIME(I) Xt1) X(2)
1 0. 1000 0. 33320764E-01 0. 33207334E+00
2 Q. 2000 0. 333046178E-01 -0. 22198296E+Q0
3 0. 3000 9. 14845021E-01 -0. 36448002E-01
4 0. 4000 G. 27181853E-01 0. 14729525E+00
5] 0. 5000 J, 29156089E-01 —0. 7B316689E-01
& G. 6000 G.21012224E-01 -Q. 29013485E-01
7 0. 7000 0. 2337574&E-01 0. 62707484E-01
8 0. 8000 0. 26947644E-01 -0. 26040435E-01
9 Q. 2000 0. 23485284E-01 -0. 17102312E-01
10 1. 0000 0. 24944551E-901 0. 25843€36E-01
193 19. 5003 0. 24999883E-01 0. 47695381E-09
196 19. 6003 0. 24999883E-01 0. 549623435E-09
197 19. 7003 0. 24999883E-01 0. 62233330E-09
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198 19. 8003

o
199 19. 9003 C. 24999883E-01 0. 76787199€E-09
200 20. 0003 o

. 24999883E-01 0. 69508=244E-07

. 24999883E-01 0. 84070195E-09

For %+dFo=0, o _ avz (% 4T (1)
@ [ {f;’. F(Y)"'l }1/2

10

20

N N s
here 0+ T (mE)0 Bias 5 aslem 5 FO)= 0 &
6= 07354 rad.

Simpson’s vule is used for integration ; note that one ntegral is
embedded inside o second integral in (B-1). According to Simpsen’s

rule , N (4)
b A T"i) 2 (b)
J =) .dz = ‘;‘{5"("‘)"’2 fi fivr * 4 Ei’cu' +4 }

where h= l—"wa‘— » N= even number of ezun.l. intervals and
$i= $(x=%= a+i-1}{ h_-&z}).
The program Usting and e neswlt axe given below .

AA=0,0

B8B=0,7854

NN=40

HH=(BB=AA) /FLOAT(NNR)
CALL FFINT C(AA,FA)
BB1=BB=-(BB~-AA)/100,0
CALL FFINT (BB1,FB)
CC=pB<HH

CALL FFINT (CC,FC)
TAU=HH*(FA+FB+4,0%FC)/3,0
KK=NN/2

KKi1l1=KK=1

DO 10 JJ=1,KKM1
XX=AA+HH¥FLOAT(2%JJ~1)
CALL FFINT (XX,FX)
XXHH=XX+HH :
CALL FFINT (XXHH,FXH)
TAU=TAU+HH*(4,0%¥FX+2,0%FXH) /3,0
CONTINUE

TAU=4,0*%TAU

PKINT 20, TAU

'FORMAT (2X,E15.8)

STOP
END
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SUBROUTINE FFINT (X,Y)
A=X

B=0,7854

N=40

CALL SIM (A,B,N,FINT)
Y=1.,0/SQRT(FINT)
RETURN

END

SUBROUTINE S1IM (A,B,N,FINT)

H=(B=A)/FLOAT(N)

FINTSH®*(F(A)+F(B)+4.0%F(B=H))/3.0

K=N/2

KMl=Ke1l

DO 10 J=it,KM1

X=A+HEFLOAT(2%J~=1)

FINT=SFINT+H*(4,0%F(X)+2,0%F (X#H4H))/3.0
10 CONT INUE

RETURN

FUNCTIUN F(X)

F=X=(X¥*3)/6.0

KRETURN

END

RESULT: T = 87627392
This can be compored with the value of T of a finear PenJu'-um
which is ezua,l. b %:’9_" = 211‘/‘./%' = z'rr/ﬁ = §:-8857867-
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@ van der Pol’s egua.’c«'on: 'x'_a( (l—x2>i + x =0

YY) AZ ‘
ISR
% d(l-lz)}—x

(@) Eguation for the phase plane trajectory is
dy _ « (1-x*) 4} - =
dx y

- (&)

(E2)

(53)

The fra,jecfories correSInOanng to x=o0-1, =10 amd a=)o

are shown i Fegs. Fi,F and F3, respectively. It can be

seen, from these $gures, that irrespective of the nitial

point , the trajectories converge tso closed curves.

These

closed curves denote pen‘oal.‘c motions with constant ath'{-uJe,
In addition, as the valuc o’& & increases, the cloged cowe

deviates more and more From a circle.

(b) I (E,) is solved numerfca.l(y, the variation of the

solution % (t) can be PIOH-'CJ agﬁ-inf- tfe

+t-axis.

The result will be as Bhown in Figs . F,“ 5 and Fg
Jor o= 0.1, 1.0 amd 1o, r'especl:ivelj. It cam be Seen

from these figures, that as the value of « is
increased , the variation of =x with respect t ¢

al:',Cfe,rs‘ more a.nc' more ocrom ‘{la.rmonu'c motion.

4_ \

%

-+
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, Zua:(:tons of motion:
' mx + k,, (=- 2,8) + #yp(x- 109) + %5 (x+4,0) + k,, (""'129) =0

7 6 - te) (x-2,0)4, - %2 (""fle) A+ ka4 (1"'!26) 4
+ kpp (2+ £36)° 1, =0

l.fs"'\j x= x, X, = 6, n3 = % = ‘i, amd z‘f=j_j:2 = 7;'1)
the eaua:h‘ons of motion can be EXPI‘eS'SCJ at
( x, ) [ x3 ]
';2 - 22 - F = x4
x; LY G-Lix2) + k(2= 4 ”'Z) L
) [ ) + f, (x,+ £2%) + %z, (z.+ fz“‘:) ]
e
L J L —kz,(7‘|+ 2 12.)12." ka2 (%1 + +L 1") 22]
Da,‘ta;'.

= 1000 ¥ Ja= 2500 kg-mz, £y= 2m, fy= t.5m,

X,)= 40000 » %), = (0000, #,,= 50000 , k,,= 5000.

Runge - Kutta method can be used *o solve the e&ua.hbns
x (o) = % (o) =

of motion uSing the initial conditions

6 (0) = 6 (o) =o0.
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