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FOREWORD

Until recently B-spline curves and surfaces (NURBS) were principally of interest to the
computer aided design community, where they have become the standard for curve and
surface description. Today we are seeing expanded use of NURBS in modeling objects
for the visual arts, including the film and entertainment industries, art, and sculpture.
NURBS are now also being used for modeling scenes for virtual reality applications.
These applications are expected to increase. Consequently, it is quite appropriate for
The NURBS Book to be part of the Monographs in Visual Communication Series.

B-spline curves and surfaces have been an enduring element throughout my pro-
fessional life. . The first edition of Mathematical Elements for Computer Graphics,
published in 1972, was the first computer aided design/interactive computer graph-
ics textbook to contain material on B-splines. That material was obtained through the
good graces of Bill Gordon and Louie Knapp while they were at Syracuse University.
A paper of mine, presented during the Summer of 1977 at a Society of Naval Architects
and Marine Engineers meeting on computer aided ship surface design, was arguably
the first to examine the use of B-spline curves for ship design.

For many, B-splines, rational B-splines, and NURBS have been a bit mysterious.
Consequently, for the last several years a thorough, detailed, clearly written, and easily
understood book on B-splines and rational B-splines has been needed. Thus, it was with
considerable anticipation that I awaited Les Piegl and Wayne Tiller’s book. I was not
disappointed: They have elegantly and fully satisfied that need with The NURBS Book.
In developing the material for the book, they draw from their considerable academic
and industrial experience with NURBS to present this rather complex subject in a
straightforward manner: Their presentation style is clear and detailed. The necessary
mathematics is presented with considerable attention to detail and more than adequate
rigor. The algorithms (many of which are in C-like pseudocode) are well thought out
and meticulously prepared. In the interests of accuracy, each and every illustration in
the book was computer generated — a monumental task. They have created a book of
lasting value.

B-spline curves and surfaces grew out of the pioneering work of Pierre Bézier in the
early 1970s. Perhaps one can consider B-spline curves and surfaces the children of
Bézier curves and surfaces, and nonuniform rational B-splines, or NURBS, the grand-
children. The timing is about right; they have certainly come of age.

Finally, it is only appropriate to acknowledge my pleasure in working with both Les
Piegl and Wayne Tiller to bring this project to fruition.

David F. Rogers
Series Editor
Monographs in Visual Communication



PREFACE

Non-Uniform Rational B-Splines, commonly referred to as NURBS, have become
the de facto industry standard for the representation, design, and data exchange of
geometric information processed by computers. Many national and international stan-
dards, e.g., IGES, STEP, and PHIGS, recognize NURBS as powerful tools for geometric
design. The enormous success behind NURBS is largely due to the fact that

« NURBS provide a unified mathematical basis for representing both analytic
shapes, such as conic sections and quadric surfaces, as well as free-form entities,
such as car bodies and ship hulls;

« designing with NURBS is intuitive; almost every tool and algorithm has an
easy-to-understand geometric interpretation;

+« NURBS algorithms are fast and numerically stable;

« NURBS curves and surfaces are invariant under common geometric transforma-
tions, such as translation, rotation, parallel and perspective projections;

o NURBS are generalizations of nonrational B-splines and rational and nonra-
tional Bézier curves and surfaces.

The excellent mathematical and algorithmic properties, combined with successful in-
dustrial applications, have contributed to the enormous popularity of NURBS. NURBS
play a role in the CAD/CAM/CAE world similar to that of the English language in
science and business: “Want to talk business? Learn to talk NURBS”.

The purpose of this book is basically twofold: to fill a large gap in the literature that
has existed since the early seventies, and to provide a comprehensive reference on all
aspects of NURBS. The literature on NURBS is sparse and scattered, and the available
papers deal mainly with the mathematics of splines, which is fairly complex and requires
a detailed understanding of spline theory. This book is aimed at the average enginecr
who has a solid background in elementary college mathematics and computing. No
doctoral degree is required to understand the concepts and to implement the literally
hundreds of algoritluns that are introduced.

During the four years of writing this book, we lLave

o surveyed the available literature and presented important results;

« continued our research on NURBS and included the latest developments; in fact,
about half of the book contains new material developed in the last few years:

« developed a comprehensive NURBS library, called Nlib V1.0, V2.0. This li-
brary is the result of over 20 man-years of experience in NURBS research and
development, and it combines new and well-tried software practices applied in
previous systems that we designed;
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« tested every single formula and algorithm, and presented graphical illustrations
precisely computed using the routines of Nlib. This book does not contain
any hand-drawn figures; each figure is precisely computed and hence
is accurate.

We are pleased to present all of the accomplishments to the reader: (1) the book as
a comprehensive reference, (2) Nlib source code (to order please see page 639 of this
volume), and (3) the illustrations to instructors who adopt the book to teach a course on
NURBS. In order for the reader to appreciate the enormous amount of work that went
into this reference book, we present some data. To generate the graphical illustrations
and to build Nkb, we wrote exactly (not counting the hundreds of test programs)

« 1,524 programs, that required

« 15,001,600 bytes of storage, which is roughly equivalent to

« 350,000 lines of code.
It was no picnic!

Some years ago a few researchers joked about NURBS, saying that the acronym really
stands for Nobody Understands Rational B-Splines. We admit that our colleagues
were right. In the last four years, we were largely influenced by this interpretation
and tried to present the material in the book in an intuitive manner. We hope that
this helps change the acronym NURBS to EURBS, that is, Everybody Understands
Rational B-Splines. We welcome the reader’s opinion on our job and suggestions on

‘possible improvements.

It is our pleasure to acknowledge the help and support of many people and organi--

zations. First and foremost, we are grateful to our spouses, Karen Piegl and LaVella
Tiller, for their patience, support, and love. We owe special thanks to Nancy Rogers of
NAR Associates for the beautiful typesetting job, and David Rogers for the editorial
and technical discussions that led to many improvements in the manuscript. We also
thank Jim Oliver and Tim Strotman for the many suggestions and technical corre-
spondence that helped shape this book into its current form. Tiller also thanks the
many past and present colleagues in industry who over the years contributed inspiring
discussions, valuable insights, support, and collegial companionship: They know who
they are. Piegl’s research was supported in part by the National Science Foundation
under grant CCR-9217768 awarded to the University of South Florida, and by various
grants from the Florida High Technology and Industry Council.

March 1995 Les Piegl
Wayne Tiller

It is less than a year since the first printing of The NURBS Book. Due to its popularity,
Springer-Verlag decided to publish a soft cover edition of the book. Apart from being
significantly more affordable, the second printing corrects a number of errors; redesigns
Algorithm A3.5 to eliminate the use of a local array; and fixes minor bugs in the
knot insertion algorithins, A5.1 and A5.3, as well the degree elevation algorithm, A5.9.
Apart from these corrections, this printiug is identical to the first printing.

July 1996 Les Piegl
Wayne Tiller
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CHAPTER
ONE

Curve and Surface Basics

1.1 Implicit and Parametric Forms

The two most common methods of representing curves and surfaces in geometric
modeling are implicit equations and parametric functions.

The implicit equation of a curve lying in the zy plane has the form f(z, y)=0.
This equation describes an implicit relationship between the z and y coordinates
of the points lying on the curve. For a given curve the equation is unique up to
a multiplicative constant. An example is the circle of unit radius centered at the
origin, specified by the equation f(z,y) = 2 +y* — 1 = 0 (Figure 1.1).

In parametric form, each of the coordinates of a point on the curve is repre-
sented separately as an explicit function of an independent parameter

C(u) = (z(u),y(u)) a<u<b

Thus, C(u) is a vector-valued function of the independent variable, u. Although
the interval [a, b] is arbitrary, it is usually normalized to [0, 1]. The first quadrant
of the circle shown in Figure 1.1 is defined by the parametric functions

z(u) = cos(u)

y(u) =sin(u) 0<u<g —g (1.1)

Setting ¢ = tan(%/2), one can derive the alternate representation

1—1¢2
)= —x
z(t) e
2t
y(t) = T8 0<t<1 (1.2)

Thus, the parametric representation of a curve is not unique.
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Radius =1

Figure 1.1. A circle of radius 1, centered at the origin.

It is instructive to think of C(u) = (z(u),y(u)) as the path traced out by a
particle as a function of time; u is the time variable, and [a, b] is the time inter-
val. The first and second derivatives of C(u) are the velocity and acceleration
of the particle, respectively. Differentiating Eqgs. (1.1) and (1.2) once yields the
velocity functions

C'(u) = (z'(u),y' (u)) = (- sin(u), cos(u))

_ 42
o) = 0w0) - (g ren)

Notice that the magnitude of the velocity vector, C'(u), is a constant

|C’(u)| = 4/sin®(u) + cos?(u) = 1

i.e., the direction of the particle is changing with time, but its speed is constant.
This is referred to as a uniform parameterization. Substituting ¢t =0and t =1
into C/'(t) yields C'(0) = (0,2) and C'(1) = (—1,0), i.e., the particle’s starting
speed is twice its ending speed (Figure 1.2).

A surface is defined by an implicit equation of the form f(z,y,z) = 0. An ex-
ample is the sphere of unit radius centered at the origin, shown in Figure 1.3 and
specified by the equation z2 + 42+ 22 — 1 = 0. A parametric representation (not
unique) of the same sphere is given by S(u,v) = (x(u,v), y(u, ), z(u,v)), where

z(u,v) = sin(u) cos(v)
y(u,v) = sin(u) sin(v)

z(u,v) =cos(u) O0<u<m 0<v<2rn (1.3)

Implicit and Parametric Forms 3

v A C'(t =0)
)
Cu=1)=C'(t=1)
C'(u=0)
\
e T

Figure 1.2. Velocity vectors C'(u) and C'(t) at u,t =0, and 1.

Notice that two parameters are required to define a surface. Holding u fixed
and varying v generates the latitudinal lines of the sphere; holding v fixed and
varying u generates the longitudinal lines.

Radius =1

Figure 1.3. A sphere of radius 1, centered at the origin.
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Denote the partial derivatives of S(u,v) by Su(u,v) = (zu(u, ), Yu(u,v),
z,(u,v)) and Sy(u,v) = (zo (4, v), Yo (1, v), 2o (u, v)}), i.e., the velocities along
latitudinal and longitudinal lines. At any point on the surface where the vector
cross product S, X S, does not vanish, the unit normal vector, N, is given by
(Figure 1.4)

S. xS,

N=15.%5.

(1.4)

The existence of a normal vector at a point, and the corresponding tangent
plane, is a geometric property of the surface independent of the parameterization.
Different parameterizations give different partial derivatives, but Eq. (1.4) always
yields N provided the denominator does not vanish. From Eq. (1.3) it can be
seen that for all v, 0 < v < 2w, 8,(0,v) = Sy(w,v) = 0, that is, Sy vanishes
at the north and south poles of the sphere. Clearly, normal vectors do exist
at the two poles, but under this parameterization Eq. (1.4) cannot be used to
compute them.

Of the implicit and parametric forms, it is difficult to maintain that one is
always more appropriate than the other. Both have their advantages and dis-
advantages. Successful geometric modeling is done using both techniques. A
comparison of the two methods follows:

Az

Sy

Figure 1.4. Partial derivative and unit normal vectors of S(u,v).

Power Basis Form of a Curve 5

« By adding a z coordinate, the parametric method is easily extended to repre-
sent arbitrary curves in three-dimensional space, C(u) = (z(u),y(u), z(u));
the implicit form only specifies curves in the xy (or xz or yz) plane;

It is cumbersome to represent bounded curve segments (or surface patches)
with the implicit form. However, boundedness is built into the parametric
form through the bounds on the parameter interval. On the other hand,
unbounded geometry (e.g., a simple straight line given by f(z,y) = az +
by + ¢ = 0) is difficult to implement using parametric geometry;

« Parametric curves possess a natural direction of traversal (from C(a) to
Ch)ifa<uc< b); implicit curves do not. Hence, it is easy to generate
ordered sequences of points along a parametric curve. A similar statement
holds for generating meshes of points on surfaces;

« The parametric form is more natural for designing and representing shape in
a computer. The coefficients of many parametric functions, e.g., Bézier and
B-spline, possess considerable geometric significance. This translates into
intuitive design methods and numerically stable algorithms with a distinctly
geometric flavor;

« The complexity of many geometric operations and manipulations depends
greatly on the method of representation. Two classic examples are:

— compute a point on a curve or surface — difficult in the implicit form;

— given a point, determine if it is on the curve or surface — difficult in
the parametric form;

« In the parametric form, one must sometimes deal with parametric anoma-
lies which are unrelated to true geometry, An example of this is the unit
sphere (see Eq.[1.3]). The poles are parametric critical points which are
algorithmically difficult, but geometrically the poles are no different than
any other point on the sphere.

We are concerned almost exclusively with parametric forms in the remainder
of this book. More details on implicit and parameteric forms can be found in
standard texts ([Faux81; Mort85; Hoff89; Beac91]).

1.2 Power Basis Form of a Curve

Clearly, by allowing the coordinate functions z(u), y(u), and z(u) to be arbi-
trary, we obtain a great variety of curves. However, there are trade-offs when
implementing a geometric modeling system. The ideal situation is to restrict
ourselves to a class of functions which

« are capable of precisely representing all the curves the users of the sys-
tem need;

« are easily, efficiently, and accurately processed in a computer, in particu-
lar:

— the computation of points and derivatives on the curves is efficient;
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— numerical processing of the functions is relatively insensitive to float-
ing point round-off error;

— the functions require little memory for storage;
« are simple and mathematically well understood.

A widely used class of functions is the polynomials. Although they satisfy
the last two criteria in this list, there are a number of important curve (and
surface) types which cannot be precisely represented using polynomials; these
curves must be approximated in systems using polynomials. In this section and
the next, we study two common methods of expressing polynomial functions,
power basis and Bézier. Although mathematically equivalent, we will see that
the Bézier method is far better suited to representing and manipulating shape
in a computer.

An nth-degree power basis curve is given by

n

C(u) = (z(u),y(u), 2(uw)) = Zaiui 0<u<l1 (1.5)

=0

The a; = (z;,y:, 2;) are vectors, hence

z(u) = Zmiui y(u) = Zyiui 2(u) = Z 2’
=0

=0 =0
In matrix form Eq. (1.5) is

1
Clw) =(a0 a - aa]| . | =lal[w] (16)

uTL

(We write a row vector as the transpose of a column vector.)
Differentiating Eq. (1.5) yields

_ COw)|u=o
i il

where C® (u)|y—0 is the ith derivative of C(u) at u = 0. The n + 1 functions,
{u?}, are called the basis {or blending) functions, and the {a;} the coefficients
of the power basis representation. ‘

Given ug, the point C(ug) on a power basis curve is most efficiently computed
using Horner’s method

o for degree = 1 : C(ug) = ajug + ag

. degree = 2 : C(ug) = (agug + a1) ug + ag

«  degree =n: C(ug) = ((-- (antuo + an—1)uo +an—2) uo + - +ao

Power Basis Form of a Curve 7

The general algorithm is

ALGORITHM A1.1
Horner1l(a,n,u0,C)

{ /* Compute point on power basis curve. */
/* Input: a,n,u0 x*/
/* Output: C */

C = aln];

for (i=n-1; i>=0; i--)
C = C*xu0 + ali];

}

Examples

Exl.1 n=1. C(u) =ag+ au, 0 <u <1, is a straight line segment between
the points ag and ag -+ a; (Figure 1.5). The constant C'(u) = a; gives
the direction of the line.

Ex1.2 n=2. In general, C(u) = ap +aju+agu?, 0 < u < 1, is a parabolic arc
between the points ag and ag + a; + ag (Figure 1.6). This is shown by

1. transforming C(u) into the zy plane (C(u) does lie in a unique plane);

2. setting £ = z9 + T1u + z2u? and y = Yo + y1u + y2u?, and then
eliminating » and 42 from these equations to obtain a second-degree
implicit equation in z and y;

3. observing that the form of the impliéit equation is that of a parabola.

Notice that the acceleration vector, C"(u) = 2ay, is a constant. There
are two special (degenerate) cases of interest, both occurring when the
vector aj is parallel to the initial tangent vector, a; (when z;y2 = zoy1).
In this case, the tangent vector does not turn, i.e., we get a straight line.
The vector az can point in the same direction as a; (Figure 1.7a), or
in the opposite direction (Figure 1.7b). In Figure 1.7b, a; + 2asup = 0
for some 0 < ug < 1 (velocity goes to zero, the particle stops), and a
portion of the line segment is retraced in the opposite direction.

ap +a

ay

Figure 1.5. Straight line segment,

ay C(u) = ap + au.
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ay
a;
C(uo)
ap +a; +ap . /ao+a1+az
ag ag
a; + 2a, ' . az
(b)

Figure 1.6. Parabolic arc, C(u) = ap + au + asu®. Figure 1.7. (Continued.)

2 3 1.3 Bézier Curves
Ex1.3 n = 3. The cubic, C(u) = ag + aju + au® + azu’, is a very general

curve; it can be a truly twisted three-dimensional curve, not lying in a
single plane (Figure 1.8a); it can have an inflection point (Figure 1.8b);
a cusp (Figure 1.8c); or a loop (Figure 1.8d). A twisted curve results
if ag,a;,a2,as do not lie in a unique plane. An inflection point on a

Next we study another parametric polynomial curve, the Bézier curve. Since they
both use polynomials for their coordinate functions, the power basis and Bézier
forms are mathematically equivalent; i.e., any curve that can be represented in
. ; one form can also be represented in the other form. However, the Bézier method
planar curve is defined as a point where the curve is smooth (_m,) cus.p) is superior to the power basis form for geometric modeling. Our presentation
and the tangent line at that point passes through the curve. This implies of Bézier curves is rather informal; for a more rigorous and complete treatment

a chauge”in the turning, directiox}, of the curve. At an inflection point, the reader should consult other references [Forr72; Bezi72, 86; Gord74a; Chan8l;
either C"(u) = 0, or C'(u) || C”(u). A necessary (but not sufficient) Fari93; Yama88; Hosc93; Roge90)].

condition for a cusp at u = ug is C'(up) = 0 (velocity zero). Conditions

for a loop to occur are also known (see [Ferg66, 67, 69, 93; Forr70, 80; o . . . .

Wang81; Ston89; Sus9)). « it is unnatural for interactive shape design; the coefficients {a;} convey
very little geometric insight about the shape of the curve. Furthermore, a
designer typically wants to specify end conditions at both ends of the curve,
not just at the starting point;

ag +a; + ay « algorithms for processing power basis polynomials have an algebraic rather
than a geometric flavor (e.g., Horner’s method);
a « numerically, it is a rather poor form; e.g., Horner’s method is prone to
round-off error if the coefficients vary greatly in magnitude (see [Faro87, 88;
Dani89}).
‘ ) The Bézier method remedies these shortcomings.
ag / An nth-degree Bézier curve is defined by
az

(a) ' Clu) = iB,-,,,(u) P, 0<u<1 (1.7)

Figure 1.7. a; and a, parallel. (a) Same direction; (b) opposite directions. i=0

The power basis form has the following disadvantages:
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Cusp

// )
C'(u)=0

Twisted cubic

z y
(c)
(a)
y C'(w)||C"(w)
or
/ C"(u) =0
Loop —
Inflection point
z
(b)
Figure 1.8. Cubic curves. (a) Three-dimensional twisted; (b) inflection point; (c) cusp;
(d) loop. (d)
The basis (blending) functions, {B; . (u)}, are the classical nth-degree Bernstein Figure 1.8. (Continued.)
olynomials ([Bernl2; Lore86]) given b;
poly (I e 'y Ex1.5 n = 2. From Egs. (1.7) and (1.8) we have C(u) = (1 — u)®*Pp +
Bin(u) = M Q- (1.8) 21}(1 —u)Py + u.2 P,. This is a parabolic arc from Py to P (see
i(n —i)! : Figure 1.10). Notice that
The geometric coefficients of this form, {P;}, are called control points. Notice « the polygon formed by {Py, P1, P2}, called the control polygon, ap-

that the definition, Eq. (1.7), requires that u € [0, 1}. proximates the shape of the curve rather nicely;

« Pp= C(O) and Pp = C(l);
« the tangent directions to the curve at its endpoints are parallel to
Ex1.4 n = 1. From Eq. (1.8) we have Bp;(u) = 1 —u and B; ;(u) = u; and P; — Py and P, — Py (this is derived later);

Eq. (1.7) takes the form C(u) = (1—u) Py +uP;. This is a straight line « th ; S .
segment from Po to P; (see Figure 1.9). e curve is contained in the triangle formed by Py P; Ps.

Examples
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Py, = C(0)

Figure 1.9. A first-degree Bézier curve.

Ex1.6 n=3. We have C(u) = (1—u)? Py+3u(l1—u)? P; +3u?(1—u) Py +u® P;.
Examples of cubic Bézier curves are shown in Figures 1.11a to 1.11f.
Notice that

the control polygons approximate the shapes of the curves;
Py = C(0) and P3 = C(1);
the endpoint tangent directions are parallel to P, — Py and P; — Py;

convex hull property: the curves are contained in the convex hulls of
their defining control points (Figure 1.11c);

variation diminishing property: no straight line intersects a curve
more times than it intersects the curve’s control polygon (for a three-
dimensional Bézier curve, replace the words ‘straight line’ with the

P

Py = C(0) P, = C(1)

Figure 1.10. A second-degree Bézier curve.

Bézier Curves 13

Py
P,

Py P;.
(a)

Figure 1.11. Cubic Bézier curves.

word ‘plane’). This expresses the property that a Bézier curve follows
its control polygon rather closely and does not wiggle more than its
control polygon (Figure 1.11f);

« initially (at v = 0) the curve is turning in the same direction as
PoPP,. At u =1 it is turning in the direction P; P, Ps;

« a loop in the control polygon may or may not imply a loop in the
curve. The transition between Figure 1.11e and Figure 1.11f is a
curve with a cusp.

Py

P3 P2

Py

(b)

Figure 1.11. (Continued.)
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P,

P

Po=P;

(d)
Figure 1.11. (Continued.)

Ex1.7 n = 6. Figure 1.12 shows a sixth-degree, closed Bézier curve. The curve
is smooth at C(0) ( = C(l)) because P; — Py is parallel to Ps — Ps.
By smooth we mean that the tangent vectors at u = 0 and u = 1 have
the same direction.

In addition to the previously mentioned properties, Bézier curves are invariant
under the usual transformations such as rotations, translations, and scalings;

Bézier Curves 15

P, P

P.
P, 3

(®

P2 Pl

Py Py

(f)
Figure 1.11. (Continued.)

that is, one applies the transformation to the curve by applying it to the control
polygon. We present this concept more rigorously in Chapter 3 for B-spline
curves (of which Bézier curves are a special case).

In any curve (or surface) representation scheme, the choice of basis functions
determines the geometric characteristics of the scheme. Figures 1.13a~d show the
basis functions { B; ,(u)} for n = 1,2,3,9. These functions have these properties:

P1.1  nonnegativity: B; ,(u) >0 foralli,n and 0 < u < 1;
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P,

Py

Py

Py=Fg

o

Py Py

Figure 1.12. A smooth, closed, sixth-degree Bézier curve.

P1.2
P1.3
P1.4

P1.5

partition of unity: 3 ;. o Bin(u) =1forall 0 <u <1,

BO,n(O) = Bn,n(l) =1 .
B; »(u) attains exactly one maximum on the interval [0, 1], that is, at
u = i/n;

symmetry: for any n, the set of polynomials {B; »(u)} is symmetric with
respect to u = 1/

Bo,
Bl,l

(a)

Figure 1.13. The Bernstein polynomials for (a) n=1; () n=2;(c)n=3; (d)n=09.

Bézier Curves 17

(b)

Figure 1.13. (Continued.)

P1.6

recursive definition: B; ,(u) = (1 — u)B;n-1(u) + uBi—jn-1(u) (see
Figure 1.14); we define B; ,(u) =0if i < 0 or ¢ > n;

derivatives:
dB,, nllU
B (u) = '“‘Eu(—)" = n(Bi-1,n-1(4) = Bin-1(u))
with B_l,n_l(u) = Bn,n._l(u) =0

Figure 1.15a shows the definition of B; 5, and Figure 1.15b illustrates all
the cubic derivative functions.

B3 By

(©

Figure 1.13. (Continued.)



18 Curve and Surface Basics i Bézier Curves 19

Bys
Bo_g BQ,Q
Bys
B e By B4 l Baa
(d)
Figure 1.13. (Continued.)
From Eq. (1.8) we have Bog(u) = 1. Using property P1.6, the linear and @
quadratic Bernstein polynomials are

Bo1(u) = (1 —u)Boo(u) + uB-16(u) =1—u
By 1(u) = (1 — u)Byo(u) + uBoo(u) =u B,
Boa(u) = (1 — u)Bo,1(u) + uB_y1(u) = (1 - u)?

By 2(u) = (1 — u)By,1(u) +uBo,(u) = (1 —wu+u(l - u) = 2u(l —u)
By a(u) = (1 — u)Ba,1(u) + uBy,1(u) = u?

’
B33

(l*—-’lt) U

BO,2

(b)

Figure 1.15. Derivatives. (a) The derivative Bj 5(u) in terms of By 4(u) and Bg 4(u);
Bis B2 (b) the derivatives of the four cubic Bernstein polynomials, Bp 3(u); Bj 3(x); Bj s(u);
Bs 3(u).

Property P1.6 yields simple algorithms to compute values of the Bernstein
polynomials at fixed values of u. Algorithm A1.2 computes the value B; ,(u) for

Figure 1.14. The recursive definition of the Bernstein polynomial, Bj 3(u). fixed u. The computation of Bys is depicted in Table 1.1.
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ALGORITHM A1.2 Table 1.2. Computation of all the cubic Bernstein

Bernstein(i,n,u,B) polynomials.
{ /* Compute the value of a Bernstein polynomial. */ B_;; Bogs
/* Input: i,n,u */
/* Output: B */ 7
for (j=0; j<=n; j++) /* compute the columns */ B_1o B
temp[j] = 0.0; /* of Table 1.1 */ ' 02
temp[n-i] = 1.0; /* in a temporary array */ Va \
ul = 1.0~u;
for (k=1; k<=n; k++) Bo,x B3
for (j=n; j>=k; j--)
temp[j] = ul*temp[jl + ustempl[j-1]; 4 N 7
B = temp[n]; 1= Bo, B2
}
N / N\
Algorithm A1.3 computes the n + 1 nth-degree Bernstein polynomials which Bi. B
are nonzero at fixed u. It avoids unnecessary computation of zero terms. The ' 2,3
algorithm is depicted in Table 1.2 for the cubic case. N a
ALGORITHM A1.3 Bio Baa
AllBernstein(n,u,B) !
N\
Table 1.1. The computation of Bi,3. Bz Bss
0= B...z,o B—1,2
~ { /* Compute all nth-degree Bernstein polynomials. */
Bo1a Bos /* Input: n,u =*/
/* QOutput: B (an array, B[0],...,B[n]) #*/
Ve N B[0] = 1.0;
ul = 1.0-u;
0=DB_10 By,2 for (j=1; j<=n; j++)
N
4 N saved = 0.0;
Bo,1 Bis for (k=0; k<j; k++)
{
4 > 4 temp = Blk];
1= Boo Bis B[kl = saved+ul¥temp;
saved = u*temp;
N /7 }
B[jl = saved;
B Bags : }
/ }
0=Bio Bas Algorithm A1.4 combines A1.3 and Eq. (1.7) to compute the point on an

nth-degree Bézier curve at a fixed u value.




22 Curve and Surface Basics

ALGORITHM Al1.4
PointOnBezierCurve(P,n,u,C)
{ /* Compute point on Bezier curve. */
/* 1Input: P,n,u */
/* Output: C (a point) */
AllBernstein(n,u,B) /* B is a local array */
C = 0.0;
for (k=0; k<=n; k++) C = C + Bikl*P[kl;
}
Using property P1.7, it is easy to derive the general expression for the deriva-
tive of a Bézier curve

d (Xn: Bi,n (U) P,) n
=2 = Bi.()P;

du =0

C'(u) =

= Z"(B'—l,n_l(u) - B‘i,n—-l(u)) P;
=0

= nZB,-,nwl(u)(PiH - P,,) (19)
=0

From Eq. (1.9) we easily obtain formulas for the end derivatives of a Bézier
curve, e.g.
C'(0) = n(Py — Py) C"(0) = n(n — 1)(Po — 2Py + Py)
C'(1) =n(Pp ~ Pay)  C"(1) =n(n—1)(Py —2Pn1+ Poa)  (L10)

Notice from Eqgs. (1.9) and (1.10) that

. the derivative of an nth-degree Bézier curve is an (n — 1)th-degree Bézier
curve;

« the expressions for the end derivatives at u = 0 and u = 1 are symmetric
(due, of course, to the symmetry of the basis functions);

« the kth derivative at an endpoint depends (in a geometrically very intuitive
manner) solely on the k + 1 control points at that end.

Let n =2 and C(u) = Z?:o Bi;2(u) P;. Then
Clu)=(1-u)?Py+2u(l —u) P + ul Py
= (1-u)(£1—u)Po+uP1) +u((1—u) Py +uPy)

linear linear

Thus, C(u) is obtained as the linear interpolation of two first-degree Bézier
curves; in particular, any point on C(u) is obtained by three linear interpolations.

Bézier Curves 23

Po u=2f P,

Figure 1.16. Obtaining a point on a quadratic Bézier curve by repeated linear inter-
polation at up = 2/s.

Assuming a fixed © = uo and letting Py1g = (1 — ug) Po + 4o Py, P13 = (1 -
ug) P, + uyPs, and PQ’Q = (1 - ’U,Q) Pl,O + ’LE()Pl,l, it follows that C(’LL()) =
P3yo. The situation is depicted in Figure 1.16, and the cubic case is shown in
Figure 1.17.

Denoting a general nth-degree Bézier curve by C,(Py, ..., P,), we have

Cn(Po,. “ey Pn) = (1 - ’U.)Cn_l(Po, ey Pn——l)
+U~Cn_1(P1,...,Pn) (111)

Py u = 2/ 5 P

Figure 1.17. A point on a cubic Bézier curve by repeated linear interpolation at ug = 2/s.
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This follows from the recursive definition of the basis functions (see P1.6). Fixing
u = ug and denoting P; by Pg;, Eq. (1.11) yields a recursive algorithm for
computing the point C(ug) = Pno(uo) on an nth-degree Bézier curve, i.e.

k=1,...,n
Pyi(uo) = (1 — uo) Pr—1,i(uo0) +vo Pr—1,641(u0) forg 0,...,n—k (1.12)

Equation (1.12) is called the deCasteljau Algorithm (see [Boeh84; deCa86,
93]). It is a corner cutting process (see Figures 1.16 and 1.17) which yields the
triangular table of points shown in Table 1.3.

ALGORITHM A1.5
deCasteljaul(P,n,u,C)
{ /* Compute point on a Bézier curve */
/* using deCasteljau */
/* Input: P,n,u */
/* Output: C (a point) */
for (i=0; i<=n; i++) /* Use local array so we do not */
Qfil = P[il; /* destroy control points */
for (k=1; k<=n; k++)
for (i=0; i<=n-k; i++)
Qli] = (1.0-w)*Q[il + u*Q[i+1];
¢ = q[ol;
}

We conclude this section with a comparison of the Bézier and power basis
methods. Clearly, the Bézier form is the more geometric of the two. Equation
(1.10), together with the convex hull and variation diminishing properties, makes

Table 1.3. Points generated by the deCasteljau algorithm.

Py
Pio
P, Pao
P
P
: Pn_1,0
‘Pno = C(uo)
Pn-—l,l
Pn-—2
Pl,n—Z
P, Pan-2
Pin-:

)

P,
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Bézier curves more suitable for interactive curve design.  The control points give
the designer a more intuitive handle on curve shape than do the power basis
coefficients. Furthermore, the deCasteljau algorithm is less prone to round-off
error than Horner’s algorithm. This is intuitively clear when one considers that
the deCasteljau algorithm is simply repeated linear interpolation between points,
all of which lie in the vicinity of the curve. The only disadvantage of the Bézier
form is that point evaluation is less efficient (see Algorithms A1.1, A1.4, and
A1.5, and Exercise 1.13 later in the chapter).

1.4 Rational Bézier Curves

Next we introduce the concepts of rational curves and homogeneous coordinates.
To illustrate these concepts we give a brief introduction to rational Bézier curves.
These curves are special cases of rational B-spline curves and as such are treated
more completely and rigorously in subsequent chapters.

Although polynomials offer many advantages, there exist a number of im-
portant curve and surface types which cannot be represented precisely using
polynomials, e.g., circles, ellipses, hyperbolas, cylinders, cones, spheres, etc. As
an example, we give a proof that the unit circle in the zy plane, centered at
the origin, cannot be represented using polynomial coordinate functions. To the
contrary, let us assume that

z(u) = ag + ayu + - - - + anu®

y(w) = by + bru+ -+ - + bpu®

Then 22 + y? — 1 = 0 implies that
0=(ao+aiu+-+au™)? + (bp + bru+ -+ bu™)® — 1
= (ad + b — 1) + 2(aoas + bob1)u + (a? + 2a0ay + b? + 2bobs)u?
+ oo+ (@) + 20n-2an + b} + 2bp_nbs)u"
+ 2(@nan-1 + bpbu—1)u?™ ! + (a2 + b2 )u*"
This equation must hold for all u, which implies that all coefficients are zero.

Starting with the highest degree and working down, we show in n steps that all
a;=0and b, =0for1 <:<n.

Step
1. a2 + b2 = 0 implies a,, = b, = 0.

2. a2 _,+2an_20,+b2_;+2b,_2b, = 0 and Step 1 imply that a_+b2_, =0
which implies that a,,_1 = b,_; = 0.
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n. a? + 2a0as + b? + 2bobs = 0 and Step n — 1 imply that af + bf = 0, which
implies that a1 = b; = 0.
Thus, z(u) = ao and y(u) = by, which is an obvious contradiction.
It is known from classical mathematics that all the conic curves, including
the circle, can be represented using rational functions, which are defined as the
ratio of two polynomials. In fact, they are represented with rational functions

of the form
o) = it )= e (1.13)

where X (u), Y (u), and W(u) are polynomials, that is, each of the coordinate
functions has the same denominator.

Examples

Ex1.8 Circle of radius 1, centered at the origin

1—u? 2u

W=1e YWWe1re

Ex1.9 Ellipse, centered at the origin; the y-axis is the major axis, the z-axis is
the minor axis, and the major and minor radii are 2 and 1, respectively

1—u? 4u

sW=ire YW= re

Ex1.10 Hyperbola, center at P = (0, 4/3); the y-axis is the transverse axis

. —1+42u (u) = 4u(1l — u)
o) = oo YW T T T

The lower branch (with vertex at P = (0, 2/3)) is traced out for

ue(l—\/ﬁ 1+J§>

2 72

Ex1.11 Parabola, vertex at the origin; the y-axis is the axis of symmetry

zw)=u ylu) =1’

Notice that the parabola does not require rational functions. The reader
should sketch these functions. For the circle equations it is easy to see that
for any u, (z(u),y(u)) lies on the unit circle centered at the origin

1—u? 2+ 2u \?

1+ u? 1+ u?

1-2u? +ut + 4w (1+0?)?
A+uw)? (1 +ud)y

(@(w)® + (y(w)®
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Define an nth-degree rational Bézier curve by (see [Forr68; Pieg86; Fari83, 89])

Z Bi,'n (u)w, P,
Cluy=22 ——  0<u<i (1.14)

Z Bi n(u)w;

=0
The P; = (%i,yi,2i) and Bjn(u) are as before; the w; are scalars, called the
weights. Thus, W(u) = Y& Bin(u)w; is the common denominator function.
Except where explicitly stated otherwise, we assume that w; > 0 for all 7. This
ensures that W(u) > 0 for all u € {0,1]. We write

Cu)=) Rin(w)P; 0<u<l (1.15)
=0
where R, (u) = —;l?ﬂ&)-%—-
ZB jn(W)w;
3=0

The R;,(u) are the rational basis functions for this curve form. Figure 1.18a
shows an example of cubic basis functions, and Figure 1.18b a corresponding
cubic rational Bézier curve.
The R; »(u) have properties which can be easily derived from Eq. (1.15) and
the corresponding properties of the B;,(u):
P1.8 nonnegativity: R; ,(u) >0 foralli,nand 0 <u < 1;
P1.9 partition of unity: >, (Rin(u) =1foral0<u<;
P1.10 Ron(0) = Rnn(1) =1;
P1.11 R;,(u) attains exactly one maximum on the interval [0, 1];
P1.12 if w; = 1 for all 4, then R; »(u) = B;n(u) for all ¢; i.e., the B;,(u) are a
special case of the R; ,(u).
These yield the following geometric properties of rational Bézier curves:

P1.13 convex hull property: the curves are contained in the convex hulls of their
defining control points (the P;);

P1.14 transformation invariance: rotations, translations, and scalings are ap-
plied to the curve by applying them to the control points;

P1.15 variation diminishing property: same as for polynomial Bézier curves (see
previous section);

P1.16 endpoint interpolation: C(0) = Py and C(1) = P,;

P1.17 the kth derivative at © = 0 (u = 1) depends on the first (last) k + 1
control points and weights; in particular, C’(0) and C’(1) are parallel to
P, — Py and P, — P,,_;, respectively;

P1.18 polynomial Bézier curves are a special case of rational Bézier curves.
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Ro3 Rss
Ry3

Py Py

wp =1 w3 =1
(b)

Figure 1.18. Rational cubic. (a) Basis functions; (b) Bézier curve.

Example

Ex1.12 Let us consider the rational Bézier circular arc.
1—u?  2u <1
Cw) = (@) = (1o o) 0Sus
represents one quadrant of the unit circle, as shown in Figure 1.19a. We
now derive the quadratic rational Bézier representation of this circular
arc. Clearly, from P1.16 and P1.17, Py = (1,0), P, = (1,1), and
P2 = (0,1). For the weights we have

2
W) =1+u?= zBi,g(u)wi = (1 - u)?wp + 2u(l — w)w; + v’we
i:=0
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Y
(1)
z
(1,0
(2)
Y
Wy = 2
P2 g Pl
wy = 1
wp = 1
z
Py
(b)

Figure 1.19. Representation of the unit circle. (a) z(u) = (1 "“2)/(1+u2) and

y(u) = (2u)/ (1 + u?) for one quadrant; (b) the Bézier representation corresponding
to Figure 1.19a (wo = 1, w1 = 1, wp = 2).

Substituting u = 0 yields wg = 1, and u = 1 yields wy = 2. Finally,
substituting u = 1 yields 5/4 = /ywo + Yow; + Yaws, and using wy = 1
and we = 2 yields w; =1 (see Figure 1.19b).

Rational curves with coordinate functions in the form of Eq. (1.13) (one com-
mon denominator) have an elegant geometric interpretation which yields efficient
processing and compact data storage. The idea is to use homogeneous coordi-
nales to represent a rational curve in n-dimensional space as a polynomial curve
in (n + 1)-dimensional space (see [Robe65; Ries81; Patt85]). Let us start with
a point in three-dimensional Euclidean space, P = (z,y,2). Then P is written
as P¥ = (wz,wy,wz,w) = (X,Y, Z, W) in four-dimensional space, w # 0. Now
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P is obtained from P by dividing all coordinates by the fourth coordinate, W,
i.e., by mapping P¥ from the origin to the hyperplane W =1 (see Figure 1.20
for the two-dimensional case, P = (z,y)). This mapping, denoted by H, is a
perspective map with center at the origin

XY Z
=, = if W#0
P = H{P"} = H{(X,Y,Z,W)} = (W w W) l

direction (X,Y,Z) W =0 (1.16)

Notice that for arbitrary z,y, z, w1, w2, where w) # wa

H{ PWI} = H{(wlm, w1y, w1z7w1)} = (.'II, Y, Z)
= H{(wzﬂi» waY, Wz, w?)} - H{ sz}
Now for a given set of control points, {P;}, and weights, {w;}, construct the

weighted control points, P¥ = (w;x;, wiys, wiz;, w;). Then define the nonrational
(polynomial) Bézier curve in four-dimensional space

C¥(u)=)_ Bin(u) PY (1.17)

1:=0

(XY, W)

)
_ \

Y

Y

Figure 1.20. A representation of Euclidean points in homogeneous form.
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Then, applying the perspective map, H, to C¥(u) yields the corresponding
rational Bézier curve of Eq. (1.14) (see Figure 1.21), that is, Wntmg out the
coordinate functions of Eq. (1.17), we get

X(w) =Y Bn@waz: Y =) Bia(wwwy

=0 =0

Z(u) = Bin(wwizi W)=Y Bin(uw;

=0 i=0

Locating the curve in three-dimensional space yields

_ X(uw) _ i
z(u) W (u) 3> By
yard in i
Bi,n Ujw;y;
w YW ; (wywiy
Y W

i Bin(u)w;

=0

Using vector notation, we get

Z Bin(wywi(zi, yi, z:)
C(u) = (z(u), y(u), 2(u)) = =2—
Z B o (u)w;

i=0

Z Bi,n (u)wt Pz
= (1.18)
Y Bin(u)w;

=0
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Figure 1.21. A geometric construction of a rational Bézier curve.

For algorithms in this book we primarily use the form given by Eq. (1.17),
and an analogous form for rational B-spline curves. Thus, nonrational forms
are processed in four-dimensional space, and the results are located in three-
dimensional space using the map H. We refer interchangeably to either C¥(u)
or C(u) as the rational Bézier (or B-spline) curve, although strictly speaking,
C™®(u) is not a rational curve.

Examples

Ex1.13 Let us return to the circular arc of Figure 1.19b. We have Py = (1,0),
P, = (1,1), P, = (0,1), and wg = 1, w3 = 1, wo = 2. Hence, for
Eq. (1:17) the three-dimensional control points are Py = (1,0,1), P¥ =
(1,1,1), and Py = (0,2,2). Then C¥(u) = (1-u)? Py +2u(l—u) PY +
u® P3 is a parabolic arc (nonrational), which projects onto a circular
arc on the W = 1 plane (see Figure 1.22).

Let up be fixed. Since C*¥(u) is a polynomial Bézier curve, we use
the deCasteljau algorithm to compute C*(up); subsequently, C{ug) =
H{C"(up)}. Thus, we apply Eq. (1.12) to the P¥

w w k =
Py i(uo) = (1 —uo) Pi_y; +uo PY_; ;. for { .

Rational Bézier Curves 33

Y

Figure 1.22. A homogeneous representation of a circular arc.

Ex1.14 Let us apply Eq. (1.19) to compute the point at u = 1/ on the rational

Bézier circular arc of Example 1.13. The arc is given by C¥(u) =
(1 - u)? Py + 2u(l — u) Py + w? Py, where Py = (1,0,1), P¥ =
(1,1,1), P7 = (0,2,2). The triangular set of generated points is shown
in Table 1.4. Then C(12) = H{C"(Y2)} = H{(3/s,1, 3/0)} = (3%, 4s).

Now let us compute the point using the other representations we have

developed. Let
_((1=u?)  (2u)
o= (e wrem)

Table 1.4. Generation of the ‘point C¥(12) on the
circular arc.

(1,0,1)

(1,1,1) (212) = C‘"(%)

(0,2,2)
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Then o(l)- 1- (%) 2(%))2 _ (§ 4.)

Using Eq. (1.17)

c*(3) = 23(—21- )Py =
=(1-(%)>1L0J)+2(%)(1_(%))u&&)

+(%Y&zm
1

1 1 3,5
= - - — == =1, =
taon+tay+io2y= (41l

Projecting yields (3/s, 4/5). Equations (1.18) and (1.15) yield the same
result.

Finally, we note that C(1/z) = (3/5, 4/5) is not the midpoint of the circular
arc in the first quadrant; i.e., the parameterization is not uniform (see
Section 1.1). The point (3/s, 4/5) is more than half the arc length from
the starting point. This is intuitively correct, since by differentiating
C(u) one can see that the starting speed is twice the end speed.

1.5 Tensor Product Surfaces

The curve C(u) is a vector-valued function of one parameter. It is a mapping
(deformation) of a straight line segment into Euclidean three-dimensional space.
A surface is a vector-valued function of two parameters, v and v, and represents a
mapping of a region, R, of the uv plane into Euclidean three-dimensional space.
Thus it has the form S(u,v) = (z(u,v),y(u,v), 2(u,v)), (u,v) € R. There are
many schemes for representing surfaces (see [Hosc93; Pieg89a, 93] and the many
references cited in [Pieg89a]). They differ in the coordinate functions used and
the type of region R. Probably the simplest method, and the one most widely
used in geometric modeling applications, is the tensor product scheme. This is
the method we use in the remainder of this book.

The tensor product method is basically a bidirectional curve scheme. It uses
basis functions and geometric coefficients. The basis functions are bivariate func-
tions of u and v, which are constructed as products of univariate basis functions.
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The geometric coefficients are arranged (topologically) in a bidirectional, n x m
net. Thus, a tensor product surface has the form

n m

S(ui v) = (:c(u, ’U), y(uv 'U), z(u, 1))) = Z E fl(u)gj ('U)bi,j (120)
i=0 j=0
where { bij = (i) Yi» 7i5)
0<u,v<1
Note that the (u,v) domain of this mapping is a square (a rectangle, in general).
Note also that S(u,v) has a matrix form

S(u,v) = [ fi(@w)]" [bi;][g;(v)]

where [ fi(u)]” is a (1) x (n+ 1) row vector, [g;(v)] is a (m + 1) x (1) column
vector, and [b; ;] is a (n+ 1) x (m + 1) matrix of three-dimensional points.
As an example we consider the power basis surface

n m
i T ; ;5 = (%i,j, Yi,j» %i,5)
Stu) = 35 3 ool = T (a1 iy P
i=0 j= - -

We have f;(u) = v’ and gj(v) = v7, and the basis functions are the products,
{utv?}. If we fix u = up, then

Cy, (v) = S(up,v) = i‘: (i a;; uf))vj = Z b, (ue) v? (1.22)
=0

=0 \i=0
n
where bj(ug) = Z a; ; up
=0

is a power basis curve lying on the surface, S(u,v). Similarly, C,,(u) is a power

basis curve lying on S(u,v); and the curves C,,(v) and C,,(u) intersect at

the surface point, S(up,v9). These curves are called isoparametric curves (or

isocurves). Cy,(v) is called a v curve, Cy,(u) a u curve (see Figure 1.23).
Equation (1.21) can be written as

S(u,v) = {a0,0 + 20,10 +a0,20” + - + ag,mv™}

~

bo
+ “{511,0 +ay v+ a v’ 4+t al,mv'"l}
by
+ ‘u2{512,0 +ag v+ az,zv2 4t az,mv"i}
b2

+u™{an0 + 8n,10 + an 20 + -+ Apmv™}

by
=bg + biu+bou? + -« + bu"
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Coo ()

S(1,1)
S(uo,0)

S(1,0)

(u0,v0)

Figure 1.23. A tensor product surface showing isoparametric curves.

The terms in the braces are simple polynomials that can be evaluated by the
Horner Algorithm (A1.1), yielding bg,by,...,b,. Using the bs and reapplying
the algorithm, we obtain the point on the surface. Thus we have Algorithm A1.6.

ALGORITHM Al1.6
Horner2(a,n,m,u0,v0,S)

{ /* Compute point on a power basis surface. */
/* Input: a,n,m,u0,v0 */
/* Output: S =*/

‘for (i=0; i<=n; i++)
Horner1(alil [J,m,v0,b[i]); /* a[il[] is the ith row */

Horner1(b,n,ul,S);

}

Algorithm A1.6 is typical of the algorithms for tensor product surfaces. They
can usually be obtained by extending from the curve algorithms, often by process-
ing the n (or m) rows of coefficients (as curves) in one direction, then processing
one or more rows in the other direction.

Differentiating Eq. (1.21), we obtain

"

Su(u,v) = Zi ia;jut vl S, (u,v) = z": zm:ja,-‘j ulpd ™!

i=1j=0 i=0 j=1

Notice that for fixed (ug,v0), Su(uo,v0) = C,, (uo) and S, (uo,v0) = Cy, (o).
The normal vector, N, is computed using Eq. (1.4).
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Nonrational Bézier surfaces are obtained by taking a bidirectional net of con-
trol points and products of the univariate Bernstein polynomials

S(w,v) =Y Y Bin(w)Bjm@)Py; 0<uv<1 (1.23)
i=0 j=0

The basis function By a(u)Bis(v) is shown in Figure 1.24a, and Figure 1.24b
shows a quadratic x cubic Bézier surface.

For fixed u = ug
Cuo(v) = S(ug,v) =) Y Bin(u0)Bjm(v) Py

i=0 j=0

=Y Bjm(v) (Z Bi n(uo) P_i,,-)
J=0 =0

=Y Bjm(v)Q;(u0) (1.24)
j=0

where  Q;(uo) = ZBi,n(UQ)Piyj j=0,...,m
=0

is a Bézier curve lying on the surface. Analogously, C,,(u) = Y 7 o Bin(u) Q;(vo)
is a Bézier u isocurve lying on the surface.

o %
IR
=

5 D
R
S

2252
e
RS

(a)

Figure 1.24. (a) The Bézier tensor product basis function, Bo2(u)B1,3(v);
(b) a quadratic x cubic Bézier surface.
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As is the case for curves, because of their excellent properties Bézier surfaces
are better suited for geometric modeling applications than power basis surfaces.
In particular,

o nonnegativity: B;n(u)Bjm(v) > 0 for all 4, j,u,v;

« partition of unity: 37 o 370 Bin(u)Bjm(v) = 1 for all u and v;
« S(u,v) is contained in the convex hull of its control points;

« transformation invariance;

« the surface interpolates the four corner control points;

« when triangulated, the control net forms a planar polyhedral approximation
to the surface.

It is interesting to note that there is no known variation diminishing property
for Bézier surfaces (see [Prau92}).
The deCasteljau algorithm (A1.5) is also easily extended to compute points on
a Bézier surface. Refer to Eq. (1.24) and Figure 1.25. Let (ug, vo) be fixed. For
fixed jo, Qj,(u0) = Y i~ Bin(uo)Pij, is the point obtained by applying the
deCasteljau algorithm to the jo row of control points, i.e., to {P; j,},4=0,...,n.
Therefore, applying the deCasteljau Algorithm (m+ 1) times yields C,,(v); and
applying it once more to Cy,(v) at v = v yields Cyy(ve) = S(ug,vp). This
process requires
nn+1)(m+1) mm+1)
2 + 2

(1.25)

P2 0

(b)

Figure 1.24. (Continued.)
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linear interpolations (see Exercise 1.21). By symmetry, we can compute Cy, (u)
first (n + 1 applications of deCasteljau) and then compute C.,(t0) = S(uo, vo)-
This requires

m(im+1)(n+1)  n(n+1)
2 T

linear interpolations. Thus, if n > m compute C,,(u) first, then Cy(uo); oth-
erwise, compute C,, (v) first, then Cy,(vo)-

ALGORITHM Al1.7
deCasteljau2(P,n,m,u0,v0,S)
{ /* Compute a point on a Bézier surface */
/* by the deCasteljau. */
/* 1Input: P,n,m,u0,v0 */
/* Output: S
if (n <= m)
{
for (j=0; j<=m; j++) /* P[j1[] is jth row =/
deCasteljaul(P[j]1[1,n,u0,Q[j1);
deCasteljaul(Q,m,v0,S);
}

else

{

for (i=0; i<=n; i++)

(1.26)

Figure 1.25. The deCasteljau algorithm for a Bézier surface.
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deCasteljaul (P[1{i],m,v0,Q[i]);
deCasteljau1(Q,n,u0,S);
}
}

We define a rational Bézier surface to be the perspective projection of a four-
dimensional polynomial Bézier surface (see [Pieg86; Fari89])

8“(u,v) =) Y Bin(u)Bjm(v)PY; (1.27)
=0 j=0

n m

B;n(u) Bjm(v)wi,; Py,

=0 j=0

> Bin(w)Bjm(v)wi;

=0 j=0

and S(u,v) = H{8"(u,v)} =

m

= Z > Rij(u,v)P;; (1.28)

n
=0 j=0

where Rij(u,v) = — %’,n (u)Bjm (v)wi,;

Z ZBr,n (u) Bs,m (U)wr,s

=0 $=0

Notice that the R; ;(u,v) are rational functions, but they are not products
of other basis functions. Hence, S(u,v) is not a tensor product surface, but
S¥(u,v) is. As with curves, we generally work with Eq. (1.27) and project
the results. Figure 1.26a shows a rational basis function, and Figure 1.26b de-
picts a quadratic x cubic rational Bézier surface. Compare these figures with
Figures 1.24a and_1.24b.

Assuming w; ; > 0 for all i and j, the properties listed previously for nonra-
tional Bézier surfaces (and the product functions B;,(u)B;m(v)) extend natu-
rally to rational Bézier surfaces. Furthermore, if w;; = 1 for all ¢ and j, then
R; j(u,v) = B;,(u)Bjm(v), and the corresponding surface is nonrational.

Example

Ex1.15 Let us construct a cylindrical surface patch. From Section 1.4 we know
that

2
C¥(u) =) Bis(u)P¥

2=0

for {P¥} = {(0,1,0,1),(0,1,1,1),(0,0,2,2)}, is a circular arc in the yz
plane. Using translation (P1.14, Section 1.4)
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Figure 1.26. (a) The rational basis function Ro1(u,v) (with we1 = 5 and all other
weights equal to one); (b) a quadratic x cubic rational Bézier surface.

2 2
Ci(u) =) Bizw)P¥, and CY(u) =) Bia(u)PY,

i=0 i=0
where {P}‘:O} ={(1,1,0,1),(1,1,1,1),(2,0,2,2)}
and {P{1} ={(-1,1,0,1),(-1,1,1,1),(-2,0,2,2)}
are circular arcs in the £ = 1 and z = —1 planes, respectively (see

Figure 1.27). A linear interpolation between Cy and CY yields a cylin-
drical surface, i.e.

2 1
$%(1,0) = 3° 3 Bin(w) B (0) PY,

=0 j=0

For fixed u = ug, Cy, (v) = ZJI'=0 B;1(v) Qj (uo) is a straight line seg-
ment from Cf(ug) to CY'(ug) parallel to the z-axis. For fixed v = vy,
CY = S¥(u, %) = 3.2 Bia(u) Q¥(vg) is a circular arc in the plane
z = (1 —v)(1) + vo(—1) = 1 — 2vp. Now let us compute the point
S(/2, 1/2), using Algorithm A1.7. Note that n > m. First obtain
Cro=15,(u)

(1,1,0,1)

(0, 1701 1) = Qau(vﬂ)
(—1’ 17 0; 1)
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z Py

(b) Figure 1.27. A cylindrical surface patch as a rational Bézier surface.
Figure 1.26. (b) (Continued.)

EXERCISES
1,1,1,1) . . . . .
(0, 1,1, 1) = Q'l”(vo) 1.1. Consider the two parametric representatlons‘of the circular arc given by Egs. (1.1)
(-1,1,1,1) and (1.2). Using Eq. (1.1), compute the curve point at u = 7/, and, using Eq. (1.2),
the point at ¢t = 1/. Explain the results.
(2,0,2,2) 1.2. Compute the acceleration vector, C”(u), for Eq. (1.1). Explain the result.
YV b

{0,0,2,2) = Q3'(vo) 1.3. Using trigonometric functions, give a parametric definition of the bounded sur-
(-2,0,2,2) face of

' . . . i i i he origi is of try along the z-axis;
Now Cgo -y (u) - Z?:o Bi,z (u) Q:" ('Uo) is the circular arc in the yz o aright circular cone, with apex at the origin and axis of symmetry along the z-axis;

plane. Then « the cone is opening upward, and is bounded above at z = 2 by the circle with

radius = 1.
(0,1,0,1)

partial derivatives, S, and S,, of the trigonometric representation. What are the values
of these derivatives at the apex of the cone?
0 3 1 5) - 11
iy A 2'9 1.4. Consider the parabolic arc C(z) = (z(u),y(u)) = (=1 — u + 2u?, —2u + u?),
) 0 < u < 1. Sketch this curve. The curve is rotated and translated by applying the

1) Modify Eq. (1.2) to get another representation of the same cone. Compute the first
(0,1,1,1)

transformations to the functions z(u) and y(u). Apply the two transformations

(0,0,2,2) : (1) 90° rotation about the origin. The rotation matrix (applied from the left) is

And projecting yields [0 -—1}
1 0

11 3.5 3 4
Sl-,-)=H -1, -] = =, =
(2 ’ 2) { (O’ 4’ L 4)} (07 5’ 5) (2) translation with the vector (—1,—1).
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The implicit equation of the underlying parabola is 2% — 4oy + 4y*> — 4z —y — 5 = 0.
Sketch this curve. Apply the previous rotation and translation to this equation. Hint:
let Z,§ be the transformed coordinates. Find expressions z = f(Z,§) and y = ¢(Z, %)
and substitute these into the implicit equation to obtain the implicit equation of the
transformed parabola.

1.5. Determine formulas for the number of additions and multiplications necessary
to compute a point on an nth-degree three-dimensional power basis curve.

1.6. Construct a cubic power basis curve with a loop. Hint: think about what end-
points and end derivatives, C’(0) and C’(1), are necessary.

1.7. Construct a cubic power basis curve with a cusp. Hint: think about C’(u) and
C"(u). Sketch what z'(u), ¥'(u), ”(u), and y”(u) need to look like as functions of u.
Determine a suitable C"(u), and then integrate to obtain C’(u) and C(u).

1.8. Construct a cubic power basis curve with an inflection point.

1.9. Let C(u) = (z(u),y(w)) = 1 +u - 2u®> +4%1 - 2u+4®), -1 <u < 1. Let
u = 2v — 1. Derive the curve C(v) by substituting 2v — 1 for u in C(u). What degree is
the curve C(v)? Compute C(u) for u = —1,0,1. Compute C(v) for v = 0, 1/2,1. What
can you say about the curves C(u) and C(v)? C(v) is called a reparameterization
of C(u).

1.10. Check the property P1.7 of the Bernstein polynomials for the cases n = 2 and
n=3.

1.11. It is sometimes necessary to reverse a curve, ie., given Ci(u), 0 < u < 1,
produce C2(v), 0 < v <'1, such that the two curves are the same geometrically, but
C1(0) = C»(1) and Cy(1) = C2(0). How would you do this using the Bézier form?
The power basis form?

1.12. Consider the zy planar cubic Bézier curve given by the control points Pg = (0, 6),
P = (3,6), P> = (6,3), Ps = (6,0). Compute the point C(}/3) using the deCasteljau
algorithm. Compute the same point by using Egs. (1.7) and (1.8) directly, i.e., evaluate
the basis functions at u = 1/3 and multiply by the appropriate control points.

1.13. Determine formulas for the number of additions and multiplications necessary to
compute a point on an nth-degree three-dimensional Bézier curve using the deCasteljau
algorithm, A1.5, and algorithm A1.4. Compare the results with Exercise 1.5 (the
Horner algorithm).

1.14. For given n, row vector {Bon(u),. .., Bn,x(u)] can be written as [1,u,...,u"]|M,
where M is an (n+ 1) X (n + 1) matrix. Thus, a Bézier curve can be written in matrix
form, C(u) = [u’]T M|P;]. Compute the matrices M for n = 1,2, 3. Notice that setting
[a:] = M[P;] yields the conversion of a Bézier curve to power basis form. Assuming
0 <u <1, [P;]=M"{a;] gives the conversion from power basis to Bézier form.

1.15. Compare this with Exercise 1.9. It is also possible to define a Bézier curve on
a parameter interval other than [0,1]. This is equivalent to reparameterizing a Bézier
curve. Let

Cw) =) Bin(w)P:  ue[0,1]
i=0

Let v € [a,b]. Thenu = (v— a)/(b — a). Substitute this equation into Eq. (1.8) and
derive this expression for the reparameterized curve
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n

CO = —1a)" > i!(nni S ACR M

i=0

It is interesting to note that the control points do not change, only the basis functions.
Reparameterization of the power basis form changes the geometric coefficients but not
the basis functions.

1.16. Consider the circle

1—-u?  2u
Clw) = (m m)
Determine which ranges of the parameter u yield which quadrants of the circle. Do

these equations yield the entire circle? What can you say about the parameterization?

1.17. Consider the following rational cubic Bézier curve in the zy plane: Pg = (0, 6),
P; = (3,6), P2 =(6,3), P3 = (6,0), wo = 4, w1 = 1, wz = 1, wz = 4. Compute the
point C(2/3) by expanding the deCasteljau table.

1.18. What characteristic is it of the rational functions we are using that allows
us to use the homogeneous coordinate representation? Why is this representation
advantageous?

1.19. Find the rational Bézier representation of the circular arc in the second quad-
rant, i.e., determine the P; and w;. Hint: use symmetry and check your result by
showing that (z(u))® + (y(u))® =1 for all w € [0,1].

1.20. The circular arc in the first quadrant is also given by the equation

14 (V2= 2u+{1 - v2)u? ‘?“((\/iﬂ)uﬂ)

C(u) = 1+ (V2-2u+(2-vV2)u2’ 1+ (V2—2u+(2—v2)u?

Determine the rational Bézier representation corresponding to these equations. Hint:
the P; must be the same as before — (1,0), (1,1), (0,1); Why? Compute the weights w;
by equating polynomials and substituting » = 0, 1/2,1, as done previously. Compute
the point C(!/2), using any method. What is interesting about C(1/2)?

1.21. Derive Egs. (1.25) and (1.26). Hint: use the formula 1+ 2+ --- +n = a(a+1)j,

1.22. For the cylindrical surface example (Ex1.15) compute the control points Qj (uo)
for the isocurve C3 _ ., (v).

1.23. Let n = 3 and m = 2. Consider the nonrational Bézier surface defined by the

control net
{Pi,o} = {(07 0; 0)’ (3, 0, 3)1 (6) O; 3): (91 01 O)}

{Pi1} ={(0,2,2),(3,2,5),(6,2,5),(9,2,2)}
{P:2} = {(0,4,0),(3,4,3),(6,4,3), (9,4,0)}
a. sketch this surface; °

b. use the deCasteljau algorithm to compute the surface point S(i/s, 1/2);

c. fix up = /2 and extract the Bézier representation (control points) of the curve
C,, =15,(v).
uwo="/2
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1.24, Let n
S(w,v) =Y Bin(w)Bjm(v) Pi;
i=0 j=0
and assume that Pog = P1 = - -+ = Py 0. How does this affect S(u,v), the derivatives

S.(u,v) and S, (u,v), and the curves Cy, (u)? Assume that P;o = (1,0,0) fori =0,1,2
in Example Ex1.15, with wgo = 1, wi,0 = 1, and w20 = 2. What type of surface do
you get?

1.25. The prerequisite for this problem is Exercise 1.14. The rational Bézier surface
(Eq. [1.27]) has a matrix form

8*(u,v) = [Bin(w) " [ PY5][Bim(v)] = [u']" Mn [PY; ] Mp [+ ]

where [4*]T and [v7] are vectors, M, is an (n+1) x {n+1) matrix, M7, is a (m+1) x
(m + 1) matrix, and [ P¥;] is an (n 4 1) x (m + 1) matrix of four-dimensional points.
Write this form down explicitly for the cylindrical surface example, Ex1.15. Using
this matrix form, compute the point S* (1, 1), and then project to obtain S(1/2, 1/2).
There is no direct matrix form for S(u,v); why not?

CHAPTER
TWO

B-Spline Basis Functions

2.1 Introduction

Curves consisting of just one polynomial or rational segment are often inade-
quate. Their shortcomings are:

« a high degree is required in order to satisfy a large number of constraints;
e.g., (n — 1)-degree is needed to pass a polynomial Bézier curve through
n data points. However, high degree curves are inefficient to process and
are numerically unstable;

« a high degree is required to accurately fit some complex shapes;
« single-segment curves (surfaces) are not well-suited to interactive shape

design; although Bézier curves can be shaped by means of their control
points (and weights), the control is not sufficiently local.

The solution is to use curves (surfaces) which are piecewise polynomial, or
piecewise rational. Figure 2.1 shows a curve, C(u), consisting of m (= 3) nth-
degree polynomial segments. C(u) is defined on u € [0,1]. The parameter values
ug = 0 < uy < ug < ug = 1 are called breakpoints. They map into the endpoints
of the three polynomial segments. We denote the segments by C;(u), 1 <i < m.
The segments are constructed so that they join with some level of continuity (not
necessarily the same at every breakpoint). Let CgJ ) denote the jth derivative of
C;. C(u) is said to be C* continuous at the breakpoint u; if Cg’ ) (uw;) = Cg‘_)l (us)
forall0 <j <k.

Any of the standard polynomial forms can be used to represent C;(u). Figure
2.2 shows the curve of Figure 2.1 with the three segments in cubic Bézier form.
P! denotes the ith control point of the jth segment.

If the degree equals three and the breakpoints U = {up,u1,uz,u3} remain
fixed, and if we allow the twelve control points, PJ, to vary arbitrarily, we
obtain the vector space, V, consisting of all piecewise cubic polynomial curves



48 B-Spline Basis Functions

Ci(u)

Ca(u)

Cs(u)

\\

Uy = 0 U U2 Uz = 1

+
F

Figure 2.1. A piecewise cubic polynomial curve with three segments.

on U. V has dimension twelve, and a curve in ¥V may be discontinuous at u; or
uz. Now suppose we specify (as in Figure 2.2) that P} = P2 and P2 = P3.
This gives rise to V9, the vector space of all piecewise cubic polynomial curves
on U which are at least C® continuous everywhere. V0 has dimension ten, and
V.

Imposing C* continuity is a bit more involved. Let us consider u = u;. Assume
that P; = P. Let
U — Uy
Uy — W Ug — Uy

be local parameters on the intervals [ug,u;] and [u1,us], respectively. Then
0 <wv, w < 1. C*! continuity at u; implies

1 1
—— CPw=1) = ¢ (w) = CP(u) = C (w=0)

Uy — Ug U2 — Uy

and from Eq. (1.10) it follows that

3 3
Py -ph= (Pt pY

Uy — U uz —

_ (w2 ~w)Py + (g — ug) P
Uz — Ug

Thus P; (2.1)

Equation (2.1) says that P} and P2 can be written in terms of P, P2 and
Pg, P‘f , respectively. Hence, V!, the vector space of all C'! continuous piecewise
cubic polynomial curves on U, has dimension eight, and V! ¢ V° C V.

This makes it clear that storing and manipulating the individual polynomial
segments of a piecewise polynomial curve is not the ideal method for handling
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u =0 Uy Uz ug =1

Figure 2.2. The curve of Figure 2.1 shown with the polynomial segments represented
in Bézier form.

such curves. First, redundant data must be stored: twelve coefficients, where
only eight are required for C' continuous cubic curves, and only six for C2
continuous cubic curves. ‘Second, for the Bézier form the continuity of C(u)
depends on the positions of the control points, hence there is little flexibility in
positioning control points while maintaining continuity. If a designer wants C!
continuity and is satisfied with the segments C;(u) and Cj(u), but wants to
modify the shape of Cy(u), he is out of luck: none of Cy(u)’s control points can
be modified. Third, determining the continuity of a curve requires computation
(such as Eq. [2.1]).
We want a curve representation of the form

Clw) =) fi(w)P; (2:2)

i=0

where the P; are control points, and the {fi(u), i =0,...,n} are piecewise poly-
nomial functions forming a basis for the vector space of all piecewise polynomial
functions of the desired degree and continuity (for a fixed breakpoint sequence,
U = {u;}, 0 < i < m). Note that continuity is determined by the basis functions,
hence the control points can be modified without altering the curve’s continuity.
Furthermore, the {;} should have the ‘usual’ nice analytic properties, e.g. those
listed in Section 1.3. This ensures that the curves defined by Eq. (2.2) have nice
geometric properties similar to Bézier curves, e.g., convex hull, variation dimin-
ishing, transformation invariance. Another important property that we seek in
our basis functions is that of local support; this implies that each fi(u) is nonzero
only on a limited number of subintervals, not the entire domain, {10, um]. Since
P; is multiplied by f;(u), moving P; affects curve shape only on the subintervals
where f;(u) is nonzero.
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Finally, given appropriate piecewise polynomial basis functions, we can con-
struct piecewise rational curves

C¥(u) =) _ fi(u) PY (2.3)

=0

and nonrational and rational tensor product surfaces

S(u,v) =D Y fi(w)g;(v) P

i=0 j=0

n m

SU(u,v) = > filu)g;(v) Py, (2.4)

i=0 j=0

For the remainder of this chapter we study the so-called B-spline basis func-
tions. In Chapters 3 and 4 we combine these functions with three-dimensional
and four-dimensional control points to obtain nonrational and rational curves
and surfaces, respectively.

2.2 Definition and Properties of B-spline
Basis Functions

There are a number of ways to define the B-spline basis functions and to prove
their important properties, e.g., by divided differences of truncated power func-
tions [Currd7; Scho46], by blossoming [Rams87], and by a recurrence formula
due to deBoor, Cox, and Mansfield [Cox72; DeBo72, 78]. We use the recurrence
formula, since it is the most useful for computer implementation.

Let U = {uo,-..,um} be a nondecreasing sequence of real numbers, i.e., u; <
Uiy, = 0,...,m—1. The u; are called knots, and U is the knot vector. The ith
B-spline basis function of p-degree (order p+1), denoted by N; p(u), is defined as

1 ifu; <u<uy
Ni,O(u) = { i+1

0 otherwise

U — Uj U; 1—U
N; p(u) = ———— N pa(u) + —25 Ny poa(u
z,p( ) it — Ui 4P 1(u) Uitptl — Uit i+1,p 1(u) (2.5)

Note that

« N; o(u) is a step function, equal to zero everywhere except on the half-open
interval u € {u;, uit1);

e for p > 0, N; p(u) is a linear combination of two (p — 1)-degree basis
functions (Figure 2.3);
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Uigq = Uigl

Ui Uiy  Uig2 Uit3 Uipq

' Figure 2.3. The recursive definition of B-spline basis functions.

« computation of a set of basis functions requires specification of a knot
vector, U, and the degree, p;

« Equation (2.5) can yield the quotient 9/ (see examples later); we define
this quotient to be zero;

« the N; ,(u) are piecewise polynomials, defined on the entire real line;
generally only the interval [ug, ur,] is of interest;

« the half-open interval, {u;,u;,1), is called the ith knot span; it can have
zero length, since knots need not be distinct;

« the computation of the pth-degree functions generates a truncated trian-
gular table

No,o
No,
Nio N2
N Ngs
Nap Nio
Ny Nig
N3p Ny :
N1

Nyo

For brevity we often write N; , instead of N; p(u).

A word about terminology. In Section 2.1 we used the term breakpoint and
required u; < u;41 for all i. In the remainder of this book we use the term knot
and assume u; < u;y1. The breakpoints correspond to the set of distinct knot
values, and the knot spans of nonzero length define the individual polynomial
segments. Hence, we use the word knot with two different meanings: a distinct
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value (breakpoint) in the set U, and an element of the set U (there can exist are shown in Figures 2.4, 2.5, and 2.6, respectively
additional knots in U having the same value). It should be clear from the context

which meaning is intended. Nopo=N1p=0 for ~co<u<oo

_J1 0<5ux<1
Examples Nao = {0 otherwise
Ex2.1 Let U = {ug = 0,u; = 0,u2 = 0,u3 = 1,uq = 1,u5 = 1} and p = 2. We N30={1 1<u<?2
now compute the B-spline basis functions of degrees 0, 1, and 2 ' 0 otherwise
Nop=Npg=0 -oo<u<oo N4,0={1 2Su<‘3
0 otherwise
1 0<u<1
_ < 1 3<u<4
Nao {0 otherwise Ns,o = {0 otherwise
N3g=Nyo=0 -oo<u<oo Neo=0 for —oo<u<oo
1 4<u<5b
-0 0 - Nyg = =
No, = :;—_—61\{0,0 + 0 _gNl,O 0 —00 < u < 00 o {0 otherwise
Ny - u—-ON "% Ny = 1-u 0<u<l Noo =Noo=0 for —oo<u<oo
=g et 7T 0 0 otherwise
-0 0—-u
_u=0 1-u _Ju 0<u<l Noy = +—Noo+ Nip=0 —oco<u<oo
Noa = 1-0 Nao+ 1_—1N3'0 - { 0 otherwise 0-0 0-0
: u-0 l-u 0<u<1
u—1 1—-u Ny = N, Nog = =
N3 = ﬁNs,o + Tj_l_N4,0 =0 —00 < u < 00 L= g et 7o 2e 0 otherwise
9 U 0<u<l1
Ny = N. “ ¥ N3 =
Nooo 2= 0n plzuy (1-u)? 0<u<l1 2,1 pNeot oy Nso={2-v 1<u<2
02= -0 T 1o M 0 otherwise 0 otherwise
_u—0 —u _f2u(l-w) 0<u<l w—1 3_u u—1 1<u<?2
Nz = 75 Mt g Ve { 0 otherwise N3,1=2_1N3.0+3_2N4,0= 3—u 2<u<3
N _““ON +1_uN B w2 0<u<1 0 otherwise
B T e I e W otherwise w2 i u-2 2<u<3
. . . N4,1=3 2N4,0+ Nspo=¢4—-u 3<u<4
Note that the N; o, restricted to the interval u € [0, 1], are the quadratic - 4-3 0 otherwi
Bernstein polynomials (Section 1.3 and Figure 1.13b). For this reason, u—3 4—u _3 3 <erw1s:
the B-spline representation with a knot vector of the form Ny, = Nso + Ngo = { u su<
4-3 4—-4 0 otherwise
U={0,...,0,1,...,1} u—4 5 — .
e S e N6,1: N6,0+ uN7’0= 5—u 4<u<b
P+l p+1 4-4 5—-4 0 otherwise
is a generalization of the Bézier representation. u—4 5 — _
N7,l=5_4N7’0+5 ZNB’[):{IOL 4 4Su<5
Ex2.2 Let U = {up = 0,u1 = 0,up = O,uz = 1,u4 = 2,us = 3,u = 4,uy = - otherwise
4,ug = = = = 2. Th th-, first-, : - ©u—35 5—u
,ug = B,ug = 5,u1p =5} and p e zeroth-, first-, and second Ngy = : _5Na,o + - Noo =0 o< u< oo

degree basis functions are computed here. The ones not identically zero
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Nayp N3
14— [ Jp—
0 1 2 3 4 01 2 4 5
Nayo Nspo
14 — 14 S
0 1 2 3 4 0o 1 2 4 5
Ny

Figure 2.4. The nonzero zeroth-degree basis functions, U = {0,0,0,1,2,3,4,4,5,5, 5}.

All of the following N; 2 are zero everywhere except on the specified

intervals, that is

N0,2=z:gN0,1+”;Nl,1=(l‘U)2 0<u<1
u—0 —-u 2u—-3hu? 0<u<l
= N; ——— Ny 1 =
Ni2 1-0 1,1+ 2,1 { U2 —u)? 1<u<?2
Nia Ny N3 Ny, Ny
1 Nsa Ns,1
0 1 2 3 4 5

Figure 2.5. The nonzero first-degree basis functions, U = {0,0,0,1,2,3,4,4,5,5,5}.

Ny

Ns o

»

Ng o

N7

_ u—0
T 2-0
_u~1
T 3-1
__u——2
T 4-2
_ u—3
T 4-3
_ u—4
T 54
_u—4
T 5-4
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3 1/ou? 0<u<l1
N2,1+3:11LN3,1 —3fp 4 3u — u? 1<u<?2
1/5(3 — u)? 2<u<3
4 Ya(u—1)2 1<u<?2
N3+ Z{—%N“’l: ~1h+5u—u? 2<u<3
15(4 — u)? 3<u<4
4—u o(u — 2)2 2<u<3
41+ = N5 = 2
4-3 —16 +10u — 3ku* 3<u<4
- (u -~ 3)? 3<u<4
N, — Ngy =
s1t gy iver {(5——u)2 4<u<b
5—u
+—Ne1 + man =2(u—4)(5-u) 4<u<b
5—u 2
Nip+ == Ng1 = (u—4) 4<u<b

We now list a number of important properties of the B-spline basis functions.
As we see in the next chapter, it is these properties which determine the many de-
sirable geometric characteristics in B-spline curves and surfaces. Assume degree
p and a knot vector U = {ug,...,Un}-

P2.1  N;p(u) = 0 if u is outside the interval [u;, u;4p41) (local support prop-
erty). This is illustrated by the triangular scheme shown here. Notice

Figure 2.6. The nonzero second-degree basis functions, U = {0,0,0,1,2,3,4,4, 5,5, 5}.
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that N; 3 is a combination of N, N2, N30, and Ngo. Thus, N3 is
nonzero only for u € [u3,us)

N32

P2.2 In any given knot span, [uj, uj4+1), at most p+ 1 of the N; , are nonzero,
namely the functions Nj_pp,...,Njp. On [us,u4) the only nonzero
zeroth-degree function is N3 o. Hence, the only cubic functions not zero
on [ug,u4) are Ny, ..., N3 3. This property is illustrated here

Ny Nos

3 >

N

Nap N

N

Na, N3
N,

N3, N2,3

S TN S

Nypo N3

S ON 0N

Nya N33

P2.3 N;,(u) > 0 for all ¢, p, and u (nonnegativity). This is proven by induc-
tion on p. It is clearly true for p = 0; assume it is true for p~ 1, p > 0,
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with ¢ and u arbitrary. By definition

U — Ug

U; — U
Nip(u) = ~ Nip-1(u) + =B Nypy i u)  (26)

itp — U Uitpt1 = Uil
By P2.1, Nip_1(u) = 0 if u ¢ [u;, usyp). But u € [u;,u;1p) implies

U —u;
Uigpp — Uy
is nonnegative. By assumption, N;,_1(u) is nonnegative, and thus the

first term of Eq. (2.6) is nonnegative. The same is true for the second
term, and hence the N; ,(u) are nonnegative;

P2.4 For an arbitrary knot span, [u;,u;1), Z;zi_p Njp(u) = 1 for all
u € [u;,u;41) (partition of unity). To prove this, consider

i

Yo Npw= Y SN ()

A~ Ly —
j=i-p j=i—p I¥P T T

2
+ Ujtpt1 — U

N'+1, - U
Uibptl — Ujp1 T (v)

Jj=i-p

Changing the summation variable in the second sum from i—p to i—p+1,
and considering that N;_p, ,_;(u) = Nit1,p-1(u) = 0, we have

i Njp(u) = i [ Uy Lre o ]Nj,,,_l(u)

Ujpp ~Uj  Ujpp — Uy
jeisp jmimpi1 L Wite T U j+p — Uj

= Y Nipa()

j=i-p+1

Applying the same concept recursively yields

Z N p(u) = Z Njp-1(u) = Z Nj,p-2(v)

Jj=i— J=i—p+1 J=i—p+2

==Y Njow) =1
J=i

P2.5  All derivatives of N; ,(u) exist in the interior of a knot span (whereitisa
polynomial, see Figure 2.7). At a knot N; p(u) is p—k times continuously
differentiable, where k is the multiplicity of the knot. Hence, increasing
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! 1
/ —lz——)— 5y — u? \

Figure 2.7. The decomposition of N3z into its polynomial pieces (parabolas).

degree increases continuity, and increasing knot multiplicity decreases
continuity;

P2.6 Except for the case p = 0, N; ,(u) attains exactly one maximum value.
It is important to understand the effect of multiple knots. Consider the

functions Ng 2, N1,2, N232, Ns2, and Ne2 of Figure 2.6. Recalling that U =
{0,0,0,1,2,3,4,4,5,5,5}, from Eq. (2.5) and P2.1, we see that these functions
are computed on the following knot spans and are zero outside these spans

N0,2 : {01 0,0,1}

N1,2 : {03 0’1:2}

N2,2 : {0’ 17 2; 3}

Ns2 : {3,4,4,5}

NG’Q : {4, 4,5, 5}

Now the word ‘multiplicity’ is understood in two different ways:

« the multiplicity of a knot in the knot vector;
« the multiplicity of a knot with respect to a specific basis function.

For example, u = 0 has multiplicity three in the previous knot vector U. But with
respect to the functions Ny 2, Ny 2, Na2, and Ns 2, v = 0 is a knot of multiplicity
3,2, 1, and 0, respectively. From P2.5, the continuity of these functions at u = 0
is Np,2 discontinuous; Ny o C° continuous; Np 2 C? continuous; and N o totally
unaffected (Ns 2 and all its derivatives are zero at u = 0, from both sides). Ny2
‘sees’ u = 0 as a double knot, hence it is C° continuous. Na o ‘sees’ all its knots
with multiplicity 1, thus it is C! continuous everywhere. Clearly, another effect
of multiple knots (as seen by the functions) is to reduce the number of ‘apparent’
intervals on which a function is nonzero; e.g., Ng 2 is nonzero only on u € [4,5),
and it is only C° continuous at = 4 and u = 5.
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2.3  Derivatives of B-spline Basis Functions

The derivative of a basis function is given by

NI —_ p

ip Nip-1(u) - P

e ——— Nit1p— 2.7
— Grgms — gy Nerte 1(u) (2.7)
(See Figure 2.8 for a graphical illustration.) We prove this by induction on p.
For p =1, N; 51 and N;41,p-1 are either 0 or 1, and thus Ni" p 18 either

1 1
—_— Or =
Uiyl — Us Uit = Uit

(see Figure 2.5). Now assume that Eq. (2.7) is true for p — 1, p > 1. Using the
product rule, (fg)' = f'g + fg', to differentiate the basis function

U — U Ujtptl — U

N;p(u) = N;p_1(
» ip-1(u) + Niy1,p-1(u
Uitp — U Uitp+1 — Uit1 P ( )
yields N/ = —1 N 4 BT% (2.8)
%, i,p— i P .
P —u P Uipp —u; P
1 N + Uitp+l —U
" s i+l,p-1 ; . i+1,p—1
itp+l T Uil Uitp+1 — Uit

Ui Uipl Uit2

Figure 2.8. The recursive definition of B-spline derivatives.
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Substituting Eq. (2.7) into Eq. (2.8) for N ,_; and N;, ,_, yields

1 1
Nilp = “‘_"""“‘N'i,p—l - '—““—‘—“.““‘Ni+1,p——l
? Uitp — Ug Uitp+1 =~ Uitl

U — U; -1 p—1
+ ? P Nip_o~ i Ny 1,p—2
Uipp — Ui \ Uitp—1 — Us Uitp — Uitl

. - -1 -1
Uipptl — U < P Nisipoz — _“—'g"—_‘_Ni+2,p—2>

Uitp+1 — Uil \ Uigp — Uit Uitp+1 — Uit2
1 1
= ————Nj p-1 — ——————Nj11p-1
Uitp — Ui Uitp+1 — Uitl
p—1 U U

+ Ni,p—2

'U,,;+p - U; 'LM-H)-—]. - Uz
-1 Uu; 1—U U — U;

+ Y4 i+p+ - Ni+1,p—2

Uitp — Ui+l \ Uitp+1 — Uipl Uitp — Ug

p-1 b AP
— 2 P
Uitp+1l — Uitl Uitp+l — Uit2

Noting that

Uitp4l —U U =14 Uitptl — U +1-— U — Ui
Uitp+1 — Uil Uigpp — Ui Uitp+1 — Uitl Uivp — Ui
. Yigpt+1 — Uiy + Uitp+1 — U
Ujtp41 — Uig1 Ujgpt-1 — Uil
Uitp — Uy U — U;
+ —_
Uipp — Ug ui+p - U;
Uitp — U U — Uity
Uigp — Ui Uitpt1l — Uit
we obtain
1 1
N{p = —————N;p3 — = Niy1,p-1
’ Uspp — Ug Uigp+1l =~ Uil
-1 U — Uu; Ujpp — U
+ Ld Nip-2 + —————Nji1,p-2
Uipp — Ui \ Uipp—1 — Uy Uipp — Uil
p—-1 U — Uiyl Uitp+l — U
- Niq,p—2 + ————— Nijgp-2
Uitp+1 = Uit1 \ Uitp — Uit Uitp+1 — Uit2
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By the Cox-deBoor formula (Eq. [2.5]), the expressions in the parentheses can
be replaced by N; ,_; and N1 p—1, respectively. It follows that

1 1
!
Nip=——Nip 1~ —————Nip1,1
Uitp — Us YUitp+1 — Uit
p—1 p-1
+ ———N;p1~ —————————— Ny 1,p-1
Uitp — Ui Uitp+1 ~ Uit
P p
= - N; p1 — ——————— Nij1,p-1
Uigp — Uy Uitpt+1 — Uigl

This completes the proof.
Now let Ni(,';) denote the kth derivative of N; ,(u). Repeated differentiation of
Eq. (2.7) produces the general formula

NE=D NE=D ,
NG ) =p| —te=l . __itheo (2.9)
' Uitp = Ui Uitpt1 — Uigl

Equation (2.10) is another generalization of Eq. (2.7). It computes the kth

derivative of N; p(u) in terms of the functions Nip—ks-eos Nigkp—k
(k) P&
Nip = (p— k)!;/;;ak,jNiH,p—k " (2.10)
with Qg = 1
Qk—1,0
k0 =

Uitp—k+1 — Ui
Qk—1,5 — Qk—1,j—1 .

ag,j = — J=1,...,k—-1
Uitptj—k+1 — Uitj

—Qk—-1,k-1

Qg =
Uitp+1 — Uitk
Remarks on Eq. (2.10):

» k should not exceed p (all higher derivatives are 2€r0);

« the denominators involving knot differences can become zero; the quotient
is defined to be zero in this case (see Example Ex2.4 and Algorithm A2.3
in Section 2.5).

We omit a proof of Eq. (2.10) but verify that it holds for k = 1,2. By definition

1 1
10 = ——— a, = ————
Uitp — U Witp+1 — Uiy

and Ni(,;;) = 2(a1,0 Ni,p—1 + @1,1 Niy1,p-1)
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Comparing this with Eq. (2.7) proves the case for k = 1; now let k = 2. Differ-
entiating Eq. (2.7) yields

@ _ P (1) P _NO
Ny = Nip-1— = — Nig1,p-1
Uitp — Ui Uipp+1 — Uit
p ~p—1 p—1
= Nip_2— et Nt 1,p—2
Ujpp — Ui \ Uitp—1 — Ui Uiyp — Uit
p p—1 p—1
— Ni-{—l,p-Z - “—““"‘*“”Ni+2,p—2
Uitp+1 — Uitl \ Uitp — Uitl Uipp+1 — Uit2

aio !
= —1)] ————N; 52
p(p )[uiﬂ,_l —u; LP

1 1 1
- + Nij1,p-2
Uipp — Uil \ Uigp — Ui Uitp+1 — Uit

a1
—————t——— Ny, p—-Z]
Uigp+1 — Uit2

ay1— a0 N.

=p(p-1) (02,0 Nip—2+ i+lp—2 T 022 Ni+2,p—2)

Uipp — Uitl

Noting that k = 2 and

i1 —ap
Q2,1 =~
Uigp = Uit1

it follows that

2
N3 () =23 5,3 Nt p-2(u)
i=0

For completeness, we give an additional formula for computing derivatives of
the B-spline basis functions (see [Butt76])

N®B _ _P (u-*uz' N Widprl T () _)
W T ok \ Ui — i UPTE T wppir — g TP

k=0,...,p—1 (2.11)

Equation (2.11) gives the kth derivative of N; () in terms of the kth derivative
of Ni,p—l and Ni+1,p._1.

Figures 2.9b and 2.10b show the derivatives corresponding to the basis func-
tions in Figures 2.9a and 2.10a. Figure 2.11 shows all the nonzero derivatives of
N;,3. Note the effect of multiple knots in Figure 2.10b; N§ 5 has a jump at the
triple knot.
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N63

h

Niz  Nags N3 Ny3 N; 3

trH =

(a)

(b)

Figure 2.9. (a) Cubic basis functions; (b) derivatives corresponding to the basis func-
tions in Figure 2.9a.

2.4 Further Properties of the Basis Functions

Let {u;}, 0 < j < k, be a strictly increasing set of breakpoints. The set of all
piecewise polynomial functions of degree p on {u;} which are C" continuous at
u = u; forms a vector space, V (-1 < r; < p). If no continuity constraints are

~ imposed (r; = —1 for all j), then the dimension of V (denoted dim(V))) is equal

to k(p + 1). Each continuity constraint decreases the dimension by one, thus

‘ k
dim(V) =k(p+1) =Y (r; +1) - (212)

=0
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(a)

7
N0,3

(b)

Figure 2.10. (a) Cubic basis functions showing single, double, and triple knots; (b)
derivatives of the functions in Figure 2.10a.

By Property P2.5, we obtain the B-spline basis functions of p-degree with
knots at the {u;}, and with the desired continuity, by setting the appropriate
knot multiplicities, s;, where s; = p—~r;. Hence, we use a knot vector of the form

U= {ug,..., 0, U1, Ug, ..., Uky --- , U}
A S

So S1 Sk

Now set k
m o= ( ZS]') -1
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Uitq

Figure 2.11. N; 3 and all its nonzero derivatives.

Then clearly, there are m zeroth-degree functions, N; ¢, m — 1 first degree func-
tions, N1, and in general, m — p pth-degree functions, N; ,, which have the
desired continuity, r; = p — s;. Hence the N; , are contained in V. Substituting
sj = p — r; into Eq. (2.12) yields

k
dim(V) =k(p+1) - Y (p—s;+1)

=0

k
=k(p+1)=(k+1)p+ s;— (k+1)
j=0

k
=—p—1+Zsj
oy

:m——-p

Thus, the number of pth-degree B-spline basis functions on U is equal to dim(V).
We now justify the term ‘basis’ functions by showing that the N, are linearly
independent, i.e., they form a basis for the vector space, V. The proof is by.
induction on p. Clearly, the zeroth-degree functions are linearly independent.
Assume the (p — 1)th-degree functions are linearly independent for p > 0. Set
n=m —p— 1, and assume that

ZaiN,-, p(u)=0 forallu
=0
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Using Eq. (2.7) we obtain

n 4 n
0= (ZaiNi,p) = ZaiN'

i=0 1220

= Nip1 Niy1,p-1 )
O e

Uitp — U Uitp+1 — Uitl

which implies that n

- Nit1,p-1
0= Z ,p Z a; i+L,p
o Witp— Wi TG Yidptl T Uitl
Now noting that No p—1 = Np4t1,p—1 = 0, and changing the summation variable

in the second term, we have n
0= Z &~ Xl Nip-1
‘ = Witp — Wi
which implies a; — a;-; = 0 for all i (by assumption), which in turn implies
a; = 0 for all . This completes the proof.

We turn our attention now to knot vectors. Clearly, once the degree is fixed
the knot vector completely determines the functions N; ,(u). There are several
types of knot vectors, and unfortunately terminology varies in the literature. In
this book we consider only nonperiodic (or clamped or open) knot vectors, which
have the form

U={a,...,8,Up41,- -, Um—p-1,b,...,b} (2.13)
p+1 p+l

that is, the first and last knots have multiplicity p + 1. For nonperiodic knot
vectors we have two additional properties of the basis functions:

P2.7 A knot vector of the form

U={0,...,0,1,...,1}
e

p+1 p+1

yields the Bernstein polynomials of degree p (see Example Ex2.1 in Sec-
tion 2.2);

P2.8 Let m+1 be the number of knots. Then there are n + 1 basis functions,
where n = m — p — 1; Ngp(a) = 1 and N, ,(b) = 1. For example,
No,p{a) = 1 follows from the fact that Ngg,..., Np—1,0 = 0, since this
implies that Np z(a) = Ny o(a) = 1. From P2.4 it follows that N; ,(a) =
0 for i # 0, and N; p(b) = 0 for i # n.

For the remainder of this book, all knot vectors are understood to be nonperi-
odic. We define a knot vector U = {uy, ..., um} to be uniform if all interior knots
are equally spaced, i.e., if there exists a real number, d, such that d = u;4; —u;
for all p € i < m—p—1; otherwise it is nonuniform. The knot vector of Example
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Ex2.2, Section 2.2 is nonuniform because of the double knot at u = 4. Figure
2.9a shows a set of uniform cubic basis functions, and Figures 2.10a and 2.12
show nonuniform cubic basis functions.

2.5 Computational Algorithms

In this section we develop algorithms to compute values of the basis functions
and their derivatives. Let U = {uo,..., 4} be a knot vector of the form in
Eq. (2.13), and assume we are interested in the basis functions of degree p.
Furthermore, assume u is fixed, and u € [u;, u;41). We develop five algorithms
that compute:

« the knot span index, i;
o Nipp(u),..., Nip(u) (based on Eq. [2.5]);

. Ni(fi,’ oWy Ny (k) o () for k=0,...,p; for k > p the derivatives are zero
(this algonthm is based on Eq. [2.10]);
« a single basis function, Nj ,(u), where 0 < j<m—p—1;

» the derivatives of a single basis function, N; (k) »(u), where 0 < j <m-p~-1
and k = 0,...,p (based on Eq. [2.9]).

We present the two algorithms which compute p + 1 functions before the two
which compute only one, because they are the most important and actually are
somewhat simpler.

From P2.2 and the assumption that u € {u;, u,-+1), it follows that we can focus
our attention on the functions N;_, 5 ,..., Njp and their derivatives; all other
functions are identically zero, and it is wasteful to actually compute them. Hence,
the first step in evaluation is to determine the knot span in which u lies. Either a
linear or a binary search of the knot vector can be used; we present here a binary

7 o Ne,3(u)
1 -4
Nys(u) N
Noa(u) N3 3(u) 4,3(u) Ns(u)
o 1 5 6 s

Figure 2.12. Nonuniform cubic basis functions defined on U = {0,0,0,0,1,5,6,8,8,8,8}.



68 B-Spline Basis Functions

search. Since we are using intervals of the form u € [u;, ui41), a subtle problem
in the evaluation of the basis functions is the special case u = un,. It is best
to handle this at the lowest level by setting the span index to n (= m —p —1).
Hence, in this case % € (Um—p—1,Um-p)- FindSpan is an integer function which
returns the span index.

ALGORITHM A2.1
int FindSpan(a,p,u,U)
{ /* Determine the knot span index */
/* Input: mn,p,u,U */
/* Return: the knot span index */
if (u == U[n+1]) return(n); /* Special case */
low = p; high = n+l; /* Do binary search */
mid =(low+high)/2;
while (u < Ulmidl || u >= Ulmid+1])

if (u < U[midl)  high = mid;
else low = mid;
mid = (lowthigh)/2;

{

return(mid) ;

}

Now we tackle the second algorithm. Assuming u is in the sth span, compu-
tation of the nonzero functions results in an inverted triangular scheme

Ni~p,p

Ni_11

N;1

Example

Ex2.3 Letp=2, U ={0,0,0,1,2,3,4,4,5,5,5}, and u = 5/2 (see Figure 2.6).

Then i = 4, since u € [ug,us). Thus, we compute

N 2(55)
N3,1(5%)

Nao(52) N3,2(5/2)
Ny,1(%%)

Ny2(5%)
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Substituting u = 5/ into Eq. (2.5) (the reader should do this) yields

5\ _
¥eo(2) =1

5y _ 1 5)_1
N3"<2)‘2 N‘“(z) 2

8y _1 5)Y_6 5y_1
N“”?(z)”s Na’z(z)“s N4’2(2) 8

Notice that for fixed degree the functions sum to 1 (P2.4).

It will be clear to the reader who carried out the substitutions in this example
that there is a great deal of redundant computation inherent in Eq. (2.5). For
example, writing out the second-degree functions in general terms, we have

U — Uj2 Uiyl — U
N;_ = 2 N._ — N; . .
i—2,2(u) AL 2,1(u) + P Ni—1,1(v) (2.14)
U~ Uj—1 Uip2 — U
N;. = N;_ —=Z——N; 1
i I,Z(u) Uir: — Uia i 1,1(“) + Uirs — Ui 1,1(u) (2 5)
U — Uy Ui43 — U
N; o(u) = N;;(u) + —————— N U 2.16
i,2(u) — 1(w) wirs — o i41,1(u) (2.16)

Note that

« the first term of Eq. (2.14) and the last term of Eq. (2.16) are not com-
puted, since N;_3 1(u) = Njj1,1(u) = 0;

« the expression
Ni_1,1(u)
Uit — Ui-1
which appears in the second term of Eq. (2.14) appears in the first term

of Eq. (2.15); a similar statement holds for the second term of Eq. (2.15)
and the first term of Eq. (2.16).

We introduce the notation
left [j]=u—ujp1—;  right [j]l=uiy;—u
Equations (2.14)—(2.16) are then

left 3]
right [0] + left [3]

ight [1]
N;_ = N L nee A
2,2(u) 2,1(u) + Tight [1] + left [2] Ni—1,1(u)
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left [2] right [2] A
Nesa(®) = e ) g e
. left [1] . right [3] _
Nea(®) = e o ) g e o

Based on these observations, Algorithm A2.2 computes all the nonvanishing
basis functions and stores them in the array N[0],...,N[p].

ALGORITHM A2.2
BasisFuns(i,u,p,U,N)
{ /* Compute the nonvanishing basis functions */
/* Input: i,u,p,U */
/* Output: N */
N[0]=1.0;
for (j=1; j<=p; j++)

left[jl = u-U[i+1-j1;
right[jl = Uli+ji-u;
saved = 0.0;

for (r=0; r<j; r++)

temp = N[rl/(right[r+1]l+left[j-rl);
N[r] = saved+right[r+1]*temp;
saved = left[j-rl*temp;

N[j] = saved;

}

We remark that Algorithm A2.2 is not only efficient, but it also guarantees that
there will be no division by zero, which can occur with a direct application of
Eq. (2.5).

Now to the third algorithm; in particular, we want to compute all Nﬁy’;,) (u), for
i—p<r<iand0<k<n, where n < p. Inspection of Eq. (2.10) reveals that
the basic ingredients are:

« the inverted triangle of nonzero basis functions computed in Algorithm
A2.2;

« differences of knots (the sums: right [r+1]+left[j-r]), also computed
in Algorithm A2.2;

« differences of the ay ;; note that the ay,; depend on the ax_1,; but not the
agj, for s < k- 1.

Viewed as a two-dimensional array of dimension (p + 1) X (p + 1), the ba-
sis functions fit into the upper triangle (including the diagonal), and the knot
differences fit into the lower triangle, that is
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N; 0(u) Ni-1,1(u) | Ni-g2(u)

Uipy — Uj Nj,1(u) Ni_12(u)

Uip1 — U1 | Uipz —U; | Njo(u)

Example

Ex2.4 Let p = 2, U = {0,0,0,1,2,3,4,4,5,5,5}, and u = 54. Then u €
[ua,us), and the array becomes

wa@ =1 [1:0)-

us —ug=1 | Ny, (g) =

U5~’U.3=2 'U.G“’Ll.4=2

&

!
I

©
G

[ SR I R
&
[X]
|
]

)

O0jm | COICH | OOl

E
@
Il

Now compute N,i,lz) (3/2) and Nfg (8/2); with i = 4 in Eq. (2.10), we have

ayo = 1 1
1,0 = = =
Ue — U4q 2
1
a1 = — = -1
U7 — Us
a1,0 1
a2 = ————— = =~
U5 — Ugq 2
1
a1 —a -1-3
31 = 1,1 1,0 _ 2 __3
’ Ug — Us 4-3 2
1,1 1

azz = — et
’ ur—ug 4—4

1
0
N = 2ot (§) + asatiss ()

Nﬁ»’ = 2[02,0N4,0 (g) + a2, N5 (—5") +a2,2Ng 0 (g)}

and

2

Now ay,1, as,1, and az 2 all use knot differences which are not in the
array, but they are multiplied respectively by N5 1(5/2), Nso(5/), and
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Npg,0(5/2), which are also not in the array. These terms are defined to be
zero, and we are left with

th,l2) = 2a3,0N4,1 (g) = .;.

N4£,22) = 2a2,0N4,0 (g) =1

To check these values, recall from Section 2.2 that Ny o(u) = a(u — 2)?
on v € [2,3). The computation of Né’lz)(%), N3(’22)(5/2), N2(,12)(5/2), and
N2(22) (5/2) is analogous.

Based on these observations (and Ex2.4), it is not difficult to develop Algo-
rithm A2.3, which computes the nonzero basis functions and their derivatives,
up to and including the nth derivative (n < p). Output is in the two-dimensional
array, ders. ders[k] [j] is the kth derivative of the function N;_p;,, where
0<k<nand0<j<p Two local arrays are used:

« ndulp+1] [p+1], to store the basis functions and knot differences;

o a[2] [p+1], to store (in an alternating fashion) the two most recently
computed rows ax ; and ax_1 ;.

The algorithm avoids division by zero and/or the use of terms not in the array
ndu(][].

ALGORITHM A2.3
DersBasisFuns(i,u,p,n,U,ders)

{ /* Compute nonzero basis functions and their */
/* derivatives. First section is A2.2 modified */
/* to store functions and knot differences. */
/* 1Input: i,u,p,n,U x*/
/* Output: ders */

nduf0] {0}=1.0;

for (j=1; j<=p; j++)

left[j] = u-ULi+1-j1;
right[j] = U[i+j]-u;
saved = 0.0;
for (r=0; r<j; r++)
/* Lower triangle */
ndulj]l [r] = right[r+1]+left[j-r];
temp = ndulr] [j-1]/ndulj][r];
/* Upper triangle */
ndulr] [j] = saved+right [r+1]*temp;
saved = left[j-r]*temp;

ndul[jl[j] = saved;
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}
for (j=0; j<=p; j++) /* Load the basis functions */
ders[0][j] = nduljlIpl;
/* This section computes the derivatives (Eq. [2.9]) */
for (r=0; r<=p; r++) /* Loop over function index */
{
s1=0; s2=1; /% Alternate rows in array a */
afo][0o] = 1.0;
/* Loop to compute kth derivative */
for (k=1; k<=n; k++)

{

d = 0.0;

rk = r-k; pk = p-k;
if (r >= k)

als2][0] = a[s1][0]/ndulpk+1] [rk];
d = als2][0]*ndulrk] {pk]l;

}
if (rk >= -1) ji =1;
else jl = -rk;
if (r-1 <= pk) j2 = k-1;
else j2 = p-r;

for (j=j1; j<=j2; j++)

als2][j] = (als11[jl-als1]1[j-11)/ndulpk+1] [rk+j];
d += als2] [jl*ndulrk+j] [pkl;

if (r <= pk)

als2] (k] = -als1][k-1]/ndulpk+1] [r];
d += als2] [kl*ndulr] [pk];

ders[k][r] = d;
j=s1; sl=s2; s2=j; /* Switch rows */
}

}

/* Multiply through by the correct factors */
/* (Eq. [2.9]) »/

T = p;
for (k=1; k<=n; k++)
{
for (j=0; j<=p; j++) dersl[kl[j] *= r;
r *= (p-k);
}
}
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We turn our attention now to the last two algorithms, namely computing

a single basis function, Nj ,(u), or the derivatives, Ni(”;) (u), of a single basis

function. The solutions to these problems result in triangular tables of the form

N; o
N;1
Nit10 Nio
: N;p
Nitp-10 Niip-22
Niip-1,1
Ni+p,0

Example

Ex2.5 Letp=2,U ={0,0,0,1,2,3,4,4,5,5,5}, and u = 5/. The computation
of N3 5(5/2) yields

N3o(542) =0
N31(%h) = 5
Nao(®h) =1 Na2(oh) = &
Nya(52) = 5
Ns,0(%:2) =0
Ny 2(5/2) is obtained from
Nio(%e) =1
Na1(%h) = 5
Nso(5/2) = 0 Noa(%) = ¢
Ns,1(54) =0
Ne,0(5/) =0

Notice that the position and relative number of nonzero entries in the table
depend on p and on the position of the 1 in the first column. Algorithm A2.4
computes only the nonzero entries. The value N; ,(u) is returned in Nip; m is
the high index of U (m + 1 knots). The algorithm is similar to Algorithm A2.2
in its use of the variables temp and saved.

ALGORITHM A2.4
OneBasisFun(p,m,U,i,u,Nip)
{ /* Compute the basis function Nip */
/* Input: p,m,U,i,u =*/
/* Output: Nip */
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if ((i == 0 & u == U[0]) || /* Special */
(i == m-p-1 && u == U[m])) /* cases x*/
{
Nip = 1.0; return;

if (u < U[i] || u >= U[i+p+1]) /* Local property */
{
Nip = 0.0; return;
}
for (j=0; j<=p; j++) /* Initialize zeroth-degree functs */
if (u >= U[i+j] && u < U[i+j+1]) N[j] = 1.0;
else N[j]l = 0.0;
for (k=1; k<=p; k++) /* Compute triangular table */

if (N[0] == 0.0) saved = 0.0;
else saved = ((u-UL[i])*N[0])/(U[i+k]-U[il);
for (3j=0; j<p-k+l; j++)

Uleft = Uli+j+1];
Uright = U[i+j+k+1];
if (N[j+1] == 0.0)

{

N[j] = saved; saved = 0.0;

else
{
temp = N[j+1]/(Uright-Uleft);
N[j] = saved+(Uright-u)*temp;
saved = (u-Uleft)*temp;
}
}
}
Nip = N[0];
}
Now for fixed ¢, the computation of the derivatives, Ni(’l;) (u), for k=0,...,n,
n < p, uses Eq. (2.9). For example, if p = 3 and n = 3, then
N; N;
N =3 ( 2 i+1,2 )
? Uiy — Uy Ujpq —~ Uil
1 1
N® = Ni(,2) _ Ni(+)l,2
»3 Ui4d — Ui Uips — Uipl

2 2
o o[ N N2,
3 Uiy3 — U Uigq ~ Uiyl
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Using triangular tables, we must compute
k=0

N;1
Niji1 N;3

Niyon

Niiso
In words, the algorithm is:

1. compute and store the entire triangular table correspording to &k = 0;

2. to get the kth derivative, load the column of the table which contains
the functions of degree p — k, and compute the remaining portion of the
triangle.

Algorithm A2.5 computes Ni(,’;) (u) for k=0,...,n,n < p. The kth derivative
is returned in ders[k].

ALGORITHM A2.5
DersOneBasisFun(p,m,U,i,u,n,ders)
{ /* Compute derivatives of basis function Nip */
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/* Input: p,m,U,i,u,n */

/* Output: ders */

if (u < U[i] |} u >= U[i+p+1]) /* Local property */

{
for (k=0; k<=n; k++)
return;
}

for (j=0; j<=p; j++) /
if (u >= ULi+j] & u

else
for (k=1; k<=p; k++)

if (N[0] [k-1] == 0.0)

ders[k] = 0.0;

* Initialize zeroth-degree functs */
< Uli+j+11) N[jl[0] = 1.0;

N[j1[0] = 0.0;
/* Compute full triangular table */

saved = 0.0;

for (k=1; k<=n; k++)

else saved = ((u-U[i])*N[0] [k~-11)/(Uli+k]-U[il);

for (j=0; j<p-k+1; j++)

Uleft = U[i+j+1];
Uright = Uli+j+k+1];
if (N[j+1][k-1] == 0.0)

N[jl[k] = saved; saved = 0.0;
}
else
{
temp = N[j+1] [k-11/(Uright-Uleft);
N[jl[k] = saved+(Uright-u)*temp;
saved = (u-Uleft)*temp;
}
}

ders[0] = N[0I1[p]l; /* The function value */
/* Compute the derivatives */

{

for (j=0; j<=k; j++) /* Load appropriate column */

ND[j] = N[j1[p-k];

for (jj=1; jj<=k; jj++) /* Compute table of width k */

if (ND[0] == 0.0) saved = 0.0;
else saved = ND[0]/(U[i+p-k+jjl-U[il);
for (j=0; j<k-jj+1; j++)

Uleft = U[i+j+1];
Uright = U[i+j+p+jj+1];
if (ND[j+1] == 0.0)

{
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ND[j] = (p-k+jj)*saved; saved = 0.0;
else

temp = ND[j+1]/(Uright-Uleft);
ND[jl = (p-k+jj)*(saved-temp);
saved = temp;
}

}

ders[k] = NDI[O]; /* kth derivative */

}
}

Finally, note that Algorithms A2.3 and A2.5 compute derivatives from the
right if u is a knot. However, Eqgs. (2.5), (2.9), (2.10), and others in this chapter
could have been defined using intervals of the form u € (u;, ui41]. This would
not change Algorithms A2.2 through A2.5. In other words, derivatives from the
left can be found by simply having the span-finding algorithm use intervals of
the form (u;,ui+1], instead of [u;, ui+1). In the preceding example, with p = 2
and U = {0,0,0,1,2,3,4,4,5,5,5}, if u = 2 then span i = 3 yields derivatives
from the left, and i = 4 yields derivatives from the right.

EXERCISES

2.1. Consider the linear and quadratic functions computed earlier and shown in Fig-
ures 2.5 and 2.6. Substitute u = 5/, into the polynomial equations to obtain N3,1(5/),
Na,1(5/2), Na,2(5/2), Na2(5/2), and Naz2(54). What do you notice about the sum of the
two linear, and the sum of the three quadratic functions?

2.2. Consider the quadratic functions of Figure 2.6. Using the polynomial expressions
for N3 z2(u), evaluate the function and its first and second derivatives at u = 2 from
both the left and right. Observe the continuity. Does Property P2.5 hold? Do the
same with Ny 2(u) at u = 4.

2.3. Let U = {0,0,0,0,1,2,3,4,4,5,5,5,5}. How does this change the degree 0, 1,
and 2 functions of Figures 2.4-2.6? Compute and sketch the nine cubic basis functions
associated with U.

2.4. Consider the function Ny 2(u) of Figure 2.5, Naa(u) = 1ou® on [0,1), —342 +
3u —u? on [1,2) and 1/2(3 — u)* on [2,3). Use Eq. (2.10) to obtain the expressions for
the first and second derivatives of N2,2(u).

2.5. Again consider Ny 2(u) of Figure 2.5. Obtain the first derivatives of Na; and
N3, by differentiating the polynomial expressions directly. Then use these, together
with Eq. (2.11), to obtain Nj ,.

2.6. Again let p = 2, u = 5, and U = {0,0,0,1,2,3,4,4,5,5,5}. Trace through
Algorithm A2.2 by hand to find the values of the three nonzero basis functions. Trace
through Algorithm A2.3 to find the first and second derivatives of the basis functions.

Exercises 79

2.7. Use the same p and U as in Exercise 2.6, with u = 2. Trace through Algorithm
A2.3 with n = 1, once with i = 3, and once with i = 4. Then differentiate the
appropriate polynomial expressions for the Nj 2 given in Section 2.2, and evaluate the
derivatives from the left and right at v = 2. Compare the results with what you
obtained from Algorithm A2.3.

2.8. Using the same p and U as in Exercise 2.6, let u = 4. Trace through Algorithms
A2.2 and A2.3 to convince yourself there are no problems with double knots.

2.9. With the same p and U as in Exercise 2.6, let u =5/,. Trace through Algorithm
A2.5 and compute the derivatives Ng;) (8/2) for k=10,1,2.



CHAPTER
THREE

B-spline Curves and Surfaces

3.1 Introduction

In this chapter we define nonrational B-spline curves and surfaces, study their
properties, and derive expressions for their derivatives. For brevity we drop
the word nonrational for the remainder of this chapter. The primary goal is to
acquire an intuitive understanding of B-spline curves and surfaces, and to that
end the reader should carefully study the many examples and figures given in
this chapter. We also give algorithms for computing points and derivatives on B-
spline curves and surfaces. The use of B-splines to define curves and surfaces for
computer-aided geometric design was first proposed by Gordon and Riesenfeld
[Gord74b; Ries73]. B-spline techniques are now covered in many books on curves
and surfaces — see [DeBo78; Mort85; Bart87; Fari93; Yama88; Hosc93; Su89;
Roge90; Beac91].

3.2 The Definition and Properties of B-spline Curves

A pth-degree B-spline curve is defined by
Cw)=) NipwP; a<u<b (3.1)
s

where the {P;} are the control points, and the {N; ,(u)} are the pth-degree B-
spline basis functions (Eq. [2.5]) defined on the nonperiodic (and nonuniform)
knot vector

U={a,...,0,ups1,...,Um-p-1,b,...,b}

p+1 p+1
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(m + 1 knots). Unless stated otherwise, we assume that @ = 0 and b = 1.
The polygon formed by the {P;} is called the control polygon. Exa.tmples (.>f B-
spline curves (in some cases together with their corresponding basis functions)
are shown in Figures 3.1-3.14. ‘
Three steps are required to compute a point on a B-spline curve at a fixed

u value:

1. find the knot span in which u lies (Algorithm A2.1);

2. compute the nonzero basis functions (Algorithm A2.2);

3. multiply the values of the nonzero basis functions with the corresponding
control points.

Consider Example Ex2.3 of Section 2.5, with U = {0,0,0,1,2,3,4,4,5,5,5},
u = 5/, and p = 2. Then u € [u4, us), and

5) _ 1 5)_6 5) _ 1
N“(E) ~ 8 N3’2(2) ~ 8 N4’2(2 8
Multiplying with the control points yields

5\ _ 1 6 1
2 = lp, 4 Spyy P
C(2> ghztgPa+ghs

The algorithm follows.

ALGORITHM A3.1:
CurvePoint(n,p,U,P,u,C)

{ /* Compute curve point =*/
/* 1Input: mn,p,U,P,u */
/* Output: C */

span = FindSpan(n,p,u,U);

BasisFuns(span,u,p,U,N);

C = 0.0;

for (i=0; i<=p; it++)
C = C + N[i]#P[span-p+il;

}

We now list a number of properties of B-spline curves. These properties follow
from those given in Chapter 2 for the functions N; p(u). Let C(u) be defined by

Eq. (3.1).

P3.1 Ifn = pand U = {0,...,0,1,...,1}, then C(u) is a Bézier curve
(Figure 3.1);

P3.2 C(u) is a piecewise polynomial curve (since the N; ,(u) are piecewise
polynomials); the degree, p, number of control points, n+ 1, and number
of knots, m + 1, are related by

m=n+p+1 (3.2)
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P,
P

Py P3

Figure 3.1. A cubic B-spline curve on U = {0,0,0,0,1,1,1,1}, i.e., a cubic Bézier curve.

(see Section 2.4). Figures 3.2 and 3.3 show basis functions and sections of
the B-spline curves corresponding to the individual knot spans; in both
figures the alternating solid/dashed segments correspond to the different
polynomials (knot spans) defining the curve.

P3.3 Endpoint interpolation: C(0) = Py and C(1) = Py;

P3.4  Affine invariance: an affine transformation is applied to the curve by ap-
plying it to the control points. Let r be a point in £3 (three-dimensional
Euclidean space). An affine transformation, denoted by ®, maps £3 into
£2% and has the form

®(r)=Ar+v

where A is a 3 x 3 matrix and v is a vector. Affine transformations
include translations, rotations, scalings, and shears. The affine invariance
property for B-spline curves follows from the partition of unity property
of the N »(u). Thus, let r = Y~ a;p;, where p; € £3 and ¥ a; = 1. Then

O(r)=9 (Z aipi) =A (Z aip,-) +v= ZaiApi + Zaiv
= Z ai(Ap; +v) = Z%“I’(Pi)

P3.5 Strong convex hull property: the curve is contained in the convex hull
of its control polygon; in fact, if u € [u;,u;41), p<i < m—p— 1, then
C(u) is in the convex hull of the control points Pi_,,..., P; (Figures 3.4,
3.5, and 3.6). This follows from the nonnegativity and partition of unity
properties of the N; ,(u) (Properties P2.3 and P2.4), and the property
that N ,(u) =0for j <i—pand j > i when u € [wisuip1) (Property
P2.2). Figure 3.6 shows how to construct a quadratic curve containing
a straight line segment. Since P, P3, and P, are colinear, the strong



84 B-spline Curves and Surfaces ‘ The Definition and Properties of B-spline Curves 85

N03 Ney3 Nog
N2
b N, / 1
3,3 N N. N,
Nis Nos ~ N3 Nslx\ , Nys 2 3,2 42 Ns o
Rt s % , . 3 .
Pid A A A
> RN )( \ N // \ ’
e | osaoeenT Pooesl Seply o T R
0 s 1y 3y 1 Hh e ] et t ==
0 s 2/5 3fs s i
(a)
(a)

Py

Ps

(b)
(b) Figt(ljre 3.3. (a) Quadratic basis functions on U = {0,0,0, Y, /s, 3%, 4/5,1,1,1}; (b) a
quadratic curve using the basis functi f Fi ; ’
Figure 3.2. (a) Cubic basis functions U = {0,0,0,0, 4, Vs, %4,1,1,1,1}; (b) a cubic € ions of Figure 3.3a.
curve using the basis functions of Figure 3.2a.

=177 — 12
convex hull property forces the curve to be a straight line segment from p=1:U= {Oa 0,2, %, §, é, 1, 1}
555’5
C(2fs) to C(3fs);
p:Z:U.—:{OOOl l 3. 1.1.1

P3.6 Local modification scheme: moving P; changes C(u) only in the interval I L

[, wirps1) (Figure 3.7). This follows from the fact that N, p(u) = 0 for 1

u & [ui, Uiypt1) (Property P2.1). p=3:U= {0:0? 0,0, 3’ %, 1,1,1, 1}
P3.7 The control polygon represents a piecewise linear approximation to the p=4:U= { 0.0.0.0.0 1 11

curve; this approximation is improved by knot insertion or degree eleva- i IR Sl S L1, 1}

tion (see Chapter 5). As a general rule, the lower the degree, the closer a p=5:U={0,0,0,0,0,0,1,1,1,1,1,1 }

B-spline curve follows its control polygon (see Figures 3.8 and 3.9). The

curves of Figure 3.9 are defined using the same six control points, and The reason for this phenomenon is intuitive: the lower the degree, the
b

the knot vectors fewer the control points that are contributing to the computation of



86 B-spline Curves and Surfaces

Py

P,

Figure 3.4. The strong convex hull property for a quadratic B-spline curve; for
u € [ui, uit1), C(u) is in the triangle P;_oPi1 Pi.

C(uo) for any given ug. The extreme case is p = 1, for which every point

C(u) is just a linear interpolation between two control points. In this
case, the curve is the control polygon;

P3.8 Moving along the curve from u = 0 to u = 1, the Nj ,(u) functions

act like switches; as u moves past a knot, one N; p(u) (and hence the

corresponding P;) switches off, and the next one switches on (Figures 3.2
and 3.3).

Figure 3.5. The strong convex hull property for a cubic B-spline curve; foru € [wi, wit1),
C(u) is in the quadrilateral P;_3P; 2 P;-1 P;.
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P,

Ps

P4 P5

Figure 3.6. A quadratic B-spline curve on U = {0, 0,0, Vs, 2/s, 35, 4/5,1,1,1}. The curve
is a straight line between C(2/5) and C(3%).

P3.9 Variation diminishing property: no plane has more intersections with the

curve than with the control polygon (replace the word plane with line,
for two-dimensional curves) — see [Lane83] for proof;

Py

P

Py P,

i
o

P,

Spcloo-n

G

o p,
P

Figure 3.7. A cubic curve on U = {0,0,0,0, /s, Yz, 3/4,1,1,1, 1}; moving Py (to Pj)
changes the curve in the interval [1/4, 1). !
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P
P3 P, | 3

P; P

(a) Figure 3.9. B-spline curves of different degree, using the same control polygon.

quadratic curve defined on the same knot vector. Hence, the two curves
use the same basis functions, N; ,(u), for their definitions. But the curve
of Figure 3.11 is C! continuous at u = 4/s; this is not obvious but can be
seen using the derivative expression given in Section 3.3. This is simply
a consequence of the fact that discontinuous functions can sometimes be
combined in such a way that the result is continuous. Notice that Py,
P5, and Ps are colinear, and length( Py P5) = length(Ps Pg). Figure 3.12
shows a cubic curve which is C* continuous at u = s and u = 1, but
only C! continuous at the double knot u = 3/4. The eye detects discon-
tinuities in the second derivative but probably not in third and higher
derivatives. Thus, cubics are generally adequate for visual purposes.

P

(b) P,

Figure 3.8. B-spline curves. (a) A ninth-degree Bézier curve on the knot vector U =
{0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1,1,1,1}; (b) a quadratic curve using the same con-
trol polygon defined on U = {0,0,0, /s, %/s, 3/s, ¥/s, 5/, &8, /8, 1,1,1}.

P3.10 The continuity and differentiability of C(u) follow from that of the
N;,p(u) (since C(u) is just a linear combination of the N p(u)). Thus,
C(u) is infinitely differentiable in the interior of knot mtervals,. ar.n% it is
at least p— k times continuously differentiable at a knot of multiplicity k.

Figure 3.10 shows a quadratic curve (p = 2). The curve is c! con.tinuqus Py P, P,
(the first derivative is continuous but the second is not) at all m(;cenor
knots of multiplicity 1. At the double knot, u = 4/5, C(u) is only C” con- Figure 3.10. A quadratic curve on U = {0,0,0, s, 2/s, %, o, 4o, 1, 1,1} with 2 cusp at

tinuous, thus there is a cusp (a visual discontinuity). Figure 3.11 shows a u= 1,
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Py
P,

P1 P3

Py Py Py P

Figure 3.11. A quadratic curve on U = {0,0,0, s, 2/5, 3/5, %/s, 4/5,1,1,1}; the first
derivative is continuous at u = 4/s.

P3.11 It is possible (and sometimes useful) to use multiple (coincident) control
points. Figure 3.13 shows a quadratic curve with a double control point,
P, = P;. The interesting portion of this curve lies between C(1/s) and
C(3/s). Indeed, C(12) = P2 = P3, and the curve segments between
C(Y/4) and C(1/2), and C(}/2) and C(3/a), are straight lines. This follows
from Property P3.5, e.g., C(u) is in the convex hull of P, P, P; (a line)
if u € [1/4, 12). Furthermore, since the knot u = 1/; has multiplicity = 1,
the curve must be C! continuous there, even though it has a cusp (visual
discontinuity). This is a result of the magnitude of the first derivative
vector going to zero (continuously) at u = !/. In the next section
we see that the derivative at u = 1/2 is proportional to the difference,
P; — P,. Figures 3.14a and 3.14b are cubic examples using the same

) )
P;
P1 P. 3
Ps
Po P4 P5

Figure 3.12. A cubic curve on U = {0,0,0,0, Ya, Y2, 34, 3/4,1,1,1,1}, C? continuous
at u = 1/; and u = 1, and C* continuous at u = 3/4.
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Py

2

P,

Figure 3.13. A quadratic curve on U = {0,0,0, /4, Y2, 3/4,1,1,1}; P2 = P; is a double
control point.

control polygon, including the double control point, P, = P, but with
different knot vectors.

3.3 The Derivatives of a B-spline Curve

Let C%®)(u) denote the kth derivative of C(u). -If u is fixed, we can obtain

C®(y) by computing the kth derivatives of the basis functions (see Egs. [2.7],
[2.9], and [2.10] and Algorithm A2.3). In particular

W) =Y NP, (3.3)

=0

Consider the example of Section 2.5, with r=2,U={0,0,0,1,2,3,4,4,5,5,5}
and u = 5/. From Eq. (2.7) we have A

N _5_)= __2 1_ 1
2»"’(2 3-12 2

It follows that




92 B-spline Curves and Surfaces

P, = P;
P, P,
P
Po s
(a)
Pz = Ps
P, Py
P, P;
(b)

Figure 3.14. Cubic curves with double control point Pz = P3. (a) U = {0,0,0,0, /1, 3,
1,1,1,1}; (b) U = {0,0,0,0, 1/, 1/2,1,1,1,1}.

An algorithm to compute the point on a B-spline curve and all derivatives up
to and including the dth at a fixed u value follows. We allow d > p, although
the derivatives are 0 in this case (for nonrational curves); these derivatives are
necessary for rational curves. Input to the algorithm is u,d, and the B-spline
curve, defined (throughout the remainder of this book) by
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: the number of control points is n + 1;
: the degree of the curve;

: the knots;

P : the control points.

Output is the array CK[], where CK[k] is the kth derivative, 0 < k < d. We
use Algorithms A2.1 and A2.3. A local array, nders[][], is used to store the
derivatives of the basis functions.

ALGORITHM A3.2:
CurveDerivsAlgl(n,p,U,P,u,d,CK)
{ /¥ Compute curve derivatives */
/* Input: n,p,U,P,u,d */
/* QOutput: CK =/
du = min(d,p);
for (k=p+1; k<=d; k++) CK[k] = 0.0;
span = FindSpan(n,p,u,U);
DersBasisFuns(span,u,p,du,U,nders);
for (k=0; k<=du; k++)
{
CK[k] = 0.0;
for (j=0; j<=p; j++)
CK[k] = CK[k] + nders[k] [jI1+P[span-p+jl;
}
}

Now instead of fixing u, we want to formally differentiate the pth-degree B-
spline curve,

v B

C(u) = En:Ni,p(’u)Pi

=0
defined on the knot vector

U= {O,...,O,Up+1,...,Um__p_l,l,.‘.,l}

p+1 p+1

From Egs. (3.3) and (2.7) we obtain

C'(u) = i N} (u)P;
i=0

n
S P
-y Nors) - sy P

i=0 (ui-l-p“—ui vP ( ) Uitptl — Vi1 “+Lp 1( ) i

B n-—lN Pi+1
=1\p Z i+1,p-1(u)’u°_‘“—“*

=1 itp+1 — Uitl
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~ (> i+l,P-1(u)m

=0
Nop_1(u)Py 32 Py — P Npi1p-1(w)P,
=p 0,p—1(u) Po +PZNi+1,p—1(U) ( +1 z) —p n+l,p - n
Up — Up =0 Uitp4+1 — Uit Untp+1 — Un+l

The first and last terms evaluate to O/, which is 0 by definition. Thus

C'(u) = PnilNu—l p-1(v) (P = B) _ nilNiH,p—l(“) Q;
= Uipp+1 ~ Uitl

=0

P - P (3.4)

where Q =vp
Uigp+1 — Uitl

Now let U’ be the knot vector obtained by dropping the first and last knots
from U, ie.
U"‘—“{0,...,0,’U.p+1,...,Um_p_l,l,...,l} (35)
P P
(U’ has m — 1 knots). Then it is easy to check that the function Ny p—1(u),
computed on U, is equal to' Nj ,—1(u) computed on U ’. Thus

n—1

C'(u) =) Nip1() Q; (3.6)
i=0

where the Q; are defined by Eq. (3.4), and the N;,_1(u) are computed on U'.

Hence, C'(u) is a (p — 1)th-degree B-spline curve.

Examples
Ex3.1 Let C(u) = Z?:o N 2(u)P; be a quadratic curve defined on
U = {0,0,0, %5, 3/5,1,1,1}

Then U’ = {0,0, %5, 3/5,1,1} and C'(u) = 3o Ni1(u) Q;, where

Q=222 _5p, - my)
2.0
q =22 B) L - py
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2(P — P
Q=2B=F) _104p p,
1- 2 3
5

2(P; — P,
Q= 2B=P) _yp,_py)

13

5

C(u) and C'(u) are shown in Figures 3.15a and 3.15b, respectively.
Ex3.2 Let C(u) = Z?:o N 3(u)P; be a cubic curve defined on

U= {Oi 0’0) 0, 2/5, 3/5, 3/5, 1, 1, 1, 1}

Then U’ = {0,0,0, %, 35, 35,1,1,1} and C'(u) = Yo_, Nia(u) Q;,
(P, - P
where Q= _(__1.1___92 =9(P, — Py)
3-0
3(P,—-P
Q-3=F) _94p p,
2, 2
3
3(P; — P
Q-3B=P) _94p p,
2 _ o 2
3
3(Py— P
Q=3P P) _9p py
1-1 2
3(Ps - P
Q4=‘L—5“~2—Q=9(P5—P4)
1- 4
3
3(Ps — P
Q= 2P=P) _gp _p,
1-2
3

C(u) and Cl'(u) are shown in Figures 3.16a and 3.16b, respectively. No-
tice :;mt C'(u) is a quadratic curve with a cusp at the double knot
u = 3/

Ex3.3 Recalling that a pth-degree Bézier curve is a B-spline curve on
U =1{0,...,0,1,...,1} (no interior knots), Eq. (3.4) reduces to Q, =
(P11 —P;) for 0 <i<n—1. Sincen=pand Nip-1(u) = B; _1Eu)
the Bernstein polynomials, Eq. (3.6) is equivalent to Eq. (1.9). " ’
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c'(0)
C'(3fs)
4 c'(1)
y L
) e g Py
e — C'(%)
P,
P3
Py
x
\ C'(3s)
(a)
Q
Yy
Q,
C'(Ys)
- - x
Q,
Q,

(b)

Figure 3.15. (2) A quadratic curve on U = {0, 0,0, 2/, 3/5,1,1,1}; (b) the derivative of
the curve is a first-degree B-spline curve on U’ = {0, 0, 2/, 3/, 1, 1}.
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C'(0)
Yy
P c
e 4 1)2
PL -
P; C'(%s)
P
z

Po P4 P5

C'(3s)

(2)

Figure 3.16. (a) A cubic curve on U = {0,0,0,0, %/5, 3/, 3/s,1,1,1,1}; (b) the quadratic
derivative curve on U’ = {0,0,0, 2/, 3/, 35,1,1,1}.

The first derivatives at the endpoints of a B-spline curve are given by
’ _ 4
C(0)=Qp= (P — Po)
Up+1

C'(1) = Quy = —F—— (P — Poy) 3.7)

1—Um—p-1

(see Examples Ex3.1 and Ex3.2, and Figures 3.15(a) and (b) and Figures 3.16
(a) and (b)). Note that in Figures 3.15b and 3.16b the derivative vectors and
control point differences are scaled down for better visualization, by 1/ and by
1/3, respectively.

Since C'(u) is a B-spline curve, we apply Egs. (3.4) through (3.6) recursively
to obtain higher derivatives. Letting P§°’ = P;, we write

C(u) = COu) = i N; (w) P

1=0

n—k
Then C®w) = 3N pi(u) PP (3.8)
=0
*) P,' k=20
with P = p—k+1 (k—=1) (k=1)
—— (P& -PEY) k>0
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Qo
)
Qs
ce
Ch).. Q
/// z
Q,
Q:
Q;
(b)
Figure 3.16. (Continued.)
and US ={0,...,0,upt1y- -y Um—p—1,1,.-.,1}
p~k+1 p—k+1

Algorithm A3.3 is a nonrecursive implementation of Eq. (3.8). It computes
the control points of all derivative curves up to and including the dth derivative
(d < p). On output, PK[k] [i] is the ith control point of the kth derivative
curve, where 0 < k < dandr; <i < rp—k. If r; = 0 and r2 = n, all control
points are computed.

ALGORITHM A3.3
CurveDerivCpts(n,p,U,P,d,r1,r2,PK)

{ /* Compute control points of curve derivatives */
/* Input: =n,p,U,P,d,r1,r2 =*/
/* Output: PK */

r = r2-rl;

for (i=0; i<=r; i++)
PK[0]1[i] = Plr1+il;

for (k=1; k<=d; k++)
{

tmp = p—k+1;
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for (i=0; i<=r-k; i++)
PK[k][i] = tmp*(PK[k-1] [i+1]-PK[k-1]1[i]l)/
(Ulri+i+p+1]-Ulri+i+k]);
}

}

Using Eq. (3.8), we compute the second derivative at the endpoint, u = 0, of
a B-spline curve (p > 1)

—-2+4+1
c®(0) = Pf) = L2 (P pfY)

Uptl — U2
p—1 P (0) ) b4 (0 (0))]
= pO-p®)- 2 (p®_p
Up+1 — U2 [up+2 - Uz ( 2 ! ) Up+1 — UL ( 1 0

From u; = ug = 0 it follows that

c?(0) = plp-1) [ Po  (upr1+upi2)Py + P, ] (3.9)
Up+1 Up+1 Up+1Upt2 Up+2
Analogously,
C(2)(1) - p(p _ 1) x
— Um—p—1
P'n _ (2 — Um—p—-1 — um—-p—-Z)Pn-—-l P'n.—2 :l (3 10)
1= tUm—p-1 (1~ sm—rp-1)(1 — Um—p-2) 1—tm—p-2

Notice that for Bézier curves these equations reduce to the corresponding ex-
pressions of Eq. (1.10). Figure 3.17 shows the quadratic curve of Figure 3.15a
with the vectors C®(0) and C®(1). C(y) is a piecewise zeroth-degree curve,
i.e., it is a constant (but different) vector on each of the three intervals [0, 2/s),
[2/5v 3/5)7 and [3/5) 1]

We close this section with another algorithm to compute the point on a B-
spline curve and all derivatives up to and including the dth derivative at a fixed
u value (compare with Algorithm A3.2). The algorithm is based on Eq. (3.8)
and Algorithm A3.3. We assume a routine, A11BasisFuns, which is a simple
modification of BasisFuns (Algorithm A42.2), to return all nonzero basis func-
tions of all degrees from 0 up to p. In particular, N[j] [i] is the value of the
ith-degree basis function, Nypan—i+;,i(u), where 0 < i <pand 0 < j <i. ‘

ALGORITHM A3.4
CurveDerivsAlg2(n,p,U,P,u,d,CK)
{ /* Compute curve derivatives */
/* Imput: =n,p,U,P,u,d */
/* Output: CK */
du = min(d,p);
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0(2)(1)

Pl P2

P,

Py
P;

C(2)(0)

Figure 3.17. The second derivatives at the endpoints of the curve of Figure 3.15a.

for (k=p+1; k<=d; k++) CK[kl = 0.0;
span = FindSpan(n,p,u,U);
AllBasisFuns(span,u,p,U,N);
CurveDerivCpts(n,p,U,P,du,span-p,span,PK) ;
for (k=0; k<=du; k++)

{

CK[k] = 0.0;

for (j=0; j<=p-k; j++)

CK[k] = CK[k]l + N[j]l[p-k]*PK[k][j];

}

}

Figure 3.18 shows a cubic curve with first, second, and third derivatives computed
at u = 2/5. {The derivatives are scaled down by 2/s.)
3.4 Definition and Properties of B-spline Surfaces

A B-spline surface is obtained by taking a bidirectional net of control points,
two knot vectors, and the products of the univariate B-spline functions

S(u,0) =Y D" Nip(u)Nyo(v)Pij (3.11)

i=0 j=0
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P1 P4

Po P5

C(2)(2/5)

Figure 3.18. A cubic curve on U = {0,0,0,0, 1/, 3/s,1,1,1,1} with first, second, and
third derivatives computed at u = 2/;.

with U={0,...,0,upq1,..-, tpp-1,1,...,1}
p+1 p+1
V=1{0,...,0,v41,. ., Vs-q-1,1,...,1}

g+1 q+1

U has r + 1 knots, and V has s + 1. Equation (3.2) takes the form
r=n+p+1 and s=m+q+1 (3.12)

Let U and {N;3(u)} be the knot vector and cubic basis functions of Figure 3.2a,
and {Nj2(v)} the quadratic basis functions defined on V = {0,0,0, 15, /s, 3/s,
35, 4/5,1,1,1}. Figures 3.19a and 3.19b show the tensor product basis functions
Ny,3(u)Ny2(v) and Ny 3(u)Nay2(v), respectively. Figures 3.20-3.25 show exam-
ples of B-spline surfaces.

Five steps are required to compute a point on a B-spline surface at fixed (u,v)
parameter values:

1. find the knot span in which u lies, say u € [u;, u;41) (Algorithm A2. 1);

2. compute the nonzero basis functions N;_j, ,(u), ..., N; p(u) (A2.2);
3. find the knot span in which v lies, say v € [v;,v;41) (A2.1);
4. compute the nonzero basis functions N;_q ¢(v),. .., N; 4(v) (A2.2);
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Ni 3(u) Ny 2(v)

NS>
1\ \\k::‘

Ny,3(u)No,2(v)

(®)

Figure 3.19. Cubic x quadratic basis functions. (a) Ny 3(u)Ny2(v); (b) N a(u)Na2(v);
U= {0) 0, 07 0, 1/47 1/2) 3/4, 1, 1,1, 1} and V = {0,0,0, 1/57 2/51 3/57 3/53 4/5) 1,1, 1}

5. multiply the values of the nonzero basis functions with the corresponding
control points.

The last step takes the form
S(u,v) = [Nep(@)]" [Pra] [Nig(v)]  i-p<k<i, j—gsi<j (3.13)
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Note that [ N, ,(u) 17 is a 1x (p+1) row vector of scalars, [Prilisa(p+1)x(g+1)
matrix of control points, and [ N, 4(v)] is a (¢ + 1) x 1 column vector of scalars.

Example
Ex3.4 Letp=¢g=2and 3 i, E?:o N; 2(w)Nj 2(v) P; j, with
U ={0,0,0, 25, 3/,1,1,1}
V ={0,0,0, Y/s, /2, 4/5,1,1,1}
Compute S(1/5, 3/5). Then /5 € [u2,u3) and 3/ € [vg,vs5), and

(52) () ) )] -

()
Poo Pos Pog

P2 Pz Pig Ns,z(g)

P2 Pi3 Poy 3
v 3)

Algorithm A3.5 computes the point on a B-spline surface at fixed (u,v) values.
For efficiency, it uses a local array, temp[], to store the vector/matrix product,

[ N p(u)]” [P, ]. The resulting vector of points (in temp[1) is then multiplied
with the vector [Ny 4(v)].

ALGORITHM A3.5
SurfacePoint(n,p,U,m,q,V,P,u,v,S)

{ /* Compute surface point */
/* Input: =n,p,U,m,q,V,P,u,v */
/* Output: S */

uspan = FindSpan(n,p,u,U);

BasisFuns(uspan,u,p,U,Nu);

vspan = FindSpan(m,q,v,V);

BasisFuns(vspan,v,q,V,Nv);

uind = uspan-p;

S = 0.0;

for (1=0; 1<=q; 1++)
{
temp = 0.0;

vind = vspan-q+l;
for (k=0; k<=p; k++)
temp = temp + Nulk]*P[uind+k] [vind];
S =S + Nv{1l*temp;
}

}
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" Py

(2)
Figure 3.20. A B-spline surface. (a) The control net; (b) the surface.

The properties of the tensor product basis functions follow from the corre-
sponding properties of the univariate basis functions listed in Chapter 2.

P3.12 Nonnegativity: N; »(u)Nj, o(v) > 0 for all i, j,p, g, u,v;

P3.13 Partition of unity: 3 o 3 7vo Ni,p(u)Nj, q(v) = 1 for all (u,v) € [0,1] x
[O) 1]; ¥

P3.14 Ifn=p,m=4¢q, U ={0,...,0,1,...,1}, and V = {O,....,O,l,...,l},
then N; p(u)Nj q(v) = Bin(u)Bjm(v) for all 4,35; that is, pro@ucts of
B-spline functions degenerate to products of Bernstein polynomials;

P3.16 N;,(u)N;q(v) = 0 if (u,v) is outside the rectangle [u;,uitpt1)X
[vj,Vjt+q+1) (see Figures 3.19a and 3.19b);

P3.16 In any given rectangle, [us,, %i,+1) X [Vjo,Vjo+1), at most (p + 1)(g+1)
basis functions are nonzero, in particular the Nj p(u)N;,q(v) for ig —p <
i< ig and jo— ¢ < J < Jos

P3.17 If p > 0 and ¢ > 0, then N, ,(u)N; o(v) attains exactly one maximum
value (see Figures 3.19a and 3.19b);

P3.18 Interior to the rectangles formed by the u and v knot lines, where
the function is a bivariate polynomial, all partial derivatives of N; p(u)
N; o(v) exist; at a u knot (v knot) it is p — k (¢ — k) times differen-
tiable in the u (v) direction, where k is the multiplicity of the knot. In
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(®)

Figure 3.20. (Continued.)

Figure 3.19a the first partial derivative of Ny 3(u)Ny2(v) with respect to
v is discontinuous along the knot line v = 3/5 where Ny 2(v) has a cusp.
The second partial derivative with respect to u is everywhere continuous,
because Ny 3(u) is C? continuous.

B-spline surfaces have the following properties:

P3.19

P3.20

P3.21

P3.22

fn=pm=¢qU={0,...,01,...,1},and V = {o,...,0,1,...,1},
then S(u,v) is a Bézier surface; this follows from P3.14;

The surface interpolates the four corner control points: S(0,0) = Poo,
S(1,0) = Py, S(0,1) = Pom, and 8(1,1) = P, ,, (see Figures 3.20
through 3.25); this follows from P3.13 and the identity

NO,p(O)NO,q(O) = Nn,p(l)Nﬂ,q(O) = No,p(O)Nm,q(l)
= Nop(1) N g(1) = 1

Affine invariance: an affine transformation is applied to the surface by
applying it to the control points; this follows from P3. 13;

Strong convex hull property: if (u,v) € [uy, uig41) X [vjo,Vjo+1), then
S(u,v) is in the convex hull of the control points Pij,io—p<i<ig

and jo — ¢ < j < jo (see Figures 3.21); this follows from P3.12, P3.13,
and P3.16;
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(b)
Figure 3.21. (a) A cubicxquadratic B-spline surface; (b) the strong convex hull property.
P3.23 If triangulated, the control net forms a piecewise planar approximation (b)
to the surface; as is the case for curves, the lower the degree the better Figure 3.22. (a) A biquadratic surface; (b) a biquartic surface (p = ¢ = 4) using the

the approximation (see Figures 3.22a and 3.22b); same control points as in Figure 3.22a.
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(b)
Figure 3.23. (a) A planar quadratic X cubic surface, U = {0,0,0, 1/4, 1/2, 3/4,1,1,1} and
V = {0,0,0,0, s, 2/5, 35, 4/5,1,1,1,1}; (b) P35 is moved, affecting surface shape only
in the rectangle [1/4,1) x [2/5,1).

P3.24 Local modification scheme: if P; ; is moved it affects the surface only in
the rectangle [u;, uitp+1) X [Vj,Vj4q+1); this follows from P3.15. Now
consider Figures 3.23a and 3.23b: the initial surface is flat because all the
control points lie in a common plane (P3.22); the control net is offset

P3.25
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from the surface for better visualization. When ‘P35 is moved it affects
the surface shape only in the rectangle [1/4,1) x [2/s, 1);

The continuity and differentiability of S(u,v) follows from that of the
basis functions. In particular, S(u,v) is p — k (g — k) times differen-
tiable in the u (v) direction at a u (v) knot of multiplicity k. Fig-
ure 3.24 shows a quadratic x cubic surface defined on the knot vectors
U ={0,0,0, 1, 12,1,1,1} and V = {0,0,0,0, Y5,1,1,1,1}. Notice the
crease in the surface, corresponding to the knot line u = 1. Of course,
as is the case for curves, it is possible to position the control points in
such a way that they cancel the discontinuities in the basis functions.
By using multiply coincident control points, visual discontinuities can
be created where there are no corresponding discontinuities in the ba-
sis functions; Figure 3.25 shows such a surface, which is bicubic with
no multiple knots. Hence, the second partial derivatives are everywhere
continuous. The crease is due to the multiple control points.

We remark here that there is no known variation diminishing property for B-
spline surfaces (see [Prau92)).

Isoparametric curves on S(u,v) are obtained in a manner analogous to that
for Bézier surfaces. Fix u = uq

Cuo (v) = S(uo,v) = Z ZNi.p(uO)N',q(v)Pi,j

=0 j=0

Figure 3.24. A quadratic x cubic surface with crease, U = {0,0,0, /2, 2,1,1,1} and
V= {01070701 l/2;, 1,1, 1, 1} ‘
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Poa Pog=P3q=Puy

Figure 3.25. A bicubic surface with crease, U = {0,0,0,0, Y4, /2, %4,1,1,1, 1} and
V= {0, 0,0,0, 12,1,1, 1,1}; Py = P35 = Py,; for0<j<4.

= iNj,q(v) (i Ni,p(uo)Pi,j) =" Njq(v) Q;(uo) (3.14)
i=0 N =0

3=0
where Qj (U()) = Z N,-,p(uo) Piyj
=0
Analogously C,o(u) = Z N; 5(u) Q;(vo)
=0
where Q,-(’Ug) = ZNj,q(vg) Pi‘j (3.15)
3=0

is a u isocurve on S(u, v). Cy,(v) is a gth-degree B-spline curveon V/, ‘and Cy (u)
is a pth-degree B-spline curve on U. The point S(ug,vo) is at the intersection
of Cy,(v) and Cy,(u). All lines shown on the surfaces of Figures 3.20-3.25
are isolines.

3.5 Derivatives of a B-spline Surface

Let (u,v) be fixed. Generally, one is interested in computing all partial deriva-
tives of S(u,v) up to and including order d, that is
okt

= S(u,v)

0<k+l<d (3.16)
Oy d =
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As for curves, we obtain these derivatives by computing derivatives of the basis
functions (see Egs. [2.9] and([2.10], and Algorithm A2.3). In particular

ak-H n m ® (D
0%y S(u,v) = Z Z Nip NjoPii (3.17)
=0 j=0

Algorithm A3. 6 computes the point on a B-spline surface and all partial deriva-
tives up to and including order d (d > p, q is allowed). Analogous to Algorithm
A3.5, this is a five-step process, with the last step being vector /matrix/vector
multiplications of the form

k1
a————fu;v S(u,v) = [N w)]” [Prs] [N )]

0<k+1<d uspan—p<r< uspan
vspan — ¢ < s < vspan (3.18)

Output is the array SKL[][], where SKL[k] [1] is the derivative of S(u,v) with
respect to u k times, and v I times. For fixed k, 0 < k < d, local array templ[]
stores the vector/matrix product, [Nr,p(k)(u) ]T [P, ], while it is being multi-
plied with the [N, ,)(v)], for 0 < I < d — k. Arrays Nu[1[] and Nv[1[] are
used to store the derivatives of the basis functions.

ALGORITHM A3.6
SurfaceDerivsAlgi(n,p,U,m,q,V,P,u,v,d,SKL)
{ /* Compute surface derivatives #*/
/* Input: n,p,U,m,q,V,P,u,v,d */
/* Output: SKL */
du = min(d,p);
for (k=p+1; k<=d; k++)

for (1=0; 1<=d-k; 1++) SKL[k][1] = 0.0;
dv = min(d,q);
for (1=q+1; 1<=d; 1++)

for (k=0; k<=d-1; k++) SKL[k][1] = 0.0;

uspan = FindSpan(n,p,u,U);
DersBasisFuns (uspan,u,p,du,U,Nu);
vspan = FindSpan(m,q,v,V);
DersBasisFuns(vspan,v,q,dv,V,Nv);
for (k=0; k<=du; kt++)
{
for (s=0; s<=q; s++)
{
temp[s] = 0.0;
for (r=0; r<=p; r++)
temp[s] = temp[s] + Nu[k] [r]*P[uspan-p+r] [vspan-g+s];

}
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dd = min(d-k,dv);
for (1=0; 1<=dd; 1++)

{
SKLIk][1]1 = 0.0;
for (s=0; s<=q; s++)
SKL[k] [1] = SKL[k][1] + Nv[1][sl*temp[s];

}
}

Figure 3.26 shows a bicubic surface and its first and second partial derivatives.
Note that the derivatives are scaled down by 1/ for better visualization.
Let us formally differentiate S(u,v). With respect to u we have

Su(u,v) = —a%S(u,v) =3 N;4(0) (%ZNi,p(u)pi,j> (3.19)
=0

i=0
=3 N0 (2w

¢ ha ou 7

3j=0

n
where C;(u) = E N; ,(u)P; ; ji=0,...,m

=0

z

Figure 3.26. A bicubic surface defined on U =V = {0,0,0,0, 1/, 1,1,1,1} and its first
and second partial i=vivatives computed at u = 3/4 and v = 2/.
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are B-spline curves. Applying Eq. (3.6) to each of the C;(u) and substituting

into Eq. (3.19), we obtain

n—1m
Su(w,0) = 33 " Nip1 ()N, g(v) P
2=0 j=0
P, — P
where PUO = p iHLi T Teg
50 =p R (0 g, 3.4)
1) =
U )_{0,...,0,u,,+1,...,u,-,,_l,l,...,1}
P P
VO =y
n m-1
Analogously S, (u,v) = Z ZNi,P(u)Nj,q_l(v) Pi((;’l)
i=0 j=0 '
, P - P,
where Pif(; Y= qv“z—”*l“——‘]—
it+e+l T Ut
U® =y
1 .
v = {0,..,0,0541,.. ., v5-g-1,1,...,1}
q - q
Applying first Eq. (3.20), then Eq. (3.21) yields
n—im-—1
Sur(w,0) =3 7Y Nip1 (u)Nj -1 (0) P
i=0 j=0 '
P(lyo) —_— P(lro)
where py gt T "hi
7,
! Yi+a+l = Ujt1
and UM and V() are as defined previously.
In general
ak+[ n—km—l
Fadty S ) =3 3 Nipok(u)N g () PSS
i=0 j=0
pli=1) _ plki-1)
where Pi(,?l) =(g—1+ 1) Li+1 PZ,J

Vj+g+1 — Yj4i

(3.20)

(3.21)

(3.22)

(3.23)
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Using Egs. (3.20)—(3.23), we derive useful formulas for corner derivatives. For
example, at the corner (u,v) = (0,0), we have

$.(0,0) = Pig” = L _(Pyo~ Poo)
Up+1

8,(0,0) = RS = —L(Po1 — Poo) (3.24)
Vg+1
— pll P(l ,0) P(l ,0)
$.,(0,0) = Pig" = ( )

(P11 — Po1 — P1o+ Poyo)

il

Up+1Vg+1

Now let ug = 0 and vy = 0. From the properties of the basis functions, it is easy
to see that the isocurves C,,(v) and C,,(v) are given by

Cuo() =D Njo(®)Po;  Cuu) = > Nip(u)Pig

j=0 i=0
From Eq. (3.7) it follows that
$.(0,0) = C,, (0) S,(0,0) = C,, (0)

Algorithm A3.7 computes all (or optionally some) of the control points,

P(k h , of the derivative surfaces up to order d (0 < k 41 < d). The algorithm
is based on Eq. (3.23) and Algorithm A3.3. Output is the array, PKL[] non,
where PKL[k] [11[i][j] is the 4,jth control point of the surface, differentiated
k times with respect to u and ! times with respect to v.

ALGORITHM A3.7
SurfaceDerivCpts(n,p,U,m,q,V,P,d,rl,r2,sl,sQ,PKL)

{ /* Compute control points of derivative surfaces */
/* Input: =n,p,U,m,q,V,P,d,rl,r2,s1,s2 */
/* Output: PKL */

du = min(d,p); dv = min(d,q);

r = r2-rl; s = s2-si;

for (j=sl; j<=s2; j++)
{
CurveDerivCpts(n,p,U,&P{][j],du,rl,r2,temp);
for (k=0; k<=du; k++)

for (i=0; i<=r-k; i++)
PKLI[k] [0] [i][j-s1] = temp([k][il;

}

for (k=0; k<du; k++)
for (i=0; i<=r-k; i++)

{

Derivatives of a B-spline Surface 115

dd = min(d-k,dv);
CurveDerivCpts(m,q,&V[s1],&PKL[k] [0] [i][],dd,0,s,temp);
for (I=1; 1<=dd; 1++)
for (j=0; j<=s-1; j++)
PKLIk] [1][i]1[j] = temp[1]}[j];

}

Algorithm A3.8 computes the point on a B-spline surface and all partial deriva-
tives up to and including order d, at fixed parameters (u,v) (compare with Al-
gorithm A3.6). d > p,q is allowed. On output, SKL[k] [1] is the derivative of
S(u,v) k times with respect to u and I times with respect to v.

ALGORITHM A3.8:
SurfaceDerivsAlg2(n,p,U,m,q,V,P,u,v,d,SKL)
{ /* Compute surface derivatives */
/* Input: n,p,U,m,q,V,P,u,v,d */
/* Output: SKL =/
du = min(d,p);
for (k=p+1; k<=d; k++)

for (1=0; 1<=d-k; 1++) SKL[k][1] = 0.0;
dv = min(d,q);
for (1=q+1; 1<=d; 1++)

for (k=0; k<=d-1; k++) SKL[k][1] = 0.0;

uspan = FindSpan(n,p,u,U);
AllBasisFuns(uspan,u,p,U,Nu);
vspan = FindSpan(m,q,v,V);
AllBasisFuns(vspan,v,q,V,Nv);
SurfaceDervapts(n p,U,m,q,V,P,d,uspan-p,uspan,

vspan-q, vspan,PKL) ;

N

for (k=0; k<=du; k++)
{
dd = min(d-k,dv);
for (1=0; 1<=dd; 1++)

SKL[k][1] =

for (i=0; i<=qg-1; i++)
{
tmp = 0.0;
for (j=0; j<=p-k; j++)

tmp = tmp + Nulj] [p-kI*PKL[k] [1] [j][i];

?KL (k][1] = SKL[k][1] + Nv[i] [q-1]#tmp;

}

}
}
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EXERCISES

3.1. Why do quadratic curves touch their control polygons at knots?
3.2. If a quadratic curve has an inflection point, it must be at a knot (see the figures).
Why?
3.3. Construct a C? continuous cubic curve with a cusp.
3.4. Let a cubic curve be defined by C(u) = Z;o N; 3(u)P; and the knot vector
U ={0,0,0,0, s, /s, ?/3, 3/s,1,1,1,1}.

a. Assume some arbitrary locations for the P; and sketch the curve.

b. Where is the point C(¥/4)?

c. If P, is moved, on what subinterval of [0, 1] is C(u) affected? If P is moved, what

subinterval is affected?
d. Which control points are affecting curve shape on the interval u € {14, 2/3)? On
the interval u € [2/3, 3/s)?

3.5. Let C(u) = 35 Ni2(u)Pi, where U ={0,0,0,1,1,1,1} and Po = (-1,0),
P, = (~1,1), P, = (1,1), and P = (1,0). Sketch C(u). Compute C'(u), ie., its
control points and knot vector. Sketch C'(u).
3.6. For the cubic curve of Figure 3.16a, assume the control points {P:} = {(0,0),
(1,2),(3,4), (5,2), (5,0), (8,0),(9,3)}. Sketch the curve. Using Eq. (3.8), compute the
second derivative curve, C®(u). Sketch C® (u). Let Po(z) and P4(2) be the first and
last control points of C®(u), ie., P(,(2) = C®(0) and P4(2) = C®(1). Compute
C@(0) and C®(1) using Eqgs. (3.9) and (3.10).
3.7. A crease in a surface can be created using either multiple knots or multiple control

points (see Figures 3.24 and 3.25). Which would you use if you wanted a crease running
less than the full length of the surface? Construct and sketch such an example.

3.8. Consider the B-spline surface S(u,v) = Y o_, Zj=o Ni2(w)N;2(v) Py
where U = {0,0,0,1,1,1,1}
V ={0,0,0,1,1,1}
and Poo = (0,0,0) Pio=(3,0,3) Pao=(6,0,3) Pso=(9,0,0)
Po:=(0,2,2) Pi1=(3,25 Psy1=(625) Ps;=(922)
Po2 =(0,4,0) Pi2=(3,4,3) P22=1(6,4,3) Ps2=1(9,4,0)
Compute S(3/10, 6/10) by evaluating the nonzero B-spline basis functions and multiply-

ing these by the appropriate control points.

3.9. Derive the expressions for Su(u,v), 8,(u,v), and Su.(u,v) at the three corners,
(u,v) = (0,1), (1,0), and (1,1) (see Eq. [3.24]).

3.10. Let S(u,v) be as in Exercise 3.8. Sketch this surface. Using Eqgs. (3.20) and
(3.21), compute the surfaces S,(u,v) and S,(u,v). Sketch these two surfaces. Using
Eq. (3.22) and the expressions derived in Exercise 3.9, compute the mixed partial
derivative, S..(u,v), at eac: +4i¢ four corners of the surface. What is the geometric
significance of these four -:

CHAPTER
FOUR

Rational B-spline Curves and Surfaces

4.1  Introduction

In this chapter we combine the concepts of Sections 1.4 and 1.5 of Chapter 1 and
those of Chapter 3 to obtain NonUniform Rational B-Spline (NURBS) curves
and surfaces. We present definitions and general properties and derive formulas
and algorithms for the derivatives of NURBS curves and surfaces in terms of
their nonrational counterparts. The earliest published works on NURBS are
[Vers75; Till83]. A more recent survey can be found in [Pieg91a).

4.2 Definition and Properties of NURBS Curves
A pth-degree NURBS curve is defined by
Z Ni,p(u)w,« P,'

C(u) = =2 a<u<b (4.1)
Z Ni,p(u)'w,-

=0

where the {P;} are the control points (forming a control polygon), the {w;} are

the weights, an‘d t.he {N;,p(u)} are the pth-degree B-spline basis functions defined
on the nonperiodic (and nonuniform) knot vector

U= {a,...,a,u,,+1,...,um_p_l,b,...,b}

p+l p+1
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Unless otherwise stated, we assume that a = 0, b = 1, and w; > 0 for all 4.
Setting

Rip(u) = ____*____nN,-,,,(u)wi (4.2)
ZNj,p(u)wj
=0
allows us to rewrite Eq. (4.1) in the form
Cw) = 3" Rip(w)P: (43)

1=0

The {R; ,(u)} are the rational basis functions; they are piecewise rational func-
tions on u € [0, 1].

The R; p(u) have the following properties derived from Eq. (4.2) and the cor-
responding properties of the N ,(u):

P4.1 Nonnegativity: R; »(u) > 0 for all 4, p, and u € [0, 1];

P4.2 Partition of unity: 37 o Rip(u) =1 for all u € [0,1];

P4.3 Rop(0) =R.,(1)=1;

P4.4 For p > 0, all R; p(u) attain exactly one maximum on the interval
u € [0,1};

P4.5 Local support: R;,(u) = O for u ¢ [u;, ¥s4p+1). Furthermore, in any
given knot span, at most p + 1 of the R; ,(u) are nonzero (in general,
Ri_pp(u),..., Rip(u) are nonzero in [u;, ui+1));

P4.6 All derivatives of R; ,(u) exist in the interior of a knot span, where it
is a rational function with nonzero denominator. At a knot, R; ,(u) is

p— k times continuously differentiable, where k is the multiplicity of the
knot;

P4.7 If w; =1 for all 4, then R; ,(u) = Nj ,(u) for all i; i.e., the N; ,(u) are
special cases of the R; ,(u). In fact, for any a # 0, if w; = a for all ¢
then R; p{u) = Nj p(u) for all 4.

Properties P4.1-P4.7 yield the following important geometric characteristics
of NURBS curves:

P4.8 C(0) = Py and C(1) = P,; this follows from P4.3;

P4.9 Affine invariance: an affine transformation is applied to the curve by
applying it to the control points (see P3.4, Section 3.1); NURBS curves
are also invariant under perspective projections ([Lee87; Pieg9lal), a fact
which is important in computer graphics;

P4.10 Strong convex hull property: if u € [u;, ui+1), then C(u) lies within the
convex hull of the control points P;_,,..., P; (see Figure 4.1, where
C(u) for u € [Ys, Y2) (dashed segment) is contained in the convex hull
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(a)
Ry 3 Rg3
1x Rs,a
Rys e Rss
2 Ryg
0 1/ 1)2 3)4 v -
(b)

Figure 4.1. U = {0,0,0,0,%4, 12, 3/4,1,1,1,1} and {wpo we} =
. » VYU, 4, ) 4y PR 6 ——{1,11311,1
(a) A cubic NURBS curve; (b) associated basis functions. ’ b3LLI

of {P1, Py, Ps, P}, the dashed area); this follows from P4. 1,P4.2, and
P4.5;

P4.11 C(u) is infinitely differentiable on the interior of knot spans and is p—k
times differentiable at a knot of multiplicity k;

P4.12 Variation diminishing property: no plane has more intersections with the

curve than with the control polygon (replace the word ‘plane’, with ‘line’
for two-dimensional curves);

P4.13 A NURBS curve with no interior knots is a rational Bézier curve, since
the NV ,(u) re(‘iuce to the B;n(u); compare Egs. (4.2) and (4.3) with
Eq. (1.15). This, together with P4.7, implies that NURBS curves con-

tain nonrational B-spline and rational and nonrational Bézier curves as
special cases; '
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P4.14 Local approximation: if the control point P; is moved, or the weight
w; is changed, it affects only that portion of the curve on the interval
@ € [us, Ui4p41); this follows from P4.5.

Property P4.14 is very important for interactive shape design. Using NURBS
curves, we can utilize both control point movement and weight modification to
attain local shape control. Figures 4.2-4.6 show the effects of modifying a single
weight. Qualitatively the effect is: Assume u € [16i, Uitp+1); then if w; increases
(decreases), the point C(u) moves closer to (farther from) P;, and hence the
curve is pulled toward (pushed away from) P;. Furthermore, the movement of
C(u) for fixed u is along a straight line (Figure 4.6). In Figure 4.6, u is fixed
and ws is changing. Let

B = C(u; w3 =0) (4.4)
N = C(u;ws = 1)

Then the straight line defined by B and N passes through Pj, and for arbitrary
0 < w3 < 00, Bz = C(u;ws) lies on this line segment between B and P;. We
return to this topic in a later chapter.

As is the case for rational Bézier curves, homogeneous coordinates offer an
efficient method of representing NURBS curves. Let H be the perspective map
given by Eq. (1.16). For a given set of control points, {P;}, and weights, {w;},
construct the weighted control points, P}’ =(w;&;, Wiy, Wizi, w;). Then de-
fine the nonrational (piecewise polynomial) B-spline curve in four-dimensional
space as

C¥(u) =Y Nip(u)Py (4.5)

¢ =0

Figure 4.2. Rational cubic B-spline curves, with ws varying.
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_Applying the perspective map, H
-spline curve (piecewise rational in three-dimensional space)

R 3 Rg 3
Ris Ry3 Rys Ry Rs3
Hit t t t HH T
A s 34 1
(a)
e
(b)
Ry 3
Rg3
———
Figure 4.3. The cubic basis functi i
s Y (@) e nctions for the curves of Figure 4.2. (a) ws = 1; (b)

, to C¥(u) yields the corresponding rational

Clw) = H(Co(w)} = H {Z Nz-,,,(u)P:-v}

2=0
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Figure 4.4. Rational quadratic curves, with w; varying.

i N,-,,,(u)wi Pi n
- S =Y RyP
Z Ni,p(u)w,- =0

i=0

We refer interchangeably to either C¥(u) or C(u) as the NURBS curve, although
strictly speaking, C*(u) is not a rational curve.

Example

Ex4.1 Let U = {0,0,0,1,2,3,3,3}, {wo,...,ws} = {1,4,1,1,1}, {Po,..., Ps}
= {(0,0),(1,1),(3,2),(4,1), (5,—1)}. We compute the point on the
rational B-spline curve at u = 1. Now u is in the knot span [u3,u4), and

N3p(l) =1
2-1

Naa(l) = 577 Nag(1) =1
1-1

N31(1) = 5— N3o(1) =0
2-1

Nip(1) = 5—5 Nea(l) = ‘;‘
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oo
’ R
il RI,Z 4,2
Rz Rz
0 1/s 2/s 1
(a)
Ro2
R
1] Ry, 42
R3,
Ryo
0 s 2 1
(b)
1 RO.Z Rz,z R, 4,2
R,
0 1/3 2)3 ||1p Smm—— ]
(c)

Figure 4.5. The quadratic basis functions for the curves of Figure 44. (a) w; = 4;
(b) wy = 3/10; (C) wy = 0.

1-0
Napo(1) = 2.0 Noa(1) = %
N3a(1)=0

Hence

i) lpu ., Lpe_ 1
c*() =3Py + 1Py =Luag+l2y- (ggg)
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Figure 4.6. Modification of the weight ws.

Projecting yields

- (39)

Algorithm A4.1 computes the point on a rational B-spline curve at a ﬁxtfd
u value. It is based on Eq. (4.5), i.e., it assumes weighted control points in
the array Pw (as do all algorithms in the remainder of this book, unless other-
wise stated). Hence, Pw[i] contains P; = (w;z;, wiy;, wizi, w;). Cw denotes the
four-dimensional point on C¥(u), and C the three-dimensional point on C(u)
(the output). For the remainder of the book we use-the notation C = Cw/w to
denote projection.

ALGORITHM A4.1
CurvePoint (n,p,U,Pw,u,C)

{ /* Compute point on rational B-spline curve */
/* Input: n,p,U,Pw,u */
/* Qutput: C */

span = FindSpan(n,p,u,U);

BasisFuns(span,u,p,U,N);

Cw = 0.0;

for (j=0; j<=p; j++)
Cw = Cw + N[jl*Pw[span-p+jl;

C = Cw/w; /* Divide by weight =*/

}
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4.3 Derivatives of a NURBS Curve

Derivatives of rational functions are complicated, involving denominators to high
powers. In Section 3.3 we developed formulas and algorithms to compute the
derivatives of nonrational B-spline curves. Those formulas and algorithms apply,
of course, to C*¥(u), since it is a nonrational curve in four-dimensional space. In
this section we develop formulas that express the derivatives of C(u) in terms of
the derivatives of C¥(u).

et | (w)C(u) _ A(w)
w{u)C(u u
Clw) = w(u) - w(u)

where A(u) is the vector-valued function whose coordinates are the first three
coordinates of C*(u)(A(u) is the numerator of Eq. [4.1]). Then

) — PA @) v (WA)
ol = w(w)?

_ w@A (@) — v (Www)C(u) _ Au) - w'(u)Clu)
w(u)? w(u)

(4.7)

Since A(u) and w(u) represent the coordinates of C¥(u), we obtain their first
derivatives using Egs. (3.4)~(3.6). We compute higher order derivatives by dif-
ferentiating A (u) using Leibnitz’ rule

: k
AP(w) = (w(u)C(w))® = 3 (’:) w® (1) C*=9 ()

i=0
) = [k
- k G) (k—i)
w(u)C™ (u) + ;Zl (z)w (w)C (w)
from which we obtain

k
k. G —i
AF) (y) — ;(i)w( )(w)Ck-9 (y)

M W)

(4.8)

Equation (4.8) gives the kth derivative of C(u) in terms of the kth derivative
of A(u), and the first through (k — 1)th derivatives of C(u) and w(u). The
derivatives A*)(u) and w() (u) are obtained using either Eq. (3.3) and Algorithm

~ A3.2 or Eq. (3.8) and Algorithm A3.4.

Let us derive expressions for the first derivatives of a NURBS curve at its
endpoints (u = 0,u = 1). From Eq. (3.7) we have

A©) = 2Py —woPy)  w'(0) = —P— (w; — wp)
Upt1 Up+1
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and from Eq. (4.7)

P (w1 Py — woPo) — a—?—;('wl —wg) Po
_ Up+i p+
Cc'(0) = oo
hich follows
from whic C'(O) __P 1_111(1,1 —Py) (4.9)
Up+1 Wo

Wn—

Analogously )= — 2 — 22l (P, ~ Pay) (4.10)

1- 'U:m.—p—-l Wn
Example

Ex4.2 Consider the quadratic rational Bézier circular arc given in Section 1.4
(Figure 1.19b). Thisis a NURBS curve on the knot vector U = {0,0,0,
1,1,1}, with {P;} = {(1,0),(1,1),(0, 1)} and {w;} = {1,1,2}. From
Eqgs. (4.9) and (4.10) we have

cO=21P - =02

c'(1)= -i—?-ﬁ %(Pz - P)=(-10)

From Eq. {(4.8)

A’(0) — 2w (0)C’'(0) — w" (0)C(0)

" .
c(0) = o

From Eq. (3.9) or Eq. (1.10)
A'(0) = 2(woPo — 2un Py + wo Py)
and w”(0) = 2(wp — 2wy + w2)
From w’(0) = 2(w; — wp) it follows that
(o) = % (w0 Po — 2w1 Py + w P; — 4(wy — wo) (Py — Po)
—(wp — 2wy + w2) Pyl
= 2(Py — 2Py + 2P, — Pg) = 4(P, — P;) = (—4,0)

The computation of C"(1) is left as an exercise.
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Now assume that u is fixed, and that the zeroth through the dth derivatives of
A(u) and w(u) have been computed and loaded into the arrays Aders and wders,
respectively, i.e., C*(u) has been differentiated and its coordinates separated
off into Aders and wders. Algorithm A4.2 computes the point, C(u), and the
derivatives, C® (u), 1 < k < d. The curve point is returned in CK[0] and the kth

derivative is returned in CK[k]. The array Bin[][] contains the precomputed
binomial coefficients (Bin[k] [1] is (£)).

ALGORITHM A4.2
RatCurveDerivs(Aders,wders,d,CK)

{ /* Compute C(u) derivatives from Cw(u) derivatives #*/
/* Input: Aders,wders,d =*/
/* QOutput: CK =/

for (k=0; k<=d; kt++)
{
v = Aders(k];
for (i=1; i<=k; i++)

v = v - Bin[k] [i]*wders[i]*CK[k-i];

CK[k] = v/wders([0];

}

Figure 4.7 shows the first, second, and third derivatives of a cubic NURBS
curve. The derivative vectors are scaled down by 0.4, 0.08, and 0.03, respectively.

~

P2 P3

w3 =1/

C(l)(l/z)

i )
P,

CcP(ip)
CcB®p) Ps

Figure 4.7. First, second, and third derivatives of a cubic NURBS curve computed at
U= 1/2, with wz = 1/2 and w; = 1,¢ # 3.
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4.4 Definition and Properties of NURBS Surfaces

A NURBS surface of degree p in the u direction and degree q in the v direction
is a bivariate vector-valued piecewise rational function of the form

n m

Z ZNi,p(u)Nj,q(v)wi,j P, ;

S(u,0) = 5

33T Nip(w) N o (v)wi g

i=0 j=0

0<uy,v<1 (4.11)

The {P;;} form a bidirectional control net, the {w;,;} are the weights, and the
{N; p(u)} and {Nj,q(v)} are the nonrational B-spline basis functions defined on
the knot vectors

U= {0,...,0,u,,+1,...,ur_,,_l,l,..,,l}
N et N et

P+l p+1
V=10 00 v 1,...,1}
s g+1y. -y Vg—g—1r 1y
2 N’
q+1 q+1

wherer=n+p+lands=m+q+ 1
Introducing the piecewise rational basis functions

Rasltyv) = —rNaa (0051 (412)

Z ZNk»P(u)Nl,q(v) Wk, 1

k=0 =0

the surface Eq. (4.11) can be written as

Sv) =303 Ry )Py (413

=0 j=0

Figures 4.8 and 4.9 show examples of NURBS surfaces.

The important properties of the functions R; ;(u,v) are roughly the same as
those given in Section 3.4 for the nonrational basis functions, N; () Nj,q(v)-
We summarize them here.

P4.15 Nonnegativity: R; ;(u,v) > 0 for all 4, j, u, and v;

P4.16 Partition of unity: Y7o 3img Rij(,v) = 1 for all (u,v) € [0,1] x [0, 1j;

P4.17 Local support: R; ;j(u,v) = 0 if (u,v) is outside the rectangle given by
[ti, Uigpt1) X [V, Vjtg1);

P4.18 In any given rectangle of the form {ui,,uio+1) X [Vj,Vjo41), at most

(p+1)(g+1) basis functions are nonzero, in particular the R; ;(u,v) for
ig —p <1 <1igand jy — g < j < jo are nonzero;

P4.19 Extrema: if p > 0 and q > 0, then R; j(u,v) attains exactly one maxi-
mum value;
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(b) \.// g

Figure 4.8. Control net and biquadratic NURBS surface, wi,1 = W12 = W1 = W22 =
10, with the rest of the weights 1. U = V = {0,0,0, 1/, 2/5,1,1,1}. (a) Control net;
(b) biquadratic NURBS surface.

TR A s T ST R T L
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Figure 4.9. Bicubic NURBS surface defined by the control net in Figure 4.8a, with
U=V ={0,0,0,0, 5,1,1,1,1} and with the same weights as in Figures 4.8.

P4.20 Ro0(0,0) = Ry 0(1,0) = Rom(0,1) = Ram(1,1) = 15

P4.21 Differentiability: interior to the rectangles formed by the u and v knot
lines, all partial derivatives of R; j(u,v) exist. At a u knot (v knot) it is
p — k (g — k) times differentiable in the u (v) direction, where k is the
multiplicity of the knot;

P4.22 fallw,; =afor0<i<n, 0<j<m, and a # 0, then R; ;(u,v) =
N;, p(u)Nj 4(v) for all 4, 5.

Properties P4.15-P4.22 yield the following important geometric properties of
NURBS surfaces:

P4.23 Corner point interpolation: S(0,0) = Poo, S(1,0) = Pryp, $(0,1) =
Po,m, and S(1,1) = Pp m;

P4.24 Affine invariance: an affine transformation is applied to the surface by
applying it to the control points;

P4.25 Strong convex hull property: assume w;; > 0 for all 4,5. If (u,v) €
[Wig, Uig+1) X [Vjo> Vjo+1), then S(u,v) is in the convex hull of the control
points P; j, i —p < i < and jo — ¢ < J < Jos

P4.26 Local modification: if P;; is moved, or w;j is changed, it affects the
surface shape only in the rectangle [u;, Uitp+1) X [Vj, Vitq+1);

P4.27 Nonrational B-spline and Bézier and rational Bézier surfaces are special
cases of NURBS surfaces;
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P4.28 Differentiability: S(u,v) is p— k (g — k) times differentiable with respect
to u (v) at a u knot (v knot) of multiplicity k.

We remark that there is no known variation diminishing property for NURBS
surfaces (see [Prau92]).

We can use both control point movement and weight modification to locally
change the shape of NURBS surfaces. Figures 4.10 and 4.11 show the effects on
the basis function R; j(u,v) and the surface shape when a single weight, w; j, is
modified. Compare these figures with Figures 3.19b and 3.20a,b. Qualitatively,
the effect on the surface is: Assume (u,v) € [ui, iypi1) X [0, Vj4q41); then if
w;,; increases (decreases), the point S(u,v) moves closer to (farther from) P;;,
and hence the surface is pulled toward (pushed away from) P; ;. As is the case
for curves, the movement of S(u,v) is along a straight line. In Figure 4.12 (u,v)
are fixed and w9 is changing. Let

S = S(u,v;wa2 = 0)
M = S(u,v;wg 2 = 1) (4.14)
Then the straight line defined by S and M passes through P, 2, and for arbitrary

wa2, 0 < wp2 < 00, S22 = S(u,v;ws2) lies on this line segment between S
and P2’2.

Ny 3(u)

5
&5
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(a)

Figure 4.10. The basis function Ry 2, (u,v), with U = {0,0,0,0, Y4, 1/, 3/s,1,1,1,1} and
V ={0,0,0, s, %s, %, 3s, 45, 1,1,1}. wi; = 1 for all (3,5) # (4,2). (a) waz2 = s;
(b) 'w4,2 = 6
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Figure 4.10. (Continued.)

Tt is convenient to represent a NURBS surface using homogeneous coordinates,
that is

n m

S¥(u,v) =) }::Ni,,,(u)zv.,q(v)P;fj (4.15)

i=0 j=0

where P:’J = (wi,ja:i,j,wi,jyi,j,wi,jzi,j,wi,j). Then S(u,v) = H{Sw(u,v)} We
refer interchangeably to either S*(u, v) or S(u, v) as the NURBS surface. Strictly
speaking, S (u,v) is a tensor product, piecewise polynomial surface in four-
dimensional space. S(u,v) is a piecewise rational surface in three-dimensional
space; it is not a tensor product surface, since the R; j(u,v) are not products of
univariate basis functions.

Example
Ex4.3 Let S¥(u,v) = Z;’zo Z;=0 N; 2(u)Nj 2(v), with
U ={0,0,0,1,2,3,4,4,5,5,5}

and vV ={0,0,0,1,2,3,3,3}

Let us evaluate the surface at (u,v) = (5/2,1). Then u € [ug,us) and
v € [v3,v4), and from Sections 3.2 and 4.2 we know that

5) _1 5) _6 5) _1
N“(Q)“s N3’2(2) 8 N“(z) 8
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Figure 4.11. Cubic x quadratic surfaces corresponding to Figure 4.10, with the control
net offset for better visualization. (a) ws 2 = 2/; (b) wy,2 = 6.

and Ni2(1) = ’% Napo(1) = % N32(1) =0

Now assume that
0,2,4,1) (0,6,4,2) (0,2,0,1)
[P¥;]=1(4,6,8,2) (12,24,12,6) (4,6,0,2)
(4,2,4,1) (8,6,4,2) 4,2,0,1)
1=2,3,4;, j=1,2,3
Then

(340 ¢ 41

(0,2,4,1)  (0,6,4,2) (0,2,0,1)
(4,6,8,2) (12,24,12,6) (4,6,0,2)
(4,2,4,1)  (8,6,4,2) (4,2,0,1)

QO | =t

O N N

(32,%, 88 1)
8’8’8’8
Projecting yields
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Figure 4.11. (Continued.)

Algorithm A3.5 can be adapted to compute a point on a rational B-spline
surface by simply allowing the array P to contain weighted control points (use
Pw), accumulating the four-dimensional surface point in Sw and inserting the line

S = Sw/w at the end of the algorithm.

ALGORITHM A4.3
SurfacePoint(n,p,U,m,q,V,Pw,u,v,S)
{ /* Compute point on ratiomal B-spline surface */
/* Input: =n,p,U,m,q,V,Pw,u,v */
/* Output: S */
uspan = FindSpan(n,p,u,U);
BasisFuns(uspan,u,p,U,Nu);
vspan = FindSpan(m,q,v,V);
BasisFuns(vspan,v,q,V,Nv);
for (1=0; 1<=q; 1++)
{
temp{1] = 0.0;
for (k=0; k<=p; k++)
temp[1] = temp[1] + Nu[k]*Pw[uspan-p+k] [vspan-q+1];

0.0
for (1=0; 1<=q; 1++)
= Sw + Nv[1l*temp{1];
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z

Figure 4.12. Modification of the weight w2 2.

135

By applying Egs. (3.14) and (3.15), we obtain isoparametric curves on a

NURBS surface. First, fix u = ug

CY (v) = 8% (uo,v) = Y . > Nip(u0) N, 4(v) P, (4.16)

i=0 j=0

= ZNqu(v) <Z N@P(UO)P;‘,)]')
7=0

=0

= Z Nj,q(v) Q;”(uo)

=0

n
where Q} (uo) = Z Nip(uo) PY;

) =0

Analogously Cy(u) = Z Nj p(u) Q;" (ve) (4.17)

=0

m
where Q¥ (vo) = D Nj o(vo) P
3=0
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CY (v) (Cw (u)) is a gth- (pth)-degree NURBS curve on the knot vector V (U).
The point S (uo, vo) lies at the intersection of Cy (v) and Cj(u). Project-

ing yields
uo(v) H{C (’U)} = H{Sw(uﬂav)} = S(’U,o,‘l))

Cuo(u) = H{Cy, (w)} = H{S"(u,v0)} = S(u,v0) (4.18)

4.5 Derivatives of a NURBS Surface

The derivatives of 8”(u,v) are computed using Eqgs. (3.17)~(3.24). We now
derive formulas for the derivatives of S(u,v) in terms of those of S¥(u,v). Let

S(u,v) = w(u, v)S(u,v) _ A(u,v)

w(u,v) w(u,v)

where A(u,v) is the numerator of S(u,v) (Eq. [4.11]). Then

A (u,v) — welu,v)S(u,v)

= 4.19
Sa(u,) o (419)
where « denotes either u or v.
In general z
k
kD _ Kl _ k\  (i.0)q(k—i.0)
A = [(wS)¥]' = (Z(i)w s )
=0
_,Z( )Z( ) w(Bd) glk=it—3)
=0 =0
k
— wOOgED +Z( )w(‘ 0)gk—id) +Z( )w(o,j)sw,z—j)
i=1 j=1
R\ (1
(3,9) glk—,l—3)
+ . CJw't’S
>()%0)

and it follows that

k

1 k . .
(kD) — = A(k,l) _ (z,O)S(k——z,l)
e = g (a3 ()

i=1

_i(;)w(o,j)s(k,l—j) Z ( )5:( ) (z',j>s(k—i,t~j)> (4.20)

J=1 i=] j=1
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From Eq. (4.20) we obtain

Ay — WyoS — Wy Sy —~ w8,

Suv = (421)
w
Sy = Ao = 20uSu ~ WS (4.22)
w
S,, = Ay — 2w, Sy — Wy S (4.23)
w
From Egs. (3.24), (4.19), and (4.20)
w
8.(0,0) = —2— PR (P, 5 — Py ) (4:24)
Up+1 Wo,0
w,
S,(0,0) = . 2L (py; — Pog) (4.25)
Ug+1 Wo,0
Pq wy,0Wo,1
S..(0,0) = ————o Py - — 0 (P, P,
wo(0,0) W0,0Up+1Vg+1 (wl’l L wo, (Pro+ Poy)
2
+ <MU‘Qil - ’w1,1> Po,o) (4.26)
Wo,0

Figure 4.13 shows the first- and second-order partial derivatives of a NURBS
surface. The first partials are scaled down by l/2, and the second partials are
scaled down by /3.

Now assume that (u, v) is fixed, and that all derivatives A®), w® for k,1 > 0
and 0 < k 4+ ! < d, have been computed and loaded into the arrays Aders and
wders, respectively. Algorithm A4.4 computes the point S(u,v) and the deriva-
tives S (u,v), 0 < k+1 < d. Bin[]1[] contains the precomputed binomial
coefficients.

ALGORITHM A4.4
RatSurfaceDerivs (Aders,wders,d, SKL)

{ /* Compute S(u,v) derivatives */
/* from Sw(u,v) derivatives */
/* Input: Aders,wders,d =*/

| /* Output: SKL =*/

for (k=0; k<=d; k++)
for (1=0; 1<=d-k; 1++)

= Aders[k] [1];
for (j=1; j<=1; j++)
v = v - Bin[11[jl*wders[0] [j1*SKL[k] [1-j];
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Figure 4.13. The first- and second-order partial derivatives of a bicubic NURBS surface
computed at u = 3/4 and v = 4.

for (i=1; i<=k; i++)

v = v - Bin[k] [i]*wders[i] [0]*SKL[k-i] [1];
v2 = 0.0;
for (j=1; j<=1; j++)
v2 = v2 + Bin[1] [jl*wders[i] [j]1*SKL{k-i] [1-j];
v = v - Bin[k] [i]*v2;

SKLIk] [1] = v/wders[0][0];

}

EXERCISES

4.1. Let U = {0,0,0, 15, 2/5,1,1,1} and {wo,...,wa}={1,4,1,1,1}. Using the Cox-
deBoor recurrence formula (Eq. [2.5]) and Eq. (4.2), compute the five quadratic rational
functions, R;2(u), 0 < ¢ < 4. The graphs of these functions are shown in Figure 4.5a.
Assume {Po, ..., Ps} = {(0,0),(1,1),(3,2),(4,1),(5,~1)} are control points in the zy
plane. Compute the rational coordinate functions z(u) and y(u) representing C(u) in
the interval u € [1/5, 2/3).
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4.2. Refer to Example Ex4.2 for a quadratic rational Bézier circular arc; compute
C’(1).

4.3. Let C¥(u) = E:___O N;1(u)PY be a line segment in the zy plane, where Pp =
(0,1), Py = (2,0), wo = 1, w1 = 3, and U = {0,0,1,1}. Derive the rational functions
representing the z and y coordinates of this line segment, i.e., z(u) and y(u), where
C(u) = (z(u),y(u)). Compute C’(0) using Eq. (4.9) and C"(0) using Egs. (4.8) and
(3.9). Then set wy = 1 and recompute z(u), y(u), C'(0), and C”(0).

4.4. Let 8”(u,v) = 3o Si_o Vi1 (w)Nj1(v) PY;, where {Po,o, Pro, Poa, Pra} =
{(0,0,1), (0,1,3),(2,1, 1),(2,0,3)}, {wo,0, w1,0, wo,1, w11} = {2,1,1, 1},and U =V =
{0,0,1,1}. Derive the four rational basis functions, R; ;(u,v), 0 £ 4,j < 1, and the
rational coordinate functions z(u,v), y(u,v), and z(u,v) of the surface S(u,v).

4.5. From S¥(u,v) in Exercise 4.4 derive the two rational isoparametric curves Cy, (v)
and C¥, (u), for uo = Y/3 and vo = Y. Then evaluate the curves Cu,(v) and Co,(u) at
v = 1/, and u = /3, respectively. Check your results by substituting (u,v) = (13, 1)
into the rational coordinate functions obtained in Exercise 4.4.

4.6. Let S¥(u,v) = 3.1, 5_:;:0 Ni1(u)Nj1(v) PY; be the surface given in Exercise
4.4. Since Np,1{Y2) = N1,1(32) = Y, it follows that

s*(1,1) = L(ego+ Pos + o+ P, = (1.1,2,5)

Comp‘me S“(l/% 1/2)’ Sv(l/% 1/2), Suv(l/% 1/2), Su“(l/zy 1/2)'



CHAPTER
FIVE

Fundamental Geometric Algorithms

5.1 Introduction

In this chapter we present five tools which are fundamental in the implementation
of B-spline curves and surfaces; these are knot insertion, knot refinement, knot
removal, degree elevation, and degree reduction. We devote a section to each
topic, and the layout of each section is roughly:

« a statement of the problem (for curves);
« a list of applications; _
» clarification of the problem and solution approaches (curves);

« a list of references where more rigorous derivations and proofs can be
found;

the solution formulas (curves);

«» worked examples (curves);

« computer algorithms;

examples of applications;

the solution for surfaces, and outlines of the surface algorithms.

5.2 Knot Insertion

Let C¥(u) = 3 - o N; p(u) P¥ be a NURBS curve defined on U = {uq, ..., %m}-

Let @ € [ug,ur+1), and insert @ into U to form the new knot vector U =

{8g = ug,..., 0 = Uk, Uk = Ty Upt2 = Uk41y-- - Bmt+1 = Um }. If Vy and Vi

denote the vector spaces of curves defined on U and U, respectively, then clearly

Vu CVy (and dim(Vy) = dim(Vy) +1); thus C¥(u) has a representation on U
of the form

n+41
CU(u) =Y Nip(u)Q¥ - (51)

=0
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where the {N; ,(u)} are the pth-degree basis functions on U. The term knot
insertion generally refers to the process of determining the {Q¥} in Eq. (5.1).
It is important to note that knot insertion is really just a change of vector space
basis; the curve is not changed, either geometrically or parametrically.

Although not immediately obvious, knot insertion is one of the most important
of all B-spline algorithms. Some of its uses are:

« evaluating points and derivatives on curves and surfaces;

« subdividing curves and surfaces;

« adding control points in order to increase flexibility in shape control (in-
teractive design).

Now the {Q¥} in Eq. (5.1) can be obtained by setting up and solving a system
of linear equations. If we set

n n+1
S NipW)PY = D Nip(w) QY (5.2)
=0 =0

then by substituting n + 2 suitable values of u into Eq. (5.2) we obtain a non-
singular, banded system of n + 2 linear equations in the n + 2 unknowns, Q}’.
However, there is a more efficient solution. Property P2.2 and @ € [ug,Uk+1)
imply that

k k+1
S ONpPY = Y Nip(w)QY (53)
i=k—p i=k—p
for all u € [ug, uk+1), and
Ni,p(u)=Ni,p(u) i=0,...,k——p—1
N,-,p(u) = N,-.,_l,p(u) i=k+1,...,n (54)

Equations (5.3) and (5.4), together with the linear independence of the basis
functions (Section 2.4), imply that

PY=QY, i=k+Ll...,n (5.5)

Now consider the N; p(u) for i = k—p,..., k. They can be expressed in terms
of the N; ,(u) wheni =k —p,...,k+1, by

U—U i -8 -
z,p( ) Trepr — Ui ,p( ) Tirpre — Tirt 1+1,,,,(u) (5.6)

Equation (5.6) is proven by induction on p (and using Eq. [2.5]), but we omit
the proof here as it is quite messy. Proofs using divided differences are found in
[DeBo78; Boeh80; Lee83].
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. Pl‘gr brevity we now write N; for N; ,(u). Substituting Eq. (5.6) into Eq. (5.3)
yields

u-— ﬁk—-p N Ugr2 — 0 —
(:—-—_-- Nyt —t2=8 )Py
Ugg1 — Ug—p Upg2 = Uk—pt1 P

U= Bept1 Ugys — U
NEE T

— - et~ Ny _py2 |PY
Uk+2 — Uk—p+1 Uk+3 — Uk—p+2 L k—p+1

U— U o Upyptra2 ~ U
+ <_ — N+ — LAs-. Niy1 )P}
Uk4p+1 — Uk Uk+4p+2 — Uk+1

=Nep QP+ -+ N1 Q.

By equating coefficients and using the knot vector U in place of U, we obtain

0= Ni—p (Q’,;’_p - P};’_p>

_ U~ Ug—p+1 Ugt1 — U
PP gt —tkpr1 PPy —Uk—pi1 FP
= U — U Uktp — U ~
+Nk(Q’"— Py — ki v N v, - Py
ey —ur F Upgp—up P! N Qe — P
(5.7)
Fori=k—p+1,...,k, we set i —
(3
= — 5.8
ey (5.8)
and note that
Ujpp — U
l—gy= 12— (5.9)
Uitp — Ug

Using the linear independence of the basis functions, and substituting Egs. (5.8)
and (5.9) into Eq. (5.7), yields

Qkuwp = P“I;:U—p
Q' =aPY+(1-a))PY, k—p+1<i<k

Finally, by combining Egs. (5.5) and (5.10) we obtain the formula for computing
all the new control points, Q¥, of Eq. (5.1), that is

QY =a;PY + (1 - au)PY, (5.11)
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where 1 i<k-p
a; = U k—-p+1<i<k
Uit+p — Ui
0 i>2k+1

Equation (5.11) says that only p new control points must be computed. For
brevity we use P instead of P* in examples Ex5.1 —Ex5.4.

Examples

Ex5.1 Let p = 3 and U = {0,0,0,0,1,2,3,4,5,5,5,5}. The control points
are Pg,...,P;. We insert 4@ = 5k. Then @ € [us,ug) and k = 5.
Thus, Qy = Pg,-.., Q; = P2 and Qg = Ps,..., Qg = Pr. Applying
Eq. (5.11) we find that

g—o 5 5 1

03::—3—-———0—=6 =>Q3=-6P3+6P2

| g“l 1 1 1
a4=4—_—1—=§ -—"—-—‘>Q4=§P4+"2“P3

g—z 1 1 5

w=5Tg 75 — B=ghteh

Figure 5.1a shows the control polygon before and after the insertion,
and Figure 5.1b shows the basis functions before and after the insertion.
The bottom part of Figure 5.1a shows the ratios used to subdivide the
polygon legs.

Ex5.2 Use the same curve as in Ex5. 1, that is,p = 3, U = {0,0,0,0,1,2,3,4,5,
5,5,5}, and Py, ..., P;. This time we insert a knot which is already in
the knot vector, namely % = 2. Then @ € [us,us), k = 5, and again we
compute Q, Qq, and Qs

2-0_2 -2 1
w=3"p-3 — B=3zhtzh
2-1_1 =1 2
=TT =3 =>Q4-3P4+3P3
22
Qs -5—:—2‘20 =@Q5=’—"P4

The control polygons and basis functions, before and after knot inser-
tion, are shown in Figures 5.2a and 5.2b. From Eq. (5.6) one can verify
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Ps=Q Ps = Qs

Qs
Py

Po=Q

No= No Ny = Ng

M=MN ) Ng = Ny

Figure 5.1. Knot insertion into a cubic curve. (a) The control polygon after inserting
u = 5/ into the knot vector {0,0,0,0,1,2,3,4,5,5,5,5}; (b) the original (solid) and
the new (dashed) basis functions before and after knot insertion.

that N5 = Ns. As we did previously, observe the subdivision of the

legs obtained by mapping the appropriate scales shown in the bottom
of Figure 5.2a.

Clearly, knot insertion is similar to the deCasteljau algorithm for Bézier curves,
and in fact they are equivalent for a curve with no interior knots, i.e., a Bézier
curve. However, a glance at Example Ex5.1 and Figure 5.1a shows that the
linear interpolation is not the same on each of the p legs of the control polygon.
Indeed, in the example, ag = 56, a4 = 12, and a5 = Ys. Based on the previous
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Ps = Qq Ps = Qs

Py= Qs
1 )
1 }
()
No = No N7 = Ns
1 N N
M= Ny Ns = o
/ \\// \\, ~~~~~
AAAAA ‘;\/‘ Il\\ ’ . N
=2
(b)

Figure 5.2. Inserting an existing knot into a cubic curve. (a)"'[jhe contltol pol();g:ﬁl aff:;
inserting » = 2 into {0,0,0,0,1,2,3,4,5,5,5,5}; (b). the original (solid) an e n
(dashed) basis functions before and after knot insertion.

: P = ; te the
examples, we arrive at the general result: For i = 1,...,n let L; deno

ith-leg of the control polygon

L;=PY ,PY and d; = length (L;) =| PY - P, |

We emphasize that d; is measured in four-dimensional (homogeneous) space, i.e.
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di = /(wiz:)? + (wiy)2 + (wi2:)? + (w;)?

With each leg L;, we associate the knots Uitj, J =0, -+, p. Refer to Figures 5.3a
and 5.3b and Figures 5.1a and 5.2a. For fixed i let M,j=0,...,p—1, denote
the length of the knot span [Wit s, Uit j41) relative to [u;, Uitp)

Ui =i
N=HH TS g a1 (5.12)
Uitp — U;

Then L; is partitioned into segments Lf , whose lengths are
d} = Nd; (5.13)

respectively. Notice that AZ, and hence d?, can be zero. For example, d) = d} =0
and d? = d; in Example Ex5. 1; thus, there is only one segment on the first leg.

Now Figures 5.3a and 5.3b and Eq. (5.13) show how the polygon legs are
subdivided, and Figures 5.1a and 5.2a show how polygon corners are cut in the
knot insertion process. In particular, if @ € [ug, ug41) is a knot of multiplicity s,
0 < s < p—1, then the corners with control points Pr_p14,..., Py_,_; are cut,
and the following p—s new control points are generated on the indicated segments

Qr,eLll;, j=p-1,..s (5.14)

HrH——f : : # : : 1
0 7

(a)
ITigure 5.3. The control polygon and its partitioning by its knot vector. (a) Parti-
tioning of the entire polygon by the knot vector {0,0,0,0, 1,2,3,4,4,5,6,7,7, 7.7}
(b) partitioning of the polygon side P, P; by the knot span [us, us].
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u3 Uq Us us
- = ‘ —
1 2
by Az A3
[USUUS————-————

e UG — UG

(b)
Figure 5.3. (Continued.)

Examples

Ex5.3 Let us check Eqgs. (5.12)—(5.14) in Example Ex5.1. We have k = 5 and
s = 0. By Eq. (5.14)

Qeli Q€L Qe€lj

Furthermore oUe—us _3-2_ 1
T %e—ws 3-0 3
Al_u=§_;2—_——1-

T ug—ug 4-1 3

W leTus _3-2 1

5_'“8_'”'5 5~2 3

(This is not surprising, since the knots are equally spaced). Recalling
that as = 5/6, aq = 1, and a5 = 16, we see that Q3, Qq, and Qg are
located at the midpoints of their segments, L%, L}, and LY. This follows
from the fact that i = 5/ is halfway between us = 2 and ug = 3.

Ex5.4 For Example Ex5.2, k=5 and s = 1. By Eq. (5.14)
Q el Qel;

We still have A = A} = /5. Now a3 = 2/3 and ay = /3, which impl;zt
that Q, and Q, are located at the starting points of their segments, L3
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and L}, respectively. This follows from the fact that @ = 2 lies at the
start of the knot span, [us, ug).

Figure 5.4 shows the partitioning of the same control polygon as in Figure 5.3a
but with the nonuniform knot vector U = {0,0,0,0,1,1.5,2.3,3.9,4.3, 5,6.5,
7,7,7,7}.

As we shall see later, it is often necessary to insert a knot multiple times.
Equation (5.11) can be generalized to handle this. Suppose @ € [uk, uk+1) ini-
tially has multiplicity s, and suppose it is to be inserted r times, where r+s < P
(it generally makes no practical sense to have interior knot multiplicities greater

than p). Denote the ith new control point in the rth insertion step by QY. (with
7o =P}). Then Q¥ is

Q;‘,,r = Qi Qz)r-l + (1 - a’iﬂ‘) Q;‘f-l,r;—l (515)
where 1 i<k—-p+r-—1
U— u; .
Q= ——"—— k—p+r<i<k-s
or Uidp—r+1 — Ui P
0 i>2k—s+1

If s =0 and r = p, then Eq. (5.15) generates a triangular table of control points
(see Table 5.1, and see Figure 5.5 with p = 3). The outer control points

Q;cu—-pﬂ,l’ Qz’—p+2,2’ . Q;:p’ Tt Qfﬂ’ Qzl

¢ § 1

0 115 23 3943 5 65 7

Figure 5.4. Nonuniform partitioning of the control polygon in Figure 5.3a defined by
the knot vector {0,0,0,0,1,1.5,2.3,3.9,4.3,5,6.5,7,7,7, 7}.
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Table 5.1. Control points generated

by Eq. (5.15).
Qk-p+1,1
w
- k—p+2,2
Qk—p+2,1
. w
N k,
Qr ’
k-1,1 w
Qk2
Qi

are kept, and the inner ones are discarded. In general, the table is less than fuil
if s > 0 and/or 7 + s < p. But in any case, the final control points are obtained
by traversing the resulting table in a clockwise fashion, starting at the top of the
first column generated. The number of new control points in the last column is
p—(s+7)-+1. In all other columns, two new points are kept (top and bottom);
thus, the total number of new (keeper) control points is

p—s+r—1 (5.16)

These new control points replace
p—s—1 (5.17)

g r=1
r=2
—t r=3

Figure 5.5. Knot insertion into a cubic curve three times. The curve is defined on
{0,0,0,0,2,3,3,3,3}.
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old ones, starting at the index :
k-p+1 (5.18)

Alg?rithm A5.1 implements Eq. (5.15). It computes the new curve corre-
sponding to the insertion of @ into [uk,ur+1) T times, where it is assumed that
r+ s < p. Rwll is a local array of length p+ 1. UP[] and UQ[] are the knot
vectors before and after knot insertion, respectively. ’

ALGORITHM A5.1
CurveKnotIns (np,p,UP,Pw,u,k,s,r,nq,UQ,Qw)
{ /* Compute new curve from knot insertion */
/* Input: =np,p,UP,Pw,u,k,s,r =*/
/* Output: nq,UQ,Qw */
mp = np+p+l;
ng = np+r;
/* Load new knot vector */
for(i=0; i<=k; i++) UQ[i] = UP[il;
for(i=1; i<=r; i++) UQ[k+i] = u;
for(i=k+1; i<=mp; i++) UQ[i+r] = UP[i];
/* Save unaltered control points */
for(i=0; i<=k-p; i++) Qwl[i] = Pw[il;
for(i=k-s; i<=np; i++) Quli+r] = Pw[il;
for(i=0; i<=p-s; i++) Rw[i] = Pw[k-p+il;
for(j=1; j<=r; j++) /* Insert the knot r times */

L = k-p+j;
for(i=0; i<=p-j-s; i++)
{
alpha = (u-UP[L+i])/(UP[i+k+1]~UP[L+il);
l}lw[i] = alpha*Rw[i+1] + (1.0-alpha)*Rw([i];
Qw[L] = Rw[0];
l})w[kh:—j—s] = Rw[p~j-s];
for(i=L+1; i<k-s; i++) /* Load remaining cont i
; H 1
i g control points */
}

. We now consider three applications of knot insertion, curve splitting (or subdi-
v1sxon),4 t.he evaluation of points and derivatives, and insertion in order to obtain
an add'xt?onal control point for interactive shape design. Refer to Figure 5.5
ghe ongmal_curve,. C(u), is a cubic defined by U = {0,0,0,0,2,3,3,3 3} ar.xd.
b-o,’- . P4.‘ @ =1 is now inserted three times. Figures 5.6a and 5.6b s}710w the
: ;;S}S ifunctlons be.fore and after insertion. The process splits the curve. The
Cu];.OB?O‘nt.rol p01nts {P()’Ql,l’ Q2,2,Q3’3} and {Q3’3,Q3’2,Q3,1,P3,P4} deﬁne

ic B-spline curves, C;(u) and C,(u), on the knot vectors U; = {0,0,0,0,1, 1,
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1,1} and U, = {1,1,1,1,2,3,3, 3,3}, respectively. Furthermore, Ci(u) is C(u)
restricted to the domain u € [0,1], and C,(u) is C(u) restricted to u € [1,3].
Curve splitting, together with the convex hull property (P4.10), forms the basis
for “divide and conquer” algorithms using NURBS. Figure 5.7 shows an example
of recursive curve splitting: The original curve C is split at u = 1/5, resulting in
C, and Cs, which are then split at /s and 3/s, respectively, yielding C1,1 and
Cl,z, and 02,1 and Cz,z.

Figures 5.5 and 5.6b also show that knot insertion can be used to evaluate
points and derivatives on curves. Clearly, C(1) = Q3 3; furthermore, the deriva-
tives from both the left and right can easily be computed using the starting point
and endpoint derivative formulas, Egs. (3.7), (3.9), (3.10), (4.9), and (4.10).

Algorithm A5.2 computes a point on a curve using knot insertion (“corner
cutting”). It assumes a routine, FindSpanMult, which finds the knot span, k,
and the multiplicity, s.

N,
1% No
N;
N N,
0 2 3
(a)
_ N3 N
1+ Np
) 7 Ne
A Ns
0 14 2 3
(b)

Figure 5.6. Basis functions corresponding to Figure 5.5. (a) Before knot insertion;
(b) after knot insertion.

Knot Insertion 153

C
C C,
07‘ b\%,l
Ci Czz

Figure 5.7. Splitting a cubic curve defined on {0,0,0,0, Y4, 1/, 3/4,1,1,1,1}.

ALGORITHM A5.2
CurvePntByCornerCut (n,p,U,Pw,u,C)
{ /% Compute point on rational B-spline curve */
/* Input: n,p,U,Pu,u */
/* Output: C */
if (u == U[0]) /* Endpoints are special cases */

Pul0}l/w; return;

— Y -
]

if (u == U[n+p+1])

Puln]l/w; return;

) A
i

FindSpanMult(n,p,u,U,&k,&s); /* General case */

Tr = p-s;

for (i=0; i<=r; i++) Rwl[il = Pwlk-p+i];

for (j=1; j<=r; j++)

for (i=0; i<=r-j; i++)

{
alfa = (u-Ulk-p+j+il])/(U[i+k+1]-U[k~p+j+i]);
Rw[i] = alfa*Rw[i+1] + (1.0-alfa)*Rw[il;
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C = Rw[0]/w;

}

The third application is interactive shape design. As we saw in Chapter 4,
curves and surfaces can be shaped by moving control points and/or modifying
weights. For modification purposes, a designer might like to have a cont'rol
point somewhere on the control polygon where one currently does not exist.
For example, suppose he picks the point Q on the three-dimensional polygon
leg, P;_1 P; (see Figure 5.8). Denote the corresponding four-dimensional point
on the leg, L; = P¥ ,P¥, by Q. Then there exists a @ € [ui, Uitp) such
that a single insertion of % causes Q¥ to become a new control point and Q
its projection. This process of detérmining @ is called inverse knot insertion
[Pieg89c]. Now there exists a value s, 0 < s < 1, such that

Qw = (1 - 3)P:~”,1 + SP:‘)
which upon projection yields

1= s)w;—1 Pi_y + sw; P;

_ 5.19
Q (1 — s)w;—y + sw; 19
follows that
It follows thal o wi1 | Q— Piy | (5.20)
wi—1 | Q= Pioy | +wi | P~ Q|
and thus
@ = i + 8(titp — Ui) &2

Knots are inserted into surfaces by simply applying the previous formulas and
algorithms to the rows and/or columns of control points. In particular, let P,

P Q P;

{ |

Uit3
U Uit Uit2

Figure 5.8. Inverse knot insertion for cubic curves; the point Q lies on the leg Pi1 P;
partitioned by the knots u;, uis1, Uit+2, and us43.
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0 <i<mn,0<j<m, be the control points of a NURBS surface; call i the row
index and j the column index. Then % is added to the knot vector U by doing a
@ knot insertion on each of the m + 1 columns of control points. The resulting
control net is QY;;0<i<n+1,0<j<m. Analogously, # must be inserted
on each of the n + 1 rows of control points. The resulting control net is QYj,
0<i<n, 0 <j<m+1 Figure 5.9 shows a cubic x quadratic surface on
U = {0,0,0,0,1,1,1,1} and V = {0,0,0,%,1,1,1}. Figures 5.10a and 5.10b
show insertion of the knots @ = 4/10 and ¥ = 71, respectively, and Figure 5.10c
shows the insertion of both knots. We point out that a surface knot insertion
algorithm should not merely consist of a loop in which Algorithm A5.1 is called
m+1 (or n+ 1) times. The computation of the alphas (alpha in A5.1) does
not depend on the control points. Hence, they should be computed only once
and stored in a local array before entering the loop which executes the m + 1 or
n+ 1 knot insertions. Algorithm A5.3 is such an algorithm.

ALGORITHM A5.3 .
SurfaceKnotIns(np,p,UP,mp,q,VP,Pw,dir,uv,k,s,r,nq,UQ,mq,VQ,Qw)
{ /* Surface knot insertion =*/
/* Input: np,p,UP,mp,q,VP,Pw,dir,uv,k,s,r */
/* Output: nq,UQ,mq,VQ,Qu */
if (dir == U_DIRECTION)

¢ Py

Figure 5.9. The control net of a (cubic x quadratic) surface defined on the knot vectors
U={0,0,0,0,1,1, 1,1} and V = {0,0,0, 15,1,1,1}.
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Figure 5.10. (Continued.)

{

load u-vector as in A5.1
copy v-vector into VQ

/* Save the alphas */
for (j=1; j<=r; j++)

L = k-p+j;
for (i=0; i<=p~j-s; i++)
alphali] [j] = (uv-UP[L+i])/(UP[i+k+1]-UP[L+i]);

fm{: (row=0; row<=mp; row++) /* For each row do */
Y
/* Save unaltered control points */

’ for (?=0; i<=k-p; i++) Qw[li] [row] = Pwli][row];
) for (i=k-s; i<=np; i++) Qwli+r] [row] = Pw[i] [row];

o Qag /* Load auxiliary comtrol points. */
o . for (ifO; i‘<=p-s; i++) Rw[il = Pwlk-p+il[row];
for (j=1; j<=r; j++) /* Insert the knot r times */

Figure 5.10. Knot insertion into the surface in Figure 5.9. (a) Inserting u = 2/5 one
time in the u direction; (b) inserting v = 7/10 one time in the v direction; (c) inserting

both knots at the same time.

L = k-p+j;
for (i=0; i<=p-j-s; it++)
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Rw[i] = alphal[i]l [j1*Rw[i+1] + (1.0-alphalil [j1)*Rw[il;
QwiL] [row] = Rw[0];
Qwk+r-j-sl [row] = Rwip-j-sl;

}
/% Load the remaining control points */
for (i=L+1; i<k-s; i++) Qw[il[row] = Rw[i-Ll;

}

if (dir == V_DIRECTION)

{

Similar code as above with u- and v-directional
parameters switched.

}

We conclude this section with remarks on surface knot insertion.

. Surface subdivision: Let i and ¥ be interior parameter values. lusert-
ing p times and ¥ g times subdivides the surface into four B-spline
(sub-)surfaces. This fact, together with the convex hull property, im-
plies that recursive subdivision is applicable to B-spline surface problems.
Figure 5.11 shows a surface to be subdivided. In Figures 5.12-5.14, subdi-
visions in the u- and v- and in both directions, respectively, are illustrated,;

z

s

-

Figure 5.11. A (cubic x quadratic) surface defined as in Figure 5.9.

\\
\\\
\\\

<

\

(b)

Figure 5.12. Splitting the surface in Fij, i irecti
gure 5.11 in the v direction at u = 2/.
control net of the split surface; (b) the split surface. o (2) The
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z

(a)

Figure 5.14. Splitting the surface in Figure 5.11 in both u and v directions at u = /s
) and v = T/0. (a) The control net of the split surface; (b) the split surface.

« Curve extraction: To extract the isoparametric curve, C3 (v), we must do

/ p @ knot insertions on each of the m + 1 columns of control points, i.e., a

/ ‘ total of p(m + 1) knot insertions; this yields the { Q¥ (@)} of Eq. (4.16).

// Extracting a curve, Cy (u), requires g(n + 1) knot insertions; Figure 5.15
shows an example of this;

/l « Surface evaluation: Inserting % p times and ¥ ¢ times causes the surface

point, S(i, ¥), to become a corner control point of the resulting four sub-

surfaces. A corner cutting algorithm similar to Algorithm A5.2 can be

e developed. FEither % or ¥ may be inserted first, but as was the case for

y Bézier surface evaluation using the deCasteljau algorithm, the computa-

S tional complexity is order-dependent if p # ¢ (see Egs. [1.25] and [1.26}).
Hence, we can compute S(@, %) with either

— p(g+1) % knot insertions, plus ¢ ¥ knot insertions;
— g(p+1) ¥ knot insertions, plus p @ knot insertions.

(b) Using corner point derivative formulas (for example, Eqs. [3.24], [4.24],
[4.25], and [4.26]), the partial derivatives and normal vectors from all four

- - - . L _7 .25}, . )
Figure 5.13. Splitting the surface in Figure 5.11 in the u direction at v = 7/10. (a) The directions (left and right for both u and v) are obtained.

control net of the split surface; (b) the split surface.
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—

Figure 5.14. (Continued.)

5.3 Knot Refinement

Knot insertion concerned itself with inserting a single knot, possibly multiple
times. It is often necessary to insert many knots at once; this is called knot
refinement. To state the problem, let C¥(u) = ;- N »(u) P}’ be defined on
the knot vector U = {ug, ..., um}, and let X = {zo,...,=,} satisfy z; < Zit1
and ug < Z; < U for all i. The elements of X are to be inserted into .U , and
the corresponding new set of control points, {Q{’},i=0,...,n+r+ 1', is to be
computed. New knots, z;, should be repeated in X with their multipli(‘:xtxes; eg.,
if z and y (z < y) are to be inserted with multiplicities 2 and 3, respectively, tben
X = {z,z,y,y,y}. Clearly, knot refinement can be accomplished by multiple
applications of knot insertion. However, we distinguish the two problems here
because there exist more efficient algorithms for knot refinement (see {Cohe80;
Boeh85a, 85b; Lych85]).
The applications of knot refinement include:

« decomposition of B-spline curves and surfaces into their constituent
(Bézier) polynomial pieces — we elaborate on this later;

. merging of two or more knot vectors in order to obtain a set of curves
which are defined on one common knot vector; as we see in subsequent
chapters, this is important in constructing certain types of surfaces;
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Figure 5.15. Extracting a surface isoparametric curve via knot insertion.

« obtaining polygonal (polyhedral) approximations to curves (surfaces); re-
fining knot vectors brings the control polygon (net) closer to the curve
(surface), and in the limit the polygon (net) converges to the curve (sur-
face). A proof of this is found in {Lane80; DeBo87]. Figures 5.16b and
5.16c show one and two midpoint knot refinements applied to the cubic
curve of Figure 5.16a (a new knot is inserted at the midpoint of each knot
span). Figures 5.17a to 5.17c show three midpoint knot refinements to the
surface of Figure 5.9, in the u-, v-, and in both directions, respectively.

We require no additional mathematics to develop an algorithm for knot re-
finement; it is really just a software problem. The solution steps are:

1. find indices @ and b such that u, < z; < up for all 4;

2. from Egs. (5.14) and (5.18) it follows that the control points P¥, ..., |
and Py _, ..., P¥ do not change; therefore, copy these to the appropriate
Q7" locations, leaving room for the r + p+ b — a — 1 new control points;

3. denote the new knot vector by U (U merged with X); copy the knots on
either end which do not change;

4. go into a loop and
4.1. compute the new control points;
4.2. merge the elements from U and X into U;
the loop can work forward (starting at Q¥ ;) or backward (starting at

Q;)U-i-r——l)‘
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(a)

w1 V 1

ot T T

(b)

Figure 5.16. Curve refinement. (a) Cubic curve defined on {0,0,0,0, 3/10, 70,1, 1,1,1};
(b) the first midpoint knot refinement; (c) the second midpoint knot refinement.

Algorithm AS5.4 is by Boehm and Prautzsch [Boeh85a]. It works backward
and overwrites intermediate control points while inserting a knot. Ubar is the
new knot vector, U.

ALGORITHM A5.4
RefineKnotVectCurve(a,p,U,Pw,X,r,Ubar,Qw)
{ /* Refine curve knot vector */
/* Input: n,p,U,Pu,X,xr */

Knot Refinement

PP N O N B S B I

INNE]
¥ ¥ IRRL

Figure 5.16. (Continued.)

/* Output: Ubar,Qw */

m = n+p+l;

a = FindSpan(n,p,X[0],U); /* Algorithm A2.1 */
b = FindSpan(n,p,X[r],U);

b = b+l;

for (j=0; j<=a-p; j++) Qwljl = Pwljl;

for (j=b-1; j<=n; j++) Qwlj+r+1l = Pwljl;
for (j=0; j<=a; j++)  Ubar[jl = ULjl;
for (j=b+p; j<=m; j++) Ubar[j+r+i] = U[jl;
i = b+p-1; k = bt+ptr;

for (j=r; j>=0; j--)

while (X[j] <= U[i] && i > a)

Qwlk-p-1] = Puli-p-1];
Ubar[k] = U[i]l;
k = k-1; i=i-1;
}
Qwlk-p-1] = Quwlk-pl;
for (1=1; 1<=p; 1++)
{
ind = k-pt+l;
alfa = Ubar[k+1]-X[j];
if (abs(alfa) == 0.0)
Qwlind-1] = Qwl[ind];
else

165
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(b)

Figure 5.17. Refining the surface in Figure 5.9. (a) The third midpqint reﬁnement' in
the u direction; (b) the second midpoint refinement in the v direction; (c) the third
refinement in the v direction and second in the v direction.
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Figure 5.17. (Continued.)

{ ,
alfa = alfa/(Ubar[k+1]-U [i-p+1]);
Qwlind-1] = alfa*Qwlind-1] + (1.0-alfa)*Qw[ind];

Ubar[k] = X[j];

Let 8% (u,v) = 31 3°72g Ni,p(u) N, g (v) P¥; be a NURBS surface on U and
V. A U knot vector refinement is accomplished by simply applying Algorithm
A5.4 to the m + 1 columns of control points. A V refinement requires n + 1
applications of Algorithm A5.3. The algorithm can be organized so that redun-
dant operations are eliminated (e.g., the values of the alfas in the last for-loop
are the same for each of the m + 1 columns of control points). A sketch of the
algorithm is:

ALGORITHM A5.5
RefineKnotVectSurface(n,p,U,m,q,V,Pw,X,r,dir,Ubar,Vbar,Qw)
{ /* Refine surface knot vector */
/* Ioput: n,p,U,m,q,V,Pw,X,r,dir =/
/% Output: Ubar,Vbar,Qu */
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if (dir == U_DIRECTION)
{
find indexes a and b;
initialize Ubar;
copy V into Vbar;
/* Save unaltered ctrl pts */
for (row=0; row<=m; row++)
{
for (k=0; k<=a-p; k++) Qulk][row] = Pulk] [row]l;
for (k=b-1; k<=n; k++) Qulk+r+1][row] = Pw[k] [rowl;

}

for (j=r; j>=0; j—-)

while (X[j1<=U[i] && i>a)

{

compute Ubar;

for ( row ... ) Qulk-p-1]lirow] = Pw[i-p-1][rowl;
k = k-1; i=i-1;

}

for ( row ... ) Qulk-p-11[row] = Qwlk-p][rowl;
for (1=1; 1l<=p; 1++)
{
ind = k-p+l;
compute alfa;
if (abs(alfa) == 0.0)
for ( row ... ) Qwlind-1][row] = Qulind] [row];
else
{
compute alfa;
for ( row ... )
Qwlind-1] [row] =
alfa*Qw[ind-1] [row]+(1.0-alfa)*Qw{ind] [row];
}

Ubar(k] = X[j1; k = k-1;

}

if (dir == V.DIRECTION)

{

/* Similar code as above with u and v directional
parameters switched */

}
}

An important application of knot refinement is the problem of decomposing a
NURBS curve into its constituent (four-dimensional) polynomial segments. This
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is required when converting a NURBS curve to another spline form, e.g., to the
IGES Parametric Spline Curve, Entity type 112 [IGE93]. In such a conversion,
the first step is to decompose the curve into its piecewise Bézier form. The Bézier
control points of the segments are obtained by inserting each interior knot until
it has multiplicity p. This is done in two steps:

1. pass through U and build the refinement vector X;
2. call Algorithm A5.4.

Figures 5.18a and 5.18b show a cubic curve and its corresponding basis func-
tions; Figures 5.19a and 5.19b show the same curve and its basis functions after
decomposition. The control points in Figure 5.19a are the Bézier control points
of the curve’s segments. Figures 5.20a, 5.20b, 5.21a, and 5.21b show the decom-
position of a surface.

(2

(b)

Figure 5.18. A cubic curve. (a) The curve and its control polygon; (b) basis functions
defined over {0,0,0,0,1,2,3,4,4,4,4}.
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(a)
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(b)

Figure 5.19. Decomposition of the curve in Figure 5.18 into a piecewise Bézier curve via
knot refinement. (a) The decomposed curve and its control polygon; (b) basis functions
after inserting knots 1, 2, and 3 two times each.

We now give an algorithm which extracts all the Bézier segments of a curve,
working from left to right, in an efficient manner. For convenience we drop the
w superscipts from control points. Figures 5.22a through 5.22d best explain
the algorithm. Let C(u) = Z?_—.o N; 3(u)P; be a cubic curve with two distinct
interior knots, and let ch be the kth control point of the jth Bézier segment,
k=0,...,p and j = 0,1,2. Notice in Figures 5.22b and 5.22c that while the
rightmost Bézier control points of the zeroth segment, Qg and Qg, are being
computed (via knot insertion), the leftmost Bézier points of the first segment,
Q} and Qj, are also being computed and stored.

Another major reduction in computation, as compared with using general
knot refinement, is achieved by examining the computation of the knot insertion
alphas (Eq. [5.15]). Assume {ug,up] is the current segment being processed,
where a and b are the indices of the rightmost occurrences of knots u, and up.
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o

iz

(b)

Figure 5.20. A (cubic X quadratic) surface to be decomposed. (a) The control net;
(b) the surface defined over U = {0,0,0,0, 3,1,1,1,1} and V = {0,0,0, 2/5,1,1,1}.

Then, when we start to insert u, the knot vector has the form (locally)

v :Zlfa»p—i-l =t = Ug, Up—sl =
w s A
L

P

=y (5.22)

/
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(a)

Figure 5.21. Piecewise Bézier patch decomposition via knot refinement. (a) The control
nets; (b) Bézier surface patches.

where s is the original multiplicity of uy. By Eq. (5.15) the insertion of up p— s
more times generates the triangular table

Qb—p+1,1
Qpp+2,2
Ap—-p+2,1
: Qp—s,p—s
Ap—-s—1,1
Op—3,2
Qp—s,1

Examining Egs. (5.15) and (5.22) reveals two facts:

o Qpoppi,l = Obeptitl,2 = *°° = Olbogp—s—i+l fori=1,...,p— s; the os
are equal along southeasterly pointing diagonals;

« the numerator in Eq. (5.15) remains the same, namely uy — uq, for the
entire set of a; js.

To illustrate this, consider the example shown in Figure 5.23. After the first
segment is extracted, the knot vector takes the form

U= {0,0,0,0, 0, 1/5, 1/5, 1/57 1/5, 2/5; 3/5; 4/5: 17 17 1) 17 1}
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Figure 5.21. (Continued.)

When the second segment is computed, a = 8 and b = 9, and the following as
are generated

'l”=1 'r=2 1‘:3
1 = Ug — Ug 0.2
61 = ——— = —
o1 U0 — Ug 0.4
o Ug — U7 0.2
7,2 — =
upp—ur 0.4
gy = v 02 e o Bo—us _ 02
! Uy — U7 0.6 8,3"‘u10_u8—-"—4
Ug — Ug 0.2
a&2= g

Uyl — U 0.6
ug — ug 0.2
Qg = —e— = e
up —~ug 0.8

Notice that the as along southeasterly diagonals are 0-2/p.4, 0256, and 92y s,
respectively, and that the numerator remains 0.2.

Algorithm A5.6 decomposes a NURBS curve and returns nb Bézier segments.
Qwlj1 [k] is the kth control point of the jth segment. The local array alphas{]

" contains the alphas, with their indices shifted to start at 0.

ALGORITHM A5.6
DecomposeCurve(n,p,U,Pw,nb,Qw)
{ /* Decompose curve into Bézier segments */
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P, = Q) P;= Q3

(2)
- q!
Q;
P =Q}
Po= Q)
i {}: : i

(b)

Figure 5.22. On-the-fly curve decomposition. (a) The original cubic curve; (b) first
knot inserted; (c) second knot inserted; (d) preparation for the second segment.

/* Input: =n,p,U,Pw */
/* Output: nb,Qu */

m = nip+l;
a=p;

b = pti;
nb = 0;

for (i=0; i<=p; i++) Qwlnb]l[il = Pwl[il;

Knot Refinement

(d)
Figure 5.22. (Continued.)

while (b < m)
{
i=b;
while (b < m &% U[b+1] == U[bl) bt++;
mult = b-i+1;
if (mult < p)

{

numer = U[b]-U[al; /* Numerator of alpha */

175
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/* Compute and store alphas */
for (j=p; jomult; j--)
alphas[j-mult-1] = numer/(U[a+j1-U [al);
r = p-mult; /* Insert knot r times */
for (j=1; j<=r j++)

save = r-j;
s = mult+j; /* This many new points */
for (k=p; k>=s; k--)
{
alpha = alphas[k-s];
Qwinb] [k] = alpha*Qw[nb] [k] + (1.0-alpha)*Qw[nb] [k-1];
} ‘
if (b < m) /* Control point of */
Qwlnb+1] [savel = Qulnbl [pl; /* next segment */

}

nb = nb+l; /* Bézier segment completed */
if (b < m)
{ /* Initialize for next segment */
for (i=p-mult; i<=p; i++) Qw[nb] [i] = Pulb-p+il;
a=b;
b = btl;

}
}

Algorithm A5.6 is an ideal interface between a NURBS system and a system
(hardware or software) which displays Bézier curves. With modifications, Al-
gorithm A5.6 computes the Bézier segments on-the-fly, passes each one down
for display, and overwrites each with the next. Nothing is returned. These
modifications are:

—

« remove nb and Qw from the argument list;

« use local arrays Qu[] (length p+ 1) and NextQw[] (length p— 1); NextQw
is used to store the leftmost control points of the next segment;

. after a segment has been computed (see the comment in the code, /*
Bézier segment completed */) pass it down for display;

. after displaying a segment, overwrite it with points from NextQw {1 and
pull.

An example is shown in Figures 5.24a-5.24c; for more detail see [Pieg91b].

Algorithm A5.7 shows the organization of a surface decomposition. The rou-
tine computes a Bézier strip, i.e., a NURBS surface that is Bézier in one direction
and B-spline in the other. The routine must be called twice, once in the u di-
rection to get the Bézier strips, and then the strips must be fed into the routine
in the v direction to get the Bézier patches.

Knot Refinement 177

Qp
r=1 -~ .
r=2 B
r=3

Figure 5.23. Ratios for the alphas used to compute the second Bézier segment of a
quartic curve.

ALGORITHM A5.7
DecomposeSurface(n,p,U,m,q,V,Pw,dir,nb,Qw)
{ /* Decompose surface into Bézier patches */
/* Input: =n,p,U,m,q,V,Pw,dir =*/
/* Output: nb,Qw */
if (dir == U_DIRECTION)

(a)
Figure 5.24. On-the-fly decomposition of a quartic curve. (a) The first Bézier segment;
(b} the second Bézier segment; (c) the third Bézier segment.
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(b)

(©)
Figure 5.24. (Continued.)

{
a=p; b=p+1;
nb=0;
for (i=0; i<=p; i++)
for (row=0; row<=m; rowt++)
Qwinb] [i] [row] = Pw(lil[row];
while (b<m)

{

get mult;

if ( mult<p )
{

get the numerator and the alfas;
for (j=1; j<=p-mult; j++)

save= ...;
S = ...}
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for(k=p; k>=s; k--)
{
get alfa;
for ( row ... )
Qw[nb] [k] [row] = alfa*Qw[nb] [k] [row]
+(1.0-alfa)*Qwlnb] [k-1] {row];

if ( b<m )
for (row ... )
Qu[nb+1] [save] [row] = Qwlnb] [p] [rowl;
}
}
nb=nb+1;
if ( b<m )

{
for (i=p-mult; i<=p; i++)
for ( row ... )
Qwinbl [i] [row]l = Pw[b-p+i] [row];
a = b; b = b+l;
}
}
}
if (dir == V_DIRECTION)
{
/* Similar code as above with u- and v-directional
parameters switched */ )

}
}

An example is shown in Figure 5.25.

5.4 Knot Removal

Knot removal is the reverse process of knot insertion. Let

C¥(u) =Y N ,(u)P¥ (5.23)

i=0
be defined on U, and let u, be an interior knot of multiplicity s in U; end knots
are not removed. Let U, denote the knot vector obtained by removing u, ¢ times

from U (1 < t < 5). We say that u, is t times removable if C*(u) has a precise
representation of the form

Co () = 3N p(w) QY G2

=0
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Figure 5.25. Surface decomposition on the fly; three Bézier patches are shown.

where N; ,(u) are the basis functions on Uj, that is, Egs. (5.23) and (5.24)
geometrically and parametrically represent the same curve.

From earlier chapters we know that the basis functions N; ,(u) which are
nonzero at u, are only CP~% continuous there. Furthermore, although one does
not generally expect more than CP~* continuity of the curve, the control points
P¥ can lie in positions such that the (p — s + 1)th (or even higher) derivative
is continuous. Hence, the knot wu, is t times removable if and only if the curve
C¥(u) is CP~**¢ continuous at u = u,. It is important to note that the continuity
must be with respect to C*(u), not its projection C(u) which can be continuous
even though C¥(u) is not.

A knot removal algorithm must do two things:

« determine if a knot is removable and how many times;
« compute the new control points, Q}’.
Details can be found in [Till92].
Knot removal is an important utility in several applications:

« The standard method to convert a spline curve or surface represented in
power basis form to B-spline form is:

— convert the segments (patches) to Bézier form;

— obtain a B-spline representation by piecing the Bézier segments to-
gether and using knot vectors in which all interior knots have multi-
plicity equal to the degree;
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— remove as many knots (and hence control points) as the continuity of
the spline curve (surface) allows;

« When interactively shaping B-spline curves and surfaces, knots are some-
times added to increase the number of control points which can be modified.
When control points are moved, the level of continuity at the knots can
change (increase or decrease); hence, after modification is completed knot
removal can be invoked in order to obtain the most compact representation
of the curve or surface;

« It is sometimes useful to link B-spline curves together to form composite
curves. The first step is to make the curves compatible, i.e., of common
degree, and the end parameter value of the ith curve is equal to the start
parameter of the (i + 1)th curve. Once this is done, the composition is
accomplished by using interior knots of multiplicity equal to the common
degree of the curves. Knot removal can then be invoked in order to remove
unnecessary knots.

We describe the knot removal process with an example. As usual, the al-
gorithm operates on the four coordinates of the control points, but we drop
the w superscript for the sake of notational convenience. Consider the cubic

curve of Figure 5.26. Assume the original curve is defined by {PJ,...,P3} and
U = {ug,...,u10}, where the superscript on the control points denotes the step
number in the knot removal process, and the knots are ug = --- = ug = 0,
ug = us = ug = 1, and u7 = --- = uyo = 2. Consider removing v = 1(= ug).

P{ = P} Py =P}

Ug = Uy = Uy = U3 Uy = Us = Ug Ur = Ug = Ug = U0

Figure 5.26. Knot removal from a cubic curve with a triple knot.
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The first derivative is continuous if and only if

P_(p§-PY=

P__(pg-PY)
Ug — U3 Ur — Ugq

Setting u = u4 = ug and rearranging terms yields

U — U3 u7 = U g
g = P+ ——P3
U7 — U3 Uy — U3
Using PY = P} and P} = P} yields
U~ U3
Pl = a3P§ + (1 - a;;)P% Qg = m (5.25)

Equation (5.25) is just the equation for inserting u = 1 into the knot vector
having 1 as a double knot (u7 is ug in that knot vector). Furthermore, the second
derivative at u = 1 is continuous if and only if the knot u = 1 can be removed a
second time. It can be removed when

P% = QQP% + (1 - az)P%

P} = 3P + (1 — a3)P (5.26)
U = Ui .
i ;= ——— =23
with = wers —

Finally, the third derivative is continuous if and only if u = 1 can be removed
a third time, which implies that

P% = alP? -+ (1 - al)Pg
P% = ang + (1 - az)P?

P% = o3P} + (1 - a3)P} (5.27)
U — Uj .
i = ———— i=1,2,3
with (e73 Uirpts — U

Let n = p— s+ 1, where s is the multiplicity of the knot to be removed. Then
‘note that
+ there are no unknowns in Eq. (5.25), P3 is the only unknown in Eq. (5.26),

and P} and P} are unknown in Eq. (5.27). Knot removal produces n
equations in n — 1 unknowns;

» knot removal destroys n control points and replaces them with n — 1 new
control points.

Let us solve Egs. (5.25) through (5.27). For Eq. (5.25) we comopute thfe r.ight
side of the single equation and check to see if it is equal to PJ (to within a
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meaningful tolerance). If not equal the knot cannot be removed; if it is equal,
then the knot and P} are removed.

From the two equations in Eq. (5.26) we obtain

_Pi-(1-a)P}

P% o P% - P}; — a3P§

a2 1-a3
If these two values for P3 are within tolerance, then the knot can be removed
and P} and P} are replaced by P2.
Solving the first and third equations of Eq. (5.27), we obtain

P% — (1 - al)Pa P3 = P% — ang
ay 1- Qg

P} =

Then substitute P§ and P3 into the right side of the second of Eqgs. (5.27), and
check to see if it is within tolerance of P3. If it is, remove the knot and replace
P%, P, and P2 with P? and P3.

In general, to solve the system of equations start with the first and last equa-
tions and work inward, computing the new control points. If the number of
equations is even (as in Eq. [5.26]), then the final new control point is computed
twice. The knot can be removed if the two values of the control point are within
tolerance. If the number of equations is odd (as in Egs. [5.25] and [5.27]), then
all new control points are computed once, and the last two computed are substi-
tuted into the middle equation. If the result is within tolerance of the old control
point on the left side of the middle equation, then the knot is removable.

We now give general formulas. Let u = u, # 4,1 be a knot of multiplicity s,

where 1 < s < p. The equations for computing the new control points for one
removal of u are

PQ'— 1_aiP1__ 1
lez k3 ( ) -1 'I"—pszs—(2r—p_3__1)
oy 2
P? — ;P! 1
pl= -2 _ gt i pe icn_ .
J (1-qay) 2(W p 3+@_1_r‘s (5.28)
with ap = Al k=1i,j
Uk+p+1 — Uk

The simplest way to program Eq. (5.28) is

i=r—p; j=r—=
while (j — i > 0)
o= ---

aj=

Pl= ...

P;:

i=i+l j=j-1;
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Now suppose we want to remove u = Ur multiple times. Each time the knot
is removed, s and r are decremented (in Eq. [5.28]) and the superscripts on the
control points are incremented. Thus, the equations for removing u = u, the tth
time are

t—1 t
t~1 _ (1 — ;) P! 1
Pt:P’ (1- ) Piy r—p—t+1<i<Z(2r—p-s-—1)

Z a; 2

Pl - o;Pt 1
pt—-—4 2 it S(@2r—-p-s+t+1)<j<r—s+t-1
: o) 5 @r—p )<
(5.29)
with o= — Y ajz__“_:_“_i:.ﬁtl___
Uitpt+t — Ui Ujpp+1 — Uj—t41

Assume u is to be removed k times. Equation (5.29) can be programmed as

first=r—p+1; last=r—5—1;
fort= 1,...,k
first = first — 1; last = last + 1;
i = first; j = last;
while (j —i >t —1)
;= -
=
pi= ...
Pl =
i=14+1; j=j—1

The factor which complicates the implementation of knot removal is that it is
generally unknown in advance whether a knot is removable, and if it is, how many
times. The (potentially) new control points must be computed in temporary
storage, and it is not known in advance how many knots and control points will
be in the output. Algorithm A5.8 tries to remove the knot u = u, num times,
where 1 < num < s. It returns ¢, the actual number of times the knot is removed,
and if ¢ > 0 it returns the new knot vector and control points. It computes the
new control points in place, overwriting the old ones. Only one local array
(temp) of size 2p + 1 is required to compute the new control points at each step.
If removal fails at step ¢, the control points from step t—1 are still intact. At the
end, knots and control points are shifted down to fill the gap left by removal. A
minimum number of shifts is done. To check for coincident points, a value, TOL,
and a function, Distance4D (), which computes the distance between the points,
are used. If the curve is rational we assume the homogeneous representation; in
this case, Distance4D() computes the four-dimensional distance. The weights
are treated as ordinary coordinates. TOL has the meaning [Till92]
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« if the curve is nonrational (all w; = 1), then one knot removal results in
a curve whose deviation from the original curve is less than TOL, on the
entire parameter domain;

« if the curve is rational, then the deviation is everywhere less than

TOL(1+ | P|max)

Wmin

where Wp;p is the minimum weight on the original curve, and |P|_ .. is the
maximum distance of any three-dimensional point on the original curve
from the origin. The convex hull property of B-splines is used to compute
bounds for Wiy and |P|,,,. If the desired bound on deviation is d, then
TOL should be set to

d Wiin

TOL = ———r—
14+ |P|

(5.30)

ALGORITHM A5.8
RemoveCurveKnot (n,p,U,Pw,u,r,s,num,t)
{ /* Remove knot u (index r) num times. */
/* Input: n,p,U,Pw,u,r,s,num */
/* Output: t, new knots & ctrl pts in U & Pw */
m = n+p+l;
ord = pt+i;
fout = (2%r-s-p)/2; /* First control point out */
last = r-s;
first = r-p;
for (t=0; t<num; t++)
{ /* This loop is Eq.(5.28) */
off = first-1; /* Diff in index between temp and P */
temp[0] = Pwloff]; templ[last+i-off] = Pwllast+1i];

#

-1 = first; j=last;
ii = 1; jj = last-off;
remflag = 0;

while (j-i > t)
{ /* Compute new control points for one removal step */
alfi = (u-U[i])/(U[i+ord+t]-U[il);
alfj = (u-U[j-t])/(U[j+ord]-ULj-t1);
temp[ii] = (Pw[il-(1.0-alfi)*temp[ii-1])/alfi;
temp[jjl = (Pwljl-alfj*temp(jj+11)/(1.0-alfj);
i= i+1; ii = ii+1;
i=i% i3 =33
} /* End of while-loop */

if{(j—i < t) /* Check if knot removable */
if (DistancedD(temp[ii-1],temp[jj+1]) <= TOL)

remflag = 1;
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}

else

z{zlfi = (u-U[i])/(Uli+ord+t]1-Ulil);
if (Distance4D(Pw[il,alfi*temp[ii+t+1]
+(1.0-alfi)*temp[ii-1]) <= TOL)

remflag = 1;
if (remflag == 0) /* Cannot remove any more knots */
break; /* Get out of for-loop */
else

{ /* Successful removal. Save new cont.pts. */
i = first; j = last;
while (j-i > t)

Pwl[i] = temp[i-off]l; Pw[jl = temp[j-off];
i = i+1; j =34

}

first = first-1; last = last+1;

} /* End of for-loop */
if (t == 0) return;
for (k=r+1; k<=m; k++) Ufk-t] = Ulkl; /* Shift knots */
j = fout; i=j; /* Pj thru Pi will be overwritten */
for (k=1; k<t; k++)

if (Mod(k,2) == 1) /* k modulo 2 */

i = i+l else j =31

for (k=i+1; k<=n; k++) /* Shift */

{ pPuljl = pPulkl; Jj = j+1; }
return;

}

Table 5.2 shows how the control point array changes for the cubic curve ex-
ample given in Figure 5.26. The first row shows the contents before entering
the for-loop (0 < t < num). Rows 2-4 show the array (changes only) at the
bottom of the for-loop for ¢t = 0, t = 1, and ¢t = 2. An ‘X’ denotes an unused
array element.

We remark that Algorithm A5.8 can create negative or zro weights. Theo-
retically this is correct, but it may be undesirable for software reasons. It can
be avoided by simply inserting a check after the distance computation, before
setting remflag to 1.

Let S¥(u,v) = Yi—g 2o 1mo Ni,p(4)Nj, o (v) PY; be a NURBS surface. A u knot
(v knot) is removed from $*(u,v) by applying the knot removal algorithm (Al-
gorithm A5.8) to the m+1 columns (n+1 rows) of control points. But the knot
can be removed only if the removal is successful for all m+1 columns (n+1 rows).

Two additional algorithms for knot removal are given in [Til192]. These are:

« given a curve, remove as many knots as possible;
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Table 5.2. The control point array for the cubic curve
of Figure 5.15.

P P} Py P} P PY P Dbefore loop

X t=20
P; X P t=1
PP X X X P} t=2

« given a surface, remove as many u knots as possible (v knots are analo-
gous).

Instead of giving details of these algorithms, which are quite involved, we
illustrate the effects of curve and surface knot removal through a variety of
examples. Figure 5.27a shows a curve with single, double, and triple knots. In
Figure 5.27b the single knot, u = 3/10, and in Figures 5.27¢-5.27¢ one, two, and
three occurrences of the triple knot, u = 1/, respectively, are removed.

Surface knot removal examples are shown in Figures 5.28a-5.28d. Figure 5.28a
shows the original surface. In Figure 5.28b the triple knot, u = 3/, is re-
moved three times. In Figure 5.28¢ the single knot, v = 1/4, is removed, and in
Figure 5.28d both knots are removed at the same time. In Figures 5.27b-5.27d
as well as in Figures 5.28b-5.28d the original curve/surface is shown dashed,
whereas the knot removed curves/surfaces are drawn solid.

All removable knots are removed from the curve illustrated in Figure 5.29a.
The curves shown in Figures 5.29b-5.29f were computed using the tolerance
values 0.007, 0.025, 0.07, 0.6, and 1.2, respectively. These figures illustrate
how many and what knots are removable (removed knots are circled and the
original polygon and curve are drawn dashed); how to compute the new control

(a)
Figure 5.27. Curve knot removal example. (a) The original cubic curve defined over the

knot vector {0,0,0,0, 340, X/, Y2, Y2, 7o, 710, 1,1,1,1}; (b) removal of 3/19, one time;
(¢) removal of /> one time; (d) removal of 1/> two times; (e) removal of 1/ three times.
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(c)
Figure 5.27. (Continued.)

points; and what is the deviation between the original and the knot removed
curve. Similar examples are shown for the surfaces in Figures 5.30a and 5.30b
through Figures 5.34a and 5.34b. The control net for the original surface is seen
in Figure 5.30a. The original surface is shown in Figure 5.30b. Knot removed
surfaces are illustrated in Figures 5.31a and 5.31b through Figures 5.34a and
5.34b, using the tolerances 0.05, 0.1, 0.3, and 0.5, respectively.

5.5 Degree Elevation

Let Cn(u) = 3.7 a;u’ be an nth-degree polynomial curve. Clearly, we can set
ap41 = 0 and write Cp(u) as an (n + 1) th-degree curve
n+1

Cp(u) = Cppa(u) = Za,iu‘
i=0

Degree Elevation 189

(e)
Figure 5.27. (Continued.)

From a vector space point of view, Cp4(u) is simply C,(u) embedded in a
higher dimensional space.

Now let C;f’ (u) = Y1 o Ni p(u) P¥ be a pth-degree NURBS curve on the knot
vector U . Since C})(u) is a piecewise polynomial curve, it should be possible to
elevate its degree to p+1, that is, there must exist control points Q¥ and a knot
vector U such that 1

Cy(u) = Cpa(w) = > Nippi(v) Q¥ (5.31)

1=0

" Cp11(u) and C'(u) are the same curve, both geometrically and parametrically.

C;f’_,_!(u) is simply C;’(u) embedded in a higher dimensional space. Degree el-

evation refers to the process (the algorithm) for computing the unknown QY

and U. 1
The applications of degree elevation include:
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y
(b) (d)
Figure 5.28. Surface knot removal example. (a) The original (cubic x quadratic) surface Figure 5.28. Conti
.28. tinued. = s o
defined over U = {0,0,0,0, 3/10, 310, %10, Tho, 1,1,1,1} and V' = {0,0,0, Ya, Y2, %as of the kot inosoitflllug ire(cct)i;ssmoval of v = /4 one time in the v direction; (d) removal

1,1,1}; (b) removal of u = 3/10 three times in the u direction.
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(a)

\
\\C\\l

(b)
Figure 5.29. Remove all removable knots from a cubic curve. (a) The original curve de-
fined over {0,0,0,0, 0.16,0.31,0.45,0.5501,0.702,0.8,0.901, 1, 1, 1, 1}; (b) knot removed
curve using the tolerance 0.007; (c) tolerance is 0.025; (d) tolerance is 0.07; (e) tolerance
is 0.6; (f) tolerance is 1.2.

« in subsequent chapters we construct certain types of surfaces from a set of
curves Cy,...,Cnp, (n > 2). Using tensor product surfaces requires that
these curves have a common degree, hence the degrees of some curves may
require elevation;

« let Cy,...,Cq, (n > 2) be a sequence of NURBS curves with the property
that the endpoint of C; is coincident with the starting point of C;11; then
the curves can be combined into a single NURBS curve. One step in this
process is to elevate the curves to a common degree.
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| @ “
Figure 5.29. (Continued.)

As usual, degree elevation algorithms are applied to C}(u) in four-dimensional
space, not to C,(u), and again we drop the w for the remainder of this section.

There are three unknowns in Eq. (5.31), #, U, and the {Q;}. To determine 7
and U assume that U has the form

U=A{ug,...,um}=1{a,...,a,u1,. .., 81, .., Ugy...,Us,b,...,b}
N e st et N i’ N !
p+1 my mg p+i
where m;, ..., m, denote the multiplicities of the interior knots. Now Cp(u) is
a polynomial curve on each nondegenerate knot span, hence its degree can be

falevat_e;il ‘to p+ 1 on each such knot span. At a knot of multiplicity m;, Cp(u)
is CP~™: continuous. Since the degree elevated curve, Cp41(u), must have the
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Figure 5.29. (Continued.) . ’ v

same continuity, it follows that the same knot must have multiplicity m; + 1 for
Cp+1(u). This yields

fi=n+s+1 (5.32)
R (b)
and Uz{uo,...,um}={a,...,a.,ul,...,ul,...,us,...,us,b,...,b} (5.33) . )
N » % - ~ NG 2_/ Figure 5.30. A (cubic x quadratic) surface for knot removal. (a) The control net;
P+ mi+ . msiy p+ (b) the surface defined over U = {0,0,0,0,0.22,0.3,0.52,0.7,0.79,1,1,1,1} and V =

where 1 = m + s + 2. {0,0,0,0.2,0.42,0.5, 0.81,0.9,1,1,1}.
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y y
(a) (a)
z
v y
z z
(b) ' ()
Figure 5.31. Remove all removable knots in both directions using the tolerance 0.05. Figure 5.32. Remove all removable knots in both directions using the tolerance 0.1
(2) The control net of both the original (dashed) and the knot removed surface (solid); (a) The control net of both the original (dashed) and the knot removed surface (solié):

(b) isoparametric lines of both surfaces. (b) isoparamietric lines of both surfaces.
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(b) | (b)
Figure 5.33. Remove all removable knots in both directions using the tolerance 0.3. Figure 5.34. Remove all removable knots in both directions using the tolerance 0.5
(a) The control net of both the original (dashed) and the knot removed surface (solid); (a) The control net of both the original (dashed) and the knot removed surface (solici):

(b) isoparametric lines of both surfaces. (b) isoparametric lines of both surfaces.
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(b)
Figure 5.35. Degree elevation of a cubic curve defined over {0,0,0,0, 3/10, 7/10,1,1,1,1}.
(a) The original curve; (b) the first Bézier segment obtained via knot insertion.

The only remaining problem is to compute the {Q;}. An obvious but very
inefficient method to do this is to solve a system of linear equations. Setting

Y Nipri(w) Qi =D Nip(w) P

=0 =0

and evaluating the N; ,(u) and N;p.1(u) at appropriate 7 + 1 values yields a
banded system of 7 + 1 linear equations in the unknowns, Q;.

More efficient but mathematically more complicated methods are given by
Prautzsch [Prau84], by Cohen et al. [Cohe85|, and by Prautzsch and Piper
[Prau91]. The algorithm due to Prautzsch and Piper is the most efficient for
the general case, but Cohen et al. also give simple and efficient algorithms for
low-degree special cases, such as linear to quadratic, and quadratic to cubic. All
these algorithms raise the degree by 1 (p — p+1).
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Figure 5.35. Continued. (c) the first Bézier segment is degree elevated, (d) the second
Bézier segment is computed.

We present another algorithm here which is mathematically simpler, and com-
petitive with that given in [Prau91], particularly in the case where the degree
is to be raised by more than 1 (see [Pieg94]). The solution consists of applying
three steps, on-the-fly, while moving through the knot vector. The steps are:

1. using the logic of Algorithm A5.6, extract the ith Bézier segment from
the curve;

2. degree elevate the ith Bézier segment;
3. remove unnecessary knots separating the (i — 1)th and ith segments.
Figures 5.35a-5.35h show the progress of the algorithm. The original curve is a

cubic with knot vector U = {0,0,0,0,u,,up,1,1,1,1}. It is elevated to fourth-
degree. The figures are explained as:

a. the original curve;

b. u, is inserted twice, bringing it to multiplicity 3;
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(e) (g)

AN //N

<

) (h)
Figure 5.35. Continued. (e) the second Bézier segment is degree elevated; (f) two Figure 5.35. Continued. (g) the third Bézier segment is degree elevated; (h) two occur-
occurrences of the knot u = 3/10 are removed. rences of the knot u = 7/;0 are removed.
P
c. The Bézier segment on [0, u,] is degree elevated; this replaces the first four C,(u) = Z Bi p()P;
control points with five new ones (see subsequent text); ? A
d. u, is inserted twice to obtain the Bézier segment on [u,, up); be a pth-degree Bézier curve. Its representation as a (p + 1)th-degree curve is
e. the Bézier segment on [u,,us)] is degree elevated; Pl
f. two occurrences of the knot u, are removed; Cpii(u) = EB,-, pr1(u) Q; (5.34)
g. the last segment [up, 1] is degree elevated; =0
h. two occurrences of u, are removed, yielding the final fourth-degree, C* Setting these equal and multiplying Cy(u) by (“ +(1- ”)) (= 1) yields
continuous curve. 1 »
Step 1 is a straightforward application of Algorithm A5.6. It is modified to ) ZBMH—I Q= (u +(1- u))ZBi,pPi
not return the Bézier segments, but rather to process them on-the-fly. =0 i=0
Step 2 degree elevates a Bézier segment. We present two formulas to do this. P
The first is the well-known formula (due to Forrest [Forr72}) to elevate from = Z((l —u)B;p+uB;,)P;

degree p to degree p+ 1. Let / i=0
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1

Usine the notation It is possible to degree elevate from p to p+t in one step. Writing out several
sing the notati

o (p> recursive applications of Eq. (5.35), and cleverly rearranging coefficients, yields
.' —.— N ' = -
il(p — i) 1 o . " o
d lying Eq. (1.8), we obtain min(p,i) . i— i i
and applying Eq. (1.8) pi= S METY oo+t (5.36)
(0 it p+t
p+l 1 g=max(0,i~1) i
Z(pJ'r )“i(l B )
e where P! denotes the degree elevated control points after t-degree elevations. As
}Ii (p) (Wi (1 = w)PH (1 - w)P~) P; ; an example, consider the case of p = 2 and ¢ = 4, that is
— — i
4 %
1=0 . Pg = PO
P ' ptl p _ . 4
=Z(P)ui(l—u)p+l_’1’i+2(- 1)u’(l-—u)”““'Pi_l Pi=4p,+ 2P,
—\i o\t 6 6
. P 4 6 8 1
Equating coefficients of u*(1 — u)?*1~* yields P = 5 Po+ 15 P+ i P.
4 12 4
+1 p p = = = —
(pi )Qiz(i)Pi+(i-l)Pi"l Pa=goPot P ¥ 0P
1 8 6
. , Pi=—-Py+—-P;+->P
From (7)) 11) - Bl _pisi, i= Pt Pt P
i i ) -+ p+l p+1
i (P-9ip+1) p:=2p, +2ip,
6 6
and . . .
P p+1) _ plil(p +1—3)! -3 P =P,
i—1 i G-Dip+1-dlp+1)! p+1
As regards Eq. (5.36):
it follows that « its growth rate is O(t), as the width of the scheme is fixed (bounded by
Q, = (1 - )P +a;Pi, (5.35) p+1);
» the coefficients for each P} sum to one (see example), hence it is a convex
. o = i i=0 p+1 combination scheme;
where fop+1 Y « there are no redundant computations;

» the coefficient matrix is symmetric with respect to the row p+tj;

Notice that Eq. (5.35) represents a corner cutting process (see Figures 5.35¢, « the coefficients depend both on p and ¢, but not on the particular Bézier

5.35¢, and 5.35g). Regarding Eq. (5.35): segment to which they are applied; hence, they can be computed one time
« it can be applied recursively to elevate the degree ¢ times (t>1); and stored in a local array before processing of the segments begins.
« its growth rate is O(t2); ift > 1, recursive application of Eq. (5.35) involves The knot removal of Step 3 is much less expensive than general knot removal
some redundant computations; * as described in the previous section. There are two reasons for this:

« the a;s depend only on the degree, not on the particular Bézier segmen(ti:
to which they are applied, thus they can be computed one time and store _ . '
in a local arg’ay befgfe pré)cessing of the segments begins; + the knot vector has a specific structure in the neighborhood of the knot

being removed.

» we know how many knots are removable ~ the number that were inserted;

« it is a convex combination scheme.
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As an example of this, Figure 5.36 shows a curve whose degree is being raised
from 4 to 5 (p = 4). Let uc, ug, ue be the three parameter values defining the two
segments shown. Assuming the original multiplicity of uq is 1, then three knot
insertions are required to form the two Bézier segments (note that C(ug) =P}),
and three removals are now necessary. However, we can skip the first two and
compute P3_, and P$ directly. This requires computing only two points in the
form of Eq. (5.29), and no checking for equality of points is necessary. This
compares to the six point computations and the three point equality checks
required in the general case. Locally the knot vector has the form

...,uc,uc,ud,...,ud,ue,...,ue,...
N s s, s

p+1 ptl

where u, has multiplicity of at least 2.

Algorithm A5.9 raises the degree from p top +¢, ¢t = 1, by computing 7,
U, and the new Q; (nh, Uh, and Qw); it uses Eq. (5.36) to degree elevate the
Bézier segments. Min() and Max() compute the minimum and the maximum of
two integers, respectively, and Bin(i, ) computes (¥), the binomial coefficient,
which may be precomputed and stored for further eﬂ‘fciency. Let p be the degree
of the original curve. The required local arrays are:

bezalfs[p+t+1] [p+1] : coefficients for degree elevating the Bézier

segments;

bpts[p+1] : pth-degree Bézier control points of the current
segment;

ebpts [p+t+1] : (p + t)th-degree Bézier control points of the

current segment;

. leftmost control points of the next Bézier
segment,;

Nextbpts [p-1]

alphas(p-1] : knot insertion as.

ALGORITHM A5.9
DegreeElevateCurve (n,p,U,Pw,t,nh,Uh, Qw)
{ /% Degree elevate a curve t times. */
/* Input: =n,p,U,Pw,t */
/* Output: oh,Uh,Quw */
m = ntp+l;
ph = ptt; ph2 = ph/2;
/* Compute Bézier degree elevation coefficients */
bezalfs[0]1[0] = bezalfs[phllp] = 1.0;
for (i=1; i<=ph2; i++)

{
inv = 1.0/Bin(ph,i);
mpi = Min(p,i);
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Figure 5.36. Removal of three knots from a quartic curve.

for (j=Max(0,i-t); j<=mpi; j++)

} bezalfs[i]l [j] = inv*Bin(p,j)*Bin(t,i-j);
for (i=ph2+1; i<=ph-1; i++)

{

mpi = Min(p,i);

for (j=Max(0,i-t); j<=mpi; j++)

} bezalfs[il[j]1 = bezalfs[ph-il [p-jl;

mh = ph;  kind = ph+1;

r=—1; a:p;
b = p+l; cind = 1;
ua = U[0];

Quwlo] = Pw([0];
for (i=0; i<=ph; i++) Uh[i] = ua;
/* Initialize first Bézier seg */
for (i=0; i<=p; i++) bpts[il = Pw[il;
while (b < m) /* Big loop thru knot vector */

{
i=.b;
while (b < m && U[b] == U[b+1]) b = b+1;
mul = b-i+1; ’
mh = mh+mul+t;
ub = U[b];
oldr = r; r = p-mul;
/* Insert knot u(b) r times */
if (oldr > 0) 1bz = (oldr+2)/2; else 1bz

i;
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if (r > 0) rbz = ph-(r+1)/2; else rbz = ph;
if (x > 0) '
{ /* Insert knot to get Bézier segment */
numer = ub-ua;
for (k=p; k>mul; k--)
alfs[k-mul-1] = numer/(Ula+k]-ua);
for (j=1; j<=r; j++)
{
save = r—j; 8 = mul+];
for (k=p; k>=s; k—-)

bpts[k] = alfs[k-s]*bpts k] +
(1.0-alfs[k-s])*bpts [k-13;

Nextbpts[savel = bptsipl;

} /+ End of "imsert knot" */ .
for (i=lbz; i<=ph; i++) /* Degree elevate Bezier */
{ /* Only points 1bz,...,ph are used below */
ebpts(i] = 0.0;
mpi = Min(p,i);
for (j=Max(0,i-t); j<=mpi; j+t) . .
ebpts[i] = ebpts[il + bezalfs[il [j1*bptsjl;
} /* End of degree elevating Bezier */
if (oldr > 1)
{ /% Must remove knot u=U[a] oldr times */
first = kind-2; last = kind;
den = ub-ua;
bet = (ub-Uh[kind-1])/den;
for (tr=1; tr<oldr; tr++)
{ /* Knot removal loop */
i = first; j = last; kj = j-kind+l;
while (j-i > tr) /* Loop and compute the new */
{ /* control points for one removal step */
if (i < cind)

alf = (ub-Uh[il)/(ua-Un[il);
Qwlil = alf*Qwlil + (1.0-a1f)*Qwli-1];

if( j >= 1bz)

{

if( j-tr <= kind-ph+oldr )

gam = (ub-Uh[j-tr])/den; L
ebpts[kj] = gam*ebpts [kj]+(1.0-gam)*ebpts[k3+1].
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{

else
{
ebpts[kj] = bet*ebpts[kjl+(1.0-bet)*ebptskj+il;
{
}
i=i+;  §o=j-1;  kj = kj-1;

}

first = first-1; last = last+l;

} /% End of removing knot, u=U[a] */
if (a !'= p) /% Load the knot ua */
for (i=0; i<ph-oldr; i++)
{ Uhlkind] = uva; kind = kind+1; }
for (j=lbz; j<=rbz; j++) /+* Load ctrl pts into Qw */
{ Qwlcind] = ebpts[jl; cind = cind+1; }
if (b < m)
{ /* Set up for next pass thru loop */
for (j=0; j<r; j++) bpts[j] = Nextbpts[j];
for (j=r; j<=p; j++) bpts[jl = Pulb-p+jl;
a =b; b = b+l; ua = ub;
}
else
/* End knot */
for (i=0; i<=ph; i++) Uh[kind+il = ub;
} /* End of while-loop (b < m) */
nh = mh-ph-1;

}

Several curve degree elevation examples are shown in Figures 5.37a-5.37d.
The original third-degree curve (Figure 5.37a) is raised to fourth-, fifth-, and
seventh-degrees in Figures 5.37b, 5.37c, and 5.37d, respectively. Note that the
control polygon converges to the curve as the degree is raised.

Let 8% (u,v) = 375 Y7o Ni,p(u)N; 4(v) P¥; be a NURBS surface. Degree
elevation is accomplished for surfaces by applying it to the rows/columns of
control points. In particular, we elevate the degree p (u direction) by applying
Algorithm A5.9 to each of the m + 1 columns of control points. The v direction
degree q is elevated by applying Algorithm A5.9 to each of the n + 1 rows of
control points. An efficient organization of a surface degree elevation algorithm
which requires storage of Bézier strips is Algorithm A5.10.

ALGORITHM A5.10
DegreeElevateSurface(n,p,U,m,q,V,Pw,dir,t,nh,Uh,mh,Vh,Qw)
{ /* Degree elevate a surface t times. */
/* Input: n,p,U,m,q,V,Pw,dir,t */
/* Output: nh,Uh,mh,Vh,Qw */
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Figure 5.37. Curve degree elevation example. (a) The original cubic curve defined over Figure 5.37. (Continued.)
{0,0,0,0, 410, 710, 1,1,1,1}; (b) the degree is elevated by one; (c) the degree is elevated
by two; (d) the degree is elevated by four. for (j=0; j<=m; j++)
if (dir == U_DIRECTION) insert knot;
{ degree elevate Bezier row[j];

remove knot;
save new control points;
initialize for next pass through;

allocate memory for Bezier and NextBezier strips;
initialize knot vectors and first row of control points;
initialize Bezier strip;

set variables; }
while (b<m) : update knot vector;

{ update variables;

get multiplicity; get end knots;

get ub, r, oldr, etc; }
save alfas }
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if (dir == V_DIRECTION)

{

/* Similar code as above with u- and v-directional
parameters switched */

}
}

Surface degree elevation examples are shown in Figures 5.38a-5.38e. The orig-
inal (3,2)th-degree surface (Figure 5.38a) is raised to (4,3), (5,4), (6,6), and
(9,9)th-degrees in Figures 5.38b-5.38e, respectively; the original net is shown
dashed, and the degree elevated net is drawn solid.

5.6 Degree Reduction

Let C(u) = Y1 Ni p(u) Q; be a pth-degree B-spline curve on the knot vector
U= {a,...,a,ul,..‘,ul,...,us,...,us,b,...,b}
ptl my ms pt+1

As usual, C(u) can be rational or nonrational; we drop the w superscript for the
remainder of this section. C(u) is degree reducible if it has a precise representa-
tion of the form

A
C(u) = Cu) = ZNi,p—l(u)Pi (5.37)
i=0
on the knot vector
U = {a,...,a,ul,...,ul,...,us,...,us,b,...,b} (5.38)
N e N i’ NS S
P my—1 mg—1 P
Clearly fAi=n—s—1 (5.39)

Note that m; can be 1, which implies that the knot u; is not present in U.
This means that u; was precisely removable from C(u). Although it is always
possible to degree elevate a curve, clearly a curve may not be degree reducible.
The situation is similar to knot removal in that the problem is over-determined,
that is, any algorithm for degree reduction must produce more equations than
unknown P;. Due to floating point round-off error, one can never expect C‘(u)
to coincide precisely with C(u), and therefore our algorithm must measure the
error E(u) =| C(u) — C(u) | and declare C(u) to be degree reducible only if

max E(u) < TOL
©

for some user-specified tolerance, TOL. We consider only precise degree reduc-
tion in most of this section, i.e., we assume that TOL is very small. The main
application is to reverse the degree elevation process. For example, degree reduc-
tion should be applied to each constituent piece when decomposing a composite
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(b)
Figure 5.38. Surface degree elevation example. (a) The original (cubic x quadratic) sur-
face net, the surface defined over U = {0,0,0,0,1,1,1,1}, and V = {0,0,0, 1/,1,1,1};
(b) the degree elevated by one in both directions; (c) the degree ele;/a,te::l b;' t’w;) ixi
bf)th Qirections; (d) the degree elevated by three in the u direction, by four in the v
direction; (e) the degree elevated by six in the u direction, by seven in the v direction.
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Figure 5.38. (Continued.)

curve, because degree elevation may have been required in the composition pro-
cess. The material in this section is taken from [Pieg95].

Degree reduction of Bézier curves is relatively well understood, and there exist
a number of algorithms (e.g., see references [Forr72; Dann85; Lach88; Watk88;
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Figure 5.38. ( Continued.)

Wein92; Eck93]). Following the strategy developed in the previous section for
degree elevation, we present a three-step algorithm for degree reduction of B-
spline curves:

repeat
extract the ith Bézier segment from the B-spline curve,
degree reduce the ith Bézier piece,
remove unnecessary knots between the (i — 1)th and the
ith segments,
until done

Error is produced in both the Bézier degree reduction and the knot removal
steps, and our algorithm accumulates both types of error and exits immediately
if TOL is exceeded on any knot span. Figures 5.39a-5.39h show walk-through
examples explaining how the algorithm works. The details of each step are:

a. original fourth-degree B-spline curve defined over the knot vector
U= {0a0’07 Oa 0) Uy, Uy, U2, U2, 1’ 17 ]-v 17 1}

The coordinate system (u, E) is used to graph the error over each knot
span as a function of u as the algorithm sweeps out the entire knot vector;

b. the knot u; is inserted twice, bringing the total multiplicity to four; the
first Bézier piece is obtained;
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(b) Figure 5.39. Continued. (c) first Bézier segment is degree reduced; (d) second Bézier
Figure 5.39. Degree reduction of a B-spline curve from fourth-degree to third-degree. (a) segment is extracted.

Fourth-degree B-spline curve to be degree reduced; (b) first Bézier segment is extracted.

d. the knot u; is inserted twice to obtain the second Bézier segment;

¢c. the first Bézier segment is degree reduced, which replaces the first five e. the second Bézier segment is degree reduced. Now there is error over two
control points by four new ones; this is the first time error is introduced segments; both are Bézier degree reduction errors;
as graphed in the (u, E) system. The solid curve is the original curve, £

. two occurrences of the knot u; are removed; notice how knot removal

whereas the dashed one is the approximation; introduces additional error that affects more than one knot span;
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u
U
E
E
+ + u
(f) . ' + + + N
Figure 5.39. Continued. (e) second Bézier segment is degree reduced; (f) first interior (h)
multiple knot is removed twice. Figure 5.39. Conti .
-99. inued. (g) third Bézier s i ) L
multiple knot is removed twice. egment is degree reduced; (h) second interior
g. the last Bézier segment is degree reduced;
h. two occurrences of ug are removed, yielding the final curve. We focus now on Bézier degree reduction. Let

Curve decomposition, knot removal, and bounding the knot removal error were

P
covered in Sections 5.3 and 5.4. Clw) = Z B;»(u)Q;
i=0
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be a pth degree Bézier curve, and denote its degree reduced counterpart by

p-1
Clu) = Z B; p-1(u)P;

=0

We compute the unknown P; by turning around the Bézier degree elevation

formula, Egs. (5.34) and (5.35); let
_ ! (5.40)

(integer division) and denote the degree elevation coefficients by o, that is

There are two cases to

: levation from p—1 to p).
(we need coefficients for degree eleva p 2. Solving Eq. (5.35)

consider, p is even, and p is odd. Assume first that p is eve
for the P;, we obtain

Py=Q
p.____qi_fﬁi&:i i=1,...,r
* 1o
P = Q- (-a)Pin 5 r1
(0758 ]
5.41
Pp—'l = Qp ( )
Now assume p is odd; then the P; are computed as
P = Qq
Pizgi—f—%l:i-——l i=1,...,7r=1
-
Pi=Qi+1"(1"‘ai+1)Pi+1 imp—2,..r+1
Oiq1
P, = (PL+PF)
5.42
Pp“l = Qp ( )
Q, — o Pr
where PL= "L 1 _;TT

Q- (1 -0ry1)Prn
Qri1
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Note that the odd case differs from the even case only in that, for symmetry
reasons, the middle control point, P,, is computed as the average of two com-
ponents computed from the left and right, respectively. In general, the resulting
(p — 1)th degree curve, C(u), is an approximation to C(u); they coincide only
when C(u) is precisely degree reducible. Piegl and Tiller [Pieg95] derive the
error bounds for the approximation

p even:

|Cw) - Cw)| =

Bry1,p(u) [Qr+1 - %(Pr + Pr+1)” (5.43)
p odd:
|Cw) - €@)| = 2 (1 - ) [(Brp(@) — Bris,p(w)) (PE ~PB)|  (5.49)

Figures 5.40a and 5.40b show examples of reducing the degree of a Bézier curve
from seven to six, and six to five, respectively. The error curves are graphed on
the bottom of the figures. We remark that:

« Equations (5.43) and (5.44) express the parametric error (distance between
points at corresponding parameter values); the maximums of geometric
and parametric errors are not necessarily at the same u value;

even if C(u) is not degree reducible, Eqs. (5.41) and (5.42) produce #/2
precise control points from the left and 2/ precise ones from the right,
in the sense that if C(u) is degree elevated to yield C(u), then C(u) and
C(u) have the same first and last »/ control points. Hence, C(u) and
C(u) have the same derivatives up to order 72 — 1 at both ends. This is
an important property from the standpoint of B-spline degree reduction,
since it implies that up to CP2-1 continuity is maintained in the Bézier
degree reduction steps, which in turn implies that the first /2 — 1 knot
removal steps produce no error;

for p even the maximum error occurs at u = 1/ (see Figure 5.40b); for p
odd the error is zero at u = 1/, and it has two peaks a bit to the left and
right of u = 1/ (Figure 5.40a). The odd case is analyzed in more detail
elsewhere by Piegl and Tiller [Pieg95].

We now present an algorithm to degree reduce a B-spline curve, subject to
a maximum error tolerance, TOL. If the curve is rational, then TOL should be
adjusted as in Eq. (5.30). We maintain an error vector, e;, i = 0,....m—-1,
which we use to accumulate error for each knot span. The e; are initialized to
zero. When the ith span is Bézier degree reduced, the incurred error is added to
ei. For simplicity we drop the scalar functions (which are bounded by 1) from
Egs. (5.43) and (5.44) and use maximum error bounds

IC(u) - C(u)| < (5.45)

1
Qr+1 - 5 (Pr + Pr+1)

and IC(u) - C(u)l < ‘P,’f ~ PR

(5.46)




Degree Reduction 223

The algorithm in [Pieg95] computes tighter error bounds for both the Bézier
degree reduction and knot removal steps. When removing a knot, the maximum

knot removal error is added to each e; whose span is affected by the removal.

The local arrays used are:
Bézier control points of the current segment;
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leftmost control points of the next Bézier

bpts [p+1]
Nextbpts[p-1] :
segment;
rbpts [p] degree reduced Bézier control points;
=P alphas{p-1] : knot insertion alphas;
e[m] : error vector.
A supporting routine, BezDegreeReduce (bpts,rbpts,MaxErr), which imple-
ments Bézier degree reduction and computation of the maximum error, is used.
This routine uses Egs. (5.41), (5.42), (5.45), and (5.46). A return code of 1

indicates the curve was not degree reducible; if the curve is reducible, 7, U , and
the P; are computed (rh, Uh, Pw) and a 0 code is returned.

aQ,="Fo P;
ALGORITHM A5.11
DegreeReduceCurve(n,p,U,Qw,nh,Uh,Pw)
(@) { /* Degree reduce a curve from p to p-1. */
/* Input: n,p,U,Qw x*/
/* Output: nh,Uh,Pw */
Qs P ph = p-1; mh = ph; /% Initialize some variables */
Rt kind = ph+l; r = -1; a = p;
," b = pt+i; cind = 1; mult = p;
! m = n+p+l; Pw[0] = Qw[0];
! for (i=0; i<=ph; it++) /* Compute left end of knot vector */
Un[i] = U[0];
! for (i=0; i<=p; i++) /* Initialize first Bézier segment */
bpts[i] = Qwlil;
Q, for (i=0; i<m; i++) /#* Initialize error vector */
; el[i] = 0.0;
o /* Loop through the knot vector */
hQ, = Po N while (b < m)
;3 { /* First compute knot multiplicity */
i=b;
vhile (b < m & U[b] == U[b+1]) b = b+i;
mult = b-i+1; mh = mh+mult-1;
oldr = r; r = p-mult;
if (oldr > 0) 1bz = (oldr+2)/2; else 1bz = 1;
/* Insert knot U[b] r times */
if (r > 0)
{
. numer = U[b]l-U[a];
for (k=p; k>=mult; k--)

(b)

Figure 5.40. Bézier degree reduction. (a) From degree seven to degree six; (b) from

degree six to degree five.
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alphas[k-mult-1] = numer/(U[a+k]-U[al);
for (j=1; j<=r; j++)
iave =1r-j; s = mult+j;
for (k=p; k>=s; k—-)
bpts[k] = alphas[k-s]*bpts(k]
+ (1.0-alphas[k-s])*bpts{k-1];
Nextbpts[savel = bpts(lpl;
}
}

/* Degree reduce Bézier segment */
BezDegreeReduce (bpts,rbpts,MaxExrr) ;
e[a] = e[al+MaxErr;
if (efal > TOL)

return(1); /* Curve not degree reducible */
/* Remove knot U[al oldr times */
if (oldr > 0)
{

first = kind; last = kind;

for (k=0; k<oldr; k++)
{
i = first; j = last; kj = j-kind;
while (j-i > k)

alfa = (U[al-Un{i-11)/(U[b]l~Un[i-11);

beta = (Ufa]l-Uh[j-k-11)/(U[b]-Un[j-k-11);

Pwli-1] = (Pw[i-1]-(1.0-alfa)*Pw[i-2])/alfa;
rbpts[kj] = (rbpts[kj]l-beta*rbpts[kj+1]1)/(1.0-beta);
i=i+1;  j=j-1; kj =kj-1;

/* Compute knot removal error bounds (Br) */
if (j-i < k) Br = Distance4D(Pw[i-2],rbpts[kj+1]);
else

delta = (U[a]l-Un{i-1])/(U[bl-Uh[i-1]1);
A = delta*rbpts(kj+1]1+(1.0-delta)*Pw[i-2];
Br = Distance4D(Pw[i-1],4);
}
/* Update the error vector */
atoldr-k; q = (2%p-k+1)/2;
L = K-q;
for (ii=L; ii<=a; iit++)
{ /* These knot spans were affected */
el[ii] = e[ii] + Br;
if (el[ii] > TOL)

=
1]
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return(1); /* Curve not degree reducible */

}
first = first-1; last = last+1;
} /* End for (k=0; k<oldr; k++) loop */
cind = i-1;
} /* End if (oldr > 0) */
/* Load knot vector and control points */
if (a != p)
for (i=0; i<ph-oldr; i++)
{ Uhfkind] = U[al; kind = kind+i; }
for (i=1bz; i<=ph; i++)
{ Puwlcind] = rbpts[il; cind = cind+1; }
/* Set up for next pass through */
if (b < m)
{
for (i=0; i<r; i++) bpts[il
for (i=r; i<=p; i++) bpts[i]
a = b; b = b+i;
}
else
for (i=0; i<=ph; i++) Uh[kind+i] = U[b];
} /* End of while (b < m) loop */

Nextbpts[il;
Qwlb-p+il;

nh = mh-ph-1;
return(0);
}

Figure 5.41 shows an example of reducing the degree from five to four. The

original knot vector is

Figure 5.41. Degree reduction of a B-spline curve from degree five to four.
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U = {0,0,0,0,0,0,0.15,0.15,0.3,0.3,0.5, 0.5,
0.7,0.7,0.85,0.85,1,1,1,1,1,1}

The solid curve is the original curve, whereas the dashed one is the degree reduced
curve. Figure 5.42a shows a cubic curve defined on the knot vector

U={0,0,0,0,1 3117 7,4, 1,1}

_

(b)

Figure 5.42. A cubic curve. (a) The cubic curve is not degree reducible; (b) the curve
is degree reducible after knot refinement.
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It is not possible to approximate this curve with a second-degree B-spline curve
to within a reasonable tolerance. After refining the knot vector to

U™ = {0,0,0,0,0.15,0.15,0.3,0.3,0.4,0.4,0.5,0.5,0.5,
0.6,0.6,0.7,0.7,0.85,0.85,1,1,1,1}

a reasonable approximation is possible, as shown in Figure 5.42b. Notice the
discontinuity at u = /2. This is due to the triple knot in the original curve. The
refinement brings out an interesting point: the quality of the approximation can
be improved by introducing extra knots with at least multiplicity two. Hence,
together with knot refinement, the tools of this section can be used to develop
algorithms to approximate high-degree curves with lower-degree curves.
Finally, we remark that the u- or v-degree of a surface can be reduced by
applying these curve techniques to the rows or columns of control points.

EXERCISES

5.1. Let p = 2 and U = {0,0,0,1,2,3,4,4,5,5,5}. C(u) = ¥r_, Ni2(u)P;, a B-
spline curve, is defined on U by the control points {(—6, —1), (—5,2), (-3,3),(-1,2),
(0,0),(3,1), (3,3),(1,5)}. Using repeated knot insertion, compute C(5/s) and C’(5/4).
Check that Egs. (5.12) — (5.14) and (5.16) ~ (5.18) hold true for this example. Sketch
the curve and its control polygon.

5.2. Use the same curve as in Exercise 5.1. What value of u must be inserted as a
knot in order to cause the point (— 3/, 3/2) to become a control point?

5.3. Consider the B-spline surface

7 8
S(u,v) = Z ZNA'.’(U)NJ’,:S(U) Py

i=0 j=0
1 3 349
h — = 2 2 = 2
where U {0,0,0,5,10,5,5,10,1:1:1}
1 21 7 4
and — - & - 1L 2
V {07070707 10? 57 27 10,5,17171,1}

Suppose you want to modify the surface shape slightly in the region corresponding to
the rectangular area of parameter space given by 3/i0 < u < 6/1p and 2 < v < /.
You want to do this by adding knots (control points) until you have at least one control
point which you can freely move, without changing the continuity of the surface with
respect to u and v, and without changing the surface shape outside of this rectangular
area. What knots must you add to U and V? State clearly how many and what values.

5.4. Consider the B-spline surface

3 2 .
S(u,v) = Z ZNi,z(u)Nj,Z(U) Pi;

i=0 j=0

where U= {0, 0,0, %,1,1,1}
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and VvV ={0,0,0,1,1,1}

and Poo = (0,0,0) Pio=(3,0,3) Poo= (6,0,3) Pso=(9,0,0)
Poi=(0,2,2) Pui=(3,25) Pz1=(6,25) Ps1=(9,22)
Pos = (0,4,0) Pi2=(3,43) P2=(64,3) Ps2=(9,4,0)

Compute S(3/10, %/10) using knot insertion. Compare this with Exercise 3.8.

5.5. Let p=3 and U = {0,0,0,0,1,1,1,2,2,2,2} as in the example of Figure 5.26.
Assume the control points P? = {(_110)? (_1) 1)> (_ 1/2’ 3/2)) (1/47 3/2)$ (11 3/2)1 (27 1)1
(2,0)}. Determine how many times u = 1 is removable, and compute the new control
points. You can do this by using Eq. (5.29), or by tracing through Algorithm A5.8.

CHAPTER
SIX

Advanced Geometric Algorithms

6.1 Point Inversion and Projection for Curves and Surfaces

In this chapter we cover various topics which are rather fundamental in imple-
menting NURBS geometry.

Given a point P = (z,y, z), assumed to lie on the NURBS curve C(u) of
degree p, point inversion is the problem of finding the corresponding parameter,
i, such that C(z) = P. Theoretically, point inversion can be solved in closed
form if p < 4. The steps are:

1. using the strong convex hull property (P4.10), determine which spans of
C(u) can possibly contain P;

2. using knot insertion or refinement, extract the candidate spans and convert
them to power basis form;

3. each span results in three polynomial equations in one unknown; if the
three equations have a common solution, then P lies on that segment of
the curve.

As an example of Step 3, assume p = 2. Then a span r(u) is given by the vector
function (in four-dimensional space):

r(u) = a¥ + a¥u + a¥u? (6.1)

Let a¥ = (w;x;, w;y;, w;2;, w;). Projecting Eq. (6.1) to three-dimensional space
and setting it equal to P = (z,y, 2), we obtain :

WaT2t? + WiT1U + WoTo
wau? 4+ wiu + wo

wayau® + wry1u + woyo
wau? + wiu + wo
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wazou? + w1 21U + WoZo
wou? + wiu + wo

which yields  wa(z2 — z)u® + wi(z1 — z)u + wo(zo — ) =0
wayz — y)u® +wi (11 — y)u+wolyo — y) =0
wy(zg — 2)u® +wi (21 — 2)u+wo(z0 —2) =0 (6.2)

This method has its disadvantages, for example:

« Equation (6.2) cannot be solved in closed form for p > 4, and the solution
for p = 3 and p = 4 is not without problems on a computer;

« there are numerical tolerance problems, e.g., one cannot expect the three
solutions of Eq. (6.2) to be exactly equal; but when should they be consid-
ered equal? The problem is exacerbated when the point P is not precisely
on the curve (a common occurrence); '

« the software implementation of the previous solution is rather involved.

A simpler and completely adequate method is to use Newton iteration to
minimize the distance between P and C(u) (see Figures 6.1a and 6.1b). P is
considered to be on the curve if the minimum distance is less than a specified
tolerance, €;. This effectively solves the more general problem of point projection
to a curve. To obtain a start value, ug, for the Newton iteration:

« if the point is known to lie on the curve (within tolerance), use the strong
convex hull property to determine candidate spans; if it is a more general
point projection problem, choose all spans as candidates;

« evaluate curve points at n equally spaced parameter values on each can-
didate span, and compute the distance of each point from P. Choose ug
to be the value yielding the point closest to P; the number n is generally
chosen by some heuristic method. We emphasize that a good start value
is important in achieving reliable convergence.

Now assume we have the start value, up, and form the dot product function
f(w) =C'(v)-(C(uw) - P)

The distance from P to C(u) is minimum when f(u) = 0, whether P is on the
curve or not (Figures 6.1a and 6.1b). Denote by u; the parameter obtained at
the ith Newton iteration. Then

B F(u;) e C'(ui)-(C(ui) - P)
f'(us) C"(u:)+ (Clws) — P) +| C'(w) |

Uip1 = Us (6.3)
Two zero tolerances can be used to indicate convergence:
€; : a measure of Euclidean distance;

€2 : a zero cosine measure.
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P

()
C(u;)

(b)

Figure 6.1. (a) Point projection; (b) point inversion.

Convergence criteria are then given by
| (ir1 ~w)C'(w) [ < e
|Clwi) - P|<e

| C'w):(Cw) = P) | __
[C(w) || Clus) - P =

(6.4)

The criteria are checked in the following order:
1. point coincidence:
|C(w) - P|<a
2. zero cosine: ,
| C'(w)-(Cw) - P) | _
| Clw) [1Cw) - P[ =

If at least one of these conditions is not satisfied, a new value, 4,1, is computed
using Eq. (6.3). Then two more conditions are checked:
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3. ensure that the parameter stays within the range (ui41 € [a,b])
if the curve is not closed:
' if (i1 < a) Uil = a
if (i1 >b) Uip1 =b
if the curve is closed:
if (441 < a) i1 =b— (a—Uit1)
if (ui41 > b) ui1 = a+ (uip1 — b)

4. the parameter does not change significantly, e.g., the point is off the end

of the curve ,
| (uig1 —u;) C'(w) | < @

If any of conditions (1), (2), or (4) is satisfied, the iteration is halted. Figure 6.2
shows the projection of a set of points onto a NURBS curve.
Point inversion and projection for surfaces are analogous. Form the vector

function
r(u,v) = S(u,v) - P

and the two scalar equations

f(’LL, ’U) = r(u, ’U)-Su(u, ’U) =0
g(u,v) = r(u,v)-Sy(u,v) =0 (6.5)

Figure 6.2. Projecting a set of points onto a NURBS curve.
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We must solve Eq. (6.5). Let
5 = [Au] _ [Ui+1 "‘Ui]
T lAv] T v -
g [fe F] _[I8ul+rSuu Su-Sy+r-Su
’ Gu Gv Su'sv +r'suu ' S, '2 +r-Syy
[f(u,-,vi)}
Ky = —
g(ui, vi)

where all the functions in the matrix J; are evaluated at (u;,v;). At the ith
iteration we must solve the 2 x 2 system of linear equations in the unknown &;,
given by

J,'(si = Ki (66)

From §; we obtain
Ui = ADu+u;

Vig1 = Av +v; (6.7)
Convergence criteria are given by
| (wisr = wi) Sului, vi) + (vig1 — v:) Soluivi) | < &
| S(us, ) — Pl <&

l | So(us; v:) - (S(us,v:) — P) |
159 1S,(uw)] | Snv) - P| =@

! Su(ui,'ui)-(S(u,-,vi) - P)
| Su(ui,vi) | | S(ui,vi) — P

(6.8)
Again, the conditions are checked by

1. point coincidence:
[ S(usv:) ~Pl<e

2. zero cosine:

| Su(ui, vi)- (S(us, v;) — P) |
| Sului, v:) | | S(us,v;) — P |

I Sv(ui,vi)'(s(uiavi) - P) l <e
| So(ui,03) [ [ S(uirv) —P| =

<e€

If these conditions are not satisfied, a new value (u;41,v;4+1) is computed using
Eq. (6.7). Then two more conditions are checked:

3. ensure that the parameters stay in range (u;+1 € [a,b] and viyq € [¢, d]):
if the surface is not closed in the u direction:

if (u,;+1 < a) Uir1 = a

if ('LLH_l > b) Uil = b
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if the surface is not closed in the v direction:
if (viy1<¢) wvig1=c
if (vip1>d) v =d
if the surface is closed in the u direction:
if (i1 <a) Uiy =b—(a—uig1)
if (uip1 >b)  uipr =a+ (Uig1 —b)

if the surface is closed in the v direction:
if (vip1<c¢) vipp=d—(c~— Vip1)
if (vip1>d)  vig1 =c+ (vig1 —d)
4. parameters do not change significantly, that is
| (i1 — us) Sulus, vi) + (Vip1 — v:) So(us,vi) [ S €@

Iteration is halted if any of conditions (1), (2), or (4) is satisfied. Figure 6.3 shows
the projection of a set of points from the control net onto a NURBS surface.

Figure 6.3. Projecting points of the control net onto a NURBS surface.
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6.2 Surface Tangent Vector Inversion

Let (@, ) be a fixed parameter point and P = S(i, %) its image on the surface
S(u,v) (see Figure 6.4). Let T = (dz,dy,dz) be a vector starting at P and
lying in the tangent plane of S(u,v) at P. Denote by S, and S, the first
partial derivatives of S(u,v) at (@, 7). If S, X S, # 0, it follows from elementary
differential geometry [DoCa76] that there exists a vector W = (du, dv) in the uv
plane such that

T = S,du + S,dv (6.9)

Tangent vector inversion is the process of determining the vector W. Equation
(6.9) expands into three equations in two unknowns, that is

Ty Ty d dz
U
Yu Yo [dv] = | dy (610)
Zu 2y dz
which we write as
MW=T

Equation (6.10) has a unique and exact solution (generally such a system does
not) which we obtain by multiplying through by MT (the transpose of M)

(MTM)W = MTT

Figure 6.4. Surface tangent vector inversion.
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or |Sul® Su-S, [du}:[su-’l‘}
Su'sv lsv |2 dv Sv.T (6'11)

Solving this 2 x 2 system of equations yields the unknowns du and dv.

6.3 Transformations and Projections
of Curves and Surfaces

Transformations and projections of curves and surfaces are common in geometric
modeling and computer graphics. Transformations include translations, rota-
tions, scalings, shears, and reflections. Parallel and perspective projections are
essential in viewing three-dimensional geometry on a video screen or other two-
dimensional output devices. There are many excellent discussions of transfor-
mations and projections in the literature, e.g., [Faux81; Fole90; Roge90]. In this
section we assume the reader is familiar with the general concepts, and we elab-
orate only on the application of these concepts to NURBS curves and surfaces.

All transformations and projections are performed on NURBS curves and sur-
faces by applying operations to the control points and weights; hence, it suf-
fices to restrict the discussion to curves. Equations (4.1) and (4.5) represent
two different ways to think of a NURBS curve, namely, as a piecewise rational
curve in Euclidean space, or as a nonrational B-spline curve in homogeneous
space. The first method uses the B-spline basis functions to blend weighted
three-dimensional control points; the second method uses the functions to blend
four-dimensional control points. Correspondingly, there exist two methods for
performing transformations and projections:

« apply the operations to the three-dimensional control points of C(u); for
a perspective projection, new weights must also be computed;

« apply a 4 x 4 matrix to the four-dimensional control points of C*(u).
Let

n
ZNi,p(u)wiPi n
Clu)= Zp—— = Ri,(u)P; (6.12)
Z Ni‘p(u)wi =0
=0
With the exception of perspective, all transformations and projections of C(u)
are performed by applying the operation to the three-dimensional control points,
P;; the weights, w;, do not change. This follows from the Affine Invariance
Property, P4.9 (which follows from the form of Eq. {6.12]). Let us consider
projections. Figure 6.5 shows a general parallel projection of the control point,
P;, to a projection plane given by the reference point, Q, and the unit length
normal vector, N. P, denotes the projection of P;. If the direction of the
projection is given by the vector W, then

Transformations and Projections of Curves and Surfaces 237

N

Figure 6.5. Parallel projection of NURBS curves.
From Eq. (6.13) we have

aW =P, -P,-Q+Q
and . a(N-W) =N-(P; - Q) +N-(Q - P,)

Since P; lies on the projection plane, N+(P; — Q) = 0, from which follows

o= N(Q-F)
N.-W
and finally
5 _p . (NA(Q-P)
P,=P+ (——N—v—v—’) W (6.14)
The corresponding formula for surfaces is
5 _p . . (N(Q-P)
Pij=Py;+ ("‘—N*VV—L) w (6.15)

Figure 6.6 shows a perspective projection. As before, let the projection plane
be defined by Q and N. Denote the eye position by E. Then

Pi=(1-a)P;+aoE . (6.16)
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Figure 6.6. Perspective projection of NURBS curves.

It follows that ~
aE-P)=P;-P,-Q+Q

and N.(P; — Q) = 0 implies that

_N(Q-PF)
“= N(E-P)
From
|ae1 N(Q-P) N-(E-P-Q+P) N(E- Q)
" N(E-P) N(E-P)  N(E-P
we obtain
p. - N-(E- Q) P. N-(Q-P) E 6.17)

iITN(E-P) ' N-(E-P)

Equation (6.17) is the formula for computing the new control points of the pro-
jected curve.
We now derive the formula for the new weights. Let

P=C(u)= i Rip(u)P;

=0

be an arbitrary point on C(u), and denote by P the perspective projection of P
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onto the plane given by Q and N. Recalling that
n
D Rip(u) =1
1=0

for all u, we obtain

5 _ N-(E-Q) N.(Q-P)
P=vE-p ' " NE-P

E

_ L Rip(N-(E- QP:)+3 R;p(N-(Q-P))E
Y Rip(N-(E - Py))

L RN-E-P) (R g ) P

ZRi,p(N‘(E - Pi))

SR (N8 PR3 )6

+
ZRi,p(N'(E - Pi))
Setting W; = w; (N(E - P,)) (6.18)
and recalling that
N; yw;
R; = i, pWi
T Y Nigpw;

we obtain

o (N(E-Q) , N-(Q-F)
2 Ny (N-(E— P) " N.E-P) E)

P=
Z Ni,p'd’i

_ 2 Nip(w)w; Py
T XN (6.19)

Equation (6.19) shows that the control points and weights given by Egs. {6.17)
and (6.18) are those of the projected curve. The formulas for surfaces are

p. . N-(E-Q) N-(Q-Py;)
Py = N-(E—P,,) P+ N E= Pz-,;) E (6.20)
and 22’;1-,_.,- == wi,j{N-(E - Pi,j)] (6.21)

Figure 6.7 shows parallel projection of NURBS surfaces.
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Figure 6.7. Parallel projection of NURBS surfaces.

Now let C¥(u) = Y & o Ni,p(u)P¥. All transformations and projections can
be packed into one 4 x 4 matrix of the form

boo boi bo2 to

A= B T |_|be by ba @ (6.22)
P a33 bao ba1 b2z t2

Po D1 P2 Q33
where the vectors T' and P represent translation and perspective, respectively,
and the 3 x 3 matrix, B, contains rotation, scaling, shear, reflection through a

coordinate plane, and projection to a coordinate plane. The matrix A is to be
applied to all control points P¥ of C¥(u).

Examples

Let P¥ = (w;x;, w;ys, wizi, w;), and denote a transformed homogeneous control
point by P}’ = APY.
Ex6.1 Translate C*(u) by the vector V = (z,y, z). Then

100 zf |wz w;(z; + )

pr {0 1 0 yf |wy| _ [wilyi+y)

* 0 01 2 Wiz w;(z; + 2)
0 0 01 w; wi
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Ex6.2 Apply a rotation matrix R to C*(u)

o0 To1 Toz2 O] |wz; w;(To,0%; + T0,1Yi + ro,22:)

PY = [T0 i1 T Of |wi | _ | wi(r,o®i + Ty +722)

: To0 T21 T22 O | wiz wi(re,0Z; + T2, + r2,22%)
0 0 0 1 w; w;

Ex6.3 Perspective projection: Let E = (0,0, d) be the eye position lying on the
z-axis, a distance d from the origin. Let the zy plane be the projection

plane. Then
d 0 0 0] [wax w;dz;
sw_ [00d 0 Of |wys| | widy
Pi=100 00 wizi | 0 (6:23)
0 0 -1 d w; w; (d - Z,)

6.4 Reparameterization of NURBS Curves and Surfaces

Let C(u) = (z(u), y(u), 2(u)) be an arbitrary parametric curve on u € [a, 5], and
assume that u = f(s) is a scalar-valued function on s € [c, d] satisfying:

o f'(s) > 0 for all s € [¢,d] (f(s) is strictly increasing);

« a= f(c) and b= f(d) (f(s) maps [c,d] onto [a, d]).
The composition of C(u) and f(s), given by

C(s) = C(f(s)) = (=(£()),u(£(5)), 2(£(5)))

is called a reparameterization of C(u) (see Figure 6.8).

C(s) is geometrically the same curve as C(u), but parametrically they are
different. Applications of reparameterization include:

» Internal point mapping: Given parameter values UG,y . .., Up and Sg, ..., Sy,
where @ < up <--- < u, <band ¢ < 59 <--- < 8p < d, determine a
function u = f(s) such that u; = f(s;), i =0,...,n. Then form C(f(s)).
This forces the curve points C(u;) to be assumed at the new parameter
values, s;;

+ Modification of end derivatives: Reparameterization changes the curve .
derivatives; this follows from the Chain Rule, e.g.
Cl) =CW)f'(s) C"(s) = C'Wf"(s) + C"(w)(f'(s))*

Note that only the magnitudes of the end first derivatives change, but
magnitudes and directions of the end second and higher derivatives change;

« Modification of end weights: If C¥(u) = Yo Nip(u)P¥ is a NURBS
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C(f(s))

Figure 6.8. Curve reparameterization:

curve, it is sometimes useful to modify the end weights, wo and wy,, to
have specific values without changing the curve geometry. We shall see
that this is possible and in fact is simply equivalent to a reparameterization
of C(u).

Examples

Ex6.4 Let
C(w) = (ow), y(w) = (u,~2u +2u) (6.24)

on u € [0,1], and assume we want a parameter s € [0,1] such that
u = 1/, corresponds to s = /1o, that is

cfu=})-olr=4)- (D)
Then u = f(s) must satisfy three constraints

= 1_¢(6 -
0=50 3=f(F) 1=50)
We choose f(s) to be a quadratic polynomial

u=f(s) =as® +bs+c

The first constraint implies ¢ = 0, and the last two yield the linear

equations
1 9 6
3 =257 100
1=a+b (6.25)
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Solving Eq. (6.25) yields

=5 =L
=1 b=
thus 5
= =92, T
u = f(s) 12° + 3% (6.26)

Substituting Eq. (6.26) into Eq. (6.24), we obtain the reparameterized
curve

_ (52,7 25 35 11 7
C(s) = 7. 254 353 2.7
(s) (123 TS TS T3t Tt t 65) (6.27)

The reader should verify that

It

C(s = 0) = C(u = 0)

C(s:%):C(u=%

C(s=1)=Clu=1)

(0,0)

-(53)

(0,0)

N—r

il

Note also that the derivatives have changed. For example, differentiating
Egs. (6.24) and (6.27) directly yields

Clu=0)=(1,2) C'(s=0)= ({5 ij)

Figure 6.9 shows the curve and its first derivatives with respect to u and
satu=s=0.

C'(u =0)

C'(s=0)

C(u = 1/2) B C(s = 3/5)

Figure 6.9. The reparameterized curve of Example Ex6.4.
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Ex6.5 Consider the circular arc given by

1-u?2 2u )

e 6.28
142’ 14 u? (6.28)

cw = (

on u € [0,1]. This arc is centered at the origin, has radius 1, and sweeps
an angle of 90° (see Chapter 1, Eq. {1.2], Figure 1.2, Example 1.8, and
Figure 1.19a). It is easy to check that

cfe=b)= (5
and C'(u =0) = (0,2)
C'lu=1)=(~1,0) (6.29)

We want a reparameterization, C(s), of C(u) which is more symmetric,
namely, C(s) should satisfy

|C'(s=0)|=|C'(s=1)]| (6.30)

We choose a linear rational function of the form

as+b

31
2o scb (6.31)

u=fls) =

Clearly, we can assume that d = 1, and the conditions f(0) = 0 and
f(1) =1 imply b =0 and ¢ = a — 1. Hence, f(s) has the form

as

U

The condition given by Eq. (6.30) determines a. From Eq. (6.29) and
C'(s) = C'(u) f'(s), we require

2f'(s=0)= fl(s=1) (6.33)

Differentiating Eq. (6.32) yields

a

TO= @neriy

and from Eq. (6.33) we obtain 2a = . It follows that 2a® — 1 = 0,

thus a = +v2/5. Choosing a = — V2/» causes a zero in the denominator

of Eq. (6.32) in the interval s € [0,1], hence we select a = V2. Thus,
we obtain Y
2

u=f(s) = s (6.34)

(V2-2)s+2
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Substituting Eq. (6.34) into Eq. (6.28) yields

(= VD)sE+ (V2 -2)s+1 (1 —v2)s% +2s
C(S)— 3
(2-vV2)s2+(V2-2)s+1" (2—-v2)s2+ (V2 -2)s+1

(6.35)

The reader can verify that C(s) satisfies Eq. (6.30) and also the condition

1 \/ﬁ \/Q
Cis=- )=} —,—
(s 2) ( 55 ) (6.36)
that is, s = 1/ maps to the midpoint of the circular arc.

Note that:

« if C(u) is a pth-degree polynomial (rational) curve and f(s) is a qth-degree
pol)tnomlal (rational) function, then C(s) is a pgth-degree polynomial
(rational) curve. In particular, a linear reparameterization function of

the form v = as + b or u = (as+b)/4,q) does not raise the degree of
the curve;

+ a linear rational function of the form u = (as+b)/1q) converts a polyno-
mial curve to a rational curve of the same degree.

We now discuss the problem of reparameterizing a NURBS curve with a poly-
nomial function. Let C¥(u) = 37  N; ,(u)PY¥ be a pth-degree NURBS curve
on u € [a,b], and u = f(s) a qth-degree polynomial on s € [c, d]. For now let us
assume C*(u) has no internal knots, therefore U has the form

U={a,...,a,b,...,b}

p+1 p+1
The reparameterized curve C*(s) has degree pg and is defined on the knot vector
S={c...,qd,...,d} (6.37)

pg+1 P+l
The pq + 1 new control points can be computed by repeated application of the

Chain Rule and the formulas for the end derivatives of a B-spline curve. We
illustrate this by example.

Example

Ex6.6 Let C(u) = S o Ni2(u)P;, U = {0,0,0,1,1,1}, be the B-spline rep-
resentation of the parabolic arc of Example Ex6.4 (see Figures 6.9 and
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6.10). The control points are {(0,0),(1/2, 1),(1,0)}, and the reparame-
terization function is

u=f(s) = 1—52-324—1153 on sé€|0,1]

The reparameterized curve, of degree four, is given by

4
C(s) =Y Nia(s)Q;  5=1{0,0,0,0,0,1,1,1,1,1} (6.38)

i=0

Clearly (see Figure 6.10)
Q=P Q=P
From C'(s) = C’(u) f'(s) and Eq. (3.7) we obtain
Cls=0)= —25(Q) - Qo) = C'u=0)f(s=0)

= ‘1—3“6(?1 ~ Py) ('112)

)
P,
A
N
’ N
’ \
’ \
’ \
’ \
\
/ v Qs
/
/ Qs
4
/
/
’
/I a @ ® 8 bl
-] *o
e *
g P O
/o @
Q / \
Y o
T
Py = QO P2 = QA

Figure 6.10. The reparameterized B-spline curve of Example Ex6 . 6; + shows the original
parameterization and O illustrates the new parameterization.
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from which follows
_ T ip. _ = (L 7
Q, = 24(P1 Po) + Qo (48’ 3
Similarly, 4(Q, — Q3) = 2(P2 — P1)(172), and

co. _Yip _py_ (3l 17
Qs = Qs — 54(P2 Pl)—(48’24)

From C"(s) = C'(u)f"(s) + C"(u)(f’(s))2 and Eq. (3.9), and after
noting that

C'u=0)=(1,2) C"(u=0)=(0,-4)
fle=0=L  f=0=2

we obtain

2
C'(s = 0) = 12(Qo ~ 2Q + Q) = 2(1,2) + (5) 0,~4)
from which follows

=5 49 o _ 7 T\ _ (156 263
Q.= 72(1’2) + 1728(0’ 4+2 (48’ 2 (432’432)

Hence, the general procedure for reparameterizing a pth-degree curve C*(u)
having no internal knots, with a gth-degree polynomial, f(s), is to:

1. set Qo = Pp and Q,, = Py;
2. let C*( denote the ith derivative of C*(u), and let m, = (pat1)/, (integer
arithmetic), and m, = pg—P9/2—1. Compute the derivatives C*(u = a)

for i = 1,...,my, and C*P(u = b) for i = 1,...,m,; note that the
differentiation is carried out in homogeneous space;

3. let £ denote the ith derivative of f(s); compute the derivatives f@ (s =
c)fori=1,...,mp and fO(s=d) fori=1,...,my;

4. using repeated application of the Chain Rule (which expresses C"’(i)(s)
in terms of C*()(u) and f()(s)) and Egs. (6.41) and (6.42), compute the
new control points Qy,..., Q,,, and Q,q_1,..., Qe -

Applying the Chain Rule four times yields

C*M(s) = C¥® (u) fD(s)
C¥®(s) = C¥M (u) f (5) + C¥® () (f D (s))?

C*P(s) = C*D(w) fO(s) +3C* A ) {0 ()1 (5) + €O (w) (1D ()
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Co(s) = €0 () O (s) + € () [47D ()19 (5) + 3(£D(5))]

+6C® (u)(FD(5)*FP(s) + C* D) (fO (9)) (6:39)
The general formula

w(n _ n i n! kl ) n kr
TrO=2 k1+k2§+(lzn:(j)(u) s (V) (170)

k1+2ka+---+nkn=n
K12y kin 20 (6.40)

is due to Faa di Bruno (see [Knut73], page 50). Although this formula is elegant,
its implementation is not straightforward. The difficulty is in obtaining the
n-tuples that satisfy the conditions

A A -
ki +2ko+---+nkp,=n ki,ka,...,kn >0

To illustrate this we use Eq. (6.40) to derive the first four derivatives given in
Eq. (6.39):

n=1: k; = 1 must hold:
j=0:k; =0 — no solution

j=1:ki=1— (1)

which yields
Cc¥M(s) = C*V(w)fV(s)

n=2: k; + 2ke = 2 must hold:

j=0:k; + ky =0 — no solution
j=1l:ki+ka=1— (0,1)
i=2:ki+ke=2— (2,0)

2
yielding C¥®(s) = C*W () fA(s) + C*?(u) (f(l)(s))
n=3: kj + 2k + 3k3 = 3 must hold:

7 =0:k; + ko + k3 =0 — no solution
j=1l:ki+ka+ks=1— (0,0,1)
j=2:k +ks+ks=2-— (1,1,0)
J=3:ki+ka+ks=3— (3,0,0)
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from which we obtain
¥ (s) = C* D (w)1O(5) +3C (W) D (5)12)(5) + CO(u) (1)(s))’

n=4: kj + 2ko + 3k3 + 4k4 = 4 must hold:
J=0:k +ko+ k3 + ks = 0 — no solution
j=1:ki+ky+ks+ks=1— (0,0,0,1)
j=2:kit+ke+ks+ks=2— (1,0,1,0) and (0,2,0,0)
i=3:ki+kes+ks+ka=3— (21,0,0)
J=4:kitk+ks+ks=4— (4,0,0,0)

from which we obtain
Cv@(s) = C"’“)(u)f<4)(s) +cv® (u) [4f(1)(s)f(3)(s) + 3(f(2)(s))2]

+6C" D w)(£0(s)) £ (5) + C*O(w)(£0(s))

Given the derivatives of C*(s) in terms of those of C¥(u) and f (s), the general
formulas for Q}’ are

w_ (pg—D)AS . =S
Q= o © ”(S=C>+§<~—1) + l(j) Qr (6.41)

where As® = (d —¢)}, i =1,...,my, and

w e Pa=DIAS S qyisie (8
o= O IR 006 = - T (ap, @)
! = J
fori=1,...,m,. For example, the first five control points from the left are
Qy =Py

As
Qw = —Cw(l) — w
. (s=c)+ Qs

=___A_‘§_2~‘_CHJ(2)( - OV w
pe(pg — 1) $=0)= Q5+ 20

As?
Qw T e w(3) -— W w w
P - Dpg-2) O =9+ Q-3 +3Q;

Qy

w Ast
= w(4) . _ w w » w
T - Dpa-2)pg—3)C =9~ Q' +4Q7 - 6Qy +4Q5

(6.43)
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and from the right are

Q =P7
A w
Q1= -—C*V(s=d) + Q5
pq
As?
W Cw(2)($=d)__ w +2Q1u_~1
qu 2 pq(pq -1) Pq Pq
w AS3 w(3) . __ d w 3Qw + 3Qw
Vos = o= Dpr=2) C O DT e 73 ¥ e
As?
v oo , C*W(s =d) - QY
Uit = Laloa— Dpa—Dpa -9 P
+ 4Q;)q_1 - 6Q$q—2 + 4Q;)Uq——3 (644)
A linear reparameterization function
u=as+f0 s€ld] (6.45)

is an interesting special case. Examining Eq. (6.39), note that

CP@(s) = C¥O () (fV(s))" = a'C¥D () (6.46)
w DS w Qs w w
Then Qr=_-C (s) + QY = <~ (PY — PY) + Py (6.47)
From a = ac+ B and b = ad + [ we obtain
b—a Au
= = 6.48
T d=c” Ds (6.48)
Substituting Eq. (6.48) into Eq. (6.47) yields
Qr =Py
Using Egs. (6.41), (6.46), and (6.48), one can show by induction that
Q/=P¥ forall i (6.49)

Hence, neither the degree nor the (homogeneous) control points change; the
linear function of Eq. (6.45) simply changes the parameter bounds from [a, b to
c,d].

[ Ni)w let C¥(u) be an arbitrary pth-degree NURBS curve on u € [a,b] with
knot vector U, and let u = f(s) be a gth-degree piecewise polynomial repa-
rameterization function on s € [c,d]. Now f(s) can be in any form, but for
convenience of terminology let us assume that it is in B-spline form, i.e.

u=f(s) = Nig(s)f (6.50)

=0
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where the {f;} are scalars. Denote the knot vector by 'S; then C*(f(s)) is a
pgth-degree NURBS curve on s € [¢,d], and its knots and control points can be
computed as follows:

1. let {s;} denote the set of distinct internal knots of f(s), and let {u;} =
{f(s;)} denote their images; use knot refinement to insert all u; and all
original internal knots of U until they all have multiplicity p. C*(u) is
then in piecewise Bézier form; denote the refined knot vector by U’;

2. let
s =g(u) = f71(s) (6.51)
be the inverse function of f(s); then form the new knot vector, S’, whose
distinct knots are the images s; = g(u;) of the distinct knots of U’. All
internal knots in S’ appear with multiplicity pg;

3. use Egs. (6.39)—(6.44) and the As; obtained from the new s knots in Step
2 to compute the new control points of C¥(s), which is also in piecewise
Bézier form;

4. apply knot removal to C¥(s) and S’ to obtain the minimal representation
of C¥(s). The continuity of C¥(s) and the multiplicities of its knots
are known, hence general knot removal (as in Algorithm A5.5) is not
required. Let s; be a knot in §’, and let u; = f(s;); denote by m¥ and
m{ the multiplicities of u; and s; in the original knot vectors U and S,
respectively (m¥,m$ > 0). Then the multiplicity m; of s; in §' is

mi=pg—p+mi if m{=0
m; =pg—q+m; i mi=0

m; = max(pg — p+m},pg — g+ mj) if m¥#0, m+#0 (6.52)

If u = f(s) = as + f, then s = g(u) = (4 — B)/q. The (homogeneous) control
points do not change, and the new knots are obtained from the original ones by

i = g(u;) (6.53)

For example, the knot vectors U = {0,0,0, 5,1,1,1} and §’ = {1,1,1,3,7,7,7}
are equivalent (define the same curve), since s = 6u + 1 maps U to S’.

Figures 6.11a-6.11d show reparameterization examples. The curve is a cubic
B-spline curve defined on U = {0,0,0,0, /,1,1,1,1}. In Figure 6.11a the repa-
rameterization function (shown in the upper right corner) is defined by the scalars
F = {0, 2/5,1}, on the knot vector S = {0,0,0, 1,1,1}. Figure 6.11b shows repa-
rameterization defined by F = {0, 2, %10,1} and S = {0,0,0, 14,1,1,1}. In
Figure 6.11c the function is given by F = {0, 1/, 7/10, %0,1} and S = {0,0,0,
12,12, 1,1,1}. Reparameterization with a linear B-spline function, given by
F ={0,1} and S = {0,0,1,1}, is depicted in Figure 6.11d.

We turn now to reparameterization with rational (or piecewise rational) func-
tions of the form

g9(s)

u=f0s)= 5%  (654)
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U Uu
£(s) f(s)
8§ S
u
f(s) 1 f(s)
s s
(b) (d)
Figure 6.11. B-spline curve reparameterized with quadratic B-spline functions. Figure 6.11. (Continued.) (c) F = {0, /2, 70, %0,1}, S = {0,0,0, 1, 14,1,1, 1}
(a) F = {0, 25,1}, S = {0,0,0,1,1,1}; (b) F = {0, 2/s, %0, 1}, § = {0,0,0, /2,1,1,1}. (d) F={0,1}, 5 ={0,0,1,1}.
As previously, if either C*(u) or f(s) has internal knots we can reparameterize . Hence, we can assume that C*(u) and f(s) have no internal knots. Theoretically,
in three steps: one can reparameterize with a rational function using a technique similar to that

. . ‘- used for polynomial functions. Let =SP oot - ;
1. insert knots to obtain C¥(u) as a piecewise Bézier curve; function pTl};enmla unctions. Let r(u) = 377, a;u’ be a pth-degree polynomial

2. reparameterize the Bézier segments; rs)=r (9(8) ) - i (9(3) )

3. remove unnecessary knots. h(s) h(s)
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P ) »
and 7(s) = (h(9))"r(s) = Y _ai(9(5))" (h(s))"
=0

If g(s) and h(s) are gth-degree polynomials, then 7(s) is a pgth-degree polyno-
mial. Now let
C¥(u) = (wz(u), wy(u), wz(u), w(u))

be a pth-degree polynomial curve in homogeneous space. Then
o= (§) = [ (5) - (i)
c*(0) = (hw)07(6) = [0z (L3 o (o) (365 )]

Concerning C”(s), note that

and

« C“(s) is a pgth-degree polynomial curve in homogeneous space;

« €¥(s) and C¥(s) are different curves in homogeneous space, but they
project to the same curve in Euclidean space, i.e., C(s) = C(s);

« using C”(s) = (h(s))"C¥(&6)/n(s)), the Chain Rule, and end derivative
formulas, one can compute the new homogeneous control points of C¥(s).

The fundamental difference between reparameterization with a rational versus a
polynomial function is:

« if f(s) is polynomial then C¥(u) (and hence C(u)) is reparameterized,
but C¥(u) is not changed geometrically; furthermore, the end weights of
C(u) do not change;

« if f(s) is rational then a different curve, C"(s), is generated, which
projects to the same (but reparameterized) curve, C(u). In general, the
end weights of C(u) will change.

Example

Ex6.7 The circular arc given by Eq. (6.35) has a Bézier representation. Clearly,
the Euclidean control points, {P;} ={(1,0),(1,1),(0,1)}, remain the
same. The weights are determined by equating the power basis and
Bézier forms of the denominator function of Eq. (6.35)

(2- V2)s® + (\/5—2)34— 1= (1 - 8)%wp + 2s(1 — s)wy + s*we
Substituting s = 0,1, 1/, and solving for the w; yields

{w;} = {1, -[2-,1} (6.55)

2

Figure 6.12 shows the new curve, C"(s), and its projection, C(s). Com-
pare this figure with Figure 1.22.

Reparameterization of NURBS Curves and Surfaces 255

In practice, it is generally not necessary to use rational reparameterization
functions of degree greater than one. Lee and Lucian [Lee91] give an excellent
description of reparameterization using a linear rational function. We summarize
their results here. Let

2": Ny p(w)w; P;
Cuy=22—— uelob
Z Ni,p(u)w;
=0
SR,
w=f(s) = ‘T?}f seled]

(£(s) is the inverse of g(u)). Let
pu)=yu+é A(s)=vs—-«a
To ensure that g(u) and f(s) are well-behaved, we assume
ab—v3>0
p(u) #£0 for all u € [a,b]
A(s) #0 forall s € [c,d]

Y

Figure 6.12. Homogeneous representation of the circular arc using weights {1, \@/2, 1}.
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The reparameterized curve C(s) is obtained as follows:
1. the control points {P;} do not change;
2. the new knots are the images under g(u) of the original knots, s; = g(u;);
3. the new weights {@;} (modulo a common nonzero factor) are obtained

by either »
@; = w; | [ Msirs) (6.56)
Jj=1
or Wy = __p_'lﬁ_ (657)
[T(uirs)
Jj=1

$i+; and u;y; are the new and old knots, respectively.

Figures 6.13a through 6.13c show reparameterization examples. The third-
degree NURBS curve is defined originally on the knot vector U = {0, 0,0, 0, 3/,
7h0,1,1,1,1}. In Figures 6.13a and 6.13b all the weights are initially equal
to one. In Figure 6.13c the original weights are W = {1,14,2,3,,1}. In
Figure 6.13a the rational function is

_2u+1
T 3u+2

g(u)

(a)

Figure 6.13. Rational reparameterization of NURBS curves; + shows the original
parameterization, and O illustrates the new parameterization. (a) g(u) = (2u+1)/3,,2);

(b) g(u) = 2%/zus1) 5 (c) g(u) = Cub)zu42).
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8

g(u)

g(u)

Figure 6.13. (Continued.)

resulting in a new knot vector
U = {0.5,0.5,0.5,0.5,0.55,0.58, 0.6, 0.6,0.6,0.6}

and weights
W = {0.125,0.08,0.04,0.01, 0.009, 0.008}
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+ shows the original parameterization, and O marks the new one. Figure 6.13b
applies

2u
9(v) u+1
yielding U = {0,0,0,0,0.31,0.45,0.5,0.5,0.5,0.5}
and W = {1.0,0.52,0.16,0.04, 0.02,0.01}

Again, + shows the original and O shows the new parameterization. Finally, in

Figure 6.13c the function
_2u-1

T 3u+2

g(u)

yields U = {-0.5,-0.5,-0.5, -0.5, ~0.13,0.09,0.2,0.2, 0.2, 0.2}
and W = {0.125,0.04, 0.08, 0.05, 0.004, 0.008}

The formulas for surfaces are similar. For example, Eq. (6.56) generalizes to

P
Wi, 5 = W;, j H/\(SH'I") 7=0,...,m
k=1

in the u direction, and

q o
Wi,j = Wij H Altjpe)  1=0,...,n

=1
in the v direction, where
o u+ 3, v + G,
s = g(u) = ———m t=hw)= ———
g(v) P (v) o0 £ 0,
and A(8) = Vo5 — @y At) =1t — ay

Equation (6.57) is generalized in a similar fashion.
Figures 6.14a-6.14d show surface reparameterization examples. The test sur-
face is a (3 x 2)-degree surface defined over

U=1{0,0,00,1,1,1,1 V= {0,0,0,%,1,1,1}

with weights all equal to one. The reparameterization functions are

_2u+1 _ 2u+1

9w =35 W)= 3,73

Figure 6.14a shows the original surface; note the even distribution of the param-
eter lines. In Figure 6.14b the surface was reparameterized in the u direction, in
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(b)

Figure 6.14. Rational reparameterization of NURBS surfaces using g(u) = (2u+1)/3y12).
(a) Original surface; (b) reparameterization in the « direction; (c) reparameterization
in the v direction; (d) reparameterization in both directions.
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Figure 6.14. (Continued.)

Figure 6.14c in the v direction, and in Figure 6.14d in both directions. Note the
uneven distribution of parameter lines in Figures 6.14b—6.14d.

Now assume that the end weights of C(u) are not equal, i.e., wg # w,. Since
the linear rational function s = g(u) has three degrees of freedom, it should be
possible to determine g(u) satisfying the three conditions

c=g(a) d=g(b) W =1,
Lee and Lucian [Lee91] derive a function satisfying these conditions

Ywo(b — u)e + Yw, (u— a)d
Ywo(b - u) + fwn(u - a)

Figure 6.15 shows a reparameterization example to make end weights equal.
The original third-degree NURBS curve is defined by

s = g(u) = (6.58)

3 7

U= {0.0.().0.;.—.1.1.1,1} W ={2,8,3,4,2,5
10°10 (2.8,3.4,2,5)

The new interval chosen is [e.d] = [1/i0. Y], The reparameterization function

computed by Eq. (6.58) is

L2820 4+ 0.126

) = —=
g = T2
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Figure 6.14. (Continued.)

resulting in new knots and weights

U’ = {0.1,0.1,0.1,0.1,0.36,0.63,0.8,0.8,0.8, 0.8}
W’ = {1,3.61,1.08,1.06,0.43,1}

where the end weights were chosen to be one. Again, + marks the original
parameterization and 0 the new parameterization.

We gave examples in Chapter 4 which showed that arbitrary changes in weights
generally changed the shape of a rational NURBS curve (e.g., see Figures 4.2 and
4.4). In this section we changed weights without modifying the curve shape, the
only change being in the parameterization of the curve. This suggests that for a
given curve there must exist a relationship among the weights which determines
the curve shape, that is, weight changes which maintain this relationship result in
a reparameterization of the curve but not a change in shape. These relationships
are called shape invariants or shape factors. For rational Bézier curves they
depend only on the degree; for NURBS curves they depend on the degree and the
knots. In general, the derivation of these shape invariants is quite complicated
(see [Forr68; Vers75; Patt85; Lee8T; Pieg91a}). We give a few here for reference;
the ¢; denote constants.

« Quadratic Bézier curve (conic):
Wowsz

W = . (6.59)
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g(u)

Figure 6.15. Curve reparameterization to make end weights equal.

Consider the circular arc, defined by either {w;} = {1,1,2} (Figure 1.19b)
or {w;} = {1, V%), 1} (Eq. [6.55])

o @) (1))

=g = 7\ =
(%)

Assuming fixed control points, any three weights which when substituted

into Eq. (6.59) yield the value 2 produce the circular arc;

« Cubic Bézier curve:

WoWwse _ wyws .
——-u-)—z—— = C1 5 = Ca (660)
1

« A pth-degree Bézier curve:

WoWs2 Wyp-.2W.
=cpy..., 2P =, (6.61)
,w2 ’ ’ 2 P
1 Wy 1

« Quadratic NURBS curve C¥(u) = Y 1 Ni2(u)P¥ on U = {ug, ..., un}:

(ige — pp)wioy + (U — u)wy
(wir3 — wip1)(uirs — us)w?

(wigs — wip2)w; + (Uip2 — Uip1)Wit1
(g3 — vip1)(wipe — ui)w?

= C; (662)

fori=1,...,n-1.
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We conclude the reparameterization of curves with mention of another inter-
esting technique. Fuhr and Kallay [Fuhr92] develop a technique to interpolate a
set of function values using a C? continuous piecewise linear rational function.
Their method can be used to obtain C?! continuous reparameterizations which do
not raise the degree, but which map arbitrarily many internal points, u; = f(s;).

A NURBS surface 8% (u,v) = 31 370 Ni, p(u) Nj, o (v) P; can be reparam-
eterized in either the u, the v, or both directions. For example, it would be
reparameterized with a polynomial function in the u direction by mapping the u
knots to s knots (Egs. [6.51] and [6.52]), and applying Eqgs. (6.39) through (6.44)
to the m + 1 columns of control points.

6.5 Curve and Surface Reversal

In this section we use reparameterization to reverse the direction of a NURBS
curve and the direction of the normal vectors of a surface.

Let C¥(u) = Y- o Ni,p(u) P¥ be a NURBS curve on u € [a,b], and u = f(s)
a reparameterization function on s € [c,d]. In Section 6.4 we assumed that
f'(s) > 0 on s € {c,d]. This was implicitly used in Example Ex6.6 and in the
derivation of Egs. (6.41) through (6.44) and Eq. (6.49).

The concepts of Section 6.4 still apply if we assume f/'(s) <0Oon s € [¢,d]. In
particular, let

u=f(s)=—-s+a+b s€la,b] (6.63)
Observe that »
b=f@) a=10) (6.64)
and that f/(s) = —1 on s € [a,b]. The inverse of f(s) is
s=g(u)=-u+a+b (6.65)

From Eq. (6.53), the knots of C*(s) are computed by
Sm—p—i = —Upyi + @+ b i=1,....m—-2p—1 (6.66)

where u; are the knots of C*(u), 0 < ¢ < m. For example, if U = {0,0,0,1, 3,6,
6,8,8,8}, then S = {0,0,0,2,2,5,7,8,8,8}.
The control points Q}’ of C¥(s) are computed as

QY = C*(f(s =a)) = C*(u=b) =Py

w s — 0 w
Qr = _E%—_C W(s =a) + Q}

I

b—up—p-
___i"i__E_}_CW(l)(u =b)f'(s = a) + P¥

P
— b— Um—p—1 p w w w
- p b— Ump—p—1 (P'n Pn-l)( 1) + Pn

— Pw
- Pn—l
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In general
QY =Py, (6.67)

The effect of Eqgs. (6.63)-(6.67) is to reverse the direction of the curve. This is
shown in Figure 6.16; note that the parameterization does not change.

Let 8 (u,v) = Y1 g 2100 Ni,p(u) Nj o(v) PY; be a NURBS surface with knot .

vectors U = {ug,...,u,} and V = {vy,... ,'u;i. A surface’s parameterization
can also be reversed. More specifically, u reversal produces
n m
SU(s,0) =D Y Nip(s)Njo(v) QY (6.68)
i=0 j=0
on S and V, where
Sp—p—i = —Upyi + Uy + Ur i=1,...,r—2p~1 (6.69)
and w=PY_ . i=0,...,n j=0,...,m (6.70)
Analogously, v reversal produces ‘
n m
SU(u,t) =Y D> Nip(u)N;q(t) QY (6.71)
1=0 j=0
on U and T, where
ts—q—j = —Vg4j + Vo + Vs j=1,...,8-2¢—1 (6.72)
and = PP i=0,...,n j=0,...,m (6.73)

Py =Q,

P3=Q2 P4=Q1

Figure 6.16. Curve reversal; no parameterization change occurs.
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At an arbitrary parameter point (u,v), the surface normal vector is given by
N(u,v) = S, (u,v) x Sy(u,v) (6.74)

Clearly, the direction of N(u,v) can be reversed by reversing either S, (u,v) or
S,(u,v) (but not both). This is accomplished by applying either Egs. (6.68)—
(6.70) or Egs. (6.71)-(6.73), respectively.

Figures 6.17a—6.17c show surface reversal examples. In Figure 6.17a the origi-
nal degree (3 x2) surface is shown, as well as S, S,, and N. In Figures 6.17b and
6.17c the parameterizations are reversed in the u and v directions, respectively.
Note that the normal vector is reversed in each case.

6.6 Conversion Between B-spline and Piecewise
Power Basis Forms

The steps to convert a B-spline curve or surface to piecewise power basis form are:

1. use knot refinement, e.g., Algorithms A5.4~—45.7, to decompose the curve
or surface into piecewise Bézier form;

2. applying matrix multiplications (change of basis) convert each Bézier curve
segment (or surface patch) to power basis form;

3. apply matrix multiplications to reparameterize the power basis forms ob-
tained in Step 2.

As usual, all equations are applied to four-dimensional control points and
power basis coefficients; for convenience, we drop all w superscripts. Step 1
requires no further elaboration.

Suppose the jth curve segment, C;(u), is defined on u € [u;j,u;41]. Now the
Bézier control points, P;, i = 0,...,p, obtained in Step 1 for C;(u) are valid,
but our definition of a Bézier curve requires a [0, 1] parameterization (Egs. [1.7]
and [1.8]). Let

u = (ujp1 — u;)8 + u; (6.75)

Then 0 < s <1, and the jth segment has the Bézier form

Cj(s) = Y Bip(s)Pi = [Bip(s)] [Pi] = [°] M, [P] (6.76)

i=0
where [B; ,(s)]” and [si]T are 1 X (p + 1) row vectors of scalar values, M, is

a (p+1) x {p+ 1) matrix of scalars, and [P;] is a (p + 1) X 1 column vector of
four-dimensional points. Setting

[ai] = M,[P;] (6.77)

we obtain

C;(s) = [s'] " [ai] (6.78)
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(b)

Figure 6.17. Surface reversal. (a) Original surface showing partial derivatives and the

normal vector; (b) parameterization is reversed in the u direction; (c) parameterization
is reversed in the v direction.
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Figure 6.17. (Continued.)

which is the power basis form of the jth segment in the parameter s.
We now derive the matrices M, for arbitrary p. As a warm-up and for refer-
ence, we compute the first three matrices. From Eq. (6.76) it follows that

(Bip(s)T =[] M, (6.79)

For p=1,2,3, and from Eq. (1.8), we obtain

[1—s s]=]1 s][_i (1)]
1
2
1

0 0
[(1-8)? 25(1-3s) s*]=[1 s s%]|~ 2 0
-2 1
1 0 0 0
T L R R
-1 3 -3 1
(6.80)

Now we derive the general formula. Let M,(i, j) denote the element of M, in
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the ith row and the jth column. From Eq. (1.8) we have

1-sPF= (g) 30(1 — 8)P = By,p(s) = [si ]T{Mp(z’,O)]

M,(0,0)
_—_[1 § oo 31’}
My(p,0)

From elementary algebra, expanding (1— s)? yields the binomial coeflicients with
alternating signs; hence

M,(i,0) = (-1)} (’z’) i=0,...,p (6.81)

In general, the kth column of M, is defined by
_ 4T .
(Z) §*(1 = 8)P7% = By p(s) = [s']" [Mp(3, k)]

Examining (¥)s*(1 — 5)?* reveals that

« expanding the term (1 — s)P~* yields the binomial coefficients
(p—k
(—1)1(”j ) §=0,...,p—k

« multiplying by s* causes M,(j,k) = 0 for j =0,...,k — 1, and the values
above are shifted down the column by k rows;

« all elements of the kth column are multiplied by (z)

In summary, for k =0, ..., p, the kth column of M, is given by

M) 0 i=0,...,k—-1
.77 = j — — .
? COTRRER) d=kep (6.82)
We leave it as an exercise to prove that
My (4, k) = Mp(p — k,p — j) (6.83)

Note additional properties of the matrix M,:
« the diagonal elements are the binomial coefficients for degree p;

« the elements in the last row and in the first column are also the degree p
binomial coefficients, but with alternating signs;

o the elements in each row and each column sum to zero except in the first
row and last column.
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Equation (6.83) says that M, is symmetric about the diagonal which runs from
the bottom left element to the top right element.

Algorithm A6.1 computes M, efficiently. An array bin[i] [j], which contains
the precomputed binomial coefficients, is used.

ALGORITHM A46.1
BezierToPowerMatrix(p,M)
{ /* Compute pth degree Bézier matrix */
/* Input: p */
/* Output: M */
for (i=0; i<p; i++) /* Set upper triangle to zero */
for (j=i+1; j<=p; j++) M[il[j]1 = 0.0;
M[0][0] = M[pl(p] = 1.0; /* Set corner elements */
if (p mod 2) M[pl[0] = -1.0;
else Mipllol = 1.0;
sign = -1.0;
for (i=1; i<p; i++) /* Compute first column, last row, */
/* and the diagomal */
M1 [i] = binlpllil;
M[il[0] = M[p]l[p-i] = sign*M[il[i];
sign = —-sign;

/* Compute remaining elements */
k1l = (p+1)/2; pk = p-1;
for (k=1; k<kl; k++)

{

sign = -1.0;

for (j=k+1; j<=pk; j++)

M[j1[k] = Mipkl[p-j] = sign*bin[p] [k]*binlp-k] [j-k];
sign = -sign;

Pk = pk-1;
}
}

We now come to Step 3 of converting a B-spline curve to piecewise power
basis, namely, reparameterizing Eq. (6.78) to obtain

Cj(w) = [u]” [b;] (6.84)

the power basis segment in the original parameter, u. We work through the
details for p = 2, then give the general formula without proof. Solving Eq. (6.75)
for s yields
1 Uj
s = U — =cu+d (6.85)
Ujt1 — Uj Uj+l — Uj
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For p = 2, substituting s = cu + d into Eq. (6.78) and equating the result with
Eq. (6.84) yields

(5] (2] = [(cu+d)y) (@] =[1 cutd u?+2cdu+d]” [ai]
=[1 u w?]R[a]=[1 u u?][b;] (6.86)

1 d &
where R=1]10 ¢ 2cd
00 ¢
From Eq. (6.86) it follows that
R{a;] = [b;] (6.87)

The [b; ] are the desired power basis coefficients.
In general, for s = cu + d the pth-degree reparameterization matrix is given
by

Rp = [ri;]
where =4 0 J<
W\ (@)= i<j i,j=0,...,p (6.88)

Combining Egs. (6.77) and (6.87), we obtain

[b:] = Ry M, [P;] (6.89)

for the power basis coefficients in terms of the Bézier control points. Figure 6.18
shows an example of B-spline to power basis conversion. A cubic NURBS curve
with three segments was converted to piecewise power basis form. Figure 6.18
illustrates the curve and marks its second segment. Note that the segment is
defined by the middle four control points. The middle curve segment is also
shown, as are the vector coeficients, bg, by, b2, and bz, which are scaled by
1/10 to make them fit into the figure. Note that the vector coefficients have
no geometric relationship with the curve. The polynomial piece is defined on
[ 310, T0].

We complete the discussion of B-spline to power basis conversion with two
final remarks:

« the IGES parametric splines (Entities 112 and 114) {IGE93] assume a
parameterization for each segment starting at zero; this implies d = 0 in
Eq. (6.85), and hence R, reduces to a diagonal matrix with elements

N LY
T\ i=j i=0,...,p (6.90)
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g N

b,

by

b;
b,

Figure 6.18. Converting a NURBS curve into a piecewise polynomial curve represented
in power basis form.

« for surfaces, Eq. (6.89) becomes
[bij] = RoMy [Py ;] M7 R (6.91)

where R, and RT are the reparameterization matrices taking u to s, and
v to t, respectively (0 < s,t < 1).

Figures 6.19a and 6.19b show B-spline surface to power basis conversion. The

test surface is a degree (3 x 2) surface defined on
_ 3 7 3 3
U= {0,0,0,0, ‘16’16’1’1’1’1} V= {O,O,O,E,g,l,l,l}

Three polynomial patches are shown in Figure 6.19a: patch (0,2) defined on
(0, %10] x [%s, 1]; patch (1,1) defined on [3/10, 7/10] x [30, 3]; and patch (2,0)
df:hned on [7/10,1] x [0, 3/10]. Figure 6.19b illustrates some of the vector coeffi-
cients defining the patch (1, 1) in power basis form. The vectors are scaled by 1/
for better visualization. Note the lack of any geometric relationship between the
patch geometry and the vector coefficients. Compare this figure with Figure 5.25

-in Chapter 5.

We now discuss the conversion of a piecewise power basis curve or surface to
B-spline form. The steps are:

1. apply matrix multiplications to reparameterize the power basis segments
(patches) to the interval [0, 1];
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(a)
Figure 6.19. Converting a NURBS surface into a collection of polynomial patches rep-

resented in power basis form. (a) Patches with indexes (0,2), (1,1), and (2,0) are shown;
(b) some of the vector coefficients defining patch (1,1).

2. apply matrix multiplications to convert each power basis segment (patch)
to Bézier form;

3. piece the segments (patches) together to form a B-spline curve or surface,
with all internal knots having multiplicity equal to the degree (or degree
plus one if C° continuity cannot be assumed); the values of the knots are
those given by the parameter bounds of the original power basis segments
(patches);

4. use knot removal to obtain the minimal representation of the B-spline
curve or surface (Algorithm A5.8 for curves, or see [Till92] for a surface
algorithm).

Steps 3 and 4 require no further elaboration. Consider curves first. Let
AT
C(u) = [w]" [ai] (6.92)

be the power basis form of the jth curve segment, with u € [u;,u;4+1]. We need
the corresponding Bézier form of the segment

C;(s) = [Bip(s) " [B] = [5'] M, [ P;]

= [“i]TRPMP[Pi] = [ui]T[ai] = CJ’(“)
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b,
Y
z
boyo
(b)
Figure 6.19. (Continued.)
where s € [0,1]. Hence
[a:] = RpMp [ P;] .

and [P;]= MR [a] (6.93)

Figures 6.20a through 6.20c show examples of power basis to NURBS conversion.
Figure 6.20a illustrates a piecewise cubic power basis curve defined on sg < 51 <
sy < s3. In Figure 6.20b each piece is converted to Bézier form, that is, it
is a B-spline curve with triple internal knots. Figure 6.20c shows the B-spline
curve after knot removal. Note that the original curve was C? continuous at
s1, but only C! continuous at sp; thus, s3 is a double knot in the final knot

vector. It is easy to invert the matrices My, M, and M3, shown in Eq. (6.80),
to obtain

10
-1 _
M, 1 1]
1 0 0
1
My'=11 2 0
2 2
1 1 1
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(a)

Figure 6.20. Converting a piecewise polynomial curve into NURBS form. (a) Piecewise (b)
polynomial defined over sp < 51 < s2 < s3; (b) converting each piece into Bézier form;
(c) the NURBS representation after knot removal.

Uy — U3 Ug — Ug Uy — Ug Uro — Y13

10 00
1 X9 0
i 3
My = 2 1
13 30
11 1 1 (6.94)

Given M, the formula for the kth column of My lis

0 j=0,...,k-1
1 .
M, (k. k) j=k H i I b
Mgl(ja k) = 9 =1 Uy — U3 Uy U5 Ug U7 — U0
=D My(i, )M 6, k) | ©
{ s M,(5,9) i=k+1,...,p (6.95) Figure 6.20. (Continued.)

As was M,, M, ! is symmetric about the diagonal running from the bottom

left element to the top right element, hence ALGORITHM 46.2

PowerToBezierMatrix(p,M,MI)
M1 i k) = M=Y(p— kp—j 6.96 { /* Compute inverse of pth-degree Bézier matrix */
o (k) =M (p—k,p—j) (6.96) /* Input: p.M =/

Algorithm A6.2 computes M, ! (denoted by MI). /* Output: MI »/
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for (i=0; i<p; i++) /* Set upper triangle to zero */
for (j=i+l; j<=p; j++) MI[il[j] = 0.0;

/* Set first col, last row, and diagonal */

for (i=0; i<=p; it++)

{ .
MI{il[0] = MI[p]l[i] = 1.0;
MI[i][i] = 1.0/M[i][i];
}
/* Compute remaining elements */
k1l = (p+1)/2; pk = p-1;
for (k=1; k<ki; k++)

{

for (j=k+1; j<=pk; j++)

d = 0.0;
for (i=k; i<j; i++) d = d-M[jI[i1+MI[i][k];

MI[j]1 (k] = da/M[31[3];
MI[pk] [p-j1 = MI[31[k];
pk = pk-1;
}
}

Recalling Egs. (6.85) and (6.86), we have s = cu + d and
) . AT
[s]" = [(cu+a)']" = [«']"R, (6.97)
Inverting Eq. (6.85) yields
1 d
u=~=s— = = (Uj1 —u;)s+u; =ys+0
c c
From Eq. (6.97) we have
T 4T 17T -
[w] =[(s+6)] =[] B
which implies that R, ! is simply R, with c replaced by v and d by 6. To
summarize
R =[ri;]
' 0 | < 1
with Tij = o J
' (Driei—t  i<j 4,5=0,...,p (6.98)

where ¥ =Ujp - U 6 =u;
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We conclude with two remarks:

« for the IGES parametric splines, § = 0 and R; ! reduces to the diagonal
matrix [IGE93] with elements

0 i#j
Ti; = .
7 {72 i=j i=0,...,p (6.99)

« for surfaces Eq. (6.93) becomes
[Pus] = M Ry a1 (RS T (M
where R;! and (R;?)T are the reparameterization matrices taking s to u

and t to v, respectively (0 < s,t < 1).

Figures 6.21a~6.21c illustrate power basis to NURBS surface conversion. The
test surface is a collection of nine degree (3 x 2) polynomial patches shown in
Figure 6.21a. Figure 6.21b illustrates the piecewise Bézier representation. Knot
removal produces the surface shown in Figure 6.21c.

(@)

F i.gure 6.21. Converting a piecewise polynomial surface into NURBS form. (a) Piece-
wise polynomial surface; (b) converting each patch into Bézier form; (c) the NURBS
representation after knot removal.
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Figure 6.21. (Continued.)
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EXERCISES
6.1. Consider the perspective projection of Example Ex6.3. The Euclidean coordi-

nates of P} are s J
5 i i
Pt" (d—zi’d~z,-’0)

Carry out the projection using Eqgs. (6.17) and (6.18); compare the results.

6.2. Use a quadratic function u = f(s) = as® + bs + ¢ to reparameterize the Bézier
circular arc C(u) given by {P;} = {(1,0),(1,1),(0,1)} and {w;} = {1,1,2}, so that

ree-3)-(£.4)

Three steps are required:

« determine the u value at which P is attained. Hint: use Eq. (6.28);
« compute the coefficients a,b, ¢ of f(s);

« use Eq. (6.38) to determine the new homogeneous control points.

Have the end weights changed?
6.3. A cubic curve C¥(u) on U = {0,0,0,0,1,1,3,5,7,7,7,7} is reparameterized with
a nonrational quadratic NURBS function, f(s), on S = {0,0,0,2,3,6,6,7,7,7}. What
will the knot vector of the reparameterized curve C”(s) look like? What is the conti-
nuity of C*(s) at the various knots?
6.4. Check Eq. (6.34) and Eqs. (6.55)—(6.58) against one another, that is:

« using Eq. (6.34), do Eq. (6.56) and Eq. (6.57) yield Eq. (6.55);

« does Eq. (6.58) produce Eq. (6.34)7

Remember, all weights can be muitiplied by a common factor.
6.5. Derive Eq. (6.83).

6.6. Let the cubic curve C(u) be defined by U = {0,0,0,0, 1, 2,2,2,2} and the control
points {P;} = {(0,0),(1,1),(3,2),(5,1),(4,—-1)}. Use knot insertion (by hand) to
decompose the curve into two Bézier segments, then convert the two segments to power
basis form. Check your result by computing some endpoint and end derivative values
from the power basis segments, and from the original B-spline curve.

6.7. Let s = cu+d. Form R; and R;!, and verify that R3R3 ! = I (I is the identity
matrix).




CHAPTER
SEVEN

Conics and Circles

7.1 Introduction

The conic sections and circles play a fundamental role in CADCAM applica-
tions. Undoubtedly one of the greatest advantages of NURBS is their capability
of precisely representing conic sections and circles, as well as free-form curves
and surfaces. We assume a knowledge of conics and circles; the purpose of this
chapter is to study them in the framework of their representation as NURBS
curves. In Section 7.2 we review various forms and properties of conics which
are required in subsequent sections. Section 7.3 covers the quadratic rational
Bézier representation of conic and circular arcs; Section 7.4 introduces infinite
control points. In Sections 7.5 and 7.6 we present algorithms for constructing
the NURBS representation of arbitrary circles and conics, respectively, includ-
ing full circles and ellipses. Section 7.7 covers conversions between the various
representation forms, and Section 7.8 gives examples of higher order circle rep-
resentations.

7.2 Various Forms for Representing Conics

There are many ways to define and represent the conics. We start by giving a
geometric definition, and then use it to derive the general implicit (algebraic)
equations of the conics in the zy plane (see [Lawr72]). A conic is the locus of a
point moving so that its distance from a fixed point (the focus) is proportional
to its distance to a fixed line (the directriz), that is (see Figure 7.1)

Conic = {P %]—F)— =e}

where e is a constant of proportionality called the eccentricity. The eccentricity
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P(x,y)
D(0,y)

F(k,0)

Figure 7.1. Conic definition via the focus and the directrix.
determines the type of conic, i.e.

<1 ellipse

=1 parabola
o= {
> 1 hyperbola

If the directrix is chosen to be the line = 0 and the focus to be F = (k,0), then

e = VE-k?+y? (7.1)

||
where | z |= PD and D = (0,y). Squaring and rearranging Eq. (7.1) yields
(1-€*)a® —2kz+y* +k* =0 (7.2)
that is, a conic lying in the zy plane is represented by a second-degree algebraic
equation. Conversely, it can be shown that any second-degree algebraic equation
represents a conic. Let this equation be written as

az® + by? + 2hzy + 2fz + 29y +c¢=0 (7.3)

Let a = ab — h? and let

W
I
-8
@ o
6@~
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be the determinant of the 3 x 3 matrix formed from the coefficients of Eq. (7.3).
Using a and D, a complete classification of the conics is
a=0 D#0 parabola
D=0 b#0 g%> —bc >0 2 parallel real lines
g2 —bc=0 2 parallel coincident lines
g% —bc < 0 2 parallel imaginary lines
b=h=0 f2—ac>0 2 parallel real lines
f?—ac=0 2 parallel coincident lines
f?—ac <0 2 parallel imaginary lines

a>0 D=0 point ellipse
D#0 -bD > 0 real ellipse
-bD < 0 imaginary ellipse
a<0 D#0 hyperbola
D=0 2 intersecting lines

By means of simple transformations, Eq. (7.2) can be restated in one of the
standard forms. For e # 1 we use the transformation

k
v=royTg V=Y

Substituting into Eq. (7.2) and dropping the primes yields
2 2 »
= + B 1 (7.4)

ke

where Q= e
1~ e2

b = a2(1 - 62)

There are two cases:
« Ellipse (see Figure 7.2): e < 1 implies a,b > 0, and Eq. (7.4) becomes

$2 y2
Zz3+7b7"1 a>b>0 (7.5)

In this position the origin is the center of the ellipse. The z-axis is the ma-
Jjor axis, and the y-axis is the minor azis. The points (—a, 0), (a,0), (0, —b),
(0, b) are the vertices. The distances a and b are the major and minor radii,
respectively. If a = b Eq. (7.5) represents a circle (this is the limiting case,
e— 0, k— o0).

» Hyperbola (Figure 7.3): e > 1 implies a < 0 and b® < 0 (b is imaginary).
Setting b =| b |, Eq. (7.4) yields
2 g2

S-@m=1 ab>0 (7 &
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Y In this position the origin is the center of the hyperbola. The z-axis is the
s b=5/ transverse axis, and the y-axis is called the semiconjugate or imaginary
e="h =7 azis. The points (—a,0) and (a,0) are the vertices. The distances a and

32/ b are called the major and minor (or imaginary) radii, respectively. Note
K /: that the hyperbola has two branches separated by the imaginary axis.
Similarly, e = 1 and the transformations
1
/ =3 — k 4 =
=z Y=y
§ z yield the parabola .

—a,0 ,0 1 :
(=a.0) (@0 y'=daz  a=zk>0 (7.7) '
with focus F = (a,0) and directrix  + a = 0 (see Figure 7.4). The parabola has ;
no center. In standard position its azis is the z-axis, the origin is its vertez, and 4
a is its focal distance.
Two parametric representations of the conics are important in CADCAM ap- i
plications: rational and maximum inscribed area forms. We discuss the rational i
form first. The equations
1— 2
Figure 7.2. Ellipses defined by different parameters (a = 5/2,b = {5/2,2, 3/2, ¥5})- z(u) = aH—uz— 4
L7 it
2u ]
=b—— - .
y(u) T2 00 < u< oo (7.8)

v a=1 b=5 Y a=5

2 3%

1 “ho

1 3ho

(~a,0) (a,0)
z
x

/ N\

AN

~

Figure 7.3. Hyperbolas defined by different parameters (¢ = 1,b = {5,2,1, }2}). Figure 7.4. Parabolas defined by different parameters (a = {5, 3s, 710 3/10})'-
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represent an ellipse in standard position (Figure 7.5 shows points on the segment
0 <u < 1). This can be seen by substituting Eq. (7.8) into Eq. (7.5)

1-u?\ 2u
2 p2 [ 2%
“ <1+u2) + (1+u2) 11— 2uf ot 4 4

a? b? 14 2u2 4+ ut

=1

Note that (z(0),%(0)) = (a,0), (z(1),y(1)) = (0,b), and the vertex (—a,0) is
approached in the limit as 4 — —o0 or u — o0. The equations

1+u?
dw) ==
2u
y(u) =bm —oo<u<oo (79)

represent a hyperbola in standard position (Figure 7.6). The interval u € (—1,1)
corresponds to the right branch; the left branch is traced out by u € (—o0, 1)
and u € (1,00). C(—1) and C(1) represent points at infinity. Finally

z(uw) = au?

y(u) = 2au —00<u< 00 (7.10)
parameterizes the parabola in standard position (see Figure 7.7). Let C(u) =

(z(u), y(u),0) be a conic in standard position, embedded in three-dimensional
Euclidean space. By applying an arbitrary 3 x 3 rotation matrix and an arbitrary

Figure 7.5. Rational parameterization of an elliptic arc (Eq. {7.8]).
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Figure 7.6. Rational parameterization of a hyperbolic arc (Eq. [7.9]).

translation vector, it is easy to see that a general conic in three-dimensional space
has the form 2
a;u
ap + a1u + a2u2 =0

o(u) = wg + W u + wau? -2

w;ut

=0

Figure 7.7. Parameterization of a parabolic arc (Eq. [7.10]).

ot SR S
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2
Zb{ui

bo+biut+b® 5
wo +wiu + wou? 2 _
Zwiu’

i=0

2
ciut
co + cru + cou? Z

=0
= = —o00o < u< oo 7.11
2(u) wy + WU + wou? 2 ) (7.11)
E wiut

y(u) =

=0
Setting T; = 4
w;
Y = w;
C;
R T
wy
and a; = (T4, Ui, %)
we obtain

2
Ewia,iui

woag + wiau + woagu® (20

_ - 1
Cl) wo + wiu + wou? 2 (7.12)
Zwiui
=0
the rational power basis form of the conic. Setting
a;p = (wimivwiyiawizi,wi) (713)
2
yields Co(u) =Y avu! (7.14)

=0

the homogeneous form of the rational power basis conic. Furthermore, any equa-
tion in the form of Eq. (7.11) is a conic. This fact will follow from Sections 7.3
and 7.7.

The rational forms can represent rather poor parameterizations of a conic,
in the sense that evenly spaced parameter values can map into very unevenly
spaced points on the curve. Figures 7.5 to 7.7 show points on sections of the
conics given by Egs. (7.8)—(7.10). The points are images of evenly spaced values
of u. From Chapter 6 we know that the parameterization of a rational curve
can be changed (and possibly improved) by a reparameterization with a linear
rational function.
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Now suppose C(u) = (m(u),y(u)) is a parametric representation of a conic
in standard position. For each type of conic we now give functions z(u),y(u),
which yield a good parameterization in the sense that if for arbitrary integer n
and parameter bounds a and b we compute n equally spaced parameter values

Q= Up,...,Up =00 u;41 —u; =constant, i=1,...,n—1

then the point sequence C(u;),...,C(uy) forms the (n — 1)-sided polygon on
C(u), whose closure has the maximum inscribed area. The ellipse is given by

z(u) = acosu
y(u) =bsinu 0<u<2n (7.15)

(see Figure 7.8). If a = b Eq. (7.15) represents a circle, and the parameterization
is uniform. The hyperbola uses the hyperbolic functions

et —e™¥

sinhy = ———
2

e e ¥

coshuy = —

Its equations are (Figure 7.9)
z(u) = acoshu

y(u) = bsinhu —00<u<00 (7.16)
Equation (7.16) traces out the right branch; the left branch is traced out by
z(u) = —acoshu
y(u) = —bsinhu  —oco<u< o0
Y
Pt .

Figure 7.8. Maximum area parameterization of an ellipse (Eq. [7.15]).
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Figure 7.9. Maximum area parameterization of a hyperbola (Eq. [7.16}).

A parametric parabola is given by the equation (Figure 7.7)

z(u) = au®

y(u) = 2au —00 < u < 00 (7.17)

which is the same as Eq. (7.10).
Equations (7.15)—(7.17) can be extended to represent conics in three-dimen-
sional space. Let {O,X,Y} be the local coordinate system of the conic in

three-dimensional space (O is a point, and X and Y are orthogonal unit length
vectors). The conics are defined as (Figure 7.10)

« Ellipse: with O as the center, X as the major and Y as the minor axis, the
equation of the ellipse is

C(u) = O +acosuX + bsinuY (7.18)

» Hyperbola: with O as the center, X as the transverse axis, and Y as the
imaginary axis, the equation of the left branch of the hyperbola is

C(u) = O — acoshuX - bsinhuY (7.19)

« Parabola: with O as the vertex and X as the axis, Y gives the tangent
direction of the parabola at its vertex. The equation of the parabola is

C(u) = O + av® X + 2auY (7.20)

Equations (7.18)—(7.20) are the conic forms specified in the new Standard for
the Exchange of Product Model Data (STEP) [STEP94].
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Parabola

Figure 7.10. Ellipse, parabola, and hyperbola in three-dimensional space.

Almost any book on analytic geometry covers the implicit equation form of
the conics in detail, including the classification of conic types, degenerate cases,
and the transformations into standard position (Eqgs. [7.5]-[7.7]), for example
see [Salm79; Coxe80; Ilyi84). A few modern CADCAM geometry books cover
the conics in some detail, particularly the rational and maximum inscribed area
parametric forms, e.g., see Rogers [Roge90] and Beach [Beac91]. The maximum
inscribed area property of Eqs. (7.15)-(7.17) was first given by [Smit71]. Liming’s
two books ([Limid4, 79]) contain a wealth of information on conic constructions
and the use of conics in engineering design.

7.3 The Quadratic Rational Bézier Arc
The quadratic rational Bézier arc has the form

(1 — u)?wp Py + 2u(l — v) wy Py + 2w Py

Clw) = (1 = u)Pwo + 2u(l — Wywy + vPwy
= Ro2(u) Py + Ry,2(u) P1 + R 2(u) P2 (7.21)
where Rio(u) = '213&3("%"’ ue 0]
ZB j2(w)w;
j=0




292 Conics and Circles

To show that Eq. (7.21) is a conic, introduce a local, oblique coordinate system
{P,8,T} (7.22)
with SZPQ—Pl T:P2-‘P1

(see Figure 7.11). For arbitrary u € [0,1] the point C(u) lies in the triangle
Py P, P;, hence can be written as

C(u) = Pi+a(u)S+8u)T = a(u) Po+ (1—a(u) - B(u)) P1+B(u)P,  (7.23)
Comparing this with Eq. (7.21) we find that
o(u) = Ro2(uv)  B(u) = Roa(u) (7.24)
Using the identity '
Bi2(u)

Bo,2(u) Baa(u) = (“’2“‘)2

and Eq. (7.23), and denoting the denominator function in Eq. (7.21) by w(u),
we obtain

a(u)B () = Roau) Bya(u) = 2002 P02 Baz()
(w(w)
_ (31,2(“))2 _ wows (111131,2(11-))2
= WoW2 5 = T3 3
4(w(uw)) vl 4(wlu))

wowsg 1 2
=7 1 (R

Setting k= w;)gz (7.25)
1
and using Eq. (7.23) produces
a(u)f(u) = i—k(l - a(u) — ﬂ(u))2 (7.26)

Equation (7.26) is the implicit (second-degree) equation of a conic in the oblique
coordinate system {P;,S,T}. Note that the constant, k, of Eq. (7.25) is the
conic shape factor given in Chapter 6, Eq. (6.59). Equation (7.26) says that k
determines the conic; if the three weights are changed in such a way that k is
not changed, then only the parameterization changes, not the curve.

The type of conic can be determined by looking at the denominator w(u) of
Eq. (7.21), which can be written as

w(w) = (1 — u)?wo + 2u(l — w)w; + vlw,

= (wo — 2wy + wa)u? + 2(w; — wo)u + wp (7.27)
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Figure 7.11. Local coordinate system for rational quadratic Bézier curve.

The roots of Eq. (7.27) are
we — w1 Fwrv1l—k

wp — 2wy + wo

urg = (7.28)

where k is the conic shape factor. Equation (7.25) says that any two weights can
be chosen arbitrarily; the conic is then determined by the third weight. It is cus-
tomary to choose wg = wp = 1; this is called the normal parameterization. Then
if wy = 1, Eq. (7.21) is a parabola. Assuming w; # 1, Eq. (7.28) implies that
« if k > 1, then Eq. (7.27) has no real solutions; there are no points at
infinity on the curve, hence it is an ellipse;

« if k = 1, Eq. (7.27) has one real solution; there is one point on the curve
at infinity, and the curve is a parabola;

« if k < 1, Eq. (7.27) has two roots; the curve has two points at infinity, and
it is a hyperbola.
Expressing these conditions in terms of w;, we have:
e w12 <1 (=1 <w <1)=> ellipse;
e w12 =1 (w; =1 or —1) = parabola;
e w32 >1 (w; >10r w; < —1) = hyperbola.
(see Figure 7.12).

Notice that w, can be zero or negative. w; = 0 yields a straight line segment
from Py to P,, and wy < 0 yields the complementary arc, traversed in the reverse
order (see [Lee87] for a simple proof). Notice also that the convex hull property
does not hold if wy < 0.

Varying w; yields a family of conic arcs having Py and P as endpoints and
end tangents parallel to PoyP; and P; P,. However, specifying a weight is not a
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convenient design tool. A more convenient way to select a conic from the family
is to specify a third point on the conic, which is attained at some parameter value,
say u = 1/5. This point is called the shoulder point of the conic, § = C(1/2) (see
Figure 7.12). Substitution of u = 1/ into Eq. (7.21) yields

1 wy

S= M
14wy +1+’u)1

Py (7.29)

where M is the midpoint of the chord Py P2. Due to our choice of wg = wy = 1, it
follows that the tangent to the conic at S is parallel to Py P, i.e., the conic attains
its maximum distance from Py P, at S = C(1/2). Let s be a new parameter that
gives a linear interpolation between M and P;. Then for some value of s we have

S=(1-s)M+sP, (7.30)

From Egs. (7.29) and (7.30) it follows that

wn S
s= =
14wy

T (7.31)

The parameter s is a good shape design tool. The designer can move his shoulder
point {which determines the fullness of the curve) linearly from M to P;. s =0

yields a line segment, 0 < s < 1/, yields an ellipse, s = 1/; yields a parabola, and
1/p < s < 1 yields a hyperbola.

Figure 7.12. Various conic arcs defined by w; = {3, 1, 3/10,0, —3/10}.
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A circular arc of sweep angle less than 180° is also represented by Eq. (7.21).
For symmetry PoP; P, must be an isosceles triangle, with PoP; = P, P;. Be-
cause the circle is a special case of an ellipse, we expect that 0 < w; < 1.
Consider Figure 7.13. From Eq. (7.31) it follows that

s MS

—_—— 7.32
1-3s SP1 ( )

wy =
Let 8 = /Py PoM. From symmetry the arc P,S is the same as SPp, hence the
angle /SP,M bisects 8. From the properties of bisectors it follows that

=2 =~ =cosh (7.33)

Much of the material in this section goes back to the work of Coons and Forrest
[Coon67; Ahuj68; Forr68]. It can also be found in [Lee87; Pieg87a).

7.4 Infinite Control Points

In this section we introduce infinite control points, a concept which we use to
construct circular and elliptical arcs sweeping 180°. Versprille [Vers75] mentions
infinite control points briefly, and Piegl uses them to construct a number of
different curves and surfaces [Pieg87c, 88a, 88b].

The notion of a point at infinity is common in projective geometry [Ahuj68;
CoxeT74; Ries81]. The point P¥ = (z,y, z, 0) in four-dimensional space (z, y, and

Py

’wo=1

P, » Po

Figure 7.13. Quadratic rational Bézier representation of a circular arc sweeping less
than 180°.
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2 not all zero) is called a point at infinity. It is illustrated in three-dimensional
space by a direction vector from the origin through the three-dimensional point
(z,9,2). Thus, P = H{P%} is a direction vector (see Eq. [1.16]). To emphasize

this we use the notation P.
Assume P¥ = (25,9, 2;,0) is an infinite control point of a curve C(u). Then

n
C¥(u) = ) Nip(u)PY
i=0
can be written as n
Z Nip(w)wiP; | + N, p(u) 13]'

Clw) = 22—
Z Ni,p(u)wi
J#1=0
N;p i P;
_ g e N; p(u) Py
- w(uw) w(u)
=C(uw) + f(u)B; (7.34)

Hence, for fixed ug, C(uo) is C(ug), which lies in the convex hull of the control
points Py,..., Pj_1, Pji1,..., Py, plus a nonnegative scale factor of the vector
l3j (see Figure 7.14). Increasing the magnitude of f’j pulls the curve toward its
direction. Note in Figure 7.14 that the curve C(u) touches the control polygon
on the segments Py P; and P3P4. C(u) is a cubic curve with two distinct
internal knots (multiplicity 1). The points at which C(u) touches the control
polygon correspond to C(u) evaluated at these internal knot values.

‘We warn the reader at this point that in the projective geometry sense we
are not rigorously correct in stating that P¥ = (z,y, 2,0) is a point at infinity.
In projective geometry terminology, the points (z,v, z,w) and (az, oy, az, aw),
a # 0, are the same, that is, a point in projective space is what mathemati-
cians call an equivalence class. This means that 13,~ = (;,v;,%;,0) and 13; =
(azj, ayj, az;,0) are two representations of the same point in projective space.
However, substituting f’j and f’; into Eq. (7.34) clearly results in two different
curves. In this book we do not delve into projective geometry, thus we choose
to sacrifice mathematical rigor for clarity. Strictly speaking, our infinite control
point is just a representative of a projective point, whose last coordinate happens
to be zero. ’

Example
Ex7.1 We represent the semicircle of radius r, centered at the origin, with

an infinite control point (see Figure 7.15). Let PY = (r,0,1), PY =
(0,7,0), and P¥ = (—,0,1). Then

Infinite Control Points 297

C(u)

Figure 7.14. NURBS curve with an infinite control point 132; notice the stronger convex
hull property.

(1 — u)2w0 Py + 'u.2'w2 P, 2'u.(1 — u) ™
(1 — u)2wp + v2we (1 — u)wp + uwe

Cu) = 1

_ (1-u)?P+u’Py 2u(l —u) P
T 1 —2u+2u? 1—-2u+2u? !

Py = (-r,0) Py =(r,0)

Figure 7.15. A semicircle defined by using an infinite control point.
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and it follows that

(1l -2u) _ 2ru(l —u)
wlu) = 1 — 2u + 2u? y(w) = 1—2u+ 2u?

The reader can verify that (:c(u))2 + (y(u))2 =72 for all u. Notice that

C(-;—) = (0,r)

is the point on the arc farthest from the chord Py P2, and the derivative
at this point, C'(1/2), is parallel to Pg Py, i.e., the shoulder point concept
of Section 7.3:also holds when PY is an infinite control point.

Note that there is a difference between infinite control points and zero weights.
Figure 7.12 shows that wy = 0 yields a straight line from Pg to P2. Substituting
w; = 0 into Eq. (7.21) and assuming the normal parameterization yields

(1 - u)2P0 + 'll.2P2

C(u) = Ro2(u)Po + Ry o(u) P2 = A-wf+

that is, Ry 2{u) = 0, and C(u) is a straight line from Py to Po; see also
Figures 4.2, 4.3c, 4.4, 4.5d, and 4.6. If we think of our NURBS curves in terms
of homogeneous control points

C¥(u) =Y N; (u)P¥ (7.35)

=0

then we represent an infinite control point by P} = (z;,yj;, 2;,0), and we set w;
to zero by setting P} = (0,0,0,0). Although one must be careful in dealing with
such points individually, they generally cause no problems in B-spline algorithms
derived from Eq. (7.35). For example, the point evaluation and knot insertion
algorithms of previous chapters (Algorithms A4.1 and A5.1) have no problem
with zero weights or infinite control points (assuming, of course, not all weights
are zero).

7.5 Construction of Circles

In this section we develop algorithms for constructing circular arcs of arbitrary
sweep angle, including full circles. The construction of a general NURBS circular
arc is more complicated than first expected, and there are many ways to do it.
Much of the material in this section is taken from [Pieg89b], which is a detailed
study of the NURBS circle.

We discuss only quadratic representations in this section. Higher degree rep-
resentations are useful, for example, when an arc of greater than or equal to

180° is desired, without internal knots and without the use of negative weights’
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or infinite control points. Such- representations can be obtained using degree
elevation (see Section 7.8).

From Section 7.3 we know how to construct an arc of less than 180°, and clearly
we can construct arcs of arbitrary sweep angle by simply piecing together smaller
arcs using multiple knots. When deciding how to do this, there are four trade-
offs to consider: continuity, parameterization, convex hull, and number of control
points required. The last three are related, in the sense that parameterization
and characteristics of the convex hull can be improved by increasing the number
of control points. We clarify these trade-offs with some examples. For simplicity,
all examples are in the zy plane, centered at the origin, and have radius 1.

Examples

Ex7.2 A full circle using a nine-point square control polygon: Example Ex6.7
and Figure 6.12 (and Section 7.3) show the 90° arc in the first quadrant
is obtained using {P;} ={(1,0),(1,1),(0,1)} and {w;} = {1, v24,1}.
By piecing four of these arcs together using double knots, we obtain the
full circle of Figures 7.16a and 7.16b. The knots, weights, and control

points are
111133
U‘—{0;0y012,17§a§7ZaZal)lyl}
y ~
Py P, P
P 7 €
+ +
+ +
+ +
+ +
+ +
+ +
b +
¥ 4
P4 z
3 b
N Py =Py
+ +
+ +
+ +
+ +
+ +
+ +
& + L L+ +
Pﬁ P6 P']
()

Figt.nre 7.16. A nine-point square-based NURBS circle. (a) Control polygon and param-
eterization; (b) rational basis functions.
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Ht H H ¥ T u
0 YA 1 3 1

(b)
Figure 7.16. (Continued.)

{w2}= {11 ?71’ ?’17 "'2\/—2,13 _\2‘271}

{P;}=
{(11 0)7 (1’ 1)’(07 1)7 (_la 1)) ("‘LO)’ ("'1> _1)7 (01 "'1)7 (1: _1)7 (170)}

To indicate parameterization, points are marked on the circle; they
were computed at equally spaced parameter values. The circumscrib-
ing square forms a fairly tight convex hull. Now consider continuity at
u = Yy (u = 1/2 and v = 3/4 are analogous). We can write either

CUu) =) Nipw)P¥ or C(u)=) Ris(u)P;

=0 =0

Clearly, the basis functions N2 2(u) and Ry 2(u) are only C° continuous
at u = 1/4 (see Figure 7.16b). C¥(u) is also only C? continuous, that is,
the four parabolic arcs in homogeneous space are linked together around
the cone, and where each pair meet there is a cusp. Analytically, this
can be seen by computing the first derivative of C¥(u) at u = 1/4 from
the left and right. Applying Eq. (3.7) to just the w coordinate yields

7 \/—
- =)

"1 __2 o (V2
and w(4)right_1 1(“’3_"’2)“8(“2— )

2 4

Ex7.3

Construction of Circles 301

Clearly, the two derivatives are not equal. Surprisingly, C(u) is C*
continuous. Using Egs. (4.9) and (4.10) we obtain

C/(l)m -2 - ‘f/z (Py—Py) = (—4\/5_,0)

4 1_,
4

and Cl(l)right -2 Q (Ps— Py) = (__4\/5;0)

1 11
2 4

With regard to the first three criteria, this is quite a good representation
of the full circle.

A full circle using a seven-point triangular control polygon: From ele-
mentary geometry it is easy to see that an arc of 120° requires a control
triangle whose base angle, /PPy Py, is equal to 60°. From Eq. (7.33),
w; = cos60° = 1/. By piecing together three such arcs we obtain the
full circle of Figures 7.17a and 7.17b, with

01122
’3'3°3°3

U= {00 ,1,1,1}

P3 P4 P5

(2)

Figure 7.17. A seven-point triangle-based NURBS circle. (a) Control polygon and pa-
rameterization; (b) rational basis functions.
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Ry R3; Rs»

(b)

Figure 7.17. (Continued.)

Ex7.4

= (b33}
{P;}=
{(a, %) (©, 2),( _a, %) (~2a, 1), (0, ~1), (2a, ~1), (a, %)}

where a = co0s30°. Points on the circle are marked to show parame-
terization, which is not quite as good as in Figure 7.16a. The convex
hull is also looser. The reader can verify that C(u) is C? continuous at
u = 1f3 and u = 2/, in spite of the fact that the basis functions are C°
continuous there (see Figure 7.17b).

An arc of 240°: Setting w; negative yields the complementary arc. Thus,
we obtain the 240° arc of Figures 7.18a and 7.18b using

U = {0,0,0,1,1,1}
fwy = {1,-3.1}
= {(o2).00. (-0 1)

Negative weights are generally undesirable, because we lose the convex
hull property, and dividing by zero can occur when computing points
on the curve. However, it is important to note that for the circle and
ellipse, w(u) > 0 for all w € [0,1]. This follows from wy = wp = 1,
| wy |< 1, and w(u) = (1 — u)? + 2u(l — uw)w; + u?® (geometrically, the
parabolic arc C*(u) lies on the cone above the W = 0 plane). Thus,
no problems arise when using Algorithm A4.1 to evaluate points on this
arc. Let us insert a knot at u = 1/. Using Eq. (5.11)

1 1
-0 z -
U170 2 U170 7 2

Construction of Circles 303

Y
31
P2 PD
i %
+ +
+ +
+ + T
+ +
+ +
+ +
+ +
+ +
+ +
+ +
+ +
(2)

Figure 7.18. Arc of 240° using a negative weight. (a) Control polygon and parameteri-
zation; (b) rational basis functions.

The new control points, QY, are

Qy=Py Qy=P§
a

w_lpw lpw_(2 _1
Q1”2P1+2P°"(2’ 4’

1
2)
W w g _l l
Qs tt3 2 P ( 2’ 4 4)
Thus (see Figures 7.19a and 7.19b)

U:{0,0,0,%,l,l,l}

= {1551}

{Q;} = {(a, —;—), (2a,-1),(~2a,—-1), ( -a, %)}

is a representation of the 240° arc without negative weights. The param-
eterization is not particularly good. C¥(u) and C(u) are C? continuous
on u € {0, 1]; inserting the knot did not change this.
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Ry2 Ry

Ry 2

(b)
Figure 7.18. (Continued.)

Ex7.5 A semicircle using four control points: Consider the semicircle of Exam-
ple Ex7.1 and Figure 7.15, with r = 1. Inserting the knot u = 1/ one
time, we obtain (as in Example Ex7.4)

o = Qv :}-

1 2 9

Qy =Py 3 =Py
w_lpw 1 w_(__l_ll)
Q1“2P1+2P°* 2722

Q¢ =3Py + 3P = (5.5.3)

Thus (see Figures 7.20a and 7.20b)
1
U= {0,0,0, 5,1,1,1}

= [13.)
{Qz} = {(1’0)’ (17 1)7 (—17 1)7 (_170)}

Ex7.6 A full circle using a seven-point square control polygon: Two semicircles
such as in Example Ex7.5 can be pieced together to form a seven-point
square circle (see Figures 7.21a and 7.21b)

1113

U= {0,0,0, 7 5,2,1,1,1}
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Y
Q=P Q=F
/f Q\\
+ +
+ + z
+ + .
+ +
+ +
+ +
+ +
+ +
o, Lt
Q, Q;
(@)
1 | o2 R
Ry Ry
th " u
0 1/ 1
(b)

Figure 7.19. Arc of Figure 7.18 after inserting u = /2 one time. (a) Control polygon
and parameterization; (b) rational basis functions.

11,11
{wi} = {17 §v 5,17 '2-7 571}

C(u) is C* continuous at u = 1/ and C? continuous everywhere else.
The parameterization is not as good as that of Example Ex7.2 and
Figure 7.16a.

Algorithm A7.1 constructs a NURBS circular arc in three-dimensional space
of arbitrary sweep angle 8 (0° < 8 < 360°). It pieces together equal arcs of sweep

e

S ——
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Y
Q, Q
@ — ®
+ +
+ +
+ +
+ +
+ +
+ +
+ +
+ +
" 4
3 4
r 1
b z
Q3 = P2 QO = Pg
(a)
1 & Roz Rso
R2 Ry
Hi " P u
0 A 1
(b)

Figure 7.20. Semicircle of Figure 7.15 after inserting u = /2 one time. (a) Control
polygon and parameterization; (b) rational basis functions.

angle df, min(0, 45°) < df < 90°, using double knots, and weights computed by
Eq. (7.33). The resulting arc of angle 8 is C* continuous, has a tight convex hull,
and has a good parameterization.

Designers are offered many different interfaces to specify circular arcs, but no
matter what the interface is, the following data can be easily generated:

O : center of circle (origin of local coordinate system);
X : unit length vector lying in the plane of definition of the circle;

Y : unit length vector in the plane of definition of the circle, and orthogonal
to X

T : radius.
05,0, : start and end angles, measured with respect to X.
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Y
P2 P1
v T Ty
+ +
+ +
+ +
+ +
+ +
+ +
+ +
- -+
P § z
i 4 PO = PS
+ +
+ +
+ +
+ +
+ +
+ +
+ +
+ +
+ +
P4 PS
(2)
R Rg
R 3.2 5,
1 Rk
Rys Rap Ry2 Rs2
H " W ; b u
0 1 /4 1/2 3/4 i
(b)

Figure 7.21. A seven-point square-based NURBS circle. (a) Control polygon and pa-
rameterization; (b) rational basis functions.

The arc is then represented by
C(u) =0 +rcosuX +rsinu’Y 0, <u<b, (7.36)

The resulting arc is oriented counter-clockwise in the local coordinate system
defined by O, X, and Y. We assume a utility routine Intersect3DLines(P0,TO,
P2,T2,a1£0,alf2,P1), which computes the intersection (P,) of two lines in
three-dimensional space given by the point/tangent pairs [Pg, To] and [Pz, T2}.
It returns the integer value 1 if the lines are parallel, 0 otherwise. ap and ag arn
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the parametric locations of P; along the lines [Py, To| and [Pz, T}, respectively.
0y, a2, and the integer return value are not used in Algorithm A7.1, but they
are used in Section 7.6. Pw=w*P denotes multiplication of a Euclidean point by a
weight (Pw=P if w = 1). The algorithm computes the knots and weighted control
points for the NURBS circular arc.

ALGORITHM A7.1
MakeNurbsCircle(0,X,Y,r,ths,the,n,U,Pw)

{ /* Create arbitrary NURBS circular arc */
/* Input: 0,X,Y,r,ths,the */
/* QOutput: n,U,Pw */

if (the < ths) the = 360.0 + the;

theta = the-ths;

if (theta <= 90.0) narcs = 1; /* get number of arcs */

else
if (theta <= 180.0) narcs = 2;
else
if (theta <= 270.0) narcs = 3;

else
narcs = 4;
dtheta = theta/narcs;
n = 2%parcs; /* n+l control points */

wl = cos(dtheta/2.0); /* dtheta/2 is base angle */

PO = 0 + r*cos(ths)*X + r*sin(ths)*Y;

TO = ~sin(ths)*X + cos(ths)*Y; /* Initialize start values */
Pw[0] = PO;

index = 0; angle = ths;
for (i=1; i<=narcs; i++) /* create narcs segments */
{
angle = angle + dtheta;
P2 = 0 + r*cos(angle)*X + r*sin(angle)*Y;
Pw[index+2] = P2;
T2 = -sin(angle)*X + cos(angle)*Y;
Intersect3DLines(P0,T0,P2,T2,dumny,dummy,P1) ;
Pwlindex+1] = wi*P1;
index = index + 2;
if (i < marcs) { PO =P2; TO=T2; }
}
j = 2*narcs+1; /* load the knot vector */
for (i=0; i<3; i++)
{ Uli]l = 0.0; U[i+j] = 1.0; }
switch (narcs)
{
case 1: break;
case 2: U[3] = U[4] = 0.5;
break;
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case 3: U[3] = U[4] = 1.0/3.0;
U[sl = U[6] = 2.0/3.0;
break;

case 4: U[3] = U[4] = 0.25;
U[s] = U[6] = 0.5;
U[7] = uf8] = 0.75;
break;

}
}

Figures 7.22a~7.22d show circular arc representations using one, two, three, and
four segments, respectively.

We close this section with some miscellaneous remarks on NURBS circles.
A different algorithm is given by Piegl and Tiller [Pieg89b] for constructing
a circular arc of arbitrary sweep angle. It is based on using infinite control
points and negative weights, and then using knot insertion to remove them (as in
Examples Ex7.4-Ex7.6). The resulting arcs may require fewer control points and
double knots than with Algorithm A7.1, but the parameterization is generally
not as good. It is also proven that it is impossible to represent a full circle
using a quadratic NURBS with positive weights without a double internal knot
[Pieg89b).

(a)

Figure 7.22. Circular arcs of different sweep angles. (a) 6, = 10°, 6. = 100°%
(b) 8, = 30°, 8. = 170°; (c) 8, = 20°, 0. = 250°; (d) 0, = 40°, 6, = 330°.
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(b)
Figure 7.22. (Continued.)

7.6 Construction of Conics

In this section we develop algorithms for constructing conics, discussing only
quadratic representations. Parabolic and hyperbolic arcs can always be repre-
sented with one rational Bézier curve (no internal knots) and positive weights.
As was the case for circles, we may have to piece segments together with inter-
nal knots to obtain arbitrary elliptical arcs using only positive weights. In doing
this, the issues again are continuity, parameterization, convex hull, and number
of control points.

We consider first an arbitrary open conic arc in three-dimensional space. There
are many ways to specify a conic arc. In CADCAM applications, two of the most
common are:

o the defining geometric parameters such as radii, axes, focal distance, etc.,
together with specification of start and end points; this leads effectively
to representation by Egs. (7.15)—(7.17);

« specification of start and end points, Py and Py, together with the tangent

directions at those two points, T and T, plus one additional point on
the arc P (see Figure 7.23).

If the data is available in the form given in item 1, it is easy to derive Py, Ty,
P, T2, and P; thus we assume throughout this section that the data is given
as specified in item 2.
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Figure 7.22. (Continued.)
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P; (Figure 7.23) is easily obtained by intersecting lines [Py, Ty} and {P3, T3]
Setting wo = ws = 1, the only missing item is w;. Allowing w; to be negative,
or P, to be infinite (temporarily), we can obtain any conic arc with one rational
Bézier curve. If necessary, we then split this Bézier arc at suitable locations to
obtain positive weights and multiple segments with good parameterization and
convex hull characteristics.

The additional point P determines the conic and hence w;. Substituting
P = C(u) into the left side of Eq. (7.21) yields three equations in the two
unknowns, v and w; (which can be solved). But geometric arguments yield a
more efficient algorithm (see Piegl [Pieg87b]). First assume that P, is finite. The
conic we seek can be considered as a perspective view of the parabola determined
by Py, P;, and P;, with P; being the center of the perspective. Any pair of
conic segments lying in this triangle can be mapped onto one another, including
the line [Py, P2] (degenerate conic) onto the conic we seek. Hence, P and Q
(Figure 7.23) are corresponding points under this transformation. Now the line
L(u) = [Po, P2] is obtained by setting w; = 0 (not using an infinite control
point), yielding
L(u) = (1 —u)?Po +u?Py

(1—-u)2+u?

L(u) is a convex combination of Pg and P, thus the ratio of distances | PoQ |
to | QP2 | is u? : (1 — u)? from which it follows that

- oo .1 B0Ql
l+a | QP2 |

(Compare Figure 7.23 and this argument with Figure 4.6 and Eq. [4.4]). Substi-
tuting u and P into Eq. (7.21), we easily obtain w;, i.e.

(1~ u)*(P ~ Py)-(P; — P) +u3(P — Py)-(P; — P)
2u(l—u) | P - P2
Piegl [Pieg87b] derives w; using techniques from projective geometry.
Now suppose P, (Pl) is infinite (T and T are parallel) In this case, w; =0
and P, is parallel to To. Only the magnitude of Py is unknown. Consider
Figure 7.24. The perspective center is now at infinity, and u is obtained exactly
as before: [P, T} (which is [P, P,]) is intersected with [Pg, P5)] to yield Q, and
u is then computed from Eq. (7.38). For a rational quadratic Bézier curve with
wg = wq = 1, Eq. (7.34) reduces to
(1 —u)?Py +u? Py 2u(l - u)
(1-u)®+u? (1 —u)? +u?
Let ug be the parameter yielding Q. Then
P= Q-+ f(u) Py

d b= -1 (p- _ 2uo(l~ug)
" 1= f(uo) (P-Q )= (1~ u0)? +uf (741

(7.37)

(7.38)

wy = (7.39)

Cu) = P; = Cu) + f(u)P;  (7.40)
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Figure 7.23. A general conic segment defined by endpoints, end tangents, and one
additional point lying on the curve.

Based on Egs. (7.38), (7.39), and (7.41), we now give an algorithm to con-
struct one rational Bézier conic arc. Since w; can be negative or P, infinite,
this algorithm handles any conic arc except a full ellipse. We make use of the

Figure 7.24. A 180° elliptical arc defined by endpoints, end tangents, and one addi- >
tional point. i
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ag,02 values computed in Intersect3DLines. We further assume a function | 1
Dot (V1,V2) which returns the dot product of the vectors V; and V. /Q\
ALGORITHM A7.2 .
MakeOneArc(P0,TO0,P2,T2,P,P1,wl) J .
{ /* Create one Bézier conic arc */ ,' . ‘,
/* Input: PO,TO,P2,T2,P =*/ J .
/+ Output: Pl,wl */ Q; =Ry
V02 = P2-PO; R, ¢ o 5 Qu
i = Intersect3DLines(P0,T0,P2,T2,dunmy,dumny,P1); S :
if (3 == 0) ,
{ /* finite control point */ i
ViP = P-P1; . . ;
Intersect3DLines(P1,ViP,P0,V02,alf0,alf2, dummy) ;
a = sqrt(alf2/(1.0-alf2)); P; =R, Po=Q ~
u = a/(1.0+a); .
num = (1.0-u)*(1.0-u)*Dot(P-PO,P1-P) + u*u*Dot(P-P2,P1-P); ()
den = 2.0#%u*(1.0-u)*Dot(P1-P,P1-P);
wl = num/den; QP‘
return; /N
} o Il \\
else /! AN
{ /* infinite control point, 180 degree arc */ ,fl \\\
wi = 0.0; K N
Intersect3DLines(P,T0,P0,V02,alf0,alf2,dummy) ; / AN
a = sqrt(alf2/(1.0-alf2)); -/ N

u = a/(1.0+a); )/
b

2.0%u*(1.0-u); P,=R;y o ‘o Po=Q ;
b = -alf0*(1.0-b)/b;
P1 = b*TO;
return;
} S
}
R, Qz =Ry Q :

1

1]

i

Algorithm A7.2 is adequate for parabolic and hyperbolic arcs, and for ellipti-
cal arcs for which w; > 0 and whose sweep angle is not too large. Splitting an (b)
ellipse into segments is not as easy as was the case for circles. We do not know Figure 7.25. Splitting a conic curve. (a) Arc sweeping less than 180°; (b) arc sweeping
the major and minor axes and radii, and an equation of the form of Eq. (7.36) more than 180°; (c) arc sweeping 180°.
is not available with our input. A convenient point at which to split is the
shoulder point, S. To split the arc PoP; P2 we make use of the rational de-

Casteljau algorithm, Eq. (1.19). There are two steps in splitting the ellipse (see and recalling that wo = ws = 1, it follows that
Figures 7.25a-7.25¢): ' Py 4w, P P, 4+ P
0+ Wiy w1 ¥y 2
: =1 : . . . e —— R R S .
1. Split at u = /5. Using the deCasteljau Algorithm to obtain Q 1+w 1 1+w, (7.42)

1 1 1 1 1
QY = —2-Pg’ + §P11u RY = §P11” + §P'2” and Wy = Wy, = 5(1 +wy) (7.43)
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Q,

P; =R, Py = Qg

(c)
Figure 7.25. (Continued.)

where w, and w, are the weights at Q; and R, respectively. A second
application of the deCasteljau Algorithm yields

Ro=Q;=5=3(Q +Ry) (7.49)
and w, = %(1 +wy) (7.45)

2. Reparameterize so that the end weights are 1 for both of the two new
segments. After splitting, the weights for the first segment are

1 1
wg =1 w4=§(1+w1) ws=—2—(1+w1)
We want the weights to be
wo=1 wg we=1

where wy, is to be determined. Using the conic shape factor (Eq. [6.59])

WolW, _ WoWg,

w2 w2

q 91
which implies that
1+ wy
wy, = 3 (7.46)
Due to symmetry, we also have
14w
Wy, = ! (7.47)

2
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Figures 7.25a and 7.25b illustrate ellipse splitting with positive and negative
weights. The preceding process also works for infinite control points (see Figure
7.25c); however, the resulting formulas

Q =Py+P, R =Py+P (7.48)
1
Ro=Q=S=3(Q:+R) (7.49)
2
Wq, = Wr, = % (7.50)

are even simpler. Equation (7.50) should not be surprising, as the semiellipse
of Figure 7.25c is obtained by applying an affine transformation (specifically,
a nonuniform scaling) to a semicircle. Such transformations do not change the
weights. We leave it as an exercise for the reader to write a routine SplitArc (PO,
P1,w1,P2,Q1,S,R1,wqr) which implements Egs. (7.42)-(7.50).

Making use of Algorithm A7.2 and SplitArc(), we now present an algorithm
which constructs an arbitrary open conic arc in three-dimensional space. The
resulting NURBS curve consists of either one, two, or four segments connected
with C! continuity. The output is the knots (U), the number of control points
less 1 (n), and the control points in homogeneous form (Pw). We assume a utility,
Angle(P,Q,R), which returns the angle /P QR.

ALGORITHM A7.3
MakeOpenConic(P0,T0,P2,T2,P,n,U,Pw)
{ /* Construct open conic arc in 3D =/
/* Input: PO,TO,P2,T2,P */
/* Output: n,U,Pu */
MakeOneArc(PO,TO,P2,T2,P,P1,ul);

if (wi <= -1.0) /* parabola or hyperbola */
return(error) ; /* outside convex hull */

if (w1 >= 1.0) /* classify type & number of segments */
nsegs = 1; /* hyperbola or parabola, one segment */
else

{ /* ellipse, determine number of segments */

if (w1 > 0.0 &% Angle(PO,P1,P2) > 60.0) nsegs = 1;
else
if (w1 < 0.0 && angle(PO,P1,P2) > 90.0) nsegs = 4;
else nsegs = 2;
}
n = 2*nsegs;
j = 2*nsegs+1;

for (i=0; i<3; i++) /* load end knots */

{ UIil = 0.0; Uli+j] = 1.0; }
Pw[0] = PO; Pw[n] = P2; /* load end ctrl pts %/
if (nsegs == 1)



318 Conics and Circles -

Pw(1i] = wi*Pi;
return;

SplitArc(PO,P1,w1,P2,Q1,S,R1,wqr);
if (nsegs == 2)

{

Pwl2] = §;

Pw[1] = wqr*Q1; Pw[3] = wgr*Ri;

U[3] = U[4] = 0.5;

return;

}

/* nsegs == 4 */
Pw[4] = S;
wl = wqr;
SplitArc(P0,Q1,w1,S,HQ1,HS ,HR1,wqr) ;
Pw[2] = HS;
Pw{1l] = wqr*HQ1; Pwi3] = wqr*HR1;
SplitArc(S,R1,w1,P2,HQ1,HS,HR1,uqr);
Pu[6] = HS;
Pw[5] = wqrxHQ1; Pw[7] = uqr*HR1;
for (i=0; i<2; i++) /* load the remaining knots */

U[i+3] = 0.25; U[i+6] = 0.5; U[i+7] = 0.75;

}

return;

}

Figures 7.26a and 7.26b show examples using two and four segments, respectively.
Algorithm A7.3 produces ellipses which have good parameterization. For ap-
plications where parameterization is not considered important, a simpler algo-
rithm which produces C? continuous curves with equally good convex hulls (see
[Pieg90]) is:
1. call MakeOneArc (Algorithm A7.2);
2. insert knots at appropriate locations to cut the corners and to eliminate

negative weights or an infinite control point (e.g., at u = b, or u = 13
and u = 2/3).

For comparison, Figure 7.26¢ shows an elliptic arc which was constructed using

o Algorithm A7.3 (points marked by q);

« MakeOneArc, with subsequent insertion of u = 1/, one time (points marked
by +).

There remains the problem of full ellipses. If the major and minor axes and
radii are known, a rectangular control polygon is appropriate. The weights and
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(a)

Po=Qq

Q;

(b)

Figure 7.26. NURBS representation of conic segments. (a) Arc sweeping less than 180°;
(b) arc sweeping more than 180°; (c) comparison between representations obtained by
curve splitting (O0) and knot insertion (+).

knots are the same as those of the circle in Example Ex7.2 (Figure 7.16a), or a
configuration analogous to Example Ex7.6 (Figure 7.21a) can be used.

If input data is Py, Ty, P2, T2, P, together with the knowledge that the conic
is a full ellipse (starting and ending at Pp), then an appropriate construction is:

1. call MakeOneArc to get the rational Bézier representation of one segment
of the ellipse (with positive weight w;);
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Figure 7.26. (Continued.)

2. compute the center of the ellipse C;

3. compute the major and minor axes, (unit) vectors (U, V), along with the
major and minor radii (r1,72);

4. compute the control points

Q=C+nU (= Q)

Q= Qy+mV
Q; =C+rV
Q=Q,—-nU
Q=C-nU
Qs =Qq—1V
Qs =C~—rV
Q; = Qs +mU

The details of Steps 2 and 3 are given in the next section, and the results are
illustrated in Figure 7.28.

7.7 Conic Type Classification and Form Conversion

In previous sections we presented five forms for representing conics:
« implicit equation (Egs. [7.3] and [7.5]-{7.7]);
« maximum inscribed area forms (Egs. [7.15]-[7.17]);
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« quadratic rational power basis (Egs. [7.8]-[7.14]);
« quadratic rational Bézier (Eq. [7.21]);
« quadratic NURBS form.

In this section we discuss conic-type classification and form conversion, that is,
given a curve in one of these forms, determine what type of conic it is - ellipse,
parabola, or hyperbola — and convert it to another form. When we refer to the
implicit form we assume that the conic is in the zy plane; otherwise the conic
can be in three-dimensional space.

Consider the first two forms. If a conic is in standard position and can be
described by one of Egs. (7.5)-(7.7), its type is obvious. If it is not in stan-
dard position (Eq. [7.3]), then its type is determined by the values of o and D
(determinant) as described in Section 7.2, and it can easily be transformed into
standard position. For the maximum inscribed area forms, the conic type is
inherent in the definition. Note that the maximum area form is quite similar to
the standard position implicit form, in that their defining equations are given in
terms of the conics’ so-called geometric characteristics, i.e., axes, vertices, center,
radii, etc. Hence, the conversion between these two forms is trivial.

Conversion between the quadratic rational power basis (Eq. [7.14]) and Bézier
forms is given by the methods of Chapter 6, in particular Eqgs. (6.89) and (6.93).
Their rational counterparts are

[a¥] = R Mz [PY] (7.51)
end [PP]=M;'R;" [a¥] (7.52)

where M, and Ry are the quadratic (3 x 3) Bézier and reparameterization ma-
trices, respectively. The type of a Bézier conic is easily gleaned from the conic
shape factor, Eq. (7.25). The type of a power basis conic is computed from
Egs. (7.52) and (7.25). For simplicity, assume our power basis segment is de-
fined on 0 < u < 1, with Ry the identity matrix. Denote by w¢ the power basis
weights (Eq. [7.14]), and by w} the Bézier weights. Then from Eqs. (6.94) and
(7.52) we find that

1 00

_ 1

[wP] =M [wg]= |1 3 0 [wg]
1 1 1
from which it follows that

wy = w§

P a 1 a

wy = wy + §w1

wf = wi +wd + ws (7.53)

When substituted into Eq. (7.25), these w? yield the conic type.
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A quadratic NURBS curve with internal knots may or may not represent a
unique conic (it is a conic, line, or point on each span). The classification of a
quadratic NURBS curve is a three-step process:

1. using Eq. (6.62), compute the conic shape factor of each nondegenerate
segment;

2. if all shape factors indicate a common type (all ¢; < 1, = 1, or > 1),
decompose the curve into Bézier segments;

3. compute the geometric characteristics of each segment and compare them.

Notice that all shape factors can indicate a common type, and in fact may even
be equal, but the curve may still not be a unique conic. As an example, recall
that the weights of a circular arc depend only on the sweep angle (Eq. [7.33}]);
hence one could piece together circular arcs of different radii, but with equal
sweep angles and shape factors.

Based on this discussion, for classification and conversion purposes the five
forms can be put into two groups:

1. implicit and maximum inscribed area forms;
2. quadratic rational power basis, Bézier, and NURBS forms.

Conic representations are easily obtained within a group if certain data is avail-
able, that is

« geometric characteristics (Group 1);

« start points and end points, together with their tangent directions and an
additional point, Py, To, P2, T2, P (Group 2).

Using Algorithms A7.1-A7.3, conversion from a form in Group 1 to one in
Group 2 is easy because it involves only point and tangent computation from
Eqgs. (7.3) and (7.5)—(7.7) or (7.15)—(7.17). Conversion from Group 2 to Group
1 requires more work. Beach [Beac91] derives the formulas for converting from
the rational power basis to implicit form (Eq. [7.3]). We show here how to
convert from rational Bézier form to Eq. (7.3), and how to compute the geometric
characteristics of a conic from its rational Bézier form.

Let C(u) be the rational Bézier conic given by Eq. (7.21). Recalling Egs. (7.22)
through (7.26) and Figure 7.11

o) = 1h(1 - alw) - fw))’ (7.54)

is the implicit equation of the conic in the oblique coordinate system given by
{Py,S, T}, where

Wow2

k= 5 a(u) = Ry 2(u) B(u) = Rg2(u)

wy

In order to obtain Eq. (7.3) from Eq. (7.54) we need to express a and § in terms
of Cartesian coordinates z and y. Equation (7.20) says that a(u) and 3(u)
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are the barycentric coordinates of the point C(u) in the triangle {Po, P1, P2}.
Fixing an arbitrary ug, let & = a(uo), 8 = B(up), and P = C(ug) = («,y). Then
area (P, Py, Py)

@= area(Po, Pl,Pz) 'B=

area (P, Py, Py)
area (P, P1, Py)

from which it follows that

(y—y) (@2 —71) — (z —71)(y2 — v1)

o=
(Yo — 1) (x2 — 1) — (zo — 21)(y2 — 1)
— (y - yl)(mo - wl) - (‘T — xl)(yo - yl) (7.55)
(y2 — y1)(@o — 1) — (22 — T1)(y0 — Y1)
Now let ho = 2o — 13 hi=z3—m
ha=yo— w1 hs=y2—wu
and g1 = hahy — hohs
Then o= hi(y —y1) — ha(x — 1) 8= ho(y — y1) — ha(x ~ 71) (7.56)

9 —9g1
Finally, setting s; = hg — h; and ss = hg — hg, and substituting Eq. (7.56) into
Eq. (7.54), yields the six coefficients of Eq. (7.3), i.e.
4
= 82 4 —hoh
a=s;+ kh2 3

4
b= s’f + -I;h(]hl

2
h =515 — % (hohs + hyihs)

f=—hyy —az1 +q152
g=—hz; —by; + g151
¢ = by} 4+ 2hx191 + az? — 291 (y151 + T182) + ¢F (7.57)

We turn now to the computation of the geometric characteristics from the
rational Bézier form. We present the formulas here without proof: although not
difficult, the derivations are involved. For the proofs we refer the reader to Lee’s
clegant article [Lee87], which is the source of this material.

We are given a quadratic rational Bézier conic, defined by Eq. {7.21), with all
w; > 0. We assume the conic is not degenerate. We define the symbols

S=Py—- P, T=P,—- P,

WoWse _ k

™ R (R
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a=|8|* B=S8.T ~y=|T[
§=oy-@=|SxT
(=a+y+28=|S+Tf
n=a+y-28=|S-T[

For the parabola we have the formulas

Axis "\}_Z (S+T) (7.58)

Focus : P + '—Y—S.Z—O:T- (7.59)
2 2

Vertex : P1+(”’—Jg—é)s+(ﬁ-}£)'r (7.60)

The center of an ellipse or hyperbola is given by
Center : P, +¢(S+T) (7.61)
Let A; < )2 be the solutions to the quadratic equation
2607 — (kn+48)A +2(k—1) =0

The roots of this equation are real. For an ellipse, Ay > A\; > 0 and € > 0. For a
hyperbola, A\; < 0 < A2 and € < 0. The major and minor radii are

Ellipse : r; = 1/ 5% = 1/ —;; (7.62)

Hyperbola : r = = ro = —< (7.63)
A1 Az
Define the following
k k
if ‘-2— YA1]| > 1-2— ——a/\ll
__k _ k
.’l)——-2 ’)’Al y—ﬂ/\1~§+1
- k .
else z‘=,3)\1—-—2—+1 J= - —ak
and p = ai? + 2Bzj + vi?
=z y
Zo = P Yo = p

Conic Type Classification and Form Conversion 325

Then the points Q; and Q2
Q1 = Py + (e +7120)S + (€ + 11%0)T
Q2 = Py + (e — 1170)S + (e — m130)T (7.64)

lie on the major axis of the ellipse or on the transverse axis of the hyperbola.
The other orthogonal axis is easily obtained, and the vertices of the ellipse or
the hyperbola are computed from the center, the radii, and the axis directions.

Note that for the circle, which is a special case of the ellipse, Eq. (7.62) yields
ry = ro. An algorithm should check for this case, because it makes no sense to
apply Eq. (7.64) to a circle.

Figures 7.27a~7.27c illustrate these formulas. Figure 7.27a shows a parabolic
arc along with the vertex (V), focus (F), and axis vector (A). In Figure 7.27b an
elliptical arc is depicted, with center (C), negative major axis (—U), and minor
axis (V). Figure 7.27c shows the hyperbolic case. Again, center (C), major (U)
and minor (V) axes are computed. This figure also shows how to compute the
asymptotes of the arc, A; and Ay, i.e., the lines that are tangential to the curve
at two points at infinity.

Finally, Figure 7.28 shows how to compute the NURBS representation of a
full ellipse, given an arc in Bézier form (see the four steps given at the end of
the previous section).

Py

P,

(a)

Figure 7.27. Geometric data computed from the Bézier representation. (a) A parabola
with vertex (V), focus (F), and axis (A); (b) an ellipse with center (C), negative major
axis (—U), and minor axis (V); (c) a hyperbola with center (C), major axis (U), minor
axis (V), and the two asymptotes (A: and Az).
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Py
P, "
C
P,
(b)

Figure 7.27. (Continued.)

7.8 Higher Order Circles

In some applications it is useful to represent full circles or circular arcs of sweep
angle greater than 180° with one rational Bézier segment (no internal knots),
no infinite control points, and no negative weights. In previous sections we
eliminated infinite control points and negative weights by using knot insertion.
Degree elevation also does the trick. A few examples are:
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/""“" ’ Py \
P.
N

7Q0=Qs

Q5 QG Q7

Figure 7.28. NURBS representation of a full ellipse given in Bézier form (dashed line).

Examples

Ex7.7 The semicircle of Example Ex7.1 can be degree elevated to yield
Q=Py QV=Py

ar = e+ 57 = (5.5:3)
ai - jer 5Py =(-343)

Thus (see Figure 7.29)
U = {0,0,0,0,1,1,1,1}

11
wd= {1351}
{Qz} = {(LO)’ (1,2))(_1a2)1 (—“110)}

Ex7.8 The arc of 240° given in Example Ex7 .4 is degree elevated to yield (see
Figure 7.30):

U = {0,0,0,0,1,1,1,1}
1= (o)
(@ ={(3) o-3).(-20,-3, (- a3)}

with a = V3.
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The following fourth- and fifth-degree full circle constructions are due to Chou
[Chou95] and Strotman [Stro91].

Ex7.9 We write the semicircle (with radius 1) in the complex plane as

z=¢e"" = f(u)=gu)+h(u)i 0<u<l (7.65)

Squaring Eq. (7.65), we obtain the full circle
e?™ = (g® ~h%) +(20h)i 0<u<1 (7.66)
From Example Ex7.1 we know that

1-2u _ 2u(l-w)

1 —2u+ 2u? (7.67)

g(u) =

Substituting Eq. (7.67) into Eq. (7.66) and returning to the real zy
plane, we obtain

1 — 4u + 8ud — 4ut

o(u) = 1~ 4u + 8u? — 8ud + 4ut
_ 4u(1 — 3u + 2u?)
ylu) = 1 — 4u + 8u2 — 8u3 + 4ut (7.68)
Y
Q, Q
z
Qs Qo

Figure 7.29. Rational cubic Bézier representation of the semicircle.
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Q; Qo

Q, Q

Figure 7.30. Rational cubic Bézier representation of an arc sweeping 240°.

Y
Q.
o K \
z
KQ/ Q=Q
q

Figure 7.31. Rational quartic representation of the full circle using two infinite con-
trol points.
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R3 RZ

4R x
NIARY

R4 . R1
R; =Ry

Figure 7.32. Rational quintic representation of the full circle using only finite control
points.

Converting to Bézier form yields
{Q:ﬂ} = {(37 0, 3)! (0? 3, 0), (“3: 0, 1)7 (0, -3, 0)7 (3a 0, 3)}

This is a fourth-degree full circle with two infinite control points (see
Figure 7.31).

Ex7.10 Simple degree elevation of the fourth-degree circle of Example Ex7.9
yields

Ry =(0,-55) Ry =(4,-1,1) Ry =(2,3,1)
Ry =(-2,3,1) RY{=(-4,-1,1) Ry =(0,-55)

This is a fifth-degree Bézier full circle using only finite control points
and positive weights (see Figure 7.32).

Chou [Chou95| proves that it is impossible to obtain a fourth-degree Bézier full
circle using only positive weights and finite control points.

Finally, we remind the reader that circles are simply perspective projections
of curves which lie on a right circular cone. Thus any such curves, including
nonplanar ones, will do. The possibilities are endless.

EXERCISES

7.1. Prove the statement made in Section 7.3, “Due to our choice of wy = we = 1,
it follows that the tangent to the conic at S = C(1/) is parallel to PoP;” Hint: Use
Egs. (7.25) and (7.26) and the properties of similar triangles.
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7.2. Consider Figure 7.13 and Eq. (7.33). They imply that w: depends only on the
sweep angle (not radius). Consider what happens to w; in the two limiting cases:

« hold Pg and P fixed and let P; go to infinity;
« fix a circle, and let Po and P2 come together.
7.3. The two concepts of “setting a weight to zero” and “infinite coefficients” also

exist for the rational power basis representation. Is one of these concepts being used
to obtain Egs. (7.8) and (7.9)? If so, which one?

7.4, Another representation of the full circle is obtained by using the nine-point square
control polygon and the knots of Example Ex7 .2 but with weights {w;} = {1,1,2,1,1,1,
2,1,1}. Investigate the continuity at u = 1/2. Use formulas from Chapter 5 to remove
the knot u = /2 as many times as possible. Compare this with Example Ex7.2 and
explain the results. Visualize the two circles lying on the cone in homogeneous space.

7.5. Use Egs. (7.53) and (7.25) to verify that Egs. (7.8) and (7.9) represent an ellipse
and a hyperbola, respectively.

7.6. A NURBS curve is defined by
1
U= {0,0,0, 5,1,1,1}
P ={(1, 0),(1,1),(~2,1), (-2, -1)}
11
w= {1531}

Is this curve a unique conic?
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CHAPTER
EIGHT

Construction of Common Surfaces

8.1 Introduction

Sections 2 through 5 of this chapter cover the NURBS representation of the
four surface types: bilinear surfaces, general cylinders (extruded surfaces), ruled
surfaces, and surfaces of revolution. As the reader surely realizes by now, these
representations are not unique. Considerations such as parameterization, convex
hull, continuity, software design, application area, data exchange, and even per-
sonal taste can influence the choice of representation method. Our presentation
closely follows the constructions given by Piegl and Tiller [PiegBTa). Section 6
uses nonuniform scaling to obtain additional surfaces such as the ellipsoid and
elliptic paraboloid. Section 7 presents a method for constructing a three-sided
patch on a sphere, whose boundary curves are circles whose radii are equal to
the radius of the sphere. This patch is useful as a corner fillet surface.

In order to clearly indicate the degree in this chapter, we use the notation
Ri p.j,q(u,v) for the i,jth rational basis function of degree p x g (compare this
with Eq. [4.12]).

8.2 Bilinear Surfaces

Let Pg0,P10,Po,1,P1,1 be four points in three-dimensional space. We want to
construct a NURBS representation of the surface obtained by bilinearly interpo-

lating between the four line segments, Po o P10, Po,1 P11, Poo Poi,and PP ;.

Clearly, the desired (nonrational) surface is given by

1 1
S(u,v) = _ Y Ni1(u)N;1(v) Py (8.1)

=0 j=0

with U=V =1{0,0,1,1}
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Equation (8.1) represents a simple linear interpolation between the opposite
boundary lines in each of the two directions. In Figure 8.1a the four points lie
in a common plane, hence the surface is that portion of the plane bounded by
the four line segments. Figure 8.1b shows a hyperbolic paraboloid obtained by
linear interpolations between the nonparallel diagonals of a cube.

8.3 The General Cylinder

Let W be a vector of unit length and C(u) = Y"1 o Ri p(u)P; be a pth-degree
NURBS curve on the knot vector, U, with weights w;. We want the represen-
tation of the general cylinder, S(u,v), obtained by sweeping C(u) a distance d
along W. Denoting the parameter for the sweep direction by v, 0 < v < 1,
clearly S(u,v) must satisfy two conditions

« for fixed @, S(&,v) is a straight line segment from C(@) to C(@) + dW;

o for fixed v

S(u,7) = C(u) + 5dW = Y R; ,(P; + 7dW)

i=0
(the translational invariance property).
The desired representation is
n 1
S(,9) =3 Y Ripj (u,0)Py; (82)

i=0 j=0

on knot vectors U and V, where V = {0,0,1,1} and U is the knot vector of
C(u). The control points are given by P;o = P; and P;; = P; + dW, and the
weights are w; o = w; 1 = w;. A general cylinder is shown in Figure 8.2.

A right circular cylinder is obtained by translating the NURBS circle a distance
d along a vector normal to the plane of the circle. Any of the circle representa-
tions given in Chapter 7 will do. Figure 8.3 shows a right circular cylinder whose
underlying circle is the quadratic, nine-point, square control polygon represen-
tation of Example Ex7.2 and Figure 7.16a. The cylinder is defined by

8 1
S(u,'v) = ZZR@Q;]’J(U, ’U)P,',j (83)

=0 j=0

where V = {0,0,1,1} and U and the weights (w; o and w; 1) are those given for
the circle in Example Ex7.2. Note that the control net forms the circumscribing
box of the cylinder.

Cylinders with circular and conic cross sections of sweep angle less than 360°
are obtained by translating the control points computed by Algorithms A7.1 and
A7.3. Figure 8.4 shows an elliptic cylinder.
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(b)
Figure 8.1. Bilinear surfaces. (a) Straight line boundaries lying in the plane II; (b)

nonplanar straight line boundaries (defined by diagonals of a cube) yielding a hyperbolic
paraboloid.
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Figure 8.2. A general cylinder obtained by translating C(u) a distance d along W.

Figure 8.3. A right circular cylinder.

« isocurve
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Figure 8.4. An elliptic cylindrical patch.

8.4 The Ruled Surface

Assume we have two NURBS curves

Nk
Ce(w) = Y Rip@PF  k=1,2
=0

defined on knot vectors U* = {uf,...,u, }. We want a surface which is ruled
in the v direction, i.e., it is a linear interpolation between C;(u) and Ca(u).
Furthermore, we require that the interpolation be between points of equal pa-
rameter value, i.e., for fixed @, S(@,v) is a straight line segment connecting the
points C; () and Cy(&). The desired surface form is

n 1
S(u,v) =) ) Ripys1(u,0) Py (8.4)

=0 j=0

where V = {0,0,1,1}. n, U, p, w; j, and P;; must all be determined.

Because of the tensor product nature of the surface, the two boundary curves,
Ck(u), must have the same degree and be defined on the same knot vector.
Hence, the algorithm for determining n, U, p, w;; and P, ; is

1. ensure that the two curves are defined on the same parameter range, i.e.,

1_ .2 1,2
ug = uj and up,,, =y, ;




338 Construction of Common Surfaces

2. if p; = ps, then set p = p;; otherwise, set p to the larger of p;,p2, and
raise the degree of the lower degree curve to p (Algorithm A5.9);

3. if the knot vectors U! and U? are not identical, merge them to obtain the
knot vector U; more precisely, u; is in U if it is in either U? or U2. The
maximum multiplicity of ; in U or U? is also carried over to U. For
example, if U! = {0,0,0,1,2,2,4,4,4} and U? = {0,0,0,1,2,3,4,4,4},
then U = {0,0,0,1,2,2,3,4,4,4};

4. using U, apply knot refinement (Algorithm A5.4) to both curves, Cg(u);
this step yields the final values of n, w; j, and P, ;.

Figures 8.5a-8.5¢ show the process of constructing a ruled surface between a
degree two and a degree three curve.
The general cone is also a ruled surface. Let P be the vertex point of the cone,
and let n
Ci(u) =) _ Rip(w)P}
1=0

be its base curve. Define the curve

Ca(u) = Y Rip(u)P?

i=0

o= N

Py

P3 A
P

P

(2)

Figure 8.5. Construction of a ruled surface between two NURBS curves. (a) In-
put degree two and degree three curves, U! = {0,0,0, Y4, s, 3/s,1,1,1} and U? =
{0,0,0,0, 3410, 710,1,1,1,1}.
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(©
Figure 8.5. (Continued.) (b) degree elevation of degree two curve; (c) knot refined

curves after merging the knot vectors; surface knot vector is U = {0,0,0,0, V4, 14, 310,
Y, 2, Tho, 34, 34, 1,1, 1,1},
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:
Ny
% So,

(d)
Figure 8.5. (Continued.) (d) control net of ruled surface.

with P? = P and w? = w} for all i (a degenerate curve). The ruled surface
between C;(u) and Cy(u) is the desired cone. Figure 8.6 shows a right circu-
lar cone, and Figures 8.7a-8.7c show some exotic ruled surfaces defined by lines
and circles.

We emphasize again that the rulings (straight line segments) on the NURBS
surface are between points of equal parameter value, not points of equal rel-
ative arc length. In general, ruling according to relative arc length yields a
geometrically different surface, and this cannot be achieved using NURBS. As a
consequence, mathematically precise conversion between NURBS and an IGES
ruled surface (Type 118), Form 0 [IGE93] is not possible.

8.5 The Surface of Revolution

Let C(v) = 3 72 Rjq(v)P; be a gth-degree NURBS curve on the knot vector
V. C(v) is called the generatriz, and it is to be revolved about an axis. At the
end of this section we present an algorithm which can revolve C(v) through an
arbitrary angle about an arbitrary axis. However, for the sake of simplicity let
us now assume that C(v) lies in the zz plane, and that we revolve C(v) a full
360° about the z-axis. The required surface, S(u,v), has characteristics such
that (see Figure 8.8): .

The Surface of Revolution 341

Figure 8.5. (Continued.) (e) ruled surface.

Figure 8.6. A right circular conical patch.
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Figure 8.7. Ruled surfaces defined by circles and lines. (a) Degree two ruled surface
(conoid); (b) degree three ruled surface. Figure 8.8. Definition of a surface of revolution.
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« for fixed @, S(i,v) is the curve C(v) rotated some angle about the 2-axis;

« for fixed ¥, S(u,?) is a full circle which lies in a plane perpendicular to
the z-axis, with its center on the z-axis.

Let us use the nine-point circle representation, with U = {0, 0,0, 13, 14, 12, /2,
8/4,3/s,1,1,1} and weights w; = {1, V2, 1, V2,1, V22, 1, v2/5,1}. Then the re-
quired surface has the form

8 m
S(u,0) =) Rigqu,v)Py; (8.5)

=0 j=0

The knot vectors are U and V. The control points and weights are determined
as follows (see Figure 8.8): For i = 0, P; ; = Py ; = P;. Because of the circular
nature of S(u,?), the P;; for fixed j, 0 < i < 8, all lie in the plane z = z;.
They lie on the square of width 2z;, with center on the z-axis. The weights
are defined by taking the products of the w; and the circle weights, w;, i.e., for
fixed j, We,; = Wj, Wy,; = (‘/i/z)wj, ws,j = Wj, W35 = (ﬁ/z)wj,. ce, W j = Wy
Figures 8.9a and 8.9b show the control net and the corresponding surface of
revolution generated by Eq. (8.5) and the curve of Figure 8.8.

It is not entirely obvious that Eq. (8.5) represents the desired surface of rev-
olution, hence we sketch a proof here. Fixing v = % and using the unprojected
form of Eq. (8.5), we write

m 8 m
$¥(@,v) =Y Njq(v) (ZNi,z(a)P:':,-) = Nj(v)QY¥
j=0 i=0 3=0

with 8 )
QY =) N (m)P¥;, 0<j<m
=0

But this says that Q; is just Py ; (= Pj) rotated about the z-axis through
some fixed angle, 6, corresponding to @. Hence, from the rotational invariance
of NURBS curves, it follows that S(&@,v) is just C(v) rotated about the z-axis
through #. This completes the proof.

Several common surfaces are surfaces of revolution. A torus is obtained by
revolving a full circle about the z2-axis (Figure 8.10). A sphere is obtained by
revolving about the z-axis a half circle whose endpoints lie on the z-axis (see
Figure 8.11). Notice that the control points at the north and south poles of
the sphere are repeated nine times: Py = -+ = Pgg and Po4 = --- = Pgy.
Hence, the partial derivatives at these poles with respect to u are identically
zero. However, the normal vectors clearly exist there.

We now present an algorithm which constructs a NURBS surface of revolution
through an arbitrary angle, theta, about an arbitrary axis (see Figure 8.12).
The axis is specified by a point, S, and a unit length vector, T. For conve-
nience, we separate weights and three-dimensional control points in this algo-
rithm; m,Pj [J,wj[] define the generatrix curve, and n,U,Pij[1[1,wij[][] are
computed (see Eq. [8.5]). We assume four utility functions:
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(®)

Figure 8.9. (a.) A control net for a surface of revolution; (b) a surface of revolution.

PointToLine() : projects a point to a line;

VecNormalize() : normalizes a vector and returns its magnitude;
VecCrossProd() : computes the vector cross product;
Intersect3DLines() : intersects two three-dimensional lines.

Note the similarity between this algorithm and Algorithm A7.1.
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Figure 8.10. A torus as a surface of revolution.

ALGORITHM A8.1
MakeRevolvedSurf (S, T,theta,m,Pj,wj,n,U,Pij,wij)
{ /* Create NURBS surface of revolution #*/
/* Input: S,T,theta,m,Pj,wj =*/
/* Output: n,U,Pij,wij */
if (theta <= 90.0) narcs = 1;
else

Figure 8.11. A sphere as a surface of revolution.

if (theta <= 180.0)
{ narcs = 2; U[3] =U[4] =0.5; }
else
if (theta <= 270.0)

{
narcs = 3;
U[3] = Ul4] = 1.0/3.0;
U[s] = U[6] = 2.0/3.0;
}
else
{
narcs = 4;
U[3] = U[4] = 0.25;
U[5] = U6} = 0.5;
Uf{7] = U[8] = 0.75;
}

dtheta = theta/narcs;
j = 3 + 2x(narcs-1); /* load end knots */

. . K . trary axis.
for (i=0; i<3; j++,i++) y axis

The Surface of Revolution 347

Figure 8.12. A general surface of revolution through an arbitrary angle about an arbi-
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{ Ulil = 0.0; U[jl =1.0; }
n = 2%narcs;
wm = cos{dtheta/2.0); /* dtheta/2 is base angle */
angle = 0.0; /* Compute sines and cosines only once */
for (i=1; i<=narcs; i++)

{

angle = angle + dtheta;

cosines[i] = cos(angle);

sines[i] = sin(angle);

}
for (j=0; j<=m; j++)

/* Loop and compute each u row of ctrl pts and weights */

PointToLine(S,T,Pj[j1,0);
X = Pj[j1-0;
r = VecNormalize(X); VecCrossProd(T,X,Y);
Pij[01[j] = PO = Pj[jl; /* Initialize first */
wij{o1 {31 = wjljl; /* ctrl pt and weight */
TO = Y; index = 0; angle = 0.0;
for (i=1; i<=narcs; i++) /* compute u row */
{
P2 = 0 + r*cosines[i]*X + r*sines[i]*Y;
Pij[index+2] [j] = P2;
wij[index+2] [j]1 = wjl[jl;
T2 = -sines[i]*X + cosines[i]*Y;
Intersect3DLines(P0,T0,P2,T2,Pij[index+1]1[j1);
wijlindex+1] [j1 = wm*wj[j];
index = index + 2;
if (i <narcs) { PO =P2; TO=T2; }
}
}

}

Figure 8.13 shows a general toroidal patch as a surface of revolution used to
round off a sharp corner.

8.6 Nonuniform Scaling of Surfaces
Let P = (p;), i = 1,2, 3, be a point in three-dimensional space, and let F = (f;),

i=1,2,3, be three real numbers (scale factors), one for each coordinate. Scaling
P about the origin by the factors F yields the point
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If C = (¢;) is an arbitrary point, then P is scaled about C by the equation
P=@) pi=fipi+Q-Ffi)e i=1,23 (8.7)

The scaling is called uniform if the three f; are equal; otherwise, it is nonuniform.

Several interesting surfaces can be obtained by applying a nonuniform scaling
to a surface of revolution. Figure 8.14 shows an ellipsoid, centered at the origin,
which has an implicit equation of the form

2 2 2

T y 24

2 + 2 + z = 1 (8.8)
The three coordinate planes cut the surface in three ellipses. The ellipsoid is
constructed by first producing the unit radius sphere, centered at the origin, and
then scaling it about the origin with the factors F = (a, b, c).

Figure 8.15b shows an elliptic paraboloid. The xz and yz planes cut the surface
in parabolas; the zy plane cuts it in an ellipse. It has the implicit equation
2?2y

—5 g = (8.9)
The elliptic paraboloid of Figure 8.15b is obtained from the paraboloid of rev-
olution shown in Figure 8.15a by scaling about the origin with the factors F' =
(a,b,1).

A nonuniform scaling is performed on a NURBS surface by applying the scale
factors to the three-dimensional control points. If the control points are stored in
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Figure 8.14. An ellipsoid obtained by scaling a sphere.

(@)

Figure 8.15. Paraboloids. (a) A paraboloid of revolution; (b) an elliptic paraboloid.
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(b)
Figure 8.15. (Continued.)

three-dimensional (unweighted) form, then Eq. (8.6) or Eq. (8.7) can be applied
directly. The weights do not change. If the control points are stored in four-
dimensional form :
PY = (p) p2) P3 w) = (p;, w) 1=1,2,3
then only the first three coordinates change. Equation (8.6) becomes
PY=(p%w) p¥=fpY i=1,23 (8.10)
and Eq. (8.7) becomes

PY=(p%w) Y= fip? + (1 - fi)we;, i=1,2,3 (8.11)

8.7 A Three-sided Spherical Surface

When three surfaces intersect, the result is three edge curves meeting at a corner

point (see Figure 8.16a). Since sharp edges and corners are often undesirable in
manufactured parts, surfaces are required which “smooth” or “round off” the
sharp edges and corners. These are called fillet surfaces. A common conceptual
method of obtaining fillet surfaces is the rolling marble model. If a marble with
radius R is rolled along all the edge curves and into the corner, the surfaces
84 S7 of Figure 8.16b are obtained. S4-Sg are edge fillets, and S7 is a corner
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fillet. Cross sections of $4—Sg perpendicular to the directions of the respective
edge curves are circular arcs of radius R, whose arc length varies as the angle
between the surfaces varies along an edge. In general, these surfaces are quite
complex and cannot be represented precisely in NURBS form. Using NURBS,
they are usually approximated to within some user-specified tolerance. The
corner fillet, S7, is a three-sided patch, lying on a sphere of radius R. We use the
term patch to mean a subsurface of some larger surface. The three boundary
curves are circular arcs of radius R, whose centers coincide with the center of
the sphere. Furthermore, assuming the surfaces do not meet tangentially, the
arcs have sweep angles less than 180° and therefore can each be represented
with one Bézier segment with all positive weights. The corner fillet is precisely
representable as a (4 x 2)-degree NURBS surface, with one degenerate boundary.

In addition to obtaining a corner fillet surface, the method presented here
is a simple and specific case of a more general technique to construct tensor
product patches on quadric surfaces. A quadric surface is any surface having a
second-order implicit equation of the form

S(x,y,2) = ax® + by’ +c2? +dzy+exz+ fyz +gr+hy+iz+j=0 (8.12)

Spheres, ellipsoids, hyperboloids, paraboloids, and circular cylinders and cones
are examples of quadric surfaces. All of these, and many other important surfaces
such as tori and a surface of revolution whose generating curve is quadratic, are
generated by two families of curves of maximum degree 2. For example, a sphere
is generated by two families of circles (circles of latitude and longitude), and the
right circular cylinder by a family of straight lines and a family of circles. The
techniques of Sections 8.2-8.6 can be used to construct patches on these surfaces
if the patch boundary curves are portions of curves comprising the two generating
families. The resulting surface patch is biquadratic. If the patch boundaries do
not follow the generating families (as in the case of the general corner fillet), then
the situation is more complex, and the patch may not even be representable as
a NURBS surface. Some results and algorithms have been obtained for the
case that the underlying surface is quadric and the patch boundaries are conic
sections, e.g., see [Geis90; Boeh91; Hosc92a).

We now show how to construct a corner fillet. Although the details are rather
messy, the method is conceptually quite simple; we simply compose two map-
pings. Without loss of generality we assume that the underlying sphere has radius
R and is centered at (0,0, R) (see Figure 8.17). The well-known stereographic
progection (see {Coxe67; DoCa76]) yields a rational parametric representation of
the sphere Sy (u,v) = (z(u,v), y(u,v), 2(u, v)), where

2(u,v) = __ 4R
T 42 402 +4R?
4R*y
y(u,v) = w2+ 02+ 4R2
2R(u? + %)
V)= o IR (8:13)
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N

e

(b)

Figure 8.16. Rounding edges and a corner. (a) Three edges and a corner formed by
three intersecting planes; (b) three edge fillet surfaces and one corner fillet surface
formed by rolling a marble; the rounded corner and the three edges are shown dashed.
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that is, a (u,v) point maps into the (z,y, z) point which is at the intersection
of the sphere and the line segment from (u,v,0) to (0,0, 2R) (see Figure 8.17).
Under this projection we have the following correspondences:

« straight lines passing through the origin of the zy plane map to longitu-
dinal circles on the sphere;

« all other circles on the sphere correspond to circles in the zy plane.

The three boundaries of the fillet surface are circular arcs of radius R, with
centers at (0,0, R). Denote these arcs by Cy(t), C2(s), Cs(t), with 0 < s, t < 1.
Without loss of generality we assume that the patch boundaries are positioned
and oriented as (see Figure 8.18):

« C;(t) and Cj3(t) start at the origin: C1(0) = C3(0) = (0,0,0);
¢ C;(t) lies in the zz plane;
o C1(1) = C2(0) and Cy(1) = Cs(1).

Then the projection of the fillet patch yields a flat surface, Sa(s,t) = (u(s, t),
v(s,t),0) in the zy plane. The s = 0 and s = 1 boundaries of Sy(s, t) are straight
lines, the ¢t = 0 boundary is degenerate, and the £ = 1 boundary is a circular arc.
Hence, S2(s,t) has degree (2,1) and the composition mapping S(s,t) = S; 08,
yields a (4 x 2)-degree rational Bézier representation of the fillet surface.

Clearly, general formulas can be derived for computing the control points and
weights of S(s, t). However, as most terms are zero anyway, we specifically derive
the formulas for each coordinate and weight separately. The computation is:

Q (0,0,2R)

& (uv)

Figure 8.17. Stereographic projection.
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z

?

(0,0,2R)

Figure 8.18. The flat surface Sy obtained by projecting the fillet surface onto the
zy plane.

1. obtain the Bézier representation of Sa(s,t);
2. convert Sq(s,t) to power basis form;

3. substitute the power basis coefficients of Sa(s,t) into S1(u,v) (Eq. [8.13])
to obtain the power basis form of the fillet patch, S(s,t);

4. convert S(s,t) to Bézier form.

The Bézier representation of Sa(s,t) requires six four-dimensional control
points, P;‘:‘:j, 0<i1<2 0<j<1 C(learly, P()’o = Pl,() = Pg,o = (0, 0, 0),
with wpo = wag = 1. w is set equal to wy,;, which must still be computed
later. P}, 0 < i < 2, are the control points of the circular arc which is the

projection of Ca(s). They are obtained as follows:

1. project the three points Ca(0), C2(1/2), and Ca(1) to the circular arc in
the zy plane. Let (z,y, z) be the coordinates of one of these points; then
the uv coordinates of the projection are computed by the formula

—2R
a=-—0 u=ax, v=ay (8.14)

This yields Pg; and PY, (wo; = wz; = 1).

2. compute the center (O in Figure 8.18) and the radius, r, of the projected
arc; for example, O is found by intersecting the perpendicular bisectors
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of two of the chords formed by the projections of the three points, C2(0),
C2(1/2), and C2(1);

3. then compute Py, by (see Figure 8.18):
— compute M = 1/2(Po1 + P2,1);

— Pi,1 is the inverse of M with respect to the projected circular arc (see
[Coxe67]), hence OM - OP;,; = r?; from this we get

Pl,l = (1 ot a)O +aM
2
T lomp’
— from Eq. (733), wi,1 = COS VA P1,1 P2’1 PO,I‘
Let [a¥;] denote the power basis coefficients of S3'(s,¢). From Eq. (6.91) it
follows that

where

[a?il,)j =MZ[P:‘i‘,)j]MiT

where M, and M, are the second- and first-order Bézier matrices, respectively
(Eq. [6.80]). Applying the matrix multiplications yields

ago = Pgo

a5, = P§y — Pgo

ayy = 2(PYy — Py)

ay; = 2(PY, + Pgp — Pyy — Pi)o)

w — W w
aze = Pgy — 2Py, + Py,

a’2",1 = P},‘:l + P'ﬁjl - P}fo - P’z‘fo + Z(P'l‘jo - P'l‘jl) (8.15)
Now let ay; = (i3, 5, hij) (8.16)

(note that the u; ; and v; ; are weighted). The z coordinate is zero, and to avoid
a conflict later we use h instead of w for a weight. Denote the control points of
the circular arc by P} = (i, Bisvi), 0 < i < 2 (a; and fB; weighted). Assuming
corner weights to be 1, and considering the fact that C;(¢) lies in the zz plane
and C1(0) = (0,0,0), it follows that the only nonzero u; ;, v;;, and h; ; are
%,1 = Qg
U1 = 2(&1 — ao)

U1 = Q2 + g — 2(11

vn,1 =26

v2,1 = 2 — 20

hoo =1

hio=2(m1 —1)

hao =2(1—7) (8.17)

A Three-sided Spherical Surface 357

Using Eqs. (8.16) and (8.17) and the power basis form

w w1
Sy (s,t) =[1 s s°] [a¥, lt] (8.18)
btai
e o Sa(s,t) = (uls, 1), v(,)
U(s,?) V(s,?)

. = = 8.19
with U(S, t) H(S,t) ’U(S,t) H(S,t) ( )
and U(s,t) = uo 1t + u1,18t + g1 8%t

V(s,t) = vi,18t + 1)2,152t
H(S, t) = hgo + hl,os + hz,osz (8.20)
Substituting Eqgs. (8.19) and (8.20) into Eq. (8.13), we have
S(s,t) = (z(s,1), (s, 1), 2(s, 1)) (8:21)
. X(s,1) Y (s,t) Z(s,t)
= = t) = —= 8.22
with a0 = g wen= oy )= iy 62)

and X(s,t) = 4R%U(s,t)H(s,t)
= 4R?(up 1t + u1,15t + u215%t)(ho,o + h1,05 + ha08%)
= 4R?[uq,1ho ot + (u1,1ho,0 + uo,1h1,0)5t
+ (up,1ho,0 + u1,1h1,0 + uo,1ha )5t
+ (uz,1h1,0 + u1,1h2,0)5%t + uz,1h208%t] (8.23)
Y (s,t) = 4R%V (s,t)H(s,1)
= 4R?(vy,15t + v2,15%t) (o0 + h1,05 + h2,08%)
= 4R?[v; 1 hoost + (va,1ho0 + v1,1h1,0)5%t
+ (v1,1h2,0 + v2,1h1,0)5°t + va,1ho 054 (8.24)
Z(s,t) = 2R [U(s,t)* + V(s,1)’]
= 2R [uf 1£* + 2uou1,15t% + (ud ) + 2uo,1uz,1 + vi,)s
+ 2(uy U9, +v1,102,1)8% + (ud ) +v31)st?] (8.25)
W(s,t) = U(s,t)? + V(s,t)*> + 4R%H(s,1)?
= 4R?h} o + 8R%hooh1,05 + 4R%(h3 o + 2ho oha20)s® + ud 11>
+ 8R2hy ohaos® + 2ug 1u1 1582 + 4R?hS o5

2t2

+ (“?1 + 2ug,1u2,1 + 'Uf,l)sztz

+ 2(u1,1uz,1 + v1,102,1)8°8% + (u%l + 'vg,l)s"t2 (8.26)
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Denote by
$U(s,8) = ['][bY][#]T  0<i<d4 0<j<2 (8.27)

the power basis representation of 8¥(s,t), and let by, = (zij,Yi,j, 2i,j, Wij)-
Most of the coordinates of the b;”; are zero. The only nonzero elements are

zo,1 = 4R%ug,1ho0

21,1 = 4R*(u1,1ho,0 + vo,1h1,0)

T2, = 4R*(uz,1ho0 + u1,1h1,0 + uo,1ha0)

z31 = 4R*(uz,1h1,0 + u1,1h20)

Tq1 = 4R2?f2,1h2,0 (8.28)

y1,1 = 4R%v1,1hop

Y21 = 4R?(v3,1ho,0 + v1,1h1,0)

y3.1 = 4R*(v1,1ha 0 + vo,1h1,0)

Ya1 = 4R%v31hap (8-29)

20,2 = 2Ru

z1,2 = 4Rug 1111

222 = 2R(ui1 + 2ug1ug; + 'U%,l)

232 = 4R(uy 1u21 +v1,102,1)

Z4o = 23(2’%,1 + U%,l) (8:30)

'11)0’0 = 4R2h(2),0

wy 0 = 8R%hooh1,0

W0 = 4R2(h%,0 -+ 2h0,0h2’0)

ws0 = 8R%hyghay

wy0 = 4R?*A3

wo2 = ud;

w2 = 2up,1U1,1

Wo,2 = uil + 2ug,1u2,1 + ”?,1

w32 = 2(uy,u2,1 + v1,1'l)2,1)

T P (8.31)

Equations (8.27)—(8.31) give the power basis form of the fillet surface S¥(s, ).
The Bézier (NURBS) representation is obtained by applying Eq. (6.100), that is

(Py;] =M [} ] (Mz )T

Algorithm A6.2 is used to compute M, * and M;*
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Figure 8.19. A corner fillet surface — an arbitrary spherical patch whose boundaries are
great circles of the sphere.

We now summarize the complete algorithm. Input to the algorithm are three
boundary arcs, Cy, Cz, and C;, arbitrarily positioned and oriented in space but
joined at their endpoints. Output is a (4 x 2)-degree rational Bézier fillet patch.

ALGORITHM A8.2
MakeCornerFilletSurf (C1,C2,C3,Pwij)
{ /+ Create NURBS cormer fillet surface */
/* Input: C1,C02,C3 =*/
/* Output: Pwij */

1. Compute the common radius and center point of the three
boundary arcs.

2. Using translation, rotation and possibly curve reversal
(see Chapter 6), position and oriemt the boundary arcs
as in Figure 8.18. Note that, in fact, only C; must
actually be positioned and oriemted, as only it is
required in order to compute the three control points

vy = (04, Bi, 1) -

3. Compute the (a,f3;,7:) as described above.

4. Convert SY(s,t) from Bézier to power basis form
(Eq. [8.17]).

5. Compute the power basis form of the fillet patch
S¥ =8% 0S8y (Egs. [8.271-[8.31]).
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6. Convert S¥(s,t) to rational Bézier form (Eq.[8.32] and
Algorithm A46.2).

7. Rotate/translate S(s,t) back to the correct location in
three-dimensional space (the inverse transformation of
Step 2).

}

Figure 8.19 shows a corner fillet patch constructed by Algorithm A8.2.

CHAPTER
NINE

Curve and Surface Fitting

9.1 Introduction

In Chapters 7 and 8 we showed how to construct NURBS representations of com-
mon and relatively simple curves and surfaces such as circles, conics, cylinders,
surfaces of revolution, etc. These entities can be specified with only a few data
items, e.g., center point, height, radius, axis of revolution, etc. Moreover, the few
data items uniquely specify the geometric entity. In this chapter we enter the
realm of free-form (or sculptured) curves and surfaces. We study fitting, i.e., the
construction of NURBS curves and surfaces which fit a rather arbitrary set of
geometric data, such as points and derivative vectors. We distinguish two types
of fitting, interpolation and approzimation. In interpolation we construct a curve
or surface which satisfies the given data precisely, e.g., the curve passes through
the given points and assumes the given derivatives at the prescribed points. Fig-
ure 9.1 shows a curve interpolating five points and the first derivative vectors
at the endpoints. In approximation, we construct curves and surfaces which do
not necessarily satisfy the given data precisely, but only approximately. In some
applications — such as generation of point data by use of coordinate measuring
devices or digitizing tablets, or the computation of surface/surface intersection
points by marching methods — a large number of points can be generated, and
they can contain measurement or computational noise. In this case it is im-
portant for the curve or surface to capture the “shape” of the data, but not
to “wiggle” its way through every point. In approximation it is often desirable
to specify a maximum bound on the deviation of the curve or surface from the
given data, and to specify certain constraints, i.e., data which is to be satisfied
precisely. Figure 9.2 shows a curve approximating a set of m + 1 points. A
maximum deviation bound, E, was specified, and the perpendicular distance, e;,
is the approximation error obtained by projecting Q; on to the curve. The e;
of each point, Q;, is less than E. The endpoints Q, and Q,,, were specified as
constraints, with the result that eg = e, = 0.
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Dy

Figure 9.1. A curve interpolating five points and two end derivatives.

There are many subtleties in fitting, and literally hundreds of papers have been
written on this topic. Many of the techniques are heuristic, and there are usually
no unique or clear-cut “right” answers. A fundamental problem is that the given
data never specifies a unique solution. There are infinitely many NURBS curves
which can interpolate the seven data items in Figure 9.1, or approximate the
m+ 1 items in Figure 9.2. How often has the implementor of a fitting algorithm
been told by a designer using the software: “but that’s not the curve I wanted!”.
And the reply is often: “well, it’s mathematically correct; it satisfies the data
you gave me!”.

Input to a fitting problem generally consists of geometric data, such as points
and derivatives. Output is a NURBS curve or surface, i.e., control points, knots,
and weights. Furthermore, either the degree p (or (p,gq) for surfaces) must be
input or the algorithm must select an appropriate degree. If C" continuity is

Figure 9.2. A curve approximating m+1 points; the curve is constrained to pass through
the endpoints, Q, and Q,,.
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desired for a curve, then the chosen degree p must satisfy
p2r+1 (9.1)

(assuming no interior knots of multiplicity > 1). Assuming no other require-
ments, choosing p = 7 + 1 is generally adequate for interpolation. For approxi-
mation, choosing p > 7+ 1 may produce better results. For example, suppose we
want a C! continuous curve approximation to point data representing a twisted
curve in three-dimensional space. Using a cubic will likely yield a curve with
much fewer control points than a quadratic, although a quadratic gives us the
desired continuity. Very little has been published on setting the weights in the fit-
ting process. Most often, all weights are simply set to 1. Indeed, for interpolation
there is probably little reason to do otherwise (an exception being when fitting
with piecewise circular arcs [Hosc92b]). For approximation, allowing weights to
be arbitrary should produce curves and surfaces with fewer control points; we
present one such algorithm. Finally, there are many methods for choosing the
knots, most of them heuristic.

Most fitting algorithms fall into one of two categories: global or local. With a
global algorithm, a system of equations or an optimization problem is set up and
solved. If the given data consists of only points and derivatives, and if the control
points are the only unknowns (degree, knots, and weights have been preselected),
then the system is linear and hence easy to solve. If more esoteric data, such
as curvature, is given, or knots and/or weights are also system unknowns, then
the resulting system is nonlinear. Theoretically, a perturbation of any one input
data item can change the shape of the entire curve or surface; however, the
magnitude of the change decreases with increasing distance from the affected
data item. Local algorithms are more geometric in nature, constructing the curve
or surface segment-wise, using only local data for each step. A perturbation in
a data item only changes the curve or surface locally. These algorithms are
usually computationally less expensive than global methods. They can also
deal with cusps, straight line segments, and other local data anomalies better.
However, achieving desired levels of continuity at segment boundaries is more of
a headache, and local methods often result in multiple interior knots.

In subsequent sections we present a number of global and local methods of
curve and surface interpolation and approximation. The methods were chosen
for their proven utility, and because they represent a broad cross section of
techniques. We emphasize that this chapter does not treat interactive curve and
surface design, although many of the techniques covered here are applicable to
that topic. Interactive design in a NURBS framework generally takes one (or
both) of the following approaches:

« given a NURBS curve or surface, interactively change its shape by modi-

fying weights and/or control points; these techniques are treated in Chap-
ter 11;

« interactively construct a NURBS curve or surface. Local fitting techniques
are particularly well-suited to this task. Polynomial or rational segments
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of any type (e.g., Hermite, Bézier) can be individually constructed and
shaped. In addition to local controls, some methods provide global con-
trols, such as a global tension parameter. Whatever the method, if the
result is a piecewise polynomial or rational curve or surface, it generally
can be converted to NURBS form as the final step.

9.2 Global Interpolation

In this section we present methods to interpolate a curve to point and derivative
data, and to interpolate a surface to point data.

9.2.1 GLOBAL CURVE INTERPOLATION TO POINT DATA

Suppose we are given a set of points {Q,}, kK = 0,...,n, and we want to in-
terpolate these points with a pth-degree nonrational B-spline curve. If we as-
sign a parameter value, 4, to each Q;, and select an appropriate knot vector

U = {ug,...,um}, we can set up the (n+1) X (n+ 1) system of linear equations
Q. = C(ax) = Y Ny () P; (9.2)
=0

The control points, P;, are the n + 1 unknowns. Let r be the number of coordi-
nates in the Q,, (typically 2, 3, or 4). Note that this method is independent of r;
Eg. (9.2) has one coefficient matrix, with r right hand sides and, correspondingly,
T solution sets for the r coordinates of the P;.

The problem of choosing the 4; and U remains, and their choice affects the
shape and parameterization of the curve. Throughout this section we assume
that the parameter lies in the range u € [0,1]. Three common methods of
choosing the iy, are:

« equally spaced:

Ug =

I

U = k=1,...,n—1 (9.3)

This method is not recommended, as it can produce erratic shapes (such
as loops) when the data is unevenly spaced;

« chord length: Let d be the total chord length

d=3 Q- Q] (9.4)
k=1

Then g =0 Up =1
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[ Qr — Q1

y k=1,...,n—1 9.5)

Ug = Ug—1 +

This is the most widely used method, and it is generally adequate. It
also gives a “good” parameterization to the curve, in the sense that it
approximates a uniform parameterization.

« centripetal method: Let
n
d=ZVIQk" Q-1
k=1

Then @p=0 Uy =1

| Qr — Qe-1l
ﬂk-—_-ﬁk..]‘f‘-—k—&——-‘j—i— ck=1...,n-1 (96)

This is a newer method (see [Lee89]) which gives better results than the
chord length method when the data takes very sharp turns.

Knots can be equally spaced, that is,

p=---=up =0 Um—p =+ = Uy = 1
J

— j=1,...,n— )
p—— ji=1,...,n—p 9.7)

Uj+p =
However, this method is not recommended; if used in conjunction with Egs. (9.5)

or (9.6) it can result in a singular system of equations (Eq. [9.2]). We recommend
the following technique of averaging

’U-0=“'=up=0 um—p="'=um=1

11’+p—1
Ujpp = — Uy j=1...,n—p (9.8)

i=j

With this method the knots reflect the distribution of the #;. Furthermore,
using Eq. (9.8) combined with Eq. (9.5) or (9.6) to compute the i leads to a
system (Eq. [9.2]) which is totally positive and banded with a semibandwidth
less than p (see [DeBo78]), that is, N; (@) = 0 if | i — k | > p. Hence, it can be
solved by Gaussian elimination without pivoting.

Figure 9.3 shows control points, parameters, and the knot vector of a cubic
curve interpolating seven points. Parameters were chosen by the chord length
method, and the knots were obtained by averaging the parameters (Eq. [9.8]). In
Figure 9.4 a comparison of different parameterizations is illustrated. Figure 9.5
shows the same comparison using more “wildly” scattered data points. In both
cases a cubic curve is passed through seven points, using uniform parameters and
uniform knots (solid curve and top knot vector — see Egs. [9.3] and [9.7]); chord
length parameters and knots obtained by averaging (dashed curve and middle
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Figure 9.3. A curve interpolation example using chord length parameterization and a
knot vector obtained by averaging parameters.

knot vector — see Egs. [9.5] and [9.8]); and centripetal parameters and knots
obtained by averaging (dotted curve and bottom knot vector — see Eqgs. [9.6] and
[9.8]). In Figure 9.5 notice how the chord length and centripetal parameterized
curves adapt to the changes in point spacing.

Figure 9.4. A curve interpolation example with different parameterizations and knot
vectors.

Figure 9.5. A curve interpolation example with different parameterizations and knot

. vectors.

Figure 9.6 illustrates interpolation with different degrees; solid, dashed, and
dotted curves have degrees 2, 3, and 4, respectively. Figure 9.7 shows the inability
of the global interpolant-to handle collinear point sets.

Once the @y, and the knots are computed, the (n+1) x (n+1) coeflicient matrix
of the system (Eq. [9.2]) is set up by evaluating the nonzero basis functions at
each 4x, k =0,...,n; use Algorithms A2.1 and 42.2.

Example

Ex9.1 Let {Q;} = {(0,0),(3,4),(-1,4),(—4,0),(—4,-3)}, and assume that
we want to interpolate the Q, with a cubic curve. We use Egs. (9.5)
and (9.8) to compute the @; and u;, and then set up the system of linear
equations, Eq. (9.2). The separate chord lengths are

|Q1“Qo|=5 Qs ~ Q] =4 1Qs— Q2| =5 |Q4“Q3|=3
and the total chord length is d = 17. Thus

_ _ 5 9 _ 14
u0=0 u1=-1—f u2=1—7— U3=ﬁ

wa= S (2 0 1) _28
T3\t 1T )T s

iy =1

Using Eq. (9.8)
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Figure 9.6. A curve interpolation with different degrees using chord length parameter-

ization and knots obtained by averaging.

hence U= {O, 0,0,0,

The system of linear equations is

&

[ 1 0 0
Nos (%) Nigs (-%) Nojs (
Nojs (%) N3 (-1%) Nos (

0 Ny G';) Ny 3 (

L 0 0 0

| )
P
P,
Py
P,

Qo
Q
Q,

Q,
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Figure 9.7. A global cubic curve interpolant to data containing collinear points (see the
dashed line).

We now summarize the global interpolation algorithm. We assume two utility
routines to solve the system of linear equations:

» LUDecomposition(A,q,sbw) to decompose the ¢ x g coefficient matrix
with semibandwidth sbw into lower and upper triangular components; for
simplicity we assume A is an ¢ X ¢ square array, but a utility should be
used which only stores the nonzero band;

« ForwardBackward(A,q,sbw,rhs,sol) to perform the forward/backward
substitution (see [Pres88]); rhs[] is the right hand side of the system (the
coordinates of the Q.), and sol[] is the solution vector (coordinates of
the f%)

The algorithm also makes use of FindSpan() and BasisFuns() from Chapter 2.

ALGORITHM A9.1
GlobalCurveInterp(n,Q,r,p,m,U,P)
{ /* Global interpolation through n+l points #*/
/* TInput: mn,Q,r,p */
/* Output: m,U,P =*/
m = n+p+l;
Compute the uk; /* Eq.(9.5) or (9.6) */
Compute the knot vector U; /* Eq.(9.8) */
Initialize array A to zero;
for (i=0; i<=n; i++)
{ /* Set up coefficient matrix */
span = FindSpan(n,p,uk[i],U);
BasisFuns(span,uk[il,p,U,A[i] [span-p]); /* Get ith row */

}
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LUDecomposition(A,n+1,p-1);

for (i=0; i<r; i++) /* r is the number of coordinates */
{
for (j=0; j<=n; j++) rhs[j] = ith coordinate of Q[j];
ForwardBackward(A,n+1,p-1,rhs,so0l) ;
for (j=0; j<=n; j++) ith coordinate of P[j] = soll[j];

9.2.2 GLOBAL CURVE INTERPOLATION WITH
END DERIVATIVES SPECIFIED

It is not uncommon for derivative vectors to be specified as input data. In this
case, the solution process is similar to Algorithm A9.1:

1. compute parameters i corresponding to the points Q,;
2. compute a knot vector U;

3. evaluate the basis functions to set up a system of linear equations, with
the control points as unknowns;

4. solve the system.

Only Steps 2 and 3 are slightly different from the previous case. Each derivative
gives rise to one additional knot and control point, and hence to one additional
linear equation. The derivative formulas of Chapters 2 and 3 are used to set
up the additional equations, e.g., Egs. (2.7),(2.10), and (3.3)-(3.10). We now
illustrate this with examples using first derivatives.

Again let {Q.}, k =0,...,n, be points, and assume that Dy and D,, are the
first derivative vectors at the start point and end point of the curve, respectively.
We want to interpolate this data with a pth-degree curve

n+2
C('u.) = ZNi,p(u)Pi
i=0
As before, compute the @k, k = 0,...,n, using Eq. (9.5) or Eq. (9.6). Then set
m = n+ p-+ 3 and obtain the m + 1 knots by
Ug = =Up =0 Upp = =0 = Uy = 1
1 Jj+p-1
Ujtptl = = U J
=]

0,...,n—p+1 (9.9)

Notice that Eq. (9.9) is analogous to Eq. (9.8) except that we pick up two addi-
tional knots by running j from 0 to n — p-+ 1. As before, Eq. (9.2) yields n + 1
equations
n+2
Q. = C(uk) = ZNi,p(ﬁk)Pi (9.10)

=0
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Equations (3.7) produce two additional equations, i.e.

~Po+ P = "’:‘ Do (9.11)
1= Upp-
~Prp1+ Pryo = “—:’E‘—l‘ D, (9-12)

Inserting Eqgs. (9.11) and (9.12) into Eq. (9.10) as the second and next to last
equations, respectively, yields an (n + 3) x (n + 3) banded linear system. Fig-
ure 9.8 shows cubic curve interpolants with end tangents specified. The small,
medium, and large magnitudes of the derivatives produce the solid, the dashed,
and the dotted curves, respectively. Figure 9.9 illustrates interpolants to the
same data points, but with different end tangent directions and magnitudes for
the derivatives.

9.2.3 CUBIC SPLINE CURVE INTERPOLATION

The previous method (Egs. [9.9]-[9.12]) is valid for any degree p > 1. If p = 3,
there is an algorithm which is more efficient and yields the traditional C? cubic
spline. The i, are computed as previously. The knots are
ug=---=ug=0 Uptg =+ = Upye =1
Uj3 = Uj i=1l...,n—-1 (913)
In other words, the interpolation of the Q, occurs at the knots. The first two
and last two equations are, respectively

Po=Qq
~Po+ P = 2D (9.14)

Figure 9.8. Global cubic curve interpolants with varying end derivative magnitudes.
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Figure 9.9. A global cubic curve interpolation with different end derivative directions.

1- n
and - Ppi1+ Pn+2 = ..__..._;_.i.g Dn
P2 =Q, (9.15)

These can be solved directly. Recalling that there are only three nonzero cubic
basis functions at an interior knot, the remaining n — 1 equations have the form

Qi = C(ax) = Ni,3(tk) Pr + Niy1,3(8k) Piy1 + Niy2,3(8) Prya (9.16)
fork=1,...,n— 1. Setting
ar = Ni3(@x) by = Ngy1,3(8x) ek = Niyo,3(@k)

yields the tridiagonal system

R; Q —aPy
R; Q;
-1 Qn—-Z
Rm _Qn-l _‘cn—IPn+1
(b a 0 0 0 0 P,
ag b2 Cc2 0 0 0 P3
=: : S (9.17)
0 0 0 Qp-2 bn—2 Cn-2 Pn—l
L 0 0 0O 0 Gn-1 b1 P,
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This system can be solved by a simple algorithm which computes the rows of
the matrix in Eq. (9.17) on-the-fly. It requires two local arrays, R[] and dd (1,
of length n + 1, and an array abc[] of length 4, which stores ay, by, cx,0. It
assumes that Py, Py, P,41, Pr4o are already computed and loaded into array P.
The algorithm can be adapted to handle points with any number of coordinates.

ALGORITHM A9.2
SolveTridiagonal(n,Q,U,P)
{ /* Solve tridiagonal system for C2 cubic spline */
/* Input: =n,Q,U,P[0],P[1],P{n+1],P[n+2] =/
/* QOutput: P x/
for (i=3; i<m; i++) RI[i] = Q[i-1]1;
BasisFuns(4,U[4],3,U,abc);
den = abc[i];
P[2] = (Q[1]-abc[0]*P[1])/den;
for (i=3; i<n; i++)
{
dd[i] = abc2]/den;
BasisFuns(i+2,U[i+2],3,U,abc);
den = abc[1]-abc[0]*dd[i];
P[i] = (R[i]l-abc[0]1*P[i-1])/den;
}
dd[n] = abc[2]/den;
BasisFuns (n+2,U[n+2],3,U,abc);
den = abc{1]-abc[0]*dd[n];
Pln] = (QIn-1]-abc[2]*P[n+1]-abc[0]*P[n-1])/den;
for (i=n-1; i>=2; i--) P[i] = P[il-dd[i+1]*P[i+1];

}

Figure 9.10 shows data interpolated with this cubic spline algorithm.

Often, only tangent directions but not magnitudes for derivative vectors are
specified. We denote unit length tangent vectors by Ty and T,,. In this case,
magnitudes o and «,, must be estimated. Set

D() = aoTo Dn = anTn (9.18)

and proceed as before. A reasonable choice is to set ag and a, equal to the total

chord length, d, as computed in Eq. (9.4). In an interactive environment, g and

@, can be used as additional shape controls.
9.24 GLOBAL CURVE INTERPOLATION WITH
FIRST DERIVATIVES SPECIFIED

Suppose now that the first derivative, Dy, is given at every point, Qy, k =
0,...,n. There are 2(n + 1) data items and that many unknown control points.
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Figure 9.10. A cubic spline interpolant (solid line) compared to a regular cubic in-
terpolant (dashed line) obtained by using chord length parameterization and knots
computed by averaging.

The n + 1 equations expressing the Q; are

2n+1
Qi = C(iix) = Y, N p(iix) P; (9.19)
=0
and from Egs. (2.10) and (3.3), the n + 1 equations expressing the Dy, are
2n+1
Dy = C'('Ek) = Z Nl{,p(ﬁk)Pi (9.20)
=0
The parameters ii; are computed using Eq. (9.5) or Eq. (9.6). The number of
knots is
2An+1)+p+1 (9.21)
and they should be chosen to reflect the distribution of the #@. For p = 2 and
p = 3, satisfactory choices are

ﬂ‘g—%vﬁ%“',ﬁn—l»y'%ﬂalal)l} (922)

U= {0$070a y}'yal’
2
24y + 2 Uy + 209 Up—g + 2Up—1
3 3 3 L 3 K
Up—1 + 1
2
respectively. Equations (9.19) and (9.20) are merged in an alternating fashion

to yield a 2(n + 1) x 2(n + 1) banded linear system. For example, let p = 3.
Denote the first and last interior knots of Eq. (9.23) by

ﬂn—l +1
Um—p-1 = 9

and U={0,0,0,0, ’%1—7

,1,1,1,1} (9.23)

o) &

Ug =

[
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The system of equations is

P - q,
Uq
-P+ P - —3TD0
N1,3(ﬁ1)P1 +"‘+N4’3(ﬁ1)P4 - Ql
Ny () Py+ - + Nig(@) Py =D,
N2n——3,3(ﬁ/n—l)P2n—3 + e+ N2n,3(ﬁn—l)P2n = Qn—-l
Nén—3,3(ﬁn—1)P2'n-3 + ot Nén,3(ﬁn—l)P2n =D,
1-— —p—
_P2n+ P2n+1 = —u.g.i..g...l. Dn
Pui1=Q, (9.24)

Use Algorithm A2.3 (DersBasisFuns()) to compute the N; 3(ix) and N; 5(i).

If unit length tangent vectors T, are given instead of the Dy, then magnitudes
ax must be estimated. Setting all a = d, where d is the total chord length, is
a reasonable choice. Figure 9.11 shows quadratic (solid line) and cubic (dashed
line) curve interpolants to points and derivatives. Figure 9.12 illustrates a com-
parison among different curve interpolants obtained by using various derivative
magnitudes at the data points. The solid curve applies o = d (middle tangent);

Fig}lre 9.11. Quadratic (solid line) and cubic (dashed line) curve interpolants with
derivatives specified at each data point.
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Figure 9.12. Cubic curve interpolants with varying tangent derivatives at each point.

the dashed curve has o = 3/2d (large tangent); and the dotted curve was ob-
tained by oy = Yod (small tangent). Figure 9.13 shows the control points of a
quadratic curve interpolant to specified points and first derivatives.

9.2.5 GLOBAL SURFACE INTERPOLATION

We now turn to global interpolation of surfaces. We are given a set of (n +
1) x (m + 1) data points {Qg,¢}, £ =0,...,n and £ = 0,...,m, and we want
to construct a nonrational (p,q)th-degree B-spline surface interpolating these
points, i.e.

Qie = S(k,0e) = Y D Nip(@k)N;,q(80) Psj (9.25)

i=0 j=0

Again, the first order of business is to compute reasonable values for the (i, ¥¢)
and the knot vectors U and V. We show how to compute the iy; the v, are
analogous. A common method is to use Eq. (9.5) or Eq. (9.6) to compute pa-
rameters ﬂﬁ, ..., for each £, and then to obtain each @ by averaging across
all @, £=0,...,m, that is

i Ly @ k=0,...,n

k= ———7 k =Uy..ey
m+1 prd

where for each fixed £, a¢, k=0,...,n, was computed by Eq. (9.5) or Eq. (9.6).
An efficient algorithm using Eq. (9.5) follows. It computes both the %, and ¥e.
It requires one local array,cds[1, of length max(n + 1,m + 1), to store chordal
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Figure 9.13. Control points of a quadratic B-spline curve interpolant to data with
specified derivatives.

distances | Qk,¢ — Qg—1,¢l, £ =1,...,n (and similarly for the v direction). The
function Distance3D() computes the distance between two three-dimensional
points. This algorithm handles the case when the total chord length of a row is
equal to zero, a necessary condition if a three-sided surface is being constructed.

ALGORITHM A9.3
SurfMeshParams(n,m,Q,uk,vl)
{ /* Compute parameters for =*/
/* global surface interpolation */
/* Input: n,m,Q */
/* Output: uk,vl =*/
/* First get the uk */
num = m+l; /* number of nondegenerate rows */
uk([0] = 0.0; uk[n] = 1.0;
for (k=1; k<n; k++) uk[k] = 0.0;
for (1=0; 1<=m; 1++)
{
total = 0.0; /% total chord length of row */
for (k=1; k<=n; k++)
{
cds[k] = Distance3D(Q[k][1],Q[k-1]1[1]1);
total = total + cdsfk];

}

if (total == 0.0) num = num-1;
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else
{
d =0.0;
for (k=1; k<n; k++)

d =4d+ cdslk]l;
uk[k] = uk[k] + d/total;
}

}

if (num == 0) return(error);

for (k=1; k<n; k++) uk[k] = uk[k]l/num;
/* Now do the same for vl */

}

Once the (ix,¢) are computed, the knot vectors U and V' can be obtained by
Eq. (9.8).

Now to the computation of the control points. Clearly, Eq. (9.25) represents
(n+ 1) x (m + 1) linear equations in the unknown P; ;. However, since S(u,v)
is a tensor product surface, the P; ; can be obtained more simply and efficiently
as a sequence of curve interpolations. For fixed ¢ write Eq. (9.25) as

Qie=Y Nip(a) | Y Niq@)Pij | = D Nip(ax)Rie  (9.26)

i=0 =0 i=0
m
where Ri¢= Z Nj,q(ﬁz) P»iyj (927)
Jj=0

Notice that Eq. (9.26) is just curve interpolation through the points Qg ¢, k =
0,...,n. The R;, are the control points of the isoparametric curve on S(u,v)
at fixed v = 7. Now fixing ¢ and letting £ vary, Eq. (9.27) is curve interpolation
through the points R, ..., Rim, with Pig,..., P;, as the computed control
points. Thus, the algorithm to obtain all the P, ; is (see Figure 9.14a-9.14d):
1. using U and the @k, do m+ 1 curve interpolations through Qg 4,---, Qe
(for £ = 0,...,m); this yields the R, ; (Figure 9.14b);
2. using V and the %, do n + 1 curve interpolations through R;g,...,Rim
(for i = 0,...,n); this yields the P;; (Figure 9.14c).

Figure 9.14d portrays the resulting surface. Clearly, the algorithm is symmetric;
the same surface is obtained by:

1. doing n+1 curve interpolations through the Qy g, - - -, Qy ,, to obtain the
Ry ; (control points of isoparametric curves S(iig, v));

2. then doing m+1 curve interpolations through the Rg j,..., Ry, ; to obtain
the P-,;, '
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(@)

—{= n

Ro2
Rogs

Ris
Ra3

Ra3s
R3:2

(b)

Figure 9.14. Global surface interpolation. (a) The data points; (b) interpolating the
u-directional data points; (c) interpolating in the v direction through control points of
u-directional interpolants; (d) the surface interpolant showing control points.
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(©

Figure 9.14. (Continued.)

Summarizing, surface interpolation proceeds as follows:

ALGORITHM A9.4
GlobalSurfInterp(n,m,Q,p,q,U,V,P)
{ /* Global surface interpolation */

/* Input: n,m,Q,p,q */

/* Qutput: U,V,P #/
SurfMeshParams(n,m,Q,uk,vl); /* get parameters */
Compute U using Eq.(9.8);

Compute V using Eq.(9.8);

for (1=0; 1<=m; 1++)
.,QM101]1;

{
Do curve interpolation through Q[0][1],.
This yields R[0][1],...,R[n][1];

}
for (i=0; i<=n; i++)
{
Do curve interpolation through R[il1[0],...,R[i][m];

This yields P[i][0],...,P[il[m];

}
}

Several surface interpolation examples are shown in Figures 9.15-9.18. The
data set is shown in Figure 9.15. Surfaces with different parameterizations and
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@

Figure 9.14. (Continued.)

Figure 9.15. Data points to test surface interpolation.



382 Curve and Surface Fitting

knot vectors are illustrated in Figures 9.16a-9.16c. The degree is (2, 3), and the
parameterizations and knot vectors are uniform (Figure 9.16a); chord length,
knots obtained by averaging (Figure 9.16b); and centripetal, knots obtained
by averaging (Figure 9.16c). In Figure 9.17 surface interpolants with differ-
ent degrees are depicted. The degrees in each are: Figure 9.17a, degree (2,3);
Figure 9.17b, degree (3,2); and Figure 9.17c, degree (3,3). In Figure 9.18 the
inability to handle coplanar data is demonstrated.

Derivative constraints can also be incorporated into global surface interpola-
tion. Conceptually, the derivative formulas of Chapters 2 and 3 can be used
to define one additional linear equation for each derivative constraint specified.
Unfortunately, if the number of data constraints is not the same in every row
or column it becomes more difficult to solve for the unknown surface control
points using curve interpolations in two directions, as described previously. How-
ever, with clever use of curve knot insertion and surface knot removal, one can
adapt Algorithm A9.4 to handle partial derivative constraints at individual data
points. Finally, local surface interpolation methods (see Section 9.3) are well-
suited to handling derivative constraints, as they require derivatives at every
point anyway.

9.3 Local Interpolation

In this section we present local interpolation of curves and surfaces to point and
tangent data. We start with some preliminary concepts.

9.3.1 LOCAL CURVE INTERPOLATION PRELIMINARIES

Let {Q,}, k = 0,...,n, be given. By local curve interpolation we mean a
method which constructs n polynomial or rational curve segments, C;(u), ¢ =
0,...,n— 1, such that Q; and Q,,, are the endpoints of C;(u). Neighboring
segments are joined with some prescribed level of continuity, and the construction
proceeds segment-wise, generally from left to right. Any equations which arise
are local to only a few neighboring segments. In the framework of NURBS, we
construct the segments using polynomial or rational Bézier curves, then obtain
a NURBS curve by selecting a suitable knot vector.

Now let #; denote the start parameter of C;(u) and the end parameter of
Ci_1(u). C;i(u) and C;_;(u) meet at 4; with G! continuity (G for geometric)
if their tangent directions coincide there, that is, if C}(#@;) and C;_,(;) are
pointing in the same direction. However, their magnitudes may be different. G 1
continuity implies that the curve is visually continuous (smooth) but may have
a discontinuity in the parameterization. For a deeper study of G™ continuity,
n > 1, we refer the reader to Barsky and DeRose [Bars89, 90]. Local fitting
algorithms are designed to provide some level of either G or C continuity; in
this chapter we present only algorithms providing G* or C? continuity. Local
methods yielding higher continuity are not widely used. Although G* and c?
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(b)

Figure 9.16. A surface interpolation with degree (2, 3) surfaces obtained by using dif-
ferent parameterizations and knot vectors. '
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>

(©)
Figure 9.16. (Continued.)

are possible with cubics, higher degree must be used if a reasonable amount of
flexibility is to be maintained. '

Obtaining the Bézier segments, C;(u), requires computation of the inner
Bézier control points, one point for quadratics, two for cubics. These control
points lie on the lines which are tangent to the curve at the Q,; thus, we require
tangent vectors Ty at each Q. In some cases they can be input along with the
Qy; e.g., they are easily obtained when computing points of intersection between
two surfaces. However, if not input then they must be computed as part of the
fitting algorithm. A number of methods exist; Boehm et al [Boeh84] gives a
survey of various methods. Let

_ _ _ qk
Aty = Uy, — g = - — 3k
Up = ~Ug-1 Y= Qp— Qp_y di Ay
All methods have one of two forms
Di = (1 ~ og)dg + apdipy1 (9.28)
or Ty = 5 Vi = (1~ ar)qr + oxqe41 (9.29)
| Vi |

(see Figure 9.19). Notice that Eq. (9.28) assumes that values for the @ have
been assigned. The vectors Dy can be viewed as estimates for the derivatives.
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(b)

Figure 9.17. Surface interpolants using different degrees; the parameterization is chord
length and knot vector obtained by averaging.



386 Curve and Surface Fitting

e

Figure 9.17. (Continued.)

Equation (9.29) does not use parameters i, and the resulting vectors should
be viewed as tangent directions only. Assignment of magnitudes and parameters
must be done in conjunction with one another; they are not independent. Notice
also that we use the notation T strictly for unit length tangent vectors. Equations
(9.28) and (9.29) are linear interpolations. The various schemes differ in the way
they compute the interpolation parameter ag; it typically depends on either
three or five neighboring points. For example, the Bessel method [DeBo78] is a
three-point method using

Ay,

QR == s i
* 7 Aur + Atiea

k=1,...,n—1 (9.30)

together with Eq. (9.28). Setting

|9r—1 X qx |

Qp =
lQk—~1 X Qi | + [ Q41 X Q2]

k=2,...,n—2 (9.31)

together with Eq. (9.29) yields a five-point method to obtain Tj [Akim70;
Renn82; Pieg87d]. It has the advantage that three collinear points, Q;_;, Qy,
Qy..1, yield a Ty which is parallel to the line segment. The denominator of
Eq. (9.31) vanishes if Q;_, Qi_;, Q; are collinear and Q, Qi;, Qy,, are
collinear. This implies either a corner at Q, or a straight line segment from
Qj—2 to Q5. In these cases oy can be defined in a number of ways; we choose
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(®)

Figure 9.18. Global surface interpolation example. (a) Data containing coplanar points;
(b) interpolating surface.
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Qi

Figure 9.19. Computation of tangent (Vi) and derivative (Dy) vectors for local curve
interpolation.

o oy = 1, which implies V} = q; this produces a corner at Q if one is
implied by the data;

o ai = 1/2, which implies Vi = 1/2(qx + gk+1); this choice smoothes out a
corner if one is implied.

Based on these choices, a local curve interpolation routine can accept an input
flag, indicating whether or not to preserve corners. All methods require special
treatment at the ends. For the three-point scheme we can set

Dy =2d;, -~ Dy D,=2d,-D,; (9.32)
and for the five-point scheme we can use
Qo =2q1 — q2 Q-1 =290 — q1
Unt+1 = 2Qn — Qn-1 An42 = 20n41 — Qn (9.33)

to substitute into Egs. (9.31) and (9.29) in order to obtain Ty, T; and Tp_1, Th.
We are now ready to present several local interpolation methods.

9.3.2 LOCAL PARABOLIC CURVE INTERPOLATION

We start with a simple two-dimensional, nonrational, quadratic scheme. Let
{Qk}, £ =0,...,n, be points in the zy plane. Use some tangent estimation
scheme to compute the corresponding {Ty}, e.g., Egs. (9.29), (9.31), and (9.33).
Let Ly denote the directed line defined by (Q,,Tx), and Ry the intersection
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point of Li—1 and Li. Assume for the moment that the intersection exists,
and that

Te-1>0 %<0 (9.34)
where Re= Qi1 +7%-1Ts-1  Ri=Qp+%uTk

(we drop this restriction later). Then we choose as our control points

Qo R1,Q1,Ry,..., Ry, Q, (9.35)

Let ip = 0 and @, = 1. If {&;}, i = 1,...,n — 1, is any sequence of numbers
satisfying @;—1 < #@; < @41, then the control points of Eq. (9.35), together with
the knot vector

U= {0) O’ 0; ﬁ'h ﬁ’la ﬁ2, ﬁ‘2, ey ﬁn—la 'En-—l, 1: 1’ 1} (9'36)

define a nonrational, G! continuous, quadratic B-spline curve interpolating the
{Q.} (see Figure 9.20). The choice of the internal knots does not affect the
shape of the curve, only the parameterization. It is possible to choose the knots
so that the resulting curve is C! continuous; in doing so, we can remove the
control points Qq,..., Q,_; and one occurrence of each of the interior knots.
We simply equate start and end derivatives at Q,,_, (using Eq. [3.7] transformed
to the intervals (@2, @k—1) and [#k—1,%x]|) and obtain the formula

iy =10 iy =1

| Re — Qpy |

Ak T kel k=2 ...n (9.37)
Qi1 — Ri-1 |

Uk = Tg—1 + (g1 — Ug-2) |

Figure 9.20. G! continuous quadratic curve interpolant.
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The C! continuous curve interpolating the {Q,} is then defined by the con-
trol points

Q07R1,R2a"',R’n—-17R'ny Qn (938)
and the knots
U={0,0,0,&,’_‘—2-,...,1‘_'1;2,@,1,1,1} (9.39)
Up Un Un Un

One must pay a price for the C' continuity and the reduction in the number
of control points, namely in the parameterization; Figures 9.21a and 9.21b show
this. The curve in.these figures is marked at equally spaced parameter values.
In Figure 9.21a the knots were computed using Eq. (9.37) and in Figure 9.21b
using the chord length parameterization (Eq. [9.5]). Note the spacing of the Q.

We now drop the restriction given in Eq. (9.34) and detail two special cases
which arise when computing the Ry:

e Tx_1 and T} are parallel, hence Ry cannot be computed by intersection;
this can indicate collinear segments, an inflection point, or a 180° turn in
the curve;

« R; can be computed, but v;_; and v; do not satisfy Eq. (9.34); this
indicates either an inflection point or a turn of more than 180°.

The collinear segments case applies if Tj_; and T}, are both parallel to the chord
Q-1 Q.- We handle this case simply by setting

Rs
A
_—F + Oyl ~ Ry
* Q; + 8
R2 //"*' Q2 + N
-7+
- +
[ |
S +\
7
s %
/ Q Q
A 7l i\
¢ q )
\
1 N
#
/ © RS
//+ . //
7 7
R, ®\ + /
N /
\\ .{7/
N ,
/
f\ ,
N /
® Qg Q; @
(a)

Figure 9.21. Parameterizations of the curve interpolant in Figure 9.20. (a) C' parame-
terization (Eqs. [9.39]-[9.41]); (b) G* parameterization using chord length parameters.
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Local Interpolation 391

R3
-
LET T T Tre R
+ et
'*@ Q3 + ®\ ¢
Pl 2 + N
R2 -7+ +
7+ \\
4
’+ \
AY
/lf Q4 ®
i X
*@ Ql +\\
/ + ORs
/+ 7
/ +,/
Rl Q@ t //
AN +/
N+ 7
N Y
\'t ,j-
‘8 Qp Qe
(b)
Figure 9.21. (Continued.)
1
R; = E(Qk-—l + Q) (9.40)

All other special cases are handled by creating two parabolic segments between
Qk-1 and Q, instead of one. Thus, we must compute three additional points,
R;, Q) and R}, (see Figures 9.22a and 9.22b). Setting

R;c = Qk—l + 7ka—-1 R;;+1 = Qk - ’}’k+1Tk (941)

and Q. = YRy 41 + Ver1 Ry
AP i 28 AL AL e
Vi + Ve+1

it remains to determine reasonable choices for v and Yg41. If Tx—1 and Ty are
parallel (but not to Q,_; Q,), then set

=1 = 5 | Qo Qi (943)

This is illustrated in Figure 9.22a for the case of a 180° turn. Now consider
the case when Ty, and Ty are not parallel, but Eq. (9.34) does not hold (see
Figure 9.22b). Intuitively, v and 7.+ should depend on the angles 0;_; and 6%
subtended by the chord Q_, Q; and the tangents Tj_; and Ty, respectively
(0 < 6i—q, 6 < 90°). Figure 9.22c shows a parabola defined by an isosceles
triangle. For this figure one can easily derive

1| Q1 Qxl

Ve = Vet1 = 4 cosf

(9.42)

This suggests setting
1 | Qi—1Qx|
4 acosl + (1 — a)cosbr—1

Yk =
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(@)

Figure 9.22. Computing piecewise parabolic arcs to tangents at neighboring data points.
(a) Parallel end tangents; (b) a turning point implied by tangents Tk, and Ty; (c)
parabola defined by an isosceles control triangle.

| Qr—1Qx|

acosbr-1 + (1 — a)cosby

1
Vel = 1 (9.44)

where o is some constant between 0 and 1. Based on experimental observation,
we choose o = 2/3. The two curve segments of Figure 9.22b are obtained using
Egs. (9.41), (9.42), and (9.44). ‘

Figures 9.23-9.25 show several examples. In Figure 9.23a the tangents are
computed by Bessel’s method [DeBo78], while in Figure 9.23b Akima’s method
[Akim70] is used. Note how collinearity is maintained in Figure 9.23b. In
Figure 9.24a the “no corner” option was selected, resulting in a (perhaps un-
wanted) smooth connection of each segment. Figure 9.24b shows the corner pre-
serving case, using the same algorithm with only a different flag setting. Figure
9.25 shows the profile of a shoe sole, obtained using this interpolation method.

9.3.3 LOCAL RATIONAL QUADRATIC
CURVE INTERPOLATION

The preceding method can be modified to produce rational quadratic curves.
All weights at the Q, are set to 1; weights at the Ry, can be freely chosen. For
example, some applications may desire that the segments be more “circular”
rather than parabolic. More specifically, for k = 1,...,n, a conic arc is defined

Q1 M Q;

(©)
Figure 9.22. (Continued.)

by Q;_;, Rk, Qy, and the weight wy at Rg. The wy can be set as follows:
1. if Q,_,, R, and Q, are collinear, set wy = 1;

2. if the triangle is isosceles (| Qx_ R« | = | Q,Rk |}, set wj according to
Eq. (7.33) (a precise circular arc);




394 Curve and Surface Fitting

(a)

(b)
Figure 9.23. Local quadratic curve interpolants. (a) Tangents computed by Bessel’s
method; (b) tangents computed by Akima’s method.

3. if the triangle is not isosceles, set w;, as follows (see Figure 9.26):

a. let M= 1/2(Q_; + Qi);

b. set S; to be the intersection of MRy, with the bisector of the angle
LR Q1 Qps

c. set S to be the intersection of MRy, with the bisector of the angle
£Qp_1 QrRy;

d. set S = 1/(S1 + S2);

e. with S as the shoulder point, use Egs. (7.30) and (7.31) to compute
the wy.

Recognition of the special cases in computing Ry, is exactly as detailed; however,
the computation of R;, and Ry, is slightly different. Referring again to Figure
9.22c but assuming the isosceles triangle defines a circular arc, it follows from
Eqs. (7.31)-(7.33) that

1] Q1 Qyl
=5 ke
2 1+4cosf
Thus, we set _ _1_ | Qe Qs |
2 1+ acosbr+ (1 —a)cosby—
_1 | Qp—1 Qx|
Tt = 5 T acosf-1 + (1 — a)cosby, (94)

where a is the same constant as in Eq. (9.44).
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(a)

(b)

Figure 9.24. Local quadratic curve interpolants. (a) No corner is allowed; (b) the corner
is maintained.

Figure 9.27 shows an example of rational quadratic curve interpolation. Notice
that circles are precisely reproduced from four points, and the two corners are
preserved by setting the corner flag.

934 LOCAL CUBIC CURVE INTERPOLATION

Cubics easily handle three-dimensional data and inflection points without special
treatment. We begin by deriving a general fact about cubic Bézier curves, which
is of interest in its own right. Let Py and P3; be two endpoints, and Ty and
T3 be the corresponding tangent directions with unit length. It is possible to
construct a cubic Bézier curve, C(u), u € [0, 1], with these endpoints and tangent
directions, and satisfying

a=lcoi=ic(3)I=lcwl @0
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Figure 9.25. A piecewise G parabolic curve interpolant.
g

(see Figure 9.28), that is, the speed is equal at the start point, midpoint, and
endpoint of the curve. Equations (9.46) and (1.10) imply that

1 1
Pr=P+ gaTo Py =P; — §aT3 (947)
We apply the deCasteljau Algorithm of Chapter 1 at u = 12, and, recalling the
notation used in that algorithm (see Figure 1.17), we write P§ = C(14). By

backing out of the deCasteljau algorithm one can derive

1
P? - P} = —8-(P3 + P~ P~ Py) (9.48)

Ry

Figure 9.26. Choosing the weight (shoulder point) for rational quadratic interpolation.
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< &

& S

Figure 9.27. Rational quadratic curve interpolants; circles are precisely reproduced, and
corners are maintained.

Applying Eq. (1.10) and considering the bisection of the parameter range, it

follows that .
c (5) =6(P? - P}) (9.49)

Setting the speed equal to a, substituting Eq. (9.48) into Eq. (9.49), and using
Eq. (9.47), we obtain

§a=|P3+P2‘"P1'-P0|
= |Ps+ (P3 - %aTa) - (Po + %aTo) — Py|
which leads to
1602 = 2| To + T3 |* — 12a(P5 — Py) - (To + T3) + 36| Ps — Py |
and finally
ao® +ba+c=0 (9.50)

where

a=16—|To+Ts|> b=12(Ps— Py)-(To+Ts) c=-36/P3— Py

Equation (9.50) has two real solutions for o, one positive and one negative.
Substituting the positive solution into Eq. (9.47) yields the desired Py and Ps.

We now return to the cubic interpolation problem. Let {Q.}, k¥ =0,...,n,
be a set of three-dimensional data points. If tangent vectors are not given,
compute them (Eqgs. [9.29], [9.31], and [9.33]). We must construct a cubic Bézier
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C'(1)

Py

Figure 9.28. A cubic Bézier curve with equal tangent magnitudes at parameters 0, 1/,
and 1.

curve segment, Cy(u), between each pair, Q,, Q.. Denote the Bézier control
points by
Pro=Qr Pey Pro Prs= Qi (9.51)

We must determine suitable locations for Pr1 and Py along Ty and Ty,
respectively. It is possible to obtain a C? continuous cubic and to achieve a good
approximation to a uniform parameterization. The method is due to Renner
[Renn82|. True uniform parameterization means constant speed over the entire
parameter range. We construct a curve with equal speed at each Q + and at the
midpoint of each Bézier segment. Set g = 0. Now, for k = 0,...,n—1, the
Uk+1 and the two inner control points of Cy(u) are computed as follows:

1. use Eq. (9.50) to compute a and Eq. (9.47) to compute Py ; and Py 2;

2. set
Upqy = g + 3 | Pk,l - Pro | (9.52)
This algorithm yields n Bézier segments, each having speed equal to 1 at their
end- and midpoints with respect to their parameter ranges, [iig, g+1]). Thus, a
C? continuous cubic B-spline curve interpolating the Q) is defined by the control
points (see Figure 9.29)

Qo, Po,1, Po2, Py, Prg,.. ., Progs Poi1, Pooa Q, (9-53)

and the knots

U:{O’O’O’O’E‘L_l’gi’gz 2 "'722:’1'7’“'7:*1,17171’1} (9.54)

¥ e b -
Up Un Up Up Up Uy
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HH H : H HH
Ug Ug = U

Figure 9.29. C! local cubic curve interpolant.

Figure 9.30 shows an example of cubic curve interpolation using this method.
The curve is marked at points corresponding to equally spaced parameter values.
Figure 9.31 is another example of this interpolation, using the same data set as
in Figure 9.7. Notice how collinear points are fitted by straight cubic segments.

9.3.5 LOCAL BICUBIC SURFACE INTERPOLATION

A €Y continuous, bicubic, local surface interpolation scheme is also possible
{C? continuous in both the u and the v directions). Let {Q¢}, K =0,...,n

Figure 9.30. Parameterization of a local cubic curve interpolant; the points are com-
puted at equally spaced parameter values.
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Figure 9.31. The cubic curve interpolant to data shown in Figure 9.7; note how collinear-
ity is preserved.

and £=0,...,m, be a set of data points, and let {(#x, ¥¢)} be the corresponding
parameter pairs, computed by chord length averaging (as in Algorithm A9.3).
The following method produces a bicubic surface, S(u,v), satisfying

2n+12m+1

S(@k,Be) = Y, D Nia(@)N;a()Pi; (9.55)

=0 7=0

We obtain the surface by constructing nm bicubic Bézier patches, {By ¢(u,v)},
k= 0,...,n—1, = 0,. ceyM— 1, where Qk,e: Qk«}-l,b Qk,l+li Qk+1,l+l are the
corner points of the patch, and the patches join with C(1Y) continuity across their
boundaries. Except for the surface boundaries, all rows and columns of control
points containing the original { Qg ¢} are removed (see Figures 9.32b and 9.32¢),
leaving (2n + 2)(2m + 2) control points in the final B-spline surface. The knot
vectors are

U= {07 01 0707 Uy, Uy, Uz, 77'2; .o yﬁn—ly Un—1, 17 17 11 1}
V= {0,0,0,0,171,’171,’172,1_)2, veiyOm—1,9m-1,1,1,1, l} (9.56)

A bicubic Bézier patch has 16 control points. The 12 boundary control points
are obtained by initially looping through the m + 1 rows and n + 1 columns
of data and using a cubic curve interpolation scheme. The scheme is slightly
different from the one detailed previously, because we already have the param-
eters {(@ix,7¢)}. Notice that these had to be computed up front, since all rows
(columns) must have the same parameterization in a tensor product surface.
Thus, we can still force C! continuity at the segment endpoints, but we cannot
force equal speed at the midpoint of the Bézier curve segments. More specifi-
cally, let £ = £y be fixed, and consider the cubic curve interpolating th« points
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(b)

Figure 9.32. ™Y local bicubic surface interpolation. (a) The data set; (b) the Bézier
net of the interpolant.
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(d)

Figure 9.32. (Continued.) (c) a B-spline net (large cubes mark data points, and the
small ones are the B-spline control points); (d) the surface interpolant.
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Qo0+ 1 Qn,to- Let 74, denote the total chord length of the £oth row. At each
point, Qk ¢, compute the Ty , (the unit tangent in the u direction) as previ-
ously (Eqs (9.29],{9.31], and [9 33]) Then the interior Bézier points on this row
are computed by

Pllc 50 = Qk o + aTk Lo P2 ( Qk-{vl,eo - aTz-}l,lo (957)

where oo Tlo(@rei1 = Bk) _ e Alks

3 3
The resulting curve is C* continuous, with derivative magnitude equal to r¢, at
all Q. 4,- The same technique is applied to the n + 1 columns of data.

It remains to compute the four interior control points of each Bézier patch.
This requires estimates for the mixed partial derivative, D}, at each Qp,¢, as
well as Eq. (3.24) (and analogous formulas for the other three corners). We
derive a formula for D}’ based on the three-point Bessel method (Egs. [9.28],
[9.30], and [9.32]). Let r¢ and s; denote the total chord length of the £th row
(kth column). Then

Di,=rT;, Di,=sTk, (9.58)
Then set .
=(1-ax) —Di1e o D} 10— Di s
ke A“ Atigy
- D} DY - D
and =(1— k,£~1 k,£+1 k£
e = ( ﬁe) Av + Be A
i Ay Ay
with = =
** Aty + Afigy be ATy + ATy
o d}?, + Bedl,
Finally o, = Sudbe + Pedie (9.59)

ak + B
The appropriate end formulas (Eq. [9.32]) must be used on the boundaries.
The four interior control points of the (k, £)th patch are now computed using
Eqgs. (9.59) and (3.24)

» ¥ )‘{ »
Py =D + Pg,f + Pllc,() - P'&g
Plch = —yDjl1 e+ P + Plzc,’é

ke wo Kl okl okl
Pl,'z = —7Di 41+ Pi3 — Po3 + Pol

"U
a-

k.l ke
2 = 1Dit1e41 + Pz s+ P35 — P33

where Al ATy
9
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We now summarize with an algorithm. For the sake of efficiency, the sequence
of events is slightly different than detailed here. The algorithm requires local
arrays: td[n+1] [m+1] [3], which contains the T} ,, T} ;, and D;%; ub[n+1]
and vb[m+1], which contain the parameter values; and r[m+1] and s[n+1],
which store the total chord lengths of the rows and columns, respectively.

ALGORITHM A9.5
LocalSurfInterp(n,m,Q,U,V,P)
{ /* Local surface interpolation */
{ /* through (n+1)(m+1) points =*/
/* Input: n,m,Q */
/* Output: U,V,P */
total = 0.0; /* get ub[l, r[] and u direction tangents */
for (k=0; k<=n; k++) ubl[k] = 0.0;
for (1=0; l<=m; 1++)

{
Compute and load Tj, into td[0][1][0];
r{1] = 0.0;
for (k=1; k<=n; k++)
{

Compute and load T}, into td[k]([1][0]
/* Eqs.(9.31) and (9.33) */ .

d=|Qre— Qr-1els

ub(k] = ub[k]l+d;

r[1] = r{1l+d;

}
total = total + r[1];
}
for (k=1; k<n; k++) ub[k] = ub[k-1]+ubl[k]/total;
ub[n] = 1.0;
total = 0.0; /* get vb[]l, s[] and v direction tangents */

for (1=0; 1<=m; 1++) vb[1l] = 0.0;
for (k=0; k<=n; k++)

{
Compute and load T}, into td[k][0][1];
s{k] = 0.0;
for (1=1; 1<=m; 1++)
{

Compute and load T}, into td[k][1][1]
/* Eqs.(9.31) and (9.33) #*/

d=|Qke— Qpe-1ls

vb[1]l = vb[1]+d;

s[k]l = s[k]l+d;

}

total = total + s[k];

}
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for (1=1; 1<m; 1++) vb[1] = vb[1-1]+vb[1l]/total;
vb[m] = 1.0;
Load the U knot vector;
Load the V knot vector;
Compute all Bézier control points along each row and
column of data points.
for (k=0; k<=n; kt+)
for (1=0; 1<=m; 1++)
{
Compute the Dy’ by Eq.(9.59) and load into td[k][1][2].
}
for (k=0; k<n; k++)
for (1=0; 1<m; 1++)
{
Compute the four inmer control points of the (k,1)th
Bezier patch and load them into P.
}

Load the NURBS control points by discarding Bézier points
along inner rows and columns. /* Figure 9.32c */
}

Figure 9.32 shows the surface construction process. In Figure 9.32a data points
are shown marked by small cubes. Figure 9.32b illustrates the control points of
the Bézier patches. Eliminating Bézier points along inner rows and columns
yields the NURBS surface control net depicted in Figure 9.32c. The surface is
shown in Figure 9.32d. »

This interpolation scheme easily generates closed C(11) continuous surfaces.
Figures 9.33a and 9.33b show an example of a surface interpolation where the
data indicates a closed surface in one direction. In Figures 9.34a and 9.34b the
surface is closed in both directions (a toroidal-like interpolant). A nice property
of this method is that flat (planar) patches are generated where the data points
indicate planarity. An example of this is shown in Figures 9.35a and 9.35b.

Obtaining pleasing surfaces when the data is unevenly spaced is more difficult
for surfaces than for curves. Figures 9.36a and 9.36b show an interpolation to
very unevenly spaced data. Although the surface is not particularly pleasing, the
results using the global methods of the previous section are not much different.

9.4 Global Approximation

Approximation is more difficult than interpolation. In interpolation, the num-
ber of control points is automatically determined by the chosen degree and the
number of data items, knot placement is straightforward, and there is no curve
or surface error to be checked. In approximation, a curve/surface error bound,
E, is input along with the data to be fit. It is usually not known in advance
how many control points are required to obtain the desired accuracy, F, and
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(b)

Figure 9.34. A surface interpolation example using a local bicubic surface inter

(a) Data points; (b) interpolating surface.
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Figure 9.33. A surface interpolation example using a local bicubic surface interpolant.

(a) Data points; (b) an interpolating surface.

hence approximation methods are generally iterative. Roughly speaking, global

methods proceed in one of two ways:

la. start with the minimum or a small number of control points;

b. fit an approximating curve or surface to the data, using a global fit method;
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(b) (b)

Figure 9.35. A surface interpolation example using a local bicubic surface interpolant. Figure 9.36. A surface interpolation example using a local bicubic surface interpolant.
(a) Data points; (b) an interpolating surface. (a) Data points; (b) an interpolating surface.
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c. check the deviation of the curve/surface from the data;

d. if the deviation everywhere is less than E, return; else increase the number
of control points and go back to Step 1(b).

2a. start with the maximum or “many” control points, enough that the first
approximation satisfies E;

b. fit a curve/surface to the data using a global method;
c. check if the deviation E is satisfied everywhere;

d. if E is no longer satisfied return the previous curve or surface, else reduce
the number of control points and go back to Step 2(b).

We return to these two methods in Section 9.4.4, and in particular we give an ex-
ample of the second type. Clearly, approximation is also more expensive than in-
terpolation. Multiple fits are required, and deviation checking can be expensive.

A central ingredient in both of these methods is that given a fized number of
control points, say n, we fit an approximating curve (surface) to the data. There
are many ways to do this. For example, a nonlinear optimization problem can
be set up, with the control points, parameters (@), knots, and even the weights
as unknowns. The objective function to be minimized must measure the error
in some way, e.g., least squares or maximum deviation (e.g., see [Laur93]). In
Sections 9.4.1-9.4.3, we present curve and surface fitting methods in which a
fixed number of control points are the only unknowns, and they are solved using
linear least squares techniques.

9.4.1 LEAST SQUARES CURVE APPROXIMATION

To avoid the nonlinear problem, we set the weights to 1, and precompute values
for the parameters and knots. We then set up and solve the (unique) linear least
squares problem for the unknown control points. We start with a simple curve
fit to point data. Assume thatp > 1,n > p, and Qq,..., Q,, (m > n) are given.
We seek a pth degree nonrational curve

C(u) = i Ni’p(u) P; uec [0, 1] (961)
=0

satisfying that:

- Q= C(0) and Q,, = C(1);
« the remaining Q,, are approximated in the least squares sense, i.e.

m~-1

| Q — C(iie) | (9.62)

k=1

is a minimum with respect to the n + 1 variables, P;; the {@;} are the
precomputed parameter values.
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We emphasize that the resulting curve generally does not pass precisely through
Q,, and C(iix) is not the closest point on C(u) to Qy. Let

Ry = Qi — Ng,p(ﬁk)Qo - Nn,p(’ak)Qm k=1,....m-1 (9.63)

Then set -1

f= ka—cmk)P:

3

MS

-1
Rk - ZNz p(uk)P’tI
=1

k=1 k=1
m—1 n-1
= (Rk - ZN, p(uk)P) . (Rk - ZN,-,,,(fak)P,.)
k=1 i=1
m~—1
= [Rk Ry — 2ZN,-,,,(11,C)(R,¢.P£)
k=1 i=1

n—1 n-1
+ (ZNi,p(ﬁk)P,) . (ZN,-,,,(&,C)P,)]
i=1 i=1

f is a scalar-valued function of the n — 1 variables, Py, ..., P,_;. Now we apply
the standard technique of linear least squares fitting [DeBo78; Vand83; Lanc86;
to minimize f we set the derivatives of f with respect to the n — 1 points, P,
equal to zero. The £th derivative is

9 m-1 n—1
51% =3y (—ZNg,p(ﬁk)Rk +2Ng,p(ik)ZN,-,,,(ﬁk)Pi>

k=1 i=1
which implies that

m—-1ln—1

- ZNe P(uk)Rk -+ Z ZNZ p(’Uzk)Nz p(uk)P =0

k=1 i=1
It follows that
n—1 . m—1
Z (ZNE,p(uk)Nz p(uk)) P ZN[ p(uk)Rk (964)
i=1 \ k=1 =]

Equation (9.64) is one linear equation in the unknowns Py,..., P,_;. Letting

€=1,...,n— 1 yields the system of n — 1 equations in n — 1 unknowns
(NTN)P=R (9.65) |
where N is the (m — 1) x (n — 1) matrix of scalars
Nl,p(ﬁl) Nn—l,p("ul)
N = : : (9.66)

Nl,p(am—l) tte Nn-—l,p(ﬁm—l)
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R is the vector of n — 1 points

Nl,P(ﬁl)Rl +o+ Nl,p(ﬁm—-l)Rm—-l
R= : (9.67)
Nn"l,P(al)Rl +- Nn-—l,p("-—"m——l)Ranwl

| 3}
and P= :
Pn——l

Note that Eq. (9.65) is one coefficient matrix, with three right hand sides and
three sets of unknowns (z,y, z coordinates). In order to set up Egs. (9.66) and
(9.67), a knot vector U = {ug,...,u,} and parameters {iix} are required. The
{@} can be computed using Eq. (9.5). The placement of the knots should reflect
the distribution of the {@}. If d is a positive real number, denote by i = int(d)
the largest integer such that i < d. We need a total of n + p + 2 knots; there are
n — p internal knots, and n — p + 1 internal knot spans. Let

ot (9.68)
Then define the internal knots by
i=int(jd) a=jd—i
Uprj=(1~a)@a+olt; j=1,...,n—p (9.69)

Equation (9.69) guarantees that every knot span contains at least one @, and
under this condition deBoor [DeBo78] shows that the matrix (NTN) in Eq. (9.65)
is positive definite and well-conditioned. It can be solved by Gaussian elimination
without pivoting. Furthermore, (NTN) has a semibandwidth less than p + 1 (if
N;,; is the element in the ith row, jth column, then N; ; = 0if | i— 5 | > p).
Finally, concerning implementation, note that the matrix N (Eq. [9.66]) can
be very large, and most of its elements are zero; in some applications it is not
uncommon for m = 1000 and n = 100. Hence, the implementor may want to
develop a storage scheme that stores only the nonzero elements of N. Once
(NTN) and R (Eq. [9.67]) are computed, N can be deallocated. Similarly, only
the nonzero band of (N7 N) should be stored.

Figures 9.37a-9.37c show examples of simple least squares curve fits. In Fig-
ure 9.37a seven control points were specified. Figure 9.37b shows a nine control
point fit, whereas Figure 9.37c depicts an eleven control point fit. Notice that,
in a distance sense, the approximation improves as the number of control points
increases. However, as the number of control points approaches the number
of data points, undesirable shapes can occur if the data exhibits noise or un-
wanted wiggles.
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(a)

Figure 9.37. Global curve fitting. (a) Seven control points; (b) nine control points;
(c) eleven control points.

9.4.2 WEIGHTED AND CONSTRAINED LEAST SQUARES
CURVE FITTING

We now present a very general, weighted‘and constrained least squares curve fit-
ting method. It is a NURBS adaptation of an algorithm by Smith et al [Smit74].
Let {Q;}, i =0,...,r, be the points to be approximated. Optionally, the first
derivative D; at any Q; can be specified. Let {D;;;}, j = 0,...,s, be the
set of derivatives; —1 < s < r, where s = —1, means no derivatives are speci-
fied. Furthermore, any Q; or D;(;y can be constrained (precisely interpolated).
We divide the {Q;} and {Dj;;;} into unconstrained and constrained sets. De-
note by Qjg),-- -, Q}‘(,.“c) and D, ..., Dy, the unconstrained items, and by
Qo) - - -» Qi(re) and D), ..., D, ) the constrained items (sy, sc, or 7 equal
to —1 means no data corresponding to this index). Note that r = r, +r.+1 and
8§ = 8y + 5.+ 1. We also allow a positive weight to be assigned to each uncon-
strained item, hence we have wg(o), .o, wh,, ) and w;i(o), ... ,'wf( o) (@] ,wi > 0).
These weights allow additional influence over the “tightness” of the approxi-
mation to each data item relative to its neighbors. wf,w¢ = 1 is the default.
Increasing a weight increases the tightness of the approximation to that item,
whereas decreasing the weight loosens the approximation to that item. Notice
that these weights have nothing to do with weights in the NURBS sense.

Now let my = ry + s, +1 and m, = 7. + s. + 1. We want to approximate
the unconstrained data in the least squares sense and interpolate the constrained
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Figure 9.37. (Continued.)

data with a pth degree nonrational curve, C(u), with n + 1 control points. The
next algorithm requires that

me<n Me+n <My +1 (9.70)
Now let:

Sk, k =0,...,m,, be the kth unconstrained data item (a Q“ or a D*);
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Ty, k =0,..., M., be the kth constrained data item (a Q¢ or a D°);
wi, k =0,...,M,, be the kth weight (a w? or a w?).

Define the vectors/matrices:

S = [Sk] (a vector with m, + 1 elements);

T = [T4] (a vector with m. + 1 elements);

W = [wi] (an (my + 1) x (mq + 1) diagonal matrix, with the w; on the
diagonal);

P = [P] (the vector of n + 1 unknown control points);

N = [ND;p(@x)], where ND; (i) is the ith basis function or its first
derivative, evaluated at i@, which is a parameter value corresponding
to an unconstrained data item; this is an (my + 1) x (n + 1) matrix
of scalars;

M = [MD,; ,(@i)], where MD; (i) is the ith basis function or its first
derivative, evaluated at i, which is a parameter value corresponding
to a constrained data item; this is an (m+1) x (n+1) matrix of scalars.

The i, can be computed using Eq. (9.5), and the knots u; according to Eq. (9.68)
and Eq. (9.69) (replace m by r in Eq. [9.68]).

Determining the curve is basically a constrained minimization problem, in-
volving n + 1 unknowns (the P;) and m, -+ 1 constraints. The standard method
of solution is to use Lagrange multipliers (see [Kapl52]). The idea is to introduce
me + 1 additional unknowns, A, (the Lagrange multipliers), thereby obtaining a
partitioned (n+m, +2) x (n+m. +2) system of equations. From this system a
solution is first obtained for the m.+1 A and subsequently for the n+1 P;. Let

A =[]

be the vector of Lagrange multipliers; note that each X is a vector with the
same dimensionality as the {Q;} and {D;(;)}-
The unconstrained equations are

NP =S
and the constrained equations are
MP=T

The error in the unconstrained equations is S — NP, and we want to minimize
the sum of the weighted squares of this error, subject to M P = T. Hence, using
Lagrange multipliers we want to minimize the expression

(ST - PTNT)W(S — NP) + AT(MP —T)

with respect to the unknowns, A and P. Differentiating and setting equal to
zero yields
~2(STWN - PTNTWN) + ATM =0

MP-T=0
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Transposing and factoring 2 out of A yields

NTWNP + MTA = NTWS (9.71)
MP=T (9.72)

or in partitioned matrix form

R e

M 0 A T

We must solve Eq. (9.73) for A and P. There is a unique solution if NTWN
and M(NTWN)~*MT are both invertible. This is seen by solving Eq. (9.71)
for P, that is

P = (NTWN)'NTWS — (NTWN) ' MTA (9.74)

Multiplying by M yields

MP = M(N"WN)"'NTWS - M(NTWN) ' MTA
Finally, from Eq. (9.72) we find that

M(NTWN)"'MTA = M(NTWN) 'NTWS - T (9.75)
or A= (M(NTWN)"IMT)_I (M(NTWN)TINTWS - T)  (9.76)

Hence, we solve first for A and then for P by substituting A into Eq. (9.74).
Algorithm A9.6 implements weighted and constrained least squares curve fit-
ting. The input is:
Qfr+1]: an array containing the points to be fit (constrained and uncon-
strained);
r: the upper index of Q[];

Wqlr+1]: Wqli] > 0 means Q; is unconstrained, and Wq[i] is the weight
wi; Wqlil < 0 means Q, is to be constrained;

D[s+1]: an array containing the derivatives; s = -1 means no derivatives
are specified;

s: there are s + 1 derivatives in D{];

I[s+1]: an integer array; I[j] gives the index into Q[] of the point corre-
sponding to the derivative in D[j] (i.e., D[j1= D;;));

Wd[s+1]: Wd[j]l > O means D[j] is unconstrained, and Wd[j] is the weight
wf(j); Wd[jl < 0 means D[j] is to be constrained;

n: a fit with n + 1 control points;
p: a fit with degree p curve.
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The knots U and control points P are output. The algorithm uses LUDecompo-
sition() and ForwardBackward() to invert the matrix (NTWN) and to solve
for the Lagrange multipliers, A. (N7WN) has a semibandwidth less than p-+1,
due to the way in which the algorithm constructs N. In general A can have full
bandwidth, but it is usually a small matrix. The appropriate algorithms from
Chapter 2 are used to determine knot spans and to compute basis functions and
their derivatives. The following local arrays are required:

ub[r+1]: the parameters;

N{mu+1] [n+1] ,M[mc+1] [n+1},S [mu+1] ,Tlmc+1] ,A[mc+1]: the arrays cor-
responding to the matrices defined previously (except S{], which
is WS);

Wlmu+1]: the weights; since the matrix W is diagonal, only a vector of length
m,, + 1 is required;

funs[2] [p+1]: contains the basis functions, and their derivatives where
specified (see Algorithms A2.2 and A2.3).

Furthermore, several local arrays are required for temporary storage of matrices
computed in Egs. (9.71)-(9.76).

ALGORITHM A9.6
WCLeastSquaresCurve(Q,r,¥Wq,D,s,I,Wd,n,p,U,P)
{ /* WVeighted & constrained least squares curve fit */
/* 1Input: Q,r,Wq,D,s,I,Wd,n,p */
/* Output: U,P */
ru = —-1; rc = -1;
for (i=0; i<=r; i++)

if (Wqli]l > 0.0) ru = ru+i;
else rc = rc+l;
su = —-1; sc = ~-1;

for (j=0; j<=s; j++)
if (Wafjl > 0.0) su = suti;

else sc = sct+l;
mu = rut+su+l; mc = rc+sc+i;
if (mc >= n || mc+n >= mu+l) return(error);

Compute and load parameters i into ub[] (Eq.([9.51);

Compute and load the knots into U[] (Eqs.[9.68],[9.691);
/* Now set up arrays N,W,S, T, M */

j=0; /* current index into I[] */

mu2 = 0; mc2 = 0; /* counters up to mu and mc */

for (i=0; i<=r; i++)

{

span = FindSpan(n,p,ub[i],U);
dflag = 0;

if (j <= s)

if (i == I[j1) dflag = 1;
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if (dflag == 0) BasisFuns(span,ub[il,p,U,funs);
else DersBasisFuns(span,ub(i],p,1,U,funs);
if (Wqlil > 0.0)
{ /* Unconstrained point */
Wimu2] = Wqlil;
Load the mu2th row of N[1[] from funs[0]([1;
S[mu2] = Wlmu2]*Q[il;
mu2 = mu2+i;
}
else
{ /* Constrained point */
Load the mc2th row of M[1[] from funs{0l[];
Tlmc2] = Qlil;
mc2 = mc2+1;
}
if (dflag == 1)
{ /* Derivative at this point */
if (Wdljl > 0.0
{ /* Unconstrained derivative */
Winu2] = wdljl;
Load the mu2th row of N{J[] from funs[1][];
S[mu2] = Wimu2]*D[j];
mu2 = mu2+1;
}
else
{ /* Constrained derivative */
Load the mc2th row of M[]{] from funs[1]([];
Tmc2] = D[j];
mc2 = mc2+1;
}

3=y

} /* End of for-loop i=0,...,r */
Compute the matrices NTWN and NTWS;
LUDecomposition(NTWN,n+1 .P);
if (mc < 0)

{ /* No constraints */

Use ForwardBackward() to solve for the control points P[].

Eq.(9.71) reduces to (NTWN)P = NTWS.
return;

}

Compute the inverse (NTWN)nl, using ForwardBackward().

Do matrix operations to get: M(NTWN)_IMT and
M(NTWN) ™' (NTWS) - T;

Solve Eq.(9.75) for the Lagrange multipliers, load into A[];

Global Approximation 419

Then P = (NTWN) ™} ((NTWS) - MTA), Eq.(9.79);
}

Figures 9.38-9.43 show several examples of weighted and constrained curve
fitting. Figure 9.38 shows an unconstrained fit with all weights set to 1. In
Figure 9.39 the weights w}, w¥, w{, and w} were increased to 100 each, result-
ing in a curve pull towards the data points Qy,..., Q,. Note that, despite the
misleading graphics, the curve does not pass through the endpoints. Figure 9.40
shows a constrained fit with point (marked with squares) as well as derivative (ar-
rowed vectors) constraints. The curve passes through the square-marked points
and is tangential to the specified vectors at these points. In Figure 9.41 two
additional weights were introduced, wf = 100 and w{; = 100. Figure 9.42 shows
the same curve as in Figure 9.40, except that two new inner derivatives were
used. Similarly, Figure 9.43 is the same as Figure 9.42 except that the weights
w§ = 50 and wig = 20 were added.

9.4.3 LEAST SQUARES SURFACE APPROXIMATION

We turn now to surface approximation with a fixed number of control points.
Let {Qk ¢}, k=0,...,7and £=0,...,s, be the (r+1) x (s +1) set of points to
be approximated by a (p, g)th degree nonrational surface, with (n+1) x (m+1)
control points. Although it is possible to set up and solve a general least squares
surface fitting problem, linear or nonlinear, and with or without weights and
constraints, the task is much more complex than for curves. We present a surface
approximation scheme here which builds upon our least squares curve scheme, is

Figure 9.38. Unconstrained fit with all weights equal to one; note that the curve does
not pass through the endpoints.
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= = wi = 100

=

Figure 9.39. Unconstrained fit with weights w] = w] = w = w{ = 100; the curvé does
not pass through the endpoints.

very simple, and is quite adequate for most applications. As was done for global
surface interpolation, we simply fit curves across the data in one direction, then
fit curves through the resulting control points across the other direction.

Figure 9.40. A constrained curve fit; point constraints are marked by squares, tangent
constraints are shown by arrows, and all weights are one.
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Figure 9.41. The curve from Figure 9.40, with weights w§ = w{s = 100.

Algorithm A9.7 interpolates the corner points Qoo, Qro, Qos; and Qs s
precisely, and approximates the remaining { Qg}. It uses repeated least squares
curve fits given by Eqgs. (9.63) and (9.65)-(9.67). It fits the s + 1 rows of data

Figure 9.42. The curve from Figure 9.40, but using two new tangent constraints.
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Figure 9.43. The curve from Figure 9.42, but with weights wj = 50 and wi; = 20.

first, storing the resulting control points in the local array, Temp[n+1] [s+1].
Then it fits across these control points to produce the (n + 1) x (m + 1) surface
control points. Notice that the matrices N and NTN only have to be computed
once for each direction, and the LU decomposition of NTN is only done once for
each direction. We require local arrays Nu[r-1] [n-1] and NTNu [n~1] [n-1] for
the u direction fits, and Nv[s-1] [m~1] and NTNv[m-1] [m- 1] for the v direction
fits. The vector R of Eq. (9.68) is stored in Ru[n-1] and Rv[m-1].

ALGORITHM A9.7
GlobalSurfApproxFixednm(r,s,Q,p,q,n,n,U,V,P)
{ /* Global surface approx with fixed num of ctrl pts =*/
/* Input: r,s,Q,p,q,n,m */
/* Output: U,V,P %/
SurfMeshParams(r,s,Q,ub,vb);
Compute knots U by Eqgs.(9.68),(9.69);
Compute knots V by Egs.(9.68),(9.69);
Compute Nu[][]l and NTNuf][] using Eq.(9.66);
LUDecomposition(NTNu,n-1,p);
for (j=0; j<=s; j++)
{ /* u direction fits */
Temp [0] [3] = QO,j; Temp[n] [J] = Qr,j;
Compute and load Ru{l (Egs.[9.63],[9.671);
Call ForwardBackward() to get the control points
Temp[1]1[j],...,Temp[n-1][j1;

Compute Nv[][] and NTNv[I[] using Eq.(9.66);
LUDecomposition(NTNv,m-1,q);
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for (i=0; i<=n; i++)
{ /* v direction fits */
P[i1[0] = Temp[i][0]; P[i]l [m] = Temp[i] [s];
Compute and load Rv[] (Egs.[9.63],[9.67]);
Call ForwardBackward() to get the control points
P[il[11,...,P[i] [m~-1];
}

}

Figures 9.44-9.47 illustrate surface fitting. Figure 9.44 shows the original data
joined by straight lines. Figure 9.45a depicts a degree (2,3) least squares sur-
face fit using a (5 x 6) control net. The error of approximation is shown in
Figure 9.45b. Figure 9.46a shows an approximation with an (8 x 8) net. Its
quality of approximation is much better, as seen in Figure 9.46b. For compar-
ison, Figure 9.47 shows a degree (2, 3) global interpolation (using chord length
parameters) to the data in Figure 9.44.

Of course, one can fit the 7 + 1 columns first, and then fit across the resulting
m + 1 rows of control points. In general the results are not the same. We
know of no criteria to decide in advance which approach will yield the “best”
fit for a particular set of data. Clearly, this technique can easily be extended to
accomodate point and derivative constraints and weighting on the boundaries.
Interior constraints are more difficult. Suppose Qy, 4, 0 < ko < 7 and 0 <
{y < s, is to be constrained. The point is constrained during the u direction

Figure 9.44. Data set for surface approximation.
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(a)

Figure 9.45. A least squares surface fit with a degree (2, 3) surface using a (5% 6) control
net. (a) Surface approximant; (b) error surface (error measured at data points).

curve fit, as in Algorithm 49.6. Then, if @, € [u;,u;11), the points Temp[i —
plllo], - - ., Templi][€g] must be constrained in the v direction fitting.

9.4.4 APPROXIMATION TO WITHIN A
SPECIFIED ACCURACY

We now return to the problem of approximating data to within some user-
specified error bound, E. As indicated at the beginning of this section, iterative
methods either start with few control points, fit; check deviation, and add control
points if necessary (Type 1); or they start with many control points, fit, check
deviation, and discard control points if possible (Type 2). The least squares
based methods given earlier are appropriate for the fitting step. The deviation
checking step usually measures maximum distance, either as

max | Q, — C(tk)| or Jmax. | Qe — S(ak, ) | (9.77)

0<k<m
0<£<s
or as
max ( min | Q; — C(u)|) or max ( min | Qs — S(u, v)|) (9.78)
0<k<m 1

0<u<l1 0<k<r | 0<u<
0<¢e<s \0<v<1
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Figure 9.45. (Continued.)

(a)

Figure 9.46. A least squares surface fit with a degree (2,3) surface using an (8 x 8)
control net. (a) Surface approximant; (b) error surface (error measured at data points).
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Figure 9.46. (Continued.)

AN

Figure 9.47. The surface interpolating points shown in Figure 9.44.
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We call Eq. (9.78) the maz norm deviation. It uses Eqgs. (6.4)-(6.9) to compute
the minimum distance from each Q; (Qx.¢) to C(u) (S(u,v)). The @ (2, V)
serve as good start points for the Newton iterations. Obviously, Eq. (9.78) is
more expensive to apply than Eq. (9.77). However, it is usually what a user
wants measured, and it generally leads to curves and surfaces with fewer control
points, since

oZin, Qi — C(w)| < |Q— C(ax)l (9-79)

We emphasize that both Type 1 and Type 2 methods can fail to converge, and
this eventuality must be dealt with in a software implementation.

A Type 1 curve approximation method can proceed as follows. Start with
p+ 1 control points (the minimum). Fit a curve using Egs. (9.63) and (9.65)-
(9.67), or Algorithm A9.6 if interior constraints are desired. After each fit, use
Eq. (9.78) to check if the curve deviation is less than E. A record is maintained
for each knot span, indicating whether or not it has converged; a span [u;,uj+1)
has converged if Eq. (9.78) is satisfied for all k such that @ € [, ujp1). After
cach fit and subsequent deviation check, a knot is added at the midpoint of each
nonconvergent span, thus adding control points. This algorithm must deal with
the case in which a span can become empty as knots are added (i.e., the span
contains no @), thus producing a singular system of equations in the fitting step.

A Type 1 surface approximation method can be implemented in a similar fash-
ion, with an efficiency improvement. During the deviation check, determine the
row £y and column kg which have the greatest numbers of points with deviations
greater than E. Then extract isoparametric curves Cg, (v) and Cg,, (u), and
independently approximate them to within E. This yields new (increased) knot
vectors, U and V, to use for the next surface fit. Using this method, usually
only a few surface fits and subsequent deviation checks are required.

We now develop a Type 2 curve approximation method, which combines least
squares fitting with the knot removal techniques of Chapter 5. First we need a few
more knot removal tools. Let u, be an interior knot of a pth degree nonrational
curve, C(u), t, # Ur41, and denote the multiplicity of u, by s, i.e., Ur—s4j = ur
forj=1,...,s. Let C(u) denote the curve obtained by removing one occurrence
of u,. Recall that the new control points, P} and P}, are computed from the

left and the right, respectively, by Eq. (5.28). After removal, C(u) differs from
C(u); Tiller [Till92] derives error bounds for two cases: '

o assume (p+ s) mod 2 = 0; set k = (p+5)/2 and
B, =|Pr_f — ar—i P}-—k-;-l -1 -or) P}--—k—l | (9.80)

Up — Up—
where Qpf = _ YT Uk
Up—k+p+1 — Ur—k

Then |C(u) — C(u)| < Nr—gp(u)B,  foruel0,1] (9.81)
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o assume (p+s) mod2=1;set k= (P+5+1)/3 and
B, =P, —P!_ .| (9.82)
Then  [C(u) - C()| < (1~ ar—is1) Nr—ii1,p(u)B,

for u € [0, 1] (9.83)

Up = Up—f41

with Qp k41 =
Ur—k+p+2 — Ur—k+1

The B, are just the distances computed in knot removal Algorithm A5.8. Algo-
rithm A9.8 is a modification of Algorithm A5.8 to compute just the B,.

ALGORITHM A9.8
GetRemovalBndCurve(n,p,U,P,u,r,s,Br)
{ /* Get knot removal error bound (nonrational) */
/* Input: n,p,U,P,u,r,s */
/* QOutput: Br =*/
ord = p+1;
last = r-s;
. first = r-p;
off = first-1; /* difference in index between temp and P %/
temp[0] = Ploff]; temp[last+i-off] = P[last+1];
i = first; j=last;
ii = 1; jj = last-off;
while (j-i > 0)
{ /* Compute new control points for one removal step */
alfi = (u-U[i])/(U[i+ord]-U[il);
alfj = (u-U[j1)/(Ulj+ord]-Ulj1);
temp[ii] = (P[il-(1.0-alfi)*temp[ii-1])/alfi;
temp[jjl = (P[jl-alfj*temp[jj+11)/(1.0-alfj);
i = i+1; il = ii+1;
j=31 33 =i 1
} /* End of while-loop */
if (j-i < 0) /* now get bound */
{ /% Eq.(9.82) */
?r = Distance3D(temp[ii-1],temp[jj+11);
else
{ /% Eq.(9.80) %/
alfi = (u-U[i])/(Uli+ord]-U[il]);
Br = Distance3D(P[i],alfi*temp[ii+1]+(1.0-alfi)
) " *temp[ii-1]);
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Now let {Q,,} be a set of points and {x} the associated set of parameters. De-
note by {ex} a set of errors associated with the points, and let E' be a maximum
error bound. Given a curve C(u) with the property that the max norm devia-
tion of each Q) from C(u) is less than or equal to e, Algorithm A9.9 removes
(roughly) as many knots as possible from C(u) while maintaining e; < E for all
k. It also updates the {ex}, i.e., it accumulates the error. Output is the new
curve, represented by 7, U , and Pi. The algorithm maintains two lists, the knot
removal error, B,, for each distinct interior knot; and for each basis function,
N; p(u), the range of indices representing the parameters s which fall within
the domain of that function. Clearly, when a knot is removed these lists must be
updated; however, the effect is local. The bound, By, of only a few neighboring
knots changes, and only a few neighboring basis functions (and their domains)
change. Suppose we remove u,, which has multiplicity s before removal. After
removal there is one less basis function, and in the new numbering scheme the
range of @ indices for only the basis functions

Ni»P(u) izT'—p_lv":r'—s (9.84)

must be recomputed. B, values change for all knots whose old span index lies
in the range
max{r —p,p+1},...,min{r + p—s+1,n} (9.85)

Example

Ex9.3 See Figure 9.48: Let the cubic curve be defined by Py,...,P;; and
U = {0,0,0,0,1,2,3,4,4,5,6,7,8,8,8,8}. Suppose we remove one oc-
currence of the knot ug = 4 (r = 8, s = 2). By Eq. (9.85) new B, values
must be computed for knots 2,3,4,5,6. By Eq. (9.84) new @, ranges of
indices must be computed for Ny 3, N5 3, and Ng 3.

Ex9.4 See Figure 9.49: Let the cubic curve be defined by Py,..., Pigand U =
{0,0,0,0,1,2,3,4,5,6,7,8,8,8,8}. Suppose we remove the knot u7 = 4
(r =7, s =1). By Eq. (9.85) new B, values must be computed for
knots 1,2,3,5,6,7 (all remaining interior knots). By Eq. (9.84) new i
ranges of indices must be computed for N33, Ny 3, Ns 3, and Ng 3.

ALGORITHM A9.9
RemoveKnotsBoundCurve(n,p,U,P,ub,ek,E,nh,Uh,Ph)
{ /* Remove knots from curve, bounded */
/* TInput: n,p,U,P,ub,ek,E */
/* Output: ek,nh,Uh,Ph */
Inf = co; /% Big number */
Get the values Br for all distinct interior knmots (49.8).
For each basis function, get range of parameter indices.
while (1)
{

Find knot with the smallest Br bound. Set r and s.
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if (Br == Inf) break; /* Finished */

Using Eqs.(9.81),(9.83), and Algorithm A2.4 to compute
NewError{k], form temp[k] = ek[k]+NewError[k] at
all ub[k] values falling within the relevant domain.

If knot is removable /* All templ[k] <= E %/

{

Update ek[] ek[k] = temp[k] for relevant range.

Call routine similar to A5.8 to remove knot
(remove without tolerance check).

If no more internal knots, break. /* Finished */

Using Eq.(9.84), compute new index ranges for
affected basis functions.

Using Eq.(9.85), compute new error bounds for the
relevant knots.

}

else

{

Set this Br to Inf.

}

Affected domain

Ne,3

Figure 9.48. Removal of the knot ug = 4 one time.

s
s

Global Approximation 431

Affected domain

N5 3

pu g

Figure 9.49. Removal of the knot u7 = 4 one time.

We can now put together a Type 2 curve approximation method.

ALGORITHM A9.10
GlobalCurveApproxErrBnd(m,Q,p,E,n,U,P)
{ /* Global curve approximation to within bound E */
/* Input: m,Q,p,E =*/
/* Output: n,U,P %/
Compute 1 and load into ub[l (Eq.[9.51).
Set U and P to be the degree 1 curve interpolating the Q:
U={0,0,’a1,...,ﬁm_1,1,1} and Pk= Qk‘
Initialize the e;: ek[0],...,ek[m] = O.
n = m;
for (deg=1; deg<=p; deg++)
{
RemoveKnotsBoundCurve(n,p,U,P,ub,ek,E,nh,Uh,Ph);
if (deg == p)  break;
Let U be the knot vector obtained by degree elevating Uh
from deg to degt+l (increase all multiplicities by 1).
Reset n (Eq.[5.32]).
Fit a least squares curve to the Q,, using n, ub, degree
deg+l, and knot vector U; this yields new ctrl pts P.
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Using Egs.(6.4),(6.5), project all Q, to current curve
to get Ry = C(ux). Then update ek[] and ub[]:
[ =IQk,Rk[ and Up = Ug.
} /% End of for-loop */
if (n == nh) return(a,U,P);
Set U = Uh and n = nh, and fit one final time with degree p
and knots U.
Project the Q, and update ek[] and ub[].
RemoveKnotsBoundCurve(n,p,U,P,ub,ek,E,nh,Uh,Ph);
return(nh,Uh,Ph);

}

The advantages of starting with a linear curve and working up to degree p are
three-fold:

« geometric characteristics (e.g., cusps and discontinuities in curvature) in-
herent in the data tend to be captured at the appropriate stage; if the data
is known to be smooth, then Algorithm A9.10 can be started at degree 2
(quadratic interpolation before entering the for-loop);

« the evolving curve tends to “settle” into a natural parameterization;
« a general rule when globally fitting large numbers of points is that the
higher the degree, and the more knots (interpolation is the limit), the

worse the wiggle; Algorithm 9.10 reduces the number of knot spans as it
increases the degree, thereby tending to decrease wiggle in the final curve.

Figure 9.50a shows a cubic curve fitting example using Algorithm A9.10. The
tolerance is E = 7/;00. Figure 9.50b shows the parameterization of this curve,
along with the control polygon. Note the mix of double and single knots, as
apparent by the alternating touching and nontouching polygon legs. Figure 9.51
shows another example of cubic curve approximation, with E = 8/;0¢.

The max norm error bound E is guaranteed in the knot removal steps of
Algorithm A9.10. The error resulting from the least squares fit is guaranteed
to be less than or equal to the error in the previous (knot removed curve) in
the least squares sense. In practice it also seems to always be better in the max
norm sense. In any case, the max norm error can be easily monitored during the
point projection step when the e and 4y, are updated.

Constraints can be easily incorporated into the algorithm by using Algorlthm
A9.6 for the fitting, and by initializing the relevant e; to co and not updating
it (or its @ ). Lyche [Lych87, 88] used similar knot removal techniques for curve
and surface approximation and data reduction.

An analogous Type 2 surface approximation method can be developed. Let

S(u,v) =D )" Ni (W) N, (v) Py

=0 j=0

(u,v) €[0,1] x [0,1]

be a (p,q)th degree B-spline surface. Assume u, is a u knot of multiplicity s,

v S
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(b)

Figure 9.50. A cubic curve fit using algorithm A9.10.

and let S(u, v) denote the surface obtained by removing one occurrence of u,.
Considering the tensor product structure of S(,v), and using the techniques of
Tiller [Till92], it can be shown that:

o if (p+s) mod2=0,set k= (P+5)/2 and

Bg' :! Pr——k,j - a"’"‘kpg—k-(‘l,] (1 — Q- k) ko 1,Jl

j=0,....m  (9.86)
Upr — Up—
where Qe = .._.__T—T__E__._.
Up—k4p+1 — Ur—k
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Figure 9.51. A cubic curve fit using algorithm A9.10 and E = 8/1¢0.

Then  |S(u,v) = S(4,v)| < Np_g,p(u))  Njq(v)Bi
3=0

for (u,v) € [0,1] x {0,1] (9.87)

«if (p+s) mod2=1,set k= (P+5+1)/3and

Bg, :| P'r:'l——k,j - P:—k-)—l,jl J = 07 R >m (988)

Then | S(u,v) ~ S(u,v)| < (1= 0r—it1) Nr—ip1,p(u) Y Ny, q(v) B
=0

for (u,v) € [0,1] x [0,1] (9.89)

Up — Up—k+1

with Qp g1 =
Up—k4p+2 — Ur—k+1
Analogous equations hold for v direction knot removal. Using these equations,
one can develop a knot removal stategy for surfaces similar to Algorithms A9.8
and A9.9. This, combined with the least squares based surface fitting algorithm
A9.7, provides a method for approximating a set of points { Q,¢} to within an
E tolerance.

Figures 9.52a-9.52e show several examples of surface approximation. The data
set to be approximated is shown in Figure 9.52a. Figure 9.52b shows a degree
(2,2) surface that is an interpolant obtained by using E = 0. Increasing E to
1/, yields the surface in Figure 9.52c. Further increasing F to 1 produces the (b)

surface of Figure 9.52d. Finally, a degree (3,3) approximation using E = 1 is Figure 9.52. Various surface fitting examples using the extension of algorithm A9.10
shown in Figure 9.52e. to surfaces.
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[

Figure 9.52. (Continued.)
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)

Figure 9.52. (Continued.)

Algorithm A9.10 and the corresponding surface algorithm are, in fact, data
reduction algorithms, i.e., they work best on large data sets. They assume that
during the knot removal phase (Algorithm A9.9) a significant number of knots
can be removed. If this is not the case the least squares approximation step can
fail, either because degree elevation requires more control points than there are
data points, or because the many multiple knots make the system of equations
singular. A simple fix is to restart the process with a higher degree curve.

9.5 Local Approximation

Let Qq,...,Q,, and E be given. Here we give two examples of local curve
approximation; the first produces a rational quadratic B-spline curve, and the
second produces a nonrational cubic B-spline curve. In both cases the curves
are G! continuous by construction; they can be made C! continuous, but this is
not recommended for the quadratic case because it can produce very poor pa-
rameterizations. The quadratic curve fits planar data, while the cubic curve fits
arbitrary three-dimensional data. The algorithms are variations on the methods
presented in [Pieg87b; Chou92).

A good approximation algorithm attempts to generate as few segments as
possible. One way to do this is to let ks = 0, then find the largest k. < m
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such that Qg,,..., Qk. can be fit to within the E tolerance by one pth degree
segment. Once found, set k, = k. and repeat the process to find the largest
ke < m such that Q,,..., Qk, can be fit with one pth degree segment. This
continues until k; = m. Since m is usually rather large in approximation, a
binary search is much faster than a linear search. As a practical matter, it may
be desirable to bound the number of data points which can be approximated
by one segment. We denote this bound by K,.x, that is, the binary search
algorithm is modified to guarantee that

ke _ks S Kma.x

always holds. This is accomplished by initializing k. to ks + Kmax at the
start of each search for the next segment. There are two advantages to setting
Kpax <m:

« for a fixed tolerance F, a smaller K, produces a more accurate fit;

« if mis large and F is quite small (which is often the case), then the average
number of points approximated with each segment is small relative to m;
in this case the algorithm is much more efficient if K. is set substantially
smaller than m.

‘We develop routines FitWithConic() and FitWithCubic() in Sections 9.5.1 and
9.5.2, respectively. These routines attempt to fit the points Qg,,..., Qk. to
within the tolerance E with a conic or cubic segment, respectively. If the fit is
successful, the calling (search) routine either accepts the segment or it increases
ke and calls the fit routine again to try to find an even larger segment (depending
on the search strategy). If the fit is unsuccessful, the calling routine decreases
k. and calls the fit routine again.

For both the quadratic and cubic cases, the knot vector is constructed as the
segments are accepted. Double internal knots are used in both cases, producing
G* quadratic and C! cubic curves. Accumulated chord lengths corresponding to
segment. boundaries are used for the knot values of quadratic curves; Eq. (9.37)
is used to compute knots for cubic curves.

9.5.1 LOCAL RATIONAL QUADRATIC
CURVE APPROXIMATION

We now develop the routine FitWithConic(). We assume points Qx,, - - -, Qke
lie in a unique plane, and that the end tangents T, and T, are given.
Consider Figure 9.53. Assume for the moment that

R = Qg +7T,s R = Qg +7Te (9.90)
with Y>>0 7. <0 (9.91)

Then to determine an approximating conic, proceed in three steps:
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Figure 9.53. A curve fit and scatter check for conic curve fitting.

1. interpolate each point Q;, ¢ = ks + 1, ..., ke — 1, with a conic, using Qg,,
R, and Q. as the control polygon, as in Algorithm A7.2. This yields
the middle weight, w;, and the corresponding shoulder point coordinate,

55 = W1+ ) *

2. compute an approximating conic by averaging the s;, i.e.

ke—1

1
- S . 9.92
e SO DR (992)
i=ky+1

By Egq. (7.30) the shoulder point of the approximating conic is S =
(1~ s)M + sR, and by Eq. (7.31) the middle weight is w = $/(1 — s);

3. project each Q, onto the approximating conic to check if all of them are
within tolerance.

There are three special cases which are handled differently:

¢ ke — ks = 1, ie., there are no interior points; the algorithm computes
an interpolating segment between Qg, and Q. exactly as described in
Section 9.3.3;

+ Ts and T, are parallel; if they are parallel to the chord Qi, Qx, and the
points Qgg, ..., Q. are collinear, then a conic segment is returned which
is actually a line segment; otherwise no fit is attempted;

+ R is computed but Eq. (9.91) does not hold; no fit is attempted.
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FitWithConic() returns the value 1 for a successful fit, or the value 0 for
no fit. In the case of a successful fit, the weighted middle control point, RY is
also returned.

ALGORITHM A9.11
FitWithConic(ks,ke,Q,Ts,Te,E,Rw)
{ /* Fit to tolerance E with conic segment #*/
/* Input: ks,ke,,Ts,Te,E */
/* Output: Rw =*/
if (ke-ks == 1)
{ /* No interior points to interpolate */
Fit an interpolating segment as in Section 9.3.3.
return(l);
}
i = Intersect3DLines(Q[ks],Ts,Q[ke],Te,alf1,alf2,R);
if (i = 0) )
{ /* No intersection */
if (Qg,,..., Qr, not collinear) return(0);
else
{
Rw = (Qks]+Q[kel)/2.0;
return(1);
} -
}
if (alfi <= 0.0 |} alf2 >= 0.0) return(0);
s = 0.0; V = Qlkel-Qlks];
for (i=ks+1i; i<=ke-1; i++)
{ /* Get conic interpolating each interior point */
Vi = Q[i] - R;
j = Intersect3DLines(Q{ks],V,R,V1,alf1,alf2,dummy);
if (j t=0 || alfl <= 0.0 || alfi >= 1.0 || alf2 <= 0.0)
return(0);
Compute the weight wi.
s =5 + wi/(1.0+wi);

/* Algorithm A7.2 */

s = s/(ke-ks-1); w = s5/(1.0-8);
if (w < WMIN || w > WMAX)  /* system bounds on weights */
return(0);
Create Bezier segment with Q[ks],R,Q[ke] and w.
for (i=ks+1; i<=ke-1; it++)
{
Project Q[i] onto the Bezier segment.
if (distance > E) return(0);
}
Rw = wxR;
return{l);

}

S
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Figures 9.54a-9.54e show local quadratic curve fitting examples. The loga-
rithmic spiral
= 1.9
r==-e

was sampled and approximated. Input parameters for Figures 9.54a-9.54d were:

Figure 9.54a E = 1100, Kpax = 50
Figure 9.54b E = /1000, Kmax =50
Figure 9.54c  E = 1, Kiax = 6
Figure 9.54d E = L/, Kpax = 10

Figure 9.54e shows the parameterization of the curve in Figure 9.54b.

9.5.2 LOCAL NONRATIONAL CUBIC CURVE
APPROXIMATION

We now develop FitWithCubic(). Let Py = Qg, and P3 = Qy, denote the
start and endpoints of the cubic Bézier segment, and T, and T, the start and
end unit tangents (see Figure 9.55). We must determine the two inner control
points, P; and P,. Setting
P1=P0+(XT3 P2=P3+ﬂTe

we must determine values for o and 3 such that the cubic Bézier curve defined
by Po, P1, P2, P; passes within the E tolerance of all Qq, ks < k < ke. If
ke — ks = 1, then theoretically, any o and 3 will do; however, they should
be chosen so that the derivative magnitudes blend naturally with neighboring
magnitudes. Using Eq. (9.29) and Exercise 9.2, reasonable estimates for the
derivatives Dy, and Dy, at Qy, and Q. are

chs =V, ifkg =0

Cjt1 —C§
Cj — Cj—1

Dy, =Vi,  ifke=m (9.93)

J#{0m} j=k, or j=k.

where {c;} are the accumulated chord lengths. Then set

— ‘ Dka l - l Dke l

Now assume k. — k, > 1. Our algorithm consists of three steps:

1. for each k, ks < k < k., interpolate a cubic Bézier segment to the data
Po, Ts, Qy, P3, T, thus obtaining an ay and a By; the Bézier segments,
Ci(u), are defined on the normalized interval « € [0, 1];
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|

(b) (@)
Figure 9.54. Local quadratic curve fitting examples. Figure 9.54. (Continued.)
2. average the ais and (s to obtain a and 3; these define the candidate Let P = Q, be the point to interpolate, and denote by B; 3 the cubic Bernstein
Bézier segment, C(u); polynomials on u € [0, 1]. We write P as

3. check if all Q, ks < k < ke, are within E distance of C(u). P = BysPy+ B, oPy + ByaPy + Byo P
= Bo,3Py 1,3P1+B23P2+ B3 3P3
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Figure 9.54. (Continued.)

= Po(Bo3 + B1,3) + aT By 3+ TeBy3 + P3(Bos + Bas) (9.95)

and finally
P=P.+aT, +bT, (9.96)
where the point
P. = Po(Bos + B1,3) + Ps(B2s + Bs3) (9.97)
lies on the line PyP;, and
Q= aB]_v3 b= ,332,3 (998)
a b
Thus o= — = — 9.99
By 3 B3 (6.99)

Consider Figure 9.55. Equation (9.96) says that we obtain P by starting at P,
going along a direction parallel to T, for some distance (to Py), then continuing
from there in the opposite direction of T, for another distance. Since T and T,
have unit length, it follows that
a=|P.Py| b=—|P,P| (9.100)
Hence, we must compute P and Py, then a and b from Eq. (9.100), and finally
a and S from Eq. (9.99).
There are two cases to consider, coplanar and not coplanar. First assume the
vectors T, Te, and PoP3 are not coplanar. It turns out that there is a unique

cubic Bézier curve passing through P, and P, and P, can be constructed as
follows (see Figure 9.55):
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Figure 9.55. A unique cubic three-dimensional (twisted) Bézier curve specified by end-
points,.end tangents, and one point on the curve.

1. let 7 be the plane defined by Py, P3, and T;

2. intersect w with the line passing through P and parallel to T, — this
yields Py;

3. obtain P, by intersecting the line Py P3 with the line passing through P,
and parallel to Tj.

Equation (9.100) now yields a and b. In order to compute o and 8 by Eq. (9.99),
we require the (unique) parameter value, @, at which the curve passes through
P. From Eq. (9.97) and the fact that the B; 3 sum to 1, we have

P.=~vPo+(1—-7)P; (9-101)
where = I"‘gf;l;a;—[‘ = Bo+ Bi3 (9.102)

7 is computed as a quotient of directed distances, i.e., v € [0,1] if and only

if P lies between Py and P3. The polynomial By,3 + B3 is cubic in u (the
reader should sketch this function), and for any given v € [0, 1] there is a unique
solution to Eq. (9.102) that lies within [0,1]. If v ¢ [0,1], the fit is aborted
(return “no fit” to the calling routine). The cubic equation, Eq. (9.102), can be
solved by Newton iteration. One way to obtain good start values is to tabulate
some number of i values corresponding to 7 values between 0 and 1. Then, given
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any vy, a quick search in the table yields a start 4. Finally, substituting 4 into
Eq. (9.99) yields o and 8.

If Ty, T, and PgP3 are coplanar, then more than one cubic curve passing
through P can exist, and the previous geometric construction of P, and Pj fails.
There are several special cases which complicate matters, hence we derive a set
of equations which always yields o and 3. We first assign a parameter, i, to P.
A good estimate is obtained using chord length parameterization, i.e.

g, =0

Ck — Cr—1

Up = g1 + (9.103)

Cke — Ckg

The 4y are, in fact, the normalized chord length parameters for the Q, on
ka,..., le. Now if P = Qk? ks < k < k., then 4 = .
Next we compute the tangent T, at P (Egs. [9.29] and [9.31]). Let

s=1—-1 t=1u
By definition
P = 5Py + 35%P; + 35t° Py + 3 P3 (9.104)

and recalling the deCasteljau algorithm (Eq. [1.12], Algorithm A1.5, and Figure
1.17) one can derive

PZ = s°Pg + 25t Py + 2Py
P} = s2P; 4 25t Py + t2P3 (9.105)

where P3 and P lie on the line defined by P and T, (Figure 9.56). Thus

0=T, x (P~ P})
=T, x (£*P3 +t(2s — )Py + s(s — 2t) Py — s?Pg) (9.106)
Substituting P, = Py +aT, and Py = P3+ 8T, into Eqgs. (9.104) and (9.106)

yields

(3s%tTs) a+(3st°Te)B = P — (5° + 35%) Pg — (3 + 3st2) P3  (9.107)
s(s — 2t)(Tp x Ts)a + ¢(2s — t)(Tp x Te) B = 25t(T, x (Po — P3))  (9.108)
Equation (9.107) involves the point constraint, P, and Eq. (9.108) the tangent
constraint, T,. They each contribute three equations in two unknowns, for a

total of six equations (or four, when the data is zy planar). Some of the special
cases are:

o if Ty || Te, then Eq. (9.107) yields only one equation; Eq. (9.108) supplies
the necessary additional equation;
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Figure 9.56. A planar cubic Bézier curve as specified by endpoints, end tangents, a
point on the curve, and a tangent direction at this point.

o if P = (53 + 35%) P + (£ + 35t%) P3, then Eq. (9.107) is a homogeneous
system; in this case, @ = § = 0 may be the only solution, or there may
exist infinitely many nontrivial solutions. Assuming we have ruled out the
straight line case, we have T, X (Pg — P3) # 0, hence Eq. (9.108) supplies
the necessary nonhomogeneous equations.

A simple way to solve Egs. (9.107) and (9.108), which avoids worrying about
the special cases, is to put the six equations together and solve them by least
squares. After solving, it must be checked that @ > 0 and 3 < 0; if this does not
hold, the fit is aborted and control is returned to the calling program.

Once the equations are solved the s and Bis are simply averaged, that is

1 ke—1 1 ke—1
a=— Y o B= o B (9.109)
ke =k —1, 4= ko — ks — 1 i:%;f—l

The candidate cubic Bézier curve, C(u), is then defined by Py, Py = Py +a'Ts,
Py = P3 + BT, and P3.

We now must check if each Q, is within E distance from the curve C(u)
(ks <k < k). This requires Newton iterations, and the s computed previously
are good start values. Recall that Q, = Cp(ix). Let Aoy = ar — a and
APk = By — B. Then from Eq. (9.95) we have

|Qr — C(ix)| = |Crlax) — Clas)|
|Aak31,3(ﬁk)T3 - Aﬂsz,;,’(’&k)TeI (9.110)

I

i
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Equation (9.110) can be used as a fast acceptance test: if it is less than or equal
to E, then Newton iterations are not required. If iterations are required, the
technique given in Section 6.1 is appropriate.

The routine FitWithCubic() follows. It returns the value 1 for a successful
fit, or the value 0 for no fit. We remark that the construction of P, and P; in the
noncoplanar case is unstable when T, T,, and Py P3 are close to being coplanar.
Hence, this test should be made with a rather loose tolerance. The algorithm
uses local arrays uh[], alfak[]l, betak[] to store the iy, ax, and S.

ALGORITHM A9.12
FitWithCubic(ks,ke,Q,Ts,Te,E,P1,P2)
{ /* Fit to tolerance E with cubic segment */
/* Input: ks,ke,Q,Ts,Te,E #*/
/* Output: P1,P2 =/
if (ke-ks == 1)
{ /* No interior points to interpolate */
Compute a and 3 by Egs.(9.93),(9.94).
Set P1 = ka +aT,
and Py = le + BT
return(l);
}
dk = ke-ks;
line = Collinear(dk+1,Q[ks]);
if (line == 1)
{ /* Collinear points case; create straight line */
P1 = (2.0*Q[ks]+Q[ke])/3.0;
P2 = (Qlks]+2.0*Q[kel)/3.0;
return(1);
}
for (k=1; k<dk; k++)
{
Get plane 7 defined by Ql[ksl,Q[kel,Ts.
if (Line(Q[k+ks],Te) lies in )
{ /* Coplanar case */
Compute i by Eq.(9.103) and load into uh[k].
Set up Eqs.(9.107) and (9.108) and solve for aj and [
(by least squares).
if (x>0 && B <0)

alfak[k] = ag; betak[k] = [;

}

else
return(0);
}

else
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{ /* Noncoplanar case */ '
Pd = Intersection of m with Line(Q[k+ks],Te);
Pc = Intersection of Line(Q[ks],Qlke]l-Q[ks]) with
Line(Pd,Ts);
gamma = Distance3D(Pc,Q[ke])/Distance3D(Q[ks],Qlkel);
if (gamma < 0.0 || gamma > 1.0) return(0);
Use Newton iteration to solve Eq.(9.102) for uh[k].
if (uh[k] < 0.0 || uh[k] > 1.0) return(0);
else
{
a = Distance3D(Pc,Pd); b = -Distance3D(Pd,Q[k+ks]);
Evaluate Bernstein polynomials and use Eq.(9.99)
to get alfak[k] and betak[k].

}

} /* End of for-loop: k=1,...,dk-1 */
/* Step 2: average the ais and (s */
alpha = beta = 0.0;
for (k=1; k<dk; k++)
{ alpha = alphat+alfak(k]l; beta = betatbetak(k]; }
alpha = alpha/(dk-1); beta = beta/(dk-1);
P1 = Q[ks]+alpha*Ts; P2 = Qlkel+beta*Te;
/* Step 3: check deviations */
for (k=1; k<dk; k++)

{
u = uh[k];
if (Eq.[9.110] less than E) continue;

else

{ /* Must do Newton iterations. u is start value */
Project Q[k+ks] to curve to get error ek.

if (ek > E) break;

}
}
if (k == dk) return(1); /* segment within tolerance */
else return(0); /* not within tolerance */
}

Figures 9.57 and 9.58 show examples of planar and nonplanar fits, respectively.
The input data for Figure 9.57 was

Figure 9.57a E = 149, Kpax=11
Figure 9.57b E =1%o, Kpax = 8
Figure 9.57c E = 1100, Kumax =11

Notice the change in the quality of the approximation from Figure 9.57a to
Figure 9.57b. For the same tolerance, allowing a maximum of eight points per
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(b)

Figure 9.58. Local cubic approximation to three-dimensional data containing planar
Figure 9.57. Local cubic approximation to planar data. segments.
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_— =

(c)
Figure 9.58. (Continued.)

segment instead of eleven improved the approximation noticeably. The input
data for Figures 9.58a-9.58c was

Figure 9.582 FE = 1)1, Kpnax =20
Figure 9.58b E = 190, Kpax =20
Figure 9.58¢ E =0, Kiax =20

The zero tolerance resulted in an interpolatory curve. Given 51 points, one might
expect 50 segments. However, only 25 segments were required, due to the fact
that a cubic can always be constructed to pass through one interior point.

EXERCISES

9.1. You want to interpolate the points Qu ¢, k, £ = 0, 1,2, 3 with a biquadratic surface
(p = ¢ = 2). Instead of using repeated curve interpolation, use Eq. (9.25) directly to
set up a system of 16 linear equations in the 16 unknown P; ;s.

9.2. Assuming that the o were computed using Eq. (9.31), consider the unnormalized
Vi of Eq. (9.29). Convince yourself that the quantities Vi /Aty are good estimates
for the derivatives, if the Aty are computed using Eq. (9.5) (the normalized relative
chord length). Compute all the {Vi}, k=0,...,4, for {Q,} = {(0,0), (0, 20), (20, 40),
(30,30), (30,20)}. What are their magnitudes? Compute the total chord length and the
Aty according to Eq. (9.5). Do the quantities Vi /Adiy seem like reasonable estimates
for derivatives?
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9.3. Draw figures as in Figures 9.48 and 9.49 and determine which B, values and
parameter index ranges must be recomputed for two quadratic cases: U = {0,0,0,1,2,
3,4,5,6,6,6}, with 7 = 5 and s = 1; and U = {0,0,0,1,2,3,3,4,5,6,6,6}, withr = 6
and s = 2.
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Advanced Surface Construction Techniques

10.1 Introduction

In this chapter we cover several advanced surface construction techniques, name-
ly swung, skinned, swept, Gordon, and Coons surfaces. Roughly speaking, the
idea in this chapter is to take one or two curves, or sets of curves, and to cre-
ate a NURBS surface which interpolates these curves; i.e., the given curves are
isoparametric curves in the NURBS surface. Notice that this is fundamentally
different from the interpolation to discrete point and derivative data presented
in Chapter 9. In some of the constructions, it may not be obvious to the reader
that the surfaces created do indeed satisfy the desired constraints. We leave it
as an exercise for the reader to convince himself of this, either by mathematical
proof or by software implementation.

10.2 Swung Surfaces

A swung surface is a generalization of a surface of revolution. Let

P(u) =) Rip(u)P; (10.1)
=0

be a profile curve defined in the zz plane, and let

T(v) = ) Rjq(v)T; (10.2)

=0

be a trajectory curve defined in the zy plane (see Figure 10.1). Denoting the
nonzero coordinate functions of P(u) and T(v) by Pr(u), P.(u), Tz(v), and
T,(v), we define the swung surface by [Wood87]

S(u,v) = (aPu(u) Tu(v), aPe () Ty (v), Py(x)) C(10.3)
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Profile curve

Trajectory curve "~

\‘/]%
Figure 10.1. Profile and trajectory curves to define a swung surface.

Geometrically, S(u,v) is obtained by swinging P (u) about the z-axis and simul-
taneously scaling it according to T(v). « is an arbitrary scaling factor. Fixing
u yields curves having the shape of T(v) but scaled in the z and y directions.
Fixing v = vy, the isoparametric curve, C,,(u), is obtained by rotating P (u)
into the plane containing the vector (T (vo), Ty(vo),0), and scaling the z and
y coordinates of the rotated curve with the factor a|T(vo)|. The z coordinate
remains unscaled. It follows from the transformation invariancy property of
NURBS (P4.24) that S(u,v) has a NURBS representation given by

n m
S(u,v) = Z ZRi,p;j,q(u,v)Qi,j (104)

i=0 j=0
where Qi,j = (aPi,x 'Tj,:,, aPi’, Tj’y, Pi,z) (105)
and Wy, 5 = WWj (106)

The U and V knot vectors for S(u,v) are those defining P (u) and T(v). Figures
10.2a~10.2¢ show examples of swinging. Figure 10.2a shows the control points
of the swung surface defined by the curves in Figure 10.1 using o = 0.12. The
surface in Figure 10.2b is nonrational, whereas the surface of Figure 10.2c was
obtained by applying the weights

wi =wf =5 wl =wl =wl =wl =5

where superscripts P and T refer to profile and trajectory curves, respectively.
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Figure 10.2. Swung surfaces. (a) Control net; (b) swung surface with no weights applied;
(c) swung surface with some weights applied.

Note that both P (u) and T(v) can be either open or closed; correspondingly,
S{u,v) can be open or closed in both u and v directions. Choosing a = 1 and
T(v) to be the circle with radius 1, centered at the origin, yields the surface of
revolution given in Chapter 8.

10.3 Skinned Surfaces

Let {Ck(u)}, k=0,..., K, be a set of curves. We call the Cy(u) section curves.
In practice, they are usually planar cross sections, in the u direction, of the sur-
face to be constructed. However, they can be three-dimensional. Furthermore,
we do not assume planarity in this section. Skinning is a process of blending the
section curves together to form a surface. The blend direction is the v direction,
sometimes called the longitudinal direction. Although approximation across the
section curves can be used, skinning methods usually interpolate through the -
Cr(u), with the result that the Cy(u) are isoparametric curves on the resulting
skinned surface.

Skinning is simply a newer term for lofting, which dates back many decades,
before computers. It was, and still is, widely used in the shipbuilding, automo-
tive, and aircraft industries. One of the earliest computerized systems incorpo-
rating a lofting procedure was CONSURF, developed by A. Ball at the British
Aircraft Corporation [Ball74, 75, 77]. That system was based on rational cubic
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Figure 10.2. (Continued.)

curves. Filip and T. Ball [Fili89] describe a procedural method for lofting based
on arbitrary parametric section curves. Detailed descriptions of skinning using
B-splines are given in references [Till83; Wood87, 88; Hohm91].

Based on B-splines, we define skinning as follows. Let

V(W) =Y NipwP¥,  k=0,... K (10.7)
=0
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be the rational or nonrational section curves. We assume that all C}/(u) are
defined on the same knot vector, U, and have common degree p. If necessary,
the curves can be brought to a common p and U, as described in Section 8.4 (in
fact, the ruled surface is a special case of a skinned surface). Then, for the v
direction a degree ¢ is chosen, and parameters {7x}, k = 0,..., K, and a knot
vector, V, are computed. These are then used to do n + 1 curve interpolations
across the control points of the section curves, yielding the control points Q}’; of
the skinned surface. Therefore, QY’; is the jth control point of the interpolating
curve through PY,, ..., P¥. Note that if even one of the C} (u) is rational, then
the v direction interpolations through the P}, are carried out in four-dimensional
space; otherwise, the three-dimensional points P; ; are interpolated.

Figures 10.3a-10.3d show the skinning process. The original section curves
are shown in Figure 10.3a and are defined on the knot vectors

Co(u): {0,0,1, 1} p=1)
317 -
Cl(u) {0’010) 103 2a 10)1,1)1} (P 2)

LT N

Figure 10.3. The process of surface skinning. (a) Cross-sectional curves; (b) cross-
sectional curves made compatible; (c) control points; (d) skinned surface.
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(b)

Figure 10.3. (Continued.)
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Figure 10.3. (Continued.)

: 317 -
C3(u) . {070707 10) 2; 10’1’171} (p 2)
. 3 7 =
C4(u) . {0>O,030, 101 10)171,1,1} (P 3)
After degree raising and knot refinement, the common knot vector is

This raises the number of control points in the u direction to 22. The compatible
curves are shown in Figure 10.3b. Note the significant number of new control
points, the price one pays for flexibility. Figure 10.3¢ shows the control net of
the skinned surface that is depicted in Figure 10.3d.

Although simple to formulate, it is quite difficult to implement a robust and
usable skinning capability; and interactively designing skinned surfaces is often a
tedious and iterative process. Surface shape is difficult to control; it depends on
the number, shape, and positioning of the section curves (all of which the inter-
active designer usually controls), as well as on the method used for v-directional
interpolations (which is usually embedded in the software and the designer can-
not control). Often the design process consists of starting with a small number
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of section curves and then iteratively skinning, taking plane cuts to obtain addi-
tional section curves, modifying the new curves to obtain more desirable shapes,
and reskinning. Finally, a skinned surface can exhibit unwanted self-intersections
and twisting. However, in spite of these difficulties, skinning is a powerful and
widely used surface design technique.

We turn our attention now to the v-directional interpolations. We assume
for the moment that all section curves are nonrational; skinning across rational
sections presents a host of problems, which we return to at the end of this section.
Three items must be determined: the degree g, the parameters {#,}, and knots
V = {v;}. The degree q is arbitrary, the only restriction being ¢ < K. The o,
are computed by averaging, for example

o 1~ | Pig — Pig]
vk-—vk_1+n+1§ ) k=1,...,K -1 (10.8)

where d; denotes the total chord length of P;p, ..., P; ic. The knoté {v;} are then

computed using Eq. (9.8). The skinned surface of Figure 10.3d was constructed
using this method of interpolation.

Another common method is to use a so-called spine curve (also called a path
curve), that is

Colw) = Rip @) R, (10.9)

=0
Spine curve

Cross-sectional curves

Figure 10.4. Spine curve and cross-sectional curves for spine-based skinning.

S—
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Cs(v) can be an arbitrary rational or nonrational, planar or nonplanar curve.
The designer uses the spine curve to position and orient the section curves in
space. Figure 10.4 shows the spine curve and five planar section curves to }:'>e
positioned in three-dimensional space. One possible positioning is illustrated in
Figure 10.5. The section curves are positioned at spine parameters

o = {0,0.25,0.5,0.78, 1}

and at section curve parameters

w-(bbii

Each section curve is oriented so that its plane is perpendicular to the tangent
vector of the spine curve at the intersection of the spine curve and the section’s
plane. The spine curve can also aid in v-directional shape control by providing
additional constraints for use in the v-directional interpolations. For example,
spine tangent directions can be used: Let {0x}, k=0,..., K, be the v values of
the points on Cg(v) where the section curves are positioned; for planar sections
these are the v values corresponding to intersections of the spine with the section
planes. These values are generally known, and they can be input to the skinning
routine. Notice that, in general, 9 # ¥y if the 7, are computed using Eq. (10.8).

Figure 10.5. Section curves positioned along a spine curve.
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Of course, one can set 7y, = D, but this may not be a good idea if C;(v) is poorly
parameterized. Now let

Py, = C;(bx) Dy, = C () k=0,...,.K
Then for each ¢ and k& we compute a derivative vector, D; ;. For each 4 this yields
2(K + 1) interpolation constraints, P;q,..., P;x and D;g,...,D; k. The D;
are computed by letting
di, = |Pr — Pr-1] k=1,...,K
(see Figure 10.6). Then for k=1,...,K —1, set

|Pik+1 — Pige| + | Pie — Pl
D= 2 L 2 - D 10.10
ik dk+1+dk k ( )

and at the ends

P, - P,
Dio = [Pi1 = Pio| 1’1d z’OID()
1
Dy x = |Pix ; P; k1] Dy
K

(10.11)

Figure 10.6. Computation of derivatives for spine skinning.
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Hence, D; x is parallel to Dy, but its magnitude is adjusted to reflect relative
distances. Equations (10.10) and (10.11) ensure that

S (u, k) || Dx foralluand £k =0,..., K (10.12)

that is, all partial derivatives with respect to v on the kth isoparametric curve
are parallel to Dy. This follows from the fact that these partial derivatives are
linear combinations of the D; ;. Letting m = 2K + 1, we can now set up m +1
linear equations for each fixed i (see Egs. [9.19] and [9.20]), i.e.

Pip =Y Njo(®)Qi; Dix= D ON; () Qs (10.13)
j =0

j=0

The knot vector V must contain m + ¢ + 2 knots; Egs. (9.22) and (9.23) give
suitable choices for the cases ¢ = 2 and g = 3, respectively.

Figure 10.7a shows the control points of the skinned surface defined by the
data in Figure 10.5, using cubic interpolation with specified tangents as shown
in Figure 10.6; the surface is depicted in Figure 10.7b. The same data is in-
terpolated in Figures 10.8a and 10.8b, without specified derivatives. Note the
significant difference in surface shapes (Figures 10.7b and 10.8b). The position-
ing of section curves has a definite effect on surface shape, just as the positioning
of data points in curve and surface interpolation; Figures 10.9a and 10.9b show
two examples. In Figure 10.9a the spine and section curve parameters are

ok = {0,0.35,05,0.62,1} @y = {% -;- % % %}
and in Figure 10.9b they are
or = {0,0.25,05,0.78,1} 4 = {% 1%, %’1_96’ %}

We now consider the case in which some of the section curves are rational
(Eq. [10.7}). The v interpolations must now be carried out in homogeneous space.
Analogous to Eq. (10.8), the 7 are computed by averaging four-dimensional
distances, that is

P9 =0 Vg =1

_ _ 1 PP — PPyl
”““”"“+n+1i§ p k=1,...,K—1 (10.14)

where di denotes the total chord length of P}, ..., P¥,. The knots {v;} are
again computed using Eq. (9.8). Interpolations through the P}, yield the control
points QY;, ¢ = 0,...,n, j = 0,..., K, of the skinned surface $*(u,v). The
isoparametric curves, C§, (u) = $*(u, ), are the original section curves, C (u).
Although the designer may still use a spine curve to position and orient the
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(b) ®)
Figure 10.7. Spine skinning with spine controlled interpolation. (a) Control net;
(b) skinned surface.

Figure 10.8. Spine skinning with no spine interpolation constraint. (a) Control net;
(b) skinned surface.
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(b)

Figure 10.9. Spine skinning. (a) Section curves are positioned at different spine param-
eters; (b) section curves are positioned at different section curve parameters.
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section curves, there is no obvious way to impose (linear) derivative constraints
for the v direction interpolations to ensure that Eq. (10.12) is satisfied for all u
and k.

Most often, skinning through rational section curves yields satisfactory results,
but the reader should be aware that there exist several potential hazards, some
of which do not seem to have very satisfying practical solutions. These prob-
lems all arise as a result of the fact that surface construction is taking place in
homogeneous space, and corresponding three-dimensional and four-dimensional
geometry can be radically different. For example, two three-dimensional curves
can be smooth, similar in shape, and close to one another, while their four-
dimensional counterparts may have cusps, have totally different shapes, and be
far from one another. More specifically, some problems that can arise are:

« the v-directional surface parameterization may be rather poor. As a sim-
ple example, take two section curves, and multiply all the control points of
one of them by a large weight. This does not change the three-dimensional
curve geometry. The simple ruled (skinned) surface between the two sec-
tions is poorly parameterized in the v direction. The three-dimensional
surface parameterization can be improved by using the projected control
points, P;x, to compute the 7 (as in Eq. [10.8]), but this can produce
wild four-dimensional v-directional interpolations, resulting in undesirable
geometry both in four-dimensional and three-dimensional space;

for fixed i, the surface weights w; g, ..., w; x result from interpolating the
weights of the section control points, P}y, ..., Pk. Clearly, the inter-
polation can produce a negative or zero w; k, even though all the section
weights are positive (e.g., see the explanation to Figure 10.10b below).
This can cause problems, for example crash a system, downstream in a
system not designed to handle such weights;

*

« the surface may not be as smooth as the section curves indicate. For ex-
ample, let one section curve be the full circle given in Example Ex7.2. As
shown in that example, the circle is C! continuous, although its homoge-
neous counterpart is only C° continuous at the double knots. Assuming
that all other section curves are C'!, one expects the resulting skinned sur-
face, S(u,v), to be C? continuous in the u direction. But §*(u, vg is only
C° continuous in the u direction, since it is formed by blending C* curves;
in general, arbitrary u-directional isoparametric curves on S"(u,v) are
only C° and their projections to three-dimensional space may be only C°
continuous. Figures 10.10a and 10.10b show an example of this. The four
rational section curves are all C! continuous in three-dimensional space.
They are quadratics, defined with a double knot at u = /2. The respective
weights of the section curves are

Co: {1,2,1,1,1}
C:: {1,1,1,3,1}
Co: {1,1,1,1,1}
Cs: {1,4,1,2,1}
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(b)

Figure 10.10. Rational skinning. (a) C* continuous section curves; (b) skinned surface.

[N
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Co, C4, and Cj3 are only C° continuous in four-dimensional space. After
v-directional interpolations, the surface weights are:

1 2 1 1 1
1 094 1 443 1
1 071 1 -0.75 1
1 4 1 2 1

w5 =

(note the negative weight at Pj35). The surface shown in Figure 10.10b
exhibits only C? continuity in the u direction. To the authors’ knowl-
edge, the only solutions to this dilemma involve the use of higher degree
section curves. For example, a full circle can be represented as a degree
5 NURBS curve with positive weights and no interior knots (Example
E7.10), thereby eliminating the problem. Several solutions to this prob-
lem, all effectively raising the degree of the skinned surface, are discussed
in [Hohm91]. A general solution is to use so-called smoothing functions.
Suppose Cj(u) is a C” continuous section curve on the knot vector U,
whose projection C(u) is C*** continuous, s > 0. Let f(u) be a B-spline
scalar-valued function on U, such that

Ck (u) = f(w)CP (u) (10.15)

is C"** continuous. f(u) is called a smoothing function. For fixed ug,
f(uo) simply scales C} (ug) up or down the four-dimensional cone defined
by Ci(u), that is, Ci(u) = Ci(u) for all u. Clearly, if all C¥(u) can
be smoothed, then skinning through the corresponding C;:(u) yields a
C™*9 continuous surface which interpolates the three-dimensional section
curves. However, we know of no general algorithm for determining f ().
Differentiating Eq. (10.15) from the left and right yields a set of Linear
equations which express the desired continuity constraints at the knots.
However, other considerations are:

o if C(u) is closed, then C: (u) should be closed;
« all weights of C‘:(u) should be positive;

« the weights of C:’ () should not vary wildly or become exceedingly
large.

A degree r + s function, f(u), suffices to satisfy just the continuity con-
straints at the knots, but the other constraints generally force f(u) to be
of higher degree. Finally, once f(u) is determined it must be multiplied
with C}'(u). Multiplication of B-splines is not a trivial task. An algo-
rithm similar to degree elevation (Algorithm A5.9) of Chapter 5 can be
developed, i.e.,

1. decomposition of f(u) and C}’(u) into Bézier segments;
2. multiplication of the segments;

3. recomposition of C: () into a NURBS curve (knot removal).
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10.4 Swept Surfaces

Next we address the topic of sweeping a section curve along an arbitrary trajec-
tory curve. Denote the trajectory by T(v) and the section curve by C(u). A
general form of the swept surface is given by

S(u,v) = T(v) + M(v)C(u) (10.16)

where M(v) is a 3 x 3 matrix incorporating rotation and nonuniform scaling
of C(u) as a function of v. T(v) and C(u) may be arbitrary: nonrational or
rational, planar or nonplanar, open or closed.

In general, Eq. (10.16) can produce nonsensical and unwanted surfaces with
self-intersections, degeneracies, and discontinuities. Furthermore, in many cases
S(u,v) is not precisely representable as a NURBS surface. In practice, most
swept surfaces are one of two specific types:

1. M(v) is the identity matrix for all v, that is, for each v, C(u) is just
translated by T'(v);

2. M(v) is not the identity matrix.
Case 1 is described by the equation

S(u,v) = T(v) + C(u) (10.17)

which has a precise NURBS representation. We call this surface a generalized
translational sweep. The general cylinder of Section 8.3 is a special case, with
T(v) being a straight line. S(u,v) is constructed as follows. Let

Z Nj,q(”)w}'Tj
T(v):%———-——————-— V = {vo,..., s}
Y Ny q)w]

=0

ZNi,p(u)wic Q
and Clu) = =%
E N, i,P(u)wiC

=0

U={’U.0,...,u,.}

> Ni p(u)Nj o (v)wi,; Pis
1=0 j=0
30 Nip(u)Nj o(v)ws,;

i=0 j=0

Then S(u,v) =
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is defined on knots U and V, and has control points

Pl;]zT]+Qz i=0,...,n j=0,---7m (1018)
and weights
wi; =wfw] i=0,...,n j=0,...,m (10.19)

Figures 10.11a and 10.11b show an example of translational sweep.

Now consider Case 2. Let {0,X,Y,Z} denote our global coordinate sys-
tem. To simplify matters, we introduce a local orthonormal coordinate system
{o(v), x(v), y(v), z(v)}, which moves along T(v). For each v, vp < v < vg, set

T'(v)

W =Tl) X0 = 1)

(10.20)

Additionally, let B(v) be a vector-valued function satisfying B(v)-x(v) = 0 for
all v, and set
B(v)
z(v) =
)= B

(10.21)

The determination of this function is a critical and nontrivial part of the sweeping

Section curve

Trajectory curve

(a)

F igfure 10.11. Translational sweeping. (a) Trajectory and section curves; (b) swept
surface.
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Figure 10.11. (Continued.)

process. We return to the question of how to determine B(v) at the end of this
section; for now, we simply assume it is given. y(v) is then defined by

v(v) = z(v) x x(v) (10.22)
In order to incorporate scaling we introduce a three-dimensional vector function
s(v) = (32(v), 54(v), 5. (v)) (10.23)

The swept surface is now defined by
S(u,v) = T(v) + A(v)S(v)C(u) (10.24)

where S(v) is 2 3x 3 diagonal matrix with diagonal elements (s5(v), 54(v), 5,(v)),
and A(v) is the general transformation matrix taking {O,X,Y,Z} into {o(v),
x(v),y(v),2z(v)}. The isoparametric curves on S(u,v) at fixed v values are in-
stances of C(u), transformed by A(v)S(v) and translated by T(v). If C(u)
passes through the global origin at u = @, then T(v) is the isoparametric curve
S(u = q,v).

S(u,v) may not be representable in NURBS form. Clearly, if A(v) and S(v)
can be precisely represented as rational B-spline functions, then so can S(u,v).
S(v) is generally no problem. If scaling is applied at all, then it is common to use
a linear function or a higher degree B-spline approximation to a function which
is linear with respect to the arc length parameter. However, A(v) is generally

SR
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not representable in NURBS form, even in the simple case that z(v) = Z for all
vp < v < vs. Hence, we must construct a NURBS approximation to Eq. (10.24).
Denote this approximation by S(u,v). We present three methods:

« The first method is to use Eq. (10.24) to evaluate an (n x m) grid of
points lying precisely on S(u,v), and then use either the interpolation or
approximation techniques of Chapter 9 to construct a nonrational B-spline
approximation, s(u, v). A disadvantage with this method is that none of
the u or v isoparametric curves on é(u, v) are precise;

Another method is given by Bloomenthal and Riesenfeld [Blom91] and
by Coquillart [Coqu87a]; their method involves approximating the three-
dimensional offset curves of the trajectory. Their algorithm interpolates
T(v) as an isoparametric curve if C(u) passes through the origin; however,
instances of C(u) are not interpolated, except at v = vy and v = vs.
Bloomenthal and Riesenfeld give error bounds for their method, based on
error bounds for the offsetting process;

A third method, which we present in more detail here, is to use skinning.
We transform and place K +1 instances of C(u) along T(v), and then skin
across these section curves. The accuracy of the resulting surface, é(u, v),
is increased by increasing K. Each instance of C(u) is interpolated as
an isoparametric curve on S(u,v). There are two strategies for the v-
directional fitting. The first makes use of the B-spline structure of T(v).
The trajectory’s degree g and knot vector V' are used for the fitting, hence
they are inherited by S(u,v). Furthermore, the parameters oy for the
fitting must be taken from T(v); if T(v) is rational, its weights must be
factored in prior to the v-directional fitting. This method is required if
C(u) passes through the global origin and it is desired that T(v) be an
isoparametric curve in S(u, v), but the method can be used in any case.
The other method does not make use of T(v) other than to position the
section curve; that is, the v-degree of s(u, v) is input, parameters and
knots are computed in some manner, and T(v)’s weights need not be
factored in.

Corresponding to the two methods of v-directional fitting, two sweeping al-
gorithms follow. In both cases, the swept surface, S(u, v), inherits its u-degree
p and the knot vector U from C(u). T and C are the trajectory and section
curves, and Bv and sv are input functions given by Egs. (10.21) and (10.23),
respectively. In Algorithm A10.1 the v-degree q is not required; the number K
is to be viewed as a minimum, because more instances of the section curve may
be required depending on the number of knots defining T(v).

ALGORITHM A10.1
SweepSurfacel(T,C,Bv,sv,K,V,Pw)
{ /* Suept surface. Trajectory interpolated. */
/* Input: T,C,Bv,sv,K =/
/* Output: V,Pw */
q = degree of T(v).
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ktv = number of knots of T(v).
nsect = K+1;
if (ktv <= nsect+q)

{ /* Must refine T(v)’s knot vector */

m = nsect+q-ktv+l;

Insert m more knots into T(v)’s knot vector. Locations
are not critical, recursively insert at the midpoint of
the longest span will do. New control points do not
have to be computed, as we only require a refined
set of knots. .

The resulting knot vector V is inherited by S(u,v).

}

else

{ /* T(v)’s knot vector will do */

V = T(v)’s knot vector.

if (ktv > nsect+q+l) /% Must increase number of */
nsect = ktv-q-1; /* instances of C(u) */

U9 = T(v)’s minimum parameter value.
Dpsect—1 = T(v)’s maximum parameter value.
for (k=1; k<nsect-1; k++) /* Compute parameters by */
Uk = (Uk41 + -+ + Vkiq)/qs  /* averaging kmots */
for (k=0; k<nsect; k++)
{ /* Transform and position section control points */
Let Q; and w; be the control points and weights
of C(u), i=0,...,n.
Scale the control points Q; by sv.
Compute {o,x,y,z}(7sx) from Egs.(10.20)—(10.22).
Compute the transformation matrix A(7y) transforming the
global system into {o,x,y,z}(¥x).
Apply A(7x) to the scaled Q;.
Reapply the weights w;, and denote the resulting
weighted control points by Q.
if (T(v) is rational)
{ /* w(v) is the weight function of T(v) */
/* (4th coordinate) */
Qi = w(tx) Qi s

for (i=0; i<=n; i++)
Interpolate across Qg,..-, Qpuect—1,; to obtain
w w
} 0,i7° 7 * psect—1,7°

}
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ALGORITHM A10.2
SweepSurface2(T,C,Bv,sv,q,K,V,Pw)
{ /* Swept surface. Trajectory not interpolated. */
/* Input: T,C,Bv,sv,q,K */
/* Output: V,Pw */
Determine values vg,...,Ux at which to place the
instances of C(u). A reasonable choice is to select the
v so that the T(v;) are approximately evenly
spaced.
for (k=0; k<=K; kt++)
{ /* Transform and position section control points */
Let Q, and w; be the control points and weights
of C(u), i=0,...,n.
Scale the control points Q; by sv.
Compute {o0,x,y,z}(vx) from Egs.(10.20)—(10.22).
Compute the transformation matrix A(vx) transforming the
global system into {o,x,y,z}(vg).
Apply A(vg) to the scaled Q;.
Reapply the weights w;, and denote the resulting
weighted control points by Q.
}
Determine ¥y,...,Ux, the v-parameters for the
v-directional interpolations (Eqs.[10.8] or [10.14]).
Given ¢ and the ¥, compute the knot vector V by averaging
(Eq.[9.8D).
for (i=0; i<=n; i++)
{
Interpolate across Qg),..., Qk,; to obtain Pg,,...,Pk..
}
}

Figure 10.12a shows the trajectory and section curves, along with a start vec-
tor, B(vp). The section curve does not pass through the global origin. Figures
10.12b and 10.12c show the results of sweeping by Algorithms A10.2 and A10.1,
respectively. Since the section curve does not pass through the origin the tra-
jectory is not contained in the surface, even in Figure 10.12c. Also note the
larger number of section curve placements in Figure 10.12¢c. Figures 10.13a~
10.13c show sweeping examples where the section curve passes through the ori-
gin (Figure 10.13a). No trajectory control was used (Algorithm A10.2). Figure
10.13b used no scaling, while Figure 10.13c used a piecewise linear B-spline scal-
ing function defined by control points

()G9 () o)
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LA

/\, Cross-sectional curve

Trajectory curve

(b)

Figure 10.12. Sweeping examples. (a) Two-dimensional trajectory and the section curve
not passing through the global origin; (b) swept surface with no trajectory controlled
interpolation; (c) swept surface obtained by trajectory controlled interpolation.
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Figure 10.12. (Continued.)

and knots

V={O,0,%,—1%,1,1}

The previous two examples used a planar trajectory curve. Figure 10.14a shows
a three-dimensional (twisted) trajectory. The trajectory was not maintained
in Figure 10.14b (Algorithm A10.2), whereas the trajectory is an isocurve in
the surface of Figure 10.14c (Algorithm A10.1). In both examples all section
instances were scaled with the constant vector (3f, 3/5,1).

The positioning and size of the section curve, as well as the shape (curva-
ture) of the trajectory, have a dramatic effect on surface shape. Two examples
are shown in Figures 10.15a and 10.15b. The trajectory is not interpolated in
Figure 10.15a, but it is in Figure 10.15b. Both surfaces exhibit the so-called off-
setting phenomenon, i.e., they have self-intersections and unwanted oscillations.

We return now to the problem of determining a suitable orientation function,
B(v). If T(v) is a planar curve, the solution is simple: Let B(v) be a constant
function whose value is a vector normal to the plane of T(v). For arbitrary
trajectories the situation is more difficult. A common solution is to use the
so-called Frenet frame [DoCa76; Klok86; Bron92; Silt92]. Assume T(v) is twice
differentiable. Define B(v) by

T'(v) x T (v)

B) = i) < T (0)

(10.25)
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z

B, )

Cross-sectional curve

Trajectory curve

(2)

(b)
Figure 10.13. Sweeping examples. (a) Two-dimensional trajectory and section curve

passing through the global origin; (b) swept surface with no scaling; (c) swept surface
with scaled section curves.
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(©)

Figure 10.13. (Continued.)

d N(v) b
and N() by N(v) = B(v) x T'(v) (10.26)

T'(v),N(v), and B(v) are mutually orthogonal for all v, and when normalized
they form a moving local coordinate system on T(v) called the Frenet frame. ’
B(v) (or a NURBS approximation of it) can then be used in Eq. (10.21) and
Algorithms A10.1 and A10.2. There are several disadvantages to this method:

« B(v) is not defined by Eqs. (10.25) and (10.26) for linear segments or at
inflection points (or more generally, where T” (v) x T/(v) = 0);

« B(v) flips abruptly to the opposite direction at an inflection point;

« for three-dimensional trajectories, the vectors given by B(v) can rotate
excessively around T(v), causing unwanted twisting of the resulting swept

surface. Figure 10.16 shows this phenomenon; notice how the Frenet frame
flips at the inflection point.

The first two problems can be dealt with rather easily [Klok86; Bron92; Silt92],

. but the rotation of B(v) depends solely on the shape of T(v), hence it cannot

be avoided without changing the shape of T'(v).

Siltanen and Woodward [Silt92] give an elegant method, called the projection
normal method, that avoids these three problems. Let vg, ... ,v,, be an increasing
sequence of parameter values, with vp and v,,, being the minimum and maximum

values, respectively, in the domain of T(v). At each v; we compute a vector, B;,
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Cross-sectional curve
B,
[ 3

Trajectory curve

I SO

(b)

Figure 10.14. Sweeping examples with scaled section curves. (a) Three-dimensional

trajectory and section curve; (b) trajectory is not interpolated; (c) trajectory
is interpolated.

ey
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Z

T

Figure 10.14. (Continued.)

and then use either interpolation or approximation to obtain the function B(v).
We use Siltanen and Woodward’s method to compute the B;. Set Bg to an ar-
bitrary unit length vector orthogonal to T'(vg). Then fori = 1,...,m, compute

_ T’(’Ui)
tT ()

and set
b;=B;_1 — (Bi-1-T;)T;

b;

B, = -
|bs]

(10.27)

In words, B; is obtained by projecting B;_; onto the plane defined by T;. Care
must be taken to avoid points where T; || B;—;. Notice that if T(v) is a closed
curve, then in general the computed B,, is not equal to By (which is required).
The solution is to set B,, = B,, = By, use the reverse of the previous technique -
to compute B,,_1,...,B;, and then set

1 _
B1=-2-(B,+B,) i=1...,m-1
The swept surfaces of Figures 10.12 to 10.15 used the projection normal method
to compute the B; vectors. Figures 10.17a and 10.17b show examples of how the
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=

Figure 10.16. Sweeping example; section curve is placed by the Frenet frame.

T N

B(v) vector (projection normal method) changes in comparison to the Frenet
frame. In Figure 10.17a the trajectory is planar, whereas in Figure 10.17b it is
twisted. In both cases the moving B(v) is drawn with a solid arrow, and the
Frenet frame axes are plotted dashed.
- 7 Finally, Klok [Klok86] and Guggenheimer [Gugg89] present another method
; of obtaining a rotation minimizing B(v) as the solution to a differential equation
: with an initial condition. Additional reading on swept surfaces can be found in
e — [Choi90; Akma92].

=
10.5 Interpolation of a Bidirectional Curve Network
- Let n ‘
=y Ci(u) =Y Nip(W)Prs  k=0,...,r ue0,1]

=0
m

Ce(v) =) Njo(w)Py;  £=0,...,s v€[0,]] (10.28)
(b) =0

Figure 10.15. Sweeping examples. (a) Trajectory is not interpolated; (b) trajectory is be two sets of nonrational B-spline curves satisfying the compatibility conditions

int lated.
interpolate: (see Figure 10.18):
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(a)

(b)

Figure 10.17. The change of B(v) and the Fren
1 et frame along the trajectory.
trajectory; (b) three-dimensional trajectory. s Jectory. (2) Planar
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Cl (’U)

Ci(u)

Qsy =Ci(ug) = Ca(v1) Y

Figure 10.18. Compatible network of curves.

« as independent sets they are compatible in the B-spline sense, that is, all
the Cjy(u) are defined on a common knot vector, US and all the Cq(v)
are defined on a common knot vector, VC;

+ there exist parameters 0 = ug < u3 < -++ < Ug—1 < Us = 1 and 0 = vp <
vy < -+ < vp_1 < v =1 such that

Qe = Crlue) = Ce(vr) k=0,...,r £=0,...,s (10.29)

We want to construct a NURBS surface, S(u, v), which interpolates the two sets
of curves, that is

S(ug,v) = Ce(v) £=0,...,s
S(u,vr) = Ci(u) k=0,...,r (10.30)

Notice that we have restricted the curves to be nonrational. Theoretically, the
construction given later can be carried out in homogeneous space for rational

- curves; but it is generally not practical to do so, and the three-dimensional

results can be unpredictable. If rational curves are involved, we recommend using
the constrained approximation techniques of Chapter 9 to obtain nonrational
approximations of the rational curves to within necessary tolerances. We refer
the reader to Lin and Hewitt [Lin94] for more detail on the case of rational curves.
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Gordon developed surfacing techniques satisfying Eq. (10.30) at General Mo-
tors Corporation in the late 1960s; hence they bear his name, Gordon surfaces
[Gord69, 71, 93]. In particular, he showed that if {¢¢(u)}5_, and {1y (v)}5=o are
any two sets of blending functions satisfying

¢l(ui)={0 ifls#4

1 ife=i
V[0 ki
1/”°(”')*{1 if k=i (10.31)

then the surface given by

S(u,v) = > Ce(v)de(w) + > Crluppi(v) = 3 3 Qup 2(u) ()
k=0

£=0 £=0 k=0
= Ly (u,v) + Ly (u,v) — T(u,v) (10.32)

satisfies the interpolation conditions of Eq. (10.30). Hence, the desired surface
is composed of three simpler surfaces, namely two lofted surfaces, L; (u,v) and
L2 (u, v), and the tensor product, T(u,v). Gordon experimented with various sets
of blending functions, including simple step functions, Lagrange polynomials,
and cubic splines.

Our task is to produce a NURBS representation of S(u,v). Clearly, if L (u,v),
L3(u,v), and T(u,v) are all compatible in the B-spline sense (defined on the
same knot vectors), then they can be added and subtracted by applying the
corresponding operations to their control points, that is, the control points P;;
of S(u,v) are computed by

P;j = P[} + P{2 - PL, (10.33)

where Pf}, Pif]?, and PZ:j are the control points of L;(u,v), La(u,v), and
T(u,v), respectively. Furthermore, it is easy to obtain NURBS representations
of L;(u,v), Ly(u,v), and T(u,v); the first two are skinned surfaces, and the
latter is obtained by interpolating the points Q.. (see Section 9.3). The choice
of parameters and knots for the skinning and point interpolation processes is
determined by the given parameters, {u,} and {v}, and the knots UC and V¢
of the {Ci(u)} and {Cq(v)}. We illustrate with a simple example.

Example

Ex10.1 The data defining the network of curves in Figure 10.18 is

Ci(u): n=5,p=3, U= {o,o,o,o, %, 176’1’1’ 1,1}

Cew): m=4,9=2,v°={0,00,2,3,1,1,1}
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Figures 10.19a and 10.19b show the control points and the resulting
surface of the u-directional lofting operation. The knot vectors are

vk ={0,0,0,0,1,1,1,1}

Vi = {0,0,0,%,2—,1,1,1}

The v-directional lofting is illustrated in Figures 10.20a and 10.20b. The
knot vectors are

Uls = {0,0,0,0, %, 176’1’1’1’1}

vEz = {0,0,0,0.321,0.647,1,1,1}

The tensor product surface is depicted in Figures 10.21a and 10.21b.
The knots are

UT = {0,0,0,0,1,1,1,1}
vT ={0,0,0,0.32,0.648,1,1,1}

Notice the slight difference in the knot vectors VL2 and VT. This is
because surface skinning and surface interpolation compute knot vec-
tors differently (but meaningfully for their respective operations). The
former uses the curve control points, while the latter utilizes the in-
tersection points of the curve network. However, knots which are very
close together are unnecessary and undesirable. A solution is to pass
all previously computed knot vectors into the skinning and interpola-
tion routines, allow them to compute new knots using their respective
algorithms, compare these new knots with existing knots, and replace
new knots with existing ones where the difference is small. Degree ele-
vation is not required in this example, as lofting and interpolation use
the curve degrees. However, knot refinement is required, and is depicted
in Figures 10.22a-10.22c. The Gordon surface construction is shown in
Figure 10.23a, and the surface is illustrated in Figure 10.23b. The final
knots are

v={00002 L1111}

vV = {0,0,0,0.32,0.321,0.4,0.6,0.647,0.648,1,1,1}

As alluded to earlier, the degrees of the input curves, those degrees used for

“lofting, and those used to construct T(u,v) can all be different. The final degree

(p,q) of S(u,v) is simply the maximum of those used. The degrees of L;(u,v),
L2(u,v), and T(u,v) must be raised to (p,g) before knot refinement. A sketch
of the complete algorithm follows. Ck[] and C1[] are arrays of input curves,
and ul[] and vk[] are the parameters of the curve intersection points. To be




490 Advanced Surface Construction Techniques Interpolation of a Bidirectional Curve Network 491

(b)

(a) Control net; (b) surface interpolating

(b)

Figure 10.19. u-directional lofted surface. (a) Control net; (b) surface interpolating

Figure 10.20. v-directional lofted surface.
v curves.

U curves.
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IS ST @

(b) (b)
Figure 10.21. Tensor product surface. (a) Control net; (b) surface interpolating inter- Figure 10.22. Knot refinement to construct a Gordon surface. (a) Ruled surface in the
section points. u direction refined; (b) ruled surface in the v direction refined.
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Figure 10.22. (Continued.) (c) tensor product in both directions refined.

completely general, the degrees pl,ql,pt,qt used for lofting and interpolation
are also input. n,m,p,q,U,V,Pij define the output Gordon surface.

ALGORITHM A10.3
GordonSurface(Ck,Cl1,ul,vk,r,s,pl,ql,pt,qt,n,m,p,q,U,V,Pij)
{ /* Create Gordon surface. #*/
/* Input: Ck,Cl,ul,vk,r,s,pl,ql,pt,qt */
/* Output: n,m,p,q,U,V,Pij =*/
pc = degree of the Ck curves.
qc = degree of the Cl curves.
Choose a suitable Ul and loft to obtain Li(u,v)
(degree (pl,qc)).
Choose a suitable V2 and loft to obtain L2(u,v)
(degree (pc,ql)).
Choose suitable UT and VT, and interpolate to obtain T(u,v)
(degree (pt,qt)).
p = max(pc,pl,pt).
q = max(qc,ql,qt).
Degree elevate L1(u,v), L2(u,v) and T(u,v) to ¢ <)}
as necessary.
U = Merge(U1,U2,UT).
V = Merge(V1,V2,VTD).

SPRG——
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(b) ,
Figure 10.23. A Gordon surface. (a) Control net; (b) surface interpolating u- and v-
directional curves.
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Refine knot vectors of Li(u,v), L2(u,v) and T(u,v)
as necessary.

n = (number of u-knots)-p-2.

m = (number of v-knots)-q-2.

Compute surface control points Pij by Eq.(10.33).

}
10.6 Coons Surfaces

Assume now that we have four curves

Ck(u) = ZNi,p(u)Pk,i

=0

Ce(v) =Y Nj4(v)Pe;

=0

k=01 uel0,1]
£=0,1 velo,1 (10.34)

and that we want to construct a surface having these four curves as its bound-
aries. Furthermore, we assume that the curves satisfy the compatibility condi-
tions

« as independent sets they are compatible in the B-spline sense, that is, the

two Cp(u) are defined on a common knot vector, U, and the two Cy(v)
are defined on a common knot vector, V;

R So,0 = Ci=0(u = 0) = Cpp(v = 0)
81,0 = Cr=o(u = 1) = Cp=y (v = 0)
So0,1 = Cr=1(u = 0) = Cpp(v = 1)
81,1 = Cr=1(u =1) = Cpur(v = 1) (10.35)

(see Figure 10.24). We do not restrict the curves to be nonrational in this sec-
tion. The constructions given here usually yield satisfactory surfaces, even when
carried out in homogeneous space. However, this complicates the algorithms.
For example, Eq. (10.35) must hold in homogeneous space. This requires corner
weight compatibility, which can require rational reparameterization of the curves
(Section 6.4).

The bilinearly blended Coons patch is defined as

S(u,v) = Ry(u,v) + Ra(u,v) — T(u,v) (10.36)

where R (u,v) and Rz (u,v) are ruled surfaces between Cr=o(u) and Cg=;(u),
and Cy—¢(v) and Cg1(v), respectively, and T(u,v) is the bilinear tensor prod-

uct surface
’ S S I I 1 '
I(u, 'U) = [ 1 u] 5(1)’0 S‘l)’i

e
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z S1,0 = Co(1) = C4(0)

Figure 10.24. Compatible boundary curves to define a bilinearly blended Coons patch.

Clearly, this is a special case of the Gordon surface, and therefore Eq. (10.33) and
Algorithm A10.3 (simplified, and modified to handle rational curves) can be used
to obtain a NURBS representation of the Coons surface given by Eq. (10.36). The
input arguments pl,ql,pt,qt are set to 1 in this case. Figures 10.25a~10.25d
show the construction of the bilinearly blended Coons patch defined by the curves
in Figure 10.24. Figure 10.25a shows a ruled surface in the u direction, and
Figure 10.25b illustrates the v-directional ruled surface. Figure 10.25¢ shows the
bilinear surface defined by the four corner points. The bilinearly blended Coons
patch is depicted in Figure 10.25d. It is important to note that the bilinearly
blended Coons patch is, in general, not a bilinear surface.

Coons developed his patches in the mid 1960s [Coon67]. Although we present
the bilinearly blended Coons patch as a special case of Gordon surfaces, we
remark that Coons’ work preceded and influenced the development of Gordon
surfaces. Coons was interested in interpolation to position and tangent informa-
tion in bidirectional networks of curves, as was Gordon later. Coons constructed
a patch within each set of four curves, hence his was a local interpolation method.
Gordon’s method represents a global interpolation to a network of curves.

_ If two bilinearly blended Coons patches share a common boundary curve, they
possess, in general, only C° continuity across that boundary; that is, the com-
bined surface will have a crease along the common boundary. In order to obtain
smooth, C™ continuous (n > 0) joins of his patches, Coons developed higher
order patches using cross-boundary derivative fields. To illustrate, we present
the bicubically blended Coons patch. Let Ci(u) and Cg(v) be four boundary
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T e

= N

Figure 10.25. Bilinearly blended Coons patch. (a) A ruled surface in the v direction;

(b) a ruled surface in the v direction; (c) a bilinear surface; (d) a bilinearly blended
Coons patch.

Coons Surfaces 499

()

Figure 10.25. (Continued.)

curves as in Eq. (10.34), satisfying the two compatibility conditions given. We
also assume four cross-boundary derivative fields (see Figure 10.26)

Dy(u) = iN;,p(u) Qu; k=01 uelo]

=0

Dy(v) = }"‘: N q(v) Qq, £=0,1 velo1] (10.37)
=0

We want to construct a surface which has the Ci(u) and Cg(v) as its boundaries,
and the Dy (u) and Dyg(v) as its first partial derivatives along the boundaries,
that is

Di—o(u) = Sp(1,0) Dy (u) = Sy(u, 1)

Dy—o(v) = Su(0,v) De=1(v) = 8.(1,v)
The compatibility conditions

o the Ci(u) and the Dg(u) are compatible in the B-spline sense, as are the
Cy(v) and Dy (v);

T - de-.—_()(u = 0) - dDe=0(’U = 0)
0.0 du dv
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Figure 10.25. (Continued.)

de=0(u = 1) - le:l('U = O)

Tio= du dv
g — @Dimi(u=0) _ dDpolv=1)
o1 = d N d
i v
dDp=(u=1)  dDpy(v=1)
= = 10.38
T du dv (1038)
must hold. The Ty, are the four twist vectors.
The bicubically blended Coons patch is defined by
S(u, v) = Sy (u,v) + S2(u,v) — T(u,v) (10.39)

where S;(u,v) is a cubic blend of the data Cy(u), Di(u), k =0,1; So(u,v) is a
cubic blend of the data C¢(v), Dy(v), £ = 0,1; and T(u,v) is a bicubic tensor
product surface (defined by 16 vector coefficients). Coons used cubic Hermite
polynomials to blend the boundary data and to form T(u,v). Since our goal is
to obtain a NURBS surface, we use cubic Bézier methods to blend and to form
T(u,v). Si(u,v) is a cubic Bézier in the v direction. Its four rows of control
points are computed as (i = 0,...,n)

P;? 6 = Pr=g;
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1
Pf 1= Pr=g;i + 3 Qp=0,i

1
Pfé = Pk=Li - g Qk:],i
Pf:‘, = Py=1; (10.40)

Note that the two interior rows are derived using the Bézier derivative formulas
(Eq. {1.10]). The control points of Sa(u,v) are computed analogously, i.e.

Sz .
Po,zj = Ppg,;

1
P73 = Preoj+ 3 Qe=o;

1
Pfj = Pp=y,j — 3 Qe=1,5
pgfj =Py (10.41)

T(u,v) is a bicubic Bézier surface. Equations (1.10) and (3.24) are used to

derive the 16 control points, Pfj, 1,7 =0,1,2,3. As an example, we show how

/ y Dy ()
Colw) \ 4 //%/////

\\ \\ Cl (u) ¢ &

NSNS T, )
S o QR 0,1 N N
/AL, D) NN\ES
< // Cl('v) A\
N
7 7, Do(u) ~ Di(v)
To,0 7 \\\
4 4 N NN
Z Ny Y
,
x

.
.
.
t
.
:
;
| Tuo

Figure 10.26. Compatible boundary curves along with cross-boundary tangent vector
functions and twists.
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to compute the four control points, Pg: j» ©J =0,1, adjacent to the corner Sg .
The other twelve are analogous.

P?):O = SO,O = Ck:O(u = O) = Ce__.o(v = 0)

1
: P{O = =Dyo{v =0) + Pg:o

3
T 1 T
Pgy = 3Dk=o(u =0) + Pg
1
Pl = 5Too+ Pl + Pf, ~ P, (10.42)

The surfaces S, (u,v), 82(u,v), and T(u,v) must then be made compatible using
degree elevation and knot refinement. Subsequently, the control points P; ; of
the Coons surface are computed by the formula
P,; =P} + P - P

Figures 10.27-10.30 show the process of constructing a bicubically blended
Coons patch. Figures 10.27a and 10.27b show a u-directional cubically blended
surface, Sa(u, v), along with the defining control net. v-directional cubic blending
is illustrated in Figures 10.28a and 10.28b (S1(u,v)). A bicubic tensor product
surface is depicted in Figures 10.29a and 10.29b. Finally, the Coons patch is
illustrated in Figures 10.302 and 10.30b, after appropriate degree elevations and
knot refinements are performed.

In Algorithm 410.4, Ck[3,C1[] and Dk[],D1[] are arrays of boundary curves
and cross-boundary derivatives, respectively. n,m,p,q,U,V,Pij define the out-
put bicubically blended Coons surface.

ALGORITHM A10.4
BicubicBlendCoons(Ck,Cl,Dk,Dl,n,m,p,q,U,V,Pij)

{ /* Create bicubically blended Coons surface. */
/* Input: Ck,C1,Dk,D1 %/
/* Output: n,m,p,q,U,V,Pij */

Compute the ctrl pts of S;(u,v) (Eq.10.40).

Compute the ctrl pts of Sa(u,v) (Eq.10.41).

Compute the ctrl pts of T(u,v) (Eq.10.42).

pcd = degree of the Ck curves and Dk derivatives.

qcd = degree of the Cl curves and D1 derivatives.

p = max(3,pcd);

q = max(3,qcd);

Degree elevate Si(u,v), S2(u,v) and T(u,v) to (p,q)
if necessary.

U = u-knot vector of Sj(u,v).

V = v-knot vector of S(u,v).

(10.43)
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b)

Figure 10.27. Cubically blended surface in the u direction. (a) Control net; (b) surface
(Bézier in the u and B-spline in the v direction).
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e

(b) (b)
Figure 10.28. Cubically blended surface in the v direction. (a) Control net; (b) surface
(B-spline in the u and Bézier in the v direction). ) Figure 10.29. Bicubic tensor product surface. (a) Control net; (b) bicubic Bézier surface.
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(b)

Figure 10.30. Bicubically blended Coons surface. (2) Control net after degree raising
and knot refinement; (b) Coons surface.
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Knot refine S;(u,v), S2(u,v) and T(u,v) to
U and V if necessary.
n = (number of u-knots)-p-2.
m = (number of v-knots)-q-2.
Compute surface control points P;; by Eq.(10.43).

}

In practice, it is not easy to construct a bicubically blended Coons patch.
First, the cross-boundary derivative fields are seldom available; even when they
are available, the magnitudes of the derivatives may not be appropriate. Fur-
thermore, one can almost never expect twist vector compatibility (Eq. [10.38])
to hold, that is, in general

dezg(u == 0) 76 dDg=o(’v = 0)

du dv
and likewise for the other three corners. The most common use of this patch is
to attempt to fill a three- or four-sided hole in a patchwork of surfaces, smoothly
in the G! sense. The boundary data is extracted from the neighboring surfaces.
However, in this case derivative magnitudes are generally not meaningful, twist
vectors are not compatible, and hence G! continuity between the patch and
its neighboring surfaces is not possible. If the application can tolerate a small
discontinuity in tangent direction across a boundary, then an angular tolerance
can be specified and one of two approaches taken:

« use the iterative approximation techniques of Chapter 9 to obtain nonra-
tional derivative fields which are twist compatible, and which approximate
the vector directions of the original derivative fields to within the specified
angular tolerance. If any one of the boundary curves is rational, then the
problem becomes much more complex, as the twist vectors and deriva-
tive fields must be embedded in homogeneous space in such a way as to
obtain four-dimensional compatibility while still maintaining the angular
tolerance on the three-dimensional vector directions. Equations (4.7) and
(4.26) are useful in this process;

o let dDj—o(u = 0)

dDy-o(v=20
Tho = o ¢ _ De=o(v=0)

TO,O dv

Tg,o and Tﬁ,o are computed from the following control points of D¢ (u)
and Dyp—o(v): Qi=0,0, Qk=0,1 and Q¢=0,0, Qe¢=0,1- Set

1
TO,O = 5 (TIS’O + Tg,O)

Keeping Qk:0,0 and Qg-_-g’o ﬁxed, Qk:O,l and Qe:g,l can be modified to
yield the common twist, To . Knot insertion, applied prior to modifying
Qk=0,1 and Q=,1, can be used to bound the angular error and restrict
its domain of influence. The process is even more complicated if any of
the curves or derivative fields are rational.

For a deeper and broader study of Coons patches, the reader should consult
Barnhill’s article [Barn93] and the references cited therein.



CHAPTER
ELEVEN

Shape Modification Tools

11.1  Introduction

The purpose of this chapter is to develop tools which allow a designer to inter-
actively make local modifications to an existing NURBS curve or surface, in a
way that is natural and intuitive. A NURBS curve or surface is defined by its
control points, weights, and knots; modifying any of these changes the shape
of the curve or surface. Generally designers do not want to work with such
concepts; they prefer to specify constraints and shapes which apply directly to
the curve or surface. In this chapter we develop tools which take such con-
straints and shape specifications and convert them into modifications in control
point locations or weight values. Specifically, Sections 11.2 and 11.3 are based
on specifying point constraints (i.e., the curve or surface is to change locally so
that it passes through a given point); multiple point and derivative constraints
are handled in Section 11.5, allowing control of tangent and curvature; and the
methods of Section 11.4 allow a designer to specify the “shape” that a curve or
surface is to assume in a selected region. These geometrically intuitive inputs
are converted into control point relocations in Sections 11.2, 11.4, and 11.5, and
into weight modifications in Section 11.3. The influence of control points and
weights on shape is geometrically clear and intuitive. This was already shown,
qualitatively, in previous figures, e.g., Figures 3.7, 3.23, 4.4, 4.6, 4.11, and 4.12;
this chapter quantifies this influence. Although knot locations also affect shape,
we know of no geometrically intuitive or mathematically simple interpretation
of this effect, hence we present no techniques for moving knot locations.

The methods of this chapter are local, due to the local support property of
B-splines. However, the extent of the curve or surface region which is to change
can be made smaller by knot refinement, or larger by knot removal. Interactiv-
ity requires fast solutions, which in turn implies either simple equations, small
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linear systems, or a multistage solution in which the critical interactive stage
is fast. The methods of Sections 11.2 and 11.3 are simple and very fast. The
shape operators of Section 11.4 require knot refinement and knot removal as pre-
and postprocessing steps, respectively. The technique in Section 11.5 requires
inversion of a (usually small) matrix as a preprocessing step. We develop the
mathematics of this chapter in detail, but we give only sketches of possible user
interaction and algorithm organization. User interface and graphical interaction
are beyond the scope of this book, and algorithm organization can depend on
these as well as on the application area.

Many interesting topics which fall under the broad category of “shape con-
trol and modification” have been left out of this chapter — one has to draw the
line somewhere. The body of literature is growing in the area known as “fair-
ing” or “smoothing”. There is no universal agreement on definitions for these
concepts, but they generally involve properties such as geometric continuity, in-
flection points, convexity, and curvature. Many solution techniques in this area
lead to constrained nonlinear minimization problems. Consequently, it is diffi-
cult to solve them at interactive speeds. We refer the reader to books by Su and
Liu [Su89] and Hoschek and Lasser [Hosc93] and the many references therein.
Welch and Witkin [Welc92] describe a method of surface design in which they
minimize the integral of the weighted sum of the first and second fundamental
forms over the surface. These forms measure how the surface is stretched and
bent [DoCa76]. The designer can specify not only point and derivative, but
also transfinite constraints (e.g., embedded curves). Their method leads to con-
strained minimization of a quadratic objective function with linear constraints.

A technique called Free-Form Deformation (FFD) can be useful for rough
shaping, deforming, and sculpting of collections of curves and surfaces (which can
form a closed object, for example). The geometry is considered to be embedded in
a three-dimensional plastic environment, which in turn is defined by a trivariate,
tensor product Bézier or B-spline function (mapping (u,v, w) parameters into
(z,y,2) space) . The surrounding plastic is deformed by moving its control points,
P; ;x, and the object geometry inherits this deformation. Further reading on
FFDs can be found in {Sede86; Coqu90, 91; Hsu92].

B-spline surfaces (curves) can be superimposed to form a new surface (curve).
In other words, if a collection of surfaces, Si,...,S,, are all defined on the same
u and v knot vectors, then a new surface is defined by the same knot vectors and
the control points

Pi,j =a1Pij+-~-+anP}fj

where {ax} are scalars and {Pfj} are the control points defining S;. The
NURBS construction of Gordon and Coons surfaces are examples of this (see
Egs. [10.33] and [10.43]). This suggests the use of “additive” or “corrective”
surfaces or surface patches. One can work with small, simple pieces and then
superimpose them to form a new surface or to modify a region of an existing
surface. Boundary conditions are easily controlled. Several authors have used
such techniques for interactive surface design (see [Fors88; Mats92; Welc92]).
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11.2 Control Point Repositioning

Let C(u) = Yo Rip(u)P; be a rational or nonrational B-spline curve. We
want to reposition an arbitrary control point, Py, 0 < k < n. Denote the new,
translated control point by P, and the translation vector by V = Py — Py.
Then the new curve, C(u), is given by

f}(u) = Rop(u)Po+---+ Rip(u)(Pe+ V) +---+ Ry p(u) Py
= C(u) + Rk p(u)V (11.1)

Equation (11.1) expresses a functional translation of all curve points, C(u), for
which © € [ug, Uk4p+1); all curve points outside this interval are unaffected. The
maximum translation occurs at the maximum of the function Ry, ,(u). This is
illustrated in Figure 11.1.

Now suppose 4 is a fixed parameter value with @ € [uk,Ugipi1), and P =
C(a). If we want to move P a distance d in the direction V by repositioning
Py, then we must determine the a such that

f)k = Pk -+ aV (11.2)
effects the desired translation. Let P = C(a@). Clearly
[P — P|=d=0ol|V|Rs, (@)

which yields
y d

Q= e
VIR p(2)

(11.3)

¢ Il 1 4 1 1hEy
T

M
o T T T T T

Uq us Umax ur usg

Figure 11.1. Moving P = C(@ = 3/;) by repositioning P,; the corresponding node is
t4 = 0.52, and the curve degree is three.
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From a user interface point of view, there are two broad approaches to control
point repositioning, distinguished by whether the user picks on the control poly-
gon or the curve. In the first scenario, the user might specify a vector direction
and distance and then pick a point on the control polygon. If the picked point is
an existing control point, the system simply translates it and redraws the curve.
If not, then the system makes the point a control point through inverse knot in-
sertion (see Chapter 5, Egs. [5.19]~[5.21]), and it subsequently translates the new
control point and redraws the curve. In the second scenario, the designer picks
a curve point, P (from which the system computes ), and then picks the point
P to which P is to be moved (from which the system computes d and V). It
remains for the system to choose a control point, Py, to be translated in order to
produce the desired movement of P. In general there are up to p+ 1 candidates,
but it is usually desirable to choose P; so that Ry p(u) is the basis function
whose maximum lies closest to @. A parameter value which generally lies quite
close to (but not necessarily coincident with) the maximum of an arbitrary basis
function, R; p(u), is the so-called node, t;, defined by (see [Ries73])

1 P
t; = ; E Uitj 'i=0,...,n (11.4)
=1

Note that ¢; is the average of the knots which are interior to the domain where
R; »(u) is nonzero. For interactive control point repositioning, we recommend
choosing k based on the node values instead of actually computing the maximums
of the R; ;(u); that is, k is chosen such that

|& — t&| = min|a@ — t;| (11.5)

Of course, the nodes can be used as start values to find the maximums using
Newton iteration.

Figures 11.2 and 11.3 show two control point repositionings in which the index
k was chosen based on the proximity of @ to the nodes. Notice that Figure 11.2
is pleasing, while Figure 11.3 is asymmetric and not pleasing. The reason is that
in Figure 11.2 @ is very close to the node t (and to the maximum of Ry p(w)),
therefore the curve translation is rather symmetrical about C(@) and roughly
maximum there. In Figure 11.3, @ lies halfway between t; and ti+1 (but tx was
chosen), therefore the maximum translation occurs to the left of C(a@). There
are two solutions to this dilemma:

« insert a knot in order to put a node at ;
« reposition both Py and Pr;.

Let us insert the knot @ which forces txy1 (the new (k + 1)th node) to have
the value @. From Eq. (11.4) it is clear that U1 < @ < Ug4pt1, hence

_ 1. <
u = tk+1 = — (u + ZUk+j)
P rt
=
P
and = pi — Zuk+j (116)
j=2
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Figure 11.2. Moving P = C(@ = 0.37) by repositioning P3; the corresponding node is
t; = 0.35, and the curve degree is three. Notice the parallel translation of a segment
of the curve.

Figure 11.4 shows the curve of Figure 11.3. The knot i from Eq. (11.6) was
inserted to force % to be the (k + 1)th node. The resulting Q. was then
moved to effect the desired curve modification. Notice the symmetry and the
decreased domain of change. We caution the reader that @ may already be
a knot, and it may be undesirable to insert it. For example, let C(u) be a
quadratic curve on U = {0,0,0,%/4, 1/2,3/4,1,1,1} (see Figure 11.5)._ Thfa nodes
are t; = {0,/8,3/8,5/8,7/8,1}. If the designer picks the point for which @ = 1/2,
then by Eq. (11.6) @ = 4. If @ = 1/ is inserted then @ becomes the node 3,
and if Q3 (= C( 1/2)) is moved, the resulting curve has a cusp at u = 1/, as
shown in Figure 11.5. )
Suppose we now want to move P = C(@) along V a distance d by tra.nslatfng
both Py and P4y in the direction V (assuming i € [uk+1,uk+p+1)). Letting

Figure 11.3. Moving P = C(@&) by repositioning P3. @ = 0.43 = /(ts + t4); the
corresponding node is {3 = 0.35, and the curve degree is three. .
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Figure 11.4. Repositioning a new control point obtained by knot insertion; the curve
degree is three.

0<y<1, we set
f’k = Py + (1 - ’)’)O!V
Pk+1 = Pk+1 + ’)’CYV (117)

The parameter -y allows us to vary, on a linear scale, the movement of P; and
Py relative to one another. The designer can set v, or a good default is

U — g
T ——— 11-8
TS s (11.8)

where #, < @ < ti41. From translational invariance (P4.9) we have

[P—P|=d=|(1-9)aVRy (@) + YoV Ri1,()|

P,=Q, Q; P; = Q

.
’

Figure 11.5. Repositioning a new control point obtained by knot insertion; the curve
degree is two.

o SO
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which implies that
d

= NI = 7 Rep(@ + 1Rrrip(@)] (11.9)

o

Figure 11.6a shows the curve of Figure 11.3. Both P; and Py were moved,
with v = 0.47 (the default computed by Eq. [11.8]). Clearly, the disadvantage
with this method is the broader domain of change, namely [ux,ukipi2). In
Figure 11.6b P; and P; were moved, with v = 4/s.

Using these tools, it is easy to implement a user-friendly, interactive, graph-
ical interface for control point repositioning. Notice that the value Ry (%) in
Eq. (11.3) does not change when Py is repeatedly translated along the same vec-
tor direction (therefore neither does ). Furthermore, only that portion of the
curve which is the image of [ug,uk+p+1) need be graphically updated for each

(b)

Figure 11.6. Simultaneous repositioning of P3 and Py; @ = 0.43. (a) 7 = 0.47 (the
default); (b) v = 4.
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repositioning. Figure 11.7 shows incremental repositioning of one control point.
An increment, Ad, is specified, which fixes a Aa. The relevant control point is
then translated an increment Aa’'V, and the relevant curve segment is redrawn
with each activation of a specified graphical input.

Finally, a designer can easily restrict the domain on which the curve should
change by picking two more curve points, Q; and Q,, which determine param-
eters 4; and #g, satisfying 4; < @ < ©p. If %; and @ are not already knots,
they are inserted one time each. Then, if necessary, additional knots are inserted
on the intervals [&i;, %) and [&,d2) to guarantee that there is a suitable control
point, P, such that @ is close to the node t; and @; < ui and ugypy1 < G
Knots should not be inserted with multiplicities greater than one, because this
can cause unwanted discontinuities when control points are moved.

These techniques extend easily to surfaces. For completeness we state the

relevant formulas. Let
n m

S(,0) =3 Y Ripja(u,0) Py

=0 j=0

be a NURBS surface, and assume that P = S(%, ) is to be translated along a
vector, V, a distance d by repositioning the control point, Py e. Then

Pre=Pro+aV (11.10)
o d
IV'Rk,Z(ﬁ) f’)

Either the designer selects k£ and ¢, or the system chooses them based on the
proximity of % and ¥ to the u and v nodes, s; and t;, defined by

with (11.11)

1 P
8i= >3 titr i=0,...,n
pr:l
1 q
t; = asz ji=0,...,m (11.12)
r=1

Using formulas analogous to Eq. (11.6), a u or v knot, or both, can be computed
and inserted in order to decrease the domain of change and to bring @ and/or ¥
to nodal positions. If 0 < 6, < 1, then Py, Pri1,e, Preyr, and Py gy can
be translated simultaneously in the direction V by

lsk,g =Pre+(1-6)(1~=9)aV
Priie = Pryre+6(1—y)aV
Pre = Prop1+ (1 —8)yaV

Piir,e41 = Prprerr +6yaV (11.13)
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Figure 11.7. Pulling the curve with equal increments by repositioning P4; @ = 3.

S

with o (11.14)

= VT =8)1 = 1) Rie(@0) + - - - + 6 Rin,e41(@0) |

<

Figures 11.8a and 11.8b show translation of one control point, and Figures 11.9a
and 11.9b illustrate simultaneous movement of four neighboring control points.

Figure 11.8. Repositioning P43, with @ = % = 0.55. (a) Control net; (b) a surface with
a local patch translated parallel to the direction of the control point movement.
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Figure 11.8. (Continued.)

Analogous to the curve case, knot insertion can be used to restrict the rectan-
gular domain on which the surface is to change, and inverse knot insertion can
be used to obtain additional control points at specified locations on the edges of
the surface’s control net. Point Q,, in the u direction, is inserted by the formula

U= Uk+1 + a('l.Lk+p+1 - uk+1) (1115)

Wi, | Q, — Prel

with =
Wi e| Qu — Pre| + weir,e| Prre — Q.

(see [Pieg89d]). Similarly, Q, is inserted by
¥ = vg41 + B(Vetrqt1 — veq1) (11.16)

Wi 0| Q, — P g
Wr,e| Qy — Pre| + Wi 041 Pres1 — Q)

with B =

11.3  Weight Modification

In this section we investigate the effect of modifying weights, in particular one
or two neighboring weights for a curve, and one weight for a surface.
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(b)

Figure 11.9. Repositioning four surface control points, P4 3, Ps 3, Pa 4, and Ps 4, with
@ =9 = 3/5. (a) Control net; (b) a surface with a local patch translated parallel to the
direction of the control point movement.
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11.3.1 MODIFICATION OF ONE CURVE WEIGHT

Let n
C(u) =) Rip(u)P; (11.17)
=0

be a NURBS curve and 4 a fixed parameter value satisfying i € [u, Uksp+1) We
pointed out in Chapter 4 that the effect of modifying the value of the weight wy, is
to move the point C() along a straight line defined by Py and the original point,
C(u) (see Figures 4.2, 4.4, and 4.6). Hence, whereas control point repositioning
has a translational effect on a curve, weight modification has a perspective effect,
where all curve points in the affected domain are pulled (or pushed) along straight
lines which me&¢ at the control point corresponding to the weight being modified.
In this section we prove this statement, and we establish the precise geometric
meaning of the weights.

The weight wi can be considered a variable in Eq. (11.17), hence we can
differentiate C(u) with respect to wy. Using the identity

Ni,p(w)wi

n

ZN np(Wwr

r=0

Rip(u) =

and the quotient rule for differentiation, we obtain

7] o &
5;0-; C(u, Wo, ..., wn) = m;R,,p(u) P,'

= —Ni,p(w)wi N, p(u) P.

n 2 7t
ik
(ZNT,P(“)WT)
=0

Nip(u) <Zan(u)wr> = Ni,p(u) Ni,p(u)wi

r=0

n 2
(ZN rm(u)wr)
r=0

= Z _E:J_Vﬁl’.(_zﬂ* Rip(u)P;
e ZNr,p(u)wr

r=0

+ Py

+ IZG,P P — le,p(u)Rk»p(u) P,
k
ZNnP(u)wr
r=0
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= e (- S R, P

Wk r=0
= “‘“““R'“Z,fu) (P — C(w)) = alk,u)(Pe — C(w))  (11.18)

Hence, the first derivative of C(u) with respect to wy is a vector pointing in the
direction from C(u) to Px. We now prove by induction that the derivatives of
all orders have this form. Let a(! = a(k,u), and assume the nth derivative has
the form a(™ (P; — C(u)). Then

"Cu) 8o (Pp — C(u))]
duptt Owi

M) ( _ D) ) Dol
=a (—a Prta C(u))*{*—b—{u‘;‘(Pk“C(u))

(m)

- (__%"‘w" - a(l)a(")) (P, — C(u) = o™ (P, - C(u))
k

o™

—aMa®™
Sun aa

where ot =

This completes the proof.

It is easy to derive a recursive formula to compute the o(*+1) and thereby
obtain the formula for the higher derivatives

"1C(u)

Juwptt

with o™t = (~1)(n + 1)a™aV) (11.20)

a(’n+l)(Pk — C(u)) n= 1’ 2) very, 00 (11-19)

Equations (11.18)—(11.20) prove that an arbitrary curve point, C(u), moves along
a straight line toward Py as wy increases in value.

We now take a more geometric approach. Starting with the curve of Eq.
(11.17), let wy, vary, 0 < wg < oco. Denote the family of resulting curves by
C(u;wy) (see Figure 11.10). Assume & € [ug, Uk+p+1), and define the points

R =C(a;we =0)
M=C(a;w, =1)
P = C(#;wg #0,1) (11.21)

Notice that R and M are points on specific curves, but P can lie anywhere on
the line between R and Py, for wy > 0. Now M and P can be expressed as

M=(1-s)R+sP
P=(1-t)R+tP; (11.22)
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Figure 11.10. Geometric meaning of the weight.

N k,p(ﬂ)

> Nip(@)w; + Ny (@)
%k

where s =

Ni,p (@) wy,

D Nip(@)w;

1=0

= Ry p(a) (11.23)

To derive these equations note that

ZNi,,,(ﬂ) w; P;
R=Z =0
ZNi’p(ﬁ) w;
itk

and thus we have

P=) "R, (a)P = > "Rip(@)P; + Ry () Py
i=0 itk

ZNi,p(ﬁ) w; Py
e ]
= 1 Ry (0) P

> Nip(@)w;

=0
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Y N p(@)w;
itk _
R R+ Rk,p(u)Pk
Y N (@) w;
=0
> Nip(@)w; i
- = ~ @ gy, @R
S Np@wi Y Nip(@)w;
=0 i=0

= (1= Rip(@) R+ R p(@) P = (1 —t) R + t Py

where t = Ry, (). Finally, setting wy, = 1 yields

Y Nip(@wiP;
M = ik + Ny p(@) P,
Y Nip(@w; + Nip(@) Y Nip(@)w; + Ni (@)
itk itk
ZN,;,I,(’[L) w; ~
_ itk R+ Ni,p(2) P,
D Nip@wi+ Nep(@ > Nip(@w; + Ny (@)
i#k itk
D Nip(@w; + Nip(@) = N, (i)
itk Ny, (@)
= R+ -2 P
> Nip(@)w; + Ny (@) Y Nip(@)w; + Ny (i)
itk ik
=(1-35)R+sP;
where e Nie (@)
ZNi,p(ﬁ)wi + Ni,p(t)
itk

From Egs. (11.22) and (11.23) we have

ik Nip(@)w; 2 iz Niyp (@) w;
Ni,p() Nip(@)wy

_l=s/1-t P:M /PP
) /t " RM/ RP (11.24)




524 Shape Modification Tools

Equation (11.24) says that wy, is the cross ratio of the four points, P, R, M, and
P, denoted by (P, R; M, P) (see [Coxe74; Boeh94]). The cross ratio is a funda-
mental quantity of projective geometry. With respect to shape modifications of
NURBS curves, we mention the following consequences of Egs. (11.21)—(11.24):

» aswy increases (decreases), ¢ increases (decreases), thus the curve is pulled
(pushed) toward (away from) Py;

+ P moves along a straight line segment passing through Py; thus, a modi-
fication of wy changes the curve in a predictable manner;

« as P approaches Py, t approaches 1 and w;, tends to infinity.
Now suppose the point P = C(%) is to be pulled (pushed) toward (away from)

Py to a new location, P, by modifying wy. Set d = PP = |P —P|. The required
new weight, Wy, is derived as

& — PM-(RP +d)
T RM-(P,P ¥ d)

____PMRP d-PM
RM-P;PFd-RM =~ RM.(P,P Fd)

_ P,M.RP

Usin; — e T
8 Y= RM.P,.P

we have
@ = wk-PkP d-PkM

*“ PPFd RM.(P,PFd

=wk( PP dPP
P,PTd  RP-(P.P¥d)

PP-(RP+d)\  [(1-t)(RP+d)
“ (RP’(PkP:Fd))— k( t-(PP ¥ d) )

- k((l*t)-RP:Ftd:t d
t-P.Pxitd t-(PkP:Fd)

and from Eq. (11.24) we obtain

b —w d
e = (Ii Rk,pw)(PkPer)) (11.25)

Where + or F appears, the top sign is to be taken in case of a pull operation,
and the bottom sign in case of a push operation [Pieg89c].

To implement a user interface for modification of one curve weight, a designer
picks a point P on the curve and a point on the control polygon. The system
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computes the parameter % such that P = C(@). If the picked point on the control
polygon is not already a control point, the system makes it a control point by
using inverse knot insertion. Denote the control point by Px. The system then
draws a line through P and P;. The designer picks the point P on this line,
allowing the system to then compute d, and finally @, from Eq. (11.25). The
reader should note that

« two user picks determine @ and k. It is possible (but not likely) that
@ & [uk, Uk4+p+1); the system should catch this and report it to the user as
an invalid pick;

in Eq. (11.25), the values Ry »(@) and P P change with each modification
of w, even when k and % remain constant; thus, if interactive incremental
or continuous modification of the weight is desired, it is best to save the
original Ry, (@), wy, and Py P values and use them to compute new d and
wy, values at each step;

« if we fix the weight change, Awy, and consider the distance d(u) =
|C(u; wi) — C(u; Wy )| as a function of u, it follows from Eq. (11.25) that
d(u) attains its maximum at the maximum of Ry p(u) (Figure 11.11);

« from a practical point of view, weight modification can/should only be
used to effect small changes in a curve. For pull operations Py is clearly
a built-in bound on possible length of pull. This bound can be quite
restrictive, particularly in cases where Pj was added through inverse knot
insertion. Moreover, even moderate push/pulls often require substantial
modifications in a weight; and widely varying weights can induce very poor

Figure 11.11. Pulling the curve at £4 = u = 0.52 a distance d = 0.075 toward P4 by
changing the weight ws = 0.2; the new weight computed is 14 = 2.45. Notice the
perspective translation of the curve segment produced by the change of weight.
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parameterizations, which often cause unexpected problems downstream.
Figures 11.11 and 11.12 show such examples. For this reason, it may be
advisable in a serious software implementation to restrict the range of
allowable weight values;

« as was the case for control point repositioning, knot insertion can be
used here to restrict the domain of curve change to lie between two user-
specified curve points.

Figure 11.13 shows an example of incremental pulls. Note the exponential change
of weights.

11.3.2 MODIFICATION OF TWO NEIGHBORING
CURVE WEIGHTS

We consider now the simultaneous modification of two neighboring curve weights,
wy, and wg41. Such a modification pulls (pushes) the curve toward (away from)
the leg Pp Py of the control polygon. Fixing @ € [ugs1, Ukspt1), let P =
C(i; Wi, Wi+1) and define

R = C(u; wx = wr41 = 0) (11.26)
(see Figure 11.14). Then P can be expressed as

P= (1 - ap — ak+1) R+ arPi + ak1 Pryr (11.27)

Figure 11.12. Pulling the curve at u = 0.46 a distance d = 0.075 toward P; by changing
the weight ws = 0.2; the new weight computed is w4 = 0.97.
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0.4 1.63
t = Wy

02 0.77 6.11

Figure 11.13. Pulling the curve at ¢4 = u = 0.52 with equal increments A = 0.022
toward P, by changing the weight ws = 0.2; the new weights computed are s =
{0.4,0.77,1.63,6.11}.

Py P, Py

Figure 11.14. Simultaneous pull towards P; and Ps by changing ws and ws at the
same time.
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Ny (T N, 7]
with ap = _H_’&E(u_)ifﬁ_ Qb1 = _%li’ﬁy)l”l‘il_ (11.28)
Z Nip(8)w; Z Nip(@)w;
i=0 i=0

Equation (11.27) says that P lies on the plane of the barycentric coordinate
system (RPyPyy1) (readers not familiar with barycentric coordinates should
consult Boehm and Prautzsch [Boeh94] or Farin [Fari93]). Assume now that P
moves to a new position, P. We must determine the new weights, W and W41,
which cause the desired movement. By Eq. (11.27) P can be expressed as

P= (1 —ag — @g41) R+ @p Py + a1 Prsa (11.29)
with g = Ni,p() W Bogs = Ni+1,p(8) g1
d d
where d= Z N,-,p(ﬁ)w,- + Nk,p(ﬂ) Wy, + Nk.*.l,p(ﬁ)’lflk_kl

itk k+1
If iy and W4 are expressed in the form
W = BewWk  Wrs1 = BrraWit1 (11.30)

then after some manipulation one gets

ﬁk“ 1——ak—ak+1/ l—ﬁk—dk+1
ag ag

(11.31)

_l—ap—apyr /1 —ag — kg
Brt1 =

Q-1 Gpq1

Equations (11.27)—(11.31) result in a simple geometric method to solve for the
unknowns, (i and Bi41, and thus to obtain @y, and Wy from wy and Wit1-
Since ag, ak+1, k, and ) are barycentric coordinates with respect to R, Py,
and Pg41, they can be expressed by (see Figure 11.14)

ap = B ~ Pryq| oy = |A — Pyl
1 Pry1 — Pyl T P - Py
. ID=Pea| C - By
Ql == e a T ————— 11.32
T [ Peg1 — Py T P — Py ( )

where A, B, C, and D are points along Py Py such that PA and PC are
parallel to RP%, and PB and PD are parallel to RP;,. To have nonvanishing
ak, & must be within [uk,uk4p41); similarly, for nonvanishing ax4; @ must be
within [ug41, Uk4pi2). If P is chosen so that @ is within the intersection of
these intervals, neither ay, nor ax4 vanishes, and consequently P can be placed
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anywhere within the triangle RPy, Py 1. If, however, @ € [ug, ug+1), then ag41 =
0 and Eq. (11.27) degenerates to

P=(1-a)R+aP; (11.33)

i.e., the simultaneous modification degenerates to a single weight modification.

Figures 11.15 and 11.16 show simultaneous push/pulls. Notice that the curve
change is pleasing and symmetric in Figure 11.15 but not in Figure 11.16. This
is due to the fact that in Figure 11.15 the movement is along the line defined by
R and the initial P = C(&;ws). In this case we have

G Gy

273 Q41
which implies that G; = Bkx+1 and

Wi ’lﬂk

Wiy1  Weg

that is, the ratio of the weights is preserved.

A user interface for simultaneous weight modifications might be as follows.
The designer picks a control polygon leg, Py Py,1. The system computes the
corresponding nodes, tx and tx41, and sets 4@ = la(tx + tx4+1). The system
then computes R, P = C(@), and Q (the intersection of RP with Py Py ,; see

Figure 11.15. Simultaneous pull at u = 1/2(t4 + t5) = 0.608 a distance d = 0.088 in the
direction of RQ by changing ws = ws = 0.05; the new weights are B4 = w5 = 1.23.
The curve change is neither perspective nor parallel.
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Figure 11.16. Simultaneous pull at v = 0.612 a distance d = 0.088 in a direction
different from RQ by changing ws = ws = 0.05; the new weights are ws; = 1.89 and
ws = 0.48.

Figure 11.14). These components, including the line segment R Q, are drawn on
the screen. The designer can now interactively reposition P along the line RQ
while the system computes new weights and redraws the affected curve segment.
Of course, the designer should be able to override the default, i, and the default
line segment, RQ.

Another scenario is to allow the designer to pick the curve point, P (and
thereby %), and the system subsequently chooses the polygon leg Py Py by
finding two nodes, t; and tx41, such that ¢ty < @ < ;4. However, this is prob-
lematic if @ is equal to or close to a node, as the push/pull effect is asymmetric if
a polygon leg is arbitrarily chosen. In this case a knot, i, can be inserted, which
puts @ halfway between two nodes. Specifically

(fk + fk+1)

(ka1 + -+ Ubgp1 + T+ Vg + -+ + Upgp + 1)

I

k+p—1

= oo | kst +tkgp + 2042 3w
P i=k+2

which implies that L
p—

. _ 1
U= pu— —2~(uk+1 + Uk.f.;,) - ;ukﬂ-
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However, we caution the reader that % may already be a knot; furthermore, the
resulting new polygon leg, P, P:.1, may pass very close to P = C(4@), in which
case the available pull length is very limited.

Finally, note that we assumed previously that the two control points whose
weights we modified were neighbors. This was done because it yields pleasing
results and is generally what is desired. However, the derivations of Eqgs. (11.27)-
(11.32) do not make use of this assumption. In fact, if P, and Ps are chosen,
then the only requirement is that @ € [ty, Urtp+1) and @ € [us, Usip+1), SO that
the barycentric coordinates, a, and as, do not vanish. See [Pieg89c] for more
details of this case.

11.3.3 MODIFICATION OF ONE SURFACE WEIGHT

Modification of a single surface weight, wy, ¢, is similar to the curve case. Assume
i € Uk, Uktp+1) and T € [vg, Vgt q41), and define

R = S(@, T; wg,¢ = 0)
M = S(@, 7; W,¢ = 1)
P = S(&@,7; w,e #0,1) (11.35)

Then M and P can be expressed as

M=(1-s)R+sP;,

P= (1 —t)R'Fth,g (11.36)
wheré 5 = Ni,p(#)Ne,q(9)
2> Nip(@)N;g(®) w5+ Nigp(8) Neg(3)
1,35 k,E
N (@) Ny o(v
t= Nt _ 5 (1137)
Z ZNi,p(ﬁ)Nj.q(ﬁ)wi,J’
i=0 j=0

(i,4 # k,£ means exclude the (k,€)th term.) Using Egs. (11.36) and (11.37), one
obtains the cross ratio '

1-s5 /1 P M /PP
whe = — /1tt___ ke k2

o/ s (11.38)

Equations (11.35)-(11.38) imply that

* as wy,¢ increases (decreases) ¢ increases (decreases), and thus the surface
is pulled (pushed) toward (away from) Py ; :
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« P moves along a straight line segment passing through Py,¢; thus, a mod-
ification of wy, ¢ changes the surface in a predictable manner;

» as P approaches Py ¢, t approaches 1 and wy ¢ tends to infinity.

Finally, if P is to move to the new location, P, and d = [P~ I3|, then the
required new weight value, iy ¢, is

N d
Wre = wge 1+ — 11.3
kot = Whe ( B (0,0)(PreP F d)) (11.39)

Where & or F appears, the top sign is to be taken in case of a pull operation,
and the bottom sign in case of a push operation [Pieg89d].

A user interface for modification of a single surface weight can be implemented
in a manner analogous to that presented for curves. The designer can pick either
an existing control point or one or two points lying on edges of the control net;
if two, then they must lie on a quadrilateral of the control net, one on a u-
directional side and one on a v-directional side. If an existing control point is
not picked, then inverse knot insertion is used to obtain Py ¢. From there, the
process proceeds as for curve modification. Statements analogous to the five
remarks mentioned previously in regard to curve weight modification also apply
to surface weight modification. Figure 11.17 illustrates a surface push.

e :

x
Figure 11.17. Surface push at v = v = 0.55 toward Py 3 a distance d = 1; notice the
perspective change in surface shape.
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11.4 Shape Operators

As defined here, shape operators are tools for rough sculpting of curves and
surfaces. They operate as follows:

1. alocal curve segment or surface region is specified, within which the shape
modification is to occur; knot refinement is then used to introduce more
control points locally;

2. control points whose influence is local to the specified segment or region
are repositioned according to various parameters and/or functions;

3. knot removal to within a specified tolerance is applied to the local segment
or region in order to reduce the number of defining control points.

We present three operators here: warp, flatten, and bend. Additional similar
operators can be found in the literature, e.g., stretch, twist, and taper [Barr83;
Cobb84]. We emphasize that our algorithms are based purely on geometry;
they do not consider physical properties of materials or theories of elasticity
and plasticity.

Before presenting the operators, we mention a few issues relating to the knot
refinement and removal steps. The method and level of refinement affects the
results of applying a shape operator. Hence, although the designer should be
spared the details, he must be allowed to control the level of refinement. Assume
that [us,ue] is a curve segment of interest. If u; and u. are not already knots,
they are inserted. A good way to insert n additional knots into [us,u.] is to
recursively insert a knot at the midpoint of the longest knot span in [ug, ).
This tends to generate roughly evenly spaced knots, and hopefully (but not
necessarily) the control points will also be roughly evenly spaced. Now if us and
ue are knots defining the limits of the final refined interval (note that e changes
during refinement), then the following control points can be repositioned without
modifying the curve outside of [us, u.)

Ps,...,Peps (11.40)

where p is the degree of the curve. After the shaping operation, knot removal
typically removes many of the inserted knots. If the curve is not to be modified
outside [us, u.], then only the following knots are candidates for removal

. p p e
u; z=s+-2—,...,e——§—1 if p is even
1 1
u, i=s+ 1—):';:—*,...,6— ?—;—— if p is odd (11.41)

11.4.1 WARPING

Warping is a tool which can be used to rather arbitrarily deform a local seg-
ment of a curve or region on a surface. First consider curve warping, which is
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implemented by means of control point repositioning based on the formula

P, =P+ fdW (11.42)

Generally, f is a flfh&idn, d a constant, and W can be either a function or
a constant. f controls the warp shape, d is an upper bound on control point
movement (and hence on warp distance), and W gives the direction of warp. The
designer generally determines the extent of the warp by selecting curve points
C(us) and C(u,). The curve warp is restricted to this segment. A useful warping
function is given by

R 3(t
ft) = H2sl®) (11.43)
Rumax
where Ryax = R33(1/2) and Rj3(t) is the rational cubic B-spline basis function
N.
Ro(t) = —uss_ (11.44)
ZN,-,g(t)wi
i=0
defined by the knot vector
113
T = ~ =2
{0,0,0,0,4,2,4,1,1,1,1} (11.45)

and weights
w; = {1’ 17 1,1.03, 11 1) 1}

Figure 11.18 shows f(t) for several different values of ws3. Clearly, functions
of this form are appropriate for pulling out a bump or pushing in an indenta-
tion in a curve. Now suppose ws is fixed and the designer specifies a maximum

F(t;ws)

asg) T 1 t H—— ¢

0 1/ 1/ 3y 1

Figure 11.18. Warping functions using the rational basis function R3 3(t; ws) with
w3z = 1/5, 1,30}.
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warp distance, d. The warp direction, W, remains to be specified. Reasonable
choices are:

« a variable direction given by
W(t) = +N(u(t)) (11.46)

where N(u) is the unit normal vector of C(u), and u(t) = (ue — us)t + us;

« the constant direction given by
W= :i:N(%(us-i»ue)) (11.47)

The interval [us, u.] is now refined, yielding control points P;, i =s,...,e~p—1
(Eq. [11.40]), which can be repositioned according to Eq. (11.42). In order to ap-
ply that equation, we must assign a parameter ¢; to each P;,i=s,...,e—p—1.
Let 6 denote the total accumulated chordal distance along the control polygon
from Ps_; to P._,. Denote by t; the accumulated chordal distance from Ps_,
to P;, normalized by 6. Notice that 0 <¢; <lfors<i<e—p—1. Then P;
is repositioned by

Pi=P;+ f(t)dW(t) i=s,...,e—p—1 (11.48)

Finally, knot removal is applied to the interval as discussed previously.

Figures 11.19a~11.19d show the steps in curve warping. In Figure 11.19a the
curve segment [C(ug), C(u.)], the (constant) direction W, and the distance d are
selected. Figure 11.19b shows the knot refined curve. Local control points are
repositioned, as shown in Figure 11.19¢. Figure 11.19d depicts the final curve
after knot removal is applied.

(a)

Figure 11.19. Curve warping. (a) The original curve with span [C(us), C(ue)] to be
warped in the direction of W a distance d; (b) a curve span refined; (c) control points
repositioned; (d) knots removed.
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(b)

(d)

Figure 11.19. (Continued.)

The effects .of changing the defining parameters are demonstrated in F ig-
ures 11.20a-11.20c. In Figure 11.20a different weights are used to “square”
down the warped region. Figure 11.20b shows the effect of changing the warp
direction while keeping both the weight and the distance constant. Finally,
in Figure 11.20c different distances are applied to control the magnitude of
the warp.

We conclude curve warping by noting that:

o clearly warps of almost any shape and magnitude are possible; one needs

only to define the functions f(t) and W(t) suitably. Two further examples
are shown in Figures 11.21a and 11.21b;
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wy = 1fs
1
30
(@)
W, W, W3
(b)

(©)

Figure 11.20. Curve warps (a) using different weights ws = {1/s,1,30}; (b) using differ-
ent directions with ws = 20; (c) using different distances d = {0.05,0.1, 0.15}.

+ for interactive warping the designer may wish to select a curve point which
is to be the center of the warp, and then to modify on a sliding scale the
magnitude d, the weight w3, and the extent of the warp segment. The
segment is chosen to be as symmetric as possible about the warp center,
measured in distance along the control polygon. Knot removal is done
after completion of the interaction; knot refinement must be done either
as a preprocessing step (either on the entire curve, or on a user-specified
“maximum” segment), or the refinement must be updated (expanded) as
the segment length is expanded;
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« instead of computing the ¢; as normalized distances, one can use the B-
spline nodes computed by Eq. (11.4); in this case, the functions f and W
must be parameterized on the interval [ug, ue].

Surface warping is similar to curve warping. We distinguish two types, region
warping and surface curve warping. In region warping we apply a warping
function to a region of nonzero surface area; for surface curve warping we allow
a univariate warping function to slide along a curve lying on the surface.

f@®)

(a)

f@®)

(b)

Figure 11.21. Curve warps with different shape functions.
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Let R be a closed region in the parameter space of a surface, S(u,v). Ex-
amples are shown in Figures 11.22a and 11.23a. Region warping is produced by
repositioning control points, based on the formula

P, =P+ fdW (11.49)

Analogous to curve warping, knot refinement is applied to the area [ua,ug] X
[v4,vs] (shown by dashed lines in Figures 11.22a and 11.23a) before using Eq.
(11.49). Knot removal is applied in the appropriate region (see Eq. [11.41]) as
a postprocessing step. A parameter pair (s;,t;) must be associated with each
control point P;j,i=a,...,6—p—1,j=1,...,6 — g— 1. These parameters
are used to determine which P; ; are to be repositioned and to evaluate the func-
tions f and W of Eq. (11.49). Analogous to curve warping, we use normalized
accumulated chord length. In particular, we apply Algorithm A9.3 to the set of
points P;;,i=a—1,...,6-pand j=v—1,...,6§ —q. A P,; is repositioned
by Eq. (11.49) only if (u;,v;) is in the warp region R, where
u; = (ug — Uq)S; + Ua vj = (Vs — vy)tj + vy

f can be any scalar-valued function defined on [0,1] x [0,1]. As was the case
for curves, B-spline basis functions are appropriate for pulls and pushes. For
example, the normalized, bivariate, bicubic, rational B-spline basis function is
suitable for rectangular regions

I 1
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(a)

Figure 11.22. Surface region warping. (a) A region with bounding box and control
points local to the region; (b) a surface warp after control point repositioning.
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NN
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—

Figure 11.22. (Continued.)

R33.33(s,t
f(s,t) = .%1&.2 (11.50)

defined on the knot vectors

S:{o,o,o,o, L ,1,1,1,1}

b

113

4°2°4

and = 113
T={0,000%13111,1}

All weights are set to 1 except w33, which is freely chosen. As another example,
a rotated, univariate B-spline basis function can be used if the desired. warp
region exhibits circular symmetry.

Defining a warping function over arbitrary domains is difficult. The region
warps of Figures 11.22 and 11.23 were created using the simple function

f(s,t) = {1 if (u(s),o(t)) € R
0 otherwise (11.51)

where u(s) = (ug —ua)s+us  v(t) = (vs — vy )t + vy

This warping function acts like a die punch, i.e., each control point for which
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(a)

Figure 11.23. Surface region warping. (a) A region with bounding box and control
points local to the region; (b) a surface warp after control point repositioning.

(u(s:),v(t;)) € R is displaced a distance, d, in the direction of W. The vector
W can be the surface normal at each point, or any other user-defined vector.
For Figures 11.22 and 11.23 a ray casting, point-in-polygon routine was used to
determine point containment in the polygonal regions. Notice in Figure 11.23
that the routine handles self-intersecting polygons.

We now describe surface curve warping. Suppose

C(A) = (u(A),v(N) (11.52)

is a curve lying in the parameter space of S(u,v), and r is a distance measured
to both sides of C()) along the line normal to C()) at each A. Surface curve
warping is applied by repositioning all those surface control points P;; whose
parameters (u(s;),v(t;)) lie within distance r of C(A) (the field of gravity). The
relevant P; ; are moved according to the formula

Pij =P+ f(di;)dW(\i ;) (11.53)

" where d; ; is the distance of (u(s;),v(t;)) to C()), and A;; corresponds to the

projection of (u(s;),v(t;)) onto C(\). A reasonable definition of the warp direc-
tion is

W(A) =N(C(N) (11.54)

where N(u,v) is the surface normal vector.



542 Shape Modification Tools

(b)

Figure 11.23. (Continued.)

Again, the definition of f can be delicate. We used the function

1 ifdi,j <r

d; ;)=
fldis) {0 otherwise (11.55)
The critical step in applying Eq. (11.53) is the computation of the d; ;. This
is simplified if C()) is a polyline. Figures 11.24 show an example of a polyline
warp. Figure 11.24a depicts the acronym NURBS described as five polylines.
Figure 11.24b shows the bounding box of the control points (marked with +s)
that lie within the gravity fields of the five letters. The final polyline warped
surface is illustrated in Figure 11.24c.

11.4.2 FLATTENING

The flatten operator allows a designer to easily introduce straight line segments
into curves and planar regions into surfaces. No multiple knots are inserted,
so the transition from the curved portions of the curve or surface into the flat
portions possesses the smoothness inherent in the original geometry.

Consider curve flattening first, as shown in Figures 11.25 and 11.26; a curve,
C(u), and a line, L, are given. Curve flattening consists of three steps:
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(b)

Figure 11.24. Surface polyline warping. (a) A polyline representing the acronym .
NURBS; (b) control points local to the gravity field of the polyline; (c) a surface
polyline warp after control point repositioning.

1. refine the curve’s knots to obtain more control points;

2. project some specified control points, P;, onto the line; denoting the pro-
jection of P; by P;, replace P; by P;;

3. remove unnecessary knots.
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\
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(©

Figure 11.24. (Continued.)

In addition to L and C(u), the following items can be specified, either by the
designer or defaulted by the system (Figure 11.25a):

« a vector, W, defining the line of projection, i.e., P, = P; + aW (a can
be negative or positive); this vector can be defaulted to be perpendicular

to L;
+ parameters us and u.: A control point, P;, is projected only if it is local
to the interval [us, u.), i.e.,i=s,...,e —p—1;

« two points, Q; and Q,, on the line L; a control point, P;, is replaced by
its projection, P, only if P; lies within the segment Q; Q..

Notice that the last two items are rules indicating which P; to project and which
P; to accept, respectively. For the situation shown in Figure 11.25a, setting
Q; = C(us) and Q, = C(u.) to be the points where I intersects C(u) is a
reasonable system default. If the curve is zy planar and intersects L, as in
Figure 11.25a, another intuitive rule is to project only those P; which lie to one
side of L, as shown in Figure 11.25b. If only those control points are projected
which are local to [us, U], unexpected results can occur if L intersects the curve
(Figure 11.25¢). If the curve does not intersect L, projecting all control points
local to [us, u.] flattens the segment [C(us), C(u.)], leaving the rest of the curve
unaffected. This is illustrated in Figures 11.26a and 11.26b.

Finally, we caution that a flat segment is obtained only if the projection results
in at least p + 1 consecutive points, P;, where p is the degree of the curve. If
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(©)

Figure 11.25. Curve flattening. (a) The original curve with span [C(us), C(u.)] to be
flattened in the direction of W to the line L intersecting the curve; (b) a flattened
curve obtained by projecting all control points lying on one side of L; (c) a flattened
curve obtained by projecting control points local to the span [us, ue].

this fails to be the case, then more knot refinement is required. If ug and u. are
specified, then refinement is required only in the interval [u;, u;], where u; is the
largest knot satisfying u; < ug, and u; is the smallest knot such that u, < u;.
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(a)

(b)

Figure 11:26‘ Curve flattening. (a) The original curve with span [C(us), C(u.)] to be
flattened in the direction perpendicular to the line L not intersecting the curve; (b) a
flattened curve obtained by projecting control points local to the span [us, ue]

A surface region is flattened by projecting control points P;; onto a plane,

m. The P;; are replaced by their projections, lsi,j. In addition to , one can
specify (or default) the following:

) vect.or W deﬁ_n_ing the line of projection, i.e., 13,-‘ i = P;;+aW (a can be
negative or positive); this vector can be defaulted to be perpendicular to m;
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« a region, Ry, in the uv space of S(u,v) defined by a boundary curve,
Cuuv(w) = (u(w),v(w)); P;; is projected only if its influence is local to
the region Ryy. If [uq,ug] X [vy,Vs] is the minmax rectangle containing
Ruv, then knot refinement should be applied to the intervals [ui, u;] and
[vk, ve], where u; and vi are the largest knots satisfying u; < uq and
vk < vy, and u; and ve are the smallest knots satisfying ug < u; and
vs < Vg5

« a region, R., on the plane 7, defined by a boundary curve,AC,,(w); a
control point, P; ;, is replaced by its projection, P, ;, only if P; ; lies in
the region R.

Most often, Cy,(w) and C(w) are simple curves, such as polygons or circles, for
which determination of point containment in the respective regions is easy and
efficient. If the plane 7 intersects the surface, then instead of requiring a region
Ruv, a designer may want to specify that only those P; ; lying on one side of r be
projected. Cobb [Cobb84] suggests the use of additional planes to restrict the re-
gion of the control net to be projected. And finally, the projection must produce
a connected grid of at least (p+ 1) x (¢+ 1) P;; in order to obtain a flat region
in the surface. Figures 11.27a and 11.27b show an example of surface flattening.

11.4.3 BENDING

Several authors have investigated circular bending of curves and cylindrical bend-
ing of surfaces, e.g., see references [Barr83; Four83; Cobb84]. These authors de-
velop equations based on trigonometry, which map points onto circles. Under
these mappings a straight line segment maps onto a circle, and a general curve
segment is bent in a circular fashion. Cobb [Cobb84] applies this technique,
together with knot refinement, to map control points, thereby bending B-spline
curves and surfaces.

We take a more general, geometric approach to bending. Analogous to the
other shape operators, bending takes place in three steps:

1. refine the region of the curve or surface to be bent;
2. bend the region by repositioning control points;

3. remove unnecessary knots.

Only Step 2 requires elaboration. Consider curves first (see Figure 11.28). We
bend the region of the curve C(u) between C(ug) and C(u.) about the bend
curve, B(w), by mapping the relevant control points, P; of C(u), “toward”
B(w). Assuming us and u, are knots, only Py, ..., P._,_; are mapped. Denote
the image of P; by f-'i. We require one additional point, O, called the bend
center. Points R; are obtained by intersecting each line segment, OP;, with
B(w). Finally, fixing a cross ratio, A, the location of each P; is determined by
A, O, R;, and P; as follows. Analogous to Eq. (11.22), we have

R; = (1 - S,‘)O—i‘ s P;
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)

(b)

Fxgure 11.27. 'Sur'fa.ce flattening. (a) A surface and plane; (b) a flattened surface ob-
tained by projecting all control points lying on one side of the plane.
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Figure 11.28. Curve bending.

P,=01-t)0+tP; (11.56)
OR;
It follows that = 1.5
%= 5P, (11.57)
Finally = E.’—(l__fl).
8; (1 b ti)
yields _ As; :
t; 70D (11.58)

Substituting ¢; into Eq. (11.56) produces P..

Summarizing, us, ue, B(w), O, and A are given, and the bend algorithm
computes, in order: R; (line/curve intersection), s;, t;, and P;. The cross ratio
A can be modified interactively, in a range from —oo to co. Notice that A =1
implies t; = s;, hence P; = Ry; i.e., A = 1 maps all P; onto B(w), and thus
C(u) assumes the (approximate) shape of B(w) in the region between C(us) and
C(u.). For A =0, all P; = O; and P; — P; as A — oo.

Let t = e—p—1. After computing 153, ceesy f’t, the control points Py, ..., Ps_1
and Pi1y,..., P, must be rotated and translated into positions which yield nat-
ural transitions of the unchanged curve segments on [tmin, s} and [tte; Umax] into
the bent segment on [us,u.]- Let @ denote the angle through which the bend
mapping rotates the vector P, — P,_;. The new f’tﬂ, vees P,, are then obtained
by rotating the P;11,..., P, an angle, 8, about the point P;, and subsequently
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translating by the vector 15,5 — P;. An analogous rotation (defined by the rotation
of Psy; — P;) and translation must be applied to Py,..., P,_;.

Figures 11.29-11.31 show examples of circular and parabolic bends. In Figure
11.29 the effect of varying ) is illustrated. The bend region is symmetric about
line L passing through the bend center, O, and is perpendicular to C(u). Note
that as A approaches 1 the bend region gradually assumes the shape of the
circle. The effect of positioning the center, O, within the circle is shown in
Figure 11.30. O, is the circle center, Oy lies on the line L, whereas O3 is an
arbitrary point. Figure 11.31 illustrates the use of a parabolic bend curve to
eliminate two unwanted inflection points in a curve.

Finally, we remark that for additional shape control the cross ratio can be a
function, A(u), defined for u € [us,uc]. Then for P;, \; = A(t;) is computed,
where ¢; is the ith node (not related to the £; of Eq. [11.58]).

We now turn to surface bending. The natural extension of the curve bending
technique to surfaces yields a very general and powerful surface modification
capability. We start with a general definition of surface bending, but we then
restrict our detailed discussion to a simple, but useful, special case.

A surface, S(u, v), is bent about a bend surface, B(s, t), either toward a central
point, O, or a central curve, O(w). Let the bend region, R in uv space, be
bounded by the minmax rectangle, M = [u,, ug] x[v,,vs]. After knot refinement
on M the subset of the control points, P; j,i = q,..., —p—1, J=%...,6—q~1,
whose influence is local to R, are mapped to new locations, 15,', j» using a cross
ratio, A; a function A(u, v) can also be used. If a point O is used, then points R; j

°0 i B(w)

Clw)

Figure 11.29. Curve bending examples using a circular arc as the

bending curve B(w);
the cross ratios are A = {1, 1,2, 5}.
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00, | B(w)
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;

C(u)

Figure 11.30. Curve bending examples obtained by using different positions of the bend
center.

are obtained as the intersections of the line segments, OP; ;, with the sn(1irfa,ce::i
B(s, t). If a curve, O(w), is given, then parameters w; ; must be computed, an

the R.; ; are obtained by intersecting O (w;,;) P;,; with B(s,t). The P, ; are then
computed using

_ORy; - _OW)Ri; (11.59)
Sij = OP;; T O(wi,)Pij

b Mhi (11.60)
YT+ (A - Dsiy

Finally
Pij=(1—1t:;)0+1t;Pi; or Pij=(1-1;;0(wi;)+t,;P; (11.61)

Subsequently, the unmapped control points must be: fotated and transla?ed 121;?)
positions which ensure a smooth and natural transition of the bent reglc;n i 0
the unbent region. Knot removal is applied as a final step.. For fsxa.mpte,r o e
obtains a spherical bend by letting B(s,t) b.e a sphere, Wlth. O_;ts c‘:n er.
cylindrical bend is produced if B(s, t) is a cylinder and O(w) is its a.x1t. o of
In its full generality, surface bending is cle:ar'ly con.lplex. The compu a. on o
R, ; requires line/surface intersections, obtaining suitable paramflters w;, -
be7diﬂicult, and it is not obvious how to rotate and tran§lat(? tlelz) ur:ima;;;:)ut
control points. We detail here the special case of g.eneral cyhndrlcz‘x 4;? sa out
the full length of an isocurve of a surface; that is, the bend region has oneral
the forms [uq, %] X [Vmin, Umax| OF [umin,ufnax] X [vy,vs], and B(s,t) isa g;er;m
circular cylinder obtained by sweeping a circle along the (possibly curve 2
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Figure 11.31. Parabolic bending used to eliminate inflexion points.

1()) (_w) We present bending about an isocurve at fixed u = uc; the case of fixed
C— v IS ana.logous.. Assume that u., u,, and ug satisfy u, < u

u.(v) denote the isocurve on S(u, v) at u = u, o )
O(w) can be defined in either of two ways. It ¢

: < ug. Let
(see Figure 11.32). The axis
an be defined as the offset of

Figure 11.32. Surface bending using a cylinder.
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C..(v) along the surface normal, i.e.
O (v) = Cy, (v) + dN(uc, v) (11.62)

where N(uc, v) is the unit length surface normal vector at (ue,v) and d is a con-
stant offset distance. We remark that, in general, the shape of O(v) can be rad-
ically different from that of C,, (v), and O (v) cannot be represented precisely as
a NURBS curve (e.g., see [Till84; Coqu87b; Hosc88]). However, we assume here
that O (v) is well-behaved and similar in shape to C.. (v); for surface bending this
is a reasonable assumption. Moreover, we only need to compute selected points
on O(v) (using Eq. [11.62]); we do not require an explicit NURBS representation
of O(v). Finally, we note that in this case the parameter w corresponds to v.

The second method of defining O (w) is to let it be a straight line lying in the
plane defined by C,,(v). In this case w does not correspond to v. By computing
a least squares plane (defined by the control points of C,,(v)), this method can
be used even for nonplanar C,_(v).

S(u,v) is bent by applying the curve bending method to the m + 1 rows of
control points; i.e., for j =0,...,m, do the following:

1. fori=s,...,e—p—1L

la. compute w; ; so that O (w; ;) is the point on O(w) closest to P; ;; if
O(w) = Q+wV is a straight line, then w; ; is given by the formula

V(P — Q)

i (11.63)

w;j =

If O(w) is the offset of C,,(v), the point to curve projection tech-
nique of Section (6.1) can be used; the jth v node, t;, is a good
start point for the Newton iterations;

1b. then set
P;; —O(wi;)

|P;; — O(wi;)|
where r is the radius of the general circular cylinder B(s, t);
lc. compute P; ; using Egs. (11.59)(11.61);

2. rotate and translate Pg j,..., Ps_1; and Pe_pj,..., P, ; into new posi-
tions, by a process similar to that used for curve bending.

Ri,]‘ -"—‘0(10,',]‘) +7r (11.64)

Figures 11.33 and 11.34 show examples of cylindrical surface bending. In
Figure 11.33 a planar surface is bent using A = {1/2, 35, —3}. Note that a positive
X bends the surface toward the cylinder, whereas a negative one bends it away
from the cylinder. Figure 11.34 shows cylindrical bends of the same planar sur-
face using a cylinder touching the surface along the isoparametric curve C,.(v).
Again, the sign of \ allows the surface to be bent in both directions. It is impor-
tant to note that although the surface is planar, it is not degree (1x1); the surface
in Figure 11.34 has degree (3 x 2). In general, the surface must have degree at
least (2 x 2) in order to avoid discontinuities after control points are repositioned.




554 Shape Modification Tools

Figure 11.33. Surface bending examples with a nontouching cylinder, A = {2/, 3/, -3}.

Figure 11.34. Surface bending examples with a touching cylinder, A = {3/10,1, —1}.
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11.5 Constraint-based Curve and Surface Shaping

Next we present a method of forcing a curve or surface to assume specified deriva-
tives at selected parameter values. The method allows for derivatives of arbitrary
order, including zeroth order, hence point constraints are also included. By con-
straining first and second derivatives, curve /surface tangents and curvature can
be controlled. The constraints are satisfied by repositioning control points in a
way that minimizes the combined movement of all control points. Either a fully
or an underdetermined system of linear equations is solved in a two-step process.
This two-step solution allows the constraint-based modifications to be realized
at interactive speeds. More material on this topic can be found in [Fowl92, 93].

11.5.1 CONSTRAINT-BASED CURVE MODIFICATION

Let C(u) = Y1 o Ri,p(u) P; be a NURBS curve. Suppose we are given parameter
values {u,}, r = 1,..., R, and a set of derivative constraints, {AD(’,S)}. ADY®
denotes the change in the kth derivative at u = u,. k can have any nonnegative
value, but typically k = 0,1,2, because these are the values which control the
intuitive geometric properties of position, tangent, and curvature. Notice that
we specify constraints in terms of changes in derivatives, not in terms of the
target values.

Now fix k and r, and denote by D(’,f) the kth derivative of C(u) at u = u,. Then

DY = 3" RY, (u,)P; (11.65)

=0

where RE? denotes the kth derivative of the basis function. If the curve is

nonrational, the derivatives of the basis functions are computed using Algorithm

A2.3. Otherwise, the Rg;) are computed utilizing the same technique that was

used in Section 4.3 to obtain the derivatives of a rational curve, that is
w(u)Rip(w) _ Ai(w)

Bo)= "0~

n

where w(u) = ijN,-, »{u)

=0

Using Leibnitz’ Rule to differentiate A;(u) yields

k
AP (@) = 3 ()u @)RE D (v)

RE,(w) = T (11.66)

with Agk)(u) = wiNiEl;,)(u)
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Applying the constraint AD(’:) at u = u,, we obtain the new kth derivative
Pplying

n

3" R® (u,)(P; + AP;) = DY 4+ AD® (11.67)
=0
and it follows that
n
3 RY (u)AP; = ADY (11.68)
1=0

Equation (11.68) is one linear equation in the n + 1 unknowns {AP;} (actually
P+ 1 unknowns, due to the local support property of B-splines). We remark that
AD(f) can be the zero vector, in fact this is how one specifies that a point or
derivative is not to change. If M is the total number of constraints, M > R, then
applying Eq. (11.68) to each constraint yields a system of M linear equations in
n + 1 unknowns, that is

B[AP;|=[ADY¥] (11.69)

Before we show how to solve Eq. (11.69), the following remarks are important:
« Equation (11.69) assumes some ordering of the constraints; the ordering
can be arbitrary, but a natural method is to sort first on r, then on k.
That is, suppose the AD(f) are ordered as ADy,...,ADy, and write

AD; = AD®) Then i < j implies r; <r;, and additionally, either r; < r,
or k; < kj;

due to the local support property of B-splines and the fact that constraints
are usually applied only at a small number of parameter locations, many
columns of B may be zero; that is, there are fewer than n + 1 unknown
AP;. An efficient algorithm should set up the system Eq. (11.69) to
contain only those AP; which change; denote by N the actual number of
unknown AP;;

we require a precise solution to Eq. (11.69); however, the system may be
under-, fully, or overdetermined, and it may not have a precise solution.
For the solution method presented later, we require an under- (M < N)
or fully (M = N) determined system, in which all rows of B are linearly
independent. An overdetermined system (M > N) occurs when more
constraints are specified than the degree p or the number N of affected
control points supports. Clearly, no more than p + 1 constraints may
be specified on each knot span. If necessary, knot insertion and/or degree
elevation can be used to ensure that a set of constraints produces an under-
or fully determined system. If M < N , then linear dependence of the rows
of B is rarely a problem - see [Scho66; Good81; Fowl93] for mathematical
details — but a robust algorithm should check for this during the first step
of the solution process;

generally the designer is not expected to specify the parameters {ur}
at which the constraints are applied; theoretically these can also be un-
knowns, but this gives rise to nonlinear equations. Thus, as usual the

system should choose the parameters, based on curve points picked by
the designer.
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Considering these remarks, we now write Eq. (11.69) as

B[AP;]=[AD;] ¢=1,...,N j=1,...,M (11.70)

or for brevity BAP = AD (11.711)

For the moment, assume M < N. There exist i.nﬁnitely many solu?;i(.)m:‘ to
Eq. (11.70). We want the minimum length solution, i.e., the one whu?h.mx'mmxtz;s
the combined movements of all control points (the one which minirnizes the
length of the N-dimensional vector, AP). From linear algebra, we can erl,te e
N vector, AP, in terms of two mutually orthogonal cc?mponents, one in the row
space of B and the other in the null space of B, that is

AP =BT\ +z (11.72)
where )\ is some M vector, Bz =0, and (A\TB).z = 0. It follows that
|APP = (BTA+2)"- (BTA +32)
= (BTA)T- (BT)) +2"-2
= 1B™A + [af” (11.73)

From Egs. (11.71) and (11.72) we obtain

AD = BAP
=B (BTA+1z)
= BBTA+ Bz
= BBT\ (11.74)
d therefore
e e A= (BBT)'AD (11.75)

Since the components of z are irrelevant to the system, yet they contribfxte to
the length of AP (by Eq. [11.73]), we obtain the minimum-length solution to
Eq. (11.70) by setting z = 0. Substituting Eq. (11.75) into (11.72) leads to

AP = AAD  where A= BT(BBT)! (11.76)
The matrix BBT is nonsingular if the rows of B are linearly independent. Finally,
if M = N there is a unique solution to Eq. (11.70) given by

AP = AAD  where A=B"! 11.77)
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We remark that it is also possible (and quite useful) to restrict certain control
points from changing. This is accomplished (mathematically) simply by setting
the corresponding column of B to zero. Algorithmically, this means that the
corresponding AP;, does not appear in Eq. (11.70), and N is reduced by 1.
Normally, a constraint affects p + 1 control points, and up to p + 1 constraints
can be specified in any span. If a control point is restricted not to move, then
this reduces to p the number of constraints that can be specified in any span
influenced by this control point. We give examples of this below.

Equation (11.76) (or Eq. [11.77]) represents the first step in the solution pro-
cess. Before proceeding to the second step, we summarize the sequence of events
which brought us to this point:

1. the designer picks points on the curve, yielding parameters {u,} (deter-
mined by the system) at which constraints are to be imposed; he simul-
taneously indicates what types of constraints are to be imposed at each
parameter, but actual constraints need not be specified at this stage;

2. the system sets up Eq. (11.70); if it is overdetermined, the system either
informs the designer so that he can modify his selections, or it adds control
points by means of knot insertion and/or degree elevation in such a way
that the resulting equation system is under- or fully determined;

3. the matrix A is then computed, either by Eq. (11.76) or (11.77).

The designer can now interactively specify constraints [AD;]. With each
change in constraints, the matrix A must be multiplied with the new vector
[AD;] to yield the changes in control point locations, [AP;,]. The relevant
control points are then updated by

P, =P,+AP, {£=1,...,N (11.78)
Example

Ex11.1 Figure 11.35a shows a cubic curve defined by Po,...,P7, and U =
{0,0,0,0, s, 2/5, 3/s, 45, 1,1, 1,1}. We apply one point constraint at

u=1j
AD; = ADY = (0.04,-0.08,0)
Then BAP =[AD, ]

where B is the 1 X 4 matrix

B = [Rus(3)Rus(3). Rus(3). s (3)]
and AP is the 4 x 1 column vector with components

APy, AP;, AP, AP;

Hence, BBT is a 1 x 1 matrix, and A = BT (BBT)~1 is a 4 x 1 matrix

Constraint-based Curve and Surface Shaping 559

C(u)

(a)

P,

Figure 11.35. Constraint-based curve modification using positional constraints. (a) The
original cubic curve with point to move; (b) all four local control points are allowed to
move; (c) only P53 and P4 are allowed to move; (d) only P; is allowed to move.

with components
ag,Q1,02,0a3

It follows that
AP-L = a,~_.2AD1 $ = 2, 3, 4, 5

The result of applying the AP; is shown in Figure 11.35b. Note that P
and P4 move the most, because these control points have the greatest
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(d)

Figure 11.35. (Continued.)

effect on the curve at u = 1. We can restrict P, and Ps from moving.
Then B is the 1 x 2 matrix

B=[Roa(L) Res(1)]

and AP has components AP; and AP;. A has components ag and a;
(not the same as ap,a; above), and

AP,‘ =ai_3AD1 i =3,4

Figure 11.35¢ shows the result of allowing only P; and P, to change, and
Figure 11.35d illustrates the case in which only P; is allowed to move.
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This example clearly shows that for a given set of point and derivative con-
straints there is often flexibility in specifying how many and which control points
should change, and this choice affects both the extent and the appearance (e.g.,
symmetry) of the corresponding curve change. However, dealing with control
points can be less intuitive to a designer than imposing pure point and derivative
constraints on a curve. A good user interface should package both a reasonable
set of defaults and convenient handles for the more sophisticated designer to re-
strict control point movement. Finally, notice that any control point restrictions
must be worked into Eq. (11.70) and into the first stage of the solution process.

In Figures 11.36a—11.36¢ point and derivative constraints are illustrated. Fig-
ure 11.36a shows the application of a derivative constraint only, while allowing
P3, Py, and Ps to move. The magnitude of the first derivative vector is increased
at u = 0.556, resulting in a local tension effect. It is interesting to observe what
happens if only one control point is allowed to move, as shown in Figure 11.36b.
The curve assumes the new derivative, but it suffers a positional displacement
due to the absence of a positional constraint. In Figure 11.36¢ this problem is
remedied by constraining the curve not to move at u = 0.556, and to assume a
new derivative obtained by decreasing the magnitude of the old one. Two con-
trol points are allowed to move in order to obtain a system of equations which
is not overdetermined.

In closing, we remark that Fowler and Bartels [Fowl93] give a different (but
equivalent) method to represent matrix A in Egs. (11.76) and (11.77). It is
somewhat more complicated mathematically but is more efficient in some cases.

(a)

Figure 11.36. Constraint-based curve modification using positional and derivative con-

straints. (a) Derivative constraints are applied and P3, P4, and Ps are allowed to move;

(b) derivative constraints are applied and only P, is allowed to move; (c) derivative

and positional constraints are applied, and P3 and P, are allowed to move.
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(b)

(©)

Figure 11.36. (Continued.)

11.5.2 CONSTRAINT-BASED SURFACE MODIFICATION

Let S(u,v) = 377 32700 Ripijq(u, v) P, j be a (p, q)th degree NURBS surface.

In this section we choose to write S(u,v) in the form

(n+1)(m+1)—~1

S(u,v) = Z Rs(u,v)Ps (11.79)
8=0
where s=jn+1)+i (11.80)
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We call s the absolute address corresponding to (3,7). Notice that

Ps = Pi’j Rs(u,v) = Ri,p;j,q(u,v) (11.81)
s
where i=smodn+1 j | (11.82)

If S(u,v) is nonrational, then Rs(u,v) = Njp(u)Nj q(v), where ¢ and j are
defined by Eq. (11.82). Now suppose we are given a set of point and partial
derivative constraints, {AD‘f")}, k,£ > 0, specified at the parameter locations

{(u,v);}, 7= 1,..., R. Then for each r we have

(n+1)(m+1)—1
3" R$O((u,v),) AP, = ADFI (11.83)

8=0

The partial derivatives R%9 ((u,v)r) can be computed in exactly the same way

as the S% 8 (u, v) described in Section 4.5. Then, as was the case for curves, we
can set up the M x N system of linear equations

B[APs |=[aD%?] a=1,..,N (11.84)

M is the number of constraints (M > R), and N is the number of control
points which are free to move. In general, a constraint involves (p+ 1) x (g+1)
control points, but a control point can be held fixed simply by not including
it in Eq. (11.84). Equation (11.84) can be under-, fully, or overdetermined.
If overdetermined, then knot insertion and/or degree elevation can be used to
obtain an under- or fully determined system.

Equation (11.84) is solved in precisely the same manner as for curves, i.e.

[AP,, ] = A[AD%®9] (11.85)
where A=BT(BBT)™? (11.86)

(or A = B~1if Eq. [11.84] is fully determined). This yields a minimum combined
movement of control points. The final step is

P, =P,_+AP,, a=1,..,N (11.87)

Although the mathematics for curve and surface constraint-based modifica-

_tions is virtually the same, the software required to set up the matrix A is more

complicated for surfaces. Algorithm A11.1 illustrates one possible solution. In
addition to data defining the surface, a list (CList) of structures is input. The
list contains R nodes; each node contains a parameter pair (u,v), and a list of
the types of constraints to be applied at that point (actual constraints are not
input). Output consists of:
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M : the number of constraints (and columns of A);

N : the number of control points which change (and rows of A);
A[1[] : the matrix 4;

CpInd[] : the absolute addresses, s, of the control points which change.

Furthermore, one of the following integer values is returned:

0 : no error;
1: the system is overdetermined;
2 : the matrix is singular (rows of B are not linearly independent).

In order to build A and CpInd, three local two-dimensional arrays, B[M] [Nmax],
FreeCp[p+1] [q+1], and Map [n+1] [m+1], and one four-dimensional array, Funs,
and two new routines, FreeCtrlPts(u,v,FreeCp) and RatDersBasisFuns (u,v,
Funs), are used. B contains the matrix B of Eq. (11.84). Map[i] [j1= —1if P, ;
is not a part of the system defined by Eq. (11.84); otherwise, Map[i] [j1=a >0
is an index for CpInd, and CpInd[a]= s is the absolute address corresponding
to (4,5). For a given (u,v), FreeCtrlPts() returns the Boolean array FreeCp
that indicates which of the possible (p + 1) x (¢ + 1) control points influenc-
ing the surface at (u,v) are free to move. This routine can be implemented in a
number of meaningful ways, thus we refrain from elaborating on it here. The rou-
tine RatDersBasisFuns(u,v,Funs) returns the basis functions and their partial
derivatives. Funs[k][1][i][j] is the (k, £)th partial derivative of the (i, 5)th
basis function.

ALGORITHM A11.1
ConstBasedSurfModi(n,m,p,q,U,V,Pw,CList,R,M,N,A,CpInd)
{ /* Build the A matrix for surface constraints */
/* Input: =n,m,p,q,U,V,Pw,CList,R */
/* Output: M,N,A,CpInd */
Loop through the list CList and count comstraints
to obtain M.
Nmax = Max((n+1)*(m+1) ,R*(p+1)*(q+1)); /* Max possible N x/
for (i=0; i<M; i++)

for (j=0; j<Nmax; j++) B[il[j] = 0.0;
for (i=0; i<=n; i++)
for (j=0; j<=m; j++) Map[il[j] = -1;

brow = 0; N =0; /* N is computed in this loop */
for (r=1; r<=R; r++)

{

Extract (u,v) value from the rth list node.

FreeCtrlPts(u,v,FreeCp);

uspan = FindSpan(n,p,u,U);

vspan = FindSpan(m,q,v,V);

for (i=0; i<=p; i++)
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for (j=0; j<=q; j++)
if (FreeCp[il[j1)
{ /* This ctrl pt is free to move */
iup = i+uspan-p; jvq = j+vspan-q;
if (Mapliup] [jvg]l == -1)
{ /% Ctrl pt not yet in Eq. system */
Mapliupl[jvql = N;
CpInd[N] = jvg*(n+1)+iup;
N = N+1;
}
}

/* Compute required functions */
RatDersBasisFuns(u,v,Funs);
Loop through each type of constraint for this (u,v) and do:

Set k and { indicating which derivative.
for (i=0; i<=p; i++)
for (j=0; j<=q; jt++)

alf = Map[i+uspan-p] [j+vspan-ql;
if (alf >= 0) Blbrow][alf] = Funs[k][1][il[j];

brow = brow+l;
} /* End of loop through each type of constraint */
} /* End of for-loop: r=1,...,R */
if (M > N) return(1); /* system overdetermined */
if (M == N) ;
if (B singular) return(2); ;
else

{

A= B"l; return(0);

if (BBT singular) return(2);
else

{
A = BT(BBT)"!; return(0);
}

}

Figures 11.37-11.39 show examples of applying surface constraints. In Figures
11.37a and 11.37b a point constraint is applied at u = v = 1/, allowing all con-
trol points affecting the surface at this point to move. Figure 11.37a shows the
new control net, and Figure 11.37b illustrates the change in surface shape. Note
that the control points around the periphery of the local domain move very little.
Figures 11.38a and 11.38b show what happens if only Pi2, P22, and Py are
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(b) ; (b)
Figure 11.37. Constraint-based surface modification with a positional constraint. i
(a) A surface net showing all local control points that move; (b) a surface with change (a) A surface net showing that only P;2,Pz2, and P42 are allowed to move; (b)

Figure 11.38. Constraint-based surface modification with a positional constraint.

in shape. a surface with change in shape.
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(®)

Figlfre 11.39. Constraint-based surface modification with positional and derivative con-
straints. (a) An increase in partial derivative magnitudes induces a local tension effect;
(b) a change in partial derivative directions induces a local twist effect.

STV ——
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allowed to move. Finally, in Figures 11.39a and 11.39b partial derivative and po-
sitional constraints are applied. In Figure 11.39a the magnitudes of the partials
are increased, resulting in a tension effect, whereas in Figure 11.39b the partials
are rotated about the point S(1/2, 1/2), yielding a twist in the surface shape.

In closing, we remark that Fowler [Fowl92] gives an alternative (equivalent)
solution for solving for the AP; ;, which makes use of the tensor product struc-
ture of S(u,v). It is less general than this method, but in some cases it is
more efficient.



CHAPTER
TWELVE

Standards and Data Exchange

12.1 Introduction

The central theme of this chapter is the relationship of NURBS geometry, as
practiced in this book, to other methods of representing curves and surfaces,
and to several important standard formats for the exchange of geometric data
between two systems. We have used a specific form of knot vector throughout
this book; Section 12.2 discusses another type of knot vector and the conversion
between the two types. Section 12.3 describes how NURBS curves and surfaces
are defined within the three standards: IGES, STEP, and PHIGS. We remark
that our NURBS are compatible with the NURBS of these standards (with
the exception that IGES and PHIGS allow discontinuous curves and surfaces).
Finally, Section 12.4 gives some general guidelines for exchanging geometric data
between a NURBS system and another system.

12.2 Knot Vectors
Knot vectors can be put into two groups, clamped and unclamped; and within
each group there are uniform and nonuniform knot vectors. Some examples are:
clamped, uniform:
{0,0,0,0,1,2,3,4,4,4,4}
{-0.5,-0.5,-0.5,1,2.5,4,4,4}
clamped, nonuniform:
{0,0,0,2,3,6,7,7,7}
{0,0,0,0,1,2,2,3,4,5,5,5,5}
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unclamped, uniform:
U, ={-3,-2,-1,0,1,2,3,4,5}
U, =10,1,2,3,4,5,6,7,8,9,10,11}
unclamped, nonuniform:
{0,0,1,2,3,4}
{-2,-1,0,4,5,6,7}

Hence clamped/unclamped refers to whether or not the first and last knot values
are repeated with multiplicity equal to degree plus one, and uniform/nonuniform
refers to the knot spacing. To be uniform and unclamped, all knot spans must
be of equal length. To be uniform and clamped, only the “internal” knot spans
must be of equal length. The reader has probably noticed that what we are
now calling clamped, uniform and nonuniform, is exactly that which we have
called nonperiodic, uniform and nonuniform, up to now. Following a brief study
of unclamped knot vectors, we will offer a flimsy excuse for this changing of
the terminology horse in the middle of the knot stream. Since clamped knot
vectors are assumed throughout the book, they require no further elaboration
here. However, before proceeding to a study of unclamped knot vectors we offer
the following reminders relative to clamped knot vectors:

« if we are given a clamped knot vector with m + 1 knots and end multiplic-
ities of p + 1, then we require n + 1 (= m — p) control points to define a
pth degree curve; that is, the knot vector determines the degree, number
of control points, and the valid parameter range;

« clamped curves can be open or closed, geometrically; if a curve is closed,
then whether or not it is closed with C* continuity depends on the first &
and last k internal knot spans, and the first k£ + 1 and last k + 1 weights
and control points.

Now consider the unclamped, uniform knot vector, U;. Using the Cox-deBoor
algorithm, Eq. (2.5), we can compute 8 — p degree p basis functions, for p =
0,...,7. The degree 2 and 3 basis functions, along with a quadratic and cubic
curve, are shown in Figures 12.1a and 12.1b. The knot locations are marked on
the curves. Notice that the curves are not clamped at the ends, i.e., their start
and end points do not coincide with control points. Furthermore, evaluation of
the curves at u € [u;, ui41) requires the functions N;_p,(u),..., N; ,(u); thus,
the curves are defined only on the parameter range u € [up, Um—p), as is the
case for clamped curves. Thus, the quadratic curve of Figure 12.1a is defined on
u € [~1,3], and the cubic curve of Figure 12.1b is defined on u € [0,2]. Figure
12.2 shows how to define a closed, cubic curve using the unclamped, uniform knot
vector, Up. Since m = 11 and p = 3, we require eight control points (n = 7).
We wrap around p (= 3) control points at the end; i.e., Ps = Py, Pg = P; and
P7; = P,. The valid parameter range is u € [3, 8]. This yields curve closure, with
C? continuity.
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(b)
Figure 12.1. Unclamped NURBS curves. (a) Quadratic curve; (b) cubic curve.
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Po = Ps P4

P, =P;

Figure 12.2. Closed C? continuous unclamped cubic curve.

Everything stated previously for unclamped, uniform curves also holds for
unclamped, nonuniform curves, with the exception of C?~! continuity at the
start/end of a closed curve. Since continuity depends on knot values as well as
on control point locations, C?~! continuity of a closed, nonuniform curve does
not necessarily imply precise wraparound of the control points. Figure 12.3a
shows a closed, cubic curve defined on the clamped, uniform knot vector

U={3,3,3,3,4,5,6,7,8,8,8,8}

The curve is C'% continuous at the start/end point. Figures 12.3b and 12.3¢ show
unclamped versions of (precisely) the same curve; the curve in Figure 12.3b uses
the knots

U =1{0,05,23,3,4,5,6,7,8,8.7,10.5,11}

and the curve in Figure 12.3c uses the knots
= {0,1,2,3,4,5,6,7,8,9,10,11}

It is important to point out here that, algorithmically, there is little difference
between clamped and unclamped curves. With only slight modifications, all the
fundamental algorithms given in the first five chapters of this book can also be
made to work for unclamped curves.

In the early days of B-splines in CAD/CAM (before the early 1980s), very lit-
tle serious work was done using nonuniform knot vectors, clamped or unclamped.
Although terminology has always been confusing in this area, early CAD/CAM
workers commonly referred to B-splines as either nonperiodic or periodic;
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(a)

Figure 12.3. Examples of unclamping a closed curve with different knot vectors.
(a) Closed clamped curve; (b) unclamping with no wraparound; (c) unclamping with
wraparound.

nonperiodic was synonymous with clamped (as it is in this book), and these
were used to define open curves and surfaces (uniform at first, and nonuniform
later). Periodic was mathematically equivalent to unclamped, uniform, and these
were used to construct CP~! continuous closed curves and surfaces. Referring
to Figures 12.1a and 12.1b, one sees that the unclamped, uniform basis func-
tions are all translates of one another, hence they are often called periodic. For
periodic B-splines there was no need to store a knot vector, the Cox-deBoor
algorithm was not required, and control point wraparound was not necessary to
obtain C?~! continuous closed curves. A simple matrix formulation of the (one)
basis function, together with a special control point indexing scheme, were suffi-
cient to evaluate periodic B-spline curves (see [Mort85] for a detailed discussion).
Although more efficient, this special treatment of periodic B-splines has all but
disappeared from practice, probably due to the fact that the time required for
software development and maintenance has become much more expensive than
CPU time. Clamped and unclamped are newer terms which will probably grow
in use, simply because they are more intuitive and accurate. Although one sees

" these terms rather infrequently in the literature, they seem to be quite prevalent

in the CAD/CAM community. We use the term nonperiodic in this book simply
because we have not yet managed to break the habit.

Many systems today use only clamped B-splines. However, both IGES and
STEP provide for the exchange of unclamped B-splines. Precise conversions are
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Figure 12.3. (Continued.)

possible both ways. Clamping a curve is nothing more than inserting the knots
up and Uy, _p until they have multiplicity p, and then discarding the knots and
control points lying outside the clamped region. The knot insertion formula,
Eq. (5.15), is also valid for unclamped curves, as long as one does not index
knots outside the range 0 to m (which does not happen when clamping at u,
and um_p). We recommend (but leave as an exercise) that the reader write a
routine to extract the subcurve between arbitrary parameters, u; and Uus, where
u1 < up. Such a routine not only handles clamping but also has many other
uses, including one which we mention in the next section.

Unclamping is essentially knot removal. Although unclamping is rarely re-
quired (yes, there are systems which only handle unclamped B-splines), we
present here Algorithm A12.1, which computes the p — 1 new control points
at each end and p new knots at each end, all in place. We remind the reader
that the result is not unique (see Figures 12.3b and 12.3c). One is free to choose
the 2p new end knots rather arbitrarily, and the new control point locations
depend on the knots. We choose the new knots as follows

Up—i—1 = Up—j — (un—i-f'l - un—i) i=0,...,p—-1 (121)
and Untit2 = Untitd + (Uppit1 ~ Upti) i=0,...,p—1 (12.2)

This choice of knots produces wraparound of the control points, as in Figures 12.2
and 12.3c, in case the clamped curve is closed with CP-! continuity. The algo-
rithm is:
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Figure 12.3. (Continued.)

ALGORITHM A12.1
UnclampCurve(n,p,U,Pw)
{ /* Unclamp a clamped curve */
/* Input: n,p,U,Pw =*/
/* Output: U,Pw */
for (i=0; i<=p-2; i++) /* Unclamp at left end */

Ulp-i-1] = Ulp-i] - (U[n-i+1]-Uln-iD);
k = p-1;
for (j=i; j>=0; j--)

{

alfa = (U[pl-ULk])/(Ulp+j+1]1-Ulkl);
Pw[jl = (Pwljl-alfa*Pw[j+1])/(1.0-alfa);
k = k-1;

}

} s
Uf0] = U[1] - (Un-p+2]-Uln-p+11); /* Set first kmot */
for (i=0; i<=p-2; i++) /* Unclamp at right end */

{ s

Uln+i+2] = Uln+i+1] + (Uip+i+1]1-Ufp+il);

for (j=i; j>=0; j--)
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alfa = (U[n+1]-U[n-j1)/(Uln~j+i+2]1-U[n-j1);
Puln-j] = (Pw [n~-j]1-(1.0-alfa)*Pw[n-j-1])/alfa;

Uln+p+1] = Uln+p]l + (U[2#p]l-U[2#p-1]); /* Set last knot */

Figures 12.4a~12.4d show the steps in unclamping the left end of a degree
4 curve. Figures 12.4b-12.4d correspond to the completion of the ith step,
i =0,1,2, respectively. Figure 12.5a shows the quadratic full circle, with knots

(see Example Ex7.2). The nine control points are marked. Figure 12.5b illus-
trates the circle after unclamping by Algorithm A12.1. Notice that the control
polygon does not wrap around, in the sense that none of the control points co-
incide. This is because the circle is only C° continuous in homogeneous space.
The knot vector after unclamping is

(a)

Figure 12.4. The process of unclamping a quartic curve at its left end. (a) Origi-
nal clamped curve; (b) i = 0;— P$ computed; (¢) i = 1;~ P} and P! computed;
(d) ¢ = 2;— PZ, P?, and P} computed.
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Clearly, the extension of these results to surfaces is straightforward. A surface
is unclamped in the u (v) direction by applying the computations of Algorithm
412.1 to the m + 1 rows (n + 1 columns) of control points. Figures 12.6a~12.6d
show examples of surface unclamping. The original degree (3, 2) surface is shown
in Figure 12.6a. Unclamping in the u direction is illustrated in Figure 12.6b,
whereas unclamping in the v direction is pictured in Figure 12.6¢c. Figure 12.6d
shows unclamping in both directions.

(0)

Figure 12.4. (Continued.)
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Figure 12.4. (Continued.)

12.3 NURBS Within the Standards

NURBS are not only a de facto standard throughout the CAD /CAM/CAE in-

dustry, but they are also incorporated into several international and American
national standards:

« IGES : Initial Graphics Exchange Specification;
« STEP : Standard for the Exchange of Product Model Data;
o PHIGS : Programmer’s Hierarchical Interactive Graphics System.

The definition of NURBS within these standards is the topic of this section.
The purpose is to convey, conceptually, what defines a NURBS in each of the
standards. To this end, we adopt an informal style and avoid the specific termi-
nology of each standard. The reader should consult the relevant documents for
a more rigorous study of these standards [PHIG92; IGE93; STEP94]. For addi-
tional reading see Bloor and Owen [Blor91] and Vergeest [Verg91] for STEP, and
Howard [Howa9la] and Howard et al. [Howa91b)] for PHIGS. Anyone designing

a new NURBS system should ensure that it accommodates these standards as
they relate to NURBS.

123.1 IGES

IGES, an American National Standard (ANS), is the most widely used format for
exchanging product data among today’s CAD/CAM/CAE systems. Developed
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Figure 12.5. Unclamping the nine-point NURBS circle. (a) Original curve; (b) un-
clamped curve.

in the early 1980s, IGES specifies formats for exchanging gr?,phics‘ and geome-
try data, with support for various applications such as dr:«%ftmg,‘ circuit ::ieszgn,
finite elements, and piping. Curves, surfaces, and three-dimensional solids are
supported. A NURBS curve is specified in IGES by:
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(®)

Figure 12.6. Unclamping a degree (3,2) surface. (a) Original surface; (b) unclamping in
the u direction; (c) unclamping in the v direction; (d) unclamping in both directions.

« degree, p, and number of control points, n + 1;

« Euclidean control points, P;, and weights, w;;

« a knot vector, U, containing m + 1 =n + P + 2 knots;
start and end parameter values, sq and sy;

« other nonessential but useful information: whether the curve is planar or
nonplanar, open or closed, truly rational (the w; not all equal) or nonra-
tional, periodic or nonperiodic; furthermore, a curve can be tagged as a
special type, e.g., a line, or a circular or a conic arc.

Notice that control points and weights are separate items in IGES; there is no
concept of homogeneous control points, P}. Only positive weights are allowed.
The terms “periodic” and “nonperiodic” are not defined in the IGES manual,
and therefore they are meaningless. Most often they are probably interpreted
to mean unclamped and clamped, respectively, as defined in Section 12.2. The
only constraints on the knots are m = n +p+land u;_; <w;fori=1,...,m.
Thus just about anything is allowed, including internal knots with multiplicity
greater than p. The parameters sy and s; are an integral part of the definition,
because they define the start and end points of the curve. The only restriction is
that ug < sp < 81 < up,. That is, the intended curve can be a proper subcurve
of the larger curve defined by the knots Ug, ..., Up. A system which allows only
clamped curves and no sq and s; values can accommodate IGES NURBS curves
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(b)

Figure 12.6. (Continued.)

(including undlamped curves) by apleilng :f:x}?cu;;e 1extra,ction, which is simply
i ion at sg and s;, by using Algorithm A5.1. .
kn;)élli)nssell\}mUoII{lBS s?xrfaces 1a,,reydeﬁned analogously. Cont‘ro! points and welgélts
are separate; weights must be positive. The only re§tr1ct10ns on the u an< 1)
knotsarer =n+p+1,s=m+qg+1,u;_y <y fori=1,...,7, and vj_ld_}'lij
for j =1,...,s, where p and n+ 1, and ¢ and m+ 1, are th'e degrees and the
numbers of control points in the u and v directions, respectively. Pan‘arfnet:ersf
so, 51 and tg,; define the intended surface, which can be a prqper subsurface o
the surface defined by the given knots, weights, and control points. If necessary,
knot insertion is used to extract and clamp the intended surface. There? ZI:e
informational flags indicating whether the surface is open or close:d, and perio 1(;
(?) or nonperiodic (7) in each direction, and whether the surface is truly ratu()lna
(not all w; ; equal) or nonrational. An IGES NURBS surface can be tagige as;
one of nine special types: plane, circular cylinder, cone, sph.ere, torus, surface o

revolution, general cylinder, ruled surface, or general quadric surface.

12.3.2 STEP

STEP is an emerging international standard for the exchange qf product mod(zi
data. It represents a major international effort, and the complexxty, breadth,ﬁand
depth of STEP dwarfs that of IGES. NURBS curves an'd surfaces are define

in the so-called Part 42, that part of STEP concerned with the basic geometry
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Figure 12.6. (Continued.)
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and topology of a product model. In fact, because of the generality, numerical
stability, and broad industrial acceptance of the NURBS representation, it was
chosen as the ezclusive method of exchanging general spline and single-span
polynomial and rational curves and surfaces through STEP. Part 42 includes
curves, surfaces, and three-dimensional solids. A NURBS curve is specified in
STEP by:

« degree, p, and number of control points, n + 1;

. Euclidean control points, P;, and weights, w; (there is no concept of P}’);
only positive weights are allowed;

« a knot vector, U, containing m + 1 = n + p + 2 knots, and satisfying
ui—1 < u; for i = 1,...,m; STEP bounds the multiplicity of knots — the
first and last knot values can have multiplicity at most p + 1, and the
maximum multiplicity of all internal knot values is p;

« additional information such as the type of knot vector, whether the curve
is open or closed, whether or not it is self-intersecting, and a type tag if
applicable (polyline, circle, conic).

The concept of “trimming” a curve by parameters s and 83, 4p < 8o < 81 < Unm,
also exists in STEP, but at a higher level; it is not embedded in the definition of
the curve. STEP distinguishes four types of NURBS curves, based on the form
of their knot vectors: uniform, quasi-uniform, Bézier, and nonuniform. A knot
vector is uniform if u; — u;—; = d for i = 1,...,m and some positive constant d.
This corresponds to unclamped and uniform in the terminology of Section 12.2.
Quasi-uniform corresponds to clamped and uniform, i.e., ug = - -+ = Up, Um—p =
“vs = Up, and u; —u;—; = d for i = p+1,...,m—p and some positive constant,
d. Bézier means that the distinct knot values are equally spaced, and that the
first and last have multiplicity p + 1 and all internal ones have multiplicity p,
i.e., the curve is piecewise Bézier. Any knot vector not falling into one of these
three categories is called nonuniform.

A STEP NURBS surface is defined analogously. Control points and weights
are separate, and weights must be positive. A surface is uniform, quasi-uniform,
or (piecewise) Bézier only if both its u and v knots are of the respective type;
otherwise it is nonuniform. There is a self-intersection flag, an open/closed flag
for both u and v directions, and, if applicable, a tag indicating a special type,
such as plane, cylinder, ruled surface, etc.

12.3.3 PHIGS

Whereas IGES and STEP are data exchange standards, PHIGS is an inter-
national standard specifying a device-independent interactive graphics program-
ming interface. PHIGS emerged in the mid 1980s, and NURBS were incorporated
into the standard in 1992 as part of the PHIGS PLUS extension [Howa91b]. A
PHIGS implementation supporting NURBS allows an application programmer
to pass down NURBS curves and surfaces directly for display. A NURBS curve
is defined in PHIGS by:
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« order (= degree + 1), number of control points, and number of knots;

» the Euclidean control points, P;, if the curve is nonrational, otherwise
the four-dimensional homogeneous control points, P}’; a flag indicates
rationality. Weights must be positive;

« the knots; only clamped knot vectors are allowed, either uniform or nonuni-
form. There is no bound on the multiplicity of knots;

« trimming parameters so and s;, defining the actual start and end of the
intended curve.

NURBS surfaces are defined analogously, except there are no trimming parame-

ters. More general trimming loops, consisting of NURBS curves in the surface’s
parameter domain, are allowed.

12.4 Data Exchange to and from a NURBS System

Throughout this section we assume two curve and surface systems, A and B, and
we study the exchange of data between them. We assume that System A was
designed and implemented based upon this book, i.e., it uses clamped NURBS
curves and surfaces of arbitrary degree. For the sake of practicality and compati-
bility with most existing systems, we also require that all weights be positive, and
that the multiplicity of internal knots not exceed the degree. For the moment
we make no assumptions about how geometry is represented in System B.

When exchanging a curve or surface between two systems which represent
geometry differently, there are three possible scenarios:

«a I{la.thematically precise conversion is possible, which means that floating
point roundoff is the only error incurred. The geometry is both geomet-
rically and parametrically equivalent in the two systems; an example is

the conversion between B-spline and piecewise power basis forms given in
Section 6.6;

« the conversion is geometrically precise, but the parameterization is al-
tered; an example is the circle, parameterized by trigonometric functions
in System B. Notice that if the circle is used to form certain types of sur-
faces in Systems A and B (such as ruled, skinned, Gordon and Coons), the
resulting surface geometry can be different;

« mathematically there exists no precise conversion between the two sys-
tems; in this case, an approximation to some specified tolerance is the
best that can be done. For example, if System B allows only cubic curves,
then higher degree curves from System A must be approximated.

For our purposes we distinguish two types of geometry:

« simple curves and surfaces of analytic geometry, such as lines, circles,
conics, planes, circular or conic cylinders and cones, spheres, and tori;

« everything else.
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Assuming that System B can represent the analytic types, the exchange of these
between Systems A and B is geometrically precise in both directions. Consider
the direction from B to A. Most systems represent the analytic types either in a
rational form (e.g., rational power basis or Bézier), or in a form from which it is
easy to derive the geometric characteristics such as center, axes, radii, vertices,
etc. Section 6.6 shows how to convert from piecewise rational power basis or
Bézier form to NURBS; going from other rational forms to NURBS is similar.
Constructing the NURBS representations of the analytic types from their ge-
ometric characteristics is the topic of Chapters 7 and 8. Passing the analytic
types from System A to B is more difficult. The problem is that the NURBS
representation of a curve or surface is not unique. For example, there are in-
finitely many combinations of degree, knots, control points, and weights which
produce the full unit circle centered at the origin. Hence it is not simple to
determine if a NURBS curve is an analytic type and, if so, to compute its geo-
metric characteristics. Section 7.6 presents a method to determine the geometric
characteristics of a quadratic rational Bézier curve. However, degree reduction
and knot insertion may be required to bring the NURBS curve into piecewise
quadratic rational form (if possible). Moreover, the NURBS curve is a conic
only if it yields the same geometric characteristics (to within a tolerance) on
each Bézier segment. We emphasize that we make assumptions only about what
constitutes a NURBS curve or surface in System A; we make no assumptions
about how the specific analytic types are constructed as NURBS. Indeed, such
geometry may be created in another system, in NURBS form, but using different
combinations of knots, weights, and control points than presented in this book,
and then passed into System A. Providing type-tags for NURBS geometry, as
allowed in IGES and STEP (see Section 12.3), offers some help in this regard;
but it does not eliminate the problem.

Now consider more complex geometry, ranging from general ruled and revolved
surfaces to offsets, blends, fillets, and general free-form curves and surfaces.
System B might use three methods to represent such geometry:

« implicit equations of the form f(z,y) =0 or f(z,y,2) =0;
« procedural definitions;

« one of the many forms of polynomial or rational splines.

Theoretically, a precise conversion of a NURBS to piecewise implicit form is
possible, using techniques known as implicitization (e.g., see [deMo84; Sede84;
Hoff89] and the references therein). However, it is not computationally practical;
precise conversion from implicit to NURBS form is generally not possible, and
thus approximation is required. In practice, implicit equations are rarely used
to represent complex geometry, therefore we pursue the topic no further.

We say that a curve or surface is defined procedurally if it is not defined
directly in terms of explicit coefficients or functions, but rather indirectly by
means of other base curves or surfaces, together with a procedure or formula
to compute points on the intended geometry from points on the base geometry.
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Offset curves and surfaces are examples of procedurally defined geometry. An
offset surface, O(u,v), is specified by

O(u,v) = S(u,v) + dN(u,v) (12.3)

where S(u,v) is the base surface, d # 0 is a constant scalar, and N(u,v) is the
unit length normal vector of S{u,v) at (u,v). Offset curves and surfaces are
mathematically complex and, in general, can rarely be represented precisely in
NURBS form (see [Till84; Faro86; Coqu87b; Hosc88]). Blend and fillet surfaces
are sometimes defined procedurally {Choi91], and Filip and Ball [Fili89] describe
a procedural method of skinning. Such surfaces can seldom be passed into a
NURBS (or any other) system without approximation.

Most CAD/CAM/CAE systems use piecewise polynomial or rational curves
and surfaces to represent complex geometry. We refer to these, collectively, as
splines. There are many different types of splines; but no matter what fancy
name it has, a spline curve (surface) simply consists of a number of segments
(patches), pieced together with some form of continuity. For brevity, we restrict
our discussion to curves for the remainder of this section, but similar statements
and algorithms hold for surfaces. In order to determine if a particular type of
spline curve has an equivalent NURBS representation (and vice versa), one must
consider three things:

« degree;’
« rationality;
« continuity.

Degree and rationality are easy. Degree can be precisely raised, but not lowered;
and a polynomial is a rational function, but the converse is not true. Since our
System A allows rational curves of arbitrary degree, there are no problems in this
regard in bringing geometry from System B into System A. However, if System B
restricts degree or allows only nonrational geometry, then the corresponding
curves must be approximated in going from System A to System B.

Continuity is more complicated. Let C(u) be a spline curve consisting of the
segments Ci(u), i = 1,...,m. C;(u) is defined on the interval [u;_;,u;], where
up < Uy <o < Umey < U, We call the values {u;} the breakpoints; if C(u)
is in B-spline form, then the {u;} are the distinct knot values. Each pair of
segments, C;(u) and C;y;(u), joins with some type and order of continuity, and
the fundamental question in data exchange always boils down to whether or not
the receiving system can represent the segments, connected with the appropriate
continuity. By continuity type we mean parametric (C) versus geometric (G)
continuity; see Section 9.3.1 and [Bars89, 90; Hosc93] and the references therein
for more details on geometric continuity and various types of splines constructed
to have G continuity. We remind the reader that:

. G,1 continuity at u; means that the first derivative vectors, Ci(u;) and
Cit1(us), point in the same direction but can have different magnitudes;

O
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« for B-splines, knot multiplicity indicates continuity of the basis functions,
which is generally the parametric continuity of the curve in homogeneous
space;

« reparameterization of a curve segment changes its parametric continuity
with its neighbors, but not its geometric continuity.

Since System A allows arbitrary knot spacing and multiplicity, it is capable of
representing precisely, geometrically and parametrically, virtually all polynomial
and rational spline curves which are at least C° continuous. However, going from
A to B can require either an approximation or reparameterization of the segments
(which does not change the overall curve geometry). For example, if System B
uses rational B-splines but does not allow multiple internal knots, then a cr-?
continuous B-spline curve with double internal knots must be approximated. If
System B allows multiple knots but requires distinct knots (breakpoints) to be
equally spaced, then all curves of System A can be passed geometrically pre-
cisely into System B; however, reparameterization is required, and parametric
continuity is lost in the process. The algorithm is:

1. insert all internal knots until they have multiplicity p, thus obtaining a

piecewise Bézier curve; this yields the control points for the curve in Sys-
tem B;

2. let o — g

m

d=
and define the knot vector for System B to be

U= {uo,...,uo,ul,...,ul,...,um_l,...,um_l,um,...,um}
Nemmranin, e’ e, oo S "

p+l P P p+1

where u;=ug+1i-d i=1,....,m-1

3. apply knot removal (to a zero tolerance), but all breakpoints must remain
with multiplicity at least one so that they are equally spaced.

Note that if this algorithm is used to pass a curve from A to B and then back
to A, the original and the returned curves in A differ parametrically and in their
number of knots. Notice also that, even though the curves are geometrically
equivalent, if they are used in System A to construct ruled surfaces (for example)
then the resulting surfaces may not be geometrically equivalent.

Regardless of the type of spline used in System B, the continuity issue is
comprised of two parts:

« does the representation allow for nonuniformly spaced breakpoints;
« what types and orders of continuity are possible?
We remark that the first part can be answered even for systems in which there is

no concept of global breakpoints. For example, many geometrically continuous
splines are constructed by local methods using a local parameter ¢, ¢t € [0, 1],
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for each segment. Such systems may allow for a global parameterization, in
which case global breakpoints, u;, are available, and nonuniform spacing is most
probably allowed. In systems with no concept of a global parameterization,
equally spaced global breakpoints are implied. As seen previously, reparameteri-
zation can be used to transform nonuniformly spaced breakpoints into uniformly
spaced ones; however, parametric continuity is altered in the process. Con-
versely, reparameterization which transforms uniformly spaced breakpoints to
nonuniformly spaced ones is useful in converting (geometrically precisely) a G*
continuous spline to a C* continuous B-spline (e.g., this was done in Section 9.3.2,
Egs. [9.37}-[9.39]). With regard to the second part, one must determine the min-
imum order of continuity allowed. For example, a system based on fifth-degree
G? continuous splines can represent all quintic G* continuous splines, for k > 2;
however, a quintic G* continuous spline with k < 2 must be approximated. As
another example, curves of a B-spline system allowing only single internal knots
are CP~1 continuous. Hence all orders of continuity are possible, but the de-
gree must be at least one greater than the minimum desired continuity (i.e., the
minimum order of continuity may depend on the degree).

‘We now summarize the exchange of spline curves between Systems A and B. All
spline curves which are at least C° continuous can be passed precisely (geomet-
rically and parametrically) from System B to A. Multiple knots are necessary for
G continuous curves, but, if desired, reparameterization can be used to achieve
C continuity and lower the multiplicity of internal knots. The use of reparame-
terized curves in certain types of surface constructions (e.g., ruled surfaces) can
change surface geometry. A typical algorithm to effect the conversion first com-
putes either the power basis or Bézier coefficients for each segment, and it then
applies the techniques of Section 6.6 to build the NURBS representation.

The conversion from System A to System B can be more complicated. Algo-
rithm A12.2 gives the logical thought process necessary to determine how such
a conversion should proceed. Denote the pth degree NURBS curve by C, and
assume System B can represent splines of degree k, where puin < k < Prmax-

ALGORITHM A12.2
if (C is rational and System B only represents polynomials)

{

Approximate C;
return;

}

if (P > Pmax)

Approximate C;
return;

if (p < Pmin)

DegreeElevateCurve(C); /* to degree pui, */
return;
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}

Let m be the minimum order continuity allowed in System B
for a degree p curve.

Determine the minimum order, k, of continuity at any
breakpoint of C.

if (k<m)

{

Approximate C;
return;

}

Extract the segments of C (knot insertion), and convert them
to the segment coefficients required by System B
(reparameterization may be necessary).

If applicable, load the global breakpoints into System B.

Determining the minimum continuity values, m and k, requires elaboration.
There is C continuity and G continuity, and for rational curves there is conti-
nuity in homogeneous space versus continuity in Euclidean space. The values m
and k must refer to the type of continuity on which System B’s splines are based.
For example, suppose System B uses a rational G2 continuous spline. This spline
is based on tangent and curvature continuity in Euclidean space, hence the value
k must be based on the G continuity of System A’s NURBS curve in Euclidean
space. Notice that the quadratic full circle of Example Ex7.2 is precisely repre-
sentable as a G2 spline in System B, even though, as a NURBS curve, it is only
C? continuous in Euclidean space and even has cusps in homogeneous space.

We close this chapter with the observation that the NURBS form is not only
a powerful and flexible method for curve and surface design, but it is also clearly
today’s most suitable representation for the exchange of complex curve and sur-
face data.



CHAPTER
THIRTEEN

B-spline Programming Concepts

13.1 Introduction

In the previous twelve chapters we introduced different aspects of modeling with
NURBS. These chapters covered basically two things: (1) the underlying mathe-
matics, and (2) algorithms illustrating how the tools can be turned into computer
code. Although the pseudocodes presented in each chapter are fairly detailed,
containing all the necessary information to turn them into workable routines, it
is a long way from the algorithmic sketch to a useful system. How to design
a useful system is a very difficult question (contrary to many researchers who
consider it as a minor “implementation issue”). A NURBS system has to satisfy
many requirements in order to be useful in a complex surface or solid modeler.
In this chapter we introduce a number of programming concepts that, we believe,
contribute to good programming practices. We are fully aware of the diversity
of programming styles and conventions. Consequently, we do not attempt to
present the best or the ultimate solution simply because there is none.

During the course of writing this book we developed a comprehensive library,
NIib V2.0, implemented in ANSI C. This library contains numerous routines
necessary to implement every tool discussed in the book. In this chapter we
present the philosophy, architecture, and organization of that library. While de-
veloping Nlib V2.0 we required our routines to adhere to the following general
standards [see Stra92]:

« toolability: available tools should be used to build new routines;

« portability: it should be easy to port the software to different software and
hardware platforms;

*

reusability: the program should be written in such a way as to be able to
reuse sections of the code;

testability: the code should be made consistent and simple so that testing
and debugging become easy;

reliability: errors should be handled consistently and gracefully;
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o enhanceability: the code must be easily understood so that new features
can be added’ without significant effort;

- o fizability: it must be reasonably easy to locate bugs;

« consistency: programming conventions should be consistent throughout
the library;

« communicability: it must be easy to read and to understand the program.

We believe that these standards are necessary to minimize what is commonly re-
ferred to as “the nightmare of software maintenance”. A common disease in the
software industry is “software trashing”, i.e., when one employee leaves the com-
pany his code gets trashed because nobody understands it, hence maintenance
becomes impossible.

In addition to these general standards, we followed some specific standards:

« style of programming: we wanted the code to look very much like the
mathematics in the book so that the reader has little trouble following
the various steps; in addition, we followed a “user friendly” programming
style as suggested in [Baly94];

usability: since NURBS are very popular in many application areas, it
should be easy for nonexperts to use the library to build higher level
applications of various types;

numerical efficiency: one of the reasons why NURBS were chosen in many
standards is because of their excellent numerical properties; NURBS eval-
uations are mixed with other numerical code which we carefully wrote so
as not to destroy the overall numerical efficiency;

object based programming: programming curves and surfaces requires deal-
ing with large amounts of data; to avoid carrying this data around and to
enhance understanding the code, we grouped various entities into objects.

A word on Object Based Programming (OBP): When dealing with OBP, many
people automatically think of languages such as C++. We did not implement
Nlib V2.0 in C++ simply because plain C does just fine, allowing both the C
and the C++ programmer to use the library routines.

In the sections that follow we deal with issues of (1) data types and porta-
bility, (2) data structures, (3) memory allocation, (4) error handling, (5) utility
routines, (6) arithmetic operations, (7) example programs, (8) some additional
structures, and (9) system structure. These issues are often more complicated
than the mathematics of NURBS. The mathematics is basically right or wrong;
software is a large gray area with no boundaries.

13.2 Data Types and Portability

In this section we deal with the following portability problems:

« data type portability, e.g., one system represents integers as 32 bit num-
bers whereas the other uses only 16 bits;
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« operations portability, e.g., arithmetic operations yield different results on
different machines;

« domain portability, e.g., one system is a drafting system performing op-
erations mainly in two-dimensional space, whereas the other is a design
system requiring computations in three-dimensional space.

We deal with these issues in three ways: (1) using predefined data types and
avoiding the explicit use of compiler defined data types, (2) introducing special
arithmetic functions that take care of all arithmetic operations in all of the
two-dimensional, three-dimensional, or four-dimensional domains (rational or
nonrational, two-dimensional or three-dimensional), and (3) defining objects that
are dimensionless. To fix portability problems one has to change only a few lines
of code in one of the include files, or fix a few arithmetic routines, or redefine
some of the objects. The rest of the system, which can contain millions of lines
of code, remains intact.
In Nlib V2.0 we use several predefined data types. Some examples are:

typedef int INDEX;
typedef short FLAG;
typedef int INTEGER;
typedef double REAL;
typedef char * STRING;
typedef short DEGREE;
typedef double PARAMETER;

The INDEX data type is used to declare variables that are used as the highest
indexes of arrays of different dimensions. For example, if the highest index never
exceeds 32,767 (16 bit), then the current definition is adequate. However, if
arrays of larger dimensions are required, then the definition

typedef long INDEX;

must be used. Similar arguments hold for the FLAG data type (for example, used
to “flag” or select different cases in a switch statement) and for the INTEGER data
type. If a system uses only 8 bit integers, then the only change required is to
make INTEGER short as opposed to int. The REAL data type is defined by default
as double, which can be changed to float if single precision is satisfactory or
the rest of the system uses single precision. The STRING data type is introduced
for convenience and for conceptual reasons.

The explanation behind the DEGREE and the PARAMETER data types is simi-
lar to the INDEX data type, that is, the degree of a curve or surface is much
lower than the integers used as variables. Consequently, a short integer is quite
adequate. Defining DEGREE as a new data type also signals the fact that it is
different from ordinary integers; it belongs to the parameters that collectively
define a curve or a surface. The same holds for the PARAMETER type, which can be
either double or float, depending on the application or on the current system’s
floating point computation.
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One of the most difficult tasks in floating point calculations is to deal with
numerical imprecision. It is almost impossible not to use tolerances for point co-
incidence or to measure the equality of two floating point numbers. In Nlib V2.0
we use the following constants defined by the compiler:

#define BIGD DBL_MAX
#define SMAD DBL_MIN
#define BIGI INT MAX
#define SMAI INT_MIN
#define DEPS DBL_EPSILON

BIGD and SMAD are the largest and the smallest double precision numbers, re-
spectively. The ANSI C standard specifies that they must be defined in float.h.
It also requires BIGD to be at least 1037 or greater and SMAD to be at least 1037
or smaller. The requirement for the double precision epsilon DEPS is at least
10~ or smaller.

Limits for integer variables are stored in limits.h. Some typical ranges are
—-32,768 to 32,767 for int, and —2,147,483,648 to 2,147,483,647 for long.
The range for the unsigned long is up to 4,294,967,295. Working with these
constants ensures the consistency of computations no matter which hardware
platform one uses.

Operations and domain portabilities are ensured through special arithmetic
functions operating on objects. Examples are given in subsequent sections.

13.3 Data Structures

As mentioned in Section 13.1, we intend to use object based concepts and to
follow the mathematical notation and concepts of previous chapters. As an
example, in the curve evaluation routine we write

FLAG N_evncur( CURVE *cur, PARAMETER u, POINT *C )

or, given a CURVE and a PARAMETER, compute a POINT on the CURVE at the given
PARAMETER value. The nice thing about this type of programming is that the
user need not know anything about how the different entities (curve, parameter,
and point) are represented internally. They are considered as objects built from
smaller components. To define a curve (or shall we say, to define a curve object),
we need to store these entities:

« n: the highest index of control points;

« Py, ..., PY: the control points;

o p: the degree;

» m: the highest index of knots;

o UQ, ..., Um: the knots.

Although this data can be passed directly to every NURBS routine, it is fairly
inconvenient and unnatural to the programmer, who thinks at different levels of
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abstraction. For example, when dealing with curves for interactive design, he
works with them without regard to the number of control points and knots. Or,
for example, when dealing with curve/curve intersection, he might descend his
thinking to the level of the control polygon if the overlapping of bounding boxes is
what needs to be examined. For these and many other similar reasons, Nlib V2.0
considers every geometric entity as an object built from simpler components.

In the design of a huge structure, simple building blocks are created first from
basic data types. One of the basic elements of a curve object is the control point.
It can be rational or nonrational, two-dimensional or three-dimensional, that is,
it needs to hold two, three, or four coordinates. In addition, it plays a dual role
as a control point for B-spline computations and as a Euclidean point used for
simple geometric manipulations, such as computing distances, bounding boxes,
and so on. A third requirement is to be able to refer to this entity as P[i], just
as its mathematical abstraction is referred to in the book. To simplify matters
and to satisfy object based concepts, we separated control points from “regular”
Euclidean points just as we did in the book, by writing P for a Euclidean point
and P" for a control point that can be weighted. Hence the definitions of points
are (see Figure 13.1):

typedef struct point
{
REAL x,
Y,
z;
} POINT;

typedef struct cpoint

REAL x,
y,

Z,

LH

} CPOINT;

Pw: X y z 1

Figure 13.1. Point and control point data structures.
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The attractive feature of these definitions is that they make programming
fairly clean. The price one pays for this is waste of memory, e.g., if the curve
is ‘a two-dimensional nonrational curve, then half of the memory used to store
the control points is wasted. While this certainly was an issue in the past, code
understanding and maintenance have become more important then speed and
memory. There is one thing, however, that one can do to restrict arithmetic op-
erations to two-dimensional or three-dimensional in case the curve is nonrational
or planar. The third and/or the fourth component can be set to a special value.
Niib V2.0 uses the following:

#define .NOZ +BIGD
#define _NOW -BIGD

If the third component is set to _NOZ (no z), then no operation is performed on
the z component, and similarly in case of NOW, the w component is ignored.

Having defined points and control points, let us now build more complex ob-
Jects. The next level of abstraction contains the control polygon and knot vector
objects defined as (see Figures 13.2 and 13.3):

typedef struct cpolygon

INDEX n;
CPOINT *Pw;
} CPOLYGON;

typedef struct knotvector

INDEX m;
REAL #*U;
} KNOTVECTOR;
pol: n :
WXo | wyo | wZo wo
WXy wyy Wz w1
WXp Wyn wZy Wn
_ Figure 13.2. Control polygon data structure.
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In other words, the control polygon object is simply a structure containing the
highest index and a pointer to an array of control points. The knot vector also
has a highest index field and a pointer to the array of knots. These structures
contain the bare minimum of data. One can extend them according to special
needs, e.g., the control polygon structure can store information on the bounding
box, or the knot vector structure can store a flag as to whether it is uniform or
nonuniform. Now, given a control polygon, a knot vector, and a specified degree,
one can build a curve from these constituents as follows (see Figure 13.4):

typedef struct curve

{
CPOLYGON *pol;
DEGREE p;
KNOTVECTOR *knt;

} CURVE;

that is, a curve object consists of a polygon pointer, the degree, and a knot
vector pointer. The beauty of this definition is that the various constituents are
easily extracted for further processing. For example, if one needs to compute
the bounding box of a curve, in that routine the polygon subobject is extracted
and passed on to another routine that deals with bounding box computation.
Similarly, if a knot span is sought in which a parameter lies, the knot vector
object is detached from the curve and passed on to a routine. Assuming that
the current routine receives a curve pointer, the programming is fairly simple.

CPOLYGON *pol;
KNOTVECTOR *knt;

knt: m ’

Yo

uy

Figure 13.3. Knot vector data structure.
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‘cur:

Figure 13.4. Curve data structure.

pol
knt

cur->pol;
cur->knt;

N_polbox(pol,...);
N_findsp(knt,...);

In other words, simple pointer assignments allow the program to descend to
a lower level of abstraction, perform the necessary operations, and return the

result to the calling routine’s level.

The definition of a surface object is quite similar. It needs a control net, two
degrees, and two knot vectors. The control net is defined as (see Figure 13.5):

typedef struct cnet
{
INDEX n,
m;
CPOINT *%Pw;
} ONET;

It contains the highest indexes in both directions and a pointer to a pointer, that
is, a pointer to an array of pointers pointing to the first element in each column
of control points. When one writes P[i] [ j1, then P[i] refers to the ith pointer
in the pointer array pointing to the beginning of the ith column. The index 3]

P
. |
WXp | Wyo | Wzo | Wo uo
WXn | Wyn | WZn | wy Uy

~
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et

wX0,0| ¥Yy0,0| ¥Zo,0| ¥0,0

net

VXo,1 | WY0,1 | W20,1| Wo,1

VXn,m | Wyn,m | ¥2p,m | Wn,m

Figure 13.5. Control net data structure.

is the jth offset in this column. Putting the control net, the degrees, and two
knot vectors together results in a surface defined as (see Figure 13.6):

typedef struct surface
{
CNET *net;
DEGREE p,
q;
KNOTVECTOR *knu,
*knv;
} SURFACE;

Again, the control net and the knot vectors are extracted easily to perform
various operations. If one has to perform many operations on the same curve or
surface, these definitions become fairly natural to use and very economical; only
pointers to different structures need to be passed around.

13.4 Memory Allocation

One of the most powerful tools of the C language is its ability to allocate and
deallocate memory dynamically. This power, however, has its price: improperly
allocating, using, or deallocating memory can cause fatal errors. Hence Nlib V2.0
has very strict rules regarding memory allocation and deallocation. The most
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el

f'
|
|

Figure 13.6. Surface data structure.

important one is that no routine is allowed to allocate and to deallocate memory
other than the specially written memory handlers.

All memory allocated in a routine and not being passed back to the calling
routine must be deallocated before returning. This fact, together with proper
error handling, can lead to rather messy code, as this code segment illustrates.

x = (double *) malloc ( nl*sizeof(double) );
if ( x == NULL ) return( error );

y = (double *) malloc ( n2*sizeof (double) );
if ( y == NULL )
{

free( x );

return( error );

}

z = (double *) malloc ( n3*sizeof (double) );
if ( z == NULL )
{

free( x );

free( y );

return( error );

}

This process can quickly become fairly complex if several allocations are required.
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One can easily see that n+ 1 memory allocations require n(n+1)/2 lines of code
for deallocation to handle the possible error, e.g., a code requiring 21 arrays
contains 210 lines of free statements just to deal with the possible failure of
dynamic memory allocation.

To make matters more manageable, Nlib V2.0 has a three-step process to
handle memory allocation and deallocation:

«+ on entering a new program, a memory stack is initialized to the empty
stack;

« if memory is needed, special routines are called that allocate the re-
quired memory and save the memory pointers on appropriate stacks (see
Figure 13.7);

» upon leaving the program the memory stacks are traversed, and memory,
pointed to by the saved pointers, is deallocated.

As the programming examples in a later section show, this type of memory
management is fairly clean, hides all unnecessary detail, and makes sure that all
allocated memory is deallocated properly. Let us now examine the three steps
in more detail.

The structure of every NURBS routine is sketched using this simple example:

FLAG error = 0;
INDEX n, m;
CPOINT **Pw;

stacks:

i

I

Ny =1

I

NII"@‘F IHH— lll"c—__

Figure 13.7. Memory stacks.
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STACKS S; CiDNODE *cid;

C2DNODE *c2d;

[ ——

N_inurbs (&8); ’ /* Allocate memory */

5 = (CPOINT **) malloc ( (n+1)*sizeof (CPOINT *) );
Pw = S_getc2d(n,m,&S); , :: ( ;w —= NULL )
if ( Pw == NULL ) { error = 1; goto EXIT; }

{

E_seterr (MEM_ERR,rname) ;

pPulil[j]l = ...; : return NULL;

P N }

EXIT: ‘ Qw = (CPOINT *) malloc ( (n+1)*(m+1)*sizeof (CPOINT) );
N_enurbs (&S) ; , if ( Qw == NULL )

return( error ); E.seterr (MEM_ERR,rname) ;

Each routine has its own memory stack defined in nurbs.h as follows (see Figure . free( Pv );
13.7): ' return NULL;
typedef struct stacks }
{ /* Make pointer assignments */
I1DNODE *ild;

I2DNODE *i2d;

1=0;
R1DNODE *rid; for ( k=0; k<=n; k++ )
R2DNODE #r2d; {
Pulk]l = &Quw([1l;
1 = 1+m+1;
KNTNODE *knt; }
} STACKS;
In other words, it is a structure of pointers pointing to linked lists of nodes that /% Put pointers on memory stacks +/

store the different types of memory pointers — one- or two-dimensional INTEGER
and REAL arrays, POINT arrays, and so on. When a routine is entered, memory
for this structure is allocated and the pointers are set to NULL by the N_inurbs ()
routine. In order to allocate memory, the program (1) declares the appropriate
memory pointer (*+Pw in the previous example), and (2) calls a memory routine
(S-getc2d()). The memory routine then allocates the required memory and
saves the pointer(s) on the stack. As an example, let us see how S_getc2d() }
allocates memory for a two-dimensional array of control points (error handling,
used in this routine, is discussed in Section 3.5).

cld = (CiDNODE *) malloc ( sizeof (CIDNODE) );
if ( cid == NULL )

{

E_seterr (MEM.ERR,rname) ;

free( Pw ); free( Qw );

return NULL;

cld->ptr = Qu;
cld->next = S->cid;
#include "nurbs.h" S->cld = cid;
static STRING rname = "S_GETC2D"; .
c2d = (C2DNODE *) malloc ( sizeof (C2DNODE) );

CPOINT **S_getc2d( INDEX n, INDEX m, STACKS *S ) }.f ( c2d == NULL )
{ INDEX k, 1; ‘ E_seterr (MEM.ERR,rname) ;

CPOINT **Pw, *Qu; free( Pw );
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return NULL;

}

c2d->ptr = Pw;
c2d->next = S->c2d;
S->c2d = c2d;

/* Exit */

return Pw;

}

The nodes C1DNODE and C2DNODE are defined in geometry.h as
typedef struct cldnode

{
CPOINT =*ptr;
struct cldnode *next;
} C1DNODE;

typedef struct c2dnode
{

CPOINT **ptr;

struct c2dnode *next;
} C2DNODE;

Similar nodes are used for other types of memory pointers.

Once the memory is allocated it can be used as needed throughout the pro-
gram. At the end, all allocated memory is freed by the N_enurbs () routine that
traverses the different memory stacks, frees the allocated memory, and kills the
linked lists. It is sketched as follows:

#include "nurbs.h"

VOID N.enurbs( STACKS *S )

{

I1DNODE #ilp;

KNTNODE *knp;
/* Free integer arrays */

while ( S->i1d != NULL )
{
ilp = §->iid;
§->ild = ilp->next;
free( ilp->ptr );
free( ilp );

Error Control 607

/* Free knot vectors */

while ( S->kat != NULL )

{
knp = S->knt;
S~->knt = knp->next;
free( knp->ptr );
free( knp );

}

}

This style of memory management provides a fairly clean way of dealing with
the difficult task of memory allocation and deallocation. It frees the programmer
from the burden of handling distracting details and remembering to deallocate
all dynamically allocated memory. In its present form the method does not allow
deallocation in the middle of a running program. If this creates a problem in a
particular application, simple free routines can be written to deallocate memory
and to eliminate nodes from the memory stack.

A note on the N_inurbs() and N_enurbs() routines: In the previous discus-
sions these routines initialized and killed memory stacks. However, these rou-
tines can also be used to initialize and de-initialize other global parameters the
programmer wants to use throughout a NURBS routine. This is one of the
many reasons why every NURBS routine starts with N_inurbs() and ends with
N_enurbs () even if no dynamic memory allocation is required. The concept is
similar to building cars prewired for a car phone. The driver may never want a
phone, but if he does the installation becomes a five-minute (clean) job. NURBS
routines in Nlib V2.0 are “prewired” for dynamic memory allocation and for ini-
tialization so that adding new features is easy and requires no change in the
overall structure of the program.

13.5 Error Control

Error handling is one of the most crucial issues in designing a system. Each
routine can have errors, and the calling routine has to deal with these errors in
a sensible manner. There are basically two types of error processing:

« direct control: in case of an error a message is printed; if the error is fatal
the process is killed;

» indirect control: each routine returns an error flag to the calling routine,

and that determines how to handle the error and how to pass this infor-
mation to a higher level routine.

Direct control is appropriate in a system like a compiler but is not acceptable
in a NURBS system. For example, a geometry routine can return an error flag
indicating that the given lines cannot be intersected because the input data,
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representing the lines, has corrupt information (e.g., a line of zero length). Since
this error can possibly be corrected from the calling routine and hence the process
completed with success, it is totally unacceptable to kill the entire session and
print an error message.

NURBS routines need to handle errors in the background by passing error
flags back to each calling routine. This can be done in a number of different
ways. One sophisticated method is to use an error stack. If a routine locates
an error it is put on the stack and control is returned to the calling routine.
This routine either deals with the error or puts its own error onto the stack and
returns control to a higher level routine. At each higher level, the calling routine
receives a stack of errors (see Figure 13.8) that show the error history, and at
each level the routine can correct the error, if possible, or pass the stack (with
its own error on top) one level higher. Ultimately, a routine at a level higher
than the NURBS library deals with the error. Let us consider a simple example.
The data reduction algorithm discussed in Chapter 9 uses the following simple
calling hierarchy:

Data reduction;
Interpolate with given knot vector;
Remove knots;
Compute degree elevated knot vector;
Least-squares approximation with given knot vector;
LU decomposition;

If LU decomposition fails at the deepest level, least-squares approximation can-
not be performed. Instead of killing the entire process, the data reduction routine
can elect to restart the entire process with a higher degree interpolatory curve
(which is exactly what the actual implementation does).

Although error stacking is a sophisticated technique, it requires some program-
ming to respond to the different errors at each level. In Nlib V2.0 this technique
is not employed, mainly for two reasons: (1) each NURBS routine calls only a
few other routines, i.e., the call stack is fairly small, and (2) the calling routine

—t——+ Err=5 in N._capreb

calling routine: [}

Err=7 in N_clqapr

!

Err=1 in M_ludcmp

Figure 13.8. Error stack.
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checks for most errors, hence only a few errors remain to be detected in lower
level routines. Thus it seems reasonable for Nlib V2.0 to pass around only one
error flag, and to make each routine responsible for dealing with this error. The
error flag is a simple structure defined in datastr.h as:

typedef struct enode

INTEGER eno;
STRING fna;
} ENODE;

that is, the structure contains an error number and the name of the routine where
the error was detected. The most frequently occurring errors are numbered and
defined in datastr.h. Some examples are:

#tdefine CUR_ERR 1
#define SUR_ERR 2
#define DEG_ERR 3
#define KNT _ERR 4
#define WEI_ERR 5

#define MEM_ERR 15

where CUR_ERR is curve definition error; KNT_ERR is knot vector error, for ex-
ample decreasing knots; MEM_ERR is memory allocation error, and so on; as a
convenience, an error file can be created where all these errors are explained
in more detail. Using these error numbers, a global error variable is required.
Nlib V2.0 defines and initializes the error variable NERR in globals.h as

extern volatile ENODE NERR = { 0, " " };

As soon as an error is detected, NERR receives a new value by means of the error
routine E_seterr():

#include "nurbs.h"
extern volatile ENODE NERR;

VOID E_seterr( INTEGER err, STRING name )
{
NERR. eno
NERR.fna
}

NUib V2.0 has a set of error routines that check every conceivable error and set
NERR to the appropriate value. We present two examples here; the first checks
whether knots are nondecreasing, whereas the second performs a complete curve
check, i.e., it checks curve definition consistency, weights, and the knot vector.

err;
name;



610 B-spline Programming Concepts

#include "nurbs.h"

FLAG E kntdef( KNOTVECTOR *knt, STRING rname )

{

FLAG erxror = 0;
INDEX i, m;
REAL *U;

/* Convert to local notation */

m
U

knt->m;
knt->U;

/* Check knots */
for ( i=0; i<m; i++ )

if ( Uli] > uli+1] )
{
E_seterr (KNT_ERR,rname) ;
error = 1;
break;
}
}

/* Exit */

return( error );

}

In other words, if no error is found the routine returns 0, otherwise it returns 1
and sets NERR to the appropriate value.

In many applications curve data is read from a file, for example from an IGES
file. Before calling any NURBS routine it is prudent to make sure that the
file contains correct information, i.e., it is useful (and necessary) to perform a
complete curve (surface) check. An additional positive feature of this check is
that further curve (surface) error checking is not required when curves and sur-
faces are passed to a NURBS routine. Before the complete curve check routine is
considered, two more error routines are discussed: (1) check curve definition con-
sistency, and (2) check weights. First consider the curve definition check routine.

#include "nurbs.h"

FLAG E_curdef( CURVE *cur, STRING rname )

{
FLAG olddim, oldrat, newdim, newrat, error = 0;
INDEX i, n, m;

DEGREE p;
CPOINT *Pw;

/* Convert to local notation */

n = cur->pol->n;
Pw = cur—->pol->Pw;
p = cur—>p;

m cur->knt->m;

/* Check definition */

if ( (o+p+1) 1= m )

{

E_seterr (CUR.ERR,rname) ;
error = 1;
goto EXIT;

}

/* Check for consistency */

if ( Pw[0].z == NOZ ) olddim =
if ( Pw[0].w == NOW ) oldrat =
for ( i=1; i<=n; i++ )

if ( Pw[il.z == _NOZ ) newdim
if ( newdim !'= olddim )

{

E_seterr (CUR_ERR,rname) ;
error = 1;
break;

if ( Pw[i]l.w == _NOW ) newrat
if ( newrat != oldrat )

{

E.seterr (CUR_ERR,rname) ;
error = 1;
break;

}
}

/* Exit x/
EXIT:

return( error );
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2; else olddim =
0; else oldrat

-
.

= 2; else newdim

= 0; else newrat
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The weight check routine is:

#include "nurbs.h"

FLAG E_curwei( CURVE *cur, STRING rname )

{

FLAG error = 0;
INDEX i, n;
CPOINT *Pw;

/* Convert to local notation */

n = cur->pol->n;
Pw = cur->pol->Pw;

/* Check if curve is rational */
if ( Pw[0].w == NOW ) return( 0 );
/* Now check the weights */

for ( i=0; i<=n; i++ )

if ( Pufi]l.w <= 0.0 )

{
E_seterr (WEI_ERR,rname) ;
error = 1;
break;

}
}

/* Exit %/

return( error );

}

As a practical matter, application programmers might waut to set a limit to the
largest permissible weight and check for it in this routine. Large weights create
very bad parametrizations, which in turn can result in unacceptable surfaces
constructed from curves.

The input checking routine is:

#include "nurbs.h"

FLAG E_curinp( CURVE *cur, STRING rname )

{
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FLAG error;
KNOTVECTOR *knt;

/* Convert to local notation */
knt = cur->knt;
/* Check curve definition */

error = E_curdef (cur,rname);
if ( error > 0 ) return(1);

/* Check curve weights */

error = E_curwei(cur,rname);
if ( error > 0 ) return(l);

/* Check knot vector */

error = E kntdef (knt,rname);
if ( error > 0 ) return(1);

/% Exit */

return(0);

}

Each NURBS routine can, in principle, handle error checking individually.
However, with error routines programming becomes a lot cleaner. The program-
mer can focus on the task at hand, e.g., curve refinement, and miscellaneous tasks
such as error checking and memory allocation are handled at 3 conceptual level.

13.6  Utility Routines

Utility routines aid the programmer in creating special structures or in converting
one type of input to another. There is an infinite variety of such utility programs,
but one must draw the line somewhere. In Nlib V2.0 a few dozen such routines
exist that support special structure constructions.

Creating a curve structure can be done in a number of different ways, depend-
ing on what type of information is available at which level. A simple example is:

#include "nurbs.h"

VOID U.inakcul( CURVE *cur, CPOLYGON *pol, DEGREE p,
KNOTVECTOR *knt )
{
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cur->pol = pol;
cur->p = p;
cur->knt =

}

This is probably the simplest type of utility responsible for assigning pointers
of existing structures to the elements of the curve structure. Polygons and knot
vectors can also be created by utility routines. A simple example is:

knt;

#include "nurbs.h"

FLAG U.makpl2( CPOLYGON *pol, REAL *wx, REAL *wy, REAL *wz,
REAL #w, INDEX n, STACKS *S )
{

INDEX i;
CPOINT *Pw;

/* Allocate memory for point array */

Pu = S_getcld(n,S);
if ( == NULL ) return (1);

/* Fill in point array */

for ( i=0; i<=n; i++ )
{
Pwlil.x = wx[i];
Pwlil.y = wyl[il;
if ( wz != NULL )
Pulil.z = wz[i]);
else
Pwlil.z = _NOZ;
if ( w != NULL )
Pwlil.w = w[i];
else
y Pwlil.w = _NOW;

/* Make pointer assignments */

pol->n = n;
pol->Pw = Pu;

/* Exit */

return (0);
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This routine not only creates a polygon structure (memory to store the structure
is allocated in the calling routine), it also converts the traditional (wz, wy, wz, w)
type input to the more object based point input. And it also takes care of the
proper setting of the z and w components for nonrational or planar curves. We
present a similar routine that creates a curve from the smallest bits and pieces:

#include "nurbs.h"

FLAG U_makcu3( CURVE *cur, REAL *wx, REAL *wy, REAL *uz,
REAL *w, INDEX n, DEGREE p, REAL *U, INDEX m,
STACKS *S )

CPOINT *Pw;
CPOLYGON *pol;
KNOTVECTOR *knt;

/* Allocate memory */

Pw = S_getcpa(wx,wy,wz,w,n,5);
if ( Pw == NULL ) return (1);
pol = S_getpol(S);
if ( pol == NULL ) return (1);
knt = S_getknt(S);
if ( knt == NULL ) return (1);

/* Make pointer assignments */

pol->n = n;
pol->Pw = Pw;

knt->m = m;
knt->U = U;
cur->pol = pol;
cur->p = p;
cur->knt = knt;
/* Exit */

return (0);

}

Notice how well the memory routines S.getcpa(), S-getpol(), and S_getknt ()
are integrated with this utility. No explicit allocation and deallocation is taking
place, yet there is proper error handling through the global error flag NERR. This
routine is also a good example illustrating how errors are handled in a higher level
routine. If an error is detected in any of the three previous memory routines, NERR
is set and control is returned. U_makcu3 handles the error by returning the control
one level higher. Since memory allocation is the problem in both the memory
routines and in the utility routine, no new setting of the global NERR is required.
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As a final example, let us consider a surface utility routine which creates a
surface from control point and knot vector information.

#include "nurbs.h"

FLAG U.maksu2( SURFACE *sur, CPOINT ##Pw, INDEX n, INDEX m,
DEGREE p, DEGREE q, REAL U, REAL %V, INDEX r,
INDEX s, STACKS *S )

CNET *net;
KNOTVECTOR *knu, *knv;

/* Allocate memory for control net */
/* and knot vector structures */

net = S_getnet(S);
if ( net == NULL ) return(1);
knu = S_getknt(S);
if ( knu == NULL ) return{(1);
knv = S_getknt(S);
if ( knv == NULL ) return(i);

/* Make pointer assignments */

net->n = n;
net->m
net->Pw = Pw;
knu->m = r;

[}
5

knu->U = U;
knv->m = g;
knv->U = V;
sur—->net = net;
sur->p = p;
sur—>q =q;
sur->knu = knu;

sur->knv = knv;
/* Exit x/

return (0);

13.7 Arithmetic Routines

Performing operations on NURBS curves and surfaces, e.g., evaluation or knot in-
sertion, requires arithmetic operations on the control points. Since control points
are considered as objects, special arithmetic routines are needed to perform such
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tasks as convex combination (corner cutting), summation, or projection to Eu-
clidean space. Besides performing arithmetic on objects, these routines help to
understand the programs and make it possible to port NURBS routines to differ-
ent environments. For example, assume that a three-dimensional design system,
based on rational curves and surfaces, is to be used as a two-dimensional draft-
ing system employing only nonrational curves. Since the control point object is
dimensionless, only its definition needs to be changed and a few arithmetic rou-
tines need to be modified. The rest of the system, which could contain millions
of lines of code, remains unchanged.

We show a few examples of arithmetic routines used in Niib V2.0. The first
example is an initialization routine. Computing a point on a curve or surface
calls for summation, which requires that the sum be initialized to zero.

#include "nurbs.h"

VOID A_initcp( CPOINT Aw, CPOINT *Bw )

{ Bw->x = Aw.x;
Bu->y = Aw.y;
Bw—>z = Aw.z;
Bu->w = Aw.w;

}

This routine takes proper care of the different types of control points, rational
or nonrational, two-dimensional or three-dimensional, through Aw’s third and
fourth coordinates.

The next example is a routine that updates a given control point used again
to compute a sum of blended control points.

#include "nurbs.h"

VOID A.updcpt( REAL alpha, CPOINT Aw, CPOINT *Bw )

{

Bw->x = Bw->x + alpha*Aw.x;
Bw->y = Bw->y + alpha*Aw.y;
if ( Aw.z f= NOZ )

Bw->z = Bw->z + alpha*Aw.z;

else
Bw->z = _NOZ;
if ( Aw.w != _NOW )
Bw->w = Bw->w + alpha*Aw.w;
else
Bw->w = _NOW;
}

As a final example we consider the projection routine, which maps a rational
point to the Euclidean space.
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#include "nurbs.h"

VOID A_euclid( CPOINT Pw, POINT P )

if ( Pw.w != _NOW )
{
P->x = Pu.x/Pw.w;
P->y = Pw.y/Pu.w;
if ( Pw.z '= NOZ )
P->z = Pu.z/Pu.w;
else
P->z = 0.0;
}

else
{
P->x = Pw.x;
P->y = Pu.y;
if ( Pw.z != NOZ )
P->z = Pw.z;
else
P->z = 0.0;
}

}

These routines are used in the next section to illustrate two NURBS routines,
curve and surface evaluations.

13.8 Example Programs

In this section we present two complete programs, one for curve evaluation and
the other for surface evaluation. These routines show the structure of NURBS
programs and how the different utility routines are integrated with higher level
NURBS routines. First consider the curve evaluator.

#include "nurbs.h"
static STRING rname = "N_EVNCUR";
extern CPOINT CZERO;

FLAG N_evncur( CURVE *cur, PARAMETER u, POINT *C )
{

FLAG error = 0;

INDEX i, j, k;

DEGREE p;

REAL *N;

KNOTVECTOR *knt;

CPOINT *Pw, Cw;
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STACKS S;

/* Start NURBS environment */
N_inurbs (&S);

/* Get local notation */

Pw = cur->pol->Pw;
p = cur->p;
knt = cur->knt;

/* Check parameter */

error = E_parval(knt,u,rname);
if ( error == 1 ) goto EXIT;

/* Compute non-vanishing B-splines */

N = S_getrid(p,&S);

if ( N == NULL ) { error = 1; goto EXIT; }
error = N_allbas(knt,p,u,LEFT,N,&j);

if( error == 1 ) goto EXIT;

/* Compute the point on the curve */

A_initcp(CZERD,&Cw) ;
for ( i=0; i<=p; i++ )
{
k = j-pti;
A updcpt (N[i],Pwlk],&Cw);

A_euclid(Cw,C);
/* End NURBS and exit */
EXIT:

N_enurbs (&S) ;
return(error);

}

As mentioned earlier, each NURBS routine starts with N_inurbs(), which
initializes the memory stacks to NULL. After initialization, local notations are
normally introduced to help follow the computational details. The notation
Pw[k] is visually more pleasing than cur->pol->Pw[k] and much closer to the
customary notation, P}. The next step in almost every NURBS routine is to
check the incoming parameters for possible error. E_parval() checks if the given
parameter u is outside of the range [ug, un]. The rest of the code deals with the
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actual computation of a curve point. To do so, the nonvanishing basis functions
are computed first after the proper amount of memory is allocated to store
them (since there is no limit on the degree, the memory must be dynamically
allocated). Arithmetic routines, discussed in the previous section, are then used
to compute the sum

J
C®(u)= Y Nip(w)Py
k=j-p

and to locate the point in the Euclidean space; note the index transformation
to use the proper basis functions. Finally, N_enurbs() deallocates all allocated
memory, and control is returned to the calling routine by returning either zero

(no error) or one (error saved in NERR).
This next test program shows how easy it is to compute a point on the curve.

#include “nurbs.h"
#include "globals.h"

REAL wx[6] = { 0.2, 0.8, 0.4, 1.2, 1.2, 0.8 };
REAL wy[6] = { 0.2, 0.4, 0.4, 0.8, 0.4, 0.2 };
REAL wz[6] = { 0.2, 0.4, 0.2, 0.4, 0.4, 0.2 };

REAL w[6] = { 1.0, 2.0, 1.0, 2.0, 2.0, 1.0 };
REAL U[10] = { 0.0, 0.0, 0.0, 0.0, 0.3, 0.7, 1.0, 1.0, 1.0,
1.0 };

main( )

{

FLAG error;
CURVE cur;
PARAMETER u;
POINT C;
STACKS S;

/* Start processing */

N_inurbs(&S);

/* Create the curve */
U.makcu3(&cur,wx,wy,wz,v,5,3,U0,9,&3);
/* Compute a point on the curve */

printf( "Enter parameter u = " ); scanf( "%1f", &u );
error = N_evncur(&cur,u,&C);
if ( error > 0 )
{
printf( "error = %d %s", NERR.eno, NERR.fna );
goto EXIT;
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printf( "C = }1f %1f %1f", C.x, C.y, C.z );
/* End NURBS session */
EXIT:

N_enurbs (&S) ;

}

The many utility routines allow the programmer to define a curve in a num-
ber of different ways, e.g., reading in a curve file, receiving the (wz,wy, wz, w)
coordinates from a curve sketching interface, and so on.

The structure of surface programs is very similar to the curve programs. This
next surface evaluator shows an example.

#include "nurbs.h"
static STRING rname = "N_EVNSUR";
extern CPOINT CZERQ;

FLAG N_evnsur( SURFACE *sur, PARAMETER u, PARAMETER v,
POINT *S )
{

FLAG error = 0;

INDEX i, j, k, 1, ju, jv;
DEGREE p, q;

REAL *NU, *NV;
KNOTVECTOR *knu, *knv;
CPOINT *%Pw, *Tw, Sw;
STACKS ST;

/* Start NURBS environment */
N_inurbs(&ST);

/* Get local notation */

Pw = sur->net->Pw;

p = sur->p;

q = sur-—>q;

knu = sur->knu;

knv = sur->knv;

/* Check parameters */

error = E_parval(knu,u,rname);
if ( error == 1 ) goto EXIT;
error = E_parval(knv,v,rname);
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if ( error == 1 ) goto EXIT;
/* Compute nonvanishing B-splines */

NU = S_getrid(p,&ST);

if ( == NULL ) { error
NV = S_getr1d(q,&ST);

if ( NV == NULL ) { error = 1; goto EXIT; }
error = N_allbas(knu,p,u,LEFT,NU,&ju);

if ( error == 1 ) goto EXIT;

error = N_allbas(knv,q,v,LEFT,NV,&jv);

if ( error == 1 ) goto EXIT;

1; goto EXIT; }

/* Compute the point on the surface */

Tw = S_getcld(p,&ST);
if ( Tw == NULL ) { error = 1; goto EXIT; }
for ( i=0; i<=p; i++ )
{
A_initcp(CZERO,&Tw[il);
k = ju-p+i;
for ( j=0; j<=q; j++ )
A
1 = jv-q+j;
A updcpt (NV[j],Pwlk] [1],&Tw[il);

}

A_initcp(CZERD, &Sw) ;
for ( i=0; i<=p; i++ )
{

A updcpt (NU[i],Tw[i] ,&Sw);

A_euclid(Sw,S);
/* End NURBS and exit */
EXIT:

N_enurbs (&ST) ;
return(error) ;

}

The next test program shows another way to create a surface and to evaluate
a point on it. The routine U_inpsur () reads in a data file, named SURFACE.DAT,
containing the control polygon and knot vector information. U_inisur() is a
routine that initializes the surface object to the NULL object to let U_inpsur ()
know that memory allocation is required.
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#include "nurbs.h"
#include "globals.h"

main( )

{

FLAG error;
SURFACE sur;
PARAMETER u, v;
POINT S;
STACKS ST,

/* Start processing */
N_inurbs (&ST) ;
/* Read in surface data */

U_inisur(&sur);
error = U_inpsur(&sur,"SURFACE.DAT",&ST);
if ( exror > 0 )

printf( "error = %d %s", NERR.eno, NERR.fna );
goto EXIT;

}

/* Compute surface point */

printf( "Enter parameters <u,v> = " ); scanf( "J1f}1f", &u, &v);
error = N_evnsur(&sur,u,v,&S);
if ( error > 0 )

| printf( “"error = %d %s", NERR.eno, NERR.fna );
goto EXIT;

printf( "s = Y1f %1f J1f", S.x, S.y, S.z );
/* End NURBS session */
EXIT:

N_enurbs (&ST) ;

13.9 Additional Structures

In order for the NURBS library to be useful for a large variety of purposes, some
additional structures (objects) are required. These structures are mostly used
to convert from the NURBS form to other forms, to reparametrize a NURBS
entity, and so on.
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A simple modification of the NURBS curve and surface objects results in
scalar-valued univariate and bivariate B-spline functions. The only change one
has to make is to replace the control polygon and control net objects with curve
values and surface values defined as:

typedef struct cvalue
{

INDEX n;

REAL *fu;
} CVALUE;

typedef struct svalue

INDEX n,
m;

REAL **fuv;
} SVALUE;

Special routines, for example function evaluation and knot insertion, can be
written that deal with functions that are used mostly for functional compositions
(see Section 6.4).

Vector valued polynomials play an important role in data exchange and in
form conversion. Nlib V2.0 has curve and surface polynomial entities to be able

to convert from the NURBS form to piecewise polynomial form, and back. These
are defined as:

typedef struct cpoly
{
CVECTOR *cve;
DEGREE p;
INTERVAL I;
} cpoLy;

typedef struct spoly

{

SVECTOR *sve;
DEGREE p,

q;
RECTANGLE R;
} spoLy;

where the curve vector CVECTOR and surface vector SVECTOR entities are defined
Jjust as the control polygon and control net objects. The interval and rectangle
objects are simply

typedef struct interval
PARAMETER ul,

ur;
} INTERVAL;
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typedef struct rectangle

PARAMETER ul,
ur,
vb,
vt,

} RECTANGLE;

That is, polynomials are defined by their vector coefﬁcign@ and t.he one- and
two-dimensional interval/rectangle to which the polynomial is restricted.

Bézier curves and surfaces play an important role in any NURBS-based syst_em,
not because they are special cases of NURBS but rathe)r pecause many operatlol?s
can be performed very efficiently on the individual Bézier components. For this
reason, two special structures are introduced, one for curves and one for surfaces.

typedef struct bcurve
{
CPOLYGON *pol;
INTERVAL I;
} BCURVE;

typedef struct bsurface
{

CNET *net;

RECTANGLE R;
} BSURFACE;

Thus the control polygon/net and the parameter interval/rectangle uniquely
define a Bézier curve/surface. o

In closing, we present a few additional objects used maxply in simple geomfat-
ric computations and in some mathematical routines. _leb V2.0 has exter.lswe
geometry and mathematics libraries used to support various NURBS operations.
First we consider some geometric objects.

typedef struct vector

REAL x,
¥,
z;
} VECTOR;

typedef struct line
{

POINT P;

VECTOR V;

FLAG bounded;
} LINE;



626 B-spline Programming Concepts

typedef struct plane
{

POINT P;

VECTOR N;
} PLANE;

typedef struct circle
{

POINT C;

REAL r;

VECTOR N;
} CIRCLE;

Although the POINT and the VECTOR structures contain the same structure ele-
fnents they are conceptually different, hence their introductions. A last example
is the matrix object that represents real matrices.

typedef struct rmatrix

{

INDEX n,
m;
REAL **RM;
MATRIXTYPE mtp;
INDEX bandwidth;
} RMATRIX;

where MATRIXTYPE is defined as follows:
typedef enum

{

full,
lowerleft,
upperright,
banded

} MATRIXTYPE;

Similar structures are available for integer (IMATRIX), point (PMATRIX), and
control point (CMATRIX) matrices. Row and column vectors are considered as (1x
m) and (n x 1) matrices, respectively. No special vector structure is introduced.

13.10 System Structure

Nlib V2.0 has the following routines as parts of a complex structure:
« NURBS routines (N_*.c);
« Bézier routines (B_*.c);

« geometry routines (G_*.c);
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« mathematics routines (M_*.c);

« utility routines (U_*.c);

« memory allocation routines (S_*.c);
« error handling routines (E_*.c);

« arithmetic routines (A_*.c).

These routines must be integrated into a complex system that satisfies all the
requirements mentioned in the previous sections. The dependence relationship
of each module is shown in Figure 13.9. The different layers represent individual
modules, and the arrows illustrate their dependence on lower level routines, i.e.,
they make calls to these routines. In the center there are three modules, memory
allocation, error handling, and arithmetic routines. Although these are some-
what dependent on one another, e.g., error routines might need some memory,
and memory routines have to report errors, their dependence is not as substantial
as those in the upper layers. As we go to the second and higher layers, routines
become dependent on all the lower layer programs. For example, mathematics
routines need utility programs to create matrices; they need memory, error check-
ing, and special arithmetic to perform matrix operations with matrices having
control points as matrix elements. At the top there are the NURBS programs
that make calls to every other program in the system. For instance, it is very

Bézier

Geometry

Mathematics

Memory

Arithmetic

Figure 13.9. Nlib V2.0’s system structure.
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rare that a geometry routine has to make a call to an existing NURBS program.
If this happens to be the case, a special lower level routine can be written so
that the correspondence among the layers remains unidirectional. This isolation
of the different layers becomes important if parts of the system are to be used
for purposes other than NURBS geometry. For example, the mathematics and
geometry libraries should be stand-alone libraries so that they can be used for
simple geometric and mathematical computations without worrying about the
much larger Bézier and NURBS libraries.

We close this section by restating our opinion on system design: it is very
difficult, it is not unique, and it is changing as computer technology advances.
However, designing and implementing a system is enlightening and essential in
obtaining a broad and deep knowledge of NURBS technology. As Herbert B.
Voelcker puts it [Pieg93]

“It is important to do both theoretical research and experimental system
building. They are synergistic, and the exclusive pursuit of either can lead
to sterile theory or quirky, opaque systems.”

This book is intended to provide both the theory and the implementation of
NURBS. Let the reader judge whether this goal has been successfully met.
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surface
Bézier, 37
power basis, 35
rational Bézier, 40
rational B-spline, 128-130
Bending, 547
circular, 550

cylindrical, 551
parabolic, 550
Bernstein polynomials, 10, 52, 104
Bézier
comparison with power basis form,
24, 25
curve, 9, 382
definition, 9
degree elevation, 202-205
degree reduction, 214, 219-221
derivatives, 22
properties, 12-14
surface
definition, 37
properties, 38
Blending functions (See also Basis
functions), 6
Breakpoint, 47, 51, 588
B-spline
basis functions (See also Basis
functions), 50
curve (See also Curve, B-spline), 81
programming (See also Software), 593
surface (See also Surface, B-spline),
100

Circle, 1, 26, 28, 32, 45, 244, 254, 279,
295, 296
construction of, 298-309
higher degree rational Bézier,
326-330
unclamped, 578
Clamped
curves, 576
knots, 571
Composite B-spline curve, 181, 192
Conic
construction of, 310-320
eccentricity, 281
form
conversion and type
classification, 320-325
implicit equation, 282, 320
standard position, 283
maximum inscribed area, 289,
320
NURBS, 321
rational Bézier, 291, 321

Conic, form (Cont.):
rational power basis, 288, 321
shape factor (See also Shape factor),
261
shoulder point, 294, 394, 439
Constraint-based modification
curves, 555
surfaces, 562
Constraints, 361
Continuity
in skinning, 469
of B-spline
basis functions, 57, 58
curves, 88
surfaces, 109
of closed B-spline curves, 575
of piecewise polynomial and rational
curves, 47
order of, 47, 588
parametric (C) vs geometric (G),
382, 588
Control net
Bézier, 37
data structure, 600
Control point
Bézier, 10
B-spline, 81
data structure, 597
infinite (See also Infinite control
point), 295
multiple, 90
rational B-spline, 117
repositioning, 84, 108, 511, 516, 533,
555, 562
minimum length solution, 557
weighted, 30, 120
Control polygon
Bézier, 11
B-spline, 82
data structure, 598
rational B-spline, 117
Conversion
Bézier to/from power basis
polynomials, 265, 272
B-spline to/from piecewise power
basis polynomials, 180, 265-278
of conics, 320
Convex hull property, 229
Bézier, 12, 38
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B-spline, 83, 105
rational B-spline, 118, 130
Coons surface
bicubically blended, 497
bilinearly blended, 496
Cross ratio, 524, 547
Cross-boundary derivatives, 497
Curve
Bézier, 9, 82, 119
degree elevation, 202-205
degree reduction, 214, 219-221
B-spline
definition and properties, 81-91
derivatives and continuity, 88, 180
clamped, 576
cubic, 8, 12
data structure, 596, 599
derivative of, 2, 6
evaluation of points and derivatives
by knot insertion, 151
fitting
approximation, 410, 413, 427, 438,
441
interpolation, 364, 370, 371, 373,
388, 392, 395
implicit form, 1
parametric form, 1
piecewise
Bézier, 47, 48
polynomial, 47-49, 82
rational, 47, 50
power basis form, 6
rational Bézier
definition, 27
homogeneous form, 30
properties, 27
rational B-spline
definition and properties, 117-120
derivatives, 1256127
reversal, 263
splitting/subdivision by knot
insertion, 151
unclamped, 576
Cusp, 8, 13
Cylinder, 40

Data exchange, 571, 580, 583, 586
deCasteljau Algorithm, 24, 32, 38, 145,
314, 396, 446
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Decomposition of B-splines into
piecewise
Bézier, 169-179
polynomials, 162, 168
Degree
elevation, 188-212, 326
reduction, 212-227
Derivatives of:
Bernstein polynomials, 17
Bézier curves, 22
B-spline
basis functions, 57-63
curves, 88, 91-100
with respect to the weights, 520
surfaces, 109-115
composition of two functions, 247
parametric
curves, 2
surfaces, 4
power basis
curves, 6
surfaces, 36
rational basis functions, 555
rational B-spline
curves, 125-127
surfaces, 136-138

Eltipse, 26, 282, 290, 293
construction of full, 320

Fitting, choosing
knots, 365, 370, 371, 374, 389, 398,
412
parameters, 364, 365, 376, 386, 389,
398
Flattening, 542
Frenet frame, 479

Gilobal fitting algorithms, 363, 405
Gordon surface, 485

Homogeneous
coordinates, 29
representation
of circular arc, 33
of NURBS curve, 120
of NURBS surface, 132
Horner’s method
curve, 6, 9

surface, 36
Hyperbola, 26, 282, 290, 293

IGES, 580
parametric splines, 270, 277
Implicit equation
compared with parametric form, 4, 5
of curve, 1
of surface, 2
Infinite control point, 295, 298, 309, 312
Inflection point, 8
Interpolation, 361
Inverse knot insertion, 154, 512, 525,
532
Isoparametric curve, 35
extraction by knot insertion, 161
on Bézier surface, 37
on B-spline surface, 109
on rational B-spline surface, 135

Khnot
insertion, 141-161, 309, 326
refinement, 162-179, 265, 533
removal, 179-188, 272, 427, 533,
576
Knots
clamped open (nonperiodic), 66, 572
clamped vs unclamped, 571
data structure, 598
definition, 50, 51
merging, 162
multiplicity, 57, 58, 64
nonperiodic (clamped open), 66, 572
partitioning of the control polygon,
147
periodic vs nonperiodic, 574
span, 51
uniform and nonuniform, 66, 571

Least squares approximation, 410

Line, 7, 10

Local fitting algorithms, 363, 382, 437

Local support, 49, 55, 118, 128

Lofted surface (See also Skinned
surface), 457

Loop, 8, 13

Newton iteration, 230
Node, B-spline, 512, 516, 530

NURBS representation of
bilinear surface, 333
Coons surface, 496
ellipsoid, 349
elliptic paraboloid, 349
general cone, 338
general cylinder, 334
Gordon surface, 485
hyperbolic paraboloid, 334
planar surface, 334
ruled surface, 337
skinned surface, 457
sphere, 344
surface of revolution, 340
swept surface, 472
swung surface, 455
three-sided patch on sphere, 351
torus, 344

Offsetting, 475, 479, 552, 588
Order, 50

Parabola, 7, 11, 26, 282, 290, 293
Parametric error, 221
Parametric form, 1, 4

comparison with implicit equation

form, 4, 5

derivative of, 2, 4

of curve, 1

of surface, 2

surface normal vector, 4
Partition of unity, 16, 27, 38, 57, 118,

128

Periodic vs nonperiodic curves, 575
Perspective map, 30, 121
PHIGS, 585
Point

inversion (See also Point, projection),

229
projection
to curve, 229-232
to surface, 232-234

Polynomial, 6
Power basis form, 5, 9, 24

derivative of, 6

of curve, 5

of surface, 35
Programming, B-spline (See also

Softwa e), 593
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Projections of curves and surfaces
parallel, 236
perspective, 237

Rational
B-spline
basis functions (See also Basis
functions), 118, 534
curve {See also Curve, rational
B-spline), 117
surface (See also Surface,
rational B-spline), 128
Bézier
curve definition, 27
surface definition, 40
functions, 26
Reparameterization, 44, 241-263, 265,
269, 271, 589
with a
linear function, 250, 263
linear rational function, 255
piecewise polynomial function, 250
piecewise rational function, 251
polynomial function, 245

Shape factor, 261, 293
Shape invariant {See also Shape
factor), 261
Shape operators, 533
Skinned surface, 457
Smoothing functions, 471
Software, 593
arithmetic routines, 616
data structures, 596
data types, 594
error control, 607
example programs, 618
memory allocation, 601
system structure, 626
utility routines, 613
Sphere, 2
STEP, 290, 583
Surface
Bézier, 37, 38, 105, 130
B-spline
definition, 100
derivatives and continuity, 109
properties, 105-109



646 Index

Surface (Cont.):
data structure, 601
evaluation of points and derivatives
by knot insertion, 161
fitting
approximation, 419, 432
interpolation, 376, 399
implicit form, 2
isocurves, 35, 37
normal vector, 4, 36
reversal, 265
parametric form, 2
partial derivatives of, 4
power basis form, 35
rational Bézier, 40
rational B-spline
definition, 128
derivatives, 136-138
properties, 130
splitting/subdivision by knot
insertion, 158
tensor product definition, 34, 50
Swept surface, 472
Swung surface, 455

Tangent vector inversion, 235
Tension, 561

Printing: Mercedesdruck, Berlin
Binding: Buchbinderei Liideritz & Bauer, Berlin

Tensor product
B-spline basis functions, 102, 104
surface, 34
Transformations of curves and surfaces,
236, 240
Twist vectors, 500

Uniform parameterization, 2
Unclamped

circle, 578

curve, 576

knot, 571

Variation diminishing property, 12, 38,
87, 119, 131
Vector space of piecewise polynomial
curves, 47, 48 '
functions, 63-66

‘Warping, 533, 538, 542
Weights
differentiation with respect to, 520
modification of, 120, 130, 131, 261,
518, 526, 531
negative, 186, 469
rational Bézier, 27
rational B-spline, 117, 120, 131



