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PREFACE

The economic importance of composite materials is now well known. There are
strong indications everywhere that this importance will be increasing in the future.
Composite materials now occupy an established position in the aerospace industry.
They are also used for many components in the automotive industry and civil
infrastructures now have their reinforcements made of composite materials. There
is a large range of manufacturing processes for the production of low-cost compo-
sites.

There is a need by engineers working in composites for a practical source of
reference for the design and application of composites. This book fills that need.
In the educational sector, composite materials now are taught at many universities
around the world. Usually the topic covered is laminate theory. Composites Design
courses also exist in a few universities and institutes. The demand from students
and also practitioners of composites for knowledge and training in design of
composites is increasing. However a good design book has not been available.
The content of these design courses concentrates mostly on analysis while appli-
cations still remain at the specimen level.

This book, initially written by Daniel Gay in French, has been distributed
widely in France and in French speaking countries. The authors are of the opinion
that having the book in the English language would facilitate the training and
dissemination of knowledge to the regions where composites are used the most.
The book has been translated to English with modifications and updates. The
book consists of four main parts, with increasing levels of complexity. Each part
can be studied independently from the other parts.

B The first part presents an introduction to composite materials, the fabrica-
tion processes, the properties of a single ply, sandwich materials, concep-
tual design, assembly, and applications of composites in the aerospace
and other areas. This part can be used by itself to form a part of a course
on advanced materials and associated designs.

B The second part presents the mechanics of composite materials. This consists
of discussion on elastic anisotropic propertties, the directional dependence
of different properties, and mechanical properties of thin laminates. This
part can be used by itself to teach students and engineers on the mechanics
of composite materials.

B The third part presents the orthotropic coefficients that may be conveniently
used for design. The Hill-Tsai failure criterion, bending of composite beams,
torsion of composite beams, and bending of thick composite plates. This
part requires knowledge of strength of materials. Information presented here
is more theoretical than in preceding parts. Its main objective is to contribute
to a better interpretation of the behavior of composite components.
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B The fourth part provides numerous (41) numerical examples on the use
and design of composites. There are three levels of examples. Level 1 deals
with the determination of mechanical properties of composite structures
in different forms such as plates, tubes, or composite components made
using different processes such as hand-lay-up or filament winding. Level
2 deals with thermoelastic properties of different laminates. Failure analysis
is also carried out. Level 3 deals with bonding of cylinders made of compo-
sites, buckling of composite sandwich beams, flexural shear in sandwich
beams, vibrations of composite

This volume can be used to teach students at the first year graduate level as
well as the final year undergraduate level. It is also useful for practical engineers
who want to learn, on the job, the guidelines for the use of composites in their
applications. The authors hope that this volume can make significant contribution
to the training of future engineers who utilize composites.

Suong V. Hoa

Montreal, Quebec, Canada
Daniel Gay

Toulouse, France

Stephen Tsai

Stanford, California

July 2002
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PART I

PRINCIPLES OF
CONSTRUCTION




COMPOSITE MATERIALS,
INTEREST, AND PROPERTIES

1.1 WHAT IS COMPOSITE MATERIAL?

As the term indicates, composite material reveals a material that is different from
common heterogeneous materials. Currently composite materials refers to materials
having strong fibers—continuous or noncontinuous—surrounded by a weaker
matrix material. The matrix serves to distribute the fibers and also to transmit the
load to the fibers.

Notes: Composite materials are not new. They have been used since antiquity.
Wood and cob have been everyday composites. Composites have also been used
to optimize the performance of some conventional weapons. For example:

® |n the Mongolian arcs, the compressed parts are made of corn, and the
stretched parts are made of wood and cow tendons glued together.

B Japanese swords or sabers have their blades made of steel and soft iron:
the steel part is stratified like a sheet of paste, with orientation of defects
and impurities in the long direction (see Figure 1.1), then formed into a
U shape into which the soft iron is placed. The sword then has good
resistance for flexure and impact.

One can see in this period the beginning of the distinction between the common
composites used universally and the high performance composites.
The composite material as obtained is

B \Very heterogeneous.

B Very “anisotropic.” This notion of “anisotropy” will be illustrated later in
Section 3.1 and also in Chapter 9. Simply put this means that the mechanical
properties of the material depend on the direction.

' In folding a sheet of steel over itself 15 times, one obtains 2'° = 32,768 layers.
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Figure 1.1 Effect of the Orientation of Impurities

1.2 FIBERS AND MATRIX

The bonding between fibers and matrix is created during the manufacturing phase
of the composite material. This has fundamental influence on the mechanical
properties of the composite material.

1.2.1 Fibers

Fibers consist of thousands of filaments, each filament having a diameter of bet-
ween 5 and 15 micrometers, allowing them to be producible using textile
machines;2 for example, in the case of glass fiber, one can obtain two semi-
products as shown in Figure 1.2. These fibers are sold in the following forms:

m  Short fibers, with lengths of a few centimeters or fractions of millimeters are
felts, mats, and short fibers used in injection molding.

m Long fibers, which are cut during time of fabrication of the composite
material, are used as is or woven.

Principal fiber materials are

Glass

Aramid or Kevlar® (very light)

Carbon (high modulus or high strength)
Boron (high modulus or high strength)
Silicon carbide (high temperature resistant)

In forming fiber reinforcement, the assembly of fibers to make fiber forms for the
fabrication of composite material can take the following forms:

? One wants to have fibers as thin as possible because their rupture strength decreases as their

diameter increases, and very small fiber diameters allow for effective radius of curvature in fiber
bending to be on the order of half a millimeter. However, exception is made for boron fibers
(diameter in the order of 100 microns), which are formed around a tungsten filament
(diameter = 12 microns). Their minimum radius of curvature is 4 mm. Then, except for
particular cases, weaving is not possible.
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Figure 1.2 Different Fiber Forms

® Unidimensional: unidirectional tows, yarns, or tapes

® Bidimensional: woven or nonwoven fabrics (felts or mats)

m Tridimensional: fabrics (sometimes called multidimensional fabrics) with
fibers oriented along many directions (>2)

Before the formation of the reinforcements, the fibers are subjected to a surface
treatment to

m Decrease the abrasion action of fibers when passing through the forming
machines.
® |mprove the adhesion with the matrix material.

Other types of reinforcements, full or empty spheres (microspheres) or powders
(see Section 3.5.3), are also used.

1.2.1.1 Relative Importance of Different Fibers in Applications

Figure 1.3 allows one to judge the relative importance in terms of the amount of
fibers used in the fabrication of composites. One can immediately notice the
industrial importance of fiber glass (produced in large quantities). Carbon and
Kevlar fibers are reserved for high performance components.

Following are a few notes on the fibers:

m  Glass fiber: The filaments are obtained by pulling the glass (silicon + sodium
carbonate and calcium carbonate; T > 1000°C) through the small orifices of
a plate made of platinum alloy.

m Kevlar fiber: This is an aramid fiber, yellowish color, made by DuPont de
Nemours (USA). These are aromatic polyamides obtained by synthesis at
—-10°C, then fibrillated and drawn to obtain high modulus of elasticity.

m  Carbon fiber: Filaments of polyacrylonitrile or pitch (obtained from residues
of the petroleum products) are oxidized at high temperatures (300°C), then
heated further to 1500°C in a nitrogen atmosphere. Then only the hexagonal
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Figure 1.3 Relative Sale Volume of Different Fibers

Carbon fiber

Figure 1.4 Structure of Carbon Fiber

carbon chains, as shown in Figure 1.4, remain. Black and bright filaments
are obtained. High modulus of elasticity is obtained by drawing at high
temperature.

m Boron fiber: Tungsten filament (diameter 12 um) serves to catalyze the
reaction between boron chloride and hydrogen at 1200°C. The boron fibers
obtained have a diameter of about 100 um (the growth speed is about
1 micron per second).

m Silicon carbide: The principle of fabrication is analogous to that of boron
fiber: chemical vapor deposition (1200°C) of methyl trichlorosilane mixed
with hydrogen.

The principal physical-mechanical properties of the fibers are indicated in
Table 1.3. Note the very significant disparity of the prices per unit weight.
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1.2.2 Matrix Materials

The matrix materials include the following:

m Polymeric matrix: thermoplastic resins (polypropylene, polyphenylene
sulfone, polyamide, polyetheretherketone, etc.) and thermoset resins (poly-
esters, phenolics, melamines, silicones, polyurethanes, epoxies). Their prin-
cipal physical properties are indicated in the Table 1.4.

B Mineral matrix: silicon carbide, carbon. They can be used at high tem-
peratures (see Sections 2.2.4, 3.6, 7.1.10, 7.5).

m Metallic matrix: aluminum alloys, titanium alloys, oriented eutectics.

1.3 WHAT CAN BE MADE USING COMPOSITE MATERIALS?

The range of applications is very large. A few examples are shown below.

m Electrical, Electronics
m Insulation for electrical construction
Supports for circuit breakers
Supports for printed circuits
Armors, boxes, covers
Antennas, radomes
Tops of television towers
Cable tracks
Windmills
® Buildings and Public Works
Housing cells
Chimneys
Concrete molds
Various covers (domes, windows, etc.)
Swimming pools
Facade panels
Profiles
Partitions, doors, furniture, bathrooms
® Road Transports
Body components
Complete body
Wheels, shields, radiator grills,
Transmission shafts
Suspension springs
Bottles for compressed petroleum gas
Chassis
Suspension arms
Casings
Cabins, seats
Highway tankers, isothermal trucks
Trailers
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®m Rail transports:
®m Fronts of power units
®m \Wagons
m Doors, seats, interior panels
m Ventilation housings
B Marine Transports:
Hovercrafts
Rescue crafts
Patrol boats
Trawlers
Landing gears
Anti-mine ships
Racing boats
Pleasure boats
Canoes
m Cable transports:
m Telepherique cabins
m Telecabins
® Air transports
m All composite passenger aircrafts
m All composite gliders
® Many aircraft components: radomes, leading edges, ailerons, vertical
stabilizers
m Helicopter blades, propellers
B Transmission shafts
m Aircraft brake discs
m Space Transports
B Rocket boosters
B Reservoirs
m Nozzles
m Shields for atmosphere reentrance
m General mechanical applications

m Gears

m Bearings

® Housings, casings

m Jack body

B Robot arms

m Fly wheels

® \Weaving machine rods

m Pipes

m Components of drawing table
m Compressed gas bottles

m Tubes for offshore platforms
®m Pneumatics for radial frames

m Sports and Recreation
B Tennis and squash rackets
m Fishing poles
m Skis
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Poles used in jumping
Sails

Surf boards,

Roller skates

Bows and arrows
Javelins

Protection helmets
Bicycle frames

Golf clubs

Oars

1.4 TYPICAL EXAMPLES OF INTEREST ON THE USE
OF COMPOSITE MATERIALS

In the domain of commercial aircraft, one can compare the concerns of manufac-
turers with the principal characteristic properties of composite materials. The
concerns of the manufacturers are performance and economy. The characteristics
of composite components include the following:

® \Weight saving leads to fuel saving, increase in payload, or increase in range
which improves performances.

B Good fatigue resistance leads to enhanced life which involves saving in the
long-term cost of the product.

m Good corrosion resistance means fewer requirements for inspection which
results in saving on maintenance cost.

Moreover, taking into account the cost of the composite solution as compared with
the conventional solution, one can state that composites fit the demand of aircraft
manufacturers.

1.5 EXAMPLES ON REPLACING CONVENTIONAL
SOLUTIONS WITH COMPOSITES

Table 1.1 shows a few significant cases illustrating the improvement on price and
performance that can be obtained after replacement of a conventional solution
with a composite solution.

1.6 PRINCIPAL PHYSICAL PROPERTIES

Tables 1.2 through 1.5 take into account the properties of only individual com-
ponents, reinforcements, or matrices. The characteristics of composite materials
resulting from the combination of reinforcement and matrix depend on

® The proportions of reinforcements and matrix (see Section 3.2)
® The form of the reinforcement (see Section 3.2)
m The fabrication process
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Table 1.1

Properties of Commonly Used Resins

Application

Price of Previous
Construction

Price of Composite
Construction

65 m’ reservoir for
chemicals

Smoke stack for chemical
plant

Nitric acid vapor washer

Helicopter stabilizer

Helicopter winch support
Helicopter motor hub

X-Y table for fabrication of
integrated circuits

Drum for drawing table

Head of welding robot
Weaving machine rod

Aircraft floor

Stainless steel +
installation: 1.

Steel: 1.

Stainless steel: 1.
Light alloys + steel
(16 kg): 1.
Welded steel (16 kg): 1.
(Mass: 1): 1.

Cast aluminum: Rate of
fabrication: 30 plates/hr

Speed of drawing: 15 to
30 cm/sec

Aluminum: Mass = 6 kg

Aluminum: Rate = 250
shots/minute

(Mass =1): 1.

0.53
0.51

0.33
Carbon/epoxy (9 kg): 0.45

Carbon/epoxy (11 kg): 1.2
Carbon/Kevlar/epoxy
(mass: 0.8): 0.4
Carbon/epoxy honeycomb
sandwich: 55 plates/hr
Kevlar/epoxy: 40 to
80 cm/sec
Carbon/epoxy: Mass = 3 kg
Carbon/epoxy: Rate = 350
shots/minute
Carbon/Kevlar/epoxy

(mass: 0.8): 1.7

These characteristics may be observed in Figure 1.5, which shows the tensile
strength for different fiber fractions and different forms of reinforcement for the
case of glass/resin composite, and Figure 1.6, which gives an interesting view on
the specific resistance of the principal composites as a function of temperature.
(The specific strength is defined as the strength divided by the density o,,,/p.)

Other remarkable properties of these materials include the following:

Composite materials do not yield (their elastic limits correspond to the
rupture limit; see Section 5.4.5).

Composite materials are very fatigue resistant (see Section 5.1).
Composite materials age subject to humidity (epoxy resin can absorb water
by diffusion up to 6% of its mass; the composite of reinforcement/resin
can absorb up to 2%) and heat.

Composite materials do not corrode, except in the case of contact “aluminum
with carbon fibers” in which case galvanic phenomenon creates rapid cor-
rosion.

Composite materials are not sensitive to the common chemicals used in
engines: grease, oils, hydraulic liquids, paints and solvents, petroleum.
However, paint thinners attack the epoxy resins.

Composite materials have medium to low level impact resistance (inferior
to that of metallic materials).

Composite materials have excellent fire resistance as compared with the
light alloys with identical thicknesses. However, the smokes emitted from
the combustion of certain matrices can be toxic.
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Table 1.2 Properties of Commonly Used Metals and Alloys and Silicon

Coefficient of

Coefficient of Thermal
Density Elastic Shear Tensile Thermal Conductivity Heat Useful
Metals and p Modulus ~ Modulus  Poisson  Strength  Elongation Expansion at at 20°C Capacity Temperature
Alloys (kg/m3) E (MPa) G (MPa) Ratiov oy (Mpa) (%) 20°C a (°C™") A(W/m°C) c(J/kg°C) Limit T,,,, (°C)
Steels 7800 205,000 79,000 0.3 400 to 1.8 to 10 1.3 %107 20 to 100 400 to 800 800
1600
Aluminum 2800 75,000 29,000 0.3 450 10 22x107 140 1000 350
Alloy 2024
Titanium 4400 105,000 40,300 0.3 1200 14 0.8 x 107 17 540 700
Alloy
TA 6V
Copper 8800 125,000 48,000 0.3 200 to 1.7 %107 380 390 650
500
Nickel 8900 220,000 500 to 70 500 900
850
Beryllium 1840 294,000 0.05 200 1.2x107 150 (20°C) 1750 (20°C) 900
90 (800°C) 3000 (800°C)
Silicon 2200 95,000 5 1.4 (20°C) 750 (20°C) 1300

3 (1200°C)

1200(500°C)
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Table 1.3 Properties of Commonly Used Reinforcements

Coefficient of Coefficient

Useful

Fiber Modulus of ~ Shear Tensile Thermal of Thermal ~ Heat  Temperature Price
Diameter Density  Elasticity ~Modulus Poisson Strength  Elongation — Expansion — Conductivity Capacity — Limit T,, — 1993
Reinforcements — d(um) p(kg/m’)  E(Mpa)  G(Mpa) Ratio v oy, (Mpa) — E(%) a(°C”) MW/MPC)  c(J/kg°C) (°C) ($/kg)
“R” glass, 10 2500 86,000 0.2 3200 4 0.3x107 1 800 700 14
high
performance
“E” glass, 16 2600 74,000 30,000 0.25 2500 3.5 0.5x 107 1 800 700 2
common
applications
Kevlar 49 12 1450 130,000 12,000 0.4 2900 2.3 —0.2x107 0.03 1400 70
“HT” 7 1750 230,000 50,000 0.3 3200 1.3 0.02 x10™ 200 (20°C) 800 >1500 70
graphite, 60 (800°C)
high
strength
“HM” 6.5 1800 390,000 20,000 0.35 2500 0.6 0.08 x 10”200 (20°C) 800 >1500 140
graphite, 60 (800°C)
high
modulus
Boron 100 2600 400,000 3400 0.8 04 %107 500 500
Aluminum 20 3700 380,000 1400 0.4 50 (20°C) 900 >1000
7 (800°C)
Aluminum 10 2600 200,000 3000 1.5
silicate
Silicon 14 2550 200,000 2800 1.3 0.5x 107 1300 600
carbide
Polyethylene 960 100,000 3000 150
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Table 1.4 Properties of Commonly Used Resins

Coefficient  Coefficient Useful
Density  Elastic Shear Tensile of Thermal  of Thermal Heat Temperature  Price
p Modulus Modulus Poisson  Strength  Elongation  Expansion — Conductivity —Capacity — Limit T, 1993
Resins (kg/m’)  E(Mpa) G(Mpa) Ratiov oy (Mpa) E% a(°C™) AWImeC)  C(Jlkg°C) (°C) ($/kg)
Thermosets
Epoxy 1200 4500 1600 0.4 130 2(100°C) 11 x10° 0.2 1000 90to200 6to
6 (200°C) 20
Phenolic 1300 3000 1100 0.4 70 2.5 1x10° 0.3 1000 120 to 200
Polyester 1200 4000 1400 0.4 80 2.5 8x 107 0.2 1400 60 to 200 2.4
Polycarbonate 1200 2400 0.35 60 6x107 1200 120
Vinylester 1150 3300 75 4 5% 107 >100 4
Silicone 1100 2200 0.5 35 100 to 350
Urethane 1100 700 to 30 100 100 4
7000
Polyimide 1400 4000 to 1100 0.35 70 1 8x10° 0.2 1000 250 to 300
19,000
Thermoplastics
Polypropylene 900 1200 0.4 30 20t0 400 9 x10° 330 70 to 140
(pp)
Polyphenylene 1300 4000 65 100 5x 107 130 to 250
sulfone (pps)
Polyamide (pa) 1100 2000 0.35 70 200 8x10° 1200 170 6
Polyether sulfone 1350 3000 85 60 6x107 180 25
(pes)
Polyetherimide (pei) 1250 3500 105 60 6x10° 0.2 200 20
Polyether-ether- 1300 4000 90 50 5% 107 0.3 140 to 250 96

ketone (peek)
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Table 1.5 Properties of Commonly Used Core Materials

Coefficient  Coefficient Useful
Modulus Shear Compressive of Thermal  of Thermal Heat Temperature  Price
Density  of Elasticity Modulus Poisson  Strength  Elongation  Expansion  Conductivity — Capacity Limit 1993
Cores p(Kg/M’)  E(Mpa)  G(Mpa) Ratiov  oy(Mpa) E% a°C')  MWIMCC)  C/KgC) T (°C)  ($/Kg)
Balsa 100 to 2000 to 100 to 8to 18 0.05 il
190 6000 250
Polyurethane 30to70 25 to 60 0.4 75
foam
Polystyrene  30to45 20 to 30 04  0.25to 1.25 75
foam
Honeycombs
Impregnated 50 to
carton 350
Impregnated 100 to
glass fabric 600
Aluminum 15 to 130 130 to 0.2to 8
910
Steel 550 to
1250
Nomex® 25 to 50 10 to 40 0.2to 2.5
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2

FABRICATION PROCESSES

The mixture of reinforcement/resin does not really become a composite material
until the last phase of the fabrication, that is, when the matrix is hardened. After
this phase, it would be impossible to modify the material, as in the way one would
like to modify the structure of a metal alloy using heat treatment, for example.

In the case of polymer matrix composites, this has to be polymerized, for example,
polyester resin. During the solidification process, it passes from the liquid state to
the solid state by copolymerization with a monomer that is mixed with the resin.
The phenomenon leads to hardening. This can be done using either a chemical
(accelerator) or heat. The following pages will describe the principal processes for
the formation of composite parts.

2.1 MOLDING PROCESSES

The flow chart in Figure 2.1 shows the steps found in all molding processes.
Forming by molding processes varies depending on the nature of the part, the
number of parts, and the cost. The mold material can be made of metal, polymer,
wood, or plaster.

2.1.1 Contact Molding

Contact molding (see Figure 2.2) is open molding (there is only one mold, either
male or female). The layers of fibers impregnated with resin (and accelerator) are
placed on the mold. Compaction is done using a roller to squeeze out the air
pockets. The duration for resin setting varies, depending on the amount of accel-
erator, from a few minutes to a few hours. One can also obtain parts of large
dimensions at the rate of about 2 to 4 parts per day per mold.

2.1.2 Compression Molding

With compression molding (see Figure 2.3), the countermold will close the mold
after the impregnated reinforcements have been placed on the mold. The whole
assembly is placed in a press that can apply a pressure of 1 to 2 bars. The
polymerization takes place either at ambient temperature or higher.

The process is good for average volume production: one can obtain several
dozen parts a day (up to 200 with heating). This has application for automotive
and aerospace parts.
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Figure 2.3 Compression Molding
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Figure 2.5 Electron Beam or X-ray Molding

2.1.3 Molding with Vacuum

This process of molding with vacuum is still called depression molding or bag
molding. As in the case of contact molding described previously, one uses an
open mold on top of which the impregnated reinforcements are placed. In the
case of sandwich materials, the cores are also used (see Chapter 4). One sheet
of soft plastic is used for sealing (this is adhesively bonded to the perimeter of
the mold). Vacuum is applied under the piece of plastic (see Figure 2.4). The
piece is then compacted due to the action of atmospheric pressure, and the air
bubbles are eliminated. Porous fabrics absorb excess resin. The whole material
is polymerized by an oven or by an autoclave under pressure (7 bars in the case
of carbon/epoxy to obtain better mechanical properties), or with heat, or with
electron beam, or x-rays; see Figure 2.5). This process has applications for aircraft
structures, with the rate of a few parts per day (2 to 4).
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Figure 2.6 Resin Injection Molding
heated mold mat + thermoset resin

heater counter-
mold

Figure 2.7 Injection of Premixed

Heaters Mat + Thermoplastic resin

Figure 2.8 Injection of Thermoplastic Premixed

2.1.4 Resin Injection Molding

With resin injection molding (see Figure 2.6), the reinforcements (mats, fabrics) are
put in place between the mold and countermold. The resin (polyester or phenolic)
is injected. The mold pressure is low. This process can produce up to 30 pieces
per day. The investment is less costly and has application in automobile bodies.

2.1.5 Molding by Injection of Premixed

The process of molding by injection of premixed allows automation of the
fabrication cycle (rate of production up to 300 pieces per day).

B Thermoset resins: Can be used to make components of auto body. The
schematic of the process is shown in Figure 2.7.

® Thermoplastic resins: Can be used to make mechanical components
with high temperature resistance, as shown in Figure 2.8.
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Figure 2.10 Centrifugal Molding

2.1.6 Molding by Foam Injection

Molding by foam injection (see Figure 2.9) allows the processing of pieces of
fairly large dimensions made of polyurethane foam reinforced with glass fibers.
These pieces remain stable over time, with good surface conditions, and have
satisfactory mechanical and thermal properties.

2.1.7 Molding of Components of Revolution

The process of centrifugal molding (see Figure 2.10) is used for the fabrication
of tubes. It allows homogeneous distribution of resin with good surface conditions,
including the internal surface of the tube. The length of the tube depends on the
length of the mold. Rate of production varies with the diameter and length of the
tubes (up to 500 kg of composite per day).

The process of filament winding (see Figure 2.11) can be integrated into a
continuous chain of production and can fabricate tubes of long length. The rate
of production can be up to 500 kg of composite per day. These can be used to
make missile tubes, torpillas, containers, or tubes for transporting petroleum.

For pieces which must revolve around their midpoint, winding can be done
on a mandrel. This can then be removed and cured in an autoclave (see Figure
2.12). The fiber volume fraction is high (up to 85%). This process is used to
fabricate components of high internal pressure, such as reservoirs and propulsion
nozzles.
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Figure 2.13 Sheet Forming

2.2 OTHER FORMING PROCESSES
2.2.1 Sheet Forming

This procedure of sheet forming (see Figure 2.13) allows the production of plane
or corrugated sheets by corrugation or ribs.
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Figure 2.15 Stamp Forming

2.2.2. Profile Forming

The piece shown in Figure 2.14 is made by pultrusion. This process makes possible
the fabrication of continuous open or closed profiles. The fiber content is important
for high mechanical properties. The rate of production varies between 0.5 and 3 m/
minute, depending on the nature of the profile.

2.2.3 Stamp Forming

Stamp forming (see Figure 2.15) is only applicable to thermoplastic composites.
One uses preformed plates, which are heated, stamped, and then cooled down.

2.2.4 Preforming by Three-Dimensional Assembly

Example: Carbon/carbon: The carbon reinforcement is assembled by depositing
the woven tows along several directions in space. Subsequently the empty space
between the tows is filled by “impregnation.” The following two techniques are
used:

® |mpregnation using liquid: Pitch is used under a pressure of 1000 bars,
followed by carbonization.

B |mpregnation using gas: This involves chemical vapor deposition using
a hot gaseous hydrocarbon atmosphere.

Example: Silicon/silicon. The reinforcement is composed of filaments of
silicon ceramics. The silicon matrix is deposited in the form of liquid solution of
colloidal silicon, followed by drying under high pressure and high temperature
(2000 bars, 2000°C). The preforms are then machined. The phases of development
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of these composites, such as the densification (formation of the matrix) are long
and delicate. These make the products very onerous. Applications include missile
and launcher nozzles, brake disks, ablative tiles for reentry body of spacecraft
into the atmosphere.

2.2.5 Cutting of Fabric and Trimming of Laminates

Some components need a large number of fabric layers (many dozens, can be
hundreds). For the small and medium series, it can be quite expensive to operate
manually for

m following the form of a cut.
B respect the orientation specified by the design (see Chapter 5).
B minimizing waste.

There is a tendency to produce a cut or a drape automatically with the following
characteristics:

B a programmed movement of the cutting machine

B a rapid cutting machine, such as an orientable vibrating cutting knife or
a laser beam with the diameter of about 0.2 mm and a cutting speed
varying from 15 to 40 meters/minute, depending on the power of the laser
and the thickness of the part.

Example: With a draping machine MAD Forest-Line (FRA), the draping is done
in two steps by means of two distinct installations:

B A cutting machine that produces a roller to which the cut pieces are
attached (cassettes)

B A depositing machine which uses the cassette of cut pieces to perform
the draping.

The two operations are shown schematically in Figure 2.16.

2.3 PRACTICAL HINTS ON MANUFACTURING PROCESSES

2.3.1 Acronyms

To describe the modes of fabricating the composite pieces, the professionals use
many abbreviations. Each is detailed below, with reference to the paragraph
number where the process is explained.

B.M.C.: “Bulk Molding Compound.” Matrix: resins. Reinforcement: cut
fibers; additional fillers (powder). Pressure: 5-10 MPa. Temperature: 120-
150°C.

Centrifugation: Matrix: resins. Reinforcement: cut fibers, mat, fabrics; see
Section 2.1.7.
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Figure 2.16 Draping Process

Contact molding: Matrix: resins. Reinforcement: mat, fabrics; see Section
2.1.1.

Filament winding: Matrix: resins. Reinforcement: continuous fibers; see
Section 2.1.7.

Compression molding: Matrix: resins. Reinforcement: fabrics or unidi-
rectionals; see Section 2.1.2.

Autoclave molding: Matrix: resins. Reinforcement: fabrics or unidirection-
als; under pressure in an autoclave; see Section 2.1.3.

Pultrusion: Matrix: resins. Reinforcement: mat, fabrics, continuous fibers;
see Section 2.2.2.

R-RIM: “Reinforced-Reaction Injection Molding” (there is expansion in the
mold). Pressure: 0.5 MPa. Temperature: 50-60°C; see Section 2.1.6.
S-RIM: “Structural Reaction Injection Molding” (components for structure,
particularly in automobiles). Similar to R-RIM, injection of liquid thermoset
resins consists of two highly reactive constituents.

RTM: “Resin Transfer Molding.” Matrix: resins.. Reinforcement: Preforms
of cut fibers or fabrics. Pressure: low (in vacuum or 0.1-0.3 MPa). Tem-
perature: 80°C.

SMC: “Sheet Molding Compound.” Matrix: liquid resin with addition of
magnesia. Reinforcement: mat, unidirectionals. Pressure: 5-10 MPa. Tem-
perature: 120-150°C.
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Figure 2.17 Cost Comparison for Different Processes
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RTP: “Reinforced Thermoplastics.” Matrix: thermoplastic resins. Reinforce-
ment: cut fibers. Pressure: 50 to 150 MPa. Temperature: 120-150°C.

RST: “Reinforced Stamped Thermoplastics.” Pressure: 15-20 MPa. Initial
temperature: =200°C; see Section 2.2.3.

ZMC: Matrix: resin. Reinforcement: cut fibers. Pressure: 30-50 MPa. Tem-
perature: 120-150°C.

TMC: Similar to “SMC” but with higher amount of glass fibers (a few
millimeters in thickness).

XMC: Similar to “SMC” but with specific orientation of the fibers.

2.3.2 Cost Comparison

The diagram in Figure 2.17 allows the comparison of the cost to fabricate
composite products. One needs to note the important difference between the cost
of composites produced in large volume and the cost of high performance
composites.
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3

PLY PROPERTIES

It is of fundamental importance for the designer to understand and to know
precisely the geometric and mechanical characteristics of the “fiber + matrix” mixture
which is the basic structure of the composite parts. The description of these charac-
teristics is the object of this chapter.

3.1 ISOTROPY AND ANISOTROPY

When one studies the mechanical behavior of elastic bodies under load (elasticity
theory), one has to consider the following:

B An elastic body subjected to stresses deforms in a reversible
manner.

B At each point within the body, one can identify the principal planes on
which there are only normal stresses.

B The normal directions on these planes are called the principal stress
directions.

B A small sphere of material surrounding a point of the body becomes an
ellipsoid after loading.

The spatial position of the ellipsoid relative to the principal stress directions
enables us to characterize whether the material under study is isotropic or
anisotropic. Figure 3.1 illustrates this phenomenon.

Figure 3.2 illustrates the deformation of an isotropic sample and an anisotropic
sample. In the latter case, the oblique lines represent the preferred directions
along which one would place the fibers of reinforcement. One can consider that
a longitudinal loading applied to an isotropic plate would create an extension in
the longitudinal direction and a contraction in the transverse direction. The same
loading applied to an anisotropic plate creates an angular distortion, in addition
to the longitudinal extension and transversal contraction.

In the simple case of plane stress, one can obtain the elastic constants using
stress—strain relations.
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Figure 3.3 Stress-Strain Behavior in an Isotropic Material

3.1.1 Isotropic Materials

The following relations are valid for a material that is elastic and isotropic.

z

X

One can write the stress—strain relation (see Figure 3.3) in matrix form as'

b
g.X Gx
— v 1
S ) = _E E 0 O, )
yx Y 0 0 1 Txy
i ql

' In these equations, €,,€,,%, are also the small strains that are obtained in a classical manner
from the displacements u, and u, as: &, = du,/dx; €, = du,/dy; Y, = Ou/dy + du,/ox.
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Figure 3.4 Deformation in an Anisotropic Material

There are three elastic constants: E, v, G. There exists a relation among them as:

_ E
C2(1+v)

The above relation shows that a material that is isotropic and elastic can be
characterized by two independent elastic constants: £ and v.

3.1.2 Anisotropic Material

The matrix equation for anisotropic material (see Figure 3.4) is

1 Vi
- —= 0
E, E
Ey ’ Ox
— Vi 1
& [~ _‘Ej A 0 v
’ny TX)/
0 0
L GXL
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Note that the stress—strain matrix above is symmetric.” The number of distinct
elastic constants is five:

B Two moduli of elasticity: E, and E,,
B Two Poisson coefficients: v,, and v,,, and
B One shear modulus: G,,.
In fact there are only four independent elastic constants: E,, E, G, and v, (or

V,,). The fifth elastic constant can be obtained from the others using the symmetry
relation:

3.2 CHARACTERISTICS OF THE REINFORCEMENT-MATRIX MIXTURE

We denote as ply the semi-product “reinforcement + resin” in a quasi-bidimen-
. 4 .
sional form." This can be

B A tape of unidirectional fiber + matrix,
B A fabric + matrix, or

B A mat + matrix.

These are examined more below.

3.2.1 Fiber Mass Fraction

Fiber mass fraction is defined as

Mass of fibers
; Total mass

In consequence, the mass of matrix is

_ Mass of matrix
" Total mass

with

To know more about the development on this point, refer to Section 9.2 and Exercise 18.1.2.
Refer to Section 13.2.

Such condition exists in the commercial products. These are called preimpregnated or SMC
(sheet molding compound). One can also find non-preformed mixtures of short fibers and
resin. These are called premix or BMC (bulk molding compound).
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Table 3.1 Common Fiber Volume Fractions
in Different Processes

Molding Process Fiber Volume Fraction
Contact Molding 30%
Compression Molding 40%
Filament Winding 60%—-85%
Vacuum Molding 50%-80%

3.2.2 Fiber Volume Fraction

Fiber volume fraction is defined as

_ Volume of fiber
/7 Total volume

As a result, the volume of matrix is given as

Vo= Volume of matrix
" Total volume

with’

I/m =1- Vf
Note that one can convert from mass fraction to volume fraction and vice

versa. If p,and p,, are the specific mass of the fiber and matrix, respectively, we
have

u y

Vv, = —Pr M, = P
/L[[_{_ /ﬁ ' V/P/ + I/mpm
Pr Pm

Depending on the method of fabrication, the common fiber volume fractions are
as shown in Table 3.1.

3.2.3 Mass Density of a Ply

The mass density of a ply can be calculated as

_ total mass
total volume

> In reality, the mixture of fiber/matrix also includes a small volume of voids, characterized
by the porosity of the composite. One has then V,, + V;+ V, = 1, in which V, denotes the
percentage of “volume of void/total volume.” V, is usually much less than 1 (See Exercise
18.1.1D).

© 2003 by CRC PressLLC



Table 3.2 Ply Thicknesses of Some Common Composites

M, H
E glass 34% 0.125 mm
R glass 68% 0.175 mm
Kevlar 65% 0.13 mm
H.R. Carbon 68% 0.13 mm

The above equation can also be expanded as

_ mass of fiber = mass of matrix
total volume total volume

_ volume of fiberp + volume of matrix
total volume '/ total volume

m

or

p= pfv}+ Pme

3.2.4 Ply Thickness

The ply thickness is defined as the number of grams of mass of fiber m, per
m” of area. The ply thickness, denoted as b, is such that:

Mor

b X 1(m2) = total volume = total volume X =
fiber volume X p,

or

_ My
Vipr

One can also express the thickness in terms of mass fraction of fibers rather than
in terms of volume fraction.

b= m L L2
’ pf Pm Mf'

Table 3.2 shows a few examples of ply thicknesses.

3.3 UNIDIRECTIONAL PLY

3.3.1 Elastic Modulus

The mechanical characteristics of the fiber/matrix mixture can be obtained based
on the characteristics of each of the constituents. In the literature, there are
theoretical as well as semi-empirical relations. As such, the results from these
relations may not always agree with experimental values. One of the reasons is
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Table 3.3 Fiber Elastic Modulus

Class Carbon Carbon
E Kevlar H.R. H.M.
¢ fiber longitudinal
modulus in ¢ direction
Ef, (MPa) 74,000 130,000 230,000 390,000
fibertransverse modulus
in 7 direction
Ef, (MPa) 74,000 5400 15,000 6000
t Qum
fiber shear modulus
Gf,, (Mpa) 30,000 12,000 50,000 20,000
fiber Poisson ratio
vf,, 0.25 0.4 0.3 0.35
Isotropic Anisotropic

because the fibers themselves exhibit some degree of anisotropy. In Table 3.3,
one can see small values of the elastic modulus in the transverse direction for
Kevlar and carbon fibers, whereas glass fiber is isotropic.6

With the definitions in the previous paragraph, one can use the following
relations to characterize the unidirectional ply:

® Modulus of elasticity along the direction of the fiber E, is given by’

E, = EV,+ E,V,
or

E(’ = Efo+Em(1 - Vf)

In practice, this modulus depends essentially on the longitudinal mod-
ulus of the fiber, E; because E,, << E; (as E,, resin/Efgass # 0%0).

B Modulus of elasticity in the transverse direction to the fiber axis, E;:
In the following equation, Ej, represents the modulus of elasticity of the

® This is due to the drawing of the carbon and Kevlar fibers during fabrication. This orients
the chain of the molecules.

7 Chapter 10 gives details for the approximate calculation of the moduli E,, E, G, and v,, which
lead to these expressions.
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Figure 3.5 Orientations in Composite Layers

fiber in the direction that is transverse to the fiber axis as indicated in
Table 3.3.

E, = Em|:—————--1 = i|
(1=V)+ 2V,

B Shear modulus G,: An order of magnitude of this modulus is given in
the following expression, in which Gy, represents the shear modulus of
the fiber (as shown in Table 3.3).

o]
(1- Vf) * Gfet‘/f

B Poisson coefficient V,,: The Poisson coefficient represents the contraction
in the transverse direction ¢ when a ply is subjected to tensile loading in
the longitudinal direction € (see Figure 3.5).

Voo = ViVt v, V,

B Modulus along any direction: The modulus along a certain direction in
plane €z, other than along the fiber and transverse to the fiber,” is given
in the expression below, where ¢ = cosf and s = sinf. Note that this
modulus decreases rapidly as one is moving away from the fiber direction
(see Figure 3.0).

® The calculation of these moduli is shown in details in Chapter 11.

© 2003 by CRC PressLLC



Figure 3.6 Off-axis Modulus
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Figure 3.7 Loading Curves of Metal and Unidirectional Composite

3.3.2 Ultimate Strength of a Ply

The curves in Figure 3.7 show the important difference in the behavior between
classical metallic materials and the unidirectional plies. These differences can be
summarized in a few points as

B There is lack of plastic deformation in the unidirectional ply. (This is a
disadvantage.)

B Ultimate strength of the unidirectional ply is higher. (This is an advantage.)

B There is important elastic deformation for the unidirectional ply. (This can
be an advantage or a disadvantage, depending on the application; for
example, this is an advantage for springs, arcs, or poles.)

When the fibers break before the matrix during loading along the fiber
direction, one can obtain the following for the composite:

Eﬂ’l
o, =0 [Vﬁ(l—Vf)Ff]

rupture  rupture
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Figure 3.8 Off-axis Rupture Strength

or, approximately

O, = Of xV,
rupture  rupture

The ultimate strength along any direction’ is given by the following relation
(see Figure 3.8), where

O} uprure = Fracture strength in the direction of the fibers,
O, upre = Fracture strength transverse to the direction of the fibers,
Te,mpure = Shear strength in the plane (€,0 of the ply

¢ = cosf
s = sinf
O, = 1
rupture
c4 5/‘ 1 1
;—t ;T > 2 22
[ef] o, Ty, oy cS
rupture rupture rupture  rupture

3.3.3 Examples

Table 3.4 gives the properties of the fibers/epoxy unidirectional ply at 60% fiber
volume fraction."’

? Detailed calculation is shown in Section 14.3.

" The values assigned in this table can vary depending on the fabrication procedure.
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Table 3.4 Properties of Fiber/Epoxy Plies

t

V;=06
Glass Kevlar Carbon
Specific mass (kg/m’) 2080 1350 1530
Longitudinal tensile fracture 1250 1410 1270
strength (MPa)
Longitudinal compressive fracture 600 280 1130
strength (MPa)
Transverse tensile fracture strength 35 28 42
(MPa)
Transverse compressive fracture 141 141 141
strength (MPa)
In plane shear strength (MPa) 63 45 63
Interlaminar shear strength (MPa) 80 60 90
Longitudinal elastic modulus E, 45,000 85,000 134,000
(MPa)
Transverse elastic modulus E, (MPa) 12,000 5600 7000
Shear modulus G, (MPa) 4500 2100 4200
Poisson ratio vy, 0.3 0.34 0.25

Longitudinal coefficient of thermal ~ 0.4t0 0.7 x 10° 04 x10° -0.12x 10"
expansion at 20°C o, (°C™)
Transverse coefficient of thermal 1.6to2x10” 58x10° 34%x107
-1

expansion at 20°C o,(°C™)

The compression strength along the longitudinal direction is smaller than the
tensile strength along the same direction due to the micro buckling phenomenon
of the fibers in the matrix.

3.3.4 Examples of “High Performance” Unidirectional Plies

The unidirectionals in Table 3.5 have V;= 50% boron fibers. The boron/aluminum
composite mentioned above belongs to the group of metal matrix composites
(see Section 3.7), among these one can find the following:

B For fibers, these can be
m Glass
m Silicon carbide
B Aluminum
B Other ceramics
B For matrices, these can be
B Magnesium and its alloys
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Table 3.5 Properties of Unidirectional Plies Made of Boron Fibers

t

V=05 Boron/
Boron/Epoxy Aluminum
Specific mass (kg/m3) 1950 2650
Longitudinal tensile strength (MPa) 1400 1400
Longitudinal compressive strength (MPa) 2600 3000
Transverse tensile strength (MPa) 80 120
Longitudinal elastic modulus E, (MPa) 210,000 220,000
Transverse elastic modulus E, (MPa) 12,000 140,000
Shear modulus G, (MPa) 7500
Longitudinal coefficient of thermal 0.5x10™ 0.65 x 107

expansion at 20°C, o, (o)

B Aluminum
B Ceramics

3.4 WOVEN FABRICS

3.4.1 Forms of Woven Fabric

The fabrics are made of fibers oriented along two perpendicular directions:
one is called the warp and the other is called the fill (or weft) direction. The
fibers are woven together, which means the fill yarns pass over and under
the warp yarns, following a fixed pattern. Figure 3.9a shows a plain weave
where each fill goes over a warp yarn then under a warp yarn and so on. In
Figure 3.9b, each fill yarn goes over 4 warp yarns before going under the fifth
one. For this reason, it is called a “5-harness satin.” Figure 3.9c shows a twill
weave.

For an approximation (about 15%) of the elastic properties of the fabrics, one
can consider these to consist of two plies of unidirectionals crossing at 90° angles
with each other. One can use the following notation:

e = total layer thickness

n, = number of warp yarns per meter
n, = number of fill yarns per meter
n
k= —r
ny + 1,

V, = volume fraction of fibers
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a) plain weave b) satin weave c) twill weave

Figure 3.9 Forms of Woven Fabrics

-e
z y

weft

warp
X

Figure 3.10 Notation for a Fabric Layer

One can deduce the thickness of the equivalent unidirectional plies (see Figure
3.10) as

Cparp = exn1+n2 = kXxe
1,
eﬂ” = eXn1+n2 = (1—/6))(8

3.4.2 Elastic Modulus of Fabric Layer

For approximate values, the two plies of reinforcement can be considered sepa-
rately or together.

B Separately, the fabric layer is replaced by two unidirectional plies crossed
at 90° with each other, with the following thicknesses:

Cpary = RXe em = (1—k)Xxe

The average fiber volume fraction V}is already known, and the mechanical
propetties E,, E,, Gy, V,, of these plies can be determined according Section

3.3.1.
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Figure 3.11 Cross Section of a Layer with Fibers Crossed at 90°

B Together, the fabric layer is replaced by one single anisotropic layer with
thickness e, x being along the warp direction and y along the fill direction
(see Figure 3.9). One can therefore obtain"'

E.=kXE;,+(1—k)XE,
E,=(1-R)XE;+RXE,
G = G(l

Xy

Vi = ve,/(/e+ (1 —/e)%;)

Notes: The stiffness obtained with a woven fabric is less than what is
observed if one were to superpose two cross plies of unidirectionals. This
is due to the curvature of the fibers during the weaving operation (see
Figure 3.11). This curvature makes the woven fabric more deformable than
the two cross plies when subjected to the same loading. (There exist fabrics
that are of “high modulus” where the unidirectional layers are not con-
nected with each other by weaving. The unidirectional plies are held
together by stitching fine threads of glass or polymer.)

B There is also a stronger tensile strength of a woven fabric and a lower
compressive strength, as compared with the strengths obtained by super-
posing two cross plies.12

3.4.3 Examples of Balanced Fabrics/Epoxy

A fabric is said to be balanced when the number of yarns along the warp and fill
directions are the same. The material is therefore identical along the two directions.

" For the corresponding calculations, cf. Section 12.1.2 and also Chapter 18, Application 18.2.12.

" For example, compare the strengths in tension and in compression in Table 3.6, and in
Tables 5.1, 5.6, and 5.11 of Section 5.4 for proportions of 50% for 0° and 50% for 90° (taking
into account the difference in fiber volume fraction).
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Table 3.6 Properties of Balanced Fabric/Epoxy Composites

E Glass Kevlar Carbon
Fiber volume fraction V; (%) 50 50 45
Specific mass (kg/m’) 1900 1330 1450
Tensile fracture strength along 400 500 420
x or y (MPa)
Compressive fracture strength 390 170 360
along x or y (MPa)
In plane shear strength (MPa) 150 55
Elastic modulus £, (= E,) (MPa) 20,000 22,000 54,000
Shear modulus G,, (MPa) 2850 4000
Poisson coefficient v,, 0.13 0.045
Coefficient of thermal expansion -02x10°  0.05x10”
o, = 0, (°C)
Maximum elongation (%) 2.1 1.0
Price (relative) 1 4.2 7.3

The warp and fill directions play equal roles affecting the thermomechanical
properties. The material in Table 3.6 is of epoxy matrix.

3.5 MATS AND REINFORCED MATRICES

3.5.1 Mats

Mats are made of cut fibers (fiber lengths between 5 and 10 cm) or of continuous
fibers making a bidimensional layer. Mats are isotropic within their plane (x, y).
Therefore they can be characterized by only two elastic constants, as identified
in Section 3.1.

If E, and E, are the elastic moduli (along the longitudinal and transverse
directions) of an unidirectional ply with the same volume fraction of V, one has

Eu= gE€ + gE[
G ~ Ema/

21+ V)
Vo = 0.3
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For example, mats with cut fibers made of glass/epoxy have the following
characteristics:

Fiber volume fraction 28%
Specific mass (kg/m3) 1800
Elastic modulus (MPa) 14,000
Tensile fracture strength (MPa) 140
Heat capacity (J/g x°C) 1.15
Coefficient of heat conduction (W/m x °C) 0.25

Linear coefficient of thermal expansion eCcy 22x107

3.5.2 Summary Example of Glass/Epoxy Layers

Figures 3.12 and 3.13 give a summary of the principal characteristics of different
types of layers (unidirectionals, fabrics, and mats) with the variation of the fiber
volume fraction V.

3.5.3 Spherical Fillers

Spherical fillers are reinforcements associated with polymer matrices (see Figure
3.14). They are in the form of microballs, either solid or hollow, with diameters
between 10 and 150 um. They are made of glass, carbon, or polystyrene.

B The filler volume fraction V; can reach up to 50%.
® The filler properties are such that E,>>E,,.

4> Modulus of elasticity (MPa)
70,000

t
(“R" glass fabric)

60,000
50,000
40,000
30,000 ~

20,000

=% e®
;2:..6& E (mat)__=" E

10,000 B

fiber volume fraction: V;
0 T T T T T T T T ‘)
10% 20% 30% 40% 50% 60% 70% 80%

Figure 3.12 Elastic Modulus of Glass/Epoxy Layers
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500

Figure 3.13 Tensile Strength of Glass/epoxy Layers

The composite (matrix + filler) is isotropic, with elastic properties E, G, v given
by the following relations:

E 1-v V,
IO - m —m\__S
Defining: K 3(1—2Vm)[1+3(1+vm)(1—vf)]
_ _9KG
3K+ G
o B [ (Ve NV
v~1(3K—ZG)
T2\ 3K+G

3.5.4 Other Reinforcements

One may also use reinforcements in the form of crushed fibers, flakes (see Figure
3.15), or powders made of the following:

B Glass
B Graphite
B Metals
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heating)
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Figure 3.14 Spherical Fillers

D——_—

Figure 3.15 Form of Flakes

11 [ ===
mica flake —--.._.______:i ’

100 um

unidirectional ""'""""\-

Figure 3.16 Mica Flakes Arrangement

B Aluminum
B Mica (Z = 100 pm)
B Talc (Z = 10 um)

Immersed in a resin with stratified fibers, mica flakes have the arrangement as
shown in the Figure 3.16. One can observe that the modulus of the resin is
increased as

E = |:1_Mi|XEmicuVmi(;u+Evam; u =
u

Y For more details, see “Interaction Effects in Fiber Composites,” which is listed in the
Bibliography at the end of the book.
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Figure 3.18 4D Architecture

The average properties of mica are

Epia = 170,000 MPa  and  py. = 2,800 kg/m’,

Figure 3.17 shows the increase resistance against the microfracture of the resin.

3.6 MULTIDIMENSIONAL FABRICS

An example of “4D” architecture of carbon reinforcement from the European
society of propulsion (FRA) has the reinforcement assembled according to pre-
established directions (see Figure 3.18). The fiber volume fraction is on the order
of 30%. The matrix comes to fill the voids between the fibers." The principal
advantages of these types of composites are

B The supplementary connection (as compared with the bidimensional plies)
makes the composites safe from delamination.

B The mechanical resistance is conserved—and even improved—at high
temperatures (up to 3,000°C for carbon/carbon).

B The coefficient of expansion remains small.

B They are resistant against thermal shock.

" See Section 2.2.4.
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Table 3.7 Properties of Three-Dimensional Carbon/Carbon

¢

Aerolor 41'°

Septcarb 4"

Specific mass (kg/m3)

Longitudinal tensile fracture
strength (MPa)

Longitudinal compressive fracture
strength (MPa)

Tensile strength in z direction (MPa)

Compressive strength in z direction
(MPa)

Shear strength in €z plane (MPa)

Longitudinal elastic modulus E,
(MPa)

Elastic modulus E, (MPa)

Shear modulus G,, (MPa)

Shear modulus G, (MPa)

Poisson ratio v,,

Poisson ratio vy,

Thermal expansion coefficient

a,(°C™") at 1000°C at 2,500°C

Thermal expansion coefficient
a,(°C™") at 1000°C at 2,500°C

Coefficient of thermal conductivity
(W/m x °C)

1700 to 2000
40 to 100

80 to 200

>10
80 to 200

20 to 40
30,000

0.7x10% 3 %x10™°

6x10%6x10™°

300

1500 to 2000

95 and increasing,
up to 2000°C

65

3
120

10
16,000

5000

2200

5700

0.17

0.035
3x10%4%x10°

7x10%9%x10™°

B There is a high coefficient of thermal conductivity.

B They have small density.

B The silicon/silicon is transparent to radio-electric waves.

Table 3.7 gives the characteristics of two composites made of tridimensional
carbon/carbon. The mechanical properties are the same along all directions noted
by € in the following figure. The composite is transversely isotropic.”

" This notion is shown in detail in Section 13.2.
' product of the Aerolor company (FRA).
' Product of European company in propulsion (FRA).
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unidirectional aramid/epoxy (ARALL) e= 0.2 mm
or glass/epoxy (GLARE) e = 0.25 mm

Figure 3.19 Layers of ARALL and GLARE

Figure 3.20 Sic Whisker

3.7 METAL MATRIX COMPOSITES

There are a number of products in development or in experimental stage including:

B Matrices: aluminum, magnesium, titanium (see also Section 7.4) and
B Reinforcements (fibers): aramid, carbon, boron, silicon carbide (SiC)

Example: ARALL (Aluminum Reinforced Aramid) and GLARE (Aluminum
Reinforced Glass)."” The essential advantage is better impact damage tolerance
because of better resistance to failure due to thin metallic layers and resistance
against the crack propagation from one layer to the other (see Figure 3.19).

Example: Short silicon carbide fibers (whiskers)/aluminum. This is a so-
called “incompatible” composite because the big difference between the thermo-
mechanical properties of the constituents leads to high stress concentrations and
debonding between the fibers and the matrix (see Figure 3.20). This has good
applications at high temperatures. The diameter of the whisker is about 20 um.
Slenderness ratio L/@ = 5 and fiber volume fraction V, = 0.3.

Example: Boron/aluminum. This is used in aerospace applications (see
Section 7.5.4). The technique to obtain these materials is shown schematically in
Figure 3.21. This composite can be used continuously at temperatures on the
order of 300°C, while maintaining notable mechanical properties (see Section 1.6
for the properties of boron).

"% AKZO Fibers/DELFT University (Holland). ®Structural Laminates Company/New Kensington
(USA).
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Figure 3.21 Boron/Aluminum Composite

Some characteristics of unidirectional plies made of aluminum matrix (6061)
include:

HR Silicon

Carbon Aluminum  Carbide

Fiber volume fraction V(%) 50 50 50
Specific mass (kg/m’) 2300 3100 2700
Longitudinal tensile strength (MPa) 800 550 1400
Longitudinal compressive strength (MPa) 600 3100 3000
Longitudinal elastic modulus (MPa) 200,000 190,000 140,000

3.8 TESTS

The relations cited on the previous pages for the calculation of the modulus and
Poisson coefficients of the composites only allow obtaining an order of magnitude
for the mechanical properties. Some of these relations are not quite accurate,
particularly for the shear modulus. Also, these properties are very sensitive to the
fabrication conditions. It is necessary for the design engineer to have the results
provided by the suppliers of the reinforcement and the matrix materials or to
better the results obtained by tests in the labs. Some of these tests have been
standardized, for example, tensile tests, flexure tests, and impact tests.

A tensile test (NF T 51-034, ASTM D 3039) on the specimen in Figure 3.22,
instrumented with electrical strain gage, allows the measurement of the strength
and the elongation to fracture. A delamination test (NF T 57-104) on a specimen
which has a small span for bending (see Figure 3.23). It fails by delamination
under the effect of interlaminar shear stress. One can obtain the interlaminar shear
strength."”

There are other tests, not yet standardized, that are very useful for the
fabrication of high performance composites, for example, for control of the fiber
volume fraction. In fact, during the phase of polymerization under pressure of a
polymer matrix composite, the resin gets absorbed into an absorbing fabric, in variable
quantity depending on the cycle of pressure and temperature. In consequence,

" This is a simplified way that little reflects the complexity of the state of real stress due to
the presence of very close concentrated loads.
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Figure 3.22 Tensile Test
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Figure 3.23 Short Beam Shear Test

o m==e= stiffness

=———= temperature

optimal period time
to apply pressure

Figure 3.24 Variation In Stiffness During Curing

the fiber volume fraction V, varies, and as a result, the dimensional characteristics
of the piece (thickness) also vary. To deal with this problem, one may want to
evaluate by test the optimal moment for the application of pressure, by the
measurement of the flexural rigidity of a specimen as a function of time of

fabrication (see Figure 3.24).
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4

SANDWICH STRUCTURES

Sandwich structures occupy a large proportion of composite materials design.
They appear in almost all applications. Historically they were the first light and
high-performance structures.’ In the majority of cases, one has to design them
for a specific purpose. Sandwich structures usually appear in industry as semi-
finished products. In this chapter we will discuss the principal properties of
sandwich structures.

4.1 WHAT IS A SANDWICH STRUCTURE?

A sandwich structure results from the assembly by bonding—or welding—of two
thin facings or skins on a lighter core that is used to keep the two skins separated
(see Figure 4.1).

Their properties are astonishing. They have

B Very light weight. As a comparison, the mass per unit area of the dome
of the Saint Peter’s Basilica in Rome (45 meter diameter) is 2,600 kg/mz,
whereas the mass per surface area of the same dome made of steel/
polyurethane foam sandwich (Hanover) is only 33 kg/ m’,

B Very high flexural rigidity. Separation of the surface skins increases
flexural rigidity.

® Excellent thermal insulation characteristics.

However, be careful:

B Sandwich materials are not dampening (no acoustic insulation).
B Fire resistance is not good for certain core types.
B The risk of buckling is greater than for classical structures.

The facing materials are diverse, and the core materials are as light as possible.
One can denote couples of compatible materials to form the sandwich (see
Figure 4.2).

Be careful: Polyester resins attack polystyrene foams.

! See Section 7.1.
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core (materials with weak mechanical properties)

skins (materials with strong mechanical properties)

Figure 4.1 Sandwich Structure (10 < E,E, <100)

Facings Core
metal
laminate
wood «— expanded materials
thermoplastics
asbestos/cement
metgl ribbed'plate in metal
laminate or laminate
=R wood plate
AMIIEe +«—» impregnated carbon
wood plate (honeycombs)
alur_ninum stretched aluminum
laminate (honeycomb)

Figure 4.2 Constituents of Sandwich Materials

The assembly of the facings to the core is carried out using bonding adhesives.
In some exceptional cases, the facings are welded to the core. The quality of the
bond is fundamental for the performance and life duration of the piece. In practice
we have

0.025 mm < adhesive thickness < 0.2 mm

4.2 SIMPLIFIED FLEXURE
4.2.1 Stresses

Figure 4.3 shows in a simple manner the main stresses that arise due to the
application of bending on a sandwich beam.” The beam is clamped at its left end,
and a force T is applied at its right end. Isolating and magnifying one elementary
segment of the beam, on a cross section, one can observe the shear stress resultant
T and the moment resultant M. The shear stress resultant T causes shear stresses
7 and the moment resultant causes normal stresses ©.

* For more details on these stresses, see Chapters 15 and 17, and also Applications 18.3.5 and
18.3.8.
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Figure 4.4 Stresses in Sandwich Structure

To evaluate 7 and o, one makes the following simplifications:

B The normal stresses are assumed to occur in the facings only, and they
are uniform across the thickness of the facings.

B The shear stresses are assumed to occur in the core only, and they are
uniform in the core.’

One then obtains immediately the expressions for 7 and o for a beam of unit
width and thin facings shown in Figure 4.4.

4.2.2 Displacements
In the following example, the displacement A is determined for a sandwich beam

subjected to bending as a consequence of

B Deformation due to normal stresses ¢ and
B Deformation created by shear stresses T (see Figure 4.5).

’ See Section 17.7.2 and the Applications 18.2.1 and 18.3.5 for a better approach.
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Figure 4.5 Bending Deflection

4 _
To evaluate A, one can, among other methods,” use the Castigliano theorem

1¢ M 1r k 2
W= 5[ d+ S [
2) (ED 2)(Gs)
elastic
energy  contribution contribution
from bending from shear

4

A _ a_W/ energy
deflection —  JF load

where the following notations’ are used for a beam of unit width:
M = Moment resultant
T = Shear stress resultant
E, = Modulus of elasticity of the material of the facings
G. = Shear modulus of the core material

2
+
(EI#E,e,x 1 X @ RI(GS) = 1/G.(e,+2¢,) X 1.

Example: A cantilever sandwich structure treated as a sandwich beam (see Figure 4.6).
Elastic energy is shown by

Fl-x)’ C ok
f @ zfo@mx

v - 55w )

" See Equation 15.16 that allows one to treat this sandwich beam like a homogeneous beam.
One can also use the classical strength of materials approach.

> See Application 18.2.1 or Chapter 15.
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aluminum AG5 e,=2.15mm
/ Z
2 E, = 65200 MPa
-—
G, = 24890 MPa
/ P
Z] t=1m.
(width: 0.1 m) F
polystyrene e.= 80.2 mm
T=F foam
E.=21.5MPa
s
7 G,=7.7MPa
?
/1
Figure 4.6 Cantilever Beam
where
(EI) = 475%10%, <—GE5—> = 650 10°
The end displacement A can be written as
oW
A==—
oF

Then for an applied load of 1 Newton

A = 0.7x107 mm/N + 1.54 X 107 mm/N

Flexure Shear

Remark: Part of the displacement A due to shear appears to be higher than that
due to bending, whereas in the case of classical homogeneous beams, the shear
displacement is very small and usually neglected. Thus, this is a specific property
of sandwich structures that strongly influences the estimation of the bending
displacements.

4.3 A FEW SPECIAL ASPECTS

4.3.1 Comparison of Mass Based on Equivalent Flexural Rigidity (EI)

Figure 4.7 allows the comparison of different sandwich structures having the same
flexural rigidity (EI). Following the discussion in the previous section, this accounts
for only a part of the total flexural deformation.
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3 plies of satin fabric 3 plies of satin fabric 2 plies of satin fabric
sandwich: sandwich: sandwich: sandwich:
nida-aluminum nida Nomex- nida-Kevlar nida-carbon
skins glass skins skins skins
mass =1. 1.12 0.86 0.69
cost: 1 cost: 1 cost: 1.57 cost: 2.42
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Figure 4.8 Buckling of Sandwich Structure

4.3.2 Buckling of Sandwich Structures

The compression resistance of all or part of a sandwich structure is limited by
the so-called critical values of the applied load, above which the deformations
become large and uncontrollable. This phenomenon is called buckling of the
structure (see Figure 4.8). Depending on the type of loading, one can distinguish
different types of buckling which can be global or local.

4.3.2.1 Global Buckling
Depending on the supports, the critical buckling load F, is given6 by

o= K n2<<E]>>
r 2 (ET
O+ (GS)IeK
#ﬁ:ﬁ-hw D= e Q2|==-‘""’}-
K=2.04 K=0.25

¢ See Application 18.3.4.
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Figure 4.10 Damage by Local Buckling

4.3.2.2 Local Buckling of the Facings

The facings are subject to buckling due to the low stiffness of the core. Depending
on the type of loading, one can find the modes of deformation as shown in
Figure 4.9.

The critical compression stress is given in the equation below where v, is the
Poisson coefficient of the core.

1/3
0., = ax(E,xE;)

with

a = 3{123-v.)’(1+0)°} "

The critical load to cause local damage by local buckling of a facing and the
types of damage are shown in Figure 4.10.

4.3.3 Other Types of Damage

Local crushing: This is the crushing of the core material at the location of the
load application (see figure below).

F 7 3 P =fTASEIFRYZ i
T 'ooal oushing
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Compression rupture: In this case (see figure below), note that the weak com-
pression resistance of Kevlar fibers’ leads to a compression strength about two
times less than for sandwich panels made using glass fibers.

For pture

Fo rupture

2

1 1 0

B O

glass -

Kevlar

4.4 FABRICATION AND DESIGN PROBLEMS
4.4.1 Honeycomb: An Example of Core Material

These well-known materials are made of hexagonal cells that are regularly spaced.
Such geometry can be obtained using a technique that is relatively simple. Many
thin sheets are partially bonded. Starting from stacked bonded sheets, they are
expanded as shown in Figure 4.11.

The honeycomb material can be metal (light alloy, steel) or nonmetal (carton
impregnated with phenolic resin, polyamide sheets, or impregnated glass fabrics).

Metallic honeycombs are less expensive and more resistant. Nonmetallic hon-
eycombs are not sensitive to corrosion and are good thermal insulators. The
following table shows the mechanical and geometric characteristics of a few
current honeycombs, using the notations of Figure 4.11.

Table 4.1 Properties of Some Honeycomb

Bonded Sheets of  Light Alloy  Light Alloy

Polyamide: Nomex® AG3 2024

Dia. (D): inscribed 6; 8; 12 4 6
circle (mm)

Thickness e (mm) 0.05 0.04

Specific mass (kg/m3) 64 80 46

Shear strength 1.7 3.2 1.5
Tz rup (MPa)

Shear modulus: 58 520 280
G.. (MPa) #
1.5 G, (e/D)

Shear strength 7., 0.85 2 0.9
(MPa)

Shear modulus: G, 24 250 140
(MPa)

Compression strength: 2.8 44 2
O rup (MPa)

*Nomex® is a product of Du Pont de Nemours.

7 See Section 3.3.3.
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Figure 4.11 Honeycomb

low angle # 14°
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Figure 4.12 Processing of Honeycomb

Figure 4.13 Deformation of Honeycomb

4.4.2 Processing Aspects

The processing of the honeycomb is done with a diamond disk (peripheral speed
in the order of 30 m/s). The honeycomb is kept on the table of the machine by
an aluminum sheet to which it is bonded. Below the aluminum sheet, a depression
anchors it to the table (see Figure 4.12).

One can also deform the honeycomb. It is important to constrain it carefully,
because the deformation behavior is complex. For example, a piece of honeycomb
under cylindrical bending shows two curvatures as illustrated in Figure 4.13.°

® This phenomenon is due to the Poisson effect, particularly sensitive here (see Section 12.1.4).
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Figure 4.16 Processing of a Sandwich Piece of a Structural Part

The processing can be facilitated using the method of overexpansion which
modifies the configuration of the cells as shown in Figure 4.14.

At limit of curvature, R is the radius of the contour, and e is the thickness
of the sheets which consitute the honeycombs (see Figure 4.15). Nomex honey-
combs (sheets of bonded polyamide) must be processed at high temperature. The
schematic for the processing of a structural part of sandwich honeycomb is as in
Figure 4.16. For moderate loadings (for example, bulkheads), it is possible to fold
a sandwich panel following the schematic in Figure 4.17.
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Figure 4.17 Folding of Honeycomb
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Figure 4.18 Incorporation of Inserts

4.4.3 Insertion of Attachment Pieces

When it is necessary to transmit local loadings, depending on the intensity of
these loads, it is convenient to distribute these over one or many inserts, as
indicated in Figure 4.18.° The filling resin of epoxy type, shown in Figure 4.18,
can be lightened by incorporation of phenolic microspheres with resulting density
for the lightened resin of 700 to 900 kg/m’ and crush strength # 35 MPa (see
Figure 4.19).

4.4.4 Repair of Laminated Facings

For sandwich materials of the type “honeycombs/laminates,” the repair of local
damage is relatively easy. It consists of patching the plies of the laminate. The
configuration of the repair zone appears as in Figure 4.20.

4.5 NONDESTRUCTIVE QUALITY CONTROL

Apart from using the classical methods for controlling the surface defects, which
allows the repair of external delaminations of laminated facings, using the fol-
lowing techniques allows the identification and repair of internal defects due to
fabrication or due to damages in service. These defects can entail imperfect
bonding, delaminations, and inclusions. Principal nondestructive detection meth-
ods are illustrated in Figure 4.21.

? See Sections 6.2.4 and 6.3.
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Figure 4.20 Honeycomb Repair

When a composite structure (for example, a reservoir under pressure) is
subjected to loading, many microcracks can occur within the piece. Microcracking
in the resin, fiber fracture, and disbond between fiber and matrix can exist even
within the admissible loading range. These ruptures create acoustic waves that
propagate to the surface of the piece. They can be detected and analyzed using
acoustic emission sensors (see Figure 4.22).

The number of peaks as well as the duration and the amplitude of the signal
can be used to indicate the integrity of the piece. In addition, the accumulated
number of peaks may be used to predict the fracture of the piece (i.e., the change
of slope of the curve in Figure 4.23).
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Figure 4.21 Principal Nondestructive Testing Methods
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5

CONCEPTION AND DESIGN

A different paradigm: As every mechanical part, a composite part has to withstand
loadings. In addition, the conception process has to extend over a range much
larger than for a component made of “pre-established” material. In fact,

B For isotropic materials, the classical process of conception consists of
selection of an existing material and then design of the piece.

B For a component made of composites, the designer “creates” the material
based on the functional requirements. The designer chooses the reinforce-
ment, the matrix, and the process for curing.

Following that the designer must define the component architecture, i.e., the
arrangement and dimensions of plies, the representation of these on the designs,
etc. These subjects are covered in this chapter.

5.1 DESIGN OF A COMPOSITE PIECE

The following characteristic properties always have to be kept in mind by the
designer:

B Fiber orientation enables the optimization of the mechanical behavior along
a specific direction.

B The material is elastic up to rupture. It cannot yield by local plastic
deformation as can classical metallic materials.

B Fatigue resistance is excellent.

A Very Good Fatigue Resistance

The specific fatigue resistance is expressed by the ratio (o/p), with p being the
specific mass. For composite materials, this specific resistance is three times higher
than for aluminum alloys and two times higher than that of high strength steel
and titanium alloys because the fatigue resistance is equal to 90% of the static
fracture strength for a composite, instead of 35% for aluminum alloys and 50%
for steels and titanium alloys (see Figure 5.1)."

' See Section 5.4.4.
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Figure 5.1 Comparison of Fatigue Behavior Between Composite and Aluminum

B The percent elongation is not the same as that for metals (attention should
be paid to the metal/composite joints).

B Complex forms can be easily molded.

B It is possible to reduce the number of parts and to limit the amount of
processing work.

B One must adapt the classical techniques of attachments and take into account
their induced problems: fragility, delustering, fatigue, thermal stresses.

5.1.1 Guidelines for Values for Predesign

Figure 5.2 shows a comparison between different materials, which can help in
the choice of composite in the predesign phase.

Figure 5.3 allows the comparison of principal specific properties of fibers
which make up the plies. The specific modulus and specific strength are presented
in the spirit of lightweight structural materials.

The safety factors are defined to take care of uncertainties on

The magnitude of mechanical characteristics of reinforcement and matrix
The stress concentrations

The imperfection of the hypotheses for calculation

The fabrication process

The aging of materials

The orders of magnitude of safety factors are as follows:

High volume composites:

Static loading short duration: 2
long duration: 4
Intermittent loading over long term: 4
Cyclic loading;: 5
Impact loading: 10
High performance composites: 1.3to0 1.8
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Figure 5.4 Unidirectional Layer

5.2 THE LAMINATE

Recall that laminates result in the superposition of many layers, or plies, or sheets,
made of unidirectional layers, fabrics or mats, with proper orientations in each
ply. This is the operation of hand-lay-up.

5.2.1 Unidirectional Layers and Fabrics

Unidirectional layers are as shown in Figure 5.4. The advantages of unidirec-
tional layers are:

B They have high rigidity (maximum number of fibers in one direction).

B The ply can be used to wrap over long distance. Then the load transmission
of the fibers is continuous over large distance.

B They have less waste.

The disadvantages of unidirectional layers are

B The time for wrapping is long.
B One cannot cover complex shapes using wrapping.

Example: Carbon/epoxy unidirectionals: Width 300 or 1000 mm, preimpreg-
nated with resin; usable over a few years when stored at cold temperature (—18°C).

Fabrics can be found in rolls in dry form or impregnated with resin (Figure 5.5).
The advantages of fabrics are

B Reduced wrapping time
B Possibility to shape complex form using the deformation of the fabric
B Possibility to combine different types of fibers in the same fabric
The disadvantages of fabrics are
B Lower modulus and strength than the case of unidirectionals

B Larger amount of waste material after cutting
B Requirement of joints when wrapping large parts
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Figure 5.5 A Fabric Layer

5.2.2 Importance of Ply Orientation

One of the fundamental advantages of laminates is their ability to adapt and control

the orientation of fibers so that the material can best resist loadings. It is therefore

important to know how the plies contribute to the laminate resistance, taking into

account their relative orientation with respect to the loading direction. Figures 5.6

through 5.9 show the favorable situations and those that should be avoided.
Recall the Mohr circle:

normal
siresses

shear stresses

¢f. for example the stress state below and the associated Mohr circle

In Figure 5.7, the Mohr circle for stresses shows that the 45°fibers support the

compression, 0; = —7 (7 is the arithmetic value of shear stress), while the resin
supports the tension, ¢, = 7, with low fracture limit. The fibers in Figure 5.8 support
the tension, o, = 7, whereas the resin supports the compression, ¢, = —7. In

Figure 5.9, one has deposited the fibers at 45°and —45°. Taking into account the
previous remarks, one observes that the 45°fibers can support the tension o, =7,
whereas the —45° fibers can support the compression, 6, =—7. The resin is less
loaded than previously.

5.2.3 Code to Represent a Laminate

5.2.3.1 Normalized Orientation

Considering the working mode of the plies as discussed in the previous section,
the most frequently used orientations are represented as in Figure 5.10. The direction
called “0°” corresponds to either the main loading direction, a preferred direction
of the piece under consideration, or the axis of the chosen coordinates.

Note: One also finds in real applications plies with orientations £30° and +60°.
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Figure 5.10 Common Orientations

5.2.3.2 Middle Plane

By definition the middle plane is the one that separates two half-thicknesses of
the laminate. In Figure 5.11, the middle plane is the plane x-y. On this plane, z=0.

5.2.3.3 Description of Plies

The description of plies is done by beginning with the lowest ply on the side z < 0
and proceeding to the uppermost ply of the side z > 0. In so doing,

B Each ply is noted by its orientation.
B The successive plies are separated by a slash “/”.
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lower plies

Figure 5.11 Laminate and its Middle Plane x-y

B One must avoid the grouping of too many plies of the same orientation.”
However, when this occurs, an index number is used to indicate the
number of these identical plies.

5.2.3.4 Midplane Symmetry

One notes that a laminate has midplane symmetry or is symmetric when the
stacking of the plies on both sides starting from the middle plane is identical.

Example:
PLY NUMBER |ORIENTATION|CONVENTIONAL SYMBOL
NOTATION
10 90°
9 0°
8 0°
7 - 45° 2
2
S il e 90/0,/- 45 / 45
o< 5 plane +45° (200 ls 4 (40%)
4 —45° 2
3 0°
2 0°
1 90°
Example:
PLY NUMBER |ORIENTATION|CONVENTIONAL SYMBOL
NOTATION
7 0°
6 +45° 1
5 —-45° 2
__4_@. —_ —-90° - — an
S e [0/45/ — 45/30] 2 (28%)
3 —45° 2
2 +45°
1 0°

? This is to limit the interlaminar stresses (see Section 5.4.4 and Chapter 17). This precaution
applies also to the fabrics (for example, no more than four consecutive fabric layers of carbon/
epoxy along one direction).
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Figure 5.12 Effect of Laminate Lay-up on Deformation

5.2.3.4.1 What Is the Need of Midplane Symmetry

For the construction of laminated pieces, the successive impregnated plies are
stacked at ambient temperature, then they are placed within an autoclave for curing.
At high temperature, the extension of the whole laminate takes place without
warping. However, during cooling, the plies have a tendency to contract differently
depending on their orientations. From this, thermal residual stresses occur.

When midplane symmetry is utilized, it imposes the symmetry on these stresses
and prevents the deformations of the whole part, for example, warping as shown
in Figure 5.12.

5.2.3.5 Particular Cases of Balanced Fabrics

Some laminates are made partially or totally of layers of balanced fabric. One then
needs to describe on the drawing the composition of the laminate.
Example:

One layer  One midplane

of fabric layer One layer

of fabric

The previous laminate, made up of three layers of balanced fabric, has midplane
symmetry. In effect, if one considers one woven fabric layer as equivalent to two
series of unidirectional layers crossed at 90°, it also has midplane symmetry.’

* If this hypothesis is to be verified for a plain weave or a taffeta (see Section 3.4.1), and even
for a ribbed twill, it becomes worse as long as the pitch of the weaving machine increases
(pitch of the plain weave: 2; ribbed twill: 3; 4-harness satin: 4; S-harness satin: 5; etc.). If
one supposes that this pitch is increasing towards infinity, then the woven fabric becomes
the superposition of two unidirectional layers crossed at 90°. It then does not possess midplane
symmetry any more. This property can be observed on a unique ply of 5-harness satin of
carbon/epoxy as it is cured in an autoclave, which deforms (curved surface) on demolding
(see Application 18.2.17).

© 2003 by CRC PressLLC



+ | &

B

t

%ﬂz% x; 0% ¢

t 4

45°
x; 0°

x¥ e =+ X4

50%
0%

<:> 50%
0%
0%

50%
i 0%
50%

3%
17%

3
&= 33%

17%

Figure 5.13 Laminate with Balanced Fabrics; Representation 1

As indicated in Section 3.4.2, one can consider the resulting laminate in two

different Ways/‘:

(a) Each layer of fabric is replaced by two identical plies crossed at 90°,
each with thickness equal to half the thickness e of the fabric layer and
each with known elastic properties. This representation is convenient for
the determination of the elastic properties of the laminate. One then has

the equivalencies shown in Figure 5.13.

(b) Each layer of fabric is replaced by one anisotropic ply with thickness e
for which one knows the elastic properties and failure strengths. This
representation is useful for the determination of the rupture stress of the
laminate. One then has the equivalencies shown in Figure 5.14.

5.2.3.6 Technological Minimum

Generally one uses a minimum amount of plies (from 5 to 10%) for each direction:
0°, 90°, 45°, —45°. The minimum thickness of a laminate’ should be of the order
of one millimeter, for example, eight unidirectional layers, or three to four layers

of balanced fabric of carbon/epoxy.

5.2.4 Arrangement of Plies

The proportion and the number of plies to place along each of the directions—0°,
90°, 45°, —45°—take into account the mechanical loading that is applied to the
laminate at the location under consideration. A current case consists of loading

' See Exercises 18.2.9 and 18.2.10.
’ Apart from space applications, where thicknesses are very small, the skins of sandwich plates

are laminates which do not have separately midplane symmetry.

© 2003 by CRC PressLLC



T 0% 0%

g <:> %—x;ﬂ":c <:> &100%

0%
0%
T 4(:; ) 100%
e A o @l
0%
T T 0%
T C 34%
& e o G
0%
Figure 5.14 Laminate with Balanced Fabrics; Representation 2
N, (=0, x h)

ﬁ Tyy (= Tay % h)

Ny (=oxx h)

a) stresses b) stress resultants

Figure 5.15 Stresses and Stress Resultants

of the laminate in its plane. This is called membrane loading.6 The mechanical
loadings can take the form of stresses (0,, 0,, 7., in Figure 5.152) or stress resultants
(N, N,, T, in Figure 5.15b). The stress resultants are the products of the stresses
with the thickness » of the laminate.

Generally, three criteria should be considered by the designer for the ply

configuration:

1. Support the loading without deterioration of the laminate
2. Limit the deformation of the loaded piece
3. Minimize the weight of the material used

These criteria do not always work together. For example, searching for minimum
thickness might not be compatible with high rigidity. Searching for high rigidity

% The laminate can also work in bending. This is studied in Chapters 12 and 17.
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Figure 5.16 Example of Representation

might not be compatible with minimum weight. One will see in Section 5.4
guidelines for proportions values that allows a laminate with minimum laminate
thickness to support specified mechanical loading without damage,.

Once a laminate is defined (number of layers and orientations), one must respect
the following conditions (without forgetting the technological minimum indicated
at the end of the previous paragraph) as much as possible:

B 90°plies placed on the surface, then 45°and —45°plies, when the pre-
dominant stress resultant is oriented along the 0°direction
B No more than 4 consecutive plies along the same direction

5.2.4.1 Example of Representation

The plies are progressively terminated to obtain a gradual change in thickness
(maximum 2 plies for each 6 mm interval). The symbols for the composition of
the laminate are shown on plan view (see Figure 5.106).

5.2.4.2 The Case of Sandwich Structure

The description of the sandwich material is done as in Figure 5.17.

5.3 FAILURE OF LAMINATES
5.3.1 Damages

Figure 5.18 shows schematically different types of failure leading to damage of a
laminate.

The main modes of damage, when the loads exceed the critical limits, are illus-
trated in Figure 5.19.
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Figure 5.19 Modes of Damage

One cannot be satisfied with the classical maximum stress criterion

Figure 5.20 shows a unidirectional laminate loaded successively in two different
manners. In the two cases, the maximum normal stress has the same value denoted
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Figure 5.20 Stresses and Fiber Orientation

as 0. In the loading case (@), the unidirectional specimen will rupture when

O > O,

rupture along ¢

This is the maximum stress criterion.

In the loading case (b), the maximum normal stress occurs in a direction that
is different from that of the fibers (one can obtain this by tracing the Mohr’s circle
as discussed previously). We have seen (Section 3.3.2) that the rupture resistance
decreases. It is weaker than the situation of case (a). The unidirectional laminate
therefore ruptures when

o< O-rupmre along ¢

This phenomenon is more evident if the unidirectional laminate is loaded in
a direction transverse to the fibers #. In this case, the laminate rupture resistance
is that of the matrix, which is much less than that of the fibers.

Taking into consideration the evolution of the rupture resistance with the loading
direction, one can not use a simple maximum stress criterion as for the classical
metallic materials.

5.3.2 Most Frequently Used Criterion: Hill-Tsai Failure Criterion’

One can apply this criterion successively to each ply of the laminate, that is for
each one of the orientations 0°, 90°, £45°that have been considered. As has been
discussed in Chapter 3, the axes of a unidirectional ply are denoted as € for the
direction along the fibers, and t for the transverse direction. The stresses are denoted
as o in the fiber direction, o, in the direction transverse to the fibers, and 7, for
the shear stress (see figure below).

One denotes the Hill-Tsai number (see Figure 5.21) the number « such that

B If o < 1: no ply rupture occurs.

B If o> 1: rupture occurs in the ply considered. Generally, this deterioration
is due to the rupture of the resin. The mechanical properties of a broken
ply become almost negligible, except for those along the fiber direction
(modulus of elasticity and rupture resistance)

7 For more detailed study of this criterion, see Chapter 14.
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Figure 5.21 Hill-Tsai Number

5.3.2.1 Notes

Attention: The rupture resistance Oy, does not have the same value in tension
and in compression (see, for example, Section 3.3.3). It is therefore useful to place
in the denominators of the previous Hill-Tsai expression the rupture resistance
values corresponding to the mode of loading (tension or compression) that appear
in the numerator.

B Using this criterion, when one detects the rupture of one of the plies (more
precisely the rupture of the plies along one of the four orientations), this
does not necessarily lead to the rupture of the whole laminate. In most
cases, the degraded laminate continues to resist the applied stress resultants.
In increasing these stress resultants, one can detect which orientation can
produce new rupture. This may—or may not—Ilead to complete rupture
of the laminate. If complete rupture does not occur, one can still increase
the admissible stress resultants.” In this way one can use a multiplication
factor on the initial critical loading to indicate the ratio between the first
ply rupture and the ultimate rupture.

B As a consequence of the previous remark it appears possible to work with
a laminate that is partially degraded. It is up to the designer to consider
the finality of the application, to decide whether the partially degraded
laminate can be used.

One can make a parallel-in a gross way—with the situation of classical metallic
alloys as represented in Figure 5.22.
5.3.2.2 How to Determine o, o, 7, in Each Ply

Consider for example the laminate shown in Figure 5.23, consisting of identical
plies. The following characteristics are known:

¥ See Exercise 18.2.7.
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fracture limit X Lo ultimate strength o1

""""""""""" fracture I racture
first ply
elastic limit fracture‘,_ﬁ
;[r—’/ Lt
‘ metal alloy ’ [ laminated material ]
_L,: plastic :: y | —— degradable domain :ll >
i domain )
reversible domain reversible domain
(no degradation) (no degradation)

Figure 5.22 Comparison of Behavior until Failure Between Metal and Laminated Material

Figure 5.23 Average Stresses

B the mechanical properties of the basic ply
B the proportions (percentages) of plies in each of the directions (0°, 90°,
45°, —45°)

B the global values of the applied stresses, here, for example, o, and 7,,

One considers this case of loading as consisting of the superposition of two simple
loading cases: o, only, and then 7, only. For each of these cases of elementary
loadings, one looks for the stresses oy, 0, 7, in each ply. Manual calculation is
usually too long.” It should be replaced by using a computer. Appendix 1 has
tables for stress values for carbon/epoxy plies with 60% fiber volume fraction.

Subsequently, one finds, always for each ply, the sum of the stresses o, o,
and 7, respectively, due to each of the simple loadings o, and t,,. It is then
possible to calculate the Hill-Tsai number to verify the integrity of each of the
plies. In the Application 18.1.6, there is an example to determine the thickness
of a laminate subject to this type of combined loading.

’ The procedure for this calculation is described in Section 12.1.3.

© 2003 by CRC PressLLC



5.4 SIZING OF THE LAMINATE
5.4.1 Modulus of Elasticity. Deformation of a Laminate

For the varied proportions of plies in the 0°, 90°, £45°, the tables that follow
allow the determination of the deformation of a laminated plate subject to the
applied stresses. For this one uses a stress—strain relation similar to that described
in Section 3.1 for an anisotropic plate, which is repeated below:

v
O £, 1l _wm o o,
E E
Y
"
o, ’
::I g =2 L olf e ¢
@ X Ex Ey
= \ 0 o 1 \
Yy G_ Yy
L Xy_

E,, E,, G, V,, V,, are the modulus of elasticity and Poisson ratios of the lalminzlte,]O
and &, &, ¥, are normal and shear strains in the plane xy.

Example: What are the elastic moduli and thermal expansion coefficients for a
glass/epoxy laminate (V; = 60%) with the following ply configuration?

10%
15%

60% —» (0°)

15%

Answer: Table 5.14 indicates the following values for this laminate:

E, = 33,100 MPa

E, = 17,190 MPa (this value is obtained by permuting the proportions of
0°and 90°)

V= 0.34

V,e = 0.17

Table 5.15) shows G,,=6,980 MPa.
One then obtains the strains &,, €, ¥,,, when the stresses are known, using the
matrix relation mentioned above.

For the coefficient of thermal expansion, Table 5.14 shows: o, = 0.64 X 107
and o, = 1.21 X 10~ by permuting the proportions of 0°and 90°.

' Recall (Sections 3.1 and 3.2) that V/E, = V/E,.
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5.4.2 Case of Simple Loading

The laminate is subjected to only one single stress: o, or o, or 7, Depending
on the percentages of the plies in the four directions, one would like to know
the order of magnitude of the stresses that can cause first ply failure in the laminate.

At what value of 6, denoted as ¢ will this

laminate fail?

xmax®

o At what value of 1, denoted as ty, ...

will this laminate fail?

Tables 5.1 through 5.15 indicate the maximum stresses as well as the elastic charac-
teristics and the coefficients of thermal expansion for the laminates having the
following characteristics:

B Materials include carbon, Kevlar, glass/epoxy with V, = 60% fiber volume
fraction.

® All have identical plies (same unidirectionals, same thickness).

B The laminate is balanced (same number of 45°and —45° plies). The midplane
symmetry is realized.

B The percentages of plies along the 4 directions 0°, 90°, £45°vary in
increments of 10%.

Calculation of the maximum Stresses Oy paux, Oy max, Trymax i8S done based on the Hill-Tsai
failure criterion."
Example of how to use the tables:

10%
10%
00
70% ——»
or
X
10%

Which maximum tensile stress along the 0°direction can be applied to a Kevlar/
epoxy laminate containing 60% fiber volume with the orientation distribution as
shown in the above figure?

Answer: Table 5.6 indicates the maximum stress in the 0°direction (or x). For
the percentages given, one has:

Oy max(tension) = 308 MPa

" See Application 18.2.2.
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Table 5.1 Carbon/Epoxy Laminate: V; = 60%, Ply Thickness =
0.13 mm

percentage
of 90° plies

Uil

rta2
100% - Q 141

t61 t118

909 4 b 108™ c 166 a
t80 t138 t195
80% Jbe 132 c 192\ c273 a
gl

ta7 t157  t215  ta2n

G
70% - ci168 c217 cSOO: c 380 X max
1113 t174 t234 292 1348 t = tension

60% 1 c193 ©240 ¢324 c407 \{487 C=COmprESSiOn

t127  t190 t252 t312 t370  t425

50% 1 c213 _c260 c346 c431 6514\c595

t137 1208 t268 t330 t391 t4ds  t502
a0, 1he226 o275 0364 cast os7 c 621\ 702
Q

t143  t212 t279 1345 t408 t470 t527 t580
30% {pc229 c283 c375 c466 cS555 c643 c728 N c809

t141 t213  t284 t354 t422 t488 t550 t€08 t659

20% c217 c276 c372 c468 c564 c657 cT747 c834™\ c97 percent_age
of 0° plies

t126 t201 275 t349 t422 t 495 t565 t632 tg92 t74

10% {pe185 246 o341 cd38 538 0640 o744 cB846 £939™c1024 %

t123 1223 t324 t426 t529 t633 t7V40 t848 t957 t1059 t1270
0% c125 ©¢182 c265 ©351 438 c530 c627 c733 c851 c990\ ¢ 1130
54

>
T T T T T T T T T T T v
O%wqw% 30% N 40% ™ 650%™ 600%™ _70% 309\90% \] 00‘}\

D o V2 0 W % oo Ve 0. 0 %
——0' o o a a 0@“ -] o o -]
W,
.9,
0.
/%‘0@
G

Maximum stress o, n.x (MPa) as a function of the ply percentages in
the directions 0°, 90°, +45°,—45°.

(More information on modulus and strength of a basic ply: see Section
3.3.3)

Example:

67%
10%
00
13% —>»
or
X
10%

Which maximum compression stress along the 90°direction (or )) can be applied
to a carbon/epoxy laminate containing 60% fiber volume fraction with the orien-
tation distribution as shown in the above figure?
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Table 5.2 Carbon/Epoxy Laminate: V; = 60%, Ply Thickness =

0.13 mm
percentage
of 90° plies
4} t1270
100% -} ¢ 1130
t1059 t741 9 t
a0 |le 990 (c1024
- 0°
tes7 tes2 1659
80% Jlc733 co3s \c917
1848 1632 1608 1580
c733 c B84 c 834
70% ._MOQ . A
t740 565 1550 t527 502 = iansion
60% |lc627 c744  c747 c728 \c702 R IS
€ = compression
t633 495 1488 1470 448 1425
50% JLC530 ©640 ©657 c643 621 \c595
1529 t422 1422 409 1391 370 348
40% |1c438 ©538 564 c555 537 c814 o487
t426 349 1354 1345 1330 1312 1202 271
30% |lc351 438 468 466 451 c431 c407 c380
t324 t275 t284 279 1268 1252 (234 t215 1195
20% |lc285 ¢341 ca72 c875 c3e4 cB846 c324 300 273 percentage
bl
1228 t201 213 t212 t208 t1so t174 tis7 t13s tisg Of O° Plies
10% Jlo182 5246 276 g283 o215 0260 o240 p2i7 o192 giec [
1123 t126  t141 t143 1137 t127 (113 to7 180 61  t42
0% |Lo125 185 c217 c289 o226 o213 o193 0168 0139 0108 \c 14l
I I | 1 | ¥ 1 1 L] I T L
0°/N)N% 30%N\ 40%\_50%\_60%\ 70%\_80%\ 90%\] 00%
-
D, b B 0 BV B V. B V. B %
3 o ) ] ] 3 o ° o E]
o
(5 @,),
AO/.Q
GRS
O

Maximum stress 0,m.x (MPa) as a function of the ply percentages in the
directions 0°, 90°, +45°, —45°.
(More information on modulus and strength of a basic ply: see Section

3.3.3)

Answer: Table 5.2 shows the maximum stresses in the 90° direction. For this

configuration, one has

Oymax = O13/6710/10 = Olos0/1515 + A0 = 744 + Ao

Denoting p° and p™" as the proportions of the plies along the 0°and 90° directions,

one has
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Table 5.3 Carbon/Epoxy Laminate: V; = 60%, Ply Thickness =

0.13 mm
percentage
of 90° plies
100% | 163
90% -
00
80% J
?0%_153 J 3
60% ||188 153 118 kaa
50 1223 188 153 118 ,;;Nsa
40% ||258 223 188 158 118 83 "\63
300, |1298 258 223 188 153 118 83 \g3
20% 327 293 258 223 188 153 118 83 63 percentage
\ of 0° plies
109% |1362 327 203 258 223 188 153 118 83 \@3 %
0% |1897 362 327 gga 258 223 153 118 83
0% 10°/%% 30% 40% 50% aoe\e SWW\QQ\
%o 0& 6’0; e, GOo 6\00 YO} 09 \300 _9_ °
< ° ] ] L]

Maximum stress T,m.c (MPa) as a function of the ply percentages in
the directions 0°, 90°, +45°, —45°,

(More information on modulus and strength of a basic ply: see Section
3.3.3)

One obtains by linear interpolation:
3 7
Ao = (747 —744) x E + (846 —744) X B = 72 MPa

Therefore,

Opmax = 744 + 72 = 816 MPa

Remark: The plates that show the maximum stresses are not usable for the
balanced fabrics. In effect, the compression strength values of a layer of balanced
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Table 5.4 Carbon/Epoxy Laminate: V; = 60%, Ply Thickness =

0.13 mm
percentage
of 90° plies
= Sl
40013
100%4 h_7000
219 108
004 0014
50% 10181 '\ 18738
1.57 0.82 0.52
007 004 0.016
g0, 13179 22902 N\ 5477
o
12 0.66 043 025
01 0076 005\ 002
15842 25855
. 35618, 45215 o x 10°
094 054 035 024 0.17 X
014 011 008 005 \j}.oz
184
G0% h18404 28633 3a51s 48326 57952 Vi
076 0.44 028 018 0.13 0.083 ‘_____—--"-'
018 016 013 010  0.06 0.025
‘—
509% 20466 30844 41076 51143 61022 T0EST EJ(
.
06 0.35 022 014 0093 0006 0036
025 022 019 016 012 0.08 0.03
0% p218E 2651 43178 5IS4s 63720 73699\ 83419
.
05 027 016 0083 0052 0024 0008 -0.006
033 03 027 023 Q.19 0.15 0.1 0.04
22739 33735 44606 55333 65888 76239 85343\ 96146
30% N
038 019 0083 0038 0004 -0017 -003 -0038 -004
044 o4 0.8 0.34 0.3 025 02 013~ 0054
22360 33730 45002 56155 67163 77993 88508 100590 108860
20%+ i percentage
027 0083 0013 -003 -0057 -0072 -008 -0083 —008  —0O7 o i
058 056 053 05 0.46 0.42 0.36 028 021 009 of 0° plies
0% p202IL_B1979 43680 55095 66860 78zu2  BOStz 100590 307 “\ 21641
-
008 -0057 =011 =014 =016 =017 =017 =017 -0.16 -0.15
078 078 077 076 074 0.7 0.68 064 057 0.46 025 -0.12
15055 27152 39240 51315 63373 75407 87405 99345 111185 122830\ 134000
\m\o*\\u\n\ W\W\”\)N%\
i
) %
2] %, %0
= ]
L,
9,
g, oo@@,
DR,
%
& Or

Modulus E, (MPa), Poisson ratio v,, and coefficient of thermal expan-
sion o, as a function of the ply percentages in the directions 0°, 90°,

+45°, —45°,
(More information on modulus and strength of a basic ply: see Section
3.3.3)

fabric are smaller than what is obtained when one superimposes the unidirectional
plies crossed at 0°and 90°in equal quantities in these two directions."

5.4.3 Case of Complex Loading—Approximate Orientation
Distribution of a Laminate

When the normal and tangential loadings are applied simultaneously onto the
laminate, the previous tables are not valid because they were established for the

* Also see remarks in Section 3.4.2.

© 2003 by CRC PressLLC



Table 5.5 Carbon/Epoxy Laminate: V; = 60%, Ply Thickness =
0.13 mm

percentage
of 90° plies

(I

“
100% 4 4200

0% J[7228 \ 4200

80%
70% A

B60% -
19343 16315 13286 10257 7228 4200
50%

22372 19343 16315 13286 10257 7228 4200

40%

25401 22372 19343 16315 13286 10257 7228 4200
30%

ou, |[28430 25401 22072 19343 16315 13286 10257 ét\ 4200 percentage
o

\\ of 0° plies
4 7. 1 1 7
10% J 31458 28430 25401 22372 19343 16315 13286 10257 722 4200 %

0% 34487 31458 28430 25401 22372 18343 16315 13286 10257 7 4209
-y - b3

T T T T T T T T T T ™ "
0% N 10% \ 20% \30%\ 40% SON% 70%\ 80% QONO%

2 % % 9% % % B B B 2 %
% 2 2 2 2 2 : 2 : 5
)
RS
o />/
0%,
CRC
Or

Shear modulus G,, (MPa) as a function of the ply percentages in the
directions 0°, 90°, +45°, —45°.

(More information on modulus and strength of a basic ply: see Section
3.3.3)

cases of simple stress states. However, one can still use them to effectively obtain
a first estimate of the proportions of plies along the four orientations."

The principle is as follows: Consider the case of complex loading and replacing
the stresses with the stress resultants N,, N,, T,, which were defined in Section
5.2.4. In general these stress resultants constitute the initial numerical data that
are given by some previous studies. One then can assume that each one of the
three stress resultants is associated with an appropriate orientation of the plies

following the remarks made in Section 5.2.2.

" Attention: What follows is for the determination of proportions, and not thicknesses.
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Table 5.6

Kevlar/Epoxy Laminate: V; = 60%, Ply Thickness =

0.13 mm
percentage
of 90° plies
o128
100% b € 141
t37 t 68
90% c 49 c 44 a
t46 77 _ 1108
800 J1e82 o5\ e71 a
s 4
t54  t86  t118 t148
c75 c 56 CT7 ~c97
70% {p——o——o—— O ae
t61 t 94 t127 t158 t188 t = tension
c 87 cB1 cB82 c¢103 .c124 .
60% A \a\ C = compression
t66 t101 1134 t167 t199 t2za
509 c100 cé6€5 cB87 c108 0129\5:150
¢
t69  t104 t139 t173 t207 t239 t269
o Jjc 111 cB8 c91 c¢113 c¢134 c 156 \c 176
40% a
t67  t103 t139 t175 t211 1246 t280 1310
c121 ¢©70 c93 c116 c138 c160 c¢182°c203
30% 1
t60  t95 1131 1168 t206 244 t282 1319 351
¢127 ¢68 92 c116 c140 C163 182 G207 \c229 percentage
20% A of 0° plies
t47 t7e t112 t147 t184 t223 t 265 t 308 t353 tase
10% c122 cé62 cB87 ¢112 c137 c¢161 c¢c188 ¢210 c233\c255
- o
ta7 Lt 176 1264 t353 t442 t529 t613 t691 t757 t793 t1410
cB6 €49 c73 c¢73 c123 c148 c174 c200 c227 c254 . c280
Oofo' ‘)
I 1 1 | 1 1 I I 1 | | LJ
0%\)% 20"&30% 40% ™~ _50% 60“N% 80% \ 90% “J00%
7 3 W 7
%, P b O B B % B o 0 %
,a— o o o C] o o o o
L,
)
o,
LR
0%,
% O
s@@
Or

Maximum stress Oy, (MPa) as a function of the ply percentages in the
directions 0°, 90°, +45°,—45°.

(More information on modulus and strength of a basic ply: see Section
3.3.3)

Using this hypothesis, N,, assumed to be supported by the 0°plies (or along
x), requires a thickness e, for these plies such that:

— Nx

€y

O¢ ru pture

where 0 e 1S the rupture stress of a unidirectional ply in the long direction. In
the same manner, N, is supposed to be supported by the 90°plies (or along ),

and requires a thickness for these plies of

N

Oy rupture

€y
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Table 5.7 Kevlar/Epoxy Laminate: V; = 60%, Ply Thickness =

0.13 mm
percentage
of 90° plies
4™ 11410
100% 4 b c 280
1793 1age
0% J c254 N c285
1757 1353 1351
80% o227 c 233 > c 228
1esl ! gog t319 310 a a
c200 c2l ¢ 207 \ c202
70% 4 Oy max
1613 1265 1282 1280 1 269 t = tension
P | CALCRL c185 182 N\ 150
4 :
N ¢ = compression
1528 1223 1244t 246 t 239 1222
50% c148 ¢ 161 c163 c 160 c 156 \C 150
1442 1184 1206 1211 1207 1199 1148
40% c 123 c 137 cl14) ¢ 138 c 134 c 129 c 124
6 4
1353 1147 1168 1175 1173 L 167 1158t 148
30% c 28 c 112 ci116 c116 c 113 c 108 c 103 c 97
1264t 112 1131 138 1138 1136 1127 1118 t 108
20% 4LS 73 c 87 c 82 c@ c 91 c 87 c 8 c 77 \c 7 percoemgge
of 0° plies
1176 179 195 1103 1104 1101 194 186 177 168 %
10% c 49 c 62 c 68 c 70 c 70 c 65 c 61 c 56 c 51 \cdd
o o
187 1 47 B0t BTt B8 1 86 161 t 54 146 t a7 t 28
0% c 86 c 122 c127 ci2t c 111 c 100 c 87 c75 c 62 49 c 141)‘
5 b = ¥ o o o o o
] T T T T T T T 1 T T "
0% 10% 20% N\ 30% 40% 50% 60% T0% B80% 90% N\ 100%
B, L B Ve e W e B 0. B %
e £ £ g % < 3 ® % g
'OG,
b4 0%0
,04.4‘5:9
G@ @
O

Maximum stress 0, (MPa) as a function of the ply percentages in the
directions 0°, 90°, +45°, —45°.

(More information on modulus and strength of a basic ply: see Section
3.3.3)

Finally, T, is assumed to be supported by the +45° plies and requires a thickness

for these plies of

ey

T,

Tt

[

upture

where T, is the maximum stress that a +45°laminate can support.
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Table 5.8 Kevlar/Epoxy Laminate: V; = 60%, Ply Thickness =
0.13 mm

perc entag e
of 90 plies

90% A
80% A

70% A

60% -
71 60 48 36 has
50% A
88 71 60 48 36 k«as
40% 4 o \
e a3 71 60 48 36 24 45
ercentage
107 95 83 71 60 48 36 24 45 P .
20% - of 0° plies
oo Jl119 107 95 83 71 60 48 36 24 45 %
o 7 <
31 11e 10 83 48 3 24 \45
0% - = —
0%\%\)NN% SONON% 30% 90% ] 00%
& ) = e 7 Os
00 2 % b % b 0 o %
0,
)
& ?%
8%
Or

Maximum stress 7,, m.x (MPa) as a function of the ply percentages in
the directions 0°, 90°, +45°, —45°,

(More information on modulus and strength of a basic ply: see Section
3.3.3)

One then can retain for the complete laminate the proportions indicated below.

s
(e,+ e+ exy} &,
2(e, + eey+ ew)
X [
>x (0°)
(e, + e+ exy)
ey

2(e, + e,+ exy)
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Table 5.9 Kevlar/Epoxy Laminate: V; = 60%, Ply Thickness =

0.13 mm
percentage
of 90° plies
58
o022
100% { f 5600
4.04 1.98
0.05 . 0.025
T480 13800
90%
apz 158 0e8
008 005\ 003
220 15480 1590
80% A
235 128 08 0.53
o1 0.02 0.06 0.03
Fou 10800 17170 23430 o0 5
"1 iss 104 064 041 Oy X 10
016 013 0.10 0.07 0.035
12180 18580 25100 31400 N\ 37580
0% o) v
152 083 05 03 0.18 0003 o X
021 018 0.15 0.12 0.08 0.04 E
13270 19950 26530 33000 35350 AB5T0 —
50% X
123 085 0.37 0.2 0.083 0.002 -0.03
028 025 021 0.18 0.14 0.098 0.05
40% 1 13870 20800 27630 34300 40870 47290 550
1 0.48 0.23 0.003 Q002 -0.058 -0.098 -0.012
036 033 0.30 0.26 022 0.17 a2 0.084
20% - 14150 21250 28260 35200 42000 48670 55200 51530
077 03 0082 0028 0.1 -0.15 -0.18 -0.18 0.2
047 044 0.4 0.37 0.33 0.28 0.23 0.16 0.088
0% 13500 20200 28200 35400 42500 489500 56350 63000 500 percentage
*1loss ooes 008 018 024 027 028 a3 -ove -o27 of 0°plies
062 059 057 0.37 0.50 0.45 0.40 033 025 0.14
11670 19300 26900 35400 415900 48300 58600 BATE0 70700 J7400
10% 1 ——|
0083 027 039 -044 D47 049 048 049 048 045 04
0.84 083 081 078 [ Q.75 0.72 0.67 0.60 0.50 0.34
7720 15600 23440 31300 39100 46800 54700 62400 7000 TIT00 000 o
2

1 | T T L
T0% B0% N 90% 100‘3\

%e Qjau ’oa_ 0%

i3 3 g
a o C]

Longitudinal modulus E, (MPa), Poisson ratio v,, and coefficient of
thermal expansion a, as a function of the ply percentages in the
directions 0°, 90°, +45°, —45°.

(More information on modulus and strength of a basic ply: see Section
3.3.3)

Example: Determine the composition of a laminate made up of unidirectional
plies of carbon/epoxy (V,; = 60%) to support the stress resultants N, = —800 N/mm,
N, = =900 N/mm, 7,, = =300 N/mm. The compression strength Oy e is 1,130
MPa (see Section 3.3.3, or Table 5.1 for 100% of 0° plies). Then:

890 _ 071 mm; e, = 220

e"=1130_ y=—1150=0.8mm
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Table 5.10 Kevlar/Epoxy Laminate: V; = 60%, Ply Thickness =
0.13 mm

percentage
of 90 plies

80% 7
80% A

70% A

60% - o
11980 10005 8030 6050 @21@
50% A

40% - 13800 11980 10005 8030 6050 4080 ™ 2100

30% 15835 13800 11980 10005 8030 6050 Amm
o o

17910 15935 13900 11980 10005 8030 6050 4080 2100 percentage
20% of 0° plies
109, |98 17910 15635 13900 11980 10005 8030 6050 4080\ 2100 =
o <
oo L2180 17910 15035 13300 11980 10005 8030 6050 4080
o

G%Ne,\JNN% soNeN% 80 goeNo%

@, *"ou D Oy

..- ©
o

Shear modulus G,, (MPa) as a function of the ply percentages in the
directions 0°, 90°, +45°, —45°.

(More information on modulus and strength of a basic ply: see Section
3.3.3)

The optimum shear strength 7. is given in Table 5.3 for 100% +45°, then:
Trupture = 397 MPa

from which:
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Table 5.11 Glass/Epoxy Laminate: V; = 60%, Ply Thickness =

0.13 mm
percentage
of 90° plies
ot 35
100% ki‘“
t 3 1 45
e0% 1 ¢ 128+, c 156 @ < @
0°
t 3@ t 47 1t 54 Q @
c 134 c 162, c 180
80% {pb———o——x
1]
e 1 [ c 195, ¢
70% :
B t = tension
to43 t B 1 688 t 67 1 75 .
c 143 c 71 _c 200 c 228 . c 257 € = compression
60%
t 45 t 53 t 61 t 88 t 77 t 85
50% c 145 c 174 ©203 c232 ¢ 261 c 280
1 4 1 S5 1 &4 t 72 t 80 t 88 1 85
c146 c 175 c204 c234 ¢263 c283. c 32
40% o o
48 t 67 1 66 t T4 1 82 t S0 t 828 t 106
c 144 c 174 ©c203 c233 c263 283 328~ c 354
30% S
t 48 t 58 t 67 t 76 1 8 t 83 t 1M 1108t 116
percentage
c 140 ci70 c200 c230 c 260 c290 c¢321 c 352 c 384 o li
20% 2 of 0° plies
1 48 1 S8 1 88 t 77 1t 8 1t 9 1104 1112 1120 1t 128
e 133 c 162 c 192 ¢c222 ¢262 283 c314 c 346 c 378 % 6 411 %
10%
toB4 1114 1134t 152 1 170t 186 L 201 1 214 t 226 t 235 11250
0% c 122 c150 c178 c2089 ¢239 c260 c300 ¢332 c365 c 399 c 600

)
! 1 I v
o%\m% \N% 60% mNaNo% 100%
%a

Y :

Maximum stress o, m. (MPa) as a function of the ply percentages in
the directions 0°, 90°, +45°, —45°.
(More information on modulus and strength of a basic ply: see Section
3.3.3)
One obtains for the proportions at

0°: —— =103

90°: —t—— = (.34

r450. — %0 _ 036
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Table 5.12 Glass/Epoxy Laminate: V; = 60%, Ply Thickness =
0.13 mm

percentage
of 90°plies

(I

4™t 1250
100% H}.c 600

t235 t128

90% ¢ 389 ~ o4l

1226 t120 116

80% c332 ¢378% c384

t214  t112 1109 t106
he§ c
70% 41 332  c346  c 352N\ 354

oyma.x
1201 1104 1101 t98 195 . ;
60% 300314 c321 ©323\c322 t = tension
\ €= compression

t186 196 193  teo tsea 185
c269 ©283 c290 c293 c283N\ c290

50% A

t170 187 185 taz t80 t77 t75
409 Jle289 252 260 263 263 ©261°\ ¢257

t152 177 t76  t74 t72 tes te7
c208 c222 ©230 c233 ¢234 c232 0223\(:223

30%
t134 te8 t&7 tE6 ted tel te9 157 154 percentage

20% c179 ¢192 ¢200 c203 c204 c202 c¢200 c195% ¢ 190 of 0° plieS
t114 th8 158 t&7 tE5 tE3 181 149 t47 145 %
c150 c¢162 ¢170 c¢174 ¢175 c¢174 c¢i71 c167 c162\c156

10% A
tod 148 148 148 148 145 143 I-d.‘l 139 137 135

% c122 133 c140 ci44 c146 c145 ¢ 143 c 134 c128~ c14l
c =}
w\ua\ \NNGNGNN%\ \N
d\oo
/ ’o o 'o ’o '0 k3 o

Maximum stress 6, ., (MPa) as a function of the ply percentages in
the directions 0°, 90°, +45°, —45°.

(More information on modulus and strength of a basic ply: see Section
3.3.3)

One can then retain for the composition of the laminate the following approximate
values:

30%
20%

30% — x (0°)
20%

Remark: The thicknesses e,, e, e,, evaluated above only serve to determine the
proportions. After that, they should not be kept. In effect each orientation really
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Table 5.13 Glass/Epoxy Laminate: V; = 60%, Ply Thickness =

0.13 mm
percentage
of 90° plies
100% 1 p. B3
90%
00
B80%
70%
60%
509 E7 &0 54 47 41 \63
73 &7 BO 54 a7 41 83
40% A
300 79 73 E7 80 54 47 41 \{3
88 78 73 87 80 54 47 41 [+ pem?nt.age
20% o of 0° plies
10% g2 B8 ¥ 73 &7 &0 54 47 41 \.'QS %
=2 o2 86 g 73 T8 &0 &4 a7 41 63
L T T T T T T T T T >

0% 10% 20% N 30% N 40% 50% 60% TO% N B0%  90% “\ 100%

W% % B Y %R Y B RN

Maximum stress 7,, m.x (MPa) as a function of the ply percentages in
the directions 0°, 90°, +45°, —45°,

(More information on modulus and strength of a basic ply: see Section
3.3.3)

supports a part of each stress resultant. For example, the 0°plies cover the major
part of stress resultant IV,, but they also support a part of stress resultant N, and a
part of stress resultant 7. This then results in a more unfavorable situation for each
orientation as compared with what has been assumed previously. The minimum
necessary thickness of the laminate will in fact be larger than the previous result
(e; + e, + e,,), which therefore appears to be dangerously optimistic. The practical
determination of the minimum thickness of the laminate is determined based on the
Hill-Tsai failure criterion, as indicated at the end of Section 5.3.2, and explained in
details in Application 18.1.6. Also, with the same stress resultants and proportions as
in the previous example, one finds a minimum thickness of 2.64 mm (see Application
18.1.6, in Chapter 18), whereas the previous sum (e, + e, + e,) gives a thickness of
2.37 mm, 10% lower than the required minimum thickness (2.64 mm).
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Table 5.14 Glass/Epoxy Laminate: V; = 60%, Ply Thickness =

0.13 mm
percentage
of 90° plies
15
4008
100% 12000
167 148
0.10, 0.09
90% . 12680, 15360
1,67 1.38 122
0.13 o1 0.09
16030 "\ 15360
0% 4 p123%0
147 129 116 1.06

0.18 0.14 012 0.0
13000 16650 19370 22080
7om P e S0
1.7 1.21 14 1.01 0.04
0.19 017 0.15 0.13 0.1
14400 17180 19960 22680 “25400
60% - % o, x 108

129 1.14 1.04 088 09 0.85
023 02 019 017 0.15 0.13
23250 26030

4 4 1
50% 14800 17640 20460 28710 "xy
121 107 098 081 08 081 078 /
028 026 024 022 018 017N 014 &
1soso 17970 20850 23700 26510 20300 32080 —— X
40% 5
IRE] 082 08 0803 077 074 07
033 031 029 027 026 022 018N 0.16
09, || 15200 18160 21100 20010 26900 29750 32670 35360
b &
105 083 08 078 075 072 089 067, 066
040 038 035 033 031 028 026 025N 019 r
poo | p 1514018180 21170 24150 27110 30040 32940 35810 ™ 38630 pe,; g?ntigge
0gs 085 078 073 068 066 064 062 061 08 g ples
047 045 043 041 039 036 034 030 027 ™\ 023 %
1on || 14810 17206 20800 24080 27090 30100 33100 36050 38980 “\iseo
085 076 088 085 062 052 058 05 050 O 03 0585
057 055 054 052 042 047 044 041 038 034
oo |L14130 17300 20460 23600 26730 29850 32040 36000 39040 42040 45000

Py,
T T T T T 1 T T 1 T T ¥
O%Y)% 20%&% 40% 50% 60% TON% 90% 100%
7 P [ o 7~ Q}
% o e . % B oy By By o %

2 A,

Longitudinal modulus E, (MPa), Poisson ratio v,,, and coefficient of
thermal expansion «, as a function of the ply percentages in the
directions 0°, 90°, +45°, —45°.

(More information on modulus and strength of a basic ply: see Section
3.3.3)

5.4.4 Case of Complex Loading: Optimum Composition of a Laminate

Estimation of the proportions in the previous paragraph does not lead to an optimum
laminate in general. An optimum laminate is the one with the smallest thickness
among all laminates of different compositions that can support the given combined
stress resultants N,, N,, T,,.

Tables 5.15 through 5.19, based on Hill-Tsai criterion, give the optimum
compositions of laminates based on unidirectionals of carbon/epoxy for the various

" See Section 5.3.2.
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Table 5.15 Glass/Epoxy Laminates. V; = 60%. Ply Thickness =
0.13 mm

percentage
of 90° plies

£

100% { 5%

90% .

80%

?0%»—0—0—\(\

7800 E280 8150 5320 4500

60% N
8630 7800 B980 6150 5320 4500
50% ™,
9480 B&30 7800 6980 8150 5320 4500
40% o \:\
10280 9450 BE30 TRO0 6980 B150 5320 ~_ 4500
30%
11100 10280 9450 8630 7800 6980 6150 5320 . 4500 percent.age
20% L of 0° plies
11830 11100 10280 9450 8530 7800 6980 8180 5320 4500 %
10%
12780 115 10280 8630 TBOD 8980 6150 5320
0%
0% \_ 10%

"%,

]

30 11110
20% SONN% 60% ?Cl’N‘N’NO%
AL,

Shear modulus G,, as a function of percentages of plies in directions
0°, 90°, +45°, ~45°.

(More information on modulus and strength of a basic ply, see Section
3.3.3).

stress resultants N,, N,, 7,,. The indicated compositions correspond to laminates

that are capable of supporting the specified stress resultants and at the same time

keeping a minimum thickness. One can see this number, in millimeters, within the

circles, when the arithmetic sum of the stress resultants is equal to 100 N/mm.
Also represented in the tables are

B The direction along which the first ply failure will occur.

B The multiplication factor for the stress resultants in order to go from first
ply failure to ultimate fracture of the laminate.

B The two compositions that are closest to the optimum composition, obtained
by varying the indicated composition along the direction of the arrows.
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First, the arrows in increasing solid line or decreasing solid line denote
the increase or decrease of 5% in terms of the proportions marked. Next,
the arrows in increasing broken line or decreasing broken line denote the
increase or decrease of 5% in terms of the proportions marked.

Example: Given the stress resultants:
N, = 720 N/mm; N, = 0; T, = 80 N/mm

one can then deduce values of the reduced stress resultants:

N, =720/(720+80)=0.9; N,=0; T = 80/(720+80) = 0.1

One then uses Table 5.16 (all stress resultants are positive), where one can obtain
for these values of reduced stress resultants the following figure:

This can be interpreted as follows:

B Optimal composition of the laminate
B 70% of 0°plies (along x direction)
B 10% of 90° plies
B 10% of plies in 45°, 10% of plies in —45°
B Critical thickness of the laminate: 0.156 mm when the arithmetic sum of
the 3 stress resultants is equal to 100 N/mm. For this thickness, the first
ply failure occurs in the 90° plies. However, one can continue to load this
laminate until it reaches 1.33 times the critical load, as:
N, = 1.33 x 720 = 957 N/mmy; N,

Y

=0
T, = 1.33 x 80 = 106 N/mm

At this point, there is complete rupture of the laminate.
Returning to our example, the arithmetic sum of the stress resultants is equal
to 720 + 80 = 800 N/mm. Then, the thickness of the laminate has to be more than:

8 x 0.156 = 1.25 mm

Neighboring compositions: The second smallest thickness in the vicinity is
obtained by modifying the indicated composition in the direction specified by the
arrows in solid line, as

A+0

¢ = &
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Table 5.16 Optimum Composition of a Carbon/Epoxy Laminate
stress resultant ﬁy ﬁ.
“‘a.o.' _?‘“I N},
" Ixﬁ@ -
: "
0.8 — 9""
1.38
‘F
ciw o 15 o '12_5_ D stress resultant;
27 = Ny [N + [Ny [T

126 17513a 15112 25 ~

. 25_ 9225 @ J/ = N/ NG|+ [Ny |+ [T |
’ 2 1.0

T = TN [N +[Ts)

. 3 -4 uf‘ _ ultimate strength
06 ¥ (e} ulimate strength
22 ER 23 1263 11 1 \ " first ply strength

- /325 325 _,5 325— 3?5 5 p)
0.5 — A ‘i ,
1.24 3251 29 3251 35 2251 29 35 1.1 a7s 1 (s p)
Qﬁvs 375 4* 3?5 ().
04 1-—‘ @
1.22 3751 754 34 3751 a6 4 1.28 112 a7s ‘

minimum
0.8 — ‘@dv—ds@ 95 1-4t “*‘ @ < lhlckness (mm) for:

N, X
—_—

(©°)

flrst ply failure

percentage of
plies in4
directions

.25 4 13 4142 136 4129 35?1 |N|+|Nyl+|
1
e ,4 3?5 4] <25 =100 N/mm
4
02 @ q:/@ 32
135 4133 4140 137 118 37513 325131 125
l‘
45, 4 a5, 45, 3?5 3254 15
01 & < @ ‘t / (X @w
142 ‘4142 4133 4130 4 127 4475130 32512 "225¢ a4 15138
7
45 4 45 4 4 45 3?5 45 25 45 ?590 1 90
0.8 @’ ‘;@ “f 4‘ @6 SIS
1.48 1.42 4135 4 125 4122 751,24 251 25126 175133 1 1.4
E J
N N NT N N \ | \ | | | I
0. 0.1 0.2\ 0.3\ 0.‘4\ 05 \ 0.8 0 9 1.
P 9 qd,/» R 9 04 o, stress resultant N,
s

V;=0.6, 10% minimum in each direction of 0°, 90°, +45°, —45°. (Ply characteristics:
see Appendix 1 or Section 3.3.3).

One then obtains (not shown on the plate) a thickness of 0.160 mm (increase of
2.5% relative to the previous value) and a multiplication factor for the loading
equal to 1.35.

Continuing in the direction of increasing thickness, the third smallest thickness
in the immediate vicinity is obtained by modifying the indicated composition in
the direction specified by the arrows in broken line, as:

.1+0.05 / .15

.65
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Table 5.17 Optimum Composition of a Carbon/Epoxy Laminate

T
[

stress resultant K"y

=

be
(CHe
1, — P
1471

. .. Nx Nx X
A '\I 00_?\3 . —_—
| 2%-1-’- o (0°)
0@ 1.32~"1 1=1| N

a5 e 175 0Lt , o stress resultant:
0.8 LY
1.26 ATE A0

N/ [Ny + [N +(T|
Ny [Nx|+ [Ny | + [T |
X)"Xlel-'—l )"|+| X]f’

v

0.7 —

g E
Gr
<%
—‘.‘I
B
),
T
o
N
[6;
2Ly
N\,
\
=
I

Wn

TX}’

'ghl B,
N\

ultimate strength
first ply strength

b
[~
s 1
5
[ o
o
Bae
= -
&—~2
Py .
.-LK
1

oo | :?L___ 4 '_,

N
¥

N
B\
p’\
3N =

‘u

o
. & s ¥ first ply failure
-4 325743 45, A 225 0% g o, oAl
os | 3 1_..;_.@ 5‘\ of, @35‘
124 51183 1194225118115 1301 1551 e percentage of
. Vv / i— Ve -~ . .
A 4. aé, . ' AN o plies in 4
—a5 A 37545 325 CALS L o dpons 00 ALTS oAt | ol s
1.22 }75] 2 32511 3 119 51.18 ‘.15 1.26 A 1.5 /l @
P - - - - ~ ! K -
> A : minimum
a5 4 45'13\.375 45435 0o 33 g 2o, 0, 5 5, 0 B, 0y, .
0.3 — @;—. = s @ 15% 2 _35. @ 1 @ &  thickness (mm) for:
' 1,254 120137511735 1.1 119 5 1.2 135 1
74120, {5 p 225118 é‘.-“ ; 25. : g.. |NX|+|Ny|+|TX},|
g 450 375 45a %5 a5 D3 45i 225 45,4 15 03 1 L0 F‘H =100 N/mm
0.2 — | - _1-- iy @ 155 (194 2o S @45@ 5; @.5<
1.35 4125 4 1.20 JATE1AE 35 118 3 119 22511 N A5 1.2 1181 A
- o C C K .
- a ~ 3 s o - {
- - A% I A
a5k 4,4 s 4 ) _4,45‘—;375 453735 45 (.3 a5, '1—-.22§d 2475 0l ol s
0.1 — @ T M 3 M i15* 21 (18gp3:> 4 5 65N @ .5{
- ~ b3 ~
14274 13774 1.26"4 121 7514735 1.18~"3 11e~"225y ;71751 161 118~
e e
. s Sl

-
- 1‘_.
PEEITS .25/ asd 17501
3te 4 .55. o ?\‘
31 25 A A

=]

L

1
5
O
)
T
o
_‘-h
Y
E
Gr
-
4 h
@
I
™
vl
3
TPy s
OgH
X
‘L
Ogh

BT

1.46 4 148 4 1.4 4128 25 3751.2 122 251.22 751 2 2m
| | NN NN N |
0 04 0 { 0.3 0.4 0 { 0{ 0{ 0.8 0 g -1
7 %y 2 % 9, o, o, stress resultant N,
s
)

V; = 0.6, 10% minimum in each direction of 0°, 90°, +45°, —45°. (Ply characteristics:
see Appendix 1 or Section 3.3.3).

One then obtains a thickness (not shown on the plate) of 0.165 mm (increase of
6%) and a multiplication factor of 1.3 for the load.
Example: Given the stress resultants

N, = 600 N/mm; N, = =300 N/mm; 7,, = 100 N/mm
The corresponding reduced stress resultants are
Ny = .6; Ny=—=3; T, = 0.1 N/mm

One obtains from Table 5.18:
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Table 5.18 Optimum Composition of a Carbon/Epoxy Laminate

stress resultant K‘y

P __‘,\“
(O
I
2.m 1
N N.!I' X
iy —_—
1 » 90,
oo | T “5 ©)
124 1 16‘ n|

< R =
4‘:?» @1 ., ﬁ Stress resultant:
157m -
08— 122 ‘75 1.16 “1 1a| 1 Nx:Nx,lex! +|Nx| +|Txy|
a5, ‘25.«90 l?;.« 1 .'—Vy=Nya"|Nx| +|Ny| +[Txy
0 12225 1 :? ?5 1 21&, 52‘1 &

T,q,= T/ |N,(| +|N,,| +|T,q,|

i ‘3 s ”5 "5 ‘;\r‘”“ _ ultimate strength
e—n. 22 i3 1. 1? 225 1. 1 15 1 25 ~ first ply strength first ply failure

.45‘55 pe 225
05 — ‘- 350 ‘
08 121 351, 15 3 19 2251 18 155\?25 11 148 “5‘ pe_'rce_ntage of
pliesin 4
-45 3?5 5 35 QD 2 15 90 1 . directions
-0.4 — 1)3«
125 3751?6 <5 11s a 119 225113 15\ 1 Hs

minimum
_.,5 4 ,45 3?5, .. 5,9 15 ¥ 9u o] -9n thickness (mm) for:
-0.3 — m 54— -15» ‘i
4 3!5116 35na 3 119 2?5115 15 129 |Nx|+|Ny|+|T

.45.: @4 3?5, 4@35, 90 3 ‘225, “1‘5: N, = 100 N/mm
=0.2 — 65
A\
141 4 120 3?511 35119 3 ‘17 25121 15 1 1 147 .1
o /

-~ -

R

4 4 3 45 8 22 15 %0 1 A,

-0.1 — 1..* 65\\ @..
413? 4125 4 120 ?5121 21‘ 121 25121 e 1 14 1

-~
‘t

.1
° 45 ‘ ‘ @ . m’ ‘ .‘ K¢
—1]
* LY
1.46 Hl? 4 135 1.25 4 122 3?5124 3 122 2512? i" 14??\

i . ﬁ A
I S I e T T T [ I L
0 0.1 02 03 04 05 06 07 08 09 1
N » N % N 2, N o, N o N o, \c_a stress resultant N,
2 =
s

V; = 0.6, 10% minimum in each direction of 0°, 90°, +45°, —45°. (Ply characteristics: see
Appendix 1 or Section 3.3.3).

one can extract the following:
25%

® optimal composition of 10%

the laminate:

55%

10%
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Table 5.19 Optimum Composition of a Carbon/Epoxy Laminate

stress resultant Ny, N,
< N

20 1 ~
-l 1!.. TR Ty

2m
b Q : i Nx X
20, —_—

0.8 —| @‘4 “!’ R 34 (0)

1.24 KRR

F
‘1,- @ ﬁ stress resultant:
) 17 1

08 122 175159 1 ‘1 Nx=Nx/|Nx|+|Nx| +]Txy|

. N Ng i
i —45‘25 % = 4‘ °“25' Ny=Ny/[Nof + [Ny| + [Ty
1 22 '25 1.47 2251 ? 125 =
Txy= xy/|Ny| + |Ny| * |TXY|
_45 2?5 4@475 -45 zrs go _ ultimate strength

N oe;1 s r= ———ou—o—
122 A uz 2?4, 76 2?51 ss 2f5 \ first ply strength

frst ply failure

‘35 —45 325 45 cq 4 35 45‘%5 EPl
e @
1 21 35 1 30 3051 TinAz28 1 33 3¢. 1 Sr 375 1 pgrce_ntage of
pliesin 4
1 s
-45@3‘:5 —a5 3r5-45 3?54‘?5-4 ‘3,5 0‘ directions
04 — 1 - |c--
1.25 375138 3?51 53 37521 3r5 2 3?5 1 S\
s minimum
45 At 45 4 a5 A -l 5,375 45, ay 275¢ 0 125 thickness (mm) for:
03— ‘ ‘ " @ 0 @ o
130 4 I-i2 4 159 4 211 4215 3?5;33 {35 1,558 A275% | A2 |NX|+|Ny|+|Txy|
t— ‘

CJ
& &~ i~ =
a5 4 4 375 45 uy 325 2;5,45 2 4 u 1 % =100 N/mm
(MO PO AT @z G
141 4 |=.2 4155 160Ad 1605 Aa78) 72 25y 7

-

Y
\

-45 '_..‘ -45 1 4 -45 : 45, ‘_...1 —a5 . 37545 A :‘*?255,--45 i zr’s’-ﬁ 223',0 I T ) .
o o = oI C O 4040 @sr O
146 ‘4 151 _,:_d 1.52%—Ag 142 Aa 136 A.sm 328N 43 2?%\ 225“\“‘ 157, oAt »
.;’ 1 .f. i i 1{' 1(' 4’ _14 11" A
A5 A4 A5 A4 A4S A4 45 A4 45 A G375 A5 A 35 45 45 A 25 - 175 0a 1 | 0 ALl
o 1 G XD '/. DA 2/. 3/. (e} 52, (2% ?\;.
146 4 146 4 14 4 129 4 125 a7y 2 \as 1.22 3121 25% o 1?5\ 24 1 201 1 ')
I
T ~T N1 T ~T T N1 | T 7
Q -0.1 -0.2 -0.3 -0.4 0.5 -0.6 -0.7 -0.8 ~-0.9 -1.
’ 2, qer» o, %, @ o,  stress resultant Nx
By

V; = 0.6, 10% minimum in each direction of 0°, 90°, +45°, —45°. (Ply characteristics: see
Appendix 1 or Section 3.3.3).

where

B Critical thickness is 10 X 0.152 = 1.52 mm
B These are the 90° plies that fail first.
B Complete rupture of the laminate occurs when:

N, = 1.29 x 600 = 774 N/mm
N, = 1.29 x =300 = —387 N/mm
= 1.29 x 100 = 129 N/mm
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B The closest critical thicknesses (in increasing order) are obtained with the
following successive compositions:

30%

20%
o,
10% _—
o then
50% 60%
10% 10%

Remarks: A few loading cases can lead to several distinct optimum compositions,
but with identical thicknesses. For example the reduced stress resultants:

Ne=N,=05; Ty =0

This is a case of isotropic loading, the Mohr circle is reduced to one point (see
figure below).

Go
N =N
B T & i
— — Tp G
allle © ZJE
g M L
%
Table 5.16 indicates
p
(5-p)
meaning that all values of p less than or
P equal to 0.5 apply, for example:
A
(5-p)
10% 259/, 40%
40% 25% 10%
10% or 25% or 40%
40% 25% 10%

One obtains in this case a unique critical thickness of 0.161 mm (corresponding
to a sum N, + N, = 100 N/mm) independent of the proportion p.” The isotropic
composition (25%, 25%, 25%, 25%) in the directions 0°, 90°, +45°, —45°, which
appears intuitive, can in fact be replaced by compositions that present the values
of modulus of elasticity that are varied and adaptable to the designer in the
directions 0°, 90° 45°, or —4S°,16 or even o, o + /2 with a certain c.

" See Section 18.2.8.
1 See Section 5.4.2, Table 5.4.
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In some loading cases, one finds from the table only arrows in a solid line.
For example, for the following reduced stress resultants:

Nie=03  N,=0; Ty =07

one finds from Table 5.16 the following figure:

—_— -

A

-45 't //

1.25 4

The three neighboring optimum compositions in increasing order are

10% 10% 10%
40% 37.5% 35%
10% then 15% then 20%
40% 37.5% 359%

(The thicknesses of 0.255 mm and 0.262 mm are not indicated on the plate). The
third composition, characterized by an increase in thickness of 0.252 to 0.262 mm,
or 6%, leads to an increase in modulus of elasticity in the x (0°) by 36% (see
Section 5.4.2, Table 5.4).

One can note finally that for the majority of cases, the optimum compositions
indicated in Tables 5.16 to 5.19 are not easy to postulate using intuition.”

5.4.5

Practical Remarks: Particularities of the Behavior of Laminates

The fabrics are able to cover the left surfaces”® due to pushing action in
warp and fill directions.

The radii of the mold must not be too small. This concerns particularly
the inner radius R, as shown in Figure 5.24. The graph gives an idea for
the minimum value required for the inner and outer radii.

The thickness of a polymerized ply is not more than 0.8 to 0.85 times
that of a ply before polymerization. This value of the final thickness must
also take into account a margin of uncertainty on the order of 15%.
When one unidirectional sheet does not cover the whole surface required
to constitute a ply, it is necessary to take precautions when cutting the
different pieces of the sheet. A few examples of wrapping are given in
Figure 5.25.

The unidirectional sheets do not fit well into sharp corners in the fiber
direction. The schematic in Figure 5.26 shows the dispositions to accom-
modate sudden changes in draping directions.

" See Exercise 18.1.6.
" It is more difficult for the plain weave than for the satins, due to the mode of weaving (See
Section 3.4.1).
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Figure 5.24 Minimum Required for Inner and Outer Radii of Mold

.

good

Bt

good

bad

bad

Figure 5.25 Recommended Arrangement for Cutting

corner made by
unidirectional glass/epoxy

Figure 5.26 Method to Lay up at Corner
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(®) ‘@ B
there is a tendency
to ply delamination

Figure 5.27 Corner Situations

before
deformation

i

¢

Figure 5.28a Three Plies in Separate Positions

Delaminations: When the plies making up the laminate separate from each
other, it is called delamination. Many causes are susceptible to provoke this
deterioration:

B An impact that does not leave apparent traces on the surface and can
lead to internal delaminations.

B A mode of loading leads to the disbond of the plies (tension over the
interface) as shown in Figure 5.27.

B Shear stresses at the interfaces between different plies, very near the edges
of the laminates, which one can make evident as follows (with a three-ply
laminate):

1. Consider the three plies in Figure 5.28(a), separated. Under the effect
of loading (right-hand-side figure), they are deformed independently
and do not fit with each other when they are put together.

2. Now the plies constitute a balanced laminate. Under the same loading,
they deform together, without distorsion, as shown in Figure 5.28(b).

3. This is because interlaminar stresses occur on the bonded faces. One
can show that these stresses are located very close to the edges of the
laminate, as illustrated in Figure 5.28(c).
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Figure 5.28c Stresses at Free Edge

B A complex state of stresses at the interface, due to local buckling, for example
(see Figure 5.29).

Practical as well as theoretical studies of these interlaminar stresses are difficult,
and the phenomenon is still not well understood.

Why is Fatigue Resistance so Good?

Paradox: Glass is a very brittle material (no plastic deformation). The resin is also
often a brittle material. (for example, epoxy). However, the association of reinforce-
ment/matrix constituted of these two materials opposes to the propagation of cracks
and makes the resultant composite to endure fatigue remarkably.

Explanation: When the cracks propagate, for example, in the unidirectional
layer shown schematically in Figure 5.30 in the form of alternating of fibers and
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Figure 5.29 Delamination Due to Buckling at Interface
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Figure 5.30 Crack Propagation in Composites

resin, the initial stress concentration at the end of the crack leads to failure in
the resin. The fibers, then debonded, benefit from a relaxation of the stresses.
There is no more stress concentrations as in a homogeneous material.
Laminated tubes can be obtained by winding of filaments, rubans of unidi-
rectionals or fabrics. In a first approximation, one can' estimate the strains and
stresses in flexure and in torsion from the relations in Figure 5.31 in which

E, and G, are the moduli of elasticity in the tangent plane x,y.

I and [, are respectively the quadratic moment of inertia and polar moment
of inertia (I, = 2D).

Y is the coordinate of a point in the section (in the undeformed position)
in the X, Y, Z coordinates.

r is the average radius of the tube.

¥ Fora complete study of the flexure and torsion of the composite beams, See Section 15 and 16.
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6

JOINING AND ASSEMBLY

We have seen previously how to design a laminate to support loads. A second
fundamental aspect of the design of a composite piece consists of the design for
the attachment of the composite to the rest of the structure. Here we will examine
the assembly problems involving riveting, bolting, and bonding:

B of a composite part to another composite part and
B of a composite part to a metallic part.

6.1 RIVETING AND BOLTING

B In all mechanical components, the introduction of holes gives stress con-
centration factors. Specifically in composite pieces, the introduction of
holes (for molded-in holes or holes made by drilling) induces weakening
of the fracture resistance in comparison with the region without holes by
a factor of

40 to 60% in tension
15% in compression

Example: Figure 0.1 presents the process of degradation before rupture
of a glass/epoxy laminate containing a free hole, under uniaxial stress.

Causes of hole degradation:

B Stress concentration factors: The equilibrium diagrams shown in Figure 6.2
demonstrate the increase in stress concentration in the case of a laminate.
For the case of slight (and usually neglected) press-fit of the rivet, the
stresses shown in these figures are:

oy >0

in a region where:

Olocal rupture < Olaminate rupture
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Figure 6.2 Stress Concentration Factors

with the maximum stress 07, in the laminate given as:

where
E, and E, are the moduli of elasticity in the 0° and 90° directions
G,, is the shear modulus
V,, is the Poisson ratio
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weakened zones overstressed zones

preferred

Figure 6.3 Weakened Zones Due to Presence of Holes

B Bearing due to lateral pressure: This is the contact pressure between
the shaft of the assembly device (rivet or bolt) and the wall of the hole.
When this pressure is excessive, it leads to mushrooming and delamination
of the laminate. In consequence:

The resistance of a hole occupied by the rivet or bolt is weaker than
that of an empty hole: decrease on order of 40%).

B Fracture of fibers during the hole cutting process, or the misalignment
of fibers if the hole is made before polymerization: Figure 6.3 illustrates
the correlation between the weakened zones consecutive to rupture of
fibers and the “overstressed” zones.

6.1.1 Principal Modes of Failure in Bolted Joints
for Composite Materials

These are represented in Figure 6.4.
6.1.2 Recommended Values
® Pitch, edge distance, thickness (see Figure 6.5)
B Orientation of plies: Recommendation for percentages of plies near the

holes (see Figure 6.6).
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tensile fracture shear fracture bearing failure
(insufficient number (necessary to reinforce (insufficient thickness)
of 0° plies) +45° plies)

fracture of bolt bolt lifting

Figure 6.4  Different Types of Bolt Joint Failures

B Condition of nonbearing pressure: In Figure 0.7, F and 7 designate the
normal and shear loads respectively, that are applied on the assembly over
a width equal to one pitch distance.

The equivalent bearing pressure which leads to the crushing of the wall of the
hole of diameter @&, is F/(D X e). It must remain smaller than an admissible

maximum, as:

= 500 MPa

¢ eS admissible bearing pressure Carbon: O udmissivle bearing

glaSS: Tadmissib/ebearing = 300 MPa
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safety factor= 2

Figure 6.5 Recommended Pitch, Edge Distance, and Thickness

I 210%
15 to 32% H

- @ 25 t0 60%

15 to 32% ‘I

Figure 6.6 Recommended Orientation

pitch |-— A

Figure 6.7 Normal and Shear Loads on Assembly

=

B Evaluation of the admissible stresses: The principle of calculation con-
sists of magnifying the stresses that are given by elementary considerations,
by means of the empirical coefficients of magnification':

' When one takes into account the aging of the piece, an additional 10% is applied to the
maximum stresses.
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With

One

B Due to the presence of the hole and
B Due to pressure of contact or bearing on the wall of the hole (rivet, bolt).
the notations of Figure 6.7, one has:

1(F F
O maenificd = —| = +0.2—
magnified a(S ¢€)

0.6

compression: o = 0.8

tension: o

Tmagnificd = 078

must also verify that these stresses are admissible (that is, they do not lead

to the fracture of the ply) by using the method of verification of fracture described

in Pa

ragraph 5.3.2.

6.1.3 Riveting

The relative specifics and recommendations for riveting the composite parts can
be presented as follows:

Do not hit the rivets as this can lead to poor resistance to impact of the
laminates.

Pay attention to the risk of “bolt lifting” of the bolt heads due to
small thickness of the laminates.

Note the necessity to assure the galvanic compatibility between the
rivet and the laminates to be assembled.

Riveting accompanied by bonding of the surfaces to be assembled
provides a gain in the mechanical resistance on the order of 20 to 30%.
On the other hand, the disassembly of the joint becomes impossible, and
the weight is increased.

Characteristics of rivets for composites are shown in Figure 6.8.

6.1.4 Bolting

Examine a current example that requires a bolted joint.

Example: Junction of a panel by bolted joint (simple case)’: Consider
a sandwich panel fixed to a support component that is subjected to
simple loadings that can be represented by a shear load and a bending
moment (see Figure 6.9).

One expects an attachment using bolt. As shown in the schematics of Figure

6.10,

even if the bolt is not tightened, it is able to act to equilibrate the bending

moment. However, action of the shear load will separate the facings.

> A more complete case on the fixation of the panel is examined in the application in Paragraph

18.1
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I * diameter:
afloy d=232 4;4.76,6 mm
colombium
(cold welded on titanium) * cone angle:

130° <8 <156°

aluminum alloy terial
+ materials:

copper-nickel
titanium alloy (TA&V)

» these rivets are ductile

* mechanical strength:
Trpwre (Mivet) # 400 MPa

Inconel or stainless steel or monel (shear fracture)

Figure 6.8 Different Types of Riveting

} shear stress resultant
bending moment

resultant

‘ sandwich panel

Figure 6.9 Junction of a Panel using Bolted Joint
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junction place support of bending support of shear without
moment by bolt bolt tightening
shear (neglect friction)

Figure 6.10 Local behavior without Bolt Tightening

tension

shear

work in bolt thread

support of shear
with bolt tightening
(neglect friction)

Figure 6.11 Bolt tightening Reduces the Possibility of Damage

It is the tightening of the bolt that will lead to a distribution of contact pressure
between the support component and the facings. The sum of the forces due to
this contact pressure will balance out the shear load, while suppressing the risk
of separating the facings (see Figure 6.11).

The tightening of the bolt is therefore indispensable. However, the laminated
facings being fragile cannot admit high contact pressures that are localized under
the bolt head and under the nut. This leads to the insertion of metallic washers
as shown in Figure 6.12.

The bolting accompanied by bonding of the surfaces provides a gain in
mechanical resistance on the order of 20 to 30%. On the other hand, the joint
cannot be disassembled, and there is an increase in weight.

6.2 BONDING

Remember briefly that this assembly technique consists of the adhesion by molec-
ular attraction between two parties to be bonded and an adhesive that must be
able to transfer the loads. One can cite the principal advantages of this mode
of joining:
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good

titanium plate bonded on the laminate bonded assembly titanium-carbon

a fewmm (i.e: 2.5 mm)

Figure 6.12 Configuration for Bolted Joints

— curing

initial molecules macromolecules,
reticulated or not-reticulated

Figure 6.13 Curing of Adhesive

distribution of stresses over an important surface

possibility to optimize the geometry and dimensions of bonding
light weight of the assembly

insulation and sealing properties of adhesive

6.2.1 Adhesives Used

The adhesives used include:

epoxies
polyesters
polyurethanes
methacrylates

In all cases, the mechanism of curing is shown schematically in Figure 6.13.

B The adhesives are resistand simultaneously to
B high temperatures (>180°C)
B humidity
B a number of chemical agents
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Figure 6.14 Stresses in Bolted Joint

, . decohesion fracture of adhesive
fracture at adhesive/par interface (initialized at 1 and 2)

/
(NN N\ \\ NERWA decohesion fracture in one
Of—=—uaa=—0]

of the assembled pieces

Figure 6.15 Fracture Modes in a Bonded Joint

B The pieces to be assembled have to be surface treated. This consists of
three steps:
B degreasing
B surface cleaning
B protection of cleaned surface
B The case of metal-laminate bond:

The differences in physical properties of the constituents requires that the adhesive
must compensate for the differences in

B thermal dilatations
B clongation under stress

The schematic in Figure 6.14 indicates in an exaggerated manner the deformed
configuration of a double bonded joint. This shows the role of the adhesive and
the gradual transmission of the load from the central piece to the external
support.

Fracture of a bonded assembly can take different forms, as indicated in
Figure 6.15.

6.2.2 Geometry of the Bonded Joints

One must, as much as possible, envisage the joint geometries that allow the
following specifications:

B the adhesive joint must work in shear in its plane
B tensile stresses in the joint must be avoided

Consequently, the transmission of the loads will be dependent on the geometries,
as shown in Figure 6.16. A double sided joint with increasing thickness is shown

in Figure 6.17.

B Transmission of couples is shown in Figure 6.18.
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bending of the face sheets, as a consequence of their initial misalignment,
gives rise to normal stresses which pull the adhesive.

mediocre

double the face sheets prevents

good tension in the adhesive

=

Figure 6.16 Different Designs for Bonded Joints

variable thickness allows uniform
deformation in the adhesive film

very good

Figure 6.17 Double Sided Lap Joint

6.2.3 Sizing of Bonded Surfaces

The resistance of the adhesive is characterized by its shear strength 7. This
resistance varies with the process of bonding (cold bonding or hot bonding). For
epoxy adhesive, one can cite the following values:

B Cold bonding: (Araldite):
Adhesive thickness = 0.2 mm

= 10 MPa at 20°C

T pture

3 MPa at 80°C
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Figure 6.19 Curing Cycle of Epoxy Adhesive

B Hot bonding: Polymerization temperature is between 120°C and 180°C:

T = 15 to 30 MPa from 20°C to 100°C

rupture

The diagram in Figure 6.19 shows, for example, the cycle of polymerization
of an epoxy adhesive “REDUX 914.”
B Denoting e, for the thickness of the adhesive joint, one has for an order
of magnitude:

0.1 mm < e, £ 0.3 mm

when the joints are very thick, one adds adhesive glass powder or cut fibers.
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Figure 6.20 Scarf Joint
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Figure 6.21 Configurations of Parallel Joint
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& adhesive

Figure 6.22 Stresses in Adhesive

B Scarf joint: This joint (see Figure 6.20) allows one to obtain a sufficient
bonding surface, with weak tensile stress.

B Parallel joint: As illustrated in Section 6.2.2, there is bending in the bonded
parts. The geometric configurations are varied (see Figure 6.21).

When one isolates the bonded zone, the stress variation is shown in the figure
on the right-hand side of Figure 6.22 (the bond width is assumed to be equal to
unity)

The stresses in the adhesive (Figure 6.22) consists essentially of

B 3 shear stress Tand
B a2 normal stress called “peel stress” o.
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adhesive

Figure 6.23 Maximum Shear Stress

These stresses present maximum values 0, and 7, very close to the edges of the
adhesive. These maxima can be approached by superposition of the partial maxima
created by each of the resultants N, 7, M, by means of the following expressions
in which E, is the modulus of the adhesive, and E, and E, are the moduli along
the horizontal direction of the bonded parts 1 and 2. One can also write:

_ G, __G 12E, 12,
"~ Eee. T Eee !

al = 3 2 = 3
E eje. E,ese,

B Maximum shear stresses are illustrated in Figure 6.23
B Maximum peel stress is shown in Figure 6.24.

Remarks:

B The resultants N, 7, M, are evaluated per unit width of the bond.

B When several resultants coexist, one obtains the total maximum shear stress
by superposition of the partial maxima of shear stresses and the maximum
peel stress by superposition of the partial maxima of peel stresses.

B When the lower piece is also subjected to the resultants, the previously
obtained relations are usable, by means of permuting the indices 1 and
2, and by changing the sign of the second member
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Figure 6.24 Maximum Peel Stress

B Limits for the relations’

0.6S96—1 and %SZ

aZ 2
(o, + o)X €°29

(B, + B)x €' =4x6"

Example: For the simple lap joint below, one has (with the notations
used previously)

SN} ) I

e t+e,
N =F; My = Fx|[=——+e,

Ty = Ty

+ T ; Oy = O
™ M(Mf)v M M,

a1

This is valuable if o, o, B, B, respect the limits of utilization written above.

B Collar (see Figure 6.25)
B Cylindrical sleeve’ (see Figure 6.26)

’ For more details, see Bibliography: “Elastic Analysis and Engineering Design Formulae for
Bonded Joints.”

* For different thicknesses and different materials to be assembled, see Exercise 18.3.1.
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Figure 6.27 Ply Orientation in Bonded Laminates

® In a laminate, orientation of the plies that are in contact with the joint
influences strongly the failure by fiber-resin decohesion. This can be easily
understood through Figure 6.27. A tensile load in plies that are in contact
with the adhesive requires that fiber orientation in these plies must be
along the direction of the load.
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Figure 6.28 An example of Laminate Bonding
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Figure 6.29 Bonding of Sandwich Facings

6.2.4 Examples of Bonding
B Laminates

One notes in Figure 6.28 the use of steps that gradually decrease the thickness
of titanium piece. Note also that the design allows one to separate the stress
concentration effects localized at the beginning of each step.

B Sandwiches (see Figure 6.29)

The bonding at the borders of sandwich panels must be done in a simple manner
(especially for the preparation of the core) and with the best possible contact for
the bonded parts, similar to the cases shown in Figure 6.30.

6.3 INSERTS

It seems necessary to include in composite parts reinforcement pieces, or “inserts,”
which may be used to attach to the surrounding structure. The inserts decrease
the transmitted stresses to admissible values for the composite part.

B The case of sandwich pieces: One frequently finds the metallic inserts
following the schematics in Figure 6.31.
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Figure 6.31 Inserts in Sandwich Construction

B The case of pieces under uniaxial loads:
B Tensile load (see Figure 6.32)
B Compression load (see Figure 6.33)
B Tension—compression load (see Figure 6.34)

Arrangement that allows the increase of the bonded surfaces is shown in
Figure 6.35.
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Figure 6.32 Composite Piece Under Tensile Load

“corner” effect causes
fiber-matrix decohesion.

unidirectional

Figure 6.34 Composite Piece under Tension-compression Load

Figure 6.35 Arrangement to Increase Bond Surface
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7

COMPOSITE MATERIALS
AND AEROSPACE
CONSTRUCTION

Aeronautical constructors have been looking for light weight and robustness from
composites since the earlier times. As a brief history:

In 1938, the Morane 406 plane (FRA) utilized sandwich panels with wood
core covered with light alloy skins.

In 1943, composites made of hemp fiber and phenolic resin were used
on the Spitfire (U.K.) airplane.

Glass/resin has been used since 1950, with honeycombs. This allows the
construction of the fairings with complex forms.

Boron/epoxy was introduced around 1960, with moderate development
since that time.

Carbon/epoxy has been used since 1970.

Kevlar/epoxy has been used since 1972.

Experiences have proved that the use of composites allows one to obtain
weight reduction varying from 10% to 50%, with equal performance, together
with a cost reduction of 10% to 20%, compared with making the same piece with
conventional metallic materials.

7.1.1

7.1 AIRCRAFT

Composite Components in Aircraft

Currently a large variety of composite components are used in aircrafts. Following
the more or less important role that composites play to assure the integrity of the
aircraft, one can cite the following:

B Primary structure components (integrity of which is vital for the

aircraft):
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Wing box
Empennage box
Fuselage

® The control components:
Ailerons
Control components for direction and elevation
High lift devices
Spoilers

B Exterior components:
Fairings
“Karmans”
Storage room doors
Landing gear trap doors
Radomes, front cauls

B Interior components:
Floors
Partitions, bulkheads
Doors, etc.

Example: The vertical stabilizer of the Tristar transporter (Lockheed Company,
USA)

B With classical construction, it consists of 175 elements assembled by 40,000
rivets.

B With composite construction, it consists only with 18 elements assembled
by 5,000 rivets.

7.1.2 Characteristics of Composites

One can indicate the qualities and weak points of the principal composites used.
These serve to justify their use in the corresponding components.

7.1.2.1 Glass/Epoxy, Kevlar/Epoxy

These are used in fairings, storage room doors, landing gear trap doors, karmans,
radomes, front cauls, leading edges, floors, and passenger compartments.

B Pluses:
High rupture strength’
Very good fatigue resistance
B Minuses:
High elastic elongation
Maximum operating temperature around 80°C
Nonconducting material

' See Section 3.3.3.
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7.1.2.2 Carbon/Epoxy

This is used in wing box, horizontal stabilizers, fuselage, ailerons, wings, spoilers
(air brakes) vertical stabilizers, traps, and struts.

B Pluses:
High rupture resistance
Very good fatigue strength
Very good heat and electricity conductor
High operating temperature (limited by the resin)
No dilatation until 600°C
Smaller specific mass than that of glass/epoxy
B Minuses:
More delicate fabrication
Impact resistance two or three times less than that of glass/epoxy
Material susceptible to lightning

7.1.2.3 Boron/Epoxy

This is used for vertical stabilizer boxes and horizontal stabilizer boxes.

B Pluses:
High rupture resistance
High rigidity
Very good compatibility with epoxy resins
Good fatigue resistance
B Minuses:
Higher density than previous composites”
Delicate fabrication and forming
High cost

7.1.2.4 Honeycombs

Honeycombs are used for forming the core of components made of sandwich
structures.

B Pluses:
Low specific mass
Very high specific modulus and specific strength
Very good fatigue resistance
B Minuses:
Susceptible to corrosion
Difficult to detect defects

’ See Section 3.3.3.
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7.1.3 A Few Remarks

The construction using only glass fibers is less and less favored in comparison
with a combination of Kevlar fibers and carbon fibers for weight saving
reasons:

If one would like to have maximum strength, use Kevlar.

If one would like to have maximum rigidity, use carbon.

Kevlar fibers possess excellent vibration damping resistance.

Due to bird impacts, freezing rain, impact from other particles (sand, dirt),
one usually avoids the use of composites in the leading edges without
metallic protection.’

Carbon/epoxy composite is a good electrical conductor and susceptible to
lightning, with the following consequences:

B Damages at the point of impact: delamination, burning of resin

B Risk of lightning in attachments (bolts)

B The necessity to conduct to the mass for the electrical circuits situated
under the composite element

Remedies consist of the following:

B Glass fabric in conjunction with a very thin sheet of aluminum (20 pm)
B The use of a protective aluminum film (aluminum flam spray)

Temperature is an important parameter that limits the usage of epoxy resins.
A few experimental components have been made of bismaleimide resins (ther-
mosets that soften’ at temperatures higher than 350°C rather than 210°C for
epoxies). One other remedy would be to use a thermoplastic resin with high
temperature resistance such as poly-ether-ether-ketone “peek” that softens at
380°C. Laminates made of carbon/peek are more expensive than products made
of carbon/epoxy. However, they present good performance at higher operating
temperatures (continuously at 130°C and periodically at 160°C) and have the
following additional advantages:

B Superior impact resistance
B Negligible moisture absorption
B Very low smoke generation in case of fire

The impacts can create internal damages that are invisible from the outside. This can also
happen on the wing panels (for example, drop of tools on the panels during fabrication or
during maintenance work).

The mechanical properties of the thermoset resins diminish when the temperature reaches
the “glass transition temperature.”

See Section 1.6 for the physical properties.
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Figure 7.1 Temperature Cycle and Load Cycle for Components of an Aircraft

7.1.4 Specific Aspects of Structural Resistance

B One must apply to composite components the technique called fail safe
in aerodynamics, which consists of foreseeing the mode of rupture (delam-
ination, for example) and acting in such a manner that this does not lead
to the destruction of the component during the period between inspections.

B Composite components are repairable. Methods of reparation are analogous to
those for laminates made of unidirectionals or fabrics.’

B Considering the very important reduction of the number of rivets used as
compared with the conventional construction, one obtains a smother
surface, which can lead to better aerodynamic performance.

B One also considers that the attack of the environment and the cycles of
fatigue over the years do not lead to significant deterioration of the
composite pieces (shown in Figure 7.1 are two types of fatigue cycles for
the components of aircraft structure).

B The failure aspect subject to a moderate impact is more problematic with
the structures made of composite materials, because the energy absorbed
by plastic deformation does not exist.

B For the cabins, one uses phenolic resins. These have good fire resistance,
with low smoke emission. For the same reason, one prefers replacing
Kevlar fibers with a combination of glass/carbon (lighter than glass alone
and less expensive than carbon alone).

B It is possible to benefit from anisotropy of the laminates for the control
of dynamic and aeroelastic behavior of the wing structures.’

7.1.5 Large Carriers

The following examples give an idea on the evolution of use of composites in
aircrafts over two decades:

Example: Aerospatiale (FRA); Airbus Industry (EU) (Figure 7.2)

Example: Boeing (USA) (Figure 7.3)

% See Section 4.4.4.

7 See Section 7.1.8.
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Figure 7.3 Use of Composite in Boeing Aircraft

How to evaluate the gains:

In theory: For example, a study was made by Lockheed Company (USA) for
the design of a large carrier having the following principal characteristics: payload
68 tons, range 8300 km. This study gives the following significant results:

® for an aircraft made using conventional metallic construction:
total mass at take-off: 363 tons
mass of the structure: 175 tons

B for an aircraft made using “maximum” composite construction:
total mass at take-off: 245 tons
mass of the structure: 96 tons.

Such a difference can be explained by the cascading consequences that can be
illustrated as in Figure 7.4.

In practice: In reality, introduction of composites in the aircrafts is limited to
certain parts of the structures. It is done case by case and in a progressive manner
during the life of the aircraft (re-evaluation operation). One is then led to consider
the different notions:
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Figure 7.4 Cascading Effect in Mass Reduction

B Notion of the exchange rate is the cost for a kilogram saved when one
substitutes a classical metallic piece with a piece made mainly with com-
posite. For the substitution light alloy—carbon/epoxy—this cost is on the
order of $160 (1984) per kilogram when the piece is calculated in terms
of rigidity (similar deformation for the same load). It is amortized over a
period of at least one year for the gain in “paying passenger.”

B Notion of gain in paying passenger is the gain in terms of the number of
passengers, of freight, or in fuel cost; for example, for a large carrier:

B An aircraft of 150 tons, with 250 passengers consists of 60 tons of
structure. A progressive introduction of 1600 kg of high performance
composite materials leads to a gain of 16 more passengers along with
their luggage.

B A reduction of 1 kg mass leads to the reduction of fuel consumption
of around 120 liters per year.

Why are the reductions of mass (average about 20%) not more spectacular?
Consider the example of a vertical stabilizer. The distribution of mass of a composite
vertical stabilizer can be presented as follows:

Facings in carbon/epoxy: 30% of total mass

Honeycombs, adhesives: 35% of total mass

Attachments: 25% of total mass

Connections between carbon/epoxy components and attachments: over-
layers of carbon/epoxy

Allowance for the aging of the carbon/epoxy: overdimensions of the facings
(the stresses are magnified about 10% more for a subsonic aircraft and
13% for a supersonic aircraft)

In consequence, the global gain of mass in comparison with a classical metallic
construction for the vertical stabilizer is not more than an order of about 15%.
Example: European aircraft Airbus A-310-300 (Figure 7.5).
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vertical stabilizer: Kevlar/carbon/glass
number of metal components divided

by 20
rudder:
Kevlar/carbon
- — flap fairing
horizontal stabilizer Kevlar P
reinforcement: Kevlar
(19 kg instead of
26 kg of metal)
air conditioning
. z components: Kevlar.
flaps, ailerons, spoilers 00% .| 29 kg instead of 43 kg
w; _— in metal
main landing gear - *
hatch and fairing
disk bralkes | front landing gear hatch
carbon/carbon karman: Kevlar 1.8 kg!m"’ | radome: glass
top of vertical stabilizer (Kevlar/glass) top of the rudder
(no carbon to avoid lightning strike) (Kevlar)
/
floors leading edge of vertical
stabilizer (Kevlar/carbon
/glass)
vertical stabilizer edge
tusses: (Kevlar/carbon/glass) rudder
light alloy: 2 kg
carbon: 800 g (Kevlar/carbon/glass)

Karman vertical stabilizer
(Kevlar) trailing edge: Kevlar

Airbus A-310 vertical stabilizer: the number of components and rivets
is divided by 20 in comparison with the classical solution

Figure 7.5 Composite Components in an Airbus A-310

Total mass: 180 tons

Mass of structure: 44.7 tons

Mass of composites: 6.2 tons

Mass of high performance composites: 1.1 tons

Reduction of mass of structure: 1.4 tons

Percentage of composites: 13.8% of mass of structure. A reduction of mass
of the structure of 1 kg augments the range of the aircraft by 1 nautical mile.
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Figure 7.6 Composite Components in an Airbus A-320

Example: European aircraft Airbus A-320 (Figure 7.6).

Total mass: 72 tons

Empty mass: 40 tons

Mass of structure: 21 tons

Mass of composite materials: 4.5 tons, corresponding to a reduction of
mass of the structure of 1.1 tons. The percent of composite mass is 21.5%
of the mass of the structure.

A few other characteristics: Length: 37.6 m; breadth: 34 m; 150 to 176
passengers transported from 3,500 to 5,500 km; maximum cruising speed:
868 km/h

Example: European aircraft Airbus A-340

Total mass: 253.5 tons

Mass of structure: 76 tons

Mass of composites: 11 tons, corresponding to a reduction of structure
mass of 3 tons

Percentage of composites: 14.5% of the mass of the structure

Example: Future supersonic aircraft ATSF (Figure 7.7), Aerospatiale (FRA) and
British Aerospace (UK). Principal characteristics defined at the stage before the

project

Transport of 200 passengers over a distance of 12,000 km
Cruising speed between Mach 2 (2,200 km/hr) and Mach 2.4 (2,600 km/hr)
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temperature: 130°C
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external flap

Figure 7.7 Composite Components in a Future Supersonic Aircraft

B Economically viable for a single type of aircraft on the market (enlarged
international cooperation)

7.1.6 Regional Jets
Example: Regional transport aircraft ATR 72, ATR (FRA-ITA) (Figure 7.8):

® Total mass: 20 tons

B Percentage of composite materials more than 25% of the mass of the
structure

B Transports 66 passengers over a distance of 2,600 kilometers

B Interior equipment: Facings of panels for portholes and ceiling, baggage
compartment, bulkheads, toilets, storing armors in glass-carbon/phenolic
resins/NOMEX honeycomb; decoration by a film of “TEDLAR”
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Figure 7.8 Composite Components in the Regional Transport Aircraft ATR 72

wing box

Figure 7.9 Business Aircraft Falcon 10

Example: Business aircraft Falcon 10 (Figure 7.9). Aircrafts (AMD-BA) (FRA).

B The principal wing box (primary structure) is constructed in ribbed panels
of carbon/epoxy; it has been flying experimentally since 1985.
Mass of wing box: 339 kg
Reduction of mass in comparison with conventional metallic construction:
80 kg (20%)

B The connection between the wing and the fuselage and the attachment
between the landing gears and the wing box are made using metallic pieces.
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Figure 7.10 Propulsive Propeller Configuration

7.1.7 Light Aircraft

These are the aircrafts for tourism and for the gliders. The new generation of
these aircrafts is characterized by

B A large utilization of composites
B A renewal in aerodynamic solutions

Remarks: In addition to the problems to be resolved by the manufacturers
(small manufacturers for the most part), comes the preparation of the dossiers of
certification including composite primary structures.

B The useful reduction of masses, the range of flight, and the cruising speed,
due to the utilization of composites, are amplified more clearly in these
types of aircrafts.

Example: Back propeller aircraft. The principle of this is illustrated in
Figure 7.10, with the advantages and drawbacks. The modification of the mass
distribution, due to the displacement of the motor, requires a propeller shaft
(foreseen to be in carbon/epoxy) and a wing shifted to the back. One can propose
the “all composite” solution as follows:

B The solution “long shaft.” Sup’air airplane Centrair (FRA); Figure 7.11
B The solution of shifted wing and additional duck wing: Beech Starship
aircraft (USA); Figure 7.12:
Eight to ten passengers: 650 km/hr with low fuel consumption
Structure in carbon/epoxy
Mass of the wings: 800 kg (reduction of 35% in comparison with a metallic
solution)
Mass of fuselage (structure): 240 kg
Mass of the composite: about 70% of the mass of the structure
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construction:
glass/epoxy

Figure 7.11 An All-composite Airplane

Figure 7.12 Beech Starship Aircraft

Example: The modern glider planes. These are made entirely of composites.
Figure 7.13 shows a plane made of glass/epoxy:

B Two-seater glider plane: Marianne Centrair (FRA):
Mass: 440 kg
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Figure 7.13 The Marianne Centrair Airplane

Wings: 2 parts bonded
Fuselage: 2 parts bonded

7.1.8 Fighter Aircraft

For this type of aircraft, there is a progressive replacement of metallic elements
by composite elements. Beyond specific characteristics already mentioned previ-
ously for the large aircrafts, here the composite components have to assure the
necessary rigidity for the wing box to conserve the ability of command in a
domain of flight larger than for the case of large civil aircrafts.

B For the flight with electrical commands, the use of composites allows for
an evolution of the aerodynamic design for better maneuverability.

B In the near future, 25 to 40% of the structure of the fighter aircrafts will
be made of composite materials.

Example: European airplane Alphajet (Figure 7.14).
Example: Airplane Mirage 2000 A.M.D.—B.A. (FRA; Figure 7.15). Mass of composite
materials: 65 kg (On this aircraft there are boron/epoxy composite components.)

B Characteristics of boron: The diameter of the fiber varies between 0.1 mm
and 0.2 mm depending on the demand of the customer. The radius of
curvature, in fact, cannot be less than 4 or 5 mm. One finds
B for the sheets: width is 1 m, 80 filaments/cm, length: 3.5 m.

m for the fabrics: patented process;” the warp direction consists of textile
filaments, the fill direction consists of boron filaments.

Example: Airplane F-18 Hornet, M.D. Douglas/Northrop (USA; Figure 7.10).

Example: Airplane X-29 Grumman (USA; Figure 7.17).

Example: Airplane Rafale A M.D.—B.A. (FRA; Figure 7.18). Note that on this
airplane there is a very large usage of high performance composites (carbon/
epoxy and Kevlar/epoxy). Mass of composite materials is 1,110 kg, leading to a
25% reduction in the mass of the structure.” Figure 7.18 shows the main compo-
nents using composites.

Patent Avions M. Dassault-Bréguet Aviation/Brochier.
This is to compare with the number for Mirage 2000 airplane presented previously.
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Figure 7.15 Mirage Airplane
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® The shadowed areas are made
with carbon/epoxy

® Composite materials mass:
10.3% of the mass of the
structure which corresponds to
50% of the aerodynamic
surface of the plane

Figure 7.16 F-18 Hornet Airplane

This is a plane with inverse arrow (or negative)

® The advantages and inconveniences
of a plane with negative arrow:

excellent maneuverability at
transonic speed.

J

aeroelastic deformations diverge until
rupture. Such a plane needs a rigid
structure.

Use of composites allows us to
fix the flexure-torsion coupling to
eliminate aeroelastic instability

Figure 7.17 X-29 Grumman Airplane
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Figure 7.18 Rafale Airplane

7.1.9 Architecture of Composite Parts in Aircraft
7.1.9.1 Sandwich Design

Sandwich with transverse honeycomb: Following the nature of the component,
one uses two methods of fabrication:

B Multisteps in which the facings of the sandwich piece are polymerized
separately and then are placed on the core having an adhesive film. After
that the assembly is polymerized following the method represented in
Section 4.4.2, where eventually polymerization is done in an autoclave.'’

B Monostep in which, after the honeycomb core is formed, the facings are
placed directly on this core. The assembly is polymerized using the same
method as for the multistep method.

Example: Wing box (Figure 7.19).

% See also Section 2.1.3.
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Figure 7.19 Wing Box

titanium
alloy

light

boron/epoxy :
alloy

_-_ll-ﬂllﬂ’:ﬂlﬂ.ﬁﬂ.fllp

nida

Figure 7.20 Horizontal Empennage of a Fighting Aircraft

The honeycomb core assures the rigidity of the component. However, the
mass of the piece depends on the thickness of the core.

Example: Horizontal empennage of a fighting aircraft (Figure 7.20).

Remarks: One avoids drilling holes in boron/epoxy pieces as much as possible.
This operation is onerous and requires ultrasonic technique with diamond tools.

There is a problem with corrosion of metallic honeycomb. The corrosion is
due to the progressive condensation of water in the cavities. This is combined
with the mechanical and thermal stresses (fatigue) in the structure.
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Figure 7.21 Sandwich Construction for Panels
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Figure 7.22 High Lift Devices Flap
Remedies include

B Covering the honeycomb core surface with a resin film
B Introducing an inorganic inhibitor at the potential points of attack to prevent
the reaction with water

Sandwich construction for panels: When the thickness of the piece becomes
large (on the order of 150 mm), the facings are stiffened separately by using a
honeycomb core, following the arrangements shown in Figure 7.21. When the
piece is of large size (long), the requirement of “nondeformation” can require the
interposition of intermediate “ribs.”

Each component (facings, ribs) is polymerized in the assembled state, following
the technique of monostep described above.

Example: High lift devices flap (Figure 7.22)

Sandwich for the reinforcement of spars and ribs: One can increase the
rigidity in flexure and in torsion by introducing honeycombs, as represented in
Figure 7.23.

Stiffened panels: Currently one can find the ribbed panels in metallic con-
struction. The ribs can be added, or monolithic, meaning that they are formed as
part of the same piece when the panel is made. One observes in parallel here
with the same technique in ribbed panels in composites.
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Figure 7.23 Sandwich for Spars and Ribs
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Figure 7.24 Stiffeners Form
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Figure 7.25 Wing Box

B Added stiffeners: The composite stiffeners can have the forms shown in
Figure 7.24.

Example: Wing box (Figure 7.25).

B Monolithic stiffeners: These are cured at the same time with the facings.
These can support higher loads than the previous case, but with higher
cost. The mode of fabrication is shown schematically in Figure 7.26 for
the so-called “omega” ribs. One uses cores, which are made partly by
thermoexpandable silicone. One also uses hollow silicone cores stiffened
by compressed air, or cores that melt at temperature on the order of 170°C,
which is slightly higher than the polymerization temperature of the piece.

Example: Flanged plates (Figure 7.27)

Example: Stabilizer panel (European aircraft Airbus A-300; see Figure 7.28).
The carbon/epoxy ribs are obtained by combining the autoclave pressure and
the thermal dilatation of detachable metallic light alloy modules.'" The steps of
the process are shown schematically in Figure 7.28:

" See Section 1.6 for the coefficients of thermal expansion as compared between light alloy and
carbon.
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Figure 7.26 Monolithic Stiffeners

L AN L

S .

Figure 7.27 Flanged Plate

Example: Wing tip (Airplane ATR 72, ATR (FRA-ITA). This is a primary wing
piece (its failure will bring about the failure of the airplane). It consists of two
carbon/epoxy panels with monolithic ribs, two spars in carbon/epoxy, and 18
metallic flanges in light alloy folded sheets, as shown schematically in Figure 7.29.

B Mass of box: 260 kg (reduction of 65 kg as compared with a metallic
solution).

Remarks: Lightning protection of such a structure requires specific precautions
such as:

B Incorporation of a conducting fabric made of bronze wires on all external
surfaces

B Installation of lightening conductors along the spars

B Protection of the connections

Example: Air brakes (European airplane Airbus A-320; Figure 7.30).

7.1.10 Elements of Braking

Different from the brakes for ground vehicles, the brakes for aircrafts are charac-
terized by successively distinct phases of isolated operations over time. These repeat
themselves in almost identical conditions from one landing to the next. These are
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Figure 7.29 Wing Tip on ATR 72 Airplane

© 2003 by CRC PressLLC



/  monolithic
laminated
structure

attaching hinge (metal) carbon

— spar
N

e
— !

increasing ply

Figure 7.30 Air Brakes on Airbus A-320

“heat absorption” brakes, which are activated for only a few seconds (about
20 seconds). The subsequent cooling of these brakes happens progressively after-
wards. The heat coming from the transformation of kinetic energy is stored in the
components participating in the friction phenomenon, which serve as “heat sinks.”
These components must have the following characteristics:

Being able to create a high braking moment which remains stable as the
temperature increases

Being able to support a very important “thermal shock,” on the order of
10° joules per kg mass of the component

Being refractory and retaining a good dimensional stability

Being able to retain their mechanical properties at high temperature
Having as low mass as possible

The corresponding brakes are of “disk” type. The materials that can be used
to make these friction disks are compared in Figure 7.31. One can see the interest
in using three-dimensional composite materials in carbon/carbon, which have the
following characteristics:

Their dynamic friction coefficient is stable with respect to the temperature,
varying from 0.25 to 0.3.

They resist thermal shock and are refractory until 1600°C.

They retain their mechanical properties at high temperature.'?

They are light weight (specific mass of 1900 kg/m”).

Example: Disk brakes in carbon/carbon (Figure 7.32) “Aerolor” (FRA).

Example: Supersonic transport aircraft Concorde (FRA-U.K.). The gain in pay-
ing passenger due to this type of brakes represents six passengers and their
luggage, or 600 kg.

"2 See order of magnitude of the mechanical properties in Section 3.6.
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Figure 7.31 Airbrake Materials

Such types of brakes can also be developed for rapid trains, as well as for

racing cars and motorcycles.

7.1.11 The Future

One can cite as the principal objectives for the airplane manufacturers:

B Obtain with composite materials a minimum mass reduction of 20% as
new light alloys aluminum/
e performance of fibers and

compared with the metallic solution using the
lithium. This implies the improvement in th
matrices.

B Improvement on the manufacturing process

Apart from improvement such as automatic drap

B RTM process (see Section 2.3.1), for example,

A-321.
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. The graph in Figure 7.33
shows that significant efforts remain to be done to reduce the labor cost
in the manufacturing of high performance composite components.

ing or electron beam curing
or by x-ray, other more classical techniques described in Chapter 2 have actually
been adapted for the fabrication of aircrafts or their components. One can mention

tail cone of airplane Airbus
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Case of take-off aborted on Airbus A340 (front landing).
Absorbed energy: 100 MJoules; temperature: 2000 C.

Figure 7.32 Disk Brakes in Carbon/carbon
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Figure 7.33 Different Costs in Composite Solution
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Figure 7.35 Relative Mass of Principal Materials Used in Aircraft Structures

B High pressure injection (see Section 2.1.5) with short fibers or with particles.
B Thermoforming (see Sections 2.3.1 and 2.2.3) for the small pieces.
B Compression molding (see Sections 2.3.1 and 2.1.2).

One can see in Figure 7.34 that about 20% of the mass of the structure of civil
aircrafts should integrate composite materials. Figure 7.35 shows the evolution
foreseen for the relative mass of the principal materials used for aircraft structures.

7.2 HELICOPTERS

7.2.1 The Situation

This category of aircraft is less advanced than the airplanes in terms of techno-
logical evolution towards “perfection” as shown in the graph in Figure 7.36.

In fact, taking into account the possibilities of specific mass reduction for this
type of aircraft, one can see in the graph in Figure 7.37 the increasing trend in
the strong integration of composites, with higher percentages as compared with
the case of airplanes.
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Figure 7.37 Evolution of Composites Mass on Helicopters

Example: Evolution of the mass of composite materials on the helicopters of
Aerospatiale (FRA). In comparison with conventional metallic construction, one
can mention the following mass reduction:\.

B 15% on the secondary structures
B Up to 50% in the working pieces, such as the elements of transmission of
power and control

7.2.2 Composite Zones

Figure 7.38 shows the composite components in a helicopter.

7.2.3 Blades

The blades are the essential elements of the aircraft. They consist principally of
the following:

B An envelope or a box that assures an aerodynamic profile and a stiffener
for torsion (the blade does not twist under aerodynamic forces, at least
for the actual generation of aircrafts).
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Figure 7.38 Composite Components in a Helicopter

B A spar which resists the centrifugal tension on the blade as well as the
flexure caused by the lift and drag loads. It is made of glass/epoxy (“R”
glass, more resistant and less sensitive to aging by humidity).

B A rear edge that stiffens the blade in flexure in the direction of the drag.

® A filler material (foam or honeycomb) that prevents the deformation of the
profile.

Figure 7.39 shows the different parts of the blade.

7.2.3.1 Advantages

The list of advantages obtained with this type of design is impressive:

B The blade is molded (molding by assembly of two half shells under
pressure). This solution allows one to obtain an optimized profile (vari-
able chord and thickness, nonsymmetric profile, nonlinear twist).

B The stiffeners for fluttering and for torsion can be controlled thanks to
judicious usage of composite materials.

7.2.3.2 Consequences

The payload is augmented. The mass reduction attains 400 kg for the aircraft
Superpuma Aesrospatiale (FRA). The cruising speed is increased for the same power.
The gain is 32 km/h at 1500 m altitude as compared with a previous helicopter.

B The cost of fabrication is reduced by 50% in comparison with conventional
metallic solution.

B The cost of operation is reduced.

B The life of the blade is practically unlimited. None of the load in the
range of flight of the aircraft can lead to the fatigue damage. It is quasi-
indestructible, even when testing the specimens.

© 2003 by CRC PressLLC



socket (steel)

spar:
(glass roving “R")

protection shield

(stainless steel) glass/epoxy and

carbon/epoxy plies
at +45°

torque box
closure

. e

filled foam or nida

laminated of glass/epoxy and
carbon/epoxy (+45° fabric)

stainless steel

stainless steel

T ——

unidirectional honey comb unidirectional
glass/epoxy or foam glass/epoxy

Figure 7.39 Helicopter Blade

B Increased security: the blade has the fail safe character.” An impact (pro-
jectile, collision) causes a local deterioration which does not lead to the fall
of the aircraft.

B The blade is repairable with a relatively simple process.14

B The blade is not sensitive to corrosion.

Remarks: The blade as conceived can be ultralight. However, light weight
cannot be below a value that assures a minimum inertia that is indispensable for
the good operation of the rotor.

7.2.4 Yoke Rotor
This is the mechanical assembly that allows

B The rotation of the blades
B The small amplitude angular displacements of the blades during rotation

Y See Section 7.1.4.
" See Section 4.4.4.
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B Pitch control, that is, the control of the aerodynamic incidence of the
profiles of the blades

To assure all these functions, the previous classical metallic rotors were very
complex. They consisted of many pieces—in particular the ball bearings—and
numerous points of lubrication. In fact, the maintenance was very costly.

The modern rotors—first developed by Aerospatiale (FRA)—substitute for
these classical articulations the degrees of freedom starting from the elastic
deformation:

B Composites made of metal/elastomer
B Laminates

Example: The yoke “Starflex” Aerospatiale (FRA). As its name indicates, this
yoke has the form of a star with flexible arms (see Figure 7.40) obtained by
draping a large amount of balanced glass/epoxy fabric and molding under heat
and pressure.

The different degrees of freedom necessary for the operation as cited above
are made possible by the capabilities as shown in Figure 7.41:

starflex hub

balanced multilayer of glass/epoxy
number of layers > 300

Figure 7.40 The Starflex Yoke

starflex hub elastic ball 1+ elastic arm
and socket A s flapping
LA \ angle
E""b'léaé'
b elastomer
rotor axis ! bearing
pitch

starflex hub

Figure 7.41 Details of the Starflex Yoke System
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B The elastic arm assures angular displacement called “lift fluttering.”

B The elastic ball and socket allows for the rotation noted as pitch on the
figure. This translates into a variation in the incidence of the profile.

B The elastomer bearing allows for fluttering of the blade in the plane of
the figure, called “drag fluttering.”

Consequences include the following:

B A spectacular decrease in the number of components. (One goes from 377
pieces for a classical metallic solution with 30 bearings to 70 pieces for a
composite solution without any bearings.)

B There is a corresponding mass reduction of 40 kg.

B There is a reduced cost of fabrication.

® The maintenance is reduced in considerable proportion, lowering signifi-
cantly the hourly cost of the flight.

B There is increased security (more viability of the mechanical assembly).

7.2.4.1 Evolution of the Yoke Rotors

Example: The yoke “Triflex” Aerospatiale (FRA). The elastic deformation of the
arms (see Figure 7.42) is sufficient to assure the displacements in lift, drag, and
the variable incidence (pitch). The liaison arm/yoke and arm/joints of the blades
are delicate works.

elastomer

unidirectional
glass/epoxy

Triflex hub *

£ flapping

Figure 7.42 Triflex Yoke
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Figure 7.44 Pitch Lever

Example: The yoke “Spheriflex” Aerospatiale (FRA). This is so called because
only the elastic ball-and-socket allows the various angular displacements: flapping
and pitching. The foot of the blade is modified as a consequence (see Figure 7.43).
The number of components becomes extremely reduced, with a minimum volume
(less than the volume of the previous solutions).

7.2.5 Other Composite Working Components

Most of these are made of carbon/epoxy. The parts already in service or in
development include

The rotor mast

The plate for the cyclical control of the pitch

The struts for the control of the pitch

The levers for the pitch (see Figure 7.44) where the composite design
leads to a reduction of mass of 45% as compared with the metallic solution
Lever winch gallows'

B The stabilizer

" See Section 1.5.
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Example: Aircraft Dauphin Aerospatiale (FRA).

Stabilizer in light alloy Stabilizer in carbon/epoxy
231 parts 88 parts

5900 rivets 0 rivets

Mass =1 Mass = 0.78

Global cost =1 Global cost = 0.66

In the case of the military helicopters:

B Utilization of composite materials reduces the “radar signature” of the
helicopter.

B The damages by the projectiles on the blades, yokes, and command struts
evolve more slowly in the composite parts and allow the aircraft to be
able to return to its base (except for the case of a projectile shell break with
a diameter larger than 20 mm).

B The “crash” resistance'® is less for a composite structure as compared with
conventional structure.

7.3 PROPELLER BLADES FOR AIRPLANES

The design using composites for the propeller blades for airplanes is analogous
to that for the helicopter blades. They consist essentially of a torsion box of
composite with a spar made of metal or composites.

Example: Propeller blade Hamilton Standard (USA) for the motor “14 SF” for
the airplane ATR 42 (Figure 7.45)."

Example: Propeller blade Ratier-Figeac (FRA) for the motor of the plane TRAN-
SALL (FRA-GER). The adoption of a spar in unidirectional glass and a torsion box
in carbon leads to a particular weight reduction, when the diameters of the rotors
become important, as indicated in Figure 7.40, which has the following characteristics:

B Diameter of the 4-bladed rotor: 5.5 m

B Mass of a composite blade: 51 kg

B Mass reduction as compared with a metallic blade: 53 kg (mass of a metallic
blade: 104 kg)

B Total mass reduction (2 X 4 blades): 430 kg

The centrifugal inertia force at the foot of the blade decreases from 105,000 daN
to 30,000 daN. This is taken up by the glass fibers in the spar which are bonded
to a steel piece having the form of a tulip and addition of circumferential hoop
winding of rovings to allow for the “fail safe” design. If there is bonding rupture,
the blade is retained on its base by the hoop windings.

The construction of the Ratier-Figeac propeller blade is shown schematically
in Figure 7.47.

1% See Section 7.1.4.

' See Section 7.1.6.
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Figure 7.46 Mass Saving in Using Composites for Blades

Example: Airplane with rocking rotors XV-15 BELL (USA; Figure 7.48),
propellers Dowty Rotol Ltd. (U.K.), which has the following characteristics:

Rotor diameter: 7.6 m

Chord at foot of blade: 0.5 m

Mass of composites: 70% of the mass of the structure.
Wing: stiffened panels in carbon/epoxy.

The new generation of the propellers (called “rapid” or “transonic”) is
destined to propel commercial airplanes with a speed close to that obtained with
the jets (Mach 0.8 to 0.85, or more than 850 km/h). Interest in such propellers
rests in a propulsion efficiency higher than that of modern jets (with double flux)
at high speeds, as shown in Figure 7.49.

For good aerodynamic and acoustic behavior, the propellers are characterized
by low thickness, a large “chord” and a strong curvature which gives them the
form of an oriental saber. The complexity of the geometry combined with
important speeds of rotation (more than 4000 revolutions per minute) requires
the composite construction.

Example: Propeller “Propfan” Hamilton Standard (USA; Figure 7.50). Made of
two rotors in “counter-rotation,” this is designed to propel the middle range
airplanes. The method of fabrication is the same as the more classical propellers
mentioned above: a spar made with light metal alloy forged and machined. A
filling foam is molded around the spar to give the form of the torsion box in
glass/epoxy.
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Figure 7.49 Propulsion Efficiency of Propellers

Figure 7.50 Profan Propeller

Example: Transonic propeller “Charme” ONERA (FRA; Figure 7.51). The
number of blades is high (12) to reduce the load in each blade. The blades are
made of carbon/epoxy bonded to the titanium foot of the blades.

7.4 TURBINE BLADES IN COMPOSITES

Research to increase the efficiency of aeronautical motors leads to the increase of

B Air compression ratios, which reach the values on the order of 45.

B Temperatures of the gases in the turbines. The fixed or mobile blades in
the release stages have to operate with a gas temperature on the order of
1500°C.
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Figure 7.51 The Transonic Propeller “Charme”

Among the materials experimented with in view of increasing the operating
temperature are the “oriented eutectics.” These are composed of two distinct phases:

B A superalloy phase with nickel base
B A carbon phase

The solidification of this alloy is directed with a solidification front (interface
between the liquid and the solid). The carbon phase is developed in the form of
fibers with diameters on the order of microns and of infinite length, and parallel
to the direction of displacement of the solidification front. One then obtains a
unidirectional composite metal/metal.

The advantages and disadvantages of these types of materials can be summa-
rized as follows:

B Pluses:
It is possible to obtain directly, using solidification, pieces with the form
of the turbine blades.
There can be a gain of 30°C on the maximum operating temperature of
actual blades.

B Minuses:
The growing speed of the composite is low: 2 cm/hour.
The proportion of fibers is low (5% to 10%) and cannot be controlled
because it is constrained by the composition of the eutectic.
The material is sensitive to thermal fatigue due to the run—stop operating
cycles of the turbine.
Fracture resistance at temperatures above 900°C is weaker than that for
super alloys in actual service.

7.5 SPACE APPLICATIONS

There is no doubt that for launchers, space shuttles, and satellites the reduction
of mass is most critical. Each kilogram reduction on the launcher for the European
rocket Ariane E.S.A. (EU) gives a gain in payload of 30,000 US dollars.
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7.5.1 Satellites

The structural part of the satellites is essentially constituted of an assembly of
tubes and plates. Principally the structure has to

B Resist average and fluctuating accelerations of the launch, counted as number
of times the acceleration of gravity (g = 9.81 m/sec), up to 5 X g continuously
and 5 x g maximum amplitude in sinusoidal fluctuation, for frequencies up
to 40 Hz. (In order to avoid resonance, the structure has to be very rigid.
It is the rigidity that appears like the factor that controls the dimensions.)

B Be quasi-insensitive to temperature variations (such as in the case of pre-
cision optical instruments: telescope, high-resolution camera). Here, carbon
is used for the tubular structure (very low coefficient of expansion, on the
order of 107)."*

The primary structures of satellites can include sandwich plates, with the
following characteristics:

® Light alloy honeycomb cores (not Nomex'~ because of gas emission in space).
B Facings (skins) made of laminates, without mirror symmetry for maximum
lightness. The thickness of the skin is on the order of 0.1 mm. When
demolding,” they are very deformed. These are then bonded onto the
aluminum core. One then obtains a sandwich plate that is globally balanced.

Example: Camera V.H.R. (Visible high-resolution) SPOT (FRA), which is the
upper part of the satellite shown in Figure 7.52.

In the case of the spatial structures, among the foreseen solutions for the
construction of tubular space stations, one can experiment on tubes made of
extruded carbon with junctions of half-shell made of carbon.

7.5.2 Pressure Vessels

The pressure vessels contain the combustibles, fuel or “powder,” for the propul-

sion. These can be made by winding impregnated unidirectional ribbons over a

mandrel with a particular form. The mandrel must be resistant to shrinkage after

polymerization and should be designed to be extractable (see Figure 7.53).”'
The efficiency of a filament-wound pressure vessel is defined as:

efficiency ratio = p (burst. [.)ressgre)
(meters)  Pg(specific weight)

and has the units of length, for example:

®  Efficiency of glass/epoxy: 25 km.
m Efficiency of Kevlar/epoxy: 35 km.

which explains the predominant use of Kevlar/epoxy in these applications.

' See Section 1.6.
¥ See Section 1.6.
* See Section 5.2.3.
*! See Section 2.1.7.
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Figure 7.55 Evolution of the Structure of Nozzles

For some applications, the principle of filament winding allows one to obtain
vessels and tubes at the same winding session (see Figure 7.54).

7.5.3 Nozzles

The propulsion nozzles of solid propergol (powder) have operating temperatures
up to 3000°C during several dozens of seconds, with pressures varying between
a few bars and several dozens of bars.”” The material making up the internal liner
disappears progressively by decomposition, melting, vaporization, and sublima-
tion. This is the phenomenon of ablation.

The materials that can play such a role have to possess

B A strong resistance to ablation at a high operating temperature
B A low specific mass
B A strong resistance to mechanical and thermal shock

Figure 7.55 shows the evolution of the structure of these nozzles until the advent
of the three-dimensional carbon/epoxy composite materials with the mechanical
characteristics indicated in Section 3.6.

* 1 bar = 0.1 MPa.
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Figure 7.56 Sepcarb Material for Propulsion Nozzles
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Figure 7.57 Nozzles in Rosette Form

Example: Material “Sepcarb” European company for propulsion (FRA;
Figure 7.56).” The quantity of heat before ablation can reach 84 x 10° joules per
kilogram of material. For example the motor for peak operation of the European
launcher Ariane, with the divergent nozzle made of carbon/epoxy, has the
following characteristics:

B A mass reduction of 50% in comparison with previous nozzle constructions
B A gain of the launch force of 10% thanks to higher elongation

Example: Divergent nozzle with “rosette” layering. Figure 7.57 shows the dif-
ference in constitution of this type of nozzle and a nozzle with classical concentric
stratification, with a few orders of dimensional amplitude.

To compare with the concentric stratification, this design:

B allows more convenient machining (more precise work of the lathe tooD).
B is more resistant to delamination.

* See Section 3.6.
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7.5.4 Other Composite Components
7.5.4.1 For Thermal Protection

One can distinguish two modes on entrance into the atmosphere during the return
of the space vehicles:

B Rapid entrance with strong incidence: This is the case of the ballistic
missiles and manned capsules. The heat flux is very high (on the order
of 10,000 kW/m?) with relatively short time of entrance. One can use,
depending on the particular case:

B Heat sinks” in carbon/carbon or in beryllium (for case of the ballistic
missiles).

B Ablative materials (see above for the case of the nozzles) for the manned
capsules.

B Slow entrance with weak incidence: This is the case of hypersonic planes
or “space shuttles.” The duration of the entrance is on the order of
2000 seconds. The heat fluxes are weaker but can attain hundreds of
kilowatts per square meters of the structure at the beginning of the entrance
(80 km altitude), for example:

m 500 kW/m’ at the leading edge
B 100 to 200 kW/m” on the under part

The entrance temperatures reach 1700°C, or 2000°C at the nose of the shuttle.
There are several types of thermal protection, depending on the zones of the
equipment and the reutilization of the facing:

B Heat sinks” associated with insulation

B Reflective thermal barrier (lining of the vehicle reflects the heat flux it
receives)

B Ablative facing (The transformation of the facing by fusion, vaporization,
sublimation, chemical decomposition absorbs the heat, and the vaporized
gases cool the remaining layer, decreasing also the convective thermal flux.)

The areal masses of these devices are related to the limiting admissible
temperatures of the structure immediately below (see Figure 7.58).

Example: NASA space shuttle (USA), which has an empty mass of 70 tons.

Depending on the zones, one uses the linings made of composites of carbon/
carbon or silicon/silicon and pieces of structure (horizontal members, cross
members) in boron/aluminum. The useful temperature of the latter is 300°C for
continuous use and up to 600°C for peak applications.

The under part is protected by composite “tiles” in silicon/silicon ceramic™” that
constitutes a reflective thermal barrier. The tiles are separated from the structure of
light alloy or laminated boron/aluminum by a sandwich of felt and nonflammable

Zi' See Section 7.1.10.
¥ See Section 3.7.
* See Sections 2.2.4 and 3.6.
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Figure 7.58 Areal Mass for Thermal Protection

nylon/silicon/“*NOMEX” honeycomb. There are about 30,000 tiles. Their installation
is shown in Figure 7.59.

Example: Space shuttle Hermes (EU), which has an empty mass of 8.5 tons.
The tiles are replaced by thousands of pieces made of carbon/carbon, silicon/
silicon (see Figure 7.60). The pieces have to be reused for thirty landings.

7.5.4.2 For Energy Storage

On board satellites and space stations, systems using the composite flywheels for
the supply of electric power and for the control of attitude provide a mass
reduction of 25% as compared with conventional storage methods using batteries
and gyroscopic means (specific power on the order of 5 kW per kilogram of the
device). In addition, in the Strategic Defense Initiative program (USA), the devices
of flywheels can deliver high levels of specific powers on the order of 100 kW
per kilogram of the device.

The peripheral speeds can attain 1400 m/sec (filament-wound flywheels in
carbon), and the speeds of rotation from 40,000 to 60,000 rpm.

Example: Development of an energy storage module (USA; Figure 7.61).

B Total mass: 200 kg (occupied volume: 0.15 m’)
m Specific energy: 230 kJ/kg (total energy # 46,000 kJ)
B Peripheric speed: 1100 m/sec

Figure 7.62 shows different solutions for the construction of carbon/epoxy fly-
wheels.
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8

COMPOSITE MATERIALS
FOR OTHER APPLICATIONS

We have given in Chapter 1 an idea on the diversity of the products which can
be made using composite materials. In this chapter we examine a few of these
products, which form a good part in the evolution of these materials, excluding
the aerospace sector presented in the previous chapter.

8.1 COMPOSITE MATERIALS AND THE MANUFACTURING
OF AUTOMOBILES

8.1.1 Introduction

Composite materials have been introduced progressively in automobiles, following
polymer materials, a few of which have been used as matrices. It is interesting
to examine the relative masses of different materials which are used in the
construction of automobiles. This is shown in the graph in Figure 8.1. Even though
the relative mass of polymer-based materials appears low, one needs to take into
account that the specific mass of steel is about 4 times greater than that of polymers.
This explains the higher percentage in terms of volume for the polymers. Among
the polymers, the relative distribution can be shown as in Figure 8.2.

The materials called “plastics” include those so-called “reinforced plastics” for
composite pieces that do not have very high performance. The graph in Figure 8.3
gives an idea for the distribution by zone of the “plastic” pieces in an automobile
and also shows the evolution in time. One can see the increasing importance of
high-performance parts.

8.1.2 Evaluation and Evolution

A few dates on the introduction of composite parts (fibers + matrix) include:

B The antiques as shown in Figure 8.4

B 1968: wheel rims in glass/epoxy in automobile S.M.Citroen (FRA)

B 1970: shock absorber shield made of glass/polyester in automobile RS
Renault (FRA)

' See Section 1.3.
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Figure 8.2 Mass Distribution Among Polymer Materials

Consequences of the introduction of composite pieces in automobiles are now
well-known. They allow a number of advantages. One can find several common
points with aeronautic construction. There are also disadvantages that are more
specific to automobiles.

B Advantages include
B Lightening of the vehicles: A reduction of mass of 1 kg induces a final
reduction of 1.5 kg, taking into account the consecutive lightening of
the mechanical components.
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Figure 8.4 Composite Pieces in Antique Cars

B Cost reduction: This is due to the reduction of the number of pieces
required for a certain component and to noise reduction and isolation.

® The better corrosion resistance of the composite pieces.

B Significant disadvantages are

B [t is difficult, for fabrication in large volume, to obtain as good a surface
finish as that of painted sheet metals.

B For the car body, the painting process and the treatment of the surfaces
require high temperature exposure.
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How to Evaluate the Gains:

In theory: These are the experimental vehicles; Ford, Peugeot (1979). As com-
pared with the metallic pieces, composite parts have obtained mass reduction of

B 20% to 30% on the pieces for the body.
B 40% to 60% on the mechanical pieces

Example: Ford vehicle, which has a mass in metallic construction of 617 kg
and a mass in composite construction of 300 kg for a global gain of 52%. It is
convenient to consider this case as “technological prowess” far from the priority
of economic constraints.

In practice: Over the past years, an increasing number of pieces made of
glass fibers/organic matrices have been introduced. The following list contains
pieces that are in actual service or in development.

B Components for the body
B Motor cap
Hood cover
Hatchback door
Fenders
Roofs
Opening roof
Doors
Shock absorber
B [Interior components
B Seat frames
B Side panel and central consoles
B Holders
B Components under the hood
Headlight supports
Oil tanks
Direction columns
Cover for cylinder heads
Cover for distributor
Transmission shafts
Motor and gearbox parts
B Components for the structure
B Chassis parts
B Leaf springs
B Floor elements

Figure 8.5 shows the importance of the volumes actually occupied by the
composites in an automobile.

Example: Automobile BX Citroen (FRA)1983 with a total mass of 885 kg.
Many of the molded pieces made of glass/resin composites as shown in Figure 8.6
are now commonly used by the automobile manufacturers. We note in particular
the two elements below, the importance and large volume production of which
(rate of production of more than 1000 pieces per day), indicate a significant
penetration of composites in the manufacturing of automobiles.
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Figure 8.5 Composite Pieces in an Automobile

B The hood is made of glass/polyester molded at high temperature in a press
(20,000 kN) with the deposition of a gel coat during molding” to assure
the quality of the surface. The following comparison is eloquent:

* See Section 2.1.1.
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Figure 8.6 Composite Pieces in BX Citroen

Figure 8.7 Automobile Alpine V6, Renault

B Conventional metallic construction (GS Citroen): 7 elements
B Composite construction: 1 element
B Mass gain: 7.8 kg or 46%.

B The rear window frame is made of injection molded glass/polyester (23,000
kN press). The mechanical characteristics obtained with this method (frac-
ture resistance, modulus, impact resistance) are in the vicinity of those
obtained by compression molding. One obtains a single piece that can
support the rear glass piece, the aerodynamic details, the hinges, and the
lower part of the trunk. The advantages over the classical construction are
great:

B Classical construction (GS Citroen): 27 elements
B Composite construction: 7 elements
B Mass reduction: 1.7 kg or 16%

Example: Automobile Alpine V6 Turbo, Renault (FRA), 1986 (Figure 8.7). The
entire body in glass/polyester composites is not obtained by molding according to
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the technique used for the previous model A 310 (contact molding).” It is made
by bonding around fifty elements in glass/polyester on a tubular chassis.

B The panels are made by molding using a press at low pressure and
temperature (6 minutes at 45°C).

B Contouring is done using a high-speed water jet.4

B Structural bonding is done on a frame at 60°C. Robots control it. The
classical mechanical nuts and bolts are replaced by 15 kg of adhesives.

Significant advantages include the following:

B There is reduction in fabrication time: 80 hours versus 120 hours for the
construction of the previous model A 310.

B Excellent fatigue resistance is realized: (mileage > 300,000 km).

B There is good filter for noise from mechanical sources.

B The flexibility in the method of fabrication: The tooling in the press is inter-
changeable in order to produce small series of different pieces on the same
press. This process is well adapted to a low rate of fabrication (10 cars per day).

B Mass reduction—as compared with the technique used in the previous
model, which itself was using composites—is 100 kg.

For a cylinder size of 2500 cm’ (power of 147 kW or 240 CV), it is one of the
most rapid series of vehicles ever produced in France previously (250 km/h) with
a remarkable ratio of quality/price as compared with other competing European
vehicles (Germany in particular).

Example: Racing car “F.1” Ferrari (ITA) (Figure 8.8). This car body is a sandwich
made of NOMEX honeycomb/carbon/epoxy. In addition, a crossing tube made of
carbon/epoxy transmits to the chassis aerodynamic effects that act on the rear flap.
This is attached to the chassis by light alloy parts, bonded to the composite part
with structural araldite epoxy adhesive. There is weight reduction compared with
previous metallic solution, and one also sees very good fatigue resistance, which
is important in regard to mechanical vibrations.

8.1.3 Research and Development

A number of working pieces—traditionally made of metallic alloys—of road vehicles
have been designed and constructed in composite materials, and they have actually
been tested and commercialized:

8.1.3.1 Chassis Components
Research and Development work has been concerned with the spars, floors, front

structures, rear structures, and also the complete structure.

B Principal advantage: Reduction in the number of parts and thus in the cost.
B Secondary advantage: Mass reduction (beams for truck chassis in Kevlar/
carbon/epoxy lead to a mass reduction of 38%—46 kg versus 74 kg for metal).

3 See Section 2.1.1.
* See Section 2.2.5.
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Figure 8.8 Ferrari F.1 Racing Car

Figure 8.9 Front Face of 405 Peugeot

The problems involved are numerous:

B How to assemble the pieces.

B What will be the mechanical behavior when subjected to strong impacts?

B How is the rate of production to be augmented? The actual fabrication
methods are too slow (decrease in the cycle time by using automation).

Example: The superior cross beam or “front face” of the automobile

405 Peugeot (FRA). This component (see Figure 8.9) is subjected to repeated
load cycles in tension, flexure, and torsion. It also supports several dozens of

© 2003 by CRC PressLLC



mass metallic system
'

metallic composite system

spring
composite
.+ junctions « spring
sl 1 |- v junctions & .

i |

Figure 8.10 Comparison Between Metallic and Composite Springs

components and equipment that form the front face of the vehicle. Characteristics
include:

Part molded in glass/polyester (V, = 42%)

Fabrication process: SMC’: Press 15,000 N

Rate of production: 1200 pieces/day

Machining/drilling (70 holes); installation of inserts (30) and components
made by laser, numerical machining, and robots

8.1.3.2 Suspension Components

B Springs: One of the principal characteristics of the unidirectionals (namely
glass/resin) is their capacity to accumulate elastic energy.6 Herein lies the
interest in making composite springs. In theory, a glass/resin spring is
capable of storing 5 to 7 times more elastic energy than a steel spring of
the same mass.

Other advantages include:

B The composite springs are “nonbreakable.” Damage only translates into a
minor modification of the behavior of the component.

B It is possible to integrate many functions in one particular system, leading
to a reduction in the number of parts, an optimal occupation of space,
and an improvement in road behavior.

B The mass reduction is important (see Figure 8.10)

The disadvantages: It is difficult to adapt the product to the requirements of
the production. It is not sufficient to demonstrate the technical feasibility; one must
optimize the three-criteria product-process-production rate (rates of production of

5

S.M.C. process: See Section 2.1.3 and 3.2.

% See Section 3.3.2, comparison of load-elongation diagrams for a metal and a unidirectional.
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Renault “traffic"-

L useful load: 1300 kg
\ N 40 cars/day
— mass gain: 17 kg

cost: identical to a conventional
system

d

Figure 8.11 Leaf Spring

— T * spring

e rolling retumn

o wheel guide

unidirectional

connecting rod glass/carbon/epoxy

Figure 8.12 Combination of Functions

several thousands of parts per day in the automotive industry, to be made using
a few processes, i.e., filament winding, compression molding, pultrusion, and
pultrusion-forming).”

The current development and commercialization efforts deal with leaf springs
and torsion beam springs.

Example: Single leaf spring (see Figure 8.11). A spring made of many metallic
leaves is replaced by a single leaf spring made of composite in glass/epoxy. Many
vehicles are sold with this type of spring, for example, Rover—GB; Nissan—JAP;
General Motors—USA; Renault—FRA).

Example: Multifunctional system (Bertin—FRA). This prototype for the front
suspension of the automobile combines the different functions of spring, rolling
return, and wheel guide (see Figure 8.12).

Example: Stabilizing system. This is used for the connection between an
automobile and a caravan (Bertin/Tunesi—FRA). The combined functions are
shown schematically in Figure 8.13. The mass is divided by 4.5 in comparison
with an “all metal” solution.

Example: The automobile suspension triangle has two parts (FRA) that are
bonded to make a box (see Figure 8.14).

8.1.3.3 Mechanical Pieces

B Motor: The parts shown schematically in Figure 8.15 are in the experimental
stage or in service in thermal motors. For pieces that have to operate at
high temperatures, one should use the high temperature material system

7 See Chapter 2.
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adjustment of preload
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° @) adjustment of redistribution of

weight on the axles

{
@_{Ej damping m{ motion

friction brake

spring made of unidirectional
E glass/epoxy

Figure 8.13 Stabilizing System

glass/epoxy (16 plies balanced fabric)

50% collar in steel

carbon/epoxy (9 plies fabric)

16.6%

33.3%
16.6%

Figure 8.14 Composite Suspension Triangle

glass/polyamide (up to 300°C).” One can also mention the pump blades
and the synchronizers in speed boxes made of glass/polyamide.
B Composite transmission shafts’: These are used in
B Competition vehicles (rallies), allowing high speed of rotation with low
inertia
B Small and large trucks
Figure 8.16 shows how the low mass density associated with high rigidity in

flexure allows the elimination of the intermediate bearing (this induces also a
supplementary reduction in mass and cost).

® The polyamide resin is said to be “thermally stable;” that is, it can maintain its mechanical
properties at high temperatures (up to 500°C for one hour).
’ See Application 18.1.4.
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Figure 8.15 Composite Mechanical Components

chassis

steel shaft

classical solution ;.

chassis

shaft in glass/carbon/epoxy [

solution “composite shaft”

Figure 8.16 Composite Shafts

For the transmission shafts equipped with supports, one obtains the following
advantages:
B Reduction of mass of 30% to 60% in comparison with the transmission
shafts with universal cardan joints
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metallic seal

metallic nozzle

bonding

=

laminated tube laminated tube

Figure 8.17 Composite-metal Shaft Bonding

B Reduction in mechanical vibrations

B Decrease in acoustic vibration level (in particular the “peak”)
B Good resistance against chemical agents

B Very good fatigue resistance

B Lateral transmission shafts are used for vehicles with front drive. They are
used to eliminate the homokinetic joints that are actually used. They are
made of a weak matrix material and wound fibers that allow the freedom
of flexure for the transmission shaft.

8.2 COMPOSITES IN NAVAL CONSTRUCTION
8.2.1 Competition
8.2.1.2 Multishell Sail Boats

In the past years there has been a spectacular development in the sailboat
competition, with significant research activities on the improvement of the qualities
of the boats, and the design of sail boats called “multishells” with large dimen-
sions, made of high performance composites, characterized by

B Low mass leading to reduced “water drafts”

B New and more performing “riggings”"’

B Resistance against intense fatigue loadings, namely for the joint mechanisms
between the shells

Example: Catamaran Elf Aquitaine (FRA) 1983 (see Figure 8.18). This is a large
boat (20 m) in high performance composite materials. It has the following principal
characteristics:

B A mast-sail constituted of two half-shells in carbon/epoxy, 24 meters long
B Connecting arms for shells with “x” shape that work in flexure to take up
the difference in pitching between the two shells

" There is a record speed of 34 knots with a class C catamaran (7.6 m in length).

© 2003 by CRC PressLLC



“X"arms
honeycomb/carbon/epoxy

sail mast
carbon/epoxy

L/

3

RIEEN

24 m

=l

balestron
carbon/epoxy

shell
honeycomb/carbon/epoxy

Figure 8.18 EIf Aquitaine Catamaran

B A total fully equipped mass of 5.3 tons, corresponding to a mass reduction
of 50% as compared with a construction in light alloy

Example: Competition skiff WM (FRA) 1995 (see Figure 8.19).
Example: Surf board 1995 (see Figure 8.20).

8.2.2 Ships

In the defense domain, there are composite boats of large dimensions (>50 m):
escort-patrollers are expected to be 90 m in length.

Example: Anti-mine ocean liner BAMO (FRA). The Catamaran shell is 52 m
in length, 15 m in width, and molded in 8 parts. It has 250 tons of glass/polyester
composites in monolithic and sandwich construction with balsa core for the bridges
and walls (see Figure 8.21).
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e length: 8 meters

e mass (complete
i tructural frame
boat with stru
shoes): 14 kg light alloy

sliding seat
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shell
Nida Nomex
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Figure 8.19 Competition Skiff

glass mat polystyrene foam

Nida core
unidirectional

unidirectional glass fabric carbon-Kevlar-epoxy

Figure 8.20 Surf Board
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Figure 8.21 Anti-mine Ocean Liner

8.3 SPORTS AND RECREATION

8.3.1 Skis
Initially made of monolithic wood, the ski has evolved toward composite solutions
in which each phase — each in itself a composite material — fulfills a determined

function. Figure 8.22 illustrates a transverse cross section of a ski of a previous
generation: steel for the elasticity of the element, wood to dampen the vibration,
interspersed aluminum for its better adherence to wood.

Among the essential mechanical characteristics, the manufacturer has to master
the following:

Flexibility in flexure

Ski stiffness in torsion (for turning)
Elastic limit

Fracture limit

One must also note the large diversities of the quality of

B The snow and the slopes (operating conditions)
B The skiers (different levels)

Taking into account the above specifications requires the manufacturers to provide
a large variety of skis. The principal components include

B The structure is the part of the ski that assures the essential functions as

mentioned previously. It may require a piece—or an assembly of several
pieces—along the longitudinal direction of the ski, and the cross section
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Figure 8.22 Cross Section of an Antique Ski

</ . =3

omega box sandwich
structure structure structure

Figure 8.23 Different Ski Cross Section Forms

Figure 8.24 Section of Ski Dynastar

area may take the form shown in Figure 8.23. In fact, other elements can
be added to these requirements, which will allow one to control separately
stiffness in flexure and stiffness in torsion. The ratio of these two stiffnesses
will determine the behavior of the ski, particularly during turning. For this,
one uses mainly the following materials:

Glass/epoxy

Carbon/epoxy

Kevlar/epoxy

Honeycombs

Zicral (AU 2 ZN)

Steel alloy

Example: Skis Dynastar (FRA): The real appearance of a section is complex,
as shown in Figure 8.24, on which one can recognize the “omega,” the box, and
the sandwich structures described previously.

B The filling contributes little to the mechanical characteristics of the whole
structure (10% to 15%), but it constitutes the big part in the total volume
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Figure 8.25 Composite Bicycle

(70 to 80%). Its specific mass has to be as small as possible. The filling
can be of
B Wood, which is sensitive to humidity, with scatter in mechanical char-
acteristics and specific mass depending on the lots
B Polyurethane foam, with weak mechanical characteristics
B Acrylic foam, which is very onerous
B The covers and the edges are in glass/phenol or in glass/granix.
B The upper edges are in zicral, the lower edges are in steel.
B The synthetic inner soles have high specific mass.

8.3.2 Bicycles

Initially reserved only for competition, numerous variations with frames and wheels
made of carbon/epoxy can now be found (see Figure 8.25).

8.4 OTHER APPLICATIONS
8.4.1 Wind Turbines

The renewed interest in wind turbines has been caused by the use of composites
in the fabrication of the blades. These can be of large dimensions (lengths exceeding
24 meters).

Example: Figure 8.26 gives an idea of the size of a wind turbine that develops
a maximum power of 33 kW. The blades in glass/epoxy are made here by vacuum
forming'' using two half-shells assemblies by epoxy adhesive bonding.

The blades can also be done by filament winding, a process well suited for
the construction of torsion box (Figure 8.27). Nevertheless, for longer lengths, the

" See Section 2.1.3.
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length:

56m

mass:
laminate 70kg
glassfepoxy

o height:
structural 15m
bond

metallic
half shell

rotor half-blade

Figure 8.26 Wind Turbines

Figure 8.27 Filament Winding for Wind Turbine

flexure of the blade varies during winding (difference in flexural rigidity in one
neutral plane from the other).

One can mention also the composite propeller blades for the cooling blowers,
which borrow the technology of the aircraft propellers,'? which have a speed of
rotation larger than for the wind turbines.

" See Section 7.3.
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glassfepoxy or Kevlar/epoxy

light alloy

Figure 8.28 Composite Gas Bottles

8.4.2 Compressed Gas Bottles

These are made using filament-wound glass/epoxy or Kevlar/epoxy (see Figure
8.28) reinforcing a thin envelope in light alloy which is used for sealing purposes.

B The pressure can reach 350 bars in operating conditions (rupture at more
than 1,000 bars).

B The ratio (gas volume/bottle mass) is multiplied by 4 in comparison with
the steel solution.

B Applications include
B Very light breathing apparatus (for scuba diving)
B Reservoirs for gaseous fuels
B Accessories for missiles

8.4.3 Buggy Chassis

These are made using glass/epoxy. They are very resilient and can help reduce
noise. They are very light with a reduced number of pieces in comparison with
the metallic solution. They also offer very good fatigue endurance, as has already
been described above for glass/epoxy."

Other advantages include the possibility of integration of the “spring” function
in the structure of the chassis and increase in the “critical” speed from which a
proper mode of vibration can develop in the suspension (see Figure 8.29).

8.4.4 Tubes for Off-Shore Installations

These are used in deep waters. The weight of the metallic tubes—or risers—
increases proportionally with the depth and can attain high values (one third of
the limit stress for a depth of 1000 m). This gives rise to interest in using tubes
made of glass/carbon/resin, which are three to four times lighter than tubes made
of steel.

Example: Production tubes for a cable-held platform. The platform is held
with cables toward the bottom (see Figure 8.30). A large number of production

Y See Section 5.4.4.
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mass gain: 1 ton/buggy

glass/epoxy

Figure 8.29 M.B.B. Buggy
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Figure 8.30 Riser Tubes
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tubes connect the underwater bottom to the platform. They are subjected to the
static and dynamic loadings (due to underwater currents) as:

B Tension

B Flexure

B Circumferential extension and contraction due to external and internal
pressures

Characteristics: Safety factor as compared with complete rupture: 2 to 3.
The micro cracks in the resin require internal and external sealings using
elastomers.

8.4.5 Biomechanics Applications

The carbon/carbon composites (see Section 3.6) have the rare properties of not
provoking fibrous outgrowth when in contact with the blood stream; they are so-
called thrombo resistant. In addition, the following qualities also favor their
implantation in the human body:

Chemical resistance and inertness

Mechanical and fatigue resistance

Controllable flexibility due to the nature of composite materials
Low specific mass

Transparency to different rays

Possible sterilization at very high temperatures

The principal applications (to be expanded) for the moment are

Hip and knee implants (in development)
Osteosynthesis plates

Dental implants

Implant apparatus

8.4.6 Telepherique Cabin

A substitution using composites on the classical solution for the telepherique
cars made of metals gives, at equal mass, a notable augmentation of the useful
payload.

Example: Company Ingenex/telepherique of Argentieres (FRA): Increasing
capacity while keeping existing installations, that is cables—pylons—motorization.

B Previous metallic telepherique: useful payload 45 passengers

B New composite telepherique, carbon/Kevlar/epoxy (Figure 8.31): useful load
70 passengers (with the same mass as the previous construction)

B Augmentation of capacity: 55%

© 2003 by CRC PressLLC



B Cost comparison: renewal of all installation with the metallic solution ($11
million)

B Renewal of two telepherique cabins with the composite solution ($1.1
million): cost divided by 10

sandwich of Nida Nomex/
laminated carbon/epoxy

sandwich of Nida Nomex/
fabric of Kevlar/epoxy

Figure 8.31 Telepherique Cabin
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PART Il

MECHANICAL BEHAVIOR
OF LAMINATED
MATERIALS

We have introduced in the previous part the anisotropic properties of composite
materials from a qualitative point of view,' and we have indicated the characteristic
elastic constants for the behavior of an anisotropic layer in its plane.

We have also mentioned the relations that allow one to predict the mechanical
behavior of a fiber/matrix combination from the properties of the individual
constituents.” In Chapter 5,” we have also given the elements necessary for the
sizing of the laminates made of carbon/epoxy, Kevlar/epoxy, and glass/epoxy,
in terms of strength and deformation.

This second part is dedicated to the justification and application of these
properties and results. It requires a detailed study of the behavior of anisotropic
composite layers and of the stacking that makes up the laminate. It is useful to
note that the basics of the mechanics of continuous media—namely, the state of
stress and strain at a point—already described in great details in many texts on
mechanics of materials, are supposed to be known.

' See Section 3.1.
2

“ See Section 3.3.1.
3 See Section 5.2/5.3.
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9

ANISOTROPIC ELASTIC MEDIA

9.1 REVIEW OF NOTATIONS
9.1.1 Continuum Mechanics
We consider the following classical notions and notations of the mechanics of

continuous media:

B State of stress at a point: This is defined by a second order tensor with
the symbol A. The 3 by 3 matrix associated with this tensor is symmetric.
In this matrix, there are six distinct terms, which are denoted as s

S115 S22 S35 S35 S13; Si2

B State of strain at a point: This is defined as a second order tensor € The
3 by 3 matrix for this tensor is symmetric. It consists of six distinct terms
denoted as g;

€1 6y 63 63 63 6,

B Linear elastic medium: The strains are linear and homogeneous functions
of the stresses. The corresponding relations are:

_ 1
€ = J e ¥ Ske

B Homogeneous medium: In this case, the matrix terms j ;, characterizing
the elastic behavior of the medium are not point functions. They are the
same at all points in the considered medium.

' For example:

€1 =JunSut St/ usSs t uanSa v un Set s Sz T um San t s Szt sz S
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9.1.2 Number of Distinct j ;;, Terms

The above stress—strain relation can be written in matrix form as:

2 Q& s ﬂ 9] » Q

6x6 6x3

92
------- L ssresermrsscssrs s s ra s sr s T At v e - -l
£33 : 32
£a 3x6 : 3x3 Oay
£ : o,
21 : 21

\ '\

B Due to the symmetry of the stresses (S, = S¢.), the corresponding
coefficients are the same, i.e., j jue = J jjer-

B Due to the symmetry of the strains (€; = €,), the corresponding coefficients
are the same, i.e., j ;x¢ = J jipe- In other words, the knowledge of only the
coefficients of the 6 ¥ 6 matrix written above is required.

B In addition, application of the theorem of virtual work on the stresses
shows that the coefficients j ;. are symmetric, meaning: j ;,, = J M,-]-.Z

Therefore, the 6 ¥ 6 matrix mentioned previously is symmetric. The number of
distinct coefficients is:
o(

+
% = 21 coefficients

Consider two simple stress states:
* State No. 1: One single stress, (Sge);, which causes the strain:

(&)1 = J jne (Seoh
* State No. 2: One single stress, (S,,),, which causes the strain:
(enm)z = j mnpq (qu)z

One can write that the work of the stress in state No. 1 on the strain in state No. 2 is equal
to the work of the stress in state No. 2 on the strain in state No. 1, as:

(See)i ¥ (@), = (Spg), ¥ (€9),

which means: (Sge); ¥ pepg ¥ (Spg)z = (Spa)2 ¥ pare ¥ (Ske)y

from which one has: J klpg — J Pkt
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B |n summary:

stress reciprocity: Jf jee = J e

strain definition: j ue = J jire

O.D

symmetry: j ikt = J kb

There remain 21 distinct coefficients J ;.

The previous stress—strain relation can then be written as:

Ioell é jllll j1122 j1133 2/ 1123 2./ 1113 2] 1112 Iosll b
8%2 8 j 2211 ] 2222 ./ 2233 2./ 2223 2] 2213 2] 2212 8522 8
‘|Oe35 O_ lism Jxm Jass 235 203335 2/ 330 10535 o
Q %3 Q jZSll j2322 j23§3 2/ 2323 2] 2313 2] 2312 Q 523 Q
8913 8 Jusn Tz s 203 2035 2f i 8515 8
8612 O _j]Zl] j1222 j]233 2/ 1223 2] 1213 2] 1212] 8 S]Z O

~
o

The matrix above does not have the general symmetry as in the general form
(9 ¥ 9) presented previously. (Note the coefficients 2 in this matrix). One can get
around this inconvenience by doubling the terms &, €, €., introducing the shear
strains:

O = 2€3; 0i3= 263 0 =26,

from which the stress—strain behavior can then be written in a symmetric form as:

O e]l é ] 1111 j 1122 .I 1133 2./ 1123 2] 1113 2.] 1112 O Sl] é
8 e 8 Jon  dam Jan 2mm 2ows 2 w3Sn 3
Q 2 Q 2211 2222 2233 2223 2213 2212 Q 22 Q
io e; O — [ Jan L 20530 205130 2 s ~|0535 o 9.2)
Q 2%3 Qg2)7 2] 2311 2j 2322 2./ 2333 4,/ 2323 4] 2313 4j 2312 852% 8
0Q26e; Qs 2f 3 2 2 Yoz Az 4 52| O S O
82612 Oglz _2.1 1211 2j 1222 2/ 1233 4./ 1223 4] 1213 4j 1212] 8 512 O

9.2 ORTHOTROPIC MATERIALS

Definition: An orthotropic material is a homogeneous linear elastic material having
two planes of symmetry at every point in terms of mechanical properties, these two
planes being perpendicular to each other.
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Then one can show that’ the number of independent elastic constants is nine.
The constitutive relation expressed in the so-called “orthotropic” axes, defined
by three axes constructed on the two orthogonal planes and their intersection
line, can be written in the following form, called the engineering notation
because it utilizes the elastic modulus and Poisson ratios:

[ n n s

e LT 11
o) 1 M QS Q
8822 5 g 0 0 0 8 28
Qe el 0 0(85s 8
P E, B o9 ©.3)
§g23 0 0 GLB 0 0 §523§
8% o o o 1L o 85 8
o G. 0% 0
8 o o o o - 8 3
Og12 GO Sz,

where

E,, E,, E; are the longitudinal elastic moduli.
Gy, Gi3, Gy, are the shear moduli.
Ny, N, N, My, Ny, N, are the Poisson ratios.

In addition, the symmetry of the stress—strain matrix above leads to the following
relations:

E, E' E, E' E E '

9.3 TRANSVERSELY ISOTROPIC MATERIALS

Definition: A transversely isotropic material is a homogeneous linear elastic
material such that any plane including a preferred axis, is a plane of mechanical
symmetry.

One can show that' the constitutive relation has five independent elastic
constants. For the fiber/matrix composite shown in Figure 9.1 the preferred axis
is €. The fibers are distributed uniformly in the direction along €. All directions
perpendicular to the fibers characterize the transverse direction £

3 Proof is shown in Section 13.1.
* Proof is shown in Section 13.2.
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Figure 9.1 Transversely Isotropic Unidirectional

The engineering stress—strain relation has the form:

8et1‘ 8 _n_“ l ! 0 0 0 85” 8
Q Q E, E E, Q Q
86 8 _n_“ _2’ l 0 0 0 83 8
‘I(D ZQ“EQ: E( Et E, i() t‘I?¢9 (95)
égmé 0 0 2(1,;"’) 0 0 §tn¢§
8g€¢8 0O 0 0 0 1 8t 8
Q7" Q Gy, Q “*Q
Q Q 119 Q
8g€,? 0o 0 0 0 0 G—hg t, ‘O

Remarks: The independent elastic constants are

B Young modulus along the ¢ direction: E,.

B Young modulus along any transverse direction t: E,.
B Shear modulus in the plane ¢, . G,

B Poisson coefficients: n, and n,.

The symmetry of the coefficients of the constitutive relation leads to

N _ My
E€ Er

One may also note that the shear modulus in the plane ¢, t¢can be written as:

E,
2(1+n,)

This equation is classic for isotropic materials.
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10

ELASTIC CONSTANTS OF
UNIDIRECTIONAL COMPOSITES

In this chapter we examine a distinct combination of two materials (matrix and
fiber), with simple geometry and loading conditions, in order to estimate the
elastic properties of the equivalent material, i.e., of the composite.

10.1 LONGITUDINAL MODULUS E,

The two materials are shown schematically in Figure 10.1 where

m stands for matrix.
[ stands for fiber.

B Hypothesis: The two materials are bonded together. More precisely, one
makes the following assumptions:

B Both the matrix m and the fiber f/ have the same longitudinal strain &,

B The interface between the two materials allows the 2z normal strains in the
two materials to be different.

® O

The state of stresses resulting from a force F can therefore be written as:

o 0 O o, 0 O
=10 0 0 =10 0 0

(m) 000@@ 0 0 O

and the corresponding state of strains:

8(00 8(00
€—=10 ¢ 0 €=10 ¢ 0

(m) 0085@@ 00 el
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Figure 10.1 Longitudinal Modulus E,
Each material is assumed to be linear elastic and isotropic, with the following

stress—strain relation:
(10.1)

£ = ! EVZ—g trace (X)I

in which € represents the strain tensor, £ represents the stress tensor, and 7 the

unity tensor. E and v are the elastic constants of the considered material.
For the composite (m + f), one uses Equation 9.5 with restriction to the plane

Lt. It reduces to:

L Yo
& e K o]
gp=| Y 1 o
1 Z 2 0 [
Ye: 0 0 1| [ Te
G( t

The stress Oy, can be written as (see Figure 10.1 above):
e

o, —L
€m + ef

s (e, +e)x1 (em+ef
m+D D) )
which can be written in terms of the volume fractions of the fiber and the matrix as'

Oy Vm + Oy Vf

0 @ O

See Section 3.2.2.
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Expressing the stresses in terms of the strains for each material yields

E&, = E, &V, +E&V,

then:

E( - EmV +Ej‘/}| (102)

Note: Among the real phenomena that are not taken into account in the
expression of E| is the lack of perfect straightness of the fibers in the matrix. Also,
the modulus E, depends on the sign of the stress (tension or compression). In
rigorous consideration, the material is “bimodulus.”

Example: Unidirectional layers with 60% fiber volume fraction (V= 0.60) with
€epoxy matrix:

Kevlar “HR” Carbon  “HM” Carbon

E, tension (MPa) 85,000 134,000 180,000
E, compression (MPa) 80,300 134,000 160,000

10.2 POISSON COEFFICIENT

Considering again the loading defined in the previous paragraph, the transverse
strain for the matrix m and fiber f can be written as:

\4
81 = —_G{» = —VS(
E

and for the composite (m + f):

The strain in the transverse direction can also be written as:

A(e,, + Ae,, A
81 ZMZLWVM‘F&V}

@ + @ €m + ef € ef

00 @ O

Because & has the same value in m and f:

—V“g( = —Vmstm _Vf8€I/f

v(ff = vm Vm + V/‘va| (103)
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10.3 TRANSVERSE MODULUS E,

To evaluate the modulus along the transverse direction E;, the two materials are
shown in the Figure 10.2. In addition, one uses the following simplifications:

B Hypothesis: At the interface between the two materials, assume the
following:
B Freedom of movement in the / direction allows for different strains in
the two materials:

EFE

@ D

B Freedom of movement in the z direction allows for different strains in
the two materials:

E.£E.

@ @

Then, the state of stress created by a load F (see Figure 10.2), can be reduced
for each material to the following:

0 0 0
2-10 o, 0
0 0 0

Figure 10.2 Transverse Modulus E,
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The strains can be written as:

& 0 0
€210 €& 0

0032@

or

©

Then for the composite (m + f), one has

E = =0,

£,

On the other hand, using direct calculation leads to (see Figure 10.2)

& = e, e @ " @
then:
lo=tovitay
%t = Z_:+L]5/i or E, = Em{m} (10.4)
’ S E, S
Remarks:

B Due to the above simplifications that allow the possibility for relative sliding
along the / and z directions at the interface, the transverse modulus E,
above may not be accurate.

B One finds in the technical literature many more complex formulae giving
E,. However, none can provide guaranteed good result.

B Taking into consideration the load applied (see Figure 10.2),: the modulus
Ejthat appears in Equation 10.4 is the modulus of elasticity of the fiber in
a direction that is perpendicular to the fiber axis. This modulus can be
very different from the modulus along the axis of the fiber, due to the
anisotropy that exists in fibers.”

* This point was discussed in Paragraph 3.3.1.
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10.4 SHEAR MODULUS G

Load application that can be used to evaluate the shear modulus G, is shown
schematically in the Figure 10.3, both with the angular deformations that are
produced. The state of stress, identical for both the matrix and fiber material, can
be written as:

0 7, O
2107, 0 0
0 0 0

The corresponding strains can be written as:

€ —lg, 0 0

mor (o o o

Using the constitutive equation, one has

1+V Tez
€y = TT“ = Yo

then:
_ T
Yer = G

Also, from Figure 10.3, one has

Yer (em + e/) = Yulm+ y@ref

@+ @ O

Figure 10.3 Shear modulus G,
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which can be rewritten as:

Yeo = Yesz+7/€tV‘/‘
m+@D m D
Tet Te: Ter
—_— ==V +=V;
Gy G, " G
1 Vm Vf
_— = 24 4
Gy G, G

1
G{’Z = Gm|: G i| (105)3
1-V)+=V,
( f) G, /

10.5 THERMOELASTIC PROPERTIES
10.5.1 Isotropic Material: Recall

When the influence of temperature is taken into consideration, Hooke’s law for
the case of no temperature influence:

1+ve Vv
Ty Y irace (DI
trace(X)

is replaced by the Hooke-Duhamel law:

1+v
E

z-é trace(2) I + AT T (10.6)

where
€ = Strain tensor
2 = Stress tensor
I = Unity tensor
E, v = Elastic constants for the considered material
o = Coefficient of thermal expansion’
AT = Change in temperature with respect to a reference temperature at
which the stresses and strains are nil

10.5.2 Case of Unidirectional Composite

The coefficient of thermal expansion of the matrix is usually much larger (more
than ten times) than that of the fiber." In Figure 10.4, one can imagine that even
in the absence of mechanical loading, a change in temperature AT will produce a

> A few values of the shear modulus Gy are shown in Section 3.3.1.

* See Section 1.6, “Principal Physical Properties.”
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Figure 10.4 Unidirectional Composite

longitudinal strain in the composite. This longitudinal strain has a value that is
intermediate between the strain of the fiber alone and that of the matrix alone.
Then, in the composite one finds internal stresses along the direction / (along the
direction ¢, the fiber and matrix can expand differently). One then has:

B For the stresses:

o, 00 o, 0 0
=10 0 0 =10 0 0

@000@@ 00 07

B For the strains:

8600 8@00
ED10 g 0 E2|0 ¢ O

(m) 0052@@ ootez@

10.5.2.1 Coefficient of Thermal Expansion along the Direction |

One has for the fiber and the matrix, respectively:

c c
g = E—€@+amAT= g = Ej®+afAT

@

The external equilibrium can be written as (see Figure 10.4):

O¢Xe,+0o,xe, =0

@ O

© 2003 by CRC PressLLC



where, taking into account the equality of the strains:

Oy _ €m 1
E@+O%AT— —O'gX?XE-l-(Xf AT

@ i f

(=, )AT  (o,—a,)AT

O¢ — e Vv,
1+’”X1 .1.+.Jﬂ><.1.

@ E,, Ey E,  V, &

V represents the volume fraction. The longitudinal strain can then be written as:

_ (0 BV, + @, E,V,)(AT)
EVitE,V,,

m

It is also the longitudinal strain that is created only by the effect of temperature:
ge = OC(AT
@ +O

where o, is the longitudinal coefficient of thermal expansion. One can then equate
the above expressions to obtain:

o EV,+a, E,V
p = —LLL m (10.7)
EV+E,V,

10.5.2.2 Coefficient of Thermal Expansion along the Transverse Direction t
The global thermal strain can be written as (see Figure 10.4):

g A(em + ef) - ¢ Cm ef
= & "
Em + ef Em + ef

o0 T @

then:

G0 @ O

Using the Hooke and Duhamel law (Equation 10.6)’:

Vo v
= (——0'(+amAT) . ( E[G(+O{/-AT)Vf

@@ @ ©

> For the Poisson coefficients of common fibers, see Section 3.3.1.
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Using the expressions for stresses obtained before, one obtains:

(VE,,—V,E»)
- Voo V) 4+ =L Tl op— AT

& {(am m af f) Eme'FEfo m f(af am)
m +@)

The quantity between the brackets represent the coefficient of thermal expan-
sion along the transverse direction ¢, o, which can be written as:

(vam - vaf)
L,

v,

m

a/ = am 1/m + afvf+ X ((Xf_ am) (108)

10.5.3 Thermomechanical Behavior of a Unidirectional Layer

Under the combined effect of the stresses and temperature, the global thermo-
mechanical strains of a unidirectional layer can be obtained using the following
relation:

L Ve
& E, E, oy 107
g = | bue 1 o, +AT} o 10.
’ o 0 ; # (10.9)
Wr 1 T(/z O
0 0 a

in which the coefficients E,, E, vy, G, 0 and o, have the values given by the
Equations 10.2 to 10.8, respectively.
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11

ELASTIC CONSTANTS OF A PLY
ALONG AN ARBITRARY
DIRECTION

To study the behavior of a laminate made up of many plies with different orientations,
it is necessary to know the behavior of each of the plies in directions that are
different from the principal material directions of the ply. We propose to determine
the elastic constants for this ply behavior using relatively simple calculations.

11.1 COMPLIANCE COEFFICIENTS

The ply is already defined in Chapter 3. Let €, t and z be the orthotropic axes
of a ply shown in the Figure 11.1.> For a thin laminate made up by a superposition
of many plies, we assume that the stresses S.. are zero. It is then possible, for
an orthotropic material, to write the stress—strain relation in the plane €.t starting
from Equation 9.3 or 9.5 in the form:

w1 n,

00 ok & '@y

ge/g= g_% £ 0 ébsfg 1.1
Q O 0 13 O

0./7% o 0 0 Gf,‘dé’t‘

Problem: How can one transform this relation expressed in the coordinates €,

into a relation expressed in coordinates x,) inclined at an angle of g with the €,¢
coordinates (see Figure 11.1).
First recall the following:

' See Section 3.2
> The orthotropic axes 1,2,3 in Equation 9.3 are now called I #,z, respectively.
’ What follows is treated more globally and completely in Section 13.2.2.
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§ =,

Figure 11.1

Orthotropic Axes and Arbitrary Direction in the Plane of a Ply

2 . >
B Recall 1: The stress S acting on a surface with a normal vector # is given by

{0} = [o,{n}

column matrix of
N
stress components 0

11.2)
stress

matrix

column matrix of
. . . >
direction cosines 1

9
B Recall 2: The céoo»rdinates of the same vector V in axes x,) as well as
€,t, such that (x.¢) = cosg, are

> > > -> N
V=Vl +Vt =V,x+Vy

with the relation:

Ve, _Tec s, IVe, g
I, =1, ) E.
o, O ¢ OV,

cosq”
sing (11.3)

9
In axes ¢t the stress acting on the surface with a normal X can be expressed as
follows, using Equation 11.2 above:

{S/x}e,z = [sledx}e, = [sz‘f](,tll,c»

3

where {s,} is the stress vector and [s,] is the stress matrix and in axes x,},
following Equation 11.3:

[c
{s/x}x,y = |:C S:|[sij]€,t|, >
-s C o

3
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In a similar manner, the stresses acting on the surface with the normal y are

written in the X,y axes as:

c S I—S
Sy}, = S, >
{s,}e, L J[ Jol

Therefore, the matrix of stresses in the x,y axes is:

{Sij}x,y = [S/X,S/y] = |:C S:|[S"f]€‘l|:c

=S C S

in setting:

[P] = {C 5}
S C

and observing that the matrix [P] is orthogonal ([Pl = [PI'), one has*

[syle: = [[P][Sij]x,y[P]

where [P] is the transpose of matrix [P).
This expression can be developed to become

Se tyl — |c =s||Sx ly||c s
t,, S, s ¢ty S|l ¢

One can also rearrange the equation to be

Then:

[s]e, =[T1[s].,

" Onehas: s, =Ps,, 'P;s,'P="Ps,; Ps, =S,,P; S, ='PS,,P.

© 2003 by CRC PressLLC
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with’

c K —28C
[ 2sc

sc —sc (=5

In a similar manner, the strain components can be transformed as:

L e & s 2 L&
0.0 |, , 0 0
.67 =|s ¢ —2c¢cs |67
Q, O > Q. O
oy, —cs cs (¢"=57)|CPu,
or:
L. e & cs e
6. o_| , 0.0
Ioey 5 = s c —cs L€
Oy, —2¢cs 2cs (F=57)| P,
then: le le
L > =[7qp ~
< xy [N
with:
2 2
c s cs
(74 =| ¢ 2 —cs

—2¢s 2¢s (F=5)

The stress—strain Equation 11.1 can then be expressed in the axes x,y since we
have written:

1 —My
) 5O
le, le, e, -
> =ral 15 = | 1o |{shs {sh = [TN(sh,
wc X,y wk €, w‘ €, ¢ ! .
00

* This [7'] matrix is readily established if one knows the relation that allows one to express the
components of a tensor in one system in terms of the components of the same tensor in

. . . m m . m - .
another system. Here this relation is: S ;= cos; cos; S,,, with cos; = cos(m,1 ); see Section 13.1.
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where after substitution:

ie 1y i Sx
SN
e = [79 z O0l7] Is,”,
33 g8
1
g, o 0 =z e 9
—OO000,_ OO0

new matrix of elastic coefficients in x,y axes

When all calculations are performed, one obtains the following constitutive relation,
written in the coordinates x,y that make an angle q with the axes ¢ The elastic
moduli and Poisson coefficients appear in these relations. One can also see the
existence of the coupling coefficients h and m’ which demonstrates that a normal

stress can produce a distortion.”

3

[3

h’

t
Y A I ex 1 _h &1
Q t) Ex El‘ Gx,v
O O n, 1 m,
x o Let % i G
570 | B B G
Y= lo,, 00 | nom 1
iy, E. E, G,
with:
1
E(Q) = — —
L"_'_S__'_ 2 2 1 1
E, K Efr 2E,
1
£(q) = —
st + + 2E1l o
E, ¢’s =P E,
1
Go(q) = e oy
1 -5
- tp 4o
SE T
Ny _ M4 2 2E1 11"
El'(q) - Et(c +‘S) cs EE( r G{r
th l : E1t€ 1 B
G4 = _—— + —_ =
ny(q) ZCS|OE (c s ) G
m, l S2 CZ 2 E7,( 1°
= = 2L —
B0 = 2esl g5~ (O

6

and m,/G,, = mIE,.

See example descrlbed in Section 3.1.
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Recall that the matrix of elastic coefficients is symmetric, meaning in particular: h,,/G,,= h,/E,



11.2 STIFFNESS COEFFICIENTS

When one inverts Equation 11.1 written in the coordinate axes /,t of a ply, one obtains

E, n.E

S ¢ B, .

Io ' Q (I=ngn,)  (1=ngn,) o |l.€e Q

Os 92 ne.E, E O O

IQSIQ_ (1=ng,n,) (1=n,,n,0) 0 Ioef Q

S I Q O
der 0 0 Ge, wh‘

where the “stiffness” coefficients appear, as opposed to the Equation 11.1 where
the “compliance” coefficients appear. To simplify the writing, one can denote

s, E nE. 0 |L&
s D— f- Z-g e ‘Oe 6 (11.6)
L ro_ n“E[ Et 0 L [CA) .

Q
S 0 0 Gy, e

3

An identical procedure can be followed to arrive at the stress—strain relation:

2 2 ¥

I.s. ¢ s 2¢cs ]Sy
0D . 0.0
IOSy 5 = s ¢ —2c¢s IOS ' O
Gy, —cs_¢s (=5)] D,
iteloloxolole]
(73]
(11.7)
e ¢ s —s | 1. e
O ”6 2 2 ‘O ”6
Ioez 5 = s c cs Ioej, 5
Oe:, 2cs —2¢s  (*=s7)] O,
elololopyelolole}
[ 7.9

Recall that axes x,y are derived from the axes €, by a rotation g about the third
axis z. Substituting Equations 11.7 into 11.6, one obtains

oo | B M 0 6%
,\syo_ [Tl] netEt EI 0 [qu |Oe} O
(o 2% 0 0o G, -y

Lsxb En En Ei . & B
IOSJ’6= Ez1 Ezz 1_523 Iéey O
OtxyL ESl Esz 1_533 (ﬂ%
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Once the calculations are performed, one obtains the following expressions
for the stiffness coefficients Ej;, where ¢ = cosq and s = sing.

Y

»

\

1\ s
|1
1\ v

""\?’

with:

En(q)
Ex(q)
E35(q)
E12(q)
Ei5(q)
Ex(q)

Lsxé En E12 ElS IC)EX e
LS By Ba EullO
o E O _21 _22 _25 o - o

£ dx_l/‘ E51 E32 Egg, ny‘

CEe+$'E +28°s" (NEe+2Gy,)

S' B+ B+ 207 (B + 2Gy,)

Y (Eo+ E—2n,E) + (=)’ G,,
S (Eo+ E—4G,) + (' +s")n,Ee

—cs{ ’E¢c—S"E,—(¢* =5°) (N Ee + 2G,)}

—cs{S’E¢=CE,+ (> =5°) (N Ee + 2G,)}

expressions in which:

Ee=E,/(1=ny,n,): E = E/(1-n,n,)

(11.8)

The rate of variation of stiffness coefficients £, as functions of the angle g is repre
sented in Figure 11.2 for a ply characterized by moduli E, and E, with very different
values, for example the case of unidirectional layers of fiber/resin.”

11.3 CASE OF THERMOMECHANICAL LOADING

11.3.1 Compliance Coefficients

When considering the temperature variations,” one must substitute the stress—strain
Equation 11.1 with Equation 10.9:

e [ L 2 ols fa

8.8 . . ,88,838

Le = = 3 0[S +Drla,”

881, , .38 88
1

Qer, 0 0 Gld, 0.

® See characteristics of the fiber/resin unidirectionals in Paragraph 3.3.3.
’ See Section 10.5.
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Figure 11.2 Variation of Stiffness Coefficients for a Misaligned Ply

in which a, and a, are the coefficients of thermal expansion of the unidirectional
layer along the longitudinal direction € and transverse direction ¢, respectively.
Following the same procedure as in Section 11.1 with the same notations, one
can write

D
D

Jotste = [T s,
o)

<X,y <l
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Then, upon substituting,

G L 0] iSs ia

8’8 o Fl 8% 8%

e =[rq = L o |[T]is,”+D7[Tq[a,”

8 o L 8 & 8 &
1

wxy,_ O O G_“ dxy « OO ¢

One finds again in the first part of the second term a matrix of compliance
coefficients, the terms of which are described in details in Equation 11.5. The
second part of the second term is written as:

¢ s cs |La, 5 i c’a,+sa,
Dr| ¢ ¢ —s |lL.a,”. = DT s’a,+c%a, ",
2 2 O O O
—2c¢cs 2cs (¢ =s")]0OY Qcs(a,—ay),

Therefore, the thermomechanical relation for a unidirectional layer written in the
axes x.y, different from the €,# coordinates, can be summarized as follows:

1 n,
| ex - _#
A E,
o'n & h
O O n, 1
L& =% &
Q Q A
QO | hom
sy, E. E,

a

x

v

xy

>

=
2

Q

=

B

|

Q

Xy

£

Q

xy

= c’a,+sa,
a, =sa,+ca,
a,, = 2cs(a,—ay)

¢ = cosq@; s = sing

E.E,G,,N..n,.h, m,are given by the relations [11.5]
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11.3.2 Stiffness Coefficients

Inverting Equation 10.9 gives

N B Mk, 0_ .

Iose Q (1 - n(’/n/{) (1 - néznt{’) Ioee 6

O ,,O_ nfsz E, O 9

LS[ - (T=ngn)  (1=ng0) 0 L & AO

Q Q Q Q

Q O Q O

Ao, 0 0 G, Qe:,
| E, nkE,
dl _n(’lnlf)ae + (1 _n(’lnl()atb
O @]

° _DT \L nfsz + E, a ,;

Q(l_ntnt) ! (1_ntnt) tQ
8 't 0 'l O

~

Following the procedure of Section 11.2, with the same notations, one can write:

ya—

e

(s}e, = [0S} LS = (10 &
g

[N <X,y

o

where after substitution:

x E(/ n,(E( 0 € LE(’a( + nt(E(?a/

S
[oJe) o Jle) o _ _ 0
Ls,”=[Tl\ne & o |78 6 —-DT[N]i_n,Ea,+Ea,"
O O o Lt t O O (=t [O
Ay, 0 0 G, -y, 0 0 )

One finds again, in the first part of the second term, the matrix detailed in Equation
11.8. The second part of the second term can be developed as follows:

& s 2¢s |l.Eca, + n,E,a,

>

6]

Onsztaé’ + Elat,é):
—cs ¢s (*=5)]0 0

(0]

D7 & —2¢s

—

[3

LCZE(?(ag + nlgal) + SZEt(nelag + a;)

° -DT ]Agzij{(a( +n,a,) +c’E(n,a, +a,) .

o . _
Ocs[Enga,+a,)—Edla,+n,a)],
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Therefore, the thermomechanical behavior of a unidirectional layer in the coor-
dinate axes x,y can be written in the following form, in terms of the properties
in the ¢t coordinates.

E =

E€ = E€I(1 - ngtntg)

Ef/(l - n€znze)

Byl

Ezs ICA)e‘
E33 ngl

LEEH

[olNe)
~-DT [ak,,
O Q_ O
. Qar;s,

Ess Ei, Ei3 E» are given by the relations [11.8]

Szz'f(aé’ + nté’at) + CzEl(nha( + az‘)

CS[E;(n{,ag + a,) _E((af + nlfa/)]

Y A
.‘\\ .
E £
s i E
O ’Cp_ _11 _12
IC)S-VO_ 1_3'_1 E?zz
dx}" Eg] E32
En Ezz
aE) = c'E(a,+nya) +s'E(n,a, +a,)
a_Ez =
6323 =
c = cos@;s = sing
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12

MECHANICAL BEHAVIOR
OF THIN LAMINATED PLATES

The definition of a laminate was given in Chapter 5.' In the same chapter the
practical calculation methods for the laminate was also described. We propose here
to justify these methods, meaning to study the behavior of the laminate when it
is subjected to a combination of loadings. This study is necessary if one wants
to have correct design with strains or stresses within their admissible values.?

12.1 LAMINATE WITH MIDPLANE SYMMETRY
12.1.1 Membrane Behavior

We consider in the following a laminate with midplane symmetry.’ The total
thickness of the laminate is denoted as b. It consists of n plies. Ply number & has
a thickness denoted as e, (see Figure 12.1). Plane x,y is the plane of symmetry.

12.1.1.1 Loadings

The laminate is subjected to loadings in its plane. The stress resultants are denoted
as N, N,, T,, = T,.. These are the membrane stress resultants. They are defined as:

B N, Stress resultant in the x direction over a unit width along the y direction.

nthply
b2
N, = J_h,zaxdz = ) (G)xe 2.1
k=1"ply

B N, Stress resultant along the y direction over a unit width along the x
direction.

7llhply

N, = J.m 0, dz = Z (0,),%ey (12.2)

—h/2
e=1" ply

' See Section 5.2.
? The problem of buckling of the laminates is not the scope of this chapter. See Appendix 2.

? See Section 5.2.3.
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Figure 12.1 Definition of Laminate and Membrane Loading

m 7, (or T,): Membrane shear stress resultant over a unit width along the
y direction (or respectively along the x direction):

th
n ply

T, = J.M T, dz = 2 (To)e X € (12.3)

—h/2
Ie:IStply

12.1.1.2 Displacement Field

The elastic displacement at each point of the laminate is assumed to be two
dimensional, in the x,y plane of the laminate. It has the components: #, , v,. The
nonzero strains can be written as:

£, = duyodx

£,, = v,/ dy

yoxy = 81/!0/3)/ + 8110/896

It was shown in the previous chapter (Equation 11.8) that one can express,
in a given coordinate system, the stresses in a ply as functions of the strains.
Then the stress resultant N, defined in Equation 12.1 can be written as follows:

th
n ply
—k —k —k
Nx = Z {Elleox+E1280y+E13J/()xy}ek
k=1""ply
then:

Nx = Allgo.x + Alzgoy + Al3Yoxy
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with:

nlhply

— & —k
Ay = 2 Eney; Ay = Z Eney; Az =

e=1" ply

th
nply

e=1" ply

In an analogous manner, one obtains for the Equation 12.2:

Ny = AZleox + Azzeoy + AZf’»}/Oxy

with:

th
n ply

—k
Ay = Y Eye

k=1 Stply

and for the shear stress resultant 7,, one can write, starting from Equation 12.3:

Txy = AS] 8()x + Aﬁzgf)y + ASS Y()xj,v

with:

th
nply

—k
Az = z Esje,

k=1 S[ply

Therefore, it is possible to express the stress resultants in the following matrix form:

Ay Ap Ag Eox
A21 AZZ A25 SO-V
A31 A52 A33 /}/OX.V
th
n ply
=k
z El]ele - A/’i

Remarks:

124"

B One observes from the above expressions that coefficients A; are inde-
pendent of the stacking order of the plies.
B One can also see that the normal stress resultants N, or N, create angular
distortions. This coupling will disappear if the laminate is balanced. This
means that apart from the midplane symmetry, there are as many and
identical plies that make with the x axis an angle +6 as those that make

4
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with the x axis an angle —6.” In effect, the coefficients E 5 and E,; are
antisymmetric in 6° and, therefore, cancel each other out for the pairs of
plies at 8 when one calculates the terms A;; and A,;. The result is then:

A=Ay =0

and the stress—strain relation for the laminate is reduced to

N. Ay A, 0 Eox
Nyp =14, A4, 07 &y (12.5)
T@cy O 0 A35 ’}/oxy

B [t is possible to substitute the stress resultants N,, N,, T, with the global
average stresses (which are fictitious):

O, = N./h
0,, = N,/h (12.6)
Toxy = Toy/b

One then deduces from Equation 12.4 the average membrane stress—strain behav-
ior of a laminate as:

Oox . Ay Ay Agl| Eox
Coy 1 = l; Ay Azz A25 E()y (12.7)
Toxy A 31 A 32 A 33 ’}/oxy

B One can also note that according to Equation 12.4 the terms of the matrix

119[‘4] above can be written as:

' pl\,

= > E,,x

k=1" ply

Then the ratios e,/h can be rearranged to obtain the proportions of plies having
the same orientation. In case where these proportions have already been fixed—and
therefore their numerical values are known—it becomes possible to calculate the
terms }1?A without knowing the thickness. For example, if the selected orienta-
tions are 0°, 90°, +45°, —45°, and by denoting p “(%) as the percentages of the plies
along the different orientations, one has:

1 Ay = B xp¥ + B xp 4+ B pt S By (12.8)

Ny

See Figure 12.1 and figure in the Equation 11.8.

® The expressions developed for Ej; are given in Equation 11.8.
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given:
stress resultants
proportions

be determined

Figure 12.2 Practical Determination of a Laminate Subject to Membrane Loading

12.1.2 Apparent Moduli of the Laminate

Inversion of Equation 12.7 above allows one to obtain what can be called as
apparent moduli and coupling coefficients associated with the membrane behav-
ior in the plane x,y. These coefficients appear in the following relation:

Eox Oox ; —‘—Zﬂ‘ @ Ooux
E Ey GX}
-1 = u

&y (= hlaT {0, = | L Lalfo, (129)

E X E}" GJC,V
n, & 1

i T . = = =T,

Yoxy 0xy £, E, G 0xy

12.1.3 Consequence: Practical Determination of a Laminate Subject
to Membrane Loading

Given:

B The stress resultants are given and denoted as: N,, N,, T,

B Using the values of these stress resultants, one can estimate the ply
proportions in the four orientations.” Assume in Figure 12.2 that the plies
are identical (same material and same thickness).

The problem is to determine

B The apparent elastic moduli of the laminate and the associated coupling

coefficients, in order to estimate strains under loading
B The minimum thickness for the laminate in order to avoid rupture of one

of the plies in the laminate

7 See Section 5.4.3.
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12.1.3.1 Principle of Calculation

Apparent moduli of the laminate: The matrix }[4] evaluated using Equation
12.8 can be inverted, and one obtains Equation 12.9 as:

Eox :1— _Vox —7—1 O
Ey E y Gx)
, 1 A,
€oy Lo = 22 O,
E, Ey, Gy
N a, 1
) = = = Toxy
’}/r)x} i £, E, Gx); oxy

We have already determined the apparent moduli and the coupling coefficients
of the laminate.

Nonrupture of the laminate: Let o, 0, and 7, be the stresses in the
orthotropic axes €, ¢ of one of the plies making up the laminate that is subjected
to the loadings N,, N,, T, Let b be the thickness of the laminate (unknown at
the moment) so that the rupture limit of the ply using the Hill-Tsai failure criterion
is just reached.

One then has for this ply™:

o, O 0,0, T,
_(+_[ (’,l+_ft:1

2 2 2 2
Oy o, Oy (17

rupture rupture rupture rupture
Multiplying the two parts of this equation with the square of thickness b:

(och)” (o) (oih)(oh)  (Tuh) _ .
o, o, o, 7, (12.10)

rupture rupture rupture rupture

To obtain the values (o,h), (6,h), (7,h), one has to multiply with » the global

stresses O,,, O,, T, that are applied on the laminate, to become (o,/h), (0,,h),

(1,,,h) which are the known stress resultants:

Nx = (O-oxb); Ny = (Go_yb); Txy = (Toxyb)
Then, for a ply, the calculation of the Hill-Tsai criterion can be done by substituting
for the unknown global stresses the known stress resultants N,, N,, T.,. This leads
to the calculation of the thickness » so that the ply under consideration does not

fracture.
In this way, each ply number k leads to a laminate thickness value denoted

as h,. The final thickness to be retained will the one with the highest value.

For the Hill-Tsai failure criterion, see Section 5.2.3 and detailed explanation in Chapter 14.
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12.1.3.2 Calculation Procedure

1. Complete calculation: The ply proportions are given, the matrix %[A] of
the Equation 12.7 is known, and then—after inversion—we obtain the
elastic moduli of the laminate (Equation 12.9).” Multiplying 12.9 with the
thickness h (unknown) of the laminate:

h Eox -:l— _Y:‘Z‘ —Tz—\l ]Vx
E E y Gy y
be,, o L Balli N,
E, Ey, Gy
n I
DY oy = X ||
/J/ux} i £, E B G o) xy

Then introducing a multiplication factor of b for the stresses in the ply—or
the group of plies—corresponding to the orientation & (see Equation 11.8):

ho, En Eu Es|( be,

h o, r = EZI Ezz Ezs bgoy

h Txy Eﬁ E52 E 33 h Voxy
ply n°k ply n°k laminate

and in the orthotropic coordinates of the ply (see Equation 11.4):

hoy c =2cs ho,
ho,r = PR 2cs ho, ¢ = cosB; s = sinb
bty sc —sc (¢’=57) b1,

ply n°k ply n°k ply n°k

Saturation of the Hill-Tsai criterion leads then to Equation 12.10 where the
above known stress resultants values appear in the numerator as:

2 2 2
(hoy)™  (ho)” (boy)(ho) (hT) 52
> T 2 2 Tt = X1
O-e O-t O'e T(’z
rupture rupture rupture rupture

After having written an analogous expression for each orientation & of the plies,
one retains for the final value of the laminate thickness, the maximum value found

for b.

’ One can read directly these moduli in Tables 5.1 to 5.15 of Section 5.4.2 for balanced laminates
of carbon, Kevlar, and glass/epoxy with V; = 60% fiber volume fraction.
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(2) Simplified calculation: One can write more rapidly the Equation 12.10
if one knows at the beginning for each orientation the stresses due to a
global uniaxial state of unit stress applied on the laminate: first o, = 1
(for example, 1 MPa), then G;;, = 1 MPa, then T(::v = 1 MPa.

B Assume first that the state of stress is given as:

o,. = 1(MPa)

’
o, =0
’
Toxy = 0

Inverting the Equation 12.9 leads to

E0x 1 e Dul(1 MPa
Ey E y G.xy
gy, t= |2 1 Ao 0
E. E, Gy
o L Ex  E, Gy

which can be considered as “wnitary strains” of the laminate. These allow the
calculation of the stresses in each ply by means of Equations 11.8 and then 11.4,

successively, as:

4

o’ En En Eus| €l

GA; = |En En Ex|jE€ ;y

Ta,ry E31 E32 Eﬁ y(,xxy
ply n°k ply n°k laminate

and in the orthotropic coordinates of the ply (Equation 11.4):

’ 2 2 ’
O¢ c S —2cs O _
o , , o’ ¢ = cos@
t - ~ » .
, § ¢ 2cs , s = sinf
2 2
T sc —=sc (¢ —=s57) T
ply n°k ply n°k ply n°k
B Consider then the state of stresses:
Oy =0
o/, =1 (MPa)
”
Toxy = 0

Following the same procedure, one can calculate o,, o,, and 7, in the
orthotropic axes of each ply for a global stress on the laminate that is reduced

to G;; =1 MPa.
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B Finally consider the state of stresses:

//I

o“c _O
croy =0
Toxy =1 (MPa)

Following the same procedure, one obtains 0';’, 0';/, and ’L';/[ in the orthotropic
axes, of each ply for a global stress applied on the laminate, and that is reduced
to ‘L'(m = 1 MPa.

It is then easy to determine by simple rule of proportion (or multiplication)''
the quantities (oyh), (o,h), and (7,,h) in each ply, corresponding to loadings that
are no longer unitary, but equal successively to

Ny = (0,xh)
then:

N, = (0,,h)
then:

Ty = (Toyh)

Subsequently, the principle of superposition allows one to determine
(0¢h ot (0P and (T¢h)oq When one applies simultaneously N,, N,, and T,,.
From these it is possible to write the modified Hill-Tsai expression in the form
of Equation 12.10, which will provide the thickness for the laminate needed to
avoid the fracture of the ply under consideration.

If b, is the laminate thickness obtained from the ply number k, after having
gone over all the plies, one will retain for the final thickness / the thickness of
highest value found as:

b = sup {h)"

Remark: The principle of calculation is conserved when the plies have different
thicknesses with any orientations. It then becomes indispensable to program the
procedure, or to use existing computer programs. Then one can propose a
complete composition for the laminate and verify that the solution is satisfactory
regarding the criterion mentioned previously (deformation and fracture). This is

' This calculation can be easily programmed on a computer: ¢f. Application 18.2.2 “Program
for Calculation of a Laminate.” One will find in Appendix 1 at the end of the book the values
oy, 0;, Ty, obtained for the particular case of a carbon/epoxy laminate with ply orientations
of 0°, 90°, +45°, —45°. These values are given in Plates 1 to 12.

" For example, one has the following:

o). =1MPa— oy, 0/, Ty,
O-ox(MPa) —0y¢, O, Ty,
o o, o, o/
then:. —= = —{:>0'€ = 0/x =2 and ho, = ==X N,
o’ o 1 1
ox (4

" This method to determine the thickness is illustrated by an example: See Application 18.1.6.
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Figure 12.3 Bending of the Laminate

facilitated by using the user friendly aspect of the program, allowing rapid return

of the solution.

12.1.4 Flexure Behavior

In the previous paragraph, we have limited discussion to loadings consisting of
N,, N,, and T, applying in the midplane of the laminate. We will now examine
the cases that can cause deformation outside of the plane of the laminate. The
laminate considered is—as before—supposed to have midplane symmetry.

12.1.4.1 Displacement Fields

B Hypothesis: Assume that a line perpendicular to the midplane of laminate
before deformation (see Figure 12.3) remains perpendicular to the mid-
plane surface after deformation.

Consequence: If one denotes as before u, and v, the components of the

displacement in the midplane and w, as the displacement out of the plane
(see Figure 12.3), the displacement of any point at a position z in the
laminate (in the nondeformed configuration) can be written as

w

One can then deduce the nonzero

Vay

© 2003 by CRC PressLLC

_ 9%
=u, 3
Jw, (12.11)
=V,—Z—=—
dy
= w()
strains:
2*w,
Epx—% B
ox
2
£, — 2’98“2’0 (12.12)
9w,
—Z X2
y{)x} ax&y



Figure 12.4 Moment Resultants

12.1.4.2 loadings

In addition to the membrane stress resultants N,, NV,

» Ty, in the previous paragraphs,

one can add the moment resultants along the x and y directions (see Figure 12.4).
As in the case of the membrane stress resultants, the moment resultants serve

to synthesize the cohesive forces that appear by sectioning, following classical
method that is common for all structures (beams, plates, etc.). One can interpret

these as the unit moments of the cohesive forces.” They are written as:

® M, Moment resultant along the y axis, due to the stresses o,, over a unit
width along the y direction.

M, = | o.zdz (12.13)

B M,: Moment resultant along the x direction, due to the stress o,, over a
unit width along the x direction.

hi2

M, = —'[_b/zq,z dz (12.14)

B M, (or =M,,): Twisting moment along the x axis (or y axis), due to the
shear stress 7,, over a unit width along the y direction (or x direction):

My = [ 1,7 dz (12.15)

b2 XV

13 : . o
The expression of M, can be written in integral form as:

uy = [, 22 nodz] .y = [}, 0.2 d=
also:
M, = D}’Iljzz;/\ GyjdeJ ; = - h;Z/ZO'J z dz
Finally:
M, = Uﬁljzz;/\ ‘L'.W;dz} . ; = — Zf/z T2 dz
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Taking Equation 11.8 into consideration, which allows one to express, in a
certain coordinate system, the stresses in a ply as functions of strains, the moment
resultant M, (Equation 12.13) can be written as:

1llhply
M, = Z K (Ek e.+Eb € +Ef: )z dz
y 2y 1 &, 12 &, 13 Yy
k:13tply
which, when using Equation 12.12 becomes
" ply 2

'z -1 a o - az (o]
= 3 AL o= T it 5

. X “
k=1"ply

2
e Eﬁs(z?’oxy _222%)} dz}

Due to midplane symmetry, every integral of the form:

J:"” E]-z dz
k-1
in the above expression is accompanied by an integral of the form:

J:ik’lﬁljz dz

“k

that is opposite in sign. Integrals of this type disappear and there remains

th
n-ply 3 3 2 3 3 2
_ v (Ze=2Zp)d W,  — (2=23-) 0 W,
M, = Z VT = e
- 3 ox 3 dy
k=1""ply

3 3 2
—p (Z=21) 0w,
+ Eis 3 Zax&y}

which can be written as:

d’w o'w ’w
MV— C '()—C O—C.Z [}
y 11 ® 12 > 13 axay
with
th

n ply (2’3 2’5 )

Tk kT “k-1

¢y = Z El"T

le:1“ply
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Proceeding in an analogous manner with M, and M,, (Equations 12.14 and
12.15), one obtains the following matrix form:

d w,
MV Cll C]z C13 _ag
X
32
_Mx - Cz1 sz Cz% 2 %
’
—M,, Gy Oy Cy _292% (12.16)
dxdy
with :
' ply
2 Ek(ZIe Zle 1)
k=1" ply

Remarks:

B One can observe that in Equation 12.16 the coefficients C;; depend on
the stacking sequence of the plies.

B Does a laminated plate bend under membrane loadings? Using the dis-
placement field due to flexure to express, for example, the stress resultant
N, (Equation 12.11), one has

' pl\

8 D\ = o*w,
© S (e (et -2
k-1 8x dy

k=1" p]y
- 32
-'+Ef3(7/oxy_ a Ig)}dZ}

Making use of the remark mentioned above, the midplane symmetry causes
the disappearance of integrals of the type:

S
J‘f El z dz
“k—-1

As a consequence, one finds again the Equation 12.4 as:

Nl = Allgox + Alzgoy + Ali')/oxy

As a result of the midplane symmetry, the membrane behavior is
independent of the flexural behavior.

B Even in the case of balanced laminate (as many plies oriented at angle 6
as the number of plies oriented at an angle —6), terms Cy; and Cy; in
Equation 12.16 are not zero. This modifies the deformed bending configu-
ration compared with the isotropic case (see Figure 12.5).
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isotropic case laminated

Figure 12.5 Bending Configurations of a Plate

B The terms Cj; and C,; disappear only in the following cases:
B The plies are oriented uniquely in the 0° and 90°. Then the product
cosf x sinf is zero and':

Elk?, = E§3 =0 VIQ

B The laminate [0/90/45/—45] is constituted mainly with balanced fabric
layers (in each fabric layer, the fibers along the warp and fill directions
are, by first approximationls at the same z location), or mats layers.

B The stresses in the different plies are obtained from the Equations 11.8.

For example, in the ply number &, one has:

Tk Tk Tk
O, = En 8x+E12 81,+E13 ’}/xy

and taking into consideration Equations 12.12 for the strains:

_ _ - _,dw
k k k k
O, = [En €+ En &,+Ei3 Vol —Z|:E11 20 .

ox

_, 'w, - o'w

+E$2""'""'O+E{e3 X 2=——=

N’ oxady

one can resume by:
GX = meembrane Xflexure

Along the thickness of the laminate, the stress o, can be considered as the
sum of two parts: a constant part and a linearly varying part, as seen in Figure 12.6.
One can also observe analogous forms for the stresses o, and 7,,.

“ See Equations 11.8
" See Section 5.2.3.5, Particular Cases of Balanced Fabrics.
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o, membrane o, flexure

stress o, in the laminate plies

Figure 12.6 Total Normal Stress in a Laminate

12.1.5 Consequence: Practical Determination for a Laminate
Subject to Flexure

Given:

B The moment resultants are known.

B Using these resultants, one is led to est1rnate proportions of plies along
the four orientations (or more, eventually) and to predict the stacking
sequence.

Principle for the calculation:

B Nonrupture of laminate: Following a procedure analogous to that
described in Section 12.1.3, it is possible to calculate the stresses oy, 0, T,
along the orthotropic axes of each of the plies. This allows the control of
their integrity using the Hill-Tsai failure criterion. This requires the use of
a computer program which can allow the adjustment of the composition
of the laminate.

B Flexure deformation: The determination of the deformed configuration
of the laminate under flexure poses the same problem as with the isotropic
plates: outside of a few cases of academic interest, it is necessary to use
a computer program based on the finite element method."”

12.1.6 Simplified Calculation for Flexure

It is possible, for a first estimate, to perform simplified calculations by considering that
the moment M is related uniquely to the curvature Z< and the moment M, to the
curvature —gv— One then can determine expenmentally

1. The apparent failure stresses in flexure
An experiment on a sample can provide the value for the moment at failure,
denoted by M,y on Figure 12.7 (per unit width of the sample). Analogy with

1% See Section 5.2.

" These elements are constituted on the basis presented above and can include the effects
which were not taken into account previously: in particular, the transverse shear stresses in
flexure due to the transverse shear stress resultants (consult this subject in Chapter 17).
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Figure 12.7 Bending Failure

o

a) homogenous beam b) laminated
d?w, M Py 1 M
—_————— =— M-
B e (n3x 1) ax®  El,

12

Figure 12.8 Homogeneous and Laminated Beams

the flexure of beams leads to:

M, X h/2 6
||Grupture” = _E%;u;_;lz___ then: "()-rupture” = jwrupture>< b—z

2. Apparent flexure moduli
These are obtained starting from the comparison of relations between the “com-
posite” and “homogeneous.” One recalls on Figure 12.8(a) the relation between
the moment and curvature for a homogeneous beam with unit width, obtained
by integration of the local behavior'™:

3 2
o, dw, M
gx:_%b XlX _ M

E 12 7 g E

If one notes that Equation 12.16, recalled as:

M, —3°w, | ox’
_Mx = [C] —azwo/ ayz
M.y 2% d°w,/dxdy
d d’ o,
' Recall that g, = ou with u = = io; then 22222 = 22 Which can be integrated into

2
the thickness. dx dx E
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can be inverted, and noting:

1/Elw 1/EL, 1/EL;
[C1" = |1/Eln 1/EL» 1/EL;
1/ELy 1/El; 1/EL
one obtains:

’w, -1 1 1
> = = XM+ =—XM,+=XM,,
(9.96' El i ElL; E[13 ’

The identification of the behavior noted in Figure 12.8(a), on the one hand,
with only the first term of the moment M, in the equation in Figure 12.8(b), on
the other hand, that is:

h'x1

ElL=FE
11 12

leads to an approximate equation of an equivalent modulus E that one can interpret
as the flexure modulus along the x direction of the homogeneous material:

Eﬂexure = —1-% X Ell

(along x)

Note: When the plies of the laminate are oriented uniquely along the 0° and
90° directions, or when the laminate [0/90/45/—45] is constituted uniquely of balanced
fabrics and of mats, excluding the unidirectional layers, then one has in the matrix [C]:

Cy3=0Cp =0
then:

_ c?

Ely = Cu_C_]Z

22

12.1.7 Case of Thermomechanical Loading
12.1.7.1 Membrane Behavior

When one considers variation in temperature, which is assumed to be identical
in all plies of the laminate, the stresses are given by the modified Equations 11.10.
Following the procedure of Section 12.2, with the same hypotheses and notations,
the stress resultant N, (Equation 12.1) becomes

i th
n_ply n ply
- - . —.
N, = Z {Eni €, +E2 €yt E j/oxy}e,e—AT Z o) X e,
k= lSIply = 1Stply

then:

Nx = Allgox + AIZSQV + A13/}/oxy - AT< aEb)x
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with:

th th
n ply n ply
Tk Tk
Ay = Y Eije(aEb), = ) akie
/ezlstply /ezlstply

Following the same procedure for N, and T,,, the stress resultants are expressed as:

N, Ay Ay Apl| Eox (aED),
Nyt = |4y Ay Ayl € 1 —ATY (aED),
Ty Az Az Agz| (Yoxy (0ED).,
with :
nthply B
Ay = 2 Efxe, = A, cf. [11.8]
e=1"ply
nthp]y (1217)
(aEh), = z aEr X e,
/e:lStply
th
n ply o
(aEb), = z aEs X e, cf. [11.10]
k*lStp]y
th
n ply
(QEDb),, = 2 aFEs X e,
k*lSlply

Inversion of the above relation allows one to show the apparent moduli of
the laminate (see Paragraph 12.1.2) and thermal membrane strains:

80.}6 GOJC < aEb))C
€y + = b[A]{ 0,, t+AT[A] (aEb),
Yoxy Toxy < QED >qu
or with Equation 12.9:
Eox l _Vyx i O < oEh >~c
Ex E, Gy
€yt = | 2w L Hullo, L+AT[A]TS (QED),
) Ey E, Gy » '
N, K 1
ox: = = = { Tox < aEb> xy
}/ XY _E.x Ey ny_ Xy XY
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which can be rewritten as:

eox O-ux % < oFE b>x

€y [ = DAL 0,y +ATXDIATS (aED)
1

Yory Toy » (aE b))cy

Remarks:

B Evaluation of terms (1/h)XaEb),, (1/h)XoEh)

v

and (1/hX0Eb),, only requires

the knowledge of the proportions of plies along the different orientations

and not their thicknesses."
B The matrix h[A]", already mentioned in Section 12.1.2, contains the global

moduli of the laminate. One can then write (see Equation 12.9):

Eox :1— _Vpx
E. &,

£, b= | 1
’ E, E,
n. A

Yoxy i ET_\ E*y

The last term of the above
coefficients of the laminate,

an

a,,

oy

S

= Q
2 &

2

Q|
|“ 3

Ql
ol

by
2=

O-ox

O,

oy

Toxy

Il
igw

SIIIST

=

&=y

1 o To|(1
RN | FACZON

+AT |2 L Bald S (akh)
E. Ey Gy ¥
B B || 3(aBh)
LS . .
LEx By Gy

v Ml (1

£, Gl | B8OED),
L Lold S(aEb)

By, Gl ! y
_ 1

& || zlaEDb)
N ~

and «,,,

equation allows one to show the global expansion
which are denoted as «,,, «,,

as below:

(12.18)

In summary, the membrane thermomechanical behavior of a laminate with
midplane symmetry can be written as:

|
-

=

DS

<!
N
=

5

R

}

et

Q_Xi' Oox O
Gy
Lollo,, t+AT S @,
Gy i

1
5:1 Toxy aoxy

(12.19)

" See Application18.2 “Residual Thermal Stresses due to Curing of the Laminate.”
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This 1s an equation in which «,,, «,, and «,,, are given by Equations 12.17 and
12.18.%

12.1.7.2 Flexure Behavior

Following the procedure in Section 12.14 with the same notations, the moment
resultant M, (Equation 12.13) becomes, using the modified Equations 11.10:

n ply
z J.:Z (En &+ Ev £,+Es Yz dz}
7, 3 g

k=1" ply

~ The plate is assumed to have midplane symmetry, then each integral of the form

LZ 0,z dz is associated with another integral such that f : '0E,zdz is equal and

opp051te in sign. There remains the following expression, with the notations of

Section 12.1.4:

d'w w 8 w
0 _ Clz 0 _ C et}

MV:_CHW y X 2 (98

Y

Due to the midplane symmetry, the behavior in flexure 12.16 is
not modified when the laminate is subjected to thermomechan-
ical loading.

Remark:

In the preceding discussion, it is assumed that the temperature field is uniform
across the thickness of the laminate.

12.2 LAMINATE WITHOUT MIDPLANE SYMMETRY
12.2.1 Coupled Membrane-Flexure Behavior

If one considers again the calculations of Section 12.1.4 without midplane sym-
metry, one can see the presence of new integrals as:

z Zp
J EWZ de = 7(%)

for the ply & When the summation over all plies is taken, these integrals lead to
nonzero terms with the form:

n ply 2 2
=k(Ze— 2k
B,= Y B2
/e=15tply

* One indicates in Tables 5.4, 5.9, and 5.14 of Section 5.4 the values of expansion coefficients
of the laminates made of carbon, Kevlar, and glass/epoxy with V= 60% fiber volume fraction.
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Then one has for the development of M, (see Section 12.1.4):

2 2 2
2 w, 2 w, 2 w,
ey = C3X Zaxay + B11Epx + B12€yy T B13Yox,

In this expression appears the coupling between bending and membrane behavior.
In a similar manner, the stress resultant N, which was developed in Section
12.1.4 is rewritten as:

d*w w 'w
0 0

Nx = AHSOX+A1280_}'+A13’)/0xy_3118_20_B]Z 2 _B15X2
X

where one can find the coupling as mentioned previously.
Developing along the same manner the resultants M,, M,, N,, and 7., o

can regroup the obtained relations. Therefore, the global relatlon for the behav1or
can be written as:

N, _ | _ Eox
N, Al B Eoy
T, | Yoxy
7l i e
—M, B : 9 0w,/ dy
=M., - ! ~ 20w,/ dxdy (12.20)
with :
P ply Ml
z Elilj@k; z E,,( ZL 1)
k= 1Stp]y £=1"ply
nPply
2 EU( Z/e 1)
k=1"ply

12.2.2 Case of Thermomechanical Loading

Using the expression developed for moment resultant M, as shown in Section
12.1.7.2, one can find the following form of integrals for each ply k:

-~ 2 2
k—p — (2 — 2
f 0\ X zdz = aﬁf(u)
- 2
after summing over all plies of the laminate, it appears a nonzero term of the form:
th
noply 22— P
(abb’ye= Y aE’;(u)

2

k=1 S‘ply
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A similar development for other resultants lead to the following relation for
thermomechanical behavior:

N, ) B Eon (aEb),
N, A i B €, (akb),
To | | ) 727/? RN (ot

i | -0 " w,/ 0x (OED)
-M, B | C -0 w,19y’ (aEDL%,
-M,| L | | =20%w,/dxdy (aEb)y,

. Zkl
with: ZEU ey By _ZE’]( ) (12.2D

ZEU( Zk 1)
(QED), = ZOTE’E ey (aED), = Zaﬁé ey (@ED),, = ZOTEQ“ e,

(o = 2 i G zf”); (oD, = Z i G zk (zi=Zh),

(ED")y = zaﬁ%

k
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PART I

JUSTIFICATIONS,
COMPOSITE BEAMS,
AND THICK PLATES

We regroup in Part III elements that are less utilized than those in the previous
parts. Nevertheless they are of fundamental interest for a better understanding of
the principles for calculation of composite components. In the first two chapters,
we focused on anisotropic properties and fracture strength of orthotropic materials,
and then more particularly on transversely isotropic ones. The following two
chapters allow us to consider that composite components in the form of beams
can be “homogenized.” This means that their study is analogous to the study of
homogeneous beams that are common in the literature. Finally, the last chapter
in this part describes with a similar procedure the behavior of thick composite
plates subject to transverse loadings.
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13

ELASTIC COEFFICIENTS

The definition of a linear elastic anisotropic medium was given in Chapter 9. We
have also given, without justification, the behavior relations characterizing the
particular case of orthotropic materials. Now we propose to examine more closely
the elastic constants which appear in stress—strain relations for these materials. In
the case of transversely isotropic materials, we will study also the manner in
which the constants evolve.

13.1 ELASTIC COEFFICIENTS IN AN ORTHOTROPIC MATERIAL

Recall: Consider the relation for elastic behavior written in Paragraph 9.1.1 in the
form:

Enn = (pnmpq X O-pq

Recall that the components @,,,,, of a tensor expressed in the coordinate system
1,2,3 are written as @y, in a coordinate system LILII using the relation:

L

m n 2 q
D, = COS; COS; COSk COS; (pmnpq| (13.D

in which:

" - >
cos;, = cos(m, I)

By definition,' for mechanical behavior, an orthotropic medium has at any
point two orthogonal planes of symmetry. Consider here two coordinate systems
1,23 and LILII, constructed on these planes and their intersection. One plane
can be obtained from the other by a 180° rotation about the 3 axis as shown in
Figure 13.1. One can deduce

1 0 0
[cos,;'T =10 <1 0
0 0 1

! See Section 9.2.
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Figure 13.1 Orthotropic Medium

Application of Relation 13.1 above leads to

D =0 Ponn = @iz Poimm = Piiss
Pypnn = 2225 Punmm = Q2233 Pummm = @s333
Pimnm = 2325 PComim = Pizi3; Prnin = Q1212

and:

D = —Pi123;

However, because the mechanical properties in the coordinates 1,2,3 and IILIII
are identical, one has

Dy = ?1123

from this:

Diim = Prizs = —Pr123 =0

In an analogous manner:

Ounnm = 0; Cumpm = 0
Dy =0; Cuyim=0; Py =0
Pypin =0; @Pyyn =0

finally:

Dy = Qi1 Pronin = P22125 Cuimin = Q3312

DPym = P2313
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Until now, we have taken into account the symmetry with respect to plane
1,3. Consider now the coordinates 1,2,3 and T, II’, IIT" (see Figure 13.1), which
can be obtained from each other by a 180° rotation about the 2 axis (symmetry
with respect to plane 1,2). One has

1 0 0
[cos;/T=10 1 o
0 0 -1

The same procedure as above will lead to
Py = =012 = Q1112 = 0; Py = =0r212 = @221, =0
Py = =@Q3312 = Q3312 = 05 Qurrmy = —@a313 = Q2313 = 0

Considering the symmetry of the coefficients ¢,,,, indicated in Relation 9.1,
we have written here the only nonzero terms. For the mechanical behavior, one
obtains by simplification of Equation 9.2:

en D111 Pr122 Pr133 0 0 0 Ou
Ex $2211 Q2222 Q2233 0 0 0 On
€| _ [@3311 P332 P3333 0 0 0 033 (13.2)
V23 0 0 0 40,55 0 0 Ty
V13 0 0 0 0 40,515 0 Tis
Y12 .0 0 0 0 0 401214 | T2

There remain then only nine distinct elastic coefficients, which can be written
in the form of Young’s moduli and Poisson ratios as:

& b% - ‘Ei 00 0l|loy,
£, ; % ‘: 0 0 0|0
&3 _ %ELZB é 0 0 0]]os (13.3)
Vs 0 0 0 51—3 0 0|7
s 00 0 0 G% 0|75
Y12 00 0 00 51- 7,

2 .
Recall the symmetry relations: @y, = Qs Py = Qs Cyrr = Puaiy
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N
2]
P1111; P1122 (= P221)
P1133 (= Pazi1) 2220
P2233 (= Paaz); Pasas
P2a23 (= Pazaz = P2332 = Pazzal
3 P1313 (= Pa1a31 = P13zt = Pai13)

Pi212 (= P2121 = 1221 = P2112)

N Zz

1.1

Figure 13.2 Transversely Isotropic Material

13.2 ELASTIC COEFFICIENTS FOR A TRANSVERSELY
ISOTROPIC MATERIAL

Recall: By definition,” a transversely isotropic material (Figure 13.2) is such that
any plane including a preferred axis is a plane of mechanical symmetry. We have
already noted that this is a particular case of orthotropic materials. Therefore, the
only nonzero elastic constants are shown in Figure 13.2.°

The preferred direction is axis 1 in Figure 13.2. Considering that the coordinates
1,2,3 and LILIII can be obtained from each other by a rotation of 8. One then has

1 0 O _ 0
[cos/'1= |0 ¢ —s with ¢7 €9
0 s=sin@
s ¢

From the definition of material, the matrix of elastic coefficients has to remain
invariant in this rotation. The Relation 13.1 allows one to write

* Dy = Qi

— ‘2 Z —
® Dy = Qr12:6 + Q11338 = Qrias

> See Section 9.3.

' Using the symmetries in Equation 9.1 and also using the discussion of the previous paragraph.
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then:
‘P1122(Cz_1) + (P115552 =0

D1122 = Q1133

4 2 2 2 2 2 2
® Dy = 0222 + Q335 C + Pr35385 C + Pr33,8C

e Q30058 C H Qs 5087 C 0008 C @8
and:
DPyynn = Pr222
Then, taking into account the symmetries, we obtain the relation:

Pr222(C" = 1)+ Q55558+ 25°CH (@555 +20,553) = 0 (@

4 2 2 2 2 2 2
* Oumm = Q22225 + P22335 C + Pr3235C + Pr33,85C -
2 2 2 2 2 2 4
Q52328 C T Q55325 C Q33225 C + P55558
and:
Pyymm = 03333

then taking in account symmetry, we have:

§0222254+ %353(04— 1+ 25202(%253 +20,5,3) =0 (b)

Examining member by member the difference of relations shown in (a) and (b)
above, one obtains:

Replacing in (a):

(Pzzzz(c4+54—1)+23202((P2233+2‘/’2323) =0

2 2 2 2
=25 CT Pyt 25 C(QPy535+2¢0y3,3) = 0

‘2902323 = (Pzzzz_(Pzzss‘

* Dy = Q2128 + Pr313C = Q315

© 2003 by CRC PressLLC



then
2 2
012128 +Q313(c—1) =0

We have written four relations for the nine coefficients; there remain five
distinct elastic coefficients. Equation 13.2 is reduced to

En Or111 QPr122 Pri22 0 0 0 Ou
€2 Or211 Q2222 P2233 0 0 0 02
€33 _ [P2211 P3322 P22 0 0 0 O33 (13.4)
V23 0 0 0 2002222 — 02233) 0 0 T3
Y13 0 0 0 0 40151, 0 Ty3
712 L 0 0 0 0 0 4(p1212_ T
or in the form of Young’s moduli and Poisson ratios:
E 1 —Va  —Va o
N P
€ Ve v 1 O
Slom R R 00 o (13.5)
Vs 0 0 o W o ||
EZ
Vi3 0 0 0 0 = 0|7
Y12 0 0 0 0 0 =]
L 12

13.2.1 Rotation about an Orthotropic Transverse Axis
13.2.1.1 Problem

How can one transform the elastic coefficients of the previous constitutive equation
when writing them in coordinate axes x,),z other than the orthotropic axes €.tz 7
The coordinate axes x,),z are obtained from the orthotropic axes by a rotation 6
about the z axis, as shown in Figure 13.3.

Recall Relation 13.1, which allows the calculation of components ®, in the
coordinate axes x,),z as functions of the components @,,,,, in the coordinate axes
{,t,z to be:

_ m n D q
D, = COS; COS;COSKCOS, X Py

(axes x, y, 2) (axes €, t, 2)

5

The orthotropic axes 1,2,3 of Equation 13.5 are therefore denoted as €,t,z.
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£

Figure 13.3 Rotation above an Orthotropic Transverse Axis

with (see Figure 13.3):

cos(€, x) cos(€, y) cos({, z) c = 0

[cos;'] = cos(t, x) cos(t,y) cos(t, z)| = |s ¢
cos(z, x) cos(z, y) cos(z, z) 0O 0 1

Noting that the only nonzero coefficients ¢,,,,,are those that appear in Equation
13.4, one obtains:
4 22 22 22
e D =CPi111+CS Qr1224C S Qr1212+C S Q12217
4
et CZSZ(P2112+ CZSZ(P2121 + CZSZ(pZZl] TS Q2222

4 4 22
* Oy = CPri1+S Q222426 (Pr122F201512)

Expressing this coefficient as a function of the “technical” constants which

appear in Equation 13.5, one obtains:
4 4
) vV,
Dy = CHNIE +szcz(i —Zi)
Gy L

o 22 4 22 22
* Dy =CSPr111+C Pr122—CS P1212—C S Pr221°°*
2 2 2 2 4 2 2
=85 C QP2112—SC Q2121 S P2211+S C Q2222

4 4 22 22
® Dy = (€ +5)Q12,+HCS(Qr111F Qrpr—4C S Q1515)

or in the “technical” form:
Vie, 4. 4 221 1 1
q)IIHHZ_l(C tS)+HCS | Ao —
E,
2 2 6
* Dy = C P33+ Qo233 andas @53 = Q0

2 2
D = CPriz2+S P2233

6 . . . . .
" Because this is a transversely isotropic material; see Equations 9.2 and 13.4.
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or in the “technical” form:

2V o 2V
Dy = _(C - ts _)
E, E
* Dy =0
* Dy =0
.« @ _ 3 5 3 3 3
in = —CSP1111+CSP1122+CSP1212—CS Q1221 +SC P2112...

3 3 3
=S CP121 =S CPy51 1 TS CP555,

Dy = _SC{CZ‘PHH_SZ(PZZZZ_(CZ—SZ)((PUZZ"'2‘P1212)}

or in the “technical” form:

2 2

¢ s 2 2 Ve 1 )
O =—CSN—T——=+((C =S)|—=———
i E, E ( )(E, 2G,,

4 2 2 2 2 2 2
* Dy =S Pr111+SCPr122+5C Pra12+5C Prazi...

2 2 2 2 2 2 4
e S C Q2112+ SC Q121 TS C Q22111 C Q2222

4 4 2 2
Dy =S Qri11+C Q22245 C(4Q1512,+20;,2,)

or in “technical” form:

4 4

s ¢ 1 \4
Dy = E"'E"‘SZCZ(G__ er)
€ t €t 12

2 2 7
® Dy = S PrizstC Qa3 andas @55 = @,

2 2
Pyumm = S Pri22+C Q2233

or in “technical” form:

2Vie 2V
@ = —(s L tc —)
111 T1IT 111 E, Et

* Oy =0
* Oy =0

3 3 3 3
* Dy = S CPII11 TS CP1122—SC Pr212+SCP 0.
o3 3 3 3.
o (=SC P12 S P11 —SC P2211F € SPy53,)

_ 2 2 2 2
Dpyp = =SS @i+ @222+ (=) (@r122F2¢01512)}

7 See Equations 9.2 and 13.4.
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or in “technical” form:

2 2

s ¢ 2 2y Vee 1
Dy = €Sy —=—(¢c" =5 )(___
E, E E, 2G,
* DPyymm = Q3333
in “technical” form:
1
(o = =
IO 101 101 111
E,
* Oy =0
* Oy =0
8
* Dyyin = —SCQP3311+5CP;5,, andas @s511 = Prqo;

Dy = —SCP 12,2+ SCP,553

in “technical” form:

V=V,
(o = —sc(—t)
TIOTTIT E[

2 2
® Dyypm = S Prz13+C Q2323

8 . . .
we know' that for a transversely isotropic material, one has:

Q315 = Q212 and  20u355 = Qr000 —Pa235

then:

02222 _(P2235)
2

2 2
q)HHIHHI =S (P1212 t+c (

in “technical” form:

s +cz(1 +V)

DPyypm = 4Gez 2E,

. .11 8
® Dy = —SCQP 313+ SCP;5353 1S still:

1
Dy = _SC((P2121_§((Pzzzz_(Pzzss))

® See Equations 9.2 and 13.4.
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or in “technical” form:

1 1+v
Py = _SC(Z-G;_(-—Z-ET—))

® Dy =0

2 2 -
¢ Dy = C Q53+ S Q3,5 s still:

2Pr220—02233)
2

2
Dy = CPrants
or in “technical” form:

2
+
c_ . 2(1+v)

Dy = Z-G—e-z 2E,

* Dy =0
@ 22 2 2 4 2 2
Dy =S CP111=SCP122FC Pr212—5SC Praag...
2 2 4 2 2 2 2
TS C P12t Pr121=SC QPr11FSC Py,
2 2 2 2,2
D = SC(Pri11+ Praaa—2¢0112,) + (¢ =8) @151,

or in “technical” form:

1 1 Ve 2 2.2 1
@y = s =+=+22 4 (P —
i =S C{Eg E"°E (c ey

All the nonzero coefficients @, found above allow one to write the constitutive
relation in the form’:

Sxx cI)IIII (DIIII I q)IIIII I 0 0 2q)IIIII O-*cx

VY (I)II I CI)II ITIIII CI)II ITTIT T 0 0 2q)ll ITTII ny

zZ — q)III III (DIII TITITIT q)IH TIT IIT 0T 0 0 2 q)III T TII O-zz

YVZ 0 0 0 4q)H T I I 4q)II TITTIIT 0 Ityz

,sz 0 0 0 4(1)1 HIITIIT 4(1)1 T TIII 0 sz

’J/xy _2 q)l IIII 2(I)I I IT 2(DI ILTIT IIT 0 0 4@1 I | Txy
(13.6)

’ This is deduced from the general Equation 9.2.
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13.2.1.2 Technical Form

In analogy with the technical form of Equation 13.5, which was written in
orthotropic axes, one can write the constitutive equation in terms of equivalent
moduli and Poisson coefficients, as:

€ 1oV Ll o
- E»\' EV EZ' O O G.W w
g, Ve 1 TVy Kyl | o,
vy i I L 0 0 G, 'y
£, Ve Ve L5 g Soll oo
_ | E. E, E. Gy ==
= : : : (13.7)
1 XZ
Yy= 0 0 O G_): G_r: 0 Tz
él'z 1
Yz 0 0 0 G. G 0 (.
nou L 1
Yy | E. E E 0 0 Gy U Ty

In this equation, there are coupling terms characterized by the coefficients 7,,,
Uy, &y, and &, which are not similar to the Poisson coefficients.

The values of elastic constants in Relation 13.7 are deduced immediately from
the technical forms obtained above for the coefficients ®,,;. These constants are
detailed below. One obtains subsequently the elastic modulus and Poisson coef-
ficients in the x,y,z coordinates.

1
E.(0) =
4 4 x 4 4
%
1 C—+S—+s2cz(i—2 “‘7) H Sty Z(i-—zj——”j
~ E¢ E; Gy, E, E,  E, Go  E
1
] E,(6) =
1 st C4 2 2( 1 V,() O 7 54 ! 2 z( 1 ZV/{)
= =+ =+5c|—=-2 4=+ 2
Ey E( E, G€I E, E{ Et G(’z }'t
1_1 O
E. L E(6) = E(V0)
VX Vie, 4 4 vyx 0, 4 4
—-—= = C +s) —=(0) = +
i E,( ) . Ey( ) E,( )
+ czsz(l N —czsz(l . i)
E, E Gy E, E Gy
% v
e (e o) . o
E. E, E, V. (0) = cvy+sv
2 2
Ve _ —(sz-\i’f+cz—‘i) 0 v, (0) = sV, +cv
E. E, E,
1 2(1+Vv) | s 1
= == 0 G0 = e
GVZ El G(t C“T + .
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1 20 +v) ¢ G (0) = 1
- = —_— t = xz( ) = 3
Gy y E, G, O 332(1E+ v)+%
2
1 ; 2(1 1 v,f) (=) G.(0) = 1
- = 4C S|l—+—=—4+2— |+ —— 0 xy B
Xy E, E E, Gy 46252(]:%4_%_{_2%)_'_(0 G;)
LT P C—Z—S—Z o 506 s$
ny E€ El ny E€ t
v 1%
.-+(CZ—SZ)(_I€_L) ..._(62_52)(_l€__1 )
E, 2G,, E, 2G,
So _ Vi) [ —cs(i—z(lﬂ’))
ny Et ’ ze G(fl Et

(13.8)

13.3 CASE OF A PLY

One can observe from Equation 13.7 that the stress—strain relations in the plane
x,y appear decoupled in the case when o.. = 0. We suppose that this applies for
the plies making a thin laminate. Each ply will be characterized in its plane by
the following relations which are extracted from relations 13.5" and 13.7:

B In the orthotropic axes ¢t

1 —Vy
£ 4 o,
¢ i Z 0 ¢
gr=|1% 1 glio (13.9
E, E
0o 0 =
,}/(’f Gy, Tos

B In the x,y axes, making an angle 6 with the orthotropic axes:

' The orthotropic axes of Equation 13.5 are denoted as /t,z for a ply (see Section 3.3.1).
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Ex 1 VY Mwilo,.,
E.x' y va
eyy = __Vxl l &i qyy (1 3 . 1 O)
X Ev ny
, 1
Yy UER - Ty,
L Ex E, Gy

For the constants, the values were shown in detail in 13.8.
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14

THE HILL-TSAI FAILURE
CRITERION

There are many failure criteria for orthotropic materials. The most commonly used
for design calculations is the so-called “Hill-Tsai” criterion.' This criterion can be
interpreted as analogous to the Von Mises criterion which is applicable to isotropic
material in elastic deformation. We will review at the beginning the principal aspects
of the Von Mises criterion.

14.1 ISOTROPIC MATERIAL: VON MISES CRITERION

The material is elastic and isotropic. In Figure 14.1, one denotes by LILIII the
principal directions of the stress tensor X for a given point. The corresponding
martrix is

oo 0 O
0 o; O
0 0 oy

The general form of the deformation energy dW for an elementary volume 4V
surrounding the point considered can be written as:

AW = %ZZO‘U@] dav
i

which can be reduced to

1
AW o = E(O-ISI + Ou&y + Oy€ny) dV

' See failure of composite materials in Section 5.3.2.
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T

Figure 14.1 Principal Directions for the Stress Tensor

& & &y are the principal strains that one can express as functions of stresses
using the constitutive Equation 10.1 as:

1+ v
E

- l/trace(Z)I
E

This leads to:

aw 1{1+v 1%
(W) = E{T(GIZ+GIZI+GIZII)_E(GI+GII+GIII)2}
total

(Note that (dW/dV) represents energy per unit volume).

The total elastic deformation above is due to the dilatation and distortion of
the material. The Von Mises criterion postulates that the material resists to a state
of isotropic (or spherical) stress, but will plastify when the distortion energy per
unit volume reaches a critical value. One notes that:

(d_W ) - (d_W ) _ (d_W )
av distorsion av total av spherical stress

01+ 0+ Opy

S . It creates

The isotropic portion of the stress state here is written as:
a state of isotropic dilatation (Equation 10.1):

1+ V(O-I + 0+ Oy

v
£ 3 )_E(GI"' c711"'6111)

then:

dw 1 O;+ Oy + O-III)
aw - = X| —— |XE
( dV )spherical stress 2{3 ( 3 }

(d_W/) _ 1)1+ v(oi+ o, + 0111)2
av spherical stress 2 E 5

\% 2
_E(GI + oy + Oyy) }
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One obtains then by replacing:

aw 111+v, » 2 2 \% ~\2
=3 T(GI +O—11+6111)_E(0-1i6+r+/0-111)
distorsion -

dv 2
1+v(o+o,+0,) v -
CTTE - Ié — 4+ E( 9'1 + Ot O'm)z}
dw 1 (0, + 0+ Oyy)°
vens (57, = T (e vei oty -(AIATBIL aiy

One can rewrite as following the quantity in brackets:

2. 2 2 2
5{61 + Oy + Oy — 010y _0-110-111_0-1110-1}

2 2
3{(61 + Oy + o) —3(0,0y + 040y + 0111 07) }

(EZ_VZ) = _;l_{(o-+o- + O )2
dV distorsion - 6G : " H (142)

_S(GIO-II+ cyII()-III_|- cYIIIO-I)}

Remarks: If one denotes as " the direction making the same angle with each
of the principal directions (following Figure 14.1), one observes on the face with the
normal ?1, a stress & such that: & = >(17)

that is:

o,/ Jg
{0} = ou/3
e
which can be decomposed as:

> >
B A normal stress: 0, =6 - n

_ 01t O+ Oy

then: o, = 3

The above consists of the average or isotropic part of the stress tensor.”

B A shear stress:

? Recall the expression o; + oy + oy that constitutes the first scalar invariant of the stress tensor.
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then:

2
2 1| » 2 2 O, + Oy + O,
T = 5{0'1+0'H+O'm—(—1 131 Ul

which can be compared with Equation 14.1. Thus,

(zl_‘_V ) _ 1 (él_z)
dV distorsion ZG 2

The shear stress T also appears as the shear characteristic of the distortion
energy.

B One recognizes in Equation 14.2 the presence of the first and second scalar
invariants of the stress tensor independent of the coordinate system. In
coordinate axes other than the principal directions, the second invariant
can be written as:

2 2 2
(01102, — T13) + (02,055 — T3) + (03301, — T51)

One then has for any coordinate system:

aw 1 i
W distorsion B 6_G{(O-1] t 0+ 0-33)
= 3((0110 — sz) + (0,055 — ng) +(035301 = r;)) }
then:

aw 1 2 2
(3‘7 )distorsion - TZ—E'{(GH - 622) + (022 - 635) o
ot (05— 011) +6(15,+ 723 + T;)}

The elastic domain (where the distortion energy is below a certain critical value)
can then be characterized by the condition:

a{(oy, —Gzz)2 + (0, — 633)2 + (05— 0'11)2"'
e O(Th+ T+ T) <1 (14.3)

To determine the constant, a uniaxial test is sufficient; in effect if one denotes by
o, the elastic limit obtained from a tension—compression test, one has:

ax2o. =1

then:

120

Q
Il
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Figure 14.2 Principal Axes for an Orthotropic Ply

14.2 ORTHOTROPIC MATERIAL: HILL-TSAI CRITERION
14.2.1 Preliminary Remarks

A parallel with the Von Mises criterion can be seen with the following remarks:

B For an orthotropic material, the principal directions for the stresses do not
coincide with the orthotropic directions, unlike the isotropic case.

B A uniaxial test is not enough to determine all the terms of the equation
for the criterion because the mechanical behavior changes with the direc-
tion of loading.

B For the fiber/resin composites, the elastic limit corresponds with the rupture
limit.

B The rupture strengths are very different when loading is applied along the
[ direction or along the ¢ direction.

B The rupture strengths are different in tension as compared with in compression.

One can then write in the orthotropic coordinates €,f,z — shown in Figure 14.2 —
an expression similar to Equation 14.3, as:

a(6,—06) +b(0,—0.) ' +c(0.—06,) ' +dt;. +eT.. +f1'§;t <1 (14.49)

14.2.2 Case of a Transversely Isotropic Material

In the following, we will limit ourselves, for the purpose of simplification, to the
case of a transversely isotropic material.” The constants a, b, c, d, e, [ in Equation
14.4 above will be determined using the results of the following tests:

B Test along the longitudinal direction ¢:

1
a+c = —;

O, rupture

’ For an orthotropic material, the procedure is identical.
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B Test along the transverse direction ¢:

1
d-l—b:—z

O: pture

B Test along the transverse direction z:
due to transverse isotropy:

1
b+c = -
o, rupture
then:
1
a=c = >
2 Oy rupture
1 1
b = —2 ——2
o, rupture 26[ rupture
® Shear tests:
1
T, f = )
Tt rupture
1
n7,—oe = —
T2 rupture
1
nt,—d = =

2
To rupture

due to transverse isotropy.
Replacing in Equation 14.4:

1 2 2
— {(oy—0) +(0,—0.) "}
2 Oy rupture
1 1 1 77
2 2 2 1z
(e ) <
26[ rupture 0, rupture Tu rupture tz rupture
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and in developing4:

2 2 2
oy o,t0. o, 1 2
P > - (0,+0.)+0.0| — -
Oy rupture 0, rupture Oy rupture ¢rupture 0, rupture

T+ 1) 77
143 t’z+ . 1z Sl (145)

2
Ta rupture T rupture

Remark: For the case of a “three-dimensional” orthotropic material, an analogous
reasoning to the previous presentation leads to a more general criterion, which
can be written as:

2 2

2
O/ O, O, 1 1 1
R U T 00y
O/ rupt. o, rupt. O rupt. Oy rupt. O, rupt. O, rupt.
1 1 1 1 1 1
A R 0O~ 7+t =7 —~3 0:0¢
Gl rupt. Gz rupt. G/rupt. Gz rupt. Gfrupt. Gl rupt.
2 2 :
T, 7. T,
11 + 1z + zl <1

2 2 2
T rupt. (1= rupt. (Y rupt.

14.2.3 Case of a Unidirectional Ply Under In-Plane Loading

When the stress state is plane-stress, in the plane defined by the axes ¢t (see
Figure 14.2), one has

O-z:T{’z:th:O

Equation 14.5 is simplified, and one obtains what is called “the Hill-Tsai criterion”
for a ply subject to stresses within its plane:

2 2 2
(o) O, 0,0, T
e | (14.6)
O-(’rupture 0,

2 2
t rupture G( rupture T(t rupture

Remarks:

B The rupture strengths of the “fiber/matrix” plies are different in tension
and in compression.” Do not forget to place in the denominator of each
of the first three terms of Equation 14.6 the values of the rupture strengths

" Attention, this is not valid for a fabric that is not transversely isotropic! (see Application
- 18.2.10).
” See values in Section 3.3.3.
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corresponding to the type of loadings in the numerators (tension or
compression).

m Safety factor: Let o < 1 the Hill-Tsai expression found for a state of
stress Oy, 0, T, One can then increase the load by means of a multiplication
coefficient k to reach the limit as:

2 2 2
(koy)” (ko)™ (kRoy)(ko)  (RT,)” o =
>t 2 2 + 2 =ro =1
Oy o, Oy T
rupture rupture rupture rupture

The margin of safety can then be defined as the expression:

(ko,) — o,
Oy

= k-1

which can also be written as:

safety factor = %‘ -1

14.3 VARIATION OF RESISTANCE OF A UNIDIRECTIONAL PLY
WITH RESPECT TO THE DIRECTION OF LOADING

14.3.1 Tension and Compression Resistance

We propose to evaluate the maximum stress o, that one can apply on a ply in
the direction x in Figure 14.3. The stresses oy, 0, T, in the orthotropic axes are
given by Equation 11.4 as:

o, c s2 —2cs o,
2
O, r=|s c? 2¢s 0
2 2
To cs —cs (F=sH]LO

Figure 14.3 Direction of Loading Distinct from Orthotropic Axes
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where one recalls that ¢ = cos@ and s = sin6. Thus,

2

O, = C O,
2

O, =S O,

Ty = CSO,

Replacing in the expression of the Hill-Tsai criterion of Equation 14.6, we have

then:

1

erupture = 4 4
C s 22 1 1
+ +cs| 5 - —

2 2 2
Oy rupt. 0, rupt. Tu rupt. Oy rupt.

Remarks:

B If o, is in tension, then Oy e aNd O} 1y are the limit stresses in tension
(tensile strengths). In effect, when 6 = 0:

Oy rupture — Oy rupture
and when 6 = 90°:
O rupture = Gt rupture

B The evolution of the O, e, When 6 varies, was discussed in Section 3.3.2.

N=—2

Figure 14.4 Pure Shear in x,y Axes
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14.3.2 Shear Strength

For a state of pure shear represented in Figure 14.4, one will have in an analogous
manner:

o, c s? —2cs 0

o r=|s ¢ 2¢s 0

To cs —cs (=5 T
o, = —2¢871,,
o, = 2cs7,, (14.7)
Ty = (cz—sz)rxy

Using this in the Hill-Tsai criterion in Equation 14.6:

- +— +

2 2
Oy rupture 0, rupture Oy rupture T rupture

22 22 22 2 2,2
2{465 4c¢"s 4¢°s +(CZ_S)}S1

then:

Txy = -
rupture 2 1 CZ _ SZ
46252( + + ( , )

2
sz rupture Gf rupture Tft rupture

Remarks: Here, taking into account Figure 14.4 (7,, > 0) and Equations 14.7,
O/ upure Will be the limit stress in compression, and 0} ,pue the limit stress in
tension for 0°< 6 < 90°.

© 2003 by CRC PressLLC



15

COMPOSITE BEAMS IN FLEXURE

Due to their slenderness, a number of composite elements (mechanical components
or structural pieces) can be considered as beams. A few typical examples are
shown schematically in Figure 15.1. The study of the behavior under loading of
these elements (evaluation of stresses and displacements) becomes a very complex
problem when one gets into three-dimensional aspects. In this chapter, we propose
a monodimensional approach to the problem in an original method. It consists of
the definition of displacements corresponding to the traditional stress and moment
resultants for the applied loads. This leads to a homogenized formulation for the
flexure—and for torsion. This means that the equilibrium and behavior relations
are formally identical to those that characterize the behavior of classical homogeneous
beams. Utilization of these relations for the calculation of stresses and displacements
then leads to expressions that are analogous to the common beams.

We will limit ourselves to the composite beams with constant characteristics
(geometry, materials) in any cross section, made of different materials—which
we call phases—that are assumed to be perfectly bonded to each other.

To clarify the procedure and for better simplicity in the calculations, we will
limit ourselves in this chapter to the case of composite beams with isotropic phases.
The extension to the transversely isotropic materials is immediate. When the
phases are orthotropic, with eventually orthotropic directions that are changing
from one point to another in the section, the study will be analogous, with a
much more involved formulation.'

15.1 FLEXURE OF SYMMETRIC BEAMS WITH ISOTROPIC PHASES

In the following, D symbolizes the domain occupied by the cross section, in the
1,z plane. The external frontier is denoted as dD. One distinguishes also (see
Figure 15.2) the internal frontiers which limit the phases, denoted by /; for two
contiguous phases i and j. The area of the phase 7 is denoted as S;; its moduli
of elasticity are denoted by E; and G, The elastic displacement at any point of
the beam has the components: u, (x,7,2); u, (x,y,2); u. (x,9,2).

The beam is bending in the plane of symmetry x,y under external loads which
are also symmetric with respect to this plane.

' The only restrictive condition lies in the fact that one of the orthotropic directions is supposed
to remain parallel to the longitudinal axis of the beam.
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laminated laminated
unidirectional

blade box beam
steel aluminum
Y ’/ :
T e
wood unldlrec_:tlonal
sk leaf spring transmission shaft
Figure 15.1 Composite Beams
y
3
-
n
i ’,—'
Z - ,
ds

Figure 15.2 Composite Beam, with Plane of Symmetry

15.1.1 Degrees of Freedom
15.1.1.1 Equivalent Stiffness

One writes in condensed form the following integrals taken over the total cross
. 2
section”:

(ES) = _[ EdS or =N ES,
: =
number of phases

El) = | E, ’ds =Y EIL,
(EL J.D Y o Z‘ (15.1)

number of phases
(GS) = _[ Gds or =Y G.S,
: s

number of phases

> 1, is the quadratic moment of the Phase i with respect with z axis.
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15.1.1.2 Longitudinal Displacement

By definition, longitudinal displacement is denoted by u(x) and written as:

u(x) = J Eu(x,y,2)dS

(ES)

which consists of a mean displacement u(x) and an incremental displacement
Au, as:

u(x,9,z2) = u(x)+Aux,y,z)
where one notes that:

j EAu,dS = 0 (15.2)
D

15.1.1.3 Rotations of the Sections

By definition, this is the fictitious rotation—or equivalent—given by the following
expression:

0.(x) = u(x,y,z)yxyds

(E[)J.

Or, with the above:

0.(x) = u(x)J. Ede+J E,Au. (x, y,z)de}

<Ez>{

15.1.1.4 Elastic Center
Origin 0 of the coordinate y is chosen such that the following integral is zero:

_[ EydS = 0
D

We call elastic center the corresponding point 0 that is located as in the expression
above. Then Au, takes the form:

A”x(%% Z) = —J/e:(x) + T’x('xvyy Z)

Withs:
_[E,.nxyds and J.Einde:O *)
D D

The displacement u, (x,),2) can then take the form:

u(x,,2) = u(x) =y0.(x) + n.(x,, 2).

’ In what follows, the second property is the consequence of Equation 15.2.
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15.1.1.5 Transverse Displacement along y Direction

By definition, this is v(x) that is given by the following expression:

v(x) = J Guy(x,y,z)dS
D

1L
(GS)
It follows from this definition that:

u(x,y,z) = v(x)+n,(x,,2)

where one notes that:

J Gm,ds = 0.
D

15.1.1.6 Transverse Displacement along z Direction

By definition, this is w(x) given by

1

w(x) = m

J. Giuz(‘xay7 Z)dS
D

It follows from this definition and from the existence of the plane of symmetry
x,y of the beam a zero average transverse displacement, as: w(x) = 0.

w(x,y,2) = 0+m(x,,2),  wih [ Gnds=o.
D

In summary, we obtain the following elastic displacement field:

Uy, = T/L(X) _yez('x)+nx(x7y7z)
u, = v(x)+ n,(x,»,2) (15.3)
u, = n(x,,2)

The origin of the axes is the elastic center such that:

j EydS =0 (15.4)
D

The three-dimensional incremental displacements 1,, 7,, 7. with respect to the
unidimensional approximation u, v, 6. verify the following:

JDEirlde = JDEiyrlde: 0
JD G, dS =0 (15.5)

j Gn.dS =0
D
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Remarks:

m 7, represents the longitudinal distortion of a cross section, that is, the
quantity that this section displaces out of the plane which characterizes
it if it moves truly as a rigid plane body.

® 7, and 1. represent the displacements that characterize the variations of
the form of the cross section in its initial plane.

15.1.2 Perfect Bonding between the Phases
15.1.2.1 Displacements

The bonding is assumed to be perfect. Then the displacements are continuous
when crossing through the interface between two phases in contact. For two
phases in contact 7 and j, one has:

M.X

O
10
@

ux@
uy@
uz@

u
u.,

15.1.2.2 Strains

For the phases 7 and j in Figure 15.3, in the plane of an elemental interface with
a normal vector of 72, the relations between the strain tensors &€ are:

X e = X E(X)
X'SX@ZX’EX@

7 ey = 1 e()
- E(Xx @ = - E(X @
Toe(ty~=1-e1)
. & @ = . & @
which can also be written as:
€. = Epx
® @
—E Nt E N, = =€, N+ EN,
® O O
€N —2€, 1,1, +8~Zn; = swni—Zg,,zn +£wn
@ © O O O
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~

Figure 15.3 Interface between Two Phases

15.1.2.3 Stresses

> > .
The stress vector ¢ = X(n), where X represents the stress tensor, remains con-
. . ) >
tinuous across an element of the interface with normal 72 as:

Tyl + Tylle = Ty + Tl

® O O O

0y + )21 = 0,1, + 7,11

® O 0 O

T,.M,+ 0N, = T,.1,+ 0N,

© O O O

(15.6)

15.1.3 Equilibrium Relations

Starting from the local equilibrium, in the absence of body forces, we have

9 _
ox;

By integrating over the cross section:

d 9%y | 9%us) g -

where the normal stress resultant N, appears as:
N, = J’ G..ds .
D

Then, transforming the second integral to an integral over the frontier dD of D"

dN.
= + J. (Txyny + Tx:n:) dr’ =0
oD

dx

" Note that equality L)(%+%)d5 = -[80(7 n,+7,.n.)dl is made possible due to the conti-

xXyy
nuity of the expression (t,, 1, + T, n,) across the interfaces between the different phases

(see Equation 15.6).
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in which 7, and 7, are the cosines of the outward normal ?@, and dT represents
element of frontier dD. If one assumes the absence of shear stresses applied over
the lateral surface of the beam, then 7., n, + 7. n.=0 along the external frontier
dD. Then for longitudinal equilibrium we have’

dN, _
dx
90y, 9%,
d.[TdSJrj(ay - )dS 0

where one recognizes the shear stress resultant:
T, = J T,,dS.
D

y

Then transforming the second integral into an integral over the external frontier
. .6
dD of the domain D of the cross section:

T,
—”+J' (6,1, + 1,.n.)dT = 0
oD 7
if one remarks that:
>
j (0,7, + T,.n.)dT = j }.2(%)dr=y._[ &dT" = p,(N/m)
aD oD oD ’

which is the transverse density of loading on the lateral surface of the beam,
transverse equilibrium can be written as:

0T,.

T, 3
il yoxde+J y( T )ds_o

n

We have neglected the body forces which appear in the local equation of equilibrium in the
form of a function f,. If these exist (inertia forces, centrifugal forces, or vibration inertia, for
example), one obtains for the equilibrium: % +p, =0 in which p, = ], f,dS represents the
longitudinal load density.

Note that the equality ID(?‘ ﬂ)dS = Jan(%ﬂ%»+ 7,,1,)dT is made possible due to the
continuity of the expression (o,, 7, + 7, ,) across the frontier lines between different phases
(see Equation 15.0).
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where appears the moment resultant:
M. = J' —0.,.dS.
D

Then transforming the second integral :

dm,
I + LD —Y(Tyn, + Toom)dl + jD T,dS = 0

where one notes that:
> w2 > >
.[ _y(T.xyny+ sznz)dr = J. _yx : Z(n)dr = .[ _y(o- x)dr = .uz(mN/m)
D D oD
which can be called a density moment on the beam. Then one obtains the

equilibrium relation:

B =0
dx T TH T

The case where a density moment could exist in statics is practically nil, we
therefore assume that p. = 0. In summary, one obtains for the equations of
equilibrium:

aN, _

dx
dr,
il = 15.
T tPy =0 5.7
dM.
ax =0

15.1.4 Constitutive Relations

Taking into account the isotropic nature of the different phases, the constitutive
relation can be written in tensor form for Phase i as:

1+v,
E.

1

\
€= z —E’tr(E)] (I = unity tensor)

7 Analogous note for the continuity of the expression (1, n, + 7., n,) across the lines of internal
interfaces (Equation 15.6).
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One deduces, in integrating over the domain occupied by the cross section of
the beam:

J- sxxE,.d5=I O'xde—J. vi(o,,+0..)dS
D D D

Taking into account the form of the displacements in Equation 15.3, one can write

du, _do. du d [ 7
Il)exindS GEds=—5f Ed5+dx Eds+ 2| Ein.ds

which leads, with the notation in Equation 15.1, to the relation:

du
= (ES)—+| vi(o,,+0..)dS
BT+ | vio,+ 0 (15.8)

I e E;dS=| —yo,,dS+ J v,y(o,,+0.,)dS
D D D o

Taking into account the form of the displacements in Equation 15.3 one can write
J' e Eds=" J Eds— Ede—a J/Eynde
D
This leads, with the notation in Equation 15.1, to the relation:

= (sr)%E
= (EL)Z

J- sz( O-yy + Gzz) dS
D

26,GdS = | 7,dS (15.9)
D

D

Taking into account the form of the displacements in Equation 15.3, one can write

du, au
26,Gds = _[ ( Bx)GdS_ 9_[ G,dS--
on v d /
G—==dS+ G,dS+ — /G,dS
p Oy x.[u ! dx D/W !
which gives with the notation in Equation 15.1, the relation:
T, = <G5>(@_9) J' G,ande (15.10)

dx
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15.1.5 Technical Formulation
15.1.5.1 Simplifications
We extend to the composite beams the simplifications made for the homogeneous

beams as:

,, and 0. << 0, at almost all points of the cross section.”
2. We neglect the variation of warping {n,, 1,, 1.} between two neighboring
infinitely near sections in order to calculate the flexure stresses, that are

1. o

O,

XX

9
T, and 7.

15.1.5.2 Expression for the Normal Stresses

With the previous simplifications, one extracts from the constitutive relation:

Gxx Vi
g, = ——-——(0,,+0..
XX EI' El( VY z)

the following simplified form:

%#%—_ d92+@+(2£;
E, oJx Vax Tdx " ox

deo.
Then with M,# < EI,> —;Z-; (Equation 15.9) and N, # < ES > %ﬁ-ﬁ (Equation 15.8):

o ——E£ +E&
o = TR T PES) (15.11)

bending extension

Remark: The continuity (€,,); = (.E‘M.)j10 at the interface between the Phases i and j
leads to

(O-xx)z - (GX.)C)('

E, E,

® This hypothesis is better verified by the fact that the Poisson coefficients of the different
phases have similar values.

° This hypothesis is known in the literature for the homogeneous beams as the generalized
“Navier-Bernoulli” hypothesis.

" See Section 15.1.2.
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Normal stress Bending moment

Figure 15.4 Normal and Bending Stresses

which shows the discontinuity of normal stresses due to the difference in the
longitudinal moduli, as illustrated in Figure 15.4.

15.1.5.3 Shear Stress Expression
15.1.5.3.1 Characterization of Warping

Starting from the local equilibrium described by the relation:

we study the flexure shear stress in the plane of the cross section, noted as:

> > >
T=1,)+T,%

Taking into consideration Equations 15.11 and 15.7, and the simplification 2, at
the beginning of Section 15.1.5.1, one can write

o T 9r T o D D ax) T B dx - (a1

aT,, N 0T, 00, E, dM, E, dN, E

and with the displacement field in Equation 15.3:

'n. Ia'n ) E,
G|—F+—=F| = -T,7=xX
(ayz 92 ED Y

Putting 7, in the form:
Ne = 7=q X8(0,2) (15.12)

© 2003 by CRC PressLLC



leads to

Xy (15.13)

and Equation 15.10 becomes

= <GS>(3§ ) JG,mégds

T, (1 _@I G, agds) - <GS>(Z—Z— 92)

or:

_ <G5>(@_ )
1, =~ St -6 (15.14)

In the above relation appears a k coefficient which is analogous to the shear
coefficient for homogeneous beams.

15.1.5.3.2 External Limit Condition

We have supposed that the lateral surface of the beam is free from shear. This
gives, along the external contour dD of the cross section, the relation:

> >
T-n=1Tyn,+1T.n. =0,

and, with the displacement field in Equation 15.3 and the simplifications described
above:

dv — >
(ch— Gz)n}, +gradn,-n =0

Introducing the function g(y,2) (Equation 15.12) and with 15.14, one obtains

Substituting the function g(y,z) with the function g, (y,2) such that:

8 (1,2) =g(y,2) +kxy (15.15)
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one verifies that g, is solution of the problem:

: _E (GS)
Vig, = ~G.(EL) Xy in domain D
%2 _ 0 on the boundary 3D
5, = 0 on the boundary

We denote g.(y,2) as the longitudinal warping function for the cross section.

15.1.5.3.3 Conditions at the Interfaces

The continuity conditions already described in Section 15.1.2 lead for the warping
function, at the interface between two phases i and j,

goi = go/'
Toyilly + Tl = Ty, + Ty,
then:
 %oi _ 98y
"on 7 on

15.1.5.3.4 Uniqueness of the Solution

This is given by Equation 15.5 which is interpreted here as:

J Eg,ds =0
D

15.1.5.3.5 Form of the Shear Stresses

One can easily verify the following expressions:

T, 8g0

)y
<GS> y

R
T==Gi GS) 0z

Ty =

then again:

>
T=

TV
Gi < GS) grad go

15.1.5.3.6 Shear Coefficient for the Section

The shear coefficient for the section is obtained starting from the Equation 15.5:

j Emn.dS = 0
D
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This necessitates the knowledge of the warping function g,. Then the above
relation can be rewritten as:

TV
jDEi<GS>(gO—/exy)xde =0

which leads to:

1

k = @JDEigode

In summary, in the absence of body forces (inertia forces for example), the
bending of a composite beam in its plane of symmetry can be characterized by
a homogenized formulation—equivalent to a classical homogeneous beam
solution—in the following manner:

e Elastic center 0: it is such that

J’ E,ydSs = 0
D

e Equivalent stiffnesses:

(15.16)
- S ks, =S EL, {GS) _ ¥ 1
<ES> - i EiSia (E]z> - 1' Eilzi> /e - i Gl‘SfX]e

¢ Equilibrium relations: (stress resultants calculated at
elastic center)

W0y Lyp—o, Yigog
dx 7 dx by =0 dx ryo

e Constitutive relations:

Yook \dx °F

No= (S T,= 4G} .- (B

© 2003 by CRC PressLLC



(Contd.)
Stresses:

normal stresses O, = —E-—-j—‘/[—f-—y+E-——j—V-x—
. (EL)”  (ES)
shear stresses Ty = G,—ZZ—Q&’
» (GS) dy 3 G, m
T, g, (GS) T,gradg,
Tz = zmg

¢ longitudinal warping function g,(y,2): it is the
solution to the problem

I8, 98 _ E(GS)
o’ 9z  G,(EL)

98,
5 = 0 on the boundary 9D

-—=y in domain D of the section.

(15.16)

with internal continuity:

goi = goj
G‘agm _ %y ‘9807 along internal boundaries €,
"on T on

and the uniqueness condition:

J E,g,dS =0
D

Shear coefficient k: it is given by the formula:

k= E,g,y dS
<E>Dgy

15.1.6 Energy Interpretation
15.1.6.1 Energy Due to Normal Stresses o,

Denoting by dW, as the deformation energy of an elementary portion of a beam
with length dx due to the application of normal stresses o,,, one has

2
aw, = Zf%sxde = {2.[0 - dS}dx

1
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Taking into account Equation 15.11 for the normal stresses:

%%zzj [(H) £5 }“

ZZJ. <E]) 2.[ < >
+Lﬂiﬁﬁﬁwﬁ

(the above expression simplifies due to the definition of the elastic center 0 in
15.16); therefore:

AW, 1 M: L1 N;
dx — 2(EL) 2(ES)

15.1.6.2 Energy Due to Shear Stresses 7

Denoting dW, as the deformation energy of an elementary portion of a beam
with length dx due to the application of shear stresses 7, one has:

_1 UL
= 2JD2(T yExy + Ta€i)dV = Z{JDGZ.(T"VJF rxz)ds}dx

then, taking into account the form of the shear stresses in 15.16:

2 2 2
5T s
dx 2Jp (GS)

dw: _ 1 7 d( 98N\, d( 9,
dx 2<GS>szGi{3y(go 8y)+8z(g . ) g,-Vig, +ds

with the value from 15.16 of the Laplacian of the warping function g,

dw, 1_1; {I E (GS)

g,
dx ~ 2(gs s 196, (EI)de+J. Gg/"c') dr}

" The equality [,G,{ ; (go';i)") +2 (ga{fi”)}dS I (;DGZgD?”dF is made possible due the continuity of
the quantities ¢ 805 ’Zf*. at the interfaces /; (See Section 15.1.5.3.3, “Conditions at the Interfaces™.
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One knows in the above the expression of the shear coefficient & for the section
(see 15.16). Then:

2
7;

GS)

aw,
dx

_1
2

In summary, the strain energy density can be written as:

dw_1 N, 1M 1, T,
dx 2(ES)+2(E]Z)+2 (GS) (15.17)

Remarks:

B Note the analogy between this expression and that for the strain energy
of a classical homogeneous beam, which should be written here as:

dw _IN; 1M 1, 7T,
— = skt
dx _ 2ES 2EL " 2°GS

B As a practical consequence of this homogenization, it becomes possible to
determine the equivalent characteristics which are necessary for the entry
of data into a computer program utilizing finite elements of classical homo-
geneous beams. The problem then comes to the numerical evaluation of the
following values:

EqUivalent moduli: Eequivalent, Gequivalem? (OI' Vequivalem)
Geometric characteristics: Sequivalens 1= equivalens and &

By taking Sequivaiene = S (real area of the cross section), one can easily verify that:

g = 5 {69
equivalent S equivalent S
(EL) v _ 1(ES)
equiv"zllent E ’  equivalent 2 ( GS>
equivalent

15.1.7 Extension to the Dynamic Case

The equilibrium relations of Section 15.1.3. were written in the absence of body
forces. In vibratory motions, these body forces exist in the form of inertia forces.
One then has

070},» o=
ox, PHi = 0

7
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Following the mam steps of the calculations in Section 15.1.3, for a beam under
free vibration,"” one obtains:

w7

ox a_ﬁJ‘Dpiude

which leads, with Equation 15.3, to the following expression:

ON, 29
M <pS> —y(, <pS>

in which we denote
(pS) = J p;ds and  y(pS) =f piyds.
D D

Yo appears here as the ordinate of the mass center (center of gravity) of the
section. One has neglected the secondary coupling due to 1,

with Equation 15.3 and neglecting the secondary coupling due to 1,

T, v

oM., _
ax + T}’ - atZJ-D_ypfux ds

with Equation 15.3, posing {pl.) = po,. 17dS , and neglecting the secondary cou-
pling due to n.:

2

2

L G ko9

4 ot
The above relations are to be joined with the constitutive relations in 15.16.
However one must note these constitutive relations were written in the absence of
body forces. Nevertheless, we will consider them to be valid, with the condition that
the concerned frequencies are not too high. Generally this case corresponds to the
mechanical frequencies, and one denotes this as the “quasi static” domain.

12 . .
One removes all the forces and moments on the beam except inertial forces and moments.
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In summary, in dynamic regime, one has to replace the equilibrium relations and
the constitutive behavior which appear in 15.16 with the following relations:

¢ Governing equations (stress resultants calculated at elastic center);
ON,. GN
ox
T, v
o = P=3 (15.18)

2

oM. d2°6. d’u
ax +Ty - <p1> _y(;<p >_

with

P = FpsSi (pL) =X pli yolpS) = [ piyas

e Constitutive relatlons.

G, 00,
No= g 1= (%6 m- (S

Remark: We note in the above relations a nonclassical coupling between the
longitudinal oscillations u(x,#) and flexural oscillations. This coupling disappears
if the elastic center is mixed with the center of gravity."

15.2 CASE OF ANY CROSS SECTION (ASYMMETRIC)

Now, the cross section of the beam does not present any particular symmetry (see
Figure 15.5). One can consider for this general case the procedure adopted in the
previous paragraph for beams with symmetry. One notes the supplementary equiv-
alent stiffness:

(EI)__[LudS_ ZEW

number of phases
It also appears an equivalent rotation 6,(x) defined by the expression:

ey(x) = Eiux(‘x7y7z) XZdS

@,

Then, from the definitions of 6, u, and 6, (Section 15.1.1):

0,(x) = E{u=y6.+1,,} xzds

" See Chapter 18, Application 18.3.9.
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Figure 15.5 Composite Beam with any Cross Section

this expression simplifies if one chooses the origin of the coordinate z such that:
J' EzdS = 0; _[ Eyzds=0
D D

These relations, joined with the condition already established in the previous
paragraph: |, E,y ds = 0, allow one to define the position of the elastic center
0 of the section, as well as the orientation of the axes y and z that we will call
the principal axes of the section.Then, in summary:

elastic center: J EydS=0
D
j EzdS=0
D
principal axes: J EyzdS=0
D

One can then rewrite the contribution 7, to the longitudinal displacement u,,
which appeared above, in the form:

nox(x7yaz) =zX Qy+ nx('x)yVZ)

and one verifies that, by definition of the degree of freedom 6,

EnzdS =0

D

The displacement u, (x, ), 2) then takes the form:
U (x,9,2) = u(x) =p0.(x) + 26,(x) + 1n.(x,9,2)

In addition, due to the disappearance of symmetry in the section, the transverse
displacement w(x) (Section 15.1.1.6) is not zero.
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We then obtain for the elastic displacement field:

u, = u(x)—y6.+z60,+n,

, = v(x)+1,
u, = wx)+n,

RS
Il

The three-dimensional incremental displacements 1,, 1,7, verify (see Section 15.1.1.6):

[ Emeas = [ Emyas = [ Enzas =0
D D D
j Gn, ds = 0
D
J' Gm. ds = 0
D
Starting from the above and following the same procedure as in the previous

paragraph, successively for the bending in the plane x,y, with identical results,
then in the plane x,z, we obtain results summarized in the following relations:

¢ degree of freedom:

along x:  u(x)
along y:  v(x);6,(x)

along 2z w(x);0.(x)

e elastic center: it is such that:

f E,ydsS = j EzdS=0
D D

e principal axes: they are such that:

J. Eyz dS=0
D

¢ equivalent stiffnesses:

(ES) = Y ES,
(EL) = Y El; (EL)=Y El,

(GS) 1 (G _ 1
o = ZG,S,.XE; B ZG,.S,»X . (Continued)

v
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(Contd.)
e equilibrium relations: (stress resultants calculated at elastiq

center)
aNe _ g
dx
EZ_E' + =0: 6_112 + =0
d py - Y dx pz -
am., _ . dm, B
dx 7 0; dx I.=0
e constitutive relations:
du
N, = (ES)dx
_ <GS)(@_ ) _ <G5>(d_w ) (15.19)"
Iy = k, \dx 0. T.= k., dx+6y
dae, B do,
Mz - <E1z>%9 My - (Elv> d

e normal stresses:

O, = EM + F.— Ei
w = TRy ’<E1> (ES)

e shear stresses:

G, ag, oh, )
T—=+T.
>( dy

13
=
<
/\

_ Gl ago abo
Tex = <Gs>(Tyaz * Z&Z)

then

G,
7= (G5>(T grad 8+ T, 8f3d h,) (Continued)

Remark: As already mentioned in Section 15.1.6 for a beam with a plane of
symmetry, it is possible to evaluate the equivalent characteristics that one has to
introduce in data form in order to utilize computer programs for the calculation by

X L ) _ (@9
"In fact, in place of the constitutive relation 7 = T,
RT, + k). T, = (GS}(%— 6.) where appears a coupling coefficient .. This means that a unique

shear resultant T leads to flexure in the x,y plane. This secondary effect has been neglected
here. Analogous remark yields for the constitutive relation 7. = <m(dw +6,).

dv
(T

—0.) it comes to a form such as:
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¢ Longitudinal warping functions:
function g (y,z): It is the solution to the problem

I8, 98 __L(GS)
5 92 GUED)
g

5, = 0 on the boundary dD

-——=y in domain D of the section

with internal continuity:

8oi = goj
& %2 g, _ % agm along internal boundaries €;
“on T on

and the uniqueness condition:J‘ Eg,dS =0
D

function h(y,z): It is the solution to the problem :

32b0+82b0 _E{(GS)
o' 97 G(EL)

oh,
5 - 0 on the boundary dD

z in domain D of the section

with internal continuity:

bm‘ = b(}j
o % B % - ralong internal boundaries €;
"on ! on

and the uniqueness Condition:.[ Eb,dS =0
D

e Shear coefficients

coefficient k,: it is given by the formula: &, = @%j EgyydS
z/ YD

coefficient k_: it is given by the formula: &, = <;[> Eb, zdS
D

e Strain energy

dw_ 1N, 1M 1M 1, T 1k7i
ax~ 2(Es) T 2(ED T2(En TS T e
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finite elements for the classical beams.” The characteristics Eequivatens Gequivatenss I
equivalents Ly equivalen; €N be obtained right away. On the contrary, the calculation of
the shear coefficients g, and &, is not direct. At first it is necessary to know the
values of the functions g, and b, solutions in the domain occupied by the cross
section of Poisson type problem, as one can take note in the preceding table.
The nature of these problems makes it possible for each of the functions g, and
b, to write an equivalent functional which allows the calculation of the function
considered by means of discretization of the cross section using finite elements.

15 . .
It is convenient to note that a computer program based on elements of homogeneous beams
cannot provide correct values for the stresses in a cross section, because these stresses are
of particular formulation for composite beams (see 15.16).
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16

COMPOSITE BEAMS
IN TORSION

As in the previous chapter, we consider here the composite beams made of
isotropic phases. Extension to transversely isotropic phases is straightforward. The
study of orthotropic phases with one principal direction parallel to the axis of
the beam, the other two principal directions in the plane of a cross section, does
not present fundamental difficulties.

16.1 UNIFORM TORSION

We will keep the conventions and notations of the previous chapter. On Figure 16.1,
0 is the elastic center, x,y, and z are the principal axes. The beam is slender and
uniformly twisted, this means that every cross section is subjected to a pure and
constant torsion moment, along the x axis, denoted as M,.

Then, under the application of this moment, each line in the beam, initially
parallel to the x axis, becomes a helicoid curve, including (in the absence of
symmetry in the cross section) the line which, initially, was coinciding with the
elastic x axis itself. The only line which remains rectilinear is cutting the plane
of all sections at a point which will be called torsion center and denoted as C,
with coordinates y. and z. in the principal axes (see Figure 16.1).

16.1.1 Torsional Degree of Freedom

By definition, this is the rotation of each section about the x axis, denoted as Ox.l
The torsional moment M, being constant, the angle 8, evolves along the x axis
in such a manner that, for any pair of cross sections spaced with a distance dx,
one can observe a same increment of rotation d6,; then:

de.
— = constant

dx

' Here it is not necessary to define the rotation 6, by means of an integral of displacements,
as in the previous chapter relating to flexure. In effect, we will see in the following that the
displacement field associated with this pure rotation of the sections leads to the exact solution
of the problem in the elastic domain (at least for the case of uniform warping).
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4

Figure 16.1 Elastic Center (O), Torsion Center (C), and Principal Axes

From this it comes that the angle of rotation of the sections varies linearly
along the longitudinal axis x. As a consequence, we assume a priori the compo-

nents of the displacement field u,, u,, u., to be written as:

X

-4 X, 2)
ux_dx §0y,Z

16.D

N
Il

y _(Z _Za) ex

U, (y_yc)ex

where the function denoted as ¢(y,2) is characteristic of the cross section shape
and of the materials that constitute the section. This is called the warping function
for torsion.

16.1.2 Constitutive Relation

With the displacement field in Equation 16.1 the only nonzero strains are written as:

v = e F-G-20)

_ 2090 ., _

The only nonzero stresses are then the shear stresses 7, and 7,.. The torsional
moment can be deduced by integration over the domain of the straight section as:

_ _ _ 4o, 29 _ ...
M, = J.D(yfnz ZT,)dS = G{y ( o= yc)

dxJdp '

e (20 ) 2y
(O.’y+zc +)y +z }dS
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Substituting to the function @(y,2) the function ®(y,2) such that:

(16.2)

@, 2) = e(n,2) +yz.— 2y,

it becomes:

_de, AP D .
M, = dxx.[DGi(y8z_Z8y+y +z)d5

In this expression, it is possible to define an equivalent stiffness in torsion
with the form:

(2200, .
(Gj)—J.DG,(yaZ Zay+y +z)d5 (16.3)

One obtains then for the constitutive relation:

d0
M= (G5

16.1.3 Determination of the Function ®(y, z)
16.1.3.1 Local Equilibrium

Local equilibrium is written as:

aTxy + &sz

dy oz

then with the displacement field in Equation 16.1:

=0

Ve =0
and with form 16.2 of the function ®:

V® =0

16.1.3.2 Conditions at the External Boundary

The lateral surface being free of stresses, one can write along the external boundary
oD:

N ->
T.n=0.

With the displacement field in Equation 16.1:

{%f—(z—zc>}ny+{§—ﬁ+(y—yc)}nz =0
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then again:

a—q)ﬂ‘i'a;b?’l =zn,—yn
R e R

16.1.3.3 Conditions at the Internal Boundaries

The continuity conditions of Section 15.1.2 are verified for u, and wu.. At an
interfacial line /; between two phases i and j, the continuity of u, leads to

@, = @,

The continuity relations in Equation 15.6 lead to the continuity of (7,7, + T, 72,)

when crossing the lines /;, that produces the continuity of

oG- a5 e)
i ay z ny i az y nz

16.1.3.4 Uniqueness of the Function ®

If one superimposes torsion and bending, by using the degrees of freedom for
flexure defined in the previous chapter, the displacement component u, becomes:

ao
u, = u—y92+26},+?ﬂ7;6(p+ n.

The longitudinal displacement u(x) has to respond to its definition (Section
15.1.1), meaning

1
u = @J.DE,‘MX das

ﬁ{u_’. £, ds—6. E%ﬁl{+ eyf%,”
D D b
...+%JDE;(P dS+JDEﬂx/dS}

_[E,.(pdsz 0
D

This requires that:

Then, taking into account the form in Equation 16.2 of @ and the properties
of the elastic center:

jE@alszo
D
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In summary, the function ®(y,z2) is the solution of the problem:

VO =0 in domain D of the section
%%) = zn,—yn, on the external boundarydD

with the internal continuity:

O, = O,
! along the internal

G (&&;(;—(zn}&ynz)) _ G,(%—(Z”y"‘y”z)) boundaries €,

and the condition of uniqueness:

j E® dS = 0
D

16.1.4 Energy Interpretation

The strain energy of an elementary segment of a beam with thickness dx is written
as:

_1 L0 G sy
= ZIZ(T £t TE)dV = {ZJDGi(yxy+ yxz)ds}dx

then, taking into account the displacement field in Equation 16.1:
dw _ 1(d8.y 00\ (99
dx (dx) JDG{(ay Z) +(5’Z+y) }dS
which can be rewritten as’:
aw _ b I
i (a’x){." {8 22, +y+z}dSJ.GCDV/¢/MlS
-t Gd){(aq) L+ a—q)+y)nz} dl“}
oD 0z

® 1In effect, one has, for example:

(592)2_2?2 - ?.‘.12(3;‘3_2) q)(ad) Z) _gpl®
dy dy  dy\dy | \dy ’
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where we note the presence of the stiffness in torsion (GJ) defined by Equation
16.3. Thus,

v _ 1<Gf>(%)2 or

s
dx 2

- 2{an
16.2 LOCATION OF THE TORSION CENTER

Consider the cantilever beam that is clamped at its left end as shown schematically
in Figure 16.2, and more particularly the segment limited by the cross sections
denoted by D, and D;. In the section D;,0 is the elastic center and C is the torsion
center the position of which we wish to determine.

With this objective, we will apply on the cross section D, the two following
successive loadings:

B Loading No. 1: One applies on the torsion center C of the cross section
D, a force F situated in the plane of the section.

B Loading No. 2: One applies on the same cross section D, a torsional
moment denoted as M, (see Figure 16.2).

When one applies these two loads successively, the final state is independent
of the order of the application. As a consequence for the external forces acting
on the isolated segment (D, D,), the work corresponding to loading No. 1 on the
displacements created by loading No. 2 is equal to the work corresponding to
loading No. 2 on the displacements created by loading No. 1. This can be written
in the following form:

\\4 (loading 1x displacement 2) = W (loading 2x displacement 1)

Now we evaluate these works:

a) W (loading 1 X displacement 2)

9
B On D, F creates the bending moments M, and M,, thus a normal stress
distribution given in the principal axes by Equation 15.17 as:

(0,) E M. Xy+E M, X
)1 = TRV i z
' (EL) (EL)

@_’_X

Siz
N

case n° 1 case n°2

Figure 16.2 Cantilever Beam with Two Successive Loadings
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Then, taking into account the displacement field in Equation 16.1, the work done
on D, is

M M do
J (Gxx)l X (ux)z ds J {—E;‘(‘Eﬁ Xy+E,--<~E}Z'S XZ} 7 =
D D =z 8

_de, M.
T dx ), (EI)

M,
Xz (®P—yz.+2zy.)dS
<E[y> }( Y Ve)

B On Dy: The torsion center € does not move in the plane of the cross
section during torsion. The work done by the force F in the displacement
field of torsion is nil.

b) W (loading 2 X displacement 1)

Force Z“ as applied to the torsion center C does not lead to the rotation of
the cross sections around the longitudinal axis x. From this the_)torsional moment
M, does not work on the bending displacement field due to F.

The equality of the two works is then written as:

o e

M,
— TED XY+ ’(E])XZ}(CD —yz.+z2p.)dS = 0

then:

(EI).[ (Ey @ — EJ/ z,+Eyzy.)dS--

+ (E;> (Ez ®+E,2°y, —/Eﬁc)ds =0
WD

This relation has to be verified when the force applied at C varies in
magnitude and direction in the plane of the section. One can deduce from
there that the relation is valid no matter what the values of M, and M, are. Both
the above integrals are then nil. One extracts from this property the coordmdtes
of the torsion center:

= Ez®
Ve (E])J Z® dS
1
z, = E,y ®dS
EJ "

In summary, the uniform torsion of a cylindrical composite beam made of
perfectly bonded isotropic phases can be characterized by a homogenized
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formulation—equivalent to that of a classical homogeneous beam —in the
following manner:

* degree of freedom: about x axis: 0,

e elastic center 0: it is such that J EydS = _[ E;zdS =0
D D

o principal axes: they are such that J. EyzdS =0
D

* equivalent stiffnesses:
(EL) = Y El, ; (EL) = YEI,

00 00
(G[) = JDGf(yz_Za_y +y +ZZ) ds

® torsion center: coordinates in principal axes:
1
= ——| Ez® dS
y c < E ]y) '[D i

1

Z, = <—E;Z—>J.DEiy o ds
I . dM,
* equilibrium relatzon:ﬁ =0 (M, = constant)
N . do,

* constitutive relation:M, = {G]J) —

_ 90,00 (16.4)

® shear stresses T, = G, dx ('gy‘ —Z)

., dO, (0D
T = Gidx(&z +y)

e function ®(y, z): it is the solution to the problem:
22%—) + QZ—-(-I-; = 0 in domain D of the section.
dy. 0z
00

o5 = Fhmyn. on the external boundary dD.

with internal continuity:

¢i = ¢
! along internal

Gz(%% —-zn, +ynz) boundaries €

oD,
Gi(% —zn,+ ynz)

and the uniqueness condz'tz’on:J. E® dS =0
D

* strain energy density

dw _ 1
2

x_

M;
(G])
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Remarks:

B A finite element computer program for the classical homogeneous beams

is usable’ with the condition that the equivalent rigidity in torsion (GJ)
can be available. This requires the numerical calculation of the function
®." The latter is the solution of a Laplace type problem, which can be
noted in relations 16.4. An equivalent functional is possible to define,
which leads to the calculation of @ by the finite element method, by means
of discretization of the cross section.

Flexion-torsion coupling: When, due to the loads applied on the beam,
there exists simultaneously bending and torsion of the beam, the approach
of the previous chapter is always valid. Keeping the definitions in Sections
15.1.1 and 15.2 for the degrees of freedom u, v, 6,, 6,, one arrives at the
following displacement field:

d
u, = u—y62+26},+(pd—fc’c+nx
u,=v-z0,+m,
uZ = w+y9x+nz

The torsion being uniform, the equilibrium relations in 15.19 become more

restrictive and can be reduced to:

dNA =0: @ = dTZ —

dx 7 dx 7 dx

M ny i (16.5)
Dl _ . 2L -0 7o

dx 0; ax L, =0 dx °~ 0

’ Except if the considered application requires the calculation of the shear stresses in a cross

section.
4

calculate the torsional Saint-Venant stiffness:

J = J ((Z%)—Z—+yz+zz)d5.
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Taking into account six degrees of freedom also leads to six constitutive

relations. One finds’:

du

N, <E5>dx
(Gs)de_g _, 4%y
= ™ %% )
_<G5>(zt_v z@)*
L= g oty )

(16.6)

Mx = <Gj> ‘X:x_ZcTV—'—ycTz

N
|
S

de.

’ In each of the relations marked with (x), there appears a supplementary coupling term
connected to the existence of a third coefficient denoted as k.. The complete form is then:

dao,
by T, + ko, T = <GS>(Z—,UC— ez_z"d_;)

40,

b Ty + T = (GG 4 60,405

This secondary coupling has been neglected in the indicated form.
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17

FLEXURE OF THICK
COMPOSITE PLATES

The mechanical behavior of a laminated plate as studied in Chapter 12 involves
the definition of stress resultants N,, N,, 7, and moment resultants M,, M,, M,,.
These resultants are obtained from the membrane stresses o,, 0,, 7,,. The other
stress components, 0., T,., T,. have not been taken into account until now.

In this chapter we note how these stresses exist and have influence on the
mechanical behavior of the laminate. We will also examine the configurations of
plates for which the influence of these stresses are significant (for example, plates
with relatively high thicknesses, justifying the title given for this chapter). This study
is based on the previous definition of the displacement parameters based on integral
displacement forms, and constitutes an approach analogous (and also original) to

that used in Chapter 15 for the description of the bending of composite beams.

17.1 PRELIMINARY REMARKS
17.1.1 Transverse Normal Stress o,

The plate is situated as in Chapter 12 from which the name of transverse normal
stress ©.. Such stress appears due to the application of a transverse load (con-
centrated or distributed) which will cause bending of the plate.

B A very local concentration of load in a very small zone cannot be examined
with the theory of plates, which is not able to provide spatial distribution
of the stresses in the neighborhood of the point of load application. This
phenomenon is complex even in three-dimensional numerical modeling.
Therefore, what will be presented will not be valid in the immediate surround-
ings of a very local transverse load (for example, an insert).

B A distributed load gives rise to the stresses o, with small amplitude as compared
with the stresses o, and o,. This is the reason why o, is often neglected.

17.1.2 Transverse Shear Stresses 7,, and 7,

Due to the assumption of perfect bonding between the plies, the stress vector
remains continuous across an interfacial element with normal vector 73 = z, between
two consecutive plies of the laminate. Then 7, and 7,, remain continuous at the
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interfaces between plies (see Section 15.1.2). In addition, the upper face and
lower face of the laminate are assumed to be free of tangential forces. The
thickness of the laminate is denoted as h. One then has:

T.=1,.=0 for z=1h/2
Assume stress and moment resultants to be constant in a given zone of the laminate:

N, N

»

T, M, M,, M,, constants V(x, y)

Then, by inversion of Equation 12.20, for example, one notes that the following
global strain

Eur Enpr Yoy O WIOX", DI, 207w /0xdy

are constant in the zone under consideration. The local strains of Equation 12.12
then depend only on the coordinate z of the laminate. This is the same for the
membrane stresses Oy, O,, T,,.

With the above consideration, local equilibrium can be written as (in the
absence of body forces):

Jdol. dt. I1,.
A

Y
17.D

Oty + aﬁaf'—”/+ 9 _ 0

2 TP

The transverse shear stresses then appear to be constant across the thickness
of a ply. Being continuous at the interface and nil at the location z = £h/2, they
are nil in all the thickness of the laminate.

From this, these stresses do not play an important role in all cases: they do
not always exist, their existence being related to variable stresses and moment
resultants. When they exist and depending on the composition of the laminate,
they can have influence on the deformation in bending, and on the interlaminar
adhesion (between layers).

We will assume that these stresses exist, associated with the hypotheses of the
following paragraph.

17.1.3 Hypotheses

B The plate has midplane symmetry.

B The plies are orthotropic, the orthotropic axes coinciding with the x, y, z
axes of the laminate.'

B The stress o, is negligible.

' For example, this is the case for a laminate made of layers of balanced fabric at 0°, 90°, or
45°, —45°, for unidirectional layers at 0° and 90°, or for mats. Instead of this hypothesis, one
can also adopt the less restrictive hypothesis of a balanced laminate. In this case the following
calculations are much more involved, without appreciable gain on the enlargement of the
field of applications examined in Section 17.6.3.
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Remarks:

B For each ply having orthotropic axes X, y, z, the constitutive Equation 13.3
can be written as, taking into account the simplification o, # 0:

1 Vi
&, 7 —-1;_}; 0O 0 O0f}]|o
v, 1
g, _E; ETV 0 O 0 o,
= L T,
Vay 0 o 0 0 y
1
~— Tr
Yz 0 0 O o 0 Xz
1
Y= I 0 0O 0 0 az_ Tz
or under inverse form
O _Eu Elz 0 0 0 1| &
o, Eﬂ Ezz 0 0 0 g,
Tor=|0 0 Ex=G, 0 0 Yy 17.2)
Tyr 0 Eiy = ze 0 Yz
Tyz L O O O 0 ESS - GyZ sz
where:
- E, - V.E. - E
Ellzl—; E12:1V—; 22:1#
Vi Vyx ~ Vi Vyx — Vi Vyx

B The transverse shear is at the origin of distortions as illustrated in Figure 17.1
for the shear stress 7,..

As a consequence, the displacements due to flexion discussed in Section 12.2.1
can be adapted as shown in Figure 17.2.

orthotropic plate ~ sandwich plate laminated plate
inx,y, zaxes

Figure 17.1 Distortion of Section due to Transverse Shear 7,
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Figure 17.2 Flexural Displacements

In this figure, (a) represents a section before and after bending and (b) shows
the evolution of the section as a rigid displacement (parameters v,, w,, and 6,)
to which are associated increments 17, and 7, in the plane y,z. Note: Due to the
existence of midplane symmetry, the antisymmetric manner with respect to =z,
these increments are small, but they cannot be neglected a priori. (At this stage,
we do not have a definition for the equivalent rotation, noted as 6, in b).

This justifies the interest in the definition of the displacement field relating
these increments. A supplementary interest rests in the possibility, during the
study, to look after the necessary approximations more closely to lead to a useful
technical formulation.”

17.2 DISPLACEMENT FIELD

The elastic displacement at each point of the laminate has the components
ulx, y,2), v(x,y, 2) and wx,y, ). With simplified description of Paragraph 12.2.1,
one sees in Figure 17.2 (b), average translations denoted as v, and w,, and a
rotation of the section denoted as 6,, to which one superimposes the supple-
mentary displacements 7, and 7.. We will define these averages in integral forms
as follows:

B Translation along x direction: By definition, this is #, such that:
b2

Uy = = u(x,y, z)dz
hd_y

B Rotation about the y axis: By definition, this is 6,(x,)) such that’;

b2 /T >
0, = I (@ + @)u(x,y, 2) X zdz
-hi2\Ely  Elp

: Approximations that do not appear neatly in the specialized literature.
? Such a definition of the “average rotation” 0, will be fundamental in the following to ensure
the energetic coherence of the formulation for the transverse shears (see Section 17.6.6).
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where one has reused the notations of Section 12.1.6 for the terms — .4
The longitudinal displacement u(x, y, 2) then takes the form: Fly

u(‘xay: Z) = uo(xJ/) +Zey(xay) + nx(‘x)ya Z)
with:
b2 @ 7]
J. (@+@)nx zdz =0
-b2\El1  El2
In effect, one can obtain starting from this expression:
hi2 bl2s hl2
J udz = hxu,+06,|,/ zdz+ n, dz
~h/2 A =hi2 ¥ =h/2
the integrals disappearing due to antisymmetry in 2°;
bhi2 /17 2 b2 /1 7
J‘ (@ + @)uz dz = uoj (E—H/-F/@)z dz...
-b2\El; El -hi2\El1  El
b2 s ‘rn
(-&]—/+ gﬁ) N, zdz

-+ 0 +J
! ﬁn El;

—h/2

In the second member, the first integral disappears due to midplane
symmetry. In addition, taking into account the definition of 6, written
above, the second integral is also nil.

B Translation along the y direction: This is v,(x,)) such that:

b2

= - v(x,y,2)dz
b_m( Y, %)

Vo
B Rotation about the x axis: This is 8, such that:

b2 s 1 7
ze—f (—E_—23+-§11) (x,y,2) Xz dz
-bi2\ElLy;  El

The longitudinal displacement v(x,y,2) then takes the form:

U(X,y) = UO(X,)/) - Zex(X,y)+ny(X7y,Z)

* Recall that (Section 12.1.6):

3
1 } -1 —k(Zp— Zp1
—|=1[C], where C(C,= E,( )
[EI / 2:‘ ! 3
k=1"ply
> The coefficient of 0, is 1 because one can note that:
, 7 = 2
P (B Bl n G GG G,
—hi2 E]U E[u E]]] E[]z C11C22 - C12 CUCZZ - CIZ
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with:

hi2) r 17
J' (Ezz Elz)ny >dx = 0
-hi2 \El;  El;

B Translation along the z direction: This is w,(x,)) such that:

(h/2)

w(x,y, z)dz
h —h/2

wy(x,y) =

The vertical displacement takes the form:
w('xay7 Z) = wO('x7y) + nz(x7y; Z)

In summary, one obtains for the elastic displacement field:

u=u,+z60,+1n(x,y,2)
v=0,-26, +1,(x,7,2) (17.3)
w=w, +1.(x,,2)
My, Ny, M. antisymmetric in z. (17.4)
[ (B By, sz = [ (B2 B2y, e = 0
-b2\El1  El -b12\ElL;  ElLy/

(17.5)

17.3 STRAINS

One deduces from the previous displacements the strains:

£ = gok+zéj‘l+9nx
ox = OJx
g = &, — z%—eyx N %_’;v
Fo T Tt Z(%—iy - %) " %X " %' (17.6)
Vez = %}+9y+%+%
Yy = %;—0 0. +%Z+%7;z

17.4 CONSTITUTIVE RELATIONS
17.4.1 Membrane Equations

Recall the method that was already used in Section 12.1.1.
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B stress resultant N, = Jhmd dx: from [17.2] et [17.6]6:

hi2 _ bi2

00, Jdn — 89, an,
—_y, X — X+
Nx _b/zEll(on +z o + o )dZ + _MZE 12(80}, a ay ) dz

b2 _ 9 2 .
N, = A&+ Ay, + _[ Eunds + % Eunydz
hil2 —h/2

by
B stress resultant N, = fh,ZO',dZ:

N, = Ay &+ A&,

hi2
B stress resultant 7, = J_er} dz:

bz 26, 00.\ dn, on,
Ty = _b/zES%(y‘””—i—Z (Qy 8x)+ dy i ax)dz

Txy = Aiﬁ YO.X)’

In summary, one finds again the relations already established in Chapter 12
(Equations 12.5) as:

Ne Ay Ap 0[] Gox
N, Ay Ay 0]y &
Txy 0 O A 33 y()xy

or, in inverse form, by using the notations in Equation 12.9:

8().X N

AN IEx =V, JE, 0 ||N:

-1 - —

SOy =) [A] X E ]Vy = E _ny/Ex 1/E1 0 NV (177)
yoxy Txy 0 O 1 / axy Txy

17.4.2 Bending Behavior

One has again the already known moment resultants (see Section 12.2.1).
B Moment resultant M, = f,/jzo zdz:
with [17.2] and [17.5]:

b2 _ 0
M, En(zsm+zz—4+ 0711)) Iz
—bi2 0. ox
b1z _ ,d0 on
-t E —Z==+z=21d
B e
00. 20, 9 "? - 0 2 -
M,=C,=2+C =+ = E dz + = Enn, zd
y ngy 12 X— & oxd,, un,zdz ) 121, zdz

The simplifications are due to the antisymmetry of the integrated functions (midplane symmetry)
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In the last two terms there appear the nonzero integrals of even
functions. If one neglects the contribution of the rates of variation along
the x and y direction, respectively, of these terms, the previous equation
is reduced to’

20 20
M, = C =2+ Cpx—==
Y Cl] 8.%' ClZ ay
b2
B Moment resultant M, = —J 0,zdz:
—h/2
hiz _ d0, on,
=M, = Elz(za,ﬁzz—l +zi‘)dz...
—hi2 ox ox
b2 _ 70, In
-t Ex|ze,, — 2° A+2———1)dz
~h12 : ( ? 073/ By
which is reduced to:
00, 20 9 (b2 - o 2 -
M, = Cp==+ Cpy X ——==+ =— E dz+ = Enn, zd
x 275 22 ay o 12Nz az ay m 2N, zaz

and in neglecting the contribution of the last two terms’:

06, 20,
-M, = Clzé';g + () X _—0—;)_/
hl2
B Moment resultant M, = —J T,,2dz
—h/2
- 2(d6, 96, an, , _an,
M,, = _b/zEﬁ(z}/onyrA (3)) ax)+z Y +tz )dz

which is reduced to:

M

xy =

20, 89X o "2 - 0 2 -
-G R gl e i Pen e

and in neglecting the contribution of the variations of the differences n,
and r/y7:

20, 90,
-M,, = C33('éj_ (9x)

7 The existence of such approximation does not appear if one neglects a priori the increments
Ny My, M- in Equation 17.3.

© 2003 by CRC PressLLC



In summary, one finds again a form analogous to Equation 12.16 (with Cj; =
Cy; = 0 due to the orientation of the plies (see Hypotheses in Section 17.1.3):

M, ¢y Cp O %
20
=M, = |Cn Cypn 0O _8_; (17.8)
20, 90,
—M,, 0 0 Cy|(F-F)

Or in the inverse form, by reusing the notations of Section 12.1.6.

0 (L ),
Ix El  Elp
L) 1 1
—_ = |— = 0 M.
2 A x 17.9
20, 06, 1
(_a‘;_—a—;) 0 0 Css MXJ/

17.4.3 Transverse Shear Equation

We define here new stress resultants starting from the transverse shear stresses,
which are denoted as transverse shear stress resultants:

5
m Shear stress resultant Q, = [}, 7. dz

Using Equations 17.2 and 17.6:

G Q_l_U_o an. Qﬂ_:
Qx = —b/zGXZ(ax +0y+ 0z * QX)dZ

in setting
b2
<bG.XZ> = G)CZ dz
—h/2
yields
- (hG >(‘9—w°+9)+ "G A (17.10)
Qx - XZi &.X' y b2 Xz aZ .

where one can note the presence of the integral of an even function:

hl2
B Shear stress resultant Q, = f_h,zl'},z dz

Q= Jfb/zG'Z( dy ~Or Jz " c?y)dz
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in setting

b2

hG,y = j G,.dz
—h/2
yields

-hi2 0z

hi2
- (bGVZ>(&L;O ex)+ J' G},Z%dz (17.11)

17.5 EQUILIBRIUM EQUATIONS

These are the same for the plates in general, no matter what are their compositions

and are, therefore, classical.
One recalls here only the equilibrium equations for bending.

17.5.1 Transverse Equilibrium

B Jocal equilibrium relation 2= + —‘ +2 a~ “+/.=0
In integrating across the thlckness one reveals the transverse shear stresses

Q. and Qy:

an 84@/ b/Z _
8x+8y+[ o .[ fodz =20

Then denoted by p., the transverse stress density:

09: 99y, _
8x+ Iy +p. =0

17.5.2 Equilibrium in Bending

B Jocal equilibrium relation 2= + BZ =0
After multiplication with z the 1ntegrat1on over the thickness leads to

8M 8M L+ J.j/zz [ﬁ(zrxz) - sz} dz + J.M zfydz =0

ox (9y oz ~h/2
M, _ oM, b2 bi2 B
Bx 3y -0, + [,4/1' ] o J._hlzzfvdz =0

In neglecting the moment density:

oM, 8Mxy B

= 0, = (17.12)

R . Jar,. , do, T,. _
B Jocal equilibrium relation —*+ Fn +2 =4/, =0

An analogous calculation leads to
BMXV oM.,
ox 8y

+0Q,=0 (17.13)
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17.6 TECHNICAL FORMULATION FOR BENDING

B One can note in the preceding that midplane symmetry always leads to
the decoupling of the membrane behavior from the bending behavior. As
a consequence, in what follows, one will Consider uniquely the stresses
due to bending (one will make N, = N, = =0).

B [n addition to the hypotheses in Sect1on 17 1 3, one will neglect, for the
calculation of the stresses, the variations of increments {n,, 71, 1.} a
functions of x and ».”

17.6.1 Plane Stresses Due to Bending

One can write successively for a ply number k:

m o, = E e +ED e,
Then with [17.6]:

L, 96, M\ - 96, o,
O, = Eu (8(,x+za—-+32)+E12 (80},—2& +%)

/

and with [17.7] and [17.9]:

fol E'[N N +z(M M, ﬂ
v = En .
7 Eln Ellz

-+ [ /+++z(M M“)]
12 x e
bjjx ElL, El;
By B B | By
o, =z (_“ . )M +z ( 2 _—“)x—MX (17.14)
E[11 E]]z ’ E[17 E]zz
m o, = By etin e,
An analogous calculation leads to
By | B £ | B
o, = z( — )MJ +z ( 2 +_—22)><—Mx (17.15)
! El  ElL ElL; El»

—
BT, = EuYy = Gj}'yw
Then with Equation 17.6:

T, = Gy, (%xy + z(a—eV - %) + % + o )

® This simplification constitutes here the extension to plates of the generalized Navier-Bernoulli
principle for beams (see Section 15.1.5).
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and with Equations 17.7 and 17.9 and T,, = O:

k
Gu

Xy

Ty = —2——M,,
’ Cs

17.6.2 Transverse Shear Stresses in Bending

n T, = EL Yz = Giz Yz from [172]

and with Equation 17.6 and neglecting the variation on,/dx:

Jw e O
k 0 k 2 lx
= | = + ) + 2
(™ G.u( ax 91) GX‘ o"z
—k &
B T, =EsY.=G.%.

which leads in an analogous manner to

an,
Ty = G,]SZ(%L—;Q_ X) G;I;Z_aﬂ;

(17.16)

17.17)

(17.18)

Knowledge of the transverse shears, then, requires the previous calculation of the

warping increments 1, and 7,.

17.6.3 Characterization of the Bending, Warping Increments 7, and 7,

B Warping 1, (x, y, 2):
Starting from the first equation of local equilibrium:

8@2 _ _ao-x _ aTxV

0z ox dy
Then with Equations 17.14, 17.16, and 17.17:

Xz

aZZ E_lu E_Ilz ox E_flz E_lzz ox

82 . i ok 8M, —k —k OM
¢ OO —z(-@ﬂ+—Eﬁ)———>‘+z(fﬂ+EE) s

G, OM,,

z
Cy dy

Taking into account the equilibrium Equation 17.12, one can rewrite

El; E_Izz

Xz

aZZ E_111 ElL;

k =k =k
x| G _En _En |OMy
C'Sﬁ EIH E]lz

B Warping 7, (x, », 2):

=k =k =k =k

(17.19)

In an analogous manner, starting from the second equation of the local

equilibrium:

Jr,. _ do, It

0z dy ox
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Then with Equations 17.15, 17.16, and 17.18:

—k =k k=%
Iy (Eh En oMy (B, Ex|oM,
= (92'2 E[ll E‘_Ilz ay E‘_Ilz E[zz ay

Taking into account the equilibrium Equation 17.13, one can rewrite

o I _ _Z(E‘_‘fzj_‘éz)&_%_z(é_’fz E’éz)

vz o 2 = = — t=
e El. EL,) 9 El» El»

PUCAA AL

o (17.20)

17.6.3.1 Particular Cases

Equations 17.19 and 17.20 simplify in the following particular cases:

®E Homogeneous orthotropic plate:
Then from relations 17.2, 17.8, and 17.9:

—k - - = =k =
En=FEn, Enu=En, Ex=Ex
1 Cp Ezz 12

= = — — )(-——7
E[“ C]ICZZ_C?Z EllEZZ_E?Z b3

1 En 12
— = - 5 X3
El EnEzz—EfZ h
1 Cp __=Ep 121 _ 1 12
E_]12 611622_6122 EnE_zz—Efz p Cx Gy b’

Then Equation 17.19 and Equation 17.20 reduce to

2
zeaa nzx = —zX % X Oy
- (17.21)
d n 12
G.VZ;Z—Z-V = _ZXZ;XQ.V

B Cylindrical bending about x or y axis of a multilayered plate charac-
terized by identical Poisson coefficient in the x,y plane of the plate as:

k &
Vk: Vay = Vays Vixe = Vin
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Then for any two plies & and m, one has (see Equations 17.2)":

e — — 1
Eu _ En _ Ex

= = akm
-m -_m -m
En Ep Ex
then:
nlhply
hi2 Zp
-2 _ .,
Cy = E/f,z dz = z {Ef,J. z dz}
—h/2 o Zp_1
=1" ply
—1 31 2 —2 2 2 —-n “n 2
= E,-j.[ z dz+EijJ Zdz---+Ey 2 dz
<0 <1 “n-1
z z z 3
-1 1 5 z2 5 no 5 -1_ob
Cy = Ezj{J 2 dz + 0‘12"‘ zdz- + an—l,nJ. 2'dzy = E;X E)
20 <1 Zn-1

where o is a nondimensional coefficient. One then has

1 Cy Eiz 12
= 2 ST o T
Eln CI]CZZ_ 12 En Ezz—(E1z) oh

| _ B 12
El» Ehl_?;z—(l_?iz)z O‘b3

—1
1 _ El % 12

1?112 Eilﬁéz—(éiz)z ab3
In [17.19], we have the simplification :

—k ok —k =1 =k =1
ég_f_g_lg _—EnEn+t E12E11X_1_2_

ElL l?]zz E:lf_ﬁz—(z‘iz)z OC/O3
-1 =1 =1 -1
O (—EnEn+ Eleu)>< 12 0
- -1 =1 -1 .2 3
En Ep—(E2) ab

as well as an analogous simplification in Equation 17.20:

Elll EIIZ

Equations 17.19 and 17.20 simplify as follows"":

? Recall the relation Vi By = V,, E, (see Equation 9.4).

" In the first case in Equation 17.22, M,,, = Q, = 0 and Equation 17.20 disappears. In the second
case, M,, = Q, = 0 and Equation 17.19 disappears.
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1. cylindrical bending about y axis
Pe —k =k
A —z(ﬁ_—ll + iE;li)gx
0z Eh  Eln
2. cylindrical bending about x axis
82 , =k =k
sz——% = —Z(E_E+ b;lz) 3
0z ElL; El

(17.22)

B The case of a multilayer plate such that for any two plies £ and m one

has in the plane of the plate'":
—=q, Vi and j=1,23

Then Equations 17.19 and 17.20 reduce to

82 =k —k
¢ 2 M —Z(ﬁ + @)

Gr—yg = =
82 ElL, El
. (92 , =k =k
LoD = 22+ 220
aZ ElL,  El

(17.23)

The preceding particular cases constitute a severe restriction among the variety
of practical laminations. Nevertheless we will conserve in the following the
simplified forms of Equations 17.21, 17.22, and 17.23 because they well show the
direct connection between the warpings 1, and 7, and the transverse shear forces

O, and Q,, respectively.

17.6.3.2 Consequences

Setting 7, and 7, in the forms:

M602) = s Xg(2)

ny(xryaz) = <bG ~>

The constitutive Equations 17.10 and 17.11 are written as:

3 awo O. b2 dg
m Q = (bGXZ>( e + Gy)+ G —b/Zze dde

11 e . . . I . .
Such a limiting case is rare in practice, because it imposes in particular:
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then by setting :

_ 1 b2 dﬁ
/ex - (1 <h ze) J‘—/o/Z GX’:dZ dz)
(hG.)( (17.25)
_ XZ) Wy
Ox = k. ( ox 9‘)
3 awo Q} hl2 dp
- <bG}Z>( 9 ) TGy <bGVz> —h/2 y4dzd
then by setting :
hil2 dp
k, = (1 G dz)
’ <bG1)z> —h/2 ﬁdz
(17.26)

0, - </0G},z>(% B Gx)
’ R, dy
There appear two transverse shear coefficients &, and &, which require the
knowledge of the functions g(2) and p(z) for their Calculatlone

17.6.4 Warping Functions

B Boundary conditions: We have assumed that the upper and lower faces
of the plate were free of any shear. Then the transverse shear in
Equations 17.17 and 17.18 leads to

ow, Q. dg
m 0 a8 _ =+
(3y+9)+<b6xz>dz 0 for z = +h/2

then with Equation 17.25:

/ex+d£ =0 for z=2h/2
dz
Jw 9, dap _
] (a_yo_ey)_MG Sas = =0 for z = h/2
then with [17.26]:
/e_},+gl£ =0 for z=21h/2

dz

B Continuity at the interfaces: The continuity of the transverse shear at
the interfaces between layers results from the assumed perfect bonding
between two plies (see Paragraph 15.1.2). One then has at the interface
between two consecutive plies & and & + 1:

koo k+l ko R+l
sz - sz » Yyz T Yz
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then with Equations 17.17, 17.18 and Equations 17.25, 17.26:

G‘l(/e +@) = G"’”(/e +d—g’€“)

dz dz
ko dp = dp
G, (kv + d_;) = Gy!(kv + f)

B Formulation of the warping functions: Let us substitute to g(z) and
p(2) the functions g,(2) and p,(2) such that:

8(2) = g(2) +zxky; po(2) = p(2) + 2 Xk,

gy(2) and py(2) are called the warping functions. Then the boundary conditions
and the interface conditions simplify, and Equations 17.23 allow one to formulate
the problems that permit a simple calculation of warping functions g,(2) and py(2).
One obtains

ngO = —>x% <vac:>(_E_v_i+E_lle_2)
de Gliz E]U E_Y12
d
480 _ 0 for z=2bh/2 (17.27)
dz
. dgo e1 080}
& 0k _  ~k+1880k+1 _
G, el Gz s for z =z,

iy GO Es BN
dZ2 Gf,: E[zz E]lz
Do _ ) for == 4h/2 (17.28)
dz
r dPoy k1 AP0
G,. . = G,. d_z+ for z =2z,

The antisymmetric functions g, and p, are then defined in a unique manner.

17.6.5 Consequences

B Form of the transverse shear stresses: Equations 17.17 and 17.18 then
take the simple forms:

chz dg() _ Gﬁz dpo
hGydz' = % ThG,ydz (17.29)

)2

T.X'Z = QXX
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B Transverse shear coefficients: One obtains these coefficients from the

Equation 17.5:
hi2 (]:“ Ei )TI,@ZCZZ ~0

.
~h12\ g1, EIL»

here is :

hi2 2 7y

L EIZ) O,
— + =X —k2)zdz =0

j—h/z(lﬂu ElL,) <(hG.) (8 —k2)

noting that :

Cu, G _ CuCu=C, _,

jb/z (E_'H Elz) A = 211 _
-b2\EL1  Elp Eln Ellz CCp—Coy

One obtains :

hi2 7 7
b= | (@+@)gozdz (17.30)
-hi2\Ely1  El

b2 Bn | B
u 19/2(‘*"'Ull )n,zdz = 0

here is :

J.h/z (Ezz E12) 2 (p—k2)zdz = 0
—h/2 5722 El» <vaz> 0 7

leading to:

b2 /17

b= | (5’2 El?)pog dz (17.31)
. -b12\El>  El

In summary, in the absence of body forces (inertia forces, example), the

bending behavior uncoupled from the membrane behavior of a thick laminated
plate can be simplified in a few particular cases noted below. The characteristic

relations are summarized in the following table.

Bending Behavior (no in-plane stress resultants)

homogeneous orthotropic plate/orthotropic axes : x, y,
or Laminated plate/midplane symmetry/orthotropic axes of plies: x,y,z/same
Poisson ratios v,, and v,, for all plies/cylindrical bending about x or y axis

Laminated plate/midplane symmetry/orthotropic axes of plies: x,y,z/elastic

or
constants are proportional from one ply to another
@®  Equilibrium relation:
JdQ, JQ, _ . M, IM, . OM,,  IM, :
§x+8y+ e =050 dy —Q=0 5 +(9y *Q =0
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@ Constitutive relations:

M, c, c, 0 0 o | %
ox
90,
_MX C21 C22 0 0 0 _3_)/
B 26, a8,
Myr=1lo0 o0 c, o0 0 N3y " ox
ow,
hG IMWo
Q, 0 0 0 % 0 ox T o
* ow,
hG IWo
Q| [0 o o o0 <—kyﬁ oy O
with
o[
El
@  Stresses

B stresses within the ply :
o,: cf. [17.14]; o,: cf. [17.15]; T,,: cf. [17.16]

B transverse shear stresses

_ G)Ijz ng _ szz dhO
Tz = QX(hGXZ>—Z, Tyz - Qy(hcyz>—(j7

@®  Warping functions
B g, (2) is the solution of the problem:

d'g _ _Z<hcxz>[f_ﬁ+f_fz]

d22 GI;Z F’T] F’u
% =0 for z=xh/2
dz

G'X(Zd—c‘igZOk = G’;fd—%)zk” for z = z,

B p, (2) is the solution of the problem:

o (B B

dz’ Gy, \Eln Elp
d—pﬂ =0 for z = %h/2
dz

d 1 dPoks
B -l o 2,

@  Transverse shear coefficients k, and k,:
B They are given by the formula:

hi2 s E F hi2 s F r
k, = J (—E_—“— + ég)goz dz; k,= J (—52 + —E_—Q)poz dz
-h2\Elyy Elyp -h2\Ely  Elyp
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17.6.6 Interpretation in Terms of Energy

We will limit ourselves to the surface energy density due to transverse shear stresses
as:

2

1 phr2 hi2 2 7.
WT =3 (szyvcz + T,Z]/VZ)dZ = J‘ ( = + i)dz
2d G

2 —h/2 yz

Substituting Equation 17.29, one obtains

107 5 G ( ) Pr G (dpo)z
wW. = = d
i 2JA—h/zQ (hG..)’ 2'[ hi2 (bG Bh -

The first integral can be rewritten as:

10, [d( dgo) ___Sg_)}
—— ze —_
2<bez>2J_h,2 | d2\50gz ) T8 d=’

or, taking into account Equation 17.27:

1 QJZC dg, he Ey ElZ
- ze[ -———] +</oGrZ) ( ) zdz
2<bez>2{ &0 dz —hi2 -h12\EI; E]lz o

where one recognizes Equation 17.30 of the transverse shear coefficient k., The
first integral is reduced to

2
lkx QX
2 <hG)CZ>

Following a similar approach for the second integral and taking into account
Equations 17.28 and 17.31 for the transverse shear coefficient &,, the surface energy
due to transverse shear takes the form:

17.7 EXAMPLES

Examples for plates in bending are shown in details in Part Four of this book, in
Chapter 18, “Applications.” We give here a few useful elements to treat these
examples.
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17.7.1 Homogeneous Orthotropic Plate

B Warping functions: Equation 17.27 becomes

=k = =k = k
E11=E11; E12=E12; E22—E22 5

ﬁ——b[ EnExn 12 B ]

2

dz" E]]Ezg—EwbS E]1E27—E12
d

280 _ 0 for z = 4h/2

dz

12 g, _ 3 2’ _3 42°
then el 2(1 _4/92), gy = 22(1—3}92)

B Transverse shear stresses and shear coefficients: One deduces from
Equation 17.32:

QA ?
7. == 2(1 4/;) (17.33)

12 b2 3( 4z2)
k 1—=-=2dz
X ]93-[_;,/72 3]9 zZ az

k. = g (17.34)

In an analogous manner starting from Equation 17.28:

DPo(2) = go(2)

then:

2
7. = %’x %(1 —457) (17.35)

(17.36)

Remark: In Application 18.3.7 (Chapter 18), one treats the case of a thick
homogeneous orthotropic plate in cylindrical bending about the y axis. The plate
supports a uniformly distributed load. One can consider there the strong influence
of transverse shear in bending. Two characteristics of the plate then apply directly
on the deflection:

? g is, as g, antisymmetric in z (see Equation 17.4).
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Figure 17.3 Sandwich Plate

B The relative thickness h/a, where a is the length of the bent side of the plate
B The ratio E/G,, (for certain combinations of fiber/matrix, this ratio becomes
large compared with unity; for example, for unidirectional)

17.7.2 Sandwich Plate

The plate consists of two orthotropic materials:

Material (1) for the skins
Material (2) for the core (see Figure 17.3)

Assuming the proportionality of elastic coefficients for the two materials leads
to (see Section 17.6.3):

then
h/2 _ /2 o WHy2 L WH2
Cy = E;2dz = E,SJ‘ ZZdZ+EiDjJ szz"'E;‘Dj'[ 2 dz
—h/2 —H,/2 —H,/2 H,/2
3 3 3
-0 Hl—HZ) -0 H,
Cy = Ej| ——— |+ E; —
Y f( 12 )
3 3 3 3 3
0 aH, . oH, H,—-H) H,
C, = E;X th = +oa,—=
y = BT WS 12 27

one deduces from there:

1 Cu Elljl 12
— = > - "o -p —0 2 X 3
Eln CnCp—Cy,  EpEn—(En) OH

1 —Cy _E1D2 12
= = 7 - oo 02X .5
El,  CyCp—Cy,  EnEn—(Ep) OH
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17.7.2.1 Warping Functions

B From the above one can write in Equation 17.27":

(§_+£_)_ Ey 12 _ £
T 7 - 0 3 5__ .5
ElL:  El Ex OCHl EE(HI 12H2)+E

X 12

In addition :

<bez> = GEZ(Hl_HZ)J'-GSZHZ

Equation 17.27 then can be written as:

d’gy _ __Ey . Gu(H—H)+G.H,
= = =2 X —= X 12— 3 3 AR
dz Gyr E . (H —H,)+E, H
d,
% = 0 for z = £H,/2
d,
ze-fzﬂ continuous for z = +H,/2

B In Equation 17.28, one obtains an analogous formulation. In effect, one
can write

(E];z +E’{’z) _Ey 12 B!

— — - | 3 3 3 3

EL, EI E, ab ol —m) | 0
22 12 'y Ey = +E«V =

The problem [17.28] is then written as:

k 0 0
dzpo B G H) + G H,
dz? G, E,(H,-H))+E,/H,
dp,
— =0 = +H,/2
dz < !
d

G ,Zﬂ) continuous for z = +H,/2

Y dz

B Remark: These problems are identical to that which allows the calculation
of the warping function for the bending of a sandwich beam, and one
can consider it in Chapter 18, application 18.3.5. One can then carry out
the same steps of calculation. The results obtained are shown below.

" See Equations 17.2.
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17.7.2.2 Transverse Shear Stresses

B Stress T,.:

{5+ (55
2 2’ ) EJ(H, - H) + E; H,
o.H
H, H, E(7-%)
—<z<—: = Q,X6X
2 2 E,(H,~Hy) +E H)
B Stress T,.:
O, .H H
H, H, E, (——z) E (7-7)
—— <z< = = Q,x6x
2 2 E,(H,—H,) + EH,
0, H 2
]j—2<z<1—’_1—1- T,.=0Q,X0X EV(X_Z)
2 20 T B (H —HY) + B H,

17.7.2.3 Transverse Shear Coefficients

st (-]

3b.E, (I, = H)
—H)+E.H,

b = a, {ED
YosiEl -y + Bl | G
(E ) ( 5 H7 )
H + = —H'H
B GRS} R
Gu(H, —H,) + GoH
with @, = 12 x =
Ex(Hl_HZ)-'-ExHé
0 0
El (H] G
b, = aHz ——“+H‘f ]
16 5 \ae

7GX~ 1_25 }
‘GUlT 3

(17.37)

(17.38)

(17.39)

k, is given by an expression formally identical to that in which the index x is

replaced by y.

In Application 18.3.8 we treat the case of a rectangular sandwich plate in
cylindrical bending, clamped on one side and subjected to a uniform linear force
on another. The plate is free on the other sides. One shows the influence of
transverse shear on the deflection. This influence increases when:

B The mechanical characteristics (moduli) of the core are weaker than those

of the skins.
B The relative thickness of the core

is important (thin skins).

B The relative thickness of the plate is large (thick plate).
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PART 1V

APPLICATIONS

We have grouped in this last part of the book exercises and examples for applica-
tions. These have various objectives and different degrees of difficulties. Leaving
aside (except for special cases) the cases that are too academic, we will concern
ourselves with applications of concrete nature, with an emphasis on the numerical
aspect of the results. A few of these applications should be used as validation
tests for numerical models.
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18

APPLICATIONS

18.1 LEVEL 1
18.1.1 Simply Supported Sandwich Beam

Problem Statement:

1. The following figure represents a beam made of duralumin that is supported
at two points. It is subjected to a transverse load of F = 50 daN. Calculate
the deflection—denoted as A—of the beam under the action of the force F.

b=10cm F=50daN
h=5mm ﬂ

N

A
TR TR
1) ¢ =500 mm

LR

2. We separate the beam of duralumin into two parts with equal thickness
e, = 2.5 mm, by imaginarily cutting the beam at its midplane. Each half is
bonded to a parallel pipe made of polyurethane foam, making the skins
of a sandwich beam having essentially the same mass as the initial beam
(in neglecting the mass of the foam and the glue). The beam is resting
on the same supports and is subjected to the same load F. Calculate the
deflection caused by F, denoted by A”. Compare with the value of A found
in Part 1. (Take the shear modulus of the foam to be: G. = 20 MPa.)

Solution:

1. We will use the classical formula that gives the deflection at the center of
the beam on two supports:
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For duralumin (see Section 1.6): E = 75,000 MPa. One finds

2. Denoting by W the elastic energy due to flexure, one has'

1 k
W= J 2t ] tay T
with’:
k 1
#
(GS) "~ Ge.+2e,)xb
Using Castigliano theorem, one has A’ = %—LFV
then:
, M _dM k ..dT
) Tany ar +| o Lar™

OSxSf/Z: M= Fx/2; T=-F/2

C2<x<l: M= g({’—x); T = FI2

b L [PEx x Eoo_ =),
A _<El>{L 2 d+.[mz( X dx }

Lk J“_Ex_d_x+ ‘Fdx
(GS)|J, 2 2 022 2

FO°_ FC_k
A8(ED T 4 (GS)

AN =

Approximate calculation:

3
+ b
(EIy # E, xepxbx(—zeL) E. X 612

then:

(EIy = 7090 MKS +7.8 MKS with E. = 60 MPa (cf. 1.6)
negligible

' To establish this relation, see Chapter 15, Equation 15.17.
? See calculation of this coefficient in 18.2.1, and more precise calculation in 18.3.5.
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one obtains for A”:

A" = 0.18 mm +1.04 mm

bending shear
moment

A’ = 1.22 mm

Comparing with the deflection A found in Part 1 above:

A 14

A1

Remarks:

B The sandwich configuration has allowed us to divide the deflection by 14
without significant augmentation of the mass: with adhesive film thickness
0.2 mm and a specific mass of 40 kg/m’ for the foam, one obtains a total
mass of the sandwich:

m = 700 g (duralumin) + 50 g (foam) + 48 g (adhesive)

This corresponds to an increase of 14% with respect to the case of the full beam
in Question 1.

B The deflection due to the shear energy term is close to 6 times more
important than that due to the bending moment only. In the case of the
full beam in question 1, this term is negligible. In effect one has:

k = 1.2 for a homogeneous beam of rectangular section, then:

4 -8
— = 8.27 %10
GS /

(with G = 29,000 MPa, Section 1.6). The contribution to the deflection A of the
shear force is then:

k ..dT
s Td—Fdx =002 mm<A

18.1.2 Poisson Coefficient of a Unidirectional Layer
Problem Statement:

Consider a unidirectional layer with thickness e as shown schematically in the
figure below. The moduli of elasticity are denoted as E, (longitudinal direction)
and E, (transverse direction).

© 2003 by CRC PressLLC



Show that two distinct Poisson coefficients v, and v, are necessary to charac-
terize the elastic behavior of this unidirectional layer. Numerical application: a
layer of glass/epoxy. V; = 60% fiber volume fraction.

Solution:

Let the plate be subjected to two steps of loading as follows:

1. A uniform stress o, along the € direction: the changes in lengths of the
sides can be written as:

2. A uniform stress ¢,along the # direction: for a relatively important elongation
of the resin, one can only observe a weak shortening of the fibers along
{. Using then another notation for the Poisson coefficient, the change in
length can be written as:

Ab, Vi . Aa, o
Now calculating the accumulated elastic energy under the two loadings above:
B When o, is applied first, and then o, is applied,
1 1
W = zagxaxexAb1+§G,xbxeonz2+ogxaxexAbz
B When g, is applied first, and then oy is applied,
;1 1
W = zo;xbxeanz+§0€xaxexAbl+G,xbxeanl

The final energy is the same:

w=w’
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then:

ocXaxexXAb, = o,xbxeXxAa,

with the values obtained above for Ab, and Aa;:

% %
O, XxaxexXx—=2oxb=0xbxex—0c,xa
E, E,

Vi _ Vo

Et E(

Numerical application: v, = 0.3, E, = 45,000 MPa, E,= 12,000 MPa (see Section 3.3.3):

12,000
45,000

V,g = O3X

Remark: The same reasoning can be applied to all balanced laminates having
midplane symmetry, by placing them in the symmetrical axes.” However, depending
on the composition of the laminate, the Poisson coefficients in the two perpendicular
directions vary in more important ranges:

B in absolute value and
B one with respect to the other.

One can find in Section 5.4.2 in Table 5.14 the domain of evolution of the global
Poisson coefficient v,, of the glass/epoxy laminate, from which one can deduce the
Poisson coefficient v,, using a formula analogous to the one above, as:

Vil Ey = Vil By

18.1.3 Helicopter Blade

This study has the objective of bringing out some important particularities related
to the operating mode of the helicopter blade, notably the behavior due to normal
load.

Problem Statement:

Consider a helicopter blade mounted on the rotor mast as shown schematically
in the following figure.

> Or the orthotropic axes: see Chapter 12, Equation 12.9.
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The characteristics of the rotor are as follows:

B Rotor with three blades; rotational speed: 500 revolutions per minute.

B The mass per unit length of a blade at first approximation is assumed to
have a constant value of 3.5 kg/m.

B {=5m; ¢c=03m

B The elementary lift of a segment dx of the blade (see figure above) is
written as:

dF, = %p(cdx) CZVZ

in which V is the relative velocity of air with respect to the profile of the blade.
In addition, C. (7°) = 0.35 dlift coefficient).

p = 1.3 kg/m’ (specific mass of air in normal conditions).

We will not concern ourselves with the drag and its consequences. One
examines the helicopter as immobile with respect to the ground (stationary flight
in immobile air). In neglecting the weight of the blade compared with the load
application and in assuming infinite rigidity, the relative equilibrium configuration
in uniform rotation is as follows:

X

‘T__'—" ooseﬂ)
6 small sing=0

A
|
] | N
’!—i~— ¢ (negligible)

© 2003 by CRC PressLLC



1. Justify the presence of the angle called “flapping angle” 6 and calculate it.
Calculate the weight of the helicopter.

3. Calculate the normal force in the cross section of the blade and at the
foot of the blade (attachment area).

The spar of the blade” is made of unidirectional glass/epoxy with 60% fiber volume
fraction “R” glass (O ypure # 1700 MPa). The safety factor is 6. Calculate:

4. The longitudinal modulus of elasticity E, of the unidirectional.

5. The cross section area for any x value of the spar, and its area at the foot
of the blade.

6. The total mass of the spar of the blade.

7. The elongation of the blade assuming that only the spar of the blade is
subject to loads.

8. The dimensions of the two axes to clamp the blade onto the rotor mast.
Represent the attachment of the blade in a sketch.

Solution:

1. The blade is subjected to two loads, in relative equilibrium:
B Distributed loads due to inertia, or centrifugal action, radial (that means
in the horizontal plane in the figure, with supports that cut the rotor axis.
B Distributed loads due to lift, perpendicular to the direction of the blade
(Ax in the figure).

From this there is an intermediate equilibrium position characterized by the angle 6.
Joint A does not transmit any couple. The moment of forces acting on the
blade about the y axis is nil, then:

€ € €
dF. X x dF.X xsin@ # 0 X dF. X x

€/10 €/10 €/10

with:

dF, = %pc dx C.V* = %pc dx C.(xcos@x w)’ # %pc dx C.x’w’
dF. = dm ®'xcosO # m dx @'x (centrifugal load)

then after the calculation:

(0 =¢'10" & (£ —€°/10°)
4 - 3

%chZco2 0 m

pcC.
m

X €

3
9#8

! See Section 7.2.3.
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or numerically:

\9 = 0.073 rad = 4°11’

Remarks:

B One verifies that sin@ = 0.073 # 6 and cosf® = 0.997 # 1.

B When the helicopter is not immobile, but has a horizontal velocity, for
example v,, the relative velocity of air with respect to the blade varies
between v, + wx for the blade that is forward, and —v, + @wx for a blade
that is backward. If the incidence i does not vary, the lift varies in a cyclical
manner, and there is vertical “flapping motion” of the blade. This is why
a mechanism for cyclic variation of the incidence is necessary.

B We have not taken into account the drag to simplify the calculations. This
can be considered similarly to the case of the lift. It then gives rise to an
equilibrium position with a second small angle, called ¢, with respect to
the radial direction from top view, as in the following figure. This is why
a supplementary joint, or a drag joint, is necessary.

2. Weight of the helicopter: The lift and the weight balance themselves out.
The lift of the blade is then:

¢ 3 p3403
F,. = dF.cos0 # dr, = %chﬂ)Zw

- /10 /10 - 3
then for the 3 rotor blades:

Mg = 3F.

Mg # %chza)Z€3

numerically:

Mg = 2340 daN |
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3. Normal load: It is denoted as Mx):

N(x) = J.e dF.cos0 # f dF,. = r}mwzx dx

2
mao

(=)

N(x) =

at the foot of the blade (x = I/10):

[N(€/10) # 12,000 daN|

4. Longitudinal modulus of elasticity:
Using the relation of Section 3.3.1:

E{’ = E/“//—}_ Em V;n

with (Section 1.0): E, = 86,000 MPa; E,, = 4,000 MPa.

[E, = 53,200 MPa]

5. Section of the spar of the blade made of glass/epoxy:
The longitudinal rupture tensile stress of the unidirectional is

O¢ rupture # 1700 MPa

With a factor of safety of 6, the admissible stress at a section S(x) becomes

_ N@) _ 1700 _ ,
o= Sx) - 6 283 MPa
then:
_ M)
Sx) = =2
S(x) = B2 =)

at the foot of the blade:

S(¢/10) = 4.24 cm’
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6. Mass of the spar (longeron) of the blade:

mspar = r p\midirect.S(‘x) dx
€/10

2
m = p x—mwx%f

spar unidirect.

Specific mass of the unidirectional layer (see Section 3.2.3):

Punidiea. = VPt VP, = 1980 kg/m’

Then:

|mspar = 238 kg|

7. Elongation of the spar of the blade: The longitudinal constitutive relation
is written as (see Section 3.1):
f L0 _ My _ o
* Ex E ¢ X S (.X' ) E ¢
Elongation of a segment dx : €, (x) dx.
For the whole spar of blade:

¢

Al = g, dx
J‘6/10

oolo
AL = O'9E€

then:

One has to reinforce the spar of the blade to diminish the elongation to resist
the centrifugal force.
8. Clamped axes: For 2 axes in 30 NCD16 steel (rupture shear strength 7, =
500 MPa; bearing strength Gje,ing = 1600 MPa); 4 sheared sections; factor of
safety = 6:
® diameter: N(€/10)/79” < 7,,,/6 — ¢ = 21.4 mm
B length: N(€/10)/2h¢ < Oienring/6 — b = 10.5 mm

glass-resin
compound

unidirectional

resin-foam
compound
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18.1.4 Transmission Shaft for Trucks
Problem Statement:

One proposes to replace the classical transmission shaft made of universal cardan
joint and intermediary thrust bearing as shown below:

_.E@ |l| }@j}}

with a solution consisting of a long shaft made of carbon/epoxy, with the following
dimensions:

o <120 mm coupling plates
(steel) ~

- :f[? =

L =2000 mm _!

The characteristics of the transmission shaft are as follows:

B Maximum torsional couple: M, = 300 m daN
B Maximum rotation speed: N = 4000 revolutions/minute
B The first resonant flexural frequency of a beam on two supports is given by:

_m [EL
fl_z mL’

where m is the mass of the beam, and I is its flexure moment of inertia. It
corresponds to a “critical speed” for a beam in rotation, which should not be
reached during the operation.

B The carbon/epoxy unidirectional has V,= 60% fiber volume fraction. The

thickness of a cured ply is 0.125 mm.

1. Give the characteristics of a suitable shaft of carbon/epoxy composite.
One will make use of the tables in Section 5.4.2 and will use a factor
of safety of 6.

2. Study the adhesive fitting of the coupling plates to the shaft.

3. Carry out an assessment on the saving in weight with respect to the
“shaft in steel” solution (not including the coupling plates).

Solution:
1. Characteristics of the shaft: The shaft is assumed to be thin and hollow

(thickness e is small compared with the average radius 7 as in the following
figure).
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The shear stress 7 is as follows:

M,

2
2nr e

T =

Taking into account the nature of the loading on the laminate making up the
tube (pure shear), the composition of the tube requires

M,

B Important percentages of unidirectionals in the direction of 45° (see
Section 5.2.2).
B Minimum percentages in the order of 10% in other directions (see Section

5.2.3.0).
This leads, for example, to the following distribution:

10%
40%

10%
40%

In Section 5.4, one finds Table 5.3, which gives the maximum shear stress that
can be applied to a laminate subject to pure shear, as a function of the proportions
of the plies at 0°, 90°, +45°, -45°. One reads for the proportions above:

Toax = 327 MPa

max
from which the admissible stress taking into account a safety factor of 6:
Tums = 327/6 MPa

One then has

M,
P < Tadmis.

2nr e

or numerically:

e>8 760 mm®
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For a minimum specified radius » = 60 mm, one obtains
e=2.43 mm
The corresponding number of plies of carbon/epoxy is

2.43
0.125

# 20 plies

giving a thickness of:
e = 2.5 mm

One can verify that a number of 20 plies allows one to satisfy the following:
(a) The required proportions

2 (10%)
8 (40%)
e 2 (10%)
8 (40%)

(b) The midplane symmetry, with the sequence:
| 90°/0°/%45;, |,

Critical speed of such a shaft:

n/EI
fl_Z mlL’

B The longitudinal modulus E of the laminate (in the direction of the shaft)
is (see Table 5.4 [longitudinal modulus] in Section 5.4.2)

E =31979 MPa
B The specific density of the laminate is (see Section 3.2.3)
Piam = prf+ Vmpm

with (Section 1.6): p,= 1750 kg/m’; p, = 1,200 kg/m3. Then: p,,, = 1,530 kg/m’
(see also Table 3.4 in Section 3.3.3).
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B The second moment of inertia in flexure is / = 77 e from which the first
frequency is: f; = 76 Hz

It corresponds to a critical speed of 4,562 rev/minute, superior to the maximum
speed of rotation of the shaft.’

2. Bonded fittings:
We will use the relation of Paragraph 6.2.3 (Figure 6.26) for simplification. This
implies identical thicknesses for the tube making up the shaft and the coupling
plate made of steel.” The maximum shear stress has an order of magnitude of:

o= 4 a4 M
max th a average th a 271-1/-26
where ¢ is the bond length, and
G.
a =
2Gee,

with G, as the shear modulus of araldite, then G, = 1,700 MPa (Section 1.6).
Glaminae = 28430 MPa (Section 5.4.2; Table 5.5)
e. = bond thickness (Section 6.2.3): ¢, = # 0.2 mm.
B Thickness at bond location:
If one conserves the thickness found for the tube, as e = 2.5 mm, one obtains
a =[x 2445
The resistance condition can then be written as:
Tonax < Trpure (15 MPa for araldite; see Section 6.2.3).
Then:

a M,
— X
tha 27/°¢

2445 M, <7

X s
th a 2 7[;/‘2 rupture

<T,

rupture

numerically: th @ 22.16 — impossible (th x €] — 1, + 1 D.

One also has to verify the absence of buckling due to torsion of the shaft, see annex 2 for
this subject.

For different thicknesses for the tube made of carbon/epoxy and for the coupling plate part,
one can use the more general relation established in application 18.3.1. This also allows
different shear moduli for each material.
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It is then necessary to augment the thickness of the tube at the bond location.
One starts from the relation:

M
. X l; S Trupturc
tha 277¢

placed in the form:

¢

2Gee. M .

(1 LE:; X [2 < Trupture with € <1
- 271y

then:

<7 X——X(1-¢)

2Gee,” MMM M,
One finds numerically:
e > 11.7 mm;
we retain
e = 12 mm (one then has th @ = 1 — € = 0.987)

B Bond length
In accordance with Section 6.2.3, the resistance condition is written as:

schematic of
fitting of tube

M,

<0.2X Trupture

Taverage =

21 e
then:

¢ > 44 mm

© 2003 by CRC PressLLC



3. Mass assessment:
B Mass of the shaft in carbon/epoxy

Migminae = P X 27re X L
with numerical values already cited:
M paminae = 2.8 Kkg.
B If one takes a tubular shaft made of steel (7. =300 MPa) with a

factor of safety that is 2 times less, say 3, and a minimum thickness of
2.5 mm, the resistance condition:

M 390\ ipy

2nrte 3

leads to a radius of the tube of
r 2 43 mm.
From this we find a mass of: (py.. = 7,800 kg/m3):
Myea = 10.5 kg

The saving in mass of the composite solution over the steel solution is 73%. The
real saving is higher because it takes into account the disappearance of the
intermediate bearing and of one part of the universal joint.

18.1.5 Flywheel in Carbon/Epoxy
Problem Statement:

We show schematically in the figure below an inertia wheel made of carbon/
epoxy with 60% fiber volume fraction, with the indicated proportions for the
orientation of the fibers.

%9 @ r (average)
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1. Calculate the maximum kinetic energy that one can obtain with such a
flywheel with a mass of 1 kg.

2. Compare the maximum kinetic energy that one can obtain with a steel
flywheel with a mass of 1 kg. One will take: O, seet = 1,000 MPa.

Solution:

1. The equilibrium of an element of the wheel (shown below) reveals inertia
forces and cohesive forces.

A dm ®?r (centrifugal load)

ceb (cohesion load)
de de/z

One deduces from there the equilibrium equation along the radial direction:

dmx o'r = Zaebd?e

Denoted by p the specific mass:

pr dO ebo’r = cebd®

p(ro)’ = o

Denoted by V = r® the circumferential speed, one obtains the maximum for the
rupture strength of carbon/epoxy, as:

O-l’U
_ pture
Vmax - p

Numerical application: For the composition of the carbon/epoxy laminate indicated
above, one reads in Section 5.4.2, Table 5.1:

Grupture = 17059 MPa

and with p = 1,530 kg/m’ (Table 3.4 of Section 3.3.3, or the calculation in Section
3.2.3):

Vo = 832 m/s
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from this the maximum kinetic energy obtained with 1kg of composite’:

WKinetic = %X 1 kg X fomx

then:

Wiineie = 340 kjoules|

2. The maximum circumferential speed that one can obtain with a steel flywheel
can be written as:

O,

178 _ rupture steel

max. steel T
p steel
Therefore, the ratio of kinetic energies of composite/steel is

174 2
Kinetic carbon __ Vmax carbon __ O-mpt. carbon X Psteel

2
WKinetic steel % O-rupt. steel X pcarbon

max steel

with pgea = 7800 kg/ m’ and Ot steel = 1000 MPa, one obtains

Wi

inetic carbon — 54

Wi

inetic steel

With respect to the same mass, it appears then possible to accumulate 5 times
more kinetic energy with a flywheel in carbon/epoxy composite.

18.1.6 Wing Tip Made of Carbon/Epoxy
Problem Statement:

Wing tip refers to a part of airplane wing as shown in Figure 18.1. It is made of a
sandwich structure with carbon/epoxy skins (Figure 18.2) fixed to the rest of the
wing by titanium borders as shown. Under the action of the aerodynamic forces
(Figure 18.3), the wing tip is subjected to bending moments, torsional moments,
and shear forces as shown in Figure 18.4(a).

One can assume that the core of the sandwich structure transmits only shear
forces, and the skins support the flexural moments. This is represented in
Figure 18.4(b); the skins resist in their respective planes the in-plane stress
resultants: N,, N,, and T,,. Figure 18.5 shows the values of these stress resultants

7 Recall the expression for the rotational kinetic energy of a mass m placed at a radius r and
: 1, 2 1 2 2 1 2
rotating at a speed of @: Wi = SIw™ = smriw” = 5mV conper -
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wing tip

Figure 18.1
< =TI el
carbonépoxy laminate &/
N
NN
titanium border (TABV) i duralumin
Section AA H
bolting
Figure 18.2
extrados
support /
'Y
:,"\_ \‘_.
, I I i intrados
aerodynamic loads
Figure 18.3

at a few points of the upper skin (or extrados).

1. According to Figures 18.4(a) and 18.4(b), deduce the elements of the stress
resultants N,, N,, and 7,, from the knowledge of the moment resultants

M,, M,, and M,,.

2. Using a factor of safety of 2, define the carbon/epoxy skin that is suitable
at the surrounding of the support made of titanium alloy (proportions,
thickness, number of plies). One will use unidirectional plies with V, =

60% fiber volume fraction.
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s daNme ] 94 daN/mim | -3.4 daN/mni (

-10 daN/mﬁ_\mdawmm —3 daN/mm
X

Figure 18.5

3.

The skin is bonded on the edge of the titanium (Figure 18.2). Provide the

dimensions of the bonded surface by using an average shear stress in the

adhesive (araldite: T e = 30 MPa).

The border of the titanium is bolted to the rest of the wing (Figure 18.2).

Determine the dimensional characteristics of the joint: “pitch” of the bolts,

thickness, foot, with the following data:

B Bolts: 30 NCD 16 steel: & = 6.35 mm, adjusted, negligible tensile loading,
e = 1,100 MP2; e = 660 MPQ; Gieying = 1600 MPa

B TAGV titanium alloy: G;pure = 900 MPa; T, = 450 MP2; Gieying = 1100 MPa

B Duralumin: G,ue = 420 MPa; Opeyring = 550 MPa

Solution:

1.

The moment resultants M,, M,, M,, (and M,,, not shown in Figure 18.4a)
are taken up by the laminated skins. One then has in the upper skin

(Figure 18.4b), b being the mean distance separating the two skins:

M M M
Ny== N, = — T, = —2
X b ) y b ) Xy b
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Remark: The moment resultants, that means the moments per unit width of
the skin — Imm in practice — have units of daN X mm/mm. The stress resultants
N,, N,, T,, have units of daN/mm.

2. Looking at the most loaded region of the skin, we can represent the
principal directions and stresses by constructing Moht’s circle (shown in
the following figure). Then we note that there must be a nonnegligible
proportion of the fibers at £45°. However, the laminate has to be able to
resist compressions along the axes x and y. The estimation of the propor-
tions can be done following the method presented in Section 5.4.3. One

then obtains the following composition®:

30%
20%

30% — XO0uo°

20%

X Iﬁl —45 daN/mm (N,)

=17 daN/mm | _40 gaN/mm (N,)

_________ =17 daN/mm
(Ty)
ﬁ -59.7{ -45 —40 -25.3 daN/mm
\6/ —25.3 daN/mm

—59.7 daN/mm

41°

Let o, 0, T, be the stresses along the principal axes /, ¢ of one of the plies for
the state of loading above, the thickness e of the laminate (unknown a priori)
such that one finds the limit of the Hill-Tsai criterion of failure.” One then has

o, o 0,0 70
{ + t _ Yt + {t =1

2

2 2 2
Oy rupture O; rupture Oy rupture Tos rupture

® The calculation to estimate these proportions is shown in detail in the example of Section
5.4.3, where one has used the same values of the resultants with a factor of safety of 2, as:
N, = =800 N/mm; N, = 900 N/mm; T, = —340 N/mm.

’ See Section 5.3.2 and also Chapter 14.
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If one multiplies the two sides by the square of the thickness e:

(00)" | (5e)° (0e)(0e)  (Te) _ .

(1]

2 2 2 2
Oy rupture o, rupture Oy rupture Tes rupture

one will obtain the values (o, e), (0, e), (7, e), by multiplying the global stresses
o,, 0,, T,, with the thickness e, as (o, e), (0, o), (1, e), which are just the stress
resultants defined previously:

Nx = (Gxe); ]Vy = (Gye); Txy = (Txye)

Units: the rupture resistances are given in MPa (or N/mm?) in Appendix 1. As a
consequence:

N, = =400 MPa X mm

N, = =450 MPa x mm

T,, = =170 MPa X mm

Xy

with a factor of safety of 2, one then has

N, = =800 MPa X mm

Ny = =900 MPa X mm
T. = —340 MPa X mm

We use the Plates in annex 1 which show the stresses o, o, 7, in each ply
for an applied stress resultant of unit value (1 MPa, for example):
(a) Plies at 0°:
B Loading N, = —-800 MPa X mm only:

For the proportions defined in the previous question, one reads on Plate 1:

o,=2.4 (o,e) =2.4x-800 =—1920 MPa X mm
0,=0.0 (™3 (oe)=0
Ty =0 (Te,€) =0

B Loading N; = -900 MPa x mm only:

One reads from Plate 5:

o,=—0.54 (0pe) =—0.54 x =900 =486 MPa X mm
6,=012 (=1 (0,e)=0.12%-900 =—108 MPa x mm
Ty =0 (Te,€) =0
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B Loading 7, 1 =-340 MPa x mm only:

One reads from Plate 9:

O'€=O (Gge) =O
0,=0 —9 (0,e)=0
T, =0.26 (T,,e) =0.26 Xx =340 =—89 MPa X mm

The superposition of the three loadings will then give the plies at 0°a total state
of stress of

(ope) = —=1920 + 486 = —1434 MPa X mm

(0,e) = =108 MPa X mm

(Te,) = =89 MPa X mm
Then we can write the Hill-Tsai criterion in the modified form written above

(relation denoted as [1]) in which one notes the denominator with values of the
rupture strengths indicated at the beginning of annex 1:

2

2 2
& = 1434 +108 _1434><108+§5_2_

= = 4.07
1130° 141° 1130 63’
e = 2.02 mm
(0°)
One resumes the previous calculation as follows:
plies at 0° (ope) (g;e) (74,0)
Ny -1920 0 0
N/ 486 108 0
, =2.02

T, 0 0 -89 e mm

total —1434 -108 -89
(MPa x mm)

(b)  Plies at 90°: One repeats the same calculation procedure by using the
Plates 2, 6, and 10. This leads to the following analogous table, with a
thickness e calculated as previously (this is the minimum thickness of

the laminate below which there will be rupture of the 90° plies).

plies at 90° (oge) (g,€) (7€)
N/ 432 -96 0
N, -2160 0 0
Tx,y 0 0 89 e=216 mm
total —1728 -96 89
(MPa x mm)
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(o) Plies at +45°: Using Plates 3, 7, and 11 one obtains:

plies at 45° (ov0) (g:€) (7y,0)
N/ -752 -48 72
N, -846 -54 -81
T, 1384 55 0 €=2.64mm
total -2982 —47 -9
(MPa x mm)

(d) Plies at —45°: Using Plates 4, 8, 12 one obtains:

plies at —45° (ove) (g:€) (7y,0)
N, —752 -48 —72
N, -846 -54 81
Tx,y 1384 55 0 e=113 mm
total -214 157
(MPa x mm)

Then the theoretical thickness to keep here is the largest out of the four thicknesses
found, as:

e = 2.64 mm (rupture of the plies at +45°).

The thickness of each ply is 0.13 mm. It takes 2.64/0.13 = 20 plies minimum from
which is obtained the following composition allowing for midplane symmetry:

6 (30%)
4 (20%)

o 6 (30%)

4 (20%)

Remark: Optimal composition of the laminate: For the complex loading
considered here, one can directly obtain the composition leading to the minimum
thickness by using the tables in Section 5.4.4. One then uses the reduced stress
resultants, deduced from the resultants taken into account above, to obtain

—800/(]800] + [900| +[340]) = —39%
—900/(]800| + [900] + |340]) = —44%
—17%

gz oz
1l
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Table 5.19 of Section 5.4.4 allows one to obtain an optimal composition close to

10%
40%

10%
40%
If one uses the previous exact stress resultants, the calculation by computer of

the optimal composition leads to the following result, which can be interpreted
as described in Section 5.4.4.

Then one has for the minimum thickness of the laminate:

(1800] + [900| + |340])

bi ce=0.1 X =21
thickness: e = 0.1063 100 7 mm
10%
40%
10% —s x
40%
and for the two immediate neighboring laminates:
thickness: e = 0.1068 X (1800] +|900] +3401) = 2.18 mm

100

15%
37.5%

10% —— x

37.5%
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(1800| + [900| +|340])

00 = 2.24 mm

thickness: e = 0.1096 x

15%
35%

15% =—— X

35%

One notes a sensible difference between the initial composition estimated by the
designer and the optimal composition. This difference in composition leads to a
relative difference in thickness:

2.64-217 _ .
2.17 = 21%

which indicates a moderate sensibility concerning the effect of thickness and,
thus, the mass. One foresees there a supplementary advantage: the possibility
to reinforce the rigidity in given directions without penalizing very heavily the
thickness. We can note this if we compare the moduli of elasticity obtained
starting from the estimated design composition (Section 5.4.3) with the optimal
composition, we obtain (Section 5.4.2, Tables 5.4 and 5.5) very different values
noted below:

estimated design composition optimum composition
30% 10%
20% 40%
30% =— X 10%  — X
20% 40%
E. = 55,333 MPa E. = 31,979 MPa
G, = 16,315 MPa G, = 28,430 MPa

3. Bonding of the laminate: We represent here after the principal loadings
deduced from the values of the stress resultants in Figure 18.5, in the
immediate neighborhood of the border of titanium:
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titanium

.. laminated
",

2.6 daN/mm 4 .
—-24.6
72°
—59.7 daN/mm
One can for example, overestimate these loadings by substituting them with

a fictitious distribution based on the most important component among them.
Taking —59.7 daN/mm, one obtains then the simplified schematic below:

titanium

/

N=-59.7 daN/mm

One must evaluate the width of bonding noted as €. For a millimeter of the border,
this corresponds to a bonding surface of € X 1 mm. For an average rupture criterion
of shear of the adhesive, one can write (see Section 6.2.3):

N
€ x 1 <0.2X Tadhesive rupture

then with 7 e = 30 MPa:

05 397

> 27 .
02x30 100 mm

From this one obtains the following configuration such that €, + €, + €; = 100 mm.

€4

laminated € | €3 |titanium

4. Bolting on the rest of the wing:
® “Pitch of bolts”: The tensile of bolting is assumed to be weak, then
bolting strength is calculated based on shear. The bolt load transmitted
by a bolt is denoted as AF, and one has (¢f. following figure):

2
) V1%
AF = NX pltCh < T X Tholt rupture
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where & is the diameter of the bolt. One finds a pitch equal to 35 mm.

4 AR _._;___ _____ —
a
¢ !
: titanium
¢—— pitch - border

(intrados)

q | ‘F ha

N = -59.7 daN/mm edge distance

This value is a bit high. In practice, one takes pitch < 5 &, for example, here:
Pitch = 30 mm.

B Thickness of the border: the bearing condition is written as:

Nx pitch _
P < G
@ etimnium g
then:
etitanium 2 255 mm
B Verification of the resistance of the border in the two zones denoted a
in the previous figure: the stress resultant in this zone, noted as N’, is
such that:
NX pitch = N’ X (pitch — &)
then:
itch
N = N—,—p————— = 75.4 daN/mm
pitch -

The rupture stress being:
Grupturc = 900 MPa

and the minimum thickness 2.55 mm, one must verify

N’(daN/mm) <

e(mm) - mpture(daN/mm)

One effectively has

75.4
—_ <
> <90

55
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®m Verification of the edge distance (see previous figure): One has to respect
the following condition:

AF <
2 x edge distance X e~

Tmanium rupture

then:
edge distance = 7.8 mm

from which the configuration (partial) of the joint can be shown as in the following
figure:

18.1.7 Carbon Fiber Coated with Nickel
Problem Statement:

With the objective of enhancing the electrical and thermal conductivity of a
laminated panel in carbon/epoxy, one uses a thin coat of nickel with a thickness
e for the external coating of the carbon fibers by electrolytic plating process (see
following figure).

carbon «HM> o_0 124 nickel

( )
1. Calculate the longitudinal modulus of elasticity of a coated fiber.

2. Calculate the linear coefficient of thermal expansion in the direction of
the coated fiber.

Solution:

1. Hooke’s law applied to a fiber with length € subject to a load F (following
figure) can be written as:
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where E; is the modulus of the coated fiber that one wishes to determine, and
s=m(d/2+ e

nickel

carbon \l\ \'
“

)

=

€ MI
|

The load F is divided into F, on the carbon fiber and F, on the nickel coating.
The equality of the elongations of the two components allow one to write

o d'AL B d Y dAe

where, taking into account that F = F. + F),

d. Y d' d Y d
Efﬂ(§+€) = Ecn'-4—+EN7t[(§+e) —-'4—i|

Numerical application:
E;. = 390,000 MPa; E, = 220,000 MPa; d = 6.5 um (Section 1.6)

E/‘ = 330,500 MPa.

2. Thermal expansion of an unloaded rod with length € = 1 m and corres-
ponding to a temperature variation A7 can be written as:

A= a AT X 1

where ¢ is the thermal expansion coefficient of the material making up the rod.
In addition, when this rod is subjected to a longitudinal stress o, Hooke’s law
indicates a second expansion:

A€2=Gx1

E
Superposition of the two cases simultaneously applied can be written as:

Al = A, + AL,
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or:
_(o
Al = (E+aAT)><1

When the coated fiber is subjected to a variation in temperature A7, each of the
constituents will elongate an identical amount A€. The whole coated fiber is not
subjected to any external forces. The difference in the coefficients of thermal
expansion of carbon and of nickel, which should lead to different free thermal
expansions, then leads to the equilibrium of loads inside the coated fiber.

Let oy be the thermal coefficient of expansion of the coated fiber. One has

Then for the carbon and for the nickel:

O, O,

Al = Zz‘ + o AT = E—:+ ONAT 2]
The forces being in equilibrium
d Y d d
n[(2+ej ——4—}@\,+n406—0 (3]

Equations [2] and [3] lead to

and taking into account that

o.
aAT = Al = ?+ocCAT

[

one obtains
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18.1.8 Tube Made of Glass/Epoxy under Pressure
Problem Statement:

Consider a thin tube made by filament winding of glass/epoxy with a winding
angle of £45°. The fiber volume fraction is V;= 0.6. The tube is fixed at one end
to a rigid undeformable mass and mounted to a sliding joint at the other end
(see following figure).

The thickness e is considered to be small as compared with the average radius
(e/r << 1). One applies on the inside of the tube a unit pressure of p, = 1 MPa
(or 10 bars). Use a safety factor of 8 to take into account the aging effect.

1. Calculate the stresses (0,, 0,) along the axes x and y in the tangent plane
at 0 of the tube.

2. What is the maximum stress allowable for the winding considered? From
that deduce the minimum thickness of the tube for an average radius of
r = 100 mm.

3. What are the moduli E,, E,, and G,, of the laminate, and the Poisson
coefficients v,, and v,,? Write the stress—strain behavior for the laminate
in the coordinates x — .

4. Calculate the strains €, and g, of the composite tube. From there deduce
the strain in the direction that is perpendicular to the fiber direction at
+45°, denoted as g, which characterizes the strain in the resin.

This strain has to be less than 0.1% to avoid microfracture that can lead to the
leakage of the fluid across the thickness of the tube (weeping phenomenon).

Solution:

1. The tube being free in the axial direction and neglecting the thickness e,
o, = 0.
The equilibrium of a half-cylinder with unit length, represented in the figure
below, allows one to write:
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pyx2rx | =(c,xexl)x2

p
0,=PyXg

2. Maximum admissible stress: One reads on Table 5.12, Section 5.4.2, for
proportions of plies as 50% in the directions + and —45°:

= 94 MPa

Gy max (tension) —

then with 0, ...« = p, (1e), the theoretical minimum thickness is

DoX7r 1 MPax 100 mm
Ctheoretical — = 94 MPa = 1064 mm

o-y max

Taking into account the factor of safety of 8 for aging effect

e= 8.5 mm

3. Moduli of the laminate: One reads on Table 5.14, Section 5.4.2

E, = 14,130 MPa = E,

and from Table 5.15:
G,y = 12,760 MPa.

Recalling the stress—strain relation for an anisotropic material described in Section

3.1, which is repeated here as:

15 1V O,
x E Ey 0 x
g =Y 1 o
y i L 0 v
1
ny 0 0 G_ Txy
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one has

&x . 1 —057 0 ||%
& = m -0.57 1 0 o,
Yo 0 0 1.107||7,

4. Strains: For p, = 1 MPa and e = 8.5 mm, one has

1 MPa x 100
0, = —5z—— = 118 MPa
then
& 1 -057 0 0
g b= 1 11.8
Yy 0 0 1.107 0
from which

g = —4.76%x 10~

£ =835%x10""

y

The Mohr’s circle of strains, shown below, allows one to obtain the strain &
in the direction perpendicular to the fibers.

™~
| 2x45°

Pt Lr £

Ex E't £y
(-4.76 E-4) (1.8 E-4) (8.35 E-4)

AN

1
2

One obtains

. +E

Y = 18%107"
2

E =

g = 0.018%

One verifies that the strain in the matrix is less than 0.1%, the maximum limit.
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18.1.9 Filament Wound Vessel, Winding Angle
Problem Statement:

One considers a vessel having the form of a thin shell of revolution, wound of
“R” glass/epoxy rovings. In the cylindrical portion (see figure) the thickness is e,
which is small compared with the average radius R. This vessel is loaded by an
internal pressure of p,.

1. The resin epoxy is assumed to bear no load. Denoting by e the thickness
of the reinforcement alone, calculate in the plane x,y (see figure) the
stresses 0,, and o,, in the wall, due to pressure p,.

2. In the cylindrical part of the vessel, the winding consists of layers at
alternating angles o with the generator line (see figure). One wishes that
the tension in each fiber along the direction € could be of a uniform value
0,. (This uniform tension in all the fibers gives the situation of isotensoid.)
(a) Evaluate the stresses o, and o, in the fibers as functions of o.

(b) Deduce from the above the value of the helical angle @ and the tension
o, in the fibers as functions of the pressure p,.

(¢) What will be the thickness e, for a reservoir of 80 cm in diameter that
can support a pressure of 200 bars with 80% fiber volume fraction?

Solution:

1. Preliminary remark: The elementary load due to a pressure p, acting on
a surface dS has a projection on the x axis as (see figure):

b, dS cos 0 = p, dS,

where dS, is the x axis projection of dS in a plane perpendicular to this axis.

B Equilibrium along the axial direction: The equilibrium represented in the
following figure leads to
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po X TR’ = 2T ReC,
~ ox

then:

p,R
GOX = 29

B Equilibrium along the circumferential direction: The equilibrium repre-
sented in the following figure leads to

Pyx2Rx€=0nxextx2

then:

2. (a) Stresses 0, and o, in the fibers: one can represent as follows the Mohr’s
circle of stresses starting from the pure normal stress 0, on a face normal
to axis € (see following figure). From there, the construction leading to the
stress 0, (see figure below) is geometrically as'”:

_ 2
0, = Opcos2o.
o
¥ o
I * 5 and for o,
) f——
o
6, = 6,008 (% — o) = 5,sin20.
T = O 5~ O =0

Value of the helical angle o: Identification of these stresses with the

values o,, and o,, found above leads to

2 R .2
o.cos o = ‘?-2-; o,sin“a =

DoR
2e e

" One obtains this result immediately by using the Equation 11.4.
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from which:

tgza =2

then:

sina = @; a = 54.7°

Tension in the fibers is then:
3 R
O = =po=
1§ ZPO p

(¢) Thickness e,; One has for “R” glass'': o, rupture = 3200 MPa.
The thickness e of the reinforcement is such as:

Dok
O¢
rupture

e = = 3.75 mm

[NSR IOV

and the thickness of the glass/epoxy composite, V,being the fiber volume fraction, is

e, = elV, = 47 mm

18.1.10 Filament Wound Reservoir, Taking the Heads into Account
Problem Statement:

A reservoir having the form of a thin shell of revolution is wound with fibers and resin.
It is subjected to an internal pressure p,. The circular heads at the two ends of the
reservoir have radius of 7,. We study the cylindrical part of the reservoir, with average
radius R.

One part of the winding consists of filaments in helical windings making angles
of o with the generator (see figure). The other part consists of similar filaments
in circumferential windings (@, = 7/2).

The resin is assumed to carry no load. The tension in the filaments of the
helical layers is denoted by o,, and the tension in the filaments of the circumfer-
ential layers by oy,.

"' See Section 1.6.
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ll II

il

head

H{HHH\'

1. What has to be the value of ¢, so that the filaments can elongate on the
heads along the lines of shortest distance?
2. Calculate the thickness e; of fibers of the helical layers and thickness e,
of fibers of the circumferential layer as a function of p,, R, o, G, Op).
3. What is the minimum total thickness of fibers e,, that the envelope can
have? What then are the ratios e,/e,, and e,/e,? What is the real corre-
sponding thickness of the envelope if the percentage of fiber volume,
denoted as Vj is identical for the two types of layers?
Note: It can be shown—and one admits—that on a surface of revolution the lines
of shortest distance, called the geodesic lines, follow the relation (see following
figure for the notations):

7 sin o = constant

polar opening

Solution:

1. The filaments wound helically (angle *a,) in the cylindrical part follow over
the heads along the geodesic lines such that » sin o = constant. The circle
making up the head is a geodesic for which » = r,. Then o = constant. Thus:

T
OCO—E

One then has for the filaments joining the cylindrical part to the head:

r,sin = = Rsino,

sino, = =
1
R
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2. Thicknesses of the layers: For an internal pressure p,, the state of stresses
in the cylindrical part of the thin envelope is defined in the tangent plane
x, y (following figure) by"

W

The resin being assumed to bear no load, e represents the thickness of the
reinforcement alone. One can follow by direct calculation.” The state of stress in
the helical layers reduce to

o (0, = Ty = 0).

One obtains for the state of stresses in plane x, y starting from the Mohrt’s circle

(see following ﬁgure).14

2 .2
0, = COS 0 X Oyy; Oy = sin" o X Opy;

Tyy1 = COSOSing; Oy

and for the circumferential layers (@, = 7/2)

Oy = 07 GyZ = Op; TxyZ =0

" See Section 18.1.9.

"> One can also consider a balanced laminate with the ply angles of +0, —oy, and /2. The role
of the matrix is neglected. The elastic coefficients of a ply (see Equation 11.11) reduce to
only one nonzero E,. The calculation is done as shown in detail in Section 12.1.3. It is more
laborious than the direct method shown above here.

" See also the Equation 11.4 inverted.
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One then has the following equivalents, in calculating the resultant forces on
sections of unit width and normal x and y respectively:

B Along x:
OnXe X1+o,Xe, X1 =0, Xex1
then:
2 R
e, X cos oy X 0y = €0, = exp(,z—e
from which:
R
O¢1 2 cos’ o
B Along y:

0, XeX1+0,Xe;, X1 =0, XeXx1
DK

.2
e, Xsin" 0y X 0y +e,X 0y, = ex0,, = ex
e

2

€,

3. Minimum thickness of the envelope: With the previous results, the thickness
of the reinforcement is written as:

2
e=e te, =p,R +
ZCF“cosZOt1 20,

The reinforcements for the helical layers and for the circumferential layers are of
the same type. They can be subjected to identical maximum tension. Therefore,

at fracture, one has

O¢1 = Op; = Oy rupture

Then:
p oR 1 2
Cin = > —+2-tg7 oy
O¢ rupture \COS o
R
emin = é)( 112.(.).._
2 oy
rupture
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Then for the ratios of thicknesses:

e 1 e 2—tg2(x1

2 ?
emin 3 COS Ot] emin 3

Real thickness of the envelope taking into account the percentage of fiber volume
Ve
S

d vreinforcement _ _ 2 ﬂRemin dx
d vrenl 4 2 ”Rereal d.x
_ 3 p ()R 1
€real = E X o X 7
¢ S
rupture

18.1.11 Determination of the Volume Fraction of Fibers by Pyrolysis
Problem Statement:

One removes a sample from a carbon/epoxy laminate made up of identical layers
of balanced fabric. The measured specific mass of the laminate is denoted as p.
The specific mass of carbon is denoted as p;, that of the matrix is denoted as p,,.

One burns completely the epoxy matrix in an oven. The mass of the residual
fibers is compared with the initial mass of the sample. One then obtains the fiber
mass denoted as M, (see Section 3.2.1.).

1. Express as a function of p, p, p,, Mg

(a) The fiber volume fraction V,

(b) The matrix volume fraction, V,,

(c) The volume fraction of porosities or voids, V,
2. Numerical application:

p = 1,500 kg/m’; p, = 1,750 kg/m’; p,, = 1,200 kg/m’; M, = 0.7

Solution:

1. () By definition (Section 3.2.2) one has

va — Ufibers — mﬁbersx P — fo B
’ Vioral pf Moral ’ Pf
2
Vi = MsX

(b) In an analogous manner:

v, = M,x

m m
m
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and with M, + M, = 1:

(¢) Noting (Section 3.2.2) that:

one deduces

2. Numerical application:

Remark: In practice, a small amount of carbon fibers is also pyrolyzed. About

P
V= (1=-My)Xx -+
( 1) S

Vit Vi +V, =1

Pr

1 (4 0]

V,, = 37.5%;

0.125% of its mass is pyrolyzed per hour.

18.1.12 Lever Arm Made of Carbon/PEEK Unidirectional and Short Fibers
Problem Statement:

The following sketch shows a lever arm pinned at 4, B, C. It is subjected to the
loads indicated. The external skin is obtained from a plate of thermoformed
unidirectional carbon/PEEK,” 2.8 mm in thickness, and placed in a mold into

V, = 2.5%

which one injects short fibers of carbon/PEEK at high temperature.

DENSITY
(kg/m”)

O-rupture

MODULUS OF
ELASTICITY
(mPa)

carbon/PEEK
unidirectional

1600

2100

E, = 125,000
G, = 4000

short fibers
carbon/PEEK

1400

127

E = 21,000
G = 8000

unidirectional
carbon/PEEK

I injectable
L

....................

.....................

......................

short fibers

' | carbon/PEEK
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1. Verify the resistance of this piece by a simplified calculation.

Estimate the order of magnitude of the displacements due to loads at A4
and B.

3. Make an assessment of the mass of the piece.
Solution:

1. Verification of the resistance of the piece:

B Unidirectional: Assume (simplified calculation) that the applied moment
is resisted essentially by the unidirectional skins.'® Then, in the section
where the moment is maximum, one has (see following figure):

]
- l"l/’fg G X Sunidirect X h
(%)
S S =
o
\
=20

with

Somidiectiona = 2.8 X 40 mm*, h =60 — 2 — 2.8 # 55 mm;
M;= 650 x 10° N x mm.

o = 106 MPa

Factor of safety: O,ue/0 — 1 = 1880%.

Remark: In the injected layer, under the unidirectional skin, the order of
magnitude of the normal stress is six times smaller.'

B Injected core: We assume that the shear stress due to the shear force is
taken up essentially by the web, with an order of magnitude (see following

figure):
| SRl T -
T=1x Sweb

Swen = (33 — 5.6 = 8) x 8 mm;” 7'= 3500 N

with

T # 23 MPa

' This is because the longitudinal modulus of elasticity £, of the unidirectional is six times higher

than that of the injected resin. For more “exact” calculation of the stresses, see Equation 15.16.
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Remark: In fact, the distribution of the shear stresses is expanded in the
flanges (injected part and unidirectional part in the figure below). The bonding
being assumed to be perfect, the distortion is the same in the injected part and

in the unidirectional part, as:

_ L _z
=G, 7 G
_ G _
7, = 23x 4 = 12 MPa

2. Displacements under load: Keeping the central part C fixed in translation
and in rotation, the deformation energy of each arm (right or left) is written as:

= %Jaedv+%-[rydv

arm arm

then (with the previous approximations):

2 2
1 o 1 T
W=z J Ededx+2JGdS><dx

2
unidirect web
M

ZJ‘ 2 X Zstlnidirchdx' .

E ( unidirect. b)

unidirect.
EJ.—Z X Sweb X dx
G X Sweh

with My = F(I =x); T = F, h = Dyerage; Sweb = Saverage web at midlength of the arm in

view of an estimation:

_ 1,[ F3 N
2 S % b;xcrlge) 2 GSawer age web

2
unidirect. " unidirect.
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One obtains for the displacement at the point of application of the load F
(Castigliano theorem):

oW 0 ¢
A= =— = 3 + X F
OF Paewse GX S
E X S N
2 web ave.
unidirect. unidirect.

B Right arm: € = 280 mm; F = 2,500 N; D,yeree = 45 mm — 2.8 mm

B Left arm: € = 200 mmy; F = 3,500 N; Dyyerge = 45 mm —2.8 MM Sgep average =
31.4 x 8 (mm?

3. Mass assessment: Unidirectional: 189 g; short fibers: 525 g; total mass before
drilling

Remarks:

B Taking into account the low levels of stress in the unidirectional, the piece
may be lightened in decreasing—uniformly and progressively—its thick-
ness (here 40 mm). A reduction from 40 to 30 mm leads to a reduction
of mass of 18% and an increase in displacements from 22 to 26% at A and B.

B To obtain a comparable mass in light alloys, one has to use folded and
welded sheet. The price of the piece is higher. The composite piece is
obtained by one single operation of injection after preforming of the
unidirectional reinforcements.

18.1.13 Telegraphic Mast in Glass/Resin
Problem Statement:

A telegraphic mast 8 m long (of which 80 c¢m is buried in the ground) of glass/
epoxy with 60% fiber volume fraction has the characteristics shown below.
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& 240
(without gel coat

One has in the lower part of the mast:

m 27 layers at 0°—or along x direction
B three layers oriented in helix with an angle that will be taken practically

equal to 90°
1. Give the elastic constants of the laminate in this zone.

. What maximum horizontal load at the top is admissible for this lower zone?
3. Estimate the displacement of the top subject to this load.
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Solution:

1. The composition of the laminate in the lower part is as:

10%

90% — X

0%

Tables 5.14 and 5.15 of Section 5.4.2 give for this composition:

E, = 41,860 MPa; E, = 15,360 MPa
Ve = 0.23; v, = 0.09
4500 MPa

Xy

2. For maximum load at the top, three risks need to be taken into account:

B Risk of rupture due to classical flexure in this zone where the bending
moment is maximum

B Risk of rupture due to shear load

B Risk of buckling by ovalization and then flattening of the tube

(a) Flexure moment: One has (see figure below)'”:

M
o:——Ifo with T = mre

"7 See at the end of Section 5.4.5, Figure 5.31 the distribution of stresses in a composite beam.
See also Equations 15.16 in Chapter 15.
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The maximum is obtained when Y = —r:

Note that for the laminate considered (Table 5.11, Section 5.4.2), the first ply
fractures at a stress of

Otensile rupture = 128 MPa

Then

M, < 26 x 10° N x mm

corresponding to a horizontal load at the top of the mast:

_ 26x10°

max ~— = 3600 N
() 7200

(b) Shear load: On an average diameter of the tubular section (neutral plane),
one can write

T=0a 1S

where T is the shear load, S is the area of the cross section, and « is the
amplification factor (e > 1)."® Note that for the laminate considered (Table 5.13,
Section 5.4.2), the first ply rupture occurs at T, = 63 MPa, from which by
taking T = me(Mf)z 3,600 N,

63 x3329
3600 58

This condition is well certified (recall that for a thin tube of isotropic material,

one has o =2).
(c¢) Ovalization of the mast: One has (Appendix 2, b)

EE, 1/2
Mopis = 2 et L]

critical —
9 Vo Vi
Here we have

M et = 6 X 10’ N mm

" The exact value of o should be obtained from the complete study of the shear stresses in
a composite beam (Equation 15.16).
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which corresponds to a horizontal load at the top:
Fcrilical ovalisation — 8560 N

One can then retain the maximum load as:
Fux = 3600 N

4. Deflection at the top: If the characteristics of the mast (dimension of the
section, composition) were constant along the midline, in taking the average
diameter of 180 mm, one would obtain for the previous maximum load
the following deflection at the top:

F_ xI’
A= ——#1m
3E.1,

To obtain a more precise value, it is necessary to discretize the mast into finite
elements of shorter beams (four or five) with corresponding sections and moduli

(helical angle increasing due to the decreasing diameter, the moduli E, and E,
vary a little).

18.1.14 Unidirectional Ply of HR Carbon
Problem Statement:

Consider a unidirectional ply made of HR (high strength) carbon/epoxy. What is
the fiber volume fraction one can predict to obtain a modulus of elasticity in the
longitudinal direction that is comparable to duralumin (AU4G — 2024)?

Solution:

In the fiber direction, the modulus of elasticity E,is given by the relation (see
Section 3.3.1):

E =E V,+E, (1 - V)
One reads in the tables in Section 1.6:
HR carbon: E,= 230,000 MPa.
Epoxy resin: E,, = 4500 MPa
Duralumin: E,y, = 75,000 MPa.

The fiber volume fraction V; has to be such that:

Eypy = E/Vi+ E,(1-V))
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where:

E2024 _Em

V. =
/T E -E,

v = 31%

18.1.15 Manipulator Arm of Space Shuttle
Problem Statement:

A manipulator arm is made of two identical tubular columns in carbon/epoxy
(V= 60%; thin cylindrical tubes of revolution) with pins as shown in Figure 18.6.
Among the different geometric configurations found when the arm is deployed,
one can consider the geometries noted as (a), (b), and (¢) in Figure 18.7.
F represents the concentrated inertial force.
Note the following:

E. = Longitudinal modulus of elasticity of the tube in x direction
(Figure 18.6)
G,, = Shear modulus in the tangent plane x, y (Figure 18.0)

I= Quadratic moment of flexure of a cross section (annular) of the tube
with respect to its diameter

Figure 18.6
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JY ¢ fr2 X
Ep

a)
Figure 18.7
0
x distributed mass | X
(@m) 19} 2500 kg
angular acceleration |
6=-2.67 E-3 rad/sec? concentrated mass
Figure 18.8

1. Calculate the deflection components along the directions X, ¥, Z (Figure 18.7)
at the point of application of the force F for each of the configurations
(), (b), () as function of F €, I, E,, and G,, (neglect the strains due to
shear force and normal force). Comment on the relative values of these
displacements.

2. What should be the ratio between E, and G, to obtain identical deflections
in the configurations (a) and (c)?

3. The tube is laminated starting from unidirectional layers. By means of the
tables giving the moduli £, and G, (Section 5.4.2), indicate by simple reading
and without interpolation the composition of the laminate that verifies the
ratio found in the previous question within a few percentages (choose G,,
as large as possible), as well as the values of the elastic characteristics.

4. Verify that this composition is preferable, for the mass assessment, to that
of another tube of the same diameter but with different thickness, which
has a modulus of elasticity E; as large as possible and with the same
deflection as previously for configuration (¢).

5. Keep the properties determined for the laminate in question 3. The arm
has an average diameter of 0.3 m. Each of the two columns has a length
of 7.5 m. One imposes a minimum stiffness for the arm (F/A)inimum =
10 N/ m, where A is the deflection under the load F. Calculate the thickness
of the tube, indicate the number of total unidirectional layers and the
number of layers in each of the four orientations.

6. With the data given in Figure 18.8, verify that the distributed mass of the
arm does not significantly influence the previous results during the adjust-
ment in position of the apparatus.
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Solution:

1. Starting from the relations of flexure and torsion of composite tubes (see
Section 5.4.5, Figure 5.31):

E[@—M' G]de =M
dez_ [ uodX t

one obtains for the components of displacement at the end:

B Configuration (a):

_ FO
A= 3Ea
B Configuration (b):
A U2 b ¢ _F/2) R
X E. X2 384 OEI

2
2 3
A :F(€/2) @ _ F€

B Configuration (¢):

3
A - P2 X2+F(€/2)x§

YN Gol,
o )
8E\3 ' 2G,,

Remark: For configurations (a) and (b), one obtains a displacement that is
as small as the modulus E, is large. Then (see Section 5.4.2, Tables 5.4 and 5.5),
G,, is relatively small, which means that E,/G,, > 1. The displacement of config-
uration (c) is much larger than the others. This will create problems when operating

the arm.
2. The deflections are identical for configurations (a) and (c) if

1 _ 1(2+i)
3 8\3 26,

X

¢ _
2

then:
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3. In looking for the modulus G,, to be as high as possible, one reads on
Tables 5.4 and 5.5 (Section 5.4.2.) a ratio E,/G,, = 3.9 (=4) for the composition

0%

25%
E, =75 407 MPa; E, = 20466 MPa
Gy, = 19343 MPa; v, = 0.71
50% — x(0°) Xy & Yy
Vyx=0.19
25%

4. The maximum value of the longitudinal modulus of elasticity observed on
Table 5.4 is
E. = 134,000 MPa

This corresponds to a shear modulus (Table 5.5):

G, = 4,200 MPa

The same deflection as the previous one for the configuration (c) can be obtained

by

3

Fe (g+ L, )_ F(
8E, I'\3 2G, ) 3E.[

then:

The tube with thickness ¢ and modulus E; will be more stiff for configuration

(a) but will have a mass multiplied by 3.5 to keep the stiffness of configuration (¢).
5. Configurations (a) and (¢) are the more deformable. One then has to write

F _ SExI>(E)
A}’ - 65 B A min

with € = 15 m; I = 7[1’5@; r=0.15 m; (FIN), = 10° N/m; E, = 75,407 MPa

e > 14 mm
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The ply thickness being 0.13 mm, one obtains 108 layers oriented as follows:

0
27 (25%)
54
(50%) —» X (0°)
27 (25%)

0. The specific mass of the laminate is indicated in Section 3.3.3, as p = 1530
kg/m.” The distributed mass of the arm is then:

%’ = 2nrex p = 20.2 kg/m

with the angular acceleration indicated in Figure 18.8, one obtains the following
inertial load:

A 100N

; ; T }0,81 N/m

[ER

We then deduce from there:
B The deflection at the end due to the concentrated mass:

1004’
concent. SExl

A

B The deflection at the end due to distributed load":

11 _o0.81¢*

Adistributed = EE) Exl
from which we can obtain a total deflection:

100¢° 100¢°
At()tal - —3—E—X7(1+0033) # 3Ex[

The rigidity (F/A..) appears to be well related essentially to the concentrated
inertial load at the extremity of the arm.

' Result obtained from the differential equation: EI,(alZU/dX2 = —92—152[2 —3(X/€) + (X/€)5]
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18.2 LEVEL 2

18.2.1 Sandwich Beam: Simplified Calculation
of the Shear Coefficient

Problem Statement:

Represented below is the cross section of a sandwich beam. The thickness of the
skins is small compared with that of the core. Under the action of a shear load 7,
the shear stresses in the section are assumed to vary in a piecewise-linear fashion™
along the y direction. The constitutive materials, denoted as 1 and 2, are assumed
to be isotropic, or transversely isotropic. The shear moduli are denoted as G, for
material 1 (skin) and G, for material 2 (core). The beam has a width of unity.

1. Calculate the shear coefficient k& for flexure in the plane x,y.

r !

2. Give a simplified expression for the case—-current in the applications—
where G, > G, with the notations for the thicknesses:

H, —-H,
& ="75  e=H

Solution:

1. Let Wbe the strain energy due to shear stresses. One has (Equation 15.17):

dw _1kr* 1 [ Ty
dx 2(csy 2 ) G
section
In the upper skin, one has
H, -2
Ty, il B VY T,

T H,-H,

* This representation of the shear stresses is only approximate. One will find in Application
18.3.5 the results concerning a more precise distribution of these stresses. In fact, the
approximate representation of the shear proposed here is better approximated than the skins
of the sandwich structure will have a small thickness as compared to that of the core.
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On the other hand in the core:

Then with:

TXV = TO

7= | z(dyx1)

section

One deduces from there the maximum shear stress T,:

Strain energy:

2
dw _ 11Ty

ax  2lGi? T

After calculation:

2 2
17 T2 (H,
N S e
ZIGiy 2(G2

one then has

T, = TX 2
H +H,
H,/2 ‘L'Z
= —=dy+
J.() GZ y
H,—H, 277

H, —H,

IHI“ T, (H=2))"
Hy/2 Gl(H1 _H2)2

Then:

1kr: 21 (Ij_erHl—Hz
2(GS)  (H,+H)\G> 3G,
p = _2(GS) (112+H1_H2)
(H, + H,)’\G, 3G,

with (Equation 15.16): (GS) = G, (H, — H,) + G, H,:

) G
3G, (H, + H,)’\G,

)

k

_ 4[G1(H1 —H,) + Gsz](]_:I_z
(H, + H,)*

G,

H,—H,
+—.——.——.—.—.—-

3G,

)

2. Case where G, < G;: One can rewrite

k =

then:
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4(GS)
(e.+2e,+e) O

e(;
x—[1+

2

3

e, G,

p~c
e.G,
«1

]

3G,

)



One obtains the following simplified form, valid if e, < ¢, and G. < G,

R _ 1
(GS) ~ G.le.+2e,)

18.2.2 Procedure for Calculation of a Laminate
Problem Statement:

Consider a balanced carbon/epoxy laminate with respect to the 0°direction (or x),
having midplane symmetry. The plies have the orientations 0°, 90°, +45°, —45°
with a certain proportions (recall that there are as many plies of +45° as there
are —45°). This laminate is subjected to a unit uniaxial stress o, = 1 MPa (see
following figure).

Propose a procedure to establish a simple program allowing one to obtain the
following:

The modulus of elasticity E, of the laminate and the Poisson coefficient v,,*'
The stresses in each ply and in the orthotropic axes of this ply™ A
The Hill-Tsai® expression for each ply

The largest stress O, m. admissible without failure of any ply

bl

One gives in the following the characteristics of the unidirectional plies (identical)
making up the laminate:

Carbon/epoxy ply with V; = 60% fiber volume fraction
E, = 134,000 MPa™; E, = 7000 MPa; G, = 4200 MPa; v, = 0.25

Fracture strengths:
O¢ tension = 17270 Mpa; Oy compression — 1130 MPa
Gl tension — 42 MP'cl; Gl compression = 141 MPa
T(, = 63 MPa

! See Equation 12.8.
* These are the stresses oy, o, 1, (see, for example, Equation 11.1).
23
See Chapter 14.
** See Section 3.3.3, Table 3.4.
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Solution:
Recall first the procedure for calculation (see also Section 12.1.3.):

Modulus E, and Poisson coefficient v,,: The behavior of a laminate having

1.
midplane symmetry and working in its plane can be written as (Equation
12.7):
Oox 1 Ay Ay Apl| €
Goy = E AZl AZZ AZ?J St)y [a]
Toxy A31 A;’)Z A35 yoxy
with:
th
1 i ke
ok €
ZAij = 2 Ei]"b—
k=1"ply

where ¢, is thickness of ply &, and b is the total thickness of the laminate. [Ey]s
is the stiffness matrix for the ply £ in the x,y axes (see Equation 11.8), as:

O, Enw En E 13 Eox
Q y = |En E»n E 23 80.1’ [b]
Ty Esi Ex Es3)\ Yox

ply & ply & ply &

Note that poo (%), p%o (%), p/ﬁo (%), p_/ﬁo (%) are the respective proportions of the
plies in the directions 0°, 90°, +45°, —45°. The previous terms (1/h) A; can be

written as:

[c]

=4

1 Z0° 00 | 7,90° 90° | TAS° 45° 450 45
2 y= Lyp +E; p +E; p +E; p

Here the terms %AB, %AB, and their symmetrical counterparts are zero because

the laminate is balanced (see Equation 11.8).
The relation denoted as [a] above is then inverted and can be written as:

1 Vi
Sox ;: - ;] O O-o.x
= |- 1 dl
E = | —-= - 0 (0 [
0y 2 E, oy
1
’)/r)xy O O E Toxy
L Txy]
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where E., E,, Gy, Vi, V,, are the global moduli and Poisson coefficients of
the laminate.

Here this laminate is subjected to a uniaxial stress o,,= 1 MPa, then:

Vey
—— x1MPa
E,(MPa)

1 MPa
E, (MPa)’

oy

_ G()X _
Epy = — =
B,

,GO.X =

One obtains as well the modulus and the Poisson coefficient required:

E,(MPa) = 1
V., = —e,, x (MPa)
Xy Y 1 MPa

Stresses in the ply: The previous result gives us the global strains of the
laminate, strains that each ply should follow as:

G().X'; g =

ox oy

O-ox; ’}/().X'y = O

|l'
N &

-

For a ply k, the relation mentioned above in [b] is then written as:

O, Enw En Es ox
O, (= |En Exn Ej|] &y le]
Ty Es Es Ess 0

ply k ply #

This gives the stresses in ply &, expressed in the coordinates x, y. One can express

them in the orthotropic axes of the ply (axes €, t of the following figure, and
Equation 11.4 recalled below):

2 2
(o7} c s =2cs o,
=2 2 c = cos@
(o) s ¢ 2¢cs o, [f]
- s 2 - s = sin@
17 sc =sc¢ (c"—=s") xy
ply & ply &

qd %r“x i
T
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3. Hill-Tsai expression: It is written as (Equation 14.7):

O'2 O'Z 0,0, 252
2 4 ! (] €1
Oy o, Oy Ter

rupture rupture rupture rupture

One can then calculate the values (o), required for each ply k.

4. The largest stress O, ., Without fracture:
The stresses oy, 0,, and T, are calculated for a uniaxial stress: ¢,,= 1 MPa. Now
apply the maximum stress found o, .., (MPa). The stresses o, 0,, and 7, in the
ply k& are multiplied by the ratio:
O,

OX max

1 MPa
and the critical value of the Hill-Tsai expression is obtained as:

2 2 2 2
Oox max {ﬂ+ﬂ_c€ar+1{’_t} =1
k

2 2
(1MPa)’ |o; o o 1,

rupture rupture rupture rupture

With the values (a), found in the previous question for the Hill-Tsai expression
between brackets, one obtains

2 2 2
O-ox maxale = (1MP’¢I)

Then:

1 MPa
o

(o) =

OX max

Examination of each ply will lead to a different value for o,, ... One has to keep
the minimum value as the critical stress that should initialize damage (failure of
a ply) as:

.1
= min—
(072

O-()X max

18.2.3 Kevlar/Epoxy Laminates: Evolution of Stiffness
Depending on the Direction of the Load

Problem Statement:

Consider the balanced laminates of Kevlar/epoxy with V, = 60% fiber volume
fraction, working in their planes, with the following compositions:
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IV 10%

15%
60%
100% =
—_— X
X
5oL 15%
a) 25% b)
25%
—
X
25%
c)

1. Give the expression of the longitudinal modulus of elasticity for these
laminates denoted as E(6) for a direction 7 in the plane xy making an
angle 6 with the direction wx.

2. Give for each of the laminates the expression for the “specific modulus”
E(0)/p, p being the mass density. Use the tables in Section 5.4.2.

3. Represent in polar coordinates the variations of the specific modulus with
0 for each of the laminates.

4. Compare with the specific moduli of conventional materials, steel, alumi-
num alloys Duralumin-2024, and titanium alloy TAGV.

Solution:

Each of the balanced laminates constitutes a thin plate of orthotropic material,
with orthotropic axes x, y, z (see figures above and below). The constitutive relation
corresponds with Equation 12.9.

For a balanced laminate, this law is reduced to the following expression:

<

1

gz)x E - _E‘—: 0 Gox
— Viy 1
E = |- — 0 O,
oy bx hy oy
o 0 =
Y<)xy T(Lw

xy

1. E, E, G,, are the moduli in the orthotropic axes x, y, which means the
moduli of the laminate. In the axes 7, j (see following figure) making an
angle 6 with the axes x, ), these coefficients are transformed according to
the Equation 13.8. The modulus in the direction 7 is”

» Recalling (Section 9.3 and Application 18.1.2), the relation: v, /E, = v, /E,.
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-k

/
e,

£(6) = — 1
cos'@ | sin'6 2V,
s P by cos’Osin 6( ‘)
E. ' E G, L

Qpeciﬁc modulus: One finds in the tables of Section 5.4.2 the coefficients

Vi, G, of the Kevlar/epoxy laminates (Tables 5.9 and 5.10). Table 5.9
dlbO allows one to obtain the value E,. For this it is sufficient to permute
the 0°percentage and 90° percentage.

The specific mass p is shown in Table 3.4 in Section 3.3.3. It can also be
calculated using the relation in Section 3.2.3.

One has p = 1350 kg/m’. One then has for the expressions of the specific
modulus:

B Laminate (a):
E,. = 85,000 MPa
E, = 5600 MPa
G,y = 2100 MPa
Vy, = 0.34

EO) 1/e? = 10°/1350
p

cos'®  sin'@

cos 6 . 034
85,000 + 5600 5600 +cos HSIH 0(2100 2x 85,000)

B Laminate (b):
E,. = 56,600 MPa
E, = 18,680 MPa
G,, = 8030 MPa
Vi = 0.4

6
E(p@)(m/s)z - 10°/1350 _
CcOSs Sln .
56.600 T 18.680 T €08 *0sin 9(8030 2x 56,600)

B Laminate (c): The proportions of 25% along the directions 0°and 90°can be
obtained from Table 5.9. In this view one has to evaluate by extrapolation,
starting from the values corresponding to the percentages of 20% and 30%, as™;

E, = (1/2) (28,260 + 35,400) = 31,830 MPa

* See also Application 18.2.14.
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E =E

v X
G, = 11,980 MPa
Ve = 0.335
6
E(pg)(m/s)2 T o5 0+ 5in'0 210 /12350 1 0.335
COs Sin . .
3830 + cos” @sin 9(117980—2 ><3—17830)

3. One obtains the evolutions in the following figure for the specific modulus.
One verifies well that it is possible to “control” the anisotropy of the
laminate by modifying the percentages of the plies at 0°, 90°, +45°, —45°.

4. For the other materials, one obtains immediately (Section 1.6):

E/p (stee) = 26.3 x 10° (m/s)’
E/p (Duralumin-2024) = 26.8 x 10° (m/s)’
E/p (Titanium-TA6V) = 23.9 x 10° (m/s)’

Kevlar/fepoxy c¢)
25%

25%

25%, Kevlarfepoxy b)

.110”100”90" 80° 700y ™ 25% 10%
120° Kevlar/fepoxy a)

100%

3 E6

light alloy (26.8 E6 (m/s)2)

steel (26.3 E6 (m/s)2)
titanium alloy (23.9 E6 (m/s)2)
TA BV

Remark: The notion of specific modulus is particularly important for aero-
nautical construction. When one compares on the above diagram the performances
of Kevlar/epoxy with those of steel, Duralumin, and titanium, one sees clearly the
advantage for the laminate inside angular borders for the directions of application
of the loads.

18.2.4 Residual Thermal Stresses due to Curing of the Laminate
Problem Statement:

Consider a laminated panel in carbon/epoxy with V,= 60% fiber volume fraction,
with midplane symmetry, and a composition shown in the following figure:
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10%
20%

50% —= 0%
20%

It is cured in an autoclave at 180°C and demolded at 20°C.

1. Calculate the thermal deformations due to demolding.
2. Calculate the thermal residual stresses in the 90° plies.

Solution:

1. Thermal deformations:
The thermomechanical behavior of the laminate can be written as (see Equation

12.19):

£ l — YE L

ox Ex EV En Oox (o7
— vx y 1 ﬂx} + A T

E,, - |—= - el (0} o .,

0y 2 E, » oy 0y
n a, 1
’}/()xy = = = Toxy aoxy
L Ey El” G v

The panel is not subjected to any external mechanical loading. This law can then
be written as:

on aox
80}' = AT aO.V
’}/()xy a()X,V

The laminate being balanced, Equations 12.18, 12.17, and 11.10 lead to
aoxy =0

Then Table 5.4 of Section 5.4.2 indicates for the laminate with the correspond-
ing percentages of the composition above:

a,.=—0.072 x 107

One also deduces from Table 5.4, by permutation between 0° and 90°:

o, = 0.44 x 107

oy
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Therefore, the thermal strains corresponding to AT = —-160°C are
€,0= —160 X (<0.0072 X 107); &,, = —160 x (0.44 x 107)
or:
€, =115 x 10"
g, =704 x 10°°

Yoxy = 0

2. Thermal residual stresses in the 90° plies:
The Equation 11.10 allows one to write

—90° = ,90° — 90°
o, = En g,+En 80},—AT(ZE1
where:

—o00° -
aE1 = E;(Vgla( + Otl)
with (Equation 11.8):

=,90° - —,90° et
En = E and E = VME(

The moduli of elasticity and coefficients of expansion are given in Section
3.3.3, Table 3.4.” Then:

— 90°

oEq = 0.237

With the known values €, and €,, one has

»
0, = 7021 X 115 x 10° + 1717 X (=704 x 10™) — (=160)(0.237) = 37.5 MPa
In an analogous manner:

—,90°

—,90° —90°
0, = En €,+Ex &

— AT(XEZ

oy

7 Recall also the property V, /E, = vy/E, (see Sections 3.1 and 3.2 and Application 18.1.2).
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with (Equation 11.8):

—90° - —.90° T
Eyp =E and oFE;, = E€(a€ + Vzeat)

One obtains
0, = -110.2 MPa

and

Ty =0
One then has in the axes €, t of the 90° plies (see Equation 11.4):

o, = -110.2 MPa
o, = 37.5 MPa
Ty =0

Remark: If one writes the Hill-Tsai expression (Section 5.3.2) for the 90° plies,
one obtains with the rupture strengths of Section 3.3.3, Table 3.4:

110.2\*  (37.5\* _((=110.2)(37.5)\ _
(135) + () - 1130° ) = ost

The factor of safety™ is only:

This is due to high value of o, close to the rupture strength and explains the
phenomenon of microfracture of the resin that happen during cooling. Subse-
quently, the microcracks favor the absorption of moisture by the resin and the
fibers, which provoke expansions analogous to those induced by heating, with
coefficients of expansion of hygrometric nature. Then, the residual stresses in the
plies will be generally weaker.

18.2.5 Thermoelastic Behavior of a Tube Made
of Filament-Wound Glass/Polyester

Problem Statement:

Obtain the thermoelastic behavior of a cylindrical tube made by filament winding
E glass/polyester, with £45° balanced composition, with a fiber volume fraction
of V,= 25%.

* See Section 14.2.3.
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Solution:
In the x,) axes (following figure), the stress—strain law takes the form (see Equation
12.19):

1 V. T
£ = — == == O, (04
ox EX b ) ny ox ox
— Vi 1 u,
= Yo S By + AT
goy Ex E y G Xy GO}' aoy
N, u, 1
) = = = Toxy oy
’)/().X} L E. E, GxL 0xy 0XY

B Calculation of moduli:
First we have to evaluate the terms of the matrix h_l[Al-]-] (see Equation 12.7).

This calculation requires the knowledge of the stiffness coefficients for each ply
E; (see Equation 11.18).

In this view, first calculate the elastic moduli of a ply in its principal axes (£,0);
one has (Equation 10.2 and those that follow and numerical values in Tables 1.3

and 1.4 in Section 1.6.)
E, = 74,000 x 0.25 + 4,000 x 0.75 = 21,500 MPa

Vi =025 % 0.25 + 0.4 x 0.75 = 0.36
1
E, = 4000 =0 = 5240 MPa
0.75 + 550 % 0.25
Gy, = 1400 14100 = 1840 MPa
0.75 + 557505 X 0-25
Vv, = (5240/21,500) x 0.36 = 0.088
E¢ = 22,200 MPa; E, = 5410 MPa
then (Equation 11.8):
EY - B = B = B = 9720 MPa
Ey = En = 5928 MPa; Eis =En = 6040 MPa
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from which one can write (Equation 12.8)

1 9720 6040 0
,;[Az-/] = 16040 9720 0 |[(MPa)
0 0 5928

The inversion of this matrix leads to (see Equation 12.9)

[, v ] |1676x107 -1.041x107 0
— X O
w5

—? Fl 0] = |-1.041x107" 1.676x10™" 0 |(MPa™)
0 0 61 )

L xy i 0 0 TZS_

from which by identification:

I
I

Ev = 5966 MPa
Vo = V., = 0.62

Gy = 5928 MPa

B Calculation of coefficient of thermal expansion:

One has to calculate first b~ (0ED),, b_l(aEb)),, and b_l(aﬂo)xy from the Equation
12.18. This calculation requires knowledge of the terms aF:, aE,, and oE; of
each ply (Equations 12.17 and 11.10 and numerical values in Tables 1.3 and 1.4 of
Section 1.6). For that, one has to know the coefficients of expansion ¢, and ¢,
of a ply in its principal axes (€,). It can be written (Equations 10.7 and 10.8 and
numerical values in Tables 1.3 and 1.4 of Section 1.6):

a, =155x%x107; o,=7.86x 10~

4450 ——45°  ——445°  ——45°
Qb = aF, = ab, = aF, = 0.476 MPa/°C
——45° ——45°

OZE; = —0kFE;

From which (Equation 12.17):

S(0ED), 0.476
s(akh), (=1 0476 (MPa/°C)
2(aEb),, 0
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then (Equation 12.18):

a,, 1.676x 10" —=1.041x10"" 0 || 0476 3.02x 107

Cy (T |-1.041x107"  1.676x107" 0 [} 0476 [ =9 3.02%x 107
1

anxy L O O 5928_ O O

In summary, the thermoelastic behavior of the filament-wound tube in glass/polyester
can be written as:

1 0.62 s
Eox 5966 3006 O || Oex 3.02 % 10
= 0.62 1 )
goy _5966 5966- 0 O-oy + AT 3.02% 10 5
1
’J/oxy 0 0 59—28 Toxy 0

(vpah) cch

18.2.6 Polymeric Tube Under Thermal Load and Creep

Consider a cylindrical tube of revolution made of polyvinylidene fluoride (PVDF)
reinforced externally by filament winding of glass/polyester at +45° (see figure
below).

PN B

The characteristics of the constituents are as follows:

B Polymer tube: thickness e, = 10 mm; isotropic material; modulus of elasticity
E, = 260 MPa; Poisson coefficient v;; thermal expansion coefficient o, =
15 x 107 (°C7H.

B Glass/polyester reinforcement: thickness e, = 3 mm; modulus of elasticity
E,; Poisson coefficient v,; coefficient of thermal expansion @, = 0.7 x 10~
(°C™). These coefficients are valid for the behavior in the coordinate axes

x, ¥ (see figure). Fiber volume fraction V;= 60%.
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Problem Statement:

The thicknesses e, and e, are small relative to the average radius of the tube,
denoted as r.

1. Give the numerical values of E, and v, (noting that the moduli of elasticity
of epoxy resins and polyester resins are equivalent).

2. When taking into account the temperature variation, denoted as A7, the
mechanical behavior of the polymer and of the reinforcement, respectively,
can be written in the x,) axes as:

Ex Pll - % 0 O1x 1
&, [~ |- % Ell 013 o, (+UAT} 1
Yixy 0 0 —Gl-l Tixy 0
Ex El) - ;—j 0 0,, 1
&, (= |- % %Z 0] 0, (T®AT 1
Vaxy 0 0 Gi Ty 0

where one can recognize the strains and stresses in each of the materials. Starting
with an assembly (polymer + reinforcement) not stressed nor strained at ambient
temperature (20°C), which is heated up to 140°C.

(a) Write the equations for the external equilibrium of the assemblage.

(b) Write the equality of the strains. Deduce a system of equations that
allows the calculation of stresses oy, 0y), Oy, Oy,

(¢) Numerical application: Calculate the stresses in each of the two com-

ponents (polymer and glass/polyester reinforcement) as well as their
strains.

3. Being subjected to high temperature, the internal tube in polymer obeys
creep law. The stresses calculated previously do not remain constant in
time. They evolve and stabilize at a certain final state. When this state is
achieved, if one separates the internal polymer envelope (by imagination)
from its reinforcement and cools it quickly from 140°C to 20°C, one will
observe residual strains denoted as Ag;, = Ag,, = Ae. Note that in the
absence of creep, there are no residual strains.

(a) Write the four relations allowing the calculation of the stresses in the
assembly at 140°C after creep in the polymer, denoted as oy,, o},
05y Oj
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(b) Numerical application: From experiments one finds: Ae = 0.6 X o, AT.
Calculate the stresses after creep.

4. Considering the assembly at 140°C already crept, one cools the whole
reinforced tube quickly, from 140°C to 20°C. Calculate the final stresses in
the assembly, denoted as ¢7,, ¢7,, 0%,, 07, at the end of the cooling.
Remark.

Solution:

1. We will use for the elastic characteristics of a unidirectional ply of glass/
polyester at V, = 0.6 those of a glass/epoxy ply from Table 3.4. For a
laminate at £45° Table 5.14 (Section 5.4.2) shows:

E, = 14,130 MPa
VZ = 0.57
2. (a) Equilibrium of the assembly: Sections cut from the tube do not show

any external resultant force, in spite of the existence of stresses of
thermal origin (see following figure).

2
— Tox
Gix
G1y
.
y.a - 2y
4 3 —
V4 |
1 2

In addition, because the thicknesses are assumed to be small compared with
the radius, the stresses will be taken to be uniform over the thicknesses. From
there we have the relations:

2rr(0yce + 050) = 0;  1X2(0y,e,+0,e,) =0

then:

0161t 0y8 =

(1], [2]

0+ 0,,e, =0

Due to the symmetry of revolution for the stress distribution, there are no shear
stresses: Ty, = Thyy = 0.
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(b) Equality of strains: This is assured by the assumed perfect bonding
between the components 1 and 2 as:

glx = 829(; gly = 82}'; YIxy = ,J/ny'

With the behavior as mentioned in the problem statement, the above equalities
become:

O, W Oy V5
— ——=0,,+ AT = = ——=0,,+ O, AT
E, E VT E, E, %2 7?
(3], [4]
2 oy, v, 0,,
=0, +t—+ AT = —=0,,+ =+ L,AT
E, ™ E ! E, * E, *

The above relations [1], [2], [3], [4] constitute a system of four equations for four

unknowns 0Oy,, 0y, O, 0.
(o) In performing successively [3] — [4], [3] + [4], then substituting ©,,, 0,
obtained from [1] and [2], one obtains

O-lx_o—ly =0

from which:

o, — O
o = 0, = Ar—(2=®)

ey
E, e\ E,

One deduces from there, with AT = 140 — 20 = 120°C:

0, = 0y, = —6.14 MPa
0, = 0y, = 20.4 MPa

The internal envelope in polymer is in a state of biaxial compression. The
external envelope in glass/polyester is in a state of biaxial tension. The mechanical
behavior (in the Problem Statement) then indicates:

€=y = &, = &, =147 x 107
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3. Creep
(a) The equilibrium relations are formally unchanged as:

o/.e+ 0. e=0 (5]
oy, e + 0;,e=0 (6]

The property of the perfect bond is now written in conformity with the following
figure:

— final state

A

. -
4'. Age v e .
el initial strain
——— 'I
. . [ x
reinforcement 2 = | £ '
2ol L.t > X
I 1 l €ox l
Eq et AE =€,y
E]Y +Ag = Ezy

with the constitutive relations recalled in the Problem Statement, these equalities
become

O-’]x 1 ’ O-,Zx v2 ’
—=—=0", t o AT+Ae = ——=—-—=0", + ,AT
E, E YV E, E, ? z
) , [71, 18]
Vi , 1y Vo 03
——0\, +—+ o AT+Ae = ——=0',, + + o, AT
E1 1x E] 1 E2 2x E2 2

(b) Numerical application: In performing successively [7] — [8], [7] + [8],
then substituting ¢, and 67, obtained from [5] and [6], one obtains

o,—04a
G’lx — O-,ly — AT ( 2 1)

1-v, e 1—v2)
( E, )+ez( E,

then:

Q

&
[
Q
I

—2.28 MPa
7.6 MPa

S)

g
Q
[
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4. Cooling: It is sufficient to suppress the increase in temperature AT in the
previous equations [7] and [8]. The system of equations becomes

ol.e +ore, =0

ore +05,e, =0

o7 o,V
Y —o) +Ae = = -Zo7
E, El E, E, ©
4! o-ly & Gély
—0ol +—=t+Ae = —=0) + ===
E E, E, % E,

In adopting a method of resolution analogous to that used in the previous
problems, one obtains

0.6
of. = of, = AT :

1—v, e (l1—v,
( E, )+ez( E, )

then:

o/. = o), = 3.9MPa

1y

0;, = 05, = =129 MPa

It is worth noting that the polymer envelope is loaded now in biaxial tension.
Subsequently, for one cycle of operation, the polymer envelope is successively
compressed, released by creep, then extended, as shown in the following figure.

These cycles repeat themselves during the life of the tube, and this gives rise
to fatigue. Therefore, an overdimension of the tube is necessary to lead to low
admissible stresses in the polymer, to prevent the risk of buckling of the tube
subject to compression at the location of bond defects or of failure in tension
while cooling.

< Gy (MPa)
(stress in the tube) +3.9

cooling —____

time

-2.28

creep at
high temperature

-6.14
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18.2.7 First Ply Failure of a Laminate—UIltimate Rupture
Problem Statement:

Consider a carbon/epoxy laminate with 60% fiber volume fraction and the fol-
lowing composition:

20%

_‘_x;oo X:Oo

80%

1. (a) Give the values of the moduli of elasticity and Poisson coefficients of
this laminate.
(b) What is the maximum tensile stress, denoted as 0O, ,imum, that can be
applied without deterioration?

2. When the value O, n.qmum 1S reached, the 90° plies are deteriorated by
microcracks of the epoxy resin (“first ply” failure). The characteristics of
the 90° plies that are cracked are then decreased with respect to their
values for intact plies. One admits the following damage factors:

E, # E; E #01XE,
fractured intact fractured intact

Gl # 01X Gy Vi #0.1 v,

fractured intact  fractured intact

(a) Calculate the new terms of the matrix ]%[A]of the elastic behavior.”

Deduce from there the new elastic moduli of the deteriorated laminate.
Remark.
(b) Calculate the maximum stress o,,, leading to complete rupture of this
laminate (rupture of 0° plies, or “last ply rupture”).
3. What will be the rupture strength denoted as oy, that one can obtain by
eliminating all the elastic characteristics of the deteriorated 90° plies?

’

Remark: How one can obtain rapidly the value o©,,?

4. The design of an aeronautical piece is carried out using this laminate with
the following considerations:
B When this piece is subjected to a stress along the x direction called
“limit load,” the piece stays in a reversible elastic domain and is not
altered in its structure.

? See Equation 12.7.
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B When this piece is subjected to a stress along the x direction called “extreme
loading,” one obtains total rupture.

Moreover, one has from common practice:
Extreme loading = 1.5 X limit loading

Indicate the values of o, that should be kept here for extreme load and for limit
load, respectively.

Solution:

1. (a) According to Tables 5.4 and 5.5 in Section 5.4.2, one notes for the
indicated composition:

E, = 108,860 MPa; E, = 32,477 MPa
Vy = 0.054; v, =0.016
G,, = 4200 MPa
(b)Table 5.1, Section 5.4.2, indicates for the rupture limit of the first ply:
o, = 659 MPa
2. (a) Terms of matrix %[A] are written as (Equations 12.7 and 12.8):

Coefficients Ej; are given by Equation 11.8 which lead to”
Bl = 134 440 MPa; FEp =7 023 MPa; Ei, = 1748 MPa;
Fy = 4200 MPa
The 90° plies are deteriorated. One then has

—90°
11

E, = 700MPa; Es, = E: = 134,000 MPa

—90° , 7:90°

Ey, =V, Ei = 175MPa; Es; = 420 MPa

* See Section 3.3.3 for the characteristics of a unidirectional ply of carbon/epoxy.
'V, = vy, X E/E; (See Application 18.1.2.).
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or after calculation:

107,692 1402 0
/;[A]= 1402 32,418 0 [(MPa)
0 0 3444

The new moduli of the deteriorated laminate are obtained by inversion of the
above matrix. One has (Equation 12.9)

VVE, —V,JE, 0
PIAT = |~V /E,  1/E, 0

0 0 1/G,

Xy

which leads to

E, = 107,630 MPa

E, = 32,400 MPa

Vi, = 0.043; V), = 0.013
@, = 3444 MPa

Note that only the shear moduli G,, has its value modified with respect to the
value of the intact laminate.

(b) The 90° plies being deteriorated, total rupture of the laminate corres-
ponds to rupture of the 0° plies. Let 0,,, be the corresponding ultimate
rupture strength. The mechanical behavior of the deteriorated laminate
is written, following what happens previously:

Eox 9.29x10°  —4.02x 107 0 Gy 9.29x 10" X 0.,
€y [T|—4.02x107  3.086x 107 0 0 (T[=4.02x107 x 0,
Your J |0 0 29x107L 0 0

from which the state of stress in the 0° plies (Equation 11.8):

oo oo
0, = Eng,+EnE, = 1.248x 0, = 0,

—g° —o°
o, = Ene,,+ Exn &y = 0.0134 X 0y, = O,

Ty =0=14

Writing that for o,,, the Hill-Tsai criterion is saturated (Section 5.3.2) and using
the rupture strength values of Section 3.3.3:

=1

(1.248%4)2 .\ (0.0134oxM)2 _ 1.248x0.01340,,
1270 42 1270°
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one obtains:

|axM = 973 MPa|

If one cancels all elastic characteristics of the deteriorated plies at 90°, the

3.
matrix %[A] becomes

_ _ - %o
1 E, vieEc 0 ) E, E,
~[A] = 08|, = = then h[A]" = —|_ Y« 1
b[ ] Ve Er E; o |then ALA4] 08"z & Y
0 0 G, 1
0 0 N

under the loading of an ultimate stress denoted as o, one will have for the

strains:
1 V(l ’
O-XM > yaxy = O

1 O-_;M
—_— . 8( = — X ——
°y 08 E ¢

then in the 0° plies:
4
O—xM

8

—0° —oe
o, =0,=FEng, +En &y =

0.
—g° —o°
Gy = 0, = Eq EOX+E22 Eoy =0

The saturated Hill-Tsai criterion then takes the form:

( Ol )2_ .
0.8x1270) ~

then:
Gl = 1016 MPa]

One immediately obtains this value when noting a stress resultant NV, written as:

o) x0.8h+ gl x0.2b

’

then
0’y = Ouyx 0.8 = 1270 X 0.8 = 1016 MPa
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Note that the rupture stress of the last ply calculated in the previous problem
(O.p is less than o%,. It then appears to be dangerous to reason as if the 0°
plies were the only ones to resist by occupying 80% of the thickness of the
laminate.

(o) If one considers that the limit load corresponds to the rupture of the first

ply, denoted as 0, = 659 MPa, then the extreme load will be
O, wveme = 1.5 X 659 = 988 MPa
This is an excessive value because it is higher than the rupture strength of the
last ply 0,,, = 973 MPa. One then is led to keep

B For the extreme load: O, cyreme = Owy = 973 MPa
B For the limit load: O, = Ow/1.5 = 649 MPa (value less than the fracture
strength of the first ply)

18.2.8 Optimum Laminate for Isotropic Stress State
Problem Statement:

Consider a laminate subjected to a state of plane uniform stresses:

o, = 0,

, = 0, T, = 0 (state of isotropic stress)

This laminate presents the following composition:

p
f AP

—» P

X (5-)

1. By means of a literal calculation show that the strain of the laminate is the
same for any value of p < 0.5. Verify this property by means of Table 5.4 in
Section 5.4.2 for p = 0%, 30%, 50%.

2. Show that the Hill-Tsai criterion has the same value in each ply, no matter
what the proportion p. Comment.

3. Verify the previous property for a carbon/epoxy laminate by means of the
tables in annex 1 for p = 0%, 30%, 50%.

Solution:

1. Determination of the apparent moduli of the carbon/epoxy laminate: We
begin by calculating the terms of the matrix ]%[A] (Equations 12.7 and 12.8):
%AM = Ehxp+En xp+En x G —p) +E X (% —p)
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then with the Equation 11.8:

E(l): = E{; Elgfo =E; Eﬁ = EI? = E62E1+%(V,€E(+2Gel)
1 - - 1 Ec+E 1, -
EAl = p(Eg+E,)+2(§ —p)[ 64 ’+2(v,{E(+ZG€1)}
%All = [E%EZ_VME€_ZG€[:| + %[E€+Et+ Vt(@E@'F ZGet]
1 1
ZAzz = EAH
1

- 1 1 - = 1 -
EAH = 2DV, E¢+ 2(2 —p)[z(E( +E—4G,,) + EVME@]

1 Ec+E - 1[Ec+E -

EAlZ = —p|: €2 t—VME{/—Zth:|+§|: ¢ t+ V[€E€—2G€[:|
1 1

ZAL‘} = ZAB =0

The constitutive law in Equation 12.7 here takes the form:

o, 1 Ay A O Eox
O, = E AZl AZZ 0 Suy
0 0 0 A53 }/oxy
Its inverse is written as:
£, VE. —V.lE, 0 o,
€y [T |-Vo/Ex 1/E, 0 o
YVoxy 0 0 1/G 0
with:
1 _ 1
1 e 1w e
- 1 = T 1—
Ex b_z(A 1A22 12) EV Ey b_>(A 1A22 12)
and here:

1 2 E(+E - Ec+E
;g‘Z(Aquz—A;z) = 2[p( ez [—V,€E4—2G€,)+Gm}[ 62 “+ v, Ee
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then we can obtain the strains:

1 V. %,
Eox = GO(E._”E‘. T Tt E . - oy Yoy = 0
. ~{ 2t
. E (T + v,CEf,)
32
In summary
O,
Eox €y = & = 1 T —5 Yoxy = 0
€ t
[“"2-—‘- + V[(Ef}

The strain g, is independent of the proportion p and of the shear modulus Gg,.
Each elastic characteristic that appears has the same weight: E¢, E/, vy E¢ = vy, E;

B Verification: Table 5.4, Section 5.4.2:

P =0%:E. =E, =1505 Mpa; y,, = 0.79 = p,,
£ &, = & = 1.39 E-5Xx 0,(MPa)

P =30%: E.=E, =55333Mpa; y, = 023 = y,,

=g, =€, = 139 E-5% 0,(MPa)

ox oy

E
P =50% : E. = E, = 70 687 Mpa ; p,, = 0.025 = y,,
Ex = &y = & = 1.38 E-5Xx 0,(MPa)

2. Hill-Tsai criterion:
B (° plies: Following the Equation 11.8:

0. = E¢&, + VyEeg,, = EE(1+Vvy,)
0° — — —

O-y = vt€E€8<)x+El Eoy = gf)El(]- + v{t)
0°

Ty = 0

Oy = 0, = SOE€(1+VI€)
0° —

o, = G)(z = Er)Ef(l + vé’t)

Ty, = 0

? Recall (see Equation 11.8) that: Ee = E,(1 — vy V), E, = E 1 — v, ).
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B 90° plies: Following Equations 11.8 and 11.4:

90° 90° T

€ = O-y = 80E{/(1 + vt@)
90° 90° T

o, =0, =¢&E0+v,)
e

) =0

m 45° plies: Following Equations 11.8 and 11.4™:

450 1, 4se

o, = z(o-v

+ of,’so) + 7::’; €, E(1+V,)

g, E(1+vy,)

45° 1, 450 45° 45
O; = E(GA +(7y )_Txy

45°
=0

B —45° plies: In an analogous manner:

e _

O-(j = 8(,E€(1+Vﬂg)
s _

o,” = ¢ E(l1+vV,)
=5 _

€t -

B The Hill-Tsai criterion (see Section 5.3.2 or Equation 14.7) then has the
same value in each of the plies, no matter what the proportion p and
the value of the shear modulus Gy, Rupture occurs simultaneously in all
plies.

B One can also note that the minimum thickness b of the laminate that is
capable of supporting the isotropic membrane load:

N,=N,; T, =0
will be independent of the proportion p (see Equation 12.10). One then can, for

this particular case of loading, vary the modulus of elasticity E, = EV * without
varying the thickness.

? Or still from Equation 11.7:

s _ 1 45 _ 1 45
& = E(gox-'-goy) =&; & = E(gox*-go‘v) =&; Yu = 0;

then following [11.6]:

or = &E(1+Vvy); 0 =¢gE(1+vy); T =0
¥ See Equation 12.9, or Tables 5.4, 5.9, 5.14 in Section 5.4.2.
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B One automatically obtains such a laminate by using layers of balanced fabric
at 0° and 45°. It is then convenient to calculate the thickness in considering
the proper rupture resistances of the layer of fabric.”

3. Verification:

plate 3 and 7
plies at +45° oy o, Ty
o,=1 MPa 94 06 | -5
0,= 1 MPa 94| 06 | 5
total (MPa) 1.88 | .12 .0
Hill-Tsai criterion: 1.02 x 10~
plate 1 and 5
plies at 0° oy o, Ty,
o,=1MPa | 24 0 0
o,=1MPa -.54 12 .0
total (MPa) 1.86 2 .0
Hill-Tsai criterion: 1.017 x 10~
plate 3 and 7
plies at +45° o, o, Ty
0, =1 MPa 94| 06| —09
0,= 1 MPa 94 [ 06| .09
total (MPa) 1.88 12 .0
Hill-Tsai criterion: 1.02 x 10~
plate 1 and 5
plies at 0° o, o, Ty
o, =1 MPa 1.9 .02 .0
o,=1MPa -02 N .0
total (MPa) 1.88 12 .0

Hill-Tsai criterion: 1.02 x 107

18.2.9 Laminate Made of Identical Layers of Balanced Fabric

Problem Statement:

pZOO/o

P=30%

P=50%

(cf. plates
annex 1)

plate 4 and 8
plies at —45° o, o, Ty,
o, =1 MPa 94 .06 5
0,= 1 MPa 94 06 | -5
total (MPa) 1.88 12 0
Hill-Tsai criterion: 1.02 x 10™

plate 2 and 6
plies at 90° o, o, Ty,
o,=1MPa | —54 12 0
o, =1MPa 2.4 .0 0
total (MPa) 1.86 2 .0
Hill-Tsai criterion: 1.017 x 10~

plate 4 and 8
plies at —45° o, o, Ty
0, =1 MPa 94 .06 .09
0,= 1 MPa 94 | 06 | -.09
total (MPa) 1.88 12 0
Hill-Tsai criterion: 1.02 x 10~

plate 2 and 6
plies at 90° o, o, To;
o,=1MPa 02| 1 0
o,=1MPa 1.9 .02 .0
total (MPa) 1.88 12 .0

Hill-Tsai criterion: 1.02 x 107

A carbon/epoxy laminate consists of a stacking of identical layers of balanced
fabric with the composition illustrated below. The fiber volume fraction is V= 60%.

” See Applications 18.2.9 and 18.2.10.
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AR

1layer 1layer 1 layer

Give the elastic behavior law in the axes (x,)) and then in the axes (X,1).

Solution:

B Axes x,y: The fabric being balanced, each layer can be replaced by two
identical unidirectional plies crossed at 90°, with the resulting thicknesses
(see Section 3.4.2):

ewarp = €hy = 8/2

The laminate is balanced and its composition is as follows (see figure):
T y
33%

17%

33% —»Xx

17%
One then notes (Table 5.4, Section 5.4.2):
E, = 55,333 + AE,(MPa)
One can evaluate AE, starting from the expression:

JE

90°

dE, = 9E dp” +
op

90°
xdp

as:

AE, = (65,888—55,333)><%+(53,545—55,333)X% = 2630 MPa
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then:
E,.=57,960 MPa = E,

Poisson coefficient: v,, = 0.23 + Av,,.
From an analogous calculation:

Vy =020 = v,
Shear modulus: One notes (Table 5.5, Section 5.4.2)
G, = 16,315 + AG,, (MPa)
Then from an analogous calculation:
G,, = 14,500 MPa.

From which the elastic behavior relation in axes (x,)) can be written as (Equation

12.9):

1 0.2
£ — o
ox 57,960 57,960 0 ox
= |02 1 MPa
Eoy 57,960 57,960 0 0y ¢ )
1
Yoxy 0 O 500/ o

B Axes X,Y: The laminate is balanced and then has the composition:

I Y
17%

33%

17% —Xx

33%

In using the same tables as before, one obtains

Ey = Ey = 31,979 + AE, = 41,400 MPa
Vyy = Vyy = 0.56 + Avy, = 0.43
Gyy = 28,430 + AGy, = 24,190 MPa
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from which the law for the behavior in the axes X, ¥ can be written as (Equation

12.9):

1 0.43
€ _043 15
oX a0 ddwo O ox
SOY = 0‘43 1 O GOY (MPa)

41,400 41,400

1
poY O O 24, 190 TOXY

Remarks:

B One can note that a laminate constituted of layers of balanced fabric with
four orientations 0°, 90°, +45°, —45° admits two systems of orthotropic axes
x,y and X)Y.

B The elastic properties are suitably estimated when one uses Tables 5.4 and
5.5 in Section 5.4.2. This is not the same for the maximum admissible
stresses indicated in Tables 5.1, 5.2, and 5.3 that are valid only for laminates
made of unidirectional layers. In effect, the resistance to rupture for a layer
of balanced fabric is clearly higher in tension than the first ply failure limit
for an equivalent fabric, made up of layers at 0° (50%) and 90° (50%). For
a calculation of first-ply failure or for the failure criterion of the laminate
proposed in this application, it is convenient to consider a layer of fabric
as an anisotropic ply with thickness e (see Section 3.4.2) with the values
of rupture Stresses Oy pwrer O ruptures AN Tgy ruprure Of the balanced fabric
itself (see examples in Section 3.4.3). One will then have the following
equivalence””:

%o

+x+®é%%©&§m

0%

18.2.10 Wing Spar in Carbon/Epoxy
Problem Statement:

Consider an airplane flap with the internal structure (excluding facings) shown
schematically in the following figure. It consists of a spar and several ribs. The spar
is a laminate of carbon/epoxy fabric with V, = 45% fiber volume fraction, the
composition of which varies with the longitudinal coordinate axis x, in the flange
and in the web. A preliminary calculation of the flap in isostatic equilibrium

5? See also Application 18.2.10.
7 See Section 5.2.3.
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reveals the maximum stress resultants in the two zones of the spar indicated in
the figure.

One proposes for each of these zones the compositions indicated in the figure.

1. Evaluate the elastic properties of the laminate in these two zones.
Verify the two corresponding laminates:
a. At rupture.
b. At buckling.

B Thickness of a layer of fabric: 0.24 mm.
B Properties of carbon/epoxy fabric: See Section 3.4.3.

Solution:

1. Elastic properties:
(a) Zone 1: Composition of the laminate™: See sketch below.

¥ See Section 5.2.3 and remark at the end of previous Exercise 18.2.9.
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Calculation of elastic moduli (Equations 12.7, 12.8, 12.9, and 11.8):

0%
33%

67% x(0°)

0%

o _ oo _ oo
Enw = Ee;, En = VyEe, Exz = Gy,

—is°  E(+E 1 - —is°  E¢+E 1 -

En = === 4 S(VEc+2Gy); En = =—=— Gy +=V,Ee
4 2 4 2

—ise  Ee+E 1 =

By = 64 Z—EV/(Ef

with (Section 3.4.3):

Ec=E=EJ(1-v,XV,); E,=54000MPa; v, =V, = 0.045
Gu = G, = 4000

Then:

E = 54,100 MPa; Ei» = 2435 MPa; Es; = 4000 MPa
EL =32,270 MPa; Ep = 24,270 MPa; Es = 25,840 MPa

One deduces from there:

%AH = B x0.67+E4 x0.33 = 46,900 MPa = %AZZ
%Alz = EL % 0.67+ED x0.33 = 9640 MPa
1

Ay, = E33x0.67+E5 x0.33 = 11,210 MPa

After the calculation of hlA]™", one obtains the law for the behavior in zone 1:

1 0.2
€ —_V2 o
0x 44,920 44,920 0 o
- 0.2 1
Eoy T 44,920 44,920 0 Ooy g
1
Yoxy 0 0 1.210| | Toxy

(b) Zone 2: Composition of the laminate:
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Following the same method as above:

0%
60%

40%

0%

%AH = %Azz = Eix04+E x0.6 = 41,010 MPa

14, = 15540 MPa

b

4., =17,100 MPa

h

then, after inversion of the behavior law in zone 2:

1 0.38
£ — o,
ox 35,120 35,120 o
= |__038 1 [2]
Eoy 35,120 35,120 Ooy
1
Yoxy 0 0 7100 | Tow

2. (a) Verification of non rupture:

B Zone 1: Compression in the lower skin: N, = =435 N/mm, then with 9
layers of fabric of thickness 0.24 mm:

o, = —202 MPa
from which the strains are (Equation [1] above):
€= 4497 X 107 £,=9%x 107 %, =0
e Layers at 0°/90°: (Equation 11.8):

—0° —0° 0°
= E X Epx T Ei2 X 80}, = =241 MPa = Oy
0° 70° 70° 0°

o, = ExXx Eox + Ex»n X goy = 38 MPa = O,

0°
_O= ’[([

B
[
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The Hill-Tsai expression: (Section 5.3.2 and Chapter 14)59:

—241° | 38" —241x38

= (0.72)°< 1
3607 420° 360°

Factor of safety (Section 14.2.3.): 6}7—2—1 = 38%.

e Layers at 45°/—45°: One finds by an analogous calculation a much weaker
value for the Hill-Tsai expression: (0.49)>. The layers 0°/90° fail first.

B Zone 2: With a shear stress resultant 7, = —=30 N/mm and 5 layers of
fabric with 0.24 mm thickness, one has:

Tpny = —25 MPa.

From which the strains are (Equation [2] above):

€= 0; €, = 0; Yoy = —1.46 x 107
e Layers at 45°/—45° (Equation 11.8):

5° 45°
o, =0, =0; 1,

= —38 MPa
Equation 11.4:
o =-1, =38 MPa=-0"; 17, =0

Hill-Tsai expression:

2 2

—38" —38 x 38
>t 2 2
360 420°

38
420

= (0.17)

corresponding to a factor of safety of 0—117 -1 = 500%

e Layers at 0°/90°: One finds a smaller value for the Hill-Tsai expression:
(0.1)°. It is the 45°/—45° layers that fail first.

2. (b) Verification for buckling: This is done starting from the graphs of
Appendix 2. In this view, one has to evaluate the constants Cy;, C,,, Cis,
Cy; that appear in the law of the bending behavior (Equation 12.16):

* As recalled from Section 14.2.2 (note 4 at bottom of the page), a balanced fabric is not
transversely isotropic. The Hill-Tsai (Equation 14.6) can be rewritten in this case as:

GZ GZ 2 1 TZ
—t ——_G0| 5~ +—L <1

2 2
O‘? rupt 07 rupt O-f' rupt O-Z rupt

€1 rupt

Without knowing 0 e and taking into account the weak influence of the modified term,
one uses the Equation 14.6.
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m Zone 1:

k=9
o glh
45 G = zpw E_:_;(Zk—z“)
(]
0° keidpy b3
P X
00
450
k=1
oly 7k 7 2 3 3 5 6 7 3 9

3
(Zk_zk—1) 0.2223 | 0.1256 | 0.0564 | 0.0150 | 1.152 E-3 | 0.0150 | 0.0564 | 0.1256 | 0.223
3

from which:

C; = Gy = 39,930 N mm

C, = Cy = 7555 N mm

H
I

8870 N mm

Then:

39,930 7555 0
[C1=17555 39,930 o |(Nxmm)
0 0 8870

Consider the unfavorable case of a plate simply supported at two of its sides,
clamped along the third side, and free on the fourth side (see figure in the Problem
Statement). Using the Plate 16 in Appendix 2 with the values:

C,,+2C C, N\
c==2 B o 22,295 _ 0.63; Q(ﬁ) > 1

NC X Chy 39,930 b\Chy
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one obtains
k#1.15
from which the critical compressive stress resultant is
Ny aivea = 1.15 7 (39930/40°)
Ny aitical = 283 N/mm < 435 N/mm applied

There is a risk of buckling, and one must reinforce the wing in the central part
of the spar where the compressive stress resultant is maximum by means of
exterior layers at 0°/90° in such a way to augment C); and C,,. For example, with
a supplementary external layer on either side:

C = 77,475 N/mm; C% = 9245 N/mm; C%; = 11,646 N/mm.
from which C = 0.42, & # 1, and:

N’ et = 477 N/mm > 435 N/mm applied.

u Zone 2:
Z
12 0.24

k=5 _cth 3 3

45° = Co= k=3 ply =k | Lk ~ Lk
0° R W] T = X i 3
45° N k=1 ply
o =
X ™ k=1

One obtains after calculation:

5300 2840 0
[C]l = ]2840 5300 0 [(NXxmm)
0 0 3065

In the unfavorable case of a plate simply supported on four sides (see figure in
the Problem Statement), one uses Plate 18 of Appendix 2 with the values:

a CZZ 1/4
c=17;, —=|—=— >1
7 b(Cn)

One obtains

k#7
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from which the critical shear stress resultant is

Txy critical = 7 n-z (5300/1302)

Txy critical — 21 N/mm < 30 N/mm apphed

There is then a risk of buckling and one must reinforce the web in this part of
the spar where the shear force is maximum. A supplementary external layer at
0°/90° on either side of this web gives

% = 18,890 N/mm; C% = 3450 N/mm; C% = 4070 N/mm.

From which: €= 0.6, k # 4.3, and:

Ty et = 47 N/mm > 30 N/mm applied.

18.2.11 Determination of the Elastic Characteristics of a Carbon/Epoxy
Unidirectional Layer from Tensile Test

Problem Statement:

Consider a unidirectional plate of carbon/epoxy, from which one cuts the two
samples shown below. They are tested in a testing machine. One measures the
strains using strain gages arranged as shown. The strains obtained under different
loads are linearized. One shows their values corresponding to a uniform tensile
stress 0, equal to 20 MPa.

Calculate the elastic constants of the unidirectional layer subject to in-plane

loading.
[ y ‘| y

£x= 143 £-6; £,= 36 E-6 £5,= 660 E-6; &5, = —250 E-6

Solution:

One can use the Equation 11.5:

B Sample No. 1: The axes x and y are ,coincident with the axes ¢ and ¢ (0=
0). From which:

e =% % p 20 _ 139860 MP

W= g T g kT s T Y 4
\Y 1%

glrz—ﬂxc =——€,XO'X—>V“=0.25

Y E. X E(
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B Sample No. 2: The axes x and y make an angle of 6 = 20° with the axes
[ and t, from which®:

leading to
1 0.1325
— 4+ == = 2.69 E-4
G E,
L1 1444
G E

from which: E, = 7320 MPa; G, = 3980 MPa
In summary:

E, = 139,860 MPa

E, =7320 MPa

Ve, = 0.25; v, = 0.013
Gy, = 3980 MPa

18.2.12 Sailboat Shell in Glass/Polyester

Consider a siding of a laminated shell for a sailboat made of glass/polyester. It
is made up of a stack of layers of balanced fabric and glass mat. The reinforce-
ments, in “E” glass, are in the following form:
Balanced fabric: V, = 20%, mass of the glass per square meter: m,, = 500 g.
Mat: V; = 15%, mass of glass per square meter: m,, = 300 g.

Problem Statement:

1. Calculate:
(a) The thickness of one layer of fabric of glass/polyester.
(b) The thickness of a layer of mat of glass/polyester.

2. Given the composition of the laminated siding as follows:

[M/F/M/F], (M <> Mat; F <> Fabric)

40 Vie _ Ve .
One has £ = -Y See Exercise 18.1.2
t (4
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unidirectional

Figure 18.9

x (0°)

Figure 18.10

what is the total thickness, denoted as b, of the laminated siding?

3. Elastic characteristics of a fabric layer: One considers a layer of balanced
fabric to be equivalent to two series of unidirectional plies crossed at 90°,
each series possessing half of the total thickness of the fabric layer (see
Figure 18.9).

The elastic characteristics of these unidirectional plies are as follows:

E, = 18,000 MPa; E, = 4900 MPa; G, = 1850 MPa; v,, = 0.3.

Calculate the elastic characteristics (moduli, Poisson coefficients) of a layer of
fabric in axes C,T.

4. The layers of mat are considered as isotropic in their planes, with the
elastic characteristics:

Ey, = 8350 MPa; vy, = 0.3.

Figure 18.10 represents one planar portion of the laminated siding. All the fabric
plies are oriented at 0° — 90°. Calculate the global elastic characteristics (moduli,
Poisson coefficients) of the siding working in its plane.

Remark: Tests done on samples made of this material indicate a modulus of
elasticity along the x direction to be equal to 9200 MPa. What can be said about
this?

5. Rupture: The rupture strengths, considered to be equal in tension and in
compression, are as follows:
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B Fabric layer: along C or T: Opypure fabric = 139 MPa.

B Mat layer: O,y v = 113 MPa.

(a) Calculate the maximum stress o,, leading to first ply failure of the
siding. What are the layers that fracture?

(b) Apply the maximum stress 0,,. In the previous layers that fractured,
the glass fibers are supposed all broken. What happens to the laminate?

Solution:
1. The thickness of a layer denoted as b is such that (see Section 3.2.4):
b = ﬂﬁ
ViPr
The specific mass of “E” glass is (see Section 1.6): p = 2600 kg/m’, from which:

Peapic = 0.96 mm; by, = 0.77 mm.

2. The siding is constituted of the following stacking sequence:

3 [ 2 1 & [ =

mat  fabric

The total thickness is
h =077 x4+ 096 x3 =596 mm.

3. Elastic characteristics of a fabric layer: The moduli and Poisson coefficients
can be evaluated starting from the simplified relations of Section 3.4.2.
One obtains, with & = 0.5 (balanced fabric):

E. = E, = 11,450 MPa
GCT = 1850 MPH, VCT = VTC = 0128

A more precise calculation of these characteristics requires to establish the matrix
hIAT™ of Section 12.1.2. (Equation (12.9)). We calculate at first %[A] (Equation 12.8):

%A,:, = (E))(0.5)+ (E)")(0.5)

The terms E; are given by the Equation 11.8. One will have, for example:

L 1 EE
pin = (EO(05) +(EN05) = 5 7= =~
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with

One obtains

11,737 1507 0
Al = 1507 11737 0o [(MPa)

0 0 1850
1 _0.128
11,540 11,540
hlAT! = |_0.128 1
[4] 11,540 11,540 0
1
0 0 1850

from which:

&
|

= E, = 11,540 MPa
1850 MPa

Ver = Ve = 0.128

Q

9}

Q
I

(The difference between the values obtained above is small).

4. Elastic characteristics of the siding: These are deduced from the matrix
HIAT™" (Equation 12.9) calculated for all the laminate.

We calculate at first %[A] (Equation 12.8):

1 — fabric — Mat

Ay = B+ EHE™)
with

fabric — 3 X 096 — 0483’ pMat = 0.517.

5.96
—, fabric — fabric = E C .
n =£FEx»x =E= P (see Equation 11.8)
1-v.,
— fabric = — fabric
Evn =V Eg Ez = Gep
— Mat = Mat By —Mat  ViaeEya
En = E»n = _____a_z_; En = ————2—a
1 vMat 1 vMat
EMat G EM,‘H
33 = Mat —
2(1 + vMat)
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We obtain

. 10,410 2149 0
E[A]= 2149 10,410 0 |[MPa]

0 0 2554
L0206
9966 9966
h[AT" = |_0206 1
] 9966 9966 O
1
0 0 755

then:

E, = E, = 9966 MPa
G,, = 2554 MPa
Vi = Ve = 0.206

Xy

Remark: The real modulus (measured) 9200 MPa is a bit smaller than the one
calculated. In effect, due to the curvature of fibers from weaving, a fabric layer
is softer than the stacking of unidirectionals that are crossed at 90°. However, the
approximation obtained by calculation is suitable (difference < 10%).

5. Fracture of the siding:
(a) One subjects the siding to a stress ©,,. The strains of this siding are
given by the Equation 12.9 as:

£ G, 0,:/9966
g, (=PI 0 =1 -0.206 0,/ 9966
’J/oxy 0 0

These strains give rise to the following stresses:

B In the layers of fabric (see results from Question 3):

Oc 11,737 1507 0 0,,./9966
oy (=3 1507 11,737 0 —-0.206 ©,,./9966
Ter 0 0 1850 0
1.15 o,,
=13 -0.09 o,
0
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The Hill-Tsai criterion in these layers is satisfied for a stress o, such that:

(1.15%)2 . (—0.09%)2 _=0.09x1.150;, _
139 139 139° -

as:
0,. = 116 MPa

B In the layers of Mat, with the values of the coefficients E}m of Question 4,

we have
o, 0,../9 966 0.860,,
— Mat
o, ( = [E 1§ —0.206 6,,/9 966 { =7 0.0870,,
Ty 0 0

The Hill-Tsai criterion in the mat layers is satisfied for a stress ©,, such that*":

=1

(0.86%)2 .\ (0.087(%)2 0.86 X 0.0870".,
113 113 113°

then:

G, = 138 MPa|

The fabric layers are the first to fail, for a stress of

o = 116 MPa

0xX max

(b) This stress being applied, the rupture of the fabric layers translates
into the rupture of the glass fibers. The stress resultant corresponding
to this constraint as:

N, = O max X b =116 X 5.96 = 691 N/mm
is then completely taken up by the layers of Mat. The stress in these layers is then:

N, 691
O e = = = 224 MP
XM A X by 4X0.77 4

A mat layer does not have transverse isotropy in the axes y, z (or x,2). The Hill-Tsai expression
is then modified. We use however the Equation 14.6 here (see remark 39 at the bottom of
page in Application 18.2.10).
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It exceeds the rupture strength of the Mat (113 MPa). Then this latter layer fractures.
The siding is then completely broken under the stress:

O max = 116 MPa

18.2.13 Determination of the In-Plane Shear Modulus
of a Balanced Fabric Ply
Problem Statement:

Consider a sample cut from a laminated panel made of identical layers of balanced
fabric, all oriented along the axes C (warp direction) and 7 (fill direction) in the

following figure.
The sample is in a state of simple tension in its plane along the x axis as

shown in the figure.
o, #0; O, = Tpy =0

Two strain gages are bonded (see figure). These are denoted as 1 and 2:

- 27 c
X i
=

— m » or

B From gage 1, one reads a strain €.
B From gage 2, one reads a strain g,

1. Noting that y,,, = 0, give the expression for the distortion ¥, in the axes

C and T as a function of g, .and g,
2. Give the expression for the stress 7.,in the axes C and 7'as a function of o,,.
3. Deduce from the previous answer the shear modulus G as a function of

€, €y and O,

ox) ©oy

Solution:

1. Equation 11.7 allows one to write

2 2
Ec c S —CS Eox
= 2 2
Er s c cs £,
2 2
Yer 2¢cs =2¢cs (¢ =S5) Yoxy
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Here, we have a balanced laminate with midplane symmetry, loaded in its axes
x,y. Then (Equation 12.9): ¥,,, = 0, from which:

. 1 1
2¢cs g,,—2cs g, with ¢ = —; s = ——

V2 N2

Yer

YCT = - eox + Eoy

2. According to Equation 11.4:

2 2
(o c S —-2cS O,
= 2 2
Oy s c 2cs 0
2 2
Tor sc —=sc (c"=5") 0
then:
O,
Ter = SC O,y = — %C

3. The constitutive behavior of the fabric in its axes can be written, starting
from the Equation 11.5, as:

1 Ver
E- - _ (o5
c i i 0 C
= V(JT 1 =
Er "k L 0 Oy
1
0 0 =
Yer Ger Ter
Ter
Yer =
Ger
From which:
O,
GC,T — ox
2 ( Eox— St)y)

18.2.14 Quasi-Isotropic Laminate
Problem Statement:

Consider a laminate made up of a number of identical unidirectional plies, with
midplane symmetry and the following composition:

© 2003 by CRC PressLLC



25%
25%

25% —» XxorQ°
25%
The elastic characteristics of a ply in its axes € and ¢ are denoted as:
E, E, Gu, Ve, Vi

One examines the behavior of this laminate under in-plane loading, following the
law (Equation 12.9):

EU.X GO.X
-1

€, (= h[A] O,

ynxy Toxy

1. Calculate the coefficients of the matrix l[A] .

By inversion, deduce from there the elastic moduli of the laminate.

3. What comment can one make? Deduce from there the law for the behavior
of the laminate under in-plane loading in the axes (X,Y) derived from the
(x,)) axes by a rotation angle 6.

o

Solution:

1. Coefficients +A4

54, are given by the Equation 12.8 as:

1 L
A = Z[E5}+E30 +E;° +EZ,45}

The stiffness coefficients E?, are obtained from the behavior of a ply
(Equation 11.8). In using this relation for 8 = 0°, 90°, +45°, —45°, one obtains

1 1 1 - = _
EAH = EAzz = Z[%(E(+Ez)+ Vi E(+2G€l:|
1 1mri1,.- - -
EAIZ = i §(E€+Ez)+3vtg Ee—2Gy,
1, 1l . - _
545 = 7| 3Bt E) = v B+ 26,
1 1
/;Als = EAza =0
where one recalls that: B, = —=¢ . E = 5
T=vv, 1=v,v,
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The matrix %[A] reduces to

1 An A O
b Ay Ay O
0 0 A,

2. From the above, the modulus of elasticity of the laminate in directions x
and y, and the associated Poisson coefficient are

1
1 51411 _ 51412

A4 _
1 2 2
E ;;(All _A12)

T 1, 2 20
E ;E(An _Alz)
One obtains after calculation:

_ [2(Ee+E)+4v, EllEe+E =2V, Ec+4G,,]

4[%(&( + E{) + Vte E( + 2G(’li|

J(Ec+E)+3v, Ec—2G,,

J(Ec+E)+ v, Ec+2G,,

The shear modulus is written as:

G = [%(E{*‘E;)-VW E(+2G{/[:|

1
4
3. One can remark that:

E
G = ——
2(1+v)

This leads to an isotropic elastic behavior of the laminate in its plane. As a result,
in all coordinate systems (X,Y) derived from (x,)) by any rotation angle, the
constitutive behavior of the laminate is unchanged and is written as:

1 14
& [ (o)
‘ X 5 % 0 X
&y z 5 0 o,
1
Yxy 0 0 G Txy
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Remark: This result generalizes to other groups of orientations for plies such as:
[O7E7g._}; [071t7g.7_z.’ 27_[7@}
3°3 557575
and so on.

More generally, a laminate made up of » orientations (a whole number n > 2),
having the values of ;—f(p— 1), with p = 1,..., n and with the same proportion of
plies along each orientation as (1/7) is elastically isotropic. One shows also that
for all these laminates, £ and v are invariable.”

18.2.15 Orthotropic Plate in Pure Torsion
Problem Statement:

Consider a square plate (a X a) of unidirectional glass/epoxy (V= 60%), thickness
b, welded at the center of its lower face on a support. It is subjected to a uniform
and constant torsional moment density 72, (N mm/mm) along its perimeter.43

The directions €, ¢ of the unidirectional form an angle 6 with the axes x,y of
the plate (see figure).

1. Assuming that all stress resultants in the plate are zero (except the torsional
moment), determine the bending displacement at all points of the mid-
plane.

2. Determine the state of stresses in the axes (x,)) then in the axes (€,1) of
the unidirectional layer.

3. Numerical application: 8 = 45° a =1 m; » =5 mm; m, = -10 N mm/mm.

* For more details, see Bibliography at the end of the book: “Stiffness isotropy and resistance

~ quasi-isotropy of laminates with periodic orientations.”

* The practical importance of such a load is very limited. It is better to consider this example
as a means to validate a computer program using finite elements. It is one of the “patches”
issued from the work “Computer programs for composite structures: Examples of reference
for validation” (see Bibliography at the end of the book).
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Solution:
1. In the constitutive Equation 12.16, one has

h/2 3

_ >
C~ = E;J zd = Et—
v ’ —b/ZZ o 12

then:

b3

(€1 = IE]

where [E]is the matrix shown in details in Equation 11.8.

By inverting the Equation 12.16 and noting that:

where F} is the matrix shown in details in Equation 11.5, one has

2 1211 7

Jd w, = —| = _ 1
2w, I -, [
dy _Mxy

32100 »

—2 oxdy

Assuming the unit stress resultants all to be zero except waﬂ one has

[Vx = Ny = Txy = Mx = M} = 0; Mxy =m,

There remains (see Equation 11.5):

'w , 'w o'w
____.s_gﬂﬁm. ﬁ_g:lZHﬂmo; 2____2212_1_,%0
2 3Gy, oxady 5 G,

8x2 - ]95 ny ° 8y

Therefore one can write w,(x, ) in the form:

m
w, = % GO(Ax2+By2+ny+Dx+Ey+F)
xy

* With this hypothesis, equations of equilibrium, constitutive equation, and boundary conditions

are verified.
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d d
At the center of the plate: w, = 0; .élfi" = e _
X ay
from which: D = E = F = 0. And by identification with the second derivatives:
24 = nxy; 2B = :uxy; 20=1

The out-of-plane displacement takes the form:

6mo 2 2
= bs_ny (May X+ ey + X)

(2]

o

2. State of stresses: The strain field in the axes of the plate is written as
(Equation 12.12, taking into account [1]):

azw(,
& oo 0

) 1271
e (=% _ow f=2x32] g
v P h°LE

’w

N Y —m

Yy Zc?x&y ?

Ox b 12 1 12
o, = [E] £, = zX _3[E]|:E:| 0 = ZX;
Tyy Yy —m, —-m,

then:

o, =0;, o0,=0;, 1, =—z><lgm
y Xy b3 [}

B Stresses in the axes of the unidirectional: These are obtained by using
the Equation 11.4, which is®

O, = —2¢S T, = ZXcsX—=m,
’ b
_ _ 24
o, = 2¢8 1T, = —ZXCcSX—m,
b
2 2 2 2 12
Ty = (¢ =$8)T,, = —2(c” =5 )x;;mo

> s s 2
“ Note that here the angle 6 = (£ - x) since the Equation 11.4 is written with 8 = (x-¢).
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3. Numerical application:
One has (Section 3.3.3) for the glass/epoxy:
E, = 45,000 MPa;  E, = 12,000 MPa;
Gy, = 4500 MPa; v, = 0.3 (v, = 0.08)

from which (Equation 11.5 with 6 = —45°):

My _ My _ 01375
G,y Gy 4500
and w, takes the form:
1 2
= ——[xy—-0.1 2+
Wo = 5 375[xy 375(x*+ )]

The deformed configuration is shown in the figure below:

z

The stresses (in MPa) are written as:
0,=0,=0; 1,=096 Xz (mm.
0, =-0,=096 X z(mm); 7T,=0
18.2.16 Plate Made by Resin Transfer Molding (R.T.M.)

Problem Statement:

First part:
A roll of mat of carbon fibers has the following characteristics:

Areal mass density: m,, = 30 g/m2
Specific mass: p,= 1,750 kg/m’

© 2003 by CRC PressLLC



One deposits 21 layers of this mat over a plate in a rectangular mold. The mold
is then closed and sealed, as shown in the figure below:

polyester resin

mold

4} vacuum

R, and R, represent two valves.

B R, is closed, R, is open. The mold is vacuumed.

B R, is open, R, is open. Polyester resin is filled into the cavity of the mold.
Then resin begins to flow out through valve R,.

B R and R, are closed.

The mold is then heated, and the resin polymerizes. After demolding, one obtains
a plate of mat/polyester.

1. Calculate the fiber volume fraction V; (%).

2. Calculate the modulus of elasticity along the longitudinal and transverse
directions, denoted respectively as E, and E,, of a unidirectional of carbon/
polyester, that would have the same amount of fiber volume fraction. The
following is given

Epe = 230,000 MPa; E, = 15,000 MPa (Section 3.3.1, Table 3.3)
E. . = 4000 MPa (Section 1.6)

3. Starting from the relation in Section 3.5.1 giving the modulus of elasticity
of mat (which is assumed to be isotropic in the plane of the plate), deduce
from there the value of E.,. Assume that v, = 0.3.

Second part:

One polymerizes on each face of the previous plate two plies of preimpregnated
carbon/epoxy unidirectionals with V, = 60%. (see characteristics given in
Section 3.3.3). Each ply has a thickness of 0.13 mm. The four plies (two above,
two below) are oriented in the same direction denoted as x (or 0°). The midplane
of the laminated plate coincides with axes x and .
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1. Write numerically for the unidirectional and for the mat the constitutive
relation in the x,y axes in the form:

o, £,
o, (= IF ¢,
Txy ’}/xy

2. Calculate in the axes x, y the coefficients of the in-plane constitutive relation
of the laminated plate (matrix [A], Section 12.1.1). Deduce from there the
moduli of elasticity and the Poisson coefficients of the plate.

3. Calculate in the axes x,y the coefficients for the bending behavior of the
laminated plate (matrix [C], Section 12.1.4). Deduce from there the apparent
bending moduli along the directions x and y.

4. This laminated plate is submitted to a tensile stress resultant along the x
direction denoted as N, (N/mm). The tensile rupture strength of mat is
100 MPa. Calculate the value of the stress resultant N, that leads to first-
ply failure of the laminate. In which component (unidirectional or mat)
will this failure occur? This component is supposed to be completely
broken (i.e., its mechanical characteristics are reduced to zero). What then
is the state of stress in the other component? Make a conclusion.

Solution:
First part:
1. Fiber volume fraction of carbon:

__vol. fibers
/™ total volume
If s is the rectangular surface at the base of the mold, the volume of a layer of mat is

Pr

N

from which, for 21 layers:

21 xXsxm,./p;
Vv, = 4= = 12%
) §X3x10

2. Moduli of elasticity (see Section 3.3.1): One has

E, = EV+E,V, = 31,120 MPa

E, = E{_________lb } = 4386 MPa

Vm+}7:f‘lvf
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3. One has (see Section 3.5.1)

E.. = SE,+2E = 14410 MPa
8 8
Second part:
1. Constitutive behavior:
B Unidirectional:
1 0.25
€ —_ = O
. 134,000 134,000 0 ¥
— | __025 1
& 134,000 7000 0 Oy
1
Yy 0 0 3200 )| Twy

After inversion:

O, 134,440 1756 0 &

o, (=] 1756 7023 0 |1 &

T, 0 0 4200] | 7,

B Mat:
1 0.3
€x 14,410 14,410 0 %,
_ 0.3 1
& (7 |TTa40 14,410 0 o,
2(1+ 0.3)
Vay 0 0 14,410 | U T
After inversion:

o 15,835 4750 0 €.

o, (= | 4750 15,835 0 g,

T, 0 0 5542) | 7y

2. Membrane behavior of the laminated plate:

n
k) (k)
A;= Y Eyje
ply n°1
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e
I

134,440 x 4 x 0.13 + 15,835 x 3 = 117,408 (MPa mm)

o
Il

7023 x 4 x 0.13 + 15,835 X 3 = 51,151 (MPa mm)
Ay, = 1756 X 4 x 0.13+ 4,750 x 3 = 15,163 (MPa mm)
A=Ay =0
Ay = 4200 X 4 x 0.13 + 5542 x 3 = 18,810 (MPa mm).

From this, and with a total thickness of the plate of

h=3+4x0.13 =352 mm

we have

117,408 15,163 0
(4] = | 15,163 51,151 B
. 0 0 18,810
[ _ 013 0
32,078 13,975
hlA] = |03 _1_
32078 13,975
1
0 0 =a

then for the moduli of elasticity of the plate:
E. = 31,078 MPa; v,, = 0.3; Gy = 5344 MPa
E, = 13,975 MPa; v, = 0.13

Y

3. Bending behavior of the laminated plate:

(k) Z/e 1
- 3 #(E)

ply n°1

unidirectional

“_si“ﬂ __middle pl_arze_[ll_

mat
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1.76°=1.5° 1.5°

Cy, = 134,440 x———g——'—x2+15,835x—§—x2 = 221,763 MPa x mm’
3 3 3
C, = 7023x1—'16——3_—1'—5-x2+15,835x1—'5§—x2 = 45,352 MPa X mm’
3 3 3
C, = 1756XM><2+4750><%><2 = 13,119 MPa X mm’
Cis=Cy =0
3 3 3
633=4200><—1~'~7-6-~3:~1~'-§—><2+5542><-1-§—><2 = 18,284 MPa x mm’

from which (see Section 12.1.6):

1 1 Lo
217,968 753,509 Eln  El
-1 1 1
[C] = ! 1 = |= —_— 0
753,509 44 576 0 Eln EL»
1 1
0 0 18,284 o0 =

Apparent bending modulus in the x direction:

S — E;, = 59,972 MPa
h

3
Bl Bpox 35

The apparent bending modulus in the y direction:

1 1

S %Eﬁ, = 12,264 MPa
X '/
2 E.f.'l/ X 12

&

4. Rupture: For a stress resultant N,, the plate is deformed in its plane
according to the relation:

896 Nx
e, [=14T7] o
’J/xy 0

then with the values found for [A4]™":

—6 —6
£, =8856x10° X N; & =-266x10°"%xN; %,=0

© 2003 by CRC PressLLC



One then has for the stresses:

B In the unidirectional layer:
0, = 0, = 134,440 €, + 1756 €, = 1.183 N,
0, = 0, = 1756 &, + 7023 €, = —0.003 N,
Ty = Ty = 0.
B In the mat layer:
o, = 15,835 ¢, + 4750 €, = 0.128 N,
0, = 4750 €, + 15,835 €, = 55 x 10 x N,
Ty, =0
From which the failure criteria are (see Section 14.2.3)
B In the unidirectional layer:

(Lmwa+c@ommgz_1w3x4nmyﬁ

, <1
1270° 141° 1270°

Failure will not occur when: N, < 1072 N/mm.
B In the mat layer:

(0H&Wf+(55E6xA@2_QH8x55E6fo<

1
100° 100° 100°

Failure will not occur when N, < 781 N/mm.

Failure will first occur in the mat layer (first-ply rupture). The mat is supposed
to be completely broken. The stress resultant N, = 781 N/mm leads to a state of
uniaxial stress in the laminate such that:

N, 781

=0, = ——— = — = 1502 MPa>
Oy O 4 % 0.13 0.52 50 a>0oy rupture

The fibers in the unidirectional layer are broken.
Conclusion: The first-ply failure leads to ultimate rupture of the laminate.

18.2.17 Thermoelastic Behavior of a Balanced Fabric Ply
Problem Statement:

Consider a layer of balanced fabric made of carbon/epoxy (V, = 60%). The
configuration of a unit cell (@ X @) is shown in Figure 18.11. One considers the
layer of fabric as equivalent to two layers, each with a thickness e.
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Figure 18.11

al2

Figure 18.12

First part: Upper layer

We study the upper layer as shown schematically in Figure 18.12.
Assume that this upper layer behaves as if it consists of two equivalent unidirec-
tional layers (a X a) crossed at 0° and 90°. These layers have equivalent thicknesses
denoted respectively as:

0°
equi

90°
equi

e and e

0° . 90° _ 1
1. Show that e.,; = 20; Coqui = 7€

2. Deduce from the above the stiffness matrix %[A] of this upper layer made
up of the two previous unidirectionals, with the values of the moduli and
Poisson coefficients for the unidirectional indicated in Section 3.3.3.

3. Deduce from the above the moduli of elasticity and Poisson coefficients
of this upper layer, denoted as E,, E,, G,,, vxy.46

4. The coefficients of thermal expansion of the unidirectional are denoted as
o, and ¢, (see values in Section 3.3.3). What are the values of the
coefficients of thermal expansion o,,, «,, @, of this layer? (One will at

oxy Yoy Yoxy

first calculate the terms denoted as <aEb>; of Section 12.1.7).

46

Note here that:

1 E. vuEo 0
A \voE,  E, 0

by

0 0 Gy

© 2003 by CRC PressLLC



layer n°2

layer n°1

Figure 18.13

Second part: Complete fabric layer
Now we consider the complete fabric ply (thickness 2e, see Figure 18.11) as the
result of a simple superposition of two layers like the one that was studied in
the previous part, these two layers being crossed at 0° (upper layer no. 2) and
at 90° (lower layer no. 1.

One retains in the following e = 0.14 mm.

1. Write numerically with the previous results the in-plane constitutive behav-
ior for layer no. 2, then for layer no. 1 in Figure 18.13 in the form {c} =
[E]{e). o

2. Calculate the coefficients aF; (see Section 11.3.2) of layer no. 2, then of
layer no. 1.

3. Calculate the matrix [A] characterizing the in-plane behavior of the double
layer in Figure 18.13 (layer no. 1 + layer no. 2).

Third part: (Independent of the two previous parts until Question 9)

We consider a laminate which consists of two orthotropic plies noted as 2 and
1, each with a thickness e, crossed at 0° (or x) and at 90°, respectively. We give
below the respective thermomechanical behavior of these layers in axes x and y,
which are written as:

Ply no. 1 (lower ply):

Oy a ¢ O] & ¥i
o,( =|c b 0y ¢ (mAy g
Ty ), 0 0 d{ 7, 0

Oy b ¢ O & g
o, =|c a Oy g (AL f
Ty ), 0 0 d Yy 0
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Recalling that the thermomechanical behavior of a laminate is written as:

SO.X — —_
N x gqy < (XE b > x
NV ’}/ox] < aEb))’
Ty | _ {A 5] Fw, (_pp (aEb),,
M, B C ox* {aEh 2>x
-M, A (aEDY,

dy 5
=M, Fuw, | (OED") )|
) 3

Write the literal expression of matrix [Al.

Write the literal expression of matrix [C].

Write the literal expression of matrix [B].

Calculate the terms <aEb>,, <akb>,, <aEb>,,, <QEh*>,, <aEh’ >, , <oEh’ >
Write the thermomechamcal behawor equation.

This plate is not externally loaded. It is subjected to a variation in
temperature A7, Deduce from item 5 the corresponding system of equa-
tions. PY

7. Give the values of ¥, and e,

Write the equations that allow the calculation of other strains.

9. Taking into account the results obtained in the second part, write numeri-
cally this system of equations with AT = —160°C. Give the corresponding
values of strains. Comment.

S

@

Solution:

1.1. Volume of fibers at 0°:

2

0o 3a 0°
Vv = Txe = 61 X Cequiv.
Volume of fibers at 90°:
aZ
90° 90°
v o= er =a X Cequiv.
from which:

&= 3e S0 =€
CquV. 4 ) equV. 4

© 2003 by CRC PressLLC



1.2, Stiffness matrix %[A]: According to the Equation 11.8 and the values in

Section 3.3.3:

Ey

—0°

Evy = E, = 7023 MPa: Es = Gy, = 4200 MPa

—90°

E¢ = 134,439 MPa; Ei» = v, E, = 1756 MPa

EN = 7023 MPa; En = 1756 MPa; E» = 134,439 MPa; Es = 4200MPa

—0° 3¢  —oo°
Ay = En X%*‘En X

—=0° e —=90°
A22 = EszSZ-f‘Ezz X

Ay, = 1756 MPa; Ay = 4200 X e (MPa.mm)

I AR

. 102,585 1756 0
plAl =1 1756 38,877 0 |(MPa)
0 4200

1.3. One has, according to Equation 12.9:

L Ve
E, E,

(R
0 0

from which:

E,. = 102,506 MPa

E, = 38,847 MPa

102,585 X e (MPa.mm)

38,877 X e (MPa.mm)

Vye = 0.017; v, = 0.045

G,, = 4200 MPa

One then can verify that:

Ex vyx Ex
1
pA v B, E,
0 0
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1.4. One has (Equation 12.18):

1
(07 Z < oFE /9> x

, t = b[A]" ;(aEb),

1
o, xy E < oFE /0> Xy

With (Equations 12.17 and 11.10):

(abhy. = ab x2e+ab” x & = -

4 4

Eg(af + v, 0) X %e +E,(v(,oc€ + a,) X g

with (Section 3.3.3): @, = -0.12 x 10 ; &, = 3.4 X 10

%(aEb)x 1726 x 10~. Then:

1
E ( (XElf))),

15,203 x 107; %((be)XJ, =0

One then deduces:

Ope=-23%107; @, =39%x10"; 0Oy, =0

2.1. Constitutive behavior: {6} = [E]{e}: According to Equation 11.8
Layer no. 2:

- Ex
En = Ex = T = 102,584 MPa etc.

rx ny

B 102,584 1744 0
[E]"" =] 1744 38,877 0

0 0 4200

Layer no. 1:

~ 38,877 1744 0
[E]" = | 1744 102,584 0

0 0 4200
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2.2, Coefficients F,:
Layer no. 2:

0E, = Edo,, + V) = —0.0168

by = 01512, aEy =0
Layer no. 1 (rotation of 90°):

af = 01512; aby’ = —0.0168; oFs =0

2.3. In-plane behavior of the double layer:

Ay, = EW xe+ B xe = (102,584 + 38,877) x 0.14, etc.

19,804 488 0

(Al = | 488 19,804 0 [(MPa.mm)
0 0 1176
3.1. Matrix [Al:
(a+b)e 2ce 0
(Al = | 2ce (a+b)e 0
0 0 2de

3.2. Matrix [C]:

C,, = a(o_(_e)3)+b(85_o) = (6t+b)6§,etc.

3 3
(a+b)%3 2¢c= 0
[C1=| 28  (a+p)s 0
3
e
i 0 0 ng_
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3.3. Matrix [B]:

By, = a(O—(Z—e)Z)_'_b(eZZ—O) = (b—a)%z, etc.

(b-a)e 0 0

[B]

3.4. Terms <oEb>; and <OtEb2>,~:

(akb), = fe+ge = (f+g)e
(akb), = (f+g)e; (akh),, =0
(aEb. = (g%

(aEDY, = (f-g)%:  (aEb)e =0

3.5. Thermomechanical behavior:

]\]X i )l
(a+b)e 2ce 0 (b-a)3 0
N, &
2ce (a+b)e 0 0 (a—b)a
T, 0 0 2de 0 0
= 2 3 3
M, (b-a)3 0 0 (a+b)% Zc%
2 3
e e e
M, 0 (d—b)‘i 0 2¢c— (6t+b)‘3~
0 0 0 0 0
_MX.V -
(f+g)e
(f+8)e
0
... AT 2
(g-N5
eZ
(/-8)3
0
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3.0. Variation of temperature AT:

One has here:

from which we have

(a+b)e 2ce 0 (b—a)% 0 0
2ce (a+b)e 0 0 (a=b)5 0
0 0 2de 0 0 0
2 3 3
e e e
(b—ﬂ)a 0 0 (d+b)§ 265 0
2 3 3
e e e
0 (d—b)‘i 0 26‘5 (d+b)‘3' 0
3
0 0 0 0 0 2d5
3.7. One can note that:
dw,
yoxy = O; =
oxdy
3.8. There remains
_ i - Eox
(a+b)e 2ce (b-a)3 0
, £,
2ce (a+b)e 0 (a=b)5
2 3 3 d’w,
(b-a)5 0 (a+b)s — 2c5 o
2 3 3 N
0 (a=b)3 2c"§ (a+b)% _dw,
L = 82;)/2

Ne=Ny =Ty =M =M=M,=0

ox

0y

’)/uxy

Fw,
5z

T2 oxdy

= AT

(f+g)e
(f+8)e
= AT |
(g-N%

(f-¢ )‘5

(f+g)e
(f+g)e

(8-

Remark: According to the model studied, one truly must have
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0w, J'w,

ox’ ay

2
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It is worthy to note that with this hypothesis one obtains two identical systems
of equations which are written as:

(a+b+2c)e (b—a)% Eox (f+g)e
2 = AT

2 5 2w, _ g_z
(b—&l)% (a+b=20)5||"50 (&=/)3

3.9. With the results of the second part, and AT = —160°C (corresponding to
the cooling in the autoclave after the polymerization of the resin), one has
(units: N and mm):

e’ e’

(a+b)e = 19,804; 2ce = 488; (a+b)—3- = 129; 2c—3— =32

2 2
(b—a)% = 624; (f+g)e = 0.0188; (g—j)% = —0.00164
from which we obtain the strains and curvatures:

En = &, = —1.7X 107

2 2
d°w, J'w

5 = = 8.6x107
ox dy

We can conclude that during the cooling the layer of balanced fabric not only
contracts but also, due to its weave, takes the form of a double curvature surface
along the warp and fill directions; that is, the form of a horse saddle.

18.3 LEVEL 3
18.3.1 Cylindrical Bonding
Problem Statement:

We propose to study, in a simplified approach, a bonded assembly of two
cylindrical tubes (figure below). The shear moduli of the materials are denoted
along with the figure:

adhesive

-4 Mt G, for material 1

]
@ rp G, for material 2

/ @ G, for adhesive
i % |
| 'L &

~Mt — &
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The deformed configuration of the generator of each of the tubes viewed from
above is shown in the following figure, with the shear stresses 7,, and 7,, that
are assumed to be uniform across the thickness of each tube. Also shown is the
bonding element.

before application of the couple Mt after application of the couple Mt
£
1 H 2
J adhesive
Te y Bt %

I
T, =
, ¢ \\?(4 _ (T4 + d14)eydz

_ (T|+dt1)e1d2 / — rc(dxd7

—. adhesive / adhesive /
h (12 + dtz)ezdz
X \ b (T2+ d12)9262

T2

ax

dz

1. Find the distribution of the shear stresses in the adhesive layer, denoted
as 7. in the previous figure.
2. Numerical application:

G, = 28,430 MPa; G, = 79,000 MPa; G, = 1700 MPa;
e, = e, =12 mm; e. = 0.2 mm; M, = 300 m.daN;
7, = 63.5 mm; r, =51.5 mm; ¢ =44 mm.

3. Calculate the maximum shear stress in the particular case where the
materials 1 and 2 are identical and have the same thickness, denoted as
e, which is small compared with the radii.

Solution:

1. Shear stresses in the adhesive layer: In the previous figure that represents
the bonding element, one reads the following equilibrium:
B Equilibrium of material element 1:

d
drie,dz+ 1, dxdz = O—>;,%e1+rc =0 [al
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B Equilibrium of material element 2:

d
dt,e,dz—1T.dxdz = O—>-6-i,—§fez—rc =0 [b]

The shear stresses are proportional to the angular distortions, denoted here as ¥
for material 1, 9, for material 2, and 7, for the adhesive, from which:

—_— Tl. —_— Tz. —_— TC
J/1 - Glr YZ_ G27 }/c_ G(;

In addition one has the following geometric relation, by approximating the tangents
and angles (tg 6 = 6; see figure):

-y, dx+ Y, dx
(YC+d’}/c)_’}/c# %
as:
dy. _r—n
dx e,

In substituting the stresses:

dre. _ T _ T [c]
dxG, G, G,
One then obtains the 3 relations [al, [b], [c], from the unknowns 7, 7,, 7.
Eliminating 7, and 7, yields

d’t,

e. T, " T,
de Gc

e,G, G,

then:

d’t G,
zc—lzTC =0 with A’ = —C(L+ 1 )
dx e \e;G, ¢e,G,

The general solution for the above differential equation is:

T.= A ch Ax + B sh Ax.

B Boundary conditions:
For x = 0: It is the free edge of material 2, where y, = 0 and %, = 7,,/G..

from which: d—% _LZh _ _ Yo

d.X' x=0 eC ecGl

d G [d]
then: T = TG

d.X' x=0 eC Gl
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For x = €: It is the free edge of material 1, where 9, = 0 and §, = 7,,/G,

d — T
from which: ave rkohn o
dx| _, e, e.G,
ar, T0G e}
th . Cc — 20~ ¢
o dx|_, eG,

The boundary conditions [d] and [e] allow the calculation of the constants A and
B of the general solution. We obtain

B
te= eJL{(Glth 7t Gon ag) M Ao b M}

2. Numerical application:

M,
T]O = Py = 986 l\/{})a7
27@rie
M,
Ty = — =15 MPa
2nrse,

One obtains for the shear stress 7. the following distribution, where the stress
concentrations at the extremities of the assembly can be noted.

1 shear stress in
adhesive 1, (MPa)
13.6 MPa
8.8 MPa
0.4 MPa
T T I T X (m)
0 10 20 30 40 44

| length of adhesive joint |

This explains that one should not design such a bonding assembly by basing on
the average shear stress, which does not exist in reality.
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Note: The proposed numerical values correspond here to those of Application
18.1.4 relative to the design of a transmission shaft in carbon/epoxy. One can
note that the rupture strength of araldite, taken to be 15 MPa, is not effectively
reached at the location of stress concentrations.

3. Particular case:

G =G,=G;, e=e=e¢ ¢/n#em,.

The comparison:

t _ !
— and T, = —

Ty = > >
2mrie 2nrye
allows one to write approximately:

Tio # Ty

from which:

G, 1 1
T, = /”LeCGT"{(th /'L€+Sh /w)ch Ax —sh lx}

One notes the presence of peaks of identical stress at x = 0 and x = € as:

. _ G _ch M+1_ G 1
e = e G sh AL e Gl A
2

Taking into account that:

Ve 1 A2
TC max = TO—

2Ay, A "t A2

reveals the average stress in the adhesive (fictitious notion as mentioned above):

. _ M, _ M, e - e
average - 7 — Yoy
2mt 2mrel €

from which:

S A0/2
¢ max average th Ag/z
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In setting A€/2 = a, one finds again the relation of Section 6.2.3:

18.3.2 Double Bonded Joint

Problem Statement:

max

th a

G.A*
. with a= |——
ZIVCFZlgC 2 Geec

Shown below is an assembly consisting of two identical plates of material 1
bonded to a central plate of material 2. This joint provides a plane of symmetry
(x — ). We will study approximately the shear stress in the adhesive. For that,
assume that the stresses are just functions of x.

5™ ¢ N adhesive
» Ty |- ]
— ¢
- i Y -
o=
= I T a
g_l 3 I —262

The configuration of a bonding element of length dx is shown below. The
moduli of the materials are denoted as: E; for material 1, E, for material 2, G, for

the adhesive.

Z U,

Uy

dx

dz

€4

]

% adhesive

4"

H

=)

h q
01840y L_,Tcd”dy (01 +doy)eydy

]

2 '
]

==

[l ———
y symmetry
G,8,dy (0 + do,)edy
X

1. Determine the distribution of shear stresses in the adhesive, denoted as 7.(x).
2. Numerical application: The two external plates are made of titanium alloy
(TA 6V), with thickness 1.5 mm. The intermediate plate is a laminate of
carbon/epoxy, with V, = 60% fiber volume fraction and the following

composition:
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The thickness of one ply is 0.125 mm. The rupture strength of the adhesive
(araldite) is taken to be 15 MPa. Its thickness is 0.2 mm. What length of
bond € will allow the bonding assembly to transmit a stress resultant of
20 daN/mm of width?

3. Calculate the maximum shear stress in the particular case where the mate-
rials 1 and 2 are identical and where ¢, = e, = e.

Solution:
1. Shear stress in the adhesive: In the previous figure showing an element

of the bond, one reads the following equilibrium:
B Equilibrium of element of material 1:

d
doe, dy+T.dxdy = 0—>—o—gc—le1+rc =0 [a]

B Equilibrium of element of material 2:

d
do,e,dy—1.dxdy = 0—)%62—1} =0 [b]

In addition, one also has the following geometric relation in approximating the
tangents and angles:

U, — Uy
=
Ye e
then with the constitutive relations:
T dul—la duz_lc
7/C_GC’ dx —E, "V dx E, °
T L W2t
G, e,
e dr. _ 0, 0O [c]
G.dx E, E

One obtains three relations [a], [b], [c] for the three unknowns o, 0,, 7.
One can write:

l1do, 1, 1do, 1.

E, dx _e]E]; E,dx ek,
1do, 1d02__(1 1)

— +
e B ek,
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Taking into account the relation [c]:

iz(ﬁ_ﬁ) _ @(L . L)(ﬂ _G_z)
dx’\E, E, e\ek, e[L,)\E L
2
o, O o, O G,
15(—1——2)—),2(—1——2) =0; with A’ = —( L2 )
dx"\E, E, E, E, e\eE; ek,
The solution of the differential equation can be written as:
o, O
——-—2 =4 ch Ax+B sh Ax
E, K,
B Boundary conditions:
o, O o
fi =00, =0 do<=0th:—1——2) ==
or x e 0 an ) en (E1 nl_ T
o, O o
forx =4€; 00=0 and 0, = 0y then:(—l——z) = -2
1 B et E,

from which we can write the constant values:

_ _( O + Oy )
E,sh Al  E, th A

In addition (relation [a] + [b]):

do,

dax é

dori

— =+
5

where: T

i} = AA sh Ax+BA ch Ax
e E,

That is, according to [a]

1 1

—T| —+
C|:31E1 ek,

] = AA sh Ax+BA ch Ax

O, 1 Oy
o /lf)Ch Ax Z) sh Ax}

T—GC (% L.
< eA|\E th AL
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Remarks:

B One obtains in this manner only an approximation for the shear stress
7. It should be possible to deduce directly from relations [a], [b], [c] a
differential equation in 7.. However, its integration will reveal at the
limits x = 0 and x = € the zero values of 7. (free surface of the adhesive)
making it impossible to obtain a nonzero solution. At the inverse, the
expression found here for 7, does not become zero for x = 0 and x = €.
This contradicts with reality.

One can conclude from the above that the unidimensional approximation for
the stresses 03, 0,, 7. is unwarranted. However, the form found here for 7. gives
an acceptable order of magnitude for this stress, except at the immediate vicinity
of the free edge. Numerical modeling of the phenomenon (finite element method)
shows in effect that the shear stress 7. increases very rapidly from the free edge, up
to a peak value very close to the value here. Apart from this particularity, there is
a good correlation with the values given in relation [d].

B It also appears in the adhesive normal peel stresses that are confined
to a peak zone close to the free edge. They constitute another factor
that is not taken into account in this study.

2. Numerical application:

Longitudinal modulus of titanium (see Section 1.6): E; = 105,000 MPa.

Shear modulus of the adhesive (araldite): G. = 1,700 MPa.

Longitudinal modulus of the laminate: With the proportions of the previous

plies along the directions 0°, 90°, £45°, one finds (Table 5.4 in Section 5.4.2):

E, = 100,590 MPa.

Thickness of the laminate: 2e, = 20 plies X 0.125 mm = 2.5 mm from which

e, = 1.25 mm.

A stress resultant of 20 daN/mm corresponds to the stresses:

B In the titanium:

200

O = Tx 13 = 66.66 MPa
B In the laminate:
0-20 = % = 80 Ml)a

A numerical calculation of expression [d], for example, with a programmable
calculator, allows one to verify easily the rupture criterion of the adhesive for a
length of € = 40 mm, as shown in the following:
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shear stress in 16.1 MPa
14 MPa adhesive 1, (MPa)
0.3 MPa
x (mm)
I I T

0 10 20 30 40
| length of bonded joint |
I

3. Particular case: The materials are identical: ¢, = e, = e. Then 6,, = 0,y =
0, and:

G, 1 1
T = leCEO-O{(th FYARS M’) ch Ax = sh ’1’“}

One notes identical peak values of stress for x = 0 or x = ¢ as:

G, _chM+1 G _ 1

fems = o EOsh A0 Ae B0, M
2

¢ max

Taking into account that:

T = 65/—1—2“1
emax 7 M09 2 th A€/2

Introducing an average shear stress in the adhesive, which is a fictitious stress
as one can consider in the previous figure:

_ e
Taverage - O-OZ

then:

S M2
cmax th Ae/z average
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in posing:

M/2 =a
4« 1 ith a Gt
T, = 57— ;0 W1 =
max th a average 2Eee,

18.3.3 Composite Beam with Two Layers
Problem Statement:

A composite beam is made up of two different materials, denoted as 1 and 2,
that are bonded together. The cross section of the beam is shown in the figure
below. The thickness of the adhesive is neglected. The materials are isotropic
and elastic. The longitudinal and shear moduli of the two materials are denoted
as E|, G, and E,, G,.

The elements that allow the study of the bending behavior of this beam in its
plane of symmetry are summarized in Table 15.16.

1. Determine the location of the elastic center denoted as O.

Y
% @ H,
@
b

2. Write the expression for the equivalent stiffnesses (do not provide details
for the shear coefficient k).

3. The shear force along the y direction for the considered section is denoted
as 7. Calculate the shear stress distribution 7,,. Deduce from that the shear
stress in the adhesive at the interface between the two materials.

Solution:
1. Elastic Center: This is determined such that:

J' EydS=0
section

(see Equation 15.16). Let A be an arbitrary origin defining ordinate denoted as Y.
The point O to be found is such that:
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2]
A

J E(Y—=a)dS = 0
section

then:

J EYdS
section

J E,dS
section

a =

I]l 111+112
j EY dS = j E,Yb dY+I E,Yb dY
section 0 H

1

One finds after calculation:

= LB —E)H + B, + H)’
2 E\H, + E,H,

2. Equivalent stiffnesses:
B Extensional stiffness:

(ESy = Y ES, = b(E\H, + E,H,)

B Shear stiffness:

GS GS; b
<_/e> = 27 = %(G]H]-i_GZHZ)

i

B Bending stiffness:

(EI) = Y ElL
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—a H1+H2—a

Hl 2 2
(EI) = bEl_[ YAdS + bEZ_[ Vs

—a Hl—a
b
(E) = S{B(H, =)' +a’ | + B[ (H, + Hy=a)’ = (H,—a)'1}
3. Subject to a shear force T along the y direction, the shear stresses are

assumed to be limited to the component 1,,, given in the material “i” by
the relation (see Equation 15.16):

T dgoi
(GS) dy

Txy =

in which g,(y) is the warping function due to shear and solution of the problem:

d E,
—gzo _ _Li{GS) ~———~y throughout the cross section
dy "~ G, (EI)

d
d‘io =0 for y=-a and y = H, + H, —a (free boundaries)

The uniqueness of the function g(y) is assured by the condition:
_[ E,g, dS = 0.
section

One finds in material 1:

dgy _ 1E (GS)

b = aean@ )

and in material 2:

dg,, 1E,{GS) 2 2
dy - ZGZ<E]>[(H1+H2 ﬂ) J/]
from which one finds for shear the following parabolic distribution along the
height of the beam

T E, 2 2
—a<y< — = e -
a<y<H,—a: 1, 2<E]>(a )
T .
Hy-a< y<H+H,—a: T, = 2<EI>[(H1+H2 a)’ =y’

The corresponding variations are shown below. At the junction between the two
materials (y = H, — a), one finds the shear in the adhesive:
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H2
{ Ty
Hy
T E,
Ty = §<E—I>H1(20L—H1)
adhesive

Remark: The integration of the function g,(3) allows the calculation of the
shear coefficient & by Equation 15.16:

1

k= —
<E1> section

Ei goy dS

The calculation is long but does not present any particular difficulty. The numerical
values of k& are shown in the following figure for different ratios of E,/E, and H,/H,,
for the particular case of identical Poisson coefficients.

K rs
10 1
HEJ_ >
H1_I_ 1
5—]

50

M 4/_/\¥_

EJ/E, 5 | 1
2

1 T 1 T T
.01 .05 1 5 1 5 10 50 100

18.3.4 Buckling of a Sandwich Beam
Problem Statement:
A sandwich beam is compressed at its two ends by two opposite forces F The

two ends are constrained so that there is no rotation.
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1. For what value of F, denoted as F_;., can we obtain a deformed config-
uration for the beam other than the straight configuration, for example,
the configuration shown in the figure below (adjacent-equilibrium)?

2. What error will be caused by neglecting shear deformation of the beam?
(Assume that the dimensions and the material constitutive relations are
known.)

Solution:

1. With the notation convention of Chapter 15 (bending of composite beams),
recall the behavior equations for the beam Equation 15.16.

_ .......<G5>(i¥_ ) _ (uy20:
Ty - ]e dx 6: ) Mz - <E]z> d.X'

Referring to the figure below, one can write the following relations, in which
C represents the moment due to the constraint on the right-hand side.

y

av
T, #F=—; M.= C—FV
Y dx s

from which, by substituting in the constitutive relations:

de.

v _ LQS.Z(@_V_ a9
dx

2k 9~); C—Fv = (EL)

dx ~

Elimination of 6, between these two relations leads to the following equation:

d’v 2 2C . 2 F 1
—+Av=A1= with A= ——"— (a]
dx’ F (EL) | _ kF
(GS)
from which the general solution can be written as: (with the condition that F < <—G];S—>)

v(x) = AcosAx+ BsinAx + %
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B Boundary conditions:

For x = 0 one notes v(0) = 0 and 6.(0) = 0. This last condition leads to

dav

ax| =Y

x=0

Due to:

One then finds that:

B=0, A=

|
A

from which: v(x) = %(1 —cosAx)

For x = € one notes v({) = 0 and 0.(f) = 0.
cos Al =1
from which:
M =2nr

one obtains for v(x) the form:

v(x) = 1—2(1 — cos2 mr%f)

The critical value F_;. is given by:

2 4dn"mw
A= yE
where A’ has the form [al, leading to:
P B 4n°nm’ (EL)
critical =
) 411271'2(]5]2)/@
2 (Gs)
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The smallest value of F is obtained for n = 1 as:

47 (EL)

2
N 4r <E]z> &
€ [1 +~‘€‘§*‘~2‘5"§;

Ia =

critical

Remarks:

B One can verify that the value of F_., is less than

(GS)

k

the form of the general solution v(x) written above is therefore legitimate.

B [t is convenient to note that the deformed v(x) written in [b] is only
defined by a multiplication factor, because the constraining couple C'is
indeterminate. One can find this property by writing explicitly as a
function of v(x) the relation:

do.
C = M(0) = (EL)—=

x={
2. Neglecting shear effect the assumed undeformability under shear leads to
zero corresponding energy of deformation (Equation 15.16). In this case,

one has: k= 0.
The critical force then takes the value:

o ATEL)

critical — 6 P

The error relative to its previous value is then:

’

Error = critical 1
critical
47 (ELYk
Error = ———
(GS)

For numerical value, we calculate this error for the beam in Section 4.2.2
(beam made of polyurethane foam and aluminum, 1 meter long). One has

(EL) = 475 x 10%; f—%-?l = 650 x 10°
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The error committed is spectacular:

Error = 28.84 = 2884%)

18.3.5 Shear Due to Bending in a Sandwich Beam
Problem Statement:

One considers the cross section of a sandwich beam as shown in the following
figure. The components, assumed to be isotropic (or transversely isotropic), are
denoted as 1 and 2. They are perfectly bonded to each other with an adhesive
with negligible thickness. The beam has a unit width. The moduli of elasticity
are denoted as shown.

| Y

Z 4 E;, Gy for constituent 1.
- 2 2 He | Hy E,, G, for constituent 2.

Using the formulation in Equation 15.16 for bending of composite beams:

1. Study the warping function g, for this cross section.

Deduce from there the shear stress distribution.

3. Calculate the shear coefficient for bending in the plane xy, as well as the
deformed configuration of a cross section under the effect of shear. Numer-
ical application: Give the value of k for a beam made of polystyrene foam
with thickness of 80.2 mm (E, = 21.5 MPa; G, = 7.7 MPa) and with aluminum
skins with thickness of 2.15 mm (&, = 65,200 MPa; G, = 24,890 MPa).

L

Solution:

1. Warping due to bending:
This is the solution of the problem described in Equation 15.16. Assuming
here that g, does not vary with the variable z:

d’ E,
;fz—“ = —Z;—’i %EG% x y in the domain of the section

a8,

dy 0 fory = £ H,/2.
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in which both g, and G, dg,/dy are continuous as one crosses from material 1 to
material 2.

Taking into account the antisymmetry of the function g, with respect to variable
7y, one obtains

Ea ;
HY2Sy<HY2 i gy =~ 2 + 4+ By
1
E,a ;
~H2SySHY2 i g = = ey + Az
2
Eia 3
—H,/2 SyS—Hz/Z D 8o = _Egy +A,y-B,
1

with:

_ (GS) _ 12G2H2+G1(H1_H2)
(EL) E,H + E\(H. —H)
_ E1ﬂlHi

YT G24

_ (L AN e (BB (B ENH
Bl_a16{(G2 6'1)E11_]f ( Gz )Hg (GZ Gl)g}

2B E, E
4, = A]+_1+£’_2(_2__1)

2. Shear stresses due to bending:
These are given by the relation (see Equation 15.16):

> T, —
T = G7—= grad g,

(GS)
then:
T, 0 T, 0
Txv = Gi—L&); sz = i—L&) =
/ (GS) dy (GS) oz
One obtains
o<ysiyz s r.= A D g 2)+E(gj_g_§)
SYSHE b =T T T )T T TS
1 7, h’2 2
H)/2<y<H,/2 : 1, Z(EIZ)E1(4 y)
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The corresponding distribution is illustrated below for two distinct designs of the
components 1 and 2.7

y ¥
%xy Ty
5=3-i=05 E=5()‘i=0€-)
E, ' H E, ' H

3. Shear coefficient:
The calculation of k is done without difficulty starting from Equation 15.16:

1
k = <E—IZ>J-DE18“J/ ds

One obtains

E )
k= — —ZHQ[Ele+(£*EZ—E1)H§]---
8LE,H, + E,(H, — H;)] | ©> 5
E H, bE,(H. — H;
..+-C-;l@H§+—;—HfH§)}+ 53 1y - 2)3
1 E,H, + E,(H| — H,)
with: a = 122X GUL 1)
E,H, + E,(H, — Hy)
2
a  E|H, 2(G1 ) 261( ZEz)
= L2 g D g1 =22
16 ZG]{ 3 "G, °G, 3E,

The evolution of the shear coefficient % is represented in the following
figure for different values of the ratios E;/E, and with the same Poisson
coefficient (0.3) when varying thickness of the skins.

7 Observation of the evolution of Ty for the beam with thin skins justifies the simplification
proposed in Application 18.2.1, “Sandwich Beam: Simplified Calculation of the Shear Coefficient.”
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0102 03 0405 06 07 0.8 09 1
Ha/H,

Remarks:

B The limiting cases E, = E;; H, = H;; H, = 0 correspond to a homogeneous
beam with rectangular cross section for which one finds again the classical
value k = 6/5 (or 1.2).

B The expression for the k& coefficient written above is long. One can obtain
a more simplified expression for easier manipulation if the skins are thin
relative to the total thickness of the beam. One can refer to Application 18.2.1.

B Deformed configuration of a cross section: The displacement of each point
of the cross section out of its initial plane is obtained starting from the
function g, by the relation (see Equations 15.12 and 15.15):

T
N. = E;?)(go_kxy)

It is described graphically for two distinct sets of properties of components 1 and
2 in the following figure:

_ ElE;=3 / ] E,/E, =50

H,/H,; = 0.5 / - [ T HyH=09 ~ T
1 [ .

© 2003 by CRC PressLLC




B Numerical application:
One finds: & = 165.7. Note that for this type of beam, the shear coefficient
can have very high values compared with those that characterize the
homogeneous beams.

18.3.6 Column Made of Stretched Polymer
Problem Statement:

Consider a cylindrical column or revolution designed for use in the chemical
industry (temperature can be high, and it may contain corrosive fluid under
pressure) made of polyvinylidene fluoride (PVDF). It is reinforced on the outside
by a filament-wound layer of “E” glass/polyester. The characteristics of the two
layers of materials are as follows:

B Internal layer in PVDF: thickness e, isotropic material, modulus of elasticity
E,, Poisson coefficient v;,.

B External layer in glass/polyester: To simplify the calculation, one will
neglect the presence of the resin. As a consequence, E,, V,, G, (see Chapter
10) are neglected. The total thickness of the glass/polyester layer E, consists
of a thickness denoted as h” of windings along the 90° direction relative
to the direction of the generator of the cylinder, and a thickness denoted
as b of balanced windings along the +45° and —45° direction (as many
fibers along the +45° as along the —45° direction). One then has e, = b” +

4

b (see figure below).

) 2. (glass/polyester) tubular column
1

—
-

| \
\VII‘m‘ ] X

[cocooboocooo

wall

e 1.(P.V.D.F)

The longitudinal modulus of elasticity of the glass/polyester layer is denoted
as E;. The thicknesses e, (internal) and e, (external) will be considered to be small
relative to the average radius of the column.

1. The plane that is tangent to the midplane of the glass/polyester laminate
is denoted as x,y (see figure). Calculate the equivalent moduli E. and E,,
the equivalent coefficients v, and v, of the reinforcement glass/polyester

. 90 J2is -
as function of E,, ™, and b .

2. One imposes a pressure of p, inside the column at room temperature

(creep of the materials not considered). The resulting stresses are denoted
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in the axes x,y:

0y, and 0y, in the internal layer of PVDF
0, and 0,, in the external layer of glass/polyester

(a) Write the equilibrium relation and the constitutive equation resulting
from the assembly that is assumed to be perfectly bonded. Deduce
from there the system that allows the calculation of ¢, and 0©,,.

(b) Numerical applications: Internal pressure p, = 3 MPa (30 bars); » = 100
mm. PVDF: E; = 260 MPa; v; = 0.3; ¢, = 10 mm. Glass/polyester: E, =
74,000 MPa; e, = 0.75 mm; b = h™°/3. Calculate Oy, Oy, Oy, Oy

() Deduce from the previous results the stresses o, in the glass fibers
at 90°, and Geﬂs in the fibers at £45°. Comment.

3. We desire to modify the ratio H”°/b* such that the stresses are identical
in the fibers at 90° and in the fibers at £45° (“isotensoid” external layer).

(a) What are the relations that »”/h™, 0y, 0, have to verify?

(b) Indicate an iterative method that allows, starting from the results of
Question 2b, the calculation of the suitable ratio »”°/b*". Give the
composition of the glass/polyester with the corresponding real thick-
nesses (use a mixture with V, = 25% fiber volume fraction).

Solution:

1. Equivalent moduli:
The constitutive law of the laminate in the axes x,y is written as (see
Equation 12.4):

N. x O-ox n[hply
Nt =40 o, with 4,= 3 Ee,
Txy yo.xy k=1"ply

The coefficients 1_55 are given by Equation 11.8 as, neglecting E,, V,, Gy
B For the plies at 90°:
EY = B = Eyy = B3y = Eis = 0
=90

Ezz = E(
B For the plies at +45°:
ElJrl45 = Eerz45 = E:;S = E1+245"'
= —E;ﬁ = —E;;ﬁ = Eg/4
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B For the plies at —45°:

- —45

En

=FEn =

-

——45

.:E]3 =

= —45 = —45

33 = Li2 c
——45
Ex = EJ/4

from which one can find the coefficients A;. For example, one has

A, = 1_:‘19{)/090+E145b+/'5+I_:‘Il45b_/’5 — %bﬂs
A, = Efgbgo_’_ﬁgsbws_i_igib%s _ %bﬂs
and so forth. One obtains
N 1 1 o[ | €ox
N, %Ioi4i 1 (1 +4 :i) 04 €
Ty 0 0 1| | Yoxy

In inverting and in denoting for the average stresses (fictitious) in the external

laminated layer (index 2): 0,, = N,/e,; 0y, = N,/ey; T, = T, /e,

8().76 b90 O-Zx
(1 +4 ﬁs) 10
g, L= 2 a c
oy - 2y
“loER” 4 1 of|
yoxy O O 1 TZxV

The above relation can be also interpreted as follows (see Equation 12.9):

0y

Yny

|

|
=~ =
<

=

(e}

_h || O
E,
1 0 O3y
E,y
1
0 =—|| ¢
Gyl || “20

where the equivalent moduli of the laminate appear. From this, by identification

one has

_ E{ b90

Ex = 1 4\’ EV = E(f_
ez(m qu) &

pY b

_ 1 _

ny = 90 5 vyx =1
[1+4§)
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Comment:

The obtained results are simple because:

B The polyester resin is not taken into account. The fibers work only in their
direction.

B The voluntary decoupling between the external layer (glass/resin) and the
internal layer (PVDF) is preferred to the consideration of a “global” laminate
consisting of plies of glass/resin at 90°, +45°, —45° and a ply of PVDF,
isotropic, with thickness e;.

2. (@) Equilibrium relation:
The isolation of the portions of the column shown below allows one
to write

(oaxx €3)
(Glxx e‘l)

. (G1y>< e'])
(o2yx €3)

2mr(e, 01, +e,0,,) = EVZPO
1X2(e;0,,+e,0,,) = 1X2rxp,

from which one has the equilibrium relations:

r
€0, te,0;, = poz (2]

e,0,,+e,0,, = por [3]

B Constitutive relations:
The elastic behavior of the internal layer of PVDF is described by the
classical isotropic equation:

1 1%

£ = 1 O

1x E1 E1 0 1x

— 1% 1

&, r=| .42 1 oy,
Y E B 0 B

y1xv O O “‘1 Tlx}
- G,
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The behavior of the external layer in

obtained in the previous question as:

composite is described by the relation

1 Vo
Eox = —= 0 Osx
Ex El
Vi
guy - Txl ,l O O-Zy
E. E
YOx17 O 0 ; Tny
L Xyl

Equality of strains under the action of stresses is written as:

Slx = 8()3(; 81)1 = Eoy
and leads to the relation:

1 v 1 Vix
—0,,——0,, = —0,,——=—0, [4]
El N El 7 Ex E}' !
Vi 1 Vi 1

-—0,+=0, = —="0,,+=0,, [l
E T ECY E. = E,

Relations [2], [3], [4], [5] constitute a system of four equations for the four
unknowns Oy, 0j,, O, Oy, Performing the subtraction [4] — [5], one obtains

o (1 + vl) o (1 + vl) . (1 + VX),) o (1 + \7,,.,5)
1x El 1y E] 2x Ex 2y E

Y

In performing the addition [4] + [5], one obtains

o(15) o (52 - (5o 12
1x Ew1 1y E1 - 2x Ex 2y EV

and with [2] and [3], by substitution, one obtains a system that allows the calculation
of oy, and 0, as:
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(b) Numerical application:
One has b = h™*/3, from which we have

+45

90 + +45
e,=h" +h '

=075 mm; b =056mm; 5" =0.19 mm.

Following the results [1], one finds

E. = 7953 MPa; E, = 18747 MPa; v,, = 0.42

The system [6] has for solutions:

\olx =171 MPa; o, = 3.07 MPa‘

Relations [4] and [5] allow the calculation of ©,, and 0,,. One finds

\oz‘x = 188 MPa; 0©,, = 386 Mpa\

(o) Stresses in the fibers:
Following Equation 11.8, one has for any ply k in the external layer:

k k
4 2 2 3
Ox ¢t st =c7s| | Eox
Oy = Ee| &% & -5’ | & (71
Tay s —cs® s Yow

The strains €, and g,, are obtained by means of the previous results (see
Question 2a), for example:

O-IX' vl -3
Ex = €y = ———0,, = 3.03 X 10
0X 1x E] E] 1y 3 3
1% o, B
€y = &y = —p Ot g = 985 x 107

If one inverts Equation 11.4, taking into account that the only nonzero
stress in the axes €, t of the ply is oy

% k
¢ s 2cs Oy

= 2 2
0, s ¢ -2cs 0

—sc sc (cz—sz) 0

One then has

B In the fibers at 90°:

Following (7], 6, = 0; 6, = E, &,
Following [8], Gx)o =0 Gy)o = O'e)()

© 2003 by CRC PressLLC



from which:

90
O-g = Efgoy

0, = 729 MPa

B [n the fibers at +45°:

. +45 45
FOHOWlﬂg (71 O, = O-V+ C = %(gox + 80}')
. 5 +45 _ f _+45 X
Following [8]: 0, " = 0, " = 10y

from which one obtains

+45

E,
G( = E(gox + goy)

o/® = 477 MPa

One obtains an identical stress in the fibers at —45°. Note the disparity of the
stresses in the fibers at 90° and at £45°. In fact, the external layer is not suitably
designed, because it is desirable to make all fibers work equally in order to obtain
a uniform extension in the glass fibers.
3. (a) One desires that 0'590 = O'f%:
Referring to the results of the previous question, this equality is also written

as:
E
E(’ Eop = E (gox + 80}')

as:
goy = Eox

The constitutive relation of the laminate (Question 1 and relation [1])
indicates then:

GZx T/Vx T/x 62 )
_— = :_GZy = ——:'ZO'ZX+ —=
E. E, x E,
Then after calculation:
90
b _ 62 y GZX [9]
45 T o
b 2x

(b) With the results of numerical application 2(b), relation [9] above
indicates

O-ZV_GZx =053

2x

. . 9 +45 .
If one adopts this new value for the ratio »”/h™", one obtains for new results:

© 2003 by CRC PressLLC



- b90/bi45 = 0.53;

E. = 8216 MPa; E, = 25653 MPa; V,, = 032; Vv, =1
0, = 2.42 MPa; o0, = 2.72 MPa;
0,, = 167 MPa; 0,, = 364 MPa;

Relation [9] then indicates

TuZ % - 587
- .

2x

+45

that one adopts for the new ratio b”/b*";

m »/p = 0587

E. = 8166 MPa;  E, =27,627 MPa; V,, = 029; v, =1
0, = 2.63 MPa; 0, = 2.69 MPa;
0,, = 165 MPa;  ©0,, = 3064 MPa.

Relation [9] then indicates

O-Zy — Oy,
O-Zx

= 0.6

that is, a relative variation of 2% with respect to the value of the ratio b /™)
taken to carry out the calculations. The iterative procedure then converges rapidly.
One will obtain the external isotensoid layer and an internal layer of PVDF in
biaxial tension for a ratio of

»/h 2 0.6

The composition of the glass/polyester reinforcement will be as follows:

y
38%
31%
0
—_— X
31%
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The real thickness of the windings in glass/polyester, taking into account the
volume of the resin, will be (with V; = 0.25):

e}, = ,/0.25

e, =3 mm

18.3.7 Cylindrical Bending of a Thick Orthotropic Plate under
Uniform Loading

Problem Statement:

Consider a thick rectangular plate b x a, with b >> a made of unidirectional glass/
resin (see figure). It is supported at two opposite sides and is loaded by a constant
transverse pressure of ¢,,.

1. Calculate the deflection due to bending at the midline of the plate located
at x = a/2 (maximum deflection).

2. Indicate the numerical values of the contributions from the bending
moment and from transverse shear using the following: E, = 40,000 MPa;
G.. = 400 MPa; v,, = 0.3; v, = 0.075; g, = =1 MPa; a = 150 mm; » = 15 mm.
Comment.

Solution:

1. For the cylindrical bending considered, Equation 17.32 allows one to write

A N P L T
d.X' =—qo; dx - Qx7 Yy = 11 dxa Qx - /@X dx Y

Elimination of Q,, M, and 6, leads to
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then:

q x4 x3 x2
= ==|=+A=+B=+Cx+D
o 611(24 G TP T )

The boundary conditions are written as:

= do, k. d*w
X O}WOZO; MVZO:>;[;}=/9G Go——> =
X=a xz dx

After calculation of the constants A, B, C, D, one obtains for the deflection at x = a/2:

wf2) - 120 VeV i%(é)% R -
o\ %o Eb’ 384 M\a) G..9(1-v,v,)

The calculation of k, was done in Section 17.7.1 for this type of plate. One
has (see Equation 17.34)

k.= 6/5=12

from which:

w(f‘) = gt 20 Vi Vi) .§_+(’2)2 B 1
\2) =2 =5 13 a) G ma v

The first term in the brackets represents the contribution from the bending
moment, and the second term represents that due to transverse shear.
2. Numerical values:

wy(al2) = —0.5727 mm — 0.5625 mm

(moment) (transverse shear)

w,(a/2) = -1.13525 mm

Note that 49.5% of this deflection is due to transverse shear. One can see from
the above expression for w,(a/2) that the influence of transverse shear on the
bending deflection increases with the value of the relative thickness h/a (here,
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hla = 1/10 corresponds to a thick plate). One also notes the influence of the ratio
EJG.."

18.3.8 Bending of a Sandwich Plate
Problem Statement:

A rectangular sandwich plate (a X b) is fixed on side b, and loaded along the
opposite side by a constant distributed load f, (N/mm). The two other sides are
free (see figure).

The plate consists of two identical orthotropic skins of material 1, and an
orthotropic core made of material 2. The orthotropic axes are parallel to the axes
X,), 2.

1. Calculate the deflection of the midplane at the extremity x = a of the x
axis, assuming cylindrical bending about y axis for the plate.
2. Numerical application:
Given
/o =-10 N/mm
a = b=1000 mm
H, =2H, = 100 mm

Material 1:
E" = 40,000 MPa
G = 4000 MPa

> =

Material 2:
E® =40 MPa
G.” =15 MPa

For each of the materials
Ve = 0.3
Ve = 0.075

*® This example of thick plate in bending constitutes a test case for the evaluation of computer
programs using finite elements. For complementary information on this topic, see bibliography,
“Computer programs for Composite Structures: Reference examples and Validation.”
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(a) Calculate the deflection at the extremity x = @ and show the contributions

from the bending moment and from the transverse shear.
(b) Calculate the transverse shear stress 7,.:

B On the midplane of the plate.

B At the interface between the core and the upper skin.
B At the midthickness of the upper skin.

Solution:
1. In the case of cylindrical bending, Equation 17.32 allows one to write
dQ. dM, B de, (hG,) (dw,
dx = 0, dx Qx7 MV - CH dxa Qx /ex (dx + 9.1’)
Then Q. = f,, and elimination of Q,, M, and 6, leads to
dw, [,
dx’ Cn
then:
- -L{E g rmerd)
w, = <3 +A2 +Bx+C

The boundary conditions are written as:

_ Jo _dw, _
0:w,=0et O, = O:Ie\%be~> v

d@ d w, 0
dx dx’ B

=
Il

=
Il

a:M,=0=

After calculation of the constants 4, B, C, one obtains the deflection at x = a

)

fod’ Joa
u(a) 56 I /ex<bGAz>

with (see Equation 12.16):

_ -0(H —-H)\ -0H,
Cu = “( 12 ) E112

and according to Equation 17.2:

e 0,5
E.(Hi—H)+E.H,

C., =
u 12(1=v,,v,.)
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According to Equation 17.10:
(bez> = GSZ(Hl _HZ) + GEZHZ

from which one obtains

4(1 — vxyvyx). oas lex o
EJ(H,—H) +E H, Gyo.(H,—H,)+G..H,

wy(a) =

The calculation of k, was carried out in Section 17.7.2 for this type of plate. It
was given by Equation 17.39.
2. Numerical application:
(a) Deflection: Equation 17.39 gives k, = 110.8
from which:

w,(a) = -1.177 mm + (-5.519 mm)

(moment) (transverse shear)
w(a) = —6.636 mm

Note that 83% of this deflection is due to transverse shear, and this happens in
spite of very thick skins. This important influence is due to the very large value
compared with unity (110.8) of the transverse shear coefficient and due to the
fact that the plate is thick (H/a = 1/10).

(b) Transverse shear stress 7., (see Section 17.7.2):

Midplane: (z = 0): 7, = 0.1286 MPa
Interface (z = H,/2): 1. = 0.12855 MPa

Midthickness of the upper layer: z = (H, + H,)/4: 1., = 0.075 MPa

18.3.9 Bending Vibration of a Sandwich Beam®
Problem Statement:

Consider a sandwich beam of length € and width d simply supported at its ends
(see figure). It consists of two identical skins of material 1 (glass/resin) and a core

* This application constitutes a test case for the validation of computer programs using finite
elements, see in the bibiography, “Programs for the calculation of Composite Structures,
Reference examples and Validation.”
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of material 2 (foam). These materials are transversely isotropic in the plane y, z.

The elastic characteristics are denoted as:

al O
Ex ’ ny ’

., Gy
Specific masses are p; and p,.

1. Write the equation for the resonant frequencies for bending vibration in
the plane of symmetry (x, y) of this beam.
2. Numerical application:
Given:

]

E; =40,000 MPa; G, = 4,000 MPa; p, = 2,000 kg/m’

E; =40 MPa; G,, =15 MPa; p, =50 kg/m’

H, = 2H, = 100 mm; € = 1000 mm; d = 100 mm

Calculate the first five frequencies in bending vibration.

Solution:

1. Equation for the vibration frequencies:
At first one establishes the differential equation for the dynamic displace-
ment v(x, #) starting from the Equation 15.18, noting that for the example
considered, the elastic center and the center of gravity of section are the
same (decoupling between bending vibration and longitudinal vibrations).

oT. o’y oM 2’0
—J — = . 2z — z
. (pS 7 o + T, = {pl.) o7

_ @(91_ ) _ A
Ty - k ox ez ) Mz - <E]z> ox

Elimination of 7,, M., 6. between these four relations leads to the equation for
V(x, D:

ﬁv_<plz>(1+d) I'v_ (pS) v, (PL(PS)I'V _
o' (EL) ax*ar (EL) gf (GS(EL) o'
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with

e
(GS){pL)
In assuming that the solution takes the form v(x, 1) = v, (x) X cos(@t + @) one
can rewrite the differential equation that defines the modal deformation v,(x) in
the following nondimensional form:

d's d’s
L@ (1+a)—2+ c?f(aaf—i,)\—,o =0
dx dx -

in which

E)Z—M 252 =2 _ (pL)

vO
R - () ) -
¢ (EL) EPRYE

X =

) o =

After writing the characteristic equation, the reduced modal deformation takes the
form:

0o = AchX,x + BshX,x + CcosX,x + DsinX,x (1]

where:

X; _ _@0'(+a), |-of-2fl-a) 1
, =1 > +Jw[w( > )+;2} [2]

2
[
e
o
)
S
<
[
2
=
I
N
2
~
§
I
(=
<
~

or:

2
Il
(@)
o
=
—_
<
=}
Il
2
+
al
<l
s}
Il
()

These four conditions allow one to obtain with [1] a linear and homogeneous
system in A,B,C,D. By setting the determinant equal to zero, one obtains an
equation for vibrations which reduces to

sin X, =0
Then the solution can be written as:

X,=nm (n=1,2,3,...) (3]
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2. With the numerical values indicated in the Problem Statement, one can
calculate the shear coefficient 4, the literal expression for which has been
established in Application 18.3.5. One finds & = 110.8. The frequencies
can be written starting from the circular frequencies m,, @,, m;,... extracted
from equation (3], where X, takes the form [2].

;
/;' = ZL’( Hz)

. 50
one obtains:’

/. =64.476 Hz; f,=131.918 Hz; f, = 198.734 Hz
. =265.383 Hz; [ = 331.963 Hz.

* One keeps voluntarily the nonsignificant decimal, for the purpose of comparison with values obtained
from numerical models.
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APPENDIX 1

STRESSES IN THE PLIES OF A LAMINATE OF CARBON/EPOXY
LOADED IN ITS PLANE

The tables in this appendix give for each ply in the laminate the stresses along
the principal orthotropic directions of the ply, denoted as € and t. These stresses
are denoted as o, 0, 7, The laminate is successively subjected to three cases
of simple loading:

o0, =1 MPa: normal stress along the 0° direction.
0, =1 MPa: normal stress along the 90° direction.
T,,=1 MPa: shear stress.

CHARACTERISTICS OF EACH PLY

BV, = 060% fiber volume fraction.

B Thickness of each ply: 0.13 mm.

B Moduli:
Modulus along the fiber direction: E, = 134,000 MPa.
Modulus along the transverse direction: E, = 7000 MPa.
Shear modulus: G, = 4200 MPa.
Poisson coefficient: v, = 0.25.

B Fracture strength:
Tension along the longitudinal direction: 0 ypue = 1270 MPa.
Compression along the longitudinal direction: 0 ypue = 1130 MPa.
Tension along the transverse direction: 0, ypue = 42 MPa.
Compression along the transverse direction: 0, e = 141 MPa.
Shear strength: Ty pue = 03 MPa.
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Plate 1

percentage of
90° plies

(I

0
100% oo ,=1MPa
0.08
; = &
% 4
90% 587 414 0°
0.06 0.05
0. 0. @
80% Ho— N\
519 3.8 2.97
0.05 0.04 0.04
0. 0. 0.
70% H— o \
4.7 3.5 2.78 2.32
0.03 0.03 0.03 0.03
0. 0. 0. [}
60% H N
4.35 3.27 2.63 2.2 1.9
0.02 0.02 0.02 0.02 0.02
[} [} 0. 0. 0.
50% -H S g
41 31 2.5 2.11 1.82 1.61
0. 0.01 0.01 0.01 0.02 0.02
[} 0. 0. 0. [} [}
40% H < o N
3.97 3 2.4 2.04 1.76 1.56 1.4
-0.01 -0. -0. 0. [} 0.01 0.01
0. 0. 0. 0. 0. 0. [}
30% H 3 ; o N
3.96 2.97 3.38 1.99 1.72 1.51 1.36 1.23
-0.03 -0.02 -0.01 -0. -0. 0. 0.01 0.01
0 [} 0. [} 0. 0. [} [}
20% H : : N
417 3.06 2.41 2. 1.7 15 1.33 1.2 1.1
-0.07 -0.05 -0.03 -0.02 -0.015 -0.01 -0.0 -0. -0.01
0. 0. 0. 0. 0. 0. 0. 0. 0. perc_entage Of
10% H o : * : 0° plies
4.9 3.4 2.6 241 1.77 1.52 1.34 1.2 1.09 1.
-0.14 -0.09 -0.07 —0.05 —0.04 -0.03 -0.03 -0.02 -0.01 0. %
0. 0. 0. 0. 0. 0. 0. 0. 0. 0.
0% s
T T Ll T T T T T T T T
0%\ 109%\_ 20%\_30%\_ 40%\_ 509%\_ 60%\_ 70%\_ 80%\_90%\_100%
% B B o % B o % a &
29,
R
EOCN
0,9,
%, o
& Or
S

stresses in 0° plies, respectively: s, (MPa)
as function of the percentage of

plies in directions 0°, 90°, +45°, Tet

—45°, for an applied uniaxial

stress 6, =1 MPa
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percentage of

Plate 2

90° plies
[]]
1
100% e
b
Ross 001 ox=1MPa
0.68 0.35
NS = =2
%, 44
90% o5 2017 001
0.52 0.3 0.21
0. 0. 0.
80% Ho—— N\
-0.75 -0.33 -0.13 -0.02
0.42 0.27 0.19 0.15
0. 0. 0. 0.
70% H — 3
-0.95 -0.48 -0.25 -012 -0.02
0.37 0.24 0.18 0.14 012
0. 0. 0. 0. 0.
60% H N
-1.18 —0.66 -0.4 -0.23 -0.11 -0.02
0.32 0.21 017 0.13 0.11 01
0. 0. 0. 0. 0. 0.
50% -H S
-1.48 -0.88 -0.56 -0.37 -0.23 -0.12 -0.03
0.3 0.2 0.15 0.13 01 0.09 0.08
0. 0. 0. 0. 0. 0. 0.
40% H : o N
-1.9 -1.16 -0.78 -054 -037 -0.24 -0.13 -0.04
0.28 0.19 0.15 012 01 0.09 0.08 0.07
0. 0. 0. 0. 0. 0. 0. 0.
30% H : : - >
-2.55 -1.58 -1.09 -0.8 -0.58 -0.4 -0.28 -0.16 -0.05
0.28 0.18 0.14 0.11 01 0.08 0.07 0.07 0.06
0. 0. 0. 0. 0. 0. 0. 0. 0.
20% H : - >
-3.78 -2.3 -1.6 -1.18 -09 -07 -0.52 -0.38 -0.23 -0.08
0.3 0.2 0.14 0.11 0.09 0.08 0.07 0.06 0.0 0.06
0. 0. 0. 0. 0. 0. 0. 0. 0. b\
10% H 5 o . :
0%
T T T T T T T T T T T ‘)
0% 10% N\ 20% N\ 30% \_40% \_ 50% \_60% \_70% \_80% \ 90% \_100%
% B B o % B o B % e
%
X
R,
A
% Co
& Or
Op
stresses in 90° plies, respectively: s, (MPa)
as function of the percentage of
plies in directions 0°, 90°, +45°, Tet

—45°, for an applied uniaxial
stress 6, =1 MPa
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Plate 3

percentage of

90° plies
AN
o
100% e 6,=1MPa
0.41
70.432 @ @
%, 44
90% T 38504 0°
0.31 0.18 @ @
-0.34 -0.2
80% Ho—— N\
3.83 2.43 1.82
0.25 0.16 012
-0.3 -0.17 -0.12
70% H— o 3
3.2 241 1.6 1.33
0.2 0.13 01 0.09
-0.26 -0.16 -0.12 -0.09
60% H N
2.68 1.84 1.43 1.2 1.04
017 012 0.09 0.08 0.07
-0.24 -0.15 -0.12 -0.09 -0.07
50% H :
2.3 1.6 1.27 1.07 0.94 0.85
0.15 01 0.08 0.07 0.06 0.05
-0.24 -0.16 -0.12 -0.09 -0.07 —0.06
40% H < o %
2 1.4 1.1 0.94 0.83 0.76 07
0.13 0.09 0.07 0.06 0.05 0.05 0.05
-0.24 -0.16 -0.12 -0.09 -0.08 —0.06 —0.05
30% H : : - >
1.71 1.19 0.94 0.8 07 0.65 0.61 0.6
0.11 0.08 0.06 0.05 0.05 0.04 0.04 0.04
-0.27 -0.18 -0.13 -0.1 -0.08 -0.07 —0.06 —0.05
20% H : g R
1.41 0.94 0.73 0.61 0.54 0.5 0.5 0.47 0.49
0.09 0.06 0.05 0.04 0.04 0.03 0.03 0.03 0.03
-0.33 -0.2 -0.15 -0.11 -0.09 -0.08 —0.06 —0.05 -0.04 percentage Of
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APPENDIX 2

BUCKLING OF ORTHOTROPIC STRUCTURES

The problems related to the stability of orthotropic plates and shells are not treated
in this book. However, we give in the following a few figures that allow one to
estimate the order of magnitude of loads that can lead to buckling due to
compression or due to shear in orthotropic panels and tubes.

Rectangular Panels

The following plates allow one to calculate the critical stress resultants in
compression and in shear for different support conditions.

' See Sections 5.2.4 or 12.1.1. for the definition of the stress resultants. See relations [12.16]

for the definition of the constants C;, C,,, C,, Cs; that appear in the plates.
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Plate 14
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Plate 15

k
PN
14 ||
 —— a —
clamped
f e -
12 |b simply simply
b supported supported
i —_— -——
— -~ [Ciyx C.
clamped N, = k2 oSz e
10 [+ . b2
critical
8 L
= B 1.
- Ry e T 0.8
6 || —— Foas 0.6
<= = 0.4
= m— 0.2
0.
4 -
Cio + 2C:
Cc=2 33
[C11x Ca
2 |}
O | 1 | 1 >

© 2003 by CRC PressLLC



Plate 16
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Plate 18
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Buckling of Orthotropic Tubes

B Buckling in bending creating ovalization of the tube:
Bending leads to ovalisation of the cross section. The moment of inertia
which affects the rigidity in bending decreases (this is the unstable process).
The phenomenon is known as the “Brazier effect.”

o

&

e M bending

2.2 ., E. X E, 72
M_ ... = —Tr,e ——-—————y—]
critical 9 0 |:1 —v.v

bending xyYyx
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B Buckling due to external pressure:
The notations in the above figure are kept. L is the length of the tube or
the container that is subject to buckling.

E. E 1/4 5/2
p =O.83><—y><(—x) x@x(f)j
critical 1- 0-1Ex/ Ey El L 7

B Buckling due to torsion:

< L >
o

The critical stress resultant in torsion is given by:

2e 9 q1/4 3 5 1/8
Txv = —77:- |:————e i| X WEX Ey
critical 12 Vglz (1- 2 Vyx)S

B Buckling due to axial compression:
This aspect is not considered here, because the occurrence of elastic
instability is strongly influenced by the presence of geometric imperfections
in the orthotropic cylinder

© 2003 by CRC PressLLC



BIBLIOGRAPHY

B [es matériaux composites, J. Weiss, C. Bord, Vol. 1 and 2, Publications of
the Ministry of Industry and Research of Centre d’Etudes Techniques des
Industries Mécanique.

B Les matériaux composites. G. Hellard, P. Lafon, Conference, Dec. 1984.

B Manufacturer’s documentation. Vetrotex—Saint Gobain, skis Dynastar, Ciba
Geigy.

B Calcul des structures en matériaux composites. J.J. Barrau, S. Laroze,
Eyrolles-Masson, Paris 1987.

B Calcul des structures en matériaux composites, F. Joubert, R. Harry,
Mechanical Engineering Laboratory—I.U.T. « A »/C.O.D.E.M.A.C., Bordeaux
1985.

B Matériaux composites pour structures d'aeronefs, J. Rouchon, Ecole Nationale
Supérieure d’'Ingénieurs de construction Aéronautiques, Toulouse, 1980.

B Les applications des composites dans le domaine aéronautique, G. Hellard,
G. Hilaire, M. Tores, Aerospatiale publication.

B Fabrication des avions et missiles, M.P. Guibert, Dunod, Paris, 1960.

B Techniques de I'Ingénieur—Plastiques—A.3250—K. Gamski.

B Fibres de verre, d’aramide et de carbone, des renforts sur mesure pour
composites, R. Kleinholz, G. Molinier, Vetrotex journal, No. 59, 1986.

B Résistance des constructions—matériaux composites—G. Hellard, Ecole
Nationale Supérieure d’Ingénieurs de Construction Aéronautiques, Toulouse,
1983.

B [nitiation aux matériaux composites et a leurs techniques de fabrication—
Avions Marcel Dassault—Bréguet Aviation—Edition No. 1, Toulouse.

B Manuel de techniques de collage, G. Fauner, W. Hendlich, eds. Soproge
S.A., Paris, 1984.

B Recherches sur la théorie des assemblages collés, O. Volkersen—La Con-
struction Métallique, No. 4, 1965.

B [’Aéronautique et L'Astronautique, No. 107, 4, 1984.

B Matériaux et structures composites ou l'adaptation aux besoins, P. Lamicq,
7th French Congress in Mechanics, Bordeaux, 1985.

B Publication of specialized press : Air et Cosmos; Aviation magazine; “ca
m’intéresse;” Science et vie; Dassault-Bréguet Information; Aérospatiale
Information; Vétrotex actualités; Aspects des résines Ciba Geigy; Interavia
Revue Aérospatiale.

B ntroduction aux matériaux composites, R. Naslain, Vol. 2, Matrices métal-
liques et céramiques, Ed. of C.N.R.S. and of Institute of Composite Materials.

© 2003 by CRC PressLLC



B Matériaux composites a matrice organique, G. Chrétien, Technique et
documentation Lavoisier, Paris, 1986.

B Guide pratique des matériaux composites, M. Geier, D. Duedal, Technique
et documentation Lavoisier, Paris 1985.

B La flexion—torsion dynamique des poutres composites, M. Carrier, J.M.
Cieaux, Université Toulouse III—I.U.T. “A,” 1987.

B Proceedings of the 4th Journées Nationales sur les composites, Ed., Pluralis,
Paris, 1984.

B Proceedings of the 5th Journées Nationales sur les composites, C. Bathias,
D. Menkes, A.M.A.C., Ed. Pluralis, Paris, 1986.

B Transverse shear deformation in bending of composite beams of any cross
section shapes, D. Gay, Mechanics of structured media, Part B : pp. 155-
171, Elsevier Scientific Publishing Company, 1981.

B Homogeneisation en torsion d’'une poutre composite, J.J. Barrau, O.
Chambard, M. Nuc, D. Gay-Tendances actuelles en calcul des structures,
Bastia 1985.

B [es systeme ressorts-composites, L. De Goncourt, K.H. Sayers, Composites,
No. 3, May/June 1988, pp. 145-150.

B Composites de grande diffusion, A. Jardon, M. Costes, European conference
on Composite Materials, London, July 1987.

B Conception des vébicles spatiaux, D. Marty, Masson Ed., Paris, 1986.

B Effets des microfissures de résine sur les propriétés des composites
aéronautiques en kevlar/époxyde-F. Turris, H.Y. Loken, R.F. Pinzelli, Com-
posites No. 2, March/April 1988, pp. 35-40.

B Conduits PVDF renforcés. Contraintes thermiques et mécanismes de rup-
ture, B. Echalier, P. Bleut, F. Lefebvre, C. Tournut, Composites, No. 3, May/
June 1987, pp. 183-188.

m Structure coques—Equations générales et stabilité, J. Barbe, E.N.S.A.E.,
1983.

B Comment utiliser au meilleur colt les matériaux composites. M. Reyne,
Ed. de I'Usine Nouvelle, Paris, 1986.

B Fibres de carbone revétues de nickel, E.D. Kaufman, Composites No. 3,
May/June 1988.

B FRANCE—COMPOSITES. French suppliers for the fabrication of organic
composites, CEPP, 25 Rue Dagorno, 75012 Paris.

B Matériaux composites—Teknea, Marseille, 1989.

B Manuel de calcul des composites verre/résine, Manera, Massot, Morel, Verch-
ery, Pluralis, 1988.

B Phénomenes interfaciaux dans les composites a matrice thermoplastique:
Application au FIT, M. Guigon, A. Kloster, Annales des composites 1989,
1-2, pp. 83-90.

B Développement d'une nouvelle technologie pour fabriquer des poteaux,
E. Pfletschinger-Composites No. 3, May/June 1987, pp. 67-72.

B Conception et dimensionnement du volet extérieur en fibres de carbone
du CN 235, J.L. Duquesne, M. Gonzales, ENSICA, June 1990.

B [es plastiques, M. Reyne, Ed. Hermes, Paris, 1990.

B Impact and Residual Fatigue Behavior of ARALL, W.S. Johnson, Advances
in Composites Materials and Structures, ASME-AMD, Vol. 82, 1989.

© 2003 by CRC PressLLC



B FElastic Analysis and Engineering Design formulae for bonded joints—D.A.
Bigwood, A.D. Grocombe, International Journal of Adbesion and Adbesive,
Vol. 9, No. 4, Oct. 1989, pp. 229-242.

B Conception et essais de tubes composites hautes performances, P. Odru,
C. Sparks, J. Schmitt, J.F. Puch, Matériaux-Mécanique-Electricité, No. 433,
Feb/Mar 1990, pp. 4-0.

B Metal laminates—A family of Advanced Materials, M.L. Verbruggen, J.W.
Gunnik, Plastics/Metals/Ceramics, SAMPE European chapter, Bale, May 1990,
pp. 455—405.

B General buckling curves for specially orthotropic rectangular plates, E.J.
Brunnelle, G.A. Oyibo, AIAA Journal, Vol. 21, No. 8, Aug. 1983, pp. 1150—
1154.

B Technologie des composites, M. Reyne, Ed. Hermes, Paris, 1990.

B Interaction effects in fibre composites, V.R. Riley, Polymer Conference
Series, University of Utah, June 1970.

B Progiciels de calcul de structures composites; Exemples de réference et de
validation, Coordonnateur G. Matheron, ed. Hermes, Paris, 1995.

B [sotropie de Rigidité et quasi-isotropie de résistance des stratifiés 2 orientation
périodiques, D. Gay, F. Joubert, Revie des composites et des matériaux
avancés, Vol. 4, No. 2, 1994, pp. 241-261.

B [es composites, M. Reyne, Presses Universitaires de France, Paris, 1995.

© 2003 by CRC PressLLC



	tx846_fm.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	PREFACE
	CONTENTS


	TX846_C01.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of contents
	PART I.  PRINCIPLES OF CONSTRUCTION
	Chapter 1. COMPOSITE MATERIALS, INTEREST, AND PROPERTIES
	WHAT IS COMPOSITE MATERIAL?
	FIBERS AND MATRIX
	Fibers
	Relative Importance of Different Fibers in Applications

	Matrix Materials

	WHAT CAN BE MADE USING COMPOSITE MATERIALS?
	TYPICAL EXAMPLES OF INTEREST ON THE USE OF COMPOSITE MATERIALS
	EXAMPLES ON REPLACING CONVENTIONAL SOLUTIONS WITH COMPOSITES
	PRINCIPAL PHYSICAL PROPERTIES
	BIBLIOGRAPHY




	TX846_C02.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Chapter 2. FABRICATION PROCESSES
	MOLDING PROCESSES
	Contact Molding
	Compression Molding
	Molding with Vacuum
	Resin Injection Molding
	Molding by Injection of Premixed
	Molding by Foam Injection
	Molding of Components of Revolution

	OTHER FORMING PROCESSES
	Sheet Forming
	Profile Forming
	Stamp Forming
	Preforming by Three-Dimensional Assembly
	Cutting of Fabric and Trimming of Laminates

	PRACTICAL HINTS ON MANUFACTURING PROCESSES
	Acronyms
	Cost Comparison

	BIBLIOGRAPHY



	TX846_C03.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Chapter 3. PLY PROPERTIES
	ISOTROPY AND ANISOTROPY
	Isotropic Materials
	Anisotropic Material

	CHARACTERISTICS OF THE REINFORCEMENTÒMATRIX MIXTURE
	Fiber Mass Fraction
	Fiber Volume Fraction
	Mass Density of a Ply
	Ply Thickness

	UNIDIRECTIONAL PLY
	Elastic Modulus
	Ultimate Strength of a Ply
	Examples
	Examples of ÏHigh PerformanceÓ Unidirectional Plies

	WOVEN FABRICS
	Forms of Woven Fabric
	Elastic Modulus of Fabric Layer
	Examples of Balanced Fabrics/Epoxy

	MATS AND REINFORCED MATRICES
	Mats
	Summary Example of Glass/Epoxy Layers
	Spherical Fillers
	Other Reinforcements

	MULTIDIMENSIONAL FABRICS
	METAL MATRIX COMPOSITES
	TESTS
	BIBLIOGRAPHY



	TX846_C04.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Chapter 4. SANDWICH STRUCTURES
	WHAT IS A SANDWICH STRUCTURE?
	SIMPLIFIED FLEXURE
	Stresses
	Displacements

	A FEW SPECIAL ASPECTS
	Comparison of Mass Based on Equivalent Flexural Rigidity (EI)
	Buckling of Sandwich Structures
	Global Buckling
	Local Buckling of the Facings

	Other Types of Damage

	FABRICATION AND DESIGN PROBLEMS
	Honeycomb: An Example of Core Material
	Processing Aspects
	Insertion of Attachment Pieces
	Repair of Laminated Facings

	NONDESTRUCTIVE QUALITY CONTROL
	BIBLIOGRAPHY



	TX846_C05.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Chapter 5. CONCEPTION AND DESIGN
	DESIGN OF A COMPOSITE PIECE
	Guidelines for Values for Predesign

	THE LAMINATE
	Unidirectional Layers and Fabrics
	Importance of Ply Orientation
	Code to Represent a Laminate
	Normalized Orientation
	Middle Plane
	Description of Plies
	Midplane Symmetry
	Particular Cases of Balanced Fabrics
	Technological Minimum

	Arrangement of Plies
	Example of Representation
	The Case of Sandwich Structure


	FAILURE OF LAMINATES
	Damages
	Most Frequently Used Criterion: HillÒTsai Failure Criterion
	Notes
	How to Determine


	SIZING OF THE LAMINATE
	Modulus of Elasticity. Deformation of a Laminate
	Case of Simple Loading
	Case of Complex Loading Û Approximate Orientation Distribution of a Laminate
	Case of Complex Loading: Optimum Composition of a Laminate
	Practical Remarks: Particularities of the Behavior of Laminates

	BIBLIOGRAPHY



	TX846_C06.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Chapter 6. JOINING AND ASSEMBLY
	RIVETING AND BOLTING
	Principal Modes of Failure in Bolted Joints for Composite Materials
	Recommended Values
	Riveting
	Bolting

	BONDING
	Adhesives Used
	Geometry of the Bonded Joints
	Sizing of Bonded Surfaces
	Examples of Bonding

	INSERTS
	BIBLIOGRAPHY



	TX846_C07.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Chapter 7. COMPOSITE MATERIALS AND AEROSPACE CONSTRUCTION
	AIRCRAFT
	Composite Components in Aircraft
	Characteristics of Composites
	Glass/Epoxy, Kevlar/Epoxy
	Carbon/Epoxy
	Boron/Epoxy
	Honeycombs

	A Few Remarks
	Specific Aspects of Structural Resistance
	Large Carriers
	How to evaluate the gains:
	Regional Jets
	Light Aircraft
	Fighter Aircraft
	Architecture of Composite Parts in Aircraft
	Elements of Braking
	The Future

	HELICOPTERS
	The Situation
	Composite Zones
	Blades
	Advantages
	Consequences

	Yoke Rotor
	Evolution of the Yoke Rotors

	Other Composite Working Components

	PROPELLER BLADES FOR AIRPLANES
	TURBINE BLADES IN COMPOSITES
	SPACE APPLICATIONS
	Satellites
	Pressure Vessels
	Nozzles
	Other Composite Components
	For Thermal Protection
	For Energy Storage


	BIBLIOGRAPHY



	TX846_C08.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Chapter 8. COMPOSITE MATERIALS FOR OTHER APPLICATIONS
	COMPOSITE MATERIALS AND THE MANUFACTURING OF AUTOMOBILES
	Introduction
	Evaluation and Evolution
	Research and Development
	Chassis Components
	Suspension Components
	Mechanical Pieces


	COMPOSITES IN NAVAL CONSTRUCTION
	Competition
	Multishell Sail Boats

	Ships

	SPORTS AND RECREATION
	Skis
	Bicycles

	OTHER APPLICATIONS
	Wind Turbines
	Compressed Gas Bottles
	Buggy Chassis
	Tubes for Off-Shore Installations
	Biomechanics Applications
	Telepherique Cabin

	BIBLIOGRAPHY



	TX846_C09.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Part II. MECHANICAL BEHAVIOR OF LAMINATED MATERIALS
	Chapter 9. ANISOTROPIC ELASTIC MEDIA
	REVIEW OF NOTATIONS
	Continuum Mechanics
	Number of Distinct

	ORTHOTROPIC MATERIALS
	TRANSVERSELY ISOTROPIC MATERIALS
	BIBLIOGRAPHY




	TX846_C10.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Chapter 10. ELASTIC CONSTANTS OF UNIDIRECTIONAL COMPOSITES
	LONGITUDINAL MODULUS
	POISSON COEFFICIENT
	TRANSVERSE MODULUS
	SHEAR MODULUS
	THERMOELASTIC PROPERTIES
	Isotropic Material: Recall
	Case of Unidirectional Composite
	Coefficient of Thermal Expansion along the Direction
	Coefficient of Thermal Expansion along the Transverse Direction

	Thermomechanical Behavior of a Unidirectional Layer

	BIBLIOGRAPHY



	TX846_C11.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Chapter 11. ELASTIC CONSTANTS OF A PLY ALONG AN ARBITRARY DIRECTION
	COMPLIANCE COEFFICIENTS
	STIFFNESS COEFFICIENTS
	CASE OF THERMOMECHANICAL LOADING
	Compliance Coefficients
	Stiffness Coefficients

	BIBLIOGRAPHY



	TX846_C12.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Chapter 12. MECHANICAL BEHAVIOR OF THIN LAMINATED PLATES
	LAMINATE WITH MIDPLANE SYMMETRY
	Membrane Behavior
	Loadings
	Displacement Field

	Apparent Moduli of the Laminate
	Consequence: Practical Determination of a Laminate Subject to Membrane Loading
	Principle of Calculation
	Calculation Procedure

	Flexure Behavior
	Displacement Fields
	Loadings

	Consequence: Practical Determination for a Laminate Subject to Flexure
	Simplified Calculation for Flexure
	Case of Thermomechanical Loading
	Membrane Behavior
	Flexure Behavior


	LAMINATE WITHOUT MIDPLANE SYMMETRY
	Coupled MembraneÒFlexure Behavior
	Case of Thermomechanical Loading

	BIBLIOGRAPHY



	TX846_C13.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Part III. JUSTIFICATIONS, COMPOSITE BEAMS, AND THICK PLATES
	Chapter 13. ELASTIC COEFFICIENTS
	ELASTIC COEFFICIENTS IN AN ORTHOTROPIC MATERIAL
	ELASTIC COEFFICIENTS FOR A TRANSVERSELY ISOTROPIC MATERIAL
	Rotation about an Orthotropic Transverse Axis
	Problem
	Technical Form


	CASE OF A PLY
	BIBLIOGRAPHY




	TX846_C14.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Chapter 14. THE HILL-TSAI FAILURE CRITERION
	ISOTROPIC MATERIAL: VON MISES CRITERION
	ORTHOTROPIC MATERIAL: HILLÒTSAI CRITERION
	Preliminary Remarks
	Case of a Transversely Isotropic Material
	Case of a Unidirectional Ply Under In-Plane Loading

	VARIATION OF RESISTANCE OF A UNIDIRECTIONAL PLY WITH RESPECT TO THE DIRECTION OF LOADING
	Tension and Compression Resistance
	Shear Strength

	BIBLIOGRAPHY



	TX846_C15.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Chapter 15. COMPOSITE BEAMS IN FLEXURE
	FLEXURE OF SYMMETRIC BEAMS WITH ISOTROPIC PHASES
	Degrees of Freedom
	Equivalent Stiffness
	Longitudinal Displacement
	Rotations of the Sections
	Elastic Center
	Transverse Displacement along y Direction
	Transverse Displacement along z Direction

	Perfect Bonding between the Phases
	Displacements
	Strains
	Stresses

	Equilibrium Relations
	Constitutive Relations
	Technical Formulation
	Simplifications
	Expression for the Normal Stresses
	Shear Stress Expression

	Energy Interpretation
	Energy Due to Normal Stresses
	Energy Due to Shear Stresses

	Extension to the Dynamic Case

	CASE OF ANY CROSS SECTION (ASYMMETRIC)
	BIBLIOGRAPHY



	TX846_C16.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Chapter 16. COMPOSITE BEAMS IN TORSION
	UNIFORM TORSION
	Torsional Degree of Freedom
	Constitutive Relation
	Determination of the Function
	Local Equilibrium
	Conditions at the External Boundary
	Conditions at the Internal Boundaries
	Uniqueness of the Function

	Energy Interpretation

	LOCATION OF THE TORSION CENTER
	BIBLIOGRAPHY



	TX846_C17.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Chapter 17. FLEXURE OF THICK COMPOSITE PLATES
	PRELIMINARY REMARKS
	Transverse Normal Stress
	Transverse Shear Stresses
	Hypotheses

	DISPLACEMENT FIELD
	STRAINS
	CONSTITUTIVE RELATIONS
	Membrane Equations
	Bending Behavior
	Transverse Shear Equation

	EQUILIBRIUM EQUATIONS
	Transverse Equilibrium
	Equilibrium in Bending

	TECHNICAL FORMULATION FOR BENDING
	Plane Stresses Due to Bending
	Transverse Shear Stresses in Bending
	Characterization of the Bending, Warping Increments
	Particular Cases
	Consequences

	Warping Functions
	Consequences
	Interpretation in Terms of Energy

	EXAMPLES
	Homogeneous Orthotropic Plate
	Sandwich Plate
	Warping Functions
	Transverse Shear Stresses
	Transverse Shear Coefficients


	BIBLIOGRAPHY



	TX846_C18.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	Part IV. APPLICATIONS
	Chapter 18. APPLICATIONS
	LEVEL 1
	Simply Supported Sandwich Beam
	Poisson Coefficient of a Unidirectional Layer
	Helicopter Blade
	Transmission Shaft for Trucks
	Flywheel in Carbon/Epoxy
	Wing Tip Made of Carbon/Epoxy
	Carbon Fiber Coated with Nickel
	Tube Made of Glass/Epoxy under Pressure
	Filament Wound Vessel, Winding Angle
	Filament Wound Reservoir, Taking the Heads into Account
	Determination of the Volume Fraction of Fibers by Pyrolysis
	Lever Arm Made of Carbon/PEEK Unidirectional and Short Fibers
	Telegraphic Mast in Glass/Resin
	Unidirectional Ply of HR Carbon
	Manipulator Arm of Space Shuttle

	LEVEL 2
	Sandwich Beam: Simplified Calculation of the Shear Coefficient
	Procedure for Calculation of a Laminate
	Kevlar/Epoxy Laminates: Evolution of Stiffness Depending on the Direction of the Load
	Residual Thermal Stresses due to Curing of the Laminate
	Thermoelastic Behavior of a Tube Made of Filament- Wound Glass/ Polyester
	Polymeric Tube Under Thermal Load and Creep
	First Ply Failure of a LaminateÛUltimate Rupture
	Optimum Laminate for Isotropic Stress State
	Laminate Made of Identical Layers of Balanced Fabric
	Wing Spar in Carbon/Epoxy
	Determination of the Elastic Characteristics of a Carbon/Epoxy Unidirectional Layer from Tensile Test
	Sailboat Shell in Glass/Polyester
	Determination of the In-Plane Shear Modulus of a Balanced Fabric Ply
	Quasi-Isotropic Laminate
	Orthotropic Plate in Pure Torsion
	Plate Made by Resin Transfer Molding (R.T.M.)
	Thermoelastic Behavior of a Balanced Fabric Ply

	LEVEL 3
	Cylindrical Bonding
	Double Bonded Joint
	Composite Beam with Two Layers
	Buckling of a Sandwich Beam
	Shear Due to Bending in a Sandwich Beam
	Column Made of Stretched Polymer
	Cylindrical Bending of a Thick Orthotropic Plate under Uniform Loading
	Bending of a Sandwich Plate
	Bending Vibration of a Sandwich Beam

	BIBLIOGRAPHY




	TX846_A01.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	APPENDIX 1
	STRESSES IN THE PLIES OF A LAMINATE OF CARBON/EPOXY LOADED IN ITS PLANE
	CHARACTERISTICS OF EACH PLY
	BIBLIOGRAPHY



	TX846_A02.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	APPENDIX 2
	BUCKLING OF ORTHOTROPIC STRUCTURES
	Rectangular Panels
	Buckling of Orthotropic Tubes

	BIBLIOGRAPHY



	TX846_Bibliography.pdf
	COMPOSITE MATERIALS: DESIGN AND APPLICATIONS
	Table of Contents
	BIBLIOGRAPHY





