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Preface

Bonded composite repairs are efficient and cost-effective means of repairing cracks
and corrosion grind-out cavity in metallic structures, and composite structures sustained
impact and ballistic damages, especially in aircraft structures. Currently there are two
edited books available on this topic (Bonded Repair of Aircraft Structures, ed. Baker
and Jones, 1988, Martinus Nijhoff Publisher; Advances in Bonded Composite Repair
of Metallic Structure, Baker et al., 2002, Elsevier). However, none has been dedicated
to the comprehensive mathematical analysis of the fundamentals of bonded composite
repair technology. Our objective in this book is therefore to fill in that gap.

This book devotes entirely its content to the design and analysis of bonded repairs,
focusing on the mathematical techniques and analysis approaches that are critical to the
successful implementation of bonded repairs. It grew out of recent research we con-
ducted at the Boeing Company and the Defence Science and Technology Organisation
(DSTO, Australia) over the past ten years. The topics addressed herein are developed to
the extent that the presentation is sufficiently self-explanatory, and hence it could serve
as a state-of-the-art reference guide to engineers, scientists, researchers, and practition-
ers interested in the underpinning design methodology and the modeling of composite
repairs. Furthermore, it can be used as a companion reference book to the United States
Air Force (USAF) bonded repair guidelines (Guidelines for Composite Repair of Metal-
lic Structure-CRMS, AFRL-WP-TR-1998-4113) and the Royal Australian Air Force
(RAAF) Design Standard DEF(AUST)9005 that are currently used by most practitioners
and field repair engineers throughout the world, as well as for the new software called
CRAS (Composite Repair of Aircraft Structures) developed by the Boeing Company
and funded by the USAF.

We have organized the book into 14 chapters. An introduction to the composite repair
process is presented in Chapter 1. To set the scene for the latter development, Chapter 2
provides some background information and basic concepts and characteristics of bonded
joints and bonded doublers. Chapter 3 presents the foundation of the mechanics of crack-
patching technology, focusing particularly on elliptical patches and geometrically linear
analyses. Chapters 4 and 5 deal respectively with the stress and fracture analysis of
polygonal patches in fully supported one-sided or two-sided repairs and an unsupported
one-sided repair. Extension of the crack-patching model developed in Chapters 3 and
4 to corrosion repairs is described in Chapter 6. In Chapter 7, a stress analysis of the
peel and shear deformation of adhesive near patch ends is presented for both untapered
and tapered patches. Chapter 8 outlines a crack-closure-based methodology to model

Xi



xii Preface

the growth behavior of repaired cracks. Design algorithms for repairs to cracks and
corrosion damage are described respectively in Chapters 9 and 10, with experimental
verifications of the analytical methods presented in Chapter 11. Application of the
composite repairs to sonic fatigue cracks is discussed in Chapter 12. Chapter 13 deals
with some miscellaneous issues concerning secondary effects, such as multiple patches
in proximity, thick composite patch, and tapered patch. The book finally ends with
concluding remarks in Chapter 14.

We would like to express our thanks to a number of colleagues. In 1999, the Boeing
Company was awarded a multiple-million contract by the United States Air Force
Research Laboratory (AFRL) to develop new technologies for Composite Repair of
Aircraft Structures (CRAS) including a software application. A bulk of the first author
research on the composite repairs would have been impossible without the financial
support from the CRAS program. He is, therefore, grateful to the financial support by
the AFRL through the CRAS program under the management of Dr David Stargel and
to the permission of AFRL to include selective materials from the CRAS final reports in
this book. He is also indebted to his colleagues for their contributions and supports to the
composite repair researches. In particular, he would like to thank Drs John Hart-Smith,
Jin Yu, and John Tracy, the rest of the CRAS team and the management of the Boeing
Company. In addition, he had been privileged to pursue his graduate studies at MIT
and Caltech under the guidance of Professors John Dugundji and Wolfgang Knauss. He,
therefore, would like to take this opportunity to thank his two former advisors for their
generous financial support and their hospitality during his time at these two institutions.

Since 1995 the second author has been privileged of being mentored by Drs Francis
Rose and Alan Baker, both widely recognized as the leading pioneers in the field of
bonded repairs. The research results presented in this book would have been impossible
without the guidance and help from his DSTO colleagues, including Dr Richard Chester,
Mr. Richard Callinan, and Dr Steve Galea. Last, but not the least, we are grateful to our
families for their love, encouragement, patience, and support while this book was being
written.

Cong N. Duong
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Chun Hui Wang
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CHAPTER 1

Introduction

When today’s aircraft reach the end of their service life, fatigue cracks are found
to have developed along rivet holes and other highly stressed regions of the aircraft.
In order to extend the life of these aircraft, repairs have been made to arrest these
cracks. Composite doublers or repair patches provide an innovative repair technique,
which can enhance the way aircraft are maintained. Instead of riveting multiple steel or
aluminum plates to facilitate an aircraft repair, a single composite doubler is bonded to
the damaged structure. Adhesively bonded composite repairs have many advantages over
mechanically fastened repairs (Baker and Jones, 1988): (i) no new stress concentration
created by new rivet holes; (ii) high stiffness-to-weight and strength-to-weight ratios
of the patch, thus reducing drag; (iii) patches are readily formed into complex shapes,
permitting the repair of irregular components; (iv) high fatigue and corrosion resistance
of the composite; and (v) potential time savings in installation. This repair technique has
been primarily used in the area of military aviation. Examples of military application
(CRMS Guidelines, 1998) are the repairs of the cracked weep-holes on the C-141 fleet,
cracked fuel-vent holes on F16, cracked splices of the upper wing of B-52 G/H models,
cracked fuel-access doorframe of B-52, cracked upper (crown) section of the fuselage
on C-5A fleet, and F-111 lower-wing skin crack. In this chapter, the objectives of the
bonded repairs and an overview of their repair process will be given in Section 1.1. The
objectives of this book are stated in Section 1.2. This follows by a review of the past and
current work on the design and analysis of bonded repairs in Section 1.3. The chapter
is finally concluded by a brief review of the basic elements of the fracture mechanics
theory in Section 1.4.

1.1 Objectives of Bonded Repairs and an Overview of the Repair Process

Bonded repair of metallic aircraft structure is used to extend the life of flawed or
under-designed components at reasonable cost. Such repairs generally have one of three
objectives: fatigue enhancement, crack patching or corrosion repair (Composite Repair
of Aircraft Structures [CRAS] Design Manual, 2003).
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(1) Fatigue enhancement: Under-designed metallic structure does not necessarily dis-
play cracking or other damage at the time a repair action is desired. The concern
may stem from observed damage in fleet-leading aircraft or from insufficient
analytical crack growth life in the presence of an assumed 1.27 mm flaw, required
by United States Air Force (USAF) durability criteria (Joint Service Specifica-
tion Guide [JSSG], 1998). However, the remedy for such conditions are costly
in that they may require either re-design or performance of costly inspections,
necessitating the removal of skin panels, at intervals more frequent than desired.
Fatigue enhancement refers to the application of composite doublers to such under-
designed components to reduce the stress levels, enhancing fatigue life and/or
minimizing repeated inspections.

(2) Crack patching: Repair of cracked structure may be performed, by bonding an
external patch to the structure, to either stop or slow crack growth.

(3) Corrosion repair: Corrosion damage is removed by grinding out material in the
area of the damage. Grind-out areas may be reinforced with fill material and a
bonded patch to restore the original load-carrying capability.

The process for repair of damage to aircraft structure is divided into three phases:

(1) Structural assessment of the damage
(2) Repair design and analysis

(3) Installation and inspection of the repair.

Assessment of the flawed structure is required before designing the repair. The flaw can
be either under-design or actual damage, such as cracking or corrosion. Such assessment
takes into account not only the structural design details but also an understanding of the
natural and induced environments to which the structure is subjected during its lifetime
and of the cause of the damage. A repair should satisfy all the expected conditions
that the original structure must satisfy. These conditions include, but are not limited to,
ultimate loads, durability, damage tolerance, environment, fit, function and aerodynamic
and electromagnetic performance. However, a repair may be used to get a part to some
limited life based on an upcoming retirement. In that case, reduced capability from the
original life requirement might be acceptable. This information is essential to design a
repair that will have the appropriate performance characteristics.

Once knowledge of the structure is obtained, the design of the repair can start. The
design of the repair must address all the expected conditions that the original structure
must satisfy. Two additional areas of consideration during repair design are the source
of the damage and installation of the repair. If installation of the repair, as well as
inspection requirements, were considered part of the design process, problems with
installation should be minimized. A properly designed repair, if not installed properly, is
unlikely to meet performance criteria. The final step in the process is inspection of the
installation.
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1.1.1 Structural assessment

The starting point for repair design is knowledge of the structure, i.e., understanding load
paths, stresses, geometry, environment and function, as well as the flaw to be repaired.
The following list includes information that may be needed to design a proper repair:

e Material type and geometry of the structure being repaired
e Aerodynamic and/or electromagnetic constraints
e Size constraints

e Additional structure or systems present

e [ocation constraints

e Flammability requirements

e Weight and balance

e Thermodynamic constraints

® Avionics or electronic constraints

e Environment

e Stress levels

e [oading

o Surface preparation constraints

e Availability and compatibility of repair materials, equipment and facilities

Structural flaws can be either basic under-design conditions or actual damage. Under-
designed structure necessitates more frequent inspections and/or re-design or repair to
meet life criteria. Damage can occur as the structure ages, resulting in fatigue cracks
and corrosion pitting, or can be induced by specific events such as acid spills, lightning
strikes, bird strikes, miss-drilled holes and tool marks.

The cause of the damage must be addressed or subsequent damage may occur. For
example, a corrosive environment may create additional damage to the repair or the
surrounding structure. The cause must be determined. If the damage can occur on any
aircraft in the fleet, it may be beneficial to survey other aircraft. Once the cause of
damage is known, steps can be taken to prevent the damage from recurring in the
same area.

1.1.2 Repair design

The repair design must address static strength, durability, function, fit and inspection,
as well as satisfy any applicable damage tolerance considerations. Structural and non-
structural constraints must also be addressed.
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Structural constraints include items like how the repair fits or if there is existing structure
that must be accounted for during the design. The initial patch design must conform
to geometry of the structure to be repaired. If possible, the patch should not cover
existing fasteners that may require future removal. The location of fasteners (rivets)
should be considered. Fasteners should not be partially covered or just outside the
patch. The USAF Composite Repair to Metallic Structure (CRMS) Guidelines (1998)
recommends that the patch edge be at least three times the fastener diameter away from
the uncovered fasteners, to avoid stress concentration at the patch edge. The location
of the patch relative to substructure should be considered. Locating a single-sided patch
over substructure reduces out-of-plane bending. However, the patch should not end just
outside the substructure, resulting in a discontinuity in the neutral axis and potential for
more bending in that area. Extending a patch over a joint should be avoided as bending
at joints is a concern.

Non-structural constraints may deal with the avionics systems or aerodynamic perfor-
mance. Additional factors that are pertinent to the design of a repair are time constraints
for accomplishing the repair, available repair facilities and available materials.

The foundations of the design process for repairs over flawed skin structure are basic
design criteria. Patch design criteria, in their simplest form, are to minimize stress in
the structure near the defect and at the edge of the patch and to maximize load carried
by the patch, decreasing that carried by the structure. Minimizing stress, near a crack,
stops or impedes further growth. Detailed design criteria account for operational loads
and environments to which the repaired structure will be subjected.

(a) Bonded vs mechanically fastened repairs

Once the decision has been made that a defective structure may be repaired rather than
replaced, the next choice is the method of repair. The two primary methods for attaching
a repair patch to the damaged structure are mechanical fasteners and adhesive bonding.
The method of attachment must be capable of transferring stresses into the repair material
from the original structure to retard crack growth and to minimize stress concentration.

A key difference between mechanically fastened and adhesively bonded patches for
crack repair is that the former is so flexibly attached that the crack continues to grow
under the patch, unless it is first cleaned out by removal of sufficient material to reduce
stress concentration at the crack tip. This may entail removal of large amounts of intact
structure, converting sharp cracks into round holes. When bonded repairs can be applied,
however, the interface between patch and structure is so stiff that it is possible to remove
little or no material. Even a hole drilled through the crack tips may not be desirable
because it would remove the zone of cold-worked material that itself impedes further
crack growth.

The repair must be designed such that stress concentrations, from the method of attach-
ment, are kept to a minimum. Bonded repairs introduce stress concentration from load
attraction to the stiffened area. Mechanically fastened repairs introduce stress concentra-
tions from the fastener hole as well as from load attraction. Bonded repairs offer several
advantages over mechanically fastened — riveted or bolted — repairs. Adhesive bonding
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provides more uniform and efficient load transfer into the repair patch and less stress
concentration than mechanical fastening.

In some situations, bonded repairs may not be recommended. The USAF only permits
bonded repairs to primary or flight critical components when cracks are not critical
at limit load (CRMS Guidelines, 1998). Similarly, for cutouts and grind-outs, bonded
repairs are only allowed if the skin stress in the remaining structure is below the material
ultimate strength at limit load.

The major disadvantage of bonded repairs is their complexity. Installation process
controls are very stringent; advanced materials and processes are required; and the
design itself is more complex. Technicians generally do not need special training
or experience to install mechanically fastened repairs. Such training and experience
is a requisite for bonded repairs. Consequently, bonded repairs are not generally
recommended when

e Stringent cleaning and processing steps cannot be adhered to, within a controlled
environment.

e The structure to be repaired cannot withstand the high cure temperatures required
for bonded repairs.

e The structure to be repaired is subjected to very high loads for which mechanical
joints may be more efficient.

® The repair will be exposed to high humidity that can prevent achievement and
maintenance of a good quality bond.

There are exceptions to these guidelines. For example, Warner Robin Air Logistic
Center (WR-ALC) has considerable experience installing bonded repairs in high humidity
conditions.

(b) Size and shape of the bonded patch

The size of the repair is governed by the required space for proper load transfer through
the adhesive into the composite patch, and the physical limitations of the area to be
repaired. The termination point of the repair patch, with respect to existing structure,
can influence the durability of the repaired area. A check for possible interference, from
patch overlap with adjacent structure and systems, is required to ensure their continued
proper operation. The plan shape of the repair patch is typically octagonal, although
other shapes are utilized. Deviations to simple shapes are used to account for changes
in the shape of the damaged structure and for specific design elements of a repair, such
as the need to keep the high stress at the edge of the patch away from other structural
details. The patch may need to wrap around an opening in the structure or another
structural member. The thickness of the patch must account for the required strength,
stiffness, fit, and functional constraints. The patch is usually tapered to reduce stress
concentrations induced by load transfer at the edge of the patch.
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(c¢) Choice of repair material

The selected material must be able to withstand the expected conditions in the damaged
area and to withstand ultimate and fatigue stresses. Fatigue stresses will determine the
durability of the repair from a strength standpoint. The operating environment will
determine the longevity of the repair. The repair material must be able to withstand
applicable natural and induced environments. Heat, vibration, cold, hydraulic fluid,
moisture, fuel, and oil can cause degradation of the material. The repair configuration
itself must not create an adverse environment. For example, the repair should not create
a situation for galvanic corrosion. The material should also be selected on the basis
of any damage tolerance requirements and the potential need for through-the-patch
inspections using eddy current, ultrasonic or thermographic non-destructive inspection
(NDI) techniques.

Coefficient of thermal expansion (CTE) compatibility between the repair material and
the structure to be repaired is an essential consideration. Differences in CTE can create
patch disbond or structural failure outside the repair. Repair design should account for
thermally induced stresses from heating during the adhesive cure process and from
temperature variances associated with aircraft flight operations.

The material generally used for composite patches is Boron/epoxy (B/ep) because it has
high stiffness (Young’s modulus about three times that of aluminum) and strength, is
fatigue-resistant and immune to corrosion. It also has low electrical conductivity, unlike
carbon materials. However, in cases where the patch is required to follow significant
curvature, use of carbon materials may be desirable. Modified epoxy film adhesives,
such as FM-73, are most commonly used to bond the patch to metallic structure.
Special pre-bonding surface treatments, based on use of silane coupling agents, ensure
durable bonds.

(d) Analysis of the repair design

The repair should be evaluated against all criteria during the design phase of the repair.
Analysis should only provide the final check that the design of the repair is adequate. The
analyses required might include consideration of static ultimate load, fatigue, fail-safe,
damage tolerance, durability, heat transfer, vibration, aerodynamics, aesthetics, fit and
function. Finite element (FE) and/or appropriate closed-form analyses must be performed
for that purpose.

(e) Pre-installation check

A check to determine if the repair can be installed is required. This check is necessary
to ensure that the repair, as designed, can be installed. The initial design process should
account for how the repair will be installed. Considerations should, as a minimum,
include heating and temperature distribution methods, temperature measurement and
control techniques, pressurization methods, the cure process, and quality control and
inspection aspects. Prior to attempting the repair installation, a thermal survey must be
conducted, during which the vicinity of the repair is brought to and maintained at the
required cure temperature. For cracked structure, leak checks should also be made and
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the crack sealed. If both sides of the crack are accessible, the backside is dammed
and the crack flooded with solvent. A vacuum is pulled, the backside surface cleaned
and sealant applied under vacuum.

1.1.3 Installation of the repair

Primary considerations for bonded repair installation are surface preparation, heating
methods, pressurization methods, the cure process and inspections. The CRMS Guide-
lines (1998) should be consulted to determine further details of the installation process.

Good adhesion of a bonded patch to the structural surface is critical to the durability
of a repair and surface preparation, compatible with the repair materials and installation
procedures, is essential. Phosphoric acid anodizing (PAA) and grit blast silane (GBS),
or grit blast solgell, are aluminum surface preparations that are most effective. Prior to
either method, surface contaminants (sealants, paint, grease, etc.) are removed by use
of abrasives and cleaning agents. PAA consists of an electrical current-induced surface
electro-chemical change to increase the adhesive surface area and to increase moisture
resistance. GBS involves a light blasting with aluminum oxide grit and an application
of a water-soluble silane-coupling agent that bonds to both the metal and the adhesive
primer.

Temperatures required during cure cycles are generally developed by heater blanket,
heating blocks, oven, autoclave, forced air, or infrared lamp systems. The most common
source is the heater blanket in which resistance-heating wires are imbedded in a flexible
heat-resistant medium, which is placed over the repair area. Choosing a heating method
is based on several considerations:

e Power requirements dependent on the emissivity of the materials, area to be heated,
thickness of heated zone and required temperature.

e [ocation of heat source, usually determined by thermal surveys.

e Required temperature distribution, as determined by thermocouples, prior to and
during the repair.

e Temperature measurement and control.

Pressure, applied during curing, minimizes voids in the bond line and ensures contact
between the patch, adhesive, and structure. Vacuum bags, mechanical devices or auto-
claves develop pressure. The most common pressurization technique is the vacuum bag
method in which an airtight bag is placed over the repair and evacuated.

Patches are either pre-cured or co-cured. Pre-cured patches are laid up on molds of
the component, allowing for high quality control and pre-installation inspections. These
patches are cured independently and then bonded to the structure in a separate operation,
usually at a somewhat lower temperature. Lower cure temperature equates to lower
thermal stress due to CTE mismatch. The alternative is to cure the patch and adhesive in
place over the area to be repaired. These co-cured patches require compatible adhesive
and patch materials.
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Non-destructive inspection of the completed repair is used to ensure that the repair does
not contain any unexpected anomalies and the damage in the structure has not grown.
NDI techniques include eddy current, dye penetrant, ultrasonic, x-ray, and thermographic
inspections.

1.2 Objectives of This Book

This book deals primarily with the analysis and design aspect of the bonded repair
process. As mentioned in Section 1.1, the repair process requires assessment of the
damage or under-design condition, design of repair details and installation of the repair.
In this book, it is assumed that the defect or design flaw has been detected, classified and
identified as a candidate for a bonded repair. No information on this pre-repair structural
evaluation is presented in this book. Furthermore, the installation procedures are also
omitted since the primary purpose of this book is to provide engineers, practitioners,
researchers, and scientists the theoretical foundations of the design and analysis of bonded
repairs. In the last several decades, new advances in analytical methods for designing
and analyzing a composite patch have been made. Simple and explicit results of some of
these methods have been incorporated into the engineering guidelines or standards such
as the USAF CRMS Guidelines (1998) and the Royal Australian Air Force (RAAF)
Engineering Standard C5003 (Davis, 1995) for use by practitioners and depot repair
engineers. In contrast, more complex analytical models as well as the iterative patch
design process have been implemented in various software formats. Among these, the
USAF Composite Repair of Aircraft Structures (CRAS) software is considered to be
the most capable bonded repair code, which integrates various simple and complex
analytical models for the design and analysis of a composite patch together with a very-
easy-to-use graphical user interface (GUI) (CRAS Software User Manual, 2003). The
analysis methods and design process described in this book are generally consistent with
those of the CRAS software as well as the engineering guidelines mentioned above. This
book therefore can also be used as a good reference to the CRAS software as well as
to the USAF CRMS Guidelines and RAAF C5003 Engineering Standard. In addition,
engineers, scientists, and researchers can also learn from this book many powerful
mathematical techniques or methods that can be developed into a design and analysis
software tool for a composite patch repair.

1.3 Review of Past and Current Work on Design
and Analysis of Bonded Repair

There are several methods for the analysis of crack patching and corrosion repair. They
can be broadly classified as either analytical or numerical. Numerical analysis such as
the conventional FE analysis requires a considerable amount of modeling and computing
efforts since a very fined mesh must be used near the two crack tips due to the stress
singularity there. The numerical method is therefore too laborious for parametric studies
in design calculations and for crack growth analysis. On the other hand, the analytical
method uses basic elasticity solutions, which provides accurate solutions with minimum
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inputs from the user, and the values of these inputs can be easily changed without
any major modeling effort. For that reason, only analytical work will be discussed in
this book.

Analytical work has been done in both academia and industry. In the earliest work, the
analysis involved an infinite composite patch adhesively bonded to an infinite cracked
plate (Erdogan and Arin, 1972; Ratwani, 1974; Keer et al., 1976). The adhesive was
treated as a two-dimensional shear spring. The problem was reduced to a pair of integral
equations that were solved by numerical integration with the discretization of the bonded
interface. The effect of the finite size of the patch was ignored in that analysis. However,
that analysis included the effects of disbond and the out-of-plane bending due to load
path eccentricity near the crack on the crack-tip behavior. The size of the disbond was
determined by calculating the shear strain in the adhesive and comparing these values
to the shear strain allowable in the adhesive. Those regions surpassing the allowable
were considered to be debonded. Nevertheless, the bending analysis considered by
Ratwani (1974) has been found later to be deficient (Arendt and Sun, 1994). Extension
of this early approach to complex repair configurations such as repairs on a stiffened
sheet or thin strip repairs had also been considered by Ratwani (1980) and Ratwani
and Kan (1982). However, he did not solve these problems through exact analyses.
He used the compounding technique for the analysis of repairs on a stiffened sheet.
Since the load transfers between the patch and the sheet and between the sheet and the
stiffeners depend on the relative stiffnesses of these three components, the compounding
technique may not be appropriate for this problem. Furthermore, his account for an
infinite strip patch also may be inaccurate since the strip was treated as a one-dimensional
elastic rod.

The effect of a finite two-dimensional patch is first treated analytically by Rose (1981,
1982, 1988). By dividing the crack patching analysis into two stages, each with different
simplified assumptions, simple formula for estimating physical field quantities critical
to the repair can be derived. Rose’s analysis was based on the linear superposition
of two problems, each problem corresponding to one stage of the analysis. The first
problem involved an elliptical composite patch rigidly bonded to an uncracked metallic
sheet. The stresses at the prospective location of the crack for the second problem were
calculated. In the second problem, a semi-infinite crack in an infinite patched sheet
was considered. The semi-infinite crack was loaded on its surfaces by the same stresses
found in the first problem but in a reversed fashion. Rose’s analysis included the effect
of thermal stresses because of the thermal mismatch between the patch and the damaged
structures due to either low operating temperature or curing of the adhesive. The effect
of finite crack length and the influence of debonding were examined in Rose (1987a,b)
via a simple distributed spring model. No mention was made as to the incorporation of
stiffener and crack asymmetry. The bending analysis given by Rose (1988) was also
found subsequently to be incorrect (Arendt and Sun, 1994). Since these original works,
Rose and his colleagues at Defense Science and Technology Organization (DSTO)
in Australia, especially Wang, had expanded the analysis capabilities to include the
effect of structural constraint on thermal stresses due to curing (Wang and Erjavec,
2000; Wang et al., 2000), and the effect of the out-of-plane bending on the crack-tip
behavior (Wang and Rose, 1999). However, most of these works were limited to either
plane stress analysis or geometrically linear analysis. The Rose’s analytical model was
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later incorporated into a Windows-based repair program entitled CALCUREP (2001)
by Fredell (1994) of the U.S. Air Force Academy. Other contributions to the design
and analysis of bonded repairs were made by Atluri (1992), Bottega and Loia (1996,
1997). Atluri (1992) solved the problem of a cracked sheet reinforced by an infinite
composite strip parallel to a crack by using the Fourier integral transform method. His
work, however, did not include the effects of a disbond, thermal stresses, and stiffeners.
In contrast, Bottega and Loia (1996, 1997) addressed the issue of debonding at the patch
edge, which may compromise the performance of repairs on flat and cylindrical panels.
Even though this edge debonding issue is important when considering a bonded repair,
it is beyond the scope of this book. Parallel efforts in the development of analytical
methods for composite repairs to composite structures also have been conducted in the
past decades. Among them, the works by Soutis and Hu (1997), Soutis et al. (1999),
Engels and Becker (2002), Barut et al. (2002), Oterkus et al. (2005) for repairs of a
composite panel with a cutout are worthy to mention.

Under the sponsorship of the U.S. Air Force Research Laboratory (AFRL), Duong and
his colleagues at the Boeing Company have expanded the design and analysis capabili-
ties for bonded composite repairs beyond the existing capabilities and incorporated these
new developments along with those developed at DSTO into a software called CRAS
(2003). Under this sponsorship, they have made five major contributions to the field of
bonded technology (Duong, 2003a,b; Duong et al., 2003). First, robust algorithms have
been developed for the initial patch designs of cracking and corrosion repairs. In the past,
an initial patch design capability existed; however, that capability was available only
for crack patching and it was relatively primitive (Jones, 1988). Secondly, theoretical
analysis of a non-elliptical patch has been made possible using inclusion model with
eigenstrain theory. Thirdly, the analytical method for crack patching analysis has been
extended to the analyses of corrosion pits repaired with a polygon-shaped patch. Fourthly,
the analysis of the out-of-plane bending for thermal stresses and thermo-mechanical
stresses has been significantly improved by including the effects of geometrically non-
linearity and non-elliptical shaped patch. Finally, a new bond-line analysis for tapered
patches and doublers has been developed, which includes the coupling effects between
the peel and the shear behavior of the adhesive as well as the effect of the geometrical
and material nonlinearity.

1.4 Basic Elements of Fracture Mechanics Theory

The stresses distribution near the crack tip of a repaired structure is singular, i.e., the
crack-tip stress fast reaches infinity. Therefore, unlike the case of holes or cutouts, the
stress concentration approach is not applicable for measuring the severity of a cracked
structure. In an elastically cracked structure, the amplitude of the singularity of the
crack-tip stress, widely known as the stress intensity factor, is used to measure the
structure’s residual strength and the structure’s capability to resist fatigue crack growth.
Since the main basic assumption underlying the stress intensity factor approach is that
the structure remains elastic during the whole fracture process, the approach is often
referred to as the linear elastic fracture mechanics (LEFM) approach. According to
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LEFM theory, the stress field near a crack tip is governed by the following expression
(Broek, 1987):

o, © 1 —sin(6/2)sin(360/2)
o, \ — L_cos(0/2) { 1 +sin(6/2)sin(36/2)
yy vamr sin(6/2) cos(36/2)

—sin(6/2)[2 4+ cos(6/2) cos(36/2)]
Kb sin(0/2)cos(0/2)c0s30/2)  Lroet) (L
271 | cos(6/2)[1 —sin(6/2) sin(36/2)]

Ty, Ky |- sin(0/2) N
{m} = Jom { cos(6/2) }+°(’ )

where K;, K;;, and Kj; are the stress intensity factors for three respective modes: opening,
sliding or shear and tearing modes. These three modes describe three independent
kinematic movements of the upper and lower crack surfaces with respect to each other
as shown in Figure 1.1 for all possible modes of crack propagation in an elastic material.
Depending on the loading and geometry of the cracked structure, one, two or all three
modes of fracture can be operated simultaneously. Mode I is the most common mode
found in practical applications. For reference, the crack-tip displacements for modes I
and II are also given here as

u, K, [ (2k,—1)cos(0/2) —cos(36/2)
u, :2155\/; (+2) 1 (2, + 1) sin(6/2) —sin(36/2)

Ky [ (2K, +3)sin(6/2) +sin(36/2)
+ 2_158\/;(1 +7) {— (2k, —3)cos(6/2) +Cos(30/2)} +0(r") (1.2)

(a) (b) (

Fig. 1.1. Three basic modes of fracture: (a) mode I or opening mode, (b) mode II or shear mode;
and (c) mode IIT or tearing mode.

c)
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where

. — (3—v,)/(1+v,) for plane stress (13)
13-4y, for plane strain '

E, and v, are the Young’s modulus and Poisson’s ratio of the cracked structure, respec-
tively. Another important parameter which can also be used to characterize fracture of a
cracked structure is the so-called ‘energy release rate’. It is the energy released per unit
extension of crack front per unit thickness of the structure, defined by

dIl d(Ug—W)
G=—=——"—"—"—= 1.4
da da (14)

which for a linearly elastic structure reduces to G = %%, where W is the external
work done on the structure, Uy is the strain energy stored in the structure, and II is the
potential energy. For elastic structure and for mode I fracture, G is related to the stress
intensity factors by

Kt
E,
Kt
E,

plane stress

(15)

(1—22) plane strain

S

G is also referred to as the crack driving force. It remains now to show how to determine
the residual strength and the fatigue crack growth of a cracked structure using the linear
elastic fracture mechanics approach.

(a) Crack growth under static load or residual strength of a cracked structure

The principle of the linear elastic fracture mechanics approach is that at the onset
of fracture the crack-tip stress intensity factor or the strain energy release rate of a
given fracture mode is constant. In other words, for all different geometries and loading
configurations, the stress intensity factors or strain energy release rates of all different
specimens are the same at fracture. Thus, at fracture K; or G of a cracked structure
reaches a unique value for a given material. This critical stress intensity factor or strain
energy release rate is a material property and often referred to as the fracture toughness.
For metallic materials, fracture toughness is a function of material thickness, orientation,
alloy, temper and form, as well as temperature. Figure 1.2 shows schematically the typical
effect of thickness or stress state (plane stress vs plane strain) on fracture toughness. This
variation of the fracture toughness with respect to the material thickness is attributed
in part due to the crack-tip plasticity, which inevitably always exists at the crack tip in
metals. Values of plane-strain fracture toughness for opening mode (mode I) denoted
by K¢ for various aluminum alloys can be obtained from MIL-HNBK 5 and they are
listed in Table 1.1 for reference.

Most, if not all, metallic materials used on aircraft structures exhibit elastic-plastic
behavior. In order to use the LEFM approach for metallic cracked structure with thin
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Fig. 1.2. Typical effect of skin thickness on fracture toughness in ductile materials.

Table 1.1. Plane-strain fracture toughness (K;¢) for selective skin aluminum materials.

Material Thickness (mm) Orientation Plain Strain
Kc(MPa,/m)
2014-T651 Plate 12.7-25.4 L-T 24.2
T-L 23.1
2014-T652 Hand forging 20.3-50.8 L-T 34.1
T-L 23.1
2024-T351 Plate 20.3-50.8 L-T 34.1
35.6-76.2 L-S 27.5
2024-T851 Plate >12.7 L-T 25.3
10.2-101.6 T-L 24.2
2124-T851 Plate >20.3 L-T 31.9
15.2-152.4 T-L 27.5
>12.7 S-L 23.1
7050-T7351 Plate 25.4-152.4 L-T 38.5
50.8-152.4 T-L 36.3
20.3-38.1 S-L 30.8
7050-T74 Die forging 15.2-180.3 S-L 26.4
7050-T7451 Plate L-T 35.2
>25.4 T-L 30.8
17.8-50.8 S-L 25.3
7050-T7452 Hand forging 88.9-139.7 L-T 34.1
88.9-190.5 T-L 23.1
88.9-190.5 S-L 20.9
7050-T76511 Extrusion L-T 34.1
7075-T651 Plate >15.2 L-T 28.6
>12.7 T-L 24.2
S-L 19.8
7075-T7351 Plate >25.4 L-T 33
>12.7 T-L 29.7
>12.7 S-L 24.2
7075-T73511 Extrusion >22.9 L-T 38.5
25.4-177.8 T-L 22
>17.8 T-L 25.3
>12.7 S-L 22

(Continued)
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Table 1.1. (Continued)

Material Thickness (mm) Orientation Plain Strain
Kic(MPa/m)
7075-T7352 Hand forging L-T 36.3
>20.3 T-L 28.6
7075-T7651 Plate >20.3 L-T 31.9
>12.7 T-L 253
>12.7 S-L 19.8
7075-T7651 Clad plate 12.7-15.2 L-T 27.5
12.7-15.2 T-L 26.4
7075-T76511 Extrusion 33-177.8 L-T 38.5
30.5 T-L 253
7175-T651 Plate L-T 28.6
T-L 24.2
7175-T7351 Plate L-T 36.3
T-L 29.7
7175-T73511 Extrusion >17.8 L-T 36.3
>12.7 T-L 27.5
7175-T7651 Clad plate L-T 35.2
T-L 29.7
7175-T7651 Plate L-T 35.2
T-L 27.5
7475-T651 Plate L-T 41.8
15.2-50.8 T-L 37.4
>15.2 S-L 30.8
7475-T7351 Plate 33-101.6 L-T 51.6
>33 T-L 40.6
>17.8 S-L 33

7475-T7651 Plate 25.4-50.8 L-T 45.1
>254 T-L 39.6

sheet thickness, an engineering concept of apparent plane stress fracture toughness will
be used. Fracture of thin metallic structure involves a stable tearing phase before an
unstable crack growth leading to the final catastrophic failure. As the crack grows, the
material becomes tougher due to a requirement of higher plastic energy dissipation at
the crack tip. As a result, the applied load and thus the applied stress intensity factor
must be increased to continue to drive the fracture beyond the initial onset of fracture. If
the applied load or stress intensity remains the same beyond the initial onset of fracture,
the crack propagation will be stopped. The apparent fracture toughness is determined
as the critical stress intensity factor at the final failure load (or the load when the crack
becomes unstable) and based on the original crack length.

(b) Fatigue crack growth

Crack growth under cyclic fatigue loads can be also predicted by using the stress intensity
factor. Two different cracks will have equal rate of growth if they experience the same
stress and environmental conditions at the crack tip. Thus, besides the environmental
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effect, cracks of the same stress intensity factor history will grow in the same manner.
In general, the fatigue crack growth rate is a function of both the stress intensity factor
range AK and the cyclic stress ratio R, i.e.,

da
N =f(AK, R) (1.6)

In Equation (1.6), AK is defined as the difference of the stress intensity factors at the
maximum (or peak) and the minimum (or valley) of the loading cycle while R is the
ratio of the minimum stress intensity factor to the maximum stress intensity factor.
For an un-patched crack or a patched crack without thermally induced residual stress,

4 o
-load —max_load . .
R =0 = =T %% The effect of R-ratio can be explained by a phenomenon
Kmax-load O o—min load

called the plasticity-induced closure. Even though there are other forms of crack closure
such as roughness and oxide-induced closure, the plasticity-induced closure appears to
be more relevant to the R-ratio effect. As the crack grows under cyclic loading, residual
plastic deformed material (sometimes also called residual plastic stretch) is left on the
crack surfaces. During unloading, these surfaces contact each other at the minimum
applied load. As the result of this contact (closure), during reloading, the crack will not
fully open at the minimum load even when this minimum load is tension. The crack
will start to fully open at a higher load than the minimum load during reloading. Since
only the crack-opening portion of the loading cycle will contribute to the fatigue crack
growth and if the crack opening during reloading accounts for the closure effect, the
stress intensity factor range based on the stresses at the maximum loading and at the
first crack opening during reloading, but not the actual stress intensity factor range,
should be used in the da/dN relation. This newly defined stress intensity factor range
is commonly referred to as the effective stress intensity factor range, i.e., AK 4. When
the plasticity-induced closure is accounted for in the crack growth model, da/dN data
for different R-ratios can be collapsed onto a unique da/dN vs AK, curve.

Analytical models for crack closure were developed first by Dill and Saff (1976),
Budiansky and Hutchinson (1978), and Newman (1981, 1982, 1992). These models
were all based on the Dugdale model for the crack-tip plasticity (Dugdale, 1960). These
models were used to calculate the load at the first crack opening during reloading. It is
beyond the scope of this book to discuss these models in details. Only an extension of
the Budiansky and Hutchinson’s crack closure model to large-scale yielding is briefly
reviewed in Chapter 8, in relevance to the topic of fatigue crack growth in a repaired
structure.



CHAPTER 2

Theory of Bonded Doublers and Bonded Joints

2.1 Introduction

One of the keys to understanding the analysis and design of patches is the relative
displacements between the patch and the skin in the immediate vicinity of a damage
and around the edge of the patch. In many instances, these relative displacements
are calculated approximately using the conventional one-dimensional theory of bonded
doublers or joints for reasons of simplicity or another. The theories of bonded doublers
and joints are therefore presented in this chapter.

Since a bonded doubler or joint represents a multiplayer structure involving two
substrates and a thin adhesive layer, the stress states that exist at various levels in a bonded
doubler or joint are very complex. Considerable effort has been devoted to develop
simple yet accurate analytical estimates for bonded doublers and joints. Consequently,
many theories exist. However, in this chapter, theories that provide the same level of
fidelity in the models as have been employed by Volkensen (1938) and Goland and
Reissner (1944) for bonded joints are presented. These theories are essentially based on
the work of Hart-Smith (1973a,b,c, 1974, 1982, 1999, 2005b), and they are applied to
doubler and joint configurations that are representative of a bonded repair. They also
include an elastic-plastic representation for the adhesive. Using these relatively simple
theories, explicit solutions can be derived and all features of prime importance can be
studied. Other important effects that are not considered in these theories, except for the
coupling effect between peel and shear behavior in an unbalanced doubler or joint which
will be covered separately in Chapter 7 when dealing with tapered joint and doubler,
will be augmented in the second part of the chapter. As a final note, all analyses in this
chapter are conducted for plane strain condition, which results will be used extensively
in some latter chapters.

16
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2.2 Stress Analysis of Two-Sided Doublers and Double-Strap Joints
As mentioned in Section 2.1, the analysis presented in this section follows that
provided by Volkensen (1938) and Hart-Smith (1973b). The analysis with the elastic

adhesive representation is delineated first and followed by the one with elastic-plastic
characterization of the adhesive.

2.2.1 Elastic analysis of two-sided doublers and double-strap joints
Referring to Figure 2.1, the basic differential equations are

Horizontal force equilibrium

dn,

P _ ™y
dx
(2.1)
dN.,
—S 4 T(A) =0
dx
Adherend stress—strain relations
du N
- = ,_p + CYPAT
dx Eptp
dus _ N AT (2.2)
= o .
dx Eli,
E
E ,=—2
SPo 1~ Vszyp
Adhesive elastic stress—strain relation
G
™™ =G, y" =22 (us — up) (2.3)

N
where u is the longitudinal displacement of the adherend; N is the load per unit width;
7 and 7y are the shear stress and strain; E, «, f, and G are the extensional modulus,
thermal expansion coefficient, thickness and shear modulus, respectively; the subscripts
and superscripts s, p and A denote the skin, patch (doubler or strap) and adhesive,
respectively; AT is the temperature change measured from the stress free temperature.
Differentiating Equation (2.3) once and substituting (2.2) into the resulting equation yield

dx 1,

dr™ G, (du, du,
dx dx

= —% |:£—£+(as—ap) AT:| 2.4)
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Fig. 2.1. Geometry of a two-sided doubler and a double strap joint, and terminologies used in
their analyses.

The differential equation governing the adhesive shear—strain distribution follows by
differentiation of Equation (2.4) and elimination of % and %’CR from the resulting
equation using (2.1).

d2r®

dx?

—Bat™ =0 (2.5)

where

= Ga <ﬂ) 1 (2.6)
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and S is the ratio of the patch (doubler or strap) stiffness to the skin stiffness, i.e.,

= % (2.7)
The general solution of Equation (2.5) is
7™ = A sinh (B8,x) + B cosh (8,x) (2.8)
The constants A and B are evaluated from the boundary conditions on d;(;) and 7™,

Choosing the origin of the x-coordinate as the middle of the doubler or joint, it is clear
that for a doubler

™ (0)=0 (2.9)
N (£) =P

(2.10)
N,(£)=0

Condition (2.9) implies B = 0. Evaluating Equation (2.4) at x = ¢, invoking condition
(2.10), and utilizing the results B =0 and 7 given by (2.8) provide

Ga P
A= —m [ﬂ—k(as—ap) AT:|
Ga o,
Z_W[Eﬁ(“s—%)ﬂ} (2.11)

noting that P = o t,. Hence, Equation (2.8) becomes

The negative sign on the right-hand side of (2.12) signifies that the adhesive shear stress
7A) is in opposite direction to that shown in Figure 2.1, as expected.

In contrast, for a double-strap joint, the boundary conditions will be given by

N, (0)=0

(2.13)
N,(0)=P
N, (6)=P

(2.14)

N, (£)=0
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Evaluating Equation (2.4) at x = 0 and x = ¢, respectively, noting 7™ given by (2.8),
and making use of Equations (2.13)-(2.14) yield

Gy | P
=— ——+ (o, —a,) AT
Bata ELt, ( p) ]

_ _BG? —%—F(as—aP)AT}
AYA L p'p
- _BG? -_Z—fg +(a— ) AT} (2.15)
= Ga O cosh (8, ¢)
B= —m [E‘i‘(as—ap)ATiI —Am
— GA O o,
B @D B AT Eyeoh 6.0
— (e, — ,) AT cosh (,BAE)] (2.16)
or
Ga o h (B¢
b n T [ B (o) A7 (1 comn (8,01

where S is again the doubler or strap stiffness to skin stiffness ratio.
Thus,

S G, sinh (Bax) [ o
Bata S-E

G, cosh (Bpx) [0, { cosh (B,%)
_m{i[+T

+ (o, — a,) AT}

] + (as — ap) AT [1 —cosh (BAE)]}
(2.17)

for a double-strap joint.

For a long overlap bonded doubler or strap joint, 8, £ >> 1. In that case, Equations (2.12)
and (2.17) reduce to the same following equation for points near the end of the doubler
or strap, i.e., for x = ¢ —|s| and |s]| <« 1,

s _Gae™ ["w

s | E + (o, —a,) AT] (2.18)
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In deriving Equation (2.18), the following approximations had been used in the
simplification
eBAl
sinh (B,¢) ~ cosh (B, €) =~ —

(2.19)
1

sinh (B, %) "~ cosh (BrY) ~0

for B, > 1.

Several conclusions can be made from examination of this special case 3, € >> 1. First,
the solutions near the end of the doubler or strap are the same for both doubler and joint
configurations, provided that their overlaps are sufficiently long. The interruption of the
skin in the joint configuration has no effect to the solution near the end of the strap in
a long overlap joint. In a similar manner, the adhesive shear—stress distribution near the
break of the skin in the long overlap joint can be obtained from Equation (2.17) as

A & G, sinh (Bax) O
Bata S-E;

_ G, cosh (Byx) [ O _ (a;—a,) AT]
Bata S-E;

o~ GAefﬁA‘X‘

Bata

for |x|] < 1 and ¢ > 1, and noting that 8,£ > 1 so that Equation (2.19) holds.
Equations (2.18) and (2.20) suggest that the doubler or strap and skin strain together
throughout the interior of the doubler or strap, except for load transfer zones near the
break of the skin in the joint configuration and near the end of the overlap in both joint
and doubler configurations. This is because the adhesive shear stress 7% decays expo-
nentially within these transfer zones and becomes zero outside them. The load transfer
between the skin and the doubler or strap effectively occurs over a length of order B;'.
A second conclusion drawn from the special case 3, ¢ >> 1 is that an adhesively bonded
skin and a rigidly bonded skin will have approximately the same overall stiffness with
the percentage difference proportional to the order of 1/8,¢ (Rose, 1981, 1982, 1988).
Consequently, the redistribution of stress due to a bonded patch can be computed using
a rigid bond assumption. This inclusion analogy for such stress computation was first
exploited by Rose (1981, 1982, 1988). Thirdly, from Equations (2.18) and (2.20), the
maximum shear adhesive stress T\ at the end of the doubler or strap is given by

_Bi?;\ 2 —(a,—a,) AT] and it is equal to —B(Z’;A [S‘Lg —(a,—a,) AT] at the break of

the skin in the joint configuration. Thus, the maximum adhesive shear stress is inversely

proportional to the square root of the adhesive thickness, i.e., T,(nf;,)‘ X +A recalling that 8,

is given by Equation (2.6). Finally, by noting that the thermal terms in Equations (2.18)
and (2.20) are equal and opposite, it is clear that the net adhesive shear stress 7 for
the case of purely thermal loading will be zero, as expected.

+ (o, — ) AT:|

[s% —(a,—a,) AT} (2.20)
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It will be shown in Chapter 3 that the skin stress in the overlap of a rigidly bonded
doubler configuration and the displacement of the skin at the break point in a joint
configuration are also of interest. The skin stress in the overlap of a doubler configuration
can be determined from the same strain condition between the doubler and the skin,
and from the horizontal force equilibrium equation. In the absence of thermal loading,
i.e., AT =0, this skin stress denoted by o, is derived as follows

&,=¢,
(2.21)
Ee it + E g1, = O,
Thus,
o t,
&= o L
Et + Eptp
(2.22)
o Et, g,

Oy = 0y (0) :ES,'SG = =
‘ S E+Eg, 1+S

On the other hand, the displacement of the skin at the break point of a double-strap joint
can be evaluated from Equation (2.3) for x = 0, using the result of Equation (2.20) and
noting that u, =0 at x = 0 due to symmetry. Hence,

u(x=0)= —7® (x=0)- é—i
=%[;§—@,ﬂgml (2.23)

For the special case AT = 0, Equation (2.23) can be rewritten as

(op

| (o
wa=0=5-(575)

_Ba( o
A (SE)

_ BAtAts )
G, 1458

(2.24)

where the term 3 in the denominator has been substituted by Equation (2.6). The above
equation can also be expressed in terms of o, as

At
%uzmzﬁﬂﬁ% (2.25)
G4

by virtue of Equation (2.22).
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2.2.2 Elastic-plastic analysis of two-sided doublers and double-strap joints

In this case, the adhesive stress—strain relation (2.3) must be modified. As before, the
adhesive shear strain is given by
@ _ _ U, —u

: (2.26)

Y

N

while the adhesive shear stress within the elastic region (of length d of Figure 2.2)
is given by Equation (2.3). However, through the remaining plastic region, the adhesive
shear stress is taken as

W = —TS((A) = constant (2.27)

where T\({A) is the yield strength of the adhesive and the adhesive is characterized by an

elastic-perfectly-plastic model (Figure 2.3). In Equation (2.27), 74) has been set equal to
negative TéA) since 7™ as found in Section 2.2.1 will be in opposite direction with that
shown in Figure 2.1. The equilibrium equation and the adherend stress—strain relations
for this case of elastic-plastic adhesive are still specified by Equations (2.1)—(2.2).
Differentiating Equation (2.26) once and substituting Equation (2.2) into the resulting

equation yield

dy®™ 1| N, N,
dx 1,

— __r — AT 2.28
Er " Ey () ] (228)

S

The differential equation governing the adhesive shear—strain distribution follows by
N,

differentiation of Equation (2.28) and elimination of dd—; and % from the resulting

equation using (2.1).

—

| 20

A

/— Plastic region

Elastic region d for doubler

Fig. 2.2. Geometry for elastic-plastic analysis of a two-sided doubler.
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(A)
YV max

A

Shear strain

Fig. 2.3. A typical shear stress—strain curve for an adhesive. For simplicity, the adhesive is
idealized as an elastic-perfectly-plastic material as shown.

dzy® T(A)< 1 1 ) 0
dx? ta \Elty E},

dZ,Y(A) GA 1 1 T(A) -0 (2 29)
dx? txn \Eit, Ejt,] Gy

A2y ® )
EYY L,

dx? G,
It should be noted that Equation (2.29) will be the same as (2.4) when the adhesive

remains elastic since the latter equation can be obtained from the former by multiplying
both sides of the equation by a constant G ,. Equation (2.29) has the general solution

y*) = A sinh (B,x) + B cosh (8,x) if |T(A)| < 7§A)

2 . (B) (2.30)
YW = _ZAY 24 Cx+F if |T(A)|=T§(A)
2G,

As in Section 2.2.1, the solution of a double-sided bonded doubler will be derived first
due to its simplicity. In the case of bonded doubler, all high load transfer zone will occur
near the end of the overlap. Referring to Figure 2.2, the plastic region is assumed to
occur near the end of the overlap, i.e., |x| > d, while the elastic region is within length
d where d is also part of the sought solution. For algebraic manipulation, the general
solution (2.30) will be rewritten as following for the doubler configuration

Y& = Asinh (Byx)  |x| <d (2.31)
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and

(A)

’y(A)z ;CT;Y 24+ Cs+F x| >dor0<s<{—d (2.32)
A

where s = x —d from Figure 2.2, and the constant B has been set to zero due to
anti-symmetry requirement for the elastic adhesive shear stress. The boundary conditions
are expressible in the form

)
yYW=-L=-y atx=dands=0 (2.33)
d (A) d (A)
yYo_4 atx=dand s=0 (2.34)
dx S
and
dy®) 1
Z; =_—|:%+(a —a)AT} ats=¢€—d (235)

via Equation (2.28) with N;(s = ¢ —d) = P =0t and N, (s = £ — d) = 0. From this

a
Ao WY 2.36
sinh (8, d) (236)
Y (237)
(A)
___Parv (2.38)
tanh (B, d)
-d-tanh (B,d) — 1 1
Ba-d-tanh (B,d) —Bal— —— [U—f+(as—ap)AT] (2.39)
tanh (B,d) Batavy LE
Thus,
" 7
A___ Y Gnh <d 2.40
YO = - s (B) x| = (240)
B — W[ Ba & 2l o< t—d 2.41
y Yy [+t Gt <s< (2.41)

where d is determined from the transcendental Equation (2.39). When d as determined
from Equation (2.39) for a given applied stress o, is negative, what it means is that
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the far-field-applied stress is not high enough to induce plastic deformation at the end
of doubler or strap. For a sufficiently long overlap, tanh (8,d) — 1 since B,d > 1,
and the maximum load per unit width which can be applied to the structure before
bond failure can be evaluated from Equation (2.41) at the peak end of the adhesive
shear strain distribution, i.e., s = £ —d, which can be expressed in terms of the
adhesive shear strain allowable as

Zy(A) Ba (ap — as) AT
() @) (1 1
Yy Ty (m + m)

where yéA) is the maximum allowable plastic strain of the adhesive as defined in
Figure 2.3.

(2.42)

The solution of a double-strap joint can be derived in a similar manner as that for a
doubler configuration. However, new boundary conditions must be employed and they
are given by (Figure 2.4)

d
d
ﬂy(A) — _»),‘((A) at x = +§ or s, = 0 (244)
dy(A) dyW d
dx ds, o 2 O (249
dy(A) dy(A) d
= i, at x =+ or s (2.46)

A

— Elastic region d for joint

Plastic region ¢ J Plastic region b

Fig. 2.4. Geometry for elastic-plastic analysis of a double strap joint.
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dy®™ 1 ot
e A @ )AT - 2.47
ds, N E/ Er (ab ap) s1=c ( )
dy® 1 [o,1,
- — AT =b 2.48
ds, |: Elt, "+ (as ap) i| 52 ( )
ctdtb=1 (2.49)

From Equation (2.30), the solution of the adhesive shear strain in these zones of
Figure 2.4 can be expressed as

d d
y*) = A sinh (B,x) + B cosh (B,x) — 5 <x= ) (2.50)
BZ (A)
Y& = e s;+Cs;+F 0<s <c (2.51)
A
2 7_(A)
y & = — ;GY s;+Hs,+J 0<s,<b (2.52)
A

(A)
where y(A) X N has been used in the simplification. From this

= (2.53)
J=—yP (2.54)
(A)
B—__ W (2.55)
cosh (%d)
A=0 (2.56)
d
C = —B,y tanh (%) (2.57)
d
= —B,7y" tanh ('8%) (2.58)
Balt—b—c)
L%t (0, - a) AT arh 5] (2.59)
—_— a;— Qg - .
T LB B T Ba

Bale—b—c)
o tanh [AT]

= — (ap — as) AT:| — B— (260)

1
P [
tABZA')’\((A) E
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It is clear from Equations (2.53)—(2.60) that in order to have the explicit solution one
must first solve iteratively (2.59) and (2.60) simultaneously for the plastic zone sizes
b and ¢ since some of the unknown coefficients in (2.50)—(2.52) are given in terms
of d which in turn depends on b and ¢ via (2.49). Depending on the level of the far-field-
applied stress o, ¢ and b as determined from (2.59) and (2.60) may be both positive,
both negative, or one positive and the other negative. A negative value of b and c
means that o, is not sufficiently high to induce the plastic deformation in the adhesive
at these two ends of the overlap. For a long overlap, there is no interaction between
the overlap end and the skin interruption end. In that case, the solution near the end of
the overlap of a joint configuration is given by the same formula as that for a doubler
configuration. However, the solution near the skin interruption end must be determined
from Equation (2.51) with the constants C, F and ¢ given by (2.57), (2.53) and (2.59),

respectively. Since tanh [@] = tanh <M> — 1 for £ > b, c and for B,d > 1,
therefore, from Equation (2.59), ¢ = m [E = +( - ay) AT] - ﬁ Similarly, for

large ¢, Equation (2.57) is simplified to C = — 3, yY . Hence, from Equation (2.26) with
u, = 0 (due to the symmetry) and from (2.51) with ¢ and C given above while F given
by (2.53), a straightforward algebraic manipulation yields the displacement of the skin
at the interruption end when AT =0 as

ty M ol ’
u (s =c)==—| 1+ ® (2.61)
2 IABAELL,Y
By noting from Equation (2.6) that B3 = %4 (%) =, Equation (2.61) can also be cast
into the following form e
(A) 2
IATy Ty
= 1 — 2.62
(5= =5 [ +<ow” (.62)
*)
where o is defined previously by (2.22) as o, = ; +s’ Oy = ;Y t and T ) is again the

yield strength of the adhesive. The result of Equation (2.62) will be utilized in Chapter 3
for computing the stress intensity factor of a crack after patching.

2.2.3 Peel stresses in two-sided doublers and double-strap joints

For thick patches the bond may fail in peel before its shear strength potential could be
reached. This section therefore presents an analysis that deals with the peel stresses in the
bond line. The geometry and nomenclature for this analysis are illustrated in Figure 2.5.

The differential equations for the outer patch are

Moment equilibrium

ey _ (2.63)
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o

<—+<—f 4—f<—¢<—l<—l T®
)

l T Mp+de

V " +

Adhesive %
S R 4.{&

¢

Fig. 2.5. Geometry for analysis of peel stress in a two-sided doubler.

Force equilibrium

dv
—L =¥ (2.64)
dx
Moment—curvature relation
d*w M
P—__P 2.65
dx? D ( )

Adhesive stress—strain relation

A —w,
z P (2.66)
E, N N

s —

where w, is set equal to zero since the doubler or joint configuration is symmetric
with respect to the middle plane of the skin, E, is the extensional modulus of the

adhesive, D, is the bending rigidity of the patch, i.e., D, = —3F, V, is the vertical shear
force actlng on the cross section plane of the patch, and the rest are previously defined.

To uncouple the differential equations governing the peel and shear stress, the shear
stress 7™ in Equation (2.63) is set constant. This simplification is justified whenever
the loads are so high as to induce plastic deformation and thus constant shear stress T(A)
in the adhesive over significant distance from the critical end at which the peel stress
peaks. From Equations (2.63)—(2.66), differentiation and elimination yield the governing
differential for the transverse deflection of the patch as

d*w E,

L =0 2.67
dx* + D,t, Y (2.67)
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It should be emphasized that since (2.67) has been derived approximately, the peel stress
solution obtained in this section may not satisfy all the required boundary conditions
exactly.

To simplify the algebraic manipulation, it is appropriate to assume that the overlap is
long since it is always the case in practice to preclude inadequate shear strength. For a
sufficiently long overlap, the peel stresses at the end of the overlap are identical to
those at the interruption end of the skin, provided that the adhesive undergoes plastic
deformation at these both ends due to shears. The peel solution therefore will be derived
particularly for points near the end of the overlap. Under the long overlap assumption,
the solution of Equation (2.67) is given by

W, = Ae™™ cos (Dx) + Be ™ sin (x) (2.68)
where
E 1/4
D= ( A > (2.69)
4D, 1,

and x is now measured from the end of the overlap as shown in Figure 2.5. The boundary
conditions defining the constants A and B are

d*w,
My=-D, 2 =0 atx=0 (2.70)

and V,, =0 at x =0, whence from Equations (2.63) and (2.65)

dm, WVt d*w
P__YP__p P oatx=0 (2.71)
dx 2 P dxd

where 7 in Equation (2.63) has been set equal to the adhesive yield strength TéA) due to
plastic deformation occurring at the overlap end. Of these, condition (2.70) requires that

d>w

2 = 29%e ™ [Asin (Dx) — Bcos (fjx)]| =0 (2.72)
dx2 0 x=0
or
B=0 (2.73)
In contrast, condition (2.71) provides
3 A ~
5 2| = 2A0°[—sin (Dx) +cos (Dx)] e + 2BV’ [cos (Dx) +sin (Dx) e ™| _
X x=0 =
Mt
T o4t B (2.74)

2D,



Theory of Bonded Doublers and Bonded Joints 31

Substituting (2.73) into (2.74) yields

(A)
Ty I
=L P (2.75)
4D, v
and from Equation (2.68)
*) )
Y cos (dx)e ™ (2.76)

w, = .
P 4D, 3

Hence, the maximum peel stress in the adhesive can be determined by evaluating
Equation (2.66) at x = 0 with w, given by (2.76) as

(A)

TV S N
mTAD 1,
3E,t v
=n [ =22 (2.77)
Ejt,

Even though Equation (2.77) has been derived under the assumption that significant
plastic deformation occurs at the ends of the overlap, it is also used by Hart-Smith for
the case that the adhesive shear stress is still below its yield strength as

1/4
oA = &) <—3EAtp> (2.78)

max max ’
Ejty

where 7y is the maximum shear stress in the adhesive at the end of the overlap which

is equal to Tﬁ((A) if the adhesive undergoes plastic deformation there.

2.3 Stress Analysis of One-Sided Bonded Doublers and Single-Strap Joints

The analysis of the one-sided bonded doublers and single-strap joints proceeds in three
stages, followed the Hart-Smith approach (1999, 2005b), which can be considered as an
extension of the Goland—Reissner solution of a single-lap joint to the present doubler and
joint configurations. The typical configurations of these doublers and joints are shown
schematically in Figure 2.6(a). The first is the establishment of the bending moment in
the adherends at the end of the overlap and also at the skin interruption end in the case
of joint configuration. The second is the derivation of an expression for the peel stresses
induced in the adhesive by the out-of-plane deflection (bending) due to the eccentricity
in the load path. The third solution is for the adhesive shear stress distribution associated
with transferring the load from one adherend to the other. Various approximations
have been used in each stage so that the proposed solution process is analytically
simple to apply. The analysis conducted here is rather limited to the case of uniform
cooling and with tensile loads. Under such thermo-mechanical loading, the structure will
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Fig. 2.6. Terminologies for analyses of a one-sided doubler and a single strap joint: (a) geometry
of a doubler and joint; (b) deformed shape of a doubler in moment analysis; (¢) moment distribution
at the skin interruption end in stage I analysis of a strap joint; and (d) differential elements for
analysis of adhesive shear and peel stresses.
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exhibit geometrically nonlinear response but without experiencing buckling or global
instability.

The Hart-Smith three-stage analysis approach will be described in Sections 2.3.1-2.3.3.
It is worthy to note that the response of a patched beam subjected to a variety of
thermo-mechanical loading (uniform heating/cooling with tensile/compressive loads)
and support conditions (clamped or hinged ends) have been considered by Karlsson
and Bottega (2000a,b). They employed a variational formulation which results in a
self-consistent set of equations and conditions governing the response of the structural
system. However, since the latter approach will yield identical results to those presented
here for the combined uniform cooling and tensile loading and since it is much more
complicated than the former Hart-Smith approach, that approach will not be discussed
in this chapter. Furthermore, it is also found from their work and the Hart-Smith’s work
that the current solution will become indeterminate for a vanishing small tensile load.
This degenerated solution for a case of purely thermal load will be treated separately
in Section 5.3.1(a) of Chapter 5.

2.3.1 Stage I: Solution for bending moment at ends and middle of overlap

The equations governing the adhesive stresses require knowledge of the bending moment
at the ends of the overlap as boundary conditions. Therefore, the analysis starts with
a solution for these quantities (Figure 2.6(b)). It was shown in Section 2.1 that for a
sufficiently long overlap, the load transfer between adherends are confined to narrow
zones at the ends of the overlap and for joints also at the skin interruption end in joints,
with only negligible adhesive shear stress throughout the elastic trough in between these
load transfer zones. It is therefore appropriate to assume in this analysis portion for the
adherend bending moments (except for the mentioned narrow load transfer zones) that
the doubler or strap is rigidly bonded to the skin plate. As before, for simplicity, the
bending moments are derived first for the doubler configuration. The bending moment
My in the skin, outside the overlap, is expressed by

My=—Pwy |x|>¢ (2.80)

where wy is the transverse deflection outside the overlap and P is the applied longitudinal
load per unit width. In contrast, the bending moment M; in the overlap is given as follows.

therm
Aﬂ:—P0ﬁ+a+Jﬂmm=—P(m+é— 7 ) x| < ¢

()

1+S

M{herm — Ftherm . (ts + tP)

e=

(2.81)

2

Ftherm _ E;tsEl;tP (aP B as) AT

Elt, +Ejt,
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where wy is defined as the transverse deflection inside the overlap, ¢ is the eccentricity,
S is the patch stiffness ratio, and the rest are previously defined. e is defined as the
distance between the centroid of the skin layer alone and the centroid of the patch—skin
combination in the rigidly bonded overlap. Similar to Equation (2.65), the classical
plate-bending theory relate the curvature to the bending moment via the relation

d’>w
My =— 5?2“ (2.82)
d’w
M, = —D, dle (2.83)
in which
Ei]
D, =—=
12 (2.84)
D,=1,-D,
2
I
E/t3 (1 + —‘\)
Iy=14+=2 07 (2.85)

3 E
Eyty (1 + 75%)

D, and D, are the bending stiffnesses of the skin and of the rigidly bonded overlap,
respectively. Substituting Equation (2.82) into (2.80), and (2.83) into (2.81) yields
d>wy P

o =0 (2.86)

A Mlhcrm
d*w, P P-(e— P )

- w = 2.87
dx> D, " D, 287)

The respective solutions of (2.86) and (2.87) are
wy = A cosh (€ x) + B sinh (éyx)  |x| > ¢ (2.88)

therm
wy; = C cosh (§x) 4+ F sinh (§x) —e+ 5 |x| < ¢ (2.89)
where

P
= | — 2.90
f=5 (290)

P
I (2.91)
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The four integration constants are determined from the following four boundary
conditions

d
Y R (symmetry) (2.92)
dx | _,
wy (€) =w; (£) (displacement continuity) (2.93)
d d
i (0) = e (¢) (slope continuity) (2.94)
dx dx
wy (L) =0 (simply supported at the ends) (2.95)
Condition (2.92) requires that
F=0 (2.96)

On the other hand, condition (2.95) provides
A = —Btanh ({4L) (2.97)

The displacement compatibility (2.93) requires that

B[—tanh (&,;L) cosh ({4€) + sinh (£,;€)] = Ccosh (§,€) — (é — tlhjrm ) (2.98)

whence

[ tanh (&,L) cosh (£,€) +sinh (£,6)] (2= 5~

C=B 2.99
cosh (§,4) cosh (§,4) 299)
and the continuity of slope (2.94) requires that
&,Csinh (§,£) = B&y [— tanh (&4L) sinh (&,;€) + cosh (§44)] (2.100)

Substitution of (2.99) into (2.100) gives

B=-—

§H [1 —tanh (gHL) tanh (fHZ)]
& tanh (£¢) [tanh (£,;¢) —tanh <§HL>]}
(2.101)

cosh (&,€) [tanh (&,£) — tanh (§4L)] { 1
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From Equation (2.99) with B given by (2.101), C is found to be

(%) 1
~ cosh(§¢) |, _ &tanh (£0) [tanh (&, £) — tanh (§,L)] (2.102)

1

& [1 —tanh (&4 L) tanh (€0)]

With the constants of integration A, B, C and F having been explicitly derived, the
analysis of the adherend bending moment for a doubler configuration is completed. It is
interesting to note from Equation (2.89) that the deflection at the center of the doubler
is given by

Mtherm
=0)=C—|(e—
wy(x =0) (e g )

= (e— d ) ! —cosh (§,4)
cosh (£¢) 1 & tanh (&,£) [tanh (£ ¢) — tanh (€ L)]

&u [1 —tanh (§4L) tanh (§€)]

(2.103)

This solution has been verified for a particular doubler configuration specified in
Table 2.1, when AT = 0 (and thus M"™ = 0) by comparing it to the corresponding FE
result in Figure 2.7. Furthermore, for L >> 1, it is very easy to show that tanh (§,L) — 1,

A ptherm
(-=*5)

cosh(&r8)+ 6% sinh(¢;¢)

and C — so that w; from (2.89) is reduced to the following simple form

wy (x) =

(é — Ml:,crm) cosh (flx) ( Mtherm
e —

— for L>1 2.104
cosh (£€) + £ sinh (£,£) P ) (2.104)

The form of w; given by Equation (2.104) will be exploited in the next portion of this
analysis as well as in the next two sections.

Table 2.1. Dimensions and material properties of a typical repair.

Layer Young’s Poisson’s Thickness
modulus (GPa) ratio (mm)

Skin 71 0.3 3.0

Patch 207 0.3 1.0

Adhesive 1.89 0.3 0.2
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Fig. 2.7. Deflection of the one-sided doubler accounting for geometrically nonlinear deformation
at the center of the overlap.

The bending moment inside the overlap follows from Equations (2.104) and (2.83) as
R Mtherm

P (:-55)
M, (x)=— g cosh (§x) for L > 1 (2.105)
cosh (£,4) + g—‘ sinh (£,£)

It is interesting to note from Equation (2.105) that for a combination of a long overlap
and high load P, the bending moment vanishes at the middle of the doubler since
cosh (§,¢) > 1, sinh (§,¢) > 1 for &£ > 1. Physically, for a high load P, the skin/patch
combination tries to deflect sufficiently to align its centroid with the line of action of
the applied load.

On the other hand, the bending moment outside the overlap is evaluated from
Equations (2.82), (2.88) and (2.97) as

d*w
My (x) = —DSWZH

where B is given by (2.101). Again, by limiting to the case L >> 1, Equation (2.106) can
be re-expressed as

= —D &} B[—tanh (&, L) cosh (€4x) + sinh (£,x)] (2.1006)

P. (@ — Mt;erm ) -[sinh (éx) — cosh (&x)]
My(x) = —

(2.107)

&
cosh (§,¢) [1 —tanh (§,4)] |:] + m]
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Thus, the bending moment at the end of doubler is found to be equal to

P (2 — Mr:rm> . g—itanh (&0)
&

1+ ‘. tanh (£,£)

H

My (Z) =

(2.108)

The next portion of the analysis deals with the single-strap joint configuration. As long as
the gap under the middle of the strap is close to zero extent parallel to the applied load and
the overlap is sufficiently long, the presence of this gap has no effect on the derivation
of expressions for the bending moments in the adherends, except for the existence of

a locally concentrated bending moment of magnitude of —P (% —e+ Mﬂ;,m

strap directly over the gap due to the shift in neutral axis of the applied load as shown
in Figure 2.6(c). However, the curvature associated with this concentrated bending
moment cannot be predicted accurately by the classical Kirchoff theory as presently
assumed and this curvature is claimed to be insignificant by Hart-Smith. Thus, in the
case of a single-strap joint, there would be a different bending moment in the continuous
member (strap) at x = 0 than that for a doubler configuration. The magnitude of this
moment can be deduced as a simple modification of the previous solution for the doubler
configuration at x = 0. It should be remembered that the bending moment at x = 0 for
a doubler configuration can be obtained from Equation (2.105) as

Mtherm
P-<a— . )
M (x=0)=—

cosh (&,£) + 5—1 sinh (&,£)

in the

Thus, the bending moment at x = 0 for a strap joint configuration can be deduced as

Mtherm
P (@— )
t +l‘§ Mtherm
M) (x=0)=— — —P<P2-—e+ . )
cosh (§,0) + g—l sinh (§,£) (2.109)
H

M (x=0)=0

2.3.2 Stage II: Solution for induced adhesive peel stresses

The analysis technique of Section 2.2.3 will be used here, but for a one-sided
bonded doubler or a single-strap joint, and with different boundary conditions. As in
Section 2.2.3, it is assumed that the peel stresses are uncoupled from any effects of
the adhesive shear stresses developed as the doubler or strap is strained to match the
stretching of the skin. The coupling effect will be investigated by a method given in
Chapter 7. The geometry and terminology for the peel stress analysis are identified in
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Figure 2.6(d). In contrast to the preceding stage I analysis, the present analysis accounts
for a thin layer of adhesive. Moment equilibrium requires that

dm, LRI
=v,- (2.110)
dM, Mt
=V @.111)

where the subscripts p and s denote the patch (doubler or strap) and skin, respectively.
Longitudinal force equilibrium requires that

dN

—L W =0 (2.112)
dx
dN,
—+r™W=0 (2.113)
dx

while transverse force equilibrium requires that

av

—L2_og®W=0 (2.114)

dx

av,

— 4™ =0 (2.115)
X

Plate-bending theory provides the equations

d*w, M,
. (2.116)
dx D,
a2 M,
oo B (2.117)
dx D

The adhesive peel and shear strains and stresses were established in Sections 2.2.3
and 2.2.1 via Equations (2.66) and (2.3) and they are repeated here for convenience

A w —w,
8<A>=‘7E - Pt s (2.118)
A A

A
™™ u,—ug

® = —
Gy A

Y (2.119)

In contrast to the case of no bending outlined in Section 2.2.1, the longitudinal
displacements of the adherends are not uniform through their thickness. The longitudinal
displacements u, and u of the doubler or strap and skin defined as those on each side
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of the bond line are related to the longitudinal forces and bending moments, all per unit
width, by
du N M.t

oo by g AT 2.120
&~ Ey, 2D, T (2.120)

dug _ N Mty AT (2.121)
=—4+ 4 .
dx Elt;, 2D, s

The first term in the right-hand side of Equation (2.120) or (2.121) is the average
longitudinal strain due to the axial load (= o/E’ = N/tE') while the second term is
the longitudinal strain due to the bending moment at the bottom of the doubler or top
of the skin [: d®w/dx? - (£t/2) = —% . (:I:t/2)], and the last term represents thermal
strain.

As in Section 2.2.3, to uncouple the differential equations governing the adhesive peel
and shear stresses, the adhesive shear stresses in Equations (2.110) and (2.111) are again
set constant. Thus, (2.110) and (2.111) can be differentiated once and subtracted from
each other to produce

&M, &M, dv, dv,
dx? dx2  dx dx
The transverse displacements w,, and w, can be expressed alternately as, assuming that
the overall length L > 1,
1 1 1

=5 =)+ 3 () = 3 ()

(2.122)

(2.123)

1 1 1

Wp = ) (Ws_wp) +§ (Ws+wp) ~ 2

where w; is the average displacement of the skin and doubler which is given by
Equation (2.104). It should be noted that w; is obtained from stage I analysis, which
includes the effect of geometrical nonlinearity. On the other hand, the difference
1 (w, —w,) will be obtained from this stage II analysis portion which is strictly speaking
geometrically linear. Such technique is verified by Hart-Smith (2005a,b) to be appropriate
for analyzing bonded repairs. Using (2.114) and (2.115) to eliminate the transverse shear
forces and introducing the moment—curvature relations (2.116)—(2.117) allow (2.122) to

be re-expressed in the form

(wS — wp) +wy

d*w, d*w,
_p s _r A) —
Do+ Dy +20W =0 (2.124)
From which, in light of Equations (2.123) and (2.118), one finally arrives at

(Dy+D,) d* 2E, d*w,
d* jwi—w AE W,—w D,—D,) d*
_( : p)+ A ( : p):_( | b) dwy (2.126)
dx* 2 i (D, +D,) 2 (D,+D,) dx*
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The complementary solution of (2.126) is

Wy —w
: 5 P = A cosh (vx) cos (vx) + B sinh (vx) sin (vx)

+ G sinh (vx) cos (vx) + H cosh (vx) sin (vx) (2.127)

where
4 Ey

=8 2.128
VDD 129

It is worthy to note that v is different from v defined in Section 2.2.3. The particular
solution of Equation (2.126) can be found by expressing the right-hand side of (2.126)
explicitly using Equation (2.104) as

(Ds _ Dp) d4WI B (DS — Dp) (?g — M‘;‘:’m> ff‘ cosh (&,x) (2.129)
(0.+D,) &~ (p 1) [cosh (€,0)+ £ sinh (£, '

Upon substitution of (2.129) into (2.126), it is then clear that the particular solution of
(2.126) can be determined as

Wy — W
5 P = J cosh (&x) (2.130)

with the coefficient J given by

0,-b) (+- )&

! (ét? +4v4) T (DS + Dp) [cosh (&0)+ g—; sinh (516)] 2130
or
(Ds _DP) ’ <é_ M';erm)
J=—
(D,+D,) (1 n “f—“) [cosh (&) + £ sinh (glz)]
- (D~ D) (2- 45 015

[(DS +D,)+ %] [cosh (&) + £ sinh (gle)]

As before, the solution for a doubler configuration will be proceeded first. To simplify
the algebraic manipulation, only solution for all long doubler lengths 2 - £ will be derived
here. For a sufficiently long doubler and for points inside the overlap near the end of
the doubler, Equation (2.130) can be simplified as

vy PP ()

Wy P

N XD (I

— Cce—§19 (2.133)
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where ¢ = £ — x,

(Ds_Dp) (2’_ M‘;erm)

C.=— (2.134)
[(0+0)+ 3| (1+£)

On the other hand, the complementary solution (2.127) is approximated by

wy—w,

7 ~ e " [A cos (vs) + B sin (vs)] (2.135)
Thus the general solution in this long overlap case is given by
Wy —w .
P = ¢7"[A cos (vs) 4 Bsin (vs) ]+ C.e 74 (2.136)

2

One boundary condition for determining the constants A and B is that the integral of the
peel stress over the bonded area must be zero since the peel stresses cannot exert any
net normal (vertical) force across the bond layer. Consequently, from (2.118),

=] E =S}
A gy — A _ —
/0 oMdx = N /0 (w, w,)dx =0 (2.137)

which upon substitution (2.136) yields

20C
e _o (2.138)
&

The other boundary condition involves the bending moment in the skin and doubler just
inside the end of the overlap. They must be equal to the values just outside the overlap,
where the moment in the doubler equals to zero while the moment in the skin equals
to My (x=1¢), and My (x =¢) is given by (2.108). From Equations (2.116), (2.117)
and (2.136),

A+B+

M, M d?
5D = 32 m—w)
p S lx=¢ or s=0 S x={ or ¢=0
= 4v’e " [Asin (vs) + Beos (vs)] +2& C.e ™|
=4v’B+2€C,
M, (£
= _ﬁ (2.139)
D,
The coefficients A and B then follow as
4Dov*  2v?
(2.140)

A My (6) &C, 2vC,
T 4D 22 &




Theory of Bonded Doublers and Bonded Joints 43

which after appropriate substitutions produce

A therm A therm
P<e M )f' tanh(flﬂ)_‘r & (D,—D,) (g—MP )

B=- 4D v? [1 + 5_11{ tanh (flﬁ)] 202 I:(Ds +Dp) 4EA ] (1 L& ) (2.141)
e~ M‘“e““ i 2 o A pgthem
= L, <% - %> I 0o0) (o) (2.142)

4D [1 + £t tanh (glz)] D,+D,) i] (1 N 55_)

&

The maximum peel stress is then calculated from Equations (2.118) and (2.136) at s =0
with coefficients A, B and C, defined above as

E E
o) = - (w,—w,)| = -2-2{e[A cos(vx)+ B sin (vx)] + C.e 4°}

tA ! s=0 tA s=0

P (é — M‘:f"") EAg—; tanh (&,€)

2D, [1 + £ tanh (glz)]

A therm
& v (DS_DP) (e_MP )
pEa (2, (2.143)

tA v [(

4E é
D+D) +H](1+£)
It should be noted that for balanced adherends, i.e., E, = Ep and D, = Dp, the second term
in the right-hand side of the last equation of (2.143) is identically zero. The maximum
adhesive peel stress in this case is inversely proportional to the square of the adhesive

thickness since a'ég,)( x 71 x % Also, if numerical substitutions of patch and skin

properties into (2.143) yleld a negative value value of amax, what it means is that the
peel stress is in opposite direction with the one shown in Figure 2.6.

As mentioned throughout previous sections, since the solutions near the end of the
overlap will be nearly the same for both doubler and joint configuration as long as
the overlap is sufficiently long, it remains now to derive the peel stresses near the
interruption end of the skin in the single-strap joint configuration with long overlap.
In Section 2.3.1, it was discussed that within the classical plate theory, the transverse
deflections and curvatures of the doubler and joint configuration are also the same at
the middle of the doubler or strap. This is because the net moments across the middle
sections of these two configurations differ only by a concentrated moment of a magnitude

Of P(z‘+t _e+Mlherm

curvature. In other words, the right-hand side of Equation (2.126) is still given by (2.129)
even for the joint configuration. Since only the solution near the middle of the strap is
considered now and since the particular solution (2.130) of Equation (2.126) with the
constant coefficient J given by Equation (2.132) will be vanishing small for x — 0 in
a long overlap joint, this particular solution therefore will be ignored from the general
solution in the present joint analysis. It should be emphasized that the particular solution

) and this concentrated moment does not produce any additional
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was retained in the previous derivation but not in the present one since in the former
case J x Wl(gm or smh(§ 5 for &L > 1, thus J - cosh(&;x) is finite as x approaches ¢,
while in the present case, even though J is still given by the same expression as above
for a long overlap but cosh(§,x) — 1 as x goes to zero, whence J - cosh(§x) — 0.
Thus, the complete solution near the skin interruption of a joint configuration will be
represented by Equation (2.135). The constants A and B of Equation (2.135) in the joint
case can be found from the similar boundary conditions (2.137) and (2.139), but with
M, = M{ (x=0) and M, =0 at the skin interruption end as indicated in Equation (2.109),
and similar to (2.140), they are given by

A therm
M;(O) 1 P(e—MP ) (l‘ 4t M[herm)
= =— —e
4v?D, 4v?D, cosh(fﬂ)—i— Smh(fle) 2 P

(2.144)
~ therm
e 0 [ A e
=—Db=— - —e
4D, 40Dy | cosh(£0)+ L sinh (&0) 2 P
Thus,
E
o = 24
LN
~ therm
EA P (e_ MP ) tp +1, ) therm
! i P e+ (2.145)
2v2D,t, | cosh (£0) + £+ sinh (£¢) 2

Equation (2.145) indicates that the peak peel stress at the skin interruption end is also
. . . . . (A) 1
inversely proportional to the adhesive thickness f,, i.e., Omax X NI

We conclude this section by noting that the governing equation for the adhesive peel
stress commonly takes a rather different form than (2.124). By again setting 7 to be
constant, this alternate form can be derived from Equations (2.110)—(2.117) as follows:

d*w 1 d°M, 1 dv A E, (w,—w,
4P= 2 :___p:_O'_:_M (2.146)
dx D dx D, dx D, Dty
& 1 &M 1dv, o®  E,(w,—w,
Ws _ - _ oW _Ealwmow) (2.147)
dx* D dx2 D dx DS Dit,
Hence,
& E.(1 1
- Coly — =0 2.148
o )+ (Dp + Dg) (wp —w,) (2.148)
or

d*e®™ E, (1 1
—Al A) —
e < * Ds) e =0 (2149)
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since -2 = &, Equation (2.149) will be used in Chapter 5 for deriving the spring
constants of the crack-bridging model.

2.3.3 Stage III: Solution for induced adhesive shear stresses

The differential equation governing the adhesive shear behavior follows from
Equations (2.120), (2.121), (2.112), (2.113), (2.110) and (2.111).

d’u 1 dN, t, dM

__°rP__- P P P
dx? Ejt, dx 2D, dx
@ T
=l ___& (Vp - (2.150)
Eyt, 2D, 2
Pu, 1 dN, 1, dM,
dx?  Elt, dx = 2D, dx
T (v T (s (2.151)
©El, 2 2D, '

Subtracting Equation (2.151) from (2.150) and making use of (2.119) provide

u,  dPu, 1, d2r®

S

dx2  dx? G, dx?

2
I L S S WONS /S /SN L SN N
Ey, ' El, 2D, 2D, " \4D, " 4D,
4 4 Vi, Vit
= (E + ET> - (5 5) (2.152)
p'pP s's P S

Differentiating (2.152) once and substituting (2.114) and (2.115) respectively for %
and % yield

ty &3t® 1 1\ dr® t, dV, 1 dv,
A =4+ —(s2—2+
G, dx’ Ejr,  Elt )] dx 2D, dx = 2D dx
1 1\ dr® t t
—4— T w2 b (2.153)
Eq " Ex ) dx 2D, 2D,

37A) (&)
&'z _ﬂ L_,.L il z_ﬂ t_p_i a® (2.154)
dx? ta \Ejt, Eit/) dx tx \2D, 2D

or
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From (2.154), the right-hand side will be identically equal to zero for balance adherends.
Otherwise, for simplicity, Equation (2.154) will be approximated as

7™ 4G 1 1 dr®
T L 2 ) (2.155)
dx? ta \Ept, Eit) dx
Equation (2.155) can also be rewritten as
d [@r™ 46, ([ 1 1
— - —4+— ™| =0 2.156
dx |: dx? tn \Ept, * E't, T ( )
or
27 4G 1 1
ST T 2 4 ) 7™ — constant (2.157)
dx? ta \Ept,  El,
Thus the general solution of (2.155) is given by
™ = A cosh (28,x) + B sinh (28,x) + C (2.158)

where B, = ﬁ (E— + Et) as defined in Equation (2.6). As in Section 2.2.1, the

constant coefficients A, B and C are determined from the boundary conditions on 4=— o

and 7). Differentiating (2.158) once and utilizing the results from (2.119)—(2. 121) glve

du, du

dT(A) h(2 x) 4+ Bcosh ZBQX d
_zﬁA[Asln ( A ) ( )] t <d h)
ﬁ X X

Et, 2D, Et, 2D

>+ (a, — ) AT} (2.159)

As in all previous analyses, the analysis for the bonded doubler will be completed
first. The boundary conditions for the doubler configurations are given by (similar to
Equations (2.9) and (2.10))

™ (0)=0 (2.160)
N, (¢) =P (2.161)
N,(£)=0 (2.162)

In addition,

M, (£) = My (0)
(2.163)
M, (¢) =
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where My;(£) is obtained from the stage I analysis, and given by Equation (2.108).
Furthermore, the load in the doubler at x = 0 also must be equal to the integral of the
shear stresses transferred through the adhesive, i.e.,

L
/0 7™ dx = N, (0) (2.164)

For a long overlap doubler, it was shown in Section 2.3.1 that the overall bending
moment will vanish at the middle of the doubler. In that case, N, (0) can be calculated
by the simple method presented in Section 2.2.1 as follows. In Section 2.2.1, the stress
in the skin at the middle of the doubler was calculated from the same strain condition
between the doubler and the skin there and from the horizontal force equilibrium, and it
is given by (2.22). From Equation (2.22),

oy
(0)=—=
7. (0) =15
Uoots
N.(0) = 1,0, (0) = 5
US(O)_(TO Oy

0) = =S Te
O = = T Ea+s)

and by noting &,(0) = &,(0) (same strain condition at the middle of the doubler), it then
follows that

EI/JIPO'DO _ So'ootS

Ny (0) = 1,0, (0) = E'ytye, 0) = E'yhye, (0) = ot = = =

The above results for N;(0) and N, (0) do not account for the effect of thermal mismatch
between two adherends. When this thermal mismatch effect is included, the expressions
for N,(0) and N, (0) will finally take the following form:

t,
N, (0) = 2 e

1+S9)
(2.165)
So .t
N 0 — x°s Ftherm
» () (1+S9)
where F"™ ig defined in Equation (2.81). Thus, (2.164) becomes
¢
f T(A)dx — SO—OOIS _ Ftherm (2166)
0 (1+S9)

It is very easy to show that for a long overlap doubler, i.e., 3, > 1, the adhesive shear
stress 7™ near the end of the doubler can be approximated from Equation (2.158) as

™ = Be x4 C (2.167)
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where the coordinate s is measured from the doubler’s end. The constants B and C are
determined as follows. From Equation (2.166) with 7™ defined by (2.167) and noting
that e8¢ ~ 0 for B,£ > 1, one obtains

¢ ¢ B E
/ Wy = / TWdg = —— 75| 4 e
0 0 ZBA 0

— _16*25A2+1+C£ ~ i +C£
2B4 2B, 2B,
=" gt — Ftem (2.168)
148

Evaluations of dj;) at x = ¢ or s =0 via (2.159) with N,, N, etc. given by conditions

(2.161)—(2.163) and also via Equation (2.167), and equating the results yield

dr®

P _ts~MH(£)+
dx

x=¢{ or ¢=0 |: E;ts Ds

=-28,B (2.169)

(@ -a)ar|

A
Ia

It then follows that

G t.- My (L
B—= A s H()+&+(as—a)AT
2Bata | 2D, E ’
(2.170)
S ot 1 t,- My (({) . G, [therm
C= s _ S = — AT (| — ) —
1+s( ¢ ) 4[31@[ 2D, +E;+(as ) K% £
Thus,
o _ S (‘th5>
max 1+S e
G Mo (4 1 Ftherm
A s H()—}-&—{—(as—a)AT 1— — (2.171)
PICINN 2D, E; ’ 2Bt ¢

provided that B, ¢ > 1.

On the other hand, for the long overlap bonded splice, the adhesive shear stress near
the interruption end of the skin is given similarly by Equation (2.167) but with the
coordinate s being replaced by the coordinate x measured from the middle of the strap.
The constants B and C are now determined from the boundary conditions

/Z (A)d Ol +Flherm (2 172)
T X=—-———— .
0 (I+5)
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N,(0)=P
N, (0)=0

M, (0) = M? (0)

M, (0)=0
‘ (2.173)
dr® Gy,| N, Mgt N Mz
|- e S e
dx |, ta | Ejt, 2D, Ej, 2D, »
G t. t-MP(0
_ A "ws_P_‘()+( - ) AT
th | Epty 2D,
G MY (0)-t t,
=== SOR S (a,—a,) AT
2Bata 2D, Elt, PP
cot [ﬁ] (2.174)
1+SL ¢

1 | M{(0)-1, ot G,\ Fhem
“ume| . mp (e @)AT (_>+ ¢
IBA P ptp Ia

where M (0) is the bending moment in the patch at its middle and it is given by the
first equation of (2.109). Equation (2.172) corresponds to the condition that the integral
of the shear stress through the adhesive near the skin interruption end is equal to the
constant load in the skin throughout most of the skin interior as the skin and strap strain
together. With constants B and C determined, the maximum adhesive shear stress at the
skin interruption end is finally given by

A 1 O't:t
T(a))(__< S)

1+85\ ¢
G tMp 0 t. 1 Ftherm
S ‘()—U"“Jr(as—a)AT 1— + (2.175)
2Bata | 2D, Et, P 28,4 ¢

The reader is reminded that since the overlap is assumed to be sufficiently long in the

present analysis so that there is no interaction between the interruption end of the skin

and the doubler end, the shear stress in the adhesive near the strap end of a splice joint

configuration, therefore, will be the same as that of the bonded doubler. This latter

solution is already delineated in the preceding bonded doubler analysis, and therefore

it(A\;vill not be repeated here. It is evident from Equations (2.171) and (2.175) that
1

Tmax X «/_’: .
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It is interesting to note that, unlike in the case of a two-sided bonded doubler or a
double-strap joint, both the peel stress and the shear stress in a one-sided configuration
are proportional to the reciprocal of the square root of the bond-line thickness for long
overlap length, i.e., B,£ > 1 and v€ > 1.

2.4 Consideration of Other Important Effects in Bonded Doublers and Joints

The theories presented in Sections 2.2 and 2.3 treat the adhesive layer as infinite,
unconnected shear and tensile springs. In these theories both the shear stress and the
peel stress in the adhesive layer vary strongly over the length of the overlap, and attain
their maximum values at the end of overlap or at the skin interruption end. Assuming
the overlap length is sufficiently large as compared to the load transfer length, the
maximum shear and peel stresses become independent of the length of overlap; see
for instances Equations (2.18), (2.20) and (2.78) for two-sided bonded doublers and
double-strap joints, Equations (2.171), (2.175) and (2.145), all with £ — oo, for one-sided
configurations.

As a consequence, these theories suffer from three major deficiencies. First, the adhesive
shear stress solution does not satisfy the exact boundary condition of zero shear stress
at the ends of the adhesive layer (Adams and Peppiatt, 1974; Gilbert and Rigolot, 1988;
Roberts, 1989; Wang et al., 1998a). Secondly, these solutions do not capture the complex
stress singularity at the termini of the adhesive layer (Hein and Erdogan, 1971; Groth,
1988; Reedy, 1990, 1993; Akisanya and Fleck, 1997; Wang and Rose, 2000). The third
problem is that the stress state in the adherends is inevitably assumed to be uniform in
the thickness direction, and hence stress concentrations are ignored (Wang et al., 1998a).

Attempts have been made to eradicate the first deficiency of the plate-spring approach
by treating the adhesive layer as a two-dimensional continuum (Allman, 1977), while
retaining the plate-theory approximation for the substrates. Although these refined
theories permit satisfaction of the stress-free surface condition at the ends of a
square-edged adhesive layer, the distance over which the adhesive shear stress attains
its peak value appears to scale with the substrate thickness, instead of the adhesive layer
thickness as indicated by FE analysis (Wang et al., 1998a).

Recent progresses in addressing the above-mentioned three major deficiencies will be
presented in this section. First, a simple correction to the shear stress distribution
along the mid-plane of the adhesive layer has been obtained using an eigen-function
expansion method, which captured the boundary layer effect near the end of an adhesive
layer. Secondly, the corner singularity will be determined using an asymptotic matching
method. It will be shown that this corner singularity offers a very promising failure
criteria of bonded joints under both static and fatigue loading conditions. The improved
adhesive shear stress solution then permits determination of the stress concentration
in adherends. In addition to addressing the three mentioned deficiencies, the triaxial
stress-state in the adhesive layer and the implications on adhesive plastic yielding are
also discussed.



Theory of Bonded Doublers and Bonded Joints 51

2.4.1 Stress-free condition at the adhesive ends

According to the plate-spring theories for bonded joints, the adhesive shear stress dis-
tribution near the ends of adhesive layer can be expressed as follows, assuming that the
overlap is sufficiently long so that the peaks at the two ends are isolated:

78 (x) = 7)o Bax (2.176)

The reason that the plate-spring models predict a finite shear stress at the ends of
adhesive layer stems from the assumption of spring laws being position independent,
i.e., the shear stress is proportional to the relative longitudinal displacement between
two substrates, even at a stress-free surface. Nevertheless, despite this deficiency and
the large number of assumptions involved in the plate-spring models, solutions of the
adhesive shear and peel stresses have been shown to correlate well with FE analysis
except very close to the ends of adhesive layer.

Since the ends of the adhesive layer are stress-free, the shear stress near the ends
must change from this simple distribution so as to satisfy the traction-free boundary
conditions. According to St Venant’s principle, the perturbation in the stress field is
confined to a region near the ends (within a distance comparable in extent to the layer’s
thickness). This means that for the case of square edge the finite shear stress predicted
by the plate-spring theories can be considered as residual stresses. It then follows that
the problem with stress-free edge condition can be solved by superposing on the stress
field derived based on plate-spring analogy a second stress field that just negates the
traction on the ends.

Since the adhesive layer generally has a Young’s modulus much lower than the
substrates, it is not unreasonable to model the substrates as rigid clamps. Consequently
the problem can be considered as a strip clamped at two long edges and subjected to
a uniform shear traction and zero normal traction at x = 0, as depicted in Figure 2.8.
From a theoretical viewpoint, rigorous calculation of the shear stress near the square
ends of an adhesive layer requires a consideration of stress singularities at the corners of
the interface between the adhesive layer and the substrates. However, since the field in
which the stresses are dominated by a corner singularity is normally very small (Wang
and Rose, 2000), the effect of corner singularity can be ignored when determining the
shear stress at the mid-plane of the adhesive layer.
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Fig. 2.8. A strip rigidly clamped along two long edges.
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Table 2.2. First eigen root for different adhesive Poisson’s ratio.

Root n Poisson’s ratio v,
0.25 0.3 0.35
1 2.1752+0.74371i 2.1650 + 0.8032i 2.1535+0.8687i

Using an eigen-function expansion method, the shear stress at the mid-plane of the adhesive
layer has been found to be well approximated by the first-order solution (Wangetal., 1998a),

™ (x,0) = =W e27/1a cos (2w /1) (2.177)

where @ denotes the real part of the first eigen root (Table 2.2), which is equal to 2.1535
for a Poisson’s ratio of 0.35.

Combining Equations (2.176) and (2.177) leads to the following improved solution of
adhesive shear stress distribution in a bonded joint:

™ (x) =7 [ePrr— e cos(2mx/1,) ] (2.178)

which obviously satisfies the zero shear stress boundary condition at the end of adhesive
layer (x = 0). This stress distribution is shown in Figure 2.9 together with the results of
FE analysis detailed later, indicating a good agreement. This solution will be utilized in
Section 2.4.3 to determine the stress concentration in adherend.
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Fig. 2.9. Adhesive shear stress distribution including the end effect.
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2.4.2 Corner singularity

Square edge

It is well recognized that stress singularity exists at a corner between the adhesive and
the adherend (Williams, 1952; Hein and Erdogan, 1971; Groth, 1988; Akisanya and
Fleck, 1997; Tong and Steven, 1999). Studies have also shown that for joints bonded
with brittle adhesives the intensity of the stress singularity at the interface corner may
be used to predict failure of bonded joints (Groth, 1988; Reedy, 1990).

For the adhesive joint shown in Figure 2.10, there are two corner singularities at points
A and B. To apply the fracture mechanics approach, both the order and the intensity
of the corner singularity must be quantified in terms of joint geometry and the applied
load. While the order of singularity can be obtained from an asymptotic analysis
(Williams, 1952; Bogy, 1971; Hein and Erdogan, 1971), the magnitude of the stress
intensity factors requires matching the asymptotic solution with the outer solution.
An efficient method of carrying out this asymptotic matching analysis is to employ the
FE method.

Distributions of the three stress components, o, oy, and T, are shown in Figure 2.11,
indicating clearly the high stress elevations near the two corners.

In the case of square ends shown in Figure 2.12, the stress intensity factor K is defined
as follows in terms of the stress component normal to the interface, o,:

K
o0 =) = — (2.179)
r
f¢e——40mm —p| «—20mm ——p|
(O O N O N O O W 0) /Q ©
3mm_f { ' o
1imm__ O
T ;

e

Fig. 2.10. Finite element mesh for a double-lap joint.
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Fig. 2.11. Contour plots of normalized stresses: (a) axial stress o,,; (b) peel stress a,,; and (c)
shear stress 7.
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Fig. 2.12. Ends of adhesive layer, showing a square edge.

In this case, the shear stress distribution along the interface is (Wang and Rose, 2000)
K
T9(0=m)=——v, (2.180)
r

where the parameter A denotes the order of corner singularity, which is shown in
Figure 2.13 for a square end, and v, is the Poisson’s ratio of the adhesive layer.

The order of singularity at square end can be expressed as
A=1.29v,(1-0.768v,) (2.181)

while the stress intensity factor is given by

A N A) 144
K= [A(DA)a-rgqai +B(VA)Tr(na>)(]tA (2.182)
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Fig. 2.13. Order of singularity at square end for various Poisson’s ratios.
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where O}(na;)( and T,(nAa,)( are the maximum peel and shear stresses of the adhesive, which can

be obtained by methods outlined in Sections 2.2 and 2.3 for a linear elastic adhesive.
The parameters A and B depend solely on the Poisson’s ratio of the adhesive via the
following equations (Wang and Rose, 2000),

A(v,) = 0.836 —2.23v, +6.29v2 —9.6413, (2.183)
B(v,y) =3.12—15.8v, +40.102 —37.613 (2.184)

The stress intensity factors at two corner points shown by the insert of Figure 2.14(a)
therefore can be expressed as follows, noting the difference in the sign of shear stress
as indicated in the insert of Figure 2.14(b):

K¢, =78 B(vy) 1) (2.185)

max

= [Aa) o — Bl (2.186)
Comparisons between FE results and predictions based on Equations (2.185) and (2.186)
are shown in Figure 2.14. It is seen that there is a good agreement between the predictions
and the FE results. It is also clear from Figure 2.14 that the corner singularity dominates
a reasonably large region. For brittle adhesives whose process zone at failure is smaller
than the singularity field, the strength of the joint would be entirely characterized by the
stress intensity factors discussed above.

Spew fillet

Studies have shown that spew fillets formed during bonding at the ends of overlap
may have an important influence on the joint strength (Adams and Harris, 1987; Groth,
1988; Kairouz and Matthews, 1993; Adams et al., 1997). Formation of the spew fillet
not only modifies the stress distribution along the mid-plane of the adhesive layer
(Adams and Peppiatt, 1974), but may also eliminate the corner singularity. Referring
to Figure 2.15, while the stresses at corner C are singular, the stress-state at point A
depends strongly on the angle 6. In the following these two points will be examined
In turn.

Assuming that the Young’s modulus of the adhesive is far smaller than the modulus of
the adherend, the order of the stress singularity at corner A under plane-strain conditions
can be obtained from the solution of Williams (1952), and the results are shown in
Figure 2.16. It is clear that spew corners would be free of singularities when the fillet
angle is less than a critical angle, which is dependent on the Poisson’s ratio of the
adhesive. The value of this critical angle is shown in Figure 2.17. The absolute maximum
angle at which no corner singularity would exist for any Poisson’s ratio is 45 degrees.
Therefore, if the spew fillet angle can be controlled to be equal or less than 45 degrees,
stresses at corners A and B in Figure 2.15 would be regular.

To verify the singularity associated with a spew fillet, a FE analysis has been carried
out using the FE mesh shown in Figure 2.10, with a spew fillet shown in Figure 2.18.
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Fig. 2.14. Distribution of (a) normal stress and (b) shear stress along the interface ahead of the
corners C; and C, in a double-lap joint.
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The spew fillet angle at both points A and B is equal to 45 degrees. Contours of the
resulting stress components o, o,,, and 7,, are shown in Figure 2.18, confirming that
the stresses at points A and B are no long singular. Consequently, corner singularity
exists only at corner C. Solutions of the order of singularity and the stress intensity factor
for this corner can be found in Wang and Rose (2000). It is worth pointing out that this

corner singularity can be removed by rounding of corner C (see Adams et al., 1997).

It is clear in Figure 2.18 that corner singularity exists only at point C of Figure 2.15.
It has been found that there are two singular terms for the stresses at corner C
(Wang and Rose, 2000). The order of the stronger singular term is approximately equal
to 0.41 for typical Poisson’s ratio of 0.35.

From the preceding analysis it is clear that corner singularities can be completely
removed if the end of adhesive layer can be shaped so that all interface angles are less
than 45 degrees. An example of such an end that would be free of corner singularity is
shown in Figure 2.19. Further work is required to clarify the influence of adhesive layer
thickness on the joint strength.

2.4.3 Stress concentration in adherends

Since the adhesive shear stress peaks at the end of adhesive layer, significant through-
thickness stress concentrations exists in the loaded adherend (Cornell, 1953; Adams
et al., 1986; Kairouz and Matthews, 1993; Wang et al., 1998a). This is schematically
shown in Figure 2.20 for a double-strap joint. Such a stress concentration can be
extremely detrimental to joint strength, especially when the overlap terminates near
another stress concentration site, such as a fastener hole.

Quantitative methods for evaluating the stress concentration in adherends are often
critical to the design and assessment of bonded joints. For example, to avoid adhesive
failure and achieve the maximum strength, bonded joints are mostly designed so that the
bonding strength is greater than the substrate strength (Hart-Smith, 1973b). In this case,
it is paramount to be able to determine the strength of the substrates, taking into account
the stress concentrations. Kairouz and Matthews (1993) reported that the load-carrying
capacity of adhesively bonded joints with cross-ply substrates having 90° surface layer
would be dictated by the maximum longitudinal stress occurring near the ends of overlap.
There have been instances where unexpected fatigue failures of metallic substrates
occurred immediately outside the end of a reinforcement patch, possibly caused by the
interaction between the high stress concentration induced by bonded reinforcement and
fastener holes situated near the ends of overlap.

According to Wang et al. (1998a), a first-order estimate of the maximum longitudinal
stress (in the loaded adherend) at the end of overlap is given by the following integration,
noting Equation (2.178):

=2

X w 0 X

0o ~(A) 2 0 a—BAIAX __ po—2@x 2
o= [ O 4 £ T eosa) o (2.187)
0
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Fig. 2.18. Stress contours near spew fillet.
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Fig. 2.19. Adhesive end free of corner singularity.

Quter .
adherend Adhesive
\
Itp / Ia
¥ | $+
<+ \ —
O, Pl (A / [ ] ‘2fs R | ., 0w
[ \ \
K B } Inner
\_,\ adherend
Oxx | .
Al

Fig. 2.20. Through-thickness stress concentrations in adherends of a double-strap joint.

For a typical Poisson’s ratio of 0.35, the parameter @ is equal to 2.1535. In this case, the
maximum longitudinal stress is dependent only on the value of 3,7,. Equation (2.187)
can be readily evaluated numerically, and the results are shown in Figure 2.21. It is clear
that a considerable stress concentration exists in the loaded adherend as a result of the
shear deformation in the adhesive layer.

As an example consider a double-strap joint representative of a unidirectional boron
patch bonded to an aluminium plate. The thicknesses of the inner adherend, the outer
adherend and the adhesive layer are respectively 6, 1.3 and 0.1 mm. The Young’s moduli
of the inner adherend and the outer adherend are 72 and 210 GPA, while the shear
modulus and the Poisson’s ratio of the adhesive layer are 700 MPa and 0.3, respec-
tively. The load transfer parameter 3, is equal to 0.18 mm~!, thus giving rise to a stress
elevation of 3.2774. The normalized longitudinal stress along the adherend—adhesive
interface from a FE analysis (with spew fillet) is shown in Figure 2.22, indicating a
maximum stress concentration factor of 1.42. According to Equation (2.18), noting that
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Fig. 2.22. Longitudinal stress along the plate—adhesive interface of a double-strap joint with a spew
fillet. The coordinate x is measured from the square end of the adherend as shown in the insert.

AT = 0, the maximum shear stress 7.y = 0.5360,,. Consequently the stress concentra-
tion (= 0, na/T) is estimated to be 1.75 from the theory, which is higher than the FE
results. The first-order solution can be improved if the effect of spew fillet is taken into
account. Assuming that the presence of spew fillet would reduce the peak shear stress
by 20%, the analytical estimate would come very close to the FE solution.

2.4.4 Triaxial stresses and plastic yielding

In analyzing the stresses in bonded doublers or joints, often only two stress components,
the peel stress and the shear stress, are considered. However, due to the constraint
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Fig. 2.23. A unit cell representing an adhesive layer sandwiched between substrates.

imparted by the stiff adherends, the stress state in an adhesive layer is truly triaxial
(Adams et al., 1997, Wang and Rose, 1997a). The lateral stress components parallel to
the interface give rise to a high hydrostatic tension. This hydrostatic stress is important in
determining the plastic yield behavior of polymers (Wang and Chalkley, 2000), affecting
both the crazing mechanism and also the glass transition temperature (Losi and Knauss,
1992; Duong and Knauss, 1995). In this section the triaxial stress state within an adhesive
layer is first examined, and then the plastic yielding behavior of adhesive under triaxial
stresses is discussed.

Referring to Figure 2.23 which shows a unit cell representing an adhesive layer
sandwiched between two stiff adherends, the two lateral stress components, o) and
o™, can be expressed in terms of the peel stress o = a‘(,;‘) (Adams et al., 1997;

Wang and Rose, 1997a),

VA _gm YA oo (2.188)

oY =0 = .
x 0, T 1w,

Consequently the hydrostatic stress is

1
ig(/\)
3(1—v,)

To quantify the influence of hydrostatic stress on the plastic yielding behavior of
polymer adhesive, a series of experiments have been carried out on a film adhesive
(FM73), under various combination of tension, compression and shear loading (Wang
and Chalkley, 2000). The results are shown in Figure 2.24, where the equivalent shear
stress is defined as

1
— (&) A (A)y —
p=3lo +o+ol) = (2.189)

2 A A))?2 A A))?2 A A))?2 A)?
67, = (a')(cx) — a')(,y )) + (ai‘(,y) — 0}(; )) + (a'z(z ) — a’ix)) + 67')5},) (2.190)
It can be seen that when the hydrostatic stress is negative (in compression), the equivalent
shear stress is approximately constant, indicating that the conventional von Mises yield
criterion is applicable. However, under tensile hydrostatic stress, the equivalent shear
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Fig. 2.24. Influence of hydrostatic stress on yield stress of FM73 adhesive.

stress decreases rapidly as the hydrostatic stress increases. These data suggest that the
modified von Mises yield criterion (Bowden and Jukes, 1972) is applicable for positive
hydrostatic stress:

T —ip =1 (2.191)

eq
where T@A) denotes the yield stress under shear (zero hydrostatic stress), and the

experimental data shown in Figure 2.24 suggest that the coefficient & is approximately
1.13 for FM73 adhesive.

One important implication of the triaxial stress state in an adhesive layer is that it would
have a significant effect on the onset of plastic yielding. Denoting the shear stress and
the peel stress as 7™ and o™, and recalling Equation (2.188), the equivalent shear
stress from Equation (2.190) can be written as

1/2
1 /1=2v, o™\’
S TSy oo

3\1—v, 7™

where ™ and 7, thus the ratio 0») /7, can be obtained by the conventional theories
outlined in Sections 2.2 and 2.3 for bonded doublers and joints. Then the modified von
Mises yield criterion can be expressed as

12
1 /1=2v, e®\’ 1+v o®™
(A) - A A ~ _ (A)
T |:1+ 3 <—1 . _’T(A)) + —3(1 —VA)M_T(A) =Ty (2.193)
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Fig. 2.25. Effect of triaxial stress on the value of shear stress at yielding.

which is shown by the solid curve in Figure 2.25 for FM73 adhesive (o = 1.13).
For comparison purposes, two other cases corresponding to the original von Mises yield
criterion 1 = 0 and an adhesive of lower pressure sensitivity are also plotted in the
figure. It is clear that there is a substantial reduction of the shear stress at yielding due
to the effect of hydrostatic tensile stress. This implies that if the design limit of a lap
joint is the onset of plastic yielding, the effect of peel stress on the allowable shear
stress has to be considered. Likewise, if the peel strength turns out to be the limiting
factor, the design allowables for the peel stress should also take into account the effect
of hydrostatic tension.

2.5 Failure Criteria for Bonded Doublers and Joints

Adhesive failure within a joint is usually assumed to be governed by a critical stress,
or a critical strain, sometimes coupled with a characteristic length (Kinloch, 1987).
Some examples include Hart-Smith (1973a,b), Adams (1989, 1992), and Bigwood and
Crocombe (1990). Strain energy density (Hart-Smith, 1973b; Jones et al., 1993) and
stress over a zone (Clark and Mcgregor, 1993) have also been suggested for predicting
joint strength. However, it has long been noted (Adams and Peppiatt, 1974) that there is
a large discrepancy between theoretical predictions and experimental data. As discussed
in Sections 2.2 and 2.3, both the maximum adhesive shear and the peel stresses at
the ends of a long overlap joint are inversely proportional to the square root of the
adhesive thickness. Therefore, for a given applied load, the thicker the adhesive, the
lower the stresses are. This means that the conventional strain- or stress-based failure
criteria would predict an increase in joint strength (total failure load) with the increase in
bond-line thickness. In other words, the remote applied stress at failure is proportional
to the square root of the adhesive thickness,

o oc /T, (2.194)
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Experimental results, however, exhibited exactly the opposite trend: the load-carrying
capacity of joints decreases with bond-line thickness (Bennett, 1972; Hylands and
Sidwell, 1980; Crocombe and Moult, 1988; Harris and Fay, 1992).

Five sets of experimental results on single-lap joints (Bennett, 1972; Crocombe and
Moult, 1988; Harris and Fay, 1992) and one set of data on single-strap joints
(Wang and Rose, 1997b) are shown in Figure 2.26, together with the predictions of
stress-based failure criteria. It can be seen that with the increase in bond-line thickness,
joint strengths decreased, contrary to the expectations of stress-based failure criteria.
Also shown in the figure are predictions based on fracture mechanics approaches
(strain-energy release rate and corner stress-intensity factor), which will be discussed in
detail later.

Under fatigue loading, it has also been observed that fatigue crack growth rates and
fatigue endurance (Imanaka et al., 1988; Harris and Fay, 1992; Krenk et al., 1996) also
exhibited anomalous behavior with respect to adhesive thickness. These results showed
that on the basis of the maximum (shear or normal) stress in the adhesive, joints with
thinner adhesive lasted longer than joints with thicker adhesive. For a given applied
load, although joints with thicker adhesive exhibited longer fatigue lives than joints of
thinner adhesive, the increase in fatigue load is much less than what would be expected
on the basis of constant stress. Therefore it is clear that the conventional failure criteria,
be it stress-, strain-, or strain-energy-density-based, are not geometry independent, hence
the data obtained from one configuration are not readily transferable to other types of
joint, or the same joint with different bond-line thicknesses.

Fracture mechanics concepts have also been introduced for characterizing bonded joints
(Mall et al., 1982; Johnson and Mall, 1985; Kinloch, 1987; Wang, 1997, 1998), but
mainly to joints with crack-like defects, such as butt joints, edge-cracked cantilever beam
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and cracked-lap-shear specimens (Johnson, 1986; Kinloch, 1987). The thickness of the
adhesive is basically ignored and the disbond is treated as a crack, thus permitting the use
of linear elastic fracture mechanics parameters. FE analysis and compliance approaches
are the two main methods used in evaluating the energy release rate. An alternative
method of calculating the strain energy release rate is through the J-integral (Fernlund
and Spelt, 1991a,b; Edde and Verreman, 1992; Wang and Rose, 1997b), leading to
expressions of the strain-energy release rate in terms of the maximum adhesive shear
and peel stresses obtained from plate-spring theories of lap joints:

(A)2
G — max t
I 2E, A
(2.195)
(A2
G _ Tmax t
1 _ZGA A

and the total strain-energy release rate is the sum of the above two components.

Since the maximum adhesive shear and peel stresses are proportional to the reciprocal
of the square root of the bond-line thickness, it can be readily shown that the strain-
energy release rates given by (2.195) are independent of bond-line thickness, and are
dependent only on the dimensions of the adherends and the applied load. Consequently,
fracture mechanics—based failure criteria would predict that joint strength is independent
of bond-line thickness, as indicated in Figure 2.26. When compared to the stress/strain-
based failure criteria, this represents a considerable improvement, considering that joint
strength has been observed to decrease with bond-line thickness. However, the fracture
mechanics methods are applicable only to joints with large disbond of length greater than
or comparable to substrate thickness. Since virtually all bonded joints are manufactured
to be free of large disbonds, the physical basis of the above-mentioned fracture mechanics
methods as applied to bonded joints is not clear.

For disbond-free bonded joints, the corner stress-intensity factor has been found to
be a promising criterion that can unify the failure loads of butt joints of varying
bond-line thicknesses (Reedy and Guess, 1997) and the failure loads of single-lap
joints (Groth, 1988). Since the corner stress-intensity factor uniquely characterizes the
deformation at an interface corner, it would serve as a failure criterion for bonded joints
provided that the size of the process zone is comparable to the corner singularity zone.
According to this failure criterion, failure will occur when the corner stress-intensity
factor attains a critical value. Accordingly the joint strength would decrease as the
adhesive thickness increases, i.e.,

oo 14700 (2.196)

where A is given by Equation (2.181), consistent with the various experimental findings
shown in Figure 2.26. For Poisson’s ratio of 0.35, the order of singularity A is equal
to 0.32. In this case, prediction of the corner stress-intensity factor criterion is shown
in Figure 2.26. This prediction seems to provide a lower bound to all the experimental
results. This is most likely due to the ignorance of the spew fillet.
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It was found in Section 2.4.2 that for a spew fillet configurations shown in Figure 2.15,
there are two singular terms for the stresses at corner C. The order of the stronger singular
term is approximately equal to 0.41 for a typical Poisson’s ratio of 0.35. Consequently
the critical corner stress-intensity factor criterion would predict the joint strength to
decrease with adhesive thickness via the following relation,

o o 1,01 (2.197)

which is also shown in Figure 2.26, indicating a good agreement with the experimental
results.

2.6 Summary

This chapter presents various analytical models for determining stresses in bonded joints
and doublers that are relevant to the repair geometries. The presented analytical models
account for various important effects such as elastic-plastic adhesive, geometrically
nonlinear deformation, triaxial stresses on plastic yielding, adherend stress concentration,
and corner singularity at the termini of the adhesive layer. Several criteria for failure
assessment of bonded joints and doublers are also discussed.



CHAPTER 3

Fundamental Concept of Crack Patching

3.1 Introduction

As discussed in Chapter 1, bonded repairs can be applied either as a precaution to
reinforce undamaged structures or as a remedy to cracked structures so that the stress
intensity factor of the crack being repaired has been significantly reduced to an appro-
priate level. The multiplayer nature of a bonded repair, which comprises three different
layers of materials with vastly different properties, gives rise to very complicated stress
states. Although in principal the problem can be analyzed by using numerical tools, such
as the finite element method or the boundary element method, in many cases such an
approach is not only cumbersome but also unnecessary. This is because inevitably stress
transfer between the host structure and the patch occurs in two relatively small regions,
one close to the outside boundary of the patch and one near the cracked region in the
host structure; consequently, the problem can be more efficiently resolved analytically
by using a boundary layer approach. Furthermore, the theoretical analyses presented in
this chapter will provide a good conceptual understanding of the fundamental mechanics
of bonded repairs and the associated key parameters that are important to design of
repairs.

To focus on theoretical modeling of bonded repairs, we shall consider a relatively simple
yet representative repair configuration, namely a centre-cracked plate (denoted as skin)
being repaired by an elliptical patch, as illustrated in Figure 3.1. It is assumed that
the repaired structure experiences no out-of-plane deformation, either because the skin
is fully supported against out-of-plane deflection or because the skin is repaired with
two identical patches bonded on both sides. The case of one-sided repairs that is not
supported against out-of-plane deformation will be briefly introduced in this chapter
within a context of geometrically linear analysis with a key stress intensity factor being
simply estimated, as its formal analysis will be discussed in Chapter 5. It is worth noting
that the primary function of a bonded repair is to sufficiently reduce the stress intensity
factor of the crack being repaired so that the residual strength has been restored to an
acceptable level, and the growth rate of the crack under fatigue condition is sufficiently
slow to ensure an acceptable inspection interval. Therefore it is important to determine

69
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Fig. 3.1. Repair configurations and coordinates. (a) Plan view; (b) cross section along centre line
(x = 0) with no bending deflection allowed, representing two-sided repair; (c) cross section of
a one-sided repair along the centre line; (d) cross section at x — oo for one-sided repair; and
(e) near crack region.

the stress intensity factor of a repaired crack, as well as the stresses in the patch and the
adhesive layer for given mechanical or thermal loading.

One very important concept in the analysis of bonded repairs for crack patching is the
two-stage approach first employed by Rose (1981, 1982, 1988), which allows each stage
to be solved by employing different theoretical methods with appropriate simplifying
assumptions. In stage I, which is referred to as the load attraction problem, the redistri-
bution of the stresses or strains in an un-cracked skin due to the presence of a patch is
determined, assuming that the skin and the patch are rigidly bonded upon curing. This
assumption is appropriate because the length of the load transfer zone around the edge
of the patch is usually small compared to the overall dimension of the patch. Then in
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stage II, the crack-tip stress intensity factor and the stresses in the patch and the adhe-
sive layer close to the cracked region are determined by appealing to the superposition
principle. This is achieved by pressurizing the crack faces with the prospective stresses
(the stresses that would exist along the crack path) already determined in stage I. This
two-stage approach will be used extensively in Chapters 4 and 5 in the development of
generic algorithms for analyzing irregular-shaped repairs to supported and un-supported
plate-like structures. Extension of this two-stage analysis approach to the repairs of
corrosive damages will be presented in Chapter 6.

3.2 Formulation and Notation

Referring to Figure 3.1, the problem to be considered is a cracked skin plate with
a patch adhesively bonded on one-side. The plate, which has a thickness of ¢, for a
one-sided repair and 2¢, for a symmetric repair, contains a through-thickness crack of
length 2a. The thickness of the patch and the adhesive layer are respectively 7, and z,.
The cross sections in the yz are depicted in Figure 3.1(b)—(d). The Young’s modulus
and the Poisson’s ratio of each individual layer are denoted as E and v; here and in
the following, subscripts s, p, and A will be used to distinguish properties pertaining,
respectively, to the skin plate, the patch, and the adhesive layer. In addition, the shear
modulus of the adhesive will be denoted as G,. The crack is along the line segment
|x] < a, y=0, and the patch is over an elliptical region defined by

x\2 y 2
— =) <1 3.1
(3) +(5) = 6.0
which completely covers the crack (A > a). After this repair, the plate is subjected to a
remote stress specified by
o,=0, 0,=3-0, T,=T, (x* +y* = ) (3.2)
By using the superposition principle, it is easy to demonstrate that the above problem
can be decomposed into a tensile mode (7,, = 0) and a shear mode (o, = 0). In this

chapter we will focus on the tensile mode, while the shear mode (Wang and Rose, 1998)
will be briefly discussed in Section 3.3.5.

From a geometrical consideration, bonded repairs, as illustrated in Figure 3.1, fall into
two categories: two-sided (symmetric) and one-sided (asymmetric). In the former case,
two identical reinforcements are bonded on the two surfaces of a cracked plate. This
symmetric arrangement ensures that there is no out-of-plane deflection over the repaired
region (see Figure 3.1(b)), provided the cracked plate is subjected to extensional loads
given by Equation (3.2). In actual repairs, however, one-sided repair is often adopted
in which composite patches are applied to only one side of the panel. This is because
most often, only one face of a structure to be repaired is accessible and sometimes only
one side of a structure is allowed to be patched, e.g., aircraft fuselage or wing sections.
Provided the structure to be repaired is well supported against out-of-plane deflection,
for instance, by stiffeners attached to one side, it is acceptable to ignore the out-of-plane
bending, thus permitting the problem to be treated as being symmetric. However, in the
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case of un-supported, one-sided repairs, the out-of-plane bending caused by the shift of
the neutral plane away from that of the plate may considerably lower the repair efficiency.

By using the superposition principle it is easy to demonstrate that the problem depicted
in Figure 3.1 is equivalent to solving the following perturbation problem: a patched
crack subjected to an internal pressure, —a,, acting on the crack faces, as depicted in
Figure 3.2. This allows the analysis to be divided into two stages (Rose, 1981, 1982).
To determine the prospective stress oy, first we consider the re-distribution of stress
which would be caused by the patch if it were bonded to an uncracked plate (Figure 3.3).
The quantity of interest is the normal stress o, along the prospective crack path in

) N N

’ 0p(2) 1

(a) (b) (©

Fig. 3.2. A patched crack subjected to internal pressure.
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Fig. 3.3. Inclusion analogy for stage I analysis. (a) Flow of load lines into reinforced portions;
(b) cross section along centre line.
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the uncracked plate. For the case of symmetric repairs or fully supported one-sided
repair (no out-of-plane bending), this prospective stress g, is uniform through the plate
thickness, whereas in the case of un-supported one-sided repairs, the prospective stress
distributes linearly through the plate thickness (Wang et al., 1998b), as illustrated in
Figure 3.2(b,c). At the second stage, we determine the stress distribution around the
crack subjected to an internal pressure of —o;,. Due to the presence of the crack, a stress
singularity exists at the two crack tips at x = +a. Here the stress intensity factor K; at
the crack tip x = a is defined as,

K(z) = lim /27(x —a)oy, (x,y =0,2) (3.3)

where the stress (Tysy(x, y =0, z) is yet to be determined in terms of the internal stress
0, and the repair dimensions and constituent properties. Depending whether the repair
is supported against out-of-plane bending, the stress intensity factor may vary through
the plate thickness; details will be presented in Section 3.4.

In the absence of a reinforcing patch, the normal stress ¢, parallel to the crack would
not affect the stress intensity factor, but this is no longer true for the repaired plate. After
the repair, K; will depend on the applied stress ratio 2, defined by Equation (3.2) and
also on the aspect ratio B/A of the patch. Provided the adhesive layer remains elastic,
the main unknowns K, O}Eﬁii, T.ﬁﬁi, 0. and oP will depend linearly on the principal
applied stress o, of Equation (3.2). The analytical results which will be derived in
Sections 3.3 and 3.4 will show clearly the parametric dependence of these unknowns on
the dimensions and material properties of a repair configuration.

Since a bonded repair represents a multiple layered structure with a crack being present
in one layer only, an exact, analytical solution of this three-dimensional problem is
an almost intractable task. Hence it is imperative to make appropriate simplifications
to enable the derivation of analytical solutions. It should be noted that there is no
fundamental difficulty in employing a fully three-dimensional FE method to estimate the
stresses and stress intensity factors in a patched structure. It is, however, often impractical
nor necessary to rely solely on time-consuming FE computations for routine engineering
designs, especially if parametric analysis is required to optimize a design and to study
the sensitivities of repairs to varying geometry dimensions and material properties. In
this regard, analytical solutions would be preferred over numerical solutions.

3.3 Symmetric or Fully Supported One-Sided Repairs

The solution of the problem formulated in Section 3.2 will be derived, assuming the
repaired structure is supported against out-of-plane bending or the cracked skin plate is
repaired with two patched bonded on the two sides. The analysis will be divided into
two stages as indicated in Section 3.2.

3.3.1 Stage I: Load attraction by patch

Consider first the re-distribution of stress in an uncracked skin plate due to the local
stiffening produced by the bonded reinforcement. As illustrated in Figure 3.3(a), the
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reinforced region will attract more load due to the increased stiffness, leading to a higher
prospective stress than that predicted by one-dimensional analysis. The repair geometry
that corresponds to a one-dimensional analysis is a patch spanning across the entire
width of the skin plate. The one-dimensional theory of bonded joints and doublers (see
Chapter 2) estimates the skin stress underneath the patch as

O-OO
oy = 0+ (3.4)

where S is the patch stiffness to skin stiffness ratio, i.e., S = B _ Do yhen v, =V,

Ejtg Egtg
This one-dimensional theory also provides an estimate of the load-transfer length B!
for load transfer from the skin to the patch. If that transfer length is much less than
the in-plane dimensions A and B of the patch, we may view the reinforced region
as an inhomogeneity of higher stiffness than the surrounding skin, and proceed in the

following three steps.

(i) Determine the elastic constants of the equivalent inhomogeneity in terms of those
of the skin and the reinforcing patch.

(ii) Determine the stress in the equivalent inhomogeneity.

(iii) Determine how the load which is transmitted through the inhomogeneity is shared
between the skin and the patch, from which the prospective stress o, can be
calculated.

Steps (i) and (iii) can be readily performed using classical composite plate theory. In the
case of symmetric or fully supported one-sided repairs, the patch and skin have identical
strains.

Step (ii) is greatly facilitated by the known results of ellipsoidal inhomogeneity (Eshelby,
1957; Mura, 1998) in an infinite sheet under uniform far-field-applied stress: the stress
and strain within an ellipsoidal inhomogeneity is uniform, as indicated schematically
in Figure 3.3(a). The uniform stress state can be determined analytically with the help
of imaginary cutting, straining and welding operations. General solution methods were
derived by Rose (1981) for the case where both the skin and the reinforcing patch are
taken to be orthotropic, with their principal axes parallel to the x — y axes. However, that
method employed by Rose (1981) requires modification for the special case of isotropic
skin, the case of most interest for repairs to metallic structures, because the resulting
characteristic equation has coincident roots.

In the following we will present a simpler solution for the special case of isotropic
skin repaired with an orthotropic patch. Although the following analysis is derived
for a supported one-sided repair, pertinent solutions for a symmetric repair shown
in Figure 3.1(c) will be the same by noting that the same symbol ¢, will now represent
the half thickness of the skin in the symmetric repair. The patch, the adhesive layer,
and the reinforced portion of the skin can be replaced by an equivalent orthotropic
plate, which can now be viewed as an “inhomogeneity” having different constitutive
properties from the surrounding “matrix”. For an isotropic skin and an orthotropic patch,
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the stiffness matrix of the equivalent inhomogeneity, denoted as [CI], is given by Rose
(1981) for a supported one-sided repair,

[C']=[C]+ Z—P [CP] (3.5)

N

with

E, [1v EY, 1 Vv EY JEY
Cs — s s Cp — 12722 11
1] 1—»? [Vs 1j| 7] 1—vh,05, vLE5/EY, EN/EY

(3.6)

E| 1 vEL JE!
and 'l = 1 127222/ =11
] 1=l [VEn/Ely Ey/Ej

The elastic compliance matrix of the inhomogeneity is [CI]_I.

According to the Eshelby inhomogeneity result, the stresses and strains inside an ellip-
tical inhomogeneity are uniform. The x- and y-components of the stresses inside the
inhomogeneity are denoted as p and g, respectively. Because of the traction continuity
across the interface, the tractions at the boundary between the inhomogeneity and the
surrounding skin plate along the x and y direction are related to the constant stresses p
and ¢ as illustrated in Figure 3.4.

The unknown stresses p and ¢ are to be determined from the displacement continuity
conditions along the interface between the inhomogeneity and the surround skin plate.
Since the strains in the inhomogeneity are constant (independent of x and y), the
displacement continuity implies that the y-strain is continuous at point A, and the x-strain
is continuous at point B. This can be expressed as

1 S
sxx,B - gxx,B

(3.7)
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Fig. 3.4. Inclusion analogy approach for stage I analysis.
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Within the inhomogeneity, referring to Figure 3.4(a), the strains at an arbitrary point
(x, y) inside the inhomogeneity are given by

e

For the plate with an elliptical cut-out as shown in Figure 3.4(b), the stresses can be
determined by linear superposition of two problems: (i) an infinite plate without a hole
under the stresses p and ¢ applied at infinity; and (ii) an infinite plate with an elliptical
hole under the far-field-applied stresses o, =3 -0, — p and o), = 0, —q. By noting
that the solution of the first problem is trivial while the solution of the second problem
is available and can be found in Timoshenko and Goodier (1970), the stresses for a plate
with an elliptical cut-out as shown in Figure 3.4(b) can be derived as

ol _ p
%), =l -20-om Fonsa r20m) ¢
for point A and
s 28 _
O-Y' B 4q
for point B, respectively.
Therefore the strains at points A and B are
€, B p Ooox
et =—[m +[m o 3.11
[ R R e o)
where
1 2B/A —(1—-v)
1 ]1+2B/A -1
[mz]—z[ 1 1+2A/3} (3.13)

Inserting Equations (3.8) and (3.11) into (3.7) leads to the unknown stresses p
and ¢,

{”} =[[cT” +[m1]]71 [m,] {"w} (3.14)

q g

oYy

which involves only elementary matrix algebra. The prospective stresses in the plate,
along y =0 (|x|] < A), are,

(7 e ) o

yy
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Another quantity which is also the primary interest in assessing the efficiency and the
viability of the repair is the skin stress near the termination of the patch. For an elliptical
patch, the skin stress around the patch is peaked at the tip of the patch. This peak skin
stress is given in terms of g as

o, (BY,0)=¢ (3.16)

For simplicity, explicit results for the particular case where both the plate and patch are

isotropic and have the same Poisson’s ratio, v, = v, will be presented here first. The

prospective stress in the plate along y = 0 within the patched region (|x| < A) is

0y = do,, (3.17)
where
¢—1 4+2B+2A+S 3+ +2B +5-3(1 2w B (3.18)
=7 A8 BT BTNy '
with
Z=3(1+8)+2(1+S)(B/A+A/B+v,S)+1—12S* (3.19)

It is clear that the stress-reduction factor ¢ depends on three non-dimensional parameters:
(i) the stiffness ratio S; (ii) the aspect ratio B/A; and (iii) the applied stress biaxiality 2.
The parameters characterizing the adhesive layer do not affect o;,, but we recall that the
idealization used to derive Equations (3.17) and (3.18) relies on B,' < A, B, and B3,
is dependent on adhesive parameters as evident from Equation (2.6) of Chapter 2.

To illustrate the important features of Equation (3.18), we show in Figure 3.5(a) the
variation of the stress-reduction factor ¢ with aspect ratio for three loading configura-
tions: (i) uniaxial tension (% = 0); (ii) equal biaxial tension (% = 1); and (iii) pure shear
(2 =—1), setting S =1 and v, = 1/3 for all cases. It can be seen that there is little
variation for aspects ratio ranging from B/A = 0 (horizontal strip) to B/A = 1 (circular
patch), so that for preliminary design calculations, one can conveniently assume the patch
to be circular, to reduce the number of independent parameters. It is also noted from
Equation (3.18) that for v, = 1/3 and a circular patch (A/B = 1), the stress-reduction
factor ¢ becomes independent of the biaxiality ratio 3. As illustrated in Figure 3.5(a)
the curves for 3 =0 and A = —1 cross over for B/A = 1, indicating that, for a circular
patch, the transverse stress o, = 2 - 0., does not contribute to the prospective stress, so
that this parameter can also be ignored in preliminary design estimates. In this particular
case, the stress-reduction factor ¢ depends only on the stiffness ratio S, as depicted
in Figure 3.5(b), together with the one-dimensional result given by Equation (3.4) as
b =0, / (14S). It can be seen that the one-dimensional solution ignoring the load
attraction effect of composite patch overestimates the reduction in skin stress. For the
special case of circular patch and Poisson’s ratio being equal to 1/3, Equation (3.18) can
be simplified to become,

p=-—— (B/A=1, v,=1/3) (3.20)
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Fig. 3.5. Variation of stress reduction factor with (a) aspect ratio for an elliptical patch of semi-
axes A and B under uniaxial tension, biaxial tension, and pure shear; (b) stiffness ratio S for a
circular patch.

On the other hand, when both the skin and the patch are isotropic and have the same
Poisson’s ratio, the peak stress in the skin outside the patch can be expressed in terms
of g, as

o}, (B*,0) = (145) o,

o (B*.0 (3:21)

Ktz—”( )=(1+S)ﬁ
g

=) oo

The results given above for an isotropic patch are explicit and simple, making it easy to
perform parametric studies of the effects of patch stiffening ratio and the aspect ratio of
elliptical patches. Equations (3.17) and (3.21) for a special case of uniaxial tensile load
(2 = 0) have been plotted in the form of a design chart in Figure 3.6. Curves of constant
K, and constant S loci are shown in the figure. This chart, presented in Figure 3.6, makes
it easy to understand the effects of various design variables. It is clear from Figure 3.6
that excessive stiffening ratios or long, skinny patches with high B/A ratios would result
in high skin stress at the patch tip. Long patches are also shown to be less effective
than wide patches in reducing the skin stress underneath the patch. Furthermore, there
is no universal “best’l’ poigt design. It appears that all possibly acceptable patch designs,

ie., 1 <S<2and <3< 7, are confined to a region marked by the heavy line as

indicated in the same figure.

It remains now is to show the effect of patch orthotropy (Eb,/EY,) on skin stresses
underneath the patch and at the patch tip, i.e., o, and K,, based on implicit results
derived above. It turns out that the patch’s orthotropy has only very minor influence
on the stress-reduction factor ¢ and K,. To illustrate that effect, particular results for a
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Fig. 3.6. Design chart for isotropic patches with v, = v, under uniaxial tension.

repair under a uniaxial tensile load with orthotropic patches of a zero transverse stiffness
are plotted in a chart form (Figure 3.7) similar to Figure 3.6. It is evident from a
comparison between Figures 3.7 and 3.6 that, for close-to-circular patches, the solution
for orthotropic patches predicts much the same stress level in the skin under the patch
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Fig. 3.7. Design chart for orthotropic patches with zero transverse stiffness under uniaxial tension.
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as is predicted by formulas (3.17) and (3.18) for isotropic patches. The same is true for
any configurations associated with high skin stresses under the patch. Only in the lower
corner of Figure 3.7, for impractically wide and lightly stressed patch, is the difference
significant. Moreover, even then, the use of equations for the isotropic analysis would
always be conservative.

3.3.2 Stage II: Stress intensity factor

Once the stress at the prospective crack location is known, one can proceed to the second
stage of the analysis in which the plate is cut along the line segment (|x| < a, y=0),
and pressure equal to o, is applied internally to the faces of this cut to make these
faces stress-free. Provided that the load transfer to the reinforcement during this second
stage takes place in the immediate neighbourhood of the crack, the reinforcement may
be assumed to be of infinite extent. Thus the problem at this stage is to determine the
stress intensity factor K| for the configuration shown in Figure 3.2(a).

Without the patch, the stress intensity factor would have the value K, given by the
well-known formula (Broek, 1987),

Ky, = ogv/7a (3.22)

This provides an upper bound for K, since the restraining action of the patch would
reduce the stress intensity factor. However, K, increases indefinitely as the crack length
increases, whereas the crucial property of the reinforced plate of Figure 3.2(a) is that
K, does not increase beyond a limiting value, denoted by K., as will be confirmed
later. That limiting value is the value of the stress intensity factor for a semi-infinite
crack. It can be determined by deriving first the corresponding strain-energy release rate
as follows. Before we proceed, let us first determine the deformation of the reinforced
strips shown in Figure 3.2(b). In Chapter 2, the distribution of the adhesive shear
stress 7™ near the skin interruption end of a long overlap double-strap joint takes the
following form:

P () = et (23)

where 7ia can be determined from the simple equilibrium condition, oyf, =

fOoo T(A) (y)dy’

™ =g, 1.0, (3.24)

max

Recalling Equation (2.25), the opening displacement of the plate at y = 0 can be readily
determined,

t.t
BASAO_O

0 (0) = Z

(3.25)

Let us denote the total opening as 6 = 2u,(0). The above equation can be rewritten as,

1
0y = 5 AES (3.26)



Fundamental Concept of Crack Patching 81

B B« » A A
il ]
i o Ary
bl tatrgls
H E” \ ¢ ¢ ¢ *i V i
-+ da e
B’ B’ = » A’

Fig. 3.8. A patched crack subjected to internal pressure.

with

G _ B
Batat,E,  (1+8)(1—12)

(3.27)

Consider the configuration shown in Figure 3.8. If the semi-infinite crack extends by
a distance “da”, the stress and displacement fields are simply shifted to the right by
“da”. The change in the strain energy Uy is that involved in converting a strip of width
“da” from the state shown as section AA’ in Figure 3.8 to that shown in section BB’, as
depicted in Figure 3.8. Consequently the change in the potential energy II for a crack
advancement da, which is defined as the difference between the strain energy change
Ug (= 30,1,8) and the work performed by the external load W (= 01,8 = 2U),

1
M= Uy~ W= —20y1,3 (3.28)

The crack extension force, i.e., the strain-energy release rate G, is given by

Gt = v —0,t0 (3.29)

Gl = 3.30
Too AE ( )

From the above equation, assuming that the usual relation holds between the strain-
energy release rate G; and the stress intensity factor K; (Broek, 1987), we obtain,

00 \/K

It is clear from this derivation that K|, is an upper-bound for K;. The validity of this
formula will be substantiated by an independent FE analysis to be discussed later.

K, (3.31)



82 Composite Repair

3.3.3 The effect of plastic adhesive

The stress intensity factor solution derived in Section 3.3.2 is valid only if the adhesive
remains elastic. If the maximum adhesive shear stress does exceed the shear yield stress,
the relationship between o, and the crack-opening displacement 6 will become non-
linear, as illustrated in Figure 3.9(b), which also shows the correct area corresponding to
G- For an adhesive that is elastic-perfectly-plastic with a shear yield-stress T@A), from
Equation (3.24), the adhesive begins to yield at the following stress,

(A)
Opy = B (3.32)
A

It was shown in Chapter 2 that for o, > 0,y the crack opening-displacement 6 is given
by (see Equation (2.62)),

Ti’A)tA 0y 2 Toy 0y 2
S = 1 — = 1 —_— > 3.33
Gy - <0'0Y> AE, - (UOY> (@0 2 ov) ( )

o)

where Y 'z has been expressed in terms of A and oy, via Equations (3.32) and (3.27).
Followmg the method outlined in the previous section, the strain-energy release rate G
can be determined,

Gl =000 — /O'Od8 / 6d0'0+/ dday,

Toy

_ 0'_3 (UO/UOY)3 +3(0y/0y) — 1
AE 3 (0'0/0'03()2

:| (09 = 0yy) (3.34)
Then, the stress intensity factor for (0'0 / O'OY) > 1 can be expressed as

(0'0/0'0\()3 +3(0y/0y) — 1

~ ﬁ |: 3 (0'0/0'0Y)2

K;

12
i| [(o0/T0y) = 1] (3.35)

(o) o= % AES(S o)

- -II

Ooy g
Ug \UE

(a) (b)

Fig. 3.9. Illustration of the interpretation of G, as a complementary energy. (a) Elastic adhesive;
and (b) elastic-plastic adhesive.
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Fig. 3.10. Increase in stress intensity factor due to adhesive yielding.

where % is the corresponding stress intensity factor when the plastic yielding in
the adhesive is ignored. As can be seen from Equation (3.35) the increase in K,
due to adhesive yielding depends only on the plasticity ratio ((70 / O'OY) as shown in

Figure 3.10.

3.3.4 The effect of finite crack size

For cracks of finite size, stress intensity factor K is apparently dependent on the crack
length. For a small crack length, a<1/ VA, K,, <K, and the stress intensity factor
varies between the lower bound K,, = 0,«/7a and the upper bound K, = o,/~/A. It
becomes independent of crack length and equals to K, for a > 1/ VA. In general the
stress intensity factor K; can be expressed as

K, = Foy/ma (3.36)

where F' denotes the reduction in the stress intensity factor after repair. An exact solu-
tion of the function K;(a) or F can be obtained using the method developed by Keer
et al. (1976) for the special case of an isotropic plate and reinforcement having iden-
tical Poisson’s ratio. By idealizing the adhesive layer as shear springs and treating
the stresses in the adhesive layer as body forces acting on the mid-plane of the plate
and the reinforcement, the problem can be reduced to a single integral equation. An
extensive parametric study (Wang and Rose, 1998) revealed that the reduction fac-
tor F' depends strongly on the parameter A given by Equation (3.27) and to a lesser
extent on the stiffness ratio S, as shown by the symbols in Figure 3.11. Based on
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Fig. 3.11. Reduction in stress intensity factor for various patch configurations. Symbols denote
the exact solutions by the Keer method, solid curves denote the interpolating function given by
Equation (3.37), and dashed curve denotes the solution of crack bridging model for S =1 as
represented by Equation (3.42).

the solutions of the integral equation, the following interpolating function can be

constructed,
1 A 172
F(Aa)=|: tanh( R )] (3.37)
mAa

1+ AmAa

where constant /i has been determined by curve fitting the numerical solution of the
integral equation, which gives 4 = 0.3 for balanced repairs (S = 1.0) and 4 = 0.1 for
infinitely-rigid patch (S — o). Plots of Equation (3.37) for S = 1.0 and § — oo are
denoted by solid curves in Figure 3.11. It is very easy to show from Equation (3.37)
that F (Aa) ~ 1/~/wAa for all a > 1/A. In other words, the stress intensity factor
of a patched crack rapidly approaches the upper bound limit K, = o,/ VA and thus
independent on the crack length for a > 1/A.

A simple yet more versatile method of determining the reduction in stress intensity
factor after repair is the crack bridging model (Rose, 1987a), which has been recently
extended to analyze the coupled in-plane stretching and out-of-plane bending of one-
sided repairs (Wang and Rose, 1999). From the previous analysis it is clear that the
essential reinforcing action at the second stage is the restraint on the crack opening due
to the bonded reinforcements. The basic idea underlying the crack bridging model is
that this restraining action can be represented by a continuous distribution of springs
acting between the crack faces, as illustrated in Figure 3.12. This idealization reduces
the problem at stage II to two parts: (i) determine the appropriate constitutive relation
(i.e., stress—displacement relation) for the springs; and (ii) solve a one-dimensional
integral equation for the crack opening,

8(x) = uy(x,y = 07) —uy (x,y = 07) =2u; (x,y - 0%)  |x| <a (3.38)
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Fig. 3.12. Schematic representation of a centre-crack reinforced by distributed springs.

It is assumed that distributed linear springs act between the crack faces over the crack
region so that the boundary conditions on y = 0 are

o, (x) =AEu,(x) |x|<a
(3.39)
u(x)=0 |x|>a

where A denotes a normalized spring constant which has dimension length™'. It is
worth noting that this normalized spring constant A has already been determined in
Section 3.3.2 and is given by Equation (3.27). With these assumptions, the problem of
determining the crack opening displacement u,(x) can be reduced to that of solving the
following integral equation (Rose, 1987a; Wang and Rose, 1999),

ES “ uy(t) _
3 | = Gt = o AR () (3.40)

The integral in the above equation is interpreted as a Hadamard finite part (1952) which
can be viewed as the derivative, a Cauchy principal value integral. The above equation
can be efficiently solved using either Galerkin’s method or collocation methods. Once
the crack-opening displacement u,(x) is determined, the stress intensity factor K; can
be calculated by

. EN2m uy(x)
K, =lim ————
x—a 4 Ja—x

Detailed numerical results for K| are available in Rose (1987a), which also provided the
following interpolating function constructed based on the numerical results,

(3.41)

(3.42)

1+2.23Aa ]1/2

F(Aa) =
(Aa) [1+4.776Aa+7(Aa)2
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Plot of Equation (3.42) for S =1 is also shown in Figure 3.11 as a dashed curve. As com-
pared to the exact solutions by the Keer formulation (as represented by Equation (3.37)),
the crack-bridging model (as represented by Equation (3.42)) slightly over-estimates the
reduction in stress intensity factor for balanced repair (S = 1) in the short crack limit.
Both the two interpolating formulas, Equations (3.37) and (3.42) recover the asymptotic
solution of (3.31) in the long crack limit as a — oo.

3.3.5 The effect of mixed mode loading

Although cracks that are likely to be encountered in practice are generally aligned in a
direction perpendicular to the principal tensile stress (or strain), giving rise to mode I
cracking, there are at least two circumstances where mixed mode cracking is a major
concern in the context of bonded repair. First, application of bonded reinforcements,
which are frequently anisotropic, may alter the local stress-state near the crack region
so that the maximum principal stress may no longer remain perpendicular to the crack
plane. Secondly, structures are frequently subjected to non-proportional loading in which
the principal stress/strain axes rotate with time, thus cracks may experience a time-
dependent mixed mode loading. If the bonded repair technique is used to repair mode II
cracks, one important question remaining to be resolved is whether this method is still
effective.

For simplicity let us consider the particular case of an isotropic circular patch (A/B=1)
with a Poisson’s ratio v, = 1/3. In this case, the prospective stress in the plate after
repair can be determined using the general solution for biaxial tension presented in
Section 3.3.1, namely Equation (3.20):

— B/A=1, v.=1/3 3.43
= ggsme (B/A=1v,=1/3) (343)

Detailed solution of the mode-II stress intensity factor Kj; can be found in Wang and
Rose (1998). We shall not repeat here the intermediate details of the analysis but simply
recall the results for the upper-bound and the interpolating function. The upper-bound
solution of K|; is given by an equation similar to that for tensile mode:

To

Ky=— (3.44)
AIl
where the normalized shear spring constant Ay is given by
11
S
A (3.45)

A= 20+ 8)(1+v,)

with

G 1 1
e < +—) (3.46)
tA /“(‘sts /“Lptp
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It is evident that A is lower than the spring constant for that for mode I crack. For
instance, in the case of isotropic patch, Ay is related to the spring constant A for mode
I crack by

A
A=— p=1/3 3.47
3 N / (3.47)

An important implication arising from this difference is that when strongly anisotropic
reinforcements with low in-plane shear moduli, such as unidirectional plastic reinforced
composites, are used to repair a crack under shear loading (with the fibers being per-
pendicular to the crack), the repair efficiency will be much lower than that could be
expected on the basis of mode I analysis.

For finite crack size, the stress intensity factor K;; can also be expressed as (Wang and
Rose, 1998)

K, = F(Aya) 1gv/ma (3.48)

with F(Apa) being given by Equation (3.37) or Equation (3.42).

3.4 One-Sided Repairs

So far, we have ignored the tendency for out-of-plane bending that would result from
bonding a reinforcing patch to only one face of an un-supported skin plate, so that,
strictly speaking, the preceding analysis is more appropriate for the case of two-sided
reinforcement in which patches bonded to both faces and to one-sided repairs which are
supported against out-of-plane deflection. In the present analysis we shall consider the
particular case where the patch covers the entire cracked plate. It is again convenient to
divide the analysis into two stages. For simplicity, the stress reduction due to stage I will
be analyzed within the framework of geometrically linear elasticity in this section. The
stage I geometrically nonlinear analysis will be discussed later in Chapter 5. However,
stage II is adequately analyzed using geometrically linear elasticity.

Consider first the effect of one-sided patch on an un-cracked skin plate which is subjected
to a uniaxial tension. Assuming that the patch is far greater than the shear stress transfer
length, we treat the patched region as a composite plate with a rigid bond line. The stress
distribution in the plate and the reinforcement can be determined using the conventional
theory of cylindrical bending of plates, i.e., we shall assume that the bending deformation
of the reinforced portion satisfies the usual kinematic condition that plane sections remain
plane. However, the stress intensity factor will be assumed to vary linearly through
the plate thickness in accordance to the shear deformation (Reissner) plate theory as
discussed later in Chapter 5, i.e.,

2z
KI(Z) = Kmean +be_ (349)
where K,
factors.

and K denote respectively the membrane and bending stress intensity

mean



88 Composite Repair

. Z Neutral axis of
composite section

1/

_T_ B U ¢
— = / —p
l I
o, ™| "7 (-7 - - sV o
— /2 —
(@)
Plate Za ZA
UwW=Qa

N
o
IS
) 2
v
<
N
o
[2221222]

Fig. 3.13. Stress distribution in an un-cracked plate reinforced with a patch. (a) Composite plate
subjected to uniaxial tension; and (b) stress distribution in the plate.

The position of the neutral plane of the composite skin consisting of the base skin and
rigidly bonded patch is denoted by z, referring to Figure 3.13,

S(t,+1,+2¢
7= u (3.50)
2(14+5)
The moment of inertia of the reinforced region I, is
P
1t:15+1pf§ (3.51)
where
IN 5
IL==+17 3.52
=1y e (3.52)
£t (t+t,—27)?
[ =2y PSP T 3.53
P12 4 (3:53)

The stress distribution in the patched plate is assumed to be linear in the thickness
direction, so that it can be specified in terms of the membrane force N, and a bending
moment M, per unit length in the x-direction, as depicted in Figure 3.13 (Wang et al.,
1998b; Wang and Rose, 1999),

tp/2 ot o 1?72
N:/ o (y=0,7)dz = 2=l 4 Tels 3.54
0=, Ty =00 = e = (3:54)
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1p/2 otz
M:-/ —0,7)zdz = T 3.55
o o oy, (y 7)zdz 121, (3.55)

Comparison between Equations (3.54) and (3.4), noting that N, = og,f, in a symmetric
repair, clearly shows that the plate in a one-sided repair is transferring more membrane
stress than in an equivalent two-sided repairs. Therefore, due to out-of-plane bending
induced by load eccentricity, the stress distribution along the prospective crack path
before the crack appears is higher than for a corresponding two-sided reinforcement. In
addition, there is a bending moment acting on the prospective crack faces. Consequently,
due to the shift of neutral plane, one-sided repairs would experience not only an increase
in the net force that the plate is transmitting, but also a secondary bending moment.

The strain-energy release rate can be determined following the method outlined in
Section 3.3.2. For an elastic adhesive, the change in the potential energy is still given by
Equation (3.28) as Il = Uy — W where W = 2U; or U = W/2, and therefore I1 = —W/2.
However, the work done and thus the change in the potential energy now consist of two
terms: work done by the membrane force and the bending moment (Wang et al., 1998b),

1.Go, = Nyutg + M, 0, (3.56)

where u, and 6, denote the opening displacement and the angle of rotation of the crack
face faces, which are related to the membrane force N, and M|, via the following relation,

[} =[ever] () o5

C1 = ts(ts+tp)+ 1 +L+tp(tp+ts) L_ GAts t_p_i
" 49D Ey, Et 4D, 2By 1602B,ty, \D, D

P p s $
Coo = s 1+& + b L_—GAIS Hh_ &
27 20D, D, 2D, 2D,) [2By 1692B,ty \D, D,
t+1 G t 1 1 1+
G = = ‘—n—A<_p_;) /—+T+u (3.58)
20D, 8v*Bty \D, D Et,  Ed, 4D,

1 43
_ E1] D — Eyty
s 12 p 12

E, [1 1
V=2 —+— (3.60)
4ty LDy D,

D (3.59)
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It is worthy to note that the first term in the right-hand side of Equation (3.56) is the
same as the right-hand-side term of Equation (3.29) derived for a symmetric repair since
N, = oyt, for a symmetric repair and 6 is defined there to be 2u,(0) = 2u,,. Furthermore,
the constant c¢;;, c,, etc. can be considered as the compliances of the springs bridging
the crack surfaces, and their detailed derivations will be given in Chapter 5 in connection
to the crack bridging model.

Therefore the total strain-energy release rate can be expressed as

1
G, = 7 [CuNg+(C12+021)N0M0+022M§] (3.61)
which can be simplified to become
_ (o) o

Too — (1+S)2X

(3.62)

where A is given by Equation (3.27), and the term w is well approximated by the
following expression (Wang et al., 1998b)

3, 3Bat, t, 3.\ 7%,
0 N2+t EAA<1+t—‘>+(1+S)(2+—‘> ‘

2tp Utp P 2tp It

L (1+5) 21, (5—1) (3.63)

t,) 1,0\ 1,

Consequently, the root-mean-square stress intensity factor K., . for one-sided repair
can be expressed as
o, ®

K = 3.64
rms, oo 1+S\/X ( )

It is now possible to define a spring constant for one-sided repairs:

A
Ay =

w?

(3.65)
With this spring constant, the stress intensity factor for a one-sided repair can be
expressed in a similar form as for two-sided repairs,

Eov/mak(Ay ) (3.66)

Krms (Cl) - 1
where F again is given by either Equation (3.37) or (3.42). Figure 3.14 shows a
comparison between Equation (3.66) and the results of three-dimensional FE analyses.
The dimensions and material properties of the repair configuration being considered
are summarized in Table 3.1. For this repair, we have the shear stress transfer length
B! =5.634mm, and the normalized spring constant A = 0.096mm~"'. In the FE anal-
yses, three constituents — the patch, the adhesive, and the skin — are assumed to deform
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Fig. 3.14. Comparison between analytical solution and finite element results for one-sided repairs.
Symbols denote the results of three-dimensional finite element analysis and the curves indicate
the theoretical formulas.

Table 3.1. Dimensions and material properties of a typical repair.

Layer Young’s modulus Poisson’s Thickness
(GPa) ratio (mm)
Skin 71 0.3 3.0
Patch 207 0.3 1.0
Adhesive 1.89 0.3 0.2

elastically only, and are each modeled by 20-noded isoparametric brick elements. The
same problem has been analyzed using two different FE codes, namely ABAQUS (1997)
and PAFEC (1995); both yielded approximately the same results. It can be seen that the
above formula is in good correlation with the FE results. For comparison, results from
the corresponding symmetric repair are also obtained and presented in Figure 3.14. It
is also worth noting that the results confirm that the stress intensity factor K, for a
one-sided repair is much higher than that for an equivalent two-sided repair, indicating
the importance of out-of-plane bending.

The root-mean-square stress intensity factor K, is related to the membrane and bending
stress intensity factors (Wang et al., 1998b),

1
K2 =K +-K; (3.67)

rms mean 3

Although the root-mean-square of the stress intensity factor has been derived, the
maximum and minimum stress intensity factors (through skin thickness) still remain
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unresolved. It is apparent that the energy method alone is insufficient to determine the
membrane and bending stress intensity factors, as an additional equation is required
to partition K, into membrane and bending components. Therefore a crack-bridging
model which is capable of analyzing the combined tensile-stretching and bending of
one-sided repairs must be used. This model will be discussed in detail in Chapter 5.

3.5 Thermal Stresses

For the sake of simplicity the thermal stresses resulting from cure and service temperature
fluctuations have not been considered so far. Often the resulting thermal residual stresses
in the skin are tensile, owing to the increase in the stiffness of the patched region and the
lower coefficient of thermal expansion of the composite patches. This tensile residual
stress will increase the maximum stress intensity factor of the crack after repair, hence
may enhance fatigue crack growth rate (see Chapters 8 and 11). Therefore thermal
residual stresses represent a major factor in the design of repairs.

The process of adhesive bonding using high-strength structural adhesives (thermal-
plastics) generally requires curing the adhesive above the ambient temperature. For
instance, in a typical repair applied to an aircraft structure the reinforced region is initially
heated to the curing temperature of the adhesive for certain duration. During this heating
process, the patch is free to expand, hence experiences no thermal stress. The skin,
however, may experience thermal stresses due to the localized heating. Once the adhesive
is fully cured, the patch is bonded to the parent structure. The subsequent cooling to the
ambient temperature will induce additional thermal stresses both in the patch and the
skin, because the repaired region has a different thermal expansion coefficient. Thermal
stresses may also arise when the patched structure experiences thermal cycling in service.

Solutions of the thermal residual stresses in symmetric repairs and one-sided repairs
due to either curing of adhesive or low operating temperature with various degree of
complexity will be derived in Chapters 4 and 5, respectively. In the following, as an intro-
ductory to the subject, only the results pertaining to supported repairs in an infinite skin
due to low operating temperatures will be presented. Consider an isotropic plate that is
reinforced by a circular “isotropic” patch of radius R, and subjected to uniform tempera-
ture field of T, The thermal expansion coefficient, the modulus, and Poisson’s ratio of
the patch are denoted by «,, v,, and E,, respectively. The objective here is to determine
the thermal stresses in the patch and in the skin both outside and underneath the patch.

Changes in operating temperature will result in thermal stresses. In this case, the temper-
ature distribution is essentially uniform. However, since the repaired region has a higher
stiffness than the surrounding area, thermal stress would occur. As in Section 3.3.1, the
x- and y- components of the thermal residual stress in the inhomogeneity are denoted
as p°" and ¢°"". The displacement continuity condition at the boundary between the
inhomogeneity and the surrounding skin plate can be expressed as

e (r=R)=¢&(r=R) (3.68)

Because of the axisymmetry of the problem, &)(r = R) =&}, ,(y = R;)) = &}, ,(y =
R,) and p°*" = ¢°°". Thus, from Equation (3.10), noting that A/B=1, o, =0, and
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PP = ¢°', and by expressing stresses in terms of strains using the thermo-elastic
constitutive relation (to account for thermal strains) for an isotropic skin,' the radial
strain in the skin just outside the patch is determined to be

1+v

8; (r = Rl) = S;y (y = Rl) = E Spoper +ay (Toper - Troom) (369)

S

In contrast, the strain of the inhomogeneity at »r = R; is derived from Equation (3.8),

after appropriate modification to account for the thermal strain, as
1 - VI oper
€, (r = Rl) = E p P + ap (Toper - Tmom) (370)
I

where E;, v; and «; are the equivalent elastic constants and equivalent thermal expan-
sion coefficient of the patch-skin combination (inhomogeneity). By noting that E;, v,
and «; are defined respectively by Equation (3.5) in Section 3.3.1 and Equation (4.99)
of Chapter 4, p° then can be readily determined from Equations (3.68), (3.69),
and (3.70) as,

oper _ ES (1—v,) (ap—as)(
o 2(l—p)+(A—p2) s

T,

room

)[(1—Vp) (1+v)+(1-22) Si|

(1-2)+(1-22) S
(3.71)

Since skin stress just outside the repair is given by (3.16) and since p°" = ¢°"" in the
present case, this skin stress is therefore also given by Equation (3.71).

The thermal residual stresses inside the repaired region resulting from the uniform
temperature loading are

— U(?per

oper __ __oper
0 =0 VY8

s XX,8

=—a,E,(T,

oper

, (1-a,/a,) S {(1—%) (1+v)+(1-22) Si|

room)z(l_yp)+(1_y3) S (1-22)+(1-v2) S
(3.72)

for the skin, and

oper __ __oper __ __oper
0y =0up=0yp

=aE, (T,

oper

T,

room

) 2-v) (1-q,/a,) |:(1—vp) (I+v)+(1-27) S:|

2(1=v)+(1—22) S (1-»2)+(1-2) S
(3.73)

'The general thermo-elastic constitutive relation is given by g = Cii’kl1 Oy + aAT.
2In general, the thermal strain can be accounted for in the results presented in Section 3.3.1 by replacing the
strain term &;; there with &;; — ;AT
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for the patch. It is interesting to note from Equations (3.71) and (3.72) that the skin
stress is compressive outside the repair and tensile under the patch when T, < T,
(for low operating temperature) since in general «,, < ;. In addition, as shown later in
Section 4.5 of Chapter 4, the above result of thermal stresses due to changes in operating
temperature can also be used to evaluate thermal stresses due to adhesive curing of the
repaired structure in a uniform temperature field. This is because curing of the repaired
structure involves a heating phase followed by a cooling phase and the repaired structure
will remain stress free during the heating phase if the curing takes place in a uniform
temperature field. The curing of the repaired structure in a uniform temperature field
therefore will have the same effect as changes in operating temperature. Consequently,
thermal stresses due to a uniform temperature curing can be determined using the same
Equations as (3.71)=(3.73), except that (7, — T;oom) is now replaced by (Troom — Teuring)
in those equations.

3.6 Summary

In this chapter, a fundamental concept of crack patching is introduced. The so-called
two-stage solution procedure proposed by Rose that will be used throughout the book
is described. Analytical solutions for determining load attraction and the crack-tip stress
intensity factor of both symmetric and one-sided repairs are delineated. The effects of
the nonlinear adhesive, out-of-plane bending, mixed mode loading and thermal stresses
on the repair efficiency are also discussed.



CHAPTER 4

Mathematical Theory of Supported One-Sided
Crack Patching or Two-Sided Crack Patching

4.1 Introduction

Analytical method for analyzing crack patching using the inclusion analogy was first
proposed by Rose (1981, 1982, 1988) for an elliptical patch as mentioned in Chapter 3.
Rose’s fundamental idea is to divide the analysis into two stages (Figure 4.1). The merit
of dividing the analysis into two stages is that each stage can be solved by a different
analytical method employing a different set of appropriate simplifying assumptions. In
stage I, the redistribution of stress in an uncracked skin due to the presence of the patch is
determined, assuming that the skin and the patch are rigidly bonded. This assumption is
appropriate in practice because the length of the load transfer zone around the edge of the
patch is usually small compared with the overall dimension of the patch. Stage I problem
is commonly referred to as a load attraction problem. For stage II, a problem of an infinite
sandwiched plate consisting of a centered-cracked skin plate adhesively bonded to an
uncracked patch is considered. This two-stage analytical procedure provides a practical
method to estimate quantities of primary interests such as the stress concentration factors
near the edge of the patch, the patch stresses, the crack-tip stress intensity factor, and
the adhesive shear stresses.

In the following, we will present the analysis for a supported one-sided repair. Pertinent
solutions for a two-sided repair can be readily obtained by taking 7, to be the half
thickness of the skin when considering a latter repair case.

4.2 Stage I: Load Attraction

In Chapter 3, stage I analysis had been carried out only for certain simple shapes such
as ellipses or circles. An approximate algorithmic solution is therefore derived in this
section for the elastic fields in an infinite isotropic skin sheet rigidly bonded with an
orthotropic, polygon-shaped patch. The approach presented here combines the equivalent

95
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Fig. 4.1. The Rose’s two-stage analysis procedure for crack patching: stage I, load attraction; and
stage II, fracture analysis. In the figure, o3, (x,0) is the skin stress underneath the patch at the
prospective crack location.

inclusion method by Eshelby (1957; Mura, 1998) and the algorithmic solutions for a
polygonal inclusion (1996) with constant and polynomial eigenstrains (Rodin, 1996;
Duong et al., 2001a).

The terminology “inclusion”, which is mentioned throughout this book, may have been
used in a slightly different context in the literature on the subject of bonded repairs
so that perhaps it needs a clarification. When a finite subdomain () in a homogeneous
material D is prescribed by an initial strain (or eigenstrain) field and this initial strain
field is zero outside (2, then () is called an inclusion. If a subdomain () in a material D
has elastic moduli different from those outside (2, then () is called an inhomogeneity.
The present patching problem is therefore classified as an inhomogeneity problem. The
solution of the load attraction problem in a bonded (patched) sheet will be solved
by the Eshelby equivalent inclusion method combining with the algorithmic solutions
for polygonal inclusions developed by Rodin (1996) and Duong et al. (2001a). This
approach is preferred to other methods such as Muskhelishvili complex variable method
since literature contains numerous solutions for inclusion problems. In contrast, the latter
method requires a complex mapping for a non-elliptical patch and also an integration of
a strain field resulting in multiple-valued functions.

As mentioned earlier, the elastic fields due to inclusions in an infinitely extended media
have been investigated by many authors, following the pioneering work by Eshelby
(1957). Since a list of references on this subject is extensive and can be found in a book
by Mura (1998), not all of those works will be discussed here. Only references most
relevant to the present development will be cited. Elastic fields due to an ellipsoidal
inclusion with eigenstrain given in the form of polynomials of coordinates were obtained
by Sendeckyj (1967) and Moschovidis (1975). Using these results, Moschovidis (1975;
Moschovidis and Mura, 1975) employed the equivalent inclusion method to formulate the
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solution for a number of ellipsoidal inhomogeneities in an infinitely extended isotropic
material. Johnson et al. (1980a,b) used the same approach to study the stress field in
cuboidal precipitates. On the other hand, elastic fields in a polygon-shaped inclusion
with uniform eigenstrains in an infinitely extended isotropic media were studied by
Rodin (1996) and Nozaki and Taya (1997). Duong et al. (2001a) extended the Rodin’s
approach to the case of polynomial eigenstrain and applied the obtained solution to
the load attraction problem in a rigidly bonded sheet. Their approach for a general
shaped inhomogeneity is foremost robust and therefore will be presented in the next
section. It should be emphasized that the approach employed by Duong et al. gives
only an approximate solution to the presently patched problem since the condition for
equivalency, as shown later in the next section, can only be satisfied approximately
using the first few terms of the Taylor’s series.

4.2.1 Equivalent inclusion method

In this section, the equivalent inclusion method is briefly reviewed for latter discussion. In
the equivalent inclusion method, the stress and strain fields induced by an inhogomeneity-
occupied region () will be the same as those induced by the eigenstrain field &j; in
the same region of a homogeneous material C,ka[ when &j; is selected appropriately as
shown in Figure 4.2. The second problem in Figure 4.2 is an inclusion problem. The
equivalency condition between the two problems requires that

I H
g =¢;
4.1)
I H
o, =0

at each point in subregion (). For problem B, i.e., the inclusion problem, the induced
strain field is commonly expressed in terms of the eigenstrain &;; and the far-field-applied

strain &,;; as (Mura, 1998)
H
&= ijkl‘E:I + Eqij (4.2)
0
0w Ciki

|

(a)

Fig. 4.2. An illustration of the equivalent inclusion method: (a) an inhomogeneity problem
(problem A); and (b) an inclusion problem with eigenstrains &j; (problem B).
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where H,;, is called Eshelby tensor. The next section of this chapter will be devoted to
the calculation of this Eshelby tensor for a polygon-shaped domain ) with eigenstrains
given in the form of polynomials of position coordinates. Similar to the thermal or initial
strain, the resulting stress inside ) for problem B from Hook’s law is

0'}7. = C?jkl (az — szl) (4.3)
while the corresponding stress for the first problem, i.e., problem A, equals
Cl/klakl (4.4)

where Cl,, is the elastic moduli of the inhomogeneity, C7;, is the elastic moduli of
the material outside subregion () in problem A and also the elastic moduli of the
homogeneous material in problem B. In Equations (4.1)—(4.4), the superscripts H and 1

denote the homogeneity (or inclusion) and inhomogeneity problems, respectively.

Substituting Equations (4.2)—(4.4) into Equation (4.1) yields the following equation for
the eigenstrain &7;:

X
AC i Hmn€pn — Cz/k18k1 = —ACjExu
(4.5)
1
ACl/kl - Cljkl Cl]k[

It should be noted that the above equation is nonlinear because H;
function of &};.

i 1 an implicit

Equation (4.5) will be solved approximately by the following procedure (Moschovidis,
1975; Moschovidis and Mura, 1975). First, e;.*j is assumed to be polynomials of the
position coordinates with yet to be determined coefficients, i.e.,

&l = Fij+ Fipx + Fygxx, + (4.6)

In Equation (4.6), F,;, F;;, Fis. . ., etc., are constants symmetric with respect to the
free indices i, j and having value independent of the order in which the summa-
tion indices appear; i.e., F;, = F;,, F;, =F;;. As shown in the next section, the
strain fields induced by each term of the polynomial eigenstrain are given respectively
by SiiiFs SijeimFram> A SijmnFrimns Where Sy (X), Sy, (X), and Sy, (x) are the
Eshelby tensors that correspond to a constant, linear, and quadratic eigenstrains, respec-
tively. It should be noted that these tensors in general are not constant tensors, even for
the case with uniform eigenstrains. These Eshelby tensors for a polygonal inclusion ()
will be computed using the algorithmic approach developed by Rodin (1996) and Duong
et al. (2001a). The details of these computations will be given in the next section, and
let us assume for now that these Eshelby tensors are already obtained. With these in
mind, Equation (4.2) then becomes

&) = Eooij T HiijSZ[ =& T Sijlekl + Sijk]kalm + Sijklmanlmn + e 4.7)

1

and therefore

H €0 = S + SijeimFram + Sijetmn Fetmn + -+ (4.8)
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The next two steps are to expand the Eshelby tensors S’s in Equation (4.8) into Taylor
series, and to substitute the expanded form of Equation (4.8) into Equation (4.5) together
with Equation (4.6). By setting the coefficient of each polynomial term of the resulting
equation to zero, one obtains a system of algebraic equations with the unknowns F;;, F;,
and Fy.

To illustrate the above procedure, the solution for a polygon-shaped inhomogeneity that
is symmetric with respect to two coordinate axes in an infinitely extended isotropic media
with uniform applied normal strains at infinity will be formulated. The elastic moduli
of the inhomogeneity are also assumed to be orthotropic with the material principal
directions parallel to the coordinate axes. The double symmetry condition of this problem
imposes that the normal component of the eigenstrains must be an even function of
the coordinates while the shear component is an odd function. If the eigenstrain &7; is
approximated by a second degree polynomial, then &7, after taking into consideration
the double symmetry condition, must presume the following form:

&n = Fi +x1F + x5 F
€3 = Fy +x{Fyyy + X3 Fp (4.9)
gl = X%, )
Furthermore, by observing the symmetric and anti-symmetric property of the normal and
shear components of the induced strain field and by invoking the material orthotropy and

isotropy, one can deduct from Equation (4.5) the following set of algebraic equations
for the unknown coefficients F’s (without summation on the subscript @):

ACua11L11(0) + AC 2Ly (0) — Cg F - Cga22F22 = —ACuu118011 — ACpa2 €02

all

1 92 1 02
EACaall a_x%Lll(O) + EACaa22ﬁL22(0) - CgallFllll - C2a22F221] =0

2 2 (4.10)
1 d 1 d 0 o
EACaall a_x%l‘ll(()) + EACacQZ@LZZ(O) - Caa11F1122 - Caa22F2222 =0

02 0
AC1212 mlﬂz(o) - C1212F1212 =0
where
Lopg(X) = Sapii (X)Fiy + Sapn (%) Fay + Sapiinn (%) Fiinn + Sapiina (X)) Fiin
(4.11)

+ Sap2o11 X Foaiy + Sa2000 (X) Fongs + Sepioin(X) Frop - (@, =1, 2)

and the notation L,z(0) and %Laﬁ (0), etc., means that the L’s and their second deriva-
1
tives are evaluated at point (0,0), i.e., the origin of the coordinate system.
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Once the coefficients F’s, thus 8;;, are determined, the elastic fields in the inhomo-
geneity problem (problem A) can be obtained from the corresponding results of the
equivalent inclusion problem (problem B). In particular, the strain and stress fields in
the inhomogeneity problem are given by

8?; = 32 = Eooij + SijaFrr + Sijktmn Eimn - (4.12)
Chy (e — gy) inside Q

4.13
C?MEE; outside () ( )

O'in(X) =

It should be emphasized that throughout this chapter and also throughout this book,
within a context of the equivalent inclusion method, C}jkl denotes the moduli of the
inhomogeneity and therefore the moduli of the inhomogeneous region (), while sgj
and O'[Ij indicate the strain and the stress fields in the inhomogeneity problem. In other
words, while C},, only defines the moduli of points inside the inhomogeneous region,
&;; and o7, describe the strain and the stress fields of points both inside and outside the
inhomogeneous region.

4.2.2 Inclusion problem with polynomial eigenstrains

The Eshelby tensors S’s mentioned in Section 4.2.1 for a polygon-shaped inclusion
with polynomial eigenstrains and the complete elastic fields of the “equivalent” inclu-
sion problem will be derived here, following the work of Rodin (1996) and Duong
et al. (2001a).

(a) Formulation

Consider an infinite, elastic, homogeneous, and isotropic media having an inclusion
with an eigenstrain &}, and stress free at the infinity, i.e., &,,;; = 0. The eigenstrain is so
defined that it assumes some functional value in () but vanishes outside ). The induced
strain sf} and the resulting stress 0',.17 are given by Mura (1998)

1
l(x) = T = [ Wy — 2P —2(1 =) (B + Py )] (4.14)
ofl(x) = C?jkl(s?l —¢gj};) inside @15
v B C?jklskHl outside ) :
where
;= /f &y [x —x'| dx’
Q
(4.16)

Q=[] ——dx
I e
Q
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dx’ = dx| - dxy-dxy, [x—x'| =/(x; —x})>+ (x, — x3)> + (x3 — x})?, while the comma
indicates partial differentiation, and v is the Poisson’s ratio of the homogeneous material.
The functions Ws and ®s are known as the bi-harmonic and harmonic potentials,
respectively. It should be noted that the induced strain field given by Equation (4.14) is
valid for both interior and exterior points of ().

Now, assuming that the eigenstrain ¢7; is given in the form of Equation (4.6), substitution
of (4.6) into (4.16) yields

Y, =Fp+Fpd+ Fyaby +- -

; :E_j¢+E_jk¢k+E_jkl¢kl+"'
11/:[/ |x —x|dx’
Q
ll’k...l:// Ko - Xy X —X'|dx (4.17)
Q
(15:// ! dx’
I x=x]

Xpeoo X)
¢k...l:// |X_X,|dx
Q

Substitution of (4.17) into (4.14) gives

SS(X) = Sijkl(X)FkI + Sijklm(X)Fklm + Sijklmn(X)Fklmn +ee (4.18)
where
877(1 - V)Sijklm...n = l:[jm...n,klij - 2’Vakl(l)m...n,ij - (1 - V)((Sild)m...n,kj + 8jl¢m...n,ki
+5ik¢m...n,lj+5jk(rbm...n,li) (4]9)

v is again the Poisson’s ratio of the elastic homogeneous material, and §,, is the
Kronecker delta, and the comma indicates partial differentiation. From Equation (4.18),
it is clear that S;, S; > and S;j,,, are the Eshelby tensors for an inclusion with eigen-
strains given by constant, linear, and quadratic functions of the coordinates, respectively.
In order to determine these tensors, ¥, ¢, ., ¢, ¢,, , and their derivatives need to be
evaluated. Rodin (1996) and Duong et al. (2001a) have proposed a simple algorithm to
compute these quantities. A brief description of that algorithm will be presented in part

(b) of this section.

So far all formulas are given for an infinite 3-D media. In relevance to the present
load attraction problem, these formulas must be specialized to a two-dimensional elas-
ticity. Since most of these formulas are quite general, they also apply well to the
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two-dimensional case without any change, except for the expressions given in Equations
(4.16) and (4.17). By considering the inclusion ) as an infinite cylinder with a
polygon-shaped cross-section, one can obtain formulas corresponding to Equations (4.16)
and (4.17) for a plane strain case by integrating those equations in the third direction
(Rodin, 1996; MacMillan, 1958; Duong et al., 2001a). These new formulas will be given
explicitly in part (b).

(b) Computational algorithm

As before, the presentation will be restricted to the case of a polygon-shaped inclusion
symmetric with respect to both coordinate axes and with eigenstrain given by Equation
(4.9). For simplicity, all formulations presented in this part will be derived for plane
strain condition. The formulation can be easily modified for the plane stress case by
replacing the Young’s modulus E with E(1+2v)/(1+ v)? and the Poisson’s ratio v with
v/(1+ v) while keeping the shear modulus g unchanged.

The algorithm is implemented in three stages (Rodin, 1996; Duong et al., 2001a). First,
the inclusion domain () is decomposed into a set of triangular elements (subregions) in
such a way that x, the point where the solution is evaluated, is a common vertex of all the
elements (Figure 4.3). Second, ¢, ¢,, ,, ¢, d,, , and their derivatives are calculated
for each element in its local coordinate system. Third, tensors S’s are assembled from
the elemental contributions after appropriate coordinate transformation from local to a
common, global coordinate system. The triangular elements made up of domain () are
called duplexes and they are referred to as simplexes for the case of right triangles.
Since a duplex can be formed from two simplexes and the computation for the latter is
more efficient than that for the former, only the elemental Eshelby tensors for a simplex
in the local coordinate system will be derived here (Rodin, 1996; Duong et al., 2001a).

In all previous sections, only one coordinate system is kept referred to, i.e., the global
coordinate x;—x, system X with an origin at the center of () as shown in Figure 4.3.
Referring to Figure 4.3, let us define the element coordinate system mentioned in the
above paragraph as follows. It has the origin at x, basis vectors (n, t) where n is a unit
vector outward normal to the edge and t is the tangent vector, and the corresponding
coordinates (7, {). In these coordinates, the positions of vertices are represented by the
pairs (b, ¢*) and (b, ¢7). For a convex polygon, b is positive when X is an interior point
of ) and becomes negative for otherwise.

Rodin (1996) showed that computations of the Eshelby tensors are simpler if they are
carried out in this local coordinate system. In fact, all results given in the cited reference
for a simplex with uniform eigenstrains are obtained in the local coordinate system.
However, for inclusion with polynomial eigenstrains, computations along these lines for
a simplex requires introducing a second local coordinate system y,—y,, i.e., Y, which
is parallel to the element coordinate system but shares the same origin as that of the
global coordinate system (see Figure 4.3). In the Y-coordinate system, point x where the
solution is evaluated will be denoted as y. It should be remembered that the eigenstrains
given in (4.9), however, are expressed in the form of polynomials of global coordinates.
From the work of Rodin (1996) and Duong et al. (2001a), for a two-dimensional
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A duplex of inclusion Q

> X4

n, 7

xory

(©

Fig. 4.3. Two-dimensional construction of duplexes used in the Rodin’s and Duong et al.’s
algorithms. Global, local, and elemental coordinate systems for a typical duplex are also defined
in the figure: (a) shows inclusion Q; (b) and (c) show typical duplexes, with vertices shown as
filled circles. In the (7, {) coordinate system, for duplex (b) add the simplex with vertices (0, 0),
(b, c¢™), (b,0) to the simplex with vertices (0, 0), (b, 0), (b, c*), while for duplex (c) subtract the
simplex with vertices (0,0), (b,0), (b, c”) from the simplex with vertices (0,0), (b,0), (b, c").
The minus sign in front of ¢~ emphasizes that in this particular geometry ¢~ < 0.

(plane strain) simplex with one of the vertices defined by (b, ¢), ¥, ¢¥,, ,.¢,d,, ,in
Equation (4.17) can be rewritten as

b cn/b
1
v=—3[dn [ (F+O)m(n*+ )

(4.20)

cn/b

b
1
lpnln:_zfdn/ (x;n'x;)(n2+£2)ln(n2+§2)dg
0 0
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b cn/b

¢=—[dn [ n(r+)as
0

0

b cn/b

brron = —0/ dn 0/ (. . X)) In (2 + %) d¢

where

xp=x1(m,8) = (y+m)cos— (y,+{)sin 6
(4.21)

xy=x,(m,§) = (y, +m)sin 04 (y, + ) cos 0

x} and x), are global coordinates of a point (7, {) in the simplex, while y, and y, are the
coordinates (in the Y-coordinate system) of the point x where S, is evaluated and it is
also the origin of the elemental coordinate system. Angle 6 and y, are independent of
and {. The logarithmic terms appear in Equation (4.20) as a result of the integration of
Equation (4.17) in the third direction as mentioned in part (a) of this section.

For the eigenstrains given by Equation (4.9), it needs to evaluate four potential pairs

(b, ), (by1>¥11)s (hyn, y), and (¢by,, ¥y,), wWhich correspond to the eigenstrains

Fy, X} Fijys X3 Fjjnp, and x, - x, - Fyp5, respectively. It can be shown, after some lengthy

algebra, that these potential pairs are given by (Rodin, 1996; Duong et al., 2001a)
b —-1(¢ 2, 2
¢ (b.c) =3 [SC—than <E> —cIn(P+c )]
b
Y (b, c)=— [33b2c +7¢% —24b* tan™! (E) —18h%cIn (b2 + c2)
144 b
—6¢’In (b2 + cz)]
—¢,(y, b, c) = (yf cos® 0+ y2 sin” 6 — 2y, y, cos O sin 0) 104 12 cos® 0+ I sin”
+ (2y, cos® 0 — 2y, cos Osin 0) I} + (2y, sin* 6 — 2y, cos O sin O) I}
—2cos Osin 01} (4.22)
—2¢,,(y, b, c) = (J’12 cos® 0+ y2 sin” 6 — 2y, y, cos O sin 0) (34 19)+ (I} + 1) cos* 0
+ (194 12) sin® 0 + (2y, cos® 6 — 2y, cos Osin O) (I} +1I7)
4 (2y, sin”  — 2y, cos Osin 0) (17 4 17) — 2 cos O sin O(1} +I7)
— ¢ (y. b, ¢) = (y}sin® 043 cos® 0+ 2y, y, cos Osin 0) Iy + I sin® 0 + I3 cos® O
+ (2, sin® 642y, cos O sin B) I} + (2y, cos® O+ 2y, cos O sin O) I

+2cos Osin 01}



Mathematical Theory of Supported Crack Patching 105

=24, (y, b, ¢) = (y} sin® 0+ y; cos” 6+ 2y, y, cos Osin 6) (I; +15)
+ (I2 + I3) sin® 0+ (I + I2) cos” 0 + (2y, sin” 0 + 2y, cos Osin 0) (1) +I7)
+ (2y, cos® 0+ 2y, cos Osin O) (I +15) +2cos Osin O(1; +1;)
— ¢y (y. b, ¢) =[y} cos Osin 6 — y3 cos Osin 6+ y, y, (cos” § — sin 6) | I) + I; cos Osin 6
— I cos O'sin  + [ 2y, cos Osin 6+ y, (cos® @ —sin” 6) ] I
—[2y,cos Osin @ —y, (cos® @ —sin® 0) ] I} + (cos® 6 —sin® §) I}
—,(y, b, c) = [yf cos fsin @ — y3 cos Osin 0 +y, y, (cos2 6 — sin’ 9)] (Ig + Ig)

+13) cos Osin 6 — (I} + ;) cos O'sin 6

+(L2
+ [2y, cos Osin 0 + y, (cos® 6 —sin’ 0) | (I, +I3)
—[2y,cos Osin @ —y, (cos® 0 —sin® )] (I} + 1)
(

+ (cos® 6 — sin’ 6) (I, + 1)

where

b cn/b

Ig(b,c)=f / W () ddy (g=0.1,.... 4 p=0,1,..., 4) (423)

The integral I [‘f(b, ¢) is straightforward to evaluate; however, its explicit form will be
omitted here as it can be found in Gradshteyn and Ryzhik (1965). It is worthy to note
that the potential pair (¢, i) for constant eigenstrain is only a function of b and c.

To obtain the Eshelby tensors §’s in global coordinate system, the potentials must be
differentiated with respect to x as indicated in Equation (4.19). However, as mentioned in
the beginning of this part, it is more convenient to obtain these tensors in the y,—y, local
coordinate system, i.e., Y. By denoting the Eshelby tensors S’s in the local Y-coordinate
system as S’s, S’s are stlll defined by Equation (4.19); however, they must be obtained
by differentiating the potentials appropriately with respect to y. Since b and ¢ are implicit
functions of either x (and thus y) or (7, §) their differentiations with respect to y or
(n, ¢) must be obtained. By observing that =f=—land = a" =0 (Rodin, 1996),
it follows that

b _ ac __q
ay, Iy,

(4.24)
ob _ dc

———_"—0
dy, Ay,
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since the Y-coordinate system is parallel to the elemental (7, {) coordinate system.
Therefore, for any scalar function f(y, b, ¢),

LSV SRR G A
yi  dc dy, 9dy, b
(4.25)
1f(y,b,c)=£+yﬁ+ﬂ.z=z_y
ay, dy, 0b 9y, 0dc dy, dy, Oc
It is then clear that the differentiation of the potentials with respect to the local coordinates
will be greatly simplified. That explains why the Eshelby tensors have been derived in
the local coordinate system. Nevertheless, this task still involves extremely laborious
calculation, except for the case of uniform eigenstrain. One therefore should rely on
symbolic computations to carry out that task. In fact, all explicit expressions for S’s have
been derived with the aid of Mathematica (Wolfram, 1991). For the case of a constant
eigenstrain, the Eshelby tensors S’s (in the local coordinates) are given explicitly as
follows (Rodin, 1996):

T g (1 —7)

-2v . 1.
sin2a — § sin 4a]

[4(1—v)a—

_ 2V) 1
Somer = 877(1 = 4yo — si n2a+§sm4a
S > 24+ 4+1_V1(A)
— —vcos2a + — cosda n (sec &

e = 87r(1 - 2 8
_ 1 —2v 1
S“,m Fym (1 =) sin2a + 3 sin4a
— 32y 1
Seee = e (1 ) 7 sin2a& — 3 sinda (4.26)

L
S —
dnt = 877(1 -l 2

1
1—v)cos2a—§cos4a+

" In (sec &)i|

nim = 877(1 —7)

S |: ; —cos4a+lln(seca)i|

1 3
Scee = Y= (1 ) +cos 20— 3 —cosda+ 3 In (sec &)]

1 ~ b1
Sngng:m|:2(1—V)0(—§SIH2CY+§SIH40{|

where & = tan™! %) On the other hand, the expressions of S’s for quadratic eigenstrains
are too lengthy to be included in this book due to space limitation.
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So far only the algorithm to compute Eshelby tensors S(y) and S(x) have been outlined.
However, as indicated in Equation (4.10) of Section 4.2.1, it is also necessary to compute
the second derivative of S(x)’s with respect to x. Two different methods can be been
used to evaluate the second derivatives of S(x)’s. The first method involves numerical
differentiation of S(x)’s using central-difference scheme with error of order h* where h
is the spacing between grid points (James et al., 1977). In this method, S(x)’s must be
computed at a number of points in a rectangular grid surrounding the point of interest. The
second method is to use Mathematica (Wolfram, 1991) to derive 05 / dy’s and 9§ / ay>’s
analytically and then to transform these derivatives into 9>S / 9x%’s through appropriate
coordinate transformation. It turns out that both methods yield almost identical results
for all illustrative examples considered in Section 4.4. However, the implementation of
the former method is much simpler.

Stresses near the vertex of () are of practical importance in design and analysis of
bonded repairs and therefore needed to be addressed. As pointed out by Rodin (1996),
the stress field near the vertex of () under constant eigenstrain takes the following
asymptotic form:

1 A A l
o~ — (M1 —Mz) Fin (= (4.27)
87 (1—v) r
where
gy Fy
o =10, F=1{F, (4.28)
() Fi,

subscripts 1 and 2 of M denote the edges forming the vertex; £ is a representative edge
length (Figure 4.4); r is the distance from the vertex; M, and M, are represented by the
same matrix in the basis (n,, t;) and (m,, t,), respectively. That matrix is

[0 0 -1+
M=-|0 0 —3+4v (4.29)
21213 0

It can be shown that the stress field near the vertices of () with eigenstrains prescribed
by Equation (4.9) also takes the same asymptotic form of Equation (4.27), except that
F is now defined as (Duong et al., 2001a):

Fy +x§F““ +X§F1122
F={Fy+ xiFy + 53F0, (4.30)
xX1%,F 51,

4.2.3 Solution of the load attraction problem
The load attraction problem will be solved implicitly in this section using the equivalent

inclusion method mentioned in Section 4.2.1 and the results for polygonal inclusions in
Section 4.2.2.
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.

Lo

Fig. 4.4. Geometrical parameters of the duplexes for evaluating the asymptotic form of the vertex
singularity (Rodin, 1996).

Consider an infinite isotropic skin sheet reinforced with a polygon-shaped, bonded
patch and the sheet is subjected to remote biaxial stresses similar to that shown in
Figure 4.2. This problem can be analyzed by the equivalent inclusion method mentioned
in Section 4.2.1 with the following simplifying assumptions:

e All material behavior is linearly elastic.
e All sheet and patch materials are in a state of generalized plane stress.

e The patch is modeled as an integral part of the skin using inclusion analogy.

The effect of thermal stresses associated with the curing processing and the variation
of operating temperatures can be superimposed on the results obtained from this basic
model. However, for clarity, this effect will be treated later in Section 4.2.4 in a separate
analysis.

In Section 4.2.1, a problem of an infinite isotropic sheet containing an inhomogeneity
under remote biaxial stresses is considered. In order to apply the results obtained from
that section to the present load attraction problem, one needs to establish the material
properties of the inhomogeneity, which are equivalent to those of the patched skin. This
had been done by Rose (1981, 1982, 1988) and also by Fredell (1994) with key results
in matrix formulation summarized below for plane stress condition:

p
G+ Gy,
i

1
11

Cs,t,+ Cht
Cp= 22 431)
1
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S S P P
v Gt + v, Oty

Gyt + ng t,

I _
Vi =

= Hls R el

i
where
E,
=0, = ﬁ
Vi, = V5 =V
£ (4.32)
SIS
CP — Ei)l CP — Egz
R Y 27— yh
12V21 12V21

E, v, u,and t are the extensional modulus, Poisson’s ratio, shear modulus, and thickness,
respectively, while the superscripts or subscripts I, s, and p signify the inhomogeneity,
skin, and patch. It should be remembered that the stress—strain relation for the isotropic
or orthotropic material in a matrix form is given by (Jones, 1975)

gy Cy 1,6, 0 & &
Opnt=|vnCyn Cy 0 €y ¢ =[C] | én (4.33)
gy 0 0 u Y12 Y12

Also, in deriving Equation (4.31), the following two conditions have been used (Rose,
1981):

I, _ s p
0ty = 0y, +o;t,

(4.34)

&l =g =&,
The inhomogeneity thickness #; can be chosen arbitrarily; however, #; has been chosen
to be the same as ¢, to enable to apply directly the results established in Section 4.2.1.
The stress field in the load attraction problem now can be determined by following the
procedure outlined in Section 4.2.1, using constant or quadratic eigenstrain distribution
approximation. However, to put C?jk, and v defined in Sections 4.2.1 and 4.2.2 in the
present context, they should be identified with Ct;; and vy, respectively. The stress field
in the patched region is calculated by first solving, for instance, Equation (4.10) for
the eigenstrains, then by computing the strains and stresses in the inclusion problem
according to Equations (4.7) and (4.15), respectively, with the Eshelby tensors S’s being
evaluated using the computational algorithm discussed in part (b) of Section 4.2.2. These
obtained stresses are also the stresses in the inhomogeneity problem as indicated by
Equation (4.1). When the material at the point of evaluation is homogeneous through the
thickness such as in the region outside (), the stresses obtained from the inhomogeneity
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problem will be the final stresses at that point. On the other hand, if the material at the

evaluated point is not homogeneous through the thickness, a further step is needed to

distribute the obtained stresses to its material constituents using the conditions similar

to Equation (4.34). For example, once O'in has been calculated, the stresses in the skin

and patch inside the reinforced area can be determined from the conditions prescribed

in Equation (4.34) as o}, = Cyy, (C,{,mnyl o, and o}, = Chy, (C,{lmn)fl a,, since &), =
p

- . . . . .
&), =&}, =(Cly,) o, while the stress in the skin outside the patch is equal to o7,.

ij

4.2.4 Load attraction with thermal effects

Repaired structures are usually subjected to two types of thermal loading: heating and
cooling cycles associated with the curing process of the adhesive and the low operating
temperature of the aircraft during high altitude cruising. Since the thermal expansion
coefficients of the repaired skin and the patch are significantly different, these thermal
loads may induce large residual thermal stresses and therefore affect the efficiency of the
repair. The solution approach employed in Section 4.2.1 will be extended in this section
to evaluate these thermal stresses. Even though the adhesive during bond formation is
better characterized by a constitutive description which incorporates its dependence on
the rate of mechanical deformation and on the thermal history (Duong and Knauss,
1995), for simplicity, the adhesive is modeled here as a linear elastic material with a
zero stiffness and a glassy modulus at temperatures above and below its glass transition
temperature, respectively.

For a two-sided bonded repair or a supported one-sided repair, no out-of-plane displace-
ment will be induced when the repair is subjected to the thermo-mechanical loading.
In the absence of the out-of-plane bending, since the skin and patch assume to behave
as linearly elastic materials, the repair problem considered in this chapter will be lin-
ear. Thus, the total stress solution of the thermo-mechanical problem can be found by
summing the individual contributions from the mechanical and thermal loads. Since the
solution of the mechanical problem is already delineated in Section 4.2.3, this section
therefore will be devoted entirely to the thermal stress problem.

It will be shown first that the thermal stress problem associated with a uniform cooling
can be reformulated as an initial strain problem, in which the patch is subjected to a
prescribed initial strain field (Duong and Yu, 2002a). Even though this equivalency is
only demonstrated for the case of uniform cooling, it can be shown that the equiva-
lency is also held for the case of curing of the adhesive. This way will allow us to
solve the thermal stress problem directly within the context of the equivalent inclusion
method.

(a) Determining the equivalent initial strain field prescribed in the patch

The equivalent initial strain field prescribed in the patch will be derived for two cases:
uniform low operating temperature and the thermal cycle associated with adhesive
curing.
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Case 1: Uniform low operating temperature

In this case, the whole patched skin is cooled uniformly. Since the solution of this
thermal stress problem within the framework of linear elasticity is independent of the
cooling path, the cooling process can be arbitrarily assumed to take place in two steps.
In the first step, the skin is cooled first to a low operating temperature while the patch
is still at a stress-free (ambient) temperature. Furthermore, the patch is also subjected
simultaneously to a fictitious uniform strain field of a;ATS;; where « is the thermal
expansion coefficient of the skin, AT = (T Tmbiem), and §;; is the Kronecker

operating — *a
delta. Since the patch is subjected to a uniform strain field of a,ATS,; that is compatible

J
with the thermal strain of the skin, the skin will contract freely during this cooling phase
without experiencing any exerted forces from the patch, resulting in a stress-free skin.
Thus, the strain field in the skin and patch at the end of the first step of cooling will be

given by

8§(stepl) (X) — sp(s{epl) (X) — asATSij (435)

ij ij

In the second step of cooling, the patch is allowed to cool to a low operating temperature
and also to relieve simultaneously the fictitious strain field a,AT0,;; imposed previously
on it. The problem of the second-step cooling is then a problem of a patched skin with
the following strain prescribed in the patch:!

e = (a} AT — ,ATS,)) = Aa; - AT (4.36)

where afj is the thermal expansion coefficient tensor of the patch in the principal material
directions, and the rest are previously defined. For the present discussion purpose, let
us assume that the solution of this second-step cooling problem is already obtained with
the strain solutions for the skin and patch denoted as

e (x) = &7 (x) = £l (x) (4.37)

ty )

The total strains in the skin and patch at the end of the cooling process are then equal to
the sum of individual contributions from the first and second steps of cooling, and they
are given by

&; (x) = &), (x) = £]; (X) + ¢, ATS;; (4.38)

!'This problem is similar but not exactly an initial strain problem, since the patch in this problem assumes to
be stress-free when its total strain is equal to 0. In contrast, in a truly initial strain problem, the patch will be

stress-free when its total strain is equal to sg) ®
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On the other hand, the thermal stresses in the skin and patch after cooling are determined
from the thermo-elastic constitutive relation as

crfj (x) = C;jkl[SZI (x) — aSATSkl] = ijk,sil (x)

(fipj (x) = Czpjkl [851 (x) — aZlAT] = Cszkl [8£1 (x) — (ailAT - asATﬁu)]
(4.39)
= Cszkl [821 (x) — AaklAT]

= Czpjkl[sil (x) — Sig)(p)]

Let us consider now a truly initial strain problem in which the patch is prescribed by an
initial strain field sEjT)(p ) given by Equation (4.36). The strain solution of the latter initial
strain problem will be the same as that of the second-step cooling problem mentioned
above due to their similarity, ie., &} = sf/- = sfj. However, the stresses in the skin
and patch of the initial strain problem will be given, respectively, by o7, = C5y,€}, and

o) = ijk, (82, — s,g)(p)), which are in turn equal to the thermal stresses in the skin and

patch of the original thermal stress problem after cooling as indicated by Equation (4.39).
Thus, the considered thermal stress problem can be solved equivalently by an initial strain
problem with an initial strain sf-T)(p ) = Aa;; - AT prescribed in the patch, as postulated
earlier, since the stress fields in both the problems are the same. However, since the
strain fields of these two problems differ by a constant amount of a;AT$;; over the whole
domain (recalling that the strain fields of the initial strain problem and of the original
thermal stress problem are given by sfj and Equation (4.38), respectively), this uniform
strain field a,ATS;; must be added to the strain field efj of the initial strain problem in
order to obtain the corresponding strain solution of the original thermal stress problem.

Case 2: Thermal cycle associated with adhesive curing

Adhesive curing usually involves heating the reinforced region using a heater blanket
to a high temperature above the adhesive’s glass transition temperature under pressure
for a few hours and then allowing the adhesive and adherends to cool to the ambient
temperature. For simplicity, the temperature distribution around the heater blanket is
assumed to be a step function with the inside region held at one constant temperature
while the outside being held at a constant ambient temperature. This assumption for the
temperature field may not be realistic due to the heat conduction; nevertheless, it still
can be used in the analysis to provide a first-ordered estimate of the effect of curing
on crack patching efficiency in the preliminary design phase. The effect of non-uniform
thermal field has been addressed before by Rose (1988) and Wang et al. (2000) for
a circular patch, the results of which can be used as correction factors for the results
presented in this section. The Rose and Wang et al.’s models will be discussed in detail
in Section 4.5.

During heating, the adhesive is assumed to be very soft so that the patch undergoes a
free expansion while the skin is under thermal stresses because the skin material outside
of the heated region is still cool. The thermal stresses in the skin during the heating
phase can be easily calculated by using the algorithmic solution given in Section 4.2.2
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for a polygon-shaped inclusion with a constant eigenstrain « - AT}, Where AT, 0, =
T ine — T, > (. The skin’s total strain inside the heated region associated with these

curing ambient

thermal stresses can then be calculated, which is smaller than e - AT}, and will be

denoted here by ssj(hea""g) It should be noted that ss(heanng) computed by the inclusion
model will be independent of the size of the heated reglon

The next step is to cool the whole repair down to the ambient temperature. This cooling
step will be divided further into two substeps: (i) the patch is first held at a constant curing
temperature and simultaneously subjected to a fictitious initial strain field —s?](-hea“"g)
while the skin is cooled, and (ii) the patch is then allowed to cool and to relieve

simultaneously the fictitious initial strain —s*(he‘m"g) imposed in (i). Since the patch is
subjected to an initial strain ssj(heamg) in substep (i), the skin will contract back to its

original shape without experiencing any exerted forces from the patch, resulting in a
stress-free skin at the end of substep (i). It is then clear that the described thermal stress
problem is now reduced to an initial strain problem with the following initial strain
prescribed in the patch:

e ? = —aP AT, e + 0" (4.40)

(b) Solution of thermal stresses

With the equivalent initial strain prescribed in the patch having been determined for
the two common types of thermal loading, the next step is to formulate a mathematical
model for the thermal stress analysis. Since the patch is assumed to bond rigidly to a
repaired skin over a polygonal region (), the patch is considered as an integral part of the
skin inside (2, and the skin with a patch incorporated is modeled as an inhomogeneity.
The (thermo-elastic) constitutive relation for this inhomogeneity is given by

I 1 (T)
7= Ciu (skl Eu )
(4.41)
Do e

z] - ijkl kimn€mn
s

where C! ;w18 the stiffness of the inhomogeneity given by Equations (4.31) and (4.33)

in Section 4.2.3, and s( ®) g already defined in part (a). Equation (4.41) obviously

accounts for the initial stram field prescribed in the patch. With the above discussion in
mind, the thermal stress problem then reduces to a problem of an infinite isotropic, linear
elastic sheet (skin) with a stiffness Cj;, containing a polygon shaped inhomogeneity ()

with a stiffness Cj,, and subjected to an initial strain field el J , and this latter problem
will be solved by the equivalent inclusion method outlined in Section 4.2.1.

As in Section 4.2.1, the stress and strain fields induced by an inhomogeneity-occupied
region () will be the same as those induced by the eigenstrain field &j; in the same
region of a homogeneous material C};, when ¢7; is selected appropriately. Following the

procedure given in 4.2.1 for an inhomogeneity symmetric with respect to both coordinate
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axes, by approximating &;; as a second-ordered polynomial of the position coordinates
with yet to be determined coefficients, i.e.,

i = Fij+ Fijuxix, (4.42)

and by expanding the prescribed initial strain field s ® into a Taylor series, the equiv-
alency condition requires that F;; and Fj;, must satlsfy the following system of linear
equations (without summation on subscript @):

Acozal lLl 1 (0) + ACaaZZLZZ (0) - szallFl/l - CZaZZFZ/Z - C(lxall E’II‘()) C([Ill22 g;())

2 2

1 J d ’ s ’
EACaall ax 11(0) + ACaaZZ LZZ(O) aalIFl 11— C;va22F221I

T
C(l)ta1181|1| C;azz (221|
1 02 1 02 , . , (4.43)
ZACaall o2 L (0)+ = Acaa22 02 Ly(0) = Conii Flinn — Conn oo
(T) (T)
C(Im1131122 Cfmzz Enm
ACy—— - L,(0) = CyypFiyp = _Cizlzg(lg)lz
0x,;0x,
where
A Cijk/ C:]kl Cljkl
La,B(X) = Saﬁll(X)Fl/l +Saﬁ22(X)F2/2 +Sa,BlIll (X)F +Sa,61122(X)F1,122
+ Sapaa11 X) Fry + Sap2000 (X) Frppy + Sapiain(X) Flppn
(4.44)
F,=F;+ sf]TO)

/ (T)
Fiy=Fiju+ &
(a, B=1,2)

(T)
170

of 8:/)’

and s, /kl are the constant and the quadratic terms, respectively, in the Taylor series
and the rest have been previously defined in Section 4.2.1.

Once the coefficients F’’s, thus F’s and s;.*j, are determined, the elastic fields in the
inhomogeneity problem can be obtained from the corresponding results of the equivalent
inclusion problem as

84- = 3 = SipFut+S; (4.45)

ijklmn klmn
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ol (x) = | i ST S T S )T (4.46)
Chiui€n outside ()

The stresses in the skin and in the patch inside the reinforced region can then be
determined from o7, as

S S 71
7 = Ciju [(Clldmn) O+ 81(;)]
(4.47)
of =l [ (C]

-1 (T) (T)(p)
ij klmn) g +8kl —€u ]

mn

while the stress in the skin outside () is equal to O'ilj as given before in Section 4.2.3. It

. -1 . . . .
is worthy to note that (Cl,,.)" o’ +&; is equal to &}, via the first equation of (4.41),

mn

and Equation (4.47) is the same as Equation (4.39) if &}, is identified with &},.

4.3 Stage II: Fracture Analysis

In Section 4.2, the stresses in the repaired skin and patch due to mechanical and thermal
loads are determined first as if the patch is bonded rigidly to an uncracked skin, by
using the equivalent inclusion method. Among them, stresses at the prospective crack
location are of interest since they will be used in the present fracture analysis. The stress
intensity factor will be estimated in this section by using the displacement compatibility
method for a sandwich plate with a part through and a debonding crack.

Consider a patched cracked sheet shown in Figure 4.5(a) subjected to a crack surface
pressure oy (s) which is the negative of the skin normal stress component ¢, found in

the stage I analysis (see Section 4.2). In the fracture model, both the skin and the patch

Composite patch

ked ski
Cracked skin Composite patch

L =11
00(<)

(b) ()

[T\
_P18 ‘ P1
Cell of
Y constant L W
‘ body [ )
Skin v ] 7

—» x force o T J'-
5, ;

(<)

(a)

Fig. 4.5. Free body diagram of a patched cracked sheet under a crack surface pressure o;(s).
For illustration purpose, P;, P,, ... P, are the y-components of the transmitted shear body forces
distributed uniformly over a discretized area (cell) of the bonded interface (Duong and Yu, 1997).
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are infinite extent. The thicknesses of the cracked sheet and the composite patch are small
relative to the other in-plane dimensions, so that each component can be considered to be
under a generalized plane stress condition with the surface shears transmitted through the
adhesive acting as body forces. These body forces are unknowns and only pertinent near
the crack. The adhesive layer is treated as a two-dimensional shear spring. This problem
is solved by the displacement compatibility method developed by Duong and Yu (1997),
and Erdogan and Arin (1972). First, the bonded interfacial area between the patch and
the cracked skin is divided into a number of small cells, as shown in Figure 4.5(b,c). The
unknown shear body forces are then assumed to be constant in each cell. The shear body
forces, therefore, have been approximated by a number of constant shear body forces.
Due to the double symmetry of the problem considered, these constant shear body forces
are symmetric with respect to the two coordinate axes. Even though the outer boundary
of the patch is unbounded in stage II analysis, for numerical integration purposes, the
bonded interfacial area assumes to be finite and equal to R, and R is chosen such that
the stress intensity factor solution does not change appreciably for any larger area.

Let us denote the x- and y-components of the shear body force located at the ith cell
that is centered at (x;, y;) as P,; and P,;. P,; and P,; have the same unit as stresses. The
components of the constant shear body forces are then determined from the displacement
compatibility requirement between the cracked sheet and the patch over the bonded
interface. The patch—skin displacement compatibility equations in the y-direction are
given by

M

Pgm t
Z {Z [ skﬁln (-xns Vs Xpns y,,,) palch (xn, Vs X ym) G—A8238nm:| Pﬁm}
m=1 A m“m

p=1
= =2 (x,,7,) (4.48)
for n=1,2,..., M. In the above equations, M is the number of cells making up

the bonded interface; ¢, and G, are the thickness and shear modulus of the adhesive,
respectively; P,,, and P,,, correspond to the x- and y-components of the constant shear
body force applied to the mth cell which has a center at (x,,, y,,); #,, and d,, are the length
and the width of the mth cell, respectively; vPe»=!(x,, y,; x,,, ¥,,) is the y-displacement
at the point (x,, y,) due to a unit 8- (x or y) component of the shear body force acting
over the mth cell with a center at (x,,,y,,); vffiff) (x,,y,) is the displacement in the skin
at (x,,y,) due to the crack surface pressure; 9;; is defined similarly to the Kronecker
delta which is equal to O when i # j, and 1 when i = j. The approprlate expressions
for vPen=!(x,,y,; x,., y,,) of the cracked skin and the patch, and v (xn, y,) are given
in Sections 4.3.1 and 4.3.2.

skm

Similar equations for the displacement compatibility in the x-direction can also be
derived. A total of 2M simultaneous equations will result for the determination
of Pg,,.

Bm

With the shear body forces known, the total stress intensity factors at each crack tip
due to these constant shear body forces and due to the crack surface pressure o(s)
can be calculated in a straightforward manner as illustrated in Section 4.3.3. In the
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stage [I-fracture analysis, the shear strain in the adhesive near the crack surface and the
additional stresses in the patch due to the presence of the skin crack also need to be
determined. The shear stresses in the adhesive are obviously equal to the obtained shear
body forces. In contrast, the additional stresses in the patch due to the presence of the
skin crack are computed using the complex variable approach outlined in Section 4.3.2
and then added to the results from the stage I analysis of Section 4.2 for the total patch
stresses.

It should be noted that the method outlined in this section allows modeling the effects
of the pre-existing disbond and the elastic-plastic behavior of the adhesive on the crack
tip’s stress intensity factor. To account for the former effect, the bonded interfacial area
needs to be discretized in such a way that it will not include any pre-existing disbond
region in its domain. For the latter effect, an iterative procedure must be employed in the
analysis. For simplicity, the adhesive is modeled as an elastic-perfectly-plastic material.
The shear body forces are first assumed to be unknown and the adhesive is assumed
to behave linearly elastic. These unknown shear body forces are then determined by
solving 2M simultaneous equations. If the shear body force in any cell exceeds the
adhesive yield strength, its value will be set to the yield strength and that shear body
force will no longer be a sought solution in the next iteration. The coefficient matrix and
the right-hand side of the 2M simultaneous equations are then modified accordingly.
In the next iteration, the relative displacement between the skin and the patch per
unit adhesive thickness in cells with their shear body force being set to the adhesive
yield strength must be checked to see if they are larger than the adhesive yield strain.
If not, the prior settings of the values of the shear body forces in these cells to the
adhesive yield strength are incorrect and therefore must be removed. Another iteration
is then carried out, and the whole process is repeated until all prescribed requirements
are met.

The solution procedure outlined in this section is general so that it can also be applied to
the analysis of an infinite strip patch as well, where the effect of the finite patch width on
the stress intensity factor can be properly accounted for. In that case, appropriate expres-
sions for the displacements of an infinite strip patch must be used in Equation (4.48).
The displacements of an infinite strip patch due to two symmetrical pairs of constant
shear body forces are also given in Section 4.3.2.

As a final remark, an alternative approach to the above fracture analysis is by the crack-
bridging model (Rose, 1987a; Cox and Rose, 1994). This latter approach can account
for delamination in a self-consistent manner and yields explicit and accurate analytical
estimate for the stress intensity factor. However, the approach presented here is more
generic because additional effects such as the effects of stiffeners, asymmetric crack with
respect to a patch, and cracks approaching to or growing out of the patching boundary
can be included in the approach without much difficulty (Duong and Yu, 1997). With
regard to the crack-bridging model, this model has been introduced in Chapter 3 and
it will be discussed further in detail in Chapter 5 for the analysis of the un-supported
one-sided patches.
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4.3.1 Cracked sheet displacements and stresses

In the fracture problem, there are two types of loads applied to the cracked metallic sheet:
the crack surface pressure o,(s) and the constant shear body force with components
of P, (x,y) and P, (x,y). Due to the double symmetry of the stage II problem, the
shear body forces are symmetric with respect to the two coordinate axes. The constant
shear body forces therefore always come into the analysis in double pairs as shown in
Figure 4.6(a). The displacement solutions for the cracked skin due to these two types of
loading will be given here briefly.

(a) Displacements due to an arbitrary crack surface pressure

Let 0,,(s) be any arbitrary pressure acting on the crack surfaces; the displacements for
this problem are given by (Tada et al., 1985)

w(e) = [y, - 0n(DAL (4.49)

—a

v = [ vy 0 a0 (450)

—a

w(x,y, ) = % {(1 —v)yarg(E) — (1+v)y Im |:(Z_— mj“

s

vix,y, ) = % {—2ln(E) —(14+v,)yRe |:

_iiz=a)+V(@-0) (-2

—
—
=1

a(z—{)

(©

Fig. 4.6. A superposition method for analyzing an infinite cracked sheet under two symmetrical
pairs of interfacial shear body forces: (a) the original problem; (b) an infinite sheet under shear
body forces; and (c) an infinite cracked sheet under crack surface pressure caused by the shear
body forces.
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where a is the half crack length; u and v are displacements in the x- and y-directions,
respectively; i = /—1, is a imaginary number; z = x +iy; Re and Im denote the real and
the imaginary parts of a complex number, respectively, and arg indicates the argument
of a complex number. It should be noted that the real and the imaginary parts of the

. . —_ 7 — 2
complex function sin ™" [a{fz—a()

in the above equation as arg(Z) and In(E), respectively, for FORTRAN coding purpose.

] reported in the cited reference are given here explicitly

(b) Displacements and stresses due to two symmetrical pairs
of constant shear body forces

The displacements due to two symmetrical pairs of constant shear body force are
determined by the superposition of two parts as shown in Figures 4.6(b) and 4.6(c): (1)
an uncracked sheet subjected to symmetrical pairs of constant shear body forces, and
(2) a cracked sheet with tractions applied to the crack faces as caused by these constant
shear body forces.

The displacements in an uncracked sheet due to the constant shear body forces are
determined based on the complex stress function approach. For plane stress, the dis-
placements in the body due to a single constant shear body force, distributed uniformly
over a cell with an area & by d, are given in terms of the stress functions ()’s and @’s as

2p u(x,y) =Re [Ksﬂl (2. 20) —29) (2. 20) — @, (2, Zo)]

(4.52)
2pv(x, y) =Im [Ksﬂz(z’ 29) —205(2, 2) — B, (2, zO)]
_ P tiPe
YT 2m(1 4k )1,
_ P +iPig
2T 2m(14-k,)t,
R R (4.53)
Ka(ngol _iPVQDZ) Pxel +1P}92
W, = \
: 2m(1+ k)1, 27(1 +K,)1t,
Ks(Px¢2 - iPyQDI) PxéZ +1P\él
W~ =
? 27(1+ k)L, 27(1+ k)t
3—v,
= : 4.54
=T (4:54)

where P, and P, are the components of the constant shear body force in the x- and
y- directions, reépectively; t,, v, and u, are the thickness, Poisson’s ratio, and shear
modulus of the cracked sheet, respectively; i is the imaginary number, i.e., i = =1 ;
Zo = X, +1y, is the center position of the cell in the complex plane over which the
constant shear body acts; z = x +1iy is the position of a point at which the displace-
ments are evaluated in the complex plane; a bar indicates a complex conjugate, and
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a prime indicates differentiation with respect to the complex variable z. ¢; (z, z,) and
0, (z,29)» j=1,2, are defined by

Case 1: Im(z —z,— B,) -Im(z —z,+ B;) > 0,
¢1(2, 20) = ¢a(2, 20)

®,(2, 29) = @, (2, 29)

o N (4.55)
0,(z, 20) = 0,(z, 2)
é2(1’ Z0) = éb(Z’ %)
Case 2: Im(z —zo— By) - Im(z — z,+ B;) <0,
®2(2, 20) = @1(2, 29) = ¢,(25 79)
(4.56)

éz(Z» Z9) = é1(1’ %) = éb(z’ %)

where
i
¢u(2.29) = 3 [-(z—zo—B,)’log(z—z— B,) — (2 — 2o+ B,)*log(z — 2o+ B,)

+(z—29— B))*1og(z — 2y — B,) +(z — 29+ B,)* log(z — 2+ B,) _3ihd]

(Z_ZO_EI)(Z_ZO+§I):|

i 2
¢b(Z’Z0) - E {(Z_ZO) log |:(Z—Zo_Bl)(Z—Zo+Bl)

—2 —= -
+ B, log [(z—zo —Bl)(Z—ZO+Bl)]

— z—20+B
— Bilog[(z—zy— B))(z— 29+ B)]+2B, (2 — 2) log |:ZZO—§1j|
- T 40T P

—2 B(z—z)log [E_Z—-’_gi] +3ihd}
0.(z,20) =i[~(z— 20— B)) G+ B,) log(z — 20— B))

—(z—z29+B)(Z— B)) log(z— 2+ B,)

+(z—2 _El)(zo+B1)10g(Z_Zo _§1)

+(z—29+B,)(Zy— By)log(z — 2o+ B) | (4.57)



Mathematical Theory of Supported Crack Patching 121

0,(z. 20) =1 {(z —2,)%, log {(z — 2 _El)(Z—Zo+§l)j|

(z—z9—B)(z—2z0+B))

— z—2z9+B _ Z—20+B
+B,(z—z) log [#] —B,7,log [#}
z—2zy— B, z—2y— B,

— (Z—ZO_EI)(Z_ZO+EI)
—B,B,1 |:(Z—ZO—BI)(Z_Z°+B')]

z—20+8B — z—20+8B
—B,(z—z) log |:z0—§1:| + B,z log |:O——]j|}

—Zog— Dy I—Z3p— Bl
and the complex number B, is defined by
B, =—(d/2+ih/2) (4.58)

In these equations, the principal branch must be used in the evaluation of the logarithmic
functions. It should be emphasized that the stress functions for these cases are much
more complicated than those given for a point load, in which different branches of the
multiple-valued stress functions must be chosen for the different combinations of (z, z).
For the constant shear body forces symmetric with respect to the two axes, ¢, (z, z,) and
éj (z, zo)» j=1,2, given by the above equations will yield displacements that satisfy
the imposed symmetric conditions. In order to assure that the multiplicity of values of the
stress functions is properly treated, a similar procedure is used to select the appropriate
branches of the stress functions for an infinite orthotropic sheet under a constant shear
body force, which results in displacements nearly identical to those obtained from
Equation (4.52) for nearly isotropic materials. For two symmetrical pairs of shear body
forces as shown in Figure 4.6(a), one must evaluate the above equations four times for
the shear body forces with x- and y-components of (P, P,), (P,,—P,), (=P, P)),
and (—P,, —P,), which are applied respectively at (xy, y;), (X9, —¥y), (—Xq,,), and
(—x0s —=Yo)> and superimpose the results.

On the other hand, under plane stress condition, the stresses in an uncracked sheet due
to a single constant shear body force are given in terms of the stress functions ()’ s and
w’s as

7,,(x,y) =Re [Qé (25 20) + Q3(2, 20) + 295 (2, 20) + w3 (2, ZO)]
(4.59)
Ty (%, y) = —Im [QQ(Z, 20) + (2, 29) + 28 (2, 79) + @} (2, Zo)]
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where

ngol +1P\¢)a

Q,=—
} 27(1 4+ k)t

ngoel +1Pv€01
27(1 4+ k)t

4=
R R (4.60)
Ke(PxQDl _iPyQDa) Px01 +1Pv03
27(1 + k)1, 2m(1 4k, )t

Ks(quDa _IP\QD|) Pxéa +1Pyal
27(1+ k)1, 2a(1+K,)t,

W,y =

D1 Py @1, @a, etc., have been defined previously, and the notations of prime and double
primes again denote the differentiation of the complex function with respect to the
complex variable z. The normal component I'({) of the traction along the prospective
crack location of the uncracked sheet due to two symmetrical pairs of constant shear
body forces, i.e., ['({) = —(Tyy(g", 0), —a < { < a, is also of interest since it is needed
in the second part of the displacement evaluation. Since o,,(x, 0) due to a single shear
body force can be determined from Equation (4.59), T'() due to two symmetrical pairs
of constant shear body forces can be obtained by superimposing the results of —a,,(x, 0)
due to individual shear body forces.

As shown in Figure 4.6, for a complete displacement solution, one must now con-
sider the problem depicted in 4.6(c). For this problem, the stresses applied to the
surfaces of the crack are determined from the uncracked solution described above.
Due to the symmetry with respect to the x-axis, 7,, is zero on the crack faces. The
displacements for problem 4.6(c) clearly can be obtained by numerical integrations of
Equations (4.49) and (4.50) with o, (s), being replaced by I'({), where I" ({) is equal to
the negative of the skin normal stresses along the crack line of the problem shown in
Figure 4.6(b).

4.3.2 Composite patch displacements and stresses

The displacements and stresses in the composite patch will be derived in this section for
two different models: the infinite sheet patch and the infinite strip patch.

(a) Infinite sheet patch

The notation and development of the complex representation of the solution of plane
stress problem for orthotropic elastic materials follow closely that of Lekhnitskii (1968).
From Lekhnitskii (1968), the stress and displacement solutions of the orthotropic sheet
in terms of the complex potentials ¢,(z,) and &,(z,) are given by
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u(x,y) =2 Re[p@,(21) + p2#,(2,)]

v(x,y) =2 Re[q,¢,(21) + :¢,(2,)]
. =2 Re[5i%)(2)) +538,(20)] (4.61)
0,y =2 Re[¢)(z)) +¢5(2,)]

Tyy = —2Re [slﬁb/l (z1) +52€~D/2(Zz)]

where
L =X+5y
I, )
pk = E (sk - ny) (462)
1 b 2
9 (1 - Vyxsk)

= P
sy Ey

k=1,2; E}j,Ef,, vﬁy, ny’ and uP are extensional moduli, Poisson’s ratios, and shear

X2

modulus of the orthotropic patch, respectively, while s, and s, are the roots of

EP EP
4 Zx _9p 2, Zx
st <,U«p 21/”,) 5T+ B 0 (4.63)
for which Im(s,) > 0. In Equation (4.61), the prime denotes differentiation with respect
to the complex variable z, or z,.

For a concentrated load with its components of 7, and T, acting at point (xy, y,) in an
infinite patch sheet, @,(z,) and &,(z,) are given by (Erdogan and Arin 1972):

(Cll Tx + C12Ty)

?(z)) = : log (z; —z¢1)
’ (4.64)
- ey T4y T
®y(20) = (mt—zzy) log (2, — z¢2)
P
=X+ sy (k=1,2) (4.65)

2771 X

ey = [(Sl —5) (5, —5)) (1 - %)]

(s2§2 +55,+5,5,+ ng)

Gerne)

1 T
S | St S+ s 858, £
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! +‘+‘+“§f’
— | S S S Sy 818§ ———
277_1 1 1 2 2]1E

7
g )

1 _ __
Py (Slsl + 5,81 + 5,5, +V§y)

e ()]

and 7, is the thickness of the composite patch.

(4.66)

The complex potentials for an interfacial shear body force with its components of P,
and P, distributed uniformly over a cell that has a center at (x,,y,) and an area of
h by d, are obtained by integrating Equation (4.64) over the cell area. Because of the
multiplicity of the values of the resulting expression for @,(z,), k = 1,2, in order to
obtain the correct displacements under symmetric and anti-symmetric loads and also
for very nearly isotropic materials, in this case, one must express the displacements in
Equation (4.61) as follows:

ux,y) =2 Re [ p, & () + P ()]

(4.67)
2 Rela.2? e
v(x,y) elqe (2) + 4@ (22)
where o” oY i
@, (z;) and @, (z;) are defined by
For Im(z; — 2o — Byy) - Im(z; — 2o + Byy) > O:
~(1 ~a -
(Pl(( )(Zk) = Po@ (240 Zor) + Ckzpyﬁpz (Zx» Zox)
(4.68)
~ (2 ~ ~a
901(< )(Zk) = ¢ Po@p(zh 2o) + Py @y (24> Zo1)
For Im(z; — 2o — Byy) - Im(z; — 2oy + Byy) < 0:
e ~( -
Qol(c )(Zk) =€01(< )(Zk) = (e P+ Ckzpy)QDE(Zk’ Zor) (4.69)

(2 2o0) = [(Zk — 2ok — Bk1)2 log (2 — zox — Bi1)

1
25,1,

P
+ (2 — 2o + By log(z, — 20 + Biy)
— (e —zk — Bk2)2 log(z — zox — Bya)

— (24 — 2o + Bra)” 10g(z;, — 21 + Byo) — 3hd'sy]
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(zx — 2ok — Bur) (24 _ZOk+Bkl):|

(2 — o)’ log [
ko (2 — 2ok — Bia) (24 — Zox + Bra)

~p
Zps 2 =
QDk( ks Zok) 2Skfp {

+ BI%I log [(zy — zox — Bit) (2 — zox + Byt
— B, 10g [ (24 — 2ox — Bio) (24 — Zor + Bio)]

(Z — Zox +Bk1):|

+2(z, —z0:) B,y 1o
(zx — Zo) B g[(zk_ZOk_Bkl)

Zy—Zp + B
—2 (2, — zo) By log [w} - 3hdsk} (4.70)
(2 — 2ok — Br2)
h
B,=5 +Sk§
(4.71)
B d L h
= —— S, —
k2 5 T8y

Again, the principal branch of the logarithm function must be used in the evaluation
of ¢¥(z;) and @P(z;) and k = 1,2. The displacement solution due to two symmetrical
pairs of constant shear body forces is then obtained by superimposing the results due to
individual shear body forces.

The stresses due to two symmetrical pairs of constant shear body forces can be obtained
as follows, after resolving the multiple-valued problem of the derivatives of the stress

functions. Similar to Equation (4.59), the stresses due to a single interfacial shear body
force are given by

0 =2 Re[si6("(2) + 537 ()

0, =2Re[5"(2)+ ()] 472)

T, =—2Re [SI ¢/1(4) (z)+ 52¢;(4) (Zz)]
~(3) ~(4) _ ,
where ¢;”(z;) and @, (z;) (k=1,2) are defined by

For Im(z; — zox — Byy) - Im(z;, — 24 + Byy) > 0:

~(3 ~ (4 ~a

‘Pl(c )(Zk) = €Dl(< )(Zk) = (Cklpx + ckZPy) (25 Zo1) (4.73)
For Im(z; — 2o — Byy) - Im(zy — 2o + Byy) < O:

¢1(<3) (z) = [CklpxFPZ(Zk» Zo0) + CkZP)'¢Z(Zk’ Zor)]
(4.74)

~(4) ~a ~
& (20) = [c1 Pl (24 2ot) + o Py @2 (24 200)]
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@2 and @? (k =1, 2) have been defined previously. The stresses due to two symmetrical
pairs of shear body forces are again obtained by linear superposition of the individual
contributions.

(b) Infinite strip patch

So far, only the solution for an infinite composite sheet has been given. For an infinite
composite strip, one must superimpose another solution on the “infinite sheet” solution
as indicated in Figure 4.7. The displacement solution of problem 4.7(c) is determined
by using the Fourier integral transform method described below.

Referring to Figure 4.8, the displacement solution of a composite strip subjected to point
loads can be obtained by the linear superposition of the infinite patch solution under
point loads and the strip solution under tractions acting on the vertical boundaries. The
former solutions can be easily obtained since that solution for a single point load with its
components of T, and 7, acting at (x,, y,) in an infinite sheet patch has been derived in
part (a). The corresponding stresses o, and 7, along the lines x = +=W/2 due to a single
point load can also be evaluated by using Equations (4.61)—(4.66) in that part. These
evaluations are straightforward since the derivatives of the stress functions for a single
point load are single-valued. For the symmetrical loads shown in Figure 4.8, one must
evaluate stresses o, and 7, along the lines x = £W/2 four times due to point loads with
x- and y-components of (TX, Ty), (Tx, —Ty) s (—Tx, Ty), and (—Tx, —Ty), which are
applied respectively at (x4, ¥o), (X0, —¥), (—Xg, ¥o), and (—xy, —Y,), and superimpose
the results. For the present discussion, these stresses assume to be already calculated and
denoted by ¢”(y) and 7"(y), respectively. The solutions of a composite strip subjected
to vertical boundary tractions caused by four point loads symmetric with respect to
two coordinate axes will be sought. As mentioned earlier, the displacement solutions of
the latter problem are determined by using the Fourier integral transform method. The

BT o[ L
—EFh Iij'ﬁ; o )<_T T—'
y i L

-p P, o ' <—l l—'
A%P _Pq:'l. <—ﬁ i_’

(@) (b) (©)

Fig. 4.7. A superposition method for analyzing an infinite strip patch under two symmetrical pairs
of interfacial shear body forces.
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y y
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iR
- (—Xo, _ZVO) )T <7 ' 4_1 L
~Ix X0 —Yo) “x
RIANE | 1
=T, -1y <_l r
~ —

(a) (c)

Fig. 4.8. A superposition for analyzing an infinite strip patch under two symmetrical pairs of
point loads.

pertinent results from the general theory for an infinite orthotropic strip (Atluri, 1992)
are summarized below. According to the Fourier transform theory, the displacement
fields in an orthotropic strip patch can be expressed as

o)

2
u(x,y) = ;/ U(A, x)cos AydA

0

(4.75)
2 _
v(x,y) = —/ V(A, x)sin AydA
T
0
where U (A, x) and V (A, x) are the transformed displacements defined by
U(A, x) = A, (M)e, cosh (le) + A,(A)e, cosh (Byc) + A;(A)e, sinh (Bgc)
+A,(V)2, sinh (Bzx) (4.76)

V(A, x) = A, () sinh (,élx) + A,(A) sinh (Bzx) + A;(A) cosh (le) + A,(A) cosh <B2X>

B (1-man) —NE
&= —
' ABi [VHES + e (1= 18 |

(4.77)

Bl and [§2 are two roots (out of four) of the following characteristic equation, which
have a positive real part:

gy B gy B
BN 200 — = 1B+ At =0 (4.78)
T :
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A, A,, A;, and A, are constants, which depend only on A and must be determined
from the loading and the boundary conditions.

On the other hand, the transformed stress components @ (A, x) and 7, (A, x) are given by
T (A x) = (MIBIEI + A7I2A> [Al sinh (le) + Ay cosh (le)]

+ (Mlﬁzéz + M2A> [A2 sinh (,E%zx) + A, cosh (ﬁzx)]

(4.79)
Toy(A, x) =P [(f%l — élA) (Al cosh (f%lx) + A;sinh (Bgc))
+ (ﬁz — 52)\> (A2 cosh (Byc) + A, sinh (Bﬂ))]
g EP
M= 1 -5
. Evn, (4.80)
M, = 1=l

The constants A;, A,, A;, and A, will be determined from the boundary conditions as
follows. First, due to the symmetric condition with respect to the y-axis, A; = A, =0.
Secondly, defining P (A) and Q (A) as
PO = [ o () cos(Ay)dy
0

(4.81)
O() = [ 7 (3 cos(Ay)dy
0
A, and A, are then determined from the boundary conditions at x = W/2, i.e.,
7.\, W/2)= (Ml B2, +1\712)\) A, cosh (BIW/Z)
n (leszzz n Mz)\) A, cosh (,232W/2)
— _i)()\) (4.82)

7,00 W/2) =t [(Bl _ él)\) Ay sinh (BIW/Z) n (Bz . EZA) A, sinh (BZW/2>]

=-0()

Thus, if P (A) and Q (1) are known, one can determine A, and A, from Equation (4.82).
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Following the work of Atluri (1992) and Duong and Yu (1997), P(A) and Q (A) are
found to be

4
f’()\) = —WZRG (sl (cH T, +C12Tyj) ieM=[mOr2=so)=yo Jier (W/2=x0;) }

j=1

+55 (¢ Tj+cxn Tyj) ieA{7[1'2(W/27x0/)7y0j]i+p2(W/zixuj)})

(4.83)
4
D) = 7Y Re (0T, -+, ) Mo (020)
j=1
 enTy + eaT,) A0 o))
where 7, and p,, k=1, 2, are defined by 7, +ip, = i; T, and T, j=1, 4,

are the x- and y-components of the jth concentrated load applied at (xy;, Y,;) cor-
responding to loading configuration shown in Figure 4.8; and the rest are defined
previously. Substituting Equation (4.76) into (4.75) and noting that A, = A, =0
yield

)

u(x, y) = % / [A3él sinh (le) A2, sinh (Z%Zx)] cos (Ay) dA
' (4.84)

o0

v(x,y) = % / [A3 cosh (le) + A, cosh ([32)5)] sin (Ay)daA

0

where A; and A, are determined by solving Equation (4.82) with P (M) and Q()\)
given by (4.83). These Fourier integrals given by Equation (4.84) can be evalu-
ated numerically by calling the appropriate subroutines of the mathematical pack-
age QUADPACK (Piessens and de Doncker, 1983), which is available free from the
Internet.

So far the results have been derived for the point loads. For a similar loading configura-
tion but with the constant shear body forces as shown in Figure 4.7, the same results still
apply except for the formula of P (A) and 0 (A). P(A) and 0 (A) due to these constant
shear body forces are obtained by integrating the corresponding “point load” formula
over the cell area. In particular, P (1) and Q(A) for the shear body forces symmetric
with respect to the two coordinate axes are derived as
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R 4 s;2(c, P, +c,P,;) «
P(/\):—’]TZIHI|: ! ( 1 x)iz 12 ”) E\ (A, xq;5 Yo,)

Pyt cpnPy;) -
( 2 )j)EZ(/\’xoj’ij)}

(4.85)

4
~ sy (¢ Py +cppPyi) o
Q(/\)Z_WZRe[ ( 1 ;\2 ']) El()\’ij’ij)
=1

53 (€21 Py + e Py))
)\2

Ez(/\v Xojs ij)]

where
Ek()\, Xoj» Yoj) = ML W/2—x0;=d;/2)=y0; = 2]itpi (W/2=30;~d;/2) }
_ M Amw2—sos=dir2)—yo b2 )it (W/2—x0;=d;/2) }
— MmO 2—xoidi/2) =0 ,h; 2]t o (W/2—x0+d;/2) }
+ M= [ Wr2=sxj+di/2)=yo;+h;/2]i+pic (W/2—0;+d;/2) } (4.86)

k=1, 2); Py and Py, j= 1, 4, are the x- and y-components of the jth shear body force
acting over jth cell corresponding to the loading configuration shown in Figure 4.7; h;
and d; are the length and width of the jth cell centered at (x;, y,;), respectively.

4.3.3 Stress intensity factor evaluation

There are two types of loads applied to the cracked sheet: shear body forces and the crack
surface pressure oy (s). As mentioned in Section 4.3.1, the solution of a cracked sheet
subjected to the interfacial shear forces can be determined from the linear superposition
of the solution of an uncracked sheet under the prescribed loads with that of the cracked
sheet under crack surface pressure caused by these loads (see Figure 4.6). It then becomes
clear that only the latter solution will contribute to the stress intensity factor, and the
crack surface pressure I(s) caused by the interfacial shear loads can be determined
from Equations (4.59)—(4.60) of Section 4.3.1. Thus, it remains here to derive the stress
intensity factors for a cracked sheet under a pressure loading I'(s) and oy (s) on the
crack faces. The stress intensity factors at the two tips of a crack with a length of 2a
due to the crack surface loading of I'(s) are given by (Tada et al., 1985)

K,(ia)_ r(g) /“jE (4.87)
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Using Chebyshev quadrature formula (Krylov, 1962), the above integral is evaluated
numerically as

4 [y N k 2k
K;(£a) = v > sin’ —7 )1 (+acos il (4.88)
2n+1 2n+1 2n+1

k=1

where n is the number of quadrature points, and a is the half crack length. In the above
numerical integration for K;, n is determined by increasing its (integer) value until the
change in the estimates of the integral from the two consecutive values for n are within
a prescribed percentage tolerance of 0.01. Finally, the stress intensity factors due to the
pressure loading o, (s) obviously can be obtained by the same manner.

4.4 Numerical Illustrations

To illustrate the analytical methods described in this chapter and to assess the accuracy
of those methods, two example problems are considered in this section. These examples
are those taken out from the papers by Duong et al. (2001a) and Duong and Yu (2002a).
In the first example, the stress field in an uncracked sheet reinforced with a composite
patch as shown in Figure 4.9 is obtained and compared with results from the FE method.
The length and width of the patch are 15.24 and 10.16 cm, respectively. The material
properties and thickness of the skin and the patch as well as the far-field stresses are
given below:

Ocyy

T F (3.17,7.62+d)

[}

e E (3.23+d, 7.57)

45° Bﬂ‘ ym

« D (4.95,5.89)

Vertex 2 (1.25, 3.0) e C (5.08+d,5.71)

+——

0.051<d<0.127

11.43cm 15.24cm d

Vertex 1 (2.0, 2.25)

[«—>]
6.35cm

10.16cm

A

Fig. 4.9. Geometry of the first example problem. The coordinates of the points where the stresses
are evaluated and compared are also listed.
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Skin: Aluminum
E=724GPa, v=0.33, t,=1.6mm.

Patch: Boron/Epoxy
E,=193.6GPa, E, =18.7GPa, v, =021, u=5.5GPa, t,=0.635mm
0. =0, 0, =86.2MPa.

This problem has been solved approximately by the analytical method outlined in
Section 4.2.3 when eigenstrains are assumed to be polynomials of degree zero (con-
stant) and polynomials of degree two (quadratic) in the global position coordinates
(Duong et al., 2001a). The stresses along the line y = 0 are of special interest, since
they are needed for stage II analysis of the Rose’s approach. The normalized stress
component g, in the skin along the line y = 0 is plotted and compared with FE results
in Figure 4.10. FE results are obtained by using FRANC2D/L code with eight-node
isoparametric elements (Swenson and James, 1997). In the FE analysis, the adhesive is
modeled as two-dimensional linear springs. Both typical and arbitrarily stiff adhesives
are considered in the FE analysis. Typical values for shear modulus and thickness of an
adhesive are 869.5 MPa and 0.127 mm, respectively. FE results for both cases of typical
and stiff adhesives are presented in Figure 4.10, along with the analytical predictions.
A small oscillation in FE results near the edge of the patch is probably due to the
discontinuity in skin stresses at the patch edge and also due to severe straining in the
adhesive. From Figure 4.10, analytical results are in excellent agreement with those from
the FE method. In general, analytical results based on the higher-ordered eigenstrains are
in better agreement with FE solutions. As the adhesive becomes stiffer, the difference
in stresses between the analytical and the FE methods becomes smaller, as expected.
For reference, the normalized stress o, /0., in the patch near the central region of ()
is also calculated and equals 2.3 and 2.1 according to constant and quadratic eigenstrain

Normalized stress along X-axis

o
3

o
)
a

FEM — with typical adhesive
——————— FEM — with stiff adhesive

Analytical — zero order eigen strain
—=— Analytical — 2nd order eigen strain //
Elliptical patch solution :

+

o
o
a

0.45

Normalized stress (o, /0.,)
o o
s o

0.35

03 T T T T T T T T T
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Normalized x-coord, X/A

Fig. 4.10. Skin stress 0,,/0,, underneath the patch and along the line y = 0.

Yy
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Table 4.1. A comparison of the skin stress o, /0, at various locations just outside the patched
region by different methods. The exact locations of these points are given in Figure 4.9. For points
C, E, and F, the first number indicates the skin stress when d = 1.27 mm while the number given
in parenthesis is for d = 0.51 mm.

Method Point Point Point Point Point Point
A B C D E F
Analytical Zeroth 0.662 1.303 0.690 0.961 1.304 1.415
ordered (0.629) (1.346) (1.479)
Analytical Second 0.644 1.278 0.680 0.998 1.330 1.435
ordered (0.612) (1.372) (1.500)
FE based on stiff 0.620 1.240 0.804 0.922 1.278 1.376
adhesive (0.820) (1.324) (1.356)
FE based on 0.620 1.235 0.837 0.929 1.261 1.308
typical adhesive (0.850) (1.288) (1.322)

approximations, respectively, while the FE analysis using typical adhesive properties
yields a result of 2.13.

The stresses in the skin just outside the patched area are also of practical interest due
to possible high stress concentration or singularity there. These stresses are listed in
Table 4.1 for various locations. The positions of these locations are defined in Figure 4.9.
It was shown in Section 4.2.2 that the stresses at the vertices were weakly singular and
of the logarithmic nature. Stress comparisons between analytical and FE results at the
vertices are thus difficult unless a very fined mesh is employed in those local regions. To
avoid this difficulty and just for a qualitative comparison, stresses at small distance away
from the vertices are reported in Table 4.1 (see Figure 4.9 for positions of the reported
points). The discrepancy between the analytical and the FE methods at points close to the
vertices tends to be larger as their distance to the vertex decreases. It signifies the inability
of the FE analysis in capturing the singularity with the presently employed mesh. For
points adjacent to vertex 2, the agreement between two methods is fair for d = 0.51 mm
(within 14%) and good for d = 1.27mm (less than 10% difference). However, a much
larger discrepancy is found for stresses at point C near vertex 1. It should be noted that the
stress 0, is lower than the remote stress near vertex 1 but higher than the remote stress
near vertex 2. As explained by Duong et al. (2001a), the amplitudes of the logarithmic
singularity at vertices 1 and 2 obtained from the analytical method are in opposite signs
as indicated in Table 4.2. The negative amplitude of the singularity near vertex 1 makes

Table 4.2. Amplitudes of the logarithmic singularity at vertices 1 and 2.

Method Amplitude M, in Amplitude M, in
o..~M., logr o, ~ M, logr
Vertex 1 Vertex 2 Vertex 1 Vertex 2
Analytical Zeroth —123.2 123.2 —851.3 851.3
ordered
Analytical Second —152.1 139.6 —980.6 851.3

ordered
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the stress field there very complicated, resulting in a rapid stress oscillation in FE results
(which have not been shown here). This may attribute in part to the observed large
discrepancy. Nevertheless, since stresses at point C near vertex 1 are not critical from
the design viewpoint, this large discrepancy will not be resolved any further.

Finally, since the solution for an elliptical patch is relatively simple to obtain and avail-
able (Rose, 1981), it is therefore of practical interest to compare the present results with
those for an elliptical patch of the same aspect ratio A/B. This comparison would pro-
vide a basis for assessing whether or not elliptical patch solution provides a sufficiently
accurate estimate of the effect of patch aspect ratio for design purposes. The stress in
the skin underneath an elliptical patch with the same aspect ratio A/B is uniform and
also plotted in Figure 4.10 along with the FE and analytical results obtained previously
for an octagonal patch. The elliptical patch solution is about 7% higher than FE result
near the center. The normalized stresses in the skin at points A and B for the elliptical
patch are found to be 0.55 and 1.39, respectively. The stress at point B in this case is
approximately 12% higher than the corresponding FE result.

In the second example, a problem of a cracked repair with an octagonal patch under a
uniform low operating temperature is considered. The repair configuration is shown in
Figure 4.11. The effects of disbond and elastic-plastic adhesive (if any) will be ignored
in the analysis. The material properties of the skin, patch, and adhesive as well as the
temperature change used in the stage I and stage II analyses are given below:

Skin: Aluminum
E=724GPa, v=0.33, a =225 wper°C, t,=1.6mm.

Fig. 4.11. Geometry of the second example problem.
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Patch: Boron/Epoxy
E,=193.6GPa, E, =18.7GPa, v, =0.21, u=5.5GPa, 7,=0.79mm,
a,=43pper°C, a, =21.4pnper°C.

Adhesive: FM-73
G, =0.46GPa, 1, =0.127 mm.

Temperature change: AT = —75°C.

The sensitivity of the length of the repair cracks relative to the patch width is studied.
Four crack lengths of 1.27, 2.54, 3.81, and 5.08 cm are considered in the analysis
while the patch geometry is held constant. The thermal stress in the uncracked skin
underneath the patch and along the line y = 0, resulting from stage I analysis, is plotted
and compared with the FE solution in Figure 4.12. Stage I analysis is carried out using
the method outlined in Section 4.2.4. FE results are obtained by using the commercial
MSC/NASTRAN code (2001). The skin is modeled as a single layer of solid elements
while the patch is modeled as six layers of solid elements, one for each ply. All elements
are eight-node isoparametric solid elements. In the FE model, all nodes at the bottom
of the skin surface are restrained from the out-of-plane displacement. The adhesive is
modeled as one layer of anisotropic solids with very small extensional moduli. Stresses
from FE analysis are those reported at the centroids of the solid elements and therefore
are thickness-average stresses. From Figure 4.12, it appears that the analytical result is
in general lower than the FE prediction, except near the edge of the patch, and they are
in good agreement.

The crack-tip stress intensity factors are evaluated in stage II analysis using the method
presented in Section 4.3. Their values are reported in Table 4.3 along with FE results.
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Fig. 4.12. Thermally induced skin stress o, underneath the patch and along the line y = 0 for an
uncracked patched skin subjected to a uniform temperature change of —75°C.
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Table 4.3. The stress intensity factors for a cracked skin repaired with an octagonal patch and
being subjected to a uniform temperature change of —75°C.

Half crack length, a (mm) Analytical, K; (MPay/m) FE, K; (MPay/m)
1.27 3.740 4.304
2.54 3.796 4.298
3.81 3.807 4.214
5.08 3.772 4.024

Typical telescopic grids used in the theoretical analysis are given in Figure 4.13. FE
results are again obtained by using MSC/NASTRAN code (2001) with the crack actually
being modeled. The skin, patch, and adhesive are modeled in a similar manner as for
the case without a crack, but with a much finer mesh around the crack. A special 3-D
crack-tip element is used in the MSC/NASTRAN analysis to compute the stress intensity
factor. This crack-tip element is based on the hybrid assumed stress approach and is
compatible with the regular displacement-based elements. Since the skin is modeled
as a single layer of solid elements, the stress intensity factor obtained from the FE
analysis is the mid-plane value. From Table 4.3, results from the two methods are in
good agreement within 13%. However, the analytical results show a different trend
when compared with the one predicted by the FE method. According to Duong and Yu
(2002a), several factors might attribute to such discrepancy. First, the analytical method
underestimates both the thermal stresses and their gradients in an uncracked skin (see
Figure 4.12). Secondly, as shown in Section 3.3.4, the stress intensity factor for a patched
cracked sheet with a uniform pressure acting on the crack surfaces will be nearly constant

Fig. 4.13. Typical telescopic grids used in stage II analysis for evaluating the stress intensity
factor.



Mathematical Theory of Supported Crack Patching 137

and thus independent of the crack length when the crack exceeds a critical length A,
provided that there is no edge boundary effect. Using Equation (3.27) for A together with
appropriate material properties of the present skin, patch, and adhesive, this critical crack
length is computed to be about 2.5 mm. Since all crack lengths considered in the present
analyses exceed that critical length, the stress intensity factors are therefore expected to
be nearly constant and probably (based on intuition) slightly higher for a longer crack in
the uniform thermal stress field. This is what we observe from Table 4.3 for the crack
length ratio a/A < 0.4. However, since the thermal stress field is a decreasing function
of the x-coordinate which is more pronounced for x/A > 0.4, K; may decrease with an
increase in crack length for a/A > 0.4. Furthermore, since quite different meshes have
been employed for different crack lengths in the FE analyses, this variation of meshes
will definitely contribute partially to the mentioned discrepancy. For reference, the skin
stress near the patch edge at x = 0 (point B of Figure 4.11) is found to be compressive
with a value equal to —35.2 MPa from both analytical and FE methods.

To assess the effect of these thermal stresses on crack patching efficiency, the second
example problem is reanalyzed for the case of far-field-mechanical loading only. The
far-field stress is assumed to be 103.4 MPa, a typical fatigue stress range in transport
aircraft fuselage. The stress in the uncracked skin along the line y = 0, resulting from
stage I analysis, is plotted in Figure 4.14 for comparison with that from the case of
thermal loading only. Figure 4.14 also includes parallel results from the FE method. The
skin stress near the patch edge at point B is found to be tensile and close to 131 MPa
from both methods. The crack-tip stress intensity factors for the latter loading case are
reported in Table 4.4. From Tables 4.3 and 4.4, it appears that (a) analytical prediction
for the mechanical loading case is more accurate than the former thermal loading, and
(b) the thermal effect on the stress intensity factor can be very significant. For the same
repair configuration, the thermal stress intensity factor can be more than 65% of that
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Fig. 4.14. Skin stress o,, underneath the patch and along the line y = 0 for an uncracked patched
skin subjected to a far-field stress of 103.4 MPa.
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Table 4.4. The stress intensity factors for a cracked skin repaired with an octagonal patch and
being subjected to a far-field stress of 103.4 MPa.

Half crack length, a (mm) Analytical, K; (MPay/m) FE, K; (MPa/m)
1.27 4.973 5.154
2.54 5.211 5.260
3.81 5.522 5.403
5.08 5.952 5.655

resulting from the fatigue load. Thus, the effect of thermal stresses is to increase the
crack-tip stress intensity factor while reducing the load attraction.

4.5 Thermal Constraints

In Section 4.2.4, for simplicity, the residual thermal stresses associated with curing of the
adhesive have been obtained approximately by assuming that the skin is infinite and the
steady state temperature distribution is a step function. However, in practice, structures
to be reinforced may be finite in size or constrained by the surrounding structure. In
addition, in reality the steady state temperature distribution is not represented by a
step function. A method to quantify the effects of the structure’s finite size and of the
realistic temperature distribution on the thermal stresses is therefore given in this section,
following the work of Wang et al. (2000).

Consider the configuration shown in Figure 4.15, in which an isotropic skin plate is
reinforced by a circular patch of radius R;. The coordinate system x,—X, is chosen so

Fig. 4.15. Geometry of an infinite plate reinforced with a circular composite patch (Wang
et al., 2000).
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that the principal axes of the orthotropic patch are aligned and parallel to the x,, x,
axes. During the first step of bonding, suppose that the inner portion (r < R;) is heated
to a temperature T; during the curing process, while the outer portion (r > R,) is heated
to T,, with the usual convention that the ambient temperature is taken as the zero of
temperature. The temperature field satisfies the Laplacian equation:

VT =0 (4.89)
which has the following solution:
T; r<R;
TH(r) = { T, + (T, — T,) il Ry <r<R, (4.90)
T, R, <r

where the superscript H denotes the temperature change corresponding to the first step:
heating. A schematic of the temperature distribution is shown in Figure 4.16. Due to
this non-uniform temperature distribution, thermal stresses (equal biaxial) develop in the
skin, which can be readily derived (Timoshenko and Goodier, 1970):

1
o = & E (T~ T)8; (4.91)
where o and E, denote the thermal expansion coefficient and Young’s modulus of the
skin. Since T; — T, > O during heating, the above thermal initial stress is compressive, as
expected. It should be noted that this thermal stress arises only in the case of localized
heating of a large structure; for the case of a finite size specimen being uniformly heated
to T;, no thermal stress will develop. This stress distribution serves as the initial stress
that will be added to the thermal stress induced by cooling the patched region down to
the ambient temperature. On the other hand, it will be assumed that there is no shear
stress in the adhesive layer during curing, so that the reinforcing patch expands freely
without developing any stresses.
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Fig. 4.16. Temperature distribution during heating and cooling (Wang et al., 2000).
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After the adhesive is fully cured, the patched skin is cooled down to the ambient
temperature. Thus, in the second step of adhesive bonding, the temperature change
over the entire patched skin is subjected to the following temperature field, referring to
Figure 4.16:

TC(r) = ~T"(r) (4.92)

where the superscript C denotes the temperature change corresponding to the second
step: cooling. Now the problem is to determine the thermal stress a';(C) on cooling
to ambient temperature after curing. The final stress in the skin plate is thus equal to
oy =0+ (4.93)
During this cooling process, it is assumed that the adhesive bond between the composite
patch and the metal skin is absolutely rigid, so that the same strain-state prevails in both
the patch and the skin directly beneath the patch. To quantify the finite size effect, Wang
et al. used the model shown in Figure 4.17 to estimate thermal stresses in the skin and
patch for various degree of constraints. The model shown in Figure 4.17 is an uncracked
circular skin plate of radius R, reinforced with a concentric patch of radius R;. The
outer edge r = R, is constrained by a continuous distribution of springs according to the
following relation:
o,(r=R,)=—k,Eu(r=R,) (4.94)

S§TSTT

For an infinite plate, k, must set to

(4.95)

ko= ———
) (]‘+VS)R0

Fig. 4.17. Spring representation for simulating finite size effect (Wang et al., 2000).
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On the other hand, the cases of free edge and a clamped edge at r = R, correspond to
setting k, = 0 and k; — oo, respectively. To determine the thermal stresses developed in
the patch and skin, the patched region is first cut out from the plate, and then surface
tractions of equal magnitude but opposite in sign are applied, respectively, around the
outer edge of the cut region and the hole of the skin plate. The unknown tractions are
determined by closing the “gap” between the patch and the hole; in doing so, continuity
in both the tractions and the displacement across the imaginary cut has to be satisfied
simultaneously. Using that approach, Wang et al. (2000) derived explicitly the following
stress results for the skin and patch during the cooling step:

s(C) I
o | sy )en taT;
Io_s(C)} - [C ] {ng +0‘5Ti} (4.96)
p(C) I p
on | _yrprer len o T,
:O.P(C)} =[C7] {8122 +ab,T, (4.97)
where

{ii;} =[cT" {2} + {ﬁ;} (=T) (4.98)

1 t P
J L S Voul Il Foud R el SESNH Foll Il Ford R Bt 4.99
{a122} [Tl ]{as}+t5[ Ienioy (4.99)
(alll_bT)dﬂ_(“Izz_bT)dlz T
I8 _ diydy—d%, i (4.100)
L, (C’Izz_bT)dll—(aI“—bT)dZI T .
dydy—di, i
po—_axr [T, R (1-RY/R)(1-T,/T) o
Ul aR/R\T R 21n(R;/R,) :
1—(1+v)kR
S Sl et Y 4102
X X (= w)k.R, (4.102)
Loy
d,, = — +—
11 E{] + E,
VI 'yT
do=dn=-p = (4.103)
1 T
dy = +7_1
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T _ GB—rv)nr+(1+v)A;

4.104
Y1 ) ( )
T (3_Vs)nT_(l+Vs))\T
YZ - 2
3—v,+(7+3v) RY/R3+ (1 —3v,) R} /Ri+ (1 +v) RY/R}
= 0 O (4.105)
(=) (1-R}/R})
1 1—v)R?/R?
o= +VS+XT( Vs) z/ 0 (4106)

(1+v,) (1—xcR}/R?)

[C*],[CP], and [C"] are defined by Equations (4.31), and (4.32) of Section 4.2.3 and
choosing #, = 1,; [C']™" is the inverse of [C']; E!,, EL,, ., can be found from the
following relation:

1 vl

# E

l[l 11

Vy 1 _ 171
BT P I P (4.107)
Ey, Exn X

0 0 —

GlZ

The results given by Equations (4.96)—(4.106) are not exact as pointed out by Wang
et al. (2000), since the stresses in the patch and in the skin underneath the patch assume
to be uniform in the derivation. In general, due to the finite size of the plate, these
stresses are not constant. However, the error arising from this assumption will be small
provided that the outer radius is reasonably greater than the inner radius. As a matter of
fact, for R, / R, = 3, this error is anticipated to be less than 1%.

It is interesting to note that when the patch is isotropic, the thermal residual stresses
s(C) s(C) . . . . .
oy, and o,, ’ are given by the following simple expression, assuming that the thermal
expansion coefficient, the Poisson’s ratio, and the modulus of the patch are a,, Vp, and
E,, respectively:
s(C) s(C) ©) (1 _Vs)(l _bT/as)+(1 _ap/as)(l—i_vs)SAT
oy =0y =0, =k

7. 4.108
B T U At A=)+ (L= )sh, (H108)

When the skin is also infinite, i.e., k, = 1/(1 4+ v,)R,, and T, = 0, Equation (4.108) is
reduced to

l—v,+(1—a,/a)(1+v)S
o9 = a ET,—2 (1= )(2 ) (4.109)
2(1—=v)+(1=v2)S
Epty

where S is the patch stiffness ratio, i.e., S = e
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The total thermal stress from heating and cooling phases of the curing cycle for this
particular case of infinite skin and isotropic patch is finally given by

_ ES(+4w) Ca (14w
%= 2(1-v,)+(1-12)S |:ap 2_:|Ti (4.110)

for the skin under patch.

To validate the present theory and to examine the accuracy of the solution for finite size
plate, a detailed FE analysis is carried out for both an isotropic patch and an orthotropic
patch, simulating a cross-ply laminate composite patch. The properties and dimensions
of the isotropic patch and the orthotropic patch are summarized in Tables 4.5 and 4.6,
respectively. The ratios of the outer radius to inner radius, R,/R;, will be varied to
investigate the size effect. Comparisons of the stresses in the skin plate as obtained
using the FE method and the analytical solutions are shown in Figure 4.18 and 4.19.
It is seen that the closed-form solution is in very good agreement with the FE results.
More importantly the solution based on an equivalent isotropic reinforcement, which
takes the major properties of the orthotropic reinforcement, provides a reasonably good
correlation with the FE results. Thus, for an orthotropic patch, the maximum thermal
residual stress in skin is well approximated by the solution for isotropic patch, which
takes the major properties of the orthotropic patch.

It remains now to show how the curing model developed in Section 4.2.4 using a
simplified (step) temperature distribution compares with the present results. A cursory
example taken out from the paper by Duong and Yu (2002a) is, therefore, presented
here. The thermal residual stresses are obtained and compared for one specific repair
configuration using the simple curing model outlined in Section 4.2.4 and the present
model. In these analyses, the patch is assumed to be circular and isotropic. The radius
of the patch is 12.7 cm. The patch and skin properties are given below.

Table 4.5. Properties and dimensions of isotropic patch used in thermal stress analyses for a
comparison between Wang and Rose’s closed-form and FE solutions.

Material Young’s modulus Poisson’s Thickness Thermal
(GPa) ratio (mm) coefficient

Skin 71 0.3 1.0 23 x107°

Patch 156 0.3 0.5 6.24 x 1076

Table 4.6. Properties and dimensions of orthotropic patch used in thermal stress analyses for a
comparison between Wang and Rose’s closed-form and FE solutions.

Material Young’s modulus Poisson’s Thickness Thermal
(GPa) ratio (mm) coefficient

Skin 71 0.3 3.0 23x107°

Patch E, =156 v, = 0.1097 1.5 a; =624x107°

E, =297 vy, =0.5762 a, = 16.96 x 107
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Fig. 4.18. Thermal residual stress resulting from cooling a circular isotropic patch over a concentric
plate with outer edge being clamped.
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Fig. 4.19. Thermal residual stress resulting from cooling a circular orthotropic patch over a
concentric plate with outer edge being clamped.

Skin: Aluminum
E,=72.4GPa, v,=0.33, a, =22.5w per °C, t,=1.6mm.

Patch: Boron/Epoxy
EP =193.6GPa, v, = 0.21, = 0.79 mm, a, = 4.3 w per °C

Temperature change: AT = —75°C.
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Table 4.7. A comparison of y-component thermal stresses between Wang and Rose’s and Duong
and Yu’s curing models for a circular isotropic patch.

Ry/R; Wang and Rose’s model Duong and Yu’s model

o, (MPa) o, (MPa) o, (MPa) o, (MPa)
3 48.8 —140.5 - -
4 46.4 —136.7 - -
7 43.6 —131.1 - -
Infinite plate 36.8 —111.8 36.8 —111.8

In order to use the curing model developed in Section 4.2.4, the shape of the heated
region, but not its size, must be specified, since thermal stresses are only affected by
shape of the heated region provided that this region is large enough to fully cover the
patch. The heated region is thus specified to be circular as well.

To quantify the size effect, analyses using the present curing model are performed for
different R, with a free edge condition as well as for the case of an infinite plate. Results
from these analyses are then compared with the result from the simple curing model in
Table 4.7 for T, — T, = —75°C. From Table 4.7, it is clear that the previous model agree
very well with the present model for an infinite plate.

It should be emphasized that while the previous curing model accounts for the effect
of the patch shape, it does not account for the realistic temperature distribution and the
structure finite size effect. Vice versa, the present model accounts for these latter effects
but not the effect of the patch shape. However, through this cursory example, since two
models give the same result for an infinite plate reinforced with a circular patch, one can
improve the previous curing model via an engineering approach by introducing a “finite
size” correction factor which is determined by performing the thermal stress analysis
using the present curing model for a circular patch twice for a finite and infinite skin
and computing the ratio of these two results.

4.6 Summary

This chapter presents an analytical method for analyzing a bonded repair with a polygon-
shaped patch using Rose’s two-stage analysis procedure. Different methods are employed
for different stages of the analysis. The equivalent inclusion method by Eshelby combin-
ing with the computational algorithm for a polygonal inclusion are used for the stage I
analysis. On the other hand, the stage II fracture analysis employs the displacement com-
patibility method. These methods are robust and versatile. In general, accurate results
can be obtained from the developed analytical method without recourse to the FE method
where it requires a substantial effort of modeling or meshing.



CHAPTER 5

Approximate Theory of Unsupported One-Sided
Crack Patching

5.1 Introduction

In Chapter 4, the mathematical theory of either two-sided crack patching or supported
one-sided patching was presented. When the structure is bonded symmetrically with
one patch on each side, there is no secondary bending. Since most often only one
face of a structure to be repaired is accessible and sometimes only one side of the
structure is allowed to be patched for other reasons, one-sided repairs are often adopted
in practical applications. In this case, if the structure is well supported against out-of-
plane deflection, for example, by stiffeners attached to one side of the structure, then
the analytical methods developed in Chapter 4 still can be used to assess the structural
integrity of these one-sided repairs. Otherwise, new analytical models must be developed
to address the effect of out-of-plane deflection associated with one-sided patching, and
they will be presented in this chapter.

A two-stage analysis method similar to that considered in Chapter 4 will be employed
in this chapter for solving a one-sided repair subjected to remote stresses and to a
temperature excursion. In the first stage, a problem of an uncracked structure rigidly
bonded with a patch is solved, as before. The stress distribution along the prospective
crack path is determined. Due to the out-of-plane deflection, at any point in the plate, the
stress varies through the plate thickness, resulting in membrane and bending components.
In stage II, the problem of a crack pressurized by a combination of membrane force
and bending moment is solved using a crack bridging model. In a geometrically linear
analysis of a one-sided repair, both stage I and stage II will be performed within
a geometrically linear analysis, and the mentioned two-stage procedure is merely a
demonstration of the linear superposition method. On the other hand, in a geometrically
nonlinear analysis of a repair, for simplicity, stage I will be solved within the framework
of geometrically nonlinear elasticity while in stage II it is assumed the repaired region
deforms geometrically linearly. This method is referred by Wang and Rose (1999) as the
hybrid method. Wang and Rose (1999) had shown that the hybrid method will provide

146
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reasonable results for the stress intensity factors when compared with those obtained
from the full geometrically nonlinear FE analysis.

Before proceeding to the analyses of one-sided crack patching, the reader is reminded
of the notations used in this chapter. As in Chapter 4 and throughout this book, within
a topic of the equivalent inclusion method, Cj,, denotes the moduli of the inhomo-
geneity and therefore of the inhomogeneous (patching) region (0 while (Tilj and s}j
indicate the stress and strain fields in the inhomogeneity problem, respectively, and
they describe stresses and strains of points both inside and outside (). In contrast, the
superscript I when it is used within the context of a one-dimensional analysis will
always denote the overlap or the patching region. Thus, within the context of a 1-D
analysis, O'ilj and sﬁj will indicate the stress and the strain solutions in the overlap,
respectively.

5.2 Stage I: Geometrically Linear Analysis

As in Chapter 4, stage I will be solved in this section by using the equivalent inclusion
method. However, as shown later in Section 5.2.2, that method when extended to the
problem of a bending plate will require a solution of an inclusion with a constant
eigencurvature. The eigencurvature is defined here as the initial, thermal, or inelastic
curvature which is prescribed in a finite subdomain €} of an infinite plate and vanishes
outside (), in the same spirit as the eigenstrain discussed in Chapter 4.

5.2.1 Inclusion with constant eigencurvature

Closed-form solution for an inclusion problem with a constant eigencurvature is pre-
sented in this section. While most existing works on inclusion problems are concerned
with a plane or three-dimensional solid containing eigenstrains, only few deal with a
plate containing eigencurvatures. Beom (1998) was the first one to derive the solu-
tion for the elastic fields in a plate containing an elliptical inclusion with a uniform
eigencurvature. Beom’s approach (1998) was later extended by Duong and Yu (2003a)
to include analyses of polygonal inclusions. In Duong and Yu’s approach, the curva-
ture and the resultant moment are obtained by performing the integrations according to
the algorithmic solution procedure given in Chapter 4 for a 2-D planar inclusion with
eigenstrains.

(a) Polygonal inclusion

Consider a deformation of an infinite isotropic plate with moduli C};, and thickness of 7,
containing a polygonal subregion () in which a uniform eigencurvature «j; is prescribed.
Following Beom (1998), the curvature k;;(x) and the eigencurvature k;; are related by
an Eshelby-type tensor K, such that

Kij(x) = Kijkl(x) Ky (5.1)
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where
*w
Kij (x) = _ax,.axj
(i, j, k, I=1, 2) (5.2)
Kijkl(x) = /Mkl(x',x)dx'
Q

2ij

(o =) () —xz)}

o i
1,630 = = [ ) np 8+ (1) B2

(5.3)

2 2
p=Ix x| = /() =3+ (5~ x,)
where w is the transverse displacement, dx’ = dx| - dx}, 8,‘.,- is the Kronecker delta, v, is
the Poisson’s ratio, and the subscript comma denotes a partial differentiation with respect

to the in-plane coordinates x, and x,.

Introducing integrals H and ﬁlk, defined, respectively, by

H(x) = / (In p)dx|dx)

Q
(5.4)
. (G —x) (K —x) .,
H,(x) 2/ %dxldxz
Q
then K,;,(x) in the second equation of (5.2) can be rewritten as
1 A N
K (x) = i [(1 +v) H ;6 + (1 —vy) Hkl,ij] (5.5)

An algorithm to evaluate K, as prescribed by Equation (5.5) for an arbitrarily polygonal
region will be outlined in the next part of this section. Once K, and k;; are determined,
respectively, from Equations (5.5) and (5.1), the resultant moment is then computed
from the curvature similar to the case of eigenstrain as

M. — {D?jkz (Kkz _K:l) inside ) (56)

ij s :
Dl K outside 2

[S
where D}, is the bending stiffness tensor, i.e., Dj;, = [ C5j(x3 — hy)* dx; and hy is the
0

x;-coordinate of the reference plane of the skin plate.
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Solution algorithm for Polygonal inclusion K, is evaluated by using the computational
algorithm given in part (b) of Section 4.2.2. This algorithm will be briefly summarized
here. The reader should refer to Section 4.2.2(b) for more details. This algorithm is
implemented in three stages. First, the inclusion domain () is decomposed into a set of
triangular elements in such a way that x, the point where the solution is evaluated is a
common vertex of all the elements (see Figure 4.3). Second, H (x), IEIH(X), and thus K,
are calculated for each element in its element coordinate system and the components
of K;;, transformed to global coordinates. Third, K, is assembled from the elemental
contributions. The elemental tensor K,;, will be derived here for a simplex in its element
coordinate system.

Referring to Figure 4.3 of Chapter 4, the element coordinate system can be described
as follows. It has the origin at x, basis vector (n, t), and the corresponding coordinates
(1, {). In these coordinates, the positions of vertices are represented by the pairs (b, ¢™)
and (b, ¢7). For a convex polygon, b is positive when x is an interior point of )
and becomes negative for otherwise. For a simplex with one of the vertices defined by
(b, ¢), H(x) and H,,(x) in Equation (5.4) can be rewritten as

b cn/b

I:I(x):%/ / In (7° 4+ ¢%)d¢ dn

b cn/b §2
Hy(x) = d¢d
gg() O/O/ T+ {dn
(5.7)
b cn/b g
7 _ _ n
H(n(x) _Hnl(x) _/ / n2+§2d§dn
0 0
b cn/b 7’2
i, (x) =/ / o pdean
00
which, upon integration, will yield the following results:
. b
(b0 =3 [3¢—2btan™" (7)—cm(e+ )]
. b re (€
H;g(b, C) = ? I:E —tan ! (E)]
(5.8)
2 b? 2, 2 2
H,, (b, c) = H, (b, c) = T [ln (b +c )—lnb ]
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To obtain the tensor K, in the global coordinate system, H and I:Ik, must be differen-
tiated with respect to x as indicated in (5.5). However, as mentioned in Section 4.2.3, it
is more convenient to obtain K;;, in the element coordinate system since (i) b = b(x),
¢ = ¢(x) and (ii) in the latter coordinates % = 2—2 =—1and % = ﬁ—; =0. It can be shown

that K, in the element coordinate system, i.e., K, 1> 18 represented by a 3 x 3 matrix as

1

> 1 A (2_1/5) . A (l_vs) . A
Knmmzﬂr 2a—Tsm2a+Tsm4a

_ 1 1-2 1—

Komee = yp |:2VS&+ % sin2a — ( 8VS) sin4&:|

Kot = % [5—6cos2& + cos4a —4log (sec’ &)]

1 AT A
Ky = oo [2v,— (1 — ) cos2a]sin2a

_ 1 N
Ky = Tom [2+ (1 —v,)cos2&]sin2a (5.9

— 1 . R
K = e [(1—7v,)cos® acos2&]

K [3 (v,— 1) +4cos2a — (1 —»,)cosda+2 (1 +v,)log (sec’ &)]

1
nimm — 30

1 . N .
K= o [(1—v,) +4v,cos2a+ (1 —v,) cosda+2 (14 v,) log (sec” &) ]

1 I A
Ko = ype [(1 —v,) cos & sin’ a]

& =tan™! (%)

Similar to the strain solution derived in Chapter 4 for a “planar” inclusion with a uniform
eigenstrain, the present curvature solution has a logarithmic singularity near the vertex
and it is not constant inside subregion (). This vertex singularity can be addressed in a
similar manner as in Section 4.2.2. By assigning the subscripts 1 and 2 to the edges that
form the vertex (see Figure 4.4) and denoting lengths of these edges by ¢, and ¢,, from
Figure 4.4, the following relations hold for a point x close to the vertex:

by=rsinf*, ¢ =rcosf*, ¢ =—L +rcospt~—¢
(5.10)
by,=rsinf*,, ¢ =6 —rcosB*,x~4{,, ¢, =—rcosp,

where r is the distance from x to the vertex and it approaches 0. By evaluating K, at x
(via Equation 5.9) using the results given by Equation (5.10) for b and ¢, and discarding
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all non-singular terms, K
form:

;ju in matrix form, ie., K, takes the following asymptotic

'
Kk—(Ml—M2>ln— (5.11)
167 r

where £ is a representative edge length, tensors Ml and 1\7[2 are represented by the same
matrix in the basis (n;, t;) and (n,, t,), and that matrix is defined by

. 0 0 2(1—-w)
M=| 0 0 0 (5.12)
I+v, 14y, 0

(b) Elliptical inclusion

For an elliptical inclusion, H(x) and ﬁkl(x) for x € ) can be evaluated from
Equation (5.4) explicitly as

N 1
H(x)=-H}x;x;

2 ity
| (5.13)
I:Ikl (x) = Eleklijxixj
where
H;kz = Hz*l =0
a,
H =2
1 7Tal —|—a2 (5.14)
H = 2m
=27
2 4+
2
* * a
Hy\, =—Hy, = Zwm
ai
Hy = —Hjpy, =27 (a, +a_2)2 (5.15)
aa,
H,., =2
e (a +a2)2
It then follows from Equation (5.5) that
1 * *
K= ypm [(14+v) H:8,,+ (1 —v) H},)| xeQ (5.16)

The formula for exterior points of the inclusion is different from Equation (5.16), and it
is much more involved. The reader who is interested in that formula should refer to the
work by Beom (1998).
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(c) Illustrative examples

Numerical examples of the curvature given by Equation (5.1) are shown in this section.
The curvatures k;; are computed for a family of regular polygons inscribed into a unit
circle centered at the origin O of the coordinate system as shown in Figure 5.1. The
Poisson’s ratio of the plate is assumed to be 0.3 throughout the computation. The vertices
of the polygon in polar coordinates are prescribed by

k—1
r,=1 and 0k=27r( » ); k=1,2,...,p

where p is the number of sides of the polygon. Computational results of «,, and k,, along
the x,-axis for k;; = (1, 0, 0) and for various values of p are plotted in Figures 5.2(a)
and Figure 5.2(b), respectively. It should be noted that k,, are equal to O in this case. The
result from part (b) for a circular inclusion is also included in the figure for comparison.
Similarly, the results of k,, along the x,-axis for }; = (0, 0, 1) are plotted in Figure 5.3
while «,, and k,, are determined to be zero. In Figures 5.2 and 5.3, k,;, k,,, and Kk,
are evaluated along the x,-axis using 20 points at equal spaces over the half polygonal
domain and these points correspond to those chosen on the plots. From Figures 5.2
and 5.3, the curvature distributions are not uniform inside the inclusion but approach to
the circular inclusion solutions with the increasing number of sides.

5.2.2 Geometrically linear analysis of polygonal patch

Consider an infinite, elastic, isotropic (skin) plate containing an orthotropic patch with
a polygonal shape ) (Figure 5.4). For simplicity, the patch is assumed to be orthotropic
and rigidly bonded to the infinite plate. The bonded plate is subjected to a uniform
temperature change AT and remote applied stresses o,;;. The thermal effect associated
with curing, where structural constraint from the surrounding still cool structure must be
accounted for, will be discussed separately in Section 5.5. The just stated problem then
will be solved within the framework of geometrically linear analysis using the equivalent
inclusion method. Since the patch is rigidly bonded to the plate, the reinforced region of

Fig. 5.1. Regular polygon-shaped inclusions.
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Fig. 5.2. Curvatures k,; and k,, in regular polygon-shaped inclusion along the x,-axis for an
eigencurvature k; = (1,0, 0): (a) k;;; (b) Kx.

the plate is treated as an inhomogeneity. The constitutive relation of the inhomogeneity
problem is given by

1

A5 Bl outside Q

I _ {A%jklé}cl + B%jkl"}d —N'" inside O
1l

(5.17)

ij
ij

1 =1 1 @ .
1 _ B8+ Dijyky —M;; inside Q)
D?jle}cl outside Q
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Fig. 5.3. Curvatures k,, in regular polygon-shaped inclusion along the x,-axis for an eigencurva-
ture x3; = (0,0, 1).
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Fig. 5.4. Geometry of a repaired plate.

where A, By, and D,y are the extensional, coupling, and bending stiffness tensors,
respectively; N;; and M;; are the stress and moment resultants; &; and «;; are the
in-plane strain tensors measured at some reference plane and curvature, respectively.
The superscripts I and s that appear in a quantity denote the inhomogeneity and the
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isotropic skin plate, respectively. A,;;, By Dijgs N

;> and M,; in Equation (5.17), are
defined by (Jones, 1975):

t t t
Aijkl 2_/0 Cijkldx3; Bijkl 2/0 Cijkl(x3_ho)dx3§ Dijkl 2/0 Cijkl(x3_h0)2dx3

t ' (5.18)
Nij :/0 CijklgkldXS; Mij :/o Cijklgkl (x5 = hy) dx,

where C;;, and ¢ are the elasticity tensor and thickness, respectively, and h, is the
x5-coordinate of the reference plane. In particular, for the inhomogeneity,

ty+t,
l/kl / Cl/kldx'i +f Ctjkldx'i
l/kl = / Cljkl (x3 = hy) dxs +/ C,ijz (3 — hy) dx; (5.19)

l/kl —/ Gl (x3— hy)* dx, +/ Chi (x5 — hy)’ dx;

In Equation (5.19), the subscript or superscript p signifies the patch. For convenience, the
reference plane is chosen to be at the mid-plane of the skin in the evaluation of B, ;;, D,
in-plane strains, and moment resultants of the skin and also of the inhomogeneity. It
was shown in Section 4.2.4 of Chapter 4 that the problem of a bonded plate subjected
to uniform cooling can be formulated as an initial strain problem in which the patch is
prescribed with an initial strain given by

el = Aq,;- AT (5.20)

where Aa;; — a0, a; J, a, are the thermal expansion coefficient tensors; J;;
the Kronecker delta and the superscript p again signifies the patch. It then follows from
Jones (1975) and Duong and Yu (2003b) that N(T) and M( ) in Equation (5.17) are

given by

N1(1T) _ ( E} Aay, n V12E22A0‘22) AT -1,

1— Vll)z’/lz)l 1 VIIJZV2I
N2(2T) _ (VglElflpAC:)ll i E}Aa,, )AT .

L=,y 1—vp,v5, (5.21)
N3 =0

2 2
y (£, + 1, — ho)” = (1,— hy) N
ij 2-tp ij

where h, is defined earlier as the x;-coordinate of the reference plane, and it equals

to %5 in the present case. This inhomogeneity problem will be solved by the equivalent

inclusion method outlined in the next part of this section.
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(a) Equivalent inclusion method for a bending plate

In Chapter 4, the equivalent inclusion method by Eshelby was presented for a 2-D
elasticity. This method was extended to the problem of an inhomogeneous plate with
bending by Beom and Earmme (1999). In the extended form, the equivalent inclusion
method can be stated as follows: The stress, reference strain, and curvature fields
induced by the inhomogeneity-occupied region ) will be the same as those induced
by eigenstrain field &, and eigencurvature «j; prescribed over the same region () in
a homogeneous problem when &j; and «;; are selected appropriately (Figure 5.5). The
constitutive relations of the latter homogeneous (inclusion) problem are given by

w_ A (8}, —&y) for x inside Q (522)
Y AuEl for x outside Q)
i — | P (ki —k;) for x inside Q (5.23)
Y| Dkt f ide O ‘
k1Kl or x outside

In the above equations, the superscript H denotes a homogeneous problem, A}, and
D3, are previously defined. For a constant (or uniform) &j; and «j;, from Sections 4.2.2
and 5.2.1, the elastic solutions of the homogeneous problem can be expressed as

éf}(X) = Sijkl(x)g:Z + Exij
(5.24)
Kf{,(x) = Kijkl(X)Kzl

where S, and K,;, are Eshelby and Eshelby-type tensors for eigenstrain and eigencur-
vature, respectively. Algorithms for evaluating these tensors are detailed in Section 4.2.2

S
Coi

(a) (b)

Fig. 5.5. An illustration of the equivalent inclusion method: (a) an inhomogeneity problem; and
(b) an inclusion problem with a uniform eigenstrain €;; and a uniform eigencurvature «7;.
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for S;;, and in Section 5.2.1 for K. E;g and Kf} are in general not uniform inside ()
except for an elliptical region ). The equivalency condition between the inhomogeneity
and the homogeneous problem requires that the strain (measured at the reference plane),
curvature, stress, and moment resultant fields inside () of the two problems must be the
same, i.e.,

=1 __ =zH
sij —8”-
Kg/:":j
(5.25)
1 __ H
Ny =N
| H
M, =M}

Since ES and Kf} are in general not uniform inside () as mentioned above, the equiv-
alency condition given by Equation (5.25) can only be satisfied approximately when
€}; and «j; are approximated by a (unknown) constant tensor. By enforcing condition

I

(5.25) at point (0, 0), i.e., the origin of the coordinate system, and by substituting results
from Equations (5.17) and (5.22)—(5.24) into (5.25), one finally obtains the follow-
ing linear algebraic equations for the unknown &;; and «;; (without summation on the
subscript a):

AA 11 (81111 (0) €7, + 81122(0)€3,) + AA 1420 (S2211(0) €] + 52000 (0) £3,)
+ Anan1 €11 T Apann €2 + B}mll (K1111(0) K7} + K12,(0) k3,)

+ Bl oy (Kpy (0) K7y + Ky (0) k3,) = NSO + AA 0, 87 + AA 000855
(5.26)
Bfmn (S1111(0) &7, + S1122(0) &3,) + BL&ZZ (82211(0) &7} + Sy (0)£3,)

+AD 11 (K111 (0) K7 + K125(0) K3,) + AD g5 (K11 (0) K7, + K0 (0)K3,)

s s T I I .
+ D, KTI+D:IO(22K;2=ML(X(1/)+Baa“811+B L)

aall @a22
Eooij = Cisjizl Okl
1 s
AAijkl = Aijkl - Aijk[
(5.27)
ADijkI = Dl!jkl - D?jkl
fora=1,2
In deriving Equation (5.26), all in-plane shear components of the stress and moment

resultant have been assumed to be zero. This assumption is appropriate for the present
problem in the absence of the applied shear loads.
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Once sjfi and K;.*j are determined, the in-plane strain and curvature fields of the homo-
geneous problem can be calculated from Equations (5.24) while the stress and moment
resultants are evaluated using Equations (5.22) and (5.23), respectively. The strain, cur-
vature, stress and moment resultant fields of the inclusion problem are also those of the
inhomogeneity problem via the equivalency condition given by Equation (5.25). Similar
to those given in Chapter 4, the stress distribution in the skin and in the patch across
their thickness inside ) are finally given by
0-;/‘ = Cisjkl [é;cl + (x5 = hy) K}cl]

(5.28)
- T
0'5' = Cszkl [Siz - 8/&/)@ + (x5 — hy) K}d]

where from Equation (5.17) and noting N}, = N/} and M}, = M} with N{ and M]} given
respectively by (5.22) and (5.23), ' ' ' ' '

- 1 1 7! - % (T)

8%_/' _ Aijkl Bijkl Ailmn 0 SnH/m - smn + Nkl (5 29)

K%j N Bll'jkl Dtl'jkl 0 Dlsclmn KZI‘[ - K:;m Mk(’lr) ’
while the stress distribution in the skin across its thickness outside () is equal to
Cl84 + (x5 — ho) i -

(b) Illustrative examples

To illustrate the analytical method presented in this section, the thermal stresses in a
bonded patched skin shown in Figure 5.6 are obtained and compared with the results
from the FE analyses. The bonded plate is subjected to uniform temperature change of
—75°C from a stress-free temperature. The material properties of the skin and the patch
are given below:

Ay
45° B
e
Y
| A
143mm) 27 8mm x
v

Fig. 5.6. Geometry of a bonded patched skin considered for thermal stresses.



Approximate Theory of Unsupported One-Sided Crack Patching 159

Skin plate: isotropic

E,=72.4GPa, v,=0.33, a, =22.5E-06 per°C.

Patch: orthotropic

E,=18.7GPa, E,=E, = 193.1GPa, »,, =0.21,

n =5.5GPa, a, =214E—06per°C, a,=a,=43E—06per°C

The thickness of the skin is kept constant at 1.6 mm while the thickness of the patch
varies from four to eight plies with the thickness per ply equal to 0.132 mm. Since
the thermal stresses in the patch are compressive and they will be negated under a
far-field-tensile stress, we therefore concentrate our effort to the skin’s thermal stresses.

The thermal stresses in the skin at the patch’s center in the x,-component are of special
interest since they are needed for fracture analysis using Wang and Rose’s crack-bridging
model These stresses are plotted in Figure 5.7 as a function of the patch stiffness ratio
Ep > along with FE results. Stresses near the top and the bottom surfaces of the skin are
presented in that figure to show the effect of the out-of-plane bending. FE results are
obtained by using MSC/NASTRAN code (2001). In the FE analysis, the skin is modeled
as three layers of solid elements while each ply of the patch is modeled individually as
one layer of solid elements. All elements are eight-node (linear) solid elements. From
Figure 5.7, it is found that the analytical results are in very good agreement with FE
predictions.

So far only one particular octagonal shape has been considered. Examples of patches of
rectangular shapes therefore will be presented next. In these examples, material properties
of the skin and the patch will be the same as those given in the previous example. The
thickness of the skin is again kept constant at 1.6 mm. The thickness and width of the
patch are also kept constant at 0.66 and 25.4 mm, respectively. The uniform temperature
change is —75°C. As before, the thermal stresses in the skin at the patch’s center in the
x,-component are of interest and they are presented in Figure 5.8 for rectangular patches
with different patch length to patch width ratios (L,/W,). Corresponding 3-D FE results
are also shown there for comparison. From Figure 5.8, the same good agreement is
found between analytical predictions and FE results.

5.3 Geometrically Nonlinear Analysis of Stage 1

An infinite isotropic skin plate with a finite patch made of a different material will
develop thermal stresses during temperature excursions. When a plate is bonded unsym-
metrically with a patch on one of its two sides, the thermal load will induce both in-plane
deformations and the out-of-plane deflection in the plate. Moreover, the effect of large
deflection is found to be significant on the thermally induced stresses. These nonlinear
thermal stresses had been addressed by Duong and Yu (2003c¢) in a simplified approach
for a composite repair under a uniform low operating temperature and/or curing. Even
though their approach lacks the scientific rigor, it appears technically sound and provides
quite good estimates of thermal stresses in all specific example problems considered by
them. Their approach therefore will be reviewed in Section 5.3.1.
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Fig. 5.7. x,-component thermal stresses in the skin plate at the patch’s center for different patch
stiffness ratios E,#,/Et;: (a) near the top surface; and (b) near the bottom surface.

A patched plate subjected to a purely tensile load will also experience an out-of-plane
bending, even when the patch is made of the same material as the skin, mainly due
to the load path eccentricity. However, the mechanically induced deflection opposes
the thermally induced deflection mentioned earlier. As before, it is also necessarily to
determine the mechanically induced stresses within a large deflection theory. However,
analytical solutions for this mechanical problem have been limited to the analysis of
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Fig. 5.8. x,-component thermal stresses in the skin plate at the patch’s center for different patch
aspect ratios L,/W,: (a) near the top surface; and (b) near the bottom surface.

a patch that spans across the entire width of the plate. This analytical solution will be
extended in Section 5.3.2 to include the “initial stress” effect (Duong, 2004) for latter
use in the analysis of a repair under a combined thermo-mechanical loading.

An application of a tensile load will alleviate greatly the initial bending associated
with curing of the adhesive and low operating temperature. However, in contrast to
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a geometrically linear problem, the total stresses in a one-sided bonded repair under
combined thermo-mechanical loading would not be simply a sum of the nonlinear
thermal stresses associated with curing or low operating temperature and the nonlinear
mechanical stresses associated with the mechanical loading as if these stresses are
obtained separately. An approximated solution method proposed by Duong (2004) is
therefore introduced in Section 5.3.3 to address the effect of the combined thermo-
mechanical loading in a one-sided bonded repair. This solution method is based on an
engineering approach, which combines methods developed in Sections 5.3.1 and 5.3.2,
respectively, for a polygonal patch and for a patch spanning across the entire width of
the plate in a one-sided repair under purely thermal loads and purely mechanical loads.

5.3.1 Thermal stresses in polygonal patch

(a) Preliminary analysis

Consider a patch that spans across the entire width of the skin plate, so that the stresses
in the patch and the skin within the reinforced region are uniform along the skin’s width
as shown in Figure 5.9 and therefore they can be solved by a one-dimensional analysis.
The patch and skin are assumed to be fused together with no relative sliding at the

H
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Pt sl
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N22_N22_N°°22
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022

(@) (b) (©

Fig. 5.9. Plate reinforced with a patch spanning across the entire width’s plate: (a) plan view;
(b) side view; (c) free body diagram used to explain the effects of shifting the reference plane’s
position. Note that for the case of purely thermal loading, NI, = 0.
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interface. The whole patched skin is subjected to a uniform temperature excursion. This
problem will be solved exactly within a large deflection theory. In the absence of the
transverse load, the equilibrium equations based on the von Karman plate theory are
given by (Timoshenko and Woinowsky-Krieger, 1959)

Ny, =0 (5.30)

My, 5+ Nyyw 5, =0 (5.31)

where N,, and M,, are the stress and moment resultants, respectively, and the comma
indicates partial differentiation. It then follows from Equation (5.30) upon integration that

N,, = constant = C (5.32)

On the other hand, the kinematics and constitutive relations for a laminated plate are
given by (Sun and Chin, 1988)

_ = NL
£y = &+ &y + Ko (X3 — hp)

Ep=v, (5.33)

1
NL_ 1 o
€p = Ew,z

1
Ny =Ay (V,z + Ew,zz - azzAT) —Byw
(5.34)
1
M,, = By, (V,z + Ew,zz - azzAT> —Dypw,y,

where A,,, B,,, and D,, are extensional, coupling, and bending stiffnesses, respectively
(in Voight notation), defined previously by Equation (5.18); v and w are the longitudinal
and transverse displacements, respectively; «,, is the thermal expansion coefficient;
&)l is the nonlinear strain; A, is the x;-coordinate of the reference plane; and k», is the
curvature. As before, the reference plane is chosen to be at the mid-plane of the skin
plate, i.e., hy = ’—2“, for regions both inside and outside the overlap.

Applying Equations (5.31), (5.32), and (5.34) to the region outside the overlap (see
Figure 5.9) and enforcing the boundary condition at infinity, i.e., N, =0, yield

Ny, =0
(5.35)
Mi{z,zz =0
H s (n, 1w
N,, = A5, (v’z +owy — aSAT> =0
2 (5.36)

H __ S H
M, = —D>,w
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where the superscript H denotes the homogeneous skin region outside the overlap,
s indicates the skin, and B, of the skin plate outside the overlap is equal to zero
because the skin is a single layer of homogeneous material and thus symmetric with
respect to the reference plane, resulting in no stretching-bending coupling stiffness.
Substituting the second equation of (5.36) for M2} into the second equation of (5.35) gives

wgm =0 (5.37)

By integrating Equation (5.37) and enforcing the simply supported conditions at the
ends, i.e., M3 (I, ) =wh(l,) = VE(l,) =0, where V) is the transverse shear force
defined as V)i = d i) , the transverse displacement and curvature outside the overlap are
then found to be "

wht (x2) =C, (Io—x,)
(5.38)

Wgz (x) =0

where C, is an unknown constant which must be determined from the displacement,
slope, and traction continuity at end of the overlap. For latter use, the first equation of
(5.36) is also rewritten as

1
<vf§ + 5w‘;ﬂ) = a AT (5.39)

Similarly, the region inside the overlap also has N, = constant = 0 from consideration
of the force equilibrium. With that, applying Equations (5.31), (5.32), and (5.34) to the
region inside the overlap yields

N, =0
(5.40)
M%z,zz =0
I I 1
Ny, = Ay, V +2W2_0‘22AT 22W22—0
(5.41)

1
Méz = B£2 (V + 2W 2 - azzAT> - Dgzwfzz

where the superscript I indicates the inhomogeneous region inside the overlap. Equa-
tion (5.41) can also be rewritten as

1 B,
<v +2w12> A£2 why, + b, AT

(5.42)
BI 2
Méz = (A% - Déz) szz
2
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Substituting the second equation of (5.42) into the second equation of (5.40) gives:
W =0 (5.43)

Upon integrating Equation (5.43) and enforcing the symmetry conditions at the center
of the reinforced skin, one finally obtains

Wl (x,) = Cy — gx§ (5.44)

where C, and k are new constants yet to be determined. From this

sz (%) =—K-x,
(5.45)
why, (x,) = —k = constant

Thus, the constant k is the curvature of the patched skin inside the overlap, i.e., kb, = k.
Substituting Equation (5.45) into the first equation of (5.42) yields
BI 2
Vv () = ——Fk+ab,AT — K—x% (5.46)
’ A, 2
The fist two conditions for determining the three constants C,, C,, and k in (5.38) and
(5.44) are the displacement and slope continuity conditions at the end of the overlap, i.e.,

wh (e, — ) =w'(0)
(5.47)
wh (L =€) =w', ()

The third condition is derived from the continuity of the normal stress resultant of the
skin across the overlap interface, i.e.,

s < 1
Ny (£) = A3, - (vfz O+ w3 (0) - ogAT) = N3 (b —0) =0 (5.48)

where Nzlés) (2) is the stress resultant in the skin of the patch—skin combination at the end

of the overlap. N2I§s) in the above equation has been derived based on the condition that
the strains of the skin and of the patch—skin combination are the same in the overlap
and by using the first equation of (5.34) with B,, = 0. It is worthy to note that NZIS) 0)
is also equal to N),(£) since the patch is stress-free at the end of the overlap. It then
follows from Equation (5.48) that

2

L
v (0) = a, AT — 0 'S (5.49)

where the result w',(£) = —k{ from the first equation of (5.45) has been utilized in the
derivation. However, v',(£) can also be obtained by evaluating equation of (5.46) at
x, =4{ as

1 2

B ¢
v (0) = —A—?K+a;2AT—?K2 (5.50)
22
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Thus, the constant k can be determined from Equations (5.49) and (5.50) as
k=2 (a,— ) AT (5.51)

Once k is found, then C, and C, can be determined from the conditions given by
Equation (5.47). For future discussion, the average nonlinear strain inside the overlap,
i.e., —€ < x, < £ over the patch length, is also calculated to be

€1 1
[ EW% dx, / B (sz)z dx, 1
= L A, ~Lee (5.52)
2.4 2-¢ 6

since w', = —kx, by virtue of Equation (5.45).

In summary, under purely thermal loading, this preliminary analysis predicts that the
curvature of the patched skin is constant inside the overlap as indicated by Equation (5.45)
and equals zero outside the overlap via second equation of (5.38). Furthermore, since
the curvature of the plate is zero outside the overlap, the term Ny,w ,, associated with
the large transverse deflection in the moment equilibrium Equation (5.31) also equals
zero in that region.

For future discussion, it is also of interest to show an approximate geometrically nonlin-
ear solution for the above thermal stress problem of a patched skin in the presence of an
additionally small tensile load. When the patched skin is subjected additionally to the
remote tensile stress, i.e., N£22 > (, the curvatures of the patched skin inside and outside
the overlap are not necessarily constant and zero, respectively. However, if N2, is suffi-
ciently small, i.e., N:.}zz <« 1, the previous results for the curvature and for the nonlinear
term N,,w ,, of the case of purely thermal loading may still hold approximately for this
latter case. In particular, the curvature is still approximately constant and zero inside and
outside the overlap while the nonlinear term N,,w ,, can be assumed to be zero outside
the overlap. Furthermore, the average nonlinear strain inside the overlap over the patch
length is represented by the same equation as (5.52). In that case, the average moment
inside the overlap over the patch length is derived from Equation (5.31) as follows:

0!

1 H . _
My, 5, = Nk =0

NH L2
M, = —‘”22; % (5.53)
71 fff Méz 1 2 A7H
M, = 2'£ Zg’d Nexn

since Ny, = N;3 = NH,,, and w',, (x,) ~ —k via the second equation of (5.45).

In contrast, a geometrically linear analysis of the latter thermo-mechanical problem
will significantly over-predict the bending stresses inside the overlap. This is because
the geometrically linear analysis ignores the nonlinear term N,,w ,, in the moment
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equilibrium Equation (5.31) and the nonlinear strain term s?}L in the kinematics relation
(5.33). However, if in the geometrically linear analysis the reference plane of the overlap
is purportedly shifted from x; = hy = % t0 x3 = hy— ey, = 5 — ey, Where ey = tk{?
and « is the sought curvature, then the effect of the geometrically nonlinearity will
be accounted for approximately in average sense as explained later in the paragraph
below. In that case, the kinematics relation for regions inside and outside the overlap
are given by

&y =V, +Ky (x3_h0+eNL) I.X2| =t
(5.54)
€y =V, +Ky (x3 — hyg) x| > ¢

It is worthy to note that in a geometrically linear analysis, both inside and outside regions
of the overlap have the kinematics relations prescribed by the second equation of (5.54).

From Equation (5.54), it is clear that there is no explicitly nonlinear strain term 8?}"
in the kinematics relation (5.54) as that in (5.33). However, since the first equation of
(5.54) contains the extra term k,,ey; that is equal to "2622 (when compared to the linear
kinematics relation) and since the average over the patch length of the nonlinear strain
ES.L is also equal to % as given by Equation (5.52), the effect of the shift of the reference
plane’s position inside the overlap is to raise the linear strains there by an amount equal
to the average nonlinear strain predicted by the corresponding nonlinear analysis. In
addition, from Figure 5.9 (c), this positional shift of the reference plane will also induce

. —
a constant moment of N, ey = $k€2N%,, that in turn equals M, the average moment

over the patch length from the nonlinear analysis, since Mlzz = éKEZNOIjzz by the third
equation of (5.53). However, both the present geometrically linear analysis with the
mentioned shift of the reference plane’s position and the approximated geometrically
nonlinear analysis (for the thermo-mechanical loading case with a small tensile load
NY,,) described earlier before the preceding paragraph assume the nonlinear term Ny,w ,,
to be equal to O for the region outside the overlap. Thus, the modified geometrically
linear analysis in average sense seems to be equivalent to the approximate nonlinear
analysis. In other words, it appears that any geometrically nonlinear thermo-mechanical
problem can be solved approximately by the geometrically linear analysis but with the
appropriate shift of the reference plane’s position inside the overlap, providing that
the stress resultant remains small at every point in the patched skin. Even though this
“modified geometrically linear analysis” approach to the nonlinear problem may lack the
scientific rigor, however, it appears technically sound from the engineering viewpoint.
This simplified approach was used by Duong and Yu (2003c¢) in their analysis of thermal
stresses of a repaired plate with a polygonal patch, and it will be presented in the next
part of this section.

(b) Formulation for a polygonal patch

Consider an infinite isotropic skin plate bonded rigidly with a polygon-shaped patch €.
The patch is either isotropic or orthotropic with its material principal axes parallel to
the global coordinate axes. Let us also assume that the patch when it is orthotropic will
have a larger mismatch in the thermal expansion coefficient with the skin along the
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x,-direction. The patched skin assumes to be subjected to a uniform temperature change
AT as in Figure 5.4 but in the absence of the remote stresses. For simplicity, all shear
components are also assumed to be zero. Since the patch is rigidly bonded to a skin,
the patched region of the skin is treated as an inhomogeneity. An approximate solution
based on the engineering approach similar to that outlined in part (a) will be presented
here. However, the approach mentioned there will be extended to the 2-D analysis in
this part with details shown below, and its results will be compared later with the FE
solutions for a wide range of patch’s configurations in part (d).

In contrast to the results of patching across the entire width of the skin, the stress
resultants inside the skin reinforced with a polygonal patch due to a uniform temperature
change will not necessarily be equal to zero even without remote applied stresses.
It should be remembered that except at infinity only the average stress resultant across
the skin width is required to equal zero, and therefore the stress resultant may not
necessarily equal zero at every point in the patched skin. However, if these stress
resultants are assumed to be small, then the thermal stresses in the latter problem can be
solved approximately by a geometrically linear analysis with the reference plane of the
patched region being shifted purportedly from x; = hy =% to xy; = hy— ey, = 5 — ey
as mentioned in part (a) of this section. Thus, the considered patched skin is divided into
two regions; each will be modeled using different kinematics and constitutive relations.
The region outside the patch is a homogeneous infinite isotropic plate. On the other
hand, the inhomogeneous region is a finite asymmetric laminated plate that is composed
of two layers corresponding to the skin and the patch. The kinematics relations used to
describe the inhomogeneity and the homogeneous region are summarized below, which
are the 2-D generalization of Equation (5.54).

o &)+ (x5 —hy— ey ) k};  inside Q
Yo B (s — o) K outside Q) (555
s =L )
13 2 L] Jst
1
ent, = gKoﬁz
(5.56)
KI” . a2WI
Y dx;0x;

where Kk, is a representative curvature in the x, direction inside region (2, £ is the longest
half length of the polygonal patch measured from its center, sgj (or a}j as discussed
later) is the strain (or stress) field of the inhomogeneity problem that describes strain
(or stress) of both interior and exterior points of the inhomogeneous region (), and the
rest are previously defined. The above conjecture will then be tested for its validity for
a wide range of patch’s configurations. As shown later in part (d), the above conjecture
will yield sufficiently accurate results for stresses in the skin near the center of the patch
and thus at the prospective crack location in the bonded repair when these results are
compared with FE solutions.
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Once the kinematics relations are established, the constitutive relations can be derived
using the classical plate theory (Jones, 1975; Duong and Yu, 2003b) as
1 A}jk,é}d + Bf.jk,K}d — N,-_(/.T) inside )
Yo Al outside
(5.57)
ij
ij

D}y Kk outside

[zl 11 VRN
1 {Bijk18k1+Dijk1Kkl_M' inside (2

where A, ;5 Bijgs Dijus N[-(jT), M[-(jT), etc are defined previously by Equations (5.19) and
(5.21) in Section 5.2.2. Equation (5.57) seems to be exactly the same as Equation (5.17)
of Section 5.2.2 for a geometrically linear analysis. However, since the x;-position of
the reference plane of the inhomogeneity has been shifted down to (i, — ey, ) in the
present formulation, A, By, Ay MD, etc must be evaluated with respect to this

ij
new position of the reference plane.

(c) Solution method

In part (b), a problem of an infinite isotropic plate with a polygon-shaped patch under
uniform cooling was formulated as an inhomogeneity problem with the kinematics
and constitutive relations prescribed by Equations (5.55) and (5.57), respectively. This
inhomogeneity problem then will be solved by the equivalent inclusion method. When
en. in Equation (5.56) is prescribed as a known constant, the solution of the present
inhomogeneity problem can be obtained in an exact manner as in Section 5.2.2 since all
governing equations will be the same, providing that A}, By, Al Mi(jT), etc must
be evaluated with respect to the reference plane located at x; = hj — ey, . Like before in
Section 5.2.2, one first solves for &}; and «;; via Equation (5.27), and then calculates the
strain, curvature, stress and moment resultants from Equations (5.24), (5.22), and (5.23),
respectively. Similar to Equations (5.28) and (5.29), the stresses in the skin plate and in
the patch inside () are finally given by:

0':] = Cisjkl [5‘}([ + (x3 - ho + eNL) K}cl]
(5.58)
_ T
of = Cly [8}(1 — e P+ (x3— g +eny) K}cl]

_ -1 _ . T
32‘ _ A%jkl B}jkl Altmn 0 el —er N Nk(] ) (5.59)
ng B}jkl Dl!jkl 0 Dilmn Kl;[nn - K);m Mlg) )

So far ey has been assumed to be known a priori. However, in reality, ey, is also part
of the sought solutions since it depends on the x,-component of the curvature inside
Q as defined in Equation (5.56). Since the curvature field inside ) in general is not
uniform, the curvature at any point inside () can be used as k, in the evaluation of ey .
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However, it is found that the following definition of k, will yield sufficiently accurate
solutions for a skin plate repaired with patches of different shapes’ aspect ratios:

Ko = K5, (0, 3)
(5.60)
y = minimum of {£, W}

In the above equation, the notation k%,(0, y) means that k5, is evaluated at a point (0, y)
on the x,-axis, where y is either the half-length ¢ or the half-width W of the patch,
whichever is smaller.

With the solution procedure for a fixed value of ey; described and k, defined, the
solution of the geometrically nonlinear problem can be obtained by the following simple
iterative procedure. First, k, and thus ey, are assumed to be zero, and the elastic solutions
for stress, strain, and curvature field are obtained in a usual manner using the prescribed
value of ey, . Second, the newly obtained curvature field x5, is evaluated at point (0, y)
and compared with the value of k, assumed at the beginning of the iterative cycle. If their
values are the same, then the just obtained solution has converged to the true solution of
the problem. Otherwise, another value of k,, thus ey, , will be assumed and the above
steps are repeated until convergence. A new trial value for k, will be calculated using
the following recursive formula (Carnahan et al., 1969):

kg™ = (1= kIS + ke (0,3) (5.61)

(i+1) 1)
0

and K(()F are values of k, in the next and previous iterative cycles,
z@ is the elastic solution for the curvature field obtained from current
iterative cycle that is based on ey = éK((f—l)Zz; and k, is a scalar factor which takes
values between O and 1. It should be noted that a normal direct substitution method

corresponds to a case of k, = 1.

where k
respectively; «

(d) Illustrative examples

To illustrate the method presented in this section for nonlinear thermal stresses in a
skin repaired with polygonal patches, particular cases corresponding to typical repair
configurations considered in the paper by Duong and Yu (2003c¢) are analyzed in this part.
All computations in this section unless noted otherwise are carried out for a temperature
excursion of —75°C, corresponding to a typical temperature change experienced by the
aircraft during high altitude cruising. The first case is an infinite skin repaired with a
square patch (L,/W = 1). A patch is bonded rigidly to a plate. The material properties
and thickness of the skin and the patch are given below:

Skin: Aluminum

E,=72.4GPa, v,=0.33, a,=22.5E-06per°C, f,=1.6mm.

Patch: Boron/Epoxy

E,=18.7GPa, E,=E, =193.6GPa, v, =0.21,

w=>5.5GPa, a, =21.4E-06per°C, a,=a, = 4.3E-06 per °C, t,= 0.66 mm.
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The patch stiffness ratio E,,/Et; (S) is 1.1. The sensitivity of the length of the patch
relative to the skin thickness is studied. Four patch lengths (2 . Lp) of 10.16, 20.32, 30.48,
and 40.64 cm are considered in the analysis. Since the thermal stresses in the patch are
compressive and they will be negated under far-field tensile as found in Chapter 4 and
Section 5.2.2, only the skin’s thermal stresses will be reported here.

Thermal stresses in the skin at a patch’s center in the x,-component are of special interest,
as they are needed for fracture analysis using Wang—Rose’s crack-bridging model. Since
the stress distributions in the plate and patch are linear through their thickness, it will be
more meaningful to report these stresses in terms of the mean and bending values. These
values of thermal stresses are plotted in Figure 5.10 as the functions of the normalized
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Fig. 5.10. Thermal stresses in the middle of a skin reinforced with a square patch for different
normalized half patch lengths: (a) the mean stresses; and (b) the bending stresses.
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half patch length L, /t,, where 7, is the skin thickness. The mean and bending stresses
are defined as half of the sum and difference of stresses near the top and bottom surfaces
of the skin. All analytical solutions are obtained using k, in the recursive formula given
in Equation (5.61) equal to 0.1, and they converge within about 30 iterations. To assess
the accuracy of the analytical method, results from the FE analysis are also obtained
and compared with the analytical predictions in Figure 5.10. FE analyses are carried out
using ABAQUS (1997) with the skin and each ply of the patch modeled separately. The
skin is modeled as three layers of 20-node solid elements while each ply of the patch by
one layer of solid elements. To avoid the adverse effect of the small thickness-to-length
ratio on the solution, stiffness matrices of all solid elements are evaluated using reduced
integration. In the FE model, the skin was restrained from the out-of-plane deflection
along its periphery. Similar results but for different patch’s aspect ratios are presented in
Figure 5.11 for L,/W, =2 and in Figure 5.12 for L,/W, = 1/2. In contrast to the results
from the plane-stress and linear bending analyses, from Figures 5.10-5.12, thermal
stresses in the skin are affected by the patch size. For a same patch’s aspect ratio, the
mean components of the thermal stresses in the plate increase with patch sizes while the
bending components show a reverse trend. These bending stresses will eventually vanish
for large values of L,/1, as expected. In general, analytical predictions are in quite good
agreement with the FE results (within 12%) for all aspect ratios L,/W, considered.

To show the effect of a patch’s thickness on the thermal stresses, analyses of a few
selective patch configurations above but with a thickness of 1.057 mm are performed and
their results are summarized in Table 5.1. For reference, corresponding results previously
presented in Figures 5.10-5.12 are repeated in the table. It follows from Table 5.1 that a
thicker patch will induce higher thermal stresses in the skin as expected and a same good
agreement is observed between the analytical and the FE results. Additional results, but
not shown here, indicate that repaired skins with a same patch stiffness ratio E,#,/Ef,,
same aspect ratio L,/W,, and same parameter L, /7, will have the same thermal stresses.
Thus, for a given temperature change, the nonlinear thermal stresses can be characterized
in terms of three non-dimensional parameters Et,/Et, L,/W,, and L, /1.

So far only patches of rectangular or square shapes have been considered. Another
common shape of the patch is therefore selected for presentation. An octagonal patch
sometimes is preferred to a rectangular patch because of its superior performance in
preventing peeling near the corner of the patch. An analysis of an octagonal patch
therefore will be demonstrated next. The geometry of the octagonal patch is the same as
that shown in Figure 5.6. Material properties and thickness of the patch and the skin are
identical to those given earlier in the beginning of this section. Analytical predictions as
well as FE results for the thermal stresses in the skin are given below:

Analytical predictions, o,, = 32.1 MPa, o, =36.4MPa.
FE results, 0,, = 35.1MPa, o, =34.7MPa.

Again the analytical method predicts well the nonlinear thermal stresses.

As a final example, an infinite skin rigidly bonded with a square Boron/Epoxy patch
(L,/W,=1, S=1.1, L,/t; =128) under a wide range of temperature excursions is
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Lp/Wp=2, S=1.1
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Fig. 5.11. Thermal stresses in the middle of a skin reinforced with a rectangular patch (L,/W, =2)
for different normalized half patch lengths: (a) the mean stresses; and (b) the bending stresses.

considered. The mean and bending components of the thermal stresses in a middle of the
skin are plotted in Figures 5.13(a) and 5.13(b), respectively, for different cooling tem-
perature ranges |AT|. For a future discussion, the normalized bending stresses (a}/7,,)
are also plotted versus |AT| in Figure 5.14. From Figure 5.13, it seems that analytical
predictions for the mean stresses are in excellent agreement with FE results for all
|AT| while the analytical predictions for the bending stresses show a larger discrepancy
with FE solutions. The deviation between analytical and FE results for the bending
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Fig. 5.12. Thermal stresses in the middle of a skin reinforced with a rectangular patch
(L,/W,=1/2) for different normalized half patch lengths: (a) the mean stresses; and (b) the
bending stresses.

stresses may exceed 20% for |AT| > 100°C and attains a largest value of 30% when
|AT| = 138°C. However, since the contribution of the bending component to the total
stress is significantly smaller for |[AT| > 100°C as illustrated in Figure 5.14 via ay,/0,,,
this discrepancy may not be significant as it appears in Figure 5.13. For example, the
analytical method predicts that the bending stress is 21% of the mean stresses when
|AT| = 138°C while the FE method yields a ratio of 28%. Thus, the agreement between
two methods is considered to be satisfactory, in view of the approximate nature of the
analytical model.
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Table 5.1. Comparison of thermal stresses in the middle of a patched plate with different patch
thicknesses.

L,/t L,/W, 1p/1 Analytical method FE method
a® (MPa) a? (MPa) a® (MPa) a? (MPa)
128 1 0.416 45.6 17.6 45.1 15.7
128 1 0.666 49.8 20.1 493 18.5
128 2 0.416 44 .4 18.4 47.3 17.8
128 2 0.666 49.9 20.2 53.0 20.0
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Fig. 5.13. Thermal stresses in the middle of a skin reinforced with a square patch for different
temperature excursions: (a) the mean stresses; and (b) the bending stresses.
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Fig. 5.14. Normalized bending stresses in the middle of a skin reinforced with a square patch for
different temperature excursions.

5.3.2 Patch spanning across the entire plate’s width under purely mechanical
loading

The derivation presented here will be based on the approach given in Chapter 2 as
employed by Rose (1988) and Hart-Smith (1999; Hart-Smith and Wilkins, 2000), which
is different from the one considered earlier in part (a) of Section 5.3.1. The patched
skin is initially flat before the external load per unit width P is applied (Figure 5.15).
However, to make this solution generic for latter use in Section 5.3.3, the skin assumes
to be pre-stressed with an initial stress of a’ém“) while the patch remains stress free.
It should be emphasized that the initial load per unit width P, associated with o’ém"),
ie., o™z, is different from the external load P. This problem may appear to be
hypothetical; however, it will be shown to be relevant to the real physical problem of a

bonded repair at the end of this section.

The development begins by writing the moment equilibrium equation for the region
outside the overlap as

d>wH
MZZ_D;2F=—(P+PO)WH for O0<y<lI —¢ (5.62)
y

or

d?wH P+Py, 4
_ wi =

—_— 0 5.63
dy? D;, ( )

The solution of Equation (5.63) is

wH = W cosh (&) + W, sinh (&) (5.64)
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Fig. 5.15. Geometry for a one-dimensional analysis of a skin plate reinforced with a patch
spanning across entire plate width under purely mechanical loading.

P+P,
= 5.65
b=\ (5:65)

The coefficient W' must set equal to zero since there is no displacement at the support
point y = 0. If the length of the skin plate is much longer than the overlap length, then
Equation (5.64) together with W = 0 will yield the following approximations for the
displacement and slope at y=1[1_ — ¢:

where

wy=1, -0~ —22 efnll==0
(5.66)

dwt

H
— (=l -0~ &efﬂ([oo—f)
dy 2

H

Similarly, the moment equilibrium equation for the region inside the overlap can be
expressed as

. d2WI

Méz = _DZZF =—P (wI — é) —Pw' for 0<s<¢ (5.67)

where ¢ is the eccentricity between the centroid of the skin and that of the skin—patch
combination; D), is the bending stiffness with respect to the centroid of the skin—patch
combination.! The solution of this is

Pe
P+ P,

w' = W/ cosh (&;5) + W, sinh (&s) — (5.68)

't is defined here differently from those given earlier in the previous sections. In the previous sections, D! Kl
was calculated with respect to the mid-plane of the skin.
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where

P+ P,
&= (5.69)
‘ D5,
Enforcing the symmetry condition about the location s = 0 yields W, = 0, thus
Pe
w' = W/ cosh (&5) — PP, (5.70)

Completing the bending solution requires that the deflections and slopes match at the

junction, y = (I, —£), s = —¢. These conditions determine the unknown constants W/
and Wi as

. pe 1

I =

P+P, & .
cosh (§,0) + g sinh (§,4) (5.71)
wH 2 & Wlsi —&ulo—0)
) =— . y sinh (£4) - e
H

d H
recalling that w (y =1 —¢£) and dl (y=1,—¢) are given by Equation (5.66). Sub-
y
stituting Equation (5.70) for w' and the first equation of (5.71) for W} into (5.67) and
evaluating the resulting expression of M), at s =0 yield the bending moment at the
middle of the plate as

A

M, (0) = — be (5.72)

cosh (§£) + 5—1 sinh (&,£)

Once the bending moment is calculated, the bending stresses in the patch and skin at
their middle can be determined by first obtaining the curvature via Equation (5.67), then
the linear strain distribution across the thickness, and finally applying the constitutive
relation, i.e.,

d?w! . M}, (0)
ds> D),

Klzz 0)=-
(5.73)

8122 0, x3) = (x3 - i’o) Klzz (0)
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) P-2-1,-E
03, (0) =— §

2. |:cosh (£0)+ = Z. sinh (flﬂ)] D},
&22 (0) _ P~§2~E;

[cosh &0+ = . sinh (515)} D},

A bk (5.74)
03 (0)=— g :

2. |:cosh (&0 + gl sinh (flﬂ)] D},

pP.o.(e— it E|

(o7 (O) = ’ (e )

[cosh (&0 + § sinh (§Ie)i| D},

where ho is the x;- coordlnate of the neutral plane of the patch—plate combination,

E
ie., h0 2 +e E = E, = p—Vp, G5y, 05, 05, and G5, are the bending and

1- Vz’ 1y

the mean components of the stresses in"the skin and patch, respectively; the bending
and mean stresses in a skin or patch are defined as half of the difference and sum of
stresses near the top and the bottom surfaces of the skin or patch. It is interesting to
note that the bending moment at the middle of the overlap also contribute to the mean
stresses of the patch and skin since the centroids of the individual skin and patch are

offset from the centroid of the patch—skin combination.

So far only the bending solution of the patched plate is considered. For the complete
solution, one must add the axial solution due to the axial load to the previous bending
solution. The axial solution for this problem due to load P without the prescribed “initial
stress” is thus sought since the initial stress has no effect on the axial behavior and that
initial stress can be simply added to the sought solution later. This axial stress solution
is derived from the force equilibrium equation and the strain compatibility condition as
follows. At any cross section, the net force must be equal to P. Thus, at the middle of
the patched skin,

oyt + o5t =P
(5.75)
(Eit,+Ejt,) €y, =P

where the strain compatibility condition &5, = &5, = &}, and the stress—strain relation of
the skin and patch have been used in the derivation. It is then very easy to show from
Equation (5.75) that the axial stresses in the skin and in the patch are given by

. P
0y = —
2T (1+91
P-S
(1+98)¢,

(5.76)

P
Op =
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where

E't
S = EL;’ (5.77)

The total mean stresses in the skin or patch then can be derived by linear superposition
of the initial stress, bending and axial solutions as

O =™ L PEk
1+, [c sh(§1£)+§ s1nh(§lé)i| DI22
4 (5.78)
P.e-E, (e— )
5’22(0): i + 2
1491, [ h(6,0) + § smh(&ﬂ)} Dl

It is clear from Equations (5.74) and (5.78) that load P causes the following additional
mean and bending stresses in the skin and the patch near their middle besides the
prescribed initial stress o™

AG3, (0) = P + 2R
2 (1+S8)1, [cosh (§I€)+§ sinh (515)} Dy,
A65,(0) = — P.éés'Eé
2. [cosh(frf)“Lg Slnh(g'g)] P
i (5.79)
P-S P'e.<e_ 2 >-E{3
AG3, (0) = +
(1+9)1, [ h(§lﬁ)+§ smh(&f)}%
P-¢-1,-E
A6%,(0) = — & :

2. |:cosh (&0)+ = £, sinh (flg)] D},

On the other hand, the corresponding increases in the mean and the bending stresses of the
skin and the patch due to P based on the geometrically linear analysis? and plane stress
analysis (without considering the out-of-plane deflection) are given, respectively, by

21t is easy to show that the only difference between the geometrically linear and nonlinear analyses is that the
bending moment at the middle of the overlap in the former analysis is equal to Pe instead of that given by
Equation (5.72). In fact, the bending moment in the linear analysis is constant inside the overlap.



Approximate Theory of Unsupported One-Sided Crack Patching 181
P P-¢*E!

A_ s—LN 0 —
o2 O =gy T

o P-e-1,-E
AU22 = (0) = 2. DI A
22
_ e P
AO'zz PLANE (0) — m

A&2257PLANE (0) -0

RSN (5.80)
o p.S T T )
AG: 0) = + T
(1+9)¢, D;,
o P-e-t, -FE
AUSzLN(0)=—#
22
P.s
A&zzp*PLANE (0) — (1 " S) -
p

Aa_zzprLANE (0) =0

From Equations (5.79) and (5.80), and by noting that & =/~ °+P , it is clear that for low

load levels of P and P,, A3, (0), AGS, (0), AdD, (0), and A022 (0) are approximately
equal to the geometrically linear solutions AG3;™ (0), A&5™ (0), Aah, ™ (0), and
AGEN(0), respectlvely, and they approach the plane stress solutions AU§2 PLANE (0),
AG3PANE (0), AGE TANE(0), and AGE, TN (0) for a combination of long over-
lap and high load P since cosh (flﬁ) ~ 1, sinh(§&f) ~ 0 for &c « 1, and
cosh (§,¢) > 1, sinh (§,¢) > 1 for &£ >> 1. Physically, for a high load P, the skin/patch
combination tries to deflect sufficiently to align its centroid with the line of action of
P+P° , the effect of the initial load P, is to

make this alignment of the centroid to occur earher at the lower load P for a given
overlapped length. For future development, it is very easy to show from Equations (5.79)
and (5.80) that Ag3, (0), Ads, (0), AdD, (0), and Ad3, (0) can be eLprressed in terms of
AN (0), A63™N(0), Ads TN (0), A6y TNE(0), Agy, T (0), Ady, T (0),
AGEANE (0, and A6y PLANE | (0) as

the applied load. Moreover, since & =

A (0) = Xo - X ,A&;LN (0)+ (1= xp) - Xos - AT PLANE (())
A(}E (O) =Xp- X}Z—l . A&B*LN (O) + (1 _ Xb) Xm - AG p PLANE (0)

AT (0) = x, - AT (0)
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where x5 1, X5 ., Xb_ 1. X)_,, and ), defined by

1 e’ E!
(1+S8)1 * &
. * | cosh(&€)+ = sinh (&£ :|DI
Y, = Ad3, (0) _ [ (&:0) & (&0) | Dy,
" 855 0) @
(1+S) ts D;Z
1 e*-E!
(1+9)¢ * &
S 1 1
L A0 [cosh(flﬁ)+§ smh(flﬁ)j| D,
Xm—2 = AG3,PLARE () - 1
(I4+95)¢,
033,00 ASL(O0) 1

_ A _ 5.82
Xb A0_52—LN (0) A p LN (0) ( )

|:cosh (&0)+ §—I sinh (512)]

~ tS+tP ’
s ‘e ) B

o>

+
(1+S) tp [ §I . } 1
_ cosh (§,£) + — sinh (£,£) | D
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Aa'gzLN(O) e g_tS—HP .E
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1+S9) t, D;z
A~ ZS+ZP /
S e e—T -Ep
(1+S) tp [ gI i| 1
_ cosh (§,€) + — sinh (§,¢) | D
Xp — A‘Téjz (0) _ ( I ) f ( 1 ) 22
m—2 Aa_gz—PLANE (0) S
(1+38)¢,

It remains now to show how the solution of the hypothetical problem posed above can
be applied to the real physical problem of a repair. Consider a problem of a skin plate
reinforced with a patch spanning across the entire width of the skin subjected to the
temperature change of AT and the remote stress o, = E (acg2 - as) AT. When one
writes 0, = E (ozg2 — as) AT, it only means that the magnitude of the remote stress
0., 1s specified to be equal to the numerical value of E (ag2 - 015) AT. The stress and
strain solutions of this problem will be given by

&5, = €5 = a5 AT
0y = Eé (&3 —a,AT) = E; (agz - as) AT =0, (5.83)

0'§2=E{) (822 azzAT) (azzAT agZAT) 0
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These above solutions for stresses and strains clearly satisfy the equilibrium equation,
i.e., the net force per unit width at any cross section in the skin is equal to o, ?,, the strain
compatibility condition between the plate and the patch inside the overlap, the traction
continuity at the end of the overlap, and the constitutive relations. Since the strains in the
skin and the patch are not only equal to each other but they are also uniformly distributed
across their thickness, the repaired skin must be flat under the prescribed thermo-
mechanical loads. Let us assume now that instead of applying the remote stress o ,, =
E! (a5, — o) AT, one applies the higher remote stress o7, = E. (a5, — o) AT + Ao,
where Ao, > 0. It is then clear that the solution of the latter problem will be the same
as that of the hypothetical problem posed in the beginning of this section if P and oMo
are defined as P = Ao pt, and o\ " = E] (ab, — a,) AT, respectively. This is because
the initial state of the hypothetical problem, i.e., a flat skin with an initial stress in the
skin but a zero stress in the patch, is the same as the deformed state of the present
thermo-mechanical problem at the remote stress level of E; (ag2 - as) AT. Thus, as the
load increases from o, = E, (a5, — ) AT to E. (a5, — a,) AT + Ac,,, the patched
skin in the thermo-mechanical problem will behave the same as that of the hypothetical
problem.

5.3.3 Polygonal patch under combined thermo-mechanical loading

Consider an infinite isotropic skin plate bonded rigidly with a polygon-shaped patch
Q) as in Section 5.3.1. However, the repaired skin assumes to be subjected to uniform
stresses at infinity in addition to the uniform temperature change AT (see Figure 5.4).
For simplicity, all shear components are assumed to be zero. Again, the patched region
of the skin is treated as an inhomogeneity.

It is rather unwieldy to solve the stated problem using a rigorous geometrically nonlinear
analysis. An approximate solution based on an engineering approach developed by
Duong (2004) therefore will be presented in this section. Since all materials involved
are assumed to be linear elastic and no geometrically nonlinear instability is assumed
to occur, the loading sequence of the thermal and mechanical loads will not affect the
final results. Thus, in the solution procedure, the repaired skin assumes to be subjected
to the thermal load first and subsequently to the mechanical load, instead of applying
these two loads simultaneously. The solution procedure proposed by Duong (2004) for
the thermo-mechanical problem of a polygonal patch involves three steps. Depending
on the magnitudes of the far-field-applied stresses relative to the thermal stresses, as
explained later, the solution of the thermo-mechanical problem may be achieved after
only the first step, first two steps or all three steps of the procedure.

Step 1

In the first step of the solution procedure, the mechanical load is set equal to zero
and the solution of the problem of nonlinear thermal stress is obtained by the method
described in Section 5.3.1. The purpose of this step is to determine the purely thermal
stresses in the repair and the nonlinear parameter ey, (see Section 5.3.1). It should be
emphasized that this step involves an iterative process. It is clear that when there is no
mechanical load involved in the solving problem, the solution of this step will also be
the final solution. On the other hand, when there is no thermal load involved in the
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solving problem, the solution of this step is trivial, i.e., thermal stresses and ey, are
equal to zero.

Step 2

In the second step of the solution procedure, fictitious stresses 0'1.2 proportional to
the prescribed remote stresses o;; are applied to the repaired skin in addition to the
prescribed temperature change. Thus, stresses 0' are defined by 0' = Ao;j, Where A is
a scalar number. The purpose of the second step is to determine the minimum fictitious
applied stresses a' denoted by (7 , that will nullify the initial curvature caused by
thermal loads. For 0 < 0 <ol i the response of the repaired skin is dominated by the
thermal loading. The stresses ar . are in general determined by trial and error. Solutions
of the thermo-mechanical problem for different trial values of O'ifj are obtained, and the
bending stresses at the middle of the repaired skin are evaluated for these cases. The
applied stress a'if;‘ is then determined as the smallest of aifj among its trial values that
results in zero bending stresses at the middle of the repaired skin for the very first time.
In order to determine aifj* mentioned above, the solution of the thermo-mechanical prob-
lem for a given aifj must be obtained. The solution method for this thermo-mechanical
problem is therefore outlined next Since the response of the repaired skin is dominated
by the thermal loading for 0 < 0' < of/*, the incremental displacement field caused by

o; ] assumes to be a linear perturbatlon of the principal displacement field due to purely
thermal loading. However, the reader is reminded that the principal displacement field
due to purely thermal loading is geometrically nonlinear and corresponds to 0'5 =0. As
shown in Section 5.3.1, since the geometrical nonlinearity enters into the formulation
only through the parameter ey, , the implication of the above assumption for the incre-
mental displacement field caused by o7, ;; 1s that for 0 < ol i< ol i/ the thermo-mechanical
can be solved using the solution approach developed earlier in Section 5.2 (for geometri-
cally linear analysis) with the following changes similar to those given in Section 5.3.1:

(i) stiffness tensors A}, Bi;;, and Dj,,, thermal stress and moment resultants Nz(-T) nd

M;; M of the inhomogeneity are evaluated with respect to the reference plane x; = h0 —enL
while stiffness tensors Alyps Bl and Dy, of the region outside the inhomogeneity or of
the homogeneous problem are evaluated with respect to the reference plane x; = h,, and
(ii) h, in Equation (5.28) is replaced by (h, — ey ), Where ey in (i) and (ii) is a known
constant determined previously from step 1, which represents the effect of geometrical
nonlinearity on the displacement field of the repaired skin under purely thermal loading.

Once stresses O'f* are determined, they will be compared with prescribed remote stresses
If o *, the response of the repaired skin under a combined far-field-applied

O i j* ooi, J 1 ] >
stresses 0.;; and temperature excursion will be still dominated by the thermal loading.

ool j

The solution of the thermo-mechanical problem posed originally at the beginning of this
section, therefore, can be obtained by the process given in the preceding paragraph using

the actual remote stresses o;; since 0 < a'oo, i = 0 in this case, and step 3 below will be
omitted. On the other hand, when o;; > 0,7, it is necessary to d1v1de the prescribed far-
field-applied stresses o;; into two portlons Ut* and (o;; — ) This is because as the

applied stresses o0;; increase from zero to the1r flnal values, the curvature of the repaired
skin will first reduce from its initial value associated with the thermal bending to zero
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and then will reverse in sign as the remote stresses o;; increase beyond the (7 * values.
The response of the repaired skin due to the first portion of o, i.e., ol is domlnated by
the thermal loading, and therefore it can be obtained by following the process described
in the preceding paragraph with remote stresses equal to Uif;‘. In contrast, the response of
the repaired skin due to the second portion (o;; — O'if;) of the applied far-field stresses
is dominated by the mechanical loading, which must be determined by a new solution
method. This new solution method for the mechanically dominated regime is described in
step 3 below. It should be noted that the response of the repaired skin is flat at O'if/-* so that
there is no bending stresses in the repaired skin at that applied stress level. However, at the
applied stress 0'5* the skin will have high mean tensile stresses while the patch will be vir-
tually stress-free. For the future development, these mean stresses in the skin at the center
of the patch due to the combined thermal load and o} will be denoted by o7, ()
while the patch stresses are appr0x1mately zero there. It is obvious that in the absence

of the thermal load, 0' * and 0' ep? (0) are equal to zero so that step 2 can be omitted.

Step 3

In step 3, the response of a pre-stressed flat skin repaired with a polygonal patch and
subjected to the far-field-applied stresses (0;; — f*) is determined. As mentioned in the
preceding paragraph, even though the repaired skln becomes flat at ot ;/» however, the
repaired skin is not stress-free. The repaired plate has a mean stress of (fb step2 (0) locked
in the skin. Thus, stresses o7, “**(0) are modeled as the “initial stresses” in this step. It
should be emphasized that the thermal loads will not be considered in this step since their
effect is already accounted for in the formulation indirectly through the initial stresses

*752(()). The solution of the problem considered in this step is available for a patch
spanmng across the entire width of the skin, and it is given in Sectlon 5.3.2. It should
be noted that P and P, defined in that section are related to (o o) and o7 ()

coij
s—step2

described here by P = (0.5, —033) -1, and Py =1t,- 05, " (0).

Similar to the analysis given in Section 5.3.2, the final mean and bending stresses in the
skin and the patch at their middle of the thermo-mechanical problem with a polygonal
patch will be expressed as

a5 (0) = 07" (0) + AG, (0)

6;;(0) = Ad;, (0)
(5.84)
=P () — AP
0j 0) = A‘Tij 0)
AP O0) — ASP
T3 0) = Ao';j 0)
where AGY, A6}, Ad}, and AG}; are the additional mean and bending stresses in the
skin and the patch, respectively, due to the remote stresses (0 — lf/*) It should be
noted that the bending stresses in Equation (5.84) have no corresponding contributions
from step 2 since the response of the repaired skin is flat at o'*. Also, the mean stress

in the patch at its middle has only arisen from step 3. By generalizing the results given
in Section 5.3.2 for a patch spanning across the skin width to the polygonal patch,



186 Composite Repair

the geometrically nonlinear solutions Ag;;(0), Ad7;(0), A7 (0), and AG7(0) of the
polygonal patch problem can be determmed approx1mately as

AT} (0) = Xy X _Aa.l_sj—LN 0)+ (1—x0) - X,p- AT PLANE (@)

AG (0) = x, - AGSTN (0)
(5.85)
AGT(0) = Xy~ Xh_ - AGTT (0) + (1= xp) - X5, - AGT TN (0)

AGT(0) = x, - AGT N (0)

where Aa77N(0), AGTN(0), Aaj LN(0) and AGy "N(0) are the corresponding solu-
tions obtained from a geometrzcally linear analysis of a polygonal patch; Ag"AN5(0)

and AGy FLANE(0) are the corresponding plane stress solutions (without con51der1ng
the out-of-plane bending); x5, X% 2> Xu_1> Xhw_s» and x, are defined in Equa-
tion (5.82) based on a one-dimensional analysis. Aay;™N(0), Ad;N(0), Agy LN(0)
and A&me (0) can be easily obtained by following the process given in Sect10n 5.2.2
while the plane stress solutions Aa7 ™ AN*(0) and A&S_PLANE(O) can be found by
the method outlined in Chapter 4. Since there is no interaction effect between
the initial stresses and the far-field-applied stresses in a geometrically linear analy-
sis or plane stress analysis, Ag}™N(0), Ady™N(0), Ay LN(0), and Aé’}'}*LN(O) or
Aay PANE(0) and Aoy FLANE (0) are determmed from these analyses for a plate repaired

W1th a polygonal patch subjected to remote stresses (0 0'[.‘"/?") alone without con-

sidering the “initial stresses” o; b‘61’2"(0). On the other hand, the nonlinear correction

factors X5,y Xoas Xoois stiz’ and Y, are calculated by Equation (5.82), noting
that P and P, appearing implicitly in that equation through &, and &, are defined by
P=(0,p—0W) 1, and Py = 1,- 05, " (0) while the bending stiffness D, defined
there (in Section 5.3.2) must be evaluated with respect to the centroid of the patch—
skin combination, not the mid-plane of the skin as done in Section 5.2 and the rest of

Section 5.3 including this sub-Section 5.3.3.

Ilustrative examples

To illustrate the analytical method presented in this section, a problem of an infinite
skin repaired with a rigidly bonded square patch (L,/W, = 1) is considered. The length
of the patch (2-L,) is 10.16 cm while the material properties and thickness of the skin
and patch are given below:

Skin plate: Aluminum, E, = 72.4GPa, v, =0.33, a,=22.5E-06per°C, t, = 1.6 mm.
Patch: Boron/Epoxy, E, = 18.7GPa, Ep = Ey =193.6GPa, Vi = 0.21,
w=35.5GPa, a, =21.4E-06per°C, a, = a, =4.3E-06per°C, 7, =0.66 mm.

The analyses are performed for two loading cases. In the first loading case, the repaired

skin is subjected to purely mechanical loading. A stress o..,, is applied to the repaired
skin, which increases monotonically from 0 to 137.9 MPa. On the other hand, the second
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Fig. 5.16. Normalized stresses in the skin of a repair with a 10.16 x 10.16 cm square patch under
purely mechanical loading: (a) normalized mean stress; and (b) normalized bending stresses.

loading case involves a uniform temperature excursion of —75°C in addition to the above
mechanical load. As mentioned throughout this chapter, stresses in the skin at the patch’s
center in the x,-component are of special interest since they are needed to determine
the crack-tip stress intensity factor using Wang—Rose’s crack-bridging model (1999).
Since the stress distribution in the skin is linear through its thickness, both mean and
bending value of the skin’s stress component o,, therefore will be presented here. These
mean and bending stresses are plotted as the functions of the far-field-applied stress
0., in Figures 5.16(a) and 5.16(b) for purely mechanical loading and in Figures 5.17(a)
and 5.17(b) for thermo-mechanical loading. In Figure 5.16, the bending and the mean
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Fig. 5.17. Normalized stresses in the skin of a repair with a 10.16 x 10.16 cm square patch under
thermo-mechanical loading: (a) normalized mean stress; and (b) normalized bending stresses.

stresses in the skin are normalized with respect to the far-field-applied stress while in
Figure 5.17 these stresses are normalized with respect to the initially thermal bending
stress that is found to be 44.44 MPa. For purely mechanical loading, analytical results
are obtained directly from step 3 without going through the first two steps since the
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s—step2

thermal stresses, ey , Uifj*, and o7; (0) are identical to zero. In contrast, the procedure

for determining the stress in the skin under thermo-mechanical loading is much more
involved. First, ey, must be determined from step 1. Second, off and o7, ""*(0) are
determined from step 2 as 74.95 and 87.01 MPa, respectively. For o_,, <74.95MPa, the
thermo-elastic stress in the skin is determined from step 2 with ey; equal to a constant
value found in step 1. Otherwise, step 3 must be performed and the result of O'fj*mpz (0)

from step 2 is utilized.

To assess the accuracy of the analytical method, results from the FE analysis are
also obtained and compared with the analytical predictions in Figures 5.16 and 5.17.
The FE analysis is carried out using ABAQUS (1997) with the skin and each ply
of the patch modeled separately. The skin is modeled as three layers of 20-node
solid elements while each ply of the patch as one layer of solid elements. To
avoid the adverse effect of the small thickness-to-length ratio on the solution, stiff-
ness matrices of all solid elements are evaluated using reduced integration. In the
FE model, the skin was restrained from the out-of-plane deflection along its periph-
ery. From Figures 5.16 and 5.17, the bending stresses decrease with the applied
stresses and they will eventually vanish for large values of applied stresses, as
expected. In general, the analytical predictions agree reasonably well with the FE
results.

To show the effect of a patch’s size on the stresses, the above thermo-mechanical analysis
is repeated for a patch length of 40.64 cm and its results are presented in Figure 5.18.
Again, the mean and the bending stresses in Figure 5.18 are normalized with respect
to the initially thermal bending stress that is found to be 17.57 MPa. The agreement
between the analytical and the FE results is considered to be satisfactory. It follows
from Figure 5.18 that a larger patch will result in lower bending stresses in the skin as
expected.

5.4 Stage II: Fracture Analysis Using Crack-bridging Model

The purpose of stage II analysis is to estimate the crack-tip stress intensity factor,
shear and peel stresses in the adhesive near the middle of the crack surfaces as well
as the patch’s stress there. It should be emphasized that in order to obtain the total
stress in the patch, one needs to add the contribution determined from this stage II
analysis to that from the stage I analysis as given in either Section 5.2 or 5.3. To
retain the results obtained by Wang and Rose (1999) and to follow closely with their
work, new and different positive sign conventions for the bending moment, moment—
curvature relation, and transverse shear will be adopted in this section, as depicted in
Figure 5.19.

In the previous sections, the stress distribution o7, along the prospective crack path in the
uncracked skin (with patch) is determined. At any point in the skin, g7, varies through
the skin thickness. o7; was also presented in terms of the mean and bending components
g;; and &;;. In the fracture analysis, for simplicity, 07, and &7; will be assumed to be
constant along the crack line and equal to those values at the center of the skin plate.
Let us denote these mean and bending stresses as ¢ and o, ie., o’ = 03,(0) and
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Fig. 5.18. Normalized stresses in the skin of a repair with a 40.64 x 40.64 cm square patch under
thermo-mechanical loading: (a) normalized mean stress; and (b) normalized bending stresses.

o) = —65,(0) (a negative sign is due to a different positive sign convention for the
bending moment in this section). By treating the cracked skin and the patch as thin
plates, the stress distribution on the crack faces can be considered as the superposition of
a membrane force —N, and a bending moment —M,,, with the stress distribution being
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Fig. 5.19. Perturbation problem of a repaired cracked skin subjected to tension (Wang and
Rose, 1999).

Fig. 5.20. A skin plate with a through crack reinforced with tension and bending springs (Wang and
Rose, 1999).

given b%l 20'252()c, Xy =0, x3) = —(Ny/t,— 12Myx5/13), for |x,| < a, where N, = ¢ 1, and

M, = Uth“, and a is the half crack length. In this section, the perturbation problem of
a crack pressurized by a combination of membrane force and bending moment as
shown in Figure 5.19 is solved using a crack-bridging model, within the framework
of geometrically linear elasticity. The basic idea underlying the crack-bridging model
to be described below is that (i) by representing the effect of the patch by an infinite
number of tension and bending springs bridging the crack faces, and (ii) by deriving
the spring constants of these springs from the analysis of a single-strap joint in plane
strain, one can model the problem depicted in Figure 5.19 as a plate containing a
through crack reinforced by distributed tension and bending springs (Figure 5.20). Thus

a complicated three-dimensional problem is reduced to a two-dimensional problem of a
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bridged crack, and a one-dimensional problem to determine the crack-bridging traction
law. The resulting hyper-singular integral equations are then solved using the Galerkin
method.

5.4.1 Determination of spring constants

In order to formulate a crack-bridging model, it is essential to determine first the spring
constants. As depicted in Figure 5.21, let us denote the crack face displacement and
rotation as v and 6, in relation to the mid-plane of the skin, caused by the application of
a membrane force n, and bending moment m,. The relationship between (n,, m,) and
(v, ) can be determined by analyzing the single-strap joint under plane strain conditions
as follows.

The governing equations for the adhesive shear and peel strains, which are assumed to

be constant throughout the adhesive thickness, are respectively (see Equations (2.155)
and (2.149)),

d3 —y(A) d'y(A)
— 48— =0 5.86
dy3 A dy ( )

my = mg+ no(ts + 1,)/2

Patch

Ny Adhesive

~Ymax

Ny

Mg

(b)

Fig. 5.21. (a) Single-strap joint representing one-sided repairs subjected to membrane tension and
bending moment; and (b) notations and boundary conditions.
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d4e®

54 o(A)
Fie +40"e"™W =0 (5.87)
where
ot
Ga
(5.88)
, GA|: 11 ]
AT T /
th | Eity  Ejt,
ﬁ4=ﬂ i—i-i (5.89)
4ty LDy D,

G, and t, represent the shear modulus and the thickness of the adhesive layer,
respectively; Dy and D, refer to the bending stiffness of the skin plate and patch,

D,,=E £ /12; E = By - and E\, =2G,/(1 —v,) is the Young’s modulus of the

s.p’s.p -2,
adhesive under plane strain condition. The differential Equation (5.86) has the following
solution in the domain y > 0,

,y(A) — V(A) e 2By (5.90)

max

where 'y,(nﬁl represents the maximum shear strain at y = 0. Similarly the relevant solution
for the adhesive peel stress in the case of semi-infinite overlap in the domain y > 0 is

g™ = (Acos vy + Bsinvy) e (5.91)

The three unknowns 7&2 and constants A and B need to be determined from the
appropriate boundary conditions.

For future development, it should be noted from Figure 5.21(a) that the stress and the
moment resultants in the skin and patch are given by

M (y=0) =—m,

t+ tp>
2 (5.92)

Mp(y:0):m|:m0+n0<
N (y=0)=—n,
N (y=0) =n,

It is also worthy to note the following relevant results from the theory of one-sided
bonded doublers and joints developed in Chapter 2. First, similar to Equations (2.120)
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and (2.121), and noting the different sign conventions for the shear and moment in this
Section 5.4, the strain on each side of the bond line is given by
dv, (y=0)

8P(x3ZZ‘S/Z—FIA?}):O): dy

NP =0 t MP =0 n my-t
— (y )+p (y )_ 0 + 1

0 P
Elg [ 2DP Elg [ 2D,

P

(5.93)
dv, (y=0)

85(x3=ts/27y=0)= dy

N (y=0) M (y=0) n0+m0~ts
- Eqd, 2D -~ Eit, 2D

S S

Secondly, from Equations (2.110) and (2.111) after accounting for the different sign
conventions for moment, moment—curvature relation, and transverse shear,

dmP dPw @ G Al
—_— = =Vot—— =Vp(y=0)+m
dy |, dy* |- 2 |5 2
(5.94)
dms 4 )y G At
= L M;O :vs+T > :Vs(y:0)+u
dy |, dy* |- 2 1o 2

With the results from Equations (5.92)—(5.94) in mind and noting y® =

=t./2 — =t./2 .. ..
=t/ +";A) WO5=h/2) e boundary condition for the shear strain is

d'y(A) _ SP(X3 = ts/2+ tA) - 85(-x3 = ts/z)
dy |, A
(5.95)
tfor +3(tp+ts) Lo 1
= — | — — | O Pl
th [ Epty  Eits Ejr A En  Ex ’
The relevant boundary conditions for the adhesive peel strain at y =0 are
e | 1 dw,—w) 1 [Mp(y=0) Ms(y=0)}
dy? =0 Ia dy? Ia D, D,
(5.96)
1 1 t,+1 1 D
z_(ﬁ_{_@ = P+ (1+—p my
tA Dp DS tADp 2 ZADp DS
and
Fe® | T Ew—w) 1 (Vo veady/2 Vv
dy’ lyop fa @Y Ia Dy D,
(5.97)

_Ga(h & YA
26, \D, D) "™

S
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where the conditions that the shear force V, and V| are both zero at y = 0 have been
used. From condition (5.95) one obtains

1 1 1 3(t,+1, 6 1 1
TS ) D S SR ' LN IS B S ) R
2Bata | Ejt,  Elty El;tg 2B At Elgtg E'r?

and referring to Equations (5.96) and (5.97) one has

1 141, 1 D
—2¥’B = L p,+ 1+ —p> my (5.99)
1\D, 2 1\D, D,
- G ! t
20°(A+B) = f (D—" - 5) y&) (5.100)
A p S

thus

Gut, (1 t t,+ 1 1 D
D(A—B) = 2 <—p——s>'y(A)+ P o+ (1+—p>m0 (5.101)

4v’t, \D, D,) "™  2vt,D, vt\D, D

Denote the rotation of the skin at y =0 as éo, since dw, /dy|,_o = 0 because of symmetry,
and e™ = (w, —w,)/1,, one has, by definition,

-9 A (w,—w de®
00 = ﬁ = —( p) == _tA © = f}tA(A _B)
9y {0 oy o Y |-
to+t G t t 1 L+
_ 5 v_Q_A<_p__s> /_+T+M ny  (5.102)
2uD, 8v*Buiyn \D, D Et,  Ei 4D,

L (142 O h_ L
— — —_——— —_—— — m
D, D) 1602B,ty \D, D, 0

The opening displacement at the mid-surface of the skin is

iM)O = _’Yr(rﬁltA + asts/2
t(t,+ 1 1 1 t,(t, + 1 1 Gt t t,
= ¥+ /_+T+M I:__+<_p__):| 1,
4vD, Et,  Ed, 4D, 2B, 16V°Bts \D, Dj
t

05+ ) i 5]
~ ~ N~ ~r a3, . \ ~ T A~ m
20D, D, 2D, 2D.) 2By 1602Bnts\D, D, 0

It is now possible to express the crack opening displacement and crack face rotation in
terms of the membrane force and the bending moment in a matrix form,

Vo C¢ Cw ny
OO 5.104
{00} [Cbt Cbb] {mo} ( )
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where

t(t -H) 1 1 t oty 1) 1 Gt Iy I

C,, = _— —_— —_— _——— _———

* E{) Elt 4D, 2B, 1602B,ty \D, D
. 1+ D, n [ tS 1 Gt Iy
29D, D, 2Dp o) | 2Bs  1602Bu1a \D, D

c :tp+ts_i t_"_i L_FL_{_M
"7 20D, 8©But, \D, D,)|Ey, Et 4D,

p°p s's

1 D G t £\’
o (12) - G (1)
D, D, 1692514 \D, D,

It is evident that the cross terms, c¢;, and c,,, are non-zero, indicative of the coupling
between in-plane and out-of-plane deformation. According to the Maxwell’s reciprocal
relation, the matrix of spring compliance should be symmetric, i.e., ¢, = c,,. However,
due to the approximate nature of the plate theory, the resulting matrix is not exactly
symmetric, but the deviation from symmetry is small. From Equation (5.104) one can

obtain the stiffness matrix:
nO dn dtb ‘70
= ~ 5.106
{ My } |:dbl dbbi| { 60 } ( )

Cib =

(5.105)

where

dy = —cy /A, dy,=cy/A (5.107)

A = ¢y — CpCiy
To facilitate the following analysis it is advantageous to express the spring traction
law in terms of the generalized displacements corresponding to the membrane stress

72 (= ny/t,) and the maximum bending stress ;) (= 6m,/t?). Since the total strain
energy release rate per unit thickness is given by

1 ~
G =35+ 6&;)00 t, (5.108)

it is clear that the associated generalized placements are, respectively, v, and éo t,/6.
From Equation (5.106) we can express the relationship between (0¥, &7) and

(V> éots/6) as
b k, k P
b =E [ oo } 5.109
{US} [kbt kbe 20,1 (5.109)
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where k;; represent spring constants which have a unit of length™!:

1 _ Cwp 6 _ 6Ctb
klt = adn = m ktb = thdtb = _Esth (5110)
6 6Cy, 36 36¢, 5.11)

“"TELTT ELA T ESTY T ESA

According to elastic reciprocity we should have k, = k,,. However, due to the approx-
imate nature of the plate theory employed in the present work, the cross terms c,, and
¢y, are not exactly identical but the numerical difference is relatively small. It is also
possible to symmetrize the spring stiffness matrix if required:
ki + ki

ky = ki =— (5.112)
which is the only permissible symmetrization to ensure the equivalence in the total
energy release rate.

5.4.2 Fracture analysis by crack-bridging model

The basic idea of crack-bridging model is to model the patching problem as a single
plate with a through crack reinforced by distributed tension and bending springs sprung
over the crack faces, where the spring constant matrix has already been obtained in
Section 5.4.1. As mentioned in the introduction of Section 5.4, a crack pressurized by
a combination of —N,, and —M,, is solved in the stage II analysis. Under the action of
—N, and —M,, the crack surfaces will open and rotate. However, the crack opening
displacement and rotation will be restrained partially by the patch that is represented in
the crack-bridging model by distributed springs. Thus, the internal forces and moments
in these springs physically represent the force and moments exerted by the patch on the
cracked skin. Since the crack opening displacement and rotation vary along the crack
surfaces, the spring forces and moments also vary along the crack surfaces. However,
the spring forces and moments at any point along the crack surface are still related to
the crack opening displacements and rotation there by the same stiffnesses given by
Equations (5.110) and (5.111). The boundary conditions of the present fracture problem
along y = 0, therefore, can be expressed in terms of the yet unknown displacement and

rotation as
N, (x,0%) = =N, +d, (x) +d,,0(x)
W e e —a<x<a (5.113)
Myy('x7 0+) = _MO + dbtv(x) + dbbe(x)

where a is a half crack length.

Making use of the solution of the in-plane displacement of a bridged crack under tension
(see Joseph and Erdogan, 1987, 1989; Nemat-Nasser and Hori, 1987), the unknown crack
face displacement (one half of the total crack opening displacement) can be expressed as,

Et, r¢ v(§)
27 S (x—€)?

dé = Ny (x, 0%) = =Ny +d 7(x) + d,,0(x) (5.114)
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The integral in the above equation is interpreted as a Hadamard finite part (Hadamard,
1952), which can be viewed as the derivative of a Cauchy principal value integral.
Despite the higher order of singularity in the integrand, the present formulation has
many advantages over that based on the derivative of the displacement, or dislocation
density, mainly because the unknown displacement function is bounded unlike the density
function which is singular near the crack tip. Numerical methods and convergence for
this class of strongly singular integral equations have been investigated by a number
of authors (Frenkel, 1983; Golberg, 1983, 1985; Joseph and Erdogan, 1987; Kaya
and Erdogan, 1987; Ervin and Stephan, 1992) and it has been found that the hyper-
singular integral equations can be efficiently solved by using either Galerkin’s method
or collocation methods.

Since the cross terms d,, and d,, are non-zero, the membrane resistance of the distributed
springs is dependent on not only the crack face displacement but also the crack face
rotation. Therefore the tensile stretching of the crack is coupled with the bending,
and vice versa. To quantify the bending deformation of a plate, one needs to adopt a
plate theory. In this regard, Kirchhoff-Poisson plate bending theory (Timoshenko and
Woinowsky-Krieger, 1959) and Reissner’s shear deformation theory (Reissner, 1947)
are probably the most widely used plate theories. Both plate theories will be employed
in the following analyses.

Due to the use of higher-order differential equations, the analysis based on Reissner’s
plate theory is considerably more complicated than that based on the classical plate the-
ory. For a single plate containing a long through crack (a/t, — o), the expenses of using
a much more complicated Reissner’s plate theory may overweigh the gain of improved
accuracy. This is because the classical plate theory would correctly predict the strain
energy release rate in the long crack limit, identical to that obtained from Reissner’s plate
theory (Hui and Zehnder, 1993). Hence there exists a universal relationship between the
stress intensity factor from Reissner’s plate theory and that from the classical plate theory:

[14+v

(R) s 1 (K)

K.~ = [—K 5.115
b 34p, ° ( )

where K,ER) and KéK) denote respectively the bending stress intensity factors determined
from Reissner’s plate theory and Kirchhoff-Poisson plate theory. However, it will be
shown later in Section 5.4.5 that this same relationship will not hold for a cracked plate
repaired on one side due to the coupling between the tensile and the bending springs
sprung between crack faces. Thus, both plate theories will be employed in this section.

(a) Kirchhoff-Poisson plate bending theory

Referring to the second equation of (5.113) and making use of the solutions for a single
plate with a through crack based on Kirchhoff-Poisson plate theory (Joseph and Erdogan,
1987), the following hyper-singular integral equation can be obtained:

34y Efd 1 6(s)
1+v, 247 J 4 (x—5)?

ds = My (x,07) = =My + dy5(x) + dy, 0(x) , (5.116)

which, together with Equation (5.114), furnishes a set of coupled integral equations.
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For the purpose of computation, the following non-dimensional variables are introduced:

7 (x) = (x)/a (5.117)
~ 1 -
ho (x) = g0 () 1,/a (5.118)
The integral Equations (5.114) and (5.116) can thus be normalized to become
[ ANC) . g
- 1 sdn+ (kea)h, (r) + (kpa) by (r) = -
-1 (r—m) E
(5.119)
34+u, 3 ' hy(n) y i 40
1+V 2'7T (rz_ )Zdn+(kb[a) hl(r)—i-(kbba) hZ(r)Z Ft:

where r =x/a, n=s/a, o and o are again the mean and the bending stresses of the
uncracked skin reinforced w1th a patch and measured at the center of the patch.

The coupled integral Equations (5.119) have no closed-form solutions. However, their
solutions can be readily obtained numerically using the Galerkin method: expand the
unknown functions in terms of Chebyshev polynomials and then determine the coeffi-
cients numerically, similar to the approach used by Nemat-Nasser and Hori (1987) for
the case of tension springs only. Details will be shown in Section 5.4.3. It may be shown
that the following functions are also bounded everywhere within (—1, 1):

hyo(r) = —= (5.120)

Furthermore, the left-hand sides in Equations (5.119) give the membrane and bending
stresses outside the cut (—1, 1), which are singular near r — 17 or r — —1~. Using
the following asymptotic behavior for r — 17,

')y 1-7 : F(1)
Hl+ 277] (”—77)2 ri‘}{m (5.121)

where f denotes any bounded function within (—1, 1). It is easily shown that the
membrane stress intensity factor is given by

E.J/ma
Konem = lim v/27ma(r — 1) oy, (r, 0) = 7mh (1) (5.122)

Similarly, the bending stress intensity factors based on Kirchhoff-Poisson plate theory
(using stress definition) is

K® _ 34+v,3E./ma -
b I+, 2

N R, (1) (5.123)

It should be noted that when the Kirchhoff-Poisson plate theory is employed, the
displacement-based definition will lead to an answer different from Equation (5.123).
However, since Kirchhoff—Poisson plate theory is a stress-based formulation, the stress
definition of the bending stress intensity factor is perhaps the only valid definition.
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(b) Reissner’s plate theory

Similarly, the crack face rotation for a bridged crack subjected to bending is given by
Joseph and Erdogan (1989):

Ef * 0(s) 5 Et

24w ) —e2 " T, 24;7;/ LE)b(s)ds = My (x, 0) (5.124)

where
5=v10]x—s| /1, (5.125)
im=-242 +4[i<2(3) - 1%0(3)]+§—ff<2(§) (5.126)

and ko and kz are the modified Bessel functions of the second kind. It can be shown
(Joseph and Erdogan, 1987) that L(5) is a Fredholm kernel with only a logarithmic
singularity near § = 0 as proved in Wang and Rose (1999).

By adopting the normalization introduced earlier, the integral Equations (5.114) and
(5.124) can be normalized to become

= 1(”) 0+ (k@ ()4 (k1) = 2

(r—

3 hy(m) 15 a\? (', a .
Coml (V—n)Zdn_ (14 v)2m (7) /IL(*/E,—SV—’N) hy(m)dn  (5.127)

~ ~ g'O
+ (kya) hy (1) + (kyya) by (1) = Eh

S

While the membrane stress intensity factor is still given by Equation (5.122), the bending
stress intensity factor can be derived using either stress-based definition or displacement-
based definition (which will yield identical answer) as

3E, /\/77(1

KR =223 70 (1) (5.128)

Since Reissner’s plate theory yields the same angular distribution of the asymptotic stress
state as given by elasticity theory, we can define a stress intensity factor at coordinate z
through the skin thickness:

Ki(x1) = Ko = K, (5.129)

S

whereas this is not the case for Kirchhoff-Poisson plate theory.
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5.4.3 Numerical solutions of integral equations

An effective way of solving the hyper-singular equations, numerically, is pro-
vided by expanding the unknowns using Chebyshev polynomials of the second
kind, U;:

hy(r) = W()h () = W)Y fU(r) (5.130)

i=0

hy(r) = W(r)hy(r) = W (r) 3 8:Ui(r) (5.131)

i=0

A A s —1 A R .

where W(r) = vV1—7r2, U(r) = %, fi and g (i=0,1,2,...,N) are
coefficients yet to be determined. Here N is selected to be sufficiently large
to ensure convergence within an acceptable accuracy. The method is effec-
tive because, with this expansion, the hyper-singular integral can be evaluated

analytically, e.g.,

One can now develop a Galerkin-type method to determine the unknown coefficients
(f; and g,).

(a) Classical plate theory
Making use of Equation (5.132), Equation (5.119) can be written as

> 050,09+ W k) X 101+ W0 () 3,6, = 22
i=0 i=0 i=0 (5133)
N /- N N 0
3012) 5 D o 60 4 W) () S0 J 0,9 + W) (k) 32, 05() = 22
14+, = 2 =0 i=0 Eq

By exploiting the discrete orthogonality of Chebyshev polynomials of the second kind,
this equation can be rewritten as, after multiplying Equation (5.133) with W(r)U;(r)
then integrating from —1 to 1 (Wang and Rose, 1999),

0
Aa A . WO, o
A;fi+Bg = 2;50]- (i, j=0,1,2,...,N)
. (5.134)
o7 A A 7T0'b . .
CU j+Dl]g/ 8 (l’ J=0’1a2»~~~’N)
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where

N |
Aij = Z7T(l + 1)8,-j + (ktta)Aij

Bij = (ktba)Aij
éij = (kbta)Aij

- 3(3 + Vs)ﬂ- .
Dy = m(’ +1)8;; + (kypa) Ay (5.135)

1 n N
A= / (WO PO T (r)dr
-1

0 i+jis odd
= 4G+ 1)(+1)
(i+j+3)+j+D)—j+D)(j—i+1)

i+ jis even

and §,; being the Kronecker delta.

(b) Reissner’s plate theory

In a similar manner as described in part (a), the second equation of (5.127) can be
expressed as

3N 15 a\* Y. . -
3 D+ DR00 s (7) >4,
(5.136)
N R N 0
+ W) (kya) X F0:0) + W () (kypa) Y 8:0,(r) = ‘;_
i=0 i=0 s
where
Lo)= [ L(VI0% 1r—al) W Bieman (137

Multiplying Equation (5.136) with W(r)U,(r) then integrating from —1 to 1, one obtains,
noting that the tensile stretching equation is identical to the first of Equation (5.134),

oA s Ta o
A j+Bijgj:EE80j (i, j=0,1,2,...,N)
o (5.138)
Al A AL T 0 o
Cifi+F;8= (i, j=0,1,2,...,N)
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where

£ 3 15 a\’ -

Fy= ZW(H' 1)6;;+ (kypa) Ay — (U+v)2r <Z> L;; (5.139)

~ 1 —_— A A

Ly= [ LOW@Urar

I . . . A
E/_I/_IL(VIOIr—nIa/ts) W () W (r) U; () U, (r) dndr (5.140)

A, By, C;;, and A;; are given by Equation (5.135). Since the kernel L(5) has a logarithm

singularity, the above double integration presents a major time-consuming operation for
the numerical analysis. One way to attenuate this difficulty is to separate the logarithm
singularity, which can be calculated in closed form (Joseph and Erdogan, 1987):

Ly= [ [E(Vi01r=nlase)~nlr—nl-+inlr— i W () W () 8, () 8, () dmar

2/7]1 /711 [1: (mlr_m“/IS) _ln|’_77|] W ()W (r) U; (n) U, (r)dndr + LY

(5.141)
where
77.2
_R[H—MHZ] i=j=1
T 1 .
By (]T1 ~|—m) i=j>1
LR = ? (5.142)
ij 4o
8G-1) S
? i
=1—
8G+1) /
0 otherwise

The remaining integrand in Equation (5.141) is a smooth function everywhere within the
integration interval, thus allowing the integral to be evaluated using simple quadrature rules.

The coupled linear set of Equations (5.134) or (5.138) can be readily solved for the
unknown coefficients f, and g;, from which the membrane and the bending stress
intensity factors can then be determined via Equations (5.122), (5.123), and (5.128),
noting

n(1) =3 (1+i)f, (5.143)

i=0

hy(1) =Y (1+0)g (5.144)

i=0

since U;(1) = 1 +i.
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Table 5.2. Convergence of solution using Kirchhoff-Poisson plate theory.

N K, /o Jma Difference (%) ko0 Ja Difference (%)
(kya=1.0)
2 0.720183 3.096 1.6896 4.923
4 0.732071 1.497 1.65512 2.781
8 0.739196 0.538 1.62692 1.030
16 0.742024 0.157 1.61504 0.294
32 0.742885 0.042 1.61155 0.076
64 0.743123 0.0095 1.61061 0.017
128 0.743186 0.0011 1.61037 0.002
256 0.743194 1.61033
(kya =10)
2 0.301707 —16.542 0.831925 —5.417
4 0.329653 —8.8112 0.890410 1.2320
8 0.347698 —3.8196 0.906460 3.0567
16 0.356674 —1.3366 0.894024 1.6428
32 0.360270 —0.3419 0.883558 0.4529
64 0.361216 —0.0802 0.880411 0.0952
128 0.361472 —0.0094 0.879674 0.0114
256 0.361506 - 0.879574 -
Notes:

1. ky /ky = —3.4744, ky,/k, = 18.5263.
2. The difference is measured relative to the value of N =256 and is used as a measure of convergence of
the series.

Table 5.2 illustrates the convergence of the solutions for intermediate and long crack
cases, based on Kirchhoff—Poisson plate theory. The Reissner’s plate theory formulation
exhibits a similar convergence. In this table the reduction in the stress intensity factor as
a result of repair is calculated for different numbers of leading terms in the expansion
in terms of the Chebyshev polynomials. From Table 5.2 it can be seen that as the crack
length increases more terms are required to achieve the same degree of accuracy. For
instance, for k,a = 1.0, a total of 32 terms is sufficient to achieve an accuracy better than
0.1%, whereas 64 terms are needed to achieve the same accuracy for k a = 10.0. The
main reason for this is the boundary layer effect in the crack face opening displacement:
as the stiffness of the bridging springs increases, the crack-opening displacement becomes
essentially constant over the entire crack length, except in the vicinity of the crack tips,
where the crack-opening displacement sharply decreases to zero (Rose, 1987a; Nemat-
Nasser and Hori, 1987). However, as will be shown later, the stress intensity factors
obtained for a normalized crack length of k,a = 10.0 is sufficiently close to the long
crack limit, k,a — oo, so that no further calculations involving much higher order of
expansion is necessary.

It remains now to determine the stresses in the patch and in the adhesive from the
above normalized displacement and rotation solutions. Since these stresses are normally
critical at the middle of crack, their values there will be derived here. As mentioned
earlier, the internal forces and moments of the distributed tension and bending springs
represent the forces and moments exerted by the patch on the cracked skin. Conversely,
the cracked skin will exert the similar forces and moments on the patch. Since the sum
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of the forces and moments acting on the cracked plate due to the patch and those acting
on the patch due to the skin (about a common reference plane) must be equal to zero,
the stress and the moment resultants in the patch about its neutral plane will be given
by Equation (5.92) as

szz(y 0; x=0)=n,= dttv(x_0)+dtb0(x_0)

t,+t,
M§2(y=0;x=0)=mo+no("2 ) (5.145)

=d, v (x=0)+dy,0(x=0)

+ (t;t> [dd(x=0)+d,h(x=0)]

where the relation (5.106) has been utilized in the derivation. It should be remembered
from Equations (5.117), (5.118), (5.130), and (5.131) that

=0 =y (r=0) =a- 2 1.0, (0)
= (5.146)

6a N
0(x=0)=— h,(r=0)=— Y &U,
S t i=0

Since the stress distribution in the patch across its thickness is linear, the patch stress
distribution at the middle of the crack surface can be derived from the stress and
the moment resultants N, 2 and Mgz, respectively, given by Equation (5.145) via a

p
MZ

simple formula such as o}, = N 2x;. On the other hand, the shear strain in the

1,
adhesive at the middle of the crack surface, i.c., y®(x =0, y=0), can be determined
from Equation (5.98) with n, and m, defined in Equation (5.145). Since the analysis
1n SCCUOI’I 5.4.1 is for a vertical strip along any line of constant x so that the result of
yiak given by Equation (5.98) is really y*)(y = 0, x = constant). Similarly, the peel
strain in the adhesive can be found by first solving Equations (5.99) and (5.100) for the
unknown constants B and A since n,, m,, and yr(,g))( that appear in these equations are
already determined, and noting that from Equation (5.91) e® = A at y = 0. Once the
shear and peel strains are obtained, the corresponding stresses are found by multiplying
strains with the appropriate moduli.

5.4.4 Illustrative examples

For illustration, the case of a repair with a patch spanning across the entire width of
the skin under remote tension is considered. The dimensions and material properties of
the cracked plate, patch, and the adhesive layer are summarized in Table 5.3, which
represents a typical repair that has been extensively used in practical applications (Baker
and Jones, 1988). Both geometrically linear and nonlinear analyses are performed.
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Table 5.3. Physical dimensions and material properties of a typical repair.

Layer Young’s modulus (GPa) Poisson’s ratio Thickness (mm)
Skin plate 71 0.3 3.0
Patch 207 0.3 1.0
Adhesive 1.89 0.33 0.2

However, the effect of geometrically nonlinear deformation will be analyzed using a
hybrid method.

Case 1: Geometrically linear analysis

The plate is assumed to be subjected to a uniform tension, o, remotely. The prospective
membrane and the maximum bending stresses acting on the crack faces are given by
Equation (5.80), noting that the “initial” stress is zero in the present case. These stresses
are given, respectively, by

~D Es
p.o2.
o P n -2
o, = :
" (1 + S) ts D£2
(5.147)
P -e- ts .
o0 — + -
b 2-D},
noting a positive sign for o since of = —635;™(0) due to the difference in

sign convention for the bending moment between this section and the previous
sections.

With the material properties and dimensions given in Table 5.3, the coupled Equa-
tions (5.134) and (5.138), representing Kirchhoff-Poisson plate theory and Reissner’s
plate theory, are solved numerically. The results are plotted in Figure 5.22. It is clear
that the formulation-based Kirchhoff-Poisson plate theory significantly over-predicts
the bending stress intensity factor as compared to Reissner’s plate theory, while the
membrane stress intensity factor appears to be well predicted. Even when the Kirchhoff-
Poisson bending stress intensity factor is converted to an equivalent Reissner bending
stress intensity factor using Equation (5.115), Kirchhoff-Poisson plate theory predic-
tion still remains considerably higher than that predicted using Reissner’s plate theory.
The breakdown of the relationship (5.115) is due to the coupling between the tensile
and the bending springs sprung between crack faces, resulting in the inapplicability
of the path-independent integral used in deriving (5.115). Therefore in the follow-
ing analyses solutions based on Kirchhoff-Poisson plate theory will not be discussed
further.

The numerical results obtained from the formulation based on Reissner’s plate the-
ory, i.e., Equation (5.138), are plotted in Figure 5.23, together with the results of a
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Fig. 5.22. Comparison of models based on Kirchoff—Poisson plate theory and the Reissner’s plate
theory.
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Fig. 5.23. Theoretical predictions and finite element results for a plate repaired with a patch
spanning across the plate’s full width assuming geometrically linear deformation.

three-dimensional FE analysis (Callinan et al, 1997b). Considering the approximate
nature of the crack-bridging model and the FE method, the correlation between the
predictions and the FE results is reasonably good, except for the discrepancies in the
short crack regime.
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Case 2: Geometrically nonlinear analysis

As mentioned earlier in the Introduction of Section 5.4, the geometrically nonlinear
problem is solved approximately using the hybrid method, in which the prospective stress
distribution is solved using geometrically nonlinear elasticity but the spring constants and
the perturbed solution are derived from the linear analyses. The prospective membrane
and maximum bending stresses are obtained from Equation (5.78) with o™ = 0. In this
example, the overlap length is assumed to be long so that these stresses are given,
respectively, by

0 __ 1 a,oo
TS (5.148)
al=0

With this stress distribution, the coupled Equations (5.138) are then solved numerically
and the results are plotted in Figure 5.24. When compared with the geometrically linear
analysis, both the membrane and the bending stress intensity factors have reduced by
almost a factor of 2, suggesting a strong influence of the geometrically non-linear
deformation on the repair efficiency of one-sided repairs. Nevertheless, the results shown
in Figure 5.24 also reveal that the repair efficiency of a one-sided repair is still much
lower than the equivalent two-sided repairs, with the mean and the maximum stress
intensity factors being about twice and four times those of equivalent two-sided repairs
for the geometry being considered. It is interesting to note that although the prospective
maximum bending stress is zero, there is still a significant bending stress intensity factor,
resulting from the coupling between the tension and the bending springs.

0.4
__________ - K

max, linear

0.3

Kmem, linear

0.2

max, nonlinear

Kmem, nonlinear

0.1

K for two-sided repair

Stress intensity factors, Ki/o,, (Y¥m)
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Crack length, a (mm)

Fig. 5.24. Influence of geometrically nonlinear deformation on the repair efficiency.
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5.5 Thermal Residual Stresses Resulting from Bonding

In Sections 5.2 and 5.3, only thermal stresses resulting from a uniform temperature
change due to a low operating temperature were addressed. However, since curing of
the adhesive in a bonded repair involves first heating the local area to be repaired above
ambient temperature, and subsequently cooling the fully cured patch-adhesive system to
the ambient temperature, the above uniform temperature model unless being modified
cannot be used to predict the latter form of thermal stresses. This section is, therefore,
devoted to address residual thermal stresses associated with curing of the adhesive. Three
curing models with various degrees of complexity will be described here. Among them,
Wang and Erjavec’s model is most complicated.

5.5.1 Rose’s or Barneveld—Fredell’s curing model

In Rose’s (1988) or Barneveld-Fredell’s model (Barneveld, 1994; Fredell, 1994), the
curing process of the adhesive can be simulated as a uniform cooling process of a whole
bonded structure with the skin’s thermal expansion coefficient being approximated by
a (lower) “effective” value. For a circular heated region as depicted in Figure 4.15,
Barneveld and Fredell derived the following effective thermal expansion coefficient for
the skin, which can be used in the uniform temperature model to simulate residual
thermal stresses due to curing:

TO
-

(T, 7, [R, R (R

7 )T ey R T TR R,

o i 211’1(—[) o o [
R

o

| =

S

=

effective ) 1 0
o =—(1 + v, 1—— =+
2 ( v) T,

(5.149)

In deriving the above formula, they assumed that both the patch and the skin in the heat
transfer model for calculating the temperature distribution are circular with respective
radius of R; and R, while the skin in the elasticity model for calculating thermal stresses
is infinite. Furthermore, Barneveld—Fredell’s model calculates the temperature at the
edge of the skin using the theory of heat transfer through extended surface instead of
setting this temperature equal to the ambient temperature. This model was originally
developed for a two-sided bonded repair. However, since the effect of the local heating
and the effect of elastic constraint due to the surrounding structure that is still at the
ambient temperature enter into the analysis only through the effective thermal expansion
of the skin, therefore, it will be deliberated here to assume that these effects can also
be accounted for in the analysis of a one-sided repair by the same way, for both
geometrically linear and nonlinear analyses.

5.5.2 Duong and Yu’s curing model
In Section 4.2.4, the residual thermal stress problem associated with curing was formu-

lated as an initial strain problem. The only difference between the curing problem and
the uniform cooling problem found from Section 4.2.4 is that the initial strain prescribed
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in the patch for the former problem is given by Equation (4.40) instead of (4.36). Thus,
by employing this model, the thermal effect due to curing can be addressed within geo-
metrically linear or nonlinear theory in a similar manner as that considered in Section 5.2
or 5.3 providing that the thermal force and moment defined by Equation (5.21) are
computed based on the appropriate expression of sij>(p ) and used in the analysis (Duong,
2003a). It is worthy to note that the skin is assumed to be infinite in this model while the
temperature distribution during the heating and cooling phases of the bonding process

is represented by a step function.

5.5.3 Wang and Erjavec’s curing model

Here the Wang et al’s curing model (2000) developed in Section 4.5 is extended to
characterize bending deformation. As in Section 4.5, this model considers only a circular
patch, which has a radius R;. The thermal stresses developed in the patched region are
determined with the help of a set of imaginary cutting, straining, and welding operations,
while continuities of extensional forces, bending moments, in-plane displacements, and
out-of-plane displacements along the imaginary cut are maintained. The solutions are
derived within a geometrically linear plate theory, i.e., Kirchhoff-Poisson plate theory
(Wang and Erjavec, 2000).

During the first step of bonding, suppose that the inner portion (r < R;) is heated to
a temperature 7; during the curing process, while the outer portion (r > R,) is heated
to T,, with the usual convention that the ambient temperature is taken as the zero of
temperature. The temperature field and the thermal stresses developed in the skin due to
this non-uniform temperature distribution are given respectively by Equations (4.90) and
(4.91) while the patch remains stress-free. It should be noted that the patch is stress-free
since during the heating step the adhesive is assumed to be very soft so that the patch
can expand freely under the temperature change without any restraint from the skin.
In contrast, thermal stress in the skin arises only in the case of localized heating of a
large structure; for the case of a finite-sized specimen being uniformly heated to 7;, no
thermal stress will develop. This stress distribution serves as the initial stress that will be
added to the thermal stress induced by cooling the patched region down to the ambient
temperature.

After the adhesive is fully cured, the patched skin is then cooled down to the ambient
temperature. The temperature change over the entire patched skin during the cooling
step is subjected to the temperature field which is opposite (in sign) to that of the
heating step. During this cooling process, it is assumed that the adhesive bond between
the composite patch and the metal skin is absolutely rigid, so that the patch—plate
combination in the circular patched area is treated as an inhomogeneity. The thermal
expansion coefficients, the bending stiffness, and the in-plane extensional stiffness of
the equivalent inhomogeneity are established using the classical laminate theory as in
Section 5.2.2. Since the thermal stresses resulting from a thermal loading may depend
on the nature of the constraint imparted by the surrounding structures, to incorporate
this size effect on the residual thermal stress, Wang and Erjavec (2000) used a model
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of a circular patch on a concentric circular skin plate which is constrained at radius R,
by a continuous distribution of springs according to the following relation:

o,=—k,Eu, (r=R,) (5.150)

As mentioned in Section 4.5, by selecting appropriate spring stiffness k, various degrees
of in-plane constraint imparted by the surrounding structure can be represented. For
instance, the following spring stiffness will recover the case of an infinite skin:

1

k= —F7—
’ (]‘+VS)RO

(5.151)

Free edge and clamped edge conditions at » = R, can be represented by k, = 0 and
k, — oo, respectively. Provided the outer radius R, is sufficiently large as compared to
the patch size R;, the precise value of k, has no significant effect on the distribution of
the thermal residual stresses. Due to the finite size of the skin, the strains and bending
curvatures in the inclusion are not uniform. A rigorous analysis would involve the use of
“stretched coordinate”, rendering the analysis rather unwieldy, as the solutions need to
be represented by infinite series. For simplicity, Wang and Erjavec (2000) assumed that
the effect of finite size is entirely limited to the in-plane deformation. This simplification
will not result in any significant error since the bending moment in the skin plate
decreases at a rate proportional to the square of the radius so that the bending moment
at the outer radius is approximately zero, provided that the ratio of outer radius to inner
radius R, /R, is moderately greater than unity.

Following the work of Wang and Erjavec (2000), it can be shown that thermal stresses
in the skin and the patch at their middle due to the cooling step are given by

{U;EC)(X’S)} _ Cs] {élll _Klll(‘x3 - hOl) +asTi} (5 152)
U;C) (x3) &y, — K5, (X3 — hp) + o, T,
p(C) =l I p
oy (x3) gy — Ky (x5 —hy) +ai, T,
—[CP
{UP(C)( } =1 {él — kL, (x5 — hyy) +ab, T, (5.153)
22 X3) 22 22\X3 02 24
S (t,+1,)
o= —2(1+S:)’ S, = E}t,(1—v2)/Eq (1 —1},08) (5.154)
Sy(t,+1,)
o= '2y(1 - Syp)_, S, = E5t,(1—v2)/Eq, (1 —1},08) (5.155)

where Ef ; denotes the mean strain in the overlap region at the neutral plane of the patch—
plate combination as shown in Figure 5.25, ng is the curvature, and the superscript C

3Unlike Sections 5.2 and 5.3, E,l./. is measured at the neutral plane of the skin—patch combination while in
Sections 5.2 and 5.3, except Section 5.3.2, Efj is measured at the mid-plane of the skin.
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Fig. 5.25. Inclusion representation of a rigidly bonded patch and plate showing (a) stress and
moment resultants and (b) strain distribution.

indicates the cooling step as used in Section 4.5. The parameters hj and hy, denote
the x;-coordinates of the neutral axis in the x,—x; plane and x,—x; plane, respectively;
T, > 0; and the rest have been defined previously. The curvatures and mean strains can
be calculated using the following explicit expressions:

{81“} =[La] " {Ro} (= T) = [Ls] ' [La] {KI”} (5.156)
& Ky
{:Il ] } = (L]~ L)L) (L) (R =L L] (R)) (<T) (5.157)
t5+tp 1 1
[Li]= ~D.(1-v) [Gr] 2[ho] [C'] = 2[C'] [ho] + 1, [C"]) (5.158)
e O et 0 (I SIS N EE)
(R} = =52 (Gl (€] = (€1 o) {al“ }
S s (¢2%)
(t,+1)t ab, (5.160)
~eb iy 16 (€7 { . ]
a I -1 ~s1 | @ [ -1 af
{alzz} =i [C'] [C]{as}+—zs+zp ('] [C"]{agz} (5.161)
[Gr]= ﬁ _31] (5.162)
] = [(l) ﬂ tfttp [Hr][C] (5.163)
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1
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b t+1 aj,
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where D is bending stiffness of the skin plate, i.e., D, = m; [C] is the elasticity

matrix; [C'] is defined by Equations (4.31)~(4.33) but with the effective thickness of the
inhomogeneity chosen to be 7, +,. It is worthy to note that by, i, v3, Ar, My, and
xr have been defined previously in Section 4.5; however, their definitions are repeated
here for convenience.
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As a special case, the solutions pertaining to two-sided repairs can be recovered by
equating the curvatures k), and k5, in Equation (5.156) to zero, which yields

{i“} — (L) (R} (-T) (5.176)

%))

It can be shown that this solution is identical to that given by Equation (4.98). It is
worthy to note that even though this curing model accounts for the realistic temperature
distribution and the effect of structure finite size, however, it only deals with one
particular patch’s shape, a circular patch. In contrast, the Duong and Yu’s curing model
is developed for a general shaped patch in an infinite structure size and under a simple
temperature distribution. Thus, these two models certainly can be combined for better
predictions of the geometrically linear thermal stresses in a one-sided bonded repair by
using a “shape correction” factor approach as described in Section 4.5.

5.6 Characterization of Fatigue Crack Growth in One-Sided Patching

Due to the out-of-plane bending, the stress intensity factor varies across the plate thick-
ness. As common practices, either the maximum value or the root mean square (rms)
value of the stress intensity factor across the skin thickness is used to predict the fatigue
crack growth. K . and K are defined, respectively, by

Kmax = Kmem + Kb

5.177
N (5.177)

mem ?

K

rm.

where K., and K, are the membrane and the bending components of the stress intensity
factor, respectively. However, it was found by Duong (2003b) and Duong and Wang
(2004) that the effective or equivalent stress intensity factor defined as

K

0 = Ko + (1 - «/5) KK" K. (5.178)

max

will consistently yield best crack growth predictions when compared with the test data
generated under the Composite Repair of Aircraft Structure (CRAS) program. The
physical significance of K, will be discussed in Chapter 11.

5.7 Summary

An approximate method has been presented for analyzing the tensile stretching and
bending of a cracked skin plate, which is repaired on one side, subjected to tension
and thermal excursion. The method employs a hybrid approach, in which, the stage 1
analysis is performed within either geometrically linear or nonlinear theory while stage
II analysis is always within geometrically linear analysis. In addition, stage I problem
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has been solved approximately using the equivalent inclusion method that was extended
to include analysis of the bending plates. Even though the method employed for the
geometrically nonlinear analysis of stage I lacks scientific rigor, however, it predicts
reasonably well the thermo-mechanical stresses in the skin for a wide range of repair
configurations and thus provides practical way for analyzing a one-sided bonded repair.
On the other hand, stage II problem has been solved using the crack-bridging model
within both Kirchhoff—Poisson and Reissner plate theories. The repaired structure is
modeled as a plate containing a through thickness crack, bridged by tension and bending
springs, whose stiffness constants are determined from a one-dimensional analysis of a
single-strap joint. The results from the crack-bridging model show that the Kirchhoff—
Poisson plate theory would considerably overestimate the bending stress intensity factor,
while the formulation-based on the Reissner’s plate theory provides a reasonably good
estimate of both the membrane and the bending stress intensity factors, when compared
with results from a three-dimensional FE analysis. The results show that a one-sided
repair is still much less efficient in reducing the stress intensity factor than an equivalent
two-sided repair.



CHAPTER 6

Analytical Approach to Repairs of Corrosion
Grind-Outs

6.1 Introduction

Corrosive damage on the outer surfaces of aircraft is generally removed by grinding
during periodic, routine maintenance. Aircraft manufacturers provide maintenance spec-
ifications that allow a limited amount of material removal, but it is sometimes necessary
to exceed these limits in order to completely remove the corrosion. In these cases, the
structure must be replaced or repaired before further operation of the aircraft is permit-
ted. Whenever a repair is sought, bonded composite doublers may be preferred due to
high stiffness and high strength of the composite.

In the past, stress analysis of a bonded repair over a corrosion grind-out cavity was
normally done using the FE method. The corrosion repairs are thought to be too complex
to be analyzed by an analytical method. However, Duong et al. (2001b), and Duong
and Yu (2002b, 2003b) in a series of papers presented a procedure for solving this
repair problem analytically. This analytical procedure followed Rose’s original approach
(1981, 1982, 1988) for the analysis of crack patching, and it was used for analyzing
elliptical and polygon-shaped patch over an elliptical cut-out or grind-out cavity with a
uniform or spherical depth. It also accounted for the effects of thermal stresses due to
curing and/or cruising and the effects of the filler stiffness. The procedure had been used
successfully in estimating stresses and strains in a patch and skin analytically at various
critical locations such as near the patch edge, around the damage edge, and at the bottom
of a grind-out cavity. The analytical methods based on this procedure therefore will be
presented in this chapter.

6.2 Fundamental Concepts

To illustrate the fundamental concepts behind the analytical methods employed by Duong
etal. (2001b), and Duong and Yu (2002b, 2003b), the analysis of an isotropic skin with an

216
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Fig. 6.1. Two-stage analytical solution procedure for a bonded repair problem.

internal elliptical corrosion grind-out, or cut-out repaired with an elliptical isotropic patch,
is presented first in this section since it is mathematically simplest. For simplicity, the effect
of thermal stresses is also ignored in the present discussion. Analyses including this effect
together with other complexities such as polygon-shaped and orthotropic patches will be
given in Section 6.3. As mentioned in the Introduction of this chapter, the analysis of a
corrosion repair also follows the similar two-stage procedure originally proposed by Rose
(1981, 1988) for a crack patching analysis (Figure 6.1). In the first stage, an infinite skin
reinforced by an elliptical patch under prescribed far-field stresses o.;; is analyzed using
the inclusion analogy, without considering the grind-out or cut-out. The constant stresses
inside the patched area denoted by o] j(mge Y (0) are then calculated and later used as the
far-field-boundary conditions for the second (stage IT) problem. In the second stage, the
patch is assumed to be infinite and an integral part of the skin. Stage II analysis then
involves solving a problem of an infinite patched skin containing an elliptical grind-out
or cut-out under far-field stresses o; j(mge Y(0). The latter problem is also solved using the
inclusion analogy. Because the patch in a typical design is much larger than the damaged
area, the solutions of the first and the second problems are approximately the same as
the solutions of the original problem inside and outside the patched area, respectively. In
order to solve for these first- and the second-stage problems, the solutions of the elliptical
inclusions and inhomogeneities are required. These solutions obviously can be obtained
using the computational algorithm given in Sections 4.2.1 and 4.2.2 of Chapter 4 for a
regular polygon with a large number of sides. However, explicit solutions for elliptical
inclusions and inhomogeneities are available in literature through pioneered work by

Eshelby, and therefore they are summarized in the next subsection.

6.2.1 Eshelby solution for elliptical inhomogeneities

For simplicity, all formulas presented in this section are obtained directly from a book by
Mura (1998) for plane strain condition. These formulas can be modified for plane stress
case by replacing the Young’s modulus E with E(1+2v)/(1+ v)? and the Poisson’s
ratio v with v/(1+ v) while keeping the shear modulus w unchanged. Consider an
infinitely extended material with the elastic moduli C?jk , containing an elliptic cylindrical
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domain € (minor and major axes are a, and a,, respectively) with the elastic moduli
C, 1 and subjected to the applied stress o;; at infinity. The solution of this problem will
be obtained by the equivalent inclusion method outlined in Section 4.2.1 of Chapter 4.
According to this method, the stress disturbance in an applied stress due to the presence
of an inhomogeneity can be simulated by the disturbance caused by an eigenstrain field
(or an initial strain filed) g;; occurring in the same region () in an infinitely extended
homogenous material with the moduli C?jk ;» Where €7; is determined from the equivalency
conditions as (see Equation 4.5):

0
ACijkl Skimn Emn — Cijkzszl = _ACijk/Sookz
in O (6.1)
ACz]kl - Cljkl Cukl
where S, is the Eshelby tensor. For an elliptical domain, if o; i is uniform, &j; as

determined from Equation (6.1) is also found to be uniform in ) since S,;,, as shown
later, is a constant tensor which depends only on material constants and geometric
dimensions of () but not the spatial coordinates. Explicit formula for S, for an elliptical
domain is well known (Mura, 1998), and it will be given in the next paragraph. Thus,
the only unknown in Equation (6.1) will be the eigenstrain &};. Once the eigenstrain is
determined from Equation (6.1), the stress and strain inside the inhomogeneity can be
obtained from Equations (4.1)—(4.3) as
ng = 83‘ = Siju€i T Ewif

in Q (6.2)

I _ H_ 0 H  _x
O'ij—a'ij—cijkl (e —€5p)

where sf} and a'g are defined in Chapter 4 as the strain and stress in the “equivalent”
inclusion (homogeneous) problem. It should be emphasized that the stress and strain
inside the inhomogeneity are uniform according to Equation (6.2) since both §,;, and
g;; are constant tensors. Thus, by denoting the stress and strain at point (0, 0), i.e., the
origin of the coordinate system, as o (0) and &! ;(0), the stress and strain fields inside ()
must also equal o7, (0) and &, (0) respectlvely For p01nt exterlor to (), the elastic fields
are not uniform. Even though the stress and the strain 0' and a for p01nt exterior to ()
are still equal respectively to o;] and &}, where o} Cljklsk, and &1 = S + €
however, another formula for S;;, different than that given in the paragraph below must
be used since S;;, as given later by Equation (6.4) applies only to points inside €). !
As pointed out by Mura (1998), the stress and strain fields outside () are more conve-
niently determined by using a method proposed by Tanaka and Mura, which is illustrated
in Figure 6.2. In Figure 6.2, o/, ;(0) again denotes the stresses inside (). The Tanaka and
Mura method will be descnbed later.

For computations, it is more convenient to represent a tensor by a matrix using Voight’s
convention. By assuming that all materials involved are isotropic and invoking the

'The Eshelby tensor S;j derived in Section 4.2.3, on the other hand, applies to both exterior and interior
points of €).
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Fig. 6.2. Tanaka—Mura method for calculating the elastic field at a point outside (). (Tl»lj (0) is the
stress in the inhomogeneity at its center inside ().

double symmetry conditions of the problem, all shear components become zero so that
Equations (6.1) and (6.2) in matrix form are given by

([AC][S]+[C°]) {e*} = —[AC] {e..}
{e'} ={e' O} =[S]{e") +{e.) in Q (6.3)

{o'}={d' O} =[C"{e' -7}
where
[AC]=[C"]-[C]

1 2u! (1-v" !
[c']= 1—2v1|: o (le‘)}

] = 2u [(1_,,) v }

12w v (1-v)
(6.4)
a%+2ala22 (1—2) a, a3 _(-2w) a,
[S]= ! (a)+a,) a,+a, (a,+ay) a,+a,
2(1_V) a% _(1_21}) al a%+2ala2 +(1_2V) al
(a;+a,)? ay+a, (a,+a,)’ a;+a,

N e -1 |o € o

&l = 11 ey ) = ooll | _ CO ooll el = 11 Aol = 11

te) {332} e} {80022 [ ] Ooon2 te) €x to} %))
u and v are shear modulus and Poisson’s ratio, the superscripts I and O of the elasticity
tensor or elastic constants denote the inhomogeneity and the homogeneous material,

. -1 . . . .

respectively, and [CO] is the inverse of C:ijl‘ It should be emphasized that, as in
Chapter 4, &]; and o}, throughout this book indicate the strain and stress fields of the

inhomogeneity problem and they describe the strain and stress fields of points both
inside and outside the inhomogeneous region.
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On the other hand, using the Tanaka and Mura method (see Figure 6.2), the stresses
outside (), at the ends of the minor and major axes of the elliptical inhomogeneity, are
summarized below as they are of practical interest:

At (a7, 0)

oy, (:I:a?’, 0) = o}, (0) (6.5)
2a
‘752 (:':“fr» 0) == (0;2 0) - ‘Toozz) (1 + a_1> + (‘711 0) - Uoon) + ‘752 (0)
2
At (0, +a))

‘7{1 (O’ ia;) == (‘7{1 0) - O'aoll) (1 + Za_cl]2> + (0;2 0)— U'oozz) + 0'}1 0) (6.6)

03 (0, +a7) = 03, (0)

where (£a;, 0) and (0, +a;) denote points outside (2 but infinitesimally close to points
(£a,, 0) and (0, *a,) while 0'l-1j (0) are stresses inside () at its center which are uniform
throughout () for an elliptical inhomogeneity as in the present problem.

6.2.2 Analytical solution of elliptical patches

Consider an isotropic skin with an internal elliptical cut-out or corrosion grind-out
repaired with an elliptical isotropic patch and the skin is subjected to remote biaxial
stresses as shown in Figure 6.1(a). The elastic moduli of the skin and patch are denoted
respectively by €7y, and ijk,. Furthermore, the aspect ratio of the elliptical grind-out
is b/a while the patch has an aspect ratio of B/A. The remaining skin thickness in the
grind-out is denoted by ¢,. Since the size of the patch is usually much larger than
the size of the skin damaged area in typical repairs, it therefore assumes that being
the case in the present analysis. Furthermore, by limiting the application of the present
approach to the repair situation where the out-of-plane bending effect is insignificant,
the problem considered in Figure 6.1(a) can be analyzed by a basic model with the
following simplifying assumptions:

e All material behavior is linearly elastic and isotropic.

All skin and patch materials are in a state of generalized plane stress.

e The presence of a grind-out will not disturb the stresses outside the patch.

The patch is modeled as an integral part of the skin using inclusion analogy.

The grind-out has a constant depth.

This basic model will bring out more clearly the essential features of the analytical
approach presented in this chapter. It should be noted that the third assumption listed
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above is a direct consequence of the underlying assumption that the size of the cut-out
or grind-out is much smaller than that of the patch.

In the analysis of bonded repairs, two regions of shear load transfer must be distinguished.
The first is the zone at the edge of the patch. Using 1-D bonded joint theory, it had been
shown (Rose, 1981, 1988) that in typical repairs the size of this zone is small compared
with overall patch dimensions to allow the modeling of a patch as an integral part of
the skin. The second load transfer zone is around the edge of the skin damage. While
the latter transfer zone definitely affects the stress distribution near the edge of the skin
damage, it in general has little influence on the stress concentration in the middle of
the damaged region. Since the stresses in the skin and in the patch are expected to be
highest near the middle of the damaged region, one may be concerned only about these
stresses in designing a patch. Thus, the analysis method developed in this section (to
solve for the basic problem) can be used for the preliminary design purpose. As a matter
of fact, explicit results obtained from this section will be used extensively in Chapter 10
when discussing the preliminary design approach for corrosion repairs.

Two-stage analytical solution

The analysis of a bonded repair over an elliptical cut-out or grind-out cavity is divided
into two stages similar to that originally proposed by Rose for crack patching problem,
as indicated in Figure 6.1.

Stage I analysis In the first stage, an infinite skin reinforced by an elliptical patch under
a prescribed far-field stress is analyzed using the inclusion analogy, without considering
the grind-out. The uniform stresses inside the patched area of the patch—skin combination
are then calculated and later used as the far-field-boundary conditions for the second
(stage II) problem. For clarity, the stresses of the skin—patch combination inside the
patched area from the present stage I analysis will be referred to as O'iI j(mge b (0). Since
the patch is considered to be an integral part of the skin, the patched area is treated as
an elliptical inhomogeneity with an aspect ratio of B/A. The material properties of this
elliptical inhomogeneity, which are equivalent to those of the patched skin, are derived
in a similar manner as in Section 4.2.3 of Chapter 4, but for plane strain condition® as

I.LI — I*Lsts +/‘Lptp

h

1

Ve —

1
(1 - ) (6.7)

g

A= wet (1 —vy) 4 Moty (1=2,)

g 1—2w, 1-2v,

2For uniformity purpose, the formulations for stage I and II analyses are also given under plane strain
conditions. For plane stress conditions, appropriate changes in the elastic constants E, v and u, similar to
those described earlier in Section 6.2.1, must be made.



222 Composite Repair

where u and v denote the shear modulus and Poisson’s ratio, respectively, while the
superscript or subscript I and subscripts s and p signify the inhomogeneity, skin, and
patch, respectively. The inhomogeneity thickness #; can be chosen arbitrarily; however, as
in Section 4.2.3, #; has been chosen to be the same as ¢, in stage I for direct application of
the results derived in Section 6.2.1. The uniform stresses GJ;Stage Y (0) inside the patched
region are calculated by first solving for the eigenstrain, then computing the strains and
finally the stresses according to Equations (6.3) and (6.4), respectively. The stresses
in the skin and in the patch inside the reinforced area then can be computed from the
following equations, similar to those given at the end of Section 4.2.3:

(o @) =[C][C'] " {o"= D 0)
1 in Q (6.8)
(o @) =[C][C'] {o= 0 @)

which is based on a condition that the bond allows no relative displacement between the
patch and the skin. In Equation (6.8), [C] is again the elasticity matrix; the subscripts
or superscripts p, s, and I have been previously defined. It is worthy to note that by using
« EET) . I(stage I) . « . 25 . .
composite” terminology, o;; (0) will be the “laminate” stresses while stresses in
the skin and patch are the “ply” stresses. On the other hand, the skin stresses and
strains outside the reinforced region at the ends of the minor and major axes of the
patch are determined from Equations (6.5) and (6.6). It is worthy to note that since
the inhomogeneity’s thickness was chosen to be ¢ in stage I, a}fﬁage Y(0) was therefore
defined based on the reference thickness of #,. In contrast, as discussed later, all stresses
in the second-stage analysis will be defined based on the reference thickness of (¢, +1,).

Consequently, the stresses o, ;Stage Y (0) obtained from the stage I analysis must be scaled
by a factor #,/(t,+1,) before they can be used as the far-field-applied stresses for the
second-stage problem.

Stage Il analysis In the second stage, the patch is assumed to be infinite and an integral
part of the skin. Stage II analysis then involves solving a problem of an infinite fully
patched skin containing an elliptical cut-out or grind-out cavity with a uniform depth
under far-field stresses o, ;Stage (0)- . This problem is also solved using the inclusion
analogy. The equivalent elastic constants of the patched skin outside the elliptical cut-out
or grind-out cavity can be evaluated by using Equation (6.7) with #; = ¢, +¢,. Similar to
stage I analysis, the damaged region is now treated as an elliptical soft inhomogeneity
with an aspect ratio of b/a. The equivalent elastic constants for this soft inhomogeneity
again can be obtained from Equation (6.7) with ¢, appearing in the equation being
replaced by 7.(¢, can be equal to zero as in the case of a cut-out), and with #; chosen
to be equal to f,+1,. Stresses inside the (soft) inhomogeneity and their contributions
to the skin and patch can be determined by the same manner as in stage I analysis,
i.e., via Equations (6.3), (6.4), and (6.8), respectively. The stresses outside the damaged
area at the ends of its major and minor axes are still evaluated by Equations (6.5) and
(6.6). However, since the region outside the damaged area is now made of a laminate
of skin and patch materials, a further step is needed which calculates the skin and patch
components of these stresses via equations similar to (6.8).
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Hlustrative example

The method outlined above will be illustrated via one example problem, which is taken
out from the paper by Duong et al. (2001b). The stress solution of the repair over
a circular damaged area shown in Figure 6.3 is obtained and compared with results
from the FE method. The radius of the damaged area is 12.7 mm. For simplicity, the
patch is also assumed to be circular with a radius of 38.1 mm. The material proper-
ties and thickness of the skin and the patch as well as the far-field stress are given
below:

Skin

um, = 27.2GPa, v, = 0.33, full thickness ¢, = 2.0mm, remaining thickness in the
damaged area ¢, = 0.762 mm.

Patch
My = 75.2GPa, v, = 0.33, thickness I,= 0.635mm.
o, =0, o, =068.95MPa

All analyses are carried out under plane stress condition. Stress comparisons between
analytical predictions and FE results at various locations are listed in Table 6.1. In
Table 6.1, all stresses are normalized with respect to the far-field stress. For reference, the
normalized stress in the skin near the middle of the damaged area of an un-patched skin
is also calculated using the Eshelby solution given in Section 6.2.1 with the grind-out
area modeled as an inhomogeneity, and it is found to be 1.7. FE results are obtained by
using FRANC2D/L code (Swenson and James, 1997). In the FE analysis, the adhesive is
modeled as two-dimensional linear shear springs. Both typical and arbitrarily stiff adhe-
sives are considered in the FE analysis. Typical values for shear modulus and thickness
of an adhesive are 0.66 GPa and 0.15 mm, respectively. The analytical predictions in
general agree well with the FE results except at point “1” where they are overestimated.
As explained by Duong et al. (2001b), this discrepancy is due to the effect of adhesive.

0..=68.95MPa

Circular grind-out

Fig. 6.3. Geometry of a circular grind-out problem repaired with a circular isotropic patch.
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Table 6.1. Stress comparison between analytical predictions and FE results for an isotropic skin
containing a 1.238 mm deep circular grind-out repaired with a circular isotropic patch of 0.636 mm
thickness. All stresses are normalized with respect to far field stress.

Center Point 1 Point 2 Point 3 Point 4
Analytical
Skin 0.818 0.544 0.818 1.184 0.631
Patch 2.260 1.502 2.260
FEM (stiff adhesive)
Skin 0.813 0.477 0.803 1.139 0.645
Patch 2.247 1.695 2.201
FEM-(typical adhesive)
Skin 0.808 0.408 0.843 1.127 0.696
Patch 2.203 1.854 2.076

As the adhesive becomes stiffer, the difference in stresses between the two methods
becomes smaller as expected, especially at point “1”.

A good agreement between the two methods at point “3” but not at point “1” is also
explained by Duong et al. as follows. Based on the 1-D bonded joint theory (see
Chapter 2), using typical values for the adhesive parameters and the above material
properties and thicknesses for the skin and patch, the length of the load transfer zone in
this case is calculated to be about 4 mm. The stresses near the load transfer load zone
could not be predicted with sufficient accuracy by the present analytical method unless
the overall dimensions of the patch and the damage size are much larger than the length
of the load transfer zone. With the dimension of the patch three times larger than the
damage size, the stress prediction at point “3” is therefore expected to be more accurate
than that at point “1”. It remains now to explain the high stress results of the analytical
method at point “1” in comparison with those from the FE method. The stiffness of the
structure inside the damaged area in the analytical model is stiffer than its actual state
since the damaged skin and patch are assumed to act as one piece. Thus, more loads
are attracted to the damaged area than in reality, and the resulting stresses at point “1”
higher than FE results. However, stresses near the middle of the damaged skin are only
slightly higher than the corresponding FE results, which are apparently unaffected by
the “edge” effect as expected.

6.2.3 Formulas for a special case of an elliptical isotropic patch
with a Poisson’s ratio same as skin

For elliptical patches with the Poisson’s ratio same as that of the skin, simple formulas
similar to those given by Hart-Smith and Duong (2005) can be deducted from the above
solution procedure. It should be remembered that the formulas given in the cited reference
were derived by a different method than the equivalent inclusion method. However, the
latter method is quite cumbersome since it requires the displacement solution of a skin
with an elliptical hole and that of an elliptical plate, and therefore it will not be discussed
in this book.



Analytical Approach to Repairs of Corrosion Grind-Outs 225

Similar to the results derived in Chapter 3, the stresses 0'1(qmge Y(0) in the inhomogene-
ity of the stage I problem and the corresponding skin stresses underneath the patch,
ie., o'lsj(smge Y(0) (denoted by o,, and o, for the 11- and 22-stress components,
respectlvely), can be obtained from the equivalent inclusion method outlined in

Section 6.2.1 as

I(Slage D 0) = M {S |:1—1/ —2v é]
Z B

+3 [(l—l—S) <3+2%> +1+VSS+2§]}

(6.9)
stage 0. 1 S B A
ol D (0) = T T ”(Z+ ){(1+S> <3+2;>+1+VSS+ZE
B
+2S (1_V5_2V52>}
A
o0 = o0 (0) = T2 { [ SE]
- A B
1+ S +2— 1 S+2—
Rl A ( B)+ e A“ (6.10)
B
oy=0 S(Stage b} (0) = G2 (1+5) ( ZZ>+1+VS+2_
B
+2S <1_Vs_2VsZ>}
where
l(stage 1) (0) (1 + S) S(stage 1) (0) (6_1 1)
or
O_I(lstage 1) (0) — (1 + S) O-Ox
(6.12)
a_;(zslage I) (0) — (1 + S) o,
where
B A
Z=3 (1+5)* +2 (1+9) (A+B+vS) — s
(6.13)
s — Ol

05022



226 Composite Repair

Ejt, Eyt, , E, | .

T = B B = 10 ulp’ Vs
again the Poisson’s ratio; A and B are minor and major axes of the elliptical patch; 3, is
the biaxial stress ratio; and the subscript p or s again denote patch and skin, respectively.

S is the patch stiffness to skin stiffness ratio, i.e., S =

Furthermore, the skin stress concentration factor near the tip of the patch’s edge is
found to be

s(stage I) +
0, £B
k=2 ) _ (1482 (6.14)

022 022

In contrast, the skin stresses near the bottom of a grind-out cavity and around the
damage edge are obtained from a stage II analysis. Since stage II problem is itself
also an inhomogeneity problem, one can use the above explicit results but with minor
modifications for a stage II analysis by noting the similarities and differences between
stage I and II problems as follows. First, as indicated in Figure 6.1(c), the far-field stress
in the stage II problem is given by

(stage II) I (stdge I)
1 —_— 6.15
ooij ( ) t +t ( )

which upon substitution of Equation (6.12) for o j(smge Y(0) results in

(stage 1) ts
14+8)og - ——
Tl1 ( ) 0x ts + tp
(6.16)
(stage II) t
g 145) 0
%2 =+ L+,
Second, since S is defined in the first stage problem as
_ Et, _ Ejt, +Ef B
E, Ey
(6.17)
B stiffness of inhomogeneity
~ stiffness of base material or stiffness of material outside inhomogeneity
a similar but new stiffness ratio for the stage II problem will be defined as
g _ E;tr—i—E;tp - E/(l‘ t)
“ore Eltg+Et CElt +E}
p'p plp (6.18)
-t
o (1+8)

where ¢, is the remaining or minimum skin thickness, (¢, —t,) is the depth of a grind-out.
It is worthy to note from the above equation that S, has a negative value (Hart-Smith
and Duong, 2005). Finally, the aspect ratio of the inhomogeneity in a stage II analysis
is now the aspect ratio of a grind-out cavity, i.e., b/a.
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With the above similarities and differences in mind, the stresses of the corroded
skin—patch combination inside the grind-out cavity can be evaluated similarly using
Equation (6.9) with o’Sfjge M S... and b/a in place of ao(zfjge DS, and B/A.

This evaluation leads to the following results:

(slage 1I)
stage O 1 Scorro
R R ] DO [T

Ccorro

a b
+3 corro |:(l+Scorr0) (3+2’Z)+1+Vsscorro+2_:|
a

(6.19)
(slage 1)
stage Oy 1 Scorro b
I( e 1) (0) - = ( ki ) {(1 +Sc0rr0) (3 +2_> +1+ VsScorro
Zcorro a
a b
+2-+ Ecorro'Scorro 1—1/5—21/;—
b “a
where
b a 22
corro =3 (1 + Scorro) +2 (1 + Scorro) -+ Z + VsScorro s Swrro
a
(stage II) (620)
2 _ Ol _ &
corro O_(Stage m o

0022

Due to the rigid bond assumption, strains of the skin, patch, and skin—patch combination
inside the grind-out cavity will be the same. The stresses a's(Slage (0) in the skin inside
the grind-out cavity then can be obtained as

l(slage 1) (0)
G B )

where (Ef, + E1,)/(t,+1,) is the effective modulus of the corroded skin—patch combi-
nation inside a grind-out cavity. Substituting Equation (6.19) for o I(Slage (0) into (6.21)
and subsequently (6.16) for O'O(Sf?ge " into the resulting equation and noting 1+,

(Eit,+Et,) [(Eit,+ E)ty) and 1+ = (Elt,+ E}t,) / Elt, yield

O_:j(stage 1) (0) E 8” (0) _ E; I(stdge 1) (0) —

(6.21)

corro —

et b
O-CX = a-isihtdge II) (0) = i { & . [(1 + SCO[TD) (3 + 2E) + 1 + VSSCOITO + 2_]
Zcorro 0 b a
+Scorro <1 v, —2v —>} (6.22)
g =0 (0) = {(1 + Seomo) (3 +2- ) + 147, Scomo

+2 +2 Tox g (1 v, 2w, —>} (6.23)
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The 22-component stress in the patch at its center then becomes

p E,
05, (0) =0, (E) (6.24)

where o, is given by Equation (6.23) above.

On the other hand, the stresses in the patch—skin combination near the damage edge are
determined from Equations (6.5) and (6.6) with "% ™ given by (6.16) as

ool j

stage ts stage b stage
O_f(]Atg 1) (O, ib+)=<0'0x(1+5)t - . I(lg 1) (0)> <1+22>+U}(ltg 1) (0)
s T

_ (0'() (1 +S) l(stage II) (0)>

t+ tp
(6.25)

stage tS stage stage
Sl F 0):(0’0(1+S) — g (0)>.(1+2Z) aaseee I (g)

s

_ (O_OX (1 + S) I(%tage 1I) (0))

where only the 22-component stress at the left or right edge of the grind-out cavity and
the 11-component stress at tip edge of the cavity are given since similar to the results of
stress concentrations for a hole, they are the only stress components which may become
critical at those locations. al(mge (0 in Equation (6.25) can be expressed in terms of
skin stresses at the bottom of a grind-out cavity by rearranging Equation (6.21) and
noting o} " (0) = o, and o307 " (0) = 7., i

S
ts—i—tp

I(stage 1I (E;tr_'_E/t)
Ulgtg )(0)_ = t_pr
s p
(6.26)
l(stage 11) (0) E/ (E/i itE’ )
s s p

The skin stresses near the damage edge are finally derived based on a rigid bond
assumption between skin and patch outside the cavity region as

03, (0, £b7)=E. -, (0, £b*) = E.- 7™ " (0, £b")

U}(lstage 1) (O, :l:b+)
" (B E) /(14 8)

(6.27)
03, (£a*,0) = E. - &5, (a*,0) = E.- £33 " (£a*, 0)

O_I(sldge 1) (:I: + O)
NCIETAYIOEEN
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which upon substitution of Equation (6.25) for o "*¢ (0, +b") and 535" ™ (£a*, 0)

and (6. or g;; & into the resultin uation yie
d (6.26) for o (0 h lting Eq yield

i (Elt.+E't
U?I(O’iw):{(%x(lw) s “’)>~<1+29>

41, E. t,+1, a
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6.3 General Solution of Polygon-Shaped Patches

In this section, the problem of an isotropic skin with an internal elliptical grind-out
repaired with a polygonal orthotropic patch is analyzed. The analytical method described
in Section 6.2 will be extended in this section to deal in particular with additional
complexities such as polygonal patch, a grind-out cavity with a spherical depth, and the
effects of thermal stresses due to curing and cruising. In addition, it was shown from
the 3-D FE study (Duong and Yu, 2002b) that the use of the inclusion analogy in a
stage II analysis as done in the solution procedure outlined in Section 6.2 may not yield
sufficiently accurate results for a repair problem of a very deep grind-out cavity in a
thick skin. It should be noted that the good agreement between analytical and FE results
was observed in Section 6.2.2 since the skin in the example illustrated in that section
is relatively thin (2mm) while the grind-out cavity is only 50% deep. The solution
procedure outlined in Section 6.2 is therefore modified here to improve the analyses of
deep cavities in a thick skin. However, as in Section 6.2, for simplicity, the analysis will
be conducted under plane stress assumption. As shown later in Section 6.3.2, the present
analysis will require a solution of a polygonal inhomogeneity with variable stiffness.
We therefore begin the development with the derivation of that solution.

6.3.1 Polygonal inhomogeneity with variable stiffness

Let us consider a problem of an infinite isotropic, linear elastic skin with the moduli C,Q,'k y
containing a polygon-shaped inhomogeneity ) with the elastic moduli C}jk, and subjected
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to an initial strain field sg). The infinite isotropic skin may be composed of two layers
of different isotropic materials. A strain field of &, ; 1s applied to the skin at infinity.
When uniform stresses are prescribed at infinity, one can simply convert them to strains
using Hook’s law. To make this problem more generic than those already considered
in Chapter 4 (for the latter developments), both the skin and the inhomogeneity are
also subjected to an additional initial strain field 8('"") In contrast to s , the latter
initial strain field is continuous across the 1nh0mogene1ty s interface. Furthermore, the
present inhomogeneity is also (materially) inhomogeneous with its property varying as a
second-degree polynomial of spatial coordinates, i.e., the stiffness of the inhomogeneity
C};, can be represented by

I(min I(prime
Cly () = Clg™ + i ( X+ @2) (6.29)

1 1 . .
where C”(:;m) and le,f;lme) are constant tensors, and @ is a constant scalar. For a materially

homogeneous inhomogeneity, i.e., an inhomogeneity with a spatially uniform material
property, C,.I;,fl”me) = 0. The stresses in the inhomogeneity and in the region outside of

the inhomogeneity are given respectively by

I Ciu (‘9“_31(3)—8;(:;110) inside Q
o) = (6.30)

Clii (Skl - 81(;;"1)) outside Q)

where &}, is the strain field induced by the inhomogeneity and the far-field stresses, and
it will be determined by the equivalent inclusion method. To simplify the development
followed, the term C,Ijk l(s(T) (m“)) in Equation (6.30) will be expressed alternatively as

C}jkl (8](;) + (1n1t)) _ C,-I;;;m)( (T)(min) + (mlt)) (6.31)
where S(T) (min) i5 defined by
(T)(mm) I(min)—1 ~ (T) (init) (init)
€ij =Ciju Ciin (Ekl t ey ) — €& (6.32)

Substituting Equations (6.29) and (6.31) into Equation (6.30) yields
I(min T(min ini
Ct/(kl : (8 Ekl( )~ /(<1 0)

b
X5
i Cllj(llcjlrlme) (x + ®2> &} inside

oy (x) = (6.33)

Cl (e}d - 8,(:,"it)> outside Q

As before, the stress and strain fields induced by an inhomogeneity-occupied region ()
will be found from the solutions of an “equivalent” inclusion problem with a homoge-
neous material C?jk, and under the eigenstrain field &j;. Following the procedure given in
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Section 4.2.1 of Chapter 4 for a polygon-shaped inhomogeneity symmetric with respect
to both coordinate axes, by approximating &;; as a second-ordered polynomial of the
position coordinates with yet to be determined coefficients, i.e.,

= F+ Fjuxx, (6.34)

and by expanding the prescribed initial strain fields s(T)(mm) and £ into a Taylor
series, the equivalency condition requires that F;; and F ;je Must satlsfy the following
system of linear equations (without summation on subscript «):
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Caor?zlg 2211mln + Cal:xnln;e Eeo11 T Ca;:;zr;e €022 (6.35)
1 62 1 a I(prime) I(prime)
_Acaa11_2L11(0)+_ACaa22 2L22(0)_ _Caall Lll(o) aa22 LZZ(O)
2 02 2 ox
0 (init) (init) I(min) _(T)(min)
= Coant Flin CaaZZF 220 = ACqa11 €112 +ACeun€2 — Coit €112

I(min) (T)(mm) (prime) (prlme)
aa22 €202 +_Caa11 ot T =3 Caa22 Eo2

Cx 02
AC az (0) C F — _CI(min)s(T)(min)
12125~ 3x13x2 12 12124 1212 1212 1212
where
I(min
ACljkl Ct]kl Ci}kl ) (636)

LaB(X) = SaBII(X)Fl/l +Saﬁ22(X)F2/2 +Sa,BlIll (X)Fy +SaB1]22(X)F1,122

+ Sap211 () Flpp1 + Sup2000 (X) Frngy + Sepinin(X) Fiyyy (6.37)

Fy=Fytel)™

ijo
(T)(
Flyr = Fyutei i) (6.38)

(a¢,=1,2)
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sijO)(mi") and sngk),(mi") are the constant and quadratic terms in the Taylor series of &) ™"

1 ’
respectively; similarly, sg}’(’,“) and 85;21;) are the constant and quadratic terms in the Taylor
series of af-}mt). In Equation (6.37), S,;,(x) and S;;,,,,(x) are again the Eshelby tensors
which can be evaluated for any polygon-shaped inclusion by using the algorithmic
approach outlined in Section 4.2.2, and all notations used in Section 4.2.1 are also
retained here. It is worthy to note that Equations (6.35) and (6.37) are quite similar to

Equations (4.10) and (4.11), and (4.43) and the second equation of (4.44).

Once the coefficients F’’s, thus F’s and 8}3, are determined, the elastic fields in the
inhomogeneity problem can be obtained as

&= & = Sija P+ Sijetmn Fetmn + Eccis (6.39)
ol (x) = Co(ei — SZ/Af &4 — Slilzm)) inside (6.40)
v Ciu (8?1 - 3$1n l0) outside () :

which are similar to Equations (4.45) and (4.46) except for the additional terms £\ and
€. appearing, respectively, in Equations (6.39) and (6.40) due to the presence of the
far-field-applied strains and the continuous initial strain field as specified in the problem
statement. It should be remembered that &} is the strain solution of the homogeneous
(inclusion) problem.

6.3.2 Repair over an elliptical grind-out

Consider an isotropic skin with an internal elliptical grind-out cavity of a spherical
depth repaired with a polygonal composite patch. The skin is subjected to the remote
stresses 0,,;; as shown in Figure 6.4 with the dominated stress component being in the
x,-direction. The bonded skin also assumes to be subjected to a uniform temperature
change AT and/or to a thermal cycle associated with curing of the adhesive. This
problem will be analyzed under the same assumptions as in Section 6.2.2 except that
the grind-out cavity now can have a spherical depth as in most realistic repairs and the
patch is orthotropic. The rigid bond assumption is quite reasonable for stage I analysis
of most common repair configurations; however, it may not be appropriate for stage
IT unless the cavity is filled with a very stiff or rigid material or for shallow cavities
in a thin skin. For an unfilled cavity or a cavity being filled with a soft material in a
relatively thick skin, this last assumption must be relaxed in the stage II analysis. It is
worthy to note that the results from the present analytical method will be less accurate
near structural discontinuities such as near the edge of the patch or grind-out cavity,
where significant (out-of-plane) shear strains occur in the adhesive rather than none as
in the rigid bond assumption.

Two-stage analysis procedure

As before, the analysis is divided into two stages as indicated in Figure 6.1. However,
for use in the future development, the skin thickness profile in the grind-out cavity needs
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Fig. 6.4. Geometry of a bonded repair over an elliptical grind-out cavity. Numbers 1-5 indicate
critical stress locations, which are of primary interest in the design.

Fig. 6.5. Detailed geometry of a cross section of a skin containing a spherical deep grind-out
cavity. In the figure, a is the minor axis of the ellipsoidal cavity as shown in Figure 6.4.

to be determined first from the geometry. An expression for a skin thickness profile in
the grind-out cavity is thus derived here. Consider a cross section of a grind-out cavity
as shown in Figure 6.5. It is clear from Figure 6.5 that a radius of curvature of the
cavity and the skin thickness profile in the cavity as determined from the geometry are
given by

_ (ts — tr)z + a?
. 2 (ts - tr)

toinsiee () =1, + R.—/RZ—r>  0<r<a (6.42)

(6.41)
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where ¢, and ¢, are the full and the minimum remaining thickness of the skin, a is
a maximum (in-plane) radius of the grind-out as shown in the figure, and r is the
radial distance from the center of a cavity. By expanding the expression given in
Equation (6.42) into Taylor series, the skin thickness profile then can be approximated
by the second-degree polynomial of r as

dt 1, d.

s-inside

ts»inside (V) ~ ts»inside (0) +r- —inside (0) + —7'2 T 1, (0)
dr 2

dr?
1 /7
f.o. . =1 — | —
s-mslde(r) r + 2 (R )

c

(6.43)

The skin thickness profile has been derived so far for a cross section. By assuming that
the thickness profile for an ellipsoidal grind-out cavity is governed by the same relation
as that given in (6.43), then

1 x?
ts-inside('xl s x2) = tr + ﬁ ()C% + 622) (644)

where O is an aspect ratio of an elliptical grind-out, i.e., ® = b/a. It should be noted that
for a circular grind-out cavity (@ = 1), Equation (6.44) implies that the skin thickness
profile in the cavity is axisymmetric. With the thickness profile of the skin inside the
cavity having been determined, it is ready now to proceed with the first- and second-stage
analyses.

Stage I analysis In a first stage, an infinite skin reinforced by a polygonal composite
patch under a prescribed far-field stress and thermal field is analyzed using the inclusion
analogy, without considering the grind-out cavity. Stresses around the patch and inside
the patched area at the center of the prospective grind-out location are calculated. Since
the patch is considered as an integral part of a skin in the analysis, a patched region is
treated as a polygonal inhomogeneity. This problem had been solved in Section 4.2.3
under far-field stresses and in Section 4.2.4 under thermal loads. Thus, the solution of the
present problem can be obtained by linear superposition of the individual contribution
due to the far-field stress and due to the thermal load alone. However, it also can be
obtained directly from the process outlined in Section 6.3.1 by noting the following
relationships:

1 __ ~I(min)
Cijkl_Cijk/

I(prime)
Cijkl =0
(6.45)
60 _ g(Dimin

ij ij
8,(‘;“1{) -0
where Cl.[};{?m) and sf-jT)(mm) are evaluated using the formulas given by
Equations (4.31)—(4.33) and the second equation of (4.41) with the full skin thick-

ness t,. Moreover, s,-Tj(p) appearing in a second equation of (4.41) is either defined by
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Equation (4.36) or (4.40), depending on the type of thermal loading: due to a uniform
operating temperature change or due to curing of the adhesive. Under these circum-
stances, Equation (6.35) in Section 6.3.1 will reduce identically to Equation (4.43) in
Chapter 4 in the absence of the far-field-applied strains. It should be noted that as before
the thickness of the inhomogeneity in the stage I analysis has been chosen arbitrarily
the same as the full skin thickness f,. Also, like before, for future discussion, stresses
atI (tllle clg:nter of inhomogeneity determined from the present analysis will be denoted by
stage (0)

Stage II analysis As done in Section 6.2.2, in the second stage, a patch is assumed
to be infinite and an integral part of a skin. Stage II analysis then involves solving a
problem of an infinite fully patched skin containing an embedded elliptical grind-out
cavity ) as shown in the last picture of Figure 6.1. In addition, the patch layer of
the skin—patch combination is also prescribed with an initial strain field ag)(p). Explicit

formulas for s(j ') associated with two common types of thermal loading are given

before by Equations (4.36) and (4.40).

In Section 4.2.4, it was shown that due to the initial strain e( e ), using the second
equation of (4.41), the bi-layer of patch—skin combination will be under an “effective”
initial strain given by

0 PCI IcP oMK (6.46)

l] ijkl ~ klmn®mn

where C} u and 7; are the elasticity tensor and the “effective” thickness of the patch-skin
combmatlon c? s 18 the elasticity tensor of the patch, and the superscript —1 denotes the
inverse. C} 4 of the patch—skin combination can be evaluated using Equations (4.31)-

(4.33), Wthh also can be rewritten in a compact notation as
. =be yhe 6.47
ijkl — t_ ijkl+t_ ijkl ( . )
1 1

Since regions both inside and outside the damaged area of the current stage II problem
are bi-layers of patch—skin combination, due to sg)(p) they also will be under similar
“effective” initial strains. These “effective” initial strains will be derived below for the
present analysis.

As detailed later, the fully patched skin of the stage II problem is divided into two
separated regions: inside and outside the elliptical grind-out cavity (), and each region
is itself a bi-layer of patch—skin combination which is described with different elastic
moduli and different constitutive relation. The “effective” initial strains due to S(T)(p)
the patch layer for these two regions can be derived by using Equation (6.46) as

t
Sl(;r)(oumde) - Cgs:ltage - ICplmnsfrB(p) outside () (648)
1,41,
- t
g _ o cltusemoion 000 jngide 0 (6.49)

Y ty 1
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where C?j(,:,tage " and C;;Z;age " denote the elasticity tensors of the regions outside and

inside (), respectively. Expressions for C?;f]lage " and C;;;;age " will be defined in the
paragraphs below. In deriving Equations (6.48) and (6.49), the “effective” thicknesses
of the patch—skin combination, i.e., #; in Equation (6.46), inside and outside of () have
been chosen to be the same and equal to 7, +f,. With the initial strains having been

p
determined, the stage II problem is then fully described.

There are two different cases that will be considered for stage II analysis. In the first
case, the cavity assumes to be filled with a rigid material so that the patched skin inside
the grind-out-cavity region is again modeled as an (soft) inhomogeneity. The second
case on the other hand deals with an unfilled cavity or a cavity being filled with a
soft material. The analysis for the first case will be delineated first using an inclusion
analogy.

Case 1: Cavity filled with rigid material

In order to use solutions developed in Section 6.3.1 for stage II, the patch material must
now assume to be isotropic so that the fully patched skin region outside the grind-out
cavity is isotropic as required by the formulation given in that section. The effect of
neglecting patch orthotropy during stage II analysis is found to be small as illustrated
later through the example problems. Using the same notation as in Section 6.3.1, from
Equation (6.47), the elasticity tensor for the fully patched skin outside of the elliptical
grind-out region is given by

O(stage 1I) L S tp P
Cijkl T+t Cijk1+ P Cijkl (6.50)

p
where the “effective” thickness of the patch—skin combination, i.e., #; in Equation (6.47),
outside () has been chosen to be equal to 1,+ 1, as in Section 6.2.2. It should be remem-
bered that C,ij, is calculated based on the assumption that the patch is isotropic with a
modulus and Poisson’s ratio equal to the principal modulus Ej, and 5,, respectively,?
and the rest have been defined previously. Furthermore, the constitutive relation for the
fully patched skin outside the grind-out region is given by

U};stage 1) — C:)jg(sltage 1) <8£(lslage m Si'{)(outside)) outside Q (651)
where £{“* " is the strain field induced by the grind-out cavity and the far-field
(T)(outside)

stresses, which is yet to be determined using method outlined in Section 6.3.1; g,

and C?jflmgc ™ have been previously defined by Equations (6.48) and (6.50). Next, the

(stage II) (stage 1I) .

remote strain £, must be determined. &,; is determined from the stresses

I-Ij(smge I)(0) obtained from stage I analysis as follows. As shown in Figure 6.1, the

stresses ﬁa}}mge Y(0) apply at infinity in stage IL Since the strain field ) "™
sThp

3Because of this assumption, Cffk, in stage II in general will be different from that in stage I.
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induced by the cavity and far-field stresses must approach the constant remote strain
field 59 ™ at 1nf1n1ty, therefore, for points at infinity, Equation (6.51) should read

I(slage 1) ( ) — s lI](stdge I) (0) — l(;(ks[tage I (sgt]il[ge m Slg'f)(outside)) (652)
t, ~|—l‘
From this
(stage 1I) (T)(out: dc) [N O(stage 1I)—1 I( tage 1)
S;ij — & o 1. —;t Ciﬂ:z . (0) (6.53)
s %

It remains now to derive the elasticity tensor and stress—strain relation for a patched
skin inside a grind-out cavity. Similar to the stage I analysis, this inside region will
be modeled also as an elliptical inhomogeneity. By substituting Equation (6.44) for the
skin thickness 7,4 inside € into Equation (6.47) and choosing the effective thickness
of the patch-skin combination equal to 7, + ¢, the elasticity tensor for the elliptical
inhomogeneity can be expressed as

) 2
C};Z;age m_ CiI;/Z?m)(Stage 1)) + Cllj(lslnmE) < 4 ®2> (6.54)
where
I(min)(stage II) tr S tP iy
Cz]kl LAt Cijkl + —ts +, Cijkl (6.55)
I(prime) 1 S
clpime — __— ¢ (6.56)

2R, (t,+1,) ™

Similar to Equation (6.51), the constitutive relation for the inhomogeneity will take the
following form:

a_llj(stage 1) — C’ll(z;age m (Sz(lstage m_ 8]((’;“)(inside)) inside Q) (657)

where perhaps it needs to recall that s(T)('"s‘dE)

tion (6.49), it is clear that by defining &;;

is given by Equation (6.49). From Equa-

(T) (inside— mm)

t .
(T)(inside—min) p I(min)(stage 11)—1 T
81/ —Cijkl C lmnsgms(p) (658)
1,+1,
it follows that
I(min)(stage II) (T)(mslde min) I(stage 1I) (T)(mslde)
Cljkl Cljkl € (659)

I

/klgkl) ®)_ Substituting Equations (6.54) and (6.59) into
Equation (6.57) yields

I(stage II) _ ~I(min)(stage II) I(stage 1I) (T)(outside) (T)(inside—min) (T)(outside)
0ij = Cijkl [(Skl — € ) - (Skl — &y )]

+Cllj(,flnm°>< X1+ @2) weee D nside O (6.60)
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By comparing Equations (6.60) and (6.51) with Equation (6.33) in Section 6.3.1, it is
clear that the present stage II problem can be solved by the method outlined in that
section with all parameters used there being related to those derived here as follows:

0 __ ~O(stage II)
Cijkl - Cijkl

I(min) __ ~I(min)(stage IT)
Ci jkl Ci jkl

CI(prime) _ CI(prime)

ijkl = Cijki
(6.61)
___(stage II)
Exij = Ecoij

(init) ___ (T)(outside)
& =&

8,(-;)(min) — sglf)(insidefmin) B 8;;1")(0utside)

where each term in the right-hand side of these equations, except for the last equation
then a first term, has been defined earlier throughout this section by Equations (6.50),
(6.55), (6.56), (6.53), (6.48), and (6.58), respectively. With these, the strain field &} "

ij
induced by the inhomogeneity and thus the stress field a,-lj(mge " can be solved by the

solution procedure outlined in Section 6.3.1. Similar to Equations (4.47), stresses in the
skin are finally given by

. Cii (Cig;::ge D1 gltsage 1 sg)“"“e)) inside Q 662
g; ;= ' .
Cisjkl (CO(Stage m)—1 U',I,S,S:age i) + SZZ(OUtS‘dE)) outside O

klmn

while stresses in the patch are

_ . insid ..
. Chi (C,Ic(l:ige D LorlGage ) 1 81(;)(1“1 ©) _ 8,(;)@)) inside Q 663
0= oo 1) i ) .
Chu (C,?,(,:,‘igc D frlGstage ) 1 szl(om“dc) - sg)(p )) outside Q

Case 2: Unfilled cavity

Let us consider now the case of patching an unfilled cavity. It turns out that the patching
analysis for an unfilled cavity can proceed in a similar manner as that for the first case.
In the absence of any filler in the cavity, the skin and the patch expect to be strained
differently inside the grind-out region. Furthermore, the stresses in the patch are also
expected to be nearly constant inside the grind-out region and approximately equal to
those just outside the cavity because no load transfer between the skin and the patch
can take place inside the cavity. In order to use the inclusion analogy and thus the

solution procedure outlined for case 1, one must assume that the patch is subjected to
S{)(p)) inside the grind-out region besides

R)(p

ij

an additional unknown initial strain field (s

those mentioned in the first case. Physically & are components of the strain field in
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the patch inside the grind-out region relative to that in the skin. When the skin and the
patch are equally strained as previously assumed in the first case, components of sff)(p)
equal to zero. Since the present stage II problem involves very little in-plane shear, for
simplicity, the component gi‘,})@ ) is assumed to be zero. The unknown strain components
eﬁ)(p) and eg;)(p) for the present case are then determined by imposing the following

stress continuity conditions on the patch:

il il
on center o1 top edge

(6.64)

P | _ P |
O» center O» right edge

or

— p _ P —
f =0y |center o1 |top edge
(6.65)

— ~P | _ P | —
8 O center O right edge

These two conditions will be explained as follows. As mentioned earlier in beginning
of this part, stresses in the patch inside the grind-out region are expected to be nearly
constant and approximately the same as those just outside and near the edge of the
cavity. At the top edge of the cavity (point 3 in Figure 6.4), the radial stress (or o,
component in our x,—x, coordinate system) in the skin varies significantly through the
thickness since it must diminish near the top free surface where there is a hole but
maintains high value near the bottom free surface. In addition, a significant out-of-plane
shear also occurs there in the adhesive especially for the case the dominant load is in
the x,-direction as shown in Figure 6.4; 7§?1x2 is therefore expected to be very high. On
the other hand, the tangential stress (or o7,) in the skin at that location is quite uniform
through a thickness while 'yfﬁAlxl is low. The stress component o, in the patch at the
center of the grind-out is therefore assumed to be the same as that at point 3. In contrast,
at the right or left edge of the grind-out cavity (point 2 in Figure 6.4), the tangential
stress (or 0,, component in our x,—x, coordinate system) in the skin is more uniform
through thickness while the out-of-plane shear component %E?sz in the adhesive there
is low. Thus, stress component o,, in the patch at the center of the grind-out is more
accurately assumed to be the same as that at point 2.

It remains now to outline a procedure to determine the unknown initial strain components
sﬁ)(p) and s;‘?“’ ), which yield stresses in the patch satisfying Equation (6.65). It is clear
that for a given sff)<P>, one can follow the solution method outlined above for case 1
to obtain stresses and strains in the skin and patch since everything will be the same
as before except that the initial strain field prescribed in the patch inside the cavity
region now is sff)(p) + s,(-?(p) rather than sf?(p ) inside the grind-out region. In particular,
the stage II problem with the additional initial strain agf)(p) prescribed in the patch in
the grind-out region can be solved by the method outlined in Section 6.3.1 with all
parameters defined in Equation (6.61) remaining the same except for s(T)(min), which

ij
must be modified as

8l(;l")(min) — 8[(;_1")(inside—min) _ 821")(0utside) + 81(?)(inside—min) (666)
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(R)(inside—min)

where ¢g;; is given by a similar expression as (6.58) but with s( 2 being

replaced by sfj)(p) . In addition, the expression for the stresses in the patch mside the
grind-out region given by the first equation of (6.63) also needs to be changed to

73 = Ciu (C}(gj:;ge W1 lsage 1) . o(Dlnside) _ (D) _ 8}({1})@)) inside @ (6.67)

By linearizing Equation (6.65) as

af af
®)P) _ . ~R)P) _ R)(p) R)(p) _
f(gn =0; &y —O) + PO en PRI »n =0
€ o €n o
(6.68)
B 0
R)(p) (R)(p) 8 (R)(p) 8 (R)(p)
g( —0; X 0) + ) BRI _
aggl?)(l)) . 1 aggl;)([’) o
_ P p
f =0y |cemer ~—On |top edge
(6.69)

— ~P | _ P |
8§=0pn center O right edge

R )(P) (R)(P)

where f and g are scalar functions of the parameters &, and €5, ", and the notation

a[;%‘ means that the derivative (Rfm is evaluated at ( ﬁ)(p) =0; a(llf)(p) =O); the
0

unknown initial strain components 8( ® and s(R)(p) can be solved by the following

simple steps. First, stage II problem is solved as in case 1 by assuming that E(R)(p) =0.
Second, f(0, 0) and g(0, 0) are evaluated via Equation (6.69) with stresses in the patch
inside and outside the cavity given, respectively, by Equation (6.67) and the second
equation of (6.63) and based on the stress solution obtained from the previous step.
In general, f(0, 0) and g(0, 0) will not equal zero as required by Equation (6.65).
Next, all first derivatives of f and g are evaluated, numerically using the finite differ-
ence scheme. In doing that, f(k,, 0), f(0, h,), g(h,, 0), and g(0, h,) need to be
evaluated where h, and h, are small spaces between grid points in the e(R)(P 4 (E)(p )
domain spaces of functions f and g. Computations for all example problems presented
in this section are carried out with 4; and h, chosen equal to

m|_ 1 [Ch Ch (70,0
)= o) fros) ©70)

where Clpj is an element of the elasticity tensor of the patch in Voight (matrix) notation.
Thus, this numerical differentiation step for the derivatives of f and g will involve

solving stage Il problem similar to the first case twice, first with (a(ll?(p ) gR®) s?;)(")) =

(hy,0,0) and then with (&®, £®® &®) — (0, h,,0), where &, and h, are known

since they can be determined from Equation (6.70), and performing the finite differences.
With (0, 0), g(0, 0), and all first derivatives of f and g known, the unknown initial
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strain components eﬁ)(p) and sg)(p) finally can be determined by solving the algebraic

Equation (6.68). Once s(ll?) ® and sg)(") are determined, the stress and strain solutions
of stage II problem for the case of patching an unfilled cavity can be obtained in
a straightforward manner as in the first case of rigid filling except with a different
(known) initial strain field prescribed in the patch as mentioned in the beginning of this

paragraph.

Hlustrative examples

To illustrate the method presented in this section, three examples taken out from the
paper by Duong and Yu (2002b) are considered here. Analytical predictions for these
three examples will also be compared with results from the FE method. In the first
example, a circular patch rigidly bonded over a circular grind-out cavity with a uniform
depth as shown in Figure 6.6 is considered. This example is used to validate the analytical
formulation. For that reason, the counterpart FE analysis for this example will also
involve similar simplified assumptions as those in the analytical model, which may not
realistically represent the actual repair. Realistic repairs will be discussed later in the
next two examples. The radii of the patch and the grind-out cavity are 38.1 and 12.7 mm,
respectively. The whole patched skin is subjected to a uniform temperature change of
—100°C. Only thermal loading is considered here because a similar problem under a
purely mechanical loading had been presented in Section 6.2.2. The patch material is
linear elastic and isotropic. The material properties and thickness of the skin and the
patch are given below:

Skin:
E,=724GPa, v, =0.33, a, =22.5E-6 per°C full skin thickness #, = 5.08 mm,
remaining skin thickness ¢, =2.54 mm.

Patch:
E,= 186.2 GPa, v, = 0.21, o, = 4.3E-6 per °C, = 0.79 mm.

Patch 5 ~

Grind-out cavity _ o %_ 2.54mm
filled with rigid 3gimm AT=7100°C) orm
material L |

5.08 mm

Fig. 6.6. Geometry of a repair problem with a circular isotropic patch under uniform temperature
change.
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o

Fig. 6.7. A mesh of a damaged skin used in the FE analysis of the repair problem with a circular
isotropic patch under uniform temperature change.

The FE analysis is carried out using MSC/NASTRAN code (2001) with the skin and
the patch each being modeled as a separate layer of (2-D) plane stress elements (see
Figure 6.7 for a typical mesh in a skin). Furthermore, the skin layer has different
thickness for regions outside and inside of the damaged area. Because the skin and the
patch are isotropic and also because of double symmetry of the repair, only stresses
in the y-component are reported here in Table 6.2. Corresponding FE results are also
given in the table for comparison. To ensure solution convergence, FE analyses had been
performed using first linear and then quadratic elements for the mesh shown in Figure 6.7.
From Table 6.2, analytical predictions agree very well with FE results as expected.

A second example involves a realistic bonded repair with an octagonal patch as illustrated
in Figure 6.8. The dimensions of the patch are also given in that figure. The skin
properties are the same as those in the first example. However, the grind-out cavity in

Table 6.2. Stress comparison between analytical predictions and FE results for an isotropic skin
containing a 2.54 mm deep circular grind-out repaired with a circular orthotropic patch of 0.79 mm
thickness. All stresses are in MPa.

Location Analytical FE (linear element) FE (quadratic element)
Skin Patch Skin Patch Skin Patch

1 53.2 —357.2 54.4 —354.4 54.5 —357.2

2 46.6 —372.3 48.2 —362.0 47.9 —369.6

3 34.1 —405.4 35.8 —399.2 35.0 —403.4

4 20.0 N/A 22.5 N/A 22.1 N/A

5 —20.1 N/A —18.3 N/A —20.0 N/A
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0.,y =137.9MPa

O B

Uniform AT=-100°C

Grind-out
cavity filled
with adhesive

Lol 1

Fig. 6.8. Geometry of a repair problem with an orthotropic octagonal patch under thermo-
mechanical loading.

the present example has a spherical depth with a minimum remaining skin thickness of
2.54 mm. The patch is assumed to be orthotropic with its material properties given below:

E,=18.7GPa, E,=193.1GPa, v, =0.21, u=15.5GPa,
a, = 21.4E-06 per°C, a, =4.3 E-06 per°C, 1, =0.79 mm.

Two different loading conditions are considered in the second example. In the first
loading condition, the repaired skin is subjected to a uniform temperature change of
100°C as in the first example. On the other hand, a stress of 137.9 MPa is applied to
the repaired skin at infinity in the second loading condition. Analytical predictions have
been made assuming a cavity with either uniform or spherical depth and with or without
filler. Analytical results for the second example are summarized in Table 6.3 along with
those from the FE method. Table 6.3(a) shows results of the stress component o, in
the skin and patch due to thermal loading at various critical locations while Table 6.3(b)
is for mechanical loading. The letter (B) or (T) next to a numerical value listed in the
“FE” column of Tables 6.3(a) and 6.3(b) indicates a bottom or top surface of the skin
or patch where the reported stress value is approximately found. In the FE analysis, the
skin, patch and adhesive are all modeled using 8-node hexahedral solid elements with a
typical mesh given in Figure 6.9. Moreover, the cavity is also filled in with an adhesive
as normally done in practice. The bottom of the skin is restrained from an out-of-plane
(x5-) deflection. Typical values for shear modulus (0.455 GPa) and thickness (0.127 mm)
of the adhesive are used in the FE analysis. A very fine mesh is employed for regions
inside and around a cavity to enable to model the spherical surface of the cavity with a
great accuracy. Again FE analysis is carried out using MSC/NASTRAN (2001).

In contrast to the first example, stresses at critical locations from the FE method for
the present example show a considerable thickness variation. In general, stresses in the



Table 6.3. Stress comparison between analytical predictions and FE results in x,-normal-component for an isotropic skin containing a 2.54 mm deep
grind-out cavity, repaired with an octagonal orthotropic patch, under individual thermal and mechanical loading. All stresses are in MPa.

(a) Due to uniform temperature change of —100°C

Point Uniform depth Uniform depth Spherical depth Spherical depth FE
(rigidly filled) (unfilled) (rigidly filled) (unfilled)
Skin Patch Skin Patch Skin Patch Skin Patch Skin Patch

1 38.6 —280.6 39.0 —283.5 39.6 —278.3 41.7 —294.6 (40.1) (B) (—259.2) (T)
(43.6) (T) (—268.9) (B)

2 36.8 —283.7 36.8 —283.5 31.4 —298.3 32.8 —294.6 (32.1) (T) (—270.3) (T)
(34.0) (B) (—272.3) (B)

3 24.7 —315.2 24.6 —315.8 27.0 —309.6 26.1 —312.1 (18.9) (T) (—263.4) (B)
(27.0) (B) (—285.4) (T)

4 19.4 N/A 19.4 N/A 19.4 N/A 19.4 N/A (21.0) (T) N/A
(21.6) (B)

5 —-15.2 N/A —15.2 N/A multiedbutinl @ IN/A —-15.2 N/A (—1.72) (T) N/A
(—22.5) (B)

(b) Due to 137.9 MPa far field stress

Point Uniform depth Uniform depth Spherical depth Spherical depth FE

(rigidly filled) (unfilled) (rigidly Filled) (unfilled)
Skin Patch Skin Patch Skin Patch Skin Patch Skin Patch

1 145.8 375.8 146.4 3714 149.2 384.2 157.2 323.0 (151.0) (B) (317.9) (T)
(164.8) (T) (320.6) (B)

2 144.3 372.8 143.5 371.3 119.3 306.6 125.6 322.8 (121.3) (T) (302.7) (T)
(126.2) (B) (306.1) (B)

3 93.4 2454 93.1 244.1 100.8 260.2 97.0 251.5 (67.5) (T) (293.7) (B)
(100.5) (B) (297.9) (T)

4 117.5 N/A 117.5 N/A 117.5 N/A 117.5 N/A (115.6) (T) N/A
(115.6) (B)

5 153.6 N/A 153.6 N/A 153.6 N/A 153.6 N/A (138.9) (T) N/A

(160.5) (B)

e
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Fig. 6.9. A mesh of a damage skin used in FE analysis of a repair problem with an orthotropic
octagonal patch.

skin and patch predicted by four different analytical models are in very good agreement
with FE results at the center of the grind-out region for both loading conditions with the
unfilled, spherically deep cavity model shown to be the most superior model. At point 2
location, a uniformly deep cavity model with or without filler appears to over-predict a
skin’s stress there. This is expected since the latter analytical model has more material
being grinded out than that in the FE analysis so that more stress will diverge from
point 3 to point 2. It should be noted that since stresses in the skin at points 4 and 5
are computed from stage I analysis which is common to four analytical models, these
stresses are reported identically in Tables 6.3(a) and 6.3(b). Except for a patch’s stress
at location 3, the unfilled, spherically deep cavity model yields very accurate results
in comparison with FE method. The patch’s stress at point 3 for the second (purely
mechanical) loading condition is grossly underestimated in all analytical models. This
can be explained by the fact that the stress in the skin there varies significantly from 67.5
to 100.5 MPa through thickness while all analytical models predict an average stress of
about 96 MPa. The skin at point 3 therefore carries more loads in analytical models than
that in FE method, thus relieving some of the patch stress. Nevertheless, since the patch
from the design viewpoint is not critical there, the method developed in this section is
therefore considered to be good overall.

The last example is similar to a second example except for a much deeper grind-out
cavity. The minimum remaining depth in the grind-out cavity is 1.016 mm. Results of the
stress component 0, in the skin and patch from the analytical method and from the FE
analysis are presented in Tables 6.4(a) and 6.4(b) for the thermal and mechanical loading
condition, respectively. From Tables 6.4(a) and 6.4(b), trends similar to those found in



Table 6.4. Stresses comparison between analytical predictions and FE results for an isotropic skin containing a 4.06 mm deep grind-out cavity,

repaired with an octagonal orthotropic patch, under individual thermal and mechanical loading.

(a) Due to uniform temperature change of —100°C

Point Uniform depth Uniform depth Spherical depth Spherical depth FE
(rigidly filled) (unfilled) (rigidly filled) (unfilled)
Skin Patch Skin Patch Skin Patch Skin Patch Skin Patch

1 47.5 —258.8 48.4 —264.4 53.5 —244.4 62.5 —289.0 (62.1) (B) (—247.5) (T)
(65.8) (T) (—259.2) (B)

2 43.9 —264.8 43.9 —264.4 30.8 —300.1 35.0 —289.0 (35.6) (T) (—264.1) (T)
(38.5) (B) (—266.8) (B)

3 20.2 —326.7 19.7 —328.2 26.2 —311.9 23.1 —319.6 (12.8) (T) (—251.7) (B)
(22.4) (B) (—288.9) (T)

4 19.4 N/A 19.4 N/A 19.4 N/A 19.4 N/A (21.1) (T) N/A
(21.6) (B)

5 —-15.2 N/A —15.2 N/A —15.2 N/A —15.2 N/A (—=1.72) (T) N/A
(—22.5) (B)

(b) Due to 137.9 MPa far field stress

Point Uniform depth Uniform depth Spherical depth Spherical depth FE

(rigidly filled) (unfilled) (rigidly Filled) (unfilled)
Skin Patch Skin Patch Skin Patch Skin Patch Skin Patch

1 179.0 461.1 180.4 451.8 199.9 513.0 233.4 345.5 (236.5) (B) (346.8) (T)
(251.7) (T) (352.3) (B)

2 175.8 454.9 174.1 451.6 116.3 297.0 135.1 345.3 (133.8) (T) (344.1) (T)
(142.7) (B) (326.1) (B)

3 76.0 204.9 75.4 201.5 96.0 247.0 83.4 217.6 (43.5) (T) (308.9) (B)
(86.9) (B) (318.5) (T)

4 117.5 N/A 117.5 N/A 117.5 N/A 117.5 N/A (115.8) (T) N/A
(115.8) (B)

5 153.6 N/A 153.6 N/A 153.6 N/A 153.6 N/A (138.7) (T) N/A

(160.0) (B)
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a second example are observed for stresses in the skin and in the patch at locations 1-5,
and the unfilled, spherically deep cavity model again in general yields best results. For a
deep grind-out cavity, two important results are found from this example. First, a stress in
the skin at a center of a grind-out region could not be predicted with sufficient accuracy
using a uniformly deep cavity. This is due to omitting the effect of a local curvature at the
bottom of a cavity in that model and this effect becomes more pronounced for a deeper
cavity. Within that context, it is important to note that approximating a spherically deep
cavity by a uniformly deep cavity of the same volume will give erroneous results in the
skin’s stress at the center of the cavity. Using the constant volume approach, the cavity
will be much shallow than the one reported in Tables 6.3 and 6.4, which in turn will
reduce skin’s stress further and cause even a larger discrepancy in comparison with the
FE result. Secondly, the use of the original inclusion analogy without any modification
in a stage II analysis will not yield sufficiently accurate results for a realistic repair over
a very deep grind-out in a thick skin. In that case, the unfilled spherically deep cavity
model developed in this section should be used.

6.4 Summary

Analytical methods for analyzing a bonded repair over an elliptical cut-out or corrosion
grind-out cavity are presented in this chapter. These methods use eigenstrain theory and
a global-local approach that is similar to Rose’s two-stage analysis procedure for crack
patching. In general, analytical predictions agree well with results obtained from the full
3-D FE analyses at most critical locations under both mechanical and thermal loading.
However, for a relatively deep grind-out cavity, unless the rigid bond assumption is
relaxed in the stage II analysis, the analytical methods may give inadequate stress results
at the center of the grind-out region.



CHAPTER 7

Bond-Line Analysis at Patch Ends

7.1 Introduction

In Chapters 4 and 5, the peel and shear stresses in the adhesive of a bonded repair are
only calculated near the crack surfaces. Since these stresses may be also critical near
the end of the patch, an approximate method to estimate these stresses therefore will
be introduced in this chapter. As shown later in Sections 7.4 and 7.5, this approximate
method will utilize solutions delineated in Chapters 4 and 5 for two-dimensional (2-D)
inclusions and inhomogeneities and also the one-dimensional (1-D) solutions for bonded
joints and doublers. One-dimensional solutions for untapered joints and doublers had
been considered in Chapter 2. However, since the adhesive stresses in bonded patches or
doubler were normally peaked at the end of the overlap, which can cause failure of the
adhesive and compromise the performance of the bonded patches or doublers, bonded
patches or doublers are therefore usually tapered at their overlapped ends to reduce the
severity of these peaks. Thus, 1-D solutions for tapered doublers or tapered patches are
also of interest and they will be presented in Section 7.2. These 1-D solutions for tapered
patch and doubler are extended in Section 7.3 to include the effects of thermal mismatch
and adhesive plasticity. Finally, depending on whether the bonded patch is one-sided or
two-sided, the approximate method for estimating the adhesive stresses near the patch
edge will be described in details in Sections 7.4 and 7.5, respectively, for these two
configurations, following the work of Duong (2003a).

7.2 One-Dimensional Analysis of Tapered Patches and Doublers

Due to the mathematical complexity, no closed-form solution is available in the literature
for tapered patches or doublers. Numerical solutions are therefore sought for these
tapered patches and doublers. In the numerical approach, a set of differential equations
and boundary conditions is formulated with adherends modeled as classical beams, and
the solutions of these differential equations are obtained by direct numerical integrations.

248
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In a series of papers by Thomsen (1992), Thomsen et al. (1996), Mortensen and Thomsen
(1997, 2002), a unified approach for analyzing the variety of bonded joints and doublers
with and without tapered edges, and related problems using numerical integration method
was given. This unified approach was also accounted for the effect of a (materially)
nonlinear adhesive. However, it was limited to geometrically linear analyses of one-
sided doublers or one-sided patches. Duong (2006) has extended this unified approach
to include geometrically nonlinear analyses of the tapered joints and one-sided tapered
doublers or patches, following the Goland—Reissner (1944) two-step solution method.
Thus, the approach proposed by Duong for approximating the adhesive stresses in a
bond line of a tapered bonded joint or doubler will be given in this section. For clarity,
this approach will be demonstrated first for the case of a purely tensile load. Extension
of the approach to account for the effects of thermal mismatch and adhesive plasticity
will be described in Section 7.3.

7.2.1 Mathematical formulation and two-step solution method

Even though the approach presented here is so generic that it can be applied to a
variety of tapered bonded joints and doublers, however, for the present purpose, only
the formulation for a one-sided doubler and a two-sided doubler will be given here.
The approach follows the Goland—Reissner solution method for a single-lap joint and
involves a two-step procedure. The approach also allows for the analysis of tapered
bonded doublers with non-identical adherends. The approach is first delineated for a
tapered one-sided doubler as follows. In the first step of the procedure, the two adherends
(skin and doubler) are assumed to be rigidly bonded, and the (geometrically) nonlinear
moment distribution along the length of the joint is determined. Since the bending
moment solution in this step is relatively simple, it will be derived in closed form
using elementary functions. In the second step analysis, only the overlapped region of
the joint is considered with the bending moments obtained from the first step at the
end of the overlap prescribed as one of its boundary conditions. This latter problem is
then solved by using multi-segment method of integration (Kalnins, 1964). However, in
contrast to the original Goland—Reissner solution method, the second step analysis can
be conducted within both geometrically linear and geometrically nonlinear deformation
theory as detailed later.

For uniformity, the solution of a two-sided tapered doubler is also described within the
framework of the above approach even though the latter solution does not require a
geometrically nonlinear formulation nor step 1 of the above two-step solution procedure.
This is because due to the symmetry of the doubler joint with respect to a mid-plane
of a middle skin, the two-sided doubler configuration, within the one-dimensional beam
theory, will not exhibit any out-of-plane bending deformation and therefore results in a
trivially zero bending moment distribution along the joint.

7.2.2 Solution for nonlinear moment distribution along the joint

The equations governing the adhesive stresses require knowledge of the bending moment
at the ends of the overlap as boundary conditions. Therefore, the analysis starts with
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a solution for the nonlinear moment distribution along the joint. Consider a one-sided
tapered doubler and a two-sided tapered doubler in Figures 7.1 and 7.2, respectively,
under the in-plane tensile loads. The skin and doubler in each configuration are not
necessarily identical (balanced) and they can be a general laminate with different ply
materials, layups and thicknesses. The solution of a one-sided doubler will be delineated
first. Due to symmetry, only (left) half of the doubler configuration will be considered.
Figure 7.3 shows schematics of the analyzing model with separate coordinate system
used for each segment of the doubler configuration. The length of each segment is
denoted by ¢,.

P
4_‘ —yP
@)

@)

Fig. 7.1. Geometry of a tapered one-sided doubler under in-plane tensile load.

e

Fig. 7.2. Geometry of a tapered two-sided doubler under in-plane tensile load.

Fig. 7.3. Schematic representation of a tapered one-sided doubler for calculating the nonlinear
bending moment distribution. In the linear analysis, the bending moment at a middle of the overlap
can be determined just from the overall static equilibrium as shown in the inset figure.
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From moment equilibrium consideration, the moment distribution in each segment along
the joint is related to loads and displacements by

M, =—P-W,— P (—2) (7.1)

where i =0,..., N; N is the number of segments (steps) in the overlapped region;
segment O (which corresponds to i = 0) is outside the overlap and consists of only the
skin; M is the bending moment; P is the axial tensile load applied at the ends of the
skin; w is the transverse deflection; e; is the z-coordinate of the neutral axis of a beam
cross section of the segment i measured from the bottom surface of the skin. Because of
the rigid bond assumption, the skin and doubler in the overlapped region will be treated
as a single composite beam in this analysis step. It is worthy to note that the first term in
the right-hand side of Equation (7.1) represents the moment due to large deflections or
“beam column” effect while the second term denotes the moment associated with a load
path eccentricity due to the variation of the vertical position of the neutral axis along
the length of a doubler. For a laminated segment i, ¢; and M, are given respectively by

1 "oly
.25
e; =

(Cll,k)i {Z%,[ - Z%—l,i}

n
1

Tply
k; (Cll,k)i {Zk,i _Zkfl,i} (7.2)
M, =D, (x)

Tply

D;= % > (Cll,k)i {(Zk’i - 2’")3 - (Z"—l*i - 2’")3}

k=1

(1.3)

where (C " k)i is the “(1,1) element” of the elasticity matrix of the kth ply of the ith beam
segment, component (1,1) is along the length of beam, D is the flexural rigidity, z, and
74— are z-coordinates of the top and bottom surface of the kth ply of the laminate, n,,, is
the number of plies of the laminated segment i, and the prime denotes the differentiation
with respect to the coordinate x. For a homogeneous and isotropic segment, ¢; = ’5 and
D, = f—f, where ¢, is the thickness of ith segment. It should be noted that contributions
from both skin and doubler must be accounted for in the calculations of D and e for any
segment inside the overlap.

Substituting Equation (7.3) into Equation (7.1) for M, yields the following differential
equations for each segment i:

w—£m=ﬁ%%@ (7.4)
The solution of Equation (7.4) is given by
w; (x;) = Wy, cosh (€,x;) + W,; sinh (€,x;) — (&, — &;) (7.5)
where
P
&= 0 (7.6)
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W,; and W,, are unknown constants which must be determined from the boundary
conditions, and the first two terms in the right-hand side of Equation (7.5) represent the
homogeneous solution while the last term is the particular solution. The displacement
boundary condition at the right supported end and the symmetry condition at the middle
of the doubler configuration require that

w=0 at x=0 or wo=0 at x,=0 therefore W,, =0 (7.7)
and the slope W =0 at x = £, + £, + --- + £, or Wy, =0 at x, = £, thus,

ExW ysinh (§yLy) + Ey Wy cosh (EyLy) =0 (7.8)

The displacement and slope continuity conditions at each segment junction also require
that

W, cosh (§;¢;) + W,; sinh (§,4;) — Wi = e — éi+]
(7.9)
£;Wy;sinh (§;¢;) + £, Wy, cosh (§,4,) — £, \ W, =0

Thus, Equations (7.7)—(7.9) provide a system of linear algebraic equations for deter-
mining the unknown constants W,; and W,, (i =0, 1,..., N). Once these con-
stants are determined, the nonlinear bending moment at the end of the overlap is
found to be

My = M, (xy = £y) = —& Dy [Wyg cosh (&,£y) + Wy, sinh (£,€,)] (7.10)

The first step analysis for a tapered bonded doubler will be concluded with the following
remarks:

(a) First, in this analysis step, the bending moments M; (i =0, 1,..., N)andthus M,
are defined with respect to the neutral axis of the composite beam section, which
varies along the joint due to the presence of the doubler and its multiple steps.

(b) Secondly, since the thin layer of adhesive will be modeled for in the second
analysis step, which thickness may not be an order of magnitude smaller than the
skin or doubler thickness, especially in a bonded composite repair, therefore, it
will be necessary to account for the effect of the adhesive layer in the calculations
of beam section properties such as ¢; and D; by including a small gap between
the two adherends in the overlapped region in these calculations.

(c) Finally, since the lengths of the first N — 1 steps of the doubler, i.e., £, ..., €y_,
are normally small relative to ¢, and £,, and the evaluations of hyperbolic func-
tions in Equation (7.5) will result in a large exponential number for a certain large
combinations of &,€, and &,£,, which will cause an ill condition when solving
the system of the algebraic equations for the unknowns W,; and W,;, a special
caution therefore must be taken in dealing with those cases. For instance, by using
the transformed variables W}y = W, - e~%% and Wj, = W, - e %% for W, and
W,y, and expressing Equation (7.5) for the first segment in terms of these new
variables, the mentioned ill condition can be eliminated.
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In contrast to the one-sided doubler, the bending moment solution for a two-sided
doubler considered in Figure 7.2 is trivially equal to zero. This is due to the symmetry
condition of doubler configuration with respect to the mid-plane of skin so that within
the 1-D beam theory the transverse displacement is zero along the length of the joint,
ie,w;=0((=0,1,..., N).

7.2.3 Solutions for peel and shear stresses in the adhesive

The Goland-Reissner analysis for the adhesive peel and shear stresses in a bonded single-
lap joint is based on the linear bending analysis of the overlap area of the joint, using their
nonlinear estimate for the bending moments in the adherends just outside the bonded
area from the first step rigid bond analysis as the key boundary conditions. This same
analysis technique will be used here, but slightly modified to approximately account for
the geometrical nonlinearity. As mentioned earlier in Section 7.2.1, due to mathematical
complexity, this analysis portion will be carried out using the multi-segment method of
integration. Again, the formulation and solution for a tapered one-sided doubler will be
delineated first. With reference to Figure 7.4, the equilibrium equations are set up for
the skin and doubler in each segment of the overlap area. These equilibrium equations
for segment i (i=1, 2,..., N) can be written as follows:

For the substrate or skin:

Ivs/i = —Tai
Vi =~ (7.11)
M, =V, — 1y (ts-;tA> — N, - W,
For the doubler or patch:
N;;i = Tai
Vi =0 (7.12)
Mr/n' = Vpi_TAi (tpl ;tA> _Npi'VAV;

where N and V are normal stress resultant and vertical shear resultant, respectively; M
again denotes the moment; 7, and o, are the adhesive shear and peel stresses; 7, 7, and
t, are the fotal thickness of the skin, the minimum thickness of the doubler or patch at the
tip edge, and the adhesive layer thickness, respectively; w; is the transverse deflection of
a segment i of the overlap area as if the skin and doubler act in unison; and the subscripts
s and p denote skin and doubler, respectively. W, is considered to be the overall transverse
deflection of the overlap area and it is already obtained based on rigid bond assumption
in Section 7.2.2 as part of the nonlinear bending moment solution. In Section 7.2.2,
W, (i =0) corresponds to the overall transverse displacement outside the overlap area
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Fig. 7.4. Schematic diagrams for calculating adhesive peel and shear stresses: (a) an overlap of
a tapered one-sided doubler; (b) an overlap of a tapered two-sided doubler; and (c) stress and
moment resultants of a differential element in the overlap.

while w;, (i =1,2,..., N) is the deflection of the ith segment inside the overlap. At
this point, it is important to point out the difference between the present formulation
and that from Goland-Reissner analysis as well as any underlying assumptions for
this second step analysis. First, the effect of the geometrical nonlinearity is accounted
for in the present formulation by including the underlined terms in Equations (7.11)
and (7.12). These terms represent approximately the additional moment in the skin
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and doubler due to their large bending deflections. The otherwise geometrically linear
analysis will totally omit them. Secondly, for simplification, the bending moment in
the present analysis step is defined differently from the first step. The bending moment
in the skin is now defined with respect to the mid-plane of the skin. In contrast, the
bending moment in the doubler is always defined with respect to the mid-plane of
the first segment of the doubler for all of its segments (steps). As detailed later, this
definition of the doubler’s bending moment is preferred because it will make the doubler
moment and shear distributions to be continuous across the segment junctions. It should
be emphasized that the effect of the geometrical nonlinearity has been accounted for in
the present formulation approximately since only the “average” bending deflection of
the overlap area obtained from Section 7.2.2 is used in Equations (7.11) and (7.12) as
indicated by the underlined terms, rather than the individual bending deflections of the
skin and doubler as it would be required in an exact nonlinear analysis. However, by
using such approximation, Equations (7.11) and (7.12) will provide a system of linear
differential equations that can be solved by an appropriate numerical method.

The equilibrium Equations (7.11) and (7.12) do not provide the complete equations
for solving the adhesive peel and shear stresses. Additional equations that must be
considered are the kinematics and constitutive relationships for the skin, doubler and
adhesive, and they are given below:

For the ith segment of the skin:

U = ﬁsi +Z1851
Bsi =Wy
., D, B, (7.13)

Ui = : N@i - - Msi
DsAS_Bg DsAs_Bg

B/ _ Bs N+ As M
si T DSAS _ BSZ si 1)514s _ Bsz si
For the ith segment of the doubler or patch:
upi = ﬁpi + ZBpi
Bpi = _W;)i
o De o By (7.14)
i 2 i 2 i
P DpiApi_Bpi ’ DpiApi_Bpi P
~ B, A
B/- —- _ p! N + pt

. M.
M DAy —B P DyA,—BL "

pi‘ pi
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For the ith segment of the adhesive:

E
O t_A (Wpi - Ww)
A
(7.15)
Ga (- Lo 0y ls
TAi = X (”pi - Tﬁpi Ui T Eﬁ*’>

In Equations (7.13)—(7.15), u and u denote the extensional displacements measured at
an arbitrary z plane and at a reference plane, respectively; B is a rotation; A, B and D
are the extensional, coupling and flexural rigidities and they are defined according to
the classical laminate theory as

np]y

A= Z (Cll,k) {7 =z}

k=1

ply

B= 23 (o) [ o — u o)) (7.16)

k=1

ply

D= % Z (Cll,k) {(Zk - ho)3 —(zo1 — ho)3}

k=1

where # is the z-coordinate of the reference plane; and the rest are previously defined.
It is worthy to note that A, B, and D, are constant along the joint due to the uniformity
of the skin plate so that the subscript i denoting the segment number has been dropped
in these quantities for clarity. In contrast, A, B, and D, are expected to vary from
segment to segment depending on the doubler thickness and its lay-up composition

within each segment. For all segments of the skin and doubler, A, is always chosen to
be equal to % for the skin and "’7' for the doubler to be consistent with the definition of

bending moments stated earlier in this section for them.

By substituting Equation (7.15) for o,; and 7,; into Equations (7.11) and (7.12), the
resulting equations together with (7.13) and (7.14) can be rewritten into a system of
first-ordered differential equations as follows for each segment i:

e =v (e =t Tyt (e (.17
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Equation (7.17), for i=1, 2,..., N, provides a system of 12 x N first-order linear

differential equations for N unknown vectors {¢,}, which is subjected to the following
boundary conditions:

(a) At the left end of the overlap area, with reference to Figure 7.4(a) the doubler is
stress- and moment-free, thus N, (0) = M, (0) = V,,; (0) =0, noting i = 1.
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(b) In contrast, the stress, moment and shear resultants in the skin at the left over-
lap end are given respectively by N, (0) =P, M, (0) =M, +P(¢,—%) and
Vi (0) =0, where M, is obtained previously from the first step analysis in
Section 7.2.2 and given by Equation (7.10). The fact that M, (0) # M, is because
different reference planes have been used in the first and second step analyses in
defining the bending moment of the skin. The reader is reminded that in the first
step analysis, the bending moment M, is defined with respect to the neutral axis
(or neutral plane) of the skin while M, in the present analysis is defined with
respect to the mid-plane of the skin. Unless the skin is a symmetric laminate or

isotropic, in general, &, # 3 and thus M,; (0) # M, .

(c) In addition, since the reference plane for the computation of bending moment
is selected to be the same throughout the overlap area for each adherend, the
extensional and transverse deflections, the slope, and the normal stress, shear and
moment resultants in the doubler and in the skin must be continuous across the
segment junction. Thus,

{e()}, ={e (0}, (7.22)

(d) Finally, the (vertical) symmetry conditions at the middle of the overlap area
require

Ugy (ZN) = L_pr (KN) =0

By (€y) =By (Ly) =0 (7.23)

Vv (Ey) = WoN (Ly)=0

It is worthy to note that the condition w,y (£,) = 0 is specified in lieu of V,y (£y) =0
so that the unknown integration constant resulting from numerical integration of the
transverse deflection can be uniquely determined. With these boundary conditions stated,
the problem of determining adhesive peel and shear stresses in a doubler is completely
formulated. Since the formulation of the two-sided doubler problem will be similar to
that of a one-sided doubler, it will be presented here first before proceeding to the
solution of Equation (7.17) with the boundary conditions listed in (a)—(d).

The governing equation for a one-sided doubler is still given by Equation (7.17) because
of the similarity between the two configurations in the overlap area. However, there
will be some difference in their boundary conditions. The boundary conditions listed as
(a), (c) and (d) remain applicable to the double-sided doubler problem. However, the
condition (b) needs to be changed as follows (see Figure 7.4(b)):

(b’) At the left overlap end,
Ny (0)=P, M, (0)=0, andw,(0)=0 (7.24)

It remains now to outline a numerical method for solving a set of differential equations
given by Equation (7.17) along with boundary conditions listed either in (a)—(d) for a
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one-sided doubler or in (a), (b'), (c) and (d) for a two-sided configuration. It was found
in the earlier study by Thomsen (1992) and Thomsen et al. (1996) that the differential
equation set (7.17) is most effectively solved by the so-called multi-segment method of
integration, which is described in the following section.

Multi-segment method of integration

The differential equation set given by Equation (7.17) fori=1, 2,..., N, together with
the boundary conditions listed in (a)—(d) or (a), (b’), and (c)—(d) constitute a multiple-
point boundary value problem which can be expressed in the following general form:

(@ =012 (29
ey S (0] 10 = ) (726
where

(e) v,

@ =1 e MR (127)
(on) [l
{1 (0)} {e) ()}

o @O e s)
{ex (0)} fox (E))

[T,]. [T] and [G] are constant matrices known from the statements of the boundary
conditions. It should be emphasized that the elements of matrices {®,} and {®,} are
elements of {®} evaluated respectively at the beginning and end points of each segment i.

In the multi-segment method of integration, the boundary-value problem will be reduced
to a series of initial-value problems as follows (Kalnins, 1964). Assuming that the
solution of (7.25) can be written as

{P()}=[Q()]- {L} (7.29)

12-Nx1 12.Nx12:N 12-Nx1

where vector {L} represents 12- N arbitrary constants, and [{)(x)] is defined as the
homogeneous solution of Equation (7.25) in the form

[Q ()] = [AX)] [2(¥)] (7.30)

12-Nx12-N 12-Nx12-N 12-Nx12-N

The initial conditions for determining [Q (x)] is

[Q0)] =[] (7.31)
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where [/] is the identity matrix. A numerical integration scheme for obtaining this
homogeneous solution will be detailed later. However, for the present discussion purpose,
let us assume that the initial-value problem has been solved with its homogeneous
solution denoted symbolically as [ (x)].

Evaluation of Equation (7.29) at x = 0 leads to {®(0)} = [Q (0)]{L}, which upon
substitution of Equation (7.31) for [Q (0)] and noting from the first equations of (7.27)
and (7.28) that {® (0)} = {0, }, yields

{0} ={L} (7.32)
Thus, Equation (7.29) can be expressed as

{P()} =[Q)]{6,} (7.33)

The next step is to relate {©,} to {©,}. Since elements of matrix {®,} are elements of
{®} evaluated at the end point of each segment i, an evaluation of Equation (7.33) at
these end points will give the desired relationship between {0,} and {0, }, i.e.,

{®2} = {(D (x)}|x=segment endpoint = [Q (x)]|x:segment endpoint {®1} (734)

Equation (7.34) together with Equation (7.26) provides a system of algebraic equations
for solving {®,} and {0©,}. Once {®,} and {®,} are solved, the solution at any value
of x is obtained from Equation (7.33). In summary, the solution of the multiple-point
boundary-value problem can be obtained by the following steps: (i) solving the initial-
value problem with the governing differential equations given by Equation (7.30) and
the initial conditions by Equation (7.31) for [ (x)], then (ii) solving the system of
algebraic equations for {®,} and {®,} using Equations (7.34) and (7.26), and finally
(iii) evaluating Equation (7.33) at any point of interest for its solution.

So far the homogeneous solution of the initial-value problem has been assumed to be
already solved and denoted symbolically as [} (x)] in the preceding paragraphs. Thus,
a brief description of a suitable numerical method for obtaining [ (x)] will be given
here. Differential Equation (7.30) and initial condition (7.31) are compact forms of the
following set of differential equations and initial condition:

SHo)= A {0} G=1.12m) (7.35)
12.Nx1 12.Nx12-N 12.Nx1
{90} ={s;} (7.36)

where {€;} is a vector corresponding to a jth column of matrix [Q (x)], and {8} is a
vector with all of its components null except for the jth component where it has a value
of 1. Differential Equation (7.30) in its standard form of Equation (7.35) can be solved
by means of any method of direct numerical integration. In the present analysis the
direct integration was performed using adaptive step-size fourth- and fifth-order Runge—
Kutta—Fehlberg method. A Fortran subroutine of this integration method is available in

the Internet and was used by Duong in the above-cited reference (2006).
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Throughout this section the number of segments for solving the adhesive peel and
shear stresses has been chosen to be identical to that number of steps in the doubler
overlap length as shown in Figure 7.4, ie., i=1, 2,..., N. However, as discussed
by Kalnins (1964), the solution obtained by the multi-segment method of integration
may suffer a complete loss of accuracy at some critical length of the interval. Thus,
if the length of the segment in the analysis exceeds this critical length, the obtained
solution will be inaccurate. Nevertheless, the loss of accuracy of the solution can be
avoided by subdividing the length of each segment into many sub-segments. Since these
sub-segments can be treated identically as the original segments, the formulation in that
case for adhesive peel and shear stresses will remain very much the same as before.
For example, let assume that due to these segment’s subdivisions the total number of
segments increases from N to N +m (m > 0), the formulation outlined in Section 7.2.3
will remain the same for this latter case except that (a) N is changed to N + m in all
related equations, and (b) A,;, B,; and D,; do not always vary from segment to segment
and ¢; is now the sub-segment length.

7.2.4 Numerical examples

The present approach will be demonstrated first with numerical examples of untapered
doublers with identical adherends. This is because closed-form solutions for these con-
figurations are available in Chapter 2 for direct comparison with the results obtained
from the present approach. In the first example, a one-sided doubler with two identical
isotropic adherends is considered. The geometry and material properties of the skin,
doubler and adhesive as well as the applied load per unit width P are given below:

— Skin and doubler, isotropic, E, = E, = 68.95GPa, v, =v,=03, 1 =1
(full patch thickness, i.e., #,y) = 1.27 mm, where the subscripts s and p denote skin
and doubler, respectively.

— Adhesive: isotropic, E, = 1.793GPa, G, =0.6895GPa, ¢, =0.127mm.
— Geometry: £, = 25.4cm, overlap length is 6.35 cm.
— Tensile load: P/t, = 137.9 MPa.

Analytical solutions for this example problem using geometrically linear and nonlinear
formulations in step 2 of the present approach are presented in Figures 7.5 and 7.6 for
the adhesive peel and shear stresses, respectively, and these solutions for brevity will be
simply referred to as linear and nonlinear solutions in all the following discussions. For
comparison purpose, the corresponding Hart-Smith solutions presented in Section 2.3 of
Chapter 2 are also shown in these figures along with the newly obtained solutions. It
is found from Figures 7.5 and 7.6 that the present linear solution for the peak adhesive
peel stress is in better agreement with the corresponding Hart-Smith solution than the
nonlinear solution. However, an opposite trend is observed for the peak adhesive shear
stress, in which a nonlinear solution is preferred to the linear solution. This abnormality
can be explained as follows.

From Chapter 2, the Hart-Smith solution (2005b) for the adhesive peel utilizes the
moment boundary condition at the end of the overlap and the condition of no net
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Fig. 7.5. Distribution of adhesive peel stress in an untapered one-sided doubler with 7, =17, =
1.27 mm.

30

25 4

20 +

------- Linear
Nonlinear
L —-=—- Hart-Smith

Adhesive shear stress (MPa)
o
B

0 2 4 6 8 10 12
Distance from edge (mm)

Fig. 7.6. Distribution of adhesive shear stress in an untapered one-sided doubler with t, =1, =
1.27 mm.

resulting peel force across the interface for determining its unknown constants. The
second boundary condition is equivalent to the condition that the vertical shear is zero
at the overlap end. Since the adhesive stress analysis in the Hart-Smith second step is
geometrically linear with all boundary conditions equivalently imposed at the end of the
overlap, his peel stress solution therefore should be similar to the present linear result.
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On the other hand, the adhesive shear stress solution has been derived using the same
moment boundary condition at the overlap end as well as the implicitly zero bending
moment condition at the middle of the doubler. This zero moment condition at the
middle of the doubler is obtained from the first step geometrically nonlinear analysis for
a doubler configuration with a long overlap length. It recalls that one of the boundary
conditions for the adhesive shear stress in Section 2.3.3 is given by Equation (2.166)
where it has been derived from the boundary condition (2.164) with the stress resultant
N, (0) of the patch evaluated based on the zero moment condition at the middle of the
doubler configuration. When the bending moment at the middle of the overlap is equal
to zero, the stresses in the skin and doubler will be uniform across their thickness, and
for a balanced doubler they are the same and equal to one half of the far-field stress.
Even though the bending analysis in the second step for computing adhesive shear is
considered to be a geometrically linear analysis, however, as explained later, the use of
the second boundary condition at the middle of the overlap based on results of the first
step nonlinear analysis will make Hart-Smith’s analysis inconsistent. In other words, a
truly linear analysis of Hart-Smith second step will require rather a different boundary
condition at the middle of the doubler than the one specified in his analysis.

The second step analysis of the present approach for a doubler configuration always
utilized the moment boundary conditions at the overlap end and the symmetric condition
at the middle of the joint, regardless of the analysis type, i.e., linear or nonlinear anal-
ysis. However, upon solving the governing differential equations, this same symmetry
condition will yield different solution for the normal stress and moment resultants at
the middle of the doubler, depending on the type of the analysis, as demonstrated in
Figures 7.7 and 7.8. This can be seen further by considering an example of a long doubler
configuration under a high applied load. For a very long overlap length and for a high
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Fig. 7.7. Distribution of normal stress resultant in an untapered one-sided doubler with 7, =1, =
1.27 mm.
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Fig. 7.8. Distribution of moment resultant in an untapered one-sided doubler with 7, =1, =
1.27 mm.

applied load, adhesive peel and shear stresses will be decayed to zero near the middle
area of the overlap, and the skin and doubler will act as if they are rigidly bonded there.
The bending moment at the middle of the overlap, therefore, as predicted by the first step
nonlinear analysis, will be zero. If the second step is performed within a linear theory,
the present approach will not necessarily yield the same zero bending moment condition
there even for this extreme case of a very long overlap length and with high applied
load. This is because the condition at the middle of the joint can be determined solely
from considering the static moment equilibrium of the overlap area without explicitly
solving the differential equations. From static moment equilibrium, there is always a
bending moment at the middle of the overlap which from the inset of Figure 7.3 is equal
to P (ey —¢,), noting transverse shear V = 0 there due to vertical symmetry. On the
other hand, a second step analysis performed within a geometrically nonlinear theory
will predict the zero bending moment condition at the joint middle as expected, since
(a) the underlined nonlinear terms in the governing Equations (7.11) and (7.12) make
the overlap area statically indeterminate so that the static moment equilibrium condition
alone can not be used to determine the bending moment there, and (b) through inclusion
of these nonlinear terms, the effect of the alignment of the neutral plane of the middle
area of the overlap with the line of load on the bending moment distribution is correctly
accounted for. In light of the above discussion, the Hart-Smith second step analysis for
the adhesive shear stress will not be truly a linear analysis since it has used implicitly
but inconsistently the zero bending moment at the joint middle. Such inconsistency is
believed to make his adhesive shear stress solution being in a closer agreement with the
present nonlinear result.

To validate the above claim, the above analysis for the one-sided configuration is
repeated with a much thinner skin and doubler (tS =1,=0.254 mm) where the effect
of geometrical nonlinearity is more pronounced. It is worthy to note that the chosen
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thicknesses of the skin and doubler in the current analysis are unrealistically small
for typical joints used in practice; however, they are only used here to demonstrate
the extreme difference between linear and nonlinear solutions of the adhesive stresses.
Adhesive stress results from the new analysis are presented and compared with Hart-
Smith solutions in Figures 7.9 and 7.10. Again, these new results follow the same trend

14

12

104

N A Linear

L. Nonlinear
44t e FE

i ---—- Hart-Smith

Adhesive peel stress (MPa)

-2 4

-4

Distance from edge (mm)

Fig. 7.9. Distribution of adhesive peel stress in an untapered one-sided doubler with 7, =1, =
0.254 mm.
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Fig. 7.10. Distribution of adhesive shear stress in an untapered one-sided doubler with 7, =1, =
0.254 mm.
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Table 7.1. Normal stress and moment resultants in the skin and doubler at their middle.

Analysis Normal stress Normal stress Moment resultant Moment resultant
resultant in a skin resultant in a in a skin in a doubler
(N/mm) doubler (N/mm) (N mm/mm) (N mm/mm)
Nonlinear 17.72 17.30 —0.0086 —0.0086
Linear 28.93 6.09 —0.48 —0.48

when compared with Hart-Smith solutions for this extreme case. For reference, the
normal stress and moment resultants in the skin and in a doubler at their middle are also
reported in Table 7.1. It is clear from Table 7.1 that the nonlinear solution indicates a
nearly zero bending moment at the middle of the overlap as expected, but not the linear
solution.

So far the solutions of the present approach have been compared with the existing close-
form solutions. It is also of interest to compare the new solution with the FE result. The
previous solutions for the case of extremely thin skin and doubler (ts =1,=0.254 mm)
are compared with the FE results in Figures 7.9 and 7.10. In the FE analysis, the
bottom adherend, the doubler or upper adherend and the adhesive are modeled by 2-D
isoparametric elements. Due to symmetry, only half of the doubler joint configuration
is modeled in the FE analysis with one end being simply supported and the other end
at the vertical center line being imposed with symmetric condition (fixed longitudinal
displacement and zero transverse force). The FE analyses were carried out by using
MSC/NASTRAN code (2001) with geometrically nonlinear solution (Solution 106) and
under plane stress condition. In Figures 7.9 and 7.10, the peel and shear stresses from
the FE analyses are computed at the mid-plane of the adhesive layer, which are roughly
equal to the average stresses across the adhesive thickness.

It has been shown in Chapter 2 that the adhesive stresses in the joint at the corner of
its overlap ends are singular. The adhesive stresses therefore become mesh dependent
there. In that regard, a comparison between the present solution and the FE result needs
some physical interpretation. It also has been suggested in Chapter 2 that the failure
in the adhesive can be predicted by using a stress intensity parameter of that corner
singularity. Similar to the conventional linear elastic fracture mechanics approach, the
corner stress intensity factor approach assumes that the adhesive will fail if its corner
stress intensity factor reaches a critical value determined from the test (Groth, 1988;
Reedy and Guess, 1997; Wang and Rose, 2000). Through a boundary layer type analysis
and using a FE method, Wang and Rose (2000) further showed that these stress intensity
factors can be estimated from the outer boundary layer adhesive peel and shear stresses
via Equation (2.182). The outer boundary layer adhesive peel and shear stresses are
those obtained from closed-form methods. Thus, within the corner singularity context,
the present solutions for the peak adhesive peel and shear stresses probably should
be compared with the corresponding FE results near the overlap end but outside the
corner singularity—dominant region where the mesh dependency poses an interpretation
problem.
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Fig. 7.12. Two dimensional distribution of adhesive shear stress in an untapered one-sided doubler
with £, =, = 0.254 mm.

The two dimensional stress distributions in the adhesive near an end of the overlap for
the case of an extremely thin skin and doubler are plotted in Figures 7.11 and 7.12.
Stresses in these fringe plots have been scaled by a factor roughly equal to 145, i.e., a
stress value of 1000 in these fringe plots corresponds to 6.89 MPa. From Figure 7.12,
the adhesive shear stress at the corner appears to attain the same high value over a
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quite large zone. This corner shear stress value is therefore considered as the outer
boundary layer type of stress to be compared with the analytical solution. This stress
is found to be around 11 MPa for a thin doubler configuration. In contrast, the plot
of the adhesive peel stresses from Figure 7.11 shows a much steeper stress gradient
near the corner. However, by considering the peel stress at a distance of roughly one
half adhesive thickness! away from the free edge as the outer boundary layer stress for
comparison with analytical predictions, this peel stress is found to be 12.8 MPa and is
very close to the analytical prediction. Another way to compare the two-dimensional
FE results with the analytical predictions is to use the averaged adhesive peel and shear
stresses across the thickness of the adhesive in the comparison as had been done in
Figures 7.9 and 7.10. It is also interesting to note that the linear prediction of the peak
adhesive shear stress is in better agreement with FE results than the nonlinear prediction
(see Figure 7.10). In contrast, the nonlinear predictions tend to agree better with the
FE results on the adhesive shear distribution over entire overlap length as shown in
Figure 7.10.

Intuitively, the former observation appears to contradict with a normal expectation in
which the nonlinear solution for the peak adhesive shear stress that assumes to be more
accurate does not provide a better agreement with the FE results. However, as found in
Oplinger (1994) and Tsai and Morton (1994), the bending moment distribution along
the joint in the Goland—Reissner approach (1944) for a single-lap joint is inconsistent
and may be inaccurate when compared with the FE results for some joint configurations.
In contrast, the Goland—Reissner solutions for the adhesive stresses based on a second
step linear bending analysis are very adequate. Thus, any error accrued from the first
step analysis seems to be negated by the error introduced in the second step. Based on
these findings, an improvement of the second step analysis alone without the first by
including the nonlinear terms in the formulation may not lead to an overall improvement
of adhesive stresses since any error accrued from the first step will remain through the
rest of the analysis, assuming that the second step analysis is exact.

Having verified the present solutions for non-tapered joints and doublers with FE results
and with Hart-Smith closed-form solutions in the preceding paragraphs, it remains now to
demonstrate the solutions of a tapered doubler. Corresponding solutions to the previous
first example problem but with a tapered edge doubler (Figure 7.13) are presented in
Figures 7.14 and 7.15 for the adhesive peel and shear stresses, respectively. In the latter
analysis, the doubler is tapered at its edge by a slope of 1:10 with the minimum thickness
1,y of 0.127mm at the tip as shown in Figure 7.13. From Figures 7.14 and 7.15, it is
clear that the effect of edge tapering is to reduce the peak adhesive stresses, as expected.
However, except at the edge, the adhesive shear stresses are not peaked at the beginning
of each step of the multiple-step tapered region as predicted by the classical non-bending
solutions.

!'Since the element size in that meshing area is about one adhesive thickness, adhesive peel stresses to be
compared with analytical predictions are calculated close to the centroid of a most critical element at the free
edge.
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Fig. 7.13. Geometry of a balanced one-sided doubler with a taper ratio of 10:1 and 7, = 1.27 mm.
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Fig. 7.14. Distribution of adhesive peel stress in a balanced one-sided doubler with a taper ratio
of 10:1 and ¢, = 1.27 mm.

To examine the effect of different doubler thickness on the adhesive stresses, the above
analysis is repeated for full patch thickness 7, = 2.54 mm. Results from that analysis for
an unbalanced doubler are presented in Figures 7.16 and 7.17. Compared to the previous
results for I,= 1.27 mm, the adhesive stresses are worst for a thicker doubler, especially
in a shear component, as expected.

It remains now to demonstrate a solution of a tapered two-sided doubler example.
A problem similar to example 1 but with two symmetrical doublers is analyzed. For a
direct comparison with the one-sided doubler result, the thickness of the skin and the
load of the two-sided doubler configuration will be twice of those considered in example
1 so that the ratio of the (total two) doubler stiffness to the skin stiffness and the total
load of the two problems remain the same. The adhesive peel and shear stresses along
the overlap length of a two-sided configuration are plotted in Figures 7.18 and 7.19,
respectively.
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Fig. 7.15. Distribution of adhesive shear stress in a balanced one-sided doubler with a taper ratio
of 10:1 and 7, = 1.27 mm.
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Fig. 7.16. Distribution of adhesive peel stress in a stiff one-sided doubler with a taper ratio of
10:1, t, = 1.27 mm, and full thickness 1, = 2.54 mm.

7.3 One-Dimensional Analysis of Tapered Patches and Doublers Including
Effects of Thermal Mismatch and Adhesive Plasticity

For clarity, the solution approach delineated in Section 7.2 did not account for the effect
of the thermal mismatch nor the effect of adhesive plasticity. The purpose of this section
therefore is to extend that approach to include these latter effects.
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Fig. 7.17. Distribution of adhesive shear stress in a stiff one-sided doubler with a taper ratio of
10:1, t;, = 1.27 mm, and full thickness t,= 2.54 mm.
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Fig. 7.18. Distribution of adhesive peel stress in a balanced two-sided doubler with a taper ratio
of 10:1, ¢, =2.54mm and a full thickness of each doubler equal to 1.27 mm.

7.3.1 Extension to include the effect of thermal mismatch

Following the similar procedure as in Section 7.2.2, the moment distribution in each
segment along the joint is given by

M, = —P -y, — P (&,— ) + M"™™ (7.37)
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Fig. 7.19. Distribution of adhesive shear stress in a balanced two-sided doubler with a taper ratio
of 10:1, ¢, = 2.54 mm, and a full thickness of each doubler equal to 1.27 mm.

where

Tply Mply

Y (Cura); (1), (Zei = Zie ) AT)} : { > (Ciia); {(zk,; —&) — (1 — éi)z}i

Mi(therm) — {k:l

Tply

2% (Cia) (Zei—2Zi_1)

1 nply

- 5 /; (Cll,k),- [(Zk,i - éi)z - (Zk—l,i - éi)Z] ak,iAT (7.38)

(ozl 1. k)i is the (1,1) element of the thermal expansion coefficient tensor of the kth ply of
the ith segment, n, indicates a number of plies in the segment, and the rest has been
previously defined. For any segment outside the overlap, n,, is the total number of plies
in the skin laminate. In contrast, it will be the total number of plies of the skin—patch
combination for any segment inside the overlap. It is worthy to note that M "™ defined
in Equation (7.38) was derived from the following condition and definitions:

t
the ! A (th
A’z( erm) 2/0 C“’i (8? erm) _all,[AT> dZ =0

M(therm) _ fi C ~ (therm) AT o) d (739)
i =), b & — 0y (z—e)dz

where @y, ; = a,,(z), C,,; = Cy,,(z), while ™™, &, and AT are independent of

coordinate z; £™™ is the total strain due to the thermal mismatch and yet to be

determined from first equation of (7.39); 7, is the thickness of segment i, e.g., t; = f,
for i =0, and #;, = t,+1, for i = N. The first equation of (7.39) is deducted from

the condition that the thermally induced stress resultant must be equal to zero. It is
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worthy to note that N™™ and M™™ defined in Equations (7.38) and (7.39) have
been derived for the case of a uniform temperature change. Thus, strictly speaking, the
present analysis can only be used to address the effect of the thermal mismatch due to
a low operating temperature. However, by adopting the Rose’s or Barnevel-Freddel’s
curing model mentioned in Section 5.5.1 of Chapter 5, the effect of thermal mismatch
due to curing of the adhesive can also be addressed approximately within the context
of the present analysis by using an effective thermal expansion coefficient for the skin,
rather than its real thermal expansion coefficient.

With that, the governing differential equations for bending moment distribution for each
segment i then become

A A~ (therm)
P P(e;— M;
g By _Plze) M (7.40)
D; D; D;
with the corresponding solutions given by
'(therm)
Ww; (x;) = Wy; cosh (§x;) + Wy, sinh (§,x;) — (¢, — &) + IP (7.41)

The unknown constants of integration W,; and W,, are still determined from the boundary
conditions (7.7)—(7.9), except that the first equation of (7.9) must be modified to include
the thermal moment terms as indicated below:

M l(therm) Mi(therm)

Wi, cosh (§:4;) + Wy, sinh (§;¢;) — Wi = e — 2‘i+1 + l;)l P

(7.42)

Once the moment distribution along is determined, the adhesive peel and shear stresses
will be formulated and evaluated using the similar procedure as in Section 7.2.3. In
the presence of a uniform thermal loading, the governing differential equations for the
adhesive stresses are given similarly to Equation (7.17) as

U — [\I,ll]i [\IIIZ]I'
te =00 (e + ) = | [y et e + ) (1.43)
where
Sgtherm) X
0
thherm) -x; D —B
0 glthem) DA—B. DA—B | [NT
0 K(therm) = M(T)
0 ;32 ;Az
{ft} = (therm) 5 Mply ba-& ba-8 (744)
o 0 o ND =y Ciix 1 AT {2 — 241}
k=1
(therm) 1 ol
i K| MT = E;C”'k Qpk AT{(Zk_hu)z_(Zk—l_ho)z}
0
0
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A, B and D are again the A, B and D matrices of the appropriate laminated segment
of the doubler or skin; {¢;}, [¥,;];, [Wialis (W], [Wa; are defined respectively by
Equations (7.18)—(7.21), respectively, in Section 7.2.3. Since g(the™ y(therm) = N(T) and
M for the ith segment of the doubler or skin are defined in a very similar manner,
therefore, for simplicity, they have been specified in a general form by a set of equations
given in the right column of (7.44) without a subscript s or p and i. It is worthy to note
that N and M™ are thermal force and thermal moment (Jones, 1975), and M™ is
different from M ™™ defined earlier. Also, the term {f;} in Equation (7.43) arises from
the constitutive relations which relate the displacement and curvature of the ith laminated
segment of the doubler or skin to their corresponding stress and moment resultants, i.e.,

D, B
iy = DA - B N — DA - B Mg+ 8§therm)
sls s sils s (745)
. B, A,
/:_—N —M K(therm)
B DA, — B? 1’+DA —B? it
D, B
_ pi pi (therm)
u;l T D.A NP D .A MPi +8Pi
pi‘ipi T pi‘ipi
. A (7.46)
P i i (therm)
B/iz —pN +—pszi+Kpi
P DP’ Apl Pl DP’API BPi

The boundary conditions for the differential Equations (7.43) are exactly the same as
those considered in Section 7.2.3. For example, the boundary conditions for a one-sided
doubler are given by conditions (a)—(d) in that section while the conditions (a), (b),
(c) and (d) are the corresponding conditions for a two-sided doubler. The differential
Equations (7.43) are again effectively solved by the multi-segment integration method.

The differential equation set given by Equation (7.43) fori=1,2, ..., N, together with
its boundary conditions, constitutes a multiple-point boundary value problem which can
be expressed in the following general form:

(Gh= AL W+ 1R} 747
il St LTl (0 = 100 (748)
where
{11}
{F}= {{2} (7.49)
)

Like before, the elements of matrices {®,} and {0,} are elements of {d} evaluated
respectively at the beginning and end points of each segment i while [T} ], [T,] and [G]
are constant matrices known from the statements of the boundary conditions.
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Assuming that the solution of (7.47) can be written as

{2} =[2W®]- {L} +{D, (v} (7.50)

12-Nx1 122Nx12:N 12:-Nx]1 12N %1
where vector {L} represents 12- N arbitrary constants, [€(x)] and {®,(x)} are the

homogeneous and particular solutions of Equation (7.47), respectively. In particular,
[Q(x)] is the solution of the following differential equations:

[Q' ()] = [A )] [2(x)] (7.51)

2NXI12N  12:Nx12:N 12:Nx12:N
with the initial conditions given by
[ (0)]=1[/] (7.52)

where [/] is the identity matrix. In contrast, the differential equations for the particular
solution {®,(x)} are in the form

{0} = [A@]-{D, ()} + {F} (7.53)

12.Nx1 12.Nx12-N 12-Nx1 12-Nx1

and they are subjected to the null initial conditions

{®,(0)}={0} (7.54)

As outlined in Section 7.2.3, the homogeneous solution [{2(x)] can be obtained by direct
numerical integration of differential Equations (7.51) using adaptive step-size fourth-
and fifth-order Runge-Kutta—Fehlberg method. Similarly, the particular solution {®,(x)}
can be obtained from Equation (7.53) using the same adaptive integration method.

It remains now to determine the vector {L} of the arbitrary constants of integration.

Evaluation of Equation (7.50) at x = 0 and noting that {®,} = {®(0)} = [Q(0)]{L} +
{®,(0)} = [[]{L} + {0} = {L} lead to

{0} =[2W)] {0} +{P, (x)} (7.55)

Furthermore, since elements of matrix {®,} are elements of {®} evaluated at the end
point of each segment i, {®,} is related to {®,} by

{®2} = {q) ()C)} |x:segmem endpoint
= [Q (X)] |x:segment endpoint {®1} + {q)p ()C)} ix:segment endpoint (756)
Equation (7.56), together with Equation (7.48), provides a system of algebraic equations

for solving {®,} and {0,}. Once {©,} and {®,} are determined, the solution at any
value of x is obtained from Equation (7.55).
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7.3.2 Extension to include the effect of adhesive plasticity

Most adhesives will deform plastically even at a relatively low level of external loading.
Unless the extent of the adhesive plastic deformation is small (small-scale yielding), the
assumption of linear elasticity of the adhesive may not be realistic and the use of the
corner singularity in predicting the bond-line strength may not be valid (see Sections 2.4.2
and 2.5 of Chapter 2). In that case, the effect of nonlinear adhesive must be accounted
for. For simplicity, the adhesive will assume to behave nonlinearly only in shear while
its peel behavior remains elastically through all ranges of adhesive normal stresses. In
contrast to Chapter 2, the adhesive considered in this section is not necessarily limited
to elastic-perfectly-plastic material. A general nonlinear shear-stress—shear-strain curve
for the adhesive such as that shown in Figure 2.3 of Chapter 2 can be modeled in the
present analysis.

The effect of nonlinear shear properties (plasticity) of the adhesive can be included in
the formulation presented in Sections 7.2.3 and 7.3.1 by employing the secant mod-
ulus approach as frequently used in elasto-plastic analyses. According to the secant
modulus approach, the solution procedure for determining the stress distribution in the
adhesive layer can be described by the following steps (Thomsen, 1992; Mortensen and
Thomsen, 1997):

(a) Calculate the adhesive shear strain and shear stress for a number of points in
the adhesive layer at some predetermined locations along the overlap length, say
X, k=1,2,..., M, using the linear elastic solution procedure outlined in section
7.2 or 7.3.1 and assuming a uniform elastic shear modulus GX) for adhesive, i.e.,
GI(AI) (x)= foLAS), where GfLAS) is the initial elastic shear modulus of the adhesive
(or the slope of the adhesive shear-stress—shear-strain curve below the proportional
elastic limit). These shear strains and shear stresses are denoted by vy, (x,) and
7, (x,), respectively.

(b) If the calculated adhesive shear stress 7,(x,) at any point in the adhesive layer
exceeds the proportional elastic limit of the adhesive material, determine the
adhesive shear stresses for each point x, of the adhesive layer from the nonlinear
shear-stress—shear-strain curve according to the adhesive shear strains and denote
them by 75 (x,).

(c) Calculate the difference A7, (x;) = 7, (x;) — 7x (x;), and determine the secant
shear modulus Gf) (x;) defined by

(1.57)

GO (x) = GV (x,) {1 y |:TA (xe) — 7 (xk)”

x (X)

where y is a non-negative weight factor specified by the user which determines
the change of modulus in each iteration.

(d) Rerun the procedure (steps (a) and (b)) with G\ for each adhesive point modified
as per step (c), i.e., GX) (x)=fo) (x), where fo (x) is approximated by a multiple-
linear curve defined by discrete points ( x,, G(A2> (x)), k=1,2,..., M along the

overlap length. Since the adhesive shear stresses at points x;,, k=1,2,..., M,
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may exceed the proportional elastic limit so that the adhesive shear modulus at
these points must be modified as per step (c), the shear modulus of the adhesive
is no longer uniform along the overlap length nor equal to the initial elastic shear
modulus G545 Tt is worthy to note that the formulations in Sections 7.2 and 7.3.1
can be applied to both cases of uniform or non-uniform adhesive shear modulus
along the overlap length. This is because the governing differential equations are
solved by direct numerical integration. During direct numerical integration, it may
require to evaluate G4 at some arbitrary location x which may be different from
the predetermined points x,, k=1,2, ..., M. In that case, G (x) at the required
point x can be evaluated by linear interpolation or extrapolation from the known
values of G2A at the predetermined location x,, k=1,2,..., M.

(e) Compare the calculated adhesive shear stresses 7(,,(x;) for each adhesive point
with the values 7} (x,) obtained from the adhesive shear-stress—strain-curve.

(f) Repeat steps (d) and (e) until the difference between 7 (x;) and 7(4,(x;) at each
point x,, k=1,2,..., M, drops below a specified tolerance.

7.4 Approximate Method for Adhesive Stresses at Patch End in a One-Sided
Repair

Analyses for the adhesive peel and shear stresses at the end of the patch will be conducted
within one-dimensional theory of bonded doublers, accounting for the geometrically
nonlinear out-of-plane deflection. For the case of a tapered patch under purely mechanical
loading, these adhesive stresses are determined approximately by (Duong, 2003a) (i) first
obtaining the skin stress or load attraction at the end of the patch from a 2-D plane
stress analysis of an untapered (polygonal) patch rigidly bonded to the skin using an
inclusion analogy as outlined in Chapter 4, and (ii) performing a 1-D bond-line analysis
with the skin stress determined from step (i) applying at far field, using the solution
procedure outlined in Section 7.2 for a tapered one-sided doubler. In doing so, the
effects of the two-dimensional (polygonal) patch and the geometrical nonlinearity can
be accounted for approximately in an engineering sense. It is worthy to note that if
step (i) is performed within one-dimensional inclusion analogy (the same as assuming
the patch spans across the skin width), the skin stress at the patch end will equal the
far-field-applied stress, thus resulting in no load attraction. Therefore, the applied load
in step (ii) for the bond-line analysis in effect has been scaled up using the ratio of skin
stresses at the patch end from 1-D and 2-D inclusion analogies to account for the load
attraction in a real repair.

The approach mentioned above poses some difficulty when it applies to the analysis
of a tapered patch under a combined thermo-mechanical loading. This is because the
adhesive stresses due to the contribution of a thermal load alone can not include effect
of the two-dimensional (polygonal) patch by simply multiplying the thermal load in the
bond-line analysis by a same factor as that used for a mechanical load or by scaling
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it in a similar manner as in step (ii). The thermal stresses in the skin at the patch end
from 1-D (patch spanning across the skin width) and 2-D (a finite polygonal patch)
inclusion analogies are equal to zero and a negative value, respectively, so that the ratio
of the thermal stress there from the latter analysis to that of the former analysis becomes
infinite. However, since the thermal loading and the mechanical loading have opposite
effect on the skin load attraction and the adhesive stresses, and since the thermal effect
predicted by a 1-D inclusion analogy is less significant than that by a corresponding
2-D inclusion analogy (thus, causing a less reduction in the skin load attraction and less
alleviation of adhesive stresses that are due to the mechanical load alone), analytical
predictions for the adhesive stresses at the patch end will be conservative if the bond-line
analysis is carried out with the mechanical load of the 1-D analytical model presented
in Section 7.3 being scaled up per step (ii) while keeping the thermal load the same as
that defined in Section 7.3.

7.5 Approximate Method for Adhesive Stresses at Patch End in a Two-Sided
Repair

Because of the symmetrical configuration of the two-sided repair with respect to the
mid-plane of the skin, there will be no out-of-plane deflection in the repair. Unless the
adhesive is stressed beyond its elastic limit, the adhesive stresses due to a combined
thermo-mechanical loading can be obtained by linear superposition of the individual
contribution from the mechanical and thermal loads. As in Section 7.4, the analyses of
the adhesive stresses are conducted within one-dimensional theory of bonded doublers
as follows, which accounts for the effect of the two-dimensional patch or load attraction
in a real repair (Duong, 2003a):

(i) Determine the skin stress at the patch end due to the far-field load alone, using
the 2-D inclusion analogy (a rigidly bonded polygonal patch) and denote that skin

stress by ofi;meCh)

(ii) Determine skin thermal stresses at the patch center, also using 2-D inclusion

analogy and denote it as O.Cs(therm)

(iii) Obtain the adhesive stresses and strains at the patch end due to the mechanical load
alone with the far-field load per unit width based on the skin stress determined in
ste . . _ . s(mech) . . . . .

p (i), i.e., P =1, O . using the solution procedure outlined in Section 7.2

for a one-dimensional bond-line analysis of a tapered two-sided doubler. The

effect of the two-dimensional (polygonal) patch is accounted for approximately in

this case by scaling up the far-field load in the bond-line analysis from its actual

value of #,- 0, to 1, - a't‘j;m“h)

(iv) Obtain the adhesive stresses and strains due to thermal loads alone using a
theory developed in Section 7.3.1 for a one-dimensional bond-line analysis of
a tapered two-sided doubler. Since the skin thermal stresses at the patch center
are different from 1-D (assuming patch spanning across the skin width) and 2-D

(a finite polygonal patch) analyses using inclusion analogies, the effect of the



Bond-line Analysis at Patch Ends 279

two-dimensional patch on the adhesive stresses and strains due to the thermal
loads is accounted for via a correction factor given by

s(therm
O'C( )

=
¢ (a, — o) E/AT
Et,

14 ==
Ejt,

where the denominator represents the skin thermal stress at the patch center from
the 1-D inclusion analogy.

(v) The final (total) adhesive stresses and strains are then equal to the sum of the
corresponding contribution from steps (iii) and (iv).

For an elastic-plastic adhesive, depending on the level of the far-field load, the above
procedure may need to be modified. For a low level of the far-field load, the adhesive
remains elastic so that the above procedure can be applied directly to determine the adhe-
sive stresses and strains. In contrast, for a high far-field-applied load, the adhesive will
yield. In that case the above procedure must be modified because the linear superposition
principle is no longer valid. The analysis procedure then involves the following steps:

(i) Determine the skin stress at the patch end due to the far-field-mechanical load
alone, using 2-D inclusion analogy.

(ii) Obtain the adhesive stresses and strains again using the solution procedure outlined
in Section 7.3 for a one-dimensional bond-line analysis of a tapered two-sided
doubler. However, as before, in the bond-line analysis, the far-field-mechanical
load per unit width of the 1-D analytical model presented in Section 7.3 must be
scaled up to P = ¢, - U;[(meh) to account for the load attraction, while the thermal
load if there is any will be kept the same as that defined in Section 7.3. It is then
clear that only the contribution due to the mechanical load has been accounted

for the effect of the two-dimensional (polygonal) patch.
7.6 Summary

A unified approach for approximating the adhesive stresses in a bond line of a one-
sided and two-sided tapered doubler is presented within a one-dimensional analysis.
This approach is found to be versatile and robust for assessing bonded doublers in the
daily design and analysis environment. To account for the effect of a two-dimensional
patch or load attraction in a real repair, an approximate method for evaluating the
adhesive stresses at the patch ends is also proposed, which utilizes solutions delineated
in Chapters 4 and 5 for two-dimensional inclusions and inhomogeneities, combining
with the present one-dimensional (1-D) solutions for tapered doublers.



CHAPTER 8

Fatigue Crack Growth Analysis
of Repaired Structures

8.1 Introduction

The effectiveness of bonded repairs in terms of reducing the crack-tip stress intensity
factor has been demonstrated in Chapters 3—5. Even though a reduction of the stress
intensity factor will ultimately increase the residual strength and decrease fatigue crack
growth rate, however, it is unclear that the prediction of the growth rate of patched
cracks can be made using the crack growth data obtained from un-patched specimens,
especially under spectrum loading. For un-patched cracks, it is now possible to obtain
satisfactory predictions of the effects of stress ratio and variable amplitude loading on
fatigue crack growth rate using crack-closure models (Newman, 1992). The aim of
this chapter is therefore to establish a correspondence principle between patched cracks
and un-patched cracks, with particular emphasis on the crack-closure behaviour under
steady-state (constant amplitude loading) and transient conditions (spectrum loading).
The effect of thermal residual stress resulting from the mismatch between the coefficients
of thermal expansion for the composite patch and the parent metallic material will also
be considered.

A repaired crack can be viewed as being bridged by a series of distributed springs sprang
between the crack faces as modeled in Chapters 3 and 5. Under fatigue loading, these
springs restrain the opening of the crack, and thus reducing the stress intensity factor.
To analyze the effect of this bridging mechanism on the residual plastic wake behind the
crack tip, the crack-bridging theory presented in Chapters 3 and 5 is employed together
with a crack-closure model (Budiansky and Hutchinson, 1978) to analyze the steady-
state closure of patched cracks subjected to constant amplitude loading. The analytical
consideration proves that under small-scale yielding condition (the applied stress is far
smaller than the material’s yield stress), the steady-state crack closure level depends only
on the applied stress ratio and is almost identical to that corresponding to un-repaired
cracks subjected to the same applied stress ratio. This finding has been verified by a
FE analysis. Furthermore, the transient crack closure behaviour following an overload,

280
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which is the main mechanism responsible for crack growth retardation, has also been
investigated by the FE method. The results reveal that patched cracks exhibit the same
transient decrease/increase in the crack-closure stress as un-patched cracks. Based on
these findings, a correspondence principle relating the transient crack-closure behaviour
of patched cracks to that of un-patched cracks is proposed. It is finally shown that
predictions based on this method are in good agreement with the experimental results
obtained using two aircraft loading spectra.

8.2 Crack-Closure Analysis of Repaired Cracks

We begin with a crack-closure analysis of repaired cracks under a small-scale yielding
assumption. It is then followed by the development for a general case of large-scale
yielding.

8.2.1 Crack closure of repaired cracks under small-scale yielding

A schematic of a patch repair is shown in Figure 8.1, where it is assumed for simplicity
that the cracked skin is restrained from out-of-plane deflection. The problem to be
considered is a cracked skin plate repaired by a patch adhesively bonded on one side
of the cracked skin. The skin, which has a thickness of 7, contains a through crack of
length 2a. The thickness of the patch and the adhesive layer are respectively 7, and ¢,.
The front view in the xy plane and the cross-section in the yz plane are depicted in
Figures 8.1(a) and (b). The Young’s modulus and the Poisson’s ratio of each individual
layer are denoted as E and v; here and in the following, subscripts s, p and A will

1171111111

Skin

IR 3;
(

b)

(@)

Fig. 8.1. Repair configuration: (a) plan view; and (b) cross-section along centre line.
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be used to distinguish properties pertaining respectively to the skin, the patch and the
adhesive layer.

The above elastic problem has been analyzed in Chapter 3 using a crack-bridging model
and an integral equation method. For isotropic reinforcement having the same Poisson’s
ratio as the cracked plate, the stress intensity factor range can be expressed as, assuming
that the adhesive remains elastic

AK = Aoy/maF(mAa) (8.1)

where the parameter Aoy, denotes the stress range which would prevail at the prospective
location of the crack for a patched but un-cracked plate, which can be related to the
remotely applied stress Ag,, by

Aoy, =¢ Ao, (8.2)

where the factor ¢ is given by Equation (3.18) for an elliptical patch having the same
Poisson’s ratio as the skin. The parameters A and S denote respectively the spring
stiffness and patch stiffness ratio:

S
= BA— (8.3)
(I=v2)(1+9)
where B, = [Ga/ta(1/Eit,+1/Eyt,)]"*. S =Ejt,/Elt, and E[, = E, ,/(1—v2,). The
function F can be well approximated (within an error less than 0.5%) by

F(wAa)=|: L anh A T/z (8.4)

mAa 1+hmAa

where the parameter 2 has been obtained by curve-fitting the numerical solution of
integral equation representing patch repairs, e.g., i = 0.3 for balanced repairs (S = 1)
and A = 0.1 for very stiff patch (S — o0).

In the long crack limit (7Aa >> 1), the stress intensity factor of patched cracks (see
Equations (8.1) and (8.4)) asymptotes to the following upper limit, in the absence of
disbonding and plastic deformation in the adhesive layer:

_ Agy ;
AK =2 (mha>1) (8.5)

This near constant stress intensity factor suggests that under constant amplitude loading,
a patched crack would grow at an approximately constant rate, indicating a steady-
state condition. In this case, it is reasonable to postulate that patched cracks ought to
experience the same crack-closure as un-patched cracks subjected to the same stress ratio
(as the amplitude of the stress intensity factor does not affect crack closure, provided
small-scale yielding prevails at the crack tip). In this case the plastic zone size and
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the crack-tip opening displacement are given by the following well-known relationship

(Broek, 1987),
K\2
W = g (-‘) (8.6)
Oy

K} 8oy

CTODg = = ®
Eoy 7E;

K (8.7)

where wg and CTODy denote the plastic zone size and the crack-tip opening dis-
placement estimated based on stress intensity factor K, oy is the yield strength of the
skin plate.

The fatigue crack growth rate can be correlated using the effective stress intensity factor:

AK :
ARy = —— (1 — o ) (8.8)

1-R O ax
where R denotes the applied stress ratio (= 0,/ Omax)» Which is strongly influenced
by the thermal residual stresses present in the skin plate induced by curing; further
discussion will be presented later in Section 8.4. The crack-opening stress o, can be
obtained by simplifying the expressions constructed by Newman (1984):

Oyp A, R<0
— = 5 3 (8.9)
O max Ay+A,R°+A;R° R>0
where the constants A,, A,, A; are
A, = 0.825—0.349 +0.059>
A, =2-3A, (8.10)

Ay =2A4,—1

The plastic constraint factor ¥ depends parametrically on only one non-dimensional
parameter: the ratio of plastic zone size ! to plate thickness #, (Guo et al., 1998):

C14H0.64(w/1) 2 +2(w/1,)’]
1 =2p,4+0.54[(w/t)? +2(w/t)?]

(8.11)

which is illustrated in Figure 8.2 together with the FE results obtained by Newman
et al. (1995).

!'The plastic zone size is denoted here as w, rather than wy, since in Equation (8.11) the plastic zone size
can be taken from either small- or large-scale yielding, and therefore it may not be necessarily equal to the
estimate value given by Equation (8.6) based on the stress intensity factor.
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Fig. 8.2. Constraint factor versus normalized plastic zone size.

8.2.2 Crack closure of repaired cracks under large-scale yielding

The above method is valid in the limiting case of small-scale yielding, i.e., the applied
stress is far smaller than the material’s yield stress, the plastic zone size is far smaller
than the crack size and the plate thickness. In practice, however, such conditions are
not always met, especially when repairs are applied to fatigue cracks in high stress
regions. To evaluate the range of the validity of the method presented in the previous
section, the influences of large-scale yielding on the crack-tip plastic deformation and
plasticity-induced crack closure will now be addressed. To this end, a model for patched
cracks will be presented, which extends the complex function method of Budiansky and
Hutchinson (1978) to include crack-bridging effect.

For simplicity, let us consider the long crack limit, i.e., mAa > 1, so that the stress
intensity factor under maximum load can be considered as approximately constant.
Since the CTOD is proportional to the square of the stress intensity factor, the residual
plastic stretch attached to the crack faces would be approximately constant in thickness.
A simple schematic of the deformed profile of a bridged crack at maximum stress is
shown in Figure 8.3(a), while the boundary conditions upon unloading to the minimum
stress are shown in Figure 8.3(b). Here the difference between a patched crack and an
un-repaired crack is that the crack faces of a patched crack are bridged by a series of
distributed springs. As will be seen later, this bridging mechanism will affect the plastic
deformation ahead of the crack tip.

Following the Budiansky and Hutchinson’s approach (1978), the crack closure analysis
of repaired cracks under large-scale yielding will proceed by obtaining the crack-tip
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Fig. 8.3. Crack-closure model for short cracks.

plastic deformation and crack opening displacement at the maximum and minimum
applied stresses.

(a) Large-scale yielding solution at the maximum applied stress

Adopting the Dugdale model (Dugdale, 1960), plastic deformation ahead of the crack
tip is assumed to occur within the region a < |x| < ¢, where ¢ = a+ w. Here w denotes
the plastic zone size. The problem depicted in Figure 8.3(a) can be mathematically
expressed as (see Equation (3.40))

E, ¢ u(r)

S

_ﬁ —c (x—t)2

0y |x| <a

(8.12)

dr+AEu(x) = i
oy—Voy a<|x|<c

where u denotes the crack face displacement, o the material’s yield stress, and 9 the

plastic constraint factor discussed in Section 8.2.1. The first term in the left-hand side

of Equation (8.12) represents the resistance of material to crack opening and the second

term represents the resistance of springs.
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The above hyper-singular integral equation can be solved using a Galerkin method: the
unknown crack-face displacement u is expanded in terms of Chebyshev polynomials
(Wang and Rose, 1999). The plastic zone size w is determined so that the stress just
outside the plastic zone x = ¢* is non-singular, i.e.,

Enma _u(x)
2

K, = lim
2 _ 2

Lim =0 (8.13)
which furnishes the necessary condition for determining the plastic zone for a given
applied stress. Solution of @ can be determined by iteration: Equation (8.12) is first
solved for a trial w, then it is checked whether Equation (8.13) is satisfied. If this is the
case, then convergence is achieved. The numerical results are presented in Figure 8.4.
It is evident that provided the prospective stress is less than 40% of the material’s yield
stress, the plastic zone size is approximately equal to the estimate by the stress intensity
factor (and thus by Equation (8.6)). At high stress levels, the prospective stress has a
significant effect on the plastic zone size. As shown in Figure 8.4(a), the ratio of the
plastic zone size for large-scale yielding to the estimate value by Equation (8.6) based
on K; solution can be well approximated by the following expression,

ﬂ=1—i—A-|:sec(zﬂ>—l:| (8.14)
wg 2 oy

where the coefficient A is determined by a least square method, A = 0.4272. By contrast,
the CTOD remains the same as that estimated based on the stress intensity factor (thus,
by Equation (8.7)), for prospective stress up to 70% of the yield stress. Furthermore, it is
interesting to note that the normalized plastic stretch variation ahead of the crack tip, as
shown in Figure 8.4(b), seems to be reasonably insensitive to the level of applied stress.
Therefore the plastic stretch variation is approximately given by a universal relation
identical to that pertaining to un-patched cracks under small-scale yielding conditions.
This universal relation is best illustrated by the ratio of the crack opening displacement
to the maximum opening at the crack tip:

8(x)
CTOD,

=g(x/w) (8.15)
where the function g is given in reference (Budiansky and Hutchinson, 1978) as
by 1+J/1—x/w
=./1- ——In|——— 8.16

This important result provides a basis to extend existing crack closure model for
un-patched cracks to analyze patched cracks.

(b) Plasticity-induced crack closure under large-scale yielding solutions

Having now determined the crack-tip plastic deformation at the maximum applied stress,
it is now possible to characterize the plasticity-induced crack closure. Denote the crack
opening at the maximum stress at 6y, and crack opening at the minimum stress at J,,.
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Fig. 8.4. Influence of applied stress on: (a) plastic zone size; and (b) crack-tip opening
displacement.

Referring to Figure 8.3(b), upon unloading to the minimum stress, crack-surface contact
is assumed to occur within the interval £ < |x| < a, where £ denotes the as-yet-unknown
size of the contact-free region. In the contact zone, the upper and lower crack surfaces
are attached with a layer of plastically stretched material of as-yet-unknown size &y /2.
There is also a region ahead of the crack tip, of unknown length d — a, that has gone
into reverse plastic flow, leading to a total crack-tip residual stretch equal to dy. Here d



288 Composite Repair

denotes the coordinate of reversed plastic zone. Between x = d and x = ¢ the plastic
stretch is equal to the plastic stretch that existed at the maximum stress and remained
unchanged. It is worthy to note from Budiansky and Hutchinson’s work (1978) that the
crack-tip deformation of a stationary crack under cyclic loading will be different from
that of a growing fatigue crack. As the crack grows, it leaves in its wake plastic stretched
material which is modeled here as an extra layer of material attaching to the surface
of the growing crack. Since the thickness of this extra layer of material just behind
the crack tip must be equal to the plastic stretch just ahead of the tip at the minimum
load, the crack opening displacement &, for a < |x| < d must satisfy the conditions
that 8, (x) < 6 and &, (]x| = a) = 6. In addition, it was also found from the cited
reference that 6 must be smaller than the CTOD of a corresponding stationary crack at
the minimum load. Thus, 6,, < 6x < CTOD for a < |x| < d.

The boundary-value problem depicted in Figure 8.3(b) can be analyzed using the complex
function method (Budiansky and Hutchinson, 1978; Tanaka and Nakai, 1983; Rose and
Wang, 2001). In particular, the boundary conditions can be expressed as

1
Oy = —Opin+ EAESSm(X) |x] < ¢
dé
—= =0 or §,=20 L<|x|<a
dx
AES

Ty = —0Opin — Oy <1— a m) a<|x|<d (8.17)
5, dd 2ox
d
d_);n:d_)lcw or 6, =0y d<|x|<c
do
— =0 |x| > ¢

dx

Due to the presence of 8, (x) in the right-hand side of Equation (8.17), the solution of
the present problem is more complicated than for the case of un-repaired crack (A =0,
also see (Rose and Wang, 2001)). One way of solving this equation is to adopt an
iterative approach, by using the un-bridged crack solution of Rose and Wang (2001) as
the first-order solution. By inserting the first-order solution into the right-hand side of
Equation (8.17), second-order correction can be obtained. Higher-order solutions then
can be obtained successively.

For low prospective stress, by noting §,, < 6z < CTOD, A = Z—‘z by Equation (8.5), and
1
CTOD = % by Equation (8.7), we have

AES, AE,-CTOD 1 ’
Om A5 = (2) <0125 (0, <0.50y) (8.18)
20y 20y 2 \ oy

Therefore the term AES,, /20y in (8.17) can be neglected without appreciable loss of
accuracy. Numerical results show that the higher-order correction is only a small fraction
of the first-order solution, and thus can be ignored. This is primarily due to that the
non-contact region ¢ is generally much smaller than the crack size a; neglecting the
term AES,, /2 in the first expression of (8.17) would reduce the present problem to that
pertinent to un-repaired crack (A = 0).
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8.3 Overload Effect and Validation Using Finite Element Method

To verify the above analytical solutions, a FE analysis was performed. The FE model
will also be employed to investigate the transient crack-closure behaviour of patched and
un-patched cracks subjected to variable amplitude loading. The fatigue crack opening
and closure stresses were obtained using a spring element release method, which involves
introducing two sets of bi-linear spring elements along the crack plane, as illustrated in
Figure 8.5(a). One set of spring elements, which are attached to all the nodes, are used
to simulate the patch in restraining the opening of the crack as well as to maintain the
zero displacement condition under compression. This series of spring elements have a
force—displacement relationship to give the spring constant given by Equation (8.3), and
an almost infinite compressive stiffness, as illustrated in Figure 8.5(b). For an element
of width h, The force—displacement of this bi-linear spring attached its corner node is

P=(A-h-E)u (8.19)

where P and u are the force and displacement pertaining to the spring element, respec-
tively, and E, is the Young’s modulus of the skin material. In addition, a series of
tension-only spring elements are also attached to each node ahead of the crack tip to main-
tain the zero displacement condition ahead of the crack tip under tension (Figure 8.5(c)).
Crack-growth was simulated by releasing, at the maximum load, one tension-only spring-
element every two cycles. The emphasis here is to determine the stabilized crack-closure
stress, assuming that the crack will take many cycles to grow one element distance.

The FE model was developed using a general-purpose FE code, ABAQUS (1997).
A quarter model of centre-crack panel is modeled using plane-stress quadrilateral ele-
ments. The material is assumed to have Young’s modulus of 72 GPa, a Poisson’s ratio
of 0.3 and a yield stress of 400 MPa, typifying an aluminium alloy. The initial crack
length, a;, was 5mm and the half panel width was 101 mm. For the patched crack, the
spring elements are chosen to simulate a spring constant of A = 120m~', and the applied
stress is repeated tension with a maximum value of 150 MPa. For the un-patched centre-
crack, the applied stress is also repeated tension but with a maximum value of 100 MPa

AP
Elemen\t Node P=(A.h.E)u P
y'd
v Y
_ h > U u

S, % %sz
oL

(a) (b) (©

Fig. 8.5. Spring elements: (a) attached to one node, constitutive relations for; (b) bi-linear spring
S,; and (c) tension-only spring S,.
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Fig. 8.6. Finite element solution of a patched crack growing under constant amplitude loading
with R = 0: (a) at the maximum stress showing the residual plastic stretch; (b) at minimum stress
showing crack surface closure.

to ensure the patched crack and the un-patched crack are subjected to approximately
the same stress intensity factor. Shown in Figure 8.6 are the contours of the y-stress
plotted on the deformed geometry of the patched crack after the crack has grown 0.8 mm
under constant amplitude loading. As it can be seen in the figure, the residual plastic
stretch at the crack tip caused the crack surface to close before the minimum stress is
reached, similar to that observed in un-repaired cracks. In fact, the crack-closure stresses
corresponding to the patched crack and the un-patched crack agree well with each other,
and are in close correlation with the theoretical solution (Budiansky and Hutchinson,
1978) of un-repaired cracks subjected to the same stress ratio. Therefore, under constant
amplitude loading, the crack-closure stress of patched cracks can be determined from the
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known results of un-repaired cracks. It is also noted that under steady-state condition,
the crack-closure stress depends solely on the applied stress ratio, and is independent of
the level of the applied stress intensity factor. As discussed later, this is in sharp contrast
with the transient crack closure under variable amplitude loading.

The same FE model has been used to further investigate the transient crack closure
behaviour of patched cracks subjected to variable amplitude loading, with a view to
identifying an equivalence between patched cracks and un-patched cracks. A simple
overload sequence as shown in Figure 8.7 is applied to both an un-repaired crack and a
patched crack. The maximum stress of the overload is about 30% higher than that of the
background constant loading (150 MPa for patched crack and 100 MPa for un-patched
crack). The patched crack experienced the same stress-intensity factor history as the
un-repaired crack. Figure 8.8 shows the plastic wake created by the overload for an
un-patched crack and a patched crack. It is evident that there is no discernible difference
between the patched crack and the un-patched crack. A fundamental difference between
the crack closure behaviour under steady-state condition (see Figure 8.6) and variable
amplitude loading is that the crack-closure stress is independent of the magnitude of
the residual plastic stretch under steady-state condition. By contrast, the transient crack-
closure behaviour after an overload is dictated by the residual stretch created by the
overload relative to that induced by prior constant amplitude loading. A schematic of
the residual plastic wake associated with a single overload is shown in Figure 8.9. The
ratios of the crack-closure stress (and crack-opening stress) to the maximum stress are
calculated from the FE results and shown in Figure 8.10, for both the patched and the
un-patched cracks. The crack advance is normalized by the distance between the plastic
zone boundaries for the overload and the constant amplitude loading. Two important
observations can be made from the results shown in Figure 8.10. First, following the
overload, an initial sharp drop occurred in the crack-closure and crack-opening stresses
for both the patched and un-patched cracks. After the initial drop, the crack-closure
stress attained a higher value and it was only after considerable crack growth did the
crack-closure stress return to the same level as prior to the overload. The fact that
the higher (than steady-state value) crack-closure stress occurred over a crack advance
greater than that over which the lower crack-closure stress occurred is a clear indication
of net retardation in fatigue crack growth rates. Secondly, and more importantly, there
is little difference between the transient evolution of the crack-closure stress for the
patched crack and the un-patched crack. This implies that the crack closure behaviour of
patched crack can be well approximated by that corresponding to an un-patched crack
subjected to the same stress intensity factor. Therefore, the crack-closure behaviour of
a patched crack can be obtained by analyzing an un-patched, centre crack subjected

A Stress

1,30, | /\

Umax
Time

Fig. 8.7. A single overload superimposed on a constant amplitude loading sequence.

»
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Fig. 8.8. Plastic wake induced by an overload for: (a) an un-patched crack; and (b) a patched
crack subjected to approximately the same stress-intensity factor history.

to the same stress-intensity factor history as the patched crack, or the equivalent crack
method (Wang et al., 1998c¢). In this regard, it is worth noting that the under-prediction
of the fatigue crack growth rates of patched crack as reported in Wang et al. (1998c) is
due to the ignorance of the thermal residual stress in the earlier analysis, an issue to be
discussed in more detail in the next section.

8.4 Comparison with Experimental Results

Since composite patches generally have a lower thermal expansion coefficient than the
metallic component to be repaired, thermal residual stresses would occur upon cooling the



Fatigue Crack Growth Analysis of Repaired Structures 293

Plastic
wake

Plastic wake
of overload

plastic
zone

Fig. 8.9. Schematic of transient crack closure for a single overload.
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Fig. 8.10. Effect of overload on the crack-closure stress of patched and un-patched cracks.

fully cured repair from elevated temperature (typically around 80-120°C for structural
adhesives) to either the ambient temperature or the operating temperature. In particular,
the residual stress in the metallic plate is generally positive, which may enhance fatigue
crack growth rate due to increased stress ratio. Other complicating factors affecting
fatigue crack propagation include possible changes in the patching efficiency resulting
from adhesive plastic yielding and debonding (see Chapters 3 and 4 for details). In the
following, we will focus our attention on the influence of thermal residual stress only.

For an orthotropic composite patch bonded to an isotropic skin, the resulting thermal
residual stresses can be determined using the method developed in Chapter 4. By treating
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the patch as isotropic, approximate and explicit solutions of the thermal stress in the
skin for different thermal loading have been derived in Chapters 3 and 4 as follows:

Curing in a uniform temperature field, e.g., an oven (see Equation (3.72) and the
remark at the end of Section 3.5)

(1-a,/a) S (1-y)(A+p)+(1—22) S
2(1-v,)+(1 =12 S (1=22)+(1-v2) S

o, = —a,EAT :| (8.20)

Curing by localized heating of the repair then followed by cooling to the room
temperature (see Equation (4.110))

ES(1 1
o B0 [ mdin)],,
2(1-v)+(1—22) S 2

(8.21)

where AT = T yine — Trooms S = Ept,/Et,, @ and e, are the thermal expansion
coefficients of the skin and patch, respectively, and the rest are previously defined.
It is worthy to note that o is generally a tensile stress for Boron patches with a
coefficient of thermal expansion being far smaller than that of the metallic material,

o, KL ag.

For a constant amplitude loading, the presence of the residual thermal stress implies that
the patched crack experiences a stress intensity factor R, different from the applied
stress ratio:

tip

K., O min + 04 1-R
Ry =" = 99w =R+ - (8.22)
Kmax d)a-oo,max + 0-0 1 + d)a-oo,max/a-o

where R denotes the ratio of the applied stress, R = 0, 1in/ 0o max- Since 0 > 0, the
actual stress intensity factor ratio is higher than the applied stress ratio. This difference
needs to be considered when comparing the fatigue crack growth rates of patched and
un-patched cracks. In this regard, a rational approach would be to adopt the effective
stress intensity factor as the correlating parameter for fatigue crack growth. Take the
example of aluminium alloy 2024-T3, the fatigue crack-growth rates obtained using an
un-patched, edge cracked panel are plotted in Figure 8.11(a) against the applied stress-
intensity factor range. It is evident that the stress ratio has a considerable effect on the
crack-growth rates for a given applied stress-intensity factor range. By re-plotting the
crack growth rates against the effective stress-intensity factor range determined using
Equation (8.8), as shown in Figure 8.11(b), the crack-growth rate data corresponding
to three different stress ratios fall within a narrow band (£100%), consistent with the
crack growth rates independently obtained for the same material (Edwards and Newman,
1990). The plastic constraint factor ¢ employed in the analysis is equal to 1.8. The
following expression provides the best fit to all the experimental data:

da m
a = C(AK ) (8.23)

where C =2.234 x 107'° and m = 3.135, in SI unit.
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Fig. 8.11. Fatigue crack-growth rates in 2024-T3 Aluminium alloy (un-repaired) plotted against:
(a) the applied stress-intensity factor range AK; and (b) the effective stress-intensity factor range
AK .

In light of the above success in correlating the crack-growth rates of the un-patched
cracks, the experimental results of patched cracks reported in Baker (1996) are
re-analyzed, taking into account the residual thermal stress. The results are shown in
Figure 8.12. It can be seen that the experimental results of patched cracks also fall
within the same band as the un-patched cracks. Here the stress intensity factors for the
patched cracks are calculated using Equation (8.1), assuming that the adhesive remains
elastic. With the actual stress ratio being determined from Equation (8.22), the crack-
opening stress is evaluated by Equation (8.9), and the effective stress-intensity factor
range is calculated via Equation (8.8). The good correlation between the patched and
un-patched cracks as observed in Figure 8.12 confirms that growth rates of patched
cracks and un-patched cracks are uniquely characterized by the effective stress-intensity
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Fig. 8.12. Growth rates of patched and un-patched cracks under constant amplitude loading with
various stress ratios. R is the far field applied stress ratio.
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factor range. Therefore, the growth behaviour of patched cracks and un-patched cracks,
under constant amplitude loading, can be successfully rationalized by the concept of
fatigue crack closure. This enables the crack growth rates of patched cracks to be
predicted using the growth rates of un-patched cracks.

Under variable amplitude or spectrum loading, it is important to analyze the transient
crack closure, especially the retardation effects associated with overloads. As already
discussed in the previous section, after the application of an overload, a patched crack
experiences nearly the same transient crack closure behaviour as un-patched crack sub-
jected to the same stress intensity factor. Therefore the crack closure of patched cracks
can be determined by analyzing the crack closure of a centre-cracked panel subjected
to a reference stress, as illustrated in Figure 8.13. The reference that the centre-cracked
panel is subjected to is determined to ensure that the stress intensity factor is the same
as the patched crack, viz,

o ()ma = [P0 (1) + ol |V maF(mAa) (8.24)
which leads to
a*(t) =[po () + O'OT]F(WAQ) (8.25)

Since the factor F decreases as the crack size increases, the equivalent stress o*(¢)
would become a progressively smaller fraction of the applied stress, to ensure that the
cyclic plastic deformation at the tip of the equivalent crack remain the same as that for
the patched crack.

o_(t o (t)
P11111111 IITTTTT11

LLLLLELDLLL I
)

o () o* (¢t
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Fig. 8.13. Correspondence between a patched crack and an un-patched crack subject to an equiv-
alent stress.
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Fig. 8.14. Comparison between experimental and predicted growth behaviour of patched cracks
under F-111 spectrum. Symbols denote experimental data.

A comparison with some experimental results (Boykett and Walker, 1996) is shown
in Figure 8.14. The test specimens, which were made of 2024-T851 aluminium alloy
panels having a thickness of 3.7 mm, were repaired with a boron composite patch
after being pre-cracked to give a half crack size equal to 20 mm. Patches were made
from Boron/Epoxy pre-preg fibre composites to form a 14-ply laminate; the lay-up is
[05, £45],. The patched specimens were subjected to a load spectrum (to be denoted as
F-111) consisting of 36, 273 turning points per block, with the ratio of the minimum
to the maximum equal to —0.278. The maximum applied stress, as listed in Table 8.1,
was equal to 217 MPa, giving rise to a maximum plate stress (in a block) of about
112MPa. The geometry and material properties of the patched specimen (denoted as
F111) are summarized in Tables 8.1 and 8.2. The patches were bonded to the plate
using an FM-73 adhesive and cured at 80°C, resulting in a thermal residual stress of

Table 8.1. Geometry and material properties of specimens.

Specimen E, t E, t G, I ¢ A O oo max
(GPa) (mm) (GPa) (mm) (GPa) (mm) (1/m)  (MPa)
F-111 72 3.7 156 1.82 0.57 0.25 052  58.0 217

FALSTAFF 72 3.14 200 0.91 0.54 0.2 0.55 65.5 248

Table 8.2. Thermal properties and temperature change.

Specimen oy (plate) @, (patch) AT (°C)  of (MPa)

F-111 2.40E-05 4.00E-06 60 67.35
FALSTAFF 2.40E-05 4.00E-06 100 70.67
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67.35 MPa. The base-line fatigue crack-growth data for the material were taken from
the literature (DTDH, 1972), which were then converted to obtain the crack-growth rate
against effective stress-intensity factor range relationship. This allows the experimental
results from various stress-ratio tests to be collapsed within a single scatter band. The
converted data can be well correlated using the standard Paris relationship, giving rise
to the following constants C = 7.4 x 107!° and m = 2.93. As seen in Figure 8.14,
the predictions based on the equivalent crack method are in good agreement with the
experimental results. It is also interesting to note that, due to the increased mean stress
resulting from the thermal residual stress, simple predictions based on simply integrating
the crack growth equation on a cycle-by-cycle basis, using the steady-state crack opening
stress given by Equation (8.9), are slightly conservative. This implies that the retardation
effect of the loading spectrum is also not very significant due to the high mean stress.
Also shown in Figure 8.14 are the predictions based on the crack closure model, without
considering the thermal residual stress. It is evident that the calculated crack growth rate
is far lower than the experimental results, demonstrating the importance of the thermal
residual stress in enhancing the fatigue crack-growth rates. This also highlights the need
to minimize the thermal residual stress.

The experimental results of another series of tests involving FALSTAFF spectrum
(Raizenne et al., 1988) are plotted in Figure 8.15, together with predictions made using
equivalent crack method. The test specimens, which were made from 3.2 mm thick
2024-T3 aluminium sheets, were first fatigue pre-cracked under constant amplitude
loading to two prescribed crack lengths: 5mm and 25 mm. The test panels were then
repaired with boron/epoxy using three different adhesive systems. Two edge-cracked
face-sheets were bonded to an aluminium honeycomb core to form a sandwich panel to
avoid out-of-plane bending. A total of six such panels were tested. The thermal residual
stress, as listed in Table 8.2, was estimated based on Equation (8.20) to be approximately

—_ —_
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Fig. 8.15. Comparison between experimental and predicted growth behaviour of patched cracks
under FALSTAFF spectrum.
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70.67 MPa. This thermal residual stress is significant as the maximum skin stress ¢o
is about 136 MPa. The spectrum used was a “clipped” FALSTAFF spectrum, in which
the negative loading has been removed. As seen in the figure, the predictions based on
the crack closure model, when thermal residual stress is taken into account, are in good
correlation with the experimental data. As indicated by the dashed lines in Figure 8.15,
predictions made by integrating the crack growth rate equation, with the crack-opening
stress for each reversal being taken to be the steady-state value, are slightly on the
conservative side. Similar to the results shown in Figure 8.14, this behaviour indicates
that, due to the high thermal residual stress, the spectrum loading does not have a strong
retardation effect. Also plotted in Figure 8.15 are the predictions made by neglecting
the thermal residual stress. Again, much slower crack-growth rates are predicted. This
confirms the observations made earlier regarding the importance of the thermal residual
stresses and the need to minimize residual stresses in order to achieve lower crack-
growth rates. It should be noted that the effects of disbond and adhesive plasticity have
not been considered in this section, since the main objective here is to demonstrate the
equivalence principle between patched and un-patched cracks.

8.5 Summary

It has been shown that under constant amplitude loading with the prospective stress much
lower than the material yield stress, the closure behaviour of repaired cracks is nearly
identical to that corresponding to un-patched cracks subjected to steady-state loading.
Under variable amplitude loading, the crack closure behaviour of a patched crack has
also been shown to be identical to that corresponding to an un-patched crack subjected
to the same stress-intensity factor history.

An equivalent crack method has been developed, which enables the fatigue crack closure
of patched cracks to be determined by analyzing a centre-cracked panel subjected to an
equivalent stress given by

0" (1) = [b0.. (1) + o 1F(wAa)

Predictions based on this method have been found to correlate well the experimental
results obtained under two aircraft loading spectra. It has also been found that the
ignorance of the thermal residual stress would lead to significant under-predication of
the crack growth rate.



CHAPTER 9

A Preliminary Design Approach
for Crack Patching

9.1 Introduction

This chapter describes an approach to a patch design for a crack repair, based largely
on the analyses developed in Chapters 2 and 3 and also by Duong (2003a) under the
Composite Repair of Aircraft Structures (CRAS) program. The design process from this
approach follows the guidelines given in the Composite Repair to Metallic Structure
(CRMS) Guidelines (1998), RAAF Engineering Standard C5033 (Davis, 1995), and those
recently developed by The Boeing Company under the CRAS program (Duong, 2003a,b;
Duong et al., 2003). This approach does not include the effect of the out-of-plane bending
and assumes that the repaired structural component is subjected to biaxial loading at
the far field. The initially designed patch that is output from the process will be a
unidirectional patch with the 0° plies aligned normal to the line of crack. For a general
far-field loading (including a shear load), the principal stresses and principal directions
of the far-field-applied stresses must be determined and the patch will then be designed
with respect to the principal axes of the far-field stresses with its principal moduli and
the crack orientation assuming to be parallel to those axes. Since a design of a patch in a
cracked component under a primary compressive load can be accomplished in a similar
manner to the case of a primary tensile load, for clarity, the design approach delineated
in this chapter is specifically for a cracked structure subjected to the biaxial loading with
a primary tensile load. However, as illustrated through examples in Chapter 4 and also
shown later in Section 9.2.2, the effect of the compression loads and thermal loads are
additive for the patch’s stresses and for the skin stress concentration at the end of the
patch while they are subtractive in the case of a tensile load. Thus, the criteria specified
in Section 9.3 must be modified slightly for the case of a compressive load to reflect
such difference and the appropriate material allowables for compression must be used in
these criteria. In addition, the design approach in the latter case also does not address the
global buckling of the structure nor local instability at the end of the patch as observed
in some tests.

300
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The design process for composite patching of cracks consists of establishment of design
criteria, selection of the patch and adhesive materials, development of the initial design
and refinement/validation by detailed analyses and/or test. The first three tasks of
this process will be reviewed in this chapter while the last task has been covered in
Chapters 2—8 and will be discussed in Chapter 11. For clarity, the basic analysis methods
described in Chapters 2 and 3, which will be used in the preliminary design approach,
will be reviewed first in Section 9.2 along with the extensional work developed under
the CRAS program on the equivalency between a thermal and a mechanical problem
(Duong, 2003a). The design criteria are established in Section 9.3 and they are followed
by the guidelines for the selection of the patch and adhesive materials in Section 9.4.
Finally, the initial design process is developed in Section 9.5.

9.2 Basic Analysis Methods Used in the Preliminary Design Approach

In this section, a brief summary of the basic analysis methods used in the preliminary
design approach is presented. The quantities of practical interest in the design are stresses
in the skin and patch, shear strain in the adhesive, and the stress intensity factor for
residual strength and fatigue crack growth predictions. The Rose two-stage analysis
procedure described in Chapter 3 for estimating these quantities will be reviewed here
first and it will then be extended to include the thermal effects. As in Chapter 3, for
simplicity, the analysis method is developed for an elliptical isotropic patch with the
same Poisson’s ratio as that of the skin. It was shown in Chapter 3 that the effect of the
material orthotropy of the patch is insignificant on the sought quantities. The effect of
tapering of the patch’s edge as commonly done in practice is also ignored in the analysis.
It should be emphasized that the thermo-mechanical analysis outlined in Section 9.2.1
below has been developed by Duong (2003a) and it is presented here for the first time
in this book.

9.2.1 Analysis method for a repair subjected only to mechanical loads

In the first stage analysis of the Rose solution procedure, a patch is assumed to bond
rigidly to an uncracked skin. Stresses in the skin near the edge of the patch and
underneath the patch are determined in Chapter 3 and also Chapter 6 using an elliptical
inclusion analogy. These skin stresses in the y-component derived from these chapters
are given below.

Skin stress underneath the patch
=% s 3428 | 14us+22 4351 2 B
=D A BT Y
9.1)

B A
Z=3(1+8)>+2(1+9) |:Z+E+VSS:|+1—VSZSZ

Skin stress near the tip of the patch’s edge

o =0+5)0g 9.2)
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where S is the patch stiffness to skin stiffness ratio, i.e. S = % = % for an
isotropic patch with a Poisson’s ratio same as skin, A and B are the axes of
the ellipse with the dimension B parallel to the primary loading direction, v, is the
skin’s Poisson‘s ratio, % is the biaxial stress ratio, and the subscripts p or s denote the
patch and skin, respectively. As found in Chapters 3 and 6, the skin stress underneath an
elliptical patch is uniform, independent of the spatial coordinates and the patch’s size.
Furthermore, since the reinforced skin is stiffer than the remote skin, it can be shown
from Equations (9.2) and (9.1) that o, is always larger than the remote skin stress 0.
In other words, there is a stress concentration in the skin near the tip of the patch’s edge.
Since it is more convenient to use the skin stress concentration factor at the patch tip as

a design parameter than o7, Equation (9.2) therefore has been rewritten as:

a o
Kj:f:(l%—S)Z—o (9.3)

oo o)

Similar to the skin, the y-component stress in the patch is also uniform and found to be:
/
ol = gr L = gr L (9.4)

In the second stage analysis of the Rose solution procedure, a patch is assumed to be of
infinite extent and adhesively bonded to the skin. The skin now contains a crack with a
pressure load of oy acting on its surfaces and without any remote applied stresses. The
purpose of the second stage analysis is to estimate the crack-tip stress intensity factor
K;, the maximum adhesive shear strain, and the additional stresses in the patch near
the crack surfaces due to the loss of load carrying capability of the skin in the vicinity
of the crack. For simplicity, the skin crack is assumed to be semi-infinite. As shown
in Chapter 3, the stress intensity factor when it is estimated based on this semi-infinite
crack model will have an upper bound value and will be denoted by K, . By considering
the change in the potential energy of the patched cracked skin due to a virtual crack
extension and using results from the 1D bonded joint theory, K, had been derived in
Chapter 3 as:

a.*
K., = \/OK (9.5)

where

_ BaS
(148 (1-12)

1/B,4 as in Chapters 2 and 3 is the shear load transfer length with 3, defined by:

Ba = ﬂ( Ly ) 9.7)

tn \Eit,  Ejt,

(9.6)

G, and ¢, are the shear modulus and thickness of the adhesive layer, respectively, S

again is the patch stiffness to skin stiffness ratio, E » = lEj} . As mentioned earlier,
, e

since K, is the upper bound value for the stress intensity factor of a patched crack,
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K., given by Equation (9.5) is a constant and independent of the actual crack length.
Furthermore, K;,, must also be less than or equal to the corresponding stress intensity
factor of an un-patched crack, i.e., K, < 0j+/ma where o}+/ma is the well-known
result for the stress intensity factor of a central crack of length 2a in an infinite sheet.

In contrast, the adhesive shear strain in the adhesive and the additional stress in the patch
due to the presence of the skin crack are estimated using one-dimensional theory of a
double-strap joint described in Chapter 2. The shear strain in the adhesive in general is
highest near the patch’s edge and near the crack surfaces. Since most of the repaired
patches have a tapered edge that tends to reduce shear load transfer there, the maximum
shear strain in the adhesive therefore normally occurs near the crack surfaces. When
the shear load transfer length 1/83, is small relative to the patch size, the adhesive’s
shear strain near the crack surfaces that results from the local load transfer between
the cracked skin and the patch decays rapidly to zero for a small distance away from
the crack. The maximum shear strain in the adhesive in this case is obtained from the
displacements of the skin and patch given in Chapter 2 at the skin interruption end as:

x| s ()c:O)—up (x=0) o718
’y = =
A N Gy

(9.8)

where u (0) has been evaluated using Equation (2.25) while u,, (0) = 0 due to symmetry.
Similarly, the additional stress in the patch due to the presence of the skin crack is
determined from the one-dimensional analysis as:

O.Stagell — Ugts (99)

p tp

The total stress in the patch is then equal to the sum of the individual contributions from
the first and second stage analyses as given by Equations (9.4) and (9.9), respectively.

So far, all results have been obtained by assuming that the adhesive remains elastic for
a given applied load. However, in many instances, the adhesive is loaded beyond its
elastic shear stress limit. When the adhesive is modeled as an elastic-perfectly-plastic
material as shown in Figure 2.3, from Chapters 2 and 3, the formulas for the maximum
shear strain in the adhesive and K|, need to be changed to the following while the rest
of the equations remain the same.

*t
—UOGSBA for ot,Ba < T\({A)
max A
YA = 7_\({A) o \2 (9.10)
14+ = otherwise
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for o5t B, < ’T\((A)

lors 3 lors
K. = . +3 -1 (9.11)
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otherwise
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A
where o,y is defined by Equation (3.32) as o,y = %, y\({A) is the elastic shear limit
of the adhesive as defined in Figure 2.3, A is given by Equation (9.6), and the rest
are previously defined. It is worthy to note that the second equation of (9.10) has been
derived in a similar manner as that for the case of an elastic adhesive given above, except
that the displacement of the skin at the interruption end is now given by Equation (2.62).
In addition, the second equation of (9.11) is identical to Equation (3.35).

9.2.2 Analysis method for a repair subjected to thermo-mechanical loads

As before, the analysis of the thermo-mechanical problem is also divided into two stages.
In the first stage, the skin’s stresses underneath the patch, the patch’s stresses and the
skin stress concentration near the tip of a patch’s edge are calculated using an inclusion
analogy. For clarity, the analytical method for stage I analysis of a repair under purely
thermal loads is delineated first.

Consider a problem of a patched skin that is cooled uniformly from a stress-free (ambient)
temperature to a low operating temperature as experienced by the aircraft during high
altitude cruising. Follow the procedure outlined in Section 4.2.4; the analysis of this
problem proceeds in two steps. In the first step, the skin is cooled first to a low operating
temperature while the patch is still at a stress-free (ambient) temperature. Furthermore,
the patch is also subjected simultaneously to a fictitious uniform strain field of @ ATS,;
where « is the thermal expansion coefficient of the skin, and AT = (TOperating - Tambiem).
Since the patch is subjected to a uniform strain field of a,AT9;; that is compatible with
the thermal strain of the skin, the skin will contract freely during this cooling phase
without experiencing any exerted forces from the patch, resulting in a stress-free skin.
Thus, the strain field in the skin and patch at the end of the first step of cooling will be
given by:

5P (x) = el (x) = a,ATS,; (9.12)
In the second step of cooling, the patch is allowed to cool to a low operating temperature
and also to relax simultaneously the fictitious strain field a,AT9;; imposed previously
on it. The problem of a second step cooling is then a problem of a patched skin with
the following strain prescribed in the patch:!

SEJ-T)(I’) = (o}, AT — a ATS,;) = Aa,; - AT (9.13)
where afj is the thermal expansion coefficient tensor of the patch in the principal material
directions, and §,; is the Kronecker delta. While the solution of this problem will be
given in detail in the next paragraphs, let us assume for now that this solution is already
obtained with the strain solutions for the skin and patch denoted as:

E?J(stePZ) (X) _ SZ_(steﬂ) (X) — 8:.';" (X) (9.14)

!'See footnote 1 of Chapter 4.
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The total strains in the skin and patch at the end of the cooling process are then equal
to the sum of individual contributions from the first and second steps of cooling, and
these strains are given by:

&} (x) = &}, (x) = &} (X) + a,ATS;; (9.15)

On the other hand, the thermal stresses in the skin and patch after cooling are determined
from the thermo-elastic constitutive relation, Equations (9.15) and (9.13) as:

U[Sj (x) = Cisj/d [ex, (X) — a,ATS, ] = Cz‘sjklszT (x)

Uipj (x) = Cszkl [SEI (x)— O‘ZIAT] Clsjkl [8 (x) — (aElAT - asATakl)]

= Chy e} (x) — Aay, AT] (9.16)

T
= Clr;k[ [8 (x) — 31&1)@)]

It remains now to outline a solution method for determining &;;'(x). It is more convenient
to solve &7 (x) using a mechanical problem analogue, because the solution of the thermal
stress problem then can be easily combined with that of the purely mechanical problem
for use in the patch design process. We begin the development by showing that problem
of a patched skin under purely mechanical loads can be formulated as a type of the
problem considered earlier in the second step of cooling, and consequently it can be
made equivalent to the thermal problem. That equivalency is proven below.

Let us consider the problem of a patch bonded to a large skin that is subjected to the
far field applied stresses 0'11 and —a,, or equivalently to the far field applied strains
—¢|, and —&3, as depicted in Figure 9.1 where o, o L and €] ;; are related by 0' = C”klskl
This problem can be broken in two sub-problems as illustrated in the same figure. In
the first sub-problem, the patch is assumed to be applied by fictitious uniform strain
fields —e[, and —e&;,, while the skin is subjected to the given far-field stresses or
strains. The patch in the first sub-problem will not exert any forces on the skin since
its strains are compatible with those of the remote skin. The solution of the first sub-
problem is therefore trivial since the skin and patch in this case have uniform strains
that are the same as the far-field-applied strains. The stress components in the skin are
thus also uniform and equal to —o, and —0o,,. However, since the patch in reality is
not subjected to such fictitious strain fields, these fictitious strain fields therefore must
relieve to zero. The second sub-problem is therefore a problem of a large skin without
any remote applied stresses nor applied strains but containing a patch prescribed with
a uniform strain fields siTj as shown in Figure 9.1(c). Consequently, the problem shown
in Figure 9.1(c) is equal to the difference between the mechanical problem shown in
Figure 9.1(a) and the trivial problem shown in Figure 9.1(b), as illustrated in Figure 9.2.
It should be noted that the far-field-applied stresses or strains and the prescribed strains in
the patch of the problem shown in Figure 9.2(c) have opposite signs with those shown
in Figure 9.1(b). Also, the strain components in the skin and patch of the problem
shown in Figure 9.2(c) are equal to &], and &},. Moreover, stresses in the skin and patch
of all problems considered in Figures 9.1 and 9.2 are related to their corresponding
strains by the isothermal constitutive relations, i.e. o;; (x) = C,j, & (X).
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— — = —» — +
T Patch is prescribed \ .
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fields &1, and €1,

(a) (b) (©)

fields -], and —¢J,

Fig. 9.1. A decomposition of a mechanical problem into two sub-problems: (a) the original
mechanical problem; (b) a mechanical problem with uniform strains prescribed in the patch; and
(c) the initial strain type problem. It should be noted that the solution of the problem shown in
Figure 9.3(b) is trivial. Also, o} = C}, 8}

T T
T O,y OF €,y

T o) orel,
= — — 4 —

\ r Iy

Patch is prescribed
with uniform strain

fieldse], and ],

Patch is prescribed
with uniform strain
fields e/, and €,

(a) (b) (©

Fig. 9.2. A superposition method for analyzing a patched plate with a uniform strain field pre-
scribed in the patch, noting o} = Cyy,&,. If €], is selected to be equal to sg—-)(p), strain solution
;7 will prevail in both patch and skin. Also, the solution of problem 9.2(c) is trivial, i.e. patch

and skin are under uniform strain s,T]

According to the preceding paragraph, the solution of any problem of the type illustrated
in Figure 9.2(a) can be obtained by superimposing the solutions of two problems shown
respectively in Figures 9.2(b) and 9.2(c). The reader is reminded that a problem of a
second step cooling of the original thermal stress problem also falls into that category.
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Thus, by identifying &}, and &3, of the problem shown in Figure 9.2(a) as &}, = g0 =

J
Aa;;AT, noting sij)(P ) is given by Equation (9.13), the sought solution &;;'(x) of the
original thermal stress problem can be easily found by the procedure shown in Figure 9.2
with o], and o, given by:

E E.
T s T T s (M)(p) (T)(p)
oy = _—SVZ (1 +7e0,) = 1_—;2 (811 Ve, )

(9.17)

E
T T (T)(p) (T)(p)
Op = —sz (ngn +322) = 1_—:2 (Vssn Pty )

N N

Once &7 (x) is obtained, the thermal stresses in the skin and patch are determined by
Equation (9.16).

The above procedure for determining thermal stresses involves two separate steps: first
determining &} (x) using the procedure illustrated in Figure 9.2 and then the thermal
stresses via Equation (9.16). However, these two steps can be combined so that the
thermal stresses can be obtained directly in a single step as follows.

From Equation (9.16), the thermal stresses in the skin and patch are equal to the
ok (T)(p)
ij — Cij

linear superposition of solutions of problems shown in Figures 9.2(b) and 9.2(c) with

a[Tj = ag)(p), as mentioned above. From Figure 9.2, it is clear that strains in the skin and

patch from this linear superposition are given by

product of their elasticity tensor and &} or (8 P> ) where & is obtained from

S@) _ ww o s0) 8@ _ _s®) T
g =¢&;=¢g; +¢&; =¢; +g; and
(9.18)

p(b) __

p(c)
ij =€ =

ok T
iji — & —

&,

Hk
2 ij ij

p(@) _ _sxx __ _p(b) p(c) __ _p(b) T
g =¢&; =§&; +&; =g +8ij or ¢ i

ij €
where the superscripts a, b, and c denote respectively the problems shown in
Figures 9.2(a)-9.2(c), and the strains in the skin and patch of the problem 9.2(c) are
trivially equal to &;.

Let us consider now the linear superposition of problems shown in Figures 9.3(b)
and 9.3(c). From Figures 9.3(b) and 9.3(c) and by noting that (i) Figure 9.3(b) is the
same as Figure 9.2(b) so that strains in the skin and patch due to the contribution
from Figure 9.3(b) will be a‘;j(-b) and SE/-(b), respectively, and (ii) strains in the skin of
the problem shown in Figure 9.3(c) are equal to siTj, the strains in the skin and patch
from linear superposition of the results of problems shown in Figures 9.3(b) and 9.3(c)
therefore are given by:

(9.19)



308 Composite Repair

AT#0

(a) (b) ©)

Fig. 9.3. A superposition method for determining thermal stresses in a patched plate.

However, since s‘;(»b) + s[.Tj =¢;} and s?gb) =g - siTj by Equation (9.18), the strains in

the skin and patch given by (9.19) can also be rewritten as

s __ s(b) T _ k%
g;=¢&; t&;=¢8;

(9.20)
p p(b) T
£ =& =& —&;
while the corresponding stresses are given by
O'isj = Cisjk187<1 = C?jkzsif
(9.21)

P_ P P _ P #x T
0;; = Ciju€n = Ciju (Skl 8k1)

Since the stresses in the skin and patch of the original thermal stress problem are also
given by the same expression as (9.21) via Equation (9.16) and noting siTj = 81(-;[)(13),
the linear superposition of problems shown in Figures 9.3(b) and 9.3(c) will render the

original thermal stress problem as indicated in Figure 9.3(a).

So far only thermal stresses of the problem associated with uniform cooling is considered.
However, it can be shown in a similar manner that the thermal stress solutions of the
problem associated with curing of the adhesive can be obtained by the same procedure

as given in Figure 9.3, except for a new and different expression for EET)(p). For a curing
(M)
ij

associated with the curing of the adhesive

process using a circular heater blanket, this new expression for & can be derived as
follows. As presented in Section 4.2.4, sij)(p)

is found from Equation (4.40) as

(T)(p) p s(heating)
Eij = _aijATheating + Eij (922)
where AT, uine = Teuring — Tambient» a0 &)™) s the total strain of the skin inside

the inclusion region () of a thermal inclusion problem with eigenstrain given by
&}; = AT} 0y 0;;- For a curing process using a circular heater blanket, region () of this
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thermal inclusion problem is also circular. Based on the results given in Section 6.2.1
for a circular inclusion, the strain in the skin inside () can be obtained from the Eshelby
solution as:

gi® = Sijklgz[ (9.23)

ij
where S, is defined by Equation (6.4), and &}; = o, AT} 44,6, Substituting Equa-
tion (9.23) into (9.22) for &} ™™, noting &; = &t AT}y ing
Equation (6.4) for a circular region () yield:

ij> and evaluating Sijkl by

T Vg 1
8(]1)(p) = [_ (3 + E) Qg + (1[13]] (Tcuring - Tambient)
(9.24)

T v, 1
8&2)@) = [_ (3 + 5) o + ag2j| (Tcuring - Tambient)

With a,(-?(p) associated with the curing process being determined, o]} and o3, of the
equivalent mechanical problem shown in Figure 9.3 can be evaluated by the same
equation as (9.17) but with eij)(p) now defined by Equation (9.24).

The above equivalency between a thermal and a mechanical problem has many significant
implications in the design of the repaired patch and has been verified independently by
means of the FE method. First, all results derived in Section 9.2.1 still hold for the
thermal problem with only minor changes since they are solutions of the problem shown
in Figure 9.3(b), while the solution of the problem shown in Figure 9.3(c) is trivial.
Second, using the above equivalency, a thermo-mechanical problem can be analyzed
by the method illustrated in Figure 9.4. Third, the equivalency holds for any patch’s
geometry (octagonal, rectangular, etc.) even though it has been demonstrated in this
section only through an example of an elliptical patch. Using the above equivalency and

T
Oco 0o =02 ol
T
X0, 2-0’,,‘,—0’1—1 Ty
O L 5 = <« —> 4 —>
AT#0

(a) (b) (©)

Fig. 9.4. A linear superposition method for analyzing the thermo-mechanical problem.
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from Figure 9.4, it is quite easy to show that for a repair with thermo-mechanical loads,
the counterparts of Equations (9.1)—(9.4) of the first stage analysis are given by:

*

o,
0y = — (0 —03) + 05,
(9.25)
Oy = ULP (00— 02,) + 02,
or
0y oy oy o,
Jo_ B0, %1% (9.26)
o7
K, =K'— -2 (K'—1) (9.27)
O-OO
and
stagel T EP
0, = (0’0 — 022) z (9.28)

*

where o7, oy, and K7 are stresses in the skin underneath the patch, near the edge of
the patch, and the stress concentration, respectively, due to the applied stress o, alone,

and they are given by Equations (9.1)—(9.3), respectively.

The second stage analysis of Rose’s approach for the present case of thermo-mechanical
loading will be identical to that given in Section 9.1.1 except for a new value of the
pressure load acting on the crack surfaces. Thus, the counterparts of Equations (9.5),
(9.6), and (9.8)—(9.11) for a repair under thermo-mechanical loading are exactly the same
except that o is now replaced by oy, given by Equation (9.25). The reader is reminded
that o, and o}, are defined by Equation (9.17) where si?(p ) and s%xp) for two typical
thermal loading conditions (low operating temperature and curing of the adhesive) are

given respectively by Equations (9.13) and (9.24).

It is interesting to note from Equations (9.26) and (9.27) that the effects of uniform
cooling and curing increase the skin’s stress underneath the patch (o,/0,, > o/0,,)
while at the same time reduce the stress concentration in the skin near the tip of the

patch’s edge (K, < K"), since Z—U <1, Z—ZTZ >0, and K] > 1.

9.3 Design Criteria

The design of an effective patch requires that the patch will carry an appreciable
percent of the applied load without any premature failure or disbond. To develop such
a design, the patch, adhesive, and cracked skin after the repair must possess sufficient
static strength and fatigue resistance. Criteria and guidelines to assure the structural
integrity of the repair have been established in the CRMS Guidelines (1998) and in
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the RAAF Engineering Standard C5033 (Davis, 1995). Additional guidelines have also
been established by engineers performing repairs at Warnin-Robin Air Logistic Center
(WR-ALC) (see CRAS Design Manual, 2003). Further improvements to enhance these
criteria and guidelines have been developed under the CRAS program (Duong, 2003a;
CRAS Design Manual, 2003). Basic criteria, described in this section, define acceptable
patch stress, adhesive strain, skin stress, crack growth behavior and patch size based on
load transfer and crack length.

9.3.1 Design criteria for cracked skin

Failure-inducing forces, acting on the repaired skin, are those at the crack and those at
the edge of the patch. Failure at the crack typically results from fatigue crack growth,
governed by the stress intensity factor. Any repair locally stiffens a structure and attracts
load into the repaired area. The stress concentration at the edge of a patch can result
in failure (cracking) at that location due to overstressing of the skin material. Design
criteria are established for skin stress at the edge of the patch and the stress intensity
factor at the crack tip.

Any patch draws load into the repaired area. A patch needs to be just stiff enough to
repair the damage but not too stiff or it will result in high stress concentration at the
edge of the patch and may induce cracking near that edge. The first criterion, identified
by WR-ALC, is that the value of stress in the substrate at the patch edge, in the tensile
load direction, should be limited to about 115 to 130% of the far field applied stress.
This stress concentration at the edge should minimize peel stresses that develop at the
adhesive edge and allay the concern that high fatigue loads at the end of the patch
may induce cracking. Consistent with the WR-ALC key performance criterion, the skin
stress concentration factor near the patch’s edge tip due to the design ultimate load
(DUL) is limited to values below 1.3 when the ratio of the material ultimate strength to
the far-field stress at DUL exceeds 1.3, i.e., ﬁ > 1.3, or below ﬁ when
otherwise. The latter case corresponds to a case when the applied stress at DUL is so
high that even though the skin stress concentration at the patch tip is below 1.3, the skin
stress there still exceeds the material ultimate strength.

The stress intensity factor measures how strong the crack driving forces are. Plane stress
and plane strain fracture toughness, K- and K¢, provide a measure of the resistance to
crack propagation under static loads. In contrast, the fatigue crack growth is governed
by the difference in stress intensity factors at the maximum and minimum loads of a
fatigue cycle, i.e., AK;. Repairs should be designed to reduce K; so that no unstable
crack growth will occur at the design static load and that the fatigue crack growth is
slowed or stopped. In other words, the repaired stress intensity factor K; due to a design
static load should be limited to a value considerably less than the fracture toughness
of the skin material and the repaired AK; is below the fatigue threshold. The second
and third criteria for the cracked skin therefore require that the crack-tip stress intensity
factor must be equal to or less than 80% of the skin fracture toughness at the design
ultimate load (DUL), and AK; must be below the fatigue threshold at the design fatigue
load (DFL). This second criterion is the same as having a margin of safety factor equal to
0.25 for skin fracture. To take advantage of stable crack growth in thin ductile materials,
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the “apparent” plane stress skin fracture toughness K (Broek, 1987) will be used in the
second criterion. However, it was found under CRAS program (Duong, 2003a,c; Duong
et al., 2003) that the third criterion for fatigue crack growth is too restrictive and it can
lead to overly stiff patch designs. Thus, the last skin criterion has been modified by
allowing the crack to grow at the design fatigue load but at a slow enough rate such
that the final crack length after the specified number of cycles of the fatigue load is still
contained by the patch within 80% of the patch’s width.

9.3.2 Design criteria for patch

In the repair practice, the stiffness ratio S is defined as the ratio of the stiffness after the
repair has been installed to the stiffness of the original structure prior to the occurrence
of damage. For a structure with cracks through the thickness, it is assumed that the
after-repair stiffness is that of the patch alone and § = E|1,/Ef,. Since the intent of the
repair is to return the stiffness to its original state, values of S should always be greater
than 1.0. The CRMS Guidelines (1998) recommends a maximum value of 1.5 for the
stiffness ratio. In a joint effort, Warner Robin Air Logistic Center and the Southwest
Research Institute tested patches with values of S from 1.1 to 1.6 and they recommend
that range as reasonable (Spigel et al., 1998). However, those references do not include
the effect of residual thermal stress in their recommendations. An upper bound value
of 2.0 is used under the CRAS program (Duong, 2003a; CRAS Design Manual, 2003).
The stiffness requirement for the patch therefore is that 1 < § < 2.

Minimum patch dimensions are established to assure an adequate and realistic design.
Design criteria establish the minimum patch length based on load transfer through the
adhesive, patch width to encompass the defect, and edge length for tapered octagonal
patches to assure a reasonable shape. Minimum patch length is established by studying
the adhesive shear stress developed in a bond (see Chapter 2). The durability of a repair
is predicated on a bonded area large enough to resist the effects of stress on the bond
line over time, or creep. An elastic anchor of very low shear stress in the adhesive will
prevent creep. This region of low shear stress is defined as a function of the load transfer
length 1/,, mentioned in Chapter 2, and the minimum patch length criterion is based
on this parameter.

The load transfer length 1/8, is defined as the length over which the adhesive shear
stress decreases from T.S{?& or 7\((A) to nearly zero. The adhesive shear stress between the
edge of the patch and the defect consists of two plastic zones at the ends and the elastic
zone where the stress decreases from the adhesive shear yield strength value T\((A) toa
low value, approaching zero (see Figure 2.4). As mentioned above, in order to assure
that the overlap is long enough to develop a central area of very low adhesive shear
stress which anchors the bond to resist creep, the elastic zone is determined to be 5/3,.
The total length of the two plastic zones is designated ¢, and the length of the elastic
zone {y. The overlap length — that length required to develop a central region of low
adhesive stress — is the distance between the edge of the patch and the defect and is
equal to £ + £y. The minimum patch length is equal to twice the overlap length plus the
size of the defect and the tapered portion. The tapered portion of the patch is denoted
by 2¢;. For a crack, patch length is defined normal to the crack and the defect size in
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the patch length direction is essentially zero. The minimum patch length is, therefore,
equal to twice the overlap length plus the tapered portion or 2 (£ + £y + £1), i.e.,

= 5
" Ba
O-Ots
b= &)
Y (9.29)
br= (”ply - 1) wd -ty
10 20t
L,> B_A"’_W"i_z'(nply_l)'d'tply
Y
where n, is the number of plies, 7, is the thickness per ply, d is the step-off rate and the

rest have been previously defined. It is worthy to note that the minimum patch’s length
given by Equation (9.29) is different from that recommended by the CRMS Guidelines
or the RAAF Engineering Standard C5033 (Davis, 1995), in which £ is specified in
(9.29) to be 5/B,, not as 6/, as required in the two cited references. This new value
of ¢ (5/B,) was proposed recently by Hart-Smith (2001a) resulting from a revised
analysis of his original work (1973) upon which the Engineering Standard and CRMS
Guidelines were based. Furthermore, occasionally £ also has been recommended to be
equal to 12/8,.

On the other hand, the minimum width, according to CRMS Guidelines, should overlap
the initial crack length, prior to patching, by at least 25.4 mm and be at least twice that of
the initial crack length. In contrast, CRAS bases the required minimum patch width on
growth of the crack after patching (Duong, 2003a). CRAS computes crack growth for a
specified number of fatigue cycles and requires that the patch width exceed the predicted
crack length by 20% and also exceed an established minimum width of 2 (a + /a,),
where a is half the crack length after the designed number of cycles and a, is half the
original crack length before installation of the repair. Therefore, the minimum patch
width will be specified in the present design process as (Duong, 2003a):

W, >2 (a+\/a—0) or W,>12a (9.30)

Finally, the remaining criteria for the patch consider its strengths at the design ultimate
load and at the design fatigue load. The maximum stress in the patch at DUL must be
less than 83% of the material tensile ultimate strength of the patch. This corresponds to a
margin of safety of 0.2 or higher for the patch strength. The margin safety factor is used
to accommodate for any variation or degradation of the composite material properties.
In contrast, the maximum stress in the patch at DFL must be less than 40% of the patch
material strength allowable to assure the durability of the patch.

9.3.3 Design criteria for adhesive

The forces acting on a bond must be understood for a good patch design to be developed.
The CRMS Manual summarizes failure modes related to those forces. An adhesive bond
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is subjected to shear forces parallel to the bond surface and normal forces perpendicular
to that surface. Load is transferred from the damaged structure to the patch through
adhesive shear as shown in Figure 2.4. Shear stress is highest at the crack and at the
edge of the patch. Tensile load perpendicular to the crack length tends to open the crack.
The patch restrains such opening and adhesive shear stress is high at the discontinuity
between the crack and the patch. The overlap length of the patch is increased to reduce
the average shear stress in the bond line. Static strength of an adhesive bond is not what
determines its overlap length. The overlap must be long enough to develop a central
area of very low adhesive shear stress. This area anchors the bond to resist creep.

The offset of the neutral axis in a single-sided patch induces bending moments at the
edge of the patch, resulting in peel forces. Peel forces are only addressed in the present
design approach by incorporating patch taper, which can reduce those forces. Another
important factor in the efficiency of a bond is the thickness of the adhesive. Thicker
bond lines rely on the bulk cohesive properties of the adhesive, while thinner bonds take
greater advantage of the interfacial adhesive forces.

Adhesive shear stress—strain properties are idealized with an elastic-perfectly-plastic
stress strain curve, comprised of linear segments, as shown in Figure 2.3. The idealization
is based on equal areas below the curves. Design parameters for the adhesive are:
(a) elastic shear strain limit, (b) plastic shear strain, (c) shear strain at failure, (d) shear
stress at linear limit, and (e) elastic shear modulus, G,. These values are provided for
various adhesives in Section 9.4.2.

The adhesive design criteria are based on allowable strains defined in that stress—strain
curve and recommended in RAAF Engineering Standards C5033 (Davis, 1998) and
CRMS Guidelines (1995). These criteria are (i) the maximum shear strain in the adhesive
at DUL must be at or below 80% of the maximum allowable strain and (ii) the maximum
shear strain in the adhesive at DFL must be equal to or less than twice the elastic shear
strain limit.

9.4 Material Selection

The second step in designing a patch for crack or corrosion repair is to select materials,
for the patch and the adhesive, on which to base the design. Sections 9.4.1 and 9.4.2
provide data to aid in this endeavor.

9.4.1 Patch materials

The CRMS Guidelines (1998) indicates that considerations in selection of a patch
material include stiffness, strength, thickness, conformability, service temperature, and
product form. Repair materials may be conventional metals, fiber metal laminates, or
composites. Factors that may dictate patch material selection include thickness, weight,
stiffness, thermal expansion coefficient, ability to inspect the damage through the patch,
and operating temperature requirements. Thinner patches can be designed with higher
modulus material. Composite materials have higher stiffness to weight ratio. Metals and
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fiber metal laminates have CTE more compatible with the metal structure being repaired
and are more capable of enduring elevated temperatures.

General guidelines for bonded patches are provided in RAAF Engineering Standard
C5033 (Davis, 1998) as follows:

® The patch should not have an elastic modulus less than the material being patched.

¢ Bonded patches should match the surface profile to which they are bonded such that
the adhesive film conforms within a tolerance of 4+/ —(0.0508 mm on the nominal
adhesive thickness, during application of normal bonding pressure.

e Composite patches should have a balanced lay-up about the mid plane, with each
layer of a particular orientation above the mid plane corresponding in orientation
with an equivalent layer below the mid plane.

e Composite patches are to maximize strength by use of fiber-dominated lay-ups.
Lay-up configurations in which the laminate strength is limited by the strength of
the resin system are not desirable.

A summary of metallic and composite repair material characteristics is provided in
Fredell (1994). That summary is the basis for Table 9.1, which provides those charac-
teristics. Properties in this table are for unidirectional composite prepreg configurations
with 60% fiber volume content, except for Aramid/Epoxy properties which are based
on 50% fiber volume content. Specific tensile modulus is the tensile modulus divided
by density and is used to provide an indication of the inherent stiffness to weight ratio
of the material. The units of specific tensile modulus are, therefore, MPa divided by
MPa/m and the values in the table are in units of millions of meters.

Table 9.2 is a list of composite material tensile properties from the CRAS Design Manual
(2003). Boron/epoxy properties are those published by Textron Specialty Materials
(Belason and Buccolo, 1995). Table 9.3 provides fiber metal laminate properties used
in the USAF CalcuRep code (2001).

The material most commonly used for doubler design is Boron/epoxy (B/ep) which is
selected for its high stiffness and strength (approximately three times that of aluminum
in the zero degree ply direction), fatigue resistance, immunity to corrosion (since it is
galvanically inert with aluminum, steel and titanium), and low electrical conductivity
so that simple eddy current procedures can be used to monitor cracks under the patch.
Typically, B/ep 5505 patches are pre-cured, since their 177°C cure temperature is too
high for aluminum structure. Consequently, only autoclave-cured data are presented for
5505. B/ep 5521 patches are cured at 121 °C and can be pre-cured or co-cured. Limited
data are presented for both autoclave-cured and vacuum bag-cured 5521.

9.4.2 Adhesive materials

The CRMS Guidelines (1998) indicate that considerations in selection of an adhesive for
patch bonding include service temperature, mechanical properties, cure temperature and
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Table 9.1. Characteristics of repair materials.

Patch material

Specific  Coefficient of Approximate Characteristics
tensile thermal relative material
modulus* expansion cost

(x10°m)  (x1073/°C)

2024-T3

Aluminum (clad,

polished)

S-Glass/Epoxy

Aramid/Epoxy

GLARE 2 (3/2)

HM 35
Carbon/Epoxy
FT700
Carbon/Epoxy

2.667 2.3004 1 ® Most widely used repair
® Low cost
e Ease of use
e Wide availability

® Bonding uncommon

2.032 0.6102 1 e Economical and widely
available

e High strain-to-failure (5%)

o Stiffness lower than Al

4.318 - 2 ® Moderate cost
® 1.6 times stiffness of Al

e Sensitive to moisture
(harmful to adhesive)

® High residual thermal
stress when
bonded to aluminum

2.667 1.9998 5 e Moderate cost
e Same stiffness as Al

e Exceptional resistance to
fatigue and impact

® QOuter layer of aluminum
acts
as environmental barrier

e Can be plastically
deformed

12.319 - 16 e High cost
19.812 _ 24 e High stiffness
e Susceptible to corrosion
(large galvanic
couple with
Aluminum)
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Table 9.1. (Continued)

Patch material ~ Specific Coefficient of  Approximate Characteristics
tensile thermal relative material
modulus*  expansion cost

(x10°m) (x1073/°C)

Boron/Epoxy 10.541 0.45 40 e High cost

High stiffness

e Corrosion resistant

Stiff, prepreg makes forming
and working difficult

* Measure of stiffness to weight ratio of material.

pressure, product forms, cure time, and prepreg compatibility. The cure temperature of
adhesives is an especially significant parameter. Room temperature adhesives typically
do not have adequate strength and durability at elevated operating temperatures.

Adhesives cured at temperatures above 121°C tend to be brittle and have lower peel
strength. Use of adhesives that require temperatures around 121°C may potentially
induce thermal damage to the structure due to mismatch of the coefficients of thermal
expansion of the repair material and the structure to be repaired. High residual thermal
stresses which develop during cooling, following application of elevated cure or bonding
temperature, induce tensile loading in the metal and increase the stress intensity factor
at the crack tip. Adhesives that cure between 93 and 121°C have good strength and
stiffness and adequate moisture resistance and are, therefore, most desirable for com-
posite patching. Consequently, based on the cure temperature data of Table 9.4, FM-73
adhesive appears to be the best choice. Other considerations may impact the choice of
adhesive. Adhesive shear stress—shear strain properties are generally idealized with an
elastic-perfectly-plastic stress—strain curve, comprised of linear segments, as shown in
Figure 2.3. The idealization is based on equal areas below the curves.

Selection criteria for the adhesive must consider operational loads, temperature, and
humidity. Adhesive properties are shown in Table 9.4 for various cure temperatures.
Except for the 80°C cure FM-73 properties, which are from the CRMS Guidelines
(1998), all properties are from the CRAS Design Manual (2003). Values from Table 9.4
are G,, T\((A), and yéA). There are several other factors that the designer must consider
even though definitive design criteria are not established in this section. These factors,
some of which are addressed in the previous chapters, include peel stress, disbonds, and
operational temperatures.

Peel Stress: When a one-sided patch is applied, the neutral axis of the repair is shifted
from the centerline of the skin towards the patch. Load application is therefore
offset from the skin centerline and out-of-plane bending moments are induced at the
patch edges and over the crack. Peel forces normal to the surface are counteracted
by the overlap length and by patch taper.



Table 9.2. Composite patch material properties (tensile).

Laminate material Temp. E, E, Poisson’s Gy, F, CTE, CTE, Nominal ply

°O) (GPa) (GPa) ratio (GPa) (GPa) (in/in/°C) (in/in/°C) thickness (mm)
Boron/Epoxy
Boron/Epoxy 5505 Tape —55 224.1 24.8 0.21 7.58 1.39 1.69E-05 4.50E-06 0.127
(177°C Autoclave) RT 219.9 21.4 0.21 6.89 1.32 2.36E-05 4.50E-06

93 219.9 15.2 0.21 6.27 1.18 2.92E-05 4.50E-06

149 215.1 9.7 0.21 4.83 1.12 3.38E-05 4.50E-06

177 211.0 8.3 0.21 3.03 1.08 3.60E-05 4.50E-06
Boron/Epoxy 5521 Tape RT 195.1 19.4 0.21 5.52 1.56 2.41E-05 4.50E-06 0.127
(121°C Autoclave) 82 192.4 13.1 0.21 4.96 1.52 3.08E-05 4.50E-06
Boron/Epoxy 5521 Tape -59 173.1 20.7 0.21 5.38 1.41 2.27E-05 4.50E-06 0.127
(Vacuum bag 121°C, RT 181.3 15.9 0.21 5.10 1.31 2.79E-05 4.50E-06
711 mm Hg)
Boron/Epoxy 5521 Tape RT 187.5 16.5 0.21 5.24 1.30 2.14E-05 4.32E-06 0.127
(Vacuum bag 121°C,
381 mm Hg)
Carbon/Epoxy Tape =55 121.3 15.9 0.3 6.89 0.132
(Generic) RT 121.3 13.1 0.3 5.86 1.85

93 121.3 12.4 0.3 4.69
C/E Cloth (Generic) RT 75.8 72.4 0.06 6.89 0.356
AS/3501 RT 137.9 9.0 0.3 7.10 1.45 —3.06E-07 2.81E-05 0.132
AS/3501-6 RT 142.0 10.3 0.27 7.17 2.28 —9.00E-07 2.70E-05 0.132
AS4/977-3 Tape —54 133.1 10.1 0.3 6.00 0.132

RT 133.1 8.8 0.3 5.03

88 133.1 7.2 0.3 3.79

104 133.1 6.8 0.3 3.38

121 133.1 6.3 0.3 2.90

8I¢

Anday a1soduio))



AS4/977-3 Cloth

AS4/3501-6 Tape
(DMS 2224)

AS4/3501-6 Cloth
(DMS 2224)

AS4/5250-4 (177°C W)

AS4/APC2 PEEK
IM6/Epoxy
IM6/SC1081
IM7/977-3 Tape

IM7/8851-7A Tape
T300/F934
T300/5208

E-Glass/Epoxy
S-Glass/Epoxy
7781/5245C

Scotchply 1002
Kevlar-49/epoxy

71.0
71.0
71.0
71.0
71.0

124.1

67.6

125.5
131.7
203.1
177.2

162.0
162.0
162.0
162.0
162.0

157.2
148.1
181.3

39.3
43.4
29.7

38.6
86.9

71.0
71.0
71.0
71.0
71.0

11.0

67.6

5.8
8.8
11.2
10.8
10.3

7.3
6.9
6.4

8.9
9.7
10.3

8.5
8.9
29.7

8.3
5.5

0.05
0.05
0.05
0.05
0.05

0.34

0.056

0.32
0.28
0.27
0.27

0.3
0.15

0.3
0.3

0.15
0.3

0.28
0.28

0.27
0.17

0.34
0.34

5.79
4.96
3.72
3.31
2.83

5.52

3.45

3.24
5.03
8.41
3.93

6.07
5.17
3.86
3.45
2.96

5.45
4.55
7.24

3.72
4.55
5.31

4.14
2.14

1.81

0.74

1.63
2.06
3.50
2.85

0.89

2.76
1.32
1.50

1.08
1.28
0.37

0.97
1.28

—9.00E-07

1.80E-05

—1.80E-07
—1.80E-06
—3.60E-07
—3.60E-07

—1.98E-07

—1.80E-07
1.80E-08
1.80E-08

7.02E-06
5.04E-06
1.01E-05

7.20E-06
—1.98E-06

2.70E-05

1.80E-05

2.70E-05
2.39E-05
3.01E-05
3.01E-05

3.06E-05

3.06E-05
2.25E-05
2.25E-05

2.11E-05
2.59E-05
1.01E-05

2.16E-05
5.94E-05

0.356

0.132

0.356

0.132
0.127
0.127
0.127
0.127

0.127
0.127
0.127

0.127
0.127
0.127

3.810
0.127

Values computed from data in reference; not measured test data.
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Table 9.3. Fiber metal laminate properties.

Fiber metal Max thickness E, E, Poisson’s Shear
laminate (mm) (GPa) (GPa) ratio modulus
(GPa)
Glare-2-3/2-0.2 1.100 638.9 53.8 0.33 15.2
Glare-2-3/2-0.3 1.400 64.8 50.3 0.33 17.2
Glare-2-4/3-0.2 1.549 63.4 42.1 0.33 12.4
Glare-2-4/3-0.25 1.750 64.8 45.5 0.30 14.5
Glare-2-4/3-0.3 1.951 64.1 48.3 0.33 16.5
Glare-2-5/4-0.25 2.250 64.1 44.1 0.31 13.8
Glare-2-5/4-0.3 2.499 64.8 46.9 0.31 15.2
Glare (generic) 0.000 71.0 71.0 0.30 34.5
Fiber metal Tensile yld Tensile yld Tensile ult Tensile ult CTE1 CTE2
laminate strength 1 strength 2 strength 1 strength 2 (E-5/°C) (E-5/°C)
(MPa) (MPa) (MPa) (MPa)
Glare-2-3/2-0.2 383.3 242.0 1187.3 313.7 1.638 2.448
Glare-2-3/2-0.3 359.9 228.2 1074.2 317.2 1.782 2.412
Glare-2-4/3-0.2 324.7 217.2 1490.0 217.2 1.476 2.448
Glare-2-4/3-0.25 328.9 233.0 1371.4 239.9 1.566 2.412
Glare-2-4/3-0.3 364.0 222.0 1157.6 289.6 1.728 2.412
Glare-2-5/4-0.25 328.2 228.2 1406.5 233.0 1.53 2.412
Glare-2-5/4-0.3 330.9 241.3 1310.0 252.3 1.602 2.358

Adhesive Disbonds: Voids in the adhesive or areas of bond line discontinuity generally

result from poor surface preparation. However, disbonds along the crack can result
from motion due either to operational cycling or crack growth itself. These may be
tolerated if the crack growth rate is acceptable. Edge disbonds may permit moisture
penetration and conditions that promote growth of the disbond itself. No criteria
have been established for acceptable disbonds at the edge of a patch.

Operating Temperatures: Adhesive properties change over a range of operating tem-

peratures as shown in Table 9.4. For example, shear yield stress for FM-73 adhesive,
cured at 121°C for two hours, varies from 15.9MPa at 104°C to 46.2 MPa at
—41°C. The adhesive must be capable of handling high and low operational tem-
peratures and the change in material properties over the range of temperatures.
Typically, adhesives become stiffer and more brittle at low temperature and are,
therefore, more susceptible to disbonding. Adhesives become softer and more duc-
tile at high temperature, adversely affecting the function of the repair.

9.5 Preliminary Design Procedure

The design procedure is an iterative process that requires adjustments of several variables
or parameters until a satisfactory design that meets the established criteria is attained.
Patch design variables are the patch stiffness ratio S, patch aspect ratio B/A, and the



Table 9.4. Adhesive material properties.

Adhesive Cure temp. One ply Environment Shear Shear Max. Elastic Plastic
type (°C) and thickness modulus, G, yield shear shear shear
time of cure [cured] (MPa) stress, strain, strain, strain,
() N SN
(MPa)
FM-73 80 (8h) - —40°C/dry 737.7 52.7 0.192 0.071 0.121
RT/dry 468.8 38.8 0.577 0.083 0.494
80°C/sat. 324 20.4 0.863 0.630 0.233
FM-73 121 (2h) 1.143 —41°C/dry 482.6 46.2 0.15 0.096 0.054
—41°C/sat. 455.1 42.7 0.15 0.094 0.056
RT/dry 355.1 355 0.6 0.100 0.500
RT/wet 326.7 334 0.756 0.102 0.654
85°C/dry 133.1 22.1 1.0 0.166 0.834
85°C/sat. 56.8 11.1 1.0 0.195 0.805
104°C/dry 17.2 15.9 1.0 0.920 0.080
FM-300 149 (4h) 0.279 —54°C/dry 606.7 46.5 0.19 0.077 0.113
—54°C/sat. 606.7 46.2 0.18 0.076 0.104
RT/dry 459.7 31.0 0.275 0.067 0.208
RT/sat. 459.7 26.2 0.26 0.057 0.203
104°C/dry 3447 19.3 0.33 0.056 0.274
104°C/sat. 268.9 14.8 0.38 0.055 0.325
FM-300 177 (1h) 0.152 RT/dry 393.0 35.2 0.33 0.089 0.241
85°C/dry 204.3 27.6 0.535 0.135 0.400
85°C/sat. 162.0 17.2 0.76 0.106 0.654
104°C/dry 170.1 25.5 0.6 0.150 0.450
104°C/sat. 124.1 15.9 0.85 0.128 0.722
FM300K 116 (1h) & 0.152 RT/dry 517.1 45.5 0.295 0.099 0.196
177 (2h) RT/wet 427.5 39.3 0.38 0.108 0.272
93°C/dry 122.4 30.3 0.705 0.248 0.457
93°C/wet 65.5 27.9 1.035 0.426 0.609

(Continued)
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Table 9.4. (Continued)

Adhesive Cure temp. One ply Environment Shear Shear Max. Elastic Plastic
type (°C) and thickness modulus, G, yield shear shear shear
time of cure [cured] (MPa) stress, strain, strain, strain,

(mm) \({A) ) s\) I()A)

(MPa)

FM-300-2K 121 (1.5-2h) 0.152 —54°C/dry 841.2 42.1 0.11 0.050 0.060
or RT/dry 465.4 38.6 0.3 0.083 0.217
177 (1.5h) 82°C/dry 280.6 24.1 0.68 0.086 0.594

82°C/wet 222.0 19.3 0.66 0.087 0.573
104°C/dry 226.8 17.2 0.8 0.076 0.724
104°C/wet 147.5 12.4 0.75 0.084 0.666

FM400 177 (1-2h) 0.152 RT/dry 1082.5 60.7 0.169 0.056 0.113
RT/wet 706.7 314 0.187 0.044 0.143

93°C/dry 861.8 46.2 0.187 0.054 0.133

93°C/wet 371.3 22.7 0.152 0.061 0.091

FM36 177 (2h) & 0.152 —54°C/dry 941.1 31.0 0.036 0.033 0.003
316 (2h) RT/dry 672.2 26.9 0.06 0.040 0.020
204°C/dry 266.1 18.6 0.25 0.070 0.180
204°C/wet 257.2 17.9 0.18 0.070 0.110

288°C/dry 53.3 4.6 0.45 0.085 0.365

288°C/wet 34.5 4.6 0.4 0.132 0.268
EA9321 RT (2h) & 0.4572 RT/dry 551.6 255 0.0463 0.046 0.000
88 (1h) 104°C/dry 20.0 2.0 0.11 0.100 0.010
104 °C/sat. 12.0 1.2 0.11 0.100 0.010

Note: One ply thickness values are not measured data, but analytically derived values

e
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patch length or width. However, it is more convenient to use other parameters than those
just mentioned as the variables in the iterative process for the following reasons. In
Section 9.3, all design criteria for the repairs of cracks are specified. Quantities required
for the evaluations of these criteria are either given explicitly in Section 9.3 or estimated
by the formula presented in Section 9.2. Since most of these quantities are commonly
expressed in terms of the parameter oy, or oy, this common parameter will be used as a
design variable in the present preliminary design procedure. By varying oy, or o within
a certain appropriate range, one can effectively control the crack-tip stress intensity,
the maximum adhesive shear strain, etc., within their required range. Furthermore, since
the skin stress concentration near the tip of the patch’s edge is inevitably, present due
to the high stiffness of the reinforced region relative to the surrounding materials, K, or
K} will be selected as a second design variable. For clarity, we first delineate the design
procedure for a repair subjected only to mechanical loads.

9.5.1 Design procedure for a repair subjected only to mechanical loads

There is no unique patch design that meets the criteria listed in Section 9.3. In a design
process, one iteratively searches for a first design that meets the criteria. Thus, the design
that results from the process will be different depending on what route the search has
taken, and it may not necessarily always be the desired (optimal) design. A good logic
for the design procedure with o and K[ as the variables is therefore proposed here. It
is expected that to meet the criteria a smaller patch in general will be thicker while a
thinner patch will be larger in size. Thus, in the design logic, one starts to search for
a design within a certain preset upper patch’s size limit. If none of the design is found
satisfactory, the preset upper patch’s size limit is increased and the search is repeated
with a new upper limit. In the design algorithm, this step corresponds to an outermost
iterative loop.

In Chapter 3, Equations (9.1) and (9.3) were plotted in the special chart form as illustrated
in Figure 3.6 to show how the design variables o and K} relate to the patch stiffness
ratio S and aspect ratio B/A in a graphically useful way. Acceptable ranges for o and K
for a reasonably good patch design are indicated by the heavy lines in Figure 3.6. Any
patch design that falls into that region will have a reasonable geometry, i.e. % < % <7,

and an acceptable stiffness ratio, i.e. 1 < § < 2. In that region, values of Z—“ are bounded
between 0.8 and 0.33 while the range of K[ is between 2.0 and 1.05. The range of

«
%

in the iterative design process therefore will also be limited to values between
at DUL

0.33and 0.8. 2

©

(,00

was limited to 0.33 to avoid an unwanted overly stiff patch design
at DUL

(S <2). The value of 0.33 for % was determined from Figure 3.6 with K; = 1.05 and

S = 2. This particular choice of range for Z—“ has yielded reasonable patch designs

=3

in all considered benchmark test cases andmtﬁgsLe designs are quite similar to those
obtained by other design tools such as the one mentioned in Spigel et al. (1998).

Referring to Figure 3.6, a higher value of o will result in a smaller stiffness ratio
and therefore a thinner patch for the same patch aspect ratio B/A. Thus, for a given
preset upper patch’s size limit, one can search for an acceptable design with a smallest
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thickness within that limit by using a second inner iterative loop based on oy starting
with a high value for oj of 0.8 and decreasing from that value by small decrements
to 0.33. However, from Equations (9.1) and (9.3) or Figure 3.6, since S and B/A are
only uniquely determined when o and K} are both specified and since K; has not been
specified in the outer and inner iterative loop mentioned above, an innermost iterative
loop based on K} must be used. For this innermost loop, to avoid obtaining an extremely
wide and/or overly stiff patch design, 1.05 < K < 2. While the upper limit for K can
be as high as 2 as indicated in Figure 3.6 for all reasonable patch geometries, the patch
criteria specified in Section 9.3 for it would require a smaller value to avoid potential
cracking in the skin near the patch end. Thus, K;* will take values starting from 1.05 to
an upper limit value set forth by the criteria specified in Section 9.3.

In summary, the design algorithm will have three nested loops with the outermost loop
for the maximum allowable patch size, the next inner loop for oj, and the innermost
loop for K. This algorithm with all the principal steps is briefly described below.

(i) Specify a maximum possible size for a patch, start with A, = a,+ ,/d, (or
25.4mm if a, =0, as in a preventive repair) and increase A,,,, incrementally to
a value of 20a, or 0.508 m, whichever has a larger value. The latter maximum
size of 0.508 m is specified to include the case of preventive repairs, i.e. a, = 0.

(ii) Specify a value for Z—“ , start with Z—O = 0.8 and decrease by small
>~ lat DUL > lat DUL
decrements to 0.33. LeY oY

(iii) Specify a value for K7, start with K;" = 1.05 and increase incrementally to 1.3

F . . .
or ——_ whichever is smaller in value.
Too(at DUL)

(iv) Solve Equations (9.1) and (9.3) simultaneously for S and B/A with o and K}
specified from steps (ii) and (iii).

(v) Calculate stresses in the patch and strains in the adhesive at the DUL and
DFL using formula given in Section 9.1 with S, B/A, and o obtained from
previous steps. It should be noted that since the patch and skin are modeled

as elastic materials and bonded together rigidly (i.e. no adhesive), Z—U‘ =
> lat DUL

. An appropriate value of oj at DUL and

* *
Zo R

T |at peak of DFL S at valley of DFL . A
the peak of the DFL must be used in these formulas. The obtained stresses
and strains in the patch and adhesive are then compared with their allowable

according to the criteria established in Section 9.3.

(vi) Calculate the crack-tip stress intensity factor K; at DUL, and at the peak and
valley of the (cyclic) DFL using S and 0. Again, an appropriate value of o} at
DUL and at the peak and valley of the DFL must be used in the formula. The
obtained K| at DUL is then compared with the skin material fracture toughness.
The amount of crack growth at DFL is also calculated based on the computed
AK, ie. AK = Kilpeux of prr. — Kilvaiiey o prs @ specified number of loading
cycles, and existing da/dN test data for the (unpatched) skin material.
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(vii) Calculate the final crack length a, the required minimum patch length and width.
Determine the length and width of the patch based on B/A found in step (iv)
and the required minimum patch length or minimum patch width.

(viii) If a satisfactory design is found then the process is complete. Otherwise, one
needs to return to step (iii) or (ii) or (i) depending on whether or not K and
% have reached their upper limit specified in these steps.

% |at DUL

So far the discussion has been limited to a design procedure for a repair subjected only
to mechanical loads. It remains now to extend the procedure just described to a case of
general thermo-mechanical loading, which is the subject of the next section.

9.5.2 Design procedure for a repair subjected to thermo-mechanical loads

There is no plot such as Figure 3.6 for a repair with thermo-mechanical loads. We
will therefore try to make use of the results from Figure 3.6 and the above design
logic as much as possible for the case of thermo-mechanical loading. The present
design variables are the total skin stress underneath the patch o, and the total skin
stress concentration at the patch tip K,. In Section 9.5.1, in the absence of ther-
9%

mal load, = and K|y, = K;|pp since the design fatigue load

= lat DUL > |at DFL . .
and the design ultimate load assume to be proportional. However, for the combined

1)

thermo-mechanical loading, and K|y # Ki|pg, even when the

. ) . 7o |at DUL t DFL, | o
design fatigue load is proportlongl to the desfgn ultimate load. This is because the ther-

mal contributions to the total stress g, and to the stress concentration K, at the patch tip
are constant, not proportional to the applied mechanical loads. Thus, oy, and K, at the
DUL are specifically chosen as the design variables for the case of thermo-mechanical
loading. Throughout this section, o, ;’—0, and K, whenever they are mentioned will
denote the total skin stress, the normalized skin stress, and the skin stress concentra-
tion at the patch tip, respectively, with the understanding that they are evaluated at

the DUL.

In Section 9.5.1, it had been shown that the thermal effects increase the skin stress
underneath the patch but reduce the skin stress concentration near the tip of a patch’s
edge. By rewriting Equations (9.26) and (9.27) as:

ﬂ=<1—§>ﬁ+a—£ (9.31)
T T

K = ( - @> K+ 22 (9.32)
O-Do 0-00

and plotting the resulting equations into diagrams as shown in Figures 9.5 and 9.6, it
T
is clear that there are two distinct curves corresponding to two cases, i.e. % <1 and

T

% > 1. We therefore need to determine first the range of ::—0 and K, in the iterative loops
w . w

of the design process for each case of % It is interesting to note from Figure 9.5 that
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o I
0. A Plotof Eqn (9.31) for % >1

o

T
ﬁ:x, x>1

1.0

=6,6<1
oL,
Plot of Eqn (9.31) for <1

|-
L

«
Z0
o.

Fig. 9.5. A ﬂ Vs U—" diagram for determining the appropriate range of g—o in the iterative loop.

As mentloned in the main text, @ > T which corresponds to the shaded region of the diagram.

The open circles shown on the plottmg curves of Equation (9.31) for two cases of 22 > 1 and

% < 1 indicate upper and lower bounds of 2 on the respective curve, which correspond to
2 =0.33and > =0.38.

0-00

Kt A T
Line K; = K, Plot of Eqn (9.32) for 22 <1
—= =y, x>1
13
7 ! f for 722
. _—— Plot of Eqn (9.32) for —== >1
%=6,6<1 N an (9.92)
1105 2 >

Ky

Fig. 9.6. A K, vs K" diagram for determining the appropriate range of K, in the iterative loop.
As mentioned in the main text, K, < K} which corresponds to the shaded region of the diagram.

T
The open circles shown on the plotting curves of Equation (9.32) for two cases of % > 1 and

T
% < 1 indicate upper and lower bounds of K, on the respective curve.

the plotted curves based on Equation (9.31) for two cases of — %2 are linear with the end

points located at (0, o,, / o, and (1,1). It should be remlnded that in Equations (9.31)
and (9.32), oy and K} are skin stress and skin stress concentration due to the applied
stress o, alone. Also, o, > gj, K, < K}, and (7()*/0'0o <1.0.
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The patch can help to arrest the crack in two different ways, first by reducing the skin
stress underneath the patch in stage I of Rose’s procedure and second by bridging the
crack in stage II. Because of this crack-bridging phenomenon, the stress intensity factor
K., of a patched crack is usually much less than that of an un-patched crack. From
Figure 9.4, the (y- component) stress in the skin underneath the patch (0,) will be equal
to or higher than o3, when 2 < 1, and less than that value when 22 > 1. This is because
the far-field-applied stresses of the problem shown in the Flgure 9. 4(b) corresponding
to these two cases are tension and compression, respectively. The same results can also
be seen from Figure 9.5. Because o], and o, are independent of the patch’s geometry
as seen from Equations (9.17), (9.13), and (9.24), and since their values are fixed for
a given thermal loadirTlg condition, the only way to reduce oy, is by eitherTreducing the
tensile stress (when ? < 1) or increasing the compressive stress (when % > 1) in the
skin underneath the paatch of the problem shown in Figure 9.4(b). It is 1ntereost1ng to note
that when 022 = 1, from Figure 9.4 and also from Figure 9.5, oy, is independent of the
patch’s geometry and equal to o,,. For that case, the patch aspect ratio ceases to be a
design factor while the patch stiffness ratio still is because the latter parameter affects
the bridging capability of a patch in stage II analysis.

S1nce % and K in Equations (9.31) and (9.32) are the respective contributions to 2 and
K, due to the remote applied stress alone, and they are related to the patch st1ffness ratio
S and the patch aspect ratio B/A via Equations (9.1) and (9.3) or alternatively through
the design chart shown in Figure 3.6, the range of ﬂ and K, in the iterative loops of the

design process will be determined based on the range of & and K. From Figure 3.6,
it appears that all possibly acceptable patch designs are confrned to a region marked
by the heavy line as indicated in the same frgure Any patch design that falls into that
region will have a reasonable geometry, e £z < % <7, and an acceptable stiffness ratio,
i.e. 1 < S <2.In that region, values of -* o are bounded between 0.8 and 0.33 as specified
in the previous design logic while the range of K is larger with a lower and upper limit
of 1.05 and 2.0, respectively (as opposed to 1.05 and 1.3 or ) These particular

[ ([
ranges are the widest ranges of all possible ranges for Z—O and Kl*, which will lead
to reasonable patch designs. Since thermal effects reduce the skin stress concentration
due to the applied stress o, K is allowed to exceed 1.3 or %(m“‘DUL) If the thermal
effects could not reduce the skin stress concentration due to the applied stress alone at
its current maximum allowable value of 2.0 to a value below the design requirement, a
smaller upper bound value for K will be used. With these in mind we are now ready to
discuss in detail the ranges of the normalized total skin stress 2* and the total skin stress

concentration K, for the two particular cases of ﬁ <1 and 022 > 1.

(a) Ranges of ;> and K for 7 2<1
As mentioned in the precedmg paragraph we limit values of —L _i.e. the contribution to
the normalized total stress —* due to the far-field-applied stress alone between 0.8 and

0.3 in the design process. T he effect of limiting the values of % within that range on the
patch design will be examined in detail here. When o, is smaller than the applied stress
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0., the only way to reduce o is to reduce the tensile stress in the skin underneath the
patch of the problem shown in Figure 9.4(b) with a far-field stress in tension. Since the
skin stress underneath the patch of the problem shown in Figure 9.4(b) When normalized

by its far-field stress (o, —0J,) is equal to Z— limiting the value of - - ‘ ,l.e a
> lat DUL

part of (’:—i’ due to the far-field stress alone, between values of 0.33 and 0.8 will
have the sa%gUEffect as limiting the normalized skin stress of the problem shown in
Figure 9.4(b) within the same range. In general, a larger reduction in the normalized
skin (tensile) stress underneath the patch of the problem shown in Figure 9.4(b) will
require a higher patch stiffness ratio and a lower patch aspect ratio B/A which in turn
produces a smaller value for LA, thus the crack-tip stress intensity factor, and overall
a better crack growth retardation (via Equations (9.5) and (9.11)). It therefore appears
that a lower bound value for Z—l in the iterative loop may be preferably smaller than

0.33. However, as mentioned before, since any further reduction in value of 2 below
0.33 would result in an overly stiff patch design, the lower bound of (T— is therefore

maintained at 0.33. Substituting values of 0.8 or 0.33 for Z—" into Equation (9.31) yields
respectively: h

0 oy,
— =08+02-2 (9.33)
0-00 0-00
oT
£ =0.334+0.67-2 (9.34)
o0 0-00
Thus, 2~ 1s limited to values between 0.33 + 0. 67 % and 0.840. 2”—2T2 From the

% |at DUL
lower curve in Figure 9.5, it should also be noted that as ~* decreases from 0.8+ 0. 20’2

to 0. 33 +0.67-2 2 along that curve, Z—g will decrease from 0.8 to 0.33 accordingly, and
also in thls case could be higher than 0.8 but never exceed 1.

We next turn our attention to the skin stress concentration near the patch’s edge. From
the upper curve in Figure 9.6, since K, is always greater than 1 and it can be potentially

higher than 1.3 or " , its value is therefore limited to values below 1.3 or x(:“;w,
whichever is smaller in value, as before for a repair without thermal effects. In the present
case, K;" may exceed 1.3 or w(: w o but it is however still acceptable since thermal
effects will reduce the skin stress concentration due to far-field-applied stresses to values
below 1.3 or m—“‘DUL) and thus will allow K, to satisfy the required design criteria. In
order to avoid obtaining a patch design with an extremely high aspect ratio, we added the

further restriction that K" as determined from K satisfies the condition 1.05 < K| <2 as
recommended in the beginning of this section. This restriction requires that the minimum

value of K, is set equal to 1.05—0.05 Z—ZTz while the maximum value of K, is equal
at DUL
to the minimum of the three values of 1.3, L, and 2 — 22 . K, values of
Teoat DUL) 7 lat DUL
1.05-0.05 ”22 and 2 — have been derived by substituting respectively

Ky =1.05 and K* ) into Equatlon 59 32).
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(b) Ranges of 2 and K, for L

As before, we hmrt values of —0 " j.e. the contribution to the normalized total stress ;’—0

due to the far-field-applied stress alone between 0.8 and 0.3 in the design process. The
effect of limiting the values of & within that range on the patch design again will be
examined. When o, is larger than 0., the only way to reduce o, is to increase the
compressive stress in the skin underneath the patch of the problem shown in Figure 9.4(b)
with a far-field stress in compression. Similar to the case for < 1, limiting the value of
% between values of 0.33 and 0.8 has the same effect as limiting the normalized

%o |at DUL
(corntpressive) skin stress of the problem shown in Figure 9.4(b) within the same range.

Since, in the present case, we want to maximize the normalized compressive skin stress
underneath the patch of problem shown in Figure 9. 4(b) in order to minimize the total
skin stress 2, it appears that the upper bound value for — in the iterative loop may be
preferably larger than 0.8. However, since an increase in “that normalized compressive
stress would require a thinner and slender patch and since a lower patch stiffness ratio
will result in a larger value for LA as indicated in Equation (9.6), any beneficial gain

by the reduction in the total skin stress > therefore will be offset by an increase in

% An increase in ﬁ would lead to a higher stress intensity factor at the crack tip.

Thus, the maximum value of has been maintained at a value of 0.8 for this case.

2 is, therefore, limited to values between 0.8 +0. 2”2’ and 0.33 + 0.67%. These
> at DUL B
limiting values of 2 are given by Equations (9.33) and (9.34) as in part (a), which

, 7> lat DUL
correspond to Z—“ = 0.8 and 0.33, respectively. It is worthwhile to observe from the

upper curve in Figure 9.5 that as 2 increases from 0.8 —i—O.ZZ—;F2 to 0.33 —i—0.67Z—2T2 along
that curve, decreases from 0. 8 to 0.33.

For the skin stress concentration near the tip of the patch’s edge, since K, is always less
than 1 as shown by the lower curve in Figure 9.6, K may not be a critical design factor,
unless it becomes negative and smaller than — Um(“ p, where F, is the magnitude of the
compressive strength of the skin material. For ductlle metals, it iS customary to assume
that F,, equals to F,,. In the absence of any specific restriction on K|, the range of K,
will be derived from the range of K| using the guideline given in the beginning of this
section. According to that guideline, for an acceptable patch’s geometry, 1.05 < K" < 2.

I then follows from Equation (9.32) that 2 — 2 <K =105-0052
© la DUL % |2t DUL

However, when 2— <——Tta  then — <K,<1.05-0.05 T2
Ooo(at DUL) oo(al DUL) T | ot DUL

It should be noted that as K " increases, K, decreases as seen from the lower curve in
Figure 9.6.

(c) Design procedure

With the range of 7 and K, in the iterative loops of the design process having been
determined in parts “(a) and (b), the logic of the design procedure for a repair with
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thermal effects now can be described. Similar to the previous design logic for a repair
without thermal effects, the present design procedure involves the following steps:

(i) Start with A, = a,+ ./a, (or 25.4mm if a, = 0) and increase A, incremen-
tally to a value of 20a, or 0.508 m, whichever is higher in value.

(ii) Start with 2

3

= O.S—I—O.ZZ—2T2 and decrease by small decrements (when

T at DUL T T
22 < 1) or increase incrementally (when 22 > 1) to 0.33+0.6722.

G-OC

Fu

(iii) Start with K, = 1.05—0.05 2

]

and increase incrementally to 1.3,
[op
at DUL co(at DUL)

T T
or2— 22 , whichever is smaller in value, when 22 < 1, or decrease b
[op a,
> lat DUL . hd
F. . . . .
small decrements to 2 — 22 ——=whichever is higher in value,
N 9% |at DUL Too(at DUL)
when 22 > 1.

(iv) Calculate Z—i and K; using Equations (9.31) and (9.32), with ZT‘: and K, given
from steps (ii) and (iii).

(v) Solve Equations (9.1) and (9.3) simultaneously for S and B/A with 5—0 and K
obtained from step (iv).

(vi) Calculate stresses in the patch, strains in the adhesive, the crack-tip stress
intensity factor, etc., at DUL and DFL, and check the criteria.

(vii) Determine the patch width and length.

(viii) If a satisfactory design is found then the process is complete. Otherwise, one
needs to return to step (iii) or (ii) or (i) depending on whether or not K, and
gy

%% |at DUL

have reached their upper limit specified in these steps.

Steps (vi) and (vii) have been described very briefly because they are very similar to
those given earlier in the previous design logic. It is also important to note that the crack-
tip stress intensity factor evaluated at the DUL and the peak of the DFL will include
the effect of thermal stresses induced by the curing of the adhesive and the uniform
temperature change due to the low operating temperature. However, the evaluation of
the stress intensity factor at the valley of the DFL may include only the thermal effect
associated with the curing of the adhesive as in the case of repairs of fuselage structures
subjected to cabin pressurization cycles.

All the above design procedures compute the geometry of an elliptical patch based on
simple formulas. Since boron/epoxy elliptical patches are impractical for manufacturing,
an octagonal or rectangular shape can be approximately derived from the above elliptical
design. A rectangular patch design assumes to have the same aspect ratio, length, width,
and stiffness output from the previous design process for an elliptical shape. For an
octagonal patch design, Hart-Smith (2001b) has developed a method to convert an
elliptical patch to an octagonal shape. According to this method, the area of the octagonal
patch should be the same as that of the elliptical one, and the edge length and width of the
octagonal patch are 34.5% of the corresponding centered (full) dimensions as illustrated
in Figure 9.7. The method was originally developed for an untapered patch but has been
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Optimal
octagonal y

patch \

0.345b
0 | Edge
Crack X length
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elliptical
patch of

same area 0.3453 |—

Fig. 9.7. An equivalent octagonal patch obtained from conversion of an elliptical design.

used in the CRAS program (Duong et al., 2002, 2003) for both tapered and untapered
patches. This conversion method may yield geometric anomalies for short patches with
long taper if the edge length of the octagonal patch design is smaller than twice the
required taper length as shown in Figure 9.8. A minimum clearance between opposing
taper regions is, therefore, specified arbitrarily as 1.27 cm. If the edge length is less than
twice the taper length plus 1.27 cm, an alternate conversion method is employed. In that
case, the patch’s geometry will be modified as follows while still maintaining the outer

|

Edge length

Taper length, /; '

Fig. 9.8. An example of a bad patch’s geometry, where the edge length is smaller than the required
taper length.
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/) N\
N\ /
\ /

Fig. 9.9. An alternate conversion of elliptical patch to octagonal patch scheme to avoid taper
overlap at the edge length.

length and width dimensions and therefore the aspect ratio of the originally elliptical
design. The dimensions of each ply are determined independently. Corners are cut at
45 degrees. The amount trimmed from each side at a corner is equal to 25% of the
shortest side of the ply, either the width or length dimension, whichever is smaller in
value. This tapering technique results in tapered patch of the form shown in Figure 9.9.
As the ply length decreases, less of the corner is cut-off.

9.6 An Illustrative Example Using Design Process

The CRMS Guidelines (1998) presents several case studies where bonded repairs are
used. One of these is repair of multiple small cracks in the upper (crown) section of the
C-5A fuselage. Two bonded repairs were implemented, in 1995, at fuselage stations 1700
and 1784 by a team of Wright Laboratory, SA-ALC, and USAF Academy personnel.
Their designs and analyses were performed using the analytical code CalcuRep (2001)
and the finite element code FRANC2D/L (Swenson and James, 1997). A summary of
the applied Glare patch design and analyses is presented in the cited reference.

The example of this section sizes a Glare rectangular patch to repair cracks similar
to those that developed in the C-5A fuselage. The 22 mm crack at station 1784 is the
subject of this example, which follows the process outlined in Section 9.5. This example
is very simplified compared to the actual C-5A damage and USAF repair. The fuselage
cracks grew from rivet holes. Per reference, the situation was not one of ordinary fatigue
cracking. The stress intensity factor computations used here are derived for central cracks
in skin panels and therefore may be too simple for the actual repair condition. Both the
rivets and the complicated substructure obscure the exact stress field around the crack.
Also, room temperature dry material properties are used for the patch and adhesive
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during the design process, even though the C-5A operational temperature is typically
—51°C corresponding to a low temperature experienced during high altitude cruising.
Thermal stress effects are, however, included in the design and analysis. To facilitate
the design process outlined in Section 9.5, its design algorithm was implemented into
a computer code as part of the CRAS program. The patch design for this example was
computed by this computer code (CRAS Software User Manual, 2003).

9.6.1 Loading conditions

The C-5A crown section is subjected to significant longitudinal tensile bending in
addition to biaxial tension. For simplicity in this example, the crack is assumed to be
oriented normal to that principal longitudinal tensile load. The applied far-field stresses
are 212.4 MPa limit (318.5 MPa ultimate) and a fatigue stress of 113.1 MPa, the “typical”
load. The fatigue loading is defined as the typical load that occurs 500 times per 1000
flight hours or 15,000 times during the 30,000-hour life of the C-5A. The number of
times that stress is exceeded during 1000 hours of flight is shown in Figure 9.10. For
this example, the number of fatigue cycles N, to be designed for, is 30,000 or twice the
expected occurrence of the 113.1 MPa typical fatigue stress. The biaxial stress ratio is
equal to 0.36. In contrast, the fatigue stress (R) ratio is 0.05.

9.6.2 Design parameters

Input parameters for the initial design process relate to the damaged structure, the loading
conditions, and the selected patch and adhesive materials. For illustration purposes and
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Fig. 9.10. Exceedance data for C-5A fuselage station 1784.
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to simplify the example, room temperature dry properties are used for the initial design.
In an actual design situation, properties at the operating temperature extremes would be
utilized.

In the design process, the following information is provided:

o Skin material properties: Properties for the actual aluminum skin material, 7079-T6,
are not available since 7079 has been deleted from MIL-HDBK-5. It is assumed
that another aluminum alloy can be substituted without significantly impacting the
design. 2024-T3 Clad properties from MIL-HDBK-5 are used here.

— Young’s modulus, E, = 72.4 GPa
Tensile ultimate strength, F,,, = 420.6 MPa (B Basis)
— Tensile yield strength, F,,, = 310.3 MPa (B Basis)

Poisson’s ratio, » = 0.33
— Fracture toughness, K- = 102MPa - /m
Coefficient of thermal expansion, CTE, = 2.25E-05 per°C

e Skin thickness, t, = 1.27mm
® Crack length, 2a, = 22 mm

® [oading conditions

Ultimate tensile stress normal to crack, o, = 318.5 MPa

Typical peak fatigue stress, oy, = 113.1 MPa

Stress ratio (valley to peak), Ry, = 0.05
Number of fatigue cycles, N = 30,000

e Thermal conditions

— Ambient temperature, 7,,, =21°C

amb —
— Adhesive effective glass transition temperature, T, = 82°C
— Low operating temperature, 7, = —51°C

e Patch material properties are based on a design of a Glare 2 4/3-0.2 patch with
room temperature properties from Table 9.3. Glare consists of alternating layers of
aluminum and glass/epoxy. Glare 2 indicates each glass/epoxy layer of the Glare
material actually formed by two unidirectional (0°) plies of glass/epoxy of 0.125 mm
thick per ply. 4/3 indicates 4 layers of aluminum and 3 layers of glass/epoxy while
0.2 denotes the thickness of each aluminum layer in mm. The total thickness of one
ply of Glare 2 4/3-0.2 is therefore 1.55 mm thick.

— Elastic modulus (1 is fiber direction and normal to the principal tensile load)
E, =63GPa, E, =42GPa

— Ply thickness, ., = 1.55 mm

ply
— Tensile ultimate strength F,, = 324.7MPa
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— Coefficient of thermal expansion in 1 (fiber) direction, CTE,,
14.86E-06 per°C

— Coefficient of thermal expansion, in 2 (transverse) direction, CTE,,
24.50E-06 per°C

e Adhesive material properties are based on use of FM-73 adhesive, cured at 121°C
for 2 hours. Room temperature, dry properties, from Table 9.4, are used for initial
design.

— Shear modulus, G, = 355.1 MPa
Thickness, t, =0.114mm
Shear yield stress, T@A) = 35.5MPa

— Maximum elastic shear strain, yﬁ((A) =0.1

Maximum plastic shear strain, y[(,A) =0.5

Maximum shear strain, y,(n/:))( = ‘ys((A) + y;“) =0.6

The patch design from the present process will be a 1-ply patch (1.55 mm thick) which
is 60.2 mm long by 59.4 mm wide. For reference, the previous design performed by a
team of Wright Laboratory, SA-ALC, and USAF Academy personnel is also a 1-ply
patch but with larger dimensions (100 mm by 89.9 mm).

9.7 Summary

This chapter presents a design algorithm for bonded repairs of metallic structures. The
design algorithm uses simple closed-form solutions for an elliptical patch and analytical
results from a 1D bonded joint theory, and it accounts for thermal stresses. To facilitate
the design logic, the design chart presented in Chapter 3 has been used as a visual aid.
A novel approach for analyzing a repair under a combined thermo-mechanical loading is
also described, in which the thermal problem is shown to be equivalent to a mechanical
problem.



CHAPTER 10

A Preliminary Design Approach for Corrosion
Repairs

10.1 Introduction

In Chapter 9, a preliminary design approach for crack patching was presented. A similar
approach but for a corrosion repair will be delineated in this chapter. The present design
approach is based mainly on the work of Duong (2003a) and follows closely with his
development. As in Chapter 9, the present design approach for a corrosion repair will
be presented here for the case that the repaired structural component is subjected to
a biaxial loading with a primary load being tensile. The cases of a general far field
loading (including a shear load) and biaxial loading with a primary compressive load
will be treated in a similar manner as in Chapter 9 and they will not be discussed any
further in this chapter. The designed patch that is output from this approach will be
a cross-ply patch with the 0° and 90° plies dispersed throughout the patch thickness
and with the 0° plies aligned parallel to the primary loading direction. The ratio of the
number of 90° plies to the number of 0° plies will be approximately the same as the
applied biaxial stress ratio. To make use of the algorithm developed in Chapter 9 for
a unidirectional patch design as much as possible and to account for stiffness of the
90° plies in the design process, the cross-ply patch will be treated as a unidirectional
patch in all calculation below with the “effective” modulus, effective thermal expansion

coefficient, and effective thickness given by E, = E; +3-E,, a, = %, and
t,= ngly “ Iy, Where E is the modulus, «, is the patch thermal expansion coefficient,

1, is total thickness of all 0° plies of the patch, ngly is the number of 0° plies, 7, is
the thickness of one ply of the composite patch, % is the biaxial stress ratio, and the
subscript p, f, and m denote respectively the patch, the fiber and matrix directions of a
lamina. After the “equivalent” unidirectional patch is computed from the design process,
this unidirectional patch can be converted into a cross-ply patch design by adding the
90° plies to the former design accordingly based on the biaxial stress ratio. In addition,
the patch of a corrosion repair may also need to be tapered in both length and width
direction since the patch stiffness in the width direction may be no longer negligible
when compared to the skin stiffness due to a possible presence of 90° plies.

336
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10.2 Basic Analysis Methods Used in the Preliminary Design Approach

In this section, a brief summary of the basic analysis methods used in the preliminary
design approach is presented. The quantities of practical interest in the design are stresses
in the skin and patch, and shear strain in the adhesive. A two-stage analysis procedure for
estimating these quantities as presented in Section 6.2 of Chapter 6 without considering
thermal effects will be reviewed here first. The procedure is then expanded to include
the thermal effects. The analysis methods are developed for an elliptical patch and under
plane stress condition. For simplicity, the patch is also assumed to be isotropic with
the same Poisson ratio as that of the skin in the analysis. As shown in Chapter 3, the
effect of the material orthotropy of the patch appears to be insignificant for the sought
quantities. The effect of tapering of the patch’s edge as commonly done in practice is
also ignored in the analysis.

10.2.1 Analysis method for a repair subjected only to mechanical loads

In the first stage analysis of the solution procedure (Figure 10.1(b)), a patch assumes to
be rigidly bonded to an undamaged skin. For reference, Figure 6.1 has been reshown in
Figure 10.1 with a minor change as noted in the caption of Figure 10.1. Stresses in the
skin near the edge of the patch and underneath the patch are determined from the stage I
analysis using an elliptical inclusion analogy. These skin stresses were determined from
Section 6.2.3 of Chapter 6 as:

Skin stress underneath the patch

« Oy B A B
0'():7 (1+S) 3+22 +1+VSS+2§+2S I_VS_ZVSZ

(10.1)
. O A A B
) B A s
Z=3(14+8)"+2(1+Y9) Z+E+VSS +1-vS (10.2)
Skin stress concentration factor near the tip of the patch’s edge
o *
K=" (1452 (10.3)
O O
where S is the patch stiffness to skin stiffness ratio, i.e., S = % = %, E' =E/1—1?,

A and B are minor and major axis of the elliptical patch, v is the Poisson’s ratio, 3 is
the biaxial stress ratio, and the subscript p or s denote patch and skin, respectively.

In the second stage analysis of the solution procedure, a patch is assumed to be infinite
extent and again rigidly bonded to the skin (see Figure 10.1(c)). The patched skin now



338 Composite Repair

0'0(1+S)
1E§Grndout 11; : "l
No grind-out

Stage | Stage Il
(@) (b) (©

Fig. 10.1. An illustration of the two-stage analysis procedure. o, and o;, are components of the
skin stress underneath the patch of a problem shown in Figure 10.1(b). It is worthy to note that
Figure 10.1(c) becomes identical to Figure 6.1(c) when its far field stresses are expressed in term
of o-l-I;mge D (0) instead of o, and oy, as illustrated here. (Iin(smge Y (0) are related to o, and o, by

Equation (6.12).

contains an elliptical grind-out cavity with stresses a'(’;‘(itrst)’s and o7, L9

- Ox T4t < applied at
infinity where o and oy, are obtained earlier from stage I analysis (see Section 6.2.3
of Chapter 6 and particularly Equation (6.16)). The purpose of the second stage analysis
is to estimate the stresses in the skin near the bottom and near the edge of the grind-out
cavity, and the maximum stress in the patch that usually occurs at the center of the
patch. The stage II problem is again solved using the elliptical inclusion analogy as
shown in Figure 10.1(c). It should be noted that Figure 10.1(c) depicts a problem of an
infinite skin reinforced with an infinite patch and containing an elliptical inhomogeneity
with the same aspect ratio as that of the grind-out cavity, which composes of a reduced
thickness skin and a patch. The skin stresses near the bottom of the cavity are given by
Equations (6.23) and (6.22) as

*

. o b
o, = (1+Scorro) 3+2_ +1+VsScorro
Z a

corro

X b
y2dy Tox g <1—Vg—2vg—)j| (10.4)
b o} ‘ “a
. oy | o5, a b
O =7 = (1+Scorm) (3+2_>+1+V<Scorm+2_
Zcorro (T; b ‘ a

+ Seorro (1 -V, — ZVS%)}

while the y-component patch’s stress is given by (6.24):

g, =0 <E/ ) (10.5)

E/
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where from (6.20) and (6.18),
2 b a 2 @2
Zcorro =3 (1 + Scorro) +2 (1 + Scorro) -+ Z + Scorro +1- Vg Scorro
a
(10.6)
S _ L —1
corro (1 +S) ts

b/a is the aspect ratio of the elliptical cavity, (z,—,) is the depth of a grind-out, and

the rest are previously defined. It should be noted from Equation (10.6) that S is
negative.

corro

On the other hand, similar to the results of stress concentration for a hole, the
y-component skin stress at the left or right edge of the cavity and the x-component
skin stress at the tip edge of the cavity are of interest, especially for a very deep
grind-out cavity. These stress components are determined from Section 6.2.3 as (see
Equation (6.28)):

* E/ E/ % E/ E/
O'jv(ia+’0)={|:0'§(l+S) fs o; (Bt + p1p)j| .(1 2a>+a'c (Est+ ptp)
- t

s+, E; ,+1, b E! Ii+1,

1,
- [US}(HS) -

o (B EBpny) || EL(n+ )
t,+1, E, 1+t

Ejt,+Et,
(10.7)

O-_:X(Egtr—i-E}’)tp) .|:1+2éi|+o'_c*x(E;Ir+E;)l‘p)
E, 1+,

ot (0, £67) = { |:U§X(I+S) L ,

t+t, E 141,

B [”S(HS) K

o (EL+En) || E(t+1)
t+1, E. 1+,

Eit +ELt,

In contrast to the case of crack patching, the present second stage analysis assumes a
rigid bond between the damaged skin and the patch. The maximum strain in the adhesive
therefore cannot be determined from the present solution procedure. However, since a
crack-like damage appears to result in a larger maximum shear strain in the adhesive
near an edge of the damage than that induced by a corrosion cavity, the maximum strain
in the adhesive of a corrosion repair will be predicted conservatively as if it is estimated
by using formula given in Chapter 9 for crack patching. The maximum shear strain in
the adhesive near the corrosion cavity is therefore estimated by (see Equation (9.10)
of Chapter 9):

O-E)k tsB A

for o3t,Bs < Tﬁ({A)

o = (10.8)

(A) %\ 2
Ty (2 .
1+ otherwise
2G, Opy
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where 1/, as in previous chapters is the shear load transfer length with 8, defined by:

Ba= ﬂ<1 + : ) (10.9)

tn \Elt,  E,

G, and t, are the shear modulus and thickness of the adhesive layer, respectively, oy is

)
defined by Equation (3.32) as o,y = ;YT’ y\((A) is the elastic shear limit of the adhesive

as defined in Figure 2.3, and the rest are previously defined.

10.2.2 Analysis method for a repair subjected to thermo-mechanical loads

It had been shown in Chapter 9 that a thermo-mechanical problem could be made
equivalent to a purely mechanical problem. For the problem of an undamaged skin
reinforced with a bonded patch, this equivalency is illustrated in Figure 9.4 of Chapter 9
where o, and o7, are given by:

E
T s (T)(p) (T)(p)
o1 l—qu (811 tvEn )
S

(10.10)

E,

T s (T)(p) (M)

O 1—81/2 (Vssll té&np )
S

while s(ﬁ) ® and sg)(p) are defined from Chapter 9 as follows for two typical thermal

loading conditions:

1. Due to a uniform operating temperature

(T)(p) p
& =\ — & To erating Tam ien
1 ( 11 )( perating b 1) (10.11)
T
8;2)@) = (aEZ - as) (Toperaling - Tambiem)
2. Due to curing of the adhesive using a circular heater blanket
MG _ [ (Vs 1) b ]
& =|—-\5*3 o +o Tcurin - Tambien
! 22 ] (e ) (10.12)

) v, 1
&%) p) _ [_ <ES + E) a,+ agz] (Tcuring - Tambient)

In Equations (10.11) and (10.12), of, and a}, are thermal expansion coefficients of the
patch in principal material directions, and « is the skin’s thermal expansion coefficient.
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Using the equivalency (see Figure 9.4), the stresses in the skin underneath the patch
and near the patch tip of a stage I analysis were determined in Chapter 9 as (see
Equations (9.25)—(9.27)):

*

oy =2 (0. —0b) + 0%

0-00
(10.13)
_ Y1 T
Oip = (‘7 o 0’22) + 0oy
UOO
or
o 05, oy a5
_=_+—<1——> (10.14)
o7
K =K'— -2 (K —1) (10.15)
o

=3}

where o7, oy, and K7 are stresses in the skin underneath the patch and near the edge
of the patch, and the skm stress concentration at the patch tip, respectively, due to the
mechanical loads alone, i.e., when o, = 03, =0, and they are given by Equations (10.1)—
(10.3). When the damage is introduced into the skin, the skin stress ¢, underneath the
patch will change because of the load redistribution around the damage while the skin
stress at the end of the patch assumes to remain the same. However, since oy, i.e., the
skin stress underneath the patch of an undamaged skin, will be used as one of the design
variables in Section 10.4 and also for evaluating the adhesive shear strain as discussed

at the end of this section, a formula for o, was therefore given.

In order to determine stresses in the skin near the bottom and near the edge of the cavity,
and the maximum stress in the patch, the equivalency needs to cast in a slightly different
form so that it can be extended easily to the case of a repair of a corroded skin (Duong,
2003a). From Chapter 9, a purely thermal stress problem can also be solved by (i)
first determining the strain solution of the problem of a patched skin with a strain field
8( @) prescribed in the patch as shown in Figure 10.2(a), using the linear superposition
procedure shown in Figures 10.2(b) and 10.2(c), and (ii) then computing the thermal

stresses accordingly to the formula given below:

O-IS/ (X) = l]klskl (X)
(10.16)
T)(
of (x) = Cszkl (8k1 (x) — gl(c/) p)>
where & (x) denotes the strain solution obtained in step (i), and a( ) s defined

preV10usly Since the skin stress o7;(x) of the problem shown in Flgure 10.2(a) is also
equal to C};,&77 (x) as that of the thermal stress problem, the skin thermal stress therefore
can be obtamed directly by superimposing the solutions of two problems shown in
Figures 10.2(b) and 10.2(c). In contrast, the thermal stress in the patch still needs to
be evaluated using Equation (10.16) since the patch stress of the problem shown in
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= —> O — 4 Pm— F——>

! !

Patch is prescribed with
uniform strain fields

E(1T1)(p) and E(2T2)(p)

Patch is prescribed with
uniform strain fields

5(1T1)( )and & Epo e

(a) (b) (c)

Fig. 10.2. A superposition method for analyzmg a ]S)atched skin with the uniform strain field
( )(p) ibed i S
prescribed in the patch. Note that o' =C jklskl

Figure 10.2(a) is equal to Cjy,&;;(x), not Cjy [&57 (x) — ,ﬁ?“’)] as required by (10.16).
From Equation (10.16), the patch thermal stress can be expressed alternatively in terms
of the skin thermal stress as
N T
O-S (X) = CIijl (Cklmlna-mn (X) - 8I(<I)(p)> (1017)
Thus, while the skin stresses of the thermal stress problem can be determined according

to the superposition procedure shown in Figures 10.2(b) and 10.2(c), the patch thermal
stresses are rather obtained by Equation (10.17).

By using linear superposition, a problem of an undamaged skin reinforced with a patch
under thermo-mechanical loading can be solved in a similar manner, in which the skin
stress is first determined according to the approach given in Figure 10.3 while the patch
stress is computed using Equation (10.17). It should be emphasized that the solutions
of problems shown in Figures 10.2(c) and 10.3(c) are trivial since the resulting strains
in the patch and skin in those problems are uniform and equal to the remote applied
strains.

With the above approach and discussion in mind, we are now ready to present the solution
approach for determining skin stresses near the bottom and near the edge of the grind-out
cavity, and the maximum patch stress of the corrosion repair problem under a combined
thermo-mechanical loading. With the equivalency between the thermo-mechanical and
mechanical problems established and demonstrated in Figure 10.3, the problem of a
corrosion repair subjected to thermo-mechanical loads can be analyzed by a method
illustrated in Figure 10.4.

Problems shown in Figures 10.4(a)-10.4(c) are very similar to those shown in
Figures 10.3(a)-10.3(c), except that the former problems include a corrosive damage.
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Fig. 10.3. Another form of the superposition method for analyzing an undamaged skin reinforced
with a patch under thermo-mechanical loading that can be extended to the repair analysis of a
corroded skin.
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Fig. 10.4. A linear superposition method for analyzing the problem of a corrosion repair under
thermo-mechanical loading.

The local skin stresses near the cavity of the problem depicted in Figure 10.4(b) can be
obtained using the two-stage analysis procedure outlined in Section 10.1.1 since it is the
same as the problem shown in Figure 10.1(a) except for the different far field applied
stresses. The far field stress of the problem shown in Figure 10.4(b) is (Um,-j — 05) rather
than o,;;. The problem depicted in Figure 10.4(c) also can be solved using the mentioned
two-stage analysis procedure. A two-stage analysis procedure for solving this problem
10.4(c) is illustrated in Figure 10.5. Since the problem shown in Figure 10.5(b) is a
trivial problem with the resulting strains in the patch and skin being uniform and equal

to the remote applied strains as noted in the preceding paragraph, stresses in the skin
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Fig. 10.5. A two-stage analysis procedure for solving problem shown in Figure 10.4(c). It should
be noted that the solution of the problem shown in Figure 10.5(b) is trivial; the skin stress is
uniform and equal to o7}

of that problem will also be uniform and equal to 0'5 . Thus, the skin stress underneath
the patch of the problem shown in Figure 10.5(b) is 0';;. It was shown in Section 10.2.1
that when the skin stress components underneath the patch from stage I analysis was
oy and oy, the far field applied stress of the stage II problem would be o g(lt::ft)p’s and

x (1‘:5[)&

Figure 10.5(c) will be oF "% since problems shown in Figures 10.5(b) and 10.5(c)

tj t+t,
correspond respectively to the stage I and II problems of the problem depicted in

Figure 10.4(c) and the skin stress underneath the patch from the stage I analysis is 0';5- .

. In the similar manner, the far field applied stress of the problem shown in

Specifically, stresses in the skin near the cavity and the maximum patch stress can be
evaluated using the following steps:

(i) Calculate oy, op., o, ol oy, (£a*,0) and o7 (0, £b") for the problem
shown in Figure 10.4(b) using formula given in Sectlon 10.2.1, and denote them

as a.g(partl)’ O.J)Epartl)’ O.C*(partl)’ O.C*A{partl)y’ cr*(partl)(:taﬁ—’o) and O.:)Epanl)(o’ +b").

(ii) Calculate o, o, of(xa*,0) and o (0, +b*) again using formula in
Section 10.2.1, assumlng oy = oy and oy, = o}, and denote them as

o) o) 0P (£a*, 0) and o3P (0, £b). Step (ii) basically cor-
responds to solvmg the problem shown in Figure 10.4(c) directly through stage
II analysis, skipping the trivial stage I analysis.

(iii) The local skin stresses near the cavity of the thermo-mechanical problem are equal
to the sum of individual contributions from steps (i) and (ii), i.e., o, = o0 *" +

o.é*(parﬂ)’ O'y},(:ta+, 0) = o.;;panl)(:ta+’ 0)+ O.;\gpartz) (£a*,0), etc.

(iv) Calculate the maximum patch stress via Equation (10.17) using skin stresses o,
and o, obtained in step (iii).
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Finally, as before, the maximum shear strain in the adhesive is also of interest. The
maximum shear strain in the adhesive again can be estimated (conservatively) using
Equation (10.8) but with o now being replaced by o, as in Chapter 9, where o, is
given by Equation (10.13). It should be reminded that oy in Equation (10.13) is the skin
stress under the patch due to the far field applied stress o,; alone and as if the skin
contains no corrosive damage.

10.3 Design Criteria

The design of an effective patch requires that the patch will carry an appreciable percent
of the applied load without any premature failure or disbond. To develop such a design,
the patch, adhesive, and corroded skin after the repair must possess sufficient static
strength. Criteria and guidelines to assure the structural integrity of the repair have been
established in the CRMS Guidelines (1998) and in the RAAF Engineering Standard
C5033 (Davis, 1995). This section will summarize these design criteria and guidelines.
Most of these criteria and guidelines will be used in the present preliminary design
approach with minor modifications for improvement whenever necessary. Basic criteria,
described in this section, define acceptable patch stress, adhesive strain, skin stress and
patch size, and they are described in the following sections.

10.3.1 Design criteria for corroded skin or substrate

Two design criteria are considered here for the corroded skin or substrate. First, at the
design limit load (DLL), the stresses in the skin around and at the bottom of the grind-out
cavity must be equal to or less than the skin yield strength. This criterion is to assure
that the corroded skin after the repair will restore its original load-carrying capability.
Second, the skin stress concentration factor near the patch’s edge tip is limited to values
below 1.3 when the ratio of the material ultimate strength to the far field stress at the

design ultimate load (DUL) exceeds 1.3, i.e., —*— > 1.3, or below —*— when
O(at DUL) O(at DUL)
otherwise. It is worthwhile to note that when — e — > 1.3, K, is still limited to values

K K . 0'x<.a( DUL) .
below 1.3 to prevent potential fatigue cracking in the skin near the patch’s edge.

10.3.2 Design criteria for patch

Four design criteria are considered here for the repaired patch. First, the patch stiffness
must be equal to or greater than the stiffness of the removal skin material. Second, the
maximum stress in the patch at DUL must be less than 83% of the material tensile
ultimate strength of the patch. This corresponds to a margin of safety of 0.2 or higher for
the patch strength. The margin safety factor is used to accommodate for any variation
or degradation of the composite material properties. Third, the length of the patch must
be greater than or equal to the following value:

L - 10 20,
"Z By

+2-(nyy—1)-d-ty,+2-b (10.18)
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where n,, is the number of plies, 7, is the thickness per ply, d is the step-off rate,
b is the half length of an elliptical grind-out cavity, and the rest have been previously
defined. As mentioned in Chapter 9, occasionally a value of 12/8, is specified in
Equation (10.18) in place of 10/8,. The purpose of this requirement is to assure that
the overlap is long enough to develop a central area of very low adhesive shear stress,
which anchors the bond to resist creep. The final patch criterion is a minimum width

requirement which specifies
W, >2 (a++/a) (10.19)

where a is the half width of a grind-out cavity.

10.3.3 Design criteria for adhesive

In order to assure the structural integrity of the bond, the maximum shear strain in the
adhesive at DUL is required to be at or below 80% of the maximum allowable strain.

10.4 Preliminary Design Procedure

The design procedure is an iterative process that requires adjustments of several variables
or parameters until a satisfactory design that meets the established criteria is attained.
Patch design variables are the patch stiffness ratio S, patch aspect ratio B/A, and the
patch length or width. However, as shown in Chapter 9, it is more convenient to use
0, and K, as the design variables in the iterative process since most of quantities used
in the evaluation of criteria are commonly expressed in terms of these two parameters.
By varying o, and K, within a certain appropriate range, one can effectively control the
skin stress at the bottom of a grind-out cavity, the maximum adhesive shear strain, etc.,
within their required range.

There is no unique patch design that meets the criteria listed in Section 10.3. In a design
process, one iteratively searches for a first design that meets the criteria. Thus, the design
which results from the process will be different depending on what route the search
has taken, and it may not necessarily always be the desired (optimal) design. A design
procedure which is similar to that proposed in Chapter 9 for crack patching will be
employed here. The design algorithm will involve three nested loops with the outermost
loop for the maximum allowable patch size, the next inner loop for oy, and the innermost
loop for K,. In order to avoid obtaining any patch design with an extremely high aspect
ratio or stiffness ratio, acceptable ranges of values for these design variables had been
determined in Chapter 9. It was shown in Chapter 9 that the maximum allowable patch
size ranges from a + +/a to 20-a or 0.508 m whichever is higher in value. On the other
hand, the ranges for 0, and K, are given by the following expression depending on the
ratio of 22
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T
For T2 <1
0 T T T
F,
033406722 <« 2 0840272, 1.05—0.05 22 <K, <13, —w
T o-oo a-oo O-oo O-oo at DUL O-oo(al DUL)
or2— T2 , whichever is smaller in value.
Us |a DUL
T
For I > 1,
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where F,, and F,, are the magnitudes of the tensile and compressive strengths of the
skin material. For detailed discussion on how these ranges were determined, a reader
should refer to Chapter 9. With the range of o, and K, having been determined, the
design algorithm can now be described. The design algorithm involves the following
principal steps:

(i) Start with A,,,, = a++/a and increase A, incrementally to a maximum value
of 20a or 0.508 m whichever is higher in value.

T
=0.38 —i—O.Z@ and decrease by small decrements (when

.. . (of
(ii) Start with —~
at DUL O

oo

T
2 < 1) or increase incrementally (when —2 T2 1) to 0.3340.67—=
o

00 =) 00
T

(i) Start with K, = 1.05 — 0.05 22

0'2

and increase incrementally to 1.3,

0-00

at DUL
Ftu 0-;2 : : : 0;2
— or2— —= , Whichever is smaller in value, when —= < 1, or
T so(at DUL) O lat DUL T Oc
decrease by small decrements to 2 — In or ———=— whichever is
O |at DUL O oo(at DUL)

O'T
higher in value, when —= > 1.

oo

* by the first equation of (10.13) and a second equation of

(10.14) with % and K, given from steps (ii) and (iii).
o,

oo

(v) Solve the first equation of (10.1) and Equation (10.3) simultaneously for S and
B/A with Zo and K} obtained from step (iv). It is important to note that since

S and 1, are the stiffness ratio and the thickness of an equivalent unidirectional
patch (with effective moduli accounting for the cross plies), respectively, the
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number of piles determined from S will be ng,y, as mentioned in the Introduction
of this chapter.

(vi) Calculate stresses in the patch and strains in the adhesive at DUL, and the
skin stresses around and at the bottom of the grind-out cavity at DLL using
the formula and/or the analysis procedure given in Section 10.1 and check the
criteria specified in Section 10.2.

(vii) Determine the patch width and length, noting n, in Equation (10.18) for the
minimum patch length given by n, = nd, +3"-n), .

(viii) If a satisfactory design is found then the process has completed. Otherwise, one
needs to return to step (iii) or (ii) or (i) depending on whether or not K, and

o
-2 have reached their upper limit specified in these steps.

O lat DUL

As in Chapter 9, the design procedure computes the geometry of an elliptical patch
based on simple formulas. Since elliptical patches are impractical for manufacturing, an
octagonal or rectangular shape can be approximately derived from the elliptical design
using the process similar to that outlined in Chapter 9. A rectangular patch design
assumes to have the same aspect ratio, length and width output from the previous
design process for an elliptical shape. In contrast, the above elliptical patch design can be
converted to an octagonal patch design using the Hart-Smith equivalent volume concept.

10.5 Summary

This chapter presents a design algorithm for bonded repairs of corroded metallic struc-
tures. The design algorithm uses simple closed-form solutions for an elliptical patch and
analytical result from a 1-D bonded joint theory and accounts for thermal stresses. The
algorithm is robust and versatile, which can greatly reduce the patch design cycle time
in practice.



CHAPTER 11

Experimental Verifications of Analytical Methods

11.1 Introduction

In Chapters 3-5, analytical methods for predicting the stress distribution and crack-tip
stress intensity factor in a skin with a supported or unsupported one-sided and two-
sided repair are presented. Even though the results from these analytical methods were
always compared with the FE solutions in the previous chapters, such comparisons with
experimental data have not been made. These analytical and FE results will be verified
experimentally in this chapter.

There are four main individual effects, which are important for the design of a bonded
repair.

1. Residual thermal stresses
2. Patch aspect ratio (load attraction)
3. Tapering ratio

4. Out-of-plane bending.

Several analytical models have been developed in Chapters 3—5 to address these indi-
vidual effects. As part of the Composite Repair Aircraft Structures (CRAS) study effort
performed by the Boeing Company and funded by the United States Air Force Research
Laboratory (AFRL), a comprehensive experimental program was conducted to provide
data for validating these analytical models (Duong, 2003b; Duong and Wang, 2004;
Duong et al., 2006). Since these analytical models employ a different set of simplifying
assumptions, which yield results with a different level of accuracy, a building block
approach is employed in the test. According to this testing approach, first, each of these
effects will be assessed individually through a basic test and compared with the analytical
predictions. After this, these individual effects will be tested in different combinations
and again compared with analytical results.

349
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To determine the effectiveness of the bonded repair, two important quantities of interest
are as follows:

1. The crack-tip stress intensity factor, which is linked directly to the crack growth
rates underneath the patch;

2. The stress concentration (load attraction) in the skin near the edge of the patch,
which is important for assessment of damage initiation in the skin adjacent to
the patch.

Since each of these two quantities requires a different set of testing techniques and
loading for its determination, two different sets of tests are conducted. In the first
set, specimens are loaded in fatigue and crack growth data is collected and directly
compared with analytical predictions. In the second set, in order to collect load attraction
data, specimens are coated with a photo-elastic coating on one side and with strain
gauges on the other side, which are subjected to a static load. Specimen configurations
corresponding to these two sets of tests will be described in detail in Sections 11.2 and
11.3. All specimens were fabricated and tested at the United States Air Force Academy
(USAFA) according to the designs and instructions provided by The Boeing Company.

11.2 Fatigue Crack Growth Tests and Method Validation
11.2.1 Fatigue crack growth tests

Relatively wide geometrical and material configurations of patches and cracked plates
are tested for fatigue crack growths. The details of these specimen configurations for
a two-sided repair type are listed below. All two-sided repair test specimens have a
sandwich configuration where two one-sided, patched, cracked plates are bonded back to
back onto a honeycomb core, in order to eliminate the out-of-plane bending at the crack
(Figure 11.1). The plates in the sandwich configuration are 3.175 mm thick. Similarly,
the descriptions of the test specimens corresponding to one-sided repairs are summarized
in Table 11.1. The cracked plates in both configurations are made of Aluminum 7075-T6
bare with dimensions of 22.9cm x 61 cm unless noted otherwise. The plates have a
starter crack of 25 mm and a final crack length of 60 mm. All patches are rectangular. The
pre-crack stress level range is 60-3 MPa, and the fatigue test was conducted at a range
of 120-6 MPa. The adhesive is FM-73M from Cytec. The details of the test procedure
and test results are documented in Duong (2003b). In contrast, detailed descriptions of
the tested sandwich configurations are as follows:

e Configurations F1 and F2: Each side of the honeycomb core is a cracked plate
bonded with a 10-ply boron/epoxy patch (the nominal thickness of each ply is
0.127mm, and the patch stiffness ratio S, i.e., E f,/Ef, equals 1.11). The patch
dimensions are 76.2mm x 177.8 mm. The patch is unidirectional with the zero-
degree ply oriented normally to the crack. Configurations F1 and F2 are nearly
identical, except that the patch in the latter configuration is tapered with a tapering

ratio of 30:1 (1 mm rise for every 30 mm edge length).

e Configurations F3 and F4: Configurations F3 and F4 are similar to F1 and F2,
respectively, except for the patch material, thickness and edge’s tapering ratio.
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Fig. 11.1. A sandwich configuration of fatigue crack growth specimens: (a) side view; (b) plan
view of a specimen with a patch spanning across the full plate’s width; and (c) plan view of a
specimen with a finite-size rectangular patch.

The patches in configurations F3 and F4 are also aluminum like the cracked plates,
thus there will be no residual thermal stresses associated with curing of the adhesive
in these configurations. Furthermore, in order to keep the patch stiffness ratio of
configurations F3 and F4 approximately the same as those of F1 and F2, the thick-
ness of the patches in the former configurations is equal to 3.683 mm (S = 1.16).
In addition, the tapering ratio in configuration F4 is only 10:1. This is because
the tapering ratio is recommended in practice to be equal to ten times the patch
modulus ratio E,/E (Davis, 1995; CRMS Report, 1998).

e Configurations F5 and F6: Each side of the honeycomb core is a cracked plate
bonded with a 10-ply boron/epoxy patch (S equals 1.11). The patch spans across
the full plate’s width with a length of 177.8 mm. Configuration F6 differs from
configuration F5 by the tapered edge of the patch with a tapering ratio of 30:1.

11.2.2 Characterization of fatigue crack growth in one-sided and two-sided
repairs

Analytical predictions for the growth rates of patched cracks are based on a correspon-
dence principle between the patched cracks and the un-patched cracks. This principle has
been proven theoretically and demonstrated in Chapter 8 for a flight spectrum loading.
According to this principle, patched and un-patched cracks under a constant ampli-
tude cyclic load will have the same crack growth behavior if their tips experience the
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Table 11.1. Detailed description of patched specimen configurations used for validating the
analytical and FE models. In the table, S is defined as ratio of patch stiffness to the plate stiffness,

and the nominal thickness of a boron-epoxy ply is 0.127 mm.

Specimen Plate thickness and Patch thickness and Patch geometry

configuration material material

S1 3.175 mm thick Al 10-ply boron-epoxy 76.2 mm wide,
7075-T6 bare (S=1.11) 177.8 mm long

S2 1.27 mm thick Al 4-ply boron-epoxy 76.2mm x 177.8 mm
7075-T6 bare (§=1.11)

S3 3.175 mm thick Al 3.683 mm thick 76.2mm x 177.8 mm
7075-T6 bare Aluminum (S = 1.16)

S4 1.27 mm thick Al 1.524 mm thick 76.2mm x 177.8 mm
7075-T6 bare Aluminum (S =1.2)

S5 1.175 mm thick Al 18-ply boron-epoxy 76.2mm x 177.8 mm
7075-T6 bare (§=2)

S6 3.175 mm thick Al 10-ply boron-epoxy 76.2mm x 177.8 mm
2024-T3 bare (§=1.16)

S7 3.175 mm thick Al 10-ply boron-epoxy Patch spans the
7075-T6 bare (S=1.16) plate’s full width with

a length of 177.8 mm

S8 3.175 mm thick Al 3.683 mm thick Patch spans the

7075-T6 bare Aluminum (S = 1.16) plate’s full width with
a length of 177.8 mm
S9 1.27 mm thick Al 1.524 mm thick Patch spans the

7075-T6 bare

Aluminum (S =1.2)

plate’s full width with

a length of 71.12 mm

K. .
same history of AK(= K,,.x 100 — Kumin_1oaa) @nd R-ratio | = M) where K is the

max—load

stress intensity factor and the subscripts min-load and max-load denote the valley and
the peak of the cyclic load, respectively. Thus, the growth rate of patched cracks can
be predicted using the crack growth data obtained from the un-patched specimens. The
crack growth da/dN data obtained from these un-patched specimens when it is expressed
in terms of AK and R-ratio will be a material property that is independent of specimen
geometries (coupon or structural component, patched or un-patched crack) and applied
loads. Typical da/dN data for a given material depends on the testing environment (lab
air, relative humidity [RH]) and specimen thickness.

The un-patched specimens used to determine da/dN data of a given material are usually
tested under in-plane tensile loading so that the specimens do not exhibit any out-of-
plane deflection and therefore the crack-tip stress intensity factor is uniform across the
plate thickness. Similarly, two-sided bonded composite repairs also have no secondary
bending due to the symmetric lay-up of the patch-plate combination. Thus, fatigue crack
growths in these two configurations are clearly characterized by the constant through-
thickness stress intensity factors evaluated at the maximum and the minimum loads of
the loading cycle. The stress intensity factor at the crack tip of a two-sided repair can
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be evaluated by the analytical methods given in Chapter 4, which follows the two-stage
analysis procedure and accounts for various effects such as residual thermal stresses, the
local disbond around the crack surfaces, and the materially nonlinear behavior of the
adhesive.

In contrast to symmetric repairs, predicting crack growth in a plate with a one-sided
repair poses a real challenge. This is because the stress intensity factor at the crack
tip of a plate with a one-sided repair will vary across the plate thickness as shown in
Figure 11.2 due to the out-of-plane deflection induced by the load path eccentricity,
and it is therefore unclear which through-thickness value of the stress intensity factor
governs the observed fatigue crack growth. Even though the maximum, mean and
root mean square (rms) values of the thickness-varying stress intensity factors were
commonly suggested for use in practice for predicting fatigue crack growth in a plate
with a one-sided repair, there is no comprehensive experimental study of their validity
to date since the work of Ratwani (1980). However, as found later by Rose (1988)
and Arendt and Sun (1994), Klug and Sun (1998) and Sun et al. (1966), the effect
of the out-of-plane bending was not correctly accounted for in the Ratwani’s work.
The good agreement between crack growth predictions using the maximum-thickness
values of the stress intensity factors and test results in that work therefore may be a
coincidence.

As mentioned earlier, due to the out-of-plane bending induced by load-path eccentricity,
the crack-tip stress intensity factor will vary across the plate thickness. Various values
of the stress intensity factor can be evaluated for the plate with a one-sided repair using
the analytical model described in Chapter 5 that accounts for the effects of geometric
nonlinearity and thermal stresses. For future discussion, values of the thickness-varying
stress intensity factor that are commonly used in practice for predicting fatigue crack

w2l

Kb
<>
z=h/2 |- - -
Kmin X .
z=-h/2 |--------

Fig. 11.2. Variation of the stress intensity factor through the plate thickness.
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growth of a general bending crack are defined below, in terms of the membrane and
bending values (Wang et al., 1998).

Kmax = Kmem + Kb

K. .+ K.
K — de—"_ mm:K

mean 2 mem

K2
Ko = [ Ko+ 3

In Equation (11.1), the subscripts max, min, b, membrane, mean and rms denote respec-
tively the maximum, minimum, bending, membrane, mean and root mean square values
of the stress intensity factor. Generally, the K, value is only slightly higher than the
K can Value. However, as shown by Duong (2003) and also later in the next subsection,
the predictions using K, in many instances will yield unrealistically high crack growth
rates when compared with the test results. On the other hand, the predictions using K,
or K., in other instances will grossly underestimate the crack growth rates of the plates
with a one-sided repair. Thus, a new effective K accounting for the thickness variation
of the stress intensity factor in a plate with a one-sided repair as proposed by Duong
(2003b) and later refined by Duong and Wang (2004) will be used to characterize the

fatigue crack growth in one-sided patched specimens.

(11.1)

Duong (2003b) has postulated that a bending crack would probably grow according to
K.« atlow values of K, but by K, at high values of K,. This is particularly true for the
two extreme cases of without bending and with pure bending. An equivalent (effective)
stress intensity factor denoted by K, is therefore proposed for crack growth prediction
of a patched bending crack that conforms with the above postulate as follows:

Keoq = max [K,, Kpeun + AK, ] (11.2)

where A will be derived semi-empirically later using a one-sided strap joint theory, and
it is less than or equal to 1. A is assumed to equal 1 for a low bending case and O for a
high bending case. According to Equation (11.2), K, equals either K, or K, +AKj,
whichever has a larger numerical value.

According to the one-sided strap joint theory described in Chapter 2, if the overlap joint
is sufficiently long, there will be no interaction between the skin interruption end and
the patch end. The amount of load transferred from the skin to the patch at the patch end
is equal to S”—J‘rsl, where P and S are the applied load per unit width and patch stiffness
ratio, respectively. Thus, the skin will carry a load of P [1 - S%rl] at the middle of the
half overlap length between the skin interruption end and the patch end. This remaining
load in the skin must be transferred to the patch at the skin interruption end. This latter
load transfer is the source for local bending at the skin interruption end. It is worthy to
note that the overall bending at the skin interruption end will be governed solely by this
local bending since the global bending of the patch/skin combination is negligible for
a long overlap strap joint according to the geometrically nonlinear deformation theory.
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Fig. 11.3. Schematic of a one-sided strap joint.

The local bending at the skin interruption end depends on the remaining load in the skin
after the first load transfer at the patch end and the eccentricity between the centroid of
the patch/skin combination and the centroid of the region directly over the interruption
end (Figure 11.3). The centroids ¢, and e, shown in Figure 11.3 are found respectively
from the second equation of (2.81) in Chapter 2 and the geometry as

. S [t+t,
el:—
I+S 2

R A o
- 11.3

¢ ) (11.3)

&, S+1

e, S

where § is defined previously as the patch stiffness ratio, and noting ¢, was denoted as ¢
in Section 2.3.1. It was shown in Section 2.3.1 of Chapter 2 that the bending moments of
the patch and skin at the interruption end in the one-sided strap joint are approximately
equal to the followings for a sufficient long overlap (see Equation (2.109), assuming
£>> 1 and M™™ =0 in that equation)

Lt
M:—P-[p ‘—el]
2

P

t+ 1 S
=-pP.-L 1= (11.4)
2 S+1

M;=0

The bending moment in the patch at the skin interruption end also can be expressed in
a normalized form as
M { S
m = ————= _
P p. I, +1 S+1
2

(11.5)

From Equation (11.5), m, is approximately O for § > 1, and 1 for § < 1. For a very
stiff strap, i.e., S > 1, most of the remote load in the skin will be transferred at the
patch end, leaving only a small remaining load in the skin needed to be transferred at
the skin interruption end, and the eccentricity in the load path near the skin interruption
end will also be small as dictated by the last equation of (11.3), i.e., e, ~ &, so that
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e, —e; ~ 0. As a result, there is only small local bending near the skin interruption end,
thus small m,. In contrast, for a very soft patch, only a small portion of the remote
load in the skin will be transferred at the patch end, leaving a large remaining load in
the skin after the first load transfer, which together with a high eccentricity in the load
path near the skin interruption end causes the high local bending there. Thus, m,, is a
good parameter for quantifying the effect of the local bending near the crack surface of
a one-sided bonded repair. Furthermore, m, = 0 for a small local bending at the crack
surfaces, and m, =1 for a high local bending there. Since the sought coefficient A of
Equation (11.2) is assumed to be equal to 1 for a small bending case and O for a high
bending case, it is then clear that A o (1 - mp) x s%l A general expression for A has
been derived empirically by correlating crack growth predictions by analytical methods
for single-sided repairs with all available test data generated under the CRAS project.
Through these analysis correlations with various fatigue crack growth data, the following
definition of A yields crack growth predictions that are consistently in good agreement
with the test data (Duong, 2003b):

S
ﬁ S>1
A= JSF (11.6)
—8 S<1
S+1 -

It is worthy to note that A defined by Equation (11.6) will be continuous at S =1 and
ranges between 1 and 0, as required.

While the use of K, defined by Equations (11.5) and (11.6) to characterize the fatigue
crack growth in a one-sided repair produces encouraging prediction results, there are two
drawbacks with that approach. First, the use of the non-dimensional parameter S/(S+ 1)
implies that the proposed approach is limited to cracks in patched plates. Secondly,
since the only similitude parameter for fracture and fatigue crack growth is the stress
intensity factor at the crack tip, it is therefore preferred to express K., solely in terms of
K K x> and K, rather than a mixture of these stress intensity factors with S/(S+1)

rms? max?

as indicated by Equations (11.6) and (11.2).

To generalize the above concept, Duong and Wang (2004) have suggested an alternative
form of the above equivalent (effective) stress intensity factor in terms of K,i, K.«
and K, for a balanced or stiff patch repair (S > 1). Similar to the previous approach,
the equivalent stress intensity factor for characterizing the fatigue crack growth in a
one-sided repair is postulated to be given by

K
Keq = Klnax+aK Krms (117)
max
where « is determined from the two conditions given below:
K, .
Koy =Ky for s 0 (pure tension)
(11.8)
K, .
Koy =K,y for s 1 (pure bending, K., =0)

max
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For the second condition of Equation (11.8), K, = K, and K, = K, = v/3- K—‘; =

V3-K,,. by the last equation of (11.1) and noting K., = 0 in the case of pure bending.
Thus, evaluation of Equation (11.7) for this condition yields a = 1 — /3. Consequently,
Equation (11.7) becomes

K
Koy = Kpu+ (1 - «/3) Kml:x K, (11.9)
or
K K?
K. =K. +K (1—\/5)—1’ K 4 11.10
eq mem+ b+ Kmem + Kb mem+ 3 ( )

According to Equation (11.9), K, for any value K, /K, between 0 and 1 is determined
by linear interpolation of the results of the two extreme cases: K,/K,, =0 (pure
tension) and K, /K ., = 1 (pure bending). It is interesting to note that for all one-sided
repair configurations considered in this chapter as well as those additional configurations
reported in Duong (2003b) with patch stiffness ratio greater than 1, the values of K,
given by Equation (11.9) are nearly the same (within 6% deviation) as those given by
Equations (11.2) and (11.6). This observation can be generalized to all one-sided repair
configurations since the repair configurations considered in this chapter and in the report
by Duong (2003b) cover quite a wide range of different combinations of K,/K,,,, and
K OF K- Thus, the latter definition of K, will be employed in the subsequent
correlations of analytical predictions of fatigue crack growths of specimens described in

Table 11.1 with the test results.

As mentioned earlier in the beginning of this section, in order to be able to compare the
analytical and FEM predictions to the test results for the crack growth, it is necessary to
have da/dN versus AK curves for each R-ratio that will be predicted by the analysis.
Since the analysis will probably predict many different R-ratios at the crack tip due to
the thermally induced residual stress, this will mean that one would have to create these
curves for all these different R-ratios. However, by using the principle of the effective
stress intensity factor AK g, all different da/dN —AK for each possible R-ratio will fall
on top of each other or collapse into a single curve, i.e., da/dN will only depend on
AK 4, independent of R. The equation that transforms AK and R into AK_ is only valid
within certain R-range and also for a certain material. For Al 7075-T6 and for R > 0,
De Koning (1980) showed that the effect of the R-ratio could be incorporated into a
single da/dN versus AK,; curve with the latter parameter given by

AK . = AK (0.55+0.35R+0.5R* —0.4R%) (11.11)

where AK = K, .« _10ad — Kmin—toad @04 R = K i1 _10ad/ Kmax—10ad> a0d the subscripts “max-
load” and “min-load” denotes, respectively, the peak and valley of the cyclic load.

Several un-patched Al 7075 specimens that came from the same batch of material as the
one used for all the patched specimens were tested. These tests had been done over a
specific AK 4 range for two Al 7075 plate thicknesses, i.e., 1.27 mm thick and 3.175 mm
thick. Since the crack growth may be affected by the RH, da/dN data are also generated
for both low and high RH. Figures 11.4 and 11.5 show da/dN versus AK_ 4 on linear
scale for two Al 7075 plate thicknesses. These raw data are then fitted by a fourth degree
polynomial. Equations of these fourth degree polynomial fits are given in Table 11.2
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Table 11.2. Coefficients of the fourth degree polynomial fits to da/dN-AK 4 data for Al 7075-T6 bare material. The polynomial fit takes the form
of y =a+bx+cx*+dx*+ ex*, where y and x stand for da/dN and AK g, with a unit of mm/cycle and MPa./m, respectively.

Plate Relative Applicable range a b c d e
thickness  humidity (%)

(mm)
1.27 4-8 4.485 < AK 4 < 18.517  —8.166536E-6 —8.4353778E-5 4.147869E-5 —5.061604E-6 2.326616E-7
1.27 14-23 4.532 < AK 4 < 23.045 1.1444186E-4  —2.6661175E-4 9.1705431E-5 9.2909308E-6  3.4035549E-7
3.175 6-12 4494 < AK 4 <24.185 —2.201150E-4 2.3847794E-4  —3.207314E-5 7.0813134E-7  7.9250803E-8
3.175 21-23 4.716 < AK 4 <24.176  —1.655046E-4 1.0414462E-4 1.0676499E-5  —3.153469E-6 1.867254E-7

spoyia [0o1ukpuy fo SuouvILiIaA IuULIAX]

65¢
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with both the applicable range of AK,; and the associated level of RH indicated.
In many patched specimen configurations, the values of the predicted AK,; may be
outside the valid domains of these equations. In that case, the following linear equations
are suggested to use instead:

High RH, 3.175 mm and 1.27 mm thick plate
y =0.0001x — 0.0004

Low RH, 3.175 mm thick plate
y=1.E-4x—0.0003

Low RH, 1.27 mm thick plate
y = 0.8E-4x —0.0003.

The latter linear-fit equations are plotted against the collapsed un-patched crack growth
data in Figures 11.6 and 11.7 for AK,; < 10, on linear scale. For all ranges of AK,;, the
equations that are closest to the actual test conditions of the patched specimens will be
used in the correlations. It remains now to outline a procedure for predicting crack growth
in a plate with a bonded repair. That topic is therefore presented in the next subsection.

11.2.3 Fatigue crack growth analysis
The analytical predictions of the crack growth versus number of loading cycles for the

patched specimens described above involve the following steps (Duong, 2003b; Duong
and Wang, 2004):

0.001
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y=0.0001x-0.0004
0.0008
__ 0.0007 *° /
9 *
3} 1 2
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c ./ (I . . a . ow
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S / /
°

0.0003 /—
/ y=1E-04x—0.0003
0.0002 ;/
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0
0 2 4 6 8 10 12
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Fig. 11.6. A linear fit of da/dN versus AK.; for Al 7075-T6 3.175mm thick plate at low
AK g range.
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Fig. 11.7. A linear fit of da/dN versus AK. for Al 7075-T6 1.27mm thick plate at low
AK 4 range.

(a)

(b)

~—

(c

(d)
()
(®)

Calculate the stress intensity factors of the repaired crack in a patched specimen
at the maximum (K,,,,_0nq) and minimum loads (K ;,_1..q) Of the fatigue cycle
for a given crack length using the analysis methods described in Chapter 4 or
5, accounting for any thermally induced residual stresses associated with curing.
Due to crack patching, the values of these stress intensity factors will be low
compared to those unrepaired values. The AK values will be low as well.

Calculate AK and R-ratio. It should be noted that due to the thermally induced
residual stresses, the R-ratio is generally different from the applied stress ratio,
Le., R = Kiin 100/ Kmax—t0aa 7 a-oominfload/o-oomaxfload

Calculate da/dN using the available un-patched crack growth data with values
of AK and R-ratio obtained from step (b). The un-patched crack growth data for
Al 7075-T6 bare material were also generated using the same batch materials
as those used in patched specimens and they are represented in terms of fourth
power fit empirical equations, as mentioned in the last paragraph of the previous
subsection. These empirical equations account for the R-ratio effect as well as the
effects of RH and thickness of the cracked plate. In contrast, the un-patched crack
growth data for Al 2024-T3 are available in table form from the Boeing in-house
material database for various R-ratios.

Calculate the amount of crack growth for a specific number of cycles, say for
every 1000 cycles.

Calculate the total number of cycles that have passed since the start of fatigue
loading and also the total crack length after that total number of cycles.

Repeat steps (a)—(e) for the new (growing) crack length.
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For one-sided patched specimens, since various values of K, i.e., K, K, or K,
can be used for crack growth predictions, the stress intensity factors referred to in steps
(a)—(b) obviously can be identified with any of the mentioned values. To facilitate the
crack growth predictions, the above procedure was implemented into a Fortran code. To
simplify the crack growth analysis, K\ 1o.q a0d K ;in 0.0 Of @ given patched specimen
are first computed for a range of crack lengths starting from 11.43 mm to 36.83 mm using
the analytical methods described in Chapter 4 or 5. A table of crack lengths versus these
stress intensity factors is then input to the Fortran code. Step (a) of the above procedure
is performed in the Fortran code for a given crack length by linear interpolation of the
stress intensity factor data listed in the mentioned input table.

11.2.4 Comparison between analytical predictions and test results

(a) Sandwich Configurations

In this subsection, crack growth predictions for specimens F1-F6 are made and compared
with test results (Duong, 2003b; Duong et al., 2005).

Since the boron patch has a lower thermal expansion coefficient than the cracked
aluminum plate, residual thermal stresses will occur upon cooling the fully cured repair
from elevated curing temperature to the ambient temperature. Even though the curing
temperature of the FM-73 adhesive in the test is specified to be 93.3°C, the adhesive
may only harden at a much lower temperature which is denoted here as 7,. Thermal
stresses are only built up after the adhesive is solidified since the boron patch and
the aluminum cracked plate are freely expanded or contracted at temperatures above
T,. Since T, is generally unknown, it must be determined indirectly from the test by
measuring the residual thermal stresses in the patch and skin through strain gauges of one
of the patched specimens and correlating with the analytical predictions using various
assumed values of 7, until the analytical predictions and test results of these thermal
stresses are in close agreement. Once the value of Tg is determined, it will be used in
the predictions of the rest specimens.

In the present test-analysis correlations, 7, is determined from strain gauge measure-
ments of specimen F1 since this specimen has no tapering effect, which can be predicted
accurately by the analytical model. To limit the search for a value of T,, it was found
before in another CRAS study (Duong, 2003b) as well as in an independent report
(Spigel et al., 1998) that an assumed value T, of 82.2°C for FM-73 will yield thermal
strain predictions consistent with the strain gauge measurements. To confirm this pre-
vious finding, the same value of 7, will be assumed here in the theoretical analysis of
thermal stresses of specimen F1 (also assuming 7, pien; = 21.1°C), and these analytical
predictions will be compared with the gauge measurements at locations 13, 14, 7, and
8 (Figure 11.8 for actual gauge locations). Strains are measured at these locations right
after curing and before test, and they are summarized in Table 11.3. Due to symmetric
configuration of specimen F1 with respect to the mid-plane of the honeycomb core, one
would expect the strain gauge reading at locations 13 and 14 to be the same. Similarly,
the readings at locations 7 and 8 are expected to be the same. However, from Table 11.3,
these readings are not the same, especially when comparing the readings of gauge
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Fig. 11.8. Gauge locations for measuring thermally residual strains in specimen F1.

Table 11.3. Gauge measurements of residual thermal strains in specimen
configuration F1.

Gauge location  Vertical reading (micro) Horizontal reading (micro)

7 34 —182

8 —157 -2
13 —638 -
14 —468 -

7 with gauge 8. Since the readings at gauges 13 and 14 are considered close in light of
the experimental scatter, the average value of these two readings therefore will be used
to compare with the analytical prediction. In contrast, only the reading at gauge 8 will
be used in the correlation since the reading at gauge 7 gives positive strain instead of a
negative value in the skin at the end of the curing process, which therefore appears to be
wrong. These strain readings were converted to stresses and compared with analytical
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predictions in Table 11.4. The material properties of Al 7075, boron/epoxy, and FM-73
(for future reference) used in the present and subsequent analyses are listed in Table 11.5.
A good agreement is found between the two. Thus, the effect of curing will be simulated
in the subsequent analyses of boron patches as a uniform cooling process of the whole
specimen from 82.2°C to 21.1°C.

The stress intensity factors at the peak and the valley of the constant amplitude load
for specimen F1 are computed by the analytical method for different crack lengths,
and they are summarized in Table 11.6. For comparison, the results from the 3-D FE
analyses for selective crack lengths are also shown in the table. Since the analytical
model developed in Chapter 4 ignores the effect of patch’s tapered edge on the stress
intensity factor solution, the analytical predictions for configurations F1 and F2 will be
the same. In contrast, the FE results reported in Table 11.6 are obtained specifically

Table 11.4. Comparison of analytical predictions and test results
for residual thermal stresses in specimen configuration F1.

Gauge location Stress in loading direction (MPa)
Test Analytical prediction

8 -30.3 —22.1

13&14 —106.9 —94.5

Table 11.5. Material properties of Al 7075, Boron/Epoxy, and FM-73.

Al 7075-T6 Boron/Epoxy Adhesive FM-73
E =71GPa E, =193GPa G =0.69GPa
v=0.33 E, =18.7GPa t =0.127mm
t=3.175mm or 1.27 mm v, =0.21

G, =5.5GPa

t =0.137mm per ply

a; =4.3w per °C
a=22.5un/°C a, =21.4 per °C

Table 11.6. Stress intensity factor solutions for configurations F1 and F2 by the analytical
and FE methods.

a Analytical Method FE Method

(mm)

Kmax Kmin Kmax Kmin

(MPa-,/m) (MPa-,/m) (MPa-,/m) (MPa-,/m)

11.43 10.127 2.895 11.007 3.576
16.51 10.326 2.886 - -
21.59 10.474 2.885 11.528 3.588
26.67 10.592 2.794 - -
31.75 10.737 2.718 11.708 3.412

36.83 11.035 2.661 - -
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Fig. 11.9. Crack growth predictions and test results for specimen configuration F1.

for configuration F1. The crack growth predictions vs number of cycles are plotted
in Figures 11.9 and 11.10 for specimen configurations F1 and F2, respectively. From
Figure 11.9, analytical and FE predictions are in excellent agreement. However, crack
growths predicted by the analytical and FE methods are faster than the actual test
results for both specimens. Theoretical predictions are thus conservative. Since fatigue
crack growth data is widely known for its scattering nature, the above correlations are
considered to be good.

Similarly, crack growth predictions for the rest specimens F3-F6 are presented in
Figures 11.11-11.14. From these figures, analytical predictions and test results are in
excellent agreement. It is worthy to note that specimen configurations F3 and F4 have
no residual thermal stresses.

(b) One-sided patched specimens

Crack growth predictions for specimen configurations S1 and S2 using various values of
the stress intensity factors (i.e, K, K.y, and K,,) are presented and compared with test
results in Figures 11.15 and 11.16, respectively, with the stress intensity factor solutions
for various crack lengths reported in Tables 11.7 and 11.8 (Duong, 2003b; Duong and
Wang, 2004). The material properties of the aluminum cracked plate, boron-epoxy patch,
and FM-73 adhesive used in the computations of the stress intensity factors are the
same as in the Part (a) ‘sandwich configuration’ as given in Table 11.5. Like before
for a boron-epoxy patch, thermally induced residual stresses in a patched specimen
are simulated as a uniform cooling process of the whole specimen with a differential
temperature of —61 °C. For comparison, the stress intensity factors from 3-D FE analyses
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Fig. 11.10. Crack growth predictions and test results for specimen configuration F2.
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Fig. 11.11. Crack growth predictions and test results for specimen configuration F3.
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Fig. 11.12. Crack growth predictions and test results for specimen configuration F4.
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Fig. 11.13. Crack growth predictions and test results for specimen configuration F5.
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Fig. 11.14. Crack growth predictions and test results for specimen configuration F6.
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Fig. 11.15. Analytical predictions versus test results of crack growth in specimen configuration S1.
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Specimen configuration S2 (t=1.27 mm)
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Fig. 11.16. Analytical predictions versus test results of crack growth in specimen configuration S2.

for selective crack lengths and the corresponding crack growth predictions using these
FE results are also presented respectively in Tables 11.7 and 11.8, and Figures 11.15
and 11.16. From Figures 11.15 and 11.16, it is clear that predictions using K, will
yield unrealistically high crack growth rate for specimen configurations S1 and S2. In
contrast, predictions using K, will grossly underestimate the actual crack growth of
specimen configuration S1. However, crack growth predictions using K, are in excellent
agreement with the test data. To show the importance of including the effect of stress
intensity factor due to bending, crack growth prediction for configuration S1 without
considering the effect of bending was also made but not shown there. The number of
cycles to reach the same final crack length for the non-bending case was found to be
60,000 cycles, as opposed to 25,000 cycles from the present predictions using K, as

eq’
indicated in Figure 11.15.

Similar crack growth predictions for specimen configurations S3 and S4 are presented,
respectively, in Figures 11.17 and 11.18, along with the test data. Again, the analytical
predictions using K, yield best agreement with test results when compared with those
using K., or K. .. It is interesting to note that configurations S3 and S4 involve no
thermally induced residual stress since the patch is aluminum and that the predictions
using K, will not grossly overestimate the actual crack growth rate like before, since
the bending components K of these two configurations are small relative to those of
configurations S1 and S2. Comparisons between analytical predictions and test results
for crack growth of the rest of the configurations (S5-S9) are shown respectively in
Figures 11.19-11.23. Since crack growth predictions using K, were shown to be
too high in the last five configurations, these predictions are therefore not included in
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Table 11.7. Stress intensity factor solutions for specimen configuration S1.

a Analytical method (MPa-,/m) FE method (MPa-,/m)
(mm)
Peak Valley Peak Valley
Kmem Kb Krms Kmem Kb Krms Kmem Kb Krms Kmem Kb Krms

1143  15.231 6.922  15.745 2.650 —0.15 2.653  14.839 6.708  15.335 2918 —0.63  2.940
16.51  16.945 8.357 17.619 2.916 0. 2916 - - - - - -
21.59  18.144 9.393  18.937 3.102 0.204 3.104  18.111 9.136  18.864 3427 —0.15 3.428
26.67 19.034  10.177  19.921 3.238 0.323 3244 - - - - - -
31.75  19.724  10.792  20.685 3.343 0.416 3351 20.035 10.826  20.988 3.642  0.245 3.644

36.83  20.275 11.285  21.297 3.427 0.493 3438 - - - - - - @

3

S

a.

]

Table 11.8. Stress intensity factor solutions for specimen configuration S2. S’

S

a Analytical method (MPa-./m) FE method (MPa-,/m) 3
(mm)

Peak Valley Peak Valley
Kmem Kb Krms Kmem Kb Krms Kmem Kb Krms Kmem Kb Krms

11.43 13.210  6.473 13.729 3304  0.725 3.331 12.890  5.268 13.244 3792  0.648 3.810
16.51 14.362  7.461 14.994 3576  0.955 3.617 - - - - - -
21.59 15.137  8.146 15.850  3.756 1.115 3.811 14.353  5.850 14.744 4260 0.976 4.296
26.67 15.731 8.683 16.511 3.893 1.242 3958 - - - - - -
31.75 16.249  9.161 17.088  4.011 1.355  4.085 14.851 6.327 15.293  4.284 1.279 4.348
36.83 16.756  9.640 17.656  4.124 1466 4210 - - - - - -
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Fig. 11.17. Analytical predictions versus test results of crack growth in specimen configuration S3.

Specimen configuration S4 (t=1.27 mm)
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Fig. 11.18. Analytical predictions versus test results of crack growth in specimen configuration S4.
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Specimen configuration S5 (t=3.175mm, S=2)
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Fig. 11.19. Analytical predictions versus test results of crack growth in specimen configuration
S5. Since the RH condition in this particular test varies quite significantly from one specimen to
another, RH condition of the specimen is also indicated in the figure’s legend with “low” and
“high” meaning low and high values of RH.
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Fig. 11.20. Analytical predictions versus test results of crack growth in specimen configuration S6.
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Specimen configuration S7 (t=3.175mm)
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Fig. 11.21. Analytical predictions versus test results of crack growth in specimen configuration S7.

Specimen configuration S8 (t=3.175mm)
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Fig. 11.22. Analytical predictions versus test results of crack growth in specimen configuration S8.
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Specimen configuration S9 (t=1.27 mm, L=71.12mm)
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Fig. 11.23. Analytical predictions versus test results of crack growth in specimen configuration S9.

Figures 11.19-11.23. Like before, a good agreement is observed between the analytical
predictions using K., and experimental results, considering the inherent scatter in the
crack growth data. For example, the agreement seems to be worst for specimen con-
figuration S8 as shown in Figure 11.22. However, if the analytical prediction for this
specimen configuration is compared with test result in terms of crack growth rate, it
seems that the analytical model is still doing a decent job. The analytical prediction of the
crack growth rate in this case is approximately constant and equal to 3.12E-4 mm/cycle
while the measured rates ranging from 2.06E-4 to 2.29E-4 mm/cycle. The predicted
crack growth rate is therefore 50% higher than the measured rate, which is normally
considered to be good in fatigue crack growth prediction due to the inherent scatter in
typical crack growth test data. It should be emphasized that the good agreement between
analytical predictions and test results observed in this study was found for a variety
of patched specimen configurations involving different patch materials (boron-epoxy,
aluminum), plate thicknesses (1.27 and 3.175 mm), plate materials (7075-T6, 2024-T3),
patch stiffness ratios (1.11 and 2), patch geometries (finite rectangle and full width), and
patch lengths (177.8 and 71.12 mm).

11.3 Load Attraction Tests and Method Validation

11.3.1 Load attraction tests

A second set of tests to measure the strain and stress distributions around the patch and
inside the patched region of a reinforced uncracked plate is also conducted. The purpose of
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the load attraction tests is to validate the “polygon-shaped” inclusion model developed in
Chapter 4 for stage I analysis of the two-stage analytical procedure (Duong 2003b; Duong
et al., 2005). The following four sandwich configurations will be analyzed in this section:

1. L1: Rectangular boron patch (S =1.11)

2. L2: Octagonal boron patch (S =1.11)

3. L3: Rectangular aluminum patch (S = 1.16)
4. 14: Octagonal aluminum patch (S = 1.16)

The geometries of these sandwich configurations are similar to those used in the fatigue
crack growth test. A plate is 3.175 mm thick, 22.9 cm wide, and 61 cm long. A rectan-
gular patch has dimensions of 76.2mm x 177.8 mm. An octagonal patch has the same
dimensions but edges cut off equally at the corner by a length of 25.4 mm (thus, the
corner cut-off angle is 45°) as shown in Figure 11.24. For direct comparison, all patches
have no tapered edge as assumed by the analytical model. All specimens are coated
with photo-elastic material on one side and instrumented with strain gauges on the other
side. The side with photo-elastic material coating will provide the difference in principal
stresses at the critical locations while the gauges on the other side measure the various
components of strains at these locations.

25.4mm

e 25.4mm

177.8 mm

76.2mm

Fig. 11.24. Geometry of the load attraction specimen with an octagonal patch.
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11.3.2 Comparison between analytical prediction and test results

Strain gauge locations for specimens with rectangular and octagonal patches are illus-
trated, respectively, in Figures 11.25 and 11.26. Similarly, the photo-elastic locations
for these two configurations are given in Figures 11.27 and 11.28, respectively. The
photo-elastic locations are as close as possible to the locations of the strain gauge for
comparison purpose.

Analytical predictions for strains at locations 1-4 of specimen configuration L1 are
compared with test results in Table 11.9. In contrast, a comparison between analytical
predictions and photo-elastic results for the difference of principal stresses at locations
1-4 for the same specimen is reported in Table 11.10. Similar strain and stress compar-
isons with respective strain gauge and photo-elastic results are presented in Tables 11.11
and 11.12, respectively, for configuration L2. In general, strain predictions are in excel-
lent agreement with the strain gauge readings for a rectangular patch (configuration L1)
and they are considered to be satisfactory for an octagonal patch (configuration L2).
However, a reverse trend is observed when comparing the stress predictions with the
photo-elastic results.
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Fig. 11.25. Strain gauge locations for a sandwich plate with rectangular patches.
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Fig. 11.26. Strain gauge locations for a sandwich plate with octagonal patches.

Specimen configurations L3 and L4 are identical to configurations L1 and L2, respec-
tively, except for the aluminum patches. There is no residual thermal stress in config-
urations L3 and L4. Strain and stress predictions for configurations L3 are compared,
respectively, with the strain gauge readings and photo-elastic results in Tables 11.13
and 11.14. Similar comparisons for configuration L4 are reported in Tables 11.15
and 11.16. As before, the strain predictions are generally more accurate for the rectangular
patch.

11.4 Summary

Based on a comprehensive experimental study of load attraction and fatigue crack growth
in two-sided and one-sided bonded repairs performed under the CRAS program, existing
analytical methods for analyzing two-sided bonded repairs are shown to be capable of
predicting the fatigue crack growths and load attraction in these repairs. However, for a
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Fig. 11.27. Photo-elastic locations for a sandwich plate with rectangular patches.

Back
7 8

/N

10

Jm
3

2 1

Fig. 11.28. Photo-elastic locations for a sandwich plate with octagonal patches.
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Table 11.9. A strain comparison between analytical predictions
and strain gauge readings for configuration L1.

Gauge location Analytical predictions Gauge reading
(i mm/mm) (i mm/mm)
v 1724 1760
1C 718 674
1H —529 =577
3V 1627 1678
3C 609 895
3H -530 —607
2 1791 1834
4 1525 1575

Table 11.10. A stress comparison between analytical predictions and
photo-elastic results for configuration L1.

Photo-elastic location  Analytical predictions Photo-elastic results

(MPa) (MPa)
1 135.1 121.4
2 140.8 105.7
3 113.4 85.9
4 89.1 62.1

Table 11.11. A strain comparison between analytical predictions
and strain gauge readings for configuration L2.

Gauge location Analytical predictions Gauge reading
(v mm/mm) (v mm/mm)
v 1834 1658
1C 677 538
IH —558 —528
3v 1800 1620
3C 647 430
3H —573 —606
4v 1588 1622
4C 511 487
4H —566 —619
2 1818 1625

5 1521 1605
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Table 11.12. A stress comparison between analytical predictions and
photo-elastic results for configuration L2.

Photo-elastic location

Analytical predictions

Photo-elastic

(MPa) results (MPa)
1 152.9 145.1
2 144.9 148.5
3 148.6 129.6
4 112.9 106.2
5 88.2 86.6

Table 11.13. A strain comparison between analytical predictions

and strain gauge readings for configuration L3.

Gauge location

Analytical predictions

Gauge reading

(i mm/mm) (i mm/mm)
1v 1889 1769
1C 1059 749
1H —528 —428
3V 1573 1531
3C 789 684
3H —458 —563
2 2046 2024
4 1225 1086

Table 11.14. A stress comparison between analytical predictions and
photo-elastic results for configuration L3.

Photo-elastic location

Analytical predictions

Photo-elastic

(MPa) results (MPa)
1 137.9 125.8
2 143.2 129.9
3 113.4 102.4
4 87.2 79.7
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Table 11.15. A strain comparison between analytical predictions
and strain gauge readings for configuration L4.

Gauge location Analytical predictions Gauge reading
(. mm/mm) (. mm/mm)
v 2157 1942
1C 888 844
IH —628 —639
v 2061 1846
3C 839 621
3H —645 —733
4V 1443 1690
4C 736 452
4H —560 —53
2 2108 1681
5 1216 1118

Table 11.16. A stress comparison between analytical predictions and photo-
elastic results for configuration L4.

Photo-elastic location Analytical predictions Photo-elastic results
(MPa) (MPa)

1 152.2 129.6

2 144.2 128.9

3 148.0 117.2

4 113.7 95.2

5 86.6 73.2

one-sided repair, an equivalent or effective stress intensity factor, i.e., K, must be used
for characterizing its fatigue crack growth. This concept of using K, for characterizing
fatigue crack growth with out-of-plane bending has been verified experimentally for
a wide variety of repair geometries and cracked plate materials and it appears to be
promising and versatile. Even though the proposed approach, in theory, can also be
applied to the case of a general bending crack, it needs further study and evaluation
before it can be used in the general case. Moreover, when there is a relatively large
discrepancy between the two methods, analytical predictions for the fatigue crack growth
and critical stress or strain concentration appear to be conservative.



CHAPTER 12

Repair of Sonic Fatigue

12.1 Introduction

Sonic or acoustic fatigue is induced by predominately resonant response of structural
components to radiated sound excitations, typically associated with engines and aerody-
namic boundary layers impinging on the structure. The primary source of excitation is
the varying sound pressure level over the structure. While good detail designs (ESDU,
1986) are now available to reduce a structure’s susceptibility to sonic fatigue, structural
failures resulting from sonic fatigue remains a significant issue for some fighter aircraft
(Brewer, 1994; Callinan et al., 1997a), where overall sound pressure levels of the order
of 170 dB have been found to exist on the lower external surface of the inlet nacelle skin
(Brewer, 1994). Repairs designed in accordance with the standard methods of repairs
(RAAF, 2006), which are, strictly speaking, applicable to structures subjected to in-plane
loading, have been found to be ineffective (Callinan et al., 1998). It was reported that
although the composite patch did to some extent reduce in the crack growth driving
force, the original crack continued to grow unabated, eventually emerging from the edge
of the repair.

Since large portions of many aircraft structures, including fuselage, wings, and control
surfaces, are constructed from thin panels reinforced by rectangular or near rectangular
array of stiffeners, acoustically induced fatigue cracks normally occur near where the
panel is attached to the stiffeners. This is because the bending stresses resulting from
the out-of-plane vibrations are highest at these clamped boundaries. Figure 12.1 shows
a structural model of a skin panel clamped at all edges. The vibrational response of such
a panel excited by broad frequency band random forces can be treated as the summation
of responses in relatively large number of modes. Such an approach is too complicated
to be used in design. A very much simplified theory (Miles, 1954; Clarkson, 1968)
has been developed, derived on the assumptions that (i) the response is dominated by
the contribution of one mode, and (ii) the acoustic pressures are exactly in-phase over
the whole panel. In this case, the root-mean-square level of the plate displacement,

382
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Fig. 12.1. Geometry and notations for a rectangular plate containing an edge crack.

W (X, y), can be expressed in term of the displacement response of the plate to a
uniform static pressure of unit magnitude, w,(x, y). This can be written as

fo

0

Wims (X5 ¥) = PrmsWs (X, ) (12.1)

where f, and 71, denote, respectively, the resonant frequency and the structural loss
factor at the dominating resonant mode, and the parameter p,, . denotes the root mean
square value of the fluctuating pressure described in the next section. It is important to
note that both p,, . and n, may depend on frequency.

For a rectangular plate with four sides being fully fixed, the maximum static displacement
response, which occurs at the centre of the plate, to a unit pressure is

4

W\‘
’ 12D

where L, and L, denote the edge lengths, D the bending stiffness. The values of @, are
available in Roark and Young (1989). As shown in Figure 12.2, the numerical values
can be well approximated by

/L) (12.2)

a; = 0.0284¢ 07H/L)*” (12.3)

Similarly, the fundamental resonant frequency of a fully fixed rectangular plate is

22.4

fo=7—

s a,(L,/L,) (12.4)

where m denotes the unit mass of the plate material, and the factor a, given by Roark
and Young (1989) can be approximated by

a, = 0477 (Ly/Ly)> (12.5)
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Fig. 12.2. Shape factors for: (a) displacement; and (b) resonant frequency.

Previous studies (Clarkson, 1968) confirmed that the theoretical solution (12.1) is in
good agreement with experimental values for fully clamped plates as well as integrally
stiffened panels.

For a broad band excitation, the root-mean-square pressure p,, . is approximately constant
at the dominating resonant mode. In this case, the Miles solution suggests that it is
important to increase the structural damping to at least offset the detrimental effect of
increased resonant frequency resulting from the increased stiffness after repair. Therefore,
it is essential to incorporate an efficient damping mechanism into repairs to achieve the
required reduction in fatigue crack growth rates. As compared to conventional bonded
patch repairs, damped repairs to acoustic fatigue employ a damping layer between the
patch and the skin, as illustrated in Figure 12.3.
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Fig. 12.3. Notations for highly damped repairs.

The application of highly damped repairs to acoustically damaged panels has been
reported by Rogers et al. (1997). As part of a test program (Liguore et al., 1999), a highly
damped repair was applied to the vertical fin of the F-15 aircraft. A series of repairs
have been designed and tested in progressive wave tunnel (Gordon et al., 2001; Liguore
et al., 2001). To measure the acoustic vibrations of aircaft panels during high speed
subsonic flight, Boeing developed a small autonomous device called Dosimeter, which
has been employed to monitor the performance of damped repairs (Ikegami et al., 2001).
The Defence Science and Technology Organisation (DSTO) of Australia undertook a
comprehensive investigation into the design and application of highly damped repairs
(Callinan et al., 1999, 2005), culminating into a flight trial of a damped repair on F/A-18
aircraft (Callinan et al., 2005). This chapter focuses on the fundamental mechanics of
damped repairs; readers are recommended to consult the aforementioned reports for
details of experimental validation.

Under acoustic excitation, the damping layer undergoes intense shear deformation, as
illustrated in Figure 12.4, which turns the mechanical energy into heat, thus reducing
the amplitude of vibration. For a panel with fully clamped edges, the centre regions
of the clamped edges are the most highly stressed locations. As a result, the design of

Acoustic pressure

Pt

.

Fig. 12.4. Deflection under acoustic pressure showing the shear deformation of the damping layer.
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damped repairs to this type of sonic fatigue damage requires optimizing the geometrical
parameters as well as the selection of appropriate damping materials. In this chapter, the
basic solutions for the stresses in a skin reinforced by highly damped repairs are first
derived, which provide the basis for optimizing repair designs.

12.2 Structural Response to Acoustic Loading

Structural loadings from sonic excitations are often given in terms of sound pressure
levels (SPL) in decibels, which relate the root mean square values of the fluctuating
pressure (p,,,) relative to a reference pressure of p.; =20 wPa. The relationship between
the fluctuating pressure and the spectrum SPL is given by (ESDU, 1996)

Prms = pret‘IOSPL/ZO (126)
The power spectral density of the acoustic pressure at any given frequency is defined as

o= pfms (12.7)

The severity of a particular acoustic excitation is characterized by the area under the
normalized power spectral density (p,,../P.¢)*. This area is often denoted as the overall
sound pressure level (OASPL) as defined by

OASPL = 10log [ 1OSPL/10g £ (12.8)
1

In general, sound pressure levels are dependent on frequency. As an example, the relative
sound pressure levels (RSPL = SPL. — OASPL) measured on the external surface of an
F/A-18 inlet nacelle are shown in Figure 12.5. The RSPL was derived from in-flight
one-third octave band SPL measurements (Brewer, 1994). OASPLs of 172 dB have been

SPL-OASPL (dB)

e Experimental data

Relative sound pressure level

y = Approximate expression

10 100 1000 10000
Frequency (Hz)

Fig. 12.5. Relative sound pressure levels (RSPL) over an external nacelle inlet.
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measured on the inlet nacelle. The experimental data shown in Figure 12.5 can be well
approximated by the following expression:

SPL = OASPL — 31.8415 x 10°eD’/5000 (12.9)

It can be verified that the above expression automatically satisfies the definition of
overall sound pressure level. This approximate expression can be utilized to estimate the
sound pressure level at any given overall sound pressure level and frequency.

12.3 Analysis of Damped Repairs

For a given structural panel to be repaired, the major design consideration is to choose
a damping material (shear modulus, loss factor, and thickness) and a patch (elastic
modulus and thickness) to achieve the maximum reduction in the stress or the stress
intensity factor of an existing crack. Similar to the case of statically loaded structures,
the two-stage approach will be employed, in which the prospective stresses in the skin
panel, in the absence of the crack, are first determined, then the crack bridging theory
is utilized to calculate the stress intensity factors. Due to the presence of a low-stiffness
damping layer, the repaired region (the skin, the damping layer, and the patch) can no
longer be treated as rigidly bonded, since stress transfer is not restricted to the edges
only. Instead, a distributed shear stress exists along the entire length of the repair, as
illustrated in Figure 12.4. Consequently a layered-beam or layered-plate analysis, which
is detailed in the following section, is required to solve the stresses in the skin and the
patch, and the overall structural damping.

12.3.1 Dynamic analysis of layered beams

Consider a three-layer structure shown in Figure 12.3, which presents the cross-section
AA indicated in Figure 12.1. Through the change of variables, the solutions for the lay-
ered beam can be extended to the case of two-dimensional panel. So only the pertinent
solutions for a three-layer beam structure are presented in the following. Assume that
the three-layer beam lies along the x-axis and is subjected to a space—time-dependent
acoustic pressure p(x, 7). In the following the subscripts s, p, and d are employed to
signify quantifies pertinent to the skin, the patch, and the damping layer, respectively.
Since the three layers are adhesively bonded, they have identical displacement in the
z direction, i.e., w, =w, = wy = w. However, each layer has a different in-plane dis-
placement. Denoting the in-plane displacements of the skin and the patch as u, and u,,
respectively, the following equality holds since the sum of in-plane forces is equal to
Zero

ou ou
Et,—+Et—"=0 12.10
s¥s ox + p'p ox ( )
where E and t denote the Young’s modulus and thickness of a layer, respectively.

The governing equations for the displacements w and u, are given by (Mead and
Markus, 1970)
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ow *w o*w 32w 82p(x, 7)
Dté_x(’ _th(l + Y)y +mt |:axza7_2 _gﬁi| = T —g p(x, ’T) (1211)
P u, Gyd 9
o g = (12.12)
0x2 E.t.t, 0x
where
my = pyts+palq+ppt, (12.13)
D = E}/12+Eyfp/12 (12.14)
d* EE,t
== (12.15)
D Et,+E,t,
G, [ 1 1 }
8= g, g5, (12.16)
ta LEd,  Eyt,
d=13+(t,+1)/2 (12.17)

The shear modulus of the damping layer is Gy.

Inserting w,, = e**¢!“n™ and p = 0 into Equation (12.11), the mth resonant frequency
w,, can be expressed in terms of the wave number k,:

Dk gY
> _ P | 12.18
o= [+k;+g] (12.18)

The effect of damping will be considered in the following section.

12.3.2 Influence of structural damping

Assume that the skin, the damping layer, and the patch can all be described as linearly
viscoelastic, and their complex moduli are given by

E' =E(1+in,) (12.19)
G:=G,(1+im,) (12.20)
E:=E,(1+in,) (12.21)

Here the parameters n,, 74, and 7, denote the loss factors of the skin, the damping
layer, and the patch, respectively. Inserting these complex moduli expressions into the
shear parameter yields

x_ Gy(1+iny) [ 1 + 1
¢ te LE4(+in) " Eyr(1+in,)

|=asinge a2
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where
QR [ L R (12.23)
ty | Eg(L+m2)  Ejt,(1+m2) '
Et,(ns—mn,)A+n03)+Et,(ng— 1)1+ 7
n I (g — ) (L +75) + Ept,(ng — mg) (1 + ;) (12.24)

— Eg(14+mgm,)(1+m2) + Ey 1, (1 4+ 1mg) (1 + 72

It is clear that the above expression recovers the special solution of m, = 1y when
ny=mn,=0.

Similarly, the total bending stiffness of the repaired structure is, noting I = Er*/12,

D} = E'L+E:1l, = E,(1 +in) L+ E,(1 +in,)I, = D,(1+in,) (12.25)
with
EImn+E|]I
o= =TT Zep Tl (12.26)
EJ,+E,,

It is advantageous to define a non-dimensional shear parameter g, :

/

-8
=5

& (12.27)

where k,, denotes the wave number of the layered beam.
Inserting expressions (12.22), (12.25), and (12.27) into Equation (12.18) yields the

following expression for the resonant frequency and the model loss factor pertinent to
the mth mode

D,(1+in)k* (L+in,)Y
(0 =03 (1 -+im,) = 2O [y L]

12.28
1+ g,(1+in,) ( )

t

Clearly the resonant frequency w,, is the real part on the right-hand side of expression
(12.28), while the model loss factor 1, is equal to the ratio between the imaginary part
and the real part. After algebraic manipulation, the following expressions are obtained:

/D
w, =Q, [k (12.29)
mt

=t (12.30)

I—mmy

with
1 +g. (1412
0. = [1+7g, g (2 :) . (12.31)
142, +gn,(1+m)

Y

T L (12.32)

Tt g.CHY) T (I+m)(1+7Y)
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Expression (12.29) is a very important result, i.e., the resonant frequency of a damped
repair is equal to the resonant frequency of a layered-structure with zero-stiffness core
(as given by Equation (12.18) with G, =0 or g = 0) multiplied by the non-dimensional
frequency ratio .

In the case of a two-dimensional panel, the wave number &, in Equations (12.27) and
(12.29) should be replaced by . /k2_+k2 , where k,,, and k,, denote respectively the

my? mx my
wave numbers in the x and y directions. The wave numbers of the fundamental mode
of a fully clamped plate are ko, =27/L,, ko, =27/L,, yielding

11
ko =2 AT (12.33)

12.3.3 Static and dynamic responses of damped repair

It can be shown that the Miles solution, Equation (12.1), can be readily extended to the
problem of a damped repair. Denoting the displacement response to a unit static pressure,
the resonant frequency, and the loss factor as w,(x, y), f., and n,, respectively, the root-
mean-square value of the dynamic response to random acoustic loading can be written as

Tf,
27,

Wins (X, ) = DimsW; (X ¥) (12.34)

The loss factor of a damped repair 7, is given by Equation (12.30). Explicit expressions
for w,(x,y) and f, can be derived from the solutions presented in Sections 12.1 and
12.3.2, and are summarized in the following.

The resonant frequency and maximum static displacement of a three-layer structure with
a zero-stiffness core, with all four edges being fully fixed, can be derived by substituting
the bending stiffness and mass in Equations (12.4) and (12.2) by the total bending
stiffness and total mass, respectively:

22.4

fo= 21 L4

a,(L,/L,) (12.35)

a(L./L,) (12.36)

"o = Tap,
The effects of finite-stiffness and damping of the core can be accounted for by using
the non-dimensional frequency factor, recalling Equation (12.29) and its remark. The
fundamental resonant frequency of a damped repair, f,, is given by

22.4

—qQ =
fr 02 L4

a,(L,/L,) (12.37)

Among the various shape functions that can approximately describe the shape of the
fundamental mode of a rectangular plate (all edges are fixed), the static plate type has
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been shown to produce good curvature (or strain) estimates (Byrne, 1977). Consequently
the static plate mode shape will be adopted here. The static displacement w,(x,y)
becomes

2

w,(x,y) = [1 —4 <Li>2]2 [1 —4 (%)2] Wi (12.38)

max — AWO (1239)

with
w

where A is an unknown coefficient to be determined. Here w,, is essentially the
maximum displacement response of a damped repair to a unit static pressure, and hence
the coefficient A denotes the ratio between the maximum static displacements of damped
repair with the core having finite and zero stiffness.

The coefficient A can be derived by utilizing the approximate theory by Jones (1975),
which contends that the maximum deflection of plates with arbitrary boundary conditions
is inversely proportional to the square of the resonant frequency. This implies that the
coefficient A is

1

A=—
5

(12.40)
Here ), is given by Equation (12.31), in which g, and k, are given, respectively,
by (12.27) and (12.33). Having obtained the solutions for the model loss factor and
the resonant frequency, the remaining task is to determine the stresses in the repaired
structure under acoustic loading.

12.3.4 Stresses and stress intensity factors in the repaired skin

With the displacement being given by Equation (12.34), the bending strains in the x and
y directions are given by

ms azwrms tS (12 41)
g =TS i
e T T e 2
Wi .
g = - ms (12.42)
9y2 2

The in-plane displacement components of the skin, u (x, y) and v (x, y), can be deter-
mined by inserting Equation (12.34) into Equation (12.12) and its equivalence for v,
subjected to the zero-displacement boundary conditions pertinent to the fixed edges. The
membrane strains in the x and y directions are given by

d

em = h (12.43)
o 0x
v,

em™ = s (12.44)
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The prospective stress components that are normal to the crack faces can be determined

Composite Repair

Crack tip front
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Fig. 12.6. Structural model of a cracked plate reinforced by a bonded patch.

in accordance with the Hooke’s law.

Consider the damped repair to a cracked skin as depicted in Figure 12.6. In the absence
of the crack, the in-plane stress varies linearly through the skin thickness, as illustrated in
Figure 12.7. For an edge crack lying between (—a, L,/2) and (a, L,/2), the prospective
membrane stress o, and the prospective bending stress ;, both vary with coordinate
x (see Section 12.6). The crack bridging problem, viz, the integral Equation (5.119) of
Chapter 5, can be solved numerically using a Galerkin method: expand the unknown
functions in terms of Chebyshev polynomials and then determine the coefficients numer-
ically. Because the prospective stresses vary with the position along the crack path, the

matrix Equations (5.134) become

Unit pressure

Membrane and bending stresses
in skin
Om Op

(=~ +

Fig. 12.7. Stress distributions in a layered structure subjected to out-of-plane loading.
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1
A o
A,-jfj-i-Bijgj:E/vl—rzUj(r)a'm(r)dr (i, j=0,1, 2,...,N)
S_1
(12.45)

1

An A . 1 .

C,-jf,-—i-Dijgj:E/vl—rzUj(r)a'b(r)dr (i, j=0, 1, 2,...,N)
S_1

where U; denotes the Chebyshev polynomials of the second kind, and r = x/a.

It should be noted that the crack bridging solution is, strictly speaking, applicable to
cracks remote from any boundary constraints. For the case of a crack being along a
fully fixed edge, as illustrated in Figure 12.1, a geometry correction factor is required
to account for the influence of the edge. For instance, the bending stress intensity factor
of an unrepaired crack close an edge is given by

K = yo,/ma (12.46)

where oy, is the bending stress existent along the prospective crack path. Experimental
measurements (Byrne, 1977) indicated y = 0.8. A detailed FE analysis (Callinan, et al.,
2006) yielded y = 0.7. This correction factor is also applicable to repaired cracks.

12.4 Fatigue Crack Growth Analysis

One important feature of acoustic fatigue is the high frequency at which structural panels
vibrate. Since the addition of a repair patch will increase the structural stiffness, the
fatigue frequency of a repaired structure will double or even triple the frequency of
the original structure. For a repaired aircraft structure that vibrates at 600 Hz, it will
experience over two million cycles for every one hour of flight.

A conservative approach is to design the damped repairs to achieve zero crack growth,
i.e., by reducing the maximum stress intensity factor below the material’s fatigue crack
growth threshold. In some cases, however, such an approach can be overly conservative.
This is particularly true when the high stress cycles have an extremely low rate of
occurrence. In this case, repairs are only required to reduce fatigue crack growth rate
below a certain level in order to restore the structural integrity of a damaged structure.
Since acoustic loading is a random process involving an extremely large number of
cycles, the conventional cycle-by-cycle-based crack growth analysis is often impractical.
Consequently fatigue crack growth rates are commonly correlated using the root-mean-
square value (with respect to time) of the crack-tip stress intensity factor (K,,,.). However,
such an approach has been found to lead to considerable overestimation of the crack
growth rate under narrow band random loading (Byrne, 1975). This overestimation
can be attributed to two major mechanisms. First, some of the cycles in the random
time history may be below crack growth threshold and hence do not contribute to
the propagation of the crack. Secondly and more importantly, plasticity-induced crack
closure (Elber, 1970) causes the stress cycles below the crack closure level to not affect
crack growth.
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For a given structural response to a random acoustic excitation, the probability density
distribution of the peak stress intensity factor of each loading cycle, K, is assumed to
be given by a distribution x(K,). As an example, the probability density distribution of
the peak stress intensity factor, K, for narrow band random acoustic loading (Byrne,
1975) is a truncated Rayleigh distribution,

K,
2K2

rms

x(K,) = e KK K <K, (12.47)

where K), denotes the maximum stress intensity factor in the time history. For conve-
nience, let us denote the ratio Ky;/K,, as a, i.e.,

ms

a=Ky/K, (12.48)
which can range between 3.75 (Byrne, 1975) and 5.0 (Callinan et al., 2006).

Let us now denote the crack growth rate for the parent structure as

da
v = F(AK ) (12.49)

where AK . = K, — K, denotes the range of the effective stress intensity factor, with
K,, denoting the crack-opening stress intensity factor. Since it is impractical to track
the crack closure behaviour on a cycle-by-cycle basis for random loadings, it is not
unreasonable to assume that the crack opening stress is a constant fraction of Ky, the
maximum stress intensity factor of a loading spectrum,

Ko = BKy (12.50)

In this case, the average crack growth rate per cycle (total crack growth per block
of random loading divided by the number of cycles in the block) can be obtained by
integrating the product of y and F:

da _ "™ Bk — aBK.)X(K,)dK 1251
&_/aﬁ&m& ( p CKB rms)X( p) p ( . )

Once the fatigue crack growth relation is known for a material, the crack growth per
block can be readily determined by numerical integration.

For the damped repair shown in Figure 12.3, it is necessary to consider the contributions
of both the membrane and the bending stress intensity factor. In this regard, Duong and
Wang (2004) have found that the following equivalent stress intensity factor provides a
satisfactory correlation with experimental results (see Equation (11.10)),

rms

Ko = K™+ K™ +(1-+/3) Kms)2 4 (KI™)2/3 (12.52)

b
Kms Klrjms \/(

Consequently, the spectrum peak stress intensity factor K, in Equations (12.49)—(12.52)
should be replaced by the equivalent stress intensity factor K.
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12.5 Optimization of Damped Repairs

Since the loss factors of the skin and the patch are generally much less than unity, a
good approximation to the model loss factor, expression (12.30), is,

N X Mo+ M (12.53)

In this case, it can be shown that the mth mode loss factor attains its maximum value
(dm,,/dg,, = 0) when the shear parameter (12.27) equals to the following:

1

e T D)

where Y and 7, are given, respectively, by Equations (12.15) and (12.24). At this optimal
loss condition, the model loss factor is given by,

(12.54)

Y
e + (12.55)

nm,max = 7h
Q+Y)+2,/(1+Y)(1+72)

From Equation (12.27) it is clear that the wave number, &, the geometric factor, Y, and
the shear loss factor, Mg need to satisfy the following condition to achieve maximum

damping:
kag+kay =8 /A+Y)(1+n2) (12.56)

For a given structure to be repaired, determination of the optimal damping configuration
involves a multi-parameter optimization. Since the extensional stiffness of a repair patch
needs to match that of the structure being repaired, it is important to select a repair
material that meets the constraint E 7, = E 1.

12.6 An Illustrative Example

Consider a square panel (thickness = 1 mm, edge length = 200 mm) made of aluminium
alloy. The panel is subjected to an overall sound pressure level of 160 db. The modulus
and thickness of the repair patch are respectively 140 GPa and 0.5 mm. If the patch is
adhesively bonded to the panel without a damping layer, like a conventional repair,
the root-mean-square values of the membrane stress and the bending stress at the
centre of a fixed edge are approximately 11 and 13 MPa, respectively. Now consider
the case of damped repair incorporating a layer of Dyad 609 viscoelastic material
(thickness = 1 mm). The shear modulus and the loss factor of Dyad 609 are shown
in Figures 12.8 and 12.9. It is clear that this particular viscoelastic material attains its
maximum damping at a temperature of 80 °C. For temperatures below 10°C, the material
behaves very much like an elastic material. Therefore, a damped repair using Dyad
609 will only show significant damping at high temperatures. The maximum membrane
and bending stresses at the centre of a clamped edge are presented in Figure 12.10.
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Fig. 12.10. Membrane and bending stresses at the centre of a clamped edge of a square panel.

The stress distributions at three different temperatures are presented in Figure 12.11.
Comparing with the case of conventional bonded repair without a damping layer, the
damped repair configuration achieves a significant reduction in stresses. At temperatures
below 10°C, the stress reduction by the damped repair is primarily due to the presence of
the core, which considerably increases the total bending stiffness of the repaired region.
As the temperature increases, as shown in Figure 12.10, the damping effect of the core
becomes increasingly effective. The membrane stress decreases from 6.4 MPa at 10°C to
0.33 MPa at 100°C. Because the shear stiffness of the core decreases with temperature,
the skin panel and the patch become eventually uncoupled as the temperature increases
above 60°C. As a result, the membrane stress monotonically decreases while the bending
stress initially decreases then increases with temperature.

Figure 12.12 shows stress intensity factors for a 50 mm crack located at the centre of
a clamped edge. Both the membrane and the bending stress intensity factors remain
approximately constant at temperatures below 20°C. As the temperature increases,
the membrane stress intensity factor monotonically decreases while the bending stress
intensity factor reaches its minimum at 80°C. The equivalent stress intensity factor,
Equation (12.52), followed a similar trend as the membrane stress intensity factor, due
to the relative small contribution of the bending component.

Clearly the crack size has a significant effect on the stress intensity factors. In the case of
uniform stresses along the crack path, the stress intensity factors would asymptotically
approach their upper bound values. In the present case, however, the stress intensity
factors initially increase with crack length then decrease with crack length. This is
illustrated in Figure 12.13 for three different temperatures. This is primarily due to the
non-uniform distribution of the membrane and bending stresses shown in Figure 12.11.
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Fig. 12.12. Membrane and bending stress intensity factors (half crack length=25mm). The

equivalent value K, is determined via Equation (12.52).
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It is worth noting that this is consistent with the observed deviation of acoustic fatigue
cracks away from clamped edges after reaching a certain length (Byrne, 1977). To
accurately determine the influence of crack-tip deflection on the repair efficiency would
require detailed computation using the FE method. However, from the viewpoint of
designing damped repair to acoustic fatigue cracks, it suffices to consider the maximum
stress intensity factor of edge cracks.



CHAPTER 13

Repair Analysis Methods Accounting
for Secondary Effects

The preceding chapters do not completely address all effects pertaining to the bonded
repair. Some effects are secondary in nature and they do not fit well within the logical
framework of those chapters. This chapter is therefore devoted to a brief discussion of
the remaining effects, not included in the preceding chapters for one reason or another.

13.1 Effect of Tapering on Load Attraction of Bonded Patches

In Chapters 3 and 4, all solutions for the load attraction pertain to patches of uniform
thickness. However, in practice, all patches are tapered at their edge to avoid the adhesive
failure there. Nevertheless, results from FE analyses indicate that the tapering effect on
the stress level in the skin around and under the patch is normally quite small for patches
repaired on thin structures such as fuselage skin and skin of the wing’s lower and upper
surfaces (610 ply patch with a taper ratio from 10:1 to 30:1), where the volume fraction
of the tapering region is smaller than 20% of the total volume fraction of the patch.
Thus, the use of results given in Chapters 3 and 4 is justified for these patches.

On the other hand, repair of a thick skin such as a frame structure may require thicker
patches with higher taper ratio. In such cases, the volume fraction of the tapering region
may be much larger than 20% of the total volume fraction of the patch since the size of
the patch cannot be increased in proportion to its thickness due to the existence of the
surrounding structure which limits the availability of the repair space. The effect of patch
tapering on load attraction is thus inevitable for such cases. This effect therefore will be
addressed in this section using the multi-inclusion model, following closely the work by
Li (2000) for thermoelastic behavior of composites with functionally graded interphase.
For simplicity, only tapered elliptical patches under far-field-tensile load are considered
in the present analysis, as the one illustrated in Figure 13.1. A similar analysis can be
carried out for a combined thermo-mechanical loading. However, the latter analysis is
omitted from this chapter for reason of clarity.

402
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Fig. 13.1. Geometry of a tapered patch with concentric and similar ellipses.

Consider a tapered elliptical patch shown in Figure 13.1. This tapered patch will be
analyzed as a uniformly thick patch of the same external dimensions but with effective
elastic moduli. These effective elastic moduli will be derived based on the averaging
method widely used in micromechanics for determining the macroscopic properties of
heterogeneous materials (Mura, 1998; Nemat-Nasser and Hori, 1993; Li, 2000). Let us
denote the concentric ellipses of the patched or overlap region as Q, (r=1,..., N)
such that ), be the full thickness region of the patch, and the annulus between two
successively concentric ellipses of the tapering region of the patch be AQ, = Q, —
Q,, (r=2,..., N) with a uniform patch thickness of tém"). Furthermore, as in
Chapters 3 and 4, the patch is also assumed to be rigidly bonded to the skin and it is
therefore considered to be an integral part of the skin in the overlap region. The overlap
region is then treated as an inhomogeneity, which is composed of an elliptical region (),
and (N — 1) annulus, each region with different elastic moduli. For convenience, in the
following development, we will adopt the following notation for Q,, i.e., AQ, = Q,.
The constitutive relations for annulus regions A}, and elliptical region (), can be
expressed as

1AQ,) _ AI(AQ,) I(AQ,)
g = Cijkl ki
(r=1,...,N) (13.1)
1(AQ,) 1(AQ,)—1 1(AQ,)
Eij =Cijy €l

where C};,(AIQ’) is the elasticity tensor of the patch—skin combination in the overlap region

AQ,, superscripts I and (A(),) signify, respectively, the inhomogeneity problem and the
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overlap region AQ),. CI.I;,(A,“") can be evaluated by using Equation (4.31) or equivalently

in compact notation by Equation (6.47) as

1
1(AQ,) . AQ,) ~P(AQ,)
Ciu "= T (tscigjkl—"_t;(y )Cijkl ) (13.2)
S
where ijﬁﬂ"), tr(,m’) are the elastic moduli and thickness of the patch in region AQ),,

and f; in Equation (4.31) and (6.47) has been set to equal z,.

The average stress and strain fields inside the inhomogeneous region of the inhomo-
geneity problem can be determined by the equivalent inclusion method described in
Chapter 4. However, since the inhomogeneity now composes of concentric and similar
ellipses, the corresponding equivalent inclusion problem must also compose of these
ellipses. As in Chapter 4, the inclusion problem is a homogeneous problem in which the
constitutive relation for the medium is given by the usual elasticity formula as

0',.}} = ijkls?] (13.3)

However, each annulus region AQ, (r=1,..., N) of the inclusion will be prescribed
by a different average eigenstrain field. This type of inclusion problem will be referred
to as a multi-inclusion problem, and it then will be solved by the multi-inclusion model.

According to the multi-inclusion model, for an inclusion composing of concentric and

similar ellipses, subjected to average eigenstrain fields <sfj(m') (r=1,..., N)in each
sub-region A(},, the average field in the annulus embedded in an infinite medium only
depends on the shapes and orientation of the ellipses. Furthermore, when all ellipses of
the inclusion are concentric and similar in shape, the average strain in the annulus is

given by

(e4%) = 5,0 {12 (13.4)

and the average stress is

<o_g(m,)> = Cisjkl (Skimn = 0116,mn) <8fmfm')) (13.5)
where S, is Eshelby tensor, which is a function of the elastic moduli Cjy, of the infinite
medium and the inclusion shape, 6;; is the Kronecker delta, the superscript H denotes
the homogeneous or inclusion problem, and (e) = ﬁ /. AQ, (e)dA. For 2-D elliptical
inclusion in an infinite isotropic medium, S, is given by a fourth equation of (6.4)
in Chapter 6. Since elliptical regions €1, ..., (), are concentric and similar, S;;, is
the same for all regions AQ), and it can be calculated by Equation (6.4) of Chapter 6
using geometrical dimensions of €),. So far the multi-inclusion has been assumed to
be subjected only to the eigenstrain field. When the inclusion is also under a uniform

stress and strain field applied at the far field in addition to the mentioned eigenstrain,
Equations (13.4) and (13.5) become
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H(AQ, #(AQ,
<8ij( )) = Siju <8k§ )>+ Eoij
(13.6)
H(AQ, s "
<0-ij( )) = Cijkl [(Sklmn - Sklsmn) (Sm(r?ﬂy)> + sooij]

On the other hand, as in Chapter 4 and from Equation (4.1), the equivalency condition
of the equivalent inclusion method requires that

1a0,) _ H@A0,)

€ij ij

(r=1,...,N) (13.7)
1(AQ,) H(AQ,)
Oij =0

Applying condition (13.7) above to the average strain and stress fields, one obtains

1(AQ,) H(AQ,)
)=t

<0_'I.(AQ,.)> _ <a;{_(AQ,)>

(r=1,...,N) (13.8)

1 )

Following the procedure outlined in Section 4.1 of Chapter 4 and assuming that the
strain fields in the inclusion and inhomogeneity problems are composed of two parts,
one from a uniform far field ¢,,;; and the other from the disturbance field induced by
the eigenstrain or inhomogeneity, one finally arrives at the following equations upon
substitution of Equations (13.1), (13.3), and (13.6) into (13.8) (see Equation (4.5)):

AQ, F(AQ. s [ x(AQ, AQ,
AC['(jk] >Sklmn (8,7,(39')>_ Cijkl (8k1( >> = _ACi(jkl )gookl
(r=1,...,N) (139
(A0,) s 1A,
ACijkI = Cijkl - Cijk]
The first equation of (13.9) can be rearranged by multiplying both sides of the equation
with AC{3;"” ™" to yield

#(AQ, AQ,
(o) = A 2 (13.10)
where
—1
AQ, AQ)—1 g
AR = (A Ch=S) =1 N) (13.11)

With the equivalent eigenstrain known, the average stress and strain field in the annu-
lus regions AQ), and elliptical region (), of the inhomogeneity can be obtained from
Equations (13.6), (13.8), and (13.10) as

<85AQV)> = (StjklAl(c‘]An?nr) + 8ij8mn> Eoomn
(r=1,...,N) (13.12)
<O-I(AQ’V)> = Cisjkl [(Sklmn - 6k[amn) A(AQ’) + 5,;0 ] SOOP‘I

ij mnpq ij='pq
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The average field in the whole inhomogeneity can be determined by summing weighted
contributions from all regions, AQ),, and dividing the result by its total area, i.e., ), thus,

1 1 l I(A&l ) (AQ,)
<8ij> = Q_ Z AQV( > Zf I: ljklAklmn + 61]877111] € omn
i (13.13)
1 N
(Ullj> = Q_ g A‘()'r (O-IIJ(AQ )> (;frct;kl [(Sklmn 8klamn) AE’HAW!;I(] + 51/817q]> oopq

where f, = =% is the volume fraction of the annulus region AQ,. By defining the

0y
effective elastic moduli C; ],flffemve) of the inhomogeneity shown in Figure 13.1 as (07;) =

Ciie ™ (e],), it is very easy to show from Equation (13.13) that

I TS = OrBre) A pars + O] [SttneMears +88,5] ™ (13.14)

ijmn mn® pg pqrs mn*rs turs

N

(AQ,)

where Aijkl = Z fr . A,'jk/ .
r=1

13.2 Effect of Patches in Proximity on Load Attraction

Bonding a patch on aircraft skin results in an area that is locally stiffened compared to the
surrounding skin. This attracts proportionally higher load per unit width of the skin than
at an un-patched area of the skin. When another patch is introduced into the proximity
of the first, there will be an interaction between the two patches. This interaction tends
to raise the stress levels in the neighboring patch. Limited FE studies were conducted to
investigate that effect for two patches of the same stiffness in the proximity (Atluri, 1997;
Callinan et al., 1998; Muller and Fredell, 1999; Vlot et al., 2000; and Duong, 2003a).
From these FE studies, it was found that the effect of the patch proximity was most
pronounced when two patches aligned vertically (with the far-field load in the vertical
direction). On the other hand, patches aligned horizontally have very little influence on
each other. The results of the FE studies can also be summarized as follows. Referring to
Figure 13.2, the proximity effect on the subjected patch is negligible for any proximate
patch located outside the shaded area of Figure 13.2. Furthermore, the effect of the
proximate patch located inside the shaded area can be conservatively estimated using the
curves given in Figure 13.3, which represent the most severe case, i.e., when two patches
are aligned vertically. However, the interaction curve in Figure 13.3 had been determined
only for a special case when two patches having the same stiffness ratio of 1. For the
general case, this interaction can be predicted analytically for two non-identical patches
in the proximity by expanding the equivalent inclusion method described in Chapter 4
for a case of a single inhomogeneity to that of two inhomogeneities, following the work
of Moschovidis and Mura (1975; Mura, 1998). To illustrate this method, for simplicity,
let us consider two elliptical inhomogeneities €}, and (), in an infinite skin with elastic
moduli of Cy,, as shown in Figure 13.4. For convenience, x; and X; coordinate systems
are taken at the center of (), and (},, respectively, and tensor components referring to the
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Fig. 13.2. Region of influence by the proximate patch as shown in shaded area.
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Fig. 13.3. The proximity effect on the subjected patch when two patches have the same stiffness
ratio equal to 1 and are aligned vertically. In the figure, P and S denote the subjected and proximate
patches, respectively.

X; coordinate system will be denoted by bars in the development followed. Furthermore,
the two coordinate systems are related by the following coordinate transformation law:

(13.15)
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Fig. 13.4. Two elliptical inhomogeneities under far-field-uniformstresses or strains.

where T;; is the direction cosine between the x;-axis and X;-axis, and r; is the
x;-coordinate of the origin 0 in (),. As before, the overlap regions of the two patches
in proximity will be idealized as two inhomogeneities with equivalent elastic moduli.
Applying the equivalent inclusion method leads to the following equivalency equations

in subdomains ), and (,:

1(Q,) s *(Q,)
Cijkl (sookl + As}d) = Cijkl (Sook/ + As?z —€u )

inQ, r=1,2 (13.16)
Agl, = A&}l

where superscripts I and (€),) again signify, respectively, the inhomogeneity problem
and the inhomogeneity (),, while the superscript H denotes the homogeneous or the
equivalent inclusion problem. Thus, C,I](,f,” is the elasticity tensor of the inhomogeneity
Q,. Furthermore, Ag}} or Ao} and Agj; or Ao, are disturbance strain or stress fields
due to eigenstrain field in the equivalent inclusion problem and disturbance strain or
stress field due to the inhomogeneity in the inhomogeneity problem, respectively. These
fields define disturbance strain or stress at every point in the domain, both interior and
exterior to subdomains (), and €),. It is worthy to note that the total strain fields 8}-}
and ¢! ; were employed in all previous formulations for the inclusion and inhomogeneity
problems. However, for simplicity, the present formulation will employ the disturbance

strain fields Asﬁ and Asﬁj instead, and they are related to the corresponding total strain

fields by ef} ! = Agll 't Let us further assume the equivalent eigenstrain fields
in (; and Q, to be

o0ij*
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#Q) _ (sz
&ij

S F(j?l)xk +F(]£k)ll)xkxl +-
(13.17)

() (92) —@)_ | =@ _
l/ Y= +Fl/k k+Fljkl kal+

and the corresponding disturbance strain fields due to each of these two eigenstrain
fields to be represented in the respective coordinate systems x; and X; by

H(Qy) Q) (ﬂ) (9) (Q) (Q) (9)
Ag;;" " =S ¢ (X) Fg ™+ S (%) Fygy, pmn (X) i

l]kl t]klm klm l]klmn klmn
(13.18)
—H(Q,) (92) (Qz) (Qz) =) | () =)
Asij = Ukl ( )F t/k]m( )Fklm +Sljklmn( )Fklmn
for all x e M, X € N, where N is an infinite domain including , and 2,.
Since AeH(Q‘) and AEH(QZ) are the respective strain fields caused by s}'}(nl and 8*(92),

%) are given in the coordinate system Xx;, the strain field

and tensor components of Ag;;

As given in Equation (13. 16) is the sum of ASH(QI) and AEH(QZ) after appropriate
coordmate transformation. For elliptical regions (), and Q,, it was shown in Mura (1998)
that Eshelby tensors S“*)°s and KR given in Equations (13.18) are a polynomials
of the spatial coordinates of the same degree as their correspondlng eigenstrain field
inside the respective regions (2, and (2,. In partlcular S, e ), which is the Eshelby tensor
correspondmg to the constant eigenstrain Fk(, " in ,, is also the constant tensor in (),
while Sl ]k,mn, which is the Eshelby tensor corresponding to the second-degree polynomial
eigenstrain, is the second-degree polymonial of the spatial coordinates in (Q,. Thus, the
Eshelby tensors S“*)°s and 55 in their respective elliptical regions (), and €, are
represented exactly by the following equations (after consideration of symmetry):

(!1 ) Q)
l]kl] ( ) 1]kll (0)

(Ql) (X) (“1) (0)

tjklm zjklm

1 &
S(Ql) (x) = S(Ql) 0)+ - S(Ql) (0)x[)xq

ijklmn ijklmn 2 ox a ijklmn

o (13.19)

(Qz)
l]kl ( )_ ijkl ( )
(ﬂz) (nz) —
qklm ( ) = ox ljk[m <0>
5 3 (). L e
Sikimn ) = St (0) 3 0%, ——— S ikimn (0) X,X,

forx € Q, and X € (2,.
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However, the Eshelby tensors $(*1)°s and $(*2)°s are not polynomials of x and X outside
Q, and Q, or inside (), and (,, respectively. Thus, the disturbance strain fields ASH(“‘)
and Asg( 2 inside the respective region (), and (), due to the eigenstrain s,d( ) and
€, = can only be approximated by a polynomials of X or x by Taylor series expansion
around points 0 or 0, respectively, and appropriate coordinate transformation as:

0 Q Q 1 P @) e
( l)(x) r: Jj[ Esk;)(0)+Tp147S£vk})(0) + 57 21 pu qta a Sivk})(o)xuxv Fk1+"'

1 &
Q Q — Q [
+ Trl Trj |:S£3k;r)n (0) + Tlm 7S£Jk;rzl (O)xu + ETPM Tqv Ix a stls;r)n (0)xuxvi| Fk]m +ee

d 1 &
Q Q Q
+ Tri TY [ iak;rzm (0) +7, Ssk;gnn (O)X + 71,7, isk;r)rm (O)Xu v:| Fklmn +ee

a p ' pu= qv 8 a
(13.20)
0 522 9 <) 1 s <)
( ? (X) lr /v |: mki (0) +T up (97 rAk? (0) X+ 57 TupTvq ox 37 rsk? (O)X Xy Fk[ +e
5 ) & <o) =
+ Ter/J rsklm (0) +T up 57 rrklm (0) X+ = X Tup Tvq ox (97 rrklm (O)X Fklm +ee

5 9 ) 1 & 50
+ TerjJ |: rrljmn (0) + up a— rvkﬁmn (0) + = 21 up tq a af rvkimn (O)X Xy Fklmn +--

forx € (), and X € (),.

It is worthy to note that in the above equation Sffkl})(O) Sff,}}Jl(O) and S,(f,fl‘,zm(O) are the
Eshelby tensors of the inclusion ), due to the eigenstrain ek, ) evaluated at point (0)
inside (), with their components referring to x;,-coordinates while AEH(Q‘) (X) is the
disturbance strain due to the eigenstrain skl ) put evaluated at an arbltrary pomt x 1n51de

Q, and with the1r tensor components referring to x;-coordinates. Similarly, S kl (0)

t(/k;r)n (0) and S, jklmn (0) are the Eshelby tensors of the inclusion ), due to eigenstrain

g, - evaluated at point 0 inside (), with their components referring to x;-coordinates,
and AsH(Qz) (x) is the corresponding disturbance strain evaluated at point X inside ),
with tensor components referring to x;-coordinates.

Substituting Equations (13.17)—(13.20) into Equation (13.16), noting that Asfj‘. is the
sum of AsPJI(Q‘) and AEPJI(QZ) and equating the coefficients of the power series of the
right-and left-hand sides of the resulting equation yield the followmg system of algebraic
equations for solving the equivalent eigenstrains F*1)’s and F

sk {[si) @ s, @) £+

mnij

(ﬂ ) =) | S Q) () () ()
+ Tchnh [ thzj (0) F ’ + Schl]k (0) I:z/k2 + Scl’llzjkl (0) Fl/k? +- ]]

—C* FQ) — ACI(Ql)

stmn” mn stmn oo n
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ACi { [ S (0) F) 4. }

0 (Q ) —=(Qy) (Q2) (Q ) 0 (Q ) (Q )
+ Tmc TnhT [ a— Chlzj (0) F ’ + _Schzzjk (0) Fz}kz aff chzzjkl (0) F,ﬂj .

—C F@)

stmn” mnp

a2
xp

2!
- 5\ “’2) & 59 0 F S(Qz) 0O F® 4
axfa— rhlj ( ) axfax (‘hljk( ) ijk a ch:/k]( ) ijkl
= ComnFnpy =0 (1321)

ACK Ty [SS0 @ F +SEROF + 550, @F +--]

chij chijkl

[ (Qz) (O)F(ﬂz) <(22) (O)Fl(jiz;) ] }

mnij mmjkl
(Qo 1(9,)
S _ 2
_Cstmn mn _Acstmn Eoomn

d
1(Qs) (@) Q) () Q)
ACstmﬂ { Tcm Thn Tfp [ ox Sth] O) F + Schtljk (O)Ejk :

9 @ © 9 <) ()
+@S§hiljkl(0)Flﬂcll) ey axf mnztjkl(O)Fljk? +-

e F®

stmn mnp

=0

02 02
1(Q,) (¢ ) () ) (9 ) ()
5 AC‘stmn { Thn Tfp qu |: axf Srhz; ( )F : T Chl]/k( )F'Uk :

© @) Gy F@ ¥ ) o)
+ Wschlikl( )F‘z]kl1 e ERPE)_ mnzljk](o)Fz/ki +-

_ Cs (QZ)

vtmn mnpq

=0

Once the eigenstrains are determined, the stress and strain fields in the equiva-
lent inclusion problem and thus in the inhomogeneity problem can be evaluated by
Equations (13.16) and (13.18). The stresses and strains in the patch and in the skin under
the patch can be determined from the strain field }; in a similar manner as in Chapter 4
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by using the classical laminate theory applying to the skin—patch combination. The
original problem of two inhomogeneities in proximity is therefore completely solved.

13.3 Effect of Adherend Shear Deformation on Repair Efficiency

One effect related to thick patches is the effect of shear deformations in the skin and
patch on the repair efficiency. In Chapter 3, the stress intensity factor is estimated for
a supported one-sided or two-sided repair by using either an energy argument or a
crack bridging model. In either way, pertinent results from theory of bonded joints and
doublers presented in Chapter 2 are used in that estimate. However, for simplicity, only
classical solutions of these bonded joints and doublers are developed in Chapter 2, and
they ignore the shear deformations in the adherends. The adhesive layer can sustain
significant shear stresses during load transfer. These large shear stresses would also be
present at the interface between the adherend and the adhesive, and they would cause the
adherend shear deformations. For thick patches with low transverse shear modulus such
as laminated composite patches, their shear deformations will be significant, which will
reduce the efficiency of the repair. This section is therefore devoted to address the effect
of adherend shear deformation on the repair efficiency. However, for demonstration
purpose, this effect will only be examined in detail within the context of the crack
bridging model delineated in Section 3.3.4 for a two-sided or a supported one-sided
repair.

It was shown in Section 3.3.4 that the constraint imposed by the bonded patch on the
opening of the crack is simulated by a distribution of springs across the crack surfaces.
These springs have a spring constant A given by

0, = EAT, (13.22)

where o, is the stress in the skin at the perspective crack location of an uncracked geo-
metry, E, and u, are the Young’s modulus and the crack opening displacement (averaging
through the thickness) of the skin, respectively. Equivalently, A can be defined in terms
of the complementary energy via the following relation:

2
1 oj

“T2EA

L
U, = 5 0ol (13.23)
In the first approach, A will be derived from the stress analysis of a double-strap joint
using Equation (13.22), accounting for the adherend shear deformations. This analysis
follows the work of Tsai et al. (1998). Let us consider a double-strap joint shown in
Figure 13.5. From equilibrium consideration of differential elements of the skin, patch,

and adhesive, one obtains

% — ™=y
dx

(13.24)
dN; S B

dx
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Fig. 13.5. Geometry of a semi-infinite double-strap joint used to derive the spring constant of the
crack-bridging model, accounting for adherend shear deformations.

where N is the normal stress resultant, 7, is the adhesive shear stress which is assumed
to be uniform across the adhesive thickness, subscripts s and p indicate skin and patch,
respectively. Shear deformations of the skin and the patch are accounted for in the
present formulation by assuming that the shear stress or strain distribution through the
thickness of the skin or patch is linear. It then follows that

o 7Ny, o _ oS
t G.t,

S

()
20 — (A (1_9) yo =T (1_9)
[ G, [

where G and ¢ are the shear modulus and thickness, respectively, and the rest have been
previously defined. The axial displacement in the skin is obtained from the kinematics
relation and (13.25) as

u ()= [

=u +T(A)Z%
Y 2G ¢,

(13.25)

du 3
4z Zf y®dz, =uso+fv“) (z))dz
7 .

(13.26)

By defining ug as the skin displacement at the skin—adhesive interface, from
Equation (13.26),

T(A) ts
2G

ug = uy (2) =1,) = ug,+ (13.27)

N
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Thus, Equation (13.26) can be rewritten as

Wy W2

u,=ug— (13.28)
‘ T 2G,  2Gg
Similarly, the displacement of the patch is given by
(%)
ty = sty + [ ¥P(25)dz}
0
7® 2
—ya _ =z 13.29
upl + Gp (ZZ 2t ) ( )

where u,; = u,, (z, = 0) is the patch displacement at the patch-adhesive interface. On the
other hand, constitutive relations of the skin and patch, Equations (13.28) and (13.29)
provide

tdug o (dug g dr®
dx T 5N Udx 736, dx

, p ’ du lt dr®
N, = E/ N

N, =E,
0
(13.30)

3G dx

where E = ;= Similarly, the kinematics and constitutive relations of the adhesive
. N

are given by

1
y(A) o (upl - u51)
N
(13.31)
G
@ = —A (upi - Mﬂl)
N
Thus,
dr® G, (du,; du,
T _Ta(Zh T (13.32)
dx ty \ dx dx

ddLX and %" into (13.32) results in the following

dr® G, | N N, d7W /¢ t
=4 - (—"+—> (13.33)
dx In | Ept,  El dx \3G, 3G,
Differentiating Equation (13 33) with respect to x and substituting Equation (13.24) into
the resulting equation for > and * dN ~ yield

d2r® G, t Gy [ 1 1
1 ) -2 —+—]"™=0 13.34
dx? [ N ta <3G +3GS>] ta E'gtp-’_E;ts 4 ( )

Substitution of Equation (13.30) for
equation.
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or

2-(A)
I SN (13.35)

dx? A

where

G 1 |
,_ 2 ()
AT 148 (L tg

+ w \3G, + 3G,
Equation (13.35) is similar to Equation (2.5) of the classical theory, except that the

inverse load transfer length 8, has been modified to become B, as given by (13.36).
For a semi-infinite domain, the solution of Equation (13.35) is given by

(13.36)

7®) = 1M e Bax (13.37)

ek in Equation (13.37) then can be determined from the following boundary condition:

[ T®dx = —ayt, (13.38)
0

which essentially states that the total shear load in the adhesive layer must be equal
to the total load in the skin at the joint end before transferring all of it to the patch.
Substituting Equation (13.37) into (13.38) and performing the integration yield

A ~
T( )= _UOtsBA

max

~ (13.39)
T(A) = —0 ISBAG_BAX

It remains now to determine the average displacement of the skin through its thickness
at the joint end, i.e., x = 0. From Equation (13.28) and the second equation of (13.31),
by noting that u,; (x = 0) = 0 due to symmetry, it is very easy to show that

u, (x =0) = u (0) — (&) (0) ¢, 7(A&) (0) z%

2G, 2G. 1,
(13.40)
N
(0)=—217® (0
ug; (0) G (0)
or
t A (0)¢ A (0) 22

u(x = 0) = — 12 ) T_ O T Oz (13.41)

Gy 2G, 2Gt,

Evaluation of the second equation of (13.39) at x = 0 and substitution of the result for
74 (0) into the above equation yield

- [t t z
A s s’s
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With that, the average displacement of the skin at the joint end through its thickness is
found to be

_ 1 -, ot
U (O)Zt_/o u,(x=0,z,) dz; = 0yt,Ba [E—i_G_A] (13.43)
s s A

The spring constant A of the crack-bridging model is finally determined from Equa-
tions (13.22) and (13.43) as

1
A= (13.44)

EstsBA |:3t_(§;s + é_/;]

It is clear from Equation (13.44) that the spring constant A will have a smaller numerical
value than that predicted by the classical theory since 8, > B, and % + é—’: > é—‘;
Thus, according to the double-strap joint model that accounts for the adherend shear
deformation, a patch will be less effective in restraining the crack-opening displacement
than it would be based on the classical model since the system of springs idealizing the
patch based on the former model are softer or more compliant than those derived based
on the latter model.

It was pointed out by Chalkley and Rose (1998, 2001) that the above approach to
determine the spring constant may not always give a conservative estimate for A. For
a conservative estimate of a spring constant A, another approach based on Chalkley
and Rose’s work which in turn is an extension of the Hashin variational method should
be employed. A brief discussion of this variational approach will be presented here.
Chalkley and Rose’s analysis begins by assuming the stress states in the skin, patch, and
adhesive can be expressed in term of a single stress potential ¢ as

Skin
G')Ei) = —0'0(2’ (x)
o =0y ()2 (13.45)
(rz(? = %a’o(}” (x) [ts (tS + tp) — Z2]

Patch

1 ~
o) = 2oy (x)
p

o=
ol = 2oy () (41, + 12 —2) (13.46)
P

1 ts T 2
0'55) = Et—croqb (x) [ts +1,+ 15 —z]
P
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Adhesive

a® =0
o® = oy, (x) (13.47)

1 ~
0-1(?) = Ea-Otslp(rb// (x)

It is worthy to note that the above assumed stress states ensure continuity of the o, and
o, stresses across the patch/adhesive and skin/adhesive interfaces. For a semi-infinite
joint, the complementary energy is given by

to+tp+t, oo
2Uc=/ ! pdz/ W (x, z)dx (13.48)
0 0

where W (x, z) is the strain energy density. W (x, z) can be expressed in terms of
stresses as

2

1/0%2 o2 o v
W)= <?+ R e ma&> (13.49)

Substituting Equations (13.45)—(13.47) and (13.49) into (13.48) and performing the first
integration through the thickness lead to

20, =032 [ (A4d? () + A (2 + A4, (1) (1) + 4,0 (x))dx  (1350)

where
1 1
A=t
E Egt,
N t .
A = —_— —_—
"7 G, 3G, + 3G,
1 (13.51)
A, = 3E5Ep [(2l5+3lp) Est (14+v)— tpEsz (1 +Vp)]
ts 8 4 2 t3 tztA
721 tt +t oA
3= 4E/ 15 s+3 sp"f_p +20E/+4E,

The governing differential equation for the stress potential ¢ can be derived by mini-
mizing U, given by Equation (13.50) through a variational analysis as

A" + (A= A) @+ Ayp=0 (13.52)

The boundary conditions for Equation (13.52) are determined from the stress condition
of the skin at the joint end, i.e.,

o (x=0=—0, or $(0)=1 (13.53)
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and
c®(x=0)=0 or ¢'(0)=0 (13.54)

The solution of Equation (13.52) over the semi-infinite domain that satisfies boundary
conditions (13.53) and (13.54) is

(u) @

. N A N
¢ () = 0_ (H)e YT e (13.55)
A A

where

o \/2A \/(Al Ay)— \/(Al A)* —4AA,

< \/M \/(A — Ay (4, — 4,)° — 44,4,

Once the stress potential is determined, stresses in the skin, patch, and adhesive can
be obtained from Equations (13.45)—(13.47) while the complementary energy can be
evaluated from Equation (13.50) as

2
(BE\D SI)) (AI—A2+A3ﬁ§) (H))+4A ( <I>2+3ﬁa> <H>+3<H>2)
U, = ot

¢ ; 4B§)ﬁ§n)( My ﬁan)

(13.56)

(13.57)

With that, the spring constant A finally can be easily derived from Equation (13.23)
with U, given by Equation (13.57).



CHAPTER 14

Concluding Remarks

As mentioned in Chapter 1, the goal of this book is to provide a theoretical foundation
for the design and analysis of bonded repairs and bonded doublers. The preceding 13
chapters addressed various important issues pertinent to the repairs and at the same time
introduced to the reader many powerful mathematical techniques borrowed from various
branches of mechanics such as micromechanics of composite or heterogeneous materials,
elasticity, plate theory, and fracture mechanics. However, the book is not complete since
not all topics relevant to the field of bonded repairs are covered. These omissions are
intended for one reason or another to limit the length of the book. One important topic
that has been omitted from the book is the composite repair to composite structures,
including a scarf repair. The topic does not fit well within the logical framework of the
present book and perhaps it shall be included in another book which is devoted entirely
to the subject of composite repairs to composite structures. Nevertheless, some of the
methods and approaches developed herein clearly can be extended to include these latter
repairs. For example, even though the formulation for the load attraction problem of an
anisotropic skin bonded with an anisotropic patch under general loading may be simpler
by using a new method known as Stroh formalism (Ting, 1996; Cheng and Reddy, 2004),
the two-stage analysis approach delineated in Chapter 6 can be applied similarly to the
composite repair of cut-out or grind-out cavity in a laminated skin (Wang and Duong,
2003). Similarly, the bond-line analysis developed in Chapter 7 can also be modified to
analyze scarf joints or scarf repair within a one-dimensional approximation.

This book has been based mostly on the recent works by the authors during the last 10
years, and it was inspired by the original and significant contribution of Rose during the
1980s. The authors’ works were carried out at the Boeing Company through a USAF
contract entitled Composite Repair of Aircraft Structure (CRAS) and at the Defence
Science and Technology Office (DSTO), respectively. These works have provided an
analytical capability that (after implementation into software) not only yields a quick
and easy way to design and analyze the bonded repairs but also explains the physics
of the behavior of the repairs in general. However, as in any other major research
programs, due to the limited budgets and/or beyond the scopes of these works, some

419
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other important aspects of the bonded repairs still remain unaddressed and therefore
require further research. Among them is the following short list:

e Investigating the failure mechanism and developing a test-validated failure criterion
for patches in compression;

e Identifying design and analysis issues associated with thick structures and develop-
ing methods which will be validated through test to address these issues;

e Expanding existing repair methodologies to stress corrosion cracking and composite
repairs to composite structures;

® Applications and demonstrations of the existing analytical methods on large and
sub-components such as curved panels, heavy frames, bulkhead, and wing spars.

At the time this book was completed, some of these aspects were under investigation with
a low level of funding effort, and few of them were addressed partially in Chapter 13.
New results obtained from the current and future studies on these topics will be certainly
incorporated into our book in the future when there is an opportunity for a book revision.



Appendix: Introduction to CRAS Software

Composite Repair of Aircraft Structures is an analysis/design software application for
bonded composite repairs over damaged metallic structures. The repairs to be analyzed
by CRAS may be a crack patching or a corrosion repair. CRAS provides users three main
tools: an initial design tool based on simple closed-form solutions for an elliptical patch
and results from 1-D bonded joint theory, a refined closed-form analysis tool where
varying degrees of complexity are included in the formulation, and a rapid FE modeling
tool. The repairs of complex structures, which are aircraft-specific such as splice joints,
using the CRAS software are demonstrated in the appendices of Duong et al.’s report
(2003a). Both design guidelines and FE techniques for these complex repairs are also
provided there.

A.1 Brief Descriptions of CRAS Design and Analysis Tools

(a) Initial design

The CRAS initial design tool provides an initial design of the repaired patch
based on user’s inputs for the skin, patch and adhesive materials, design and
fatigue loads, damage configuration (crack length, corrosion grind-out diameter
and depth, hole), maximum number fatigue cycles, and preferred patch shape
(octagon, ellipse or rectangle). CRAS designs a patch under biaxial loading,
following the approaches described in Chapters 9 and 10. As mentioned in those
two chapters, the effect of out-of-plane bending is not considered in the initial
design.

(b) Refined closed-form analysis

The CRAS refined closed-form analysis tool provides the user with a quick,
alternative method (without relying on FE analysis), to estimate the skin stresses
at critical locations near the edge of the patch, K| in crack patching, and K, at the
bottom of the corrosion cavity in corrosion repair. This analysis tool has a wide
range of capabilities that were derived from various analytical models developed in
Chapters 3-7. In particular, different analytical models developed in Chapters 3—7
to address various effects pertinent to a bonded repair were implemented into
Fortran codes, and these Fortran codes were integrated into CRAS software as
modules. The sources of these codes can also be found in the software package
and they can be run independently with proper input files. The availability of
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Table A.1. A sample list of analysis modules or Fortran codes used in CRAS analysis tool.

CRAS analysis
module/Fortran code

Capability

Method

IMPSYY

STAGE2

JAMXX1

BENDING

JIMPSYYCA

CONSTHRM

SINGLE

JOINT

Analysis of load attraction of
a polygonal patch in a fully
supported one-sided or
two-sided repair

Fracture analysis or stage 11
analysis of Rose’s two-stage
analysis procedure for a
polygonal patch in a fully
supported one-sided or
two-sided repair

Analysis of load attraction of
a polygonal patch in an
unsupported one-sided repair

Fracture analysis or stage 11
analysis of Rose’s two-stage
analysis procedure for a
polygonal patch in an
unsupported one-sided repair

Two-stage analysis of a
corrosion repair with a
polygonal patch

Plane stress analysis of
residual thermal stresses of a
circular patch due to curing in
a circular plate of finite size
and with constrained edge

Plate-bending analysis of
residual thermal stresses of a
circular patch due to curing in
a circular plate of finite size
and with constrained edge

Bond-line analysis near the
end of a tapered patch

Equivalent inclusion method
with second-ordered eigenstrain
described in Chapter 4

Displacement compatibility
method and elasticity by
complex stress function
described in Chapter 4

Plate inclusion model described
in Chapter 5

Crack-bridging model described
in Chapter 5

Equivalent inclusion method
with second ordered eigenstrain
described in Chapter 6

Wang et al. curing model
described in Chapter 4

Wang et al. curing model
described in Chapter 5

A unified approach for
geometrically nonlinear
analysis of bonded joints
described in Chapter 7

these codes is intended to give a greater flexibility in using CRAS. Table A.1 lists
a sample of the analysis modules or Fortran codes used in the CRAS analysis
tool, along with their corresponding capability and their corresponding analytical
model as described in Chapters 3-7.

(c) Rapid finite element modeler — PatchGen

PatchGen is a program designed to facilitate the creation of FE models of patch
repairs of skin structure. It creates a session file that can then be played by
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MSC/PATRAN (2001). The session file creates a bulk data deck that is the input
for the MSC/NASTRAN solver (2001). After the solver has completed, the results
file can be read back into MSC/PATRAN (2001) to view the results. PatchGen
was used initially during the development phase of CRAS project to validate the
formulations and predictions of the analytical methods discussed in Chapters 4-7
with FE results.

A.2 How to Use the CRAS Software Application

This section describes the use of the CRAS software application. The program is a PC-
based Windows software application that is user-friendly with online help. For a detailed
description of the software, the reader should refer to CRAS User Manual (2003). An
example problem is also given there.

A.2.1 Starting the program

After installation, select the CRAS application from the Start Programs menu, or double-
click on the first icon illustrated in Figure A.1 to start the CRAS program.

oo =T
T_EZ_EW_
| wBack + = - 3] | Qoearch [YFolders (FHistory | B W X o | E- | 12 %

Jﬂd&eﬂs[.:lﬁugram Z|6>Go|

S 5> @ (o (o (¢ [8 [9]

Cras.exe Cras.hip Bending.dl  bendtaper.dll bendthem.dll  Comcat.dl  consthem.dll
Program

- L ) <) E

Dforrt.dll Jamocd . dll Jameowcd.dl IMPSYY.DLL  jmpsyyea.dl  materials, bxt Mfca2.di

See also:
Iy Documents roresis e
Ity Network Places = I = I D
Iy Computer = =
Params.txt FlyProg.dl  Readme.txt regsw3Z.exe  single.dl STAGEZ.DLL  Thermo.dll
)
thermooe,dil
22 object(s) [2.87 M8 S My Computer 4

Fig. A.1. Program Windows directory.
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The view shown in Figure A.2 is displayed as the opening screen:

fio Ed Yew Aeos Wiedw Help =18 x|
D ' ealeE@=Pr2vi 3
Composite Repair of
Aircraft Structures
Software

s
LL:] »
For Help, press 1 I'_;’NTH._"

Fig. A.2. Opening screen.

The user may enter information about the repair design by selecting the Repair command
on the menu bar. Six dialog commands are available (Figure A.3).

(1) Design Wizard: The advisory mode dialog wizard guides the user to design a
repair patch

(2) Analysis: The dialog to execute the analytical programs for the repair patch

(3) Design: The advanced mode dialog allows users who are familiar with the program
to quickly select and enter data to design a repair patch

(4) PatchGen Only: The dialog allows the user to create an MSC/PATRAN ses-
sion file of a repair patch without CRAS calculating the design; this executes
PatchGen only

(5) User Specified Material: The dialog to allow the user to enter skin, laminate, and/or
adhesive material data

(6) Load Constant N: The dialog to initialize the load constant N (default is 5)
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Also, two measurement unit options are available:

(1) English — Displays the measurement units in the English units

(2) Metric — Displays the measurement units in the metric units

File Edit View | Repair Window Help

0= & ] % E & Design'Wizard... Clrl+/
ﬁ Lnalysies.,. (St
Design... Ctil+D
P PatchGen Only... Cirl+G
User Specified Material..  Chrl+lJ
Load Constant N... Chl+L
[v  English
Metric

Fig. A.3. Repair menu commands.

By selecting the appropriate icon button on the toolbar, some of the Repair menu
commands may also be activated (Figure A.4).

& E e P

DesignWizard Ij L L PatchGen Only

Analysis Plot Patch
Design

Fig. A.4. Dialog commands in the toolbar.

For some of the menu commands and toolbar buttons, they may initially appear dimmed
or grayed. This indicates that the menu command is not yet available for input. For
example, the Repair— Analysis and View — Patch Design menu commands will not be
enabled until a valid repair patch is designed via the Repair— Design or Repair— Design
Wizard dialog.
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A.2.2 User Specified Material Dialog

The user may enter their own skin, laminate, and/or adhesive material data by providing
the information in the Repair— User Specified Material dialog (Figure A.5). By selecting
the appropriate tab, the data may be entered for the new material.

cified Material

Fig. A.5. Repair— User Specified Material dialog box.

The new material will be added to the end of the drop-down list of the appropriate skin,
laminate, or adhesive material combo box in the Repair— Design and Repair— Design
Wizard dialogs for the user to select (Figure A.6).

705017452 Die Forging, TLLA AT
B85 7050-17452 Hand Foiging, LT LA R

Fig. A.6. Selecting the user specified skin material.
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For the da/dN data of the user specified skin material (Figure A.7), the following
limitations apply:
1. Only one set of da/dN data with a maximum of 30 values in ascending order.

2. A maximum of six different R ratio values in ascending order; minimum of one
set of R ratio.

3. A maximum of 30 delta K values for each R ratio in ascending order.
4. First delta K value of each R ratio must be in descending order.

5. The number of delta K values for each R ratio must equal the number of da/dN
values.

6. For the English units, the delta K values are in ksi sqrt in., and da/dN values are in
inches/cycle; for metric units, the delta K values are in MPa sqrt mm., and da/dN
values are in mm/cycle.

da/dN Data for Skin Material 2| %]
My Own Skin Material
R: ]U R: IU-T R: '0-5 R: IU R: IU R ID
da/dN® Deha K= Delta K™ Delta K* Dekak» | Detak™ | Debak™ | o
1 1.000e-032 2599 2499 1193
2 1.000e-008 2600 2500 1.200
3 2.250e-008] 2.750] 2648 1.489]
4 3.000e-008 2840 2737 1.537]
5 3.810e-008 2.839 2788 1.588]
gl 6 4,840e-008 2.928 2.826 1.660|
7 |
8 | o
3
10
11
12
13
14 ; .
15 =l
*Units in inches/cycle, ™ Uniks in ksi sqrt in.
CRAS DataFie... | 0t || Cancel Apply

Fig. A.7. User specified skin material da/dN data dialog.

Also, a data file may be read in with its values populated in the cells of the da/dN grid.
The file may be selected by clicking on the Data File. . . button on the da/dN data dialog.
The dialog shown in Figure A.8 will be displayed to allow the user to select and/or enter
the data file name.
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da/dN Data File

Fig. A.8. da/dN data file dialog.

The user may click on the File Name.. . . button to select the da/dN data file in the dialog
shown in Figure A.9.

Select the da/dN File

ook in; PCB202157 (C:) I

ernorlog.txt

Test Files [*t#) ~] _ Cance

Fig. A.9. da/dN data file selection dialog.
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An example of the file format for the da/dN data file is given in Figure A.10.

Fig. A.10. An example of the da/dN file format.

A.2.3 Load Constant N dialog

For CRAS to calculate the initial design of a repair patch, the user must provide the
load constant N value. The default is set to 5 (Figure A.11).

Initialization

Fig. A.11. Repair—Load Constant N dialog.
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A.2.4 Design Wizard dialog

By using the Repair—Design Wizard dialog, the user is guided through the design
process of a repair patch in a sequenced order (Figure A.12). It contains five pages with
advisory help on the right side of the page. The advisory help describes the purpose of
the page and its inputs.

The pages allow the user to enter information grouped by common characteristics. The
pages are listed as follows:

1. Design Option

2. Skin/Damage

3. Loading Stresses

4. Repair Type

5. Patch Design

ch ize the Design Dpi
Specify one of the follawing options:

(1) CRAS calculates the patch design

[2] User entets the patch design

[Refer to the detaled description on the left for
mare information |

Fig. A.12. Repair— Design Wizard dialog.

CRAS allows the user to (1) Have CRAS calculate the patch design, or (2) Enter their
own patch design. The default option is to have CRAS calculate the patch design. No
matter which option is selected, the following three pages of the design dialog allow the
user to enter information about the skin/damage, loading stresses and repair type.
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If the user had selected to have CRAS calculate the patch design, then the fields on the
fifth page are filled with the values of the CRAS calculated patch design (Figure A.13).
The fields are grayed to indicate that the user may not change the values on the page,
except by selecting an alternative CRAS calculated patch design.

mﬁ,w-
A - Full patch dimension perpendicular to the
major knading drection.
B - Full patch dmension parallel to the major
diection

D - Unbuncated patch dimension parallel to the
major loading direction.

Total rmbes of ples (1 to,7] i the repai patch,
Fiy lay-up should be symmetric and balanced
Define the onentation of each ply based on the
Tollowng diagram:

0
%"
mm%cw

Stilfness Aatio - Ratio of the stifiness of the
repanr patch to the damaged

Fig. A.13. CRAS calculates patch design via Repair— Design Wizard.

CRAS will try to calculate up to four more alternative patch designs (Figure A.14). Each
design is at least 10% greater in volume than the previous design. If alternative designs
were also calculated, then the Alternative Designs. . . button will be enabled for the user
to select; otherwise, the button will not be enabled.

Fig. A.14. Alternative designs dialog.
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Also, if the user makes changes to the input of the previous three pages in either the
Repair— Design or Repair— Design Wizard dialogs, then CRAS will calculate a new
patch design and alternative designs based on the input of those three pages.

For more information on how the user may enter their own patch design, refer to
Section 4.6.

A.2.5 Design dialog
By using the Repair—Design dialog, the user may enter the same data as the

Repair— Design Wizard, but by selecting the appropriate tabs (Figure A.15). This allows
the user to fill in the information and yet skip certain pages entirely.

Thicknes ._ — W—

Fig. A.15. Repair— Design Dialog.

Although this gives the user more flexibility, it should be noted that if the user selects to
allow CRAS to calculate an initial patch design, the Patch Design tab must be selected to
have the fields populated with the calculated dimensions. That is, by activating the Patch
Design tab, the initial patch design will be calculated with the information provided in
the previous three tabs and the load constant dialog (Figure A.16). Note that the edit
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fields containing the design parameters are initially grayed, which indicates that the user
may not change its values.

Fig. A.16. CRAS calculated patch design via Repair— Design.

A.2.6 User enters the patch design option

By selecting User Enters the Patch Design from the Design or Design Wizard dialog, the

user may enter their own patch design without having CRAS calculate an initial design
(Figure A.17).
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Fig. A.17. Option to allow user to enter patch design.

In the next three pages of the dialog, the user enters the skin/damage, loading stresses
and repair type data. The user must then also specify the patch design in the last page
that is titled Patch Design. The fields on this page are enabled for the user to enter the
information about their patch design (Figure A.18).
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Design
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T
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Fig. A.18. User enters own patch design via Repair— Design.

Also, it should be noted that the user can select to have CRAS calculate an initial
patch design, and the fields on the fifth page will be filled with the values of the patch
design. After CRAS calculates the initial patch design, the user may change the design
parameters by selecting the User enters the patch design option on the Options tab. The
edit controls are then enabled on the Patch Design tab to allow the user to make any
changes. Note that the Alternative Designs . . . button will no longer be available for the
user to select (Figure A.19).
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Design

CRAS __ Cance by | Heb

Fig. A.19. Modify original CRAS calculated patch design.

For an octagonal patch, if the user modifies the patch dimensions of the last ply, CRAS
will recalculate the corresponding angle. If the user modifies the patch angle, then CRAS
will recalculate dimension C of the patch design’s largest ply.

A.2.7 Analysis dialog

Analysis is performed on the patch design of the last page of the Repair— Design or
Repair— Design Wizard dialogs. The Repair— Analysis menu command is enabled when
the repair patch design is specified (Figure A.20). The user may select to have CRAS
analyze
e A crack with either an octagonal, elliptical, or rectangular patch
— The stresses in and around the patch

— The stress intensity factor
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— The adhesive shear strain and stress
— The ply-by-ply stresses
® A corrosion with either an octagonal, an elliptical, or a rectangular patch
— The stresses in and around the patch
— The adhesive shear strain and stress
— The ply-by-ply stresses

or generate a session file using PatchGen. If PatchGen is selected, then the Options
button will be enabled to allow the user to select to enter data

I WptiarE...

Fig. A.20. Repair— Analysis dialog.
A.2.8 PatchGen Only dialog
By using the Repair—PatchGen Only dialog, the user can create an FE model of patch

repair (Figure A.21). After selecting the type of file to be generated and the type of
solver to be used on the first dialog, the user needs to enter data on eight more pages. The
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eight pages request information about the input/output files, panel, loading, boundary
condition, stiffeners, coordinate transformation, damage, and patch (Figure A.22).

Version 1.0.3

P AS
{Af ;‘.f_.i !

PatchGen

Cifleligll (B =il
Lenathnl U paers

Lengtmilewer]s

Fig. A.22. PatchGen dialog.
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A.2.9 Dialog buttons

At the bottom of the dialog box, the buttons control the changes of the input and provide
help if requested (Figure A.23). For the Repair— Design Wizard, the Back, Next, and
Finish buttons allow the user to navigate through the dialog boxes for the input sequence
(Figure A.24).

The OK button will close the dialog box and save any changes made.

The Cancel button will close the dialog box without saving any changes.

The Apply button will keep the input change for that page.

The Help button provides assistance about the active page or dialog box.

CRAS [ ok | cancel Apply Help ||

Fig. A.23. Dialog buttons.

CRAS Appb | | <Back Nest > Cancel Help ||

Fig. A.24. Repair— Design Wizard dialog buttons.

At the upper right corner of the dialog box, the question mark button will provide help
on an item of that page. Click on the question mark button, and click on the item to
bring up help information. Also, the X button will close the dialog box without saving
any changes (Figure A.25).

Fig. A.25. Help and Cancel buttons.

A.2.10 Different types of help

The Windows interface of the CRAS software provides many types of on-screen help
and user hints (Figure A.26). First, the advisory mode, which is invoked by selecting the
Repair— Design Wizard, steps an inexperienced user through sequenced dialog pages to
design a repair patch using the input data. Secondly, on-line help may be invoked by
using either the Help menu or the dialog button. Also, context-sensitive help may be
invoked by clicking on the guestion mark button in the upper right corner of the dialog
box, and then click on the item to bring up the control’s help information. Or the user



440 Appendix: Introduction to CRAS Software

may right-click the control item and select What's This? to bring up the help information
on that control item. Finally, the CRAS application’s main window status bar provides
variable on-screen cues at the lower edge of the program window. The on-screen cues
provide a short textual indicator of the program action corresponding to the position of
the mouse cursor. That is, whenever the user moves the cursor over an enabled control
in a dialog box, a brief help message describing the functionality of the control appears
in the status bar. In addition, each time the cursor is positioned over an icon in the tool
bar, a short icon descriptor is displayed adjacent to the cursor. By volunteering this flyby
help, it hopes to aid the user’s progress.

- [oc ? Context |
ki thickness, s he length ofthe crack Sensitive |
M atead - 1l
Select the damaged kin material |
Thickness -
I e ckness o e indanaged ki
mmmunmnm Advfsm:v
 Flon b s b e Mode |
Help
Topics
l— Status Bar |
“—ﬂﬁ

Fig. A.26. Help in the CRAS software.

A.2.11 Document/View

After the analysis is complete, the output will be displayed on the view document as
shown in Figure A.27. It may be saved into a file by selecting File—Save As. ..

A plot of the repair patch may be viewed by selecting View— Patch Design from the
menu bar, or clicking the graph icon on the toolbar (Figure A.28).
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Anbtysis

Mol CRAS program calculated the palch design

Summiary of inpat Data

e Crack

Bk Matarial 2024-T3 Clad, LT RT LADW

Shin Thickness: 0.0830 in

Crack Lengt (28). 1.00in

Dnlw-mu Sgma . 36.26 ksl

Faigue Load - Slwnn'\" 10.47 ks

ARt 000

Patch Dusign

Shape of Palch: Singhe-Sided Octagon

Tckal Numiber of Laminate Plias. §

Laminate Py

Dimension B 266in  Dimension &' 280 in

Dimengion 0. 092in.  Dimension C: 1.00in.

Angle of Comers: 47.37 degrees

Piy Material. Boron/Eposy 5521 Unk-directionad Tape RT Dey

Thickness: 0.0050 in Orientabion 0 degrees
Laminate Fiy #2

Dimension B. 2.56in.  Dimension &' 290 in,

Dimension O 082in  Cimension & 1.00in

Angle of Comers: 47 37 degreas

Piy Matenst. BoronfEposy 5511 Unk-directions! Tape RT Dey

Thickness: 0.0050in  Onentation: 0 cegrees
Laminate Fiy #3

Dimension B 246in  Dimension A 280 in

Dimension O 0.72in.  Cimansion € 1.00in

Angle of Comers: 47.37 degrees.

Piy Matensl. BoronEposy 5511 Uni-dité<tions! Tape RT Dey

Thickrss: onosn in.  Origntabon: 0 degrees

Laminate Ply

nm"-mn 23in  DimonsionA: 280 in
Dimension O 062 in. r.\-muunc 1.00in

Angle of Comers: 4737 deg

P\'Ill‘ullal BownlEnwv!ﬁll unﬁdndwnlllntmbw
Thickness: noosn Orientation: 0 degrees

Laminate

nmmmn 2Min  DimensionA 289 in
Dimension O 052 in. Dm-ulouc .00 in.
Angle of Comers: 4737 degrae

Tape RT Dy
mlr.lmn: 0.0050in  Onentation: 0 degrees

Toeal Number of Adhesive Lavers: 1
Adhesive Materal FMT3 1MF 2 Hr Cure, RTiDry
wmmsul u-pr 00045 in

fisy e Tanes Game 1000 “

Fig. A.27. CRAS analysis output.

Note! cmm:m-mnnm design.

‘Bummary of Input Data:

Damaged Configurabon
yiny Darnage Type: Crack
‘Shn Matenal: 2024-T3 Clad, L-TRTLADW
Gian Thickness: 0.0630 in
2 Crack Length (Za): 1.00m

2 A § Dessign Load - Sigma YY: 30,76 kst
Fatigue Losd — Sigma vy, 10.47 ksi
RRato 000
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Laminate Piy &1
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Thickness: 0.0050in.  Orientation: 0 degrees
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Fig. A.28. CRAS analysis output with plot.
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Acoustic fatigue see Sonic fatigue, repair of
Adherends, stress concentration in, 59-62

normalized longitudinal stresses, 62

quantitative evaluation, 59

stress contours near spew fillet, 60
Adhesives:

adhesive disbonds, 320

adhesive materials, 315-20

properties, 321-2
adhesive plasticity effect, 2767

bonding, 4
curing, 112-13
layer:

adhesive peel see under Peel stresses
adhesive stresses, equations governing, 33
Poisson’s ratio, 55
shear—stress distribution, 18-22, 24, 26
Air Force Research Laboratory (AFRL), 10
Aircraft structure:
damage repair process of, phases, 2
damage assessment, 2
installation and inspection of repair, 2
repair design and analysis, 2
Analytical methods, experimental verifications
see under Experimental verifications of
analytical methods

Bending analysis, 9
Bond-line analysis at patch ends, 248-79
adhesive stresses in a one-sided repair,
approximate method for, 277-8
adhesive stresses in a two-sided repair,
approximate method for, 278-9
tapered patches and doublers,
one-dimensional analysis of, 248-77
adhesive plasticity effect, 2767
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thermal mismatch effect, 271-5
see also separate entry
Bonded doublers and bonded joints theory,
16-68
failure criteria for, 65-8
corner stress-intensity factor, 67
stress-based failure criteria, 66
important effects in, 50-65
adhesive Poisson’s ratio, 52
corner singularity, 53-9
see also separate entry
stress concentration in adherends, 59-62
see also under Adherends, stress
concentration in
stress-free condition at the adhesive ends,
51-2
triaxial stresses and plastic yielding, 62-5
one-sided bonded doublers and single-strap
joints, stress analysis, 31-50
see also separate entry
two-sided doublers and double-strap joints,
stress analysis, 17-31
see also separate entry
Bonded patches:
load attraction, tapering effect on, 402-406
size and shape of, 5
Bonded repairs:
areas of consideration, 2
for crack patching, 70-3
see also under Crack patching
damage repair process, phases, 2
see also under Aircraft structure
design and analysis, past and present, 8—10
disadvantages, 5
fracture mechanics theory, 10-15
see also separate entry
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installation, 7-8
objectives, 1-8
corrosion repair, 1-2
crack patching, 1-2
fatigue enhancement, 1-2
repair design, 3-7
bonded patch, size and shape of, 5
bonded vs mechanically fastened
repairs, 4-5
in non-structural constraints, 4
in structural constraints, 4
pre-installation check, 6-7
repair design analysis, 6
repair material, choice of, 6
repair, installation of, 7-8
heating method in, 7
structural assessment, 3
vs mechanically fastened repairs, 4-5
Boron/epoxy (B/ep) composite patch, 6
Budiansky and Hutchinson’s approach, 15,
284-5

CALCUREP, Windows-based repair
program, 10
Cauchy principal value integral, 85, 198
Chebyshev polynomials, 131, 199, 201, 286,
392-3
Classical plate theory, 198, 201-202
Coefficient of thermal expansion (CTE)
compatibility, 6
Collocation methods, 85, 198
Composite Repair Aircraft Structures (CRAS)
study, 214, 300, 349
Composite Repair to Metallic Structure
(CRMS), 300
Composites:
composite patch displacements and stresses,
122-30
Fourier integral transform method
in, 126
infinite sheet patch, 122-6
infinite strip patch, 126-30
composite patch material properties
(tensile), 3/8-19
composite plate theory, classical, 74
Constraints:
non-structural, 4
structural, 4
Corner singularity, 53-9
double-lap joint, finite element
mesh for, 53
normalized stresses, contour plots of, 54

457

spew fillet, 56-9
see also separate entry
square edge, 53-6
Corrosion grind-outs repairs, analytical
approach, 216-47
circular grind-out problem repaired with a
circular isotropic patch, 223
elliptical isotropic patch with a Poisson’s
ratio same as skin, formulas for, 224-9
elliptical patches, analytical solution of,
2204
Stage I analysis, 221-2
Stage II analysis, 222
two-stage analytical solution, 221-2
Eshelby solution for elliptical
inhomogeneities, 217-20
Tanaka—Mura method, 279
fundamental concepts, 216-29
polygon-shaped patches, general solution of,
229-47
see also separate entry
two-stage analytical solution procedure, 217
Corrosion repair, 1-2
analysis, 8
preliminary design approach for, 33648
see also under Preliminary design
approach for corrosion repairs;
Corrosion grind-outs repairs,
analytical approach
Crack bridging model, 84, 146
fracture analysis using, 189-209
spring constants determination, 1927
Crack-closure analysis, of repaired cracks,
281-8
under large-scale yielding, 284—8
for cracks, 285
large-scale yielding solution at the
maximum applied stress, 285-6
overload effect, 293
plasticity-induced crack closure, 286—8
under small-scale yielding, 2814
Crack patching, 1-2, 69-94
analysis, 8
analytical method for, 10
stages, 9
bonded repairs for:
one-sided repair (asymmetric)
category, 71
stages, 70-3
two-sided repair (symmetric) category, 71
formulation and notation, 71-3
one-sided repairs, 87-92
see also separate entry
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Crack patching (Continued)
preliminary design approach for, 300-35
see also under Preliminary design
approach for corrosion repairs
repair configurations and coordinates, 70

Rose’s two-stage analysis procedure for, 96

symmetric or fully supported one-sided
repairs, 73-87
finite crack size effect, 83
inclusion analogy approach for, 75

load attraction by patch (Stage I), 73-80

mixed mode loading, effect of, 867
plastic adhesive effect, 82-3
stress intensity factor (Stage II), 80-3
thermal stresses, 92—4
Crack repair:
adhesively bonded patches for, 4
mechanically fastened, 4
Crack-tip deformation of a stationary
crack, 288
Crack-tip plasticity:
Dugdale model for, 15
Cracked sheet:
displacements and stresses, 118-22
arbitrary crack surface pressure,
displacements due to, 118-19
constant shear body forces,
displacements and stresses due to,
119-22
types:
crack surface pressure, 130
shear body forces, 130
CRAS software, 10, 421-41
application, 423-41
analysis dialog, 4367
design dialog, 432-3
design wizard dialog, 430-2
dialog buttons, 439
different types of help, 439-40
document/view, 440-1
load constant N dialog, 429
PatchGen Only dialog, 437-8
starting the program, 423-5
user enters the patch design
option, 433-6
user specified material dialog, 426-9
design and analysis tools, 421-3
Fortran codes in, 422
initial design, 421-3
PatchGen, rapid finite element
modeler, 422-3
refined closed-form analysis, 421-2
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Damped repairs, analysis, 387-93
of layered beams, 387-8
repaired skin, stresses and stress intensity
factors in, 391-3
static and dynamic responses of, 390-1
structural damping, influence of, 388-90
Design fatigue load (DFL), 311
Design ultimate load (DUL), 311
Double-sided bonded doubler, 24
Double-strap joints, stress analysis, 17-31
elastic-plastic analysis, geometry for, 26
see also under Two-sided doublers and
double-strap joints, stress analysis
Duong and Yu’s curing model, 209-10

Eigen-function expansion method, 52
Elastic-perfectly-plastic model, 23
Elliptical composite patch, 9
Elliptical isotropic patch with a Poisson’s
ratio, formulas for, 224-9
Elliptical patches, analytical solution
of, 2204
‘Energy release rate’, 12
Epoxy film adhesives, 6
Equivalent inclusion method, 97-100, 403
assumptions in, 108
of Eshelby, 96
Equivalent initial strain field, determining,

110-13
thermal cycle associated with adhesive
curing, 112-13

uniform low operating temperature, 111-12
Eshelby tensor, 75, 96-102, 105-106, 156,
232, 404, 409-10
for elliptical inhomogeneities, 217-20
Experimental verifications of analytical
methods, 349-81
fatigue crack growth tests and method
validation, 350-74
see also under Fatigue crack growth
load attraction tests and method
validation, 374-7
analytical prediction and test results,
comparison, 376-81
load attraction specimen with an
octagonal patch, geometry, 375
load attraction tests, 374-7

FALSTAFF spectrum, 298-9
Fatigue crack growth, 14-15
analysis, of repaired structures, 280-99
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comparison with experimental results,
292-9
crack-closure analysis, 281-8
see also separate entry
finite element method, overload effect
and validation using, 289-92
in one-sided patching, characterization, 214
tests and method validation, 350-74
analytical predictions and test results,
comparison, 362-74
fatigue crack growth analysis, 360-2
fatigue crack growth tests, 3501
gauge measurements, 363
in one-sided and two-sided repairs,
characterization, 351-60
one-sided patched specimens, 365-74
patched specimen configurations,
description, 352
sandwich configurations, 362-5
stress intensity factor, 353
Fatigue enhancement, 1-2
Finite two-dimensional patch, 9
Fourier integral transform method, 1267
Fracture:
basic modes, /1
opening mode (mode I), /7
shear mode(mode II), 71
tearing mode (mode III), /7
fracture toughness in ductile materials:
skin thickness effect on, /3
see also Fracture mechanics concepts
Fracture mechanics concepts, 66—7
basic elements, 10-15
crack growth under static load or residual
strength of a cracked structure, 12-14
fatigue crack growth, 14-15
see also Fracture

Galerkin method, 85, 192, 198-9, 286, 392

Gauge measurements, 363

Goland—Reissner approach, 31, 249,
253-4, 268

Grit blast silane (GBS), 7

Hadamard finite part, 198

Hart-Smith approach, 31, 33, 38, 40, 2624, 268

Hooke’s law, 98, 392
Hybrid method, 146
Hydrostatic stress, 63—4

Infinite composite patch, 9
Infinite orthotropic strip theory, 127
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Infinite sheet patch, 122-6
Infinite strip patch, 126-30
Isotropic skin/patches, 74, 79

Keer formulation, 86
Kirchoff theory, 38
Kirchhoff-Poisson plate bending theory,
198-9, 204, 206
Kronecker delta, 111, 116, 148, 155, 202,
304, 404

Laplacian equation, 139

Linear elastic fracture mechanics (LEFM)
approach, 10-12

Linear superposition method, 146

Maxwell’s reciprocal relation, 196

Mechanically fastened repairs, 4

Miles solution, 384, 390

Multi-inclusion model, 404

Multi-segment method of integration, 249,
259-61

Muskhelishvili complex variable method, 96

Non-destructive inspection (NDI)
techniques, 6

Non-elliptical patch, theoretical analysis, 10

Normalized shear spring constant, 86

One-dimensional theory, 74
One-sided bonded doublers and single-strap
joints, stress analysis, 31-50
analyses terminologies, 32
bending moment at ends and middle of
overlap, solution for (Stage 1), 33-8
dimensions and material properties, 36
equation for, 258
Goland—Reissner solution, 31
Hart-Smith approach, 31, 33, 38
induced adhesive peel stresses, solution for,
(Stage II), 38-45
longitudinal force equilibrium, 39
moment equilibrium, 39
transverse force equilibrium, 39
induced adhesive shear stresses, solution for
(Stage III), 45-50
One-sided repairs, in crack patching, 87-92
analytical solution and finite element results
for, comparison, 91
dimensions and material properties, 91
spring constant, 90
un-cracked plate reinforced with a patch,
stress distribution in, 88
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One-sided strap joint theory, 354
Operating temperatures, 320
Out-of-plane bending effect, 220
analysis, 10
Overall sound pressure level (OASPL), 386

Patches:
co-cured, 7
patch ends, bond-line analysis at, 248-79
see also under Bond-line analysis at
patch ends
patch stiffness ratio, 355
patch—plate combination, 179
patch—skin displacement compatibility
equations, 116
pre-cured, 7
Peel stresses, 28-31, 317-20
differential equations governing, 29
equation for, 44
induced adhesive peel stresses, 38—45
induced adhesive shear stresses, 45-50
and shear stresses in the adhesive, solutions
for, 253-61
Phosphoric acid anodizing (PAA), 7
Plane-strain fracture toughness:
for selective skin aluminum materials,
13-14
Plastic adhesive, 82-3
Plastic yielding, 62-5
Plasticity-induced closure, 15
Plate-bending theory, 34, 39
Plate-spring approach, 50-1
Poisson’s ratio, 77-8, 119, 142, 148, 217, 219,
222,236, 302
elliptical isotropic patch with a Poisson’s
ratio, formulas for, 224-9
order of singularity at square end
for, 55-6
Polygon-shaped patches, general solution of,
229-47
circular isotropic patch, repair problem
with, 241-2
orthotropic octagonal patch, repair problem
with, 243-5
polygonal inhomogeneity with variable
stiffness, 229-32
repair over an elliptical grind-out, 232-47
two-stage analysis procedure, 232-41
cavity filled with rigid material, 2368
elliptical grind-out cavity, geometry, 233
spherical deep grind-out cavity,
geometry, 233

Index

Stage I analysis, 234
Stage II analysis, 235
unfilled cavity, 238—41
Polygonal inclusion, 147-51
solution algorithm for, 149
Polygonal patch, geometrically linear analysis,
152-9
equivalent inclusion method for a bending
plate, 156-8
regular polygon-shaped inclusions, 152
repaired plate, geometry of, 154
Polynomial eigenstrains, inclusion problem
with, 100-107
computational algorithm, 102-107
formulation, 100-102
Preliminary design approach for corrosion
repairs, 33648
basic analysis methods, 33745
patched skin analysis, superposition
method for, 342
repair subjected only to mechanical loads,
337-40
repair subjected to thermo-mechanical
loads, 340-5
thermo-mechanical loading analysis,
linear superposition method
for, 343
two-stage analysis procedure, 338
undamaged skin analysis, superposition
method for, 343
design criteria, 345-6
for corroded skin or substrate, 345
for patch, 345-6
preliminary design procedure, 346-8
Preliminary design approach for crack
patching, 300-35
basic analysis methods, 301-10
design criteria, 310-14
for adhesive, 313-14
for cracked skin, 311-12
for patch, 312-13
design parameters, 333-5
loading conditions, 333
material selection, 314-20
adhesive disbonds, 320
adhesive materials, 315-20
composite patch material properties
(tensile), 318-19
fiber metal laminate properties, 320
operating temperatures, 320
patch materials, 314-15
peel stress, 317-20
repair materials, characteristics, 316—17
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preliminary design procedure, 320-32
adhesive material properties, 327-2
design procedure, 329-32
ranges of 0,/0,, and K, for 03, >1, 327-8
ranges of 0,/0,, and K, for o3, <1,

327-8
repair subjected only to mechanical loads,
323-5
repair subjected to thermo-mechanical
loads, 325-32
repair subjected only to mechanical loads,
analysis method, 301-304
repair subjected to thermo-mechanical
loads, analysis method, 304—10
linear superposition method, 309
superposition method, 308
Pressurization technique, 7
Proximate patch, 406-12

QUADPACK mathematical package, 129

Reissner plate theory, 87, 198, 200,
202-206, 207
Relative sound pressure levels (RSPL), 386
Repair analysis methods accounting for
secondary effects, 402—18
load attraction of bonded patches, tapering
effect on, 402-406
load attraction, proximity on, patches effect,
406-12
repair efficiency, adherend shear
deformation effect on, 412-18
tapered patch with concentric and similar
ellipses, 403
Repair efficiency, adherend shear deformation
effect on, 412-18
Repair of sonic fatigue see under Sonic
fatigue, repair of
Repair process:
compounding technique for, 9
overview, 1-8
repair design analysis, 6
repair material, choice of, 6
see also Bonded repairs
Rose two-stage analysis procedure, 301
Rose’s or Barneveld-Fredell’s curing
model, 209
R-ratio effect, 15
Runge—Kutta—Fehlberg method, 260, 275

St Venant’s principle, 51
Sandwich configurations, 362-5
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Shear deformation (Reissner) plate theory, 87,
198, 200, 202-206, 207
Sonic fatigue, repair of, 382-401
acoustic loading, structural response
to, 3867
damped repairs, analysis, 387-93
see also separate entry
damped repairs, optimization of, 395
damping layer, shear deformation
of, 385
Dyad 609 at 250 Hz, loss factor of, 396
Dyad 609, shear modulus of, 396
fatigue crack growth analysis, 3934
highly damped repairs, notations
for, 385
membrane and bending stresses, 397, 399
rectangular plate containing an edge crack,
geometry and notations, 383
Sound pressure levels (SPL), 386
Spew fillet, 56-9
configuration, 58
maximum fillet angle 6 for zero corner
singularity, 58
order of corner singularity at, 58
Strain-energy release rate, §9-90
Stress intensity factor evaluation, 10, 130-1
see also Cracked sheet
Supported one-sided crack patching,
mathematical theory, 95-145
see also under Two-sided crack patching,
mathematical theory

Tanaka—Mura method, 279, 220
Tapered patches and doublers,
one-dimensional analysis, 248-77
first step analysis, 252
mathematical formulation and two-step
solution method, 249
multi-segment method of integration,
259-61
nonlinear moment distribution along the
joint, solution for, 249-53
numerical examples, 261-70
peel and shear stresses in the adhesive,
solutions for, 253-61
Taylor series, 114, 231-2
Thermal constraints, in two-sided crack
patching, 138-45
isotropic patch used in, /43
simulating finite size effect, Spring
representation for, 140
temperature distribution during heating and
cooling, 139
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Thermal cycles in adhesive curing, 112-13
Thermal mismatch and adhesive plasticity
effects, 270-7
Thermal stresses, 92—4
in bonded patched skin, /58
formulation for, 167-9
illustrative examples, 170-6
in polygonal patch, 162-76
preliminary analysis, 1627
solution method, 169-70
solution of, 113-15
thermal residual stresses resulting from
bonding, 209-14
Duong and Yu’s curing model, 209-10
fatigue crack growth in one-sided
patching, characterization, 214
Rose’s or Barneveld—Fredell’s curing
model, 209
Wang and Erjavec’s curing model,
210-14
Transverse deflection, 34
Triaxial stresses and plastic yielding, 62-5
Two-sided crack patching, mathematical
theory, 95-145
composite patch displacements and stresses,
122-30
see also under Composites
fracture analysis (Stage II), 115-31
cracked sheet displacements and stresses,
118-22
see also under Cracked sheet
load attraction (Stage I), 95-115
equivalent inclusion method, 97-100
equivalent initial strain field, determining,
110-13
see also separate entry
inclusion problem with polynomial
eigenstrains, 100-107
see also under Polynomial eigenstrains,
inclusion problem with
load attraction problem, solution of,
107-10
load attraction with thermal effects,
110-15
Rodin’s approach, 97
thermal stresses, solution of, 113-15
numerical illustrations, 131-8
stress intensity factor evaluation, 1301
see also Cracked sheet
thermal constraints, 138-45
see also separate entry

Index

Two-sided doublers and double-strap joints,

stress analysis, 17-31

boundary conditions, 19

elastic analysis, 17-22
adherend stress—strain relations, 17
adhesive elastic stress—strain

relation, 17

horizontal force equilibrium, 17

elastic-plastic analysis, 23—-8
geometry for, 23

geometry, /8

peel stresses analysis, 28-31
adhesive stress—strain relation, 29
force equilibrium, 29
geometry, 29
moment equilibrium, 28
moment—curvature relation, 29

Unsupported one-sided crack patching,
approximate theory of, 146-215
fracture analysis using crack-bridging model
(Stage II), 189-209
classical plate theory, 201-202
geometrically linear analysis, 206-207
geometrically nonlinear analysis, 208
integral equations, numerical solutions
of, 201-205
Kirchhoff-Poisson plate bending
theory, 198-9
physical dimensions and material
properties, 206
Reissner’s plate theory, 200, 202-205
see also under Crack bridging model
geometrically linear analysis (Stage 1),
147-59
Beom’s approach, 147
Duong and Yu’s approach, 147
geometrically nonlinear analysis (Stage I),
159-89
thermal stresses in polygonal patch,
162-76
see also under Thermal stresses
inclusion with constant eigencurvature,
147-52
elliptical inclusion, 151
polygonal inclusion, 147-51
patch spanning across the entire plate’s
width under purely mechanical loading,
176-83
polygonal patch under combined
thermo-mechanical loading, 183-9
Step 1, 1834
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Step 2, 184-5 Voight’s convention, 218
Step 3, 185-6 Von Karman plate theory, 163
polygonal patch, geometrically linear Von Mises yield criterion, 63—4
analysis, 152-9
see also under polygonal patch Wang and Erjavec’s curing model,
thermal residual stresses resulting from 210-14
bonding, 209-14 Wang-Rose’s crack-bridging model, 159,

see also under Thermal stresses 171, 187
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