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Preface

This book covers the important topic of band theory and electronic properties
of materials. It is intended to be used by final-year undergraduates and first-
year graduate students studying condensed matter physics as part of a physics
or engineering degree. It may also be used as preparatory material for students
starting a doctorate in condensed matter physics or semiconductor devices, or
for recent graduates starting research in these fields in industry.

Why does this book exist?

Yet another book on the electronic properties of solids requires some expla-
nation. In teaching final-year undergraduates and first-year graduate students,
I have become frustrated with the scarcity of general texts which cover a
wide range of material synoptically. Students at this point in their careers
often have to embark on research projects, extended essays, literature searches,
and so on, in very diverse topics; they tend to dive straight into a specialised
text book covering one particular topic (one-dimensional solids, impurities in
semiconductors etc.) and to forget that this topic is part of a wider whole. The
outcome can be a blinkered attitude in which connections are missed, wheels
are reinvented and so on.

Secondly, the ‘old warhorses’ by Kittel and Ashcroft and Mermin, although
fine in many respects, have little connection with the huge explosion of re-
search in condensed matter physics over the last 20 years. The leap from many
such texts to current research topics is enormous; students, seeing illustrative
data from the 1950s and 1960s are often convinced that condensed matter
physics is no longer an active, glamorous research field.

Thirdly, there is a perceived gap between ‘undergraduate’ condensed matter
physics texts, which often flounder at length in one dimension, concealing the
wood with trees, and more advanced books such as Ashcroft and Mermin,
which is often rather daunting for undergraduates.

I therefore planned a book which would treat band theory and its
consequences at a simple level, but in three dimensions from the start,
and which would provide pointers to recent developments. The book would
give an overview of the field, suggesting literature which provided various
routes into current research topics.

The task was made easier when the book became part of the wider Oxford
Master Series in Condensed Matter Physics, a collection of six linked text-
books covering virtually all areas of the subject. Topics, such as superconduc-
tivity, which could lead to very lengthy diversions, could therefore be left to
someone else, leaving what I hope is a much more focused book.



vi Preface

IRor example, silicon, calcite and copper all
contain similar densities of electrons, and
yet they have very different properties, all
inexplicable without quantum mechanics.

Background

Band theory is evident all around us, and yet is one of the most stringent tests of
quantum mechanics. This book is therefore an attempt to reveal in a qualitative
fashion how band theory leads to the everyday properties of materials around
us.! It also provides many of the ideas and vocabulary necessary to understand
the electronic, optical and structural properties of the materials met in science
and technology.

An understanding of band theory has also led to an extraordinary burgeoning
of solid state technology; the average resident of Europe, Japan or the USA
interacts daily with hundreds of devices containing semiconductor logic,
memory or optoelectronics. A huge amount of research world-wide is
devoted to optimising and designing such devices. This book therefore aims
to provide the vocabulary and quantum-mechanical training necessary to
understand electronic, optoelectronic and other solid-state devices. Whilst
not treating the operation of devices in detail, the book introduces holes,
effective masses, doping, the use of reduced dimensionality, excitons etc. at
the level required for advanced texts on the fundamental principles of device
design.

The use of the book in a structured course

The book was designed to accompany a course of the same name in Oxford,
and it may be useful to give a brief description of this process. The course
comprises 12—16 lectures and three or four problems classes. Chapters 1-8 of
the book, corresponding to perhaps the first 70 % of the lectures and first two
classes, are intended to familiarise the student with the ideas and terminology
of electronic bandstructure (e.g. bands, holes, Fermi surface, effective mass
tensor, Landau quantisation, quasiparticles etc.). Thus equipped, the student
can proceed to the rest of the book, corresponding to the final lectures and
third (and fourth) classes, which deal with electron transport; i.e. the concepts
derived in the first part are used in the second to study e.g. the transport of heat
and electricity in metals and semiconductors, simple electronic devices and the
quantum Hall effect.

In all of this, it should be emphasised that the exercises are very much an
integral part of the book; they continue derivations and proofs started in the
text, illustrate the new concepts encountered, and allow the student to become
familiar with the typical sizes of important parameters. To gain maximum
benefit from the book, the reader should attempt a substantial proportion of
the exercises. Students vary greatly in ability, and I have included an appendix
containing hints on how to tackle the more taxing problems, plus some numer-
ical answers.

I have tended to assume that the reader will have already encountered some
of the ideas of condensed matter physics, at the level of (say) The Solid State by
Harry Rosenberg (OUP, Third Edition). However, this is not strictly necessary,
and I hope that the appendices make the work reasonably self-contained, or at
least provide a useful revision of related material. '

In order to leave space for recent developments, the Drude model and the



introduction of quantun statistics are treated synoptically, with an emphasis on
the underlying assumptions and failings in Chapter 1. The need for a deeper un-
derstanding of bandstructure is thereby illustrated. Chapters 2-5 then introduce
Bloch’s theorem fairly rigorously in three dimensions, at a level slightly below
that found in Ashcroft and Mermin; by this stage of their career, I believe that
students are ready for such a rigorous treatment with ‘no cheating’. The book
then considers (in three dimensions) two tractable limits of Bloch’s theorem,
a very weak periodic potential and a very strong periodic potential (so strong
that the electrons can hardly move from atom to atom). It is demonstrated
that both extreme limits give rise to bands, with band gaps between them. In
both extreme cases, the bands are qualitatively very similar; i.e. real potentials,
which must lie somewhere between the two extremes, must also give rise to
qualitatively similar bands and band gaps. The ideas of effective masses, band
shapes and bandwidths are related to the real space arrangement of the atoms
or molecules making up the substance in a qualitative way using the tight-
binding model.

Having introduced the ideas of effective masses and holes, semiconductor
bands are introduced in more detail, along with the idea of artificial struc-
tures such as superlattices and quantum wells, layered organic substances and
oxides; again, all are qualitatively understandable using the ideas of the tight-
binding model. In view of the presence of the book on soft condensed mat-
ter in the Master series, I did not consider it necessary to treat amorphous
solids.

Most of the available condensed matter physics texts provide a very poor
coverage of developments in the last twenty years. From Chapter 7 onwards I
mention some of the current ‘hot topics’, and show that they can be understood
using the techniques developed thus far in the book. In other words, by this
stage the students have acquired enough background information to grasp the
ideas behind recent research. Moreover, in illustrating examples of phenomena
such as the de Haas—van Alphen effect, I have used recent experiments. For ex-
ample, a crystalline organic metal is used as a ‘case study’ in Chapter 8. This is
no accident; since 1998, more papers have been written on the physics of these
materials than on the high-T; cuprates.? However, in five years, the hot topics
of condensed matter physics could be very different; if subsequent editions of
this book are ever produced, I should expect to use different materials as my
examples.>

I have tried wherever possible to use the standard symbols for quantities
encountered in research papers and other fields, so that transferring from this
book to other works is as painless as possible. Inevitably, this has led to one or
two conflicting definitions,* but these are always made clear by the context. A
list of the more commonly used symbols is given in one of the appendices.

In under three hundred pages, a book cannot be comprehensive.? Each chap-
ter therefore ends with a section pointing out more detailed or differing treat-
ments for the ambitious and simpler alternatives for the challenged. Relatively
recent review articles and sources of supplementary data are also given; in this
way, I hope that the book can function as a route to deeper, more specialised
study.®

Preface vii

[ am grateful to Paul Chaikin of Princeton
for this information.

3When reading these chapters, one of my
older colleagues said ‘but what about the
seminal experiments on the magnetisation of
metals in the 1930s?” My answer was that,
whilst these examples are historically inter-
esting, and worthy of considerable respect,
they are not representative of this thriving
field of research today. There are innumer-
able pictures of the oscillations in Bi and
Cu in existing books, to which the student is
referred if they are so inclined.

“4For example,  is both the electron density
and the quantum number of the Bohr atom; p
is both the hole density and the momentum.

5 As another John wrote ‘And there are also
many other things ..., the which, if they
should be written every one, I suppose that
even the world itself could not contain the
books that should be written’.

61 believe that it is a mistake to make a
book too comprehensive (e.g. some of the
books which purport to contain the whole
of ‘University Physics’). This discourages
the reader from seeking enlightenment else-
where, and can eventually lead to the belief
that one doesn’t need any other text book
or paper to ‘know physics’. Gaining experi-
ence in sifting information, doing literature
searches and seeking connections is invalu-
able and helps to develop the student’s criti-
cal skills.



viii Preface

7Please email corrections to j.singleton1 @
physics.ox.ac.uk.
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Metals: the Drude and
Sommerfeld models

1.1 Introduction

The discovery of the electron just over a century ago was a turning point
in the study of condensed matter physics.! The existence of these tiny,
charge-carrying particles in solids gave an obvious mechanism for electrical
conductivity. The question then arose ‘if all solids contain electrons, why do
some conduct electricity whilst others do not?” We shall follow the path taken
by many of the early scientists in this field and first examine metals, the class of
solids in which the presence of the charge-carrying electrons is most obvious.
By discovering why and how metals exhibit high electrical conductivity, we
can, with luck, start to understand why other materials (glass, dlamond wood)
do not.

1.2 What do we know about metals?

In our attempt to understand metals, it is useful to list some of their properties,
and contrast them with other classes of solids.

(1) The metallic state is favoured by elements; more than two thirds are
metals.

(2) Metals tend to come from the left-hand side of the periodic table;
therefore, a metal atom will consist of a rather tightly bound ‘noble-gas-
like’ ionic core surrounded by a small number of more loosely-bound
valence electrons.

(3) Metals form in crystal structures which have relatively large numbers
ngn of nearest neighbours, e.g.

¢ hexagonal close-packed np, = 12

o face-centred cubic ngy, = 12

e body-centred cubic n,; = 8 at distance a (the nearest-neighbour
distance) with another 6 at 1.15 a.

e These figures may be compared with typ1cal ionic and covalent
systems in which np, ~ 4-6).

e The large coordination numbers and the small numbers of valence
electrons (~ 1) in metals imply that the outer electrons of the metal
atoms are occupying space between the ionic cores rather uniformly.

~ (4) The fact that the valence electrons are rather evenly spread between
the ionic cores suggests that the bonds that bind the metal together are
rather undirectional; this is supported by the malleability of metals. By

S

1.1 Introduction 1
1.2  What do we know about
metals? 1

1.3 The Drude model
1.4 The failure of the Drude

model 4
1.5 The Sommerfeld model 7
1.6 Successes and failures of the

Sommerfeld model 13

A synopsis of the early history of this field
is given in the introduction of The theory
of the properties of metals and alloys, by
N.E. Mott and H. Jones (Oxford University
Press, second edition 1958), an old book, but
still a classic. The review includes listings
of the original publications of Drude and
Sommerfeld.



2 Metals: the Drude and Sommerfeld models

Fig. 1.1 Schematic representations of a sin-
gle, isolated metal atom and a solid metal.
The atom (left) consists of a nucleus (size
greatly exaggerated!) of charge +eZ. sur-
rounded by the core electrons, which provide
charge —e(Z; — Z), and Z valence electrons,
of charge —eZ. In the solid metal (right), the
core electrons remain bound to the nucleus,
‘but the valence electrons move throughout
the solid, becoming conduction electrons.

2Although all of the equations and deriva-
tions in this book employ SI units, you will
find that I often give quantities involving
length or area using the units Angstroms (=
1010 g, symbol A) or centimetres (cm).
Whilst the cgs units for electromagnetism
are beginning to fall into disuse (shame!),
the non-SI units of length persist in research
papers and review articles because. they are
s0 very convenient (e.g. atomic Or ionic spac-
ings in solids fall in the range 2-3 A, which
somehow seems easier to remember than
0.2-0.3 nm). It is therefore necessary to get
used to these units, and this is the reason that
I have not excised them from the text.

3 In the subsequent sections, the Drude model
will be seen to fail rather spectacularly in

some respects. This does not lessen my gréat

respect for Drude; after all, his original paper
was published less than three years after the
discovery of the electron!

- Nucleus I - Nucleus
|__—| Core electrons o I: Core

E Valence electrons E Conduction electrons

contrast, ionic and covalent solids, with their more directional bonds
(deduced from the smaller number of nearest neighbours mentioned
above) are brittle.

(5) There is a lot of ‘empty space’ in metals; e.g. Li has an interatomic
distance of 3 A, but the ionic radius is only about 0.5 A.2 This implies
that there is a great deal of volume available for the valence (conduction)
electrons to move around in. This is actually one of the reasons why
solid metals are stable; the valence electrons have a much lower zero-
point energy when they can spread themselves out through these large
volumes than when they are confined to one atom.

We therefore picture the metal as an array of widely spaced, small ionic
cores, with the mobile valence electrons spread through the volume between
(see Fig. 1.1). The positive charges of the ionic cores act to provide charge
neutrality for the valence electrons, confining the electrons within the solid
(see Fig. 1.2).

1.3 The Drude model

1.3.1 Assumptions

The Drude model was the first attempt to use the idea of a ‘gas’ of electrons,
free to move between positively charged ionic cores, in order to explain the
properties of metals.? The assumptions of the Drude model are

e a collision indicates the scattering of an electron by (and only by) an
ionic core, i.e. the electrons do not ‘collide’ with anything else;

e between collisions, electrons do not interact with each other (the
independent electron approximation) or with ions (the free electron
approximation);

e collisions are instantaneous and result in a change in electron velocity;

e an electron suffers a collision with probability per unit time t~! (the
relaxation-time approximation), i.e. v~1 is the scattering rate;

e electrons achieve thermal equilibrium with their surroundings only
through collisions.
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These assumptions should be contrasted with those of the kinetic theory of
conventional gases.* For example, in conventional kinetic theory, equilibrium
is achieved by collisions between gas molecules; in the Drude model, the
‘molecules’ (electrons) do not interact with each other at all!

Before discussing the results of the Drude model in more detail, we shall
examine the way in which the scattering rate can be included in the equations
of motion of the electrons. This approach will also prove to be very useful in
more sophisticated treatments than the Drude model.

1.3.2 The relaxation-time approximation

The current density J due to electrons, of average velocity v, is>

ne
J=—nev=—-—~p,
me

(1.1)

where m. is the electron mass, #n is the electron density and p is the average
electron momentum. Consider the evolution of p in time §¢ under the action
of an external force £(¢). The probability of a collision during &t is 5—:, i.e. the
probability of surviving without colliding is (1 — %). For electrons that don’t
collide, the increase in momentum &p is given by®

5p = £(1)8t + O(81)2. (1.2)

Therefore, the contribution to the average electron momentum from the
electrons that do not collide is

p(t +61) = (1 — 3{)@(:) +8(8t + 0(8)?). (1.3)

Note that the contribution to the average momentum from electrons which have
collided will be of order (8z) and therefore negligible. This is because they
constitute a fraction ~ §¢/t of the electrons and because the momentum that
they will have acquired since colliding (each collision effectively randomises
their momentum) will be ~ £(¢)é:.
Equation 1.3 can then be rearranged to give, in the limit §t — 0
dp(r) _ p(®

= = ().

dt T (14

1.3  The Drude model 3

Fig. 1.2 Schematic of the electronic poten-
tial assumed in the Drude and Sommerfeld
models of metals (a). The small-scale de-
tails of the potential due to the ionic cores
(shown schematically in (b)) are replaced by
an average potential —Vj. In such a picture,
the ionic cores merely maintain charge neu-
trality, hence keeping the electrons within
the metal; the metal sample acts as a ‘box’
containing electrons which are free to move
within it.

4See e.g. Three phases of matter, by Alan
J. Walton, second edition (Clarendon Press,
Oxford, 1983) Chapters 5-7.

31 shall use the symbol e to denote the mag-
nitude of the electronic charge, i.e. —e is the
charge of the electron, +¢ is the charge on the
positron.

6The 0(5t)? comes from the fact that I have
allowed the force to vary with time. In other
words, the force at time ¢ + 8¢ will be slightly
different than that at time ¢; e.g. if 8¢ is very
small, then £(z + 8¢) ~ £(z) + (df/dr)éz.
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7Most metals have resistivities (1/¢) in the
range ~ 1 — 20 uQ2cm at room temperature.
Some typical values are tabulated on page 8
of Solid state physics, by N.-W Ashcroft and
N.D. Mermin (Holt, Rinehart and Winston,
New York, 1976).

8See Section C.1.4 and/or any statistical me-
chanics book (e.g. Three phases of matter,
by Alan J. Walton, second edition (Clarendon
Press, Oxford, 1983) page 126; Statistical
physics, by Tony Guenault (Routledge, Lon-
don, 1988) Section 3.2.2.

In other words, the collisions produce a frictional damping term. This idea will
have many applications, even beyond the Drude model; we shall now use it to
derive the electrical conductivity.

The electrical conductivity o is defined by

J=0E, (1.5)

where E is the electric field. To find o, we substitute f = —¢E into eqn 1.4; we
also set 5‘-%(,3 = 0, as we are looking for a steady-state solution. The momentum
can then be substituted into eqn 1.1, to give

o= nezt/me. (1.6)

If we substitute the room-temperature value of o for a typical metal’ along
with a typical n ~ 1022-10?3cm™3 into this equation, a value of T ~ 1-10 fs
emerges. In Drude’s picture, the electrons are the particles of a classical gas,
so that they will possess a mean kinetic energy

1 3
Eme(vz) = —z-kBT

(see Section C.1.4; the brackets ( ) denote the mean value of a quantity). Using
this expression to derive a typical classical room temperature electron speed,
we arrive at a mean free path vt ~ 0.1-1 nm. This is roughly the same as the
interatomic distances in metals, a result consistent with the Drude picture of
electrons colliding with the ionic cores. However, we shall see later that the
Drude model very seriously underestimates typical electronic velocities.

1.7)

1.4 The failure of the Drude model

1.4.1 Electronic heat capacity

The Drude model predicts the electronic heat capacity to be the classical
‘equipartition of energy’ result® i.e.

3
Ce = —Z-nkB. (1.8)

This is independent of temperature. Experimentally, the low-temperature heat
capacity of metals follows the relationship (see Figs. 1.3 and 1.4)

Cy=yT +aT>. (1.9)

The second term is obviously the phonon (Debye) component (see Sec-
tion D.3), leading us to suspect that Cq = yT. Indeed, even at room
temperature, the electronic component of the heat capacity of metals is much
smaller than the Drude prediction. This is obviously a severe failing of the
model.

1.4.2 Thermal conductivity and the Wiedemann-Franz
ratio

The thermal conductiviiy « is defined by the equation

J, = —kVT, (1.10)
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where J; is the flux of heat (i.e. energy per second per unit area). The Drude
model assumes that the conduction of heat in metals is almost entirely due to
electrons, and uses the kinetic theory expression? for «, i.e.
1 2
k= =(v
3%

Ce is taken from eqn 1.8 and the speed takes the classical thermal value, i.e.
1me(v?) = 3kgT (see Section C.1.4).

The fortuitous success of this approach came with the prediction of the
Wiedemann—Franz ratio, «/o. It had been found that the Wiedemann—Franz
ratio divided by the temperature, L = «/(cT),!° was close to the constant
value ~ 2.5 x 10"8WQK~? for many metals at room temperature.!! Substi-
tuting eqns 1.6 and 1.11 into this ratio leads to

7Ce. (1.11)

~ 1.1 x 107 WQK™2. (1.12)

However, in spite of this apparent success, the individual components of
the model are very wrong: e.g. Ce in the Drude model is at least two
orders of magnitude bigger than the experimental values at room temperature!
Furthermore, experimentally /(o T) drops away from its constant value at
temperatures below room temperature (see Fig. 1.5); the Drude model cannot
explain this behaviour.

1.4 The failure of the Drude model 5

Fig. 1.3 Heat capacity of Co at low tem-
peratures. A is the experimental curve, B is
the electronic contribution ¥ T and C is the
Debye component AT3. (Data from G. Duy-
ckaerts, Physica 6, 817 (1939).)

Fig. 1.4 Plot of Cy/T versus 72 for Cu; the
intercept gives y. (Data from W.S. Corak et
al., Phys. Rev. 98, 1699 (1955).)

9See any kinetic theory book, e.g. Three
phases of matter, by Alan J. Walton, second
edition (Clarendon Press, Oxford, 1983) Sec-
tion 7.3.

10L = «/(oT) is often referred to as the
Lorenz number.

llTypical values of « and o for metals are
available in Tables of physical and chemical
constants, by G.W.C. Kaye and T.H. Laby
(Longmans, London, 1966); find the book
and check out the Lorenz number for your-
self!
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Fig. 1.5 Schematic of experimental variation
of L = /(o T) with temperature; L is the
theoretical value of L derived in Chapter 9.
The high temperature limit of the figure rep-
resents room temperature.

L,

\ Ideally

pure

Temperature

1.4.3 Hall effect

The Hall effect occurs when a magnetic field B is applied perpendicular to
a current density J flowing in a sample (see Fig. 10.1 for the geometry of a
typical experiment). A Hall voltage is developed in the direction perpendicular
to both J and B. For simplicity, we shall assume that the current flows parallel
to the x direction and that the magnetic field is parallel to to z direction; the
Hall voltage will then be developed in the y direction.

The presence of both electric and magnetic fields means that the force on an

electron is now f = —¢E — ev x B. Equation 1.4 becomes
d v
Y _fg-fyxB-Y (1.13)
dr Me Me T

In steady state, the left-hand side vanishes, and the two components of the
equation read

vy =—LF - WeTVy (1.14)
mMe
and
etT
mMe

where we have written w. = eB/me (w is of course the classical cyclotron
angular frequency). If we impose the condition vy, = 0 (no current in the y
direction; see Fig. 10.1) we have

E
ﬁ = —@T. (1.16)
Writing J, = —enu,, eqns 1.14 and 1.16 can be combined to give
E 1
Ry= 2% = ——. 1.17
H JyB ne ( )

Ry is known as the Hall coefficient.

The Drude model therefore predicts.the surprising fact that Ry is indepen-
dent of both the magnitude of B and the scattering time t. In reality, however,
Ry is found to vary with magnetic field (see Fig. 1.6) In many cases (see
Table 1.1) the Hall coefficient is even positive! 1 shall offer an explanation of
these effects in Chapter 10, where the Hall effect will be treated much more
rigorously.
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Table 1.1 Observed and calculated values of the Hall coefficient Ry

in units of 10~ !!m3C~! for several metals. The calculated values
assume j free electrons per atom.

Metal Observed Ry  Calculated Ry  j
Li —17.0 —13.1 1
Na -25.0 —24.4 1
Cu -5.5 —7.4 1
Ag —8.4 -104 1
Zn +4.1 —4.6 2
Cd +6.0 —6.5 2

1.4.4 Summary

Although the Drude model was a brave attempt to apply classical kinetic theory
to the electrons in a metal, it is plainly flawed in many respects.!

In order to start to remedy the most severe failings (e.g. the electronic heat
capacity, the thermal conductivity) we must treat the electrons as quantum-
mechanical particles (fermions), rather than the molecules of a classical gas.
As we shall see in the next section, this will dramatically constrain the way in
which electrons can involve themselves in the thermal properties of the metal.
Our treatment is based on the work of Sommerfeld,'3 who introduced quantum
statistics by replacing the Maxwell-Boltzmann distribution of the Drude model
by the Fermi-Dirac distribution function.!4

1.5 The Sommerfeld model

1.5.1 The introduction of quantum mechanics

Quantum mechanics tells us that we can only have a certain number of states
N per unit volume of phase space, where

1 J
N = (E) Vij Vrjs

where j is the number of dimensions, Vj; is the k-space volume and V,; is the
r-space (i.e. real) volume (see Appendix B for a derivation). For example, in

(1.18)

1.5 The Sommerfeld model 7

Fig. 1.6 —1/(Ryne) for aluminium as a
function of magnetic field. Data taken from
R. Liick, Phys. Stat. Sol. 18, 49 (1966).

121 re-emphasise my respect for the pioneer
Drude; the model was the first attempt to
understand metals on a microscopic level. Al-
though flawed, its prediction of the correct or-
der of magnitude for the Wiedemann-Franz
ratio provoked a large amount of further work
which led to the Sommerfeld model.

Bgor citations of the original papers, see
The theory of the properties of metals and
alloys, by N.F. Mott and H. Jones (Oxford
University Press, second edition 1958).

14-The assumptions used in deriving the
Maxwell-Boltzmann and Fermi-Dirac distri-
bution functions are treated in Sections C.1.2
and C.1.3.
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15Mzmy condensed matter physics texts
spend time on hand-waving arguments which
supposedly justify the fact that electrons do
not interact much with the ionic cores. Jus-
tifications used include ‘the ionic cores are
very small’; ‘the electron—ion interactions
are strongest at small separations but the
Pauli exclusion principle prevents electrons
from entering this region’; ‘screening of ionic
charge by the mobile valence electrons’;
‘electrons have higher average kinetic ener-
gies whilst traversing the deep ionic potential
wells and therefore spend less time there’.
We shall see in Chapters 2-5 that it is the
translational symmetry of the potential due
to the ions which allows the electrons to
trave]l for long distances without scattering
from anything.

16\fetallic carrier densities are usually in the
range ~ 10221023 cm—3. Values for several
metals are tabulated in Solid state physics, by
N.W Ashcroft and N.D. Mermin (Holt, Rine-
hart and Winston, New York, 1976), page 5.
See also Exercise 1.1.

175ee Exercisc 1.2; selected bulk moduli for
metals have been tabulated on page 39 of
Solid state physics, by N.W" Ashcroft and
N.D. Mermin (Holt, Rinehart and Winston,
New York, 1976).

three dimensions

3
N = (—1—> Vi3 V3. (1.19)
2
Now we assume electrons free to move within the solid; once again
we ignore the details of the periodic potential due to the jonic cores (see
Fig. 1.2(b)),15 replacing it with a mean potential —Vy (see Fig. 1.2(a)). The
energy of the electrons is then

2 h2k2
E®R) = —Vo+ 2— = Vo + ——.
2me 2me

(1.20)

However, we are at liberty to set the origin of energy; for convenience we

choose E = 0 to correspond to the average potential within the metal
(Fig. 1.2(a)), so that
h2k? .
Ek) = . (1.21)
2me

Let us now imagine gradually putting free electrons into a metal. At T =
0, the first electrons will occupy the lowest energy (i.e. lowest |k|) states;
subsequent electrons will be forced to eccupy higher and higher energy states
(because of Pauli’s exclusion principle). Eventually, when all N electrons are
accommodated, we will have filled a sphere of k-space, with

1 34 4
N= 2(5)3§nkFVr3, (1.22)
where we have included a factor 2 to cope with the electrons’ spin degeneracy
and where kp is the k-space radius (the Fermi wavevector) of the sphere of
filled states. Rearranging, remembering that n = N/ V,3, gives

ke = (3m2n)3. (1.23)
The corresponding electron energy is
h2 k2 h2
Ep=—F = — (3n%n)}3. (1.24)
2me 2me

This energy is called the Fermi energy.

The substitution of typical metallic carrier (i.e. electron) densities into
eqn- 1.24,16 produces values of Ef in the range ~ 1.5-15 eV (i.e. ~ atomic
energies) or Ep/kg ~ 20 — 100 x 103 K (i.e. > room temperature). Typical
Fermi wavevectors are kg ~ 1/(the atomic spacing) ~ the Brillouin zone
size (see Chapter 2) ~ typical X-ray k-vectors. The velocities of electrons at
the Fermi surface are vp = hkr/m. ~ 0.01c. Although the Fermi surface
is the T = 0 ground-state of the electron system, the electrons present are
enormously energetic!

The presence of the Fermi surface has many consequences for the properties
of metals; e.g. the main contribution to the bulk modulus of metals comes from
the Fermi ‘gas’ of electrons.!’
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1.5.2 The Fermi-Dirac distribution function

In order to treat the thermal properties of electrons at higher temperatures,
we need an appropriate distribution function for electrons from statistical
mechanics. The Fermi—Dirac distribution function is (see Appendix C)

1
/D(E.T) = E-RTT 11’ (1.25)

where u is the chemical potential; fp gives the probability of occupation of a

state of energy E. One of the definitions of the chemical potential'® is that it is

the energy at which the probability of occupation is % (see also Section C.1).
Figure 1.7 shows fp at T = 0 and at a finite temperature T < Eg/kp (e.g.

room temperature). Considering first the T = 0 figure, we see that
Erp= (T =0). (1.26)

This defines Ef.
Turning to the finite T figure, fp only varies significantly within ~ kg7 of
wu. This has two implications.

(1) As kT < EF, this implies that u =. Ef (see Exercise 5). In much of
what follows, we shall make use of Fermi—Dirac statistics. Strictly the
chemical potential y is the fundamental energy used in the Fermi-Dirac
distribution function fp. However, for a typical metal at all accessible
temperatures (i.e. until it melts) 4 ~ Eg = u(T = 0). The substitution
4 — Er made in the thermodynamic analysis below (for convenience)
results in minimal errors.

(2) Only electrons with energies within ~ kgT of u, i.e. Ef, will be able
to contribute to thermal processes, transport etc. Electrons further below
w will be unable to acquire sufficient thermal energy to be excited into
empty states; states more than ~ kg7 above u will be empty.

1.5.3 The electronic density of states

In subsequent derivations, it will be useful to have a function that describes the
number of electron states in a particular energy range. We start by substituting

1.5 The Sommerfeld model 9

Fig. 1.7 The Fermi-Dirac distribution func-
tion at 7 = 0 and at a finite temperature
T < Eg/kg.

8The chemical potential is often (confus-
ingly) referred to as the Fermi level. Although
you will see this usage in other books, |
have tried to stick to chemical potential,
to avoid confusion with the Fermi energy.
Furthermore, I find the term ‘Fermi level’
defective, in that it implies that there is a
quantum-mechanical state (level) present at
that energy. As we shall see when we come to
treat semiconductors (Chapter 6), there need
be no such state at that energy.
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Fig. 1.8 Comparison of the Maxwell-
Boltzmann and Fermi-Dirac distribution
functions using parameters relevant for a
typical metal at room temperature. The con-
centration of filled states at low energies in
the Maxwell-Boltzmann distribution is the
reason why the Drude model fails to describe
the thermal properties of metals.
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a general value of k in eqn 1.22 instead of kg. This gives n(k), the number
of states per unit volume of r-space with wavevectors less than |k| (see also
Section B.1.1). For free electrons, with energy E = h?k?/2m., one can then
define a density of states, g(E), where g(E)dE is the number of electrons per
unit volume of r-space with energies between E and E + dE:

dn  dn dk 2me 3 1

Ez. 1.27
dE ~ dkdE 27r2(f2) 129
Before going on to use g(E) in calculating the electronic heat capacity, I shall

point out a very useful expression for g(E) at energies close to the Fermi
energy.

g(E)=

1.5.4 The electronic density of states at E ~ Ex

As only the electrons within ~ kg7 of Er are able to take part in thermal
processes, only the density of electron states at the Fermi energy, g(EF),
will be particularly important in many calculatlons In the free-electron

approximation, the Fermi energy is given by Er = 2m (371' n) 5 (seeeqn 1.24).
Taking natural logarithms gives

In(EEg) = 2 ln(n) + const. (1.28)

Differentiating (i.e. making infinitessimal changes in Er and n) gives

dEF 2 dn

. 1.29
EF 3 n ( )



We rearrange to obtain'?

dn )
— =g(Ep) =

i (1.30)

NS RON]

n
Ep
1.5.5 The electronic heat capacity

Let U(T) be the energy of the electron system at temperature 7. At absolute
zero, the electronic states are filled up to £ = Ef and empty for higher
energies. U (0) can therefore be evaluated rather easily:

S
Ep EZ [2m
U(0) = Eg(E)dE = —E °) .
() /0 g(E) 5ﬂ2(h2)

(I[N}

(1.31)

where g(E) has been taken from eqn 1.27.

At finite temperature, electrons are excited into higher levels, and the
expression for the energy of the electron system becomes slightly more
complicated

Ur) = /0 E g(E) folE, T)AE

1 (2m\E [ Bl .
T2\ 52 ) Jy (E-w/keT £1)

The integral in eqn 1.32 is a member of the family of so-called Fermi—Dirac

integrals
[e9] yj
o0 = [ o

There are no general analytical expressions for such integrals, but certain
asymptotic forms exist.2 Comparison with eqn 1.32 shows that yp = u/kpT;
we have seen that for all practical temperatures, u© = Eg > kgT. Hence, the
asymptotic form that is of interest for us is the one for which yy is very large
and positive:

(1.32)

(1.33)

Jj+1 20
Y n°j(G+1)
Fj(y0) ~ ~2— (1 + LT

+00TH + ... 1.34
s 6y3 ¥ ) ) (1.34)

Using eqn 1.34 to evaluate eqn 1.32 in the limit u > kg T yields

3

2 s S (nkgT\2. 1 [2m.\?

UT) = Zu2{l+ = .
@ 5#{+8(M)}2n2(h2)

(1.35)

We are left with the problem that u is temperature dependent; u is
determined by the constraint that the total number of electrons must remain
constant:

n=/0 Er g(E) fo(E,T)AE

ERNAN E% iE
T2\ w2 ) Jo E-wikeT 41y

(1.36)

1.5 The Sommerfeld model 11

19Note that this expression contains only n
and Ey: the mass of the electron and the spin
degeneracy (factor 2) which feature in the
prefactors in eqns 1.24 and 1.27 do not show
up. This means that eqn 1.30 has a rather
wider applicability than its simple deriva-
tion might suggest; remember this when you
come to do Exercise 5.3.

20Tpe asymptotic forms were originally
treated by Sommerfeld (Z. Physik 47, 1
(1927); an English version is given in Rev.
Mod. Phys. 3, 1 (1931)). J. McDougall and
E.C. Stoner have tabulated a wide range of
asymptotic forms in Phil. Trans. Roy. Soc.
A237, 67 (1968). Chapter 2 and Appendix C
of Solid state physics, by N.-W Ashcroft and
N.D. Mermin (Holt, Rinehart and Winston,
New York, 1976) show some of the algebra
used in evaluating the asymptotic forms for
yo > L.
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2l The method for deriving the electronic
heat capacity used in books such as Intro-
duction to solid state physics, by Charles
Kittel, seventh edition (Wiley, New York,
1996) looks at first sight rather simpler than
‘the one that I have followed. However, Kit-
tel’s method contains a hidden trap which is
not mentioned; it ignores (du/dT), which is
said to be negligible. This term is actually of
comparable size to all of the others in Kittel’s
integral (see Solid state physics, by N.W
Ashcroft and N.D. Mermin (Holt, Rinehart
and Winston, New York, 1976) Chapter 2),
but happens to disappear because of a cun-
ning change of variables. By the time all of
this has explained in depth, Kittel’s method
looks rather more tedious and less clear, and
1 do not blame him for wishing to gloss over
the point!

This contains the j = % Fermi-Dirac integral, which may also be evaluated
using eqn 1.34 (as u > kpT; see Exercise 1.5) to yield

kgT
~Ep{l——|—) } 1.37
u~ Bl - 35 ( ) } (1.37)
Therefore, using a polynomial expansion
5 3 57‘[2 kT 2
I BRI - — [ — ] ... : 1.38
ut ~ EE{l- = ( > ) ) (1.38)

Combining eqns 1.35 and 1.38 and neglecting terms of order (kg 7T/ Eg)* gives

3
2 s kpT 5 (wksT\2 1 [2me\2
U(T)rcgEls{l_-_27< m ) }{1+8< o )}2n2(h2e)

3
2 5 [akgT\%. 1 [2me\?2
~E il .
F{+12< p )}2n2<h2)

Thus far, it was essential to keep the temperature dependence of w in the
algebra in order to get the prefactor of the temperature-dependent term in
eqn 1.39 correct. However, eqn 1.37 shows that at temperatures kg7 < u (e.g.
at room temperature in typical metal), 4 &~ EF to a high degree of accuracy.
In order to get a reasonably accurate estimate for U (T') we can therefore make
the substitution # — E in denominator of the second term of the bracket of
eqn 1.39 to give

(1.39)

U©) + njrzk%T2
4Er
where we have substituted in the value for U (0) from eqn 1.31. Differentiating,

we obtain

ur) = (1.40)

U 1 , KT

Co=—=< —_.

= T2 Ve
Equation 1.41 looks very good as it

(1.41)

(1) is proportional to T, as are experimental data (see Figs. 1.3 and 1.4);
(2) is a factor ~ ’%FZ smaller than the classical (Drude) value, as are
experimental data.

Just in case the algebra of this section has seemed like hard work,?! note
that a reasonably accurate estimate of Cgj can be obtained using the following
reasoning. At all practical temperatures, kg7 < EFf, so that we can say that
only the electrons in an energy range ~ kg7 on either side of u ~ Ef will
be involved in thermal processes. The number density of these electrons will
be ~ kgT g(Er). Each electron will be excited to a state ~ kg7 above its
ground-state (T = 0) energy. A reasonable estimate of the thermal energy of
the system will therefore be

3 kgT
U(T) = U(0) ~ (ks T)*g(Er) = SnkpT ( B
2 Er
where I have substituted the value of g (Eg) from eqn 1.30. Differentiating with

respect to 7', we obtain
kgT
Cel = 3 k
el = JNKB ( Er )
which is within a factor 2 of the more accurate method.
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1.6 Successes and failures of the Sommerfeld
model

The Sommerfeld model is a great improvement on the Drude model; it can
successfully explain

e the temperature dependence and magnitude of Cey;

o the approximate temperature dependence and magnitudes of the thermal
and electrical conductivities of metals, and the Wiedemann—Franz ratio
(see Chapter 9);

e the fact that the electronic magnetic susceptibility is temperature
independent.??

It cannot explain

e the Hall coefficients of many metals (see Fig. 1.6 and Table 1.1;
Sommerfeld predicts Ry = —1/ne);

o the magnetoresistance exhibited by metals (see Chapter 10);
o other parameters such as the thermopower;
o the shapes of the Fermi surfaces in many real metals;

o the fact that some materials are insulators and semiconductors (i.e. not
metals).

Furthermore, it seems very intellectually unsatisfying to completely disregard
the interactions between the electrons and the ionic cores, except as a source
of instantaneous ‘collisions’. This is actually the underlying source of the
difficulty; to remedy the failures of the Sommerfeld model, we must re-
introduce the interactions between the ionic cores and the electrons. In other
words, we must introduce the periodic potential of the solid.

Further reading

A more detailed treatment of the topics in this chapter is given in Solid state
physics, by N.-W Ashcroft and N.D. Mermin (Holt, Rinehart and Winston,
New York, 1976), Chapters 1-3. Other useful information can be found in
Electricity and magnetism, by B.I. Bleaney and B. Bleaney, third edition
(Oxford University Press, Oxford, 1989), Chapter 11, Solid state physics, by
G. Burns (Academic Press, Boston, 1995), Sections 9.1-9.14, Electrons in
metals and semiconductors, by R.G. Chambers (Chapman and Hall, London,
1990), Chapters 1 and 2, and Introduction to solid state physics, by Charles
Kittel, seventh edition (Wiley, New York, 1996), Chapters 6 and 7.

22The susceptibility of metals in the
Sommerfeld model is derived in Chapter 7
of Magnetism in condensed matter, by S.
Blundell (OUP 2001).
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Exercises

I use some of the following exercises to introduce the idea of an
effective mass m* in a gentle fashion. As we shall see in later
chapters, the effective mass is a convenient way of describing
how the ionic potential within a crystal modifies the dynamics
of an electron. The exercises that follow contain the most
simple manifestation of the effective mass;23 we assume that the
energies of the electrons are given by £ = h2k2/2m*, where
m* is a constant, rather than by the free-electron expression
E = h%2)2me.

In all of the following you may assume that the number of &
states in V,;, a j-dimensional volume of -space, and Vy;, a j-
dimensional volume of k-space, is given by (%T-)f VrjVij (see
Appendix B).

(.1 a) A sample contains N electrons, which behave as
free particles with energy F = h2k2 /2m*, where
m* is an effective mass. Derive formulae for the
Fermi energy (EF) in the following cases.

(i) The sample is one-dimensional (1D), and is

of length d.

(ii) The sample is two-dimensional (2D), and is

-of area A.

(iii) The sample is three-dimensional (3D), and is
of volume V.

In each case, show that the density. of states at Eg

is of the form

n
8(Ep) = SE_F (1.42)
with £ a number ~ 1 and
N/d (1D)
n=4{ N/A (2D) (1.43)
N/V (3D).

Hence show that, irrespective of the number of
dimensions, g(Ep) is proportional to m*. (This
observation will be important later on).

b) Calculate Ef in both eV (electron volts) and K
(kelvins) for (a) Copper, which has a fcc structure
with-a = 0.361 nm and is monovalent (assume
that m* ~ me); (b) a GaAs-(Ga,Al)As hetero-
junction containing 3 x 10'1em~2 electrons with
m* = 0.07me (never mind what a heterojunction
is; look at the carrier density to see its dimensional-
ity)24 and (c) a one-dimensional organic conductor
whose unit cells each contribute one mobile elec-
tron (m* ~ me) and are 8 A long.

(1.2) Thermodynamics of the Fermi surface.

a) Show that the mean energy of each electron in a
3D free electron system at T = 0 is %EF Hence or
otherwise show that the bulk modulus By, of such
an electron system is given by

oP 2
By =-V|— = —nEF,
" (BV)N 3"F

where all the symbols have the same meaning as in
Exercise 1.1. (Hint: remember that dU = TdS —
PdVv.)

b) Substitute values of n and E for copper (see Ques-
tion 1) into your expression for By and compare
with the actual bulk modulus of the metal itself.
The two figures should be of the same order of
magnitude, i.e. metals would probably be pools of
gunge lying on the floor if they didn’t have a Fermi
surface.

(1.44)

(1.3)  a) Explain briefly why the low-temperature heat ca-
pacity of a metal is often plotted in the form C/T

versus T2.

b) Using the Sommerfeld formalism (free electrons
plus quantum statistics), derive a formula for the
intercept y of such a curve with the C/T axis at
T2 =0.

c) Copper has a fcc structure with a = 0.361 nm and
is monovalent; estimate y for copper, assuming
that m* = me. Compare your estimate with the
experimental value 0.695 mJmol~'K~2. Why do
you think that your answer is a little smaller than
the experimental value?

d) The metallic compound UPt; has y =
450 mJmol~!K~2. Give an order-of-magnitude
estimate of the electronic effective mass in UPt3.
Why might UPt3 be known as a ‘heavy fermion
compound’?

(1.4)* Show that the electrical conductivity ¢ in the Sommer-
feld model at T = 0 is given by o = nezt/me;
i.e. it is identical with that in the Drude model. To do
this, first use the relaxation time approximation to show
that the effect of an external force f on each electron
is to displace the whole Fermi surface by an amount

23 In later chapters we shall see that m* may be a function of energy and/or a tensor quantity.

24 There will be more on heterojunctions in later chapters.



(L.5)

8k = ft/h. Hence show that this leads to a total current
density in the direction of the force given by

2 —ehkl fr
T @Qm)? me h
where 6 is the polar angle in spherical polar coordinates

Finally, by putting f = —eFE, where E is an E-field,
obtain the conductivity.

b3
f sind cos? 6do,
0

Derivation of the thermopower (Thomson coefficient) of
a metal within the Sommerfeld model. The thermopower
is a voltage which arises because of the temperature
difference between two ends of a rod.

a) Show that the chemical potential ;£ (7T') in the Som-
merfeld model has the temperature (7') dependence
2
T kBT 2

~ Ep{l — —(—)*},

n~ Ep{ D ( Er )7}

where Eg = 1 (0). Evaluate (Er — u(T'))/Eg) for

Cu at room temperature.

b) If one end of the rod is at temperature T and the

other is at T, then a voltage V will appear across
the ends of the rod given by

w(T) — uw(1p) = —eV.

(1.45)

(1.6)

(1.7*
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Hence the thermopower (dV/dT) is given by

dv. ldu
dT ~ edT’

Evaluate this for copper.25

Derive an expression for the frequency-dependent rel-
ative permittivity of a metal using the relaxation-time
approximation and the free-electron model. Estimate the
plasma frequency for a typical metal such as copper.

(This exercise is a numerical check that the energy
broadening A E of the Fermi-Dirac distribution function
shown in Fig. 1.7 is ~ kg T'. It also serves as a test of the
approximations in Section 1.5.5.) Evaluate u for Cu by
numerically integrating Equation 1.36, for temperatures
0, 10K, 30 K, 100 K, 300 K and 1000 K. Use the values
obtained to plot the Fermi-Dirac distribution function
versus energy for these temperatures (use a spreadsheet
or mathematical package), and compare AE with kgT
using a criterion of your own devising. (You may ignore
the thermal expansion of Cu. On the other hand, it is a
rewarding exercise to see how much difference thermal
expansion makes to the answer!)

%5 Note that the thermopower can only have one sign in the Sommerfeld model, in contrast to observations on real metals, where both positive and
negative values are obtained.
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ISee Appendix A or, for example, Intro-
duction to solid state physics, by Charles
Kittel, seventh edition (Wiley, New York,
1996) pages 4-7.

2Notice that the units of G are the same
as those of the wavevector k (also known
as propagation vector) of a particle; |kj =
27 /), where A is the de Broglie wavelength.
Therefore the G are vectors in k-space.

The quantum mechanics
of particles in a
periodic potential:
Bloch’s theorem

2.1 Introduction and health warning

In this chapter we shall set up the formalism for dealing with a periodic
potential; this is known as Bloch’s theorem. The next three chapters are going
to appear to be hard work from a conceptual point of view. However, although
the algebra looks complicated, the underlying ideas are really quite simple;
after some reflection, you should be able to reproduce the various derivations
yourself.

I am going to justify the Bloch theorem fairly rigorously in this chapter (not
much cheating). This formalism will then be used to treat two opposite limits, a
very weak periodic potential (Chapter 3) and a potential which is so strong that
the electrons can hardly move (Chapter 4). You will see that both limits give
qualitatively similar answers, i.e. reality, which lies somewhere in between,
must also be like this! Once this has been done, I hope that you will believe that
there i1s a good theoretical justification for the real electronic bandstructures
which we are going to see and use in subsequent chapters.

This is a good point at which to read Appendix A if you are unfamiliar
with (or have forgotten!) the meaning of terms such as lattice, primitive lattice
translation vector and unit cell. We shall be using these terms extensively in
the next few pages.

2.2 Introducing the periodic potential

Thus far we have been treating the electrons as totally free. We now wish to
introduce the effects of a periodic potential V (r). The underlying translational
periodicity of the crystal is defined by the lattice translation vectors

T = nja) + npay + n3as, (2.1)

where n1, ny and n3 are integers and aj, a; and a3 are three noncoplanar
vectors (the primitive lattice translation vectors).! Now V (r) must be periodic,
ie.

Vir+T) = V(). 2.2)
The periodic nature of V (r) also implies that the potential may be expressed
as a Fourier series

V() = Z Vel T, (2.3)
G

where the G are a set of vectors and the Vg are Fourier coefficients.?
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Equations 2.2 and 2.3 imply that

eCT =1 ie G.T=2nr, (2.4)
where [ is an integer. As T = na; + npay + n3as, this implies that
G =miA| + maAy + maAsz, (2.5)

where the m; are integers, and the A; are three noncoplanar vectors defined
by

a;.A; =213 2.6)

Take a few moments to convince yourself that this is the only way of defining
G which can satisfy eqn 2.4 for all possible T.

Using very simple reasoning, we have shown that the existence of a lattice in
r-space automatically implies the existence of a lattice in k-space. The vectors
G define the reciprocal laftice; the A ; are its primitive translation vectors.

The reciprocal lattice has extraordinary consequences for the electronic
motion, even before we ‘switch on’ the lattice potential. Instead of dealing with
just one electron dispersion relationship £ (k) there must be an infinite number
of equivalent dispersion relationships (see Fig. 2.1) such that E(k) = E(k+G)
for all G (cf. eqn 2.2). However, the k-space periodicity also implies that
all information will be contained in the primitive unit cell of the reciprocal
lattice, known as the first Brillouin zone.> The first Brillouin zone has a k-
space volume

Vis = A1 Ay x Az, 2.7)

2.3 Born-von Karman boundary conditions

We need to derive a suitable set of functions with which we can describe the
motion of the electrons through the periodic potential; ‘motion’ implies that
we do not want standing waves. The functions should reflect the translational
symmetry properties of the lattice; to do this we use Born-von Karman
periodic boundary conditions.

We choose a plane wave

d(r) = ei(k.l’—wr) (2.8)

subject to boundary conditions which include the symmetry of the crystal
¢(r + Njaj) = ¢(r), (2.9)

where j = 1, 2, 3and N = N|N;N3 is the number of primitive unit cells in
the crystal; N is the number of unit cells in the jth direction.*

Fig. 2.1 The effect of introducing the re-
ciprocal lattice; instead of dealing with just
one electron dispersion relationship (lett) we
have an infinite number of copies (right). (For
those interested in a more mathematically
rigorous derivation of the translational sym-
metry of the wave (unction in k-space, see
Equations 14.24-26 in “Symmetry in
Physics”, by 1. P. Elliott and P. G. Dawber,
Oxford University Press, New York, 1979).

3The first Brillouin zone is the Wigner-Seitz
primitive cell of the reciprocal lattice; see
Section A.7 for instructions on constructing
such a cell. Just as the primitive unit cell of
the r-space lattice contains all of the neces-
sary information about the crystal (it can be
translated by the Ts to fill all space; see Sec-
tion A6), the first Brillouin zone contains all
we need to know about the k-space properties
of a solid.

41t is instructive to compare these with the
boundary conditions used in Appendix B
(eqn B1).



18 The quantum mechanics of particles in a periodic potential: Bloch’s theorem

SNote that I have written ‘a particle’. The
conclusions of this chapter will be seen to be
true for any particle in any periodic potential.

6That is, the k in eqn 2.16 are given by
eqn 2.11.

The boundary condition (eqn 2.9) implies that
elhika; — 1 (2.10)

for j = 1, 2, 3. Comparing this with eqn 2.4 (and the discussion that follows
it) suggests that the allowed wavevectors are

k = Z m’A @11y

]-—l

Each time that all of the m ; change by one we generate a new state; therefore
the volume of k-space occupied by one state is

A Ay A3 _ 1A Ay x As. (2.12)
N1 Ny N3 N
Comparing this with eqn 2.7 shows that the Brillouin zone always contains the
same number of k-states as the number of primitive unit cells in the crystal.
This fact will be of immense importance later on (remember it!); it will be a
key factor in determining whether a material is an insulator, semiconductor or
metal.

2.4 The Schrodinger equation in a periodic
potential

The Schrodinger equation for a particle® of mass m in the periodic potential
V(r) may be written

n2v?
Hy = {— . + V@)Y = Ey. (2.13)
As before (see eqn 2.3), we write the potential as a Fourier series
V) = Z Vgel®r, (2.14)

where the G are the reciprocal lattice vectors. We are at liberty to set the origin
of potential energy wherever we like; as a convenience for later derivations we
set the uniform background potential to be zero, i.e.

Vo=0. (2.15)
We can write the wavefunction ¢ as a sum of plane waves obeying the Born—
von Karman boundary conditions,?
Y@) =Y Ceer. (2.16).
k

This ensures that  also obeys the Born—von Karman boundary conditions.
We now substitute the wavefunction (eqn 2. 16) and the potential (eqn 2.14)
into the Schrédinger equation (eqn 2.13) to give

Z R2k2 1k r Z VGelG r}{z Ckelk NN F Z Cke 2.17)

k



The potential energy term can be rewritten

VO = Z Vg Ciel 6T (2.18)
G,k

where the sum on the right-hand side is over all G and k. As the sum is over
all possible values of G and k, it can be rewritten as’

VY =) VeCioge™". (2.19)
G.k
Therefore the Schrédinger equation (eqn 2.17) becomes
. BEK?
2 (5=~ E)Cit ) VeCig) = 0. (220)
K Zm G

As the Born—von Karman plane waves are an orthogonal set of functions,
the coefficient of each term in the sum must vanish (one can prove this by
multiplying by a plane wave and integrating), i.e.

R2k?
— —E|Ck+ ) _ VeCrg=0. (2.21)
2m C

(Note that we get the Sommerfeld result if we set Vg = 0.)

It is going to be convenient to deal just with solutions in the first Brillouin
zone (we have already seen that this contains all useful information about k-
space). So, we write k = (q — G’), where q lies in the first Brillouin zone and
G/ is a reciprocal lattice vector. Equation 2.21 can then be rewritten

h2 (q— G/)Z
(-‘12— —E)Ceo+Y VeCog-c=0.  (222)
mn G
Finally, we change variables so that G — G + G’, leaving the equation of
coefficients in the form

r*(q — G')?
( (q2m ) _ E) Cq—GI + Z VG,,__G/Cq__GN = 0. (2-23)
G

This equation of coefficients is very important, in that it specifies the Cx which
are used to make up the wavefunction ¥ in eqn 2.16.

Thus far, I have merely been performing algebraic manipulations (changing
the index of summations and so on); no ‘magic’ has been involved, and I
have tried to keep the notation as simple as I can. However, it is hard to
absorb algebra by just looking at it. If you want to understand this material,
I recommend that you work through the steps from eqn 2.11 to eqn 2.23 on
your own on a piece of paper.

2.5 Bloch’s theorem

Equation 2.23 only involves coefficients Cx in which k = q — G, with the
G being general reciprocal lattice vectors. In other words, if we choose a

2.5 Bloch's theorem 19

7 Notice that the G also obey the Born—von
Karman boundary conditions; this may be
easily seen if values of m; that are integer
multiples of N; are substituted in eqn 2.11.
As the sum in eqn 2.16 is over all k that obey
the Born—von Karmann boundary conditions,
it automatically encompasses all k — G.
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8You can check that u j.q (.e. the sum in
eqn 2.25) has the periodicity of the lattice
by making the substitution ¥ — r + T (see
eqns 2.2, 2.3 and 2.4 if stuck).

9See Section A.11 for a definition of the
Bravais lattices.

104 dispersion relationship describes the
relationship between a particle’s energy E
and its q; it is the function E = E(q).

particular value of q, then the only Ck that feature in eqn 2.23 are of the form
Cq-g; these coefficients specify the form that the wavefunction y will take
(see eqn 2.16).

Therefore, for each distinct value of q, there is a wavefunction yq(r) that
takes the form

Yq(r) = Y Cqoge @O, (2.24)
G

where we have obtained the equation by substituting k = q — G into eqﬁ 2.16.
Equation 2.24 can be rewritten

wq(r) — eiq.r Z Cq_Gc;—iG.r =,eiq.ruj,q’ (2.25)
G

i.e. (a plane wave with wavevector within the first Brillouin zone) x (a function
u},q with the periodicity of the lattice).®

This leads us to Bloch’s theorem. ‘The eigenstates ¥ of a one-electron
Hamiltonian H = —% + V(r), where V(r + T) = V(r) for all Bravais
lattice? translation vectors T can be chosen to be a plane wave times a function
with the periodicity of the Bravais lattice.” An alternative (algebraic) statement
of Bloch’s law will be given in eqn 4.3 below.

Note that Bloch’s theorem

e is true for any particle propagating in a lattice (even though Bloch’s
theorem is traditionally stated in terms of electron states (as above), in
the derivation we made no assumptions about what the particle was);

¢ makes no assumptions about the strength of the potential.

2.6 Electronic bandstructure

Let us focus specifically on electrons in a periodic potential. Equation 2.25
hints at the idea of electronic bandstructure. Each set of u; q is going to
result in a set of electron states with a particular character (e.g. whose energies
lie on a particular dispersion relationship!?); this is the basis of our idea of
an electronic band. The number of possible wavefunctions in this band is
just going to be given by the number of distinct q, i.e. the number of Born—
von Karman wavevectors in the first Brillouin zone. Therefore the number of
electron states in each band is just 2x(the number of primitive cells in the
crystal), where the factor two has come from spin-degeneracy (see eqn 2.12).
This is going to be very important in our ideas about band filling, and
the classification of materials into metals, semimetals, semiconductors and
insulators.

We are now going to consider two tractable limits of Bloch’s theorem, a very
weak periodic potential and a very strong periodic potential (so strong that the
electrons can hardly move from atom to atom). We shall see that both extreme
limits give rise to bands, with band gaps between them. In both extreme cases,
the bands are qualitatively very similar; i.e. real potentials, which must lie
somewhere between the two extremes, must also give rise to qualitatively
similar bands and band gaps.



Further reading
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A simple justification of the Bloch theorem is given in Introduction to solid
state physics, by Charles Kittel, seventh edition (Wiley, New York, 1996) in
the first few pages of Chapter 7 and in Solid state physics, by G. Burns
(Academic Press, Boston, 1995) Section 10.4; an even more elementary one
is found in Electricity and magnetism, by B.1. Bleaney and B. Bleaney, third
edition (Oxford University Press, Oxford, 1989) Section 12.3. More rigorous
and general proofs are available in Solid state physics, by N.-W Ashcroft and
“N.D. Mermin (Holt, Rinehart and Winston, New York, 1976) pages 133-140.
An alternative (and very general) proof of Bloch’s theorem is given in
Chapter 1 of Quantum theory of the solid state, by Joseph Callaway (Academic
Press, San Diego, 1991).

[ !
Exercises
(2.1) Justify the following form for the reciprocal lattice vec- AN kt e
tors in a three-dimensional crystal G4’ Y +* Oq
= 27‘[(32 X 33) A n/a - Q’I:/[
aj.(ap x a3z) s /
(A7 and A3 may be obtained by permuting the indices.) *
Hence, use eqn 2.7 to evaluate the Brillouin-zone vol- °Z
ume!! in terms of ay, aj and a3. ; x/
- a
Finally, show, using eqn 1.19, that the first Brillouin a t 2 < ky
zone of a crystal containing N real-space unit cells will
contain exactly N k-states.
(2.2) Show that the spacing d(m], my, m3) of lattice planes
with the Miller indices (m |, my, m3) (see Appendix A)
is given by
_ 2 Fig. 2.2 A plan view of the Brillouin zone of a square lattice,
amy,ma, m3) = |G(my, mg, m3)|’ with some points of high symmetry labelled.
where G(m1, my, m3) = m1A| + moAy + m3As.
(2.3)* This question is intended to help you understand the It will become evident that dispersion curves converge at

way in which real bands are plotted in later chapters.
It shows that in even quite a simple situation, a dia-
gram which is at first sight rather daunting can result!
Figure 2.2 shows a plan view of the Brillouin zone of
a square lattice, with some points of high symmetry
labelled. Sketch the energies of the free-electron bands
E = (h2(k — G)2)/(2me) up to E ~ 10h%/8mea? as
k traverses the path I' — M — X — I" along the straight
lines shown. You will need to consider dispersion curves
originating from several neighbouring Brillouin zones.

@4

points of high symmetry; label the degeneracy, ie. the
number of curves that converge, at such places on your
diagram.

Look up the a; for the body-centred cubic (bec) and face-
centred cubic (fcc) lattices (see Figs. A.2 and A.3). Show
that the reciprocal Jattice of the bcc lattice is fcc and vice
versa. For both bcc and fcc work out the magnitude of
A j| in terms of a, the edge of the conventional cubic
unit cell.

11 you may need the vector identity P x Q x R = Q(P.R) — R(P.Q). For a quick revision of vectors, see, for example, Electricity and magnetism,
by B.1. Bleaney and B. Bleaney, third edition (Oxford University Press, Oxford, 1989), Appendix A.



(2.5) The two-dimensional square lattice has a; = ae; and

ay = aep. Show that the reciprocal lattice is also
square. Use the following recipe for finding the first three
Brillouin zones (see Section A.7). The Brillouin zone
is obtained by starting at any reciprocal lattice point
(which is then the origin) and constructing vectors to
all neighbouring reciprocal lattice points. Lines are then
constructed perpendicular to and passing through the
midpoints of these vectors. The Brillouin zone is the cell
with the smallest area about the origin bounded by these

22 The quantum mechanics of particles in a periodic potential: Bloch’s theorem

lines. The second Brillouin zone is the area between the
first Brillouin zone and the next smallest closed polygon
formed by the lines. Similarly, the third Brillouin zone is
the area between the second Brillouin zone and the next
closed polygon formed by the lines.

Show that the first Brillouin zone is a square, the second
is a set of four isoceles triangles, and the third is a set of
eight isoceles triangles. Show that the first three Brillouin
zones have the same area. (Hint: see Fig. 3.4(a) if stuck.)



The nearly-free electron
model

3.1 Introduction

We are now going to consider the solutions of the Schrodinger equation for
an electron in a periodic potential in the case that the potential is very weak,
i.e. the electron is nearly free. For algebraic convenience, let us write the free-
electron energy of a state withk = q — G as Eg_G = ﬂ(é;i)z (see Fig. 2.1).
We substitute this in eqn 2.23 to give

(B¢ — E)Co-e + ) Vor-eCq-cr =0. (3.1)
GII

We separate the potential term into two parts

(Ee_g — E)Cqc' + Vo'-6'Ca-cr + Y Vor_gCq-gr=0. (32)
GII#G/

Now Vg'—gr = Vo; we defined Vp = 0 (see eqn 2.15), so that this equation
becomes
(E)_g —EXCqe'+ ) Ver_c'Cq-gr =0. 33)
Gl/#GI
Thus far we have only been fiddling about algebraically; with the equation of
coefficients in this form, we can now start to examine the behaviour of the
solutions as the potential becomes very small.

3.2 Vanishing potential

3.2.1 Single electron energy state

Consider an electron energy state defined by E(q — G’), which is such that
there are no other states at the same energy at that point in k-space. We then
take eqn 3.3 and let Vg — 0, giving

(Eq_¢ — E)Cq-c =0, (3.4)
i.e. either
Eg ¢ —E=0 (3.5)
or

Cq-c' = 0. (3.6)

31
3.2
33

Introduction 23
Vanishing potential 23

Consequences of the
nearly-free-electron model 26
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Fig. 3.1 Repeated electron dispersion re-
lationships crossing at the Brillouin-zone
boundary. Shading indicates schematically
the regions where the energies of the curves
are within | V| of each other.

v

However, eqn 3.5 defines the electron energy state under consideration, so that
Cq—c must be finite for this state and zero for all other cases, i.e.

h2 (q _ G/)Z
N _ 0 _
with the spatial part of the wavefunction being given by
¥ o el @ C)r, (3.8)

In other words, the solution is a single plane wave.

The above manipulation has, of course, given us back the free-electron
result (with the added ingredient of the periodicity of k-space). Whilst this
is reassuring and perhaps even trivially obvious, it will serve as a very useful
contrast to what happens in the following section. There is, however, another,
much more important implication; note that Cq_g = 0 for G # G'. The
vanishing of all the Cq—g which have G # G’ as Vg — 0, implies that the
sum term of eqn 3.1 only causes corrections to the energy which are second
order in the potential V' (and therefore minute) when V is finite but small.

Therefore, in the case of well-separated free-electron states and a weak
potential, eqn 3.3 can be rewritten

(ES_g — E)Cq-g' +O(V?) =0, (3.9)

i.e. the corrections to the free-electron energies are going to be small.

3.2.2 Several degenerate energy levels

Let us now assume that several different free-electron dispersion relationships
cross at a particular point in k space (by symmetry such crossings will tend
to occur at Brillouin-zone boundaries; see Fig. 3.1). Equation 3.5 can then
be true simultaneously for several different levels. This means that a number
(i.e. not just one) of Cq—g’ can be arbitrarily large and the wavefunction will
become a linear combination of plane waves. We now take a special case of
this, turn on the potential and see what happens.

3.2.3 Two degenerate free-electron levels

0 0 . .
=Gy and E q—G, at a point in k-space where

their energy separation is less than | V|, i.e.

|Eq_, — Eq—g,| <V (3.10)

We take two dispersion curves E



(see Fig. 3.1). For all other G # G2, however,
|Eg_g, — Ea_gl > V. (3.11)
We rewrite eqn 3.1 for the two levels as follows

0
(E = E)_¢,)Cqmc,y =

V6,-6,Cq-6G; + V6,-6,Cq-6, + ) V6-6,Co-G
G#G1.G,

(3.12)

and
(E—Eq_g,)Cq-G, =

V6;-6,Cq-G, + V6,-6,Ca-6, + Y V6-6,Cq-G-
G#G,.G2
As before, Vg,-G, = Vig,-6, = Vo = 0 (see eqn 2.15). Furthermore, using
similar arguments to those in Section 3.2.1, the Y _ terms in eqns 3.12 and 3.13
will be second order in V' and therefore very small in a weak potential. Ignoring
the small ) terms, eqns 3.12 and 3.13 become

(3.13)

(E — Eq_g,)Cq-6; = V6;-6,Cq—G, (3.14)

and
(3.15)

Notice that two coefficients, Cq_g, and Cq_g,, are finite, so that the solution
is now a superposition of two plane waves (cf. the single plane wave of the
well-separated energy levels of the previous section).! We now simplify the
notation by putting k = q — Gy and G = G; — Gy (as the difference of two
reciprocal lattice vectors is also a reciprocal lattice vector) to give

(E — E3_6,)Cq-G, = V6,-6,Cq—6y-

(E — E))Cx = V6Ci—g (3.16)

and
(E — E)_)Ck—6 = V_Cx = V¢Cx, (3.17)

where we have used the fact that the potential must be real to give V_g = V.
Equations 3.16 and 3.17 are simultaneous equations of coefficients Cy and
Ck—g; the solution is

1 0, n0 Ey—Ep g, 2,1
E= E(Ek'l_Ek—G) E{(——=——)" +1V6l%}7,

- (3.18)

ie.

1
Ex 5(E,‘(’ +EY o) V6l (3.19)

Therefore we have a symmetrical splitting of levels about the free electron
value close to where Eﬁ and Eﬁ_G cross (see Fig. 3.2). Now EE = Eﬁ_G
when k| = |k — GJ, i.e. k lies on a plane half way between 0 and G. The
vector k — %G will be parallel to this plane, so that G.(k — %G) =0, 1e.

G? = 2k.G. (3.20)

We can say that a weak periodic potential has its strongest effect on states with
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L1t is illuminating to look at the two waves
involved, ¥} = Cq-G, i@ G-I and y, =
Cq_czei(q_GZ)" . The probability density
functions of the two superimposed waves are
|\Pi|2 = |y £ wzlz. If we assume (for
simplicity) that Cq_G,; = Cq—G, = C, then
W12 = [y +2]? = 2IC|*(1+cos((G; —
G3).r). Now, as G and G, are reciprocal
lattice vectors, then (G} —G2) is also a recip-
rocal lattice vector. NL,.I2 therefore contains
a standing-wave component which exhibits
one of the real-space periodicities of the
lattice; hence the electron wavefunction will
tend to ‘lock on’ to this periodicity. Similarly,
IW_ 2 = (Y —¥al® = 2|CI2(1 —cos((G; —
G3).r) produces a standing wave component
of the same periodicity but w radians out

-of phase. Hence the electron wavefunction

can lock onto the same real-space periodicity
with either phase (that shown by W or that
shown by W_), leading to the two different
possible energies in eqn 3.19; W4 will tend to
concentrate the electron probability density
close to the ionic cores (lower energy). W_
will tend to concentrate it between the jonic
cores (higher energy).

Fig. 3.2 The 8lane defining the points at
which E) = E)_c.
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Fig. 3.3 The evolution of nearly-free-electron
bands: (a) initial free-electron dispersion re-
lationship; (b) replication of free-electron
dispersion curves due to periodicity of k-
space (see Chapter 2); (c) opening up at a
band gap at the point on the Brillouin-zone
boundary where two free-electron curves
cross; (d) the effect on the free-electron dis-
persion relationship of a band gap opening
at each successive Brillouin zone boundary.
The periodicity of k-space means that the
curves shown in (d) must be present in ev-
ery Brillouin zone; (e), (f) and (g) show
different ways of representing the result-
ing bandstructure: (e) is the extended-zone
scheme, in which each Brillouin zone has one
band shown, (f)‘is the reduced-zone scheme
whereby all bands are shown within the first
Brillouin zone; (g) is the repeated-zone or
periodic-zone scheme.

2This equation is equivalent to the Bragg
condition (see Exercise 3.5 for a proof).
Whilst this fact needs to be pointed out, I
am unhappy with what some students, lec-
turers and books do from here onwards. In
the absence of scattering, if we accelerate
an electron using an electric field, k even-
tally reaches the Brillouin-zone boundary
(we shall do this in Exercise 1 of Chap-
ter 5); then what? Answer: nothing special!
But there is often talk of electrons being
‘Bragg scattered’ or ‘umklapped’ to the far
side of the zone when their wavevectors lie
on the Brillouin zone boundary; this is very
misleading indeed. Instead it is better to re-
gard Bragg diffraction of things like X-ray
photons and neutrons as a consequence of
the periodic potential; for most values of k,
the X-ray/neutron will be able to propagate
as some sort of travelling wave through the
crystal. However, if, and only if, k satisfies
the condition defined by eqn 3.20, then the
wave-function will ‘lock on’ to the periodic-
ity of the lattice. It is this phenomerion that
results in the large scattered intensity known
as a ‘Bragg peak’.

v
(a) 7( E:
a ::\
B L
0 k
(b)
M
0 k
(c)
E
0 E &
(d)

wavevectors close to the condition defined by eqn 3.20.2 At these points, a
band-gap opens up symmetrically about the free-electron dispersion relation-
ships. The resulting energy bands are shown in a variety of representations
in Fig. 3.3(a)—(f), which also summarises the steps we have followed in
the derivation above and introduces the repeated-zone, extended-zone and
reduced-zone representations of bandstructure.

3.3 Consequences of the nearly-free-electron
‘model

We have derived two simple rules, which are

e away from Brillouin-zone boundaries the electronic bands (i.e. disper-
sion relationships) are very similar to those of a free electron;

e bandgaps open up whenever E(k) surfaces cross, which means in
particular at the zone boundaries.

To see how these rules influence the properties of real metals, we must
remember that each band in the Brillouin zone will contain 2N electron states
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(see Sections 2.3 and 2.6), where N is the number of primitive unit cells in the
crystal. We now discuss a few specific cases.>

3.3.1 The alkali metals

The alkali metals Na, K ef al. are monovalent (i.e. have one electron per
primitive cell). As a result, their Fermi surfaces, encompassing N states, have
a volume which is half that of the first Brillouin zone. Let us examine the
geometry of this situation a little more closely.

The alkali metals have a body-centred cubic lattice with a basis comprising
a single atom. The conventional unit cell of the body-centred cubic lattice is a
cube of side a containing two lattice points (and hence 2 alkali metal atoms)
(see Section A.11). The electron density is therefore n = 2/a3. Substituting
this in the equation for free-electron Fermi wavevector (eqn 1.23) we find
kg = 1.24m/a. The shortest distance to the Brillouin zone boundary is half the
length of one of the A; for the body-centred cubic lattice (see Exercise 2.4),
which is 12

T2+ 12+ 00 = 1415
2a a

Hence the free-electron Fermi-surface reaches only 1.24/1.41 = 0.88 of the
way to the closest Brillouin-zone boundary. The populated electron states
therefore have ks which lie well clear of any of the Brillouin-zone boundaries,
thus avoiding the distortions of the band due to the bandgaps; hence, the
alkali metals have properties which are quite close to the predictions of the
Sommerfeld model (e.g. a Fermi surface which is spherical to one part in
103).4.5

3.3.2 Elements with even numbers of valence electrons

These substances contain just the right number of electrons (2Nj) to com-
pletely fill an integer number j bands up to a band gap. The gap will
energetically separate completely filled states from the next empty states;
to drive a net current through such a system, one must be able to change
the velocity of an electron, i.e move an electron into an unoccupied state
of different velocity. However, there are no easily accessible empty states
so that such substances should not conduct electricity at T = O0; at finite
temperatures, electrons will be thermally excited across the gap, leaving filled
and empty states in close energetic proximity both above and below the gap
so that electrical conduction can occur. Diamond (an insulator), Ge and Si
(semiconductors) are good examples. ‘

However, the divalent metals Ca et al. plainly conduct electricity rather
well. To see why this is the case, consider the Fermi surface of the two-
dimensional divalent metal with a square lattice shown in Fig. 3.4. Initially,
the free-electron Fermi surface is a circle with an area equivalent to the first
Brillouin zone (Fig. 3.4(a)), which consequently straddles the Brillouin-zone
boundary (Figs. 3.4(b) and (c)). Figs. 3.4 (d) and (e) show what happens when
a weak periodic potential is ‘turned on’ and band-gaps open up at the Brillouin-
zone boundaries; the band-gap raises the energy of the states close to the zone

3The aim here is to promote a general under-
standing. If more details of specific cases are
required, see e.g. Solid state physics, by N.W
Ashcroft and N.D. Mermin (Holt, Rinehart
and Winston, New York, 1976) Chapter 15.

4See D. Shoenberg, Proc. int. conf. low tem-
perature physics LT9 (Plenum, New York,
1965).

3 Many books discuss monovalent metals us-
ing a one-dimensional model. This is slightly
unfortunate, as we shall see in Section 7.6
that monovalent one-dimensional metals at-
tempt to become insulators at low tempera-
tures!
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Fig. 3.4 The evolution of the Fermi surface
of a divalent two-dimensional metal with a
square lattice as a band gap is opened at
the Brillouin zone boundary: (a) free-electron
Fermi surface (shaded circle), reciprocal lat-
tice points (solid dots) and first (square) sec-
ond (four isoceles triangles) and third (eight
isoceles triangles) Brillouin zones (see Exer-
cise 2.5); (b) the section of Fermi surface en-
closed by the first Brillouin zone; (c) the sec-
tions of Fermi surface in the second Brillouin
zone; (d) distortion of the Fermi-surface sec-
tion shown in (a) due to formation of band
gaps at the Brillouin-zone boundaries; (e) the
section of the distorted Fermi surface en-
closed by the first Brillouin zone; (f) result of
the distortion of the Fermi-surface section in
(c) plus ‘folding back’ of these sections due
to the periodicity of k-space.

6E§°’“ and Eg®™ will in general not be
the same; two plane waves contribute to the
former and four to the latter. However, the
gaps will be of similar magnitude.

(a) (b) first zone

(@ (8

edge in Fig. 3.4(c) and lowers those close to the zone edge in Fig. 3.4(b) (see
Fig. 3.3). For ease of reference, we shall call the former states ‘the upper band’
and the latter states ‘the lower band’. Hence some electrons will transfer back
from the upper band (the states above the gap) to the lower band (the states
below it), tending to distort the Fermi surface sections close to the Brillouin-
zone boundaries.

In the situation shown in Figs. 3.4(d), (e), and (f), the material is obviously
still an electrical conductor, as filled and empty states are adjacent in energy.
Let us call the band-gap at the centres of the Brillouin-zone edges E gem and
that at the corners of the Brillouin zone Eg°“‘.6 The lowest energy states in the
upper band will be at points (:I:;—r ,0), (0, :I:%), where a is the lattice parameter
of the square lattice, with energy

. ) hz 71'2 E;ent
Elowest = m a2 7’
e

(3.21)

i.e. the free-electron energy plus half the energy gap. Similarly, the highest
energy states in the lower band will be at the points (£Z, +7), with energy

n? 272 EP™ .
1 g .
Ehighest = 2me a? Ty (3.22)

i.e. the free-electron energy minus half the energy gap. Therefore the material

will be a conductor as long as Elllighest > Ep e Only if the band gap is big
enough for Elllighest < E} estr Will all of the electrons be in the lower band at

T = 0, which will then be completely filled; filled and empty states will be
separated in energy by a gap and the material will be an insulator at T = 0.
Thus, in general, in two- and three-dimensional divalent metals, the geo-
metrical properties of the dispersion relationships allow the highest states of
the lower band (at the corners of the first Brillouin zone boundary most distant
from the zone centre) to be at a higher energy than the lowest states of the upper
band (at the closest points on the zone boundary to the zone centre). Therefore
both bands are partly filled, ensuring that such substances conduct electricity
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at T = 0 (see also Exercise 3.4); only one-dimensional divalent metals have
no option but to be insulators.

We shall see in Chapter 5 that the empty states at the top of the lowest band
(e.g. the unshaded states in the corners in Fig. 3.4(d)) act as holes behaving
as though they have a positive charge. This is the reason for the positive Hall
coefficients observed in many divalent metals (see Table 1.1).

3.3.3 More complex Fermi surface shapes

The Fermi surfaces of many simple di- and trivalent metals can be understood
adequately by the following sequence of processes.

(1) Construct a free-electron Fermi sphere corresponding to the number of
valence electrons.

(2) Construct a sufficient number of Brillouin zones to enclose the Fermi
sphere.

(3) Split and ‘round off’ the edges of the Fermi surface wherever it cuts a
Brillouin-zone boundary (i.e. points at which band gaps opens up).

(4) Apply the periodicity of k-space by replicating all of the Fermi-surface
sections at equivalent points in the first Brillouin zone.

These steps are illustrated in great detail for a number of cases in e.g. Solid
state physics, by N.-W Ashcroft and N.D. Mermin (Holt, Rinehart and Winston,
New York, 1976), Chapter 9 or Quantum theory of solids, by C. Kittel, (Wiley,
New York, 1987), Chapter 13. I shall merely remark here that the shape of the
Brillouin zone has a profound effect on the Fermi surface sections generated by
this process. This is simply illustrated by the Fermi surface shown in Fig. 3.5.
As in Fig. 3.4, we have a divalent metal. However, in Fig. 3.5, the Brillouin
zone is rectangular, rather than square, so that the Fermi surface only cuts two

(a) z (b)
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/
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N1
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Fig. 3.5 The evolution of the Fermi surface of
a divalent two-dimensional metal as a band-
gap is opened at the Brillouin zone boundary.
(a) Free-electron Fermi circle and rectangular
Brillouin zone; (b) the effect of a band-gap
opening up at the Brillouin-zone boundary;
(c) resulting Fermi surface sections in the
extended-zone scheme.
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of the Brillouin zone edges. Thus, after band gaps have opened up, the Fermi
surface consists of a closed ellipse plus corrugated open lines, rather than the
two closed sections of Fig. 3.4.

Further reading

A more detailed treatement of traditional elemental metals is given in Solid
state physics, by N.-W Ashcroft and N.D. Mermin (Holt, Rinehart and Winston,
New York, 1976), Chapters 8, 9, 10 and 12 (even if you understand nothing
of the discussion, the pictures are good). Simpler discussions are available
in Electricity and magnetism, by B.1. Bleaney and B. Bleaney, third edition
(Oxford University Press, Oxford, 1989), Chapter 12, Solid state physics, by
G. Burns (Academic Press, Boston, 1995), Sections 10.1-10.21, Electrons in
metals and semiconductors, by R.G. Chambers (Chapman and Hall, London,
1990) Chapters 4-6, Introduction to solid state physics, by Charles Kittel,
seventh edition (Wiley, New York, 1996), Chaptérs 8 and 9.

Pictures of the Fermi surfaces of elemental metals, along with relevant
references, are provided in Electronic theory of metals, by .M. Lifshitz, M.Ya.
Azbel and M.I. Kaganov (Consultants Bureau, New York, 1973). See also P.B.
Visscher and L.M. Falicov, Phys. Stat. Sol. B 54,9 (1972).

Exercises

(3.1) Work through the algebraic steps required to produce
eqn 3.19. Start with eqns 3.16 and 3.17.

corner of the Brillouin zone with the energy of the
lowest point in the upper band.)
c) Sketch how the Fermi surface evolves as v is

3.2) increased from 0 to vpg.

a) A two-dimensional solid has a rectangular lattice
with primitive lattice translation vectors ae; and

bey (e and e are the Cartesian unit vectors along (3.3) a) The bandstrucfmre of the r}lonovaler}t metal Cu is
x and y), with b > a. There is one divalent atom such that the hlgh‘eSt ocquplc.ad band 11.e§ c.ompletely»
per unit cell. Electrons in the solid experience a b&;,lml;v }he Eerrm energy n the vicinity .Of the
weak periodic potential V (x, y), with (3.3, 3) point o.f the Brillouin zone. Describe the
' form of the Fermi surface. (If stuck, you might find
' 2 it helpful to look at Fig. 4.8.
Vix,y)= V0+V[COS(-2—7;—{)+COS(JTy)]- (3.23) b) The 1:nagnitude of the enc)rgy gap at (1, % %)
is 4 eV and it is approximately independent of
Draw the first and second Brillouin zones. What wavevector near this point. Estimate the radius of
sort of eigenfunctions are expected for electrons the Fermi surface ‘neck’. (You will need the value
with wavevector k near the zone centre? Why of Eg calculated in Exercise 1.1.) ‘
are elfact?;nc wavefunctions of the form ?05(%{) (3.4)*  a) A monovalent two-dimensional metal crystallizes
a?rd sin(“5") appropriate for electrons W{th k = in a square lattice with lattice constant 0.3 nm.
o 0? Calculz}te the energy gap at this point Experiments show that the Fermi surface of this
on @e first Brillouin zone boundary from first material is extended (i.e. it crosses the Brillouin
principles. zone boundaries) along the set of (0 1) directions.
b) Show how an increase in the parameter v can Use simple nearly-free electron theory to explain
change the solid from a metal into an insulator and how this can occur.
estimate the value of v = vy at which this occurs. b) Measurements of the optical properties of this

(Hint: compare the energy of the lower band at the

material show that there is a strong absorption



feature in the visible region of the spectrum. Cal-
culate the energy of this feature assuming that the
Fermi surface only just touches the Brillouin-zone
boundary.

(3.5) The condition for Bragg diffraction of a particle with

wavelength A is stated as
A =2dsiné (3.24)

where d is the separation of the crystal planes involved
and 4 is the angle between the incident wavevector of the
particle and the crystal planes (26 is the angle between
the incident and scattered wavevectors of the particle).’
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Show that this is equivalent to
G? = 2k.G, (3.25)

where |k| = 2m /). Choose a set of planes with Miller
indices (m|, mpm3), and let G have the same indices;
if you have not already done so (see Execise 2.2) you
will need to show that the spacing d(m|, mp, m3) of
lattice planes with the Miller indices (m), my, m3) (see
Appendix A) is given by

2

d(ml) mZ)m3) -
|G(my, my, m3)|

where G(my, my, m3) = m1A] + myAy + m3Aj.

7 See, for example, Introduction to solid state physics, by Charles Kittel, seventh edition (Wiley, New York, 1996) Chapter 2 for the conventional
Statement of the Bragg condition.
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The tight-binding model

4.1 Introduction

In the tight-binding model we assume the opposite limit to that used for the
nearly-free-electron approach, i.e. the potential is so large that the electrons
spend most of their lives bound to ionic cores, only occasionally summoning
the quantum-mechanical wherewithal to jump from atom to atom.

The atomic wavefunctions ¢ ;(r) are defined by

Hat¢j (r) = Ej¢_j (l'),. 4.1

where H g is the Hamiltonian of a single atom.
The assumptions of the model are

(1) close to each lattice point, the crystal Hamiltonian H can be approxi-
mated by Has;

(2) the bound levels of H,; are well localised, i.e. the ¢;(r) are very small
one lattice spacing away, implying that

(3) ¢;(r) is quite a good approximation to a stationary state of the crystal,
as will be ¢ (r + T).

Reassured by the second and third assumptions, we make the Bloch functions.

¥k of the electrons in the crystal from linear combinations of the atomic

wavefunctions

Vik =Y axTjr+T). (4.2)
T

We now consider a simple case.

4.2 Band arising from a single electronic level

4.2.1 FElectronic wavefunctions

We consider only the highest occupied orbital of an atom, ¢ (r), with energy
Ey. A linear combination of ¢(r — T) is used to produce a Bloch function
Yk (r), which must obey Bloch’s theorem (the following equation is merely an
a_lgebraic restatement of the discussion in Section 2.5)

k@ +T) = X Typ@). (4.3)

These considerations (see Exercise 4.1) lead us to make up the tight-binding
wavefunction

k@) =y e o -, 4.4)
T
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Fig. 4.1 Simple crystal structure (with or-

/ thogonal primitive lattice vectors) for tight-

v b binding model derivation; the points indicate
the positions of the atoms.

N

The vk (r) satisfy the Bloch condition whilst displaying the atomic character
of the levels.

4.2.2 Simple crystal structure.

In order to illustrate the role of the real-space positions of the atoms in
determining the tight-binding bands, we consider a metal with atoms arranged
to form a crystal with a; = ae;, a, = be; and a3 = ce3, where the ¢; are the
(mutually perpendicular) Cartesian unit vectors (see Fig. 4.1).

4.2.3 The potential and Hamiltonian

The potentials involved are

o the actual crystal potential V (r);
o the potential associated with an isolated atom Vp(r).

To first order, the crystal Hamiltonian is
H =Ha + {V(r) — Vo(r)}, 4.5)

with (of course) Hyx(r) = E K)yx(r). ,
Operating with H on the expression for ¥ (r) given in eqn 4.4 gives

Ha Yy e*Top@—T) + (V) - Vom} Y e*Tor-T) =
T T

E® Y _*Topr-T). (4.6)
T
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To evaluate E (k) we multiply by ¢*(r) and integrate over all r. Equation 4.6

becomes
[ @ e Tow - e
T
+ [ #OV® - Vo) e o - Tér
T

— / ¢* (r)E(k) Z .eik.qu (r _ T)d3r.
T

A.7)

The first integral in eqn 4.7 yields E, ¢ (the ¢ (r—T) are normalised); the integral
with T = 0 is far greater than all of the others as ¢ (r) is so short range. The
third integral in eqn 4.7 gives E (k) for similar reasons. The second integral is
the one which gives rise to the bands; it is non-negligible only for the on-site
(T = 0) and nearest-neighbour values of T, i.e. T = *ae,, £be,, tces. The

integral thus splits into four distict terms

[ @@ - o) Y To e - Tt =
T

/ $* (O — Vo)p@dr
+(ek? 4 e~ Tksa) / ¢*(O(V — Vo)o (r + a)d’r
(it 4 emikyby f P*(X)(V = Vo)o (r + ap)d’r

e ek [ @@V - Vg +andr,
Collecting all of this information together we obtain
E(K) = Ey — B — 21, cos(kza) — 2t cos(kyb) — 2t, cos(k,c),
with
B=— f ¢* OV — Voo () dr

b= — / SOV — V)b (r +ap)dr
= — f S @V — Vo) (r + an)dr

I = — f ¢* () (V = Vo) (r + a3)d’r.

(4.8)

(4.9)

(4.10)

4.11)

(4.12)

(4.13)

The parameters iy, t, and t, are known as fransfer integrals. They give an
indication of how easy it is for an electron to transfer from one atom to the

next.



4.3 General points about the formation of tight-binding bands

4 v(n 4 Energy levels

(Spacings) -

v =
A 4

Bands

} each
with

N values

of k

r———
N-fold
degenerate
levels

4.3 General points about the formation of
tight-binding bands

The derivation in the previous section illustrates several points about real
bandstructure.

(1) Fig. 4.2 shows schematically the process involved in forming the tight-
binding bands. NN single atoms with j (doubly degenerate) atomic levels
have become j 2N -fold degenerate bands.

(2) The transfer integrals give a direct measure of the width in energy of
a band (the bandwidth); small transfer integrals will give a narrow
bandwidth. Exercises 5.1 and 5.5 show that carriers close to the bottom
of a tight-binding band have effective masses which are inversely
proportional to the transfer integrals. As will be seen in Chapter 5, the
effective mass parameterises the ease with which an electron can be
accelerated. Thus, small transfer integrals lead to heavy effective masses
(and narrow bandwidths), indicating that it is hard to move the electrons
around; large transfer integrals lead to light effective masses (and large
bandwidths), indicating that it is easy to move the electrons around.
This ties in exactly with the real-space picture of the formation of tight-
binding bands, in which the transfer integrals reflect the ease with which
an electron can transfer from atom to atom.

(3) The ‘shape’ of the bands in k-space will be determined in part by the
real-space crystal structure; if the atoms in a certain direction are far
apart, then the bandwidth will be narrow for motion in that direction.

(4) The bands will also reflect the character of the atomic levels which have
gone to make them up.

The latter point will be illustrated in Section 4.3.3 below.

This is more-or-less all that one needs to know to understand most of the
properties of real bands. The reader in a hurry may now rush straight on to
Chapter 5 and the rest of the book without pausing, if she or he wishes. Those

(%)
(W4}

Fig. 4.2 Schematic representation of the for-
mation of tight-binding bands as the spacing
between atoms is reduced.
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Energy

Atomic separation

Fig. 4.3 Schematic of the formation of tight-
binding bands in a group IA metal (left-
hand picture) and a group ITA metal (right-
hand picture). The dotted line represents a
typical atomic spacing in a metal; the shading
represents filled states within the bands. Note
that I have also shown the curving up of the
band energies which occurs at small values of
atomic spacing; those unsure as to why this
occurs should see Fig. 2.6 of Semiconduc-
tor physics, by K. Seeger (Springer, Berlin,
1991) for an explanation.

The mechanisms leading to the forma-
tion of bonding and antibonding orbitals in
molecules and assemblies of atoms are not
strictly relevant to the qualitative discussion
in this section; details are given in most
quantum mechanics or atomic physics texts,
e.g. Chapters 20 and 21 of Quantum mechan-
ics, by Stephen Gasiorowicz (Wiley, New
York, 1974); see also Fig. 2.6 of Semiconduc-
tor physics, by K. Seeger (Springer, Berlin,
1991).

of a more meandering nature may persist with this chapter a little longer for
a qualitative explanation of the electronic properties of some of the elements,
couched in terms of the atomic orbitals from which their bands are derived.

4.3.1 The group IA and ITA metals; the tight-binding
model viewpoint

Figure 4.3 shows a schematic of the formation of tight-binding bands in a
metal from Group IA of the periodic table, such as Na (left-hand side), and
a Group IIA metal, such as Ca (right-hand side); the vertical dotted lines show
a typical atomic spacing. The lower orbitals, such as 1s, are small in spatial
extent, so that the overlap of wavefunctions on neighbouring atoms will be
small, giving a small bandwidth; such bands will tend to be well-separated
in energy. However, the higher-energy orbitals will be more voluminous, so
that the overlap of wavefunctions will increase, leading to a larger bandwidth.
Taking Na as an example, the 1s, 2s and 2p orbitals will form narrow bands that
are completely full up; the 2p band is the lowest band shown in the schematic of
Fig. 4.3. The 3s band will be wider, and half-filled, as Na is monovalent; each
atom provides one 3s electron. Hence, Na will be a metal, as empty electron
states are immediately adjacent in energy to filled states.

In the schematic of Ca (Fig. 4.3, right-hand side), the atoms are sufficiently
close together for the bands derived from the 3s and 3p orbitals to overlap, so
that the element is also a metal.

As one descends groups IA and IIA of the periodic table, the same sort of
considerations will tend to apply. The orbitals of the ionic core will have little
overlap, and give rise to energy bands that are very narrow and completely
filled; virtually all of the electronic properties of the metal will be determined
by the outermost s and possibly p orbitals, which will give rise to a partially
filled band or bands. Hence, the group IA metals (the alkali metals; Li, Na,
K etc.) are rather similar to each other from an electronic point-of-view.
Likewise, the alkaline earths (the group ITA metals Be, Mg, Ca, Sr, Ba) all
have quite similar properties.

4.3.2 The Group IV elements

The elements C (Diamond), Si, Ge and Sn all crystallise in what is known as
the diamond structure; it can be visualised as two interlocking face-centred-
cubic lattices (i.e. as a face-centred cubic lattice with a two-atom basis — see
Fig. 4.4). In this structure, each atom has tetragonal symmetry, with four bonds
to its nearest neighbours. Taking carbon (252 2p?) as an example, the atoms
form bonding and antibonding states for both s and p orbitals (see Fig. 4.5)!;
the lowest four states from each atom mix to form sp3 hybrids. As there are two
atoms per primitive cell, each with four electrons, the lower sp3 states, which
overlap to form a band, are completely filled. Thus, diamond is not metallic,
as the occupied and unoccupied electron states are separated by a considerable
energy gap.

It is interesting to examine what happens as one descends group IV of the
periodic table. Table 4.1 shows the energy gap separating the filled sp> hybrid
band from the unoccupied band derived from the antibonding orbitals and the
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Lattice constant

k(()I 0

- Fig. 4.4 Left: an illustration of the crystal structures of the group IV elements and many of the binary semiconductors such as GaAs and CdTe.
In the case of C (diamond), Si, Ge and Sn, the atoms on the A and B sites are identical (the so-called diamond structure). In the case of binary
semiconductors such as for example GaAs, the A will be Ga and B As; the crystal is said to have the zinc blende structure. In each case, the
underlying lattice is face-centred cubic and there is a two-atom basis. Thus, both the group I'V elements and the binary semiconductors have the

same shape of first Brillouin zone, which is shown on the right.

parameter a, the edge of the conventional cubic cell shown in Fig. 4.4; a is
a measure of the atomic separation. Note that the band gap decreases as the
separation of the atoms increases, until Sn is actually metallic.

The reason for this variation is illustrated in Fig. 4.6, which shows the
variation of the tight-binding bands with interatomic distance. The larger
atomic spacing in Sn corresponds to the portion of the diagram where the upper
and lower bands overlap, so that Sn is a metal; as the atomic spacing decreases,
the gap between the band derived from the sp> bonding states and that derived
from the antibonding states opens up, resulting in an energy gap between full
and empty states.

4.3.3 The transition metals

I'have already mentioned above that the tight-binding model implies that bands
will reflect the character of the atomic levels which have gone to make them up.
This is illustrated by Fig. 4.7, which shows the calculated tight-binding bands
for copper. Note that the character of the original atomic levels is reflected in
the width and shape of the the bands; the more compact and anisotropic 3d
orbitals give rise to five narrow bands of complex shape, whilst the single band
derived from the larger, spherical 4s orbitals is wide and almost free-electron-
like. The properties of a particular 3d metal are strongly dependent on the
position of the Fermi energy amongst this mess.

Note that the colours of 3d metals such as Cu and Au result from the optical
transitions which are possible between the occupied d-bands and the empty
States at the top of the s-band.

Figure 4.7 also shows that the band derived from the 4s orbitals in Cu dips

Fig. 4.5 Schematic of the formation of sp3
hybrid bonding states in carbon (diamond).

Table 4.1 Energy gaps and lattice
parameters a for the Group IV ele-
ments; a is the edge of the conven-
tional cubic cell shown in Fig. 4.4,
(The band-gaps shown are the direct
gaps; see Chapter 6.)

Element E, g a

C SeV 0.356 nm
Si l.1eV 0.543 nm
Ge 1.0eV 0.566 nm
Sn metallic  0.646 nm
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' A, Conduction band

Fig. 4.6 Schematic of tight-binding band for-
mation in the group IV elements; the electron
energy is plotted against interatormic spacing.
The larger atomic spacing in Sn corresponds
to the portion where the-upper and lower
bands overlap, so that Sn is a metal; as the
atomic spacing decreases, the gap between
the band derived from the sp3 bonding states
and that derived from the antibonding states
opens up, resulting in an energy gap hetween
full and empty states.

Valence band

-0.939- \ /Al 8

Zs

X w L r K

Fig. 4.7 Theoretical calculation of the bandstructure of copper. The election energy (in units of Rydbergs, i.e. 13.6 V) is plotted as a function of
k for various directions in the Brillouin zone (see Fig. 4.8 for the notation used). Note that the band derived from the 4s orbitals (starting at I'y, it
anticrosses with the bands derived from the 3d orbitals, before re-emerging as Ap) is very similar to the free-electron dispersion relationship. The
Fermi energy is indicated for Cu; the d-bands are deeply buried, and Cu in many respects looks reasonably like a metal obeying the Sommerfeld
model; apart from the necks (see Fig. 4.8), the Fermi surface is quite spherical. On the other band, in the case of a metal such as Co, the Fermi
energy is in amongst the d-bands, resulting in a complex Fermi surface and very different properties. (Figure taken from G.A. Burdick, Phys. Rev.
129, 138.(1963).)
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B

below EF at the L-points on the Brillouin-zone boundaries. This results in the
famous Fermi surface with its necks, shown in Fig. 482

Further reading

Alternative treatments are given in Introduction to solid state physics, by
Charles Kittel, seventh edition (Wiley, New York, 1996) Chapter 9 (simpler),
Solid state physics, by G. Burns (Academic Press, Boston, 1995) Section 10.9
(see also Section 10.3) (simpler) and Solid state physics, by N.-W Ashcroft and
N.D. Mermin (Holt, Rinehart and Winston, New York, 1976) pages 176-190
(more general and therefore more complicated). The tight-binding model is
related to the Kronig-Penney model, which is a very simple illustration of
the formation of bands; see e.g. Quantum mechanics, by Stephen Gasiorowicz
(Wiley, New York, 1974) page 98.

More advanced methods for calculating bandstructures of solids are re-
viewed in Quantum theory of the solid state, by Joseph Callaway (Academic
Press, San Diego, 1991), Chapter 1.

Fig. 4.8 Fermi surface and Brillouin zone of
Cu, illustrating the famous ‘necks’ (labelled
‘N’) at the L points on the Brillouin-zone
boundaries.

2 The geometry of the Brillouin zone and size
of Fermi surface are slightly less favourable
for free-electron-like behaviour in the case of
Cu than they are for Na or K, because the
free-electron Fermi surface comes closer to
the zone edge in the former case. Cu has a
face-centred-cubic lattice; if we just consider
the single electron derived from the 4s or-
bital, then the free-electron Fermi wavevector
is kg = 4.90/a, with a the conventional unit
cell cube edge. The shortest dimension of the
Brillouin zone is |A;|/2 = V37 /a; the ratio
kg/(]A;1/2) is therefore 0.90, rather than the
0.88 of the body-centred cubic Na or K.

Exercises

(4.1) The tight-binding wavefunction proposed in eqn 4.4 is

a3 = ce3 which possesses the tight-binding band.

E(k) = EO —'ztx COS(kxa) —2ty COS(kyb) —2tz COS(ICZC).

(4.16)

a) Two-dimensional tight-binding model. Let us

Y@ =) & Tpr -1 (4.14)
T
Show that ¥y (r) obeys Bloch's law
Y +T) = X Ty (r). (4.15)

assume for the moment that the crystal is two-
dimensional (i.e. set t; = 0 and forget about the
z-direction) and that a = b and t, = t,. Sketch

the Fermi surface in the ky, ky plane when the

(4.2) In this question, we examine the various Fermi-surface
shapes which can occur in a crystal with the primitive
lattice translation vectors a; = aej, ap = bep and

band is almost empty (i.e. when there is < 1
electron per primitive unit cell) and when the band
is almost full (i.e. when there are just less than
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two electrons per primitive unit cell). Show that surfaces of many organic conductors.)
when the band is exactly half filled (i.e. exactly

one electron is donated by each unit cell) the Fermi b) Three-diplgnsional tight-binding model. S;(th
surface is a square that just touches the Brillouin the Fermi surfaces for almost empty and almost

zone boundaries. Sketch also the Fermi surface in full bands f(_)r a=0b#ct = fy > tz. Itis
the case that the band is half filled but a ~ b and most rewarding to sketch these in the &y k; plane

tx >> ty. (This is quite close to shape of the Fermi using the extended zone scheme.



Some general points
about bandstructure

5.1 Comparison of tight-binding and
nearly-free-electron bandstructure

Let us compare the lowest band of the nearly-free-electron model in Fig. 3.3
with a one-dimensional tight-binding band (cf. Equation 4.9)

E(k) = Eg — 2t cos(ka), 5.1)

where E is a constant. Note that

both bands look qualitatively similar, i.e.

both bands have minima and maxima (i.e. points where dE/dk = 0) at
the Brillouin-zone centres and boundaries respectively;

both bands have the same k-space periodicity;

the tops and bottoms of both bands are approximately parabolic (i.e. £
is proportional to (k — ko)? plus a constant, where ko is the point in
k-space at which the band extremum occurs).

The last point is obvious for the bottom of the lowest nearly-free-electron band,
it is proved for the highest points of this band in Exercise 5.4. To see that the
same thing happens for the tight-binding approach, we use the approximation

k 2
costka) ~ 1 — & g) (5.2)
for small ka in eqn 5.1 to give
E(k) ~ Eo — 2t + ta*k?®. (5.3)

The equivalent proof for the top of the band (close to 7/a) is left to the reader
(see also Exercises 5.1 and 5.5).

The above discussion shows that both very weak and very strong periodic
potentials give rise to qualitatively similar bands. We therefore expect that
our ideas about bands derived from these simple models will apply to the
real bands in solids, where the potential strengths will fall between the
two extremes. The more complex arrangements of atoms and/or molecules
often found in real solids will give rise to more complex bandshapes, but

qualitatively the properties of the bands will be the same as those of our simple
models.

5.1

5.2
53
54

Comparison of
tight-binding and
nearly-free-electron
bandstructure

The importance of k
Holes

Postscript

41

45
46
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5.2 The importance of k

5.2.1 &k is not the momentum

Bloch’s theorem has introduced wavevectors which we have labelled k and
q (see e.g. eqn 2.25). ‘Although at first sight k and q look similar to the
straightforward electron momentum p = %k in the Sommerfeld model, it is
easy to show that the Bloch functions are not eigenstates of the momentum
operator;

h h_ . , B
TVY@ = —Ve'%Ty ;g = hqy (r) + €'~ Vu; q # py(r) (5.4)
4 1
(where the Bloch wavefunction used is defined in eqn 2.25)..
The quantity 4k is instead a crystal momentum, the momentum of the
system as a whole; it is better to think of k as a quantum number which

describes a Bloch state.

5.2.2 Group velocity

In the oﬁginal formulation of the Bloch states (see eqn 2.16), the electron
wavefunction was defined to be the superposition of a set of plane waves (a
wavepacket). It is therefore possible to usethe idea of a group velocity v

V= leE, (5.5)
h

where Vi is the gradient operator in k-space, to describe the real-space
motion of the electron (cf. v = (dw/dk)) for the wavepackets encountered
in optics). Bearing this in mind, we are now going to derive the effective mass,
which is very useful in parameterising the dynamics of band electrons when
they are subjected to external forces. The derivation also illustrates a very
important point about k. I shall follow the derivation through in one dimension;
Exercise 5.2 involves doing the same thing in three dimensions.

5.2.3 The effective mass

Let an external force f be applied to a band electron. The force will do work

SE = fuét (5.6)
in time §¢. In addition, dE

8E = — 6k = hvdk. 5.7

P ‘ v (.7

Equating eqns 5.6 and 5.7, dividing through by 8¢ and considering the limit

8t — 0 gives

dk

h— = f. 5.8

P J (5.8)

The equivalent three-dimensional formula in the derivation of Exercise 5.2, is
dk

h—=f (5.9)

dr



where k and f are now vectors. Equation 5.9 is enormously important; it shows
that in a crystal h g—‘f is equal to the external force on the electron.
After this amazing fact, the rest of the effective mass derivation is almost an

anticlimax. The rate of change of velocity with time is

dv 1d%E _ 1d*Edk

— == =———. (5.10
dt ~ hdkdr  h dk2 di ©.10)
Substituting for g—’t" from eqn 5.8 and rearranging gives
Rr dv L dv
Eq - Et—zf’ (5.11)
k2
where the effective mass m* is defined by
hZ
* P —
m' = aF (5.12)
dk?

(The equivalent tensor quantities for an anisotropic band are given in Exer-
cise 5.2.)

Equation 5.11 shows that the effective mass gives a convenient way of
describing the motion of band electrons subjected to an external force; the
identity ‘force = (mass x acceleration)’ can be used with the effective mass
substituted for the inertial mass.

In general, the effective mass will be energy-dependent. However, one often
has to deal with almost empty or almost full bands, i.e. the states close to the
minima and maxima of the E; (k) dispersion relationships. As we have already
seen in Section 5.1, these regions are often approximately parabolic (this is
actually a general property of any maximum or minimum- try expanding any
function possessing such an extremum close to that point using a Taylor series).
Close to these points, the electrons can therefore be treated as if they were free,
but with an effective mass; i.e. their dispersion relationship is

2

E®) ~ Eo+ ~—(k — ko)?, (5.13)

2m*
-where energy Eo and wavevector kg define the band extremum. Note that
m* can be either positive or negative. This approximation often simplifies
calculations; m* in effect contains all of the necessary information about the
way in which the electron’s motion is modified by the crystal potential through
which it moves. The equivalent model for anisotropic band extrema is explored
in Exercise 5.2.

5.2.4 The effective mass and the density of states

In the previous chapters, we have seen that it is most natural to count electron
states by evaluating the volume of k-space occupied (e.g. the Brillouin-zone
volume determines the number of electrons that a band can accommodate). The
counting of states is easy, because the states are spread through phase-space
uniformly. However, when one comes to consider the evaluation of quantities
such as the electronic heat capacity, where thermal population of states is a

W

[
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................................................

Energy (arb. units)

o
i

k (arbitrary units)

Fig. 5.1 Comparison of a parabolic band with
a light effective mass (steep curve) with a
band with a heavy effective mass (shallow
curve). In the case of the heavy-mass band,
the k-space interval Ak corresponds to a
small interva) of energy 8 E; the same inter-
val of k corresponds to a much larger energy
interval § Ey for the light-mass band.

significant factor, it is often convenient to work in terms of energy (see e.g.
the derivation of the electronic heat capacity within the Sommerfeld model
in Chapter 2), requiring a knowledge of the number of states per unit energy
range per unit volume, g(E).

If one substitutes a general value of k in eqn 1.22 instead of kr, one obtains
n(k), the number of states per unit volume of r-space with wavevectors less
than |k|. If the band in question is assumed to obey eqn 5.13 close to the region
of interest (i.e. it is parabolic and isotropic), then

dn dn dk 1 2m* 3 1
8E)= G5 T GkaE ~ a2 pp ) E T E0 G149
This shows that the effective mass is a very convenient way of parameterising
the curvature of a band at a certain energy, and hence the density of states g(E)
at that energy (see Exercise 1.1). We shall use this technique in a number of
subsequent derivations.

Finally, note that eqn 5.14 shows that a heavy effective mass results in a
large density of states (see also Exercise 1.1). The reason for this can be seen
in Fig. 5.1, which shows a parabolic band with a light effective mass’ (steep
curve) compared to a band with a heavy effective mass (shallow curve). A
fixed region of k-space will always contain a fixed number of states. In the
case of the heavy-mass band, the k-space interval Ak corresponds to a small
interval of energy § E; the same interval of k corresponds to a much larger
energy interval § E, for the light-mass band. As the same number of states is
accommodated in each energy region, the density of states g(E) is much higher
for the heavy-mass band.

S5.2.5 Summary of the properties of k

The properties of the k used in the Bloch wavefunction (see eqns 2.16 and
2.25) may be summarised as follows.

(1) k is not the (physical momentum/%) of the electron; it is a quantum
number describing the electron’s state within a band. Each band is
labelled using the index j.

(2) For each j, k takes all values consistent with the Born—von Karman
boundary conditions within the first Brillouin zone; in our notation k
runs though all q. j can run through an infinite number of discrete
values. ‘

(3) Fora given j, the electronic dispersion relationship E ; (k) has no explicit
form; the only constraint is that it must be periodic, i.e. E;(kK) = E;(k+

G).

(4) The velocity of an electron with energy E;(k) is given by v =
1 ,
7 VkEj(K). .

(5) The rate of change of k under the action of an external force f is given
by hdk =f. ‘

(6) The electronic wavefunction is ¥ (r) = e'kry jk» where u;jx(r) =

ujx(r+ T). Here u x (r) has no simple explicit form.

The above list tells us all we need to know about the dynamics of electrons in
solids. Let us imagine for a line or two that we know nothing about bands; a



calculation of the motion of an electron in a solid due to an external force seems
intractable, as the electron is also subject to a complex array of forces from the
jonic cores/molecules in the crystal. Band theory gets round this problem very
effectively. The external force results in a time-dependent quantum number
k(t). The resulting electronic velocity is obtained from the bandstructure using
v = (1/h) Vg E;(K) and substituting k = k(). The bandstructure thus tells us
all that we need to know about the interaction between the electrons and the
relatively static components of the crystal (ions, molecules etc.). Exercise 5.1
is a good example of this technique.

5.2.6 Scattering in the Bloch approach

The Bloch wavefunctions describe states which are stationary solutions to the
Schrodinger equation of a periodic potential. Thus these states persist for ever
and ever in a perfectly periodic infinite crystal, there will be no scattering of
electrons in the absence of disorder (which disturbs the perfect periodicity)
or boundaries (which destroy the periodicity/infiniteness of the crystal). This
is a manifestation of the wave-like nature of electrons; in a periodic array of
scatterers a wave can propogate without attenuation because of the coherent
constructive interference of the scattered waves. Scattering only takes place
because of lack of periodicity in r-space.

This observation is in great contrast with the Drude model (where electrons
were pictured crashing into virtually every ion) and the Sommerfeld approach
(where scattering was acknowledged but its cause was a mystery). In addition

e it encompasses all possible causes of scattering (phonons (see Ap-
pendix D), other electrons, impurities and boundaries, all of which
disturb the local periodicity);

e it explains the enormous low-temperature scattering lengths observed in
very pure single crystals of metals (often ~ mm or even cm);

e it removes the need for the hand-waving explanations as to why the
electrons in a metal ‘might not see the ionic cores very much’ used to
justify the Drude and Sommerfeld approaches.

5.3 Holes

Itis going to be useful to be able to describe a few empty states close to the top
of an almost full band using the concept of holes. Consider a band, containing
electrons with quantum numbers k ;, velocities v; and energies E(k;), where
E =0 is at the top of the band. For a full band, the values of k should all sum

to zero, i.e.
> kj=0. (5.15)
j

We consider removing one electron to create an excitation which we label a
hole. Suppose that the /th electron is removed; the band then acquires a net k
which we attribute to the presence of the hole. The hole has k = ky, with

k=) kj = —k. (5.16)
i

5.3 Holes

45
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It is obvious that the lower down the band the empty state, the more excited
the system. The hole’s energy Ep must therefore take the form

Ey=—-Ek).. (5.17)

The group velocity v, associated with the hole is

Vh = gvkhEh = Ev_kl(—E(kl)) = Vl, (5‘18)
where the minus signs in egns 5.16 and 5.17 have cancelled each other.

The full band will carry no current, i.e.

> (—e)v; =0; (5.19)
5 .
the removal of the /th electron produces a current
> (—e)v; = —(—e)vi = (+e)vn, (5.20)
J#l

i.e. the hole appears to have an associated positive charge. Finally, substitution
of eqns 5.16 and 5.17 into egn 5.12 shows that the effective mass m; (or
effective mass tensor components in a more complex band; see Exercise 5.2)
associated with the hole is given by

my, = —mj. (5.21)

The importance of holes stems from the fact that bands are often well-
characterised only close to the band extrema. Our knowledge of the dispersion
relationships away from a particular extremum is often rather nebulous;
such regions are not easily studied experimentally (see Chapter 8). It is
therefore easier to deal with a small number of empty states close to the well-
characterised maximum of an almost full band rather than attempt to treat the
huge number of poorly-characterised states lower down in the band.

The fact that holes behave as though they have positive charge and positive
effective mass explains why many di- and trivalent metals have positive Hall
coefficients (see Section 1.4.3 and Table 1.1). A simple instance in which this
could happen is shown in Fig. 3.4. The section of Fermi surface in the corner of
the Brillouin zone (Fig. 3.4(e)) corresponds to a small number of empty states
at the top of a band; the states are therefore hole-like. By contrast, the sections
of Fermi surface straddling the zone boundaries (Fig. 3.4(f)) represent a few
filled states at the bottom of the upper band; these states are therefore electron-
like. The observed Hall coefficient would depend on the relative contributions
that the various Fermi-surface sections make to the electrical conductivity (see
Section 10.2).

5.4 Postscript

We have now derived all of the ideas needed for a reasonable understanding
of the bandstructures of real solids. We shall take these ideas and use them to
study the properties of semiconductors and insulators in the following chapter.



Further reading

A simple treatment is found in, for example, Electricity and magnetism, by
B.L Bleaney and B. Bleaney, third edition (Oxford University Press, Oxtford,
1989), Sections 12.4 and 12.5, and a more comprehensive version is available
in Solid state physics, by N.W Ashcroft and N.D. Mermin (Holt, Rinehart and

Winston, New York, 1976), Chapter 12.

A higher-level description of the general properties of several different types
of bandstructure calculation is given in Quantum theory of the solid state, by
Joseph Callaway (Academic Press, San Diego, 1991), Chapter 1, Semicon-
ductor physics, by K. Seeger (Springer, Berlin, 1991), Chapter 2, Electrons
in metals, by .M. Ziman (Taylor and Francis) and (harder) Fundamentals of
semiconductors, by P. Yu and M. Cardona (Springer, Berlin, 1996), Chapter 2.

Exercises

(5.1) A one-dimensional solid, lattice spacing a, lies along
the x-axis. It has a band with the following dispersion
relationship

E(k) = Eg — 21 cos(ka). (5.22)

The band contains just one electron which is at rest at
x =0attime ¢ < 0. At¢ = 0 an electric field € is turned
on in the x direction. Sketch the electron’s position x,
velocity v and effective mass m* as a function of time
t and comment on the relationship between the three
quantities.

(5.2) Reciprocal mass tensor and effective mass tensor. The
effective masses of electrons in anisotropic bands can be
represented using tensors. This question exposes you to
them.

a) Show that an electron in a crystal, with wavevector
k and energy E (k) subjected to an applied electric
field €, will change its velocity v at a rate given by

dv; -1
= ;(M dijej  (5:23)

where the reciprocal mass tensor has components
1 J%E

K2 dk; ok i '
b) The highest occupied band of a particular sub-

stance is found to have the following reciprocal
mass tensor

M) = (5.24)

1 a‘; 10 0
mMli=| o L (1) (5.25)
o o L

m3

when a particular set of x, y and z axes are chosen.
Sketch a constant energy surface (i.e. Fermi sur-
face) of this substance, assuming that m1, my and
ms are independent of £ and k and that they differ
in size.

AsM~lis diagonal, it is easy to invert it to get the
effective mass tensor M.

mi 0 0
M= 0 m O . (5.26)
0 0 ms3

A magnetic field B is applied to the sample in an
arbitrary direction. By substituting v = vge’®’ into
the equation

d
Ma; =_evxB (5.27)

show that w = fn—B;, with

B? 3
m*= [ 2 ) (528)
m1 By +myBy +m3B;

(Hint: write out all of the components of the equa-
tion and collect them into a matrix of coefficients
of vy, vy and vg; take a determinant of this and
equate it to zero and everything should be all
right.) This phenomenon is known as cyclotron
resonance.
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(5.3)

Some general points about bandstructure

Fig. 5.2 Simplified E vs k curves for conduction electrons in
Cu and Sc. The dashed lines indicate the Fermi energy in each
case and the dotted curves represent the free-electron dispersion
relationship. '

a) Figure 5.2 shows simplified electron dispersion
relationships for (1) the s-electron conduction band
of Cu (4s) and (2) the d-electron conduction band
of Sc (3d1). The dispersion relationship for free
electrons is shown as a dotted line. Discuss the
variation in magnitude and sign of the effective
mass of electron states (both occupied and unoc-
cupied) in these bands.

The Fermi energies of Cu and Sc are given as
dashed lines in Fig. 5.2. Estimate the ratio of the

b)

(5.4)*

(5.5)

low-temperature electronic molar heat capacities
of Cu and Sc, C¢(Cu)/Ce (Sc), stating clearly
any assumptions that you make. What else can be
deduced about the comparitive properties of Cu
and Sc from Fig. 5.27?

‘We have proved that close to a Brillouin zone boundary,
an electron in a weak, periodic potential has the follow-
ing energy

0_ g0

2

1 E _ 1
E=(Ef+Eg_g)+ [(—"—"—G) +1Ve12,
(5.29)

2
0 _ n&%
where E}, = 5= is the free-electron energy correspond-
(< " .
ing to wavevector k, G is a reciprocal lattice vector, Vg
1s the appropriate coefficient from

Vi =) Vge'®T, (5.30)
G

and V(r) is the potential. Consider a simple cubic lattice,
with primitive lattice translation vectors ae;, ae; and
aes, where e, e; and e3 are the (mutually perpendicular)
Cartesian unit vectors parallel to the x, y and z axes
respectively. Show that the effective masses for motion
parallel to e; with k close to the point (%, 0,0), are
smaller than me and directly proportional to |Vg|. Why
do you obtain two masses, and what does their relative
size tell you about the bands close to the zone boundary?
Show also that the effective mass for motion paralle] to
e; with k close to (%, 0, 0) is me.

A solid possesses the tight-binding band

E(k) = Eg — 211 cos(kxa) — 211 cos(kyb).  (5.31)

Evaluate the effective mass for motion in the ky, ky plane
when the band is almost empty (i.e. when there is < 1
electron per primitive unit cell) and when the band is
almost full (i.e. when there are just less than two electrons
per primitive unit cell).



Semiconductors and
Insulators

6.1 Introduction

Thus far we have been mainly preoccupied with the properties of metals, and
we shall return to them in later chapters. However, Section 3.3.2 indicated
that certain substances with even numbers of valence electrons per unit cell
may not conduct electricity at 7 = 0 because they possess the correct
number of electrons to exactly fill a band, given that the next available
empty states are somewhat removed in energy. Such materials are known
as semiconductors or insulators; as they have proved to be technologically
very important, we shall take some time to consider the general properties
of their bandstructure. The concepts encountered will serve to illustrate the
general principles which we have derived in the previous three chapters. For
brevity I shall refer to such materials collectively as ‘semiconductors’; as we
shall see, the distinction between a semiconductor and an insulator is fairly
nebulous.

The most important aspect of semiconductor bandstructure may be
summarised as follows; at absolute zero the highest completely filled band
(the valence band) is separated from the lowest empty band (the con-
duction band) by an enérgy gap or band gap Eg. Therefore the material
does not conduct electricity at T = 0. At finite temperatures a vari-
ety of processes enable electrons to be excited into the conduction band
and empty states to occur in the valence band, thus allowing electrical
conduction. However, as will be shown in the rest of Chapter 6, the
presence of the energy gap still dominates the properties of the semi-
conductor.

Most of the technologically-important semiconductors, such as Ge, Si, GaAs
and (Hg,Cd)Te, have a face-centred cubic lattice with a two-atom basis; this
has already been illustrated in Fig. 4.4. In the case of Si and Ge, the atoms on
the A and B sites in Fig. 4.4 are identical (the so-called diamond structure).
In the case of binary semiconductors such as (for example) GaAs the A
sites will have Ga atoms and the B sites As atoms; the crystal is said to
have the zinc blende structure. As stated above, in each case, the underlying
lattice is face-centred cubic and there is a two atom basis. Thus, both the
group IV elements and many of the binary semiconductors such as GaAs
have the same shape of first Brillouin zone, which is shown in Fig. 4.4 and
which will be useful for understanding the band diagrams in the following
discussion.

6.1
6.2
6.3

6.4

Introduction 49
Bandstructure of Si and Ge 50
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bands in semiconductors 56
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Fig. 6.1 Calculated bandstructure of Si pro-
jected along the (100) and (111) directions.
The shading indicates the lowest (unoccupied
at T = Q) conduction band and the highest
(occupied at T = Q) valence band, with the
‘forbidden band’ or band gap in between.
(Based on M. Cardona and F. Pollack, Phys.
Rev. 142, 530 (1966).)

Fig. 6.2 Calculation of the bandstructure of
Ge along various projections. The shading
indicates the lowest (unoccupied at T = 0)
conduction band and the highest (occupied at
T = 0) valence band. (Based on J.C. Philips
et al., Proc. int. conf. phys. semiconductors
(Exeter, UK) (The Institute of Physics, Lon-
don, 1962) 564.)

1See, for example, Semiconductor physics,
by K. Seeger (Springer, Berlin, 1991) Section
5.7 and references therein.
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6.2 Bandstructure of Si and Ge

6.2.1 General points

Si and Ge were the first semiconductors to be exploited commercially, and
Si continues to be very important as a technological material.! Figures 6.1
and 6.2 show calculations of the bandstructures of Si and Ge respectively. At
first sight, the situation looks a complex, fearful mess. However, at the typical
temperatures that will concern us (0—~ 300 K), the only dramatic action (i.e.
thermal excitation of electrons and holes, optical absorption edges) will occur
close to the highest point in the valence band and the lowest points in the
conduction band.



k=0 k ky =n/a

along [111] axis

Ak#0

6.2.2 Heavy and light holes

In both Si and Ge, two bands converge at the valence band maximum in the
Brillouin-zone centre (the I'-point). These bands are known as the heavy-
and light-hole bands; the flatter one, with its large value of (d*E/dk?)~!,
is the heavy-hole band, and the steeper one the light-hole band (for obvious
reasons—see Fig. 5.1).

The heavy holes tend to dominate the properties of the valence-band
extremum; their heavier effective mass means that their density of states will
be much larger than that of the light-holes (see Section 5.2.4 and Exercise 1.1).

6.2.3 Optical absorption

Photons with energy hv ~ Eg ~ 0 —2 eV will have wavevectors which are «
typical Brillouin-zone size (energetic X-rays (hv > 1 eV) have wavevectors
~ Brillouin-zone size). This means that transitions involving the absorption of
a photon to excite an electron from the valence band to the conduction band,
leaving a hole behind, will be essentially vertical in k-space. The transition
strengths will be greatest when the joint density of initial and final states is
large, i.e. when conduction and valence bands are approximately parallel.

Note that Si and Ge are indirect-gap semiconductors; the smallest band
separation (the thermodynamic band gap, which determines the thermal popu-
lation of electron and hole states) is not vertical in k-space. Figure 6.3 shows a
schematic representation of this situation in Ge; strong optical transitions will
occur at the point labelled Ak = 0 on the diagram, at a higher energy than the
thermodynamic band gap, which is labelled Ak # 0.

It turns out that optical transitions cun occur at energies close to the
thermodynamic band gap in Si and Ge if both a phonon (see Appendix D)
and a photon are involved; emission or (at higher temperatures) absorption of
a phonon with the appropriate wavevector allows momentum to be conserved
so that the transitions labelled Ak # 0 in Fig. 6.3 are possible.

Figure 6.4 shows the optical absorption coefficient of Ge at 300 K and
77 K. Both the indirect (Ak # 0) and direct (Ak = 0) transitions can be
seen as absorption edges. The higher energy direct transition is some 100
times stronger than the indirect transition. In addition, the indirect transition
is stronger at 300 K than at 77 K, as there is a substantial population of
phonons of a suitable wavevector to take part in the transition at the higher

6.2 Bandstructure of Si and Ge 31

‘Fig. 6.3 Schematic of direct and indirect
optical transitions in Ge.
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Fig. 6.4 Optical absorption of Ge at 300 K
and 77 K. (Data from R. Newman and
W.W. Tyler, Solid state physics 8, 49 (1959).)

Fig. 6.5 Constant energy surfaces of Si (left)
and Ge (right).
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temperature; optical transitions assisted by phonon absorption thus becomes
possible in addition to those assisted by emission.

Finally, note that the energy gaps change with temperature. This is not
unexpected in models of bandstructure; e.g. in the tight-binding model of
bands, thermal expansion will influence the atomic separation and hence the
transfer integrals.

6.2.4 Constant energy surfaces in the conduction bands of
Si and Ge

The conduction band minima in Si and Ge (see Figs. 6.1 and 6.2) are
situated away from the Brillouin-zone centre (the I" point) and are thus rather
anisotropic. At energies close to (ie. <~ 50 meV from) the bottom of
the conduction bands, effective mass tensors with constant coefficients (as
discussed in Exercise 5.2) can be used to describe the conduction-band minima
in Si and Ge. By choosing suitable axes, the tensors can be made diagonal.
The constant energy surfaces are approximate ellipsoids of rotation about one
of these axes (see Fig. 6.5).
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Fig. 6.6 Left-hand side: Brillouin zone of GaAs. Right-hand side: bandstructure of GaAs. The important bands are numbered; 2: spin-orbit split-off
band, 3: light-hole band, 4: heavy-hole band, 5: conduction band. The arrows indicate the transitions referred to in Section 8.7.2. (After D. Long,
Energy bands in semiconductors (Wiley, New York, 1968).)

6.3 Bandstructure of the direct-gap III-V and
II-VI semiconductors

6.3.1 Introduction

Compound semiconductors such as GaAs and InSb are known as IlI-V
semiconductors because they combine elements from groups Il and V of
the periodic table. In a similar way, semiconductors such as (Cd,Hg)Te are
known as II-VI semiconductors. Many III-V and II-VI semiconductors have
technological applications, often as emitters and detectors of electromagnetic
radiation. It is important that we examine their bandstructure and consequent
properties, in order to see why they are used for such applications. We shall see
that one of the most important points is that the minimum energy band gaps in
most of these materials are direct, so that optical transitions with Ak ~ 0 can
occur,

6.3.2 General points

Figure 6.6 shows the Brillouin zone and calculated bandstructure of GaAs, a
typical direct-gap III-V semiconductor. Note that

e both heavy- and light-hole bands are present at the valence-band ex-
tremum, as before (cf. Figure 6.2);
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Fig. 6.7 Schematic of bandstructure of GaAs
close to the direct band-gap. The origin of the
energy scale is taken as the top of the valence
band.

Table 6.1 Energy gaps (in eV), and effective
masses (in units me) of typical III-V semicon-
ductors.

. * *
Material Eg mz‘ mpp miy

GaAs 152 0.067 0.082 045
InAs 042 0.023 0.025 041
InSb 0.24 0.014 0.016 0.40

ZExcitons are also seen just below the direct
band gaps of semiconductors such as Ge and
Si at sufficiently low temperatures; see e.g.
T.P. McLean, in Progress in semiconductors,
vol. § (Wiley, 1960).

¢ the thermodynamic band gap separating the highest point of the valence
band from the lowest point of the conduction band is direct;

e Just below the valence-band maximum, there is another band, known as
the spin-orbit split-off band.

For most practical purposes, we need consider only the electronic disper-
sion relationships close to the valence band maximum and conduction band
minimum; a schematic of this region of k-space is given in Fig. 6.7. In fact,
Fig. 6.7 is a good representation of this region for many direct-gap II-V (e.g.
InSb, InAs) and II-VI (e.g. CdTe, Cdp,HgosTe) semiconductors. Table 6.1
shows band edge effective masses for three examples. Note that

e the light-hole effective mass mj; ~ myg, the electron (conduction-band)
effective mass;

e mg and my, scale roughly with Eg;

o the heavy-hole effective mass m; is almost material-independent.

The fact that wider band gap semiconductors have larger conduction-band and
light-hole effective masses is rather a general feature of semiconductors and
insulators; it will be an important factor in the discussion below.

6.3.3 Optical absorption and excitons

Figure 6.8 shows the optical absorption coefficient of GaAs at several temper-
atures. Note that the lowest energy band gap is direct (Ak = 0); in contrast to
the case of Ge, there is no indirect band gap absorption at energies below the
direct gap. There is, nevertheless, one marked similarity to the case of Ge; the
direct energy-gap rises as the temperature falls.

At lower temperatures, an extra peak emerges close to the onset of absorp-
tion. This is due to the formation of an exciton, a bound electron-heavy-hole
pair.? (As stated above, the heavy holes dominate the spectra because of their
large density of states.) We shall look at some of their general properties in the
following section.
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6.3.4 Excitons

At T < 200 K there will be very few carriers around in the conduction and
valence bands of GaAs and therefore little screening. An electron and hole
created by the absorption of a photon will therefore interact via the Coulomb
force. The situation is analogous to the hydrogen atom (see Appendix E), but
with the following adjustments.

o The mass of the electron in the hydrogen atom is just the free-electron
mass m.; furthermore, the proton (i.e. hydrogen nucleus) is much heav-
ier than the electron, so that its motion is almost negligible. However, in
an exciton, the electron and heavy-hole possess effective masses which
are often within a factor ten of each other; both take part in the ‘orbital’
motion. Therefore m. in the hydrogen calculation must be replaced by
the reduced effective mass u*, with

1

1
px me

*
Mpn

(6.1)

e The electron in hydrogen moves in vacuo. In contrast, the electron and
hole in the exciton move within a medium with relative permittivity ;.

Thus the energy levels of the exciton are given by

u* 1 13.6eV
E(n) = ——= X ——
€ n

e

: (6.2)

with 7 an integer.> Here n = 1 represents the ground state (the 1s state) of
the exciton, and n = oo represents a free electron-hole pair (the ‘ionisation’
of the exciton). Substituting typical values for ¢ (¢, ~ 10 — 15 for many
semiconductors) and u* (e.g. u* ~ 0.06m, in GaAs) gives an exciton binding
energy E(1) = 5 meV. A similar approach yields an effective Bohr radius
for the exciton of >~ 200 nm (i.e. >~ 60 atomic spacings), thus justifying
the approach followed for working out the excitonic energy levels (i.e. that
the hole and electron move through a macroscopic ‘medium’ described by
properties such as €; and p*). The GaAs spectra shown above (see Fig. 6.8)
are dominated by the 1s (n = 1) state of the exciton. However, in materials
with wide band-gaps (i.e. large u*; see Section 6.3.2) and low values of e,

Fig. 6.8 Optical absorption coefficient of
GaAs at several different temperatures. Note
that the joint density of states of the electrons
and holes might be expected to give an ab-
sorption coefficient which is initially propor-
tional to (fiw — Eg) 172 (see Section 5.2.4), as
the conduction and valence bands are almost
parabolic close to the band-edges. However,
this is masked by the contribution of the ex-
citon to the joint density of states. (Data from
M.D. Sturge, Phys. Rev. 127,768 (1962).)

3 have used the conventional symbol for
the quantum number n so as not to confuse
any atomic physicists reading this book. This
is the same as the standard symbol n for
electron density, again used throughout this
book so as not to confuse semiconductor
physicists. The context for each n is plainly
stated; they do not occur in the same equation
and so I hope that it is obvious which is
which.
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Fig. 6.9 Absorption of the wide-gap semicon-
ductor Cuy0O, showing hydrogen-like states
of the exciton; the quantum number n of each
state is labelled. (Data from S. Nikitine et
al., Proc. int. conf. phys. semiconductors (Ex-
eter, UK) (The Institute of Physics, London,
1962).)
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the exciton binding energies are much greater, and the individual hydrogen-
like states of the exciton can be clearly seen in absorption data; an example
is shown in Fig. 6.9. Conversely, in narrow-gap semiconductors with small
effective masses, such as InSb (see Section 6.3.2), the exciton binding energies
are small and excitonic effects are rarely seen.

6.3.5 Constant energy surfaces in direct-gap III-V
semiconductors

Figure 6.6 shows that the conduction-band minimum and valence-band max-
imum of GaAs are at the Brillouin-zone centre (the I" point), a point of very
high symmetry. Close to these points, the bands are quite isotropic (especially
the conduction band); for many purposes, each band can therefore be treated
using a single, constant effective mass (see Table 6.1) to a reasonable degree
of accuracy, as long as the carrier energies do not exceed a few tens of meV.

6.4 Thermal population of bands in
semiconductors

6.4.1 The law of mass action

The most notable thing about semiconductors (compared to metals) is the

- fact that the number of mobile charge carriers varies with temperature. We

shall now derive the equation governing this behaviour. The number density of
electrons dn with energy between E and E + dE will be given by

dn = fp(E,T)g(E)AE, (6.3)
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where fp is the Fermi-Dirac distribution function

i
o= (6.4)
e BT 41

¢(E) is the density of states and (. is the chemical potentia1.4

Distribution functions for electrons and holes Now let us consider the
case that p is within the band gap, such that the chance of occupancy of a
conduction-band state is < 1. This implies that (E — 1) > kgT, so that the
Fermi-Dirac distribution function fpc for an electron in the conduction band
can be approximated as

1 _(E-p)
fDC ~ -(E——-u.) =e kpT . (65)
eTB_T

The chance of finding a hole in the valence band will be 1 — fpy, where fpy is
the Fermi—Dirac distribution function within the valence band. Under similar
conditions to those used in the derivation of eqn 6.5, (E — u) will be negative
and |E — p| > kgT. Therefore the approximation

E-w) E—y) =5
= fov=lo(tel )y lal—(—echl)=e BT (66
can be made.

Density of states We assume that the conduction and valence bands near the
band-edges are parabolic, each characterised by a single effective mass. (Even
though there are both heavy and light holes, this is not a bad approximation, as
the heavy holes have a much bigger effective mass and hence density of states;
the light holes can be neglected.) The densities of states for the conduction
band (g.) and valence band (gy) are therefore

3
ge = Cmy2(E — Eo)? 6.7)
and ,
H 1
gv = Cm 2 (Ey — E)? (6.8)

respectively, where m{ and mﬁh are the electron and heavy-hole effective
masses respectively, E. and Ey are the energies of the conduction and valence
band edges respectively and C = (1/272)(2/#%)3/? (see Section 5.2.4).

Combining eqns 6.3, 6.5 and 6.7, the number of electrons in the conduction
band per unit volume is

0 3 o0 _(E—-p)
n= f focgedE ~ Cmy? / (E—Ete BIdE.  (6.9)
E. E.

Making the substitution y = (E — E.)/(kpT) gives

(Ec—,
n~ CmtkgT)ie™ Fot f yieVdy, (6.10)
leading to
2emrkgT)? _ (Eezw) _ (Ec=w)
n_z(—”u B = Ne BT . 6.11)

h3

4In the next bit of the derivation we are
going make a distinction between the Fermi—
Dirac distribution function in the valence
and conduction bands, as though it becomes
two different functions. Of course it does
not; however, differing approximations can
be made for the two bands, so that some sort
of short-hand labelling which distinguishes
the two is desirable.
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Here N; is the effective number density of accessible states at the conduction
band bottom. »
Similarly, combining eqns 6.3, 6.6 and 6.8, p, the number of holes in the
valence band per unit volume is
Ey «3 [Ev | _W=E)
p=| (- fov)edE~Cm} | (E,—E)2e” BT dE. (6.12)

—o0 ~00

The same type of substitution as in the case of the electrons leads to

3
* )2 —Ey —Ey
p~ o ZrminkpT)? Uz Ny~ B (6.13)

h3

where N, is the effective number density of accessible states at the valence
band top.
Combining eqns 6.11 and 6.13 gives

E,

_.-i‘ - E’
np ~ NeNye T = WT3e F7 (6.14)

where the energy gap E; = E;. — Ey, and W is a constant depending on
the details of the valence and conduction-band extrema. This is known as the
law of mass action. The exponential dependence of np on the temperature is
the chief mechanism determining the temperature dependence of the electrical
conductivity of semiconductors (see Chapter 9).

6.4.2 The motion of the chemical potential

We now consider what happens to the chemical potential as a function of 7.
Setting n = p and equating eqns 6.11 and 6.13 gives

N. Qu—Ec—Ev)
A L (6.15)

Now (N/Ny) = (mz/m:h)3/2 (see Section 5.2.4), so that the chemical
potential is given by

*
C

1 3 m¥
w= 5(EC+EV)+ZkBT1n(mhh). (6.16)

Therefore p starts off in the middle of the band-gap (i.e. exactly half way
between the empty and full states) at T = 0; as mj, is bigger than m{ in most
semiconductors, x usually moves up as T rises.

6.4.3 Intrinsic carrier density

Let us first assume that the only source of electrons in the conduction band and
holes in the valence band is the thermal excitation of electrons across the band
gap (i.e. there are no impurities; see Section 6.4.4 below); such electrons and
holes are known as intrinsic carriers. In this case (see eqn 6. 14)

31 B
ni=n=p=TIWze 287, (6.17)
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where n; is the intrinsic carrier density. Note that the exponential contains
Eg/2 and not Eg; this is because the creation of each electron in the conduction
band automatically makes a hole in the valence band.

Figure 6.10 shows n; for Ge, Si and GaAs as a function of T'; the exponential
dependence on E means that relatively small differences in band gap result in
nis which are several orders of magnitude apart.

6.4.4 Impurities and extrinsic carriers

For virtually all practical applications (i.e. those at room temperature), the
conductivity of semiconductors such as GaAs, Ge and Si is dominated by
extrinsic carriers, those provided by doping the semiconductor with impurities.

Two types of impurity will concern us, donors, which donate electrons, and
acceptors, which provide holes.

e Donors An atom of the semiconductor with valence V is replaced by
a donor atom, with valence V + 1. After the donor has bonded into the
host lattice, it will still have one electron left over. Examples of donors
include P in Si or Ge, Si on a Ga site in GaAs, and Te on an As site in
GaAs.

e Acceptors An atom of the semiconductor with valence V is replaced
by an acceptor atom, with valence V — 1. Bonding into the lattice will
therefore leave the acceptor short of one electron, i.e. with a surplus
hole. Typical acceptors include Al and Ga in Si and Ge, Be on a Ga site
in GaAs and Si on an As site in GaAs.

The surplus carrier (electron or hole) will orbit the (positively or negatively)
charged ionic core of the impurity; again (see Section 6.3.4) the situation is
analogous to hydrogen, with the following alterations (cf. Section 6.3.4)

o the free-electron mass m. in the hydrogen is replaced by the effective
mass of the carrier; :
o the carrier moves through a medium of relative permittivity €.

Thus, the energy levels of e.g. a donor are given by

*
E(n)=&Lx 13.6eV

, 6.18
me €2 n? ©.18)

Fig. 6.10 Calculated intrinsic carrier densities
nj versus temperature in Ge (Ey = 0.74 V),

Si (Eg = 1.17 eV) and GaAs (E,
1.52 eV).
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Fig. 6.11 Far-infrared absorption due to P
impurities (donors) in Si. Hydrogen-like tran-
sitions between the n = 1 ground-state
and higher levels can clearly be seen. (Data
courtesy of Prof. R.A. Stradling.)

3The perceptive reader will notice that the
transitions are not quite at the energies pre-
dicted by the simple model of hydrogen. In
Ge and Si, a further complication arises from
the multi-valley nature of the conduction
bands; in Si, for example, there are six im-
purity states from six minima. These interact
so that the final pattern of levels observed
is not precisely hydrogenic (the situation
in direct-gap semiconductors with a single,
zone-centre conduction-band minimum (e.g.
GaAs) is rather closer to the hydrogenic
model). Similarly, the degeneracy of the va-
lence band modifies the simple hydrogenic
- acceptor levels.

U

0.039

- 0.041

Energy (eV)

with n an integer (see Fig. 6.11 for a graphic illustration of these energy
levels).?

As in the exciton model, n = 1 represents the ground state (the 1s state) of
the donor, and n = oo represents a free electron in the conduction band (the
‘ionisation’ of the donor). Similar considerations hold for acceptors.

Substituting typical values for € (¢, ~ 10 — 15 for many semiconductors)
and m} (e.g. m¥ ~ 0.07m. in GaAs) into eqn 6.18 gives an impurity binding
energy E(1) ~ 5 meV. Semiconductors with wide band gaps will tend to
have electrons and light holes with heavier effective masses, resulting in larger
impurity binding energies, whilst narrow-gap semiconductors will tend to have
small impurity binding energies (see Section 6.3.2).

The hydrogen-like approach also yields an effective Bohr radius ag ~
10 nm. The large Bohr radius of the donor implies that the donated electron will
spend very little time close to its ‘parent’ ionic core. Therefore the impurity
binding energy of a donor will be almost entirely determined by the host
semiconductor rather than the parent ion.

6.4.5 Extrinsic carrier density

As long as the numbers of donors and/or acceptors are small enough such that
the chemical potential remains in the band-gap (i.e. the chance of occupancy
of an electron state in the conduction band or a hole state in the valence band
is much less than 1), the derivation of Section 6.4.1 will be applicable, so that
the law of mass action will still hold. ' '

In order to find n and p when impurities are present we therefore use
eqn 6.14

~ L
np = T*We™ =T

combined with the conservation law

n—p=Np— Na, (6.19)
where Np is the density of donors and Ny is the density of acceptors (both
are assumed to only provide one carrier each). The right-hand side of eqn 6.19
shows that the presence of donors can be compensofed‘by acceptors; this is
known (surprise, surprise!) as compensation.
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Binding energies of order 5-10 meV imply that most impurities in semicon-
ductors such as GaAs and Si will be ionised at room temperature.® Figure 6.12
shows the temperature dependence of the electron density in the conduction
band of Si with a net donor density of Np — Na = 10Pcm™3. At cryogenic
temperatures the extrinsic electrons freeze out onto the donors; however above
about 200 K, all of the donors are ionised (the saturation range) and #n is
relatively constant. At ~ 500 K the intrinsic contribution to n becomes non-
negligible and then rapidly dominates.

A comparison of Figs 6.10 and 6.12 shows that the n; in GaAs and Si are
very low indeed at room temperature, much less than practically-achievable
values of Np — N4 ; samples of these semiconductors would have to be free of
donors to better than about 1 part in 102 — 101 (impossible!) for one to see
something approaching true intrinsic behaviour.

Finally, we examine the behaviour of the chemical potential in the presence
of impurities. To see where u goes, we repeat the derivation of Section 6.4.2,
but using the number density of empty donor states (Npe~“—ED)/ k8T where
Ep is the energy of the donor ground-state) in place of the number of holes
in the valence band.” (We are thus considering an n-type semiconductor;
however, an equivalent derivation for a p-type semiconductor uses the same
ideas.) This gives

1 1 Np
— — —k (—), .
M 2(E];) + Ec) + 2 BTln( Nc) (6 20)

Le. i can either rise or fall with increasing temperature.?

Fig. 6.12 Temperature dependence of the
electron density in Si with a net donor density
of Np — Na = 105cm =3,

6For moderate values of Np (see Sec-
tion 6.4.6), this implies that (Ep—p) >> kgT
and (u — Ep) > kT, where Ep and Ep
are the energies of the donor and acceptor
ground-states respectively. Therefore u will
not only be far from the band-edges, it must
also be far from the impurity levels.

730 as not to complicate the discussion, the
expression used for the number of empty
donor states is a simplification. Those in-
tending to embark on calculations or re-
search should note that the number should be
Np(l — 1/(1 + g~ le(#—ED)/kBTY) where
g is the degeneracy of the donor ground-
state (cf. eqn C.22). To see where g comes
from, consider the 1s state of a hydrogenic
donor. This is technically doubly degenerate
owing to the fact that electrons can have spin
up or spin down. Double occupancy of the
donor is not energetically favourable; how-
ever, the statistical mechanics ‘knows’ that
there are two states available at that energy.
See, for example, Semiconductor physics, by
K. Seeger (Springer, Berlin, 1991).

8Beware! The derivation of this equation as-
sumes that £ — p and u — Ep are both
much greater than kgT. We have already
seen that this is unlikely to be true at room
temperature; therefore this formula is only
valid at much lower temperatures. It is, never-
theless, a useful guide to the low-temperature
movement of 4.
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6.4.6 Degenerate semiconductors

Once all of the donors are ionised (the exhaustion regime), n = Np; equating
eqn 6.11 to Np gives

WY
p~ Ec+kgT m(ﬁx (6.21)
C

where the ~ re-emphasises that we are approaching a dodgy situtation as far as
the approximations used to derive eqn 6.5 are concerned. There are two cases
to note.

e Np < N leads to a chemical potential which is still in the band-gap.
The number of electrons in the conduction band is still small compared
to the number of available states, so that the quasiclassical statistics used
in eqn 6.5 and the derivation that follows it are probably valid. In this
case, the semiconductor is non-degenerate. _

e Np > N leads to a chemical potential in the conduction band. Therefore
we cannot use the quasiclassical approximation for the Fermi-Dirac
distribution function. The semiconductor behaves somewhat like a metal
and is said to be degenerate. '

6.4.7 Impurity bands

If a large enough concentration of impurities is placed in a semiconductor, the
wavefunctions of the carriers bound to the impurities will start to overlap; the
criterion for this for e.g donors is Np >~ 1/ a§3. The situation becomes rather
similar to the tight-binding model, and carriers will be able to move from impu-
rity to impurity. The semiconductor will remain electrically conductive even at
very low temperatures; it is another instance of a degenerate semiconductor.
However, in contrast to the case discussed in the previous section, the chemical
potential will depend rather less on the temperature; we will have a situation
much more analogous to a (rather dirty) conventional metal..

648 Isita semiconductor or an insulator?

Most textbooks state that insulators are just wide-gap semiconductors, the
implication being that thermal effects excite a negligible number of electron—
hole pairs across the band-gap if it is wide (see eqn 6.14).

However, this picture is an over-simplification; as we have seen, the carriers
which populate the bands at room temperature come mostly from impurities.
Section 6.3.2 stated that carrier effective masses become heavier as the band-
gap increases; as the effective mass increases, the impurity binding energy
will increase (see eqn 6.18). As the gap widens, eventually the impurity will
become so deep that it will not be ionised at room temperature.

The distinction between wide-gap semiconductors and insulators is very
blurred; e.g. studies of doped diamond for use in potential ultraviolet/blue
LEDs are carried out, the aim being to find donors and acceptors which
are shallow enough not to lead to carrier freeze-out at sensible operating
temperatures of ~ 300 K. Conversely, much work has been done to dope
semiconductors like GaAs with so-called deep traps, impurity states which
are deliberately made so deep that the electrons and holes will remain frozen
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on them even at room temperature. Excess impurities will ‘soak up’ any
other carriers that are around, giving very high resistivities indeed. Such semi-
insulating material is often used as a substrate to support devices made from
more highly-conductive GaAs and (Ga,Al)As (see Section 7.3).

6.4.9 A note on photoconductivity

It has been mentioned that semiconductors are often employed to detect
photons. The detection involves photoconductivity, which can occur via three
mechanisms;

(1) the creation of electron—hole pairs through interband (intrinsic) absorp-
tion of radiation; typically this occurs at photon energies ~ Eg ~ 1 eV
or wavelengths A ~ 1 pm, although Chapter 7 will show that by alloying
semiconductors such as CdTe with semimetals such as HgTe, materials
with band gaps as small as 0.1 eV (corresponding to A ~ 10 pm) can be
made;

(2) the excitation of electrons (or holes) from donor (acceptor) impurities
into the conduction (valence) band; typically this occurs at energies ~
5 meV to 50 meV, corresponding to A ~ 200 — 20 pm;

(3) free-carrier absorption.

In cases | and 2, the carrier numbers are increased; in case 3, the number of
carriers remains constant but the conductivity changes because of a change
in mobility. The latter mechanism is usually important in cases where the
carrier effective mass is low and the band is strongly nonparabolic’ as the low
density of band states (from the small effective mass) results in long relaxation
times for the excited carriers. Free-carrier absorption is proportional to the real
part of the conductivity o = op/(1 + iwt), and so increases rapidly at low
energies/long wavelengths.

Further reading

Useful alternative treatments are given in Electricity and magnetism, by
B.I. Bleaney and B. Bleaney, third edition (Oxford University Press, Ox-
ford, 1989), Chapters 17-19, Solid state physics, by G. Burmns (Academic
Press, Boston, 1995), Sections 10.10-10.20 and Chapter 18, and Low-
dimensional semiconductor structures, by M.J. Kelly (Clarendon Press, Ox-
ford, 1995), Chapter 1 and Sections 2.1-2.3,2.7, 4.4, 5.1-5.3, 9.1-9.2. Optical
properties of semiconductors are tackled in depth in Optical properties of
solids, by M. Fox (OUP 2001).

Essentials of semiconductor physics by Tom Wenckebach (Wiley, New
York, 1999) provides a slightly offbeat, but algebraically rigorous treatment
of many of the properties of semiconductors which would be useful for
those embarking on research or calculations. A similarly detailed but more
traditional approach is given in Semiconductor physics, by K. Seeger (Springer,
Berlin, 1991)and Fundamentals of semiconductors, by P. Yu and M. Cardona
(Springer, Berlin, 1996). The methods used to calculate the bandstructure of
semiconductors have been reviewed by F. Bassani (Chapter 2 of Semicon-
ductors and semimetals, Volume 1, edited by R.K. Willardson and A.C. Beer

This is the case in the conduction bands
of narrow-gap semiconductors such as
Cdg.2Hgo g Te and InSb.
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(Academic Press, New York, 1966)) and E.O. Kane (Chapter 4 of Handbook
on semiconductors, volume 1, edited by T.S. Moss (North Holand, Amsterdam,
1982)); the latter reference includes the famous K.p method for evaluating the
bandstructure close to band extrema (see also Fundamentals of semiconduc-
fors, by P. Yu and M. Cardona (Springer, Berlin, 1996), Chapter 2.).

A very wide range of properties of semiconductors (band gaps, effective
masses etc.) can be looked up in the comprehensive Landholt-Bémstein series,
Numerical data and functional relationships in science and technology, New
Series, Group III, Volume 17, edited by O. Madelung (Springer, Berlin, 1982).

Impurities in semiconductors are dealt with comprehensively in the mam-
moth tome Doping in III-V semiconductors, by E.E. Schubert (Cambridge
University Press, 1993).

Semiconductor devices are reviewed in Modern semiconductor device
physics (1997), Physics of semiconductor devices (second edition, 1981) and
Semiconductor devices: physics and technology (1985), all by S.M. Sze (Wiley,

New York).

Exercises

(Note that there are many more problems about the properties of
semiconductors in Chapters 7, 10 11 and 12.)

6.1)

(6.2)

(6.3)

An intrinsic sample of GaAs is at a temperature of 300 K.
Estimate the change in temperature required to increase
its electrical conductivity by 10 per cent.

Estimate the intrinsic carrier density in Ge at room
temperature. Hence estimate the maximum impurity con-
centration allowable if Ge is to behave as an intrinsic
semiconductor at room temperature. Are such levels of
purity feasible? '

Later in the book, we shall see that the electrical conduc-
tivity o of a semiconductor is given by

0 = nepc + peiny

(eqn 9.11), where pc and upy are the electron and hole
mobilities respectively. Show that in a semiconductor
with pc fhh the minimum electrical conductivity
occurs for intrinsic material. In what applications might
it be useful to have minimum conductivity?

6.4)

(6.5)*

(6.6)

A sample of silicon has one part in 10° of its silicon
atoms replaced by donor atoms. Find the position of the
chemical potential x at room temperature relative to the
valence-band-edge and compare the carrier density with
nj, the intrinsic carrier density.

Imagine that the conduction band states of a semiconduc-
tor are completely full up to an energy xkgT above the
band edge and completely empty above this. Adjust the
constant x to make the carrier density n = N, where N
is defined in eqn 6.11. Hence, check the correctness of
the description of N as the effective number density of
accessible states.

The ionisation energies Ep of the donors As, Sb and
P in germanium are 14.0 meV, 9.8 meV and 12.8 meV
respectively. Account for the order of magnitude of Ep
and for the fact that it is not strongly dependent on the
particular donor impurity. V

How would you demonstrate experimentally that a donor
which is not ionised has a range of excited energy levels?



Bandstructure
engineering

7.1 Introduction

The idea of making artificial solids with bandstructures tailored to particular
applications has long fascinated condensed matter physicists. In this chapter,
we shall explore some of the ways in which bands with desired properties
can be engineered using what has been termed ‘chemical architecture’. A
very simple example of this is the use of semiconductor alloys, in which a
wide-gap semiconductor and a narrow-gap semiconductor are combined to
give a substance with a desired intermediate band-gap. A second example is
the semiconductor superloﬂice or heferostructure; here, very thin layers of
different semiconductors are superimposed. A third approach is to use small
organic or inorganic molecular units to build up solids with desirable metallic,
semiconducting or even superconducting properties. We shall treat each of
these cases in turn, starting with the semiconductor systems.

7.2 Semiconductor alloys

The previous chapter mentioned the fact that direct-gap semiconductors are
used in opto-electronic applications. Many of these applications involve the
emission of light by recombination of an electron and a hole across the band-
gap, or absorption of light of the band-gap energy to create an electron—hole
pair and hence produce some form of photoconduction;! The size of the band-
gap is therefore of great importance.

Figure 7.1 shows the band-gaps and lattice parameters for some of the
more common elemental and binary semiconductors. The band-gaps available
are not generally optimised for practical devices. A desire to improve on
this has led to the field of bandstructure engineering, where a variety of
artificial structures are used to provide bandstructure optimised to a particular
application.

The simplest bandstructure engineering involves making ternary alloys such
as (Ga,Al)As and (Hg,Cd)Te in order to achieve a desired band gap. I list three
examples of the uses of such alloys.

Ga;_,Al,As is technologically important because GaAs and AlAs form a
solid solution over the entire (0 < x < 1) composition range with very little
variation of lattice parameter (see Fig. 7.1); this means that multilayers of
very high quality can be fabricated (see below). A variable direct band-gap
is obtained for the range 0 < x <~ 0.35; for x >~ 0.35 the band-gap is
indirect.

7.1 Introduction 65
7.2 Semiconductor alloys 65
7.3 Artificial structures 66
7.4 Band engineering using

organic molecules 75

7.5 Layered conducting oxides 78
7.6 The Peierls transition 81

ISee e.g. Semiconductor physics, by K.
Seeger (Springer, Berlin, 1991), Chapters
12 and 13; Optical properties of solids
by M. Fox, (Oxford University Press, Ox-
ford, 2001), Low-dimensional semiconductor
structures, by M.J. Kelly (Clarendon Press,
Oxford, 1995), Chapter 18.
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Fig. 7.1 Band-gap versus lattice parameter
for some of the more common semicon-
ductors. The curves indicate commonly-used
alloys such as (Ga,Al)As, (Ga,In)As etc.;
solid curves represent direct gaps and dashed
curves indirect gaps.

Lattice mismatch to silicon (%)

-5 0 5 10 15 20
4 1 1 1 ) T
O ZnS
3| 104
$ 2
g T 05 &
E
g5t B
> =]
&8 2
= [3)
2 >
Q ~ «
E - B
5 1.0
E 1}
=
E 1.5
L 2.0
—3.0
5.0
0

Lattice constant(A)

The band-gap of Ga;j_,In,As may be adjusted over an energy range which
coincides with the low-attenuation region of many optical fibres.

Hg,_xCd, Te continues to be of great importance in the fabrication of
infrared detectors covering the 10 um (x = 0.2; E; ~ 100 meV) and
5 um (x = 0.3; Eg &~ 200 meV) atmospheric windows (regions where the
atmosphere has little absorption). The 10 pum region also contains the peak
thermal emission of ~ 300 K things, including human beings, so that there
is a variety of medical (thermal imaging), meteorological and more sinister
applications. Exhausts and jet engines emit well in the 5 pm range, and so the
applications of Hg;_,Cd, Te with x = 0.3 can be easily imagined.

7.3 Artificial structures

We now turn to a variety of structures which can be grown using techniques
developed over the past twenty years or so.

7.3.1 Growth of semiconductor multilayers

The growth of high-quality semiconductor multilayers is described as epitaxial
(the word is derived from the Greek words epi (upon) and taxis (arrangement)).
The implication is that layers grow on a suitable single-crystal substrate,
continuing the crystal structure of that substrate. The layers are thus supposed
to be crystallographically well ordered. Two techniques are commonly used
to grow epitaxial layers of semiconductors, Molecular beam epitaxy (MBE)
and Metal-organic vapour-phdse epitaxy (MOVPE; also known as OMVPE,
MOCVD and OMCVD).

¢ MBE Figure 7.2 shows the main components of an MBE machine. The
elements which make up the semiconductors to be grown evaporate from
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Knudsen cells at a rate controlled by the cell temperature; cells are also
provided for dopants. The evaporated atoms form a beam which travels
towards the substrate. Typically the evaporation rates are such that about
one monolayer is deposited per second. The composition of the layers
is controlled by shutters which can swing in front of each cell in about
50 ms, cutting off the beam from that cell. The substrate is kept at a well-
defined temperature to ensure that the deposited atoms are reasonably
mobile, so that they spread out over the substrate in monolayers rather
than forming clusters. The whole chamber must be very well evacuated
to prevent spurious dopants entering the layers; typical pressures in
an MBE machine are ~ 107!! mbar. A number of in situ diagnostic
techniques to monitor the growth of the multilayer are provided.

MOVPE Figure 7.3 shows a schematic of an MOVPE machine. The
components of the semiconductor to be grown travel to the substrate
as gaseous precursors formed by reacting the elements with organic
radicals; the precursors are carried along in a stream of hydrogen. Close
to the substrate, which is heated by a radiofrequency coil, the precursors
react, depositing the semiconductor on the substrate. A typical reaction
is

Ga(CHz)3 + AsH3z — 3CHy + GaAs. (7.1)

Fig. 7.2 Schematic of an MBE machine.

Fig. 7.3 Schematic of an MOVPE machine.
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Fig. 7.4 Band-edges in a quantum well as a
function of distance in the growth direction z.
The energies of the subbands within the well
are shown schematically.
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Very fast solenoid valves enable the sources of the various components
to be switched on and off rapidly.

7.3.2 Substrate and buffer layer

The substrate will be a high quality single crystal, usually of one of the
materials to be included in the multilayer. Often the substrate will be semi-
insulaﬁng GaAs (see Section 6.4.8). The first layer to be grown is called the
buffer layer; it is often the same material as the substrate (but undoped), and
is designed to ‘smooth out’ the lumps and bumps of the latter, to provide
an atomically-smooth top surface on which to grow the active parts of the
multilayer. More recently, superlattice buffers consisting of alternating thin
(~ 1-2 nm) layers of e.g. GaAs and AlAs have sometimes been used for this

purpose.

7.3.3 Quantum wells

The simplest multilayer system or heterostructure (hetero = more than one;
i.e. the structure is made up of more than one semiconductor) is the quantum
well. A thick (several hundred nanometres) layer of a wider gap material such
as (Ga,Al)As is grown (the barrier material), followed by a ~ 2 = 100 nm
layer of a narrower gap material such as GaAs (the well), followed by
another thick layer of wider gap material. Figure 7.4 shows the resulting
conduction and valence-band-edges; the relative heights of the discontinuities
in the conduction- and valence-band-edges are instrinsic properties of the two
materials involved.

The narrower-gap material forms a one-dimensional potential well in the
conduction and valence bands; thus, in the z (growth) direction, the electron
and hole levels are bound states of the well, known as subbands. The well will
contain three sets of subbands,

e the electron subbands,
e the light hole subbands and
o the heavy hole subbands,
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each subband within a set being labelled by a quantum numberi = 1, 2, 3.....
Motion in the xy plane will be unrestricted; we therefore have a two-
dimensional carrier system in the well.

7.3.4 Optical properties of quantum wells

The interband optical absorption or emission of a quantum well will be
caused by transitions between hole and electron subbands. The selection rules
are determined by the overlap between the electron and hole wavefunctions.
Wavefunctions of the same quantum number (or quantum numbers differing
by two) will have similar (spatial) shapes and the transition will be strong;
wavefunctions whose quantum numbers differ by one will be of opposite
symmetry, and so transitions between them will be weak. In summary, the
selction rules are?

e Ai =0, 2: strong, allowed transitions;
e Ai = 1: weak, ‘forbidden’ transitions.

As there are two sets of hole subbands, strong transitions will occur in pairs,
e.g. (ith heavy-hole subband to ith electron subband) and (ith light-hole
subband to ith electron subband). Figure 7.5 shows the optical absorption
of a set of quantum wells of differing well width. The wells are of rather low
quality, so that individual transitions are hard to distinguish. However, it is
plain that

e the transition energies increase as the wells get narrower, due to the
increased subband confinement energy;

e the absorption increases in steps, reflecting the step-like form of the
electron-hole joint density of states in two dimensions;

e excitons are very prominent, because the confinement in the well
enhances the exciton binding energy by holding the electron and hole
closer together than in the bulk semiconductor.

Figure 7.6 shows the transmission of a set of much higher quality GaAs-
(Ga,Al)As quantum wells. Unfortunately the detector used did not give a flat
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Fig. 7.5 Optical absorption of a series of
GaAs-(Ga,Al)As quantum wells of differing
widths L, at 4.2 K. (After R. Dingle et al.,
Phys. Rev. Lett. 33, 827 (1974).)

2For a detailed derivation of these selec-
tion rules, see M. Fox, Optical properties of
solids, (OUP, 2001).
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Fig. 7.6 Optical absorption of a series of
GaAs-(Ga,Al)As quantum wells of differing
widths L, at 55 K. (Data from D.C. Rogers
et al, Phys. Rev. B 34, 4002 (1986).)

3See Semiconductor physics, by K. Seeger

(Springer, Berlin, 1991) Section 13.2.
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response so that the steps in absorption cannot be seen so clearly; however, the
pairs of strong transitions can now be resolved. Note that the excitons involving
light-holes are almost as strong as excitons involving heavy holes (cf. the bulk
case (Fig. 6.8), where the latter dominate); this is because quirks of the valence-
band bandstructure give the light-hole subbands quite a large in-plane (xy)
effective mass, and therefore a large density of states, comparable to that of
the heavy holes.

7.3.5 Use of quantum wells in opto-electronics

There are several reasons for the use of quantum wells in opto-electronic
applications, e.g. '

¢ the energy of the fundamental opticaltransition can be varied by varying
‘the well width;

e the heavy- and light-hole degeneracy at the Brillouin-zone centre is
broken, removing complications associated with scattering etc.;

e all of the transitions are excitonic (i.e. sharp features at a well-defined
energy, rather than broad edges), even at 300 K;

o the well can be used to hold electrons and holes in close proximity, to
encourage more efficient recombination in e.g. lasers and LEDs.?

Applications include the Quantum-confined Stark effect modulator, which is
dealt with in detail in e.g. Low-dimensional semiconductor structures, by M.J.
Kelly (Clarendon Press, Oxford, 1995) Section 18.8. ’
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7.3.6 Superlattices

A superloﬁice contains a set of quantum wells which are sufficiently closely
spaced for the carriers to tunnel between wells (see Fig. 7.7). The situation is
analogous to the tight-binding or Kronig—Penney models of bandstructure; the
subbands will broaden out to form minibands with minigaps between. One
can also think of the periodicity of the superlattice introducing a new set of
Brillouin-zone boundaries and hence energy gaps (see Fig. 7.8).

Superlattices have a variety of applications in resonant funnelling structures
and far-infrared detectors; we shall discuss more of the details of these devices
in Chapter 12.4

7.3.7
Type I superlattices

Type I and type 11 superlattices

Thus far, we have been using the system GaAs-(Ga,Al)As as an example
in our discussion of quantum wells and superlattices.’ In GaAs-(Ga,Al)As
superlattices, the band offsets of the two materials are such that the electron
and hole wells occur in the same material (GaAs).® Such an arrangement is
known as a Type I superlattice; other examples include the systems (Ga,In)As-
InP, (Ga,In)As-(Al,In)As and (Cd,Hg)Te-CdTe. Note that the band offsets vary
between the different systems, so that it is possible to design superlattices in
which, for example, the holes are strongly confined in deep wells, and the
electrons are only weakly confined in very shallow wells.

Type II superlattices: uncrossed bands

In a Type II superlattice, the electron wells occur in one material and the hole
wells occur in the other. Type II superlattices can be divided into two further

Fig. 7.7 Schematic of the band-edges in a
superlattice.

Fig. 7.8 Minibands and minigaps in a su-
perlattice (see Fig. 7.7). Here, m/a denotes
the Brillouin-zone boundary of the underly-
ing lattice; E (k) represents the unperturbed,
original bulk band. The effect of the su-
perlattice, of period d, is to introduce new
‘mini Brillouin zones’ with boundaries at
#+s/d. The band is split into minibands with
dispersion relationships labelled by Eg(k;),
E)(ky), Eg(kz) etc.

4See also See Low-dimensional semicon-
ductor structures, by M.J. Kelly (Clarendon
Press, Oxford, 1995) Chapters 9 and 10, 17—
19.

5The various material systems mentioned in
this Section are described in more detail in
Low-dimensional semiconductor structures,
by M.J. Kelly (Clarendon Press, Oxford,
1995).

6By implication, the barriers for elec-
trons and holes are both provided by the
(Ga,ADAs.
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Fig. 7.9 Schematic band line-up in type II
superlattices without crossed gaps (c.b. =
conduction band-edge; v.b. = valence band-
edge). Two examples are shown to illustrate
the effect that varying the band offsets can
have; (a) has a deep electron well in material
B; (b) has a deep hole well in material B.

Fig. 7.10 Schematic band line-up in Type
I superlattices with crossed gaps (cb. =
conduction band-edge; v.b. = valence band-
edge). Two examples are shown to illustrate
the effect that varying the band offsets can
have; (a) is similar to the line-up in the InAs-
(Ga,In)Sb system.

"Note that it is in principle possible to make
a Type II superlattice using two semiconduc-
tors with equal band gaps.

(a) (b) : c.b.
N
c.b.
v.b.
A B A B
(a) (b) c:b.
v.b.
c.b.
————— v.b.
A B A B

classes according to whether or not the electron wells are at a higher energy
than the hole wells. The simplest situation occurs in superlattices where the
bottom of the electron wells is at a higher energy than the top of the hole wells
(the bands are said to be unicrossed). Fig. 7.9 shows two possible arrangements
of the bands. An interesting aspect of such systems is that the hole and electron
states are now somewhat spatially separated; in the case of wide layers, the
electron subband wavefunctions will be mainly in one material and those of the
holes in the other. In the case of superlattices, the electron and hole miniband
wavefunctions will have greatest amplitude in different layers. This spatial

separation will greatly modify the strength of the optical transitions between

hole and electron states.
Examples of Type II superlattices without crossed gaps include Si-Ge and
(Ga,In)As-GaAs.’ '

Type 111 superlattices: Type I superlattices with crossed gaps

In Type II systems with a crossed gap, the electron wells are at a lower energy
than the hole wells (these are also known as ‘Type III superlattices’). The
situation is shown in Fig. 7.10; the band-gap of material B lies entirely outside
the band gap of material A. The InAs-(Ga,In)Sb system is an example of a
Type II crossed-gap superlattice. (Ga,In)Sb has the larger band gap, and its
conduction band lies at a higher energy than that of InAs; the band line-up is
similar to that in Fig. 7.10(a). '
InAs-(Ga,In)Sb superlattices are of some interest because a semiconductor-
to-semimetal transition can be engineered by varying the well widths. The
energetic separation of the electon states (in the InAs) and the hole states
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(in the (Ga,In)Sb) is mainly determined by the InAs well width, since the
InAs conduction-band effective mass is much smaller than that of the holes
in (Ga,In)Sb. If the layers are wide (see Fig. 7.11(a)), the electron states in
InAs are below the hole states in (Ga,In)Sb; electron transfer occurs from the
valence band of (Ga,In)Sb (leaving holes behind) to the conduction-band well
of InAs. The system is thus an intrinsic semimetal;8 electrons and holes are
simultaneously present without doping.

As the thickness of the layers decreases, the confinement energies increase
until the electron states in InAs are above the hole states in (Ga,In)Sb
(Fig. 7.11(b)), resulting in a semiconducting system. The cross-over occurs
at an InAs layer thickness of about 85 A. The semiconducting superlattices are
of potential interest as far-infrared photodetectors.

7.3.8 Heterojunctions and modulation doping

A heterojunction is a single junction between two layers of different semi-
conductors. A typical example is the GaAs-(Ga,Al)As heterojunction. First,
a thick layer of undoped GaAs is grown, followed by a few tens of nm of
(Ga,Al)As (the spacer layer). After this a section of heavily-doped (n ~
10!8 cm—3) (Ga,Al)As is deposited, followed by more undoped (Ga,Al)As
(not shown). The final band arrangement is shown in Fig. 7.12. The com-
bination of the conduction band offset at the interface and the pinning of
the chemical potential inside the GaAs and (Ga,Al)As layers results in a
one-dimensional, approximately triangular potential well containing electrons
which have ‘dropped off’ the donors in the (Ga,Al)As. As in the case of the
quantum well, the electrons’ z-direction motion is quantised into subbands;
however, the xy motion is unconstrained, so that a degenerate (metallic) two-
dimensional electron system results.
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Fig. 7.11 Band profile of InAs-(Ga,In)Sb su-
perlattices, showing the lowest electron and
hole states in the InAs and (Ga,In)Sb respec-
tively (dotted lines). The chemical potential
is shown as a dashed line. (a) A semimetallic
arrangement (wide InAs layers), in which
transfer of electrons from (Ga,In)Sb to InAs
occurs, leaving behind holes. (b) A semicon-
ducting arrangement (narrow InAs layers) in
which the lowest hole state (in (Ga,In)Sb) is
lower than the lowest electron state (in InAs),
with the chemical potential in between.

81t has equal numbers of electrons and holes,
and both are degenerate systems (i.e. they
possess Fermi surfaces).
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Fig. 7.12 The band-edges in a modulation-
doped GaAs-(Ga,Al)As heterojunction.

9’See Low-dimensional semiconductor struc-
tures, by M.J. Kelly (Clarendon Press, Ox-
ford, 1995) Chapter 16.
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‘The spacer layer separates the ionised donors from the electrons,
dramatically reducing the scattering; low-temperature mobilities @ ~
107em?V~1s~1 are possible using this technique, which is known as modula-
tion doping (because the dopant concentration in the (Ga,Al)As is modulated).

Applications of heterojunctions include the High-electron-mobility transis-
tor (HEMT), a field-effect transistor with a heterojunction as active layer.’
Most experiments on the quantum Hall effect are carried out using heterojunc-
tions; we shall study this effect in detail in Chapter 11.

Other applications of modulation doping inciude the fabrication of so-called
8-doping layers, in which a very heavy dose of dopant atoms is deposited in
a small width (~ a few monolayers). In effect, this forms a two-dimensional
impurity band, a very thin metallic layer within the host semiconductor. Such
layers are finding applications as metallic gates and contacts within complex,
layered semiconductor structures.

7.3.9 The envelope-function approximation

The envelope-function approximation is often used to calculate the electronic
energy levels in heterostructures, such as GaAs-(Ga,Al)As quantum wells,
which are made up from two or more similar semiconductors. Because
the two semiconductors involved are very similar from both chemical and
crystallographic points of view, it is assumed that the rapidly-oscillating part
of the Bloch function (the part which has the periodicity of the lattice) is the
same in both materials; only the envelopes ¢ of the Bloch functions differ in
the two semiconductors.

As an example, consider the GaAs-(Ga,Al)As quantum well shown in
Fig. 7.4; let a typical envelope function in the GaAs well be ¢a(z) and the
corresponding envelope function in the (Ga,Al)As barriers be ¢p(z). The
boundary conditions in the envelope function approximation at the interfaces
(e atz = £7)are

A = ¢B (7.2)
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where m} and my are the effective masses in the well and barrier respectively.
Equation 7.3 ensures that the probability-density flux is conserved.

By considering envelope functions such as cos(kz) and sin(kz) in the well
and evanescent waves e=*Z in the barriers, the subband energies can be found.
The exercises contain an example of this technique, which can easily be
extended to more complex structures such as superlattices.

7.4 Band engineering using organic molecules

7.4.1 Introduction

In the earlier sections of this chapter, the problem of designing ‘tailor-made’
bandstructure was approached by using multilayers of different semicon-
ductors to form superlattices and quantum wells. In this section, we shall
examine another approach which involves the use of organic molecules to
‘build’ systems with easily controllable electronic properties, so-called organic
molecular metals. The relationship between the crystal structures of these
materials and their bandstructure may be easily understood using the tight-
binding model, and so much of this section represents a useful revision of
Chapter 4 and the other chapters on bandstructure.

Organic molecular metals are the subject of a considerable research effort
world-wide; the techniques involving high magnetic fields which are described
later in Chapter 8 are extensively applied in the study of the Fermi surfaces of
organic molecular metals, and one of these materials will be used as a case-
study in that chapter.

7.4.2 Molecular building blocks

In our discussion of the tight-binding model (Chapter 4), we saw that atomic
orbitals were used to build up the Bloch functions which give rise to the band-
structure. Similarly, the bandstructure of organic molecular metals is derived
from molecular orbitals. Bisethylenedithiotetrathiofulvalene (also known as
BEDT-TTF or ET; Fig. 7.13) is typical of the molecules used as ‘bandstructure
building-blocks’ in organic molecular metals.!? It is roughly flat, so that it
can be stacked in a variety of arrangements in a solid, and it is surrounded by
voluminous molecular orbitals. In order to form the bandstructure, BEDT-TTF
molecules must then be stacked next to each other so that the molecular orbitals
overlap; crudely one might say that this enables the electrons to transfer from
molecule to molecule.

Fig. 7.13 The bisethylenedithiotetrathioful-
valene (BEDT-TTF) molecule.

100ther molecules used for this purpose are
described in Organic superconductors by T.
Ishiguo, K. Yamaji and G. Saito (Springer-
Verlag, Berlin 1998) and Fermi surfaces of
low-dimensional organic metals and super-
conductors by J. Wosnitza (Springer-Verlag,
Berlin 1996).
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Fig. 7.14 Structure of the BEDT-TTF charge-
transfer salt k-(BEDT-TTF),Cu(NCS);. (a)
Side view of molecular arrangement; the
BEDT-TTF molecules pack in planes sep-
arated by layers of the smaller Cu(NCS),
anions. (b) View downwards onto the BEDT-
TTF planes, showing that the BEDT-TTF
molecules are packed closely togther, allow-
ing substantial overlap of the molecular or-
bitals. (Based on H. Urayama et al., Chem.
Lett. 1988, 463.)

The disposition of the bandstructure-forming molecules in an ordered
arrangement is usually accomplished by making a charge-transfer salt. In a
charge-transfer salt, a number j of BEDT-TTF molecules will jointly donate
an electron to a second type of molecule (or collection of molecules) which
we label X, to form the compound (BEDT-TTF); X; owing to its negative
charge, X is known as the anion. The transfer of charge serves to bind the
charge-transfer salt together (in a manner analogous to ionic bonding) and also
leaves behind a hole, jointly shared between the j BEDT-TTF molecules. This
means that the bands formed by the overlap of the BEDT-TTF molecules will
be partially filled; i.e. the resulting salt will be metallic.

Figure 7.14 shows the molecular arrangements in the BEDT-TTF charge-
transfer salt «-(BEDT-TTF);Cu(NCS),. (Here the « denotes the packing
arrangement of the BEDT-TTF molecules; often several different packing
arrangements can be achieved with one particular anion.) The BEDT-TTF
molecules are packed into layers, separated by layers of the Cu(NCS), anion
molecules. Within the BEDT-TTF layers, the molecules are in close proximity
to each other, allowing substantial overlap of the molecular orbitals; in the
language of Section 4.2.3, we can say that the tronsfervintegrois for hopping
of carriers between BEDT-TTF molecules will be relatively large within the
BEDT-TTF planes. Conversely, in the direction perpendicular to the BEDT-
TTF planes, the BEDT-TTF molecules are well separated from each other;
the transfer integrals will be much smaller in this direction. This extreme
anisotropy, resulting from a layered structure, is typical of most organic
molecular metals; it results in bandstructures and electronic properties which
for many purposes can be considered to be two-dimensional.

Figure 7.15 shows another BEDT-TTF charge-transfer salt, S-(BEDT-
TTF),I; (again B denotes the packing arrangement of the BEDT-TTF
molecules). As in the case of x-(BEDT-TTF),Cu(NCS), (Fig. 7.14), the
BEDT-TTF molecules pack in planes separated by layers of the smaller anions,
in this case I3 molecules. However, the packing arrangement of the BEDT-TTF
molecules is considerably different from that in x-(BEDT-TTF),Cu(NCS);.

A comparison of Fig.s 7.14 and 7.15 shows that charge-transfer salts are an
extremely flexible system with which to study the physics of band formation;
by changing the anion, one can make the BEDT-TTF molecules pack in
different arrangements. As the BEDT-TTF molecules are long and flat (unlike
single atoms, which are far more like spheres), the transfer integrals will
depend strongly on the way in which the BEDT-TTF molecules are arranged
with respect to each other; this will be reflected in the shape of the resulting
bands.

Far more subtle changes are also possible. 8-(BEDT-TTF),]3 is a member
of the so-called B-phase BEDT-TTF salts, which have the generic formula -
(BEDT-TTF), X, where the anion molecule X can be I3, IBry, Aul, etc. The
different possible anions have slightly different lengths; therefore the size of
the unit cell can be varied by using different anions (see Fig. 7.15). If a longer
anion (e.g. X = I3) is used, the BEDT-TTF molecules will be further apart, so
that the transfer integrals will be smaller; the resulting bands will be narrower
and the effective masses larger. Conversly, if a shorter anion (e.g. X = IBrp) is
used, the BEDT-TTF molecules will be closer, so that the transfer integrals will
be larger; the resulting bands will be wider and the effective masses smaller.
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Thus, different anions can be employed to optimise a particular physical
property; an example of this is shown in Fig. 7.16, which shows the relation-
ship between superconducting critical temperature T; (see Appendix H) and
hydrostatic pressure for three S-phase salts. It can be seen that increasing the
pressure (which decreases the unit cell size, thereby increasing the width of
the bands) lowers T¢; substitution of a larger anion increases the unit cell size,
countering the effect. We shall see why the bandwidth affects 7. in Chapter 8.

7.4.3 Typical Fermi surfaces

A section through the first Brillouin zone and Fermi surface of x-(BEDT-
TTF);Cu(NCS); is shown in Fig. 7.17. The section shown there is parallel
to the highly-conducting planes; as has already been remarked, the electronic
properties of the material are largely two-dimensional. The Fermi surface may
be understood by examining Fig. 7.14(b). Note that the BEDT-TTF molecules
are packed in pairs called dimers; if we consider each dimer as a unit, it
will be seen that it is surrounded by four other dimers. We thus expect
the bandstructure to be fairly isotropic in the plane, because there will be
substantial transfer integrals in these four directions. The unit cell contains two

Fig. 7.15 Structure of the BEDT-TTF charge-
transfer salt B-(BEDT-TTF),l3. (a) Side
view of molecular arrangement. As in
Fig. 7.14, the BEDT-TTF molecules pack
in planes separated by layers of the smaller
anions; in this case the anions are I3
molecules. (b) View downwards onto the
BEDT-TTF planes, showing that the BEDT-
TTF molecules are packed closely togther,
allowing substantial overlap of the molecu-
lar orbitals. However, the packing arrange-
ment of the BEDT-TTF molecules is con-
siderably different from that in «-(BEDT-
TTF);Cu(NCS), (see Fig. 7.14). (Based on
H. Kuroda et al., Synth. Met. 27, A491
(1988).)

Fig. 7.16 Superconducting critical tempera-
ture T versus hydrostatic pressure for three
B-phase BEDT-TTF salts (BEDT-TTF has
been abbreviated to ET to save space). De-
creasing the unit cell size, either by using a
shorter anion or by increasing the pressure,
reduces T,. (Note that B-(BEDT-TTF),]; un-
dergoes a structural phase transition at about
0.6kbar.) (Based on data compiled in Or-
ganic Superconductors, by T. Ishiguro et al.
(Springer, 1998).)
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Fig. 7.17 Brillouin zone and Fermi surface
of k-(BEDT-TTF),Cu(NCS);, showing the
open, quasi-one-dimensional sections, and
the closed, quasi-two-dimensional pocket.
(J.M. Caulfield et al., J. Phys.: Condens.
Matter, 6,2911 (1994).)
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dimers, each of which contributes a hole (in the charge-transfer process, two
BEDT-TTF molecules jointly donate one electron to the anion). Thus, to a first
approximation, the Fermi surface for holes might be expected to be roughly
circular with the same area as the Brillouin zone (as there are two holes per
unit cell). As can be seen from Fig. 7.17, the Fermi surface is roughly like this;
however, the Fermi surface intersects the Brillouin zone boundaries in the ¢
direction, so that band gaps open up. The Fermi surface thus splits into open
(electron-like) sections running down two of the Brillouin-zone edges and a
closed hole pocket straddling the other. ‘

7.4.4 A note on the effective dimensionality of
Fermi-surface sections

The Fermi surface of k-(BEDT-TTF);Cu(NCS); has been shown to consist of
both open and closed sections (see Fig. 7.17); it is customary to label such
sections ‘quasi-one-dimensional’ and ‘quasi-two-dimensional’ respectively.’
The names arise because the group velocity v of the electrons is given by
eqn 5.5

hv = VxE(K).

The Fermi surface is a surface of constant energy; eqn 5.5 shows that the
velocities of electrons at the Fermi surface will be directed perpendicular to
it. Therefore, referring to Fig. 7.17, electrons on the closed Fermi-surface
pocket can possess velocities which point in any direction in the (kp, k.) plane;
they have freedom of movement in two dimensions and are said to be quasi-
two-dimensional. By contrast, electrons on the open sections have velocities
predominently directed parallel to k, and are quasi-one-dimensional.

Quasi-two-dimensional and quasi-one-dimensional Fermi-surface sections
are observed in many layered materials, and so it is worth getting to know how
to identify them. '

7.5 Layered conducting oxides

Oxides of transition metal ions such as Mn, Fe, Ni, V, Ru and Cu have received
considerable attention because of their electronic properties. In this Section I -.
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shall describe the oxides of Mn as an example of this interest, and show how the
introduction of layered crystal structures can be used in attempts to optimise
desirable properties.

Figure 7.18 shows the electrical resistivity of La;—,SryMnO3 (x = 0.175)
as a function of temperature for various different magnetic fields. At first,
it might seem surprising that such a compound should conduct electricity;
however, this occurs because the Mn ion can exhibit what is called mixed
valence. In other words, the Mn ion can exist as either Mn>t or Mn**+. The
parent compound, LaMnQs, is an insulator in which all of the Mn ions are in
the Mn3* state (La is a trivalent ion, La3t). In La;_,Sr,MnO3, trivalent La
ions are replaced by divalent Sr** ions, resulting in a shortage of electrons
(or a surplus of holes); hence a fraction x of the Mn ions will lose an extra
electron, so that they will end up in the Mn** state.

The important region of the bandstructure for our purposes involves two
quantum levels associated with the Mn ions and their surrounding O ions.
The lower level is highly localised on the Mn ions, and is known as the tyg
level. Exchange interactions!! dictate that three spin-polarised electrons can
be accommodated in this level; the subsequent electron should be placed in the
level above (the e, level), and should also have the same spin polarisation as
the ty, electrons. Thus, Mn>t ions have three electrons in the tz; level and one
electron in the ey level, whereas the Mn** ions have empty e, levels.

“Whereas the tyg levels are very tightly bound (effectively rendering the
electrons therein immobile), the e, levels overlap to form a narrow band,
via which electrons can hop from Mn to Mn; oxides in which there is a
mixture of Mn*>* and Mn**+ therefore have a partly filled band of mobile
electrons which can lead to electrical conduction. The spectacular dependence
of the resistivity of La;_,Sr,MnO3 on magnetic field and temperature occurs
because of another manifestation of the exchange interactions, known as
double exchange, 2 which strongly suppresses hopping of an e, electron from
an Mn®* ion to an Mn** ion unless both have their tp, spins polarised in

7.5 Layered conducting oxides 79

Fig. 7.18 (a) The resistivity of
La;_,SreMnO3 (x = 0.175) as a function
of temperature for various different magnetic
fields. (b) The resistivity of La|_, StxMnO3
(x = 0.175) as a function of field for various
different temperatures. (After Y. Tokura et
al., J. Phys. Soc. Jpn. 63, 3931 (1994).)

Ugor the present purposes, these interactions
should just be accepted as fact, as this book
does not seek to present a detailed description
of magnetism in solids. For a full discussion
of exchange interactions in solids, see Mag-
netism in condensed matter, by S. Blundell
(OUP, 2001).

12gee Chapter 4 of Magnetism in condensed
matter, by S. Blundell (OUP, 2001).



80 Bandstructure engineering

Fig. 7.19 Ruddlesden—Popper oxides (gen-
eral formula A, 1B, 03,41) withrn = 1, 2,
0o. The parameter n represents the number
of layers of vertex shared BOg octahedra
stacked along the crystallographic direction
[001]). Here the A ions are grey, the B ions
black and the O ions white. (Figure courtesy
of Steve Blundell, Oxford University).

13 A much smaller magnetoresistance is seen
in very many electrically conductive mate-
rials, but its origin is rather different; it is
usually caused by modification of the real-
space paths of the carriers due to the Lorentz
force. This form of magnetoresistance will be
dealt with in Chapter 10.

14 The n = oo case is often referred to as the
perovskite structure.

‘the same direction. La;_,Sr,MnO3 (x = 0.175) undergoes a transition into a

ferromagnetic state in which all of the tp, electron spins are aligned at about
300 K; hence, the e, electrons will be able to hop with ease and a relatively
low resistance will result; this is the explanation of the large drop in resistivity
at around 300 K in Fig. 7.18.

At temperatures above 300 K, hopping of the e, electrons will be sup-
pressed, as the spin system is unpolarised. However, the application of a
magnetic field will act to align the spins of all of the electrons on the Mn
ions, so that hopping will become easier, leading to the spectacular decreases
in resistivity seen in Fig. 7.18. Such very large decreases in resistivity caused
by the application of a magnetic field have become known as colossal
magnetoresistance;!? materials exhibiting colossal magnetoresistance have
great potential as, for example, resistive (as opposed to inductive) read heads
for magnetic recording media.

The performance of oxides of Mn exhibiting colossal magnetoresistance
depends on the interactions which cause the magnetic order, and the overlap
of the Mn ions with their neighbours which determines the properties of the
e, band. One way of modifying these effects involves changing the effective
dimensionality of these materials. La;_,Sr,MnOs3 is a member of a series of
compounds known as Ruddlesden—Popper oxides, which possess a general

formula A, 4+1B,,03,,41; here n represents the number of layers of vertex shared

BOg octahedra stacked along the crystallographic direction [001]. Examples
with n = 1 (A2BOy), 2 (A3B207) and oo (ABO3) are shown in Fig. 7.19; it
will be seen that the structures with n = 1, 2 are quasi-two-dimensional, in
that the BOg octahedra which are responsible for the e, band are planes which
are rather well separated in the [001] direction. By contrast, La;_,SryMnO3

corresponds to the case n = 0o, and possesses much more isotropic (i.e. more

‘three-dimensional’) bandstructure and magnetic interactions. 4

Much work continues on the effect of varying the effective dimensionality of

‘oxide materials in an attempt to optimise desriable properties. Amongst studies

of this kind which have yielded great gains is the development of the ‘high
T.’ cuprate superconductors. Values of 7, well in excess of 100 K have been



achieved through the production of structures in which the electronically active
Jayers containing Cu and O have been progressively separated by including
more intermediate layers of ‘packing’. A detailed discussion of this is beyond
the scope of this book, but an excellent summary of the development of layered
cuprate superconductors is given in Chapter 7 of Superconductivity, by C.P.
Poole, H.A. Farach and R.J. Creswick (Academic Press, San Diego, 1995) and
in Superconductivity, by J. Annett (OUP, 2002).

7.6 The Peierls transition

Many of the layered substances (organic molecular solids, oxides) discussed
in this chapter have Fermi-surface sections which are quasi-one-dimensional
(see Section 7.4.4 for an explanation of this terminology). Such substances
are unstable with respect to what are known as Peierls transitions, in which
a periodic modulation of the crystal structure results. Figure 7.20 describes
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Fig. 7.20 (a) A simple nearly-free-electron
band in a monovalent one-dimensional ma-
terial; band gaps exist at the Brillouin-zone
boundary and the Fermi surface (a pair of
points) has a width equal to half that of
the Brillouin zone. (b) The equivalent of (a)
plotted in r-space, showing (on average) one
electron (black dot) per atom (hollow point);
an electron has been ‘caught in the act’ of
hopping from one atom to the next. (c) The
band after the Peierls distortion shown in
(d). The crystal has distorted, doubling the r-
space unit-cell size, and halving the Brilloun-
zone size. As new zone boundaries exist at
kg, a band-gap opens up there, lowering the
electronic energy, and turning the substance
into an insulator, with two electrons per unit
cell.
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13gee Chapter 8 of Magnetism in condensed
matter, by S. Blundell (QUP, 2001) and
Chapter 2 of One-dimensional conductors,
by S. Kagoshima, H. Nagasawa and T. Sam-
bongi (Springer-Verlag, Berlin, 1988).
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Fig. 7.21 (a) A Fermi surface (consisting of a pair of quasi-one-dimensional sheets plus a quasi-
two-dimensional ¢ylinder) which is prone to spin- or charge-density wave formation. The nesting
vector Q which maps the quasi-one-dimensional Fermi-surface sections onto each other (so that
a band-gap opens along their whole length) is shown as an arrow. (b) Rearrangement of the
Fermi surface in (a) caused by a spin- or charge-density wave (the arrow indicates the nesting
vector). A new k-space periodicity and new Brillouin zone have been introduced; the remaining
section of Fermi surface has been ‘cut and pasted’ with this periodicity, resulting in a much altered
bandstructure. ‘

this schematically in a one-dimensional material. Figure 7.20(a) displays a
nearly-free-electron band in a monovalent one-dimensional material. As we
saw in Chapter 3, band gaps exist at the Brillouin-zone boundary at +Z and
the Fermi surface (a pair of points) is half the length of the Brillouin zone
(i.e. kg = £77). The situation in r-space is shown in Fig. 7.20(b); on average
there is one electron per atom, and electrons are free to move along the chain
of atoms, which are spaced by a. It turns out that in this situation, a very

-simple distortion of the r-space lattice can lower the energy of the electron

system. Such a distortion is shown in Fig. 7.20(d); adjacent atoms have moved
together to form dimers; the unit-cell length has doubled to 2a, so that the
Brillouin zone has halved in size (see Fig. 7.20(c); the new boundaries are
at £kr = £7°). A band-gap opens up at the new Brillouin-zone boundaries,
lowering the electronic energy, and turning the substance into an insulator. This
sort of distortion will be able to occur as long as the electrons can interact with
the lattice.

The distortion has resulted in electronic charge piling up on the dimers; the
resulting state is known as a charge-density wave, as the electron density
(once much more uniform) has become modulated. A similar lowering of
energy can be obtained by doubling the unit cell with a periodic modulation of
the electron spin; this is known as a spin-den,sity wave. 13

Modulations of this type may be described by a series of terms o cos(Qx),
where the wavevector Q (= 2kg) is known in the trade as a nesling vector.

It turns out that charge- and spin-density waves are likely to occur in non-
one-dimensional materials whenever a single nesting vector can cause large
areas of Fermi surface to map onto each other; in r-space terms, this means
introducing a distortion with a periodicity which creates band gaps over large
sections of Fermi surface, so that a large fraction of the electrons can lower
their energy. Fig. 7.21 illustrates such a case.



Peierls transitions are remarkably common in organic molecular metals and
oxides and are even observed in a few elemental metals such as chromium.

Further reading

A more detailed treatment of semiconductor heterostructures is found in
Quantum semiconductor structures by Claude Weisbuch and Borge Winter
(Academic Press, San Diego, 1991) and in Low-dimensional semiconductor
structures, by M.J. Kelly (Clarendon Press, Oxford, 1995), Chapters 2, 9
and 10; a complementary (simple) summary is given in Solid state physics,
by G. Burns (Academic Press, Boston, 1995), Sections 18.1-18.6. The book
Quantum wells, wires and dots. theoretical and computational physics, by
Paul Harrison (Wiley, Chichester, 1999) is an excellent point of departure if
you want to carry out calculations and simulations. An good review of the
envelope-function model is given in Structure de bandes, niveaux d’impureté
et effets Stark dans les super-réseaux by G. Bastard, Acta Electronica 25, 147—
161 (1983). Optical properties of semiconductor structures are tackled in depth
in Optical properties of solids, by M. Fox (OUP, 2001).

Reviews of organic molecular metals are given in Organic superconductors
by T. Ishiguo, K. Yamaji and G. Saito (Springer-Verlag, Berlin 1998), Fermi
surfaces of low-dimensional organic metals and superconductors by J. Wos-
nitza (Springer- Verlag, Berlin 1996) and by J. Singleton in Reports on Progress
in Physics 63, 1111 (2000).

Electrically conductive oxides are discussed in Transition metal oxides, by
P.A. Cox (OUP, 1995) and in Metal-insulator transitions, by N.F. Mott (Taylor
and Francis, London, 1990 (second edition)). Relatively recent reviews of
colossal magnetoresistance have been provided by A.P. Ramirez (J. Phys.:
Condens. Matter 9, 8171 (1997)) and C.N.R. Rao (/. Mater. Chem. 9, 1
(1999)).

An excellent review of Peierls transitions (at a reasonably simple level)
is given in Chapter 2 of One-dimensional conductors, by S. Kagoshima,
H. Nagasawa and T. Sambongi (Springer-Verlag, Berlin, 1988). See also
G. Griiner, Rev. Mod. Phys. 60, 1129 (1988) and Rev. Mod. Phys. 66, 1 (1994).
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Exercises

The problems in this chapter explore the envelope-function
‘approximation, using the GaAs-(Ga,Al)As quantum well
shown in Fig. 7.22 as an example. The GaAs layer
forms a one-dimensional potential well, sandwiched between

Ener
Gag g5Alg35As barriers. The energy gaps of GaAs and &
G30.65A10.35AS are Egl = 1.52 eV and EgZ = 197 eV
respectively and you can assume that ﬁ? ~ 1.5. The GaAs
v (Ga,Al)As

layer is 100 A thick. Effective masses in GaAs and (Ga,Al)As
are given in Table 7.1.

N
| |
Eg Eg
T |4k
)
GaAs

E,
z

Fig. 7.22 Schematic of a GaAs-(Ga,Al)As quantum well.
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Table 7.1 Effective masses (in units me) of GaAs and

Gag 65Al0.35As.
Material Electron Lighthole Heavy hole
GaAs 0.07 0.085 0.45
(Ga,A)As  0.091 0.11 0.5

(7.1) Let a typical envelope function in the GaAs well be

¢a(z) and the corresponding envelope function in the
(Ga,Al)As barriers .be ¢g(z). The boundary conditions
in the envelope-function approximation at the interfaces
(ie.atz=+%)are

dA = ¢B (7.4)

and
1 déa 1 d¢p
A omE dp (1.5)
my, dz mg dz
where m} and my; are the effective masses in the well
and barrier respectively. Explain why envelope functions
such as cos(kz) and sin(kz) are appropriate for the well
and e¥XZ for the barriers, and show that the bound states

(7.2)

(7.3)

in the well are given by solutions of the equations

ka mgk
tan{—) = — 7.
n( ) - (7.6)
and .
ka myK
tan(—) = . 7.7
an(—) +m,§ p (7.7
Using eqns 7.6 and 7.7, and the well parameters given

above, find the energies of the bound states for the elec-
trons, heavy holes and light holes. IMPORTANT HINT:
Equations 7.6 and 7.7 cannot be solved analytically. The
problem can either be done numerically, by writing a
simple program in C, PASCAL or some other language
or graphically, using your favourite spreadsheet.)

Label the state closest to the bottom of the well i = 1 and
the next i = 2 etc. for each type of carrier (remember
that the ‘lowest’ hole state is that closest to the GaAs
valence band-edge). Sketch the low-temperature optical
transmission of the well as a function of frequency v in
the range Eg) < hv < Eg, assuming that the dominant
transitions have Ai = 0.



Measurement of
bandsiructure

8.1 Introduction

This chapter will describe a selection of the most common techniques used to
measure the bandstructures of solids. Many of these techniques involve the use
of magnetic fields to partially quantise the electronic motion; this is known as
Landau quantisation or cyclotron motion. T shall therefore treat the motion
of band electrons in some detail before giving brief details of the techniques
themselves.

8.2 Lorentz force and orbits

8.2.1 General considerations

Equation 5.9 may be used to calculate the effect of an external magnetic field
B on a band electron, i.e.

dk
ha = —ev x B, 8.1

where the right-hand side is the well-known Llorentz force. Equation 8.1
implies that

o the component of k parallel to B is constant;

e as ‘cll‘t‘ is perpendicular to v (defined property of the x operation) and as

V= %VkE(k) 8.2)

(see eqn 5.5), 5 is perpendicular to VkE (k). This means that the
electron path (orbit) is one of constant energy. To see this, consider
Q .VkE(k) = 0 (because the two are perpendicular); writing this in

dky OE | Oky E | 0k; 9E _ dE :
components gives —* % T e o, + S @ from the chain rule.

Hence, %—t =0.

In k-space, the possible electron orbits are therefore described by the intersec-
tions of surfaces of constant energy with planes perpendicular to B (see also
Exercise 8.2).

8.2.2 The cyclotron frequency

Consider a section of k-space orbit of constant energy E in a plane
perpendicular to B (see Fig. 8.1). The time t; — ¢; taken to traverse the part of
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‘Or even ‘nablaous’.

E+0E

Fig. 8.1 Geometrical interpretation of param-
eters used in the derivation of the cyclotron
frequency; the two curves represent constant
energy orbits of energy E and E + 8E in
the plane perpendicular to the magnetic field.
The electron traverses from k; to ky on the
orbit of energy E; dk is perpendicular to
the orbit of energy E and connects it to the
orbit of energy E + SE. The small arrow
perpendicular to 8k shows the instantaneous
direction of dk which runs along the orbit in
the integral of eqn 8.4. The shaded area is the
area of the k-space plane between orbits E
and E + 8E.

2 See, for example, Electricity and mag-
netism, by B.1. Bleaney and B. Bleaney, third
edition (Oxford University Press, Oxford,
1989) page 126.

the orbit between k; and kj is

2 k2 dk
fh — 1 =/ dr =/ —_,
1 k) |k‘

where k = %%. Equations 8.1 and 8.2 can be used to obtain k, so that eqn 8.3

becomes
h? ke dk
PThT B /k Vi Bl

where Vi E is the component of Vi E perpendicular to the field.

The quantity Vi E might seem rather nebulous;' however, it has a simple
geometrical interpretation. Consider a second orbit in the same plane as the
one of energy E defined at the start of this section, but with energy E + §E
(see Fig. 8.1). Let the vector &k join a point k on the orbit of energy E to a
point on the orbit of energy E + §E, and let it also be perpendicular to the
orbit of energy E at k. If § E is small, then

8E = ViE.0k = Vi E.0k. (8.5)

As Vy is perpendicular to surfaces of constant energy, then Vi is perpendic-
ular to the orbit of energy E and therefore parallel to §k. Equation 8.5 becomes

(8.3)

8.4)

8E = |Vx) E|8k, 8.6)
so that eqn 8.4 can be rewritten
2 ko
h—ty = —— | Skdk. 8.7
274 = 53 )y, ®.7)

The integral in eqn 8.7 is the area of the k-space plane between orbits £ and
E +8E; therefore if § E — O then

_ R 0A1,

E ey T

where ag—};‘z is the rate at which the orbit from k; to k, sweeps out area in
k-space as E increases.

In most cases it is going to be useful to work in terms of closed orbits
(cyclotron orbits) in k-space, i.e. closed paths where k; = k. In this case A
becomes the area in k-space of the closed orbit; this will depend on E and the
component of k parallel to B, which we denote k). The period . of the closed
orbit is

(8.8)

h? 3A(E, k
T = 1__(__”); (8.9)
eB JdE
turning this into an angular frequency o (the cyclotron frequency), we obtain
eB
we = ——, (8.10)
Mcr
where
h? JA(E, k)
g = — —— 7 8.11
MCR = 5 (8.11)

0E

The quantity m¢, defined in eqn 8.11 is known as the cyclotron mass. [t is easy
to show that for a free-electron system this quantity is just me, so that eqn 8.10
yields the classical cyclotron frequency we = eB/m..? Similarly, in the case
of a constant, isotropic effective mass m*, it can be shown in a straightforward
manner that o, = eB/m*.
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Holes

oe® .

t o~

8.2.3 Orbits on a Fermi surface

Chapters 1-5 showed that the Fermi surface of a metal is a constant-energy
surface par excellence. Therefore, if the material subjected to the magnetic
field is metallic (i.e. possesses sections of Fermi surface), then Section 8.2.1
implies that the electrons will perform orbits in k-space about Fermi-surface
cross-sections perpendicular to B (see Fig. 8.2). Equations 8.10 and 8.11 can
therefore give information about the cross-sectional areas of a section of Fermi
surface. Note that the sign of (JA/JF) allows the carriers on a section of
Fermi surface to be identified as hole-like ((dA/3E) < 0) or electron-like
((0A/9E) > 0in a very appealing manner (see Fig. 8.3).

8.3 The introduction of quantum mechanics

8.3.1 Landau levels

A general proof of the quantised motion of a carrier in a magnetic field in an
arbitrarily-shaped band is difficult. In this section, I shall use a band defined
by the effective-mass tensor of Exercise 5.2, Chapter 5, with its minimum
centred on k = 0 (a good approximation to many of the band extrema in

Fig. 8.2 Orbits on a Fermi surface section
are in planes perpendicular to B. Here, A
represents the k-space cross-sectional area of
the orbit.

Fig. 8.3 The use of the sign of (A/JE) to
identify a section of Fermi surface as hole-
like or electron-like. The top half of the figure
shows a schematic bandstructure with two
bands crossing the Fermi energy Egp. Ef
crosses the left-hand band near its maximum,
the band is almost full, with holes (empty
states) at the top of the band surrounded by
filled states. Ep crosses the right-hand band
near its minimum, so that there are elec-
trons in the bottom of the band surrounded
by empty states. The lower half of the fig-
ure shows the corresponding Fermi-surface
cross-sections. In the left-hand case, as Ef
increases, the area of the section of Fermi
surface decreases (hole-like). In the right-
hand case, as Ep increases, the area of the
section of Fermi surface increases (electron-
like). The arrows show the opposite senses
of cyclotron motion about the Fermi-surface
sections.
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3These are standard commutation relation-
ships; see e.g. Quantum mechanics, by
Stephen Gasiorowicz (Wiley, New York,
1974) pages 51, 141.

semiconductors) and derive some analytical solutions for the eigenenergies of
the electrons (the Landau levels). The anisotropic band also yields some useful
insights about generalised bandstructure.

For further generality, Section 8.3.2 will derive the Landau quantisation of
arbitrarily-shaped bands in the limit that Aiw, < EF.

The Hamiltonian for electrons in the band defined by the effective mass
tensor of Exercise 5.2, with its minimum centred on k = 0 is

2

P P P }
e e | 7 } v = Ev, 8.12)

@m)I  @my)I  (2m3)1

where the P are one-dimensional momentum operators; i.e. all of the effects
of the crystalline potential have been absorbed into the bandstructure, which
is defined by the effective masses. Substitution of a plane wave solution into
eqn 8.12 yields energies of the coirect form, i.e.

PO
2my  2may  2my

(8.13)

Consider a magnetic field B directed along the z (e3) axis. In addition,
remember that B = V x A, where A is the magnetic vector potential. One
particular A which gives the correct B is

A = (0, Bx, 0); (8.14)
this choice is known as the Landau gauge. For an electron in a magnetic field,
P — (P +eA) (8.15)

(see Appendix G). Making such a substitution into eqn 8.12 gives

Prer (Py + eBx)ey P,e3
T+ 1 + 1
(2m1)2 (2ma)2 (2m3)2

All that we have done is introduce an extra term with x in it; as [Py, x] =
[P, x] =02 Py and P, still commute with the Hamiltonian; their associated
physical quantities are thus constants of the motion. The operators P, and P,
in eqn 8.16 can therefore be replaced by their constant values 4k, and fik,
respectively. Equation 8.16 becomes

2
} ¥ = EY. (8.16)

Prer (hky + eBx)ey hk.es
1 + j 1 + 1
(2my)2 (2m3)2 (2ms3)2

Squaring the bracket, remembering that the Cartesian unit vectors e; are
mutually perpendicular (i.e. e;.e; = §;;), gives

2
l v = Ev. (8.17)

P2 L (i + eBx)? N h2k?
2m 2my 2ms

] ¥ = Ev. (8.18)

Making the substitutions E = E — (h*k2/2m3) and xo = —(hky/eB), and
rearranging yields

P2 2B?
+

- 2 — !
=t T (x — x0) )y = E'y. (8.19)

{
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Equation 8.19 looks exactly like the Hamiltonian of a one-dimensional
harmonic oscillator, i.e.,
P 1
(=X + smw’(x — x0)* )¢ = E'y, (8.20)
2m 2
with w = eB/(m.lmz)%; thus E' = (I + %)hw, with [ = 0,1,2,3..... The
energy levels of the electron are therefore

k2 I
E(, B, k;) = —=+ ( + 2)hw, 8.2
2m3 2
with (
w=eB/(mmy)? = w. (8.22)

The equivalence of w and w,, the cyclotron frequency for this geometry (i.e.

. 2 JA(E k) - . .
we = eB/még, withmgg = -2’% _(35 “)), is proved in Exercise 8.3.

The following points may be deduced from eqn 8.21.

e The energy of the electron’s motion in the plane perpendicular to B
is completely quantised. These quantised levels are known as Landau
levels.

o The k-space areas of the orbits in the plane perpendicular to B are also
quantised (this is easy to work out in the present case and is left as an
exercise); thus, allowed orbits fall on ‘Landau tubes’ in k-space with
quantised cross-sectional area.

e The energy ‘quantum’ for the in-plane motion appears to be 7 x(the
semiclassical cyclotron frequency).

e The motion parallel to B is unaffected (cf. Section 8.2.1).

We shall consider the second point in more detail (and more generally) in the
following section.

8.3.2 Application of Bohr’s correspondence principle to
arbitrarily-shaped Fermi surfaces in a magnetic field

In Section 8.4 below we are going to consider the effect of the quantisation
of the k-space orbits caused by B on the Fermi surfaces of metals; i.e. we
shall be dealing with Landau levels which cut the Fermi surface. The Fermi
surfaces of real metals are in general not as simple as the case dealt with in the
previous section. Therefore, in order to treat an arbitrily-shaped band, resulting
in an arbitrarily-shaped Fermi surface, we shall use Bohr’s correspondence
principle, which states in this context that the difference in energy of two
adjacent levels is # times the angular frequency of classical motion at the
energy of the levels.

The correspondence principle is only valid for levels with very large
quantum numbers. However, this is not really a problem, as we are going
to be dealing with Landau levels with energies comparable to Ef; in most
metals Ef is ~several eV, whereas the cyclotron energy of free electrons is
heB/me ~ 1.16 x 10~ eV at B = 1 T. Laboratory fields are usually ~ 10 T,
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and so the quantum numbers of Landau levels with energies ~ Eg will be
I ~ 10*; the correspondence principle should work reasonably well.
The classical frequency at the energy of interest (i.e. Ef) is given by eqn 8.10

B
e = ) (8.23)
Mcr
with m¢p given by eqn 8.11 as follows
| 12 AA(E, ky)
ek i 2 24
MR = 27T 9E (8:24)

Here, A is now specifically the cross-sectional area of the Fermi surface in a
plane perpendicular to B. Thus, the separation in energy of two Landau tubes
with energies close to EF is
heB
E(+1,B,k)) - E(, B, k) = —— (8.25)
with m¢, defined by eqn 8.24. (It is interesting to compare this equation with
eqn 8.21.)

8.3.3 Quantisation of the orbit area

Equation 8.25 may be rewritten as

0A(E) 2meB
9E  n

Now as the FE in A(E ) is of order Eg, then the difference between adjacent

levels will be « the energies of the levels themselves. Thus the approximation

BA(E) _A(E(+1,B,k))— A(EQ, B. k)

(EQ+1,B,k) — EQ, B, k) (8.26)

= 8.27
3E E(+1,B ky) — E(, B, k) @®27)
may be made, so that eqn 8.26 becomes
2meB
A(E( +1, B, k) — ACE(, B, k) = —— (8.28)

This states that classical orbits at adjacent allowed energies and the same k;
enclose k-space areas that differ by a fixed amount § A, with
2meB

Pt

Putting this another way, the k-space area enclosed by an orbit of allowed
energy and k| must be given by

SA = (8.29)

2meB
A

AEQ+1,B, k) =U+NEA=(1+1) (8.30)
for lzirge [, where A is a constant ~ 1.

As in Section 8.3.1, we have found ‘Landau tubes’ which define the allowed
k-space orbits; rather than being guasicontinuous, the Fermi surface will now
be composed of occupied states lying on Landau tubes (see Fig. 8.4). Note that
the k-space area of each tube increases with B; as we shall see in the sections
below, this means that tubes ‘pop out’ of the Fermi surface as B increases.



8.4  Quantum oscillatory phenomena 91
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A
Fig. 8.4 Schematic of a Fermi sphere rear-
ranged into Landau tubes.
4(E) \
\ A Fig. 8.5 Schematic of the electronic density
\ of states in a magnetic field. The ‘sawtooth’
\ N structure results from a one-dimensional den-
— sity of states (from the motion parallel to B)
232 52 12 92 superimposed on the §-function-like Landau
Eha levels.

8.3.4 The electronic density of states in a magnetic field

The above sections have shown that the energy of the band electron is
completely quantised into Landau levels in the plane perpendicular to B, whilst
the motion parallel to B remains unconstrained. This means that the density
of states of the electrons is an infinite ‘ladder’ of Landau levels, each with
a one-dimensional density of states function, due to the motion parallel to
B, superimposed.* The overall density of states will therefore be of the form
g(E) = Zlﬁo C(E - E(, B))‘%, where E (I, B) is the energy of the Landau
level (i.e. the lowest energy point on the Landau tube) and C is a constant; it is
shown schematically in Fig. 8.5.

8.4 Quantum oscillatory phenomena

Each time one of the sharp peaks in the electronic density of states moves
through the chemical potential w3 there will be a modulation of the density of
states at u. Since almost all of a metal’s properties depend on the density of
states at 1, we expect this to affect the behaviour of the metal in some way.
Figure 8.6 shows a Landau tube superimposed on constant energy surfaces
E and E + SE. The left-hand part of the figure shows the general case; as

*In other words, as far as the density of states
is concerned, the magnetic field reduces the
effective dimensionality of the electron sys-
tem by 2.

5 Remember from earlier chapters that Ex =
wu(T = 0). In many books, quantum oscilla-
tions are said to result from ‘Landau levels
passing through the Fermi energy’. This is
only strictly true at T = 0; the chemical
potential is the important energy as far as the
electrons are concerned. In metals at low tem-
peratures there will be a very small difference
between EF and u; nevertheless, one should
not tolerate sloppy terminology.
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Fig. 8.6 Schematic of Landau tubes crossing
surfaces -of constant energy E and E + SE.
(a) shows the Landau tube on its own; (b)
shows the Landau tube intersecting constant
energy surfaces E and E + 8 E when the tube
does not correspond to an extremal orbit; (c)
shows the Landau tube intersecting constant
energy surfaces E and E + § E when the tube
corresponds to an extremal orbit. In (c), a
much greater area of the cylinder (and there-
fore a larger number of states) lies between E
and E + S E than is the case in (b).

Orbit of
energy
E+dE

Orbit of
energy £

(a) (b) (©)

the field increases, the tube sweeps outwards, so that some of its states are
always crossing the constant energy surfaces. However, in the right-hand part
of the figure, the tube reaches an extremal cross-section of the constant energy
surface E. In this case, a much larger area of the cylinder (and therefore a
much greater number of states, which lie uniformly in k-space) lies between E
and E + §E. Returning to the case of the Fermi surface, we can therefore say
that the maximum effect of the Landau quantisation will occur when a Landau
tube (and its associated peak in the density of states) crosses an extremal cross-
section of a Fermi surface. By analogy with the discussion of classical orbits
about the Fermi surface in Section 8.2.1, such cross-sections are often known
as extremal orbits.
The Landau tube crosses an extremal orbit/cross-section when

2meB
i

where Aex; is the k-space area of the extremal cross-section of the Fermi
surface in a plane perpendicular to B. Thus, the metal’s properties will oscillate

+2 = Aexts (8.31)

-as B changes, with a period given by

1 2 1
Als)=28 - (8.32)
B B Aext
Such oscillations are known generically as magnetic quantum oscillations.
Often it is more convenient to describe a series of quantum oscillations using
a frequency F, also known as the fundamental field, Bg;

1 i}

FEB = =
F=AQ/B) ~ 2re

Aext- (8.33)

Note that

e the fundamental field of the quantum oscillations is determined solely
by the Fermi surface extremal area and fundamental constants;

¢ several different frequencies (fundamental fields) of quantum oscillation
may be simultaneously present for a given orientation of B, correspond-
ing to different possible extremal orbits (see Fig. 8.7); a famous example
is the simultaneous observation of frequencies from ‘neck and belly’
orbits in Cu and Au;



Constant-energy
surface
E(k)=Eg

Fig. 8.7 Illustration of the types of extremal orbit about Fermi surfaces which can give rise to
quantum oscillations. The left-hand figure shows that for B parallel to k) there will be three
extremal orbits ((1), (2) and (3)); as (1) and (2) have the same area, there will be two series of
quantum oscillation (i.e. two different frequencies will be present). However, for B parallel to
ky, there is only one extremal orbit (4); a similar situation would apply if B were parallel to k3.
The right-hand figure helps to visualise the different types of orbit possible in metals possessing
necks and bellies in their Fermi surfaces, such as copper, silver or gold. The orbit labelled a is an
orbit around the ‘belly’ of the Fermi surface. If the magnetic field is applied out of the page, then
an extremal ‘hole-like’ orbit (labelled b) will occur around the bone-shaped space in the middle;
this is known as the dog’s bone orbit! In orbit c, electrons run across the bellies and necks in
an extended or open orbit; this does not give rise to quantum oscillations, as there is no closed
orbit with which a frequency can be associated. If the magnetic field is applied along one of the
neck directions, extremal orbits about both neck and belly are possible, leading to two frequencies
of quantum oscillations. Note that different field orientations are required to observe the different
cases; the orbits in k-space are always in planes perpendicular to B.

e a measurement of the observed frequencies as a function of magnetic
field orientation allows the Fermi-surface shape to be mapped out;

e open orbits do not give rise to quantum oscillations.®

8.4.1 Types of quantum oscillation

As the electronic density of states at Er determines most of a metal’s prop-
erties, virtually all properties will exhibit quantum oscillations in a magnetic
field. Examples include’

e oscillations of the magnetisaiion (the de Haas—van Alphen effect);
o oscillations of the magnetoresistance (the Shubnikov—de Haas effect);

e oscillations of the sample length;

e oscillations of the sample temperature;

8.4

Quantum oscillatory phenomena 93

6However, open orbits do lead to a very
interesting quantum phenomenon which has
recently been observed in high-frequency ex-
periments; see A. Ardavan et al., Phys. Rev.
B 60, 15500 (1999); Phys. Rev. Lett. 81, 713
(1998).

7Some pictures of typical data are shown
in Solid state physics, by N.W Ashcroft and
N.D. Mermin (Holt, Rinehart and Winston,
New York, 1976) pages 266-268.
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Fig. 8.8 Coils for the observation of the de
Haas—van Alphen effect. For each set, ¢ is
the coil flux-linked to the sample and 0
is the compensating coil, only weakly flux-
linked to the sample: (a) ¢ is wound around
the centre of a disc-like sample; (b) ¢ is
wound around a sample cut into a cylinder;
(c) a small sample inside colinear coils ¢
and c%; (d) small sample inside coaxial coils
¢ and co; (e) side and top views of a coil
evaporated down onto a thin sample; (f) as (e)
but with only a single annular turn. In both
(e) and (f) c© has not been shown. (Based
on figures in Magnetic oscillations in metals,
by David Shoenberg (Cambridge University
Press, Cambridge, 1984).)

8See e.g. Equilibrium thermodynamics
by C.J Adkins, third edition (Cambridge
University Press, Cambridge 1983) page 6
and Appendix.

9For enthusiasts, a relatively recent ex-
ample of this is given in ‘A numerical
model of quantum oscillations in quasi-two-
dimensional organic metals in high magnetic
fields’, by N. Harrison et al., Physical Review
B 54,9977 (1996).

104¢ Haas-van Alphen oscillations are also
sometimes observed using a torque magne-
tometer, see J.S. Brooks et al., Rev. Sci.
Instrum. 64, 3248 (1987).

B
*
¢ = Be =
o ¢
4
S A e[l
C - - C O% C = S
(d)
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Top

e oscillations in the ultrasonic attenuation;
e oscillations in the Peltier effect and thermoelectric voltage;
¢ oscillations in the thermal conductivity. '

8.4.2 The de Haas—van Alphen effect

The de Haas—van Alphen effect is perhaps the most significant of the quantum
oscillatory phenomena in metals; as the magnetisation M is a thermodynamic
function of state;? it can be directly related to the density of states and Fermi—
Dirac distribution function of the electrons in a metal, without additional
assumptions. This means that theoretical models for the Fermi surface can be
checked in a very rigorous manner.’

Figure 8.8 shows a schematic of the types of coil most commonly used to
observe the de Haas—van Alphen effect. Each system consists of a coil ¢ which
contains the sample and a compensating coil c°; both are placed in a time-
varying magnetic field. The coils ¢ and c? are connected in series-opposition
and carefully balanced so that in the absence of a sample the voltage induced
by dB/dt in 0 exactly cancels that in c. When the sample is placed in ¢, then
¢ and 0 are no longer balanced; a voltage V is induced, where

v dM dB
Y4B ar
Here « is a parameter depending on the geometry of the coil and sample. The
de Haas—van Alphen oscillations occur in dM/dB and thus will be visible in

(8.34)

‘V.IO

The field is provided in two ways.

e For fields of up to ~ 20 T, superconducting magnets are generally used.
The magnet consists of two parts, a large outer coil providing a static
field and an inner coil which provides a small modulation field (i.e.
dB/dt) of mT amplitude at a few tens of Hz.
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Fig. 8.9 de Haas—van Alphen oscillations in Pt at 4.2 K with B parallel to [111]. The data have been
recorded using a pulsed magnetic field. Note the presence of two frequencies of oscillations due
to two extremal orbits about the Fermi surface. The y axis, labelled ‘susceptibility’, represents the
voltage V induced in the coil divided by (dB/dt), leaving a quantity proportional to the differential
susceptibility (dM/dB) (see eqn 8.34). (Data from S. Askenazy, Physica B 201, 26 (1994).)
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Fig. 8.10 Fourier transform of de Haas—van Alphen oscillations of Sr;RuQOy. Fourier transforma-
tion is routinely used to help understand de Haas-van Alphen oscillations. The oscillation data
(recorded digitally) are processed so that they are equally spaced in 1/B; the resulting file is
Fourier transformed using a desk-top computer. Each extremal cross-section of the Fermi-surface
generates a peak in the Fourier transform, the frequency of which is proportional to the k-space
area. Oscillations which are non-sinusoidal in shape generate harmonics in the Fourier transform;
frequency mixing effects also occur, resulting in sum frequencies. Three Fermi-surface cross-
sections (labelled «, B and y) are shown, along with some harmonics of & and a sum frequency
B + a. (Data from A.P. McKenzie et al., J. Phys. Soc. Jpn. 67, 385 (1998)).

e Pulsed magnets are used for fields of up to ~ 60 T; in this case the
magnetic field rises to its maximum value in a few milliseconds, so that
dB/dt is large (there is no need for an additional modulation coil).

Some typical de Haas—van Alphen data are shown in Figs. 8.9 and 8.10.

The coils are often mounted on a rotation stage so that the sample can be
rotated in situ, allowing measurements to be made with B applied at several
orientations to the crystal axes. The coils and sample are mostly mounted
in *He cryostats or dilution refrigerators, as mK temperatures are needed to
observe the oscillations in many cases (see below).
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Fig. 8.11 Shubnikov-de Haas oscillations
in the organic molecular solid a-(BEDT-
TTF);NH4Hg(SCN)y4; data for different tem-
peratures have been offset for clarity. The
inset shows that the oscillations are periodic
in 1/B. (Data from J. Singleton, Reports on
Progress in Physics 63, 1111 (2000).)
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8.4.3 Other parameters which can be deduced from
quantum oscillations

So far we have concentrated on the information about the Fermi-surface shape
provided by the quantum oscillations. However, other valuable information can
be deduced. Figure 8.11 shows Shubnikov—de Haas oscillations in an organic
solid (see Chapter 7 for more details of this sort of conductor). Two things are
immediately obvious.

(1) The oscillations grow in amplitude as the temperature is lowered.
This occurs because finite temperatures ‘smear out’ the edge of the
Fermi-Dirac distribution function which separates filled and empty
states (see Fig. 1.7). At T = O the Landau tubes will pop out of a
very sharp Fermi surface; at finite T the surface will be ‘fuzzy’. The
modulation of the density of states around . caused by the Landau tubes
will therefore be less significant. The thermal smearing implies that Awc
must be greater than ~ kgT for oscillations to be observed, i.e. low
temperatures are needed.



As the decline in intensity is caused by the Fermi-Dirac distribution
function, it can be modelled rather well, and an analytical expression for
the temperature dependence of the oscillation amplitude, valid as long
as the oscillation amplitude is small, has been derived!!

Amplitude o —2— (8.35)
sinh x
where x = 14.7mZ, T /B (with T in Kelvin and B in Tesla) . It is fairly
obvious that the parameter x is proportional to the ratio kg7 /fiwc; i.e.
what we are doing is comparing kg7 and Aiw.. Fits of the oscillation
amplitude to eqn 8.35 can therefore be used to give mgy.

(2) The oscillations grow in amplitude as B increases. This occurs
because scattering causes the Landau levels to have a finite energy width
~ k/t. As B increases, Aw. will increase, so that the broadened Landau
levels will become better resolved; theoretical studies have shown that
this causes the oscillation amplitude to vary with B as follows (again,
the equation is only valid for small oscillations)

Amplitude oc B~ e @, (8.36)

where r is a number ~1. Therefore the scattering rate ™! can be
extracted.

In addition, information about the g-factor of the electrons can be obtained
from the oscillations under certain circumstances.'?

8.4.4 Magnetic breakdown

The frequencies observed in the quantum oscillations correspond to the areas
of closed semiclassical orbits about the extremal areas of the Fermi surface.
However, under certain circumstances, much higher frequency oscillations can
become apparent at high fields, corresponding to larger k-space areas. These
are caused by magnetic breakdown.

Figure 8.12 shows a simple Fermi surface cross-section with two open
semiclassical orbits (incapable of giving quantum oscillations) and a closed
orbit (capable of giving quantum oscillations); the arrows show the electron
trajectories. At low fields, one frequency of oscillations corresponding to
the closed orbit will be seen. At high fields, the electrons have sufficient
cyclotron energy to tunnel in k-space from one part of the Fermi surface to
another. Therefore they can now describe much larger closed k-space orbits,
leading to higher-frequency quantum oscillations. In effect, the magnetic field
is beginning to break down the arrangement of the bandstructure at zero field.

We shall see an example of magnetic breakdown later in this chapter.

8.5 Cyclotron resonance

It is possible to make a direct measurement of w. using millimetre-waves
or far-infrared radiation to excite transitions between Landau levels. Such an
experiment is known as cyclotron resonance. The conditions for observing
cyclotron resonance in metals and semiconductors are rather different, and the
two cases are described below.
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See Magnetic oscillations in metals, by
David Shoenberg (Cambridge University
Press, Cambridge, 1984) Chapter 2.

125¢e Magnetic oscillations in metals, by
David Shoenberg (Cambridge University
Press, Cambridge, 1984) and J. Singleton,
Reports on progress in physics 63, 1111
(2000).
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Fig. 8.12 Explanation of magnetic break-
down. Above: semiclassical orbits on a sim-
ple Fermi surface at low fields; below: mag-
netic breakdown at high fields. The magnetic
field is perpendicular to the plane of the page.
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Fig. 8.13 Geometry of a cyclotron resonance
experiment in a metal. The shaded region
indicates the skin depth for the radiation;
the helical orbits of the electrons are shown
schematically.

13 The skin depth is derived in Electricity and
magnetism, by B.1. Bleaney and B. Bleaney,
third edition (Oxford University Press, Ox-
ford, 1989) page 236.
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Fig. 8.14 Schematic of a cyclotron resonance
experiment in a semiconductor.

Y4 An alternative arrangement for semicon-
ductor cyclotron resonance (rather an old-

fashioned one) is given in Electricity and.

magnetism, by B 1. Bleaney and B. Bleaney,
third edition (Oxford University Press, Ox-
ford, 1989) pages 729-734; the description
also provides a more rigorous derivation of
the linewidth of the cyclotron resonance than
the one given here.
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8.5.1 Cyclotron resonance in metals

The field components of electromagnetic radiation decay with distance z into a
éonducting material as exp(—z/8), where § = (%qu,uo)‘% is the skin depth
or anomalous skin depth; here ¢ is the conductivity of the material, ;g is its
permeability and w is the angular frequency of the radiation. Metals have rather
high conductivities and hence small skin depths; typical values for copper are
§~7x10"matw/2n ~ 1 MHz and § ~ 7 x 10~ "m at /27 =~ 10 GHz.!?
Typical effective masses in metals combined with the magnetic fields readily
available in laboratories have meant that frequencies w/2mr ~ 1 — 100 GHz
have tended to be applied in cyclotron resonance experiments (see Section 8.8).
At such frequencies, radiation cannot penetrate far into the crystal, dictating
the geometry of the cyclotron resonance measurement (see Fig. 8.13). The
magnetic field is applied parallel to a surface of the crystal, which is placed in
a region of oscillating electric field in a resonant cavity; E of the radiation is
arranged to be perpendicular to B and parallel to the surface. If the frequency
of the radiation w = jw,, where j is an integer, then the electrons will receive
a ‘kick’ from the radiation’s electric field every time they come within a skin
depth of the surface; this results in absorption of energy. Usually w is kept
constant and the field is swept, so that absorptions are uniformly spaced in
1/B. As in the case of the quantum oscillations, low temperatures are required.
A magnetic field which is very accurately parallel to the sample’s surface
is required for a successful measurement. This type of experiment is often
referred to as the Azbel'-Kaner geometry.

8.5.2 Cyclotron resonance in semiconductors

The number densities of carriers in semiconductor samples are much lower
than those in metals, so that the radiation can completely penetrate even large

samples. A simple transmission arrangement is usually adopted (see Fig. 8.14).

The cyclotron resonance is usually recorded by measuring the sample
transmission; experiments are carried out either by fixing the magnetic field
and varying the energy of the radiation (see Figure 8.15), or by using a fixed-
frequency source (such as a far-infrared laser, which can give a number of
monchromatic laser lines in the wavelength range 40 pum to 1000 pm) and
sweeping the magnetic field (see Figs. 8.14 and 8.16).1* The magnetic field
is usually provided by a superconducting magnet (B = 0— ~ 20 T). As
the whole of the cyclotron orbit experiences the electric field of the radiation
(cf. the situation in metals; see above), the quantum-mechanical selection rule
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for the Landau-level quantum number (Al = =£1) holds. Thus the resonance
condition is 2B
meg’
where w is the angular frequency of the radiation. ‘

The linewidth of the resonance can give information about the scattering
rate 7~ !. The scattering induces a frequency uncertainty Awe. ~ t7L. If
the experiment is a fixed-frequency, swept-field one, this translates to an
uncertainty (i.e. resonance width) in magnetic field of AB = Awcmiyg/e ~
mer/ er.ld

In the case of degenerate semiconductor systems (e.g. heterojunctions), free
carriers are present even at low temperatures; typical cyclotron resonance data
are shown in Fig. 8.15. However, in lightly doped samples, the carriers must be
excited into the bands by either raising the temperature to cause the impurities
to ionise (but not so far as to broaden the Landau levels) or by additionally
illuminating the sample with above-band-gap radiation.

Figure 8.16 shows an example of the latter technique applied to a single
crystal of Ge. In addition to separate resonances caused by light and heavy
holes, three electron cyclotron resonances are observed. This occurs becaue
the anisotropic conduction-band minima in Ge lie along the [111] axes (see
Fig. 6.5); in Fig. 8.16 the static magnetic field makes three different angles
with the four [111] axes. The conduction-band minima in Ge can be described
using an effective mass tensor (see Chapter 5); if one of the principal axes of
the coordinate system is directed along a [111] axis, then the tensor is diagonal.
Under such circumstances, eqn 5.28 shows that the cyclotron resonance occurs
atw = fn—{’;, with

0)=a)c=

(8.37)

-

2
" B mimom;
mlB% + szg + In3BZ2

where the components of the magentic field (B;, B,, B3) are defined with re-
spect to the principal axes which make the tensor diagonal. Thus, the cyclotron
resonance frequency depends on the orientation of the static magnetic field

8.5 Cyclotron resonance 99

Fig. 8.15 Cyclotron resonances in a GaAs-
(Ga,Al)As heterojunction at 7 = 4.2 K the
magnetic field has been applied perpendic-
ular to the two-dimensional electron layer,
which has an areal carrier density of ~ 9 x
10'%m=2. The data have been recorded by
fixing the magnetic field at 1.5, 2, 3, 4,
and 5 T; at each ficld, a Fourier-transform
spectrometer has then been used to record
the transmission of the sample as a function
of energy. (Data recorded by G. Wiggins,
University of Oxford. For turther data of this
type, see e.g. C.J.G.M. Langerak et al., Phys.
Rev. B. 38, 13133 (1988).)

5provided that mip = m*, the carrier
effective mass for linear motion (and this is
often true in direct-gap semiconductors like
GaAs) it is apparent that 1/A B ~ the carrier
mobility (see eqn 9.12).



100 Measurement of bandstructure

Fig. 8.16 Absorption caused by cyclotron
resonance of electrons and holes in a single
crystal of Ge; the electrons and holes are
present because the sample has been illu-
minated by above-band-gap light. The mi-
crowave radiation frequency has been fixed
at 24 GHz and the magnetic field, applied in
a (110) plane at 60° to a [100] axis, has been
swept. Cyclotron resonances due to light (low
field) and heavy (high field) holes are visible,
as are three electron cyclotron resonances.
(Data from Dresselhaus et al., Phys. Rev. 98,
368 (1955).)

16This is a consequence of the angular mo-
mentum carried by the photon. The valence
bands of many semiconductors are based on
atomic orbitals with total angular momentum
quantum number J = 3/2, whereas the con-
duction band is based on orbitals with J =
1/2. Thus the one unit of angular momentum
carried by the photon is required to promote
an electron across the band gap, leaving
nothing to spare to change the Landau-level
quantum number /. By contrast, in intraband
magneto-optical transitions (cyclotron reso-
nance), the photon’s angular momentum is
used to change [ by one (Al = £1).
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Table 8.1 Effective masses (in units ) in Ge and Si determined
using cyclotron resonance. The masses my, my and m3 refer to the
components of the effective mass tensors for the conduction band;
micr and m{p are the cyclotron masses of light and heavy holes
respectively.

Material m;=my m3 mcrR Mpcg

Ge 0.082
Si 0.19

1.64 0.044 03
098 0.16 0.3

with respect to the crystal axes. Such angle-dependent cyclotron resonance
experiments can be used to determine components of the effective mass
tensor.

In the case of Ge and Si, it is found that two of the principal values of
the effective mass tensor are equal, so that the constant energy surfaces are
ellipsoids with circular cross-sections (see Fig. 6.5). The effective masses of
Si and Ge determined by cyclotron resonance are shown in Table 8.1.

8.6 Interband magneto-optics in semiconductors

The application of a magnetic field to a semiconductor splits both the
valence and conduction bands into Landau levels, and optical transitions can
be induced between hole and electron Landau levels. In reasonably simple
systems, the selection rule for the Landau level index is A/ = 0; more subtle
selection rules apply in materials with complex bandstructures.'® Taking the
former, simpler case, the transitions therefore have the energies

heB . 1. heB 1
E(,B) = Eg+ ——( + =) + ——( + =), (8.38)
Mmicr 2 Meer 2

where [ = 0,1,2,3.., and m}-p and m{~p are the cyclotron masses of the
electron and the hole respectively (usually the heavy holes dominate, because
of their large density of states). Such a case is dealt with in Exercise 8.1.
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Illustrative experimental data are shown in Figs. 8.17 and 8.18. In Fig. 8.17,
the transmission of a thin film of PbTe has been measured using fixed-

frequency radiation of energy hv

0.2077 eV as the magnetic field is

101

Fig. 8.17 Transmission of PbTe at a fixed

photon energy of hv = 0.2077 eV as a

function of magnetic field (T = 1.9 K).

Data for several orientations of the sample '
in the external field, which is at all times

perpendcular to [111], are shown; ¢ is the

angle between the magnetic field and [110].

(Data from J. Singleton et al, J. Phys. C:

Solid State Phys. 19, 77 (1986).)

Fig. 8.18 (a) Transmission of a 55 AGaAs-
(Ga,Al)As quantum well at various fixed
magnetic fields (T = 55 K). The magnetic
field has been applied perpendicular to the
plane of the quantum well. (b) Resulting fan
diagram of transition energies versus mag-
netic field; points are data, and the lines are
a theoretical fit. (From D.C. Rogers et al.,
Phys. Rev. B 34, 4002-4009 (1986).)
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swept. Transitions between valence-band Landau levels and conduction-band
Landau levels are observed as dips in the transmission; note that the dips
get further apart and better resolved as the field increases. Equation 8.38
gives a qualitative understanding of these observations; as the field increases,
the inter-Landau-level transitions will successively pass through the radiation
energy hv, resulting in a spectrum which looks roughly periodic in 1/B. PbTe
has complex, anisotropic conduction and valence-band extrema, so that the
conduction and valence-band Landau level energies vary as the orientation of
the magnetic field changes; this is illustrated by the rapid change in the spectra
as the sample is tilted in the field, showing how a comprehensive study of this
kind can map out the band shapes.

In systems which involve excitonic effects, there are usually complications
to be taken into account. Figure 8.18(a) shows the transmission of a GaAs-
(Ga,Al)As quantum well at four fixed fields as a function of energy. At zero
field, only the excitonic transitions from the hole subbands to the conduction-
band subbands are observed, but as the field increases, transitions between
the heavy-hole Landau levels and the conduction-band Landau levels become
visible. Figure 8.18 shows a ‘fan diagram’ of the transition energies versus
magnetic field for the same sample. Note the following:

o the Landau-level transitions no longer extrapolate back to a point (cf.
eqn 8.38), but instead evolve directly from the various states of the
exciton (this is particularly notable for the lowest = O and ! = 1)
transitions); there is a one-to-one correspondence between the hydrogen-
like levels of the exciton and the Landau level transitions (1s evolves into
! = O transition, 2s evolves into [ = 1 transition etc.;

o the field dependences of the transition energies deviate from straight
lines at high energies, curving downwards; this is due to the non-
parabolicity of the bands as one moves away from the band extrema.

Data such as these can be used to extract the effective masses of the electron
and heavy-hole subbands, parameters which describe the nonparabolicity and
the exciton binding energy.

A review of recent work in this field is listed under Further Reading.

8.7 Other techniques

The experimental techniques mentioned thus far tend to give information about
very restricted regions of the bands concerned. In the case of the magnetic
quantum oscillations, electrons very close to the Fermi surface are studied;
similarly, the magneto-optical measurements of the semiconductors tend to
measure the bands close to their extrema. Furthermore, the methods described
above are only usually possible at Jow temperatures. In the following sections,
I shall briefly describe experimental methods which attempt to measure the
bandstructure away from these points and which may be used at higher
temperatures. '



8.7.1 Angle-resolved photoelectron spectroscopy (ARPES)

Angle-resolved photoelectron spectroscopy (ARPES) uses photons with typ-
ical energies hv in the range ~ 5 eV (ultraviolet) to ~ 1 keV (soft X-
ray) to promote electrons from the occupied bands of a solid to unoccupied
energy levels from which they can escape. Figure 8.19(a) shows this process
schematically. An electron, initially in a state with energy E;, is excited to an
empty state with energy Ef, which is above the vacuum level, Ey,; the electron
is then able to escape the solid with kinetic energy

Egin = Ef — Evac = Ej + hv — Eyye (8.39)
(this is basically the famous Einstein equation describing the photo-electric
effect). By measuring Eyi, and Av, one can then deduce Ej.

For many years, angle-integrated photoemission, in which all of the elec-
trons of a certain energy are collected irrespective of angle of emission,
was used as a way of characterising the bandstructure of solids. In such
an experiment, the number of electrons emitted is basically determined by
the density of states g(E) at E;. However, it was always realised that the
wavevector of the emiited electron also contained information about the initial
state. With the advent of high-intensity synchrotron radiation sources in the
late 1970s and early 1980s, the numbers of emitted electrons became sufficient
for angle-resolved collection of electrons to be feasible.

In free space, a single electron cannot absorb a photon, since momentum
cannot be conserved. However, in a solid, the extra momentum is provided by
the surrounding lattice. It turns out!” that the component of k parallel to the
surface of the crystal is conserved according to the equation

K'=il' + G, (8.40)
where K; is the value of k for the initial state of energy Ej, Ky is the final value
of k outside the solid and the suffix !l indicates the components parallel to
the surface (see Fig. 8.19(b)). Ultraviolet photons have negligible momentum
compared to band electrons, so that the photon momentum is neglected in
this equation; the lack of periodicity in the direction perpendicular to the
surface means that the momentum transfer in this direction is unconstrained.
Note that Gl is a surface reciprocal lattice vector, that is, one defined by the
symmetry of the crystal at the surface. In many cases, the surfaces of crystals
are reconstructed, and so Gl may be rather different from that of the bulk
reciprocal lattice, creating a possible source of error in the interpretation of
ARPES. As the energy Ei, of the emitted electrons is measured, k'fl may be
deduced using

1
kll| = @meEBian)? o g
h

Equations 8.39, 8.40 and 8.41 are sufficient to reconstruct E; and k; of the
initial state.

ARPES has been used extensively with layered compounds in which the

bandstructure can be regarded as quasi-two-dimensional; in such materials the

deduction of the underlying bandstructure from the emitted electron energies

is often relatively simple. Figure 8.20 shows ARPES data from the layered

(8.41)
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Fig. 8.19 (a) Schematic of ARPES. An elec-
tron, initially in a state with energy Ej, is
excited by a photon of energy /v to an empty
state with energy Ef, above the vacuum level,
Eyyc; the electron is then able to escape the
solid with kinetic energy Eyjn = Ef — Evac
(b) Simplified geometry of emission process
at the surface. The electron is emitted with
an energy Eyj, at an angle 6 to the sample
surface normal; the component of k paral-
lel to the surface is conserved according to
eqn 8.40.

17See F1. Himpsel, Advances in Physics 32,
page 11 (1983) for a simple derivation of the
conservation laws.
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Fig. 8.20 Left: ARPES data from the layered
compound 1T-TaS,; the electron energy has
been plotted relative to the Fermi energy Ef.
The upper edge of each spectrum gives the
position of the Fermi energy. The variation of
the peak positions with emission angle maps
out the bands of the materials; the values of
(Ej, kj) deduced (points) are plotted along-
side a theoretical bandstructure calculation
(curves) on the right-hand side of the figure.
(After F.J. Himpsel, Advances in Physics 32,
1(1983).)

18This is often referred to as the Franz—
Keldysh effect. A simple description of the
Schottky barrier is given in Section 17.6 of
Electricity and Magnetism, by B.I. Bleaney
and B. Bleaney (OUP, 1989).

1T-TaS$,
¢=0°
s
I
8 -2
(3]
5
g
g0
o
0= -4 —
. 15°
=
“ 25° cr
35° 0 1
) Parallel wave vector
45° | (In units of TM=1.1A"")
. 55°
65°
_M
1 1 1 | A

-4 -3 -2 -1
Initial energy (eV)

O=EF

compound 1T-TaS;, which is metallic. Note that the upper edge of each
spectrum gives the position of the Fermi energy. The variation of the peak
positions with emission angle maps out the bands of the materials; the values
of (Ej, k;) deduced are plotted alongside a theoretical bandstructure calculation
in the right-hand side of the figure.

8.7.2 Electroreflectance spectroscopy

In the 1960s and 1970s electroreflectance spectroscopy (ERS) became a
widely used technique for the investigation of the electronic band structure
of semiconductors. It is a form of ‘modulation spectroscopy’ and is the most
widely used because of the ease with which electric fields may be applied
and modulated in a sample. An experiment involves the measurement of
the change in the reflectivity of a sample, caused by changing the electric
field at the surface.'® The field is usually applied with a Schottky barrier
arrangement, either by evaporating a very thin metallic layer onto the surface
of the semiconductor, or by immersing the sample in an electrolyte (the
electrolyte is transparent and being a conductor, behaves in an analogous way
to the metal). '



When photons interact with a semiconductor, they can cause an electron
from an occupied band to be promoted to the conduction band or to a higher
unoccupied band. In the case of direct transitions, a ‘Joint band diogram’
can be drawn in which the energy of the transition is plotted against k within
the Brillouin zone. Critical points are defined as (i) minima (ii) saddle points
and (iii) maxima in this diagram and are designated Mg for minima, M; and
M, for saddle points, and M3 for maxima. From the joint band diagram, a
joint density of states can be calculated. Singularities, known as Van Hove
singularities, occur in the joint density of states at the energies of the critical
points, and appear as abrupt changes in slope.

As an example, consider Fig. 6.6, which illustrates some of the M critical
points for GaAs. These are at the energies of (i) the fundamental band-gap
of the material, known as Eq (arrow from band 4 to band 5 at the I point),
(i1) the gap between the spin-orbit split-off valence band and the conduction
band (from band 2 to band 5, also at the I" point- arrow not shown for clarity),
known as Eop + Ag, and (iii) the gaps closer to the L-point known as E; and
E1 + A1 (arrows from bands 4 and 3 respectively to band 5).

For a single pair of bands forming an M critical point, no optical transitions
can take place below the critical point energy in the absence of an electric field.
However, in the presence of an electric field, the conduction and valence bands
are ‘tipped over’ in real space, allowing states from either band to tunnel into
the previously forbidden band-gap. Thus there is now a finite chance of an
optical transition below the energy of the band-gap, the probability of which
falls off exponentially with energy below the band-gap energy. The resulting
change in the reflectivity is typically only about 1 part in 10* for reasonable
modulation fields, and therefore phase sensitive detection techniques are used:
an AC field is applied, and a lock-in amplifier only responds to changes in
light intensity at the photodetector (which collects the reflected light) at the
same frequency as the AC field. The reason why ERS is so attractive for
st‘t\dying electronic structure is that the ERS signal is essentially zero, except
at the critical points. The energies of the critical points may thus be determined
precisely, as well as other useful parameters such as the effective mass. Non-
modulation techniques, such as simple reflectivity or absorption measurements
give fairly featureless, slowly varying spectra in the region of most critical
points, making the determination of their energies impossible from such data.

Figure 8.21 shows ERS data for CdTe, a II-VI semiconductor which
possesses a bandstructure very similar to that of GaAs.

8.8 Some case studies

8.8.1 Copper

The Fermi surface of copper was determined in a classic series of experiments
involving the techniques in this chapter. Enthusiasts might like to look up the
original papérs, which are listed below.

e A.B. Pippard Phil. Trans. Roy. Soc. A250 325 (1957) (skin effect
measurements leading to the first good model of the Fermi surface).

| CdTe LE)

Fig. 8.21 Electroreflectance spectrum of
CdTe. Note that the signal is only non-zero
at the critical points. (Figure reproduced
fromM. Cardona, K.L.Shakley and F.H. Pollak,
Phys. Rev. 154, 696 (1967))
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19The experiments described in this section
are from N. Harrison et al., J. Phys.: Con-
densed Matter 8, 5415 (1996) and J. Caulfield
et al., J. Phys.: Condensed Matter 6, 2911
(1994).

e D. Shoenberg Phil. Trans. Roy. Soc. A255 85 (1962) (de Haas—van
Alphen measurements); D.J. Roaf Phil. Trans. Roy. Soc. A255 135
(1962) (theoretical interpretation of de Haas—van Alphen measure-
ments).

e AFKip etal Phys. Rev. 124 359 (1961); I.F. Koch et al. Phys. Rev. 133
A240 (1964) (cyclotron resonance).

e B. Stohr er al. Phys. Rev. B 17 589 (1979) (angle-resolved photo-
emission and review of more recent work).

8.8.2 Recent controversy: SroRu0,

SrpRuOy is an n = 1 member of the family of Ruddlesden—Popper oxides
of Ru (see Fig. 7.19). It is of great interest, because it has the same crystal
structure as (Laj—, Sty )CuQy4, an important member of the high-T; cuprates.
In contrast to the latter materials, however, it has been possible to observe
magnetic quantum oscillations in SroRuO4, and hence make detailed studies of
its Fermi surface. The material has a number of other fundamentally interesting
properties (e.g. it exhibits an exotic type of superconductivity) and seems likely
to continue to be of interest for some time. The material has a relatively simple
quasi-two-dimensional Fermi surface, and so the details reported in the papers
listed below are followed relatively easily.

In the present context, the studies of Sr;RuQ4 serve to illustrate the strengths
and weaknesses of the various techniques studied in this chapter. ARPES
measurements (T. Yokoya et al., Phys. Rev. Lett. 76, 3009 (1996); Phys. Rev.
Lert. 78, 2272 (1997); Phys. Rev. B 54, 13311 (1996)) were successful in
probing the bands -at energies well below Ey and at higher temperatures.
However, the Fermi-surface topology implied by the ARPES experiments
is clearly at variance with very detailed and unambiguous measurements of
de Haas-van Alphen oscillations (A.P. McKenzie et al., J. Phys. Soc. Jpn.
67, 385 (1998), C. Bergemann et al., Phys. Rev. Lett. 84, 2662 (2000).)
This discrepancy is almost certainly due to a surface reconstruction (see A.
Damascelli et al., Phys. Rev. Lett. 85, 5194 (2000)).

For the enthusiast, general reviews of the properties of SryRuQO4 have been
given by Y. Maeno et al. in Nature 372, 532 (1994) and Physica C 282-287,
206 (1997).

8.8.3 Studies of the Fermi surface of an organic molecular
metal

As the Fermi surfaces of these systems are often very simple (see Sec-
tion 7.4.3), such experiments are rather easy to understand, and will serve as
very visual reminders of the material in Chapter 8.1°

The inset in Fig. 8.22 shows a section through the first Brillouin zone and
Fermi surface of x-(BEDT-TTF), Cu(NCS); (see Section 7.4.3 for a discussion
as to how this is derived).

The main part of Fig. 8.22 shows the resistance of a sample «-(BEDT-
TTF);Cu(NCS), as a function of magnetic field for four different tempera-
tures. Several points are apparent;
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e the material is a superconductor (its transition temperature is T, =~
10.4 K); at low magnetic fields it has vanishing resistance, but suffi-
ciently high magnetic fields drive the substance into its ‘normal’ resistive

.20
state;

o Shubnikov—de Haas oscillations can be observed in the resistance;

o the amplitude of the Shubnikov-de Haas oscillations declines with
increasing temperature.

The Shubnikov—de Haas oscillations originate from the closed orbits around
the hole pocket (labelled o in Fig. 8.22); as described earlier in this chapter,
their frequency gives the cross-sectional area of this Fermi-surface section
(see eqn 8.32) and the rate at which the oscillations decrease with increasing
temperature allows the cyclotron effective mass mgy to be estimated (see
eqn 8.35). In this case the mass obtained is m} = 3.5me.

Figure 8.23 shows that the bandstructure is indeed quasi-two-dimensional
in nature; resistance data are shown for four orientations of the sample in the
magnetic field. As the angle 6 between the magnetic field and the normal
to the highly-conducting planes increases, features in the resistance (e.g.
the Shubnikov—de Haas oscillations) move to higher total magnetic field as
1/cos6. This is because the Landau quantisation is chiefly determined by
the component of the field perpendicular to the two-dimensional (highly-
conducting) planes, i.e. B cos . A particular oscillation will therefore occur at
a fixed value of B cos 9, so that it will move to higher total field as 8 increases.

Thus far we have used the data to make deductions about the closed hole
pocket, labelled o in the inset of Fig. 8.22. Can anything be deduced about
the open sheets along the edges of the Brillouin zone? Fig. 8.24 shows a
resistance measurement up to very high magnetic fields made using a pulsed-
field magnet. At the highest fields, a higher frequency Shubnikov-de Haas
oscillation is visible, superimposed on the oscillations due to the hole pocket.
These oscillations are the result of magnetic breakdown between the hole

8.8 Some case studies 107

Fig. 8.22 Resistance of «-(BEDT-
TTF);Cu(NCS); as a function of magnetic
field for four different temperatures; the data
have been offset for clarity (the resistance is
zero at B = 0 in all cases). The magnetic
field has been applied perpendicular to the
highly-conducting planes. The inset shows
the Brillouin zone, Fermi surface and the
notation «, B and y used to describe the
various Fermi-surface orbits.

205ee Section H for a brief summary of
superconductivity.
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Fig. 823 Resistance of «-(BEDT-
TTF),Cu(NCS), as a function of magnetic
field at T = 0.4 K. Data are shown for four
orientations of the sample in the magnetic
field; the angle shown is that between
the magnetic field and the normal to the
highly-conducting planes. The data have
been offset for clarity.

Fig. 8.24 Resistance of «-(BEDT-
TTF),Cu(NCS), as a function of magnetic
field at T = 0.5 K. The data have been
measured using a pulsed magnet; the
field was applied perpendicular to the
highly-conducting planes.

Longitudinal magnetoresistance

Magnetoresistance p ()

B(T)

pocket and the open sheets of the Fermi surface (see Fig. 8.12); as a result,
the electrons can carry out orbits around the complete Fermi surface (this is
known in the trade as the 8 orbit). The larger k-space area of the breakdown
orbit results in the higher frequency of the Shubnikov—de Haas oscillations.

The frequency of the oscillations yields the k-space area of the complete
Fermi surface, which (not surprisingly, given the band filling) is equal to
the Brillouin-zone area. The temperature dependence can be used to give 2
cyclotron mass corresponding to the whole Fermi surface, m"g ~ 6.5me.

We now know an awful lot about the Fermi surface of this material; in
the next section, we shall see what happens to the Fermi surface when subtle
adjustments are made to the transfer integrals,
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The effect of hydrostatic pressure

Figure 8.25 shows the resistance of k-(BEDT-TTF);Cu(NCS); at T = 0.7 K
for several different hydrostatic pressures. A comparison with Fig. 8.22 shows
that the increasing pressure suppresses the superconductivity; by P = 3.1 kbar,
the critical field is a fraction of a Tesla. At 6.1 kbar there is no evidence of su-
perconductivity at all. However, the Shubnikov—de Haas oscillations due to the
« hole pocket remain present, so that its k-space area and m}, can be extracted
as a function of pressure. As the pressure increases, the breakdown oscillations
become visible at much lower magnetic fields (cf. Fig. 8.26 and Fig. 8.24),
allowing the k-space area of the ‘whole’ Fermi surface and m7} to be deduced.

Figure 8.27 summarises what happens to the Shubnikov-de Haas oscillation
frequencies as a function of pressure. The inset shows that the magnetic
breakdown frequency increases by about 6 per cent over the pressure range
covered. Section 7.4.3 described how the breakdown orbit corresponds to
the complete Fermi surface, which has the same cross—sectional area as the
Brillouin zone (as there are two holes per unit cell). The breakdown frequency
is therefore directly proportional to the k-space area of the Brillouin zone
(see eqn 8.32). As the pressure increases, the real-space unit cell will shrink,
and therefore the Brillouin zone will get larger (see eqn 2.7), as observed
in Fig. 8.27. The measurement of the magnetic breakdown frequency as a
function of pressure is therefore in this case a rather obscure way of deriving
the compressibility of the material!

8.8 Some case studies 109
Fig. 825 Resistance of «-(BEDT-
TTF),Cu(NCS); at T = 0.7 K for

several different hydrostatic pressures.
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The main part of Fig. 8.27 shows that over a corresponding range of
pressure, the k-space area (directly proportional to the frequency of the
Shubnikov—de Haas oscillations; see eqn 8.32) of the « hole pocket changes by
a much greater amount. The pressure is changing the transfer integrals which
determine the bandstructure, so that the detailed shape of the Fermi surface
is gradually altering; another symptom of this is the increasing probability of
magnetic breakdown (see Fig. 8.26).

The pressure dependence of the masses

Figure 8.28 shows the pressure dependence of m} (corresponding to the
a hole pocket), mg (corresponding to the ‘whole’ Fermi surface) and the
superconducting critical temperature.

The application of pressure causes both masses to decrease. This is primarily
a consequence of the fact that the BEDT-TTF molecules are pushed closer
together so that the transfer integrals increase. As shown in Chapter 4,
increasing the transfer integrals results in wider bandwidths and smaller
effective masses.

The superconducting critical temperature decreases very rapidly as the
masses fall; by 5 kbar, T¢ is immeasurably small. In Exercise 1.1 we have seen
that the density of states at the Fermi energy is proportional to the effective
mass; as the effective masses fall with increasing pressure, the density of states
at the Fermi energy will also decrease. Mechanisms for superconductivity
involve the pairing of electrons of equal and opposite k caused by the exchange
of virtual excitations such as phonons or magnetic fluctuations.?! The strength
of the pairing is directly determined by the rate at which this exchange can
take place, which in turn depends on the density of states at the Fermi energy.
Thus, the increase of the transfer integrals causes the effective masses to
decrease, which in turn reduces the density of states at the Fermi energy,
thereby suppressing the superconductivity.

Experiments such as the one described in this section are being used to
test models of superconductivity. Detailed adjustments to the bandstructure are
made using an external variable such as pressure; the changed bandstructure is

Fig. 8.28 Cyclotron effective masses of the
« hole pocket m} and ‘whole’ Fermi surface
m?% as a function of pressure (main figure).
The inset shows the superconducting critical
temperature 7¢ as a function of pressure.

2lgee Appendix H and e.g. Superconduc-
tivity by C.A. Poole, H.A. Farach and R.J.
Creswick (Academic Press, San Diego 1995).
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22Tau.l‘cing an example from the previous
section, m} in k-(BEDT-TTF),Cu(NCS),
at ambient pressure is 3.5me, whereas the
equivalent quantity deduced from bandstruc-
ture calculations is ~ #e. In elemental met-
als, the difference is usually rather smaller; in
certain classes of substance, we shall see that
the difference can be rather larger.

then measured using magnetic quantum oscillations. Simultaneous alterations
in other properties (e.g. the superconducting 7¢) can then be correlated with
the bandstructure changes.

8.9 Quasiparticles: interactions between
electrons

Measurements of the type described in the previous sections often show that &-
space areas of the Fermi-surface sections deduced from the magnetic-quantum
oscillation data are in good agreement with the calculated bandstructure.
However, if the measured cyclotron effective masses are compared with those
predicted from the bandstructure calculations, the agreement is usually much
worse.?

This is the case in many substances; bandstructure calculations often predict
the detailed shape of the Fermi surface rather well but underestimate the
observed effective masses. The reason for this can be seen if we consider how
we go about a bandstructure calculation; in essence, we constrain ions and
molecules to be rigidly fixed in a perfectly periodic arrangement to obtain a
periodic potential and hence the bands. However, the ions and/or molecules
in a substance will in general be charged, or at the very least possess a dipole -
moment; as an electron passes through the solid, it will tend to distort the lattice
around it owing to the Coulomb interactions between the ions and molecules
and its own charge. This leads to the electron being accompanied by a strain
field as it moves through the substance. Alternatively one can consider the
electron as being surrounded by virtual phonons; the electron and its strain
field are often referred to as a ‘polaron’. The interactions between the electrons
themselves must also be taken into account; as electrons are highly charged,
they will repel each other.

By this stage, our initial picture of the electrons as independent particles is
beginning to look rather shaky; the electrons interact with each other and carry
around a strain field. Landau proposed a way around this problem by supposing
that, rather than a system of independent electrons, the solid is populated by a
system of independent quasiparticles. He then supposed that the quasiparticles
obey Pauli’s exclusion principle, so that many of the statistical argnments that
we have used to describe the electrical properties of solids still work. But what
are the quasiparticles? Landau’s argument proposes that as electron—electron
interactions are turned on, then the states of the strongly interacting elec-
tron system evolve continuously from the states of the independent-electron
system.

In the case of an independent-electron system, in the derivations of earlier
chapters we have (in effect) specified excited states by counting or listing
values of k (ki, kz, ks, ... k;) which denote occupied states with energies
above Eg and values of k that denote empty states with energies below Ep
(q1, 92, g3, ...q;). The energy of the excited state is then given by adding
the energy corresponding to the states described by ki, ko, k3, ...k; to the
ground-state energy and subtracting the energies of the states specified by the
q1, 92, 93, -.-q;. Now in the case of the independent electron system, we would
be able to specify the energies corresponding to the k and q easily (for instance
in the nearly-free electron model E (k) = h2K? /2me).
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In the quasiparticle picture, the excited state may still be defined by saying
that / quasiparticles have been excited out of states defined by q, q2, g3, ...q
and that j excited quasiparticles have been placed in levels defined by
ki, ko, ks, ..k;. The energy of the excited state is still given by adding
the energy corresponding to the states described by ki, kj, k3, ...k; to the
ground-state energy and subtracting the energies of the states specified by
the q1, 42, 93, ..-q:- Thus, the excitations of the interacting system behave in
a qualitatively similar way to those of the non-interacting system. However,
it is now difficult to determine what the E versus k relationship of the
quasiparticles might be.

The theory describing such quasiparticles is often known as Fermi liquid
theory; analogously, a non-interacting collection of electrons (as in the
Sommerfeld model of Chapter 1) is often referred to as a Fermi gas.

For the present purposes, Fermi liquid theory allows one to treat the effect
of the various interactions as renormalising the originally calculated effective
mass of the independent band electron to give a (usually heavier) quasiparticle
effective mass. The quasiparticles then to all intents and purposes behave as
band electrons, but with this modified mass. If my, is the mass calculated in the
bandstructure calculations,?® then the electron-lattice interactions discussed
above result in a mass known as the dynamical mass, m;, where

my, & (1 + A)mp, (8.42)

where A is an electron—phonon coupling constant (in many substances, A is
between 0.1 and 1).

Returning to the electron—electron interactions, as electrons are highly
charged, they will repel each other. Therefore, as an electron is moved across
a sample by an external force, there will be a backflow of electrons caused
by this repulsion. Thus, it is ‘harder’ to move electrons about than expected,
i.e. the apparent effective mass of the quasiparticles is heavier than m,. The
effective masses m* measured in experiments such as the de Haas—van Alphen
effect include this contribution from the interactions between the electrons, so
that we finally have

m* ~ (1 + F)m,, (8.43)

where F is a constant known as a Fermi liquid parameter.2*

Thus, both interactions generally act to increase the mass, thus explaining
the discrepancy between bandstructure calculations (which generally predict
independent band electrons) and experiments (which measure the mass of the
quasiparticles). At a simple level, and in systems such as elemental metals,
this need not concern us; we can carry on applying models derived for non-
interacting electrons, but dealing instead with excitations called quasiparticles
which are a little bit.heavier, rather than band electrons; all complications are
absorbed in the renormalised effective mass.

However, certain classes of materials display very strong interactions, result-
ing in extremely heavy quasiparticle effective masses. Compounds containing
f-electron metals such as UPt; and CesRu;Siy are known as heavy fermion

B is important when comparing measured
masses with theoretical predicitions to com-
pare like with like. For example, the effec-
tive masses described by eqn 5.24 are for
linear motion, whereas the masses measured
in a magnetic quantum oscillation experiment
represent orbital averages; the effective mass
deduced from a heat capacity experiment is
an average over the whole Fermi surface.

24Eor a detailed treatment of these effects at
a reasonably simple level, see Chapters 31—
33 of Many particle theory by EX.U. Gross,
E. Runge and O. Heinonen (Adam Hilger,
Bristol, 1991) or e.g. K.F. Quader et al., Phys.
Rev. B 36 156 (1987).
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25 See, for example, S.R. Julian et al., Phys-
ica B 199-200, 63 (1994) and references
therein.

systems; effective masses as heavy as 100-1000m. have been detected in such
substances using magnetic quantum oscillations and other techniques.?

Further reading

A more detailed treatment of the basic ideas involved in magnetic quantum
oscillations is given in Solid state physics, by N.W Ashcroft and N.D.
Mermin (Holt, Rinehart and Winston, New York, 1976) Chapter 14. Simpler
descriptions are in Electrons in metals and semiconductors, by R.G. Chambers
(Chapman and Hall, London, 1990) Chapter 7, and Introduction to solid state
physics, by Charles Kittel, seventh edition (Wiley, New York, 1996) Chapters
8 and 9.

For enthusiasts, a splendid and detailed review of magnetic quantum
oscillations in metals is found in Magnetic oscillations in metals, by David
Shoenberg (Cambridge University Press, Cambridge, 1984).

A review of relatively recent cyclotron resonance and interband magneto-
optical experiments in semiconductor systems is given in Optical properties
of semiconductors, Volume 2 of Handbook on semiconductors, edited by T.S.
Moss and M. Balkanski (Elsevier, Amsterdam 1994), Chapters 6, 7 and 11.

A review of ARPES is given in FJ. Himpsel, Advances in Physics 32
1 (1983); see also M. Grioni et al., Physica Scripta T66, 172 (1996) and
references therein and/or Fundamentals of semiconductors, by P. Yu and M.
Cardona (Springer, Berlin, 1996), Chapter 8. Further interesting details may be
found in articles by E.-W. Plummer and W. Eberhardt (Adv. in Chem. Phys. 49,
533 (1982)), and G.J. Lapeyre (Nucl. Inst. and Meth. in Phys. Research A347,
17 (1994)). The properties of surfaces are reviewed in the book Electronic
properties of surfaces, edited by M. Prutton (Adam Hilger, Bristol, 1984).

Information on dilution refrigerators and He cryostats of the type used
for the cryogenic experiments in this chapter is provided in Experimental
low temperature physics, by A.J. Kent (Macmillan, London 1993), Matter
at low temperatures., by PV.E McLintock, D.J. Meredith and J.K. Wigmore,
(Blackie, Glasgow, 1984) and/or Practical cryogenics; an introduction to
laboratory cryogenics by N.H. Balshaw (published by Oxford Instruments UK
Ltd. and available on request).

Reviews of organic molecular metals are given in Organic superconductors
by T. Ishiguo, K. Yamaji and G. Saito (Springer-Verlag, Berlin 1998), Fermi
surfaces of low-dimensional organic metals and superconductors by J. Wos-
nitza (Springer-Verlag, Berlin 1996) and by J. Singleton in Reports on Progress
in Physics 63 1111 (2000).

Interacting electron systems and many-body effects are described in the
third edition of the excellent book Many particle physics, by Gerald Mahan
(Kluwer, Dordrecht, 2000) (highly recommended for enthusiasts) or in Many
particle theory by E.K.U. Gross, E. Runge and O. Heinonen (Adam Hilger,
Bristol, 1991). Two further books which describe classic contributions to this
field are Theory of interacting Fermi systems, by Philippe Nozieres (Addison
Wesley, Reading, 1997), and Basic notions of condensed matter physics by
P.W. Anderson (Addison Wesley, Reading, 1997).

Heavy fermion systems are reviewed in A.C Hewson, The Kondo problem to
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heavy fermions (Cambridge University Press 1993); E.G. Haanappel, Physica
B 246-247, 78 (1998) and references therein. The influence of many-body
(i.e. electron—electron and electron—phonon) interactions on the de Haas—
van Alphen effect has been reviewed by A. Wasserman and M. Springford,
Advances in Physics 45, 471 (1996); this review also contains some references
to literature on heavy-fermion systems. A concise summary of recent heavy-
fermion data is given in Section 8.2 of Exotic Kondo effects in metals, by D.L.
Cox and A. Zawadowski (Taylor and Francis, London, 1999). Experimental
tests for non-Fermi-liquid behaviour in strongly interacting systems are de-
scribed in V. Vescoli et al., Science 281, 1181 (1998); C. Bourbonnais and D.
Jérome, ibid page 1155 and references therein.

Exercises
(8.1) (a) Figure 8.29 shows [(9.75)/1(0) as a function Explain why this energy is almost independent of

of photon energy for a sample of a direct-gap
semiconductor; the experiment was performed at
77 K. Here I (B) is the intensity of light transmitted
by the sample at a magnetic field of B Tesla.
Account for the oscillatory behaviour of the plot.
Assuming that there are no other strong minima in
1(9.75)/1(0) for photon energies below the range
shown in the figure, estimate the band gap. Ignore
excitonic effects.
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Fig. 8.29 1(9.75)/1(0) as a function of photon energy for
a sample of a direct-gap semiconductor; the experiment was
performed at 77 K. Here I (B) is the intensity of light transmitted
by the InAs sample at a magnetic field of B Tesla.

0.60

(b) A sample of the same semiconductor is lightly
doped so as to make it n-type. It is found that
the donors have a binding energy of 2.1 meV.

(8.2)

(8.3)

8.4)

(8.5)

the donor impurity used and use this fact, along
with the data in Fig. 8.29, to estimate the effective
masses of the electrons and heavy holes (why
heavy holes and not light holes?). (Assume that the
bands are isotropic close to the band extrema, so
that m¥-p ~ m¢ and mi-p ~ my, . The relative
permittivity of the material is €; = 15.2.)

Show that in a magnetic field B, the projection of an
electron’s real-space orbit on a plane perpendicular to B
is its k-space orbit rotated through /2 radians about the
field direction and scaled by the factor he/B.

Consider the surfaces of constant energy defined by the
effective mass tensor of Exercise 5.2. Derive (3A/3E)
for constant energy orbits in planes perpendicular to
e3. Hence show that the cyclotron frequency given by
eqns 8.10 and 8.11 for B parallel to e3 is the same as
that given by eqn 5.28.

Consider the two-dimensional solid of Exercise 3.1.
Describe how electron and hole orbits arise in a magnetic
field at certain values of the parameter v, accompanying
your answer with sketches.

A metal is made up of identical atoms arranged in a
crystal with the primitive lattice translation vectors a =
aey, b = aey and ¢ = ce3, witha = 0.3275 nm and ¢ =
0.3452 nm; here ey, e3, and e3 are the Cartesian unit vec-
tors. The low-temperature magnetisation of the crystal is
measured with the magnetic field B applied parallel to c.
Two sets of oscillations periodic in 1/B are observed in
the magnetisation with periodicities A(1/B) = 3.526 x
10-5T-! and A(1/B) = 7.590 x 10~4T~L. However,
when the magnetic field is applied parallel to a or b, no
oscillations are seen. Account for these results, and use
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(8.6)

8.7

(8.8)

them to deduce the dimensions and approximate shape of
the Fermi surface. [llustrate your answer with a sketch. Is
the metal monovalent or divalent?

A very pure sample of a metal at a temperature of 1 K
is illuminated by microwaves of frequency 72 GHz. At
this temperature and frequency the skin depth is less than
the electron mean free path. A magnetic flux density B
is applied parallel to the surface of the sample and at
right angles to the electric vector of the radiation. As
B is varied the power absorbed by the sample passes
through maxima and minima. Maxima are observed
when nB = 0.95 Tesla, where r is an integer. Account
for this behaviour and deduce the electronic dynamical
(cyclotron) mass. Estimate the maximum possible error
in the alignment of B and the sample surface for such an
effect to be observed in a typical metal.

A nominally undoped piece of semiconductor is illu-
minated with above-band-gap radiation and a cyclotron
absorption measurement is performed at a frequency
of 300 GHz and a temperature of 1.5 K. Cyclotron
resonances are observed at 1.1 T and 5.8 T, the width
(full width at half maximum) of the lower field resonance
is 0.2 T and that of the higher field resonance is 1 T. Es-
timate the masses and mobilities of the carriers induced
by the illumination.

How might the measurement be modified to determine
which resonance was due to holes and which was due to
electrons?

Fig. 8.30 de Haas—van Alphen oscillations in silver.

Figure 8.30 shows de Haas—van Alphen oscillations in
silver with the magnetic field applied along the [111]

(8.9)*

direction. Silver has a very similar Fermi surface to that
of copper. Explain why two frequencies are seen, and use
the data to work out the ratio of the radius of the Fermi-
surface neck to the radius of the belly.

A particular monovalent metal has the following proper-
ties:

(a) its Fermi surface is approximately spherical;

(b) the Fermi wavevector is 9.1 x 10°m™1;

(c) the electrons at the Fermi surface have an effective
mass m* = 1.3me, where m, is the mass of a free
electron.

Giving brief experimental details, explain how you would
deduce properties (a), (b) and (c) using the de Haas—
van Alphen effect. Calculate the frequency of the de
Haas-van Alphen oscillations that would be observed,
the number density of electrons in the metal and its Fermi
energy.
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Fig. 8.31 The figure shows F(P)/F(0), the ratio of the de
Haas-van Alphen frequency measured with a metal subjected
to pressure P to that measured with the metal in vacuo.

1.0

Figure 8.31 shows F (P)/ F(0), the ratio of the de Haas—
van Alphen frequency measured with the metal subjected
to pressure P to that measured with the metal in vacuo.
Account for the form of the data, and use the figure
to estimate the actual bulk modulus Bact of the metal.
Calculate the bulk modulus that you would expect for the-
metal using the Sommerfeld model and comment on your
answer.

Describe qualitatively how m™ might be expected to vary
with pressure.
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9.1 A brief digression; life without scattering
would be difficult! 9.1

In this chapter we shall apply our knowledge of bandstructure, Fermi surfaces
and electron statistics to the problem of transport of heat and electricity in 9.2
metals and semiconductors. To do this, we shall need to reintroduce the idea of
a scattering rate 1/t for electrons. Before embarking on detailed derivations,
it is instructive to consider what would happen to a band electron if scattering
did not occur. The result is quite surprising, and readers who are disconcerted 94
by surprises can jump straight to the next section if they wish.

We take as our example the simple bandstructure described in Exercise 5.1;
the one-dimensional electron dispersion relationship given is

9.3

E(k) = Eo — 21 cos(ka).

We can immediately obtain expressions for the velocity v and effective mass
m* of a band electron using the relationships given in Section 5.2;

1dE 21

=—£sin(ka);
h

S L

2E — A71.2 .

‘:lk_z 21a? cos(ka)

The question then states that the band contains just one electron which is at
= 0fort < 0; atz = 0 an electric field € is turned on in the x direction.

For t > 0, the externally applied force on the electron is f = —ee; the time

dependence of k for ¢ > O can therefore be derived using eqn 5.8 to give

dk
hA— = f = —ee.
" f ee

After integration, with the boundary condition k = 0 at t = 0, we obtain
e€
k(t) = ——t.
® P

This can then be substituted in the equations for v and m* to yield

21 t
v = —Ta sin(%) ©9.1)

A brief digression; life

without scattering would be
difficult! 117
Thermal and electrical
conductivity of metals 119

Electrical conductivity of
semiconductors 127
Disordered systems and
hopping conduction 129



118 Transport of heat and electricity in metals and semiconductors

Fig. 9.1 The position x (in units xg = 2//e¢),
velocity v (in units vg = 2I/a/h) and ef-
fective mass m* (in units m§ = h2/21a%)
of the electron discussed in Section 9.1 as a
function of time. The point on the velocity
curve illustrates the average velocity in the
presence of scattering.

I his phenomenon is, sometimes known as
Bloch oscillations.

20ne could consider that the electron, now
near the top of the band, is behaving like a
hole with positive effective mass and positive
charge; its acceleration is therefore in the
positive x direction.

xIxg, vivy, m*/m*,
o

\\
v
ak
L
2k
_3 2 L 1 1
0 1 2
tl(hleae)
and
. B 1 ©2)
~ 2Ia? cos(%4)’ ’
where we have used the identities sin(—0) = — sin(8) and cos(—8) = cos(6)

to make the equations look more attractive. Finally, it is a simple matter to
integrate the equation for the velocity v with respect to time (setting x = 0 at
t = 0) to give the electron’s time-dependent position

aeet

X = £l [cos(—) - 1] . (9.3)
ee h

Equations 9.1, 9.2 and 9.3 are plotted in Fig. 9.1; we see the (at first sight)
startling result that the electron’s position oscillates between x = 0 and
x = —2xg, where xo = 2I /ee, as a function of time! Similarly, the velocity
oscillates between v = vy = +2Ia/h.!

It is useful revision to consider what is going on in more detail. Initially,
the electron starts off at the bottom of the band (k = 0) with a positive
effective mass; it therefore responds to the electric field by moving in the
same direction (the negative x direction) as a free, negatively charged electron
would. However, the force also changes k uniformly, so that the electron
starts to move up the band E (k). As this happens, d*E /dk? decreases; hence
the effective mass increases and the acceleration of the electron decreases.
Eventually m* becomes infinite and then flips to —oo as d2E /dk? goes through
zero at k = —m/2a. An infinite m* means zero acceleration under an external
force; at this point v reaches its maximum negative magnitude. As k changes
further, m* remains negative but becomes-smaller in magnitude; the electron’s
acceleration is now in the positive x direction, so that its velocity slows and
eventually becomes positive.> And so the process goes on; the electron’s k
continues to change at a uniform rate in time (dk/d¢ is constant), so that it
moves up and down the band E (k). The band is of course periodic in k space,

50 all of the derived quantities (x, v) also repeat themselves in time.
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As the electron’s velocity oscillates about v = 0, the electron does not
carry any net current in response to the electric field. We therefore arrive at
the surprising conclusion that a substance which contains free band electrons
acts as an insulator!?

The solution to this peculiar situation is to introduce scattering; in this first
discussion, we shall use a very simple form of scattering. Let us suppose that
the electron starts to accelerate and then is scattered after a certain time. Let us
also suppose that this scattering process, being statistical in nature, completely
randomises the electron’s k; in other words, the electron ‘forgets’ everything
about its motion before the event. The electron will then start to accelerate
again until it scatters once more.

Let us look at the average value of k that might be expected after a scattering
event. As the scattering events are random, the electron is as likely to have
positive k as it is to have negative k immediately after scattering; statistically
(i.e. after averaging many events) the average value of k after scattering will
be close to 0. Thus, the average outcome of the scattering is to ‘reset’ the
electron back to its initial state. The effect of the subsequent restricted periods
of acceleration will be to give the electron a net, finite average velocity in the
initial direction of motion. This is represented by the point on the velocity
curve in Fig. 9.1.

As the electron has now acquired a finite average velocity, it is carrying a
current in response to the field €. Therefore, with the introduction of scattering,
the material has become a conductor of electricity. The scattering events
prevent the electron moving very far up the band, so that it never accesses
the troublesome regions where v and m* reverse.

In summary, for a band electron to conduct electricity in response to an
electric field, some form of scattering must be present. After this rather scary
start, I shall introduce some details of the real scattering mechanisms that afflict
electrons in solids, and use them to make predicitions about the transport of
heat and electricity in metals and semiconductors. These predictions describe
real substances quite well, and the procedures used in making them are the
basis of more complicated and accurate models used in research. We shall start
by treating metals.

9.2 Thermal and electrical conductivity of metals

9.2.1 Maetals: the ‘Kinetic theory’ of electron transport

We are going to look initially at a metal with isotropic bands characterised
by an effective mass m*. This is in effect the Sommerfeld model (quantum
mechanical statistics plus free electrons) with the additional refinement of an
adjustable m* which characterises the effect of the periodic lattice potential
on the electrons; the Fermi surface will be spherical. (More complex Fermi
surfaces will be mentioned in a qualitative manner later.) In Chapter 1 we used
the relaxation-time approximation to derive the expression

(9.4)

3We have discussed a very simple, one-
dimensional band in this section; you should
spend a few miniutes convincing yourself
that the periodicity of any band in k-space
(see Section 5.2) will lead to the same result.
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“In the case of the simple bandstructure de-
fined at the beginning of this discussion, v

and k will be parallel; however, it is worth

remembering that this will not usually be the
case for bands in general.

5Sec Exercise 1.4.

for the electrical conductivity o of such a metal. Here n is the number density
of electrons and 7! is the scattering rate. In addition, we used kinetic theory
and the Sommerfeld model to obtain the expression

1 20T 5

k= —nn kg —VET: 9.5

6 B Er F ©-5)
for the electronic thermal conductivity «. Here vg is the Fermi velocity and
Er is the Fermi energy. Equations 9.4 and 9.5 were combined to give the
Wiedemann—Franz ratio or Lorenz number

2 12
K nek

and it was found that this constant was in good agreement with many
experimental data at room temperature. However, in many cases, experimental
values of L differ markedly (by orders of magnitude!) from Lo at lower
temperatures.

The problem has arisen because two scattering times t (which are not
necessarily the same) have been cancelled in eqn 9.6. Acknowledging this fact
we rewrite eqns 9.4 and 9.5 in the following form:

2
o=t ©.7)
m
and ] T
K= gnnzk%E—Fv]%t,(, (9.8)

i.e. we have distinguished the two scattering times.

9.2.2 Whatdo 7, and 7, represent?

In all of the following, we are going to be talking about the electron velocity
v. Previously, we have seen that v = (1/4) VxE (K); this means that electron
velocities are always perpendicular to surfaces of constant energy. As always,

the electrons at the Fermi surface are going to see most of the action; their

velocities may be imagined as vectors normal to the Fermi surface, as the Fermi
surface is the constant energy surface par excellence.*

Consider first electrical conduction. In the absence of an electric field,
there are as many electrons travelling in any one direction as in the opposite
direction, so that no net current flows. When an electric field is applied,
electrons at the Fermi surface acquire a small amount of extra velocity (the drift
velocity derived in the relaxation-time approximation). The effect is shown
in Fig. 9.2(a); electrons on the right-hand side of the Fermi surface (with
initial velocities parallel to the direction of the drift velocity) move up into
slightly higher energy (velocity) states. Other electrons can then fill the states
vacated. The net effect is to displace the Fermi surface by a very small amount
~ m*vq/h, where vq is the drift velocity (typically vg ~ 10~3ms™!, whereas
vp ~ 0.01¢).5

In order to visualise the equivalent modification of the Fermi surface in the
case of thermal conductivity, it is useful to recall the kinetic theory deriva-
tion of «. Thermal conductivity occurs in gases because the gas molecules
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Fig. 9.2 Top: representation of the alteration of the Fermi surface caused by electrical conduc-
tion (a) (current density J) and thermal conduction (b) (heat flux J4); black circles represent filled
states and white circles empty states. In electrical conduction, the Fermi surface is displaced by
a tiny amount corresponding to the drift velocity caused by the electric field; thus, an excess of
electrons travel towards the right. In thermal conduction, ‘hotter’ electrons head right and ‘cooler’
electrons head left. The effects of these changes are represented in the lower half of the figures
by plotting the Fermi-Dirac distribution functions for left-heading and right-heading -electrons
(dotted lines) compared to the equilibrium situation (grey shading). The long arrows indicate
phonon scattering events of the kind encountered at room temperature, which lead to degradation
of both the electrical and thermal currents. The short arrows are the phonon scattering processes
encountered at low temperatures; note that these can degrade the thermal current both by ‘warming
up’ ‘cold’ electrons and ‘cooling’ ‘hot’ electrons.

travelling in one direction have a higher characteristic thermal energy (or
effective temperature) than those travelling in the opposite direction. The
equivalent situation for electrons is represented in Fig. 9.2(b); the electrons
travelling leftwards are ‘cooler’ and therefore have a less smeared out Fermi—
Dirac distribution function, whereas those going rightwards (in the direction of
heat flow) are ‘hotter’, possessing a more broadened Fermi—Dirac distribution
function characteristic of a higher temperature.
We can now identify what 7, and 7, represent.

e 7, represents the characteristic time to randomise/get rid of an electron’s
excess of forward velocity (or deficiency of backward velocity). A single
scattering event of the type shown by an arrow in Fig. 9.2(a) would
be sufficient for this purpose; an electron heading rightwards (in the
direction of the current flow) has been scattered into an empty state on
the opposite side of the Fermi surface with almost opposite momentum
and velocity.

e 7, represents the characteristic time to randomise/get rid of an electron’s
excess/deficiency of thermal energy. This can be achieved in a variety of
ways shown in Fig. 9.2(b); e.g. an electron can lose ~ kgT of energy,
and drop into an empty state close by in k-space (vertical process) or it
can be shot from the ‘hot’ side of the Fermi surface to the ‘cold’ side by a
scattering event involving large momentum change (horizontal process).

121
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9.2.3 Matthiessen’s rule

In the following discussion, we are going to assume that the electronic
scattering rates are additive, i.e.

l= l-l—i—i-i+....,- 9.9)
T 71 (%) 73
where the 77} are scattering rates due to different processes (e.g. collisions
with or emission/absorption of phonons, scattering from impurities etc.).
Equation 9.9 implies that the scattering process with the shortest 7; will
dominate, allowing us to predict regions of temperature in which we can ignore
all forms of scattering but one; €.g. it is reasonable to assume that scattering of
electrons at high temperatures will be almost entirely due to phonons, because
there are a lot of phonons around (see Appendix D).

Equation 9.9 is known as Matthiessen’s rule; it must be admitted that it
is only a crude guide as to what to expect in the presence of more than one
scattering mechanism. It fails most spectacularly when

o the outcome of one scattering process influences the outcome of another;

e one or more 7; is a function of k.

In the latter case, the conductivities ¥ and o will involve total ts due to all
processes averaged over all k, whereas eqn 9.9 implies the summation of
reciprocals of each ; individually averaged over all k; these two operations
are very unlikely to lead to the same result.

Having stated this caveat, we shall first think about highish temperatures,
where electron—phonon scattering events predominantly determine 7, and 7.

9.2.4 Emission and absorption of phonons

When discussing the idea of bands, we have seen that electrons are only
scattered when something disturbs the periodicity of the crystal. We are first
going to consider the role of phonons, which may be pictured as propagéting
loca] distortions of the crystal. Such distortions may scatter an electron; two
‘processes must be considered.

(1) Elastic processes Both the phonon and electron change wavevector and
energy, constrained by conservation of energy and momentum.

(2) Imelastic processes The phonon may be emitted or absorbed by an
electron, causing the electron’s wavevector and energy to change.

Our derivations of bandstructure also made a hidden assumption, that the
positions of the ions were not affected by the presence of mobile electrons. This
is of course somewhat unrealistic; electrons and ions are highly charged, and
the passage of an electron will result in the distortion of the lattice around it.
The electron can be scattered by this; in wave-mechanical terms it has emitted a
phonon, causing its energy and momentum to change. This is another inelastic
process.
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9.2.5 What is the characteristic energy of the phonons
involved?

Phonons behave as massless bosons, that is to say they can be created and
destroyed in a similar way to photons.® Phonons therefore have a ‘black-body’
type of energy distribution (see Fig. D.7), with a peak at an energy ~ kg7,
i.e. the characteristic phonon energy at a temperature 7 is iw ~ k7. We
therefore expect that when an electron scatters from or absorbs a phonon, that
phonon will typically have an energy ~ kg7

But what about the emission of phonons? The form of the Fermi—Dirac
distribution function for the electrons means that the only empty states below
the Fermi energy have energies Eg—(~ kpT). Similarly, the energy of the most
energetic electrons will be roughly Eg + (~ kg T). Therefore, an electron can
only emit a phonon with energy ~ kgT7'; i.e. even though the electron distorts
the lattice at low temperatures, it cannot emit energetic phonons because there
are no accessible final states for such a process!

The probability of emitting a phonon of energy ~ kg7 will have a very
similar temperature dependence to the probability of absorbing such a phonon.
This is easy to see when one considers that the latter depends on the number
of phonons around with such an energy (i.e. on the phonon density of states at
an energy Aiw ~ kpT) whereas the former depends on the density of available
final phonon states (i.e. the phonon density of states at an energy Aw ~ kgT).

Therefore, in all that follows, I am just going to talk about elastic phonon
scattering processes and inelastic phonon scattering processes where the
latter means either emission or absorption of phonons; i.e. I shall assume
that the probability of all processes involving phonons will follow a similar
temperature dependence.

9.2.6 Electron—-phonon scattering at room temperature

The Debye temperatures 6p of most metals are less than or of the order of room
temperature.” Now 6p is roughly the energy of the most energetic phonons in
the metal,} so that phonons with energy hw ~ kT will have wavevectors
q = (half the width of the Brillouin zone) ~ kg, where kg is the Fermi
wavevector. Thus one phonon scattering event (inelastic or elastic) will scatter
the electron to the opposite side of the Fermi surface (see Fig. 9.3). Thus

T, I~ T, 1 & (number of phonons with ziw ~ kgT) o T(see Appendix D).

9.2.7 Electron—-phonon scattering at T < 6p

In this case, phonons with energy fiw ~ kgT will have energies < kgfp and
therefore g « (Brillouin zone size), i.e. ¢ <« kg. Thus, one inelastic phonon
scattering event will be able to change the electron’s energy by ~ kgT'; hence
77! o (number of phonons with fiw ~ kgT) o T>.° However, one phonon
scattering event (elastic or inelastic) will be unable to knock the electron to
the other side of the Fermi surface (see Fig. 9.3) and so 7, > t,. This is the
reason for the failure of the Wiedemann—Franz ratio at low temperatures.

In order to take account of the fact that many, many scattering events

are required before the excess forward velocity of the electron is thoroughly

6See Appendix D or statistical mechan-
ics books such as, for example, Statistical
physics, by Tony Guenault (Routledge, Lon-
don, 1988) page 124 .

E

el Surface

electron .

Fig. 9.3 Geometry of electron—phonon scat-
tering events at T ~ 6p (above) and T «
6p (below). In each case k) and ky are the
initial and final electron wavevectors (both
of magnitude =~ kg) and q is the phonon
wavevector.

7See Appendix D; typical Debye tempera-
tures are given in Table D.1.

8See Section D.3.2.

9The T3 power is well known from the
Debye heat capacity derivation; see Sec-
tions D.3 and D.3.1.
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Fig. 9.4 Geometry of electron—phonon umk-
lapp scattering. A phonon with |q| < kf is
able to scatter an electron of wavevector k
with a positive velocity from the first Bril-
louin zone (A) to a state with a negative
velocity (B) in the second Brillouin zone. The
state at B is equivalent to that at C in the first
Brillouin zone.

randomised, the scattering rate contains a weighting factor (1 — cos 8), where

6 is the scattering angle (see Fig. 9.3). Now as 6 is small,
92 02 g2 o2

l—cosfrl—(l—-=)=—~-——>~—— o T? (9.10)

2 2 2kf 2kgvy

where we have used the fact that the dispersion relationship for low energy

phonons is close to w = vgq, with vy the speed of sound. Therefore we have

T, « TP and 1, o T73.

9.2.8 Departures from the low temperature 0 « T3
dependence

The 0 o T~ temperature dependence is rarely if ever obeyed exactly. There
are two main causes involving electron—phonon processes which contribute to
this.

o The periodicity of k-space often allows phonons with small g to scatter
electrons at the Fermi surface into empty states with energy ~ Ef in
an adjacent Brillouin zone; these states may have a velocity which is
almost opposite to that of the initial state. This is shown schematically
in Fig. 9.4; the process is known as electron umklapp scattering.

o Complicated Fermi surfaces may have lobes, lozenges, ellipsoids etc.
(plus their replicas, due to k-space periodicity, from other zones) all
over the Brillouin zone. This means that phonons with short ¢ can
cause scattering of electrons between Fermi surface sections with very
different characteristic velocities.

Both of these effects give a scattering rate which is roughly exponential,
1! o e %/T where 6f is a characteristic temperature depending on the

Fermi-surface geometry.

9.2.9 Very low temperatures and/or very dirty metals

In the case of very low temperatures, the phonon scattering becomes negligible
and scattering of electrons by impurities and defects becomes dominant.
Impurities have a different ionic core from the host metal, and therefore will
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Table 9.1 Summary of the temperature dependences of scattering times and clectrical and thermal
conductivities.

Temperature  Scattering K Lorenz number
(scatterer) times o

Very low T X Ty Kk « T, Lo
(impurities)  ~ const o ~ const

T ~6p/10 1 x T3, K o T2, < Log
(phonons) g X T3 =T g o« T75 — /T

T >~ 6p T X T, K =const, Lo

(phonons) o T~} o o T

often appear to be charged with respect to the background. The scattering of

electrons by impurities is therefore rather like Rutherford scattering!® with  ORutherford scattering is treated in most

electrons being deflected through large angles. One ‘event’ therefore degrades ~ ‘modemn physics’ or quantum mechanics
s . . texts; see e.g. Quantum mechanics, by

the transport of heat and electricity equivalently, so that 7, = 7, = constant

. . . Stephen Gasiorowicz (Wiley, New York,
and the Wiedemann—Franz ratio again holds. 1974) page 400.

9.2.10 Summary

A summary of the temperature dependences of scattering times and electrical
and thermal conductivities is given in Table 9.1. Typical electrical resistivity
and thermal conductivity data are shown in Figs. 9.5 and 9.6. Note that for
reasonably pure metals with reasonably simple bandstructures (e.g. alkali and
noble metals), electrical resistivity data are all of a similar form, and when
normalised to the value at T = 6 lie roughly on the same curve when plotted
against 7 /6 (see Fig. 9.5); here 6R is a characteristic temperature similar (but
not identical) to 6p.

9.2.11 Electron-electron scattering

In metals with simple Fermi surfaces, electron—electron scattering is relatively
unimportant. Initial and final states for both electrons must have energies close
to Er and wavevectors close in magnitude to kp; in addition, energy and
momentum must be conserved. The combination of these two requirements
makes electron—electron scattering quite unlikely (and actually completely
forbidden at T = 0).

However, electron—electron scattering becomes more important when

e the Fermi surface is complicated, so that the conservation of energy
and momentum becomes easy for a wider variety of possible scattering
processes and/or
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Fig. 9.5 Normalised electrical resistivity data
for several metals with reasonably simple
Fermi surfaces plotted as a function of the
normalised temperature 7' /6 . R is shown in
Kelvin for each metal at the top of the figure.
Data taken from figures in Low tempera-
ture solid state physics, by H.M. Rosenberg
(OUP, 1963).

Fig. 9.6 Thermal conductivity data for (a) Li
(sample Li 1 is of lower purity than sample
Li 2); (b) Na (again showing the effects
of dirtier (lower curve) and cleaner (upper
curve) samples); (C) Cu; (d) Cr. Data taken
from figures in Low temperature solid state
physics, by HM. Rosenberg (OUP, 1963).
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Ideal electrical resistivity (ufem)

e the density of states at the Fermi energy is very large (because the
effective mass is large), bumping up the number of initial and final states
(e.g. transition metals, heavy fermion compounds).

Reasonably simple arguments!'! show that electron—electron scattering leads
tor~! o« T2

Some typical data for transition metals are shown in Fig. 9.7. At low
temperatures, the resistivities tend towards the 72 dependence expected for
electron—electron scattering.

9.3 Electrical conductivity of semiconductors

9.3.1 Temperature dependence of the carrier densities

Over wide ranges of temperature, the dominant contribution to the temperature
dependence of the electrical conductivity is the rapidly varying number of free
carriers. Recalling the results of Section 6.4.4, in order to find n» and p when
impurities are present we use the law of mass action (eqn 6.14)

E
np = T3 We—#f
combined with the conservation law (eqn 6.19)
n— p = Np— Na,

where Np is the density of donors and N4 is the density of acceptors (both are
assumed to only provide one carrier each).

The electrical conductivity of a semiconductor consists of a sum of con-
tributions from all carrier types. The simple model of Section 6.4.4, which
is a reasonable approximation for many semiconductors, has just two types,

Fig. 9.7 Resistivities of transition metals,

showing the approach to T2 at low tempera-
tures. Data taken from figures in Low temper-
ature solid state physics, by H.M. Rosenberg
(OUP, 1963).

11Sec, for example, Solid state physics, by
N.W Ashcroft and N.D. Mermin (Holt, Rine-
hart and Winston, New York, 1976) page 347.
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electrons and heavy holes. Therefore, the conductivity will contain just two
contributions, i.e.

0 = nepc + pefinh, 9.11)

where w. and uny are the electron and hole mobilities respectively. The
mobilities are defined as the drift velocity of the carrier per unit electric field;
the relaxation-time approximation (see the derivation of eqn 1.6) can be used

to give
et
pe=— (9.12)
mg
and
eT]
oh = —2, 9.13)
mhh

where 77! and tﬁll are the scattering rates for-the electrons in the conduction
band and the heavy holes in the valence band respectively.

The temperature dependence of the electrical conductivity is therefore
determined by convolutions of the temperature dependences of n and 7. and p
and Ty

When n > p (n-type or intrinsic semiconductors) the holes can be
completely ignored in most cases; in the majority of semiconductors, the
electrons have a much smaller effective mass than the holes, which also results
in a smaller density of states and hence a longer r. Therefore the electron
mobility is often much, much greater than that of the holes.

9.3.2 The temperature dependence of the mobility

There are two important sources of scattering.

(1) Impurities (T <« 6p). Charged impurity scattering is rather like
Rutherford scattering; hence the scattering cross-section varies as E~2.
In the nondegenerate case, E ~ kgT, so that the cross-section is
proportional to 772; hence the mean-free path is proportional to T2
The carrier speed is proportional to E 7,ie. T3 . Therefore

Rf—

)ﬂ

T X

—T3. (9.14)

[S]

T-

Note that this contrasts greatly with the situation in metals (z ~
constant for impurity scattering), where all of the action goes on at
or close to the Fermi surface; the carriers which scatter from the
‘impurities in metals (see Section 9.2.9) have virtually constant (i.e.
temperature-independent) energies. In nondegenerate semiconductors,
the free carriers have a quasi-Boltzmann-like energy distribution, so that
the average energy of the carriers varies with temperature.
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(2) Phonons (T ~ 06p). The number of phonons at such temperatures
will be proportional to T (see Section 9.2.6), leading to a mean-freel:-
path proportional to T~!. As before, the speed is proportional to T2,

Therefore
T—l
T X — =771, (9.15)

9.4 Disordered systems and hopping conduction

9.4.1 Thermally-activated hopping

Materials which contain large numbers of impurities and defects are often used
as low-temperature thermometers. The conductivity of such systems is usually
dominated by so-called thermally-activated hopping. At low temperatures, the
electrons which carry current through the material, are generally bound in
potential wells (resulting from the defects and impurities), known collectively
as traps. Let us take a simple example, and assume that the traps are an energy
A deep; in other words, if the electrons are given a thermal energy A, they
can escape and move through the substance (hence carrying a current) until
they next fall into a trap. In such situations, the electrical conductivity o is
roughly proportional to the probability that electrons can escape the traps;
from statistical mechanics!? this probability is proportional to exp(—A /kgT),
where T is the temperature. Hence the conductivity is given by

o~ Ae =BT, (9.16)
where A is a constant.

Figure 9.8 shows the natural logarithm of the resistance of a carbon resistor
(Allen-Bradley 270 €2) plotted against 1/7. The data lie on a straight line,
showing that the behaviour of the sensor is dominated by a single trap energy
over this temperature range.

Fig. 9.8 Natural logarithm of the resistance
of a carbon resistor (Allen-Bradley 270 Q)
versus 1/T. The inset shows the resistance
versus T. Data are points; the line is a
striaght-line fit. (Data courtesy of Mervyn
Barnes, Oxford Physics Practical Course.)

12Sae, for example, Statistical physics, by
Tony Guenault (Routledge, London, 1988).
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Fig. 9.9 Natural logarithm of the resistance of
a Ruthenium oxide resistor (1 k2 at 290 K)

versus 1/T 4. Data are points; the line is a

straight-line fit. (Data courtesy of Mervyn’

Barnes, Oxford Physics Practical Course).

3gee page 82 of Matter at low tempera-
tures., by PV.E McLintock, D.J. Meredith
and J.K. Wigmore (Blackie, Glasgow, 1984)
and references therein for a derivation.
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9.4.2 Variable range hopping

In materials containing a large number of defects or with a disordered structure
the electrons which carry the current are in what is effectively a random
potential (spatially the potential energy moves up and down randomly). The
electrons gravitate to the potential wells (i.e. dips in the potential) at low
temperatures; they can then move through the system by tunnelling (or
‘hopping’) to adjacent potential wells. This is known as variable range
hopping, and is of great theoretical interest. The conductivity has a very
distinctive temperature dependence!3

o ~Cexp(D/T?), 9.17)

where C and D are constants. It is the temperature exponent (%) that identifies
this mechanism of conduction. ,

Figure 9.9 shows the natural logarithm of the resistance of a Ruthenium
oxide resistor (1 k2 at 290 K; these resistors are used as cryogenic thermome-
ters) versus 1/ Tilf. As can be seen from the figure, Ruthenium oxide, which
contains large numbers of defects and is generally disordered, obeys eqn 9.17
rather well.

Further reading

There are a large number of similar treatments of this topic e.g. (in increasing
order of complexity) Electricity and magnetism, by B.I. Bleaney and B.
Bleaney, third edition (Oxford University Press, Oxford, 1989) Chapters 11,
17; Solid state physics, by G. Burns (Academic Press, Boston, 1995) Sections
9.1-9.14; Introduction to solid state physics, by Charles Kittel, seventh
edition (Wiley, New York, 1996) Chapters 6 and 7; Solid state physics, by
N.W Ashcroft and N.D. Mermin (Holt, Rinehart and Winston, New York,
1976) Chapters 1-3, 29.

Those who wish to make calculations of resistivity of a more ambitious
nature, will need to use the Bo['rzmcmn transport equation, which is described
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in Solid state physics, by N.-W Ashcroft and N.D. Mermin (Holt, Rinehart and
Winston, New York, 1976) pages 316-326. Some tractable applications of the
Boltzmann transport equation are worked through in Chapter 7 of Electron
transport in compound semiconductors, by B.R. Nag (Springer-Verlag, Berlin
1980), and there is a synoptical derivation in Section 7.2 of that book.

More detailed derivations of the various forms of hopping conduction are
given in Chapter 1, (Section 15) of Metal-insulator transitions, by N.F. Mott
(Taylor and Francis, London 1990), which also contains a survey of further
literature on these effects. The application of this effect in temperature sensors
is discussed in Matter at low temperatures., by P.V.E McLintock, D.J. Meredith
and J.K. Wigmore (Blackie, Glasgow, 1984).

In the early days of transport theory, many measurements were made on thin
films and wires of comparable size to the mean-free path of the carriers. A lucid
review of this early work, with references to key papers, is given in Sections
4.23-4.27 of Low temperature solid state physics, by H.M. Rosenberg (OUP
1963).

Exercises

(9.1) An electron in sodium metal is scattered by a phonon.

9.2)*

Estimate the typical angle through which the electron is
scattered when the temperature T is

@ T =30K
(b) T =300K.

(The relative atomic mass of sodium is 23, its density is
970 kgm™3, and its bulk modulus is 5.2 x 10°Nm~2.)

In the light of your answer, explain briefly why the

equation
kK (ks 2
oT "\ %)

where o is the electrical conductivity, « is the thermal
conductivity, T is the temperature and 7 is a constant,
usually works well at room and at very low temperatures,
but fails at intermediate temperatures.

(9.18)

Estimate the ratio of the thermal conductivity due to
electrons to that due to phonons at 10~2K for a lead wire
0.5 mm in diameter which has an electrical conductivity
of 108Q~!m~!. You may assume the result of the
Debye theory (see Appendix D) that the gram molar heat
capacity is 1941 (T/GD)3JK_1gmol‘l. (For lead 6p =
108 K, the bulk modulus is 5.0 x 1010 Pa, the density is
11400 kgm"3 and the relative atomic mass is 207.) (This
effect is the basis of the ‘superconducting switch’ used in
very low temperature cryogenic experiments.”)

9.3)*

Why at very low temperatures, is the thermal conductiv-
ity of an insulator chiefly limited by the size and shc:pe
of the specimen, whereas the thermal conductivity of a
metal is usually limited by the purity of the specimen?
(Hint: consider the wavelengths of electrons and phonons
atlow T.)

What is Matthiessen’s rule, and under what conditions
would you expect appreciable departures from it?

A process sometimes used to purify a metal rod is to
pass a large direct curent through it for several days.
The current heats the rod and so makes the impurities
more mobile; at the same time it exerts a net force on the
impurities, through electron-impurity collisions, and so
drives them slowly towards one end of the rod. Calculate
the net force per unit volume exerted on the impurities
in a rod whose residual resistivity (at low temperature)
is IO‘IOQm, when a current density 108Am~2 is passed
through it. Treat the metal as free-electron-like, with a
Fermi energy of 5 eV, and assume that Matthiessen’s rule
is obeyed.

Would you expect any difference in your result if (a) the
carriers were holes or if (b) the carriers had effective
masses not equal to me?

14 See, for example, Experimental low temperature physics, by A.J. Kent (Macmillan, London 1993), or Matter at low temperatures., by PV.E

McLintock, D.J. Meredith and J.K. Wigmore, (Blackie, Glasgow, 1984).
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(9.4) Explain briefly why experimental values of x /(o T') often
agree with theory better than do the individual values of
k and of &.

(9.5) Copper can be treated as though it has one conduction
electron per copper atom. It is found that when copper is
alloyed with 1 atomic per cent of Ge*t the increase in
resistivity is 4 x 10~8Qm. Estimate the corresponding
change in resistivity caused by

e 0.1 atomic percent of Ga3t jons;
e 0.1 atomic percent of vacancies.

Lattice distortions may be neglected.

(9.6) Explain the following statements.

¢ The scattering of electrons from charged impurities
at temperatures 7 < 6p, where 6p is the Debye
temperature, leads to a scattering rate T~} which

. -3 . R
is approximately proportional to T~ 2 in semicon-
ductors but independent of temperature in metals.

e At temperatures T >~ 0p, t7Lis ajpproximately

proportional to T in metals and to T 2 in semicon-
ductors.

(9.7) Give an account of the temperature dependence of
the electrical conductivity of a lightly-doped (non-
degenerate) semiconductor specimen over the tempera-
ture range ~ Eg < kT =<~ Eg/5, where Ep is
the impurity binding energy and Eg is the band gap.
Identify the temperatures at which significant changes in
scattering mechanism and/or carrier density occur.

(9.8) Using the data from Fig. 9.8, calculate the energy of the
traps which dominate the behaviour of the Allen-Bradley
(carbon) resistor.



Magnetoresistance in
three-dimensional
systems

10.1 Introduction

Magnetoresistance is a general term for the changes in the components of the
resistivity and conductivity tensors of materials caused by the application of
magnetic field. We are going to treat the magnetoresistance of metals in a quite
general and simple manner.! First, however, the Hall effect in a system with
more than one type of carrier will be described, as it helps to illuminate the
more general discussion of metals that will follow, and gives a clue as to the
origins of magnetoresistance.

10.2 Hall effect with more than one type of

carrier

10.2.1 General considerations

We consider the Hall effect with two or more carrier types present (e.g.
electrons and holes). The geometry of a Hall effect measurement is shown
in Fig. 10.1; the magnetic field B is applied parallel to the z direction (i.e.
B = (0,0, B)), whilst the current I is driven through the sample in the x
direction. The electric field E is assumed to be E = (Ey, Ej, 0); we assume
that any effect is going to occur in the plane perpendicular to B because of the
nature of the Lorentz force (see eqn 10.1 below). Voltage measuring contacts
are provided on the sample so that E, and E,, can be deduced (see Fig. 10.1).

We assume that the drift velocity v of each species of carrier can be treated
using the relaxation-time approximation, i.e.

dv v
{—+4+-}=gE+qgv xB, 10.1
mi{g t71=49E+q (10.1)
where g is the charge of the carrier, m* is its effective mass (assumed isotropic
and energy-independent) and 7! is its relaxation (scattering) rate. Note that

all changes in v occur in the plane perpendicular to B; therefore it is sufficient
to split eqn 10.1 into x and y components to give

d
m* (== + Y = gE, + qu,B (10.2)
dr T
and dv
y v
m*[? + ?y} =gE, — qu:B. (10.3)

10.1 Introduction 133
10.2 Hall effect with more than
one type of carrier 133

10.3 Magnetoresistance in metals135
10.4 The magnetophonon effect 139

I this chapter I shall concentrate on the
magnetoresistance which arises due to modi-
fication of carrier motion due to the Lorentz
force. Magnetoresistance can arise in mag-
netic conductors for quite different reasons,
as has been already mentioned in Section 7.5.
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Fig. 10.1 Geometry of a Hall effect measure-

ment on a sample of thickness s and width-

w. On entering the sample, the current I be-
comes a current density J of average magni-
tude //ws. The magnetic field (flux density)
is uniform within the sample. The positions
of voltmeters for measuring Ex = Vy/d and
Ey = Vy/w are shown symbolically.

The Hall effect represents a steady state of the system, i.e. dv, /dt = dv,/dt =
0. Substituting eqn 10.2 into eqn 10.3 with dv, /dt = dv,/dr = 0 gives

m*v Bt
Y = gEy — L2 (9B, + qvyB), (10.4)
T m*
which can be rearranged to give
m*  q’B’t » q?Bt
Uy{? + m* }=qEy — 71*_Ex- (10.5)

Dividing through by m* /T and making the identification e B/m* = w, (i.e. the

_cyclotron frequency) gives

vyl + w?c?) = %{Ey — weTEy). (10.6)

Hall effect experiments are usually quite deliberately carried out at low
magnetic fields, such that w.t « 1, implying that terms ~ wgrz can be
neglected. Therefore eqn 10.6 becomes

qr gt g8t

Ey}. (10.7)

m*

We now consider an arbitrary number of carrier types, with each type being
labelled by the integer j; the jth carrier type has effective mass m*, charge
qj, scattering rate t; and number density ;. For each carrier type, eqn 10.7
therefore becomes

4% 9,87,
Uy,j = * {E Y. *

E}. (10.8)

Now the net transverse current must be zero, as there is nowhere for it to go

(see Fig. 10.1). Therefore

Z njvy,jq; =0. (10.9)
i

Equations 10.8 and 10.9 can be used to derive the Hall coefficient for an
arbitrary number of carrier types. We shall use them to treat the simple case of
electrons and heavy holes in a semiconductor; as usual, the light holes, with
their relatively feeble density of states compared to that of the heavy holes,
will be ignored.



10.2.2 Hall effect in the presence of electrons and holes

In the case of electrons in the conduction band (with effective mass m,
scattering rate tc“l , charge ¢, density n) and heavy holes in the valence band
(with effective mass m;h, scattering rate rﬁll . charge gpp, density p), eqns 10.8
and 10.9 combine to give

2 2
ng:t Bt Thh B
?C*C{Ey _ 4c : cEx} n P‘Ih}:k (E, — 4hh *rhnEx} -0 (10.10)
me m;. }’I’lhh mhh
Equation 10.10 can be rearranged to give
Ey{nuc + ppnn) = Ex{pppy, — nul}B, (10.11)

where uph = |ghnThn/myy| is the heavy hole mobility and where w. =
|gete/m?| is the electron mobility, and T have substituted gy = +e and

gc = —e. Now

J
Ey = z

= ) 10.12
o lel(nuc + punn) (1012
where J, is the current density in the x direction. Combining eqns 10.11 and
10.12 gives

_ Ey _ L (puiy —nud)
JxB el (npc + punn)?
This treatment is explored in more depth in Exercises 10.1 and 10.2.2

(10.13)

10.2.3 A clue about the origins of magnetoresistance

Equations 10.9 and 10.10 show that, although no net current flows in the y
direction, the currents carried in the y-direction by a particular type of carrier
may (i.e. probably will) be non-zero. Carriers flowing in the y-direction will
experience a Lorentz force caused by B in the negative x-direction (you can
satisfy yourself that this will always be the case). This backflow of carriers will
act to change the apparent resistivity Ey/Jy, i.e. cause rnagnetoresistance.3

In the following section we shall explore this idea more formally and in
a very general manner. We shall see that the presence of more than one
‘carrier type’ (and here the term is used very imprecisely) is necessary for
magnetoresistance to be observed.

In order to treat all of the different contributions to the conductivity and
resistivity in a sanitary fashion, we shall introduce the idea of conductivity and
resistivity tensors.

10.3 Magnetoresistance in metals

10.3.1 The absence of magnetoresistance in the
Sommerfeld model of metals

We consider first of all a metal with a simple spherical Fermi surface
and isotropic, energy-independent effective mass. As in Section 10.2.1, the
magnetic field B will be parallel to z (see Fig. 10.1), and we shall use the same

10.3 135

Magnetoresistance in metals

2Sorne excellent illustrative data are shown
in Fig. 4.3 of Semiconductor physics, by K.
Seeger (Springer, Berlin, 1991).

3 Those who are unconvinced by this hand-
waving argument should go back to eqn 10.6
and repeat the above derivation for wect > 1.
They will find that ((p/unh) + (/) Ey =
(p — n)Ex B (i.e the Hall field is zero if n =
p). Putting n = p yields Jx = ((p/upn) +
(n/uc))eEx /B2, ie. p o« BZ. This is the
reason for the very large magnetoresistance
in compensated semimetals (equal number of
holes and electrons at Fermi surface) such as
Bi.
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symbols (effective mass m*, scattering rate z~! and electronic charge —e).
Applying eqn 10.1, we have

d
m* (& + Yy = —¢E - ev x B. (10.14)
odr T

Two things may be deduced from this equation.

¢ The motion of the electrons in the direction parallel to B is unaffected.
Therefore there will be no longitudinal magnetoresistance; in this
context, the longitudinal resistivity is measured in the direction parallel
to the field B (i.e. both the applied current density and the measured
electric field are parallel to B).

¢ There may well be transverse magneforesistance. Here transverse
resistivity means that measured in the direction perpendicular to the field
B (i.e. both the applied current density and the measured electric field are
in the plane perpendicular to B).

Let us look at the second point in more detail. To simplify matters, we shall
initially consider an electric field directed only along the x direction (i.e. E =
(Ex, 0, 0)); our tactic will be to deduce the components of the current density
J = (Jx, Jy, 0) that flow in response to B and E.

As in the previous section, we are dealing with a steady state of the system,
i.e. duy/dt = dvy/dt = 0. Taking B = (0, 0, B) and E = (E,, 0, 0) as defined
above, we rewrite eqn 10.2 and eqn 10.3 in the form

et
Vd,x = “%;{Ex + vg,y B} (10.15)
and o
U4y = —UdxB, (10.16)
vy = v,

where the subscript ‘d’ emphasises the fact that we are dealing with a drift
velocity. » _

Equations 10.15 and 10.16 show that the magnetic field has made the
conductivity anisotropic; it has become a tensor, rather than a scalar. In order
to work out the components of the conductivity tensor, we look at the current
densities J, = —nevgx and J, = —nevgq,,. Substituting these into eqns 10.15
and 10.16 yields, after some rearrangement (see Exercise 3)

JX = GxxEx and Jy = JyxEx,

where oo
Or = T 0t (10.17)
and P
0% (10.18)

Oyx = ————.
T 4 wii?

Here o9 = ne®r/m* is the zero-field conductivity in the Sommerfeld model
and w. = eB/m* is the cyclotron frequency.

The conductivity tensor shows that, in a magnetic field, the total current
density J no longer flows parallel to the applied E-field, Ey; instead, it



Jx E,

now contains both x and y components. Figure 10.2 gives a geometrical
interpretation of J and the components of current density J,, J, caused by
electric field component E, and magnetic field (0, 0, B).

Equation 10.17 shows that as B — 00, 0y, o« B~2. We might
therefore expect to see some magnetoresistance. However, most experiments
(see Fig. 10.1) measure voltages dropped in the x- and y-directions between
pairs of contacts, rather than measuring the x and y components of the current
density. In such experiments the current is forced to go along the x direction,
so that J = Jyey; in contrast, the electric field will have components in both x
and y directions (see Fig. 10.3). Therefore we want the components

_ Ex Ey
Pxx = 'J— and oy, = — (10.19)

x x

of the resistivity tensor, rather than the conductivity.

The general conductivity tensor is
Oxx Oxy
o= .

( Tyx Ty ) (10.20)

The derivations which start at eqns 10.15 and 10.16 can be repeated with E =
(0, Ey, 0) to yield oy = —0y, and oyy = 0x (see Exercise 10.3),* so that we

have
— Oxx Oxy Lo/} 1 —w.T
o= ___ 9% c
( —Oxy Oxx ) 1+ (1)(2:1:2 ( WeT 1 ) . (10.21)
This tensor can then be inverted using standard methods to give the resistivity
tensor ]
= Pxx  Pxy - 1 WeT
P ( Pyx  Pyy ) oo ( —weT 1 ) . (10.22)

The components of interest in the experimental arrangement shown in Fig. 10.1
are

(10.23)

wherg po = 1/0g (see Fig. 10.3). Therefore we get no magnetoresistance in
the diagonal components of the resistivity tensor and the familiar Hall effect
for one carrier in the off-diagonal components.

B
Pxx = po and pyx = —POWT = ——,
n

10.3.2 The presence of magnetoresistance in real metals

Almost all real metals exhibit some form of magnetoresistance, and so we must
try to find out what is wrong with the approach above. In the above derivation
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Fig. 10.2 Geometrical interpretation of the
components of current density Jx, Jy and
caused by electric field component Ex and
magnetic field (0, 0, B); J is the total current
density.

Fig. 10.3 Geometrical interpretation of the
components of electric field Ex, Ey and
the total field E caused by current density
component J, and magnetic field 0,0, B).

4This fact can also be deduced using symme-
try considerations.
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E,

Fig. 10.4 Geometrical interpretation of the
components of current density J; and J, due
to two different species of carrier caused by
electric field component E, and magnetic
field (0, 0, B).

we assumed that all carriers had the same value of m* and r. However, in a
real metal we could have

e electrons with different values of m* (e.g. from anisotropic bands);

e electrons with different values of t (e.g. some parts of the Fermi surface
may have higher scattering probabilities than others);

e a combination of both.

We therefore split the current density J into several components

where the index j indicates a contribution from the jth type of carmrier. Each
type of carrier will have a different density n; and/or effective mass m’j and/or

scattering rate r].“l. Hence, the components of the conductivity tensor oy, ;
and oy, ; will differ for each type of carrier, resulting in J ;s which do not in
general point in the same direction as each other.

The total current J is just the sum of all of the components

I=>1; (10.25)
j

In order to see what happens, we take a very simple case of just two carrier
types, j = 1,2. Equation 10.24 shows that, barring some very unlikely
coincidence, J; and J, will be in different directions. This situation is
illustrated in Fig. 10.4; the application of the magnetic field means that J;
and J, are no longer parallel, so that

IJI < |31 + J2l, (10.26)

i.e. the resistivity increases with increasing magnetic field. We therefore have
magnetoresistance.

We note in passing that, as above, oy, B2as B — oo (see eqn 10.17
and the paragraph following it). This will be important in the discussion of the
following section.

10.3.3 The use of magnetoresistance in finding the
Fermi-surface shape

We consider first a closed section of Fermi surface, about which a carrier can
perform closed orbits under the influence of a magnetic field (see Fig. 10.5).
As B — 00, w.T — 00, so that an electron will tend to make many circuits
of the Fermi surface before scattering. Therefore, the velocity of the electron
in the plane perpendicular to B will average to zero; this is the reason why oyxx
and oy, both vary as B2 in very high fields. Using the conductivity tensor
components, the current densities can be written

1

Jy = 0xx Ex + ﬁ

E, (10.27)

and
1

5y ="%B

Ex + 0y Ey (10.28)
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where R is the Hall coefficient, and the off-diagional tensor components have

been written oxy = 1/RB and oy, = —1/RB. Eliminating E), gives
1 RB
E, = J Jy. 10.29
7 opx + (R2B20yy) ! <t 1+ R2B20,,0yy Y ( )

As mentioned above, oy, and oy, both vary as B %in very high fields, so that
as B — 00, (B?R%0y,) ! > 0y, Therefore, pyx = E;/Jx tends to a constant
at high fields, i.e. it saturates.

We now turn to an open section of Fermi surface (see Fig. 10.5) about which
an electron cannot perform closed orbits under the influence of a magnetic
field. In this case, even as B — oo, the average value of v, remains finite;
therefore o, — C, a constant. Substituting o, = C and oy, = AB~2, where
A is another constant, into eqn 10.29 yields

_Ex _ ! x B? (10.30)
Pxx =77 = AB2 ¥ (R°B?C)~! ’ '

ie. pxx o« B%*as B — oo.
We therefore have two distinct results
e closed orbits produce a p,x which saturates as B — oo;
e open orbits produce a p,, proportional to B2 as B — o0.
This has been used to great effect in elucidating the Fermi surface of metals

such as copper, where changing the orientation of the magnetic field can
produce open or closed orbits about the Fermi surface (see Exercise 10.4).

10.4 The magnetophonon effect

Oscillations can be observed in the resistivity of both bulk and two-
dimensional semiconductors at elevated temperatures ~ 100 K; this is known
as the magnetophonon effect or magnetophonon resonance. The effect
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Fig. 10.5 (a) Schematic of electron motion on
a closed section of Fermi surface in a mag-
netic field. The arrows indicate the velocities
of an electron following a closed orbit about
the Fermi surface in a plane perpendicular to
the magnetic field B. (b) An open orbit on the
Fermi surface. In an in-plane magnetic field,
electrons will be driven across the Fermi
surface, so that their velocities (shown by
arrows) will rock from side to side.
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Fig. 10.6 Magnetophonon resonances in the
longitudinal and transverse resistivities of
InSb at 90 K.
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is caused by resonant inter-Landau-level scattering of electrons by long-
wavelength longitudinal optic (LO) phonons; such phonons are very effective
scatterers of electrons. (Why? think about the type of polarisation field
that they produce; see Section D.2.) As such phonons have virtually zero
wavevector, the transition is ‘vertical’, i.e. between almost identical points in .-
space in the initial and final Landau levels involved. By conservation of energy,
the condition for the magnetophonon effect to occur is therefore

Jwe = wL0, (10.31)

where wy o is the phonon frequency, i.e. an integer number j of Landau level
spacings matches an LO phonon energy. This leads to oscillations in the
resistivity periodic in 1/B; if the phonon frequency is known, the effective
mass can be deduced from eqn 10.31.

The conditions for magnetophonon resonance to be observed are

e the temperature should be low enough for the Landau levels to be
resolved;

o the temperature should be high enough for a substantial population of
LO phonons. '

In practice, 70-100 K seems to be a good compromise. Figure 10.6 shows
magnetophonon resonances in InSb at 90 K.

Further reading

Some useful general reading on magnetoresistance is contained in Electrons in
metals and semiconductors, by R.G. Chambers (Chapman and Hall, London,
1990) Chapters 1, 2 and 11, Semiconductor physics, by K. Seeger (Springer,
Berlin, 1991) Chapter 9 (hard), Solid state physics, by N.-W Ashcroft and N.D.
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Mermin (Holt, Rinehart and Winston, New York, 1976) Chapters 12, 13 and
15 (hard).

Those who wish to calculate magnetoresistance, or who are interested in
seeing how the effect helped to determine the Fermi surfaces of a variety
of metals are referred to Magnetoresistance in metals by A.B. Pippard
(Cambridge University Press, 1989).

The angle dependence of the magnetoresistance is of great importance in
discovering the Fermi-surface topologies of new materials such as the organic
conductors and oxides described in Chapter 7. Recent reviews (including sug-
gestions for tractable calculations based on the Boltzmann transport equation
and reasonably up-to-date literature) are given by S.J. Blundell et al. (Phys.
Rev. B 53, 5609 (1996); Journal de Physique I, 6, 1837 (1996)), A. Ardavan
et al. (the inclusion of high-frequency effects; Phys. Rev. B 60, 15500 (1999))
and E. Ohmichi et al. (application to Sr;RuOg; Phys. Rev. B 59, 7263 (1999).

A good review of the magnetophonon effect with relatively recent data is
given in Landau level spectroscopy, edited by G. Landwehr and E.I. Rashba,
Volume 27 of Modern problems in condensed matter sciences, edited by V.M.
Agranovich and A.A. Maradudin (Elsevier Science Publishers, Amsterdam
1991), Chapters 13 and 20.

Exercises

(10.1) Explain why the electron mobility pe is generally much

(10.2)*

greater than the hole mobility up in many direct-gap
semiconductors such as InSb and GaAs.

Figure 10.7 shows Ry plotted as a function of the
inverse temperature for a sample of InSb. Ry is ob-
served to change sign between 0.005 and 0.006 KL,
Describe the mechanisms responsible for the form of
the curve and estimate (i) the concentration and type of
impurities in the sample and (ii) the band-gap of InSb.
What temperature dependence would be expected for
the mobilities of the carriers over the temperature range
shown?

Show that the Hall coefficient Ry of a material contain-
ing two types of carrier, with respective concentrations
ny and ny, charges g; and ¢, and mobilities 17 and u
can be expressed as

Ry = 1 nlqw% + nzqzlt%
e? (niuy +napp)?
where e is the electronic charge, indicating the approx-
imations inherent in your derivation.
When GaAs is subjected to hydrostatic pressure, the
band-gap changes from direct to indirect at a pressure of
about 40 kbar, due to the reordering of the conduction
band minima at the zone centre and near certain zone
boundaries. Describe briefly why the application of
pressure affects the shape and width of the bands.

(10.32)
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Fig. 10.7 Hall coefficient of an InSb sample versus 1/ 7.

Room temperature measurements of (a) the Hall coef-
ficient, normalised to its ambient pressure value, and
(b) the Hall mobility, are plotted for n-type GaAs as a
function of pressure in Fig. 10.8. What do the data tell
you about the conduction band minima involved?
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Fig. 10.8 Room temperature measurements of (é) the Hall
coefficient, normalised to its ambient pressure value, and (b) the
Hall mobility for n-type GaAs as a function of pressure.

Use the above formula to show that the peak in the
normalised Hall coefficient occurs when ab ~ 1, where
a = np/ny and b = uyp/u; <K 1. Show that the
height of the peak is approximately equal to @bh)~1,
and compare the value of b deduced this way to that
obtained directly from the pressure dependence of the

(10.3)

(10.4)

mobility in Fig. 10.8(b). What does this comparison
imply about the strength of scattering between the two
types of carrier, relative to the strength of scattering
between each type of carrier and the lattice?

Starting with eqns 10.15and 10.16 with E = (Ey, 0, 0),
derive the conductivity tensor components oy and
oyx. Repeat the derivation using E = (0, Ey, 0), to
show that oyy = oxx and oxy = —oy,. Invert the
resulting conductivity tensor to find the components of
the resistivity tensor.

Figure 10.9 shows the magnetoresistance of copper;
experimental details are given in the caption. Explain
qualitatively the form of the magnetoresistance. (You
may find it helpful to refer to Figs. 4.8 and 8.7.)

—

0 200 400 600

Fig. 10.9 Magnetoresistance of copper at a temperature of
4.2 K and a fixed magnetic field of 1.8 T; the current has been
applied in the [100] direction (perpendicular to the plane of the
page) and the magnetic field has been rotated from the [001]
direction to the [010] direction. The magnetoresistance has been
plotted radially as (o(B) — p(B = 0))/p(B = 0). (Data from
J.R. Klauder and I.E. Kunzler, The Fermi surface, edited by W.
Harrison (Wiley, New York, 1960.)



Magnetoresistance in
two-dimensional
systems and the
quantum Hall effect

11.1 Introduction: two-dimensional systems

Chapters 8 and 10 have described the effects of a magnetic field on three-
dimensional carrier systems; in particular, Chapter 8 discussed Landau quan-
tisation. We shall now look at two-dimensional semiconductor systems in an
analogous manner. The two-dimensionality! removes one degree of freedom,
so that at high magnetic fields the Landau quantisation results in a density
of states consisting entirely of discrete levels, rather than a series of one-
dimensional density-of-state functions. This means that the oscillatory phe-
nomena seen in high magnetic fields are often far more extreme in two-
dimensional systems than they are in the three-dimensional equivalent.

The reduced dimensionality also results in some other novel phenomena; the
quantum Hall effect is a general low-temperature property of two-dimensional
or quasi-two-dimensional systems and has been observed in semiconductor
structures (e.g. Si MOSFETs, GaAs-(Ga,Al)As heterojunctions and quantum
wells containing two-dimensional holes or electrons) and, very recently, in
some organic molecular conductors. Most of the research on the quantum
Hall effect has been carried out using modulation-doped GaAs-(Ga,Al)As
heterojunctions, as these can provide an exceptionally clean two-dimensional
electron system with a very low scattering rate (see Chapter 7). We shall there-
fore confine our discussion to electrons in GaAs-(Ga,Al)As heterojunctions,
although similar principles will apply to any of the other systems mentioned
above. The effective mass of the electrons in the heterojunction will be labelled
m*, and their areal carrier density N;.2

In a heterojunction, the motion of the electrons in the growth (z) direction
is confined by the approximately triangular potential well at the interface; in
this direction, the electrons are in bound states of the well known as subbands.
We let the jth subband have energy E;. If a magnetic field is applied in the z
direction, then the electrons’ motion in the xy plane will also become quantised
into Landau levels, with energy (I + %)ha)c. Therefore, the total energy of the
electron becomes

1
E(B,l,j)=(l+§)hwc+Ej, (11.1)

i.e. the system has become completely quantised into a series of discrete levels.

(We remark at this stage that the magnetic field has reduced the effective
dimensionality of the electron system by two; its density of states is now like
that of e.g. an atom, with no electronic dispersion whatsoever. This is a general
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I The organic conductors and oxides de-
scribed in Chapter 7 were said to be quasi-
two-dimensional; although their structures
are layered, and most of the electron mo-
tion goes on within the layers, there is a
finite amount of tunnelling berween layers, so
that the bandstructure is not perfectly two-
dimensional. This results in some warping
of the Fermi surface; for a discussion see J.
Singleton, Reports on progress in physics 63,
1111 (2000). By contrast, semiconductor het-
erojunctions are single layers, and are exactly
two dimensional.

21t is usual in‘the literature to use the symbol
N; to denote the number of carriers per unit
area, and so I have chosen to do likewise.
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Fig. 11.1 The Landau level density of states
with zero scattering (left) and in the presence
of broadening due to scattering (right). The
shaded portions indicate states filled with
electrons. Two positions of the chemical po-
tential (Fermi energy) are shown.

v

T =00 g(E)
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property of a magnetic field; in the case of a three-dimensional system, the
electronic density of states becomes a series of density of states functions for
one-dimensional motion (see Chapter 9).)

11.2 Two-dimensional Landau-level density of
states

Let us assume for the time being that only the lowest subband is populated with
electrons. The density of states, which is a series of delta functions separated
by Awc, is shown in Fig. 11.1(a). In a real sample, these levels will not be
perfectly sharp, but instead broadened due to the scattering of electrons by
imperfections at the surface of the layer and the presence of impurities. If the
typical relaxation time between scattering events is T (i.e. the lifetime of a
particular quantum-mechanical state is t), the uncertainty principle leads to
broadening of the levels by an amount § E = % /7. The effects of the magnetic
field will therefore only be important if the energy separation of the Landau
levels, Awc, is larger than this broadening (i.e. w7 >> 1). We shall concentrate
on this high-field regime of well-separated Landau levels.

Since the number of electronic states at zero field has to equal the number
at finite field, the number of electrons which it is possible to put into each
Landau level may be calculated from the number of free electron wavevector
states with energies between adjacent Landau levels. The wavevector k; with
zero field energy corresponding to the /th Landau level is given by

h2k}
2m*

We divide the area of wavevector-space between k; and k;41 by the well-known
degeneracy of two-dimensional phase-space (N = 2(27'[)"2 V2 Vi, where Vi2
is the area in r-space, Vi, is the area in k-space and the factor 2 takes into
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account spin) to get the number of states per unit area per Landau level

N 27rk,’;+1 —nk;  2eB (113
Vi @m? b '

Each Landau level can hold at most this number of electrons before it is
necessary to start to fill the next level.

The electrical properties of the sample will depend very strongly upon how
the Landau levels are occupied. Let us assume first of all that the temperature
is absolute zero, and that the highest occupied Landau level is half full
(Fig. 11.1(b)), i.e. the chemical potential w is in the middle of a Landau level.
Under such conditions, the system looks like a metal; there are lots of empty
states which are just above w, and so the system will have a high electrical
conductivity.

Next, consider what happens when the highest filled Landau level is
completely filled (Fig. 11.1(c)). In this case, 1 will be in the gap between the
highest occupied and lowest unoccupied Landau level; there will be no empty
states available at energies close to p. This situation is analogous to that of an
insulator; the conductivity of the sample will obviously be a minimum under
such circumstances, and for well-separated Landau levels will be effectively
Zero.

Finite temperatures will cause the Fermi-Dirac distribution function to
become ‘smeared out’ close to w; however, as long as Aiw, >~ kgT, the
general picture remains true that the conductivity oscillates dramatically as
the field is swept. The conductivity will be very small whenever we have a
completely filled highest Landau level, i.e. when

.2¢B

where j is an integer and N; is the number of electrons per unit area. The
maximum conductivity case occurs when

1 2eB
Ny=( +=)—. 1.
s (J+2) N (11.5)

The conductivity will therefore oscillate as a function of magnetic field, and
will be periodic in 1/B, with a periodicity given by

2e
hNg

A(1/B) = (11.6)

11.2.1 Resistivity and conductivity tensors for a
two-dimensional system

The experimental geometry for the quantum Hall effect is usually exactly the
same as that for the conventional Hall effect (see Fig. 10.1). Thus, it is the
components of the resistivity tensor that we measure, and not the conductivity.
We can relate the current densities J; and J, (in two dimensions current
densities will have the units current per unit length) and electric fields E, and
Ey by the expressions

Jy = 0xxEx + 0xyE,y (11.7)

145



146 Magnetoresistance in two-dimensional systems and the quantum Hall effect

and
Jy = _nyEx +UxxEy (11-8)

since 0y = oyy and oyy = —0y, for a homgeneous isotropic substance. If, as
usual, we allow a current to flow along only one direction (x) (see Fig. 10.1),
then J, = 0 and we can say that Ey/E,; = 0y,/0xx. Therefore we can define

the resistivities
Pxx = _E_x =T (11.9)
T L ok +0l o
and

Ey Oxy

2 =7 11.10
Jy o +cr§y ( )

Pxy =

Note that the units of p,, are known as Q per square; a dimensionless

geometrical factor (sample length/sample width) must be introduced to work
out the resistance of a particular sample.

We use the relaxation-time approximation to work out the motion of the

electrons, i.e.

av e e v
— =——FEkE - — B-——. 11.11
ot m* mV>< T ( )

In steady state, the LHS vanishes, and the two components of the equation read

T
vy = By — 0cTVy (11.12)
m
and
etrT
vy = _WE)' + W T Uy, (11.13)

where we have written w. = eB/m*. If we impose the condition vy, = 0 (no
current in the y direction) we have

E
E—i = —w,T. (11.14)

Writing J, = —eNgv, eqns 11.12 and 11.14 can be combined to give
JxB N

Ry is, of course, the Hall coefficient. Referring to Fig. 10.1, we see that for a
two-dimensional system, J, = I/w and E, = V;/w, where w is the width of
the sample, i.e.

Ry =

(11.15)

Vy
Ry = 15" (11.16)
As in the case of the three-dimensional systems discussed previously, the low-
field Hall coefficient can be used to determine Ns.
In high magnetic fields, w.t > 1. Under these condmons eqn 11.14

indicates that |oyy| > |0xx|, so that eqns 11.9 and 11.10 give

prx o 2 (11.17)
O'x“y
and |
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We are therefore left with the rather unexpected result that the resistivity is
proportional to the conductivity. This is due to the very important influence
of the Hall field, and the way in which resistivity and conductivity have been
defined; the resistivity is defined for zero Hall current, and the conductivity for
zero Hall field.

At the values of magnetic field corresponding to a completely filled highest
Landau level, the ‘insulating’ case, it is the conductivity ox, which goes to
zero, and hence the resistivity px, also tends to zero. Physically speaking,
what has happened is that, as the probability of scattering goes to zero, an
electron (for £, = 0) will go around a cyclotron orbit with a drift in a direction
perpendicular to the electric and magnetic fields, and no current will flow along
the direction of the applied electric field. For the resistivity (with J, = 0) the
Hall field balances out the Lorentz force, and so a current can flow with very
small scattering probability, giving a vanishing resistivity. Experimentally, o,
can become immeasurably small.

11.3 Quantisation of the Hall resistivity

Some very interesting things happen when we look at the Hall voltage.
Experimentally, at the magnetic field values where p,, goes to zero, the
Hall voltage becomes independent of field, and a pqueau appears. When py
increases again, then the Hall voltage jumps up to the next plateau. The most
interesting feature of this behaviour is the value of the Hall resistivity on the
plateaux. We may calculate this very easily.

It was mentioned above that p,, goes to zero when a whole number of
Landau levels are completely filled. At this point the density of electrons is
(seeeqn 11.4)

2eB

And therefore the Hall resistivity is given by

B 1 h

pry = RuB =

As we have seen above (see eqn 11.16), for a truly two-dimensional system the
width of the sample cancels out (i.e. oy, is measured in 2), so that

V. 1 A 12906.5

AP A .
1

j2e

Pry Q. (11.21)

The remarkable feature of the experiment is that this value of Hall resistivity,
determined only by the fundamental constants /# and e, is obtained extremely
accurately (see also Section 11.3.2).

However, even though our simple derivation has predicted the value of the
quantised resistance, it only gives this value at one point, the field at which
an integer number of Landau levels are completely filled. In experiments, the
plateaux extend over finite widths of magnetic field. In order to see why this
occurs, we must introduce disorder.

Quantisation of the Hall resistivity

147
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Fig. 11.2 (a) Spatial variation of Landau level
energies caused by disorder (impurities etc.).
w indicates the chemical potential. (b) Plan
of the resulting ‘puddles’ of electrons.

11.3.1 Localised and extended states

Figure 11.1 showed broadening of the Landau levels due to scattering of the
electrons. One way to look at this is to say that the imperfections in the sample
cause a potential energy variation through space, and that the magnitude of this
variation is equal to the broadening of the levels. This means that the energy
of a Landau level moves up and down as we move through the sample. This is
shown in Fig. 11.2(a).

Let us imagine varying the field. Starting at the field at which one Landau
level is filled, the field is lowered. This lowers the Landau level degeneracy
so that some electrons must go into the next Landau level. These electrons
fill up the lowest states, in the minima of the potential fluctuations. The next
step is to draw a two-dimensional map of the occupied states. This is shown
in Fig. 11.2(b). Provided that the field does not change too much, then the
occupied states will be in isolated islands, which are not connected to each
other. Because they are isolated, these electrons will not play any part in
conduction, and the resistivity and Hall voltage from the sample will remain
constant, independent of whether these states are occupied or not. Hence we
can see the Hall plateaux and zero o, (and p,,) over a range of field.

We therefore have two classes of state, extended states at the centres of
Landau levels, which allow the electrons to move through the héterojunction
and localised states, in the ‘tails’ of the Landau levels, which strand the
electrons in isolated puddles. When the w is in the localised states between
Landau level centres, oxx = pxx = 0 and oy, is quantised; when w is in the
extended states close to the Landau level centres, oy, and hence p,, are finite.

11.3.2 A further refinement- spin splitting
When experimental data are examined, the Hall plateaux are actually found at

resistances
Vy 1h 25812.8
pxy = ’-I— = - —

5 = Q, (11.22)
ve v

(cf. eqn 11.21) where v is an integer. The problem is that we have ignored the
spin-splitting of the Landau levels in the simple treatment above. The Landau
level energies are in fact

heB

E(,B) = —

1 1
1+ =)+ —g*upB, 11.23
(+2) e ( )

where up is the Bohr magneton, the + takes account of spin-up and spin-down
electrons and g* is the effective g-factor. The resulting Landau-level density of
states is shown in Fig. 11.3; we now have twice as many levels as before, each
with half the degeneracy, thus explaining the quantised values in eqn 11.22.

The parameter v is known as the filling factor; it is the number of filled
(spin-split) half Landau levels, and is given by

V= —Ns—h (11.24)
eB

The spin-splitting is much smaller than fiw. (e.g. g* ~ —0.4 in GaAs), and so
Hall plateaux corresponding to odd v (i.e. those where (. is in a spin gap rather’
than a cyclotron gap) tend to be resolved only at higher fields.
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Fig. 11.3 Two-dimensional Landau levels in
the presence of spin splitting.
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: Fig. 11.4 Experimental pxy and pyy data for

0] S R S S S a GaAs-(Ga,Al)As heterojunction. Data for
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shown. (Data courtesy of Phil Gee.)

114 Summary

The experimental data in Fig. 11.4 summarise the above discussion very nicely.
The following points may be noted. '

e Atinteger v, the chemical potential x is in the localised states (i.e. away
from the centres of the levels). Therefore oxy = pxx = 0 and pxy =
h/ve?.
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3The atomic fine structure constant is @ =
€2 /(4meghc); a is linked to h/e? only by
defined constants.

Fig. 11.5 Fractional quantum Hall effect in
pxx (right-hand scale) and pyy (left-hand
scale) data for a GaAs-(Ga,Al)As heterojunc-
tion (T = 100 mK). The filling factors
v are indicated. Data courtesy of Phil Gee,
Clarendon Laboratory, Oxford.

e Between integer v, w is in the extended states. Therefore oy, and oy,
become finite and pxy changes. ’

¢ As the temperature rises, the plateaux and regions of zero px, become
narrower. This is because the Fermi—Dirac distribution function becomes
smeared out on either side of u, allowing some electrons to access
extended states even when u is amongst the localised states.

e Hall plateaux and p,, minima with odd values of v disappear at low
fields. This is because odd v corresponds to u being in an energy gap ~
g*up B, much smaller than %w.. By contrast, even v features correspond
to u being in a gap ~ Awc.

The quantum Hall effect was first discovered in 1980 by von Klitzing et
al.. Von Klitzing was awarded the 1985 Nobel Physics Prize for its discovery.
To date the value of the quantized Hall resistance is known to an accuracy of
one part in ~ 108 and has become the international standard for resistance. It
is also one of the most accurate ways to determine the atomic fine-structure
constant.

11.5 The fractional quantum Hall effect

Hard on the heels of the discovery of the quantum Hall effect came the
observation of the fractional quantum Hall effect, for which Stormer, Tsui
and Laughlin were awarded the Nobel prize in 1998. In the fractional quantum
Hall effect, which is observed only in very high quality samples, additonal
plateaux occur at

V, 1h 258128
py=p=cm=—"T"%

with v taking odd fractional values such as %, %, %, % etc.; at the same fields
minima are observed in py. Typical data are shown in Fig. 11.5. The existence
of the fractional quantum Hall effect implies that the Landau levels have
internal structure. ’
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Considerable progress in the understanding as to why the particular frac-
tional values of v occur was made with the introduction of the composite
fermion model. Note first that the filling factor v is equal to the inverse of the
number of flux quanta per electron (see Exercise 11.4); i.e. v = % corresponds
to 2 flux quanta per electron. In the composite fermion approach, the effects of
Coulomb interactions between electrons is replaced by a gauge field, the effect
of which is equivalent to attaching 2 flux quanta to each electron to form a
composite termion; in other words, the interacting electrons in finite field B
are replaced with non-interacting composite fermions in an effective field B*,
given by

B* = B —2j®yN;, (11.25)
where ®g is the flux quantum. Thus for j = 1, B* =0atv = %
Notice that the o, data in Fig. 11.5 are rather symmetrical about v = % The

minima in py, close to this field are interpreted as the integer filling factors
of the composite fermions which occur as the magnitude of the effective field
| B*| increases away from B* = Qatv = %; just as the electrons in the standard
(integer) quantum Hall effect have filling factors v = Ngh/eB, the composite
fermions exhibit Hall plateaux and p,, minima at integer effective fi"ing factor
v* = Nsh/eB*. Substituting for B* from eqn 11.25, we obtain

_ Nik
(B —2jN;ty’

*

(11.26)

(where we have substituted the value of the flux quantum) which can be

rearranged to give
Nsh 1
== (2;‘ + —) . (11.27)
e v

Substitution of integer values of v* for both positive and negative effective
fields in this equation generates all of the observed fractions:

1 )
—=2j+i*. (11.28)
v v

11.6 More than one subband populated

Figure 11.6 shows px, for a (Ga,In)As-(Al,In)As heterojunction with two
populated subbands, plus a schematic representation of the motion of the
chemical potential (Fermi energy). At low fields, the levels are poorly resolved,
and the effects of spin-splitting are not important; two distinct periodicities are
observed, given by

2e
B) = , 11.29
A(1/B)) AN ( )
and
A(1/B); = , 11.30
(1/B) "No ( )

where N;| and Nj; are the populations of the two subbands.*

At intermediate fields (~ 10 T), the presence of the second subband
complicates the structure of the p,, oscillations. However, at high enough
fields, the levels will become widely separated in energy and the quantum Hall
effect will re-emerge.

4This result is a straightforward conse-
quence of the direct proportionality of the
cross-sectional area of each subband’s two-
dimensional Fermi surface to the number of
carriers it contains. The discussion of the
Shubnikov—de Haas effect in Chapter 8 re-
minds us that the Fermi-surface area is di-
rectly related to the frequency of the oscil-
lations. See also Exercise 11.3.
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Fig. 11.6 pxx for a (Ga,In)As-(Al,In)As het-
erojunction with two populated subbands,
plus a schematic representation of the motion
of the chemical potential (Fermi energy).
(Data from J.C. Portal et al., Solid State
Commun. 43, 907 (1982).)
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Further reading

Simple treatments of the quantum Hall effect are found in Solid state
physics, by G. Burns (Academic Press, Boston, 1995) Chapter 18 and Low-
dimensional semiconductor structures, by M.J. Kelly (Clarendon Press, Ox-
ford, 1995) (spread through the book).

Harder reviews are provided in Perspectives in quantum Hall effects; novel
quantum liquids in low-dimensional semiconductor structures, edited by S.
Das Sarma and “A. Piczuk (Wiley, New York, 1996); Composite fermions; a
unified view of the quantum Hall regime, edited by O. Heinonen (World Sci-
entific, Singapore, 1998) and The quantum Hall effect by R.E. Prange and S.E.
Girvin (Springer, Berlin (second edition) 1990); early theoretical approaches
have been summarised in Chapter 5 of Quantum transport in semiconductors,
edited by D.K. Ferry and C. Jacoboni (Plenum, New York, 1991).

Perhaps the most recént review (as this book goes to press) is also the
most user-friendly. It is given in ‘Fractional quantum Hall effects’, by M.
Heiblum and A. Stern, Physics World, 13, no. 3, page 37 (2000). An excellent
review of the earlier days of the fractional quantum Hall effect is given by J.P.
Eisenstein and H.L. Stérmer (Science 248, 1510 (1990)). This is worth seeing
for its excellent diagrams, and its description of the Laughlin wavefunction,
the model first used to describe the fractional quantum Hall effect.

Exercises

(11.1) Figure 11.7 shows pyxx of a GaAs-(Ga,Al)As hetero-
junction as a function of magnetic field B. The magnetic
field is applied perpendicular to the plane of the two-
dimensional electron system and data for temperatures
from 30 mK to 1.5 K are plotted. '

(a) Sketch the electronic Landau level density of
states for a heterojunction under such conditions,
indicating localised states, extended states and
spin splitting. Describe briefly how the changing
position of the chemical potential in the Landau



(b)

©

(@

levels as a function of magnetic field produces
data such as those in Fig. 11.7. Why does in-
creasing the temperature cause the peaks in pyyx
to become broader and larger?

Deduce the areal carrier density and the mean free
path length of the electrons (you may assume that
the electrons have effective mass m* = 0.07me.).

6 T T

P, (kQ per square)

B(T)

Fig. 11.7 py for a GaAs heterojunction.

The pxx data were recorded by measuring the
voltage difference between contacts 1000 pm
apart on a 20 um wide Hall bar along which a
current of 10 nA flowed; what voltage would be
measured at B = (7

Sketch pxy for the same sample at a temperature
of 30 mK in as much detail as you can.

11.6  More than one subband populated 133

(11.2) Make a sketch of the conduction and valence band

(11.3)
(11.4)

edges in a GaAs-(Ga,Al)As heterojunction doped so
that it contains electrons. Indicate the following items
on your sketch; the chemical potential (Fermi energy),
the location of the dopants, the spacer layer and the
subbands. How does the presence of a spacer layer
ensure that the electron mobility is high?

2il T T T T q
20}k ‘\
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Fig. 11.8 o, for a GaAs-(Ga,Al)As heterojunction at 50 mK.

Figure 11.8 shows pxx in a GaAs-(Ga,Al)As hetero-
junction. Account for the form of the data and estimate
the areal carrier density.

Show that eqn 11.6 is equivalent to eqn 8.32.

Express the magnetic field as number of flux quanta per
unit area. By comparing your expression with N, the
number of electrons pre unit area, show that the filling
factor v is equal to the inverse of the number of flux
quanta per electron (i.e. v % corresponds to 2 flux
quanta per electron).

Use eqn 11.28 to generate the filling factors shown in
Fig. 11.5, listing the corresponding values of v* and the
effective field B*.
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Inhomogeneous and
hot carrier distributions
in semiconductors

12.1 Introduction: inhomogeneous carrier
distributions

In a conventional metal such as Cu, an abnormal distribution of electronic
charge will vanish very quickly indeed (in less than about 1 picosec). The
reason for this rapid dispersion is of course the strong Coulomb forces between
electrons spaced by distances ~ 0.3 nm and the electrons’ high mobility.
However, in semiconductors, we have the possibility of the simultaneous

existence of holes and electrons (see Section 9.3.1). If we inject an excess

of minority carriers (say holes) into a semiconductor, then the majority carriers
(say electrons) will move to the region containing the holes to ensure electrical
neutrality. After this electrical neutrality is established, there is no longer a
strong Coulomb force to disperse the holes, and so the excess of holes will
merely diffuse out and/or drift under the action of an external field.

Many electronic devices depend on such non-equilibrium densities of
minority carriers. It is not our job to understand the fabrication details
and characteristics of these devices in depth; instead we concentrate on the
underlying physics of the minority and majority carriers which enables the
devices to work.

12.1.1 The excitation of minority carriers

In the following discussion we shall assume that the system is n-type, i.e. the
majority carriers are electrons and the minority carriers are holes; the excess
densities (over the equilibrium densities) of electrons and holes are labelled
An and Ap respectively. The discussion can be applied to p-type material by
exchanging n for p and ‘electrons’ for ‘holes’. '

Minority carriers are usually injected in two ways.

(1) Above band-gap radiation; the creation of holes involves the promo-
tion of an equal number of electrons to the conduction band. Therefore
Ap = An.

(2) Injection through a contact; after Ap holes have been injected, An =
Ap electrons move in extremely quickly to preserve charge neutrality. If
they did not, a huge electric field given by V.E = e(Ap — An)/e would
be present. Therefore Ap &~ An once more. A
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In other words, an excess of holes is always accompanied by a similar excess
of electrons; the notable feature, however, is that

A An
-£>> —_—.
p n

(12.1)

Therefore the departure from the equilibrium situation is much more dramatic
for minority carriers; this is the basis of many important devices.

12.1.2 Recombination

The simple recombination of electrons and holes can only take place under
stringent conditions of energy and k conservation; e.g. the recombination time
for minority holes in very pure n-Ge is Ty ~ 1025, an inordinately long
time in solid-state physics. In practice, most recombination occurs via traps,
i.e. impurities, dangling bonds and surface states, leading to much shorter
lifetimes; e.g. an electron gets stuck on a trap and then a hole collides with
it.

The recombination rate must be proportional to the number of initial states;
it will be of the form apn, where a is a constant. Under equilibrium conditions
(p = po, h = ng), this must exactly match the rate of thermal generation of
electrons and holes. Therefore the rate of generation must be apong. After the
excitation of excess carriers

d

T =2 = a(pono — pr). (12.2)
According to eqn 12.1, the fractional change in n is very small compared to
that in p, so that

d A
L~ ang(po - p) = -=£. (12.3)
dr Thr

This has defined the minority carrier lifetime tp,.

12.1.3 Diffusion and recombination

Recombinatjon or extraction (by e.g. a contact) can act to diminish Ap locally,
leading to diffusion from regions containing more holes. The flux of holes Jxn
parallel to x is given by

9
Jop = —Dh—ap : (12.4)
X

this defines the hole diffusion coefficient Dy,. The net rate of increase of p in
thickness éx is therefore given by
0 ap 3%p
—{=Dyp—}8x = —Dp—=6x. 12.5
ax " DhgI0r = "hhga o (12:3)
In the steady state, this will be equal to the recombination loss rate within x,
given by ((po — p)/thr)dx. Therefore

p _p—po
dx? D The

(12.6)
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or

*Ap . Ap
- = ; 12.7
9x2 Dhthe ( )
whence i
Ap = (Ap)x=oe In, (12.8)

where Ly = (Dhrhr)'% is known as the hole diffusion length.

12.2 Drift, diffusion and the Einstein equations

From the previous section, it is clear that the current densities J. and Jy, for
electrons and holes respectively are made up of two components, a drift current
and a diffusion current; i.e.

Jh = {unpE — DyVple (12.9)

and
Je = {—ucnE — D Vn}(—e), (12.10)

where i and up are mobilities and D, and Dy, are diffusion coefficients for
the electrons (c) and holes (h).

Let us consider a non-homogeneous situation and let V = —|E|x represent
an electrostatic potential (corresponding to a uniform field). We use eqns 6.11
and 6.13 to represent the effective density of available states in the conduction
and valence bands and eqns 6.5 and 6.6 to represent the Fermi—Dirac distribu-
tion function, with the extra contribution eV subtracted (added) from (to) the
electron (hole) energies, i.e.

n(x) ~ Nee~Ee=eV—w)/kpT (12.11)

and
p(x) ~ Nye~ (b= EvteV)/keT, (12.12)

remember here that the w in the exponential represents the chemical potential
(Fermi level). If the system is in equilibrium, J. and J; vanish. Substituting
eqns 12.11 and 12.12 into eqns 12.9 and 12.10 yields

eD. , eDy
He = 77— Uh =

-h (12.13)
ksT kgT

These equations are known as the Einstein equations.

12.2.1 Characterisation of minority carriers; the
Shockley—Haynes experiment

The mobility of minority carriers in semiconductors can be measured directly
by a method due originally to Shockley and Haynes. The specimen is cut
into a narrow rectangular bar, ~ 0.5 x 0.5 x 10 — 20 mm>. An adjustable,
steady voltage is applied between the ends to give a field of order 10°vm~!
along the bar; two electrodes A, B, which function as rectifying contacts, are
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Microsecond injection pulse Oscilloscope

applied to the specimen, as shown in Fig. 12.1.! A voltage pulse of duration
~ 1 us is applied to electrode A; if the semiconductor is n-type, and A is
made positive in the pulse, electrons are withdrawn from the semiconductor
by the electrode; some of these may come from the valence band, creating an
excess of holes (minority carriers) in the semiconductor. To preserve electrical
neutrality, electrons (majority carriers) enter at any contacts which are negative
with respect to A. One of these is B, which is connected to a fast data recorder
or (through an amplifier) to the y-plates of a storage oscilloscope; this registers
a voltage because of the flow of such electrons through the resistance R. This
pulse does not quite coincide in time with the pulse at A, but the time delay
is that required by an electromagnetic wave set up by the disturbance at A
to travel to B, which is ~ 10™%us (i.e. negligible). The holes injected at A
are swept by the field towards B, and arrive at time t = L/v later, where L
is the distance between contacts A and B and v is the drift velocity in the
steady field. On arrival at B they appear as a second voltage pulse on the
recorder, and the time interval ¢ between the two pulses can be determined.
The voltage V between the electrodes A and B due to the steady field is
measured independently using a high-impedance voltmeter. Since the drift
velocity v = upnE = wupp(V/L) and the time t = L /v, the mobility uyh
may be found from the equation

LZ
fbh = —

o (12.14)

In a typical experiment the value of ¢ is some tens of milliseconds. The second
pulse at B due to the arrival of holes is broader and smaller than the first for
two reasons:

e the holes diffuse in random directions, broadening the pulse (in some
semiconductors this is so rapid that the experiment is impossible);

e holes are lost by recombination with electrons within the specimen.

It is possible to analyse the broadening of the pulse to reveal Dy, the hole
diffusion coefficient (see Exercises 12.1-12.3). In order to obtain accurate
results, data are recorded for several values of the voltage V, in order to vary
the drift velocity and hence transit time ¢ of the pulse between A and B.2 The
pulse arriving at B will be sharp for short transit times, and broad for long
transit times, and an analysis of the half-width as a function of ¢ allows an
accurate value of Dy to be obtained. Similarly, the total area (proportional to
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Fig. 12.1 Schematic of the Shockley—Haynes
experiment.

11 shall describe the operation of the exper-
iment for an n-type sample, in which the
minority carriers are holes; if a p-type sample
(minority carriers electrons) is used, then the
signs of the applied voltages are reversed.

2An ingenious variant of the apparatus re-
places contact A with a focussed light-spot
from a flash-tube; the short light pulse gen-
erates holes and electrons in equal numbers.
The location of the light pulse can be moved
along the sample, hence varying L, the dis-
tance between the point at which the holes
are generated and contact B. This allows the
transit time ¢ to be changed in a very con-
trolled manner, and enables errors associated
with the exact position of the active part of
contact B to be eliminated.
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3 The Hall effect, yielding the carrier density,
combined with simultaneous measurements
of the resistivity, is generally used to measure
the mobility of the majority carriers; see
Chapter 10 and Appendix F.

the number of minority carriers) of the pulse can be measured as a function of
t, allowing the recombination time Ty, to be deduced. v

To measure the mobility of majority carriers (electrons), all that would seem
necessary at first sight would be to use n-type material and apply a negative
pulse at A. This would inject electrons, creating a local excess, which is,
however, dissipated in an extremely short time (see Exercise 12.6), restoring
the equilibrium concentration of electrons everywhere in the semiconductor.
In this case only the first pulse is observed at B, and no second pulse. When a
positive pulse is applied at A, with an n-type semiconductor, holes are created,
and although electrical neutrality is restored by an inflow of electrons, we have
now a non-equilibrium distribution with an excess of holes and a corresponding
excess of electrons. Equilibrium is restored only when the holes flow out at B,
or recombine with electrons. The net result is that we can measure directly the
mobility only of minority carriers using this technique.3

The Shockley-Haynes experiment was very important in the design of the
junction transistor. Taking a pnp transistor as an example, the function of the
device is determined by the transit of the minority carriers (holes) through
the central n-type region. In order for the device to function well, we wish to
ensure that any pulse of minority carriers crosses the n-type region quickly
(so as not to slow the response of the device down), with minimal broadening
due to diffusion (as broadening will also slow the response of the device) and
with minimal recombination (as recombination will reduce the efficiency). All
of these effects are measured by the Shockley—Haynes experiment, which is
nothing more than a very, very stretched pnp transistor; the rectifying contacts
A and B correspond to the p-type parts of the junction transistor, and the long
bar is the n-type region. It is no coincidence that Shockley was also very much
involved in the invention of the junction transistor.

12.3 Hot carrier effects and ballistic transport

12.3.1 Drift velocity saturation and the Gunn effect

Figure 12.2 shows the drift velocity of electrons in GaAs and electrons and
holes in Si as a function of electric field.

e In the case of Si, ohmic behaviour persists up to fields of ~ 10°Vm™!,
with (as has been mentioned ad nauseam) the drift velocity of the
electrons being higher than that of the holes.

e The drift velocities saturate in Si at fields ~ 105Vm~1. This is because
the carriers are losing energy to the lattice by emitting optic phonons, the
energy of which is ~ 60 meV in Si. Once a carrier has been accelerated
to an energy of ~ 60 meV with respect to the chemical potential, it can
emit an optic phonon and lose its excess energy.

o The electrons in GaAs behave in a qualitatively different manner; their
velocity first reaches a peak before decreasing to the saturated value.

It is the form of the conduction band in GaAs which is responsible for the
distinctive behaviour. The conduction band of GaAs has its lowest point at
the zone-centre I" point, with subsidiary minima, higher in energy, at the X
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4See Low-dimensional semiconductor struc-
tures, by M.J. Kelly (Clarendon Press, Ox-
ford, 1995) Chapter 17.

N
I
/

Fig. 12.4 Schematic of avalanching. The
diagonal lines represent the conduction-
band (upper line) and valence-band (lower
line) edges tilted under the influence of a
very strong electric field; the shaded region
represents the valence band. The electrons
acquire so much energy that they can relax by
creating an electron-hole pair. The resulting
electron also gains energy until it too creates
another electron-hole pair.

SThe label n* indicates that a high concen-
tration of donors has been used, so that this
region is a degenerate semiconductor; see
Sections 6.4.6 and 6.4.7.

and L points at the edge of the Brillouin zone (see Fig. 6.6). The zone-centre
minimum is characterised by a relatively light effective mass, whilst the X
and L point minima are much less curved, i.e. the effective masses are much
heavier. Electrons start off in the I" point minimum with its low mass and
(hence) small density of states; therefore their mobility (i) is high. As the
electric field increases, some of the carriers acquire enough energy to transfer
to the X and L minima, where the effective mass and (hence) density of states
are higher; their mobility .o will be lower. Figure 12.3 shows the resultant
velocity field characteristic; at low fields, the velocity increases approximately
as uc1|E|, whilst at high fields, the velocity increases much more slowly, as
uc2|E|. The region in between, where the velocity falls with increasing |E|
is known as a region of negative differential conductance (NDC). NDC is
very important in the design of microwave oscillator devices such as the Gunn

diode

12.3.2 Avalanching

At very high fields ~ 3 x 107Vm™!, the process shown schematically in
Fig. 12.4 takes over. The electrons acquire so much energy that they can relax
by creating an electron-hole pair. The resulting electron also gains energy until
it too creates another electron-hole pair. This process multiplies the number of
carriers and results in avalanching of the current. If the process is controlled
(by, e.g., operating over very short timescales or having the electric field
high only over short distances), it can be used in devices (e.g. the IMPATT
oscillator); otherwise it rapidly turns into dielectric breakdown.

12.3.3 A simple resonant tunnelling structure

As has been hinted in Section 12.3.1, NDC is useful in very high frequency
oscillators. Using epitaxial growth methods, it is possible to create structuies.
which exhibit Strong NDC; the double-barrier resonant tunnelling structure
(DBRTS) is the simplest of these.

Figure 12.5 illustrates the principles of the DBRTS. Two (Ga,Al)As layers
are embedded in GaAs. The conduction band edges form a one-dimensional
double potential barrier with a well between (see Fig. 12.5). The GaAs on
either side of the double barriers is n* doped’ (Fig. 12.5A). Applying a bias
allows the chemical potential (= Ef) in the nt region on one side to line
up in energy with the quasibound state of the potential well (Fig. 12.5B); the
probability of tunnelling into the well will increase dramatically. Once in the
well, the carriers can be emitted out of the other side, leading to a large current
through the device. As the bias increases, the probability of tunnelling into
the well decreases because it is not possible to conserve in-plane wavevector
(Fig. 12.5C). The corresponding current-voltage characteristic therefore has
pronounced NDC (see Fig. 12.5).

The fall in current in region C is not usually so dramatic in real life as that
shown in Fig. 12.5; the presence of phonons enables electrons to get round
the problem of in-plane momentum mismatch and to tunnel into the well.
Furthermore, charge build-up in the well often occurs, resulting in bistability
in and around regions B and C.
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12.3.4 Ballistic transport and the quantum point contact

Figure 12.6 illustrates the structure of a quantum point contact; a pair of
metallic gates are deposited on top of a semiconductor heterojunction (typi-
cally GaAs-(Ga,Al)As) containing two-dimensional electrons. The application
of a negative voltage to the gates depletes the electrons underneath, leaving
electrons only in a narrow constriction between. A larger negative voltage
will ‘squeeze’ the constriction laterally and further increases will eventually
remove the electrons therefrom.

Typical quantum point contact devices are about ~ 0.3 um long and
~ 0.3 um wide. This is much less than the typical low-temperature mean-free-
path of an electron in a GaAs-(Ga,Al)As heterojunction (see Exercise 11.1);
therefore, under the action of an electric field, electrons will usually traverse
the constriction ballistically, i.e. without scattering. Furthermore, the width
of the constriction is such that the electrons’ motion perpendicular to the
constriction is quantised into one-dimensional subbands, i.e. the electrons are
only free to move through the constriction; their lateral motion is confined.
This has some rather peculiar consequences for the electrical conduction.

Let us imagine applying a bias voltage V across the device in order to
make a current flow in the forward direction. As the electrons are effectively
one dimensional, the density of states for electrons travelling through the
constriction in one particular direction is

g(E) = —{ZHZ}ZE" (12.15)

i.e. half the usual one-dimensional density of states. Now electrons with energy
E will have velocity v = (2E/ m*)% (we are assuming a parabolic, isotropic
band, i.e. constant m*), so that the current carried in the forward direction by
electrons with energy in the range E to E 4+ 6 E will be

m* 11 2e
27— 8E = —$E. 12.16
2;12} h (12.16)

8741 = evg(E)OE = e{—}z—{ ,
E2

Fig. 12.5 Schematic of DBRTS under vari-
ous conditions of bias and the corresponding
current-voltage characteristic.
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Fig. 12.6 Schematic of quantum point con-
tact: (a) view of the device; (b) schematic
of one-dimensional densities of states for
electrons moving through the quantum point
contact under a bias voltage V.
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The total current in the forward direction is therefore

2e (H* 2ep
Ji| = — dE = —, 12.17
[J+] A /0 A ( )

where we have assumed that the highest occupied state has E = wu (i.e. the
temperature is low). However, the total current in the backward direction is

2 H ) —
,,_.z_ef 4 = 2 —ev) (12.18)
h Joy h

where the lower limit includes the effect of the bias voltage (see Fig. 12.6(b)).
The net current through the constriction is therefore

262
[ =4l = |J-| = —h—V,. (12.19)
i.e. the conductance is
262
o= P (12.20)

If a number j of one-dimensional subbands is occupied, then all will contribute
in parallel to the conductance, so that

o= (12.21)

i.e. the conductance is completely quantised (note the quantum is the same as
that of oy, in the quantum Hall effect).
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Fig. 12.7 Resistance and conductance of a quantum point contact at 30 mK as a function of gate voltage; note the quantised conductance plateaux.

Data taken from B.J. van Wees et al., Phys. Rev. Lett. 60, 848 (1988).

Figure 12.7 shows typical experimental data for a quantum point contact at
30 mK. As the gate voltage becomes more negative, the constriction becomes
narrower and the one-dimensional subbands pop through the chemical poten-
tial one by one. As each depopulates, the conductivity decreases by 2¢%/ h.

Further reading

General reading on the topic of inhomogeneous carrier distributions will
be found in Solid state physics, by N.-W Ashcroft and N.D. Mermin (Holt,
Rinehart and Winston, New York, 1976), Chapter 29 (hard) and Electricity and
magnetism, by B.1. Bleaney and B. Bleaney, third edition (Oxford University
Press, Oxford, 1989), Chapter 17 (easy). Hot electron effects are covered
in Low-dimensional semiconductor structures, by M.J. Kelly (Clarendon
Press, Oxford, 1995), Chapters 1, 4, 6, 7,8, 17 (advanced) and, for example,
Electricity and magnetism, by B.. Bleaney and B. Bleaney, third edition
(Oxford University Press, Oxford, 1989), Chapter 17 (elementary).

Semiconductor devices are reviewed in Modern semiconductor device
physics (1997), Physics of semiconductor devices (second edition, 1981) and
Semiconductor devices: physics and technology (1985), all by S.M. Sze (Wiley,
New York).

Quantum semiconductor structures by Claude Weisbuch and Borge Winter
(Academic Press, San Diego, 1991) provides a very good summary of hetero-
and nanostructures at an intermediate level. Some of the theoretical issues
involved in mesoscopic devices and nanostructures are covered in Quantum
transport in semiconductors, edited by D.K. Ferry and C. Jacoboni (Plenum,
New York, 1991) and Chapter 5 of Condensed matter physics by A. Isihara
(OUP, 1991). Quantum wells, wires and dots: theoretical and computational
physics, by Paul Harrison (Wiley, Chichester, 1999) is an excellent point of
departure if you want to carry out calculations and simulations. .

Resonant tunnelling diodes have been described in great detail in The
physics and applications of resonant tunnelling diodes, by H. Mizuta and T.
Tanoue (Cambridge University Press, 1995).
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Exercises

(12.1)

(12.2)

(12.3)*

(12.4)

(12.5)

In a Shockley—Haynes experiment on an n-type semi-
conductor, the equations describing the hole carrier
density p and the hole current density Jp are

3 .
Jp = epppF — er£ (12.22)
and
%_-lﬂ_ﬂ‘ﬂ (12.23)
at e ax o '

Here, pg is the equilibrium hole density. Explain the
meaning of the other parameters and the origin of the
various terms.. Derive a relationship between Dp and
Hp-

Assuming that tp is large, verify that a solution of
eqns 12.22 and 12.23 is

nY)
Ap e —(’;Dt;z)
2(m Dp1)0:3

where Ap is the number of holes per unit area created in
a pulse spread over a negligibly small distance at t = 0.
(Hint: try substituting the expression into the equations
and seeing what happens.)

p(x.t) = po+ . (12.24)

An n-type Ge sample is used in a Shockley—Haynes
experiment. Minority carriers are injected using a flash
of light. For a distance of 10 mm between the light
spot and the detector contact, and in an electric field
of 200 Vm™1, a pulse of width 117 us arrives at the
contact 250 us after the light has been pulsed. Using
eqn 12.24 or otherwise, estimate the hole mobility and
the diffusion coefficient.

Why is it necessary to use either rectifying contacts or
a pulse of light to inject the carriers in a Shockley—
Haynes experiment? Why is it impossible to measure
the majority carrier mobility in this way? What is the
relevance of the Shockley—Haynes experiment to the
design and performance of junction transistors?

A current flows through a semiconductor pn junction.
Describe, with the aid of sketches, the relative impor-
tance of majority and minority carrier drift and diffusion
currents in the various regions of the device, and derive
an expression relating the current through the diode to
the bias voltage. '

(12.6)

(12.7)

Consider a distribution of free (mobile) charge, of
density pfree Cm™3. By considering the flux of charge
out of a volume (or otherwise) show that the charge
must obey the continuity equation

_apfree =V.J
ot e

where J is the associated current density. Now J =
oE, where o is the conductivity; using this fact and
Maxwell’s first equation (V.D = pgee), show that

- /
Pfree = Pfree® e/ ),

where t/ = ereg/0.

A crystal of germaniom has ¢ =~ 16 and 0 =
10 @~ !m~!. Evaluate t’ , and hence show that any
abnormal distribution of majority carrier density disap-
pears in a time ~ 10 ps.

Estimate t’ for a typical metal (see Chapter 1 for typical
metallic conductivities).

A quantum point contact device formed by evaporating
narrow metal gates on top of a GaAs-(Ga,Al)As hetero-
junction (see Fig. 12.6). Describe a method for fabricat-
ing such a heterojunction, indicating how modulation
doping could be used to ensure that the electrons in the
two-dimensional electron' gas (2DEG) at the interface.
have a very high mobility. Explain how the energy of the
conduction band-edge in the heterojunction varies as a
function of position in the direction perpendicular to the
2DEG, accompanying your description with a sketch.

Estimate the typical spacing of the one-dimensional
subbands in the one-dimensional constriction under the
gates, given that the gap between the gates is 0.3 pum.
You may assume that the effective mass of the electrons
in the 2DEG is 0.07me.

Describe the conductance of the quantum point contact
as a function of gate voltage. Suggest an upper limit for
the temperature at which conductance plateaux could be
observed.
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condensed matter
physics

A.1 Introduction

In this book we deal exclusively with crystalline materials. It is therefore
important to define some of the more commonly-encountered terms in crys-
tallography.

A.2 Crystal

A crystal consists of a repeating pattern of objects (e.g. atoms or molecules) in
an effectively infinite three-dimensional array. A convenient way of describing
a crystal employs a lattice combined in some way with a physical object,
sometimes called by physicists a basis.

A.3 Lattice

A lattice is an infinite array of points in space, in which each point has identical
surroundings to all other points. A convenient way of representing a lattice is
to use the the points generated by a translation vector

T = nja; + npa; + naas, (A.1)

where the a;s are three non-coplanar vectors and the 7 s are numbers which
repeat in a regular fashion.! If the a ; are such that all of the points on the lattice
can be reached using integer n j, then the a; are said to be primitive.

A.4 Basis

A basis is an atom, ion, or collection of atoms or ions (e.g. a molecule). We
form a crystal by combining the basis with the lattice in an operation known as
convolution; a copy of the basis is attached to each point defined by the vectors
T. This is illustrated by Fig. A.1. In the simplest cases, the basis may consist
of a single atom, so that the resulting crystal structure looks rather like the
picture of the lattice. However, the two are not the same; the lattice consists of
points, not atoms.

A.1 Introduction
A.2 Crystal
A.3 Lattice

A.4 Basis

A.5 Physical properties of
crystals

A.6 Unit cell -

A.7 Wigner-Seitz cell

A.8 Designation of directions

A9 Designation of planes;
Miller indices

A.10 Conventional or primitive?

A.11 The 14 Bravais lattices

165
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166
166
167
167

168
169
171

l1-"or example nj = 0, %, 1, 1%, 2, 2%, 3,

1
31
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Fig. A.1 Iliustration of the terms lattice, basis
and crystal; for simplicity, a two-dimensional
model is used. (a) Two-dimensional lattice of
points generated by the vectors T = nja; +
nopay (see eqn A.1). (b) A basis (star). (c) A
‘crystal’ formed by convolving (a) with (b)
(i.e. attaching a basis to each lattice point).

@ (®) ©

T e e * % % % k.
c e e e % % Kk k k
e e e * % % % % %k
Ce e e % % % Kk Kk

C e e e %* % % % K
Ce e e % % %k % Kk

A.5 Physical properties of crystals

Having attached our bases (atoms or molecules) to the lattice, we can formulate
another useful definition involving the lattice; the arrangement of atoms will
look exactly the same in every respect at two points r and r’ if

r=r +T,

where T is defined as in eqn A.1. Any property of the system will also exhibit
this periodicity; for example, if the electron potential energy is V (r) at a point
r, then it should be the same at a point r + T i.e.

V)=V +T).

This leads to another definition of the term ‘primitive’, completely equivalent
to that given in Section A.3; the lattice and the vectors a; are said to be
primitive if any two points at which the atomic arrangement looks the same
can be connected by a vector T using a suitable choice of integer ;. This"
is illustrated for the body-centred cubic and face-centred cubic lattices in
Figs. A.2 and A.3.

A.6 Unit cell

A unit cell is a region of space that when repeated fills all space. In a crystal
structure, there is an infinite set of choices of unit cell, three of which are
illustrated in Fig. A.4 for the simple ‘crystal’ in Fig. A.1. Unit cells A and C
are minimum volume unit cells for this structure; that is, they contain one basis
(or one lattice point) each. This can be easily seen if one visualises moving cell
A or C along its body diagonal slightly; three lattice points are left outside and
one is wholly within. Alternatively, one can say that each of the bases touched
by cell A or C is shared by four other cells; in other words, unit cell A or
C ‘contains’ 4 x % = 1 basis. Such minimum volume unit cells are known
as primitive unit cells. In three dimensions a primitive unit cell will have the
volume a;.(a X az). '

Unit cell B has twice the volume of A or C; it is known as a centred unit
cell.



Fig. A.2 The body-centred cubic lattice (also
known as the cubic-l lattice); the lattice
points are represented by dots. At first sight,
it might seem that a suitable choice of lattice
translation vectors would be based upon the
sides of the cubes, of length a. If the cube
edges are assumed to be parallel to the Carte-
sian unit vectors, this would lead to T =
njae| +npae) +n3aes. However, such a set
of vectors would not permit translation from
a point on the cube corner to a point at the
cube centre using integer # j; in other words,
they are not primitive lattice translation vec-
tors. Instead, the primitive lattice translation
vectors are based upon a; = fz—’(—el +e +
e3),ay = (e —ey +e3)andaz = F(e; +
e — e3) (shown in the figure). Using these
vectors, a translation from any lattice point to
any other lattice point can be accomplished
by T = nya)+npap+nja;3 using suitable n ;.
(Note that the cubes represent conventional
unit cells; see Section A.10.)

A.7 Wigner-Seitz cell

There are obviously many ways of choosing a primitive unit cell. It is very
convenient to choose a primitive unit cell which is centred about a lattice
point, and which therefore explicitly reflects the symmetry of the underlying
lattice. Such a cell is called a Wigner-Seitz cell. The cell is obtained by
starting at any lattice point (which is then the origin) and constructing vectors
to all neighbouring lattice points. Planes are then constructed perpendicular to
and passing through the midpoints of these vectors. The Wigner—Seitz cell is
the cell with the smallest volume about the origin bounded by these planes.?
Figure A.5 illustrates the construction of Wigner—Seitz cells for two different

lattices.

Fig. A.3 The face-centred cubic lattice (also
known as the cubic-F lattice); the lattice
points are represented by dots. As in Fig. A.2,
it at first looks as though a suitable choice
of lattice translation vectors would be based
upon the sides of the cubes, again of length
a. However, we run into a similar problem
to that described in the caption to Fig. A.2;
such a set of vectors does not permit one
to translate from a point on the cube comer
to a point on the cube face. Instead, the
primitive lattice translation vectors are based
upon a; = %(02 +e3),a; = %(el +e3) and
a3 = 5(e; +ey) (shown in the figure). Using
these vectors, a translation from any lattice
point to any other lattice point can be accom-
plished by T = nja; + noay + n3aj using
suitable n ;. (Note that the cube represents the
conventional unit cell; see Section A.10.)

A.8 Designation of directions

Directions in crystals are designated by the following process;

(1) alattice vector T = n’a|+nja;+n73a3, where n}, n; and n’; are integers,

is found which is parallel to the chosen direction;
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Fig. A.4 Three possible unit cells for the
two-dimensional crystal of Fig. A.l. A and
C are two minimum volume unit cells, each
containing one basis. B has twice the volume
of AorC.

2We shall come to define the reciprocal lat-
tice in Chapter 2. The first Brillouin zone is
usually taken to be the Wigner—Seitz cell of
the Reciprocal lattice; as the reciprocal lattice
point is at the centre, the Wigner-Seitz cell
displays the full symmetry of the reciprocal
lattice. This is an excellent idea in crystals
of high symmetry, where the degeneracies
predicted on the grounds of symmetry can be
visualised by merely looking at the Brillonin
zone. However, in some low-symmetry crys-
tals, the Wigner—Seitz construction leads to
a rather complex-looking unit cell which can
obscure the physics. In such cases a simple
parallelepiped may be a better choice of unit
cell.
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Fig. A.5 Construction of the Wigner-Seitz
cell. The top part of the figure shows the
construction of the Wigner-Seitz cell for a
simple two-dimensional lattice. Vectors are
constructed from a lattice point chosen as
the origin to all neighbouring lattice points.
Planes (lines in two dimensions) are then
constructed perpendicular to and passing
through the midpoints of these vectors. The
Wigner—Seitz cell is the cell with the smallest
volume about the origin bounded by these
planes; in the figure it is shaded a darker grey.
The lower part shows the stacking of Wigner—
Seitz cells in a body-centred cubic lattice;
lattice points within the cells are not shown.

3It is customary in crystallography to use
[uvw] (rather than [1n)nyn3]) as the algebraic
symbols denoting directions.

(2) the integers n’l, n’2 and n'3 are reduced to the set of simplest integers ni,
ny and n3 by dividing by their highest common factor;

(3) the direction is then labelled as [n1nzn3].

If a negative value of one of the integers was required to describe the direction,
then this is denoted by a bar, e.g. 711. The complete set of equivalent directions
in a crystal is denoted by using angular brackets, i.e. < ninans >3

A.9 Designation of planes; Miller indices

Miller indices are integers my, mo, m3 that refer to the intercepts made by a
plane on axes defined by aj, a; and a3 (see Figure A.6). An (mmams3) plane



az/m,

(my my ms3)

a,/m,

Il

(100) 011) (111)

Fig. A.7 The use of Miller indices in defining the most important planes of the simple cubic lattice.
The cubes in the diagrams indicate lattice points in the simple cubic system; the ‘origin’ is taken
to be the lower rearmost point of each cube. The primitive lattice translation vectors for the simple
cubic lattice are based on a; = ae, a; = aep a3 = aes, where g is the length of the cube
edge. Starting on the left, the plane cuts the a) axis at aj, the aj axis at infinity and the a3 axis at
infinity; i.e. 1/m) = 1, 1/mg = 1/m3 = oo. The plane therefore has the Miller indices (100). In
the centre figure, the plane cuts the a; axis at infinity, the a; axis at a; and the a3 axis at as; i.e.
1/m) = o0, 1/m9 = 1/m3 = 1. The plane therefore has the Miller indices (011). The right-hand
figure shows the (111) plane, deduced using similar reasoning.

cuts the a; axis at a;/m, the ay axis at a,/m, and the a3 axis at as/m3.* As
before, a bar is used for a negative intercept. The general set of planes of a
particular type is labelled using curly brackets, i.e. {mmam3}.

Figure A.7 demonstrates the use of Miller indices in defining some impor-
tant planes in the simple cubic lattice.

A.10 Conventional or primitive?

Our primary interest in this book is the electrons which inhabit the crystal. We
shall see that in many respects the behaviour of these electrons is determined
by the underlying symmetry of the lattice. Therefore, as far as the electrons
are concerned, the lattice should always be described by the primitive lattice
translation vectors; these encompass the basic, underlying periodicity of the
crystal. Likewise, we shall see that when the filling of bands by electrons is
considered, it is the number of electrons provided by each primitive unit cell
of the crystal that is important.
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Fig. A.6 Definition of Miller indices; an
(m)mym3) plane cuts the ay axis atay/m|,
the ap axis at ap/my and the a3 axis at
a3/m3.

Mt s customary in crystallography to use
(hkl) (rather than (mymyms)) as the alge-
braic symbols representing Miller indices.
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Fig. A.8 The conventional unit cells of the 14
Bravais lattices.

5_The reason for this difference is that in
the case of electrons (or phonons) we are
interested only .in counting states, not their
real-space positions. In crystallography, we
are interested in the atomic positions; these

arc usually more understandable with higher.

symmetry cells, even if this means using a
larger cell than necessary.

=

Triclinic-P Monoclinic-P Monoclinic-B
@ !
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Unfortunately, many human beings prefer to think in Cartesian coordinates,
and so it is often customary to use so-called conventional unit cells and lattice
vectors. These are designed so that as many of the chosen a; are perpendicular
to each other as possible. This almost inevitably results in a lattice vectors and
unit cells which are non-primitive. In Figs. A.2 and A.3, the conventional unit
cells of the body-centred cubic and face-centred cubic lattices are shown as
cubes, with the conventional lattice vectors forming the edges of the cubes.
The conventional unit cell of the body-centred cubic lattice thus contains two
lattice points, and that of the face-centred cubic lattice four lattice points. In
the following section, all the possible three-dimensional conventional unit cells

are shown in Fig.A.8.

In summary, you will find that data concerning crystals (directions within a
crystal, Miller indices etc.) will almost always be quoted using conventional
coordinates rather than primitive ones (see e.g. Exercise 1.1). However, as far

-as electrons are concerned, it is the primitive coordinates of the lattice that

are important.”> When thinking about the behaviour of electrons, you should
always try to visualise the situation in terms of the primitive (usually Wigner—
Seitz) cell in r-space and the first Brillouin zone in k-space.



A.11 The 14 Bravais lattices

Thus far, we have only specified the translational invariance of the lattice, by
defining the translation vectors T. However, a lattice may also be invariant
under symmetry operations such as rotation through a certain angle, inversion
and reflection. If these properties are used to classify a lattice, it turns out that
there are only 14 distinct types of lattice in three dimensions that can fill all
space. These are referred to as the 14 space lattices or the 14 Bravais lattices.
Figure A.8 shows the conventional unit cells of all 14 Bravais lattices.

Further reading

As this book’s primary purpose is to describe electronic bandstructure, this
Appendix has presented only a brief summary. More extended treatments
may be found in Space groups for solid state scientists, by Gerald Burns and
A.M. Glazer (Academic Press, New York, 1978), Chapters 2 to 4 (especially
recommended), Introduction to solid state physics, by Charles Kittel, seventh
edition (Wiley, New York, 1996) Chapters 1 and 2, The solid state, by
H.M. Rosenberg (OUP, Oxford, 1988), Chapter 1 and in Solid state physics,
by G. Burns (Academic Press, Boston, 1995).

All
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Derivation of density of
states in k-space

B.1 Introduction

It is very important to be able to enumerate the number of states available to
particles within a solid. We consider free particles moving within (confined
by) a rectangular parallelepiped of dimensions Ly, L, and L, in the x, y
and z directions respectively. It is possible to derive the number of quantum-
mechanical states within' such a box by using wavefunctions which are
standing waves. However, in the present context we are interested in transport
phenomena (electrical conductivity etc.) which implies that travelling waves
are more useful. We therefore apply periodic boundary conditions,

Vx, 3,2 =¥ &+ Ly, ) =v%(xy+Ly,2) =¥, y, 2+ Ly). (B
The solutions to eqn B.1 are plane waves
v = ae'*T, (B.2)

where a is a normalising constant. The boundary conditions B.1 constrain.
K=(ky, ky, k;) to take values
Ky = i2r£xn, k = i2ny7r K, = iZnZn ’

x y z

where ny, ny, and n; are integers (as e2™i/ = 1 when j is an integer); we can
map out these states as a grid of points in k-space (see Fig. B.1). Thus, the
wavevector is quantised, and each time we increase ny, n, or n, by one, we
obtain a new state; hence, the volume of k-space per state is 2n)? /(LxLyLy).
The number of states per unit volume of k-space is the reciprocal of this;
therefore, the number of states N contained within a three dimensional k-space

volume Vj3 is
1

~ @n)
where V3 = L, Ly L, is the r-space volume of the system. It is simple to show
that a similar relationship applies in two dimensions, i.e.,

1

T @2
where Vg = LyLy is the r-space area of the system and Vi is the k-space
area. In fact, it should be apparent that in a general number of dimensions j.

= aﬁ kjVrj,

Via Vi3, (B.3)

—— VieVr2, B4

(B.5)
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where V,; and V,; are generalised ‘volumes’ (lengths, areas, volumes) of r and
k-space.

Note that it is possible to derive eqns B.3, B.4 and B.5 using a variety of
different ‘box’ shapes and boundary conditions; the end result is always the
same (try it) and independent of the r-space ‘volume’ used.

B.1.1 Density of states

We now consider a volume of three-dimensional k-space which contains states
with wavevectors of magnitude |k| or smaller; this will comprise a sphere,
radius k = |k|, leading to Vi3 = %nk3. We insert this in eqn B.3, dividing by
V,3 to obtain

N 1 4 5 K
Vs @rp3  en?

where we have defined n, the number of states per unit volume of r-space.
The density of states, g(k) is defined as follows: the number of states per unit
volume of r-space with wavevector between k and k +dk is g(k)dk. From this,
it should be obvious that

(B.6)

2
b4
Up to this point, the derivation has not specified what the particles are; all we
have done is derived the number of k-states per unit volume per interval of k.
Thus, the derivation is universal and independent of the particle considered.
It will work for phonons, electrons, muons, Higgs bosons or anything that one
might care to consider.

Sometimes it may be convenient to deal with a g(k) which is defined in terms
numbers of single-particle states, rather than numbers of k-states. For example,
electrons are fermions; Pauli’s exclusion principle only permits one electron
per quantum state. However, the electron has spin § = %, and therefore two
possible values of S, :I:%. Each k state will therefore be able to accommodate

two electrons, one with S, = +4 and one with S, = —3. For electron single-

(B.7)
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Fig. B.1 A map of states in k-space. The
centre of the graph is at kx = ky = 0.
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particle states, eqn B.7 therefore becomes

k2K
ky=2—=—. B.8
) =27 =~ (B.8)
The spin degeneracy of the electrons has merely multiplied eqn B.7 by
a numerical factor. We can therefore always say that in three dimensions;
whatever the particle, and independent of whether g(k) is defined in terms
of numbers of k states or numbers of single-particle states

g (k) o k2. (B.9)

Considering eqns B.5 and B.6, it will be observed that in j dimensions, n o k/.
Therefore, remembering that g(k) = dn/dk, we can also be quite confident that
in j dimensions

g(k) oc kI 7L, (B.10)
We shall see that the differing forms of these relationships will have a
fundamental effect on the behaviour of systems of different dimensionality.

B.1.2 Reading

There are treatments of this topic in almost every quantum mechanics book;
see e.g. Quantum mechanics, by Stephen Gasiorowicz (Wiley, New York,
1974), page 348.



Derivation of
distribution functions

C.1 Introduction

I have invoked the distribution functions for various types of particle and
excitation in a number of places in this book, and so I thought it prudent to
include a short derivation, which shows how the distribution functions reflect
the underlying quantum-mechanical behaviour of the particles or excitations.
First of all, I shall provide a very quick derivation of the grand partition
function, which predicts the behaviour of a collection of particles (the system)
in thermal equilibrium with a large number of similar collections of particles
(the heat bath). Then I shall show how the grand partition function factorises
in the case of non-interacting particles, leading to the distribution functions,
which describe the occupation of single-particle energy levels.

We consider a system inside a heat bath, which consists of a very large
number of systems which are similar to the system under study. The system
contains a variable number of particles N, has a variable energy E and
occupies a fixed volume V; it is able to exchange energy and particles with the
surrounding heat bath. The combination of heat bath and system has energy Ej,
and volume V and contains Ny particles; it is isolated from its surroundings,
i.e. it is unable to exchange particles or energy with its surroundings.

For a certain value of N, let the system have states with energies

Eny S EN2 S Ey3 S Eng..... S Enj < ..

here, N and the index j serve as a label for the energy state of the system.
When the system is in the state labelled Ey;, then the heat bath will have
energy Eg — Ey;, contain No — N particles and occupy a volume Vo — V.

At this point, we come to some of the key assumptions of statistical
physics. The state of the bath and system has been defined using ‘macroscopic’
measurable variables (energy E, volume V, particle number N (the latter could
be measured macroscopically by weighing the system)); such a definition
is known as a macrostate. However, if the system and bath comprise many
particles, there will be very many ways of arranging the energy states of the
particles to produce the macrostate. Each one of these descriptions is known as
a microstate; it is a quantum state of the whole assembly (bath plus system).
The most fundamental assumption of statistical mechanics is the averaging
postulate, i.e. all accessible microstates are equally probable. This implies that
the probability of finding a distinct macrostate is simply proportional to the
number of microstates which correspond to that macrostate; this number of
microstates is known as the statistical weight Q of the macrostate.

Let the statistical weight of the macrostate of the heat bath be Q@ = Q(Ep —
Enj, Vo—V, Ng— N) when the system is in the state N j. The probability py;




176 Derivation of distribution functions

of finding the system in the state with energy Ey; will be proportional to €2,
ie. )
pNj =G x Q(Eg — Enj, Vo — V,No — N), €1

where G is a normalisation constant. Boltzmann’s definition of the entropy §
of the heat bath is’
S =kgInQ. (C.2)

Combining these two equations leads to
pnj = GeS/*s, (C.3)

If the system is very small compared to the heat bath, then V <« Vo, N < Ny
and Ey; <« Ep. Under such circumstances, we can use Taylor’s theorem:

S(Eo + AEg, Vo + AVp, No + ANp) = S(Eo, Vo, No)+

AEy (—Eﬁ) + AV (3_.5') + ANy (—S) ,
3E0 Vo.Ng 8VO Eo, Ny 3N0 Eo, Vg

where AE(y, ANy and AV are small variations in Eg, Ng and Vj respectively.
The entropy of the bath is

S(Eo — Enj, Vo — V, No — N) = S(Eo, Vo, No)—

a
Enj (-i) -V (a_s —N (ﬂ . (CH
an VO»NO aV() EO’NO 8No EO’VO

One of the thermodynamic definitions of temperature 7 is

I
1_ (ES_) . C.5)
BEO NOvVO ’

In a similar way, the chemical potential, u, is defined as

w=-T (ﬁ) . (C.6)
3N0 EOsVO
Thus as E N
S = S(Eo, Vo, Ng) = V (—) S ek (C.7)
Vo) gy T T

remembering that V is a constant, we can substitute eqn C.7 into eqn C.3 to

obtain
e(WN—EN;j)/kpT

Z k]
where we have normalised by dividing by

No 0. -
Z = Z (Z e(uN~ENj)/kBT) , (C.9)
N

=0 \j=I

pwj = (C8)

as the total probability of all possible Nj must be one. Z is usually known
as the grand partition function. Equation C.8 gives the probability that the
system occupies the particular macrostate with energy Ey;.



We now specify the state of the system in more detail by defining a set of
single-particle states (i.e. states of particles which do not interact) with energies
E1 < & < &.... < &.... These states are occupied by ny, no, n3....... n...
particles respectively. Thus the energy of the system is given by Ey; =
>, mé& and the number of particles in it by N = }, n;. Substituting this
into eqn C.8, yields

e[u(n[+n2+n3‘..)—(n|51 +n2E+13E3.....)/ kg T

PNj = Z (C.10)
which factorises into
{et=EDm/keT yfe(u—Exna/kpT Yo u—Ena/keTy
PNj = Z (C.11)
Similarly, the grand partition function becomes
Z = Z e(u(nl+;12+....)—(n151 +n~_;£2+/13$3...))/kBT’ (C.12)

ny,ng,n3...

where each occupation number n; is summed over all possible values; it is
relatively easy to see that this expression also factorises;

Z = Z {e(#—gl)nl/kBT}{c(#—gz)'lz/kBT}{e(ll-—‘fs)m/kBT}m’ (C.13)

n),n2,n3...

or, equivalently
Z = { e(l-l»—gl)”lkaT}{ e(u—gz)nz/kBT}{ e(#—53)”3/kBT}m (C.14)
% > 2

n3

Combining eqns C.11 and C.14, yields

pwj =[] pr(n), (C.15)
=1

where
=&y /ksT .
pi(ny) = el / and Z; = Zem—fﬂ"l/"ﬂ. (C.16)
2 o
The factorisation of the equation for py; means that the probability p; of
finding n; particles in the I/th single-particle state (that with energy &) is
independent of the occupancies of the other states. This has occurred because
we specified that the particles be non-interacting; i.e. the occupation of a
particular energy state does not influence the energies or occupancies of the
others. To treat the system, it is therefore sufficient to deal with the probability
of occupation of each single-particle state /, as defined by eqns C.16.
Before going further, we note that the mean occupation number < n; > of
the /th single-particle state is

(2]

<n >= Z n p1(ny). (C.17)
n;=0
Inspection of eqns C.16 shows that this can also be written as
Z
<n >=ksT (aln ’) . (C.18)
ow Jvr

We now introduce some constraints on the numbers n;.

Cl1
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C.1.1 Bosons

Bosons are particles or excitations with integer (0, 1, 2...) spin. In the case
of bosons, n; is unconstrained, i.e. n; = 0,1,2,3...... The expression for Z;
becomes

o0
Z = Z eB—Eom/keT — (1 _ e(u—&)/kBT)"l. (C.19)

n;=0
Equation C.18 therefore yields
1 ew—E/kaT
kgT ) eu—EN/ksT _ 1’

<n >= kgT(—

which simplifies to |

eC—w/ksT _ 1’
This is the Bose—Einstein distribution function.

<n >=

(C.20)

C.1.2 Fermions

Fermions are particles with half-integer spin (%, %) Pauli’s exclusion prin-
ciple states that each single-particle state may be occupied by at most one
fermion, limiting n; to O or 1. Thus, using eqns C.16

Z) =1+ eWwE/keT (C21)
Using eqn C.18 yields

1

<M= @ kT 11

(C.22)

This is the Fermi—Dirac distribution function.

C.1.3 The Maxwell-Boltzmann distribution function

The Maxwell-Boltzmann distribution is the distribution function for classical
particles; I include it here because it is important in showing why the Drude
model failed. Classical particles are distinguishable, in contrast to quantum-
mechanical particles, which are not. We must therefore treat each classical
partical individually; we define a single-particle partition function

2= ekl (C.23)
l

This is to be evaluated for each particle which can inhabit the energy levels &;.
To assist in deriving the Maxwell-Boltzmann distribution, we factorise

eqn C.9, to give g
Z=) ety e Eni/keT (C.24)
N J

For a gas of classical (distinguishable) particles,

zN
ZefENJ/"BT - (C.25)
: N!

J



There is insufficient space to give a detailed derivation of this relationship,
which is covered in all statistical physics texts; we merely remark that the N!
has come about because the particles are distinguishable, i.e. it matters which
particle goes into which energy level. Hence, Z becomes

kpT =z \N
M — gZset/T

Vi , (C.26)

53
N

where the final step has use the standard series expansion for an exponential.
The mean value of N, < N >, may be evaluated by the following step:

02
<N >=kgT (—) = Z,et/ kT (C.27)
ow/vr
Now < N > is also equivalent to the sum of the mean occupancies < n; > of
all of the single-particle levels. Hence, comparing this with eqn C.27, we can

write
<N>=) <nm>=) ekl (C.28)
! 1

leading to the Maxwell-Boltzmann distribution function

<ny >=e#=&/keT (C.29)

C.1.4 Mean energy and heat capacity of the classical gas

In the previous appendix, we saw that g(k), the density of states in & space,
was proportional to k/~!, where j is the number of dimensions. We shall
now evaluate the mean energy of a free particle obeying Maxwell-Boltzmann
statistics. Given that the energy of a free particle of mass m is £(k) =
R%k? /2m, the quickest route is to evaluate the mean value of k%, which we will
call < k2 >; we do this by multiplying each value of k% by the appropriate
Maxwell-Boltzmann factor (eqn C.29) and normalising appropriately, i.e.

B Zk kzs(k)e(#—g(k))/kBT

2
<K= S e @ BT

(C.30)

where the sums are over values of k, which also labels the energy. The
parameter s(k) is the number of states possessing a particular value of k, the
occupancy of each of which will be determined by eqn C.29. The denominator
is there to ensure correct normalisation. We assume that the states are very
close together in energy, so that the sums can be replaced by integrals, and
s (k) replaced by g (k). Noting that et/ *8T cancels in eqn C.30, we obtain

Wkaj—le—akzdk kT
<k >= fo = jmhg

[P kitlekdk

, (C.31)

where o = h2/2mkpT and the integrals are evaluated using standard tables.
This shows that the mean value of the kinetic energy of a classical particle in
J dimensions is , .
ke < k- ]
<E>=2 =07 _JT (C.32)
2m 2

C.1
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The heat capacity C is therefore

—— " = Lnkg. (C.33)



Phonons

D.1 Introduction

The concept of phonons arises from attempts to describe the vibrational modes
of crystals. In order to understand how this comes about, it is quite instructive
to consider the crystal as an array of masses (the atoms or ions) connected by
bonds, which may be imagined to be little springs joining the masses to their
neigbours. We shall examine a simple model along these lines in the following
section, and it will soon become apparent that such systems possess normal
modes which have characteristic angular frequencies w; (k) corresponding to
wavevectors K; note that more than one frequency may be possible for a given
value of K, necessitating the additional label ;.!

In order to specify the vibrational energy of a three-dimensional crystal, it is
usually regarded as an assembly of independent oscillators whose frequencies
are the same as those of the normal modes. The total energy of the crystal
contains contributions AU, ; from each normal mode which take discrete
values

1
AUyg,j = (k,j + E)hwj(k)’

where [ ; = 0, 1, 2...is an excitation number for the mode with energy
hw; (k).2 The total energy of the crystal U is then just given by summing all
of the contributions from the individual modes:

1
U= AUg,j = Uk, + Dhow; k).
k,j J kZ'J: J 2 ](

This manner of describing the state of the crystal is rather cumbersome,
especially when one starts to consider the way in which the vibrational modes
of the crystal exchange energy and/or k with electrons. To. surmount this
problem, a particulate description of the modes is used; rather than considering
a normal mode w;(K) with excitation number I j, we say that lx ; phonons
with energy %w;(Kk) are present. The electrons in the crystal can then be said
to exchange energy and k with the vibrational state of the crystal by scattering
from, emitting or absorbing phonons.

For this reason, phonons are cited as a scatterer of electrons in this text book.
In order to see why they act as they do, it is necessary to give a brief account of
their properties. We shall do this by using two simple models. The first, in the
next Section, allows the different types of phonon mode to be understood. The
second is the Debye model, which provides a very convenient energy scale, the
Debye temperature, for the phonons in a particular material and which allows
reasonable estimates of the number of phonons at a particular temperature to
be made.

The index j will later be seen to label a
particular phonon branch.

2The additional % within the equation repre-
sents the zero-point energy of the system due
to that mode.
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Fig. D.1 (a) A diatomic,  linear (one-
dimensional) chain, consisting of alternate
masses M (circles) and M, (diamonds) with
equilibrium separation a (unit cell size 2a)
The atoms are shown in their equilibrium
positions. (b) The atoms in the diatomic chain
displaced from their equilibrium positions;
x3; is the displacement of the 2 jth atom.

D.2 A simple model

Virtually all of the relevant properties of phonons can be derived by consider-
ing a diatomic, linear (one-dimensional) chain, consisting of alternate masses
M, and M, with equilibrium separation a, i.e. the unit cell is of length 2a

“(see Fig. D.1). We label the displacement of the jth atom xj, and assume

a harmonic restoring force (constant of proportionality ) between nearest
neighbours, giving the following equations of motion;

M, dz:zzj = F(x2j+1 +x2j-1 — 2x25)
and d2x2j.41 - .
Mz—d?—— = F(x2j4+2 + x2j — 2x25+1)- (D.1)
To solve, substitute the trial solutions
xaj = Ae~i@1=219®) and x| = Bei@i=(i+Dga)
where A and B are constants, into eqns D.1, to yield
—w* AM; = FB(e4% 4+ e74%) — 2F A
and
~w?BM, = FA(E4® +e74%) — 2FB
which may be rearranged to give
QF — w*My)A =2FBcosqa (D.2)
2FAcosga = 2F — o> Mp)B. (D.3)

Equations D.2 and D.3 may be solved simultaneously to give

1
1 1 1 1\? 4 2
2 . . 2
= F 4 — )+ =4+ =) - . (D4
W (Ml + Mz) <(M1 + M2> M, sin qa) (D.4)

Figure D.2 shows the dispersion relationships predicted by egn D.4. Note
the following:

e there are two distinct branches, the acoustic (w — 0 as g — 0) and
optic (w — finite as g — 0); '

o the dispersion relationships are periodic, such that w(g) = w(g + j %—Z),
where j 1s any integer.

The second point is a consequence of our studies of the reciprocal lattice
in Chapter 2; we found that a periodic lattice in r-space implies that all
particles and excitations must have dispersion relationships which are periodic
in k-space. In our very simple example, the reciprocal Jattice vectors are
G = 2mj/2a, as the primitive lattice translation vector in r-space is 2d.
The nomenclature ‘acoustic’ comes from the fact that the lower branch tends
towards the form w = vgg, where vy is the speed of sound, as ¢ — 0; long
wavelength acoustic phonons are nothing more than familiar sound waves.
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Displacement

Position

The term ‘optic’ is easier to fathom with the help of Fig. D.3 which shows
the displacements of atoms M| (circles) and M; (diamonds) (obtained using
eqns D.4 and D.2 and D.3) as a function of position for an acoustic mode
(upper) and an optic mode (lower) of the same wavelength. (The displacements
are only meaningful at the atoms; the lines in between are a guide to the eye.)
Notice that the acoustic modes correspond to the displacement of the entire
basis consisting of atoms M| and M,, whereas in the optic mode, M| and
M, vibrate against each other. If M| and M, are oppositely charged ions
(as they will be in substances like GaAs, CdTe etc.), the optic phonon will
therefore comprise a travelling polarisation wave which will interact strongly
with electromagnetic radiation.

D.2.1 Extension to three dimensions

The model of phonons has thus far involved displacements along the chain
direction. In three dimensions, the atoms can vibrate along the direction of
propagation of the wave, and perpendicular to it. When a medium is isotropic,
the three acoustic solutions for a given q (now a vector) can be chosen
so that one branch (longitudinal mode) is polarised parallel to q and the
other two are perpendicular to q (transverse modes). In anisotropic crystals,
however, the polarisation vectors are not simply related to the direction of q

D.2 A simple model 183

Fig. D.2 The phonon dispersion relationships
predicted by eqn D 4.

Fig. D.3 The displacements of atoms M|
(circles) and M5 (diamonds) as a function of
position for an acoustic mode (upper) and an
optic mode (lower) of the same wavelength.
The displacements are only meaningful at the
atoms; the lines in between are a guide to the
eye. Note that in this one-dimensional model
the displacements are along the direction of
the chain of atoms.
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Fig. D.4 Phonon dispersion relationships of GaAs at a temperatare of 296 K, deduced using
neutron scattering (T = transverse, L = longitudinal, O = optic and A = acoustic). Data are plotted
for q parallel to < 100 >, < 011 > and < 111 >; the dashed line indicates the Brillouin zone
boundary in the < 011 > direction. In these high-symmetry directions, the two TO modes are
degenerate, as are the two TA modes. Note that the TO and LO modes are not degenerate at-
q = 0, because GaAs is a polar material (the Ga ion has a positive charge and the As ion has a
negative charge). As a result, the g = 0 LO mode has a higher associated electromagnetic energy
density than the g = 0 TO mode (this is always true for polar crystals). However, in crystals with
a'nonpolar diatomic basis, such as Si and Ge, the TO and LO modes are degenerate at g = 0.
The solid lines represent the velocities of sound (i.e. long-wavelength acoustic modes) deduced
from the bulk elastic constants. (After G. Dolling and J.L.T. Waugh, Lattice dynamics, edited by
R.F. Wallis (Pergamon, London, 1965).)

unless q is invariant under the symmetry operations of the crystal. Therefore
the modes are not in general degenerate. In crystals of high symmetry (e.g.
the various cubic types), there are many symmetry directions. Since the
polarisation vectors of phonons are continuous functions of q, the branch that is
longitudinal when q is along a symmetry direction tends to have a polarisation
vector fairly close to q, even when q is not in a direction of symmetry.
Similarly, the two transverse modes will be more-or-less perpendicular to q-
and in many cases degenerate. These considerations are illustrated by Fig. D.4.

Generalising to a basis consisting of / atoms (i.e. a primitive unit cell
containing / atoms), for each value of q there will be 3/ phonon modes. Each
of the 3/ branches will have a frequency w which is a function of q, with
the periodicity of the reciprocal lattice. Three of the branches will be acoustic
(w — 0 as |q] — 0), whilst the remaining (3/ — 3) will be optic (finite
w as |q| — 0), in exact analogy with the three translational and (3/ — 3)
vibrational/rotational modes of a single, free basis ‘molecule’ consisting of [
atoms. Therefore, in the case of a monatomic basis (as is the case in most
elemental metals), only acoustic modes are present. This can also be seen
by substituting M; = M, = M in eqn D.4, which produces the simplified
dispersion relationship

D.5)
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Note that w now has the k-space periodicity 27 /a, as the fundamental
periodicity in r-space is a, rather than 2a. The dispersion relationship of
eqn D.5 is shown in Fig. D.5

D.3 The Debye model

Debye derived a simple model of the heat capacity due to phonons. This
involves a parameter called the Debye temperature, 6p, which is nowadays
extensively used as a convenient energy scale for phonons. In its simplest
form, Debye’s model assumes that the solid can be approximated by an
isotropic, continuous medium. The vibrations of a continuous medium possess
an isotropic, frequency-independent, linear dispersion relationship

o = vk, (D.6)

where vy is the speed of sound. Taken with eqn B.9 (g(k) o k% in three
dimensions), this implies that

_dn _(dn) Ak _ e
g(w) = e (dk) (dw) = Ho", (D.7)

where H is a constant. The Debye model then constrains the total number of
possible modes to be 3N/, where N is the number of primitive unit cells in
the crystal and [ is the number of atoms in the primitive cell, by imposing a
maximum phonon frequency wp, i.e.

wp Hw?
INI = / Holdw = —;"2 (D.8)
0

We can therefore make the identification H = 9NI /a%, that is g(w) =
9Nla>2/a)]3). Hence, the total energy U of the phonon system is given by
integrating the product of the energy of each mode fiw, g(w) and a suitable
distribution function, which in this case is the Bose—Einstein distribution
function with 4 = 0. The result is

®p  QN] 1
U= A 2 dw. D.9
/0 wa%weh‘”/kBT—l @ D3

Fig. D.5 The phonon dispersion relationships
predicted by eqn D.5.
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1st BZ
2nd BZ

Fig. D.6 Comparison of Debye model and
more realistic phonon dispersion curves. The
upper part of the figure shows the acoustic
and optic modes of a crystal with a simple di-
atomic basis, plotted as mode energy versus g
(only one of each of the three possible acous-
tic and optic branches is shown, for clarity).
In the Debye model, these are approximated
by a straight line. The lower part of the figure
shows the effective volumes of integration
used in counting modes. In the Debye model,
this is done by integrating over a sphere
in k-space of diameter wp /vy, whereas the
correct ‘'volume of integration, encompass-
ing the natural symmetry of the crystal (see
Chapter 2) and the k-space periodicity of the
phonon modes is the Brillouin zone. In the
diatomic crystal, the sphere must be of the
same volume as the first two Brillouin zones
in order to encompass the correct number of
states. Note that a simple cubic lattice has
been assumed, so that cross-section of the
first Brillouin zone is square.

The heat capacity C due to phonons is given by differentiating the energy per
unit volume E/V, with V the volume of the crystal, with respect to T

dﬁ 9N [@D h2 4 hw/kgT
c=-Y = / v _° dw. (D.10)
dT Va% 0 kBTz (ehw/kBT _ 1)2
Making the substitutions p = Aiwp/ kg and x = fiw/kpT, we obtain
NI, (T\? (/T e
C=9—ks|— —dx. D.11
val) [ oo ®-D

There are two limits that are of interest for us.
At low temperatures, (6p/T) becomes very large, so that the upper limit in
eqn D.11 can be taken to be x = oo. The integral is then just a dimensionless

number, yielding
12_ NI ( T )3
= —_ KB )
fp

the Debye T3 law. The phonon heat capacities of most materials obey this
relationship rather well at low temperatures.

At sufficiently high temperatures, 6p/T becomes small, so that all of the
values of x also become small; hence, e* can be approximated by (1 + x).
Equation D.11 becomes

N1 T\? roo/T NI
C=9—kg|— 2dx = 3—kg.
TV B(en) /o ¥ ye

This is the classical result for vibrating bound particles, being analogous to
the result derived for free particles in Section C.1.4. It is in quite reasonable
agreement with experimental observations. However, this is no big surprise; at
high temperatures, all vibrational modes are excited, and so the heat capacity
will be largely model-independent.

The Debye theory does not describe experimental data very well between
these limits. The problem occurs because

(D.12)

(D.13)

e we have approximated the phonon dispersion relationships by w = vgk,
when in fact they are much more complex than this (see upper part of
Fig. D.6); ‘

e as a consequence, our simple expression g(w) o w? will be incorrect;

o we have in effect counted modes by integrating over a sphere in k-space
of diameter wp/vg, whereas in fact the correct volume of integration,
encompassing the natural symmetry of the crystal (see Chapter 2) and
the k-space periodicity of the phonon modes is the Brillouin zone (see
lower part of Fig. D.6).

‘The Debye model works well at temperatures T < 6p because only low-
energy phonons (i.e. with energies iw ~ kgT') will be present. Atlow energies,
the phonon dispersion relationships are approximately linear; as modes higher
in energy will not be excited, the exact form of the integration volume in
k-space will not matter, as long as it encompasses the correct number of
states. At a deeper level, low-energy phonors also have small k, and hence



very long wavelengths, > a, the typical atomic spacing. A long wavelength
vibrational mode will therefore not ‘perceive’ (if the anthropomorphism will
be forgiven) the fine structure on a scale ~ a of the crystal, and hence behave as
though it moves in a continuous medium. This is of course exactly our starting
assumption!

D.3.1 Phonon number

In the discussion of the scattering of electrons by phonons, it is useful to be able
to find approximate expressions which describe the temperature dependence
of the number of scattering events (which we expect to be determined by the
number of phonons), and the average energy of the phonons involved. The
number of phonon modes Ny excited at a temperature T may be obtained by
integrating the product of g(w) and the distribution function;

“D ONI 1
Nph = 2 do. 14
ph /0 ) @ hofkgT _ 1 % (D.14)

Similarly, eqn D.9

wp
U=/ hnglwz ! dw.
0

3 hw/kpT _
wp e 1

gives the total energy of the phonon system. As before, we make the substitu-
tion x = Aw/kpT in both equations, to yield

/T 2
Noh = % {kBT} / ad (D.15)
and 3 o) T 3
U= ka [M} / X dx. (D.16)
a)D h 0 er —1

It is useful to examine two limits.

Low temperatures. In the limit that 7 <« 6p, the upper limit of the integrals
can be set to infinity, yielding

9Nl knT
Ny = 2o [ 5B2 D.17
ph = } o _1 ( )
and 3
NI
- g—kBT [kBT] / T dx (D.18)
wD h o & —1

As in the derivation of the Debye heat capacity (see eqn D.11) the integrals
in eqns D.17 and D.18 are just dimensionless numbers, yielding the important
results for the number of phonons

Npp o T3 (D.19)

and the average energy per phonon

U

kgT .20
Nph = &kp (D.20)

D.3  The Debye model
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Fig. D7 The distribution funcuon fBE =
TW_ multiplied by w? plotted against
. The main figure shows curves for tem-
peratures (7/6p) = 0.1,0.2,0.5, and the
inset shows (T/6p) = 1,5. When T is a
small fraction of 6p, Debye phonons have
a ‘black-body-like’ distribution, with a peak
justabove w ~ kg T /k, whereas at large tem-
peratures, the distribution tends to a straight
line, cut off at wp.

where £ is a dimensionless number of order 1. The latter result occurs because
phonons have a ‘black-body’ distribution somewhat analogous to that of
photons, which peaks close to kg7 at low temperatures; this is illustrated
in Fig. D.7, which shows the Debye density of states multiplied by the
distribution function, g(a))W The latter quantity gives a measure of
the number of phonon states exc1ted between w and @ + dw at a temperature
T.

High temperatures. For temperatures at which 6p becomes small, e* can be
approximated by (1 + x). Equations D.15 and D.16 become

9NI kBT}3/90/T 9 T
Ny = — 1282 © xdx = NI— D.21
ph a% { A 0 2 6 ( )

(i.e. Nph & T) and
9NI kgT bo/T
U= ——kBT{ B } / x2dx = 3NIkgT, (D.22)
a)D h 0

yielding an average phonon energy of U/Npy, = 2kpép/3. At high tempera-
tures, the Debye phonon system becomes very different from the photon black-

body distribution; the latter has no high frequency cut-off, whereas the phonon

frequencies have an upper limit of wp (see Fig. D.7).

D.3.2 Summary; the Debye temperature as a useful energy
scale in solids

I'hope that I have shown that the Debye model provides a useful approximation
which enables the phonon contribution to the heat capacity to be derived at low
temperatures, and which provides reasonable estimates for the phonon number
and typical phonon energy. The relevant energy scale in the Debye model is
given by the Debye temperature, 8p. Figure D.6 also shows that the Debye-
phonon frequency wp provides a reasonable estimate of the most energetic
phonon in a material; it is therefore a guide to the hardness of a material,

because a harder material will have stiffer bonds between the component atoms
or ions, and therefore more energetic phonons. For this reason, the Debye
temperature p is a very useful guide to the properties of a material which
relate to its phonons. We shall find that the scattering of electrons by phonons
can be described simply in the temperature regions 7' < 6p and T >~ 6p
(see Chapter 9); 6p will also crop up as an energy scale in superconductivity
(see Chapter H). Some typical Debye temperatures are shown in Table D.1.

D.3.3 A note on the effect of dimensionality

It is an interesting diversion to examine the Debye model in one dimension and
two dimensions. It is left as an exercise for the reader to follow the working of
Section D.3 with the following alterations;

2 dimensions : ‘g(w) X w

1 dimension : g(w) = constant



Table D.1 Debyc temperatures for selected substances. Note the
trend for 6p to decrcase as one descends the periodic table. In the
cases where two values are given, there are some discrepancies
between the published values. The carbon data refer to diamond.
(Extracted from J. de Launay, Solid state physics, vol. 2, edited by F.
Seitz and D. Tumbull (Academic Press, New York, 1956), J.T. Lewis
et al., Phys. Rev. 161, 877 (1967) and Landholt-Bomstein, Numer-
ical data and functional relationships in science and technology.
New Series, Group III, Volume 17, edited by O. Madelung (Springer.
Berlin, 1982).)

Substance Ap(K) Substance 6p (K)
Li 400 Na 150
K 100 Be 1000
Mg 318 Ca 230
B 1250 Al 394
Ga 240 In 129
Cc 1860 Si 625
Ge 360 Pb 88
As 285 Sb 200
Bi 120 A 85
Ne 63 Cu 315
Ag 215 Au 170
Zn 234 Cd 120
Fe 420 Co 385
Pd 275 Pt 230
La 132 Gd 152
NaF 492 NaCl 321
NaBr 224 KF 336
KCl 231 KBr 173
InSb 203, 208 InP 321
InAs 247, 262 GaShb 266
GaP 445, 468 CdTe 158
HgTe 147, 141.5

(see eqn B.10; remember that the Debye phonons have w = wgk). The
total possible number of modes is 2N! in two dimensions, and N/ in one
dimension. You should find that the phonon heat capacity C for a one-
dimensional system is proportional to 7' at low temperatures, and becomes
Nlkg/d at high temperatures (d = specimen length). Similarly, for a two-
dimensional system, C T? at low temperatures, and C = 2Nlkg/A at
high temperatures (A = specimen area). In fact, it is possible to show that, at
low temperatures, C oc T/ for a j-dimensional system. This result has been
checked experimentally for the case of j = 1; see A. Potts et al., in High
magnetic fields in semiconductor physics III: quantum Hall effect, transport
and optics, ed. G. Landwehr, Springer Series in Solid-State Sciences, 101, 325
(1992).

D3
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Further reading

For an alternative discussion of the phonon heat capacity, see e.g. Introduction
to solid state physics, by Charles Kittel, seventh edition (Wiley, New York,
1996), Chapter 5, Three phases of matter, by Alan J. Walton, second edition
(Clarendon Press, Oxford, 1983), Chapter 10, Solid state physics, by G.
Burns (Academic Press, Boston, 1995), Section 11.5, Solid state physics, by
N.W- Ashcroft and N.D. Mermin (Holt, Rinehart and Winston, New York,
1976), Chapter 23. Chapter 2 of Quantum theory of the solid state, by Joseph
Callaway (Academic Press, San Diego, 1991) is recommended as a very good
introduction to more sophisticated treatments of phonons.



The Bohr model of
hydrogen

E.1 Introduction

Impurities and excitons in semiconductors behave in a very similar way to
the hydrogen atom. In the hydrogen atom, a single electron orbits a nucleus
consisting of a single proton. The application of the Schrodinger equation to
the hydrogen atom is explored in numerous quantum mechanics and ‘modern’
physics books, a couple of which are mentioned in Further Reading. However,
the characteristic energy and length scales of the hydrogen atom can be
obtained easily and with very good accuracy using the Bohr model. The
Bohr model also has the virtue that modifications due to the motion of both
nucleus and electron and due to the electromagnetic environment (the relative
permittivity) can be made in an easily-understood manner.

First of all we consider an electron of mass m. and charge —e moving at
a speed v around a fixed (immovable) nucleus of charge +e in a circular
orbit of radius r;! both are in vacuo. In order for such an orbit to occur, the
Coulomb force between the nucleus and electron must provide the centripetal
acceleration characteristic of a circular path;

2 Mmev?

= E.l
4w egr? r E.D

Bohr introduced quantum mechanics by proposing that the electron’s angular
momentum must be quantised in units of 4, i.e.

h
mevr = L nh, (E.2)
2

where 7 is an integer. Combining this with eqn E.1, we obtain the radii r, of
the allowed orbits

h2 2
=20 _an? = 05292 A, (E.3)

Tmee

where ap is known as the Bohr radius. The total energy E, of the electron
is obtained by summing its kinetic-energy %mev2 and potential energy
—e? /(4megr) to give

mee* 13.6
e

E, = — =
" 8elhn? n?

V. (E.4)

E.1 Introduction 191
E.2 Hydrogenic impurities 192
E.3 Excitons 192

IClassically, one would expect an orbiting
(i.e. accelerating) electron to continuously
emit radiation and therefore to lose energy.
For this to happen, the electron would have
to have a continuous distribution of lower
energy states into which it could fall. Bohr
realised that the energy states were quan-
tised and discrete, and therefore that radiation
could only come out in quantised ‘lumps’, the
characteristic photon energies which give rise
to the lines of the atomic spectra.
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Fig. E.1 Two moving particles, masses mj
and my and -positions r; and rp interacting
via a force F which only depends on their
relative separation.

ZThis is of course also true for the hydrogen
atom. However, in the case of hydrogen, the
effect is not very noticeable, as the mass of
the proton is just over 1800 times m; it
results in tiny but observable corrections to
the energies E, obtained.

my

T, \.
O my

E.2 Hydrogenic impurities

In considering hydrogenic impurities (see Section 6.4.4), a carrier (electron or
hole) of charge Fe orbits a fixed parent ion (donor or acceptor) of charge +e.
Our assumption about the fixed ‘nucleus’ still holds, and the magnitudes of the
charges involved are the same as in the hydrogen model. However, in the case
of the impurity, the carrier moves within a medium of relative permittivity
€ and in a band with a characteristic effective mass m*. The substitutions
€0 — €€ and me — m™ must be made in eqn E.4 to yield
m* 1 13.6eV

E(n)y= —— X
me €2 n?

(E.5)

Similar substitutions can be made in eqn E.3 to yield an effective Bohr radius,

a*.

E.3 Excitons

In an exciton, an electron and a hole orbit each other; both have effective
masses of a similar order of magnitude, and neither is fixed.>? The general
situation is shown in Fig. E.1, which depicts two moving particles, 1 and 2,
of masses m) and m; and positions r; and r;. These interact via a force F, the-
magnitude of which only depends on their relative separation. In other words

F=F(r; — ).

- As every action has an equal and opposite reaction, the force exerted by 1 on 2

is equal and opposite to that exerted by 2 on 1.
The equations of motion are

21.1
mld_tz— =F(|r; —r2)) (E.6)
and 2
“r
my—= = —F(|r; — 12]). (E.7)

de?



At first this looks like a nasty situation, as the equations are coupled. However,
we can divide eqn E.6 by m and eqn E.7 by m and subtract, to give

d’r;  d’ry 1 1
— 2 (=4 — ) F(r - 2. E.8:
dez dr? (m] * m2> (1 = x2l) E38)

Remembering that
d2r1 d2r2 . d2(r1 — I‘z)
2 dez2 T dr?
and making the substitutions

1 1 1
—=—+ — E9
M (_ml + m2> E9)
and
R= r—n
eqn E.8 becomes
MdzR = F(R) (E.10)
dr2 ' '

We have succeeded in making a single differential equation in terms of the
variable R, the relative separation of the particles 1 and 2. The equation looks
exactly like that of a single particle of mass M, position R moving under the
action of a force F which depends only on R. The quantity M defined by
eqn E.9 is known as the reduced mass. Therefore, to take account of the fact
that the nucleus (mass M) of hydrogen is not immobile, but is free to move,
all we need to do is to make the substitution m¢ — M, where (1/M =
(1/M + 1/me); the rest of the algebra will work exactly as before.

In the case of the exciton (a bound electron—hole pair; see Section 6.3.4), M
1s replaced by an effective reduced mass u* given by

1 1 1

= E.11
u*omg +m§h EAD

where m is the effective mass of the electron in the conduction band and mj,
is the mass of the heavy hole in the valence band. Therefore the substitutions
€0 — €p€r and me — 1* must be made in eqn E .4 to yield the energies of the

excitonic states;
13.6eV

u* 1
— = x
€2 n?

e
Similar substitutions can be made in eqn E.3 to yield an effective Bohr radius,
a*, of the exciton.

E(n) =

X (E.12)

Further reading

The Bohr model of the hydrogen atom is treated by most elementary quantum-
mechanics texts; see e.g. Quantum physics of atoms, molecules, solids, nuclei
and particles, by R. Eisberg and R. Resnick (Wiley, New York, 1985), Sections
4.5 to 4.12. Most quantum mechanics texts give a more rigorous solution of
the Schrodinger equation for the hydrogen atom; see Chapter 7 of Eisberg
and Resnick or Chapter 12 of Quantum mechanics, by Stephen Gasiorowicz
(Wiley, New York, 1974).

3 As T have already remarked, in the case of
hydrogen, M > me, so that M = me.
This results in in a tiny shift in the predicted
energies Ep.
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lSee, for instance, the resistance data for
metals and semiconductors in Chapter 9.
As another example, a routine characterisa-
tion measurement on a semiconductor sam-
ple (used to asses the quality of a batch of
material) will involve at the very least mea-
surements at room temperature (~ 300 K),
the boiling point of liquid nitrogen at at-
mospheric pressure (77 K) and the boiling
point of liquid helium (4.2 K) at atmospheric
pressure.

This is not just a consideration of space
within the cryostat; in-an accurate measure-
ment of resistivity, it-is best to work with
high-quality single crystals, which usually
have dimensions ~ 1 mm (bigger crys-
tals tend to contain inhomogeneities, grain
boundaries etc.). Furthermore, if the resis-
tivity measurement is used to characterise
a batch of material intended for something
much more lucrative (e.g. making devices), it
is obviously desirable to only require a small
fraction of the batch for the characterisation!

Experimental
considerations in
measuring resistivity

‘and Hall effect

F.1 Introduction

Resistivity and Hall effect measurements are presented in several places in this
book; and so it is worthwhile to summarise the techniques used to acquire such
data.

In the following sections, it is worth remembering that a useful resistivity
measurement will probably involve subjecting the sample to a wide range of
temperatures.! Furthermore, a measurement of the Hall effect requires that the
sample (and the means of controlling its temperature- usually a cryostat or
oven) be placed within a magnet of some kind. Thus, the sample is usually
at some distance from the measuring equipment, and must be connected to it
using long wires. These wires must not perturb the temperature of the sample
by, for example, acting to conduct heat to or from it; this implies that the wires
must be small and of a low thermal conductivity. Remembering that a low
thermal conductivity implies a low electrical conductivity (see Chapter 9), the
wires must therefore have a rather large electrical resistance.

Virtually all methods measure resistivity by driving a current between one
pair of contacts on the sample and measuring the resultant voltage across
another pair of contacts. This is the so-called four-wire method. The samples
are almost always small’ so that one must employ small currents to avoid
the measurement heating the sample up (and therefore changing the sample’s
resistance). This means that the voltages to be measured are small, and that
electrical interference and noise and other sources of voltage are liable to
disturb the measurement.

F.2 The four-wire method

In the four-wire method, separate pairs of wires are used for providing the
current through the sample and measuring the voltage across it. A simplifed
circuit diagram is shown in Fig. F.1 (upper diagram). The inferior alternative
to the four-wire method is to use the same leads for providing the current
and measuring the voltage (the two-wire method, shown in the lower part
of Fig. F.1). However, this is very undesirable; as we have seen, the wires
are liable to be of a considerable (and poorly-characterised) resistance, which
we shall call ryie. Furthermore, the electrical contacts on semiconductor
samples often possess large resistances reon. Therefore, the two-wire method



will measure a voltage
Vieas = I7con + I Fwire + [ R;

the contribution of the sample, of resistance R, is likely to be masked or
disturbed by the other components.

The four-wire method gets around this problem because typical voltage-
measuring devices have very high input impedances. If we assume, for a
moment, that the impedance of the voltage measuring device in Fig. F.1 is
infinite, then no current will flow in the voltage-measuring wires and contacts;
therefore no voltage will be dropped across them, and the voltage measured
will be the true voltage dropped across the sample. In reality, most non-
specialised voltage-measuring devices (digital multimeters, lock-in amplifiers)
have an effective input impedances of ~ 100 M. Nevertheless, as long as the
resistance of the sample does not go much above ~ 1 M, very little current
will flow through the voltage-measuring part of the circuit, and the voltage
measured will be mainly due to the sample.

Further problems in the measurement of resistance can result from the
presence of thermal voltages, caused by the junctions between the different
metals in the circuitry being at different temperatures (the mechanism is the
same as that of the thermocouple).® Let us suppose that we are trying to
measure a resistance R using a current /. The measured voltage Vipeas that
we would get would be '

Vmeasl =IR+ Vtherm, (Fl)

where Viherm is the contribution from thermal voltages. One can get around this
by reversing the current; in this case the measured voltage Vipeas2 would be

VmeasZ =—IR+ Vtherm, (F -2)

as the thermal voltages do not depend on the current direction. The true
resistance could be deduced from

Vmeasl - VmeasZ
R = D Tl
21

In many cases, experimental physicists use low-frequency alternating currents
to get around this problem, with a lock-in amplifier to measure the voltages.
However, this is not a panacea, as the electrical contacts on samples of mate-
rials such as semiconductors often have associated capacitances.* Moreover,
the wiring of a poorly-designed apparatus may contain stray inductances
and capacitances. Very careful checks of the relative phase of the current
and sample voltage must be made to ensure that these contributions are not
masking the true behaviour of the sample. Papers in the literature often contain
disclaimers along the lines of ‘great care was taken to ensure that the measured
resistance was neither frequency nor current dependent and that no heating of
the sample occurred’.

A rule of thumb for assessing whether the current is heating the sample or
not is to double the current and check whether the measured resistance is the
same; if it is not, then the current is probably warming the sample up.? Reduce
the current and try again until consistent values are obtained.

(F3)
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Fig. F.1 Above: schematic of the four-wire
method of measuring resistance. The lower
figure shows the inferior two-wire method;
the measured resistance includes contribu-
tions from the resistances of the wires and
the contacts on the sample. (In both cases, the
resistor symbol represents the sample.)

3See, for example, page 156 of Experimen-
tal low temperature physics, by A.J. Kent
(Macmillan, London 1993).

4See, for example, Physics of semiconduc-
tor devices, by S.M. Sze (Wiley-Interscience,
New York, 1981).

5There are more exotic mechanisms for gen-
erating a nonlinear current—voltage relation-
ship. However, it is worth eliminating the
obvious before staking your reputation and
claiming a ‘new effect’.
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6See HH. Wieder, Laboratory notes on elec-
trical and galvanomagnetic measurements
(Elsevier, Amsterdam, 1979) for another
method of overcoming this problem using an
alternating magnetic field combined with an
alternating current.

Contact
pad

Fig. F.2 Typical geometry of a sample for resistivity measurements in the case that the material
being studied is a thin film grown on an insulating substrate. The electrically-active top layer is
etched into the shape outlined in black, leaving the substrate as a support. The central bar (typical
widths will be W ~ 10 — 100 um; L ~ 100 — 500 m) is the region under study; the rectangles
at each end are the current contacts and the triangles on each side form the voltage-measuring
contacts. The grey areas represent evaporated metal films which cover the edges of the contacts
and the some of the remaining substrate, It is customary to anneal such contacts so that some of
the metal diffuses into the underlying sample, thus ensuring a good electrical connection. Wires
can then be bonded onto the metal pads. Note that the contact regions are kept well away from the
central region under study. (Figure provided by Phil Gee, Oxford Instruments plc.)

F.3 Sample geometries

In studying bulk materials (as opposed to layered materials), measurements are
made on rod-shaped samples (single crystals, needles, rods sawn from single
crystals etc.). Contacts are soldered, evaporated or glued (using electrically-

conductive paint) to the faces of the rod in arrangements that approximate

that shown in Fig, 10.1, so that simultaneous . measurements of V, (o< the
resistivity component o) and V, (the Hall voltage, oc pyx,) are feasible.
As the samples are small and the contacts are often applied by hand, these
contact arrangements are often less than ideal. A particular problem stems
from the fact that unless the contacts used to measure V), are exactly opposite
each other, then some component proportional to p,, will interfere with the
measurement. This can be overcome by reversing the magnetic field; pxy will
change sign, whereas py, will not (see Chapter 10), so that the difference of
the two measured voltages will give a much more accurate value for the true
Hall voltage.5

In the case of semiconductor heterostructures, or any thin layer grown on
an insulating substrate, the techniques of photolithography and/or chemical or
mechanical etching can be used to produce a Hall-bar sample of almost ideal
geometry; the top layer is etched into a shape such as that in Fig. F.2, but the
supporting substrate is left unetched to ensure mechanical strength.

Note that the metal pads to which one can connect wires run over the edge
of the layer onto the sample. This is to avoid a particular problem when
semiconductor heterostructures containing two-dimensional electron or hole
systems are measured in high magnetic fields. As is shown in Chapter 11,
under certain conditions and at low temperatures, both o and p,x can become



zero over extended regions of magnetic field. If a contact is placed so that it
is completely surrounded by the two-dimensional carrier system, then it will
become electrically isolated when o,, — 0, leading to spurious results. In
contrast, the measurement is generally found to be well-behaved if the metal
pad is not completely surrounded by the two-dimensional carrier system, i.e.
if it runs over the edges of the electrically-active region onto the substrate, as
shown in Fig. F.2.7

F.4 The van der Pauw method.

An elegant method was derived by van der Pauw® for measuring the resistivity
components of samples with four contacts. Ideally, the sample should be of
the clover-leaf shape shown in Fig. F.3, but the current author and others have
applied the technique to quite arbitrarily-shaped samples with some success.
The method for obtaining the zero-magnetic-field resistivity is as follows (refer
to Fig. F.3 for the contact labels).

(1) A current Iap is driven from contact A to contact B; the resulting voltage
Vep is measured between contacts C and D. The resistance Rap cp =
|Vepl/IaB is computed.

(2) A current Ipc is driven from contact B to contact C; the resulting voltage
Vap is measured between contacts A and D. The resistance Rgc ap =
|Vap|/Ipc is computed.

(3) The resistivity p is calculated using

p="4 RaB.cD + RBC,ADf
In2 2 '
where the function f dependends on the ratio Rag,cp/RBc,ap (it is
shown in Fig. F.4) and d is the sample thickness. The received wisdom
is that one tries making new contacts if Rap,cp/RBc,aD is bigger than
~ 3,

The Hall effect is often measured using such a sample by following the
recipe below.

(1) A current /ac is driven from A to C and the voltage between B and D
(Vep(B)) is measured in finite field B and at B = 0 to give Ry; =
(Vep(B) — VBp(B = 0))d/(IacB).

(2) A current [gp is driven from B to D and the voltage between A and C
(Vac(B)) is measured in finite field B and at B = 0 to give Ry =
(Vac(B) — Vac(B = 0))d/(Isp B).

(3) The Hall coefficient is the average of these values; Ry = %(Rm + Ru).

Many researchers employ a ‘belt and braces’ approach, repeating steps 1 and
2 at negative magnetic field (— B) and averaging all four values to get Ry.
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Fig. F.3 The ‘clover-leaf’ geometry of a van
der Pauw sample of thickness d.

TA discussion of some of the mecha-
nisms leading to this behaviour is given in
G. Nachtwei, Physica E 4 79 (1999) and
references therein.

8L.J. van der Pauw, Philips Research Reports
16, 187 (1961).
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Fig. F.4 The function f used in the van
der Pauw technique, plotted as a function of

RaB,cD/RBC,AD-

9See W.A. Beck and J.R. Anderson, J. Appl.
Phys. 62, 541 (1987).

lOSee e.g. S.P. Svensson et al., J. Crystal
-Growth, 111, 450 (1991) and W.A. Beck et
al., J. Vac. Sci. Technol. A, 6, 2772 (1988).

Hgee e.g. John Singleton, Reports on Pro-
gess in Physics 63, 1111 (2000).

12y 1. Buravov, et al., J. Phys. I France 4,
441 (1994).
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F.5 Mobility spectrum analysis

The Hall effect and magnetoresistance are often very difficult to analyse if
several species of carrier are present simultaneously in a sample (for example
a heterostructure containing light and heavy holes might also possess a surface
accumulation layer containing electrons). Beck and Anderson developed an
elegant method called mobility spectrum analysis which solves this problcm.9
The method applies numerical transformations to a series of simultaneous
measurements of pyx and pyy, yielding a plot of carrier density versus mobility
referred to as a mobility spectrum; each species of carrier leads to a peak on

this graph. The method has been applied successfully to a number of different

systems. 10

F.6 The resistivity of layered samples

Layered and quasi-two-dimensional materials are at present a ‘hot’ research
topic; examples include the high-T; cuprate superconductors, the organic
molecular metals and the layered magnetic oxides (see Chapter 7). Most re-
sistivity studies of these materials involve measurements of p;;, the resistivity
component in the direction perpendicular to the highly conductive planes.!!
The reasons for this are twofold. First, the resistivity in the interplane direction
is usually several orders of magnitude larger (and therefore easier to measure)
than that in the intraplane direction, reflecting the extreme anisotropy of the
bandstructure. Second, the single crystals tend to be irregular in shape, so that

-the apparent measured in-plane resistivity, o, is a combination of all of the

components of the resistivity tensor. For example, in the simplest measurement
geometry, i.e. four contacts on the same large face (parallel to the high
conductivity planes) of the crystal, the current is concentrated near this face,
leading to an apparent increase of the in-plane resistivity which has misled
many research groups in the past. Buravov et al. 12 made a careful study of such
effects, noting that for samples in which s/ > (p|/ pzz)%, where s and [ are
the sample thickness and distance between the current contacts respectively,
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and p =~ %(p,\-x + pyy), the measured resistivity is p, =~ 2(5/1)(,0“,022)%.
By contrast, if one places one current contact and one voltage contact on each
large face of a crystal, the measured four-wire resistance will be almost exactly
proportional to p,, irrespective of geometrical imperfections of the contact
positions.

Further reading

One of the reasons for writing this Appendix is that there is a dearth of
useful literature concerning resistivity measurements. Those interested in
carrying out such measurements are referred to the papers cited above. Some
useful hints and references are also given in Chapter 413 of Semiconductor
physics, by K. Seeger (Springer, Berlin, 1991) and in The Hall effect and its
applications, edited by C.L. Chien and C.R. Westgate (Plenum, New York,
1980). Cryogenic arrangements used for (magneto)resistance experiments are
described in Experimental low temperature physics, by A.J. Kent (Macmillan,
London 1993) and Matter at low temperatures, by P.V.E McLintock, D.J.
Meredith and J.K. Wigmore, (Blackie, Glasgow, 1984).

B3 This chapter also includes a description of
the Corbino geometry, a two-contact method
for measuring the magnetoresistance of ma-
terials which has had some important appli-
cations.



Canonical momentum

In classical mechanics the force F on a particle with charge ¢ moving with
velocity v in an electric field E and magnetic field B is

F=gq(E+vxB). (G.1)

With this familiar equation, one can show how the momentum of a charged
particle in a magnetic field is modified. Using F = mv, B = V x A and
E = —VV — 0A/dt, where V is the electric potential, A is the magnetic
vector potential and m is the mass of the particle, eqn G.1 can be rewritten

dv JA
— =—qVV —g— x (V x A). G.2
m— q qat+qvx( x A) G2)

As there is a vector identity which leads to

vx (VxA)=V(v-A)-(v-V)A (G.3)
we have d
T (mv+gA) = —qV(V —v-A). (G4
Here, the dA /dt is the convective derivative of A, written as
dA 0dA
—_— = — - V)A, G5
o =T (v-V) (G.5)

which measures the rate of change of A at the location of the moving particle.
Equation G.4 takes the form of Newton’s second law (i.e. it reads ‘rate of
change of a quantity that looks like momentum is equal to the gradient of a
quantity that looks like potential energy’ and therefore motivates the definition
of the canonical momentum

p=mv+gA (G.6)

and an effective potential energy experienced by the charged particle g(V —v-
A) which is now velocity-dependent. The canonical momentum reverts to the
familiar momentum mv in the case of no magnetic field, A = 0. The kinetic
energy remains equal to %mv2 and this can therefore be written in terms of
the canonical momentum as (p — gA)?/2m. This result will be used in many
places in the book where the quantum mechanical operator associated with
kinetic energy in a magnetic field is written (—iAV — gA)?/2m.



Superconductivity

H.1 Introduction

Superconductors are materials whose electrical resistance drops to zero (or an
immeasurably low value) on cooling below a well-defined critical temperature,
T.. The phenomenon of superconductivity is mentioned at several points
in this book; it is therefore useful to have a simple explanation of the
effect. I shall describe the model of superconductivity that applies to simple,
elemental metals, which involves interactions between electrons mediated by
phonons (other mechanisms will be alluded to under Further reading below).
The evidence for the involvement of phonons was based primarily on two
observations;.

(1) elements which have a high 7;. are generally of relatively low electrical
conductivity at room temperature; as the electrical conductivity at room
temperature is limited by phonons, this suggests that the electron-
phonon interactions are relatively strong;

(2) if two isotopes of the same element are compared, T; is found to be
lower the heavier the isotope; this is known as the isotope effect.

H.2 Pairing

Metals conduct electricity because they contain a large number of electrons
which are relatively free to move through the regular array of positive ions
that make up the crystal structure. However, as the electrons pass each ion,
there will be a momentary attraction between them which will modify the way
in which the ion vibrates (see Fig. H.1). As we have seen in Section D, the
ions within a crystal do not vibrate in isolation; instead, they are connected by
bonds to all of the ions around them; any change in the vibrational modes of the
system is not local, but is passed on to other nearby ions. The vibration caused
by the first electron will propagate through the crystal and can eventually
interact with a second electron (Fig. H.1). In the language of field theory, this
interaction is due to the exchange of a virtual phonon between the electrons.

It turns out that this interaction is weakly attractive; it is strong for electrons
with equal and opposite wavevectors, and results in a momentary pairing of
the electrons. A finite energy (usually referred to as the energy gap 24, i.e. A
per electron) is then required to break up the pair.! Why does this result in zero
resistance? There are two ways of looking at this.

H.1 Introduction 201
H.2 Pairing 201
H.3 Pairing and the Meissner

effect 203

IExcellent evidence for the presence of the
energy gap has been provided in a variety
of experiments, including specific heat mea-
surements, far-infrared/millimetre-wave re-
flectivity and transmission, ultrasound atten-
uation, and tunnelling experiments.
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Fig. H.1 The pairing interaction between
electrons occurs because the motion of elec-
tron 1 modifies the ionic vibrations and this
in turn interacts with electron 2.

electron 2
<> «—> <> <> <«

ions bonds

electron 1

(1) Electrical resistivity occurs because the electrons scatter from impurities
and lattice vibrations in the crystal, which have a characteristic size of
order the ionic spacing a ~ 0.2 — 0.3 nm. Strong scattering only occurs
when the de Broglie wavelength of the particle involved is less than or
of the order of the size of the scatterer. The pair of electrons has no
net wavevector (as the component electrons have equal and opposite
wavevectors); in effect the pair has an infinite de Broglie wavelength.
As a result scattering (and therefore resistivity) will be completely
suppressed.

(2) A pair of electrons can only be scattered if the energy involved is
sufficient to break it up into two single electrons. In general, at low
temperatures this energy will not be available, and so the pair passes.
on, undeviated by scatterers.

The second point indicates the ways in which superconductivity can be
suppressed so that the metal returns to its normal state; if energy sufficient
to break up pairs is put in, then the superconductivity will cease.

e The energy could be thermal, i.e. heat the sample up until kg7 ~ A. We
have already seen that the temperature below which superconductivity.
occurs is called 7;; we might consequently expect that kg T, ~ A.

e Magnetic fields have an associated magnetic energy density and will
suppress superconductivity; this occurs at a field B., known as the
critical field.

o A sufficiently large current density (the critical current density J¢) will
cause the superconductivity to break down (see if you can come up with
a hand-waving explanation for this).

The development of the pairing hypothesis culminated in the Bardeen—
Cooper—Schrieffer (BCS) theory, and this is the basis of our current under-
standing of superconductivity. The BCS theory predicts that 2A = %kB T,
quite close to the simple relationship derived above.

‘There are a number of analytically-tractable limits of BCS theory. For
example, the weak-coupling limit gives the following expression for T¢:

T, = 1.136pe~1/A—#c),

Here, A is the electron—phonon coupling constant and wc is known as the
Coulomb pseudopotential; it gives a measure of the Coulomb repulsion
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between the electrons which will oppose pairing. Note that the characteristic
energy scale is Op, the Debye temperature (see Section D.3.2), again illus-
trating the involvement of phonons. The isotope effect can now be understood;
eqn D.5 shows that the characteristic energy of phonons scales as (%) 3 , Where
F is a ‘spring constant’ determined by the chemical bonds (and therefore the
same for isotopes of the same element) and M is the atomic mass (and therefore
different for different isotopes of the same element). Thus, a heavier isotope
leads to a lower characteristic phonon energy, and hence a lower 7.2

H.3 Pairing and the Meissner effect

The fact that the pairs have zero momentum has another interesting conse-
quence. As shown in Appendix G, the canonical momentum p of a particle of
mass m, velocity v and charge ¢ is given by

P =mv+qA, (H.1)

where A is the magnetic vector potential. We have already seen that p = O for
the superconducting pairs when A = 0; we make the further assumption that
p = O in finite A due to the microscopic properties of the pairs. Equation H.1
therefore becomes

gA+nv=0. (H.2)

Now the velocity v corresponds to a current density J, where J = nqv, with n
the number density of superconducting pairs. Equation H.2 therefore may be
rewritten

oAy = —A, (H3)

where A2 = m/(njuoq?); this is known as the London equation.

The London equation has an important consequences; taking curls of both
sides, and remembering that Vx A =Band V x J = —V2B/ug (as V.B = 0)
yields

B

VB = 7 (H.4)
The implications of this equation may be most easily seen by considering
a simple one-dimensional problem. Suppose a uniform magnetic field Bg
(parallel, say to z) exists for x < 0, and that a semi-infinite block of
superconductor occupies all space for x > 0. For such a problem, Equation H.4
becomes

i’B B

@
This has one physically meaningful solution for x > 0: B = Boe™*/*. In other
words, the magnetic field declines exponentially as one progresses further into
the superconductor. The parameter A is known as the penetration depth. This
is a quite distinct property of superconductors known as the Meissner effect;
as a material enters its superconducting phase, it ejects all of the magnetic field

from its interior, as long as the magnetic field is below a certain critical value.

2Indeed, in a number of elements, 7,
M2,



204 Superconductivity

Further reading

A good, basic summary of superconductivity which goes into more detail than
I have covered here is given in Chapter 13 of Electricity and magnetism,
by B.I. Bleaney and B. Bleaney, third edition (Oxford University Press,
Oxford, 1989). More detailed treatments (which include the development
of layered cuprate superconductors) are given in Superconductivity, by C.P.
Poole, H.A. Farach and R.J. Creswick (Academic Press, San Diego, 1995) and
in Superconductivity, by J. Annett (OUP, 2002); the former book also gives a
good summary of BCS theory. It is worth examining the original classic book,
Theory of superconductivity by J.R. (Bob) Schrieffer (Addison-Wesley, New
York, 1964), which contains a great deal of enlightenment.

There is now good evidence that excitations other than phonons can provide
pairing of electrons. Magnetic fluctuations have been shown to be important
in heavy fermion superconductors (N.D. Mathur ez al. Nature 394, 39 (1998)),
organic conductors (see J. Singleton, Reports on Progress in Physics 63, 1111
(2000) for a summary) and in the cuprates (see J.F. Annett, Physica C 317-318,
1 (1999) for an excellent and easy-to-understand review).



List of selected symbols

meaning

atomic spacing; elsewhere edge of conventional cubic unit cell
primitive lattice vectors in r-space

magnetic vector potential; B =V x A

primitive lattice vectors of the reciprocal lattice (in k-space)
cross-sectional area of Fermi surface; used as sample area in
some exercises

aT? = low-T Debye contribution to heat capacity; also
absorption coefficient

magnetic flux density (also known as magnetic induction, or
magnetic field)

bulk modulus

fundamental field of magnetic quantum oscillations; Bg = F
speed of light

General heat capacity

electronic heat capacity

the total heat capacity of a material (per unit volume)

length of a sample

separation of lattice planes with Miller indices (m1mom3)
electric displacement

diffusion coefficient for carrier type j

(anomalous) skin depth

energy gap of a superconductor; binding energy of an electron
trap

the magnitude of the electronic charge; —e is the charge on the
electron

the base of natural logarithms

unit vectors of rectangular Cartesian coordinates

energy (usually of a single electron)

electric field (E-field)

acceptor ground-state energy

conduction-band edge energy

donor ground-state energy

the Fermi energy (= w(T = 0))

energy gap of a semiconductor

valence-band edge energy

" E-field in one-dimensional problems

energy of /th single-particle state
permittivity of free space
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g(E), g(w)
8c(E)
gv(E)

~ R A

relative permittivity

general symbols for force (usually applied to an electron)
Van der Pauw scaling function '

the Fermi-Dirac distribution function

magnetic quantum oscillation frequency; Bg = F

‘spring constant’ used in deriving phonon dispersion relation-
ships _

wavefunction; also azimuthal angle of spherical polar coordi-
nates

density of states

conduction-band density of states

valence-band density of states

reciprocal lattice vector: G = mjA; + maAg + m3Aj

y T is the low-temperature electronic heat capacity

Planck’s constant '

magnetic field strength; H-field

Planck’s constant over 27

square root of —1;1i = (=1)1/2

integer or half-integer used in summations; subband index in
heterostructures

current; also transfer integral in Exercises with explicit time
dependence

integer or half-integer used in summations and as an index;
number of dimensions

current density

flux of heat (i.e. energy per second per unit area)
Boltzmann’s constant

wavevector of an electron

thermal conductivity

Landau-level quantum number; number of atoms in a basis,
general integer

Lorenz number, i.e. Wiedemann-Franz ratio/T

theoretical value of L from Sommerfeld model (Lo =
w2k /(3e%))

general sample dimension

width of semiconductor quantum well

magnetic penetration depth (of a superconductor)

rest mass of a general particle

rest mass of a general particle

reduced mass

effective mass tensor

reciprocal mass tensor

integers used in defining G; Miller indices of a plane

the rest mass of a free electron

conduction-band (band-edge) effective mass

heavy-hole effective mass

light-hole effective mass

the chemical potential

excitonic reduced mass
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Uy, Uy, Ux

)
V(r)
Ve

mobility of conduction-band electrons

mobility of heavy holes

number of electrons or phonon states per unit volume; Bohr
quantum number

intrinsic carrier density

integers used in e.g. defining T

total number of electrons, phonons etc. in a sample
number-density of acceptors

effective number density of accessible states at the conduction
band bottom

number-density of donors

number of primitive unit cells in the jth direction
number of phonon modes excited at temperature T
areal carrier density

effective number density of accessible states at the valence
band top

momentum (e.g. of an electron)

number density of holes

hydrostatic pressure

electric polarisation (dipole moment per unit volume)
momentum operator

probability of occupancy of state labelled by N;
wavevector of a phonon or electron

charge of jth type of carrier

position vector in r-space

resistance, short-hand for Ry in complex equations
Hall coefficient

components of the resistivity tensor

sample thickness

entropy; also used as spin

spin component

electrical conductivity

components of the conductivity tensor

time

transfer integral

temperature

lattice translation vector: T = n1a; + nya; + nias
scattering rate in the relaxation-time approximation
polar angle in spherical polar coordinates

Debye temperature

energy of the whole electron or phonon system
velocity (e.g. of an electron)

components of velocity along the Cartesian axes
speed

typical value of electronic potential; voltage
sample volume; also valence

speed of sound

potential energy (of the electron)

coefficient of el¢* in series expansion of V(r)
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208  List of selected symbols

Vo  average (position-independent) potential experienced by an
electron in a solid

Vikj  k-space ‘volume’ in j dimensions

V,j  r-space (i.e. real space) volume in j dimensions
w width of sample

W constant in Law of Mass-Action

displacement, Cartesian coordinate; also alloy composition
Cartesian coordinates

<
N
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Note. In the case that several pages are given for a particular topic, the most important is/are shown in bold.

acceptors 59-60
Ag (Silver) 116
(Al,In)As (Aluminium Indium
Arsenide) 66, 71, 152
alkali metals
Fermi surfaces 27
resistivity of 126
thermal conductivity of 126
tight-binding mode] of 36
Allen-Bradley resistor 129
alloys, semiconductor 65-6
angle-resolved photoelectron
spectroscopy 103-4, 106, 114, 211
anion molecule 76
anomalous skin depth, see skin depth
98
ARPES, see angle-resolved
photoelectron spectroscopy
atomic fine structure constant 150
avalanching 160
averaging postulate 175
Azbel’-Kaner geometry 98

ballistic transport 161
band, electronic
dynamical properties in absence of
scattering 117-19
filling 20, 26
general properties of 41-7
introduction 20
nearly-free electron model 2630
tight-binding model 32-40
thermal population of, 56-9
band gap 20, 49
alloys 66
direct 51, 534
in the nearly-free electron model 25,
26
in the tight-binding model 36, 37
indirect 51
bandstructure, electronic
basic ideas 20
engineering 65-81
general properties of 41-7

measurement of 85-105
nearly-free electron model 26-9
tight-binding model 34-9
bandwidth 35
Bardeen—Cooper—Schrieffer theory
2024
barrier (in a quantum well) 68
basis 165
and phonons 184-5
bee, see body-centred cubic
BCS, see Bardeen—Cooper—Schrieffer
theory
BEDT-TTF, see
bisethylenedithiotetrathiofulvalene

‘Bi (bismuth) 135

Bible, quotation from vii
binary semiconductors (see also III-V
and II-VI semiconductors)
Brillouin zone 37
crystal structure 37
bisethylenedithiotetrathiofulvalene
compounds of 75-8, 96
molecule 75
bistability 160
Bloch oscillations 118
Bloch’s theorem
definition 20, 32
derivation using plane waves 1620
derivation, alternative 21
Bloch wavefunctions
envelope function approximation
74-5
general properties 32, 44-5
scattering 45
body-centred cubic 167
Bohr model 191-3
excitons 192-3
hydrogen 191
hydrogenic impurities 192
Bohr radius (of an impurity) 60, 191
Boltzmann transport equation 130-1
Born—von Karman boundary conditions
17,18
Bose-Einstein distribution function 178

Bosons 178
Bragg condition 26
Bragg diffraction, condition for 30, 31
Bravais lattice 171
Brillouin zone
definition 17, 167
number of k-states within 18, 44
of square, bee and fec lattices 21-2
volume 18
buffer layer 68
bulk modulus
electronic 8, 14
of a metal 8, 14

C (carbon) 36
canonical momentum 200
carrier
as general term for electrons or holes
8, 56, 58, 60, 133, 154
injection 154-5
minority and majority 154
recombination and extraction 155
carrier density
semiconductors, extrinsic 59-62
semiconductors, intrinsic 58-9
typical metallic 4, 8
CdTe
Brillouin zone and crystal structure
37
electroreflectance spectrum 105
phonons 183, 189
charge-density wave (CDW) 82
charge-transfer salts, see organic metals
chemical potential 9, 12, 176
in semiconductors 58, 62
in the quantum Hall effect 149-50
closed orbits 139
compensating coil 94
compensated semimetal 135
compensation 60
composite fermions 151
conductance, quantum of 148, 162-3,
216
conduction band
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definition 49
effective masses 54
conductivity (see also electrical or
thermal conductivity) -
measurement of 194-9
tensor 136-8, 145-50
conventional versus primitive 169-71
convolution 165
Corbino geometry 199
Coulomb pseudopotential 202-3
critical current 202
critical field 202
critical temperature 202
cryogenic techniques 114, 199
crystal 165-6
designation of directions within
167-8
designation of planes 168-9
crystal momentum 42
Cu (copper)
bandstructure 37-8, 48
Brillouin zone 39
electrical and thermal conductivity of
126
Fermi surface measurement 105-6,
139,142
‘necks’ 30, 38, 39, 92-3
thermodynamics of 14, 15
cubic-F lattice 167
cubic-I lattice 167
cyclotron frequency
for orbits about Fermi surface 85-7
quantum-mechanical derivation
87-90 _
semiclassical derivations 47, 85-6
cyclotron mass 86, 89
cyclotron motion 85-7
electrons versus holes 87
cyclotron resonance 97
in metals 98, 106, 115
in semiconductors 98-100, 115
selection rules 99
semiclassical derivation using
effective mass tensor 47

DBRTS, see double-barrier resonant
tunnelling structure
de Haas-van Alphen effect/oscillations
94-5, 105-6, 115-16
Debye heat capacity 123, 185-6
Debye model of phonons 185-90
assumptions 185-6
comparison with ‘real’ phonons 186

Debye temperature 123-5, 188-9
and superconductivity 203
of common elements and compounds
189
deep traps 62-3
degeneracy, of donor states 61
degenerate two dimensional electron
systems 734
degenerate semiconductor 62
delocalised states, see extended states
3-doping layer 74
density of states 172—4
and effective mass 14, 434
band electrons in a magnetic field 91
dimensionality 14, 69, 172-3
electronic 9-10, 14
heavy hole 51
one dimensional 161-3
quantum well 69-70
semiconductors 55, 57
two-dimensional quantum Hall
system 149
diamond 36
diamond structure 36
diffusion 155-6
coefficient 155, 157
dimensionality
effect of magnetic field 91, 1434,
149
effect on electronic density of states
14,172-4
effect on phonon density of states
189-90
of Fermi surfaces 78
oxides 80-1
quantum point contacts 161-2
direct gap (see also II-VI and III-V
semiconductors) 534
disorder and quantum Hall effect
148-50
disordered systems, electrical resistivity
129-31
dispersion relationship
band electrons 44
definition 20
periodicity in k-space 17, 24, 26
quasiparticle 113 _
distribution functions, derivation of
175-9
divalent metals 27 _
two dimensional 28, 29
dog’s bone 93
donors 59-61

double-barrier resonant tunnelling
structure 160-1
double exchange 79
drift velocity 120-1, 156
electric field dependence 158-9
saturation 158
Drude model of metals 2—7
assumptions 2
disclaimers 2,7
electrical conductivity 4
failures of 5-7, 10
heat capacity 4
thermal conductivity 4
dynamics of band electrons 44, 47

effective filling factor 151
effective g-factor 148
effective mass
and density of states 14, 43—4
cyclotron 86, 89
derivation 42-3
different types of, 113
effect of interactions 113
gentle introduction to 14
II-VI and III-V semiconductors 54
infinite 118
measurement using cyclotron
resonance 97-100
measurement using interband
rhagneto-optics 1002
measurement using magnetic
quantum oscillations 96-7, 107-8
oscillatory 117-19
role in magnetoresistance 138
tensor 47, 88-9, 99
tight-binding model 35
Einstein equation 156
elastic process 122
electrical conductivity
disordered systems 129-31
metals 119-27
relaxation-time approximation 4
semiconductors 127-9
Sommerfeld model 14
tensor 136-8, 145-50
thin films and wires 131
electron density, see carrier density
electron—electron interactions 112-14
electron—electron scattering 125-7
electron—phonon interactions 112-14
electron—phonon scattering 122-7, 129
electronic bandstructure, see
bandstructure



electronic density of states 9—-11
electronic potential, see potential
energy
electroreflectance 104-5
empty lattice band calculations 211
energy gap, in semiconductors, see
band gap
energy gap, in superconductors 201-3
envelope-function approximation 74-5,
834
epitaxy 667
excitons 546, 69-70, 102
energy levels 192-3
extraction of binding energy 102
reduced mass 192-3
exchange interactions 79
excuses, feeble 8
extraction 155
extended states 148
extremal orbit/cross-section 92
extrinsic carrier density 59-62

face-centred cubic 167
fan diagram 101-2
far-infrared laser 98
fce, see face-centred cubic
Fermi energy
chemical potential versus 9, 12
definition 9
dimensionality 14
Sommerfeld model 8
typical metallic values 8
Fermi-Dirac distribution function 9
derivation 178
effect on magnetic quantum
oscillations 96-7, 150
in semiconductor heterojunctions
145, 150
in semiconductors 5662
typical form in metals 9-10, 15
Fermi-Dirac integrals 11
Fermi gas 113
Fermi level 9
Fermi liquid 113
Fermi surface
and electrical/thermal conductivity
120-2
construction of 29
cyclotron motion about 867, 139
dimensionality of 78
extremal orbit/cross-section 92
measurement of 94-5, 105-6,138-9
nearly-free electron model 27-31

organic metal 77-8
Sommerfeld model 8
two-dimensional semiconductor
system 73, 151
velocity at 78, 120
warping 143
Fermi velocity 8, 78, 120
Fermi wavevector
free-electron 8
typical metallic values 8
fermions 173, 178
composite, see composite fermions
heavy, see heavy fermion
filling factor 148-51
flux quantum 151
force, effect on band electron 42-3, 85,
117-9
four-wire method 194-5
Fourier analysis, of magnetic quantum
oscillations 95
fractional quantum Hall effect 150-2
Franz-Keldysh effect 104
free-electron approximation 2
freeze-out 61
function of state, thermodynamic 94
fundamental field 92

g-factor 97, 148
(Ga,Al)As (Gallium Aluminium
Arsenide)
applications 65-6, 68-71
GaAs (Gallium Arsenide)
bandstructure 53-5
Brillouin zone and crystal structure
37,49
constant energy surfaces 56
drift velocity 158-160
effect of pressure on 141-2
Gunn effect 158-60
intrinsic carrier density 59
heterojunction 734, 143-52
optical properties 545, 101-2
phonons 184, 189
quantum point contact 161-3
quantum wells and superlattices
68-71
(Ga, In)As (Gallium Indium Arsenide)
66, 71-2, 152
gate 161
Ge (Germanium)
band gap 36, 37, 50-1
bandstructure 50-1

Index 219

Brillouin zone and crystal structure
37,49
constant energy surfaces 52
effective masses 100
hydrogenic donors 60
intrinsic carrier density 59
optical absorption 51-2
tight-binding model of 36-7
glamour of condensed matter physics v
grand partition function 175-7
group TA metals, see alkali metals
group ITA metals 27, 36
group IV elements
band gaps 36, 37
Brillouin zone and crystal structure
37,49
Gunn diode 160
Gunn effect 158-60

Hall coefficient 6, 135, 139, 146-7
Hall effect
experimental details 1949
experimental geometry 134
majority carrier 158
metals, typical data 7
more than one type of carrier 133-5
single carrier species 6
two-dimensional, see quantum Hall
effect
van der Pauw method 197-8
Hall plateau 147-50
heat bath 175
heat capacity
classical gas 178-9
electronic, Drude result 4
electronic, Sommerfeld result 11-12
metallic, typical data 5, 14
heating during measurements 195
heavy-fermion compounds 14, 113-14
heavy hole
definition 51
density of states 51
effective masses 54
mobility 128
HEMT, see high electron mobility
transistor
heterojunction 73-4, 99
(Hg,Cd)Te
applications 65-6
band gap 66
(Hg,Cd)Te cont.d
Brillouin zone and crystal structure
49



220 Index

photoconductivity 63
superlattices 71
high electron mobility transistor 74
high T, cuprate superconductors 80-1,
83
holes v
cyclotron motion of 87
density, see carrier density
derivation of properties 45-6
dynamics of 118
heavy, see heavy hole
light, see light hole
low mobility of, 128
hopping
thermally-activated 129
variable range 130
horizontal process 122
hot carrier effects 158-61
hot topics vii
hydrogenic donors, impurities 60, 192

III-V and II-VI semiconductors
bandstructure 53-5
Brillouin zone and crystal structure
37,49
constant energy surfaces 56
optical properties 54-5, 63
impurities.
acceptors and donors 59-60
energy levels 192
hydrogenic 192
ionisation 61, 63, 64
scattering of electrons by, 45, 125,
128
impurity bands 62
InAs (Indium Arsenide) 54, 66
InAs-(Ga,In)Sb superlattices 72-3
independent electron approximation 2
indirect-gap 51
inelastic process 122
injection 154
InP (Indium Phosphide) 66, 71
InSb (Indium Antimonide)
band gap and effective masses 54
magnetophonon effect 140
photoconductivity 63
insulators
caused by absence of scattering 119
definition 49
nearly-free electron model 27, 30
versus semiconductors 62-3
integer/integral quantum Hall effect,
see quantum Hall effect

interband magneto-optics 100-2, 115
intrinsic carrier density 58-9

ionic cores 2, 8

ionisation of impurities 61, 63, 64
isotope effect 201-3

joint band diagram 105
joint density of states 105
joke 86

junction transistor 158

k (wavevector)
as a quantum number 42
basic definition 16
K (potassium), see alkali metals
k-space
periodicity of 17, 24
Knudsen cells 67
k.p method 64

Landau Fermi liquid theory 112-14 .
Landau gauge 88
Landau level filling factor 148
Landau levels 87-92, 143-8, 150
Landau quantisation 85, 89, 90
Landau tubes 89-91
lattice 165

translation vectors 16, 165-6
Laughlin wave function 152
law of mass-action 56-8, 127
layered conducting oxides 78-81
layered materials, measurement of

resistivity tensor 198-9

light hole

definition 51

effective masses 54, 100
localised states 148
lock-in amplifier 105
longitudinal optic phonons 139-41
Lorentz force .

effect on band electrons 85-7

Hall effect 133-5, 147
Lorenz number, see Wiedemann—Franz

ratio

macrostate 175

magnetic breakdown 97, 108, 110

magnetic quantum oscillations 91-7,
107-10, 114

magnetic vector potential 200

magnetisation 94-5

magnetophonon effect/resonance

13941
magnetoresistance
determination of Fermi-surface shape
using 138-9
due to modification of carrier motion
133-9
in magnetic oxides 78-80
in two-dimensional systems 143-52
longitudinal 136
transverse 136
majority carriers 154, 158
malleability of metals 1
Matthiessen’s rule 122
Maxwell-Boltzmann distribution 10,
- 178-80
MBE, see molecular beam epitaxy
Meissner effect 203—4
metals
alkali 27, 36, 126
bonds 1
bulk moduli 8, 14
carrier densities 4, 8
divalent 27, 36
Drude model of 2-7
early history of research 1, 7
electrical conductivity 4, 119-27
general properties 1-2
group I1A 27, 36
Hall effect 7
heat capacity 5
magnetoresistance 133-9
malleability 1
nearly-free electron model of 23-30
one-dimensional 27, 81-3
plasma frequency 15
quantum statistics of 7-13
Sommerfeld model of 7-13
thermal conductivity 5, 119-27
transition 37-9, 126-7
metal-insulator transition
disordered systems 131
nearly-free electron model 28, 30
Peierls transition 81-3
metal-organic vapour-phase epitaxy
66-7
microstate 175
Miller indices 21, 31, 168-9
minority carriers 154, 156-8
excitation of, 154-5, 157
mixed valence 79
mobility 128, 156, 158
measurement of 194-9
spectrum analysis 198



MOCVD, see metal-organic
vapour-phase epitaxy
modulation coil 94
modulation doping 73
modulation spectroscopy 104
molecular beam epitaxy 667
monovalent metals 27, 81
MOVPE, see metal-organic
vapour-phase epitaxy
multilayers 65-73

Na (Sodium), see alkali metals
NDC, see negative differential
conductance
nearly-free electron model 23-30
band gaps within 25, 26
Bragg condition 26
comparison with tight-binding model
41
metal-insulator transition 28, 30
qualitative explanation of properties
of real elements 27-9
neck and belly orbits 92-3
‘necks’ in Cu 30
negative differential conductance 160
nesting vector 82
new effects, cautionary remarks 195
nonparabolic bands 63
nonparabolicity, measurement of 102

OMVPE, see metal-organic
vapour-phase epitaxy
open orbits 93, 139
optic phonons 13940, 158, 183
optical absorption
quantum wells 69-70, 83—4
semiconductors 51-2, 54-5, 63
optoelectronics 70
orbits, about the Fermi surface 85-7
extremal 92
open 93
quantisation of 90-1, 93
organic metals 75-8, 83
bandstructure 76, 78
Fermi surfaces 77-8
magnetic quantum oscillations 96,
106-11
superconductivity 76-7
oxides 78-81, 83

parabolic bands 43

partially-filled bands 76
Pauli’s exclusion principle 173
PbTe (Lead Telluride) 101-2
Peierls transition 81-3
periodic boundary conditions 17, 172
perovskite structure 80
phase-sensitive detection 105
phase space 7, 14
phonon(s) 181-90
absorption 122, 13941
acoustic 183
and effective mass 113
‘ball and spring’ model 1824
‘black-body’ distribution 188
Brillouin zone and 183
characteristic energy of 123, 188
Debye model 185-90
Debye temperature 188-90
definition 181
dimensionality 189-90
emission 122, 158, 160
involvement in optical absorption of
51-2
involvement in superconductivity of
201-3
longitudinal 184
magnetophonon effect 13941
number 187-8
optic 13940, 158, 183
relationship to molecular vibrations
184-5
scattering of electrons by 45, 122-9,
13941, 158
three dimensional 184-5
transverse 184
versus normal modes 181
photoconductivity 63, 154
plane waves 18, 25
plasma frequency 15
plasma oscillations 210
plateau, in quantum Hall effect 147-50
pressure, effect on bandstructure
109-11, 116
primitive lattice translation vector, unit
cell 165-7
versus conventional 169-71
polaron 112
potential energy, electronic
as a Fourier series 16, 18
Drude and Sommerfeld models 3, 8
commensurability with electronic
wavefunctions 25
tight binding model 32, 33

Index 221

translational symmetry of, 16-17, 32
weak 23, 24

propagation vector, see k

pulsed magnets 95, 107

purification of metals 131

quantisation of Hall resistance 147-50
quantum Hall effect 143-52
quantum oscillations, see magnetic
quantum oscillations
quantum point contact 1614
quantum well 68-70
applications 70
optical properties 6970, 101-2
quasi-one-dimensional 78, 82, 190
quasi-two-dimensional 78, 103, 107-8,
143,198
quasiparticles 1124

reciprocal lattice
definition 17
unit cell of 17, 167
reciprocal lattice vectors 17
algebraic expressions for 21
reciprocal mass tensor 47
recombination 155
reduced mass 193
relaxation-time approximation 2, 3
electrical conductivity 4, 14, 120-2
Hall effect 6, 133-5
magnetoresistance 135-8
mobility 128
plasma frequency 15
remarks, pious vii
resistivity (see also electrical
conductivity)
measurement of 194-9
tensor 137-8, 145-50, 198
Ruddlesden—Popper oxides 80
Ruthenium oxide 130
Rutherford scattering 125, 128

sample geometries, for resistivity
measurements 196
saturation 60
scattering (of electrons)
absence of 117-19
Bloch wavefunctions and 45
by electrons 125-7
by impurities 125, 128
by phonons 122-5, 129
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scattering (of electrons) cont.d
in very pure metals 45
relaxation-time approximation 2, 13,
16
scattering rate 2, 13, 16, 117-29
difference between thermal and
electrical conductivity 120-2
measurement using magnetic
quantum oscillations 97
temperature dependence, in metals
121-5
Schottky barrier 104
Schrodinger equation
for a periodic potential 18-19
semiconductor
alloys 65-6
bandstructure calculations 63—4
carrier density 58—62
definition 49 )
degenerate/nondegenerate 62
devices 634
direct gap 534
electrical conductivity 127-9
general descriptions 49-64
heterojunctions 73—4
indirect gap 51
law of mass-action 56-9
quantum wells 68-72
thermal population of bands 569
versus insulator 62-3
semimetal 73, 135
Shockley—Haynes experiment 156—8
Shubnikov—de Haas effect/oscillations
93,96
Si (silicon)
band gap 36, 37, 50-1
bandstructure 50—1
Brillouin zone and crystal structure
37,49
constant energy surfaces 52
effective masses 100
hydrogenic donors 60
intrinsic carrier density 59
MOSFETs 143
tight-binding model of 36-7
velocity saturation 158-9
Si-Ge superlattices 72
Skin depth 98
Sn (tin) 36-7
Sommerfeld model 7-13
assumptions 7
electrical conductivity 14, 119-27

Fermi energy, velocity and
wavevector 8, 9
heat capacity 11-12
magnetoresistance 135-7
scattering, mystery of 45
successes and failures of 13, 135-8
thermal conductivity 119-27
space lattices 170-1
spacer layer 734
specific heat, see heat capacity
spin 1734
spin-density wave (SDW) 82
spin-orbit split-off band 53
spin splitting 148-50
SrpRuQy4 (Strontium Ruthenate) 95,
106
statistical weight 175
substrate 66—8
subband
heterojunction 73, 143, 151-2
quantum well 68-70, 83—4
superconducting magnets 94, 98
superconducting switch 131
superconductivity 77, 80, 81, 107, 111,
2014
superlattice
buffer 68
definition 71
type I 71
type I 71-2
type III 72-3
surface reconstruction 103, 106
susceptibility 95
symbols, tabulation of 205-8
system 176

temperature, definition of 176
thermal conductivity
definition 4-5
electronic, Drude result 5
temperature dependence for metals
119-27
typical values for metals 5
thermal voltages, thermocouple 195
theological literary reference 45
thermopower
of a metal 14-15
Thomson coefficient 14-15
tight-binding model 3240
‘comparison with nearly-free electron
model 41
effective mass 35, 47, 48
Fermi surfaces 39-40

Hamiltonian 33
transfer integrals 34
wavefunctions 32
transfer integral
and effective mass 35
definition 34
in organic metals 76-8
pressure dependence 109-11
relationship to underlying atomic
orbitals 35
transition metals
bandstructure 37-8, 48
resistivity 126-7
thermal conductivity 126
translation vector 165-6
translational symmetry 8, 16
electronic potential 16
k-space 17, 19, 24
lattice 16
transverse magnetoresistance 136
trap 129, 155
two-dimensional electron systems (see
also quasi-two-dimensional)
143-5
conductivity and resistivity tensors
for 145-50
two-wire method 194-5
type I, II and III superlattices 71-3

umklapp scattering 124

valence band

definition 49
Van Hove singularities 105
vanishing resistance 147-50
variable-range hopping 130-1
velocity, of a band electron 42, 78, 120,

139 '

vertical process 122

warping 143
weak-coupling limit 202-3
Wiedemann—Franz ratio (Lorenz
number)
definition 5
Drude value for 5
experimental behaviour 6
temperature dependence of 120-5
Wigner-Seitz cell 167-8

zinc-blende structure 37, 49
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