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Preface

Nature frequently uses cellular and porous materials for creating load-carrying and
weight-optimized structures. Thanks to their cellular design, natural materials such
as wood, cork, bones, and honeycombs fulfill structural as well as functional
demands. For a long time, the development of artificial cellular materials has
been aimed at utilizing the outstanding properties of biological materials in tech-
nical applications. As an example, the geometry of honeycombs was identically
converted into aluminum structures which have been used since the 1960s as cores
of lightweight sandwich elements in the aviation and space industries. Nowadays, in
particular, foams made of polymeric materials are widely used in all fields of
technology. For example, Styrofoam®™ and hard polyurethane foams are widely
used as packaging materials. Other typical application areas are the fields of heat
and sound absorption. During the last few years, techniques for foaming metals and
metal alloys and for manufacturing novel metallic cellular structures have been
developed. Owing to their specific properties, these cellular materials have consider-
able potential for applications in the future. The combination of specific mechanical
and physical properties distinguishes them from traditional dense metals, and
applications with multifunctional requirements are of special interest in the context
of such cellular metals. Their high stiffness, in conjunction with a very low specific
weight, and their high gas permeability combined with a high thermal conductivity
can be mentioned as examples. Cellular materials comprise a wide range of different
arrangements and forms of cell structures. Metallic foams are being investigated
intensively, and they can be produced with a closed- or open-cell structure. Their
main characteristic is their very low density. The most common foams are made of
aluminum alloys. Quite a regular arrangement of cells is obtained in structures, e.g.
with hollow spheres. A perfect regular structure results from interconnecting net-
works of straight beams; materials of this type are known as lattice block materials.
What all these different cellular materials have in common is that their physical
properties are not only determined by their cell wall material but also significantly by
their microstructure.

Several textbooks cover the topic of cellular materials in general and give an
introduction to the whole range of physical properties and possible applications. The
books by L. J. Gibson and M. F. Ashby (Pergamon Press, 1988), M. F. Ashby et al.
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Preface

(Butterworth Heinemann, 2000), and H.-P. Degischer and B. Kriszt (Wiley-VCH,
2002) are recognized as standard works on this topic and give the most comprehen-
sive general overview of cellular and porous materials.

The idea of this book is to cover one of the important physical characteristics, i.e.
thermal properties, in detail from different points of view. This book aims to provide
readers not only with a good understanding of the fundamentals but also with an
awareness of recent advances in properties determination and applications of
cellular and porous materials. The book contains 12 chapters written by experts in
the relevant fields from academia and from major national laboratories/research
institutes. The first part of the book introduces in detail different numerical and
analytical methods in order to characterize and predict the effective thermal proper-
ties. Each of these chapters focuses on a detailed introduction of the theoretical and/
or experimental method(s) which are applied to the characterization of different
materials. The first part of the book introduces aspects relevant even for a non-
specialist, i.e. to provide information which is normally omitted in the scope of
journal publications. Different characterization approaches are presented and
applied to different types of cellular and porous materials in order to reveal a
spectrum for the investigation of effective thermal properties. The second part of
the book addresses various types of applications and specialized topics related to the
context of thermal properties of cellular and porous materials.

The editors wish to thank all the chapter authors for their participation and
cooperation which made this text possible.

Finally, we would like to thank the team at Wiley-VCH, especially Dr. Rainer Miinz
and Dr. Martin Ottmar, for their excellent cooperation during the whole phase of the
project.

January 2008 Andreas Ochsner
Graeme E. Murch
Marecelo J. S. de Lemos
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1
Interfacial Heat Transport in Highly Permeable Media:
A Finite Volume Approach

Marcelo J.S. de Lemos and Marcelo B. Saito

1.1
Introduction

The transport of heat inside highly permeable media has attracted the attention of
scientists and engineers due to its many engineering applications. Such applications
can be found in solar energy receiver devices, heat exchangers, porous combustors,
grain drying equipment, heat sink units, energy recovery systems, etc. In many of
these modern engineering systems the use of cellular and metallic porous foams
brings the advantages of having large specific heat transfer areas, or the interfacial
transport area per unit volume is large when compared with other heat-capturing
devices. More realistic modeling of transport processes in such media is then essen-
tial for the reliable design and analysis of high-efficiency engineering systems.

Motivated by the wide spectrum of practical engineering applications, macros-
copic transport modeling of incompressible flows in porous media has been devel-
oped over the last few decades, mostly based on the volume-average methodology for
either heat [1] or mass transfer [2,3]. Classic books by Bear (1972) [4], Nield and Bejan
(1992) [5] and Ingham and Pop (1998) [6], to mention a few, also document forced
convection and related models for heat transport in porous media.

From the point of view of energy transfer between phases, namely the cellular
material phase and the working fluid, there are basically two different models
commonly found in the literature: (a) a local thermal equilibrium model and (b) a
two-energy equation or thermal nonequilibrium model. The first one assumes that the
bulk solid temperature does not differ much from the average value of the fluid
temperature; thus local thermal equilibrium between the fluid and the solid phase is
assumed. This model greatly simplifies theoretical and numerical research but the
assumption of local thermal equilibrium between the fluid and the solid is inade-
quate for a number of practical problems [7-9]. As a result, in recent years more
attention has been paid to the local thermal nonequilibrium model, both theoreti-
cally and numerically [10,11].
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2

1 Interfacial Heat Transport in Highly Permeable Media

Accordingly, two-energy equation models have been investigated by a number of
researchers. Kuwahara et al. (2001) [12] proposed a numerical procedure to
determine macroscopic transport coefficients from a theoretical basis without
any empiricism. They used a single unit cell and determined the interfacial heat
transfer coefficient for the asymptotic case of infinite conductivity of the solid
phase. Nakayama et al. (2001) [13] extended the conduction model of Hsu (1999)
[14] for treating also convection in porous media. Having established the macro-
scopic energy equations for both phases, useful exact solutions were obtained for
two fundamental heat transfer processes associated with porous media, namely
steady conduction in a porous slab with internal heat generation within the solid
and also thermally developing flow through a semi-infinite porous medium. Saito
and de Lemos (2005) [15] considered the distribution in cell parameters and,
after volume-averaging them, the interfacial heat transfer coefficient for laminar
flow.

In all of the above, only laminar flow has been considered. When treating
turbulent flow in porous media, however, difficulties arise due to the fact that
the flow fluctuates with time and a volumetric average is applied [16]. For handling
such situations, a new concept called double decomposition has been proposed for
developing macroscopic models for turbulent transport in porous media [17-22].
This methodology has been extended to nonbuoyant heat transfer [23], buoyant
flows [24-30], mass transfer [31] and double diffusion [32]. In addition, a general
classification of models has been published [33]. Further, the problem of
treating interfaces between a porous medium and a clear region, considering
a diffusion-jump condition for laminar [34] and turbulence fields [35-37], has
also been investigated under the concept first proposed by several authors [17-22].
Furthermore, Saito and de Lemos (2006) [38] proposed a new correlation for
obtaining the interfacial heat transfer coefficient for turbulent flow in a packed
bed, which is modeled as an infinite staggered array of square rods. Recently, a
book has been published on the subject of turbulence modeling in porous
media [39].

Motivated by the foregoing, this chapter focuses on laminar and turbulent flow
through a packed bed, which represents an important configuration for efficient heat
and mass transfer and suggests the use of equations governing thermal nonequi-
librium involving distinct energy balances for both the solid and fluid phases.
Hence, the use of such a two-energy equation model requires an extra parameter
to be determined, namely the heat transfer coefficient between the fluid and the
solid. This chapter reviews recent efforts in proposing correlations for obtaining the
interfacial heat transfer coefficient for laminar and turbulent flow in porous mate-
rial. The medium is here modeled as an infinite array of rods of distinct shapes, over
which the range of Reynolds number, based on a characteristic size of the rod, is
extended up to 107.

The next sections detail the basic mathematical model, including the mean and
turbulent fields for turbulent flows. Although the discussion of turbulent motion in
porous media is not presented, the definitions and concepts to calculate the interfa-
cial heat transfer coefficient for macroscopic flows are presented here.
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1.2
Governing Equations

1.2.1
Microscopic Transport Equations

Local time-averaged transport equations for incompressible fluid flow in a rigid
homogeneous porous medium have already been presented in the literature and
their derivation need not be repeated here [24]. The governing equations for the flow
and energy for an incompressible fluid are given by

Continuity: V-u =0 (1.1)

Ou

o +V- (uu)} = -Vp+pViu (1.2)

Momentum: p {

0T

ﬁJr V- (qu)} =V (keVTf) + S¢ (1.3)

Energy—{fluid phase: (pcp)f{

Energy—solid phase(porous matrix): (pcp), % =V (ksVTs)+Ss  (1.4)

where the subscripts f and s refer to fluid and solid phases, respectively. Here, T is
the temperature, keis the fluid thermal conductivity, k is the solid thermal conduc-
tivity, ¢, is the specific heat and S is the heat generation term. If there is no heat
generation either in the solid or in the fluid, one further has S¢=S;=0.

For turbulent flows the time-averaged transport equations can be written as
Continuity: V-u =0 (1.5)
Momentum: p¢[V - (Tu)] = -Vp+ V- {M[Vﬁ +(va)'] - pﬁ} (1.6)

where the low and high Reynolds k — & models as can be used to calculate the

Reynolds stresses pu'u’ via the eddy viscosity concept, p,. Equations for the turbulent
kinetic energy per unit mass (TKE) and for its dissipation rate read:

Turbulent kinetic energy per unit mass (TKE):
pelV - (Wk)] = V- {(u—l—%)Vk} —pu't/ : Vi — pe (1.7)
k
TKE dissipation rate:

oV @] =7 | (w2 Ve o+ (gt Vo) - fi| ;19
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The Reynolds stresses and the eddy viscosity are given by, respectively:

—pu't’ = [Vﬁ + (Vﬁ)T} - %pkl (1.9)
12
My = Pcufuz (1.10)

where p is the fluid density, p is the pressure and p represents the fluid viscosity.

In the above equation set, oy, G, ¢1, ¢; and ¢, are dimensionless constants whereas
f> and f,, are damping functions used with the so-called low Re k — ¢ turbulence
models. The following damping functions are adopted here when computing with
the low Re model:

_ we) >y’ 5 (#2/ve)\ 2
fo= {1—6Xp{— . ” {1+7(k2/v8)o.7se><p[—< 200 ) ”

(1.11)

0.25 2 2 /56 2
h= {1 P [_ (v?lv Y] } {1 ~ 03 [_ <(k6/.5 )> ] } (112

where y is the coordinate normal to the wall. Other constants are given as ¢, = 0.09,
c1=1.5,¢,=1.9, o, =1.4, o.= 1.3, which were taken from Launder and Spalding
(1974) [40].

Also, the time-averaged energy equations become

Energy—fluid phase:
(pep)¢[V - (@T7)] = V- (ke VTr) — (pp)eV - (W'T}) (1.13)

Energy—solid phase(porous matrix):
V- (ksVTs) + Ss =0 (1.14)

1.2.2
Decomposition of Flow Variables in Space and Time

If time fluctuations of the flow properties are also considered, in addition to spatial
deviations, there are two possible methodologies to follow in order to obtain mac-
roscopic equations: (a) application of time-average operator followed by volume-
averaging [41-46], or (b) use of volume-averaging before time-averaging is applied
[47-49]. However, both sets of macroscopic mass transport equations are equivalent
when examined under the recently established double decomposition concept
[17-22]. As mentioned above, the double decomposition concept has been published
in a number of widely available journal articles [17-24], book chapters [S0-53] and a
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book [39]. For the sake of completeness, a brief overview is presented here and
additional details can be found in the literature cited.

Macroscopic transport equations for turbulent flow in a porous medium are
obtained through the simultaneous application of time- and volume-average opera-
tors over a generic fluid property ¢ [16]. Such concepts are mathematically defined as

1 t+At
@:BJ edt, with o=0+¢ (1.15)
t
AVe

<¢>i:ALij¢dv; (@) = ble): &

AVg

(1.16)

where AV; is the volume of the fluid contained in a representative elementary
volume (REV) AV and intrinsic average and volume average are represented, re-
spectively, by ( )" and ( )%. Also, the left superscript i represents spatial deviation.

The double decomposition idea introduced and fully described elsewhere [17-22],
combines Egs. (1.15) and (1.16) and can be summarized as

(o =@ T=Te: (9) =9 (1.17)
and
r_ ni i/ . . X _
:P _<—LP> ;r/‘P where ‘¢’ =¢ —(¢')' ='p—'¢ (1.18)
¢='e+ ¢

Therefore, the quantity ¢ can be expressed by either

¢ = (o) + (o) +ip+'¢ (1.19)

or
o=@ +T+(¢) +'¢ (1.20)

The term ‘¢’ can be viewed as either the temporal fluctuation of the spatial
deviation or the spatial deviation of the temporal fluctuation of quantity ¢ [39].

1.2.3
Macroscopic Flow and Energy Equations

When the average operators (1.15) and (1.16) are simultaneously applied over
Egs. (1.1) and (1.2), macroscopic equations for turbulent flow are obtained. Volume

integration is performed over a REV [16,54], resulting in

Continuity: V- up =0 (1.21)

5
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where @i = ¢(t)' and (@) identifies the intrinsic (liquid) average of the time-
averaged velocity vector T

Momentum: p {aaﬁ—tD +V- <ﬁfD>] = —V($(p)) + pViup

crbpltip [tip

s (1.22)

-V o) - [ M +
where the last two terms in Eq. (1.22) represent the Darcy and Forchheimer con-
tributions [55]. Parameter K is the porous medium permeability, cr is the form drag
or Forchheimer coefficient, (p)' is the intrinsic average pressure of the fluid and ¢ is
the porosity of the porous medium.

i

The macroscopic Reynolds stress, —pd(u'u’)!, appearing in Eq. (1.22) is given as

~pb@) = p, 2(D)" — Spp(l)T (123)

where

(D) =3[ V(e@) + [V(o@)]'] (1.24)
is the macroscopic deformation tensor, (k)' = (u' - u’)'/2 is the intrinsic turbulent
kinetic energy and p,, is the turbulent viscosity, which is modeled in Ref. [33]
similarly to the case of clear flow in the form

- k)’
By = Pl (1.25)

The intrinsic turbulent kinetic energy per unit mass and its dissipation rate are
governed by the following equations:

’ {% (4(®) + V- <ﬁD<k>i>} =V K“ i %)V@xkfﬂ — p(uw) : Vip
”""%— &)’ (1.26)
’ {% (d(e)) + V- (ﬁD<s>i>} =v- K“ +%)v<¢<a>i>}
+ C1(7p<w>i : Vﬁ[)) 22;1 —+ CZCde)<i>/i_KﬁDI
— cpd <8>l4 (1.27)

(k)'
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where ¢, ¢;, ¢; and ¢, are nondimensional constants. The second terms on the
left-hand side of Egs. (1.26) and (1.27) represent the generation rate of (k)' and
(e)!, respectively, due to the mean gradient of Tp. The third terms in both
equations are related to the generation rates due to the action of the porous
matrix [18].

Similarly, macroscopic energy equations are obtained for both fluid and solid
phases by applying time and volume average operators to Egs. (1.3) and (1.4). As in
the flow case, volume integration is performed over a REV, resulting in

(0o “’;?i + (o) [V - {o (@ (Tr) -+ (W' T) + () ) }]

1

=V |kV(d AV

nike Ty dA| + 1VJHI keVTedA (1.28)

A Aj

(pcp>s{a(1‘§:’<m} =V LRV [0 - 0] - [mkTias

where (T;)' and (T)' denote the intrinsic average temperature of solid and fluid
phases, respectively, A; is the interfacial area within the REV and n; is the unit vector
normal to the fluid-solid interface, pointing from the fluid towards the solid phase.
Equations (1.28) and (1.29) are the macroscopic energy equations for the fluid and
the porous matrix (solid), respectively.

Further, using the double decomposition concept given by Egs. (1.17)—(1.20), Roca-
mora and de Lemos (2000) [23] have shown that the fourth term on the left-hand side
of Eq. (1.28) can be expressed as

T = () +w)(T) + T = (W)(TY)' + (w'Ty)’ (1.30)
Therefore, in view of Eq. (1.30), Eq. (1.28) can be rewritten as

3 (Tp)'

(pep)s | g, -+ 7 - {o((@'(To)' + (T + () (T)) + (WTY)') }}

— V- ke V(T +

o 1 -
A—VJnikafdA +Hjni~kadeA (1.31)

Ai A;

7
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The two-energy equation model, considering a heat transfer coefficient between
the fluid and solid phases, is then based on the following equations

(pep)e [ P2 v o | @)+ (T ) () T
—_—— —— —— ——

I I v

AV

A

_v. kfv<¢<ﬁ>i>+ijnikfmA Cha(T) - (T (1.32)

<pcp>s{w} =V L RVI0 - )T - 5 [k Toas

+ i ((Te)' — (To)) (1.33)

where h; and a; = A;/AV are the interfacial convective heat transfer coefficient and
surface area per unit volume, respectively. The terms describing the convective trans-
portin Eq. (1.32) have the following physical significance (see Rocamora and de Lemos
(2000) [23] for details): I, macroscopic convective transport; II, thermal dispersion
associated with deviations of time-averaged local velocity and temperature (note that
this term also appears when analyzing laminar convection in porous media); III,
turbulent heat flux due to the fluctuating components of macroscopic velocity and
temperature; and IV, turbulent thermal dispersion in a porous medium due to both
time fluctuations and spatial deviations of both microscopic velocity and temperature.

1.2.4
Macroscopic Two-Energy Equation Modeling

In order to apply Egs. (1.32) and (1.33) to obtain the temperature fields for turbulent
flow in porous media, unknown terms in Eq. (1.32) have to be modeled in some way
as a function of the intrinsically averaged temperatures of solid and fluid phases,
(Te)" and (Ty)', respectively. To accomplish this, a gradient-type diffusion model is
used for all unknown terms, i.e. thermal dispersion due to spatial deviations,
turbulent heat flux due to temporal fluctuations and turbulent thermal dispersion
due to both temporal fluctuations and spatial deviations. Also needed is a model for
local conduction. Using these gradient-type diffusion models, we can write

Thermal dispersion: —(pcp)f(d)(iﬁin)i) = Kaigp - V(Ty)! (1.34)
Turbulent heat flux: —(pc, )¢ (b(w)(T)') = K - V(T¢)! (1.35)

Turbulent thermal dispersion: —(pc, )¢ (b T})') = Kgigps - V(Ts)'
(1.36)
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<=

jnikafdA K, V(T
A;

Local conduction: (1.37)
Jl‘liksidA = K¢ - V(Tf)l
A;

|-

For the above expressions, Egs. (1.32) and (1.33) can be written as

o(T)!

{(pcp)fd)}T"_(pcp)fv'(uD<Tf>i):v'{Keffﬁf'V<Tf>i}+hiui(<i>i_<Tf>i)
(1.38)

6<T>i T\ T\ C=R
{(1=d)(pep) =V {Kesrs- V(T5)'} +hiai ((Tr)' — (Ts)") (1.39)

ot

where Kegrr and Ko are the effective conductivity tensors for the fluid and solid
phases, respectively, given by

Kefr £ = [dke] I+ Ke s + Kaisp + Kaisp, + Kt (1.40)
Keff‘s:[(lfd))ks]I‘FKs,f (1'41)

and I is the unit tensor.

Further, in order to be able to apply Eq. (1.38), it is necessary to determine the
components of the conductivity tensor in Eq. (1.40), i.e. K¢, Kaisp, K and Kyigp .
Following Kuwahara and Nakayama (1996) [42] and Quintard et al. (1997) [10], this
can be accomplished for the thermal dispersion and local conduction tensors, Kysp
and K, by making use of a unit cell subjected to periodic boundary conditions for
the flow together with an imposed linear temperature gradient on the porous
medium. The dispersion and conduction tensors are then obtained directly from
the distributed results within the unit cell by making use of Eqs. (1.34) and (1.37). In
addition, the following correlations by Nakayama and Kuwahara (1999) [46] for the
thermal dispersion tensor, which are valid for Pep > 10, can be used:

(Kaisp) =21 Pev o7 for longitudinal dispersion (1.42)
ke (1-¢)"
(Kdisp)yy 0.5 . .
= 0.052(1 — ¢)"° Pep  for transverse dispersion (1.43)
f

where (Kjisp)xx and (Kgisp)yy are the longitudinal and transverse components of
Kisp, respectively.

The turbulent heat flux and turbulent thermal dispersion components of
Kegrr, namely K; and Kyispt, respectively, are not determined from a distributed
calculation. Instead, they are modeled through the classical eddy diffusivity concept,

9
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similar to Nakayama and Kuwahara (1999) [46]. It should be noticed that these two
terms arise only if the flow is turbulent within the void space, whereas the thermal
dispersion term, Kg;sp, exists for both laminar and turbulent flow regimes. Starting
out from the time-averaged local energy equation coupled with the standard model-
ing of the turbulent heat flux through the eddy diffusivity concept, v;, one can write
- v _
—(pcp)eu' Ty = (pcp)f;tVTf (1.44)
t
where o, is the turbulent Prandtl number, which is taken here as a constant.
Applying the volume average to the resulting equation, one obtains the macro-
scopic version of the turbulent heat flux, given by

— (PG b(WT) = <pcp>f%jwff>i (1.45)

where we have adopted the symbol v;, to express the macroscopic eddy diffusivity.
Now, adding up Egs. (1.35) and (1.36) in light of Eq. (1.30) one has

—(pep) (D[(W) (T + (WT})']) = —(pep)r (WT)' = (Ki + Kaispr) - V(Tr)!
(1.46)

According to Eqs. (1.45) and (1.46), the overall turbulent heat transport is the sum
of the turbulent heat flux and the turbulent thermal dispersion mechanisms, as
proposed by Rocamora and de Lemos (2000) [23]. As suggested by Eq. (1.45), both
mechanisms are modeled together, giving for K, and Ky, the expression

Dy
K: + Kiisp,t = d)(PCp)f (: I (1~47)
t

Details of interfacial convective heat transfer coefficient are presented in the next
section.

1.2.5
Interfacial Heat Transfer Coefficient

In Egs. (1.32) and (1.33) the heat transferred between the two phases was modeled by
means of a film coefficient h; such that

hia((T2)' — (TF)') = ijni VT dA =

1 _

A A;

where a;, as mentioned, is the interfacial area per unit volume. In foam-like or cellular
media, the high values of a; make them attractive for transferring thermal energy via
conduction through the solid followed by convection to a fluid stream.
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b)

Figure 1.1 Porous media models and coordinate systems:
(a) triangular (staggered) array of square rods; (b) square (inline)
array of elliptic rods.

For obtaining macroscopic transport properties, highly permeable media can be
modeled as an infinite array of rods, which, in turn, can be analogous to flow across a
bundle of tubes. Accordingly, two tube arrangements are generally found in the
literature, i.e. the tube rows in a bundle are either inline, with rod centers forming a
square or a rectangle, or else they are staggered, where a triangular shape is obtained
when connecting the tube centerlines. In this chapter, the two forms of arrays,
namely square (inline) and triangular (staggered) layouts are used in order to model
flow and heat transfer in highly porous media (see Figure 1.1).

For the staggered configuration of tube banks, Zhukauskas (1972) [56] has pro-
posed a correlation of the form

hD

= 0.022Re%3* Pro3¢  for2 x 10° < Rep <2 x 10° (1.49)
f

where the values 0.022 and 0.84 are for tubes in cross flow.
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Wakao et al. (1979) [57] obtained a heuristic correlation for a closely packed bed of
particle diameter D and compared their results with experimental data. This corre-
lation for the interfacial heat transfer coefficient is given by

}Z—ZD: 24 1.1Re%0 Pr!/3 (1.50)

For numerically determining h;, Kuwahara et al. (2001) [12] modeled a porous
medium by considering it as an infinite number of solid square rods of size D,
arranged in a regular triangular pattern (see Figure 1.1). They numerically solved the
governing equations in the void region, exploiting to advantage the fact that for an
infinite and geometrically ordered medium a repetitive cell can be identified. Peri-
odic boundary conditions were then applied for obtaining the temperature distri-
bution under fully developed flow conditions. A numerical correlation for the inter-
facial convective heat transfer coefficient was proposed by Kuwahara et al. (2001) [12]
for laminar flow as

WD 41— 1 ,
—= (1 + %) +5 (1= $)*RepPr'/?,  valid for 0.2 < b < 0.9

(1.51)

Equation (1.51) is based on porosity dependency and is valid for packed beds of
particle diameter D. Saito and de Lemos (2005) [15] obtained the interfacial heat
transfer coefficient for laminar flows though an infinite square rod using the same
methodology as Kuwahara et al. (2001) [12].

1.3
Numerical Determination of h;

1.3.1
Physical Model

Measuring flow and heat transfer characteristics within the void space in foam-like
media is a challenging task. However, macroscopic behavior of permeable materi-
als can be obtained by integrating distributed parameters calculated at pore scale. In
order to follow such methodology, scientists and engineers have made use of
physical models that consider a well-ordered porous medium, which is composed
by regularly arranged obstacled instead of randomly distributed solid particles.
Assuming further that such medium is of a large size, a repetitive or unit all can be
identified, over which the balance equations are then numerically solved.
Following this path, Kuwahara et al. (2001) [12] and Nakayama et al. (2001) [13]
modeled a porous medium in terms of square obstacles displaced in a regular
staggered pattern. They numerically solved the set of local governing equations in
a unit or repetitive cell of that arrangement. By volume averaging the distributed
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a) b)

Figure 1.2 Periodic cells and computational grids: (a) triangular (staggered)
array of square rods; (b) square (aligned) array of elliptic rods.

parameters, they got useful information used in calculating the interfacial heat
transfer coefficient h;. Such coefficient, as seen above, is necessary to close the
mathematical model when two energy equations, one for the solid and one for the
saturating fluid, are solved.

Motivated by the foregoing, this work also applies the methodology of computing
first distributed flow parameters in a repetitive cell followed by integration of local
values. The periodic cell of volume AV used in this work is schematically shown in
Figure 1.1. It has dimensions 2H X H for square rods (Figure 1.1a) and Hx H for
elliptic obstacles (Figure 1.1b). Computations within those cells were carried out
using a nonuniform grid as presented in Figure 1.2. The Reynolds number
Rep = piip D/ was varied from 10* to 107

The numerical method utilized to discretize the flow and energy equations in the
unit cell was the finite control volume approach. The SIMPLE method of Patankar
[58] was used for handling the pressure—velocity coupling. Convergence was moni-
tored in terms of the normalized residue for all variables. The maximum residue
allowed before convergence was 10~ °, being the variables normalized by appropriate
reference values.

For fully developed flow in the cells of Figure 1.1, the velocity at exit (x/H = 2 for
square rods and x/H=1 for elliptic rods) must be identical to that at the inlet
(x/H=0). Temperature profiles, however, are only identical at both cell exit and
inlet if presented in terms of an appropriate nondimensional variable. The situation
is analogous to the case of forced convection in a channel with isothermal walls. Due
to the periodicity of the flow, a single structural unit, as indicated in Figure 1.1, may
Dbe taken as a calculation domain. Turbulent flow is modeled by means of Egs. (1.25),
(1.26) and (1.27). Boundary conditions are given by the following.

(a) On the solid walls (laminar or low Re model):

o’k —

ﬁzo,k:078:VW7T:TW (152)
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(b) On the solid walls (high Re model):

B e R SR e AT
U, K Y E) k= W*C'i/z7 K y Gw = (%ln(yvt)-ﬁ-CQ(Pr))
(1.53)

where u, = (ty/p)"/%, yi = ywths/V, cq=12.5Pr"* +2.12In(Pr) — 5.3 for Pr>0.5.

In Eq. (1.53), Pr and o, are the Prandtl and turbulent Prandtl numbers, respec-
tively, g, is wall heat flux, u. is wall-friction velocity, y, is the normal coordinate of the
first grid point close to the wall and « is the von Kiarman constant. Further, in
Eq. (1.53) E is also a constant, which can accommodate different types of surface.
For smooth surfaces, a standard numerical value taken for E is 9.0. The other
boundary conditions are the following.

(c) On the symmetry planes:

ow 0k O
m_0%k % _,

L0 1.54
oy oy oy (1.54)
(d) On the periodic boundaries:
ﬁ|inlet = ﬁ'outlet’ ]_)|inlet = 1_}|outlet7 k|inlet = k|outlet? 8|inlet = Eloutlets (155)
T-T T-T
0)i1er = Olouier & = = =_ = (1.56)
et outet Ty (X) —Tw inlet TB(x) - Ty outlet
The bulk mean temperature of the fluid is given by
- [uTdy
T = 1.5
) = Tog (157)

Computations are based on the Darcy velocity, the length of structural unit H and
the temperature difference(Ty(x) — Ty) as reference scales.

1.3.2
Periodic Flow

Results for velocity and temperature fields were obtained for different Reynolds
numbers. In order to ensure that the flow was hydrodynamically and thermally
developed in the periodic cell of Figure 1.1, the governing equations were solved
repetitively in the cell, taking the outlet profiles for U and 0 at the exit and plugging
them back at the inlet. In the first run, uniform velocity and temperature profiles
were set at the cell entrance for Pr=1 giving 0 =1 at x/H = 0. Then, after conver-
gence of the flow and temperature fields, u and 0 at x/H =2 were used as inlet
profiles for a second run, corresponding to solving again the flow for a similar cell
beginning in x/H = 2. Similarly, a third run was carried out and again outlet results,
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this time corresponding to an axial position x/H = 4, were recorded. This procedure
was repeated several times until @ and 0 did not differ substantially at both inlet and
outlet positions, as obtained in Saito and de Lemos (2006) [38].

For the low Re model, the first node adjacent to the wall requires that the nondi-
mensional wall distance be such that y" = u.yp/u < 1. To accomplish this require-
ment, the grid needs a great number of points close to the wall leading to computa-
tional meshes of large sizes.

1.3.3
Film Coefficient h;

The determination of h; is here obtained by calculating, for the unit cell of Figure 1.1,
an expression given as

o Qlotal
b= 3T (1.58)

where the overall heat transferred in the cell, Qo is given by
Qrotal = Acplip Cp (TBloutlet - TBlinlet) (1.59)

and A; and A, are presented in Table 1.1. The bulk mean velocity of the fluid is given
by

ud
ug(x) = fj dYY (1.60)
and the logarithm mean temperature difference, AT,, is defined as
ATml _ (TW — TB'outlet) — (TW — TB'inlet) (161)

ln[(TW - TB'ouﬂet) (TW - TB|inlet)}

Equation (1.59) represents an overall heat balance on the entire cell and Eq. (1.58)
associates the heat transferred to the fluid with a suitable temperature difference. As
mentioned earlier, Egs. (1.1) to (1.4) were solved numerically in the unit cell sub-
jected to conditions (1.55) and (1.56). Once fully developed flow and nondimension-
al temperature fields were achieved, bulk temperatures were calculated according to
Eq. (1.57), at both inlet and outlet positions. They were then used to calculate h;D/k¢
using Eqgs. (1.58) to (1.61).

Table 1.1 Interface (A;) and flow (A.) areas for distinct rod arrangements.

Geometry A Ac
Square rods — triangular array 8D H-D
Elliptic rods — square array 214/0.5(a* + b?) H—2b
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1.4
Results and Discussion

1.4.1
Array of Square Rods

Figure 1.3 shows distributed temperature fields for distinct cell porosities. One can
see that the lower the porosity (Figure 1.3a), the higher the average fluid tempera-
tures are for the same mass flow through the bed (same Rep). This is an indication
that the transfer of heat from the solid to the fluid phase is enhanced leading to
higher value for h; as ¢ is reduced. Corresponding results for the heat transfer
coefficient are plotted in Figure 1.4 for Rep up to 400. Also plotted in this figure are
results computed with Kuwahara et al. (2001) [12] correlation, Eq. (1.51), using
different porosity values. The figure clearly indicates that both computations show
areasonable agreement. As mentioned, it is also clearly seen from Figure 1.4 that the
lower the porosity, the higher the value of the Nusselt number. Increasing of h; with
Rep, is also observed.

Macroscopically developed flow field for Pr=1 and Rep =10’ are presented in
Figure 1.5, corresponding to the axial position x/D = 6 along the longitudinal coor-
dinate (see Figure 1.1). The expression “macroscopically developed” is used herein
to account for the fact that periodic flow has been achieved at that axial position. The
figure shows the velocity field, streamlines, pressure and turbulent kinetic energy
distributions for ¢ =0.65. The flow impinges on the left face of the obstacles
(Figure 1.5a), surrounds the rod faces and forms a weak recirculation bubble past
the rod (Figure 1.5b). Pressure increases at the front face of the rod and drastically
decreases behind the obstacles, as can be seen from the pressure contours shown in
Figure 1.5c. Figure 1.5d illustrates levels of turbulence kinetic energy, which are
higher around the rod corners where a strong shear layer is formed. Further down-
stream of the rods, in the wake region, steep velocity gradients appear due to flow
deceleration, increasing there also the local level of turbulence kinetic energy.

Corresponding temperature distribution is shown in Figure 1.6, also for
Rep =10 and ¢ = 0.65. Colder fluid impinges on the rod left side yielding strong
temperature gradients on that face. Downstream of the obstacles, fluid recirculation
smoothes temperature gradients and deforms isotherms within the mixing region,
which is here more clearly seen with a staggered geometry. When the Reynolds
number is sufficiently high, thermal boundary layers cover the rod surfaces indi-
cating that convective heat transfer overwhelms thermal diffusion.

1.4.2
Array of Elliptic Rods

Figure 1.7 presents the temperature fields corresponding to different Rep and
porosities, covering the laminar flow range 100 < Rep, < 1000. Inspecting the figure,
one can observe that the lower the porosity, the more efficiently heat is added to the
fluid. Consequently, values of h; tend to be higher for lower values of ¢, in a fashion
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similar to what occurred with the square rod case seen above. Also, as Rep, increases,
heat is transferred more effectively to the flow, as expected. Figure 1.8 compares
integrated h; values for square and elliptic rods for porosities ¢ =0.75 and ¢ = 0.90.
Also shown are results by Kuwahara et al. (2001) [12]. It is interesting to note that the
more streamlined flow over elliptic rods, which are displaced in an aligned manner,
is less effective in promoting heat transfer between phases. Also, the higher the Rep,
number, the higher the heat transfer coefficient. Figure 1.9 compiles h; values as a
function of porosity and Rep up to 1000. As in the case of square obstacles, the lower
the porosity the higher the heat transfer rate for the same mass flux across the bed.
However, such dependency on ¢ appears to be weaker than in the cases of square
rods, if one compares the wider spread of data as porosity varies in Figure 1.4. In
addition, as Rep increases, the effect of ¢ on h; becomes less pronounced. Also, the
figure seems to indicate two distinct regimes, the first one for Rep < 100 and a
second for Rep > 100. However, the limited amount of data presented here does not
allow more definite conclusions to be drawn.

Results for high Re numbers are considered next. Figure 1.10 shows distributions
of pressure, turbulence kinetic energy and temperature fields in the periodic cell of
Figure 1.2b, which were obtained at Rep, = 10° for the cases of ¢ = 0.60 and ¢ = 0.90.
One can observe that pressure increases at the left face of the rods and decreases
behind them, with the surface peak pressure moving towards the stagnation point
on the left, along the ellipse horizontal axis, as ¢ increases. The turbulence kinetic
energy distribution is presented in Figures 1.10c and d. Levels of k are higher close to
the walls and along the converging section of the channel where a strong shear layer
prevails. The temperature distribution pattern is presented in Figures 1.10e and f
showing that a thermal boundary layer covers most of the surface, possibly indicat-
ing that convective heat transfer overwhelms thermal diffusion for the case of high
mass flow rates.
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Figure 1.6 Spatially periodic temperature field, Rep = 10° and ¢ = 0.65.

Results for h; D/kr are plotted in Figure 1.11 for Rep, up to 107. Also plotted in this
figure are results computed with correlation 1.51 by Kuwahara et al. (2001) [12] using
¢ =0.65. The figure seems to indicate that computations show a reasonable agree-
ment for laminar results. In addition, numerical results for turbulent flow using low
and high Re models are also presented in this figure. Differences in the flow pattern
between the cases here reported, namely aligned-elliptic rods and staggered-square
obstacles, are reflected in the lower heat transfer coefficients for the former case.
Sharpe edges of square obstacles, disposed in a triangular arrangement, agitate the
fluid in a much stronger fashion that in the case of well-behaved streamlined flow
across elliptic tubes.

Figure 1.12 shows numerical results for the interfacial convective heat transfer
coefficient for porosities ¢ =0.65 and ¢ =0.90. Results for h;D/k¢ are plotted
for Rep up to 107 comparing the two geometries here analyzed. The figure indi-
cates that the lower the porosity, the higher the ratio h;D/ks, an effect which is
less pronounced when computing the more “unobstructed” flow past the inline-
arranged elliptic rods.

1.4.3
Correlations for Laminar and Turbulent Flows

Results for h; covering both laminar [15] and turbulent flow regimes are plotted in
Figure 1.13 along with correlation (1.51) by Kuwahara et al. (2001) [12]. Numerical
results by Saito and de Lemos (2006) [38] using both low and high Re models are also
plotted showing a good overlap of values calculated with both models around
Rep=6x10".

Figure 1.14 shows numerical results for the interfacial convective heat transfer
coefficient for various porosities and plotted for Rep, up to 10”. In order to obtain a
correlation for h; in the turbulent regime, all curves were first collapsed after plotting
them in terms of Rep/d, as shown in Figure 1.15. Next, the least squares technique
was applied in order to determine the best correlation, which led to a minimum
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overall error. Thus, the following expression was proposed in Saito and de Lemos
(2006) [38];

WD Rep\ *® R
=0.08 <ﬂ> P for1.0 x 10* < —2 < 2.0 x 107,
ke ¢ ¢

valid for 0.2 < $ < 0.9 (1.62)

Equation (1.62), which gives the heat transfer coefficient for turbulent flow, is now
compared with numerical results obtained with low and high Re models. Such a
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comparison is presented in Figure 1.16, which also shows computations using
correlations given by Zhukauskas (1972) [57] and Wakao et al. (1979) [56],
Egs. (1.49) and (1.50), respectively. Table 1.2 summarizes correlations referred to
in this chapter, through which the heat transfer coefficient h; in porous media can be

determined.

Finally, one can say that the agreement between the correlations in the literature
and the numerical simulations here reported stimulates further investigation on this
subject, contributing towards the building of a more general expression for the
interfacial heat transfer coefficient for porous media.
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Table 1.2 Correlations for interfacial heat transfer coefficient.

Correlation Validity Eq. Ref.

mD _ 0.022Re1 py036 2% 10° < Rep <2 x 10° (1.49)  [56]
f

hlicD =2+ 1.1RS Prl/? - (1.50)  [56]
f

hD _ 1+ 41— ¢) n 1(1 — )"/ Rep P13 Laminar flow, 0.2<$<0.9  (1.51) [12]

ke ¢ 2

hD _ 0.08 (@y.sw/3 1.0 x 10* < Rep/d < 2.0 (1.62)  [38]

ke x 107 0.2< d<0.9
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1.5
Conclusions

A computational procedure for determining the convective coefficient of heat
exchange between the porous substrate and the working fluid for a porous medium
was detailed. As a result, macroscopically uniform laminar and turbulent
flows through a periodic cell formed by square and elliptic rods were computed.
Quantitative agreement was obtained when comparing laminar results herein with
simulations by Kuwahara et al. (2001) [12]. For turbulent flows, low and high
Reynolds turbulence models were employed in order to obtain the interfacial heat
transfer coefficient. Correlations for determining the heat transfer coefficient were
compared. Ultimately, it is expected that a more general correlation for h; be obtained
to be used in conjunction with more realistic two-energy equation models.

Acknowledgments

The authors thank CNPq and FAPESP, Brazil, for their invaluable financial support
during the course of this and other research programs conducted at ITA.

References

1 Hsu, C.T. and Cheng, P. (1990) Thermal Conf., Kyongyu, Korea, vol. 1,
dispersion in a porous medium. Int. J. 279-285.

Heat Mass Transfer, 33, 1587-1597. 9 Kaviany, M. (1995) Principles of Heat

2 Whitaker, S. (1966) Equations of motion Transfer in Porous Media, 2nd edn,
in porous media. Chem. Eng. Sci., 21, Springer, New York.

291-300. 10 Quintard, M., Kaviany, M. and Whitaker,

3 Whitaker, S. (1967) Diffusion and S. (1997) Two-medium treatment of heat
dispersion in porous media. J. Am. Inst. transfer in porous media: numerical
Chem. Eng., 13, 420-427. results for effective properties. Adv.

4 Bear, ]. (1972) Dynamics of Fluids in Water Resour., 20, 77-94.

Porous Media, American Elsevier, New 11 Ochoa-Tapia, J.A. and Whitaker, S.
York. (1997) Heat transfer at the boundary

5 Nield, D.A. and Bejan, A. (1992) between a porous medium and a
Convection in Porous Media, Springer, homogeneous fluid. Int. J. Heat Mass
New York. Transfer, 40, 2691-2707.

6 Ingham, D.B. and Pop, L. (1998) 12 Kuwahara, F., Shirota, M. and
Transport Phenomena in Porous Media, Nakayama, A. (2001) A numerical study
Elsevier, Amsterdam, pp. 103-129. of interfacial convective heat transfer

7 Schumann, TE.W. (1929) Heat transfer: coefficient in two-energy equation
liquid flowing through a porous prism. model for convection in porous
J. Franklin. Inst., 208, 405-416. media. Int. . Heat Mass Transfer, 44,

8 Quintard, M. (1998) Modeling local non- 1153-1159.
equilibrium heat transfer in porous 13 Nakayama, A., Kuwahara, F., Sugiyama,

media. in Proc. 11th Int. Heat Transfer M. and Xu, G. (2001) A two-energy

27



28

1 Interfacial Heat Transport in Highly Permeable Media

14

15

16

17

18

19

20

21

22

equation model for conduction and
convection in porous media. Int. J. Heat
Mass Transfer, 44, 4375—4379.

Hsu, C.T. (1999) A closure model for
transient heat conduction in porous
media. J. Heat Transfer, 121, 733-739.
Saito, M.B. and de Lemos, M.].S. (2005)
Interfacial heat transfer coefficient for
non-equilibrium convective transport in
porous media. Int. Comm. Heat and
Mass Transfer, 32, 667-677.

Gray, W.G. and Lee, P.C.Y. (1977) On the
theorems for local volume averaging of
multiphase system. Int. J. Multiphase
Flow, 3, 333-340.

Pedras, M.H.J. and de Lemos, M.].S.
(2000) On the definition of turbulent
kinetic energy for flow in porous media.
Int. Comm. Heat and Mass Transfer, 27,
211-220.

Pedras, M.H.J. and de Lemos, M.].S.
(2001) Macroscopic turbulence modeling
for incompressible flow through
undeformable porous media. Int. J. Heat
and Mass Transfer, 44, 1081-1093.
Pedras, M.H.J. and de Lemos, M.].S.
(2001) Simulation of turbulent flow in
porous media using a spatially periodic
array and a low-Re two-equation closure.
Numer. Heat Transfer A: Applications, 39,
35-59.

Pedras, M.H.J. and de Lemos, M.J.S.
(2001) On the mathematical description
and simulation of turbulent flow in a
porous medium formed by an array
ofellipticrods. J. Fluids Eng.,123,941-947.
Pedras, M.H.J. and de Lemos, M.].S.
(2003) Computation of turbulent flow in
porous media using a Low Reynolds

k — & model and an infinite array of
transversally displaced elliptic rods.
Numer. Heat Transfer A: Applications,
43, 585-602.

de Lemos, M.].S. (2005) Fundamentals
of the double-decomposition concept for
turbulent transport in permeable media.
Materialwissenschaft und
Werkstofftechnik, 36, 586-593.

23

24

25

26

27

28

29

30

31

32

Rocamora E.D. Jr and de Lemos, M.].S.
(2000) Analysis of convective heat
transfer of turbulent flow in saturated
porous media. Int. Comm. Heat Mass
Transfer, 27, 825-834.

de Lemos, M.].S. and Rocamora, F.D.
(2002) Turbulent transport modeling for
heated flow in rigid porous media. Proc.
12th International Heat Transfer Conf.
Grenoble, France, 18-23 August, 791-795.
de Lemos, M.J.S. and Braga, E.J. (2003)
Modeling of turbulent natural convection
in saturated rigid porous media. Int.
Comm. Heat Mass Transfer, 30, 615-624.
Braga, E.J. and de Lemos, M.].S. (2004)
Turbulent natural convection in a porous
square cavity computed with a macro-
scopic k — € model. Int. J. Heat and Mass
Transfer, 47, 5639-5650.

Braga, E.J. and de Lemos, M.J.S.( (2005)
Heat transfer in enclosures having a
fixed amount of solid material simulated
with heterogeneous and homogeneous
models. Int. J. Heat Mass Transfer, 48,
4748-4765.

Braga, E.J. and de Lemos, M.J.S.( (2005)
Laminar natural convection in cavities
filled with circular and square rods. Int.
Comm. Heat Mass Transfer, 32,1289-1297.
Braga, E.J. and de Lemos, M.J.S. (2006)
Turbulent heat transfer in an enclosure
with a horizontal porous plate in the
middle. J. Heat Transfer, 128, 1122-1129.
Braga, E.J. and de Lemos, M.J.S. (2006)
Simulation of turbulent natural
convection in a porous cylindrical
annulus using a macroscopic two-
equation model. Int. J. Heat Mass
Transfer, 49, 4340-4351.

de Lemos, M.].S. and Mesquita, M.S.
(2003) Turbulent mass transport in
saturated rigid porous media. Int.
Comm. Heat Mass Transfer, 30, 105-113.
de Lemos, M.J.S. and Tofaneli, L.A.
(2004) Modeling of double-diffusive
turbulent natural convection in porous
media. Int. ]. Heat Mass Transfer, 47,
4221-4231.



33 de Lemos, M.].S. and Pedras, M.H.]J.
(2001) Recent mathematical models
for turbulent flow for saturated rigid
porous media. J. Fluids Eng., 123,
935-940.

34 Silva, R.A. and de Lemos, M.].S. (2003)
Numerical analysis of the stress jump
interface condition for laminar flow over
a porous layer. Numer. Heat Transfer A:
Applications, 43, 603-617.

35 Silva, R.A. and de Lemos, M.].S. (2003)
Turbulent flow in a channel occupied by
a porous layer considering the stress
jump at the interface. Int. J. Heat Mass
Transfer, 46, 5113-5121.

36 de Lemos, M.J.S. (2005) Turbulent
kinetic energy distribution across the
interface between a porous medium and
a clear region. Int. Comm. Heat Mass
Transfer, 32, 107-115.

37 de Lemos, M.].S. and Silva, R.A. (2006)
Turbulent flow over a layer of a highly
permeable medium simulated with a
diffusion-jump model for the interface.
Int. J. Heat Mass Transfer, 49, 546-556.

38 Saito, M.B. and de Lemos, M.].S. (2006)
A correlation for interfacial heat transfer
coefficient for turbulent flow over an
array of square rods. J. Heat Transfer,
128, 444-452.

39 de Lemos, M.].S. (2006) Turbulence in
Porous Media: Modeling and Applications,
Elsevier, New York.

40 Launder, B.E. and Spalding, D.B. (1974)
The numerical computation of turbulent
flows. Comp. Meth. Appl. Mech. Eng., 3,
269-289.

41 Masuoka, T. and Takatsu, Y. (1996)
Turbulence model for flow through
porous media. Int. ]. Heat Mass Transfer,
39, 2803-2809.

42 Kuwahara, F., Nakayama, A. and
Koyama, H. (1996) A numerical study of
thermal dispersion in porous media. J.
Heat Transfer, 118, 756-761.

43 Kuwahara, F. and Nakayama, A. (1998)
Numerical modeling of non-Darcy
convective flow in a porous medium.

44

45

46

47

48

49

50

51

References |29

Heat Transfer 1998: Proc. 11th Int.
Heat Transfer Conf. Kyongyu, Korea,
Taylor & Francis, Washington, DC, 4,
411-416.

Kuwahara, F., Kameyama, Y., Yamashita,
S. and Nakayama, A. (1998) Numerical
modeling of turbulent flow in porous
media using a spatially periodic array. J.
Porous Media, 1, 47-55.

Ergun, S. (1952) Fluid flow through
packed columns. Chem. Eng. Pro.,

48, 89-94.

Nakayama, A. and Kuwahara, F. (1999)
A macroscopic turbulence model for
flow in a porous medium. J. Fluids Eng.,
121, 427-433.

Lee, K. and Howell, J.R. (1987) Forced
convective and radiative transfer within
a highly porous layer exposed to a
turbulent external flow field. Proc. 1987
ASME-JSME Thermal Engineering Joint
Conf. Honolulu, HI, ASME, New York, 2,
377-386.

Antohe, B.V. and Lage, J.L. (1997) A
general two-equation macroscopic
turbulence model for incompressible
flow in porous media. Int. J. Heat Mass
Transfer, 40, 3013-3024.

Getachewa, D., Minkowycz, W.J. and
Lage, J.L. (2000) A modified form of the
k — & model for turbulent flow of a
incompressible fluid in porous media.
Int. J. Heat Mass Transfer, 43,
2909-2915.

de Lemos, M.].S. (2005) Mathematical
Modeling and Applications of Turbulent
Heat and Mass Transfer in Porous
Media. in Handbook of Porous Media, 2™
ed. (ed.V. Kambiz ), Taylor & Francis
Group, LLC, New York, pp. 409-454.
Chapter 10

de Lemos, M.J.S. (2005) The double-
decomposition concept for turbulent
transport in porous media. in
Transport Phenomena in Porous

Media I1I (ed. D.B. Ingham and I. Pop),
Elsevier Science, Amsterdam,

pp. 1-33.



30

1 Interfacial Heat Transport in Highly Permeable Media

52

53

54

de Lemos, M.J.S. (2004) Turbulent heat
and mass transfer in porous media.
inEmerging Technologies and Techniques in
Porous Media (ed. D.B. Ingham , A. Bejan
,E.Mamut andl. Pop), Kluwer Academic,
Dordrecht, vol. 134, pp. 157-168.

Lage, J.L., de Lemos, M.].S. and Nield,
D.A. (2002) Modeling turbulence in
porous media. inTransport Phenomena in
Porous Media II (ed. D.B. Ingham and
I. Pop), Pergamon Press, Amsterdam,
pp. 198-230.

Slattery, J.C. (1967) Flow of viscoelastic
fluids through porous media. AICKE J.,
13, 1066-1071.

55

56

57

58

Forchheimer, P. (1901) Wasserbewegung
durch Boden. Z. Ver. Deutsch. Ing., 45,
1782-1788.

Zhukauskas, A. (1972) Heat transfer
from tubes in cross flow. Advances in
Heat Tmnsfer 8, Academic Press,

New York.

Wakao, N., Kaguei, S. and Funazkri, T.
(1979) Effect of fluid dispersion
coefficients on particle-to-fluid heat
transfer coefficients in packed bed.
Chem. Eng. Sci., 34, 325-336.
Patankar, S.V. (1980) Numerical Heat
Transfer and Fluid Flow, Hemisphere,
Washington, DC.



2
Effective Thermal Properties of Hollow-Sphere Structures:
A Finite Element Approach

Andreas Ochsner and Thomas Fiedler

2.1
Introduction

2.1.1
Finite Element Method and Heat Transfer Problems

Scientists and engineers in academia and industry have in recent years become very
conversant with numerical techniques of analysis. These techniques are based on
the approximate solution of an equation or a set of equations describing a physical
problem. From a mathematical point of view, physical problems are described by
differential equations or by integral expressions. Thus, the numerical approach
seeks to determine the spatial distribution of one or more dependent variables such
as temperature, concentration or displacement in a given domain. The first widely
known approximation approach was the finite difference method [1,2] which
approximates the governing equations of a field problem using local expansions
for the variables, generally truncated Taylor series. This technique can be interpreted
as a special case of the more general weighted residual method which is applied in
Section 2.2.2 to derive the principal finite element equation.

The finite element method (FEM) has attracted the attention of analysts largely
due to its property of discretizing a continuous system into a series of finite elements,
which can be associated with physical parts. The single elements are then assembled
to obtain the complete system solution using given boundary conditions. The
assembly process uses appropriate balance equations at the nodes which are used
to define the elements and serve also as connection points between the elements.

The pioneering works on finite element methods started in the early 1950s in the
aerospace industry (Boeing) where M.]. (Jon) Turner “‘created” the FEM in everyday
use. During this time, only large industrial companies such as in the aerospace
industry were able to afford mainframe computers. Four academicians, i.e.
J.H. Argyris, R.-W. Clough, H.C. Martin and O.C. Zienkiewicz, were largely respon-
sible for the “technology transfer” from the aerospace industry to a wider range of
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engineering applications during the 1950s and 1960s. The first three learned the
method from Turner directly or indirectly. As a consultant to Boeing in the early
1950s, Argyris at Imperial College, received reports from Turner’s group. Clough
and Martin, junior professors at the University of California, Berkeley, and the
University of Washington, respectively, spent “faculty internship” summers at
Turner’s group during 1952 and 1953. The result of this seminal collaboration was
a celebrated paper [3], widely considered the start of the present FEM. Clough
baptised the method in 1960 [4] and went on to form at Berkeley the first research
group to propel the idea into civil engineering applications. Olek C. Zienkiewicz,
originally an expert on finite difference methods, was convinced in 1964 by Clough
to try FEM. He went on to write the first textbook on the subject in 1967 [5] and to
organize another important civil engineering research group in the University of
Wales at Swansea. Other important works were carried out at MIT in Cambridge,
MA and the University of Stuttgart in Germany.

The existing literature on finite elements is by now very extensive and encom-
passes all types of common field problems such as structural mechanics, heat
transfer, fluid flow and acoustics. Mackerle estimated in 1995 [6] that approximately
380 books, 400 conference proceedings and 56 000 papers (excluding papers on fluid
mechanics) were published. Furthermore, he noted that at present about 3800
papers are published annually. As standard reference books on finite elements, one
may cite, among others, the three-volume textbook by Zienkiewicz and Taylor [7], the
textbooks by Bathe [8], by Hughes [9] and by Cook et al. [10]. Several specialized
books are devoted to the topic of finite elements and heat transfer [11-15] and the
bibliography article by Mackerle [16] cites 210 publications related to finite elements
and heat transfer analyses.

As in the case of existing literature, there is a huge number of finite element codes
ranging from simple academic programs to commercially available general purpose
programs. Some of the common commercial codes used in industry as well as in
academia are NASTRAN (Richard H. MacNeal, Robert Schwendler), ANSYS (John
Swanson), MARC (Pedro Marcal), ABAQUS (David Hibbitt) and ADINA (Klaus-
Jurgen Bathe).

Nowadays, commercial finite element programs are quite powerful and user
friendly codes are available for all platforms of operating systems. However, reliable
results can only be obtained when the user of such codes understands the problem,
how to model it, the behavior of finite elements, the assumptions and limitations of
the code, and when the analyst is able to check for errors at all stages. It is not
necessary that the end-user understands in detail all procedures and routines, but
incorrect results, which may cause serious damage such as production delay,
redesign or even collapse, can be avoided only by those who understand the basic
ideas and single steps of the FEM.

This chapter aims to give a fundamental introduction into the finite element
method for heat conduction problems, i.e. how the method is derived, how elements
are formulated and how they work. Other mechanisms of heat transfer, i.e. thermal
radiation and thermal convection, are covered in other chapters of this book. This
theoretical part should impart the basic knowledge on the method which is required
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for a sensible application of numerical codes. For simplicity of notation, the method
is derived for plane two-dimensional geometries. In contrast to simple one-
dimensional examples, the plane approach comprises many particularities which
can be easily transferred to the general three-dimensional case. In the second part of
the chapter, the finite element method will be applied to determine the effective
thermal conductivity of hollow-sphere structures (HSS). This special class of cellular
metals will be generally introduced in the next section.

2.1.2
Hollow-Sphere Structures in the Context of Cellular Metals

The concept of porous and cellular metals first emerged in the beginning of
the 1970s [17-19]. The basic idea seeks to imitate the cellular structure of high-
performance lightweight structures in nature such as the human osseous structure
and can therefore be related to the field of bio-inspired research. A closely related
approach has already been successfully brought into application in both the aviation
industry [20,21] and the space industry [22,23] through the use of hexagonal honey-
comb structures in sandwich cores.

Nowadays, foams made of polymeric materials are widely used in all fields of
technology. For example, Styrofoam® and hard polyurethane foams are widely
used as packaging materials. Other typical application areas of polymeric foams
are the field of heat and sound absorption. During the last few years, techniques for
the manufacturing of novel cellular and porous metals have been developed
[24,25]. These materials exhibit a high potential for future oriented applications
due to their specific properties.

By definition, cellular metals are materials with high porosity which are divided
into distinct cells. The boundaries of these cells are made of solid metal, while the
internal regions are air cavities. Cellular metals therefore exhibit densities which are
typically below 10% of their corresponding base metal. This porosity can be quanti-
fied by the relative volume V., which is the volume occupied by the base material
divided by the total volume of the structure. Two special cases of cellular metals are
metallic foams and sponges. Metallic foams like Alporas™ (Figure 2.1a) originate
from a liquid and are characterized by closed cells. Metallic sponges such as
M-Pore®™ (Figure 2.1b) are characterized by an interconnected porosity of open
cells. In contrast to cellular metals, porous metals contain a multitude of microscopic
pores and the densities of these materials are in the range of their base material(s). It
should be mentioned here that the definitions of metallic foam, sponge and porous
metals are not mutually exclusive.

Well-known advantages of cellular metals are their high ability for energy adsorp-
tion [26-28], good damping behavior [29-31], sound absorption [32], excellent heat
insulation [33-35] and a high specific stiffness [36—38]. The combination of these
properties opens a wide field of potential applications, e.g. in automotive, aviation or
the space industry [39-41]. However, despite more than 30 years of intensive
scientific research, few industrial applications of these technologies can be found.
Essential limiting factors for their utilization are unevenly distributed material

33
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Figure 2.1 Cellular metals: (a) Alporas® aluminum foam; (b) M-Pore™ aluminum sponge.

parameters [27,28] and relatively high production costs. Less variation in the physical
properties can be achieved with lattice block materials [44,45]. These structures
are manufactured by investment casting and therefore exhibit a well-defined,
reproducible geometry (periodic 3D truss structure). However, this manufacturing
technology is only able to produce open-celled structures. Further limitations are
high costs and anisotropic properties caused by the microstructure orientation.

Metallic hollow-sphere structures (MHSS) are a new group of cellular metals
characterized by easily reproducible geometry and therefore consistent mechanical
and physical properties. A new powder metallurgy-based manufacturing process
enables the production of metallic hollow spheres of defined geometry [46]. This
technology brings a significant reduction in costs in comparison to earlier applied
galvanic methods and all materials suitable for sintering can be applied. EPS
(expanded polystyrol) spheres are coated with a metal powder-binder suspension
by turbulence coating. The green spheres produced can either be sintered separately
to manufacture single hollow spheres or be pre-compacted and sintered in bulk
(Figure 2.2) thus creating sintering necks between adjacent spheres [47]. Depending
on the parameters of the sintering process the microporosity of the sintered cell wall
can be adjusted. In a subsequent debindering process, the EPS spheres are pyrolyzed.
The increase of the carbon content of the sintered metal by the diffusion of the
incinerated binder and polymer causes degradation of mechanical properties and
corrosion resistance. Special reducing processes are required to reduce this effect [48].

Various joining technologies such as sintering, soldering and adhering can be
used to assemble the single hollow spheres to interdependent structures [49,50].
Adhering is the most economic way of joining and therefore is attractive for a wide
range of potential applications. Another important advantage is the possible utiliza-
tion of the mechanical behavior and morphology of the adhesive layer as a further
design parameter for the optimization of the structure’s mechanical properties for
specific applications. Figure 2.3 shows two different types of adhesively bonded
MHSS.
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Figure 2.2 Manufacturing process of metallic hollow-sphere structures.

In the case of syntactic morphology, the hollow spheres are completely embedded
within the adhesive matrix as in the case of classical fiber-reinforced plastics. In
contrast, the adhesive is concentrated at the contact points of neighboring spheres
for partial MHSS. Consequently, partial MHSS also exhibit interconnected porosity.

Cellular metals exhibit a multitude of interesting properties. Based on these
characteristics, highly integrated applications can be created. First, due to the high
porosity of MHSS, the material is able to compress at high strains. The typical
stress—strain diagram of a MHSS reveals a stress plateau which characterizes the
ability of the structure to absorb energy at a low stress level and high strains. This

Figure 2.3 Adhesively bonded metallic MHSS:
(a) Cross-section of a syntactic MHSS; (b) partial morphology.
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property enables the application of MHSS in energy-absorbing structures, e.g. crash
elements in the automotive industry [40]. Another clear attribute of cellular struc-
tures is the damping of mechanic and acoustic oscillations. In conjunction with low
density, this property suggests the utilization in parts where high accelerations
occur. Oscillations can be damped and energy consumption can be reduced due
to the small amount of accelerated mass. The significant potential of hollow sphere
composite structures in machine tools has already been demonstrated [51]. Further-
more, cellular metals can act as sound suppressors and acoustic insulators. Cellular
metals also exhibit a low thermal conductivity in comparison to their metallic base
materials. In particular, adhesively bonded MHSS show very low thermal conduc-
tivities, due to the insulating effect of the adhesive matrix between the metallic shells
of the spheres. Consequently, MHSS can be applied as thermal insulators [52,53].
Other approaches aim for the utilization of metallic sponges inside heat exchangers
[54,55]. However, since MHSS exhibit only low (partial morphology) or no (syntactic
morphology) interconnected porosity, they possess a high flow resistance and are not
suitable for such applications.

Sandwich structures are essential machine elements in lightweight construction
and a typical field of (possible) industrial application of cellular metals. In particular,
aluminum sandwich constructions have been recognized as a promising concept for
structural design of lightweight transportation systems such as aircraft [56,57], high-
speed trains [58,59] and fast ships [60,61]. The classic definition of a sandwich
structure in lightweight applications is a composite where a light core material is
enclosed by two or more layers of a fully dense material. The basic principle of
sandwich structures is for two strong face sheets to bear the applied loads while the
core acts as a spacer which retains the face sheets in position by carrying shear
stresses. Therefore, the core must be stiff enough in the direction perpendicular to
the faces to ensure that they remain the correct distance apart and exhibit sufficient
shear stiffness to ensure that when the panel is bent the faces do not slide over each
other. The core material does not need to reach the mechanical performance of the
face sheets and typically low-density materials are applied [62]. Nowadays, the
industrial standards for sandwich cores are honeycomb structures which exhibit
excellent stiffness at very low densities. However, the processing of honeycomb
structures, especially as a core between curved face sheets, is complex and therefore
increases the manufacturing costs. Furthermore, honeycomb structures possess
poor resistance to contact and impact loads [63-65] and exhibit anisotropic proper-
ties. This shows that there is a necessity for new innovative core materials.

In Figure 2.4a an M-Pore™ aluminum sponge is applied as core material. This
commercially available material is characterized by very high porosity and there-
fore low density. Figure 2.4b shows the Alporas®™ aluminum foam with closed cells
and a slightly higher densities but also improved mechanical properties. In Figures
2.4c and d partial and syntactic MHSS cores are shown. For industrial applica-
tions these core materials have to be able to compete with classic honeycomb
structures (Figure 2.4e). The benefits of cellular metal as sandwich cores, relative to
competing concepts, arise primarily in curved configurations where the isotropy of
the material is advantageous [26,36,66]. Due to the multifunctional properties of
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Figure 2.4 Sandwich structures containing different core materials:
(a) M-Pore™, (b) Alporas™, (c) partially adhesively bonded MHSS,
(d) syntactic adhesively bonded MHSS, (¢) honeycomb structure.

cellular metals the selection of the optimum core material requires the consider-
ation of all characteristics with relevance to the intended application. Further-
more, the potential utilization in safety-relevant fields puts high demands on the
predictability and stability of their properties. In the scope of this work, MHSS are
numerically analyzed from the viewpoint of their application as thermal insulators
in sandwich panels. Special focus is given to adhesively bonded MHSS. This
joining technology allows flexible processing and the adjustment of the properties
of the composite by the selection of different adhesives.

2.2
Finite Element Method

2.2.1
Basics of Heat Transfer

Heat conduction analysis is based on Fourier’s law (conduction rate equation)

q=—kVT (2.1)
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T
where q={g. qY}T is the heat flux vector and VT = {g—z %} is the temperature

gradient vector which is generated by the Nabla operator V = {Q a%} . The

ox
continuum conductivity matrix k is given for an anisotropic material as
ke k
= ¥ 2.2
¢ {kw ky 22)

which reduces for isotropic materials to

k:k{(l) ﬂ (2.3)

Fourier’'s law is not an expression which can be derived from first principles
(conservation of energy). It is instead a generalization based on experimental
evidence and defines an important material property, the thermal conductivity. In
addition, it is a vector expression stating that the heat flux is normal to an isotherm
and in the direction of decreasing temperature.

To solve a heat conduction problem means to determine the temperature field
T=T (x, y, t) in its spatial and temporal dependency. Then the heat flux field can be
determined according to Fourier's law (2.1). The unknown temperature field is
obtained by solving a partial differential equation (PDE), the so-called heat diffusion
equation (HDE). This PDE can be obtained by applying the first law of thermody-
namics to a differential control volume which gives after some transformations the
continuity equation of thermodynamics. Combining the continuity equation with
Fourier’s law and introducing a third law describing the relationship between tem-
perature and energy gives the heat diffusion or heat conduction equation in its
general form as [67,68]

oT
0G5, = VI(kVT) +7 (2.4)

where o is the mass density, ¢, the specific heat at constant pressure, t the time and )
the energy rate per unit volume, i.e. a heat source or sink.

222
Weighted Residual Method

Let us consider in the following the special case of the steady-state HDE (0T/0t = 0)
where no sources or sinks are present (1 = 0):

VI(&VTy) =0 (2.5)

The basic idea of the weighted residual method [69] consists of multiplying the
partial differential equation (2.5) with a weighting function w and to demand that
the entire integral vanishes over the whole domain. For the true solution Ty, this
expression is independent of the weighting function and always fulfilled. Substituting
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the exact solution T, by an approximate solution") Tproduces a “residual” or “error”
function R such that

R=V'(kVT)#£0 (2.6)

This error will be distributed according to the scalar weighting function w=w(x, y)
and the integral over the entire two-dimensional domain Q = (x, y) will be forced to be
zero in a certain average sense:

JW(VT(kVT))dQ _ JwRdQ —o. (2.7)
9) QO

Equation (2.7) is known as the so-called inner product while the original statement,
i.e. Eq. (2.5), is referred to as the strong formulation or classical form. The so-called
weak formulation, i.e. where the order of the differential operator is the same for w
and T, can be derived by application of the Green-Gauss theorem [70]:

JwVT(kVT)dQ _ Jw(kVT)Tn dr — J(VTW) (kVT)dO = 0 (2.8)
QO r Q

J(VTW)(kVT)dQ = Jw(kVT)Tn dr (2.9)
QO r

The weak formulation (2.9) forms the basis for the derivation of the principal finite
element equation. Other numerical methods, e.g. the boundary element method,
require further integration of the weak formulation which results in the so-called
inverse formulation where the differential operator is completely shifted to the
weighting function. All classic approximation methods can be derived based on the
weighted residual method. The degree of integration and the choice of the weighting
function w defines finally which method is obtained [69).

223
Discretization and Principal Finite Element Equation

The basic idea of the finite element method is to approximate the unknown
temperature Tnot in the entire domain Q as given in Eq. (2.9) but in a subdomain
Q,, i.e. a so-called finite element, by an expansion

TeAl
T TeAZ
T.=N.T., = {Ni N, ... Ny} : (2.10)
Te,n
1) For simplicity, the variable T will be used in the variable should not be confused with the real

following for the approximate solution. This continuum temperature T of Section 2.2.1.
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where N, are the shape functions prescribed in terms of independent variables (such
as the spatial coordinates) and all or most of the nodal temperatures T, are
unknown. Index n denotes the number of nodes. To derive the FEM, the weighting
function w is approximated within an element in a similar manner as the tempera-
ture (this approach is also known as the Galerkin method):

N

T N
w= STe‘nNe = {8 TEJ 8Te,2 e BTe‘n} : (211)

Ny
where 8T, , are arbitrary temperatures and » is the number of unknowns entering

the system. Using these two field approximations, the left-hand side (LHS) of Eq. (2.9)
can be written as

| (7 oTE N v NIT ) a0, .12
Qe

where the vectors 8T , and T, , are not a function of the spatial coordinates and thus
can be considered as constants with respect to the Nabla operator V. Consequently,
these temperature vectors can be taken out of the brackets to give

STL, J(VTNe)(kVNE)dQeTm =3T! KT, (2.13)

Qe

The matrix K. is the thermal conductivity matrix and is of dimension [nx n]. Appli-
cation of the Nabla operator to the vector of shape functions gives the following

statement
ON!
ON.ON. ox
K. = O 2.14
[{& e v @14
9 aY

or with the single shape functions in more detail as

oON; oM
ol om | | [{om ow ony

K. :J @ oy L aab’;l aal\’l‘z 661\’]‘” d0.  (2.15)
Ox dy
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The integration over the subdomain Q. is approximated by numerical integration
(see next section). To this end, the coordinates (x, y) are transformed to the unit
space (&, m) where each coordinate ranges from —1 to 1. In the scope of this
coordinate transformation, attention must be paid to the derivatives. For example,
the derivative of the chape functions with respect to the x-coordinate is transformed
in the following way:

aN,' aN,‘ 6& aN,' a"l’] .
ax—> aga ana, l—].,...,n (216)

Introducing these new derivatives gives the element conductivity matrix

o @ rog on) (N
ON.ON.) | 0x Oy ox Ox GIS
K. = k
O Oom [ |on om|"| € On | oNT
. oy oy] Loy oyl | om

o’ (2.17)

where d(), = Jdédm. The last equation can be written in the following compact
form:

K. = J BkB"d(, (2.18)

(08

% o
gradient vector of the shape functions, V'N, ;f, with the matrix of geometrical
derivatives, J, gives a row vector of dimension [1x 2]. However, each of the elements
of this vector is again a column vector with n elements and the product can finally be
regarded as a matrix of dimension [nX2]:

where B = {% a&} J = V'N!Jis the temperature gradient matrix. Multiplying the

_aNl% 6N16;r]

6N1% 6N1 671]_

T&@x aéx Tﬁay an
0N, 3¢, 0N, 0 QN3 , DNy o
B— | 06 0x OmOx 0EQdy Om Oy (2.19)

ON, 3  ON,dm

ON, 0 0N, 0n

| 9& ox

om Ox

o0& dy

On 0Oy

Multiplying Bwith B' or kB' gives finally the element conductivity matrix which is of
dimension [n X n]. Summarizing, we can conclude that the evaluation of the element
conductivity matrix K, comprises the following steps:

e determination of the temperature gradient matrix B,
o triple matrix product BkB',
e numerical integration.
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To evaluate the right-hand side (RHS) of the weak statement according to Eq. (2.9),
we introduce the field approximation of the weighting function according to
w = 3T, Ne:

J(a:rgnNe)(kvr)Tn dr, (2.20)

Te

Since 3Ty" can be cancelled with the LHS of Eq. (2.13), we get

F.= J N (kVT)"ndl. (2.21)
Ie
which needs to be evaluated for each node along the element boundary I'.. The
vector F, is the element vector of externally applied equivalent nodal loads. Equations
(2.18) and (2.21) can be combined on the elemental level to the so-called principal
finite element equation:

K.T., = F. (2.22)

224
Four-Node Planar Bilinear Quadrilateral (Quad4)

As a typical simple element representative, a four-node, isoparametric, arbitrary
quadrilateral (Quad4) is discussed in the following. This element can be used for
planar (as well as 3D) heat transfer applications. As this element uses bilinear shape
functions, the thermal gradients tend to be constant throughout the element. The
node numbering must follow the right-hand convention (Figure 2.5).

(L1)
- 2

(' 1 En 1)
Xy-space &n-space

Figure 2.5 Heat transfer quadrilateral element in Cartesian and unit space.

In this 2D case, the temperature gradient matrix is given by

0f  Om
ON, ON,|[0& ot
_ JON.ON:\, | 0& on ||ox oy
B‘{a& @n}J_ aN; aN; | |on on .23)
0t Om Ox 0Oy
ON, 0N,
| 0§  Om |




TON; 9 ON; Om
0 Ox | Om Ox
aNzag ©N26n
0k Ox | Om Ox
ON; 3¢ ON;dm
& Ox | Om Ox
ON, 0f  ON,om
| 0 0x  Om Ox

ON, O ON;On]
O£ oy Om Oy
aNzag aNzaT]
O£ dy om Oy
ON; & ON; O
Q£ Dy Oom Oy
ON,0&  ON4om
& oy om Oy |

=[4x2]
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(2.24)

In the following, we are going to evaluate first the shape functions N and then the
geometric terms like 0&/0x, etc.

Shape Functions and Their Derivatives Let us assume in the following a linear
temperature field in parametric (§, n)-space

Te(€,m) = a1 + a2€ + asm + asén (2.25)
or in vector notation
a
a
T(gm)=ATa={1 & n &n}q * (2.26)
a4

Evaluating Eq. (2.26) for all four nodes of the quadrilateral element (Figure 2.5) gives

nodel: Te1 =T =—-1,m=-1)=a; —a, — a3 + a4 (2.27)
node2: T, =T =1m=—-1)=a1+a, — a3 — a4 (2.28)
node3: Tes=T(E=1m=1)=a1+a,+ a3 + a4 (2.29)
node4: Tes =T =-1,m=1)=a1—a, + a3 — a4 (2.30)
or in matrix notation

Te,l 1 -1 -1 1 ay

Te.2 1 1 -1 -1 a
= (2.31)

Te,3 1 1 1 as

Te‘4 1 -1 -1 (V2%
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Solving for a gives

aq 1 1 1 1 Tea
ay _ 1 -1 1 1 -1 Te72
as T40-1 -1 1 1 Te73 (232)
as 1 -1 1 =1 Tes
or
a=AT., =X 'Te, (2.33)

The vector of shape functions results as

1 1 1 1
1 1 1 1 -1
N;=XTA={1 & n Etyl_y 1 1 1| =N N N5 Nij
1 -1 1 -1
(2.34)
or
1 1
Ni=la-g0-m). M= 100w (235)
1 1
N322(1+§)(1+”ﬂ)7 N4:Z(1—§)(1+”ﬂ) (2.36)
One may note thateach N; (i=1, ..., 4) is unity when & and 1 assume coordinates of

node i, but zero when & and n assume the coordinates of any other node. The
graphical representation of the linear shape functions is shown in Figure 2.6.

§

Figure 2.6 Linear shape functions for a plane element.
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In a Cartesian x, y-coordinate system, the shape functions would be expressed for
a rectangular element of dimension axb (coordinate system in the element center
and aligned to the edges) in the following way:

Ni(wy) = o (@=0)(b-y), N = @rxb-y) 237

@+x)(b+y), Ny =—-(@—x)b+y)  (2.38)

1
N}(X,Y) = m(

4ab’
Introducing the variable substitution x/a = ¢ and y/b=n gives the formulation in
parametric space. The derivatives with respect to the parametric coordinates can
easily be obtained as

1 S =14y (239)
eyt Grei-1-9 (2.40)
T gL G4y (2.41)
gl Ge—i1-g (242)

Geometric Derivatives 0/0x, etc. The geometric derivatives in Eq. (2.24), i.e. 0/0x,
0& /0y, On/0x, 0N /0y, can be calculated based on

SIS dy 0x
x | _1 | o om
COTTY B O B 243)
ox Oy o0& 0Ot
ox0y _ oxOy

where the Jacobian J is given by | = tkon — toot - Let us assume the same interpola-
tion for the global x and y coordinate as for the temperature:

x(&ﬁﬂ) = Nl(gvn) * X1 + NZ(E:*]) * X2 + N3(§7'T]) © X3 + N4(§»'*]) - X4 (244)

yEM) =Ni(Em) -yi + No(Em) - y2 + Ns(E,m) - y3 + Na(€,m) -ys (2.45)

Remark: the global coordinates of the nodes 1, .. ., 4 can be used for x4, . . ., x4, and
Y1, - - - 4. Thus, the derivatives can easily be obtained as
ox 1
= (1+m)x + (1 =m)x + (1+m)x3 + (=1 —m)xs) (2.46)

%k 4
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2_}&): %((_1 +yr + (1 =m)y2 + (1 +m)ys + (=1 —m)ys) (2.47)
2% - }t((*l HEx A+ (F1 = E)x + (1 +€)xs + (1 - E)x) (2.48)
g—ﬁ = %((—1 e+ (1= Ep + (1 +Eys + (1 —Eys) (2.49)

Remark: For a rectangle or a parallelogram, the derivatives are simple constants
independent of & and n.

Based on the derived equations, the triple matrix product BkB" can now be
numerically calculated.

Numerical Integration Elementary integration formulas, such as the trapezoidal or
Simpson rule, often assume equally spaced data and can become somewhat limited
in accuracy and efficiency when used in finite element analysis. Gauss quadrature or
integration has become the accepted numerical integration scheme in the majority
of finite element applications. The Gauss—Legendre quadrature locates sampling
points and assign weights so as to minimize integration error when the integrand is
a general polynomial. Thus, for a given level of accuracy, Gauss quadrature uses
fewer sampling points than other integration rules. Using Gauss—Legendre integra-
tion, one can write that

1

j fx.2)d0, = [ femyac, - J Jt-f/(gmfdedn =3 f ), s W
Qe Q. S15 8
(2.50)

where | = g’gg - gf]—gg, t is the thickness of the element, (£,1), are the coordinates of

the integration or Gauss points and W, are the corresponding weighting factors. The
locations of the integration points and values of associated weights are given else-
where [71,72].

RHS of the Weak Statement The RHS of the weak statement (2.21) needs to be
evaluated for each node along the element boundary I'.. For node 1, the shape
function Nj is equal to one and identically zero for all other nodes. In addition, all
other shape functions are identically zero for node 1 (Figure 2.6). The expression
(V T)'n=(grad T)'n=0T/0n is equal to the projection of the gradient vector of the
temperature in the direction of the boundary normal vector.

Since we have at each node two different normal vectors, one may calculate this
expression for node 1 as (Figure 2.7):

oToT —1 oToT 0 oT oT
"{aa*y}{ 0 } * "{aa*y}{ 1 } - (*"a* ’Ca?) @31)
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{0137

Figure 2.7 Normal vectors for RHS evaluation of Eq. (2.21) at node 1.

which is equal to the heat flux entering the element at node 1. Similar results can
be obtained for all other nodes and the RHS of the weak statement can be

written as
(-8
Ox aY node 1
2T 3T
T Ox aY node 2
JNe(kVT) ndl, — (2.52)
IRLLENpL
a Ox aY node 3
T oT
<_ a - ka_Y)node4—

From Eq. (2.52), we can see that only the magnitude and the sign of a heat flux can be
applied at a node as a boundary condition (BC). However, a component in a specific
coordinate direction (e.g. only a heat flux in the x-direction) cannot be applied since
only the sum of all components (in the considered 2D case, i.e. in x- and y-direction)
is applied at a node.

Example Letus inspect a distorted two-dimensional element (Figure 2.8) where the
two nodal temperatures T; and T, are given as boundary conditions and the other
two nodal temperatures are unknowns.

For this distorted element, the geometrical derivatives are

0¢ 7/4 4 1/4E

Ox  (7/4+ 1/4m)(7/4 + 1/4E) — (1/4 + 1/4E)(1/4 + 1/4n) (2.53)
ok 1/4 +1/4¢ (254)
oy  (7/4+1/40)(7/4 +1/4E) — (1/4 + 1/4£)(1/4 + 1/4m) ’
o 1/441/4n (255)
ox  (7/4+ 1/4n)(7/4 + 1/4E) — (1/4 + 1/4€)(1/4 + 1/47) '
om 7/4+1/4n (2.56)

dy  (7/4+ 1/4n)(7/4 + 1/4E) — (1/4 + 1/4E)(1/4 + 1/4n)
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and the element conductivity matrix results as

0.064835 —0.021868 —0.021099 —0.021868
c —0.021868 0.084161 —0.013121 —0.049173 2.57)
€71 -0.021099 —0.013121  0.047340 —0.013121 ’

—0.021868 —0.049173 —0.013121 0.084161

from which under consideration of the boundary conditions the nodal temperature
vector can be obtained as

T.={100 120 109.178295 113.116279}T (2.58)
14

(5,13) ©.14)
Known: Unknown:
-T,=100 -T,
-T,=120 -T,
k=

Y (5,10) G100 =01

L.

Figure 2.8 2D heat transfer problem with a distorted element.

2.2.4.1 General Rectangular Quad4 Element

In the following, the general element stiffness matrix for a rectangular Quad4
element of arbitrary dimensions a and b (Figure 2.9) will be derived under the
following assumptions:

e constant thickness t,

e constant thermal conductivity k,

e orientation of the x- and y-axes parallel to the global COS,
e rectangular shape, all internal angles are equal to 90°.

¥
(0.h) (a,b)

(0,0) (a,0)
a

-—

Figure 2.9 General rectangular Quad4 element.

The geometrical derivatives for this rectangular element are

Ox 0oy 1 0ox 1 0y
o= % = 2%~ 2% O (2.59)
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and

0t 2 Om 6%_061]_2

2z 1 _02=0—== 2.60
0x a’0x 0y 0y b (2:60)
The temperature gradient matrix is given as
r—1+m —1+& 7
2a 2b
_Zl4m 1+8
_ 2a 2b —
B= 14 1+£ =[4x2] (2.61)
2a 2b
_14m 146
L 2a 2b
and is transposed as
—14+m _—1—|—T] 1+m _1—1—1]
T _ 2a 2a 2a 2a —
B=1_{%e 1% 1¥e {%e| 024 (2.62)
2b 2b 2b 2b

Under consideration of a constant conductivity matrix (Eq. (2.3)), the triple matrix
product BkB' can be calculated as

[(C14m)? (148" (1-n) (1-€) (-1 -1 (@-1) (1-§°]
a? b? a? b? a? b? a? b?
_(-w’ (-8) (-w) (149" (-w) (149" (-w) (1-€)
BkBT — k a? b? a? b? a? b? a? b?
Ho-y @) (- (49t (4’ (149" (4w’ (-8
a? b? a? b? a? b? a? b?
_-n (-9 (-wh) (1-€) (4w’ (1-8) (1+m)’ (0-¢’
L a? b? a? b? a? b? a? b? J
(2.63)

To finally derive the element stiffness matrix, the triple matrix product needs to be
numerically integrated. The Jacobian for the coordinate transformation to &-n-space
is given by

_ Ox0y OxOy 1

Case 1: One-Point Gauss Integration (Reduced Integration) In this case, the weight-
ing factor is equal to W,=4 and the coordinate for the functional evaluation is
£, =ng=0. Thus, the integral becomes

JBkBT dQ, = B(§; =0,m, = 0)kB"(§, =0, M, =0)-J- W, - t (2.65)
o

e
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which finally gives
a+ - a2 - —a®+ P
k t 2_b2 2 bz 42 bz _az_bz
Tio _~. F | @ a° + a” +
J BkB dQ), = 4 agb|—a® -V —a*+b0 A+ AP
Q a2+ —ad2-b - a4

(2.66)

Numerical Example Let us examine a rectangular two-dimensional element
(Figure 2.10) where two nodal temperatures are given as boundary conditions and
the other two nodal temperatures are unknowns.

(0,3) (2,3)

t=0.6
k=0.1

3 BC:
T,= 100
T,= 120

=

(0,0) (2,0)
2

Figure 2.10 Rectangular Quad4 element, reduced integration.

The temperature gradient matrix and the element conductivity matrix can be
calculated as

-1 1
Alt ? 13 -5 13 5
2 6 1 -5 13 5 —13
_ 4 6. _
B=1 1 1 ®=%0|-13 5 13 =5 (2:67)
4 6 5 -13 -5 13
1 1
L 4 64
Finally, the nodal temperature vector can be obtained as
T.={100 120 100 120}" (2.68)

Note that in many commercial finite element codes, an additional variationally
consistent conductivity term is included to eliminate the hourglass modes that are
normally associated with reduced integration.

Case 2: Four-Point Gauss Integration (Full Integration) In this case, all weighting
factors are equal to Wy=1 and the coordinates for the functional evaluation are:

(e (e G s ()
(2.69)
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Thus, the integral becomes

, 1 1 1 1
JBkBTdQe:B(gg:—ﬁ,ng:—ﬁ>kBT<§g:—7§,ng:—7§> Je1-t

e

= f’“g f) (6= gmm5) 01

1 1
T e _ —
#8535 (6= - e 5) 41
(2.70)
Evaluation of this sum gives
i 1 1 1 1
2 bz - z_bz _ - 2——b2 2 _bz
la ’ ’ Za 12 1 +21
- 2_p2 R —@ ol g2
BkBTdQ’a—§ — I 22 2
2 2 2 2,12 212
Qé —Ea —?b —1a +Elb 1a +b za —b
| —az +Eb2 —Ea —Ebz Eaz bZ a2+b2 |
(2.71)

Numerical Example (see Figure 2.10)  In the case of four-point Gauss integration, the
element conductivity matrix results as

0.0433 —0.0233 —0.0217  0.0017
—0.0233  0.0433  0.0017 —0.0217

Ke=1 _00217 00017 00433 00233 (272)
0.0017 —0.0217 —0.0233 0.0433
and the nodal temperature vector can be obtained as
T.={100 120 1065 113.5}" (2.73)

which gives a difference smaller than 10% compared to the values given in Eq. (2.68).

2.2.4.2 Postprocessing
After the computation of the nodal temperature vector To={T.1Te2Te3Te4}" (cf.
Eq. (2.73)), further quantities need to be calculated.

Temperature Gradients The temperature gradients are normally evaluated at the
integration points in a postprocessing step after solving the system of equations.
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Then these values at the integrations points are extrapolated to the element nodes in
a graphical postprocessor. The temperature gradients are given in the considered 2D
case in general as

OT. OTe(§m) 06 0OTe(§m) om 0T 0OT(§,m) %+6Te(§m) on

ox 08 ox om  ox’ Oy ot Oy om oy
(2.74)
Based on the field approximation of the temperature, ie. To(§, n)=ZN;T.;
(i=1,...,4), the derivatives of the temperature in &-n-space are simply obtained as
aTe(g,'ﬂ) 6N1 aNz 6N3 6N4
e\ T =T =S —.T 2.
ag ag el + ag e2 + 6% e3 + 6& e4 ( 75)
6Te(§, T]) o 6N1 6N2 6N3 6N4
T - @”r] Te,l + 61] Te,Z + a"ﬂ Te,3 + a’T] Te74 (276)

Based on these equations, the gradients in the x-direction are obtained for our
example (four-point Gauss integration) at the integration points as

o) _ 7,147114,6Te = 7,147114,6Te = —0.647114,6Te =—-0.647114
Ox Ox Ox Ox
&1 82 5] 84
(2.77)
and for the y-direction as
T _ 2.598076,% = 72.598076,% = 72.598076,% =2.598076
Y &1 0 82 0 s} 0 84
(2.78)

Components of Heat Flux The components of the heat flux are also evaluated at
the integration points. Taking the values of the temperature gradients and con-
sidering the general definition of the element heat flux vector, i.e. g. = —kV T, the
x-components of the heat flux vector result as

g8, = —0.714711,¢2, = —0.714711,¢%, = 0.064711, g%, = 0.064711
(2.79)

while the y-components are gives as

g8, = —0.259808, g%, = 0.259808, g, = 0.259808, g, = —0.259808
(2.80)
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The total heat flux is obtained by vector addition, i.e. 9 = /g% + g;, of the single

components as

¢ = 0.760469, g& = 0.760469, g& = 0.267745, g& = 0.267745  (2.81)

Reaction Heat Flux The reaction heat flux is a nodal quantity and is obtained by
multiplying the global stiffness matrix (without consideration of the BCs) with the
global temperature result vector:

0.0433 —0.0233 —0.0217  0.0017 100 —0.585

—0.0233  0.0433  0.0017 —0.0217 120 0.585
=1 00217 00017 00433 —00233] Y1065( | 0
0.0017 —0.0217 —0.0233 0.0433| | 1135 0

(2.82)

2.2.5
Nonlinearities

In the following, a linear temperature dependency of the thermal conductivity in the
form:

KT)=ko+c-T (2.83)

is considered where k, and c take constant values. Let us assume additionally that the
element is of rectangular shape (all internal angles equal to 90°) with arbitrary
dimension a and b (Figure 2.9) parallel to the global x- and y-axes and constant
thickness t. In order to introduce the expression for k in the element conductivity
matrix of Eq. (2.18), its matrix notation in the form

1 0

k:(k0+c~T)[O .

} =(ko+c-T)I (2.84)
must be used:

J BkB'dQ), = j B(ko + ¢ - T)IB'dQ), = J BkoIB'dQ), + J BcTIB (),
Q Q Q Q

(2.85)

= J BkoIBTdQ), + J BcNIT.IB'dQ), (2.86)

Q Q
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Let us first examine the expression N T.I:

Ty
[T o
NITI={N, N, N3y N,}. Ti [o 1} (2.87)
T
_ N1T1 + N2T2 + N3T3 + N4T4 0 (2 88)
0 N1T1+N2T2+N3T3+N4T4 ’
_|p O _
f|:0 p:| =p=7pl (2.89)

where the shape functions N; — N, are given by Egs. (2.37) and (2.38). Now, the
second expression of Eq. (2.86) can be written as

J BeNIT.IB'dQ, = ¢ J BpIB'dQ, =¢ J pBB'dQa (2.90)
Q. Q Qo

where the function p=p(&, n) is given by

p=3 (1-H0-WT +;- A +H1 -7,

1
7
b3 4O +MT +, - (1- O+ )T, (2.91)

EN

Using a four-point Gauss integration (full integration), the contribution to the
conductivity matrix due to a linear T-proportional dependency of the conductivity
is given as

Kii Kiz Kiz Kig
Ky K Kz Ky
K31 Ky Kiz Ky
Ky Ko Kz Kig | p

Kep1 = (2.92)

where the elements Kj; are given by

K1 (a2(3T1 + T, + T5 + 3T4) + b2(3T1 + 3T, + T3 + T4)) (293)

~ 24ab

(@*(Ty + Ty + T3 + Ty) + b*(—3Ty — 3T, — T5 — Tu)) = Kn
(2.94)

2= 4ab
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ct
Kz = Yaab (—(a*+b*) (1 + T, + T3+ Ty)) = Kn (2.95)

etc. The total element stiffness matrix results as the sum of Eqgs. (2.71) and (2.92).

Numerical Example In the following example (Figure 2.11), a rectangular and a
quadratic Quad4 element is investigated for different values of ¢ (see Eq. (2.83))
which weights the temperature dependency of the conductivity. Additionally, differ-
ent ranges of the given boundary conditions T; and T, are considered.

It can be seen from Table 2.1 that the major difference compared to the constant
conductivity results stems from the difference in the temperature of the applied
boundary conditions. The influence of the geometry and the weighting factor ¢ is
much smaller under the chosen model parameters.

b)
0,3) (2,3)
0 o 02) @y
= 4 3 =0.
f“ 01 k,=0.1
3 BC: ¢
T, 2 BC:
T, T
2 T,
1 2 1 2
0,0) (2,0 (0,0 (2,0)
2 2

Figure 2.11 Rectangular Quad4 elements.

Table 2.1 Results for the Quad4 element with k= k(T)-conductivity
(the deviation refers to the result with constant conductivity, i.e. c=0).

BC Results Deviation (%)

a b c T T, T T. 3 4

2 3 0 100 120 106.500 113.500 - -
0.001 100 120 106.570 113.569 0.066 0.061
0.1 100 120 106.632 113.631 0.124 0.115
0 100 600 262.500 437.500 - -
0.001 100 600 282.899 456.910 7.771 4.437
0.1 100 600 288.488 461.916 9.900 5.581

2 2 0 100 120 108.000 112.000 - -
0.001 100 120 108.076 112.076 0.070 0.068
0 100 600 300.000 400.000 - -
0.001 100 600 321.219 422.147 7.073 5.537

0.1 100 600 326.652 428.121 8.884 7.030
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23
Modelling of Hollow-Sphere Structures

2.3.1
Geometry, Mesh and Boundary Conditions

The analysis of the macroscopic thermal conductivity of MHSS is performed by
means of a finite element approach. The finite element model of the microstructure
is exemplified in Figure 2.12, where the light gray elements correspond to the
metallic sphere, whereas the dark gray elements are related to the joint. Depending
on the considered joining technology, the joint represents the sintered neck or the
adhesive connection between two neighboring spheres.

At the left and right side of the joints, two constant temperatures T; and T, are
prescribed on parallel surfaces. The nodal reaction heat flux in the direction per-
pendicular to these surfaces is denotated as Q] The total heat flux through one of the
surfaces where the temperature boundary condition is prescribed is given by the
sum of the single nodal reaction fluxes:

Q(Ty, Ty) = Z Q,(Th, Ty) (2.96)
j

where j denotes the number of nodes where the temperature T; or T, is assigned.
The heat flux perpendicular to all remaining surfaces is zero which corresponds to
periodic boundary conditions. It is shown in Refs. [73,74] that the influence of
thermal radiation on the effective thermal conductivity of porous metals, especially
at temperatures below 700 K is low and is therefore disregarded within this study.
Furthermore, the open porosity of MHSS is small (partially bonded) or nonexistent
(syntactic) and consequently also the effect of convection is excluded from the

Ay
I R=1mm min'2 '{ L_

T: = const. T: = const.

Connective element
Steel sphere

Figure 2.12 Finite element model incorporating boundary conditions.
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numerical simulation. Due to these simplifications, Fourier’s law yields the effective
thermal conductivity k(T3,T5) of the structure:

Q(T1, To) Ay

(D) = =31

(2.97)

The spatial distance Ay and the projected area A are defined by the geometry
(Figure 2.12), the temperature difference AT= T, — T is given by the boundary con-
ditions and the total heat flux Q(Tl, T;) is the result of the finite element calculation.

Corresponding to measurements on real specimens (Figure 2.13), the outer
diameter R of the hollow spheres is 1 mm, the sphere wall thickness t varies between
0.02 and 0.1 mm and the minimum distance between two neighboring spheres a;,
is 0.12mm for the cubic primitive topology. Furthermore, a second set of finite
element models with syntactic morphology and different topologies (Figure 2.14) is
generated, where the minimum distance d;, is 0.24 mm.

All geometries exhibit cubic symmetries and, by defining symmetric boundary
conditions, only one-fourth (Figure 2.12) of a unit cell needs to be modelled.

Figure 2.13 Geometric dimensions of a partially bonded MHSS.

Figure 2.14 Topologies of syntactic hollow-sphere structures:
(a) primitive cubic; (b) body-centered cubic; (c) face-centered cubic.

57
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a) b)

Figure 2.15 Morphologies of cubic primitive hollow sphere structures:
(a) partially bonded; (b) syntactic.

Furthermore, two different morphologies, i.e. partially bonded or syntactic, are
investigated for a cubic primitive topology (Figure 2.15).

In a second approach of the finite element analysis, the results of the thermal
conductivities of the microstructure (unit cell) at low temperature gradients are
assigned to a homogenized finite element model. Therefore, a simple mesh is
assembled by planar rectangular elements (thickness 1) with the thermal conduc-
tivity corresponding to the results obtained for the microstructure of a primitive
cubic MHSS. This procedure allows for the simulation of large structures without
the necessity of modeling the whole microstructure. Finally, two aluminum face
sheets are attached to the homogenized finite element model of the core in order to
generate a sandwich structure with a varying face sheet thickness t. The evaluation of
the directional thermal conductivity perpendicular to the face sheets of the sandwich
structure is performed according to Eq. (2.97).

2.3.2
Material Properties

Two different types of material models are considered. First, temperature-
independent properties are considered. The values of the average thermal conduc-
tivities and densities of these materials are listed in Table 2.2 [75].

In a second step, temperature-dependent material properties for nonlinear thermal
analyses are incorporated in some of the calculation models. In Figures 2.16 and 2.17,
the effective thermal conductivities k of these base materials are plotted versus the
absolute temperature T.

Table 2.2 Material properties of MHSS constituents.

Material Abbreviation Thermal conductivity, k (Wmm " K™") Density o gcm 2

Steel St 0.05000 7.9
Epoxy resin Ep 0.00036 1.2
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Figure 2.16 Temperature-dependent thermal conductivities of the
metallic base materials Al 6061 (UNS A96061) [76] and Ck67 [77].
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Figure 2.17 Temperature-dependent thermal conductivities of an epoxy resin [78].

2.4
Determination of the Effective Thermal Conductivities

In the following, the results of the finite element analysis for the effective thermal
conductivities will be discussed. The influence of the joining technique, morpholo-
gy, topology and temperature-dependent material properties will be analyzed.
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Z 0030

= 4 Primitive cubic, St
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Figure 2.18 Influence of the morphology of homogeneous steel MHSS
on the effective thermal conductivity.

24.1
Influence of the Morphology and Joining Technique

In the scope of the investigation of the influence of the morphology and the joining
technique on the effective thermal properties of MHSS, only primitive cubic ar-
rangements of the spheres are considered. Depending on the applied joining tech-
nique, different morphologies and material combinations are generated. Sintering
yields a homogeneous and partially joined structure, whereas adhesive joining
results in a heterogeneous (metal/epoxy) structure with varying morphology. Finally,
a homogeneous syntactic structure can be achieved by applying casting
technologies.

Figure 2.18 shows the influence of different morphologies for homogeneous steel
structures. The effective thermal conductivity is plotted versus the sphere wall
thickness t. As a result of the higher volume fraction of the matrix, the syntactic
MHSS exhibit significant higher thermal conductivity. In contrast to this behavior,
the partially bonded structures show only low values, especially for a small sphere
wall thickness t.

In Figure 2.19, the influence of the morphology on the thermal properties of
adhesively bonded structures is visualized. Due to the higher volume fraction of the
matrix, the thermal conductivity of syntactic MHSS exceeds the values of the partial
morphology. However, the deviation is smaller in comparison to the homogeneous
structures. This phenomenon can be explained by the low thermal conductivity of
the adhesive matrix. Increase of the volume fraction of the matrix therefore only
slightly increases the effective conductivity of the structure.

Next, two different joining techniques for partially bonded MHSS are compared.
Figure 2.20 shows the results obtained for a sintered and an adhesively bonded
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Figure 2.19 Influence of the morphology of heterogeneous MHSS
on the effective thermal conductivity.

structure depending on the sphere wall thickness t. The effective thermal conduc-
tivities k of sintered structures are higher compared to the adhesively bonded MHSS
and linearly increase with the thickness t. The low thermal conductivity of adhesively
bonded structures lies within the range of the thermal conductivity of the adhesive.

The comparison of syntactic MHSS exhibiting different material combinations
(Figure 2.21) yields large deviations. The explanation is the high volume fraction of
the matrix for syntactic morphology in combination with the strongly different

g 0.0035

g 4 Primitive cubic

E 0.0030 9 Sphere material: St

% 00025 | Partily joined

2 -

= A, =0.12 mm

£ 0.0020

% .
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E 0.0010 —

W

5 i

2 00005 P— S o B
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Sphere wall thickness t [mm)]

Figure 2.20 Influence of the joining technique of partially bonded MHSS
on the effective thermal conductivity.
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Figure 2.21 Influence of the joining technique of syntactic MHSS
on the effective thermal conductivity.

thermal conductivities of the steel and epoxy resin base materials (Table 2.2).
Therefore, the cast structure exhibits a much higher thermal conductivity than the
adhesively bonded MHSS.

242
Influence of the Topology

Three different topologies, namely primitive cubic (m), body-centered cubic (e) and
face-centered cubic (e) arrangements of spheres (Figure 2.14), are considered. All
analyses are performed for a syntactic morphology and two different material com-
binations (St and St/Ep) are investigated.

Figure 2.22 shows the results obtained for homogeneous steel structures. For all
topologies, a linear characteristic of the effective thermal conductivity k in depen-
dence on the sphere wall thickness ¢ can be observed. The primitive cubic structures
exhibit the maximum thermal conductivity k for a particular shell thickness t.
However, by plotting the thermal conductivities versus the free volume V;/V,, a
different picture arises. The free volume is equal to the volume of the spherical
inclusion V; divided by the volume of the unit cell V,,.

It can be seen in Figure 2.23 that all values can be approximated by a single
straight line. Therefore, the thermal conductivity of homogeneous syntactic MHSS
can be described only in dependence on the free volume. A linear fit based on the
numerical data yields

k(Vi/Vy) = [—0.0581 - (Vi/Vu) + 0.0479] - mw (2.98)

m-k
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Figure 2.22 Influence of the topology on the thermal conductivity
of homogeneous steel MHSS.
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Figure 2.23 Thermal conductivity of homogeneous steel MHSS
plotted versus the free volume.

or with the thermal conductivities k;, of an arbitrary base material
k(Vi/Vy) = [-1.162 - (Vi/Vyy) + 0.958] - k;, (2.99)
Figure 2.24 shows the thermal conductivities of adhesively bonded syntactic MHSS.

Although the thermal conductivity increases with increasing sphere wall thickness,
the gradient of the curve continuously decreases. The explanation is the high thermal
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Figure 2.24 Influence of the topology on the thermal conductivity
of heterogeneous MHSS.

resistance of the adhesive matrix between neighboring spheres. Enhancement of the
volume fraction of the high thermal conducting sphere wall material therefore only
slightly increases the overall thermal conductivity of the structure.

Analogous to the homogeneous structures, k is plotted versus the free volume
Vi/V, in Figure 2.25. It can be observed that the face-centered cubic arrangement of
spheres yields maximum thermal conductivity for a particular value of the free
volume. The explanation is the cubic densest packing of this topology which causes
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Figure 2.25 The dependence of the thermal conductivity of
heterogeneous MHSS on the free volume.
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the highest volume fraction (total volume of the metallic shell divided by the volume
of the unit cell) of the metallic sphere wall material. The high thermal conductivity of
the metal increases the effective thermal conductivity of the structure. Consequently,
the primitive cubic topology which exhibits the lowest volume fraction of the
metallic sphere wall material shows the minimum thermal conductivity.

243
Temperature-Dependent Material Properties

The determination of the effective thermal conductivity of MHSS incorporating
temperature-dependent material properties requires the distinction of two different
cases. First, a low temperature gradient where the temperature is approximately
constant within the entire unit cell and, second, a high temperature gradient, where
the changing temperature dependence of the base materials of the structure inside a
single unit cell has to be accounted for.

2.43.1 Low Temperature Gradient
In the case of a low temperature gradient, the temperature inside the entire unit cell
can be regarded as approximately constant. Therefore, the thermal conductivity of
the MHSS can be determined only in dependence on this temperature. The tem-
perature boundary conditions (Figure 2.12) are T; = T;+0.01 Kand T, = T; — 0.01 K
for T; =293, 303, .. ., 433 K and the results of these calculations are summarized in
Figures 2.26 and 2.27.

Figure 2.27 shows the temperature dependence of the thermal conductivity of
adhesively bonded MHSS. In comparison to the results of sintered structures
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E - -
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z ] g--&F AL 6061

2~ 0.005

& _

=

5 0.004 —

2 _

g 0.003

3 _

g 0002 7 Ck 67

ks 1 o— = =

£ 0001

5 _

2 a,,=0.12 mm

= 0.000 . , ; , . , . , .
250 300 350 400 450 500

Absolute temperature T [K]

Figure 2.26 Effective thermal conductivity of sintered MHSS
incorporating temperature-dependent base material parameters
for low temperature gradients.
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Figure 2.27 Effective thermal conductivity of adhesively bonded
MHSS incorporating temperature-dependent base material
parameters for low temperature gradients.

(Figure 2.26), the values of adhesively bonded MHSS are lower. The adhesively
bonded structures exhibit a maximum of the conductivity at approximately 340 K
(Al/Hysol) and 390 K (Ck67/Hysol). The conductivity of the sintered structures rises
linearly with the absolute temperature within the designated range. The high ther-
mal conductivity of the aluminum alloy (Figure 2.16) also increases the thermal
conductivity of MHSS. In comparison, the utilization of CK67 as a sphere wall
material decreases the thermal conductivity of the structure.

2.43.2 High Temperature Gradient
In contrast to the simplification in the previous section, high temperature gradients
require the consideration of the temperature distribution inside the unit cell. Due
to the temperature dependence of the thermal conductivities of the base materials
(see Figures 2.16 and 2.17), the thermal conductivity of the unit cell depends on the
absolute values of both temperatures T and T, and cannot therefore be determined for
particular temperatures. In order to confine the complexity of this investigation, the
temperature T is fixed at the constant temperature 298 K (approximately room tem-
perature) and only the temperature T, is varied as 323, 348, 423 K (glass transition
temperature 433 K [79] of the exopy resin being considered). The results are obtained
for the unit cell as well as for a homogenized model of the MHSS. The homogenized
model is assembled by planar rectangular elements and exhibits the thermal proper-
ties obtained in the previous section for the MHSS and low temperature gradients.
Figure 2.28 shows the results of both analyses. In the case of low temperature
gradients (e.g. T, =323 K— AT/Ay=25K/2.12mm) the results obtained for both
models almost coincide. However, also for the maximum temperature difference of
125 K the deviation reaches only 0.93%.
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Figure 2.28 Effective thermal conductivity incorporating temperature
dependent base material parameters for high temperature gradients.

2.4.4
Application Example: Sandwich Structure

In the following, sandwich panels with MHSS cores acting as a thermal insulating
layer are considered. The effective thermal conductivity is determined in the direction
of the normal vector of the face sheets. The temperatures prescribed at the upper and
lower surfaces are 293 K and 433 K, respectively. The microstructure of the MHSS is
homogenized and therefore represented by plane rectangular elements (2D approach)
in order to reduce the required calculation time. As shown in the previous section, the
deviation introduced by this simplification is small. Figure 2.29 summarizes
the results of this investigation. The effective thermal conductivity is plotted versus
the normalized face sheet thickness. This ratio is equal to the varying thickness fof the
facesheetsdivided by the constanttotalheight h = 30 mm of the structure and is defined
for values between 0 (pure core material) and 0.5 (no core material, face sheets merge).

The thermal conductivity of the sandwich structure increases with increasing
relative thickness of the face sheets. This phenomenon can be explained with the
high thermal conductivity of aluminum alloy (Figure 2.16) in comparison to the
insulating MHSS core material. Even in the case of very thin insulating layers
(f7h = 0.4) the thermal conductivity of the sandwich panel only reaches approximate-
ly 1.5% of the values of the face sheet material. However, for further decrease of the
thickness of the core, the thermal conductivity of the structure grows exponentially.
In the following simulation, the thin adhesive layers which join the face sheets and
core material are incorporated in the numerical simulation. The overall height h of
the structure is 30 mm and the face sheet thickness tis 1 mm. Two different adhesive
interface layers with a thickness tagn of 0.25 and 0.5 mm are considered. These
interface layers exhibit the thermal properties of Hysol FP4401 (Figure 2.17) which
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Figure 2.29 The dependence of the thermal conductivity of sandwich
panels with MHSS cores on the normalized face sheet thickness.

are multiplied by a scale factor s=0.8, 1.0, 1.2 in order to account for a change of the
material properties due to chemical reactions. The findings are shown in Table 2.3.

It can be seen that the influence of the thin interface layer on the overall thermal
conductivity is low. This result can be explained by the similar thermal conductivities
of the adhesively bonded hollow-sphere structure (Figure 2.27) and the adhesive
(Figure 2.17). Changing material properties of the adhesive layer (£20%), e.g. due to
chemical reactions, results only in a very small influence on the macroscopic prop-
erties of the entire sandwich structure. The influence slightly increases with growing
thickness taqpn of the adhesive interface layer.

Table 2.3 Thermal conductivities in Wmm ™' K™ ' of sandwich
structures (t=2mm) with thin adhesive interface layers.

Scale factor s 0.8 1.0 1.2
taqn=0.25 mm 0.582 0.584 0.585
taah = 0.50 mm 0.583 0.587 0.590
Without 0.581

2.5

Conclusions

In the scope of this chapter, the effective thermal conductivity of metallic hollow-
sphere structures was investigated. It was found that partial morphology exhibits
lower thermal conductivity in comparison to syntactic structures. This result is valid
for homogenous (sintered, casted) as well as heterogeneous (adhesively bonded)



References

structures. Furthermore, the influence of the topology on the thermal conductivity of
MHSS was analyzed. A linear relation in dependence on the free volume was found
to describe the thermal conductivity of homogeneous MHSS. In the case of adhe-
sively bonded hollow-sphere structures, the face-centered cubic arrangement of the
spheres yields the maximum thermal conductivity at a particular free volume. This
can be explained by the most dense packing of the spheres for this topology and
therefore the highest volume fraction of the metallic shells which exhibit a high
thermal conductivity.

In the next step, temperature-dependent material properties were incorporated.
Therefore, a primitive cubic topology with partial morphology was investigated. Two
cases, namely a high and a low temperature gradient, were distinguished. In the case
of low temperature gradients, the temperature in the structure was assumed to be
approximately constant and temperature-dependent conductivities could be derived.
For high temperature gradients, the thermal conductivities were obtained for room
temperature at one and a variable temperature at the other side of the MHSS.

As an application example, a sandwich structure containing an adhesively bonded
MHSS core with a partial morphology, was considered. It was found that the thermal
conductivity of the sandwich is significantly lower compared to the conductivity of
the face sheets, even for relatively thin cores.
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3
Thermal Properties of Composite Materials and Porous Media:
Lattice-Based Monte Carlo Approaches

Irina V. Belova and Graeme E. Murch

3.1
Introduction

Ever since its development during World War I1 as part of the Manhattan Project, the
Monte Carlo method has enjoyed countless applications in science and engineering.
Intrinsically a computationally very demanding method, the Monte Carlo method
has naturally become far more popular as computers have become faster, cheaper
and more accessible. In transient thermal conduction problems, the Monte Carlo
method using continuous random walks has been commonly used for many years to
determine temperature profiles where there are arbitrarily shaped boundaries with
arbitrarily varying boundary conditions (see, for example, [1]). Quite recently, a
lattice-based Monte Carlo method, which is basically a type of simulation finite-
difference method, has been developed to determine the effective thermal conduc-
tivity in some very simple models of two- and three-component composites and also
simple models of porous media. In Section 3.2 of this chapter we describe such
calculations in detail. The Monte Carlo method also has the potential to be used to
provide temperature profiles in composite/porous media models too. This area is yet
to be developed. In Section 3.3 we describe some recent preliminary calculations by
the present authors.

3.2
Monte Carlo Methods of Calculation of the Effective Thermal Conductivity

In this section, we review Monte Carlo methods that have been developed to calcu-
late the effective thermal conductivity in some simple models of composite materials
and porous media. In Section 3.2.1, we show how the Einstein equation for Brow-
nian motion is very useful for calculating the effective thermal diffusivity (conduc-
tivity). In Section 3.2.2 we show how FicKk’s first law (the Fourier equation) can also
be used for the same purpose.

Cellular and Porous Materials: Thermal Properties Simulation and Prediction
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3 Thermal Properties of Composite Materials and Porous Media

3.2.1
The Einstein Equation

Thermal diffusion and mass diffusion are both random processes that can be
represented by random walks of particles. For the case of mass diffusion, the
particles can be atoms, molecules or much larger entities such as colloidal particles
or even unicellular animals. In the case of thermal diffusion, the particles are virtual
heat “particles”. The century-old Einstein equation [2] describes the self-diffusivity D
(o1, equivalently, the thermal diffusivity K) of randomly walking particles in d
dimensions (d=1, 2, 3):

_(RY)
D= i (3.1)

where R is the vector displacement of a given particle after some long time t and the
Dirac brackets < > refer to an average over a very large number (N) of particles. It
should be noted that the thermal conductivity \; in a phase i is directly related to the
thermal diffusivity K; in that phase by the well-known expression K; = \;/ pin,,
where p; is the density of phase i and Cj, is its specific heat. In a composite, by
simply requiring that the densities and the specific heats take values equal to unity
everywhere in the calculation, the effective thermal conductivity g then simply
equals the effective thermal diffusivity Kg. In the following, wherever the generic
term “effective diffusivity” is used, the reader can freely substitute effective thermal
conductivity or effective thermal diffusivity.

The Einstein equation refers only to a system already at equilibrium. In a mass
diffusion context, the Einstein equation refers to the determination of the diffusivity
of individual particles that can be followed or traced in a system that is already at
chemical equilibrium, i.e. with no concentration gradient. In other words, each
particle would need to be followed for some time t in order to determine its dis-
placement R in that time. There are rather few examples where this has been
possible to achieve in a real experiment. One example known to the authors makes
use of a field ion microscope to follow or trace individual surface rhodium atoms
diffusing on various faces of a face-centered cubic (fcc) rhodium crystal [3]. If the ad-
atom fraction is low and the ad-atoms are observed frequently, then it is possible in
effect to tag the atoms by noting at each observation which atom has moved, and how
far, since the previous observation. The rhodium surface diffusivity itself can then
be formed directly using Eq. (3.1) after a suitable diffusion time. To the authors’
knowledge, in a thermal diffusion context the Einstein equation has no physical
meaning in the sense that it can be made use of experimentally. The Einstein
equation purely provides a highly useful means for calculating in models the effec-
tive thermal diffusivity (conductivity) from random walks of virtual particles using
the Monte Carlo method.

The Einstein equation has been extremely useful, especially for providing the
basis for much of the theory that describes diffusion of atoms in the solid state,
where it is commonly assumed that atoms jump from site to site on a lattice with
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very long residence times on each site between jumps and an assumed flight time
between sites of zero. (This is sometimes loosely referred to as the “hopping
model”.) The atoms, individually and also their center of mass, undertake random
walks on a lattice. In a period extending over half a century, a vast literature has been
built up that has been especially concerned with describing memories or correla-
tions between individual jumps of the random walk of primarily tracer atoms
(see, for example, [4]). Since about the early 1970s, much of this literature has made
use of the Monte Carlo method (see, for example, [5]). For random walks (say with
correlations) on the simple cubic lattice the diffusivity can be partitioned from
Eq. (3.1) as [4]

D= F_fsz (3.2)
6

where I is the jump rate, s is the jump distance and f is termed the correlation factor,
this quantity expressing any correlations in the directions of the jumps. If it is a
square planar lattice then the factor 6 in the denominator of Eq. (3.2) is replaced by a
factor 4. For a complete random walk, i.e. when each jump in the walk is completely
independent or uncorrelated with all previous ones, then f=1. In contrast, for
a hypothetical walk where every jump of the particles is immediately reversed,
then f=0.

As an aside, it is worth noting that for many solid-state diffusion mechanisms,
such as the vacancy mechanism, there are considerable correlations in the directions
of successive jumps of the atoms because of the continued proximity of the vacancy
to a tagged atom (tracer atom). For the vacancy diffusion mechanism the correlation
factor is given approximately by

2
fml—z (3.3)

where Z is the local coordination number.

It is very important to recognize that the Einsteine equation (Eq. (3.1)) is still valid
over long times even when the material has different hopping rates in different
regions of the material (e.g. in a composite), provided that the material remains
isotropic in its diffusion properties overall. If the material is anisotropic in its
diffusion properties, one can still nonetheless define diffusivities in the three prin-
cipal directions simply by using

Dy=-——+; Dy=-—--; Dz:<— (3.4)

where X is the displacement of a particle in time ¢ in the x-direction and so on.
The Einstein equation and the process of describing random walk diffusion of

particles on a lattice lend themselves particularly well to Monte Carlo methods.

Directing random walks of particles on lattices with random numbers was in fact
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one of the first applications (1951) of the new Monte Carlo method that had been
developed at Los Alamos during World War II as part of the Manhattan Project [6].
Perhaps surprisingly, the Einstein equation itself was not used until the early 1970s.
A possible reason for this is the difficulty in dealing with time. In fact, in contrast to
the other main kinetics simulation method of molecular dynamics, simulating
actual time is not possible in a Monte Carlo kinetics calculation. What one actually
does is to use a discrete quantity that is proportional to real time. This quantity is the
number of jump attempts per particle. Using the Einstein equation with this quan-
tity acting as “time”, one can then calculate a relative diffusivity, i.e. relative to one of
the known diffusivities (usually the highest) in the system.

Let us see now how this might be achieved in a Monte Carlo calculation. First of
all, we consider a very simple example where the diffusivity is the same everywhere.
Consider then the case of diffusion of isolated particles on a simple cubic lattice
having the dimensions, say, of 100x100x 100. There are six jump directions for
each jump of a particle, i.e. the coordination is six. We suppose that this lattice has
periodic boundaries. This very common type of boundary condition implies that
when a particle reaches an edge or face of the lattice, if the next jump would take it
outside of the lattice, then the particle is simply plugged back into the edge or face of
the lattice directly on the opposite side of the lattice. In effect, with the imposition of
periodic boundaries, the original lattice is now surrounded by periodic images or
replicas of itself. The use of periodic boundaries thus enables surface effects to be
avoided completely. However, the lattice is still a small system, and, if too small,
historical effects may be perpetuated in some diffusion problems as a particle leaves
one side and enters on the opposite side into what is, in effect, the same environ-
ment that it has just left. If problems such as diffusion in thin films are being
addressed, a formal surface(s) is of course necessary and is retained in the
calculation.

Monte Carlo methods require of course random numbers and a typical calculation
requires many millions of them. Computer-generated random numbers r; are gen-
erally calculated in most library subroutines in such a way that they are produced
uniformly on the following interval: 0 <r; < 1. In our calculation here, a particle is
created at some randomly chosen site (random numbers are used to generate the x, y
and z coordinates for this site) and the direction to jump is also chosen at random
(from the six available in this particular case where the simple cubic lattice is used).
We could in fact release all N particles at exactly the same time at randomly chosen
sites in the lattice and then start the simulation by choosing them randomly to jump.
Provided that we permit multiple occupancy of a given site, the particles would
diffuse independently of each other for the entire time Nt. As an alternative, we
could release the particles one at a time, i.e. we let each one diffuse for exactly the
same time t before the next one is released. Both of these procedures are completely
equivalent at long times and would take about the same amount of computational
time, but the second way is slightly easier conceptually and we will assume it in the
following.

Whilst the random walk of the particle is being directed by the computer-
generated random numbers, step-by-step contributions to the vector displacement
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of the particle R are also being accumulated. It has been found that it is probably best
to do this by assuming that each particle starts from its own origin (0, 0, 0). It should
be especially noted that if the particle crosses a periodic boundary and is therefore
plugged into the opposite side of the lattice, this process is completely ignored in the
calculation of R. The process of directing the random walk of the particle continues
for, say, 5000 jump attempts. The entire process is then repeated with further
particles until, say, a total of N=10° particles have been released, all having had
5000 jump attempts in their walks. In this particular example, every attempt to jump
is permitted to be successful (this is equivalent to saying that the jump frequency
I'=1 jump per jump attempt of the particle). The jump distance here s=1 lattice
spacings. Since f=1 here (the particles diffuse completely independently), Eq. (3.2)
shows immediately that D should equal 1/6 and also carries the units of lattice
spacings squared per jump attempt. A calculation of D directly from the Monte Carlo
calculation using the Einstein equation (Eq. (3.1)) verifies this perfectly. The value
here of 1/6 taken by D then must be scaled to the actual diffusivity in the material.

Now let us consider diffusion in a simple two-component composite material. For
the sake of concreteness, we consider the dispersed phase (the inclusions) to be
spheres (region 2) that are embedded in a matrix phase (region 1) and that the
spheres are themselves arranged for convenience here in a simple cubic arrange-
ment. We assume that the diffusivity in the spherical inclusions themselves is D,
and that the diffusivity in the matrix is D;. We are then interested in calculating the
effective diffusivity Deg of the composite. As a very rough approximation for the
effective diffusivity in a composite, we can write the effective diffusivity as a simple
linear combination of the individual diffusivities:

Dest = gDy + (1 —g)Dn (3.5)

where g is the volume fraction of the inclusion phase. In the solid-state diffusion
literature, Eq. (3.5) is commonly referred to as the Hart equation [7] and refers to the
specific situation in that area of materials science where the two components are the
bulk (the grains) and the grain boundary “phase”. Equation (3.5) is exact only when
the two phases or regions are parallel and the diffusivities are measured in that
direction.

A Monte Carlo determination of the actual effective diffusivity in a composite con-
sisting of spherical inclusions in a simple cubic arrangement can be simply achieved
in the following way. A fine-grained simple cubic lattice say (100x 100 x 100)
is overlaid on this system as shown schematically in two-dimensional (2D) form
in Figure 3.1. This lattice needs of course to be sufficiently fine grained that it can
adequately capture the shape of the spherical inclusions. The volume fraction of
inclusions is simply the number of lattice sites in the inclusion(s) divided by the total
number of sites. The lattice also has periodic boundaries which are implemented
exactly as in the simple system described above. Since the system has periodic
boundaries, it does not actually matter in this particular example if the inclusion
is in the center of the lattice because the arrangement of the spherical inclusions is
also simple cubic. Recall that with the employment of periodic boundaries, the
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Figure 3.1 A 2D model of a composite of spherical inclusions in a
simple cubic arrangement overlaid by a simple cubic lattice that is
then explored randomly by a large number of virtual particles.

lattice is surrounded by images of itself. For more complicated arrangements of the
inclusions in the lattice, which essentially acts like a unit cell of the structure of
the chosen arrangement, the inclusions must be located with care.

As in the earlier example described above, a single particle is created and released
from a randomly chosen site in the lattice. There are absolutely no correlation effects
here to be concerned with because the particle is diffusing completely independently
of others. The two diffusivities D; and D, are now simply individually represented by
the two (different) jump rates I'y and I',. It is usual to scale the higher jump rate to
unity for computational efficiency. The jump rate of the particle now varies accord-
ing to position within the lattice. Thus if the particle is currently on a site known to be
inregion 1 (i.e. the spherical inclusion), it has a jump rate I'y, whereas if the particle
is currently on a site known to be in region 2, then it has a jump rate of I',. As an
example, let 'y =1 and I';=0.1 (this means that the ratio of the diffusivities
Dy /D, =10). Thus when the particle is on a “region 2 site”, another random number
r needs to be generated to determine the outcome of the jump attempt. If ris greater
than I, then this jump attempt is said to have failed and a jump direction must again
be chosen at random for this particular particle. (Note that if the simulation is being
done in such a way that all particles were released at the same time, then if an
attempt to jump is unsuccessful, a particle must again be chosen at random from the
cohort.) If r is less than or equal to I'; then the jump attempt is said to have been
successful and the particle is permitted to change sites. As in the simple example
above, after a large number of particles have been released, say N = 10°, then the
effective diffusivity for the composite can be formed directly from Eq. (3.1). The
effective diffusivity of the composite is automatically scaled relative to the highest
diffusivity (in this particular case, to that of the matrix D). It is clear that it is very
easy to introduce other inclusions having different diffusivities into the matrix. It is
also straightforward to allow position-dependent diffusivities even within the inclu-
sions or the matrix by simply mapping such dependencies onto the corresponding
jump frequencies I';. This method of calculating the effective diffusivity is basically a
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finite difference method for the solution of the corresponding inverse diffusion
equation (see, for example, Manning’s [8] derivation of the Einstein relation Eq. (3.1)
with the diffusion equation as a starting point).

The principal difficulty in the Monte Carlo calculation of the effective diffusivity is
ensuring that the number of jump attempts is sufficiently large to ensure that the
long-time effective diffusivity of the composite is in fact correctly determined. At
very short diffusion times for each particle, as might be expected, the effective
diffusivity is simply given by the approximate Eq. (3.5) because this would be the
instantaneous effective diffusivity. At very long diffusion times, after each particle has
adequately “explored” the structure, the correct long-time limit effective diffusivity
of the composite is obtained (see Fig. 3.2). As a good guide to what would be a
sufficiently long time, it is best to first form the effective diffusivity according to the
approximate Eq. (3.5) and then use this via the “diffusion length”, (6 Degrt)'/?, to
determine the number of jump attempts (t) appropriate for the problem. As a
reasonable guide, the diffusion length should be at least half the length of the
lattice, or unit cell of the ordered structure of the inclusions.

In some applications, one may wish to introduce some degree of randomness to
the arrangement of the inclusions or to their size, or possibly their shape. This poses
no major problems. For the purposes of changing the arrangement of the inclusions,
at one extreme, one may start from an ordered arrangement of the inclusions which
is then randomized to some extent by making appropriate random shifts of the
inclusions within the lattice but without allowing the inclusions to overlap. At
the other extreme, one might first prepare a gas-phase like distribution or even a
dense random packing distribution [9] of the inclusions in a separate calculation.
This distribution is then mapped onto a fine-grained lattice. In both cases, the
effective diffusivity is still determined simply as described above from the Einstein
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Figure 3.2 Convergence of the mean square displacement versus
number of jumps of virtual particles — simple cubic ordered
arrangement of spheres at various porosities &: B =0.82;

v =0.62; A=0.48; x=0.33; ®=0.20; += 0.10 [9].
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equation [9]. Of course in most cases it will also be necessary to average over a
number of starting random distributions of the inclusions in order to obtain a
reliable estimate of the effective diffusivity of the composite model being dealt with.
Dealing with a distribution of sizes of the inclusions is straightforward and needs no
explanation. Inclusions taking the standard geometrical shapes of spheres, cubes,
ellipses, etc., are, of course, straightforward to implement. In principle, actual
experimental inclusion shapes could be mapped onto the lattice making use of
image analysis of micrographs from a confocal microscope and then the effective
diffusivity determined.

As noted above, the highest jump frequency (diffusivity) is scaled to unity for
efficiency. When one of the diffusivities is very small, the Monte Carlo method with
the basic algorithm described above frequently tends to run into difficulties arising
from rather large computational inefficiency (most attempts to jump are rejected in
that region) and a slight nonrandomness in the random number generation and the
subsequent inhomogeneity of the random numbers generated over the range zero to
unity. This will be magnified for diffusion in the slow diffusivity region. These
difficulties can be avoided or at least minimized by making use of straightforward
residence time algorithms as documented in related Monte Carlo lattice calculations
(see, for example, [10]). Such algorithms can be very useful when the diffusivities
vary by many orders of magnitude. A popular choice makes use of an algorithm that
guarantees a jump on every attempt [11] wherein the particle’s site residence time
(the reciprocal of the jump frequency) is simply added to the elapsed time at each
move. In principle, this can lead to overshooting of the specified time, although this
is unlikely to be a serious problem at very long diffusion times. There is, of course, a
significant computational overhead with such algorithms that may offset some of
the efficiency gains.

3.2.2
Fick’s First Law (Fourier Equation)

As an alternative to the Einstein equation for the calculation of the effective
diffusivity, it is also possible to make use of FicK’s first law in a steady-state condition
[12]:

oc
j=-p (3.6)

In this problem, Fick’s first law for the mass particle flux is equivalent to Fourier’s
law for the heat particle flux. In Eq. (3.6), J is the particle flux and 0C/0x is its
concentration gradient. Equation (3.6) is most conveniently used under steady-state
conditions by introducing a source plane, on which particles can be created at a
random position and released one at a time, and a sink plane, at which the particles
are annihilated as soon as they arrive. This of course gives an apparent particle
concentration of 1/n for the source plane (where n is the number of sites on that
plane) and zero for the sink plane. This, along with the length of the lattice between
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the source plane and the sink plane, provides the uniform concentration gradient
0C/0x. This gradient can also be adjusted by changing the length of the lattice or by
adjusting the probability for the particle being annihilated at the sink plane. For
example, if a particle arrives at the sink plane and is annihilated with a probability of
P; (appropriately evaluated on the spot using a new random number), the effective
concentration of particles on that plane is then simply given by (1 — P;)/n and the
concentration gradient in the problem is thus reduced. The source and sink planes
are separated by some 100 planes in the +x direction and by the same number of
planes via the periodic boundary in the —x direction. A particle is released from the
source plane and is permitted to diffuse to the sink, thereby providing, in effect, a
well-defined uniform concentration gradient. The flux | is simply calculated as the
net number of particles that have crossed between two neighboring planes in the x-
direction as calculated over a long time t during which some 10> particles are
released from the source and annihilated at the sink. Inclusions are introduced in
exactly the same way as the Einstein equation method described above and diffusion
is simulated in the same way. However, it should be noted that a particle may see in
effect only one isolated inclusion in its lifetime in going from source to sink and give
an incorrect result for the effective diffusivity. For this reason, periodic arrange-
ments of inclusions would require at least two inclusions between the source plane
and the sink plane of particles.

Results of calculations of the effective thermal conductivity in simple 2D com-
posites via the Einstein equation and Fick’s first law have been shown to be in very
good agreement [12]. In general, however, it must be said that for calculating the
effective diffusivity, the Einstein equation method is considerably easier to use than
the Fick's first law method and, furthermore, is much more flexible in its applica-
tion. The authors doubt if the Fick’s first law method in general has any particular
advantages over the Einstein equation method and therefore probably remains
largely of pedagogical interest.

33
Monte Carlo Calculations of the Effective Thermal Conductivity

In this section, we summarize most of the published Monte Carlo results on the
effective diffusivity in models of composites and porous media. Many of the results
have been published in the form of effective mass diffusivities. As shown in the
previous section, these are simply equivalent to effective thermal diffusivities, and, if
we let the densities and specific heats be equal everywhere, these are also equivalent
to the effective thermal conductivities too.

3.3.1
Effective Diffusion in Two-Component Composites/Porous Media

The first Monte Carlo calculation of the effective diffusivity was concerned with
determining the effective diffusivity of the void space of a simple model of porous
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media that was constructed from spheres [9]. Although a large analytical theory
literature exists on this subject (see, for example, the reviews by German [13] and
Torquato [14] and several contributions to the present volume), the various derived
expressions had never been tested against well-defined models and exact (numerical)
calculations. Various ordered (fcc, body-centered cubic (bcc) and simple cubic (sc))
and random packing arrangements of impermeable spheres were examined in that
first Monte Carlo study. Random distributions of touching spherical particles were
generated in the following way. First, spheres were introduced randomly into a
volume (nonperiodic) without overlap. In order to generate dense random packing
of the spheres there are quite a number of possible algorithms available (see, for
example, Torquato [14]). However, it is generally accepted that the dense random
packing of spheres always depends slightly on the actual algorithm used and that there
may in fact be no perfect algorithm for generating dense random packing [14]. In the
Monte Carlo study [9], dense random packing of spheres was obtained by starting with
avery simple Lennard-Jones pair-potential between particles that was tailored to have
a very dominant repulsive part of the potential; this was intended to closely approxi-
mate hard spheres and a very weak attractive part of the potential. The potential energy
function for the system of spheres was then minimized by taking very small fixed
spatial steps of the spheres in random directions. This minimization procedure tends
to avoid collapsing to the most stable fcc arrangements which is a frequent difficulty
when standard numerical minimization techniques are employed with spheres of
equal size. Arrangements of “‘spheres” at densities higher than dense random pack-
ing were generated in the study by the simple artifice of simply enlarging the spheres
further after minimization, thereby in effect overlapping the spheres. In addition, the
case of equal concentrations of spheres of two different sizes was also examined in
dense random packing arrangements.

Once the densely randomly packed arrangement of spheres had been prepared it
was overlaid with a fine-grained grid with a mesh size of typically 100 spacings per
sphere diameter as described in general terms in Section 3.2.1. The effective diffu-
sivity of the void space ¢ (equal to (1 — g)) between the spheres was obtained accord-
ing to the Einstein equation as described in Section 3.2.1. The diffusivity within the
spheres was assumed to be zero. Typical behavior of the convergence of the effective
diffusivity with time (shown here as particle jumps) for different porosities is shown
in Figure 3.2, in this case for a random distribution of mono-sized spheres. In the
study, the results for both ordered and random arrangements of spheres were
compared with a number of analytical expressions for the effective diffusivity. In
both ordered and random cases, it was found that the effect of arrangement of the
spheres on the diffusivity of their corresponding void space is fairly slight, i.e. the
arrangement of the spheres appears to have only a second-order effect on the value
taken by the effective diffusivity.

The analytical expression for the effective diffusivity due to Maxwell [15,16], which
was later derived in a rather more general way by Neale and Nader [17],

Deﬁ“i 2¢e
D1 _3—8

(3.7)
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appears to act as an upper bound for the effective diffusivity whilst the analytical
expression derived by Bruggeman [18],

Deff 3/2
_ 3.8
Dy ¢ (38)

appears to act as a lower bound for the effective diffusivity, but there is little overall
pattern emerging between these limits probably because of an unfortunate small
statistical uncertainty in this early Monte Carlo calculation. A third expression for the
effective diffusivity, derived by Prager [19] is

Deff:a(lftS) (3.9)

Dy

which gives a behavior for the effective diffusivity that is roughly halfway between
the other two. Figure 3.3 shows the behavior of the effective diffusivity as a function
of porosity for the case of random distributions of spheres of two different sizes.

We mention here another pioneering Monte Carlo study of the effective mass
diffusivity in 2D models of a composite composed of circular and square inclusions
for the condition where the concentration of diffusant in the inclusions was equal to
zero [20]. As a result of this condition, the results in this case do not map readily
across to the thermal diffusivity.

The next Monte Carlo study [21,22] was put into the context of the effective mass
diffusivity in nanomaterials where diffusion occurs via both the grains (nanocrystals)
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Figure 3.3 The ratio D.g/ D5 as a function of porosity € for various
random arrangements: O = mono-sized spheres; ® = equal
numbers of spheres (one of which is 0.8 times the diameter of the
other); & = equal numbers of spheres (one of which is 0.4 times
the diameter of the other). Solid line corresponds to Eq. (3.7);
dashed line corresponds to Eq. (3.8); dotted line corresponds to
Eq. (3.9) [9].
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Figure 3.4 Schematic representation of two-dimensional
composite model comprising: (a) low diffusivity square grains in
a square planar arrangement surrounded by a high diffusivity
(grain boundary) interfacial region; (b) low diffusivity square
grains in a brickwork-type arrangement surrounded by a high
diffusivity (grain boundary) interfacial region.

and the interface regions (grain boundaries). Two very simple 2D square grain con-
figurations were examined which are shown in 2D form in Figures 3.4a and b. The
particular situation that is relevant to this context is where the grain boundary diffu-
sivity is considerably larger than the diffusivity within the grains. Putting this into the
parlance of a two-component composite this situation would be equivalent to one
where the diffusivity of the matrix phase is considerably larger than the diffusivity of
the (square) inclusions. The model was overlaid by a fine-grained grid in the usual way
as described in Section 3.2.1. The effective diffusivity was calculated according to the
Einstein equation. The results were compared to several derived expressions. Easily
the best expression of these (for both models) was derived by treating the diffusion
problem as one having two parallel effective diffusion paths: one path simply corre-
sponds to those grain boundaries parallel to the diffusion direction whilst the other
path consists of those grain boundaries normal to the diffusion direction and the
grains themselves. Analysis of this situation gives the following equation:

D (V1—e—1+e)Di+(2—-V1—e—g)D, (3.10)
D; V1—¢D;+(1—V1—¢)D, '

An extension that differentiates between the two directions for the brickwork case
g<0.75 (Figure 3.4b) gave the following expressions for the effective diffusivities in
the y- and x-directions:

Dy (V1—e—1+4¢)Di+(2—-V1—e—¢)D,
D V1—eDi+(1-VI-¢)D,

DYy (V1i—-e—1+e)D+(2—vV1—e—¢)D,
Dy V1—eD§f + (1 -1 —¢)D,

(3.11)
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where

off 4Dy
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These relations provide a significant improvement in this range of the fraction of
inclusions. Figure 3.5 shows a comparison of the Monte Carlo data with Eq. (3.10) for
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Figure 3.5 Ratio of the effective diffusivity to the matrix diffusivity
as a function of porosity € (= 1 — g), gis the volume fraction of the
dispersed phase for the case of squares in a square planar
arrangement. Data points are Monte Carlo results, solid lines
represent the estimate (Eq. (3.10)), dashed lines represent
estimate by Eq. (3.5). Ratio of the grain boundary diffusion to the
bulk (lattice) diffusion is (a) 10%, (b) 10* and (c) 10".
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the effective diffusivity for the model of Figure 3.4a (square planar arrangement of
square inclusions). It can be seen that Eq. (3.10) does very well indeed compared with
the weighted average of the diffusivities, the Hart equation (Eq. (3.5)). Note that this
arrangement of inclusions does not have a percolation threshold.

A Monte Carlo study closely related to the above examined the effective diffusivity
for a model of cubic grains in a simple cubic arrangement [23]. Again the relevant
case where the diffusivity in the grain boundaries is much greater than that in the
grains was examined. Over the entire grain boundary fraction range it was shown
that the appropriate equation for the thermal diffusion version of the Maxwell-
Garnett equation

Defr _ 2(1—g)Dy + (1 +2g)D,
Dl (2 +g)D1+(1—g)D2

(3.12)

does very well indeed in describing the effective diffusivity for this model. The
equation derived especially for this three-dimensional (3D) geometry (similar to
Eq. (3.10)) does almost as well too. It was found that Eq. (3.12) gives better agree-
ment with the Monte Carlo simulation results when grain boundaries are relatively
thick and allowed more than 10 atomic jumps across (in effect represented by the
lattice here). In contrast, if grain boundaries are thin and only up to 5 atomic layers
across then the Monte Carlo simulation results agree better with the 3D analogue of
Eq. (3.10).

A later and quite comprehensive Monte Carlo study of the effective diffusivity in
two-component composites examined the effective diffusivity for a simple model of
dispersed spherical inclusions in fcc, bec and sc arrangements [24]. In that study, two
cases of the relative diffusivities were examined: (1) the diffusivity of the inclusions
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is less than the matrix phase, and (2) the diffusivity of the inclusions is greater than
the diffusivity of the matrix phase. Results for the effective diffusivity for bec and fec
arrangements are shown in Figure 3.6a and b and Figure 3.7a and b, respectively.
Note that the entire density range, i.e. above the percolation threshold g=0.68 and
0.74 (where the spheres touch for fcc and bec arrangements, respectively), is covered
in that study by simply allowing the diameters of the spheres to increase and so for
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the spheres to overlap extensively. It was found that for the values of the individual
diffusivities the Maxwell-Garnett equation, Eq. (3.12), does very well in describing
the effective diffusivity up to the percolation threshold where the spheres touch.
Above this threshold, the Monte Carlo results increasingly deviate from the predic-
tions of the Maxwell-Garnett equation. This deviation is of course not unexpected since
the derivation of the Maxwell-Garnett equation explicitly makes the assumption that
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the inclusions are not continuous [15,16]. It can also be seen by comparing
Figures 3.6 and 3.7 that the arrangement of the spheres does not have a strong effect
on the values taken by the effective diffusivity.

The problem of determining and analyzing the effective diffusivity in a material
that has contributions from grain and grain boundary diffusion was reviewed [25]
and some further Monte Carlo data were included in that review. Special emphasis
was put on the limits of usefulness of the Hart and Maxwell-Garnett equations.
Comparison of the Monte Carlo data of the effective diffusivity of cubic and spherical
grain models (the diffusivity was always assumed to be greater in the grain bound-
aries) showed that the Maxwell-Garnett equation consistently provides a superior
description of the effective diffusivity than the Hart equation unless the diffusion
time is sufficiently small that the problem can be conceived as diffusion only along
parallel paths extending in from the surface. Again it was noted that for the special
case of cubic grains in a simple cubic arrangement with thin grain boundaries from
2 to 5 atomic layers across the 3D version of Eq. (3.10), which better takes into
account the actual geometry of the grains, provides better agreement with the Monte
Carlo data than the Maxwell-Garnett equation.

A very detailed comparison of Monte Carlo and finite element calculations of the
effective diffusivity (expressed in that paper as the effective conductivity) of circular
and square inclusions both in square planar arrangements was undertaken by
Fiedler et al. [12] for the case where the diffusivities of the matrix and inclusions
differ by up to an order of magnitude. Both cases of the inclusions having a higher
and lower diffusivity than the matrix were examined. Excellent agreement for the
effective diffusivity is found between these quite different methods. Results for the
effective diffusivity are shown in Figure 3.5a and b for the cases of circular and
square inclusions, respectively. It was also shown in that study that the results are in
excellent agreement with the Maxwell-Garnett equation, Eq. (3.12), except in the case
of the circular inclusion fractions above the percolation threshold (i.e. where the
circular inclusions already touch).

Finally in this section, we mention a detailed study of the effective diffusivity for
the case of 2D square inclusions arranged in square planar and brickwork patterns
where the inclusions have a diffusivity three orders of magnitude less than that of
the matrix phase [26]. It was shown that the Maxwell-Garnett equation describes this
extreme situation roughly but for an accurate representation of the effective diffu-
sivity it is necessary to take into account the actual arrangement of the dispersed
phase. This means that Eq. (3.11) should be used for the brickwork pattern and
Eq. (10) for the square planar arrangement.

In summary, one can say that for these very simple models of two-component
composites the basic Maxwell-Garnett equation always provides quite a reasonable
description of the effective diffusivity. It probably best describes the effective diffu-
sivity when the diffusivities of the components are relatively close, say within about
an order of magnitude. In such a situation the actual arrangement of the inclusions
is not very important. But for more extreme ratios of the diffusivities it is better
to use equations such as Eqgs. (3.10) and (3.11) which take explicit account of the
actual geometrical arrangement of the inclusions. Analytical expressions that are
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analogous to Egs. (3.10) and (3.11) can be readily derived for other shapes of the
inclusions.

332
Effective Diffusion in Three-Component Composites

The problem of determining the effective diffusivity in three-component composites
has also been addressed with Monte Carlo methods again making use of a fine-
grained lattice that is overlaid onto the problem. The first Monte Carlo calculation [27]
was couched in terms of determining the effective diffusivity in a material contain-
ing two alternating (in all directions) stable cubic phases (A and B with diffusivities
D4 and Dy and volume fractions ga and gg, respectively) that are separated by
interphase boundaries (C) of high diffusivity Dc. A general expression for the
thermal conductivity in a model of a three-phase material was derived many years
ago by Brailsford and Major [28]. The same expression was derived in a more general
way [26] to include possible segregation of the diffusant in the various phases. The
original expression of Brailsford and Major [28] is

1-9 D¢ — Da Dc — Dp
%: gAZDC+DA gBZDC+DB (3 13)
D¢ D¢ — Da Dc — Dy '

1
T8 D Ds 8 2Dc + Dg

Two other equations for the effective diffusivity were also derived [27] using
Maxwell-type arguments in succession. The Monte Carlo results for the effective
diffusivity show that the effective diffusivity in the composite is certainly described
roughly by Eq. (3.13). However, the detailed pattern of behavior of the effective
diffusivity is rather complicated in this model: the other expressions give better
agreement but in different ranges of the individual diffusivities and fractions of
inclusions. At the present time, it is not possible to guide, at least in general terms,
the choice for the best overall expression for the effective diffusivity.

Electrical (ionic) conductivity in three-phase composites in which an insulating
phase (region 2) is embedded in an ionically conducting matrix (region 1) has
recently been of great interest for enhancing the overall electrical ionic conductivity
of the material. Such materials are frequently called “composite electrolytes”. Be-
cause of space charge effects immediately around the insulating phase, a “phase”
(region 3) having a much higher electrical conductivity is present immediately
around the insulating phase. There are two percolation thresholds: one where the
highly conducting regions overlap and, later at high inclusion fractions, a second
one where the insulating regions start to overlap. The problem is then to determine
the effective ionic conductivity of this three-“phase” composite. This has been
modeled by Monte Carlo methods using a similar procedure to that described above
[29]. An approximate expression for the effective diffusivity was derived using
Maxwell-type arguments. This was in better agreement with the Monte Carlo meth-
od than expressions derived in previous treatments.
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34
Determination of Temperature Profiles

In this section, we demonstrate the use of the Monte Carlo method for determining
temperature profiles in thermal transport problems involving composites. To our
knowledge, no results for this situation have been published so far but concentration
profiles in materials where the mass diffusivity depends on position have been
published on quite a few occasions (see, for example, [25]). Obtaining the tempera-
ture (or concentration profile) is equivalent to solving the heat equation or diffusion
equation by Monte Carlo methods for the designated initial and boundary condi-
tions. In order to demonstrate the procedure we will focus first on two simple cases
where the diffusivity is the same everywhere in the material. (Both cases have very
well-known analytical solutions for the case when the solid is semi-infinite and the
diffusivity does not depend on position.) Case 1 refers to a situation where there is a
short pulse of heat “deposited” at the surface at time t = 0 which is then permitted to
diffuse out into the material for some diffusion time t. This is formally equivalent to
the well-known thin-film condition or instantaneous source for the diffusant that is
commonly used in tracer diffusion experiments in the solid state. Case 2 refers to a
situation where the temperature is held constant at the surface for the entire diffu-
sion time t. This is formally equivalent to a diffusant in the gas phase (which is
assumed to be an inexhaustible source of the diffusant) which then diffuses into the
material for a given diffusion time.

The basic Monte Carlo procedure has a great many similarities to that described in
Section 3.2. We first illustrate the procedure with case 1. A source plane of particles
is established in the center of a large periodic simple cubic lattice in order to avoid
edge effects in the calculation. Particles are generated at random positions on this
source plane and released from the plane either sequentially or all at once. Assuming
the latter for convenience here, we allow the particles to diffuse independently of one
another for the entire time Nt, at which time the final position of each particle is
recorded. The final positions of all of the particles, say 10°, are then simply assem-
bled from the individual final positions to form a penetration profile. For mass
diffusion, this is a concentration profile; for thermal diffusion, it is a temperature
profile. If the lattice is large in the diffusion direction, at relatively short times, the
profile is a simple Gaussian profile as appropriate for diffusion into an “infinite”
solid. Several typical profiles obtained in this way are illustrated in Figure 3.8.

Case 2 requires a constant source of particles at the “surface” for all diffusion
times and is obtained in the following way. The basic idea is simply to keep the total
number of particles at the source plane constant at, say, 10° at all diffusion times.
This is achieved in the following way. All particles are released at the same time. As
each particle makes a jump from the source plane it is immediately replaced by a
new one, which is again generated at a random position on this plane in order to
maintain the number designated (10°). Whenever a particle returns to the source
plane, thereby exceeding the number designated (10°) for the source, then that
particle is permanently removed from the system. Over a period of time, the number
of particles within the system naturally increases as more particles diffuse away from
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the source than return to it. Accordingly, the diffusion time t must be constantly
re-scaled since the time is required to be proportional to the number of attempts per
particle. An example of several profiles obtained in this way is shown in Figure 3.9.
At longer times, the two profiles from each side of the source start of course to meet
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Figure 3.9 Temperature profiles from the two constant-temperature
T, sources at x="0 and x=80cm. T is an initial temperature inside
the single-phase material. Thermal diffusivity is 0.25 cm”s ™. Symbols
represent Monte Carlo simulation results for different times:
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up via the periodic boundary. However, if the particle source is then conceived as two
“separated” surfaces, then the profile represents diffusion from two surfaces into a
material of a finite width.

In order to obtain temperature profiles in a composite it is quite a simple matter to
include inclusions having a different jump rate from the matrix as described in
detail in Section 3.2.1. Then the temperature profile or, indeed, a temperature
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Figure 3.10 (a) Average temperature profiles
from the two constant-temperature Ty sources
at x=0 and x=80cm. Ty is an initial temper-
ature inside the two-phase material. Square
inclusions in a square planar arrangement
located between x=6 and x= 15 and between
x=26 and x=35. Thermal diffusivity of the
inclusions is an order of magnitude lower than
that of the matrix (thermal diffusivity of the
matrix is 0.25 cm?s~"). Dashed lines represent
the corresponding complementary error

function solution. Symbols represent Monte
Carlo simulation results for different times:
v=255s;,0=121.4s; ®=5933s;

V =957.4s. (b) Isothermal contour map for
the two-phase media. Thermal conductivity of
the inclusions is an order of magnitude lower
than that of the matrix. The square inclusions
are outlined with dashed lines. The time equals
957.4s. The numbers in italics show the
corresponding values of (T— To)/(T; — To)
isotherms.
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contour map can be readily established. Examples of such profiles are shown in
Figure 3.10a along with a contour map (Figure 3.10b) corresponding to the long
diffusion time for a 2D case where the diffusivity in the square inclusions is less than
that of the matrix.

In principle, it is possible to determine the effective diffusivity (conductivity) of a
model composite by analyzing the temperature profiles. This would assume that
there has been averaging of the profile over all possible locations of the inclusions.
The profile would then be processed to give the effective diffusivity in much the
same way as an experimental temperature profile or diffusant concentration profile
by using the appropriate solution to the heat equation or diffusion equation, respec-
tively. In practice, it is much easier to calculate the effective diffusivity of the model
composite in a separate calculation using the Einstein equation along the lines of
what has been described in Section 3.2.1.
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4
Fluid Dynamics in Porous Media: A Boundary Element Approach
Leopold Skerget, Renata Jecl, and Janja Kramer

4.1
Introduction

The main purpose of this chapter is to present a boundary element method as a
numerical method for solving problems encountered with flow through porous
media. Fluid dynamics in porous media is an important topic in many branches
of engineering and science, as well as in many fields of practical interest. It plays a
fundamental role in groundwater hydrology, soil mechanics, and petroleum, sani-
tary and chemical engineering. New computational methods and techniques have
allowed us to model and simulate various transport phenomena in a porous medi-
um, and thus a deeper understanding of them is being gained on a perpetual basis.
The aim of this chapter is to obtain a numerical solution for the governing equations
describing the flow of a viscous incompressible fluid in a porous medium, using an
appropriate extension of the boundary element method. The numerical scheme was
tested on a natural convection problem within a porous square cavity, where differ-
ent temperature and concentration values are applied on the vertical walls, as well as
in a horizontal porous layer where different temperature and concentration values
are applied on the horizontal walls. The results for different governing parameters
(Rayleigh number, Darcy number, buoyancy ratio and Lewis number) are presented
and compared with published work.

4.1.1
Transport Phenomena in Porous Media

Fluid transport phenomena in a porous medium refer to those processes related to
and accompanied by the transport of fluid momentum, mass and heat through the
given porous medium. These processes, which are encountered in many different
branches of science and technology, are commonly the subject of theoretical treat-
ments which are based on methods traditionally developed in classical fluid dynam-
ics. Natural convection is the most commonly studied transport phenomena in
porous media and also a process to which we pay full attention. There have been
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several reported studies dealing with natural convection due to thermal buoyancy
forces, mainly because of its importance in industrial and technological applications,
such as geothermal energy, fibrous insulation, etc. Less attention, however, has been
dedicated to so-called double-diffusive problems, where density gradients occur due
to the effects of combined temperature and compositional buoyancy. There are some
important engineering applications for this phenomenon, such as the transport of
moisture in fibrous insulations or grain storage insulations and the dispersion of
contaminants through water-saturated soil.

Three main configurations are studied when dealing with double-diffusive natu-
ral convection in an enclosure filled with porous media [1,2]:

o temperature and species concentration or their gradients are imposed horizontally
along the enclosure, either aiding or opposing each other;

o temperature and species concentration or their gradients are imposed vertically,
either aiding or opposing each other; and

« temperature or its gradient is imposed vertically and species concentration or its
gradient is imposed horizontally or vice versa.

The present analysis focuses on the use of the boundary element method for
solving problems of fluid flows in porous media driven by coupled thermal and
solutal buoyancy forces. The Darcy—Brinkman formulation is used for modeling
fluid flow in porous media thus enabling a satisfactory nonslip boundary condition
on those surfaces that bound the porous medium.

4.1.2
Boundary Element Method for Fluid Dynamics in Porous Media

Fluid flows in porous media have been studied both experimentally and theoreti-
cally over recent decades. Different numerical methods have been introduced for
obtaining the solutions for some transport phenomena in porous media, e.g. the
finite difference method (FDM), finite element method (FEM), finite volume meth-
od (FVM), as well as the boundary element method (BEM). The main comparative
advantage of the BEM, the application of which requires the given partial differen-
tial equation to be mathematically transformed into the equivalent integral equa-
tion representation, which is later to be discretized, over the discrete approximative
methods, is demonstrated in cases where this procedure results in boundary inte-
gral equations only. This turns out to be possible only for potential problems, e.g.
inviscid fluid flow, heat conduction, etc. In general, this procedure results in
boundary-domain integral equations and, therefore, several techniques have been
developed to extend classical BEM. The dual reciprocity boundary element method
(DRBEM) represents one of the possibilities for transforming domain integrals
into a finite series of boundary integrals (see, for example, [3,4]). The key point
of the DRBEM is an approximation of the field in the domain by a set of
global approximation functions and the subsequent representation of the domain
integrals of these global functions by boundary integrals. The discretization of the
domain is only represented by grid points (poles of global approximation functions)
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in contrast to FDM meshes. However, the discretization of the geometry and fields
on the boundary is piecewise polygonal, which gives this method greater flexibility
over the FDMs in coping with boundary quantities. In the DRBEM all calculations
reduce to the evaluation of boundary integrals only. Another more recent extension
of the BEM is the so-called boundary domain integral method (BDIM) [5-8]. Here,
the integral equations are given in terms of variables on the integration boundaries,
as well as within the integration domain. This situation arises when we are dealing
with strongly nonlinear problems with prevailing domain-based effects, for exam-
ple diffusion—convection problems. Navier—Stokes equations are commonly used
as a framework for the solution of such problems, since they provide a mathemati-
cal model of the physical conservation laws of mass, momentum and energy. The
velocity—vorticity formulation of these equations results in a computational decou-
pling of the kinematics and kinetics of the fluid motion from the pressure compu-
tation [9]. Since the pressure does not appear explicitly in the field function con-
servation equations, the difficulty connected with the computation of the boundary
pressure values is avoided. The main advantage of the BDIM, as compared to the
classical domain-type numerical techniques, is that it offers an effective way of
dealing with boundary conditions on the solid walls when solving the vorticity
equation. Namely, the boundary vorticity in the BDIM is computed directly from
the kinematic part of the computation and not through the use of some approximate
formulas. One of the few drawbacks of the BDIM is considerable computing time
and memory requirements, but they can be drastically reduced by the use of a
subdomain technique [10]. Convection-dominated fluid flows suffer from numeri-
cal instabilities. In domain-type numerical techniques upwinding schemes of
different orders are used to suppress such instabilities while in the BDIM the
problem can be avoided by the use of Green’s functions of the appropriate linear
differential operators, which results in a very stable and accurate numerical de-
scription of coupled diffusion—convective problems. There are no oscillations in the
numerical solutions, which would have to be eliminated by using some artificial
techniques, e.g. upwinding, artificial viscosity, as is the case for other approxima-
tion methods.

4.2
Governing Equations

Due to the general complexity of the fluid transport process in a porous medium,
our work is based on a simplified mathematical model in which it is assumed
that:

« the solid phase is homogeneous, nondeformable, and does not interact chemi-
cally with respect to the fluid;

o the fluid is single phase and Newtonian; its density does not depend on pressure
variation, but only on variation of the temperature;
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« the two average temperatures, T, for the solid phase and T¢ for the fluid phase, are
identical (the porous medium is in thermodynamic equilibrium), which means
the situation is described by a single equation for the average temperature
T=T,—Tg

10 heat sources or sinks exist in the fluid saturated porous medium; thermal

radiation and viscous dissipation are negligible;

porosity and permeability are constant throughout the whole cavity; and

the density of the fluid depends on temperature and concentration variations and

can be described as p=p[l —BHT— Ty) — Bc(C — Co)], where the subscript 0

refers to a reference state, B (= — 1/p[0p/0T]() is the volumetric thermal expan-

sion coefficient and B¢ (= — 1/p[0p/0C]y) is the volumetric concentration expan-
sion coefficient.

Transport phenomena in the porous media are described using modified Navier—
Stokes equations in the form of conservation laws for mass, momentum, energy and
species. The equations are written at the macroscopic level, derived by averaging the
microscopic equations for a pure fluid over the representative elementary volume.
This considers the fact that only a part of the volume expressed with porosity is
available for the flow of the fluid and expressed by continuity, momentum, energy
and species equations [11]:

% —0 (4.1)
Bl e
[¢cf+(1 b)e] T+ faava %(A%) (4.3)
2 (o)

The parameters used above are: v;, volume-averaged velocity; x;, the ith coordinate;
0, porosity; t, time; p, density; v, kinematic viscosity; 0p/0x;, the pressure gradient,
gi, gravity, K, permeability of porous media; €;;(= 1/2(0v;/0x; + 0v;/0x;)), the
strain rate tensor; and F, the normalized density difference function, given as

=(p —po)/Po =[BT — To) — Bc(C — Co)]. Furthermore Cr= (pc)r and Cs= (pc)s
are the isobaric specific heat per unit volume for the fluid and solid phases, respec-
tively, T is temperature and A is the effective thermal conductivity of the porous
media given as A. = OAs+ (1 — §)A, where Arand A are thermal conductivities for
the fluid and solid phases, respectively. In Eq. (4.4), Cis concentration and D mass
diffusivity.
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Equation (4.2) is known as the Darcy-Brinkman equation and consists of two
viscous terms: the Darcy viscous term (third on the r.h.s.) and the Brinkman viscous
term which is analogous to the Laplacian term in Navier—Stokes equations for pure
fluid (fourth on the r.h.s.). The Darcy viscous term expresses the viscous resistance
or viscous drag force exerted by the solid phase on the flowing fluid at their contact
surfaces. A nonslip boundary condition on a surface which bounds the porous
media is satisfied by using the additional Brinkman term. There are several situa-
tions where it is convenient to use the Brinkman equation, e.g. when one wishes to
compare flows in porous media with those in a pure fluid or to investigate convective
flows in the context of solidification, where permeability and porosity are variables in
space and time. If the included parameter K (the permeability) tends towards infinity
(K— o0) the Brinkman equation transforms into the classical Navier—Stokes equa-
tion for a pure fluid. In contrast, if the permeability tends to zero (K— 0) the
Brinkman term becomes negligible and the equation reduces to a classical Darcy
equation [1].

4.3
Boundary Element Method

The BDIM, which is an extension of the classical BEM, is used in order to solve the
general set of equations. The discretization of surface and domain is required since
boundary and domain integrals are presented in the obtained set of integral equa-
tions. Equations (4.1) to (4.4) should be modified in order to use the BDIM. Firstly,
the kinematic viscosity in the momentum equation is partitioned into constant and
variable parts such as v = v + V, so the Brinkman term is also divided into two parts,
and the equation becomes

v ov'w! 1
V1+ J ’:__a_p_FFgL_

hdl} . — (298 4.
o o, 50 3% A Y + (29€;5) (4.5)

v, O D
K 6xjax,f ax]‘

where the term v, is now the modified velocity v, = v;/¢. In the same way as
kinematic viscosity, the thermal diffusivity a,, which is defined as a, = Ac/cr, and
the mass diffusivity D are divided into constant and variable parts: a, = @, + @p,
D = D + D. By including the expression for the heat capacity ratio = ¢ -+ (1 — ¢)c,/cr
in the energy equation, the formulations (4.3) and (4.4) can be rewritten as

00T T s, @T | o (a,0T o)
oc o,C D@dCc o (DocC
ot = 0x;  ¢Ox;0x;  Ox; \$Ox;
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4.3.1
Velocity-Vorticity Formulation

In the next step, the above-stated governing equations are transformed by the use of
the velocity—vorticity formulation (VVF); consequently the computational scheme is
partitioned into its kinematic and kinetic parts [6]. The vorticity vector ®; is intro-
duced which represents the curl of the velocity field:
évk
W = ik 4.8

i ijk axj ( )
where e, is the unit permutation tensor. The kinematic part is represented by the
elliptic velocity vector equation:

o, O}

— e —%=0 4.9
GXjGXj+ejka ( )

J

and kinetics is governed by the vorticity, energy and species transport equation. The
vorticity transport equation is obtained as a curl of the Brinkman momentum
equation (Eq. 4.5):

dw, 00, o) OF v, vb , 0 [ B\ Ofj
B ey T e e Yy K oy ey
(4.10)

where o} is modified vorticity w} = w;/$ and f; any Sontribution arising on account
of nonlinear material properties, given as f; = V(V x &;).

The mathematical description of the transport phenomena in fluid flow is complet-
ed by providing suitable Dirichlet and Neumann boundary conditions [12], as well as
some initial conditions for the energy transport and species transport equations:

_ oT _
T=Tonly; &nj:q’ only; T=THinQ (4.11)
J
_ oC ~ _—
C=Conly; a—nj:q only; C=CpinQ (4.12)
"
J

432
Boundary Domain Integral Equations

In the present analysis, a two-dimensional problem is considered, so all subsequent
equations will be written for the case of planar geometry. The linear elliptic Laplace
differential operator can be employed to the velocity equation (Eq. (4.9)):

_ 20

L[ (4.13)
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and the following relationship for kinematics can be obtained:

oM,
axjaxj

L]+ b = +bh =0 (4.14)
where b; is the pseudo-body source term. The integral representation of the velocity
vector can be formulated by using the Green theorems for scalar functions or the
weighting residuals technique rendering the following vector integral formulation:

. ol . .

c(E)Vi(E) + ngq" dr = Ja—}; u dl + [biu" dQ (4.15)
r r Q

where £ is the source point, " is the elliptic Laplace fundamental solution and g is

its normal derivative, e.g. g* = 0u"/0n. The fundamental solution u” is given by the

expression

W=t (ﬁ) (4.16)

where r is the vector from the source point £ to the reference field point s. Equating
the pseudo-body force as

0o
bi =€ 4.1
& axj ( 7)
we obtain the following integral formulation:

/ /
c(EVi(&) + Jvﬁq*dl" = J%u"’dl" + € Jaﬂu""dg (4.18)

on Ox;

r r

The derivative of the vorticity in pseudo-body source terms can be eliminated by
using the Gauss divergence theorem. The integral representation of the kinematics
is now [13]

c(E)VI(E) + ngq*dl" = J% u'dl + &; Jw/nju*dl"—eij Jw’q’;dQ (4.19)
T T T o

By using these expressions for vorticity definition, unit tangent and normal vector,
e.g. Ov;/On = Ov;/dxjnj, o = €;0v;/0x; = v, /dx—0v, /Oy, 7= (ng,ny) and T=
(—ny, ny) fori,j=1, 2 and applying the continuity Eq. (4.1), the following relationship
can be derived:

vl o

a_}’: + eijoo'nj = _eijﬁ_tj (4.20)

The boundary integrals on the right-hand side of Eq. (4.19) can be rewritten as:

* v, * *
c(Ei(E) + ngq dr = —¢;; Ja—;u dI'—e¢;; Jw’qde (4.21)
T T o
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With further mathematical reformulations and by applying the Gauss theorem, the
resulting integral representation can be written as follows:

c(E)VL(E) + ngq*dl" = ej JV}‘]fdl"—eij Jw'qde (4.22)
T r Q

where g is the tangential derivative of the fundamental solution g, = aa_u*7 or in the

form of the elliptic integral vector formulation:

c(E)F (§) + Jﬁq*dr = J((f x ) x ¥dl + J(r/ x 4 dQ (4.23)
T

T

The tangential form of Eq. (4.22) can be written as follows:

C(O)(E) x 7 () + 7(E) x Jv“q*dr — #(E)

r

« J(q* x 7i) x PdT + A(E) x Ja 0 (4.24)
Q

in order to obtain an appropriate nonsingular implicit system of equations for un-
known boundary vorticity or tangential velocity component values to the boundary[13].

The formulations for the vorticity, temperature and concentration can generally be
written as a nonhomogeneous elliptic diffusion-convection equation [8]:

——L——+h=0 (4.25)

where u is taken as the vorticity @', temperature Tand concentration C, respectively,
p is defined by considering the conservation laws and constitutive hypothesis and is
always partitioned as p = ¢ + §, and b; is the pseudo-body source term. Since the
fundamental solution exists only for steady diffusion—convection partial differential
equation (PDE) with constant coefficients, the velocity field is decomposed into an
average constant vector 7} and perturbated vector 7, such that v, = ¥} + /. Thus the
following integral formulation can be obtained:

c(&)uE) + ¢ J uq'dl’ = ‘[(pq—uv;)u*dl“ + Jbiude (4.26)

r r Q

where u" is now the fundamental solution of the steady diffusion—convection PDE
with a first-order reaction term [5], in the form of

! K, Vi 4.27
= e Kotwnesp (5 (127)
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for the plane case. Further, " = 0u"/0n and g = du/On represent the normal derivative
of the fundamental solution and suitable field function. Parameter [ is defined as

5\* ko 7\ 2
o) - () e
\/ 20 © 20
where 7> = Vv, B = 1/§At, Ko is the modified Bessel function of the second kind of
order 0, and ris the magnitude of the vector from the source to the reference point, i.e.

r = |x;(§)—xi(s)|. The following integral representations for vorticity, temperature
and concentration kinetics are obtained according to Eq. (4.26):

c(&)o' (&) + J o' Qdl' = 1J(\)q o'v), + e;jgiFn; + fJnJ)U dr

T T
—&—ij(wv —eijgiF—vaq;— £;)Q; Q:dQ + = JV¢ W U0
Q Q
+ Z JwF LUtdQ (4.28)
Q

(I) de - % d) %
Q

_ %J <¢ g— C17/> Q/dQ + Dd; J Cr 1 U'dQ (4.30)
Q

where Q" =0 U'/On represents a normal and Q =0U"/0x;a space denvatlve of the
modified elliptic diffusion-convective soluﬁon U" defined as U" = " in the mo-
mentum equation, U" = d,/¢u” in the energy equation and U* = D/¢u’" in the
species equation. Further, ¢ =0u/On represents a normal and q;=0u/0x; a space
derivative of the field function (vorticity, temperature, concentration).

433
Discretized Boundary Domain Integral Equations

For an approximate numerical solution, the integral equations are written in a
discretized manner, where the integrals over boundary and domain are approximated
by the sum of integrals over all boundary elements and internal cells, respectively.
The variation of field functions within each boundary element or internal cell is
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approximated by the use of appropriate interpolation polynomials [14]. After applying
the discretized integral equations to the boundary and internal nodes, the implicit
matrix systems can be obtained, firstly for the kinematic computational part:

[HI{vi} = eij[HIJ{V}} —eij[Djl{w'} (4.31)
Furthermore, we obtain the implicit systems for the vorticity kinetics
1 /
[H{o'} = S [G{vg—w V/n + e,-jngnj + ﬁnj}
1 %
LD mgP-sa- )+ BT+ Bl ) (32

then the heat energy kinetics

ry = L% - Lo Sy} 4 Loimir,

(4.33)

and finally the species kinetics

e =16 2a-04 |- S Dg-cvy+ fuimitr, (434

In the above equations, the matrices [H], [HY], [G], [Dj] and [B] are the influence
matrices composed of those integrals which took over the individual boundary ele-
ments and internal cells. This system of discretized equations is solved by coupling
these kinetic and kinematic equations and considering the corresponding boundary
and initial conditions. Since the implicit set of equations is written simultaneously for
all boundary and internal nodes, this procedure results in a very large and fully
populated system matrix, influenced by diffusion and convection. The consequence
of this approach is a very stable and accurate numerical scheme with substantial
computer time and memory demands. The subdomain technique is used to improve
the economics of the computation, where the entire computational domain is parti-
tioned into subdomains to which the same described numerical procedure can be
applied. The final system of equations for the entire domain is then obtained by
adding the sets of equations for each subdomain and considering the compatibility
and equilibrium conditions between their interfaces, resulting in a sparser matrix
system, suitable for solving by using iterative techniques. In the present case, each
subdomain consists of four discontinuous 3-node quadratic boundary elements and
one 9-node corner continuous quadratic internal cell [6].

434
Solution Procedure

The obtained set of discretized Egs. (4.31) to (4.34) is solved by coupling the kinetic
and kinematic equations. In this way, the solenoidality of the velocity field for an
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arbitrary vorticity distribution is ensured. The following numerical algorithm has to
be performed in order to obtain a final solution:

1. Start with some initial values for the vorticity distribution.
2. Kinematic computational part:
« solve implicit set for boundary vorticity values (Eq. 4.31),
« determine new domain velocity values.
3. Energy kinetic computation part:
« solve implicit set for boundary and domain values (Eq. 4.33).
4. Species kinetic computation part:
« solve implicit set for boundary and domain values (Eq. 4.34).
5. Vorticity kinetic computational part:
« solve implicit set for unknown boundary vorticity flux and internal domain
vorticity values (Eq. 4.32).
6. Relax new values and check the convergence. If the convergence criterion is
satisfied, then stop; otherwise go to step 2.

4.4
Numerical Examples

4.4.1
Double-Diffusive Natural Convection in Vertical Cavity

The most commonly studied geometry of simultaneous heat and mass transfer in
porous media is a rectangular cavity where vertical walls are maintained at different
temperatures and solute concentrations. The first reported comprehensive numerical
study of this problem is given in [15]. Numerical results for overall heat and mass
transfer through porous cavity are presented using a Darcy model and compared with
scale analysis for several parameters, which govern natural convection. The same
phenomena are considered for the case of constant temperature and solute concen-
tration gradients applied on the vertical walls in [16]. Different modeling is done
because of a more frequent occurrence of practical conditions that approach the
constant heat and mass fluxes descriptions, rather than the constant temperature
and concentration model. This model is also more suitable for obtaining analytical
solutions for overall heat and mass transfer calculations. The same problem using a
Darcy model is considered in [17,18] for cases of cooperative and opposing thermal
and solutal buoyancy forces. The results of numerical, analytical and scale analysis are
reported. Double-diffusive natural convection with opposing buoyancy effects in a
porous medium is studied in [19]. The Darcy model is again used for simulating the
fluid flow. A comprehensive numerical study of double-diffusive natural convection in
a porous cavity using the Darcy—Brinkman formulation is reported in [20]. It was the
first work using the Darcy—Brinkman model for studying double-diffusive natural
convection which is also suitable for studying convection in the context of solidifica-
tion, where permeability and porosity are not constant in space and time. The results
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Figure 4.1 Geometry of a two-dimensional cavity with boundary conditions.

are divided into analyses of mass and heat transfer, respectively. The influence of main
dimensionless parameters is considered. A generalized non-Darcy approach as used
for analyzing double-diffusive natural convective flow is presented in [21]. The non-
Darcy effects on the flow are investigated and the influence of non-Darcy parameters
as Darcy number and porosity on heat and mass transfer are observed.

The system under consideration is a two-dimensional (2D) square cavity with side
length L, filled with a fluid saturated porous medium. The solid phase is assumed to
be homogeneous, isotropic and nondeformable, the fluid is Newtonian and in
thermal equilibrium with the solid phase. Furthermore, the flow is incompressible,
laminar, 2D and in steady state, which satisfies the Boussinesq approximation.
Porosity and permeability are assumed to be constant throughout the whole cavity.
The vertical walls are subjected to different temperatures and concentrations (T; and
Cyatthe left wall, Tk and Cy at the right wall) while the horizontal walls are adiabatic
and impermeable (Figure 4.1).

The validity of the proposed numerical scheme is practically discussed over a large
range of parameters which govern the phenomena of natural convection:

¢ porosity ¢,

o permeability of the porous media K,

o Darcy number Da = (1/¢)(K/L?),

« modified (porous) Rayleigh number Ra" = RaDa, where Rar=gBrD*AT)vay is
the Rayleigh number for the pure fluid,

o heat capacity ratio c=¢ + (1 — d)cs/cs

o Lewis number Le = Sc/ Pr, where Scis the Schmidt number, Sc=v/D, and Pris the
Prandtl number, Pr=v/a, and

« buoyancy coefficient N=B-AC/BrAT.
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In the above notations L is the length of the cavity side, X is the heat conductivity
ratio L =aga,, where a¢ is the heat conductivity of the fluid and a, is the heat
conductivity of the porous media, Brand B¢ are coefficients of thermal and concen-
tration expansion, respectively, and AT and AC are temperature and concentration
differences between the left and right walls.

Most of the double-diffusive natural convection research inside a porous medium
is limited to the Darcy regime, which is governed by the modified Rayleigh number
Ra”, the Lewis number Le and the buoyancy coefficient N. In this present study,
attention is focused on a non-Darcy parameter, Darcy number, which represents the
effect of the additional Brinkman viscous term in the momentum equation.

Because of the present study’s simplicity, the values of conductivity ratio and heat
capacity ratio have been taken as A = ¢ = 1, and the porosity ¢ = 0.5. A nonuniform
computational 20 x 20 mesh was used with a ratio between the longest and shortest
elements of r= 6. Time-steps ranging from At = 10"° (steady state) to At = 10> were
employed, and the convergence criterion determined as £ =5 x 10~ °. The results for
total heat and mass transfer through the porous cavity are given by the values of the
Nusselt and Sherwood numbers, which are defined as:

1 1

oT oC
Nu = —[ (a) xzody, Sh = —J<a> x:OdY (421)

0 0

The effects of the Darcy, Rayleigh and Lewis numbers and the buoyancy coefficient
on the overall heat and mass transfer were studied. The influence of the Brinkman
term due to increasing viscous forces (Da=10"'-10"7) was analyzed. The pre-
sented results have been compared with those obtained using the Darcy model
(corresponding to a very small value of Darcy number, in our case Da=10").

In order to firstly test the accuracy of the presented numerical algorithm, the
results for purely thermal natural convection (corresponding to a buoyancy coeffi-
cient N=0) are presented and compared with those reported in the literature. The
average values for the Nusselt number regarding parameters Ra” =100, Ra" = 500,
Le=1and Da=10"'-10"7 are given in Table 4.1 and compared with work [8,22]
which deals with a natural convection due to thermal buoyancy forces using the
Darcy-Brinkman model.

Table 4.1 Average Nusselt number Nu for Le=1 and N=0.

Da 107 102 10° 10* 10° 10° 1077

Ra"=100 Present results 1.08 1.70 2.43 2.83 2.99 3.12 3.13
18] 1.086 1.695 2.414 2.847 2995 - -
[22] - 1.70 241 2.84 3.02 3.06 3.09

Ra"=500 Present results 1.704  3.20 5.35 7.32 8.38 8.70 8.81
8] 1.681 3.145 5.235 7.185 8.428 - -
[22] - 3.30 5.42 7.35 8.41 8.72 8.84
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Table 4.2 Average Nusselt and Sherwood numbers for Da = 1077, Le=10, N=0.

*

Ra 100 200

Nu Present results 3.13 5.06
[15] 3.27 5.61
[20] 3.11 4.96

Sh Present results 14.26 22.25
[15] 15.61 23.23
20] 13.25 19.86

The overall heat transfer is the same as the overall mass transfer, because the value
of the Lewis number is Le = 1 and buoyancy coefficient N = 0. Therefore, the values
of the Nusselt and Sherwood numbers are identical. It is evident from Table 4.1 that
with any decrease in the Darcy number, the value of the Nusselt number increases,
which is a consequence of the additional Brinkman term in the momentum equa-
tion. At higher values for the Darcy number, the effect of viscous forces is significant
and slows down the convective motion in porous media, which results in lower heat
transfer. When the Darcy number decreases, the viscous effect becomes smaller, and
at Da=10"" it can be said to be negligible. It can be seen that the obtained results are
in good agreement with those reference solutions available in the literature.

Table 4.2 presents the results for average mass transfer due to purely thermal
natural convection (N =0) for Le = 10. The solutal buoyancy force is still absent, so
mass transfer is induced by thermally driven flow. The mass transfer is higher than
the corresponding heat transfer because of higher values for the Lewis number
(Le > 1). The Lewis number is increased by the Schmidt number (at the fixed Prandtl
number), which directly reduces the solutal boundary layer’s thickness, and leads to
a higher Sherwood number [20]. The results are now compared with those proposed
by Trevisan and Bejan [15] and Goyeau et al. [20]. Both studies deal with double-
diffusive natural convection, the first one using a Darcy model and the second one a
Darcy—Brinkman model. There is a discrepancy between the published results,
which is commented on in [20]; however, the present results are in better agreement
with the solutions in [20], than those obtained using the Darcy model.

The effects of those viscous forces accounted for in the additional Brinkman term
on the flow in the porous cavity are illustrated in Figures 4.2 to 4.4. The velocity,
temperature and concentration field for a modified Rayleigh number Ra"= 100,
Lewis number Le= 10, buoyancy coefficient N=1 and different Darcy numbers
Da=10"", 1073 107 are represented.

It can be observed from the velocity field at small values of Darcy number (Figure
4.2¢) that streamlines are closely spaced near those solid boundaries where the fluid
velocity reaches its maximum (Da — 0, Darcy law). The Darcy number in this case is
small enough for any viscous effect on the boundaries to become negligible. With
any increase in Darcy number the streamlines near the solid boundaries are sparsely
spaced (Figure 4.2a and b), as a result of higher viscous forces that become more
important and slow down the fluid motion near the solid walls.
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Figure 4.2 Streamlines for Ra“ =100, Le=10, N=1 and
(@) Da=10"", (b) Da=10"3, (c) Da=10".

a) b) c)

Figure 4.3 Isotherms for Ra“ =100, Le=10, N=1 and
(@) Da=10"", (b) Da=10"3, (c) Da=10".

Figure 4.4 Isoconcentrations for Ra“=100, Le=10, N=1 and
(@) Da=10"", (b) Da=10"3, (c) Da=10".

The effect of the additional viscous term is also obvious on the simulation of the
temperature field (Figure 4.3). The heat transfer through the cavity is strong at
smaller values of the Darcy number (Figure 4.3c). When the Darcy number in-
creases and the viscous effect becomes more important, the isotherms become more
linear and the convective motion through the cavity slows down (Figure 4.3a and b).

The concentration field (Figure 4.4) presents the classic stratified structures of the
natural convective flows. As in the two previous cases, here the influence of the

m
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Table 4.3 Average Nusselt and Sherwood numbers for Ra = 100,
Le=10, N=1,Da=10"",1072 107",

Da 1077 1073 1077
Nu 1.04 2.58 3.75
Sh 2.37 10.08 21.40

additional viscous term can also be identified. At higher values of the Darcy number,
when the influence of the Brinkman term is important, the concentration gradients
at the solid boundaries are smaller than in the case where Da — 0. The mass transfer
through the porous cavity is considerably higher at lower values of Da.

Finally, the results for buoyancy coefficients N > 0 are given in Table 4.3 where the
average values of the Nusselt and Sherwood numbers for N=1, Ra" =100, Le = 10,
and different Darcy numbers are presented.

The buoyancy ratio characterizes the relative magnitude of the thermal and solutal
buoyancy force and, generally, increases the overall heat and mass transfer. It is
evident from Table 4.3 that the Nusselt and Sherwood numbers increase with any
decrease in the Darcy number, as also shown for the pure thermal cases (N=0). In
comparison with the results for N=0, the overall heat and mass transfers are now
higher because of the cooperating buoyancy forces. The convective heat transport of
overall heat transfer increases with any increase in N. The global buoyancy term in
the momentum equation increases with the buoyancy ratio and enhances the flow
velocity and overall heat transfer. The mass transfer also increases with the stronger
influence of the solutal buoyancy force.

The results for Ra" =100, Da=10"", Le=1, Le= 10 and various buoyancy num.-
bers N=—1,0, 1, 2, 5, 10 are calculated in Table 4.4.

The results in Table 4.4 show that the Nusselt number decreases with any
increase in the Lewis number Le; in contrast, the values of the Sherwood numbers
are higher with any increases in Le and N. Negative values for the buoyancy
coefficient N imply an opposing configuration of thermal and solutal buoyancy
effects. In the case where N= — 1 the thermal and solutal buoyancy forces cancel
each other, so the heatand mass transfer are governed by diffusion (the values of the
Nusselt and Sherwood numbers are Nu = Sh = 1.0) as also observed in [15], for the
case of a Darcy model.

Table 4.4 Average Nusselt and Sherwood numbers for Ra“ =100,
Lle=1,Da=10"",N=-1,0, 1, 2,5, 10.

N -1 0 1 2 5 10

Le=1 Nu 1.00 1.08 1.26 1.43 1.81 2.21
Sh 1.00 1.08 1.26 1.43 1.81 2.21

Le=10 Nu 1.00 1.00 1.07 1.09 1.15 1.19

Sh 1.00 1.08 2.66 2.95 3.56 4.25
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442
Double-Diffusive Natural Convection in a Horizontal Porous Layer

The convective flow in a horizontal porous layer is possible above the critical Ray-
leigh number. In the case of double-diffusive convection, where the density differ-
ences are a result of combined temperature and concentration gradients, the critical
Rayleigh number is a function of the Darcy number Da, Lewis number Le and
buoyancy coefficient N [23]. In vertical cavities maintained at horizontal temperature
and concentration gradients, the flow in the cavity is always unicellular. In the case of
a horizontal porous layer, where the temperature and concentration differences are
imposed on the horizontal walls, the flow structure becomes multicellular and is also
called a Rayleigh—-Benard flow structure [24].

Most of the studies regarding double-diffusive convection or thermohaline con-
vection (the case where the constituent is salt) in a horizontal porous layer are
focused on the problem of convective instability. There are many studies dealing
with the onset of convection on the basis of the linear stability theory [25,26] or
nonlinear perturbation theory [27]. In these studies, the critical Rayleigh numbers
for the onset of convective flows are predicted. The theoretical and numerical study
of heat and mass transfer affected by a high Rayleigh number Benard convection in a
porous layer heated from below can be found in [28]. The numerical results and a
scale analysis of the flow in a porous medium are presented, where the buoyancy
effect is due entirely to temperature gradients.

Some further numerical results for a double-diffusive convection in a horizontal
porous layer with two opposing buoyancy sources can be found in [29]. The influ-
ence of the governing parameters (Rayleigh number, Lewis number, buoyancy ratio)
on the overall heat and mass transfer is discussed for the case of a square cavity
(aspect ratio equals 1). Double-diffusive convection in a horizontal layer with some
numerical results is also discussed in [30]. In this study, the critical values of
Rayleigh numbers for the onset of convective motion are predicted on the basis
of nonlinear parallel flow approximation.

All the numerical results mentioned above are obtained on the basis of the Darcy
flow model, which is more convenient for porous media with low permeability. The
Brinkman extended Darcy model, which accounts for friction due to macroscopic
shear, is more appropriate when describing fluid flows in a porous matrix, when the
inertia effects are negligible. It was used in [23] to investigate the onset and devel-
opment of double-diffusive convection in a horizontal porous layer with uniform
heat and mass fluxes specified at the horizontal boundaries. The obtained analytical
solution is compared to some numerical results obtained for different values of Ra,
N, Le and Da.

In our case, the system under consideration is a horizontal layer of width D and
height H, filled with homogenous, nondeformable porous media, which is fully
saturated with Newtonian fluid (Figure 4.5).

The horizontal walls are subjected to different temperature and concentration
values (Tp, Cp at the bottom boundary and Ty, Cy at the upper boundary), while the
vertical walls are adiabatic and impermeable. The fluid, saturating the porous media,
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Figure 4.5 Geometry of the problem and boundary conditions.

is modeled as a Boussinesq incompressible fluid, where the density depends only on
temperature and concentration variations: p=po(l — Br(T— To) — Bc(C — Co)).
Parameters Brand B¢ are volumetric thermal and concentration expansion coeffi-
cients. The numerical results for heat and mass transfer induced by double-diffusive
natural convection in a horizontal porous layer subjected to vertical gradients of
temperature and concentration are presented.

The governing parameters of a problem are:

e porosity ¢,

o Darcy number Da= K/$pH,,

¢ aspect ratio A= D/H,

» modified (porous) thermal Rayleigh number Ra = KgBtATH/ov, where Bris the
thermal expansion coefficient, o the thermal diffusivity and v the viscosity,

o Lewis number Le=0o/D, and

« buoyancy ratio N=BcAC/BrAT,

where K is the permeability, D and H are the width and height of the layer, respec-
tively, g is the gravity, AT and AC the temperature and concentration differences
between the upper and bottom boundaries, o the thermal diffusivity and D the mass
diffusivity. For an aspect ratio A = 1, a nonuniform computational 20 x 20 mesh was
used with a ratio between the longest and shortest elements of r=6, and for A=2
and 4, 20x 10 subdomains were used. Time-steps ranging from At=10'® (steady
state) to At=10"* were employed, and the convergence criterion determined as
£=5x10"° for all cases.



4.4 Numerical Examples

Table 4.5 Comparison of results with numerical experiments reported in the literature for A= 1.

Nu Sh
This study [29] This study [29]
Ra=600, Le=1, N=0 7.01 6.6 7.01 -
Ra=100, Le=10, N=0.2 2.48 2.4 10.00 -
Ra=100, Le=30, N=0.2 2.50 2.5 14.80 15

It should be noted that in the case of N=0, the buoyancy effect is due entirely to
temperature gradients. The mass transfer in this case is due to temperature field and
concentration differences between the horizontal boundaries. In the case of positive
values for buoyancy ratio (N > 0), the thermal and solutal buoyancy forces aid each
other (aiding convection) and for negative values of buoyancy ratio (N < 0) the solutal
and thermal effects have opposite tendencies (opposing convection).

The obtained numerical model was tested for different values for governing
parameters. The results for total heat and mass transfer through the horizontal
layer are given by the values of Nusselt (Nu) and Sherwood numbers (Sh). Further-
more, some simulations of the temperature and concentration fields are presented.

The validation of the code was accomplished by comparison with some published
numerical experiments. It should be noted that there are not many published studies
giving numerical results for the described problem.

Table 4.5 presents some results for A=1, Da= 10" and different Rayleigh and
Lewis numbers and buoyancy ratio.

The values of overall heat and mass transfer are compared to the published
results, where the numerical calculations based on the Darcy model are obtained
[29]. The first result is for the case of Ra =600, Le=1 and N =0 which means that
only the thermal buoyancy force is present. The overall heat and mass transfers
which are presented by Nu and Sh are identical. The other two cases are for a
Rayleigh number of 100, a buoyancy ratio 0.2 and Lewis numbers of 10 and 30.
In this case, both the thermal and solutal buoyancy forces are present and aid each
other. The values of the Sherwood numbers are now higher than those of the Nusselt
numbers, which is a result of a higher Lewis number. The presented results are in
agreement with published ones.

Table 4.6 presents the influence of the Darcy number. The governing parameters
for this case are: an aspect ratio A = 4, a Rayleigh number Ra = 300, a Lewis number
Le=1 and a buoyancy ratio N=—2.

Table 4.6 Nu and Sh numbers for different values of Da with A=4, Ra=300, Le=1, N=—2.

Da 1077 1072 1073 107 10°°

Nu 1.00 2.05 2.82 3.12 3.50
Sh 1.00 1.02 1.04 1.05 1.06
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Figure 4.6 Streamlines, isotherms and isoconcentrations in a
horizontal layer for Ra=2500, Da = 1072, Le=10, N=0, A=2.

The negative sign for buoyancy ratio indicates that the thermal and solutal buoy-
ancy forces are opposed to each other. From Table 4.6 it is evident that with any
decrease in the Darcy number the value of the Nusselt number increases. In the
cases where the Lewis number decreases, Le— 0, the values of the Sherwood
number tend to unity (Sh — 1), which implies that the mass transfer is dominated
by diffusion. The same conclusions are also published in [23]. A direct comparison
of results is impossible, because of the different governing parameters (porosity,
aspect ratio) in both studies.

In the case of Da=10"" the values of the Nusselt and Sherwood numbers are
equal to 1, which means that both heat and mass transfer are governed by diffusion.
The Rayleigh number is beyond the critical value required for the beginning of
convective motion. The relationship between the critical Rayleigh number and the
Darcy number is given in [23] and states that the values of the critical Rayleigh
number increase in line with the Darcy number.

The velocity, temperature and concentration fields for Ra= 2500, Da=10"?
Le=10, N=0, A=2 are presented in Figure 4.6. Because the value of the buoyancy
ratio equals 0, the buoyancy effect is due entirely to temperature gradients. The
concentration field, in this case, is a result of the flow driven by the temperature
gradients and the imposed concentration difference between the upper and bottom
boundaries.

The flow in the horizontal layer where A =2 becomes multicellular (with two
cells) as is obvious from Figure 4.6. The flow consists of rising hot fluid in the center
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of the layer and colder fluid sinking along the vertical walls. In the center of the
domain, higher solute concentration is found than along the adiabatic and imper-
meable side walls. Thin temperature and composition boundary layers are evident at
the top and bottom walls.

4.5
Conclusion

Anumerical approach, based on the BDIM, which is an extension of the BEM, has been
applied for the solutions of the transport equations in porous media. The modified
Navier-Stokes equations, Brinkman-extended Darcy formulation with the inertial
term included, have been employed to describe the fluid motion in porous media.
The porous media are saturated with a viscous, incompressible fluid. A velocity—
vorticity formulation of the governing equations is adopted, resulting in the computa-
tional decoupling of the kinematics and kinetics of the fluid motion from the pressure
computation. Since the pressure does not appear explicitly in the field function con-
servation equations, the difficulty connected with the computation of boundary pres-
sure values is avoided. The proposed numerical procedure is applied to the case of
natural convection in a porous cavity saturated with a Newtonian fluid with different
temperature and concentration values on its vertical walls, and in a porous layer where
thehorizontal walls are subjected to different values of temperature and concentration,
for different values of the modified Rayleigh number, Darcy number, Lewis number
and buoyancy coefficient. It can be stated that the BDIM, extended in a way that also
enables investigation of the fluid transport phenomena in a porous medium, appears
to possess the potential to become a very powerful alternative to existing numerical
methods, e.g. finite differences or finite elements, as a means for obtaining solutions to
the most complex systems of nonlinear partial differential equations, when attacking
some unsolved problems in engineering practice.
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Analytical Methods for Heat Conduction in Composites
and Porous Media

Vladimir V. Mityushey, Ekaterina Pesetskaya, and Sergei V. Rogosin

5.1
Introduction

The goal of this chapter is to describe analytical methods applied to the study of
steady heat conduction in various types of composites and porous media. We
present several analytical formulas for the effective (macroscopic) conductivity ten-
sor which are deduced by using different approaches based on the recent results in
the theory of partial differential equations and complex analysis. The study of
effective characteristics has recently become a separate subject with its own philos-
ophy and machinery. Composites and porous media differ by geometry and by
the type of physical problems that appear. For composites, the most popular are
problems of conductivity, elasticity, elastoplasticity and thermoelasticity (e.g. Refs.
[1-4]), but for porous media, problems of fluid mechanics are mostly studied (e.g.
Refs. [5-9]).

The analytical approach to the study of heat conduction allows us to unify partly
the theory of the effective thermal properties in composite materials and porous
media. In the present chapter, pure steady conductivity problems are considered
when the filler of pores (fluid or gas) is static. Such problems are benchmarks of heat
and mass transfer problems of the mechanics of porous media [5,6,10].

The main attention throughout this chapter will be paid to analytic or constructive,
or closed form solutions to the above mentioned problems. Different interpretations
can be given to such a notion. For us to get an analytical solution means to find the
formula which contains a finite set of elementary and special functions, composi-
tions, integrals, derivatives and even series. Besides, all objects in such a formula
have to have a precise meaning (for instance, the type of the convergence of integrals
and series should be described). Last, the domains of parameters, as well as all
functions, integrals, etc., have to be explicitly determined. It will also be shown also
that they (or their intersections, if necessary) are nonempty. This approach is slightly
nontraditional. In classic books, it is supposed that series do not form closed form
solutions, but special functions do. It leads to certain misunderstandings since not

Cellular and Porous Materials: Thermal Properties Simulation and Prediction
Edited by Andreas Ochsner, Graeme E. Murch, and Marcelo J.S. de Lemos
Copyright © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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all special functions have integral representations. We suppose that our meaning of a
closed form solution could give a way to work efficiently with the mathematical
object involved in the solution formulas.

The above meaning of analytic solutions is very close to the sense of solutions
obtained by certain numerical methods. To avoid misunderstandings we will
distinguish between (pure) analytic solutions and those obtained by using certain
analytic numerical procedure. The latter will be called approximate analytic
solutions.

Among the numerical methods which can be called approximate analytical meth-
ods we have to point out the collocation method and its modifications as developed
and applied to the study of composites by Kolodziej and co-workers [11-13], the
finite element method presented in other chapters of this book, the integral equation
method, in the form developed, for example, by Lifanov [14,15], as well as the
successive approximation method and methods of decomposition, in particular,
SchwarZz’s alternating method (all applied in the study of composites in Ref.
[16]). Despite the method of truncation for infinite linear algebraic systems can be
effective in numerical computations, one can hardly accept that this method yields a
“closed form solution” as is frequently declared.

In this review, the main attention is paid to analytically exact and approximate
formulas for the effective conductivity tensor. Other important questions as bounds
[17], homogenization [1,2,17-20], coupled heat and mass transfer [5,6,10] can be
found in the cited works.

5.2
Mathematical Models for Heat Conduction

5.2.1
General

Consider the Euclidian space R as a space of the spatial variable x = (xy, %5, . . ., Xp1).
Usually M = 3. Sometimes due to the symmetry of the problem under discussion it
is convenient to take M =2 or M = 1, making corresponding changes in the equa-
tions. Let D be a domain occupied by the conducting material (composite or porous
media). One of the most important objects in the mathematical theory of steady heat
conduction is the temperature distribution T(x) and the heat flux q(x). In physics,
temperature is the measure of the energy possessed by particles (molecules, elec-
trons, etc.) per unit volume of the material. The heat flux is the heat transfer rate (in
unit of time) per unit volume. Below, the dimensions of the basic variables can be
taken in SI units. The unit for temperature is the kelvin K, for heat flux itis ]mfzsfl,
for conductivity it is Wm K1, where ] is the joule, m is the meter, s is the second,
W is the watt.

From a mathematical point of view T(x) is a scalar field depending on the variable
x€RM, q(x) = (91(x), 92(%), g3(x)) is a vector field. The equations representing depen-
dence of the flux q(x) on the temperature T(x) are called (the heat transfer) constitutive
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relations. In the linear case the constitutive relation for conducting material has the
form of Fourier’s law (e.g. Ref. [4,5,8,10])

q=—-AVT (5.1)

where VT is the gradient of T(x) and A is a tensor. In Cartesian coordinates
VT= (&L 9T oT

O0x1 7 0x, 7 Ox3 /°

The constitutive relation (5.1) means a (local) proportionality of the flux and the
gradient of temperature distribution. In the linear case, the proportionality coefficient
A depends solely on the spatial variable x. It is the measure of the heat conduction of
the solid phase. For locally isotropic media, A = AI, where Iis the identity tensor. Then,
A is called the local thermal conductivity or simply the conductivity. The thermal con-
ductivity is considered as a scalar positive function L = A(x) for locally isotropic ma-
terials and as a tensor function for locally anisotropic materials which in Cartesian
coordinates has the form of the symmetric positively defined matrix:

A= A(X) = 7\,12(X) 7\422 (X) 7\423 (X) (52)

For A depending on the temperature, i.e., A=A(x, T) we deal with nonlinear heat
conduction.

Sometimes the thermal resistance ris introduced as r=2%"" (R= A""), where the
power —1 denotes the reciprocal whenever A is a function (the matrix inverse
whenever A is a matrix).

Assuming the presence of sources and sinks with intensity f(x), we get the following
relation V-q=fin D. If a medium does not contain sources or sinks, the heat flux
satisfies the so-called free divergence equation:

V-q=0 (5.3)

: : ; O |, O | g3 __
or in Cartesian coordinates T + o + = 0.

Substituting (5.3) into (5.1), we obtain the elliptic equation [21]:

V- (AVT) =0 (5.4)

Laplace Equation In the case of isotropic homogeneous material, the conductivity
A(x) is a constant. Then, (5.4) becomes the Laplace equation [21]:

VT =0 (5.5)
i.e., Tis a harmonic function in D. The constitutive relation (5.1) means in this

case that the flux q(x) has a potential (in other words, the vector field q(x) is a potential
one, or the considered physical system is conservative; e.g. Refs. [22,23]).
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Geometry The domain D occupied by the medium is supposed to be an arbitrary
opensetin RM, M = 3 (or M = 2). Usually it is supposed that D consists of a finite
or denumerable collection of connected components. One of the components €,
called the matrix or host material, contains other components as inclusions
or pores.

If the boundary surfaces (or curves) are simple and smooth, then two continuous
families of normal vectors can be chosen. Each one generates an orientation on the
surface (on the curve). Most common is to choose an orientation generated by
outward unit normal vectors n to 0 Q, understanding such an orientation as positive
and an opposite orientation as a negative one. Such a definition can be extended to
domains with piecewise smooth boundaries.

The level of smoothness of the boundary can also be prescribed. For simplicity, it
is usually supposed that 9Q consits of piecewise Lyapunov's (or C** (0<a < 1))
surfaces or curves. It means that they have a tangent plane (a tangent line) every-
where besides a finite number of smooth curves on a surface (finite number of
points on a curve), and the corresponding field of normal vectors is Hélder contin-
uous with respect to the spatial variable on a surface (on a curve). Therefore, corner
(wedge) points can arise on the boundary surfaces (curves). It usually brings addi-
tional difficulties to attack problems (e.g., Refs. [24-26)).

Sometimes it is important to model the conducting medium by a certain infinite
domain. Different compactifications can be applied in this case. For instance, ina 2D
situation (M = 2) it is convenient to understand oo as the unique point extension of
the complex plane C (i.e. as a north pole on the Riemann sphere $2 = C = CU {oc0})
(e.g., Ref. [27]). In this case, the point co can be either boundary point of a domain D
orits internal point (on the sphere C). Another possibility is to consider several infinite
points.

Spaces Looking for a classical solution, we need to prescribe certain smoothness of
these solutions on the boundary. Let us recall definitions of the most standard spaces
of smooth and piecewise smooth functions on a connected subset X C RM (in
particular, on each connected component of X).

It is said that the family C(X) = { f : X — C(R) : fiscontinuouson X} forms a
linear space of continuous functions. For X being either a closed surface or a closed
curve, C(X) becomes a Banach space under the norm || f || = supyex| f(X)|- The spaces
H*(X) containing Holder-continuous functions are introduced by the following
condition:

HYX) ={feCX): 3C>0, |f(x)~f(x)<Clxi—x|%
VX17X2€X},0<OL§1

(here |x; —x,| means the Euclidean distance between two points of X € RM).
These spaces are called Holder spaces. They are linear subspaces of C(X) (the
following notations for them are also commonly used: Lip,(X), C*%). Again for
X being either a closed surface or a closed curve, H*(X) becomes a Banach space
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with the following norm:

1fle=IIfllc+  sup M::nﬂwh(m)

x1.% €EX X #X |

For X being a nonclosed piecewise smooth surface or curve one can introduce
weighted Holder spaces:

HYXip) ={f:3fo, fOO)=fopx), feH"(X)}

with a given weight function p (for instance, p(x) = H?:1|xfxl|ﬁl, where f3; € R).
To introduce the spaces of differentiable functions in RM, it is convenient to use the
notion of multi- 1ndex Let, for example, x = (x1,%,,%3) EXCR?,  f:X—C(R).
Denote by 0;f = a the derivative of f with respect to j-th Varlable The vector
k= (ki,ka, k3) € Z3 is called multi-index, and |k| = k; + k, + k3 denotes its length. By

definition, k-th (partial) derivative of fis equal to o f = %. Then, C™(X),
Xy 0%, 0%3

me N, is a space of all functions f : X — C(R) such that fix) and 3*f|k| < m, are
continuous on X. We have to note that for X being a smooth surface or a smooth curve
the derivatives can be taken only in the tangent direction to X.

The collection of Schauder spaces is defined in the following way (meN,
O<o < 1):

CmH(X) = {feC(X): 3C>0, [0 f(x)—0" f(x)|< Clxa—xa|%,
Vx1,x€X, |kl=m}

They are Banach spaces for X being a smooth surface or a smooth curve under the
following norms:

1 fllma = 310" Flle + 3 b £:00)

[k=0 lkl=m
Finally, the collection of all infinitely differentiable functions is denoted by C*(X):
C¥(X)={feC(X): VkeZ?,VxeX, 30" f(x)}

It should be noted that we can consider R? to be isometric to C. Thus, in this case
in all the above definitions the partial derivatives can be replaced by the derivatives
with respect to complex variable. These definitions are stronger than those with
partial derivatives with respect to two real variables [27].

Let I be a simple closed curve in C, X=int I". The set of all continuous functions
C(T) analytically extended into Xis denoted by C4(T") (or C4(X)). It is a Banach space
under supremum norm on ¢l X. Analogous definitions (under corresponding norms
in ¢l X) are used for the spaces C}*(T) = C*(X), CX(T) = CYX(X).
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In many problems of mathematical physics it is not sufficient to deal only with the
classical solutions corresponding to differential equations. One of the most suitable
generalizations of the above introduced spaces are the so-called Sobolev spaces (e.g.,
Ref. [28]). The main idea in the construction of these spaces is the use of the notion
of weak derivatives.

Let X C R™ be an open connected set. We denote by L,(X), 1 < p< oo, the set of all
(Lebesgue-) measurable functions f : X — C(R) such that

1711, = (L|f<x>|f’dx)l/”<oo

It is a Banach space with respect to the norm ||f]|,. It is said that X’ C X C RM is a
strictly interior subdomain of X, if X’ C X (the corresponding notation is X' CC X).
The space Lyjo(X), 1<p<oo, is the set of all (Lebesgue-) measurable functions
f: X — C(R) such that [,,|F(x)|”dx< oo for any bounded strictly interior domain
X' CC X. Denote also by C;°(X) the class of all compactly supported infinitely
differentiable functions f : X — C(R).

Let now k be a multi-index, the functions f, g € L; j,¢(X), and the following relation
be satisfied:

| soostneoex= (-1 | gooneoas

for all functions 1 € Cg° (X). Then, g is called the weak derivative of f. It is denoted by
the same symbol as before, namely g= 0.

The Sobolev space W*F(X),1 < p<oo, s&Z,,isthe setofall functions fe L,(X)
for which there exist weak derivatives 0%f for any k, |k|<s, such that 3*fe Ly(X),
V|k| <s. Endowed by the norm || fl[; ,x = > < ||6kf||p, W*(X) becomes a
Banach space. In the special case p = 2, the space W**(X) is denoted by H*(X). This
space is a Hilbert space with the inner product defined by the relation

(frghox = S (@ fLo L (X) = Zjakﬂx)akg(x)dx

[k|<s k|<s
The set Cy° (X) is a dense subset of H!(RM). If X # RM then the closure of C* (X)
in H'-norm is a subspace of H'(X) denoted by Hg(X).

The set of all linear continuous functional H{(X) with respect to inner form in
H(X):

(frg)ix = ([f(xxmdw 3 Jakﬂx)akg(x)dx)

is denoted by H™!(X).
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Let Q be a parallelepiped in R, M=23, then Caer (0Q) = Ci (Q),
Coper(0Q) = €1 (Q), W3ir(Q), H,,, (Q) are subspaces of C;*(Q), CX(Q),

W*P(Q), H(Q), respectively, containing those functions which possess periodic
extension from the set Q to the space R™.

5.2.2
Boundary Value Problems

Let us present different types of boundary value problem for heat conduction in com-
posites and porous media (i.e. boundary value problems for equations (5.4) and 5.5)).

To be more precise, we formulate these problems in the case of composites
consisting of the matrix (which is a multiply connected domain Q in R* with outer
boundary curve I') and of n inclusions Dy, k=1, ..., n, encircled by smooth closed
surfaces (curves) L, =0Dj. It is convenient to use the notation A(x) for the conduc-
tivity tensor for the material occupied by the host domain Q, and Ay(x), k=1, ..., n,
for the conductivity tensors for the material occupied by the corresponding inclu-
sions (see Section 5.2.1).

We suppose that either M =3 or M =2, just by making corresponding remarks
when these situations differ essentially. According to the above presented descrip-
tion of the orientation on the boundary of Q, we will denote by T(t) the boundary
values of the temperature distribution on I', and the boundary limits on L of the
temperature from the domain Q and domains Dy, by T™(t), T; (t), respectively:

_ : LT — : _ .
M= xﬂtléng,lxeﬂ Tkx); TH(y) = Htg?xgsz T, k=1,..om
T, (t) = lim T(x)

x—tely,xe Dy

The given temperature distribution f{t) on the outer boundary I" leads to the
Dirichlet condition on I':

T(t)= f(t), tel (5.6)

If the outer boundary constitutes the ideal thermal isolator (i.e. there is no heat
exchange between the composite and the medium outside of it), then we arrive at the
homogeneous Neumann condition

T
g—n(t) =0, tel (5.7)

If there is heat transfer through the outer boundary when the normal heat flux
q-n is known at the outer surface, then condition (5.7) should be replaced by a more
complicated one (see Eq. (5.1))

AVTn(t) =gt), tel (5.8)

Here, AV T denotes that the matrix A is multiplied by the vector VA. Further, the
scalar product of the vectors AVT and n is calculated.
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Instead of Eq. (5.8), the heat transfer satisfying Newton's law can be considered at
the boundary

xz—z (t) +yT(t) =h(), tel (5.9)

It is also called the third type boundary value problem.

5.23
Conjugation Problem

Other types of condition arise on internal components of the boundary of Q, i.e. on
the matrix—inclusions (host—pores) interface. The most natural are continuity of the
temperature and of the heat flux. For simplicity, hereafter the scalar conductivity is
considered. Then, they have the following form
_ oT+ oT,

THY) = T, (1), A () = xka—r’;(t), teL(k=1,...,n) (5.10)
They are known as the perfect contact or transmission conditions. It is also natural to
assume that the temperature distribution and the normal heat flux have jumps along
a part of the matrix-inclusions interface. In this case, conditions (5.10) have the
following form:

THO-Ty O = (), A -0 () =g, teLk=1...n)

on
(5.11)

where h;, g are given functions on L.

If at least a part of the matrix-inclusions interface consists of poorly conducting
material then we have to replace the first series of the above conditions by a more
complicated one, namely, we have the following problem:

+ + —
A T O-T ) =0, A% =K Ew,
teL(k=1,...,n) (5.12)
The coefficients ;! introduced in Eq. (5.12) is known as the Kapitza resistances
[3,29]. The limit cases v, =0, and y, = oo were discussed in Ref. [16].
A special problem can be also considered, namely with the boundary conditions
given on the exterior boundary and the domains Dj, occupied by an ideal conductor

(M =00). In this case, we arrive at the modified Dirichlet problem [30]
Tt)=t, tel (5.13)

where t;, are undetermined constants which have to be found in the solution to the
problem.
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5.2.4
Complex Potentials

The aim of this subsection is to rewrite equations as well as boundary value pro-
blems for heat conduction in composites (or in porous media) in terms of complex
analysis. Thus, we have studied here only the two-dimensional situation (M =2)
considering the corresponding domains as domains on the complex plane C. In this
case, it is supposed that the heat flux is spreading in a direction orthogonal to the
cylinder in which parallel cylindrical inclusions are implemented. The base of
the cylinder is a multiply connected domain Q, and the bases of the inclusions are
domains Dy. There is also another statement of the 2D problem when a thick plate
with isolated sides is considered.

First, we consider the limit cases when Q is occupied by a conducting material and
on the boundary of which one of the boundary conditions (5.6), (5.8) and (5.9) are
given. Consider the Dirichlet problem (5.6). It is known that each harmonic function
in a simply connected domain is the real part of a complex potential. If a function
T(x, y) is harmonic in a multiply connected domain Q then it can be expressed as

T(z) = Re|®D(z) + ZAkln(zfzk) ., z=x i eQ (5.14)
k=1

according to the decomposition theorem [16]. Here, the function ®(z) is analytic and
single-valued in Q, and Ay, are real numbers. If we assume that co € Q, Dy (k=1, 2,
..., n) are connected components of the complement of Q to C, and z;, are points in
Dy, then the connectivity of Q is equal to n— 1 and

> Ac=0 (5.15)
k=1

Substituting T(z) from Eq. (5.14) in Eq. (5.6), we arrive at the boundary value
problem with respect to ®(z). The constants A, have also to be determined. One
can find a discussion of this problem for multiply connected domains in Ref. [30]
and a complete solution to this problem for any circular multiply connected domain
in Ref. [16]. A similar argument can be applied to the problems (5.7) and (5.9).

Consider now the modified Dirichlet problem (5.13). In this case, instead of (5.14)
we have T(z) = Re ®(z). However, the undetermined constants ¢ are included in the
boundary condition

Re®(t) =1, tel, (k=1,2,...,n)

We also suppose (again for simplicity) that the materials inside matrix and in-
clusions are isotropic and homogeneous, which means the constancy of conductivity
coefficients A, A, k=1, ..., n. Therefore, the temperature T is a harmonic function
in the domains Q and Dy, k=1, ..., n (i.e. satisfies in these domains the Laplace
equation (5.5)).
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Let T, and Tj be temperature distributions in Q and Dy, k=1, ..., n, respectively,
continuously differentiable up to the boundaries of these domains satisfying
Eq. (5.5). Suppose that the perfect contact relations (5.10) are valid on each curve

Ly=0Dy, k=1, ..., n. Then, one can introduce functions
. A+A .
0(2) = T(2) +iV(2), z€Q, @f2) =—r £(Ti(2) + iVil2)),
ze€D, k=1,...n (5.16)

which are analytic in Q, Dy, respectively, continuously differentiable in the closures
of the considered domains. In fact (e.g. Ref. [22]), the function ¢(z) is in general a
multivalued analytic function since Q is a multiply connected domain. But in our
case, T(z) possesses [31] a unique harmonic extension up to the function, harmonic

inasimply connected domain D = QkLnJl kaﬂl Dy, due tothe firstrelations in Eq. (5.10).

Therefore, due to the uniqueness of analytic continuation @(z) is a single-valued
analytic function in Q as the restriction of the corresponding function defined on D.

In order to represent the boundary conditions (5.10) in the complex form, we
write the normal and tangent derivatives on a fixed curve Lj:

0 d
Ma—+hpr—, === —Np-——

d
n Mok ™ok, s ™

- (5.17)

0x1
where the normal vector n is identified with the complex number, n =n, + in,, the
tangent vector s =n, —iny, and z=x; +ix,. By applying the second operator of
Eq. (5.17) to the first condition of Eq. (5.10), we obtain

oT+ oT+ aT‘ aT‘

7}12@4’”16—962: a 1 +n ax (518)

The second condition of Eq. (5.10) can be rewritten in a similar way

0T+ oT+ T oT,
7\.111 + 7\,1’12 7\,k n——— + kk ny———

o (5.19)

We introduce new complex potentials in the domains Q and Dy, respectively,

_acp_aT 0T _kk+7\, L0 7\.k+7\. 0T, 0Ty

~% am e T (a =\ ) O
Then, substituting these relations into Egs. (5.18) and (5.19) and excluding y*, we
arrive at the following conjugation condition:

V() =y (B) + pen?y (), tEL (5.21)

where
Me—A

Pr = VY (5.22)



5.2 Mathematical Models for Heat Conduction

is a contrast parameter introduced by Bergman [32,33]. Integrating Eq. (5.21) along
L, with constant of integration equal to zero [16], we obtain the following boundary
value problem for analytic functions in a multiply connected domain, namely, for the
complex potentials @,¢, k=1, ...n:

O (t) = @ ()P (), teLy (5.23)

This problem is a special case of so-called R-linear conjugation problem (Markush-
evich's problem) (see Refs. [34,35] for the description of qualitative results concern-
ing the solvability of R-linear conjugation problem with arbitrary coefficients).

If at least one of the first conditions in Eq. (5.10) is replaced by a non-zero jump
condition, i.e. we have Eq. (5.11), then one can proceed in a similar way as before. We
introduce the complex potentials by formulas (5.16). If h; are smooth enough, e.g.
h, € C4*(Ly), then one can find (single-valued) analytic in Dj, functions hy (2) satis-
fying the following boundary conditions (the so-called Schwarz boundary value
problem):

Reh, (t) = (t), teL (5.24)

Then, the first conditions of Eq. (5.11) can be rewritten in the form T+ (t)—T;, (t) = 0,
tely, k=1,...,n, where T; (2) = T; (z) + Reh; (z), z€ Dy. A similar argu-
ment can be applied to the second condition (5.11). Thus, the last relations give the
single-valuedness of the potential ¢*(z) in Q. Then by using the above introduced
complex potentials (5.16), we deduce that the only difference is that at least one of the
Egs. (5.18) is in this case inhomogeneous. As a result, we will have the following
boundary value problem with non-zero inhomogeneous term c(t) on atleast one curve
Lki

07 (1) = @ () —poy (1) + (1), te Ly (5.25)

Exact calculation of the inhomogeneous term can be easily done. It does not have
much influence on further analysis.

Application of the same arguments to Eq. (5.12) yields an R-linear conjugation
problem with derivatives. Let us assume for simplicity that the inclusions are
circular cylinders, i.e. Dy = {z€ C: |z—ai|<n}, k=1,...,n. Then, the problem
(5.12) becomes

2
Tk

0" (1) = @ () =0y, (1) + oy (=) (9 )' () + b g (0% (1), |t—m| =n
(5.26)
where w, = ;jkf;’;

Finally, we have to rewrite the boundary conditions on the outer boundary I in the
complex form too. The simplest is to reformulate the Dirichlet condition (5.6). We
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first solve the outer Schwarz boundary value problem

Refo(t) = f(1), teT (5.27)

with respect to the function fy(z) analytic outside of the whole domain

n n
D= Qku kau Dy, i.e. in ext D. Then by introducing an auxiliary unknown function
=1 k=1

(o(2) analytic in ext D, @o(oc) =0 and using the same complex potential @(z) for €,
we rewrite Eq. (5.6) in the form of R-linear conjugation problem:

0 (1) = 0o (1)—o(t) + fo(t), teT (5.28)

A similar approach is used for the Neumann problem (5.7) (for complex
potential ) [16].

Problems (5.10) and (5.11) were discussed for arbitrary multiply connected
domains in Ref. [30] and solved explicitly for any multiply connected domain in
Ref. [16].

5.2.5
Periodic Problems

Boundary value problems for harmonic and analytic functions discussed in the
previous sections are also stated in classes of periodic functions. As it follows from
the theory of homogenization [17,18,20], such problems are the basis for rigorous
definition of the effective conductivity tensor. In the present section, we state peri-
odic problems.

Consider a lattice Q which is defined by three fundamental translation vectors
a, b, c. Hereafter, we consider orthogonal lattices, i.e. the vectors a, b, ¢ generate an
orthogonal system of coordinates. For definiteness, we put a= (0,,0,0), b=(0,3,0),
c¢=(0,0,7). Let m = (my,m,,m3) denote vectors with integers components. Introduce
the zero-th cell (representative cell) Q= Qp:={x = (x1,%;,%3) : —00/2<x; <01/2,
—B/2<x,<B/2,—y/2<x3<Yy/2}. The lattice ©Q generates the cells
Om:{x€R? : (3 —oumy, %, —Bmy, x3—ym3) € Q}. Without loss of generality, it is
assumed that the volume of Q is equal to unity, i.e. |Q] = afy = 1. Consider mutually
disjoint domains Dy (k=1,2,...,n) lying in the zero-th cell Q. Let D be the comple-
ment of the closure of all D, to Q.

Let a constant external gradient (q;,95,q3) be applied to the material. Then, the
temperature distribution satisfies the conjugation condition (5.10) and the quasi-
periodicity relations with respect to the lattice O:

T (%1 + o, %2, %3)—T(%1,%2,%3) = @1
T(x1,% + B, x3)—T(x1,%,%3) = g2 (5.29)
T(X1,X2,X3 +Y)_T(x17x27x3) =q3
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Theorem 5.2.1 [17,20] The problem (5.10), (5.29) with fixed q1, q, and qs has a
unique solution in H'(Q) up to an arbitrary additive real constant.

In this subsection, the condition of the perfect contact (5.10) is considered. In a
similar way, other boundary and conjugation problems can be stated. Frequently,
instead of the quasi-periodicity conditions (5.29) boundary conditions are intro-
duced for symmetric problems as follows. Let the cell Q be symmetric with
respect to the coordinate axes, i.e. the inclusions are symmetrically located
in Q. Let the external gradient (g;,0,0) be applied to the periodic material.
Then, the the heat flux is symmetric with respect to the planes x, = /2 +m and
x3=7v/2+m, where m=0,£1,£2,.... In particular, this symmetry yields the
Neumann condition:

oT

oT
o, 0 EB/2,m) =0, (3, 27/2) = 0 (5.30)

8x3

The first quasi-periodicity conditions (5.29) for the temperature distribution
yield the periodicity conditions for 2L on the planes x; ==a/2. Then, T is a
constant on x; = +0//2 and one can take the Dirichlet conditions:

T(+0/2,%),%3) = £q1/2 (5.31)

Therefore, the quasi-periodic problems (5.10), (5.29) becomes the mixed
problem (5.10), (5.30), (5.31) for the domain Q. Such an approach is applied in
Section 5.5.

Following Section 5.2.4, consider 2D quasi-periodic problems by the method
of complex potential. In this case, it is convenient to express the fundamental
translation vectors by the complex numbers o and iy =i/a. The problem (5.10),
(5.29) becomes the R-linear conjugation problem (5.23) with the quasi-periodicity
conditions

O(z+)—@(z) =q +id1, O(z+io")—(z) = g2 + idy (5.32)

where g; and g, are given real constants, d; and d, are undetermined real constants
which should be found. The function ¢(z) is analytic in D, Dy, continuously differ-
entiable in the closure of the considered domains.

The problems (5.10) and (5.32) can be considered as an R-linear conjugation
problem on the torus represented by the cell Q. It can also be considered as an R-
linear conjugation problem for an infinitely connected domain bounded by 0Dy + m
(m=mio+ imy0."', and m; and m, run over integers).

Along similar lines, the periodic R-linear conjugation problem can be stated in the
form (5.21). Additionally, y(z) satisfies the periodicity conditions

y(z+a)—y(z) =0, y(z+io)—y(z)=0 (5.33)
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Theorem 5.2.2 [36] The problem (5.10), (5.32) has a unique solution in Ci’“(Q) up to
an arbitrary additive complex constant, say C+ vy. This solution is related to the solution
T(z) of the 2D problem (5.10), (5.29) by the formulas

oof 23T HVE), €Dy ko1 (534
T(z) +iV(z), zeD

where V(z) is a harmonic conjugate to T(z). The constant C is the additive arbitrary real
constant from the general solution of the 2D problem (5.10), (5.29).

Theorem 5.2.3 [36] General solution of the homogeneous problem (5.21), (5.33) in
C5*(Q) has the form

V() = av"(2) + ey (2) (5.35)

where Y (2) and y\?(2) are partial linearly independent solutions of the problem (5.21),
(5.33), q1 and q, are arbitrary real constants.

This solution can be fixed by the relation V() = (o) (2), where 09 (2) are as in
Theorem 5.2.2; ¢("(2) is a solution of the problem (5.10), (5.32) with g, =1, g, =0 and
0?(2) is a solution of the corresponding 2D problem with g, =0, g,=1.

The decomposition theorem (see representation (5.14)) on the torus generated by
the lattice Q was described in Ref. [37]. Any function T{(z) which is harmonic in Q
and doubly periodic can be written as

T(z) = Re{(p(z) + iAk[lnG(z—ak) + akC(z—ak)]}7 zeD (5.36)

k=1

where ¢ and { are Weierstrass functions (see Section 5.6.1); Ay, are real constants
satisfying relation (5.15). The function @(z) is analytic in Q and quasi-periodic. The
choice of a branch of the logarithm does not impact on the value T(z) because we
actually deal with Re{Inz} in (5.36). One can choose an arbitrary branch of In(z — ay)
and suppose that the cut corresponding to this fixed branch is doubly periodic and
has no common points with D,, for each m # k. Using the representation (5.36), one
can reduce periodic boundary value problems for harmonic functions to problems
for analytic functions following Section 5.2.4.

5.3
Effective Conductivity Tensor

Although the notation effective conductivity tensor is intuitively clear for physicists and
engineers, the rigorous mathematical definition of the effective conductivity tensor
needs a certain theoretical justification. One of the possible ways for such a justifi-
cation is the use of homogenization theory. Following Refs. [1,2,17,18,20], consider a
periodic composite. Let the linear sizes of the periods be of order ¢ L, where L is the
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linear order of the sample D bounded by a simple closed curve I'. Consider the
Dirichlet problem [20, p. 20, Russian edn] in H}(D)

V(A:(x)VTs(x)) =0 (5.37)

T.(t)= f(1), tel (5.38)
Let

A(X)VT,(x) — AV Ty in Ly (D) (5.39)

where — means the weak convergence in L,(D), A is a constant tensor and T is a
solution of the Dirichlet problem

V(AVTy(x)) =0, To(t)= f(t), tel (5.40)

Then, the tensor A is called the effective conductivity tensor. The homogenization
theory justifies the existence of the weak limit (5.39) and the independence of
the limit of the shape of I" and boundary conditions. For instance, instead of the
Dirichlet condition (5.38), the Neumann condition can be taken. Moreover, the
homogenization theory implies that A can be calculated by the formula

Aq = (A(x)VT(x)) (5.41)
where (F(x)) denote the average over the cell Q

1

(Fo) = 17

[ F(x)dx (5.42)
Jo

|Q] is the area of Q. The function T(x) is a solution of the quasi-periodic problem
(see Section 5.2.5):

V(A(x)VT(x)) =0, x€Q

T(x1 + 0, %2, %3)—T (%1, %2,%3) = q1
T(x1%2 + B, %3) =T (x1,%2,%3) = qo
T(x1,%,%3 +7)=T(x1,%,%3) = g3

(5.43)

Here, q = (41,42,43) is the external flux. One can see that A is completely determined
Dby (5.41) via solution to three problems (5.43) with q = (1,0,0), = (0,1,0), ¢ = (0,0,1).
In general, A is a symmetric positively defined tensor. It can be reduced to the

diagonal form
. MO
A={0 N (5.44)
0 o0 3

>0 o
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More precisely, there exists a coordinate system in which the tensor A has the
diagonal form (5.44). The axes x(j = 1,2,3) of this new coordinate system are
called the principal axes. The component A (j = 1,2,3) is called the conductivity in the
x/-direction. The tensor ellipsoid, invariants of the tensor and other fundamental
properties of tensors can be found in standard courses on tensor algebra
(e.g. Ref. [38]).

The tensor A for macroscopically isotropic composites has the form

A=Al (5.45)

where I is the identity tensor, i.e. in this case A= ?11 = ?12 = 5»3. The scalar A is
called the effective conductivity.

The variational statement of the problem implies the formula

A= inf (E)|Vur)P) = (Ax)|VTE)) (5.46)
€ Hy (Q)
Consider a 2D representative symmetric cell. Then, the periodicity cell problem is
reduced to the mixed problem (5.10), (5.30), (5.31) for the domain Q. In this case, the
following formula can used for the effective conductivity in the x;-direction:

< 4 (/4 B\ oT B
A =—J X(x, > <x, )dx 5.47
= o o 1) o \ M 1 (5.47)
This formula expresses that the effective conductivity in the x;-direction is equal to
the average flux passing along the symmetry segment x, = ﬁ — % <x1 < §divided by

the jump of the temperature £ per the half-periodicity cell Slmllar formulas take
place for the conductivities A, and for corresponding coefficients in R? (i.e. for 3D
composites).

Consider now an application of the formula (5.41) to 2D matrix—inclusion com-
posites. Using the functions {//(z) described in Theorem 5.2.3, we obtain the
components of A:

Mi—ik; =1+ ZZPkJ VU (z)dxday,

=1 YDk

fop + 1A = 14 2lzpkj ) (2)dxr dx, (5.48)

=1 Dy

For macroscopically isotropic composites, we have

=1+ ZZka z)dxdx, (5.49)

Dy
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Consider the case when the inclusions Dy are disks |z — ;| < ;. Then, application of
the mean value theorem to (5.49) yields

h=1+2> penrt v (@) (5.50)
k=1

Thus one can see that to determine A we need only y(ay).

Remark 5.3.1 The area of the representative cell [Q [ does not impact onto the effective
conductivity. Hence, it can be normalized to unity.

5.4
Review of Known Formulas

5.4.1
Laminates

Laminates are described by the local conductivity A(x;) which depends only on one
spatial variable in appropriate coordinates. Let the period of A(x) be equal to unity.
Then, A has the form (5.44) where

o = (j%) =y = J:Mg)ds (5.51)

Consider the case when A(x;) takes values A, and A, with the probabilities (con-
centrations) v, and Vv, respectively. Then, (5.51) becomes

- 1

M = TRE ha = ks =viki +Vaha (5.52)
M

>ls
S

2

The general theory of laminates is presented in Refs. [2,3,39].

5.4.2
Clausius—Mossotti Approximation (CMA)

We begin with an analytical formula for the effective conductivity of macroscopically
isotropic composites known from the eighteenth century. Consider a two-
component macroscopically isotropic composite medium consisted of a collection
of non overlapping identical balls of conductivity 1, imbedded into a host medium of
conductivity A. The effective conductivity A of the considered inhomogeneous me-
dium is calculated by the famous Clausius—-Mossotti approximation (CMA)

A 142V
A= 1By (5.53)
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where § = ﬁ, v is the concentration of the spheres. This formula is known also as
the Maxwell-Garnett or Lorenz—Lorentz formula (for historical remarks see Refs.
[40,41]). The formula (5.53) holds for dilute composites when the concentration v is
small.
In the 2D case, CMA becomes
A 1+pv
A_ltev (5.54)
A 1—pv
where p = xjri is the 2D contrast parameter (see Eq. (5.22)). Here v is the area

concentration of disks on the plane (the section of the fiber composite perpendicular
to the direction of fibers).

The Egs. (5.53) and (5.54) can be deduced in the framework of Maxwell's formal-
ism which is based on solution to the problem for one inclusion. The same method
can be applied to inclusions of other shapes.

CMA in 2D Consider a disk of radius ry filled in by a material of conductivity A,.
The disk D ={z€C:|z—a|<ry} is immersed in a material which occupies the
domain Dy = {z€C: |z—a|>ry} whose properties are described by the scalar
conductivity A. The whole material is placed into a constant macroscopic flux in
the x;-direction. Then, the following conjugation conditions hold on the circle
L={zeC:|z—a| =1y} orientated in the clockwise sense (see Eq. (5.10)):

TH) =T (v), k%(t):klaa%(t), tel (5.55)

We are looking for T*(z) in the following form:

2A Ccos 0
T"(r,8) = Arcos8 + B, T*(ne):xl;x(rcosejt Cfs +E)

(5.56)

where z=x; +ix, =a+r(cos0+isin0), and A, B, C and E are undetermined con-
stants. One of the constants B, E can be fixed arbitrarily since the temperature is
uniquely determined up to an additive constant. It follows from Eq. (5.56) that the
function T*(r,0) has the required behavior at infinity:

M rcos0 = 2
M+ A M AA

TH(r,0) ~ X1, aST — 00

The conditions (5.55) in polar coordinates become

. )
T (1,0) = T-(10,0), A% (r0,0) =1 % ~(r,0), 0<0<2w (557)
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Substitute Eq. (5.56) in Eq. (5.57) gives

2A Ccos©
Argcos0 + B = m(ro cos 0 + croos —|—E>

, (5.58)
AcosH = 2\ l—c— cos®, 0<0<2m
M+ A o
Taking E=Re a, we obtain from Eq. (5.58):
4AN 2M )
=——, B= Rea, C=pr, 5.59
0\‘1 + }L)z 7\'1 + 7\‘ P 0 ( )
Therefore, the temperature distribution (5.56) has the form
. 2M 2h
T =—|—F R <
(r,0) k1+k(kl+krcose+ ea), r<ro
(5.60)

pré cos©

2
TH(r,0) = M <rcose+

_7u1+7u +Rea>, >

We introduce the complex potentials:

_7\14-}\,

D (2) =T (2) +iV (2), ze D, ®*(z) 7

(T*(z) +iV'(2)), z€ Dy

(5.61)

We write Eq. (5.55) in the form of the R-linear conjugation problem (5.23):

OT(t) =0 (t)—pd (1), tel (5.62)

AMAA
2M

The function ®*(2) has the principal part
the following functions satisfy Eq. (5.62):

z at infinity. It is easily checked that

2
if
®(2) = (1-p")(z—0) + a—pa. |z—a| <, © (D) =2+, |z—a| 210

(5.63)

The complex potentials (5.63) correspond to the harmonic functions (5.60) due to
Eq. (5.61).

Following Maxwell's approach, we assume that prZ is sufficiently small. This is
true for dilute media when the inclusions are sparse or for weakly inhomogeneous
media when the contrast parameter p is small. In the limit case r, =0, the function
@ (z) degenerates to a constant and ®*(z) =z. In the second limit case p =0,
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Eq. (5.63) becomes
D (2) =D (2) =2 (5.64)

The case ry =0 can be formally descnbed also by Eq. (5.64). The difference between
Egs. (5.63) and (5.64) for ®*(z) is 2. The real part of the difference in polar
coordinates becomes p 1 cosd . Hence, thls term can be considered as a perturbation
of the complex potential created by the external field due to one inclusion.
Consider the temperature distribution in the medium with n inclusions. The
total perturbation term has the form pn-—— Ocose for sufficiently large r far away
from all n inclusions. Take now a fictive “homogenized disk” of radius R,
containing n small inclusions. Repeating the above argument, we will have a
perturbation f)R <39 where p =22 Supposing that these perturbations are

A
equal, we have

>

—A
+

pnig = Rip < vp = (5.65)

>
>

wherev = n(%)2 is the area concentration of the disks. Solution to Eq. (5.65) yields
CMA (5.54).

CMAin3D CMA (5.54) can be found in the same way as in the previous part of this
subsection. First, we are interested in the solution to the problem for one ball of

radius ry centered at xg = (xﬁ‘” , x§°), x§°)):
oT™ 0T~
+ = - _— = —_— — =
T"t) =T (t), A n =N n (t), |t—=xo| =10 (5.66)

It can be directly checked that its solution has the form

e 3 0 iy e (0) A 1y
T = gy ) T = ) (14 5505-8) (567)

where r=|x —Xo|. Here, the external field along the x;-axis is also considered.
In the limit cases ro=0 and A;=A, the temperature distribution (5.67)
becomes

TH(x) =T (x) = % —x." (5.68)

M=\ T
2AFh 7

3
Therefore, one can consider the term B:$ as a perturbation due to one ball.

Then, the perturbation due to n balls nB:—é can be equal to the perturbation of the
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homogenized ball:

Brrg = Ry oy — 2 (5.69)
h+2 +

wherev = n(é—‘;f is the volume concentration of the balls. Solution to equation (5.69)

yields CMA (5.53).

Remark 5.4.1 Application of Maxwell’s approach to composite media with elliptic
inclusions is given in Ref. [42]. One can find there approximate analytical formulas for
the effective conductivity. Other shapes of inclusions are studied in Ref. [43] in terms of
Polya—Szege’s matrix. This matrix expresses the effective conductivity tensor for dilute
inclusions and corresponds to CMA.

5.4.3
Effective Medium Theory (EMT)

The effective medium theory (EMT) is based on local study of the composites and
porous media when an inclusion is embedded in a homogeneous medium whose
effective conductivity is unknown and to be determined by averaging the local
structure. Application of EMT leads to analytical formulas for the effective con-
ductivity. It was originated by Bruggeman [44] and developed by Kirkpatric [45]
who proposed approximating the medium by square or cubic network (see
Section 5). Self-consistent methods, the method of Mori—Tanaka [46], differential
effective medium methods and their relations and extensions were discussed
in Ref. [47]. We discuss here the cases of circular and spherical inclusions
separately.

EMT in 2D Consider a 2D basic element in the complex plane C in the form of a
disk of radius r; filled in by a material of conductivity A, i.e. the number k is fixed.
The disk D, = {z€ C : |z—ai| <1} is immersed in a material which occupies the
domain Q; = {z€C: |z—ai[>r} whose properties are described by the scalar
conductivity A (the effective conductivity to be determined later). The whole material
is placed into a constant macroscopic flux in the x;-direction. Then, the following
conjugation conditions hold on the fixed circle I = {z€ C : |z—ay| = 1} orientated
in the clockwise sense (compare with Eq. (5.55)):

TH(E) = T (b), i%(t):kkaa%(t), te L (5.70)
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The problem (5.70) has been solved in Section 5.4.2 (see Eq. (5.60)). In polar
coordinates z = x; + ix; = a; + r(cos 0 + i sin 0), its solution has the form

oy [ 2
T (r,e)—xk+k<mrcosﬂ+Reak>

2 Agr? cos©
™ kk<rcose+krkf+Reak)

(5.71)
T"(r,8) =

where A, = A}mk .
A+ A

The problem (5.70) in terms of the complex potentials

() =T (&) + IV @eeDy, () = LA () 1), zea
k
(5.72)
becomes
DT (t) =0 (1) —AD (1), teL (5.73)
It follows from Eq. 5.63 that
- 2 — + Avri
7 (2) = (1-4y) (z-) + a—Mud, D7 (2) =z 4 _— - (5.74)
—ay,

The residue of ®*(z) at z=ay is equal to Arf. It expresses the dipole moment of
the complex potential ®*(z). Up to now it was assumed that the number k is fixed. Let
us consider infinitely many disks packing the plane, i.e. each point of the plane
belongs to one disk. Let all disks be divided into n types characterized by the radius
1, and having conductivity A;. Let v; denote the concentration of the disks of the k-th
type uniformly distributed on the plane. One can consider vy as the area probability
of the k-th type. Then, >";_, vi = 1. We are interested in the total dipole moment
corresponding to disks. The dipole moment of each disk is approximated by Ayr?
and the dipole moment of the “level” (phase) k is proportional to Av,. Supposing
that the total moment created by each level vanishes, we have

ZVkAk = Oﬁzn:vk }b Xk = (5.75)

= AN

The effective conductivity A is the solution of Eq. (5.75).

The relation (5.75) admits the following continuous interpretation:

© A=A
JO VR = (5.76)

where v(A) is the density function of the random variable A.
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Example 5.4.2  Consider a two-phase material each phase of which takes the same area.
Then, n=2, vi =V, :% and Eq. (5.75) yields the geometric mean for the effective
conductivity

A= Vi (5.77)

Example 5.4.3  Following Ref. [47], consider the lognormal distribution of local conduc-
tivity

V(A) = ﬁeXp <— %) (5.78)

with positive parameters a and b. We now prove that Eq. (5.76) with v(A) given by
Eq. (5.78) has the unique solution

A=expa (5.79)

The existence and uniqueness for Eq. (5.76) follows from physical observation that the
effective conductivity exists for macroscopically isotropic media. Let us change the variable
in the integral (5.76) A = 222 and use the relation v(t) = “52v (222) for the function
(5.78). Then Eq. (5.76) becomes

_ exp2a

J V() +ex7l;zadt (5.80)

A

Since Egs. (5.76) and (5.80) have a unique solution, these equations give the same result
A= exlf“ which implies Eq. (5.79). It follows from Section 5.4.4 that the formula (5.80) is
exact for the lognormal distribution.

EMTin3D Following the previous part of this subsection and Ref. [6], we construct
an effective medium approximation in 3D case. It can be directly checked that the
solution of the problem

L OT+ -
oT }LGT

for the sphere L of radius r; centered at x; = (x§k>, xg ,x3 )} has the form

- 3 N ® A 1
T (x) = — x1—% ), T7(x)=(x—x 1+ 5.82
() 27»+7Lk(1 1) () (1 1) 27»—0—?%"3 ( )

where r= |x — x;|. Here, for simplicity, the external field is taken along the x;-axis.
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The dipole moment corresponding to the phase of conductivity A, is proportional

to Vi 2};:;1‘ . Equating the total moment to zero, we obtain an equation for the effective

conducti@ity A:

S AMh (5.83)
=1 2h+ A

The latter formula can be extended to the continuous phase case

J v 2 o (5.84)
0 2N+ A

Remark 5.4.4  The differential method is closely related to EMT. One can find analytical
formulas for different types of composite media and references for instance in Refs. [41,42].

544
Duality Theory for 2D Media

Keller—Mathéron Theory The theory of duality transformation of 2D media was
discovered by Keller [48] for two-phase media and independently by Mathéron
[49] for general media. It is based on the observation that a divergent free field
produces a curl-free field when it is rotated locally by 90°. Application of this theory
yields an expression for the effective conductivity of a two-phase medium when
phases are interchanged. The famous square-root formula (5.77) was deduced by
Dykhne [50] by use of duality. It is exact for the square checkerboard.

Following Mathéron [49], we introduce the resistivity tensor H(x) = A~ '(x) and
treat the local tensors as random functions of x. Consider a 2D medium when the
following hypothesis is fulfilled:

(Hy) The random fields A(x)(A(x))"" and H(x)(H(x)) ' have the same spatial
distribution.

Then [20,47,51,52],
A| =— P22 (5.85)

where |-| denotes the determinant of the matrix, (-) is the spatial average (5.42). In
the particular case where A(x) takes only two constant values A;I and A,I with the
same probability 1, we obtain Keller's identity [48]

M = Mo (5.86)
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Here, 711 is the effective conductivity of the medium in the x;-direction, 712 is the
effective conductivity in the x,-direction of another medium which is produced from
the original one by exchanging the phases with different conductivities A, and A,.

Consider a medium for which the hypothesis (H;) and also the following hypoth-
esis are valid:

(H,) The random fields A(x) is invariant under rotations.

Then, the effective tensor is isotropic and [49]

A = v/Aoho (5.87)

where the scalars A and hg denote the average conductivity and resistance over the
representative cell, namely (A(x)) =Xol, (H(x)) = hol. In the particular case where
A(x) takes only two constant values A1 and A,I with the same probability 5, Eq. (5.87)
yields Eq. (5.77).

The following duality transformation between two different conductivity problems
was proposed by Milton [3]. Let A(x) be the conductivity tensor in a medium; define
the conductivity tensor A’(x) by

N'(x) = [aA(x) + BR][cI + dRA(x)] " (5.88)

where a, b, ¢, d are constants and R is the matrix for 90 rotation. Milton proved that
their effective conductivity tensors are also related by Eq. (5.88).

The effective conductivity of the three-phase tesselation is conjectured to be an
algebraic function in Ref. [53]. Other relations of the theory of duality transforma-
tions and their applications are discussed in Refs. [47,54-57] and works cited
therein.

Craster-Obnosov Formulas It was noted in 1996 [58,59] that the study of the few-
phases checkerboard composites can be reduced to the matrix Riemann—Hilbert
problem of analytic function theory. Craster and Obnosov in a series the papers
[59-65] deduced exact formulas for the effective conductivity tensor based on the
explicit representations of the local fields for various types of such composites.

Consider a doubly periodic four-phase checkerboard composite when the repre-
sentative rectangle has the lengths of the sides o, o ' (see Figure 5.1).

Figure 5.1 Checkerboard four-phase medium: (a) doubly checkerboard; (b) representative cell.



146

5 Analytical Methods for Heat Conduction in Composites and Porous Media

Let the local conductivity A =2 (x) take the value }; in the j-phase (j=1,2,3,4).
Following Ref. [59], we use the complete elliptic integral:

/2 4o
0 1—m2sin®0

where the parameter m is implicitly defined via the equation K(m)/K(1 — m) = o*.

We introduce also the parameters

c1=M+AM+A+h, 63 =MAs + Ay, (5.89)

O3 = 7\.17\,27\43 + 7\,17\,27\.4. + 7\4)\.37\44 + )\.27\.37\4 '
The parameter 9 is introduced implicitly via cosnd = 1-203(6103 +63) "', We
introduce the function

k(m, 9) = (5.90)

where P, is the Legendre function of the first kind. The effective conductivity is
explicitly given by the formulas

- e (@) 591
ho = o2k(m, 9) {%}(g) (5.92)

It is worth noting that for the square checkerboards o.=1 implies m = . Hence,
k(3,9) =1 and Egs. (5.91) and (5.92) become simple algebraic functions of A;.

Other special cases such as L, =4, highly contrasting phases and other new
formulas are discussed in the papers cited above. In particular, nonconducting or
perfectly conducting strips between phases in four-phase checkerboards [61], trian-
gle structures [62,64] have been explicitly studied. The case A, = A3 = A4 corresponds
to composites with rectangular inclusions of the concentration ;. The effective
properties of medium with quadratic holes with arbitrary concentration were ex-
plicitly calculated in Ref. [66] by application of conformal mappings.

5.5
Network Approximations

Network approximations for evaluation of the temperature field in composites and
porous media is based on the replacement of the 3D solid material by Kirchhoff’s
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discrete circuit presented by a graph. Such approximations can be applied for
instance to two-phase composites with high contrast parameter when the conduc-
tivity of inclusions is much greater than the conductivity of matrix and the in-
clusions generate clusters, i.e. the inclusions are closed, and the heat is transferred
mainly along paths connecting them. The vertices of the graph correspond to the
inclusions and the paths correspond to one-dimensional edges of the graph.

Various authors [67-71] developed continuum percolation models taking into
account the spatial geometry of media. The saddle points of the smooth phase
function were used in Ref. [67] as elementary blocks of the network. By contrast,
the capacity of the pair of inclusions were used in Refs. [68-71] as the conductivity of
the basic paths conducting the heat.

Following Ref. [69], we discuss macroscopically isotropic 2D composites with
random nonoverlapping identical circular inclusions of radii . The temperature
field between the neighboring disks D; and D; is described by Keller’s formula [72]
for the specific flux:

7
. 5.93
g] 8,] ( )

where §;; is the distance between the disks.

The definition of neighbor disks is introduced via 2D Voronoi tessellation. It is
illustrated by Figure 5.2, where the centers of the disks are considered as vertices
of the graph I'. The domain Q is divided into polygonal regions. Each of the
polygonal regions contains only one vertex and points which are closer to this
vertex than to one another. Hence, each edge of the graph I is divided by a side of
the polygons by two equal segments. Moreover, the edge and the side are perpen-
dicular and all points of the side are equidistant from the corresponding vertices.
The graph I"' consisting of the sides of the polygons is called the dual graph to the
graph T

Let i be the number of the disk D; in the representative cell Q(i=1,2,. . .,N). Divide
the set {i=1,2,...,N} onto the subsets I, S* and S~, where S* corresponds to the

b) c)

Figure 5.2 Continuous percolation model: (a) nonoverlapping
disks and Voronoi tessellation; (b) Delaunay graph I', its vertices
are centers of the disks; (c) dual graph I'" whose edges coincide
with the sides of Voronoi’s polygons.
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disks which are closed to the boundary edges x = 41 of the cell Q and I corresponds
to internal disks. The discrete temperature distribution T(x) =t;, x € D;, satisfies the
system of linear algebraic equations:

, fories* (5.94)

N =

S et =0 foricl, 6=
JEA()

where g;; has the form (5.93), A(i) denotes the set of vertices which are adjacent to the
vertex 1, i.e. other vertices of the edges containing the vertex i. The first Eq. (5.94)
correspond to the flux in the necks between inclusions, the second to the boundary
conditions. Actually, Berlyand and co-workers, [68-71] used a more complicated
model taking into account interaction with the boundary of Q.

The effective conductivity is given by the following asymptotic formula:

-1 )
x:Z;gij(tiftj)z‘F O(1)+O<\/;>, asd—0 (595)

where 8 =max(8;). Each term } gij(ti—tj)z is of order O(\/g) It comes from the
formula for the energy of a condenser E =1 CV?, where C is its capacity, V is the
difference of potentials. The additional multiplier 1 is put in Eq. (5.95), since each
term is taken two times.

The formula (5.95) can be used for composites with a high concentration of
inclusions and a high contrast parameter. First, one has to solve the system
(5.94) with respect to t; where the coefficients g; are determined by the distances
between inclusions J;;, i.e. the geometry of the medium. Then, t; are substituted into
Eq. (5.95).

The correspondence of the discrete model to the original continuum medium
with circular inclusions had been rigorously justified in Refs. [68-71]. Other shapes
of inclusions and 3D composites were also discussed by a similar method. It follows
from formula (5.93) that the capacity tends to infinity as 8;; tends to zero. This means
that the heat is mainly transferred through the necks between inclusions. However,
the relationship between the discrete and continuous models is not direct for general
problems. Kolpakov [73] investigated this problem by estimation of the capacity of
the pairs of inclusions when the distance between the inclusions 3, tends to zero. He
showed that the capacity tends to zero if §;; — 0 in 2D. However, this correspondence
fails for the pair cone-half space in 3D.

In porous media, instead of the perfectly conducting inclusions, isolating holes
are considered. Then, the conducting solid phase can be approximated by the graph
I'"". Pores can be filled by heated gases. Then, other types of problems can arise. It is
worth noting that the latter problems are not studied as deeply as problems for
porous media with perfectly conducting inclusions discussed above.

ij»
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5.6
Doubly Periodic Problems

5.6.1
Introduction to Elliptic Function Theory

Elliptic functions [74,75] are doubly periodic meromorphic functions with the
periods ®;, ®, whose ratio ®,/®; is not a real number (it should be mentioned
that Jacobi's theorem says that there is no single-valued analytic function with more
than two periods).

Let us recall now some general properties of doubly periodic functions. Let f{z) be
a single-valued analytic function with two periods ®;/®,, Im ®,/®; > 0. Then

flz4+w)= f(z), Vw=mow +mo,, m,mecZ

Any parallelogram with points zg, zo+ ®1, zo+ ®1 + ®,, Zo+ ®, as its vertices is
called a parallelogram of periods (and also a fundamental cell, whenever zy,=0).

Weierstrass p-function The Weierstrass p-function can be represented in the form
of a series:

p) ==+ ! - L (5.96)

2 mi,my (Z_mlml_MZwZ)z (ml(l)l + le(x)z)

/ L .
where E means that summation is performed over all integers my,m, € Z except
my,my

mq,m, = 0. The properties (a) to (e) follow directly from Eq. (5.96):

a) p(z) is a doubly periodic function with the only pole m;m; + m,®,.
b) p(z) is an even function of order 2.

¢) Its derivative g’ is an odd function of order 3.

d) In the neighborhood of the origin its principal part is equal to %

e) p(z)— % tends to zero as z— 0.

f) It is an inverse function to the elliptic integral:

cn
- J J#ﬁ (€ = p(2)) (5.97)

where

gz—GOZ

my,my

g3—14oz —6 (5.98)

4
m1w1 + mZ(Dz) oy m1w1 + mzu)z)
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The functions p(z) and ¢’ are related by the following algebraic relation:

¢ (2) = 40 (2)~gp(2) g3 (5.99)

Weierstrass {-function The Weierstrass {-function (which should not be confused
with the well-known Riemann {-function playing an important role in the descrip-
tion of prime numbers) is defined by integration of the Weierstrass p-function,
namely

() = %—]{w(z)—l}dz (5.100

Differentiating Eq. (5.100), we have {'(z) = —p(z). Therefore, the Weierstrass
{-function is an odd function ({(—z)=—{(z)) having only the one pole in the
parallelogram of periods (of the p-function (!)) with residue 1. Hence, the {-function
cannot be elliptic; sometimes it is called quasi-periodic since the following relations
are valid:

Clz+w) =C(z) + 21, C(z+w2) =§(2) + 21, (5.101)
where the constants 1y, M, are equal 1, ={(®1/2), N, = {(®,/2).

Weierstrass o-function This function of the Weierstrass collection is obtained due
to line integration of {(z) — L along an arbitrary curve starting from the origin and not
passing through any pole of the integrand. To avoid multi-valuedness, 6(z) is defined
as follows:

o(z) | 1
log—— = ——rd 5.102
g — | {ea- L}z (5.102)
0
Differentiation formula has in this case the form c;/((f)) = {(z). The o-function is

an odd function having no singularity in any bounded domain and only zeroes
at z=mym; + my,. Thus, it is also not an elliptic function. The following holds with
the same constants as for Cfunction: o(z+ w;) = —e2ME)G(2), o(z+
wy) = —ePMEredG(2),

O-function In practice, it is often supposed that one of the periods of an elliptic
function is real. It can be realized by performing the following changes of variables:
V= wil, T= g—f Then, in the variable v, the elliptic function will have the periods 1

and 7, still supposing that Im ©> 0. In this variable, the 6-function is defined in form
of a series:

0(v) = iy (—1)"g(" D) 21w (5.103)
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where q = ™. There is a connection between the 8-function and o-function given
by the formula:

[OX] % i

Hence, the 6-function has no poles at any bounded domain (and is not an elliptic
function). From the definition (5.103) of the 6O-function, it follows that
O(v+1)=-6(v), O(v+1) = — %e’Z”ViG(V). The points v=m+m,T are the only
zeros of the O-function.

Classical Eisenstein—Rayleigh Sums It is convenient to use the elliptic functions in
the form of the Eisenstein series introduced by Eisenstein in 1847 and developed by
Weil [76]. The classical lattice sums (the Eisenstein sums) were applied to calculation
of the effective conductivity tensor by Rayleigh [77] (see also Refs. [78,79,95,96])
when a representative cell contains one inclusion.

In the present subsection, we introduce the fundamental parameters of the elliptic
function theory following Weil [76] and Akhiezer [74]. Consider a lattice Q which is
defined by two fundamental translation vectors expressed by complex numbers ®;
and ®, on the complex plane C. For definiteness, we assume that Imt >0, where
T = ;0. Weintroducethe (0,0) cell Qo 0): ={z = 1101 + t,m,: —1/2< ;< 1/2(j=1,2)}.
The lattice Q consists of the cells Qp, 1m,):{z € C : z—miw1—myw; € Qo) }, Where
my and m, run over integer numbers.

The Eisenstein summation method is defined as follows:

> g 3 (3" ) 5109

my,my my=— m=—M

Using this summation, we introduce

Su(wr,@): > /(Mo + myw,) " (5.106)

my,m;

where m; and m, run over all integer numbers except the pair m;=m,=0,
n=2,3,.... The sum (5.106) with n=2 is conditionally hence slowly convergent.
The formula deduced in Ref. [80] S; (w1, w;) = m% {(%) is efficient in computations.
Rylko [81] deduced another efficient formula:

2 0 2m
T 1 m .
Sy (w1, wy) = <—> (5 -8 E —1_qq2m>, where g = exp(mit) (5.107)

w1

The sums (5.106) with n> 2 are absolutely convergent. Itis known that S,(0;,0,) =0
for odd n. For even n, the Eisenstein—Rayleigh sums (5.106) can be easily calculated
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through the rapidly convergent infinite sums (see Eq. (5.98)

4 00 3 g2m
b 4 m’q
2@ = (w1, 0;) = (w_1> (3 + 320mZ:1 m) (5.108)
6 S 5.2m
b 8 448 m’q
g =g(w,w) = (m—1> (273; 1q2m> (5.109)

Then, 54 ((.0] s (.02) = &gz (0)1 s 0)2), SG ((.017 (.02) = ﬁg3 ((1)1 R (J.)z).ThE sums Szn((l)l,(l)z)
(n > 4) are calculated by the recurrence formula:

n—2
(2m—1)(2n—2m—1)S21u Sy (n—m)

Son(01, ) = (2n + 1) (2n—1)(

m:2

(5.110)

Remark 5.6.1 The series (5.106) with n=2 is conditionally convergent [82]. The possi-
bility of its calculation by using (5.107) is justified in. A formula for nonperiodic (random)
arrays to propetly define S, is discussed in Ref. [83].

Weierstrass functions can be expressed as Taylor expansions:

o]

52" 2 1 N 2n—1
Ino(z) = Inz—3 22 22 =23 5,2
no(e) =Inz-d S, G(e) =D s

"2 (5.111)

1 o0
*—2—&— (2n—1) San
2

n=

The formulas (5.111) are not used for calculating the Weierstrass functions. For
instance, 6(2) is better computed by (5.104), because the 6—function can be com-
puted by a very fast formula (5.103).

Eisenstein Series In the following, we summarize the main facts of the Eisenstein
series theory following Weil [76]. The Eisenstein series are defined as follows:

En(Z; 0)1,0.)2)1 Z (Z—ml(ﬂl—mez)in, n= 2,3,... (5112)
my,my
The Eisenstein summation method (5.105) is applied to E,(z; ®;,0,). The series
E.(z; 01,0,) for n=3, 4, ... as a function in z converge absolutely and almost
uniformly in the domain C\ U, m, (m101 4+ myw;,). Each of the functions (5.112)
is doubly periodic and has a pole of order n at z=0. However, further it will be
convenient to define the value of E,(z; m;,®,) at the point zero as follows:

En(0; 01, @3): = Sp(01, 07) (5.113)
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The Eisenstein functions of the even order E,,(z) can be presented in the form of the
series:

1 I
Eyn(2) = 5+ > o2 (5.114)
k=0

where

(n) (2n + 2k-3)! 5
= _ 115
%k T 2 1)l(2k—2)1 2D (5.115)
The Eisenstein series and the Weierstrass function p(z; w1, w;) are related by the
identities

E)(z; 01, w2) = p(2; 01, 02) + Sy (w1, 07),

(—1)" a2 (5.116)

En(z; 01, 07) = WWMZ; o1, 02)

Generalized Eisenstein—Rayleigh Sums We now proceed to introduce one of the
most important mathematical objects of the present section, the generalized Eisen-
stein—Rayleigh sums. Consider a set of points a; (k=1, 2, ..., N) in the cell Q. Let p
be a natural number; k, runs over 1 to N, n;=2, 3, .... Let C be the operator of
complex conjugation. The value

—[14+L(my+...4m, = 4
emy..my = NIl N B (@ —ay,) E, (0, — 04, - .C?Eo (0, , —0h,)
kokr kg

(5.117)

is called the generalized Eisenstein—Rayleigh sum. The parameters ®; and o, are
omitted in E,. According to (5.113), e,(®;, ®,) becomes the classical Eisenstein—
Rayleigh sum S,(®;, ®,) in the case N=1.

We are also interested in the normalized Eisenstein series (compare to Eq.
(5.103):

En(z:1,1): > (z=m—mp1) ", n=2,3,... (5.118)

my,mp

We have the relations

_ r4 _
En(z; 01, 02) = 0 "E, (w—;l,T), €., (01, 02) = 07 Fey . (1,7)
1

(5.119)
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where 2k:=n+...+n, Note that we shall need further only the even sums
Ni+. .. +Np.

Remark 5.6.2  Berdichevskij [84] constructed three-dimensional counterparts of the ellip-
tic functions which could be used for three-dimensional conductivity and elasticity problems.
Huang [85] proposed exact integral formulas for three-dimensional lattice sums. His ex-
amples show that simple quadrature rules with modest numbers of nodes yield highly
accurate results. A review of various numerical calculations of three-dimensional lattice
sums is given in Ref. [85].

5.6.2
Method of Functional Equations

In this section, we describe the method of functional equations in the class of
analytical functions [16,80,86-90,94]. This method is used for solution of boundary
value problems for the Laplace equation.

Let us consider the method of functional equations in the example of a solution of
the following problem. Consider the cell Qyq,0) with Nnonoverlapping circular disks D,
of radius rwith the centers a; € Q,0)(k=1,2, ..., N). Let Dy be the complement of the
closure of all disks Dy to Q). We study the conductivity of the doubly periodic
composite material when the domains D p.r:=U (1, m,) (Do U 0Qy0,0) + M1 w1 +my0;)
and Dy + mym; + m,m, (my, m, are integers) are occupied by materials of conductivi-
ties A and A, respectively. The conductivity of the inclusions A is expressed relative to
Ao. Hence, the conductivity of the matrix can be taken as unity (Ay=1). The local
potential T(z) in Qyo,¢) satisfies the conjugation conditions:

T T-
TH(t) = T’(t),a—(t) = xa—(t) on 0D, = {teC: |t—ar| = r},
on on (5.120)
k=1,2,...,N
The potential T{(z) satisfies the quasi-periodicity conditions:
T(Z+u)1) = T(Z) +Ql, T(z+w2) = T(Z) + Q) (5.121)

Here, the function T(z2) is harmonic in Qo) except 0Di(k=1, 2, ..., N), the circles
0D, are orientated in the clockwise direction. In order to determine the effective
conductivity tensor A, it is sufficiently to solve the problem (5.120), (5.121) with two
linear independent vectors (€21, €,). The problem (5.120) is reduced to the R-linear
conjugation problem (see Section 5.2.4). For simplicity, consider the case N=1:

2

() =i () +p (=) W1 o = 7 (5.122)

The unknown function y(z) can be presented in the form of its Taylor expansion:
y(z) = pzloiowl(zfa)l. The problem (5.122) is reduced to the following functional
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equation:

2)=p> Y {E,(z—a)—(z—a) "} 41, z—al<r (5.123)
=0

We look for y(z) in the form of the series expansion in r? : y(2) = > r*y¥(2).
The functional Eq. (5.123) has a unique solution which can be found by the method of
successive approximation uniformly convergent in |z —a| <r.

v (z) =1,
v (2) =y, (z—a) + ) o (z—a) + .+ pn, (z-a)]
(5.124)

where 1,(z) = E,(2) —z *. Using Eqs. (5.50) and (5.124), Rylko [81] calculated ap-
proximately A for a square array of cylinders and p=1:

~ 14v Vo
=itV 6Sin* -
1-v (1-v)

+2(95F + 783)m 8V’ + O(v'?) (5.125)

wherev = |N ’;’ i is the concentration of the disks in the cell Qyo¢), |Q(0,0)| is the area of

Qu.0p S2=T, S4~3 1512112, Sg~4.2557732. The first term in Eq. (5.125) corre-
sponds to the CMA (5.54). More complicated investigation of the functional Eq.
(5.123) implies the following exact formula for a square array.

A =1+ 2pv + 2p%V2

+ 2p?v Zp Z Z Z"nil)cnﬁ‘)- . .G%k,l)cgmk) (%

)2(m1+mz+...+mk)—k

(5.126)

where G,(C") has the form (5.115).

Similar arguments can be applied to the general R-linear conjugation
problem with arbitrary N. The effective conductivity tensor A has the following
structure:

R 1 0 > [ ReA;y ImA
A=(1+2pv) T v (5.127)
0 1 =1 ImAk Ck
where
Ac=1Qool* D BY e, (@1, 02) (5.128)

ny..mp
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The constants Bg?”np depend only on k, p and ny, ..., n,. Here, nj=2, 3, .. ;
k=1, 2, .... The values C, have an analogous form. Only the terms
€ny..n, (w1, w;) defined byA(5.117) depend on the centers of inclusions a; in the
representation (5.127) of A. The first few coefficients A, have the form [86,98]

p p 15 3
A= % Ay = ol Ay = E[_ZP €33 + p e

1
Ay = F[3P2344—2P3(6332 + €233) + pernns)]

1
As = —[—4p’ess + p’ (3eass + 6e3a3 + 3¢
5 TES[ p-ess +p”(3esn 343 244) (5.129)

—2p*(e3322 + 2332 + €2233) + 05822222}

1
Ag = E[5P2666*4P3(3255 + 3e354 + 3e453 + €55)

+ p*(3e2244 + 62343 + 43333 + 3€2442 + 6€3432 + 3€4422)

5 6
—2p (322233 + €22332 1+ €233220 + €3320 + P 6222222)}

where the argument (®;, ®,) is omitted. In particular, for macroscopically isotropic
composites (5.127) becomes

h=1+2pv+2pv> A (5.130)
k=1

5.7
Representative Cell

One of the most important notation of composites and porous media is the representa-
tivevolume element (RVE) or representative cell already used in this chapter. One can give a
vague physical definition of this term as follows. RVE is a part of material which is small
enough from a macroscopic pointof view thatit can be treated as a typical element of the
heterogeneous medium. On the other hand, it is sufficiently large in the microscopic
scale that it represents a typical microstructure of the material under consideration. In
the present section following Ref. [91], we first give a rigorous definition of the repre-
sentative elementand then determine its minimal size. The geometrical interpretation
of the problem is shown in Figure 5.3. The large cell Q' presented in Figure 5.3a is
replaced by a smaller one, Q (see Figure 5.3b) with three inclusions per periodic cell.

Note that Adler and co-workers [5,6] discussed questions of the reconstruction of
porous media by statistical data and a numerically constructed RVE.

Consider a two-dimensional two-component periodic composite medium made
from a collection of nonoverlapping identical circular disks embedded in an other-
wise uniform matrix. Let the inclusions have scalar conductivity A and be separated
by a matrix of unit conductivity. Let p = (A — 1)/(: + 1) be the contrast parameter. It is
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Figure 5.3 Representative cells.

established in Section 5.6.2 that the effective conductivity tensor A has the form of a
double series in the concentration of inclusions and on “basic elements” which
depend only on locations of the inclusions (see Egs. (5.127) and (5.128). These basic
elements are written in terms of the Eisenstein series. Coefficients in the double
series depend on p. We say that two composites are equivalent if expansions of their
A have the same basic elements. Therefore, we divide the set of the composites with
circular identical inclusions into classes of equivalence determined only by geomet-
rical structure of the composite. In particular, composites with the same locations of
inclusions but with different p belong to the same class of equivalence. Note that
composites belonging to a class of equivalence can have different A; and composites
from different classes can have the same A. Each composite material is represented
by a periodic cell. In each class of equivalence, we choose a composite having the
minimal size cell. This cell is called the representative cell of the considered class of
equivalent composite materials.

We propose a constructive algorithm to determine the representative cell for any
distribution of inclusions using only pure geometrical parameters. More precisely, at
the beginning, we calculate the generalized Eisenstein—Rayleigh sums (5.117)
depending on the centers of circular inclusions for given large cell. Then using
these sums, we construct the (minimal) representative cell, i.e. we calculate its
fundamental translation vectors and determine the positions of inclusions within
this cell.

Consider a large fundamental region Q' constructed by the fundamental transla-
tion vectors o} and w). Let Q' contain N’ non-overlapping circular disks D}, of radius
rwith the centers @, € Q (k=1,2,..., N). Let A be the effective conductivity tensor
of the composite material represented by the region @ with inclusions Dj. We are
interested in the following question. To replace Q' by another small cell Q which
contains inclusions Dy = {z€ C: z—a|<|r} (k=1, 2, ..., N) and which has an
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effective conductivity tensor A close to A'. We assume that the concentration v of the
inclusions in both materials is the same. Closeness is defined by the accuracy
OV for the difference AA = A—A' with prescribed L. We say that Q is a repre-
sentative cell for the region Q' with the accuracy O(v*) if AA = O(vEt?). We say
that Q is the minimal representative cell for the region Q' if Q is a representative cell
with minimal possible area |Q|. For brevity, we further call the minimal representa-
tive cell the representative cell. The existence of the representative cell is evident
since in the worst case one can take Q= Q.

We adopt the designations generalized Eisenstein—Rayleigh sums for the repre-
sentative cell. Consider Eq. (5.127) for the large cell ¢/

N 10 ~( ReA, TImA,\ ,
A = 1+2pv( >+2pv ( k k)v 5.131
( o 1 ; ImA,  C ( )
k
A =1Q1 YT B, en i, (0], 0)) (5.132)
ny..np

Note that the coefficients Bg?___np have the same form in Egs. (5.128) and (5.131). AA
isof order O(v"*")if A, = A fork=1,2,..., L — 1. Therefore, AA is of order O(v"*")
if and only if

‘ Q|k3n1...np (w1, 02) = | Ql|ken1...np (‘*’,1 ) ‘”lz) (5.133)

fork=1,2,...,L—1and corresponding sets of the numbers n,, . . ., n,. According to
our definition, Qs a representative cell for the region Q' with the accuracy O(v"*") if
and only if the relations Eq. (5.132) are fulfilled.

One can consider Eq. (5.132) as a system of equations with respect to ®;, ®,, a4,
ay, ..., ay including the unknown number N with the restriction |a;— a,,| < 2r
(j# m). One can assume that one of the centers, say ay, lies at the origin, since
geometrically any cell is determined up to translation. The fundamental region Q as
well as the translation vectors ®,, ®, can be chosen in infinitely many ways [74]. For
any doubly periodic structure on the plane, it is always possible to construct such a
pair ®;, ®, that ®; >0 and Imt > 0.

The area of Q is calculated by ®; and o,

|Q| = wiIlmt (5.134)

N 2
On the other hand, we also have |Q| = % that yields the formula

Nrr?
vimrt

W] — (5135)

In order to construct the representative cell with the prescribed accuracy O(v'*"), we
propose to solve the system (5.132) with fixed L increasing the number of inclusions
in the cell N from 1 to N'. Then, N is fixed in each step of the study of Eq. (5.132).
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Applying Egs. (5.119) and (5.133), we rewrite Eq. (5.132) in the form

(Imt)* e, n, (1,7) = [Q/"en, ., (0}, @), k=1,2,...,L~1 (5.136)

We can consider Eq. (5.135) as a system with respect to T, a4, 4y, ..., an_1 (an=0)
with the restriction |a;— a,,| >2r (j# m). The right-hand part of Eq. (5.135) is
known. If we know a solution of Eq. (5.135), we can calculate ®; from Eq. (5.134).

It is also possible to state the problem of the representative cell with prescribed
form of the cell Q. Let us consider the case when Q is a rectangle. Then, T=1a,
where o is positive and Eq. (5.134) implies that

2
wop = 1/ N (5.137)
ov
Equations (5.135) become
OFen,,..n, (1,i0) = |Q'[*en,,..n, (0], 0)), k=1,2,...,[-1 (5.138)

Numerical examples of solution to Egs. (5.135) and (5.137) are presented in Ref. [91].
One can also find there a discussion devoted to other shapes of inclusions.

A spatial theory of the representative elements can also be constructed due to
Berdichevskij’'s 3D analogs of the elliptic functions (see Remark 5.6.2).

5.8
Nonlinear Heat Conduction

In the general mathematical theory of the nonlinear behavior of materials, the
conductivity (for instance, electric) depends locally on the gradient of the potential.
However, in the thermal conductivity, we have another dependence. Namely, the
local coefficient depends on the potential, i.e. on the temperature distribution. Then,
Fourier’s law (5.1) becomes

q=-MT)VT (5.139)

This case is easier to study due to the transformation (5.1.3) from Ref. [16, Chapter V].

There is a wonderful result in the nonlinear homogenization theory due to Artola
and Duvaut [92] (see also Ref. [93]) devoted to homogenization of Eq. (5.138). It
follows from Ref. [92] that in order to obtain a formula for the effective conductivity,
it is sufficient to take a formula from linear theory with constant A and to substitute
MT) instead of this constant. For instance, in the linear case, A for laminates is
determined by Eqs. (5.44) and (5.52). Let the conductivities of the constituents
depend on T, i.e. A;=MA{(T) (j=1, 2). Then, the effective conductivities in this
nonlinear case are exactly calculated by the same formulas (5.44) and (5.52) but
with replacing A; and A; by the functions A;(T) and A(T).
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6
Modeling of Composite Heat Transfer in Open-Cellular Porous
Materials at High Temperatures®

Kouichi Kamiuto

6.1
Introduction

Open-cellular porous materials(or open-cell foams) consist of three-dimensional
dodecahedron-like cells with pentagonal or hexagonal open-cell walls [1], as shown
in Figure 6.1a, where a pentagonal dodecahedron cell is illustrated as a typical
example, and are characterized by some prominent physical properties such as high
porosity (0.8-0.95), low pressure drop, large volumetric heat transfer coefficient
(1010’ Wm > K ') and large radiation extinction coefficient (10>-10°m™"). So
far, this kind of porous medium has been widely utilized as filters, thermal insu-
lators, sound absorbers, electrodes, impact energy absorbers, and so on. In addition
to these traditional applications, innovative technological applications for high-
temperature heat transfer augmentation, lean-combustion enhancement and waste
heat recovery from various furnaces have been proposed during recent decades
[2-8], and a number of practical equipments using open-cellular porous materials
have been developed, particularly, in relation to the saving and effective use of energy
in metallurgical and petrochemical industries [3,5,8].

Obviously, thermal design and operation of these equipments require qualitative
knowledge of fluid flow and heat transfer characteristics of open-cellular porous
media to be known. The aim of the present chapter is twofold: first, to establish
predictive models for qualitatively describing the thermal, radiative and fluid me-
chanical processes in open-cellular porous materials; and second, to apply these
models to predictions of pure radiative heat transfer, combined conductive and
radiative heat transfer and combined forced-convective and radiative heat transfer
in open-cell forms at high temperatures.

* Please find the nomenclature at the end of this chapter.

Cellular and Porous Materials: Thermal Properties Simulation and Prediction
Edited by Andreas Ochsner, Graeme E. Murch, and Marcelo J.S. de Lemos
Copyright © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-31938-1
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S I—

[ ]

a) b)

c) d)

Figure 6.1 Model systems for open-cellular porous materials:
(a) perspective view (case of a pentagonal dodecahedron cell);
(b)unit cell model of Dul'nev; (c) rearranged unit cell model;
(d) equivalent scatterers derived from the unit cell model.

6.2
Governing Equations

The conservation equations of mass, momentum and energy in porous media have
been rigorously derived by several authors using a local volume-averaging technique
of Whitaker [9], but the obtained expressions contain a number of parameters that
are difficult to estimate, and must be determined experimentally. For this reason, we
begin with semi-empirical or heuristic governing equations for describing turbulent
transport processes in porous media [7,10,11].

The major assumptions are as follows: (a) flow field is in a turbulent state, but the
Mach number is much less than unity; (b) effects of buoyancy, hydrodynamic
dispersion, viscous dissipation and thermal expansion are negligible; and (c) the
porosity is uniform within a porous medium.

Under these assumptions, the conservation equations of mass and momentum
for turbulent forced-convection flow are written as follows:

V-V =0 (6.1)

d
P a—Y+{V~(VV)}/¢ = *VP+}LfV2V*¢<%+%|V\>V (6.2)



6.2 Governing Equations

where V is the Darcian velocity vector, Kis the permeability and Fis the Forschhei-
mer coefficient. In Eq. (6.2), we represent the Forschheimer term in the form of
[V|V for a two- or three-dimensional flow in a porous medium in accordance with
Stanek and Szekely [12], but it should be noted that this expression has not yet been
experimentally verified. If there is an appreciable temperature difference between
the fluid and solid phases within a porous medium, the local thermal equilibrium
assumption cannot be justified, and a two-temperature model should be introduced
for the energy equation. When the phase volume-averaged temperatures for the
fluid and solid phases are represented by Ty and Tj, the energy equations may be
written as

S0Coe o + (Cy)V-ITr = V{ (K, +K) VT }-h(T-T) (63)

(1-6) (pCp)s 6; V- (K VT, )~y (Te=Tp) ~divgg (6.4)

t ==CSs
divg, = J Gy (47T, — G, )dv (6.5)
0

where K . and K _, respectively, represent the effective thermal conductivity ten-
sors for - the fluid and solid phases, K is the thermal dispersion tensor, h, is the
volumetric heat transfer coefficient between the fluid and solid phases, and G,
represents the spectral incident radiation defined by [, I,(r, Q) dQ. Here, I,(r, Q)
is the spectral intensity of radiation.

If both the fluid and solid phases are in local thermal equilibrium, then the use
of the one-temperature model may be fully justified:

(PCp). aaT + (pCyp)V-VT = V- {(geff +§d>~VT}fdivq (6.6)

(pCP)m = ¢(Pcp)f + (1_d))(pCP)s (6.7)

where K . represents the stagnant effective thermal conductivity tensor for a porous
medium. As can be seen from Egs. (6.4)—(6.6), the energy equations involve the
incident radiation G,, and thus this quantity must be evaluated by solving the

equation of transfer.

For a plane-parallel system, the spectral equation of transfer is written as

w, 1 , ' /
,LL”(a’;’ B) B Ly, ) = (1=00)B, Tn(p) + %L L(y, 1) Py (i, 1) dps

(6.8)
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The boundary conditions for opaque diffuse boundaries are

1
L(0,.>0) = &1,15,(0) + 2(1781],)[ L0, —p)p/ dp
0

0 (6.9)

L(yo, =) = €201y (yo) + 2(1—¢€2,) [ L(yo, 0/ )p/ dp/
JO

For gray media, the equation of transfer and its associated boundary conditions
are given as follows:

4 wB 1
L i) = (-0 T P [ )P db
(6.10)
4 1
10, 1> 0) = & GTn(O) +2(1-¢) L 10, —p/ )’ dy
GT4(Y0) ! AV i (611)
10, =) = 22 T 2(1-00) [ K00 ds

Instead of the exact equation of transfer, the first-order spherical harmonic
approximation to the equation of transfer called the P; approximation has been
often utilized because only the incident radiation and radiative heat flux in a medium
are required for analyses of composite heat transfer and just the P; approximation
yields the governing equations with respect to these quantities. Moreover, the gray
approximation to the radiative properties is often adopted.

The gray P; equations in a plane-parallel system are

i—j%[ﬂ(l wg)qr =0
(6.12)
c?;ﬂs(l ©)G = 4B(1-w)oT*

The boundary conditions for gray opaque diffuse boundaries are appropriately
given by the following Marshak ones:

y=0: £G(0)+2(2—¢1)qr(0) = 4&16T} } (6.13)

Y=vYo: €G(yo)—2(2—£)qr(yo) = 4&,6T;

6.3
Transport Properties and Heat Transfer Correlation

6.3.1
Effective Thermal Conductivities

For isotropic porous media such as open-cell foams, K ., K and K . generally

become second-rank tensors and may be represented in the followmg form:
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K=kl (6.14)
K_ = kel (6.15)
K. = kel (6.16)

where I denotes the unit tensor.

Parameters keg, kes and kg are scalar quantities and represent effective thermal
conductivities of the fluid and solid phases and a porous medium, respectively.

Several empirical or semi-theoretical models are proposed for the effective ther-
mal conductivity of an open-cell foam. In what follows, we refer to some represen-
tative models.

Dulnev [13] regarded interconnected porous materials as an assembly of cubic
unit cells, as shown in Figure 6.1b and ¢, and derived the following theoretical
formula:

2(1—w)w(ks/kr)

_ 2 )2
keff,c/kf - (ks/kf)w + (1 W) + (17W)(ks/kf) +W (617)
w= % + cos %cos’l(Zd)—l) + %n (6.18)

As understood from Eq. (6.17), Dul'nev's formula involves an interaction term
between the fluid and solid phases, and cannot be applied to a two-temperature
energy equation model. The accuracy of Dul'nev's formula is addressed in compari-
son with available experimental data. Results are shown in Figure 6.2, indicating that
Dul'nev's formula reproduces 87.03% of available data with an accuracy of less than
+30%.

Bhattacharya et al. [14] proposed an empirical correlation of ke, by combining
two limiting expressions of the effective thermal conductivity of an open-cell
form:

ketr o/ke = A{d + (1=d)/(ks/ke)} + (1-A) {d + (1—-b)/(ks/ke)}  (6.19)

Here, the former represents the upper limit with the solid and fluid phases
arranged in parallel to the direction to the heat flow path, while the latter corre-
sponds to the lower limit with the two phases arranged in series.

Moreover, A is an adjustable parameter and the best fit for their experimental
data was found for A =0.35. Results of a comparison between model predictions
based on Eq. (6.19) and available experimental data show that Eq. (6.19)
reproduces 87.03% of the data within an accuracy of £30%, which surprisingly
coincides with that of Dulnevs formula. For this reason, we skip graphical
representation of the parity plot comparing the model predictions and the
experimental data.

169



170

6 Modeling of Composite Heat Transfer in Open-Cellular Porous Materials at High Temperatures

1000 [ -
[ O: Kinoshita et al. (1982) NP
A Hsu-Howell (1992) Ry
©: Takegoshi et al.(1992) vl
O Bhattacharya et al. (2002) /// ///
/ s
, 2
,
100 E +30% P
4 ,
o s ’
3 ’ ’
- /0 -30%
X // .
Y s, //
£ ’
x»u // //
~ Ve I
Ve //
,
10 | p 7
7 // <o
//0 i ’
s ’ Dul'nev's model
, ,
y ”
y s
e
N
,

1 N N
100

( keff,c/k f>theore.

1000

Figure 6.2 Correlation between theoretical values of kg, com-
puted from Dul'nev’s formula and experimental values of ke .

Schuetz and Glicksman [15] derived a semi-theoretical correlation of an isotropic
open-cell foam on the basis of the “in-line cubes with 100% struts” model:

bare/ke = &+ 5 (1-0) (ks /b (6.20)

The first term of the right-hand side represents the contribution of the fluid phase,
which was assumed to be unity in the original model. A numerical factor 1/3 in the
second term was introduced to take into account the fact that one-third of the struts
are oriented in the heat flow direction. The Schuetz—Glicksman model can be readily
incorporated into the two-temperature model because, as seen from Eq. (6.20), ke
consists of two terms corresponding to the fluid and solid phases, respectively.
Comparison between model predictions and the existing experimental data is
shown in Figure 6.3. The Schuetz-Glicksman model approximates 88.9% of
the data within an accuracy of £30% and is more accurate than the Dul'nev and
Bhattacharya—Calmidi-Mahajan models. From the present comparison results, the
Schuetz—Glicksman model is recommended as a suitable model for kg . If this
model is selected for the expression of ke then it is reasonable to express k.rand ke
in the following form:

kee = ke (6.21)

kes = (1_¢)ks/3 (6'22)
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6.3.2
Thermal Dispersion Conductivities

When fluid flows through an open-cell foam, lateral and axial mixings of fluid occur
from a unit cell to the neighboring cells through openings of a cell. If a temperature
gradient exists within a porous medium, these processes cause net heat transport
called thermal dispersion. For open-cellular porous materials, the dispersion con-
ductivity tensor becomes a second-rank tensor with zero off-diagonal elements and
may be written as

K, = nnkg + (I-nn)kg, (6.23)
where kq and kq,, respectively, represent the lateral and axial components of the

diagonal term of K, and n is the unit vector perpendicular to a flow direction. As for
ka, Koch and Brady [16] proposed the following expression:

kdl = pr CPdel \/fu = 'Ydl Pr (uﬁ/w) k{ (624)

where vy is the lateral dispersion coefficient and K the permeability.
Hunt and Tien [17] found that a value of yq is about 0.025 for a porosity of 0.97.
Although y4 should be a function of porosity, its functional relationship has not yet
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been experimentally established. However, on the basis of the theoretical results of
Koch and Brady, Hunt and Tien suggested the following equation:

Ya = 0.0877/[In(1-6)| (6.25)

As for kq,, Kamiuto and Yee [18] gave the following expression similar to Eq. (6.24):
kaa = pCpfYaaVKu
= YdaPr(u\/E/Vf) ke (6.26)
where 74, is the axial dispersion coefficient and can be represented by

Yau = 9.269 + 2005.4(p—0.8)—16330(p—0.8)> (6.27)

Figure 6.4 shows predicted values of k4,/k¢ based on Eqgs. (6.26) and (6.27) and
experimental data [19]. Comparison of y4, with y4 reveals that a value of y4, is about
1200 times greater than that of y4, although the expression for y4 was obtained
using the experimentally determined radial thermal dispersion coefficients of
fibrous media with ¢ greater than 0.94 and should be carefully treated in extrapo-
lating it to porous media with ¢ less than about 0.9. Moreover, it should be noted that
experimentally determined thermal dispersion conductivities contain effects of tur-
bulence because, in experiments as for thermal dispersion, the contribution of the
thermal dispersion cannot be separated from that of turbulence and therefore, as
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Figure 6.4 Predicted versus measured values of the dimensionless axial
dispersion conductivity kqa/ks.
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pointed out by Yee and Kamiuto [20], the experimentally determined so-called
dispersion coefficients involve both contributions.

6.3.3
Radiative Properties

Radiative properties needed for radiative transfer calculations in participating media
are the extinction coefficient B, albedo ® and scattering phase function.

Several attempts to model the radiative properties of complex open-cellular
porous media have been made. Hsu and Howell [21] presented a semi-empirical
formula of the effective extinction coefficient B (m ') as a function of actual pore size
Dy, (m):

B=3(1-¢)/Dm (6.28)

They claimed that Eq. (6.28) is applicable to the open-cell forms with pore diame-
ter greater than 6x 10 * (m).

Doermann and Sacadura [22] proposed a sophisticated models for the extinction
coefficient, albedo and phase function of an open-cell foam on the basis of geomet-
rical optics and diffraction theory, but they did not compare their model predictions
with experimental data.

Kamiuto [23] derived analytical formula for the radiative properties of an open-
cellular porous medium by decomposing a Dul'nev unit cell into two cylindrical
struts and one spherical strut juncture (Figure 6.1b) and by applying geometrical
optics and diffraction theory to these scatterers which are assumed to be randomly
oriented in space. Note that there exist three struts in a unit cell but only two are
effective in the radiation process because the vertical strut is located in the shadow
region of the strut juncture, when thermal radiation is normally incident on the
upper surface of the unit cell, and thus does not interact with incident thermal
radiation. There exist two kinds of radiative properties, depending on the way of
dealing with the effect of diffraction in the equation of transfer: scaled and unscaled
radiative properties. The former appears in the equation of transfer where the
diffraction scattering phase function is eliminated utilizing Dirac’s delta function;
the latter is obtained from the equation of transfer where the effect of diffraction is
left untouched. The unscaled radiative properties are given by

B= § {(6/“)2/31»2 +%(1W) /D (6.29)
0 =0s/B=(1+py)/2 (6.30)
£= %J_l P()w' dp' = (14 pyy)/(1+ pra) (6.31)

where D. is a mean size of the Dulnev unit cells, py is the hemispherical
reflectivity of struts and strut junctures and g; is the asymmetry factor of the
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surface-scattering phase function of a diffuse sphere, i.e. —4/9. The scaled radia-
tive properties are

B =p/2 (6.32)
o =py (6.33)
g =8 (6.34)

Moreover, the scattering phase function necessary for the actual computation of
radiative transfer can be represented by the Henyey—Greenstein phase function
involving the asymmetry factor alone as a parameter:

i 2n+ 1)§"Py(w) Pa() = 5 (6.35)
n=0

A =1+ g -2gup

B =2|g|\/1—p2\/1—p2 (6.36)

k* =2B'/(A'+ B)

Here, E(k?) represents the complete elliptic integral of the second kind. Moreover, §
should be read as §* when the scaled scattering phase function is required. In
computing B or B” from Eqs. (6.29) or (6.32), D, plays a vital role and thus guidelines
for D, are required: the measured pore diameter D,, should be used as D. whenever
its information is available, otherwise D, should be estimated from (1 — w) D,,. Here,
D,, represents the nominal cell diameter defined by 2.54 x 10 ?/PPI (m) and PPI
denotes the manufacturer-provided mean pores per inch value. As seen from
Figure 6.5, the experimental data for f and B” are well correlated with our formulas:
Egs. (6.29) or (6.32) approximate 94% of the data with an accuracy of less than
+25%. Comparisons of theoretical predictions for w, and g, with corresponding
experimental data are shown in Figures 6.6 and 6.7. The experimental data were
taken from the report of Hendricks and Howell [24] and the spectral reflectivity of
the solid needed for computations of w, and g; were taken from Touloukian’s data
compilation [25]. The agreement between theory and experiment seems to be rea-
sonable because a value of py; appreciably depends on the surface condition of the
material such as the roughness and composition, which may vary from sample to
sample.

6.3.4
Fluid Mechanical Properties

The momentum Eq. (6.2) involves two empirical parameters K and F that must be
determined experimentally. In the case of packed-sphere systems, the following
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Figure 6.7 Spectral variations in the asymmetry factors of oxide-
bonded SiC and partially stabilized ZrO, porous materials.

correlations derived by Ergun [26] have been widely used:

K = dy’/150(1—)*

F= (1.75/@) /1S (6.37)

where dp represents mean sphere diameter. As for open-cell foams, Du Plessis et al.
[27] and Bhattacharya et al. [14] presented semi-empirical expressions for evaluating K
and F, but the validity of the proposed formulas was tested using their own data alone.

Here, we propose empirical formulas involving two parameters, i.e. porosity ¢
and an equivalent strut diameter as a cylinder, Dp:

K = a14™ D%
F=b(1-¢)” (6.38)
Dp = 2D,w/\/T

Values of the parameters involved in K and F were determined using a least-squares

method by applying these expressions to available experimental data including those
obtained by our group in Oita:

4 =3.824, ay,=2493, a3=1947
! : ’ } (6.39)

by =0.714, b, =0.673
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Correlations between predictions based on Egs. (6.38) and experimental data are
shown in Figures 6.8 and 6.9. In these figures, the data obtained by Bhattacharya
et al. were disregarded because their results for F depict a rather peculiar trend:
values of F are almost constant against ¢. As seen from Figures 6.8 and 6.9,

10° ¢
O
O: Kamiuto et al.(unpublished)
O: Hunt-Tien (1988)
A: Hamaguchi et al.(1991) o
< Fukuda et al.(1992)
10 b
)
~
X
107 |
10 s =
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D

P

Figure 6.8 Permeability K as a function of equivalent strut diameter
D,: experiment versus least-squares fit.
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Figure 6.9 Inertial coefficient F as a function of porosity: experiment versus least-squares fit.
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Figure 6.10 Relations between pressure gradient in the flow direction and mean flow velocity.

Egs. (6.38) and (6.39) reasonably correlate with the experimental data. For a slug flow
in a porous duct, the pressure drop can be estimated from

dP g pel
= e B2 (6.40)

The validity of this pressure drop equation together with Eqs. (6.38) and (6.39) is
shown in Figure 6.10.

6.3.5
Volumetric Heat Transfer Coefficient

The volumetric heat transfer coefficient between the fluid and solid phases, hs,
appearing in Egs. (6.3) and (6.4) has been determined using transient response
techniques. In almost all the previous studies, however, the axial diffusion terms in
the energy equation for the fluid phase have been omitted, and thus the results
obtained for h, contain effects of the axial thermal dispersion and/or fluid conduc-
tion. Generally, heat transfer data are represented in form of Nusselt number as

defined by

Nu; = hyl? /ke (6.41)
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Figure 6.11 Relations between the Nusselt number Nu, and the Peclet number Re,Pr.

Here, I; represents an appropriate characteristic length of an examined porous
medium.

Younis and Viskanta [28] used actual pore diameter as [;, while Hamaguchi et al.
[29] adopted measured strut diameter. Fukuda et al. [30] recommended using v/K as
l;, Kamiuto and Yee [31] examined various characteristic lengths to obtain a better
correlation for the heat transfer coefficient and recommended adopting an equiva-
lent strut diameter D, defined by Eq. (6.38). Based on this characteristics length,
available experimental data for h, can be correlated by

Nup = hy D2 /k; = 0.124(Rep Pr)*”! (6.42)
They reported that Eq. (6.42) reproduces 78.1% of available experimental data with
an error less than +40% as shown in Figure 6.11.
6.4
Radiative Transfer
In order to test the validity of the radiative property model and transfer-theoretical

approach summarized in Section 6.3.3, spectral or total normal emittances of
isothermal, plane-parallel, open-cellular porous plates are evaluated theoretically by
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solving the equation of transfer and the results obtained are compared with available
experimental data. Obviously, predictions of emission characteristics of an open-cell
foam are of practical importance in connection with thermal design of high-
temperature equipments such as porous radiant burners and radiant porous fins.
To perform numerical analyses [32], the following assumptions are introduced: (a) a
plane-parallel, open-cellular porous plate of thickness yj is installed horizontally and
is bounded by both an upper vacuum boundary and a lower opaque diffuse solid one;
(b) the porous plate and the solid boundary are isothermal and are kept at a tem-
perature T,, (K); (c) the vacuum boundary is uniformly irradiated by blackbody
radiation characterized by an environmental temperature T, (K); (d) the porous
plate is quasi-homogeneous and is capable of emitting, absorbing and anisotropi-
cally scattering thermal radiation; (e) the scattering phase function can be repre-
sented by Henyey—Greenstein's phase function and is governed by the asymmetry
factor g alone; (f) the radiative properties of an open-cell foam are described by
Kamiuto's model; (g) the scaled extinction coefficient and the scaled asymmetry
factor of the scattering phase function are gray and do not depend on temperature;
and (h) the hemispherical reflectivity of surface of the struts and strut junctures
of an open-cell foam is treated to be nongray or gray, depending on available
reflectivity data.

Under these assumptions, the equation of transfer and associated boundary
conditions may be written as follows. For a nongray case

M%{/’M) + B (s m) = BT (1-0;) I (Tm)

*(1)* 1
+ %J P (p, W) Iy, ) dp/ (6.43)
1

The boundary conditions to Eq. (6.43) are
y=0: L(0,n>0) = Iy (Tm) X
P=wos 0 p<0) = el (Tw) +2(1-5) | (oo, )W du’
0

(6.44)
For a gray case

61 s * %* % GTfn *(.0* 1 e
M%+B I(y,p) =B (1-o )7+BTJ P, w))I(y, ') dp
~1
(6.45)
Its associated boundary conditions are
T4
p=0: I1(0,p>0)=""=
(6.46)

GT4 1
y=yo: Ilpo,p<0) =ey—2 +2(1—8w)[ I(yo, )/ dp/
0
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Table 6.1 Physical characteristics of the examined open-cellular porous materials.

Material Porosity, ¢ PPI Thickness (mm) Ref.
ALO; (80 Wit%)-SiO, (20 wi%) 0.85 305 154 38]
Nickel (70 wt%)-chromium (30 wt%) 0.937 8.5 10.3 [36]
Cordierite (2Mg0-2A1,05-55i0,) 0.873 6 11.9 36]

The equation of transfer, Egs. (6.43) and (6.45), together with their relevant
boundary conditions are solved using Barkstrom's finite difference method [33].
Once the equation of transfer is solved numerically and the radiation field is speci-
fied, the spectral or total normal emittances may be readily evaluated as follows:

ena = (0, —1) /Iy (T) } (6.47)

en = 1(0,—1)/(oTp /)

Three kinds of open-cellular porous material are considered to test the validity of
Kamiuto's model: Al,O; (80 wt%)—SiO, (20 wt%), Ni (70 wt%)—Cr (30 wt%) and
cordierite (2MgO-2Al,05-55i0,) foams. The physical characteristics of the exam-
ined open-cellular porous materials are summarized in Table 6.1. Spectral data of
the normal reflectivity of Al,03-SiO, solid were taken from Ref. [34], but, to take
into account the uncertainty of the surface conditions of the tested material, values
of spectral reflectivity were increased by 15% of the original data in accord with Fu
et al. [35]. Experimental data of the total hemispherical reflectivity of Ni-Cr and
cordierite foams were taken from Ref. [36] and are represented by the following
expressions:

py =0.698+0.268 for cordierite
p=—1.51+8(14.22+8{—40.54+8[54.82+8(—35.5+8.818)]}) » (6.48)
for Ni—Cr

Here, § is defined by T/1000 (K).

The hemispherical emissivity of the bottom surface of an Al,03;-SiO, foam
was assumed to be unity, whereas that of Ni-Cr and cordierite foam, i.e. the
hemispherical emissivity of oxidized SUS 304 plate, was represented by the
following expression [37]:

& = 0.326 + 0.2958 (6.49)

Figure 6.12 shows measured and predicted spectral variations in the normal
emittance of the Al,03-SiO, open-cell foam. Measured data were obtained by
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Figure 6.12 Predicted and measured spectral variations in the
normal emittance of an Al,03;—SiO, open-cell foam.

Jackson et al. [38]. The spectral normal emittance increase from about 0.4 to 0.9
as the wavelength increases from 1 to 6 um: this exactly corresponds to the
spectral variations in the normal emissivity of alumina-silicate solid given by
1—pno. As seen from Figure 6.12, the predicted emittance agrees well with
the experimental results for A >6um. However, for A <6pum, the predicted
results are higher than the experimental ones. Obviously, this is caused by
the fact that py, depends on the surface conditions of the material, which seems
to change from sample to sample. To take into account this uncertainty, the
predictions based on 1.15py; were also made, which shows much closer agree-
ment with the experimental data. Figure 6.13 depicts the variation of the total
normal emittances of Ni—Cr and cordierite foams against mean foam tempera-
ture. In accord with temperature variations of the total hemispherical emissivity,
ie. 1—py,, the total normal emittance decreases with an increase in foam
temperature. There exist some discrepancies between theory and experiment,
particularly for the cordierite foam in a temperature region less than about
500-600 K due to the low sensitivity of a radiation detector (thermopile) used
in the experiment; in a temperature region greater than 500-600 K, satisfactory
agreement is achieved.

Thus it may be concluded that the spectral or total emission characteristics of an
isothermal open-cellular porous plate can be accurately predicted by a transfer-
theoretical approach based on Kamiuto's radiative property model.
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Figure 6.13 Variations of predicted and measured total normal emittances
of Ni—Cr and cordierite foams against mean foam temperature.

6.5
Combined Conductive and Radiative Heat Transfer

Coupled conduction and radiation heat transfer in open-cellular porous media has
been studied by many researchers in connection with thermal design of open-cell
foam insulation at high temperatures. The aim of this section is to discuss the ability
of the aforementioned theoretical models for elementary transport processes in
open-cellular porous media in predicting temperature profiles and mean total ef-
fective thermal conductivities in porous media, and thus only a few relevant previous
studies are referred to here.

Kinoshita et al. [39] and Kamiuto et al. [40] made fundamental studies of combined
conductive and radiative heat transfer in cordierite and Ni—Cr porous plates. On the
basis of the radiative properties determined experimentally by their own inverse
scattering problem resolvers and available empirical formulas for the effective ther-
mal conductivity by conduction alone, they could accurately predict temperature
profiles and heat transfer characteristics of the porous plates. Glicksman et al. [41]
fully examined elementary thermal processes in polyurethane foam insulation and
found that the conduction process can be described using simple parallel-series
models. In addition, they determined the absorption and scattering coefficients and
phase function experimentally. These previous studies, however, are more or less
empirical because experimentally determined thermophysical properties were in-
corporated into the analyses. In what follows, we perform purely theoretical analyses
[42]. The following assumptions are introduced for this purpose: (a) a plane-parallel,
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open-cellular porous plate is installed horizontally and bounded by two opaque
diffuse solid plates; (b) the porous plate is heated from above and cooled from
below; (c) heat transfer across the plate is due to conduction and radiation; (d) the
porous plate is capable of emitting, absorbing and anisotropically scattering thermal
radiation; (e) all the radiative properties are gray; and (f) relevant physical properties
depend on temperature.

Under these assumptions, the energy equation may be written as follows:

d dT) e
d-y{keff,cd—y}_ﬁa—w )(46T*—G) (6.50)

The boundary conditions for Eq. (6.50) are
=0: T=T

Y " (6.51)
Y=Yo: T:TL(<TH)

In Eq. (6.50), G represents the incident radiation and is defined by
1
2n [ I(y, ) dp.

The intensity of radiation I(y, y) is governed by

5 * o 4 (1)* ol o
p ) %’;“) +B Iy, ) =B (1-0) % + Tﬁ J_l P (i, W) I(y, ) dp

(6.52)

where P'(u, W) is given by the Henyey—-Greenstein phase function with the scaled
asymmetry factor §. The boundary conditions for Eq. (6.52) are given by Eq. (6.11).
The P; approximation explained in Section 6.2 was also utilized.

The energy equation and the equation of transfer (or the P; equations) were solved
numerically using finite difference schemes. Once both the temperature and radia-
tion fields are determined, we can readily evaluate the heat transfer characteristics.
The total heat flux g; is computed from

qt = dqc +4r (6.53)
dT
qc = _keff‘,c(T)d_Y (6.54)
1
Ir = ZEJ ) I(y, w)p' dp/ (6.55)

The mean total effective thermal conductivity Eeff,t is defined as follows:

ketr e = giyo/(Tu—Tv) (6.56)



6.5 Combined Conductive and Radiative Heat Transfer

The physical properties needed for the analyses are the effective thermal conduc-
tivity by conduction alone kg and radiative properties: these were estimated using
Dulnevs formula, Eq. (6.17), and our radiative property model. To examine the
validity of the present theoretical approach, the numerical computations were made
under conditions corresponding to the experiments for cordierite and zirconia
porous plates reported previously [21,39,40].

The hemispherical reflectivities and thermal conductivities of cordierite and zir-
conia were taken from the literature:

py = 0.698 4 0.260 for cordierite
(6.57)
py = 0.475—1.9268 + 5.1075>—4.6348> + 1.8268"—0.278° for zirconia

ks(Wm K1) = 2.29-0.218 for cordierite
ks (Wm ™1 K™) = (73.03 + 404.985—-1999.895" 4 2241.528°)/ (6.58)
(1 4 376.628—1332.168" 4 1351.68) for zirconia

The results obtained are depicted in Figures 6.14 to 6.16. Figure 6.14 shows
temperature profiles in a 0.05 m thick cordierite porous plate (¢ =0.873 and
D.=0.00324 m) bounded by a SUS304 plate (we assumed that & =0.5) used as
the cold boundary and a SUS310S plate (g3 = 0.032 + 0.39(T33/1000)) used as the hot
boundary. The temperature profiles deviate from a linear distribution and come to
have a steep gradient at the cold boundary as the hot boundary temperature is raised,
because the porous medium near the cold boundary is heated appreciably by heat
radiation from the hot boundary and by self-emission due to the heated porous
medium. Figures 6.15 and 6.16 show variations in the mean total effective
thermal conductivity Eeff,t against the mean layer temperature. Eeff,t increases
with the mean layer temperature and decreases with an increase in the mean cell

=
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Figure 6.14 Temperature profiles in a 0.05 m thick cordierite
porous plate with ¢ =0.873 and D.=0.00324 m.
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Figure 6.15 Relations between the mean total effective thermal
conductivity of cordierite porous plate and mean plate temperature.
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Figure 6.16 Relations between the mean total effective thermal
conductivity of zirconia porous plate and mean plate temperature.

diameter, provided that other parameters remain unchanged. It is found that
theoretical results based on the exact analysis agree well with the experimental
ones and, moreover, there is only a small difference between the exact numerical

analysis and the approximate one based on the P; approximation.

6.6
Combined Forced-Convective and Radiative Heat Transfer

Paying attention to the high volumetric heat transfer coefficients and large radiation
extinction coefficients of open-cellular porous materials, several thermal engineer-
ing researchers have proposed heat transfer equipments using open-cell foams:
porous radiation shields [43,44], porous extended surfaces [45], porous radiant

burners [46—48], porous gas enthalpy-radiation converters [2], and so on.
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In this section, we refer to two typical applications of open-cell foams, i.e. a gas
enthalpy-radiation conversion system and transpiration cooling system.

6.6.1
Analysis of Gas Enthalpy-Radiation Conversion System

To recover as much as possible of the enthalpy of exhaust gases from various
furnaces, Echigo [2] presented an idea of placing porous materials vertically to the
flow direction in an exhaust duct and proved a remarkable effect experimentally: the
temperature falls of an exhaust gas reach 100-200 K while passing through a foam
metal of 15 mm thickness. Echigo [2] also made a theoretical analysis of this system,
but he disregarded the effect of scattering, which was later taken into account by
Wang and Tien [49]. In what follows, we present a predictive model for gas enthalpy-
radiation conversion processes in an open-cellular porous plate. The proposed
model is based on the following assumptions: (a) the flow field is one-dimensional;
(b) the working fluid is a nonradiating gas; (c) an open-cellular porous plate is placed
normal to the flow direction in a straight duct; (d) the porous plate can absorb, emit
and anisotropically scatter thermal radiation; (e) the radiative properties of the
porous plate are described by Kamiuto's model in Section 3.3 and do not depend
on the wavelength; and (f) all the physical properties depend on temperature.

Under these assumptions, the law of conservation of energy for each phase yields
the following expressions:

dTe dT¢
e g =~ (Tr=T) + b ke | (6.59)
d [, dTs L
F1-0) 3 6 G| 4 (1) -aba 0 (6.60)
divg, = B (1-0")(46T*-G) (6.61)
The boundary conditions to Egs. (6.59) and (6.60) are
y=0: Ti=T,, %:o
dTy dT ! (6.62)
AR i
The P, equations for G and gr are
dG
™ +3p7(1-0'g )gr =0
(6.63)
dqR

3y TB(1-0)G =48 (1-0")oT!
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The Marshak boundary conditions for Eq. (6.63) are

y=0: G+2qp=40T;
¢ o (6.64)

Y=%Yo: G*ZqR = 4(5ng

Here, Ty, and Ty, respectively, represent the equivalent blackbody temperatures of
radiation incoming from the upstream and downstream regions. The energy equa-
tions were solved using an implicit finite difference method, while P; equations
were solved using our staggered scheme [50].

To examine the ability of the proposed model in predicting temperature profiles
within a porous converter, computations were made under conditions correspond-
ing to the experiments by Echigo [2]. Here, we assumed that T,q = T, = 300 [K] and
Tiu = 850 [K]. Results are shown in Figure 6.17, where the dimensionless quantities
are defined by O;= Ty/ T and 05 = T,/ T.... Agreement between the experimental data
obtained by Echigo and our predictions is quite satisfactory, and this confirms the
validity of the proposed theoretical model.
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Figure 6.17 Temperature profiles within a 15 mm thick Ni—Cr-Al porous plate.
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6.6.2
Analysis of Transpiration Cooling System in a Radiative Environment

Transpiration cooling is a well-known technique for protecting a structure from a
high-temperature environment such as a large fire involving a hydrocarbon pool or
storage. In this thermal shield system, high-intensity irradiation from the envi-
ronment is absorbed and scattered by porous media made of open-cell foams or
sintered metals and a major part of the radiant energy absorbed by the porous
media is converted into heat, which is transferred to gas flowing through the
porous media or reemitted. In this section, we perform an analysis of combined
convective and radiative heat transfer in a transpiration cooling system using
open-cellular porous materials subject to irradiation from the environment and
compare results obtained with available experimental data [44]. The physical
model and coordinate systems are shown in Figure 6.18. To perform the theoreti-
cal analysis, the following assumptions are introduced: (a) the heat shield consists
of a one-dimensional layer of open-cellular porous material; (b) the front surface of
the heat shield is uniformly irradiated by blackbody radiation characterized by an
equivalent temperature Ty (K), while the back surface is subject to uniform black-
body radiation characterized by an inlet air temperature Ty (K); (c) low-temperature
air is injected through the back surface of the heat shield; (d) air is transparent to
thermal radiation; (e) the heat shield is able to absorb, emit and scatter thermal
radiation, but its radiative properties do not depend on wavelength and tempera-
ture; (f) the relevant physical properties do not depend on temperature; (g) both
solid and gas phases can be regarded as continuous ones; and (h) heat transfer with
the heat shield is in a steady state.

Porous External
' thermal radiation
[njectant shield
. u, Ty 7
N o — Vg B
W T, P ’
e e
"""" > < (=o TR)
w s 1
=0
(=¢Ty) .
_______ > RS
— ASESN
7
'/’ X0

Back surface

Front surface

Figure 6.18 Physical model and coordinate systems of transpiration

cooling system using open-cellular porous materials.
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Under these assumptions, the governing energy equations for the gas and solid
may be written as

o Crru St = ¢kfd Tt (Tt (6.65)
1 d*T, .

3(1 (b) ] d 2 h’V(Tf_TS)_quR =0 (666)
divg, = B (1-0") (46T~ G) (6.67)

where Trand T, respectively, denote the temperatures of the fluid and solid phases.
G represents the incident radiation and is determined by solving the following Py
equation:

%;—3[3 (1-0)(1-0"§)G = —12B (1-0")(1-0"§)oT! (6.68)

The boundary conditions for Egs. (6.65), (6.66) and (6.68) are given as follows:

x=0: Tr=T,, %:o, G(o)—#dﬁ —4oT;;
dx 3B (1-0'g) dxl.-
a1y dT, dG (6.69)
. St Gis 2 _ 4
XEXL g T g O G(x°)+3[s (1—0'g) dx, —4oTx

The governing equations are rewritten in dimensionless form and then are solved
numerically using a finite difference method. After obtaining distributions for T, T;
and G, three kinds of figure of merit are evaluated:

Nr = (Tr—(Ts(0) + Ts(%0))/2) /(Tr—To) (6.70)
Ne = prCort(Tr(x%0)—T5(0)) /qr (6.71)
Ng =21 L I(x0, ) dpn/qr s (6.72)

where gg rdenotes the radiative heat flux from an environmental radiation source. In
the expressions, 1t indicates a temperature efficiency, which is an index represent-
ing how close the mean temperature of the heat shield is to the inlet air temperature,
TNc denotes a ratio of fluid enthalpy rise to the incoming radiant energy and ng
represents the slab reflectance, i.e. a ratio of the radiant energy directed toward the
environment from the heat shield to the incoming radiant energy. Here, it should be
noted that the radiant energy directed towards the environment from the heat shield
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Table 6.2 Physical characteristics of the examined porous media.

Thickness,  Porosity,  Pores Extinction
Material Xo (m) ¢ per inch, PPl coefficient, " (m™)
Nickel-chromium (NC#02) 0.01 0.92 14 1.94 x 107
Cordierite-alumina (CA#06)  0.012 0.89 6 1.02 x 10?

involves the amount of radiant energy emitted from the porous medium itself and
originating from the region upstream.

Two kinds of open-cellular porous material are used: cordierite-Alumina (Al,03/
54 wt%, SiO,/37 wt%, MgO/6 wit% and the others/3 wt%) and Ni-Cr (Ni/80 wt%
and Cr/20wt%). The physical characteristics of the examined porous media are
summarized in Table 6.2. Moreover, the physical properties of the examined porous
media are described in Section 6.4. Typical temperature profiles of the solid and gas
phases inside the Ni-Cr porous heat shield are shown in Figure 6.19, where & is
defined by x/x,. The measured mean surface temperatures of the porous heat shield
are indicated by open circles, while the calculated results for 65 (=T;/ To) and 0¢ (=T¢
To) are, respectively, represented by solid and broken lines. The temperatures of both
phases increase with irradiation near the exit region: this is the case irrespective
of the kinds of porous medium. Figures 6.20 and 6.21 illustrate variations in
the temperature efficiency mt against Re, (=uD,/vy). The experimental results
are shown by symbols, while the numerical results are indicated by solid lines.

(NC#02) qr.1=222 (kW/mm)

09 Qr,£= 5.25 (KW/m)
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Figure 6.19 Temperature profiles within a Ni—Cr open-cellular porous heat shield.
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Figure 6.20 Variations in the temperature efficiency of a Ni—Cr open-
cellular porous heat shield against the Reynolds number Re,,.

Nt increases with Re,, and is asymptotic to constant values, depending on a level of
the incident radiation. Values of nrare greater than 0.9 for Re, > 10, irrespective of
the kinds of porous material, meaning that the average heat shield temperature is
very close to the inlet air temperature. Agreement between theory and experiment is
acceptable, and this substantiates the validity of the present theoretical model. To
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Figure 6.21 Variations in the temperature efficiency of a cordierite—
alumina open-cellular porous heat shield against the Reynolds
number Re,,.
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Figure 6.22 Variations in the mean conversion efficiency and the
mean slab reflectance of a Ni-Cr open-cellular porous heat shield
against the optical thickness.

examine the effect of several parameters including kinds of porous material, PPTand
equivalent blackbody temperature characterizing incoming radiation on the mean
conversion efficiency 1¢ and the mean slab reflectance N, numerical simulations
are performed for two kinds of Ni-Cr foam, i.e. NC#02 (¢ = 0.92 and PPI1=14), and
NC#03 (¢ =0.92 and PPI=21.5), and two kinds of cordierite—alumina foam, i.e.
CA#06 (¢ = 0.89 and PPI = 6) and CA#20 (b = 0.89 and PPI = 20). Since air velocity
is varied from 0.25 and 5ms ™", the mean conversion efficiency 7\ is defined by an
arithmetic mean of T at u=0.25 and 5ms ' and the mean slab reflectance 7y, is
defined by an arithmetic mean of fj at u=0.25 and 5 ms™". Results for 1| and 7
are shown in Figures 6.22 and 6.23. The horizontal axis denotes the optical thickness
defined as B"x. As seen from these figures, f)c and Ty are slightly influenced by an
equivalent blackbody temperature of incoming radiation Ty (K), but the observed
relative difference between the results for different Ty is less than £15% at the worst
and thus can be disregarded. Ny increases with 7, and almost levels off at T, &5,
while 7 increases with T," and takes a maximum at 1, & S. It is also found from
relations between nrand 1., which are not presented here, that 1y increases rapidly
with T, and is saturated at a constant value in the region of T, less than 5.
Comparison between Figures 6.22 and 6.23 reveals that 1 of the cordierite-alumina
porous plate is less than that of the Ni-Cr porous plate, while the reverse is the case
for Ng. This is clear from the fact that the hemispherical reflectivity of cordierite—
alumina is greater than that of Ni-Cr: the Ni—Cr porous plate with 1, ~ 5 absorbs
about 90% of the incoming radiation, while the cordierite—alumina porous plate
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Figure 6.23 Variations in the mean conversion efficiency and the
mean slab reflectance of a cordierite—alumina open-cellular
porous heat shield against the optical thickness.

with the same optical thickness absorbs about 60% of the incoming radiation.
Moreover, it may be concluded that the transpiration cooling system using an
open-cellular porous plate should be designed so as to realize 1, 5.

6.7
Conclusions and Recommendations

The major conclusions and recommendations of the present chapter are summa-
rized as follows:

1. The Schuetz—Glicksman formula in predicting the effective thermal conductivity
of an open-cellular porous medium by conduction alone is the most accurate
among the formula examined here.

2. Use of analytical formulas for the radiative properties derived by Kamiuto are
recommended.

3. A correlation for the volumetric heat transfer coefficients obtained by Kamiuto
and Yee is useful, but it should be noted that this correlation includes the effects
of axial thermal dispersion and/or fluid conduction.

4. The proposed empirical formulas for the permeability and inertial coefficient are
useful.

5. Radiative transfer through an open-cellular porous material can be treated accu-
rately utilizing transfer-theoretical approach based on Kamiuto's radiative prop-
erty model.



Nomenclature

6. Recommended analytical formulas for the thermal, radiative and fluid mechani-
cal properties can be used accurately in theoretically analyzing composite heat
transfer in open-cellular porous media at high temperatures.

7. The P, approximation is quite accurate in predicting composite heat transfer in
open-cellular porous media.

Nomenclature

parameter

Egs. (6.36)

specific heat of solid

specific heat of fluid at constant pressure

mean diameter of Dul'nev's unit cells

actual mean pore diameter

nominal cell diameter

equivalent strut diameter

mean sphere diameter

complete elliptic integral of the second kind

inertial coefficient

numerical factor (=1/3)

incident radiation

asymmetry factor

asymmetry factor of the surface scattering phase
function of a diffuse sphere (=—4/9)

volumetric heat transfer coefficient between the fluid and
solid phases

intensity of radiation

blackbody intensity

permeability

thermal dispersion tensor

effective thermal conductivity tensor of the fluid phase
effective thermal conductivity tensor of the solid phase
effective thermal conductivity tensor of a porous medium
axial thermal dispersion conductivity

lateral thermal dispersion conductivity

stagnant effective thermal conductivity of a porous medium
by conduction alone

mean effective thermal conductivity by conduction alone
mean total effective thermal conductivity

thermal conductivity of fluid

thermal conductivity of solid

characteristic length of a porous medium

Nusselt number defined by hyl? /k¢
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P pressure
P, ') azimuthally averaged scattering phase function
Pu(w) Legendre function
PPI pores per inch
e conductive heat flux
qry component of the radiative heat flux vector
qr.f radiative heat flux from an environment
qr radiative heat flux vector
s total heat flux
v position vector
Rey, Reynolds number (=un,Dp/Vve)
T temperature
Ty blackbody temperature
TR equivalent radiation source temperature
T ambient temperature
t time
u axial velocity
Um mean velocity
\% Darcian velocity vector
w dimensionless width of a strut with a square cross section
x axial coordinate
Xo (or yo) thickness of a porous plate
y depth coordinate
B extinction coefficient
Yda axial dispersion coefficient
Ydi lateral dispersion coefficient
5 quantity defined by T/1000 (K)
€ emissivity
Nc conversion efficiency
nr temperature efficiency
Nr slab reflectance
0 dimensionless temperature
u direction cosine
He viscosity
3 kinematic viscosity
T ratio of the circumference of a circle to its diameter
p reflectivity
pr density of fluid
c Stefan—Boltzmann constant
o, absorption coefficient
< scattering coefficient

albedo

c
) porosity
®

Q direction vector



Subscripts

d downstream

f fluid

H hot boundary or hemispherical
L cold boundary
m mixture

N normal

s solid

T (or t) total

u upstream

w wall

Y frequency

00 ambient
Superscript

* scaled quantity

Miscellaneous

\Y gradient

Vv? Laplacian

\'2 divergence

z mean value of z
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7
Thermal Conduction Through Porous Systems
Ramvir Singh

7.1
Introduction

Heat transfer through porous materials continues to be a major field of interest to
engineers and scientific researchers, as well as developers and manufacturers, due
to the numerous applications of these materials in different branches of science and
engineering. Study of heat conduction to design high-tech thermal devices to ac-
complish certain engineering objectives is of extreme importance. It is also impor-
tant to consider economic factors while designing any such equipment. Insulation is
commonly used to reduce thermal loss or gain from a device. Therefore, proper heat
conduction analysis will be the first step in designing heating or air conditioning
equipment for a building, energy saving devices, lightweight constructions and
high-temperature furnaces. Detailed study of thermal conductivity of metal foams
is needed to design aircraft wings. In semiarid zones, thermal study of walls and
roofs will be useful as they contain air pockets in their structure [1].

Other areas and applications where the study of heat conduction becomes man-
datory are extraction of geothermal energy, solar ponds, food preservation, building
environment and architecture, heat pumps, microstructure electronics, global
warming, power plants, energy consumption in buildings, etc. In order to calculate
heat dissipation in activities like underground nuclear explosions and heating losses
from earth due to geothermal gradient, values of the thermal parameters for the
materials used are required. For instance, values of thermal parameters of soil need
to be calculated for laying buried cables and hot water pipes.

Thermophysical parameters such as the thermal conductivity (A), thermal diffu-
sivity (), heat storage coefficient (B) and heat capacity (C) are the main parameters
which govern the heat transport in multiphase systems. By analyzing any two of
these parameters, one can do a thermophysical study of the system. The thermal
conductivity of a material is represented by Fourier’s [2] equation as
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1= "'qz
where A.=effective thermal conductivity of the system, dT/dz=temperature
gradient and q=amount of heat passing through unit area.

The thermal diffusivity k represents the speed of propagation of heat in a medium
during change of temperature with time. If thermal diffusivity of a system is high,
then the propagation of the heat in medium will be fast. The effective value of the
thermophysical parameter will lie in between the same parameters of the constitu-
ent phases.

The thermal conductivity of a heterogeneous material is normally defined as the
heat flux divided by the temperature drop per unit length. Foams are quite hetero-
geneous structures with pores and membranes of different shapes and cross-
sections. Metal foams are a relatively new class of structural materials and offer
a variety of applications in lightweight construction and crash energy management.
These days, aluminum alloy foams are on the verge of being used in industrial
applications. Evaluation of the effective thermal conductivity (A.) of porous materials
is also important for a wide range of engineering problems. Heat conduction in
porous materials is usually described macroscopically by averaging the microscopic
heat transfer process over a representative elementary volume [3]. Heat conduction
in porous materials is based largely on mixture theory, assuming local thermal
equilibrium within solid and fluid phases, so that the heat transfer process in the
two phases can be lumped into a process described by a single heat conduction
equation.

The thermal conductivity of a porous material depends on various parameters
such as the thermal properties of constituent phases and the microstructural para-
meters which include the volume fractions of constituent phases, the geometrical
distribution of the phases, the size and distribution of particles and the geometry of
pore structure [4]. These parameters become more important where the variations of
pressure, moisture content and temperature occur.

Porous materials are generally of two types: cellular and granular. A granular
material is a two-phase system in which the fluid phase is continuous and solid phase
is dispersed; in cellular materials, the solid phase is continuous and the fluid phase is
dispersed. Sands, powders, porous rocks and wool fall into the category of granular
materials. A granular material has a lower thermal conductivity than a cellular one of
the same material, which makes it a better insulator. In granular materials, pores are
usually very small and the drop in temperature will not reach 100°C; then thermal
convection and thermal radiation can be neglected. Moisture migration is also very
much less in these materials, which reduces the possibility of mass transfer.

In Section 7.2 we discuss theoretical models for calculation of the thermal con-
ductivity while in Section 7.3 experimental techniques for the measurement of the
same are discussed.
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7.2
Theoretical Models

7.2.1
Models for Thermal Conductivity

Heat conduction through porous media depends on the structure of the material
and the thermal conductivity of each phase. A variety of methods, exact, approximate
and purely numerical, to evaluate the effective thermal conductivity have been
derived by different researchers for different systems. New theoretical models are
still needed to support the new kinds of systems which are coming up due to present
day requirements and new technological developments. Theoretical models devel-
oped can mainly be classified on the basis of following approaches:

« Field approach. It is worth noting that magnetic permeability, dielectric constant,
electrical conductivity and thermal conductivity are described by the Laplace
equation. The solutions of the Laplace equation for these properties are mathe-
matically identical. Therefore a configuration that bears some relationship with
the microstructure of the system is assumed and the disturbance due to structural
elements to the linear flow of heat is determined. In the derivation of resistor
approach models, it was assumed that the lines of flux are straight. Actually, the
flux lines form concentrated or rarefied field regions in the vicinity of the dis-
persed grains. The degree of concentration or rarefaction depends upon the ratio
of thermal conductivity of constituent phases. Knowing the conductivity of the
phases, itis possible to derive the relative flux density inside or outside the particle.
With this knowledge, the effective thermal conductivity of the mixture can then be
calculated [5-10].

Resistor approach. In this approach [11-19] the continuous and dispersed phases
are treated like parallel slabs which behave as thermal resistors to the heat flux (as
resistors obey Ohm'’s law) and flux lines follow a straight-line path. In different
models different configurations of slabs have been considered.

« Phase averaging approach. In this approach [20-23], the effective thermal conduc-
tivity is obtained as an average property of the mixture of constituent phases. In each
phase the volume average of the temperature gradient is taken and this is further
related to the average temperature of the medium.

In the following discussion, a comprehensive and systematic effort is made to
incorporate most of the popular models developed for calculation of the effective
thermal conductivity of porous materials and discuss their limitations.

Maxwell [5] gave a model for the prediction of the effective thermal conductivity by
assuming random size spheres dispersed into a continuous medium. The value of
effective thermal conductivity for such a system can be represented as

[ch + )\d_Zq)d (}‘c_)\d)]

de = A
T T 20 A Mg+ 0g(Ac—Ad)]

(7.1)
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where A, is the thermal conductivity of the continuous phase, A4 is the thermal
conductivity of dispersed phase and ¢4 is the volume fraction of dispersed phase,
respectively.

Fricke [6] and Burgers [7] modified the Maxwell model for particles having ellip-
soidal shape. The expression obtained by Fricke and Burgers is

_ )“C(Dc + )“d(liq)c)F
re = e+ (1-00F 72

where

P {1

and 377 | g = 1. They assumed that particles were noninteracting. F is the ratio of
the average temperature gradients in the two phases and g; are the semi-principal
axes of the ellipsoid.

De Vries [8] in his derivation of the effective thermal conductivity used gy =g, =
1/8 and g3 = 3/4. This implies that the two minor axes of the ellipsoid are the same
and the major axis is three times that of the minor axis.

Bruggeman [9] used Maxwell's model for cylindrical particles. He obtained an
expression for the effective thermal conductivity in the following form:

(1) 194

b ST (5-1)0)

(7.3)

Here ¢4 is the fractional volume of inclusions and 6 is determined from A, and 4.
The value of § is

3A

——"° forspherical particles
2hc + Mg

5)\c + )\d . . .
—————— forcylindrical particles
30 + 1) Y P

and

Ae + 24
Ac t A for plates and scales

3(%a)

Rayleigh [10] assumed that particles are spherical in shape and they are arranged
in a cubical array. The expression for the effective thermal conductivity given by
Rayleigh is

Ac[1-20.k—1.65(9)"* Ak]
p—
1+ 0.k—1.65(0)'"Ak]

(7.4)
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where

()‘c_)“d) and A= (3)%_3}‘(1)

k= (2he + 1a) (41c + 31q)

Rayleigh's model is so rigid and artificial that it does not predict A, of mixtures in
practical cases.

Wiener [11] developed a model based on the resistors concept. This concept was a
turning point in theoretical models for the effective thermal conductivity. Wiener
considered the system to be made of alternate layers of solid and fluid in the form of
slabs. These slabs can be arranged in different configurations with respect to the
direction of heat flux.

« Parallel configuration. In this configuration the plane of equivalent slabs is parallel
to the direction of heat flow i.e. the two phases are thermally parallel to the heat
flux. The effective thermal conductivity for parallel configuration A, can be ex-
pressed as the weighted arithmetic mean of the conductivities of the solid and
fluid phases and is written as

A= [0re + (1-0)A4] (7.5)

The parallel configuration offers minimum insulation resulting into maximum
value of effective thermal conductivity.

o Perpendicular configuration. When the direction of heat flow is perpendicular to
the plane of slabs, then it offers maximum insulation and the value of the effective
thermal conductivity is a minimum. In this configuration, the constituent phases
are thermally in series with the direction of heat flow. Effective thermal conduc-
tivity in this case is represented as A | and is given by the weighted harmonic mean
of the conductivities of the constituent phases:

T O 7

The above equations for the effective thermal conductivity are the limiting for-
mulas for all possible conductivities of phases for a given value of the porosity ¢.

Later, Woodside and Messmer [12] analyzed these relations more critically and
concluded that for both the distributions (parallel and perpendicular configura-
tions), one should have

[%j 10 (7.7)

Hence Eq. (7.7) should be satisfied by different relations for the effective thermal
conductivity applicable to different kinds of distributions.

In a dispersed system, the conductivity of the aggregate depends on the relative
magnitude of the conductivity of the continuous and dispersed phases. This
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information is important, particularly when there is a substantial difference be-
tween the conductivities of the two phases. Both the schemes [11] of phase distri-
bution assume either ideal contact (in the case of ) or no contact of phases at all
(as in the case of A | ) and as such these schemes do not reflect the true state of the
phase distribution in a natural system.

In this series, Bernshtein [13] gave the following relation assuming the material is
in the form of plates placed in a chessboard-like order:

A =As 4(1_j)f)+2(¢ | ¢>05
1+
L As
and
A =As 4(1_¢)+§(1—2¢) ®»<0.5 (7.8)
Af O Ag
1+

These schemes gave a considerable improvement over Wiener’s model, yet are quite
far from the realistic structure of granular materials.

Lichtenecker [14] has given an empirical relation to express the behavior of a two-
phase system that has been named the “logarithmic law of mixing”. The expression
for the effective thermal conductivity as per this law can be written as

log(e) = 0f log(r) + ¢ log(2s) (7.9)

where the respective conductivities and corresponding volume fractions are repre-
sented by subscripts s and f. The value of A, of a mixture should be found between
upper and lower limiting values for distinctly dispersion-type of systems. This
equation can also be written in a different form as

he = ()™ (o)™ (7.10)
Equation (7.10) is intended only for particles having two-directional randomization

and oriented in the third direction. For particles having three-directional randomi-
zation, Bruggeman [9] has extended Lichtenecker’s relation as

Ae = )L?f (1+k¢5))‘(sbs (1+kog) (7'11)

where

i)
T2\ (2hs + 2g) (As + Af)
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Expression (7.10) can be extended to number n of phases and is written as

loghe = zn:(])i log(2i) (7.12)
i=1

Russel [15] developed a model for predicting the effective thermal conductivity by
assuming that the cubes of one phase are arranged in a cubic array into other phase
(Figure 7.1). If the dispersed cubes are solid and the continuous phase is fluid, then

Afk¢0%+—(%)(l—¢§>}

"ot G o)

In the opposite case, when the dispersed phase is fluid and the solid phase is
continuous one, then Eq. (7.13) will be modified as

__ mfete () (-4 -
{é—cbf + (ﬁ—f) (1—¢f—¢§)}

For porous materials, Ribaud [16] later proposed an equation by assuming that the
pores are joined in a cubical manner resulting into an expression for A. as

1
3

M:M®ﬁ+hwa (7.15)

A natural system, however, is not as simple as predicted by these formulas, for there
are always contacts among the particles. Ignoring this important fact restricts the
applicability of these relations to natural systems.

Z A Cn
7 U U

a) b) W W

Figure 7.1 Russel's model for the effective thermal conductivity
of porous media: (a) cubes of air with solid substance in between;
(b) cubes of solid separated by air spaces.

Solid
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Powers [24] has made a survey of methods for calculating the thermal conductivity
of aggregates of almost any type. He has shown that when there is an increase in
porosity of the dispersed phase to nearly 50%, the dispersed phase can no longer be
regarded as discontinuous phase but it behaves as a continuous phase. In several
cases having concentrations between 25 and 75%, both phases can be a dispersed
phase. Such systems are termed as mixtures. Powers concluded (for mixtures) that
the particles are no longer distributed systematically, but may be elongated in one or
more directions and oriented randomly.

Bogomolov [25] developed a similar kind of expression by taking into account that
solid spheres are packed into a tetrahedral packing. The resultant expression so
obtained has been extensively used for determination of the effective thermal con-
ductivity:

(7.16)

0.43 +0.31
he = 3mhcIn {+7¢]

0—0.26

Assad [26] gave an expression for effective thermal conductivity of sandstone rocks.
His relation was an empirical one:

Bo
he = As {ﬂ (7.17)

where B is a constant and is related to the characteristics of sandstone.

More developments in the expressions of heat conduction took place with the new
models and formulations resulting in new kinds of applications.

Kunni and Smith [27] took a practical approach and proposed a relation for
effective thermal conductivity of loose granular materials as

_, [o+B(-9)
= G 7

where B is an adjustable parameter ranging between 0.9 and 1, and

e=¢e) + {%} (e1—¢€2) (7.19)

Here ¢, and e, are dependent on values of ¢ for loose and compact packing. When
0 < 0.259 then e=e¢, and when ¢ > 0.476 then e=e;.

Woodside and Messmer [12] proposed three modes of heat conduction using the
resistor approach. They assumed that there is solid to solid conduction, fluid to fluid
conduction and solid to fluid conduction and vice versa. Their expression for the
effective thermal conductivity is

AsAf :|
he = a|— M| L B+ B 7.20
* {Xs(l—v) + Ay B f (7.20)
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where o0+ B +vy=1and ay+ = (1 — ¢). Here o, B and y are parameters for cube
formation and § is the reciprocal of formation factor F. Thus

1
—=¢-0.03

6:F7

The estimation of the effective thermal conductivity using a curve-fitting tech-
nique has been presented by Sugawara and co-workers [28,29]. The expression given
by them for the measurement of A. of soil, rocks and other granular materials is

he = [(1—A)As + Akg] (7.21)

where

[1-(1+0)™"

and n represents an empirical number.

Maxwell's model has been extended by Brailsford and Major [30] for a wide range
of dispersions. In this model, the constituent phases are mixed in a definite pro-
portion for a two-phase system. This mixture is then embedded in a random mixture
of the same two phases having conductivity equal to the average value of the con-
ductivity of the two-phase system. Thus the thermal conductivity of such a three-
phase system can be determined as

3N 3\
|:)"Cq)c + Ad, By, (7” _;Ad ) + Aq, 04, <72 . +de )]
C 1 C 1

b 2 3hc
< T TA\ 20 + Aq, G\ 24 + 2q,

where subscripts ¢ and d represent continuous and dispersed phases, respectively.
Chaudhary and Bhandari [17] extended the Lichtnecker model by considering the
series and parallel resistors concept for a two-phase system. The random distribu-
tion of series and parallel resistors is represented by an empirical factor n, which
denotes the probability of orientation of parallel resistors in the direction of heat
flow. The resultant expression for the effective thermal conductivity is given by

Ae = (7.22)

he = (3" (A 0) " (7.23)

where

A =[0h + (1=0)As], Ay = {7+

where k is an empirical constant.
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In this vein Cheng and Vachon [31] proposed a model for randomly distributed
particles in a continuous phase. Their model is represented by the equation for the
effective thermal conductivity as

dx . 1-B
Ac + B(Adf)\c)foz()\df)\c) Ac

(7.24)

&=
Il
N
O ———

where

1 1
_[3e]2 o4 [2)? _
B*{z}’ C74[3] and ¢ = 04

Here x is the dimension of dispersed phase along the x-axis. This expression was
found to be suitable for values of ¢ <0.667.

Later on, a bound technique for determination of L. with lower and upper bounds
came into the picture due to the lack of a general expression. The technique esti-
mates the closest optimum value of A.. A general set of bounds has been presented
by Hashin and Strikman [32] incorporating a variational principle for physically
realizable particles or particles having cylindrical geometry as

o
1 ¢
|:()\s_)\f) * 3_)\f:|

Of

A+
1 b
|:()\f_}ts) +3_)J (7.25)

<he<Ag+

Prager [33] presented a solution for the bounds for particles having cylindrical
geometry using A. values of some other materials whose conductivity ratios are the
same but the constituent phases may be different. A set of bounds have been derived
by Schulgasser [34] for fibrous reinforced materials applying symmetry considera-
tions. His bounds are expressed as

4’{@(“—%)2} i ¢{@<xs—mz}

(174)) <Ae <AgAf )»H— 1=0)

(])T)»HJr()\s*)»f)Il ¢Tk\|+()~f*)»s)12

Ashf | Aj|—

(7.26)

where [, and I, are geometry-dependent factors. These can be evaluated considering
a statistically three-dimensional isotropic medium.

Using statistical properties of materials and generalized functions, Hori [35] devel-
oped a model for effective constants of a heterogeneous medium. Under specific
conditions his theory yields Weiner [11] and Hashin and Strikman [32] bounds.

Kumar and Chaudhary [18] developed a model by presenting an empirical
bound for effective thermal conductivity based on random distribution of series
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Figure 7.2 Model of dispersed resistors giving extreme conductivity values (4 and 4,).

and parallel resistors (Figure 7.2). Their expression for L. with lower and upper
bound is written as

1 1
o+ ¢f<1—¢f>{xfxsew@%*”}f} Shes [Wf<1f¢f>{xfxse‘°<2¢f*”}f
(7.27)
where
A= As(1=0p)e™ + hrope )

and

A A
o= —f—l foris<is; ©= 1-= for A > A
A Af

This model was further modified by Pande et al. [36]. Their proposed model is

written mathematically in terms of bounds as

1
[(Ag—hs)e® + Agel—2¢] > 1o > @D [(Af—2s)e™® + Age®—Ag]

(e"—1)
(7.28)

where

A=A A2—A2
a= fils/z and b:[zf 52]
(}‘s)\f) )”f +)‘s

Zimmerman [37] modified the Fricke relation for fluid-saturated rocks having
different types of pores. For very small porosity, Fricke [6] showed that the effective
thermal conductivity is given as

= (1-po) (729)

S
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where

1—r 4 1

P=75"17% —DOM 14 (—1)(1-M)

Here r=AgAs and M is a factor that depends on aspect ratio of the pore. Zimmer-
man [37] gave more interesting and useful analytical expressions for B for three
limiting cases:

For thin cracks B — w

3r
: 3(1-r)
For spherical pores B — ST
For needle-like pores B — w
3(1+7)

Recently, Torquato and Rintoul [38] developed rigorous bounds on the effective
thermal conductivity of dispersions that are given in terms of the phase contrast
between the inclusion and matrix, the interface strength, volume fraction and higher
order morphological information, including morphological information. His
bounds give very accurate predictions of A. for dispersions of metallic particles in
epoxy matrices. The upper and lower bounds are

E
Z€ < Dy(C) =14 (a+3C—1)p,— =2 (7.30)
At Fy

where

E(U) = ¢s{¢f [C(SfStfoC)f(ocfl)z] 73c}2

and
F(U) = 6C + (a—1+2C)* + [30¢ + (a—1) (28,0 + 07)]
+ Co,(a—1+2C)? g+ 30,(1+ ¢2)]
+ 3C[0¢ (a—1+2C) + 1)
i—; > Dy(C) = {1 4 <é—1>¢s—§—i}l (731)
where

EL = ¢,[2¢¢(a—1 + 2C)(a—1) 4+ 6C]*
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and

F = 6a2{3C +6C + 0, {(a—1)2—4c2]}+ ((x—az){4 [<|>f(<x—c-1)—3c(|>s}2

+2800(a—1+20)"}

The parameters C, o and & are defined in Torquato and Rintoul [38].
Pande et al. [20] also gave an expression for the prediction of A, of a granular
system by considering regular geometry of the dispersed phase:

_ )"S_)"f 2/3
Ae = A {1 +3.739 (7/\5 - 2Af)q> (7.32)

This represents the interaction between gas and solid particles up to sixth order
for two-phase systems. The higher orders are negligible due to their very small
contribution. According to the ratios of thermal conductivities of the constituents,
the above relation is represented as

2
Ae = Af |1+ 3.844((]))5} for Ag>Ar

[ 2
Ae = Af 1—1.154(¢)?] for As<< g

As—Af
As + 2A¢

>
o]
I
>
<

_1 + 2.307( )(q))%} for As=Ag

Pande et al. [21] further modified these equations for an effective continuous
medium as

1 2
he = 0.6132(Af,\s)5{171.154(%)5} for ;= |0;—0.5|

and
1 2
Ae = 0.6132(xfx5)2{1 + 3.844(ws)§} for w, = |0,—0.5] (7.33)

Here ¢s and ¢y are the volume fractions of solid and fluid phases.

Beniwal et al. (36) extended the work of Pande et al. for statistically homogeneous
and regular multiphase systems. The solution of Poisson’s equation was used for
effective neighboring interactions and modified field which thereafter yields the
effective thermal conductivity of multiphase systems as

-3 Ad, —Ac Ad, —Ac
he = Ac |1+ 38440 34 (Lh—le L e 34
orrossa{ G e (] 0o
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When there is a very dilute dispersion of both the phases, the interactions may not
spread over a large distance. Therefore, Eq. (7.34) has the form

-1 Ad, —Ac Ad, —Ac
Ae = A |14 34890 °¢ ( ——— —t .35
‘ { AR {<Adl + ZAc)d’dl ' <Adz + zxc) %H 73

Hadley [23] in his contribution for the determination of A. gave a model by taking
into account the average of temperature field over different phases. The expression
so obtained for A. is written as

| 1-0)F + 2 (1-(1-0)7)
he = £ (7.36)

[H(lfm(w)} +%<17¢><17F>}

The value of F lies between 0 and 1.

Equation (7.36) for ). is modified for packed metal powders as

he {(1—¢)Fo+;—:{1—(1—¢)F0}} {2 (i:)zqw (i—f) (32¢)}

1-{(1-0)(1-Fo)} + = (1-0)(1-Fo)| - (-0)(32) +9]
(7.37)

where F, is a parameter like F above and P represents degree of consolidation.

Verma et al. [39] concluded that the parameter F could be expressed as

v (%) 1/3} (7.38)

Here v is the sphericity of the particles. The value of F given by Verma et al. is 0.82
for granular systems and 0.75 for emulsion-like systems. They have also applied a
resistor model to obtain the expression for A. of a two-phase system with spherical
inclusions:

F =exp

o [6{2.5980"3 (As—Ag) + 3.224¢ 735} (7.39)
© [(1-1.2407913){2.59850'3 (A —ag) + 3.2240 2 ac} + Af] '

where ¢ is the volume fraction of the solid phase.
Misra et al. [40] improved this relation by replacing ¢ by porosity correction term
F,, and provided a relation for A, as

L [1e{2.598F3 (hs—hs) + 3.224F, " 2¢}] (7.40)
e .
[(1-1.2407F)*){2.5985F)/* (hs—h) + 3.224F, P ac} + ]
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where F, = exp[—Cy(1 —(]))2/ *. The value of constant C, can be further expressed as

C, = 2.736¢ 00040/20)

Singh et al. [41] presented a geometrical model for estimation of the effective
thermal conductivity by using the resistors approach of two-phase systems with
spherical inclusions. Their expressions for spherical and cubic particles are

o [Ae{is + 0.8060F%/3 (hs—2)}] (7.41)
© 7 [Ar + F2/3{0.8060(hs—A)(1—1.2407F'/3)}] :

b= [Ae{re + F3 (hs—Ag)}]
© P+ PB{(—Ap) (1-F'/)}]

(7.42)
where F, the porosity correction, is written as

F = [1—exp{—0.920 In(A¢/A¢)}]

Recently Moosavi and Sarkomaa [42] presented a theoretical expression for esti-
mating A, of three phase composite materials by incorporating circular cylindrical
geometry. Their expression is written as

—1_ 2fi B 25
he = (Mr—=E.8))/(M—=E))  (Mr—EE)) /(=€) (7.43)

where

1
Ap = v +a J[i_CzViﬁ4—53V2—Siz ﬁff—zsiZ
1

&=cfi—cs(vi fit + Y2-35, fifz{aiz)

where 2, is the thermal conductivity of the ith phase, f; is the volume fraction of the
ith phase and ¢y, ¢,, ¢3, ¢4 and ¢s are constants.

Boomsma and Poulikakos [43] have developed a model for the effective thermal
conductivity of saturated porous metal foams based on three-dimensional geometry
for a unit cell termed the tetrakaidecahedron (Figure 7.3). The foam structure was
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Figure 7.3 (a) The tetrakaidecahedron geometry with cylindrical
ligaments and cubic nodes. The unit cell is shown on the right
as a solid block located in a single tetrakaidecahedron cell.

(b) The geometrical breakdown of the unit cell of the tetra-
kaidecahedron.

L
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represented with cylindrical ligaments attached to cubical nodes at their centers. The
resultant expression for A. so obtained is

he = V2 (7.44)
2[Ra + Rp + Rc + Rp]

where
Ra — 4F
A7 {22 + wF(1—e)}y + {4—288—mF2(1—¢) 17y
R — (e—2F)?
B {(e=2F)e2A; + {2e—4F—(e—2F)e2}A,)
. (v2-2)
T [{2mP(1-2v2e)n } + 2{V2-2e—wF2(1-2/2¢) } 15
R 2e
D7 Te2n + (4—ed)ny)
V2{2—(5/8)e3v2-2(1-¢)}
3 4e\/2— )
and e=0.339.

Calmidi and Mahajan [44] developed a model for high-porosity fibrous metal
foams based on the structure of a metal foam matrix. They assumed that the
structure of a metal foam consisted of dodecahedron-like cells with 12-14 hexagonal
faces (Figure 7.4). The lumping of material at the point of intersection of the fibers
was taken into account as square. The expression for . is written as

) ()
g 5] Py e e

L 3 3\L
V3_b B
2 L
+X ye (b . (7.45)
f 3[ I f

where

Here r is defined as area ratio.
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Figure 7.4 (a) Hexagonal structure of metal foam matrix. (b) Unit
cell representation of hexagonal structure.

An analytical model was given by Bhattacharya et al. [45] for highly porous metal
foams (Figure 7.5). With the hexagonal geometry and two-dimensional array of
hexagonal cells, the expression for A, is

3 -1
‘ V3 y ()»1;)»2) A2 .

where

b33 (1200 (V3-5)

L 1 8
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Figure 7.5 (a) Analytical geometry for thermal conductivity.
(b) Unit cell representation for circular intersection.

and

_ B (1-F)
)‘e_F{¢1)‘1+(1 (1)1))‘2}+ {q)l (17¢1)}

M A2

where F=0.35.
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Figure 7.6 Unit cell of a hexagonal honeycomb (a) with uniform
thickness cell walls and (b) with nonuniform thickness cell walls.

Lu and Chen [46] presented a theoretical approach by considering a system made
of hexagonal honeycombs (Figure 7.6). The conductivities of a hexagonal honey-
comb are in general anisotropic and can be represented by a second-order tensor.
The resulting conductivities expressed in the (x, y, z) directions are

S —on cos? 0
T PSR
i 2 7.47
Ay = phs h/l+ sin6 (7.47)
1+h/l
)\z:p)‘-s

where

(kD)1
P=os 0(h/l+ sin0)

Recently Singh and Kasana [19] developed an empirical relation or quick estima-
tion of effective thermal conductivity of highly porous systems. In order to incorpo-
rate varying individual geometries and nonlinear flow of heat flux lines generated by
the difference in thermal conductivity of the constituent phases, a correlation term
has been introduced. The expression is

e =2 277 F>0, 0<F<1 (7.48)

where 4| = ¢0A¢ 4 (1—¢)As and

)Ls)“f
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are upper and lower bounds on the effective thermal conductivity respectively and F
is given by

As
F= C{0.3031 +0.0623 ln<¢)\—> }

f

where C is a numerical constant that depends on the nature of the material.
Jagjiwanram and Singh [47] generalized Singh’s model assuming inclined slabs
with the heat flux lines and derived a relation as

Ae = | (OAs + (1—0)Af)* cos?0 +

1/2
22 A% sin0
f—)z} (7.49)

(04 + (1=0)As

where sin’0 = C;0"/? In(As/A¢) + C, and constants C; and C, are different for each
type of material.

7.2.2
Discussion

We have briefly reviewed various existing models used for predicting A.. A number
of different geometries like plates, cubes, spheres, ellipsoids and hexagons arranged
in a particular order were considered. The real structures and geometries of materi-
als around us are so vast and varied, that one cannot use a single expression to
explain thermal conduction in various systems. In real systems, the kind of geome-
try we face does not match with the geometries discussed in the literature. Therefore
results of these models vary with the experimental results. Particularly in two-phase
systems the deviation of results depends on the ratio of thermal conductivities of
solid and fluid phase. Another parameter affecting the result is the density of the
dispersed phase.

Most of the models discussed in this section are developed either using the
concept of modified flux or considering the phases made of different resistors.
The resistor concept embodies linear flow of heat where Ohm's law is followed,
while the flux concept is based on material field from external or internal sources
and thus the flux density and its path depends upon the conductivity of the material
through which the heat flow is maintained. These models do not describe the
behavior of an actual system. The resistor model is an exact solution for a two-phase
system arranged in the form of slabs while the flux model is an exact solution whose
micro-geometry and phase distribution is completely prescribed like spheres in a
cubic array with lattice-type structures. In general, the materials around us do not
belong to either category as their phase distribution and grain arrangement is
completely undefined. Therefore, the models developed using these concepts can-
not be directly applied to natural two-phase materials. However, at the same time,
the resistor model yields the maximum and minimum limits on A.. Similarly, the
flux model gives an insight as to how the flux modification takes place in a periodic
structure like beads which are statistically homogeneous but locally heterogeneous.
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The difference between real and assumed situations increases rapidly as the ratio of
component conductivity increases or decreases from a moderate value. This led to a
new idea, i.e. randomization of phase distribution. The resulting expression for 2.
depends upon the method of randomization applied.

The idea of random phase distribution using the flux concept resulted in Max-
well's relation, Fricke’s relation, the Bruggeman theory of variable dispersion and the
relation of Brailsford and Major. The relation established by Maxwell is suitable for
dilute dispersion and moderate conductivity ratios. The results of Maxwell’s formula
are satisfactory for ¢ =0.5. The concept of randomization used in resistor models
with averaging techniques is better reflected in models of Woodside and Messmer,
Chaudhary and Bhandari, Kumar and Chaudhary and Cheng and Vachon.

The model developed by Lichtnecker does not incorporate structure and mode of
packing of a system. It is suitable at very low and very high dispersions. When the
ratio of thermal conductivities of solid and fluid phase is more than 20, the value
predicted for X, is overestimated. The expression of Rayleigh is restricted to cellular
materials and emulsions. The relation of Fricke and Burgers gives a good result for
packed systems of quartz sand and glass beads in different fluids only. The expres-
sion of Kunni and Smith provides a lower value of A, for lower ratio of thermal
conductivities of solid and fluid phase. Sugawara and Yoshizawa provided an em-
pirical relation for A, which yields correct values of ., for soils. They used n=6.5 in
their equation (Eq. 7.21).

The bound technique is really useful in estimating the closest optimum value of A,
of two-phase systems. The Hashin-Strikman bound is a most general bound which
predicts A, with the least possible knowledge about the two-phase system. The
Hashin—Strikman bound is of wider use in the range 0.1 < Xq/A. < 10. Moreover,
when the ratio (Agq/A.) becomes too large or too small, the Hashin—Strikman bound
becomes broader and turns out to be unrealistic. The Kumar and Chaudhary bound
is equally well in the region 0.1 < A4/A. < 10 but at the same time it is narrower than
the Hashin—Strikman bound when A4/A. < 1072 in the case of sands and soils.

The expressions developed on the basis of an averaging technique seem to be
more relevant than the models, which are the outcome of rigorous mathematics. As
an example, the results of Hadley's model are better than those of Lichtnecker,
Brailsford and Pande. Pande’s model is better when the fluid phase is air in a
two-phase system. The model developed by Boomsma and Poulikakos is based on
the idealized three-dimensional basic cell geometry of foam, the tetrakaidecahedron.
This geometric shape results from filling a given space with cells of equal size
yielding minimal surface energy. The foam structure was represented with cylin-
drical ligaments, which attach to cubic nodes at their centers. It was found that the
model estimated the effective thermal conductivity very well for these experimental
configurations. This three-dimensional model fits the experimental data very well
for the parameter range experienced in metal foams. Bhattacharya et al. in their
model considered that the structure consists of a two-dimensional array of hexagonal
cells where the fibers form the sides of the hexagons and a circular blob of the metal
at the intersection of the fibers. Their analysis reflected that .. depends strongly on
the porosity and the ratio of the cross-sections of the fiber and intersection.
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Now, there is a trend to develop models using numerical simulations including
some unknown parameters. The value of these parameters is found to vary accord-
ing to situations arising due to the applicability of the material. Models developed
using these techniques are not discussed here because of the limitations of space.

73
Experimental Techniques

The techniques of measuring thermal conductivity can be divided into two catego-
ries, steady state and dynamical, depending on the temperature distribution with
time. Steady-state techniques used to measure the effective thermal conductivity
demand careful experimentation to minimize heat losses. An establishment of
steady state in large mass is a slow and time-consuming process. It is this reason
which prompted many researchers to explore the possibility of employing dynamic
techniques. Dynamical methods can also be divided into two categories, periodic or
transitory, depending on whether the thermal energy is supplied to the sample is in
the form of a pulse for a fixed period or as a constant power. As a consequence, the
change in temperature in the sample is periodic or transient.

The main differences among these techniques are the shape of the heating
elements and their ability to cover as large as possible a range of transport properties
with satisfactory accuracy. In these techniques, a resistive element is used as the heat
source and often also as a temperature sensor. In order to provide applicability for
small samples and high-sensitivity temperature measurements the element should
be thin and the resistance as large as possible. However, it may be noted that while
using these devices the geometrical configuration of the heating element and contact
resistance are very important parameters. One of the important aspects of these
methods is that by using a very short time scale in the measurements, it becomes
possible to approximate closely the mathematical description of the temperature
distribution around the heating element. Because of the short heating time there is
an appreciably increase in temperature in the immediate neighborhood of the
heating element only. There is a growing need across for rapid, compact and pref-
erably in situ devices for measurement of thermophysical properties. In view of
these, it is more convenient to use nonsteady-state techniques for the measurement
of thermal conductivity. However, the choice of a particular technique depends upon
the type of material under investigation. In the following sections (Sections 7.3.1-
7.3.5) we discuss some of the important experimental techniques commonly used
for measurement of the thermal conductivity of porous materials.

7.3.1
Thermal Conductivity Probe

Thermal conductivity probes have been widely used for determination of thermal
conductivity of liquids and porous and granular materials. Many researchers have
used the line heat source technique for several years for measuring the effective
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thermal conductivity of liquids, solids, loose granular materials, metallic powders
and dispersed systems. Several authors [48-50] used this technique for the deter-
mination of thermal conductivity of soils. Due to the simplicity of this technique and
the low cost of instrumentation, the probe method has been frequently used for the
determination of the effective thermal conductivity. Vander Held and Van Drunen
[51] have used the probe method for determination of the effective thermal
conductivity of liquids.

The thermal probe is essentially a metallic needle consisting of constant
power heater and thermocouple as temperature sensor (Figure 7.7). This method
is obtained from the theory of heat conduction from a buried heat source
in an infinite homogeneous medium. The rate of heat dissipation in the material
is a function of thermal conductivity apart from other parameters. An important
feature of the thermal probe is that one can estimate temperature distribution
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Figure 7.7 (a) Experimental setup for determination of thermal conductivity.
(b) Thermal conductivity probe.
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around the heating element in a short duration of time. In the following a brief
discussion of the theory of the thermal conductivity probe is given.

7.3.1.1  Theory
When a line source of heat is buried in an infinite homogeneous medium,
the temperature rise with respect to time at a point near to the line source
depends on the rate of heat transfer and various thermophysical properties of
the surroundings. The temperature rise T can be expressed by the following
expression [52]:

o0 732
_ 1 | 45 1
T_zmj R (7.50)
&
where
1 t
g_\/tht’ P=3 K(—t)
and

168) = y-In(r8) + 3 (18— £ (9)" + 5 ()"

A =thermal conductivity of the sample, k =thermal diffusivity of the sample,
vy = Euler’s constant having value 0.5772, g =rate of heat generation in the line
source per unit length and per unit time, r=distance of any point inside the
sample from the line source and t=time from start of the heating. Therefore,
Eq. (7.50) can be written as

4xct o1 ot 1 7°
()2 - . 51
[Hn(ﬂ)“xt 4 (o) 18 (4t 731

_ 4

41rA

When r* < 4xt, then the above equation reduces to

T = % {y—ln ( \/%)} (7.52)

If the temperature at a certain point can be measured at two different times ¢; and
t), then the effective thermal conductivity measured by probe method can be ex-
pressed as

. q ln(tz/tl)
- L (7.53)
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Figure 7.8 Probe temperature time profiles: (a) temperature versus time;
(b) temperature versus logarithm of time.

If the length of the probe is L, the resistance of the heater wire of the probe is R
and current passing through the heater wire is I, then power per unit length will be
q=TIR/L.

Therefore, the expression for effective thermal conductivity can be written as

2
_ I'RIn(t/t) (7.54)
4mL (Tz - Tl)

By using Eq. (7.54), the effective thermal conductivity can be determined
experimentally.

The theory of the transient method for thermal conductivity has been given by
Hsu [53]. A line heat source should not occupy any space and should be massless
theoretically. Practically the line heat source consists of a fine heater wire housed in a
hollow cylindrical needle, which has a finite radius. The thermal characteristics of
this line source also differ from the material in consideration. Vander Held and
Drunen [51] and De Vries and Peck [54] have analyzed these practical discrepancies
in detail (Figure 7.8).

73.2
Differential Temperature Sensor Technique

In this technique, the parallel wire method has been modified [55]. Two thermo-
couples at different distances are mounted parallel to the needle (Figure 7.9). This
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Figure 7.9 Differential temperature sensor probe.

modification not only improves the performance of the transient probe, but also
makes it a device for simultaneous determination of all the thermophysical
parameters.

7.3.2.1 Mathematical Analysis
If the rise in temperature at two near points, distant r; and r,, be T; and T,
respectively, then from the theory of line heat source (Eq. 7.51) we have

_ 4 4wy, i 1A 2
Ti=g |V +ln( 2 ) * D ryywe +o (7.55)
and
q 4t 71 21
=3 |yt In(— _z L .
2= qm |V n( 2 > * ) 4 (4xt)’ T bH (7.56)

where 2)./bH is called the initial lag error and arises due to the thermal mass of the
probe and contact resistance between the probe and the sample. Here b and H
are the probe radius and the contact conductance at the probe medium interface.
Subtracting these two, we get

q Axct 4xt\ 212 1r-rf
T—T, = 4 I 28) _in (29 - - .
YR g {n( r? > n< 2 ) (4xt) + 4 (4Kt)2 (7.57)
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To account for time lag, the correction term t_ has to be subtracted from the observed
time. As t> 1, the above equation may be written as

2 2_ .2 2.2 /7,2 2
9 n _”2_"11 Rt l
hT=m [m(rl) (@) t (@0 <(161<) t“) 2 (7.58)

Here we have retained terms up to second power in (1/t). The equation between
(T1 — T5) and (1/t) represents a parabola of the form

y = Bo + Bix + Byx? (7.59)

Knowing the values of these constants (B,, B;, B,) the thermal conductivity and
thermal diffusivity can be determined by the following relations:

q n
= In{ = .
A mBg n(rl) (7.60)

1B ()
B 8Bl (Tj)
In{ =
n

While evaluating Egs. (7.60) and (7.61), one has to depend on calculations for A and k
by plotting a graph

(7.61)
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Figure 7.10 Temperature-time profiles for a differential temperature sensor probe.
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Figure 7.11 Probe-controlled transient device.

7.33
Probe-Controlled Transient Technique

Higher order terms in Eq. (7.51) can also be made insignificant in an ingenious way
by mounting a low-power auxiliary probe on the parallel wire assembly as shown in
Figure 7.11. This probe may be mounted on a light carriage which can slide on the
assembly itself [56]. It has its own temperature sensor in the form of a thermocouple
which is connected to the thermocouple of the main probe. Thus the thermo e.m.f.
generated Dby it will be in the opposite direction to the one produced by the main
probe. By doing this, the thermo e.m.f. generated by the main probe can be modi-
fied. Therefore, the thermo e.m.f. produced by the assembly can be controlled in a
desired manner by varying the position of the auxiliary probe with respect to its
sensor. This device can be used with constant power method and with pulse method.
When used with the pulse technique it accurately determines both the thermal
conductivity and thermal diffusivity.

7.3.3.1 Mathematical Analysis
Constant Power Method Neglecting the third and higher powers of (1/t) in

Eq. (7.51) and taking the lag correction term into account the difference in
temperature will be

I ke
T—T, = il —’Y(Rl—Rz) + (Rl—Rz)ln(4Kt) +1n rf_Rl
Ri2—Ryr2  Ryri—Ryrs 21
— o 22 (Ri—R 62
4t 4(4Kt)2 bH( 1=Ra) (7.62)
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where R; and R, are the resistances of first and second probes respectively and L is
the length of both the probes. As the heaters of the two probes are connected in
series, so the same current I will flow through both the probes. Here in Figure 7.11,
the two thermocouples are connected in subtractive mode.

If Ryr? — Ryr2 = 0, then

? rike 22
Ih—-T),=——|—v(Ri—R Ri—Ry)In(4xt)+1In| 4+ o —(R1—R

1— 12 2l 'Y( 1 2)""( 1 Z)H( )+n T‘le + bH( 1 2)
The term containing (1/t) disappears as the numerator is zero, whereas the term
containing (1/#*) can be neglected because the denominator increases rapidly. Hence
the above expression can also be written as

PC  I*(Ri—Ry)

T =T, =
T T 4L 4mAL

In(t) (7.63)

where

ke 2)
C= _'Y(RI_RZ) + (Rl—Rz)ln(4K) + 11’1 (%—R]> + .- b—H(Rl—Rz):|
1
Equation (7.63) shows that the plot (T; — T,) versus In(#) will be a straight line
having a slope C'. Therefore, the thermal conductivity of the medium can be
determined by the relation

*(Ri—Ry)
A=— 2 .64
47 C'L (7.64)

Pulse Method If a pulse of power q = I*Rt/L is passed through the probe, then the
rise in temperature at a near point is given by the expression [58]

PRt 1 2
T= 4MTL [; e m] (7.65)

where 1 is the duration of the pulse. If the lag correction is taken into account the rise
in temperature due to the first probe will be

PRit[1 1 2
T, = ZeT w4 .66
VT dml Le ”“LbH] (7.66)

And the rise in temperature due to the second probe will be

PRyt[1 % 2a
= 4Kt [—
4L
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As the thermocouples are in subtractive mode, net rise in temperature will be

Pt [Ry .1 R _1% 2)M(Ri—R
T17T2: |:171 2 2 (1 2)

e Sl Sy b S I S L .68
e A I A 3T (7.68)

Expanding it into powers of (1/t) and if(r{Ri—r;R;) = 0, then we have

I’t 1 r*Ri—r?Ry1 r°Ri—1SR, 1 2A(Ri—Ry)
Ti—Ty =——— | (Ri—Ry)——-L 2 21 2o
e 417AL[(1 2)5 a2 o(ax) T
(7.69)

The term containing (1/t*) becomes zero and that containing (1/t*) becomes negli-
gible by virtue of the time being large and numerator being small. Hence the net rise
in temperature can be written as

11
Ti-T, =B+ B ~Bry; (7.70)

where

_ P(R-R)t
°~ T)mbHL

P(Ri—Ry) T

B =
4mAL

_ IZT(F%RI—FZZRz)

: 4 L(4x)

Therefore,

P(Ri—Ry)t
4mLB,

A= (7.71)

and

o 1 Bl (Y%Rl—l'%Rz)

N e (7.72)

The behavior of the device can be controlled by varying r,, the distance of the
auxiliary probe with respect to its sensor. By selecting a proper value of r,,
the undesired term of the series can be eliminated. Therefore, the sensitivity of
the instrument can be controlled in a desired manner.
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Figure 7.12 Temperature-time profiles for a probe-controlled
transient device with pulse technique.

7.3.4
Plane Heat Source

The heat storage coefficient is an important thermophysical parameter, which can
very well explain the thermal behavior of a system and its applications. This param-
eter characterizes a medium on the basis of its heat storage ability. When heat is
provided to a medium, then some of it is retained by the first section of the medium
and the rest is transferred to the subsequent layers of the medium. While at steady
state all the heat is transferred to subsequent layers. At nonsteady state, heat retained
by a particular layer is a function of its heat storage coefficient. In this section, we
describe the measurement technique of the heat storage coefficient for different
kinds of materials (Figures 7.13 and 7.14). This method of measurement is named
the “plane heat source” technique [57].

7.3.41 Theory

Consider a plane heat source located at a distance x = u in an infinite medium. This
source generates q units of heat per unit area flowing along the x direction. Heat
conduction in such a medium is represented as [58]

T 10T

where « is the thermal diffusivity of the system. At t=0, T=f{x).
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Figure 7.13 Design of plane heat source.

When the heat generated penetrates into the medium, the temperature of unit
area of medium between planes u and u + du increases as
g9 _S
pcAu  Au

where p and c are the density and specific heat of the medium, respectively, and S is
termed the strength of the source. The rise in temperature T at any point x in the

Heater wire e P! Thermocouple

QOutlet

Copper
container

Plane heat
source

Figure 7.14 Experimental setup for the measurement of f.
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medium is represented as [59]

u-+du

[ exp[—(u—x)n? du (7.74)

u

Sn
Auy/7w

Here n = 1/v/4xt and flu) = 0 outside the limit of integration. Let us consider that
the mean value of exp[—(u—x)n’] between the above limits of integration is
exp[— (v — x)n?] under the condition that u < v’ < (u + du). Thus

T= S—\/;exp[—(u/—x)nz] (7.75)
When Au— 0,
T = %exp[—(u—x)nz} (7.76)

Let us take a fixed source S’ at x = u providing a constant output heat at time ¢t = 0.
We can obtain the temperature distribution due to this source at any time ¢ by taking
the summation of each effect of S that has occurred at a time (t — 1) earlier. Here 1
represents time variable in the limits from 0 to t. The increment in time can be
calculated by replacing S by §'-dt and t by (t — t) in Eq. (7.76) and finally integrating it
in the limits provided. If we include the position of the source at the origin, then
Eq. (7.76) will result in

-3 j [ (t—1) 2 dr (7.77)
v )9 T k(- '
0
Substituting
b x
2 K(t—1)
and
N 1 — x
pc A

Eq. (7.77) reduces to

s ] exp(—b?)
T e J b db

x?/2v/xt
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or

gx T exp(—h?)
T:nﬁJTdb (7.78)

xn

This equation can be further simplified as

_gx |exp(=¥"n?) LT )
T_ZA ovE m exp(—b*)db (7.79)

xm

where q denotes the power generated per unit area by the source. For x=0,

exp(—%'n?) = 1 (7.80)
and

Jexp(—bz)db —1 (7.81)

n

Therefore for x=0, Eq. (7.79) yields

q

T = mve (7.82)
By substituting the value of 1 = 1/v/4«xt, we find
_avk b
r-1 \/; (7.83)

Further

_ Bi \/% (7.84)

where [, defines the effective heat storage coefficient.

The above equation indicates that the rise in temperature at the center of the
source will be proportional to the square root of time. The curve between Tand v/t
will be a straight line. Thus by knowing the required parameters in the above
equation, the heat storage coefficient can be determined.
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The following points must be taken care of during the fabrication of a plane heat

source:

The requirement of power for the source has been taken to be very low. The
mathematical expression for power P is given by

Py = Vpc <E) (7.85)

At

where V=volume of the source, ps=mean density, ¢, =mean specific heat,
AT =rise in temperature and At = time of measurements.

To minimize the lateral heat loss, the thickness of the source is kept as small as
possible.

The property of insulating materials used for the fabrication of plane heat source
has to be of top priority. The total observation time is taken least possible to avoid
the deviations from the axial heat flow. Initially the self-heating of the source may
cause variations in the results.

735
Transient Plane Source (TPS)

Gustaffsson [60] developed the transient plane source (TPS) technique in which the

conducting pattern has a total electrical resistance that is higher and more sensitive
then the hot strip or thermal conductivity probe (Figure 7.15). The TPS is a com-
mercial compact instrument commonly using a 10 pm thick nickel double spiral
sensor. The sensor has a 25 pm thick layer of Kapton insulation to keep it electrically

isolated from the material. The sensor can be used over a temperature range

10-500 K with Kapton insulation, while for temperatures up to 1000K, a layer

(0.01 mm) of mica insulation is recommended [60].

Figure 7.15 Transient plane source sensor.

7.3.5.1 Theory
Two specimens of the same material are brought into contact with the flat sides of a
TPS sensor. A constant current is supplied to the sensor. As the sensor temperature
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changes, the resistance of the sensor will also change and by recording the resistance
of the sensor AT(t) can be calculated using the relation

AT(1) = é <%71> (7.86)

where R, is the initial resistance of the sensor and
1= (/0" 0=a’/x (7.87)

Here tis the measurement time and 0 is the characteristic time. The constants a and k
are the radius of the sensor and thermal diffusivity of the sample, respectively, and o is
the temperature coefficient of the resistance. Since this model assumes the sample to
be infinitelylarge, itis important to be aware of the influence of the specimen boundary
using the TPS technique. The probing depth, AP, is the thickness of the specimen and
helps to determine the minimum size and the transient recording time required to
approximate the infinite specimen required by the theory. This is defined as

AP = B(K X tra) 2 (7.88)

where B is a constant of the order of unity and t,,,x is the total time of the transient
recording.

Assuming the conductive pattern in the Y-Z plane of a coordinate system, the rise
in temperature at a point (y, z) at time ¢ due to an output power per unit area Q is
given as [60]

) t
- _3
AT(y,z,t) = (sw% pc) Jdt’ [(t—t)] 2 de'dz 0. Z.1) (7,89
0 A
exp{~[(y=Y)* + (z—2)’][4x(:—1)] "}

where p, ¢, and « are the density, the specific heat and the thermal diffusivity of the
material, respectively.

Expression (7.89) is simplified by taking k(t — ) = c”a” as
T
) [99 [y=Y) + (z=2)]
AT(y,z,t) = (4’“'2(1)») Jgjdy'dz/ x Q(y, z’,t’)exp{—T
0 A
(7.90)

The exact solution of Eq. (7.90) is possible in the case of disk geometry [60]. The
average increase in temperature of the disk is

T mw3/2a

AT(t) D(t) (7.91)
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where Py is the total output power, A is the thermal conductivity of the material and
D(1) is a dimensionless function defined as

SN TS

0 I=1

(7.92)

Here m and L, are the number of concentric ring sources and the modified Bessel
function respectively.

By fitting the experimental data to the straight line given by Eq. (7.91), the
thermal conductivity is calculated and the thermal diffusivity is obtained from
Eq. (7.87).

7.3.6
Discussion

These methods usually involve the heat source and the temperature sensor,
embedded into materials. Depending on the size of the probe and of the specimen,
materials with considerable inhomogeneities can be measured. The measurement
process is characterized by the application of a small disturbance to a specimen held
at a stable and uniform temperature. The disturbance is applied in the form of a heat
pulse or a heat flux. The temperature-time response is recorded.

The thermal probe is particularly suitable for liquids, powders and moist
materials. Although limitations are present, as far as in situ and field measure-
ments are concerned the thermal probe is still a useful device. Experimental
configurations can be designed such that the fulfillment of the requirements
for applicability is attained by choice of appropriate specimen and probe sizes.
Theoretically, an infinite line source and an infinite medium are necessary,
therefore, the probe designed must have a reasonable length to diameter ratio.
The thermal probe covers an approximate range of thermal conductivity of
materials from 0.05 to 20Wm 'K !, whereas TPS covers a very broad range
and is also useful for measurement on specimens available in various forms and
sizes. The TPS method is capable of measuring thermal conductivity, thermal
diffusivity and specific heat of materials simultaneously from cryogenic to high
temperatures.
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Thermal Property of Lotus-Type Porous Copper and
Application to Heat Sinks

Tetsuro Ogushi, Hiroshi Chiba, Masakazu Tane, and Hideo Nakajima

8.1
Introduction

As semiconductor chips generate heat due to Joule loss, heat sinks are usually used
in semiconductor devices to reduce the temperature of the chips and obtain normal
operation of the devices. Since the heat dissipation rates in powered devices and
high-frequency electronic devices have been increasing in recent years, heat sinks
with larger heat transfer performance have been required to cool these devices. Heat
sinks utilizing microchannels with channel diameters of several tens of micro-
meters are expected to have a high cooling performance because a larger heat
transfer capacity is obtained as the channel diameter becomes smaller.

The heat transfer performance of microchannels constructed in silicon wafers has
been studied [1,2], and heat sinks utilizing microchannels with channel diameters
of several tens of micrometers are expected to have a good cooling performance.
To enhance the cooling performance of heat sinks with microchannels, three-
dimensional stacked microchannel heat sinks have been investigated by Wei and
Joshi [3]. Porous materials are considered to be preferable as three-dimensional
microchannels. Bastawros and Evans [4] have investigated cellular metal as a heat
transfer medium. Among various types of porous materials such as sintered porous
metals, cellular metals and fibrous composites, lotus-type porous metals with
straight pores are preferable for heat sinks due to a smaller pressure drop in cooling
water flowing through straight pores.

Lotus-type porous copper has been investigated in microchannel heat sinks by
Ogushi and co-workers [5,6]. An outer view of the lotus-type porous copper is shown
in Figure 8.1a. It is made of copper with many straight pores that are formed by
precipitation of supersaturated gas dissolved in the melted copper during solidifi-
cation. Such lotus-type porous metals have been fabricated by Czochralski, casting
and zone melting methods [7]. The primary features of lotus metals are: (a) straight
pores, (b) pore size and porosity are controllable, and (c) possibility of producing
porous metals with pores down to tens of micrometers in diameter.

Cellular and Porous Materials: Thermal Properties Simulation and Prediction
Edited by Andreas Ochsner, Graeme E. Murch, and Marcelo J.S. de Lemos
Copyright © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-31938-1
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Lotus copper

Container

Coocling water

Figure 8.1 (a) Lotus-type porous copper and (b) lotus copper
heat sink utilizing lotus-type porous copper.

To use lotus copper effectively in heat sinks, it is very important to know its
effective thermal conductivity, considering the pore effect on the heat flow. There
is a large literature devoted to the effective thermal conductivity of composite ma-
terials with cylindrical inclusions. Behrens [8] analytically investigated the effective
thermal conductivities of composite materials under the assumption of orthorhom-
bic symmetry and proposed a simple equation for predicting the effective thermal
conductivity. Perrins et al. [9] proposed a method for predicting transport properties
including the thermal conductivity of circular cylinders in square and hexagonal
arrays. Han and Cosner [10] conducted a numerical investigation into the effective
thermal conductivities of composites with uniform fibers in a unidirectional orien-
tation and layered composites with fibers laid alternately along two mutually
perpendicular directions. A numerical method has been developed by Sangani and
Yao [11] to determine the effective thermal conductivity of a composite medium
consisting of parallel circular cylinders in random arrays. They noted that the
conductivity appeared to be a relatively weak function of the detailed arrangement
of the cylinders. Mityushev [12] renewed the analysis of the resolution of the Laplace
equation in composite materials with a collection of non-overlapping, identical,
circular disks. Moctezuma-Berthier et al. [13] showed the predominant influence
of the total porosity on the thermal properties of coarse porous media.

In the work reported in this chapter, we firstly investigated the effective thermal
conductivities parallel and perpendicular to the pore axis of lotus copper both
experimentally and analytically. As the thermal conductivity of the fluid in the pores
is negligible in comparison with that of the lotus copper material in the application
of the lotus copper to heat sinks, a very simple equation can be derived for the
thermal conductivities of lotus copper.

Secondly, a straight fin model for predicting the heat transfer capacity of the lotus
copper heat sink shown in Figure 8.1b was investigated. The heat conduction in the
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porous metal and the heat transfer to the fluid in the pores are taken into consider-
ation in the fin model. The model is compared with the numerical analysis in which
the spacing between pores and the heat transfer coefficient in the pores are changed.

Finally, we examined experimentally and analytically the heat transfer capacities of
three types of heat sink with conventional groove fins, with groove fins having a
smaller fin gap (microchannels) and with lotus-type porous copper fins. Correlations
for predicting the heat transfer capacity of these heat sinks are presented.

8.2
Effective Thermal Conductivity of Lotus-Type Porous Copper

8.2.1
Measurement

8.2.1.1 Definition of Effective Thermal Conductivity
The effective thermal conductivity of lotus copper ks is defined by

q= % = —keg-VT (8.1)
where g is a heat flux that is given from the heat flow Q divided by heat flowing
through the cross-sectional area A in the lotus copper including pores, and T'is the
temperature in the lotus copper. The tensor kg is orthorhombic and is expressed as

kett//
ke = kefr 1 (8.2)
kefr 1

The effective thermal conductivity of the lotus copper is anisotropic. The parallel and
perpendicular effective thermal conductivities kg, ke of the lotus copper are
defined as the thermal conductivities for heat flow parallel and perpendicular to the
pore axis, respectively, as shown in Figure 8.2.

Lotus copper

Figure 8.2 Definition of the effective thermal conductivity.
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Screw for pressure regulation

Figure 8.3 Experimental apparatus for measuring the effective thermal conductivity.

8.2.1.2 Experimental Method
Figure 8.3 presents the experimental apparatus for measuring the effective thermal
conductivity. A cylindrical specimen with a diameter of 30mm and a length of
30 mm was located between upper and lower copper rods of known thermal con-
ductivity. The upper rod was heated by electrical heaters from the top surface, while
the bottom surface of the lower rod was cooled by cooling water in order to transmita
certain amount of heat through the specimen. K-type thermocouples were located
each at 5 mm spacing in the specimen and the upper and the lower rods to measure
the temperature.

An example of the temperature distribution of the experimental set up is shown in
Figure 8.4. As the heat flowed to one direction through the rods and specimen from

90 N L , N |
| —, [ |
80 g
70 —
60 T .
40 |

30 P
NIEEEERENEE L I O |i|ll

Upper rod Test plece Lower rod
BT 1 |

0

Temperature ("C)

0 10 20 30 40 50 60 70 B0 90
x (mm)

Figure 8.4 Temperature distribution in specimen and rods of experimental setup.
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top to bottom, the heat flux g through the specimen was obtained by the following
one dimensional equations:

=12 (8.3)
oT

¢ = —kcu (a>l (8.4)
oT

42 = —kcu (5% (8.5)

where g, is a heat flux from the upper rod to the specimen, g, is the heat flux from the
specimen to the lower rod, T is the temperature, k¢, is the thermal conductivity of
the rods and x is the heat flow direction from upper to lower rod.

From Egs. (8.1) to (8.5), the effective thermal conductivities ke, kegr, are ob-
tained by the following equation:

+
kete/, kefr L = Zq(laTiqz

E) lotus

(8.6)

where (0T/0x)0ws 1S the temperature gradient in the specimen with pores parallel
or perpendicular to heat flow direction x. The experimental accuracy was evaluated
as +£10%.

8.2.1.3 Specimen Preparation
Lotus-type porous copper rods with long pores and various porosities were prepared
by unidirectional solidification in a hydrogen and argon atmosphere; the detailed
fabrication technique has been given by Hyun et al. [14]. The specimens were cut by
spark erosion and machined into cylindrical shapes with the surface parallel or
perpendicular to the pore axis.

The specifications of the lotus copper specimens are compiled in Table 8.1. Two
types of lotus copper with pores parallel and perpendicular to the heat flow direction

Table 8.1 Specification of test pieces for measuring the effective thermal conductivity.

Heat flow No. Porosity dpmax Apmin dpmean Mean distance between
direction (mm) (mm) (mm) pore centers (mm)
Parallel 1 0.24 0.31 0.02 0.10 0.18

2 0.28 0.36 0.04 0.13 0.21

3 0.36 0.31 0.06 0.12 0.17

4 0.43 0.17 0.02 0.08 0.11
Perpendicular 5 0.28 0.36 0.04 0.13 0.21

6 0.31 0.29 0.05 0.13 0.20

7 0.36 0.31 0.06 0.12 0.17
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Figure 8.5 Microscopic view of specimens and distributions of
pore diameters: (a) specimen no. 2, (b) specimen no. 4.

were measured, and the porosity of the specimens varied between 0.24 and 0.43.
Figures 8.5a and b show the distribution of the pores and microscopic views of
specimens 2 and 4. Specimen 2 has a bimodal distribution of the pore size. Since the
diameters of the specimens were distributed around a certain range, the maximum
diameter dpmax, minimum diameter dpni,, mean diameter dymean and distance
between pore centers calculated from the assumption of the square array of pores
are also noted in Table 8.1.

8.2.2
Thermal Conductivity Parallel to Pores

Since the heat flow cross-sectional area parallel to the pore axis in the lotus copper is
proportional to (1 —¢), the effective thermal conductivity kg, is expressed as the
following equation:
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keft/)

A 1—¢ (8.7)

where kg is the thermal conductivity of the nonporous copper and ¢ is the porosity
expressed by the volume ratio of pores against the total volume of the lotus copper.
Figure 8.6 shows a comparison between the experimental data and the results
evaluated by the analytical Eq. (8.7) for the thermal conductivity parallel to the pores.
Experimental data for keg;,showed good agreement with the analytical results de-
rived from the assumption that heat flow through the cross-sectional area parallel to
the pore axis is proportional to (1 — €). The value of 335 Wm ™' K™ ' as the thermal
conductivity ks of the lotus copper material was used for comparison.

1.2 T T
+ Experimental data
1 1= == == Analytical prediction
0.8 Ik gh I
3 b k)
T 046 : * L NP
-E i el k.
o x
0.4 T
k,= 335 W/{m'K) L
0.2 5
0
0 0.2 0.4 0.6 0.8 1
Porosity &

Figure 8.6 Comparison of experimental data of the effective thermal
conductivity of lotus copper parallel to pores with analysis data of Eq. (8.7).

8.23
Thermal Conductivity Perpendicular to Pores

Behrens [8] derived the effective thermal conductivity of composite materials with
orthorhombic symmetry. By applying his equation to the thermal conductivity of the
lotus copper, the effective thermal conductivity perpendicular to the pores can be
expressed by the following equation:

ket (B+1) +e(B-1)

b (BT 1) e(-1) ®8)

where B (= kp/ks) is the conductivity ratio, that is, the pore conductivity k, divided by
the material conductivity ks of the lotus copper.

Because the thermal conductivity of the hydrogen gas or air in the pores of the
lotus copper is negligible compared with that of the lotus material, the effective
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Figure 8.7 Numerical simulation model of lotus copper.

thermal conductivity of the lotus copper can be expressed as the following equation
by setting p =0 in Eq. (8.8):

ket  1—€
ke  14¢

(8.9)

Han and Cosner [10] have performed a numerical study on the effective thermal
conductivities of fibrous composites by using a unit cell approach under a uniform
fiber diameter condition. Since the diameter of the lotus copper is distributed
around a certain range, a numerical simulation for the thermal conductivity per-
pendicular to the pores under a nonuniform pore diameter condition was conducted
to verify the applicability of Eq. (8.9) to the lotus copper.

Figure 8.7 shows that the lotus copper contained many pores of different dia-
meters. The pores were assumed to be circular in cross-section but of different
diameters and aligned in a uniform staggered array in the numerical simulation. A
unit cell model including double pores with different pore diameters of d,; and d,,,
in a square with side length w was used in the simulation, as shown in Figure 8.8.

Top surface
(uniform heat flux g,)

— Thermal
conductivity
5

}’
Bottom surface
(constant temperature i",, )
+—W—p

Figure 8.8 Unit cell model for numerical simulation of the effective
thermal conductivity perpendicular to round pores.
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¢,~1000 W/m?

W/(m-K)

T=0 1

Figure 8.9 Temperature distribution in the unit cell model for round pores.

The mean temperature difference AT, between top and bottom surfaces was cal-
culated using the finite difference method under the following boundary condition:
input uniform heat flux g at the top surface and a constant temperature T;, at
the bottom surface. In the calculation, d,,, was changed under three sets of constant
(dp1/2)/w=0.26, 0.44, 0.65.

An example of the temperature distribution in the unit cell model is shown in
Figure 8.9. The temperatures at the top surface were higher than those of the bottom
surface, and the mean temperature difference AT, between the top and the bottom
surface was obtained from the temperature distribution in the model.

The effective thermal conductivity perpendicular to the round pores is calculated
from the following equation:

_ 4(w—dp/2)

kegr 1 = AT, (round pores) (8.10)

The porosity € is calculated from the following equation:

)

> (round pores) (8.11)

w

Figure 8.10 shows a comparison of the numerically simulated results with the
analytical results from Eq. (8.9), shown by a dotted line for the effective thermal
conductivity perpendicular to the pores. The analytical Eq. (8.9) showed good agree-
ment with the numerical simulation, which means that Eq. (8.9), derived from the
assumption of orthorhombic symmetry, can be used to predict the effective thermal
conductivity perpendicular to pores under a uniform, staggered array with a non-
uniform pore diameter condition.

Figure 8.11 shows a comparison between the experimental data and Eq. (8.9),
where the effective thermal conductivity keg, perpendicular to the pores was lower
than that parallel to the pores (kef;,), and was 40% of the lotus copper material kg
with a porosity of 0.4. The analytical values evaluated by Eq. (8.9) showed good
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Figure 8.10 Comparison of numerical results of the effective
thermal conductivity of lotus copper perpendicular to round
pores with analysis data of Eq. (8.9).
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Figure 8.11 Comparison of experimental data of the effective
thermal conductivity of lotus copper perpendicular to pores with
analysis data of Eq. (8.9).

agreement with the experimental data, indicating that Eq. (8.9) can be used to predict
the effective thermal conductivity perpendicular to pores of lotus copper within an
experimental accuracy of £10%.

The results from Figures 8.6 and 8.11 show that the lotus copper displayed
anisotropy of the effective thermal conductivity. The effective thermal conductivity
ke, perpendicular to pores was lower than that parallel to the pores kegy,.

8.2.4
Effect of Pore Shape on Thermal Conductivity

Since the diameter of the pores of the lotus metal is distributed around a certain
range and the cross-sectional shape of pores is not necessarily circular, a numerical
simulation for effective thermal conductivity perpendicular to the pores with a
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Lotus copper

Figure 8.12 Numerical simulation model of lotus copper
containing many pores of square shape.

nonuniform pore diameter and different pore shape was conducted to verify the
applicability of Eq. (8.9) to lotus copper.

Figure 8.12 shows the numerical simulation model of lotus copper. The pores were
assumed to be square in cross-sectional shape with various different sizes, and aligned
in a uniform staggered array in the numerical simulation. A unit cell model that
included double pores with different side lengths of dg; and d; in a square with side
length of w was used in the simulation, as shown in Figure 8.13. The difference of
mean temperature AT, between the top and bottom surfaces of the unit cell was
calculated by using the finite difference method under the following boundary con-
ditions: input uniform longitudinal heat flux g, at the top surface and uniform tem-
perature Ty, at the bottom surface. In the calculation, dy, was changed for four sets of
constant (ds;/2)/w under condition 0.1 < dg/w < 1, where ds=w — dg;/2 — d,/2.

An example of the temperature distribution in the unit cell model is shown in
Figure 8.14. The temperatures at the top surface were higher than those at the bottom
surface, and the difference in temperature between the top and bottom surfaces of the
unit cell AT, was obtained from the temperature distribution in the model.

Top surface
(uniform heat flux g,)

d,yf2

I~ Thermal
| conductivity

d /2

Bottom surface
{constant temperature T} )
w |

Figure 8.13 Unit cell model for numerical simulation of the effective
thermal conductivity perpendicular to square pores.
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Figure 8.14 Temperature distribution in the unit cell model for square pores.

The effective thermal conductivity perpendicular to the square pores is calculated
using

ke = W (square pores) (8.12)

The porosity € is calculated from the following equation for square pores:

ERAc

2 square pores) (8.13)

Figure 8.15 compares the numerical results with those evaluated by both the
analytical Eq. (8.9) (solid line) and a value 10% less than Eq. (8.9) (dotted line) for
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Figure 8.15 Comparison between numerical and evaluated
results by the analytical equation (8.9) for square pores.
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the effective thermal conductivity perpendicular to the square pores as a function
of porosity. As for square pores, Eq. (8.9) gave higher values of the effective
thermal conductivity than the numerical results, showing less than 10% discrep-
ancy. Conclusively, the effective thermal conductivity perpendicular to the pores
of the lotus metal can be predicted within 10% discrepancy by Eq. (8.9) as a
function of porosity, even if the pore shape is not circular and the pore size is not
uniform.

8.2.5
Effect of Pore Orientation on Thermal Conductivity

8.2.5.1 Introduction
The pores of lotus metals are anisotropic. Therefore, in order to clarify their aniso-
tropic thermal conductivity, it is necessary to examine the thermal conductivity not
only in the directions parallel and perpendicular to the pore direction but also in the
other directions. Furthermore, misorientation of pores occurs in lotus metals. How-
ever, this effect on the effective thermal conductivity has not been studied. The
theory of Hatta and Taya [15,16], based on Eshelby’s inclusion theory [17] and mean-
field theory [18], can provide the effective conductivity of composites with misor-
iented inclusions. However, the mean-field theory is not adequate when applied to
composites with inclusions of high volume fraction. This is a shortcoming of the
Hatta—Taya theory. In order to overcome this problem, Tane et al. [19] have proposed
the extended effective mean-field (EMF) theory by combining the Hatta—Taya theory
and the effective-medium approximation [20]. The extended EMF theory can validly
take into account the effect of misoriented inclusions even where the volume
fraction of inclusions is high.

Tane et al. applied the extended EMF theory to lotus metals, and examined the
effect of the direction of applied temperature gradient (electric field [19]) and pore
orientation on the effective thermal (electrical [19]) conductivity.

8.2.5.2 EMF Theory

The EMF theory for the effective elastic constants of composite materials [21-23]
was proposed by Tane et al., and the concept was also applied to effective conduc-
tivity including electrical, thermal conductivities, etc. [17,22]. The effective thermal
conductivity of composite materials with misoriented inclusions, k1), is given
by [19]

Kiner) = k) + % (kAT ) ki (AT (8.14)

where ’;(n+1) and i‘(n) are the effective thermal conductivities of composite materi-
als with inclusions of (n+ 1)Af and nAf, respectively; k; is the thermal conductivity
of inclusions (k is given in the form of a 3 x 3 matrix, and the components are 0
when i#j). The term Afis given by Af=1/N << 1, where the value of N1is integer (in
the present study, the value of Afis 0.01). Successive calculations using Eq. (8.14)
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provide k (nt1) of comp051te materials with inclusions of various volume fractions,
where k =ky and k =k;. The terms <k AM > and <A > are expressed as

<k1A(“g)T>:<kIAf;1)K11_An£f)1+ AffklAdﬂ} 1> (8.15)

<A<)> <A§‘1>K1—1An£f)1+ AfkaAdﬂ}_l> (8.16)

where A%T and A‘(iri}) of 3 x 3 matrix are, respectively, given by

R (R

and
. — -1
AL = [Skon (ki—ki) + 1]

where I is the unit 3 x 3 matrix. The matrix S; is the Eshelby tensor of 3 x 3
matrix, and it is a function of k(). The Eshelby tensor S;; for an ellipsoidal inclusion
embedded in a medium with anisotropic thermal conductivity is given by [24]

10,03
47

urel

5y = 28| 0,08E,0(0:88) " dS(E (817)

where the integration is performed over the unit sphere S = a?€r + a2€5+ a2E5;
a1, a, and a3 are the radii of the ellipsoidal inclusion. When the shape of an
inclusion is given by as/a; (= a,) — oo, i.e. the shape is cylindrical, the Eshelby
tensor is given by

1 o o _
i = 3 | OmiEn(0-E£) " dL(E) (8.18)

where the integration is performed over the unit circle S* normal to the x;
direction.

8.2.5.3 Application of Extended EMF Theory to Lotus Metals

Tane et al. [19] applied the EMF theory to lotus metals, calculated the effective
thermal conductivities in various directions and examined the effect of pore orien-
tation on the effective thermal conductivity. In calculations with the EMF theory,
lotus metals were modeled as follows:
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Figure 8.16 Schematic indicating a coordinate system of an
ellipsoidal inclusion. The inclusion coordinate system is defined
by the three Euler angles s, 0 and ¢, where x and x' are the
coordinate system of a matrix and inclusion, respectively. The
longitudinal axis of the ellipsoid is parallel to the x5 axis.

The thermal conductivity of a matrix is isotropic.

1. Since the thermal conductivity of pores is negligible compared with that of a
metal matrix, the value is put equal to zero.

2. The pores are cylindrical, and the shape is expressed as (x}* + x)/a+
%2 /a2 <1 and as/a; — o, where ¥’ is the coordinate system of an inclusion.

3. The orientation of a pore is given by the Euler angles (0, \ and ¢) defined in
Figure 8.16. In the present study, the value of 0 is fixed, and the values of \y and ¢
are random. Since the orientation of pores is localized at a given 6, the following
formula provides the orientation average of Xj;:

21 21

d\u[ deX; (v, 0. ) (8.19)

(%) = 4%2[ .

Jo

The procedure for calculating <k1A?fL)T> and <A?fL)T> in Egs. (8.15) and (8.16) is
outlined below:

1. Calculate the Eshelby tensors §',, of all inclusions in their coordinate systems
identified by the Euler angles (0,  and @), using Eq. (8.18). Convert their coordinate
systems to a matrix coordinate system using S;(\s, 0, @) = a;aj4S' pg, Where a;, is
the component of a rotation conversion matrix consisting of s, 6 and .

2. Calculate A‘(lg) by using the converted S;; and the equation

il 1, 7 -1
Aw = {5<n>k<n> (ki—kw) + 1]
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3. Calculate kIA?fL)T and A%T by using the calculated A?,i}) and the equation

) Af Af 17t
MT __ Adil dil
Aty = Al Kl* 1—nAf> I+ 1—nAfA(”)}

4. Calculate <k1A?g> and <A?g> by using the calculated klA?fl;f, AI(V,{)T and Eq. (8.15)
or Eq. (8.16).

Effective Thermal Conductivity in Various Directions The effective thermal conduc-
tivity of a typical lotus metal with perfectly aligned pores (6 =0°) was calculated,
where coordinate conversion of the calculated effective thermal conductivities
provides the conductivities in various directions. Figure 8.17 shows the normal-
ized effective thermal conductivity, k/ky;, of the lotus metal with £ =0.40 in the
direction of @ from the x; axis, where the definition of ® is the same as that of 6.
Since the thermal conductivity of the matrix is isotropic, it is expressed by ky;, a
scalar quantity. The normalized conductivity k/ky decreases with increasing .
This is because the distance of the path that the thermal flux flows increases with
increasing ®. The thermal conductivity in the directions near 6 =0 and 90° is
insensitive to the angle ®. These trends are common to lotus metals with various
porosities.

Effect of Misorientation of Pores on the Effective Thermal Conductivity The effective
thermal conductivity of lotus metals of 8 =0, 10 and 20° was calculated. Figure 8.18
shows the porosity dependence of ke /kyv and kemy/km, where ke and keg
are conductivities in the directions perpendicular and parallel to the pores. The
effective thermal conductivity in the direction parallel to the pore direction is more

ot keffl'/kM

conductivity, k/k,,

Normalized effective thermal

0.3 I I I I

0 20 40 60 80
Angle, ®

Figure 8.17 Normalized effective thermal conductivity, k/ky, of a lotus
metal of 6 =0° and £ =0.40 in the direction of o from the x; axis.
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Figure 8.18 Normalized thermal conductivities of lotus metals in
the direction parallel and perpendicular to the x3 axis: Kefri /km
and kefry/km, where 6 =0, 10 and 20°.

sensitive to the misorientation of pores than that in the parallel direction. When
0 =20°, the porous morphology slightly deviates from the typical lotus-type struc-
ture of 6 = 0°; however, the effective thermal conductivity for 8 =20° is almost the
same as that for 6 = 0°. This indicates that the slight deviation of pore morphology
hardly affects the effective thermal conductivity of lotus metals.

8.3
Application of Lotus-Type Porous Copper to Heat Sinks

8.3.1
Analysis of Fin Efficiency

8.3.1.1 Straight Fin Model

In order to predict the heat transfer capacity of lotus copper, the heat conduction in
the porous metal and the heat transfer to the fluid in the pores must be taken into
consideration. In the lotus-type porous copper heat sink, heat is input from the top
surface and flows downward by heat conduction with the heat transfer to the fluid
in the pores as shown in Figure 8.19a. The lotus copper fin is modeled as a straight
fin as shown in Figure 8.19b. The heat transfer rate Q under the temperature
difference AT between the top surface of the fin and the fluid in the pores is
calculated from

Q = hSMAT (8.20)

where 1 is the fin efficiency, Sris the total surface area of pores and h is the heat
coefficient in the pores.
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Figure 8.19 Analytical fin model: (a) lotus copper fin model, (b) straight fin model.

In the straight fin, the fin efficiency is expressed as follows:

_ tanh(mHyr)
n= mHs¢

[ nep;
= 8.22
" kegr 1 Ac (8:22)

where Hyis the fin height, ks, is the effective thermal conductivity perpendicular to
the pore axis, Pris the peripheral length of the fin, A is the cross-sectional area of the
fin and C is the ratio between the total surface area of the lotus copper Srand the total
surface area of the straight fin PgHy, which can be expressed as

(8.21)

~ PeHf

¢ (8.23)

8.3.1.2 Numerical Analysis

In order to verify the efficiency of the straight fin model, numerical analysis for
predicting the fin effectiveness was conducted. The numerical model of the lotus
copper is shown in Figure 8.20.

The mean temperature AT between the top surface of the fin model and
surrounding temperature T in the pores was calculated using finite difference
method under the following boundary condition: uniform heat input Q at the top
surface, uniform heat transfer coefficient h in the pores and constant surrounding
temperature Tg.
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Figure 8.20 Numerical model to predict fin efficiency.
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Figure 8.21 Comparison of fin efficiency between numerical and analytical
prediction from Eg. (8.3).
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In the calculation, a spacing of pores x, y was changed under uniform pore
diameter d, of 200 um and material thermal conductivity ks of 400 Wm ™' K.

The comparison of the fin efficiency 1 between the numerical results and results
from Eq. (8.21) is shown in Figure 8.21. Equation (8.21) showed good agreement
with the numerical simulation. Thus, the fin efficiency of the lotus fin 1 was verified
to be predictable by Eq. (8.21) derived from the straight fin model.

8.3.2
Experiments of Heat Transfer Characteristics

8.3.2.1 Experimental Method

The experimental apparatus for measuring the heat transfer capacity of heat sinks is
shown in Figure 8.22. Cooling water was circulated through a filter and the test duct
in which the heat sink is located. The circulator has a pump and equipment for
water-cooling. The heat sink consisted of fins that are brazed on one side of a copper
base plate. The heating block with a heater was soldered on the other side of
the base plate. The inlet temperature of cooling water T;, the temperature of the
copper base plate T}, and the outlet temperature of cooling water T, were measured
by K-type thermocouples. The heat transfer capacity was evaluated by a heat transfer
h; based on the base plate area Ay, as follows:

_ Q9
b= T (8.24)

where Qs the heat transfer rate that is evaluated from the heat input by reducing the
heat loss through the thermal insulator around the heater from the heat input. The

@ Temperature measure points
A Pressure measure points

Heater

Thi_armal
ms“mmrh’;]?g( Heating block
Testduct | Heatsink Copper base

Cooling water flow direction

(g Circulator B,
: ump an
Filter w:ter cooler

Flow meter

Figure 8.22 Schematic of experimental apparatus for measuring heat transfer capacity.
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pressure drop between the inlet and the outlet of the fins of every heat sink was
measured within an experimental accuracy of £5% using a pressure sensor (Krone
Corp, model DP-15).

8.3.2.2 Investigated Heat Sinks

The heat transfer capacities of the three types of heat sinks with conventional groove
fins, groove fins with smaller fin gap (microchannel) and lotus-type porous copper
were investigated. The configuration and the specifications of the conventional
groove fins and microchannels are shown in Figure 8.23 and Table 8.2. The con-
ventional groove fins have a fin gap of 3mm and fin thickness of 1mm. The
microchannels have fin gap of 0.5mm and fin thickness of 0.5mm. The heat
transfer capacity of the conventional groove fins is only for calculation.

The configuration of the lotus-type porous copper heat sink is shown in
Figure 8.24. The heat sink has three pieces of lotus copper fins of length of 3 mm
along the flow direction. The lotus-type porous copper fins have pores with mean
diameter of 0.3 mm and porosity of 0.39.

W f Flow direction
,fg — i o
) /
=)
l 30 mm 20 mm
-

Figure 8.23 Conventional groove fins and microchannels.

Lotus type porous copper fin .
(d,= 0.311111.1_. £ =0.39) F]owcl11'v.:i.:tu;ﬂr13 mm 5.5 mm

¥ =

& 000 000 000O0O| ['E ;
UT?\BOOOOOO 000 = »
00000000000 |7

Figure 8.24 Lotus-type porous copper heat sink.

Table 8.2 Specification of conventional groove fins and microchannels.

Fin gap, f;  Fin thickness,  Fin height, Investigation
(mm) fi (mm) Hs (mm)

Conventional groove fins 3 1 9 Calc.
Microchannels 0.5 0.5 9 Calc. and measured

259



260

8 Thermal Property of Lotus-Type Porous Copper and Application to Heat Sinks

8.3.3
Predictions of Heat Transfer Characteristics

8.3.3.1 Conventional Groove Fins and Microchannels

Correlations for heat transfer coefficient h and a pressure drop AP of the conven-
tional groove fins and microchannels are expressed by the following equations in the
laminar flow regime (Reg < 3000) [25,26]:

Nug = I\fgl_;o]\;? (Pr—0.71) + Nu, (8.25)

Nu; = 2.80136—2.10514X" + 0.411783X™? + 4.1 (8.26)

Nu, = 4.18880—3.14709X" + 0.611075X "2 + 4.11 (8.27)

X" =In <£ RegPr> (8.28)
/5

where Re, is the Reynolds number defined by the fin gap (= ufy/v), Nug is the
Nusselt number defined by the fin gap (= hfy/ki), L is the length of groove fin along
flow direction, u is the velocity of a fluid through the fin gaps, v is the dynamic
viscosity of the fluid and k is the thermal conductivity of the fluid.

AP = f(%i) G pu2> (8.29)

3 2 (89 GY)
~ X%5Reg (1 +0.000029X2)Req

f (8.30)

X = L/(RegDe) (8.31)

where D, is the hydraulic diameter of the fin gap (= 4f;Hy/2(f; + Hy)) and Req is the
Reynolds number defined by the hydraulic diameter D, (= uD./V).

8.3.3.2 Lotus-Type Porous Copper Fins
As the flow characteristics through the pores in the lotus copper fins is considered to
be similar to a circular pipe, the heat transfer coefficient and pressure drop of the
lotus copper fins are expressed by the following correlations for a circular pipe in the
laminar flow regime (Re, < 3000) [27]:

Ny, = 5.364(1 + {(220/m) X} 1/)3/10
5/3y 3/10
n/(115.2X")

1 + 1/2
[1+ (Pr/0.0207)*) (1 + {(220/m)x+} P/

(8.32)
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X* = (L/dy)/(ReyPr) (8.33)

()

where Re, is the Reynolds number (= ud,,/v) and Nuy, is the Nusselt number (= hd,/k)).

8.3.4
Comparison of Experiments with Predictions

The heat transfer coefficients h; based on base plate surface area A, defined by
Egs. (8.24) for experiment and (8.35) for prediction are plotted in Figure 8.25 for all
of the heat sinks as a function of the inlet velocity to the heat sinks u,:

1
hi =
Ry Ay

(8.35)

where Ry is the thermal resistance between base plate and inlet of cooling water. The
thermal resistance Ry; is derived from the following equations:

Ry
Ry = ——— (8.36)
1—exp (R—?)
Re = (8.37)
"7 hsm ‘
1
Ry = .
o7 (8.38)

where Ryis the thermal resistance between the base plate and cooling water in the
pores, Ry, is the thermal resistance caused by the temperature rise of the cooling
water from the inlet, Vis the flow rate, C,, is the specific heat and p is the density of
cooling water.

The prediction for the lotus-type porous copper heat sink showed good agree-
ment with the experimental data within an accuracy of £15%. The experimental
data of the lotus-type porous copper heat sink showed a very large heat transfer
coefficient of 80000 Wm %K' under a velocity u, of 0.2 ms !, that is, 1.7 times
higher than that of the microchannels and 6.5 times higher than that of the con-
ventional groove fins.

The pressure drops in all of the heat sinks are compared in Figure 8.26 as a
function of u,. The predicted pressure drop of the lotus-type porous copper heat sink
showed good agreement with the experimental data within an accuracy of £5%. On
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Figure 8.25 Comparison of heat transfer h; between experimental and predicted data.
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Figure 8.26 Comparison of pressure drop AP between experimental and predicted data.

comparing the pressure drop among all of the heat sinks under the velocity u, of
0.2ms ", the value of the lotus-type porous copper heat sink is 2.5 times higher than
that of the microchannels and around 40 times higher than that of the conventional
groove fins.

The heat transfer coefficient h; as a function of AP is shown in Figure 8.27.
Comparing the heat transfer coefficients among all of the heat sinks under the
same pressure drop, the experimental value of the lotus-type copper heat sink is
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Figure 8.27 Comparison of heat transfer h; as a function of pressure drop.
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Figure 8.28 Comparison of heat transfer h; as a function of pumping power.

around 1.2 times higher the that of the microchannels and 2 times higher than that
of the conventional groove fins.

The heat transfer coefficient h; as a function of pumping power that is defined by a
product of a flow rate Uand APis shown in Figure 8.28. Comparing the heat transfer
coefficients among all of the heat sinks under the pumping power of 0.01 W, the
experimental value of the lotus-type copper heat sink is 1.3 times higher than that of
the microchannels and 4 times higher than that of the conventional groove fins.

263



264

8 Thermal Property of Lotus-Type Porous Copper and Application to Heat Sinks

8.4
Conclusions

The following conclusions were drawn from the experimental and numerical in-
vestigation on the effective thermal conductivity of lotus copper:

1.

The lotus copper exhibited anisotropy for the effective thermal conductivity. The
effective thermal conductivity keg, perpendicular to the pores was lower than that
parallel to the pores kg, and was 40% of that of the lotus copper material k, for
the case of a porosity of 0.4.

. Experimental data for k., showed good agreement with the analytical results

derived from the assumption that heat flow through the cross-sectional area
parallel to the pore axis is proportional to (1 — ¢).

. Experimental data for k.g; showed good agreement with the analytical results

derived from the assumption of orthorhombic symmetry and with the numerical
results under a uniform staggered array with a nonuniform pore diameter
condition.

. The effective thermal conductivity perpendicular to the pores of the lotus metal in

which pore shape is not necessarily circular and the diameter is not uniform can
be predicted within a 10% discrepancy by Behrens’ equation as a function of

porosity.

From the experimental and analytical investigation of the lotus-type porous copper

heat sink, the following conclusions were drawn:

1.

The fin efficiency of the lotus-type porous copper fin is verified to be predictable
by the straight fin model using the effective thermal conductivity perpendicular to
the pore axis and the surface area ratio between the surface area of the lotus
copper and straight fin.

. The heat transfer coefficient based on the base plate area and the pressure drop of

the lotus-type copper heat sink can be predicted by using the correlation for
circular pipes within an accuracy of +15% and +5%, respectively.

. The heat transfer capacity of the lotus-type porous copper fins was very large and

was found to be 4 times larger than the conventional groove fins and 1.3 times
larger than microchannel heat sink under the same pumping power.
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Thermal Characterization of Open-Celled Metal Foams
by Direct Simulation*

Shankar Krishnan, Suresh V. Garimella, and Jayathi Y. Murthy

9.1
Introduction

Foams and other highly porous cellular solids have many interesting combinations
of physical, mechanical, electrical and thermal properties such as high stiffness, flow
permeability and thermal and electrical conductivity along with low specific weight.
Many common materials are highly porous in nature. Examples of such highly
porous natural materials include cork, wood, bones (trabecular and cancellous) and
sponges [1-3]. Current state-of-the-art manufacturing methods allow foaming of
polymers, most metals and their alloys, ceramics and graphite. Among the available
synthetic open porous materials, polymer foams have enjoyed widespread use in
many industrial technologies [3]. Recently, open-cell metal foams have been
attracting increased attention as multifunctional materials due to their versatility
in absorbing sound and energy [2]. Open-cell foams have a random reticulated struc-
ture of open polyhedral cells connected by continuous metal ligaments. Due to their
highly porous reticulated nature, open-cell foams with negative Poisson’s ratio (termed
auxetic foams) have been produced by Lakes [4] and by many others [5] from conven-
tional positive Poisson’s ratio materials. Depending on the porosity of the cellular
materials, a wide range of applications are possible. Figure 9.1 shows the variation of
the degree of openness of the foams and their corresponding applications [3].
Open-cell foams have been proposed for many applications such as porous tissue
engineering scaffolds [6,7], hydrogen storage technologies [8], thermal control of
electronics, catalysis [9], solar energy storage [10], electrochemical cells [11] and
others [2,12]. The work described in this chapter is primarily concerned with thermal
management applications. With increased heat dissipation requirements for micro-
processors [13] and many other electronics systems, demand for the development of
compact heat dissipation systems continues to increase. Open-cell materials, owing
to their ability to integrate multiple functions, are very attractive as thermal man-
agement materials. Many previous investigators have proposed and analyzed metal

* Please find the nomenclature at the end of this chapter.

Cellular and Porous Materials: Thermal Properties Simulation and Prediction
Edited by Andreas Ochsner, Graeme E. Murch, and Marcelo J.S. de Lemos
Copyright © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-31938-1
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Figure 9.1 Applications of porous cellular materials classified by the type
of cellular geometry (adapted from [3]).

foams for possible applications as heat exchangers [14-17], heat sinks [18,19] and
heat pipe wicks.

Flows in porous media may be modeled using two major classes of approaches:
(a) a macroscopic approach, where volume-averaged semi-empirical equations are
used to describe flow characteristics, and (b) a microscopic approach, where small-
scale flow details are simulated by considering the specific geometry of the porous
medium.

In the first approach, small-scale details are ignored and the information so lost is
represented in the governing equations using an engineering model. For instance,
the method of volume averaging transforms the effects of the internal geometry of
the porous medium to a macroscopic representative elementary volume (REV) [20].
This transformation requires that the thermal interaction between the different
phases in the REV be accounted for and modeled. In general, this difficulty is
resolved by invoking the thermal equilibrium assumption, i.e. assuming negligible
temperature difference (or comparable local temperature gradients) between the
solid and fluid phases within the REV. In certain situations this assumption of
thermal equilibrium between the solid microstructure and saturating fluid phase
is invalid. Such situations include the presence of internal heat generation in one of
the phases, heat transfer augmentation (using metal foams and metal fillers) where
the thermal diffusivities of the porous matrix and the saturating fluid (e.g. air, water)
are very different, and during transient operation in systems with very different
response times [18,19]. To account for the local thermal nonequilibrium conditions a
two-medium treatment should be used [18,19,21]. The governing energy transport
equations are written for the solid (e.g. metal foam) and interstitial material
(e.g. air) separately and they are closed (coupled) using an interstitial heat transfer
coefficient [18]. Details of the method of volume averaging can be found in [20].
Further discussion of the validity of the local thermal equilibrium assumption may
be found in [18,21].



9.2 Foam Geometry

In the second approach, the intricate geometry of the porous structures is
accounted for and the transport through these structures computed. The latter
approach is computationally expensive if the entire physical domain were to be
simulated. Computational time can be reduced by exploiting periodicity when it
exists. Resolution of flow and heat transfer at the pore scale is necessary for a
number of reasons when modeling metal foams. Detailed modeling of pore-scale
heat transfer has been used to yield the effective thermal conductivity of the foam
for situations with no flow. Existing models have frequently used idealized (and
approximate) geometries assuming one-dimensional conduction heat transfer with
a free parameter which is adjusted to match experimental results [22,23]. Another
use for pore-scale models is to better characterize the pressure drop and local heat
transfer coefficient during flow and convective heat transfer through the foam.
Though there have been a few studies which take this approach [24,25], the
range of Reynolds numbers considered does not adequately cover metallic foams
impregnated with phase change materials (PCMs), where the pore Reynolds num-
bers are very small (Re < 1) [19]. The geometric representation of the foam varies
greatly in the literature. Past investigators have represented the open-celled foam
structure using: (a) simple cubic unit cells consisting of slender circular cylinders
[14], (b) cubic unit cells consisting of square cylinders [26], (c) truncated tetrakai-
decahedron unit cells with triangular strands (fibers) [24] and (d) a Weaire—
Phelan unit cell [25]. Results from these models have included effective thermal
conductivity and pressure drop calculations, but no information has been reported
on local heat transfer. The local heat transfer coefficients are very important for
closing (coupling) the solid and fluid energy equations in the two-medium volume-
averaged models [18,19,21,27]. Also, the unit cell used to predict effective thermal
conductivity is frequently different from those used for flow calculations [28].
The effective thermal conductivity, pressure drop and local heat transfer coefficient
are obtained here from a consistent direct simulation of the open-cell foam
structure.

9.2
Foam Geometry

A three-dimensional periodic module is identified for the direct simulation of
open-cell foams. The geometry chosen should be space-filling and should
have minimum surface energy. This is required because of the nature of the
foaming process. For example, a popular method for foaming metals such as
aluminum is by blowing a foaming gas through molten metal with ceramic
particles (used for stabilization) from below [2]. The gas bubbles developed are
free to move around and pack themselves. The liquid metal accumulates at
the interstices between the bubbles. For the process to reach a steady state, the
bubbles must attain an equilibrium, i.e. a minimum surface energy state. Once
the molten foam is solidified the open-cell foam is rolled into sheets or into
any other desired form [2]. The Weaire-Phelan (WP) unit cell (or A15 lattice)
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Cube Final geometry

BCC FCC A15
(b)

Figure 9.2 (a) Schematic representation of foam geometry creation
and (b) sample images of foam geometry created for BCC, FCC, and
A15 arrangements of spherical pores.

has the minimum surface area to volume ratio compared to all other space-filling
structures [29].

In the present approach for foam geometry creation, the shape of the pore is
assumed to be spherical and spheres of equal volume are arranged according to the
following three lattice structures: (a) the body-centered cubic (BCC) lattice arrange-
ment for Kelvin's unit cell, (b) the face-centered cubic (FCC) lattice and (c) the A15
lattice, for the WP structure [29,30]. The periodic foam unit cell geometry is obtained
by subtracting the unit cell cube from the spheres at the various lattice points as
shown in Figure 9.2a. The cross-section of the foam ligaments is a set of convex
triangles (plateau borders), all of which meet at symmetric tetrahedral vertices [29]. It
may be noted that there is a nonuniform distribution of metal mass along the
length of the ligament with more mass accumulating at the vertices (nodes) result-
ing in a thinning at the center of the ligament as experimentally observed in foam
samples by many authors [2,23,28,31]. Figure 9.2b shows some sample open-cell
structures.

The distinguishing feature of this direct simulation approach is that (a) the
geometry creation is simple, (b) it captures many of the important features of real
foams and (c) meshing of the geometry is easier as compared to the approach
carried out in [25] for modeling pressure drops. In [25] the foam was represented
by an ideal WP unit cell obtained using Surface Evolver, a surface minimization
software program [32]. The idealized geometry was exported to a mesh generation
program. After a series of post-processing steps on the geometry obtained
from Surface Evolver, an unstructured volume mesh was generated for CFD
(computational fluid dynamics) calculations.
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9.3
Mathematical Modeling

9.3.1
Effective Thermal Conductivity

Consider a module with periodic boundaries separated by a constant translation
vector (L), as shown in Figure 9.3. This module represents one of a series of periodic
modules translated by L representing the foam. It should be noted that there may be
other periodic boundaries in the module, but there is no net inflow through any of
these boundaries. The effective thermal conductivity of the foam is computed by
considering heat conduction through the solid structure and the fluid in the module,
in the absence of convection. Now consider the periodic module as being a part of a
sufficiently long physical domain in steady state, with a temperature gradient
applied across it in the vector direction L. The heat transfer rate passing through
the module in the direction L is constant in each module. Equivalently, each module
in the heat flow direction experiences an equal temperature drop AT. This condition
allows the imposition of a jump-periodic condition on temperature, analogous to the
fully developed heat-flux condition for duct flows. The jump-periodic condition
implies that the temperatures in adjacent modules are related by

VT(F)=VT(F+L) =VT(F-L) (9.1)

where 7 represents the position vector under consideration. For periodic boundaries
across which there is no net flow, the temperature T is assumed periodic.

Within each module, the heat conduction equation may be written in the solid and
fluid domains as

0 ([, 0T\
o (k50) =0

i k oT¢
axi £ axi

0

Periodic

Heat Flux Vector
Direction

Jump-Periodic Jump-Periodic

el

Periodic

Figure 9.3 Nomenclature for jump-periodic boundary condition
for computing effective thermal conductivity.
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where T; and Tt are the temperatures of the solid and fluid respectively. At the
fluid/solid interface, the two temperature fields are related by

0T,
&

0T
= —kfa i T

interface — Tf | interface

interface interface

where n represents the direction normal to the fluid/solid interface.

The unstructured finite volume method described in [33] is used for the solution
of the above equations and boundary conditions. The numerical implementation of
the periodic condition described by Eq. (9.1) in the unstructured finite volume
framework is described in [33]. The jump-periodic condition is implemented by
choosing an arbitrary temperature drop AT across the module in the heat flow
direction and finding the resulting heat transfer rate at the jump-periodic bound-
aries from the simulation results. The effective thermal conductivity of the module is
then given by the expression

- f Ap JdA
kesr = 7(ATAP/L) (9.2)
where J is the diffusion flux vector at the jump-periodic face obtained from the
simulation, dA is the outward pointing elemental face area vector on the jump-
periodic face and A, is the area of the jump-periodic face normal to L. Computations
are performed using a modified version of the commercial code FLUENT [36]. It is
noted that conduction through the solid foam and the fluid are considered for the
calculation of the effective thermal conductivity of the module.

9.3.2
Computation of Flow and Heat Transfer Through Foam

Similar to the effective thermal conductivity calculation, the computation of the
pressure drop and heat transfer coefficient for flow through the foam also considers
a periodic module containing the foam unit cell, but does not consider the solid
region. Instead, the governing flow and energy equations are solved in the fluid
region, with no-slip and given-heat flux boundary conditions imposed at the fluid/solid
interface. Details are given below.

9.3.2.1 Flow and Temperature Periodicity

A schematic illustration of a periodic foam geometry is shown in Figure 9.4. For
periodic boundaries, according to [34], the following relationship holds for the
velocity and the pressure at any position 7:



9.3 Mathematical Modeling

Figure 9.4 Schematic of a periodic BCC unit cell.

For periodic flows, the pressure gradient can be divided into two components —
the gradient of the periodic component, 0 P /0x;, and the gradient of a linearly
varying component, (0p/0x;)éL:

op  3p. op

el S R
Ox; Ox; L"l—’_axi

where e; ; is the ith component of the unit vector €, in the direction L

For given heat-flux boundary conditions, the shape of the temperature field
becomes constant from module to module. Consequently, the periodic condition
for the temperature is given by

T(F) - To(f) = T(F+ L) - Ty(F+ L) = T(F+2L) - T,(F+2L) = ...
Here the bulk temperature Ty, is defined as

J‘IA ‘ uieL,i’ TdA — Th
Ialuiers| da

where A is the area of cross-section.

9.3.2.2 Governing Equations
The governing flow and heat transfer equations for periodic, fully developed,
incompressible, steady flow of a Newtonian fluid are [34,35]

= (pu) =0 93)
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The above equations assume that the flow is thermally and hydrodynamically
fully developed. In Eq. (9.4), the terms involving 8%/0x> have been included to account
for the large local streamwise gradients that may occur in periodically fully developed
flows. The quantity 0 p/0x; in Eq. (9.4) is assigned a priori, and controls the mass flow
rate through the module, and hence the pore Reynolds number. In order to sustain
periodicity, all fluid properties are assumed to be independent of temperature. It
should be noted that on the solid bounding walls a no-slip boundary condition is
imposed for the velocities and a constant heat flux is specified for the energy equation.
Details of the mathematical model are available in [34]. An extensive treatment of the
numerical method for the periodic flow and heat transfer on unstructured meshes
along with the implementation is given in [35].

9.3.2.3 Computational Details

The governing flow and heat transfer equations for periodic fully developed, incom-
pressible, steady flow of a Newtonian fluid are solved using the commercial software
FLUENT [36]. The periodic unit cell geometry was created using the commercial
software GAMBIT [37]. The geometry was meshed using hybrid (tetrahedral and
hexagonal) elements in GAMBIT by specifying the minimum edge length. The
mesh so created was exported to the commercial code FLUENT for flow simulations.
A second-order upwind scheme was used for the flow and heat transfer calculations.
A co-located pressure—velocity formulation in conjunction with the SIMPLE algo-
rithm was used for obtaining the velocity fields, and the linearized systems of
equations are solved using an algebraic multigrid algorithm. Details of the numeri-
cal method may be found in [38]. The calculations were terminated when the (scaled)
residual [36] had dropped below 10~ for all governing equations.

Grid independence of the solution for the meshes used in the present simulations was
established. A pore Reynolds number of 20, a Prandtl number of 0.71 and a porosity of
0.965 were used for this set of calculations. Grid sensitivity was tested on three different
grids: grid 1 (106 520 cells), grid 2 (188 885 cells) and grid 3 (383 230 cells). For grid 1,
deviations of 2.6% and 0.5% in the friction factor and Nusselt number were found with
respectto grid 3. For grid 2, the corresponding deviations with respect to grid 3 were 0.9%
and 0.4%. The calculations reported here were therefore performed on grid 2.

9.4
Results and Discussion

First, the effective thermal conductivity, friction factor and Nusselt number results
for the BCC model are discussed. Then, the effects of choosing other periodic unit
cell geometries to represent open-cell foams are presented.



9.4 Results and Discussion

9.4.1
Direct Simulations of Foams: BCC Model

The expression for the porosity of the periodic module and the fluid inlet area of the
periodic face can be obtained by accounting for the overlapping sphere volumes and
circle areas, respectively. The intersection volume (lens volume) between two over-
lapping spheres is given by the relation

Vinte = — (4R +5)(2R — 5)* (9.6)

T
12
where s is the center-to-center distance between the in-line spheres and R is the
radius of the sphere. The body-centered sphere intersects with eight spheres on
the vertices of the cube and hence the volume of the sphere at the body center of the
cube is

4 V;
e ©07)

Besides the sphere at the body center, one additional sphere volume contributed by
the 8 segments of the sphere at the vertices. Hence the total sphere volume not
accounting for the spherical caps (see Figure 9.4) at the intersection between the face
of the cube (plane) and the spheres is twice the V', given in Eq. (9.7). The volume
occupied by the spherical cap (the protruding volume from the unit cube for sphere
diameter larger than length of the cube) due to a sphere intersecting a plane is given
by the expression

% *I(Rf£>2(2R+E)
<3 2 2

There are six spherical caps for the six corresponding faces of the cube and hence the
volume of the fluid space in the cube is given by the expression

4 2
Vi=2 HT R —;(4R+s)(2R - 5)2—21T(R . g) (2R+g)]

and the porosity is given by the relation

v 2 {ﬂ’# 72(4R+ 5)(2R — 5)2721T(R - 2)2(2R+g)} o8
Vv a’

Similarly, the inlet face area for the fluid can be obtained by subtracting the circle
area and the intersection area between the sphere and the plane from the face area.
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The inlet face area is given by the expression

, S /S 1 4R? — g?
As = TRE —2 {ZR cos (—) — ZsV/aR — s2} n w<—> (9.9)
2R 2 4

where a is the length of the side of the unit cell, and is equal to the magnitude of the
periodic displacement vector L It should be noted that the center-to-center distance
(v/3a/2) for the volume (porosity) calculation is different from the center-to-center
distance (a/2) for the area calculation. An effective pore diameter was extracted by
setting Eq. (9.9) equal to the area of an equivalent circle. It should be noted that
exactly at a sphere radius of 0.5, the BCC structure ceases to be a completely open
structure, and the corresponding porosity at this condition is 0.94. The implication
of this porosity value on model fidelity is discussed later.

9.4.1.1 Effective Thermal Conductivity

Lemlich Theory Lemlich [39] developed a theory to predict the electrical conductivity
of a polyhedral liquid foam of high porosity. The electrical conduction is viewed as
occurring only through the plateau border (ligament in the case of solid foams) along
its axis, and not through its periphery. He found that the effective electrical conduc-
tivity of the foam was related to the electrical conductivity of the liquid through the
following relation:
(1-¢)

3
This expression can be used for the effective thermal conductivity of the solid foam by
exploiting the analogy between Ohni's law and Fourier’s law, so that

(1-¢)
keﬁ" = ks T

Figures 9.5a and b show the predicted effective thermal conductivity from the
simulations as a function of porosity for an open-cell foam saturated with air and
water, respectively. Also plotted in Figure 9.5 are measured experimental values
[23,40] and results from semi-empirical models in the literature [22,23]. It can be
seen from Figure 9.5 that the present model compares well with the experiments
(both air and water) and the other models for porosities above 0.94. The foam
geometry ceases to be ‘“open’-celled for porosities below 0.94, as shown in
Figure 9.6. It may be recalled that the models of Boomsma and Poulikakos [22],
Calmidi and Mahajan [23] and Bhattacharya et al. [28] employ an adjustable free
parameter to match the experiments of Calmidi and Mahajan [23]. The computa-
tions in this work employ no such adjustable parameter; here, the attempt is to
compute directly the effective conductivity from a detailed description of the foam
geometry. However, deviations from experimental data reflect the inadequacy of the
present geometric model at lower porosities.

The Lemlich theory predicts the thermal conductivity values well when the
interstitial fluid is air (Figure 9.5a), but is less successful with water saturation
(Figure 9.5b). This deviation for water is primarily due to the assumption of

Teff = O] (9.10)

(9.11)
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Figure 9.5 Effective thermal conductivity as a function of porosity
for aluminum foam saturated with (a) air and (b) water. The
thermal conductivity values used for aluminum, air and water are
218, 0.0265 and 0.613Wm™'K™", respectively [22].

9.4 Results and Discussion

277



278 | 9 Thermal Characterization of Open-Celled Metal Foams by Direct Simulation

R=0.52 R =0.53

Figure 9.6 Sample images of the evolution of open-cell geometry
as function of sphere radius.

negligible heat exchange to the interstitial fluid in the theory, and also due to the
ignored contribution of nodal resistance at the tetrahedral vertices. In the case of
water (whose thermal conductivity is an order of magnitude higher than that of air)
the heat exchange between the foam ligament and interstitial fluid is more signifi-
cant. Thus, though Eq. (9.11) is an approximation and some departure from
experiment is expected, it may be used for reasonably satisfactory order-of-
magnitude estimates of effective thermal conductivity of open-cell foams.

9.4.1.2 Pressure Drop and Heat Transfer Coefficient
For the calculations presented in this section, a constant heat-flux boundary condi-
tion is imposed on the ligament walls. Hence, conduction through the ligaments of
the foam is neglected. The streamwise diffusion term is retained in the momentum
and energy equations which govern the generalized fully developed regime [34].

For a fluid flowing through a porous medium, boundary layer growth is signifi-
cant only over an axial length of order (pKup)/p where up is (K/p)dP/dx. Similarly,
the thermal boundary layer development length is on the order of Kup/a. The flow
penetration is usually of the order of VK, the characteristic length scale. Unlike
packed beds of spheres, the porosity and permeability for open-cell foams are
constant even close to the solid boundary, i.e. the porosity does not change near
the boundaries. In this section, a representative case of porosity of 0.965 with air
being the interstitial fluid is discussed first. The predicted variation of friction factor
and local Nusselt number are subsequently considered.

Figure 9.7 shows the predicted dimensionless u-velocity field normalized using
the mean velocity for a porosity of 0.965. The Reynolds number based on the
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Figure 9.7 Predicted results for (a) dimensionless velocity field and
(b) dimensionless velocity field at different locations (x/L= —0.4, 0.0,
0.4 and y/L=0).
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effective diameter of the pore is 50 and the Prandtl number is 0.7. The effective
diameter for all the computations is obtained by setting Eq. (9.9) equal to the area of a
circle and backing out the effective diameter. Figure 9.7b shows the dimensionless
velocity field on slices at discrete locations along the axial direction of flow. Also
plotted in Figure 9.7b is the velocity field at y/L =0 to illustrate the axial flow. The
flow enters at the periodic inlet, x/L = —0.5. Periodic conditions are specified on all
the boundary faces of the cubic unit cell. The solid boundaries are demarcated in
white in the figure. From Figure 9.7 the boundary layer development at the solid
boundaries can be seen. Due to the resistance offered by the foam ligaments, the
mean velocities are higher in some regions. Figure 9.8 shows the dimensionless
temperature distribution, (T — T;,)/(Ts — Tp), in the fluid for a porosity of 0.965. As
expected, the dimensionless temperature at the periodic inlet is low and thermal
boundary layers can be clearly seen in Figure 9.8b. For Pe> 1, thermal dispersion
effects become important [41,42] and should be included in volume averaged mod-
els. They may be deduced from unit cell models such as those developed here using
methods described in [43].

Figure 9.9 shows the predicted normalized permeability of the foam as a function
of porosity. Also shown are the experimental measurements from Bhattacharya et al.
[28]. The permeability is normalized with the mean pore diameter of the open cell.
The permeability is calculated from Darcy’s law, K = —(imean) (0 p/0x;), where
Umean 1S Obtained from the specified periodic inlet mass flow rate and using Eq. (9.9).
The pressure drop is obtained as an output from the simulations. The reported
permeability values are averaged values over a Reynolds number range of 1 to 10, i.e.
in the linear Darcy regime.

Friction factors for the different cases considered are shown in Figure 9.10 for
porosities greater than 0.94. Also plotted in Figure 9.10 are predictions from the
experimental correlations of Paek et al. [40] and Vafai and Tien [44]. The friction
factor is defined as

e <_2_§> VK (9.12)

p umean

and in the Darcy regime, the friction factor (f) scales as the inverse of the modified
Reynolds number based on the flow penetration length (f=1/Rex). From Figure
9.10 it can be seen that for the porosity and modified Reynolds number (Rex ~ 1-10)
ranges considered in this study, the flow of both air and water through the foam is
still in the Darcy regime. Deviations from 1/Rex behavior were observed near a
modified Reynolds number of approximately 20 for both air and water.

The Nusselt number for the foam was also calculated for the different cases
considered and is defined as

__hD q'D

Ny=—=— -
T k(T - 1)

(9.13)
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Figure 9.8 Predicted results for (a) dimensionless temperature
field and (b) dimensionless temperature maps at different
locations (x/L=—0.4, 0 and 0.4 and y/L=0).
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Figure 9.9 Predicted normalized permeability of the foam as a
function of the porosity of the foam. Also plotted are experimental
data points from Bhattacharya et al. [28].
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Figure 9.10 Predicted friction factor as a function of Reynolds
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Figure 9.11 Predicted Nusselt number based on effective
diameter of the pore as a function of the square root of the Peclet
number (ReqPr/(1—¢)). Also plotted is the correlation from
Calmidi and Mahajan [45].

where T is the averaged temperature of the foam. Figure 9.11 shows the predicted
Nusselt number as a function of the square root of the Peclet number. This scale is
readily obtained by balancing the convective and axial diffusive fluxes. Also plotted in
Figure 9.11 are values from the correlation of Calmidi and Mahajan computed for air
and for a porosity of 0.973 [45]. While their original correlation was based on the
fiber diameter, it is re-scaled here in terms of mean pore diameter, with 0.00402 m
and 0.0005 m as the fiber and pore diameters, respectively [45]. The curves for
air and water are seen to each collapse to a single line with a unique slope for
Peyq < 30.

94.2
Direct Simulations of Foams: Effect of Unit Cell Structure

In this section, we consider alternative geometric representations of the foam
geometry. We use the same methodology for geometry creation as discussed in the
previous section. The shape of the pore is assumed to be spherical and spheres of
equal volume are arranged according to the following two lattice structures: (a) FCC
and (b) A15 lattice, a geometry similar to the WP structure [29,30]. The periodic foam
unit cell geometry is obtained by subtracting the unit cell cube from the spheres at
the various lattice points as shown in Figure 9.2.
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9.4.2.1 Effective Thermal Conductivity

The numerical results for effective thermal conductivity for an aluminum-air
system are considered first. The effective thermal conductivity is computed by
numerically solving the conduction heat transfer through both the metal foam and
the interstitial air in a single periodic module as discussed previously.

Figure 9.12 shows the calculated effective thermal conductivity for an aluminum
foam-—air system as a function of foam porosity. Also plotted in Figure 9.12 are the
predictions from the available semi-empirical models, and experimental measure-
ments from the literature. Available experimental effective thermal conductivity
measurements for foams cover a porosity range of 0.89 <& <0.98. Paek et al.
[40] and Calmidi and Mahajan [23] reported an experimental uncertainty of 12%
and 3.6% for the effective thermal conductivity measurements, respectively. It
should be noted that the BCC, FCC and A15 models in the present work do not
employ any arbitrary parameter to match the experiments. Also plotted is the theo-
retical result from Lemlich’s original work discussed previously (Eq. (9.11)). It can be
inferred from Figure 9.12 that both A15 and BCC models compare well with the
existing literature for high porosities. The BCC model, as discussed previously,
deviates from experiments at a porosity of 0.94 because the foam geometry ceases
to be open-celled, and there is an accumulation of metal mass at the nodes.
The predictions of the A15 model match experiments at lower porosities down
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Figure 9.12 Predicted effective thermal conductivity of an
aluminum foam-air system for a range of porosities. Also plotted
are available semi-empirical models and experimental
measurements.
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to € > 0.9. However, no experimental data are available for porosities below 0.9, and
computations below this limit cannot be validated. In Figure 9.12, the predictions
from the FCC model are not plotted because the model under-predicted the experi-
mental results by a factor of approximately 2.5.

9.4.2.2 Pressure Drop and Nusselt Number

We now consider predictions of the pressure drop and Nusselt number for the FCC
and A15 lattice models and compare them with the predictions of the BCC model.
All other modeling assumptions are the same as those described for the BCC model.
Figure 9.13 shows the results for the friction factor calculated for an aluminum
foam-air system from the numerical simulations based on the FCC and A15 peri-
odic modules. Also plotted are the experimental correlations [40,44]. Paek et al. [40]
reported the repeatability error for the measurement of pressure drop to be 3% for
foam samples of porosity 0.89 < & < 0.97. The porosity range considered by Vafai
and Tien [44] was 0.94 < & < 0.97. The permeability of the foam was calculated using
the expression K = —(umean)(0P/0x;), where Upe., Was obtained for specified
inlet mass flow rate in the Darcy regime (Re < 10). The friction factor shown in
Figure 9.13 is defined in Eq. (9.12). The predicted friction factors from all the three
models (BCC, FCC and A15) compare well with the experimental correlations for
porosities € >0.88, while deviations for both the FCC and Al5 structures are
observed for porosities € < 0.88. The FCC model over-predicts the friction factor
compared to the A15 model.
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Figure 9.13 Predicted friction factor as a function of modified
Reynolds number (Rex = Re4 (v/K/D)). Also, experimental
correlations from [40] and [44] are plotted.
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Figure 9.14 Predicted Nusselt number as a function of square
root of Peclet number. Symbols as in Figure 9.13.

In Figure 9.14, the predicted local Nusselt number for the FCC and A15 lattices is
plotted as a function of [Pep/(1 — €)]'/?, where the modified Peclet number (Pep) is
ReqPr. This x-axis scale is obtained by balancing the convective and axial diffusive
fluxes. Itis noted that predictions from the A15 model compare well with those from
the BCC model for €>0.86 and with the experimental correlation [45]. For lower
porosities (<0.86), the local Nusselt number based on the permeability decreases
due to the decrease in permeability of the porous medium.

9.5
Conclusion

This work presents an approach for the modeling of open-cell foam geometries for
porosities € > 0.8. The distinguishing feature of this approach is that no adjustable
geometric parameters were used to match the experiments, unlike in previous
published work. The BCC, FCC and A15 unit cell models are shown to predict
friction factor and Nusselt number values which are in good agreement with avail-
able experimental and semi-analytical results.

The BCC and A15 models also predict thermal conductivity reasonably well. The
predictions from the A15 model compare well with the available experimental
thermal conductivity measurements (g > 0.89) and with BCC model predictions;
the FCC model predictions for effective thermal conductivity showed greater devia-
tions from the measurements. Based on the results, there is a clear need for experi-
mental results at foam porosities below 0.89. For convective flow calculations, the



Nomenclature

predicted friction factor and local Nusselt number from both FCC and A15 models
compare well with the BCC model and with available experimental results for
£>0.86.

The accuracy of the pressure drop and Nusselt number predictions depends on
how well the unit cell representation captures the surface-to-volume ratio of the real
foam. On the other hand, the effective thermal conductivity depends strongly on
capturing the ligament resistance correctly, and would require an accurate repre-
sentation of the ligament cross-sectional area-to-length ratio. An evaluation of unit
cell models along these lines would benefit from the characterization of actual foams
for a range of porosities and manufacturing techniques.

Nomenclature

a edge length of the unit cell, m

A area, m?

Cp specific heat capacity, Jkg "K'
d diameter of the pore, m

Da Darcy number

f friction factor

h heat transfer coefficient, Wm 2K ™!
b diffusion flux vector, Wm 2

K permeability, m?

k thermal conductivity, Wm 'K
L length of the periodic module, m
Nu Nusselt number

q heat flux, Wm 2

Pe Peclet number

Pr Prandtl number

R radius of the pore, m

Re Reynolds number

S center-to-center distance, m

T temperature, K

t time, s

u, v, w velocities along x, y, z directions, ms ™"
\% volume, m>

X,V 2 Cartesian coordinates

Greek Symbols

thermal diffusivity, m*s™"

porosity
dynamic viscosity, kgm 's ™!
density, kgm™>

T E ® Q
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Superscripts

- average or rmean

Subscripts
b bulk
bc body center
D Darcian
eff effective
f fluid
in inlet
int intersection
K permeability
S solid
sa surface area
sc spherical cap
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Heat Transfer in Open-Cell Metal Foams Subjected
to Oscillating Flow*

Kai Choong Leong and Liwen Jin

10.1
Introduction

An open-cell metal foam is a porous medium which possesses a true solid skeletal
structure. The fully interconnected pore and ligament structures within the foam
provide extremely large fluid-to-solid contact surface area and tortuous coolant
flow paths which increase dramatically the overall heat transfer rate. The large
specific surface area, low density and open-cell nature of metal foams offer a
combination of properties ideally suited for high heat flux applications where
conventional materials and products are not adequate. An oscillating flow is a
periodic flow which reverses its direction alternately in a complete motion cycle. It
occurs in many reciprocating motion machines such as internal combustion
engines, Stirling cycle engines and plus tube cryocoolers. The periodic reversed
flow direction in oscillating flow provides two thermal entrances in the test sec-
tion, which differs from unidirectional flows and affords efficient cooling effects.
Research into the application of oscillating flow in open-cell metal foams will be
presented in this chapter.

For the sake of clarity, the contents in this chapter are compartmentalized into
three major sections which will be discussed separately. The first section deals
with critical properties of open-cell foams and the governing similarity para-
meters for oscillatory flow through open-cell metal foams. Major findings con-
cerning the heat transfer characteristics of oscillating flow through open-cell
foams will also be discussed. Finally, comparison of open-cell metal foams under
different flow conditions for thermal management applications will be made. In
addition, significant findings and major results related to this topic are summa-
rized in the concluding section. Before the major discussions, a brief literature
review of research on the heat transfer phenomena in porous materials will be
presented.

* Please find the nomenclature at the end of this chapter.

Cellular and Porous Materials: Thermal Properties Simulation and Prediction
Edited by Andreas Ochsner, Graeme E. Murch, and Marcelo J.S. de Lemos
Copyright © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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10.1.1
Fluid Flow and Heat Transfer in Open-Cell Foams

The fundamental theory of fluid flow through permeable media was first proposed
by Henry Darcy in 1856. He measured the flow rate for a certain volume of water
through a column filled with sand and established an equation to estimate the
volumetric flow rate for a steady flow. Dupuit extended Darcy's equation in 1863
by considering more parameters such as the permeability and inertial coefficient of
the porous medium, which can be represented by the equation

AP 3
== P 10.1
AL KT oPeM (10.1)

where AP/AL, p, prand u are the pressure drop per unitlength, viscosity, density and
velocity of fluid flow, respectively. K and ¢ are the permeability and form coefficient
of porous media. Equation (10.1) provides a global balance of forces acting on a finite
fully saturated permeable volume with steady flow of an incompressible fluid. By
investigating the effect of fluid viscous shear stress in porous media, Brinkman [1]
obtained an extended equation to describe steady flow through porous media given
by

0= —V(4P) + V' — L du' + cpd?|u' o (102)

where ¢ is the surface porosity determined by the areas occupied by the fluid and
solid, respectively; u is the velocity vector and . is the effective fluid viscosity which
is a function of the fluid viscosity and the geometry of the permeable medium. In the
last two decades, many investigations were performed to study the momentum
behavior of fluid flow in porous media. Vafai and Tien [2] presented a formal
derivation of a general equation for fluid flow through an isotropic, rigid and
homogeneous porous medium. Using the volume averaging technique, Hsu and
Cheng [3] obtained the final equivalent equation for incompressible fluid through
porous media by considering the effective viscosity term, which is represented by

o’ , n F
s V ! :7v P/ vz /77 / - 2 ! ! 103
o3+ | = TP T B gt (103)

where € and F are the porosity and inertial coefficient of porous medium, respec-
tively. The last two terms of Eq. (10.3) represent the lumped viscous and the lumped
form effects within the permeable medium, respectively. Related studies on the
fundamental theory of flow through permeable media have been reported by various
authors [4-8]. In addition, comprehensive reviews of research carried out on the
fluid dynamics in porous media have been presented [9,10].

Based on the understanding of fluid flow through porous media, convective heat
transfer in porous media has been investigated extensively. Fundamental studies of
heat transfer in porous media have been reported [11-14]. It is recognized that by
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Figure 10.1 Typical structures of (a) particles inserted bed, (b) wire screen and
(c) open-cell foam [64].

using porous media, heat transfer can be enhanced substantially due to the in-
creased contact surface area between the porous media and coolant. Porous media
have been successfully applied to the cooling of microelectronic chips [15-19],
aerospace thermal protective components [20] and high-power laser equipment
[21,22]. As compared with a porous channel packed with metal particles, spheres
or woven screens, the open-cell foam is a novel type of porous medium. Close-up views
of the typical structure for different types of porous media are shown in Figure 10.1.
Figures 10.1a and b present the structures for particle-inserted bed and woven screen,
respectively. It is observed from Figure 10.1c that the resulting open-cell foam has
a reticulated structure of open, shaped cells connected by continuous solid metal
ligaments. The open-cell foam with fully interconnected structure, low thermal inertia,
high surface area to volume and permeability lends itself to many applications, espe-
cially in heat transfer enhancement.

Studies of heat transfer in porous media show that heat transfer characteristics are
influenced significantly by material properties such as the geometrical and thermal
specifications. The open-cell metal foam has the desirable qualities for heat transfer
enhancement, i.e. large specific solid—fluid interface surface area and tortuous fluid
paths to promote fluid mixing. Highly conductive metal foams with large porosity
and permeability have attracted much attention due to the local thermal dispersion
caused by eddies inside the metal foam. Lu et al. [23] investigated analytically the heat
transfer efficiency in aluminum foams and concluded that the advantage of using a
honeycomb structure is that high heat transfer performance can be achieved with
relatively small pressure drop. Calmidi and Mahajan [24] studied the effective ther-
mal conductivity of high-porosity fibrous metal foams. Their results showed that the
overall effective thermal conductivity of the fluid system could be dramatically
increased by metal foams made of aluminum and copper. Noting the influence of
the structure on the thermal conductivity of the metal foam matrix, Boomsma and
Poulikakos [25] developed a geometrical effective thermal conductivity model of a
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saturated open-cell metal foam based on the idealized three-dimensional cell geom-
etry of a foam with a tetrakaidecahedron structure. It was shown that a change in the
fluid conductivity results in only a slight increase in the effective thermal conduc-
tivity. For an aluminum foam (k;=218 Wm ' K ') with 95% porosity in vacuum,
the three-dimensional model predicted ke to be 3.82Wm 'K Using air as the
saturated fluid increases the thermal conductivity to 3.85 Wm ™' K™, while the use
of water increases the thermal conductivity to 4.69 Wm ™' K. To obtain the equa-
tion for the effective thermal conductivity of open-cell metal foam, Bhattacharya et al.
[26] presented comprehensive analytical and experimental investigations on the
determination of the effective thermal conductivity for high-porosity metal foam.
A series of equations were developed to represent the thermal conductivities in
different layers. Kim et al. [27] investigated steady forced convection flow through an
aluminum foam in an asymmetrically heated channel and noted that the inertial
coefficient of the metal foam is a function of friction factor for steady flow through
the porous channel. Boomsma et al. [28] numerically studied the steady flow through
open-cell metal foams using a new approach based on a fundamental periodic unit
of eight cells. Their results of pressure drop for the flow through the cellular unit
were compared on a length-normalized basis against experimental data. They pos-
tulated that the discrepancy between the two sets of data may be caused by the lack of
pressure drop-increasing wall effects in their simulations.

Due to the enhanced heat transfer in metal foam, some applications of using
metal foams as heat sinks and heat exchangers were investigated. Lu [29] numeri-
cally studied the heat transfer efficiency of metal honeycombs for thermal manage-
ment applications in high-power electronics. His results demonstrated that heat
transfer performance would be further improved if a honeycomb heat sink were to
be designed for turbulent flow. Bhattacharya and Mahajan [30] designed finned
metal foam heat sinks with 5 pores per linear inch (PPI) and 20 PPI pore densities
for electronics cooling in forced convection. Their test data indicated that the 5 PPI
sample resulted in higher heat transfer coefficient compared to the 20 PPI sample
for a given pressure drop or fan power. Boomsma and Poulikakos [31] investigated
the characteristics of water flow through aluminum foams with different compres-
sion and pore sizes. Their results revealed that the permeability and the form
coefficient accurately described the pressure drop versus flow velocity behavior in
porous media. Ko and Anand [32] investigated forced convection in a rectangular
channel inserted with metal foam baffles. They reported that the friction factor
decreased slightly with an increase in the Reynolds number and increased with
baffle thickness and pore density. Boomsma et al. [33] experimentally studied the
metal foam as a compact heat exchanger and compared its performance with a
traditional heat exchanger. Their results showed that the heat exchangers made of
compressed open-cell aluminum foam generated thermal resistances that were two
to three times lower than the best commercially available heat exchangers. Hsieh
et al. [34] performed an experimental investigation of heat transfer in aluminum
foam heat sinks and studied the effects of porosity, pore density and flow velocity on
the heat transfer characteristics. The phenomenon of local thermal nonequilibrium
(LTNE) was also observed and the deduced temperature difference between the solid
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and fluid phases clearly indicated the existence of non-local thermal equilibrium
conditions within the heat sink. Leong and Jin [35,36] and Jin and Leong [37,38]
reported a series of experimental and numerical investigations on the heat transfer
performance of the different metal foams subjected to oscillating flow. Their results
showed that high heat transfer performance of metal foam subjected to oscillating flow
can be obtained with moderate pumping power. Dukhan and co-workers [39—-42]
experimentally and theoretically studied pressure drop and heat transfer in the
standard and compressed metal foams. It was found that pressure drops for high
pore density and compressed foams are significantly higher than those for low pore
density and uncompressed foams. In addition, they reported a one-dimensional
model by treating the foam as a fin using air as the working fluid and verified the
model by direct experiments.

10.1.2
Oscillating Flow Through Porous Media

Early studies of oscillating flow behavior were conducted by Womersley [43] and
Uchida [44] for an empty channel or tube. The features of pressure drop for oscil-
lating flow are of crucial importance for designing cryocoolers or regenerators with
inserted porous media. Investigations were performed on oscillating flow through a
channel filled with particles and woven screens using both analytical and experi-
mental methods [45-47]. Recently, Tanaka et al. [48] experimentally investigated fluid
flow in wire screens and sponge metals under oscillating flow and obtained an
empirical equation for the friction factor in terms of the hydraulic wire diame-
ter-based Reynolds number. However, their results were subjected to a single flow
displacement, and the effects of oscillatory frequency were not considered. Khodadadi
[49] treated analytically the problem of oscillating flow through a porous medium
channel bounded by two impermeable parallel plates with the assumption of negligi-
ble inertia effects. The results showed that oscillatory flow in porous media was
dependent on the porous medium shape parameter and Stokes number. When a
highly viscous fluid undergoes slow pulsation in a porous medium with high porosity,
the phase lag vanishes and similar velocity profiles in the same phase with that of the
pressure gradient wave were observed. Kim et al. [50] numerically studied the heat
transfer between the channel wall and the fluid of a porous channel subjected to
pulsating flow. In their computations, the local thermal equilibrium (LTE) model was
assumed which led to a model of one energy equation. Their results showed that when
the Darcy number is large, velocity profiles at low frequency were akin to quasi-steady
flows in a nonporous channel, and for high frequency, only a narrow portion very close
to the wall is affected.

To obtain the appropriate governing parameters for the oscillatory flow through a
packed channel, Zhao and Cheng [51] experimentally investigated pressure drop
characteristics in a packed column which consisted of three different sizes of woven
screens subjected to a periodically reversing flow of air. They showed that the
oscillatory pressure drop factor increases with the maximum fluid displacement and
the oscillation frequency. The correlation equation obtained by Zhao and Cheng [51]
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indicated that the friction factor of oscillating flow in woven screens is governed by the
kinetic Reynolds number and the dimensionless flow amplitude. In addition, Zhao
and Cheng [52] investigated experimentally the transition to turbulence of an oscil-
latory air flow in a pipe and obtained a correlation equation for the prediction of the
onset of turbulence. Ju and Zhou [53] studied the oscillating pressure drop and phase
shift characteristics for a regenerator filled with wire screens under high-frequency
oscillation and concluded that the values for the average pressure drop in the oscillat-
ing flow are about two to three times higher than that in steady flow at the same
Reynolds numbers. Wakeland and Keolian [54] reported the pressure losses across
single screens subjected to low-frequency oscillating flow. The friction factor was
found to depend on Reynolds number, but not on the oscillatory amplitude over the
range of conditions measured.

The fully interconnected and reticulated structures with open cells of the metal
foam lend themselves to many applications. Takahashi et al. [55] dealt with the
characteristics of foamed metals as matrices of regenerators used in Stirling engines
and derived the generalized experimental equations of flow friction and heat transfer
for matrices of stacked foamed metals. Fu et al. [56,57] investigated the heat transfer
in a channel filled with aluminum foams of different pore densities and reticulated
vitreous carbon (RVC) foams subjected to oscillating flow. Leong and Jin [58,59]
studied experimentally the effects of oscillatory frequency and flow displacement on
heat transfer in metal foams subjected to oscillating flow. Their results revealed that
the oscillating flow behavior is governed by the oscillatory frequency and flow
displacement and that heat transfer in oscillating flow is significantly enhanced by
employing open-cell metal foams in a plate channel. Based on the results for
oscillating flow through a porous channel presented by Zhao and Cheng [51], Leong
and Jin [60] investigated oscillating flow in open-cell metal foams and proposed a
correlation equation for the friction factor in terms of the hydraulic ligament diam-
eter-based kinetic Reynolds number and dimensionless flow amplitude. Further-
more, Jin and Leong [61] reported an experimental study of oscillating heat transfer
through metal foam channel for the application of electronic cooling.

The above literature review shows that most studies of fluid flow and heat transfer
in open-cell porous media were conducted for the conditions of steady and unidi-
rectional flows. Investigations on oscillating flow through open-cell foams are rela-
tively scarce. In the following sections, the discussion will focus on studies of
oscillating flow through aluminum foams of various pore densities, which possess
high thermal conductivity and its applications in thermal management.

10.2
Fluid Behavior of Oscillatory Flow in Open-Cell Metal Foams

The open-cell metal foams to be discussed mainly in this chapter are aluminum
foams with different pore densities. The density and cell size of typical foams such as
Duocel manufactured by ERG Materials and Aerospace Corporation are expressed in
terms of pores per linear inch (PPI) and can be varied independently to match the



10.2 Fluid Behavior of Oscillatory Flow in Open-Cell Metal Foams

10 PPI 20 PPI 40 PPI

Figure 10.2 (a) Appearance of 10, 20 and 40 PPI aluminum foams
and (b) typical internal structure of aluminum foam [59].

properties of the material to meet specific design requirements. Figures 10.2a and b
show the typical 10, 20 and 40 PPI aluminum foams and the internal structure.

The solid metal ligament's purity of aluminum foam is typically that of the parent
alloy metal with no voids and inclusions. As compared with other metal porous
media, the open-cell aluminum foam is a rigid, highly porous and permeable
structure with a controlled density of metal per unit volume. The matrix of cells
and ligaments is completely repeatable, regular and uniform throughout the entirety
of the material. Density is continuously variable from 3 to 12% and cell density can
be from 5 to 60 PPI. For the materials to be discussed, the middle density of 8% and
the pore size of 10, 20 and 40 PPI were used to characterize the fluid flow and heat
transfer in a porous channel subjected to oscillating flow.

10.2.1
Critical Properties of Open-Cell Foams

The important parameters of open-cell foams related to the flow characteristics are
porosity, inertial coefficient, permeability and ligament diameter. The physical prop-
erties of the open-cell metal materials can be determined experimentally. As shown
in Figure 10.2b, the aluminum foam has a reticulated structure of open, shaped cells
connected by continuous solid metal ligaments. A close-up view at a single cell of
open-cell metal foam shows that the cell has the approximate shape of a 12- to 14-
sided polyhedron whose pentagonal or hexagonal faces are open to one another and
there is a lumping of material at joints where the ligaments meet. For the 10, 20 and
40 PPI aluminum foams used in the studies of Leong and Jin [60], the ligament
diameter measurements were performed using a scanning electron microscope due
to the completely repeatable structure. The diameters of ten ligaments inside the
metal foam were chosen randomly were measured. For every selected ligament, the
diameters at three different locations were measured as illustrated in Figure 10.2b.
The average value d, is defined as the ligament diameter and used in the calculations.

Porosity is commonly defined as the total void volume divided by the total volume
occupied by the solid matrix and void volume. Due to the fully interconnected and
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open-cell pore structure, there is no dead end (connected only to one other pore) or
isolated pores (not connected to any other pore) inside the metal foam. Therefore,
the porosity € of an open-cell metal foam can be easily obtained by measuring the
total volume of the metal foam from its external dimensions and the volume of the
solid fractions according to the equation

Vi—V,
g=——"1 (10.4)
Vi

where V, and Vj are the total volume and the volume of solid fraction of porous
material respectively.

The term inertial coefficient describes the effects of the local aspects of the pore
space morphology on momentum transport in the porous media. The permeability
is a measure of the flow conductance of the porous matrix. The permeability K and
inertial coefficient F of porous media can be determined by the modified Darcy
equation proposed by Hunt and Tien [62] with the measured pressure drop and flow
velocity data under the steady flow condition as

dP 1 1 Fu

el - 10.5
L K‘H’f\/fp« (10.5)

By plotting the quantity

1 dp

pu /) \dL
against pe(u/p) for a range of flow rates, the permeability is obtained as the intercept
and the inertial coefficient is determined from the slope. The quadratic curve fitting

method is applied to obtain the values of inertial coefficient and permeability by
defining

A= B (10.6)

oo, F
K’ = Pt \/K
where A and B are constants to be determined. Consequently, Eq. (10.5) can be
expressed as

AP
- = Aut Bu? (10.7)

where AP is the pressure drop and L is the length of the metal foam. Figure 10.3
presents the data of pressure drop per unit length versus velocity for steady flow of
air through the 10, 20 and 40 PPI aluminum foams. By fitting the second-order
polynomial of Eq. (10.7) through the data points, coefficients A and B can be
determined. By substituting the values of A and B into Eq. (10.6), the corresponding
values for permeability K and inertial coefficient F can be obtained. The measured
values of physical properties for the tested metal foams are listed in Table 10.1.
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Figure 10.3 Pressure drop versus flow velocity in aluminum foams [60].

Table 10.1 Physical properties of aluminum foams [60].

Physical property Al 10 PPI Al 20 PPI Al 40 PPI
Ligament diameter, d; (um) 427.2 2213 112.6
Porosity, € 0.91 0.90 0.90
Density, vol.% 8-10 8-10 8-10
Inertial coefficient, F 0.008 0.011 0.015
Permeability, K (10~% m?) 4.2 3.1 2.9
10.2.2

Analysis of Similarity Parameters

The consideration of the similarity parameters is based on the study of fully devel-
oped reciprocating flow in a circular pipe presented by Zhao and Cheng [63]. Their
analysis is represented briefly below for ease of reference.

Consider fully developed oscillating flow through a circular pipe. The transient
friction factor flot) can be expressed as

[ (%) r=D/2

10.8
%pfuﬁmx ( )

flot) =

where w is the angular frequency of the imposed pressure gradient and D and r are
the diameter of the pipe and the radial coordinate, respectively. Thus, the average
friction factor fys. in a complete oscillatory cycle is given by

2m

o = % J | ) dort (10.9)

0
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For fully developed oscillating flow through a pipe, the mass and momentum
governing equations for incompressible flow are

ou
g 10.1
=0 (10.10a)

ot p;Ox

du 10P *u 1du

where u is the axial velocity and v is the kinematic viscosity of the fluid. The pressure
gradient for a sinusoidal motion flow can be expressed as

10P
——=A,coswt (10.11)
Pr Ox

where A, is the oscillation amplitude for the imposed pressure gradient. A modified
solution which is based on the result obtained by Uchida [44] for the axial velocity
profile of a fully developed oscillating flow gives

AD? _
w=p ———[(1 — A)sin ot + Bcos wi] (10.12)

where A and B are parameters which can be determined by the kinetic Reynolds
number Re,=wD?/v. Re, was used to characterize the fluid status of oscillating
flow, which could represent the periodic characteristic of oscillating flow, i.e. dimen-
sionless oscillatory frequency. An expression of the average friction factor for oscil-
lating flow in a pipe obtained by Zhao and Cheng [63] is

64 F,

ﬂ)sc - ’ITA()

(10.13)

where Ay = Xpax/ D is the dimensionless flow amplitude and x,,,, is the maximum
flow displacement. The function F,, can be expressed as

/2 2
F, = SRS (10.14)
16\/ (3 /Re — 2€1)’ +4C}

where C; and C, are variables given by

ber(1\/Re,)bei’ (3 v/Re,) — bei(}v/Re, )ber’ (3 1/Rey)

a= ber? é\/R_ew) +bei?(1/Re,) (10.15a)
c, = ber (3 v/Re,, ) ber’ (%\/R_) +be1( \/R_eu,)bm( VRe,) 10.15b)
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in which ber and bei are the Kelvin functions. Equations (10.16) and (10.17) indicate
that F,, is governed only by the kinetic Reynolds number Re,. By considering
Eq. (10.15), it can be deduced that the average friction factor of oscillating flow
through a pipe with constant L and D is governed by the parameters of the kinetic
Reynolds number and dimensionless flow amplitude, i.e.

fose = f (Ao, Rey) (10.16)

Furthermore, Zhao and Cheng [51] studied experimentally oscillating flow
through a porous channel filled with wire screens under various flow displace-
ments. A correlation equation for the friction factor in terms of the kinetic
Reynolds number and the dimensionless fluid displacement amplitude was pre-
sented. Their results validated that the hydraulic wire diameter-based dimension-
less fluid displacement and the kinetic Reynolds number are the similarity
parameters for describing the friction factor of oscillating flow through a porous
channel. Consider the solid components of the wire screens and metal foam as
shown in Figure 10.1. It can be observed that the wires and the ligaments are the
solid struts inside the woven screen and metal foam, respectively. The flow
restriction and pressure drop in metal foam will be influenced significantly by
the ligament shape and structure. To study the characteristics of oscillating flow in
metal foams, it is necessary to employ the hydraulic ligament diameter as the
geometrical length of the materials in the investigations. The effect of the open-
cell foam on oscillating flow behavior is accounted for by defining the hydraulic
ligament diameter of metal foam Dy, as

Sdl

Dy = 10.1
"1 (10.17)

where d) and ¢ are the ligament diameter and porosity of the metal foam, respec-
tively. The proposed similarity parameters of the hydraulic ligament diameter-
based kinetic Reynolds number Re,pn) and the dimensionless fluid amplitude
Apy, are defined as

oD?
Rew(on) = =+ (10.18)

xmax
App = — 10.19
on = 22 (10.19)
According to Egs. (10.17) to (10.19), the effect of the average ligament diameter is
included in the calculations. With the definition of the hydraulic ligament diame-
ter as the characteristic length, the maximum friction factor proposed by Tanaka et
al. [48] for oscillating flow through porous channel can be modified as

APmath

e 10.20
%pr(umax)z ( )

ﬁnax -
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where AP, is the maximum pressure drop in porous channel and u,,, is the
maximum flow velocity.

10.2.3
Oscillatory Flow Through a Channel Filled with Open-Cell Foams

Based on the above analysis, an experimental study was performed by the authors
[60] to examine oscillating flow through a channel filled with 10, 20 and 40 PPI open-
cell aluminum foams. The experimental facility is shown in Figure 10.4.

The facility consists of three major parts: oscillating flow generator, velocity
measurement section and test section. The oscillating flow generator consists of
a compression cylinder, a piston and a crankshaft with adjustable stroke lengths that
generates a sinusoidal oscillating flow. By adjusting the motor speed through a
transducer, oscillating flows of different frequencies can be generated. Different
oscillating amplitudes were obtained by varying the distance of the crank from the
plate center. A hot-wire sensor was mounted at the center of the two ends packed
with 40 mesh woven screen discs. The packed screen provides a uniform velocity
profile. The velocity measured by this arrangement is approximately the same as the
cross-section averaged velocity through the column due to the extremely thin velocity
boundary layer in the porous media. The test section is a well-shaped block of open-
cell aluminum foams (10, 20 and 40 PPI) with dimensions of 5050 x 10 mm. The
two taps of the differential pressure transducer are located before and after the test
section for pressure drop measurements.
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----------------------- 5. Hot-wire
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. Aluminum foam
. Constant temperature
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10. Pressure transducer
11. Voltage amplifier
12, Data acquisition
card
13. Personal computer

Figure 10.4 Apparatus for the measurements for oscillating flow
through channel filled with aluminum foams [60].
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10.2.3.1 Effects of Kinetic Reynolds Number and Dimensionless Flow Amplitude

Figures 10.5a and b present the typical variations of flow velocity and pressure drop
through 10 and 20 PPI aluminum along the cycles of oscillating flow. Figure 10.5a
was obtained for 10 PPI aluminum with kinetic Reynolds number Re.pn) = 24.0,
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Figure 10.5 Variations of velocity and pressure drop of oscillating
flow through (a) 10 PPl aluminum and (b) 20 PPI aluminum with
different kinetic Reynolds number [60].
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31.1 and 40.9 at the maximum flow displacement Ap,, = 16.6, and Figure 10.5b was
obtained for 20 PPI aluminum with kinetic Reynolds number Re,pn) = 5.3, 6.8 and
9.1 at the maximum flow displacement Apy, = 34.2. It can be seen that the profiles of
flow velocity increase with the increase of kinetic Reynolds number and vary almost
sinusoidally due to the reversing flow direction. High-pressure drop corresponds to
high maximum flow velocity. It is noted that the measured velocities will always be
positive even though the velocity direction is reversed at every other half cycle. This is
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Figure 10.6 Effects of (a) maximum flow displacement and
(b) kinetic Reynolds number on pressure drop in aluminum foams [60].
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because of the fact that the single hot-wire sensor cannot distinguish the flow
direction. To reflect a correct velocity direction, the measured values of velocity
were processed by reversing its sign on every other half cycle.

To evaluate the effects of flow displacement and oscillatory frequency on the
pressure drop of oscillating flow in metal foam, the pressure drop in 20 and 40 PPI
aluminum foams for different cases are plotted in Figure 10.6. Figure 10.6a shows
the typical temporal variations of the pressure drop across the channel filled with
20 PPI aluminum for various dimensionless flow amplitudes at a fixed kinetic
Reynolds number Reqpn) = 6.8. It can be seen that the pressure drop differences
are only about 8-15 Pa for various flow displacements. It can also be seen that the
pressure drop increases slightly with the increase of the dimensionless flow ampli-
tude within the tested range at a fixed value of the kinetic Reynolds number. The
effects of different kinetic Reynolds numbers on the variations of pressure drop
across the 40 PPI aluminum foam are illustrated in Figure 10.6b for a complete cycle
at Ap, = 67.5. A difference in pressure drop of about 130 Pa is observed between the
kinetic Reynolds numbers of 2.4 and 1.7. It shows that the pressure drop for high
oscillatory frequency is much higher than that for low oscillatory frequency at a fixed
flow displacement. These two figures indicate that the pressure drop always depends
on the kinetic Reynolds number and dimensionless flow amplitude for oscillating
flow through a porous channel with constant properties.

To examine the pressure drop in different materials, the variations of the
maximum pressure drop in aluminum foams of 10, 20 and 40 PPI are plotted in
Figure 10.7 for a given maximum flow displacement, i.e. the dimensionless flow
oscillation amplitude Ap), = 14.6, 30.2 and 59.5 for 10, 20 and 40 PPI aluminum,
respectively. The oscillatory frequency was set to 3.9 Hz, i.e. the kinetic Reynolds
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Figure 10.7 Effect of pore density on pressure drop for oscillating
flow through 10, 20 and 40 PPI aluminum foams [60].
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number Re,pn) = 27.6, 6.1 and 1.5 for 10, 20 and 40 PPI aluminum, respectively.
It is observed that the amplitudes of pressure drop increase markedly with the
increase of the foam pore density at the same oscillation frequency. This indicates
that the flow resistance in open-cell metal foam increases with the pore density.

To explain the physical meaning behind the phenomena of high pore density
corresponding to high pressure drop, specific surface areas for the tested aluminum
foams were examined. Lage [10] reported that the increase of flow resistance in porous
materials directly relates to the effective surface length, which relates an increase in
drag to the increase in specific surface area. From the metal foam specifications
provided by the manufacturer [64] as shown in Figure 10.8a, the specific surface areas
for 10, 20 and 40 PPI aluminum foams are approximately 790, 1750 and 2740 m*m >,
respectively. This implies that flow resistance in high pore density metal foam is larger
than that in low pore density metal foam with the same flow conditions, which is in
agreement with the experimental data. Furthermore, based on Eq. (10.2) which pro-
vides the global balance of forces acting on a fully saturated permeable volume under
the incompressible fluid condition, the physically meaningful ratio between the form
drag and the viscous drag can be expressed as [10]

D cK
Dc _peK

10.21
D, n ( )

where D is the form drag and D,, is the viscous drag. Ratios of form drag to viscous
drag for 10, 20 and 40 PPI aluminum foams are plotted against the flow velocity in
Figure 10.8b. It can be seen that the ratio for aluminum foam with high pore density
is higher than that with low pore density. This indicates that for constant porosity, the
flow resistance in the tested metal foams increases with increasing form coefficient
and decreasing permeability. As the flow velocity increases, the larger ratios for 40 PPI
aluminum foam show that the effect of form drag on the flow resistance is more
significant for pore density metal foam.

10.2.3.2  Friction Factor in Metal Foam
Based on the experimental data discussed above, Leong and Jin [60] examined the
maximum friction factor of oscillating flow through the open-cell metal foam with
the similarity parameters analyzed in the Section 10.2.2. The measured maximum
pressure drop versus hydraulic ligament diameter-based Reynolds number is
plotted in Figure 10.9a. The maximum Reynolds number based on the hydraulic
ligament diameter is defined as

Remax(ph) = Umax Dy (10.22)

vt

where Uy, is the average maximum velocity through the cross-section of porous
channel. For oscillating flow through a porous channel, the maximum cross-sectional
velocity u,y is related to the maximum flow displacement x,,,,, by

Umax = xm'%w (1023)
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Figure 10.8 (a) Specific surface areas of 10, 20 and 40 PPI aluminum
foams [64]; (b) ratio of form drag to viscous drag in 10, 20 and
40 PPI aluminum foams.

Considering Eqs. (10.18), (10.19) and (10.23), the Reynolds number in Eq. (10.22)
can be expressed in terms of Apy and Reypn) as

Apn Reypn)
2
Figure 10.9a illustrates the kinetic Reynolds numbers Re.,pn) versus the computed
data of maximum friction factor fi,,, times the dimensionless flow displacement
amplitude Apy. The data ranges of the hydraulic ligament diameter-based kinetic

Remax(Dh) = (1024)
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Figure 10.9 (a) Maximum friction factor for oscillating flow
through 10, 20 and 40 PPI aluminum foams [60]; (b) friction

factor for steady flow through various metal foams [39].

Reynolds number and dimensionless flow amplitude are 0.46 < Re,,pn) < 57.9 and
12.7 < Apn < 67.5, respectively. The following correlation for the maximum friction

factor for oscillating flow in open-cell aluminum foam is obtained:

1

86.7
=— | =559 1+ 0.61
o (5, )
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Equation (10.25) is derived from a least-squares fitting method with an error of
+14.8%. The error range of the empirical equation plotted in Figure 10.9a shows that
the friction factor of oscillating flow in metal foam is fitted well by Eq. (10.25). The
correlation equation indicates that oscillating flow behavior in an open-cell metal
foam is governed by the dimensionless flow displacement amplitude Apy, and the
kinetic Reynolds number Re,,pp) based on the hydraulic ligament diameter of open-
cell foam. The friction factors of steady air flow through various metal foams
including compressed aluminum foams were investigated by Dukhan et al. [39].
Figure 10.9b plots their results of the friction factor versus the Reynolds number
Rey, which is defined based on the permeability K of the metal foam. The friction
factor was calculated from APv/K/pLu®. The solid lines represent the power law fit
of the experimental data. For the compressed foam, the friction factor appears to
reach a constant value for Reynolds number larger than 35. The compression is seen
to significantly increase the friction factor and the friction factor is higher for the
40 PPI foam as compared to that for the 10 and 20 PPI foams. This is due to the large
surface area of high pore density foam, and is in agreement with the analysis
presented in Figures 10.7 and 10.8.

10.3
Heat Transfer Characteristics of Oscillatory Flow in Open-Cell Foams

10.3.1
Theoretical Analysis of Forced Convection in Oscillating Flow

Fu et al. [57] investigated forced convection heat transfer in metal foams sub-
jected to oscillating flow. They reported a dimensionless grouping parameter for
evaluating the total heat transfer rate in metal foam channel subjected to oscil-
lating and steady flows. In their derivation, two energy equations (i.e. local
thermal nonequilibrium model) are used to account for the temperature differ-
ence between fluid and solid in the porous medium. Under the assumptions of
two-dimensional, incompressible flow and uniform porosity of porous media,
the energy equations of forced convection in porous medium can be expressed
as [14]

. oT,
fluid phase: Spfcpfa—tf +pppitt - (VTr) = V- (ke VTr) + bt (To — Tr) (10.26a)

T
solidphase: (1 — s)pscps% =V (ke VT;) — hgsaes(Ts — Tt) (10.26b)

where T, T, kee and kg are the temperatures and effective thermal conductivities
of solid and fluid phases, respectively, and hg and ag are the heat transfer coeffi-
cient and contact surface area between the solid and fluid interface. To concentrate
on the analysis of forced convection heat transfer in a channel filled with porous
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media, one-dimensional incompressible and fully developed flow is assumed. In
addition, the properties of the porous medium are assumed to be uniform. For
general porous media, the effective thermal conductivities of fluid and solid
phases are approximately by

kre = eks + kg (10273)
kse = (1 —€)ks (10.27b)
where kq, krand k, are the thermal dispersion conductivity of porous medium and the

thermal conductivities of fluid and solid phases, respectively. Substituting Eq. (10.27)
into Eq. (10.26), the energy governing equations can be rewritten as

, 0Tt oT; o
fluid phase: ?,pfcpfa—tt + pfcpfua—xt = (ek¢ +kq) sz + hgsags(Ts — Tr) (10.28a)
lidphase: (1 —€)p,6 oL; (1—¢)k T, +62TS hesag (Ts — Tg)  (10.28b)
1 : - S A, - s\ A — PisOfs\( Ls — .
Ronaphase P oy o2 oy . '

In electronic cooling applications, time-averaged characteristics are of interest
rather than those at a certain instant of time. Therefore, the following equations are
defined as time-averaged components:

T = Tt + ATy (10.29a)
T, = Ts + AT, (10.29b)
hes = hes + Abg (10.29¢)
u =7u+Au (10.29d)

where a quantity with an overbar is the time-averaged component of that quantity
while a quantity with “A” is the fluctuation component of the quantity. Applying the
time-averaged components of Eq. (10.29) into Eq. (10.28), the energy equations of

oT O(AT;
fluid and solid phases are fluid phase: p;cy (ﬁaforAu ( axt)>
(G S ——
= (Skf + kd) W =+ hfsafs(Ts — Tf) + Ahfsa«fs(Ts — ATf) (103021)
, . T, *T\ - = =, ——
solidphase: 0= (1—¢)ks o + o — hgsags (Ts — Tr) — Ahgag (Ts — ATy)

(10.30b)
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Substituting the following equation into Eq. (10.30a):

S O°T, 0T,
[hfsafS(Ts — Tf) +Ahfsafs(Ts - ATf)] = (1 — S)ks ( ale ayz > (1031)
the fluid phase energy equation can be re-written as
_0T; O(ATy)\ o'y o*T, O’T,
prpf (ua—ﬁ—Au ax —(8kf+kd)a—})2+(1—8)ks W-’-a—yz
(10.32)
The term
, JAT)

Ox

can be neglected because it is small compared to the average convection term
%(0T¢/0x). Equation (10.32) can now be rewritten as

oTs o’T

Pfcpfﬁ—:(skf—&-kd)w;—&-(l—s)ks( (10.33)

O’T, 0T,
Ox

O0x2  0y?

Based on the condition of constant heat flux at the bottom wall along the x axial
direction, Eq. (10.33) can be reduced to

O’T, O*T,

_0T¢
Préprli o = (ekr + ka) B3 +(1- g)kSW (10.34)

For the scale analyses of the heat transfer in a porous channel, the overbar in
Eq. (10.34) is dropped for simplicity. The scale analysis can be expressed as

AT AT AT
preptu— ~ (oke £ ko) Sy + (1 -0k g (10.35)

t t

where AT is the temperature difference of the hot wall surface and the bulk tem-
perature of the fluid and 3, is the thickness of the thermal boundary layer. It is noted
that the temperature scales for solid and fluid phases are assumed to be the same.
Equation (10.35) can be rearranged as

8_3 [Skf + kd + (1 — S)ks}
x2 PrCpfUX

(10.36)
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Definitions of the effective thermal conductively kg, effective thermal diffusivity
o of porous media and the effective local Peclet number Pe. are given as

kett = ekt + kg 4 (1 — €)k; (10.37a)

o = et (10.37b)
pfcpf

P = (10.37¢)
[0

Note that Pe;, is a function of x. Substituting Eqs. (10.37a)—(10.37c) into Eq. (10.36)
gives

5 e,
S~ (E) = pg12 (10.38)
o

The local Nusselt number Nu, can be expressed as

. De ket De (ke (De wn1/2
Nu, = hxk—f ~ sk (k_t) (7> (Pe,) (10.39)

where D, is the hydraulic diameter of channel. The length-averaged Nusselt number
is given Dby [65]

L L

1 1 kett D, ux\ 1/2

Nitayg = IJNuxdx =7 J (ﬁ) (f) (OT) dx (10.40)
0 0

Performing the integration of the local Nusselt number over the entire length of

the porous channel along the flow direction, the scale analysis of the length-averaged
Nusselt number can be obtained as

keir\ /D2
Nuavgfv(k—if> (T) (Pe)/? (10.41)

where Pe'=uD,/a” is the Peclet number based on the hydraulic diameter of the
channel. Equation (10.41) implies that grouping parameter

() oo

is a function of the length averaged Nusselt number for forced convection heat
transfer in porous media.
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10.3.2
Oscillatory Heat Transfer in Open-Cell Metal Foams

To perform the experiments for studying heat transfer in open-cell metal foams
subjected to oscillating flow, the test section in the setup illustrated in Figure 10.4
was modified. A film heater was firmly mounted on the bottom of the channel to
supply a constant heat flux. A 1 mm thick copper plate with eight narrow slots was
attached on the surface of film heater to allow thermocouples to be positioned along
the test section. The dimensionless locations of these thermocouples in terms of x/ D,
(where D.=5H)/3 is the hydraulic diameter of the channel) are 0, 0.4284, 0.8568,
1.2858, 1.7142, 2.1456, 2.5716 and 3. The other two thermocouples were placed at the
inlet and outlet to measure the bulk temperatures. Two pairs of the cooler were
attached at the two ends of the test section to remove the heat carried out by fluid
flow. Details of the heat transfer experiments can be found in Ref. [58].

The heat transfer experimental data of both porous and empty channels subjected
to oscillating flow conditions are shown in Figure 10.10. Figure 10.10a presents the
cycle-averaged local surface temperature distribution on the substrate surface along
the axial direction in oscillating flow with oscillatory frequency from 3.1 to 3.8 Hz for
the empty and porous channels with different power inputs. For both the channels,
there are two thermal entrance regions in the test section due to the reversing flow
direction. The surface temperatures located at the two entrances are lower than that
at the center of the test section. The local surface temperature distribution curves are
convex with the maximum at the center of the test section. It is obvious that for
different input powers, the surface temperature profile in the empty channel is
much higher than that in channel filled with metal foam. The advantages of large
surface area-to-volume ratio of the porous foam and intense fluid within the metal
foam resulted in a much lower surface temperature distribution in a porous channel
subjected to oscillating flow. Figure 10.10b shows the cycle-averaged local Nusselt
number (Nu, = h, D./k) in both empty and porous channels along the dimensionless
axial distance. It can be seen that the cycle-averaged local Nusselt number decreases
as the dimensionless location x/D, approaches the center of the test section. The
Nusselt number distribution curves are concave with the minimum around the
center of the test section as the symmetric point. It is obvious that the cycle-averaged
Nusselt number for oscillating flow in porous channel is much higher than thatin an
empty channel. For the 40 PPI aluminum foam channel, the average Nusselt num-
ber derived from the cycle-average local Nusselt numbers of Figure 10.10b is about
3 times larger than that in empty channel. It is noted that the difference of cycle-
averaged local Nusselt numbers between the two ends of the test section and center
of the porous channel is larger than that in empty channel. This indicates that heat
transfer performance can be significantly enhanced at the thermal entrance region
in oscillating flow through a channel filled with metal foam.

One direct reason for the difference of thermal performance between oscillating
flow through porous and empty channels is the difference of effective thermal
conductivity between the porous and empty channels. Calmidi and Mahajan [24]
obtained a correlation for the effective thermal conductivity keg for aluminum
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Figure 10.10 Comparison of heat transfer in oscillating flow
through porous and empty channel: (a) cycle-averaged surface
temperature distribution; (b) cycle-averaged local Nusselt
number distribution [58].

foams, which are the same materials studied by Leong and Jin [58]. Their equation is

keir = ke 4 0.181(1 — £)*7%%k, (10.42)

Using Eq. (10.42), the variation of effective thermal conductivity of oscillating flow
through the channel filled with 40 PPI aluminum foam is shown in Figure 10.11. It
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Figure 10.11 Variation of the effective thermal conductivities with the porosities of the channel.

should be noted that for e =1, i.e. empty channel, the effective thermal conductivity
is equal to the fluid thermal conductivity. It can be seen that the effective thermal
conductivity decreases with an increase of the porosity of the metal foam. Compar-
ing the tested porous channel (¢ = 0.9) and empty channel (¢ = 1), it can be seen that
the effective thermal conductivity in the metal foam is much higher than that in an
empty channel. The large difference in the effective thermal conductivity results in
high heat transfer rate achieved by oscillating flow through a metal foam as com-
pared to that through an empty channel.

10.3.3
Effects of Oscillation Frequency and Flow Amplitude

The discussion of the fluid behavior in open-cell metal foam presented in Section 10.2
shows that oscillatory frequency and flow amplitude are the critical factors for oscil-
lating flow through a porous channel. To reveal the effects of oscillatory frequency and
maximum flow displacement on the heat transfer, the dimensionless flow amplitude
Ao = Xmax/ De and kinetic Reynolds number Re,, = mD.?/v were employed to study the
heat transfer characteristics of oscillating flow through metal foam channel. To focus
the discussion on the effects of flow parameters on heat transfer in metal foams, the
40 PPI aluminum foam was tested for various flow conditions. The discussion on
oscillating flow through different aluminum foams is found in Section 10.1.2.

The effect of kinetic Reynolds number on the cycle-averaged local surface tempera-
ture of 40 PPI aluminum foam for amplitude of flow displacement Ay = 3.6 is pre-
sented in Figure 10.12a. It can be observed that the cycle-averaged local surface
temperature profile decreases with the increase of the kinetic Reynolds number for
different flow displacements. This implies that high oscillatory frequency corresponds
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Figure 10.12 Effects of kinetic Reynolds number on (a) cycle-averaged local
surface temperature and (b) cycle-averaged Nusselt number distributions.

to low surface temperature in the tested range. As shown in the figure, a temperature
difference of approximately 30—40 °C can be achieved between the maximum and
minimum kinetic Reynolds numbers for A;=3.6. Figure 10.12b presents the dis-
tributions of the calculated local Nusselt numbers for oscillating flow corresponding to
various kinetic Reynolds numbers. It shows that the cycle-averaged local Nusselt
number increases with the increase of kinetic Reynolds number, i.e. oscillatory fre-
quency. Physically, a higher oscillatory frequency means a shorter cycle time for the
oscillating flow to reverse its direction. It implies that for a certain cooling period, high
frequency results in cooler fluid entering the porous channel alternately from the two
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inlets and enhanced heat transfer performance. It can also be seen that for varying
oscillatory frequency, the distribution curves of the cycle-averaged local Nusselt num-
ber are concave about the center of the test section as the symmetric point.

The effect of dimensionless amplitude of flow displacement A, on heat transfer
of oscillating flow in a porous channel with different kinetic Reynolds numbers is
also presented in Figure 10.13. It can be seen from Figure 10.13a that the tempera-
ture profile decreases with an increase in the dimensionless amplitude of flow
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displacement for various kinetic Reynolds numbers. For different flow amplitudes
and kinetic Reynolds numbers, the cycle-averaged local surface temperature dis-
tributions are similar to the results in Figure 10.12a. The effect of dimensionless
flow amplitude A on the distribution of cycle-averaged Nusselt number at different
Reynolds numbers is shown in Figure 10.13b. It is clear that the profile of cycle-
averaged local Nusselt number for large A is higher than that for small A,. A closer
observation shows that for large displacements, the variation of the Nusselt number
along the axial direction is larger than that for small displacements. This implies
that the thermal entrance region for oscillating flow with large amplitude of
displacement is longer than that for oscillating flow with small amplitude of
displacement. Within the tested ranges of frequency and flow amplitude, it can
be deduced that higher heat transfer rates can be obtained by larger displacement
oscillating flows with high kinetic Reynolds number in a porous channel.

10.3.4
Heat Transfer Rate in Metal Foams

In order to evaluate the overall effects of dimensionless amplitude of flow displace-
ment A and kinetic Reynolds number Re,, on the total heat dissipation rate in a porous
channel subjected to oscillating flow, the length-averaged Nusselt number was used.
Figure 10.14a presents the length-averaged Nusselt number versus kinetic Reynolds
number with different dimensionless amplitudes of flow displacement for a porous
channel with L/ D, = 3. Generally, the length-averaged Nusselt number Nu,yincreases
with both the dimensionless parameters Ay and Re,,. However, it is noted that for fixed
dimensionless amplitude of flow displacement Ay, the length-averaged Nusselt num-
ber approaches a constant value for a kinetic Reynolds number Re,, of about 874. This
implies that very high oscillatory frequency has very little contribution to an increase in
heat transfer rate in oscillating flow through a porous channel. This suggests that
oscillating flow at relatively low frequency and high amplitude of displacement has a
substantial effect on the heat transfer behavior in a porous channel since the tempera-
ture fluctuation on the wall surface cannot follow the oscillatory velocity at very high
frequency. Using the least squares method, the data in Figure 10.14a can be collapsed
onto a fitting line as shown in Figure 10.14b. The resulting correlation equation with a
error of +9.8% for the length-averaged Nusselt number in terms of the dimensionless
amplitude of flow displacement and kinetic Reynolds number for oscillating flow with
Re, =150 to 900 and Ay =3.1to 4.1 in a porous channel of L/D.=3 is

Nutgye = 12.38A9%° Re:3! (10.43)

Equation (10.43) indicates that the effect of Ay on the heat transfer behavior in
oscillating flow is more dominant than that of Re,, due to the larger exponent of Ay. It
implies that higher heat transfer performance can be obtained by oscillating flow
through a porous channel with relatively low frequency and high displacement.

For the transient thermal problem in porous media under oscillating flow
condition, the temperature variations of the solid and fluid phases were studied
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theoretically by Byun et al. [66]. The two temperature equations (Egs. (10.26a,b))

can be

simplified as
? + cos (7) = N(6, — ;) (10.44a)
T
de,
> = N(6r — 6, 10.44
4 = N6 —6) (10.44b)

where 6 is the nondimensional temperature based on the linear temperature distri-

bution

and 7 is the nondimensional time. M and N are the ratios of the interstitial heat
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conductance between the phases to the fluid thermal capacity and the ratio of the
thermal capacities between the solid and fluid phases, respectively, and are defined as

ha
M= Go (10.45a)
N = 128G (10.45b)

8(pfcpf)

where h is the heat transfer coefficient and a is the interfacial area. These two para-
meters represent how fast or how large an amount of heat can be transferred from the
fluid phase to the solid phase. The exact solutions were obtained for both the fluid
and solid temperature variations and the results for different cases are presented in
Figure 10.15. For the case of relatively large N and small M as shown in Figure 10.15a,
the temperature variation of the fluid phase is very large whereas that of the solid
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phase is very small. As M increases for a fixed value of N, the temperature variation
of the fluid phase becomes smaller and that of solid phase becomes larger as shown
in Figure 10.15b. For a further increase of M beyond the value of N, the
solid temperature remains relatively constant while the fluid temperature oscillation
decreases to assume a similar temperature variation as the solid phase as shown in
Figure 10.15c. Meanwhile, if N decreases from the case in Figure 10.15c, the
temperature oscillations increase for both the solid and fluid phases as shown in
Figure 10.15d.

According to the above findings, the ratio of N to M can be used as a criterion for
the validity of the local thermal equilibrium condition in this problem, which can be
written as

N_(-9bCpo b, (10.46)
M ha to ’
with
1 (1 —2)(p,Cps)
o = = and t, = TP (10.47)

where £, is the time scale of the variation of the flow or thermal boundary condition,
and t, is the time scale concerning the thermal inertia of the porous media. The ratio
N/M can be used to verify the local thermal equilibrium condition for porous media
subjected to oscillating flow. When the characteristic time of the porous media is
much shorter than the time scale concerning the variation of the boundary condi-
tion, local thermal equilibrium is achieved and the temperature difference between
solid and fluid phases can be neglected.

A numerical study was performed by Calmidi and Mahajan [67] to investigate
forced convection in high-porosity metal foams. In their simulated domain, the
bottom wall is heated under a specified temperature profile and the upper wall is
insulated. The fluid is assumed to enter at a constant temperature and a zero
diffusion condition is assumed for the fluid phase at the exit. The nondimensio-
nalized transport equations are

du ¢ Rex )
7= m(u 1)+ Da Fye(U* - 1) (10.48a)
1 /d*e, d?e,
B ( e de> — (65 — ) (10.48b)
aef - 0 Da aef 0 Da aef
Uax ~ax <<—RP + 6 U) &) oy <<—RP +Co U) W)
Bi
(0, - 6y) (10.48¢)

RBK Prfe
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where

VK sar H . haanH?
pa= YK g Moy gy - et (10.49)
H [ ke

are Darcy and Biot numbers. A fully developed velocity profile is prescribed at the
inlet and the energy equations were solved using the ADI finite difference scheme.
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The numerical results of average Nusselt number on the heat surface with the
experimental data for 5-10 PPI aluminum foams and 20-40 PPI foams are rear-
ranged in Figures 10.16a and b, respectively. Generally, the total heat transfer rate
increases with the Reynolds number and the simulation results show a good fit with
their experimental data. The largest Nusselt number was obtained for high pore
density 40 PPI foam as compared to the Nusselt numbers obtained with 5, 10 and
20 PPI foams. An analysis of the results reveals a systematic deviation between the
experimental and computed data for high Reynolds number. In particular, the
numerical results appear to under-predict the experimental Nusselt number for
Rex > 80. The indication is that some other transport enhancing effect such as
turbulence may have occurred in the experimental study.

10.4
Thermal Management Using Highly Conductive Metal Foams

One of the primary reasons for studying forced convection in open-cell metal foams
is their possible application in electronics cooling. The fibers of the metal foam with
high thermal conductivity can be thought of as a complex network of extended
surfaces emanating from the substrate of the heated surface. Furthermore, when
a fluid flows through the metal foam matrix, it follows tortuous paths and undergoes
considerable mixing. As a result, the efficiency of heat transfer from the fibers to the
fluid is enhanced. For various electronics cooling applications, heat transfer in metal
foams under different flow conditions will be discussed in this section.

10.4.1
Steady and Oscillating Flows in Open-Cell Metal Foams

10.4.1.1 Thermal Performance of Open-Cell Metal Foams

For electronics cooling applications, Bhattacharya and Mahajan [30] studied the
finned metal foam heat sinks proposed by Calmidi et al. [68] under forced convection
conditions. The foams were cut into their precise geometry and inserted into the gap
of the fins. Their results of the heat transfer coefficients for 20 PPI aluminum with
one, two, four and six fins and the comparison with plate-finned heat sinks are
shown in Figure 10.17a. For 20 PPI finned metal foams, the heat transfer coefficient
h increases at a given air flow velocity u when fins were incorporated in the metal
foams and the variation of h with u was found to be almost linear in the tested
velocity range. Compared to the longitudinal plate-finned heat sinks, the heat trans-
fer coefficients offered by the finned metal foams are consistently higher than those
offered by the plate-finned heat sinks in the entire velocity range. Thus it can be seen
that significant enhancements in heat transfer rates can be achieved by the finned
metal foams. Kim et al. [69] compared the thermal performance between the tradi-
tional parallel-plate heat sinks and the aluminum foam blocks under steady air flow.
The external dimensions of the aluminum foam heat sinks (AFHS) and parallel-
plate heat sinks (PPHS) are the same. The thermal resistance of aluminum foam
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Figure 10.17 (a) Heat transfer coefficients of the finned metal
foam heat sinks [30]; (b) thermal resistance of the aluminum
foam heat sinks [69].

specimens AFHS-1 (10 PPI), AFHS-2 (20 PPI) and AFHS-3 (40 PPI) were measured
and compared with that of conventional heat sinks of PPHS-1 to PPHS-5 (fin
spacing from 6 to 14mm). It is observed from Figure 10.17b that the thermal
resistance of all the tested heat sinks decreases substantially as the inlet air velocity
increases. The comparison shows that the thermal resistance of the aluminum foam
heat sinks is similar to that of the parallel-plate heat sinks at low flow rates. At higher
flow rates, however, the aluminum foam heat sinks show about 28% reduction in
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thermal resistance compared to that in the conventional parallel-plate heat sinks. Itis
also noted that the mass of the aluminum heat sink is only about 25% of that of the
parallel-plate heat sinks. This implies that the aluminum foam heat sinks possess
advantages of better cooling performance with lower overall mass. Consequently, the
aluminum foam heat sink might be very useful for compact cooling systems for
electronic devices.

The metal foams were also studied as inserted materials of compact heat exchan-
gers. Haack et al. [70] tested the heat transfer performance of FeCrAlY and alumi-
num foams with different properties using air as coolant. Their results for all tested
foams are summarized in Figure 10.18a. The data of the length-averaged Nusselt
numbers versus permeability based Reynolds numbers (Rex = u\/K/v) reveal that
higher rates of heat removal were obtained by aluminum foams as compared to
FeCrAlY foams. While small pore size materials can achieve higher Nusselt num-
Dbers, increasing material density was found to increase Nusselt numbers at a given
rate of coolant flow. It is found that the bare metal conductivity of aluminum is
approximately ten times that of FeCrAlY. However, the heat transfer performance of
aluminum foam is only two to three times greater than FeCrAlY. This demonstrates
that the foam structure and therefore the turbulence induced in the process fluid
substantially improve heat transfer performance. Boomsma et al. [33] studied the
heat transfer rates of compressed metal foams as compact heat exchangers subjected
to steady water flow. The calculated Nusselt numbers against the water flow speed
are plotted in Figure 10.18b. Their results show that all Nusselt numbers increase
monotonically with increasing coolant velocity. The metal foams with the lowest
Nusselt values are the two most porous foams, i.e. samples 92-02 (¢ = 87.4) and 95-
02 (e = 88.2). The larger Nusselt numbers are obtained for samples 95-04, 95-06, 95-
08, 92-03 and 92-06, which possess relatively low porosity from 60.8 to 80.5%. It is
clear that the heat transfer rates of open-cell metal foams are much higher than that
of the plate channel. In addition, Tadrist et al. [71] investigated the use of randomly
stacked fibers and metallic foams in compact heat exchangers. Based on their
experimental results, they suggested that the metallic foams could be used to si-
multaneously increase thermal efficiency without much increase in pressure drop
due to the open metallic matrix.

Another cooling technique, i.e. air impingement in aluminum foams, was exper-
imentally studied by Kim et al. [72]. The experiments were performed for both single
and multiple air jets. The results of the heat transfer enhancement in 10, 20 and
40 PPI aluminum foams for the single- and multi-jet air impingements are pre-
sented in Figures 10.19a and b, respectively. Their results show that the aluminum
foam heat sinks give between 8 and 33% higher cooling performance compared to
conventional plate-fin heat sinks under single-jet impingement while the enhance-
ment is 2-29% for multi-jet impingement. The 10 PPI aluminum foam shows a
better cooling performance than the 20 and 40 PPI heat sinks under both single- and
multi-jet impingements. It is noted that the 10 PPI aluminum foam has less flow
resistance and results in higher mass flow rate inside the heat sink while the 40 PPI
foam shows better thermal performance than the 20 PPI due to much higher heat
transfer surface despite increased flow resistance.
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Figure 10.18 Heat transfer performance of metal foams as heat
exchangers using (a) air [33] and (b) water [70] as coolants.

10.4.1.2 Comparison of Steady and Oscillating Flows

The discussions in previous sections show that open-cell metal foams can be applied
in various thermal management applications. The results indicate that the thermal
efficiency of highly conductive metal foams is higher than currently used designs for
the same application, i.e. traditional fin heat sinks and heat exchangers with pro-
trusions. However, most of the results were obtained under unidirectional flow
conditions. To explore the advantage of using oscillating flow, it is necessary to
compare the heat transfer performance between oscillating and steady flows
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through a metal foam channel by examining the temperature and Nusselt number
distributions in metal foams with different pore densities. The dimensionless
grouping parameter (Eq. 10.41) derived in Section 10.3.1 will be used to evaluate
the thermal management performance for steady and oscillating flows through
metal foams. The experimental setup shown in Figure 10.4 is also capable of perform-
ing steady flow experiments. By leaving one end of the test section open to the
atmosphere, experiments of steady flow through metal foam channel can be con-
ducted through an auto-balance compressor with the same test section configuration
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and sensors. The air flow rate was adjusted by a flow regulator and a valve installed on
the mains supply.

For electronics cooling, the chip devices are susceptible to excessively high local
temperatures. Therefore, the temperature distribution along the flow direction of
the test section is of practical interest in design. Figures 10.20a and b present the
local temperature and Nusselt number distributions, respectively, along the axial
direction for steady flow through aluminum foams of 10, 20 and 40 PPI. The
Reynolds number Re; = ud, /v is defined based on the ligament diameter which
takes into consideration the physical properties of the metal foam. From Figure
10.20a, general features of steady flow through porous channel can be observed. The
local surface temperature increases with the increase of the dimensionless axial
position x/ D, and the decrease of the Reynolds number. For approximately the same
Reynolds number, a lower temperature distribution is obtained for higher
pore density metal foam. Figure 10.20b plots the local Nusselt number distribution
along the axial direction for aluminum foams under the conditions described for
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Figure 10.20a. It can be seen that the local Nusselt number increases with the
increase of the Reynolds number. The local Nusselt number reaches a maximum
at the thermal entrance region and decreases with the increase of the axial distance
for fixed Reynolds number and approaches a minimum. The variation of local
Nusselt number for a lower Reynolds number along the axial direction is less
significant than that for a larger Reynolds number. It can also be observed from
Figure 10.19D that the profile of Nusselt number for high PPI aluminum foam is
higher than that for low PPI foam under the same Reynolds number. As a compari-
son, Figure 10.20c presents the cycle-averaged local surface temperature of oscillat-
ing flow through 10, 20 and 40 PPI metal foam with different kinetic Reynolds
numbers at Ay =4.1. It can be observed that the cycle-averaged temperature distri-
bution in the tested foams decreases with an increase in Reynolds number. Com-
paring the temperature distributions in different aluminum foams at approximately
the same kinetic Reynolds number, it is found that the temperature profile for high
pore density foam is lower than that for low pore density foam. It is also observed
that the inlet and outlet bulk temperatures (isolated points plotted in Figure 10.20c)
are much lower than the temperatures in the test section due to heat removal at the
coolers located at the two ends of the test section. Compared to the magnitudes of the
temperature distribution of oscillating flow through the aluminum foam channel,
the temperature difference between the locations of %/ D, = 0 and x/ D, = 3 for steady
flow can be considered to be significant. Figure 10.20d displays the cycle-averaged
local Nusselt numbers versus the dimensionless axial distance for the cases pre-
sented in Figure 10.20c. The data of the local Nusselt numbers were calculated based
on the cycle-averaged local surface temperature. It can be seen that the cycle-aver-
aged local Nusselt number in the thermal entrance region is higher than that in the
location around the center of the test section. It can also be observed that the higher
Nusselt number distribution was obtained by high PPI foam as compared to that of
low PPI foam at the same kinetic Reynolds number.

Based on the above observations, it is shown that the temperature increases are
different for steady and oscillating flows. For steady flow, the surface temperature
increases along the flow direction and reaches the maximum temperature at
x/De = 3. For oscillating flow, the surface temperature distribution curves are convex
with the maximum value around the center of the test section. To quantify the
temperature distribution uniformity for different cases, Fu et al. [57] defined an
index L,y given by

Tm X Tmin
I = 200 (10.50)
Tmax

where T, and T,;, are the maximum and minimum temperatures on the surface
of the test section, respectively. This index represents the ratio of the maximum
temperature difference to the maximum local temperature on the surface. From
Eq. (10.50), a smaller value of index I,,,,; means a more uniform surface temperature
distribution. When the surface temperature distribution is uniform, I, will
approach zero. Figure 10.21a shows the comparison of temperature distribution
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uniformity for steady and oscillating flows through aluminum foams of 10, 20 and
40 PPL. It is obvious that the ratio of the maximum temperature difference to the
maximum local temperature on the surface for oscillating flow is much smaller than
that for steady flow. According to data shown in Figure 10.21a, the average tempera-
ture uniformity index of oscillating flow is more than 6 times lower than that for
steady flow. This indicates that the surface temperature distribution for oscillating
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flow is more uniform than that for steady flow. Two thermal entrance regions
of oscillating flow result in low temperature increases along the porous channel.
To compare the heat transfer performance between the steady and oscillating flows
through metal foam channel, the length-averaged Nusselt number is used to calcu-
late the average local Nusselt number over the whole length of the test section.
Based on the derivation of Eq. (10.41), the length-averaged Nusselt number can be
expressed as

i 1/2
Nittayg = C<ﬁ> <%> (Pe)/? (10.51)
k )\ L

where C is a constant which has be determined experimentally. As shown in Figure
10.21b, the length-averaged Nusselt numbers for steady and oscillating flows can be
collapsed into two straight lines by employing the grouping parameter. It can be seen
that the length-averaged Nusselt numbers for both oscillating and steady flows
increase with the grouping parameter. The slope of the line for oscillating flow is
larger than that for steady flow. The constants C obtained by the present study for
steady and oscillating flows are 0.34 and 0.51, respectively. The larger value of
constant C for oscillating flow shows that better heat transfer performance of oscil-
lating flow through the metal foam channel can be obtained compared to steady flow.
The ratio Nitayg(0Sc)/Nuayg(std) shows that heat transfer rate for oscillating flow can
be 1.5 times than that for steady flow through aluminum foams. The presence of two
thermal entrance regions at the test section with higher cycle-averaged local Nusselt
number results in a higher length-averaged Nusselt number for oscillating flow.

For high-speed microprocessors, the reliability of transistors and their operating
speeds are not only influenced by the average temperature but also by temperature
uniformity on the substrate surface. The temperature of the hot spot can often affect
calculated performance due to prolonged gate delay, and will always govern the
overall reliability of the silicon. The results shown in Figure 10.22 indicate that
oscillating flow through porous media is a potential cooling method to maintain a
uniform on-die temperature distribution below certain limits.

10.4.2
Pumping Power of Oscillatory Cooling System

The required power for driving coolants through heat sinks is one of the concerns
in actual thermal design. To evaluate the driven force in metal foam with different
pore densities subjected to oscillating flow, the pumping power of the oscillatory
cooling system needs to be analyzed together with the heat transfer performance.
Figure 10.22a shows the variations of the measured maximum pressure drop and
velocity with kinetic Reynolds number for oscillating flow through 10, 20 and 40 PPI
aluminum foams. The data show that the maximum pressure drops and velocities
increase with increasing kinetic Reynolds number, i.e. dimensionless oscillatory
frequency. It can be seen that the maximum pressure drop for aluminum foam with
high pore density is much higher than that for aluminum foam with low pore
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Figure 10.22 (a) Maximum pressure drop and velocity of oscillating
flow through aluminum foams; (b) pumping power versus
length-averaged Nusselt number for oscillation cooling system [59].

density while the increase of the maximum velocity with the kinetic Reynolds
number is not as significant. This implies that the appropriate velocity for cooling
electronic components can be obtained at a relative low pressure drop by using
oscillating flow through an aluminum foam heat sink. Consequentially, a higher
driven force is required in oscillating flow through high pore density foam in order
to obtain the same flow velocity as compared to that required in low pore density
foam due to the conservation of energy principle. In the design of heat sinks for
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cooling electronic packages, the heat removal capability of the heat sink must be
assessed together with the driven force required to operate the system, i.e. the
pumping power. The required maximum pumping power for oscillating flow
through metal foam heat sink is defined as

Wy, = APy V (10.52)

where W, and V are the average maximum pumping power and volumetric flow
rate, respectively. The data for the maximum pumping power versus the length-
averaged Nusselt number for oscillating flow through 10, 20 and 40 PPI aluminum
foams are plotted in Figure 10.22b. It can be seen that the relationship between the
maximum pumping power and length-averaged Nusselt number is nonlinear. The
pumping power increases with the length-averaged Nusselt number of oscillating
flow in aluminum foam with various pore densities. The data in Figure 10.22b show
clearly that the large length-averaged Nusselt numbers of oscillating flow in 40 PPI
aluminum are achieved at the expense of larger pumping power. The trend of fitting
curves shows that the same length-averaged Nusselt number under small pumping
power can be obtained by oscillating flow through aluminum foam with low pore
density. It can also be observed that the increase of length-averaged Nusselt number
atlarge pumping power is not significant, especially for high pore density aluminum
foam. For example, with an increase in the average Nusselt number from 270 to 290
in 40 PPI aluminum, the pumping power is increased sharply from 3.1 to 6.3 W. At
the same time, there is only a 1.3 times increase in pumping power when the average
Nusselt number is increased from 250 to 270. This indicates that relatively high heat
transfer performance can be obtained in low pore density metal foam subject to
oscillating flow by an appropriate pumping power. The results suggest that in the
design of a novel heat sink, metal foams of low pore density can be used to enhance
heat transfer with low pumping power. High pore density metal foams with their
extremely large fluid—solid contact surface areas and tortuous coolant flow paths are
suitable to remove high heat fluxes in applications where pumping power is not of
concern.

10.5
Conclusions

This chapter brings together a variety of analytical and experimental studies of fluid
flow and heat transfer of oscillating and steady flows through open-cell metal foams.
Salient results are summarized below:

1. Based on an analysis of similarity parameters, it is found that the characteristics
of oscillating flow through metal foam channel are dominated by the flow para-
meters of oscillation frequency and maximum flow displacement for a porous
channel with constant geometrical dimensions. The maximum friction factor of
oscillating flow through aluminum foams was obtained in terms of the hydraulic
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ligament diameter-based kinetic Reynolds number Re,pny and the dimension-
less flow amplitude Apy,.

. The pressure drop and velocity of oscillating flow in an open-cell metal foam

increase with increasing oscillatory frequency and flow amplitude, and vary
almost sinusoidally due to the reversing flow direction. The maximum pressure
drop in high pore density metal foam is larger than that in low pore density metal
foam. This indicates that for constant porosity, a high pore density aluminum
foam corresponds to high flow resistance compared to low pore density alumi-
num foam. The analysis shows that the increase of flow resistance in metal foam
is directly related to the effective surface length, which relates an increase in drag
to the increase in specific surface area.

. The local temperatures were found to decrease with an increase in the kinetic

Reynolds number while the cycle-averaged local Nusselt numbers exhibit the
opposite trend for oscillating flow through metal foam. The heat transfer perfor-
mance of oscillating flow through an aluminum foam with constant properties is
governed by the oscillatory frequency and flow displacement. The empirical
correlation Nuyy, = 12.38A5% Re%3! of the length-averaged Nusselt number
shows that the effect of Ay on the heat transfer behavior in oscillating flow is
more dominant than that of Re,, due to the larger exponent of A,. It implies that
higher heat transfer performance can be obtained by oscillating flow through a
porous channel with relatively low frequency and high displacement. For very
high kinetic Reynolds number, the increase in heat transfer of oscillating flow
through open-cell metal foam channel is marginal.

. Based on the local thermal nonequilibrium model, the scale analysis shows that

the dimensionless grouping parameter

(o)) e

ke L

is a function of the length-averaged Nusselt number. The comparison shows that
the total heat transfer rates of oscillating flow can be 1.5 times larger than that of
steady flow through a metal foam channel. The average temperature uniformity
index I,;,; of oscillating flow is more than 6 times lower than that for steady flow.
This indicates that the surface temperature distribution for oscillating flow is
more uniform than that for steady flow, due to the low temperature increases
along the channel caused by two thermal entrance regions of oscillating flow.

. The local thermal equilibrium condition of oscillating flow in porous media can

be verified by the ratio of the time scale of the variation of the flow or thermal
boundary condition to the time scale concerning the thermal inertia of the porous
media. When the characteristic time t, = (1 — €)(psCps)/ha of the porous media is
much shorter than the time scale t,=1/® concerning the variation of the bound-
ary condition, the local thermal equilibrium can be achieved and the temperature
difference between the solid and fluid phases can be neglected.



6.

Nomenclature

The studies of thermal management by using metal foams show that heat transfer
coefficients offered by open-cell metal foams are consistently higher than those
offered by commercially available products. The thermal resistance of aluminum
foam heat sinks displayed more than 28% reduction compared to conventional
parallel-plate heat sinks. It can be concluded that metal foams with high thermal
conductivity, large surface area-to-volume ratio and tortuous coolant flow path are
preferred in the design of compact heat exchangers and heat sinks.

. For an oscillatory cooling system, the heat transfer rate increases with the in-

crease of the pore density at a constant kinetic Reynolds number, i.e. dimension-
less oscillatory frequency. However, for a given pumping power, better heat
transfer performance can be achieved by low pore density metal foam under
the condition of oscillating flow. In designing a novel heat sink, metal foams of
low pore density can be used to enhance heat transfer with small pumping power.
High pore density metal foams with their extremely large fluid—solid contact
surface areas and tortuous coolant flow paths are suitable to remove extraordi-
narily high heat fluxes in applications where pumping power is not of concern.

Nomenclature

a specific surface area (m”m ?)

A, B, Cy, Cyvariables

Ay dimensionless flow displacement, X,/ D

Aph hydraulic ligament diameter-based dimensionless flow amplitude,
xmax/ Dy

Ap amplitude of pressure gradient (Pa)

Bi Biot number, haH?/k

c form coefficient of porous media

C constant

Cp thermal dispersion coefficient

Cp specific heat (Jkg ' K"

& ligament diameter of porous media (um)

D diameter of pipe (m)

Da Darcy number, /K/H

D¢ form drag (N)

D. hydraulic diameter of the channel (m)

Dy, hydraulic ligament diameter of metal foam (m)

Dy, viscous drag (N)

f oscillatory frequency (Hz)

F inertial coefficient of porous medium (m ")

fmax maximum friction factor of oscillating flow

Josc average friction factor of oscillating flow

F, function of friction factor for oscillating flow,

\/CH+C2
16\/(%\/}260, - 2C1)2+4C§
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h convective heat transfer coefficient (Wm 2K

H height of the channel (m)

Lini temperature uniformity index, (Tnax — Tmin)/ Tmax

k thermal conductivity (Wm ' K™)

ka thermal dispersion conductivity (Wm ' K™

Kefr effective thermal conductivity (Wm ™' K™

ke effective thermal conductivity of solid (Wm 'K ™)

ke effective thermal conductivity of fluid (Wm ™' K™

K permeability of the porous medium (m?)

L length of the test section (m)

M ratio defined in Eq. (10.45a)

N ratio defined in Eq. (10.45D)

Nuiyyg average Nusselt number along the test section

Nug average Nusselt number for the smooth plate

Nu, local Nusselt number, h, D./k¢

P pressure (Pa)

Pe;, effective local Peclet number, ux/o”

AP pressure drop (Pa)

Q power input (W)

Re Reynolds number based on ligament diameter, ud,/v

Rex Reynolds number based on permeability, uy/K/v

Remaxpny ~ maximum hydraulic ligament diameter based Reynolds number,
ApnRe,pn)/2

Re,, kinetic Reynolds number, ®D.2/v

Rey(ph) hydraulic ligament diameter based kinetic Reynolds number, »Dy,*/v

R thermal resistance (KW ")

t time (s)

to time scale defined in Eq. (10.47)

ty time scale defined in Eq. (10.47)

T temperature (°C)

u velocity vector

u flow velocity (ms ™)

U dimensionless velocity

Vs volume of solid fraction of metal foam (m?)

Vi total volume of metal foam (m?)

\4 average maximum volumetric flow rate (m*s ™)
W, maximum pumping power (W)

X ’ dimensionless horizontal coordinate
Xmax amplitude of flow displacement (m)
Y dimensionless transverse coordinate
Greek

o effective thermal diffusivity (m*s™")
) uncertainties

S thickness of thermal boundary layer (m)
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€ porosity of medium

0 dimensionless temperature

i dynamic viscosity (Nsm™?)

He effective fluid viscosity (Nsm?)
\Y kinematic viscosity (m*s ™)

p density (kgm )

T dimensionless time

b surface porosity

® angular frequency (rads ')
Subscripts

avg average value

e effective

f fluid phase

fs interface between fluid and solid phases
max maximum

min minimum

s solid phase

X local quantity
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11
Radiative and Conductive Thermal Properties of Foams

Dominique Baillis and Rémi Coquard

11.1
Introduction

During the last decade, solid foams have shown a strong development. Indeed, they
permit a substantial improvement in the performance of standard materials in
numerous technological fields. Among the different foams, it is possible to observe
two types of foam: (1) open-cell foams and (2) closed-cell foams.

Metallic and ceramic open-cell foams exhibit thermal, mechanical and exchange
properties that make them very interesting in many applications requiring multi-
functionality. To illustrate this, we can cite a nonexhaustive list of functions for
which they are usually used: ultralow-weight panels, energy-absorbing structures,
heat dissipation media, electrodes for electric batteries, ultrasound deflectors, car-
rying structures for catalysts and heat exchangers.

Closed-cell foams have also found applications in a large number of technological
fields. They are notably used for packaging or mechanical protection, due to their
excellent mechanical resistance. However, thermal insulation is their main area of
application. As a matter of fact, numerous materials used in frigorific or building
insulation have a closed-cell structure. After glass wools, polystyrene or polyure-
thane foams are the most widely sold materials for building thermal insulation. For
example, expanded polystyrene (EPS) foams represent more than 25% of the build-
ing insulation market in France. They are very convenient to manipulate due to their
mechanical properties (lightness and stiffness) and they are relatively cheap.

In most of these applications, the knowledge and modeling of the thermal prop-
erties is of primary importance to improve the thermal performances. Thermal
properties are greatly dependent on the type of foam associated with different
cellular structure. Cellular foams generally present a low density, and thus the
radiative heat transfer is significant.
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11.2
Description of Cellular Foam Structure

The foam structure varies depending on whether they are open- or closed-cell foams.

11.2.1
Open-Cell Foams

Open-cell foams have a reticular structure. In this simplest case, the bulk material
concentrates entirely on the cell sides shaping the struts. The interstitial gas is the
same as the external environment gas, typically air. As an example, Figure 11.1
shows carbon and aluminum open-cell foams. The solid matrix is made of struts
oriented in different directions in space. Note that the strut thickness is always much
smaller than the cell diameter.

a)

Figure 11.1 SEM images of open-cell foam cuts:
(a) open-cell carbon foam; (b) open-cell aluminum foam.

11.2.2
Closed-Cell Foams

Closed-cell foams are generally classified as cellular materials. Among the most
usual closed-cell foams, polystyrene and polyurethane foams can be cited. The cells
are delimited by thin membranes (walls). Walls intersect at cell edges where strut
formation can occur or not depending on the type of closed-cell foam. EPS foams
present only walls, whereas extruded polystyrene foams and polyurethane foams are
formed by walls and struts.

EPS foams present a particular structure directly due to their production process.
They are characterized by double-scale porosity. Indeed, as shown in Figure 11.2, the
porous structure of EPS foams is composed of two different types of pores [1,2].

 From surface analysis, the expanded polystyrene structure appears as many pellets
welded together (Figure 11.2a). Pores with irregular shape are formed by the free
space between the pellets. The pore size varies from one to several millimeters and
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Figure 11.2 SEM images representing macro- and microporosity
of EPS foams: (a) macroscopic structure; (b) cellular structure [1].

the average pellet's diameter varies from about 2mm for a 35kgm > foam to
about 5 mm for a 10kgm > foam. The porosity due to the interpellet space varies
from 4 to 10% for standard EPS foams.

Figure 11.2b shows the internal structure of a pellet portion magnified 100 times
using scanning electron microscopy (SEM). Cellular pores are contained in the
pellet. They are made only by walls that intersect at the cell sides without giving
rise to bulk material agglomeration: there is no strut formation. The gas filling the
pores is air. Moreover, the cell diameter is much larger than the wall thickness. The
order of magnitude of the size of the pore contained in the beads is approximately
100 pm. The porosity of the cellular medium contained in the pellets varies from
97 to 99.5%.

Extruded polystyrene (XPS) foams and polyurethane (PUR) foams have the most

complex cellular structure with not only walls (cell faces) but also struts formed at the
junction of the cells. As an example, Figure 11.3 shows an SEM image of a PUR
foam. Walls are usually thinner than struts and cell diameter is much larger than
strut thickness.

& ‘.
100 mm o
N -

Figure 11.3 SEM images of PUR foam.
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11.3
Modeling of Foam Structure

As we will see in the next section, the computation of the conductive and radiative
thermal properties greatly depends on the modeling of the foam structure. More
particularly, the radiative properties depend on shape and the number of particles by
volume unit constituting the foam.

11.3.1
Cell Modeling

According to Reitz [3] a foam structure can be represented by polyhedral cells. Three
usual shapes of polyhedral cells are shown in Figure 11.4: cubic cells (square faces),
dodecahedral cells (pentagonal faces) and tetrakaidecahedral cells (square and hex-
agonal faces). The geometric properties of these three polyhedral cells are given in
Table 11.1. Note that the type of polyhedral cell influences the number of struts by
unit volume (which is an essential parameter to predict radiative properties).

Most of the papers in the literature that are based on microscopic analysis of
different foams show that the unit cell of foams closely resembles a pentagon
dodecahedron [4-9]:

o struts are formed by the intersection of three walls;
o four struts are connected to form intersection volume;
« most of the cell faces contain five struts, only a few contain four and six struts.

walls

cell strut
a) b) c)

Figure 11.4 Three different shapes of polyhedron cellular structure:
(a) pentagon dodecahedron; (b) cube; (c) tetrakaidecahedron.

Table 11.1 Geometric characteristics of three polyhedral cells.

Polyhedron Diameter Volume Strut number/volume unit (N,)
Cube l; 4 4/13
Pentagon dodecahedron 2.571; 7.6631 1.305/13

Tetrakaidecahedron 2.9951; 11.3141 1.061/3
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Figure 11.5 Cross-section through struts inscribed in an equilateral triangle.

11.3.2
Particle modeling

Foam structure is usually decomposed into simpler elements constituting particles
interacting with radiation. Basing upon microscopic analysis of different foams,
structure modeling usually consists in dividing cells into walls and struts. Walls and
struts are modeled respectively like thin slabs (platelets) and cylinders. Platelet
thickness is usually assumed to be the same as the mean wall thickness. Moreover,
from microscopic analysis, it can be observed that the cross-section of struts formed
at the junction of three cells is triangular incurved, concave (Figure 11.3). This cross-
section seems to be inscribed in an equilateral triangle (Figures 11.3 and 11.5).
Glicksman and Torpey [4] from SEM analysis have deduced that the fraction defined
as the strut cross-sectional area to the equilateral triangle area is f;=2/3.

11.4
Determination of Foam Conductive Properties

The formulation of the heat conduction problem requires a single parameter k.,
usually called the “effective thermal conductivity’. This parameter expresses the
magnitude of heat conduction in both solid and gas phases. Actually, this formula-
tion, based on a unique parameter, uses the assumption of the equivalent homoge-
neous medium: that is to say, the conductive behavior of the two-phase materials
could be accurately represented by that of an equivalent homogeneous conductive
medium. This hypothesis is valid when the dimensions of the pores are very small
compared to the external dimensions of the material. In the case of usual foams,
these conditions are satisfied.

The effective conductivity k. depends on the properties of the two different phases
but also on the morphology of the material. For example, the magnitude of heat
conduction could vary widely between two materials made of similar phases and
with comparable porosities but having different microstructures. It is therefore
particularly difficult to estimate the effective conductivity of solid foams due to
the large difference encountered between the conductivity of the two phases and
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to the complexity of the pore geometry. We can divide the studies into two categories
according to the solution method used: analytical/semi-analytical and numerical
models.

11.4.1
Analytical/Semi-analytical Models

In many usual solid foams, heat conduction is the main mode of heat transfer at
ambient temperature, and thus the modeling of their effective conductivity has been
the subject of numerous studies. Most of these works are based on empirical or
analytical models. The analytical and semi-analytical models are generally based on
the electrical analogy.

11.4.1.1  Polymer Foams

The first study was conducted by Schuetz and Glicksman [10,11]. These authors were
interested in the conductivity of polymeric foams formed of closed or open cells. They
considered that the foams are made of windows, occupying the faces of polyhedral
cells, and/or cell struts located at the junction between the different faces. The porosity
of these foams was above 95%. They modeled the foam as a network of thermal
resistances and made several simplifications of the morphology. They studied the
influence of the shape of the cells on the apparent conductivity by applying their
computations to foams made of cubic cells or to random mixing of cell struts. They
concluded that the porosity and the proportion of solid in struts are the only para-
meters influencing the apparent conductivity. Notably, they found that the shape and
size of the cells and the shape of cell struts have no influence on this conductivity. Their
analytical models based on the previous simplifications permit them to compute
analytical overestimating (upper limit) and underestimating (lower limit) values of
the exact conductivity. These values are related to the porosity, the conductivity of air
and polymer and to a single morphological parameter (f;) representing the fraction of
solid phase in the struts. Finally, they proposed the following formula for the compu-
tation of the effective conductivity of polymeric foams:

2— s
ke = ekguia + (1—¢) <Tf> ksolia (11.1)

The model indicates that the accumulation of the solid phase in the struts tends to
diminish the heat conduction. Then, for given solid and fluid phases and for a given
porosity, heat conduction is more important in closed-cell foams than in open-cell
foams. The factor (2 — f;) /3 can be explained intuitively by considering a cubic cell and
the limiting cases f; =0 and f; = 1. Indeed, when there is no accumulation of matter
in the struts (f;=0), the entire polymer is comprised in the cell windows and a
proportion of 2/3 (=(2 — 0)/3) of the polymer is oriented in the direction of the heat
flux. In contrast, when the entire polymer is present in the struts (open cells f; =1),
this proportion is only 1/3 (=(2 —1)/3).
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More recently, Leach [12] conducted a study in which he recapitulated the different
analytical models used for the computation of the effective thermal conductivity of
cellular media (parallel-series model, cubic model, spherical model). He showed
that all of these models tend to a single expression for the effective conductivity in
the form

kc = 8kﬂuid + ksolid(l_g) X (112)

W N

where X is a factor taking a value between 0 and 1. This formulation reinforces the
formula proposed by Schuetz and Glicksman. As a matter of fact, the model of
Schuetz and Glicksman is widely accepted and has been used by numerous authors.
Actually, most of the studies dealing with the modeling of heat transfer in highly
porous polymer foams (such as PSE, XPS or PUR foams) have used it. It has the
advantages of great simplicity and relative accuracy for highly porous materials.

However, this model is based on a simplified representation of the foam micro-
structure. Moreover, the solution method uses the electrical analogy and the parallel-
series network approximation. The limitations of this correlation led the researchers
dealing with foams with higher solid fractions or with more specific microstructures to
develop their own model.

Ahern et al. [13] studied experimentally the variation of the effective conductivity
of PUR foams by subtracting the measured radiative conductivity to the equivalent
conductivity obtained experimentally. They concluded that the model proposed by
Glicksman and Schuetz [10,11] does not fully describe their experimental data
especially at relatively high solid fractions. As expected, they explained these differ-
ences by the fact that basic assumptions of the model of Schuetz and Glicksman
(small solid fraction and gas conductivity negligible when compared to the solid one)
are not satisfied in PUR foams. They proposed a correction of the model that was
first developed for the electrical conductivity of liquid foams and which predicts
more correctly their experimental data. This correction is based on the Maxwell
relation [14] for mixtures of materials of different (electrical) conductivities. This
relation is generally applied to foams made of low or nonconducting spheres (the
bubbles) in a well-conducting matrix (the solid phase), which is hard to justify in the
case of solid foams as the gas phase takes up over 90% of the volume, in sharp
contrast with the dilute limit assumed in the Maxwell derivation. Therefore, the
authors considered that the gas phase is the background material and the solid phase
is taken as the low-density dispersed phase. Although the geometry of the solid
polymeric phase is certainly not described by spheres, it may be assumed that the
struts are cylinders and the windows are plates. These considerations lead to

k. — kﬂuidg + ksolF(lfg)

. T F kauia + (ksol—kaua) F(1—€) + o((1—¢)*)  (11.3)

where the last term is a linear expansion valid for small solid fractions.
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The shape factor was volume averaged in terms of windows and struts as

F= (17fs)Fwindow + f;Fstrut (11.4)

A similar calculation to Maxwell's was used for spheres, which leads, for cylinders
and platelets, to

1 4kﬂuid 2 kﬂuid
F, =—(1+——); Fyindow==1(1 11.5
strut 3 ( + kﬂuid i ksol>7 windos 3 < + stol ( )

We note that if the gas conduction can be ignored (kgyq — 0) these shape factors
reduce to the conventional values of Fy,,=1/3 and Fyindow = 2/3.

An excellent agreement with experimental results is obtained for low solid frac-
tions but for larger solid fractions the prediction is less accurate. However, a serious
step towards full quantitative agreement is achieved.

11.4.1.2 Ceramic, Metallic and Carbon Foams

Today, metallic, ceramic and carbon foams show a strong development in many
applications due to their multifunctionality. Their thermal properties, notably their
effective conductivity, have to be known with good accuracy. Moreover, due to the
great difference between the thermal conductivities of the two phases encountered
in such foams, the choice of the model used is even more important and should
describe the cellular geometry accurately.

Fu et al. [15] studied theoretically the evolution of the thermal conductivity of
ceramic foams. They represented the foam geometry from two different unit cell
models: the first unit cell is a cubic-shaped box with square ligaments on the border
of the box; the second unit cell is formed by a solid cube which is voided centrally.
The effective thermal conductivity is calculated using the thermal-circuit method
[16]. This method consists in dividing the unit cell into infinitesimal slices along the
heat flux direction. The slices are assumed to be associated in series and their
thermal resistance is calculated as if the solid and fluid phases were associated in
parallel in each slice. They compared the results given by the two geometrical models
with each other and with experimental data of the literature obtained for different
porosities and at different temperatures.

Lu and Chen [17] modeled the thermal transport properties of aluminum alloy
foams, which exhibit exceptional resistance to fire. The apparent thermal conduc-
tivities of two-dimensional foams having a variety of two-dimensional cellular mi-
crostructures are first calculated analytically. These include regular honeycombs,
equilateral triangles, squares, closely packed circles, Voronoi structures and
Johnson—-Mehl models. For each of these structures, the authors estimated the
thermal conductivity in the two orthogonal directions (x, y) as

kyy = C(1—€)k (11.6)

The authors only consider heat transport via solid conduction and assumed that
the entire solid is present in struts of cells (no accumulation of matter at the junction
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of two struts). Thereafter, the effects of several types of geometric imperfection
(plateau borders, cell-edge misalignments, fractured cell edges, missing cells, in-
clusions and cell size variations) are studied by using analytical as well as finite
element methods implemented in the ABAQUS software.

Calmidi and Mahajan [18] and Bhattacharya et al. [19] provided an analysis for
estimating the effective thermal conductivity of high-porosity metal foams. They
represented the open-cell structure by a model consisting of a two-dimensional
array of hexagonal cells where fibers form the sides of the hexagon. The presence of
lumps of metal at the junction of two fibers is taken into account by considering
square [18] or circular [19] blobs of metal. They computed the effective conductivity
of the medium by dividing the unit cell in several sections having a constant solid
phase repartition and using the electrical analogy. The thermal conductivity of each
section is obtained by assuming that the thermal resistances of the solid and fluid
phases are associated in parallel. Whereas the thermal resistance of the entire unit
cell is calculated by considering that the thermal resistances of each section are in
series. Their theoretical results have been validated by experimental measurements
on aluminum and reticulated vitreous carbon foams using air and water as fluid
phases. The analysis shows that the porosity and the ratio of the cross-sections of
the fibers and the fiber junctions strongly influence the results but that there is no
systematic dependence on the size of the cells. According to the results of their
model, they proposed an empirical correlation which is a linear combination of
series and linear models:

(1-4)

ke = A(gks + (1—¢)ks) + e/ke + (1—¢) ks

(11.7)

with a best-fitting value A=0.35.

Boomsma and Poulikakos [20] also proposed an analytical effective thermal con-
ductivity model of a saturated porous metal foam. Their structural representation is
based on a three-dimensional cell geometry: the idealized basic tetrakaidecahedron.
The foam is modeled as a network composed of cubical nodes placed on the vertex of
the tetrakaidecahedron and circular cylindrical ligaments joining these nodes. They
conducted a complete geometric analysis of the cellular morphology and expressed
the porosity according to the dimensionless foam ligament radius and the dimen-
sionless cubic node length. The method of solution of the conductive heat transfer is
close to that used by Calmidi and Mahajan [18] and Bhattacharya et al. [19]. Indeed,
the authors divided the three-dimensional unit cell in several layers in series, each
layer containing solid and fluid phases in parallel. The layers are chosen, so that the
repartition of solid and fluid phases is constant. They obtained an expression of the
effective conductivity of the foam according to the previous dimensionless geomet-
ric parameters and of the thermal conductivities of each phase. They used the
experimental data of Calmidi and Mahajan [18] to identify the values of the dimen-
sionless geometric parameters and compared the results of their model to experi-
mental results. They found good agreement with experimental measurements made
on aluminum foams with air or water as the saturating fluid. They show that, despite
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the high porosity of the foam, the heat conductivity of the solid phase controls the
overall effective thermal conductivity to a large extent, and that an accurate repre-
sentation of the contribution of the solid portion of the foam conductivity is needed
in effective conductivity models.

11.4.2
Numerical Models

We can see that when analytical models are used, several approximations are re-
quired to simplify the method of solution. Notably, researchers always have recourse
to the series—parallel network analogy. Moreover, the structure of the foam is ideal-
ized. For example, the cross-sections of the struts are always assumed circular or
square and the accumulation of matter at the junction of several struts is always
represented as cubes or spheres when they are considered. To improve the accuracy
of the model, several studies had recourse to numerical simulations which take into
account various morphologies of the cellular structure.

11.4.2.1 Polymer Foams

Saadatfar et al. [21] carried out a computational study of mechanical and thermal
properties of polyester foams based on tomograms of a range of closed-cell poly-
meric foamed materials with porosities ranging from 40 to 75%. The cellular struc-
ture of these materials differ significantly from the cell geometry considered in the
model of Schuetz and Glicksman as the porous material is close to an arrangement
of air bubbles in a polymer matrix. Therefore, it is not surprising that the model of
Glicksman is not suitable for these materials. The tomograph permits three-dimen-
sional images of the pores to be obtained and taking into account very faithfully the
real microstructure of these foams. Another advantage is that no assumption has to
be made on the structure of the foams. To solve the conduction equation, the three-
dimensional voxel microstructure is first converted into a network of thermal re-
sistors by connecting each pair of adjacent voxels by a resistor. A potential gradient is
then applied in each coordinate direction, and the system is relaxed using a conju-
gate gradient technique to evaluate the field. By this manner, it is possible to analyze
the effective conductivity of the foam in the three Cartesian directions. It was found
that the materials studied are practically isotropic and the average effective conduc-
tivities were compared with an equation of the form

kc - ksol(l_g) + kailr'g (118)

The fit of the numerical results to the empirical equation is excellent across the
full range of porosity. Note that this correlation differs strongly from the model of
Schuetz and Glicksman (Eq. 11.1) but this is not surprising given that we already
underlined the fact that the microstructure of these polymeric foams with relatively
low porosity is notably different from the microstructure assumed by Schuetz and
Glicksman. This example demonstrates the interest in numerical models based on
complex representations of the pore structure as it permits one to obtain simple
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analytical relations predicting accurately the conductive properties of materials with
a particular porous structure. The results show a potential for future development of
more accurate correlations between structure and transport properties for real
porous materials.

11.4.2.2 Ceramic, Metallic and Carbon Foams

Druma et al. [22] conducted a numerical finite element analysis to calculate the
thermal conductivity of open- and closed-cell carbon foams with different levels of
porosity ranging from 0 to 1. They considered a homogeneous dispersion of spheri-
cal voids (kgyuiq=0) in a solid matrix represented by a unit cell consisting of a cube
with 1/8 spherical shape pores at each corner and one sphere in the middle of the
cell. From this unit cell, they generated a microscopic scale finite element grid within
the solid material of the foam. This finite element grid was implemented in the
ALGOR finite element model (FEM) software. This software solves the steady-state
heat conduction equation in a piece of foam sandwiched between two slabs of
nonporous solid:

—

V(RVT) =0 (11.9)

with the boundary conditions: T'= T4 at the lower bottom face of the slab; T= T,
at the top face of the slab and 0T /01 = 0 on all other surfaces.

The software predicts the temperature and heat flux distribution in the piece of
porous media and computes the corresponding effective conductivity from the
relation

Y
ke = NI (11.10)

Owing to the symmetry of the geometry of the unit cell used and in order to save
time, the computations were carried out using only a set of cells in the vertical
direction. Actually, the complete model for FEM analysis was constructed by repeat-
ing the unit cell ten times in the vertical direction.

Thereafter, they compared their results with the analytical approach developed
by Bauer [23]. This approach leads to the following formula for the effective con-
ductivity:

ke = (1-)/"keol (11.11)

where n is a conduction parameter depending on the pore shape and pore
concentration.

They determined the conduction parameter numerically for different porosity
levels. It appears that the FEM solution matches the theoretical prediction at the low
porosity level. But a significant difference is observed between the FEM simulation
and analytical results for high-porosity foams. The results also show that a simple
semi-empirical or analytical model with a constant “conduction parameter” cannot
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b}

Figure 11.6 Carbon foam particles.

accurately predict the thermal conductivity of foams over the full range of porosity.
The value of this parameter increased from the theoretical value of 0.67 at low
porosity, to approximately 0.83 at 90% porosity.

Coquard and Baillis [24] developed a FEM of conduction transport in highly
porous open-cell foams in order to calculate the effective thermal conductivity of
different ceramic or metallic foams. The porosity of the materials varies from 75 to
100%. The foam cellular microstructure is modeled by various polyhedral open cells
formed by solid struts with different shapes.

From photographs of several metal foams obtained using SEM, they remarked
that the cell windows are not always pentagonal but that square or hexagonal
windows are also present. They concluded that the morphology of real foams
could not be described exactly using a single cell shape (generally pentagonal
dodecahedrons) but that it is actually composed of several types of cells close to
dodecahedron, cube and tetrakaidecahedron. Therefore, in order to investigate the
influence of the cell's shape on the conductive properties of the foam, their model
could take into account ideal foams composed of cubic, dodecahedral or tetrakai-
decahedral cells.

With regard to the cell struts, from the SEM images and an analysis of tomo-
graphic images, Coquard and Baillis noticed that they are close to triangular cylin-
der whose cross-section is concave. They also observed that the cross-section is not
constant along the length of the struts but that the struts are thicker at their tips. The
real struts could be faithfully represented by the scheme of Figure 11.6. However,
those authors modeled struts with simpler cross-sections and they investigated the
influence of the strut cross-section on the conductive properties. They simulated
full or hollow struts with square or triangular constant cross-sections.

Their numerical FEM simulates the three-dimensional steady-state heat transfer
in a slab of foam with two perfectly insulated sides, sandwiched between two slabs of
nonporous solid maintained at temperatures Tq and Ty The steady-state heat
conduction, Eq. (11.9), is solved in Cartesian coordinates:

0 oT 0 oT 0 oT
& (kx,y,z a) + a_Y <kxﬁy7z Fy) + & (kx%z &) — 0 (1112 a)
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Tlo—o = Teold;  Tl—z = Thot (11.12Db)
orj _ory _,, orp ot (11.12¢)
0xl,—o O%|,x ly—o  O¥lyy

The model uses an iterative process and a spatial discretization dividing the foam
slab into nX x nY x nZ cubic elementary volumes made of solid or gas phases with
different conductivities (ksoua for solid nodes and kgyq for fluid nodes), which
reproduces the foam microstructure.

The numerical results obtained confirm several conclusions drawn by the previous
studies, notably concerning the strong influence of the solid fraction and the solid
conductivity and the neutrality of the cell diameter.

11.5
Determination of Cellular Foam Radiative Properties

For low-density foam such as usual open- and closed-cell foams (described in
Section 11.2), radiative heat transfer is significant. The radiative properties of foams
required for solving the radiative transfer equation are more complex than the con-
ductive properties. Indeed, there are three parameters instead of one, and each of these
parameters is a function of the wavelength of the thermal radiation. The three para-
meters are the spectral volumetric scattering and absorption coefficients, and the
spectral phase function. The main difficulty in predicting heat transfer in foam
material is the determination of radiative properties. There are two main groups
of methods used to determine the radiative properties of porous media: (a) prediction
models (such as the well-known Mie thorie) and (b) experimental methods based on
parameter identification techniques. Baillis and Sacadura [25] made a review of the
different studies devoted to the modeling and measurement of the radiative properties
of porous media.

o Little work has been done on the prediction of radiative properties from foam
microstructure and porosity. Foam radiative properties are difficult to model due to
their complex structure but these models are very powerful as they permit the
understanding of the complex physical radiative phenomena occurring in the foam.
This microscopic approach applied to open-cell foam structure was followed by
Baillis et al. [9] for carbon foam and more recently by Loretz et al. [26] for metallic
foam. Other authors [1,2,6,7] modeled radiative properties of closed-cell foam such
as polystyrene and polyurethane foams.

 There are some works on the determination of radiative of foams using the para-
meter identification method. We can cite, as examples, the works of Skocypec et al.
[27], Hale and Bohn [28] and Hendricks and Howell [29] on reticulated ceramics
and those of Kuhn et al. [7] and Baillis and Sacadura [30] on polystyrene and
polyurethane foams. Two types of transmittance and reflectance measurements
are usually used: directional-hemispherical or directional-directional. Extinction
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and scattering coefficients are identified by assuming an isotropic phase function,
a phase function of Henyey and Greenstein or a combination of different phase
functions.

Before we describe and discuss the models proposed in the literature to predict
cellular foam radiative properties, a summary of the theoretical basis for general
particulate media is necessary.

11.5.1
Theoretical Prediction of Radiative Properties of Particulate Media

In order to predict the radiative transfer in particulate media, it is necessary
to know how the particles individually interact with incident radiation upon
them.

11.5.1.1 Single-Particle Properties

The question concerning the interaction of radiation with a particle can be solved by
considering a plane, monochromatic wave incident upon a particle of a given shape,
size and optical constants (7 = n—ik), and by applying Maxwell's equations. This has
been done for spheres, cylinders and spheroids. Solutions to these various problems
such as the well-known Mie theory may be found in standard texts on electromag-
netic scattering theory [31-33], or on radiative heat transfer [34-36]. These solutions
provide the fundamental radiative properties for particle emission, absorption and
scattering, which are the extinction efficiency Q,, the albedo ® and the phase
function p(6). The extinction coefficient Q, is the ratio of the extinction cross-section,
Ce, of the particle to the geometrical cross-section G. The albedo is the ratio of the
scattering efficiency (or cross-section) of the particle to the extinction efficiency (or
cross-section):

0.-%. -2 (11.13)

The most commonly used solution is the Mie theory. Before considering the full
Mie solution, it is useful to examine some limiting regions where simpler analytic
results apply. These limiting regions are defined by the magnitude of the particle
size parameter x (x = D/\, where D is the particle diameter and A the wavelength)
and the optical constants 7 = n—ik [34]. Each of these limiting regions is described
by expressions that are simpler than those for the full Mie theory (more details can
be found elsewhere [34]):

e if x<1 and x|i—1| <« 1, the limiting solution of the Mie theory is known as
Rayleigh scattering;

o if x>>1and x|fi—1| > 1, geometric optics (ray tracing) and diffra- ction theory can
be used to predict the scattering behavior;
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o if [i—1] < 1 and x|i—1| < 1, the limiting solution, referred to as Rayleigh-Gans
scattering, applies;

e x> 1and x|fi—1| < 1, the limiting behavior, referred to as anomalous diffraction
by van de Hulst, is obtained.

11.5.1.2 Dispersion Properties

The particle radiative properties that are required for integration of the radiative
transfer equation are the extinction coefficient, albedo and phase function. They are
derived for an optically thin, differential volume of space occupied by many particles
of possibly different sizes and shapes. They can be obtained from the radiative
properties of single particles by adding up the effects of all the particles of different
sizes and shapes [34]:

o 1
B=D CuNi 0=) GuNi w=gi P=3 CuPN, (1114)
i i i
where N; is the number of particles of type i per unit volume.
Note that for randomly oriented particles, the characteristics must be averaged
over all the possible directions of the incident:

Cei = Q:Gi;  Csi = QG (11.15)

where G; is the average geometrical cross sectional area of a particle of type i.

As a result, radiative properties can be obtained from morphological data (such as
particles shape or number of particles, etc.) and optical properties of the solid matrix.
Some data can be difficult to obtain directly and can be determined from the
parameter identification method.

11.5.2
Parameter ldentification Method

The parameter identification method is very useful. Indeed, it can be used not only to
determine the extinction coefficient, scattering coefficient and phase function para-
meters (as discussed above at the beginning of Section 11.5) but also to obtain
unknown data required in the prediction model of radiative properties.

The parameter identification method uses:

o experimental data of transmittances and reflectances (Ti;) obtained in several
measurement directions (i), for a given set of samples;

o theoretical transmittances and reflectances (T};) calculated for the same directions as
the ones of the experimental data and for the same sample thickness.

Two approaches can be used depending on the unknown parameters:

o If all the parameters are function of wavelength (such as radiative properties), for
each wavelength the goal is to determine the parameters p;, py, ..., p, Which
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minimize the quadratic relative differences (D) between the measured and
calculated transmittances over the N measurements:

N
D(p1s-os ) = Y _[Tul 1, - pu)—Teil® (11.16)
i—1

o If some parameters are not functions of wavelength (such as morphological
parameters), it is not necessary to carry out the identification process for each
wavelength and the process can occur only one time. Thus the goal is to determine
the parameters py, p, ..., pn, Which minimize the quadratic relative differences
(D) Dbetween the measured and calculated transmittances over the N
measurements and NW measurements wavelengths:

NW N

D(p1>"'7pn) :ZZ[Ttu(plv 7pn) el]}z (11.17)

j=1i-1

Different types of measurements can be performed inducing a different number
of measurements N in the identification process:

o directional-hemispherical measurements: N=2 (one for hemispherical
transmittance and one for hemispherical reflectance measurements);

o directional-directional measurements: N= Np4, where Npq is the total number of
bi-directional measurement directions;

o combination of directional-directional and directional-hemispherical measure-
ments: N=2+ Npq.

Several techniques can be used in the identification process. As an example, we
can cite the Gauss linearization method [37] which minimizes D by setting to zero
the derivatives with respect to each of the unknown parameters.

The bi-directional transmittances or reflectances T(ut) for normal incidence are
defined by the following expression:

I(p)
I()d(x)o

T(p) = (11.18)

where Iis the transmitted or reflected intensity and I, the intensity of the collimated
beam normally incident onto the sample within a solid angle d,.
The hemispherical transmittances or reflectances are defined by the following
expressions:
w)pdp
Iod(.o()

T(w) =2n j" (11.19a)

J I(pw)pdp

R(p) = oo (11.19b)
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11.5.3
Application to Open-Cell and Closed-Cell Foams

As we have seen in Section 2, the different types of cellular foam with open or closed
cells present different structures composed of different particles. As a result, for
each type of foam the models must be adapted to take into account the particle
shapes and sizes.

11.5.3.1 Open-Cell Carbon Foam

Starting from microscopic analysis, Doermann and Sacadura [38] and Baillis et al. [9]
have considered that open-cell carbon foams are composed of two types of particles:
struts with varying thickness and strut junctures (Figures 11.6 and 11.7). As four
struts are connected at each strut juncture, if N; is the number of struts per unit
volume, there are Ny/2 strut junctures per unit volume.

The particles are assumed to be opaque. Moreover, they are assumed to have a
random orientation in the calculation of the average geometrical cross-sectional area
of particles (G;). The scattering phenomena are accounted for by applying a combi-
nation of geometric optics and diffraction theory to these particles. Indeed, as the
particle size parameter x is much larger than unity and the refractive index 7 is
not too small (x|fi—1| > 1), geometric optics combined with diffraction theory can
be used to predict scattering behavior. Moreover, due to the extremely large values of
the diffraction phase function in the forward direction (6~ 0°), the diffraction
contribution can be usually ignored [34] and treated as transmission.

For all large particles, if diffraction is neglected, the expressions for the efficiency
coefficients are [32,35]

=1 QG=1-p—"1 &G=mptn (11.20)

In these equations, p; represents the fraction of incident energy reflected at the
front surface of the particle (the surface facing the collimated incident radiation),
and 1, represents the fraction of incident energy that is transmitted into the
particle.

The application of geometric optics laws to the two types of particles considered
(particles of type 1 are struts, particles of type 2 are strut junctures) leads to the
following results [39]:

B;L:Nl((_}l + Cz); G;\:p;LNl(Gl + Cz); (= (1*px)N1((_;1 + Gz) (11.21)

The phase function corresponding to reflection from large opaque reflecting
convex particles with random orientations can be adopted by applying the following
theorem [32]:

The scattering pattern caused by a reflection on a very large convex particle with
random orientation is identical to the scattering pattern by reflection on a very large
sphere of the same material and surface condition.
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For an open-cell carbon foam, Baillis et al. [39] assumed that the reflection is
diffuse. The phase function related to reflection from large opaque diffusely reflect-
ing sphere is [34]

8
P,(0) = E(Sinefecosﬂ) (11.22)

Consequently the radiative properties can be determined from the parameters p;,
Ny, Gj,j=1, 2. Baillis et al. [39] have determined G as a function of the porosity € and
of the minimum and maximum thickness of the struts, b and by,.,. Moreover, by
assuming that the foam cells have a regular pentagonal dodecahedron shape, the
authors have also determined Ny, as a function of the porosity €, of the minimum and
maximum thickness of the strut, b and by,,x, and of the parameter ;.

Note that the parameters b, by, and € can be easily determined from micro-
scopic analysis and images (Figure 11.7). The minimum and maximum thick-
ness of the strut can be more precisely measured and are easier to obtain than
the mean cell diameter. This is an advantage of this particle modeling which
takes into account the varying thickness of the struts. The hemispherical reflec-
tivity of the solid matrix, p;, cannot be obtained from direct measurement given
that the material should be compacted for this measurement. Moreover, it cannot
be obtained reliably from the literature because of the great dispersion of the
reported data. So, Baillis et al. [39] have determined p; and f; using an identifi-
cation method.

For the carbon foam studied by Baillis et al. [39], the porosity measured is
€=98.75% and particle dimensions obtained from a microscopic analysis are
b=34um, b,y =52 pm. The average values of the hemispherical reflectivity of
carbon plus or minus the mean square deviation are presented in Figure 11.8. The
radiative properties of the foam calculated from the prediction model are shown in

Figure 11.7 Microscopic analysis obtained from a carbon foam
sample (magnification x400). Determination of dimensions b
and by [39]-
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Figure 11.8 Identified carbon hemispherical reflectivity plus or
minus the standard deviation (p; £ A) [39].
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Figure 11.9 Radiative coefficients of a carbon foam [39].

Figure 11.9. Note that for visible wavelengths, the scattering coefficient is much
smaller than the absorption coefficient due to the small reflectivity of carbon in the
visible range. For higher wavelengths, the scattering coefficient increases.

11.5.3.2 Metallic Foam

The works of Loretz et al. [26] on aluminum open-cell foam are also based on geometric
optics laws. Since the foam is metallic, the particles are assumed to be opaque. The
scattering is thus limited to the reflection, and the hemispherical reflectivity p, is equal
to the scattering albedo (Eq. (11.21)). The authors assume that the foam presents an
intermediate reflecting behavior comprised between diffuse and specular reflection.
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Figure 11.10 Radiative coefficients of an aluminum foam [26]:
(a) extinction coefficient; (b) aluminum hemispherical reflectivity;
(c) parameter of specularity.

Thus, the phase function is represented by a parameter which depends on the spec-
ularity. It will be called the parameter of specularity and denoted by ps,,. A value of zero
for psp. corresponds to the diffuse reflection, whereas when ps,;, = 1 the scattering is
specular. An identification method for each wavelength is used to determine the
extinction coefficient, the hemispherical reflectivity and the parameter of specularity
from transmittances and reflectances measurements obtained using a Fourier trans-
form infrared spectrometer. The results obtained for an aluminum open-cell foam of
porosity 93% with particle dimensions b= 0.58 mm, by, = 0.70 mm are shown in
Figure 11.10.

It can be observed that the extinction coefficient is almost independent of the
wavelength. This confirms that geometrical optics can be applied to determine the
radiative characteristics of the foam. The reflectivity is relatively important, 90% on
average, which is logical considering the strong reflective ability of metallic matter.
Finally, the parameter of specularity is close to zero for most of the wavelengths. It
tends to confirm that the aluminum foam has a scattering behavior close to that of an
opaque sphere with diffuse reflection. This assumption was used by Baillis et al. [39]
in the case of carbon foams with open pores.

11.5.3.3 Closed-Cell Foam: Case of Low-Density EPS Foams

In the case of EPS foams, Coquard et al. [40] have shown that the macroscopic
porosities (Figure 11.2) have practically no influence on the radiative properties Thus,
these properties could be obtained assuming that the porous morphology could be
represented by a homogeneous cellular structure made exclusively of cell walls.
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Regarding the shape of the cells, we have seen that they are generally represented
as pentagonal dodecahedrons. However, the analysis of SEM images shows that, in
real EPS foams, the cells forming the porous medium in the beads are not rigorously
dodecahedrons but have rather irregular and random shapes composed of pentag-
onal, quadrilateral or hexagonal faces. Thus, their shape could not be perfectly
described from a unique cell model but is more likely a combination of cubic,
dodecahedral and tetrakaidecahedral cells. In order to investigate the influence of
the morphology of cellular medium on the radiative properties of EPS foams,
Coquard et al. [40] modeled these three different shapes. For each shape, the equa-
tion relating the diameter of the cells D, the porosity € and the thickness of the
walls h is different. Indeed, we have the following.

o For dodecahedral cells: each cell is composed of 12 identical pentagonal faces, each
of these walls being shared with one neighboring cell; there are finally 6 windows
for one cell and then

6 X Spentagon x h

(1—g) = & h~0.289 x (1—€) X Dy (11.23)

Vdode

For cubic cells: each cell is composed of 6 identical square faces, each of these walls
being shared with one neighboring cell; there are finally 3 windows for one cell
and then

3 X Ssquare X h “h (1—€) X Deent
chbe 3

(1—g) = (11.24)

For tetrakaidecahedral cells: each cell is composed of 6 identical square faces and 8
identical hexagonal faces, each of these walls being shared with one neighboring
cell; there are finally 3 square windows and 4 hexagonal windows for one cell and

then

(3 X Ssquare +4x Shexagon)h

Vtetra

(1—g)= &h~0.299 % (1—¢€) X Dea (11.25)

The mean diameter of the cells contained in EPS beads is generally between 100
and 300 um, and then the height of the walls is greater than 100 um, whereas the
infrared radiation wavelengths at the origin of the radiative heat transfer at ambient
temperature are close to 10 um. Thus, the geometric optics and diffraction approxi-
mation could be used to treat the radiation/matter interaction for the particles
considered. Furthermore, the influence of diffraction on the radiative heat transfer
can be neglected. When the geometric optics approximation is valid and the
diffraction neglected, the absorption and scattering cross-sections are computed by
multiplying the cross-section of the particle by its absorptivity and reflectivity

363



11 Radiative and Conductive Thermal Properties of Foams
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Figure 11.11 Interaction of a plane wave with a cell wall.

calculated by the Fresnel relations. The particles forming the cellular material are
assumed to be randomly oriented; their radiative characteristics are averaged over all
the possible directions of the incident wave:

Keell = Z Ni X Capi;  Ocel = Z Ni x Cass
] ]
Beell = Keell + Ocell; ¢cell(9) = é(e) (11'26)

where N; is the number of particles of type i per unit volume of cellular medium.

To compute these properties, Coquard et al. [40] used geometric optics laws,
illustrated in Figure 11.11 for pentagonal windows. Windows are illuminated by
rays representing the plane wave.

For dodecahedral cells, there are 6 pentagonal faces per cell and then

6 14.06
Npart = — ~ —— 11.27
P Vear Dy ( )
For cubic cells, there are 3 square faces per cell and then
3 3
N > 11.28
part Veell Dzeu ( )

For tetrakaidecahedral cells, there are 4 hexagonal faces and 3 square faces per cell

and then

4 9.497
Vcell D3

cell

3 7.123
Vcell D3

cell

Npart1 = and  Npap = (11.29)

The computation of C, and C is carried out from the reflectance Ry, and the
transmittance Try;, of a thin slab using the thin-film optic laws stemming from the
Fresnel relations and which take into account the interference effects. For dielectrics
like polystyrene, we have
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2 2
Rwin = |rwin| 5 Trwin = |trwin| (11303)
Twin = T2 + taratne % 4 turfltzle‘i”?’
g + rpex2P
=_zrar (11.30.b)
1+ riprpe 28
Cixp 2, ix3p tatre P
trwin = tizt21€ +trtae +o = (11.30.¢)
1+ riarae 28
where
. 2 xAxhxcos(O . sin(0; r +|r
6 ( ref); sin(0r) = ( mc); = (Iray/l + 21 ])
A n 2
ncos(0ic ) —cos(0
=r1; tp=1-rp=tn; ryy= (Biac) (Brer) and a1

1cos(Binc) + cos(Orer)

 €08(0inc) —1cos(Oyer)
"~ c08(Binc) + 1cos(Brer)

To carry out the computation of Ry, and Tryi, the complex refractive index
i = n—ik of the polystyrene used in EPS foams has to be known. The variations
of its real and imaginary parts obtained by the authors are shown in Figure 11.12 for
the wavelength range 2-25 pm.

The variations of the extinction coefficient B, and the albedo ®, = g, /p; with the
radiation wavelength for cellular materials are illustrated in Figure 11.13 for the
three different cellular shapes, for 0.99 porosity and for Dy =200 pm. As regards
the scattering phase function, Figure 11.14 shows the phase function obtained
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Figure 11.12 Spectral complex refractive index of polystyrene [1].
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Figure 11.13 Theoretical variations of the extinction coefficient and
albedo of EPS foams with the radiation wavelength for D.ej =200 pm.
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Figure 11.14 Theoretical phase function of an EPS foam with
Deey =200 pm and € =0.99 for the wavelengths 2= 10.05 and 20.16 um.

theoretically for the wavelengths A =10.05 and 20.16 um with the three different
cellular shapes in the case D o= 200 pm and & =0.99. The variations of the asym-
metric factor of the phase function

T
(cosB) = 0.5 x JP(G)cosﬁsine do
0

are depicted in Figure 11.15. This parameter permits us to characterize the reparti-
tion of the radiant intensity scattered by the medium. When (cos 6) >0, the radiation
is preferentially scattered in the forward hemisphere and inversely. The results of the
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Figure 11.15 Variations of the asymmetry factor of the phase
function with the radiation wavelength for EPS foams with
Dee =200 um and €=0.99.

model presented show that in EPS foams, the radiation/matter interaction is domi-
nated by scattering given that m, is generally close to unity except for some wave-
lengths belonging to a polystyrene absorption peak. Moreover, we remark that the
extinction coefficient is globally inclined to decrease with the wavelength, except for
the wavelengths belonging to a polystyrene absorption peak. This tendency is en-
tirely due to the morphological structure of EPS foams. Finally, we observe that the
variations of the absorption and scattering coefficient are practically identical for the
three polyhedral cells considered. Actually, the shape of the cells modeled only has a
very slight influence on the behavior of the cellular material and, in practice, there is
no need to characterize exactly the shape of the porous structure.

Concerning the scattering phase functions of EPS foams, Figure 11.14 shows that
they are primarily oriented in the forward hemisphere whatever the wavelength. The
radiant energy is predominantly scattered in a direction close to the incident direc-
tion. The graphs of Figure 11.15 also indicate that g; is inclined to increase with the
wavelength. Moreover, as for the extinction and scattering coefficients, the shape of
the cells considered has practically no influence on the repartition of the scattered
energy.

11.5.3.4 Closed-Cell Foam: Case of XPS and PUR Foams

For XPS and PUR foams, the struts and walls are simultaneously present. Glicksman
and Torpey [4] modeled polyurethane foam structure as a set of randomly oriented
opaque struts, assuming an efficiency factor of one and neglecting scattering by struts.
The strut cross-section was constant, triangular and occupied two-thirds of the area of
an equilateral triangle formed at the vertices. The cell membranes within the foam
are so thin (approximately 1 pm) that they are assumed to be virtually transparent
to thermal radiation. According to those workers, the struts, which constitute
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approximately 85% of the solid polymer within the foam, are much thicker than the
cell membranes and are responsible for most of the attenuation of thermal radiation.
The foam cells are assumed to be pentagon dodecahedron cells. The resulting extinc-
tion coefficient is a simple function of the cell diameter and the foam porosity:

Vi-g

B =4.09
D cell

(11.31)

Kuhn et al. [7] adopted another geometrical model for the morphological structure
of XPS and PUR foams. They assumed infinitely long randomly oriented cylinders
to describe the struts and infinitely large platelets to describe the walls. The trian-
gular cross-sections were converted into circular ones with the same geometric
mean cross-section. Mie theory and geometric optics were used to describe the
interaction of radiation with cylinders and platelets respectively. Under the inde-
pendent scattering hypothesis, the foam extinction coefficient is obtained by adding
up the effects of the two geometrical structures weighted by the strut fraction [32]:

By = (17.](5)Bk4wa]ls + fSBLstruts (11'32)

The foam cells are taken as regular pentagonal dodecahedrons. Placido et al. [2]
used a similar model for PUR and XPS foams. They investigated the dependence of
the radiative and conductive conductivities on geometrical parameters characteriz-
ing the internal foam structure, such as the mean wall thickness and the mean strut
and cell diameters. The complex refractive index 77 = n—ik of the polyurethane used
in their calculations is obtained from the literature and is shown in Figure 11.16.
Some results obtained will be discussed in Section 6.3. Details on the Mie theory
applied to long cylinders can be found in Refs. [31,32]. Moreover, the model based on
geometric optics to predict radiative properties of platelets has already been de-
scribed in the case of EPS foams (containing walls only), and thus no additional
details are given here.
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Figure 11.16 Spectral complex refractive index of polyurethane [2].
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11.6
Combined Conductive and Radiative Heat Transfer in Foam

11.6.1
Heat Transfer Equations for Cellular Foam Insulation

Cellular foams are usually highly porous materials (with porosity larger than 80%).
Heat transfer in such media occurs by conduction through the solid matrix and
through the gas filling the pores, and by thermal radiation through the medium.
From a radiative point of view, foams are semitransparent media, as the walls and/
or the struts absorb, emit and scatter radiation. Free convection can be neglected due
to the small cell size.
For one-dimensional steady-state heat transfer, the energy equation is the following:

dqc  Oqr
et =0 (11.33)

Assuming that the foam is a continuum medium, the conductive heat transfer follows
the Fourier law. Thus, the conductive flux is related to the temperature by the relation

8T 8., 8T 8k.dT 8T
qc——kc$ and g—— Cg—ggw— C@ (1134)
The energy equation can be reformulated as
T g
<2 oz (11.35)

Radiative heat transfer in a low-density porous medium is a relatively complex
problem given that it takes into account the emission, absorption but also the scatter-
ing of radiation by the porous material. The radiative heat transfer is described by an
integrodifferential equation governing the spatial and angular distribution of mono-
chromatic radiation intensity I, (z, 1) in the medium. For one-dimensional heat trans-
fer with azimuthal symmetry the radiative transfer equation (RTE) is expressed as

30 (z, 1) A

c
s, —Bali(z, 1) + K I(T) T Op (W = w)h(z,p)dp’  (11.36)

L%)—l

and the boundary conditions for opaque diffusely reflecting boundaries are

1
50, 0>0) = Eyouy I2(T2) + 2(1—Ehm,x>J 10, ) dp!
0 (11.37)

1
(1,1 <0) = Eoga 2(Tr) + 2(1—Ec01d,x>j 1,y dg!
0
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where E is the boundary emissivity. Parameters G, k; and B, = 0 + X, characterize
the ability of the medium to scatter, absorb and attenuate the radiation with wave-
length A. @; (Winc — Msea) characterizes the probability, for a radiation incident from
an elementary solid angle around the direction with directing cosine [, = cos 0jy, to
be scattered in an elementary solid angle around the direction s, = cos O,

11.6.2
Resolution of the Heat Transfer Equations

To solve the conduction-radiation coupling, it is necessary to solve the radiative heat
transfer problem.

11.6.2.1 Resolution of the Radiative Transfer Equation/Rosseland Approximation
Foams are usually thick enough to be considered as optically thick. So the radiative
flux can be approximated by the Rosseland diffusive equation introducing a radiative
conductivity, K; (note that many works on foams used the Rosseland approximation
[2,6,7,38)):

g = _kf?s_: (11.38)
where
2=73
ky = % (11.39)

in which ¢ is the Stefan-Boltzmann constant and n is the effective index of refrac-
tion. It can be taken that n =1 since the foam porosity is usually very high. Parameter
Br is the Rosseland mean extinction coefficient calculated over the entire wavelength
range by the following relation:

oo

1 1 Gebx
—=|==—=dAr 11.40
Br J‘B;L Oep, ( )

0
where e, is the blackbody radiative emissive power.
The Rosseland approximation is valid when the medium absorbs and scatters

isotropically. To take into account the foam anisotropic scattering, a weighted spec-
tral extinction coefficient, Bx is used:

By =K) +0, with o, =0y(1—(cosh),),

(cosb), = 0.5 J P,.(8)cos6 d(cosh) (11.41)
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As a result, the total conductivity includes the three independent mechanisms:
conduction through the gas and through the solid material forming the cell, and
thermal radiation [2,6,7,38]:

Y (11.42)
where kc = kc,gas + kc,sol

11.6.2.2 Resolution of the Radiative Transfer Equation/Discrete Ordinates Method
Some foams, notably EPS foams with very low density, are not optically thick
media and the Rosseland approximation is no longer valid [1]. Then the radiative
heat flux cannot be related to the temperature distribution by the simple
expression of Eq. (11.38). It is thus necessary to solve the radiative transfer
equation (RTE).

Several numerical methods can be used to solve the RTE. For examples, we can
cite the spherical harmonics method, the zone method of HOTTEL or the ray-tracing
methods. The discrete ordinates method (DOM) is the most frequently used and
gives accurate results. Coquard and Baillis [1] used it to solve radiative heat transfer
in EPS foam.

The DOM is based on a spatial discretization of the slab thickness and an
angular discretization of all directions. The angular discretization permits the
replacing of the angular integrals by finite summations over Ny discrete directions
with given weighting factors w. The spatial discretization must be the same as the
one used for the numerical resolution of the energy equation. The accuracy of the
results is strongly dependent on the angular discretization. Note that Coquard and
Baillis [1] chose a very fine discretization dividing the 2n radians in 180 directions
of 1° and whose weighting factors are proportional to the solid angle they
encompass.

The RTE has to be solved for the entire wavelength range and the radiative heat
flux divergence distribution is computed by integrating the contributions of each
wavelength:

%() JK;{MU}L ZnZIM wJ] da (11.43)

0 =

where the subscript j refers to the jth discrete direction.

In practice, to limit computational time and memory requirements, the spectral
integration is made by considering that the intensity field in the slab is constant in N
wavelengths bands covering the entire wavelengths. Then we have

A (11.44)

Sqr ZK, {411;10 2nZI, iz

where the subscript i refers to the ith band and AL; is the width of the ith band.
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11.6.2.3 Resolution of the Energy Equation

The total conductivities of foams can be calculated at sample mean temperature using
Eq. (11.42) as in the works of Placido et al. [2]. However, to calculate the temperature
distribution or the total heat flux in the foam sample, the energy equation can be solved
numerically by an iterative process using the control volume method as in the works of
Doermann and Sacadura [38] and Coquard and Baillis [1]. The principle of the control
volume method is to divide the slab thickness into elementary control volumes [41].
The temperature of the medium at the center of each volume has to be calculated. The
iterative process goes on as follows. First, an initial temperature distribution in the
medium is chosen, for example linearly dependent on the z coordinates. Using this
initial temperature distribution, the radiative problem is solved and the radiative heat
flux divergence 8q,/6z is calculated in each control volume. A new temperature
distribution is then calculated from this heat flux divergence distribution in order to
satisfy the energy equation (Eq. (11.33)). From this new temperature distribution, the
radiative problem is solved again, a new radiative heat flux divergence distribution is
calculated, and so on. The previous process is repeated until the difference between the
temperature distribution obtained for two successive iterations is lower than a very
small value synonymous with convergence. The total heat flux passing through the
slab can then be computed in each control volume by adding the conductive and
radiative heat flux. The “‘equivalent thermal conductivity” can be deduced.

11.6.3
Equivalent Thermal Conductivity Results

In order to quantify the total heat transfer passing through a slab of foam, one
generally uses a parameter called the “equivalent thermal conductivity” or “total
conductivity’, denoted by keq,. Actually, it corresponds to the conductivity of the
purely conductive material, which would lead to the same total heat flux under the
same thermal boundary conditions. It is simply obtained by dividing the total heat
flux density passing through a slab of materials by the temperature gradient, as if the
heat transfer was purely conductive (Fourier law):

orT

= 7ke u~_
0 9z

To illustrate the contributions of each modes of heat transfer, the models presented
in the previous paragraphs have been applied to compute the conductive and radiative
properties of the different types of foams. The radiation—conduction coupling was
then solved to obtain the variations of their equivalent thermal conductivities keq,. As
an example, some results are shown to underline the influence of morphological
parameters or temperature on the thermal performances of some usual foams.

11.6.3.1 Closed-Cell EPS Foams
The model for determining the radiative properties presented in Section 5.3.3 has
been used for several fictive EPS foams with different values of the structural
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Figure 11.17 Evolution of the equivalent conductivity with the
density for different mean cell diameter [1].

characteristics such as densities (pgps) and cell diameter (D) covering the whole
ranges of variation observed for usual EPS foams [1]. The effective phonic conduc-
tivity k. of the EPS foams has been calculated using Eq. (11.1) proposed by Schuetz
and Glicksman [10] with a proportion of polymer in the struts f;=0. The other
parameters used for the computations are values commonly encountered in guarded
hot-plate measurements: the mean temperature of the boundaries is T=296K
(Thot=304K and T, q=288K); the slab thickness is equal to 40 mm; and the
emissivities Ejop5 and Eq g5 of the hot and cold boundaries are gray and equal to
0.9. The discrete ordinates method is used to solve the radiative transfer equation.
The energy equation is numerically solved using the control volume method dis-
cussed in Section 6.2.3.

Influence of the Foam Density The evolution of the equivalent thermal conductivity
with the foam density is depicted in Figure 11.17 for foams with different mean cell
diameters Dc.p. The results obtained with the hypothesis of dodecahedral cells are
referenced as “dode” whereas those obtained for cubic cells are noted “cube”. For
clarity purposes, we have not represented the results obtained for tetrakaidecahedral
cells as they are comprised between those obtained for cubic and dodecahedral cells
and they do not bring any additional information. Also represented on the same
figure is the evolution of the effective thermal conductivity k. in order to illustrate the
relative contributions of conduction and radiation to the total heat transfer. This
effective thermal conductivity only depends on the density of the material.

The results show that the foam density has a strong influence on the equivalent
conductivity of low-density EPS foams whatever the size and the shape of the cells.
The lighter the foam is, the poorer is its thermal performance. This conclusion is
well known in the building insulation industry for which often one has to find a
compromise between light (and cheap) but weakly effective insulating materials and
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a heavier (and more expensive) but more effective one. One can also remark that,
due to the very high porosity of the material, the effective thermal conductivity k. of
the foam only increases imperceptibly and stays close to the thermal conductivity of
air. Then, it reveals that the increase of the equivalent conductivity of EPS foams with
decreasing density is entirely due to an increase of the radiant energy propagating
through the medium. This could be intuitively explained by the fact that when foam
gets lighter, the particles preventing the radiation from propagating in the medium
are less opaque and the radiation/matter interaction is less pronounced. Radiative
heat transfer then becomes relatively important and could represent more than 50%
of the total flux passing through the slab for foams lighter than 10 kg m . Moreover,
as the effective phonic conductivity of EPS foams varies only very slightly with the
density, we can conclude that all the variations of the equivalent conductivity keqy
with the different parameters are only due to variations of the radiative contribution.

The decrease of kq, with increasing density is not linear and is more rapid for
very light foams. One can also notice that the influence of the shape of the cells is
non-negligible given that the equivalent conductivities stemming from the cubic
cells assumption are lower than those obtained considering dodecahedral cells. This
is due to the difference between Eqs. (11.23) and (11.27), and Egs. (11.24) and
(11.28), which are valid for dodecahedral and cubic cells respectively. However, the
relative difference for the equivalent thermal conductivity is always lower than 7%.

Influence of the Mean Cell Diameter The theoretical results obtained using the same
parameters as those presented above are now depicted in Figure 11.18 in order to
show the influence of the mean cell diameter on the thermal performances of the
EPS foams.

As can be noticed, the diameter of the cells forming the cellular medium con-
tained in the beads also has a substantial influence on the equivalent thermal
conductivity of the EPS foam. However, the variations of keq, with D are not the
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Figure 11.18 Evolution of the equivalent conductivity with the
mean cell diameter for different porosities [1].



11.6 Combined Conductive and Radiative Heat Transfer in Foam

same for foams with different densities. Then, for very low-density EPS foams
(Peps < 10kgm ™), the results show that in the range of cell diameter studied
(100 pm < Deepy < 300 pm), the equivalent conductivity decreases rapidly when Dy
increases. For example, for EPS foams of approximately 8 kgm >, the theoretical
equivalent conductivity varies from 65 to 48 mWm 'K ! when the cell diameter
goes from 100 to 300 um. We can also remark that the decrease of keqy is slower
when the cells are large.

When the density of the foam is greater than a fixed value, we can notice that there is
an optimal cell diameter lower than 300 pm for which the equivalent conductivity of
the foam slab is minimal. This optimal cell size depends on the foam density as well as
on the morphology of the cell considered. Then, for foams of 14.8 and 19.7 kgm > in
density, the optimal cell diameter is approximately 300 and 200 pm for dodecahedral
cells and 250 and 200 pm for cubic cells. Actually, there is an optimal cell size whatever
the density of the foam, but for very light foams this diameter is very large and greater
than the diameter commonly observed in commercial EPS foams.

11.6.3.2 Closed-Cell XPS and PUR Foams

The model for determining the radiative properties presented in Section 11.5.3.4 has
been used for several XPS and PUR foams with different densities, mean cell
diameters and strut diameters [2]. The effective phonic conductivity k. of the XPS
and PUR foams have been calculated using Eq. (11.1) proposed by Schuetz and
Glicksman [10]. The equivalent thermal conductivity is calculated using Rosseland
approximation and Eq. (11.42) at mean temperature of 300 K.

Influence of the Foam Density Figures 11.19 and 11.20 show the curves of equiva-
lent thermal conductivity, radiative conductivity, gas conductivity and solid conduc-
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Figure 11.19 Equivalent thermal conductivity of XPS foams
versus foam density (at 300 K, for 110 um cell diameter and 2 um
strut diameter) [2].

375



376

11 Radiative and Conductive Thermal Properties of Foams

- I I I l ; Tl
kequ l------------n------------
30 :'I---illll -
25-—--.-.—'Egas-—-n—l—-—.-
<
£
s 207 _
£
c
= 15} -
g
4
10+

kc,sol
5 //’——_—_-_
— kr

_—-s._———————

L L L 1 1

ol
20 25 30 35 40 45 50

Density in kg/m’

Figure 11.20 Equivalent thermal conductivity of PUR foams
versus foam density (at 300K, for 150 um cell diameter and
2.5 um strut diameter) [2].

tivity of XPS and PUR foams respectively versus foam density for a given cell and
strut diameter. Note that the phonic conductivity is the sum of the gas conductivity
and solid conductivity. It can be observed that the solid conductivity has a linear
trend, whereas the gas conductivity is always constant. The equivalent total conduc-
tivity presents a minimum value due to the decreasing trend of the radiative con-
ductivity and to the increasing trend of the solid conductivity.

Influence of the Mean Cell Diameter Figures 11.21 and 11.22 show the curves of the
equivalent thermal conductivity, the radiative conductivity, the gas conductivity and
the solid conductivity of XPS and PUR foams respectively as a function of the
mean cell diameter for a given density. It can be observed that the solid conductivity
and gas conductivity are almost constant. Thus, the minimum of equivalent
total conductivity corresponds to the minimum of radiative conductivity. Note
that the magnitude of the calculated total conductivity is in good agreement with
measured data.

11.6.3.3 Metallic Open-Cell Foams

For metallic foams, we have seen particles are opaque to radiation and that the
geometric optics assumption is valid. As a consequence, their radiative properties
only depend on the morphology of the cellular structure, on the reflectivity of the
solid phase and on the parameter of specularity pyy, introduced by Loretz et al. [26].
In order to simplify the problem, the results illustrated have been obtained with the
model used by these authors assuming that the cells have a dodecahedron shape,
that the struts have a constant triangular cross-section and that there is no accumus-
lation of matter at the junction of two struts.
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Concerning the conductive properties, the effective phonic conductivity is ob-
tained by the analytical model of Schuetz and Glicksman (Eq. (11.1)) with a propor-
tion of solid in the struts ;=1 and a conductivity of metal ke =10 Wm 'K~
which is a typical value for metals.

The computation of the equivalent thermal conductivities of metallic foams is
carried out for different porosities, mean cell diameters, reflectivities and different
parameters of specularity using a numerical resolution of the radiation—-conduction
coupling.
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Influence of the Porosity The variations of the equivalent thermal conductivity at
ambient temperature (T=296K) with the porosity of the foam are illustrated in
Figure 11.23 assuming a gray, specularly reflecting solid phase (psp, =1.0) with
p,.= 0.9 and a mean cell diameter D =2.57 mm.

The results of the model show that the equivalent conductivity of metallic foams
reaches a minimum value for a porosity value. This variation of the thermal per-
formances with the porosity is encountered in almost all porous materials in which
there is a conflicting evolution of the conductive and radiative contributions with the
porosity. In Figure 11.23, the evolution of the effective phonic conductivity k. of the
foam is also depicted and illustrates explicitly that, from a given optimal porosity,
the decrease of k. due to the increasing porosity is entirely balanced by an increase
of the radiative heat transfer. However, in the case of metallic foams, one can notice
that the optimum is obtained for a relatively high porosity (close to 0.99).

Influence of the Cell Diameter Figure 11.24 shows the evolution of the total
conductivity of metallic foams with the diameter of the cells forming the porous
structure for three different porosities commonly encountered (e =0.98, 0.96 and
0.94). As in the previous section, the solid phase is assumed gray and specularly
reflecting (psp. = 1.0 and p;, =0.9) and the calculations were carried at ambient
temperature (296 K).

The results of the model assuming dodecahedral cells with no accumulation of
matter at the junction of struts indicate that Dy influences significantly the heat
transfer in metallic foams. Indeed, whatever the porosity, foams with relatively small
cells have better insulating performances. The results also reveal that the differences
are entirely due to the radiative contribution given that, for a given porosity, the
contribution of conductive heat transfer (k.) does not vary with D.y. Thus, small
cells make the foam more opaque to thermal radiation. One can also remark that
the theoretical increase of k.q, with the diameter of the cells is almost linear. Finally,
we remark that, at ambient temperature and for the range of porosities considered,
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the radiative heat transfer is practically negligible as soon as the diameter of the cells
is less than 1mm.

Although we only illustrated the results obtained for dodecahedral cells composed
of struts with constant triangular cross-sections, itis important to indicate that all the
previous remarks are valid whatever the shape of the cells and of the struts.

Influence of the Reflectivity and Metal Specularity Parameter The other parameters
which influence the thermal behavior of metallic foams are related to the reflecting
properties of the solid phase. In real metallic foams, the proportion of thermal
radiation reflected by the solid phase depend on numerous parameters including
the nature of the metal considered, the surface roughness or the angle of incidence
of the radiation on the solid/gas interface. Moreover, the radiant energy may be
reflected specularly or diffusely. In order to simplify the problem and be able to
investigate the influence of reflecting properties, we have seen that Loretz et al. [26]
assumed that the reflectivity p, is independent of the incident angle and that
the foam presents an intermediate reflecting behavior characterized by specularity
parameter pp,. The influence of the two parameters on the equivalent thermal
conductivity is shown in Figure 11.25 for foams with € =0.98, D oy =2.57 mm at
ambient temperature.

The results obtained using the hypothesis adopted by Loretz et al. show that the
influence of the reflectivity of the solid phase depends on the way the radiation is
reflected. Then, we note that when the reflection is specular, the reflectivity does not
influence the radiative heat transfer. When pj,, is close to 0, a high reflectivity results
in a smaller equivalent conductivity. For example, the theoretical difference between a
purely reflecting and a purely absorbing solid phase reaches 10 mWm ™' K~ ' when the
reflection is assumed diffuse (pgp;, = 0.0) which represent more than 8% of the total
conductivity and 38% of the radiative contribution. This can be explained by the fact
that the scattering phase function of the foam is, then, P(0 = (8/3m)(sin0 — 6cosb))
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and most of the radiant energy reflected is reoriented in backward directions which
slows down the radiative heat flux. When the reflection is specular (psp, — 1), the
phase function is isotropic and, thus, the radiant energy reflected is redistributed in all
directions with the same probability as if it has been absorbed and reemitted by the
solid phase.

11.6.3.4 Open-Cell Carbon Foams

The influence of the temperature on the foam equivalent conductivity is also very
important. To illustrate this phenomenon we choice to show some results obtained
by Baillis et al. [39] for carbon foams. Such materials can be used as insulating media
at very high temperature.

The gas is nitrogen. Its conductivity is defined by the following relation:

gas = ko<1 +£) VI/273 (11.45)

273) 1+ (C/T)

where ko =0.0242Wm 'K ' and C=161K. Tis in kelvin.

Experimental results of equivalent total conductivity obtained from guarded
hot-plate measurements are compared with theoretical results obtained using
the experimental value of carbon conductivity, kcarpon =22 Wm 'K L. The effec-
tive phonic conductivity is deduced from the analytical model of Schuetz and
Glicksman (Eq. (11.1)) and the radiative properties are obtained from the predictive
model already described in Section 11.5.3.1. The foam porosity is 98.75%. The
sample thickness is 10 mm. Experimental and theoretical total conductivities and the
phonic effective conductivity are shown in Figure 11.26 as a function of the hot
face temperature. It can be observed that at high temperatures, radiative transfer is
preponderant. Moreover, experimental and theoretical conductivities are in good
agreement; these results confirm that the predictive model is appropriate to
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Figure 11.26 Equivalent conductivity of carbon foam sample [39].

determine the thermal properties. Note that for carbon foam since the carbon reflec-
tivity is not very high in the visible range, there is not a great deviation if scattering
phenomena are neglected.

11.7
Conclusions

Thermal properties of usual cellular foam such as carbon or metallic open-cell foams
or EPS, XPS and PUR closed-cell foams have been investigated. It appears that in
such foams the radiative transfer contributes significantly to the total heat transfer
and that it is preponderant at high temperatures. Moreover, we pointed out that the
geometrical structure of the cellular material greatly affects their thermal properties.
Thus, theoretical models are very useful to investigate the influence of the para-
meters characterizing the microstructure on the foam equivalent thermal conduc-
tivity and to optimize foam thermal performances. The equivalent conductivity
could be improved by modifying wall thickness, strut diameters, cell diameters or
foam densities. The theoretical results show that the density and the mean cell
diameter are generally the most sensitive parameters. Moreover, the cells forming
the cellular materials could be tetrakaidecahedrons, cubes or dodecahedrons. The
analysis of the results for these three different cell shapes also indicates a non-
negligible influence on the thermal behavior of the foam.

The first works which tried to predict the heat transfer in such complex materials
used drastic simplifications, and some noticeable improvements have been achieved
in the field recently. New models designed to predict conductive and radiative
coupled heat transfer in low-density foams have been proposed recently. The
radiation—conduction coupling is solved using accurate numerical methods for
the resolution of the energy equation and the radiative transfer equation. The
models developed to predict the conductive and radiative properties try to take into
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account more faithfully the real morphologies of foam. Moreover, predictive models
of radiative properties take into account more and more precisely the scattering
behavior of solid matter.

However, the usual analyses in the literature generally assume that the foams are
homogeneous and isotropic. Moreover, the cell and strut diameters are usually
assumed constant and dependent scattering is generally neglected. All these as-
sumptions should be verified in the future.

Moreover, the determination of foam radiative properties at temperatures higher
than room temperature remains an open problem. Actually, it is difficult to find in the
literature experimental data on the thermal properties of carbon or metallic foams for
the temperature range of interest. Thus, the extension of the classical methods, en-
abling the experimental characterization of radiation and conduction properties of
foams to higher temperatures, seems to be one of the challenging prospects of research
in the field as it presents much interest for numerous technological applications.
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On the Application of Optimization Techniques to Heat Transfer
in Cellular Materials

Pablo A. Mufioz-Rojas, Emilio C. Nelli Silva, Eduardo L. Cardoso,
and Miguel Vaz Junior

12.1
Introduction

A steady increase has been observed in recent years in the use of cellular materials
based on several different topologies. Applications range from mechanical energy
absorbers to filters, pneumatic silencers/sound absorbers, containment matrices
and burn rate enhancers for solid propellants, flow straighteners, catalytic surfaces
for chemical reactions, core structures for high strength panels, heat sinks and heat
exchangers in general [1,2]. Furthermore, from a combined structural and thermal
viewpoint, cellular materials have also been proposed as viable alternatives for high-
impact and low-weight applications, such as actively cooled structural elements for
satellites or hypersonic aircraft wings [3]. Recent advancements in manufacturing
processes have made possible a realization of such applications, instigating further
studies on the improvement of the structural and thermal efficiency of both open
and closed cell structures.

The literature shows intense and healthy discussions on the recommended cell
topology for a given application. In general, cellular structures can be categorized as (a)
open or closed cellular materials and (b) stochastic or regular cellular structures [4].
Researchers tend to acknowledge that stochastic metal foams with open cells
have better thermal, acoustic and energy absorption properties; however, their
load-bearing capability is significantly inferior to periodic structures with the same
weight [5]. Within the framework of heat transfer applications, Lu and Chen [6], by
advocating open-celled foams, emphasize that transport properties of cellular ma-
terials are of considerable practical interest in fields such as thermal insulation,
reservoir engineering and underground storage of nuclear wastes. In addition, the
authors remark that applications which demand high efficiency in heat dissipation,
such as heat sinks for high-power electronic devices operating at power densities in
excess of 10’ Wm ™2, make open-celled metallic foams very attractive heat exchan-
gers. Zhao et al. [2] point out that open-cell metal foams are also regarded as one of
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the most promising materials for manufacturing heat exchangers due to the high
surface area density and strong mixing capability for the fluid. On the other hand,
Seepersad et al. [3] ponder that prismatic/periodical cellular materials, or purpose-
tailored extruded metal honeycombs, are well-suited for ultralight structures, fuel
cell and battery subsystems, and energy absorption systems.

Further enhancement of both heat transfer and structural/topological character-
istics can be achieved by application of optimization strategies to the geometrical
parameters of cellular materials.

The optimum design can be determined by using basically three distinct
approaches: size, shape and topology optimization. The first strategy aims at
determining the optimum design by optimizing one or more global characteristic
parameters of a cellular structure, while preserving its generalized shape. Shape
optimization consists of finding the overall boundary shape of a structure made of
a cellular material, such that the structure is able to reach an optimum thermal
performance. Alternatively, a problem can be proposed to find the shape of inclu-
sions/voids in a periodic cell, such that the material is able to reach an optimum
thermal performance. A more general procedure is provided by topology optimization,
which allows insertion of new porous surfaces and local variations of geometrical
characteristics of the cellular materials. Again, the objective might be to optimize a
structure or the material itself. A detailed presentation of the material optimization
case — or material design — is the subject of Section 12.3.

This chapter addresses application of some of the previous optimization strate-
gies to both metal foams and regular cell structures. Section 12.2 discusses
optimization issues, including generalities on evolutionary methods and gradient
based mathematical programming. Section 12.3 introduces the concept of peri-
odic composite materials and presents theoretical and numerical aspects related
to homogenization and optimization of unit cells, extensive to functionally graded
materials. Section 12.4 presents a general overview of recent works on optimiza-
tion of cellular-type materials, and Section 12.5 introduces original results of
optimized microstructures using the topology optimization/functionally graded
materials approach proposed in Section 12.3. Finally, some concluding remarks
are presented in Section 12.6.

12.2
Optimization Approaches

Size, shape and topology optimization strategies have been used by researchers to
tailor the microstructure of cellular materials to fit specific needs. In this chapter, we
review some of these applications and propose a strategy which employs functionally
graded materials to optimize heat conduction properties. In this regard, the present
section briefly sets the general optimization problem to be solved in material or
structural design and presents some concepts related to the optimization strategies
described in the literature. Basically, evolutionary methods and gradient-based
mathematical programming approaches are considered.



12.2 Optimization Approaches

The typical optimization problem to be solved is of the type:

Minimize gy(b) beR"

Subjectto  hi(b) =0 i=1...1
gihy<o  j=1...m (az.1)
b<bh<b k=1...n

where b€ R" is a vector of design variables which is limited by upper and lower
bounds by and by, go(b) is the objective function to be minimized and h;(b) and g;(b) are
equality and inequality constraints respectively. The functions generally depend
nonlinearly on the design variable vector b, and the dependence can be either
implicit or explicit. Gradient-based solution procedures additionally require conti-
nuity and twice differentiability in R". The region of R" over which all the constraints
are satisfied is named the feasible region.

12.2.1
Evolutionary Algorithms (EAs)

An EA is a generic population-based optimization algorithm that uses concepts and
mechanisms inspired in biological evolution. The common underlying idea behind
all EA variants is that each candidate solution plays the role of an individual taken
from a population, and that some individuals in each population are selected to
generate next generations. Selection and evolution of the population takes place after
recursive application of some operators that mimic biological evolution, as for
instance, combination and mutation.

These kinds of algorithm require neither derivative information nor further
knowledge about the functions involved, making them prone to deal with discon-
tinuous and/or non-convex problems. Additionally, their intrinsic parallel nature
and their possibility to provide a number of potential solutions to a given problem,
make them well-suited to solve multiobjective optimization and scheduling pro-
blems [7]. EAs have been successfully applied to the optimization of heat properties
of cellular and porous materials [8-10]. Most solutions have been proposed for
microchannel heat sinks aiming at improving the cooling capacity of electronic
components [8,9]. In such problems, the design variables for the EAs are, in general,
the aspect ratio and wall thickness of the channel cell and the channel length and
width, with constraints such as pumping power and pressure drop. Individual
solutions can define additional design variables and constraints. Further details on
the solution strategies are presented in Section 12.4.

12.2.1.1 Basic Concepts in Evolutionary Algorithms

In the realm of EAs, different variations can be found in the literature. Some
examples are genetic algorithms, evolutionary programming, evolution strategy,
genetic programming, differential evolution, particle swarm optimization, and so
forth. An EA can be described by some basic concepts, which must be defined in
order to properly characterize a particular approach [11]. These concepts include the
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representation of an individual, population, fitness or evaluation function, parent
selection mechanism, variation operators and survivor selection mechanism (re-
placement). Each of these basic components is briefly presented in the following
paragraphs.

« Representation of an individual. Each individual is represented by a set of design
variables, usually in vector form. As EAs mimic nature when seeking potential
solutions for a given problem, this vector is called a chromosome and each design
variable is called a gene. Each gene can be represented in many ways such as binary
strings, floating point numbers, gray encoding, and so forth.

 Population. One of the main differences of EAs when compared to traditional
approaches is the use of many individuals in each iteration. The set containing the
potential solutions or individuals in each iteration is called a population and the
form in which each iteration is related to a particular evolving population is called a
generation. The population size can be changed in each generation.

« Fitness function. The fitness is a mapping between a set containing the design
variables associated with an individual (chromosome) and a real value. This real
value is used as a measure of quality of the corresponding individual. The fitness
can be the value of an objective function, some linear combination of the objective
function and constraints, and so forth.

o Parent selection mechanism. At each generation, a new population is formed by
the combination of the chromosomes of some individuals of the previous popu-
lation. It is necessary to establish a criterion, known as parent selection mechanism
or mate selection, to choose the individuals to combine. This criterion selects a set
of individuals in the population, which are combined to generate a new popula-
tion. There are many criteria in the literature and diversity is one of the main
issues in this selection, since the combination of only the best individuals in each
population would lead to local minima.

Variation operators. The objective of a variation operator can be either to modify
the chromosome of some individuals of the population or to recombine the
chromosomes of some pre-selected individuals of the population. The modifi-
cation of the chromosome of some individuals can be achieved by heuristic
rules or by mutation, which is a random change in some parts of the chromo-
some. The recombination of individuals to form new ones is achieved by
mixing two individuals with different (but desirable) chromosomes. This pro-
cedure can be regarded as a search in the design space and is one of the most
important features of EAs. Both, modification and recombination are strongly
related to the representation of an individual. Thus, the operators used in a
binary representation are different from the operators used in a floating-point
representation.

Survival mechanism. Survival mechanism or replacement is the operation used to
select which individuals of the new population will overwrite the individuals of the
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previous population. This mechanism can be seen as an environmental selection
and is usually deterministic.

12.2.2
Mathematical Programming using Gradient-Based Procedures

While shape optimization typically deals with few design variables which define the
shape of a component, a structure or simply a region in space, topology optimization
deals with material distribution and the design variables are local densities defined
at each node or element. Thus, in this case, the optimization problem may easily
involve thousands of design variables. Hence, algorithms well adapted for shape
optimization will not necessarily be efficient for topology optimization. In practice,
there is a general preference of sequential quadratic programming (SQP) for shape
optimization [12] whereas sequential linear programming (SLP) and separable sequen-
tial convex programming (SCP) —including CONLIN and the MMA family algorithms
— are preferred for topology optimization applications [13,14]. The literature shows
that most solutions associated with optimizing thermal characteristics of cellular
structures approach the problem using topology optimization (see Refs [15,16] and
references therein). For instance, under the total material volume constraint, both
relative density and cell size distribution can be optimized either to enhance insu-
lation under radiation heat transfer or to improve cooling capacity in electronic
components. Shape optimization can also be used to design either void/inclusion
shapes of periodical cells or the cellular structure aiming at enhancing thermal
performance. Section 12.3 presents applications of gradient based shape and topol-
ogy optimization for designing periodic cellular materials with enhanced thermal
properties.

123
Periodic Composite Materials

A special class of cellular material is the one which has regular periodicity, meaning
that its mechanical, thermal or any other physical characteristics have the following

property [17]:

F(x+NY) = F(x) (12.2)

where F is the property, x=[x1,%,,%3]" is the position vector of a point, A is a 3x 3
diagonal matrix

ny 0 0
0 n 0 (12.3)
0 0 ns3

N
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Component (macroscale) Periodic microstrucure Unit cell (microscale)

Figure 12.1 Concept of multiscale showing the macro-dimensions
(x) and micro-dimensions (y) in two-dimensions.

in which ny, n, and nj are arbitrary integer numbers and Y:[Yl,Yz,Y3]T is a
constant vector which determines the period (unit cell dimension) of the struc-
ture. The period is usually assumed to be very small compared to the dimension
of the overall domain, and thus the mechanical, thermal or physical character-
istics of the medium experience rapid oscillations in the neighborhood of a
point x.

Figure 12.1 depicts a two-dimensional (2D) example of a periodic composite in
which rapid oscillations are expected in the temperature field. In the figure, € is a
parameter of small magnitude representing the microscale in which the properties
are changing (composite microstructure scale), and x and y are the coordinates
associated with the composite macro- and micro-dimensions, respectively.

12.3.1
Homogenization of Heat Properties in Periodic Composite Materials

Homogenization allows the calculation of the effective properties of a complex
periodic composite material from its unit cell topology (see Figure 12.1). It is a
general method for calculating effective properties and has no limitations regarding
volume fraction or shape of the composite constituents. The main assumptions are
that the unit cell is periodic and that the scale of the composite part is much larger
than the microstructure dimensions [18].

This section addresses details of the theoretical and computational aspects of the
homogenization method applied to composites for heat transfer applications. Con-
sidering the standard homogenization procedure for heat conduction materials, the
unit cell is defined as Y=[0, Y;]x[0, Y,]X[0, Y3] and the thermal conductivity
property function k;; is considered to be a Y-periodic function:

k*(x) =k(x,y); k(x,y)=k(x,y+Y) and y=x/g,e>0 (12.4)

where ¢ is the length-scale parameter, and x and y are the coordinates associated with
the composite macro- and micro-dimensions, according to Figure 12.1. Expanding
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the temperature T inside the unit cell [18], one gets
T® = To(x) + &Ti(x,y) (12.5)

in which a single-length-scale approach is adopted, that is, only the first-order
variation terms Tj(x,y) are accounted for, and T; is Y-periodic.

The temperature gradient is written as [18,19]
V.T® =V, To(x) + eVxTi(x,y) + VyT1(x,y) (12.6)

and, by definition

=% (12.7)

- 6:x,- :
Equations (12.5) and (12.6), together with properties (12.4) are replaced into the
energy functional for the thermal conductivity medium, given by

G(T") =~ % JQ[VxTS]TkSVxTEdQ + Jl‘ qTedr (12.8)

where q is the surface heat flux, which is assumed independent of the microstruc-
ture scale g, and Q and I' are the domain and boundary of the macroscopic com-
posite structure, respectively. After substituting Eqs. (12.4), (12.5) and (12.6) into
(12.8), one obtains

JQ [ViTo(x) + V, Ti(x, y)} k(x,y)[ViTo(x) + V,T1(x,y)] dQ

N\'—‘

—& Q (VT (x,y)] k(x,y) [V To(x) + V,T1(x,y)]dQ2
5| VT ke VT ) 00

e

2

J qTo(x dF+8J qT(x,y)dl’ (12.9)
Taking the G-differential of G(T¥) at T® and passing to the limit € — 0 in G(T*):

lim, o {8G(T*)} = — JQ [V.3To(x) + V,5T: (x,y)] Tk(x,y)

[ViTo(x) + V, T1(x,y)]dQ + J @To(x)dl' =0  (12.10)
r
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for every admissible 8Ty(x) and 8T;(x,y). Now, using that [18]

Shg%)J'n (x )dﬂ_glgr})|Y|J.(lJ. @ (x ¥)dvdo (12.11)

where @ denotes the function of interest and Yis the unit cell (microscopic) domain,
the following relation must hold to satisfy Eq. (12.10):

J I;I[ [V To(x) + V, T1 (x,y)] "k(x,y) VD To (x)d YD +J PTo(x)dl’ =0
Q g

(12.12)

for every admissible 8Ty(x), and

Lmlqj [ViTo(%) + VyTi(%,y)] k(x,y) VidTi (x,y)dYdQ = 0 (12.13)

for every admissible 8T (x,y).

Equations (12.12) and (12.13) are called macroscopic and microscopic equations,
since they contain terms related to 3Ty(x) and 8T;(x,y), respectively. Due to the
linearity of the problem, and by assuming the separation of variables for T;(x,y),
one gets

oT,
Ti(x,y) = R™(x,y) 6x—° =V, Ti(x,y) = V,R(x,y) Vs To(x) (12.14)

where R(™(xy) are the characteristic temperatures of the unit cell due to each
possible initial temperature gradient, which is also Y-periodic, belonging to Hpe(Y):
Hpe,(Y)={v € H'(Y)| v takes equal values on opposite sides of Y }, which corre-
sponds to the periodicity condition in the unit cell (see Figure 12.2). Ris a line matrix
given by | R"R®| in 2D and | RVRPRP)| in 3D.

Therefore, replacing Eq. (12.14) into the microscopic Eq. (12.13), we obtain [18,19]

Jﬂ |}1,| J [ViTo(x) + VYR(x,y)VxTo(x)]Tk(x,y)VxSTl (x,y)dYdQ =0

V8T € Hper(Y) (12.15)

Figure 12.2 Periodicity conditions in the unit cell.
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This equation can be satisfied if R(x, y) is the solution of

%J [T+ V,R(x,)]"k(x,y)V,3Ti (x,y)dY =0 V3Ty € Hper(Y) (12.16)
Y

which can be rewritten using the index notation:

(m)
CR ) 0T gy — 0 voT eHpu(Y)  (12.17)

i1, e
o | Kij(x, ) ( dim +
v ), oty on ) oy

Substituting Eq. (12.14) into the macroscopic Eq. (12.12), we obtain

- Lﬁj VTolx) + VR, ¥) Vi To(x)] Tk(x, y) V.8 To (x)d YdQ
+ J g3To(x)dll =0 (12.18)
r

Thus, the definition of the effective properties is obtained [18]:

k= ﬁ JY k(x, p)[I + V,R(x, p))dY (12.19)
and Eq. (12.18) can be written as

- Jﬂ V. To(x)k"V, 8 To(x)dQ + L GdTo(x)dT" = 0 (12.20)

for every admissible 3 Ty(x). By using Eq. (12.16), one can easily show that Eq. (12.19)
can be also written in the form

B _ |Tl/|J [T+ V,R(x.y)] Tk(x. ) [T + V,R(x.y)] dY (12.21)

or using the index notation

H 1 ) . OR(P) ' OR@
kpq(x)—mjyku(x,y)<8,p+ 5 (25, )ay (12.22)

and kfjf = k;l

The calculation of the effective properties can become computationally efficient
by taking advantage of symmetry boundary conditions. An isotropic unit cell
has symmetry relative to all axes; and an orthotropic unit cell has symmetry
relative to both axes or only one axis. In this case, we can take advantage of these
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properties to reduce the computational cost and to perform the optimization and
homogenization in only one part of the domain. However, the appropriate
boundary conditions must be considered for the displacement characteristic func-
tion R [18].

12.3.2
Functionally Graded Materials

Functionally graded materials (FGMs) possess continuously graded properties and
are characterized by spatially varying microstructures created by nonuniform dis-
tributions of the reinforcement phase as well as by interchanging the role of rein-
forcement and matrix (base) materials in a continuous manner (see Figure 12.3).
The smooth variation of properties may offer advantages such as reduction of stress
concentration and increased bonding strength [20,21].

Standard composite materials result from the combination of two or more ma-
terials, usually resulting in materials that offer advantages over conventional ma-
terials. However, in traditional composites (e.g. laminated) there is a sharp interface
among the constituent phases which may cause problems such as stress concentra-
tion, delamination and scattering (if a wave is propagating inside the material),
among others. However, a material made using the FGM concept would maintain
the advantages of traditional composites and eliminate problems related to the
presence of sharp interfaces.

The continuous transition of FGM microstructure causes a nonuniform macro-
scopic distribution of properties, and thus the classic approach of calculating effec-
tive properties of composite material, which considers only the local characteristics
of a representative volume fraction (RVE), may be limited [22]. Essentially, the hypoth-
esis that the RVE dimensions are small enough in relation to, for example, the heat
flux field variation in heat transfer problems may not be verified, once the macro-
scopic heat flux field may not be constant inside the RVE because the property

Phase matrix (+) with
phase inclusions (-)

v

Transition region

Phase matrix (-) with
phase inclusions (+)

v

Figure 12.3 Schematic representation of microstructure change in an FGM.
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gradation generates a heat flux field variation. In the context of elasticity, Pindera
et al. [22] proposed a nonlocal high-order material model based on the method of cells
[23], in which the properties at a point are dependent not only on the microstructure
at that point but also on its gradation. Thus, the RVE concept is revised and this
model can represent not only a structural point but an entire region and its grada-
tion. Thus, the macrostress analysis is coupled to the microstress analysis. Another
approach to calculate effective properties of FGMs was proposed by Yin et al. [24] and
it is based on the extension of the Mori-Tanaka model in the sense that it considers
the interaction among particles (inclusions in the matrix). In this approach, the RVE
presents a heterogeneous material distribution which considers a gradient of inclu-
sion distribution. However, methods to calculate FGM (and heterogeneous materi-
als in general) effective properties by using nonlocal or high-order models are still an
open problem in the literature [25,26].

Regarding the capacity of the traditional micromechanical models to calculate
FGM effective properties, Reiter et al. [27] presented an interesting study about using
Mori-Tanaka and self-consistent models to estimate these properties. The main
conclusion is that these models can be applied to the regions where inclusion and
matrix phases can be easily distinguished. For the transition region, these models
will be valid depending on the ratio of phase properties.

Within the framework of designing cellular materials with the objective of improv-
ing thermal characteristics, the FGM concept can be employed in two basic ways. In
the first one, material gradation is optimized over the whole structure, so that an
optimum distribution of the void fraction is determined. This strategy was used, for
instance, by Zhu et al. [28] to design metallic foams aiming at enhancing thermal
insulation. Alternatively, FGMs can be applied using a periodical cell strategy. In this
case, material gradation is defined within a unit cell using periodic boundary condi-
tions. The mathematical and numerical formulation introduced in this section and the
results discussed in Section 12.5 are focused on the latter approach.

12.3.3
Numerical Implementation of Homogenization

The numerical implementation of homogenization is presented considering
the continuous approximation of material distribution (CAMD) concept [29].

Equation (12.16) is solved using the finite element method (FEM). The unit cell
is discretized by N finite elements:

Y=ul 0 (12.23)

where Q° is the domain of each element. Thus, the characteristic functions previously
defined are expressed in each element as a function of the shape functions (N)):

ng
RP =Y "NiRP (12.24)
I=1
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Similar relations hold for 8 T;. Substituting Eq. (12.24) in Eq. (12.16), and assembling
the individual matrices for each element, we obtain the following global matrix
system for each load case p:

RY = o (12.25)

where R'” is a vector containing the corresponding nodal values of the characteristic
function R?), respectively. The global conductivity matrix is the assembly of each
element’s individual matrix, and the global heat flux vector (Q%) is the assembly of
the individual heat flux vectors for all elements:

c=AN,cy QP =AY, QW (12.26)

where A is the assembly operator. The element matrices and vectors are given by the
expressions

e e aN[ aN} e. e(p) o e aN]
;= J o _Lle by e (12.27)

Thus, for the 2D problem, there are two load cases to be solved independently. They
come from Eq. (12.25), where the index p can be 1 or 2. All load cases must be solved
by enforcing periodic boundary conditions in the unit cell for the temperature (see
Figure 12.2).

In addition, when the unit cell is made of an FGM material, the material proper-
ties change gradually inside of the element domain, and thus the material property
must be kept inside of the integral during numerical integration, using the graded
finite element concept [30] (see Figure 12.4).

Regarding the numerical solution of the matrix system given by Eq. (12.26), the
total matrix bandwidth is spoiled due to the enforcement of the periodicity condi-
tions. This increases the amount of memory storage necessary for the matrix. This
problem can be avoided when the unit cell is symmetric. In this case, we consider the
symmetry boundary conditions [18], instead of the periodicity conditions.

The temperature of some point of the unit cell must be prescribed to overcome the
non-unique solution of the problem; otherwise the FEM problem will be ill-posed.

k(x.y)

L =

Finite element
domain

Figure 12.4 Continuous material distribution using graded finite
element (material properties are evaluated at Gauss points).
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The choice of this point with prescribed values does not affect the homogenized
coefficients since only the derivatives of the characteristic functions are used in their
computation.

12.3.4
Material Design: Shape and Topology Optimization of a Unit Cell

The unit cell is the smallest structure that is periodic in the composite matrix (see
Figure 12.1). By changing the volume fraction of the constituents, the shape of the
voids/inclusions, or even the topology of the unit cell, different effective properties
for the composite material can be obtained. Therefore, when designing composites
the properties to a specific application can be tailored, this cannot be done with a
single material. The design of the composite material itself is a difficult task, and the
design of a composite where the properties of its constituent materials change
gradually in the unit cell domain is even more complex. Meanwhile, this design
can be successfully achieved by using a material design method.

The overall objective of material design is to generate composites with pre-
scribed or improved properties not found in common materials. This can be
achieved by modifying the microstructure of the composite material. In traditional
composite designs, such as fiber- or sphere-reinforced and laminated materials,
the change in the properties is obtained by modifying the location, orientation,
material constituents or volume fraction of the fiber, sphere or laminar inclusion.
This allows some control of the composite properties. A more systematic approach
to design composite materials has been developed in recent years, which combines
shape/topology optimization with homogenization to change the composite ma-
terial unit cell shape/topology until desired properties or performance are ob-
tained for the composite. The approach consists of finding the shape and/or
distribution of the material and void phases in a periodic unit cell that optimizes
the properties or performance characteristics of the composite system. It is rele-
vant to mention that, in this discussion, the general term composite materials
encompasses cellular structures within the principle that a void is a special type
of inclusion.

In the last few years, the material design concept based on topology optimization
and homogenization has been applied to design elastic [31-33], thermoelastic and
thermal conductivity [34-37], piezoelectric [38,39], phononic and photonic bandgap
materials [40,41], among others. Shape optimization and homogenization has been
applied by various researchers [12,42-45].

Torquato et al. [37] present an interesting discussion about designing of compo-
sites with multifunctional characteristics considering simultaneously thermal and
electrical conductivity properties. Manufacturing techniques have also been studied
to build such materials [46—49]; however, processing techniques have not been much
explored when material gradation is considered inside the unit cell, rather than the
traditional (1-0) design [49].

In the process of designing materials with prescribed and improved properties, a
natural question related to the achievable properties in the material design process
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arises. Based on the fact that the constitutive elasticity matrix must be positive
definite for elastic materials, Milton and Cherkaev [50] show the existence of ma-
terials for all thermodynamically admissible sets by layering and combining an
infinitely rigid material with voids (infinite compliant). However, the extreme con-
dition of this admissible set, such as isotropic material with Poisson’s ratio equal to
—1 (v=—1), cannot be reached in practice since an infinitely rigid material does not
exist.

Other bounds were derived in the past. Considering materials with finite proper-
ties, for example, Hashin and Shtrikman [51] proposed elastic and conductivity
property bounds for an isotropic mixture of classical materials using energy analy-
ses. Lipton and Noethrup [52] (among others) defines also bounds for orthotropic
mixtures of isotropic materials. Bounds for elastic and conductivity properties of
mixtures of two materials (not necessarily isotropic) were developed by Gibiansky
and Torquato [53]. However, the extremal properties that can be achievable by
composite designs is limited, and has been explored mainly for elasticity and con-
ductivity [54,55].

12.3.4.1 Shape Optimization

The application of shape optimization for optimizing properties of a cellular mate-
rial starts by the parameterization of the boundary of the void or inclusion. A
possible approach is to work on the geometrical model using splines to define the
boundary curve. In this case, the design variables can be the spline’s control points
or its knots. Since the mesh is attached to the boundary, when the spline suffers a
perturbation, the mesh follows. This dependence is given by the so-called velocity
field. Another possibility is to work on the discretized model by adopting directly
nodal coordinates as design variables. Although this option has several well-known
drawbacks [56], its use in this kind of application is frequent [12,43,44].

Figure 12.5 depicts a periodic cell with an inclusion shape parameterized by a
curve, whose control points are allowed to move in the direction normal to the
boundary. To solve this problem, periodic boundary conditions are imposed and the
numerical homogenization procedure detailed in Sections 12.3.1 and 12.3.3 can be
applied to evaluate effective properties. Gradient-based optimization requires pre-
vious knowledge of some derivatives, whose calculation is sketched below.
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Figure 12.5 Shape optimization of a periodic cell.
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Shape Sensitivity Analysis To solve the shape optimization problem it is necessary
to calculate the sensitivity of homogenized properties with respect to the shape
design variables Z;. The most usual approach in the literature obtains derivatives
adopting a material derivative strategy on the continuum equations, and the sensi-
tivity expressions are subsequently discretized [42,57-60]. However, in this work, the
sensitivity formulation is described considering differentiation of the discretized
equations. The procedure presented is restricted to linear analyses. Nonlinear ex-
tensions can be found in Ref. [60].

We first develop the derivatives of C, R and QW Differentiating Eq. (12.25) with
respect to an arbitrary nodal coordinate b;,

dRP _dQ" dc
_ _dc (12.28)
db, — db, db "

From Eq. (12.27), by defining B = VN, and considering a mapping to a master finite
element with local coordinates &;x &,, we get

1 1 1 1
Ct = J J BTk€B|]|d§1d§2; Qe(P) — J J BTke(P)|]|d§1d§2 (12.29)
1) )4

so that
dCe 1 1 dBT . 1 1 T1e
dbj_j j ' B\J\dgldgz{lj B k—|1|deld§2
Lot d|l|
+J J BTK'B 3, e (12.30)
11
and

e(p) 1 T 1
1Q j j 4B et Phdgde+ [ [ Ber d'”dsldaz (12.31)
dbj db “1J

The evaluation of dB/db; and d|J|/db; can be done following the exact semi-analytical
approach, suggested by Olhoff et al. [61].

Now, concerning k'’ sensitivity, from Eqs. (12.19) and (12.24) we have

k7 = AN K, (12.32)
1 1 1 R

K, = —J J k(1 + BR]|J|dé&, d&, (12.33)
1Y[)1)a

where, in the case of 2D problems

R= {R“)R“)} (12.34)
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Figure 12.6 Boundary layer domain parameterization.

Using the chain rule to differentiate k'’ with respect to the design variable Z;, we get

oks, ke, db

= — 12.
3z, ~ ob; 4z, (12.35)
okt Ok
T = AN o (12.36)

where db;/dZ; is the velocity field, which depends on the domain parameterization
with respect to the boundary [62,63]. Notice that the first term on the right-hand side
of Eq. (12.35) needs only to be calculated for nodes affected by a perturbation on Z;.
Hence, a convenient velocity field (with local effect) can be adopted in order to
provide an efficient computation. One such velocity fields is given by the boundary
layer approach, which considers that only the elements attached to the boundary are
affected by a perturbation on the geometry (see Figure 12.6).

Differentiating Eq. (12.33) with respect to b; provides

ok, 1 r J‘l . OB | f Jl . oR
== k* —J|d& déR + — k°B|J|d&dE ——
abj |Y| ) abj |]| gl g |Y| 1) ‘” El g@bj

L L PN |
+ML Lk [+ BRI, daadty (12.37)

An alternative approach to compute directly 0k}, /0Z; uses finite differences, so that

ok$; o k5, (Z+ AZy) — k5,(2)
0Z, AZy

(12.38)

In this case, a perturbation is applied to the boundary parameterization variable, and
a new perturbed mesh with the same topology is generated. k},(Z + AZ;) is,
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therefore, evaluated by

1 1 1 .
K, (Z + AZ,) = WJ 1 j K+ B(Z+ AZOR(Z + AZ,)

1(Z + AZ;)|dE, d&, (12.39)

In practice, the presence of R(Z 4+ AZ;) in the expression renders this approach
impractical due to the cost of recalculating Eq. (12.25).

12.3.4.2 Topology Optimization

A major concept in topology optimization is the extended design domain, which is a
large fixed domain that must contain the whole structure to be determined by the
optimization procedure. The objective is to determine the holes and connectivities of
the structure by adding and removing material in this domain. Because the extended
domain is fixed, the finite element model is not changed during the optimization
process, which simplifies the calculation of derivatives of functions defined over the
extended domain. In the case of the material design, the extended design domain is
the unit cell domain.

However, the discrete problem, where the amount of material in each element can
assume only values equal to either one or zero (that is, void or solid material, respec-
tively), is ill-posed. A typical way to seek a solution for topology optimization problems
is torelax the problem by allowing the material to assume intermediate property values
during the optimization procedure, which can be achieved by defining a special
material model [64]. Essentially, the material model approximates the material distri-
bution by defining a function of a continuous parameter (design variable) that
determines the mixture of basic materials throughout the domain. In this sense, the
relaxation yields a continuous material design problem that no longer involves a
discernible connectivity. A topology solution can be obtained by applying penalization
coefficients to the material model to recover the 0-1 design (and thus, a discernible
connectivity), and some gradient control on material distribution, such as a filter [65].

It turns out that this relaxed problem is strongly related to the FGM design problem,
which essentially seeks a continuous transition of material properties [66]. Thus, while
the 0-1 design problem needs complexity control and does not admit intermediate
values of design variables, the FGM design problem does not need complexity control
and does admit solutions with intermediate values of the material field.

Early work on material design followed a traditional topology optimization for-
mulation, where the design variables are defined in a piecewise fashion in the
discretized domain, which means that continuity of the material distribution is not
realized between finite elements. However, considering that the topology optimiza-
tion results in a smoothly graded material, a more natural way of representing the
material distribution emerges by considering a continuous representation of mate-
rial properties [29,67], which is achieved by interpolating the properties inside the
finite element using shape functions [29,68]. The concept of employing continuum
interpolation of material distribution inside the finite element is not new among the
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topology optimization community; actually this concept has been implemented to
model FGMs originating the so-called graded finite element [30]. Thus, nodal design
variables are defined rather than the usual element-based design variables.

In the concept of the continuum distribution of design variable based on the
CAMD method [29,67] the material properties are considered for each node, and the
pseudo-density inside each finite element is given by

p(x) = End:mNz (12.40)

where p;is the nodal design variable, N is the finite element shape function that
must be selected to provide non-negative values of the design variables and ny4 is the
number of nodes in each element (for example, four in the 2D case). This formula-
tion allows a continuous distribution of material along the design domain instead of
the traditional piecewise material distribution applied by previous formulations of
topology optimization, and thus it is closely related to the FGM concept.

Material Model FGMs represent the transition between two basic materials, and
the objective is to find the optimal volume fraction of this mixture at each point of the
domain, so the FGM property gradation inside the unit cell can also be found. To
achieve this, we will allow for intermediate materials (no penalization), and to
guarantee that the final composite can be achieved by a mixture of chosen basic
materials, a material model based on the Hashin and Shtrikman bounds is
employed [51,65]. These bounds provide the range of effective properties achievable
for a certain volume fraction of the mixture of two isotropic materials.

Thus, considering the upper and lower limits of thermal conductivity property (k),
the material model is defined as [65]

km(p) = Kkmax(P) + (1 - K)kmin(p) (1241)

where p is the pseudo-density describing the amount of material at each point of the
domain and can assume values between 0 and 1. The parameter « is an interpolation
factor which defines a curve interpolating the upper and lower limits of the thermal
conductivity property. In this work k is assumed 0.5. The parameter k™ is the
thermal conductivity modulus of the mixture. The basic materials of the mixture
are designated by the symbols (+) and (—). They have thermal conductivity moduli
equal to k* and k™, in a way that k" > k™. For p equal to 0 the material is equal to
material (—) and for p equal to 1 the material is equal to material (4). The parameters
kmax and kpi, are the upper and lower limits of these moduli, and are given by [48]

(1—p)p(k* —k)?
(1—p)kt + pk~ +k*

kmax = Pk+ + (1 - p)k7 -

(1—p)p(k" — k)

kmin = pkt + (1 — p)k~ —
Pk +(1—p) (1—pkt +pk +k

(12.42)
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Topology Sensitivity Analysis To solve the topology optimization problem it is nec-
essary to calculate the sensitivity of homogenized properties with respect to the
design variables p;. This sensitivity is well known in the literature [34-36]; however,
in this section the formulation is described considering the concept of the CAMD
[29].

By differentiating Eq. (12.21) with respect to the design variable p; and consider-
ing Eq. (12.17), after some algebraic manipulation, one gets [34,35]

ok 1
aPI |Y|

T ok™ (xa Y)

5, I+ V,R(x,y)ldY (12.43)

J [+ V,R(x,y)]

However, considering the material model given by Eq. (12.41),

ok™  ok™ Op
—_— = 12.44

9p;  p Op; (1244
and the continuous distribution of the design variable p; given by Eq. (12.40), inside
each finite element the pseudo-density is

ng ap
x) = ;p,N, = oo Ni(x) (12.45)

By discretizing the domain into finite elements, the above integral will include all m;
elements associated with the Ith node, thus:

a_m |Y|Z{J '+ ViR D) Nf<x>%ff’”w+vyk<x,mdne}

(12.46)

Thus, the calculation of gradients is straightforward and fast (low computational
cost) which contributes to the efficiency of the optimization. The calculation of
sensitivity 0k™/0p is obtained by differentiating Eq. (12.41).

12.4
General Applications Review

The literature shows a wide variety of modeling approaches to numerical simulation
of heat transfer in cellular structures. In the context of heat transfer and fluid flow
analysis, cellular materials can be regarded as porous media (metal foams), multi-
finned channels (metal honeycombs), lattice structures, louvered fins and packed
beds [68]. Many authors address heat transfer and pressure drop aspects in this
class of problems without, however, using any optimization procedure. Detailed
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Figure 12.7 Cell morphology [15,16].

description of such models is beyond the scope of this chapter and the reader is
referred to the recent publications [1,4,5,69-76], and references therein, for a better
physical and numerical/analytical insight of the problem. This section highlights
some relevant work on the application of optimization techniques to finding the
optimum thermal design of cellular structures. Some aspects of heat transfer in
multi-finned channels (primarily used as heat sinks in electronic applications) are
also discussed within the cellular structure framework.

A design procedure for 2D cellular materials for combined heat dissipation and
structural load capacity was presented by Gu et al. [15]. The authors’ target is to
determine the cell shape, size and arrangement that simultaneously optimize the
structural and heat transfer performance at minimum weight. The cell arrange-
ments analyzed by the authors are depicted in Figure 12.7. Two analytical models
were proposed to approach heat conduction and convection in the honeycomb: the
so-called corrugated wall model and the effective medium model. The former is
based on analytical solutions for fin-like surfaces, whereas the latter uses a homoge-
nization strategy to account for the combined effect of heat conduction and convec-
tion. The heat convection coefficient was obtained from Nusselt numbers available
in the literature for the selected channel shape. The expression for the pressure drop
was derived from the standard Hagen—Poiseuille equation for laminar flow in closed
channels. The maximum thermal efficiency for both cases was defined by analytical
nondimensional scaling indices which co-relate the total dissipation rate and pres-
sure drop, with a general form given by

. Vfouo E
11f< A )Ap (12.47)

where vrand Qy are the kinematic viscosity and specific mass of the fluid, uy is the
inlet velocity, ks is the thermal conductivity of the walls, h is the overall heat
transfer coefficient and Ap is the pressure drop. The optimization procedure
consists of finding the relative density (array density divided by solid cell wall
density), which maximizes the efficiency index for each type of cell morphology.
The relative density was assumed to have a uniform distribution at the channel
cross-section. The authors concluded that the regular hexagonal system produces
the best heat transfer efficiency, at specified relative density, cell size and heat sink
dimensions.
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The structural analysis uses a stiffness index, G/E, based on the ratio of the in-
plane shear modulus, G, and Young’s modulus of the solid material, E;. The authors
emphasized that triangular cells present the greatest stiffness at a specified relative
density. The thermomechanical optimization combines both heat dissipation and
stiffness indices,

_(G\. (G [(vQsuo\ h
= (@ (@),

which presents an implicit dependence on the relative density through both G/E
and I;. Gu et al. [15] concluded that triangular and hexagonal cells present better
thermomechanical combined characteristics for small and large cell size/channel
height relations, respectively.

A three-dimensional (3D) formulation aiming at designing optimum efficiency of
heat dissipation in cellular structures was presented by Wang and Cheng [16]. The
authors focused on the analysis of metal honeycombs with the same cell morphol-
ogies addressed by Gu et al. [15] (see Figure 12.7). Wang and Cheng [16] used
topology optimization techniques to find the optimum design of material distribu-
tion within the cross-section of a heat exchanger for maximization of the heat
dissipation efficiency. Under the total material volume constraint, both relative
density and local cell size distribution were optimized. This approach allows graded
honeycombs with cells of different sizes. The heat transfer equation was derived
based on the concept of a mesostructural model and homogenization, so that

0 oT 0 oT oTr Q
— k=) + = ky=— ) — hoa[T — Tj = — =
0x ( ax> - oy < v 6y> ol i(z)] =0 and 0z cppevoS

(12.49)

where prdenotes the specific mass, h is the convection coefficient, Tt is the average
fluid temperature at a given cross section, Q is the heat dissipation rate of the fluid, S
is the area of the structural cross section, ¢, is the specific heat, a4 is the surface area
density, vy is the nominal velocity of the fluid flow and k, and k, are the homogenized
thermal conductivity in x and y directions:

ky = Cupiks + (1 —p)ke  and  ky, = {piks + (1 — p;)kr (12.50)

in which {, and {, are proportionality coefficients accounting for the tortuous shape of
the cell walls, krand k are the thermal conductivity of the cell wall and fluid respectively
and p; is the local relative density. In addition, the pressure drop, Ap, was computed
using the global formulas for laminar fluid flow in cylinders. Equation (12.49) was
solved using finite elements with the design domain discretized with quadrilateral
elements. The formulation of optimum topology design accounted for the dissipation
performance of the structure, which was gauged by the ratio of total dissipation rate
from the structure to the pressure drop. The target was to design the topology of
cellular materials that produce high dissipation rates associated with low pressure
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Heat source and/or uniformly
dhstributed load

Figure 12.8 Compact heat exchanger with rectangular cellular material [3].

drops. The authors concluded that, by grading cell sizes, efficiency can increase by as
much as 80% when compared to cellular materials with uniform cell sizes and shapes.

Seepersad et al. [3] presented a comprehensive design procedure of prismatic
cellular materials combining heat transfer (rate of steady-state heat transfer) and struc-
tural (overall buckling load and structural elastic stiffness) requirements. The pris-
matic cells were optimized with respect to the cell aspect ratio and sizes and the
authors envisaged application to compact electronic cooling devices and ultralow-
weight, actively cooled and aerospace structures, which also serve structural function,
as illustrated in Figure 12.8. Both finite volumes and finite elements were employed to
solve the heat transfer problem. The former used a finite difference approximation for
a 3D approach, whereas the latter was based on a 2D finite element discretization. The
authors used homogenization considerations to account for the fluid flow and solid
walls. Homogenization was performed for each single cell and not a group of cells and
the heat removed by the fluid flow was included in the model as a heat sink. The
structural problem is modeled using two separate approaches: structural elastic stiff-
ness and overall buckling load. The structural elastic stiffness analysis maximizes the
approximate stiffness in x and y directions, E, and E,,

tH(NV + 1) and 2t t\/(NH + 1)
H E; w

o

12

EX

7 (12.51)
where E; is the elastic modulus of the solid cell wall material, W and H are the total
width and height of the structure, t;; and ty the horizontal and vertical wall thickness
and Ny and Ny are the number of horizontal and vertical channels. The structural
optimization based on the overall buckling load maximizes the critical load which was
determined using the commercial finite element code ABAQUS associated with an
eigenvalue buckling analysis with the cell walls modeled using Euler-Bernoulli beam
elements. The size optimization problem is solved using a sequential quadratic pro-
gramming algorithm in which the design variables are: number and thickness of
horizontal and vertical cells, internal height of each row of cells and total mass flow
rate. The authors emphasized that the multifunctional design approach is able to
design families or Pareto sets of nonuniform, graded prismatic cellular materials
that embody a range of tradeoffs between conflicting thermal and structural
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Figure 12.9 Unit cell and design variables adopted by Takano and Zako [10].

performance objectives. For instance, by defining greater weight to structural
features, multifunctional designs have thicker walls and correspondingly improved
structural properties (elastic stiffness and critical buckling loads), but thermal per-
formance is sacrificed in terms of lower heat transfer rates. However, by adjusting
weights and performance targets in the multiobjective decision model, the heat
transfer characteristics can be improved in detriment of some structural properties.
Takano and Zako [10] proposed a genetic algorithm approach to optimize the FGM
microstructure of a plate which should not warp due to prescribed different tem-
peratures on its upper and lower surfaces. In order to show the idea, they simplified
the problem, considering it one-dimensional, but the method can be extended to 2D
or 3D. In their procedure, firstly they defined a microstructure pattern made of two
materials and chose three geometrical design variables A, B and C (see Figure 12.9).
These parameters were given 40 different values and the associated homogenized
coefficients of the thermal expansion and conductivity tensors were calculated and
stored in a database. Next, 10 of out of these 40 values were attributed to an integer
chromosome yielding the possibility of 40'° combinations. The chromosome
represents the graded microstructure through the thickness (see Figure 12.10).

Chromosome through thickness
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Figure 12.10 Chromosome defining the graded properties through the thickness [10].
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The genetic algorithm implemented used reproduction, crossover and mutation
with a population size of 100 individuals, 0.05 of mutation rate and a crossover rate
between 0.6 and 0.8 [77,78]. The optimization problem was aimed to select the
chromosome which best minimized the variance of the macroscopic thermal strain
distribution in the thickness direction. The variance was given by

110

_ = \2
Vstrain - EZ(SVL - gn) (1252)

where €, is the mean value of the macroscopic thermal strain distribution. The
inverse of Vg .in Was used as fitness function for the GA search. An interpolation of
the discrete values obtained through the thickness allowed the continuous FGM
distribution.

An optimization strategy for stacked microchannel heat sinks was presented by
Wei and Joshi [8] aiming at cooling electronic components. Figure 12.11 illustrates
the basic design. The microchannel heat sink is attached to the electronic compo-
nent and a coolant, such as water, flows in a closed-loop arrangement. The heat
transfer problem was solved based on a thermal resistance network model using the
heat transfer coefficient for developing laminar flow in rectangular ducts. The
optimization problem consisted of minimizing the overall thermal resistance (ob-
jective function) for a maximum pressure drop and pumping power density and a
given flow rate. The design variables were the fin thickness, the ratio of channel
width to the fin thickness and the channel aspect ratio. The procedure used a genetic
algorithm based on the COMPLEX optimization method. This method is a sequential
technique that, according to the authors, has proven effective in solving problems
with nonlinear objective functions. The initial sets of points are randomly scattered
throughout the feasible region with the subsequent sets selected according to the
COMPLEX method. The authors concluded that the shorter the channel, the smaller
the thermal resistance for the optimized microchannel. Furthermore, the paramet-
ric study indicated that the optimal number of layers for a microchannel under
constant pumping power of 0.01 W is 3.

It is relevant to mention that many solutions for heat sinks using optimization
procedures can be found in the literature. However, most works adopted basic

Figure 12.11 Stacked microchannel heat sink [8].
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designs with a single set of finned surfaces or microchannels, which may not be
strictly regarded as cellular materials. Therefore, this work will not address this class
of problems and further reading may be found in [79-84].

In the design and optimization of micro heat exchangers (WHEXs), Foli et al. [85],
based on a genetic algorithm, studied the optimal design parameters of the pHEX
that maximizes the heat transfer rate subject to specific design constraints. The goal
was to find the optimal shape of separators that simultaneously maximize the heat
transfer and minimize the pressure drop in the pHEX. The design variables were the
control points of two NURBS representing part of the shape of the pHEX. The
formulations can be considered as a multiobjective optimization problem [7], since
there are two conflicting objectives with opposite trends: maximize the heat transfer
and minimize pressure drop in the hot gas channel and in the cold gas channel.

Jeevan et al. [9] studied the optimal dimensions for a stacked microchannel using
genetic algorithms under different flow conditions. The physical parameters such as
fin thickness, channel width, channel length, number of layers and aspect ratio of
the microchannel heat sink affect the thermal resistance. These parameters were
used as design variables in a genetic algorithm with pumping power density, pres-
sure drop, flow rate, length of heat sink, width of heat sink and height of a single
layer of a heat sink as constraints. The results suggested that, with a fixed pumping
power and a fixed number of layers, short channels instead of long channels should
be used to get lower thermal resistance. That is, if the surface to be cooled is large,
several microchannel heat sinks with short channels should be used instead of a
single one with long channels.

In a different approach, Haslinger and Dvorak [12] implemented a method com-
bining shape optimization and homogenization for the identification of periodic
microstructures with prescribed effective conductivities. Their procedure considered
mixing two heat conducting, isotropic materials in a periodic cell made up of a matrix
containing a single star-shaped inclusion, whose boundary contour is to be found.
The shape sensitivities were calculated using the material derivative approach and
the optimization problem was solved employing an SQP algorithm. Additional
results on this work are given in [42]. Figure 12.12 illustrates the pattern of the
results obtained. Dvorak further developed an a posteriori error estimate for the
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Figure 12.12 Pattern of periodic cell similar to the one used by Haslinger and Dvorak [12].
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numerical homogenized coefficients and proposed to apply a p-adaptive refinementin
the finite element mesh of the microstructure cell in order to achieve reliable
results [45].

Barbarosie [43,44] performed shape optimization for both heat conduction and
linear elasticity properties, considering a periodic cell with either inclusions or voids.
He developed a special finite element mesh in order to deal with periodicity and
allow more generality in the final inclusion/void shape. Although he recommended
use of Bézier curves to define the boundary with few parameters, for simplicity nodal
coordinates were adopted as design variables. The sensitivity was obtained via the
material derivative approach [57] and the optimization problem was solved using a
steepest descent implementation.

A computational approach to optimization of functionally graded metallic foams
aiming at insulation purposes was presented by Zhu et al. [28]. The objective of the
optimization was to ensure that the maximum temperature in the structural mass is
below a specified limit. A constrained nonlinear optimization procedure was used to
solve the optimization problem based on the SQP method. The authors presented
one-dimensional solutions for both steady-state and transient heat transfer cases.
The optimization problem for the steady-state model consisted of finding the solidity
profile (or volume fraction of the foam) which maximizes the hot-side temperature
of insulation (which is equivalent to minimizing the heat flux into the insulation)
subjected to a constant heat flux. Simulations pointed to smaller volume fractions
near the cooler side and larger volume fractions near hotter side of the metal foam
for the steady-state case. However, the authors emphasized that such design does not
yield good insulation performance for a transient analysis. In this case, a two-layer
insulation model with constant solidity was proposed, so that each layer is optimized
by varying individual solidity and thickness for a known total thickness and mass.
The basic one-dimensional heat transfer equation is

0 oT oT

in which T'is temperature, t is time, kq is the thermal conductivity of the insulation
layer and pq and c, are the corresponding specific mass and specific heat. Solution of
Eq. (12.53) is obtained by an explicit finite difference scheme. It was found that the
cooler inner layer of the optimal design has high solidity, while the hotter outer layer
has low solidity. Figures 12.13a and b illustrate the optimum design for steady-state
and transient analyses respectively.

12.5
Results Obtained with the FGM Approach in this Work

The objective of the present example is to design an FGM thermal conduction com-
posite to achieve high thermal conductivity property for a certain volume fraction and
to analyze the influence of gradation in the design of FGM materials using the concept
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Figure 12.13 Functionally graded metal foams [28].
(a) Continuous gradation (steady state); (b) two-layer with
constant solidity (transient).

of the relaxed problem in continuum topology optimization. A related analysis was
performed by Hyun and Torquato [13] but restricted to non-FGMs. Their results,
aiming to design multifunctional materials with high shear resistance and heat con-
ductivity properties, led to Kagomé-like lattice structures. By introducing FGMs, the
present approach can potentially design materials that achieve better performance,
thus being better suited for multifunctional applications including heat-dissipation
characteristics. The problem is posed as maximizing the homogenized thermal con-
ductivity properties. A continuum distribution of the design variable inside the finite
element domain is considered allowing representation of a continuous material dur-
ing the design process. Since we are interested in solutions with a continuous distri-
bution of material, we allow for intermediate materials (no penalization). The material
model described in Section 12.3.4.2 is employed. A gradient control constraint in the
unit cell domain is implemented based on the projection by Guest et al. [86]. This
gradient control capability permits one to address the influence of FGM gradation in
the design of extreme materials. It also avoids the problem of mesh dependency in the
topology optimization implementation [65]. The actual optimization problem is solved
by the sequential linear programming algorithm.

The optimization problem consists of maximizing a cost function related to the
density distribution inside the unit cell subjected to a constraint on the material
volume of phase (+). Thus, the optimization problem can be stated in continuous
form as follows [31]:

Maximize wiall +wyall
p(x)

Suchthat Homogenization equations
J‘Y p dy < VO
0<p(x)<1

Gradation control

where p(x) is the pseudo-density distribution function along the unit cell
domain, x is a position vector, af! and ol}, are the homogenized thermal con-
ductivity properties to be maximized, and w; and w, are weight coefficients to
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d)

Figure 12.14 One-fourth of a unit cell pseudo-density distribution
and corresponding composite material matrix:

(@) fmin=1.1 (almost no material gradation), al} =al! =0.4841;
(b) rmin=2, ot =all =0.4429 (¢) rin=4, ol =al} =0.3979;
(d) Fomin = 10, ot =l =0.4032.



12.6 Conclusions

control the maximization of these properties. Here emphasis is placed in 2D
problems, and thus the indices i and j range from 1 to 2. The gradation control
constraint is used to adjust the material gradation, and also improves aspects
associated to dependency and numerical instabilities of CAMD such as islands
phenomenon [29].

A square design domain with four symmetry axes (horizontal, vertical and both
diagonals) is adopted. The symmetry conditions are implicitly expressed in the
boundary conditions during the homogenization [18,19]. The symmetry ensures
that the obtained composite material will be orthotropic with equal values for
properties af} and a}}. Thermal conductivity properties k™ and k™~ of basic materials
are equal to 1 and 0.1, respectively. The coefficients w; and w, adopted for the
objective function are both equal to —1. The unit cell design domain is discretized
into 20 % 20 fully integrated quadrilateral linear finite elements. The volume fraction
Vo is kept constant and equal to 60% of material (+). The minimum length required
for material density change to occur is defined as r,;, [86]. The initial values for the
design variables cannot be uniform, since for a homogeneous material, equal values
of gradients in relation to all design variables will be generated, and thus the
optimization method does not have preferential direction for starting the search.
The problem is highly dependent on the initial guess, as expected [28,31]. In the
present case a random initial distribution of the design variables is used. The unit
cell designs for ry,;, equal to 1.1 (almost no gradation), 2, 4 and 10 are shown in
Figures 12.14a, b, ¢ and d, respectively.

The corresponding computed property values are given in the caption to
Figure 12.14. The unit cell topologies tend to a design where we have square
domains of material (—) surrounded by material (+). As ry;, increases (and thus
the gradation rate), the value of effective thermal conductivity property decreases up
to a value of around 0.4, then stabilizes.

12.6
Conclusions

The formulation and application of shape and topology optimization techniq-
ues to achieve enhanced conductivity properties in cellular materials has been
described.

Regarding shape optimization, as opposed to the usual material derivative ap-
proach, alternative discrete shape sensitivity equations have been derived for this
kind of application. Regarding topology optimization, a functionally graded material
approach has been proposed in order to relax the typical 0-1 material distribution,
thus allowing the consideration of porous materials. Some novel results using this
approach have been presented.

A general review on the use of optimization techniques for achieving enh-
anced thermal properties in a wide range of engineering applications has been
included.
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