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PREFACFE

Metallic and polymer foams are widely used in modern industries,
e.g., the aircraft and the automotive industries, but also with other
application fields like biomechanics. The reason for this is some spe-
cific properties of these advanced materials. They are very light, but
the specific strength is comparable with the classical structural mate-
rials. If they are applied as sandwiches, the specific properties can be
even much better. In addition, they are able to absorb energy which
allows the use of these materials as crash elements.

In general, technological parameters in foam production are ad-
justed such that a uniform effective foam density is achieved through-
out the products. Some technologies, e.qg., injecting foam in a cavity
or filling a mold with foam by an expansion process, naturally result
i non-uniform distributions of the effective density. These inhomo-
geneities of the effective foam density may be exploited in structural
design, essentially treating the foam as a functionally graded material.

FGMs are composite materials where the composition or the mi-
crostructure is locally varied so that a certain variation of the lo-
cal material properties is achieved. Modern FGMs are constructed
for complex requirements, such as the heat shield of a rocket or im-
plants for humans. In these cases the analysis of the material and
the structures made of FGMs cannot be only limited to the mechan-
ical behavior. FGMs can be modeled as a porous material with non-
homogeneous distribution of porosity.

Engineering structures made of porous materials, especially metal
foams, have been used in different applications in the last decades.
A metal foam is a cellular structure consisting of a solid metal, for
example aluminium, steel, copper, etc., containing a large volume
fraction of gas-filled pores. There are two types of metal foams. One
1s the closed-cell foam, while the second one is the open-cell foam.
The defining characteristics of metal foams are a very high porosity:
typically well over 80%, 90% and even 98% of the volume consists of
void spaces.

The course ”Cellular and Porous Materials: Modeling - Testing
- Application” was devoted to cellular and porous materials, and the
modeling and stmulation of the material behavior, but also the struc-
tural analysis of structures made of foams, the testing and the appli-



cations. The main question was on which scale one has to model the
material. It is well-known that there are as a minimum three scales:
e micro-mechanical scale
The starting point in this case is a unit cell which can be open or
closed (open-cell foams, closed-cell foams). The description is
very fine (the unit cell is modeled by beams, plates or shells), but
the computational effort increases significantly if high accuracy
(e.g. in the case of plasticity) is required, and the identification

of the properties is still under question.
e meso-mechanical scale

Now the starting point is an agglomerate of cells (representative
volume), computational effort is quite expensive. In addition,

the periodicity assumption is under question.
e macro-mechanical scale

Now one has the size of structural elements or specimens. Using
standard numerical techniques the computational effort is as in
the case of classical structural materials. The disadvantage is
that “smeared” properties should be introduced (that means the
constitutive behavior will be represented by phenomenological
equations) and local effects cannot be investigated.

During the 6 lectures

e Fracture Mechanics of Foams (Liviu Marsavina)

e Finite Element Modeling of Foams (Thomas Dazxner)
Plasticity of Three-dimensional Foams (Andreas Ochsner)
Thin-walled Structures Made of Foams (Holm Altenbach)
Plasticity of Porous and Powder Metals (Sergei Alexandrov)
Impact of Cellular Materials (Henry Tan)
the advantages and disadvantages of each approach were discussed.

The basics of the analysis of structures made of foams is the con-
tinuum mechanics. Briefly were presented the foundations. In ad-
dition, the introduction in the theory of elasticity and plasticity was
given. Special attention was paid to the yield criteria, to anisotropy
and to the different behavior in tension and compression. Many struc-
tural elements made of foams can be presented by beam, plate or shell
models. As an example, a plate theory based on the direct approach
was presented. One of the basic elements of this theory is the effective
property concept. Such a theory is suitable for the global analysis of
plates (deflections, frequencies, etc.).

Holm Altenbach and Andreas Ochsner
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Fracture Mechanics of Cellular Solids

Liviu Marsavina®
“ POLITEHNICA University of Timisoara, Romania

Abstract Most of foam materials crush in compression, while in
tension fail by propagating of single cracks. Rigid polymer foams
have a linear-elastic behavior in tension up to the brittle fracture, so
they can be treated using Linear Elastic Fracture Mechanics. This
chapter presents the Linear Elastic Fracture Mechanics parameters
and criteria with application for foam materials. Methods for ex-
perimental determination for tear strength and fracture toughness
are presented. The obtained experimental results are discussed and
compared with other published data. Main micromechanical mod-
els for predicting fracture toughness of cellular materials are also
discussed.

1 Fundamentals of Fracture Mechanics

1.1 Introduction

Most of the structures contain small flaws whose size and distribution
are dependent on the material and its processing. These flaws can extend
rapidly at applied load levels which are nominally well within the linear elas-
tic part of load-displacement response of the structure. Several structural
failures can be associated with the fracture of one or more of its components.
When such events occur, they are mostly unexpected, sudden, and unfortu-
nate, and it is natural for us to focus attention on minimizing the undesired
consequences when designing and analyzing modern-day structures. The
study of crack behavior, prevention and analysis of fracture of materials is
known as fracture mechanics. The goal of fracture mechanics is to predict
the critical loads that will cause catastrophic failure in a structure or com-
ponent. The influence of pre-existing cracks on the strength of components
needs to be understood and quantified. The initiation and growth of crack
like defects during service (fatigue, creep) needs to be understood and quan-
tified. A defect tolerant design and maintenance philosophy is necessary to
be developed.

The most famous failure produced by foam fracture is the Space Shuttle
Columbia disaster occurred on February 1, 2003, when disintegrated over
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Palestine, Texas during re-entry into the Earth’s atmosphere, with the loss
of all seven crew members. The Columbia accident was a result of dam-
age sustained during launch when a piece of foam insulation with the size
of a small briefcase broke off the Space Shuttle external tank under the
aerodynamic forces of launch. The debris struck the leading edge of the
left wing, damaging the Shuttle’s thermal protection system (TPS), Fig. 1,
which protects it from heat generated with the atmosphere during re-entry.
While Columbia was still in orbit, some engineers suspected damage, but

Shower of particles
below (-Z) of LH wing
after debris struck -

wing

Figure 1. The foam from the fuel tank hit the left wing of the shuttle
KSC-03PD-0250: http://mediaarchive.ksc.nasa.gov/

NASA managers limited the investigation, on the grounds that little could
be done even if problems were found. NASA engineers reviewed the launch
tapes to reveal a 500 mm piece of hardened insulation foam breaking off the
main fuel tank and hitting the shuttle’s left wing. When the shuttle broke
up during reentry, no one could ascertain if it was because of the damaged
wing hit by the foam.
The reason to apply fracture mechanics for cellular materials can be
summarized as follows:
e The Columbia disaster is an example of catastrophic failure caused by
fracture of foam,
e The rigid foams have a brittle fracture in tension, and the failure is
produced by single crack propagation,
e LEFM approaches describe the fracture of rigid polyurethane foams
and expanded polystyrene foams, while tearing occurs for semi-rigid
low-densities polyethylene, or flexible polyurethane foams.
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1.2 Linear Elastic Fracture Mechanics

Many textbooks present the principle of linear elastic fracture mechanics
(LEFM) (Broek, 1986; Ewalds and Wanhill, 1989; Anderson, 1995; Shukla,
2005). Here only a review of the main fracture criteria for LEFM will be
presented.

Griffith Energy. Griffith (1921) proposed an energy balance approach
to study the fracture phenomenon in cracked bodies. He proposed that
the reduction in strain energy of a body when the crack propagates could
be equated to the increase in surface energy due to the increase in the
surface area. The Griffith theory assumed that the fracture strength was
limited by the existence of initial cracks and that brittle materials contain
elliptical microcracks, which introduce high stress concentrations near their
tips. He developed a relationship between crack length (a), surface energy
connected with traction-free crack surfaces (27,), Young’s modulus E and
applied stress o, which is given by

o= ﬁ (1)

According with Eq. (1), which is valid for plane stress, the fracture occurs
when the product oy/a reaches a particular value depending on material
constants E and ~..

Later Trwin (1957) introduced the energy release rate G defined as the
rate of change in potential energy with crack area for a linear elastic mate-
rial. For an infinite plate (Fig. 2), with a crack of length 2a, loaded with a
remote tensile stress o the energy release rate is:

7T0'2CL

g = i - for plane stress (2)
2
G = 7T;a(l — %) - for plane strain (3)

Irwin (1957) proposed a fracture criteria based on the energy release rate
which states that the fracture occurs when the energy release rate reaches
a critical value G., known also as fracture toughness

G =0 (4)

The critical combination of stress and crack length for fracture occurrence
can be expressed in the form
nofa.

gc = I5 (5)
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Hilartdbed dl ™

2a<<b

Figure 2. Crack of length 2a in an infinite plate remote loaded with tensile
stress o

where o7 represents the fracture stress and a. is the critical crack length.
Eq. (1) can also be expressed in the form

7T0'2(L

E
(1-2?)

= 27 - for plane stress (6)

7TO'26L

E

29 - for plane strain (7)

where the left hand side represents the energy release rate G, while the right
hand side represents the energy needed for incremental crack growth. In
addition, it is a measure of resistance to crack advance. So, the condition for
unstable crack growth occurs when the energy available for crack extension
(crack driving force) equals the resistance of the material to crack advance

G=TR 8)

and is graphically represented in Fig. 3.

Orowan (1955) extended the Griffith criterion valid for brittle materials
to materials with limited plastic deformations at the crack tip. He postu-
lated that the resistance to crack growth in engineering materials is equal
to the sum of elastic surface energy -, and the plastic dissipation or plastic
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Material type

Applied loads
Working
conditions:

Crack length « Temperature

« Radiations

« Corrosion

Energy Resistance * Hydrogen

Geometry of release | == | of material

rate

cracked body

Loading speed

Variations of load
intime

Degradation
mechanisms
Figure 3. Unstable crack growth condition
work 7y, accompanying crack extension
no’a
7 = 2006 +%) (9)

Asymptotic stress field at the crack tip. In general, consideration of
three different loading symmetries is sufficient to decompose any arbitrary
loading with respect to a crack, Fig. 4. Mode I corresponds to opening
mode, Mode II to in-plane shear and Mode III to out - of - plane shear.
In most engineering applications the brittle fracture of structures occurs in
Mode 1.

According with linear elastic fracture mechanics approach the stress field
near the crack tip depends on the crack length a, applied stress ¢ and a
coefficient § which accounts for the geometry of cracked body (finite size,
geometric features) and type of loading (tensile, bending, torsion). These
are expressed by the Stress Intensity Factor (SIF)

KI :ﬁa\/ﬁ (10)

and represents the strength of the stress singularity near the crack tip.
The nature of the stress field near the crack tip in a linearly elastic solid
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4

Mode I: Tensile opening Mode lI: In-plane shear  Mode IlI: Out of plane shear

Figure 4. Types of loadings

was established through the efforts of Westergaard (1939); Irwin (1957);
Williams (1957) and many other investigators.

For a homogeneous, isotropic, and linearly elastic solid, the structure of
the solutions to the equations of equilibrium subjected to traction-free crack
surfaces can easily be determined for each of the three modes of loading.
This stress field in the vicinity of the crack, cf. Fig. 5 for general mixed
mode loading can be written in the following form

¥ 0'}.
I T
oy el
Ty L7 ] Ox
r T}""l_
0 %y

— |
jf_‘:"f/o X

Figure 5. Stress components near crack tip

1
Wors [Klfilj(G) + KHfZ-IjI(H) + KIHfZ-IjH(Q)] + hgher order terms,
(11)

where r, 0 are the polar coordinates defining the position of an element in
front of a crack tip, cf. Fig. 5, K, K11 and Kiyr are the Stress Intensity
Factors corresponding to the three modes of loading, and Z-Ij, ZIJI, ZIJH are
non-dimensional functions indicated in Table 1. The stress field described
by Eq. (11) shows that at the crack tip the stresses are theoretically infinite.

Uij (’I‘, 9) =
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Table 1. Non-dimensional functions
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K-dominant zone

Figure 6. Validity of linear elastic stress field

Most engineering materials when the actual stress reaches the yield stress
(0ys) and have a finite strength. The damaged zone is known as plastic
zone for metals and fracture process zone for ceramics and some composite
materials. The size of the plastic zone is denoted by 7, and represents the
radius corresponding to the yield stress, cf. Fig. 6. The linear elastic stress
field is valid only in K-dominant zone, for example when 7, is less than
1/25% of the crack length a.

The crack tip displacement fields for linear elastic isotropic materials are

e for Mode I
K 0 0
u = I Lcos— k—1+ 2sin? =
2u \ 27 2 2

(12)
v = & Lsing H+1—2COSQQ
~ oouVor T2 2
e for Mode II
K, 0 0
u = —n Lsin— k+1+2cos® =
2u \ 27w 2 2
(13)

K |/ 0 0
v o= —2—;1 %Cosi(ﬁ—l—Qsirﬁ?)

e for Mode III
w - B o0
op V2ro 2 (14)

v = v=0
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where p is the shear modulus and x = 3 — 4v for plane strain and x =
(3 —v)/(1 + v) for plane stress.

The Stress Intensity Factors are very important because under conditions
of small-scale yielding, all crack front fields are dominated by the stress
intensity factor. Therefore, all crack behavior like stability (will the crack
tip propagate?), trajectory (in which direction will grow), and rate (how
fast will grow) are controlled by the stress intensity factor and, maybe by
higher order terms.

The Stress Intensity Factors could be determined analytically using com-
plex stress functions, weight functions, Green’s functions, numerically with
Finite Element Method or Boundary Element Method or experimentally by
strain gauges, photoelastic stress analysis, thermoelastic stress analysis.

The fracture criterion based on the SIF states that unstable fracture
occurs when the stress intensity factor reaches a critical value Ki., also
called fracture toughness. Kj. represents the inherent ability of a material
to withstand a given stress field intensity at the tip of a crack and to resist to
progressive tensile crack extension. Thus a crack will propagate (under pure
mode I), whenever the stress intensity factor K (which characterizes the
strength of the singularity for a given problem) reaches a material constant
Ki.. Hence, under the assumptions of linear elastic fracture mechanics
(LEFM), at the point of incipient crack growth

KI = 50\/% = KIC (15)

This fracture criteria is the most commonly used in LEFM because a lot
SIF’s solutions are available for different cracked bodies and the fracture
toughness of materials is a common mechanical property. The measured
value of K. is high for small specimen thicknesses and reaches a nearly
constant lower plateau at large specimen thicknesses; this value of the crit-
ical stress intensity factor, labeled K., represents the plane strain fracture
toughness, cf. Fig. 7.

Generally, determination of fracture toughness is carried on experimen-
tally using standard test procedures, and will be presented in Section 2. Mi-
cromechanical models were developed based on analytical solutions (Section
3) or on finite element methods in order to predict the fracture toughness
of cellular materials.

The chart of the fracture toughness versus Young modulus was plotted
by Ashby, Fig. 8. The range of fracture toughness is large: from less
than 0.01 to over 100 MPa m®?. At the lower end of this range are brittle
materials, which, when loaded, remain elastic until they fracture. For these
materials the linear-elastic fracture mechanics works well, and the fracture
toughness itself is a well-defined property. At the upper end lie the hi-tough
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Plane | Transition Plane strain

Kic

v
i
NIQ
5 |8
—

25

Figure 7. Variation of fracture toughness with normalized specimen thick-
ness

1000 == =

100

-
(=]

-

Fracture foughness, ;¢ (MPam'?)

(=2
-

0.01 ; -
0.001 0.01 0.1 1 10 100 1000
Young's modulus, E (GPa)

Figure 8. Fracture toughness K., plotted against Young’s modulus, F,
after Ashby (2005)
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materials, all of which show substantial plasticity before they break. For
these materials the Elasto-Plastic Fracture Mechanics should be applied.
Cellular materials like rigid polymer foams are placed on the bottom left
part in this chart, showing low fracture toughness and low Young’s modulus.
The lines corresponding to different values of (K1.)?/FE and constant Ki./E,
could be used in design against fracture. The shaded band corresponding to
the lower limit of K. shows the "necessary condition” for fracture. Fracture
can, in fact, occur below this limit under conditions of corrosion, or cyclic
loading.

Comparing Eqgs (2) and (8) it can be seen the correlation between energy
release rate and stress intensity factor:

K2
G = fl - for plane stress (16)
K2
G = (1- Vz)fl - for plane strain (17)

Design based on LEFM. Assessment of integrity and reliability of struc-
tures requires a detailed analysis of the stress and deformation that they
experience. Early designs were based on strength of materials criteria which
states that o = oy, (Fig. 9), where o, is the limit stress, representing the
ratio between yield or tensile strength and a safety factor. The Fracture

APPLIED STRESS < YIELD or TENSILE
STRENGTH

Figure 9. Classical Strength of Materials design criteria

Mechanics approach takes into account the flaw size, cf. Eq. (15).

Thus, for the design of a cracked, or potentially cracked, structure, the
engineer would have to decide what design variables can be selected, as only,
two of these variables can be fixed, and the third must be determined. The
design variables shown in Fig. 10 are:

Material properties: fracture toughness Ki,
Design stress level: applied stress o,
Flaw size: crack length a.

In assessing the safety of a cracked body, it is essential that the crack
length a is properly known. In most cases it is not. Thus assumptions
must be made for its value, and those assumptions are dependent upon the
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APPLIED STRESS

FLAW SIZE P FRACTURE
TOUGHNESS

Figure 10. Fracture Mechanics design criteria

crack detection methodology adopted. The presence of a crack, equal to the
smallest one that can be detected, must be assumed.

1.3 Crack tip stress and displacement fields in anisotropic ma-
terials

In many cases the behavior of the cellular materials is anisotropic. Usu-
ally, the in-plane properties differ from those in out-of-plane direction for
manufactured foams. Natural cellular solids are more anisotropic (Gibson
and Ashby, 1997). The generalized Hooke’s Law can be expressed for an
anisotropic material in the form

€1 a1 @i2 aiz a4 ais  aie g1
€2 a21 @G22 A23 G24 A25 (26 02
€3 _ a31 az2 Ga33 as4 AaAzs  Aa36 o3 (18)
€4 41 Q42 Q43 A44 Q45 Q46 04
€5 as51  as2 G53 A4 A55 (56 05
€6 ae1 ae2 AE3 A4 Ae5  G66 06

For this general case we have 36 independent constants a;; However, tak-
ing into account the symmetry a;; = aj; this reduces to 21 independent
constants. If the material has one plane of symmetry, it reduces to 13 in-
dependent constants. For the case of an orthogonal anisotropic material,
known also orthotropic, there are three orthogonal planes of elastic symme-
try and a1 = a9 = asg = ags = 0, resulting in 9 independent constants

€1 a1 a2 aiz O 0 0 o1
€2 az1 a2 a3 0 0 0 op)
e3 | _ | @ az2 az 0 0 0 o3 (19)
€4 0 0 0 aaqq 0 0 04
€5 0 0 0 0 ass 0 05

€6 0 0 0 0 0 aee 06
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Considering the engineering constants Young’s moduluae E1, Fs, FE3, Pois-

son’s ratios vy, Vo1, 13, V31,

193, V3o and shear moduluae Gio, G13, Gog

for an orthotropic material, Eq. (19) can be expressed

( )
€ = —(01 —v1209 — V130
1 7, \01 T V1202 V1303
—( )
3 = — (02 — V9101 — V230
2 B, \02 T V2101 ~ V2303
1
g = E(U:s—VsuH — V3202)
3 (20)
~ 012
12 = =
G2
- 013
13 = 5
Gis
~ 023
23 = =
Gas
allowing to identify the coefficients a;;
1 1 1
a —,a —,a —,
1= goon= g = g
o — oy — Vi V21 a a V23 V32
12 = Q21 = — 0 = — 0,023 32 = — o
Ey E, Es E; (21)
R )
13 31 s ok
1 1 1
Q44 = 5055 = 5,066 = 5
G2 Gs1 Gi2

For a transversally isotropic material, Fig. 11 like some man-made foams

or corks, we have only 5 indep

€1 ail a2 aig
€2 a1 a2 a23
€3 _ | as1 as2 asg
€4 o 0 0 0
€5 0 0 0
€6 0 0 0

endent elastic constants

0 0 0 o1
0 0 0 o9
0 0 0 o3
22
2((111 — a12) 0 0 g4 ’ ( )
0 asgqe 0 05
0 0  au o
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Figure 11. Transversally isotropic material

Table 2. Number of independent and nonzero coefficients

‘ Material Type ‘ Independent coefficients | Nonzero coefficients |
General Anisotropic 21 36
Orthotropic 9 12
Transversally isotropic 5 12
Isotropic 2 12

which in terms of engineering constants become

1 v v
&1 = E01*EU2*EUS
1 v v
€2 = EO'Q—EUI_EU?)
1 v
g3 = 503 - 5(01 + 02) (23)
2(]. +I/)O’12
Y12 = T
013
WS
023
S G

where F and v represents the elastic properties in the plane of isotropy and
E’, G' and v/ elastic properties for the plane normal to the plane of isotropy.
Table 2 presents the number of coefficients for different types of materi-
als.
For a cracked homogeneous anisotropic material loaded in mixed mode
loading (I and IT) the stress field can be expressed using the stress intensity
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factors in the form (Sih et al., 1965)

o - KIa §R [ 5182 < So >
e enr .91 — 89 \/cost9—|—5281n9 \/cos0+51 sin
_ K o ( >
Vorr Ls1 = 52 \/c059—|—5281n9 \/cosﬂ+sl sin
Ki,
S )
V2rr 81 — 89 \/c059—|—5281n9 \/cos¢9+51 sin 0 (24)
_ K P ( >
V2rr | s1— s2 \/C089+8281n9 \/cosﬂ+sl sin
o Kiq % [ 5189 < >
o 51— 52 \/0059+3281n9 \/COSH—i—sl sin 6

3

2rr [ S1— S2 <\/cos0+5281n9 B \/cos0+51 s1n9>_

where R represents the real part, s; and sy are roots of he general equation
(Saouma, 1997)

a118* — 2a165% + (2a12 + age)s* — 2a265 + aze = 0 (25)

in the form s; = o +18;, for j = 1,2, a;; are the components of the
compliant matrix.

The most important observation is that for the anisotropic case like in
the isotropic case the stress field has a singularity of order r~%-%. Regarding
the stress intensity factors values for anisotropic materials differ from those
for isotropic materials (Murakami, 1987).

The displacement field for mode I loading conditions can be expresses in
the form

/2 1
= K, T?R{ [Slpz\/COSG—‘rSQ sin @ —sop1y/cos O + so sin9}} ,
™ — S92

$1
2r 1 - ;
v1 = Kig\/ —R [slqm/cose + 89 8in 0 —s9¢14/cos € + s5 sin 9} ,
m S1 — S2
w1 = 0
(26)
with
2 a22 .
pj = a118] + a1z — aies;, g = a128; + —— — as, =12 (27)

J
For orthotropic materials the characteristic equation becomes

E E
4 1 2 1
S g 1 28
s (Gu V12>s t 5 (28)
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A study of the solutions for the characteristic equation is presented by
Saouma (1997).

2 Experimental Determination of Fracture Toughness
of Foam Materials

It is well known that the foam crushes in compression, Fig. 12 (left), while
in tension fails by propagating of single crack, Fig. 12 (right). Most of the

Figure 12. Mechanisms of foam damage in compression and bending

rigid polymer foams have a linear - elastic behavior in tension up to fracture,
and a brittle fracture, so they can be treated using fracture criteria’s of
Linear Elastic Fracture Mechanics (LEFM). The case of metallic foams with
elasto-plastic fracture behavior will not be treated here, but was extensively
investigated during the last 10 years by McCullough et al. (1999); Ashby
et al. (2000); Olurin et al. (2000); Andrews and Gibson (2001); Fleck et al.
(2001); Motz and Pippan (2001); Motz (2002); Degischer and Kriszt (2002);
Onck et al. (2005).

Methods for testing of polymeric foams are reviewed by Landrock (1995);
Brown (1999, 2002); Ward and Sweeney (2004). Different procedures for
determination of fracture toughness for cellular materials were developed
for flexible and rigid foams.

2.1 Tear Test for Flexible Cellular Materials

This test method is standardized by ASTM D 3574-03: Standard Test
Methods for Flexible Cellular Materials-Slab, Bonded, and Molded Ure-
thane Foams (Test F), ASTM D 3575-00: Standard Test Methods for Flex-
ible Cellular Materials Made from Olefin Polymers (Test G), and BS EN
ISO 8067-89: Flexible Cellular Polymeric Materials - Determination of Tear
Strength.
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Scope. The test method covers determination of the tear propagation
resistance of foam, by measuring the tear resistance under the conditions of
this particular test. The tear strength represents the force needed to rip a
foam specimen.

Apparatus. The tear resistance should be measured on a power-driven
apparatus which will indicate the force at which fracture of the specimen
takes place. An automatic machine can be used which draws the actual
curve, or, a style or scale can be used having an indicator that remains at
the point of maximum force after fracture.

Test Specimens. The test specimens shall be a block shape free of skin,
voids, and densification lines, as shown in Fig. 13. They may be cut on

)
A 4

N
v

Figure 13. Tear strength specimens

a saw or die cut from sheet material so that the sides are parallel and
perpendicular to each other. The block dimensions should be T' = W =
25 mm, L = 125 mm (after EN ISO 8067-89). A nominal ¢ = 50 mm cut
shall be produced, with a razor blade or knife, in one side as shown in Fig.
13. The tests should be performed at least 72 hours after manufacture at
room temperature. At least, three specimens per sample must be tested.
The values reported are be the mean of those tested.

Procedure. The specimen legs are clamped and pulled apart with a speed
of 50 to 500 mm/min. After the fracture of the specimen, or after at least a
50-mm length is torn, record the maximum force in Newtons and note also
the thickness of the specimen
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Calculation. Calculate the tear strength from the maximum force regis-
tered on the testing machine and the average thickness of the specimen T,

as follows
Fin
R=—":10° 29

107, (29)
where R is the tear strength in [N/m], Fpnax - maximum force, [N], T -
thickness, [mm]. Some Tear Strength results together with other mechanical
characteristics of flexible ethylene-vinyl acetate (EVA) foam are presented
in Table 3 from www.rueylung.com.tw/products/EVA Foam.

2.2 Standard Test Methods for Plane-Strain Fracture Toughness
and Strain Energy Release Rate of Plastic Materials

The test procedure for determining the plane strain fracture toughness
of plastic materials is standardized by the American Society for Testing and
Materials, ASTM D5045-99 which is based on ASTM E399-97 Test Method
for Plane-Strain Fracture Toughness of Metallic Materials, but includes spe-
cific consideration for plastic materials.

Scope. The test method is designed to determine the toughness of plastics
in terms of the critical stress intensity factor, Ki., and the energy per unit
area of crack surface or critical strain energy release rate, Gi., at fracture
initiation. T'wo types of specimens are proposed: Single Edge Notch Bend-
ing (SENB) specimen and Compact Tension (CT) specimen. Linear elastic
behavior under plane strain conditions is assumed, certain restrictions on
linearity and specimen dimensions are considered in order to validate the
experimental results

Apparatus. A constant displacement rate device shall be used such as
an electromechanical, screw-driven machine, or a closed loop, feedback-
controlled servo-hydraulic load frame. For SENB, a rig with either station-
ary or moving rollers of sufficiently large diameter to avoid excessive plastic
indentation is required. A suitable arrangement for loading the SENB spec-
imen is presented in Fig. 14 (left). A loading clevis suitable for loading
compact tension specimens is shown in Fig. 14 (right). Loading is pro-
duced through pins on the specimen holes (Fig. 14 (right)). An accurate
displacement measurement must be obtained to assure accuracy of the Gy
value.

For either SENB or CT specimen configurations, the displacement mea-
surement can be performed using the machine’s position transducer. The
load-displacement data must be corrected for system compliance, loading-
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Table 3. Mechanical characteristics of EVA foam materials
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Displacement transducer

Figure 14. Arrangement of loadings: SENB specimen (left), CT specimen
(right)

pin penetration and sample compression by performing a calibration of the
testing system.

If an internal displacement transducer is not available, or has insufficient
precision, then an externally applied displacement-measuring device may be
used as illustrated in Fig. 14 (right) for the SENB configuration. For CT
specimens, a clip gage can be mounted across the loading pins. For both
the SENB and CT specimens, the displacement should be taken at the load
point.

Test Specimens. SENB and CT geometries are recommended over other
configurations because these have predominantly bending stress states which
allow smaller specimen sizes to achieve plane strain conditions. If the ma-
terial is supplied in the form of a sheet, the specimen thickness, B, should
be identical with the sheet thickness. The criteria require that B must be
sufficient to ensure plane strain and that (W — a) be sufficient to avoid ex-
cessive plasticity in the ligament. If (W — a) is too small and non-linearity
in loading occurs, then increasing the W/ B ratio to a maximum of 4 can be
attempted for SENB specimens. Initially, prepare a sharp notch by machin-
ing. Subsequently, initiate a natural crack by inserting a fresh razor blade
and tapping. If a natural crack cannot be successfully initiated by tapping,
a sufficiently sharp crack can alternatively be generated by sliding or saw-
ing a new razor blade across the notch root. The dimensions of standard
specimens are shown in Fig. 15. At least three specimens for each material
condition should be tested.
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Figure 15. Specimens configuration for D 5045-99 test: SENB specimen
(up), CT specimen (down)
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Procedure. Since plastics are viscoelastic materials, it is necessary to
specify both the temperature and time scale under which the result was
obtained. It is recommended that tests to be performed at a temperature
of 23°C, and a crosshead rate of 10 mm/min.

The load versus loading-point displacement curve is recorded during test.
In the ideal case this is a linear diagram with an abrupt drop of load to zero
at the instant of crack growth initiation. In some cases this occurs and Kq
can be found from the maximum load.

The determination of Gi. requires an accurate integration of the load
versus loading point displacement curve, which necessitates an accurate
displacement determination using a displacement transducer.

Calculation and results interpretation. Calculation value of stress
intensity factors K¢ is obtained based on force-displacement curve, cf. Fig.
16. First, draw a straight line (AB) to determine the initial compliance

G ! Compliance
’ C=tan 86
’ 1.05C=tan¢

Figure 16. Typical load - displacement curve

C' = tan 6, which represents the slope of line (AB). Draw a second line (AB’)
with the compliance 5% greater than that of line (AB). If the maximum
load that the specimen was able to sustain, Ppax, falls within lines (AB)
and (AB’), use Ppax to calculate Kq. If Pyax falls outside line (AB) and
line (AB’), then use the intersection of line (AB’) and the load curve as Pq.
Furthermore, if Pyax/Pq < 1.1 use Pq in the calculation of Kq. However,
if Ppax/Pq > 1.1 the test is invalid.
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Calculation of Kq:
e for CT specimen

(%)
Kq = P ) 30
Q QB W (30)
where for 0.2 < a/W < 0.8

a a
() = 2+ 57)
| 0.886-+4.6455 —13.32 ()2 4+14.72 (%)° 5.6 ()"

V(=)

and Pq - load [N], B - specimen thickness [mm], W - specimen width
[mm], a - crack length [mm].
e for SENB specimen with L/W =4

KQ:PQ%v (31)

where (0 < a/W < 1)
f (i> —6.] L 1.99— (1) (1 — ) (215 - 3.93 ({) +2.7 (%))2
w w a : a \2
(2 )
and Pq - load [N], B - specimen thickness [mm], W - specimen width

[mm], a - crack length [mm].
After K¢ calculation the validity is checked

a,B,(W —a) > 2.5 (ﬁ)z (32)

Oy
If condition (32) is fulfilled then the fracture toughness is equal with Kq
Kie = Kq (33)

Otherwise the test is not valid, and should be repeated on larger specimens
(increasing the dimensions in increments with 1.5 times).

In principle, Gi. can be obtained using (16), with mention that for plas-
tics £ must be obtained at the same time and temperature conditions as
the fracture test because of viscoelastic effects. Many uncertainties are in-
troduced by this procedure and it is considered preferable to determine Gy,
directly from the energy derived from integration of the load versus dis-
placement curve up to the same load point as used for K. according with
ASTM 5045-99.
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Table 4. Fracture toughness results for PVC foam, after Viana and Carlson
(2002)

Foam | Density Specimen dimensions [mm]| Fracture
grade p* Width Height Span Crack tough-
length ness Kic
[kg/m3] | B [mm] | W [mm] | L [mm] | a [mm] | [MPa m°9]

H30 36 19.2 39.0 153 19.5 0.064
HS80 80 20.0 38.1 152 18.5 0.117
H100 100 28.0 58.3 232 27.6 0.168
H200 200 24.5 50.2 197 24.0 0.370
H400 400 12.7 25.5 108 13.5 0450

2.3 Fracture Toughness Experimental Results

McIntyre and Anderson (1979), using single edge notch specimen, made
of rigid closed-cell PU foams measured the K. for different densities. They
found that the fracture toughness is independent of crack length and a linear
correlation of Kj. with density for foams with densities less than 200 kg/m?.
At higher densities the correlation became non-linear. Linear relationship
between K. and densities (in the range 90 - 235 kg/m?) was also obtained by
Danielsson (1996) for PVC Divinycell HD using three point bend specimens
with two different span-to-depth ratios and centre cracked sheet specimens.

Burman (1998) presented fracture toughness results for two commercial
foams Rohacell WF51 (density 52 kg/m?) and Divinycell H100 (density
100 kg/m?). The mode I fracture toughness Kj. was obtained on SENB
specimens and has values 0.08 MPa m®?® for WF51, respectively 0.21 MPa
m®® for H100. He also determined the Mode II fracture toughness using
End-Notch Flexure (ENF) specimen with values of 0.13 MPa m®® for WF51,
respectively 0.21 MPa m®?® for H100.

Viana and Carlson (2002) presented results of fracture toughness for
PVC foams of different densities (p* = 36, 80,100,200 and 400 kg/m?).
They used the standard procedure described by ASTM D5045. The speci-
men dimensions and fracture toughness results are shown in Table 4.

They also show that the fracture toughness increases with increasing
specimen thickness, which is opposite behavior to metals, where a decrease
of thickness leads to plane stress conditions and increases the size of plas-
tic zone and consequently the toughness. For foams the cellular structure
induces additional deformation mechanisms. Plane stress conditions indi-
cate that cells are allowed to bend, which apparently decreases the cohesion
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Table 5. Fracture toughness results for PVC foams, after Kabir and Saha
(2006)

Type of foam
R75 | HD130 R260
Density p* [kg/m3 75 130 260
Loading rate [mm/s] | Fracture toughness Ki. [MPam®?]
0.0245 0.09 0.30 0.66
0.254 0.10 0.34 0.72
2.54 0.11 0.36 0.78

strength of the foam, explaining the low toughness of small thickness spec-
imens.

Kabir and Saha (2006) used the procedure described by ASTM D5045
for determining the fracture toughness of polyvinyl chloride (PVC) and
polyurethane (PU) foams. Specimens with dimensions width B, height
W = 2B, span L = 4W and crack length a = 0.5WW were considered, where
B = (8.5 — 25.4) mm. They investigated the effect of density, specimen
size, loading rate, and cell orientation. Density has a significant effect on
fracture toughness (Table 5), which increases more than 7 times when the
foam density increases 3.5 times. A correlation between fracture toughness
and relative density was proposed by authors

o\ 1.59
K. = 10.47 (p—> , (34)
Ps

where the density of PVC polymer was ps = 1400 kg/m?3.

It was also presented the influence of the specimen size on the fracture
toughness. It was observed that fracture toughness decreases with increase
of specimen height until the specimen height reaches 25 mm. In contrast,
specimen thickness appears to have no effect on fracture toughness. Ex-
perimental results in Table 5 show that the fracture toughness increases by
18% when the loading rate is increased by two orders of magnitude.

Investigating the effect of crack orientation it can be observed that higher
values were obtained when the crack is parallel to the rise direction, cf.
Table 6.

Comparing two different closed cell foams PVC foam R260 and PU foam
PUR240 with almost the same density, shows a considerable difference in
fracture toughness.

KPUR210 _ () 30 MPay/m < K5260 — (.72 MPay/m, (35)

C
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Table 6. Fracture toughness results for H130 foam (Kabir and Saha, 2006)

Orientation Flow direction Rise direction
Foam type H130 H130
Density p* [kg/m3] 130 130
Loading rate [mm/s] | Fracture toughness K. [MPa m"”]
0.0245 0.22 0.28
0.245 0.23 0.27
2.45 0.24 0.28

which could be explained by higher fracture toughness of solid PVC polymer
(2.45 MPa m®5) compared to the fracture toughness of the PU solid (0.3 -
0.4 MPa m%9).

Jin et al. (2007) tested rigid closed cell PU foams (320 kg/m? density),
using SENB specimens. The dimensions of the SENB specimens were:
width B = 12.7 mm, height W = 25 mm, specimen length L = 5 W =
127 mm, crack length @ = 0.4 W = 10.2 mm (initial notch of 7.8 mm was
obtained by saw cut with cut width of 0.63 mm, and the sharp crack of
2.4 mm was produced by a sharp thin razor blade). Tests were conducted
using displacement control with 0.025 mm/s). Load versus displacement
were recorded during tests. For fracture toughness determination the max-
imum load was considered. The obtained result for fracture toughness was
0.215 MPa m®®. They recorded the displacement and strain field during
tests using the Digital Image Correlation technique.

Prior to the determination of the fracture toughness an extensive exper-
imental program was carried out for determination of mechanical properties
of close cell polyurethane (PU) foams. Tensile, compression and three point
bending tests were performed on three different laboratories, i.e. Lublin Uni-
versity of Technology - Poland, POLITEHNICA University of Technology
Timisoara and University POLITEHNICA Bucharest from Romania. The
obtained results were reported by Marsavina et al. (2008, 2009). The exper-
imental determination of fracture toughness was performed on PU foams of
three different densities (40, 140 and 200 kg/m?) following the procedure
proposed by ASTM D5045-99. The mechanical properties on tensile tests
for un-cracked specimens are given in Table 7. Single Edge Notch Bending
specimens were used and the crack was inserted using a razor blade.

The tests were performed at room temperature with a loading rate of
2 mm/min. The load versus loading-point displacement curve is recorded
during tests performed with Zwick/Roell 5 kN testing machine, cf. Fig. 17.
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Typical load displacement curve is shown in Fig. 18. For all specimens,
linear diagram with an abrupt drop of load to zero after the crack initiation
was obtained. The Kq was evaluated using the maximum load value. Brittle
fracture was observed for all tested specimens. A fracture surface and the
optical microscope detail are shown in Fig. 19. The linear elastic behavior
was confirmed during the tests when no cushioning occurs and no plastic
deformations remain after the test.

The fracture toughness values and the fulfillment of the plane strain
condition are presented in Table 8. The experimental results of fracture
toughness are between 0.0276 MPa m®® for 40 kg/m? density, to 0.448
MPa m%?® for 200 kg/m? density. For the PU foam of 40 kg/m? density a
study of the orientation of specimens was performed. Similar results were
obtained for both orientations in-plane and out-of plane.

Based on the experimental data a correlation between fracture toughness
and relative density was proposed, which is indicated in Fig. 20, with
coefficient of determination close to 1 indicating a good correlation. Fig.
21 shows the fracture toughness results versus density obtained by different
researchers. It could be observed that the order of magnitude for fracture
toughness of plastic foams is 1071 — 1072 MPa m®?. The fracture toughness
is strongly dependent on foam density. Experimental results show that
fracture toughness depends on the loading rate and in some cases on the
crack orientation. Different values of fracture toughness were obtained for
different plastic foams having the same density.

Legan et al. (2005) performed tests to determine the quasi-brittle frac-
ture of foam-polystyrene plates of trademark PSB-25 involving some holes,
cuts and also without them. The plates of dimensions 1 X 1 m and thickness
5 cm were used. The ultimate strength of material, Young’s modulus, Pois-
son’s ratio, pre-fracturing strain and fracture toughness were determined.
A value of 0.017 MPa m®® was obtained for the fracture toughness.

Table 7. Mechanical properties from three point bending test

Foam density | Tensile strength | Yield strength | Tensile modulus

[kg/m3) [MPa| [MPa] [MPa]
40 1.60 0.34 53
140 4.90 3.00 140

200 8.40 6.50 212
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Figure 17. Testing machine and detail of a fractured specimen during test:
Zwick/Roell testing machine (left), detail of fractured specimen (right)
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Figure 18. Typically force - displacement curve for PU foam of 40 kg/m?
density - out of plane direction
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Figure 19. Fracture surface and optical microscope image

2.4 Impact Fracture Toughness

One of the most important characteristic of foams is the high capac-
ity for energy absorption; consequently the foams are used for packing, in
constructions and composite structures. Of particular interest is the im-
pact fracture toughness of such foams because foam cracking weakens the
structure’s capacity for carrying loads and absorbing energy.

Kabir and Saha (2006) investigated the dynamic fracture toughness and
found a maximum value of 2.74 MPa m%® for PVC foam with 260 kg/m?
density which is 3.75 times higher than the static fracture toughness of the
same foam. A brittle fracture, produced in Mode I, without yielding was
observed. Mills and Kang (1994) used a falling mass of 2.04 kg (velocity of
1.85 m/s) with a compact tension specimen (thickness of 20 mm) in order to
determine the dynamic fracture toughness, and Mills (2007) also proposed
a correlation between the dynamic fracture toughness and foam density

1.119
K. = 0.955 (ﬁ> (36)
Ps

Impact fracture toughness results for closed cell (the characteristic dimen-
sions were cell - wall size 200 - 500 pm and wall thickness 3 - 4 ym.) PU
foam of 200 kg/m? density, cf. Fig. 22, was also reported by Marsavina
and Sadowski (2008). Three point bend specimens (12 x 12 x 60 mm) were
adopted with a crack of 1.5 mm (cut with a razor blade). A span of 40
mm was used for the test and the impact load was applied in the transverse
direction.

The principle of impact and instrumented impact tests of plastic mate-
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Table 8. Fracture toughness experimental results
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Figure 20. Fracture toughness versus relative density
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Figure 21. Comparison of the fracture toughness results
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Figure 22. PU foam microstructure

rials are given in the EN ISO 179. A KB Priiftechnik pendulum (Germany)
was used for the instrumented impact tests, with the following main char-
acteristics: pendulum mass 2.04 kg, pendulum length 0.386 m, drop height
0.742 m, drop angle 157.32°, pendulum energy 7.5 J, impact velocity 3.815
m/s. The tup has a built-in electronic sensor which allows recording the
load with 1 MHz frequency. A four-channel data acquisition A/D card
(AdLink NuDAQ PCI-9812) was used for recording the load in time. Tests
were performed at room temperature. The load history F(t) was recorded
by using strain gages bonded near the striker edge. A typical load-time
curve is shown in Fig. 23.
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Figure 23. Load history during instrumented impact test
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Following points are well represented: an inertial peak (point I) and the
maximum force peak, representing the failure of the foam specimen (point
J). The obtained maximum force values were around 120 - 130 N for all
specimens, cf. Fig. 23. The impact fracture toughness was estimated using
Eq. (31) in which the maximum load was considered. The obtained value of
the impact fracture toughness was 0.36840.010 MPa m®®°. Comparing the
dynamic fracture toughness with the static fracture toughness of rigid PUR
of density 200 kg/m? (K. = 0.448 MPa m®?%) it can be observed that for the
investigated foam the dynamic fracture toughness is lower approximately 18
%.

At the end of this part we can conclude that:

e The experimentally values for fracture toughness of plastic foams are

between 1072 — 10~ MPa m°®,

e Fracture toughness is strongly dependent on foam density,

e Fracture toughness depends on loading rate, and possibly on crack

orientation,

e Different values of fracture toughness were obtained for different plas-

tic foams having the same density,

e The fracture of polyurethane foams is quasi brittle,

e For the same foam the impact fracture toughness differs to the fracture

toughness determined under static loading.

3 Micromechanical Models for Foams Fracture

Micromechanics of cellular materials is the analysis on the level of the indi-
vidual phases that constitute these materials. Given the properties of the
constituent phases, an important goal of micromechanics consists in predict-
ing the properties of the cellular materials on the basis of the geometries
and properties of the individual phases, known as homogenization. The
benefit of homogenization is that the behavior of cellular materials can be
determined without testing. Lattice models are often used as micromechan-
ical tools (Ostoja-Starzewski, 2002). Further, micromechanics can predict
the full multi-axial properties and response of cellular materials, which are
usually anisotropic (Grenestedt, 1999; Onck et al., 2001; Saint-Michel et al.,
2006b,a; Christensen, 2007). Such properties are often difficult to measure
experimentally, but they are required for design of such structures. The
particular micromechanics theory must be validated through comparison to
experimental data (Lin, 1997; Zhu et al., 1997a,b; Andrews and Gibson,
2001).

Micromechanical analysis allows evaluating the local stress and strain
fields in the phases for given macroscopic load states, phase properties and



34 L. Marsavina

phase geometries. Such knowledge is especially important in understanding
and describing material damage and failure (Mills and Zhu, 1999; Gupta
and Ricci, 2006; Ren and Silberschmidt, 2008).

Extensive studies of micromechanical models for cellular materials are
presented by Gibson and Ashby (1997); Mills (2007). Here only the main
formulations relating to prediction of fracture mechanics for plastic foams
will be related.

Micromechanical models relate the fracture toughness of the foam Kji.
to the fracture strength of the cell walls o¢, and the relative density p*/ps.
The geometric characteristics of an open cell are the cell length [, and the
thickness of strut h, cf. Fig. 24.

Figure 24. Cubic cell geometry, cf. Gibson and Ashby (1997)

Gibson and Ashby (1997) considered that the crack advances discrete
with one cell width, Fig. 25. Loading the foam in tension the cell wall
deformes elastically. The load is transmitted through the foam as a set of
forces and moments acting on the cell edges.

Gibson and Ashby (1997) assumed that the crack tip is located at half-
edge length and considered an elastic mode I stress field at the crack tip.
They start form the stress singularity at the tip of a crack of length 2a and
normal to remote loading o in an elastic continuum solid, at distance r (on
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Figure 25. Cracked cellular structure, cf. Gibson and Ashby (1997)

a direction 6 = 0) from the crack tip, cf. Eq. (11)

K Boy/ma
Oyy = = (37)
27r 2mr

with 8 a constant depending on the geometry of the cracked body.
The first unbroken edge is placed at distance [/2 in front of the crack
and is subjected to a force F

l
F=1 /0 oyydr = \/55012\@ (38)

The edges fail when the stress produced by the bending moment M = Fl/2
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reaches the ultimate tensile strength o

Fl
5 3Fl  32BKyl/? Vil h\?
2 _ 3V2BK; K s Ufs( ) (39)

Ofs = = 7

[ Y VO T
6

Taking into account the proportionality between relative density and cell
dimensions ratio for open cell foam (Gibson and Ashby, 1997)

GRO

N 3/2
Kkzc%wﬁ(%) , (41)
where C' contains all the proportionality constants.

Comparing with experimental data for open cells and different materi-
als Fowlkes (1974) used polyurethane, McIntyre and Anderson (1979) for
polyurethane, Maiti et al. (1984) for PMMA, Brezny and Green (1989) for
ceramic foams results in C' = 0.65, and correlation (41) can be given as

KIC <p*>3/2
=0.65 ( — 42
oVl Ps (42)

Experimental results on reticulated carbon foams to validate relation
(42) show that this is valid for a/l > 10 (Huang and Gibson, 1991).

A similar correlation was proposed by Green (1985) considering elastic
deformation in the shell theory of a hollow sphere model for foam cells

Ky (,0* ) 1.3
=028 — 43)
oV Tl Ps (

Choi and Sankar (2005) using LEFM relates the stress intensity factors
to the stress filed in the crack tip ligament of the foam. They consider the
crack length

results in

a=al, (44)

when « is a non-dimensional factor and [ is cell size.
Starting again from the stress field across of the crack (6 = 0) loaded in

Mode I is I
I
Oyy = (45)
2mr
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with r distance from the crack tip.

The stress produces axial forces and a bending moment in the crack tip
strut, cf. Fig. 26, which can be assimilated with the stress distribution in
front of a crack, cf. Fig. 16. The axial force can be obtained by integrating

AN

Figure 26. Forces and moments at the crack in foam, after Choi and Sankar
(2005)

over the effective crack length

F:l/ (TyydT:KllH% (46)
0 ™

Similarly, the bending moment in the crack tip strut is

=t [ e = g 27 47
—/Omny—I;T (47)

Assuming that fracture of strut occurs when the maximum stress (for
combined load bending and tensile) equals the ultimate tensile strength
of the ligament material or Choi and Sankar (2005) relates the fracture
toughness Ki. to the tensile strength

h

M—
9 F Kil [2a a
e = Ovena + e =+ 5z =7 (12g) @)
12

resulting in

h: [r 1
Kie =045 a
l 20,1_1_2,
h
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o w\f (

Similarly for mode II the shear stress ahead of the crack tip can be
expressed as

and replacing a = ol

oy )

K

2rr

(50)

Toy =

The shear force over the effective distance a can be found as

@ /2
Fsh = l/ Txyd’r‘ = KHl —a (51)
0 s

The maximum bending moment in the crack tip element is produced by a
shear force Fy, at a moment arm equal to [/2

l 12
M = Fag = Kugy [~ (52)

The maximum bending stress is

M 2 /2a
Obend = h3 =3Kn— 73 = Ofs (53)

6

The fracture toughness for mode II can be found

h? T
K c — Ofs )
lle = 9312\ 54

and considering a = «l, results

K = Ofs ”2& Ofs 13/2\/ (54)

Another model was proposed by Choi and Lakes (1996). They considered
that due to crack blunting the stress field around crack in foam is non-
singular. The stress field around a crack, with 2a length and a crack tip
radius ry;p, 1s, at distance r > ry;, /2

K n Ki 7mip
2rr A 2mr 2r

(55)
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The force produced in the first unbroken strut is

m/2th R Ky 1y
re S i) rapdr 56
/np/g ( V2mr 2w 27 P (56)

For a regular tetrakaidecahedron (14-sided polyhedron with 6 square and 8
hexagonal faces) with cell size [ the crack tip radius is ryp, = V2.
Integration Eq. (56) results in

lh
F= 2.38K1l\/j— (57)
7l

Considering that the maximum stress in bending reaches the tensile strength
of the solid results in

h 2
Kie = 0.200V/7l <7) (58)

For regular tetrakaidehedron cell packing with the relation between relative
density and cell dimensions given as

P b\
P 106 ( 7 (59)

the fracture toughness will be

KI p"<
=0.19— 60
oVl Ps (60)

All the above micromodels relate the foam fracture toughness to the ten-
sile strength of the solid material and microstructure parameters: cell length
and relative density. The methodology assumes that the load is transmit-
ted through the foam as a set of discrete forces and moments acting on
cell struts. Different integration limits were used in order to determine the
forces and moments. Singular (Gibson and Ashby, 1997; Choi and Sankar,
2005) and non-singular stress fields (Choi and Lakes, 1996) in front of the
crack were considered. The fracture toughness was obtained by considering
that the crack extents when the stress in the first strut in front of the crack
reaches the tensile strength of the solid. When micromechanical models
are used the size effect regarding the variation of the tensile strength of
the solid material og with strut size should be considered (Green, 1985).
Huang and Gibson (1991) proposed a statistical analysis based on a Weibull
distribution in order to show the effect of cell size on fracture toughness.
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Lipperman et al. (2007) considered a lattice model consisting of rigidly
connected Euler beams which can fail when the skin stress reaches a critical
value. The conventional Mode I and Mode II fracture toughness were calcu-
lated and the influence of the relative density is shown. Long finite length
cracks, modeled by several broken beams, were considered in the infinite
lattice model. Four different layouts were considered kagome, triangular,
square and hexagonal honeycombs, cf. Fig. 27.

Figure 27. Lattice cracked models (a. kagome, b. square, c. triangular, d.
hexagonal), after Lipperman et al. (2007)

The solution was obtained analytically using discrete Fourier transform
reducing the initial problem for unbounded domain to the analysis of a
finite repetitive module in the transform space. The variation of fracture
toughness with relative density is investigated for the different types of cell
lattices. This is close to linear and is in agreement with other published
data. The Mode II fracture toughness is smaller than the Mode I for almost
all investigated cases.

Another foam cracked model is to consider a central void of rectangular
shape with size h;, cf. Fig. 28 in the struts of thickness h. For this
configuration, the fracture toughness can be expressed (Gibson and Ashby,
1997) as



Fracture Mechanics of Foams 41

A

& N
«

Figure 28. Strut with a box-like central crack

2
N3/2 1+ (#)
K. — Con/al (P) AR (61)

Choi and Lakes (1996) highlight the correlation between fracture tough-
ness of the foam, expressed in a generalized form as

KI P* ) 14+n
o/l (ps (62)

with n > 0 and the fracture toughness of the solid

KICS = O'fs\/ﬁ (63)

with a as a small defect in the bulk material.
Substituting o5 between Eqs (62) and (63) we obtain

K. (,,_)
Kies -
VAL P

resulting in

Kic — Kies AC <p_*)n (64)

P ps Va  \ps

Some important conclusions can be drawn from Eq. (64):

e The relative foam toughness Ki./p* can be increased by increasing
the foam cell size [. In order to obtain a certain value of foam fracture
toughness the cell size [ of foams can be changed accordingly.
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e The size of defects in the bulk material a can also vary among materi-
als. The defect size a can be of magnitude order of strut thickness h,
which is less than the cell size [. Consequently | > a, and with large
cell foams we could even have [ > a.

e The relative density term may be equal to or less than one, depending
on the cell packing. If a model with n > 0 applies, the foam cell size
would have to be increased further to achieve a given level of foam
toughness.

e Fracture toughness of foam materials per unit weight is similar to or
even larger than that of bulk materials.

e The voids from the foam structure can act as built-in crack stoppers.

In recent years Finite Element Analysis is used extensively in order to

solve the micromechanical models (Ableidinger, 2000; Choi and Sankar,
2005; Lee et al., 2007; Arakere et al., 2008). Finite Element Analysis is
specially used for closed cell foams where the analytical formulations are
more complex.

This topic will be treated in the Chapter ”Finite Element Modeling of

Foams” of the present book.

4 Concluding Remarks

At the end of this chapter we can conclude that Linear Elastic Fracture
Mechanics can be applied for rigid plastic foams. In order to use the LEFM
in designing of such structures the fracture toughness of materials should
be know. Experimental tests for fracture toughness determination are pre-
sented, together with some experimental results. An alternative approach to
tests is the micromechanical modeling. A review of the main micromechani-
cal models to predict fracture toughness for open cell foams is shown. How-
ever, the fracture toughness values resulting after micromechanical analysis
should be validated using experimental data.
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Finite Element Modeling of Cellular Materials
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Abstract Cellular materials are characterized by a low apparent
density and a discrete micro-structure which is on a distinctly lower
length-scale than the one of components made from them. Conse-
quently, the effective behavior of cellular materials is rooted in the
mechanical behavior of the struts and/or cell walls on the length
scale of individual cells. These lecture notes describe methods of
modeling cellular materials by the finite element method. Topics in-
clude the setup of micro-mechanical models for open and closed-cell
foams as well as sintered hollow sphere foam, the transition between
the different mechanical length scales, and the optimization of the
density distribution in components made from functionally graded
foam.

1 Introduction

Finite Element (FE) methods are employed widely for the prediction of
the mechanical response of fluids and structures. They are based on the
approximation of the behavior of a continuum of potentially complex shape
by subdividing it into geometrically simple regions of finite size, the so-called
Finite Elements, which are simple enough to be described analytically. A
great number of solution procedures can then be applied to predicting the
elastic or inelastic, as well as the static or dynamic response of the problem
described by the FE model, compare, for example, Bathe (1996); Hughes
(1987); Zienkiewicz and Taylor (2000); Belytschko et al. (2000).

Because of their great versatility with regard to the modeling of complex
material and structural behavior, FE methods have been applied heavily to
simulations of the mechanical behavior of cellular materials. The modeling
and the simulation of cellular materials by means of the FE method are the
focus of the present section.

Cellular materials are materials that exhibit a discrete structure at the
‘microscopic’ level, with a skeleton of solid material being surrounded by
a gas or a liquid. The size of the individual cells ranges from tenths of
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millimeters to several millimeters and is typically much smaller than the size
of the components that are made of or which include the cellular material.
Another important characteristic of a cellular material is the low relative
density pre1, which can be calculated by dividing the averaged, effective
density p* of the cellular material by the density pg of the solid material
that the cell walls or the cell struts consist of:

*

p
rel = 1
pre1 = (1)

Cellular materials are defined by their low relative density, which is typically
in the range of a few percent of the solid volume fraction. For higher relative
densities, the classification porous material is more appropriate.

Cellular materials offer distinct advantages with respect to their high
weight-specific stiffness and strength. In addition to their good weight-
specific mechanical properties they can often be used in a multi-functional
manner, for example in heat-exchangers or catalytic converters if they are
permeable to fluids, as it is the case for open-cell foams, or as materials
providing insulation and buoyancy, if the closed cells are impermeable to
fluids. Some related aspects like lightweight design, energy absorption and
heat dissipation are discussed in Evans et al. (1999, 2001).

A rich variety of cellular materials of natural origin emerged as a result
of evolutionary competition. Cellular tissue can be found in most living
beings, where it appears in the form of wood, sponge, trabecular bone,
or cork. Understanding the mechanics of natural cellular material is not
only interesting from the theoretical point of view, but also important for
designing bio-compatible materials for bone-replacement or for use as porous
scaffolds. A review of the bio-mechanics of cellular solids can be found in
Gibson (2005). The behavior of wood cells is discussed, for example, in
Miiller et al. (2003). General reviews of the mechanics of cellular materials
are given in Gibson (1989) and Gibson and Ashby (1997).

Cellular materials are also an important class of engineering materials,
as the wide variety of polymeric foams, metallic foams and ceramic foams
shows. Most cellular engineering materials can be classified as having either
an open-cell or a closed-cell topology. Besides the availability of materi-
als with stochastic micro-structures, production technologies such as rapid
prototyping offer the possibility of producing or assembling geometrically
regular and periodic micro-structures.

The main focus of this contribution lies on Finite Element (FE) mod-
els of the micro-structure of man-made cellular materials such as polymer
foams and metallic foams. Methods for the setup of such models are pre-
sented, and the transition between the length-scales of the struts and cell-
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walls, in the following called the ‘micro-mechanical length scale’, and the
length scale of whole components made of or containing foam, denoted as
‘macro-mechanical length scale’, are discussed. While most of the presented
material deals with topics related to micro-mechanics, the last Section 5 is
devoted to a selected macro-mechanical issue: the optimization of the ap-
parent density distribution in a component made of functionally graded
foam.

2 Homogenization and the Unit Cell Method

The effective physical behavior of cellular structures on the macro-scopic
level, where the cellular structure can be treated as a homogenized pseudo-
material rather than a discrete structure, is certainly governed by the phys-
ical processes on the micro-scopic level, where the behavior of individual
struts or cell walls has to be observed or predicted.

Deriving the macro-mechanical properties of a micro-structured material
from the micro-mechanical behavior is a process called homogenization. The
aim of homogenization is the reduction of the number of the degrees-of-
freedom in the mechanical model, from the displacements and rotations of
countless individual micro-structural members to a much smaller number
of macro-scopic displacements and rotations.  Homogenization relations
usually take the form of volume averages, which give the homogenized value
of a variable f(x), (f), in the form of the weighted volume integral

=g [ rea . 2)
Q

where x stands for a position vector and 2 represents the integration volume,
that is, the inhomogeneous micro-scopic volume element under considera-
tion.

The opposite process, namely the transition from macro-mechanical
stresses or strains to local deformations and micro-mechanical stress and
strain fields is called localization. Examples of localization can be found
in fracture analysis of cellular materials, where macro-mechanical displace-
ment fields are imposed on discrete, micro-structures, compare Section 4.5.

Approaches which are suitable for performing homogenization and local-
ization with respect to the mechanical behavior of micro-structured mate-
rials can be divided into two main groups, compare Bohm et al. (2009):

Mean Field Approaches, which describe the physical field variables on
the micro-scopic level only by means of their volume average in the
different constituents. These methods require statistical methods for
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the introduction of micro-geometrical parameters. Mean Field Ap-
proaches typically give estimates or bounds for the effective properties
of non-homogeneous materials with a minimum of numerical effort,
since they mostly rely on analytical relationships.

Discrete Microfield Approaches resolve the physical fields on the
micro-scopic level fully, using analytical methods (for example beam
theory for open-cell foams) or numerical methods to predict the actual
behavior of the micro-structure in as much detail as necessary.

Mean field and Hashin—Shtrikman-type methods, which play an important
role in continuum micro-mechanics of composites and materials with a small
volume fraction of pores, compare Ponte Castaneda and Suquet (1998),
have seen only limited use for cellular materials. Hashin—Shtrikman upper
bounds for the elastic moduli of macro-scopically isotropic cellular materials
can be evaluated by prescribing a vanishing stiffness for the void phase.
Typically, the predicted elastic moduli of foams lie considerably below these
upper bounds. The lower bounds do not give useful information, since they
vanish trivially.

Since mean field methods are of limited use for predicting the behavior
of cellular materials, most micro-mechanical studies of these materials are
based on discrete micro-geometrical models.

From the point of view of micro-mechanical modeling, cellular metals
are usually divided into two main groups:

Open-cell materials, which have a solid scaffold that consists mainly of
beam-like members, such that the material is more or less permeable
to fluids.

Closed-cell materials, which consist of cells that are formed by intercon-
nected cell walls. Depending on the porosity of the cell walls, these
material are more or less impermeable to fluids.

Cellular materials typically show a limited elastic range, and their effec-
tive mechanical behavior tends to be dominated by micro-scopic deforma-
tion mechanisms such as bending of struts, buckling of cell walls, formation
of yield joints or folds, and fracture of cell struts and cell walls. These
deformation mechanisms are influenced by the micro-geometry, which, in
practice, tends to be complex and highly non-uniform in the case of solid
foams.

As long as the real micro-geometry is radically simplified and idealized,
it is possible to use analytical methods for describing the micro-mechanical
behavior. For open-cell foams, for example, beam theory was employed suc-
cessfully in some studies. These methods, however, soon reach their limits,
and most generic micro-geometries have been, consequently, investigated
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by numerical methods. Because of its versatility and robustness, the finite
element method has proved to be the most popular numerical tool.

With respect to the representation of a micro-structured material by
means of micro-mechanical finite element models, the following principal
modeling approaches exist:

Multi-cell models of finite samples, which represent a real foam sam-
ple in the most accurate manner possible with the available hard- and
software. The aim of this approach is to predict the behavior of an
actual foam sample under realistic loading conditions, which, in most
cases, correspond to uni-axial compression. Thus, direct comparison
to experimental results is possible. One aspect of this kind of models,
which is not as strongly present in the other approaches, is the model-
ing of the boundary conditions on the surfaces that are not free. The
interaction between the sample and loading platens, for example, is an
issue here, as it may constrain the boundary layer of cells in different
ways. The fact that the boundary layer potentially behaves differ-
ently to the rest of the sample may induce a size-effect that causes
the effective behavior to be dependent on the number of cells in the
sample.

Unit-cell models are more concerned with an efficient treatment of the
material as an infinite medium. The unit-cells typically consist of a
regular, periodic arrangement of a limited number of base cells, which
are modeled in high geometrical detail. Geometrical periodicity and
periodicity boundary conditions ensure that the unit cell is space-
filling both in the undeformed and the deformed states. This kind of
models is particularly suitable for a controlled study of the influence of
a variation of geometrical parameters on the effective behavior. Fur-
thermore, unit-cells with random cell geometry also benefit from the
application of periodicity constraints, because these boundary condi-
tions give the best prediction of the mechanical behavior of an random,
but periodic, infinite material.

Embedded-cell models are hybrids which feature a micro-geometrically
fully resolved “core” (similar to a periodic unit cell model) which is
embedded in a matrix of surrounding material, the effective behavior
of which corresponds closely to the effective behavior of the embedded
cell. This way, it is possible to look at micro-mechanical processes in
a specific section of a component without having to model the whole
component in full detail. One useful field of application of this method
is the investigation of the phenomena around crack tips in cellular
materials, as will be discussed in Section 4.5.
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These different modeling strategies, which have well-established equiv-
alents in continuum micro-mechanics of composite materials, give infor-
mation about the local deformation mechanisms on the one hand and the
corresponding overall behavior, which can be obtained by homogenization,
on the other hand.

In the following, the treatment of periodic unit-cell models is given a
closer look. The unit-cell method assumes that the behavior of an infi-
nite periodic structure can be represented at least in the sense of a good
approximation by a model of finite size. This model is a combination of
a geometrically representative building block, which allows for a seamless,
periodic tiling of space, and appropriate boundary conditions, which ensure
the periodicity of the displacement field of the structure. The space-filling
structure that is thought to be represented by the unit-cell model is ob-
tained by shifting the original unit-cell along linear combinations of the
vectors of periodicity. In general, two and three vectors of periodicity are
required for the description of periodic 2/D and 3/D structures, respectively.
For mechanical problems the displacement components of those points on
the boundary of the unit cell, which can be mapped onto each other by a
translation along a linear combination of integer multiples the vectors of
periodicity, have to be coupled by kinematic constraints.

Compared to the high geometrical complexity and irregularity of actual,
random cellular materials, unit-cell models tend to have highly idealized
geometries.

The formulation of periodicity boundary conditions for the displacement
field on the boundary of a rectangular unit-cell will be described in the
following. Figure 1 shows the undeformed and a deformed configuration of
an originally rectangular 2/D unit cell. The boundary of the rectangular
unit cell in Fig. 1 consists of the four edges, which are identified by the
letters N,S,W, and E, as well as the four corners, which are marked by the
letter-codes NW, SW, NE, SE. The letters in this naming scheme represent
the first letters of the four cardinal directions North, South, West, and
East.

The unit-cell has to be constrained against rigid body movement modes.
In Fig. 1 the translational degrees-of-freedom of the corner node SW is
constrained to suppress rigid body translations. Additionally, the vertical
displacement component of the finite element node SE is constrained to
prevent a rigid body rotation. Even though rigid body movement modes
are suppressed by these these constraints, the unit cell can still deform
without violating the condition of geometrical periodicity by shortening or
elongation in horizontal and vertical directions, respectively, as well as in a
shear—like mode. It is convenient to relate these global deformation modes
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Figure 1. Idealized 2/D unit cell in the undeformed and a deformed con-
figuration. Displacement vectors and letter codes are given for the corner
and edge nodes. Single letter codes denote edges, two-letter codes denote
corners

to selected displacement components of specific finite element nodes at the
corners of the model. These nodes are commonly called “master nodes”.
The nodes NW and SE in Fig. 1 are master nodes, and their contribution
to the deformation field of the unit cell is indicated by bold arrows.

In order to maintain geometrical periodicity in the deformed state of a
rectangular unit cell, the displacements of opposite boundary edges have
to be coupled. The degrees of freedom (DOF) of one of these coupled
edges remain unconstrained. These DOF's are so-called “master” DOFs.
The nodes on the opposite, “slave” edge of the unit cell, which have a
partner node on the “master” edge, are coupled in to the master nodes in
terms of their displacement vector. In addition, an additional displacement
vector is superimposed on the displacement field of the slave nodes. This
displacement vector is related to the macro-scopic DOFs of the unit cell.
In the idealized unit cell in Fig. 1 the offset vectors for the edges N and
E are given by unw = {uxw,vnw} and usg = {usg, 0}, respectively. The
components of these displacement vectors are related to the macro-scopic
strain tensor, which is described in vector notation by the vector of its
components € = {€,z, yy, Yoy 1

USE UNW UNW
Cxx = 7 Eyy = 7 s Tzy = 7 (3)
ly Ly ly

Note, that this choice of master and slave entities is not the only possible
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one. In fact, any suitable DOF in the finite element model can be used as a
master DOF; it does not even have to belong to any node of the actual unit
cell. Otherwise, an automated generation scheme for periodicity boundary
conditions would fail as soon as there happen to be no finite element nodes
in the corners of the unit cell.

Coupling conditions have to be defined separately for slave edge nodes
and slave corner nodes. In the presented 2/D setup, the displacements of the
corner node SW are fully constrained to avoid rigid body translations, and
the vertical displacement of the corner node SE is constrained for preventing
a rigid body rotation of the whole unit cell. The horizontal DOF of the
node SE is related to the macro-scopic normal strain in the z direction
and the horizontal and vertical displacements of the corner node SW define
the macro-scopic shear strain and the macro-scopic normal strain in the y
direction. The edges S and W remain unconstrained. The displacements of
the slave edges N and E are then obtained by the coupling equations:

up(y) = uw(y) + use (4)

un(r) = us(x) + unw (5)

The displacement vector of the corner node NE, on the other hand, is
a linear combination of the displacement vectors unw and ugg of the two
master nodes NW and SE:

UNE = UNW T USE (6)

For finite element models involving structural finite elements such as beam
or shell elements, which have rotational DOF's, additional coupling equa-
tions have to be provided. In the case of the rectangular 2/D unit cell the
rotational DOFs ¢ of all corner nodes are constrained to be identical:

ONW = PNE = PSE = PSW (7)

Here, the DOF @sw acts as the master DOF for the rotational DOF in the
four corners of the unit cell. The rotational DOFs of opposite edges have
to be coupled by:

er(y) = ew(y), on(r) = ps(z) (8)

Since the displacements of all nodes along the slave edges on the bound-
ary of the unit cell are coupled to individual master DOF's, the forces acting
on these master DOF's are distributed over the whole edge that follows the
master DOF’s movement. This means, that the surface tractions along the
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slave edge are automatically summed up to give a resultant force acting on
the master DOF. Analogously, the reaction forces at the constrained DOFs
have to set the unit cell into static equilibrium and correspond to the sum
of the surface traction vectors at the master edges.

Thus, the unit cell model reacts to concentrated loads that are ap-
plied to master DOFs just as the infinite periodic structure would react
to homogenized applied stresses, see Smit et al. (1998). From that, a re-
lationship similar to Equation (3) follows between the homogenized stress
state o0 = {04, Tyy, O‘Iy} and the concentrated horizontal and vertical nodal
forces H and V; this relationship involves the side lengths [, and [, of the
rectangular unit cell:

Hsg nw Hyw

TE =W gy, = S 9
I, Oyy L Ozy I 9)

Ogx =

So far, [, and [, are defined as the initial side lengths of the unit cell, so
that these stress components are nominal, or engineering, stress measures.
The extension to nonlinear stress measures in the large strain domain is
straightforward and involves the consideration of the actual side lengths.

wr Ty
SWT. /T\ .NET
~ —
ST el
SET]
sW N NE
NWE E
/\ N
fWB B/ S *NEB
Yy SON\GSE_~2®
X SiEB

Figure 2. Default identifiers for the node sets on the unit cell cube (left)
and general deformation state of the 3D unit cube (right)

The scheme outlined above can be extended to three-dimensional unit
cells. Figure 2 (left) presents a naming convention for identifying corners,
edges, and faces on a cube-shaped unit cell. Two additional identifiers
Top and Bottom are introduced to account for the third spatial dimen-
sion. Three-letter identifiers designate vertices, two-letter identifiers de-
scribe edges, and single letter identifiers denote faces. Figure 2 (right) shows
the cube-shaped 3/D unit cell in a state of general macroscopic deforma-
tion, with three normal and three shear deformation DOF's being active.
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Unlike Fig. 1, this figure does not show the periodic fluctuations of the
local deformation field.

The most complex constraint equation in terms of the number of inde-
pendent DOFs involved (three) can be found for the a-displacement uxgr
of the corner NET:

UNET = USEB + UNWB + USWT (10)

Figure 3 shows the successful application of the proposed kinematic bound-
ary conditions to a 3D unit cell model containing multiple cells with a
closed-cell tetrakaidecahedral topology. Since the cell walls are modeled us-

Figure 3. Predicted undeformed (dark) and deformed configurations of
a 3D unit cell model composed of multiple tetrakaidecahedral cells. The
deformed configurations for uniaxial compression (left) and combined shear
(right) are shown

ing shell elements, periodicity coupling conditions analogous to Eqs (7) and
(8) have to be provided for rotational DOFs, too. Figure 3 (left) shows a
deformed configuration predicted for uniaxial compression along the y-axis.
The undeformed unit cell is indicated by the elements which are shaded in
dark gray and surrounded by a dashed bounding box. The deformed cube,
which has a light gray color and is surrounded by a solid-line bounding box,
clearly shows the Poisson’s effect. Figure 3 (right) shows the deformed con-
figuration for combined macro-scopic shear loading, 0., > 0 and o, > 0.
Both deformation modes, uniaxial deformation and shear deformation, are
shown to be handled correctly by the periodicity boundary conditions. Since
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the predicted displacements in Fig. 3 are the result of a linear finite element
analysis they had to be scaled up for plotting.

As soon as a unit cell model is not intended to represent only a regular
and geometrically periodic micro-structure, but rather a random material
with all kinds of irregularities and imperfections, the question arises, how
many cells a unit cell model is required to have in order to be representa-
tive of the actual micro-structure. This question — which can cause rather
heated discussions — can only be answered by the application of statistical
measures, for example the maximum allowable standard deviation of a par-
ticular effective property evaluated over a series of unit cells. Clearly, it is
desirable to include as many cells as possible in the model while maintaining
enough detail in the individual cells. A discussion of this issue can be found
in Hashin (1983).

It is important for the designer of unit cell models to keep in mind that
the results are periodic in all respects. However, some phenomena such as

e strain localization by the collapse of a weak layer of cells,

e crack propagation, or

e wave propagation
are not strictly periodic in all spatial directions. For example, the densifi-
cation of cellular materials will always be predicted as a periodic pattern
by unit cell models; the collapse of a cell layer in the periodic unit cell
models would correspond to the simultaneous collapse of multiple layers
in the real material which is unphysical in most cases. The wavelength of
buckling modes also depends strongly on the size of a periodic unit cell,
and cannot exceed it, unless special mathematical methods are applied, see
Section 4.3. Furthermore, single crack tips (as opposed to periodic patterns
of cracks) cannot be handled by periodic micro-geometries, and free sur-
faces are restricted to layer-like geometries in which at least one direction is
non-periodic. For these types of problems, embedded cell approaches are a
possible simulation approach (Ableidinger, 2000; Rammerstorfer and Béhm,
2002).

3 Micro-Mechanical Finite Element Models of
Cellular Materials

3.1 Introduction

In this section we describe micro-mechanical finite element models which
have been proposed as suitable representations of the micro-structure of
cellular materials. We first concentrate on cellular materials that are the
result of solidifying a liquid foam, for example, polymer foam or metal
foam.
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Solidified Liquid Foams. Liquid foams are governed by the laws of
Laplace and Plateau. The Law of Laplace states that the mean local cur-

vature H = % (R% + R% of a cell wall, Ry and Rs being the minimum and

the maximum local radii of curvature, respectively, is proportional to the
pressure difference Ap between the cells that are separated by the cell wall:
H = ?—5, where ~ stands for the surface tension. Therefore, the mean local
curvature H is constant within a given cell wall.

The cells of the solid foam correspond to bubbles of the liquid foam.
These bubbles have the shape of polyhedra, with cell walls meeting in edges
and edges meeting in vertices. In the liquid state material is drained from
the cell walls by surface tension and redistributed into the edges, which
assume a cross-section which can be described as a triangle with concave
sides. This specific kind of edge geometry is known as Plateau border. The
typical shape of the Plateau borders can be seen from a micro-section of a
metal foam in Fig. 4 (left) With regard to the distribution of material be-

Figure 4. Micro-section through metal foam (left) and geometrical model
of a Plateau border network (right), from Bitsche (2005)

tween cell walls and cell edges in closed-cell foams, the following distinction
can be made:
e wet foam: a foam where most material is concentrated in the edges,
which have a plateau border cross-section.
e dry foam: a low-density foam, where most material is situated in the
thin cell walls, and the amount of material in the edges is determined
by the intersection of the cell walls.
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With these definitions, the Laws of Plateau can be summarized:

e The cell wall films in a dry wall can intersect only three at a time,
and must do so at an angle of 120°.

e No more than four intersection lines may meet at the vertices of a
dry foam. These tetrahedral vertices are perfectly symmetric, i.e., the
angle between two edges is arccos(—1/3) ~ 109.47°.

e The transition from a Plateau border to an adjacent film is smooth,
that is, the surface normal is the same.

In a dry, liquid foam, the stored energy is proportional to the total surface
area of the liquid films. Trying to minimize the potential energy of the foam
is, therefore, the same problem as trying to minimize the total surface area
for a given arrangement of bubbles.

Minimizing the surface area of a given arrangement of bubbles is a task
that can be tackled with the program Surface Evolver, which was developed
by Brakke (1992). This program is a powerful tool for deriving physically
sound geometrical templates for finite element meshes of cellular materials
originating from liquid foams.

The Surface Evolver program can be used to create models of the two
most commonly used arrangements of polyhedra of identical volume, which
are spatially periodic and have minimum surface area, thus fulfilling the
need for both simplicity and physical relevance:

Kelvin Cell: Lord Kelvin (Sir W. Thomson) proposed this periodic struc-
ture as an answer to the question which space-filling arrangement of
cells of equal volume has minimal surface area. In Thomson (1887)
he described the tetrakaidecahedron, see Fig. 5 (left), which appears
to be the solution as long as only arrangements of identical polyhedra
are considered.

Weaire-Phelan Cells: Weaire and Phelan (1994), by using the Surface
Evolver program, found a periodic structure consisting of two different
kinds of polyhedra of equal volume (see Fig. 5) that has a slightly
smaller surface area than a Kelvin foam. It can, thus, be seen as a
more realistic model for liquid foam.

In addition to these generic periodic structures, random arrangements of
cells of equal volume (mono-disperse foam), of two families of cells of dif-
ferent volume (bi-disperse foam) and of cells of random volume have been
investigated with the Surface Fvolver program, see, for example, Kraynik
et al. (2003, 2004, 2005), respectively.

Voronoi Diagrams. Another popular method for creating models of cel-
lular structures is the Voronoi diagram. Here, seed points are randomly
placed in space, and the symmetry planes between individual seed points



60 Th. Daxner

Figure 5. Image of the three polyhedra that are commonly used in periodic
unit cell models for foam: tetrakaidecahedron (left) as the base cell of Kelvin
foam, and the two different polyhedra that constitute the Weaire-Phelan
foam (middle/right); from Bitsche (2005)

and their next neighbors are generated. Intersecting these planes produces
an arrangement of convex polyhedra that can be used as the basis of open or
closed-cell foam models, compare Fig. 6. This is the structure that will be
obtained if a uniform growth rate of bubbles nucleating at the seed points
is assumed. The connectivity of Voronoi models does not necessarily cor-
respond to the one based on the physical laws governing liquid foam. This
disadvantage can be removed by treating the Voronoi structure with Surface

Figure 6. Construction of a five-sided polyhedral cell from a Voronoi dia-
gram of six seed points (left) and a 3D Voronoi diagram for the construction
of the unit cell for a ‘3D honeycomb’ (right)
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Evolver, in order to obtain a liquid foam that obeys mechanical equilibrium
conditions, see Kraynik (2003).

Simulations of the Foaming Process. It would appear to be desir-
able to simulate the foaming process directly in order to obtain suitable
micro-structural models of the solidified foam. Such simulations have been
presented, but appear to be still in their infancy. Applications of the lattice
Boltzmann method for simulating the nucleation, growth and coalescence
of bubbles have been proposed, see, for example, Kérner (2008). Unfortu-
nately, these simulations are still restricted to 2D settings. Bikard et al.
(2005) present a 3D simulation of the evolution of polymer foam during the
foaming process. This simulation is based on the finite element techniques
implemented in the program RFEMSD.

Micro-Computed Tomography. The most direct approach for obtain-
ing micro-mechanical models of cellular materials is a 3D scan by means of
micro-computed tomography (u-CT), followed by a suitable surface extrac-
tion and meshing procedure.

Early works in this field use the geometrical information contained in
the voxel cloud that represents the solid phase of foam materials in u-
CT scans directly by translating the voxels into cube-shaped continuum
finite elements. Corresponding results are presented in Kinney et al. (2001);
Maire et al. (2003). A very thorough investigation of the yield surface of a
small cubic sample of open-cell aluminum foam under multi-axial loading is
presented in Wicklein and Thoma (2005). Their model was also created by
the voxel-to-element method.

Youssef et al. (2005) observed the deformation of a polyurethane foam
sample by u~-CT and discussed issues related to the quality of finite element
models of this sample, such as size of a representative volume element, mesh
refinement, and boundary conditions. They used a unstructured mesh of
second-order, tetrahedral solid elements. Their simulation results captured
well the overall mechanical behavior of the sample as well as some very local
deformation mechanisms.

Jeon et al. (2009) presented an interesting approach for the determi-
nation of the mechanical properties of the cell wall material of Aluminum
foam. They produced small foam samples consisting of only a few cells each,
scanned them in a u-CT and constructed appropriate FE models such that
the parameters of a power law for the hardening behavior of the cell wall ma-
terial could be obtained by fitting the predicted overall force-displacement
behavior to the experimentally measured one.

Brydon et al. (2005) used a particle model based on a u-CT scan for
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simulating the densification of open-cell carbon foam.

Hollow Sphere Structures (HSS). Bonding small hollow spheres to-
gether is a possible way of obtaining a cellular structure with a very well
defined micro-geometry. Generic models for such HSS are often based on
cubic close packings of spheres, with face-centered cubic or body-centered
cubic packings being the alternatives.

Overlapping Issues when using Structural Elements. Slender struts
in open cell foams and thin cell walls in closed-cell foams are not well suited
for being discretized with continuum finite elements, because a great num-
ber of elements with unfavorable aspect ratios would be necessary to mesh
them. For those structural entities, structural finite elements such as beam
elements or shell elements are better suited.

Unfortunately, the use of structural finite elements causes complications
in models of high relative density, because in the FE model the beams
and shells meet in point-like vertices and edges that are collapsed into lines,
respectively. This causes the fictitious material in the joined structural finite
elements to overlap, leading to a under-estimation of the wall thickness
in the model and a under-estimation of the stiffness of the vertices and
edges. Figure 7 illustrates the overlap resulting from joining four finite
beam elements of circular cross-section in a tetrahedral vertex.

Methods such as representing the vertex volume in open-cell foams by
beam elements with artificially high stiffness have been proposed. In any
case, the (virtual) overlapping of material in structural elements has to be
accounted for when the thickness or the cross-sections of the elements are

Figure 7. Virtual overlap of material at a tetrahedral vertex joining four
finite beam elements with circular cross-section



Finite Element Modeling of Foams 63

calculated.

The described problems could, perhaps, be circumvented by using a
hybrid model that models the vertices/edges with continuum elements while
the struts and cell walls are modeled by structural elements. No such model
has been proposed so far.

A thorough discussion of different approaches to modeling open-cell foam
can be found in Jang et al. (2008), where the issue of material overlap in
the vertices is discussed in detail.

Models of Samples of Finite Size. Unit cell models suffer from some
deficiencies with regard to the consideration of boundary effects or the
proper simulation of localization mechanisms. Therefore, full-size finite el-
ement models of finite-sized samples have been proposed. Because of the
large computational effort that is necessary to simulate a structure with
hundreds of individual cells, these works have so far been restricted to 2D
problems (most notably crushing of honeycombs), open-cell 3D models, for
which 3D beam models can be employed, compare Gong and Kyriakides
(2006), and continuum element models in the elastic regime, Kirca et al.
(2007).

3.2 Open-Cell Foams

Introduction. Open-cell foams are foams which are formed by a micro-
structural networks or lattices of slender, beam-like members. Perhaps it
would be more appropriate to call open-cell foams “sponges”, but this des-
ignation did not stick so far. Just as real sponges, open-cell foams are
permeable to fluids.

Examples of natural open-cell materials comprise spongious/trabecular
bone and natural sponges, see Gibson and Ashby (1997). Many engineer-
ing materials such as polymeric foams, cellular ceramics or some metallic
cellular materials also show an open-cell micro-structure. Open-cell micro-
structures with a regular, periodic geometry have been produced by rapid
prototyping, compare Stampfl et al. (2004); W&8 et al. (2004).

The primary mode of deformation of open-cell materials is bending of
their struts. These networks of struts are often the cell edges or Plateau
borders that are left when a previously closed-cell material looses its cell
wall faces during a production process.

Figure 8 shows the deformed shape of a strut in an open-cell metal-
lic foam. The bending mode of deformation is clearly visible. The figure
also shows the characteristic triangular Plateau border cross-section of the
struts which was already explained by the laws of physics of wet foams in
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200 pm

Figure 8. REM image of a bent strut in an open-cell metallic foam; (image
courtesy of Institute of Materials Science and Testing, Vienna University of
Technology)

Section 3.1.

Because the effective stiffness of the Plateau border network is so im-
portant for the overall stiffness of an open-cell foam, Warren et al. (1997)
calculated the torsional stiffness of a Plateau border cross-section.

Beam Finite Element Models for Open-Cell Foams. Beam elements
are the natural choice for the discretization of open-cell foams. They are
computationally inexpensive and can be used to compose models with many
cells. Care must be taken to avoid issues arising from overlapping of beam
elements at the vertices. Also, beam-to-beam contact can cause problems
in high-strain compression situations or, worse, is not supported at all by
some FE codes.

Most studies involving 3D beam models of open-cell foam deal with the
latter’s (hyper-)elastic properties. The reason for this restriction to the elas-
tic regime of the strut material can be found in the difficulty of correctly
representing an expanding plastic zone in a Plateau border cross-section
with beam elements from standard element libraries. Indeed, relevant stud-
ies use circular cross-sections in the elastic-plastic regime, compare Jang
and Kyriakides (2009).

Shulmeister et al. (1998) investigated the nonlinear tension/compression
tests for open-cell Kelvin foam, a rhombic dodecahedron structure and a
random Voronoi foam, using different elastic material laws. The work is
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an extension of van der Burg et al. (1997), where only the linear elastic
response was considered.

Zhu et al. (2000) investigated the influence of cell shape regularity in
periodic Voronoi unit cell models on the elastic properties. Zhu and Windle
(2002) crushed periodic Voronoi foam models with linear elastic strut ma-
terial to up to 60% compressive strain. Plateau border cross-sections with
constant area were assumed for the struts in both studies.

Gan et al. (2005) predicted elastic properties of random, periodic Voronoi
models in the presence of imperfections. Furthermore, they determined
failure surfaces for compressive loading which were defined by the limit
load that was the result of geometrical nonlinearities and (elastic) buckling
of struts. Constant circular cross-sections were assumed for the struts.

Li et al. (2006) investigated regular and irregular periodic models of
carbon foams with respect to the influence of cell disorder and the shape of
the strut cross-section.

Gong and Kyriakides (2006) studied the collapse of large-scale Kelvin
foam models using nonlinear springs as substitutes for rigorous contact con-
ditions. While they used linear elastic strut material in this study, the same
methodology was applied to aluminum foam with elasto-plastic strut mate-
rial behavior in Jang and Kyriakides (2009); circular cross-sections of vary-
ing area along the strut axis were modeled. Related papers dealing with
long-wavelength buckling in anisotropic Kelvin foams will be discussed in
Section 4.3.

Jang et al. (2008) investigated the elastic properties of polyester urethane
and Duocel aluminum foam by means of different FE models, offering the
opportunity to compare results obtained by different modeling approaches.

Continuum Finite Element Models for Open-Cell Foam. Contin-
uum solid element models for open-cell foam are rare because of the high
computational cost that results from a fine discretization of the slender
struts or Plateau border network.

Roberts and Garboczi (2002) presented a voxel-to-element technique for
obtaining various random 3D open-cell micro-structures and predicting their
elastic properties.

Open-cell models with fully modeled Plateau border geometries can be
found in Boomsma et al. (2003) and Mills (2005) in the context of per-
meability analyzes using computational fluid dynamics. A simulation of
crushing of open-cell polyurethane foam based on a wet Kelvin foam unit
cell models is presented in Mills (2007).

Kirca et al. (2007) discussed a large-scale continuum FE model for a
whole sample of open-cell carbon foam considering the linear elastic response
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Figure 9. Unit cell models for open-cell aluminum foam produced by infil-
trating a close packing of spheres of uniform radius R (left) and a packing
of spheres of radii R and r (right) proposed by Kou et al. (2008)

of the model to uniaxial compression.

Kou et al. (2008) propose a unit cell model for open-cell aluminum foam
which is produced by infiltrating closely packed spheres, see Fig. 9. Pre-
scribing elastic/perfectly plastic bulk material behavior, they calculate the
stiffness and the yield under uniaxial compression. A very similar model was
used by Sihn and Roy (2004) for predicting the elastic constants of open-cell
carbon foam. A different generic model for open-cell foam is presented by
Oliveira et al. (2008), see Fig. 10. This model is generated by intersecting a
cube with cylinders to obtain a simple cubic lattice. The paper deals with

Figure 10. Generic model for open-cell foam based on the intersection of
a cube with cylinders, Oliveira et al. (2008)
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uniaxial compression of such structures made from aluminum in simulation
and experiment.

Particle Models for Open-Cell Foam. Brydon et al. (2005) proposed
a particle model for open-cell foam which allows to study the crushing of a
finite foam sample into the densification regime. The model was based on
CT scan data of an actual open-cell carbon foam.

3.3 Closed-Cell Foams

Introduction. Closed-cell micro-structures are arrangements of closed
cells, which are clearly identifiable by the cell walls that are present be-
tween the skeleton of cell edges or the Plateau border network. While the
individual cell walls may have holes or pores, the closed-cell material as a
whole is effectively impermeable to fluids.

Since solid foams are often produced by the solidification of liquid foams,
which can be compared to soap foam or beer foam, closed-cell topologies
are found frequently as the results of many production processes for cellular
materials. A review of different production methods for metallic foams can
be found in Banhart (2001). The deformation mechanisms of closed-cell
foam differ from those of open-cell foam or sponges: While sponges deform
primarily by bending of the struts, the dominant deformation mechanisms in
closed-cell foams are cell wall stretching, shearing, and buckling, as discussed
in Gibson and Ashby (1997).

Models for closed-cell foam are often based on the periodic, space-filling
Kelvin and Weaire-Phelan structures, the former being the most popular.
If these structures are generated by means of the Surface Evolver program
then the laws of equilibrium in liquid foam cause the faces of the polyhedra
to be slightly curved, see Fig. 11. These distortions can act as natural im-
perfections in nonlinear analyzes. Figure 12 shows a multi-cell foam model
based on dry Kelvin base cells. This model was created by the Voronoi di-
agram of a body-centered cubic seed point arrangement. Shifting the seed
points a little bit allows for the introduction of irregularity in the model,
see Fig. 12 (right). Figure 13 gives an impression of what a dry closed-cell
Weaire-Phelan foam with several cells looks like.

Another generic geometrical representation of a special closed-cell ma-
terial, which is sometimes referred to as a “three-dimensional honeycomb”,
will be presented in the following. This closed-cell structure is the result
of a production process which involves the expansion of polymer spheres
that are coated with a metal powder slurry (Reinfried et al., 2004; Friedl
et al., 2006). The expansion process merges the coating layers of adjacent
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Figure 11. Left: Kelvin Cell with the distortion of one hexagonal face
being magnified by a factor of 10, from Bitsche (2005). Right: predicted
linear elastic deformation mode under a macro-scopic shear load

Figure 12. Perfect and disturbed closed-cell foam model based on Kelvin
base cells, see Denzer and Maier (1999); Daxner et al. (2000a)

spheres to form the cell walls of a closed-cell structure. After removing the
precursor spheres by chemical and heat treatment, the remaining cell wall
structure is stabilized by sintering.

By putting the necessary effort into a regular arrangement of the pre-
cursor spheres, remarkably regular cellular structures can be obtained. A
simple, generic model of a 3/D honeycomb can be generated by arranging
the precursor spheres in a regular face-centered cubic arrangement, corre-
sponding to a close packing of spheres in an infinite cellular medium, see
Fig. 14.

An expansion of the spheres in the face-centered cubic sphere assembly
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Figure 13. Stacking of several Weaire-Phelan base cells, from Bitsche
(2005)

Figure 14. Face-centered cubic arrangement of hollow spheres
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Figure 15. A periodic array of rhombic dodecahedra, building up a ‘three-
dimensional honeycomb’ (left), and a hexagonal cross-section thereof (right)

results in a thin-walled structure that corresponds to a Voronoi tessellation
of the face-centered cubic lattice, see Fig. 15 (left). The building block of
this tessellation is the rhombic dodecahedron, which is a polyhedron with
12 rhombic faces. The nickname “three-dimensional honeycomb’ for the
cellular structure originates from the fact that sections along specific planes
give regular hexagonal cross-sections, compare Fig. 15 (right).

Shell Finite Element Models for Closed-Cell Foam. Finite shell el-
ements are an efficient means for modeling closed-cell foams. Virtual over-
lapping of material where the faces meet has to be accounted for when cal-
culating the shell thickness. Attempts to introduce the stiffness of Plateau
borders into the model include the superposition of a finite beam element
model along the edges of the shell model.

The earliest finite shell element model reported here (Santosa and
Wierzbicki, 1998) was actually quite advanced, because it allowed for the
crushing of several cells of a closed-cell foam model, the basic geometry
of which can be described as cubes that are truncated at their corners by
double-pyramids.

A sophisticated shell model of closed-cell Kelvin foam was proposed by
Simone and Gibson (1998b) for predicting the influence of curved and wavy
cell walls on the elastic stiffness and the limit load. The combined use
of symmetry and antisymmetry boundary conditions made the model very
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small and efficient.

Grenestedt and Tanaka (1999) investigated the influence of irregularity
on the elastic stiffness of a Voronoi foam created by disturbing a regular
Kelvin foam structure. Grenestedt and Bassinet (2000) studied the influence
of cell wall thickness variations on the elastic stiffness of a regular, closed-
cell Kelvin foam with periodic boundary conditions applied to 2 x 2 x 2 base
cells.

A family of finite shell element models that are based on intersecting
planar faces as well as spheres or ellipsoids were suggested by Meguid
et al. (2002), Czekanski et al. (2005a), Czekanski et al. (2005b), and Kim
et al. (2006). All these models were used to predict the uniaxial force-
displacement behavior of closed-cell foam during crushing. A dry Weaire-
Phelan foam model was investigated in terms of its elastic properties and its
yield surface in Daxner et al. (2006b). Finally, Mills et al. (2009) presented
a shell model for simulating the crushing of two layers of dry Kelvin foam
cells, taking into account the pressure of the enclosed gas.

Continuum Finite Element Models for Closed-Cell Foam. Simone
and Gibson (1998a) were the first to propose a continuum finite element
model for predicting the influence of the material distribution between the
Plateau borders and the cell walls on the effective elastic modulus and the
effective peak stress. Using a combination of symmetric and anti-symmetric
boundary conditions they came up with a very small unit cell model which
is still a model of numerical efficiency.

Roberts and Garboczi (2001) used a voxel-to-element method for setting
up random 3D models of closed-cell foam. Quite unusually, they did not
use u-CT scans as a source for the voxel data, but rather Voronoi diagrams
and Gaussian random fields. Only elastic properties were predicted.

Wang et al. (2009) used an interesting Kelvin foam model for predict-
ing the stiffening effect of reinforcing a closed-cell polypropylene foam with
randomly distributed short fibers. The model consisted of 1729 tetrakaidec-
ahedral cells which were discretized by continuum solid elements. The short
fibers were introduced into the model in the form of beam elements.

Maire et al. (2003) demonstrated the use of the voxel-to-element method
for creating a model of closed-cell polyurethane foam from CT scans.
Youssef et al. (2005) also created a model of closed-cell PU foam, but used a
unstructured mesh of second-order tetrahedra. Jeon et al. (2009) discretized
1-CT scans of two small samples of closed-cell aluminum foam in great de-
tail. Second-order tetrahedral finite continuum elements were used.
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3.4 Open-Cell Foams with Hollow Struts.

Most materials with a cellular micro-structure can be classified as ei-
ther open-cell sponges or closed-cell foams. There are, however, topologies
that do not fit into either of those two categories. An example of such
a mixed topology will be presented in the following, namely an open-cell
foam (sponge) the struts of which are hollow and form a closed network of
channels.

The production of open-cell polymer foams is relatively straightforward,
as the extensive use of such foams in packaging, insulation and crash protec-
tion applications demonstrates. Open-cell polymer sponges can be used as
templates for coating processes such as the application of a slurry or metal-
lic vapor deposition. Such processes create hollow metallic shells with a
geometry which is affine to that of the precursor sponge. One of these tech-
nologies involves the electro-deposition of metal ions from an electrolyte
onto polymeric foam, while another technology uses vapor deposition to
form a metallic layer from gaseous metals or gaseous metallic compounds.
The coating or deposition processes are generally followed by removing the
polymer precursor structure by thermal or chemical treatment, see Banhart
(2001).

The metallic coating covers the precursor foam as a layer of near con-
stant thickness. Removing the polymer precursors’ struts leaves behind a
structure that can be described as a network of hollow metallic struts with
roughly triangular, shell-like cross-sections owing to the shape of the Plateau
borders of the polymer template sponge (see Fig. 16). A detailed descrip-
tion of open-cell nickel foams with hollow struts produced by the company
NiTECH, including information about the deformation of the foam under
loading can be found in Dillard et al. (2005). An equivalent material with
the trade name Incofoam is presented in Paserin et al. (2004), compare Fig.
16 (left).

Owing to the fact that the struts of these metal sponges themselves
represent hollow beams, instabilities can occur on different micro-structural
levels: one hierarchical level is the level of the strut walls, or the ribs that are
formed by the junction of the strut walls, while a higher hierarchical level is
the level of the strut skeleton, which behaves, effectively, like a conventional
open-cell sponge, that is, by bending of the struts.

A periodic finite element unit cell model for sponges with a hollow strut
topology was proposed in Daxner et al. (2006a). This FE model, is com-
posed of continuum shell and solid finite elements. The solid elements are
used for joining the continuum shell elements along the ribs that enclose the
cusps of the Plateau border cross-sections. A comparison of the resulting
finite element model to the real micro-structure is given in Fig. 16. The
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Figure 16. Comparison of a commercial nickel sponge with hollow struts
(left; from Paserin et al. (2004), courtesy of V. Paserin, INCO Ltd.) with
subsections of the proposed finite element unit cell model of a generic sponge
with hollow struts

connectivity and geometry of the struts’ mid-axes correspond to that of a
Weaire-Phelan foam (Weaire and Phelan, 1994; Weaire, 1996). The inner
surface of the hollow struts is equivalent to the outer surface of the Plateau
border network of a wet liquid foam, which was predicted with the program
‘Surface Evolver’ (Brakke, 1992).

4 Micro-Mechanical Models — Methods and Results

In the following sections, selected results that can be obtained by micro-
mechanical finite element analyses of cellular materials are described.
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4.1 Elastic Properties

The elastic properties of cellular materials are difficult to measure ex-
perimentally, because a uniform load introduction is difficult to achieve and
the boundary conditions influence the result.

For micro-mechanical finite element analyses the prediction of elastic
properties is more straightforward. Depending on the symmetry of the ma-
terial, see Nye (1985), a sufficient number of independent load cases has to
be imposed on the models for determining the unknown elastic constants.
The determination of the effective Young’s modulus E and the effective
Poisson’s ratio v is usually comparatively simple and can be achieved with
unit-cell models that have symmetry boundary conditions, compare Fig.
17 (center). Predicting the effective shear modulus G can prove somewhat
harder, because it may involve the generation of periodic boundary condi-
tions, see Fig. 17 (right), or the simulation of a bi-axial tension-compression
load case on a rotated unit-cell, compare the rotated coordinate system 1-2-3
in Fig. 14.

While random, multi-cell micro-mechanical foam models tend towards
isotropic elastic behavior, generic unit-cell models can show a considerable
degree of elastic anisotropy as is demonstrated by the plot of the direction-
dependence of the effective Young’s modulus E of a Weaire-Phelan foam
model in Fig. 18.

Figure 17. Undeformed state (left) and deformed configurations under
compressive uniaxial (center) and shear loading (right) of the unit cell of
the Weaire—Phelan model for an open cell foam with hollow struts (Daxner
et al., 2007)
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Figure 18. Orientation dependence of the effective Young’s modulus (right)
of a Weaire-Phelan foam (left) with pre = 0.1% relative density. Bright
shades of gray refer to large values of E,,; from Bitsche (2005)

4.2 Yielding

Introduction. The evaluation of yield and collapse surfaces in the macro-
mechanical stress space will be discussed in the following. Yield surfaces
allow for the prediction of the onset of inelastic behavior under multi-axial
macro-scopic stress states. Collapse surfaces are defined by the set of macro-
scopic stress states that correspond to limit load states, which indicate the
onset of collapse of cells.

Macro-scopic yielding in micro-mechanical finite element models can be
defined by different criteria:

e Yielding at the integration point level, or

e Yielding defined by a threshold value of the residual macro-scopic
plastic deformation or the dissipated energy.

Yielding in Two-Dimensional Models. First, some aspects of yield
and collapse surfaces will be discussed for an irregular 2D micro-geometry.
A unit cell was generated on the basis of a section through a sample of closed
cell aluminum foam given by Grenestedt (1998), suitable adaptions being
introduced to support periodic boundary conditions, see Fig. 19 (left).
The criterion of first yielding at the integration point level was used as
the macro-scopic yield criterion. This typically gives rise to initial yield
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Figure 19. Overall yield and collapse surfaces (right) predicted for a real
structure 2D honeycomb model (left) (Daxner, 2003)

surfaces with distinct corners, as can be seen from Fig. 19 (right).

If the macro-scopic load is increased radially in the macro-scopic stress
space, a limit load will be reached either due to cell collapse under com-
pressive or fracture under tensile load cases. Macro-scopic stress states that
correspond to limit loads under compression are connected to form a collapse
envelope in the macro-scopic stress space, compare Fig. 19 (right). For the
irregular 2/D micro-structure, the predicted collapse surface surrounds the
initial yield surface, and the shapes of the two surfaces are similar, compare
Fig. 19 (right).

The collapse surface presented in Fig. 19 (right) is not defined for all
possible loading paths, but only for those which exhibit a clear limit load
due to buckling and collapse of cells. This implies, that this collapse surface
comprises only the purely compressive third quadrant of the stress space
and those parts of the second and fourth shear quadrants, for which the
larger principal stress is compressive. For other loading directions the pre-
dicted stress versus strain responses do not allow the extraction of limit
stresses, since the geometrical non-linearity causes the micro-structure to
deform such that the structural members align with the loading direction
and the response becomes stiffer rather that unstable. In order to obtain
peak stresses from such tension dominated loading paths additional failure
criteria, for instance cell wall fracture, would have to be introduced.

Predicting the shape of an initial yield surface on the basis of yield-
ing at integration points allows the detection of plastic micro-yielding by
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super-posing the results of linear analysis for unit load cases. The obtained
macroscopic yield surface is an important ingredient for the development of
a macroscopic elastoplastic constitutive model.

More information, however, is necessary for the calculation of the macro-
mechanical material response at large strains, which may occur in crushing
or crash analyses, for which detailed information on the evolution of the yield
surface under loading has to be provided by a hardening law. Additionally,
strain rate effects may have to be accounted for.

One of the macroscopic hardening laws used in connection with metal
foams is based on isotropic hardening, compare Deshpande and Fleck
(2000). For isotropic hardening, the origin and the shape of the yield surface
stay the same, but its size increases driven by an accumulated equivalent
plastic strain. Other foam models assume mixed hardening, meaning that
the yield surface keeps the same shape, but is allowed to grow proportionally
(isotropic hardening) and to shift its origin (kinematic hardening).

Micro-mechanical analysis of the real structure model shown in Fig. 19
(left) give a more complex picture of the evolution of the yield surface
of a cellular material under uniaxial compression in x-direction. Figure
20 presents predicted yield surfaces based on the integration point yield
criterion for several states of progressive loading. At several points during
the loading sequence the analysis was interrupted, the model was unloaded
and analyzed by the linear superposition of unit load cases. This way,
the residual stress state in the micro-structure was accounted for in the
prediction of the initial micro-yield surfaces at different loading stages.

Initially, the macroscopic hardening behavior was predicted to be essen-
tially kinematic, and the yield surface was shifted in the direction of the
applied stress without major changes in shape or size. As the compressive
stress increases, however, the evolving yield surface changes its shape and
begins to contract. The results in Fig. 20 are based on the superposition
of solutions from linear analysis and, thus, cannot account for geometrical
nonlinearities, that have to be expected as the applied stress approaches the
limit stress. In this regime, a more complex geometrically nonlinear anal-
ysis becomes necessary, which, unfortunately, means losing the benefits of
being able to superpose linear elastic calculation results. Nevertheless, the
results show that for small stresses kinematic hardening has to be taken into
consideration. The hardening behavior appears to become more complex as
the stress level approaches the limit stress.

Yielding in Three-Dimensional Models. Results obtained by planar
models are applicable to 2/D problems such as the in-plane loading of 2/D
honeycombs, but cannot necessarily be transferred directly to 3/D micro-
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Figure 20. Evolution of the overall yield surface under uniaxial compressive
loading in z-direction predicted for the real structure honeycomb model
presented in Fig. 19, from Daxner (2003)

structures. The latter require true three-dimensional simulations for making
quantitative predictions.

Denzer and Maier (1999) developed three-dimensional closed cell micro-
geometries based on a body-centered cubic arrangement of tetrakaidecahe-
dral cells. In Daxner et al. (2000a) initial overall micro-yield surfaces were
evaluated for configurations with perfect cell geometry as well as for models
with statistically perturbed vertex positions, see Fig. 12. The resulting yield
surfaces are presented in Fig. 21. Their overall shape in the principal stress
space is ellipsoid-like. Their major axes are aligned with the hydrostatic
axis. This can be explained by the stress states on the micro-scopic level:
The stress state in the cell walls is mainly membrane-like for hydrostatic
loads (even though regular tetrakaidecahedra are not elastically isotropic)
whereas uniaxial loads tend to give rise to bending stress distributions close
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Figure 21. Initial macroscopic yield surface predicted for the regular (left)
and the irregular (right) Kelvin models shown in Fig. 12; from Daxner et al.
(2000a)

to the vertices. As long as buckling is not an issue, membrane loading on
the micro-level allows for more macro-scopic load to be carried elastically
by the material. For the imperfect models, Fig. 21 (right), the “aspect
ratio” of the yield surface is lower, because the irregular geometry induces
bending even under purely hydrostatic macro-scopic loading.

The prediction of macro-mechanical yield surfaces based on the first
occurrence of yielding on the integration point level can lead to a strong
mesh dependence when the model exhibits artificial stress concentrations,
for example, in the vertex regions of shell models. In these cases, it is better
to define a yield criterion based on residual effective strain or the energy
dissipated by yielding in the model, both approaches being discussed in
Bitsche (2005). Figure 22 shows a yield surface that was obtained for a dry
Weaire-Phelan model. At the pole of the yield surface that corresponds to
the dominance of hydrostatic pressure, a dark cap indicates stress states,
for which the stiffness matrices exhibited negative eigenvalues. These stress
states may not be physical, because they are obviously preceded by buckling
of the cell faces.

Recent works by other authors include Wicklein and Thoma (2005),
who evaluated the yield surface of a real foam sample based on a u-CT scan
and using a macroscopic yield criterion characterized by the detection of a
macroscopic effective plastic strain of 0.1%. In addition, they determined
the increments of the vectors of plastic strain, which, in turn indicate the
directions of plastic flow. They found the vectors of plastic flow to be
approximately perpendicular to the yield surface. This would support the
assumption of associated plastic flow for the considered foam model.
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Figure 22. Initial yield surface of a Weaire-Phelan foam of p, = 10%
relative density, from Bitsche (2005). The dark cap at the pole of posi-
tive hydrostatic pressure indicates deformation state where yielding may be
preceded by buckling

Demiray et al. (2007) went a step further and predicted the evolution of
the yield surface for regular and irregular Kelvin foam models. Their results
are based on micro-yielding and are qualitatively similar to those discussed
above for the 2D real-foam model.

4.3 Buckling

Introduction. Buckling instabilities affect structures which contain slen-
der structural members or thin, shell-like components. Cellular materi-
als of low effective density certainly exhibit such buckling-prone structural
members. Therefore, attention is devoted to the prediction of the onset of
buckling and the post-buckling behavior of cellular materials.

A micro-mechanical buckling analysis of a cellular structure can be based
on unit-cell models. As soon as periodicity boundary conditions are imposed
on these unit cell models, the prediction of buckling loads and buckling
modes becomes fairly straightforward, at least as long as the buckling pro-
cess is an elastic one.

There is, however, a possible complication: The unit cell may contain
fewer cells than are necessary for predicting buckling modes of long wave-
length. In this case, the periodic unit cell model acts as a filter, which
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filters out buckling modes the wave-lengths of which is larger than the unit
cell dimensions. As a consequence, the critical buckling mode may not be
detected.

Laroussi et al. (2002); Gong et al. (2005); Gong and Kyriakides (2005)
have demonstrated that the actual buckling mode of a periodic model of
open-cell polyurethane foam can span over several base cells. In Fig. 23,
a similar phenomenon is predicted in Todt (2008) for a square honeycomb
lattice under uniaxial compression along a principal direction. The (critical)
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Figure 23. Critical stress of a square honeycomb with regard to buckling
under uniaxial compression plotted over the wavelength of the buckling
eigenform, expressed in terms of the number of cells in loading direction,
from Todt (2008)

stress in loading direction z is plotted over the number of cells contained
in loading direction by the unit cell model. The diagram shows that the
predicted buckling load is dependent on the number of cells in the model,
and decreases as the cell count is increased. Finally, the buckling stress
asymptotically approaches a lower bound which corresponds to an infinite
buckling wave-length.

Determining the number of base cells (along all vectors of periodicity)
corresponding to the critical buckling eigenvalue can be a very expensive
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numerical process, since unit cell models with a large number of cells are
involved. As has been shown above, even an unlimited number of cells may
be necessary for finding the correct buckling stress.

Fortunately, alternatives to brute-force unit-cell analyses exist, as was
demonstrated in Gong et al. (2005), where the critical buckling stresses was
be predicted very efficiently based on the (tangent) stiffness matrix of a
single (deformed) periodic base cell.

The corresponding numerical procedure is based on Bloch wave theory.
The most important ingredient of this theory is the assumption of a bifur-
cation mode that takes the following form, see Gong et al. (2005):

(@) = w, (@) exp (|t 4 1222 B8 (11)
p l1 lo I3

where @ is the displacement vector as a function of material coordinates x,
U (z) is a displacement field that has the same periodicity as the base

cell, that is:
WUpe, (71 + naly, T2+ nala, 23 +nals) = wye, (71,72, 73), (12)

where [; (i = 1,2,3) are the dimensions of the base cell, i = \/—1 is the
imaginary number, and m;/l; = w; (i = 1,2, 3) are the wave numbers.

With the ansatz for the buckling mode shape, Eq. (11), and the ex-
traction of the instantaneous stiffness matrix of the base cell, it is possible
to formulate an eigenvalue problem that yields long wavelength buckling
modes and corresponding eigenvalues. For details the reader is directed to
Gong et al. (2005).

Not taking into account the occurrence of long wavelength buckling
modes can lead to an overestimation of the macro-scopic buckling loads.
In Gong et al. (2005) the buckling load of a single, slightly elongated
tetrakaidecahedral beam element unit cell was found to be approximately
16% higher than the predicted buckling eigenvalue for a stack of 12 base
cells.

Post-Buckling. Reaching a bifurcation point on the load-displacement
path may cause a stable or unstable post-buckling process. For the case
of bifurcation buckling with a stable post-buckling response an increase of
the applied load is possible until a structural limit load is reached. In such
situations a post-buckling analysis of the structure for determining the limit
load can be performed.

This is usually achieved by imposing small geometric imperfections on
the initial geometry, which are typically chosen as being affine to the bifur-
cation displacement vector corresponding to the lowest buckling eigenvalue.
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Then, the non-linear response of the imperfect structure can be calculated,
since the bifurcation problem is converted into a stress problem by imposing
the imperfection. This procedure is the method of choice for dealing with
post-buckling problems in standard finite element codes.

In the case of an unstable buckling response the same procedure of im-
posing an initial imperfection can be used for assessing the sensitivity of
the structure to geometrical imperfections. Here, the bifurcation problem
is turned into a snap-through problem, which can be treated by arc-length
methods or dynamic simulation.

The method of crossing (known) bifurcation points by imposing initial
geometrical imperfections usually works well if the initial bifurcation is not
followed by secondary bifurcation points at a later stage of loading or defor-
mation. The prediction of the post-buckling behavior of structures becomes
more difficult if the equilibrium path has to cross more than one bifurcation
point. In this case, the buckling mode may switch shape in the post-buckling
regime, and it is difficult to determine the correct corresponding geometri-
cal imperfection a priori. Mathematically rigorous methods for switching
branches on the equilibrium path have been documented, but are usually
not implemented in standard finite element codes. Potential candidates for
jumps of the buckling mode in the post-buckling domain are thin cell walls
that are subjected to shear loads.

A further complication is the occurrence of elastoplastic buckling, be-
cause elastic unloading during buckling can change the tangent modulus
of the material in the unloaded region from the tangent modulus of the
hardening regime to the elastic (unloading) modulus. This change of the
local material stiffness is usually not considered by the buckling eigenvalue
prediction. Again, this problem can be circumvented by imposing an initial
geometrical imperfection that is affine to the relevant buckling mode.

Crossing a bifurcation point with an unstable static post-buckling equi-
librium path triggers a dynamical process that can only be predicted when
a dynamic finite element procedure is used. Because of their robustness,
explicit finite element codes are well suited for this task. Often, round-off
errors are large enough to act as ‘numerical imperfections’ and to trigger
buckling during a quasi-static, explicit analysis. More sophisticated meth-
ods perform a static analysis until a bifurcation point is detected, determine
the buckling mode shape, impose it as a small geometrical imperfection on
the model and then switch to a dynamic procedure to capture the post-
buckling behavior, see examples in Falzon and Aliabadi (2008).

Buckling in Open-Cell Foams. Instabilities in open-cell foams typi-
cally take place in the form of progressive snap-through and/or bifurcation
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buckling of struts or groups of struts. The former is perhaps the more fre-
quently observed (and predicted) mode of deformation, because bifurcation
buckling in the form of elastic Euler buckling or inelastic buckling requires
an orientation of the concerned strut which is nearly parallel to the load-
ing direction in the uniaxial case. Figure 8 shows a deformed strut in a
open-cell metallic foam. The deformation may be the result of snap-through
buckling of the cell that is bordered by this strut.

The finite element method has been applied for studying buckling of
open-cell foams, for example, by Shulmeister et al. (1998), where finite ele-
ment analysis of a random Voronoi tessellation based open-cell structure are
carried out for compression loading. This study did not include dedicated
buckling eigenvalue analysis, making it unclear if any bifurcation points were
crossed in the course of the simulated deformation. Such buckling eigenvalue
analysis were performed very thoroughly on periodic tetrakaidecahedral unit
cell models of open-cell foams in Gong et al. (2005) and augmented with
experimental results in Gong and Kyriakides (2005). Their ability to de-
tect long wavelength buckling modes by means of Bloch wave methods was
already discussed above. A further discussion of the buckling mode of pe-
riodic Kelvin structures under uniaxial and hydrostatic loading, including
post-buckling analyses, can be found in Demiray et al. (2006).

The influence of imperfections on the behavior of open-cell micro-struc-
tures can be assessed by producing and testing such structures with well-
defined imperfections by means of rapid prototyping (Stampfl et al., 2004;
W68 et al., 2004). Such methods are demonstrated in Luxner et al. (2005,
2006); Luxner (2006); Luxner et al. (2007) along with numerical experiments
on finite sized cubical and cylindrical samples of perfect and imperfect sim-
ple cubic lattices.

Buckling in Closed-Cell Foams. The initial mode of instability in
closed-cell cellular materials is buckling of the cell walls along the direc-
tion(s) of compressive principal stress(es), see Fig. 24. The cell face can
typically sustain tensile principal stresses beyond the onset of buckling, but
this post-buckling load carrying capacity is limited by cell wall fracture,
see McCullough et al. (1999). Cell walls can also fracture wherever plastic
hinges form during the collapse of individual cells (Thornton and Magee,
1975). As soon as the load-carrying capacity of the cell walls is exhausted
at higher compressive strains, the edge regions start to deform in modes
that are similar to those that were described for open-cell structures.

In the following, some issues pertaining to buckling in closed-cell foams
will be discussed on the basis of the 3D-honeycomb structure that was
introduced in Section 3.
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Figure 24. Deformation sequence of a wrought alloy aluminum foam show-
ing post-buckling collapse of a cell wall oriented in deformation direction;
images courtesy of Institute of Materials Science and Testing, Vienna Uni-
versity of Technology Kriszt et al. (1999)

If this polyhedral structure is subjected to macroscopic loading, the de-
formation of the rhombic faces can be characterized as being dominated
by in-plane shear. Cell wall bending plays a subordinate role, and becomes
important only at high relative densities, or for thick cell walls, respectively.

Naturally, the shear-dominated deformation of the cell walls also influ-
ences the buckling pattern. Since most macroscopic stress states, includ-
ing tensile ones, translate to shear deformations on the cell wall level, the
respective elastic buckling modes are very similar. As an example, the
buckling eigenform for a 3D-HC unit cell under uniaxial compression in the
‘1’-direction is given in Fig. 25(a) as the result of a linear initial stability
analysis. A periodic unit cell model composed of linear shell elements was
used for obtaining this result.

The buckling eigenform shows that the rhombic cell walls buckle like
plates which are clamped on all sides. No significant macroscopic deforma-
tion is visible nor do the cell walls show any sign of interacting with each
other. It may be concluded that the buckling of this specific structure can
be attributed to the buckling of the individual faces of the polyhedra.

The shear deformation of the cell walls can lead to cell wall buckling even
when the macroscopic stress state is a tensile one. Fig. 26 shows a short
wavelength buckling mode on faces of the 3D-HC which are aligned with
the macroscopic loading direction (indicated by arrows in the positive and
negative ‘1’ direction). This buckling mode is triggered by the compressive
principal stress component that is acting perpendicularly to the macroscopic
loading direction in the concerned faces. The depicted short wavelength
mode appears shortly before the uniaxial, tensile macroscopic limit load
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Figure 25. Predicted buckling eigenmode for a 3D-honeycomb under (a)
macroscopic uniaxial compression, and (b) macroscopic hydrostatic com-
pression

Figure 26. Contour plot of the predicted maximum principal stress in a 3D
honeycomb plotted on a deformed configuration (displacements magnified
by a factor of 10) close to the tensile uniaxial limit load. Faces marked with
(U) will be the next to buckle
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of the model is reached. This can be seen from the fact that some of
the faces parallel to the macroscopic loading direction, marked with the
letter ‘U’ in Fig. 26, have not yet buckled. This buckling mode affects
a configuration that is already severely affected by plastic yielding. The
initial, elastic buckling mode exhibits individual dimples in the concerned
cell walls, similar to those displayed in Fig. 25(a). These dimples, however,
vanish as soon as the tensile principal stress along the face diagonal in the
loading direction increases. The macroscopic stress has to be increased
further for the short wavelength elasto-plastic buckling pattern to appear
progressively on faces aligned with the macroscopic loading direction.

No shear deformation, but rather bi-axial compression, is involved in the
uniform hydrostatic compression of 3D-HC on the macroscopic level. Here,
the predicted buckling pattern, which can be found in Fig. 25(b), is much
more uniform and all faces seem to buckle at once, owing to the uniformity
of the compressive global and local stress states.

Having presented the buckling modes under some important macroscopic
load cases we now want to compare the respective macroscopic buckling
stresses. Figure 27 shows the macroscopic elastic buckling stresses for uni-
axial
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Figure 27. Macroscopic elastic buckling stresses as a function of relative
density of 3D-honeycombs under different macroscopic loads
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the space diagonal of the unit cell ([111]), for pure shear loading, and for
loading under hydrostatic pressure. The critical stresses are normalized by
the elastic modulus Fg of the bulk material and plotted over the relative
density p*/ps. For the simplified study presented here, where no correc-
tion for taking into account the volume of the edges and the vertices was
performed, the relative density was linearly proportional to the face wall
thickness, which enters the bending stiffness of the cell walls with a power
of three. Consequently, the normalized elastic macroscopic buckling stresses
were also proportional to the third power of the relative density,

* * 3
Oel ~ p_
Es {PS} ' 13)
Furthermore, the relative differences between the macroscopic buckling
stresses for the different loading cases are more or less constant. Taking
the macroscopic buckling stress for the uniaxial compression along the unit
cell axes as the reference value, the following relations hold: The macro-
scopic uniaxial elastic buckling stress along the space diagonal is approx-
imately 17% higher than the reference buckling stress. The macroscopic
shear buckling stress is approximately 30% higher than the macroscopic
uniaxial compressive buckling stress, and, lastly, the macroscopic hydro-
static buckling stress has the lowest of all four values and is, on average,
53% lower than the reference stress.

Certainly a more detailed model could have been used for predicting the
buckling behavior of the presented model topology, especially with respect
to the more accurate representation of the edge and vertex regions, but
the principal features of the buckling and post-buckling of closed-cell foams
could be demonstrated nonetheless for this comparatively simple structure.
It was most remarkable that, at least for the demonstrated example of the
3D honeycomb, the buckling events are hardly discernible in the overall
macroscopic stress-strain curve owing to the stable post-buckling behavior
of the buckled faces. Nevertheless, the progressive buckling of the cell faces
led to a softening of the structure, the stability of which relies — after the
rupture of the cell faces under the further growing tensile principal stresses
— on the load carrying capacity of the cell edge regions.

Buckling in Open-Cell Foams with Hollow Struts. Figure 28 shows
predicted buckling modes for two different hollow sponges (right) along with
the corresponding undeformed configurations (left).

For the model in Fig. 28(a) a template sponge with a comparatively low
relative density of 1% was chosen in order to set up a model of a hollow
sponge with very slender struts. A hydrostatic pressure load was applied
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Figure 28. Predicted strut buckling (top row) versus strut wall buckling
(bottom row) in a FE model of a sponge with hollow struts under hydrostatic
loading

on the macroscopic level and translated to appropriate master node forces.
A linear initial stability analysis was performed on this setup, and the cor-
responding buckling mode is shown in Fig. 28(b). This image shows a
buckling pattern that does not show any significant cell wall deformation,
but rather a deformation mode of the struts which is in accordance with
classical (Bernoulli-Euler) beam theory. The periodic nature of the buck-
ling pattern is clearly visible and reinforces the need for periodic boundary
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conditions on the unit cell.

A slightly different result arises when the relative density of the template
sponge is set to a higher value of 4%, giving a final finite element configura-
tion as depicted in Fig. 28(c). When a macroscopic pressure load is applied
to this model and a linear initial stability analysis is performed, the result
looks very different from the strut buckling mode observed in Fig. 28(b), as
is documented in Fig. 28(d). Here, the shell of the hollow sponge suddenly
forms local bumps and also distinct kinks on the ribs at the junction lines
of the cell walls. It can be concluded, that the higher effective bending stiff-
ness of the struts, which is a consequence of their higher moment of inertia
owing to the fact that the compactness of the template sponge moves the
coating material farther away from the axes of inertia, prevents beam-like
buckling. At the same time, the average curvature of the hollow sponge’s
shell is lower than in the case of the slender, low density template sponge.
This leads to a reduced resistance of the shell to local buckling and changes
the buckling mode from beam-like buckling to shell-like buckling.

The same effect can be obtained if the coating thickness is increased on a
hollow sponge with slender struts. In this case, the bending stiffness of the
struts prevents strut buckling while the high curvature of the coating avoids
shell buckling. Buckling nevertheless occurs in the form of buckling of the
ribs, which experience the highest compressive stresses due to their distance
from the neutral axes of the struts. Figure 29 shows the undeformed and
the predicted buckled configuration of a vertex in a hollow sponge. Owing
to the fact that the cross-sectional bending moments of the struts reach
their highest values close to the vertices, buckling has also to be expected

(a) (b)

Figure 29. Detailed view of the predicted mode of local buckling of a rib
along the struts of a sponge with hollow struts
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in these regions. For the presented configuration, the buckling instability is
expressed in a lateral buckling of the rib that has formed around the edges
of the Plateau borders.

4.4 Densification

The final stage of the mechanical response of cellular solids with regard
to compressive loading is marked by the collapse of most or all cells. If a
collapsed cell is deformed further and further, self-contact between oppo-
site cell walls will occur on the micro-mechanical level. The formation of
additional mechanical bridges between cell walls due to self-contact leads
to an increase of the effective stiffness of the material. When the deforma-
tion potential of most cells in a structure is exhausted at high compressive
strains, the compressive stress will rise steeply, indicating the progressive
densification of the material.

Insight into the contact mechanics of collapsing cellular structures can
be gained by (periodic) unit-cell models. If periodicity boundary conditions
are applied, special care has to be taken to detect contact between cell
walls on opposite sides of the unit cell. One method for achieving this is
the bounding of the unit cell by the middle surfaces of cell walls, compare
Fig. 30, reproduced from Daxner (2003). Since there are no free surfaces
anywhere on the unit cell boundary, problems with detecting contact that
“wraps around” the unit cell do not occur’.

Simulations with completely resolved micro-structure are very costly in
the large strain compression regime and require finite element codes with
robust contact algorithms such as those found in explicit codes for crush
and crash analysis.

Early works in this context pertain to the simulation of crushing be-
havior of 2D structures, most commonly honeycombs, see, e.g., Papka and
Kyriakides (1998, 1999), where the layer-wise collapse and the localized
deformation of such structures was successfully predicted numerically.

With regard to open cell foams Mills (2007) presented a continuum finite
element model based on a wet Kelvin geometry, thereby fully modeling the
Plateau borders. For a foam with an effective relative density of p.o; = 0.028,
self-contact was predicted to occur at 66% nominal compressive strain. For a
foam of pe; = 0.0622, Mills (2007) also predicted local buckling of the sharp
edges of the Plateau border network in the middle of the struts. Because
the thin edges do not contribute much to the stiffness of the struts, this

N periodic unit cell model built around the same principle was used in Ohno et al.
(2002) and Okumura et al. (2002) for predicting bifurcation buckling in regular 2D
honeycombs.
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Figure 30. Symmetric (left) and periodic (right) deformation modes in
the post-buckling regime of regular 2D honeycombs with plateau borders,
compare Daxner (2003). Bounding the unit cell by the middle surfaces of
the cell walls allows for the prediction of self-contact

local buckling did not significantly influence the overall stiffness. Gong and
Kyriakides (2006) and Jang and Kyriakides (2009) used finite beam element
models of open-cell Kelvin foams with elastic and elastic-plastic strut mate-
rial, respectively, for simulating the crushing process. They approximated
beam-to-beam contact by introducing nonlinear springs between opposite
vertices of the vertical ‘faces’ in their model.

Compression of closed-cell Kelvin and Voronoi foams well into the densi-
fication regime was presented by Denzer and Maier (1999) who used hybrid
beam-shell models to take into account the material distribution between
cell walls and Plateau borders. Meguid et al. (2002) demonstrated strain
localization in a 5 x 5 x 5 = 125 cell model under uniaxial compression.
The individual cells had the shape of cubes that are truncated at their cor-
ners by spheres. Localized collapse was triggered by random variations of
the local apparent density. A finite sized finite element model consisting of
4 x 4 x 5 =80 ‘truncated cube’ unit cells, similar to those used by Meguid
et al. (2002), was crushed in Kim et al. (2006), where the influence of the
ratio between the thicknesses of the cell walls of the cubes and the spheres as
well as statistical thickness distributions were investigated. Simulations of
the dynamic compression of a thin layer of low-density closed-cell polymer
foam were performed by Mills et al. (2009). They used a Kelvin cell model
consisting of two cells in thickness direction for representing the layer. The
low density, dry foam could be modeled well by shell elements. Nominal
compressive strains of over 80% were reached, which corresponded to ex-
tensive folding of the cell walls and contact of the cell walls throughout the
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thickness of the model. The state of densification was reached in this study.

Alternative numerical methods known as “Particle Methods” have also
been applied to simulate the phenomena of foam compaction. Bardenhagen
et al. (2005) employed a “particle-in-cell” method to reach a state of full
compaction by numerical simulation. They found that the residual porosity
in a fully densified open-cell structure is remarkably high, 35% residual
porosity being predicted for the compression of a open-cell material with
an initial porosity of 90%. Brydon et al. (2005) applied the same method
to simulating the densification of a real open-cell carbon foam sample, the
micro-structure of which was modeled from p-CT data.

One issue that arises in the simulation of crushing and, in particular,
crashing of cellular materials is the pressure of the gas that is entrapped in
cells or flowing through pores and openings. Computational Fluid Dynamics
(CFD) analysis can be applied to predict the permeability of discrete micro-
structures to fluids. Boomsma et al. (2003) calculated the permeability of
a wet Weaire-Phelan foam (relative density pyo; = 0.04, mean cell diameter
2.3 mm) with regard to water flow. Mills (2005) performed a computational
fluid dynamics analysis on a wet Kelvin foam model in order to predict the
effective gas-flow permeability for laminar flow as a function of cell size and
cell face hole size. They found the permeability to depend almost linearly
on the cell diameter and on the area of the holes between adjacent cells.

The influence of the compression of entrapped gas during the crashing
of two layers of (dry) Kelvin cells representing a thin layer of low-density
closed-cell polyethylene foam was investigated in Mills et al. (2009). They
documented that the increase of the predicted effective compressive stress in
the engineering strain range of 10% to 60% could be attributed mainly to the
resistance of the enclosed gas to compression, whereas at higher compressive
strains cell wall contact added strongly to the stress response.

4.5 Fracture

Fracture of cellular materials is the limiting mechanism when critical
tensile macroscopic loads are applied. Approaches for predicting the onset
and the propagation of cracks in cellular materials are the subject of this
section.

Unit cell models with periodicity boundary conditions cannot directly be
applied for predicting crack propagation on the micro-scale, because they
give rise to periodic deformation modes, periodic stress and strain fields,
and, as a consequence, periodic patterns of damage and cracks. This leads
to a strong over-prediction of the energy necessary for driving cracks through
the material.
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One logical solution for this problem consists of modeling whole samples
in micro-structural detail, a process which is possible for very small sample
sizes. For example, Schaffner et al. (2000) used a Voronoi honeycomb to
study fatigue damage of cancellous bone.

A possible compromise between resolving the whole model in full de-
tail and using only a periodic unit cell are embedding methods. In the
case of crack propagation, these methods use a detailed finite element rep-
resentation of the micro-structure only around the crack-tip, whereas the
surrounding material is treated only in an homogenized sense.

Such a strategy was followed by Ableidinger (2000) for studying the in-
fluence of a number of micro-geometrical and material parameters on the
macroscopic fracture mechanical behavior of a compact tension (CT) spec-
imen made of an open cell aluminum foam subjected to monotonic loading,
see also Rammerstorfer and Béhm (2000).

The region surrounding the crack tip was modeled with a fully resolved,
but highly generic, three-dimensional tetrakaidecahedral open cell micro-
geometry discretized with beam elements. This kernel was embedded into
the remainder of the CT specimen, compare Fig. 31 (top, left), which
was treated as a homogeneous structure with an effective material behav-
ior obtained from unit cell analyses of the same tetrakaidecahedral micro-
geometry. In the out-of-plane direction the core consisted of a single layer
of tetrakaidecahedra, the embedding region having the same thickness, and
symmetry boundary conditions were applied at the top and bottom planes,
so that the model actually corresponds to an inner layer (plane strain con-
ditions) of the specimen. Tensile loads were applied at the positions of the
loading fixtures of the CT specimen, so that the crack proceeded in fracture
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Figure 31. Embedded cell model of an open cell foam using a tetrakaidec-
ahedral core and a homogenized outer region (left) and detail of the core
around the crack tip (right), from Ableidinger (2000). Note that symmetry
with respect to the crack plane is assumed
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Figure 32. Macroscopic force versus displacement curves (left) and macro-
scopic crack resistance curves (right) of CT specimens made of open cell
aluminum foams predicted by embedded cell models, see Fig. 6.31, for dif-
ferent effective densities and different aluminum alloys (Ableidinger, 2000)

mode I on the macro-scale. Crack propagation at the micro level as resolved
in the kernel region was assumed to be caused by sequential ductile failure
of the most highly loaded struts, compare Fig. 31 (top, right).

From the predicted force versus displacement diagrams of the CT spec-
imens, see Fig. 32 (left), effective K versus Aa (crack resistance) curves
as shown in Fig. 32 (right) were obtained. For this purpose, the macro-
scopic stress intensity factor K; was evaluated at each maximum of the
force versus displacement curves according to standard expressions for CT
specimens, the crack length increments Aa being dictated by the selected
micro-geometry. Both Figs 32 (left/right) show results for three values of
the apparent density of the foam and for two aluminum alloys differing in
ductility. Within such a modeling approach parameters such as the mass
density of the foam (which determines the void volume fraction), the size
of the cells (which influences the fracture behavior in terms of an internal
length scale), the yield strength, and the strain to fracture of the bulk ma-
terial (which govern the ductile damage and failure of the struts) can be
varied easily in order to study their respective influences on the fracture
behavior of open cell metallic foams.

A somewhat similar approach for predicting the fracture toughness of
a rectangular lattice of struts was followed by Choi and Sankar (2005),
who derived the effective elastic properties of the lattice and inserted them
into analytical relationships for calculating the displacement field along the
boundary of a FE model consisting of 100 x 100 cells. Thus, the homog-
enized outer region used by Ableidinger (2000) was implicitly represented
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by the prescribed displacements. A maximum stress criterion at the strut
level was used to predict Mode I and Mode II fracture toughness values.
Their analysis shows that that the displacements and stresses in the foam
near the crack tip are very similar to that in an equivalent homogeneous
material rial, and continuum fracture mechanics concepts can be applied
for predicting the fracture of a cellular medium. Lee et al. (2007) extend
the method to functionally graded foams. Since no analytical descriptions
for the displacement field were available for this more complex case, they
used a macro-mechanical continuum model for deriving this field, thereby
effectively using the micro-mechanical model as a highly refined sub-model
for the macro-mechanical one. They found that the effective foam density
at the crack tip has the greatest influence on the fracture toughness which
is similar to the one of a homogeneous foam of the same density.

Schmidt and Fleck (2001) investigated the crack growth under Mode I
loading and small scale yielding conditions in 2D honeycombs. They pre-
scribed the displacements and rotations at the boundary of a finite beam
element model of the region around the crack tip in order to apply the
far-field load. Lipperman et al. (2007) studied the propagation of cracks
in infinite periodic 2D lattice structures by sophisticated analytical means
based on the discrete Fourier transform.

Fatigue in open-cell foam aluminum foam was taken into account in a
micro-mechanical model by Demiray et al. (2009), who simulated the effect
of cyclic loading on a Kelvin foam model. Damage accumulation and failure
in individual struts was evaluated on the basis of the Palmgren-Miner rule.

5 Optimization of Foam Density Distribution

With growing knowledge about the mechanical performance of cellular met-
als, and in particular of metallic foams, methods for the design of foam com-
ponents for applications such as packaging, energy absorption and sandwich
structures have evolved significantly, see Gibson and Ashby (1988); Gibson
(1989); Ashby et al. (1998). The ability of cellular metals to compete with
other materials can be underlined by emphasizing their multi-functionality,
Evans et al. (1999). Furthermore, it was shown that in certain structures,
such as cylindrical sandwich shells, metal foam cores are more weight effi-
cient than other stiffening concepts (Hutchinson and He, 2000).

In studies dealing with the design and optimization of metal foam com-
ponents usually a foam of uniform density has been assumed. One popular
field of research in this respect is the weight-efficient design of thin-walled,
foam-filled tubes for energy absorption applications, see, for example, Chen
et al. (2002); Kim et al. (2002); Zarei and Kroger (2008a,b)
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Optimization of density gradients in thin layers of functionally graded
polymeric foams intended for crash energy absorption applications were
recently investigated in Forero Rueda et al. (2009); Cui et al. (2009a,b).

Metallic foams and syntactic foams? (Gupta, 2007), show some poten-
tial for being produced with controlled spatial variations of their apparent
density. In the case of foams produced via powder metallurgical routes the
foaming process, and, as a consequence, the final density distribution may
be controlled by suitable choices of the distribution of the blowing agent
and of process parameters such as temperature and pressure. This suggests
employing such foams as graded materials in space filling lightweight struc-
tures designed in analogy to cancellous bone, a natural functionally graded
cellular material that displays increased density in regions of high loading.
Reiter and Rammerstorfer (1993); Reiter (1996) presented algorithms for
the optimization of composite materials that are based on procedures for
simulating the natural adaptation of bone to applied loads.

Daxner et al. (2000b) implemented the algorithm of Reiter (1996) for a
self-adapting material, providing options for converging towards a uniform
distribution of the local strain energy density or towards the satisfaction
of a local yield criterion by iteratively adapting the local density. The for-
mer choice gives rise to configurations of increased stiffness and the latter
to density distributions in which the material shows uniform safety against
plastic failure. It was shown that strength optimization with material pa-
rameters that are typical for metallic foams leads to continuous solutions
showing density gradients, compare Fig. 33, which may indeed be realiz-
able by suitable processing technologies. Attempts to optimize the specific

Figure 33. Strength optimized symmetric beam with fixed supports under
a central load P. Light and dark areas indicate low and high local foam
density, respectively

2Syntactic foams are composites consisting of hollow particles (micro-balloons) embed-
ded in a metal, polymer or ceramic matrix.
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stiffness of foam structures, on the other hand, resulted in the formation
of discrete structures such as frameworks of struts. This indicates that cel-
lular metals may not be ideal for stiffness-optimized structures, at least in
the presence of concentrated loads. For sandwich beams with foam cores
as studied by Vonach et al. (2000) smooth mesoscopic density distributions
were also obtained for stiffness optimized configurations under distributed
loads.

6 Summary

In this section, some aspects of modeling and simulation of cellular mate-
rials with the finite element method were discussed. A detailed review of
the methods available for the prediction of the mechanical behavior of cel-
lular materials on the micro-mechanical length-scale was given. This review
revealed, that the standards in modeling cellular materials on the micro-
mechanical level reflect the state of the art, that is, it is fairly easy to predict
elastic properties and yield phenomena, but the analyses become increas-
ingly more difficult as soon as buckling instabilities or fracture processes are
involved, both of which still pose theoretical and practical challenges to the
analyst.

With respect to the effective, macro-mechanical behavior of cellular ma-
terials, a special topic was discussed, namely the optimization of the dis-
tribution of the effective density in structures containing cellular materials
based on the dependence of the effective properties on the local density.
The proposed optimization algorithm can provide information regarding the
proper design of components in which the effective density of the cellular
material can be varied spatially by appropriate production technologies.
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Abstract This chapter gives in the first part a summary of some
important elements in continuum mechanics, i.e. the decomposition
of the stress tensor in its spherical and the deviatoric part and the
use of stress invariants to describe the physical content of the stress
tensor. In the next part, the elastic behaviour of isotropic materi-
als based on generalised Hooke’s law is summarised and a notation
appropriate for computer implementation is introduced. The con-
stitutive description is then extended to plastic material behaviour
and the description based on a yield condition, flow rule and hard-
ening law is introduced. The concept of invariants is consistently
applied and explained for the characterisation of yield conditions.
A classical simple cubic cell model based on beams (Gibson/Ashby
model) is investigated in the next chapter in order to highlight the
assumptions and the derivation of the macroscopic material proper-
ties (elastic constants and yield stress). In the following, a strategy
to determine the influence of the hydrostatic stress on the yield be-
haviour is proposed and conceptionally realised by a state of plane
strain and a state of uniaxial strain. In addition, alternative ways
to determine the complete set of elastic constants are shown. The
last part covers the implementation of yield conditions into finite
element codes. The understanding of the predictor-corrector con-
cept is required to provide new constitutive equations in commercial
computational codes.

1 Fundamentals of Continuum Mechanics

1.1 Stress Tensor and Decomposition

It is of great importance in the framework of the plasticity theory of
isotropic materials to decompose in a unique manner the stress tensor o;;
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into a pure volume changing (spherical or hydrostatic) tensor of; and a pure
shape changing (deviatoric) stress tensor s;; (cf. Fig. 1)%:

045 = O’?j + sij = amél-j + Sij . (1)

In Eq. (1), om = %(crm + 0yy + 0..) denotes the mean normal stress?
and 0;; the Kronecker tensor (d;; is equal to 1 if ¢ = j, and 0 if ¢ # j).
Furthermore, Einstein’s summation convention® is introduced, Bronstein
and Semendjajew (1988).

total state hydrostatic part deviatoric part
(change in volume; (change in shape)

Figure 1. Decomposition of the stress tensor into its spherical and the
deviatoric part.

Equation (1) can be written with components in the following way as

Ozx Ozy Oxz Om 0 0 Szx  Szy  Sxz
Ory Oyy Oyz| = | 0 om 0| + |Say Syy Syz| - (2)
Ozz Oyz Ozz 0 0 Om Sxz  Syz Szz

stress tensor o;; hydrostatic tensor a;’j deviatoric tensor S

It can be seen that the elements outside the main diagonal, i.e. the shear
stresses, are the same for the stress and the deviatoric stress tensor:

Sij = Oij for 1 7é j y (3)
Sij = O04j — Om for Z:] (4)

Tt should be noted that in the case of anisotropic materials, a hydrostatic stress state
may result in a shape change and a deviatoric stress state in a volume change, Betten
(2001).

2 Also called the hydrostatic stress. In the context of soil mechanics, also the pressure
p = —om is used. Be aware that some finite element codes use this definition.

3Wherever a subscript occurs twice in the same term, it is understood that the subscript
is to be summed from z to z, e.8. Ok =D j_, Okk = Oza + Oyy + 02z = 30m.
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The hydrostatic part of ¢;; has in the case of metallic materials (full
dense materials) for temperatures approximately under 0.3-Ty, (T,: melting
temperature) nearly no influence on the occurrence of inelastic strains since
dislocations slip only under the influence of shear stresses. On the other
hand, the hydrostatic stress has a considerable influence on the yielding
behaviour in the case of cellular materials, in soil or damage mechanics.

1.2 Invariants

To ensure the independence of a stress based description of physical phe-
nomenouns from the chosen coordinate system (objectiveness), it is meaning-
ful to use instead of the stress tensor components o;; a set of independent
tensor invariants, Backhaus (1983); Jirasek and Bazant (2002), among oth-
ers. These invariants are independent from the orientation of the coordinate
system and represent the physical content of the stress tensor. The so-called
characteristic equation?

det (O’i]‘ — )\(Sij) = 0, (5)
or in components
Ogx — A Ozy Oxz
Opy  Oyy—N o0y |=0, (6)
Oz Uyz Ozz — )\

leads to the cubic equation

N = 11(0ij)A? + Iy (0ij)A = I3(03;) = 0, (7)

for the definition of the three scalar principal stress invariants I, I and I3.
The three roots \; of Eq. (7) are the principal stresses: o5 = max(A1, A2, A3),
orrr = min(Ay, A2, Ag), and or; = (I1 — o7 — o). Let us remind here that
the principal stress state is the state which has no shear components, i.e. the
only stress components are the principal stresses o; (i = I, I1,II1) on the
main diagonal of the stress matrix. Another interpretation of the principal
invariants is given by:

~ I = trace® of o5
Il = Ogz + Oyy + 0. (8)

4det(. ..) denotes the determinant of a matrix or tensor.
5The trace of the stress tensor is defined: tr(og;) = 044
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— I> = sum of the two-row main subdeterminants of o;;:

Oyy Oyz
Oyz Ozz

Ozx Ozxy

I, =

Ozx Ozz
. 9
Ozz Ozz ' ( )

Ozy  Oyy

— I3 = determinant of oy;:

Oxx Oxzy Oxz
Is = |0zy Oyy Oy:l - (10)
Oxz Oyz Ozz

In addition to these principal invariants, there is often another set of
invariants used. This set is included in the principal invariants I; and called
basic invariants J;:

Jl - Il, (11)
Jy = -1, (12)
J3 = i -LL+1s. (13)

The definition of both of principal and basic invariants is summarised and
compared in Tab. 1.

It can be seen from Tab. 1 that the spherical tensor o7; is completely
characterised by its first invariant because the second and third invariant
are powers of it. The stress deviator tensor s;; is completely characterised
by its second and third invariant. Therefore, the physical content of the
stress state o;; can be completely described either by the three invariants
or if we use the decomposition in its spherical and deviatoric part by the
first invariant of the spherical tensor and the second and third invariant of
the stress deviator tensor. It should be noted here that this statement is
valid for both, i.e. the principal and basic invariants. In the following, we
will only use the basic invariants and thus, the physical content of the stress
tensor will be described by the following set of invariants:

o — JO T T (14)

The following Eq. (15) summarises formulae based on the general stress
components o;; for the practical calculation of the three stress invariants
JP, J4 and JS.
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Table 1. Definition of principal and basic stress invariants of isotropic

materials.
stress tensor
Oij U?j Sij
principal invariants
! / /
Iy, 12, I3 I, 15,13 I, 15, I3
I1:(Tii If:Uii IiZO
1 1 /
L = 5(ow0j; = 01505) I3 =5 (0u)” | Iy = =5 sij8ji
— 1. - ) o_ 1 (5 )3 A )
I3 - §(§O—zzgjjgkk + 0ij0k0ki I3 = 27 (Jzz) -[3 -3 SijSjkSki
—gaz’jaﬁ%k)
! /
= 11712713 = ]f = 12,I3
basic invariants
! ! !
J17J27J3 Jf,Jé),Jé) leJQvJB
J1 = 04 JfZUii J{ =0
_ 1 _ 1 2 r 1
J2 = 50ij0ji S5 =g low) | Jo= 55,85
_ _ 3 /I
Js = 50ij0k0%i Jg =5 (o) | J3= 38ij8jkSki
! !
= J17J27J3 = Jf = JQ,Jg
Jf = Ozq + Oyy + 02, (15)
1
/ 2 2 2
Jy = 6 (02w — 0yy)* + (0yy = 022)° + (022 — 04a) ] +
2 2 2
+U:ry +0yz +sz ’ (16)
/ 2 2 2
Jy = SuuSyySzz + 200y0y2020 — 8220y, — SyyTay — 52204y, (17)

where e.g. the deviatoric stresses can be calculated as
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1
Spw = 5(20m — Oyy — 02z) - (18)

Finally, it should be mentioned here that it is also possible to derive the
same sets of invariants from the strain tensor ¢;; and that further sets of
independent invariants can be found e.g. in Altenbach et al. (1995).

1.3 Constitutive Equations

Figure 2 shows the emplacement of the constitutive equation in the
framework of the solid mechanical modelling of a material particle. The
constitutive equation combines the kinematic and equilibrium equations by
indicating the dependence of strains on stresses.

4 N

external forces displacements

? continuum mechanical ?

R modellin . .
equilibrinm g kinematic

' i

constitutive ;
stresses - - — strains
equation

meagsure for measure for
L loading deformation )

Figure 2. Solid mechanical modelling of engineering materials.

According to the level of description, microscopic, stochastic and macro-
scopic constitutive equations are distinguished, Lebon (1992). Microscopic
constitutive equations describe the material behaviour based on variables
(e.g. dislocation density) taken from physics of solids. A transfer of the
microscopic material behaviour on the macroscopic level was not success-
ful up to now. Stochastic constitutive equations describe also the material
behaviour in the micro-level. For that purpose, probabilistic processes are
applied. The transfer on the macroscopic level is due to its mathemati-
cal structure possible. Macroscopic constitutive equations are also called
phenomenological models. Their field of application is the continuum me-
chanical modelling of components and structures. The material is idealised
as a homogeneous continuum which constitution is described by a few vari-
ables such as strain, temperature and occasionally by additional so-called
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internal variables. In the case of multiphase or inhomogeneous materials,
such as cellular or fibre-reinforced materials, this assumption holds not in
the first place. By averaging the different material properties an approxi-
mately homogeneity can be assumed, cf. Fig. 3.

homogenisation

_

multiphase material equivalent material

Figure 3. Averaging the materials properties to obtain an equivalent ma-
terial.

1.4 Linear Elastic Behaviour: Generalised Hooke’s Law for Iso-
tropic Materials

In general Cauchy elasticity the stress tensor o;; is a nonlinear tensor
function of the strain tensor ey,

oij = fij(ert) , (19)
whereas in linear elasticity of homogenous materials the Cauchy stress ten-
sor is, in extension to Hooke’s law (o0 = Fe¢) of the year 1678, proportional
to the Cauchy strain tensor through the linear transformation

035 = Cijri€ri - (20)
It may be notated here that Eq. (20) is the simplest generalisation of the
linear dependence of stress and strain observed by Hooke in a simple tension
test, and consequently Eq. (20) is referred to as the generalised Hooke’s law.
The fourth-order tensor Cj;j; has 81 independent components in total and is
called the elasticity tensor. In the case of linear elasticity®, the components
of the elasticity tensor are material parameters. Due to symmetry of oy;
and ey, the pairs of indices ¢j and kl in Cjj;; can be permutated. Hence,
the number of independent constants of the elasticity tensor is reduced to
36. A further reduction of constants is obtained if we assume the existence
of a strain energy potential w(e;;) from which the stresses are derived by
differentiating as:

6C0nsidering a homogeneous material at constant temperature.
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ow
After partial differentiating of Eq. (20) with respect to €;; and consideration
of Eq. (21), one obtains the components of the elasticity tensor as

(21)

Uij =

&rij 82w
Cijkl a ykl B C{)Eija&d ' (22)
There is an additional symmetry due to the commutation of the order of
the partial derivative with respect to ¢;; and €x; and the number of indepen-
dent constants is reduced to 21. A material for which such a constitutive
relation is assumed is also called Green elastic material, Altenbach and Al-
tenbach (1994). Under consideration of material symmetries (e.g. crystal
systems), a further reduction of the number of constants can be achieved.
For an isotropic material, the mechanical properties are the same for all
directions and it can be shown, Hahn (1985), that the components of the
elasticity tensor are determined by two independent constants, the so-called
Lamé’s constants A and p and the stress-strain relationship is given for this
case by

05 = 2,U,Eij + Askk&j . (23)

The characterisation of metallic materials is in general based on the
engineering constants Young’s modulus E and Poisson’s ratio v». On the
other hand, the description” of isotropic materials in soil or rock mechanics
is rather based on the shear modulus G and the bulk modulus K than F
and v. The conversion of the engineering elastic constants can be done with
the aid of the relationships given in Tab. 2.

Mechanical and physical reference values® of some typical engineering
materials are summarised in Tab. 3.

In the following description, the tensor notation is abandoned and the
engineering notation (so-called Voigt or matrix notation) is now consistently
introduced and observed, i.e. the components of the second-order strain
tensor €;; and the stress tensor o;; are arranged into column matrices

Ex Exy Exz
T
€ij = |Eyz €y Eyz — e =A{eg ey €, 264y 26y, 264, } (24)

Ezx Ezy €z

"This is also valid for visco-elastic materials.
8 Conversion from GPa to MPa: value times 1000; conversion from g-cm ™3 to kg-m™—3

value times 1000; 1 Pa = 1 N/m?.
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Table 2. Conversion of elastic constants.

E.v K,v G,v K., G
il | K sy | K
E| E |[3K(1-2)|20(1+v)| 2K
v v v v %
G 2(12—1/) 312(((11;1/2;) ¢ ¢

Table 3. Reference values of typical engineering materials (all values are
given near room temperature).

Material Ein GPa | vin — | G in GPa | density in g-cm™3
Aluminium 70 0.35 26 2.700
Iron 211 0.29 82 7.874
Magnesium 45 0.29 17 1.738
Titanium 116 0.32 44 4.506
and
Oz Ozy Ozz
Oij = |Oya Oy Oy — o ={0y 0y 0, 04y 0y- 0w}, (25)
Ozx Ozy Tz

and the fourth-order elasticity tensor Cjjj; is represented by a square (6 x6)-
matrix C. This formalism is closer to actual computer implementations
than the tensorial notation, Simo and Hughes (1998). Furthermore, we
use the unit column matrix 1 = {1 11 0 0 0}T and the diagonal matrix
L=1]111222]|, which is not a unit matrix because the strain vector is
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expressed using the engineering definition of shear strain (e.g. Vay = 2€4y)
rather than the tensor definition, cf. Fig. 4.

a) b)
Y Y

. L@L /0y
dy dy
Yry

Ju/dx
e

dx T dx ?

Figure 4. Definition of shear strain: a) tensor definition as the average
Exy = Eya = (0v/0x + Ou/0dy)/2; b) engineering definition as the total
Yoy = Ov/0x + Ou/0y.

Now, the generalised Hooke’s law for isotropic materials based on Lamé’s
constants can be written in matrix form as

o=2uL ' +A1®1)e, (26)

or in explicit form with all components as

Oy A+ 2u A A 0 0 O €

oy A A+ 2p0 A 0 0 O Ey

o | A A A+2p 0 0 O | e 27)
oy [ 0 0 0 nw 0 0 2eqy

Oy 0 0 0 0 pu O 2ey.

Ogz 0 0 0 0 0 n 2¢€4,

The dyadic product ® used in Eq. (26) is represented for two column ma-
trices a and b by

a; bl a1b1 a1b2 albn
as b2 a2b1 a,2b2 N agbn

a®b=¢ . p®¢ .= : : " : ) (28)
n bn anb1 co. Gpby
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where the same result can be obtained by the multiplication of a column
and row matrix ab’. Alternatively, Eq. (26) can be written in the form of
Eq. (23) as

— ouL~! o _ -1 2117 T
o uL™" e +21®@1(epnl+e) =2ul” e+ Aen 1l 142117 e
31 0
= 2uL e + \(3em)1. (29)

Substituting for A and g in terms of E and v (cf. Tab. 2) gives the
alternative formulation of the stiffness matrix in Eq. (27) based on the
engineering constants as

1—v v 1% 0 0 0
v 1—v 1% 0 0 0
E v v 1—v 0 0 0
c= (1+v)(1—2v)| O 0 0o = o0 0 (30)
0 0 0 0o = 9
0 0 0 0 0 =

In a simple tension test, the only nonzero stress component o, causes
axial strain ¢, and transverse strains e, = ¢,. Thus, Eq. (30) yields

Oz Vo,

Ez:f and sy:—w—:gﬁ:—E.

By using Egs. (31), one can calculate the elastic constants, Young’s modulus

E and Poisson’s ratio v, from a uniaxial tension or compression test. Intro-

ducing the shear modulus G and the bulk modulus K according to Tab. 2

yields a further formulation of the stiffness matrix in Hooke’s generalised
law as

(31)

K+3iG K-2G K-2G 0 0 0

K-32G K+3G K—-2G 0 0 0
c—|K-3G K-2G K+3G 0 0 0 (32)

0 0 0 G 0 0

0 0 0 0 G 0

0 0 0 0 0 G

The quantity K + % G in Eq. (32
Chen and Han (1988).

From the point of view of continuum mechanics, a state under pure shear
stress (result: shear modulus G) and a state under pure hydrostatic stress

~

is also known as the constraint modulus,
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(result: bulk modulus K') should aim to determine the elastic constants,
since the constants are independent from each other in this case. However,
the experimental determination of the elastic constants is mostly based on a
simple realisable tension or compression test, from which Young’s modulus
E and Poisson’s ratio v can be obtained.

A summary of the different formulations of Hooke’s law in matrix form
is given in Tab. 4 and compared with the corresponding tensor form given
in common literature, e.g. Hahn (1985); Chen and Saleeb (1982); Fliigge
(1962); Mang and Hofstetter (2000).

Table 4. Formulations of isotropic Hooke’s law (elastic stiffness form).

Hooke’s law

o=Ce

0ij = Cijkl €kl

Formulation based on Lamé’s constants

0ij = AekkOij + 2ues;

o=M\®1+2uL e

Formulation based on Young’s modulus and Poisson’s ratio

_E Y 1@14Lt _ B 25
A IR (W €% T Ty BT T gy, Ytk

Formulation based on bulk modulus and shear modulus

P 3K —2G
o=(K1®1+2G(L™"'-31®1))e | 05 =2G- €ij + —gg it

Decomposition in volumetric and deviatoric part

o= 3Keynl +2GL e
N—— ——

volumetric ~ deviatoric

055 = Kskkéij + QGGZ—]-

volumetric  deviatoric
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2 Constitutive Relationships for Pressure Sensitive
Materials: Systematic Overview

The three essential ingredients of plastic analysis are the yield criterion, the
flow rule, and the hardening rule, c¢f. Armen (1979). The yield criterion
relates the state of stress to the onset of yielding. The flow rule relates
the state of stress o;; to the corresponding increments of plastic strain dsfj
when an increment of plastic flow occurs. The hardening rule describes
how the yield criterion is modified by straining beyond the initial yield. In
the following section, the mathematical and graphical representation of the
initial yield criterion will be discussed in detail. The initial yield criterion
can generally be expressed for isotropic and anisotropic materials as

F = F(o4), (33)

where the state of stress ;; can be split in its spherical o7; and deviatoric
part crz’-j. For an isotropic material, the stress state can then be expressed in
terms of combinations of three independent stress invariants. As discussed
in one of the previous sections, the set of the so-called basic invariants, J7,
J4 and Jj, is used. Thus, one can replace Eq. (33) for an isotropic material
by

F= P, 05, J3). (34)

The yield condition F' = 0 represents a hypersurface in the multi-dimensional
stress space and is also called the yield surface. A direct graphical repre-
sentation of this yield surface in a Cartesian coordinate system with three
coordinates is not possible due to its dimension. However, a reduction of
the dimensions is possible if a principal axis transformation is applied to
the argument o;;. The components of the stress tensor are then uniquely
reduced for isotropic materials to the principal stresses o7, orr and o7 on
the principal diagonal of the stress tensor. In such a principal stress space,
it is now possible to graphically represent the yield condition as a three-
dimensional surface. A hydrostatic stress state (o7 = o7 = oyyy) lies in
such a principal stress system on the space diagonal (hydrostatic axis). Any
plane perpendicular to the hydrostatic axis is called an octahedral plane.
The particular octahedral plane passing through the origin is the devia-
toric plane or w-plane, Backhaus (1983). On the basis of the dependency
of the yield condition on the invariants, a descriptive classification can be
performed. Yield conditions independent of hydrostatic stress can be rep-
resented by the invariants Jj and Jj. Stress states with Jj = const. lie on
a circle around the hydrostatic axis in an octahedral plane. A dependency
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of the yield condition on J4 results in a deviation from the circle shape. A
dependency on J7 denotes a size change of the cross-section of the yield
surface along the hydrostatic axis. However, the shape of the cross-section
remains similar in the mathematical sense. Therefore, a dependency on J7
can be represented by sectional views through planes along the hydrostatic
axis. The geometrical interpretation of stress invariants, Chen and Han
(1988), is given in Fig. 5.

a) b)
Plor,or,0011) Tk y

2J;  hydrostatic
axis

v T A}
N{om, oms m;

.
Vil

arr

octahedral plane

ai ar arr

Figure 5. Geometrical interpretation of basic stress invariants in relation
to an arbitrary stress state P: a) principal stress space; b) octahedral plane,
1 = const., view along the hydrostatic axis.

It can be seen that an arbitrary stress state P can be expressed by its
position along the hydrostatic axis (%Jf) = ¢ and its polar coordinates

(\/2J4 = p,0(J5,J4)) in the octahedral plane through P. For the set of
polar coordinates, the so-called stress Lode angle 6 is defined in the range
0 <6 <60° as, Nayak and Zienkiewicz (1972),

3V3 T4
= 7(%)33 7 (35)

cos(30) =
The set of coordinates (&, p,cos(36)) is known as the Haigh-Westergaard
coordinates. To investigate the shape of the yield surface, multiaxial stress
states must be simulated and the shape within the corresponding octahe-
dral plane has to be drawn according to the following transformation which
projects a principal stress state first in the octahedral plane (angle of trans-
formation: cos? = 1/v/3) and then to the Cartesian coordinate system
(x,y) shown in Fig. 5 b):
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y=—=-(01—0.5-(orr +o111)) , (36)

>—~3|m
>

T = 7 (orrr —orr) - (37)

In such a case, it is now essential whether the plastic behaviour is pres-
sure sensitive, i.e. depends on J7, or not. If there is no dependency on J7,
i.e. a constant shape along the hydrostatic axis, then all evaluated points
can be drawn in a single octahedral plane. However, if one expects a depen-
dency, then only stress states with the same hydrostatic stress are allowed
to be represented in the same octahedral plane where Jy = const. holds.
As a result, e.g. uniaxial tensile (J? = o) and pure shear tests (JY = 0)
cannot be represented in the same octahedral plane. In order to draw the
shape of the yield surface for a pressure sensitive material, the following
differing multiaxial stress states with J? = 0, e.g. o7 = —oyr (orrr = 0)
or oy = =201 = —20y77 (07 > 0V o7 < 0), are a possibility to obtain
values in the same deviatoric plane. It should be noted here again that the
shape changes only its size along the hydrostatic axes but remains similar
in the mathematical sense. Typical Lode angles for basic experiments are
summarised in Tab. 5 where the graphical representation in the octahedral
plane is given.

For an isotropic material, the labels I, I'1, II] attached to the principal
coordinate axes are arbitrary. It follows that the yield condition must have
threefold symmetry and it is only required to investigate the sector 8 = 0°
to 60°, cf. Fig. 6. The other sectors follow directly from the symmetry. Is
the uniaxial yield stress in addition the same in tension and compression, a
sixfold symmetry is obtained and only the sector § = 0° to 30° needs to be
investigated, cf. Fig. 6.

Further restrictions of the shape of the yield condition in the octahedral
plane are based on the requirement of a convex shape”, cf. Fig. 7. The
inner bound corresponds to the Tresca yield criterion. An influence of the
third invariant would result in a deviation from the circular shape (e.g. von
Mises).

The maximum distance between the circle and the outer bound is ob-
tained for 6 = 30° as (cf. Fig. 7 b))

AC_A0-k_ 1 1= 2 1=15.47% 38
Kk k cos30° 3 U™ (38)

9The convexity of the yield surface can be derived from Drucker’s stability postulate,
Betten (2001); Lubliner (1990). It is assumed here that the postulate is valid!
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Table 5. Values of the stress Lode angle for basic tests.

case component 0 in Fig. 5
uniax. tension oy =0 or 0°
oir =0 or 120° (—60°)
grryr = o 2400 (600)
uniax. compression oy = —0 or 0° (180°)
ojp=—0 or —60° (120°)
grryry =— —o0 600
biax. tension oy =0y =0 Or 60°
oy =07y =0 Or —60°
gry = 0o0jyryy — 0O 1800
biax. compression oy =077 = —0 Or 240°
oy =051 = —0 Or 120°
orr =011 = —0 0°
triax. tension O =0 =011] =0 —
triax. compression | oy =07 =o0771 = —0 —
pure shear o =T;011 = —T —30°
(Ozy =17)
o =T;0[7] = —T 30°
(Urz = T)
orr =T;0111 = —T 90°
(0y> =T)
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a) b}

orr Trrr GIr orrr

Figure 6. Schematic representation of periodic segments in the octahedral
plane: a) 30° symmetry segment; 60° symmetry segment.

a) b)
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Figure 7. Schematic representation of outer (a) and inner bound (b) of a
yield condition in the octahedral space.

of the circle diameter. The maximum distance between the circle and the
inner bound is obtained under the same angle as (cf. Fig. 7 b))

AC k- AO 3
T—T—ICOS?)OO:l—%—ISZLO% (39)

In the case that a material has the same uniaxial yield stress in tension
and compression, the influence of the third invariant is often disregarded
since the maximum error is in the indicated range of the outer and inner
bound, cf. Egs. (38) and (39). In such a case, the mathematical description
can be performed in a J{-/3J} invariant space as indicated in Fig. 8.

In the Jf—\/3_J§ invariant space, basic material tests can be identified as
lines through the origin as indicated in Fig. 8. Table 6 summarises for these
basic experiments the linear equations. As one can see, a uniaxial tensile
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v/ 3

pure shear
uniaxial compression uniaxial tension
biaxial compression hiaxial tension

triaxial compression triaxial tension
L
i
not delined /
VA A A A .

Figure 8. Schematic representation of basic tests in the J7-4/3.J4 invariant
space.

test is represented for example by the bisecting line in the first quadrant
of the Cartesian J{-/3.J5 coordinate system. Performing a uniaxial ten-
sile test would mean to 'walk’ from the origin along this straight line (by
monotonically increasing the load) until a material limit, e.g. initial yield
or failure, is reached. This point (indicated in Fig. 8 by o) makes part of
the yield or limit surface and the connection of all such points obtained
from different experiments (i.e. from walks along different lines) gives the
final shape which must be described in terms of the variables to obtain the
expression F(J7, J5) = 0.

Some typical representations of yield or limit surfaces are schematically
shown in Fig. 9. A representation which depends only on JJ is shown in
part a): A constant diameter is obtained along the hydrostatic axis and
a circular shape in the octahedral plane. Incorporating a dependency on
the hydrostatic stress (part b)) changes the diameter along the hydrostatic
axis but the octahedral plain still displays a circle. Only the third invariant
(part ¢)) can deform the circle in the octahedral plane. For such a depen-
dency, sectional views for § = 0° (’tensile meridian’), §# = 60° ("compression
meridian’) or § = 30° (’shear meridian’) are common representations in the
Jf—\/@ space. Along these meridians, a hydrostatic stress state is super-
imposed to the respective stress states.
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Table 6. Definition of basic tests in the JP-1/3.J5 invariant space.

case Jy \/ﬁ comment
uniax. tension (o) o o slope: 1
uniax. compression (—o) | —o o slope: —1
biax. tension (o) 20 o slope: 0.5
biax. compression (—o) | —20 o slope: —0.5
triax. tension (o) 3o 0 horiz. axis
triax. compression (—o) | —30 0 horiz. axis
pure shear (7) 0 V37 | vertical axis

The flow rule is in general stated in terms of a function @, which is
described in units of stress, and is called a plastic potential. With d\ a
scalar called plastic multiplier, the plastic strain increments are given by

oQ
de=dX- =%, (40)

The flow rule given in Eq. (40) is said to be associated if Q = F, otherwise
it is non-associated. Hardening can be modelled as isotropic (i.e. initial
yield surface expands uniformly without distortion and translation as plas-
tic flow occurs) or as kinematic (i.e. initial yield surface translates as a
rigid body in stress space, maintaining its size, shape and orientation), ei-
ther separately or in combination. With the isotropic hardening parameter
r and the kinematic hardening parameters a = {ag;, e ,ozlz}T, the hard-

ening vector q = {/i7 a}T can be composed and the yield condition under
consideration of hardening effects results as:

F=F(o,q) =0. (41)

Equation (41) can be further extended e.g. by incorporating of damage ef-
fects or anisotropy. More details on modelling of plastic material behaviour
can be found in the standard books Altenbach et al. (1995); Zyczkowski
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Figure 9. Schematic representation of different yield/failure conditions: a)
F 2 F(JL); b) F = F(J2, J3); o) F = F(JE, T3, J5).

(1981); Betten (2005); Kolupaev (2006).

Let us have in the following a look on a typical yield criterion proposed
for cellular materials. For metallic and polymer foams, the following yield
criterion which incorporates the hydrostatic stress
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1
F(JP,J5) = 50 () + J5 — K2 =0 (42)

has been proposed by Deshpande and Fleck (2000, 2001). A graphical rep-
resentation in the \/JZ — JP— plane is shown in Fig. 10 a). Since the
hydrostatic stress (J7) is given as a quadratic function, i.e. to power two,
the shape is symmetric to the \/jé—axis. The general shape is an ellipse
with major axes coincident with the coordinate axes.

b
) o)
4
k| any 0
x . o Tirf
MR:V -

Figure 10. Graphical representation of the yield condition according to
Deshpande-Fleck: a) y/J5 — JP— coordinate system; b) octahedral plane.

In the octahedral plane, a circular shape is obtained since Eq. (42) does
not incorporate Jj, cf. Fig. 10 b). To further investigate the yield condition,
let us consider a biaxial stress stress state where only the two normal stresses
oy and oy are acting. Substituting the relationships from Egs. (15) for the
basic invariants into Eq. (42) and using the identity

p 2 120242 )
ST 1-12a2 11— 1222’

yields after some transformations the equation of an ellipse in the o;-o;-
space as:

2 2 9 1
T 7 + 5y
FO‘[*O'II: (\/ﬁk}) + - 71:07 (44)

where

1 1
17:—2(0'I+(T[[) and y:ﬁ(O’]*O'II). (45)
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The same procedure yields also to an ellipse in the o-7-space:
2
1 2 1 2
57Q°+ 30 T
Vet +< ) o, (46)

from which by substituting 7 — 0 and o — k¢ the relationship between the
tensile yield stress k¢ and the shear yield stress ks can be obtained as:

ks

/1 2,1
7"+ 3

The elliptical shapes in the two-dimensional stress spaces (o;-07; and
o-7) are shown in Fig. 11.

a) b)

e = (47)

kf

]
kg
D .

~ T

Figure 11. Graphical representation of the yield condition according to
Deshpande-Fleck: a) oj-o7-space; b) o-7-space.

It should you be mentioned here that there are similar yield conditions
known in literature, e.g. the Mahrenholtz-Ismar yield criterion, Mahren-
holtz and Ismar (1979, 1981),

F(J?, J3) = a(J7)? + J; — (ks)?, (48)

which can be easily described by the transformation 2—17 a? — «a in the same

way. Let us note at the end of this section that Eq. (42) was originally
published with the tensile yield stress k¢ as:

Fe—— 0% +a%02] —k2=0. (49)
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3 Simple Cubic Cell Models based on Beams and
Shells for Open and Closed Cell Materials

The approaches found in literature to model the physical behaviour of cellu-
lar materials and to derive respective constitutive equations to predict their
behaviour can be broadly divided in four directions:

e the use of phenomenological models,

e the application of equations developed for composite materials, Hashin
(1962); Cohen and Ishai (1967),

e the analysis of model structures representative of the physical struc-
ture,

e the analysis of the real structure e.g. based on micro-computed tomog-
raphy (uCT) images, Feldkamp et al. (1989); Miiller and Riiegsegger
(1995).

The last approach, i.e. consideration of the real geometry, would require
the lowest degree of simplifications since the geometry would be exactly rep-
resented for a certain volume. However, there are still problems connected
with this most advanced approach:

e It is required to consider a representative volume element (RVE) which
comprises a certain number of cells in order to be representative for
the heterogeneous or random cell structure. In addition, a minimum
number of cells is required to avoid any influence of the edge effects oc-
curring at the ’free’ surface of the volume (which can be the boundary
of the scanned volume) in order to represent macroscopic values for
a larger arrangements of cells, Lemaitre (1996). The precise number
depends, however, on the corresponding cell structure and should be
examined separately;

e The standard engineering tool to simulate the geometry is the finite el-
ement method. The conversion of the geometrical information based
of uCT scans, Miiller et al. (1985), is normally automatically done
and so-called tetrahedral elements are generated. However, these el-
ements reveal inferior performance in the case of non-linear material
behaviour. Strategies to apply brick (hexaeder) elements by convert-
ing voxels into finite elements are given e.g. in Keyak et al. (1990);
van Rietbergen et al. (1995). However, this approach results in un-
smoothed surfaces with sharp geometric discontinuities with may give
erroneous results, Marks and Gardner (1993), especially in the case
on non-linear material behaviour;

e The numerical approach based on the finite element method with real
geometries implies high demands with respect to the computational
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hardware and e.g. the detailed representation of the size of a mechan-
ical test specimen still reaches the limits of actual computer memory
(RAM). In addition, access to expensive scanning hardware (CT) is
required.

In the following, we will concentrate on the third approach, i.e. analysis
of model structures. In this case, the real geometry is strongly simplified.
On the other hand, analytical (e.g. Bernoulli-Euler beam theory) or numer-
ical methods (e.g. finite element method) at a much lower demand may be
applied to investigate the physical properties. The major idea is to create
a model structure which represents some characteristic of the real geome-
try (e.g. porosity) and behaves (e.g. deforms) in a similar way as the real
structure (e.g. major deformation behaviour represented by beams under
bending). However, such a modelling approach cannot aim to determine the
precise values of the macroscopic material parameters since a dependency
on the pore geometry and arrangement exits. Nevertheless, this approach
may aim to determine the principle characteristic of the constitutive equa-
tion while the exact values of the respective free material parameters need
to be determined experimentally for a given real material. In other words,
the approach may be able to derive an equation to describe the material
behaviour e.g. as a function of the porosity but there are parameters in
the equation which must be evaluated by experiments. This approach is
e.g. common for classical engineering material where ductile metals can be
described by the von Mises yield condition (known mathematical equation)
whereas the yield stress (free material parameter) must be experimentally
determined for each specific ductile metal.

Typical expressions for the average mechanical properties such as stiff-
ness of cellular material are obtained as power laws of density or relative
density with the following structure

mechanical property = C} - (density)“? (50)

where C; and Cy are real numbers to be fitted by experimental values. In
the following, some classical modelling approaches for the geometry will be
described.

The so-called ball-and-strut model by Gent and Thomas (1959) was ap-
plied to represent the cellular morphology of open-cell rubber foams, cf.
Fig. 12 a). It consists of circular struts joined at their intersections by
polymer spheres. The connecting elements (spheres) were assumed to be
undeformable and the orientation distribution of the struts was taken to be
random. In addition, it was assumed that the entire surface of the spherical
dead volume is covered by strut elements. This model was later applied by
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Lederman (1971) who assumed that in general the dead volume does not
need to be entirely covered by strut elements. The important geometrical
parameter in this model is the ratio of the sphere diameter to the free strut
length.

| —

Figure 12. Simple idealizations of open cell structures: a) the ball and
strut model, Gent and Thomas (1959); b) the cubic strut model, Gent and
Thomas (1963); ¢) pentagonal dodecahedron, Gibson and Ashby (1997); d)
hexagonal model of rod-like columnar structure, Gibson (1985).

A cubical arrangement of square-section struts (cf. Fig. 12 b)) was pro-
posed by Gent and Thomas (1963) who investigated the elastic behaviour
and the tensile rupture of open-cell foamed elastic materials. In their anal-
ysis they assumed that the junctions of the struts are essentially unde-
formable compared with the struts themselves, and they referred to this as
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dead volume. An equivalent model for closed-cell systems was proposed by
Matonis (1964).

A different modelling approach is based on so-called polyhedral cells, Gib-
son and Ashby (1997). Typical representatives are the tetrakaidecahedron
which is composed of 6 squares and 8 hexagons and the pentagonal dodeca-
hedron which is build up of 12 regular pentagons (cf. Fig. 12 ¢)). It should
be noted here that only the tetrakaidecahedron is a true space-filling body
and the pentagonal dodecahedron does not pack properly unless distorted
or combined with other structures.

Columnar models with a hexagonal cross-section are shown in Fig. 12 d) for
a rod-like structure cancellous bone. This model is motivated from bones
where the loading is mainly uniaxial (e.g. as the vertebrae) and the trabec-
ulae often develop a columnar structure with cylindrical symmetry, Weaver
and Chalmers (1966).

“-

E%
*

Figure 13. A cubic model for an open-cell foam with edge length a and
edge thickness t; c¢f. Gibson and Ashby (1997).

Cubic strut models have been extensively applied by Gibson and Ashby
to different types of materials (bone, polymer and metal foams, e.g. Gibson
and Ashby (1997); Gibson (1985); Gibson and Ashby (1982)) to investi-
gate different macroscopic properties (e.g. elastic and plastic behaviour)
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by consideration of beam bending of the struts. Anisotropy can be simply
incorporated in this cubical model by uniformly stretching it in one of the
principal direction, e.g. Kanakkanatt (1973). Some important properties
will be derived in the following in order to highlight the modelling approach
and the involved assumptions.

3.1 Relative Density

In the case of cellular materials, physical properties are commonly de-
scribed as a function of their relative density, Gibson and Ashby (1997),

o

Orel 050 ) (51)
where ¢ is the density of the cellular material and ps, is the density of
the solid material from which the cells are made. Such scaling relations
or power-laws which account for the density dependency can be found e.g.
in Ashby et al. (2000). Since the mass of the solid material and the mass
of the cellular material itself are identical, the right-hand side (RHS) of
Eq. (51) can be divided by the mass to express the relative density in terms
of volumes as:

VSo

rel = . 52
Qrel = 7 (52)
The value of Eq. (52) is also named the relative solid volume
Vso
Viel,s0 = Voo (53)

where Vg, is the volume of the solid material (e.g. material of the cell walls,
spheres, bond material etc.) and Vyc is the volume of the unit cell or of
the entire specimen. In the case of open-cell cellular structures where a gas
or liquid can flow through the open structure, the relative free volume

‘/free

, 54
Voo (54)

V;el,free -
is a useful quantity. In the context of damage mechanics, Vil trec is called
the porosity, Lemaitre (1996). It should be noted that the volume of the
unit cell (UC) in Eqgs. (53) and (54) can be expressed as the sum of solid
and free volume as:

VUC = VSO + varee . (55)
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Looking at Fig. 14 a), one can calculate the volume of the unit cell as
Vue = a®. The free volume is composed of the inner cube with side length
(a — 2t) and the space between the struts. Thus, the entire free volume of
the unit cell can be expressed as:

Viree = (a - 2t)3 +6- (a — 2t)2t
= a® — 3a%2t + 3a4t® — 8t° 4 6t(a® — 4at + 41°)

=a® — 12at* + 16t>. (56)
a) o b)
i — 2l
t
(a — 2f)*
y y i
# t
A %
1

Figure 14. Different cross sections of the cubic unit cell shown in Fig. 13.

Combining Eqs. (53) and (55) gives the relative density as:

a® — 12at® + 1613 2 3
Qrelzl_ a3 :12¥—16$ (57)

The last term (to power 3) in Eq. (57) can be neglected for small strut
dimensions'® and the relative density of the unit cell shown in Fig. 13 can

be approximated as:
. 2
0
~ =] . 58
0So <a> ( )

T aking ¢ = 1 mm and a = 50 mm, the ratio (t/a)2/(t/a)3 = 50 is obtained while t = 1
mm and a = 100 mm gives a ratio of 100.
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3.2 Geometrical Moment of Inertia

The second moment of area I depends on the considered cross section
area and its distribution. Assuming a quadratic cross section of side length
t, the area moment is equal to Iy square = %t‘l while the assumption of
a circular cross section of diameter t gives Iy circle = éwt‘l. In addition,
it must be considered that the cross sections of the struts are distributed
from the centre of the unit cell (cf. Fig. 14 b)). Applying the parallel axis
theorem and considering the arrangement as shown in Fig. 14 b), the area
moment is given as:

2
1 a t
I =4. 44 - 2
y 12t +{2 2} t , (59)

which is in Gibson and Ashby (1997) approximated as
I, ~t*. (60)

3.3 Young’s Modulus

Determination of the macroscopic Young’s modulus requires the realisa-
tion of e.g. a uniaxial tensile or compression test as schematically shown in
Fig. 15 a). To model the deformation under the acting force F', a simple
beam!! under a centric point load is considered as shown in Fig. 15 b). De-
pending on the specific boundary condition at the left and right side of the
beam, different maximum deflections can be obtained in the middle of the
beam. In general, it can be concluded that the deflection is proportional
to the factor EZ o“;y Considering that the stress can be calculated by the
ratio of applied force and cross cross sectional area and strain by the ratio
of deformation and initial length, Young’s modulus can be approximated
as:

Ao F _ FBsly _ Bsolypaco) , t*

E ~N — = = — = — = —_—

Ae da a Fa? a* S0
Introducing a factor ¢; which accounts for the unknown boundary condi-
tions and the other simplifications and considering Eq. (58), Young’s mod-

ulus is expressed as:
2
E=c <i> . (62)
0So

' The shear contribution is neglected in this simplified approach.

(61)

@Ioﬂ|%|’11
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It must be noted here that in spite of the single beam consideration as
shown in Fig. 15 b), the force is related to the entire unit cell cross sectional
area (a?) and the deflection is related to the corresponding unit cell length of
a, cf. Fig. 15 a). This is the key idea of this modelling approach: considering
only a single beam (which makes only one twelfth of the entire cubic unit
cell structure) for the deformation but referring the results to the entire
unit cell. Parameter ¢; is obtained in Gibson and Ashby (1997) by fitting
experimental values in the range'? ¢; ~ 0.3...1.0.

b)

. e —
¢ d ' 192Fs, 7,

Figure 15. a) Unit cell loaded to determine Young’s modulus (figure
adopted from Gibson and Ashby (1997)); b) simplified beam models and

maximum deflections.

3.4 Shear Modulus and Poisson’s Ratio

The unit cell shown in Fig. 13 has orthotropic material behaviour where
three mutually orthogonal axes are equal. Such a material is known as an
orthotropic materials with cubic structure which can be described in the
elastic range by generalised Hooke’s law with three independent material
constants. Doing the strong simplification and assuming that the cell re-
veals isotropic material behaviour, only two elastic constants are required
to complete the set of material parameters. It should be noted here that the
consideration of an orthotropic material with cubic structure as isotropic is
as long valid as the loads (stresses) are applied in the same principal coor-
dinate system'®. Looking at Table 2, e.g. the shear modulus or Poisson’s

214 is important to note here that theses values of ¢ are obtained by fitting experimental
results and that the range does not have a theoretical basis!

BFrom Fig. 13 it follows one principal coordinate system may be aligned with the cell
edges (i.e. three orthogonal ”beams”) or a second principal coordinate system can be
aligned to the space diagonals which are connecting opposite corners of the cube.
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ratio can be chosen as the second elastic parameter. The simplest experi-
ment would be to apply a torque to a cylindrical specimen (cf. Fig.16 a))
and to measure the shear strain. Such an experiment would result in a pure
state of shear stress (cf. Fig. 16 b)) but requires in general non-standard
experimental equipment, i.e. a torsion testing machine. In addition, the
application of a torque or shear stresses to the cubic cell in a computational
approach e.g. based on the finite element method is not so easy.

a) b} c)

<>
TN
N I o
2|l
T T—>1 T
14—’7'
] ||
(D)

Figure 16. Pure shear stress states: a) torsion test; b) shear state based
on shear stresses; c) shear state based on normal stresses (biaxial ten-
sion/compression).

A more elegant way especially for computational approaches can be
based on the following strategy: Applying a principal axis transformation
(PAT) to the pure state of shear stress shown in Fig. 16 b) gives due to ro-
tation of the coordinate system by 45° a shear stress free state under pure
normal stresses (+0) as shown in Fig. 16 ¢). In the case of a regular struc-
tured material as shown in Fig. 17, it is important to consider the proper
principal coordinate system for the application of the biaxial stress state
+o. If the uniaxial compression test is realised as shown in Fig. 15, i.e.
normal force (stress) aligned to the cell struts, the pure shear state must be
performed as shown in Fig. 17 d). Only then are normal stresses applied
in the same principal coordinate system and the pure shear stress must be
sketched as shwon in Fig. 17 b). Would the normal stresses being applied
under 45° as shown in Fig. 17 ¢), then the normal stresses of the uniaxial
compression test and of the pure shear test would be applied in different
principal coordinate systems and the classical relationship for isotropic ma-
terials, i.e. that the shear modulus results from Young’s modulus and Pois-
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son’s ratio by G = 2(1—%1”), is no more valid. Thus, the orthotropic structure
could no more serve as a model for an isotropic material. Considering the
definition of shear modulus, i.e. ratio between shear stress increment and
shear strain increment, a principal axis transformation must be applied to
the shear stresses (and resulting shear strains) which are shown in Fig. 17
b) to get the relationship between shear and normal quantities. Assuming
that the shear strains (cf. 7 in Fig. 17 b)) are given, the required normal
strains are obtained (o, = 0, = 0) as:

1 1
01—§(ax+ay)+\/5-(%4—01})2—1—7’@—7'”, (63)
1 1 )
o = 5(01; +oy) — 5 (02 +0y)? + Tay = —Tay - (64)

Based on the angle of rotation (45°), the relationship between the shear
and normal strains are obtained as:

Vay| = 261 = 2e11] = |er| + le1s] - (65)

Thus, the shear modulus can be approximated as

B g_ [Tyl B lor] - lorr] Fa  FaEsol, Egot*
Ay |yayl [2er] [2err] @228 2a2Fa3  2at

(66)

Introducing a factor co which accounts for all the assumptions and simpli-
fications and considering the definition of the relative density (cf. Eq. (58)),
the macroscopic shear modulus of the simple cubic unit cell is given by:

2
G 0
=c| — . 67
ESO 2 (QSO) ( )

A value of co = % is given in Gibson and Ashby (1997) based on experimental
values. Under the assumption that the cubic cell is considered as an isotropic
material, the relationships between elastic constants (cf. Tab. 2) can be used
to calculate Poisson’s ratio based on Young’s and shear modulus as:

2
E ClESo(LO>
Vz—flf—gs—lzc—l—lzc"g. (68)

- 2
2G QCQESO (QTQO) 202
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2nd

possibility

1°* possibility
a) b}

Figure 17. Orthotropic materials and principal axis respectively states of
pure shear stress.

A value of ¢35 ~ 0.33 is given in Gibson and Ashby (1997). However, the
experimental values show a strong scattering and it is difficult to extrapolate
a constant value for c3. The schematic realisation of the shear stress state
due to biaxial tension/compression is shown in Fig. 18.

Figure 18. Cubic unit cell under biaxial tension/compression to realise a
pure shear stress state; figure adopted from Gibson and Ashby (1997).
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3.5 Yield Stress

The bending stress, i.e. the normal stress distribution, for the beams
shown in Fig. 15 b) is generally given in the elastic range as:

ox,y) = "z, (69)

where z is the distance from the neutral fibre. In the elastic range, a linear
distribution of the normal stress is obtained where the stress maximum is
located at the outer fibre of the cross section, cf. Fig. 19 ¢). The bending
moment distribution M, (x) is dependent on the boundary conditions and
two cases are given in Fig. 19 a) and b) where for both cases the maximum
is obtained in the middle of the beam. Assuming a squared cross section
with side length ¢, the second moment of area is given by I, = %t‘l.

However, the stress distribution over the height of the cross section looks
in the plastic range different. Assuming ideal plastic material behaviour,
i.e. no hardening, with a yield stress of kg,, the stress distribution shown
in Fig. 19 d) is obtained in the fully plastic range. Now, the moment can
be calculated based on the couple of resulting forces Fes. Multiplying the

yield stress with the respective area, i.e. %, gives the resulting forces as

Fres = ksog which are acting at a distance of % Thus, the acting moment
in the plastic range is equal to M} = % . k50§ = %. Considering that
the plastic moment is equal to the maximum moment, the macroscopic yield
stress of the cubic unit cell is proportional to kaf . Introducing a factor ¢4
which accounts for all the assumptions and simplifications and considering
the definition of the relative density (cf. Eq. (58)), the macroscopic yield
stress of the simple cubic unit cell is given by:

3

k o \?
L B 70
kso : (980) ( )

where constant ¢4 is given in Gibson and Ashby (1997) as 0.3.

The macroscopic yield stress k& must be related to the external load
by k ~ C% while the maximum moment is Mpax ~ Fa, cf. Fig. 19 a).
Combining these two relationships gives that the macroscopic yield stress k

; ; Minax
is proportional to ===,
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a) b}

elastic range plastic range

Figure 19. a)-b) Bending moment distributions; c¢)-d) stress distributions
for elastic and ideal plastic material behaviour.

4 Procedures to Determine the Influence of the
Hydrostatic Stress on the Yield Behaviour

In the following, two procedures will be introduced to determine the influ-
ence of the hydrostatic stress on the yield behaviour of cellular materials,
Fiedler et al. (2006); Ochsner et al. (2006).

Under the classical assumption of small strains, the total strain incre-
ment de;; is assumed to be the sum of the elastic strain increment def; and
the plastic strain increment de%

where the elastic strain increment can be obtained from Hooke’s law
1+v v .
Eij = T (CTZ'J‘ — H——yéijo.kk> = Cijklgij y (72)

and the plastic strain increment increment from the associated flow rule, cf.
Eq. (40).
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Application of the chain rule with respect to the stress tensor o;; gives
the derivative of the general scalar yield criterion of the form F = g («) -
F1(J?) + f2(J3) + f3(ks) = 0 as:

OF  9F 8J°  OF 3.J} ofr dfs
= 5709, T o, — () 756
aO'ij 8J1 8aij 8J2 8(77;]‘

ogp %t gy s (1)

In the following, only the yield criterion according to Eq. (42) is consid-
ered. The derivative of F' with respect to the stress tensor o;; is obtained
as:

OF 2
Do~ ﬁaQ TP+ 1 sy (74)

If Hooke’s law (72) is applied for the elastic component and the asso-
ciated flow rule (40) for the plastic component, the complete stress-strain
relationship for a material obeying a yield criterium of form (42) is expressed
as

2, o 1+v v
dEijZd)\ 2—7a 'Jl'(sij—Fl-Sij +T do‘ij—H—V(side'kk .

(75)
For a state of plane strain (no wall friction, principal directions are
I,II,IIT), we have (cf. Fig. 20 a))

o1 <0 A er#0, (76)
0'11750 AN err=0, (77)
orrr =0 A 5111750, (78)

while a state of uniaxial strain (cf. Fig. 20 b)) is characterised by:

or <0 N er#0, (79)
0'11750 N err=0, (80)
orrr 720 N e =0. (81)

Using Eqs. (76)-(81) with the associated flow rule (40) and (75), the
increments of the plastic strain are given by:
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a) b)
compressive load F compressive load F
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compressive load F compressive load F

Figure 20. Schematic representation of a state of plane strain a) and a
state of uniaxial strain b).

2
deb = d\ | =a? - J? + 51| (82)
27
p 2 2 o
daII:d)\ ﬁa 'J1+'SH (83)
Introducing the principal stresses in Eq. (82) and (83), one can obtain:
2, 1
d&‘l =dA\ ﬁa (O’[ +orr + Ii(f]]]) -+ 5(20'] — o077 — IiO'[[[) s (84)

2 1
d&;?[ =d\ l2—7a2(01 +oi+ ko) + 5(*01 + 2071 — /QUIII)‘| . (85)

where the parameter s distinguishes between the plane strain and uniaxial
strain case:
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(86)

0: plane strain,
K= o .
1: uniaxial strain.

Dividing Eq. (85) by (84) and rearranging for « yields to an equation of the
form

de? de? de?
o (14258) (o 88) non 1 58)

@ de?
(or + 11 +kKor11) (1 - de’f)

(87)

| ©

For small plastic strains (respectively at the beginning of the yielding), the
quotient is de¥,/de} <« 1 (respectively = 0) and the quantity a can be
approximated by

9 o5 —2011 + Ko

o = . 88
2 or+oirt+kopg (88)

Evaluation of Eq. (87) requires the determination of the plastic strain in-
crements de} and de;. These increments can be determined from Eq. (71)

deb =de; — deg, (89)
de}, = de;; —def; = —dey;, (90)
~—
=0
k=11 dep—dejyp = —deqyy,
defy; :)J (91)
k=0: de;;r —deyyr,

while the elastic strain increments can be obtained from Hooke’s law (72).

In the hardening theory of plasticity, the hardening parameter in the
yield criterion must be related to the experimental uniaxial stress-strain
curve. To this end, one needs to define a stress variable, called effective
stress, which is a function of the stresses and some strain variables, called
effective strain, which is a function of the plastic strains, so that they can be
plotted and used to correlate the test results obtained by different loading
conditions, Chen and Han (1988). Since the effective stress should reduce
to the stress o in a uniaxial test, it follows that the function f = g1(«) -
f1(J?) + f2(J5) must be some constant ¢ multiplied by the effective stress
Oef 1O SOmMeE power n
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f(oij eq) = - ou- (92)

For the uniaxial test with oo = o7, 077 = o777 =0 and J = o073 J) = %cr%,
coefficient comparison, i.e.

g1(a) fi(or) + falor) = c- o7, (93)

gives the parameters ¢ and n. The effective plastic strain increment del
can be defined in terms of the plastic work per unit volume in the form

dwP = oegdely = Uijdf% = o1del + orrdel, + korrrdel, ;. (94)

It follows from Eq. (94) using Eq. (72) and the results from Eq. (93) that
in the case of the axial compaction the effective plastic strain increment is
given by the following equation

1
d&gﬁs: G]d&?—O']]E(—VdO'I-i-dUH—2/-61/(10']]])

Oeff
1
—KO'[[[E(—VdU[—l/dU[]—FdO'[[[) . (95)

It should be mentioned here that the elastic range is independent of the
yield criterion and the following incremental relation can be derived for the
uniaxial strain case:

dor i dg (96)
dE] B 3 ’

where K + %G is known as the constrained modulus. The last equation
may play an important role for the experimental determination of the elastic
material parameters of cellular materials. If Young’s modulus E is obtained
from a uniaxial tensile or compression test, then Poisson’s ratio v can be
calculated from the slope % in the elastic range of an axial compression
test. Using the well-known relationships between elastic constants (e.g.

Chen and Han (1988)), Eq. (96) can be rewritten as:

doy E 4 E

& 3(1—20) 321 +0)

The plain strain test reveals also an interesting relationship for the elastic
range. Introducing €5; = 0 and o777 = 0 into Hooke’s law, a new equation

for the determination of Poisson’s ratio is obtained:

(97)
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orr
= 98
v=2 (98)
It should be highlighted here that the application of Eq. (98) requires
only force measurement to determine the stresses and is independent of any

strain measurement.

5 Implementation of New Constitutive Equations into
Commercial Finite Element Codes

5.1 One-Dimensional Drucker-Prager Yield Condition

The general three-dimensional version of the Drucker-Pragers yield con-
dition, cf. Chen and Han (1988), can be simplified under the conditions of
a uniaxial stress (and strain) state with J{ — o and Jj — % - 0 to:

F(o,r) = a(r)V30, + |oz| = (14 V3a(r))k(r) < 0. (99)

Let us assume in the following the case of strain hardening, i.e. x =| P! |,

and that the parameter « is constant. Thus, Eq. (99) can be written'* in
the following form:

F(o,k) = aV30 +|o| — (1 4+ V3a)ki(k) < 0. (100)
A graphical representation of the yield condition in the \/@—Jf—space is
shown in Fig. 21 where the two possible loading conditions, i.e. uniaxial
tension (+0) and uniaxial compression (—o), are shown. To perform a
uniaxial tensile test with increasing load would mean to move from the
origin of the coordinate system along the space diagonal. At the end of the
elastic range, this space diagonal crosses the initial yield surface. It can be
clearly seen that yielding under compression initiates much later than under
tensile conditions. The initial yield surface is represented in the \/S_L]é—Jf—
space as a straight line with the slope —v/3a. Under the assumption that the
parameter « is constant, the subsequent yield locus is obtained by parallel
movement of the initial yield surface. Should «a be a function e.g. of the
equivalent plastic strain, then the inclination of the subsequent yield surface
changes compared to the initial yield surface.
Let us assume in addition that the flow rule is based on the yield condi-
tion F', i.e. an associated flow rule, which gives based on Eq. (100):

(9£
do

11 et us abandon in the following the index z, i.e. 05 — 0.

deP! = AA=— = d\r = dA\ (V3 + sgn(0)), (101)
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Figure 21. Graphical representation of the Drucker-Prager yield condition.

where sgn is the signum function which takes the following values:

sgn(o)

-1 if o<0
={ 0 if 0=0 (102)
+1 if >0

Furthermore, we consider only the case of linear isotropic hardening;:

k() = k™ + EP'r = k™ + EP'|eP!] .

(103)

The evolution of the hardening parameter x is obtained by combining
Eq. (103) with the flow rule according to (101) to give:

The total differential of the yield condition (100) is obtained as:

dr = d[e?!| = d\h = d)\|aV/3 + sgn(o)| (104)
or d or d 105
9 o+ o K. (105)

dF:<

Following e.g. the procedure given in Ochsner (2003), the consistency pa-

rameter takes the form

E.9E
(@7 E— (25) (&) o)
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and the elasto-plastic modulus can be calculated according to:

el 9
e (5151 (5)
where

OF
* 5= a3 + sgn(a),

OF
* o0l = lav/3 + sgn(a)),

oF

= — 1) . EpL.
* ok (av3+1)

5.2 Integration of the Constitutive Equations

Compared to a pure linear-elastic finite element simulation, the compu-
tation of plastic material behaviour can no more be performed in a single
step since there is no more a unique relationship between stress and strain'®.
The load must be incrementally applied and a nonlinear system of equations
has to be solved in each increment (Newton-Raphson algorithm). Based on
the stress state at the end of the previous increment (n) and the given strain
increment Aeg,,, the field variables (e.g. stress o,,4+1) must be calculated for
each increment (n + 1) at each integration point (Gauss point), cf. Fig. 22.

To this end, it is required to numerically integrate the differential form
of the explicit constitutive behaviour. Explicit integration schemes, such
as the Forward-Euler procedure, are however inaccurate and under circum-
stances instable since a global error can be accumulated, Crisfield (2001).
Instead of explicit integration schemes, so-called predictor-corrector algo-
rithm (cf. Fig. 23) which consists of an initial explicit elastic-predictor step,
involving a deviation away from the yield surface, and a plastic-corrector
step (implicit correction) which returns the stress to the updated yield sur-
face.

Under the assumption of pure linear-elastic material behaviour, an elas-
tic predictor calculates a trial state (so-called trial stress):

trial
oy =on+  ElAe, . (108)
n+ ——
predictor Aol
15Only in the special cases of proportional or radial loading, the unique relationship is

maintained. In the general case with six stress and six strain components, there is only
a unique relationship between the effective stress and effective plastic strain given.
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The corresponding hardening state corresponds to the state of the previous
increment. Thus, it is assumed that the load step is pure elastic, i.e. without
plastic deformation and thus, without hardening:

KA = Ky, (109)
Dependent on the location of the trial state in the stress space, the yield
condition allows to distinguish two elemental states:

a) The stress state is in the elastic range or on the yield surface (valid
stress state):
ol st < 0. (110)
In this case, the trial state can be taken as the new stress and hard-
ening state since it corresponds to the real state:

Ops1 = ot (111)
Kny1 = k22 (112)

Finally, one can move to the next increment.

b) The stress state is outside the yield surface (invalid stress state, cf.
Fig. 22):
Fo,, k) > 0. (113)
In this case, the second part of the algorithm calculates from the
invalid state a valid on the yield surface (F(oy41,kn+1) = 0). The
required stress difference

AcPl = Uﬁffll — Ont1 (114)
is called plastic corrector.

Alternative expressions for the predictor-corrector method are return-
mapping or catching-up. In the following, we are going to have a closer
look on the return mapping procedure. Detailed descriptions can be found
in Simo and Hughes (1998); Belytschko et al. (2000); Crisfield (2001, 2000);
de Souza Neto et al. (2008).

The difference between the initial and target state (stress increment)

Aoy = Opi1 — Op (115)

results according to Hooke’s law from the elastic part of the strain increment
which can be obtained as the difference between the total strain increment
and the plastic part as:

Ao, = E’AEfLl = E(Ae, — A{;‘gl) ) (116)
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The total strain increment can be expressed with the trial stress state
according to Fig. 22 as:

Aep =enp1 —en = E oMY —a,). (117)

Introducing the last equation and the flow rule!® in Eq. (116), the final state

on+1 can be obtained in dependence of the trial stress state a;rj_all as:

Ont1 = o8 — AN, 1 B - (a\/§ + sgn(a)) . (118)

Depending on the point for the evaluation of function sgn(o), different
methods can be obtained (cf. Tab. 7) to calculate the initial value for the
plastic corrector and to iteratively determine the final state. To obtain the
initial value for the plastic corrector, sgn(o) can be either evaluated in the
trial stress state (Backward-Euler) or on the yield surface (Forward-Euler;
for the transition from the elastic to the plastic range, this is the initial
yield stress). Evaluating the function sgn(c) during the iteration in the
final state ensures that the normal rule is fulfiled in the final state. For this
implicit Backward-Euler algorithm (also known an Closest-Point-Projection
(CPP)), Simo and Hughes (1998), it is required to calculate higher order
derivatives in the general three-dimensional case. For the so-called cutting-
plane algorithm, Simo and Ortiz (1985), the function sgn(o) is evaluated
for the stress state of the ith iteration step. The normal rule will be not
exactly fulfiled in the final state, however there is no need to calculate higher
derivatives. The function sgn(o) is for the midpoint rule in both states, i.e
the final state and and on the yield surface, evaluated and and equally
weighted. The evaluation of the sgn(o) only on the yield surface yields
the semi-implicit Backward-Euler algorithm, Moran et al. (1990), which
requires only the determination of first order derivatives. Considering the
dependency of the yield condition on the hardening variable, requires the
application of a further equation to describe the hardening. The following
incremental relationship for the determination of the hardening variable can
be obtained from the evolution equation (104):

En4+1 = Kn + A)\n+1|05\/§ + Sgn(anJrl)‘ . (119)

Finally, it should be noted that three of the integration procedures in
Tab. 7 can be summarised based on the following equation:

Onil = affjral] — AN, E ([1 — n][aV/3 + sgn(o,)] +n[aV3 + sgn(an+1)]) ,
(120)

16 At this point, we change the notation from dA to AA.
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Table 7. Summary of predictor-corrector algorithms.

State for evaluation of sgn(n) on+1 acc. Eq. (118)

Initial value for corrector

trial state ottt — ANy 1 E(o/3 + sg(oiiid)))
on the flow curve otial — AN, 11 E(av/3 +sgn(o,))

during iteration

final state otral — AN, 1 E(av3 +sgn(o,, )
(full.-impl. Backward-Euler alg.)
(Closest-Point-Projection)

on flow curve otmial — AN, 11 E(aV3 +sgn(o,))
(semi-impl. Backward-Euler alg.)

final state and oimal — AN, 11 E 1x
on flow curve (2av3 +sgn(o,, ) + sgn( )
(midpoint-rule)

stress state of ith omal — AN, 11 E(aV/3 + sgn(c?))

iteration step
(Cutting-Plane algorithm)

where parameter 7 takes then values of 1, 0 or %

5.3 Mathematical Derivation of the Fully Implicit Backward Eu-
ler Algorithm

This return mapping algorithm calculates the closest point projection
of the trial state onto the yield surface in the complementary energy. It
is not as one could assume the calculation of the geometrical closest point.
The basis of this procedure is the assumption that the plastic work takes its
maximum for a given strain state. Together with the elemental request that
the final stress state must be located on the yield surface, the return map-
ping algorithm can be understood as the solution of a optimisation problem
(maximum of plastic work) under a convex constraint (final stress state must
be on the yield surface). The procedure is implicit for the calculation of the
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function sgn(o) since the evaluation is performed for the final state n + 1.
Closest point projection (CPP) or fully implicit Backward Euler algorithm
are common expressions for this stress update procedure. In the final state
(n+ 1), the equations

Tnt1 = Ty — A1 E - (Oé\/§ + Sgn(0n+1)) ; (121)
b1 = Kn + Adpga - ‘Oé\/§+ sgn(on41)| (122)
F=F(ont1,kn1) =0, (123)

are fulfilled. However, a residuum r remains for each of these equation
outside the final state:

ro(0,k,AN) = o — ol 4L ANE - (a\/§ + sgn(a)) #0 or

= E'o-E oMl 4 AN (ax/g + sgn(o)) #0,(124)

re(K, AX) = K=k — AN a\/§+sgn(0)’ #0 or
= KR, AN ‘a\/§+sgn(0)‘ #0, (125)
rr(o,k) = F(o,k) =aV3o+ o] — (1 +V3a)k(k) #0. (126)

Thus, the final stress and hardening state is the root of a vector function
m which is composed of the residual functions. Furthermore, it is useful to
collect all variables in a single variable vector v:

re(v) o
mw)e (R =R ={r.(v)p, =Xk . (127)
rp (’U) AN
The root is found by a Newton iteration (iteration index: 7):17
a4 ~1
D) — () _ l_m(vu))} mv®), (128)
dv
where .
0'(0) J;clriall
v =¢ 0 % =0 k. (129)
AN 0

7For a one-dimensional function f(x), the Newton procedure takes normally the follow-
) ) -1 )
ing form: z(#t1) = £(H) — [%(x(l))} x f(z®).
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can be used as an initial value. The Jacobian matrix %—7,7;" of the residual

functions is obtained from the partial derivatives of Eqs. (124) to (126) as:

ory ory Ory
Jdo oK OAN

0 re 9w r
a—T: (07 R, AA) = % 6(9_/: gAﬁA -
Orp  Orp  Orp
oo ok OANX
E-1 0 (/3 + sgn (o))
= 0 -1 V3B +sgn(o)| | . (130)
(a3 +sgn(o)) —(av/3+1)EP! 0

In addition to the fulfilment of the plasticity equations (121) to (123) in
each integration point, the global equilibrium must be fulfiled. To be able to
apply the Newton iteration for this task, it is required even for small strains
in the general three-dimensional case to derive the appropriate elasto-plastic
tangent modulus'®, Wriggers (2001). The consistent elasto-plastic modulus
results for the one-dimensional case as:

80n+1 B 6Aan

Rl (131)

elpl
En+1 -

The inversion of the Jacobian matrix %—T which has to be evaluated in the

converged state of the above mentioned Newton iteration gives

om -1 mi1 iz 113
= |ma1 Moy Mo ; (132)
n+1

ov - - -
M31 M32 M33] 4

with the following matrix elements:

18 Alternative notation is consistent tangent modulus or algorithmic modulus.
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mip = |a\[ 3+ sgn(o )|(a\/§+ 1)E1[’1 -D,

Mo = oz\/_—|— sgn(o ))(a\/g—i— EP . D,

iz = (V3 + sgn(o)) - D

o1 = |aV/3 4 sgn(o )|(Of\/_+ 1)-D

oo = —(av/3 + sgn(a))? - (133)
a3 = —|aV3 +sgn(o)|[E7- D,

ma1 = (a3 +sgn(o)) - D,

mze = (a3 +1)E"TEPL. D |

g3 =—E 1D,

where

E
- lav3 +sgn(o)| - (V3 +1) - EP' + (aV/3 +sgn(0))? - E

The consistent elasto-plastic modulus can be obtained from (132) as

(134)

B =y (135)
For the special case of linear hardening, i.e. {T = EP! = const., Eq. (128)

does not require an iterative solution and the required solution vector v,,41
is directly obtained with the initial value (129) as:

-1
d
oy = 0@ - lg(v“’))} (), (136)

or with components:

trial = = =
Ont1 oot mi1 M2 Mi3 0
Rn41 = Kn — |Ma21 Moo 123 0 . (137)
= = = trial
AXpi1 0 ma1 Mgz s3], (FR4T

The third equation of (137) gives the consistency parameter in the case of
linear hardening as:

trial
Fn+1

laV/3 + sgn(o)] - (av/3+1) - EP! + (a/3 +sgn(0))? - E

Adpyr = (138)
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The first equation of (137) gives the stress in the final state as:
Ony1 =02l - D. (ax/g + Sgn(affi?)) - Flal (139)

And the second equation of (137) yields the isotropic hardening variable in
the final state as:

Fng1 = kn + D - ’a\/g + sgn(afffll)‘ - pial (140)
Based on the flow rule, the plastic strain can be calculated as:

Eil_H =Pl AN ’a\/g +sgn(ony1)| , (141)

and the consistent elasto-plastic modulus is obtained from Eq.(135). Finally,
it should recalled that

ol =5, + E- Ae,, (142)
F = avBolil + o — (VB + DS 4B (1)

At the end of this section, the computation steps of the closest point
algorithm are presented in a compact form:

I. Compute Elastic Trial State

trial

o = on+ ElAey,
trial

Fpy1 = Kn

II. Check Yield Condition

IF F(oi?, sirial) < 0 THEN
trial

On+1 = Opy1
trial

Rn4+1 = Kp41
ELSE
return mapping (= step III)
ENDIF
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ITI. Return Mapping

Initial values:

(0) trial

g an—i—l
OB SR G
ANO 0

Determination of the root by a Newton iterative procedure:

REPEAT

-1
, ) dm . ,
Uit — () _ [dv(v(z))] m(v®)

UNTIL

[0t — oW < £

The termination criteria uses a vector norm (or length of a vector) which
is obtained for an arbitrary vector = as ||| = /Y., _, 7.

IV. Update Variables

Ont+1  — U(H_l)
1
Kng1 = wTY
elpl ~
EyY, = mn

As the termination criteria t¥ ; for the Newton iteration, one may assign
the internal accuracy of the used finite element system.

As one can conclude from Fig. 23, the total strain increment can be
expressed in dependence of the trial stress state as:

Aep =ept1 —en = E7 oMY —0,). (144)

Introducing the last equation and the flow rule (101) in Eq (116), gives the
final stress state in dependance of the trial stress state 0,41 as:

Oni1 = 0 AN B (m/ﬁ v sgn(a;fff)) . (145)
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5.4 Example Problem: Return Mapping for Ideal Plasticity and
Linear Hardening

Figure 24 a) shows an idealised engineering stress-strain diagram which
can be experimentally obtained e.g. from a uniaxial tensile test. The defor-
mation of a tensile rod (cf. Fig. 24 b)) is to be investigated based on this
material behaviour. The right end of the rod is displaced by . = 8-1073 m
in 10 equal increments. The rod should be treated as a continuum and is not
to be discretised with the finite element method. Calculate with the return
mapping algorithm the stress state and other variables in each increment
for the Drucker-Prager yield condition (v = 0.2)

(a) for an ideal plastic material (E°'P' = 0),
(b) for linear hardening with E°PL.

Give a graphical representation of the updated stress path.

a) b)

636.3636 N v A=1x10"1m?2
g‘f /
= 3500 £t -
= Py @8
& E 04m ‘
0.5 5

e in %

Figure 24. Example Problem: return mapping stress upadate, a) stress-
strain diagram; b) geometry and boundary conditions.

Solution:

The return mapping algorithm requires several material parameters of the
elastic and plastic range. Young’modulus is obtained as the fraction between
the stress and strain increment in the elastic range as

Ao B 350 MPa

E=—"—="__""
As — 0.005

= 70000 MPa. (146)

The plastic modulus EP! is the ratio between the flow stress and the plastic



Plasticity of Three-dimensional Foams 159

strain increment:

Ak 636.3636 MPa — 350 MPa
AePl — (0.05 — 636.3636 MPa/E) — (0.005 — 350 MPa/E)
= 7000 MPa. (147)

EPl =

Thus, the elasto-plastic modulus can be calculated based on Eq. (107) as:

el _ { 0.0 MPa for ideal plasticity, (148)

6363.636 MPa for linear hardening.

Finally, the equation of the flow curve results with the initial yield stress
as:

() = { 350 MPa = const. for ideal plasticity , (149)

350 MPa 4 7000 MPa - v for linear hardening.

A graphical representation of the flow curves is given in Fig. 25.

636.3636 ,
3 ~linear
oy
= Pl
ideal
= 135000 taea
[y
4.001

w =P in %

Figure 25. Schematic representation of a flow curve of a ideal plastic and
a linear hardening material.

The return mapping algorithm still requires the strain increment. For a
total displacement of 8 - 1072 m which is to be applied in 10 equal steps,
the strain increment is obtained as:

1 0.008 m
10 04m

Ae = =0.002. (150)

Tables 8 and 9 summarise the results for a simulated tensile and com-
pression test in the case of the ideal plastic material behaviour. For tensile
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Table 8. Numerical values of the incremental integration for a uniaxial
tensile test (ideal plasticity, 10 increments; Ae = 0.002).

inc € gtrial o K dr dX Eelpl

- 1072 MPa MPa 1073 1073 103 MPa
1 0.2 140.0 1400 0.0 0.0 0.0 0.0
2 04 280.0 280.0 0.0 0.0 0.0 0.0
3 06 420.0  350.0 1.0 1.0 0.742716 0.0
4 0.8 490.0 350.0 3.0 2.0 1.485431 0.0
5 1.0 490.0 350.0 5.0 2.0 1.485431 0.0
6 1.2 490.0 350.0 7.0 2.0 1.485431 0.0
7 1.4  490.0 3500 9.0 2.0 1.485431 0.0
8 1.6 490.0 350.0 11.0 2.0 1.485431 0.0
9 1.8 490.0 350.0 13.0 2.0 1.485431 0.0
10 2.0 490.0 350.0 15.0 2.0 1.485431 0.0

Table 9. Numerical values of the incremental integration for a uniaxial

compression test (ideal plasticity, 10 increments; Ae = —0.002).

inc € ogtrial o K dr dA R

- 1072 MPa MPa 1073 1073 103 MPa
1 -0.2 -140.0 -140.0 0.0 0.0 0.0 0.0
2 -0.4  -280.0 -280.0 0.0 0.0 0.0 0.0
3 -0.6 -420.0 -420.0 0.0 0.0 0.0 0.0
4 -0.8 -560.0 -560.0 0.0 0.0 0.0 0.0
5 -1.0 -700.0 -700.0 0.0 0.0 0.0 0.0
6 -1.2  -840.0 -721.008 1.69989 1.69989 2.60084 0.0
7 -1.4  -861.008 -721.008 3.69989 2.00000 3.06002 0.0
8 -1.6 -861.008 -721.008 5.69989 2.00000 3.06002 0.0
9 -1.8 -861.008 -721.008 7.69989 2.00000 3.06002 0.0

10 -2.0 -861.008 -721.008 9.69989 2.00000 3.06002 0.0

testing, the two first trial states are elastic (F < 0) and the resulting stress
can be calculated based on Hooke’s law. Looking at the results of the com-
pression test, one can see that yielding occurs much later in the negative
stress regime. Only for increment 6, the trial state violates the yield condi-
tion (F > 0) and the stress state must be updated according to Eq. (145).

The results for linear hardening are summarised in Tabs. 10 and 11. It
can be observed that yielding initiates at the same stress as in the case of
ideal plasticity. However, the yield stress increases now with ongoing plastic
deformation.
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Table 10. Numerical values of the incremental integration for a uniaxial
tensile test (linear hardening, 10 increments; Ae = 0.002).

inc € otrial o K dr dX EelPl

- 1072 MPa MPa 1073 103 1073 MPa
1 0.2 140.0 140.0 0.0 0.0 0.0 0.0
2 04 280.0 280.0 0.0 0.0 0.0 0.0
3 0.6 420.0 356.364  0.90909 0.90909 0.67520 6363.636
4 0.8 496.364 369.091 2.72727 1.81818 1.35039 6363.636
5 1.0 509.091 381.818 4.54546 1.81818 1.35039 6363.636
6 1.2 521.818 394.545 6.36363 1.81818 1.35039 6363.636
7 14 534.545 407.273 8.18181 1.81818 1.35039 6363.636
8 1.6 547.273 420.000 10.00000 1.81818 1.35039 6363.636
9 1.8 560.000 432.727 11.81818 1.81818 1.35039 6363.636

10 2.0 572.727 445.455 13.63636 1.81818 1.35039 6363.636

Table 11. Numerical values of the incremental integration for a uniaxial

compression test (linear hardening, 10 increments; Ae = —0.002).

inc € otrial o K drk d\ EepT

- 1072 MPa MPa 10-3 103 1073 MPa
1 -0.2 -140.0 -140.0 0.0 0.0 0.0 0.0
2 -04 -280.0 -280.0 0.0 0.0 0.0 0.0
3 -0.6 -420.0 -420.0 0.0 0.0 0.0 0.0
4 -0.8 -560.0 -560.0 0.0 0.0 0.0 0.0
5 -1.0 -700.0 -700.0 0.0 0.0 0.0 0.0
6 -1.2 -840.0 -741.334  1.40952 1.40952 2.15658 11956.993
7 -14 -881.334 -765.248 3.06789 1.65837 2.53733 11956.993
8 -1.6 -905.248 -789.162 4.72626 1.65837 2.53733 11956.993
9 -1.8 -925.162 -813.076 6.38464 1.65837 2.53733 11956.993

10 -2.0 -953.076 -836.990 8.04300 1.65837 2.53733 11956.993
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A graphical representation of the stress update path is given in Fig. 26
for the ideal plastic material behaviour (a) and the linear hardening (b)
case.

Finally, it must be noted that a comparison with the von Mises yield
condition (o = 0) gives absolutely the same results as presented in Tabs. 8
to 11 for the uniaxial cases. To explain this observation, let us have a look
on the uniaxial Drucker-Prager yield condition for a tensile test:

V30 + |o| — (V3 + 1)k, < 0. (151)
Since we assume here a tensile test (i.e. ¢ > 0), the simplification |o| — o
holds and Eq. (151) can be written as
(V34 1)o — (aV3+ 1)k, <0, (152)
which reduces immediately to the von Mises yield condition for a uniaxial
tensile test:
FMises,t =0 — kt < 0. (153)

The same way, we can have a look on the Drucker-Prager yield condition
for a compression (o < 0) test which gives in the formulation with the
compression yield stress k. the following formulation:

V30 + o] — (1 —av3)k. <0. (154)
Since we have now o < 0 while k. > 0 holds by definition, the last
equation reduces to
(V3 —1)0 — (1 — aV3)k. <0, (155)
which gives again the von Mises yield condition for a uniaxial compression
test:
FMises,c =0+ kc § 0. (156)

Be aware that these conclusions are only valid for uniazial stress states
and that a multiaxial stress states gives in general a deviation of the Drucker-
Prager yield criterion from the von Mises yield condition.
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Figure 26. Representation of the return mapping scheme for the one-
dimensional plasticity problem of the Drucker-Prager yield condition:
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Abstract Thin-walled structures made of foams, composites, sand-
wiches or functionally graded materials have many applications in
aircraft, automotive, and other industries since they combine func-
tionality, high specific stiffness with light weight. The analysis of
such structures can be performed on the base of the three-dimensio-
nal theory, but often theories with a lower dimension are applied.

The classical plate theory elaborated by Kirchhoff can be ap-
plied to thin plates made of classical materials like steel. But this
approach is connected with various limitations (e.g., constant mate-
rial properties in the thickness direction). In addition, mathemati-
cal inconsistencies (for example, the order of the governing equation
does not correspond to the number of boundary conditions) exist.
Many suggestions for improvements of the classical plate theory
are made. The engineering direction of improvements was ruled by
applications (e.g., the use of laminates or sandwiches as the plate
material), and new hypotheses are introduced. In addition, some
mathematical approaches like power series expansions or asymptotic
integration techniques are applied.

A conceptional different direction is the direct approach in the
plate theory which is applied to plates made of the above mentioned
advanced materials. Within this theory static and the vibration
problems are solved assuming linear-elastic and linear-viscoelastic
behavior. The material properties are changing in the thickness
direction only. It is shown that the results based on the direct ap-
proach differ significantly from the classical estimates which can be
explained by the non-classical estimation of the transverse shear
stiffness. In the last part a general linear six-parametric theory is
presented. The kinematics of the plate is described by using the vec-
tor of translation and the vector of rotation as the independent vari-
ables. The relations between the equilibrium conditions of a three-
dimensional micropolar plate-like body and the two-dimensional
equilibrium equations of the deformable surface are established.
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1 Introduction

1.1 Plates as Structural Elements

The main goal of engineering mechanics is the prediction of the strength,
the dynamical behavior, the stability, etc. of structural elements. Structural
elements are the basic models of constructions, parts of machines or in civil
engineering applications. The following classification of structural models
can be given

e one-dimensional models like rods and beams,
e two-dimensional models like plates and shells, and

e three-dimensional models like spheres, cubes, etc.

In-between these classes there are other models. For example, membranes
are two-dimensional models, but they have no resistance against bending
loads. Another example is a model which contains elements of beams and
shells - the thin-walled beam with box-girt cross section.

For all model classes special theories are developed simplifying the three-
dimensional continuum mechanics equations. Below we focus our attention
on plates as one class of structural models which can be presented by two-
dimensional equations and simple geometrical assumption (no curvature in
the reference state). In comparison with the shell theory the theory of
plates is much simpler. But in the methodological sense many details are
similar. For example, the formulation of the basic equations applying the
direct approach and the identification procedure of the effective stiffness
properties can be generalized without any difficulties - only the effort is
much greater.

The classical plate theory can be applied to thin plates made of materials
like steel. The first theory allowing a satisfying analysis of such plates was
elaborated by Kirchhoff (1850). But this approach is connected with various
limitations (e.g., constant material properties in the thickness direction). In
addition, some mathematical inconsistencies like the order of the governing
equation and the number of boundary conditions are accepted. During the
last century many suggestions for improvements of the classical plate theory
were made by Reissner (1944, 1945, 1947); Mindlin (1951); Levinson (1980);
Reddy (1984) among others. The engineering direction of improvements is
ruled by applications (e.g., the use of laminates or sandwiches as the plate
material) and so new hypotheses for the derivation of the governing equa-
tions are introduced. In addition, some mathematical approaches like power
series expansions (Kienzler, 2002) or asymptotic integration techniques are
applied. A conceptional other direction in the formulation of a plate theory
is connected with the direct approach (Naghdi, 1972; Reissner, 1985).
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1.2 Foam as a Material for Structural Elements

Engineering structures made of porous materials, especially metal or
polymer foams, have had different applications for the last decades, see the
books of Lee and Ramesh (2004); Landrock (1995); Banhart (1997); Gibson
and Ashby (1997); Banhart et al. (1999); Mills (2007); Ashby et al. (2000);
Degischer and Kriszt (2002) and the review papers of Banhart (2000, 2006);
Ashby and Tianjian (2003); Salimon et al. (2005); Ashby (2006); Lefebvre
et al. (2008) among others. A foam is a cellular material consisting of a
solid material (metal, polymer or ceramics) and containing a large volume
fraction of gas-filled pores. There are two types of metal or polymer foams.
One is the closed-cell foam, while the second one is the open-cell foam. The
defining characteristic of the foams is the very high porosity: typically well
over 80%, 90% and even 98% of the volume consist of void spaces. Examples
of closed-cell foams with different porosity are presented in Fig. 1, while the
open-cell polymer foams are presented in Fig. 2. In addition, perspective

S

Figure 1. Closed-cell polymer foams with different density (photos by cour-
tesy of Arnim Kraatz, German Institute for Polymers, Darmstadt)

Figure 2. Open-cell polymer foams with different density
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materials are composite materials synthesized by filling a metal, polymer or
ceramic matrix with hollow particles called microballoons (see, e.g. Sanders
and Gibson (2003a,b); El Hadek and Tippur (2003); Gupta and Ricci (2006);
Fiedler (2008)). This type of foams is named syntactic foam.

Foams are applied in the automotive or aerospace industries since they
combine low weight, high specific strength, and excellent possibilities to
absorb energy. The technical realization is mostly performed as sandwich
panels (plates or shells with hard and stiff face sheets and a core layer made
of a foam), see the cited above books and, for example, the papers of Desh-
pande and Fleck (2001); Deshpande et al. (2001); McCormack et al. (2001);
Bart-Smith et al. (2002); Kesler and Gibson (2002); Kesler et al. (2003); Kar-
domateas et al. (2002); Hohe (2003); Benderly and Putter (2004); Chang
et al. (2004); Kulkarni et al. (2004); Sha and Yip (2004); Sha et al. (2006);
Gibson (2005); Mamalis et al. (2005); Queheillalt and Wadley (2005); Rizov
et al. (2005); Rammerstorfer et al. (2006); Rice et al. (2006); Ionita and
Weitsman (2007); Mohan et al. (2007); Nemat-Nasser et al. (2007); Qin and
Wang (2007); Raj et al. (2007); Tagarielli et al. (2007); Tian et al. (2007);
Torsakul (2007); Raj and Ghosn (2008); Ambrogio et al. (2008); Banhart
and Seeliger (2008); Caner and Bazant (2009); Caprino et al. (2009); Reany
and Grenestedt (2009); Rubino et al. (2009); Zhang and He (2009); Zhu
et al. (2009).

From the mechanical point of view, a foam is a very complex material
which exhibits many non-classical properties. We mentioned already their
high porosity. The other “exotic properties” are:

e Negative Poisson’s ratio. Some polymer and metal foams have a neg-

ative Poisson’s ratio even in the case of isotropic material behavior,
see Lakes (1987); Friis et al. (1988), and Gibson and Ashby (1997).
Such foams are named re-entrant foams.

e Size effect. Foams demonstrate size-effect, see Fleck et al. (2001);
Chen and Fleck (2002); Kesler and Gibson (2002); Bazant et al. (2003);
Tekoglu and Onck (2005). For example, the ratio of the specimen
length to the radius of cells has an influence on the stressed state or
fracture (Fleck et al., 2001; Bazant et al., 2003).

e Micropolar properties. Besides that some foams are examples of the
Cosserat continuum, see the experimental data presented by Lakes
(1986, 1991, 1995), and the results published by Diebels (1999); Diebels
and Steeb (2003); Dillard et al. (2006). In the Cosserat continuum or
micropolar continuum each material particle has six degrees of free-
dom, i.e. the translations and rotations fields are independently, and
there exist force and couple stresses.

Special interest is focussed on foams with a nonhomogeneous distribu-
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Figure 3. Nonhomogeneous closed-cell foams

tion of porosity. In this case the foam may be considered as a functionally
graded material (FGM), see Fig. 3. The foam itself can be modeled also as a
functionally graded material with mechanical properties changing over the
thickness direction. Let us mention here the papers where the nonhomoge-
neous distribution of porosity is taken into account, see Beals and Thompson
(1997); El Hadek and Tippur (2003); Zhu et al. (2004); Gupta and Ricci
(2006); Gonthier and Cox (2007); Hsu et al. (2007). Beals and Thompson
(1997), discussed a functionally graded aluminium foam, Hsu et al. (2007)
investigated bioceramics, El Hadek and Tippur (2003); Gupta and Ricci
(2006) researched syntactic foams, and Zhu et al. (2004) investigated the
temperature distribution in functionally graded metal foam.

2 Direct Two-dimensional Plate Theory

2.1 Classical Approaches in the Plate Theory

The Kirchhoff’s plate theory suggested more than 150 years ago (Kirch-
hoff, 1850) was worked out for thin plates made of homogeneous isotropic
materials and the case of bending. Introducing the deflection of the mid-
plane the theory is limited only by the assumption that each material point
of the midplane has one independent degree of freedom. The governing
equation for the bending problem can be deduced as

DAAw =gq (1)

with the deflection w, the given external surface load ¢, the Laplacian A and
the bending stiffness D. Equation (1) is a two-dimensional partial differen-
tial equation of fourth order reducing the behavior of a three-dimensional
plate-like body to the behavior of a two-dimensional surface (here the mid-
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plane). In the background of this theory one can see very helpful assump-
tions for engineering applications: instead of the stresses the stress resul-
tants (averaged stresses in the thickness direction) are introduced. Forces
and the moments, which have a clear mechanical interpretation, and the in-
dividual mechanical properties can be presented by another averaged prop-
erty — the bending stiffness which is an effective property combining the
Young’s modulus F, the Poisson’s ratio v and the plate thickness h

Eh3
D=ha-m @)

On the other hand one observes very rough limitations which are not helpful
in modern applications. Examples of such limitations are the thinness hy-
pothesis, the isotropy assumption, the homogeneity assumption, the small
deflection assumption and the assumption that the plate behavior (out-of-
plane) and the plane stress behavior (in-plane) are decoupled (the last one
is ignored in the Kirchhoff’s theory). In addition, the order of the governing
equation (1) does not correspond to the number of boundary conditions in
some cases.

Focussing the attention on the applications to modern materials (lami-
nates, sandwiches, foams among others) only various improvements of the
classical theory are suggested. For example, considering sandwich struc-
tures with soft cores Eric Reissner worked out a theory which takes into
account the neglected by Kirchhoff transverse shear (Reissner, 1944, 1945,
1947). Similar governing equations (only some details are not the same)
were derived by Mindlin introducing two additional degrees of freedom (ro-
tations) for the material points of the midplane (Mindlin, 1951). On the
classical approaches and their improvements one can get more information,
for example, from Naghdi (1972); Grigolyuk and Selezov (1973); Reissner
(1985); Altenbach et al. (1998); Altenbach (2000a,b); Kienzler (2002); Kien-
zler et al. (2004).

Summarizing some monographs and reviews of the last 50 years (Naghdi,
1972; Grigolyuk and Selezov, 1973; Rothert, 1973; Reissner, 1985; Altenbach
and Zhilin, 1988; Libai and Simmonds, 1998; Chrdéscielewski et al., 2004;
Zhilin, 2006; Eremeyev and Zubov, 2008) among others) one can conclude
that there are two different possibilities to deduce the plate equations:

e Starting with the three-dimensional equations of solid mechanics the

two-dimensional equations are established with the help of some hy-
potheses or mathematical treatments.

e Introducing a two-dimensional deformable surface the two-dimensio-
nal plate equations are derived by the direct approach.
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The advantages/disadvantages are evident. In the first case we get the
constitutive equations by the same way like other governing equations ap-
plying the hypotheses or the mathematical treatments to the, for example
in the elastic case, Hooke’s law. The correctness and the approximation
degree are often unknown. The direct approach is in this sense better -
the two-dimensional equations are physically-based and as exactly as the
three-dimensional continuum mechanics equations. But the constitutive
equations must be identified separately which is a non-trivial problem. It
was shown in Altenbach (1988); Altenbach and Zhilin (1988); Zhilin (1976,
2006) among others that the concept of effective properties can support the
handling of the identification.

The discussion below will be limited by the consideration of linear elastic
and viscoelastic material behavior and the geometrically linear relations. In
contrast to the classical plate theory the deformations will be taken into
account as in the theory of laminated plates with unsymmetrical cross-
section properties, that means the in-plane behavior and the out-of-plane
behavior are coupled in the general case (Altenbach et al., 2004). The
introduced theory is not restricted by the assumption that the transverse
shear strains and rotator inertia effects are neglected. This chapter is based
on the results published earlier in, for example, Altenbach and Eremeyev
(2008a,b, 2009a,b,c,d).

2.2 Governing Equations

The direct approach in continuum mechanics is based on the Cosserat
theory (Cosserat and Cosserat, 1909; Ericksen and Truesdell, 1958; Rubin,
2000; Zhilin, 2006; Eremeyev and Zubov, 2008). In continuum mechanics
any theory is based on the method of sections, the Newton’ axiom of re-
ciprocal actions and some governing equations. Two different models can
be introduced. In the first case only force actions resulting in translations
are assumed. From this follows the symmetry of the stress tensor. But
in the basic course of Mechanics the following statements are given: the
static equilibrium of forces and moments or the equation of motion as the
balance of momentum and the balance of moment of momentum should be
considered in the general case. It must be noted that the last relations are
independent, which was shown, for example, by Truesdell (1964); Trues-
dell and Noll (1965). Since for this model are assumed force and moment
actions, it follows that there are a symmetric and a nonsymmetric stress
tensor and translations and rotations can be introduced independently as
force and moment responses. Now any continuum (three-, two- or one-
dimensional) can be introduced by a natural way: geometrical relations
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(kinematics), material independent balances of mass, momentum, moment
of momentum, energy, entropy and the material dependent equations (con-
stitutive equations and evolution equations). Finally, one needs boundary
and may be initial conditions.

2.3 Material-independent Equations

Since the direct approach is a natural way to describe the behavior of
plates (the stress resultants which are used in most of plate theories can be
interpreted as forces and moments) a two-dimensional plate theory which
allows to model homogeneous and inhomogeneous plates can be presented
as follows. Let us assume that the plate can be represented by a deformable
surface. In the undeformed (reference) state this surface is plane.

Two basic assumptions can be considered as the starting point for the
formulation of the linear theory. The plate (homogeneous or inhomogeneous
in transverse direction) can be represented by a deformable surface. The
interaction between different parts of this surface is described by forces and
moments only. For the sake of simplicity we consider that each material
point is an infinitesimal rigid body with 5 degrees of freedom (3 translations
and 2 rotations). In addition, the theory presented here is limited to small
displacements and rotations and the quadratic strain energy. The basics are
presented in Zhilin (1976, 2006); Altenbach and Zhilin (1988, 2004). The
following governing equations can be introduced:

e Balances of momentum and moment of momentum

V-T+q=rpitp0-p, V-M+Tyx+m=pOr-itp0:-p (3)

Here T', M are the tensors of forces and moments, g, m are the sur-
face vectors of loads (forces and moments), T’ is the vector invariant
of the force tensor (Lurie, 2005), V is the nabla (Hamilton) operator
(pseudovector), u, ¢ are the vectors of displacements and rotations,
01,0, are the first and the second tensor of inertia, p is the den-
sity (effective property of the deformable surface), (...)T denotes the
transposed tensor and (. .) the time derivative, respectively.
e Linear geometrical relations

p=Vu-a)», y=Vu-ntc-p, £=Vop, (4)

where a is the first metric tensor (plane tensor), n the unit normal
vector, ¢ = —a X n the discriminant tensor, p, 7, and & the strain ten-
sors (tensor of in-plane strains, vector of transverse shear strains and
the tensor of the out-of-plane strains), (...)*™ denotes the symmetric
part of the tensor.
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e Boundary conditions
v-T=f v- M=l (I-n=0) (5)

or

u=u", p=¢° along S. (6)
Here f and [ are external force and couple vectors acting along the
boundary of the plate S, while u® and ¢ are prescribed displacements
and rotations of the plate boundary, respectively. v is the unit normal
vector to S (v -m = 0). Equations (5) and (6) are the natural and
essential boundary conditions, respectively. Other types of boundary
conditions are possible. For example, the simple support boundary
conditions are given by

v-M-7=0, u=0, ¢o-7=0 (7)

Here 7 is the unit tangent vector to S (7 -n=7-v =0).

2.4 Two-dimensional Constitutive Equations

Limiting our discussion to the elastic behavior and small strains the
following statements for the constitutive modeling can be made. At first,
the strain energy can be expanded in a Taylor series limited by quadratic
terms. In addition, we assume that the eigenstresses can be neglected. In
this case the linear terms in the series can be disregarded. At second, the
positive definiteness is guaranteed.

e Strain energy of the deformable surface W

W(M77’,§) = %N"A"N‘FH"B“KI'F %K,--C--Ii}
. ®)
+ vty Tip+T2ek),
where A, B,C are 4" rank tensors, I'y, I’y are 3™ rank tensors, I' is
a 2" rank tensor of the effective stiffness properties. They depend on
the material properties and the cross-section geometry. The stiffness
tensors include 68 components.
From the general structure of the strain energy (8) the following
properties of the stiffness tensors are obvious:
— The tensors A,C and I' must be symmetrical that means

A-d=d-A, C-d=d-C, I'=r",

where d is an arbitrary plane second rank tensor.
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— Since g is a symmetric tensor the following conditions are valid

c+-A=0 ¢+-B=0, I'i-c=0,

where ¢ = —¢T.

The number of independent and non-zero components is now 45.

Considering that the three-dimensional material behavior can be
presented by a symmetric stress tensor (6 = o) one can conclude
that @ -- M = 0 which results in

a-C=0, B-a=0, I';-a=0

From this it follows that in the general case the tensors contain 36
different values - a reduction is possible assuming some symmetries.
In Table 1 the number of non-zero components with different values
for different cases of anisotropy are indicated.

Table 1. Number of non-zero components

|Typeofanisotropy |A|B|C‘I‘1|I’2|[‘| E|

General case 6196 | 6 6 | 3|36
Orthotropy 4151410 0 | 2|15
Transversal isotropy | 2 | 2 | 2 | O 0 117
Isotropy 2121210 0 117

e Constitutive equations
— in-plane forces

ow
T.a:—:A--lL—f—B"N"”Y'Fly (9)
op
— transverse forces
T.n:@:F-7+F1'-M+F2"H, (10)
oy
— moments oW
Mszzll:"B‘i’C“Kt‘i"y‘FQ (11)

2.5 Basic Equations in Cartesian Coordinates

Let us assume the Cartesian coordinate system x1,x2 (in-plane coordi-
nates) and z (orthogonal to the midplane). Then the unit normal vectors
are e1,eo and n. With respect to the introduced coordinate system the
following equations are valid:
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e Displacement and rotation vectors
U = uje; + uzey + wn, P = —poe1 + pies (12)

Uq (o = 1,2) are the in-plane displacements, w is the deflection and
o are the rotations around the axes e, respectively.
e Force and moment tensors

T = Tieie; +Ti2 (6162 + 6261) + Theses
+T1neln + T2n62n7 (13)
M = Mee; — Miz(ere; — ezez) — Maeseq,

where T, T2 are the in-plane forces, T, the transverse shear forces,
M,, the bending moments, and M2 the torsion moment, respectively.
e Strain tensors

p = pieier + pio(eres +eser) + poeses,
Y = mei+ ez,
K = Kiei1ey — Kise1e1 + K21€2€2 — K2€2€1,

where (i, are the normal in-plane strains, g2 the shear strain, v, the
transverse shear strains, k, the bending deformations, and ki2 the
torsion deformation, respectively.

e External loads

q = q1e1 + q2€e2 + gu1, m = —mge; + mieés. (14)

Here ¢, are the in-plane forces, ¢, the transverse force, m, the mo-
ments, respectively.
How do the symmetries of the “microstructure” affect the physical proper-
ties? The answer comes from the Curie-Neumann’s principle in the physics
of crystals (Nye, 2000).
The symmetry group of the reason belongs to the symmetry group of the
consequence.
The symmetry group of the “reasons” for the plate is the intersection of:
e the symmetry of the material (fibre-reinforced material, rolled sheets,
etc.),
e the symmetry of the surface shape (shell or plate)
e the symmetry of the internal structure (laminated plates - symmetry
of the stacking sequence with respect to the mid-surface, etc.)
Let us consider orthotropic material behavior and a plane mid-surface. In
this case instead of the general form of the effective stiffness tensors one
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gets (Zhilin, 2006)

= Apaiar + Aiz(@162 + azaq) + Azzasas + Agagay,
Bisaiaz + Bsaias + Basasas + Bajasay + Bisasas,
= (aasas + Cszasas + Css(asas + asas) + Cuiaqay,
= F1a1+F2a2, F1:0, I's=0

NQm
I

with
a; = a=eie; +exe2, a2 = e€1€] —eey,
a3 = c=ejex; —€e;, a4 = ejext+eze;

In addition, one obtains the orthogonality condition for a; (i =1,2,3,4)

1 1, i=j

Now the balances of momentum and of moment of momentum, the geome-
trical relations and the constitutive equations take the form (static case):
e Equilibrium equations

Tii+Tiz2+q = 0,

Ti2q1+Too+q = 0,
Tini+Ton2+qgn = 0, (15)

Mg+ Mo —Tip,+m1 = 0,

Migq+ Moo —Top+me = 0

e Boundary conditions (for brevity, they are presented for the case that
S is a part of line x; = const with v = ey, T = e3):
Static boundary conditions

Ty = fi, Ti2=fo, Tin=fn, My =10, Ma=1Il (16)

Kinematic boundary conditions

Uy = u‘f, Up = ug, w=w?, P11 = tﬂ(f, P2 = Lﬂg (17)

Boundary conditions for a hinge

M1:0, u1=u2:w:O, (,0220 (18)
e Geometrical relations
1
M1 = U171, 2 = U2 2, Hi2 = 5(“1,2 +us1),
Y1 =Wwi1 Y1, Y2 =W+ e, (19)

R1 = ¥1,1, R2 = ©2,2, R12 = ¥2/1, K21 = P1,2
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e Constitutive equations

T = (A;1+ 2410+ Aso)pr + (A11 — Aaa) e
—(B13 + Bag — Bia — Bas)ka
—(B13 + Ba2s + Bia + Baa)ka,

T, = (A —Axp)ur + (A — 2412 + Ago) o
—(B13 — B2z — Bis + Bas)k
—(Bi13 — Bas + B4 — Bag)ka,

Tio = 2u12444 + (K12 + K21)Bas,
Tln = (Fl +F2)717

20
To, = (In—1I32)y, (20)
My = (—=Bi3— Bas+ Bis+ Bos)a

—(Bi3 — B2z — Bia + Boa) o
+(Cs3 — 2C34 + Caa)ri1 + (Csz — Cua) ko,

M, = —(Bi3+ Bas + Biy + Bas)p

—(B13 — Baz + B4 — Bag) iz

+(Cs3 — Cua)k1 + (Cs3 + 2034 + Cua) ko,
My = 2pi12Bas + Coa(K12 + K21)

From the last equations it can be seen that the A;; are the effective
in-plane stiffness tensor components, the B;; are the components of
the coupling stiffness tensor, the C}; are the effective plate stiffness
tensor components, and the I, are the components of the transverse
shear stiffness tensor.

3 Stiffness Identification

The advantage of the presented theory is that it is so strong as any contin-
uum mechanics theory. The problem is the identification of the constitutive
parameters - the effective properties - in the relevant equations. This prob-
lem can be solved by different approaches:

e the comparison of the stress resultants of a three-dimensional static
boundary-value problem with the forces and moments in the corre-
sponding two-dimensional boundary value problem,

e the comparison of the eigenfrequencies of a three-dimensional and the
corresponding two-dimensional eigenvibration problem

Note that the values of the constitutive parameters should be independent
from the kind of identification procedure.



180 H. Altenbach and V.A. Eremeyev

3.1 Orthotropic Material Behavior

The individuality of each class of plates in the framework of the direct
approach is expressed by the effective properties (stiffness, density, inertia
terms, etc.). Let us focus our attention on the stiffness expressions. The
identification of the effective stresses should be performed on the base of
the properties of the real material. Let us assume the Hooke’s law as

€ uy ! o Vzla ana
1 = U= 57 01— 02— —On,
El E2 En
5 uy L o 1/120 Vn2a
2 = = —=02— 01— = 0p
22 B B E, "
€ ur ! o Vlna Vzna
n - 2 — 7 On — /01 — /02
B, Ey By 7 (21)
o * « _ T12
Y2 = UpptUsy = G
12
Tnl
J— * * —_
Tn1 = Uy + Up1 = G 17
n
T2n
— * * —
Yon = Uz p + Up, 2 = G
2n

with v;; F; = v E;. 04, €, Ti;,7i; are the normal stresses, the normal strains,
the shear stresses and the shear strains, respectively; E;,v;;, Gy; are the
Young’s moduli, the Poisson’s ratio and the shear moduli. The axes of
orthotropy coincide with the co-ordinate axes.
Here Eqgs (21) are valid in the following cases:
Case 1: Homogeneous plates — all properties are constant (no dependency
on z).
Case 2: Inhomogeneous plates (sandwich, multilayered, made of foams,
functionally graded) — all properties are functions of the co-ordinate
in the thickness direction z, e.g., E; = E;(2).
The identification of the effective properties can be performed with the help
of static boundary value problems (two-dimensional, three-dimensional) and
the comparison of the forces and moments (in the sense of averaged stresses
or stress resultants)

T=<a-0 >, M=<a-0z-c>

o is the stress tensor, and < (...) > denotes the integration over the plate

thickness
h/2

<(...)>= /(...)dz

—h/2
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3.2 Classical Stiffness Values

Problem 1 - Tension and bending: The following two-dimensional
kinematical field is given

1 /a2 22 T2 T
u=Dixe Dozoes — = [ 22 4+ 22 = ——e —e
1181 + Daxses 2(R1+Rg)n’ P R21+R1 2,

where D, and R, are unknown constants (o = 1,2). The two-dimensional
strain tensors are

1
= Dieje Doeses, =0, K= —eje; — —esgeq,
7 1e1e1 + Doeses y R112 R221

and the two-dimensional constitutive equations can be calculated by

T = D1§A11 + 2A19 + Agg) + Da(A11 — Ago)
*R—1(313 + Bo3 — Bia — Boy)
1
—R—2(313 + Bas + Bi4 + Bay),
T, = D1§A11 — Aga) + Da(A1n — 2412 + Ago)
_R_1(313 — By3 — Bia + Baa)
1
—R—2(313 — Bz + By — Baa), (22)
M, = Di(—Bi3 — Baz + B4y + Bay)

—1712(313 — Bag — By + 3241)
+—(C33 —2C34 + Cy4) + —(C53 — Cua),

Rl R2
My = —Di(Bis+ Bas+ Bia+ Ba)
*1312(313 — Bas + Bia — Bay)

1
+R—(C:33 —Cua) + R—(C’33 + 2054 + Cuq)
1 2

Assuming the three-dimensional strain tensor components corresponding to
the two-dimensional problem
z z

€1 =D+ =, g€y = Do+ —,

1 1T TR 2 2R,

the stress tensor components considering the plane stress state and the
Hooke’s law (21) are

Ey E,
01 = 7(51 + V2152)a g9 =
1 —vyo091

= —— (&2 +vi2e
1 —viow91 ( )
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Finally, the stress resultants can be estimated as follows

T o D El + 1 ElZ
! o ! 1 — 119197 Ri \1—vi9v9
E 1 E
oa{ B 1 By
1 — viavo Ry \1—viov9
Ty = Do —2— ) —(—2
2 2 <1 — V1221 > Rs <1 — V1221
E 1 E
oY ey
1 —via191 Ri \1—viav0 (23)
Fiz 1 -EIZ2
My = Di{——mm >\
! 1<1—V12V21>+R1 <1_V12V21
vo1 1z 1 Vo1 Fy 22
D, <L> L1 <L>
1 — viav Ry \1—viov9
EQZ > 1 < .E’QZ2 >
My = Dy —— )4 —(——
2 2 <1 — Viglo1 Ro \ 1 —viav9y

vigEsz 1 v12Eo2?
+D1< 128 >+_< 12 >
1 —vigv;n Ry \1—vi919
The comparison of the stress resultants (22) and (23) allows the estimation
of the following stiffness tensor components

1 /Ey+ Ey +2E vy 2
Ay, —Bys; C _ = L o
{ 11, 13, 33} 4 < 171/121/21 { A } )
1/ B — B ,
Aqs; Bog = —Byy; C = —-(———J1;—2; 24
{ 12, D23 14, 34} 4 <1 . { 3 Z, 2 } 9 ( )
1 El + E2 - 2E1V21 2
Az, Boy: C _ ! L
{ 22, D24, 44} 4 < 171/121/21 { SR 2 }

Problem 2 - Plane shear: Let us assume the two-dimensional kinemati-
cal field

u = Slx261 + Slxleg — SQI'1£E2’I'L7 P = —Sg(xlel — 1'262)

with the arbitrary constants S,. The corresponding three-dimensional prob-
lem results in the following strain tensor component

Y12 = uj o +usq = S1+ S22z
The comparison of the computed stress resultants yields

{A44; Biz; Oz} =< Gia{l; —2;2%} > (25)
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The classical stiffness values estimated within the problems 1 & 2 corre-
spond to the classical estimates.

3.3 Non-classical Stiffness Values

Problem 3 - Torsion: Let us introduce a deformable strip (|z1| < 1,
|z2| < o00) under constant torsion moments at the boundaries z; = =+l;.
Then one gets the two-dimensional kinematical field

u = U2(961)€27 w = —901(371)61
and the force and moment tensors
T = (Asauz1—Baspa 1)as+ (11 —Ib)poeam, M = (Bjouz1—Ca2p2.1)as.

Applying the equilibrium equations to the force and the moment tensor one
gets after some manipulations

Y211+ A1 =0

with
N2 _ (I —I3)Au
Ay4Coy — B2,
The dual three-dimensional problem (strip |z1| < Iy, |z2| < o0, |z] < h/2)
results the displacements
uy =w" =0, uy=uj(x,z2),

the stress tensor

ous ous
= G220y + Gop =2(e
o ™ as+ Gy 5 (ean + nes)

and the equilibrium equation

The solution with respect to the boundary conditions ¢, = 71, = 72, =0
at |z| = h/2 can be obtained by the following Fourier’s ansatz:

us(z1,2) = X(21)2(2),
which yields a Sturm-Liouville problem

d dz

dz
— <G2n_> +A2G12Z =0,

dz dz
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and £
X
— - MX =0
da? *
With the lowest non-trivial positive solution A, one obtains

sinh \,x1
A cosh A\l

sinh A\,

X(zy) = BB AT
(@) = By

and uy = BZ(z)
Finally, after comparison of the two-dimensional and the three-dimensional
solutions one gets

(I — I)Au

A=A\ =
Ay4Coy — B,

(26)

Tio and Mis obtained by the two-dimensional and the three-dimensional
approaches are in a full agreement. For the kinematical fields one gets

< Gra(uj — uz — zp2)? >= min(uz, g2) (27)
My < Giaz > sinh A\, 2q
U f—
’ < Gra >< G122 > — < G1222 > A, cosh A\, Iy’
My < Gia > sinh A,z
Y2 =

< Gia >< G222 > — < G1222 > A, cosh \.lq

It can be seen that the two-dimensional and the three-dimensional results
are in agreement only in the averaged sense. The dimension reduction
results in some constraints. In our case these constraints are following from
the least square condition (27).

In addition, one has to analyze the similar two-dimensional problem for
the second direction (|z1] < oo, |z2| < l2) and the three-dimensional case
(|x1] < o0, |xa] < la,|2| < h/2) with the constant torsion moment at the
boundaries |z2| < lo. Now one obtains

dz . dz
i <G1n> + 772G12Z =0, — =0, (28)

dz dz

(I + Ip) A
=y 29
TN\ AuCon — B, (29)

Considering Eqgs (26) and (29) we get the following expressions for the trans-
verse shear stiffness tensor components

A44Cos — B,

Ay4Css — B, 1
' Aga

1
I == 2 2 I, == 2 )2
1= 5 (A +0%) o 2= 50" =A%) (30)
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The values of the transverse shear stiffness are following from the compar-
ison of a two-dimensional and the corresponding three-dimensional bound-
ary value problem. It is easy to see that the structure of these stiffness
expressions are different from the classical values since the A, are follow-
ing from the non-traditional identification procedure including a Sturm-

Louiville problem. In most of the classical approaches the factors
1 1
§(>\2+TIZ) or 5(772—/\2)

are the analogues of the shear corrections (Timoshenko, 1921).

3.4 Special Case — Isotropic Behavior

In the case of isotropic material behavior to set in Eq. (21) one has

E1 = E2 = En = E(Z), Vijg = Z/(Z),

G2 =Gp1 =Gy =G(2) =

Instead of Eqgs (24)—(30) the following non-zero components of the stiffness
tensors are valid:
e the in-plane stiffness tensor components

1 E 1 E
All:2<1—u>’ A22:2<1+I/>:A44:<G> (31)

e the coupling stiffness tensor components

1 E 1 E
B13——§<1_Vz>, 324—§<1+VZ>B42—<GZ> (32)

e the plate stiffness tensor components

_1/ E A AN _ 2
033_2<1—1/Z>’ C’44—2<1+Vz>—022—<Gz > (33)

e the transverse shear stiffness tensor components

AyyCoy — B,

42
R (34)
with A following from
d dz 9 dz
_ —_— Z p— —_— =
dz(Gdz>+)\G 0, dZH h 0 (35)
z|=%
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4 Examples of Effective Stiffness Properties Estimates

4.1 Homogeneous Plate

The simplest test for the correctness of the estimated stiffness properties
is the homogeneous isotropic plate. The basic geometrical property is the
plate thickness h, the plate is symmetrical with respect to the mid-plane
which results in B = 0. Let us assume the following material data: the
Young’s modulus F, the Poisson’s ratio v and the shear modulus G =
E/2(1 + v). All material properties are constant, that means they do not
depend on the thickness coordinate z. The non-zero components of the
classical stiffness tensors are

Eh Eh
N0y 2= 50 ) 14 = Gh,
Eh3 Eh3 Gh?
Ogs = ——— Opy= —— = Oy = ——
BT —v)y M T u(1+y) T TP 12
The classical plate (bending) stiffness follows as
Eh3
- C = —
Cs3 + Cua 1201 =172 (36)

and can be found in the textbooks, e.g. Timoshenko and Woinowsky-Krieger
(1985). The transverse shear stiffness follows from

= \2Cy
with
42z dz
—Z 1Nz = = =
dz2 * 0, dz 0

_h
|Z|75

The solution cos Az = 0 yields the smallest positive eigenvalue A = %, and

finally one obtains
2 Gh3 w2

T2z 12
where 72/12 is a factor which is similar to the shear correction factor for
beams (Timoshenko, 1921). Here this factor is a result of the non-classical
establishment of the transverse shear stiffness. Comparing the proposed
value with 72/12 (Mindlin, 1951) and 5/6 (Reissner, 1944) one concludes
that the direct approach yields the same value like in Mindlin’s theory
(note that Mindlin’s shear correction is based on the solution of a dynamic
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problem, here the solution of a static problem is used). The Reissner’s value
slightly differs.
In addition, the density and the rotatory inertia coefficient are

_ _ poh?
p=poh, ©="- (37)

4.2 Classical Sandwich Plate in Reissner’s Sense

Assuming classical sandwich we have the following geometry: h. is the
core thickness and hs the thickness of the face sheets (h. > ht). The
material properties of the core and the face sheets are E., Ef, G., Gt with
E. < E¢,G. < G. In this case one has a symmetry with respect to the
mid-plane that means B = 0. With the thickness h = h. + h¢ one gets

Ay = %<1th;{ +%)
Az = % <1E_f_hljf + 1E4C_h1jc> = Ay,
3_ 13 3
Css = i [Ef(lh thC) + 1ECh;C] )
1 [E(h® —h3)  E.h
Cy = ﬂ[ f(1+VfC) 1+Vc]2022

The bending stiffness results in

_ 1 [E(R® = hE) | Echi
C33+C44_12[ 1— 12 1— 12

The transverse shear stiffness can be computed by

Iy = \Co
with X\ as the smallest positive solution of
h he h
A — = Loy D
cos/\(z 2) 5 _z_2,
he
Z(z) = Bsin Az |Z|S7,
h h he
—A —) <<t
cos)\(z+2) 2_2_ 5
This yields a transcendent equation
h h h h
11 COS /\7f cos )\7'3 — sin /\?f sin )\?C =0
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or

peosvy(l — a)cosya —siny(1 — ) sinya =0
with b B

Y= )‘57 o = WC
p and a take the values 0 < p = G./Gf < oo and 0 < a < 1. A typical
sandwich structure has a very weak core. Then the bending stiffness can be
approximated by
1 E¢h?hg
41— l/f2
and the transverse shear stiffness by I' = G.h. This solution was firstly
obtained by Reissner (1947).
In addition, the density and the rotatory inertia coefficient are now

_ peoh?  pro(h® —hd)

12 + 12 (39)

Cs3+ Cyy =

(38)

p = pcohe + prohe, ©

4.3 Functionally Graded Materials and Foams

Functionally graded materials are composite materials with locally var-
ied composition or microstructure so that a certain variation of the local
material properties is achieved. In this paragraph we consider small defor-
mations of a functionally graded plate made of a foam. For the panel made
of a porous foam the distribution of the pores over the thickness can be in-
homogeneous (see, for example, Fig. 2). Let us introduce h as the thickness
of the panel, ps as the density of the bulk material and p, as the minimum
value of the density of the foam. Examples of distribution functions of the
porosity are shown in Fig. 4.

Linear Symmetric Distribution. Let us introduce a plate material with
changing mechanical properties in the thickness direction. The material is
assumed to be isotropic. The mechanical properties are changing linear and
the changes are symmetrical with respect to the mid-plane. In addition, it
will be suggested that the changing properties are related to the Young’s
and the shear modulus. To make the calculation as simple as possible the
Poisson’s ratio is set to be approximately constant (v &~ const). Then the
distribution of the Young’s and the shear modulus can be given as

B() = Bo | 71:1+ 22 (1- 741 (10)

Gl2) = G, Em + % (1 - %m)] (41)
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A
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0,84

0,64

0,4+

-0,4 -0,2 0 0,2 0,4

s

b)

Figure 4. Distribution of the porosity V: a) symmetric, b) non-symmetric

Here the index o denotes the value on the outer surfaces (z = +h/2) and
m at the mid-plane (z = 0). Due to the symmetry to the mid-plane B = 0.
The classical stiffness tensor components can be computed analytically

Eoh E Eoh E
Ap=-—2 (1422 App= —— 1+ ] =4
H 4(1—1/)( +EO>’ > 4(1+1/)< +EO) 44’

Eoh? E Eoh? E
- 92" (342 Oy =—2"_[34022)=(C
Cs3 96(1—1/)( + E) " 96(1+y)( i EO> >

(42)

The transverse shear stiffness tensor components results from

G h? G
I = \2 — )\ m
1 =ACa = A 13 (3+GO)
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with A following from

%
dz

d
dz

dz

[G(z)—} + MG (2)Z =0, =0

dz

lzI=%

Instead of G(z) one has to take Eq. (41). This spectral problem can be
solved numerically by using the shooting method (Stoer and Bulirsch, 1980).
The dependence of normalized I'y versus gm = Gm /G, is shown in Fig. 5 a)
(solid line), the Reissner’s solution is presented by the dashed line. The
Reissner’s solution gives understated values of the transverse stiffness when
the difference between elastic moduli is significantly high. On the other

I
1.04 Goh

0.1 0.5 1.0

a) symmetric distribution
I
1.04 Guh
0.5
? G
0.1+ CTVu
0.1 0.5 1.0

b) nonsymmetric distribution

Figure 5. Normalized transverse shear stiffness
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hand, the Reissner’s solution gives overstated values when the elastic mod-
uli are approximately the same. The Reissner’s formula gives us good coin-
cidence with our results only for g, =~ 0.6.

Linear nonsymmetric distribution. If the indices u and 1 denote the
values of the Young’s modulus and the shear modulus on the upper surface
(z = h/2) and the lower surface (z = —h/2), respectively, one can represent
the linear distribution by

1 2 1
E(Z) = _(Eu - El)z_ + _(Eu + El)v (43)
2 h 2
1 2 1
G(z)==(Gy—Gl)z—+ =(Gu + &) (44)
2 h 2
and with the assumption of the constant Poisson’s ratio one gets
- (Eu + E1>h o (Eu + El)h B
An = 10=0) Agp = IRy Aya,
_ (By— E)R? _ (Bu— E)R*
Bz = AT —v) " CHT 1o = Bag,
_ (Bu+ E)R? _ (Bu+ E)R®
Css = 24(1—v) Caa = 48(1+v) Ca2

The transverse shear stiffness can be estimated by

o2 A4sCo2 — Biy N [B(Gu+G)* = (Gu — G)*|R?
b Aug T2 G, + Gy

with A\ following from

dz dz
[G(z)g] + MG (2)Z =0, T =0

|Z|:2

d
dz

Instead of G(z) one has to take Eq. (44). The solution of this spectral
problem may be written by using the Kummer functions (Abramowitz and
Stegun, 1972). The dependence of the normalized transverse shear stiffness
I vs. g1 = G1/G,, is shown in Fig. 5 b). It is easy to prove that a good
approximation of this curve is given by

Fl 7T2
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Nonlinear symmetric distribution. For the description of the sym-
metric distribution of the porosity we assume the power law (Altenbach
and Eremeyev, 2008a)

n

2z ’ (45)

Viz)=a+(1—-a) 3

where o = p,/ps. The power n = 0 corresponds to the homogeneous plate,
for n = 1 we have the linear distribution of the porosity through the thick-
ness. The distribution can be established, for example, if the plate is made
of two symmetric layers. If n > 1 one has a more complex distribution. If
n > 1 the plate core has an approximately constant porosity, but the distri-
bution of the density in the face layers is significant inhomogeneous. Exam-
ples of the distribution functions are shown in Fig. 4 a) for n = 0,1,10,50
with a = 0.1.

The elastic properties of metallic foams highly depend on the porosity
and the cell structure. The dependence of the Young’s and the shear mod-
ulus on the porosity is given by the power law (Ashby et al., 2000; Gibson
and Ashby, 1997)

By a™, G a™, (46)

S S

where E}, and G, are the Young’s and the shear modulus of the foam,
respectively, Es and Gg are the Young’s and the shear modulus of the bulk
material which is used to synthesize the foam. The value m depends on
the structure of the foam. For the closed-cell foam m = 1, for the open-cell
foam m = 2. For the isotropic case, the graphs of the normalized stiffness
parameters A1, Agq, Cs3, Cag are given in Fig. 6. Here m = 2, a = 0.1,
v = 0.3 are assumed.

To obtain the dependence of transverse shear stiffness we have to solve
Eq. (35). The solution of the spectral problem (35) can be performed again
numerically by using the shooting method (Stoer and Bulirsch, 1980). The
values of normalized transverse shear stiffness Iy vs. n are given in Fig. 7.

The density and the rotatory inertia coefficient are

1 (I—a)h 1 1 4, 1(1-a)h?
—p=ah+-——— —0O=—ah’+-—"— 47
psp ant n+1 "’ ps9 12 +4 3+n (47)
1
Setting n > 1 in Eq. (47) one can see that for p ~ p,h and © ~ Epph3

which coincide with Eq. (39) if hy — 0.

Nonlinear non-symmetric distribution. For the description of the
non-symmetric distribution of the porosity we assume the following power
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4

Figure 6. Dimensionless effective elastic moduli

law

z+h/2>" (48)

V(z)a+(1a)( -

Examples of the distribution law are shown in Fig. 4 b) for n = 0, 10,50
with o = 0.1. For the isotropic case, the graphs of the normalized stiffness
parameters Ayq, Agq, C33, Coo, Bi3, By are given in Figs 8 and 9. Since
the structure is not symmetrically with respect to the mid-plane the in-
plane, the coupled and the out-of-plane stiffness parameters must be taken
into account. The values of normalized transverse shear stiffness Iy versus
n are given in Fig. 10.

4.4 On the Plates Made of Nanofoams

In this paragraph let us briefly discuss the possible applications of the
described above theory to the case of nanoporous materials. Such materials
have many applications in the nanotechnology, see Bhushan (2004). The
example of the foam-like structure made of ZnO is given in Fig. 11. It is
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Figure 7. Normalized transverse shear stiffness

Figure 8. Normalized in-plane and plate stiffness components

seeing that this foam belongs to the type of the open-cell foams. One of the
characteristic features of the nanomaterials is the size effect, for example
the dependence of the Young’s modulus of a nanosize rod on its radius, see
Cuenot et al. (2004); Jing et al. (2006); Chen et al. (2006).

One of possible reasons for such phenomenon is the influence of surface
stresses, see the review by Duan et al. (2008). Wang et al. (2006) proposed
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Figure 10. Normalized transverse shear stiffness

the scaling law for the a material property of the nanosize object. Following
Wang et al. (2006); Duan et al. (2008) we assume that the Young’s modulus
E,, of a foam strut with the cross-section of the radius R is given by the
following relation

R

where Fj is the Young’s modulus of a bulk material, ;;, is an intrinsic length
scale related to the surface property, and x is a nondimensional constant.
The formulae (46) were derived by Gibson and Ashby (1997); Ashby et al.
(2000) on the consideration of a foam with cubic cells, see also the chapter

lin
B, = ES (1 + X_> ) (49)
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Figure 11. Foam-like structure of ZnO (photos by courtesy of K. Dvad-
nenko, South Scientific Center of RASci, the specimen by E. Kaidashev,
South Federal University, Rostov on Don)

of A. Ochsner in this book. Using the scaling law (49) and this technique we
modify the dependence of the elastic moduli of a nanofoam on the porosity
by the law

Enp lin Gp lin
E, ( +XR>O‘ G, ( +XR)O‘ : (50)

where E,, and G, are the Young’s and shear moduli of a nanofoam, respec-
tively. li, is related to the surface effects and is typically in the order of 0.01
— 0.1 nm, see Wang et al. (2006); Duan et al. (2008). Hence, for a foam with
nanosize cells one has only one modification for the elastic properties — the
elastic moduli are stiffer then in the case of macrosize cells. This conclusion
is similar to the presented one in Duan et al. (2008) for nanochannel-array
materials.

5 Symmetric Orthotropic Plate - Static Case

Let us consider the equilibrium equations of a symmetric orthotropic plate.
In this case Egs (15) are split into two parts: the in-plane problem for the
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tangential displacements u; and us, and the bending problem for the w, ¢
and o9, respectively. The constitutive equations for a symmetric orthotropic
plate can be given as follows

Ty = (A1 + 2412+ Aoo)pr + (A1 — Aga) o,
T, = (A —Ax)pn + (A1 — 2A12 + Aga) s,
Tio = 2Auo,
Ty, = (In+1Ix)m, (51)
Ton, = (In—1I%)7,
My = (Cs3 —2C54 + Caa)k1 + (Cs3 — Caa)ka,
M, = (Cs33 —Cus)kr+ (Csz +2Cs34 + Cua)ka,
My = Ch(ki2 + k21)
With the geometrical relations (19) the equations
Tiq+Ti2o+q =0, Tio1 +T22+q2=0 (52)
are reduced to the form
(A1 + 2412 + Ago)ur, 11 + (A — Azz)us 21
+Aua(ur 21 +uz11) + ¢ = 0, (53)
(A1 — Ag2)ui 12 + (A1 — 2412+ Azz)uz,zz-i-
+Aua(ur oo +uzi2)+q = 0
The equation
Tipn1+Ton2+qn =0 (54)

takes the following form
(N +I)wa + (I —)wee+ (I + 1)1+ (I —I2)pa2+ g, =0 (55)
The equations
M+ Mizo — Ty +mqp =0, Mis1 + Mo —To, +me =0 (56)

result in

(Cs3 —2C54 + 044)901,11 + (Cs3 — Cua) 2,21
+C%(p122 +212) — (I + 1)y — (I + I2)wy +mp = 0,

(C33 +2C34 + Cua)po. 22 + (Cs3 — Cua) 1,12
+Co(p1,21 + p2,11) — (L1 —In)pa — ([1 — IR)wa+ma = 0
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5.1 Bending Problem - One-dimensional Case

First, let us consider the bending of a rectangular plate when ¢; = 0,
g2 = 0, g, = q(z), my = my(x), me = 0. Then we can assume that
up =us =0, w=w(x), p1 = @(x), p2 = 0. Equation (55) reduces to

(I + R)w” + (I 4+ )" +q =0, (58)
where (...)" denotes (...) 1. Equations (57) reduce to one equation
(C33 —2C34 + Cua) " — (I + 1) — (It + Ip)w’ +my =0 (59)

Let us transform Eqgs (58) and (59) to one equation with respect to w.
After some manipulations we obtain

Cs3 —2C C
(C33 — 2C34 + Cag)w"" = q — (Cas T, :A}j 44)‘1// + mj (60)

If we consider the one-dimensional case for the second direction (¢1 = 0,
@2 =0,q, = qly), mi =0, my = ma(y)), then we can assume that
up = uz =0, w =wy), p2 = ©(y), 1 = 0. Finally, Egs (55) and (57)
reduce to

(It — D)w" + (It — )" + ¢, = 0, (61)

(033 + 2034 + C44)QOH — (Fl — FQ)QO — (Fl — FQ)U}, + mo = 0, (62)

where now (...)" denotes (...) 2.
By using the same manipulations as in the previous case we obtain the
following equation with respect to w

- 2
(Css + 2054 + 044)10”” —q- (Css JFF C’sz;jr Cluq) q// + m/2 (63)
1 — 142

Equations (60) or (63) differ from the one-dimensional variant of Eq. (1). If
mi1 =0o0rmy=0and I1+15 — oo or [} —I5 — oo one gets the Kirchhoff’s
plate equation with D = C33 — 2C34 + Cyy or with D = Cs3 + 2C34 + Clyy.

5.2 Bending Problem - Two-dimensional Case

Let us eliminate the functions ¢; and ¢o from Eqgs (55) and (57). For
brevity, let us assume that m; = 0, mo = 0. By using operator notations,
Eqgs (57) may be rewritten in the form

Li1¢1 + Lisps = biw, Laip1 + Lasps = bow, (64)
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where
Ly = (Cs3—2C34 + Cu4)07 + C205 — I — I,
Lyy = (Cs3+2Csy + Cug)035 4 Co207 — I + I,
Ly = Lig = (Cs3 + Cag — C44)01 02,
by = (In+ )0,
by = (I —1%)0,
0ul) = ()as a=1,2

From Egs (64) we obtain the relations Lo = Liw, Lyo = Low with
L= Ly1Ly — LY, L1 = Lazby — Ligba, Lo = L11by — La1by
Using operator notations Eq. (55) can be rewritten as follows
Lyw + bip1 + bapa + g =0,

where L, = (It + I2)97 + (It — I)93. Then we obtain one differential
equation of 6" order with respect to w

(ﬂﬁw +b1L1 + b2£2)w + Lg, =0 (65)

5.3 Bending of an Isotropic Plate

Assuming isotropic behavior we have Coo = Cyy, C34 =0, [5 = 0. Then

Ly = (Css+ Cu)df + Cuud3 — I,
Ly = (Cs3+ Cua)03 + Cy407 — I,
Ly = (330102 = Laa,
by = 110,
by = I10s
Ly = IO} +05)=NA,
and
L = [(Cs3+4 Cus)0f 4 C1s035 — I [(Cs3 + Cus)03
+C44512 - Fl] - C’§3812822,
Ly = IN[(Cs3+4 Cua)05 + Cis0f — I1]01 + I1C330103,

Loy = —F16338%32 + F1[(Cg3 + 044)(912 + 04483 — Fl]ag
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Finally, the bending equation (65) has the form

Cs3+ Cyy

(C33 + Cua) AAw = dymy + dama — T
1

Agn + qn (66)
If m1 = mo =0 and Iy — oo one gets again the Kirchhoff’s plate equation
with the bending stiffness D = C33 + Clyq.

5.4 Bending of an Elastic Plate Made of FGM (Symmetric Case)

In this case one gets a decoupling of the in-plane and the plate state.
Let us assume the Kirchhoff’s plate bending. The governing equation (1)
preserves the same form - only instead of the bending stiffness D the effective
bending stiffness with respect to Egs (33) must be introduced as follows

Desr = Cs3 + Cua (67)
and the external load ¢ should be substituted by

Degr
—eAQn + qn

O1my + Oamg — T

To analyze the influence of the transverse shear stiffness on the deflection
of the plate let us consider the bending problem of a rectangular plate made
of a FGM. For brevity, let us assume that m; = my = 0, 1 € [0,q],
x9 € [0,b], where a and b are the length and width of the plate. Using the
assumption that v = const (Gibson and Ashby, 1997; Ashby et al., 2000)
and that the Eqgs (33), (34) are valid, we can rewrite Eq. (66) in the following

form
2 1

DegAAw = ¢, — —— ——5Aqy
fAAWw = gy — 77— 55 Ag (68)
Introducing dimensionless variables by the formulas
a b nh®
W = hilw, T = hila:l, X9 = hill‘z, T € |:0, E} , T € l:(), E:| , = ql)eff ,
Eq. (68) transforms to
2 1 02 0?
AAD =7 — ———=5AQ A= —+ —
=T T et 072 | 0z (69)
Let us consider a sinusoidal load
q = Qsin mhy sin W]Zm, Q@ = const
a
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and the boundary conditions of type (18). Then the solution of Eq. (69) is
given by
whZi . This
sin ,
a b

2n 1 Th > mh\ >
K=t = (7)< (F)
Within the Kirchhoff plate theory K = K = 1, within the Mindlin plate
theory

K .
w= ﬁQ sin (70)

2n 1

K=Ky=1
M Jr1—1/7r2

Let us consider the maximal deflection as
K
n

Thus, for the Kirchhoff plate theory we obtain that

1
WK = _2Q7
n
for the Mindlin plate theory
K
WM = —QMQ7
n
and in the general case
K
Wr=—0Q
n

Let us use the following values v = 0.3, a = b, h = 0.05a. The normal-
ized deflections are presented in the Table 2. It is easy to see that for the
functionally graded plates the difference between the theories can be signif-
icant. Let us note that for other types of boundary conditions the influence
of the plate structure on the deflection may be greater than for the simple
support type boundary conditions.

6 Dynamics of Plates Made of an Elastic Foam

6.1 Equations of Motion for a Symmetric Isotropic Plate

In this case Egs (15) are split into two parts: the in-plane problem for
the tangential displacements u; and wug, and the bending problem for the
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Table 2. Maximal deflections of a quadratic plate and corresponding I’

Model W/ Wk | It/Gsh?
Kirchoff’s plate 1 0
Mindlin’s plate 1.01 1—; ~ (.82
FGM plate linear distribution (40)
gm =05 1.02 0.54
gm = 0.1 1.036 0.25
gm = 0.05 1.045 0.2
FGM plate power law (45)
n=2 1.12 0.027
n=2> 1.15 0.012
n =10 1.05 0.01

w, @1 and s, respectively. In Cartesian coordinates with the geometrical

relations (19)

The Eq. (15)

Eqgs (15)1,2 reduce to the form

(A11 + A22)ug 11 + (A11 — Agz)ugon
+ A (ur01 +u211) + @1

)

)

(A11 — A2)ug 12 + (A1 + Azz)ug 20
+ Ao (ut 00 +u212) +q2 =

3 has the following form

pula

pliz

w1 +wa2)+ I(e11 + @2.2) + qn = p0
The Eqgs (15)4,5 result in

(Cs3 + Ca2)p1.11 + (Csz — Caz) w221

+Co2(p1,220 + p2,12) —I'pr —T'w i +my =

(C33 + Ca2)p2.22 + (C3 — Ca2)p1,12

+Co(p1,21 +p2,11) —I'pa — T'w o +mo =

@le?

©pa

(72)
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To eliminate the functions ¢ and @2 from Eqs (72) and (73) let us differ-
entiate the first equation of (73) with respect to x1, while the second one
with respect to z2. Summing up these equations one gets

[(C33 4 Co2)A = I'] (01,1 + 2,2) — T'Aw +my 1 +ma o = O(P1,1 + P2,2)
(74)
Here A( . ) = ( . -), 11+ ( . .)722.
Using Eq. (72) we can eliminate 11 + @22 from Eq. (74). Thus, we
obtain one equation with respect to w

(Cs3 + Co2) AAw + pi + s (o4 pM Adi
g r (75)

0. Cs3 + Cag
Gn + Siin — —2 2

T T Agn +mi1 +ma)2

6.2 Free Oscillations and Dispersion curves of a Rectangular
Plate

To analyze the influence of the transverse shear stiffness and the rotatory
inertia on the natural frequencies let us consider natural oscillations of a
rectangular plate with simple-support type boundary conditions. Let us
assume that m; =ms =0, g, =0, 21 € [0,a], x2 € [0,b], where a and b are
the length and the width of the plate. Thus, we can rewrite Eq. (75) in the
following form

Deff

. eli
DeffAAw—&—pw—i-pTw— (@—i—p T

) Ao = 0 (76)

Introducing dimensionless variables by

’lI):h_lw, T1=h""xy, To=h "z,

neloz], me {o,ﬂ , E=T"Y% T?= g—}:f,
Eq. (76) transforms to
AAD + 1 + B — (A =0 (77)
Here 52 52
A=gmt 5
while

p+F

B (78)

@Deﬁ 1 C) Deff
_ _ 3

- th47 g 79
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are dimensionless parameters.

Let us note that, if one considers the limiting case with I' — oo and
© = 0, then § = ¢ = 0. Thus, the equation of motion for the Kirchhoff
plate follows immediately from Eq. (77) as

AANG + i = 0 (79)

Obviously, Eq. (77) contains two small parameters § and ¢ and can be con-
sidered as a singular perturbation of Eq. (79). While the small parameters
are the coefficients of the derivatives with respect to time of higher order,
then one can find the difference between the solutions of Eqs (77) and (79)
for highly oscillated modes. Equation (77) contains a term with a small
parameter on the mixed derivative with respect to time and space.

The solution of Eq. (77) can be given by

whmZ, . whnTs
b )

W = Wiy exp(iwt) sin (80)
where m, n = 1,2... are integer numbers, W,,,, is the dimensionless mag-
nitude of the oscillations.

The solution (80) describes the natural oscillations of the plate where w
and 7 are connected by the dispersion relation

whm\? whn\ 2
nt —w? 4wt — (?w? =0, n? = ( u ) + (b) (81)

All natural frequencies of the plate have to satisfy the dispersion relation
w = w(n) which is the solutions of Eq. (81).

Let us consider the solutions of Eq. (81) for different approaches to the
plate theory. For the Kirchhoff plate theory we have I' — oo, © = 0. Then
[ = (¢ =0 and one gets the standard dispersion relation

w =1’ (82)

For the Mindlin plate theory without rotatory inertia (© = 0) we can use
Eqgs (78). Then we obtain that 8 = 0 and ¢ = 2/(1 — v). For example, for
v =1/3 one gets ¢ = 3. The dispersion relation is given by

2

w=—" (83)

V14 (n?

The dispersion curve given by Eq. (83) coincides with the dispersion curve
for the Kirchhoff plate when nn < 1, but for n > 1 it coincides with the
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(@)

Figure 12. Dispersion curves: K — Kirchhoff plate; M — Mindlin plate; Ry
and Ry — Reissner sandwich plates with hy = 0.1h, « = 0.1, and hy = 0.05h,
«a = 0.05, respectively. K,, M;, R;1, and R;2 are the corresponding disper-
sion curves with taken into account rotatory inertia

asymptotic line w = 17/ \/E . The dispersion curves are shown in Fig. 12.
The solid curves marked by labels K and M correspond to Eqgs (82) and
(83), respectively. Here v = 1/3 is assumed.

For the Reissner’s sandwich plate theory we use Eqs (38) and assume
that ® = 0. Then again § = 0. Let us consider the sandwich plate core
made of a metal foam while the faces are made of a material that is used
to synthesize the foam. Introducing the notations Ff = Es, G = Gy, etc.,
and applying Eqgs (46) with the assumption v. = v = v we obtain

he

= 84
¢ 2h(1 — v)a™ (84)
For instance, if hy = 0.1h, « = 0.1, m = 2, v = 1/3 then {( = 7.5. For
ht = 0.05h, a = 0.05, m = 2, v = 1/3 one gets ¢ = 15. The corresponding
dispersion curves are shown in Fig. 12. They are marked by labels R; and
Ro, respectively.

Let us investigate the influence of the rotatory inertia (© # 0). For
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the Kirchhoff-type plate theory with I" — oo we obtain from Eq. (78) that
6 = 0 while ¢ = 1/12. Thus, we have the dispersion relation (83) with a
fixed value of (. The corresponding dispersion curve is marked by the label
K, in Fig. 12. One can see that, if we neglect the transverse shear stiffness,
the influence of the rotatory inertia is not significant.

For the Mindlin-type plate theory we obtain

2
1—v

1 1
h= 6(1—v)’ ‘=1t
Thus, in this case we have dispersion equations in the general form (81).
For v = 1/3 the corresponding dispersion curve is marked by the label M,
in Fig. 12 using point style with box markers. One can see that for § # 0
the qualitative behavior of the dispersion curves is quite different. A new
branch appears starting from the point n =0, w = 1/ \/B .

In the case § # 0, Eq. (81) has two solutions given by

(85)

L+ £ /(1 + ()% — 45774] v
243

One solution of Eq. (85) starts from the point (0,0) in the n — w diagram,
while the second one starts from the point (0, 1/ \/B) Both curves have
linear asymptotes when n — oo

1/2
¢+ -45 W] s 56)

W+ =1

The solution w_ describes the bending low-frequency oscillation modes or
bending waves in the case of an infinite plate, while w; describes high-
frequency oscillations.

For the sandwich plate with non-zero rotatory inertia we obtain

e 1 h3 he !
(87)
Desr he

R2  2h(1 — v)a™

The corresponding dispersion curves are shown in Fig. 12 for two sets of
values hy = 0.1h, @« = 0.1, m = 2, v = 1/3 and hy = 0.05h, o = 0.05,
m = 2, v = 1/3. They are marked by the labels R, (point style with
asterisk markers) and R,o (solid line), respectively.
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Note that for the chosen values of the material and geometrical param-
eters some of the curves are practically coincident with each other. Indeed,
the low branch of the M,-curve coincides with the M-curve, while the low
branch of the R,1-curve coincides with the R-curve.

Let us discuss the FGM plates in detail. Using Eqs (47), (33), and (34)

we obtain that
© _1]1 . l-a +1—a_1
np 4 3% T35 al Tyt

Deg 2 1
h2IT 1 —wv h2\2

Note that A? is the minimal eigen-value of the Sturm-Liouville problem
(35) (Altenbach, 2000a,b). For the FGM plate it can be solved as in the
previous case applying the shooting method. In Fig. 13 we present the
dispersion curves for different values of n and a with m =2, v = 0.3. The

o1 [— oa=01,h=0.1k
ses0 o = 0.05, h = 0.05h

Figure 13. Dispersion curves for a FGM plate for two sets of material and
geometrical parameters
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dashed curves correspond to Kirchhoff’s and Reissner’s solutions, marked
by labels K and Ry, respectively. Omne can see that the influence of «
is significant in the case of the high-oscillating branches of the dispersion
curves. For the low-oscillating branch, the difference between the dispersion
curves corresponding to the values @ = 0.1 and « = 0.05 is very small.
For the low dispersion curves, the Kirchhoff’s and the Reissner’s solutions
can be used as the upper and the lower bounds of the eigen-frequencies of
a FGM plate. One can see that the Reissner’s sandwich-plate approach
demonstrates a good qualitative coincidence with our results of an FGM
plate as well as the Mindlin’s one. On the other hand, the classical plate
models can not describe the high-oscillating solutions corresponding to our
dispersion curves for w.

The normalized first eigen-frequencies of a quadratic plate are presented
in Table 3. Here a = b, h = 0.1a, v = 0.3, m = 2, 2 = w/wk, and

Table 3. Minimal normalized eigen-frequency of a quadratic plate and cor-
responding values of the normalized transverse shear stiffness and the rota-
tory inertia

| Model description | I'/Gsh | ©/ph* | 2]
| Kirchhoff’s plate ‘ 00 | 0 | 1 |
[ Mindlin’s plate  72/12 ] 0 ]0.799 |
Reissner’s sandwich plate
a=0.1, hf =0.1 0.01 0 0.644
a = 0.05, hy = 0.05 0.025 0 0.512
| Kirchhoff-type plate | oo | 1/12 ]0.992 |
[ Mindlin-type plate | 72/12 | 1/12 ] 0.797 |
Reissner-type sandwich plate
a=0.1, hy =0.1 0.01 0.028 | 0.644
a = 0.05, hy = 0.05 0.025 0.015 | 0.511
FGM plate
a=01ln=1 0.061 0.12 | 0.818
n=>5 0.015 0.15 | 0.734
n =10 0.012 0.14 0.782

wg is the first eigen-frequency of the Kirchhoff plate given by (82). One
can see that for thick plates the structure of the plate has an influence on
the eigen-frequencies. The Kirchhoff theory gives us larger values of the
eigen-frequency, while Reissner’s theory gives us smaller values of the eigen-
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frequency. So they can be used as an estimation for the modal analysis of
FGM plates.

The considered example demonstrates that the theory of sandwich plates
may be not sufficient to describe the oscillations of FGM plates which are
highly non-homogeneous in the thickness direction. The theory of laminate
plates (see, e.g. Altenbach et al. (2004)) may be more useful, but here the
problem of the determination of the number of laminates and its properties
appears.

7 Plate Made of a Linear Viscoelastic Material

7.1 Constitutive Equations

Polymers in the range of their glass transition temperature behave like
viscoelastic materials (Lee and Ramesh, 2004; Landrock, 1995; Mills, 2007;
Riande et al., 2000; Brinson and Brinson, 2008). That means that the mod-
uli of the polymers depend on the strain-rate or the time of loading. Thus,
a foam made of such a polymer behaves viscoelastically, too. Experimental
investigations of the vicoelasticity of foams were presented in Gibson and
Ashby (1997); Kraatz (2007) among others.

The two-dimensional constitutive equations of a viscoelastic plate were
formulated in the general form in Altenbach (1988). A through-the-thickness
symmetric structure of the plate and an isotropic material behavior were
considered in Altenbach and Eremeyev (2008b). Following Altenbach and
Eremeyev (2009c) here we consider the general anisotropic case of two-
dimensional viscoelastic constitutive equations. In this case the constitutive
equations for the stress resultants can be considered as follows:

e in-plane forces

t
T-a =Ap+Be+Giy= [ At —71)p(r)dr
— 00

f (83)
/Bt—T )dTJr/’y( )-I'1(t —7)dr,

e transverse shear forces
t

T-n :g’y+g1,u+g21€5/F(t—T)"?(T)dT
. —oo . (89)
_|_/['1(t_7—) - () dr + /Fg(t—r) - K(7)dT,
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e moments
MT = Bu+Ck+Goy = / () B(t—7)dr
¢ IR (90)
+ / Ct — 7) - k(r) dr / §(r)- Ta(t — 7)dr

— 00

Here A, B, B, C, G, G1, G2, G1, G, are linear viscoelastic operators, A(t),
B(t), C(t) are 4*" rank tensors, I'1(t), I'y(t) are 3" rank tensors, I'(t) is a
274 rank tensor which describes the effective stiffness properties (relaxation
functions for the plate). They depend on the material properties and the
cross-section geometry.

Using the assumptions that A(t), B(t), etc. do not depend on time with
the relations p(—o0) = 0, k(—00) = 0, y(—00) = 0 from Eqgs (88) - (90) we
obtain the constitutive equations of elastic plates presented in Altenbach
(2000a,b); Zhilin (2006); Altenbach and Eremeyev (2008a).

Let us consider orthotropic material behavior and a plane mid-surface.
In this case instead of the general form of the effective stiffness tensors one
gets similar representations to the elastic case (Altenbach, 2000a,b; Zhilin,
2006; Altenbach and Eremeyev, 2008a).

7.2 Effective Properties

For elastic plates the identification of the components of the effective
stiffness tensors is performed in Altenbach (2000a,b); Zhilin (2006); Al-
tenbach and Eremeyev (2008a). By the same technique the analogous
viscoelastic stiffness tensor components are computed. Let us consider
the three-dimensional viscoelastic constitutive equations (Christensen, 1971;
Haupt, 2002)

o= / R(t—71)-€&(r)dr (91)

or
t

e= / J(t—7) G dr, (92)

where o and € are the tensors of stress and strain, R(t) and J(t) are the 4*}
rank tensors of relaxation and creep functions, respectively.



Thin-walled Structures Made of Foams 211

For an isotropic viscoelastic material Eqs (91), (92) reduce to

t t

a::/lﬁ@—Tkﬁﬁh+—/lb@—TﬂUdﬂdT (93)

or
t t
E:/Jl(t—T).édT+/Jg(t—T)ItrddT (94)

with two scalar relaxation functions R; and Ry and two scalar creep func-
tions J; and .Jo which describe the shear and bulk properties of a viscoelastic
isotropic material. I is the three-dimensional unit tensor. In addition, s and
e are the deviatoric parts of the stress and the strain tensors, respectively.

Further we consider two cases: homogeneous and inhomogeneous plates.
That means that in general R and J depend on the thickness coordinate z
and on the time ¢

R=R(zt), J=J(z1)

In addition, a density function must be considered. Let us assume the
simplest case again - the density depends only on the thickness coordinate

po = po(z)

po is the density of the three-dimensional solid.
Using the Laplace transform of a function f(t)

Fls) = / f(testat,
0

one can rewrite Eqs (91), (92) in the form (Christensen, 1971; Haupt, 2002)
G=sR(s)-&  E=sJ(s)~T (95)

Let us consider an orthotropic viscoelastic material. Using the correspon-
dence principle we may write down the constitutive equations for the Laplace
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mappings in the following form

_ 1 U21
E]_ == e _ = — —
SE1 SE2
_ 1 _ 7
£9 = —_— 09 — —
SE2 S;E'l
— 1 — Vin
En = —0p — ——
sk, sEq
z 012
12 = -
G2
z o On1
nl — -
Sgnl
z 02n
2n = —
SGQn

with ﬁiij = ﬁjiEi.

Using the analogy between (95) or

(96)

(96) and the Hooke’s law we can

extend the identification procedure (Altenbach, 2000a,b; Zhilin, 2006) to the
Laplace mapping of the effective relaxation or creep functions, see Altenbach
(1988). The in-plane and the out-of-plane stiffness tensor components are

{Zn; —§13;633} =

{Zu;

{222; F24; 644} =

{244; _§42;622} =

*§23 = §14;

1
4
— 1
—Cs} = 1
1

<E1 + Ey +2E 109
1- 312?21

{1;2;22}>,

s (%7}
< 12721 >

E1+ B2 — 2E1U9
4 1 — V1209
< 612 {1;2;22} >,

{1;Z;z2}>,

(97)
while the transverse shear stiffness tensor components are
- = —2
— 1 A4Cos — B, — 1 AyyCoo — B
T (A2 42 )M ngf(nQ—)\Z)M (98)
2 Aga 2 44

where A and 7 are the minimal nonzero eigen-values following from the
Sturm-Liouville problems

d
dz

d
dz

(62ndz) + )\2G122 =0,

— dz
(Glnd >+77 G127 =0,

dz

i -0

dzll ’

_ A2 99
al™t (99)
dz a
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In the case of isotropic material behavior one has to set in Eqgs (96)

E1=Ey=FE, =E(z5), vij =v(2,5),

— — — _ E(z,s
G2 =Gp1 =Goy, = /J(Z, S) = 2[1—}—(1/(2)5)]

Instead of (97), (98) the following non-zero components of the stiffness ten-
sors are valid
e the in-plane stiffness tensor components

— 1/ E — 1/ E —
A = = Aoy = = =Ayu =<7 100
11 2<17>, 22 2<1+U> 44 =< [b >, (100)

e the coupling stiffness tensor components

— 1/ E — 1/ E —
13 2<1—1/Z>’ 24 2<1+VZ> 42 =< Iz >,

(101)

e the plate stiffness tensor components

— 1/ E — 1/ E —
033—<1 _22>7 C’44-< 22>2022<ﬁ22>7

2 —-U 2\1+7v
(102)
e the transverse shear stiffness tensor components
- = —2
— — A - B
Ih=T= y2AuCoz = By (103)
Ayg
with A\ following from
d dz dz
— (== ) +Npz=0, — =0 104
dz(udz>+ a ' dzll_h (104)

For the plate which is symmetrical to the midplane the relation B = 0
holds true. The relaxation functions of the isotropic viscoelastic plate with
symmetric cross-section is considered in Altenbach and Eremeyev (2008b).

The tensors of inertia and the plate density are given by Altenbach and
Zhilin (1988); Zhilin (2006); Altenbach and Eremeyev (2008a)

p=1{po), pO1L=—(poz)e, pO2=0a, ©=(poz?) (105)

O characterizes the rotatory inertia of the cross-section of the plate. Con-
sidering the symmetry of the geometry in the thickness direction and of the
material properties of the plate from Eqgs (105) one gets that ©; = 0.
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Note that for an isotropic viscoelastic material we introduced three func-
tions E(s), fi(s) and 7(s). They are interlinked by the formula

E=27(1+7) (106)

Following Lakes (1992); Lakes and Wineman (2006) one can use Eq. (106)
as the definition of the Poisson’s ratio for the viscoelastic material.
In the theory of viscoelasticity of solids the assumption

v(t) = v = const

is often used. It is fulfilled in many applications (see arguments in Chris-
tensen (1971) where v(t) ~ const is considered). For example, for an incom-
pressible viscoelastic material v = 1/2. In the general case, v is a function
of the time t. As usual v(t) is assumed to be an increasing function of ¢
(Riande et al., 2000; Brinson and Brinson, 2008) or a non-monotonous func-
tion of . The latter case may be realized for cellular materials or foams.
Further we consider the influence of v(t) on the deflection of a viscoelastic
plate and its effective relaxation functions.

7.3 Bounds for the Eigen-values

To obtain the dependence of the transverse shear stiffness relaxation
function we have to solve Eq. (104). In the general case, the solution of
the spectral problem (104) may be performed numerically. For example, in
Altenbach and Eremeyev (2008a) the shooting method (Stoer and Bulirsch,
1980) is used. Let us note that for the viscoelastic plate @ = fi(z, s). Thus,
A = A(s). It means that for the determination of I'(t) one has to solve
(104) for any arbitrary value of s and with the help of A = A(s) to find
numerically the inverse Laplace transform of I

Let us find the bounds for the values of A. Introducing a new independent
variable by the formula

z

= / u((:s)’

—h/2

one can transform (104) to the form (see, for example, Hartman (1964) for
details)

2
Z
7 + N7i(2,8)°Z =0, ——

e =0 (107)
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Here
h/2
d
L=1L(s)= / c
(. 9)
—h/2

Substituting ¢ = /L, one can transform the spectral problem (107) to the
canonical form

d*Z dz
—— + NL(s)*(z,8)*Z =0, —— =0 (108)
d¢? d¢
¢=0,1
The following theorem exists (Collatz, 1963):
Theorem. If one has two eigen-value problems
d2Z+)\2fZ—0 d2Z—|—)\2fZ—O dz =0 (109)
dCZ 1 - ¥ dCQ 2 - Y dC C_O 1 =

with two functions f1(¢) and f2(¢) so that f1 < fa, then the following
inequality holds true \y > Xo. Here A1 and Ao are the eigen-values corre-
sponding to the functions f1(¢) and f2(C), respectively.

Applying this theorem to Eq. (108) and using the inequalities

/Jmin(s) é ﬁ(z, 5) S Nmax(s)a
we obtain the lower and upper bounds of A

L(S)Nmax(s) = )\(S) B L(S):u’mlﬂ(s)

AN

(110)

For homogeneous plates fimin = fmax = (), L(s) = h/u(s), and both
bounds coincide with each other.

7.4 Quasi-static Behavior of a Symmetric Orthotropic Plate

Let us consider the quasi-static deformations of a symmetric orthotropic
plate. In this case Eqgs (15) are split into two parts again: the in-plane
problem for tangential displacements u; and us, and the bending problem
for the w, 1 and w9, respectively.
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Let us assume Cartesian coordinates. The constitutive equations for a
symmetric orthotropic plate can be given as follows

T = (A1 + 2415+ Ay + s(A11 — Ay,

TZ _ S(EH — Aoty + s(Ay1 — 2419 + Aoy,

T2 = 2sAufiy,,

T n = S T +T ol 9

71 (71 72)’71 (111)
Top = s(I't—1I'2)7,,

My = s(Cas—2Cs1+ Caa)Fr + 5(C — Caa ),

EQ — (_ 33 — 044)/{1 —+ 5(033 + 2034 + C44)’£2)

Mz = 5C(Ri2 + Ro1)

With the geometrical relations (19) Eqs (15) 2 are reduced to the form

S(Zn + 24,5 + 222)%,11 + s(Aq1 — Ago)Uz 21

+5A(Ui 21 +U211) +7, = O, (112)
s(Ary — Z22)51,12 + S(Zn_— 24,5 + ZQQ)UQ,QQ—F
+5A44(U1 20 +TU2,12) +Gy = 0

Equation (15)3 has the following form

(T +To)war+ (I —Ta)woas + (M1 +T2)@,  + (Tt — T2)Pyn +7,/s =0

(113)
Equations (15)4,5 result in
5(Cs3 —2C34 + Cua)Py 11 + 5(Cs3 — Cas) Py
+5C22(P1 90 + Po12) —8(T1 + T2)p, —s(Ti + T)wa +m1 = 0,
5(Ca3 +2C34 + 044) 222 F 5(Cs3 — 044)901 12
Jr5622(@1,21 +P2.11) — s(I'—T9)py —s(I' —T2)Wa+Mmy = 0
(114)

Let us eliminate the functions ¥, and @, from Eqs (113) and (114). For
brevity, let us assume that m; = 0, M2 = 0. By using operator notations,
Eqs (114) may be rewritten in the form

Li?y + L1oPy = 010, L@y + LaaPy = bow, (115)



Thin-walled Structures Made of Foams 217

where
Lin = 55(Cs3 — 2034+ C1a)0F + 5C205 — s — s,
Lys = 5(C33+2C34 + Cug)03 + 5C220% — sy + sIa,
Ly = Lig=(C33+ Cag — Cy4)0102,
by = s(I'1+1T2)d,
by = s(I'y —I'3)0a,
Oo() = (s a=1,2

Applying the same solution technique as in the elastic case, finally, the
bending equation has the form

_ - _ _ C33+Cuy . _
8(033 + C44)AA’LU = 01my + Oxma — %Aqn +4q, (116)
1

If miy = mg = 0 and I’y — oo one gets the viscoelastic Kirchhoff’s plate
equation
sDAAT = 7,

with the bending stiffness D = Cs3 + Cuy.

7.5 Examples of Effective Stiffness Relaxation Functions

Homogeneous plate. The simplest test for the correctness of the esti-
mated stiffness properties is the homogeneous isotropic plate. The basic ge-
ometrical property is the thickness h. The plate is symmetrical with respect
to the mid-plane. All material properties are constant over the thickness,
that means they do not depend on the thickness coordinate.

For the sake of simplicity, at first let us consider the case v(t) = const.
That means that the following relations hold true: E(t) = 2u(t)(1+4v). The
non-zero components of the classical relaxation tensors are

An(t) = %, Aga(t) = % = u(t)h,
3 3 3
o= 5ty 0= iy = M

Thus, the bending stiffness results in

_ E@)h?
b(t) = 12(1 — v2)
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The density and the rotatory inertia coeflicient are

_ poh?
12

The transverse shear relaxation function follows from Eq. (103). The so-
lution of Eq. (104) with u© = u(s) is given by cos Az = 0. It yields to
the smallest eigenvalue A = w/h which does not depend on s. Finally, one
obtains

p=poh, © (117)

5 72 u(t)h® w2
PO =N =557 = 13
It is evident that in the case of homogeneous viscoelastic plates with con-
stant Poisson’s ratio one gets the same relations for the effective stiffness
tensors as in the case of elastic plates (Altenbach, 2000a,b). There is only
one difference - they are now functions of ¢.
At second, let us consider the general case v = v(t). Now D is recon-
structed from

u(t)h (118)

7.3
D= L_
12(1 — %)
as follows ,
B E(t—T1)h?
PO = [ ooy

Using the initial value theorem that f(0) = lim sf(s) and the final value

theorem that tlim f(t) = lim sf(s) we establish

E(0)h3 E(c0)h?
D(O):ma D(o0) = m,
where
L _EO0) | B(x)
CToou0) T 2p(c0)

Vso may be considered as the Poisson’s ratio in the relaxed state, while v
is the Poisson’s ratio in the initial state. For the sake of simplicity we use
the notation f(co) = tlim ().
—00
As an example let us consider the relaxation functions following from
the standard linear viscoelastic model (Haupt, 2002)

E(t) = Eso 4+ (BEo — Ex)e V™, pu(t) = pioo + (10 — pioo)e” ™, (119)

where E, and Ej are the equilibrium and the short-time Young’s moduli
(Ex < Ey), while uo and pip are the equilibrium and the short-time shear
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moduli (g < o), respectively. 7 and 7, are the relaxation time at tension
and shear, respectively. Using the Laplace transforms

— F FEo— FE —
E=l0o 207 P 5 Hoo | H07 Heo
S s+ T S S+ Ty

we obtain that
5= (S + Tu)(EooTE + EQS) B
2(s + TE)(,LLOOT,u + pos)

The assumption 7 = const is fulfilled if and only if Fo,/Ey = poo/po and
Tr = T,. Finally, one gets the expression for the Laplace transform of the
bending stiffness

5_ B (poo + p078)” W
B T—F) o FEs + E
347 — B) 52 (57, +1)% |12 foo F J10TuS _ + RoTes
s(st, +1) s(ste+1)

To avoid an awkward expression we do not present the expression for D(t)
corresponding to latter equation. Here we have the following relations

Eoh? Eooh?
DO) = —="" _ D(oo) = ==
O =Ha g (%) = 5a -2y
where
EO Eoo
vy=5——1, Vee=57—-
210 200

The dependence of the dimensionless bending stiffness on time is pre-
sented in Fig. 14 (solid line). Here the following values are assumed vy = 0.2,
Voo = 0.4, oo = po/2, 7, = 5. We also present the two curves of D(t)
in the case of constant Poisson’s ratios which are equal to 0.1, 0.4 (Fig. 14,
dashed lines). Note that in the case v # const D(t) is a non-monotonous
function of ¢, while D(t) is the monotonous decreasing function for constant
Poisson’s ratio.

Functionally graded material. In this paragraph we consider small
deformations of an FGM plate made of a viscoelastic polymer foam. For
the panel made of a porous polymer foam the distribution of the pores
over the thickness can be inhomogeneous (see, for example, Fig. 13). Let
us introduce h as the thickness of the panel, ps as the density of the bulk
material and p, as the minimum value of the density of the foam. For
the description of the symmetric distribution of the porosity we assume the
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Figure 14. Dimensionless bending stiffness in dependence on time for con-
stant Poisson’s ratio (dashed lines) and in the general case (solid line)

power law (Altenbach and Eremeyev, 2008a)

n

2
i (120)

Viz)=a+(1-a) -

where o = p,/ps is the minimal relative density, n is the power. n = 0
corresponds to the homogeneous plate described in the previous paragraph.

The properties of the foam strongly depend on the porosity and the cell
structure. For the polymer foam (Gibson and Ashby, 1997) the modification
of the standard linear viscoelastic solid is proposed. For the open-cell foam
the constitutive law has the form

6+ R0 = C1V(2)? [ExTre + Eoé] (121)
while for the closed-cell foam the constitutive equation has the form
&+ 180 = Cs [¢°V(2)* + (1 — )V (2)] [EsoTrE + Eoé] (122)

Here Cy = 1, Cy = 1, ¢ describes the relative volume of the solid polymer
concentrated near the cell ribs. Usually, ¢ = 0.6...0.7. E, Ey, 75 are
material constants of the polymer used in manufacturing of the foam.
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From Eqgs (121), (122) one can see that the corresponding relaxation
function is given by the relation

E = E(z,t) = E(t)k(z), (123)
where E(t) is defined by Eq. (119), while
k(z) = C1V (2)?
for open-cell foam and
K(2) = Co [PV (2)° + (1 = 9)V (2)]

for closed-cell foam, respectively. Similar to (123) the following relation can
be established for the shear relaxation function

p=p(z,t) = p(t)ym(z) (124)

Equations (123) and (124) have the meaning that the viscoelastic properties
of the foam, for example, the time of relaxation, do not depend on the
porosity distribution. Note that representations (123) and (124) are only
rough estimates for spatial nonhomogeneous foams.

Using experimental data presented in Ashby et al. (2000); Gibson and
Ashby (1997) one can assume v = const. In this case we obtain that Aj;,
AQQ, 033, 022 are related to

1+v 1+v
Asa, C33 =
1—v

A11 = 0227 (125)

1—v

For the open-cell foam Aoy and Cao are given by

_ N2
Agp =h |a® + 20l ~a) , (1-a) (1),
n+1 2n+1 (126)
o W a2+6a(1—a)+3(1—o¢)2 )
27712 n+3 an+3 |1
while for the closed-cell foam by
2a(l—« 1—a)?
Ap = h{¢2 [O‘Q + 7S,+1 L4 (2n+i }
[ 1-«
1
-0 |as 5| Lo,
Coy = h_3 2 [ o + 6a(l—a)  3(1-a) (127)
2 = 2" n+3 20 + 3
[ 3(1—«)
1-— _— t
+ 0 far B
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Here we assume that C; = 1, C5 = 1, and that ¢ does not depend on z.

From Eqgs (126), (127) it is easy to see that the classical relaxation func-
tions differ only by factors from the shear relaxation function. Note that one
can easily extend Eqs (121), (122) to the case of general constitutive equa-
tions (91) or (94). Thus, using assumption that v = const, one can calculate
the classical effective stiffness relaxation functions for general viscoelastic
constitutive equations multiplying the shear relaxation function with the
corresponding factor similar to Eqs (126), (127). In the more general situa-
tion with v = v(t) or taking into account other viscoelastic phenomena, for
example, the filtration of a fluid in the saturated foam, the effective stiffness
relaxation functions may be more complex than for the pure solid polymer
discussed here.

Finally, we should mention that in the case of constant Poisson’s ratio
and with the assumption (124) the determination of the effective in-plane,
bending and transverse shear stiffness tensors of a symmetric FGM vis-
coelastic plate made of a polymer foam can be realized by the same method
as for elastic plates discussed in Altenbach (2000a,b); Altenbach and Ere-
meyev (2008a). The relaxation functions for viscoelastic FGM plates can
be found from the values of the corresponding effective stiffness of an elastic
FGM plate by multiplication with the normalized shear relaxation function
of the polymer solid.

7.6 Bending of a Viscoelastic Plate

Homogeneous plate. Let us assume the plate bending with m = 0.
From Eq. (116) we obtain

)

sDAAT = q,, —
I

A, (128)
where D = Eh?3/ 12(1 - 7?) is Laplace transform of the bending stiffness
relaxation function, Iy = 72fih/12 is Laplace transform of the shear stiffness
relaxation function, w = u-n is the Laplace transform of the plate deflection,

7,, = q - n is Laplace transform of the transverse load, respectively. Using
Eq. (106) Eq. (128) can be transformed to

2h?

Aq,, (129)
Let us assume that z1 € [0, al], x2 € [0,b], where a and b are the length and
the width of the plate, respectively. Considering a sinusoidal load

T TLo

gn = Q(t) sin u sin 5 (130)



Thin-walled Structures Made of Foams 223

and the boundary conditions (7), then
_ = . TIT1 . X2
7, = Q(s)sin — sin—
and the solution of Eq. (129) is given by
W = Wiax(s) sin L sin W—?, (131)
a

where

N e R N
sDn* (1 —7)
is the Laplace transform of maximal deflection.
Using the theorems on the initial and the final values of the Laplace
transforms, we obtain that the initial value of the maximal deflection is
given by formula

W (0) = Q(0) {1 2h*n? }

DO |1 721 )
while the relaxed maximal deflexion results in
Qo) [, 2k
Do)t | 71— v)
Let us consider Eqgs (119) and the step function Q(t)
Q(t) = QoH (1),
where H(t) is the Heaviside’s function. Then we obtain that
1 1
2h% | = + —
12(1 — 7?) <a2 * b2>

Wmax = - 1- —
Wimax(s) = Qo B 17

Winax (00) =

For the constant Poisson’s ratio one gets

1 1
2 _
12002 | 2 <a2 * b2>
Wmax (t) - QO h3774 1-— 1—u
Tl (L By (Eae)
Eo ' \E, FEx

The dependence of the dimensionless maximal deflexion on time is presented
in Fig. 15 (solid line). Here we again assume that vy = 0.2, v, = 0.4,
Hoo = fo/2, 7, = Te. We also present the two curves of Wmax(t) in the case
of constant Poisson’s ratios (Fig. 15, v = 0.1, 0.4, dashed lines).
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Figure 15. The dimensionless maximal deflexion in dependence on time for
constant Poisson’s ratio (dashed lines) and in the general case (solid line)

FGM plate. Considering the symmetry of the material properties with
respect to the mid-plane one gets a decoupling of the in-plane state and
the plate state. Let us assume again the plate bending with m = 0. Using
the method presented in Altenbach and Eremeyev (2008a) and the Laplace
transform, one can reduce Eq. (116) to

_ D.
sDeg AAT =7, — %A@” (132)

where Deg = Ca24Css3 is Laplace transform of the effective bending stiffness
relaxation function. Note that here

sDeft = Dgi(s)

with Dl = (Caz + Cs3)/p(t).

To analyze the influence of the transverse shear stiffness on the deflection
of the plate let us consider the bending of a rectangular plate made of a
functionally graded material. Using the assumption that v = const and
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the Eqgs (102), (103), and (124) are valid, we can rewrite Eq. (116) in the

following form
2

A2(1-v)

Introducing dimensionless variables by the formulas

sDeg AAW = q,, — Ag (133)

n

b
W=htw, X,=hl'z, Xo=hlm, X e [0, %} L Xy e [0, —] ,

Eq. (133) transforms to

_ — 2 1
Here 52 92 e
dn
=4+ —, Q=
oxz " ox2 DY

Let us consider again a sinusoidal load (130) and the boundary conditions
(7). Then the solution of Eq. (134) is given by

— K @Q . whX; . whXy 2772
fy S S K = 1 —_—
n*h? sp(s) ST T TN

(135)

Using the Kirchhoff’s plate theory K = K = 1 and using the homogeneous
plate modeled in the sense of Mindlin’s plate theory

2n 1

K=Ky=1
M +1—1/7r2

Using bounds (110) for the FGM plate we obtain the inequalities

277 L mIIllIl 2"7 L2 max

1—v m2h2 <K<1+1—l/ m2h2
The influence of the shear stiffness on the deflection of the elastic FGM
plate is given in Altenbach and Eremeyev (2008a). For the viscoelastic plate
both the qualitative and the quantitative influence of the shear stiffness is
the same as in Altenbach and Eremeyev (2008a).

For example, let us consider an open-cell foam and following values
v = 0.3,a =0, h =0.05a, « = 0.9. Using the calculation of Altenbach
and Eremeyev (2008a) we obtain the following values of \: A = 0.83/h for
n =2, A\=0.82/h for n = 5. The corresponding values of the factor K are
given by

1+

Ky~1014, K=~120 (n=2), K=~121 (n=5)
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That means that for the functionally graded plates the influence of trans-
verse shear stiffness may be significant. For elastic FGM plates as well as for
the cases of other types of boundary conditions the influence of the struc-
ture of the viscoelastic plate on the deflection may be greater than for the
used simple support type boundary conditions.

8 Plate Theory Deduced from the Cosserat
Continuum

The experimental data by Lakes (1986, 1991, 1995) say that some types
of foams may be considered as a Cosserat continuum. This continuum
model was suggested by Cosserat and Cosserat (1909) and is presented, for
example, in Nowacki (1986); Eringen (1999). Since the paper of Ericksen
and Truesdell (1958) there have been many publications on the application
of the Cosserat approach to the plate and shell theories, see the review by
Altenbach et al. (2009) among others. In this section we briefly discuss
the derivation of the linear plate equations reducing the three-dimensional
equilibrium equations of the Cosserat continuum to the two-dimensional
equations as is presented in Altenbach and Eremeyev (2009d).

8.1 Two-dimensional Governing Equations

Here we use a linear variant of the plate theory based on the 6-parameters
or micropolar shells theory presented in books by Libai and Simmonds
(1998); Chréscielewski et al. (2004); Eremeyev and Zubov (2008). Let us
introduce the basic equations for micropolar plates based on the direct ap-
proach. We consider a deformable plane surface in the reference (unde-
formed) state. Each material point of this surface is an infinitesimal rigid
body with 3 translational and 3 rotational degrees of freedom. The balances
of momentum and moment of momentum are formulated as follows

F; = /qu—l—/tscis:O7

M- < (136)
M = /(x><q+c)dA+/(x><ts+mS)ds:0,
M. C.

where ¢ and ¢ are the vectors of surface loads (forces and moments), « is
the position vector of the plane surface M, x the cross product, ¢, and
m; the surface analogues of the stress vector and the couple stress vector,
respectively. From Egs (136) we obtain the local form of the balances of
momentum and moment of momentum as well as the static boundary condi-
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tions. In the case of sufficient smooth fields the local equilibrium equations
can be stated as follows

V-T+q=0, V-M+T,+c=0 (137)

Here the surface (plane) nabla operator V is given by V = ia% with
the Cartesian coordinates z., and i, are the unit base vectors. The Greek
indices take the values 1,2. The tensors T and M denote the surface stress
and couple stress tensors, respectively. They are related to t; and mg by
the Cauchy’s theorem: v - T =t, and v - M = m, where v is the outward
normal vector to C. T and M take the form

T = Tag'l:a'ig + Thstan, M = Mag'l:a'):g + Maostam (a, ﬁ =1, 2) (138)
Let us introduce the linear strain measures
e=Vv+Ax60, k=V0, (139)

where A = I —n ® n is the first metric tensor, and n the unit normal to
M. Applying the methodology presented in Libai and Simmonds (1998);
Chréscielewski et al. (2004) one can show that the linear strain measures
are work-conjugated to the stress measures T' and M.

For the isotropic plate the surface strain energy W can be assumed to
be

2W = aitr’es + astre? + astr (es-el) + aun-e’ -e-n
(140)
+  Pitr’ks + Botrk% + Bstr (ks k%) + Ban kT -k -n

(Chroéscielewski et al., 2004; Eremeyev and Pietraszkiewicz, 2006; Eremeyev
and Zubov, 2008). Here es = e- A, ks = k- A, and «;, (; are the elastic
stiffness parameters, ¢ = 1,2, 3,4. The constitutive equations are
ow ow
T= de’ M= ok
The surface strain energy W must be positive definite, from which it
follows (Eremeyev and Zubov, 2007), that

2000 +ag + a3 >0, as+a3 >0, as—as >0, as4>0,
2680+ B2+ B3>0, [a+pP3>0, B3—032>0, [4>0.

Note that for an isotropic three-dimensional micropolar solid we have only 6
elastic moduli while the micropolar plate theory contains 8 elastic stiffness
parameters. The increase of the number of parameters can be explained as
the minimum of two reasons: reduced symmetry of the constitutive equa-
tions and the reduction of three-dimensional equations to two-dimensional
ones.

(141)
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8.2 Reduction of the Three-dimensional Micropolar Equations

A plate-like body as shown in Fig. 16 is assumed. Let us introduce the
balance equations of the micropolar elasticity, see Eringen (1999). The equi-
librium conditions of any part of a micropolar body occupying the volume
V. C V consist of the following relations

F* = /pde+/tdA:0,
. 5 (142)
Ve S«

where f and [ are the mass forces and mass couples vectors, respectively, p
the density, r the position vector, S, = Vi, t and m the stress and couple
stress vectors, respectively. F* and M™ are the total force and the total
couple acting on V., respectively. Hence, for any part of the micropolar body
Eq. (142); states that the vector of the total force is zero, while Eq. (142),
states that the vector of the total moment is zero. With the relations
n-o =t,n-pu=m, the local equilibrium equations are

Vio+pf=0, V-p+oy+p=0 (143)

Now the nabla operator V is a three-dimensional operator, p the density,
and o and p are the stress and couple stress tensors, respectively. o« is the
vectorial invariant of a second-order tensor o.

The small strains of the micropolar continuum are usually presented by
the displacement vector u and the vector of microrotation 9. The linear
strain measures, i.e. the stretch tensor E and the wryness tensor K, are
given by the relations

E=Vu+9xI, K=V9 (144)
z
+
V==
LT = F = e e =
- - -~

. S
31 9.,4_; — — — #’E&,‘,’ -~ T
12 Y -
Z,

Figure 16. Plate-like body
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Finally, the isotropic elastic constitutive equations are
0 =MtrE + uET + (u+ r)K, p=altrK + KT + 4K (145)

The classical isotropic elasticity can be deduced setting k = a = g =~ = 0.
In this case the stress tensor o is a symmetric tensor. In addition, g and 1
vanish.

The integration procedure is performed as follows. Let us consider that
our plate-like body occupies a volume with one dimension which is signif-
icantly smaller in comparison to the other two. The coordinate z denotes
this special direction and h is the plate thickness which takes the values
—h/2 < z < h/2. The boundary conditions of the upper (4) and lower (—)
plate surfaces can be given

nt.o=t*, nt.p=m", (146)

where t* and m™ are the surface loads (forces and moments) and n* = i3.

The main idea of the reduction procedure is the application of the three-
dimensional equilibrium conditions (142) to any volume V, of the plate-like
body and the transformation of the results to the two-dimensional case as
in Egs (136). Following Altenbach and Eremeyev (2009d) we transform
Eqgs (142) to the relations

F* = qgdA+ [v-(o)ds=0,
Jrel
M* = /[qu+c]dA (147)
M.,
+ /[1/-(;1,>—V-<za><i3>—l/-<a>x:z:]dAzO,
C.

where the following notations are introduced
h/2
((...) = /()dz,
—h/2
4 + -4 h. g
q={pf) +t7+t7, = (pl) +mT +m" +is x (pzf) + Siy x (¢ —¢7)

The comparison of Eqs (147) and (136) leads to the determination of the
stress resultants tensors by the following relations

T=(A o), M=(A p)— (A z0xis) (148)
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From Eq. (148)2 it follows that the components M,3 depend only on the
couple stress tensor p. Indeed, M i3 = (A - p - i3).

To establish the relations with the vectors u and ¥ used in the three-
dimensional theory and their analogues v and € in the two-dimensional
theory, we apply the following approximation of u and ¥, see Altenbach
and Eremeyev (2009d) for details,

u(z,y,2) =v(,y) — 2¢(x,y), = @(x,y) x i3+ U3(x,y)is = 0, (149)

where ¢-i3 = 0. This means that the couple stress tensor g does not depend
on z, while the stress tensor ¢ depends on z linearly as in Eringen (1999).
But the approximation (149) is more restrictive than the in Eringen (1999)
applied one. As a result the effective stiffness parameters can be estimated

N s A2u+ k)
=X, A= —7—~ = uh
(€51 ) )\+2ILL+I<E7 Q2 i,
az = (p+r)h, as=(u+kh,
h3 < h?
ﬁ1—ah—uﬁ, 52—ﬁh—)\ﬁ,

- h3
By =ah+2utr+X) 5 Pa=7h

The in-plane stiffness parameters oy, as, a3, and the transverse shear stiff-
ness a4 depend linearly on h. The dependence of 3;, i = 1,...,4 on h is
more complicated. The parameters 3; have linear asymptotes when h tends
to zero: (; ~ h. The considered case differs from the cases of Kirchhoff’s
and Reissner’s plates when 3; ~ h®.

Introducing the engineering constants

s T S S S
2 A+2u+rk" P 22u+k)

G

where G is the shear modulus, v the Poisson’s ratio, [, the characteristic
length under bending, see Eringen (1999), we obtain the expression

3
I Gh [

S |1t 2l—b} (150)

B2
The dependence D/ﬁ on h is given in Fig. 17, where

. 3
5o G
12(1 —v)
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ly 21, h

Figure 17. Dimensionless bending stiffness D/]ND vs. the dimensionless
thickness h/1,,

is the value of the bending stiffness used by Eringen (1999). It can be seen
that the micropolar properties are negligible if h > 2.

The values of the elastic stiffness parameters for two porous materials
are given in Tables 4 and 5. Here we used the experimental data presented
by Lakes (1986, 1991, 1995). The index * denotes the case of the material
without the micropolar properties, i.e. if k =a=0=~v=0.

To calculate the elastic stiffness we used the approximation (149). Let us
note that in the literature on the shell theory there are many different ap-
proaches to derive the shell equations from the 3D elasticity which leads to
different values of the stiffness parameters, see Libai and Simmonds (1998);
Chréscielewski et al. (2004) among others. For the Cosserat continuum
the derivation of the shell theories are given in many publications, see the
review in Altenbach et al. (2009). This means that the elastic stiffness pa-
rameters presented above can be considered as some estimates. With other
words, these parameters show the influence of the micropolar properties.
In particular, Eq. (150) demonstrates the size-effect, which is well-known
in the micropolar elasticity, see Lakes (1986, 1991, 1995); Eringen (1999).
The analysis of Eq. (150) shows that the influence of the micropolar prop-
erties is essential if the thickness h of the plate has the same value as the
characteristic length of the microstructure of the material.

In this section we present the alternative approach to model plates within
the framework of the six-parametric (or the micropolar) linear theory of
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Table 4. Effective stiffness of a plate made of PU foam (h has the dimen-
sion m)

| Elastic constants | Foam, PU | Foam, PU *‘
ai, N/m 10° 0.165h 0.165h
az, N/m 106 1.001h 104h
asz, N/m 106 1.199h 1.1k
ag, N/m 106 1.199h 1.1h
B1, N-m 10° —2.6-107%h — 0.083h3 —0.092h3
B2, N-m 10° —10~*h — 0.014A3 —0.014R3
B3, N-m 10° 1.1-107*h +0.197h3 0.197h3
B4, N-m 10° 1.1-10~%h 0

plates with two vector fields of translations and of rotations as the indepen-
dent kinematic variables. Within the proposed theory one may take into
account an external surface drilling moment. The influence of the micropo-
lar properties on the stiffness parameters of the plate is illustrated for two
foams.

9 Summary

A plate theory based on the direct approach method in the theory of shells
for foams and FGMs is introduced. The basic items of the theory are related
to
e the formulation of all balances of a deformable directed surface (&
priori two-dimensional equation) and
e the specific constitutive equation for the elastic and the viscoelastic
material behavior.
For each specific type of plates the identification of the unknown material
parameters is performed. It is clearly shown that, based on the assumption
of linear elastic or viscoelastic behavior, the identification of different ma-
terials with homogeneous and non-homogeneous properties in the thickness
direction can be realized. It is helpful that considered theory includes ele-
ments of symmetry groups for two-dimensional objects and the concept of
effective properties. Simple static, quasi-static and dynamic problems are
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Table 5. Effective stiffness of a plate made of PS foam (h has the dimen-
sion m)

| Elastic constants | Foam, PS ‘ Foam, PS * |

a1, N/m 10° 138.67h 138.67h
g, N/m 109 99.84h 104h

a3, N/m 10° 108.16h 104h

oy, N/m 10° 108.16h 104h

B1, N-m 108 —6.7-10%h — 8.3h3 —8.67h%
B2, N-m 108 —2.5-107°h + 11.61° —11.5R3
B3, N-m 10° 4.5-107°h + 28.9h° 28.8h3

B4, N-m 108 4.5-107°h 0

solved and the solutions are compared with a Kirchhoff-type, a Mindlin-
type and a Reissner-type theory. We present the analysis of bending and
free oscillations of foams or FGM plates based on the generalized equations
of motion and take into account not only the transverse shear stiffness but
also the rotatory inertia. We have shown that both parameters play an
important role. In particular, the non-zero rotatory inertia allows us to
describe the high-oscillated solutions. We established the bounds for the
natural frequencies of FGM plates. The presented approach to model FGM
plates within the framework of a 5-parametric theory of plates has an advan-
tage with respect to theories of sandwich or laminated plates. The results
on the theory of elastic plates are extended on the case of viscoelastic be-
haviour. We formulated 2D constitutive equations for a viscoelastic plate
and analyzed the effective relaxation functions which are depended on the
viscoelastic properties of a bulk material and on the structure of a plate. Fi-
nally we considered more general 6-parametric theory of plates (the theory
of micropolar plates) and discuss the influence of the micropolar properties
of foams on the effective stiffness parameters.
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Abstract The present chapter mainly deals with several non-stan-
dard issues in the theory of plasticity for traditional metals as well
as porous and powder metals. The flow formulation is adopted
throughout the chapter. All the material models considered are
rigid plastic, i.e. the elastic portion of the strain rate tensor is ne-
glected. Assuming a rigid/perfectly plastic material model, it is
shown that the velocity fields adjacent to surfaces of maximum fric-
tion must be describable by non-differentiable functions where the
equivalent strain rate approaches infinity. This result is extended to
the double-shearing model. Qualitative behavior of solutions based
on various models of pressure-dependent plasticity is considered by
means of problems permitting closed-form solutions. In particular,
such features of the solutions as non-uniqueness, non-existence, sin-
gularity and rigid zones are emphasized. One possible application of
the aforementioned singular solutions to describing intensive plas-
tic deformation in a narrow layer near friction surfaces is shortly
discussed.

1 Introduction

There are a great number of textbooks and monographs on the classical
theory of plasticity and its applications (for example, Hill (1950); Avitzur
(1980); Druyanov and Nepershin (1994); Kamenjarzh (1996); Chakrabarty
(2006) among others). This theory belongs to the class of flow theories
of plasticity whose constitutive equations involve strain rates rather than
strains. The present chapter concerns with rigid plastic solids, i.e. the
elastic portion of the strain rate tensor is neglected. Theories of plasticity for
porous and powder materials are reduced to the classical theory of plasticity
at specific values of input parameters. Such theories can be divided into
two groups. The theories that belong to one of these groups include the
associated flow rule as a constitutive equation. A typical area of applications
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of such theories is forming processes in powder metallurgy (Druyanov, 1993).
The theories that belong to the other group do not include the associated
flow rule but are based on various relations between stresses and strain rates
(Ishlinskii, 1954; Ostrowska-Maciejewska and Harris, 1990; Spencer, 1982;
Harris and Grekova, 2005). A typical area of applications of such theories
is the deformation of granular materials, though they are also applicable to
some traditional metals (Spitzig et al., 1976).

In contrast to the aforementioned textbooks and monographs, the present
chapter reviews non-standard features of solution behavior for the classical
theory of plasticity and some of its generalizations for porous and powder
materials. The starting point is the singular solution behavior in the vicin-
ity of maximum friction surfaces for the classical theory of plasticity. In
particular, the equivalent strain rate (quadratic invariant of the strain rate
tensor) obeys an inverse square root rule in the form

= Zovo( L), sm o

where s is the normal distance from the maximum friction surface and D
is the strain rate intensity factor. This name for D has been introduced in
Alexandrov and Richmond (2001a). It is seen from (1.1) that &, — oo as
s — 0. For the first time, this feature of rigid perfectly plastic solutions has
been mentioned in Sokolovskii (1956) for plane strain deformation. Further
results have been obtained by Druyanov and Alexandrov (1992); Alexan-
drov (1995); Alexandrov and Richmond (2001a). Alexandrov and Lyamina
(2002); Alexandrov (2005) have extended (1.1) to materials obeying the
double-shearing model (Spencer, 1982). It is well known that cracks can
produce stress singularities in linear elastic materials. One common type of
stress singularity is ¢ oc K/+/r where r is the distance from the crack tip
and K is the stress intensity factor. The stress intensity factor approach is
very effective in structural design. In particular, a popular fracture criterion
is formulated in the form K = K. where K. is a critical value of the stress
intensity factor, a material constant (for example, Kanninen and Popelar
(1985)). This type of singularity is somehow analogous to (1.1). Actually,
it has been shown in Alexandrov (2001) that the analogy is quite complete.
Therefore, it is reasonable to expect that the concept of the strain rate in-
tensity factor can play a similar role in the mechanics of plastic deformation
as the concept of the stress intensity factor in the mechanics of cracks. In
particular, it is known that material properties in a narrow layer near fric-
tional interfaces are very different from those in the bulk after metalwork-
ing processes (Dutton et al., 1998; Aukrust and LaZghab, 2000; Moylan
et al., 2003). The strain rate intensity factor can be used to describe such
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experimental observations (Alexandrov et al., 2003, 2009; Lyamina et al.,
2007). In addition to the aforementioned singularity in solution behavior,
the present chapter concerns with such qualitative features of solutions as
non-uniqueness, non-existence, discontinuities and rigid zones. In this case
however a number of closed-form solutions, rather than a general theory,
are given and analyzed.

2 Fundamentals of the Theory of Plasticity

2.1 Rigid Perfectly /Plastic Solids

The classical theory of plasticity for metals is based on a pressure-
independent yield criterion and its associated flow rule (Hill, 1950). The
yield criterion is a postulated mathematical expression of the states of stress
that will induce yielding. Stress invariants only can be involved in this ex-
pression for isotropic materials. Most popular stress invariants are the prin-
cipal stresses, o1, 02 and o3, and the linear, o, quadratic, o4, and cubic,
I3, invariants. The linear invariant is also called the hydrostatic stress and
the quadratic invariant is the equivalent stress. The linear, quadratic and
cubic invariants are defined as

o — Oaa +U§ﬁ+0'fyfy (1)

3
Oeqg = \/5 (Tga + Tgﬁ +72, + 27'35 + 27'57 + 27',30() (2)

Taae Taf Tay
I3 =| Tsa  Top Tpy 3)

Tya TyB Tyy
Here 044, 033 and 0., are the normal components of the stress tensor,
Oaf = OBa, 08y = 043 and 0yq = 044 are the shear components of the
stress tensor in an arbitrary curvilinear orthogonal coordinate system a/3-y.

Also, Taw, T88: Tyv, TaB, Ty, and Ty are the deviatoric stress components
defined by

Tao = Caa=0,T33 = OB =0, Tyy = Oyy =05 Taf = Tafs Ty = Opy; Tva = Oya

(4)
Note that the stress components introduced above are the ”physical” com-
ponents, i.e. the dyadic representation of the stress tensor T is

T = 0na€aea + 0ggegeg + oy ey + oapenes + ogaegent (5)

1081638y + 0736465 + 070€4€a + TayCaly
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where e, eg and e, are the unit vectors tangential to the coordinate curves.
A general form of the yield criterion for isotropic pressure—independent
materials in terms of the principal stresses is

F(oy — 02,00 — 03,03 —01) =0 (6)

where F' is supposed to be convex. An alternative form of the general yield
criterion is

® (0eg,13) =0 (7)

where @ is convex as well.
Von Mises’ yield criterion can be written in the following alternative
forms
Oeq = 00 (8)

or
(01— 02)” + (02 — 03)° + (03 — 01)” = 207 (9)

where oy is the yield stress in tension, a material constant for rigid per-
fectly /plastic solids. It is obvious from (8) and (9) that the von Mises yield
criterion is independent of the hydrostatic stress. It is also seen from (8)
that the von Mises yield criterion is independent of I3. The representation
of the von Mises yield criterion in the form of (9) is convenient for its geo-
metric interpretation which is called the yield surface. The m — plane in the
principal stress space is defined by the equation o = 0. Since the von Mises
yield criterion is pressure-independent, it is sufficient to consider the yield
locus on an arbitrary plane, 2 — plane, parallel to the m — plane. It follows
from (9) that the yield locus is a circle whose radius is R = /2/300 (see
Fig. 1).

It follows from (8) and (9) that the von Mises yield criterion depends on
one parameter, the yield stress in tension. Therefore, once the value of the
yield stress in tension has been determined from experiment, all other yield
stresses can be calculated from (8) or (9). In particular, it follows from (8)
that the yield stresses in tension and compression are equivalent. In order
to find the shear yield stress, it is necessary to recall that the state of stress
in this case is

op=—-02=17, 03=0 (10)

At yielding, 7 = 79 where 7 is the shear yield stress. Substituting (10) at

yielding into (9) gives
a0

11
V3 (n
In passing, it is worth noting that (11) is a theoretical relation, i.e. it is not
necessary that the experimental shear yield stress satisfies (11).

T0 —
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Figure 1. Von Mises yield locus

Tresca’s yield criterion for three-dimensional flow is usually written in
terms of the principal stresses since its representation in terms of o4 and I3
is very cumbersome. Moreover, in contrast to the von Mises yield criterion,
this yield criterion is singular and is given by six expressions

01— 02 < 0g
02 — 03 < 0p
03_01<UO (12)
02 — 01 < 0g
03 — 02 < 0g
01— 03 < 0g

Plastic yielding occurs if the equality holds in one or two inequalities shown

n (12). The regime of flow corresponding to the former case is sometimes
referred to as simple flow and the regime corresponding to the latter case as
full low. Obviously, the equality cannot hold in three or more inequalities
n (12). The yield locus on the Q — plane is shown in Fig. 2. Substituting
(10) at yielding into (12) gives

=2 (13)
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Figure 2. Tresca yield locus

It follows from (11) and (13) that the shear yield stress predicted by the
Tresca yield criterion is lower than that predicted by the von Mises yield
criterion, assuming that the same magnitude of the yield stress in tension is
chosen for both. The latter is a typical assumption and the value of R in Fig.
1 is equal to the length of OA in Fig. 2 in this case. Von Mises and Tresca
loci satisfying this assumption are shown together in Fig. 3. However,
experimental data can be available for the shear yield stress, for example
from the torsion test. In this case it is natural to use the same value of this
yield stress in both von Mises and Tresca yield criteria. Then, it follows
from (11) and (13) that the yield stress in tension predicted by Tresca yield
criterion is larger than that predicted by von Mises yield criterion (see Fig.
4).

For smooth yield surfaces such as the von Mises yield surface (see Fig.
1) or the faces of the Tresca yield surface (see Fig. 2) the associated flow
rule has the following form

0P 0P 0P
Caa = Xoz—, §88 = Aoz §yy = Aoz,
800,@ AB 80’@5 i 8077 (14)
0P 0P 0D
Sap = )\0@; §sy = )\0%7 va = )\Oaam

where &aa, €385 Evvys Eaps §8y, and &, are the components of the strain rate
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von Mises

Figure 3. Von Mises and Tresca yield loci based on the assumption that
the yield stress in tension is determined from experiment

tensor in the coordinate system af, the function ® has been introduced
in (7) and \g is a non-negative multiplier whose value is determined from
the solution to boundary value problems. In passing, it is worth noting
that because of the relations on.3 = 0ga, 03y = 043 and 044 = 04~ each of
these pairs of the shear stress components is usually combined in a single
term in the representation of the yield criterion (see, for example, (2) and
(8)). However, each of the aforementioned stress components should be
considered separately in (14). For example, substituting (2) and (8) into
(14) gives the associated flow rule for the von Mises yield criterion in the
form

gaa = )\Taaa gﬁﬁ = /\T,Bﬂa 5’77 = )‘T'y'ya

(15)
§ap =Epa = ATag, &8y = &8 = A3y, &ya = Cay = ATay,

where A = 3)\g/200 can be considered as a new unknown instead of Ao.
Since A\g = 0, A > 0 as well. Moreover, A = 0 if and only if \y = 0. It is
seen from (14) and (15) that no plastic flow occurs if A = 0. The equivalent
strain rate is defined by

2
geq = \/§ ( (21(1 + 5?35 + f?w + 2§§g + 25%.‘/ + 263@) (16)

Using (2), (8), (15) and (16) it is possible to express A as

_ 38

A=
20’0

(17)
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von Mises

Figure 4. Von Mises and Tresca yield loci based on the assumption that
the shear yield stress is determined from experiment

Then, Eqgs (15) transform to

35611 3§eq 3§eq

aa = Taas = TB35 = Tryys

§ 200 €p8 200 88 Evy 200 Y (18)
3£eq 3§eq 355‘1

= —T = —T = T
&ap 200 aBs §py 200 Bv> Eay 200 ay

These equations include both the von Mises yield criterion and its associated
flow rule. The incompressibility equation in terms of the normal strain rate
components has the form

Eaa + 5@5 + Eﬁm =0 (19)

In particular, this equation immediately follows from (15) and the identity
Taa + 738 + T4y = 0.

The associated flow rule can be written in terms of the principal strain
rates, &1, {2 and &£3. To this end it is sufficient to replace ® with F' introduced
in (6) in the first three equations of (14) and differentiate with respect to
the principal stresses. The three relations between the principal stresses and
the principal strain rates obtained should be supplemented by the condition
that the principal directions of the stress tensor coincide with the principal
directions of the strain rate tensor.



Plasticity of Porous and Powder Metals 251

The derivatives involved in (14) do not exist at singular points of the
yield surface, for example points A and B in Fig. 2. When the singularity
is formed by two smooth surfaces, say @1 (0eq, [3) = 0 and P2 (0cq, I3) = 0,
a commonly adopted generalization of the associated flow rule (14) is

- 8<I>1 8@2 8@1 8®2
gaa =\ ao_aa + )\28 afﬁﬁ 8 58 + A2 80’5[37
8(131 8(132 8(]:)1 8@2
= A aB = A A ,
&y 1aaw+ v~ wvfﬁ 90 + 2 Do (20)
6@1 8<I>2 8<I>1 acI)2
= A a=A A
§sy = v~ o + 25, o &y 16% + 260701

where A1 > 0 and Ay > 0. The first three equations of (20) can be used to
express the principal strain rates if Fy (01 — 09,09 — 03,03 —01) = 0 and
F5 (01 — 02,02 — 03,03 — 01) = 0 are given. To this end it is just necessary
to replace ®; with Fy, ®o with F» and differentiate with respect to the
principal stresses. For example, the regime of flow corresponding to point
A (see Fig. 2) occurs if the following equations of the system (12) are
satisfied

FlEag—O'l—O'o:O, FQEJQ—Ul—UOZO (21)

Then,
Si==M =X, =X, =X\ (22)

It immediately follows from these equations that & < 0, & > 0 and &3 > 0.
Point B (see Fig. 2) can be considered analogously. In this case

Fi=03—01—090=0, Fy=03—09—09=0 (23)

and
E1=-X\, &=-Xo, E&=X\+X (24)

Thus & < 0, & < 0and & > 0. An essential difference between the regimes
of flow corresponding to points A and B is that the principal strain rate
of the greatest magnitude is negative at point A and is positive at point
B. Substituting (22) and (24) into (19) shows that the incompressibility
equation is indeed satisfied.

The models of rigid perfectly /plastic solids are rate— and history—inde-
pendent. The former means that the speed of loading has no effect on the
load required to deform the material. The latter means that the solution is
completely determined by the current configuration and is independent of
the history of deformation.
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2.2 Rigid Plastic Hardening Solids

Plastic strain has an effect on the yield criterion. To account for this
effect various rules of isotropic and kinematic hardening are adopted. The
further discussion is restricted to isotropic hardening of the material whose
initial yield criterion is that of von Mises. In this case the yield criterion
after any amount of deformation has the form

Oeq = 009 (ceq) (25)

where the equivalent strain is defined by the following equation

t
€eqg = /feth (26)
0

where ¢ is the time and the integral is taken over the actual strain path.
The initial stage corresponds to ¢ = 0. Then, it follows from (26) that it is
assumed that ., = 0 at the initial stage. The model under consideration is
history—dependent but is rate-independent. In particular, the latter means
that the time can be replaced with any time-like parameter. The function
2 (eeq) involved in (25) satisfies the conditions

dQ
decq

Q(0) =1, >0 (27)
It follows from (27) that the yield criterion (25) reduces to (8) at the initial
instant. A geometric interpretation of (25) and (27) is that the value of R
(see Fig. 1) increases with the equivalent plastic strain.

Various empirical representations of the function €2 (e.,) are available in
the literature. An excellent review of such representations is provided in
Rees (2006). Some of them are given below. The Ludwik power law is

n
Q) = 1+ (5—"> (28)
€0

where n and gg are empirical constants and n is usually called the strain
hardening exponent. Since n < 1 for real materials, a disadvantage of the
representation (28) is that df1/de.q — 00 as ¢ — 0. This may cause a
difficulty with a numerical treatment of boundary value problems involving
the constitutive equation (28). The Swift power law is free of this drawback
and is given by

€o

O (ceq) = <1 + 5—">n (29)
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Both Ludwik’s and Swift’s laws assume that o, — 00 as e.q — 00, i.e. the
yield locus becomes infinitely large (R — oo in Fig. 1) as . — 0o. Voce's
exponential law predicts qualitatively different behavior of o4 as ecq — 0.
In particular, it can be written in the form

where o, is a saturation stress, i.e. geq — 05 as €4 — 00.

The associated flow rule leads to Eqs (15) with A being an arbitrary
unknown function. This function can be excluded by means of (2), (16) and
(25) to give

_ 3§eq o 3§eq o 3§eq
S T 500 (mg) T 2000 () P T T 200 () (31)
Sge(] 3§6(] 3€€q

Sapp = 200 (e0q) 7 $or = 2002 (e0q) bay = 20092 (e0q) "

This representation of the associated flow rule contains the yield criterion
as well.

2.3 Rigid Viscoplastic Solids

Viscoplastic models are used to take into account rate effects. Such mod-
els are of special importance for deformation processes at elevated tempera-
ture and high strain rate. They are also adopted for describing superplastic
deformation. The size of the yield surface for viscoplastic materials depends
on the equivalent strain rate. The further discussion is restricted to materi-
als whose yield criterion at ., = 0 is that of von Mises. The yield criterion
at any strain rate can be written in the form

eq = 00 (eq) (32)
where the function A (&4) satisfies the conditions
dA
A0)=1, >0 33
O=1 (33)
The simplest and most popular function is the following power law
_ Eeq "
A(eq) =1+ & (34)

where m and &y are empirical constants. The Bingham model is obtained
from (34) at m = 1. The size of the yield surface described by (34) increases
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with no limit as &, — oo. However, there are observations that demon-
strate that the magnitude of the equivalent stress approaches a limit as the
equivalent strain rate increases (Sinczak et al., 1992). For such materials,
a reasonable assumption is that A (§.4) — 05/00 as &4 — 00 where o, is a
saturation stress, i.e. 0.q — 05 as £,g — 00. A typical function of this class

is
A (Eeq) = E _ (O-g _ 1) exp <_€GQ> (35)
00 o0 o

The associated flow rule leads to Eqs (15) with A being an arbitrary
unknown function. This function can be excluded by means of (2), (16) and
(32) to give

3Eeq 3Eeq 3Eeq

= B0k (6) ™ 5 B0h (6g) " 7 T Boph (gg)

- 3Eeq o 3Eeq - 3eq
€aﬁ - 200 A (geq)T&/@? §ﬁ7 = 200 (geq)Tﬁ’Yv fOL’Y - 200 (geq)Tll’Y’

EOtQ/,
(36)

This representation of the associated flow rule contains the yield criterion
as well.

The viscoplastic models under consideration are history—independent but
are rate-dependent. The latter means that the speed of loading has an effect
on the magnitude of the load required to deform the material.

There are a great number of empirical relations for 0., that involve both
O(eeq) introduced in (25) and A(&e,) introduced in (32). A review of such
relations can be found in Gronostajski (2000). Such models are history—
and rate-dependent.

2.4 Maximum Friction Law and Singular Velocity Fields (Rigid
Perfectly /Plastic Material)

The maximum friction law for rigid perfectly /plastic materials obeying
the von Mises yield criterion (8) states that

T =10 (37)

at sliding. Here 7y is the friction stress and 7y is related to the yield stress in
tension by (11). A surface where the friction law (37) is satisfied is called the
maximum friction surface. As a rule, velocity fields adjacent to maximum
friction surfaces are singular in the sense that the equivalent strain rate
and, therefore, some components of the strain rate tensor approach infinity
in the vicinity of such surfaces (Alexandrov and Richmond, 2001a). The
easiest way to demonstrate it is to consider axisymmetric flow (see Fig.
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Figure 5. Axisymmetric flow near the maximum friction surface

5). Introduce a cylindrical coordinate system rfz with its z—axis coinciding
with the axis of symmetry of the flow and another orthogonal curvilinear
coordinate system by the relations o = a(r,z), § = 0 and v = v (r,2).
The solution is independent of 6 (or ). Let ¥ be a tool surface where the
condition (37) is satisfied. Assume that the regime of sliding occurs and
consider Egs (2) and (8) at an arbitrary point, M, on that surface. It is
always possible to choose such a coordinate system that its a—line coincides
with the friction surface (this surface is represented by a curve on planes
B = constant ). Then, it follows from (37) that |7.,| = 70 at point M.
Substituting this value of 74, into (2) and (8) gives

Taa = TBB = Tyy = Tap = Ty = 0 (38)

If the equivalent strain rate is finite, Eqs (18) and (38) result in

faa = €ﬁ[3 = fw’y = fa,@ = 5,3”/ =0 (39)

An advantage of the axisymmetric flow under consideration is that the cir-
cumferential strain rate, {,o = g9 = u,./r, is defined by the radial velocity,
u,, and not by derivatives of velocity components. The regime of sliding
requires that the magnitude of the velocity vector, u, does not vanish at
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the friction surface (the tool can be regarded as motionless with no loss of
generality). Then (see Fig. 5),

U COS ¢

§pg = — (40)

M

This contradicts (39) and, therefore, the supposition that the equivalent
strain rate is finite at point M, unless ¢ = w/2. Thus, in general, &, — 00
as v — 0 (see Fig. 5). In order to find the dependence of the equivalent
strain rate on coordinates in the vicinity of maximum friction surfaces, it is
necessary to complete an asymptotic analysis of the constitutive equations
supplemented with the equilibrium equations. It will be done for general
three—dimensional flow.

The equilibrium equations in a Cartesian coordinate system, x; = «,
To = 3, x3 =, are

0 0 0 0
o 9m  On2  OTis

8—1'1 31’1 6582 81‘3 - 07

80' 6722 67’21 (97'23

it =0 41
81'2 8x2 + 5.%1 + 81'3 ’ ( )
& 87’33 87'31 + (97'32 -0

81'3 8.%3 a$1 8x2

Let ¥ be a tool surface where the condition (37) is satisfied, and consider
Egs (8), (15) and (41) at an arbitrary point, M, on that surface. The tool
is regarded as fixed. The local Cartesian coordinate system is taken to be
situated at M with its xzsz—axis directed along the normal to 3, away from
the rigid tool and towards the plastic material (see Fig. 6). The x;-axis
directed along the velocity vector, u, at M, and the xs—axis is perpendicular
to both 1 and x3 forming a right—hand system. Because the friction stress
is always directed opposite to the velocity vector the zs—axis coincides with
one of the principal directions of the stress tensor. The principal directions
in the x123 plane at point M make angles +m/4 with the x;—axis as shown
in Fig. 7. In the coordinate system chosen, the components of the deviator
stress tensor at point M are determined from (2), (8) and (37) as

TI3 =170, Ti1 =T22 =T33 ="Ti2 =T23 =0 (42)

Equations (15) combined with (42) giVG‘ 511 = 522 = 533 = 512 = 523 = 07 if
A < oo. It has been already shown by considering axisymmetric flow that
it is not always possible. Therefore, the further analysis is restricted to the
case

A—oo as x3—0 (43)
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Figure 6. Local Cartesian coordinate system near point M on the maxi-
mum friction surface

principal stress direction %3
4
X, u M 03
4 b /

principal stress direction

Figure 7. x1x3 coordinate surface and principal stress directions at point
M on maximum friction surface

Note that there are many analytic solutions in which this condition is sat-
isfied on a surface of maximum friction (Spencer, 1965; Shield, 1955; Hill,
1950; Alexandrov and Lyamina, 2008). It follows from Eqs (15) and (42)
that £33 = A1p. Then, this equation and (43) lead to

&3 o0 as w3 — 0 (44)
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In Cartesian coordinates

0w _ Ouy _ Oug
ISV 0z, §oo = 92y’ £33 = D25’

_ L (0w Ou _ L (0w, Ous _ L (Ouz Ous
612_2(31‘2_‘_81}1)’513_2(a$3+8$1),§23_2<3$3+8$2>
(45)

where w1, us and ug are the components of the velocity vector relative to
these coordinates. It is natural to assume that velocity and its in-surface
derivatives are bounded at point M. Then, it follows from Eqs (44) and
(45) that

— — o0 as x3—0 (46)

Thus, expression of the velocity component u; must involve non-differen-
tiable functions.
The condition (44) may be rewritten in the form

&3 = FEor3¥ + o0 (mg‘”) as w3 — 0 (47)

where
Ey>0 and w>0 (48)

Substituting (47) into (45) and integrating gives
u1 = uyp + O (xé_“) as a3 — 0 (49)

where ujo = O (1) as 23 — 0. It follows from Eq. (49) and the assumption
that the velocity is bounded that

1—w>0 (50)
Then combining Eqs (48) and (50) results in
0<w<1 (51)

Equations (45) and the assumption that the in-surface derivatives of the
velocity are bounded at M lead to

&1 =0 (x5") and &2 =0 (25%2) as z3—0 (52)

where wi; > 0 and woy > 0. Then the incompressibility equation (19)
combined with (52) gives

533 =0 (LE?;SS) as I3 — 0 (53)
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where w3z > 0. The xo-axis coincides with a principal direction of the
stress tensor (see Figs 6 and 7) and, because of coaxiality, with a principal
direction of the strain rate tensor. Therefore,

&2 =0 (z5"?) and &3 =0 (z5%) as z3—0 (54)

where wio > 0 and wsez > 0. Thus, all components of the strain rate
tensor are bounded except £13. It has been already shown by considering
axisymmetric flow that there are processes in which at least one of these
components is not zero at x3 = 0. It follows from Eqs (52) and (54) that it
is possible if and only if

w1 =0 and/or way =0 (55)

Then, from (52)
E=0(1) as x3—0 (56)

where ¢ stands for the strain rate component (or components) for which the
condition (56) is satisfied.
Equations (42) can be rewritten in the form

i3 =70 +0(1), 711 = O (25™) , 702 = O (25>*),
7'33ZO($g33),T12=O($g12),7'23:O(.ﬁgm), (57)
p11 > 0, po2 >0, pss >0, p12 >0, pog >0
as x3 — 0. It follows from (47), the first equation of (57) and (15) that
A=0(z3¥) as x3—0 (58)

The equation of the associated flow rule (15) corresponding to the strain
rate component ¢ introduced in (56) has the form & = A7 where 7 is the
component of the stress deviator tensor corresponding to the strain rate
component £. Combining this equation and (58) results in

T=0 (%) as ax3—0 (59)
The first equation of (57) can be rewritten in the form
T3 =70+ O (24"®) as x3—0 (60)

with 13 > 0. It is natural to assume that the stresses and their in-surface
derivatives are bounded at x3 = 0. In this case, because the derivatives
of 753 and 713 with respect to x3 are involved in the equilibrium equations
(41), the following inequalities hold

p1z3 =1 and o3z > 1 (61)
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Since all components of the strain rate tensor are bounded except &13 (see
the conclusion after Eq. (54)), it follows from the associated flow rule (15)
and (58) that

H1l = W, flog = w, (33 2w, 12 > w, and 93 > w (62)
Then, substituting (59) and (60) into the yield criterion (8) leads to
O (23¥) =0 (25™) as x3—0 (63)

It is necessary to point out that even if a few components of the stress
deviator tensor satisfy (59) the left-hand side of Eq. (63) cannot vanish
because all terms of the order z3“ are positive. It follows from (63) that

13 = 2w (64)
or taking into account Eqs (51) and (61)

1

g Sw<l (65)

Assume that 1/2 < w < 1. Then taking into account (57), (60) and (64)
the first equation of the system (41) can be rewritten in the form

%+O(x§“)—|—0(x§l2)—|—O(:c§“’_1) =0 (66)
1

It is necessary to examine the cases

H12 = 2w — 1, (67)
pin = 2w — 1, (68)
ggzo@?ﬂ as w3 — 0 (69)

Using (62), Eqs (67) and (68) lead to 2w — 1 > w which contradicts the
assumption that 1/2 < w < 1. So, suppose case (69) is true. Then, the
third equation of the system (41) with the use of (57), (60) and (64) gives

O (23" %) +0 <x§33_1) +0 (23°) +O(z4*)=0 as 23 —0 (70)

It is necessary to examine the cases

P33 = 2w — 1, (71)
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poz =2 (w—1) (72)

It follows from (61) and (72) that in this case w > 3/2 which contradicts
(65). Equation (71) contradicts the assumption 1/2 < w < 1 as follows from
(62). So, the equilibrium equations (41) cannot be satisfied if 1/2 < w < 1.
Therefore, it is necessary to put

1
Then it follows from (47) and (16) that
D 1
= — E— S 4
&eq \/m_3+0(\/£> as x3 — 0 (74)

It is obvious that this representation of the equivalent strain rate coincides
with (1.1) and D is the strain rate intensity factor.

2.5 Maximum Friction Law and Other Models of Pressure—inde-
pendent Plasticity

The maximum friction law in the case of rigid plastic hardening and
viscoplastic materials has the form

00 J0
\/g \/gA (ESQ) (75)
respectively. It follows from (11), (25), (27), (32) and (33) that the law (75)
reduces to (37) at .4 = 0 for rigid plastic hardening materials and at £, = 0
for viscoplastic materials. Consider a boundary value problem involving the
maximum friction law for rigid perfectly /plastic solids, rigid plastic hard-
ening solids, and viscoplastic solids. The statements of the boundary value
problem, including the constitutive equations and the friction law, for the
rigid plastic hardening and viscoplastic solids reduce to that for the rigid
perfectly/plastic solids as d€2/de.q — 0 for any e.q or dA/d{cq — 0 for any
&eq- Nevertheless, the solution behavior essentially depends on the model
chosen, independently of how close the derivatives are to zero. In particu-
lar, the models with no saturation stress lead to the regime of sticking at
maximum friction surfaces and the velocity field is not singular in the vicin-
ity of such surfaces (Alexandrov et al., 2000; Alexandrov and Alexandrova,
2000a,b). It may be advantageous to adopt rigid plastic hardening and vis-
coplastic models that possess a smooth transition of qualitative behavior
between solutions for these models and the rigid perfectly/plastic model. Tt
is only possible if a saturation stress is involved in the constitutive equa-
tions. No general theory of this kind has been developed yet. Nevertheless,

TF = Q(eeq) and 75 =
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a number of analytic solutions show that the regime of sliding can occur in
the case of rigid plastic hardening and viscoplastic models with a saturation
stress and that the velocity field in such solutions can be singular (Alexan-
drov and Richmond, 2001b; Alexandrov and Mishuris, 2007; Alexandrov
et al., 2008a).

3 Plasticity Theory for Porous and Powder Metals
Based on the Associated Flow Rule

3.1 Preliminaries

A representative element of porous or powder material consists of two
major phases, namely the solid phase and pores (see Fig. 8%). In order

(@ (b)

solid phase  pore partially dense material

Figure 8. Representative elements of porous or powder materials

to apply continuum mechanics models to the aggregate, the representative
element shown in Fig. 8% is replaced with another representative element
(see Fig. 8%) with a homogeneous distribution of partially dense material
whose relative density p is defined by

P=7 (76)
where V' is the volume of the representative element and Vi is the volume
of its part occupied by the solid phase. It is indeed assumed here that the
representative volume is of infinitesimal size such that the distribution of the
density is uniform. In passing, it is worth noting that p is a non-dimensional
quantity varying in the theoretical range 0 < p < 1 and p = 1 for fully dense
(pore free) materials.
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The mass of any volume is determined by
M = ps / pdV (77)
v

where pg is the density of the solid phase. It has been assumed that pg is
constant. Since the mass of any material volume is constant, dM/dt = 0.
Substituting (77) into this equation gives

/ 9 gy / pUndS =0 (78)

where S is the surface of V' and w,, is the velocity component normal to S,
measured outwards (see Fig. 9). Using the divergence theorem Eq. (78)

Figure 9. Material volume and the velocity component normal to its surface

can be transformed to
op
5t DPav + /dlv(pu av :/ a2 +div(pu)| dV =0 (79)
v v Vv

Since V' is an arbitrary volume, it follows from (79) that

ap
a+dw( u) =0 (80)
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This is the continuity equation. It can be rewritten in terms of the derivative
of p along the actual strain path, dp/dt. It is known from the vector analysis
that div(pu) = p div(u) 4+ u - gradp. Substituting this equation into (80)
gives

% +pdivu+u-gradp =0 (81)
By definition,
dp  Op
p7Rly +u - gradp (82)
Combining (81) and (82) leads to
d
d—? +pdivu=0 (83)

Conventional theories of plasticity for pore free materials (Section 2) assume
that plastic deformation has no effect of the density of material. Therefore,
p = ps is constant and Eq. (83) results in the incompressibility equation in
the form of divu = 0, which is indeed equivalent to (19).
Still another popular representation of the continuity equation, in addi-
tion to (80) and (83), is
dp

at +p& =0 (84)

where £, is the volumetric strain rate (the first invariant of the strain rate
tensor) defined by

51/ =divu = gaof + gﬁﬂ + f’y’y (85)

It is sometimes convenient to use the porosity, 1, instead of the relative
density. These two quantities are related to each other by

p=1-10 (86)

Thus the porosity can vary in the range 0 < ¢ < 1 and ¢ = 0 for fully
dense materials. Equations (81) and (83) can be rewritten in terms of the
porosity as

% —(1—-9)divu4u-gradd =0 and % —(1—-9)divu=0 (87)

An essential feature of porous and powder metals is that plastic defor-
mation of such materials is usually accompanied by a change in the porosity
that cannot be ignored. This change strongly depends on the hydrostatic
stress. Therefore, in order to take this feature into account, it is necessary
to include the porosity and the hydrostatic stress in the constitutive equa-
tions considered in Section 2. For material models based on the associated
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flow rule it is only possible by assuming that the yield criterion depends on
both. The associated flow rule is represented by Eqs (14) (or (20)) where
the function ® (or ®; and ®2) may now depend on three invariants of the
stress tensor, say o, 0¢q and I3.

3.2 Yield Criteria and the Associated Flow Rule for Porous and
Powder Materials

Both von Mises and Tresca yield criteria introduced in Eqs (8) and
(12), respectively, have been generalized on porous and powder materials
(Green, 1972; Shima and Oyane, 1976; Gurson, 1977; Doraivelu et al., 1984;
Druyanov, 1993). The further discussion is restricted to yield criteria rep-
resenting an extension of the von Mises criterion for fully dense materials
to porous and powder materials. In particular, a possible effect of the third
invariant of the stress tensor on yielding behavior is ignored. For this rea-
son a convenient geometric representation of yield criteria (yield surfaces)
can be provided in the space of the first and second invariants of the stress
tensor rather than on the Q-plane, as in the case of pressure-independent
materials (see Figs 1 to 4).

The simplest yield criterion for porous and powder materials has the
form (Druyanov, 1993)

Ocq & Oa = 00X (P) } ]8
lo| < pa = a0p (p) (88)

where o is the yield stress in tension of the solid phase, o, is the yield
stress in tension of the aggregate, p, is the yield stress of the aggregate
under hydrostatic pressure, x (p) and p(p) are prescribed functions of the
relative density. The yield surface corresponding to the yield criterion (88)
is shown in Fig. 10. The von Mises yield surface for the solid phase is
depicted by a dashed line. General requirements imposed on the functions

X (p) and p (p) are

i%>07 %>O, x (1) =1, fl)iirﬁp(p):oo (89)
It follows from these relations that the yield criterion (88) approaches (8)
as p— 1.

Plastic yielding occurs if the equality holds in one or two equations in
(88). The case 0.y = 0, and |o| < p, corresponds to straight line AB
in Fig. 10 (the end points are excluded). Applying the associated flow
rule (14) to the yield criterion ® (0,0cq,I3) = 0cg — 0q = 0 leads to Eqgs
(15). Therefore, at any point of the plastic zone the relations between the
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A O-eq
Mises
Oy
O-a
A B
C 0 D o
_pa pa

Figure 10. Geometric interpretation of yield criterion (25)

components of the stress and strain rate tensors for the yield criterion under
consideration are the same as for the von Mises yield criterion. In particular,
the incompressibility equation (19) is satisfied. Then, it follows from (83)
that the relative density does not change at this point. This coincidence
of the constitutive equations at one point does not result in the equivalent
boundary value problems for von Mises material and material obeying the
yield criterion (88) even if the case under consideration is valid for all the
points of the plastic zone. For, the distribution of the relative density is
in general not uniform because of the initial condition and/or the history
of deformation. Therefore, the equivalent stress is not constant through
the plastic zone, as follows from (88). Moreover, it is unknown in advance
whether or not the state of stress satisfies the condition |o| < p,. Therefore,
it is necessary to verify this condition in course of solving the boundary value
problem.
The case 0.4y < 04 and —o = p, corresponds to straight line AC' in Fig.
10 (point A is excluded). Applying the associated flow rule (14) to the yield
criterion
D (0,0eq,I3) = —0—pa =0 (90)
gives
Ao
foa = 8pp = &y = T3 ap = Epy = Eya =0 (91)
It is obvious from these relations that the state of strain rate in the case
under consideration corresponds to hydrostatic contraction. However, the
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state of stress corresponds to hydrostatic pressure at point C' only and not
at other points of line AC (see Fig. 10). This fact can be considered as a
drawback of the yield criterion (88), though most likely this regime of flow
does not occur in deformation processes of practical importance. In passing,
it is worth noting that the associated flow rule must be applied to the yield
criterion in the form of (90) though the equation —o = p, is equivalent to
0+ pe = 0 as well. The rule is that in general ® < 0 and ® = 0 at yielding.
No state of stress resulting in ® > 0 can exist. Substituting the state of
stress ¢ = 0, which can certainly exist, into (90) shows that ® = —p, < 0.
On the other hand, the definition for ® in the form ® (0, 0y, I3) = 0+p, =0
would result in & = p, > 0 at ¢ = 0. This comment is relevant to all yield
criteria.

The case 0cq < 04 and o = p, corresponds to straight line BD in Fig.
10 (point B is excluded). This case is even less significant for applications
than the previous one and, moreover, can be treated in a similar manner.
Therefore, it is not considered here in details.

Probably, the most important case for practical applications is —o = p,
and 0.y = 0,. It corresponds to point A (see Fig. 10). Because it is a
singular point of the yield surface it is necessary to adopt the associated flow
rule in the form of (20). In particular, it is possible to put ®1 (0, 0¢q, I3) =
Oeq — 0q =0 and Dy (0,0¢q,I3) = —0 — p, = 0. Then,

3 A\ Ao 3\ Ao 3\ Ao
gaa:§o_76q7_aa_§a 535257(%7—56_?7 f’Y’Y:iaTWW’_?’
3 A\ 3 M 3\ (92)
§af = 5 —Tap, &6y = 5707 §ya = 5 Tya

€q €q €q

Using the identity 7o + 755 + 74y = 0 and the definition for the volumetric
strain rate given in Eq. (85) it is possible to exclude A; in the first three
equations of (92) to arrive at

)\2 = _gl/ (93)

Note that the volumetric strain rate is involved in the continuity equation
(84). Introduce the second invariant of the strain rate tensor in the form

9\ 1/2 ’ 2 ) 2
Neq = <§) l(&xa - %) + (fﬁﬁ - %) +

+(6n-%

1/2

2
) +2625 + 265, + 262, (94)
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Note that 7, for incompressible materials coincides with &, introduced in
(16). Substituting (93) into (92) and using the definitions for o.; and 7.,
Egs (2) and (94), gives

)\1 = '[’]eq (95)
Since 0.4 = 0, at point A (see Fig. 10), it follows from (92), (93) and (95)
that

- 3 Tleq & - 3 Tleq & - 3 Neq &
gaa—20a7aa+37€ﬁﬁ—20a7ﬂﬁ+33577—20_(17'77"' 3 (96)
13 :énﬂT £ :§77€’17 I3 :éﬁT
af 2. aBs SBy 9 By Sy 95 @

a Ua a

These equations reduce to (18) for incompressible materials.

The regime of flow ¢ = p, and 0.y = 0, (point B in Fig. 10) is very
similar to the previous case and is less important for applications in powder
metallurgy because the hydrostatic stress is positive. Therefore, it is not
considered here in details.

Another yield criterion taking into account the hydrostatic stress is
(Druyanov, 1993)

Ieq ol _y (97)

Oa Pa

The corresponding yield surface is shown in Fig. 11. It has three singular

eq
Mises oy
A o,
B 0 C
o
Pa Pa

Figure 11. Geometric interpretation of yield criterion (97)

points, A, B and C. These points are not so important for practical ap-
plications and, therefore, the further analysis is restricted to the regime of
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flow corresponding to AB. In this case the yield criterion (97) reduces to
@(J,Jeq,fg)z%——flzo, 0>0> —pa (98)

Applying the associated flow rule in the form of (14) to (98) gives

20 20
gaa = (Taoz - gngeq) 75[35 = A <T/3[3 - gpzaeq> 3

20,

Ery = A (Tw T 9.

a

Jeq) 1£aﬁ = >\Taﬁa 5,8”/ = ATﬁvv gwa = )\T"/aa (99)

3o
o 20,0¢q
The volumetric strain rate can be found from these equations in the form

2X040¢q

6 = gl (100)

Also, using (99), (100) and the definition (94) the value of 74 is determined
. _ 2)0eq
Neq = 3

It follows from (100) and (101) that the ratio &, /7, is independent of the
state of stress and is given by &, /n.q = —04/Pa- It is indeed a consequence
of a linear relation between ¢, and o in (98). Equations (99) reduce to
(18) for incompressible materials.

The regime corresponding to AC' (see Fig. 11) can be treated in a similar
manner. Therefore, it is not considered here in details.

A popular smooth yield criterion is given by Green (1972)

B (0,004, 13) = (Uﬁq)2+ (1>2—1:0 (102)

(101)

Oq Pa

The corresponding yield surface is shown in Fig. 12. It follows from (102)
that it is an ellipse in the space used in this figure. Substituting (102) into
(14) gives

202

o2
Eyy = A (Tw ; ) fap = Mags Epy = ATy, ya = AMTya,  (103)

3
o

A\ =
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_pa pa

Figure 12. Geometric interpretation of yield criterion (102)

The volumetric strain rate can be found from these equations in the form

2
gu = 23)\02-(1

Pa

It follows from this equation that &, < 0 for o < 0, & > 0 for o > 0 and
the incompressibility Eq. (19) is satisfied for ¢ = 0. Excluding ¢ in (103)
by means of (104) and using the definition (94) it is possible to verify by
inspection that (101) found from the yield criterion (98) gives 7¢, in the
case under consideration as well. Then, it follows from (101) and (104) that

(104)

2
Tleq Oeq Pg

& _ o

(105)

It follows from (102) that the equivalent stress varies in the range 0 < 0 <
0, and the hydrostatic stress in the range —p, < o < p,. Then, it can be
immediately found from Eq. (105) that —oco < &, /1eq < 00.

3.3 Additional Remarks on the Yield Criteria

The yield criteria considered are symmetric relative to the hydrostatic
stress. Accordingly, the yield surfaces are symmetric relative to the axis
o =0 (see Figs 10 to 12). A more general description of material response is
obtained by shifting the yield surfaces along the o—axis (see Fig. 13). These
yield surfaces have an axis of symmetry o = 0,,,. A further generalization is
to use yield surfaces that have no axis of symmetry parallel to the o4-axis
(see, for example Bier and Hartmann (2006).
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Figure 13. Yield surfaces shifted along the o—axis

3.4 Simple Analytic Example

Consider instantaneous flow of an infinite hollow cylinder of porous ma-
terial on a rigid fibre subject to uniform pressure p, on its external radius
(see Fig. 14). The external radius of the cylinder is b and its internal radius
as well as the radius of the fibre is a. The distribution of the porosity is



272 S. Alexandov

rigid fibre plastic layer

Figure 14. Contraction of a porous layer on a rigid fiber—notation

uniform. Therefore, o, and p, are independent of space coordinates. It is
convenient to introduce a cylindrical polar coordinate system rfz (r = «,
0 = 0, z = ) with its z—axis coinciding with the axis of symmetry of
the cylinder. Symmetry in the circumferential direction and plane strain
deformation dictate that

§e: =60 =80r =80:=0, Trg=Ts =79.=0 (106)

The boundary conditions are
ur =0 (107)

at r = a (on the surface of the rigid fibre) and
U, = —1Ug (108)

at r = b. The value of ug > 0 is not essential for rate independent models.
The pressure at » = b required to deform the plastic layer should be found
from the solution. The only non-trivial equilibrium equation is

0oy n Orr — 000

or r

Assume that the yield criterion (88) is valid. It is seen from (91) that the
regime of flow corresponding to (90) contradicts (106). It is also obvious that

=0 (109)
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no isochoric flow is possible for the problem under consideration. Therefore,
it is necessary to assume that the regime of flow corresponds to point A of
the yield surface (see Fig. 10). Then, it follows from (92) and (106) that

3

e
Since A1 > 0 and Xy > 0, it follows from this equation that

o2 >0 (111)
Using (110) Egs (92) for & and e transform to

BERY
20y,

grr =A (Trr - Tzz) ’ 599 =A (7—00 - Tzz) ) A (112)

In the case under consideration &, = du,/Or and &pp = u,/r. Therefore,
Egs (112) result in
aur Uy (Trr - Tzz)
=—— "z 113
or r (Tog — T22) (113)

The unique solution to this equation satisfying the boundary condition (107)
is u, = 0, unless 199 = 7., at » = a. The latter condition is however true,
as follows from (112) because &gp = u,./r = 0 at » = a. Therefore, it is
necessary to find the distribution of the stress components for integrating
(113).
The equivalent stress at point A (see Fig. 10) satisfies the relation o.q =
0,. Using the identity
Trr +T90 + T2 =0 (114)

and the definition (2) this relation can be transformed to
3 (Tf'r + T.z2.z + T’I“T‘TZZ) = 0’3 (115)

This equation is satisfied by the following substitution

2 2
Toy = §Ja sing, T = gCTa cos (go + %) (116)

Then, it follows from (114) that

Top = —%aa [singo + cos (90 + g)} (117)

Equations (111) and (116) show that

O<p<m (118)
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Substituting (116) and (117) into (109) and taking into account that o =
—pq is independent of r gives

) T\ Op V3cos
sin <g0+ g) E = # (119)

The solution to this equation is

r © — Qg COS (g

R 120

a eXp( 23 >\/ cos ¢ (120)
where ¢, is the value of ¢ at 7 = a. It has been already mentioned before
that 799 — 7., = 0 at r = a. Therefore, it follows from (116) and (117) that

—2sing, = cos (apa + %) (121)

The solution to this equation in the range (118) is

o

Pa 6

(122)
Expanding the right hand side of (120) in a series in the vicinity of ¢ = ¢,
gives

r

E:1+%(¢_¢a)2+0[(‘p—§0a)2}7 ¢ = Qa (123)

Substituting (116) and (117) into (113) leads to
ou, 1 (cosp — V/3sinyp)

I 124
uOr 7 (cosp + V3sinp) (124)

Expanding the right hand side of this equation in a series in the vicinity of
» =@, (or r = a) gives with the use of (123)

e (72m) e () 0

u0r  2a (¢ — ®a)
as ¢ — @q (or r — a). Integrating (125) leads to

Uy Vr—a
In — = +o(Vr—a), r—a 126
where Up is a constant of integration. It is seen from this representation
of the solution in the vicinity of the surface » = a that the boundary con-
dition (107) is not compatible with the assumptions made, unless u, = 0
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everywhere. The latter however has no physical sense for porous materials.
In order to illustrate that this feature of the boundary value problem is not
caused by the simplified yield criterion adopted, the derivation based on the
yield criterion (98) is provided below.

It follows from (106) and (99) that

202
§p720' = —Tzz, grr =A (Trr - Tzz) 5 500 =A (7_00 - 7_zz) (127)

Taking into account (114) and expressing the strain rate components in
terms of the radial velocity the last two equations of (127) give

Our Uy (270 + Top)
or 1 (2709 + Tor)

(128)

The shear components of the stress tensor involved in the yield criterion
(102) vanish. Therefore, excluding o in this criterion by means of the first
equation of (127) and, then, 7.. by means of (114) leads to

72+ Tho + 2hTrrTo0 = g° (129)
where
202 + 27p? \F 927 p2\ /2
h=—2—-2<1, =0a4/= |2+ —2 130
402 + 27p2 9=\[3 2T 5 52 (130)

Equation (129) is satisfied by the following substitution

Trr cos Too . hcos g (131)
— = —, — =sinp - —=
g V1—h? g v V1—h?
Then, using (114) and (127) the hydrostatic stress is given by
o 2h —1 1—nh .
EZ?()(I—h)) ( 1+hcos<p+sm<p> (132)

It has been taken into account here that the coefficient of o in (127) is
expressible in terms of h by means of (130) as

9p2  2h—1
202 3(h—1) (133)
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Substituting (131) and (132) into the equilibrium equation (109) and using
(133) gives

. (2h—1) o8 1—h sinw) - sin ¢ 874,0_’_
S\ TN w ™Y T Aoz or
1+h

[ p o8¢ —sinp = 0 (134)

Since Ou,/Or = (Quy /@) (Op/0r), Eq. (128) can be combined with (131)
and (134) to arrive at

ou,  [2—h+VI—hZtany] [gf(;t;;g (1 — /=L tan s0) _ H}

urdp [1—2h+2V1— h?tan ] (tancp - %)

(135)
It follows from the structure of this equation that a necessary condition to
satisfy (107) is that the denominator in the right hand side of (135) vanishes
at r = a. Let ¢, be the value of ¢ at r = a. Then, the aforementioned
condition is satisfied if

2h —1
tan g, = ———— 136
Yo =S —0s (136)
or
1+h
tan g, = | —— 1
an T (137)

Suppose that case (137) is true. Expanding the right hand side of (135)
in a series in the vicinity of ¢ = ¢, gives

1 Ou, 1 1 n ( 1 )
_ — = — o s, @ — Pq
w B (- (tang—tang,)  2(p—¢a)  \p—wa) T 7
(138)
Integrating this equation leads to
Uop ( 1 )
U= ——= 40| —— |, ¢ — ¢a 139
VP~ Pa VP~ Pa ( )

where Uy is a constant of integration. It follows from this representation of
the solution in the vicinity of » = a that the boundary condition (107) is
not satisfied by any choice of Uy.

Suppose that case (136) is true. It is possible to verify by inspection that
the right hand side of (135) reduces to 0/0 at this value of ¢,. Expanding
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it in a series in the vicinity of ¢, gives

10u, 1 [1+h
AT e P . 14
wop sViop oW, e (140)

Integrating this equation leads to

Uy 1 /1+h
In— =24/ —— (¢ — @aq — 0a), Y 141
"G T3 1_h(s0 $a)to(p—wa), ¢—¢ (141)

It follows from this representation of the solution in the vicinity of r = a
that the boundary condition (107) is not satisfied by any choice of Uy.

The analysis completed shows that the only solution to equation (124)
(or (135)) satisfying the boundary condition (107) is u, = 0, i.e. there is no
plastic flow. It of course contradicts the conception of porous plastic mate-
rial since, according to this solution, the material should support any large
value of the pressure at r = b. A possible way to resolve this contradiction
is to assume that the normal velocity is discontinuous at » = a at the initial
instant. To the best of authors knowledge, no exact solution of this kind is
available in the literature, though an approximate solution for compaction
of powder material in a closed container shows such a feature (Alexandrov
and Druyanov, 1990).

4 Plasticity Theory for Porous and Powder Metals
Based on Non-associated Flow Rules

4.1 Stress Equations

There is no commonly accepted model of pressure-dependent plasticity
based on a non-associated flow rule, though most of such models reduce to
classical plasticity (see Section 2) at a specific set of parameters. Neverthe-
less, the Coulomb-Mohr yield criterion is usually assumed to hold indepen-
dently of the relation between stress and strain-rate adopted. This criterion
has the following form in terms of the principal components of stress

o1 — 02+ (01 + 02) sin ¢ < 2k cos ¢
o9 — 03 + (02 + 03) sin ¢ < 2k cos ¢
o3 — o1+ (03 + 01) sin ¢ < 2k cos ¢ (142)
09 — 01+ (02 + 01) sin ¢ < 2k cos ¢
03 — 09 + (03 + 02) sin ¢ < 2k cos ¢
o1 — 03+ (01 + 03) sin ¢ < 2k cos ¢

where k is the cohesion and ¢ is the angle of internal friction. It is assumed
that k and ¢ are constants. The yield surface in principal stress space is
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a right hexagonal pyramid equally inclined to the 01—, o9—, 03— axes, with
its vertex at the point o1 = 09 = 03 = kcos¢. The yield criterion (142)
is a generalization of Tresca’s yield criterion (12), and reduces to Tresca
criterion when ¢ = 0. Plastic yielding occurs if the equality holds in one or
two inequalities shown in (142).

In the case of plane strain deformation it is always possible to order the
principal stresses such that oy > 09 > o3 where the principal stress axes
which correspond to o7 and o3 lie in the plane of flow. Then, the yield
criterion (142) reduces to

o1 — 03+ (01 + 03) sin ¢ = 2k cos ¢ (143)

Choose an orthogonal curvilinear system of coordinates a3y with its v -
lines being straight parallel lines orthogonal to the plane of flow. Then,
02 = 04~. Let ¥ be the angle which the axis corresponding to o1 makes
with the tangent to « - lines, measured from the tangent anti-clockwise (see
Fig. 15). It is convenient to introduce the quantities

Figure 15. Coordinate systems, a3 and zy, and principal stress directions
in plane strain deformation

(01 —03) 20 (144)

DN | =

1
s=—g5(o1+0), g¢=

Because 01 and o3 are stress invariants, s and ¢ are stress invariants as well.
In particular, using the transformation equations for stress components in
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a plane gives

1 1

Cao = 3 (01 +03) + 3 (o1 — 03) cos 21,
1 1

o8 = 5 (o1 +03) — 3 (o1 — 03) cos 21, (145)
1

0ap = = (01 — 03)sin2¢

N |

Then, it immediately follows from (144) and (145) that

1

1
s=-3 (Caa +083), q= 5\/(0,1& - Uﬁg)z + 4025 (146)

Also, Eqs (145) with the use of (143) and (144) can be transformed to

(cos2¢sing — 1)
sin ¢
(cos2¢psing + 1) (147)

sin ¢ ’

Oaa = kcot ¢+ q

)

ogg = kcoto —q
Onpg = qsin2y

The representation of the stress components in this form satisfies the yield
criterion (143). There are two unknowns in (147), ¢ and ¢. The equations
for these quantities should be derived from the equilibrium equations.

The equilibrium equations in Cartesian coordinates (v = z and § = y)

are
80wm aawy _ &Twy aO'yy

ox oy  Ox Oy
Substituting (147) into (148) gives

=0 (148)

(cos2¢psin g — 1) 94 _ 2¢ sin 21/)8—1/) + sin 21/)@ + 2q cos 21/)8—1/) =0,
Ox oy dy

sin ¢ ox
_ (cos 21/1'sm¢) +1) % + 2¢q sin?d)a—w + sin 21/1@ + 2q cos 21/18_1/) =0
sin ¢ Jy Jy o Oz

(149)

The Cartesian coordinates can be rotated such that the z—axis coincides
with the principal axis of the stress tensor corresponding to o7 at a generic
point M (see Fig. 16). Then, ¢ = 0 at this point (see Fig. 15) and Egs
(149) become

(sin¢ — 1)@ o 7(Sin¢+1)@ oY

2,2 — 2,2Y — 1
sin ¢ 8x+ q@y 0, sin ¢ 8y+ Yoz 0 (150)
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characteristics direction

Figure 16. Local Cartesian coordinates, principal stress directions and
stress characteristics directions at a generic point

The characteristic directions are determined from these equations by

1 — cosec ¢ 0 0 2q
0 — (1 + cosec ¢) 2q 0|
1 dy/dz 0 0| 0 (151)
0 0 1 dy/dx
The solution to this equation is
dy\? 1+sing (T b
) =T 42 152
<dm) —simg ™ \7713 (152)
or p 5
Yy 7r
-4 — 4 -+ L 1
Iy tan<4+2) (153)

Thus the system of equations (150) (and (149) as well) is hyperbolic and its
characteristics are inclined to the major principal stress direction at angles
+(m/4+ ¢/2) (see Fig. 16).

Obviously, Egs (147) can be combined with the equilibrium equations
in any orthogonal coordinate system. The specific choice of the coordinate
system affects the form of Eqs (149) but not the orientation of the charac-
teristics directions relative to the principal axes of the stress tensor.

4.2 Kinematic Theories

There are a great number of kinematic theories for pressure-dependent
materials. One of the theories that accounts for plastic compressibility of
materials has been considered in the previous Section. This Section concerns
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with several theories that include the equation of incompressibility, Eq.
(19). The discussion is restricted to plane strain deformation such that
the distribution of stress is covered by (147) and (149). In particular, the
characteristic directions for stress are given by (153). Equation (19) reduces
to

aa +&33 =0 (154)

In total, there are four essential unknowns, v, ¢ and two components
of the velocity vector. Since three equations have already been introduced,
(154) in which the strain rate components should be expressed in terms of
the velocity components and (149), the only difference between the theories
of the class considered lies in the last equation. This last equation should
connect stresses and velocities. A brief review of three models (the coaxial
model, the double-shearing model, and the double-slip and rotation model)
is given below.

4.3 The Coaxial Model

In the case of the coaxial model (Ishlinskii, 1954; Ostrowska-Maciejewska
and Harris, 1990) the angle ¢ introduced for stresses (see Fig. 15) also
determines the orientation of the major principal strain rate relative to a-
lines. Therefore, the system of equations (149) and (154) is supplemented
by

(Caa — Epp)sin2¢) — 26,5082t =0 (155)

Using the Cartesian coordinate system shown in Fig. 16, i.e. taking ¢ =0
at point M, Eqgs (154) and (155) become

Ouy  Ouy Ouy  Ouy
Ox oy 0 Oz oy =0 (156)

at point M. The characteristic directions are determined from these equa-
tions by

1 0 0 1

0 1 1 0

1 dy/dx 0 0| 0 (157)

0 0 1 dy/dx

The solution to this equation is (dy/dz)*> = 1 or

dy
— ==l 158
Iz (158)

Thus the system of equations (156) (as well (154) and (155), indeed) is
hyperbolic and its characteristics are inclined to the major principal stress
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direction at angles +7 /4. Comparing (153) and (158) shows that the charac-
teristic directions for stress and velocity do not coincide. The characteristic
directions at a generic point M are illustrated in Fig. 17.

stress characteristics direction

/4 + ¢/2

velocity characteristics direction
2
1

/
: ‘ /4 + ¢12

velocity characteristics direction

stress characteristics direction

Figure 17. Major principal stress direction, stress and velocity character-
istics directions (coaxial model)

4.4 The Double-shearing Model

According to (153) any plastic domain is covered by a net of character-
istic curves, p and v. A motion consists of a shearing deformation along
the p — lines if, in a coordinate system in which the p — line direction in
the neighborhood of a generic particle M is fixed, the relative velocity of
two adjacent particles near M is directed in the direction of the u — line if
the particles do not lie on the same p — line, and is zero if they do lie on
the same p — line. The definition for the shearing deformation along the v
— lines can be introduced in a similar manner. The double-shearing model
is based on the hypothesis that the deformation consists of two simultane-
ous superposed shearing deformations on the p - and v - lines respectively
(Spencer, 1964, 1982). Under this assumption the equation that connects
stresses and velocities is

2605 08 200 — (Ena — Eg3) Sin 200 + 2sin @ (wag n ¢) -0 (159)
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where w,g is the spin component relative to the a3 coordinates and w is
the convected derivative of ¢). These quantities are defined by

- 1 a(Hau(,) _ 6(ng5)
- 2H,Hg B O '
0 ua OY ug OY

Y=o Y H 00 T H, 95

Was

(160)

where 0v/0t is the time derivative at a point which is fixed relative to
the a3 coordinates, u, and ug are the velocity components relative to the
af3 coordinates, and H, and Hg are the Lamé coefficients of the a- and
[-lines, respectively. It is seen from (159) that the constitutive equations
of the double-shearing model involve a rate of stress. Using the Cartesian
coordinate system shown in Fig. 16, i.e. taking ¢» = 0 at point M, Eqs
(154) and (159), with the use of (160), become

ug % 0
Ox Oy ’
(1 —sing) % + (1 +sin¢) 6(;;; + 2uy, Sin¢g—1ﬁ+

( o

.0 .
+ 2uy, squa—y + QSln(bE =0 (161)

at point M. Since the derivatives 0v¢/0x and 0v/dy are involved in (161),
it is in general necessary to consider the system of equations consisting of
(149) or (150) and (161) to determine the type of the system. In particular,
assuming that the axes x and y coincide with the principal stress direc-
tions at point M Egs (150) and (161) should be used. The characteristic
directions are then determined from the equation

w1 0 0 2q 0 0 0 0

0 w2 2¢ 0 0 0 0 0

1 dy/dx 0 0 0 0 0 0

0 0 1 dy/dx O 0 0 0 .

0 0 0 0 1 0 0 1 =0 (162)
0 0 0 0 1 dy/dx 0 0

0 0 Uy, Uy 0 —wy/2 —wyi/2 0

o 0 0 0 0 0 1 dy/dx
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where w; = 1 — cosec ¢ and we = — (1 4 cosec ¢). It is obvious from the
structure of this determinant that Eq. (162) can be represented in the form

w1 0 0 2q 1 0 0 1

0 Wy 2q 0] |1 dy/dx 0 0|

1 dy/dz O 0 0 —wy/2 —wq/2 0 =0 (163)
0 0 1 dy/dx 0 0 1 dy/dx

The first multiplier in (163) coincides with (151). Therefore, (153) satisfies
(163) as well and these characteristic directions can be called the stress
characteristics directions. The velocity characteristics directions are then
obtained from

1 0 0 1

1 dy/dx 0 0]

0 —wy/2 —wyi/2 0 =0 (164)
0 0 1 dy/dx

The solution to this equation leads to (152). Therefore, the velocity charac-
teristics directions coincide with the stress characteristics directions. This
feature of the constitutive equations of the double-shearing model is an
advantage of the model, as compared to the coaxial model.

4.5 The Double-slip and Rotation Model

This model is based on the hypothesis that the stress-rate term in the
double-shearing model (1/} in Eq. (159)) is replaced by an intrinsic spin,
Q, due to grain rotation (Harris and Grekova, 2005). Therefore, Eq. (159)
becomes

26030821 — (Ena — Epp) sin2¢) + 2sinp (wap + Q) =0 (165)

In general €2 is an unknown variable which is governed by the equation of
rotational motion. To the best of author’s knowledge, no specific equation
for 2 has been yet proposed. Therefore, the further discussion is restricted
to the case where ) is a constant. Using the Cartesian coordinate system
shown in Fig. 16, i.e. taking ¢) = 0 at point M, Eqgs (154) and (165), with
the use of (160), become

Ouy | Ouy

ox dy

Ju Ju
=0, (1-sing) Y +(1+sing) % +20singp=0 (1
0, (1—sing) e + (14 sin¢) dy +2Qsing =0 (166)

at point M. This system involves no derivative of 1) and g. Therefore, it can
be treated independently of (150). In particular, it follows from (166) that
the velocity characteristics directions are determined by (164). Thus, as in
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the case of the double-shearing model, the stress and velocity characteristics
directions coincide in the double-slip and rotation model.

5 Qualitative Behavior of Plastic Solutions for Porous
and Powder Metals in the Vicinity of Frictional
Interfaces

5.1 Preliminaries

The objective of this Section is to compare, by means of a problem
permitting a closed-form solution, qualitative behavior of solutions based
on three models of pressure-dependent plasticity, the coaxial model, the
double-shearing model, and the double-slip and rotation model (Alexan-
drov and Harris, 2006). For completeness, the corresponding solution for
classical pressure-independent plasticity is also presented. The constitutive
equations of each model reduce to classical plasticity at specific values of in-
put parameters. Nevertheless, the solution behavior essentially depends on
the model chosen, independently of how close the input parameters are to
these specific values. The source of such solution behavior is the maximum
friction law. Such features of the solutions as non-uniqueness, non-existence
and singularity are emphasized. Note that a qualitative feature of solution
behavior for two models of pressure-dependent plasticity based on the as-
sociated flow rule has been considered in Section 3 but this feature is not
caused by the maximum friction law.

5.2 Statement of the Problem

Consider an infinite circular hollow cylinder of internal initial radius ag
and external initial radius by subject to the system of loading consisting of
normal and tangential stresses on its internal radius. Due to this system
of loading, the cylinder is both expanded/contracted and twisted. It is
convenient to introduce a cylindrical polar coordinate system r0z (a = r,
8 =0, v = 2) with its z—axis coinciding with the axis of symmetry of
the cylinder. The state of strain is plane and, therefore, o, is a principal
stress. The current internal and external radii will be denoted by a and b,
respectively. The rate of expansion/contraction of the internal radius will be
denoted by @ = da/dt. For rate-independent materials, it is not an essential
parameter. The external radius is fixed against rotation. Therefore,

Uy = (167)

at r = a and
ug =0 (168)
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at r = b. Here u, and uy are the radial and circumferential velocities,
respectively. One of the stress boundary conditions is

Opr = —P, <0 (169)

at r = a. P, is given, but its value is not essential for understanding the
general features of the solution. The final boundary condition depends on
the regime of friction at » = a, whether the material is sliding or sticking at
the inner boundary. In the case of sliding, the value of the shear stress at r =
a is defined by a frictional law and the maximum friction law is adopted. Its
analytical representation depends upon the constitutive equations chosen.
In the case of pressure-independent plasticity this law is given by (37).
However, for plane strain deformation of a material obeying the coaxial
model, the double-shearing model, or the double-slip and rotation model it
is most conveniently formulated in terms of the angle 1 introduced in the
previous Section (see Fig. 15). Without a loss of generality, it is possible to
assume that o,9 > 0. Then, according to (147),

g>w>0 (170)

The mathematical meaning of the maximum friction law for the material
models describable by hyperbolic equations is that the friction surface co-
incides with an envelope of characteristics such that the solution cannot be
extended beyond this surface. In the case of the double-shearing model and
the double-slip and rotation model, the characteristics for stress and veloc-
ity coincide (see the previous Section) and, according to (153), are inclined
to the r—axis at

- :t(z%?) (171)
x=v+{7+3
In the problem under consideration, the friction surface makes an angle /2
with the r—axis. Putting x = 7/2 in (171) gives

¢—g¢(ﬁ+¢) (172)

at the friction surface. The lower sign in (172) contradicts (170). Therefore,
the frictional boundary condition at sliding for the double-shearing and the
double-slip and rotation models is

=T
v=re =y (173)

at r = a. In the case of the coaxial model, the orientation of stress char-
acteristics is given by (153) and the orientation of velocity characteristics
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by (158). Therefore, it is possible to formulate two conditions at r = a
corresponding to the maximum friction law at sliding, one is given by (173)
and the other by

™

"/J = "/}w = Z (174)

Which of these two boundary conditions at sliding will actually occur follows
from the structure of the solution. In Figs 18% to 18¢ the directions of the
major principal stress, velocity characteristics and stress characteristics are
shown at a generic point of the friction surface. It is possible to distinguish
three qualitatively different cases: (i) 1» > 7/4, this case is shown in Fig.
18%; (i) ¢ < /4 — ¢/2, this case is shown in Fig. 18%; and (iii) 7/4 >
Y > w/4 — ¢/2, this case is shown in Fig. 18¢. It is seen from Fig. 18
that only a velocity characteristic envelope can coincide with the friction
surface. Therefore, in this case, condition (174) holds. It follows from (147)
that for large 1, but within range (170), ogg is significantly larger than
orr. Therefore, it is reasonable to expect that the case (i) corresponds
to expansion. It is seen from Fig. 18% that only a stress characteristic
envelope can coincide with the friction surface. Therefore, in this case,
condition (173) holds. It follows from (147) that o, is significantly larger
than ogg. Therefore, it is reasonable to expect that the case (ii) corresponds
to contraction. Finally, for the case depicted in Fig. 18¢ either condition
(173) or (174) may represent the maximum friction law. Case (iii) may
correspond to either expansion or contraction. The correspondence between
the cases (i)-(iii), the two regimes of friction (sticking or sliding), and the two
types of deformation (expansion or contraction) will be precisely determined
from the solution to the problem.
In the case of sticking, the circumferential velocity is prescribed,

Ug = —Uy (175)

at r = a, for all models. The assumption g,¢9 > 0 requires u; > 0. The quan-
tity us can be regarded as the circumferential velocity of points of the tool
surface assuming that the tool is an expanding/contacting and rotating rod
inserted into the hole of the cylinder. The rate of rod expansion/contraction
is indeed equal to a.

The models under consideration are history-independent. Hence, to un-
derstand general features it is sufficient to consider the solutions at one
instant, i.e. for a specific geometry. In particular, b and a may be treated
as independent variables, though they are in fact related to each other.
This relation should be used only if the process of deformation for a specific
specimen needs to be studied. An exception is the transition between the
sticking regime and sliding regime where a finite time interval should be
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velocity characteristics direction
O1

stress characteristics direction

r = a, friction surface

(@)

velocity characteristics direction

stress characteristics direction

r = a, friction surface

(b)

velocity characteristics direction
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Figure 18. Illustration of the maximum friction law in cases (i), (ii) and (iii)
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considered. However, even in such cases the specific value of b is not essen-
tial. In what follows, the solutions are mainly understood as instantaneous
solutions for given a and b.

5.3 Solution for Stresses

Since the solution is independent of 6 and z, the equilibrium equations
in the cylindrical coordinates are

8(7”" Orr — 0090 807’9 209
= O7 __ - -7
ar * r ar + r

=0 (176)
The general solution to the second equation of this system is

[ory:] R2

= 1
k r2 (177)

where R is an arbitrary function of a. Combining (147) and (177) leads to

O R? (1 —cos2ysing)  ogg
T oote Tsmogsng | ko9

R? (1 + cos 29 sin @)
72 sin 21 sin ¢
(178)
Substituting (177) and (178) into the first equation of system (176) gives
the following equation for :

0 in 2
o _ ___sin2y (179)
or r (cos 21 — sin p)
This equation can be immediately integrated to give
a t m a 1 —si
r_ cos Y, tan™ R sin @ (180)
a cos ) tan™ 2

where 1), is the value of ¢ at r = a and is a function of a. Equation (180)
determines ¢ as a function of r and @ in implicit form. Substituting v in
Eq. (178) gives, along with (177), the solution for stresses in terms of r and
a depending on two functions, R(a) and ,(a). These functions are to be
found from the boundary conditions.

For later convenience, the value of ¢ at r = b, 1y, is introduced here. It
follows from (180) that

9 _ cos P, tan™ 1, (181)
a cos Yy, tan™ 1y,
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5.4 Solutions for Velocities

The incompressibility equation (154) is involved in all the models under
consideration. Since the solution is independent of 6 and z, this equation
takes the form Ou,./Or + w,./r = 0. Its solution satisfying the boundary
condition (167) is

aa
up = — (182)

The coaxial model. For the problem under consideration, Eq. (155)

becomes 5 5
. Uy Uy } Up o ug _
sin 21) ( o 7") — cos 21 (8r . ) 0 (183)

Substituting (182) into this equation and, then, using (179) and (180) Eq.
(183) can be transformed to

Juyg (cos2y) —sing)  2a(cos2¢ — sin @) cost) tan™ 1 184
% 1o sin 2 N cos ¥, tan™ 1, cos 21 (184)

The solution to this equation satisfying the boundary condition (168) is

P
ug 2 / (cos 2x — sin ¢) tan>™ x cos? XdX

a  cos hq tan 1), cos 1 tan™ P Cos 2
P

b

(185)

The double-shearing model. For the problem under consideration, Eq.
(159), with the use of (160), becomes

sin 2 (auT — ﬁ) — cos 2 <% - %) +
r r

o " (186)
. Oug g o o
— 0l 9r o= ) =
+Sm¢<8r + r ot “ or 0
Using (179), (180) and (182) this equation can be transformed to
2aa sin 2
sin 21&%—2}9 + (cos2y +sin @) ug — w-
.. oY 2aa sin ¢ sin 21)
) - = 1
o Sm¢8a + 7 (cos 2¢) — sin @) 0 (187)
Using (180) it is possible to find the derivative
o _ sin 24 1 . (cos2tp, — sin¢) dq (188)

da  (cos2yp —sing) |a sin 240, da



Plasticity of Porous and Powder Metals 291

Substituting (180) and (188) into (187) gives

Oug  (cos 2 + sin @)

o0 sinzg 0T
% sin ¢ |sin 29, + a (cos 2¢h, — sin ¢) dj;
= . N +
cos 1, tan™ 1, (cos 2¢) — sin @) 2 tan*'" ? 1), cos1p tan™ 1)
2a

N cos P, tan™ 1), (cos 21) — sin @) costptan” ¢ (cos2¢) — 2sing) (189)

The solution to this equation satisfying the boundary condition (168) is

ug tan™

a  cost, tan™ TP 4, sinep

/w sin ¢ [Sin 214 + a (cos 2¢p, — sin @) % tansin®
X

d
(cos2x — sin @) X+

Vo

P .
n /tans‘“¢wa sin 2y (cos 2x — 2sin ¢) dx (190)

(cos2x — sin ¢)
¥y

The double-slip and rotation model. For the problem under consid-
eration, Eq. (165), with the use of (160), becomes

sin 20 (88“7" _ %> — cos 2 (% - %> + sing <% LU 29) =0
T T T T T T

Using (179), (180) and (182) this equation can be transformed to

OQug  (cos2y +sing) iy Qa cos 1), tan™ 1), sin ¢ cos tan™ 1)

% * sin 24 vo == ( asin 21 cos 1 tan™ cos YPq tan™ 1P, )
(192)

The solution to this equation satisfying the boundary condition (168) is

ug  tan™ 1/)

a  singy

(cos 2thy, — cos 24))
2 cos 1, tan™ 1,

+ 22 cos g tan™ 1), sin gb/

cos? Xtan X

(193)
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5.5 Frictional Boundary Condition

The solutions obtained contain two arbitrary functions of a, namely R
and 1,. There are two boundary conditions to determine these functions,
Eq. (169) and the friction boundary condition. Once 1), (a) has been found,
R(a) can be determined from Eqgs (169) and (178) with no difficulty. There-
fore, the key point is the friction boundary condition from which ), (a) is to
be found. In the case of sliding, v, = 1, and the latter quantity is known
due to equations (173) or (174). However, the sliding regime occurs if and
only if the shear stress at the friction surface attains a certain level. It will
be shown that the solutions based on the models chosen are qualitatively
different because of this frictional condition.

Let ug denote u; under the sticking condition and ug under the sliding
condition. In the case of sticking, ug is prescribed and 1, may be found
from the solution. In the case of sliding, 1, = %, is prescribed according
to the frictional law, Eqs (173) or (174), and ug = ug should be found from
the solution.

The coaxial model. Equations (181) and (185) show that the solution
depends on the ratio b/a rather than on b and @ separately. Solution (185)
gives
by
uy 2 (cos 2 — sin ¢) tan®™ x cos? Xd
i@  cos? i), tan®™ 4, / cos 2 X
wa

(194)

It should be noted that the integral in (194) is divergent if the point ¢ = /4
lies between the points ¢ = v, and @ = 1. Therefore, the points ¥ = 1,
and ¥ = iy lie on one side of the point ¢» = /4 and the sub-intervals
0 <y < 7w/4and 7/4 < 1p < 7/2 should be considered separately. The
second sub-interval corresponds to case (i), the first to cases (ii) and (iii)
introduced before (see sub-section 5.2). The sub-interval 0 < ¢ < 7/4
may be further sub-divided as follows. If ¢, < 7/4 and ¢}, < /4, typical
behavior of the integrand in (194) and the function r/a defined by Eq.
(180) is illustrated in Fig. 19%. Tt is seen from this figure that the function
r/a attains its minimum value at ¢» = 7/4 — ¢/2. Therefore, the interval
0 < ¢ < 7/4 may be divided into sub-intervals, 0 < ¢ < 7/4 — ¢/2 and
m/4—¢/2 < < /4, and both ¢ = 1, and ¥ = 1), must lie within one and
only one of these sub-intervals. For, if v = 7/4 — ¢/2 were between ¢ = 1),
and ¥ = iy, the function r/a would attain its minimum value between the
points ¥ = 1, and ¥ = 1, whereas, by definition, its minimum value is at
1 = 1, where rr/a = 1. This further division into sub-intervals separates
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point of minimum,
v =7/4—¢/2
~

v =rl/4

integrand
— T v
Vb Va YalWhp
(a)
| ] "%
by V= /4 Va Vi

Figure 19. (a) Coaxial model: r/a and integrand of (194) as functions of
¥, 0 < < /4, (b) Coaxial model: r/a and integrand of (194) as functions
of t/4 <Y < 7/2

case (ii) from case (iii).

Now consider each of the sub-intervals separately. Since b > a, the order
of the points ¢ = 1, and ¥ = 1, within each sub-interval must be such
as shown in Fig. 19%. Combining the sign of the integrand, the order of
the points ¥ = 1, and ¥ = 1, and the structure of Eq. (194), it may be
seen that the right-hand side of (194) is negative in each sub-interval. Since
ug > 0, a solution exists if and only if @ < 0. In other words, the interval
0 < ¢ < 7/4 corresponds to the contraction of the cylinder. This confirms
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the preliminary conclusion concerning the case (ii) and also clarifies the
situation with case (iii). It is seen from Figs 18°, 18° and 19 that sliding
satisfying condition (173) may occur in both cases (ii) and (iii). However, in
case (iii), where 7/4 — ¢/2 < 1) < 7/4, the integral in (194) may approach
infinity allowing arbitrarily large values of u;. But the curve for r/a depicted
in Fig. 19% shows that b/a is small for any 1, and v, within the interval
[r/4 — ¢/2,7/4]. The critical velocity u.-/a at which the sticking regime
is replaced with the sliding regime is determined from (194) at ¢, = t,,.
A typical dependence of u.,/a on b/a calculated at ¢ = /6 is illustrated
in Fig. 20. The dashed curve corresponds to the regime (iii) and the solid

015+ —u,l/a :
0.1 -
0.05 -
bla
O T T 1
1 1.02 1.04 1.06

Figure 20. Coaxial model: transition between sticking and sliding

curve to the regime (ii). It is seen from this figure that the critical velocity
in the regime (ii) is lower than the critical velocity in the regime (iii) in the
entire range of b/a. Therefore, sliding starts when the critical velocity in
the case (ii) is reached and thus the case (iii) never occurs.

In the case (i), combining the sign of the integrand, the order of the
points 1) = 1, and ¢ = 9y, (see Fig. 19°), and the structure of Eq. (194), it
is possible to see that its right-hand side is positive. Since ug > 0, a solution
exists if and only if @ > 0. Hence the interval m/4 < ¢ < 7/2 corresponds
to the expansion of the cylinder. This confirms the preliminary conclusion
concerning the case (i). In this process of the expansion combined with
twist, it is seen from Figs 18% and 19° that sliding satisfying condition (174)
might occur according to the frictional law. However, since the integral in
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(194) is divergent if ¥, = 7/4, sticking is the only possible friction regime
in this case, which makes a significant difference from the process of the
contraction combined with twist.

The double-shearing model. In this case solution (190) gives

up 2
G sin 2t tans? ),
"sin ¢ {Sin 2 + a(cos2¢, —sing) d;;“ tansin ¢ y
X / : dx
(cos 2y — sin ¢)
wa
»p .
(cos 2y — sin @)

a

At sliding 1, = 1), is prescribed according to (173) and ug = ug should be
found from the solution. For the sticking condition, Eq. (195) is an ordinary
differential equation for v, and a difficulty with this equation is that there
is no initial condition for v,, unless sliding occurs at the beginning of the
process. In the latter case, ¥, = ¥, = 7/4 — ¢/2 = const and, therefore,
dipo/ dt = 0. Substituting these conditions into (195) and eliminating m
using (180) gives

- dx
a

Vb .
Usl 2 / [singbcos ¢ tan®"? 4h 4+ mq sin 2 (cos 2y — 2sin qb)]
~ micos¢g (cos2x — sin @)
wa

(196)
Here and in what follows

cosgp \¢
m = | ————
! 1+ sing

It follows from (181) and (196) that in the case of the double-shearing
model the solution at sliding depends on the ratio b/a rather than on b
and a separately. Note that it is not true in general, since di, /dt may not
vanish under the sticking condition and, therefore, Eq. (195) may involve a.
In such cases, it is more convenient to adopt b/a and a as the independent
variables instead of b and a.

It is easy to see that the denominator and the numerator of the integrand
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in (196) vanish at y = ¢,,. Applying I'Hospital rule it is possible to obtain

. sin ¢ cos ¢ tan®'" ¢ y + my sin 2 (cos 2y — 2sin ¢)
im
X—=Yuw (cos2x — sin @)

= mq COS @

(197)
Therefore, Eq. (196) where 1, should be eliminated using (181) determines
the finite value of ug. The kinematic condition for sliding to occur is u; >
ug;. The critical value of the velocity u; at which transition between the
sliding and sticking regimes may occur, .., is determined by the equation
Uer = ug and has been found at ¢ = 7/6 (see Figure 21). The dashed curve

12 7 |u,/a|
11 T
0.8
0.6 -
bla
0.4 T T 1
1 2 3 4

Figure 21. Double-shearing model: transition between sticking and sliding

corresponds to the expansion, /6 — ¢/2 < ¢ < 7/2, and the solid curve to
the contraction, 0 < ¢ < /4 — ¢/2.

Assume that u; > wu.. at the beginning of the process when a = ay,
Ut = Uer &t @ = aer and then uy < ue-. In such a process, the regime
of sticking must replace the regime of sliding at « = a.,.. Then Eq. (195)
considered as the differential equation for ¢, (a) may be solved for a > a., in
the case of the expansion or a < a., in the case of the contraction together
with the boundary condition

Ve =Yy at a=ac (198)

As in the case of Eq. (196), the integrand in Eq. (195) reduces to the
expression 0/0 at ¥, = 1, and a = a.,. However, in contrast to (196), it is
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a function of two variables, xy and a for a > a., in the case of the expansion
or a < a¢- in the case of the contraction. To find the asymptotic behavior
of ¥4(a) in the vicinity of the point 1), = 1, and a = a.., the functions
involved in the numerator and the denominator of the integrand in (195)
can be expanded in a series with respect to x around x = v,,. The result is

tanSiIl¢X =my [1 +2 (X - ww)tan¢] + O(X - ww) s X = Yw

Sin 2y (cos 2y — 25in @) = — cos Gsin é — 2 (X — 1) + 0 (X — Yu) s X — Y
cos 2x — $in ¢ = —2 (X — ) €08 6 + 0 (X — V) s X — Vs

199
Neglecting terms of order of o (x — ¥,) as x — ¥, Eq. (195), using (199
in the vicinity of the point a = a.,., may be rewritten in the form

—~

)
)

Pw+1s
2

a

wi(a) = my {cos¢+2tan¢% (cosqb—i—acr sinqﬁ%) (a — acr)} +

o(a — aer), a — aer

w2 (a) = Q,mysing <d"/)a

_|_

2
da ) (a - acr) + O(GJ - acr)a a — Qer

(201)
In (201), the derivatives are understood to be calculated at a = a., (or
Yo = ). Also, s < 1 1is a constant such that 1, < 1, < 1y + s and
I1(a) is a non-singular function of a resulting from (195) after integration

from 1., + s to 1. After integration Eq. (200) takes the form

Ut B 2’[02(0,)
7 " “mrcosg " I¥e T Yul +Dle) .

where I5(a) is the non-singular term consisting of 3 (a) and the non-singular
term obtained after integration in (200). It follows from (201) that the sin-
gular term in (202) approaches zero for any function 9, (a) with a bounded
derivative at ¢, = 1¥,,. Therefore, its contribution to the magnitude of u;
is negligible. However, some derivatives of u; may be controlled by the sin-
gular term near the point v, = 1,,. In fact, assuming that di,/da # 0 at
o = 1y and differentiating (202) using (201) gives

2
() = 20 tans (52 o) (203)

da \ @ da
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to leading order. To avoid infinity in this equation, it is necessary to put
dipg /da = 0 at ¥, = 1,,. The latter condition is sufficient to get a bounded
value for the second derivative of u;/a. However, the condition that the
third derivative is bounded requires that d?w,/da® = 0 at 1, = 1. This
process can be continued to the derivative of any order. The same result
can be obtained directly from (195). The denominator of the integrand
is independent of a. Therefore, as v, — 1, the derivative of any order
contains a singular term in the form

[
J(a)
(cos2x — sin¢) dx (204)

a

where J(a) may include derivatives of ¥, as 1, — . In the origi-
nal expression (195), the function J(a) — 0 as a — aer (O Yg — Yy)
leading to a converging integral independently of the value of dip,/dt at
Ya = . This condition is however not satisfied when Eq. (204) is the
singular term involved in a derivative of u;/a and it is necessary to put
A" /da™ = 0 at P, = 1), for obtaining bounded values of d™ (u¢/a) /da™
and d"*! (u;/a) /da™tt. Therefore, it must be concluded that transition
from sliding to sticking with a continuous function 1, (a) is possible if and
only if the function wu;/a satisfies certain restrictions. In particular, its
derivatives of order n and higher do not exist (i.e. they approach infinity)
at v, = ¥,,. The specific number n is determined by the behavior of the
function v, (a) in the vicinity of the point @ = a... The larger the value
of n, the higher the order of the derivative of v, (a) vanishing at a = a.,
must be. On the other hand, u;/a is an independent function determined
by the motion of the tool. Since this motion may be incompatible with
the aforementioned behavior of the function v, (a), the solution for transi-
tion between the sliding and sticking regimes may not exist. On the other
hand, it is possible to show that the solution at u; = wug is not unique.
To this end, a solution under the sticking condition is found below assum-
ing that u; = wug. It is sufficient to consider the initial instance when
a = acr. In (195), ug should be replaced with ug. Then, this equation can
be treated in the following manner. Prescribe any value of 1, within the
interval (w/4 — ¢/2,7/2) in the case of the expansion or within the inter-
val (0,7/4 — ¢/2) in the case of the contraction. Equation (195) should be
solved for adi, /da. If such a solution exists, the corresponding value of 1,
can be used as the boundary condition to solve (195) and by the choice of
this value the sticking regime occurs. The existence of the solution has been
verified by its actual calculation at ¢ = 7/6 and several values of b/a.
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Thus in the case of the double-shearing model there are two types of
non-uniqueness where u; = ug: (i) one can obtain the solution either under
the sliding condition or under the sticking condition, (ii) in the case of
sticking, it is possible to get an infinite number of solutions by selecting
different couples v, and adi,/da satisfying (195) at a = acr. If up # ug,
the solution is not unique because there is no initial condition for Eq. (195)
considered as the ordinary differential equation for v,, which is somehow
similar to the case (ii) when u; = ug.

The double-slip and rotation model. In this case Eqs (181) and (193)
show that the solution depends on the ratio b/a and a. Equation (193)
combined with the frictional boundary condition gives

2ty — cos 2
@ = (c0s 24y — cos wb) =2 cot Yo tan®™ o, smd)/
a sin 24,

cos? x tan X

(205)
It is seen from this equation that the integral is not singular at 1, = 1y, in
contrast to both the double-shearing and coaxial models. Therefore, for any
given values of €} and a, specific values of u.. and u.- < oo can be found
from (205) at ¥, = ¥y. If u; < U, the unique solution at sticking exists
and if u; > u.,- the unique solution at sliding exists. At u; = u,, transition
between the regimes occurs such that 1, is a continuous function of a.

5.6 Solution for Pressure-independent Plasticity

The general system of equations is given in Section 2. In particular, the
yield criterion (143) coincides with (9) and, therefore, with (8) at ¢ = 0 and
k = 00/V/3 since oo = (01 + 03)/2 in the case of plane strain deformation
of the pressure-independent material. The yield criterion is satisfied by the
standard substitution

- — 0gg = 2k cos2v, 0.9 = ksin 2y (206)

Then, the associated flow rule (15) results in (183). Moreover, (186) and
(191) reduce to (183) at ¢ = 0. Even though the co-axiality condition is
satisfied in pressure-independent plasticity, an essential difference from the
co-axial model is that in the case under consideration the characteristics for
stresses and velocities coincide, which is a property of the double-shearing
and double-slip and rotation models. The maximum friction law (173) re-
duces to (174) at ¢ = 0.

As before, the distribution of the shear stress is given by (177) and the
radial velocity by (182). Using these solutions and (206), the solution to
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(183) satisfying the boundary condition (168) can be found in the form

2 —xz (”4 L _R4> (207)

RQ b2 T2

Here and in what follows the upper sign corresponds to the contraction,
0 < < m/4, and the lower sign to the expansion, 7/4 < 9 < 7/2.

In the case of sliding, it follows from (174), (177) and (206) that R = a.
Substituting this equation into (207) at r = a gives

Ugl a\4
Y A ey 2
Fa ( b ) (208)
In the case of sticking, it follows from (175) and (207) that

a_2 (\/b4 R - Va? —R4>

b2 a?

Ut
— = 209
This equation determines R at given a and b. In particular, it follows from
(209) that

0<R<a (210)

At given a and b, the right-hand side of (209) is a monotonically increasing
function of R in the interval 0 < R < a. Therefore, within this interval
the maximum is attained at R = a. Hence taking into account (210), it
is possible to conclude that the solution under the sticking condition does
not exist for u; > .- where ug,- is determined from Eq. (209) at R = a.
Comparing with (208) shows that ug = wue.. Therefore, in the case of
classical plasticity, both regimes, sliding and sticking, may occur and the
solution is unique for both processes, the expansion and contraction.

5.7 Singularity in Velocity Fields

In the case of sliding, the velocity fields in the solutions based the double-
shearing model, the double-slip and rotation model and the classical plastic-
ity model are singular. To show this it is necessary to find the shear strain
rate. In the problem under consideration it is defined by

6UQ ug

26 = — — — 211
&0 or r (211)
The first term may be written in the form

Oug  Oug 8_111

B = Bv o (212)
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It follows from (189), using (197), that for the double-shearing model the
derivative dug /01 is bounded and, in general, is not zero at ¥ = 1,,. The
same conclusion can be drawn from (192) for the double-slip and rotation
model. On the other hand, it follows from (179) that dvy/0r — oo as
¥ — 1y,. Therefore, it is clear from (211) and (212) that &9 — oo as
1) — 1, and thus the velocity field is singular. In the vicinity of the point
=1y (or r =a), Eq. (179) can be rewritten in the form

%_ 1
87‘ B 20(711—7/)1,,)

to leading order. The solution to Eq. (213) satisfying the condition ¢ = 1,
at r=ais

(213)

w—wwzi—”\/g‘L+o(M), r—a (214)

Substituting (214) into (213) gives

oY 1

o0 ——— - 21

or (Vr—a)’ roa (215)
Then, it follows from (211) and (212) that

gm:O(\/rl——a)’ r—a (216)

Since £.9 — 00 as r — a, its magnitude controls the behavior of the equiv-
alent strain rate in the vicinity of the friction surface

56q20<\/7”1——a>7 r—a (217)
This is a general property of the equations of classical plasticity (see Eq.
(74)). In particular, in the problem under consideration, (217) can be ob-
tained from (207) by inspection. Alexandrov and Lyamina (2002); Alexan-
drov (2005) have found the behavior (217) in the general case of plane-strain
and axisymmetric deformation of materials obeying the double-shearing
model.

In the case of the co-axial model, Eq. (184) shows that dug /0 is pro-
portional to (cos2t¢ — sin¢). Therefore, the product on the right in Eq.
(212) is bounded at the friction surface, as follows from Eq. (179) and,
therefore, (217) does not hold for this model.

Other comparative studies of solution behavior in the vicinity of maxi-
mum friction surfaces for the coaxial and double-shearing models have been
completed in Alexandrov (2003); Alexandrov and Lyamina (2005).
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A boundary value problem similar to that considered in this Section has
been solved for the model based on the yield criterion (88) and its associated
flow rule in Alexandrov et al. (2008b). In particular, it has been found that
the velocity field satisfies (217).

6 Applications

The area of applicability of this or that model is rather conditional on the
specific area of application. Therefore, it is advantageous that the solu-
tions based on various models that reduce to the same model at specific
values of input parameters show the same qualitative behavior everywhere.
The structure of the closed-form solutions considered includes a number
of qualitative features, such as the existence of rigid zones, the transition
between the regimes of sticking and sliding, the singularity in the velocity
field, non-existence of the solution, and non-uniqueness of the solution. It
is, therefore, ideal in helping to select this or that generalization of the clas-
sical theory of plasticity for specific applications. For instant, experimental
evidence of pressure-dependency of traditional metals, which can be treated
as incompressible materials, can be found in Spitzig et al. (1976); Kao et al.
(1990). As follows from the comparative study in Section 5, among the
pressure-dependent models considered the double slip and rotation model
is most suitable for such materials, if their pressure-dependency should be
taken into account. The aforementioned closed-form solutions are also use-
ful for verifying numerical codes, which is a necessary step before their use
in practical applications (for example, Roberts et al. (1992)).

A possible area of applications of the singular velocity fields near max-
imum friction surfaces, Eq. (1.1), is the description of the formation of a
thin layer in the vicinity of frictional interfaces where material properties
are very different from the properties in the bulk in manufacturing pro-
cesses (Dutton et al., 1998; Aukrust and LaZghab, 2000; Moylan et al.,
2003; Trunina and Kokovkhin, 2008). In particular, the structure of mate-
rial in a narrow layer near the friction surface after plane-strain extrusion
of a brass specimen is shown in Figs 22 and 23 (Alexandrov et al., 2009).
It is seen from Fig. 22 that the layer where material properties are very
different from the properties in the bulk is quite thin (about 100 um).
A theoretical experimental approach for determining the thickness of such
layers has been proposed in Alexandrov et al. (2009). The approach is based
on the strain rate intensity factor. Moreover, this layer can be further di-
vided into sub-layers in which various features of the material structure can
be seen at a finer resolution (see Fig. 23). Probably, an approach similar to
that proposed in Alexandrov et al. (2009) can be developed for determining
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Figure 22. Layer of intensive plastic deformation in the vicinity of the
frictional interface, Sy, after plane strain extrusion of a brass specimen

the thickness of each of these sub-layers. Other approaches based on the
strain rate intensity factor for predicting this or that feature of deformation
processes in a narrow layer near frictional interfaces have been proposed in
Alexandrov et al. (2003); Alexandrov and Lyamina (2006, 2007); Lyamina
et al. (2007). In order to apply these approaches, it is necessary to calculate
the strain rate intensity factor. It is impossible by means of commercial nu-
merical codes because of the singularity in the velocity field. A review of the
strain rate intensity factors available from closed-form solutions is provided
in Alexandrov (2009). A numerical method for determining the strain rate
intensity factor in plane strain problems for rigid perfectly/plastic solids
has been proposed in Lyamina (2007). This method cannot be extended to
other modes of deformation or other material models because it is based on
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Figure 23. Structure of the layer shown in Fig. 22 at a finer resolution

specific properties of the system of equations for plane-strain deformation
of rigid perfectly/plastic solids.

The upper bound method is a convenient tool for finding approximate
velocity fields and evaluating the load required to deform the material
(Avitzur, 1980; Kamenjarzh, 1996). In utilizing this method, the veloc-
ity fields are typically approximated by a class of assumed functions. This
is true even when finite element methods are used. The assumed functions
can have a large effect of the accuracy of the result. Therefore, it is advan-
tageous to select these functions (kinematically admissible velocity fields)
such that (1.1) is satisfied, even though it is not a requirement of the up-
per bound theorem. It has been demonstrated in Alexandrov et al. (2001).
Kinematically admissible velocity fields that account for (1.1) have been
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also used in Alexandrov (1999); Alexandrov and Kocak (2008); Alexandrov
and Richmond (2000) among others.
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Abstract Cellular materials are used as impact energy absorbers
due to their large densification strain at the plateau stress during
the plastic compression. For a cellular rod struck by a rigid object,
the critical impact velocity is determined. If the impact velocity
is higher than the critical impact velocity, the elastic wave will be
followed by plastic shock waves. Plastic shock waves and shock
arrest are investigated analytically for longitudinal impacts. Shock
behaviors are characterized for material design purpose and will be
used for impact protection.

1 Introduction

Cellular materials, such as metal foams, are used as impact energy absorbers
in crash and blast protection due to their unique constitutive behavior, e.g.,
Ashby et al. (2000). Three stages can be identified in the stress-strain curve
of the uniaxial compression of cellular materials, as shown schematically by
the solid line in Fig. 1.

e Stage I: For a closed-cell cellular material, deformation is in the form
of bending of the cell walls and edges and is, in general, reversible. At
the end of this stage some cells suffer collapse. This may be due to
elastic buckling, plastic deformation or fracture.

e Stage II: The almost constant compressive stress appears in a wide
range of strain. Buckling and plastic collapse occurs successively until
all cells are collapsed. The deformation in this stage is unrecoverable.

e Stage III: Cell walls and edges contact each other and are crushed;
giving rise to a steeply rising stress.

For impact analysis, Reid and Peng (1997) firstly treated cellular materi-
als subject to uniaxial compression using a simplified rigid, perfectly-plastic,
locking (RPPL) model as shown by the dashed lines in Fig. 1. The constitu-
tive behavior in stage - I is simplified as rigid. Stage - II is treated as perfect
plastic with the yielding plateau stress op;. The second stage ends with the
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Figure 1. Constitutive behavior of a typical cellular material. The solid line
shows schematically the relation between stress o and strain €. The dashed
line shows the idealization of the stress-strain curve in the rigid, perfect-
plastic, locking (RPPL) model. In stage - I, the material is treated as rigid.
In stage - II, the material is in perfect plasticity with yield stress op,1. In
stage - III, the material is again treated as rigid, with the densification
strain ep

locking (densification) strain ep. Stage - IIT is again idealized as rigid. Tan
et al. (2002, 2005a,b) used a RPPL idealization of foam materials to study
the inertia effects and shock enhancement in uniaxial dynamic compression.
Radford et al. (2005) used RPPL model to study the shock behavior in a
metal foam projectiles. Harrigan et al. (2009) compared RPPL with other
analytical approaches on shock wave based models.

Alporas aluminium foam developed by the Shinko Wire Company has a
plateau stress op1 in the range of 1.3 ~ 1.7 MPa, the Young’s modulus £
in the rage of 0.4 ~ 1.0 GPa, and densification strain ep in the range of 0.7
~ 0.82 (Ashby et al., 2000). The strain at the end of first stage is of the
order opi/E, which is around 0.2%; compared with the densification strain
ep it is reasonable to ignore this part of deformation and treat the material
in stage I as rigid, as shown in Fig. 1.

To keep the mathematics and models simple, let us only consider uniaxial
compressive stress and strain. In the following, impact of a one-dimensional
cellular material as shown in Fig. 2 will be studied. For simplicity, the
RPPL model with be adopted.
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impact

Figure 2. Impact on a cellular rod. Planar shock wave will be generated
from the impact end, and propagates along the impact direction

2 Wave Propagation in a Cellular Rod

To design the crush and blast protection using cellular materials, we need
to understand the wave behaviors in those materials under different impact
velocities. Lopatnikov et al. (2004) considered in the general case of four
significantly different possibilities of high-velocity impact on a cellular ma-
terial that separated by three characteristic velocities: sound velocity of
the constituent material, sound velocity of the cellular material and sound
velocity during the plateau and up to the complete densification of the foam.

After impacted by a striking object, as shown in Fig. 2, there are two
kinds of waves generated in the cellular rod, first an elastic wave, then
followed by a plastic shock wave. However for the generation of the plastic
shock wave, there is a minimum requirement for the impact velocity vy, to
be higher than a critical value vg,. This section finds the critical impact
velocity for the generation of plastic shock waves.

The case of a rigid mass impacting a semi-infinite rod, as shown in Fig.
3, is studied. A one-dimensional coordinate system is set along the rod, with

Cellular rod

v

m

t

Figure 3. One-dimensional coordinate system on a cellular rod, with im-
pact from a striking object of mass m and velocity v,
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the origin at the impact end. The general one-dimensional wave equation is

Oo 9%u

ox o @)
where o and u are the stress and displacement along the x-axis, p is the
density, and ¢ is time with ¢ = 0 corresponds to the moment of the impact
commencement.

When the impact level is low, the density of the cellular material is pg,
and the relation between the uniaxial stress ¢ and strain ¢ is elastic that
takes the form

o= Fe (2)

where E is the Young’s modulus. The strain € relates to the axial displace-

ment u through
u
= — 3
€= 3)

Substituting the above relations between the stress, strain and displacement
into Eq. (1), the displacement wave equation can be rewritten as

2 1 2
Ou_ 10w @
0x? ¢z Ot?
where
Cgl =FE/po (5)

The solution of the above wave equation can be expressed in a general form
as

u(xv t) = fforward (:L' - Celt) + fbackward(x + Celt) (6)

which gives the meaning of ce as the elastic wave speed, frorward (€ — Ceit)
and fhackward (T + ceit) are two arbitrary functions representing waves that
propagate in the forward and backward directions along the z-axis, respec-
tively. Detailed expressions of frorward (Z — ceit) and foackward (€ + cat) need
to be determined by detailed physical conditions.

The displacement waves generated from the impact end x = 0 propagate
in the positive x direction and are initially elastic, which entails the general
wave expression as

u(z,t) = H(cat — ) f(cat — x), (7)

where H () is the Heaviside function. For Alporas metal foam, the Young’s
modulus F and the density po are in the rage of 0.4 ~ 1.0 GPa and 0.2 ~
0.25 103 kg/m?, respectively (Ashby et al., 2000); the elastic wave speed is,
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calculated from Eq. (5), in the range 1.4 ~ 2.2 km/s. The impact velocity
we consider, such as during the car crash accident, is normally on the order
of several tens of meters per second, much slower compared with the elastic
wave speed in typical cellular protection materials.

Detailed expression of the function f, for the case of a rod struck by a
rigid object of impact velocity vy, as shown in Fig. 3, will be explored in
the following. The areal mass m of the striking body relates to the total
mass of the striking object Mimpact through the relation

Mimpact
m=——— 8
p (3)
where A the cross section area of the rod. The impulse-momentum relation
applied to the striking mass gives

mduy, = o dt, 9)

where oy, is the stress in the striking object. Assuming that the striking
object is attached to the rod after impact, i.e., the striking object and the
impact end of the rod share the same velocity and stress so that

(0,1 L 0u(0,1)
m =g, o= B (10)

With the general expression of u(x,t) in Eq. (7), the velocity vy, and stress
om can be expressed using the function f as

Um = Celf/(celt)7 Om = _Efl(celt) (11)

Substitution of the expressions for vy, and oy, into Eq. (9) generates the
differential equation

meadf'(cat) + Ef(cat)dt =0 (12)

The initial conditions

Uml|,_y = Vm,  u(0,0)=0 (13)
give the initial conditions of function f(&) as
Um
fo)y=0,  f(0)= . (14)

The solution of the differential equation on f(§) with the above initial con-

ditions gives
MCelVm E
&) =" 1 exp (- e |. (15)
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Using Eq. (7), the general displacement field in the rod is given by

mMum, E
u(z,t) = 1—exp|— Coit — H(cat — x 16
(0.0 = 22 |1 —exp (et =) ) | HCeat =) (10)
Using
Ou(z,t)
1) = , 17
o(a,t) = 25 (1)
the evolution of velocity field is
v(x,t) = Uy exp [—@(Celt —x)| H(cat — ), (18)
m
Using
ou(x,t)
t)y=F 19
olrt) = BEY, (19)
the evolution of velocity field is
o(x,t) = —Ce1PoUm €xXp [—p—o(celt —z)| H(cat — ) (20)
m
The relation between the velocity and stress field is
v(x,t) _ 1 (21)

o(x,t)  capo

Figure 4 shows the time evolution of the stress fields. The vertical axis is
the compressive stress nondimensionalized as —o/cqpovm. The horizontal
axis is the nondimensionalized position xpg/m. Stress waves are drawn for
three moments of m/poce1, 2m/ pocel and 3m/poce. The compressive stresses
at the wave front keep the same magnitude of c¢povy,, which is independent
of the mass of the striking object.

At the impact end x = 0, the time evolution of the displacement, velocity
and stress fields are

u(0,t) = [1t0m [1 — exp (— Celf0 t)} ,
CelP0 P m
00.8) = wmexp (=), (22)
m
0(0,t) = —CelpyUm €XP (—Ccrlnﬂt) ,

respectively. At time ¢ = 0, the compressive stress at the impact end of the
cellular rod is poCeivy. When

CelPOUm > Opl, (23)
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Figure 4. Impact induced compressive stress wave in an elastic rod. The
wave propagates along = (rod axis) direction. In the figure, the position
is nondimensionalized as zpp/m, and the stress is nondimensionalized as
—0/Capovm. The wave is shown at 3 different times: m/poce1, 2m/pocel and
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the plastic shock wave will follow the elastic wave.

The response of materials and structures to suddenly applied loads, such
as shown in Fig. 3, can be quite different from their response when subjected
to loads which increases slowly. The critical impact velocity is

Opl

v, = —— 24
PoCel ( )

If the impact velocity is slower than vf, , only an elastic wave will be gen-

erated from the impact end. If the impact velocity is higher than v¢ | the

m?

elastic wave will be followed by plastic shock waves. A plastic shock wave is
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made by a rapid, continuous push, and is characterized by an abrupt, nearly
discontinuous change in the mechanical properties of the cellular rod: stress,
mass density, particle velocity.

For Alporas metal foam the plateau stress oy, density po and elastic
wave speed ce are in the ranges of 1.3 ~ 1.7 MPa, 0.2 ~ 0.25 103 kg/m?
and 1.4 ~ 2.2 km/s, respectively. Therefore, the critical impact velocity vf
is in the range of 2.6 ~ 6.0 m/s . According to Eq. (21), when the wave
stress reaches —oyp, the particle velocity is opi/(ceipo). This particle velocity
of the elastic wave is relatively small compared with the impact velocity viy
which can be around 30 m/s during cases such as a highway car crashing.

Shock-wave analysis is used in the following sections for high speed im-
pact. We study two cases on the impact of cellular materials: a rigid object
striking on a cellular rod with fixed end, and a rigid object striking on a
free cellular rod. The kinetic energy of the striking object is transmitted to
the rod and absorbed by deformation and damage in the cellular material.

3 Rigid Object Strikes on a Cellular Rod of Fixed
End

In crash protection the absorber must absorb the kinetic energy of the mov-
ing object without reaching complete densification, and the stress it trans-
mits never exceeds the plateau stress.

Consider the impact of one end of a stationary rod by a rigid striker
at a high velocity vy, as denoted in Fig. 5(a). The rod is homogeneous
and made from a RPPL material. After impact a shock wave moves from
the impacted end to the opposite fixed end of the rod, as shown in Fig
5(b). The stress ahead of the shock wave is compressive with magnitude oy,
brought up by the fast travelling elastic wave. According to the argument
in the previous section particle velocity of the elastic wave is relatively small
compared with the impact velocity vy, therefore, the material ahead of the
shock front can be treated as static with zero particle velocity. The material
behind the shock front has attained a strain ep, its particle velocity is vq, its
density has been raised from the initial value pg to the densification value
D, and the compressive stress has been raised to og4.

3.1 Basic Assumptions
Assumptions are made for analytically investigating the shock behavior

in a one-dimensional cellular rod:

1. There is a sharp shock front separating the compressed and unde-
formed regions of the foam. The micrograph in Fig. 6 clearly shows a
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Figure 5. A fixed cellular rod struck by a rigid object. The object has an
areal mass m and impact velocity v,,. The cellular rod is separated by the
shock front into two portions, the uncondensed portion is in white colour,
and the condensed portion is in gray colour. For the uncondensed portion
the particle velocity is 0 and the material density is pg. For the densified
portion the particle velocity is vy and the density is pp. The velocity of
shock front is v

sharp shock front separating the compressed and undeformed regions
of the foam.
2. After the densification, the particle velocities of the densified materials
are equal to each other and equal to the velocity of the striking body.
The densified layer has a density which is spatially constant.
4. The rate effects that affect the deformation and failure modes of cel-
lular materials (e.g., Calladine and English (1984)) are ignored.

w

3.2 Shock Wave Analysis

Here we consider the case where the impact speed is lower than the elastic
wave speed Therefore, in the undeformed region ahead of the shock wave,
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Shock front

condensed cells i undisturbed cells

Figure 6. A scanning electron micrograph of the metal foam specimen
sectioned along its impact axis. The impact is acting from left to the right
(Radford et al., 2005)

the stress is equal to the plateau stress op, while the strain and particle
velocity can be ignored.
According to definition, the densification strain ep
u
xa+u’

Ep = (25)

where, as shown Fig. 5, u is the displacement of the rigid mass at time ¢,

and z4 is the deformed length of the crushed cellular material.
Conservation of mass across the shock front gives

21 ¢p (26)
PD
As shown in Fig. 1, the densification strain ep in the RPPL model cannot
be exactly defined from the measured stress-strain cure. Equation (26)
provides a method to determine ep experimentally, that is to measure the
material density before and after densification, the densification strain ep
can thus be determined through ep =1 — po/pp.
The cellular material behind the shock front is idealized as rigid. The
instantaneous velocity (reducing) of the rigid mass with respect to a sta-
tionary frame is the same as the particle velocity of the condensed part, and

is denoted as
du

-1 (27)

Ud
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The shock velocity v is faster than the particles velocity vq, and this
gives the increase of x4 with respect of time,

dxd

&8 _ o — 2
at (% Ud (8)

This provides the relation between the shock velocity vs and the condensed
part velocity vq as
T—_—— (29)
S ED )
and d )
Td — ED
— = 30
dt €D vd ( )
Considering the momentum change of the body consists of the striking
object and the cellular material behind the shock front, one has

d[(m + prd)Ud] = —Upldt, (31)

where m is the areal mass of the impact object. The above equation gives

1—¢
vad[(m + ppxa)val + opi Pdzg =0,
which can be rewritten as
1—¢ 2
D . U(Qi + _
Opl€D + Pov] m + poxd

The above differential equation, together with the initial condition
Vg = Up when 29 =0 (32)

provides
(pov3 + opien)(m + poza)? = (povi + opiep)m? (33)

This further gives the particle velocity behind the shock as

2 2
1+ (”—) ] (7’” ) —1, (34)
Ve m + ppxd

where the characteristic velocity vc is defined as

Vq = vUC

vo = | 220 (35)
£o
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The evolution of x4 can be solved from the following differential equation

d:L'd 1-— ED 1+ 2
. e 5 1,
det D (1 i pD$d>
where
§=m (36)
(%e

The solution of the above differential equation, together with the initial
condition
x=0 at t=0, (37)

gives

€D

Solve the equation for z4, one has the time evolution of the length of the
crushed foam as

m m 2 1—e¢ 2 m1l—e¢
Xrq=——-+ <—> — < DUct) +2— D’Uimt, (38)
PD PD €D PD €D

which can be written in a nondimensionalized form as

12y, (39)

m/pp

where the nondimensionalized time ¢ is defined as

f=—— (40)

Figure 7 shows the time evolution of the crushed length x4 affected by the
impact velocity.
Shock arrest, which means complete stopping of the shock wave, requires

dxd
=0 41

1y, (41)

which gives the arrest distance 23", or the maximum length of the crushed

cellular material, as
arrest

M 121 (42)

m/pp
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Figure 7. Nondimensionalized crushed-length, z4/(m/pp), evolves as a
function of nondimensionalized time, t/(epm/povc, for different impact ve-

locities v,, at 0.5\/5D0p1/p0, \/EDO'pl/po and 1.5y/epop1/po, respectively

Figure 8 shows the relation between the arrest distance and the impact
velocity.
According to Eq. (39), the time to reach shock arrest is

=17, (43)

which means -
t=— (44)

O'pl

The above relation can also be derived from the momentum-impulse re-
lations during the time period from impact commencement to the shock
arrest.

According to Eq. (42), to crush a impact velocity of vy, the mass of
the cellular material for energy absorbing, M eiular, should be at least

2
Meenular <'Um )
Heellular _ [y 4 (Ym) 45
Mimpact vc ( )

where Mimpact is the mass of the impact object. For the case of vim = vc,
Meettular/Mimpact = V2 — 1, i.e, for the complete protection (shock arrest)
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Figure 8. Nondimensionalized arrest distance, 23"*"/(m/pp), as a func-
tion of the nondimensionalized impact velocity 0 = vy /vc

against a impact velocity of v, the ratio of the mass of the cellular material
for energy absorbing and that of the impact object should be at least 1.4.
From Eq. (45), a fixed cellular rod can fully arrest a striking object of mass
Mimpact With impact velocity up to

Mcellular) ?

Ve 14— -1

\/< Mimpact

For car crash, the impact velocity is about v, = 30 m/s. Table 1 gives the
material properties (density, densification strain and plateau stress) for sev-

eral typical cellular materials. The characteristic velocity is given through
Eq. (35).

Stress behind the shock front. For a shock wave passing a cellular
material, the shock enhancement effect under high speed impact (>100 m/s)
was originally proposed by Reid and Peng (1997). Afterwards, a number of
authors also reported this effect for various cellular materials at high impact
speeds (Lopatnikov et al., 2003, 2004; Tan et al., 2002, 2005a,b; Radford
et al., 2005). For relatively low impact speeds, there is the so-called critical
velocity under which shock enhancement is not significant (~50m/s).
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Table 1. Material properties for some typical cellular materials
Foam Density Plateau | Densification | Characteristic

00 stress op strain ep velocity vce
(kg/m®) | (MPa) (m/s)
Polyurethane 34 0.25 0.55 64
Cork 164 1 0.55 58
Alporas metal | 200 ~ 250 | 1.3 ~ 1.7 0.7 ~ 0.82 60.3 ~ 83.4

Stress behind the shock front is derived in the following. Conservation
of momentum across the shock front gives the compressive stress behind the

shock o4 as

Oq = — (O'p1+

EDU§>

(46)

Using Eq. (33), the stress behind the shock can be written as a function of
the length of the crushed cellular rod zq

04 = —Opl

2 2
Um m
1+ (= —
(UC> ] (m+pnxd>

(47)

Using Eq. (38) for z as a function of time ¢, and the nondimensionalized
notation for impact velocity ¢ = vy, /vc and time ¢ = t/(mep/pove), Eq.

(47) provides

gd

O'p1

1+ 92

T 1t

(48)

Figure 9 shows the time evolution of the stress behind the shock front
affected by impact velocity. In a dimensional form

0d

Up]

At time t = 0,

Stress on the striking object.

2
OplED + PoViy

oq = — <0p1—|—

which shows that higher densification strain and lower material density of
the cellular rod can reduce the impact stress.

function of time into Eq. (25), one has

(—1 V1 +2@£—£2)

mep
Po

u =

epm2opl + 2MVimPoopit — PoTpiTpIt?

2
P0Vim
ED ’

m? (49)

(50)

Substitute the expression for x4 as a

(51)
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Figure 9. Nondimensionalized stress behind the shock front, o4/,
evolves as a function of nondimensionalized, t/(epm/povc), for different

impact velocities v, at 0.5\/£D0p1/p0, \/€D0'p1/po and 1.5y/epopi/po, re-
spectively

The stress on the mass can be calculated from
d?u
om = m—,
dit?

which gives

Om 1+ 92

mo_ _m 53

Opl (1 + 20t — £2)3/2 (53)

In a dimensional form,

2
Im o _ €Dyl (54)

3/2
Opl o
4 (1 Lo P ﬂo_p;tz)
Epm Epm

Figure 10 shows the time evolution of the stress acted on the mass affected
by the impact velocity. At time ¢ = 0,

2
o = — <apl + %) , (55)
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which shows that higher densification strain and lower material density of
the cellular rod can reduce the impact stress.

nondimensionalized stress

T
0 05 1 1.5
nondimensionalized time

Figure 10. Nondimensionalized stress on the striking object, —om /oy,
evolves as a function of nondimensionalized, ¢/(spm/povc, for different im-

pact velocities v, at 0.5\/5D0p1/p0, \/epapl/po and 1.5y/epopi/po, respec-
tively

4 Rigid Object Strikes on a Free Cellular Rod

This section investigates the behavior of a cellular rod struck by a rigid
object as shown in Fig. 11(a). The rod is homogeneous and made from a
RPPL cellular material. The original length of the rod is L. The striking
object has areal mass m and is at a high impact velocity v;,. After impact
a shock wave is generated from the impacted end and moves to the opposite
free end of the rod, as shown in Fig. 11(b). The shock front moves at
velocity vs. The material ahead of the shock wave (uncondensed) is treated
as rigid that moves at velocity vg. The material behind the shock front has
attained a strain ep and a particle velocity vq; its density has been raised
from the initial value py to the densification value pp, and the compressive
stress has been raised to 4. The length of the condensed cellular rod is
denoted as xg4.



326 H. Tan and S. Qu
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i density: p, free end
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< >
(a) before impact
Ve vy Yo
— — —
dcnsity' Po dcm:it)'; 28 free end
V.S " S shock front
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(b) during impact

Figure 11. A free stationary cellular-rod struck by a rigid object of areal
mass m and impact velocity vy,. Shock wave is generated from the impact
end and propagates at a velocity vs. The shock front separate the rod into
two parts, denoted as state “0” (with initial density pp, zero stress and
strain, and particle velocity vg) and state “d” (with condensed strain ep,
density pp, and particle velocity vgq ). During the impact, the displacement
of the striker is u, and the length of the crushed rod is zq

The usage of the subscripts in this section is in consistent with that in
the last section. The capital letter “D” (such as that in pp and ep) denotes
material constants during the densification, and the small letter “d” (such
as that in z + d, v + d and o0q) denotes variables that change during the
densification. The subscript “0” includes both material constants (such as
po) and variables (such asvg) before densification.

The displacement of the striking object is u. The relation between the
shock velocity vs, condensed particle velocity vq, and the increasing rate of
the condensed length dxq/d¢ can be written as

d({Ed + u) dzq

SE T a + vq (56)
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Conservation of mass across the shock front gives the relation between
the material densities before and after densification as pg = pp(1 — ep).

A shock coordinate system that sits on the shock front can be established
as in Fig. 12. In this reference system particles enter into the shock front at

v, = vy v, =V,

—  f—
density: p, density: p,
/ ('_‘)m_

Shock front

Figure 12. Local coordinate system at the shock front that travels with
the shock wave. Viewing in this reference coordinate system, the particles
move across the shock front at the speed of vs — vy to the left, and comes
out of the shock wave front at the speed of vy — vgq

velocity vs —vp, and come out at velocity vs—vq. During a short time period
At, an element of length AX = (vs — v9)At (shown as a white block in Fig.
12) and density pp enters into the shock front. Meanwhile, an element of
length (vs —vq)At (shown as a gray block in Fig. 12) and density pp moves
out of the shock front. The conservation of mass across the shock front
provides

PD(US - Ud) = po(vs — vo),

which gives

Vg = vd = v + vg (57)
€D

The mass of the foam behind the shock is ppx, and the mass of the foam
ahead the shock is poL — ppx. Conservation of momentum of the whole
system that includes both impact object and the cellular rod gives

(m + ppxa)va + (poL — ppxa)vy = MUim (58)

For the region ahead of the shock wave front, we have

dv
op1 = (poL — ppa) ) (59)
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From Eq. (56) to (59), a non-dimensional equation system that contains
3 equations for 3 time-varying variables, T4, 04 and g, can be derived as

(M + Zq)a + (1 — Tq))o = m,

dig _ oo oo dbg 1 (60)
a Y @ n(-ia
where the mass coefficient 1
m=—m 61
oL (61)

is the ratio of the impact mass versus the foam mass; and the impact coef-

ficient
pov2 Vim \
=i (tm) (62
Opl€D (e

characterizes the impact strength, where the characteristic velocity of the
cellular material ve is defined in Eq. (35); the time is expressed in a non-
dimensional form that combines the impact velocity viy,, the length of the
foam L L and densification strain ep as

Vim

E:

t; 63
Tenl (63)

and the 3 nondimensionalized time-varying variables (Zq, 04 and 0g) are

defined as
~ xrq - Uq - Vo
— LI _ < = 64
d (1—ep)L’ vd= Vim v Vim (64)

The range for Z4 is [0,1] where Z4 = 0 corresponds to the commencement
for impact, and £q = 1 corresponds to complete densification of the whole
foam rod.

As an example, we use Alporas metal foams for the protection from car
crashing. For this type of foams, the characteristic v¢ is in the range 60.3
~ 83.4 m/s. The impact velocity during the highway car crash is around 30
m/s. For this impact velocity, the impact coefficient 7 is in the range 0.13
~ 0.25.

The relation between 0y and Z4 is derived in the following. Equations
(60) generate

14s
nlm — (1 + m)]dog = ( Jr,fn — 1> dZq
1—2q

The integration gives

1
moy = =v5(1+m) + ;[id + (1+m)In(l — Z4)] = const
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With the initial condition
’l~)0 =0 when i‘d = 07

the above equation generates

1 1
S+ )Ty — by — Z[jd + (1 +m)In(l —Z4)] =0

Solving the above equation for 9y one has

Vg = T [ \/mQ =1+ m)[Za+ (1 +m)In(l — zq)] (65)

The relation between dz4/dt and Z4 is derived in the following. Eq. (60)
gives the relation
dza i — (1 —m)i
dt m+g

Substitution of the expression for 7y into the above equation generates

(66)

dz 1 2
d—id:m_’_fcd\/m2+E(1+rh)[§:d+(l+m)ln(1—:id)] (67)
The above equation gives the time evolution of the length of the crushed
cellular rod.

Figure 13 shows the time evolution of 4 for several impact coefficients
at n = 0.5, 1, 2 and 4. When both condensed part and uncondensed part
of the cellular rod reach the same particle velocity, i.e.,

’Dd - 607 (68)

shock wave disappears. This is termed as shock arrest. The arrest dis-
tance (nondimensionalized) to the shock wave, which is the non-dimensional
length of crushed foam at this moment, is denoted as z3"****. Using Eq. (60),

the nondimensionalized arrest distance xfl”e“ can be determined from
dz
=4 _0 (69)
dt

Further using Eq. (67), 23" can be determined as the root of the following
equation

nn?

Flaa) = @a+ (L m) Il = 50) + 557 os

=0 (70)
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Figure 13. Nondimensionalized length of the crushed cellular rod, zq =
x/(1 — ep)L, as a function of nondimensionalized time, = v,,t/Lep, for
several impact coefficients n at 0.5,1, 2 and 4, respectively. The mass coef-
ficients is set at m =1

For the function F(Z4), the derivative is dF/dZq = —(Zq+m)/(1 —Zq). In
the range (0,1), F'(0) > 0, FI(1) < 1 and dF'/dzq < 0. So there exists a root
Farest for the equation F(Zq) = 0, which corresponds to the dZq/dt = 0,
i.e., the end for the shock wave. Figure 14 shows the relation between the
nondimensionalized arrest distance 3" and the impact coefficient 7 for
several mass coefficients at m = 0.5, 1 and 2.

Stress on the striking object. The stress on the striking object oy, can
be calculated from

Om =m—— (71)

The non-dimensional form can be written as

m _do
Im 77mif1 (72)
O'p1 dt
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mass coefficient = 2

o o o
# 2 2

nondimensionalized shock arrest distance
[=]
[

(=1
k=
o

] I 87 10
impact coefficient
Figure 14. Relation between the nondimensionalized arrest distance 73"
and the impact coefficient 7 for several mass coefficients m: 0.5, 1 and 2,
respectively

Since 94 = (dZq/dt) + ¥, substitution of the expression for d#4/df and g
gives

by = (mi:&dﬂim) \/m2+%(1+m)[:zd+(1+m)1n(1;zd)]
+ 1Tm
(73)

The derivative of 94 over time ¢ gives

ddq 1 N : 11
. ‘n 1 In(l - 7q)] — —
ai (m+5d)2\/m +7I( +m)[Za + (14 m)In(l — Zq)] 7T Fa
(74)
Therefore,
Om

+

m m 22 + 2n(1 + m)[Fa + (1 + m) In(1 —
opl T+ Za (m+id)2\/nm s (i)

(75)
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At the commencement of the impact, zq4 = 0, the stress on the striking ob-
ject is oy = —(1—n)op1. Substitute the expression of the impact coefficient
7, the stress on the striking object is

Higher densification strain and lower material density of the cellular rod
reduce impact stress.

Stress behind the shock front. Shock wave brings an abrupt raise of
the stress at the shock front. During the time period At the impulse acting
on the mass element AX in Fig. 12 is (—oq — op1), which changes the
velocity of the mass element pgAz from vy to vg. The impulse-momentum
equation gives

(—oa — op1) At = poAx(vg — o)

Remove At from the two sides of the equation, one has
—0q — opl = po(vs — vo)(va — Vo),
which can be further written as

2
Vda — Vo
—0pl = 04 + POu (76)
€D
The stress behind the shock front is compressive, hence the negative sign of
04. The nondimensionalization of the above equation gives
0d - -
——— =1+1(ta — %)?, (77)

Opl
which relates to the length change rate of crushed cellular rod as
N
04 dxd
—— =1+ — 78
- " ( 3 ) (78)
Substituting the expression for diq/dt gives

gd 1 ~ 92 ~ N[~ ~ ~
—— =14 —={mm 4+ 2(14+m)[Tqa+ (1 +m)In(l — 79
Th =1t e b 200 b+ () (= G)l} (79)
At the commencement of the impact, £q = 0, the stress behind the shock
front is o4 = —(1 + n)op. This is the same as the stress on the striking
object. After impact the two stresses becomes different.
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5 Concluding Remarks

Cellular materials are used as impact energy absorbers due to their large
densification strain ep at the plateau stress o) during the plastic compres-
sion.

For a cellular rod struck by a object of areal mass m, the critical impact
velocity is determined as
_ vl

pocel’
where pg is the density of the cellular material before. If the impact velocity
is slower than the critical impact velocity vf,,, only elastic wave will be
generated from the impact end. If the impact velocity is higher than vf ,
the elastic wave will be followed by plastic shock waves.

To fully absorb the kinetic energy of a striking object with mass Mimpact
and impact velocity viy, the mass of the protecting rod should be higher
than

c
Uim

2
Vim
Mimpact 1+ < ) -1 )

Ve

where v, = \/epop1/po is the characteristic velocity of the cellular material.
A fix-ended cellular rod can fully arrest a striking object of mass Mimpact
with impact velocity up to

Mcellular ?
1 — -1
UC\/ * ( Mimpact '

At the commencement of the impact the stress on the striking object is

Higher densification strain and lower material density of the cellular rod
can reduce the impact stress.
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