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Chapter 14

Random Vibratidn

Solution:
x).
k(l—%),ZOSXS 30

p (x) = [
0 ; elsewhere
Normalization:
°° (3] wen(s-5),
= 1 — = - — =
I_mp(x) dx kJ;O 20 dx =k | x 50 5 1
= k=06

o 30 5 30
P(x>28)=f p(x)dx=k_|. (1—1]dx:k(x—x—)
- 28 30 60 28

28

(12) #e = [F o0 e essan
' -0 5 elsewkere

)

Narma.lija;l:c‘on :

2 3 3 2 z\3
[ [penies. [ 34 [2a = [ 3%(L)
x=o0 ¥=0 , x=o Y=o x=o o

- —!s: d= =-2': .;f): =1 (Sa.‘éc'ffn’&d)
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(@) Ma.rgma,l ulensu':j funcf:aor:s
= = f PCoy) 4y = f?"#=—’zi

3=o
f(y)- ff("'})""=1 xdz:%yf

w|

Q

(b)/“ X = f;(x)'xelz:'é—fzzzdx=}l: ’;_3>

5 ,
0x :E[(x- r)’-] = [ x_/;)’- px) dx ..j(,‘..__)
4 3
- x 6 x* 2
‘%(T*“‘e‘fz“‘i"%“)a =2

g :
OT{ = o0.707!
€) Gy = E[(x )(7—/‘)] f f(z- Fa-2 ﬂ dx dy
xX=0 Y=o
f(""i> dx (3 z-_{z_">3 .
S,y =0
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elx] = = = f: x- p(x) dx= fzo-sz dx = 1.0

E[xz]— I x ?(Z) dx = f 051 Jx = {3333

f (x- z) P dx = f (‘l—-l) (0:5) dx =o- Sf(x —2z+|).b¢.
= 03333

e =0:577173

y=x+¥% » E[3]=e[(+9*] = e[+ ¥+ 22%]
=E[x*]+ E[¥*]+ 2 E[x¥%]
Since x and ¥ are chrer\alenf, ECx¥] = eCx])-e[y]
ef3' 1= E[T+e[¥ 1+ 262 ely]

5
= 20 —

Efx*] = R(0) = 20+5 = 25

e dr

Re(T)= A cos w7
g -7
S@= % [rey) ¢

/209
= 2 fcos (A X4 (Cos WT - & Sin ul’) de

-7"/2(.9
- /269
- Ff /(Cos T - < % 5”"102') dr
-11-/20’
A Tow /2w
=—F{[§+; s.nzw?] __( cos z""z) }
-—Tr/zw Tr/lC’
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'(a.) x(t)= %X, An &t , x(t-&-t): X, %n O(t+7)
@ x(t) x(t+T) = x2 (4{.-."(.3‘(: BB AT + Aim wt-ef ot Acnas‘t’)

R(z) = Tl:-:” .T.: f_’;/z[(i____‘cfwt)m oT + 4“_'__i<-’t  Kim oT]At
s A .

2

= — o - . T
g __r_[ L 8 OT + (0) Ao OT | 2w
R(* 2
g (%) o AWGT
AA\A G
[
\ P .
\ / . T
5 )
- - T
- ’4
(b)’l". zo ”I,: "’ ]
' "' ] ‘z' Phe :
: 'I, :' ’/z r,’ :r ,t ;t
1 CR R s
) P 1 r s ' ‘r/
VL 'l Py : L’ /
v L v’
= %o : } |( 1
' i Ax(E)x(t+7T), ' b
' ) ) ' 1 ' ' '
] 3 [} ) ' '
S NN
o NG
: L : [] \ } 1 ; - t
N S O N
) ] 1 ] ]
/‘ R(®)
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Y :
_ %% /z-inwt N T _inot 20
%S e dE 4 ZZ° _Yt _ex
T
° Y2 ‘L'/z
Z‘KQ —‘nwt -n (49*' %
ey (inwt) + e ]
o
- + _
+ 27¢o )[ cnGs (‘-"09{9 in c.,tJ
'C"' nG’ Z’/z

_ Z’f.‘i ‘“‘w)( _..nust)tyz

g zxo [‘ T e-["rr —‘:“Tr zxol- —CHW _L'ﬂ‘;‘
- an + - -
wrt e ‘]
mw
= 2Xo et 44 %o cos TS 4 2%o g '—'—2— -
nz-n—?- nir nmw
n-t
2% 2 %o _ 2
e ey ]es 22 () 4 22 )
22 y
n* T L or L
n= even "= OJJ
ot inwt
xF)= = ¢, e
n=-a
2% [(_‘) —1-] inawt
= = 2 e
n=—o
2% é ( )“/Z \ l:h&"t
4 o - L e
n
+ ™ NnN= -
(n=even)
o n-i inwt
2
+ 2%o Z ("‘) - e
w n= —oo
(n=odd))

]

844



www.FluidMechanics.ir

For x()= X #in cot, Rz(t‘) = X 8 BT [from Problem 14. 7]
For xvm.m wave: \x(t) x(‘l‘-f‘e)

t’)

A
' E X a ;(t) :' -'E
; G : T 31|' : - ot
msaxr Loy -:._r . - .__'La
-X ’

2 % / shaded area =
% Z % Jxte). x(t+7) 4t

s e '~ >t.9t

] 2 | L
R

(u) T J"{. f(f)#:Af‘t e .u,-: (At ,)J
=-1
Giit) @
o f(* ) P Lt
o
_ Afwz —Atk.'."# -—Xt _zrt e—;\t ya
(]
: ot -t At 9 ®
=A[ ‘tTe —E'% -:z';eA ]o
| -2t (o 2 -t -t i
ol Gl R
o=
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t
x(t) = % Sin I t
2 — %o b E\| 72
<!(f)> - L'.m ?' f x, &"T\'t dt = Lm L( = )i
- 2

/1 T T

T
Lom - T
- b R F e ()]
T/
102 =T&mw ""S_.,.:": 44,3'3;5 I
= bn X T4 ~ Le %o [7-tnTT
_— %j-_yz{'?-LMWt}&-T&mm#T Lsin T

W= z*rr(moo)/‘o = 188-49¢ ra.a'/sec
m
X = (4?,5;)-' (z zsxlas, 0:225 xao‘) N/m
(horma.U-J J.sfnbu\‘:eel) -

o= & = - T2 radfee *

|00 1o
P(wn = @) = Plw, = o*]

= P[‘k > foa(naa-4sc)z] =pP[k= 3553074 -2027] ()

:Dc_-f'.'m'n3 S'l‘a.hula.rJ normarl. variate 2, al }_ 4< - 4:)
= = »
3

E&- (gy) can be rewritten as

Pl[e.>a] =

3553lea—225x J
0225 xw‘

= P[}Z 5'79“] = 0+ 3316 x:o—a

from standard normal a(,‘s{’:ribu.'l:.'on tables

[Jee, flor exa.mrle, Ref. lq.':c']

x(t): {A i —as<ts oa
° > elsewhere

Qs
: ~{wt .
X (w) = fx(t)e & = A | e dt _ A e““’*)“’
- N2 -
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. A< ~{da XY

=% (7T —eT)

= i (cos WO —i din S — Cos PGa ~ 4 Sin aSa.)

= 2A% g inwe (E|)
o

Eﬂ’(El> shows that X(C‘D> = ZAa; ay & — 0.

\/—'ﬂ o 21\"\‘\ ’/’
-%) vy ~—e”
-at
o > etfew‘aere
w = C t
X(8)= fw.(t) e *¥ - "‘f " _(a+ie) n

_ [ (a,+.c.y)t] A Aa AW
—g —-—— o~ 3 —_— A
(o + “*’) o at+ia 2z, 5% &+t

-a |t
t "4 t —L +
Af * ° +Afe “F e

X(ﬁ’).:
-00
-(iv-a) t A ~(at<w) 7™
A [P L A
-(iw-a) - (atcw)
= —— 4 A - A (1"":0) + A(a.—l:wy = 2ZAw
a-itd a+i®@ g4 et &+ 9> o+ @
1 X (w)
2
==
A
as e
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x(£)= §(t-o) |
@ —iat -l

X(w) = f J‘({:—a—) e dt = e = (0s Wor —t Sin B
-0

Since LJ def'.'ﬁ:h‘on, the Dirac delta Ffunction is 3ere
every where except at tza. At t=a, Siwt | siwe

e
F@t), N
4

LA

o > t, sec
t Gyt
=500 P~
_________ SRR
j 101 2 3 4 5 6 7 8 9 10
t. (sec) Io 01 02 03 04 05 06 07 08 09 1

F F @), N 0 100 200 300 400 500 —-400 —-300 —200 -100 O

@) Spectrum of F (t):

1 % -ino, t
From Eq. (14.46), c = — F(c)c dt E)

2n
where T = time period = wn and o, = fundamental frequency, T = 1.0 sec,
0
o, = 2 7 rad/sec.

Since the integration in Eq. (E,) is over one-time period, ¢, can be expressed as

—1n 1 E - i
c, = —Athgl F) - ( ) At where : N
: N
1 ) 1 ' '
_ 2 FQ(N)z_Z F, nnj .. 2mnj
i=1 N j=1 N N
=real (c, ) + imag (c_) (E,)
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Eq. (E,) gives the following result for N = 10:

n Real(c) Imag(c) Spectrum of F (t) = (c,)?> = Real (c,)? + Imag (c_)?
o 50 o 77" Toes x10¢ 7777
1 - 50 — 153.8842 2.6180 x 104
2 50 68.8191 0.7236 x 104
3 - 50 - 36.3271 0.3820 x 104
4 50 16.2460 0.2764 x 104
5 - 50 0.0000 0.2500 x 10*
6 50 - 16.2460 0.2764 x 104
7 - 50 36.3271 0.3820 x 10*
8 50 - 68.8191 0.7236 x 10*
9 - 50 153.8842 2.6180 x 10*

(1) Mean square value of F (t):

Using Eq. 14.49,

F%(t) = = 85000.00
n=0 n=0
_ -bjT| ' ARL(?)
-7 o e
S (‘")‘ o= R('a-) e dz
( ° b? _:uT >T
=Im jwe e “ dr °

_gwf

fwe dT

—({w-b)T 0 —(CwW+b)
(ZTI' - (iw- b) [e ]_a. zrr) (;431—")[ - ]o

= @ a b

+ =
ZT\'(L.U-L) zT\'(»{w-&L) 'ﬂ'(l:z+ w")
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- 0 SO
Since S(w): So IS Symmetric >0
and real, we can neglec{' ~W, B R @2
the ‘maginary component n (E,)
and write R(Z) as
W
R(T> = 2350 j cos WT.A7 = 7.'&’ Sin (.92'3' = sin @, t) e (Ez>
6, ¢ ) .
R(¥) a8 T —>o0 s 9iven Lj )
R B, $in W7
[ M) _ 2s (___> _ 25, (00 E)
T—+o W, T (A Rr 4
The variation of R(7) A R(T)

is shown in the figure. . \
,A /\\r?f
N Y4
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S,() -j R (2) € Jtzf;q‘Igdl”’ wpvt e de

But s PU‘L’ = T (e‘Pur e"“:Pvr>

S, (@) = :; f“’{e-*lvfl AT S

i 0% (—av =W+ V)T (°“’-°“9"Pv)r
ﬁ_[f e T +f

A < ° -l =-ipV)T
., f e(ew- OHipWIT o [0 i nip ) .n'] |
~00

ot & v
= x> -r(u p‘u) x"v”+(w+p")"]

ﬁ'

RPEE < 2T e y
forv* &+ @ gv) 2}« *r (w+pv)}

For asphalt surface:

=4, =02, =04
(0:2) V (1:21) [ W4+ o 16 V¢ + c-04 v

o4 v+ (0 - 049} }owa v+ (0404 V)1

-

-

Sz (h’) =

w? + o2 v?
{0-04-07'4- (w-o.4v)"} {0.04.1!"-1- (us+o-4- u)“}_J
" Aun] : Ox = IC, «= 03, B=o06

Se(w)= (o 3)0(2 56)[ o3¢ v +0.09 v*
f0.09 1 +(¢,,_°w)’-}{o o0tV 4+ (W+or cV) }

= 0:07703 U
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- 0 2444C U W*+ 0-45v* . ']
§0:09 U 4 (W-0-¢v)* }{0-0% V' 4 (weo-c¥)}

For 9qravel gurface:
3 Oz=118, «x=o05, Bg=0.9
W'+ 0-810 4 025 ¥”

5, (W)= (o s)v(;.m[
L {a 25

VUi (@-0:99) } {025 VA4 (0 + 0.19)* ]

W+ 1-06 v?
= 0-5156¢ VvV L{o-l‘i o (e- o-9v)"}{°'25 v* 4 (o + o.sv)z }

me (46, R = [T5 ) e o= 8 [ T
2, J

= 27 SDS(‘C')
where §(7) is the Dirac &lk. fumclion
A S, (W) T R, (¥)= 27 %8 (%)
S, u
> (9 ! > T
o 0
@)= (TR () €°°T7 4z« 5($)- jR @) ™ gz
g ‘ --— (Eo)
and
@ M o lwmET
R,_('E): —'— ‘f S (4.9) e wE do or R (,’C').—.IS‘(.F)E o df
e --- (&2)

where S_(§) is the two- gided power spectral dersity function for
~—0 < £ < 00 No{’lng that

Se(F) = Sx(-%) amd Ry (T)= Rx (-7)» @) and (£.) cam
be written as

S (£ =2 [ Ru(¥)ftzmfr =& o amITHAT o o RS

amd
R, (T)=2 f S.(5) feAemfr el 4o 2WET L AT fov —mw < f< oo

for o Yeal Ynn—Jan farlion x (t), Se(f) od R (’t’) --- (54-)
ol in (£)) and ( ), we chinin g
S2(£)= 2 fo R,‘('c">.gp'5 mf T AT for —w< F < oo ---(Es)
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amd
R (r)-zj S(£) wApmfr-8f Fv —® < fcw---(E)

If g(f)MWmWMWMM

S(f) =2 Sx(;) amd R(f) = Rx(t) P E&s. (E;) amd (E‘) becorme

‘

s($) = 4._;’°R(t)cp{z'rr,€'c-4't' for o< f<oe  --- (B7)
amd :

R(T)= [ 5(F) o amT. 45 fe oS fcoo - (E)
Mean spuare value of o single d-o:f. system is given by Ep- (lq 95):
eE[#] = f {H(w)\ Sx(©) do = fA(w) des (€¢)
where

[#(e) | = - (&)

(= mo* )+ 2o’
Let —w(') and + Cd(z) denote findite lower and u-)bp_er bounds
to be used for integration in Eg- (&) [w(')w @) should be
sufficiently large :I
We can use f:rcupe'}ofafa.l rule of integration for simplicrty.

In this method, we divide the interval (c,y‘”.,. c,,(‘)) ‘nte (n—c)

L s that
e&ua- Jl ViS¢ 'o)n So a

W= -w a
W= 0w+ A9 L (€s)
Bom -+ (n-Daw= @
Then W et aos
E[y*]= [a@ do = = [A()+ a()] T
_w(l) =1

 n-t
L-A - w(')) + A(w“))] _4_22 . sz(wr).Aw...(E")

The compu-fel' program f.'sfc'n: s given below. In ths
program, the following notation s used:

omi= ') , omz= &, omp= Gy , SX = Sy (@),

Hom = 'H(w)lz , sum = E[J—z].
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REAL M, K, C

DATA M, k,c/.-. /

DATA omu, omz/.--/

N = see

Ni= N~1

Dom = (omz2 +om1)/ReAL (N1)
omit = —omi

CALL PSD (omt1t, $xt, Hom1)
cALL Psd (omz,sx2, Hom2) :
sum = [(Sxd/Hom1)+ (sxz/Homz)]*DOM/Lo
Do 11 I= 2, Ni
omP= —-omi1 + REAL (I-1) * pom
CALL PSP (omp, SXP, Homp)

14 Sum= sum + (SX P/HomP) » Dom
PRINT 12, SUm

12 FORMAT (--+)
STOP
END

C SUBROVTINE TO EVALUATE POWER SPECTRAL DENSITY AND Hom
SUBROUTINE PSD (om, $X, Ham)

§SX = .- -
Hom = ---
RETURN
END
m = 900 kg, k = 7 x 108 N/m, ¢ = 135 N - m/sec
Mean square response of the machine is given by Eq. (14.95):
. 2 N-1 1 ) )
E [y2] = J. |H((1))’ Sx (Q)) dx = 2 2 ' Ch
—o neo |TMO, +icw, +k
27
where ® =nw,=n (-T—J = 2 © n rad/sec (E)
and |c, |2 are given in the solution of problem 14.17
N-1 c,|?
Eq. (E)) can be rewritten as E [y?] = 2 (E,)

2
s=o0 k-mo, )2 + ¢2 © n?
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Computations
C, 2
n ® “k-mo22+c2e 2 (x 1013 x 10-8 m?
AT U B P e [ )
0 0 4.9 0.0051
1 2n 4.8504 0.0540
2 47 4.7030 0.0154
3 6m 4.4625 0.0086
4 8n 4.1364 0.0067
5 107 3.7353 0.0067
6 127 3.2729 0.0084
7 14 7 2.7657 0.0138
8 16 2.2336 0.0324
9 18 . 1.6991 0.1541

Thus Eq. (E,) gives the mean square of the response as

E [y?] = 3.0513 x 102 m?

Eguation of motion is
mx + cx = F(&) (e1) |_|__|c

Let y,::l.: = veloci&y. Then (E') becomes

. ™m
my+ cx = F(t) (E2) ]
Lek the excitation be (t)z(t)
. t F
F¢)= E ¢'¢
and the velocity response be
3‘(") =Y e”‘,t
. cat cast cwt
Hence (Ep) yields N miov Y e + Ccr e =F e
H (<o) | Y 1 _
l or _Y.o_ = - = H((w)

Adwm +C

(H(a.'c.s)r= 1

2 2
mEe” + ¢
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s(;) = o-0001 mz/cycle per second

for (O H}S F = 1000 H3
= (o- oool)(lOOO- 1) = 0:099 m? S($)
RMs value = \Ifl' = 0:3(46 m 0000l
o = \‘ -(1. \/0099— 0-0025 >
= 03106 m 0 o toco
Je ' o
cos ('ﬂ—m)&’of dt = [s‘(n (""'">¢J ‘t] 2 (35
t:-—'?/z (r=m) s %.—.— g:
- o m)v [Scn (n-m)Tl’+ Sin (n-rn)'ﬂ'] =0 for&l! m#n
since T= 2T,
@,
72 s,
f::'n (n-m)wo'l:-dl: =1 [cos (n—m)wof:]
A ) = (n=m) @, t= - /W,
m [CoS(n—m)Tl’ - Co.r(n~m)'rr:) =0 :For oll m#* n
.Y
f cos o-dE (":) =T ;Cor m=n
A -2
/2
f smo-dt =o .‘For m=n
_‘z/z
B E& (Iq l+5> becomes
t'/z —an C.St % _inG.’ot
fx(f:)c df= < T > cpa —g_—fx(t)-e .t
-% &7
2

---(14-46)
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@

This system can be modeled i;(t)
at o Aingle d.o-f. system -~ m

with random base excitation.
The e,?/ua.t;ons of mohon
are 9iven by :

m§+ €3 + % 3= —mx @,)

where }._: »y_._x

The freguency response
function of the system
can be derived at follows:

: €2)
3(t)= H(w) e wt} *
Substitution of (E,_) ints (E() 9ives

x(t)

cwt Wt
(~e'm+icw +4%) H(W) e = mw? e’
Py

-_e‘ m &9 wz
{ ) H(w) — 1 N - 2 Y ;

-mw 4+ &k +JWc (W - Y+4 2ywas,
- z w‘f
€& l (5 ) = E

H(w) (&9,,"—&9’)24- 4 T2 cs,* ( 3)

The power spectral density of the response 3(t)is given by

S3 (@) = [u@)]* 5, @) (E;?
In the ,preSenf case, S,(W)= 5, and Eg- (E,) reduces to
S}Cw) = S\o lH (09))1 (EQ

The mean spuare value of the relative J.‘:Pla.ce.ment
of the mass can be found ar '

w5 2
E[3*] = §(w)-dw = S, o d
—£ 3 f -t + W, " ‘:“;c “
‘f
- s, o (w) = TS W (e
@) |- 1 )
—_— n
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X42V00 % + 0} x = AF e @)
This 9gives

Se(e) = Sg(@)
{(wnz._wz.)'z + 4"&'1(.9: C‘SZ} --- (E;)
E[x] = ;’; f"’ Sp(w) - dw

- ((.9""- wx->z+ 4T169:'(49"
For amall damping, (€ becomes
E[x’-] fat —7:7 SF(QSn) 21(8’ X --- (EQ)
Lo
1+ (==
Here Sp(w) = A% v - (&5)
i+ (5P (t+ )

N2
 E[*x*] = AT P (L—?—>
2% W3 mt 7!‘&9.. --- (Ec)

(1+ iy ("H ) ('.'.
W, = undamped natural freguencj = ‘,*eb/mez

2
or

*=ﬂ= cl." me& '(E|)
W, = Ja.mred natural fre&uenc:j =

= W, V1 — %2
= w " - 2 \ 1
' r TTle F—‘ keﬂ /( _ C;
2 2
wie e [ Ceg ) ol e
2 m - = 2
or C 2
2 _ 2 2
2 mc& - c‘" - G’z
or Cey = 2 Mg, Wt - w, E:)
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Mean Sg,uare value of the J,-sr,’a.c.ernrenf of the w:nj (”’ez>

= 8.
™ So
E[Y*] = ——— = § = TS
(4] = e vt S @
Ezs' (E|) and (E;) give
- T So (g4)
cg& - £ G.,|z meﬂ
Egu.a.fing (EZ) a_r\d (El')) 2 2 ™ So
CE‘& =2 ’me_z\}c-ﬂ -0, = SCJ.Z meg
m,, = ™ Se e
K 28 W'l (wr- wf)di ] (8s)
Egs- (E1) and (E2), in view of (Eg), yield
[ ™ S ]-'z- CA
+* = 1
v 28 (> w})?
and ( N . i T So z
c = 2 (Y, —-W
Ea [} 2) [28 6,’2_ (wll— w;)yz]
7
= 2T S, (""z‘ ("zz) TE (E7>
5w/

In case of structural damping, the uncoupled equations of motion are given by
GE)+Q+ifwf Gt) =Qit) ; i=1,2 .., n (1)

where [ denotes the structural damping coefficient. The mean square values of x;(t) are
given by Eq. (14.113):

20-5 [ T T IR s 2
r=1 Wr -

where, from Eq. (3.106),
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B = —— @)
{ N Ef} +#
For 3 <{ 1, Eq. (2) can be approximated as

20~ 5 @) =

l"] l'

S(wr) [ 1H(9)]* dw

: d
~ 3 ) = s,(w,) = ()
r-l
Using the computational details of Example 14.7, we can obtain (using g = 0.01 in place
of 2 ¢ = 0.04):
2} (t) = 0.0021253 m? (5)
23(t) = 0.0055983 m? (8)
z3(t) = 0.0086582 m? (7)

S(w) = — m’ /s s ¢ =0.02

4 +u? rad/sec

Since the natural frequencies (rad/sec) are given by w; = 14.0734, wy, = 39.4368, and
wy = 57.0001, we can approximate S(w;) for use in Eq. (14.115) as

1

S,(wy) = —————— = 0.0049490 1
rlea) 4 + 14.07342 ®)
1
S,(wp) = ——————— = 0.0006413 2
(2) 4 + 39.4368% ®)
1
S,(ws) = —————— =0.0003074 3
r(te) 4 4 57.0001? @)

and hence the mean square values of the relative displacements of the various floors can
be computed as (using Eq. (E.18) of Example 14.7):

70 =

o)’ j—g S(wr) + (2] % S(on) + 20 —I:% S(us)

= 001 24 0.0001058 (0.004949) -+ 0.0000243 (0.0006413) + 0.0000052 (0.0003074))

= 42.4744 (107%) m® (4)

22(t) [zgl)] —S(wl [z?)] —S(wz)+[Z£3)] —Z—S(ws)

Z
Ws
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[0.0003436 (0.004949) + 0.0000048 (0.0008413) + 0.0000080 (0. 0003074)) .

T 0.04 o
= 133.9971 (10~%) m? - (8)
0= |[) 2  S(en) + (2] =2 s + 0] 2 S(Ws)
2 6r @P
= OL [0.0005340 (0.004949) + 0.0000156 (0.0006413) + 0.0000016 (0.0003074)]
= 208.3902 (10~%) m? : (6)

% Ex14_33.m
for i = 1: 101
x(i) = -7 + 14 * (i-1)/100;

£(i) exp(-0.5* x(i)~2)/sqrt(2*pi);
end
plot(x, f);
xlabel(’'x’);
ylabel ("£(x)’);

0.4 T

0.35F

03r

0.25r

f(x)
o
[

0.15
0.1}

0.05r

$ Ex14_34.m
for i = 1: 101
wa_pi(i) = -7 + 14 * (i-1)/100;

X _Aa(i) = (4/(pi~2)) * (1/wa_pi(i))~2 * (sin(wa_pi(i)*pi/2.0))"2;
end )
plot(wa_pi, x_Aa);
xlabel (‘wa/pi’);
ylabel ('X/na’);
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08

.

0.7

0.5f

X/Aa
1

0.3

0.2

0.1

Il ] 1

-
&
A
&
o
N
&
o
o

wa/pi

Ex14_35.m
[0 20 40 60 80 100 -80 -60 -40 -20 0];
= 4e4;
1200;
= 5.1760;
= 10;
sumE = 0.0;
for i = 1: N
n=1i-1;
wn = 2*pi*n;
sumC = 0.0;
for j = 1: N
sumC = sumC + f£(j+1)*complex(cos(2*pi*n*j/N), -sin(2*pi*n*j/N))/N;
end
cn = sumC; :
sumE = sumE + ( abs{cn)~2 )/( (k - m*wn*2)+2 + (c*wn)"2 );

Z 93 N & rh o
1

end
Sumg

$ Results: sumE = 1.3760e-006
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Let d = inner diameter of column
t = wall thickness t
1 = height =12 m
E = 200 x 10° N/m?

k = stiffness of column (cantilever)

_3ET _3(200x10°) =
€ 12° 64

Let tank be a thin-walled cylindrical vessel with

D = mean diameter

a = thickness of shell (top & bottom)
b = axial length of shell

water volume = 40 m3

2
b =40 m3

Volume of tank =

Max pressure in tank =p___

. ) D
Max tangential stress in the tank = Pmax =
a
. . o,
Let permissible stress in tank = o, = ?
2

Equating (E,) and (E,), 100 x 10°

Weight of empty steel tank =y, = D a b, where

[(d + t)* — d]

hollow

Circular
column 2

T
b
'S

T

12 m

JL (E)

|

= v h; where ¥ = weight density of water = 9810 N/m3

fm ax

200 x 10°

100 x 108 N/m?

_ 9810hD

Tank

v, = weight density of steel = 7800 g N/m? = 76 518 N/m? (g = 9.81 m/s?)

m, = mass of empty steel tank = 7800 D ab
m_ = mass of water = (40) (1000) = 40 000 kg

Natural frequency of empty tank = m% >27

+
Natural frequency of full tank = 1}% >27

where m,, m  and k are given by (Ey), (E.) and (E,)
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Due to ground acceleration with power spectral density S (w), the mean square of
relative displacement of tank is given by Eq. (E,,) of example (14.6):

S, m m?
E [2%] = Ok—c (E,p)
where ¢ =0.1,c,=0.2 Vvkm and S, = 0.0002/m?/cycle/sec when empty
S 2
E [z = ——0 2t _ <100 x 10~ m? E,)
k (0.2 k mt)

and when full,
i SO (mt + mw)2

E [z9] = <100 x 104 m? E
(2] k(0.2 SN T mw)) < X m (Ej)

We need to find the values of d, t, D, a and b to satisfy the inequalities (Eg), (Ey),
(E,) and (E,,).
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