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Preface

Crystallization can be viewed from two perspectives. The most common perspective,
by far, views crystallization as an isolated chemical processing step or unit opera-
tion from which the crystals of a single compound of desired purity, crystal size,
shape, chirality, and/or polymorphic form are recovered from a solution. A volumi-
nous body of literature exists focusing on this point of view. Another perspective
that views crystallization as a multicomponent separation process has not received
adequate attention. The compound to be crystallized rarely exists by itself. It is im-
portant to understand how to design a process to recover the crystals of a desired
component or components from a mixture of compounds in conjunction with other
unit operations such as filtration, distillation, and so on.

Our research on crystallization process design started around 1990 at the
University of Massachusetts Amherst (UMass) under the guidance and encourage-
ment of Professor Jim Douglas, who pioneered conceptual process design. A crystalli-
zation separation process is conceptualized by representing it as a sequence of
process points on a solid–liquid equilibrium (SLE) phase diagram. The disparate tra-
ditional crystallization techniques such as fractional, extractive, reactive, and antisol-
vent crystallization were unified under this approach. The mathematical framework
for representing high-dimensional SLE phase diagrams for both electrolyte and non-
electrolyte systems were developed, thereby allowing the design of a multicomponent
system with complex phase behavior. This effort was continued at the Hong Kong
University of Science and Technology (HKUST) starting in 2000, focusing on experi-
mental aspects of multicomponent crystallization. The recovery of isoflavone, ibupro-
fen, various inorganics from a salt lake, stereoisomers from natural herbs, and
proteins were considered. Concurrently, the methods and experimental techniques
developed were successfully applied to a large number of industrial design projects
from companies in the United States, Japan, China, and other countries around the
world through consultancy.

The aim of this book is to provide a comprehensive exposition of the fundamen-
tal and practical aspects of crystallization as a separation process. Much of the
book is derived from the short courses at the American Institute of Chemical
Engineers meetings, other international conferences, and various industrial sites,
as well as the lectures delivered at UMass and HKUST. This book is intended for
researchers and engineers interested in the design of crystallization processes. As
crystallization is an integral part of chemical processes, it can also be used as a ref-
erence text for university courses on process design. Exercise problems are provided
to enhance the pedagogical aspect of this monograph.

We would like to express our deep appreciation for the contribution of former stu-
dents and associates at UMass and HKUST: Dr. David Berry, Mr. Marcos Cesar, Dr. Alex
Chan, Mr. Stephen Chan, Dr. Wen-Chi Chang, Dr. Alice Cheng, Dr. Susan Dye,
Dr. Kelvin Fung, Dr. Benny Harjo, Dr. Priscilla Hill, Dr. Vaibhav Kelkar, Dr. Martin
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1 Introduction

1.1 Crystallization in the Chemical Processing Industries

Crystallization is an important separation technique in the chemical processing
industries for various reasons. First, it is able to produce a high-purity final prod-
uct in solid form. Most separation techniques such as extraction and absorption
simply transfer the chemical product from one phase to another. Second, crystalli-
zation can be scaled up for large-scale production while techniques such as elec-
trophoresis and chromatography are only suitable for the separation of chemicals
in small quantity. Third, it can separate organics, biochemicals, inorganics, and
polymers that are sensitive to heat or have high boiling point. This is important,
as chemical companies, in search of a higher profit margin, shift their focus from
commodity to specialty chemicals that often cannot be separated by distillation.
Fourth, like distillation, crystallization allows the complete separation of a multi-
component mixture of chemicals even if the system exhibits complex phase behav-
ior. In distillation, this is achieved by bypassing the azeotropes using extractive
distillation, azeotropic distillation, and so on. In crystallization, this is accomplished
by bypassing the eutectics using fractional crystallization, extractive crystallization,
and so on.

Table 1.1 lists a number of examples that illustrate the wide range of applications
of crystallization in the chemical processing industries. The earliest applications of
crystallization mostly deal with the recovery of inorganic salts from solution by evapo-
rating water. The harvesting of salt from seawater has been practiced since antiquity
[1]. Similarly, the separation of potash as a fertilizer from sodium chloride has been a
major industrial operation to this day. Lithium carbonate, the major component for
lithium batteries, is extracted from salt mines via crystallization from brines. Recently,
there is a significant increase in the co-precipitation of compound salts such as
Ni0.6Co0.2Mn0.2(OH)2 to meet the rising demand for cathode materials used in electric
vehicle batteries. Crystallization is also widely used in the production of organic com-
modity chemicals such as p-xylene, bisphenol-A, terephthalic acid, and adipic acid, to
separate the desired product from impurities and byproducts. Many specialty chemi-
cal and pharmaceutical products, such as diamondoids, azo dyes, monosodium gluta-
mate, vitamin C, aspirin, and ibuprofen, are isolated in solid form by crystallization.
In fact, most small molecule drugs (>90%) are delivered in crystalline form, and about
90% of newly developed active pharmaceutical ingredients are sparingly soluble in
water [2].

In the design and development of crystallization processes, there are three re-
quirements. First, the crystals have to meet product specifications such as size,
shape, polymorphic form, and so on. If the particle size is too small, filtration may
be difficult or take too long, and the presence of fines in the dried product can lead
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to dusting problem. Needle-shaped particles are often difficult to handle because
they tend to break. Also, getting the right polymorphic form of a drug is extremely
important, as different polymorphs can have different bioavailability. Second, the
desired product has to be recovered in high purity and at low cost. Thus, it is impor-
tant to design the crystallizer as well as its operating conditions to produce low im-
purity crystals at high per-pass yield. High purity crystals can be obtained by
minimizing the amount of inclusion impurities within the crystals, which is influ-
enced by particle size, growth rate, and agglomeration rate. Impurities adsorbed on
the surface of the crystals can be washed away in the product recovery process,
downstream of the crystallizer. High per-pass yield can be effected by setting the
operating conditions in such a way that only the desired compound precipitates
out. That is, the concentration of the desired chemical is set at its lowest value but
above its saturation solubility, while the concentration of each of the remaining
components is set at or above its saturation solubility. Third, due to the intense
competition in the chemical processing industries, the design of the crystallization
processes has to be of high quality and completed fast. These requirements can be
met by examining crystallization from all scales, as explained here.

Table 1.1: Application examples of crystallization in the chemical processing industries.

Market sector Application Reference

Inorganics Recovery of potassium chloride from Lake Searles Mumford []
Isolation of potash (KCl) from sylvinite ore Rajagopal et al. []
Production of lithium carbonate from salt mine brines Wilkomirsky []
Production of precursors for NMC battery cathode material Liang et al. []

Organics Separation of p-xylene from m-xylene using extractive
crystallization

Haines []

Production of bisphenol-A using adduct crystallization Moyers [],
Dermer []

Reactive crystallization to produce technical grade
terephthalic acid by liquid-phase air oxidation of p-xylene

Bernis et al. []

Crystallization of adipic acid from a reaction mixture
containing adipic, glutaric, and succinic acids with nitric
acid and water as solvent

Oppenheim and
Dickerson []

Specialty
chemicals

Isolation of diamondoids from petroleum Dahl et al. []
Crystallization of azo dyes by salting-out from solution Guccione []
Crystallization of monosodium glutamate Kawakita []

Pharmaceuticals Purification of vitamin C (ascorbic acid) Kuellmer []
Production of aspirin Thomas []
Resolution of ibuprofen Tung et al. []

2 1 Introduction



1.2 Crystallization as a Multiscale Design Problem

Figure 1.1 shows the length and timescales of various events/entities related to crys-
tallization [18, 19]. The crystallizer size is of the order of meters. Fluid flow, crystal
nucleation and growth, and chemical reaction occur at smaller length scales within
the crystallizer. The size range of a single crystal spans about ten orders of magni-
tude. Semiconductor nanocrystals such as CdSe [20] and nanocrystal drugs [21] are
just nanometers in size, while the potassium dihydrogen phosphate crystals created
at Lawrence Livermore National Laboratory in California can reach a size of about
a meter [22]. The time duration for an event in the crystallizer ranges from hours
(such as residence time) to seconds (such as mixing time). The overlap signifies the
fact that the interplay of mixing, transport, reaction kinetics, and nucleation and
growth kinetics has to be taken into account in designing a crystallization process
properly. Molecular considerations are critical for getting the desired particle shape
and polymorphic form. The crystallizer is located within a chemical plant, which
has a size of the order of hundreds of meters. The overlap between the plant and
crystallizer signifies the need to properly design the crystallizer, in relation to its
surrounding equipment. In fact, the crystallizer and its downstream filtration and
washing system need to be designed in an integrated manner. Further up the length
scale is the global enterprise. Decisions at the corporate level can influence whether
a plant will be built and how a plant is designed.

Figure 1.1: The time and length scales of the tasks involved in the design of a crystal product
(reprinted from [19] with permission from Elsevier).
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This multiscale perspective provides a bird’s-eye view of what tasks need to be
performed in the conceptual design of crystallization processes and the possibility
of executing the tasks concurrently. The same approach has been applied to the
design of reaction systems [23].

1.3 An Integrative Approach to Crystallization Process Design

Designing a crystallization process can be likened to building a house. As depicted in
Figure 1.2, one begins with a sketch of the concept house, followed by building a
strong foundation, before proceeding upwards. This foundation is the solid–liquid
equilibrium (SLE) behavior of the system, which dictates the thermodynamic feasibil-
ity of the process. Obviously, SLE alone does not provide a complete picture. Selection
of an appropriate cooling or evaporation profile, seeding policy, and crystallizer con-
figuration – the equivalent of building the pillars and walls of the house – is next.
Downstream processing units such as filters, washers, and dryers, which often cost
more than the crystallizer and can be a source of serious operational problems, must
be properly designed in conjunction with the crystallizer. Finally, process systems en-
gineering techniques such as optimization, control, scheduling, and hazard and oper-
ability (HAZOP) analysis are applied to integrate the various aspects and achieve the
best overall process performance. The enterprise and molecular tasks in Figure 1.1

Figure 1.2: Crystallization process development can be likened to the construction of a house.
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traditionally handled by management and product scientists, respectively, are not in-
cluded as part of the design activities here.

To minimize the required time, effort, and money, the multiscale, integrative
approach is realized by breaking down the design tasks into different subtasks in-
volving synthesis, modeling, and experimental activities [24]. Figure 1.3 is a workflow
diagram showing how the subtasks are performed either sequentially or concurrently.
Often, a crystallization project begins with a target compound (or compounds) to be
recovered by crystallization from a mixture of compounds. The first task is to collect
the physicochemical properties of all the components. It is important to consider
whether the target compound should be crystallized out. This question may seem to
be unnecessary but is essential. A process designer is in a much better position than
the chemistry team in ensuring an efficient separation process. For example, as dis-
cussed in Example 5.1, instead of crystallizing bisphenol A (BPA), the product, the
BPA–phenol adduct is crystallized, followed by decomposition to obtain BPA in the
commercial process. The second task is to determine the solubility of the relevant
species and, preferably, the SLE phase diagram. These data would help determine
how to come up with the best feed composition for crystallization of the desired com-
pound and how the crystallization should be performed – for example, by cooling or
by solvent evaporation. This is particularly important if more than one compound is
recovered by crystallization. The third task is to perform a small-scale crystallization

Figure 1.3: Workflow for the conceptual design of a crystallization process.
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experiment to verify whether crystals of sufficiently good quality can be obtained. A
good solvent for solubility may not yield good quality crystals. The fourth task is to
perform filtration, washing, and dewatering tests. The crystallization downstream
system can be more expensive than the crystallizer itself. The fifth task is to generate
the entire flowsheet. This is important because the solvents need to be recycled, the
impurities purged, and so on. In fact, flowsheet synthesis starts from the very begin-
ning of the project, although it is formalized as the fifth task. At any point of the con-
ceptual design process, if the design does not seem to work well, a new solvent is
selected and tasks 1 to 5 are repeated. If the conceptual design is deemed acceptable,
the project can proceed to process development, in which pilot plant testing and en-
gineering design to fix the materials of construction, plant layout, and so on are con-
sidered [25].

The integrative approach is in line with the Quality by Design (QbD) concept in
which quality is built into a product with a thorough understanding of the product and
manufacturing process, along with knowledge of the risks involved in manufacturing
the product and how best to mitigate those risks [26]. In crystallization process design,
incorporating the fundamental understanding of all the key issues such as SLE behav-
ior, kinetics, and mass transfer would lead to a process that produces the desired prod-
uct with consistent quality.

This multiscale, integrative design method for crystallization plants originates
from the hierarchical conceptual design approach by Douglas [27]. Starting with the
input-output structure, the crystallization plant is conceptualized by initially focus-
ing on the main parts of the plant – crystallizer and downstream solid–liquid sepa-
ration process, then adding details to each of the main parts level by level, as
illustrated in Figure 1.4. The top-level decisions involve the temperature and pres-
sure of crystallization. The next level is the crystallizer configuration, which in-
cludes mechanisms to control the crystal size distribution, such as fines dissolution
and classified product removal, as well as downstream operations such as filtration,
washing, and drying. This is followed by mixing, detailed simulation of crystal nu-
cleation, growth, breakage, agglomeration, and so on, to obtain a detailed design
[28]. Monitoring and control systems can also be added to ensure that the desired
product specifications are always met and a stable operation is maintained [29].

1.4 Organization of the Book

This book focuses on the conceptual design of crystallization processes, particularly
the foundation of these processes – the SLE phase behavior as represented by the
phase diagrams. Readers will learn what phase diagrams represent, how to properly
model the SLE behavior, and how to collect the necessary data to obtain model pa-
rameters. Most importantly, the use of the phase diagrams to synthesize crystalliza-
tion processes is discussed in detail. Based on the knowledge of SLE behavior, one
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can generate thermodynamically feasible process alternatives, as well as evaluate
and compare them to select the best option. Once the process has been conceptual-
ized, kinetic issues are taken into account to ensure that the crystallizer would
work properly to give a product with the desired attributes. The downstream unit
operations such as filtration, washing, dewatering, and drying are also designed.
The final step, which is the detailed design of the crystallizer accounting for issues
such as fluid flow, mixing, breakage and agglomeration, and control have been
covered elsewhere [30, 31] and will not be discussed in this book.

In Chapter 2, the basics of SLE phase behavior and phase diagrams are dis-
cussed to provide a solid foundation of the book. This is followed by a discussion of
how the thermodynamic information is used for the conceptual design of crystalli-
zation processes in Chapter 3.

In Chapter 4, these concepts are applied to the synthesis of separation pro-
cesses involving crystallization. Often, crystallization is used in combination with
other techniques such as distillation and extraction to come up with an effective
separation process. In Chapter 5, the synthesis of crystallization processes for phase
diagrams with complex behavior – the presence of compound, adduct, solid solu-
tion, amino acid, and supercritical fluid – is discussed. The impact of kinetics and

Figure 1.4: Hierarchical design of a crystallization process.

1.4 Organization of the Book 7



mass transfer effects on process design is considered in Chapter 6. In Chapter 7,
strategies for particle size distribution and impurity management in crystallization
processes are discussed. Chapter 8 focuses on the generation of SLE phase diagrams
and determination of crystallization kinetics. Finally, the key ideas in the concep-
tual design of crystallization processes are summarized in Chapter 9.

Examples are used throughout the book. Some are designed to illustrate the
fundamental concepts using actual chemical systems and literature data. Some in-
dicated by (I) after the example number are real industrial examples, which show
how the fundamental concepts are used creatively to solve real problems. In addi-
tion, exercise problems are provided, some with solutions, to reinforce the learning
process.
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2 Basics of Solid–Liquid Equilibrium Phase
Behavior

2.1 Solid–Liquid Equilibrium

Solid–liquid equilibrium (SLE) provides the thermodynamic basis for the design
and synthesis of crystallization processes. Therefore, before delving into the subject
of conceptual design of crystallization processes, it is imperative to understand the
basics of SLE phase behavior and its representation using phase diagrams.

2.1.1 Melting point and solubility

For a single-component system, SLE simply involves equilibrium at the pure compo-
nent melting point (or freezing point). For example, water and ice are in equilibrium at
0 °C and 1 atm. The SLE of a binary system usually involves the solubility of one com-
ponent (solute) in the other (solvent). For many systems, solubility varies significantly
with temperature, such as that of sugar in water. The dependence of solubility on tem-
perature is often plotted as the solubility curve, as illustrated in Figure 2.1a for sucrose
in water. It is well known that solubility behavior may not be always that simple, with
the potential presence of hydrates, solvates, or different polymorphic forms. There can
be multiple solubility curves corresponding to the different forms of the solute.

The freezing point of the solution is affected by solute concentration, a phenomenon
commonly referred to as freezing point depression. A simple example is the use of salt
to melt snow in the winter by lowering the freezing point of water to below the

Figure 2.1: Examples of SLE relationships of binary systems: (a) sucrose solubility in water (data
from [32]), and (b) freezing point depression in NaCl solution in water (data from [33]).
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ambient temperature. As shown in Figure 2.1b, the freezing point decreases to below
−10 °C when about 20 wt% NaCl is present in the solution. Note that if the melting
points of the two components in the binary system are close to each other, it is irrele-
vant which one should be referred to as the solute and which one should be called
the solvent. Generally speaking, the SLE behavior concerns the temperature versus
composition relationship for both components of the mixture.

Most industrial applications involve more than just two components. In such
multicomponent systems, the presence of other species in the solution can greatly
affect the solubility of a particular component. A case in point is the so-called com-
mon ion effect in an electrolyte mixture. For example, the solubility of NaCl in water
would decrease significantly in the presence of NaOH because of the increased con-
centration of sodium ion, as shown in Figure 2.2a. Another common issue in indus-
trial crystallization is the solubility of a solute in mixed solvents, which depends on
the solvent composition. Sometimes the dependence can be strongly nonlinear, as
in the case of betulin, a natural chemical with medicinal applications, which has a
much larger solubility in mixtures of methanol and chloroform compared to the sol-
ubility in pure methanol or pure chloroform (Figure 2.2b).

2.1.2 Phase diagram and Gibbs phase rule

The complex thermodynamic relationships among composition, temperature, and
pressure in a multicomponent system can be visually represented in a coherent
manner by using a phase diagram, which highlights the regions of composition,
temperature, and pressure under which the system would exist as a single phase or
a mixture of multiple phases. These regions are defined by various boundaries,

Figure 2.2: SLE behavior of multicomponent systems: (a) solubility of NaCl in water as a function of
NaOH concentration (data from [34]), and (b) solubility of betulin in methanol/chloroform mixed
solvent (data from [35]).
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which can be present in the form of a curve, a surface, or even a hypersurface, de-
pending on the dimension of the phase diagram. The dimension of a phase diagram
is determined by the degree of freedom, which is the minimum number of indepen-
dent intensive parameters (such as temperature, pressure, and concentration of a
component) that must be specified to fully define the condition or state of the sys-
tem. According to the phase rule, developed by J. W. Gibbs in 1876, for a closed sys-
tem in the absence of any external effects and special conditions,

F =C− P + 2 (2:1)

where F is the degree of freedom, C is the number of components in the system, and
P is the number of phases present. The number 2 refers to the temperature and pres-
sure of the system. Since the minimum number of phases present in a system is 1,
the phase behavior of a C-component system can be represented using a phase dia-
gram in a (C+1)-dimensional space, where the axes represent temperature, pressure,
and (C – 1) composition variables (mole or mass fractions). Since SLE behavior is
normally insensitive to pressure, it is generally sufficient to consider an isobaric
(constant pressure) phase diagram with a dimension of C for an SLE phase diagram.

There are different types of SLE phase behavior based on the chemical and
physical nature of the components involved, such as whether or not they are elec-
trolytes, their ability to form solid solutions, and the existence of compounds and
polymorphic forms. Correspondingly, the phase diagrams can take different geo-
metrical shapes and include various features, from simple to highly complicated.
This chapter focuses on the basics of SLE phase diagrams, which can be classified
according to the type of system and number of components involved. Descriptions
of phase diagrams with different emphases and levels of detail are scattered in
various textbooks and monographs, some dating back to the mid-twentieth century
[36, 37, 38, 39, 40]. Here, the key features of relevance to the conceptual design of a
crystallization process are highlighted.

2.2 Molecular Systems

Many industrially important mixtures consist only of molecules that do not dissoci-
ate to form ions. The term molecular systems is used throughout this book to refer
to this type of chemical systems. For discussion purposes, molecular systems are
classified according to the number of components involved.

2.2.1 Single component systems

The simplest system to consider is a pure component, which typically has phase
behavior shown in Figure 2.3. The vertical and horizontal axes are pressure and
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temperature, respectively. Depending on the pressure and temperature, the pure
component can exist as solid, liquid, or gas. Along a curve that forms the boundary
between two regions, two phases are in equilibrium. For example, solid and liquid
phases coexist in equilibrium along the melting curve, which describes the depen-
dence of melting point on pressure. The boundary between liquid and gas region
(boiling curve) ends at the critical point, beyond which liquid and gas are no longer
distinguishable. The point of intersection of all three regions is referred to as the
triple point, at which all three phases coexist and are in equilibrium with each
other. At a fixed pressure (p1) above the triple point, possible behaviors of the sys-
tem are restricted to the dashed line, which intersects the melting curve at point 1
and the boiling curve at point 2. Depending on the temperature, the system can be
in solid, liquid, or gas phase. SLE occurs at point 1, which is the melting point at
the given pressure.

2.2.2 Binary systems

There are two common types of SLE behavior of a binary system. The first is simple
eutectic, for which the solid phase is always pure regardless of the liquid composition.
The second is solid solution behavior, which is similar to the typical vapor–liquid equi-
librium behavior, where both phases are never 100% pure. The phase diagram of a
binary system exhibiting simple eutectic behavior at a constant pressure (Figure 2.4a)
is the most common type; examples of systems exhibiting this behavior are given in
Table 2.1. In Figure 2.4a, the vertical axis indicates temperature, while the horizontal
axis shows the composition in terms of weight or mole percent; this is why this iso-
baric diagram is often called the T–x diagram. At the top portion of the diagram is the

Figure 2.3: Typical pure component phase diagram.
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unsaturated liquid region, where there is only a single liquid phase. Below the
melting point of pure A (Tm,A), there is a two-phase region where a solid phase
consisting of pure A is in equilibrium with a liquid phase. Any mixture in this re-
gion, such as the one with an overall composition and temperature indicated by
point M in the diagram, phase splits into pure solid A (point S) and a saturated
liquid (point L), which lies on the saturation curve (also referred to as the solubility
curve) of A. Line SL is called a tie-line. The region below the melting point of pure
B (Tm,B) signifies the region where solids of pure B can be found in equilibrium
with a liquid phase. The saturation curve of B, which forms a boundary of this
region, meets the saturation curve of A at the eutectic point (E). At this point, both
A and B are saturated and the liquid phase is in equilibrium with a solid mixture
of the same composition. Below the eutectic temperature TE, the system can only
exist as a mixture of two solid phases. Clearly, the location of the eutectic point is
an important characteristic of the SLE behavior, as it demarcates two regions
where a different solid can be recovered in each region.

In contrast, if the pair of components forms a solid solution (Figure 2.4b), there
is no pure solid region. There is an envelope within which a solid solution can be
found in equilibrium with a liquid phase. The upper curve, adjacent to the unsatu-
rated liquid region, is called the liquidus curve, and the lower curve is referred to as
the solidus curve. Below the envelope, the system consists of just one solid phase.
Microscopically, each of the solid solution crystals consists of molecules of A and B
interspersed in the same crystal lattice.

The phase behavior of a binary system can be more complex. The phase dia-
gram of a compound-forming system (Figure 2.5a) resembles two simple eutectic
phase diagrams put together side by side. In addition to the A and B solubility

Figure 2.4: Binary SLE phase diagram: (a) simple eutectic system and (b) solid solution.
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curves, there is also a solubility curve for compound AB, with a peak corresponding
to the congruent melting point of the compound (Tmc). At this temperature, the com-
pound coexists with a liquid of the same composition. An example is the 1:1 com-
pound between tetrazole, a synthetic heterocyclic compound used as a gas generator
in automobile airbags, and imidazole, a corrosion inhibitor on transition metals such
as copper, which melts congruently at about 70 °C [41]. A compound is also formed
in a peritectic system (Figure 2.5b). If compound AB is heated beyond TE1, it would
decompose into solid A and a liquid phase. Since it decomposes above its incongruent
melting point (TE1), it cannot coexist with a liquid of the same composition. This
phase behavior is typically observed when the melting points of the components

Figure 2.5: Complex binary SLE phase diagrams for systems without solid solution: (a) compound
formation, (b) peritectic, (c) two congruently melting compounds, and (d) two compounds with
different melting behaviors.
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forming the compound are very different. An example of a system exhibiting this be-
havior is phenol and bisphenol A (BPA), a precursor for polycarbonate plastic and
epoxy resins, which forms a 1:1 compound that melts incongruently around 100 °C
[42, 43]. Above this temperature, the compound would decompose into solid BPA
and a liquid phase.

It is also possible that more than one compound can be formed. Different scenarios
are possible, including all compounds melting congruently (Figure 2.5c) or some com-
pounds melting congruently while others showing peritectic behavior (Figure 2.5d). For
example, phenol and 2-methyl-2-propanol can form two compounds with a molar
ratio of phenol to 2-methyl-2-propanol of 1:2 and 2:1, respectively [44]. Many
salts can form hydrates, which are compounds with water at different propor-
tions. More examples of systems exhibiting these complex behaviors are given in
Table 2.1.

The solid solution behavior can also be more involved with the presence of a minimum
melting eutectic (similar to the azeotropic behavior in VLE), limited solubility (involv-
ing two different solid solutions that are not completely miscible), or combinations

Table 2.1: Examples of binary systems without solid solution.

Behavior Component A Component B Reference

Simple eutectic
(Figure .a)

p-Nitrochlorobenzene o-Nitrochlorobenzene Tare and Chivate []
p-Dibromobenzene p-Dichlorobenzene Singh et al. []
Picric acid Trinitrotoluene Moore []
Triazole Imidazole Hilgeman et al. []

Compound formation
(Figure .a)

o-Cresol Phenol Jadhav et al. []
Chloroform Pyridine Scholastica Kennard

and McCusker []
Phenol Aniline Moore []
Tetrazole Imidazole Hilgeman et al. []

Peritectic (Figure .b) Bisphenol A Phenol Moyers [],
Wyrzykowska-
Stankiewicz and
Palczewska-Tulińska
[]

,ʹ-Diaminobiphenyl -Nitrophenol Rai and George []
AlO SiO Moore []

Two congruently
melting compounds
(Figure .c)

Phenol t-Butyl alcohol Jadhav et al. []
-Nitrophenol ,-Diaminobenzene Sangster []
Water Nitric acid Lincoln []

Two compounds with
mixed melting behavior
(Figure .d)

,-Diaminobenzene Phenol Sangster []
,-Diaminobenzene -Nitrophenol Sangster []
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thereof, as shown in Figure 2.6. Regions of single phase or multiple phases in
equilibrium are marked on the figures along with the pure component melting points
(Tm,A and Tm,B).

There are five most common types of solid solution phase behavior known as
Roozeboom types I to V [51]. Types I to III feature a solid solution with no disconti-
nuity in the solid phase solubility, with type I (Figure 2.6a) showing a monotonous

Figure 2.6: Binary SLE phase diagrams for systems with solid solution: (a) Roozeboom type I,
(b) Roozeboom type II, (c) Roozeboom type III, (d) Roozeboom type IV, (e) Roozeboom type V,
and (f) complex behavior.
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liquidus curve, while types II (Figure 2.6b) and III (Figure 2.6c) exhibit a maximum
and minimum melting point, respectively. Types IV and V are characterized by gaps
in solid solubility with the presence of a peritectic point in type IV (Figure 2.6d) and
a eutectic point in type V (Figure 2.6e). The phase diagram for these two types fea-
tures a region in which two solid solutions of different compositions (S1 and S2) are
in equilibrium with each other. Different solid regions are separated by solvus
curves. For example, in Figure 2.6d, a solvus curve separates the one-phase region
S1(s) from the two-phase region S1(s)+S2(s) and another separates the two-phase re-
gion from the one-phase region S2(s). In addition, more complex behaviors can
exist. For example, the system shown in Figure 2.6f has a peritectic point as well as
a minimum melting point, making it essentially a combination of types III and IV.
Examples of systems exhibiting each type of behavior are given in Table 2.2.

Matsuoka [61] investigated many binary systems involving simple organic chemicals
and reported that the simple eutectic behavior is the most common, comprising
54.3% of all systems studied. Compound formation and peritectic behavior together
make up another 30%, while solid solution behavior is relatively uncommon. The dis-
tribution of the various behaviors is illustrated in Figure 2.7. However, the situation is
different for pharmaceutical and biological molecules, many of which are chiral com-
pounds. According to Jacques et al. [62], the compound formation type is by far the
most common in nature, comprising 90% of all systems. Simple eutectic systems
make up 5–7%, while solid solution behavior is rare.

Table 2.2: Examples of binary systems exhibiting solid solution behavior.

Behavior Component A Component B Reference

Type I (Figure .a) p-Dibromobenzene p-Chlorobromobenzene Campbell and Prodan []
Dibenzofuran Fluorene Sediawan et al. []
Copper Nickel Moore []

Type II (Figure .b) d-Carvoxime l-Carvoxime Oonk et al. []

Type III (Figure .c) Bibenzyl Diphenylacetylene Nojima and Akehi []

Type IV (Figure .d) Anthracene Phenanthrene Joncich and Bailey []
Bibenzyl Stilbene Nojima []

Type V (Figure .e) Acridine Anthracene Kitaigorodsky []
Coumarine Naphthalene Kitaigorodsky []
Dibenzothiophene Fluorene Sediawan et al. []
Naphthalene Thianaphthene Mastrangelo and Dornte []
Diphenyl Dipyridyl Kitaigorodsky []

Complex (Figure .f) Dibenzothiophene Dibenzofuran Sediawan et al. []
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Example 2.1 – Binary simple eutectic system
Nitrochlorobenzene (NCB) isomers are industrially important intermediates in the chemical indus-
try. The para isomer (p-NCB, melting point 83 °C) is an intermediate in the production of rubber
antioxidants, while the ortho isomer (o-NCB, melting point 33 °C) is a precursor to many dyes and
pesticides. The experimental data of Tare and Chivate [45] for this system are plotted on a binary
SLE phase diagram shown in Figure 2.8. The data clearly indicate the existence of two saturation
curves, extending from the pure component melting points and intersecting at the eutectic point,
which is located at approximately 68 mol% o-NCB and has a temperature of 14 °C. Drawing a hori-
zontal line through the eutectic point divides the area below the saturation curves into three
regions: p-NCB solid + liquid, o-NCB solid + liquid, and solid mixture.

Figure 2.8: Binary SLE phase diagram of p-nitrochlorobenzene/o-nitrochlorobenzene system
(data from [45]).

Figure 2.7: Distribution of various types of binary SLE phase behavior (data from [61]).
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Example 2.2 – Hydrate formation from aqueous salt solution
Magnesium nitrate (Mg(NO3)2), which is primarily used as a dehydrating agent (desiccant) in the
preparation of nitric acid, can form several hydrates from an aqueous solution. This leads to a com-
plex binary SLE phase diagram of Mg(NO3)2/H2O system, as shown in Figure 2.9. The existence of
three hydrates as well as anhydrous magnesium nitrate was confirmed by Ewing et al. [63] and the
solubility curves based on their experimental data are displayed on the phase diagram. The vertical
lines on the diagram at 47.8, 57.8, and 80.5 wt% Mg(NO3)2 represent the nonahydrate, hexahy-
drate, and dihydrate, respectively. The eutectic and peritectic points define the horizontal lines
that form the boundaries of different regions. The nonahydrate precipitates simultaneously with
ice at a eutectic point located at −31.9 °C and 32 wt% Mg(NO3)2, which defines the boundary be-
tween the regions of ice + liquid, nonahydrate + liquid, and solid mixture of ice and nonahydrate.
The boundary between the region of the nonahydrate, which melts incongruently, and that of the
hexahydrate is defined by a peritectic point at −14.7 °C and 37 wt% Mg(NO3)2. The other two transi-
tion points are eutectic points: between hexahydrate and dihydrate at 52.7 °C and 67 wt% Mg
(NO3)2, and between dihydrate and anhydrous magnesium nitrate at 130.5 °C and 82 wt% Mg
(NO3)2. The presence of these two eutectic points corresponds to the fact that both hexahydrate
and dihydrate melt congruently. Besides the ice+nonahydrate region, the phase diagram also
features three other solid mixture regions.

Figure 2.9: Binary SLE phase diagram of magnesium nitrate–water system (data from [63]).

2.2.3 Ternary systems

Just as the composition of a binary system is represented on a straight line, the com-
position of a ternary system is plotted on a composition triangle shown in Figure 2.10.
The composition, either in mass or mole fraction, should be read along the sides
of the triangle. The best way to read this diagram is to start from the vertex, at
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which the mass or mole fraction is equal to 1 (pure component). The composition
of that particular component should be read along the parallel lines opposite the
vertex. For example, point M in Figure 2.10 represents a mixture of 30% A (read
along the left edge), 30% B (read along the bottom edge), and 40% S (read along
the right edge).

The SLE phase diagram of a three-component system at constant pressure takes the
shape of a triangular prism with the composition triangle as the base, as depicted in
Figure 2.11a. This three-dimensional (3D) diagram is basically constructed by putting
together the T–x diagrams of three binary systems (A–B, A–S, and B–S) and filling
out the interior with the saturation surfaces (or solubility surfaces) corresponding to
each of the three components. Two surfaces intersect at a eutectic trough and all
three surfaces meet at the ternary eutectic point, at which all three components are
saturated.

Since it is not easy to view a 3D figure, it is often desirable to reduce the di-
mensionality via projections and cuts. One way of doing this is by taking the so-
called polythermal projection (Figure 2.11b), which is a projection in vertical direc-
tion parallel to the temperature axis. Basically, it is the picture that a viewer would
see when they place their eyes right above the prism and look straight down. The
saturation surface of A would appear as region A-AB-ABS-AS, which is called the
compartment of A. This region signifies the range of composition from which pure A
can be crystallized out. Similarly, the saturation surfaces of B and S appear as re-
gion B-BS-ABS-AB and S-BS-ABS-AS, respectively. Every point on this projection has

Figure 2.10: Composition triangle for representing ternary systems.
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a different temperature, corresponding to the saturation surfaces in the 3D diagram,
thus the name polythermal projection. Furthermore, since only the saturation surfa-
ces are displayed, this projection does not provide any information on the solid
mixture regions below the eutectic points.

Another way to reduce the dimensionality is an isothermal cut, which is ob-
tained by slicing the prism at a constant temperature. A series of such cuts taken
at different temperatures would provide a good mental picture of the 3D figure.
Figure 2.11c shows an isothermal cut at temperature T1. Since this temperature is
above the melting point of component S, no region associated with solid S can be
found. Instead, a region of unsaturated liquid is present at the S-rich portion of
the diagram. The wedge-shaped region to the right, A(s)+Liq, is the region where
solids of pure A exist in equilibrium with a liquid phase. If the composition of a
mixture lies within the other wedge-shaped region on the left-hand side, solids of
pure B are obtained at this temperature. Inside the lower triangle, A(s)+B(s)+Liq,
both solids A and B crystallize out of the solution and the solid mixture is in

Figure 2.11: Ternary SLE phase diagram with simple eutectic behavior: (a) T–x diagram,
(b) polythermal projection, (c) isothermal cut at T1.
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equilibrium with a liquid phase having a composition indicated by point D, which
is referred to as a double saturation point. Point D is actually a part of the eutectic
trough in the 3D figure. It can be clearly seen that the location of the double satu-
ration point – and hence the region boundaries in the isothermal cut – would
change with temperature.

Cuts along planes that are perpendicular to the base can also be taken to visualize
the various mixed solid regions below the solubility curves. Two such isoplethal cuts,
each of which basically forms a pseudobinary system, are shown in Figure 2.12a. The
first one is taken along a plane parallel to the back face of the prism, which signifies a
constant composition of S. This plane sits on line pq on the triangular base and inter-
sects the solubility surfaces of A and B at curves aD1 and bD1, respectively. Line cd
represents the intersection between this plane and an isothermal cut at the ternary
eutectic temperature TABS. The second cut is taken along a plane that passes through
the axis of pure A sitting on line Am on the triangular base, which signifies a constant
ratio between components B and S. The plane intersects the solubility surfaces of A
and B at curves hD2 and eD2, respectively.

Figure 2.12: Isoplethal cuts of the ternary SLE phase diagram: (a) T–x diagram, (b) cut at constant
composition of S, (c) cut at constant ratio of B to S.
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The different regions on the cut at a constant composition of S is shown in
Figure 2.12b. Between the single saturation regions of A and B, a double saturation
region A(s) + B(s) + L appears below the double saturation point D1. Furthermore,
double saturation regions of A(s) + S(s) + L and B(s) + S(s) + L appear below the bi-
nary eutectic temperatures of AS and BS, respectively. Line cd lies on the isothermal
plane of TABS. All three double saturation regions end at the ternary eutectic tempera-
ture, below which only a solid mixture of A(s)+B(s) + S(s) can exist.

Similarly, the different regions on the cut at a constant ratio of B to S are depicted
in Figure 2.12c. Again, the double saturation region A(s)+B(s)+L appears below the
double saturation point D2. The boundary between this region and A(s)+L region is a
straight line, which is the tie-line connecting pure A and the double saturation point
at D2. Line fg lies on the isothermal plane of TABS. There is no double saturation re-
gion of A(s)+S(s)+L at any temperature on this cut and the AS binary eutectic temper-
ature has no relevance.

Example 2.3 – Ternary simple eutectic system
The ternary system of sulfonal (sulfonmethane, C7H16O4S2, melting point 124.5 °C), β-naphthol (2-
naphthol, C10H8O, melting point 122 °C), and salol (phenyl salicylate, C13H10O3, melting point 42.5 °C)
exhibits simple eutectic behavior. Experimental solubility data of sulfonal in mixtures of β-naphthol
and salol as well as β-naphthol in mixtures of sulfonal and salol at different temperatures, including
the binary and ternary eutectic points, have been reported in the literature [34]. By plotting the data
on a T–x diagram (Figure 2.13a), the solubility surfaces of the pure components can be identified. The
diamonds in the figure indicate data points with pure sulfonal (A) as the solid phase, while the
crosses represent data points with pure β-naphthol (B). Except the pure component melting point, no
other data point with pure salol (C) as the solid phase is reported, because of the relatively small
solubility surface of this component. Figure 2.13b is the polythermal projection of the SLE phase dia-
gram, showing the three compartments where pure components can be obtained as the solid phase.
The approximate location of the boundary between compartments A and B is determined from the
data points, while the AC and BC boundaries are assumed to be straight lines connecting the eutectic
points. Isotherms, lines connecting data points having the same temperature, are also plotted on the
polythermal projection.

Isothermal cuts can also be taken to identify the various regions of phase equilibrium at constant
temperature. An isothermal cut at 80 °C (Figure 2.13c), which is below the melting points of A and B
but above the AB binary eutectic temperature (67 °C), features two separate regions where pure A
and pure B, respectively, are in equilibrium with a liquid phase. A cut taken at 60 °C (Figure 2.13d),
which is below the AB binary eutectic temperature, features a third region where a mixture of solid A
and B coexists with a liquid phase. The boundaries of this region are defined by the double satura-
tion point, which is the intersection of the two solubility curves. The two-solid region also appears at
the isothermal cut at 40 °C (Figure 2.13e) and its size gets larger as the double saturation point
moves away from the AB edge. Since this temperature is lower than the melting point of pure C, a
small region where solid C is in equilibrium with the liquid appears near the C vertex.
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2.2.4 Quaternary systems

For a four-component system, representing composition requires a 3D space, which
is the composition tetrahedron shown in Figure 2.14. Indicated in the diagram are
three planes corresponding to S content of 25%, 50%, and 75%. Point M is located on
the plane of 50% S. The composition of A, B, and C can be read in the same way as
for the ternary system. The T–x diagram for a quaternary system would be four-
dimensional, which is obviously impossible to draw on a piece of paper. However, by
analogy with systems with fewer components, it is possible to obtain 3D polythermal
projection or isothermal cut, which would take the shape of a tetrahedron.

The polythermal projection is shown in Figure 2.15a. There are four 3D compart-
ments, one for each of the components, separated from each other by the eutectic sur-
faces. For example, compartment A is bounded by eutectic surfaces AB-ABC-ABCS-ABS,
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Figure 2.13: Ternary SLE phase diagram of sulfonal (A)/β-naphthol (B)/salol (C) system (data from
[34]): (a) T–x diagram, (b) polythermal projection with isotherms, (c) isothermal cut at 80 °C, (d)
isothermal cut at 60 °C, and (e) isothermal cut at 40 °C.
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AC-ABC-ABCS-ACS, and AS-ABS-ABCS-ACS. The six eutectic surfaces meet along four
ternary eutectic troughs (ABC-ABCS, ABS-ABCS, ACS-ABCS, and BCS-ABCS) and at a
quaternary eutectic point (ABCS). The dimensionality of this 3D figure can be further
reduced by taking a projection or cut. One common approach is to take a Jänecke

Figure 2.15: Polythermal projection of SLE diagram of a quaternary system: (a) three-dimensional
figure, (b) Jänecke projection, and (c) constant composition cut.

Figure 2.14: Composition tetrahedron for representing quaternary systems.
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projection, which normalizes the composition with respect to a reference component.
Since the solvent is normally not crystallized out in the process, a Jänecke projection
from the solvent apex (point S) as shown in Figure 2.15b is particularly useful for pro-
cess design. The compartments of A, B, and C in the projection are marked with differ-
ent shades. Compartment S, located above the other three compartments and covering
the entire triangle, does not appear in the plot. Another way to reduce dimensionality
is to take a cut at constant composition. For example, a cut at a constant C to S ratio
(Figure 2.15c) is useful when considering a quaternary system in which C is a soluble
impurity that does not crystallize out. In other words, Sc can be viewed as the solvent
in a system where only A and Bmay precipitate out. The subscript C indicates the pres-
ence of C as an unsaturated component.

The isothermal cut of the quaternary phase diagram is shown in Figure 2.16.
Analogous to the isothermal cut of a ternary phase diagram, it features cone-shaped
regions bounded by saturation surfaces, one each for A, B, and C. There is no satura-
tion surface for S because this cut is taken above the melting point of S. Points D1, D2,
and D3 are double saturation points. The saturation surfaces intersect each other
along double saturation curves (D1T, D2T, and D3T) and all three of them meet at the
triple saturation point (T), which is a solution saturated with A, B, and C. To reduce
dimensionality, a Jänecke projection can be taken from the solvent apex (point S), as
shown in Figure 2.16b. It should be noted that although, at a glance, this projection

Figure 2.16: Isothermal cut of SLE diagram of a quaternary system: (a) three-dimensional figure,
(b) Jänecke projection, and (c) constant composition cut.
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appears to be the same as a polythermal projection of a ternary phase diagram, there
are fundamental differences between the two. In this projection, each point has the
same temperature but different content of a fourth component (i.e., solvent S).
Meanwhile, each point in a polythermal projection has a different temperature. A con-
stant composition cut (Figure 2.16c) looks similar to the isothermal cut of a ternary
T–x diagram, but it should be kept in mind that C is also present in the liquid phase.

Example 2.4 – Isothermal SLE phase diagram of a quaternary system
The SLE phase behavior of amino acids in aqueous solution has been widely studied. For example,
Grosse Daldrup et al. [64] measured the solubility of mixtures of L-alanine, L-leucine, and L-valine
in water at different temperatures. These amino acids do not form solid solution with each other.
Figure 2.17a–c depicts the isothermal cut of the SLE phase diagrams of L-alanine/L-leucine/water,
L-alanine/L-valine/water, and L-leucine/L-valine/water, respectively, at 50 °C. The solubility data of
Grosse Daldrup et al. are plotted on the diagrams; diamonds, crosses, and plus signs represent
the liquid compositions in equilibrium with a solid phase of pure L-alanine, L-leucine, and L-valine,
respectively. The solubility curves are estimated based on these data points. Note that due to the
relatively low solubility of the amino acids, only the top portion of the triangle (mass fraction
H2O ≥ 0.75) is shown for clarity.

Figure 2.17: Isothermal cut of the SLE phase diagram of L-alanine/L-leucine/L-valine water system
at 50 °C (data from [64]): (a) L-alanine/L-leucine/water subsystem, (b) L-alanine/L-valine/water
subsystem, (c) L-leucine/L-valine/water subsystem, (d) quaternary system, and (e) Jänecke
projection of the quaternary system.
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Figure 2.17d shows the isothermal cut of the quaternary SLE phase diagram involving all three amino
acids and water. In addition to the ternary data points, six quaternary data points (two each with
L-alanine, L-leucine, and L-valine as the solid phase) are also plotted on the diagram. Again, only the
top portion of the tetrahedron is displayed. The phase diagram features three solubility surfaces,
one for each amino acid, passing through the data points and intersecting along three double satura-
tion curves. A clearer view of these double saturation curves and the triple saturation point – where
the three curves meet – can be had by taking a Jänecke projection with respect to water, as shown in
Figure 2.17e. Note that the location of the double and triple saturation points have been estimated
based on the requirement that all data points with the same solid phase must fall within the corre-
sponding region. For example, all data points with L-alanine as the solid phase (plus signs) lie within
the projected L-alanine saturation surface, which is the shaded region in the figure.

2.2.5 Multicomponent systems

Beyond four components, visualization is difficult because it is impossible to
view entities of dimensions four or higher, in their entirety, on a piece of paper.
The only practical approach is to take cuts and projections to reduce the di-
mensionality, and then examine a set of those lower dimensional images to form
a mental picture of the complete space. A comprehensive set of methods is avail-
able for this purpose. Generally speaking, any phase diagram can be considered
as an n-dimensional object. Geometrical features such as points, lines, curves,
planes, surfaces, and so on are termed varieties. For example, both the satura-
tion curves in the binary SLE phase diagram (Figure 2.4) and the solubility surfa-
ces in the ternary SLE phase diagram (Figure 2.11a) are referred to as saturation
varieties. Cuts and projections display, at least, parts of these varieties in an m-
dimensional subspace, where m<n.

A cut is the intersection between the original object with a lower dimensional
subspace. Only parts of the varieties that lie on the intersection appear in the cut and
the rest are ignored. For example, the isothermal cut at T1 of the 3D prism represent-
ing the T–x diagram of a three-component molecular system (Figure 2.11) is the inter-
section of the prism with a plane representing T = T1. Parts of the two-dimensional
(2D) saturation varieties (A and B saturation surfaces) that lie on the intersecting
plane appear as one-dimensional (1D) saturation varieties (the saturation curves) in
the cut (Figure 2.11c). The cut does not contain any information on the eutectic
points, as they do not lie on the intersecting plane. To reduce the dimensionality of a
system by more than one, multiple successive cuts can be taken. For example, the
constant composition cut in Figure 2.16c is obtained by first intersecting the 4-D ob-
ject representing the T–x diagram of the quaternary system with a 3D hyperplane rep-
resenting constant temperature, and then intersecting the resulting tetrahedron
(Figure 2.16a) with a plane representing a constant ratio of C to S. If all saturation
varieties in the phase diagram as well as the intersecting subspace are represented
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by mathematical equations, it is straightforward to obtain the cut by solving those
equations simultaneously.

A projection can be viewed as getting the image of an object on a lower dimen-
sional subspace called a projective space, by shining light on the object. The lines
connecting each point in the object with its image is termed a projection ray. There
are three types of projection: orthogonal projection (projection rays are parallel and
orthogonal to the projective space), parallel projection (projection rays are parallel
but not necessarily orthogonal to the projective space), and central projection (all
projection rays go through a point called the center of projection). Figure 2.18 ex-
plains the differences between these three types of projection. Note that the poly-
thermal projection is an example of an orthogonal projection, while the Jänecke
projection is a central projection with the reference component apex as the center
of projection. Although visualization is limited up to 3D, the same concept applies
to projections in higher dimensions.

In performing a projection, the projective subspace and the center of projection
(in central projection) or direction of projection rays (in parallel projections) need to
be defined. In the case of orthogonal projection, once the projective subspace is
given, the direction of projection rays cannot be chosen arbitrarily and vice versa, as
they are always orthogonal to each other. Once the projection rays are defined using
a set of basis vectors, the coordinates of the projective subspace, referred to as the
canonical coordinates, naturally appear. Wibowo and Ng [65] showed that the canoni-
cal coordinates for multiple orthogonal projections from an n-dimensional space to
anm-dimensional subspace are given by

Yi = yi −θTi Q
− 1
ref yref ; i= 1, 2, . . . ,m (2:2)

Figure 2.18: Three basic types of projection: (a) orthogonal, (b) parallel, and (c) central.
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where

θi = q1, i q2, i � � � qn−m, i½ �T, i= 1, 2, . . . ,m (2:3)
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yref = ym+ 1 ym+ 2 � � � yn½ �T (2:5)

Here, qj,i are the elements of the jth projection vector, qj. There are (n – m) linearly
independent projection vectors, each of which defines the direction of projection
rays for reducing the dimensionality by one. The projection of any variety of
dimension m or higher in the original object (which are mathematically described
by functional forms in terms of yi’s) can be obtained by casting the functions in
terms of Yi’s.

As an example, consider an orthogonal projection of a right-angled triangular
pyramid which lies in a 3D space (n = 3) represented by the set of coordinates
{y1, y2, y3}, onto a 2D subspace (m = 2), as illustrated in Figure 2.19a. The direction
of projection rays shown in the figure is described by the projection vector

q1 = 1 1 − 1½ �T (2:6)

Figure 2.19: Projection of a right-angled triangular pyramid onto a two-dimensional subspace [65]:
(a) direction of projection rays, and (b) canonical coordinates defining the projective subspace.
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The elements of this vector are q1,1 = 1, q1,2 = 1, and q1,3 = −1. As n – m = 1 for this
projection, all eqs. (2.3)–(2.5) give 1 × 1 matrices:

θ1 = q1, 1½ � (2:7)

θ2 = q1, 2½ � (2:8)

Qref = q1, 3½ � (2:9)

yref = y3½ � (2:10)

Here, y3 has been conveniently chosen as the reference coordinate. Substituting
into eq. (2.2), the canonical coordinates representing the 2D subspace are obtained:

Y1 = y1 − 1ð Þ − 1ð Þ− 1 y3 = y1 + y3 (2:11)

Y2 = y2 − 1ð Þ − 1ð Þ− 1 y3 = y2 + y3 (2:12)

Figure 2.19b shows the projection of the pyramid in the 2D subspace, which takes
the form of a square. The projections of lines AB and CD form the diagonals of the
square and both points, E and F, are projected to their intersection (point E’). This
projection has been originally proposed by Cruickshank et al. [66], who found it to
be useful for visualizing the liquid–liquid equilibrium behavior of four-component
systems.

Since a projection shows only part of the system under consideration, multiple
figures are required to obtain a mental image of the phase behavior of the entire sys-
tem. For a C-component molecular system, the simplest way to generate those figures
is by taking Jänecke projections with respect to any C – 3 reference components,
which is essentially selecting three components at a time and ignoring the mole frac-
tions of the reference components. The total number of such 2D projections that can
be generated by selecting different combinations of reference components is

NP =
C

3

 !
(2:13)

However, Samant et al. [67] showed that the minimum number of 2D projections
required to completely represent the phase behavior is given by

NP, min =
C − 1
2

� �2

+ k ; k =f 0

3=4

if C is odd

if C is even
(2:14)

The remaining NP – NP,min projections do not offer any additional information, but
may be used as supplementary information. Interested readers are referred to the
original publication for the derivation of eq. (2.14).

To illustrate the application of projections and cuts in visualizing high-
dimensional SLE phase diagrams, consider the isobaric, polythermal phase diagram
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of a five-component (A, B, C, D, E) molecular system with simple eutectic behavior,
which is four dimensional in nature. Figure 2.20 shows one such projection, with D
and E as the reference components. Different points on the projection, including
pure components and eutectic points, are labeled after the saturated components.
For example, vertex AB indicates a binary mixture where both A and B are satu-
rated; that is, the AB binary eutectic. As a consequence of the choice of reference
components, saturation varieties involving D and E do not appear in this projection,
making the representation of the phase behavior incomplete. For example, the sin-
gle saturation varieties of D and E are absent in the projection. To view the missing
saturation varieties, other projections need to be taken by choosing different sets of
reference components. Since eq. (2.14) gives NP,min = 4, three more projections are
needed to completely represent the phase behavior of this system.

Figure 2.21 shows four 2D cuts at constant xE = 0.2 and different values of xD. The satu-
ration points on the cuts are labeled after the saturated components. Unsaturated
components, if present, are written as subscripts. For example, ABDE is a double satu-
ration point at which four components (A, B, D, and E) are present, but only A and B
are saturated. At xD = 0.1 (Figure 2.21a), both D and E are unsaturated at any propor-
tion of A, B, and C. Therefore, the cut looks very much like the polythermal phase dia-
gram of the ABC ternary system, with the exception that D and E appear as
unsaturated components at all saturation points. The situation is different at xD = 0.55
(Figure 2.21b), where D becomes saturated at the region bounded by ABDCE, ACDBE,
and BCDAE. As it is no longer possible for A, B, and C to be co-saturated in the

Figure 2.20: Projection of the polythermal SLE phase diagram of a quinary system [65].
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presence of such a large amount of D, point ABCDE does not appear in this cut. When
xD is further increased to 0.57 (Figure 2.21c), it is not even possible for just A and C to
be saturated together. Therefore, point ACDBE disappears and is replaced by ADCE and
CDAE. At xD = 0.65 (Figure 2.21d), A can no longer be saturated. Thus, the single satu-
ration variety of A disappears altogether from the cut, and point ADE is replaced by
DAE, signifying the fact that D is now the saturated component at that point.

One important task in visualizing multicomponent SLE phase diagrams using
cuts and projections is to identify the different varieties in the high-dimensional
space that should appear in a certain cut or projection. To systematize this task,
Samant et al. [67] proposed a framework in which the geometry of the phase dia-
gram is captured in a digraph as represented by its associated matrices. Different
points on the phase diagram, including pure components, eutectic points, and satu-
ration points are represented by vertices. Two vertices are said to be adjacent to
each other if they are connected by an edge. An adjacency matrix defines the pres-
ence of an edge between any pair of vertices. These vertices and edges define the
boundaries of saturation varieties of higher dimensions, inside which one or more
components are saturated. A saturation variety matrix can be derived from the adja-
cency matrix to clarify which edges form the bounds of which saturation varieties.
The phase diagram is defined by identifying and locating all vertices, edges, and
saturation varieties.

Figure 2.21: Isoplethal cuts of the polythermal projection at different concentrations of D and E.

2.2 Molecular Systems 33



Figure 2.22 shows the representation of the polythermal phase diagram of a
ternary system with simple eutectic behavior as a digraph, along with the corre-
sponding adjacency and saturation variety matrices. In the adjacency matrix, “1”
signifies the pair of vertices that are adjacent to each other, such as A and AB, AB
and ABC, and so on. Meanwhile, in the saturation variety matrix, “1” identifies
the vertices on the column heading that form the boundaries of the saturation
variety on the row heading. For example, the A single saturation variety (A-sat) is
the area bounded by vertices A, AB, AC, and ABC, while the AB double saturation
variety (AB-double sat) is the line AB–ABC. Arrows on the digraph indicates the
direction of decreasing temperature.

When taking a projection, the adjacency and saturation variety matrices remain un-
changed, as a projection does not affect the connections among vertices. Note that
some saturation varieties may not appear on the projection; this happens when any
vertex that forms the boundaries of the saturation variety is missing in the projec-
tion (e.g., a vertex corresponding to a reference component in a Jänecke projection).
On the other hand, a cut only shows parts of the saturation varieties. Therefore, tak-
ing a cut has to involve a modification of the adjacency matrix to identify which
edges should appear as a new vertex in the cut. In each new vertex, the compo-
nents common to both original vertices connected by the surviving edge would be
saturated and the ones present in only one of them would be unsaturated. The sat-
uration variety matrix is also modified correspondingly to identify the new satura-
tion varieties in the cut. More details and examples can be found in the original
publication [67].

Figure 2.22: Representation of a polythermal phase diagram of a ternary system as a digraph with
the corresponding adjacency and saturation variety matrices.
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2.2.6 Reactive systems

If there are chemical reactions among components in a system and the reactions
achieve equilibrium, the compositions are constrained to the equilibrium curve. In
other words, the presence of reactions reduces the number of degrees of freedom in
the system because the composition has to obey the reaction equilibrium equations.
Correspondingly, the possible compositions are confined to a lower dimensional
subspace of the phase diagram.

As discussed in Section 2.1.2, an isobaric phase diagram for a mixture with C
components can be represented in a C-dimensional space. A complete representation
of the isobaric phase behavior of a C-component system with R independent reac-
tions requires a (C – R)-dimensional space and the compositions of the reaction mix-
ture can be sufficiently represented using (C – R – 1) new composition variables. It is
convenient to define them in such a way that they are reaction invariant, that is, they
take the same numerical values before and after the reaction. This can be achieved
by taking projections along stoichiometric lines, which represent the loci of reaction
mixture compositions at different conversions, resulting in reaction-invariant projec-
tions. Note that there is one set of stoichiometric lines for each independent reaction.

As an illustration, consider a three-component system with one reaction
(A+B=D), for which Figure 2.23 shows the isothermal cut of the phase diagram.
Since D can exist as a solid at this temperature, but the melting points of A and B
are below this temperature, only the saturation region of D(s) appears in this cut.
Reaction equilibrium restricts the composition along the reaction equilibrium curve
[68], which can be mathematically expressed as

xD
xAxB

=K (2:15)

Figure 2.23: Reaction-invariant projection in a three-component system with one reaction.
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where K is the equilibrium constant. Projection along the stoichiometric lines gives
a 1D figure with compositions expressed in terms of a transformed mole fraction, XB.
The projection features a segment of the line as the saturation region of D bounded
by two saturation points where phase and reaction equilibria occur at the same
time. The choice of the expression for XB will be explained further.

Figure 2.24a shows an example of a reactive phase diagram for a system of four
components: A, B, D, and S, and one reaction: A+B = D, at a constant temperature.
The reaction equilibrium is represented by the indicated reaction surface. At this tem-
perature, the surface intersects the saturation surface of D, beyond which solid D pre-
cipitates. A projection of the phase diagram in which the compositions are expressed
in terms of transformed mole fractions X1 and X2, are shown in Figure 2.24b. The D
saturation curve results from the intersection between reaction equilibrium and SLE
surfaces. Inside the region bordered by this curve and the AB edge, the solution is in
equilibrium with solid D. Outside of the region, the solution is unsaturated.

It has been shown that a set of reaction-invariant canonical coordinates can be ob-
tained using the general projection method by choosing projection vectors that cor-
respond to the reactions [65]. In other words, the projection rays are in the direction
of the stoichiometric lines. The resulting expression is the same as the transformed
mole fraction coordinates proposed by Ung and Doherty [69]:

Xi =
xi − νTi V

− 1
ref xref

1− νTTOTV
− 1
ref xref

; i= 1, 2, . . . , C−R− 1ð Þ (2:16)

Figure 2.24: Four-component system with one reaction: (a) three-dimensional isothermal diagram
and (b) reaction-invariant projection.
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where

νTi = νi1 νi2 � � � νiR½ � ; i= 1, 2, . . . , C −R− 1ð Þ (2:17)

νTTOT =
PC
i= 1

νi1
PC
i= 1

νi2 � � � PC
i= 1

νiR
� �

(2:18)

Vref =

νC −R, 1 νC−R, 2 � � � νC−R,R
νC−R+ 1, 1 νC−R+ 1, 2 � � � νC−R+ 1,R

..

. ..
. . .

. ..
.

νC − 1, 1 νC− 1, 2 � � � νC− 1,R

2
666664

3
777775 (2:19)

xref = xC−R xC −R+ 1 � � � xC − 1½ �T (2:20)

where νij represents the stoichiometric coefficient of component i in reaction j, and
xi is the mole fraction of component i. Different transformed coordinates have been
proposed in terms of concentration of elements [70]. Despite the seemingly different
approaches and resulting expressions, these coordinates actually describe the same
projective space.

The expressions for the transformed coordinates in Figures 2.23 and 2.24b can
be readily obtained from eq. (2.16) by taking D as the reference component. For the
three-component system with one reaction (C = 3, R = 1) shown in Figure 2.23,
eqs. (2.17)–(2.19) give

νTB = νB, 1½ �= − 1½ � (2:21)

νTTOT = νA, 1 + νB, 1 + νC, 1½ �= − 1½ � (2:22)

Vref = νD, 1½ �= 1½ � (2:23)

Since C – R – 1 = 1, eq. (2.16) leads to only one reaction-invariant canonical coordi-
nate for this system:

XB =
xB − − 1ð Þ 1ð Þ− 1xD
1− − 1ð Þ 1ð Þ− 1xD

= xB + xD
1+ xD

(2:24)

On the other hand, the reactive projection of the four-component system in
Figure 2.24a (C = 4, R = 1, hence C – R – 1 = 2) is represented by two canonical coor-
dinates, with one more expression obtained from eq. (2.17),

νTA = νA, 1½ �= − 1½ � (2:25)

resulting in the expressions for X1 and X2 as shown in Figure 2.24b.
The phase behavior of systems forming adducts, hydrates, or racemic compounds

can be obtained using the same approach by treating the compound formation as a
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reaction [71]. All pure components as well as the compounds are considered as sepa-
rate components and the compounds are taken as reference components in deriving
the transformed coordinates. For example, consider a system consisting of components
A and B that can form a compound C. Figure 2.25a shows the SLE phase behavior of

Figure 2.25: SLE phase diagram of a ternary system with reaction: (a) resulting in compound
formation behavior and (b) resulting in peritectic behavior.
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the ternary system of A, B, and C. Also shown is a reaction equilibrium surface corre-
sponding to the reaction A+B = C. The shape of the surface accounts for the fact that
the equilibrium constant K is a function of temperature. Under equilibrium condition,
which can be assumed to be achieved quickly, possible compositions would be re-
stricted to the reaction equilibrium surface which intersects the saturation surfaces of
A, B, and C as well as various solid-liquid regions in the triangular prism. Projecting
the intersection to a flat surface in the direction of stoichiometric lines gives a reaction-
invariant projection that is equivalent to the phase diagram of a binary system with
compound formation (Figure 2.5a). Taking compound C as the reference component,
the transformed coordinate for this projection is

XA =
xA + xC
1+ xC

(2:26)

However, since C can be considered as an equimolar mixture of A and B rather than
a separate component, it is common to express the composition of the mixture in
terms of effective mole fractions of A and B. The expression of eq. (2.26) actually
represents the effective mole fraction of A in the binary mixture of A and B. It
should also be noted that chemical analysis often gives the concentration of a com-
pound in terms of its constituents, making the effective mole fraction more practical
for representing the composition of the mixture.

Figure 2.25b shows a similar ternary system involving a reaction but with different
values of melting points (particularly, lower melting point of B) and a reaction equilib-
rium surface with a slightly different shape (representing a different function of equi-
librium constant K with respect to temperature). When projected to a flat surface
along the stoichiometric lines, the intersection between the reaction equilibrium sur-
face and the saturation surfaces gives an image that is equivalent to the phase dia-
gram of a binary system with peritectic behavior (Figure 2.5b). Therefore, the binary
SLE phase diagrams involving compounds can be considered as a reactive projection
of a higher dimensional phase diagram which includes the compounds as separate
components. Depending on the relative positions of the reaction equilibrium and satu-
ration varieties, the resulting projection can exhibit either compound formation or
peritectic behavior.

2.3 Electrolyte Systems

Electrolyte systems are encountered in many industrially important crystallization
processes. In contrast to molecular species, electrolytes partially or completely dis-
sociate into ions in solution. For example, when NaCl is dissolved in water, it disso-
ciates into Na+ and Cl− ions. When a mixture of two salts having no common ion
(referred to as a conjugate salt system) is dissolved in water, the salts lose their orig-
inal identity. For example, a solution containing an equimolar amount of KNO3 and

2.3 Electrolyte Systems 39



NaCl is indistinguishable with another solution containing the same number of
moles of KCl and NaNO3, as both mixtures exist as a mixture of K+, Na+, Cl−, and
NO3

− ions in water.
Because of this special characteristic, mole fraction or weight fraction coordinates

are not suitable to represent the composition of an electrolyte system. Instead, ionic
coordinates are used for plotting the phase diagram [72]. For a solution containing m
simple cations (such as proton, sodium ion, potassium ion, and so on), n simple anions
(such as hydroxide and chloride), and s nonelectrolytes (such as water or organic sol-
vents), the solution composition can be adequately represented using m – 1 cationic
coordinates, n – 1 anionic coordinates, and s nonelectrolyte coordinates, as given by

R Mið Þ= zMi ½Mi�Pm
i= 1 zMi ½Mi�

(2:27)

R Nj
� �

=
zNj ½Nj�Pn
j= 1 zNj ½Nj�

(2:28)

R Skð Þ= ½Sk�Pm
i= 1 zMi ½Mi�

= ½Sk�Pn
j= 1 zNj ½Nj�

(2:29)

Concentrations of the cations [Mi], anions [Nj], and [Sk] are expressed in molality,
and z is the ionic charge.

As an example of how this coordinate system is used, consider a solution con-
taining an acid HX and a base MOH. In solution, these species dissociate into
H+, M+, OH–, and X–ions, which can also be obtained from a mixture of salt MX and
water. Since both H+ and OH– are present in this system, water should be consid-
ered as one of the conjugate salts instead of a nonelectrolyte solvent. Because of
the reaction-invariant nature of the projection, the actual degree of water dissocia-
tion into H+ and OH– is irrelevant. Therefore, in plotting a composition using the
coordinate system, water should always be assumed to completely dissociate into
ions. In this system, m = 2 and n = 2, so all compositions can be plotted using a
coordinate system consisting of 1 cationic coordinate and 1 anionic coordinate, as
shown in Figure 2.26a. Using eqs. (2.27 and 2.28), the coordinates are

R M+ð Þ= ½M+ �
½H+ �+ ½M+ � (2:30)

R OH−ð Þ= ½OH− �
½OH− �+ ½X− � (2:31)

Note that the choice of M+ and OH– for the numerator is arbitrary. Replacing them
by H+ and X– does not change the features on the phase diagram. A mixture con-
taining 1 mol HX and 1 mol MOH, which is equivalent to a mixture of 1 mol MX and
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1 mol H2O, has a value of R(M+) = 0.5 and R(OH–) = 0.5. Therefore, it is represented
by point F1 in Figure 2.26a.

Another example is a conjugate salt system containing NaCl, KCl, Na2SO4, and
K2SO4 in aqueous solution. Since there are two simple cations and two simple
anions in this system, one cationic coordinate, R(Na+), and one anionic coordinate,
R(Cl–) can be chosen to describe the ionic compositions. In this system, water is as-
sumed to be a nonelectrolyte, although in reality it dissociates to a small extent to
form H+ and OH–. These two ions are not taken into account since their amounts
are negligible. Thus, one more coordinate representing water concentration extends
to the third dimension, as shown in Figure 2.26b. Using eqs. (2.27)–(2.29), the coor-
dinates are

R Na+ð Þ= ½Na+ �
½Na+ �+ ½K+ � (2:32)

R Cl−ð Þ= ½Cl− �
½Cl− �+ 2½SO2−

4 � (2:33)

R H2Oð Þ= ½H2O�
½Cl− �+ 2½SO2−

4 � (2:34)

In the Jänecke projection with respect to water, R(H2O) is omitted and a 2D figure
is obtained. For a mixture containing 2 mol of NaCl and 1 mol of K2SO4 in water, R
(Na+) and R(Cl–) are both 0.5 according to eqs. (2.32) and (2.33). This mixture is
represented by point F2 in Figure 2.26b, appearing at the center of the Jänecke
projection.

Figure 2.26: Coordinate systems for representing composition in electrolyte systems: (a) an acid-
base system and (b) a conjugate salt system.
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2.3.1 Acid–base systems

The T–x diagram of an acid-base system involving acid HX and base MOH is
shown in Figure 2.27a. The base of this prism is the composition square shown
in Figure 2.26a. The three prominent solubility surfaces (MOH, MX, and HX) are
identified. There is also a fourth solubility surface near the H2O vertex, belonging to
water. Since there is little water for the dissociation of salts near the HX/MX and
MX/MOH faces of the rectangular prism, the phase behavior there can be drastically
different from that in the interior of the prism. Also, the melting points of the salts
tend to be outside the temperature range of interest. For these reasons, the top por-
tion of the diagram has been omitted in Figure 2.27a. The dimensionality can be
reduced by taking an isothermal cut. Figure 2.27b features regions where solid HX,
MX, MOH, or their mixtures can be found in equilibrium with a liquid phase.
Another useful view is a diagonal cut shown in Figure 2.27c. Such a cut shows the
existence of a subsystem along the diagonal plane, which contains a solution of a

Figure 2.27: SLE phase diagram of an acid-base system: (a) three-dimensional figure,
(b) isothermal cut, and (c) diagonal cut.
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single salt MX in water with no excess hydrogen or hydroxide ions. This 2D T–x dia-
gram is similar to that of a molecular system, with solubility curves of the salt and
water defining the regions in the phase diagram.

Figure 2.28a shows the isothermal cut of an SLE phase diagram involving two
acids and one base. H2A is a dibasic acid because it has two replaceable hydrogen
ions. Upon reaction with a monovalent base MOH, either a mono-salt MHA or a di-
salt M2A can be formed. To precipitate a certain acid or salt form, the pH is often
controlled by adding the base as well as another acid, such as HX. This results in
a multicomponent system involving two simple cations (H+ and M+) and three
simple anions (A2−, X−, and OH−). The three coordinates defining the triangular
prism are

RðM+ Þ= ½M+ �
½H+ �+ ½M+ � (2:35)

RðX− Þ= ½X− �
½OH− �+ ½X− �+ 2½A2− � (2:36)

RðOH− Þ= ½OH− �
½OH− �+ ½X− �+ 2½A2− � (2:37)

The various solubility surfaces are marked on Figure 2.28a. The solubility surfaces
do not extend all the way to the back face of the prism, at which the phase behavior
is irrelevant for process design due to the absence of water.

Figure 2.28: Isothermal SLE phase diagram of a system involving two cations and three anions: (a)
three-dimensional figure and (b) cut at a constant ratio of HX: H2O.
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It is often convenient to take cuts at constant ratios of HX to water as indicated
on the triangular prism because it gives a clear cross-sectional view of the regions
where a single component of interest (acid H2A, monosalt MHA, or disalt M2A) or a
mixture of components can be obtained. One such cut is shown in Figure 2.28b, fea-
turing the single saturation regions of H2A, MHA, and M2A, with double saturation
regions in between. The single saturation region of MOH also appears in the cut.
However, since the cut does not include the MOH vertex, from which all tie-lines in
that region must originate, those tie-lines do not lie on the cut. On the right side of
the figure, there are several regions where two or three solids (including MOH or MX)
are in equilibrium with the liquid. They are not detailed in the figure as they are gen-
erally irrelevant.

2.3.2 Conjugate salt systems

Consider a quaternary conjugate salt system involving two cations and two anions
dissolved in water. Three coordinates are needed to represent composition, resulting
in a pyramid-shaped composition space of Figure 2.26b. With another axis represent-
ing temperature, the T–x diagram would be four dimensional. Thus, visualization of

Figure 2.29: Isothermal SLE phase diagram of a conjugate salt system: (a) three-dimensional
pyramid; (b) Jänecke projection, and (c) diagonal cut.
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the phase diagram often focuses on a 3D isothermal cut such as the one shown in
Figure 2.29a.

The solubility surfaces for the four salts intersect each other along the five dou-
ble saturation curves (D1T1, D2T2, D3T2, D4T1, and T1T2) and at two triple saturation
points (T1 and T2). The Jänecke projection (Figure 2.29b) displays the projection of
these saturation curves as compartments. For example, the compartment of AX is
the four-sided region defined by the AX vertex, D1, T1, and D4. AY and BX are said to
be compatible salts because their compartments share a common boundary (double
saturation curve T1T2) so that they can coexist in equilibrium in a solution. On the
contrary, AX and BY are incompatible salts, as they cannot coexist in equilibrium
with a liquid phase [73].

A diagonal cut including the compatible salts (Figure 2.29c) can sufficiently
represent the SLE phase behavior of an aqueous solution of compatible salts. This
cut sits on top of the line connecting AY and BX, which can be mathematically ex-
pressed as

RðB+ Þ+RðY − Þ= 1 (2:38)

Since the electrolyte mixture must always be neutral, [A+]+ [B+]=[X−]+ [Y−]. Hence,
eq. (2.38) implies that [B+] = [X−] and [A+] = [Y−]. Consequently, any composition in
the triangle can be simply expressed in terms of mole fractions of BX, AY, and
water, despite the fact that BX and AY physically exist as ions in solution. In other
words, the diagonal cut is essentially equivalent to a ternary molecular system
phase diagram. Similarly, a cut along a triangular face of the pyramid is sufficient
to represent the SLE behavior of a subsystem consisting of salts with a common ion.
For example, consider a cut along BX-BY-H2O, which corresponds to [A+] = 0. Since
B+ is the only cation in the resulting subsystem, any X− must originate from BX and
any Y− must originate from BY. Therefore,

RðY − Þ= ½Y − �
½X − �+ ½Y − � =

xBY
xBX + xBY

(2:39)

where x denotes mole fraction. As the other coordinate, R(H2O), is related to the
mole fraction of water, it is possible to express compositions in this triangle in
terms of mole fractions of BX, BY, and water. Thus, this cut is also equivalent to a
ternary molecular system phase diagram.
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Example 2.5 – Conjugate salt system with simple SLE behavior
The conjugate salt system Na+, K+/Cl−, NO3

− is known to only involve simple salts and does not
form any hydrate above 0 °C. The solubility data of the pure salts (NaCl, KCl, NaNO3, and KNO3) as
well as the double and triple saturation points at different temperatures are available in the litera-
ture [34]. Figure 2.30a shows a plot of the isothermal SLE phase diagram of this system at 25 °C,
featuring the pure component saturation points (open circles), double saturation points (open
squares), triple saturation point (open triangle), and the solubility surfaces of four salts, obtained
by connecting the saturation points. In the absence of other data, the connections are drawn as
straight lines for illustration purposes, although this may not be the case in reality. Only the top of
the pyramid (mol fraction H2O ≥ 0.6) is shown for clarity. The Jänecke projection of the phase dia-
gram, which is depicted on the right-hand side, shows the compartments (projected solubility sur-
faces) of the salts with double saturation curves forming their boundaries. NaCl and KNO3 are the
compatible salts in this system, while NaNO3 and KCl form an incompatible pair as they cannot be
saturated together at this temperature.

Figure 2.30: Isothermal SLE phase diagram of Na+, K+/Cl-, NO3
- system (data from [34]) and its

Jänecke projection: (a) at 25 °C and (b) at 100 °C.
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Figure 2.30b shows the isothermal SLE phase diagram of the same system at 100 °C along with
its Jänecke projection. The salt solubilities are higher at this temperature, as reflected by the posi-
tion of the solubility surfaces; they are farther away from the H2O vertex compared to their posi-
tions at 25 °C. Furthermore, because the relative solubilities of the salts also change with
temperature, the size of the compartments on the Jänecke projection also becomes different. For
example, the solubility of NaCl only increases slightly from 111.0 mol/1,000 mol H2O at 25 °C to
120.6 mol/1,000 mol H2O at 100 °C, while that of KNO3 increases sharply from 68.3 to 438 mol/
1,000 mol H2O over the same temperature range. As a result, the double saturation curve between
the two salts moves closer to KNO3 as temperature increases, leading to a much larger NaCl com-
partment and much smaller KNO3 compartment at 100 °C compared to those at 25 °C. While the
NaCl–KNO3 pair remains compatible at this temperature, this does not have to be case in general;
the compatible and incompatible pairs may alter depending on the change in relative solubilities of
all salts.

Example 2.6 – Conjugate salt system with complex SLE behavior
The phase behavior of salt systems can be complicated by the presence of compounds such as
double salts and hydrates. A classic example of such a system is the sodium-potassium-chloride-
sulfate system, whose phase behavior has been thoroughly studied since the early twentieth cen-
tury [74]. Besides the simple salts NaCl, Na2SO4, KCl, and K2SO4, it is also possible to crystallize
sodium sulfate decahydrate (Na2SO4.10H2O), also known as Glauber’s salt, and a double salt NaK3
(SO4)2, commonly known as glaserite. Therefore, the phase diagram features more solubility surfa-
ces, as apparent from the Jänecke projections shown in Figure 2.31.

Figure 2.31a shows the phase behavior at 0 °C, which features compartments of KCl, NaCl,
Na2SO4.10H2O, K2SO4, and the double salt. At this low temperature, there is no compartment for
anhydrous Na2SO4, as it always forms the decahydrate. Note that the vertex labelled Na2SO4 in
the Jänecke projection also represents Na2SO4.10H2O. The double salt compartment appears in
the middle of the diagram and does not include the vertex representing the salt itself. This indi-
cates incongruent dissolution behavior, where the double salt would decompose into single salts
before being completely dissolved. At 10 °C (Figure 2.31b) the compartment of the double salt
becomes larger and extends all the way to the bottom edge, while the compartment of the hy-
drate becomes smaller. When the temperature is further increased to 25 °C (Figure 2.31c), the
hydrate compartment shrinks further and a new compartment corresponding to anhydrous so-
dium sulfate begins to appear. At 100 °C (Figure 2.31d), the anhydrous compartment becomes
much larger, while the hydrate region completely disappears. It can be seen that the compart-
ment boundaries change with temperature and certain products can only be obtained at a certain
range of temperature.
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2.3.3 Multicomponent salt system

When there are more ions involved in the system, the phase diagram quickly becomes
high dimensional and visualization becomes increasingly difficult. In this situation, a
series of cuts and projections can be used to form a mental picture of the system in its
entirety. For example, Kwok et al. [75] presented the isothermal–isobaric phase dia-
gram of the aqueous system comprising Li+, Na+, K+, Mg2+, Cl−, and SO4

2− ions at 25 °C

Figure 2.31: Jänecke projection of isothermal SLE phase diagrams of Na+, K+/Cl-, SO4
2- (data from

[72]): (a) at 0 °C, (b) at 10 °C, (c) at 25 °C, and (d) at 100 °C.
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and 1 atm, which is characteristic of salt lake brines containing relatively high
content of lithium. This aqueous system of four cations and two anions can form
21 stable salts in various forms (simple salts, multiple salts, and hydrates) at this
temperature and pressure, any of which can crystallize from the aqueous solution
depending on the composition, operating temperature, and pressure. Following eqs.
(2.27)–(2.29), the phase diagram has five independent coordinates. Correspondingly,
its Jänecke projection, which omits the solvent coordinate, is four dimensional.
Several cuts and projections of this Jänecke projection are considered in the forth-
coming paragraphs.

A 2D cut at R(K+) = 0 and R(Mg2+) = 0, shown in Figure 2.32a, is simply the
Jänecke projection of the phase diagram of a subsystem consisting of Li+, Na+, Cl−,
and SO4

2− ions. This cut features the compartments of various single salts, double
salts, and hydrates as marked on the figure. Due to its high solubility relative to other
salts, the compartment of LiCl.H2O only consists of a very small area near the LiCl ver-
tex. The area is so small that LiCl.H2O is labelled but no area is shown in Figure 2.32a.
Figure 2.32b shows another 2D cut, this time at R(Na+) = 0 and R(Mg2+) = 0, which
signifies the Jänecke projection of the phase diagram of a subsystem consisting of Li+,
K+, Cl−, and SO4

2− ions. Compartments of various salts and hydrates can also be ob-
served in this figure.

Figure 2.32: Jänecke projection of isothermal-isobaric SLE phase diagrams at 25 °C and 1 atm of
lithium salt systems [75]: (a) Li+, Na+/Cl-, SO4

2- subsystem and (b) Li+, K+/Cl-, SO4
2- subsystem.
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A 3D cut at R(Li+) = 0, which is the Jänecke projection of the phase diagram of the Na+,
K+, Mg2+/Cl−, SO4

2− subsystem, takes the shape of a triangular prism (Figure 2.33a). To
visualize the various saturation varieties that are present in the interior of the prism,
three projections are presented. In plotting these projections, compositions of both
anions are considered, but the composition of one of the three cations is ignored: K+ in
Figure 2.33b, Mg2+ in Figure 2.33c, and Na+ in Figure 2.33d. The resulting images are
basically the projection of the interior of the phase diagram onto the three rectangular
faces of the prism. Although it is difficult to see the overlapping compartments in the
projections, each compartment can be located by identifying the vertices and edges
that form its boundaries. Together, these projections provide a mental picture of the
interior of the prism in Figure 2.33a.

Figure 2.33: Jänecke projection of isothermal SLE phase diagrams of Na+, K+, Mg2+/Cl−, SO4
2−

subsystem [72]: (a) three-dimensional prism, (b) projection ignoring K+, (c) projection ignoring Mg2+,
and (d) projection ignoring Na+.
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2.4 Summary

The basics of SLE phase behavior of relevance to conceptual design of crystalliza-
tion processes have been discussed in this chapter. Of particular importance is the
phase diagram that shows the presence of solid or liquid phase, compounds, hy-
drates, and so on under different conditions of temperature, pressure, and composi-
tion. For separation of a multicomponent mixture, the phase diagram is essentially
a navigation map that guides the process designer to the proper region where the
desired component can be recovered. The way in which these phase diagrams should
be plotted depends on whether the components are molecular or ionic and whether
reactions are involved. Well-established techniques such as polythermal projections
and isothermal cuts can be used to facilitate the visualization of these phase dia-
grams. As more components are involved, the phase diagram becomes high dimen-
sional. Visualization of such phase diagrams can be achieved using the generalized
projections and cuts discussed in this chapter. By visualizing the phase behavior in
lower dimensions, a mental picture of the phase diagram in high dimensions can be
formed. A large number of terms have been introduced. The key terms related to SLE
phase behavior are summarized in Table 2.3, while the special terminologies that
have been used throughout the discussion on high-dimensional SLE phase diagrams
are summarized in Table 2.4.

Table 2.3: Glossary of key terms related to SLE phase behavior.

Electrolyte system: A mixture consisting of electrolytes that partially or completely dissociate into
ions in solution.

Conjugate salt system: A quaternary electrolyte system formed by two salts that have no
common ion and inter-react in aqueous solution.
Compatible salt pair: The salt pair of a conjugate salt system that can coexist in equilibrium in
a solution.
Incompatible salt pair: The salt pair of a conjugate salt system that cannot coexist in
equilibrium in a solution.

Eutectic: A eutectic of order n (binary eutectic if n = , ternary eutectic if n = , and so on) is a
liquid mixture of n components, all of which are saturated.

Melting point: The temperature at which the transformation from solid phase to liquid phase occurs.
Congruent melting point: The temperature at which a solid compound melts to form a liquid
phase of the same composition.
Incongruent melting point: The temperature at which a solid compound decomposes into
another solid (pure component or another solid compound) and a liquid phase of a different
composition.

Molecular system: A mixture consisting only of molecules that do not dissociate to form ions.
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Table 2.3 (continued)

Peritectic: A type of SLE phase behavior characterized by incongruent melting of a solid
compound, during which the compound decomposes into another solid and a liquid.

Simple eutectic behavior: The type of SLE behavior for which the solid phase is always pure
regardless of the liquid composition.

Solid solution behavior: The type of SLE behavior featuring region(s) where a solid solution can be
found in equilibrium with a liquid phase.

Liquidus: The upper boundary of a solid+liquid region in the T–x phase diagram of a system
with solid solution behavior, adjacent to the unsaturated liquid region.
Solidus: The lower boundary of a solid+liquid region in the T–x phase diagram of a system
with solid solution behavior, adjacent to the solid region.
Solid solution: A solid mixture of multiple components where molecules of different
components are interspersed in the same crystal lattice.

Triple point: The temperature and pressure at which solid, liquid, and gas phases coexist and are
in equilibrium with each other.

Table 2.4: Glossary of special terms used in high-dimensional SLE phase diagrams.

Canonical coordinates: A set of coordinates used to plot a projective subspace, which appears
naturally once the projection rays have been defined.

Transformed mole fraction coordinates: A set of canonical coordinates for plotting the
composition of reactive mixtures in a reaction-invariant projection.

Compartment: A subspace in a projection of an SLE phase diagram within which a component can
be crystallized in pure form.

Cut: A picture obtained by viewing a part of the system and ignoring the rest. An m-dimensional cut
of an n-dimensional object is an intersection between the object with a variety of dimension m.

Isoplethal cut: A cut of an isobaric phase diagram or its projection taken at a constant
composition of one or more components.
Isothermal cut: A cut of an isobaric temperature-composition phase diagram taken at a
constant temperature.

Digraph: A discrete mathematical model representing the phase diagram of a system consisting of
a set of vertices connected to each other by a set of edges, where each edge has a direction from
an initial vertex to a terminal vertex.

Adjacency matrix: A matrix whose row and column headings correspond to the vertices of a
digraph; its elements are either  (if an edge is present between a pair of vertices) or  (if an
edge is absent).
Saturation variety matrix: A matrix whose row and column headings correspond to the
saturation varieties and vertices of a digraph, respectively; its elements are either  (if the
vertex lies on the corresponding saturation variety) or  (if it does not).
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Exercises

2.1. The feed to a crystallizer in an adipic acid plant consists of adipic acid, succinic
acid, glutaric acid, and a solvent (which can be considered as a single component).
Based on Gibbs phase rule, what would be the dimensionality of the isobaric SLE
phase diagram of the system? What shape would the phase diagram take?

2.2. The binary system o-nitrochlorobenzene and p-dibromobenzene is known to ex-
hibit simple eutectic behavior. The melting points of the pure components are 33 °C
and 86 °C, respectively. The eutectic temperature is 25 °C and the eutectic composi-
tion is 21 wt% p-dibromobenzene. Sketch the SLE phase diagram of this binary sys-
tem based on the given information.

Table 2.4 (continued)

Projection: An image obtained by shining light on an object. An m-dimensional projection of an n-
dimensional object is the image of the object on an m-dimensional projective subspace (which can
be a plane or any other geometrical feature). The line connecting the light source, a point in the
object, and the image of the point in the projection is called a projection ray.

Central projection: A projection in which all projection rays pass through a point called the
center of projection.
Jänecke projection: A central projection with a vertex representing a pure component in the
system (usually the solvent) being the center of projection.
Parallel projection: A projection in which all projection rays are parallel.
Polythermal projection: A parallel projection along the temperature axis.
Reaction-invariant projection: A special projection along the stoichiometric lines resulting in
transformed mole fractions that have the same numerical values regardless of the extent of
reaction.

Stoichiometric lines: Lines on the phase diagram describing composition changes due to a reaction.

Tie-line: The line connecting the compositions of two different phases (such as a solid and a liquid)
that are in equilibrium with each other.

Variety: A general term for an m-dimensional geometrical object in space. The variety is a point
if m = , a line, curve or trough if m = , a plane or surface if m = , a volume if m = , or a
hypervolume if m > .

Saturation variety: A variety on the phase diagram, bounded by vertices and edges, inside
which one or more components are saturated. A saturation variety of order n (single
saturation variety if n = , double saturation variety if n = , and so on) has n saturated
components.
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2.3. The composition of a ternary system can be plotted on a composition triangle. On
the composition triangle for methanol/ethanol/water system shown in Figure 2.34, lo-
cate mixtures with the following compositions:
a. Mixture A: 30% methanol, 70% water
b. Mixture B: 90% ethanol, 10% water
c. Mixture C: 20% methanol, 60% ethanol, 20% water
d. Mixture D: 40% methanol, 30% ethanol, 30% water

2.4. The eutectic points for the ternary system p-xylene/m-xylene/o-xylene are given
as follows:

Eutectic point E E E E

Temperature (K) . . . .
p-Xylene (mol fraction) . .  .
m-Xylene (mol fraction) .  . .
o-Xylene (mol fraction)  . . .

Based on this information, sketch the polythermal projection of the SLE phase dia-
gram of the ternary system and identify the compartments of p-, m-, and o-xylene.

2.5. Consider an isobaric, polythermal SLE phase diagram of a five-component mo-
lecular system with simple eutectic behavior, a projection of which appears in
Figure 2.20. The composition of the eutectic points as well as their adjacency infor-
mation is given below.

Figure 2.34: Composition triangle for methanol/ethanol/water system (problem 2.3).
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a. How many other 2D projections are needed to completely represent the SLE
phase behavior of this system?

b. Plot the 2D projection obtained by taking B and C as reference components.

2.6. To design a process to obtain magnesium and calcium compounds from cal-
cined dolomite (a mixture of MgO and CaO), the SLE phase diagram of a system in-
volving MgO (A), CaO (B), CO2 (C), MgCO3 (D), CaCO3 (E), and water (S), and two
reactions (A+C → D and B+C → E) is to be constructed.
a. What is the dimension of the isobaric, isothermal, and reaction-invariant phase

diagram?
b. Taking D and E as the reference components, determine the canonical coordi-

nates used to plot the phase diagram.

Type Eutectic xA xB xC xD xE Adjacent to

Binary AB . .    A, B, ABC, ABD, ABE
AC .  .   A, C, ABC, ACD, ACE
AD .   .  A, D, ABD, ACD, ADE
AE .    . A, E, ABE, ACE, ADE
BC  . .   B, C, ABC, BCD, BCE
BD  .  .  B, D, ABD, BCD, BDE
BE  .   . B, E, ABE, BCE, BDE
CD   . .  C, D, ACD, BCD, CDE
CE   .  . C, E, ACE, BCE, CDE
DE    . . D, E, ADE, BDE, CDE

Ternary ABC . . .   AB, AC, BC, ABCD, ABCE
ABD . .  .  AB, AD, BD, ABCD, ABDE
ABE . .   . AB, AE, BE, ABCE, ABDE
ACD .  . .  AC, AD, CD, ABCD, ACDE
ACE .  . . . AC, AE, CE, ABCE, ACDE
ADE .   . . AD, AE, DE, ABDE, ACDE
BCD  . . .  BC, BD, CD, ABCD, BCDE
BCE  . .  . BC, BE, CE, ABCE, BCDE
BDE  .  . . BD, BE, DE, ABDE, BCDE
CDE   . . . CD, CE, DE, ACDE, BCDE

Quaternary ABCD . . . .  ABC, ABD, ACD, ABCDE
ABCE . . .  . ABC, ABD, ACD, ABCDE
ABDE . .  . . ABD, ABE, ADE, ABCDE
ACDE .  . . . ACD, ACE, ADE, ABCDE
BCDE  . . . . BCD, BCE, BDE, ABCDE

Quinary ABCDE . . . . . ABCD, ABCE, ABDE, ACDE, BCDE
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2.7. The composition of an aqueous solution containing K+, Na+, Cl−, and SO4
2− can be

represented on a Jänecke projection, with the coordinate system shown in Figure 2.35.
a. Provide the appropriate expressions for R(Na+) and R(SO4

2−) in terms of ionic
concentrations.

b. A mixture is obtained by dissolving 5 mol KCl, 2 mol NaCl, and 1.5 mol K2SO4 in
water. Locate this mixture on the Jänecke projection.

c. Can the same mixture be obtained by dissolving KCl, Na2SO4, and K2SO4 in-
stead? If yes, how many moles of each salt should be dissolved?

2.8. The SLE data of the aqueous system containing Na+, NH4
+, NO3

−, and HCO3
− at

30 °C, as reported in the International Critical Tables [34] are given as follows:

Solid phase
Concentration in liquid phase, mol/, mol HO

NaNO NaHCO NHNO NHHCO

NaNO .
NaHCO .
NHNO .
NHHCO .
NaNO+NaHCO . .
NaNO+NHNO . .
NaHCO+NHHCO . .
NHNO+NHHCO . .
NaHCO+NHNO+NHHCO . . .
NaNO+NaHCO+NHNO . . .

a. Plot the Jänecke projection of the isothermal SLE phase diagram of this system.
Assume straight lines connecting the saturation points.

b. Based on the phase diagram, identify the compatible and incompatible salt
pairs.

Figure 2.35: Jänecke projection for K+, Na+/Cl−,
SO4

2− system (problem 2.7).
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3 Thermodynamic-Based Conceptual Design
of Crystallization Processes

3.1 Movements in Composition Space

Phase diagrams are a useful visualization tool because both the phase behavior and
the basic operations in a chemical process can be represented together in composi-
tion space. There are three types of basic operations in crystallization processes:
changing temperature, changing pressure, or changing composition (Figure 3.1). As
mentioned previously, SLE behavior is normally insensitive to pressure. For this rea-
son, pressure swing is seldom used in crystallization processes. Temperature swing
can either be cooling or heating. Composition change can be further classified into ad-
dition or removal of a component, which can be a solvent or a mass separating agent
(MSA), and simple stream combination or splitting. An MSA is an external component
added to the system to effect separation, such as an antisolvent or precipitating reac-
tant. Stream combination is simply mixing two or more streams in the plant. Stream
splitting refers to the physical separation of a stream, such as the use of a filter for a
solid–liquid stream or a flash tank for a vapor–liquid stream. All these operations can
be represented as movements on the phase diagram.

Figure 3.1: Basic operations in crystallization processes.
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3.1.1 Lever rule

One important concept in dealing with phase diagrams and movements in composi-
tion space is the so-called lever rule. The rule enables the determination of the rela-
tive amounts of two masses A and B in their mixture M, from the phase diagram.
Appropriately, the name “lever rule” comes from the physics principle of a lever. If
A and B were placed on the ends of a lever with the pivot point (or fulcrum) at the
composition of mixture M, as illustrated in Figure 3.2, the lever would balance.
Mathematically, this requires that the weight or amount of A multiplied by the dis-
tance, a, equals the amount of B multiplied by the distance, b. In other words, the
location of M depends on the relative amounts of A and B.

In the context of phase diagrams, it is more important to understand the qualitative
implication of the lever rule. If more B is added to the mixture, point M moves to-
ward B as it gets richer in B. On the other hand, if B is removed from the mixture,
point Mmoves away from B as it becomes leaner in B.

The lever rule is directly applicable in the evaluation of an SLE phase diagram.
Consider a mixtureM with composition xM and temperature Tc, which is located inside
the two-phase region A(s)+Liq in the phase diagram shown in Figure 3.3a. At equilib-
rium, mixture M splits into solid S, which is pure A, and liquid L with composition xL.
The lever rule dictates that the mass ratio of solid to liquid phases in the mixture is
equal to the ratio of segment lengthsML to SM:

FS
FL

= ML
SM

= xL − xM
xM

(3:1)

The validity of this relationship can be easily proven by performing a simple mass
balance. The overall mass balance is given by

FS + FL = FM (3:2)

and the mass balance for component B is given by

FSxS + FLxL = FMxM (3:3)

Since xS=0, substituting eq. (3.2) into eq. (3.3) gives

FLxL = FS + FLð ÞxM (3:4)

Figure 3.2: Illustration of the lever rule.
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which is equivalent to eq. (3.1). The more qualitative interpretation is that the
closer M is to S, the more solid is present in the mixture. Conversely, if M is closer
to L, the mixture contains more liquid, or the yield of crystals is lower.

Figure 3.3b illustrates the application of lever rule in the SLE phase diagram of
a ternary system. Point M1 is located inside the two-phase region B(s)+Liq. At tem-
perature Tc, this mixture splits into a solid phase (pure B) and a liquid phase with a
composition given by point L1 on the saturation curve of B. By the lever rule:

FS
FL1

= M1L1
BM1

(3:5)

Meanwhile, point M2 is inside the three-phase region A(s)+B(s)+liquid. At Tc, this
mixture splits into two solid phases (A and B) and a liquid having a composition of
the double saturation point L2. Application of the lever rule gives

FS2
FL2

= M2L2
S2M2

(3:6)

FA
FB

= S2B
AS2

(3:7)

Combining eqs. (3.6) and (3.7),

FL2
FA + FB + FL2

= S2M2

S2L2
(3:8)

Figure 3.3: Application of lever rule on SLE phase diagrams: (a) binary system and (b) ternary
system.
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In a similar manner, it can be obtained that

FA
FA + FB + FL2

= qM2

qA
(3:9)

FB
FA + FB + FL2

= pM2

pB
(3:10)

The combination of eqs. (3.8)–(3.10) gives the equation for the so-called tie-triangle
principle:

FA:FB:FL2 =
qM2

qA
: pM2

pB
: S2M2

S2L2
(3:11)

Qualitatively, this simply implies that if M2 is closer to A, there is more solid A;
if M2 is closer to B, there is more solid B; and if M2 is closer to L, there is more liquid
in the mixture.

3.1.2 Representation of basic operations on SLE phase diagram

The representation of basic operations in a cooling crystallization process as move-
ments on the phase diagram is illustrated in Figure 3.4a. The starting point is an
unsaturated solution with a composition represented by point 1. Cooling causes the
temperature to decrease, but does not change the composition. Thus, it is repre-
sented on the phase diagram by a vertical movement, parallel to the temperature
axis, toward point 2. At this point, which lies on the saturation curve of A, the solu-
tion becomes saturated in A. Further cooling brings the composition into the two-

Figure 3.4: Representation of basic operations as movement on SLE phase diagrams: (a) cooling
crystallization and (b) evaporative crystallization.
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phase region, and solid A would crystallize out. As A leaves the solution, the liquid
composition moves along the saturation curve from point 2 to point 3. Notice that
as temperature decreases, the distance between the open circle (which represents
the overall mixture) and the point representing the liquid increases. In accordance
with the lever rule, more solids would come out.

The operations involved in an evaporative crystallization process can also be
readily represented as movements on the phase diagram. Again, the starting point is
an unsaturated solution, the composition of which is given by point 4 in Figure 3.4b.
If B is evaporated from the solution under constant temperature, the composition
would move horizontally to the left (closer to A), because the remaining solution be-
comes richer in A. When the composition reaches point 5, the solution becomes satu-
rated in A. Further evaporation would cause the composition to move into the two-
phase region and induces the crystallization of solid A. As more B is removed by evap-
oration, the overall composition (indicated by the open circle) would move further in-
side the two-phase region and more A crystallizes out, while the liquid composition
stays at point 5.

The representation of basic operations as movements in composition space also
applies to high-dimensional phase diagrams. Consider an unsaturated solution con-
taining three components A, B, and S, which is represented by point 1 in the SLE
phase diagram in Figure 3.5a. Cooling of this solution is represented by a vertical
movement down to point 1a in the three-dimensional prism. On the polythermal
projection, which is shown in Figure 3.5b, points 1 and 1a appear as a single point,
since they have the same composition. The projection also gives a clear view that

Figure 3.5: Representation of polythermal movements on ternary SLE phase diagram: (a) T–x
diagram and (b) polythermal projection.
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point 1 lies within compartment A, which implies that cooling beyond point 1a
would lead to crystallization of A.

Since A is removed from the solution during crystallization, the liquid composi-
tion has to move away from A, as indicated by the movement from point 1a to point
2 in the polythermal projection. As shown in Figure 3.5a, these movements are in
the direction of decreasing temperature.

Representing the basic operations on an isothermal cut is also straightforward, as
shown in Figure 3.6. Again, the starting point is an unsaturated solution, represented
by point 1. If S is removed from the solution, such as by evaporation, the composition
moves away from S, toward point 2. Since the proportion of A and B in the solution
remains unchanged during evaporation, the correct direction of the movement is not
vertical, but along the extension of a line connecting vertex S and point 1. At point 2,
the solution becomes saturated with A, and further removal of S would cause A to crys-
tallize out. The solution composition, which would be enriched in B, as both S and A
leave the solution, would follow the saturation curve of A toward point 3.

3.2 Maximum Recovery of a Pure Solid

A typical application of SLE in the conceptual design of crystallization processes is
the determination of the maximum recovery of a pure solid. The presence of eutec-
tics (or multiple saturation varieties in general) impose a limit on how much of a
pure component can be crystallized before another component also starts to crystal-
lize. To maximize the per-pass yield in a crystallization process while keeping the

Figure 3.6: Representation of isothermal movements on ternary SLE phase diagram: (a) T–x
diagram and (b) isothermal cut at Tc.
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solid pure, identifying the conditions corresponding to the maximum recovery of a
pure product is crucial.

Consider again the cooling crystallization process in a binary system, as shown
in Figure 3.7. Starting with an A-rich mixture represented by point 1, cooling be-
yond point 3 results in more crystallization of pure A. However, once the liquid
composition reaches the eutectic point E, further cooling would cause B to crystal-
lize together with A, as the mixture enters the solid mixture region of A(s)+B(s).
Therefore, point E represents a thermodynamic boundary that defines the maximum
recovery of pure A. The maximum recovery YA is given by

YA =
FS

F1xA, 1
(3:12)

where F1 and FS are the mass of feed mixture (stream 1) and the mass of solid A ob-
tained at maximum recovery, respectively, and xA,1 is the mass fraction of A in the
feed.

Figure 3.7: Concept of thermodynamic boundary: (a) binary system, (b) polythermal movements in
ternary system, and (c) isothermal movements in ternary system.
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Since the liquid composition at maximum recovery would be the eutectic com-
position, xA,E, lever rule gives

FS
F1 − FS

= xA, 1 − xA,E
1− xA, 1

(3:13)

It follows that

YA =
xA, 1 − xA, E

xA, 1 1− xA, Eð Þ (3:14)

Similarly, if the starting point is a B-rich mixture as represented by point 4, cooling
leads to crystallization of pure B. Once again, the eutectic point limits the recovery
of pure B, as further cooling leads to co-crystallization of A.

For a ternary system, starting with a composition shown by point 1 in Figure 3.7b,
cooling leads to crystallization of pure A, until the composition reaches point 2 on
the eutectic trough, which is the boundary with compartment B. If cooling is con-
tinued beyond point 2, additional crystallization of A would move the composition
into compartment B. Consequently, B crystallizes out together with A, and the liq-
uid composition would move along the compartment boundary toward point 3.
Upon further cooling, the composition would eventually reach the ternary eutectic
point, at which S would also crystallize out, and the whole mixture would turn
into a block of solid.

A similar situation can be expected in the evaporative crystallization process
depicted in Figure 3.7c. As previously discussed, evaporation beyond point 2 causes
crystallization of A, and the liquid composition moves along the saturation curve.
Eventually, as the overall mixture composition reaches point 3, the solution compo-
sition reaches the double saturation point, D. Removal of more S would cause the
mixture to enter the three-phase region of A(s)+B(s)+liquid, which means that A
and B would crystallize simultaneously. Therefore, the double saturation point lim-
its the recovery of pure A.

From the above discussions, it can be concluded that theoretically, achieving
the maximum recovery of a pure component would involve putting the mother li-
quor composition right on a thermodynamic boundary. However, in practice, it is
necessary to have a safety margin to account for possible disturbances. Instead of
operating at the double saturation point temperature, it is better to operate a few
degrees away from it, so that the actual operation point would still be inside the
desired region in the case of fluctuations in temperature or feed composition,
which are unavoidable in real-life operation.

Examples are presented here to illustrate various scenarios related to the issue
of maximum recovery of a pure solid, where the SLE phase behavior is used in the
conceptual design of the process.
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Example 3.1 – Crystallization of p-xylene
Para-xylene (PX) is one of the precursors for the production of polyethylene terephthalate (PET),
which is widely used as polyester fiber, film, and resin for various applications. The conventional
process to produce PX involves methylation of benzene and toluene, followed by separation of a
mixture of xylene isomers, which is one of the earliest known applications of crystallization as a
separation process for organic commodity chemicals. Typically, the PX content in a mixed feed to
the crystallizer is only about 20–25 wt%, with the rest being m-xylene (MX) and o-xylene (OX),
along with some toluene and ethylbenzene.

The SLE phase diagram of the PX/MX/OX ternary system is depicted in Figure 3.8a. Based on
available SLE data in the literature [76], this system exhibits near-ideal behavior. The feed com-
position, assumed to contain only the three xylene isomers (point 1), is also plotted on the dia-
gram. Crystallization of PX upon cooling of this feed mixture causes the liquid composition to
move toward point 2, at which it reaches the boundary between PX and MX compartments.
Cooling should be stopped just before this point is reached, to avoid any co-crystallization of
MX. Consequently, the maximum recovery of PX in the crystallizer is limited by the eutectic
troughs.

Figure 3.8b indicates the component recovery profiles as functions of crystallization tempera-
ture, which is calculated based on the SLE phase behavior. PX starts to crystallize at −33 °C, and
reaches a recovery of about 74% at −61 °C, before MX starts to co-crystallize. If cooling is contin-
ued to about −63.5 °C, OX would also crystallize, and the entire mixture would turn into solid.
Therefore, in order to recover pure PX, the crystallizer has to be operated above −61 °C, which is
the temperature corresponding to the maximum recovery of pure PX. Note that these results are
specific to a given feed composition (point 1). A different composition would lead to different values
of minimum temperature and maximum recovery.

Figure 3.8: Recovery of pure p-xylene by crystallization: (a) process path on SLE phase diagram and
(b) component recovery profile as a function of temperature.
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Example 3.2(I) –Maximum purity of a secondary product
An industrially important dicaboxylic acid is produced via a hydrogenation reaction, which produ-
ces a mixture of cis and trans isomers in an aqueous solution. With the typical catalyst and reaction
conditions used in commercial processes, the trans content in the mixture is about 75%. While the
trans isomer is usually the desirable one for downstream applications, there is a new potential
market for the cis isomer. Therefore, a specialty chemical company was interested in producing
high purity cis isomer via a crystallization-based process. One idea was to utilize the mother liquor,
after crystallizing out the trans isomer from the reaction mixture.

To address this issue, an experimental investigation of the SLE phase behavior of the ternary
system involving the two isomers and water as the solvent was conducted to identify the location
of the cis/trans double saturation point at different temperatures. The results are plotted on the
polythermal projection of the phase diagram, together with the binary eutectic trough drawn
through the data points, as depicted in Figure 3.9. Note that only the top portion of the phase dia-
gram (mass fraction H2O≥0.5) is displayed, because this is the region where the data points are
located. The experimental data points indicate that the compartment of trans is much larger than
that of cis, mostly owing to the large difference in the melting point of the pure isomers.

Figure 3.9: A process alternative to obtain high purity cis from a trans-rich feed.

Starting with a trans-rich feed (point 1), pure trans can be crystallized out by cooling until the
liquid composition hits the binary eutectic trough at point 2. Note that apart from achieving the
maximum recovery of pure trans, operation at point 2 gives mother liquor with the highest purity
of cis. Therefore, the simplest process alternative to obtain high purity cis is to completely evapo-
rate water from this mother liquor, yielding a solid product containing 93 wt% cis (stream 3).
Since the binary eutectic trough is almost linear (the cis/trans ratio at the double saturation
point stays nearly constant around 7:93 as temperature changes), 93 wt% represents the maxi-
mum purity of cis product that can be obtained from any feed in the trans compartment. A cis
product of higher purity can be obtained by performing the hydrogenation reaction at a different
condition or with a different catalyst, or performing an isomerization reaction after hydrogena-
tion, so that a mixture with a cis/trans ratio less than 7:93 can be produced.
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Example 3.3(I) – Crystallization of a specialty monomer
A specialty monomer A is produced in a batch reaction in solvent S, in which two major impurities,
B and C, are also generated. After the reaction, most of the solvent is removed by evaporation, so
that its final concentration is only about 1%. As shown in Figure 3.10, the mixture is then sent to a
batch crystallizer operating at 10 °C. The mixture is cooled down to crystallize out pure A, which is
separated by centrifugation. Due to batch-to-batch variation in reaction conditions, the composi-
tion of the crystallization feed is not constant. As shown in Table 3.1, the content of A can vary from
55% to 80%, and the ratio of C to B can be anywhere between 0.7 and 3. As a result, the recovery
of A also varies from batch to batch, and sometimes the product becomes off-spec, if the impurities
also crystallize out at 10 °C. It is desirable to increase the recovery of A and, at the same time,
prevent co-crystallization of the impurities.

Figure 3.10: Crystallizing a pure product from a reaction mixture.

Table 3.1: Batch-to-batch variation in crystallization feed composition.

Batch number Normalized crystallization feed composition (wt%)

S A B C

 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
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To address this problem, the SLE phase behavior of the system was established from experimen-
tal solubility data. Since this is a four-component system, the polythermal projection takes the
shape of a tetrahedron, as shown in Figure 3.10. Taking a cut at 1% S, which corresponds to the
crystallization condition, an image similar to the polythermal projection of a ternary system
phase diagram is obtained. If the feed composition to the crystallizer is given by point F2, the
maximum recovery of pure A is achieved when the composition reaches point L. Cooling beyond
this point would lead to co-crystallization of impurity B and, eventually, also impurity C.

Based on the phase diagram, it is possible to determine the crystallization temperature that re-
sults in the maximum recovery of A for different feed compositions, instead of fixing the crystallizer
temperature at 10 °C. The results for the 13 batches are summarized in Table 3.2. For batch 001, A
starts to crystallize at 31 °C and B begins to co-crystallize at 9 °C, when the recovery of A reaches
about 61%. Therefore, in order to get the maximum recovery of pure A, cooling must be stopped
before the temperature reaches 9 °C. However, with the feed composition of batch 005, A does not
start to crystallize until the temperature reaches 26.5 °C, and co-crystallization already occurs at
13 °C, which means that cooling must be stopped before reaching this temperature.

As can be seen from the table, the maximum recovery of A, as well as the corresponding crystalliza-
tion ending temperature, does not depend solely on the concentration of A in the feed, but on the
overall composition. Analysis of the relevant SLE phase behavior has resulted in an operation
guideline for the crystallization process, which allows the determination of the conditions corre-
sponding to the maximum recovery, without the risk of overshooting the compartment boundary
and co-crystallizing the impurities.

Example 3.4(I) – Purification by selective dissolution
A specialty chemical company manufactures a product (P) via a substitution reaction that also produ-
ces a byproduct (X), in approximately an equal amount as P. As shown in the flowsheet in Figure 3.11,
after a series of preliminary separation steps, a slurry containing crystals of P and X in solvent S, in
which P has a moderate solubility but X is only slightly soluble, is obtained (point 1). The amount of
solvent is then increased to completely dissolve P. The solution (point 2), which contains only a
small amount of X, is taken as the product (point 3), and the undissolved solid is filtered out.

Table 3.2: Maximum yield and crystallization temperatures for various feed compositions.

Batch
number

Crystallization
temperature (°C)

Maximum yield
of pure A (%)

Batch
number

Crystallization
temperature (°C)

Maximum yield
of pure A (%)

Begin End Begin End

   .  .  .
   .   . .
   .    .
   .   −. .
 .  .  .  .
 .  .    .
 .  .
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Figure 3.11: Selective dissolution to remove an insoluble impurity.

To better understand the process, consider the relevant isothermal SLE phase diagram (at solvent
adjustment temperature) of the ternary system involving P, X, and S, as shown in Figure 3.11. As
the operating points tend to cluster near the solvent apex due to the relatively low solubility of the
components at this temperature, the top part of the phase diagram has been enlarged to provide a
clearer view. As the solubility of X in S is much smaller than that of P in S, the region where pure X
can be crystallized out (dark-shaded area) is much larger than the region where pure solid, P, can
be obtained (light-shaded area), and the double saturation point, D, is located much closer to P
than to X. The process path is plotted on the phase diagram. After the preliminary separation steps
(point 1), S is added to the slurry to move the composition into the X region (point 2). This causes
all P in the solid phase to dissolve, leaving behind crystals of pure X. The composition of the liquid
phase, which is the product, is given by point 3.

The company would like to optimize the separation process based on the knowledge of SLE
phase behavior. In particular, they wanted to maximize the product purity and minimize the prod-
uct loss to the waste stream. The phase diagram suggests that there is a tradeoff between these
two objectives. If more solvent is added such that the overall composition is at point 2ʹ instead of
point 2, more X dissolves, causing the purity of P in the liquid product to decrease (that is, compar-
ing point 3ʹ to point 3). On the other hand, if not enough solvent is added, the overall composition
would fall into the mixed solids region (P(s)+X(s)+Liq), which means some P would still exist in the
solid phase and get purged along with X, causing a loss to the waste stream. Therefore, operation
at the double saturation point would give the highest product purity, while at the same time mini-
mizing the loss. Consequently, knowing the location of the double saturation point is essential in
determining the optimum condition of the solvent adjustment step.

Figure 3.12a shows the tradeoff between product purity and yield at 20 °C, based on the SLE
phase diagram established from experimental data. Note that although all P is dissolved when the
solvent to solid ratio is above 4.42 L/kg, there is some residual liquid attached to the crystals (as-
sumed to be 0.2 kg/kg solid), which goes to the waste stream; this is why the product yield is less
than unity. Clearly, operating as close as possible to the double saturation point would be optimal.
The corresponding solvent to solid ratio can be readily obtained from the composition of the dou-
ble saturation point.
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Figure 3.12: Selective dissolution process: (a) effect of solvent to solid ratio on product purity and
yield at 20 °C and (b) double saturation point composition as a function of temperature.

Since the ratio of P to X at the double saturation point can vary with temperature, the product purity and
yield are also affected by the choice of temperature in the solvent adjustment step. Figure 3.12b shows
the composition of the double saturation point in the temperature range of 10 to 30 °C. These data indi-
cate that the relative amount of P and X in the double saturation point is almost the same at all three
temperatures; hence the maximum product purity would not be significantly affected by the choice of
temperature. However, less solvent is required to dissolve P at higher temperature (thus, a higher solid
to solvent ratio), and on the other hand, the higher solubility of P at higher temperature leads to more
loss to the residual liquid. Based on this observation, operation at lower temperature is more desirable.

Example 3.5(I) – Purity improvement by adjusting operating conditions
An intermediate chemical for manufacturing a pharmaceutical product is synthesized via a hydro-
genation reaction, which produces a mixture of cis and trans isomers in solid form, along with
some minor impurities. A batch crystallization process is used to get the desirable trans isomer
from the solid mixture. The mixture is first dissolved in a 14:86 B-to-D mixture of two solvents –
solvent B in which both isomers are highly soluble and solvent D in which the isomers are less
soluble. The solution is then cooled down to 32 °C, so that the trans isomer crystallizes out. The
product crystals are separated by centrifugation. The crystals are found to contain about 6.5 wt%
Cis, as well as a small amount of other impurities.

Figure 3.13a shows the current situation with an isothermal SLE phase diagram of the pseudo-
ternary system involving cis, trans, and solvent. The impurities are lumped to the solvent, because
only a very small amount crystallized out under the current operating conditions. The overall feed
to the crystallizer (point F) is located in the double saturation region, which is consistent with the
fact that the solid (point S) is a mixture of cis and trans.

Since the presence of cis in this intermediate product leads to losses in the next processing step
due to side reactions, it is desirable to increase the trans purity in the crystals. This can be achieved
by operating the crystallizer in the trans single saturation region, so that the crystals would be pure
trans. An experimental study was performed to understand how to avoid the co-crystallization of cis.

Based on the SLE phase behavior, three ideas were proposed to achieve this goal. The first idea is
to add more solvent to the mixture without changing the proportion of B and D in the solvent, as
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illustrated in Figure 3.13b. The final temperature also remains the same at 32 °C. By adding about
10% more solvent, the overall crystallization feed moves to point F’ in the trans single saturation re-
gion, resulting in crystals of pure trans (point S’). The second idea, illustrated in Figure 3.13c, is to
use more B which offers higher solubility, while keeping the same amount of D. The overall feed
moves up slightly to point F”, but at the same time, the solubility curves shift away from the solvent
vertex, as the solubility of both isomers increases with increasing B content. With a D content of
84 wt% in the solvent, point F” falls inside the trans single saturation region, and the crystals (point
S”) would again be pure trans. Finally, another alternative is to increase the final temperature without
changing the composition or amount of solvent, as depicted in Figure 3.13d. By increasing the tem-
perature to 35 °C, the solubility curves shift away from the solvent vertex, so that the overall feed F is
located in the trans single saturation region at this temperature.

Figure 3.13: SLE phase diagram of cis/trans/solvent pseudo-ternary system: (a) original conditions,
(b) adding more solvent, (c) changing solvent composition, and (d) increasing temperature.

Combinations of the three ideas can also be implemented; for example, the solvent amount can be
increased, while at the same time increasing the final temperature. The basic concept is to place
the overall feed composition in the region where pure trans isomer can be crystallized, instead of
in the two-solid region where the cis isomer can co-crystallize. With a model of the SLE phase
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behavior, the impact of various improvement ideas on the crystallization yield can be visualized
and estimated, and the best crystallization conditions can be identified.

Example 3.6 – Retrofitting of an adipic acid plant
This example is based on a basic study of a real-life problem: the retrofit of an existing adipic acid plant
with a production rate of 60 ton/day, which had been operating at 98.6% overall recovery [77]. Adipic
acid, an important dicarboxylic acid produced on a large scale worldwide, is produced from a mixture of
cyclohexanol and cyclohexanone called “KA oil.” The reactor outlet, which is fed to the crystallizer, con-
tains only 6.5 wt% adipic acid. It also contains 27.5 wt% glutaric acid, 8 wt% succinic acid, and the rest
is solvent, which is a mixture of water and nitric acid. Due to the relatively low solubility of adipic acid
compared to the other components, crystals of adipic acid are obtained at the crystallizer temperature
of 50 °C. The mother liquorM is partially purged, and the rest is recycled back to the reactor.

Using common sense, it is possible to come up with retrofit ideas to increase the overall recovery,
such as reducing temperature, evaporating more solvent, or decreasing the purge ratio (defined as the
ratio of purged mother liquor to recycled mother liquor). However, an understanding of the SLE phase
behavior of the system is necessary to identify the feasible ideas. Figure 3.14 shows the SLE phase
diagram of the four-component system consisting of adipic acid, glutaric acid, succinic acid, and sol-
vent. The isothermal phase diagram takes the shape of a tetrahedron and features the saturation surfa-
ces of adipic, glutaric, and succinic acid. At different temperatures, the location of these surfaces is
also different. Two sets of saturation surfaces at different temperatures are shown in the figure for
illustration. The triangular diagram in Figure 3.14 is the Jänecke projection, with four isothermal cuts at
different temperatures superimposed on top of one another. The four sets of curves represent the dou-
ble saturation curves at 10, 20, 50, and 80 °C. The compositions of the crystallizer feed, F, and the
mother liquor, M, of the existing plant are also marked on the diagram. It turns out that the mother
liquor composition is already at the double saturation curve at 50 °C, which means increasing per-pass
yield by evaporating more solvent or by decreasing the purge ratio would push the composition over
the boundary, leading to co-crystallization of succinic acid. However, it can be observed that the double
saturation curves move away from the adipic acid vertex as temperature decreases. In other words, the
adipic acid region becomes larger at lower temperature, providing more room to increase yield.

Figure 3.14: SLE phase diagram of adipic acid/glutaric acid/succinic acid/solvent system.
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Based on the SLE phase behavior, it is possible to increase the overall recovery by reducing the
crystallization temperature and, at the same time, decreasing the purge ratio. By purging less,
more succinic and glutaric acid are returned to the reactor, and their concentration in the reactor
outlet also increases. This is why the crystallizer feed composition shifts from point F to point F’.
Reducing the crystallizer temperature to 20 °C and operating close to the double saturation curves,
the new mother liquor composition is represented by point M’. Based on the new operating points,
the overall recovery would increase by 0.6 percentage point to 99.2%. Because of economies of
scale, such a relatively small increase actually corresponds to a potential economic merit of nearly
USD 1.5 million per year [77].

3.3 Crystallization of Desirable Product

Another typical application of SLE phase behavior in designing a crystallization
process is the identification of suitable conditions for crystallizing the desirable
product. Starting from a given mixture, it is often possible to obtain different
products such as compounds, solvates or hydrates, polymorphs, acid form, or
salt form (for electrolytes), under different crystallization conditions. Depending
on the objective, it may be desirable to crystallize only a certain product and not
the others.

The SLE phase behavior, as visualized on a phase diagram, provides a map of
the composition space that shows where the regions for different products are lo-
cated. As such, it helps guide the determination of the suitable conditions (compo-
sition, temperature, and sometimes pressure) under which the desirable product
can be obtained. The crystallization process can then be designed by selecting the
appropriate movements in the right direction, in order to get from the feed point to
the desired operating point. The examples here illustrate how this strategy is ap-
plied in various situations.

Example 3.7 – Crystallization of sodium perborate
Sodium perborate is a bleaching agent that is widely used in detergents and other cleaning products,
due to its good stability and high speed of oxygen delivery. It can crystallize as an anhydrate (NaBO3)
as well as three different hydrates: monohydrate (NaBO3·H2O), trihydrate (NaBO3·3H2O), and tetrahy-
drate (NaBO3·4H2O). It is manufactured in the tetrahydrate form by reacting borax pentahydrate with
hydrogen peroxide and sodium hydroxide, but is mainly sold in monohydrate form as it dissolves bet-
ter and has higher heat stability compared to the tetrahydrate [78]. Furthermore, the spherical mono-
hydrate crystals are more desirable than the rod-shaped anhydrate crystals, since the latter tend to
break and form small fines during filtration [79]. For this reason, it is crucial to pick a crystallization
condition under which the monohydrate would be obtained. Figure 3.15 is a sketch of the SLE phase
diagram of the sodium perborate/water system, showing the regions where various solid forms can be
crystallized out, based on general information available in the literature. Regions of solid mixtures are
not marked on the diagram, but can be easily identified by comparison with Figure 2.5.

3.3 Crystallization of Desirable Product 73



A mixture of tetrahydrate crystals and water (point F) is the starting point of the crystallization
process. If this mixture is heated to temperature T1 (as represented by the vertical movement from
F to point 1), followed by removal of water (represented by the horizontal movement from 1 to 2),
the composition would enter the two-phase region where the liquid phase is in equilibrium with
crystals of monohydrate. Consequently, the monohydrate crystallizes out.

Figure 3.15: Process alternatives for crystallizing sodium perborate.

If the mixture is heated to temperature T2 (point 1ʹ) instead, water removal would move the compo-
sition to point 2ʹ, which is located in the two-phase region where the solid phase is the anhydrate.
Accordingly, anhydrate crystals would be obtained. The corresponding flowsheets for these two
process alternatives are also shown in Figure 3.15. Clearly, the selection of crystallizer temperature
is the key in producing the desirable monohydrate crystals. With the knowledge of the SLE phase
diagram, the proper crystallizer temperature can be readily selected.

Example 3.8 –Monosodium glutamate from glutamic acid
Monosodium glutamate (MSG) is widely used in the food industry as a flavor enhancer. MSG can
be produced from glutamic acid, which involves addition of sodium hydroxide (NaOH) and crystalli-
zation of MSG in its monohydrate form. Figure 3.16 shows the SLE phase diagram of the glutamic
acid (H2Glu)/NaOH, with the solubility curves of H2Glu and the monosodium salt hydrate (NaHGlu.
H2O) obtained from literature data at 35 °C [14]. The crystallization regions of H2Glu, NaHGlu.H2O,
as well as mixed solids region, are marked on the diagram. A zoomed view of the upper left corner
of the diagram, in which the process points are concentrated, is shown as an inset.
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Figure 3.16: SLE phase diagram of glutamic acid/NaOH system.

Glutamic acid is first mixed with water to produce a mixture indicated by point 1 in Figure 3.16. This
mixture is further combined with a recycle stream (point 5) to give a mixture of point 2. Since point 2
is inside the H2Glu crystallization region, it represents slurry (solid–liquid mixture). Aqueous NaOH
solution is then added to bring the composition to point 3, which is located in the unsaturated liquid
region, thereby completely dissolving H2Glu. Next, the solution is fed to an evaporative crystallizer,
in which water is removed and the composition moves to point 4 inside the NaHGlu.H2O(s)+Liq re-
gion. Consequently, the hydrate crystallizes out, leaving mother liquor with the composition of point
5, which is recycled. The corresponding process flowsheet is shown in Figure 3.17 [80].

The knowledge of the SLE phase diagram is useful in determining proper process conditions
such as how much water and NaOH to add such that point 3 falls in the liquid region, and how
much evaporation is required to place point 4 in the NaHGlu.H2O crystallization region.

Figure 3.17: Process for crystallizing monosodium glutamate.
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Example 3.9 – Selection of pharmaceutical salt form
Salt formation is the most common and effective method employed in pharmaceutical industry to mod-
ify and optimize the physicochemical properties of ionic compounds [81]. Properties such as solubility,
dissolution rate, hygroscopicity, stability, impurity profiles, and crystal habit can be influenced by
using a variety of pharmaceutically acceptable counterions. In addition to alterations in physicochemi-
cal properties, salt formation can alter organoleptic properties such as taste and, occasionally, pharma-
cological response and toxicity. This example focuses on pemetrexed, a drug for lung cancer treatment
post-chemotherapy, which has a very low solubility in water (about 0.0455 mg/mL). It is known to form
monosodium or disodium salt, and the disodium salt can be crystallized as a heptahydrate.

A sketch of the relevant phase diagram, which was measured by Lam et al. [82], is shown in
Figure 3.18. There are solid–liquid regions corresponding to the free acid (H2PEM), mono-salt
(NaHPEM), di-salt heptahydrate (Na2PEM.7H2O), and NaOH. The remaining areas are regions of
solid mixtures. The target is to crystallize the heptahydrate, which has a much higher solubility
than the free acid, making it more suitable for intravenous administration. Instinctively, one may
think that a mixture with an NaOH/H2PEM molar ratio of 2, which is the stoichiometric ratio, would
be suitable to obtain the di-salt. However, the phase diagram suggests that adding water to such a
mixture, represented by point A in Figure 3.18, would result in a movement along the direction of
the arrow. Regardless of the amount of water added to the mixture, it would be impossible to ob-
tain a composition inside the region of Na2PEM.7H2O.

Figure 3.18: Sketch of the SLE phase diagram of H2PEM/NaOH binary system.

Indeed, a series of verification experiments with varying molar ratio, summarized in Table 3.3, shows that
a molar ratio of about 2.5 is required to obtain pure di-salt. In each experiment, the Na+ and PEM2- con-
tents in the solids are determined by analysis of the sample. The molar ratio of Na+/PEM2- in the solids
serves as an indication of its identity. A molar ratio of close to 0, 1, or 2 signifies the acid, mono-salt, and
di-salt, respectively, while ratios between those values indicate a mixture of solids. The feed compositions
are plotted in Figure 3.19 along with the solubility data (plotted as open squares) that are used to deter-
mine the saturation curves. It can be seen that the feed points for data sets 1–4 (solid triangles), with a
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NaOH/H2PEM molar ratio of around 2, lie inside the mono-salt/di-salt solid mixture region. Compositions
with a NaOH/H2PEMmolar ratio greater than 2.5 (data sets 5–8) lie within the region of pure di-salt.

In summary, NaOH should be added to get the desired di-salt heptahydrate from pemetrexed, but
the appropriate NaOH/H2PEM molar ratio does not correspond to the stoichiometry. With the knowl-
edge of the SLE phase diagram, it is possible to determine, in advance, the required NaOH/H2PEM
molar ratio to get the desired product.

Figure 3.19: Experimental solubility data and feed compositions of verification experiments plotted
on the SLE phase diagram of H2PEM/NaOH system.

Table 3.3: Feed composition and solid analysis results of the verification experiments.

Set Mass in feed (g) NaOH/HPEM
molar ratio

Content
in solids (mmol/g)

Na+/PEM-

molar ratio

HPEM NaOH HO Na+ PEM-

 . . . . . . . (mixture)
 . . . . . . . (mixture)
 . . . . . . . (mixture)
 . . . . . . . (mixture)
 . . . . . . . (di-salt)
 . . . . . . . (di-salt)
 . . . . . . . (di-salt)
 . . . . . . . (di-salt)
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Example 3.10 – Production of succinic acid
Succinic acid (SA) is widely used in the synthesis of various polymers as well as pharmaceutical prod-
ucts such as vitamin, expectorant, and sedative [83]. Nowadays, SA is mainly produced by microbial
fermentation of glucose from renewable feedstocks. One such process is described in U.S. Patent
6,265,190 [84] and is illustrated in Figure 3.20. Ammonia is added to the fermenter to keep the broth
at near-neutral pH, so as to prevent injuries to the microorganisms, as SA is produced during fermenta-
tion. After filtering out the cells and any other insolubles, a solution of ammonium succinate salts
(stream 1) is obtained. This solution is then concentrated in an evaporator, before being sent to a crys-
tallizer. The pH in the crystallizer is adjusted by adding an acid such as sulfuric acid, so that SA is
recovered by crystallization. The mother liquor (stream 5) is sent to a recovery unit to recover ammo-
nium sulfate, which can be thermally cracked to produce ammonia and ammonium bisulfate
(NH4HSO4). Ammonia is recycled to the fermenter, and ammonium bisulfate (stream 11) is sent back to
the crystallizer. SA is further purified by recrystallization in methanol.

Figure 3.20: Succinic acid production process according to U.S. Patent 6,265,190.

In order to determine the suitable condition to crystallize SA instead of its mono- or diammonium
salt, knowledge of the SLE phase behavior of SA/sulfuric acid/ammonium hydroxide system is im-
portant. The SLE phase diagram of this system is similar to that in Figure 2.28, with SA, NH4OH,
and H2SO4 in the place of H2A, MOH, and HX, respectively. Figure 3.21a shows the saturation curves
at different cuts, based on experimental data from the literature [85]. The cut at SO4

2−/OH−=0 (no
sulfate) features three curve segments, corresponding to SA, monoammonium succinate (MAS),
and diammonium succinate (DAS), respectively. Three other cuts at different values of SO4

2−/OH−

are also displayed. Due to the limited availability of experimental data at these other cuts, only the
solubility curves of SA and MAS are indicated on the figure. It is clear from the cuts that as SO4

2− is
added to the system, the saturation curves shift closer to the top of the diagram, indicating de-
creasing solubility. Furthermore, the location of the double saturation points also shifts such that
the single saturation region of SA is larger at higher SO4

2− content.

78 3 Thermodynamic-Based Conceptual Design of Crystallization Processes



Figure 3.21: SLE phase diagram of succinic acid/H2SO4/NH4OH system: (a) different cuts at various
SO4

2−/OH− ratios, (b) cut at SO4
2−/OH− = 0, and (c) cut at SO4

2−/OH− = 2/98.

Figure 3.21b shows more details of the cut at SO4
2−/OH−=0. The single saturation region of

SA, MAS, and DAS are marked on the diagram. If the broth from the fermenter (point 1) is
only subjected to evaporation without any pH adjustment, the resulting mixture (point 2ʹ) is
located inside the saturation region of DAS, which implies that DAS would crystallize out.
Without acid addition, it is not possible to move the composition into the saturation region
of SA.

The saturation regions of SA and MAS in the cut at SO4
2−/OH−=2/98 are featured in Figure 3.21c.

Composition points corresponding to process streams in Figure 3.20 are also marked on the diagram,
although not all of them actually lie on this cut. The broth from fermenter (point 1) is mixed with the
recycle stream (point 9) to give the evaporator feed (point 2). Evaporation brings the composition to
point 3, and addition of ammonium bisulfate produces the crystallizer feed given by point 4. SA crys-
tallizes out, and the mother liquor composition is given by point 5. The key point in designing the
process is to ensure that point 4 lies within the SA saturation region for the cut, at the corresponding
ratio of SO4

2−/OH−.

3.4 Complete Dissolution

Sometimes it is desirable to identify the suitable conditions under which crystalli-
zation can be avoided, or complete dissolution can be achieved. This is important
because formation of solid crystals may be undesirable during a processing step,
as it may lead to problems such as plugging or fouling. Complete dissolution of
solid reactants is desirable to minimize mass transfer limitations during reaction,
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and reaction products often need to be completely dissolved prior to the subse-
quent processing step.

As the SLE phase diagram maps out the regions where different phases can
exist, it is also useful in determination of the suitable conditions for complete disso-
lution – that is, inside the region where only a liquid phase can be present, avoid-
ing any solid–liquid region. The process should be designed with appropriate
movements that would steer the process toward the desired operating region. Two
examples are presented to illustrate this application.

Example 3.11(I) – Production of a drug intermediate
A drug intermediate, B, is produced from a solution of raw material, A, in solvent, S, via a liquid-
phase reaction that can be roughly described as A → B. The reaction product, which contains some
unreacted A, is sent to a crystallization step to obtain pure B in solid form. Since it is necessary to
keep the mixture in solution during the course of reaction, it was desirable to know the tempera-
ture at which solids begin to crystallize out at different reaction extents. In addition, since the reac-
tion product would be cooled to 25 °C, it was also desirable to determine the minimum conversion
at which pure B can be obtained at that temperature. To answer these questions, the SLE phase
diagram for the ternary system of A, B, and S, similar to the one shown in Figure 2.11, is of interest.
Figure 3.22 shows a series of isothermal cuts, which is essentially a contour map of the three-
dimensional phase diagram. The saturation regions at 25 °C are also marked on the figure. Note
that in order to maintain clarity, only the enlarged top portion of the diagram is shown.

Figure 3.22: SLE phase diagram of the drug intermediate system.
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Two reaction paths are shown on the diagram. The first one starts with a feed, F, which contains
16 wt% A. Since the solvent does not participate in the reaction, the total content of A+B remains
constant at 16 wt%, as signified by a movement in horizontal direction, as the reaction pro-
gresses. The second path starts with a more dilute feed F’ (11 wt% A), and follows the horizontal
line F’-P2’. Both paths traverse different isotherms, so the dissolution temperature of the reac-
tion mixtures changes with the extent of reaction, as depicted in Figure 3.23a. The profile goes
through a minimum, which corresponds to a double saturation point. This plot indicates that the
first reaction mixture (starting with 16 wt% A) can always be maintained as a single liquid phase,
regardless of conversion, by keeping the reaction temperature above 72 °C. Since the dissolution
temperatures are lower for the second reaction mixture (starting with 11 wt% A), it is sufficient to
keep the reaction temperature above 60 °C or so.

Figure 3.23: Insights from SLE phase diagram: (a) dissolution temperature evolution as reaction
progresses and (b) effect of reaction extent on product purity upon cooling to 25 °C.

Figure 3.22 also reveals that the reaction path passes through different regions. For example, con-
sider the path starting with the feed containing 16 wt% A (point F). When the conversion of A
reaches 70%, the composition of the reaction mixture (point P1) lies within the region of two solid
phases at 25 °C. Consequently, both A and B crystallize out when this mixture is cooled to 25 °C; in
other words, the product is not pure B. However, the composition at 90% conversion (point P2)
falls within the single solid phase region, which means solids of pure B can now be obtained at
25 °C. Obviously, there is a minimum conversion above which it is possible to obtain pure B.
Figure 3.23b, which shows the plot of product purity against reaction extent for this feed, suggests
that the minimum conversion is about 80%.

Example 3.12(I) – Dissolution of a fermentation product
A biotechnology company has developed the technology and process involving fermentation to pro-
duce a dicarboxylic acid (denoted as H2D) from natural feedstocks. Due to its low solubility in water,
H2D precipitates out during fermentation. To purify the product, the company considered a process
alternative that involves the addition of a strong base such as sodium hydroxide (NaOH) at the end
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of fermentation, to raise the pH and dissolve H2D into solution. At high pH, H2D is soluble due to
the formation of mono- and disodium salts:

H2D+OH− =HD− + H2O (3:15)

HD− +OH− = D2− + H2O (3:16)

After removing cells and macromolecules from the fermentation broth, an acid such as sulfuric acid
(H2SO4) is added to neutralize the base and precipitate H2D out of solution. Crude H2D crystals are
then separated by centrifugation and recrystallized in an organic solvent to obtain high purity crys-
tals as the final product.

An important issue in developing the process is the amount of NaOH that needs to be added to
the fermentation broth to completely dissolve H2D. An initial recipe calls for addition of NaOH until
the pH value reaches 8.5, but it is not clear if it is really necessary to add that much NaOH.
Obviously, adding less NaOH means reducing the required amount of H2SO4 that has to be added
to neutralize it as well as the amount of salt waste generated. To address this issue, the SLE phase
behavior involving H2D, NaOH, and H2O was examined.

Figure 3.24a depicts the conceptual SLE phase diagram of the H2D/NaOH/H2O system at a con-
stant pressure and temperature. A zoomed view of the section near the H2O vertex (upper left cor-
ner) is shown in Figure 3.24b. Various regions where one or more species can crystallize out and
exist in equilibrium with a saturated liquid are marked on the diagram.

Figure 3.24: SLE phase behavior of H2D/NaOH system: (a) conceptual image and (b) zoomed
section near H2O corner.

Due to the reactive nature of the salt formation, ionic coordinates are used in plotting the phase
diagram. The two coordinates are chosen to be

R Na+ð Þ= Na+½ �
H+½ �+ Na+½ � (3:17)

R OH−ð Þ= OH−½ �
OH−½ �+ HD−½ �+ 2 D2−� 	 (3:18)
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Starting with a mixture of solid H2D and water (point 1, which is similar to the broth at the end of
fermentation), adding NaOH in the form of a 50% solution causes the overall composition to move
toward point 2, where it becomes completely dissolved as the mono-salt. Thus, the required
amount of NaOH that needs to be added can be determined, once the solubility curves have been
identified. Depending on the initial concentration of H2D in the broth (which can be adjusted by
adding or removing water), the required amount of NaOH for complete dissolution varies. For exam-
ple, if the broth is diluted so that the composition moves to point 1ʹ, complete dissolution is
achieved at point 2ʹ. If even more water is added to obtain a composition at point 1”, complete
dissolution occurs at point 2”, which lies on the solubility curve of H2D – implying that H2D dis-
solves without being converted to its mono-salt form.

Figure 3.25 shows the required amount of NaOH for dissolution at various dilution ratios (de-
fined as the ratio of the broth amount after dilution to the original broth amount), which is deter-
mined based on the solubility curves obtained from experimental data.

Figure 3.25: Required amount of NaOH for complete dissolution.

Each kg of the original broth (dilution ratio=1) requires about 0.7 kg of NaOH for complete dissolu-
tion. The unit consumption of NaOH reaches a maximum and starts to decrease when the dilution
ratio is larger than about 1.3. But, beyond a dilution ratio of 1.4, the point of complete dissolution
lies on the solubility curve of H2D, and the required amount of NaOH increases sharply with in-
creasing dilution ratio. From these results, there appears to be no advantage in diluting the broth
prior to adding NaOH, as it does not result in a lower amount of NaOH for dissolution.

3.5 Summary

Understanding the SLE phase behavior is crucial in designing a crystallization process.
The phase behavior can be visualized using phase diagrams, and operations such as
cooling, solvent removal, crystallization, and so on can be represented as movements
on the phase diagram. Various applications of this concept, from ensuring maximum
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recovery of a pure product to determining the conditions under which a particular
product can be crystallized, have been illustrated using academic and industrial exam-
ples. The key is to identify the location and boundaries of the compartment or region
where the desired product can be obtained in pure form. In this chapter, the focus is
on how the knowledge of SLE phase behavior, especially the thermodynamic bound-
aries, can be used in the conceptual design of a crystallization process. There are ways
to overcome the limitation of thermodynamic boundaries, as discussed in chapter 4.

Exercises

3.1. The feed to a crystallization process contains 60% A and 40% B as indicated by
point M in the T-x diagram shown in Figure 3.26. At the crystallizer temperature,
the mixture splits into solid A (point S) and a saturated liquid (point L, containing
50% B). According to the lever rule, how many kilograms of solid A are obtained
from 100 kg of feed?

3.2. The phase diagram of the binary system consisting of A and B is shown in
Figure 3.27. A feed mixture containing A and B is represented by point F on the diagram.
a. What is the composition of this mixture?
b. Which component would crystallize out if this mixture is cooled down to 50 °C?
c. How much solid would be obtained from 1 kg of mixture upon cooling to 50 °C?

Figure 3.26: SLE phase diagram for a binary system (problem 3.1).
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3.3. If pure A is separated from mixture X such that the composition of the remain-
ing mixture is given by point Y, as shown in Figure 3.28, how many kg of A would
be obtained from 100 kg of mixture X?

Figure 3.27: SLE phase diagram for a binary system (problem 3.2).

Figure 3.28: Composition triangle (problem 3.3).
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3.4. An isothermal cut of the SLE phase diagram involving three components A, B,
and S is shown in Figure 3.29. Point M is a mixture of solid A, solid B, and a liquid
phase that is saturated in both A and B. If the total mass of the mixture is 100 kg,
how many kg each of solid A, solid B, and liquid are present in the mixture?

3.5. The phase diagram of a binary simple eutectic system consisting of A and B is
similar to the one shown in Figure 3.26, but the eutectic composition is 79% A and
21% B.
a. Starting from a feed containing 30% A and 70% B, what pure solid can be ob-

tained as a crystallization product?
b. What is the maximum recovery of the pure solid?

3.6. The polythermal projection of the SLE phase diagram involving three compo-
nents A, B, and S is shown in Figure 3.30.
a. Starting with a saturated solution with an initial composition of point 1, draw

the direction of liquid composition change upon cooling.
b. What is the liquid composition that corresponds to the maximum recovery of a

pure solid?
c. What is the maximum recovery of the pure solid? (Hint: taking as a basis, 1 kg

of the initial mixture, calculate the amount of the crystallizing component in
the initial mixture and in the solid).

Figure 3.29: Isothermal cut of the SLE phase diagram of a ternary system (problem 3.4).
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3.7. A reaction produces a solid mixture of product B and byproduct A in a 50:50 pro-
portion. One hundred kilograms of this mixture is dissolved in 100 kg of solvent C,
and then cooled down to 25 °C in a batch crystallizer. The isothermal cut of the phase
diagram involving A, B, and C at 25 °C is shown in Figure 3.31. It is also known that
the solubility of both A and B in C increases with increasing temperature.

Figure 3.30: Polythermal projection of the SLE phase diagram of a ternary system (problem 3.6).

Figure 3.31: Isothermal cut of the SLE phase diagram of a ternary system (problem 3.7).
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a. Locate the mixture on the phase diagram.
b. What solid, if any, crystallizes out at this condition?
c. Based on understanding of the phase behavior, come up with two ideas to crys-

tallize pure product B from the given mixture.

3.8. A process alternative for manufacturing MSG from glutamic acid is discussed
in Example 3.8. The coordinates of the process points on the phase diagram in
Figure 3.16 are given below.

Taking a basis of 100 kg/h glutamic acid feed and assuming zero purge (i.e., the
recycle stream is the same as stream 5), determine the flow rate of the recycle
stream. NaOH is added as a 50 wt% aqueous solution. Use the following values for
molecular weights: glutamic acid = 147.1, water = 18, NaOH = 40.

Hint: For easier calculations, first convert the composition data into mass fraction.

Point R(Na+) R(OH-)

 . .
 . .
 . .
 . .
 . .
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4 Synthesis of Crystallization-Based Separation
Processes

4.1 Crystallization as a Separation Process

Crystallization is widely used for the purification and separation of various organics,
inorganics, and biochemicals in chemical processes. The main focus is to recover the
product of interest in high purity and with maximum recovery. The idea of exploiting
the solid–liquid equilibrium (SLE) behavior of a multicomponent system in separat-
ing a mixture into individual components in pure form by crystallization has been
documented in the literature, as early as the 1940s [37]. Over the following decades,
various crystallization-based separation and purification techniques have been in-
vented, some of which are listed in Table 4.1. Design methods were subsequently pro-
posed, with consideration of the SLE behavior of the relevant systems.

Despite the different names and terms used to describe these techniques, the
underlying principles governing them are the same. Therefore, a unified procedure
that guides the user to generate flowsheet alternatives in an evolutionary manner
has been developed [100]. The discussion in this chapter will focus on the use of
SLE phase diagrams in synthesizing crystallization-based separation processes.

4.2 Bypassing the Thermodynamic Boundary

As thermodynamic boundaries impose a limitation on the recovery of a pure compo-
nent in a crystallization process, the basic idea behind a crystallization-based separa-
tion process is to bypass the boundaries to reach the compartment or crystallization
region of the desired component. The same idea is applicable for molecular systems
and conjugate salt systems, despite the different ways of representing their phase
diagrams.

4.2.1 Ternary system

Figure 4.1a shows the SLE phase diagram of a three-component system consisting of A,
B, and S, with a set of basic operations plotted as movements on the phase diagram.
The polythermal projection is shown in Figure 4.1b. To make it easier to follow, the
explanation starts with an unsaturated liquid denoted by point 3 in the phase diagram.
Upon cooling beyond point 3a, which lies on the solubility surface, pure A starts to
crystallize out. In the polythermal projection (Figure 4.1b), it is clear that point 3 (as
well as point 3a, which coincides with point 3 but is not identified in the projection) is
located in compartment A. Due to crystallization of A, the liquid composition moves
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from point 3 to point 4 at the boundary between compartments A and B. If cooling is
continued beyond point 4, B crystallizes together with A. Instead, the mixture at point
4 is heated up to an appropriate temperature for evaporating the solvent S, as indicated
by the vertical movement to point 4a in Figure 4.1a. By removing S, the composition
moves to point 5, which is located above the saturation surface of B in Figure 4.1a. In
the polythermal projection (Figure 4.1b), it is clear that point 5 is located inside com-
partment B. Therefore, cooling of this mixture allows the crystallization of pure B.
Again, cooling is stopped before the liquid composition reaches point 6 at the bound-
ary between compartments A and B, so as to prevent co-crystallization of A. Mixing
this final mother liquor with a fresh feed (point 1) results in a composition given by

Table 4.1: Crystallization-based separation and purification techniques.

Technique Description Reference

Cooling crystallization Decreasing temperature to reduce the
solubility of the target component so as
to cause crystallization

–

Evaporative
crystallization

Evaporating the solvent to cause
crystallization of the target component

–

Reactive crystallization chemical reactions which lead to
crystallization of one or more products

Söhnel and Garside [], Berry
and Ng []

Drowning-out, salting-
out, or antisolvent
crystallization

Addition of another solute or an
antisolvent to reduce the solubility of the
target component so as to cause
crystallization

Hanson and Lynn [],
Weingaertner et al. [], Berry
et al. []

Fractional
crystallization

Utilization of heating, cooling, dilution,
and evaporation to effect separation of
individual components from a mixed
solution

Fitch [], Cisternas and Rudd
[], Cisternas et al. [], Dye
and Ng []

Extractive
crystallization

Addition of solvent to overcome the
eutectic limitation in achieving complete
separation of pure components from a
mixture

Findlay and Weedman [],
Dale [], Dye and Ng []

Adductive
crystallization

Adding a reactant that can form solid
adduct with one or more components in
the system to effect crystallization of the
adduct

Tare and Chivate [], Dale
[]

Eutectic freeze
crystallization

Simultaneous crystallization of solute
and solvent (usually salt and water) at
the eutectic point, so that solvent is
removed by freezing instead of
evaporation

van der Haam [], Himawan
et al. [], Reddy et al. []
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point 2, which is back in compartment A (Figure 4.1b). Adding some S to this mixture
gives back point 3, and the cycle repeats itself.

As summarized in the flowsheet in Figure 4.1c, this sequence of movements al-
lows complete separation of A and B from the mixture. In order to crystallize out
pure A and pure B, the respective compartments must be “visited” at least once. In
order to move from one compartment to the other, the boundary between the com-
partments has been bypassed. This is achieved by using another driving force (in
this case evaporation) to remove S and move from point 4 to point 5, and by mixing
to reach point 2 from point 6.

Isothermal cuts, instead of polythermal projection, can also be used for synthesiz-
ing the separation process. Figure 4.2 shows two isothermal cuts at temperatures, T1
and T2 (with T2 higher than T1), which are drawn on the same triangle, and a set of
movements corresponding to the same separation process is depicted in Figure 4.1.
The process starts with the combination of the feed (point 1) with a recycle stream
(point 6) to form a mixture (point 2); it is followed by addition of solvent to give a com-
position inside the saturation region of A at temperature T1 (point 3). Since this region
corresponds to pure solid A at temperature T1, crystals of A are obtained. The mother
liquor composition is given by point 4. Removal of solvent from this stream produces a
composition of point 5, which is located inside the crystallization region of pure solid B
at T2. Therefore, crystals of B can be obtained by bringing the solution to temperature

Figure 4.1: Bypassing thermodynamic boundary to crystallize both A and B: (a) representation on
T–x diagram, (b) representation on polythermal projection, and (c) process flowsheet.

4.2 Bypassing the Thermodynamic Boundary 91



T2. The mother liquor (point 6) is recycled to the feed stream, completing the process
cycle. In this isothermal viewpoint, the emphasis is on the identification of saturation
regions at specific temperatures. Again, the key concept is to use mixing or another
driving force to move from one region to the other.

Once the separation process has been synthesized, mass balance equations can be
written to calculate all the streams in the process. For example, referring to the process
flowsheet in Figure 4.3, mass balance of each component over the entire process gives

F1xA, 1 = FA (4:1)

F1xB, 1 = FB (4:2)

F1xS, 1 + F7 = F8 (4:3)

where Fi denotes the mass flow rate of stream i, and xj,i is the mass fraction of compo-
nent j in stream i. Note that the flow rate and composition of the feed (stream 1) should
be known. Therefore, FA and FB can be directly obtained from eqs. (4.1) and (4.2).

Figure 4.2: Isothermal viewpoint of crystallization-based separation process.

Figure 4.3: Process flowsheet for separating A and
B from a solution containing both components.
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In order to calculate the flow rate of the internal streams, it is necessary to con-
sider the mass balance equations for individual units. The overall mass balance
around crystallizer C1, which operates at TC1, gives:

F3 = FA + F4 (4:4)

Similarly, overall mass balance around crystallizer C2, operating at TC2, gives

F5 = FB + F6 (4:5)

Mass balance equations can also be written separately for components A and B
around crystallizer C2, as follows:

F5xA, 5 = F6xA, 6 (4:6)

F5xB, 5 = FB + F6xB, 6 (4:7)

Finally, the mass balance equations for the evaporator are

F4 = F5 + F8 (4:8)

F4xA, 4 = F5xA, 5 (4:9)

F4xB, 4 = F5xB, 5 (4:10)

By substituting eq. (4.9) into eq. (4.6) and eq. (4.10) into eq. (4.7), a system of two
equations with two unknowns (F4 and F6) is obtained as shown here:

F4xA, 4 = F6xA, 6 (4:11)

F4xB, 4 = FB + F6xB, 6 (4:12)

Equations (4.11) and (4.12) can be solved simultaneously to give

F4 =
FBxA, 6

xA, 6xB, 4 − xA, 4xB, 6
(4:13)

F6 =
FBxA, 4

xA, 6xB, 4 − xA, 4xB, 6
(4:14)

The values of F3 and F5 can then be obtained from eqs. (4.4) and (4.5), respec-
tively. Equations (4.8) and (4.3) allow the calculation of F8 and F7, respectively.
Having calculated all the streams in the process, it is then possible to estimate the
required equipment size as well as the corresponding capital cost. Also, by per-
forming energy balance calculations over the crystallizers and evaporator, the
cooling and heating duties of each unit can be determined, thus allowing for the
estimation of the operating cost of the process.

Note that xA,4 and xB,4 represent the solubility of components A and B at tem-
perature TC1, which are related to each other, since they define a single point along
the saturation curve of A at TC1. Also, since the location of the saturation curve
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depends on temperature, both xA,4 and xB,4 are functions of TC1. Similarly, xA,6 and xB,6
are functions of TC2. In other words, the choice of the two temperatures (TC1 and TC2)
determines all flow rates in the process via eqs. (4.13) and (4.14).

Example 4.1(I) – Separation of inorganic salts
A catalyst plant byproduct stream contains two inorganic salts, PX and QX. Since this stream is a
combination of effluents from several plants, the feed salt ratio (ratio of PX to QX in the feed) varies
significantly over time. While it is possible to use this mixture directly as a fertilizer solution, iso-
lating the two salts as pure products would improve the economic value of the byproducts. An ini-
tial investigation has indicated that it is possible to selectively crystallize PX and QX with
reasonably high purity from this byproduct stream. Therefore, it was decided to synthesize crystal-
lization-based process alternatives for the separation process and study their economic feasibility.

The SLE phase behavior of the system is considered. As is the case with many other inorganic
salt systems, solubility data at different temperatures can be readily found in the literature. Some
of the literature data are plotted as isothermal cuts at different temperatures in Figure 4.4. Note
that since these two salts share a common ion, (X−), the PX/QX/water system can be treated as a
molecular system with regard to its phase diagram. As seen from the figure, the location of the
double saturation point shifts quite significantly with temperature change. At −17 °C (the topmost
curve), the double saturation point contains nearly the same amount of PX and QX, whereas at 98 °
C (the bottommost curve), the ratio of PX: QX is about 1: 4. Such a shift makes it possible to move
from the crystallization region of one salt at one temperature to the crystallization region of the
other salt at another temperature. Based on utility considerations, 95 °C and 0 °C were chosen to
be the two crystallizer temperatures.

Figure 4.4: Solubility data of salts PX and QX in water at various temperatures.
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Two process alternatives can be generated, as shown in Figure 4.5. In alternative 1 (Figure 4.5a), PX
is crystallized first at 95 °C, then water is added to mother liquor and the solution is cooled to 0 °C
to crystallize QX. In alternative 2 (Figure 4.5b), QX is crystallized first at 0 °C, then mother liquor is
heated up and concentrated to crystallize PX at 95 °C. Although the processes are shown to sepa-
rate both PX and QX with 100% recovery, in reality, the recovery would be lower because part of
the recycle stream in both alternatives has to be purged to prevent accumulation of other compo-
nents that may be present in the feed.

Figure 4.5: Process alternatives for separating PX and QX: (a) crystallizing PX first and (b)
crystallizing QX first.
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To allow convenient evaluation of the economic feasibility of each process alternative, an SLE
model for the ternary system PX/QX/water was developed, based on the literature data. The model
is embedded into an Excel spreadsheet, which performs mass and energy balance calculations to
find the flow rate and enthalpy of all streams in a steady-state continuous process. The SLE model
is used to obtain the crystallizer outputs for the feed composition calculated by the Excel spread-
sheet. With the help of the spreadsheet, the effect of changing design parameters such as
feed salt ratio, crystallization temperatures, and the fraction of recycle stream being purged on the
mass and energy balance can be simulated. The operating cost of the plant, which includes the
cost of utilities such as steam for heating and electricity for refrigeration, can also be readily
calculated.

Figure 4.6a shows an example of the simulation results, which indicate that the total operating
cost for the “PX first” alternative reaches a minimum when the PX and QX crystallizers are operated
at 95 °C and −2 °C, respectively. Basically, the total operating cost is lower when the difference
between the two crystallization temperatures is larger. This is because a larger shift in the double
saturation temperature leads to smaller recycle streams.

The simulation results also shed some light on the effect of the fluctuating feed salt ratio, as de-
picted in Figure 4.6b (in this case, crystallizer temperatures are fixed at 95 and 0 °C for both alter-
natives). It is evident that the total operating cost strongly depends on the feed composition, with
the “PX first” alternative being more economical when the feed contains more PX (higher salt
ratio). More interestingly, the results indicate that the “PX first” alternative is less sensitive to fluc-
tuations in feed composition. For this reason, the “PX first” alternative is preferred, from opera-
tional stability point of view.

Figure 4.6: Simulation results: (a) effect of crystallizer temperatures and (b) effect of feed salt
ratio.
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Example 4.2 – Production of potash from sylvinite
Instead of using two crystallizers to obtain pure components from a solution, a solid mixture can be
separated by selectively dissolving a component in a dissolver, followed by crystallizing it out in a
subsequent crystallizer. This selective dissolution process has been used commercially in the pro-
duction of potash (KCl) from sylvinite (KCl+NaCl mixture) [4]. The phase diagram of KCl/NaCl/water
system is shown in Figure 4.7, with two isothermal cuts at Tc and Td (Tc<Td). Note that the two sets of
saturation curves at the different temperatures cross each other. This is due to the opposite depen-
dence of KCl and NaCl solubility on temperature – KCl solubility increases with temperature, while
NaCl solubility is lower at higher temperature.

The feed, represented by point 1 on the phase diagram, is a solid mixture of KCl and NaCl. This mix-
ture goes into a dissolver operating at temperature Td, where it is mixed with a solution represented
by point 4 to give point M. Focusing on the saturation curves at Td, point M falls in the NaCl satura-
tion region. This means that all KCl in the solids would dissolve in the liquid phase, which is repre-
sented by point 2, and the solid would contain only NaCl. Note that in order to minimize the amount
of solution that must be added to the dissolver, point M is located near the boundary of the NaCl
saturation region at Td, and point 2 is located close to the double saturation point at Td.

Switching the focus to the saturation curves at Tc, point 2 is located inside the KCl saturation
region at this temperature. Therefore, pure KCl can be crystallized out from this solution at temper-
ature Tc. Some water is evaporated to maximize the KCl recovery, and the mother liquor composi-
tion (point 3) is located close to the double saturation point at Tc. By adding back water to point 3,
the solution introduced to the dissolver (point 4) is obtained, and the cycle repeats itself.

4.2.2 Quaternary system

Consider a quaternary system consisting of three solutes, A, B, and C, and a solvent
S. The three-dimensional polythermal phase diagram as well as its Jänecke projec-
tion is shown in Figure 4.8. The feed composition represented by point F is located

Figure 4.7: Production of potash from sylvinite by selective dissolution process.
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in compartment A, where A can be recovered by crystallization. The fresh feed is
mixed with a recycle stream to give an overall composition given by point 1
(Figure 4.8a). At this time, it is known that there is such a recycle stream, but its
exact composition is not yet known. (For a sleek preview, look at Figure 4.8d.)

Point 1 is also located in compartment A, which is a three-dimensional space en-
closed by six “walls”: AC-ABC-ABCS-ACS, AB-ABC-ABCS-ABS, and ACS-ABCS-BS-AS,
and three walls on the ABS, ACS, and ABC faces of the pyramid. Eutectic points AC,
AB, and ABC are located on the base of the tetrahedron, while AS, ACS, ABS, and
ABCS are elevated. The eutectic points are not labeled to avoid cluttering. By cool-
ing point 1 to temperature TC1, pure A is crystallized out, and the composition
moves to point 2. Depending on how much solvent is in the fresh feed, some may
have to be removed. Focusing next on compartment C, which is highlighted in
Figure 4.8b, there appears to be an overlap with compartment A, but this is just
because of the projection. Note that AC-ABC-ABCS-ACS is a leaning “wall”, with

Figure 4.8: Crystallization-based separation process of three products from a quaternary mixture:
(a) crystallizing pure A, (b) crystallizing pure C, (c) crystallizing pure B, and (d) closing the recycle
loop.
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compartment A below it and compartment C above it. Therefore, compartment C
can be reached by adding solvent to point 2, so that it would move vertically up-
ward to point 3 in compartment C (which appears to be the same point in the
Jänecke projection). It is now possible to crystallize pure C, and the liquid composi-
tion moves to point 4. Next, a similar strategy can be applied to move into compart-
ment B, which is highlighted in Figure 4.8c. Since the BC-ABC-ABCS-BCS surface
also leans toward B, removing solvent from point 4 leads to point 5 in compartment
B. Pure B can be crystallized out, and the liquid composition moves to point 6,
which is recycled by mixing with F. The result is point 1, which is back in compart-
ment A, as shown in Figure 4.8d.

Despite the use of projections to help visualize the high-dimensional phase dia-
gram, the same strategy as the one for ternary system has been followed – visiting
one compartment after another and bypassing the boundary between compartments
by solvent addition or removal – to achieve complete separation of the mixture.
Process alternatives can also be generated by considering different sets of movements
to visit the compartments in different sequences. They can then be evaluated via
mass balance calculations and cost estimations to determine the best alternative.

Example 4.3 – Separation of three amino acids
A process for separating three amino acids using crystallization has been reported by Takano et al.
[101]. This process can be rationalized by understanding the SLE phase behavior of the quaternary
system involving the three amino acids and water as the solvent, as depicted in Figure 4.9. Shown
on the left-hand side is the Jänecke projection of three isothermal cuts at different temperatures. A
sketch of the original three-dimensional phase diagram, featuring three sets of saturation surfaces
at the different temperatures, is also shown in the figure.

Figure 4.9: Process for separating three amino acids by crystallization (data from [101]).
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The feed mixture, indicated by point 1, is first mixed with the recycle stream to give point 2, which
is located in the crystallization region of (DL)-alanine at 100 °C. Removal of water from this stream
while keeping a constant temperature at 100 °C causes (DL)-alanine to crystallize out, leaving be-
hind mother liquor with the composition of point 3. By stopping just before the liquid composition
hits the double saturation curve, co-crystallization of (DL)-serine is prevented. Water is then added
to move the composition to point 4, which is located inside the crystallization region of L-
asparagine at 40 °C. If just enough water is added to avoid getting into the region of multiple sol-
ids, cooling to 40 °C results in crystallization of pure L-asparagine, and the mother liquor (point 5)
is located close to the double saturation curve between L-asparagine and (DL)-serine at 40 °C.
Finally, this mother liquor is heated to 70 °C, at which the composition falls within the crystalliza-
tion region of (DL)-serine. Water is removed again to crystallize (DL)-serine, and the mother liquor
(stream 6) is recycled to the feed. Partially purging this stream avoids accumulation of any minor
impurities present in the feed stream.

In this example, isothermal cuts, which are easier to determine experimentally, have been used
instead of polythermal projection. By observing the location of these double saturation curves at
different isothermal cuts, it is easy to determine whether moving from one compartment to another
by switching to another temperature is possible. However, selecting the suitable movement (sol-
vent addition or removal) requires information about the solvent content at the double saturation
curves at different temperatures. As the solvent content is not shown in the Jänecke projection,
this information can only be obtained from the three-dimensional isothermal cut.

4.2.3 Multicomponent system

In principle, the same strategy of moving around in composition space and visiting
various compartments to crystallize pure components can be applied to systems in-
volving any number of components. Projections and cuts can be used to help visualize
the SLE phase diagrams for multicomponent systems, which are high-dimensional in
nature. Undoubtedly, the task of selecting the proper movement to maneuver the
high-dimensional phase diagram becomes increasingly difficult, as more components
need to be separated. The visual approach can be aided or replaced by computations.

Such a general methodology for systematic separation of a multicomponent solid
mixture based on solubility [102] has been developed to come up with feasible pro-
cess alternatives, although the resulting process alternatives are limited to permuta-
tions of two given configurations. Instead of visualizing the SLE phase behavior
using phase diagrams, the method utilizes numerical information of solubility as
functions of temperature, which is essentially the same information represented by
the saturation varieties in an SLE phase diagram. The separation process synthesized
by this methodology is essentially an extension of the potash production process
(Figure 4.7). The basic premise is that a multicomponent mixture can be separated
using a cascade of binary separation loops, each of which consists of a dissolver (D),
a crystallizer (C), and sometimes an evaporator (E). The process can be a simple sepa-
ration, in which a single pure component is recovered from each loop, or a complex
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separation, in which a fraction of a certain component leaves a loop after the dis-
solver and the remainder comes out after the crystallizer. Figure 4.10 shows examples
of cascade separation processes to separate a solid mixture of three components A, B,
and C using a solvent S. The dependence of the joint solubility of these components
on temperature is shown at the bottom of the figure. All these process alternatives
are made up of only two types of loops: the conventional scheme, in which solvent is
added to the dissolver and removed at the crystallizer as in the potash process, and
the alternate scheme, in which solvent is added just before the crystallizer and re-
moved from the recycle stream to the dissolver. The difference between one process
alternative and the other lies in the separation sequence and the number of compo-
nents separated in the filters.

Process alternatives (i) to (iv) are examples of simple separation. The conven-
tional scheme is used in the first loop in (i) and (ii), as well as in the second loop in
(iv), to obtain pure A in the dissolver. Since A has the lowest joint solubility at low
temperature, the dissolver is operated at a lower temperature than the crystallizer,
allowing A to be the only component in the solid phase from the dissolver. B and C,
which have lower joint solubility at the higher crystallizer temperature, are recov-
ered in the crystallizer. On the other hand, the alternate scheme is used in the first

Figure 4.10: Cascade process alternatives for simple separation (i–iv) and complex separation (v) of
a three-component mixture having the given joint solubility behavior.
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loop in (iii) and (iv) to obtain pure C in the dissolver. The dissolver temperature is
higher than the crystallizer temperature, leading to only C (which has the lowest
joint solubility at high temperature) in the solid phase from the dissolver. Basically,
by comparing the joint solubility of all components entering each loop at two speci-
fied temperatures, either the conventional or the alternate scheme is selected, and
the higher temperature is assigned to either the dissolver or the crystallizer.
Different process alternatives are obtained by repeating this procedure for different
separation sequences. Furthermore, a set of design equations can be developed to
calculate the recycle and solvent make-up flow rates, based on the solubility values
and the various process alternatives can then be compared by evaluating the corre-
sponding dissolver and crystallizer costs.

Process alternative (v) is an example of complex separation, which can be more
practical when there is a large amount of component A in the feed, such that not all of
it can be dissolved in the dissolver. Thus, some A leaves the first loop together with C,
while the remainder comes out together with B in the crystallizer. Consequently, two
more loops are required to obtain three pure component streams. The complex separa-
tion alternative may also be preferable in other situations, such as when separation
between some components is unnecessary. For example, if several impurities end up
in the same waste stream, there is no need to separately recover them as pure compo-
nents. A complex separation process can also be synthesized by comparing the joint
solubility of all components entering each loop, and similar design equations can be
used for evaluation of process alternatives.

4.2.4 Conjugate salt system

The same principles can also be used to synthesize the separation process for elec-
trolyte mixtures such as conjugate salt systems. As an example, consider the conju-
gate salt system of AX, AY, BX, and BY in water. The feed contains the same molar
amount of A+, B+, X−, and Y−, and it is desirable to crystallize out the compatible
pair, AY and BX. Two isothermal cuts at T1 and T2 are shown in Figure 4.11, along
with the Jänecke projection and the AY–BX diagonal cut of the phase diagram.

The feed (point 1) is first mixed with a recycle stream to obtain point 2, followed
by removing water to crystallize AY at temperature T1. Afterward, water is added
back to the mother liquor (point 3) to obtain point 4, which is cooled down to tem-
perature T2, to crystallize out BX. The final mother liquor (point 5) is recycled. Since
all the process points lie along the AY-BX diagonal, the process path can be shown
on the diagonal cut for a clearer view of water addition and removal. This diagonal
cut is essentially the same as the phase diagram for a ternary molecular system.

Because of the phase behavior, sometimes operation along the diagonal does not
work. As an example, consider the conjugate salt system consisting of HA, H2B, and
their sodium salts in Figure 4.12. The Jänecke projection of isothermal cuts at T1 and
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T2 are shown on the diagram. The objective is to obtain HA andM2B from the mixture
indicated by point 1 in the diagram. While point 1 lies on the diagonal (HA-M2B), it is
not possible to go from the HA region to M2B region if movements were limited along
the diagonal, because there is an H2B region lying between those two regions.

However, it is possible to use a little improvisation to overcome this problem.
Mixing the feed (point 1) with recycle stream 5 gives point 2, which is located off-
diagonal. Evaporating water at T1 leads to crystallization of HA, because point 2 is
inside the HA region at that temperature. The liquid composition moves to point 3,
which is close to the double saturation curve. Adding water moves the composition
to point 4, which is located at the same point as 3 on the Jänecke projection. Since

Figure 4.11: Separation of a conjugate salt pair by crystallization.

Figure 4.12: Separation of a compatible salt pair with an off-diagonal process path.
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point 4 is inside the M2B region at T2, M2B can be crystallized out at T2 and the liq-
uid composition moves to point 5, which is then recycled. Although the resulting
separation process is similar to the one in Figure 4.11, the process path cannot be
plotted on a diagonal cut, so a Jänecke projection is more suitable for visualizing
the movements.

It is also possible to recover the incompatible salt pairs instead of the compati-
ble ones, but the process becomes considerably more complicated because the satu-
ration regions of the incompatible pair are not adjacent to each other. After
crystallizing one of the desired salts, it is usually necessary to crystallize other salts
first, before the region of the second product can be reached. An example of such a
process is shown in Figure 4.13. Although the objective is to separate BY and AX,
AY and BX are crystallized out as part of the strategy to reach the saturation region
of AX, after separating BY. These salts are recycled to the dissolver and mixed with
the fresh feed, so that the overall process only gives BY and AX as products.

Several generic separation schemes have been proposed for various cases with dif-
ferent separation objectives (separating the compatible salts, separating the incom-
patible salts, or separating two compatible salts and one incompatible salt) as well
as different characteristics of the SLE phase behavior (location of ternary saturation
points at different temperatures) [73]. All these schemes can be obtained using the
same approach of moving from one region to the other to crystallize the desired
products, keeping in mind that crystallization of an undesired product and recy-
cling it may be a useful means to eventually getting to the desired region.
Furthermore, this is, essentially, the most practical approach for systems with com-
plex SLE phase behaviors, such as those involving compounds and hydrates, which
have to be considered on a case-by-case basis.

Figure 4.13: Separation of an incompatible salt pair using crystallization [73].
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Example 4.4 – Isolation of sodium chloride from a salt lake
Salt lakes contain rich resources of inorganic salts – mostly sodium chloride, but sometimes also
comparatively more valuable commodities such as lithium salts. The brine from the lake is normally
pumped to a series of solar ponds where crystals of different salts are obtained successively
through evaporative crystallization. A common problem is the determination of which particular
salt (or mixture of salts) would crystallize out under a specific set of operating conditions, from a
feed with a given composition. Consider a simplified scenario in which the salt lake brine com-
prises of only four major ions: Na+, K+, Cl−, and SO4

2−. The composition and the SLE phase diagram
for this system at 25 °C, calculated based on literature data, are shown in Figure 4.14. Ionic coordi-
nates are used due to the fact that the salts dissociate into ions in solution. Regions of various
salts – potassium chloride, sodium chloride, sodium sulfate, Glauber’s salt (sodium sulfate deca-
hydrate), double salt sodium potassium sulfate, and potassium sulfate – can be seen on the
diagram.

Since the feed composition (point F) is located inside the NaCl region, NaCl would crystallize out
first upon evaporation of water. The liquid composition would move diagonally (as indicated by the
arrow) as it loses Na+ and Cl− to the precipitating solid, until it eventually reaches the boundary
with the neighboring region, which is the region of double salt NaK3(SO4)2. Further evaporation of
water causes the two salts to crystallize together, and the liquid composition to move along the
boundary, in the direction of decreasing water content. Finally, as the composition arrives at the
intersection with the KCl region, the solution becomes saturated with KCl as well, and further water
removal causes all three salts (NaCl, NaK3(SO4)2, and KCl) to precipitate out at the same time. The
component recoveries (defined as the ratio of the amount of a component in the solid product to its
amount in the brine) as a function of the amount of water evaporated are also shown in Figure 4.14.
About 78% of the NaCl in the brine can be recovered as pure component.

Figure 4.14: Crystallization of sodium chloride at 25 °C.
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The case where the mother liquor from the solar pond is sent to a crystallizer operating at 100 °C
is interesting. Figure 4.15 shows the SLE phase diagram for the salt system at 100 °C. After crystalliz-
ing pure NaCl, the mother liquor is now leaner in both Na+ and Cl- compared to the original feed, as
indicated by point F’. Note that the region boundaries have shifted and at this temperature, there is
no decahydrate region. Since point F’ is located inside the Na2SO4 region at 100 °C, Na2SO4 comes
out first upon removal of water, followed by NaCl, NaK3(SO4)2, and finally KCl. It is therefore possible
to evaporate just enough water to produce pure Na2SO4 in the crystallizer. From the plot of calculated
component recoveries as a function of the amount of water evaporated, the maximum recovery of
pure Na2SO4 is about 65%, which occurs after about 1.7 kg water/kg salts has been evaporated.
Na2SO4 eventually redissolves and precipitates as NaK3(SO4)2 upon evaporation of more water.

Example 4.5(I) – Purification of a chlorination product
A company was developing a multistep process for producing a monomer D from an acid raw material
(H2A), as illustrated in Figure 4.16. The first step is chlorination of H2A to form an intermediate H2B. The
conversion in the chlorination reaction is about 85%. H2B, along with unreacted H2A and some impuri-
ties, is recovered by crystallization and undergoes coupling to form the sodium salt, Na-C, of another
intermediate, C. The sodium salt is subsequently neutralized with HCl to recover C. The monomer prod-
uct, D, is finally obtained by the dehydration of C. The presence of these impurities, particularly the
unreacted H2A, is believed to cause side reactions during the coupling step, which reduce the overall
yield. Therefore, it was decided to separate the unreacted H2A prior to the coupling step, rather than
letting it crystallize together with H2B.

While it is possible to separate H2A and H2B by crystallization alone, it was proposed that
NaOH be added to the crystallizer to recover NaHB, which is used in the subsequent coupling
reaction. Therefore, a sketch of the SLE phase diagram of the H+, Na+/A2−, B2− system was devel-
oped, based on the results of an initial investigation of the solubility of the relevant components
as well as their sodium salts. Figure 4.17a shows the Jänecke projection with respect to the sol-
vent (water) of two isothermal cuts at 30 and 60 °C, which correspond to the lower and upper

Figure 4.15: Crystallization of sodium sulfate at 100 °C.
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limits of the desirable crystallization temperatures. Note that there are regions for the mono-
salts NaHA and NaHB, which can also precipitate out of the mixture, depending on how much
sodium is added to the system.

One alternative to achieve the separation objective is to recover H2A and NaHB, which is feasible
as their compartments share a common boundary. To do so, just enough sodium is added to the
system to place the feed composition along the line connecting H2A and NaHB. Figure 4.17b shows
a sketch of the cut along this line, which takes the shape of a triangle featuring two sets of satura-
tion curves at 30 and 60 °C. Projection of the double saturation points from the H2O vertex onto the
H2A–NaHB line gives points p and q, which are also indicated in Figure 4.17a.

Figure 4.18 shows the SLE phase diagram obtained from experimental results, along with a block
diagram of a process for separating H2A and NaHB. The experimental data points at 30 and 60 °C are
identified on the diagram by the squares and triangles, respectively. The process begins with the addi-
tion of NaOH, a recycle stream, and the product from the chlorination reactor (stream F’) in a dissolver,
D, to give the feed to the first crystallizer (stream 1), which is located in the NaHB region at 60 °C. After
crystallizing NaHB, water is added to the mother liquor (stream 2) to produce stream 3 inside the H2A
region at 30 °C. By cooling down this mixture to 30 °C, H2A is crystallized out and purged. The mother
liquor (stream 4) is concentrated and recycled. In reality, some of the impurities that have very low solu-
bility are co-crystallized with NaHB and H2A, but this is not expected to be a problem. As the majority of
the impurities stay in the liquid phase, a partial purge is necessary to prevent them from accumulating.

Figure 4.16: Simplified block diagram of a monomer production process.

Figure 4.17: SLE phase diagram of the H+, Na+/A2-, B2- system showing isothermal cuts at 30 and
60 °C: (a) Jänecke projection and (b) cut along H2A–NaHB diagonal.
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The locations of the process points (1–5) on the Jänecke projection are depicted in Figure 4.19a.
Point F indicates the mixture of F’ and NaOH, before adding the recycle stream. The process
points for two other process alternatives are also indicated in the same figure. One alternative
is to separate H2A and H2B directly from the chlorination reactor outlet, without first adding so-
dium hydroxide. As shown in Figure 4.19b, the process is very similar to the one shown in
Figure 4.18, except that there is no addition of NaOH to the dissolution tank, and H2B is crystal-
lized in C1 instead of NaHB. The disadvantage of this alternative is that the purge stream (point
5ʹ in Figure 4.19a) has a high content of H2B, since the double saturation point is located closer
to H2B than to H2A.

Figure 4.18: A process alternative for separating H2A and NaHB by crystallization.

Figure 4.19: Other process alternatives: (a) location of process points on the Jänecke projection, (b)
separation of H2A and H2B, and (c) separation of Na2A and NaHB.
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Yet another alternative is to add more NaOH to the dissolver, so that the mixture composition is
located farther away from the H2A–H2B edge compared to the first alternative, such as at point F”
in Figure 4.19a. As shown in Figure 4.19c, NaHB and Na2A can be crystallized out at 30 and 60 °C,
respectively. However, this alternative is not desirable because the recovered Na2A cannot be di-
rectly recycled to the chlorination step, without first converting it to H2A.

4.3 Effect of Solvent

One key idea in the crystallization-based separation processes discussed so far is
crossing a thermodynamic boundary by removing or adding solvent. The effective-
ness of such movements depends on the SLE phase behavior of the overall system,
which includes the solvent as well. Therefore, the choice of solvent or a mixture of
solvents is very important in the conceptual design of a crystallization process.

4.3.1 Solvent selection

Consider two systems depicted in Figure 4.20a, consisting of the same two solutes A
and B but with two different solvents S1 and S2. The phase behavior on the AB side
is the same for both systems. The location of the AB binary eutectic is therefore
fixed, because it is a characteristic of the binary system. However, the eutectic
troughs are different depending on the solvent. If the eutectic trough between com-
partments A and B leans more toward B, as in the left figure, removing solvent from
point 4 gives point 5, deep inside compartment B. This corresponds to a higher
maximum per-pass recovery of pure B, which depends on the distance between
point 5 and point 6 at the boundary, for solvent S1. Such a solvent can be said to be
a “good” solvent for separation purposes. On the other hand, if the situation is as

Figure 4.20: Phase diagram for solvent selection: (a) polythermal view and (b) isothermal view.
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shown on the right figure, in which the eutectic trough lines up with the solvent
apex, it is not possible to cross into compartment B by removing solvent from 4.
Therefore, S2 is considered a “bad” solvent for separation.

An isothermal view of the same situation is shown in Figure 4.20b. It is often
more practical to consider two isothermal cuts at given temperatures, correspond-
ing to the likely operation temperatures based on available utilities such as steam,
cooling water, or chilled water. The larger the difference in the relative amounts of
the two solutes in the double saturation point at the two different temperatures
(ΔxD), the better the solvent is for separation. Consequently, either the inclination
of the eutectic trough or the magnitude of ΔxD can be used as a criterion for select-
ing a suitable solvent for a crystallization-based separation process.

Example 4.6 – Separation of isoflavones
Isoflavones are plant-derived phenolic compounds with estrogenic activity, which can be found in
leguminous plants such as peas, beans, and clovers. A crystallization-based process to separate
isoflavones – daidzein (D) and genistein (G) – from a mixture isolated from soybean flour has been
developed by Harjo et al. [103]. A key step in the development is finding a suitable solvent for the
separation. For this purpose, the SLE phase behavior of a ternary system containing D, G, and sol-
vent is considered. Table 4.2 summarizes the results of double saturation point measurements at
15 and 60 °C for four common organic solvents in pharmaceutical processing, namely methanol,
ethanol, ethyl acetate, and acetone.

Based on the results, ethanol is selected as solvent as it is found to have the largest value of ΔxD. A
sketch of the SLE phase diagram of the ternary system of D, G, and ethanol is shown in Figure 4.21,
along with the separation process. The feed is first mixed with a recycle stream to produce stream 1,
which is located inside the region of pure D at 60 °C. Therefore, pure D can be crystallized out at this
temperature. The mother liquor (stream 2) is located close to the double-saturation point to maximize
the per-pass recovery of D. Next, ethanol is added to give a composition inside the region of pure G
at 15 °C (point 3), so that pure G can be obtained by crystallization at 15 °C. The remaining mother
liquor (stream 4) is sent to a distillation unit to remove ethanol prior to recycling. The bottoms prod-
uct (stream 5) is partially purged to avoid accumulation of minor impurities present in the feed.

Table 4.2: Double saturation points of the ternary systems of isoflavone D, G, and
solvents at two different temperatures [103].

Solvent Temperature ° C Solvent-free composition of the
double-saturation point (xD)

Difference (ΔxD)

Methanol  . .
 .

Ethanol  . .
 .

Ethyl acetate  . .
 .

Acetone  . .
 .
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4.3.2 Solvent switching

The SLE phase behavior of most systems that have been discussed so far features a
significant variation of the multiple saturation point composition with temperature,
which allows for the use of movements to cross from one compartment to another
(or from the saturation region of one component to the saturation region of another
component) with ease. In other words, these belong to the case of the “good” sol-
vent in Figure 4.20a. However, this is not always the case, as some systems exhibit
only a small shift in the multiple saturation point composition, even when two sig-
nificantly different temperatures are selected. Or even worse, as in the case of a
“bad” solvent, there is barely any shift at all. When the shift is small, the process
points would be located very closely together, the per-pass recovery of the pure
component would be low, and the recycle flow rate may be prohibitively large.

One alternative to overcome this problem is to use the solvent switching tech-
nique, in which different solvents are employed to crystallize different components.
This is illustrated in Figure 4.22 for the separation of A and B from their mixture,
using two different solvents S1 and S2. The polythermal SLE phase diagrams indicate
very different behaviors between the ternary systems involving S1 and S2.

The separation process begins by mixing feed F with a recycle stream 7 (both
are solid mixtures), to obtain stream 1. This stream is then dissolved in solvent S1 to
give a solution of point 2 located in compartment B, so that pure B can be crystal-
lized out in the first crystallizer. The solvent is then completely removed from the
mother liquor to give a mixture of solids of an overall composition represented by

Figure 4.21: Process for separating isoflavones by crystallization.
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point 4, which is dissolved in solvent S2. With this solvent, the resulting solution
(point 5) is located well inside compartment A, because the compartment boundary
leans away from A instead of toward A as with solvent S1. Consequently, pure A can
be crystallized with a relatively high per-pass recovery. The solvent is again
completely removed from the mother liquor (point 6), to give a mixture of solids of
an overall composition represented by point 7, which is recycled.

Example 4.7 – Separation of 1β-methylcarbapenem key intermediates
A practical method for separation of the methyl esters of two diastereomeric, α-methylated, 2-
azetidinon-4-yl acetic acid derivatives, with distinctly different relative solubility in two solvents, is de-
scribed by Bender et al. [104]. They reported that the solubility of the more soluble diastereomer (A) in
isopropanol is 1.65 times that of the less soluble diastereomer (B), whereas the solubility of A in tolu-
ene is only 1.15 times that of B. The proposed separation process is illustrated in Figure 4.23. The feed
is a solid mixture of A and B, which is enriched in B or slightly enriched in A. By mixing with recycle
stream and adding isopropanol, A is selectively dissolved, allowing the isolation of crystalline B with
over 95% purity. The remaining solution (stream 2) becomes highly enriched in A. The solvent is then
switched to toluene, and just the enough amount is added, such that all of B dissolves into solution,
leaving behind pure crystalline A. The solution, slightly enriched in B, is recycled back to the feed.

Figure 4.22: Separation of two solutes by crystallization in different solvents.

Figure 4.23: Process for separating 1β-methylcarbapenem key intermediates by solvent switching.
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This process can be understood by examining the process path on the SLE phase diagram, as
shown in Figure 4.24. For convenience, isothermal cuts at the desired dissolution temperature are
used. The difference in relative solubility of A and B in the two solvents is apparent from the loca-
tion of the solubility curves at the given temperature. A is more soluble in isopropanol, resulting in
a much larger saturation region of B compared to that of A in the phase diagram on the left-hand
side. On the other hand, the solubility difference in toluene is relatively small, resulting in regions
of similar size in the phase diagram on the right-hand side.

Addition of isopropanol to the mixture of feed and recycle streams gives point 1 in the B(s)+Liq
region, so that only pure B is left in the solid phase. The remaining solution is point 2, which gives
a solid mixture of point 3 upon removal of isopropanol. Addition of toluene to point 3 gives point 4
in the A(s)+Liq region, so that pure solid A can be obtained. Removal of toluene from the remaining
solution (point 5) gives point 6, which is recycled.

With knowledge of the SLE behavior of the system, optimization of the process is relatively
straightforward. To maximize the per-pass yield of pure B and pure A in the two dissolution tanks,
points 2 and 5, respectively, should be as close as possible to the respective double saturation
point. Furthermore, if the relative solubility of A and B in these solvents change with temperature,
it would also be interesting to maximize the difference in relative solubility by selecting different
operation temperatures for the two dissolution tanks.

4.4 Hybrid Separation Process

Sometimes, it is not practical to use only crystallization to completely separate all
the components. It is often advantageous to include the use of another driving force
in a hybrid separation process. For example, vapor–liquid equilibrium (VLE) driv-
ing force can be used to get a desired product by distillation, while, at the same
time, generating a mixture that is suitable for separation by crystallization. Hybrid

Figure 4.24: Representation of process paths on isothermal phase diagrams.
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processes with adsorption, extraction, membrane separation, and chromatography
have also been implemented in industry.

Example 4.8 – Phenol/1-heptanol separation
Phenol is a major pollutant present in wastewaters from several industrial activities (coal mining and
gasification, petroleum refining, pharmaceutical production, steel and iron manufacture, tanning and
finishing of leather, and sebacic acid manufacture). Liquid-liquid extraction is one possible alterna-
tive for removing phenol from wastewater, and a suitable extraction solvent is 1-heptanol [105]. This
leads to another separation problem, which is the separation of phenol and 1-heptanol.

Separation of these two components using distillation is limited by the presence of a maximum
boiling azeotrope at 76 mol% phenol. Furthermore, there is only a small difference between the
boiling point of pure 1-heptanol (176 °C) and pure phenol (182 °C). Combining distillation with crys-
tallization is an interesting option, since the melting point of phenol is 40 °C, which is high enough
to obtain a solid product at room temperature, and has a very large difference with the melting
point of 1-heptanol (−36 °C). Figure 4.25 shows the VLE phase behavior of phenol/1-heptanol sys-
tem at atmospheric pressure, along with the SLE phase behavior.

Figure 4.25: Hybrid process for separation of 1-heptanol and phenol [106].

The SLE behavior features a eutectic point at 22 mol% phenol and −42 °C. By combining the VLE
and SLE driving forces, a hybrid separation process can be synthesized. The feed is first combined
with recycle stream 4 and sent to a distillation column to obtain highly pure 1-heptanol as distil-
late. The composition of the bottoms product (stream 1) is limited by the azeotrope. This product is
cooled down to point 2, which is located inside the crystallization region of pure phenol. A crystal-
lizer can be used to recover pure phenol and mother liquor (stream 3), with a composition close to
the eutectic point. This mother liquor is then heated and recycled.
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Example 4.9(I) – Ice crystallization for concentrating an aqueous alcohol solution
Ethanol, as well as other alcohols, is routinely separated from water by distillation. However, when
starting with a very low alcohol concentration, such as from a waste stream, the energy consump-
tion can be very high because a very high reflux ratio would be required. Therefore, a company was
interested in using a crystallization/distillation hybrid process where the feed solution is concen-
trated by crystallizing ice, before being subjected to distillation. Figure 4.26 shows the SLE phase
diagram of ethanol-water system, with a special focus on the temperature range from −10 to 0 °C.
The presence of various hydrates have been reported in the literature [107, 108], but these regions
are not very relevant, since the hydrates can only be crystallized at very low temperatures.
Solubility data from literature [109], which make no distinction of the identity of the solid phase,
are indicated by the diamonds.

Figure 4.26: SLE phase diagram of ethanol-water system (data from [109]).

The block diagram of the hybrid process is shown in Figure 4.27. As an example, consider a feed con-
taining 1 wt% ethanol (stream 1), with a flow rate of 1 metric ton per hour. Simulation results indicate
that if this feed were sent directly to a distillation column with 40 equilibrium stages, the required
reboiler duty for 99.9% ethanol recovery (95 wt% ethanol as distillate) would be 0.0787 Gcal/h. In the
hybrid process, this stream is cooled and sent to a crystallizer instead. Cooling to −7 °C would cause
ice to crystallize because the mixture (point 2 in Figure 4.26) is inside the solid–liquid region. The
mother liquor (point 3) contains 15 wt% ethanol. By mass balance, 933 kg of ice is crystallized, leaving
just 67 kg of concentrated ethanol solution. With the same number of equilibrium stages and ethanol
recovery in the distillation column, the required reboiler duty is only 0.0133 Gcal/h, or almost 6 times
smaller compared to a distillation-only process. However, the fact that refrigeration is required to op-
erate the crystallizer at −7 °C must be taken into account in evaluating the economics of this process.
Depending on the unit costs of refrigeration and steam for the reboiler, the hybrid process may be an
attractive alternative.
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Example 4.10(I) – Hybrid process for hydrocarbon mixture separation
A petrochemical company wanted to develop a separation process to fractionate a residue from an ex-
isting process, which contains five chemicals of interest: A, B1, B2, C, and D. The known physical prop-
erties of these compounds are summarized in Table 4.3. High-purity samples of the chemicals have
been successfully obtained by batch distillation, which must be conducted under a very low pressure
and high reflux ratios. The results from batch distillation also suggest that the order of boiling point is
A<B1<B2<C<D, and that chemicals B1 and B2 are close boilers, which are particularly difficult to sepa-
rate by distillation. Preliminary trials indicate that B1, which is the most valuable chemical among the
five, can be crystallized out by keeping the residue in the refrigerator for an extended period of time.
Crystallization would also be a suitable option to recover C and D, which are solids at room tempera-
ture. In contrast, recovering chemical A by crystallization is not practical, as its melting point is too
low. Therefore, a hybrid separation process combining distillation and crystallization is favored.

Table 4.3: Preliminary information on the physical properties of five chemicals of interest.

Chemical Physical appearance
(at room temperature)

Boiling point (°C) Melting point (°C)

A Colorless liquid  <−
B White solid – –
B Colorless liquid – –
C White solid  >
D White solid  >

To come up with the necessary information to synthesize the process, an experimental study was
conducted to determine the VLE and SLE behaviors of relevant systems. Figure 4.28 shows the SLE
phase diagrams for two binary systems of interest, namely B1/B2 and C/D, both of which exhibit
simple eutectic behavior. The location of the eutectic point is estimated based on experimental
data, which are indicated by the open circles.

A hybrid separation process that utilizes crystallization to recover B1, C, and D and distillation to
recover A and B2 is depicted in Figure 4.29. The residue (stream 1) is first sent to distillation column
D1 to separate A as distillate (stream 2). Next, a mixture of B1 and B2 containing about 32% B1
(stream 4) is obtained as distillate from column D2. This mixture is further separated by a combina-
tion of crystallization and distillation. The bottoms from column D2 (stream 10) is mainly a mixture
of C and D, which are then separated using distillation and crystallization.

Figure 4.27: Flowsheet for a hybrid process to separate ethanol and water.
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Figure 4.30a shows the process paths for the B1/B2 separation, plotted on the phase diagram. The
distillate from column D2 (stream 4) is combined with a recycle stream to produce the feed to crystal-
lizer C1 (stream 5). Cooling of this stream causes crystallization of B1. The crystallization temperature
is selected such that the mother liquor composition (point 7) is located close to the eutectic point, so
as to maximize the recovery of pure B1. The mother liquor, which is enriched in B2 (stream 7) is sent
to distillation column D3 to obtain a B1-rich distillate (stream 8) and a B2-rich bottoms product
(stream 9). Note that stream 7ʹ is stream 7 at a higher temperature. A fraction of stream 8 is purged
to avoid accumulation of minor components, and the rest is recycled to crystallizer C1. Due to the low
economical value of B2, stream 9 is simply purged, without conducting further purification.
Therefore, the main role of distillation in this hybrid process is to produce the B1-rich recycle stream,
thereby minimizing the loss of B1 to the purge stream.

Figure 4.28: SLE phase diagram based on experimental data: (a) B1/B2 binary system and (b) C/D
binary system.

Figure 4.29: Process for hydrocarbon mixture separation.
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Figure 4.30b shows a plot of the process paths for the C/D separation on the phase diagram.
Since the composition of column D2 bottoms (point 10) is close to the eutectic composition, it is
difficult to use crystallization to separate this mixture. Therefore, stream 10 is mixed with recycle
streams and sent to distillation column D4, which gives C-rich and D-rich streams as distillate
(stream 12) and bottoms (stream 15), respectively. Each of these streams is sent to a crystallizer to
obtain pure C from the C-rich stream and pure D from the D-rich stream. The mother liquors from
the crystallizers (streams 14 and 17) are recycled. In other words, distillation is used for initial en-
richment to obtain compositions inside the crystallization regions of C and D.

Example 4.11 – Separation of dichlorobenzenes
The separation process for dichlorobenzene (DCB) isomers using a hybrid of crystallization and distil-
lation was patented by Bayer in 1981 [110]. Since the DCB isomers are very close boilers, especially
the para and meta isomers (whose boiling points only differ by 1 °C), separation of these isomers by
distillation is very difficult. However, it turns out that their melting points are significantly different,
especially the para isomer with a melting point of 53 °C. The polythermal projection of the SLE phase
diagram involving para, meta, and ortho isomers of DCB is shown in Figure 4.31a, and the separation
process according to the Bayer patent is shown in Figure 4.31b. The process paths are plotted on two
figures in order to maintain clarity, as there are several overlapping paths.

The process starts with feeding a mixture of fresh feed (F) and a recycle stream (9) to a distillation
column. Since the ortho isomer has a slightly higher boiling point at 180.4 °C, it is possible to recover
a reasonably pure o-DCB stream by distillation, while at the same time producing a distillate (stream
2) which is located inside the compartment of p-DCB (Figure 4.31a). Pure p-DCB is then crystallized
out, and the mother liquor moves to point 3. After filtering out the solids, cooling is continued to crys-
tallize a mixture of p-DCB and m-DCB (stream 8), causing the liquid composition to move along the
eutectic trough to point 4. This liquid is fed into a distillation column together with a recycle stream,
effectively giving an overall feed stream marked as “4+7” in Figure 4.31a. Distillation produces a bot-
toms stream enriched in o-DCB (stream 5) and an o-DCB-free distillate (stream 6), which is located in
the m-DCB compartment. Therefore, pure m-DCB can be crystallized out. The mother liquor from
crystallizer C3 (stream 7), located at approximately the same location as stream 8, is recycled to
the second distillation column. Meanwhile, stream 5 is mixed with the solid mixture (stream 8) to
produce stream 9, which is the recycle stream to the first distillation column.

Figure 4.30: Process paths on the phase diagram: (a) B1/B2 separation and (b) C/D separation.
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As illustrated in this example, complete separation of the three components in the feed mixture is
achieved by a combination of crystallization and distillation. In particular, crystallization is used to ob-
tain pure p-DCB and m-DCB, which are difficult to obtain by distillation. On the other hand, distillation
preceded by co-crystallization of m-DCB and p-DCB has been used as a means to move from p-DCB
compartment into m-DCB compartment. This example demonstrates a clever exploitation of both the
SLE and VLE behavior of the system in devising the overall strategy to achieve the desired separation.

Example 4.12 – Adsorption/crystallization hybrid process for p-xylene separation
As discussed in Example 3.1, the maximum yield in the crystallization of p-xylene is limited by the
presence of eutectic boundaries. Therefore, processes that combine crystallization with another
driving force, such as adsorption, are widely employed in commercial production of p-xylene. An
example is pressure swing adsorption (PSA)/crystallization hybrid process described by Doyle
et al. [111]. The process is characterized by the use of PSA to produce a medium-purity p-xylene
feedstock stream that is then processed by crystallization to produce high purity p-xylene.
Figure 4.32 illustrates the concept of this hybrid separation process on the SLE phase diagram.

Figure 4.31: Separation of dichlorobenzenes by crystallization-distillation hybrid process: (a)
process paths and (b) process flowsheet.
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The feed F containing a mixture of PX, MX, and OX (which typically also contains other aromatics
such as ethylbenzene) is fed to the PSA unit, which selectively adsorbs PX under high pressure,
resulting in an MX/OX-rich mixture (stream 1). In contrast to separation using crystallization, the
composition of stream 1 only depends on the performance of the adsorbent, and is not limited by
the eutectic boundaries. Therefore, it is possible to have point 1 located in the OX compartment, as
shown in the figure. The adsorbed PX-rich mixture (stream 2) is then desorbed by decreasing the
pressure of the PSA unit, and sent to the crystallizer to obtain pure PX solids at low temperature.
Since the feed is already rich in PX, a high per-pass recovery of PX is obtained even if the mother
liquor composition (point 3) is not located close to the compartment boundary. In practice, both
streams 1 and 3 are typically sent to an isomerization reactor to convert OX and MX to PX, which is
then recycled back to the feed stream. If desired, pure OX can be recovered from stream 1 by crys-
tallization, before recycling the remaining mother liquor.

In the process using crystallization only (described in Example 3.1), the mother liquor is also
typically isomerized to OX, which means that in both processes, nearly all of the xylenes in the
feedstock can be recovered as PX. However, the combination of PSA and crystallization increases
the per-pass recovery of PX in the hybrid process, resulting in a smaller recycle stream flow rate
compared to the crystallization-only process.

4.5 Summary

This chapter has discussed how crystallization-based separation processes can be
synthesized by putting together basic movements such as cooling, heating, compo-
nent removal, and component addition. The basic idea is to move the composition
of a stream from one compartment or saturation region to another and crystallize
the corresponding components. Sometimes, a combination of crystallization and

Figure 4.32: Separation of p-xylene by PSA/crystallization hybrid process.
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other driving forces is preferable in achieving the separation objective, resulting in
a hybrid process. Understanding the SLE phase behavior and, if applicable, the VLE
phase behavior, which can be visualized using relevant phase diagrams, is crucial
for process synthesis. The effect of distillation, adsorption, chromatography, and so
on can be similarly captured on a phase diagram. A polythermal projection or a se-
ries of isothermal cuts is normally used in the visualization. The important feature
to look for is the location of compartment boundaries or double saturation points at
different temperatures.

Exercises

4.1. A company is developing a process for producing a dietary supplement pill con-
taining active ingredient A, obtained from its source by solvent extraction.
Unfortunately, an impurity B is also extracted in a considerable amount, so that the
extract is a mixture of A, B, and extraction solvent S1, as indicated by point F in
Figure 4.33.

a. If the solvent is evaporated from this mixture at 80 °C, which component would
crystallize out first?

b. Beginning with this solvent removal process, synthesize a process to completely
separate A and B, and draw the process path on the diagram.

Figure 4.33: SLE phase diagram of a ternary system (problem 4.1).
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4.2. The process for producing potash from sylvinite discussed in Example 4.2 be-
gins with selective dissolution at temperature Td to obtain pure NaCl crystals, fol-
lowed by crystallization at temperature Tc to obtain pure KCl (“NaCl first” process).
It is possible to construct a process alternative that begins with selective dissolution
to obtain pure KCl crystals, followed by crystallization to obtain pure NaCl (“KCl
first” process), as shown in Figure 4.34.

a. Draw the process paths on the phase diagram, and indicate the location of
points 2, 3, and 4.

b. At what temperature should the dissolver and crystallizer be operated?
c. What factor is likely to determine whether the “NaCl first” or “KCl first” process

alternative would be more economical? (Hint: compare with Example 4.1.)

4.3. A solid mixture of two salts, A and B, is to be separated using a crystallization-
based process. The flowsheet for this process is given in Figure 4.35 along with the
relevant SLE phase diagram. The solid feed (F) is totally dissolved in a dissolver by
adding solvent S. The resulting solution (stream 1) is mixed with the recycle (stream 4)
and sent to a cooling crystallizer (C1) operating at Tc. After separating B from the efflu-
ent of this crystallizer, the mother liquor (stream 3) is sent to an evaporative crystallizer
(C2) operating at Th>Tc. Pure A is crystallized out and the final mother liquor (stream
4) is recycled. The feed contains 80% B and 20% A, and has a flow rate of 1,000 kg/h.
The locations of points 3 and 4 are given on the phase diagram.
a. Based on mass balances, determine the flow rate of the solvent added to the

dissolver (stream 5) as well as all other streams in the process.
b. Locate points F, 1, and 2 on the phase diagram. Draw the process paths.
c. If stream 1 is an unsaturated solution, would the dissolver temperature be

below or above Th? Briefly explain your reasoning.

Figure 4.34: SLE phase diagram and flowsheet for separating KCl and NaCl (problem 4.2).
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4.4. A fine chemical product is produced via a coupling reaction under basic condi-
tions. The reactor outlet contains a mixture of reactant HA, product H2B, and their so-
dium salts. Two isothermal cuts of the phase diagram for the H+,Na+/A–,B2− system are
shown on the diagram in Figure 4.36. The feed composition is indicated by point F.
a. Synthesize a crystallization-based separation process to obtain HA and Na2B

from the mixture and draw the process paths on the diagram.
b. What is the molar ratio of the HA product to Na2B product that would be

obtained?

Figure 4.36: Isothermal cuts of the phase diagram for the H+,Na+/A–,B2− system (problem 4.4).

Figure 4.35: SLE phase diagram and flowsheet for a crystallization-based separation process
(problem 4.3).
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4.5. Consider the process for isolating NaCl from a salt lake discussed in Example 4.4.
Using the information provided in Figure 4.14, determine the composition of the
mother liquor (liquid to further processing) if 800 kg of water is evaporated from
1,000 kg of brine. Assume that the brine does not contain any other ion besides Na+,
K+, Cl-, and SO4

2−.

4.6. Which of the phase behaviors shown in Figure 4.37 is most suitable for sepa-
rating a mixture of A and B using a third component as a solvent? Explain your
reasoning.

4.7. The Bayer process uses three crystallizers for the separation of dichloroben-
zenes (Example 4.11), with the second one (C2) producing a solid mixture of m-DCB
and p-DCB. Despite the potentially higher energy consumption for distillation, it is
conceptually possible to send stream 3 directly to a distillation column, without
crystallizing the m-DCB/p-DCB mixture. The distillation column would still produce
a mixture of m-DCB and p-DCB as distillate, which is then sent to crystallizer C3 to
obtain pure m-DCB.
a. Draw the flowsheet for this process alternative based on the description.
b. Identify the process points on the SLE phase diagram given in Figure 4.38 as

well as the process paths. Points F, 2, and 3, which remain at the same locations
as in Figure 4.31a, are already plotted on the diagram.

Figure 4.37: SLE phase diagram of ternary systems involving different solvents (problem 4.6).
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4.8. Bauer, Jr. et al. [112] describes a process for purifying unsaturated carboxylic
acids, such as methacrylic acid (MAA) or acrylic acid, using a combination of crys-
tallization and distillation. One example in the patent illustrates the application of
the claimed process for separating a feed mixture containing 60 wt% MAA and
40 wt% isobutyric acid (iBuA). This feed is mixed with a recycle stream and fed to a
distillation column, producing distillate and bottoms streams containing 10 wt%
MAA and 95 wt% MAA, respectively. The bottoms stream is sent to a crystallizer,
which produces substantially pure MAA crystals. The mother liquor containing
93.6 wt% MAA is recycled to the distillation column.
a. Draw a block diagram of the process based on this description.
b. Sketch a phase diagram showing both the VLE and SLE parts, complete

with the process paths. MAA (melting point 15 °C, boiling point 161 °C)
and iBuA (melting point −47 °C, boiling point 155 °C) exhibit simple eu-
tectic behavior, and they do not form an azeotrope.

Figure 4.38: SLE phase diagram for dichlorobenzene system (problem 4.7).
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5 Crystallization Processes Involving
More Complex Phase Behaviors

5.1 Adductive Crystallization

An adduct is basically a compound formed by direct addition or combination of two
or more distinct molecules into a single product. Since adduct can also be seen as a
result of a chemical reaction, adductive crystallization, which has been applied in
numerous industrial processes, is a type of reactive crystallization.

When a chemical component forms an adduct with another component, it is
sometimes desirable to crystallize the adduct instead of the pure component. This
may be because it is easier to get to the adduct compartment rather than to the pure
component compartment, the adduct crystals are easier to handle, or sometimes
the adduct itself is the favorable product; for example, pharmaceutical co-crystals.
By forming the co-crystal, the physicochemical properties such as solubility and
stability may be enhanced, while the biological properties of the drug molecule re-
main unchanged [113]. This technique has been widely used in drug development.
An example is carbamazepine, a mood stabilizing drug used primarily in the treat-
ment of epilepsy and bipolar disorder, which can form a co-crystal with a variety of
compounds. Carbamazepine is practically insoluble in water, but has a high dose
requirement for therapeutic effect. To meet this requirement, the aqueous solubility
can be improved by forming a co-crystal. As an additional advantage, the co-crystal
has reduced polymorphic tendency relative to pure carbamazepine, which makes it
easier to consistently produce the desirable form [114]. In any case, solid–liquid
equilibrium (SLE) phase diagram is useful in identifying the suitable region for the
operation.

5.1.1 SLE phase behavior involving adduct

The SLE phase diagram of binary systems involving an adduct, which is equivalent
to the compound formed between the two components, is shown in Figure 2.5.
When a third component, such as a solvent, is added to the system, the phase dia-
gram takes the shape of a triangular prism, as shown in Figure 5.1a. In this ternary
system, one pair of components (A and B) form a congruently melting adduct (C),
while other pairs exhibit simple eutectic behavior. The polythermal projection
(Figure 5.1b) features a compartment for the adduct, in addition to the three com-
partments corresponding to A, B, and S. The isothermal cut at T1 (Figure 5.1c) also
has an additional region corresponding to the adduct.
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5.1.2 Process synthesis

The same strategy of process synthesis can be applied to systems involving adducts.
Berry and Ng [68] identified the flowsheet alternatives for reactive crystallization
processes, most of which involve adducts, and pointed out the use of basic move-
ments such as temperature, pressure, and composition swings in those flowsheet
alternatives. Therefore, the idea of moving around in composition space and visit-
ing the compartment of the adduct provides the logic for constructing the flowsheet
alternatives.

As an example of how the SLE phase behavior affects the design of an adductive
crystallization process, consider the crystallization of a pharmaceutical co-crystal.
Figure 5.2 shows the typical SLE phase behavior of an active pharmaceutical ingredi-
ent, API (A), a co-former (B) (a compound that can form a co-crystal AB with the
API), and a solvent (S) [115, 116]. In Figure 5.2a, the co-former has a similar solubility
as the API, and the co-crystal has a lower solubility than the two. Consequently, the
co-crystal can be precipitated from solution by simply mixing solutions containing
the API and the co-former as shown by pointM inside the AB crystallization region in

Figure 5.1: Ternary SLE phase diagram with compound formation behavior: (a) T–x diagram, (b)
polythermal projection and (c) isothermal cut at T1.
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the phase diagram. However, it is also possible that the co-crystal has a higher solu-
bility compared to the API, as illustrated in Figure 5.2b, so that point M lies in the
unsaturated liquid region [117]. The process path for crystallizing the co-crystal AB
involves evaporation of the solvent to produce point M’ inside the AB crystallization
region. In any case, a proper ratio of the co-former to API has to be selected, in order
to get into the crystallization region of the co-crystal.

Example 5.1(I) – Crystallization of bisphenol A
Bisphenol A (BPA) is an important chemical for producing polycarbonate. The conventional route to
make BPA is by condensation reaction from acetone and phenol. A process using resin catalyst [9],
shown in Figure 5.3, is the most widely used and becomes the basis for many commercial pro-
cesses of companies such as Badger, Mitsubishi Chemical (BISA-MAX), and Sinopec/Lummus.
Phenol is used in excess amount to push acetone conversion to nearly complete. Any remaining
acetone, along with water produced as a byproduct in the reaction, is removed in a concentrator
before being sent to a crystallizer, where the 1:1 adduct of phenol and BPA is crystallized out. The
mother liquor, which contains more than 90% phenol, is recycled. The adduct is melted and sent to
a stripper in which phenol is completely evaporated, leaving behind the BPA in melt form. The melt
is then sent to a finishing unit such as a prilling tower to obtain the final product in solid form.

The SLE phase diagram of phenol/BPA system is shown in Figure 5.4, with the diamonds indicat-
ing solubility data from the literature [43]. The feed to the crystallizer is essentially a phenol-rich
mixture of phenol and BPA, as indicated by point F. When this mixture is cooled down to 60 °C or
so, the composition enters the adduct region, and the adduct is crystallized. Crystallizing the ad-
duct instead of pure BPA has the advantage of lower crystallization temperature, because the loca-
tion of the adduct crystallization region is below the BPA region.

Figure 5.2: Co-crystal formation: (a) co-crystal with lower solubility than the API and (b) co-crystal
with higher solubility than the API.
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Figure 5.3: Conventional process for producing BPA with resin catalyst [9].

A new process based on direct crystallization of BPA has been proposed [119]. Considering ace-
tone and water as solvent, the polythermal phase diagram of the ternary system (in mass fraction
coordinates) featuring compartments of phenol, adduct, and BPA is shown in Figure 5.5. Note that
the compositions shown on the phase diagram are mass-based, and the 1:1 adduct contains
roughly 70 wt% BPA. The mixture after reaction (stream 1) is mixed with a recycle stream 2, and
more solvent is added to create a crystallizer feed (stream 3) that is located within the BPA com-
partment. BPA is directly crystallized at a relatively low temperature due to the presence of the

Figure 5.4: SLE phase diagram of phenol/BPA binary system (data from [43, 118]).
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solvent. The mother liquor (stream 4) is sent to a solvent recovery system to separate acetone and
water. Some of the acetone and water is sent to the dissolution tank, and also to the filter for wash-
ing the BPA crystals. The phenol/BPA mixture (stream 5) is subjected to partial phenol removal
(which can consist of distillation as in the conventional process, but phenol does not have to be
completely removed) to generate the recycle stream 2. This new process is potentially attractive
because it is simpler compared to the conventional process. In particular, complete evaporation of
phenol and prilling are not needed to obtain solid BPA.

Example 5.2 – Separation of cresols
Cresols are widely used as household cleaners and disinfectants, perhaps most famously under the
trade name Lysol. Its three isomers (para, meta, and ortho) serves as precursors or synthetic inter-
mediates for various compounds and materials, including plastics, pesticides, pharmaceuticals, and
dyes. Crystallization is an attractive technique to separate the isomers, particularly p-cresol (A)
and m-cresol (B), which are close boilers (both having a boiling point of 202 °C) but their melting
points differ quite significantly (35 °C for p-cresol and 10.9 °C for m-cresol). To overcome eutectic
limitations, t-butyl alcohol (TBA) (S) is introduced as a mass separating agent (MSA) [45]. The poly-
thermal projection of the ternary phase diagram involving the cresols and TBA is shown in Figure 5.6.
One problem is that p- and m-cresol form an adduct with a molar ratio of 1:2, marked as AB2 in the
phase diagram, which makes it difficult to simply rely on MSA addition and removal to isolate A and
B in pure form. Interestingly, both isomers also form 1:1 adducts with TBA, marked as AS and BS. As
a result, there are six compartments, one each for A, B, AB2, AS, BS, and S.

Figure 5.5: New process for producing BPA by direct crystallization of BPA.
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Figure 5.6: Process for separating p-cresol and m-cresol using t-butyl alcohol as solvent.

A feasible process alternative for separating an equimolar mixture of the cresols is also shown in
Figure 5.6. First, the feed is mixed with a recycle stream (stream 4) and additional TBA to give a com-
position given by point 1 on the diagram, which is located in the compartment of adduct AS.
Therefore, the adduct between p-cresol and TBA can be recovered by cooling, stopping at point 2 just
before reaching the compartment boundary. Removing TBA from this mixture gives point 3 in com-
partment B, so that m-cresol can be recovered in a second crystallizer. The mother liquor (point 4) is
recycled, while the adduct is decomposed to obtain p-cresol and TBA.

5.2 Chiral Resolution by Crystallization

Crystallization is one of the most effective methods for chiral resolution. The term
“chiral” is derived from the Greek word for hand, χειρ (cheir), and is used, in general,
to describe an object that is not superimposable on its mirror image, just like the left
and right hands. A molecule can be chiral when four different groups are attached to
an atom, usually a carbon atom, known as the chiral center. Molecules with the same
formula and atomic connectivity but different three-dimensional (3D) arrangement
around the chiral center are called stereoisomers. The systematic names of chiral ster-
eoisomers follow the Cahn-Ingold-Prelog (CIP) nomenclature, which involves an R or
S descriptor to each chiral center to uniquely specify the configuration of the entire
molecule [120]. However, descriptors based on other nomenclatures have also been
used in their common names, such as d and l or + and – (based on light polarization),
and D and L (based on the location of -OH group in the Fischer projection; commonly
used for sugars and carbohydrates) [121].
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Chirality plays an important role in biological activities, since the pharmacolog-
ical effects of the individual stereoisomers of a drug can be strikingly different. An
example is naproxen, with the (S)-isomer, sold commercially as ALEVE, having 28
times the anti-inflammatory drug activity as the (R)-isomer [122]. Another example
is propoxyphene. The (2R, 3S)-isomer is an analgesic used for pain relief, sold com-
mercially until 2010 as DARVON [123], while the (2S, 3R)-isomer is an antitussive
used as cough suppressant, trademarked as NOVRAD [124]. Perhaps the most infa-
mous example of an extreme case is the drug Thalidomide, which was introduced
to the market in 1957 in Germany and prescribed to pregnant women to combat
symptoms associated with morning sickness. While the (R)-isomer is a safe seda-
tive, (S)-thalidomide is a teratogen, which causes birth defects and deformities such
as missing arms or legs [125]. The drug was withdrawn in 1961 after thousands of
babies were born with defects. Clearly, separating chiral stereoisomers is an impor-
tant problem in pharmaceutical processing.

5.2.1 SLE phase behavior of chiral systems

There are two important types of stereoisomers. A pair of molecules that are nonsu-
perimposable mirror images of each other are called enantiomers or optical isomers,
which are the true chiral molecules by definition. The second type is diastereomers,
which have different configurations at one or more chiral centers, but are not mirror
images of each other. As an example, consider the different stereoisomers of tartaric
acid shown in Figure 5.7. Since the two carbon atoms in the middle of the tartaric
acid molecule are chiral centers, there are four stereoisomers. The (2R,3R) and (2S,3S)

Figure 5.7: Different types of stereoisomers.
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isomers are enantiomers, since they are mirror images of each other. Due to the very
similar physical properties, including melting point, density, and solubility, they are
very difficult to separate. Their optical properties are opposite of each other, as indi-
cated by the specific angle of optical rotation [α], thus the name (+) and (−) tartaric
acid. Meanwhile, (2R,3S) and (2S,3R) isomers are identical, so they are basically just a
single isomer known as meso-tartaric acid. This isomer is said to be a diastereomer of
the other two isomers. Meso-tartaric acid does not rotate the polarization plane, and
has very different melting point, density, and solubility compared to (+) and (−) tarta-
ric acid. The differences in physical properties of diastereomers make it easier to sep-
arate them.

The SLE phase behavior of a pair of enantiomers is usually characterized by
symmetry, such as those shown in Figure 5.8, because both enantiomers have the
same melting point and solubility in a third component. Simple eutectic behavior,
which is usually referred to as conglomerate (Figure 5.8a), only makes up 5–7% of
all enantiomeric systems [62]. The existence of a racemic compound (50:50 compo-
sition, Figure 5.8b) is by far the most common, about 90% of the time. The rest ex-
hibit solid solution behavior, referred to as pseudoracemates. Different types exist,
including uniform melting point (Figure 5.8c), minimum melting (Figure 5.8d), or
maximum melting (Figure 5.8e). Diastereomers, on the other hand, are not symmet-
ric, and most of them exhibit simple eutectic behavior.

Figure 5.8: Binary and ternary SLE phase diagrams of systems involving chiral enantiomers [126].
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5.2.2 Process synthesis

Thermodynamic-based resolution process of chiral enantiomers using crystallization
is difficult due to the symmetry in the SLE phase diagram. Successful application of
the techniques described in Chapters 3 and 4 often requires a high initial enantio-
meric purity of the feed material [127], which has to be achieved via some other sepa-
ration methods. If a racemic compound is present, enantiomeric purification can be
achieved via a two-step crystallization process, in which the racemic compound is
crystallized first, followed by crystallization of a pure enantiomer in the second step
[128, 129, 130]. However, its applicability requires a significant shift in the composi-
tion of double saturation points between the pure enantiomers and the racemic com-
pound, and the initial feed also has to be sufficiently enriched in the enantiomer that
needs to be purified.

To overcome the limitations imposed by the phase behavior of the enantiomeric
system, resolving agents are widely employed to industrially produce pure enan-
tiomers. A resolving agent converts the enantiomers into diastereomers, which ex-
hibit a more favorable phase behavior. The double saturation point is shifted away
from the 50:50 racemate composition, and solid compound formation is less likely.
A generic flowsheet that describes the basic steps for this type of separation is
shown in Figure 5.9. To bypass the eutectic (or 1:1 compound), dissociable com-
pounds are formed between the racemate and the resolving agent. After separation,
the dissociable compounds are decomposed to recover the products of interest. The
resolving agent B is recycled.

Figure 5.9: Generic scheme of chiral resolution using a resolving agent [126].
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Figure 5.10 is the generic scheme for resolution by converting the enantiomers
into diastereomeric salts [126]. If a chiral resolving agent, which is a racemic mix-
ture of (R)-B and (S)-B, is added in a stoichiometric amount to a racemic mixture
of enantiomers (R)-AH and (S)-AH, four diastereomeric salts would be produced:
(R)-AH·(R)-B, (R)-AH·(S)-B, (S)-AH·(R)-B, and (S)-AH·(S)-B. The SLE phase behavior of
the system involving the solution of these four salts (the solvent is usually water) re-
sembles that of a conjugate salt system, with no compound formation. Therefore, the
fractional crystallization technique, discussed in section 4.2.4, can be applied to sep-
arate the compatible salt pair, which is (S)-AH·(R)-B and (R)-AH·(S)-B, in this case.

The flowsheet in Figure 5.10 shows the separation process, with stream numbers
corresponding to the process points on the Jänecke projection of the SLE phase
diagram. The overall composition, after mixing the feed and resolving agent in
the reactor R, lies at the center of the projection (point 1), as both are equimolar
mixtures of (R) and (S) enantiomers. Addition of a recycle stream produces a
composition of point 2 inside the region of (S)-AH·(R)-B, which is crystallized out
in crystallizer C1 at temperature T1. Water is added to the mother liquor (point 3)

Figure 5.10: Chiral resolution by fractional crystallization of diastereomeric salts.
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to give a composition inside the region of (S)-AH·(R)-B (point 4). Note that point
4 coincides with point 3 on the Jänecke projection. This salt is crystallized out in
crystallizer C2 at temperature T2, and the mother liquor (point 5) is recycled.
Both solid products are decomposed in S1 and S2 to obtain pure enantiomers (R)-
AH and (S)-AH, respectively, and the recovered resolving agent is recycled to re-
actor R.

Often, only one of the enantiomers is the desired product while both enan-
tiomers are produced by reaction. In this case, racemization, a process in which
an unequal mixture of enantiomers is converted into a 50:50 mixture, can be
used to improve the yield in the crystallization process. Figure 5.11 shows a pro-
cess in which only one enantiomer, the (S) form, is the desirable product [126].
An enantiopure resolving agent, (S)-B, is used to convert the enantiomeric mix-
ture into a mixture of diastereomers, (R)-A·(S)-B and (S)-A·(S)-B. The composition
in solution (point 1) lies inside the (S)-A·(S)-B saturation region, so that (S)-A·(S)-
B can be crystallized out in the first crystallizer. The mother liquor (point 2), en-
riched in (R)-A·(S)-B, is sent to extraction unit 1 to remove (S)-B using acetic acid,
resulting in a mixture of (R)-A and (S)-A that is enriched in (R)-A. A racemization
reactor (block Rac in the flowsheet) is used to convert this mixture in stream 3
back to 50:50 (point 4), which is then recycled. Stream 9 is separated by distilla-
tion into acetic acid and (S)-B in stream 10. The solid product (S)-A·(S)-B is de-
composed in extraction unit 2, and pure (S)-A is obtained by crystallization.
Using this strategy, all (R)-A in the feed is effectively converted to (S)-A, which is
the desirable product.

Figure 5.11: Combination of crystallization and racemization for chiral resolution.
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Example 5.3 – Resolution of ibuprofen
Ibuprofen is a common analgesic, and has two enantiomers, (R) and (S), that can form a racemic
compound. As shown in the phase diagram in Figure 5.12a, the compound melts at a much higher
temperature (over 70 °C) compared to the pure enantiomers (about 50 °C). Ibuprofen is commonly
sold as a racemic mixture, which is essentially the compound. In fact, the values of physical prop-
erties such as melting point and heat of fusion reported in common databases (NIST, DIPPR, etc.),
are those of the compound instead of the pure enantiomers. However, research findings show that
(S)-ibuprofen exhibits superior performance compared to the racemate [131], which have led to ex-
tensive research efforts in developing a resolution process for ibuprofen. The use of resolving
agents such as (S)-lysine and N-methyl-D-glucamine (NMDG) has been reported [132, 133].

The phase diagram for the ibuprofen/NMDG–ibuprofen system with 95 vol% acetone in water as
the solvent has been experimentally measured [134]. The Jänecke projection is shown in
Figure 5.12b, with the rectangles indicating experimental data. NMDG forms a complex with each
ibuprofen enantiomer, but there is no compound between NMDG-(R)-ibuprofen and NMDG-(S)-
ibuprofen. Also, the double saturation point between NMDG-(R)-ibuprofen and NMDG-(S)-ibuprofen
is located closer to the NMDG-(S)-ibuprofen side, instead of being in the middle of the NMDG-(R)-
Ibu-NMDG-(S)-Ibu edge.

Figure 5.12: SLE phase diagrams for ibuprofen resolution: (a) binary system of ibuprofen
enantiomers and (b) conjugate salt system of ibuprofen-NMDG (Jänecke projection of isothermal
cut) [134].

Based on the phase diagram, process alternatives to obtain the desirable product (S)-ibuprofen
using NMDG as resolving agent can be synthesized. Figure 5.13 shows a process flowsheet of a
crystallization process to recover pure NMDG-(S)-ibuprofen under equilibrium conditions. The com-
position change of the process streams is shown on the Jänecke projection of the phase diagram.

Racemic ibuprofen enters the process as the feed (F), and is mixed with the recycled racemic ibu-
profen, solvent (S), and resolving agent NMDG in a reactor (R1) where diastereomeric salts are
formed. The solution of diastereomeric salts (stream 2) is mixed with a recycle stream (stream 9) to
give stream 3, which is within the saturation compartment of NMDG-(R)-ibuprofen, so that pure
NMDG-(R)-ibuprofen is recovered in the first crystallizer (C1). The crystallization is stopped when the
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composition of the mother liquor (stream 4) nearly reaches the double saturation curve. NMDG-(R)-
ibuprofen can be racemized (R4) and recycled back to the feed.

In order to pass from the saturation compartment of NMDG-(R)-ibuprofen to that of NMDG-(S)-
ibuprofen, a portion of the mother liquor is sent to reactor R2 where ibuprofen is liberated by
switching the solvent to water and reacting the diastereomeric salts with HCl. The reaction forms
the complex NMDGH+Cl–, which is highly soluble in water, while the liberated ibuprofen precipi-
tates spontaneously due to its very low solubility in water. NMDG can then be recovered from the
salt using an ion exchange resin (R5).

Meanwhile, the liberated ibuprofen (stream 7) is mixed with the remaining mother liquor from C1
(stream 6) to form a diastereomeric salt solution (stream 8). This stream is within the saturation com-
partment of NMDG-(S)-ibuprofen, so that NMDG-(S)-ibuprofen can be recovered in the second crystal-
lizer (C2). The solid NMDG-(S)-ibuprofen is subjected to downstream processing to liberate (S)-
ibuprofen, and the mother liquor (stream 9) is recycled back to C1. Therefore, in principle, the unde-
sired product NMDG-(R)-ibuprofen is crystallized first in order to move the composition into the re-
gion of the desired product. This process has been verified experimentally in the laboratory to
demonstrate that high purity (S)-ibuprofen can indeed be obtained.

5.2.3 Hybrid process for chiral resolution

Often, a combination of crystallization and chromatography is used for chiral resolu-
tion [135, 136]. Consider the phase diagram in Figure 5.14a, featuring the compartments
of three solutes – enantiomer R, enantiomer S, and a racemic compound RS – as well
as that of solvent D. The feed to be separated is a racemic mixture, represented by
point F. Since this point is located in the RS compartment, crystallization would pro-
duce the racemic compound RS, which means there is no resolution. Meanwhile, it is
possible to produce highly pure enantiomers from a racemic mixture using chiral

Figure 5.13: Process alternative for resolution of ibuprofen using NMDG as resolving agent [134].
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chromatography, which is often performed in a simulated moving bed (SMB) in a con-
tinuous process, but the throughput tends to be low. A better option is to use SMB to
obtain a solution that is sufficiently enriched in one enantiomer, followed by using
crystallization to get the pure product, as shown in Figure 5.14b.

The initial separation is performed by SMB to give an extract having the compo-
sition of point 1, which is inside compartment S. After removing some solvent to get
point 2, pure S can be obtained by crystallization. Similarly, the raffinate from the
SMB is given by point 1ʹ, which is inside compartment R. After solvent removal,
pure R can be crystallized out. The mother liquor from the crystallizers, streams 3
and 3ʹ, is mixed with the feed stream F to become the feed stream to the SMB. This
combination improves the overall throughput of the process.

Example 5.4 – Resolution of mandelic acid
Lorenz et al. [137] used mandelic acid (MA), a useful precursor to various drugs, as a model system to
illustrate efficient enantioseparation, using a coupling between SMB and crystallization. Their experi-
mental results indicate that the chromatographic separation between the (+) and (–) enantiomers of MA
is a difficult one. Simulation results of the SMB performance based on the determined adsorption iso-
therms lead to a plot of possible productivity of the SMB unit as a function of purity requirement, as
shown in Figure 5.15a. While it is possible to achieve a high purity using SMB alone, the productivity
decreases significantly with increasing purity requirement.

The polythermal SLE phase diagram of the MA/water system is shown in Figure 5.15b, along with
three isothermal cuts. Symbols on the figure indicate experimental data points [137, 138]. The eutectic
points are located at 31% and 69% (+)-MA, with a eutectic temperature of 115 °C as determined by
differential scanning calorimetry. Emanating from these points are two eutectic troughs, which consti-
tute the boundary between the compartments of the two pure enantiomers and that of the racemate.
The double saturation points at different temperatures are all located on these eutectic troughs, which

Figure 5.14: Resolution of enantiomers using a crystallization-chromatography hybrid process
[136]: (a) process path and (b) process flowsheet.
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happen to be relatively linear for this system. The ternary eutectics involving water, as well as the eu-
tectic points between water and the pure enantiomers, are located extremely close to the water vertex,
so that the water compartment is too small to be displayed in the figure.

Figure 5.15: Basic information for mandelic acid separation by chromatography and crystallization
(data from [137]): (a) productivity as a function of product purity at feed concentration = 0.001 g/L
and (b) SLE phase diagram of mandelic acid/water system.

Assuming that the SMB unit is operated at low MA concentration, the coupled SMB/crystallization
process is the same as the one shown in Figure 5.14b, with water as the eluent and the two MA
enantiomers (+ and –) as the products, instead of R and S. Figure 5.16 shows the corresponding
process path when crystallization is performed at 35 °C. The purity of the SMB product (consider
stream 1 for (+)-MA) should be sufficiently high that upon concentration the crystallizer feed
(stream 2) falls inside the pure enantiomer region (instead of the solid mixture region), at this tem-
perature. A close-up view of half the upper part of the triangle is shown on the right-hand side,
focusing on three scenarios that illustrate the effect of the product purity coming out of the SMB
unit, as well as the tradeoff between the productivities of the SMB and crystallization units. It is
assumed that the (+)-rich stream is concentrated to the same water content prior to crystallization.
If the chromatographic separation gives a (+)-rich stream with a composition of point 1a, corre-
sponding to just over 70% purity, the crystallizer feed would be at point 2a, which is inside the
solid mixture region. Therefore, a mixture of (+)-MA and the racemate would crystallize out, and
the liquid composition (point 3a) is at the double saturation point. In other words, the crystallizer
feed purity is not sufficiently high to obtain pure (+)-MA crystals. A higher purity of the (+)-rich
stream, as given by point 1b, would give point 2b inside the pure (+) solid region as the crystallizer
feed, leading to crystallization of pure (+)-MA. The mother liquor composition is given by point 3b,
which is located on the saturation curve of (+)-MA. An even higher purity of the SMB product stream
(point 1c) would give point 2c, which is deeper inside the pure (+) solid region, as the crystallizer
feed. The corresponding mother liquor composition is given by point 3c, which is closer to the
water vertex compared to point 3b. Therefore, the solubility of (+)-MA is lower, and the feed at
point 2c would give a higher per-pass recovery of (+)-MA compared to that at point 2b. On the other
hand, based on Figure 5.15a, the higher SMB product purity in point 1c leads to a lower productivity
compared to point 1b.
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Figure 5.16: Process path of the chromatography/crystallization hybrid process for mandelic acid
resolution.

5.3 Solid Solution Crystallization

Solid solution can form when molecules of one component are incorporated into
the crystal lattice of another component. This can happen either by substitution of
molecules in the crystal lattice with another component having a similar structure,
or by insertion of a smaller molecule into the interstitial space between larger mole-
cules. From process point of view, solid solution behavior leads to a more complex
crystallization process because the solid phase is thermodynamically not pure. A
rather complex purification process is often needed to produce a final product that
meets the given purity specification.

5.3.1 SLE phase behavior of solid solution systems

Figure 5.17 shows how the SLE phase diagram for the ternary system looks like, if one
binary pair (namely A–B) exhibits solid solution behavior. The 3D figure (a) features
only two solubility surfaces: one for the solid solution (referred to, here, as AB, for sim-
plicity) and another for solvent S. Two isothermal cuts at different temperatures are
shown in Figure 5.17b and 5.17c. Similar to the simple eutectic system, the cuts reveal
regions of single phase (unsaturated liquid) and multiple phases (solid and liquid) in
equilibrium at the given temperature. However, the solid phase in the two-phase
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region is a solid solution instead of a pure component. As indicated by the tie-lines,
the solid phase composition depends on the liquid phase composition.

If the binary pair A-B exhibits a type V solid solution behavior (Figure 2.6e) in-
stead, the phase diagram of the ternary system would look like Figure 5.18. There
are separate solubility surfaces for the A-rich and B-rich solid solutions, intersecting
along a eutectic trough. The isothermal cuts feature regions in which a solid solu-
tion exists in equilibrium with a liquid phase. At temperature T2 (Figure 5.18c),
there is also a region where two solid solutions (two different solid phases) are in
equilibrium with a liquid phase. Points m and n are located on the boundaries of
the miscibility gap between A and B.

5.3.2 Process synthesis

The basic strategy to purify a solid solution is to perform crystallization in multiple
stages until the desired purity is achieved. As an illustration, the process path for a
continuous, 3-stage countercurrent process to purify a solid solution containing A
and B using solvent S is shown in Figure 5.19. Limited miscibility behavior is assumed

Figure 5.17: Ternary SLE phase diagram with type I solid solution behavior: (a) T–x diagram,
(b) isothermal cut at T1, and (c) isothermal cut at T2.
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Figure 5.18: Ternary SLE phase diagram with Type V solid solution behavior: (a) T–x diagram, (b)
isothermal cut at T1, and (c) isothermal cut at T2.

Figure 5.19: Purification of solid solution by multistage crystallization.
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between A and B. The dotted dash lines indicate the boundaries between different
regions at temperature Th. The solid and liquid compositions are connected by a
tie-line, the orientation of which depends on composition as well as temperature. In
the first stage crystallizer operating at Th, the feed is mixed with the liquid phase
from stage 2 to form a mixture in the region where A-rich solid solution is in equilib-
rium with a liquid phase at Th, which would split to give the mother liquor and a
solid solution with a composition given by point 1S.

This solid phase (point 1S) is then mixed with the liquid phase from stage 3 in
the second stage crystallizer, operating at Tm. The mother liquor from this stage
(point 2L) goes back to stage 1, while the solid phase (point 2S) moves to stage 3,
where it is mixed with fresh solvent at temperature Tc. The solid phase from this
stage, which has been significantly enriched in A, is taken as the product, while the
mother liquor (point 3L) goes back to stage 2. As the solid becomes richer in A in
each subsequent stage, the required number of stages depends on the targeted final
purity. Note that Th, Tm, and Tc can be the same temperature; the choice depends
on the orientation of tie-lines at various temperatures. Generally, they should be
chosen in such a way that the required number of stages is minimized.

To separate two or more components, the basic idea of fractional crystalliza-
tion, in which different solid products are crystallized at different temperatures,
can be applied. With solid solution behavior, the solid products are no longer pure
components, and further purification by multistage crystallization may be neces-
sary to meet the desired purity specifications. As an illustration, a separation pro-
cess for separating a pair of components, A and B, which exhibits solid solution
behavior with limited miscibility is shown in Figure 5.20 [139].

Figure 5.20: Crystallization process for separating a mixture of two components exhibiting solid
solution behavior.
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Using the concept of movement in composition space, the first step is to generate a
composition inside the A-rich saturation region at Th (point 2), so that an A-rich
solid product can be crystallized out. Then, solvent is added to the mother liquor to
move the composition into the B-rich saturation region at Tc (point 4) so as to ob-
tain a B-rich solid product. The two solid products are then purified using a multi-
stage crystallization scheme as in Figure 5.19, with the final mother liquor recycled
to the main process (streams 9 and 13).

Example 5.5 – Isolation and purification of Schisandrin B
Schisandrin B (Sch B) is an active ingredient in Fructus schisandrae, a Chinese herb that is said to be
good for liver protection and detoxification [140]. Like with other herbs in traditional Chinese medi-
cine, extraction is the common way to recover the active ingredient [141, 142]. Besides schisan-
drin B, a typical extract also contains its stereoisomers, (±)γ-Schisandrin, which normally exist in
a racemic mixture and can be considered as one component. Since (−)Sch B has been found to be
more potent, it is desirable to obtain pure (−)Sch B from the extract. These schisandrins form a
solid solution, and the phase diagrams with ethanol at 40 °C and 10 °C are shown in Figure 5.21.

Figure 5.21: Phase diagram of (±)γ-Sch/(‒)Sch B/ethanol at 10 and 40 °C [143].

Based on experimental determination of solid and liquid compositions from various samples, the
composition of the double saturation point at the two temperatures is known. The ratio of (±)γ-Sch to
(−)Sch B at the double saturation point is 27:73 at 40 °C and 20:80 at 10 °C. With such a shift in the
double saturation point composition, it is possible to obtain both (−)Sch B and (±)γ-Sch as separate
products, using the process shown in Figure 5.22. A (−)Sch B-rich product is obtained at 40 °C in the
first crystallizer, and a (±)γ-Sch-rich product is crystallized at 10 °C in another crystallizer.

Because of the tie-line orientation, the mother liquor from the first crystallizer is not enriched
enough in (±)γ-Sch to cross over to the (±)γ-Sch region. Therefore, a second crystallization step at
40 °C is added to remove another (−)Sch B-rich product, which is recycled to the feed stream be-
cause it is not sufficiently pure. To demonstrate the feasibility of this process, three crystallization
experiments were performed, with the results summarized in Table 5.1. All compositions are shown
in weight percent on a solvent-free basis.
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The feed to the first crystallizer (stream 1) contains approximately 83% (−)Sch B. Crystallization
at 40 °C gives a solid product containing almost 92% (−)Sch B. The mother liquor (stream 4), which
contains about 76% (−)Sch B and 24% (±)γ-Sch is sent to a second crystallization step, also operat-
ing at 40 °C . The mother liquor from this second crystallizer (stream 7) is sufficiently enriched in
(±)γ-Sch, so that a third crystallization step operating at 10 °C produces a solid product containing
65% (±)γ-Sch (stream 9). This (±)γ-Sch-enriched product was not further purified because it was not
the focus of the study.

Instead of a countercurrent process as discussed previously, a simpler, crosscurrent process (in
which the solid was mixed with pure solvent in each stage) was used to verify the feasibility of (−)
Sch B purification by recrystallization. The results are summarized in Table 5.2. It can be seen that
the (−)Sch B content in the solid product increases to over 96% after the first stage, and to 98.5%
after the second stage. Therefore, it was demonstrated that highly pure (−)Sch B can be isolated
from its mixture with (±)γ-Sch by crystallization. Although the process is relatively complex due to
the presence of solid solution, it can be synthesized using the previously discussed techniques
based on the understanding of SLE phase behavior.

Figure 5.22: Process for separating and purifying (−)Sch B from its mixture with (±)γ-Sch [143].

Table 5.1: Results of experimental verification of crystallization-based Sch B separation process
(data from [143]).

Crystallization experiments Initial composition
(wt%)

Liquid composition
(wt%)

Solid composition
(wt%)

(±)γ-Sch (−)Sch B (±)γ-Sch (−)Sch B (±)γ-Sch (−)Sch B

First cryst. at  oC . . . . . .
Second cryst. at  oC . . . . . .
Third cryst. at  oC . . . . . .
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Example 5.6 – Separation of fullerenes by crystallization
Fullerenes are allotropes of carbon characterized by their hollow cage structures. They have wide
applications including solar or photovoltaic cells and lubricants used in bowling balls, tennis and
badminton rackets. In their pure form, C60 and C70, the two most abundant fullerene species, are
the best available electron acceptors in organic solar cells and photovoltaic devices [144]. Common
synthesis methods of fullerenes, such as combustion of hydrocarbons, produce a mixture of fuller-
enes. Fullerenes of high purity are very expensive because they are usually separated by liquid
chromatography, which has low product throughput, involves expensive stationary and mobile
phases, and is difficult to scale up.

The solubility of C60 in o-xylene in the temperature range of −20 to 80 °C features a maximum at
around 30 °C, with decreasing solubility beyond this point, while the solubility of C70 in o-xylene
increases monotonically with temperature in the same temperature range [145]. This peculiar be-
havior opens up the opportunity for using crystallization as an attractive alternative to separate
pure C60 and C70 solids from their mixture [146, 147, 148]. Figure 5.23 shows the SLE phase diagram
of the C60/C70/o-xylene system, highlighting the regions of C60-rich solid solution at 110 °C and
C70-rich solution at −16 °C. A batch process for recovering highly pure C60 and C70 solids is de-
picted in Figure 5.24, with the process points plotted on the phase diagram of Figure 5.23.

The feed is a typical mixture of fullerenes containing C60, C70, and higher fullerenes such as C76
and C84. The mixture is first dissolved in o-xylene and filtered to remove any undissolved solids.

The fullerenes solution (stream 1) is fed to a crystallizer operating at 110 °C, in which a C60-rich
solid solution (stream 1S) is crystallized out. These solids are purified in a series of stages, each of
which involves mixing with o-xylene and equilibration at 110 °C to produce C60 solids with progres-
sively higher content of C60. The final solids (stream 4S) are sent to a vacuum dryer to give highly
pure C60 solids as product. The mother liquor from the first crystallizer (stream 1L) is sent to vac-
uum evaporator to remove some o-xylene, such that the remaining liquid (stream 5) falls inside the
crystallization region of C70-rich solid solution at −15 °C. Following crystallization at −15 °C, the
C70-rich solids is purified in a series of recrystallization and finally vacuum dried to produce highly
pure C70 solids. The mother liquors from various crystallization stages (streams 2L, 3L, 4L, 5L, 6L,
7L, and 8L) can be combined and processed in the next batch.

Crystallization experiments were conducted to verify the feasibility of the process. Table 5.3
summarizes the results. Starting with a feed containing 60 wt% C60, 25 wt% C70, and 15 wt% higher
fullerenes, the first crystallization at 110 °C produces solids containing 94 wt% C60, which are fur-
ther purified to 97 wt% in three recrystallization stages. The mother liquor from the first crystalliza-
tion is processed at −15 °C and produces solids containing 78 wt% C70. After purification in three
recrystallization stages, a C70-rich product containing 98 wt% C70 is obtained.

Table 5.2: Results of experimental verification of Sch B purification by recrystallization (data from
[143]).

Recrystallization experiments Initial composition
(%)

Liquid composition
(wt%)

Solid composition
(wt%)

(±)γ-sch (−)Sch B (±)γ-sch (−)Sch B (±)γ-sch (−)Sch B

First cryst. at  °C . . . . . .
Second cryst. at  °C . . . . . .
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Figure 5.23: SLE phase diagram of C60/C70/o-xylene ternary system [146].

Figure 5.24: Crystallization-based separation process to obtain highly pure C60 and C70 solids [146].
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5.4 Amino Acid and Protein Crystallization

Amino acids, which are widely used in food, chemical, agricultural, cosmetic, and
pharmaceutical products, are generally produced by fermentation process, protein
hydrolysis, or chemical synthesis, although the major method in the recent years
has been fermentation process. Regardless of the production method, the presence
of impurities is inevitable, and crystallization is usually involved in the purification
step to obtain amino acid crystals with high purity [14, 149].

Amino acids are ampholytes, meaning that it can accept or donate proton de-
pending on pH. This is possible because an amino acid molecule contains both an
amine (-NH2) group and a carboxylic (-COOH) group. Consider phenylalanine ((S)-2-
amino-3-phenylpropanoic acid) as an example, which for simplicity is referred to as
HA. At low pH or acidic condition, the amine group accepts proton and a complex
cation HA.H+ is formed. With Cl− as the counterion, it forms HA.HCl, which can be
considered as an adduct between HA and HCl. At high pH (basic environment), the
carboxylic group loses a proton and produces an anion A−. In the presence of so-
dium counterion, it forms salt NaA. At intermediate pH, both of these happen at the
same time, and a zwitterion is formed.

5.4.1 SLE phase behavior of amino acid systems

It is well known that an amino acid has the lowest solubility at its isoelectric point
(the pH at which the molecule carries no net electrical charge). This is because the
electrostatic repulsion force among the amino acid molecules is at the minimum, so
that they tend to aggregate together. The solubility generally increases at low and
high pH values, but only up to a certain concentration of acid or base, beyond
which the solubility decreases again, as shown in the top left of Figure 5.25.

Table 5.3: Results of fullerenes crystallization experiments (data from [146]).

C-rich side C-rich side

Stream wt% C
(solvent-free basis)

Stream wt% C
(solvent-free basis)

After first crystallization S . S .
After second crystallization S . S .
After third crystallization S . S .
After fourth crystallization S . S .
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This behavior is easier to understand by looking at the 3D phase diagram
shown on the right-hand side. This is an isothermal cut, and the system involves
two cations (H+ and Na+) and three anions (OH−, Cl−, and A−), leading to the trian-
gular prism shape of the composition space. Various solubility surfaces are shown;
but note that there is no solubility surface for HCl since it exists as a liquid at this
temperature. The solubility of HA in H2O is at point p, which is usually very close to
the H2O vertex because of the low solubility of the amino acid in water.

The curves pq and pr correspond to the ones in the figure on the left-hand side,
except that the scales and coordinates are different. From the phase diagram, it can be
seen that when acid concentration is higher than point q, HA.HCl is crystallized instead
of HA. Similarly, when the base concentration is higher than point r, NaA crystallizes
out. Points q and r are the double saturation points, at which two components are both
saturated. It should be noted that as the phase behavior depends on the counterions,
solubility is not a unique function of pH. At the same value of pH, the solubility can be
different if the counterion is different – for example, if H2SO4 is used instead of HCl.

The SLE phase behavior of protein systems can also be represented in a similar
fashion. Protein has many acid and basic groups, which can acquire positive or
negative charges by donating or receiving protons, and the net charge of the protein
strongly depends on pH [150]. The phase diagram would look similar to the one
shown in Figure 5.25. However, since protein can form a large number of different
protein salts, it is difficult to clearly demarcate the boundaries between the solubil-
ity surfaces of individual salts and different solid compositions. Therefore, it is con-
venient to consider that the protein salts exhibit solid solution behavior, in which
the solid composition is a continuous function of the liquid composition.

Figure 5.25: SLE phase behavior of an amino acid system [80].
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5.4.2 Process synthesis

Despite the complexity of the phase diagram, the same strategy based on movements
on phase diagram can be applied to synthesize crystallization-based processes for
amino acid and protein separation. A key part of the strategy is the addition of acid
and base to reach the region where an amino acid, protein, or their salt can be crys-
tallized out. It is also important to avoid the accumulation of any inorganic salt that
may be formed as the byproduct of the acid and base addition, either by crystallizing
it out or removing it by another means such as ultrafiltration.

Example 5.7 – Crystallization of L-glutamic acid
L-Glutamic acid (H2Glu), a nonessential amino acid produced by fermentation of corn glucose, and
its salts are flavor enhancers that are widely used as food additives. NH4OH and HCl are used as
pH-controlling agents during and after fermentation. Two ammonium salts of glutamic acid can be
formed: the monoammonium acid, which normally crystallizes in monohydrate form, and the dia-
mmonium acid. Therefore, the phase diagram would have these two solubility surfaces beside
those of glutamic acid, glutamic acid hydrochloride, and ammonium chloride, as shown conceptu-
ally in Figure 5.26. The coordinates are

RðNH4
+ Þ= ½NH4

+ �
½H+ �+ ½NH4

+ � (5:1)

Figure 5.26: Image of the SLE phase diagram of glutamic acid/HCl/NH4OH system based on
experimental data.
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RðCl− Þ= ½Cl− �
2½Glu2 − �+ ½Cl− �+ ½OH− � (5:2)

RðOH− Þ= ½OH− �
2½Glu2− �+ ½Cl− �+ ½OH− � (5:3)

The prism has been tilted to provide a clearer view of the solubility surfaces, the relative positions
of which are deduced based on experimental data [80]. A Jänecke projection toward the base is
taken of the left half of the prism (H2O-H2Glu-(NH4)2Glu-NH4Cl-HCl), to obtain a two-dimensional
projection shown in Figure 5.27.

Double saturation points at 10 and 50 °C, obtained from experimental data, are marked on the dia-
gram. Two sets of double saturation curves at these temperatures, marking the boundaries be-
tween different regions, are also drawn by connecting the double saturation points. Note that the
boundaries of NH4HGlu.H2O and (NH4)2Glu regions are only approximate. No attempt was made to
find the exact location of these boundaries because, without the crystallization of ammonium glu-
tamate salts, they are not expected to affect the process flowsheet.

Based on the phase diagram, two process alternatives shown in Figure 5.28 can be synthesized.
The first alternative (Figure 5.28a) starts with mixing the broth from fermentation (point F) with a
mixture of HCl and H2Glu.HCl (mixture composition of point 7) to give a mixture that is inside the
H2Glu region (point 1). In practice, HCl is added as an aqueous solution. Due to its very low solubil-
ity in water, glutamic acid is crystallized. The amount of evaporation in the crystallizer is controlled
such that the mother liquor composition is at point 2, and NH4Cl does not co-crystallize. To improve
the overall yield, it is also desirable to crystallize H2Glu.HCl, which can then be recycled to the feed
stream. Before doing so, NH4Cl is first crystallized by mixing stream 2 with HCl to create a mixture
of point 3, which is inside the NH4Cl region, followed by water evaporation in the second

Figure 5.27: Process paths for glutamic acid separation process [80].
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crystallizer (C2). The purpose is to remove the NH4
+ from the feed and Cl– from the added HCl so

that they would not accumulate. Since the solubility of NH4Cl at 10 °C is much lower than at 50 °C,
this crystallization is performed at 10 °C so that less water evaporation is necessary. In order to get
into the H2Glu.HCl compartment, HCl is added to the mother liquor (stream 4), resulting in a mix-
ture of point 5. Crystallization of H2Glu.HCl is then performed from point 5 to point 6 in the third
crystallizer (C3). The mother liquor of point 6, which has much less glutamic acid compared to the
previous mother liquor (point 2), is purged, to avoid accumulation of impurities from the broth. The
H2Glu.HCl is recycled back to the feed stream. This process alternative agrees with the process de-
scribed in the literature. Both NH4Cl and the purged mother liquor can actually be used in fertilizer
application.

The second alternative (Figure 5.28b) is to mix the feed with the recycled mother liquor
stream (point 4) in order to get into the H2Glu region. This results in a mixture of point 1ʹ, and
crystallization of H2Glu is performed in crystallizer C1 until point 2 is reached. HCl is then added
to stream 2 to create stream 3 inside the NH4Cl compartment, just like in the first alternative.
After NH4Cl crystallization in C2, the mother liquor (point 4), still rich in H2Glu, is partially re-
cycled to the feed stream. Of course, a portion of stream 4 should be purged to avoid the accu-
mulation of impurities. This second alternative consumes less HCl than the first one, but the
glutamic acid recovery is slightly lower due to higher H2Glu concentration in the purge stream.
Nonetheless, with the SLE phase diagram at hand, it is possible to come up with new alterna-
tives that have not been considered before, thus opening up possibilities for improvement of
the existing process.

Figure 5.28: Process for separating glutamic acid by crystallization: (a) conventional process
(b) alternative process.
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Example 5.8 – Crystallization of ovalbumin
Lysozyme, an enzyme in chicken egg white, can be used as a natural preservative in food industry
as it can effectively inhibit bacteria growth. For lysozyme production, a concentrated salt solution
is commonly used as precipitating agent in the crystallization process. The concentration of coun-
terions in lysozyme should be reduced to a proper level before it can be sold as a product. Tam
et al. [150] synthesized a process for isolating lysozyme from egg white in aqueous NaCl solution
using SLE phase diagram as guidance.

Figure 5.29 shows the conceptual solventless projection for the lysozyme system, along with the
original 3D isobaric-isothermal diagram. The diagrams are not drawn to scale. The net charge of
the protein is −13 as pH approaches 14, as determined from titration curve [151]. Therefore, pure
lysozyme is denoted by H13Lys, and various lysozyme salts with Na+ and Cl− as counterions are
denoted by Nai((H13-iLys)(HCl)j, with i=1, 2, . . ., 13. The projection is obtained by normalization
using Na+ and Cl− as the reference components, and the coordinate expressions for this projection
are given as

TðNa+ Þ= xNa+
xNa+ + xCl− + xLys13−

(5:4)

TðCl− Þ= xCl−

xNa+ + xCl− + xLys13−
(5:5)

Essentially, all saturation surfaces in the 3D diagram are projected to the triangle H13Lys-NaOH-
HCl. The projection features saturation regions of pure lysozyme (H13Lys), NaOH, NaCl, and lyso-
zyme salts. The region of lysozyme salts is actually an aggregate of many regions of individual
salts with different contents of counterions Cl−, OH−, H+, and Na+. Only the areas near the center

Figure 5.29: Conceptual phase diagram of lysozyme/NaOH/HCl system [150].
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of the triangle, where most of the process points are expected to be, are shown in the projection.
The blank areas close to the NaOH and HCl vertices are not of interest, because extreme pH con-
ditions would destroy the protein.

Figure 5.30 shows an enlarged section of the projection near the NaCl vertex, along with the
process path. The contour lines represent different values of (H++OH−) mole fractions in the solu-
tion, and the gradient shading represents the solid composition in equilibrium with the solution,
all of which are plotted based on experimental data. A darker shade corresponds to a higher con-
tent of Na+ and Cl− in the solids.

Figure 5.30: Process path for separating lysozyme from chicken egg white [150].

The process flowsheet is depicted in Figure 5.31. Crude lysozyme solution, which is a dilute lysozyme
solution with sodium chloride (point F), is mixed with a recycle stream (point 4) to give point F’. By
adding NaOH to reach point 1, supersaturation is generated because of decreasing solubility in this
direction. As a result, lysozyme with low NaCl content is crystallized out, and a liquid phase with a
composition represented at point 2 is obtained. HCl is then added to give point 3. As the saturation
region of NaCl is very small, removal of NaCl by crystallization is impossible, and ultrafiltration is used
to remove a concentrated NaCl solution (point 5) from the system. The retentate (point 4) is recycled
back to the feed stream. A portion of stream 2 is purged to prevent accumulation of impurities.

The first step for recovering lysozyme in which NaOH is added to generate supersaturation is
consistent with a patented process for recovering lysozyme [152]. To increase the yield of lysozyme,
the patented process involves lowering the temperature after adding NaOH, to further decrease the
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solubility. While it is possible to generate such a process alternative involving temperature swing,
more experimental data have to be used to generate the phase diagram at a lower temperature.
Therefore, this alternative is not considered here.

5.5 Antisolvent Crystallization

Antisolvent or drowning-out crystallization is a process in which the solubility of
the solute in the solvent is decreased by the addition of an MSA. The added MSA is
often called an antisolvent, due to the low solubility of the solute in it. In some
cases, the antisolvent has limited miscibility with the original solvent, resulting in a
liquid–liquid phase split. Therefore, it is often necessary to consider liquid–liquid
equilibrium (LLE) together with SLE.

5.5.1 Solid–liquid–liquid equilibrium phase behavior

Consider a three-component system consisting of a solute and two solvents with
simple eutectic behavior, as depicted in Figure 5.32. At the temperature of interest,
A has a much higher solubility in S than in D, so that S and D are the solvent and
antisolvent, respectively. In this simplest scenario, there is a gradual decrease in
solubility of A in a mixture of S and D, and there is no liquid–liquid phase split at
any composition.

However, since the solvent and antisolvent often have very different physical
properties, partial immiscibility in the liquid phase is not uncommon. Figure 5.33
illustrates a situation in which S and D are only partially miscible at some temper-
atures, and the liquid–liquid immiscibility region intersects the solubility surfaces.
An isothermal cut at the temperature of interest features two separate regions
where pure solid A coexists with a single liquid phase (A(s)+Liq), with a three-
phase region (A(s)+L1+L2) between them. Points L1 and L2 are invariant points at the

Figure 5.31: Process for separating lysozyme from chicken egg white.
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given temperature, as any mixture within the three-phase region phase splits into
pure solid A and two liquid phases, with compositions corresponding to these two
points. From the 3D diagram, it can be deduced that the location of these points
changes with temperature. If the temperature is increased above a certain limit, the
three-phase region would disappear altogether, and the isothermal cut would sim-
ply look like the one in Figure 5.32.

Figure 5.32: SLE phase behavior of a ternary system involving a solute, a solvent, and an
antisolvent.

Figure 5.33: SLE phase behavior of a ternary system involving two solvents with limited miscibility.
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Another possible scenario is illustrated in Figure 5.34. While S andD are completely
miscible at all temperatures, a liquid–liquid immiscibility region appears in the
interior of the phase diagram as a result of three-component interaction. In other
words, liquid–liquid phase split occurs because of the presence of A in the mix-
ture. The isothermal cut at the temperature of interest features the same regions
as in Figure 5.33, with the exception that the liquid–liquid region does not extend
all the way to the S-D edge.

Figure 5.35 depicts yet another scenario, featuring a ternary system with two
pairs of partially immiscible components. This can be considered as a special case
of the system shown in Figure 5.33, with the antisolvent D replaced by component
B, whose mixture with A can form two liquid phases at elevated temperatures. An
example of a real system exhibiting this behavior is phenol/catechol/water system,
which has been experimentally measured by Lai et al. [153]. The two liquid–liquid
immiscibility regions emanating from the A-B and S-B edges sit on top of the solu-
bility surfaces and intersect at the interior of the phase diagram. Cuts at different
fixed solvent compositions (S/B ratio), one of which is shown in Figure 5.35b, are
easier to be measured. By combining the information from the various cuts, it is
possible to deduce the overall phase behavior, as well as the isothermal cut at a
temperature of interest, shown in Figure 5.35c.

Figure 5.34: SLE phase behavior of a ternary system involving liquid–liquid immiscibility region
resulting from three-component interactions.
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5.5.2 Process synthesis

Antisolvent crystallization process can be properly synthesized with the help of
the phase diagram. A suitable MSA needs to be selected, considering the overall
SLE phase behavior, such as how much decrease in solubility can be effected
by antisolvent addition. The possibility of hydrate and solvate formation also
needs to be considered [154]. It is also important to consider the presence of
liquid–liquid immiscibility region, as crystallization in the presence of a second
liquid phase may be undesirable. Formation of liquid bubbles may interfere
with crystal growth, giving oily fine crystals or even “dumplings” due to inclu-
sion of the oil phase in the crystals. Highly inhomogeneous crystals containing
hard agglomerates and partially amorphous materials have also been reported
[155]. However, if crystallization can be performed with no problem, operation
in the solid–liquid–liquid region may be advantageous as the mother liquor can
be readily separated using a decanter, and the two liquid phases can be sent to
different destinations.

Figure 5.35: SLE phase behavior of a ternary system with two liquid–liquid immiscibility regions
[153]: (a) T–x diagram, (b) cut at constant S/B ratio, and (c) isothermal cut at T2.
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Example 5.9 – Production of salt from a mine
Sodium chloride, NaCl, is mainly produced from either seawater or deposits on land [156]. In the lat-
ter method, water is pumped into the mine to dissolve the solid salt as well as a small amount of
impurities, and the solution is then crystallized to produce salt crystals. The phase behavior of the
NaCl-H2O system features the presence of a dihydrate (NaCl.2H2O), which has an incongruent melting
point at 0.15 °C [157], which implies that dihydrate crystallization would occur below this tempera-
ture. Therefore, pure NaCl can only be precipitated from the solution above 0.15 °C. Furthermore, it is
well known that the solubility of NaCl in water is rather insensitive to temperature, which means crys-
tallization by cooling would be infeasible. Hence, evaporative crystallization is the most straightfor-
ward alternative, although the operating cost can be high due to the energy requirement for water
evaporation.

As a process alternative to evaporative crystallization, antisolvent crystallization using organic
solvents that can reduce the solubility of NaCl in water is considered. Among the potential candi-
dates is ethanol, which does not cause liquid–liquid phase split. The isothermal SLE phase dia-
gram of NaCl/water/ethanol system at 25 °C is shown in Figure 5.36. Solubility data from the
literature [158] are shown as triangles on the diagram. A recycle stream (stream 5ʹ) is injected into
the mine (M) to dissolve NaCl. The NaCl solution (stream 1) is first mixed with an ethanol-rich
stream 4ʹ to give stream 2 inside the two-phase region, causing NaCl to crystallize out. The mother
liquor (stream 3) is sent to a distillation column to recover ethanol-water azeotrope as the distillate
(stream 4). This stream is mixed with make-up ethanol to produce stream 4ʹ. The water-rich bot-
toms (stream 5) is recycled to the mine, with a partial purge to avoid accumulation of impurities.

Figure 5.36: Process alternative for salt crystallization using ethanol as antisolvent.

Another alternative is to use an antisolvent that creates liquid–liquid immiscibility. One such solvent
is 2-propanol, which leads to the phase behavior shown in Figure 5.37. The solubility data (triangles)
as well as liquid–liquid tie-line data (circles) at 25 °C are taken from the literature [159]. Instead of a
distillation column, a decanter can be used to separate the mother liquor (stream 3) into a 2-
propanol-rich mixture (stream 4) and a water-rich mixture (stream 5), which is partially purged to
avoid accumulation of impurities. To balance the loss to the purge stream, make-up 2-propanol and
water are added to streams 4 and 5, respectively, resulting in streams 4ʹ and 5ʹ, which are recycled.
The use of decanter instead of distillation column means less energy is required for separation. Note
that in the process illustrated in Figure 5.37, the crystallizer is operated at a lower temperature than
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the decanter temperature (TD=25 °C), so that point 3 is located underneath the LLE region at 25 °C.
When this stream is heated up to 25 °C, the liquid compositions (streams 4 and 5) follow one of the
tie-lines in the LLE region. The composition of stream 1 is determined by the solubility of NaCl in the
mixed solvent at TM.

Figure 5.37: Process alternative for salt crystallization using 2-propanol as antisolvent.

Another possible solvent is diisopropylamine (DiPA). The phase behavior of NaCl/water/DiPA at 25 °C
is also reported in the literature [160] and features limited miscibility between water and DiPA (simi-
lar to Figure 5.33). The process flowsheet is exactly the same as Figure 5.37, but the mass balance
and process economics would be different due to different locations of points 4 and 5 [100].

Example 5.10 – Preventing oiling out during antisolvent crystallization
Kim et al. [155] reported some of the challenges during the development of the final crystalliza-
tion step for Bristol-Myers Squibb drug candidate A, which involves a drowning-out crystalliza-
tion process. Experimental observations show that crystallization of compound A in solvent S at
50 °C by adding antisolvent D leads to oiling out; however, when the drowning-out crystallization
process takes place at 35 °C, no oiling out is observed. Based on this information, it can be de-
duced that there exists a liquid–liquid immiscibility region that interferes with the solid-liquid
region at 50 °C, but disappears at 35 °C. This is consistent with the phase behavior shown in
Figure 5.34.

Process paths for two alternatives are depicted on isothermal cuts at 50 °C and 35 °C in Figure 5.38.
Both alternatives start with the same feed (point 1), which is a nearly saturated solution of A in S.
In the first alternative (Figure 5.38a), antisolvent D is added to the feed at 50 °C, resulting in a
mixture inside the three-phase region (point 2). Therefore, crystallization of A gives mother liquor
(point 3) that splits into two liquid phases (oiling out). The second alternative (Figure 5.38b) starts
with cooling to 35 °C, causing some A to crystallize. Addition of D to the mother liquor (point 2), at
this temperature, produces a composition given by point 3, leading to additional crystallization of
A. Since there is no liquid–liquid immiscibility region at 35 °C, no oiling out occurs. Basically,
the second process alternative circumvents the liquid–liquid immiscibility region in order to avoid
the problems caused by oiling out.
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Figure 5.38: Avoiding oiling out in the crystallization of a drug substance: (a) antisolvent
crystallization at 50 °C and (b) cooling followed by antisolvent crystallization at 35 °C.

5.6 Supercritical Fluid Crystallization

Crystallization using supercritical fluid has increasingly become a suitable alterna-
tive to conventional processes such as evaporative crystallization and antisolvent
crystallization. Carbon dioxide (CO2), which is inexpensive, generally recognized as
safe, and has a relatively low critical temperature, is particularly attractive for food
and pharmaceutical applications [161, 162]. Supercritical crystallization is capable
of producing micro- and nanoparticles, usually with a relatively narrow size distri-
bution and a different morphology. Furthermore, separation of the crystals from the
supercritical fluid is relatively easy and the products can be free from organic sol-
vent residues.

5.6.1 Solid–fluid equilibrium phase behavior

In contrast to solid–liquid systems, pressure change often plays a significant role in
systems involving supercritical fluid. Therefore, it is often necessary to consider a
polybaric phase diagram for process representation alongside the isobaric, polyther-
mal phase diagrams that are widely used for SLE representation. Figure 5.39a shows
the polythermal, polybaric solid-fluid equilibrium phase diagrams for a binary system
of a typical component, A, and CO2, for which a more detailed explanation can be
found in Harjo et al. [163]. Note that different possible behaviors of solid-supercritical
fluid systems have been classified by several authors based on various characteristics

162 5 Crystallization Processes Involving More Complex Phase Behaviors



[164, 165]. The discussion here focuses on a particular type characterized by a discon-
tinuous critical mixture curve (the locus of mixture critical points running between
the pure component critical points), which is typical of systems consisting of compo-
nents that show considerably different molecular size, shape, and polarity [165]. One
branch of the curve runs from the critical point of CO2 (CPCO2, on the back face) and
intersects the locus of triple points at the lower critical end point (LCEP). Another
branch runs from the critical point of A (CPA, on the front face) and intersects the
locus of triple points at the upper critical end point (UCEP).

Figure 5.39b shows an isothermal cut at T1, which is below the critical tempera-
ture of pure CO2. This cut features regions where solid A is in equilibrium with a
liquid phase (at high pressure) and with a vapor phase (at low pressure), as well as
a vapor–liquid region. At pressure p1, solid A is in equilibrium with both liquid and
vapor phases. This implies that any mixture of A and CO2 at T1 and p1 would split
into three phases: pure solid A (point s), a liquid phase with a composition given by
point l, and a vapor phase with a composition given by point v.

When the temperature is increased to T2, which is between the LCEP and
UCEP temperatures, the boundary between vapor and liquid phases disappears.

Figure 5.39: Solid-fluid equilibrium phase diagram of binary system A-CO2 [163]: (a) polybaric
polythermal diagram, (b) isothermal cut at T1, (c) isothermal cut at T2, and (d) isothermal cut at T3.
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The isothermal cut at this temperature (Figure 5.39c) only features a region where
solid A is in equilibrium with a fluid phase. The phase boundary illustrates the
typical behavior that the solubility of the solute is higher at high pressures, with a
significant change in the vicinity of the critical pressure of CO2. It is this portion of
the phase diagram that is usually displayed as an isotherm curve in solubility dia-
grams reported in the literature. The cut shown in Figure 5.39d is taken at temper-
ature T3 above the UCEP temperature. The three-phase line reappears at p2. Above
p3, which is the pressure corresponding to the mixture critical point at this tem-
perature (CP), the vapor and liquid phases are indistinguishable, and solid A is in
equilibrium with a supercritical fluid phase.

Figure 5.40 depicts the isothermal solid–fluid equilibrium phase diagram of a
ternary system involving a solute A, an organic solvent C, and CO2. Here, CO2 acts
as an antisolvent and C is a co-solvent or modifier, which brings about certain
chemical functionalities such as polar forces, hydrogen bonding, or other specific
chemical forces that may significantly affect the solubility of the solute [166]. It is
assumed that the A-CO2 pair takes the behavior described in Figure 5.39c. An iso-
baric cut at p4 features regions where pure solid A is in equilibrium with a liquid
phase and a vapor phase, as well as a vapor-liquid region. The intersection among
these three regions results in the three-phase region of A(s)+V+L. The phase dia-
gram indicates that the solubility of A in CO2 is, in general, much lower compared
to that in solvent C, signifying the role of CO2 as an antisolvent. Furthermore, the
solubility of A in CO2 increases with the addition of co-solvent C. When the pressure

Figure 5.40: Solid–fluid phase diagram of ternary system involving solute A, co-solvent C, and CO2.
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is increased to p5, all the liquid regions disappear and solid A is in equilibrium with
a supercritical fluid phase.

Another ternary system of interest is a system involving two solutes and CO2,
which is relevant to the design of a depressurization crystallization process. One of
the possible phase behaviors for such a system is shown in Figure 5.41. To illustrate
the presence of different phase behaviors, it is assumed that at this temperature
(above the critical temperature of pure CO2), the A-CO2 pair exhibits the behavior
described in Figure 5.39c, while the B-CO2 pair exhibits the behavior described in
Figure 5.39d. Such phase behavior may be possible when the UCEP of A-CO2 is sig-
nificantly different from that of B-CO2. An isobaric cut at pressure p6 below the criti-
cal point of the mixture features a solid–vapor region extending from the A-CO2

edge and both vapor–liquid and solid–liquid regions from the B-CO2 edge. The
solid A–vapor region intersects with the vapor–liquid region inside the triangle, re-
sulting in the three-phase region of A(s)+V+L. Next to this region is the solid A–liq-
uid region, which intersects the solid B–liquid region to form the three-phase
region of A(s)+B(s)+L. Increasing the pressure to p7 leads to the disappearance of
the liquid region, as the fluid phase is now supercritical in all proportions. The
three saturation regions corresponding to solid A, solid B, and A+Bmixture are sim-
ilar to those observed in an isothermal isobaric cut of an SLE phase diagram of a
simple eutectic system. Also, notice that a cut at a very low pressure would also
look similar, but the fluid phase would be subcritical vapor and the solubility of
both A and B in the fluid would be much lower than at p7.

Figure 5.41: Solid-fluid phase diagram of ternary system involving solute A, solute B, and CO2.
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5.6.2 Process synthesis

The phase diagram can be used to guide process synthesis and determine suitable
operating conditions of a supercritical crystallization process. One common process
is precipitation with compressed antisolvent (PCA), in which the solute is first dis-
solved in an organic solvent, then, a supercritical solvent is added to induce crystal-
lization [167]. As indicated in the phase diagram in Figure 5.42a, the solution of
solute A in solvent C (point F1) is mixed with supercritical CO2 with a high CO2-to-
feed ratio, so that the operating point r falls in the solid–vapor region. Operating in
this region is desirable because the particles can be readily separated from the su-
percritical fluid, without the need of a drying step. One way to achieve this is to
spray the feed solution into a crystallizer where CO2 passes through at constant
pressure, temperature, and flow rate, as illustrated in Figure 5.42b, so that the liq-
uid droplets formed inside the crystallizer are in contact with a large excess of CO2.
The organic solvent and CO2 in the saturated vapor, which would have a composi-
tion along the saturation curve such as point 1, can be separated in a low-pressure
tank and recycled. This process is done in a semibatch fashion; the particles accu-
mulate in the crystallizer and are collected at the end of the batch.

With the phase diagram in hand, the suitable feed solution concentration and CO2-
to-feed ratio can be determined. For example, a lower CO2-to-feed ratio may result
in point q in the three-phase region, and a liquid phase would form in the crystal-
lizer. If the feed solution is too dilute (point F2), there would be a single liquid
phase, vapor–liquid equilibrium, or a single vapor phase, depending on the CO2

loading. No solid can be collected, regardless of the CO2-to-feed ratio for this feed.

Figure 5.42: Precipitation with compressed antisolvent process: (a) process paths (b) process
schematics.
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Another common process is depressurization crystallization, in which solutes
are dissolved at high pressure and then crystallized out by depressurization. One
way to dissolve the solute is to make use of solid–vapor equilibrium at high pres-
sures, such as at p2 and T2, as illustrated in Figure 5.43a. Note that the solubility
curves are greatly exaggerated for clarity; in reality, they are usually located very
close to the CO2 vertex due to the relatively low solubility of the solutes in CO2. The
feed (point F), a mixture of solid A and solid B, is mixed with CO2 to give a composi-
tion along the dotted line. If crystallization of pure A is desired, the CO2-to-feed
ratio should be chosen such that the overall mixture during the dissolution process
at p2 and T2 (point 1) is located inside the A saturation region under the crystalliza-
tion condition at p1 and T1. Therefore, pure A crystallizes out in the crystallizer,
leaving behind a saturated vapor with a composition given by point 2, as schemati-
cally shown in Figure 5.43b. Such a process is generally known as the rapid expan-
sion of supercritical solution (RESS) [168].

Sometimes co-crystallization of both solids is desired, such as in the production of
microcapsules for controlled-release dosage forms [169]. By starting from a different
feed composition (point F’ in Figure 5.43a) and choosing a CO2-to-feed ratio in the
dissolution process at p2 and T2, to produce point 1ʹ inside the double saturation
region under the crystallization condition at p1 and T1, A and B can be crystallized
out simultaneously in the crystallizer. The saturated vapor in the crystallizer would
have the composition of the double saturation point at p1 and T1 (point 2ʹ). Clearly,
depending on the process objective, a different region on the phase diagram is used
in synthesizing the process.

Figure 5.43: Depressurization crystallization process: (a) process paths on phase diagram (b)
process schematic.
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Example 5.11 – Salicylic acid production using PCA process
Precipitation with compressed antisolvent (PCA) using supercritical CO2 and ethanol as co-solvent
was used in producing fine particles of salicylic acid (SA) [170, 171]. To identify feasible operating
conditions, particularly the CO2-to-feed ratio and feed concentration, the relevant phase diagram
was constructed using solubility data from the literature [172] to guide the effort, rather than per-
forming a series of bench-scale experiments in a trial-and-error manner.

Figure 5.44 shows the isothermal phase diagram of the SA-ethanol-CO2 at 45 °C and two differ-
ent pressures (96 and 157 bar). As the literature data (shown as triangles and squares) concentrate
near the CO2 vertex due to the very low solubility and high CO2-to-feed ratio, the top portion of the
triangle is zoomed for clarity. The phase behavior at this temperature and pressure only features
two regions (vapor and solid SA+vapor), as the pressure is above the critical pressure of CO2. It can
be seen that the solubility of SA is higher at the higher pressure (157 bar) compared to that at the
lower pressure (96 bar).

Figure 5.44: Ternary phase diagram of salicylic acid-ethanol-CO2 at 45 °C, showing various
operating points.

Three conditions were examined and tested experimentally. The first run used a feed concentration
(SA in ethanol) of 0.05 g/mL and a CO2 (g/min)-to-feed (mL/min) ratio of 28.3, giving an overall
composition at point 1. As expected, no solid particles were collected, as point 1 is located in the
vapor region. In order to obtain solid particles, point 1 has to move to the right to get inside the A
(s)+V region. This can be achieved by using a more concentrated feed solution. Therefore, a feed
concentration of 0.35 g/mL was used in the next run, with the same ratio of CO2 mass flow to feed
volumetric flow rate. The overall composition is at point 2 inside the solid–vapor region at 96 bar.
A third run with a feed concentration of 0.35 g/mL and CO2 (g/min)-to-feed (mL/min) ratio of 56.6
was also performed, giving an overall composition indicated by point 3. From both the second and
third runs, solid particles could be successfully recovered [170].

The crystallization process in the last two runs can be represented on the phase diagram.
Assuming equilibrium is achieved, points 2ʹ and 3ʹ (on the saturation curve of SA at 96 bar) mark
the saturated vapor composition obtained from the second run and third run, respectively. By mass
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balance (assuming no loss), the solid recovery is almost 100% for the third run because the satu-
rated vapor (point 3ʹ) has a very low SA concentration. On the other hand, the solid recovery for
the second run is only about 77%, but the amount of solid produced per g of CO2 is higher than in
the third run, because the CO2-to-feed ratio is lower.

Example 5.12 – Separation of palmitic acid and tripalmitin
Palmitic acid (PA) and its triglyceride, triplamitin (TP), are main components in palm oil and palm
kernel oil, both of which are edible vegetable oils. The use of supercritical CO2 for extraction of
these oils from the fruit and kernel of palm tree has been investigated [173]. Since the fractions
obtained from such an extraction process are usually not pure, it is interesting to explore the possi-
ble use of supercritical crystallization process, particularly depressurization crystallization using
RESS, for separation of individual components.

Figure 5.45 shows the phase diagram of the ternary system PA-TP-CO2. The four saturation
curves at two temperatures (35 and 50 °C) and two pressures (110 and 130 bar), determined based
on the solubility data calculated by Mukhopadhyay and Rao [174], are plotted on the phase dia-
gram. Because of the very low solubility of both PA and TP at these conditions, only a zoomed sec-
tion near the CO2 vertex is shown. Furthermore, as the solubility of TP is more than an order of
magnitude lower compared to that of PA, the scale on the x-axis is much smaller than on the y-axis.
The lightly shaded region is the TP saturation region at 50 °C and 130 bar, while the darker region
is the PA saturation region at 35 °C and 110 bar. These two regions overlap because the two sets of
saturation curves at 50 °C, 130 bar and 35 °C, 110 bar have a crossover behavior; that is, if the
temperature and pressure are simultaneously decreased from 50 to 35 °C and 130 to 110 bar, re-
spectively, the solubility of PA in CO2 decreases, while that of TP in CO2 increases.

Figure 5.45: Ternary phase diagram of palmitic acid-triplamitin-CO2 system.

Harjo et al. [163] proposed a process for obtaining both PA and TP in substantially pure form, start-
ing with a feed mixture containing equal amount of PA and TP, as shown in Figure 5.46. The corre-
sponding process paths are depicted on the phase diagram in Figure 5.45. The feed (not shown) is
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mixed with CO2 in the dissolution vessel at 35 °C and 130 bar, at which both solutes have relatively
high solubility. The saturated vapor composition (point 1) is at the double saturation point because
both PA and TP solids are in excess in this vessel. As point 1 is located in the TP(s)+V region at 50 °C
and 130 bar, TP is first crystallized out by isobarically increasing the temperature to 50 °C in the first
crystallizer, giving a saturated vapor with a composition given by point 2, which is close to the
double saturation point at this condition. Next, to crystallize PA, both the temperature and pressure
are reduced to 35 °C and 110 bar, respectively, in the second crystallizer, because point 2 is inside
the PA(s)+V region at this condition. The saturated vapor (point 3) is recycled (with a partial purge if
required to avoid accumulation of impurities) by recompression to 130 bar. Fresh CO2 can be added
as make-up.

Figure 5.46: Process for separating palmitic acid and tripalmitin using depressurization
crystallization.

5.7 Summary

In this chapter, the separation of different chemical systems, which include adduct,
enantiomer, solid solution, ampholyte, amino acid, antisolvent, and supercritical
fluid, is studied. Each system has its own idiosyncrasies. An adduct such as the
phenol-acetone adduct can be decomposed to recover the desirable compound. The
separation of enantiomers requires the conversion of the enantiomers with a resolv-
ing agent to diastereomers, which have different physical properties. A solid solu-
tion has to be purified using a series of crystallization stages. Both acids and bases
are needed in the crystallization of amino acids and proteins because of their am-
photeric nature. Supercritical crystallization has limited productivity because the
solubility in supercritical fluid is very low for most solutes. Despite their signifi-
cantly different solid-liquid phase behavior, the same techniques in the form of
movements in SLE phase diagrams – heating/cooling, solvent addition/removal,
and stream combination/splitting are used to effect separation by crystallization.
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Exercises

5.1. A solid product C is an adduct that can be formed by mixing A and B in solvent
D. In a laboratory test for developing the process, 2 mol of A is dissolved in 8 mol of
D at 80 °C, followed by mixing with 2 mol of B. The mixture is then cooled to 40 °C
to obtain a solid product. The SLE phase diagram of the system (in mole fraction),
which features incongruent melting of C, is shown in Figure 5.47. An isothermal cut
at 40 °C is indicated in the figure.
a. Locate the composition of the dissolver outlet and crystallizer feed on the

diagram.
b. What is the composition of the solid product?
c. Explain why the solid product is not pure C, and suggest a way to obtain pure C

by crystallization at 40 °C based on the SLE phase diagram.

5.2. Consider the process for separating cresol isomers using t-butyl alcohol (TBA)
as an MSA, which is discussed in Example 5.2. With the aid of the phase diagram in
Figure 5.48, synthesize a process alternative that features crystallization of m-cresol
(B) before crystallization of the adduct (AS) between p-cresol and TBA, starting
from a feed containing an equal amount of A and B, as indicated by point F on the
phase diagram. Show the process path on the phase diagram and draw the corre-
sponding flowsheet.

Figure 5.47: SLE phase diagram of a ternary system involving an adduct (problem 5.1).
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5.3. Resolution of a racemic mixture of mandelic acid (MA) is to be performed using
a chromatography/crystallization hybrid process, as discussed in Example 5.4. The
phase diagram of the system with water as solvent is given in Figure 5.15.
a. What is the minimum ratio of (+) to (−)-MA in the SMB outlet such that pure (+)

enantiomer can be obtained by crystallization?
b. If the raffinate from the SMB unit is concentrated to 50 wt% MA (that is, total of

(+) and (−) enantiomers) with the ratio of (+) to (−) of 9:1, what is the maximum
theoretical per-pass yield of pure (+)-MA in the crystallizer? What would be the
corresponding crystallizer temperature?
Hint: Locate the feed composition to the crystallizer on the phase diagram, and
then trace the process path as pure (+)-MA crystallizes.

5.4. The curvature of the eutectic trough in some systems involving enantiomers
that form racemic compound can be exploited to obtain pure enantiomers via a
two-step crystallization process, as proposed by Lorenz and coworkers [128, 129,
130]. An example is DL-methionine/water system. A sketch of the ternary phase dia-
gram, which is roughly based on the data of Polenske and Lorenz [175] is shown in
Figure 5.49. The first step of the process involves crystallization of the racemic com-
pound at a low temperature from a solution that is enriched in the enantiomer to be
purified. The mother liquor from the first step is processed in the second step,
which involves solvent evaporation at a high temperature to selectively crystallize
the desired enantiomer. Using the phase diagram, explain how the purification pro-
cess works. The starting material is given as point 1 on the diagram, and the final
product is pure L-Methionine.

Figure 5.48: Polythermal SLE phase diagram of p-cresol/m-cresol/t-buytl alcohol (problem 5.2).
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5.5. In the isolation and purification of Schisandrin B discussed in Example 5.5, sep-
aration is achieved by first crystallizing a (−)Sch B-enriched solid in the first crystal-
lizer (see Figure 5.22). According to Table 5.1, the (−)Sch B content in the feed,
liquid, and solid (on a solvent-free basis) is 83.3 wt%, 76.4 wt%, and 91.6 wt%, re-
spectively. Based on this information, calculate the crystallization yield of (−)Sch B,
defined as the fraction of (−)Sch B in the feed that ends up in the solid.

5.6. The purification process of C60 fullerene using o-xylene discussed in Example 5.6
can alternatively be done via a continuous countercurrent four-stage crystallization

Figure 5.49: SLE phase diagram of the ternary system L-Met/D-Met/Water (problem 5.4).

Figure 5.50: Continuous C60 purification process by multistage crystallization (problem 5.6).
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process, with the fresh feed entering the first stage and pure solvent (o-xylene) being
introduced to the last stage. Based on the plot of the process points on the phase dia-
gram as shown in Figure 5.50, draw the flowsheet of this continuous purification
process.

5.7. A sketch of the solid–liquid–liquid phase diagram of the ternary system LiCl/
water/1-propanol at 25 °C, based on data reported by Gomis et al. [176] is shown in
Figure 5.51. Using this phase diagram, synthesize a process for recovering LiCl from a
land deposit, which involves dissolution of LiCl in a mine, crystallization of LiCl·H2O
using 1-propanol as an antisolvent, and separation of organic and aqueous phases in
a decanter. Both the crystallizer and the decanter are operated at 25 °C.

5.8. Consider the drowning-out crystallization of NaCl using 2-propanol as an anti-
solvent, which is discussed in Example 5.9. The compositions of points 4 and 5 are
given as follows:

Figure 5.51: Solid–liquid–liquid equilibrium (SLLE) phase diagram of LiCl/water/1-propanol system
at 25 °C (problem 5.7).

Point NaCl (wt%) Water (%) -propanol (wt%)

 . . .
 . . .
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Assume that stream 1 is saturated with NaCl, and its composition (determined by
the solubility of NaCl in a mixture of water and 2-propanol at TM) can be described
by xNaCl,1=0.27–0.5 xD,1, where x is mass fraction and D represents 2-propanol. The
product stream (NaCl from the crystallizer) is 100 kg/h and contains no water or 2-
propanol.
a. From mass balances around the mine (block M) as well as for the overall pro-

cess, determine the product and aqueous recycle stream flow rates as functions
of purge flow rate.

b. If the purge flow rate=20 kg/h, what is the aqueous recycle flow rate and the
composition of stream 1?

c. How would the aqueous recycle stream, product, and make-up solvent flow
rates change if the purge flow rate is increased? Describe the potential eco-
nomic tradeoff.
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6 Impact of Kinetics and Mass Transfer
on Crystallization

6.1 Kinetic Effects in Crystallization Process

Thermodynamics (SLE) alone does not provide a complete picture in designing a
crystallization process. Kinetic and mass transfer issues can also have a significant
effect on the outcome of the crystallization process. This chapter focuses on the op-
portunities provided by operation under nonequilibrium conditions for selectively
obtaining the desired product.

6.1.1 Supersaturation

During crystallization, material from the liquid phase turns into solid phase via two
different mechanisms: nucleation, the formation of solid particles from liquid solu-
tion, and growth, the deposition of additional substance on existing particles, as il-
lustrated in Figure 6.1. Nucleation can be of two types: primary and secondary.
Primary nucleation is the initial formation of a crystal where there are no other crys-
tals present. It can be homogeneous, if it is not influenced in any way by solids; or
heterogeneous, if it is affected by other solids such as crystallizer walls or dust.
Secondary nucleation is induced by the presence of crystals that are already present
in the mixture.

Both nucleation and growth rates depend on supersaturation, which is defined
as the difference between the actual concentration of the crystallizing substance in
the solution and its solubility. The idea of supersaturation is usually explained
using a conventional solubility diagram, similar to the one shown in Figure 6.2a.
The solubility as a function of temperature is represented by the saturation curve.
Any point above this curve, such as point P, is said to be supersaturated. The super-
saturation (Δc) is defined as c – c*, where c* is the solubility at temperature T. Also,
supercooling (ΔT=T* – T, where T* is the temperature at which a solution with con-
centration c becomes saturated) is commonly used as an alternative to represent
the extent of supersaturation. The two quantities are related through the local slope
of the solubility curve (dc*/dT):

Δc= dc*

dT

� �
ΔT (6:1)

The dashed curve in Figure 6.2a is the metastable limit, or sometimes called the
supersolubility curve [157]. Together with the saturation curve, it bounds the meta-
stable zone, in which spontaneous nucleation is unlikely, but growth can still occur
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if crystals are already present. On the other side of the metastable limit lies the un-
stable zone, where nucleation occurs spontaneously. In light of the previous discus-
sion on the use of SLE phase diagrams, Figure 6.2b depicts the representation of the
same idea on the phase diagram. Here, concentrations are expressed in terms of
mass or mole fraction.

6.1.2 Nucleation and growth models

Various models have been proposed to describe the dependence of nucleation and
growth rates on supersaturation, as summarized in Table 6.1. Some models are
based on classical theories, which account for individual mechanisms of nuclei for-
mation and crystal growth. For example, the classical nucleation theory considers
the chemical potential difference between a molecule in solution and in the bulk of

Figure 6.1: Nucleation and growth.

Figure 6.2: Supersaturation and metastable limit: (a) conventional representation and (b) phase
diagram representation.
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Table 6.1: Summary of nucleation and growth models.

Theoretical models

Nucleation rate from
homogeneous supersaturated
solution []

B=A exp −
16πσ3v2

3k3T3 lnSð Þ2
" #

(6:2)
A=pre-exponential
factor
σ=surface energy
per unit area
v=molar volume
k=Boltzmann
constant
T=temperature
S=supersaturation
ratio (= c/c*)

Growth rate based on screw
dislocation mechanism for
crystal growth []

G=C
εΔc2
σ1′

� �
tanh

σ1′
εΔc

� �
(6:3)

C=constant
ε=screw dislocation
activity
σ′=a function of
temperature
Δc=supersaturation
(c – c*)

Empirical models

Nucleation rate (power law) B= kbΔcb (6:4) Δc=supersaturation
kb, b=empirical
parameters

Nucleation rate dependence on
slurry (magma) density and
agitation rate []

kb = kb′Mi
TN

j (6:5) MT=magma density
N=agitator speed
kb′, i, j=empirical
parameters

Growth rate (power law) G= kg Δcð Þg (6:6) Δc=supersaturation
kg, g=empirical
parameters

Growth rate dependence on
particle size []

kg = kg,0 1+ klLð Þl (6:7) L=crystal size
kg,, kl, l=empirical
parameters

Growth rate in the presence of
impurities []

G=G0 1−
αKimpcimp, L
1+Kimpcimp, L

� �
(6:8)

G=growth rate in
clean solution
α=effectiveness
factor
Kimp=constant in
Langmuir
adsorption isotherm
cimp,L=impurity
concentration in
solution

178 6 Impact of Kinetics and Mass Transfer on Crystallization



the crystal phase as the driving force for nucleation [177]. While the theoretical
models are supposed to be predictive, some of the parameters are often difficult to
obtain, rendering them impractical for industrial crystallization. Therefore, empiri-
cal models that capture the overall effect of various mechanisms are widely used in
practice. These empirical models can sometimes be obtained from simplification of
the fundamental models, but the parameters must be determined experimentally.
Parameter values for some common systems have been reported in the literature
[178], although the results obtained by different researchers are generally not very
consistent.

6.2 Actual Process Path

In reality, crystallization cannot start at equilibrium condition because supersatura-
tion is needed as a driving force. Supersaturation has to be first generated by cool-
ing, solvent removal, addition of MSA, or reaction. Nucleation and growth will then
occur, and the solution composition approaches an equilibrium condition as the su-
persaturation diminishes. Therefore, the actual process path or locus of liquid com-
positions does not actually coincide with the saturation curve as has been assumed
in previous chapters.

The actual process path for a case of batch cooling crystallization in a binary mix-
ture of A and B is illustrated in Figure 6.3a. Starting with an unsaturated liquid (point
1), the solution becomes saturated when the temperature reaches T* at point 2. Upon
further cooling, the mixture enters the metastable zone, in which the concentration of

Figure 6.3: Actual process path during crystallization: (a) cooling crystallization in a binary
mixture, (b) evaporative crystallization in a ternary mixture.
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the solution stays constant in the absence of nucleation and growth, until the composi-
tion reaches the metastable limit. As further cooling brings the mixture into the unsta-
ble zone, crystallization starts, and the process path turns away from A and
approaches the saturation curve, eventually reaching equilibrium at point 3. The exact
path depends on the balance between cooling rate and nucleation and growth rates.
Similarly, Figure 6.3b illustrates the process path for a batch evaporative crystallization
in a ternary mixture. As more solvent is removed beyond point 2, the process path con-
tinues to venture inside the saturation region of A without any crystallization, until it
reaches the metastable limit. The path takes a turn once A starts to crystallize out, and
approaches point 3 on the saturation curve. In reality, it would take infinite time to
achieve true equilibrium condition, as the supersaturation would become smaller and
smaller as the composition gets closer to the equilibrium composition. Therefore, the
final composition is not exactly located on the saturation curve, since the system can
only be infinitesimally close to equilibrium at most.

Example 6.1 – Crystallization of nitroguanidine
Nitroguanidine (NQ) is a low-sensitivity explosive with high detonation velocity, widely used as a
propellant. However, only high bulk density NQ is useful for this application [184]. In an effort to
obtain high bulk density NQ crystals, crystallization of NQ from its solution in water has been stud-
ied. The solubility curve of NQ, established from experimental solubility data at different temper-
atures, is shown in Figure 6.4. Also shown on the same diagram is the trajectory of NQ
concentration in the solution during cooling crystallization, with a cooling rate of 2.5 °C/min.
Starting with a solution containing 3.8 g NQ/100 mL water at 90 °C (point 1), the concentration of
NQ in the solution remains unchanged even after cooling below the dissolution temperature, indi-
cating no crystallization. It only starts to decrease sharply once the temperature reaches about

Figure 6.4: Solution concentration profile during cooling crystallization of nitroguanidine from
water solution with a cooling rate of 2.5 °C/min (data from [184]).
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60 °C (point 2), corresponding to a substantial degree of supersaturation before nucleation starts
to occur. Although the supersaturation decreases as crystals are formed upon further cooling, the
solution at the end of cooling (point 3) appears to be still supersaturated. Crystals with different
attributes can be obtained by controlling the supersaturation. The degree of supersaturation can
be controlled by various means, including changing the cooling rate, adding seeds, or using addi-
tives that restrict crystal growth. The study found that adding methylcellulose and polyvinyl alcohol
as growth inhibitors results in a different crystal shape and higher bulk density.

6.3 Preferential Crystallization

Kinetically controlled crystallization can also be an attractive alternative for separat-
ing chiral enantiomers. In particular, preferential crystallization has been commonly
employed in industrial production of antibiotics chloramphenicol and thiamphenicol,
among others [185]. This technique relies on crystallization of pure enantiomer inside
the metastable region by introducing the appropriate seeds. To understand how the
process works, consider an isothermal cut of the SLE phase diagram of a ternary sys-
tem involving two enantiomers and a solvent, as shown in Figure 6.5. The metastable
zone of R and S can be obtained by extending the solubility curves and identifying
the metastable limits, as indicated by the dashed curves.

Beginning with a solution that lies within the metastable zone of both enantiomers
(indicated by point 1), seeds of S are introduced to induce crystallization of S, so
that the solution composition moves to point 2 on the extension of the S solubility
curve. Fresh feed of racemate mixture (point M) is then added to stream 2 at a

Figure 6.5: Preferential crystallization to separate R and S isomers.
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higher temperature to completely dissolve the solids. The resulting solution is given
by point 3, which is located above the solubility curves (not shown) of the higher
temperature. Then, stream 3 is introduced to C2 at Tc and seeds of R are introduced,
so that R crystallizes out and the composition moves to point 4. Again, fresh feed is
introduced at the higher temperature to obtain a solution with composition given
by point 1, and the process repeats itself. Note that the entire process path is located
inside the two solids region where thermodynamically both R and S would crystal-
lize, but appropriate seeding induces the crystallization of just one form. Therefore,
this technique is only suitable when there is an overlap between the R and S meta-
stable zones, which is observed only when the system exhibits a conglomerate or
simple eutectic phase behavior.

When preferential crystallization is conducted as a continuous process in an in-
dustrial setting, adding seeds can be problematic. Therefore, Vetter et al. [186] pro-
posed a process alternative in which a portion of the product crystals is continuously
withdrawn, milled in a suspension mill, and returned to the crystallizer to provide
sufficient surface area for crystal growth. Different configurations of preferential crys-
tallization process for enantiomer separation have been reviewed by Rougeot and
Hein [187], who classified the configurations based on batch or continuous process
and the use of multiple stirred tanks or fluidized beds as crystallizers.

Example 6.2 – Preferential crystallization of L-threonine
Alvarez Rodrigo et al. [188] experimentally demonstrated the feasibility of preferential crystallization
in the resolution of threonine enantiomers (D-threonine and L-threonine) following the process shown
in Figure 6.5. The change in solution concentration during crystallization was monitored online by
polarimetric measurement, which was combined with refractometry to determine the liquid phase
composition at any time. Figure 6.6a shows the SLE phase diagram of D-threonine/L-threonine/water
ternary system, with isothermal cuts at different temperatures obtained from experimental data.

The process path during a preferential crystallization experiment is shown on the enlarged sec-
tion of the phase diagram in Figure 6.6b. The experiment starts with a saturated solution at 40 °C,
containing a slight excess of L-threonine (L-Thr), as indicated by point 1. The solution is cooled
down to 33 °C and seeds of L-Thr are added. The L-Thr content in the solution decreases as a result
of preferential crystallization of L-Thr. The process path practically follows a straight line with con-
stant D-Thr/H2O ratio until the composition reaches point 2, indicating that only L-Thr is crystal-
lized. The composition takes a turn beyond point 2, indicating spontaneous co-crystallization of D-
Thr. When the mixture is left to equilibrate, the solution composition eventually reaches point 3,
which is the double saturation point at 33 °C. To ensure that the solid product contains only L-Thr,
crystallization needs to be stopped at point 2 by isolating the crystals and sending the mother li-
quor to the next step of the process, as depicted in Figure 6.5.
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Figure 6.6: D-Threonine/L-threonine/water system (data from [188]): (a) SLE phase diagram and
(b) process path for preferential crystallization of L-threonine.

Example 6.3 – Kinetic-based alternative for ibuprofen resolution
As an alternative to the thermodynamic-based process discussed in Example 5.3, NMDG-(S)-Ibuprofen
can also be recovered under kinetically controlled operation by seeding [134]. The process flowsheet
along with the process paths represented on a Jänecke projection is shown in Figure 6.7. Racemic
ibuprofen (stream F) is mixed with a recycle stream to form stream 1. It reacts with NMDG to form
diastereomeric salts in the presence of solvent. The resulting solution (stream 2) is mixed with the
recycle stream (stream 5) to give stream 3. As in the equilibrium-based process, NMDG-(R)-Ibuprofen
is crystallized out from C1 under equilibrium condition, and evaporation is stopped when the mother
liquor is about to reach the double saturation composition (stream 4).

In the second crystallizer (C2), the solution is subcooled to 5 °C and a small amount of NMDG-(S)-
Ibuprofen crystals is introduced to the crystallizer for seeding. Note that the location of stream 4 can
be controlled by adjusting the amount of NMDG fed into R1. Results from the seeding experiments
indicate that it is desirable to carry out seeding at the double saturation composition with R(NMDG-
H+) = 0.6. By allowing crystallization to proceed for 30 minutes, after which the solids and mother
liquor are promptly separated, and pure NMDG-(S)-Ibuprofen can be recovered with about 20% yield.
Although the composition of the mother liquor (stream 5) appears to be well inside the saturation
region of the (R) isomer, it is actually still located within the metastable limit of both (R) and (S) iso-
mers. This process alternative is simpler compared to the equilibrium-based alternative because
there is no need to release free ibuprofen in between the two crystallizers, but a more elaborate con-
trol is required for such a kinetically controlled process.

6.3 Preferential Crystallization 183



Figure 6.7: Kinetic-based process alternative for resolution of ibuprofen using NMDG as resolving
agent [134].

6.4 Kinetically Controlled Reactive Crystallization

Chemical reactions in the liquid and/or solid phase can occur simultaneously with
the crystallization process, resulting in a final composition that is not necessarily in
phase equilibrium or reaction equilibrium. The outcome of the process depends on
the interplay between reaction and crystallization kinetics, particularly the relative
rates of reaction and crystallization. As an illustration, consider an asymmetric trans-
formation process, where racemization reaction proceeds simultaneously with crys-
tallization to improve the yield and purity of the desired enantiomer. Asymmetric
transformation has been used to obtain a pure enantiomer from a racemic mixture,
as well as to convert one enantiomer to the other. An industrial example is the resolu-
tion of (−)-narwedine in the production of the anti-Alzheimer drug (−)-galanthamine
[189, 190]. Note that asymmetric transformation is different from an asymmetric syn-
thesis process, which produces a single enantiomer from some other intermediates
by chemical or biological reaction and does not necessarily involve a racemization
reaction or crystallization.

Figure 6.8 shows four possible scenarios for an asymmetric transformation process
for resolution of a racemic mixture of R and S enantiomers by batch crystallization. The
process path as well as the amounts of R and S crystals as a function of time during the
course of the process, obtained from simulation using a model that accounts for
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racemization reaction, crystal growth, nucleation, and dissolution [191] is plotted for
each scenario. Different seeding policies and relative rates between crystal growth and
racemization are simulated by changing the values of the model parameters.

The starting point for all scenarios is an initial solute composition of a 50:50 mix-
ture of the R and S enantiomers (point 1). An unseeded crystallization without racemi-
zation reaction is considered as the base-case scenario. The process path (i) moves
directly towards the double saturation point (point 2), since both enantiomers nucleate
and crystallize at the same time. The same amount of R and S is present in the crystal
product at all times. In the second scenario, seeds of S are added at the start of the
batch, but no reaction occurs. As seeding enhances the crystallization of S, the process
path (ii) initially moves away from the S vertex. However, as R nucleates and begins to
crystallize, the path turns towards the double saturation point and the ratio of R to S
crystals increases and approaches unity after about 104 s. Therefore, some enrichment
in S is achieved if the crystallization is stopped before this point. The product purity
can be controlled by adjusting the time at which the crystallization is stopped.

Asymmetric transformation process, with racemization reaction occurring in con-
junction with seeding of the S enantiomer, is considered in the last two scenarios. The
difference between them is the racemization reaction rates, the reaction rate in iii(b)
being 10 times faster than in iii(a). As the racemization reaction consumes the excess R
in the mother liquor as S is being crystallized, the effect is reducing the supersaturation
of R, and ultimately slowing down the crystallization of R. Therefore, the process path
ventures further away from the S side, although eventually R still crystallizes and drives

Figure 6.8: Process paths and crystal amounts for various operating policies.
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the process path towards point 2. Despite the fact that the final liquid composition is
still the double saturation point, the final crystal product is enriched in S, because the
reaction has converted some of the R in the feed into S. The faster the racemization reac-
tion, the higher the S content that can be obtained in the final product.

Example 6.4(I) – Reactive crystallization of cycloaliphatic diacid
A cycloaliphatic diacid is typically produced as a mixture of two isomers (cis and trans) with a cis/trans
ratio of approximately 70/30. Since high trans content is required to achieve many of the desirable end-
use properties, a process to produce high-purity trans isomer is to be developed. The melting point of the
two isomers differs significantly (trans: 312 °C, cis: 172 °C), and isomerization of cis to trans can occur in
the melt phase in the presence of a catalyst. Due to these facts, a reactive crystallization process can be
performed in a kiln, where the feed is heated until it partially melts and undergoes isomerization reaction
to produce trans isomer, which crystallizes out as the mixture cools down towards the end of the kiln.
Since heating is provided by electrical heaters, the temperature profile inside the kiln can be controlled by
adjusting the power to the heaters. To understand the effect of the temperature profile inside the kiln on
the product composition, a model accounting for crystallization and reaction kinetics as well as heat trans-
fer inside the kiln was developed. While the model is not presented here due to its complexity, a set of
results that is consistent with available data (temperature at several locations inside the kiln and the final
product composition) is shown in Figure 6.9. The temperature and composition profiles in the kiln are
shown on the left-hand side, while an image of the process path on the SLE phase diagram is shown on
the right-hand side to provide insights to the various mechanisms occurring inside the kiln. Note that al-
though it was difficult to accurately determine the solubility curve due to the presence of reaction, the
simple eutectic behavior of the cis/trans system was confirmed by the results of experimental tests.

Figure 6.9: Temperature and composition profiles in the kiln and the image of process path.
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The feed enters the kiln as a solid mixture (point F). Partial melting starts to occur, once the mixture
is heated past the eutectic temperature (point 1), until all cis in the original mixture melts. The re-
maining solid (point 1S) contains 100% trans, which is the trans in the original feed mixture that
has not melted. As heating continues, isomerization reaction occurs in the liquid phase to convert
cis to trans, as illustrated by the liquid composition trajectory turning toward trans from point 1L to
point 2L. Since the reaction rate is relatively slow, the liquid composition stays outside of the trans
saturation region, so that no crystallization of trans occurs during heating. After passing the maxi-
mum temperature (point 2), the mixture cools down while reaction continues in the liquid phase to
approach equilibrium. As cooling continues, trans eventually crystallizes out from the liquid, caus-
ing the liquid composition to turn away from the reaction equilibrium curve. Due to slow crystalliza-
tion rate, the trajectory of the liquid composition stays well inside the trans saturation region, as
opposed to closely following the trans solubility curve. Eventually, the temperature is sufficiently
low that cis also becomes saturated and starts to crystallize out (point 3). Therefore, the final solid
exiting the kiln (point 4S) contains some cis, as can be seen in the magnified portion of the compo-
sition profile diagram in Figure 6.9. As cis crystallizes faster than trans during the final stretch of
cooling, the liquid composition trajectory takes a turn toward trans, resulting in a final liquid com-
position (point 4L) that is rich in trans.

The exact process path is determined by the balance between reaction rate and heating/cooling
rate. The final product composition highly depends on the liquid composition when the mixture
begins to cool down, as the overall composition does not change much during the later part of
cooling. Higher kiln temperature in the middle section (between point 1 and point 2) would result in
faster heating and faster reaction, so that the liquid would be richer in trans and the final solid
product would also have a higher trans content. On the contrary, not enough heating in either the
beginning or middle section of the kiln would result in lower temperature and slower reaction, and
the final product would have a lower trans content.

In reactive crystallization or precipitation, there is less control on degree of supersatu-
ration, and small crystals are usually produced. Many nonequilibrium issues such as
reaction kinetics, mixing and mass transfer, rapid nucleation, and crystal growth, as
well as possible secondary processes such as aging, ripening, breakage, and agglom-
eration determine the actual process paths as crystallization occurs, as well as the
final particle size distribution (PSD). The relative importance of individual steps can
be characterized by various dimensionless numbers, as summarized in Table 6.2 [192].
The mathematical expression for these dimensionless numbers depends on the rele-
vant equations of reaction kinetics, nucleation, and growth rate.

The relative values of these dimensionless numbers for a particular system can
indicate the regime of operation, characterized by the dominating step in the reac-
tive crystallization process. A good balance among the various steps leads to the
desirable outcome, which generally features large median crystal size and high
crystal yield. This is characterized by high values of NDa,R and NGr, as well as low

6.4 Kinetically Controlled Reactive Crystallization 187



values of NDa,D, NDa,M, and NNu. Table 6.3 summarizes different situations where a
certain step, as captured by one of the dimensionless numbers, becomes too domi-
nant (italicized), leading to deviations from the desirable performance [193]. By un-
derstanding the physical meaning of each dimensionless number, it is also possible
to figure out the appropriate operational changes to improve the performance. For
example, a low value of NDa,R (second column) indicates that the reaction is the
dominant step characterized by a slow reaction rate. This results in low crystal
yield as there is not enough product formed with the given reactor throughput.
Actions such as increasing temperature, batch time, and/or reactant concentration,
which increase the value of NDa,R, should be considered to improve the perfor-
mance. On the other hand, when the mass transfer of the solute from the bulk to
the liquid–crystal interface and vice versa is much slower than the reaction (high
NDa,D and NDa,M) (third and fourth columns), it results in large supersaturation and
excessive nucleation, eventually leading to more fines. This can be resolved by in-
creasing mixing to speed up mass transfer, or decreasing the reactant concentration
to slow down the reaction. Operation at high nucleation rate (high NNu) (fifth col-
umn) means that whatever supersaturation is generated by the reaction is quickly
relieved by the formation of new nuclei, leading to low supersaturation and slow
growth rate. This effect can be dampened by reducing the supersaturation genera-
tion rate, by slowing down the reaction or improving mixing. Finally, very slow
crystal growth (low NGr) (sixth column) leads to small crystal size and low crystal
yield. This can be improved by increasing the batch time to allow more time for
crystal growth.

The impact of the dimensionless numbers on the process path is illustrated
in Figure 6.10a, taking the formation of a solid product C from liquid reactants A

Table 6.2: Dimensionless numbers characterizing individual steps in a reactive crystallization
process.

Step Dimensionless
number

Expression

Reaction Damköhler
number

NDa, R =
Reaction rate

Reactor throughput
Dissolution Damköhler

number
NDa,D =

Reaction rate
Dissolution rate

Mass transfer Damköhler
number

NDa,M = Reaction rate
Mass transfer rate from bulk to crystal face

Nucleation Nucleation
number

NNu =
Nuclei generation rate

Reaction rate
Growth Growth

number
NGr =

Surface integration rate
Mass transfer rate from bulk to crystal face
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and B as an example. The effect on PSD is shown in Figure 6.10b. NGr character-
izes how fast the supersaturation generated by reaction is consumed by growth,
thereby significantly affecting the supersaturation level. Starting from a mixture
of A and B that contains slightly more A than B (point 1), reaction brings the
composition into the saturation region of C, creating a supersaturation. As the
reaction approaches equilibrium and C starts to precipitate, the process path
turns toward point 2, where both reaction and solid–liquid equilibria are simul-
taneously satisfied. If the growth rate is slow relative to the mass transfer rate
(small NGr), supersaturation is consumed more slowly and the process path ven-
tures deeper into the saturation region of C. This leads a higher supersaturation
level during crystallization, eventually resulting in smaller crystals. Faster
growth rate (increasing NGr) causes the process path to turn quicker, leading to

Table 6.3: Regimes of operation and suggested changes for improving process performance.

Dominating step NDa,R NDa,D NDa,M NNu NGr Deviation from
desirable
crystallizer
performance

Operational
changes to
improve
performance

Reaction kinetics Low Low Low Low High Low crystal yield Increase
temperature,
batch time, and/
or reactant
concentration

Solid-to-liquid or
liquid-to-solid
mass transfer

High High High Low High Low crystal yield
for solid reactant
systems
Large
supersaturation,
leading to more
fines

Increase mixing
and/or batch
time
Decrease
reactant
concentration

Nucleation High Low Low High High Nucleation rate is
faster than
growth rate,
leading to a lot of
fines

Reduce reactant
concentration
and/or
temperature
Reduce
supersaturation
by improving
mixing

Crystal growth High Low Low Low Low Low growth rate
leading to small
crystal size and
low crystal yield

Increase batch
time
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lower supersaturation level and bigger crystals. In contrast, NNu characterizes
how the supersaturation generated by reaction translates to new nuclei. Faster
nucleation (increasing NNu) means generation of more nuclei, allowing supersat-
uration to be consumed more quickly, so that the process path turns quicker
and the supersaturation is maintained at a lower level. However, the presence of
more nuclei leads to smaller crystals as the crystallized mass has to be distrib-
uted over a higher number of particles. Therefore, the effect of NNu on the PSD is
opposite that of NGr. Note that although these effects are illustrated on the same
plots in Figure 6.10, in general, the impact of NNu on supersaturation and PSD is
not of the same magnitude as that of NGr. Furthermore, the actual shape of the
PSD, which depends on operating conditions such as cooling profile, reactant
addition rate, and so on may not be the same as those in the figure.

6.5 Polymorphic Crystallization

One of the most important issues in the development of crystallization processes for
active pharmaceutical ingredients (APIs) is to obtain the desired polymorph of the
product. Polymorphs are different crystalline structures of the same compound;
they are identical in chemical composition but have different molecular arrange-
ments in the crystal lattice. Polymorphs often exhibit markedly different physical
and chemical properties. For example, their solubility can be very different, affect-
ing the bioavailability and efficacy of a drug [194]. Polymorphs can have different
shapes ranging from spheres to needles, which, in turn, exert considerable influ-
ence on downstream processing steps such as filtration, washing, bulk solids han-
dling, and product formulation. Furthermore, finding all possible polymorphic
forms of a compound is a difficult task, and interconversion among polymorphs

Figure 6.10: Kinetic effects in reactive crystallization: (a) process paths, (b) particle size
distribution of the crystals.

190 6 Impact of Kinetics and Mass Transfer on Crystallization



may also occur during and after the manufacturing process. An example is
Ritonavir, an HIV drug discovered by Abbott Laboratories [195]. When it was intro-
duced in the market in 1998, many batches of its semisolid capsule formulation
failed the dissolution test. An investigation revealed a previously unknown,
thermodynamically more stable and less soluble crystalline form. Indeed, poly-
morphs are patentable as they are considered as distinct products. Therefore, se-
lecting the right polymorph for formulation and being able to produce it in a
consistent manner are exceedingly important in pharmaceutical processing.

6.5.1 SLE phase behavior of polymorphic systems

Polymorphic behavior also adds complexity to the phase diagram. Basically, each
polymorphic form has its own solubility curve (or surface). At any temperature, the
form with the lowest solubility is the most stable form. One possible relationship
between polymorphic forms is monotropic behavior, where one form is always more
stable than the other, as shown in Figure 6.11a. In this case, the entire solubility
curve of the stable form β is above that of the unstable form α on the phase dia-
gram. The other possibility is enantiotropic behavior, in which the solubility curves
cross at a transition temperature, as illustrated in Figure 6.11b. Above the transition
or crossover temperature, form α has lower solubility than form β, making it the
more stable form. Below the crossover temperature, form β is more stable. This
leads to the existence of two SLE regions for component A: that of form α above the
crossover temperature, and another of form β below the crossover temperature.

Figure 6.11: SLE phase diagram of a binary polymorphic system: (a) monotropic behavior and (b)
enantiotropic behavior.
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Similarly, the SLE phase diagram of a ternary system involving one component,
A, having two polymorphs, and two solvents, D and S, are shown in Figure 6.12. If
the two forms exhibit monotropic behavior, the solubility surface of one form lies
entirely below that of the other form. With enantiotropic behavior, the solubility
surfaces intersect at the crossover temperature. Note that the crossover temperature
is a property of the polymorphic system and does not depend on the solvent.

By also identifying the metastable limits where kinetically controlled crystallization
may occur, various crystallization regions can be identified on the phase diagram, as
shown in Figure 6.13 for a binary system. Component A has two polymorphic forms (α
and β), and the metastable limits are indicated by dash-dotted curves. If the system
exhibits monotropic behavior (Figure 6.13a), two crystallization regions can be identi-
fied. In region I (between the solubility curves of Aα and Aβ), only the more stable form
Aβ can crystallize out, as dictated by thermodynamics. In region II (below the solubility
curve of Aα but above the metastable limit of Aβ), both forms can crystallize out, but Aα

can only be crystallized under kinetically controlled conditions. Outside these two re-
gions, at least one form would spontaneously crystallize out (Aβ below the metastable
limit of Aβ, and both forms below the metastable limit of Aα), so it is not possible to
control the product form.

Figure 6.12: SLE phase diagram of a ternary polymorphic system: (a) monotropic behavior
and (b) enantiotropic behavior.
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More regions can be identified if the system exhibits enantiotropic behavior
(Figure 6.13b) instead. In region I, which is located below the solubility curve of Aα

but entirely above the unstable branch of the solubility curve of Aβ, thermodynam-
ics dictates that only Aα can crystallize out. Therefore, it is desirable to operate
within this region if Aα is the target product. On the other hand, only Aβ can crystal-
lize out in region III (below the solubility curve of Aβ but above the solubility curve
of Aα), making this the ideal operating region if Aβ is the desired product. Regions II
and IV are located within the metastable zone of both forms, so thermodynamically,
crystals of both forms can be obtained. With proper seeding, the desired form can
be preferentially crystallized out. For example, region II would be a good choice for
obtaining Aα if the temperature for operation in region I is considered too high.
Seeds of Aα can be introduced to induce the initial crystallization, or if Aα nucleates
faster than Aβ, an unseeded operation may also be suitable. Operation outside
these four regions, which is beyond the metastable limit of any form, is generally
undesirable due to spontaneous nucleation.

6.5.2 Process synthesis

In synthesizing a polymorphic crystallization process, it is important to understand
how the process path can affect the outcome of the process. Figure 6.14 shows the
SLE phase diagram of a binary system involving a compound A, which has two

Figure 6.13: Various crystallization regions on the SLE phase diagram of a binary polymorphic
system: (a) monotropic behavior and (b) enantiotropic behavior.
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polymorphic forms with enantiotropic behavior, and a solvent B. The solubility
curves are shown as thick curves, with dotted portions indicating the unstable
branches. The metastable limits are indicated by the dashed curve. Two process
paths with the same starting and ending points are considered.

Process path I begins with cooling of an unsaturated solution (point 1) and cools
down to point 2, at which it becomes saturated with form β. Further cooling would
bring the composition into the metastable region, where form β may not crystallize
out yet. If nucleation does not start until the composition goes below the metastable
limit of form α (thus entering the unstable region of this form), spontaneous crystal-
lization of form α would occur. As a result, the path would turn away from A as
crystallization proceeds. If the formed solids are quickly isolated before any trans-
formation to the more stable form β occurs, it is possible to obtain form α as the
product. Otherwise, if the mixture is left indefinitely, form β eventually crystallizes
out and the final solution composition would approach point 3 on the solubility
curve of form β.

A different scenario occurs when the process follows path II. If crystallization
of form β is initiated soon after the composition enters the metastable zone (e.g., by
introducing seeds of form β), the process path would immediately turn away from
A, closely following the solubility curve of form β. Since it never ventures below the
solubility curve of form α, thermodynamically, only form β can crystallize out of the
solution, and no form α would be present in the solids. The final solution composi-
tion would also be at point 3, but the obtained product is totally different compared
to process path I.

Figure 6.14: Process paths in polymorphic crystallization.
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Clearly, both thermodynamics and kinetics play important roles in designing a
crystallization process for obtaining the desired polymorphic form. By ensuring
that the process path stays within certain regions of the phase diagram, which are
bounded by saturation curves and metastable limits, the outcome of the crystalliza-
tion process can be controlled. To illustrate the application of this concept, a few
examples are presented.

Example 6.5 – Crystallization of p-aminobenzoic acid
Lin et al. [196] discussed the crystallization process of p-aminobenzoic acid (PABA), which was widely
used in sunscreens as UV filter before it was found to be responsible for some allergic reactions. PABA
has two polymorphic forms: the hexagonal form α and the needle-shaped form β. They exhibit enantio-
tropic behavior with a crossover temperature of 25 °C. Below this temperature, form β is the stable
polymorph. No solvate is formed when water is used as a solvent for crystallization. Figure 6.15 shows
a section of the phase diagram of PABA/water system, with temperature ranging from 0 to 50 °C. The
open circles and triangles represent the solubility data reported by Gracin and Rasmusson [197].

Figure 6.15: Solubility of PABA polymorphic forms.

With its focus on operation within region II (in Figure 6.13b), Figure 6.16 shows the effect of differ-
ent cooling rates on the outcome of the crystallization process. The cooling starts at 20 °C and ter-
minates at 5 °C, and no seeding is applied. The process paths are shown on the phase diagram
(Figure 6.16a), and the relative amount of forms α and β produced in each case are shown as func-
tions of time (Figure 6.16b).
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First, consider the process path under a very slow cooling rate, indicated as “Slow” in Figure 6.16a.
The faster nucleation rate of the unstable form α relative to the stable form β initially leads to the crys-
tallization of only form α, and the process path coincides with its solubility curve. Due to the instability
of form α in this temperature range, and the slow cooling rate, all the crystallized form α have redis-
solved before the temperature reaches 5 °C, and is followed by nucleation and growth of form β crys-
tals. Note that this is consistent with the so-called Ostwald’s rule of stages, which states that the least
stable polymorph would crystallize first, followed by recrystallization to the more thermodynamically
stable forms [198, 199]. As form α transforms to β, the process path gradually moves away from the α-
saturation curve towards the β-saturation curve. The final product consists of 100% form β.

Next, consider the process path under a fast cooling rate (marked as “Fast” in Figure 6.16a),
which quickly passes through the saturation curve of the unstable form α into the region in which
both forms are supersaturated. Since form α nucleates faster, it crystallizes first and provides
seeds for subsequent growth. The fast cooling rate does not allow enough time for the stable form
β to nucleate, and the process path stays close to the saturation curve of form α. By the time the
temperature reaches 5 °C, no crystals of form β has formed. By quickly separating the crystals from
the solution to prevent solvent-mediated transformation to the more stable form β, a product con-
sisting of 100% form α can be obtained.

With a moderate cooling rate, some (but not all) of the crystallized form α transform to form β by
the time the temperature reaches 5 °C. Thus, both forms are found in the final product. These re-
sults are consistent with the experimental observations of Gracin and Rasmusson [197]. Therefore,
controlling the cooling rate can be an effective means to controlling the polymorphic form of the
final product.

Figure 6.16: Effect of cooling rate on PABA crystallization [196]: (a) process paths and (b) amount of
solids versus time.
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Example 6.6(I) – Liquid crystal intermediate
A liquid crystal material, A, was to be recrystallized in solvent S as part of its manufacturing pro-
cess. Results of preliminary tests showed that crystals of different forms were obtained from crys-
tallization under different conditions. The desirable form was a crystalline powder, which could be
obtained with high yield from crystallization at a very low temperature (-20 °C or below). However,
highly thixotropic slurry was formed under some crystallization conditions, causing the mixture to
turn into a lump of solids, so that further agitation and cooling became impossible. In order to
scale up the process, it was desirable to identify suitable crystallization conditions so that the de-
sirable crystalline form could be consistently obtained.

Figure 6.17 shows a hypothesized SLE phase diagram for the binary system of A and S. The right
edge of the diagram represents the liquid crystal material in pure state, which, in general, can
exist as various phases or forms at different temperatures [200]. At very low temperatures, most
liquid crystal materials form a conventional crystal, which is the crystalline form. As temperature is
increased, a variety of phases can be observed, until, finally, an ordinary liquid, or isotropic phase
is reached. The most common phases are smectic, where the molecules form well-defined layers
that can slide over one another, and nematic, wherein the molecules have directional order but no
positional order, so that they have similar fluidity to that of the isotropic phase. Some liquid crystal
materials can also reach other phases such as columnar and helical microfilament, which are struc-
turally and morphologically different from each other [201]. Based on this understanding, the smec-
tic and crystalline forms can be considered as analogous to two polymorphic forms, with their own
solubility curves in the given solvent. Two different sets of experimental solubility data, shown as
triangles and squares on the phase diagram, also suggest the presence of two different solubility
curves. As the results of the preliminary tests suggest that the crystalline form is stable at low tem-
peratures, there should be a critical temperature below which the crystalline form becomes more
stable than the smectic form. Furthermore, based on results from additional crystallization tests,
the critical temperature is around 20 °C, as illustrated in Figure 6.17.

Figure 6.17: Conceptual binary SLE phase diagram of a liquid crystal material and a solvent.
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To come up with a suitable process to obtain the desired crystalline form, two process paths were
considered. Starting from a given feed in solution form (point F), cooling brings the process path
through the crystallization region of the smectic form. If cooling is done slowly, significant crystalli-
zation of the smectic form, which is thermodynamically more stable at higher temperatures, would
occur before the temperature reaches the critical temperature, as illustrated by process path I. As
the thixotropic behavior of the slurry prevents further cooling, it is not possible to reach the crystalli-
zation region of the crystalline form. In contrast, when cooling is performed quickly to reach a tem-
perature below the critical temperature before significant crystallization occurs (process path II), the
crystalline form can be obtained at low temperatures. Essentially, the fast cooling is an attempt to
bypass the smectic region, although in practice, some crystallization of the smectic form may be un-
avoidable. Once the mixture is successfully cooled below the crossover temperature, cooling can be
continued at a slower rate, until the desired final temperature is reached. The slow cooling in
this second step would also give enough time for the smectic form to be transformed into the crystal-
line form, which is more stable at low temperatures. This procedure was successfully verified in labo-
ratory scale, but implementation at a larger scale was challenging due to the need for intense
agitation during the initial cooling, in order to achieve a sufficiently high cooling rate.

Example 6.7(I) – Crystallization of the desired form
During scale-up of a generic drug preparation process that involved crystallization of compound A
from solvent S, some of the production batches had exceptionally small particle size and high re-
sidual solvent levels after drying [202]. The problem was traced to the formation of solvate crystals,
which lost the solvent during drying and were rapidly transformed to very small anhydrate crystals.
Therefore, it was desirable to identify a set of operating conditions such as temperature, cooling
rate, and solvent content, under which anhydrate crystals would be consistently obtained without
the contamination of solvate.

To begin, experiments were performed to determine the solubility of the anhydrate as well as the
solvate AS at different temperatures. Figure 6.18 shows an enlarged section of the binary SLE phase
diagram involving compound A and solvent S, with the experimental data marked as diamonds (anhy-
drate) and squares (solvate). Note that although this is not a polymorphic system, the intersection

Figure 6.18: SLE phase diagram of drug compound A in solvent S.

198 6 Impact of Kinetics and Mass Transfer on Crystallization



between the two solubility curves resembles that of a polymorphic system with enantiotropic behav-
ior, so that strategies for polymorphic system were similarly applied to this problem. The two solubil-
ity curves intersect at the incongruent melting point of AS, which was estimated to be about 50 °C
(based on other evidence from existing production data). Above this temperature, the anhydrate is
the more stable form that can be obtained at equilibrium conditions. On the other hand, operating at
equilibrium below 50 °C would give solvate crystals as the product.

In order to design a kinetically controlled crystallization process, information such as metastable
limits and relative crystallization rates of the two forms are needed. However, since detailed measure-
ments would involve elaborate experiments, results from several previous trial runs were used to quali-
tatively approximate the metastable limits for both A and AS. In one of the trial runs, crude A was
mixed with solvent S and heated at 92 °C, until A was completely dissolved. Some solvent was then
removed by evaporation at the same temperature, and followed by cooling crystallization and filtration
to isolate the solids. Crystals were sampled at various points during the process, and the solvate con-
tent in the crystals was determined by gravimetry. The results are summarized in Table 6.4.

Figure 6.19a depicts the process paths of this trial run on the phase diagram. Starting from an un-
saturated solution with a composition given by point 1, the process began with evaporation of

Table 6.4: Solvate content in various samples taken during a trial run.

Sample Description Solvate in solids, %

 End of evaporation,  °C 

 After cooling to  °C 

 After cooling to . °C 

 After stirring for  hrs at . °C 

 After stirring for  hrs at . °C 

Figure 6.19: Illustration of composition changes during the drug crystallization process: (a) trial
run and (b) recommended recipe.
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about 50% of the solvent, causing the composition to move from point 1 to point 2, located deep
inside the two-phase region. As is evident from the analysis results of sample 1, crystals of both A
and AS appeared after such an operation, suggesting that point 2 must be located beyond the
metastable limit of both forms. Crystallization of the solids shifted the liquid composition to point
3. During the cooling process, the solids became richer in the anhydrate, as indicated by the analy-
sis results of samples 2 and 3. Therefore, point 3 must be located inside the metastable region of
the anhydrate but outside the saturation region of AS (that is, between the solubility curves of A
and AS), so that only the anhydrate could crystallize out during cooling while most of the already
formed solvate crystals were redissolved. As a result, the solution composition stayed close to the
solubility curve of A, reaching point 4 at the end of cooling. Finally, as the mixture was kept at
22.5 °C, the solution composition shifted to point 4’, as the anhydrous form was transformed into
the more stable solvate, as suggested by the analysis results of samples 4 and 5.

Based on an understanding of the phase diagram, a recipe was proposed to consistently obtain
the anhydrate. The corresponding process path is shown in Figure 6.19b. The first part of the recipe
follows the same procedure as the trial run, as the analysis results of sample 3 indicate that crys-
tals consisting mostly of the anhydrous form can be obtained using this procedure. However, to
ensure that only the anhydrate form is obtained, the end of cooling (point 4) should be kept slightly
above the incongruent melting temperature (50 °C), and enough time should be allowed for the
mixture to reach equilibrium (point 4’). This would cause all the solvate generated during evapora-
tion to dissolve and recrystallize in the form of anhydrate. The recipe also calls for a second cooling
step to point 5 to achieve a higher yield, followed by immediate filtration of the solids to prevent
the anhydrate from converting to the solvate. The recipe was implemented during another trial run,
during which a product with low solvate content was successfully obtained.

Example 6.8 – Process alternatives for crystallization of a drug
MK-A, a development compound at Merck, has four polymorphs A, B, C, and E, and is capable of
forming hydrates and solvates [203]. Some of the stability relationships among the various poly-
morphs and hydrates are summarized in the diagram shown in Figure 6.20. Form B is monotropic
with respect to both form A and form C, and it is comparatively less stable. Forms A and C are enan-
tiotropic, with a crossover temperature of 21 °C. A is the stable form above this temperature. Form
E can only be obtained by drying the solvate formed when MK-A is crystallized in N-methyl pyrroli-
dinone (NMP) as solvent, which is why it is not included in the diagram. When water is used as a
solvent, two hydrates are formed between MK-A and water: a hemihydrate (HH) and a dihydrate
(DH), with a transition temperature of 31 °C. Also, it is known that the DH readily dehydrates to
anhydrous polymorph A when the relative humidity is below 60%.

Figure 6.20: Stability relationship between various polymorphs and hydrates of MK-A.
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In the last synthesis step of MK-A, a mixture of form C and HH solids (semipure) are obtained. It
is desired to develop a strategy for synthesizing form A, the desired polymorphic form, from the
semipure solid above the crossover temperature (21 °C). A second solvent is added to increase the
degree of freedom of the system. Isopropyl acetate is chosen, since its azeotrope with water helps
facilitate solvent removal by distillation. In addition, unlike water and NMP, isopropyl acetate does
not form solvate with MK-A. Based on the stability information, a sketch of the ternary phase dia-
gram as shown in Figure 6.21 can be developed. The solubility surfaces of A and C cross at 21 °C,
while that of B lies below both surfaces. The solubility surfaces for the HH and DH extend from the
MK-A/water side into the interior of the prism, but they do not reach the MK-A/isopropyl acetate
side, because a hydrate cannot form without the presence of water. A polythermal projection show-
ing the various crystallization compartments including those of thermodynamically stable poly-
morphs is shown on the triangular base.

Since the objective is to get form A, the process path has to include movements that would bring
the composition into the compartment of form A. The starting point is a wet cake of form C and HH
at temperature T1 (indicated by point 1). There are two possible ways to get from point 1 to the de-
sired region: either remove water and then add isopropyl acetate, or add isopropyl acetate first,
and then remove water. In the first alternative, removing water by drying moves point 1 to point 2,
which is close to the MK-A vertex but still contains a small amount of water. As the HH would give form
C as it releases water (Figure 6.20), this solid product would be rich in form C. Since transformation to

Figure 6.21: Process paths for crystallizing form A of MK-A [196].
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form A is unlikely under such a dry condition, isopropyl acetate is added to the system so that point 2
moves to point 3. The ratio of the added isopropyl acetate to the remaining water determines the loca-
tion of point 3, which must stay within the compartment of form A to prevent the formation of hydrates.
At point 3, suspended form C crystals undergo solvent-mediated transformation to form A, which is the
most stable form at this temperature. With the resulting crystals of form A acting as seeds, cooling of
this solution produces more form A, as represented by the movement from point 3 to point 4.

In the second alternative, the addition of isopropyl acetate to the wet cake moves point 1 to
point 2’ in the unsaturated region (above the saturation surfaces). Then, water is removed by distil-
lation (as an azeotrope with isopropyl acetate), resulting in a composition inside the compartment
of form A, such as point 3. Just like in the first alternative, solvent mediated transformation fol-
lowed by cooling would produce pure form A.

This example illustrates that the knowledge of the SLE phase behavior, even if it is just a sketch,
can help guide the selection of movements in the right direction. The phase diagram serves as a
map, which makes it possible to locate the origin and destination, and then figure out the possible
routes to reach the destination.

6.6 Summary

Phase diagram is a tool that allows the visualization of solid–liquid equilibrium
phase behavior. Movements in phase diagram lead to conceptual design of crystalli-
zation-based separation processes. However, a component may not crystallize out
even when the composition is located inside its thermodynamic crystallization re-
gion because of nucleation and growth kinetics. This chapter shows how phase dia-
grams illustrating metastable zones and crystal forms with different stability can be
used to capture such effects. Other kinetic effects such as heat and mass transfer
and reaction kinetics can be accounted for, with various dimensionless numbers.
Also, techniques have been developed to overcome kinetic effects. For example,
seeding with the desired polymorph can help, but information on the solubility and
stability relationship between different forms is necessary to facilitate the develop-
ment of the seeding process [204]. As seen in the examples, this understanding can
be qualitative or semi-quantitative. While more quantitative information such as
the exact width of the metastable zone, nucleation and growth rates as functions of
supersaturation, and so on may be useful for more detailed design, conceptual de-
sign of the process can still proceed in their absence. The effects of crystallization
kinetics on PSD, impurities, and so on are discussed next, in chapter 7.

Exercises

6.1.Maia and Giulietti [205] reported that the solubility of acetylsalicylic acid (aspirin)
in ethanol in the temperature range of 276–337 K can be adequately represented by:
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log x = 27.769 –
2500.906

T
– 8.323 log T (6.9)

where x is solubility in mole fraction and T is temperature in K. The molecular
weights of aspirin and ethanol are 180.16 and 46.07 g/mol, respectively.
a. If 150 g of a solution containing 40 wt% aspirin in ethanol is cooled down to 25 °C

and 35 g of aspirin crystallizes out, what is the final supersaturation (in g aspirin/g
ethanol)?

b. What is the final degree of supercooling?

6.2. An organic compound is to be crystallized from a solution containing an impu-
rity. The growth rate of the crystals in the presence of the impurity is measured at
the same degree of supersaturation, and compared to the growth rate in a clean so-
lution (with no impurity). The results are summarized below.

Impurity concentration (%)     

Growth rate (μm/min) . . . . .

Determine the suitable parameter values to fit the data, using the correlation pro-
posed by Kubota and Mullin (eq. (6.8)).

6.3. Preferential crystallization can be an attractive alternative for separating a mixture
of diastereomeric salts, which features asymmetric phase behavior as shown in
Figure 6.22, particularly if temperature swing does not significantly shift the double sat-
uration point. Sketch the process flowsheet for separating (S)-A ·(S)-B and (R)-A ·(S)-B
from their racemic mixture (M) using preferential crystallization, and draw the corre-
sponding process paths on the phase diagram.

Figure 6.22: SLE phase diagram of a diastereomeric salt system in a solvent (problem 6.3).
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6.4. Suppose that a continuous preferential crystallization process to separate D-
and L-threonine is to be designed based on the results shown in Figure 6.6
(Example 6.2). Specifically, the crystallizers are to be operated at 33 °C, and the lo-
cation of point 2 is assumed to correspond to the maximum yield of pure L-Thr sug-
gested by the experimental data, as shown in Figure 6.23. It is further assumed that
the preferential crystallization using seeds of D-Thr behaves in a symmetrical man-
ner, so the location of point 4 is chosen correspondingly, as indicated in the dia-
gram. In such a continuous operation, seeds are only introduced at the beginning
of the operation (no more seed is introduced at steady state).

a. If the racemic mixture M is fed to both crystallizers at a flow rate of 100 kg/h
each, how many kg/h of L-Thr and D-Thr products will be obtained?

b. What is the flow rate of the first crystallizer feed (stream 1)?
c. What is the per-pass crystallization yield of L-Thr in the first crystallizer?

6.5. Based on the idea of asymmetric transformation illustrated in Figure 6.8, describe
an ideal batch process to obtain pure S enantiomer from a racemic mixture of R and S
with a very high recovery (theoretically 100%), and sketch the corresponding process
path on an SLE phase diagram. Assume that the reaction rate at the selected crystalli-
zation temperature is much faster than the crystallization rate, similar to case iii(b).

Hint: The process should consist of several steps, with the final mixture from
the last step having the same composition as the fresh feed for the next batch.

Figure 6.23: Preferential crystallization process to separate D- and L-threonine (problem 6.4).
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6.6. Component A has two polymorphic forms: α and β. The SLE phase diagram of a
binary system involving A and a solvent S is given in Figure 6.24. Two process
paths (I and II) are indicated on the diagram, representing different scenarios that
can occur during cooling of a feed mixture (point 1).

a. Describe the possible scenarios that would result in Path I and Path II, includ-
ing which form(s) crystallizes out during cooling and whether the crystalliza-
tion occurs spontaneously or seeding is needed.

b. What can be done to obtain form α as the final product?

6.7. Batra et al. [206] discussed the development of the crystallization process of
treprostinil diethanolamine salt, which is a drug for lung disease. Two polymorphic
forms were observed: form A (crystalline, melting point 103–104 °C) and form B
(crystalline, melting point 106–108 °C). Both forms readily dissolve in water with
solubility greater than 500 mg/mL at neutral pH. From the available information,
there is no change of the relative stability of the two forms at any temperature, that
is, one form is always more stable than the other.
a. From the melting point information, which is the more stable form, A or B?
b. Does the system exhibit monotropic or enantiotropic behavior?
c. Sketch the binary SLE phase diagram (temperature vs. composition) involving

the two polymorphic forms and water.

Figure 6.24: Two process paths in crystallization of component A (problem 6.6).
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6.8. The thermodynamic stability and transformation behavior of the polymorphs
and solvates of a thiazole-derivative (BPT) in methanol/water solvent system
have been reported by Kitamura [207]. There are four forms of BPT: two polymor-
phic forms (A and C), a monohydrate (BH), and a methanolate (solvate with
methanol, D). Analysis of pure samples of the four forms by DSC and TGA gives
the following results:

Form DSC curve TGA results

A Single endothermic peak around  K Weight loss above  K

C Endothermic peak around  K, followed
by a small exothermic peak and another
endothermic peak around  K

Weight loss above  K (same as A)

BH Endothermic peak around  K in addition
to the peaks observed in C

Weight loss of .% (consistent with a molar
ratio of water: BPT=:) at  K, then same
trend as A and C

D Endothermic peak around  K in addition
to the peaks observed in C

Weight loss of .% (consistent with a molar
ratio of MeOH : BPT=:) at  K, then same
trend as A and C

Therefore, it is concluded that form A is the most stable form at higher tempera-
tures. Furthermore, the solubility of the forms is determined by adding an excess
amount of each form to a water-methanol mixture with various methanol volume
fraction in the solvent (VMeOH) and measuring the concentration at 323 K. The fol-
lowing observations have been made:
– Solubility increases significantly with VMeOH (water is an anti-solvent)
– Form C has a lower solubility than form A over the entire range of solvent com-

positions studied, implying that form C is the most stable form at 323 K.
– At high methanol content (VMeOH=0.95), all forms transformed to form D.
– At VMeOH between 0.7 and 0.8, all forms eventually transformed to form C.
– At VMeOH=0.5, forms A and D transformed to form BH (which is believed to be

metastable), while form C did not undergo any transformation.

Based on the information:
a. Provide a sketch of the three-dimensional T-x diagram of BPT/water/methanol

system, featuring the solubility surfaces of forms A, BH, C, and D.
Hint: First think about how each side of the prism should look like, then fill in
the interior.

b. Show a sketch of the isothermal cut at 323 K.
c. Starting from a solution of form C in methanol, synthesize a possible process to

obtain crystals of form A.
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7 Management of Particle Size Distribution
and Impurities in Crystallization Processes

7.1 Crystallizer Model

Particle size distribution (PSD) and product purity are among the most important
attributes of a solid product. After synthesizing a process to crystallize out the de-
sired product, additional considerations must be taken to ensure that the solid
product has the desirable PSD and meets the purity specifications. The PSD in a
crystallizer is controlled by the nucleation and growth rates during crystallization,
which in turn are affected by the supersaturation in the crystallizer. Impurity incor-
poration into the product crystals generally depends on the growth rate and is often
affected by the PSD. Therefore, in order to manage the PSD and impurities in a crys-
tallization process, it is imperative to consider supersaturation, nucleation rate,
and growth rate in the crystallizer. Such an analysis can be performed quantita-
tively with the help of a crystallizer model.

7.1.1 Population balance

Population balance equations (PBE) are needed to track the PSD during the crystal-
lization process so that the effect of various factors on the PSD can be quantified. In
this approach, the PSD is mathematically defined in terms of population density, n
[no/m4], which is a continuous function of particle size. The integral of this function
over a small size segment dL gives the number of particles of size between L and
L+dL per unit volume or mass of slurry, N [no/m3]. A basic population balance for
particles of size L in a well-mixed crystallizer can be written as

accumulation of

crystals of size L

over timeΔt
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Vnjt +ΔtΔL−VnjtΔL= QinninΔLΔt − QoutnoutΔLΔt + VGnjLΔt − VGnjL+ΔLΔt
ð7:1Þ

https://doi.org/10.1515/9781501519901-007

https://doi.org/10.1515/9781501519901-007


where G is the crystal growth rate [m/s], V is crystallizer volume [m3], and Q is volu-
metric flow rate [m3/s]. After dividing by ΔLΔt and taking the limit of both ΔL and Δt
to zero, the equation can be cast in the form of a differential equation,

∂ nVð Þ
∂t

+V
∂ Gnð Þ
∂L

=Qinnin −Qoutnout (7:2)

There are two boundary conditions. The first one states that the PSD at t = 0 is
equal to an initial PSD (which is equal to the PSD of the seeds or zero for unseeded
crystallization),

n L,0ð Þ= n0 Lð Þ (7:3)

The second boundary condition introduces the nucleation rate, B [no/m3.s], as the
generation term for particles of zero size,

B= dN
dt L=0

=dN
dL L=0

· dL
dt










 (7:4)

By definition, dN/dL is the population density (n) and dL/dt is the growth rate (G).
Therefore, eq. (7.4) gives

n 0, tð Þ=B G= (7:5)

Note that eq. (7.2) can also be written on the basis of slurry mass instead of volume,
with V replaced by slurry mass M [kg], Q replaced by mass flow rate F [kg/s], and
the units of n and B changed to no/m.kg and no/kg.s, respectively. Equation (7.2)
can also be simplified into an equation for batch crystallization by setting the right-
hand side to zero or into an equation for continuous crystallization at steady state
by setting the accumulation term (∂(nV)/∂t) to zero.

The ideal case for a continuous crystallizer is the mixed suspension mixed
product removal (MSMPR) crystallizer in which the slurry is assumed to be perfectly
mixed and homogeneous throughout the crystallizer. For an MSMPR crystallizer
with no solids in the inlet stream and a growth rate that is independent of crystal
size, eq. (7.2) simplifies to

G
dn
dL

= Qout

V
n (7:6)

Using the boundary condition given in eq. (7.5), this equation can be integrated to
give an analytical expression for n(L),

n Lð Þ= B
G
exp −

QoutL
GV

� �
(7:7)

This expression shows that the PSD depends on the residence time (V/Qout) as well
as supersaturation, which determines the values of B and G.
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The MSMPR model is often inadequate to describe an actual crystallizer, which
is often purposely designed not to be well-mixed in order to obtain a desirable PSD.
Two of the most common mechanisms featured in industrial crystallizers are re-
moval and dissolution of fine particles and selective withdrawal of larger crystals.
To describe those crystallizers, a generic model that includes fines dissolution and
product classification can be used instead [208]. The population balance for this ge-
neric crystallizer is written as

VG
dn
dL

+ZQpn+ R− 1ð ÞQpn 1−H L− Lf
� �� 	

=Qfnf + Z − 1ð ÞQpn 1−H L− Lcð Þ½ � (7:8)

where the Heaviside function H is defined as

H L− xð Þ= 0

L

if L< x

if L≥ x

(
(7:9)

The explanation for the notations and the correspondence between the model and a
draft-tube baffle crystallizer, which is one of the most commonly used crystallizers
in commercial processes, is shown in Figure 7.1.

In this model, R and Z are proportional to the circulation flow rates through the
heat exchanger and the elutriation leg, respectively, in the crystallizer. However,
because classification of particles in the actual crystallizer is not as clear-cut as as-
sumed in the model, R and Z should be viewed as parameters rather than actual
proportionality constants. The cut sizes, Lf and Lc, are also parameters, the values
of which depend on the crystallizer design. For example, Lc would depend on the
diameter of the elutriation leg as well as the circulation flow rate.

Figure 7.1: A generic crystallizer model and the correspondence to a draft tube baffle crystallizer in
Figure 7.9b.
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7.1.2 Solutions of population balance equations

To calculate the supersaturation and PSD in the crystallizer, the population balance
equations must be coupled with the mass balance of the liquid side. This can be
conveniently done using the method of moments [209]. The i-th moment of a distri-
bution is defined as

Mi =
ð∞
0

n Lð ÞLidL (7:10)

The most commonly used moments and their physical significance are summarized
in Table 7.1. The surface factor ka and volume factor kv are defined to allow the use
of a characteristic length L to represent the particle size for irregular-shaped par-
ticles. For example,

ka =
particle surface area

L2
(7:11)

kv =
particle volume

L3
(7:12)

Using these definitions, ka = 6 and kv = 1 for cube-shaped particles with the side of
the cube as the characteristic length. For spherical particles with the diameter as
the characteristic length, ka = π and kv = π/6.

The link between the mass balances of the solid and liquid sides is made by
equating the mass of solute leaving the liquid side and the mass of solids formed.
For batch crystallizers,

V
dcA
dt

= −V
dMT

dt
(7:13)

where cA is the solute concentration and MT is the magma density, which is related
to the third moment,

Table 7.1: Physical significance of moments.

Moment Formula Significance

Zeroth M0 =
ð
n Lð ÞdL Total number of particles per unit volume

First M1 =
ð
n Lð ÞLdL Total length of particles per unit volume

Second kaM2 = ka

ð
n Lð ÞL2dL Total surface area of particles per unit volume

Third kvM3 = kv

ð
n Lð ÞL3dL Total volume of particles per unit volume
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MT = ρSkv
ð
n Lð ÞL3dL (7:14)

where ρS is the true density of the solids. The PSD can also be represented as a
mass-based differential distribution, which is obtained by multiplying the popula-
tion density with the mass of each particle,

W Lð Þ= ρSkvn Lð ÞL3 (7:15)

Using this representation, the magma density, which is the total mass of particles
of all sizes per unit volume, is simply given by

MT =
ð
W Lð ÞdL (7:16)

7.2 Particle Size Distribution Management

There are various factors that control the PSD, the most dominant ones being nucle-
ation and crystal growth, as implied by the basic PBE (eqs. (7.2), (7.3), and (7.5)).
Primary nucleation and crystal growth depend on the supersaturation level in the
solution, while secondary nucleation mainly depends on magma density (the mass
of crystals per unit volume of slurry). There are other phenomena that can affect
the PSD, such as agglomeration and breakage, Ostwald ripening (very small par-
ticles may dissolve and deposit on larger particles to minimize surface area), and
growth dispersion (crystals of the same size grow at different rates because of differ-
ent structures or different environments in the crystallizer). Additional terms can be
added to the PBE to quantitatively account for those mechanisms [210, 211].

7.2.1 PSD manipulation in batch crystallization

A batch crystallizer usually takes a simple design – an agitated vessel equipped with
a jacket or a coil and it is often a multipurpose unit used for different products.
Additional accessories such as a forced circulation line or a draft tube may be added
to assist mixing [212]. The key to a successful batch crystallization process often de-
pends on the profile of supersaturation generation rate (either by cooling, evapora-
tion, MSA or reactant addition, or combinations thereof). For example, in batch
cooling crystallization, to go from the same initial to final temperatures in the same
period of time, different temperature profiles can be applied, such as natural, linear,
and stepwise linear (slower at the beginning and faster later), as illustrated in
Figure 7.2a. The applied profile determines how the saturation condition (solubility)
changes with time. Meanwhile, nucleation and growth rates determine how the
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actual solution concentration changes with time. A typical profile features a slow de-
crease in the beginning as nucleation begins to occur, followed by a faster drop as
more crystals are formed, before a final slowdown as the solution concentration ap-
proaches equilibrium, as illustrated in Figure 7.2b. The difference between the actual
solution concentration and solubility gives the supersaturation profile, which typi-
cally peaks near the beginning and later diminishes towards equilibrium. The super-
saturation profile, in turn, affects the outcome of the process, such as PSD and
impurity content. Besides supersaturation generation rate, the addition of seeds at
the appropriate time can greatly influence the supersaturation profile in a batch crys-
tallization operation.

In batch crystallization, the product PSD is mainly controlled by the supersatu-
ration profile over the course of crystallization as well as by its spatial distribution
in the crystallizer. Hence, there are two types of actions to improve product quality
and avoid PSD-related problems. The first type includes operation-related issues
such as choosing a suitable operating profile (the time variation of cooling, evapo-
ration, or anti-solvent addition rate, or reactant addition rate) and proper seeding
policy. The second type is equipment-related which involves the proper design of
the crystallizer, such as maintaining good circulation, distributing anti-solvent or
reactant over several inlet points to avoid high local supersaturation, and minimiz-
ing “cold spots” and areas of high shear in the vessel.

As mentioned, the profile of supersaturation generation rate (cooling profile in
cooling crystallization, evaporation profile in evaporative crystallization, anti-solvent
addition profile in drowning-out crystallization, or reactant addition profile) in reac-
tive crystallization determines the solubility versus time relationship. The supersatu-
ration profile can be controlled by selecting a suitable profile. Normally, excessive

Figure 7.2: Temperature and concentration profiles in batch cooling crystallization: (a) three typical
temperature profiles and (b) typical concentration profile for linear cooling.
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supersaturation at the beginning should be avoided as it can lead to excessive and
uncontrollable nucleation.

Seeding can have a more pronounced effect on supersaturation profile com-
pared to controlling the operating profile. This is because the presence of seed par-
ticles minimizes primary nucleation by providing surface area for growth and also
provides a template for the final product PSD. Using the right amount of seed with
the right size is very important. If the amount is not enough, primary nucleation
may still occur, often resulting in a bimodal PSD, with one peak corresponding to
the growing seed particles and another corresponding to the newly generated par-
ticles. Adding too much seed is of course undesirable from an economic point of
view and it can also lead to final particles that are too small. If there is no nucle-
ation, the relationship between the size and the mass of the seed and the desired
size of the product is given by a simple equation based on mass balance [157]:

mS

mP
= LS

LP

� �3
(7:17)

where mS is the mass of seed added, mP is the mass of product crystals at maximum
theoretical yield, LS is the size of seed added, and LP is the target size of product
crystals. Mersmann [30] proposed a more detailed expression for the required seed
mass in case of diffusion-controlled growth and constant cooling rate,

mS = −
2kv
ka

dc*

dT

� �
msolv

_TLS
Gmax

1+ GmaxΔTmax

2 _TLS

� �− 2
(7:18)

where ka and kv are shape factors, msolv is the solvent mass, _T is the cooling rate,
Gmax is the maximum growth rate, and ΔTmax is the metastable zone width. Kubota
et al. [213] empirically determined the critical seed loading to guarantee a unimodal
distribution of final products over a wide range of supersaturation generation rates.
Other aspects of seeding pertinent to the control of a crystallization process have
been reviewed by Yu et al. [214].

A workflow to guide the decision making for seeding application in batch crys-
tallization has been developed [215, 216]. At the center of the workflow are two
causal tables which summarize the qualitative relationships between kinetic phe-
nomena and product attributes (Table 7.2) and between seed qualities/seeding prac-
tice and kinetic phenomena (Table 7.3). The row headings represent causes and the
column headings are effects. A plus sign (+) indicates that if the entity shown in the
row heading is increased, the entity in the column heading is enhanced, while a
minus sign (–) indicates the opposite relationship. For example, Table 7.2 suggests
that increasing nucleation leads to product crystals with smaller mean size, wider
or bimodal distribution, and increased impurity level. Since Table 7.3 indicates that
increasing seed mean size enhances nucleation, one way to minimize nucleation
would be to use seeds of smaller size. Similarly, since seed mass affects nucleation
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Table 7.2: Qualitative relationships between kinetic phenomena and product attributes (after [215]).

Kinetic Product attribute Batch
phenomenon

Mean
size

Narrow & unimodal
size distribution

Impurity
level

Fraction of desired
polymorph/enantiomer

reproducibility
or scalability

Nucleation – – + Of desired form + –

Of undesired form –

Growth +  + Of desired form + +

Of undesired form –

Dissolution – + – Of desired form – –

Of undesired form +

Agglomeration + – +  –

Attrition/
breakage

– – –  –

Table 7.3: Qualitative relationship between seed qualities/seeding practice and kinetic
phenomena (after [215]).

Seed quality or seeding
practice

Super-
saturation

Kinetic phenomenon

Nucleation Growth Dissolution Agglomeration Attrition/
breakage

Mean size + + + – – +

Size distribution
(width/standard
deviation)

! ! ! ! ! !

Mass – – – – +/– (a) +

Lattice stress/strain + + – + + 

Degree of
supersaturation when
seeds are introduced

+ + + – + 

(a) ‘+’ when small seed crystals are used, ‘–’ if large seed crystals are used.
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in a negative way, introducing more seeds can be an effective way for reducing nu-
cleation. Zero (0) indicates that there is no direct relationship, while an exclamation
mark (!) indicates that the relationship cannot be determined unless more informa-
tion is available. While the causal tables do not provide a quantitative prediction
and may not be valid for a particular system, these guidelines can help minimize
experimental efforts by pointing to the right direction.

Apart from controlling the supersaturation profile, physical means are some-
times used to affect the PSD during crystallization. For example, when the target is
to obtain small crystals but it is not desirable to operate at high supersaturation,
the application of ultrasound helps to break up the crystals without any adverse
effects on the crystal quality [155].

Example 7.1(I) – Batch crystallization of an active pharmaceutical ingredient (API)
A pharmaceutical company was developing a process for manufacturing an API by a batch reaction,
followed by crystallization of the API by cooling to 0 °C. The obtained product was highly pure but
the crystals had undesirable product attributes, such as small mean size, bimodal PSD, and low
bulk density. The company would like to fix the crystallization process to produce acceptable mate-
rials without any need for reprocessing.

To find out the best operating conditions to produce crystals with the target attributes, the crys-
tallizer operation was linked to product attributes via population balance modeling. The model fol-
lowed the change in crystal PSD and API concentration in the solution during the cooling process,
accounting for nucleation and growth kinetics. Relevant thermodynamic information, including the
solubility of the API in the solvent as a function of temperature, was also obtained to allow the
calculation of the supersaturation profile by comparing the API concentration to its solubility. The
values of the kinetic parameters were tuned to match the available PSD data from different runs.
Although it was impossible to perfectly match the actual PSD because the simplified model did not
account for complexities such as breakage, agglomeration, or ripening, the overall trends could be
captured. Table 7.4 summarizes the modeling results for three runs with different cooling profiles.
Plots of the cooling profile, calculated supersaturation profile, and the final PSD for the three runs
are shown in Figure 7.3.

Table 7.4: Cooling profile and final PSD from three different runs.

Run Cooling profile Particle size distribution

Mean (μm) d (μm) d (μm) d (μm)

  °C →  °C at  °C/min . . . .
  °C →  °C at . °C/min,  °C →  °C at

. °C/min
. . . .

  °C →  °C at . °C/min,  °C →  °C at
. °C/min

. . . .

7.2 Particle Size Distribution Management 215



The results suggest that slow growth leads to supersaturation build-up and nucleation is much
faster than growth at high Δc, resulting in a wide PSD. At the fastest cooling rate (run 1), the super-
saturation quickly builds up and reaches a large peak before significant crystallization occurs and
relieves the supersaturation. As a result, the final PSD features a peak at 15 μm and the mean size
is only 44.1 μm. A slower initial cooling rate (run 2) results in a lower maximum supersaturation
and the mean size increases to 66.4 μm. The cooling rate is increased after the temperature of the
mixture reaches 60 °C when some crystals have been formed to provide growth sites. But appar-
ently the amount is not enough, so the faster cooling rate leads to a further increase in supersatu-
ration beyond the transition point at about 90 min. In run 3, the initial cooling rate is almost the
same but the increase in cooling rate occurs much later, and by that time the supersaturation has
already passed its peak. The transition to the faster cooling rate still produces a small second peak
but it is almost unnoticeable. This cooling rate results in a lower maximum supersaturation com-
pared to run 2 and a further increase in mean size to 73.4 μm.

The overall trend is clear: when the maximum supersaturation decreases, bigger particles are
produced. To minimize the supersaturation, it was suggested to use a slow initial cooling rate and
delay the transition to the faster cooling rate so as to provide more time for crystal growth to con-
sume the supersaturation. Once the supersaturation has passed its peak, a faster cooling rate can
be used since it will not have much of an effect on the final PSD. Another idea was to introduce
seeds to provide growth sites and lower the maximum supersaturation during the initial cooling
period. The results from one of the trial runs indicated the effectiveness of seeding to obtain bigger
particles. However, it is important to use seeds of the right amount and PSD to avoid generating a
bimodal distribution.

Figure 7.4 shows the effect of seed amount on the final PSD based on simulation results. Seeds
with a unimodal distribution and mean size of 10 μm are used and a cooling profile with a slightly
faster rate compared to Run 2 is implemented. The results indicate that bigger particles with nar-
rower distribution are obtained by introducing seeds. With more seeds, a larger area becomes
available for crystal growth, allowing the supersaturation to be consumed quicker, thus lowering
the maximum supersaturation achieved during crystallization. However, a larger amount of seeds
also implies that the crystallized material is distributed over a larger number of crystals, resulting
in a reduction in mean particle size of the product.

Figure 7.3: Cooling profile, supersaturation profile, and final PSD for three different runs.
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The effect of seed size is illustrated in Figure 7.5. With the same amount of seeds (1 wt%), smaller
seeds (5 μm mean size) produce a more uniform PSD despite a smaller mean size of the product
due to the larger number of particles. On the other hand, when using seeds of 20 μm mean size, a
bimodal PSD is obtained. The first peak at larger particle size is attributable to the growing seed
particles during the entire run, while the second peak at smaller particle size is caused by the
newly formed particles during a spike in supersaturation when a faster cooling rate is applied. As
shown in the zoomed section of the supersaturation profile, the maximum supersaturation
achieved during the spike is higher for seeds with larger mean size.

Figure 7.4: Effect of seed amount on the final PSD.

Figure 7.5: Effect of seed size on the final PSD.
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Example 7.2(I) – Production of an organic acid by reactive crystallization
An organic acid R was produced from an anhydride P using a catalytic batch process which involves
two liquid phase reactions promoted by two catalysts: P+H2O → Q (hydration; catalyst A) and Q → R
(isomerization; catalyst B). Since R is sparingly soluble in water, it crystallizes from the solution.
The final product is in the form of a fine white powder, smaller than 40 mesh in size. Depending on
the market demand, products of different sizes need to be made. The desired product is obtained
by screening and the off-spec powder is sold as a lower grade product. Therefore, it is desirable to
control the PSD of the crystallizer output such that the production of the desirable size is
maximized.

In a typical batch, pure water and catalyst A are fed into the vessel. Next, solid P, catalyst B, and
water are added at constant flow rates at 72 °C. After completing the addition process, the reaction
mixture is cooled to 40 °C. To evaluate the effect of different operating procedures on the PSD, a
model of the batch crystallizer consisting of both mass and population balances was developed.
Based on an analysis of reaction kinetic data, it was concluded that dissolution of P and hydration
reaction are very fast, so that Q is formed instantaneously once P is introduced. The rate of the
isomerization reaction can be expressed as

−
d½Q�
dt

= kr ½Q�½cat−B� (7:19)

where kr is the reaction rate constant which has an Arrhenius-type temperature dependence. The
values of reaction kinetic parameters as well as those of crystallization kinetic parameters were
estimated based on a comparison of the model results with available data.

Five cases as summarized in Table 7.5 were simulated using the model. The reactant addition
rate is varied while keeping the cooling rate constant in cases 1, 2, and 3, while cases 4 and 5
focus on the effect of cooling rate with the same reactant addition rate. The temperature, liquid
holdup, and calculated supersaturation profiles are shown in Figure 7.6.

It can be seen that supersaturation peaks very early due to the generation of R by reaction and then
diminishes as R crystallizes out. Faster reactant addition leads to an earlier peak with higher maxi-
mum value as shown in the zoomed section showing the supersaturation profile in the first 20 mins.
After the peak, the supersaturation approaches a steady value as the reactant addition rate balances
the crystallization rate. During the cooling period, the supersaturation quickly drops in the absence
of reaction. A much smaller degree of supersaturation is maintained as the generation rate by cooling

Table 7.5: Operation profile, calculated yield, and calculated final PSD from three different runs.

Case Addition
period
(min)

Cooling
period
(min)

Solid R
yield
(kg)

Calculated final particle size distribution

Mean
(μm)

Passing
 mesh
(%)

Passing
 mesh
(%)

Passing
 mesh
(%)

Passing
 mesh
(%)

     . . . .
     . . . .
     . . . .
     . . . .
     . . . .
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balances the crystallization rate. The supersaturation profiles for cases 4 and 5 are very similar to
that of case 2. The difference in cooling rate only causes a very small difference in the degree of
supersaturation during the cooling period.

Figure 7.7 shows the comparison of the yield of solid R and the final PSD for the five cases. The
PSD of cases 2, 4, and 5 are almost identical. The results are also summarized in Table 7.5. Faster
reactant addition (case 1) leads to smaller particles due to the higher maximum supersaturation
level. The solid yield at the end of the reaction is the lowest because the shorter batch time leads
to a lower conversion from Q to R (higher Q concentration in the liquid). With the same addition
time, the same mean particle size is obtained for cases 2, 4, and 5, showing that the cooling rate
has no effect on PSD.

Figure 7.6: Temperature, liquid holdup, and supersaturation profiles during batch crystallization of
organic acid.

Figure 7.7: Comparison of solid yield and particle size distribution for the five cases.
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From the results, it can be concluded that varying the reactant addition rate is an effective way to
control the PSD of the final product, while changing the cooling rate has no impact on the PSD. The
model is very useful in pointing to the right direction and understanding the reason for the ob-
served results.

7.2.2 PSD targeting in continuous crystallization

Continuous crystallizers usually involve a special design to promote favorable hy-
drodynamics and supersaturation distribution inside the crystallizer. They normally
include minimal or no mechanical agitation and are sometimes equipped with
mechanisms for fines dissolution and classified product removal. A suitable crystal-
lizer type can be selected by considering the appropriate mechanisms for generat-
ing supersaturation, controlling the supersaturation generation, and relieving the
supersaturation [217]. The choice of supersaturation generation mechanism should
take into consideration the SLE phase behavior of the system, such as how the solu-
bility changes with temperature. When evaporation or adiabatic cooling is consid-
ered, the VLE behavior of the system must be considered as well. For example,
using evaporation is not practical if a very low pressure is required to evaporate the
solvent at the desired crystallizer temperature.

To get crystals with the desired quality, it is crucial to operate the continuous
crystallizer at the desired supersaturation level, which normally corresponds to an
operation within the metastable zone. However, at the same time a high recovery of
the solute is desirable. In contrast to a batch crystallization process, in which the
solution concentration gradually changes over time, there is only one point of oper-
ation in a continuous crystallization process. Since the metastable zone is usually
quite narrow, recirculation is usually the only way to put this operation point inside
the metastable zone, as illustrated in Figure 7.8. If the fresh feed (point F) is cooled
to temperature Tc and introduced to a crystallizer, the overall composition would
be given by point M, which is located in the unstable zone corresponding to a very
high supersaturation level to be released in the crystallizer. But if the mother liquor
from the crystallizer (point L) is recirculated and mixed with the fresh feed, the
overall feed composition moves to point F’. Cooling to Tc leads to a crystallizer feed
given by point M’ inside the metastable zone. The location of point M’ and thus the
supersaturation level in the crystallizer can be controlled by adjusting the recircula-
tion flow rate. This method of supersaturation generation control is known as liquor
recirculation.

Another mechanism for controlling the supersaturation generation is magma
recirculation, which is recirculating the entire slurry instead of just the mother
liquor. From mass balance point of view, this accomplishes the same objectives
as liquor recirculation, but from an operational point of view, there are two key
differences between liquor and magma recirculation. The first is that liquor
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recirculation creates a supersaturated liquid and brings it into contact with grow-
ing crystals whereas magma recirculation brings growing crystals into contact
with a liquid that becomes supersaturated. Because of this, the PSD resulting
from liquor and magma recirculation is usually different. The second difference
is that liquor recirculation requires the ability to maintain fluidized classification
in the active volume so that a clear liquid can be drawn from the crystallizer.
This leads to two different mechanisms of relieving supersaturation in the crys-
tallizer: classified suspension for liquor recirculation and mixed suspension for
magma recirculation.

The most common types of industrial continuous crystallizers are illustrated in
Figure 7.9. The simplest type is forced circulation (Figure 7.9a), in which the mixed
suspension serves as the active volume for releasing supersaturation and magma
recirculation is employed to control supersaturation generation. The heat ex-
changer can function as a cooler or a heater. It can be omitted if the mechanism for
supersaturation generation is by adiabatic cooling. Conceptually, a forced circula-
tion crystallizer approximates a MSMPR crystallizer, which is equivalent to the con-
tinuous stirred tank reactor in reaction engineering.

Figure 7.9b shows the draft tube baffle (DTB) crystallizer, which features a draft
tube connecting the upper and lower bodies of the crystallizer. An agitator inside
the draft tube (not shown) facilitates an upward flow inside the draft tube which
induces downward flow outside the tube, thus creating circulation. On the top por-
tion of the lower body, there is a calm region that serves as a settling zone from
which a clear solution (and fine particles) is withdrawn and circulated through an
outside recirculation loop. Fines are dissolved by passing the recirculation flow
through a heater. There is also an elutriation leg at the bottom which can be de-
signed with a suitable diameter to provide an upward flow that prevents smaller

Figure 7.8: Liquor recirculation for controlling supersaturation generation in a continuous
crystallizer.
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particles from moving downwards. As a result, only larger particles would be dis-
charged as product. The elutriation liquid can be drawn from the circulation loop or
from the mother liquor separated in the downstream solid-liquid separation unit.
The mechanism for controlling supersaturation generation can be considered to be
magma circulation although the recirculating magma contains only the fines. Note
that fines removal and product classification mechanisms provide additional han-
dles to control the PSD.

Figure 7.9: Common types of industrial continuous crystallizers: (a) forced circulation, (b) draft
tube baffle (DTB), (c) surface-cooled, and (d) classified suspension (Oslo).
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The surface-cooled type (Figure 7.9c), often called the Swenson–Walker crystal-
lizer, also employs magma recirculation as the mechanism for controlling supersatura-
tion generation. While DTB is normally used for evaporative or adiabatic cooling
crystallization, the surface-cooled crystallizer is only used for cooling crystallization.
The recirculation flow mixed with fresh feed is cooled in the heat exchanger and en-
ters the crystallizer via a central feed tube. The skirt baffle creates a settling zone near
the top of the crystallizer from which the mother liquor is withdrawn.

Figure 7.9d shows a classified suspension type, also known as Oslo crystallizer,
which uses a liquor recirculation to control supersaturation generation. The solid
particles are classified by fluidization in the suspension tank so that clear liquid
can be withdrawn from the top and recirculated, while a product slurry containing
mainly large particles is taken off near the bottom. If the mechanism for supersatu-
ration generation is by cooling, the vaporizer (top part) is omitted and the recircula-
tion stream is fed directly to the central tube. Other less common types of industrial
crystallizers are also available in the market. For example, the scraped surface crys-
tallizer [218], suitable for cooling crystallization from a very viscous liquid, takes
the shape of a double pipe heat exchanger. A rotating helical screw inside the pipe
continuously scrapes the crystals formed on the walls and pushes them to the outlet
point.

In continuous crystallization, product PSD is affected by the supersaturation
level and spatial distribution in the crystallizer. In principle, at steady-state con-
dition the supersaturation level in the crystallizer is constant. Of course, in real-
ity, a certain degree of fluctuation is unavoidable as it is virtually impossible to
have a truly steady-state operation. Similar to batch crystallizers, actions to im-
prove product quality and avoid PSD-related problems in continuous crystallizers
can be classified into equipment-related and operation-related issues. The equip-
ment-related issues include picking the right crystallizer type and configuration,
maintaining good circulation, and minimizing “cold spots” and areas of high
shear, while operation-related issues include controlling the supersaturation
level and utilizing special configurations such as fines dissolution and/or product
classification.

The outside circulation loop in a continuous crystallizer also functions as the
primary means to introduce or remove heat from the crystallizer. The circulation
stream passes through a heat exchanger, which cools (in the case of cooling crystal-
lizer) or heats (in the case of evaporative crystallizer). Supersaturation control in a
continuous crystallizer is achieved by controlling the temperature difference (ΔT)
across the heat exchanger. Higher circulation through the heat exchanger means
lower temperature decrease (or increase) across the exchanger, thus lower supersat-
uration. As a rule of thumb, the ΔT across the heat exchanger should be limited to
1–2 °C (for cooling) or 1–5 °C (for evaporative) [157]. To achieve this range, a high
circulation rate through the heat exchanger is often necessary.
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Another issue to consider is the possibility of PSD cycling or oscillation in con-
tinuous crystallizers [219]. Excessive fines removal may lead to insufficient crystal
surface area to relieve supersaturation, such that a burst of nucleation occurs and
the average particle size decreases. The fines are then gradually removed by classi-
fication, causing the average particle size to increase until a subsequent rise of su-
persaturation creates another burst. Controlling the supersaturation level is usually
the key to avoid this undesirable behavior.

Example 7.3(I) – Improvement of ammonium sulfate crystallization process
An ammonium sulfate plant consisting of three DTB crystallizers operating in parallel were used to
obtain crystals from an aqueous solution [220]. Each crystallizer was operated at a different tem-
perature and vacuum level to allow for multiple-effect evaporation. Crystals from the three crystal-
lizers which have similar PSDs were combined to give the product. The objective was to improve
the yield of coarse, round-shaped crystals with a certain target size. Since undersized and over-
sized crystals were treated as a lower grade product and sold at a cheaper price, it was desirable
to produce crystals with a narrow PSD. In addition, it was desirable to minimize PSD oscillations
which lead to a decrease in the overall yield.

The DTB was modeled using the generic population balance model (eq. (7.8)) coupled with an
overall mass balance around the crystallizers. For the given feed flow rate, ammonium sulfate con-
centration in the feed, and heat exchanger duty, the vapor flow rate was obtained from mass and
energy balances. The crystallizer temperature could then be obtained as a function of the circulation
flow rate through the heat exchanger via energy balance. The difference between the solubility of
ammonium sulfate at the crystallizer temperature and the actual concentration calculated from the
boiling point elevation of the solution gave the supersaturation. Kinetic models (eq. (6.4)–(6.7)) were
used to calculate growth and nucleation rates so that the PSD could be calculated. The values of un-
known model parameters were assumed such that the calculation results roughly matched actual
plant operational data. Simulations using the model were then performed to study the sensitivities
of the key operating variables on product PSD.

Figure 7.10a shows the effect of proportionally changing R in all three crystallizers by manipulat-
ing the circulation flow rate through the heat exchanger with constant cut size Lf. As the circulation
flow rate through the heat exchanger (R) increases, the average particle size increases as more
small particles are destroyed and larger particles grow faster. Figure 7.10b depicts the effect of
changing Z in all three crystallizers. The cut size, Lc, automatically increases as Z increases, be-
cause the higher circulation flow rate through the elutriation leg having a constant diameter re-
turns larger crystals back into the crystallizer. The average particle size decreases as Z increases
due to the faster withdrawal of large particles and faster growth on small particles, but this change
does not affect supersaturation. Figure 7.10c illustrates the effect of simultaneously changing R
and Z by keeping the increase in R proportional to the decrease in Z. Note that the proportional
change serves only as a case study as R and Z can be changed independently. Figure 7.10d indi-
cates that fresh steam flow rate slightly affects the PSD. Increasing the fresh steam supply leads to
more vaporization which, in turn, causes crystallization of more ammonium sulfate. Based on mass
and energy balance calculations, the supersaturation in the crystallizer decreases, leading to an
increase in mean particle size.

Based on the simulation results, it was decided to increase the recycle flows in the actual plant.
It was found that the average particle size increased from 2.45 to 2.5 mm and the yield of particles
larger than 10 mesh in size increased from 70% to about 75%. At the same time, the increase in the
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recycle flow through the heat exchanger reduced the supersaturation, which eventually had an ef-
fect of calming down the PSD oscillation.

7.2.3 Scale-up consideration in PSD management

For both batch and continuous crystallizers, it is virtually impossible to achieve dy-
namic similarity in vessels of different sizes used in laboratory-scale experiments,
pilot tests, and large-scale production. Heat transfer behavior is also different due
to the different volume-to-area ratio despite geometric similarity. All these lead to
the crystallizers’ reputation of being difficult to scale up [221].

Large-scale crystallizers are often designed based on results obtained in a
smaller-scale unit using scale-up rules. Vessel design normally follows geometric
similarity rule,

Figure 7.10: Effect of key operating variables on PSD: (a) circulation ratio R, (b) circulation ratio Z,
(c) both R and Z, and (d) fresh steam flow rate.
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where the various dimensions of the vessel are as indicated in Figure 7.11. Selection
of agitation speed follows either equal tip speed or equal power per volume rule.

N1D1 =N2D2 (7:21)
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where N is the rotational speed of the impeller.
It is also possible to scale-up by keeping the mixing intensity constant, repre-

sented by torque per volume,
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The appropriate choice of which scale-up rule to use depends on both the nature of
the material being crystallized and the equipment configuration. The selection of
impeller diameter has to account for the necessary tip velocity to produce the re-
quired flow to suspend the particles, but at the same time it must consider the re-
quired specific power intensity for mixing [221]. In general, the power input P is a
function of Reynolds number as well as equipment geometry, [222]

NP = f NRe,Geometryð Þ (7:24)

NP =
P

ρN3D5 (7:25)

Figure 7.11: Scale up of an agitated vessel.
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NRe =
ρND2

μ
(7:26)

Therefore, once N and D are selected, the power input is fixed. Excessive power input
per unit volume may cause too much crystal damage and secondary nucleation due
to a high shear rate, especially when slurry density is low (2–5% solids content), as
crystal-impeller contacts are the most important sources of nuclei [223]. Therefore, if
the crystals are fragile, constant power per volume is more appropriate.

It is known that nucleation may not start at the same supersaturation level at
different scales. For example, Yi and Myerson [224] observed that nucleation in the
larger reactors occurred earlier or at a lower supersaturation level, irrespective of
supersaturation generation methods (cooling or antisolvent addition). Because of
this, larger crystals were obtained from the larger reactor even the same tip speed
and supersaturation generation profile (cooling rate or antisolvent addition rate)
was used in vessels of different sizes.

Because of such a complex relationship as well as the different level of homoge-
neity between the large-scale and small-scale crystallizers, it is usually impossible
to get the same PSD upon scale-up. Therefore, the best that can be done is to try to
balance the nucleation and growth rates to get a desirable PSD in the large-scale
unit. Analysis of various mixing mechanisms and identification of the dominant
mechanisms have been attempted to help pick the suitable conditions at different
scales. For example, an experimental study of batch reactive crystallization by
Torbacke and Rasmuson [225] concluded that the particle size can be correlated
fairly well to the ratio of the feeding time to the homogenization time constant.

7.3 Impurity Management

Impurity can be present in the solid products of crystallization for various reasons.
One possible reason is the SLE phase behavior. Co-crystallization of impurities can
occur if the mother liquor composition is close to the boundaries of both the prod-
uct and impurity crystallization regions. Solid solution behavior can also be respon-
sible for the existence of impurities in the product crystals. But even if the mother
liquor is well within the product crystallization region, impurities that are still dis-
solved in the mother liquor can be incorporated into the crystals during the crystal-
lization process. Another possibility is that the impurity simply adsorbs on the
crystals already formed. Just by looking at the impurity content in the solids, it is
impossible to identify whether the presence of impurities is due to the thermody-
namic behavior or non-equilibrium effects. However, further analysis can provide
important clues. For example, if impurities are present because of liquid incorpo-
ration, then the molar ratio of impurity to the crystallization solvent in the crystals
should be the same as that in the solution [226].
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In general, two types of non-equilibrium impurities can be distinguished by the
location of the impurity. The first type is inclusion impurities (sometimes referred to
as occlusion impurities), which are caused by trapping of mother liquor or adsorp-
tion into the crystals during growth. Some less common types such as substitu-
tional impurities and impurities incorporated at defect sites can also be considered
as inclusion impurities for practical purposes. Inclusion impurities are relatively
hard to remove since the crystals have to be partially dissolved or even completely
dissolved and recrystallized to release the trapped impurities. The second type is
surface impurities, which include impurities adsorbed on the crystal surface and im-
perfect removal of the mother liquor among the crystals. The latter can be removed
by proper washing and deliquoring.

7.3.1 Control of inclusion impurities

The amount of inclusion impurities in the product can be controlled in two ways: by
preventing it from happening in the first place (or at least keeping it to a minimum)
and by removing it after the crystallization step. Minimizing the extent of inclusion dur-
ing crystallization can be done by manipulating the crystallization conditions such as
temperature, residence time, or recirculation rates in the crystallizer. Although the
exact mechanism of inclusion has never been elucidated, theories based on experimen-
tal observations have been developed since the 1950s. These observations provide the
general direction for manipulating the crystallization conditions. For example, faster
growth rate leads to increased impurity inclusions [227]; hence, slow growth (which
can be achieved at low supersaturation level) can minimize inclusions. The existence
of a critical growth rate and a critical crystal size below which no inclusion is formed
has also been reported [228, 229]. Higher concentration of solute in mother liquor leads
to increased impurity inclusion. This suggests the use of a more dilute feedstock to
minimize inclusion.

Sometimes inclusion of impurities simply cannot be avoided and removal after
crystallization becomes the only option. The choice of a suitable removal method
depends on how deep the impurities are located inside the particles. The impurity
profile inside the particles can be determined by gradually dissolving large particles
and analyzing a sample taken after each layer has been dissolved. If the profile
turns out to be uniform, which indicates that inclusion has started soon after nucle-
ation and continued throughout growth, recrystallization is the only option to re-
move the inclusion impurities. But if the impurities tend to concentrate on the outer
layer of the particles, it means the impurities are either adsorbed onto the surface
or inclusion happens only after the particle has reached a critical size. In this case,
recrystallization may not be necessary as partial dissolution may be sufficient to re-
move most of the adsorbed or included impurities. It should also be kept in mind
that partial dissolution occurs, to some extent, during washing of the crystals.
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Analysis of the impurity content in particles of different sizes (can be classified
by sieving) can provide insights into the impurity profile. Results of experimental
studies reported in the literature also indicate that the impurity content may vary
with particle size [230, 231]. A higher concentration of impurities in larger particles
than in smaller particles can be an indication that the impurity inclusion occurs
later during the growth process so that the impurities are concentrated in the outer
side of the crystals. If this is the case, selective dissolution of large particles would
be an effective way to remove inclusion impurities.

Models of impurity inclusion during crystallization can be incorporated in the
overall model of the crystallization process to quantify the impact of inclusion im-
purities on both the process performance and product quality. Commonly used
models are summarized in Table 7.6. Theoretical models relate the concentration of
impurities in the crystals to that in the liquid (melt or solution) using the distribu-
tion coefficient,

Table 7.6: Summary of impurity inclusion models.

Theoretical models

Burton–Prim–Slichter
[]

Keff =
K0

K0 + 1−K0ð Þ exp − δG D= Þð (7:28)
K0 = value of K at equilibrium
G = crystal growth rate
D = diffusivity of impurity in
solvent
δ = length of diffusion
boundary layer

Sangwal-Pałcyńska
[] Keff =K0 +

B Δcð Þ1+ n2

Kimpcimp, L
(7:29)

B= 1
19

γ,
kT

1−n2ð Þ exp W0

kT

� �
(7:30)

Δc = supersaturation
Kimp = constant in Langmuir
adsorption isotherm
cimp,L = impurity concentration
in liquid
γ, = linear edge free energy
k = Boltzmann constant
T = temperature
W0 = activation energy for
crystal growth
n2 = parameter

Empirical models

Power law [] cimp,S = kimp dpH dp −dp, ic
� �� 	m

GH G−Gicð Þ½ �n
(7:31)

dp = particle size
dp,ic = critical particle size
G = growth rate
Gic = critical growth rate
H = Heaviside function
kimp, m, n = empirical
parameters
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K = cimp, S
cimp, L

(7:27)

where the indices S and L refer to solid and liquid, respectively. The Burton–
Prim–Slichter model (eq. (7.28)) is based on theoretical consideration of crystalliza-
tion from the melt, which includes the effect of diffusion of impurity molecules from
the liquid to the crystal surface. When the growth rate approaches zero, the value of
Keff approaches K0, the equilibrium value. The Sangwal–Pałcyńska model (eq. (7.29))
describes the effective distribution coefficient as a function of supersaturation, as-
suming that the impurity concentration in the crystals is relatively small. The value
of Keff also approaches K0 at equilibrium, at which point the supersaturation is zero.
Alternatively, an empirical correlation such as a power-law expression can be devel-
oped based on experimental observations. For example, eq. (7.31) directly correlates
the concentration of included impurities to particle size and growth rate. It accounts
for the possibility of having no impurity inclusion when the particle size and growth
rate are below certain critical values using the Heaviside function.

In practice, it is impossible to obtain the parameters of the theoretical models
a priori. For this reason, some parameters are often lumped and determined from
experimental data. For example, δ/D in eq. (7.28) can be considered as a single
model parameter and determined from the experimental data of Keff at different val-
ues of G. The values of B/Kimp and n2 in eq. (7.29) can be obtained by plotting exper-
imental values of Keff against Δc.

Example 7.4 – Vitamin C crystallization
Ascorbic acid (AsA), also known as vitamin C, is typically produced by fermentation from D-glucose or
sorbose, or by a catalytic reaction from 2-keto-L-gulonic acid [15]. The reactor effluent contains the
product (AsA), solvent (50/50 wt% ethanol/water), as well as some intermediates and byproducts.
AsA is recovered from this reactor effluent by cooling crystallization. Cheng et al. [231] studied the
inclusion of two major impurities, oxalic acid (OxA) and 2-furaldehyde (2-Fur), during cooling crystal-
lization of AsA.

A set of experiments were carried out with the same initial composition and temperature, but
with different final crystallization temperatures and cooling rates. As indicated in Figure 7.12, the
feed composition is located in the AsA region even at the lowest final crystallization temperature
(8 °C). Therefore, no OxA can co-crystallize. The feed mixture contains the same amount of OxA and
2-Fur and the composition shown on the SLE phase diagram is the normalized composition without
2-Fur. Due to its very low melting point (−38 °C), 2-Fur cannot crystallize out at the crystallization
temperature range. Therefore, any OxA or 2-Fur present inside the solid particles is incorporated by
inclusion instead of co-crystallization.

In each experiment, the mixture is first heated until all solids are dissolved and then cooled to
2 °C below the dissolution temperature prior to adding some seeds. Cooling is continued at the
desired cooling rate until the specified final crystallization temperature is reached and the mixture
is kept overnight under constant stirring to achieve equilibrium. The solids are filtered out and
washed thoroughly to remove surface impurities before being analyzed. The results are depicted in
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Figure 7.13, showing the OxA and 2-Fur content in the solids as a function of crystallization yield
and cooling rate. In the 5 runs shown in Figure 7.13a, the cooling rate is fixed at 0.5 °C/min, while
in the 6 runs shown in Figure 7.13b, the final crystallization temperature is fixed at 28.3 °C, giving
an AsA crystallization yield of about 40%.

From the results, it can be observed that 2-Fur inclusion strongly depends on crystallization yield,
while OxA does not show a clear trend. Faster cooling rate leads to higher inclusion of both OxA

Figure 7.12: SLE phase diagram of ascorbic acid/oxalic acid/solvent system.

Figure 7.13: Inclusion concentration of oxalic acid and 2-furaldehyde in ascorbic acid crystallization
process: (a) inclusion vs. crystallization yield and (b) inclusion versus cooling rate.
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and 2-Fur, but the effect is very weak. The results suggest that 2-Fur is likely to be incorporated by
adsorption during crystal growth so that the only way to minimize its inclusion is by lowering the
crystallization yield. On the other hand, the OxA content is found to correlate well with the amount
of fines [231], suggesting that it can be minimized by reducing the amount of fine particles in the
product.

Example 7.5(I) – Yield improvement in monomer crystallization
A company is producing monomer P via a continuous reaction in aqueous phase, which produces a
solution containing 70 wt% P and a small amount of impurities. The solution is sent to a crystalliza-
tion section which includes a clarification tank, a crystallizer, and a purification column, as illus-
trated in Figure 7.14. The feed enters the clarification tank at 30 °C. This tank is kept at the
saturation temperature of 70 wt% solution (22 °C). The overflow from this tank goes to the crystal-
lizer operated at 17 °C, which produces crystals of P and a mother liquor containing 40 wt% P. The
mother liquor is sent to another unit for further processing. The crystals, which also contain some
impurities, are sent back to the clarification tank, where they are put in contact with the incoming
feed from the reactor as a means of washing. The crystals from the clarification tank are sent to a
purification column. The mass flow rates of the components in different streams per 100 kg/h of
feed solution are given in Figure 7.14. From mass balance, 50 kg/h of P crystals is produced. Note
that the residual mother liquor in the crystals is assumed to be zero.

Figure 7.14: Schematic of monomer P crystallization process.

To increase the monomer production capacity, the company considered the idea of decreasing the
crystallization temperature so as to increase the yield of crystals. Considering the temperature of
the available coolant at the plant site, it was proposed to reduce the crystallization temperature to
5 °C, at which point the solubility of P is 20 wt%. By mass balance, 100 kg/h of feed solution would
produce 62.5 kg/h of P crystals, corresponding to a 25% increase in yield. However, a plant test
revealed that when the crystallizer temperature was decreased, the impurity content in the crystals
became too high and could not be satisfactorily reduced to an acceptable level in the purification
column.
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This problem can be understood by realizing that producing 25% more crystals in a vessel of the
same size would require a faster growth rate, which also corresponds to a higher supersaturation
level in the crystallizer. This, in turn, leads to more inclusion of impurities in the product crystals.
One alternative to resolve this problem would be to increase the residence time by using a bigger
vessel or adding another vessel in parallel to decrease the supersaturation level and growth rate.
But a simpler alternative is to install an additional crystallizer in series to the original crystallizer,
as shown in Figure 7.15. The mother liquor from the original crystallizer containing 40 wt% P would
go to the additional crystallizer operating at 5 °C, which should be designed with enough volume
to produce 12.5 kg/h of P crystals at a sufficiently low growth rate such that the impurity content in
the crystals is at an acceptable level. Crystallization experiments at 5 °C would be needed to deter-
mine the suitable growth rate and crystallizer volume.

7.3.2 Removal of inclusion impurities by melt crystallization

Melt crystallization is a potentially suitable option for purification of a product
with a relatively low melting point. As the name suggests, crystals are formed
from the melt, so there is no need for a solvent. The operating temperature is
higher compared to slurry crystallization and the viscosity of the melt is normally
much higher than that of a solution. However, the equipment tends to be compact
and since the final product is also collected as a melt, no additional solid-liquid
separation unit is necessary. Figure 7.16 depicts two common types of melt crys-
tallizer along with an illustration of the basic principle of melt crystallization [235,
236]. The first type is the static melt crystallizer, Figure 7.16a, which consists of a

Figure 7.15: Additional crystallizer increases crystallization yield without increasing
supersaturation level.
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box filled with parallel plates. Cooling or heating medium flows inside the plates
and crystallization occurs on the surface of the plates. The second type is the fall-
ing film crystallizer, Figure 7.16b, in which cooling or heating medium flows in-
side tubes and crystallization occurs as the melt flows outside the tubes as a
falling film.

In the crystallization step, a feed that contains some impurities are introduced
into the crystallizer and a cooling medium is used to decrease the temperature. In a
static melt crystallizer, the feed fills the box until the plates are completely immersed
and crystallization occurs on the surface of the plates as the melt remains static. At
the end of this step, the remaining melt (mother liquor) is drained from the crystal-
lizer. In a falling film crystallizer, the feed flows on the outside of the tubes and crys-
tallization occurs on the surface of the tubes as the melt flows down as a falling film.
Any melt that has not turned into solids by the time it reaches the end of the tube is
collected at the bottom of the crystallizer and drained at the end of this step.

Impurity removal is achieved in the crystallization step as shown in the top fig-
ure of Figure 7.16c. The representation of the crystallization step on the SLE phase
diagram is shown in Figure 7.17a. During crystallization, some impurities are in-
cluded in the solids, resulting in a solid composition that lies inside the solid-liquid
region even if the system exhibits simple eutectic behavior. The locus of actual
solid compositions resembles the solidus curve in a solid solution-forming system
(Figure 2.6), but the location depends on kinetics and mass transfer issues instead
of thermodynamics. For example, a different cooling rate would result in a different
inclusion level in the solids. In any case, the concentration of the impurities in the
crystals is lower than that in the melt.

Figure 7.16: Melt crystallization: (a) static melt crystallizer, (b) falling film crystallizer, and (c)
illustration of crystallization and sweating processes.
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Additional impurity removal is achieved in the sweating step as shown in the bot-
tom figure of Figure 7.16c. In the sweating step, a heating medium flows through the
plates (in a static melt crystallizer) or tubes (in a falling film crystallizer), causing the
crystals to partially melt. The formed liquid or sweat flows over the crystal layer to the
bottom of the crystallizer. Figure 7.17b shows the representation of the sweating step
on the SLE phase diagram. As the temperature is increased, the crystals release a
mother liquor (sweat) having a higher impurity concentration, leaving behind a solid
phase with lower impurity content. The locus of solid compositions has a shape similar
to the one for crystallization step, but in general they do not coincide. The location of
this solid composition locus depends on the heating rate during the sweating step.
After sweating is completed, the temperature of the plates or tubes is further increased
to completely melt the remaining crystals and obtain the final product as a liquid.

Similar to a solid solution system, melt crystallization process can be arranged as a
multistage operation to reach the desired purity. Mother liquor and/or sweat from any
stage can be recycled to another stage as an effort to increase the overall recovery.

Example 7.6(I) – Purification of a hydrocarbon product
One of the final steps of the hybrid process discussed in Example 4.10 is crystallization of chemical
D from a mixture of C and D. In practice, a melt crystallization process as illustrated in Figure 7.18
can be used to obtain crystals of D with the desired purity. The feed containing 60 wt% D is first
cooled down in the crystallization step. The mother liquor is drained, leaving crude crystals which
contain C as inclusion impurities at the end of this step. These crystals are then slowly heated in
the sweating step. The purified crystals are then completely melted and obtained as a liquid prod-
uct. The collected sweat is sent to the next batch and mixed with a fresh feed.

To confirm the feasibility of this process, a laboratory-scale experiment was conducted. The cor-
responding steps are illustrated on the phase diagram in Figure 7.19. A mixture of C and D (Feed) is

Figure 7.17: Representation of melt crystallization steps on SLE phase diagram: (a) crystallization
and (b) sweating.
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placed in a jacketed vessel, cooled from 45 °C to 20 °C at a cooling rate of 0.1 °C/min, and held at
20 °C for 120 min. The obtained crystals are then separated from the mother liquor by vacuum fil-
tration and analyzed. As indicated in Figure 7.19a, these crystals are not pure, since they contain
inclusions. The mother liquor composition is located close to the saturation curve of D, indicating
that the mixture almost achieves equilibrium. A fraction of the crystals is then placed on a filter
funnel equipped with a jacket to control the temperature. The funnel is heated in a stepwise man-
ner to cause sweating and the temperature of the crystals is measured using a thermocouple. After
each heating step, the sweat is collected as filtrate and the remaining crystals on the filter are sam-
pled before being further heated in the next step. As a result of the sweating process, the crystals
gradually become richer in D, as illustrated in Figure 7.19b.

The analysis results of the crystals after each heating step is summarized in Table 7.7. The data
suggest that the purity gradually increases as the temperature increases. The final crystals ob-
tained after the fifth heating step has a purity of 97.5 wt%, which is considered satisfactory. While
the required cooling and heating rate in the actual melt crystallization process still needs to be
determined in a bench or pilot scale test, the results of the laboratory experiment confirm the tech-
nical feasibility of using crystallization to obtain product D with the desired purity.

Figure 7.18: Combination of slurry and melt crystallization processes to obtain high purity crystals of D.

Figure 7.19: Representation of melt crystallization steps on SLE phase diagram: (a) crystallization
and (b) sweating.
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Example 7.7(I) – Purification of a monomer intermediate
Chemical A, which is an intermediate for producing a key monomer, is to be purified using a melt
crystallization process. The main objective is to reduce the content of key impurities B and C to a
very low level. The feed stream going to the melt crystallization step contains 99.42% A, 0.32% B,
and 0.26% C, and the target is to obtain a final product containing less than 0.1 wt% C, with at
least 60% overall recovery.

Table 7.8 summarizes the results of a plant test with 50,000 kg of feed using an existing melt
crystallizer with somewhat optimized cooling and heating rates. The test was conducted in two
stages as it was not possible to achieve the desired target purity and recovery at the same time
using a single stage. The drained mother liquor and sweat were collected separately and their
amount was measured. In the first stage, the sweat was collected in two fractions. The first fraction
(Sweat 1) consists of the first 12,500 kg of collected sweat. All the sweat produced afterwards was
collected separately as a second fraction (Sweat 2). The sweating process was ended when the
total amount of drained materials (mother liquor + Sweat 1 + Sweat 2) reached 20,000 kg, corre-
sponding to a 60% recovery. The test results clearly indicated that sweating was very effective in
purging impurities, especially the initial fraction which had an even higher content of impurities
than the mother liquor. As the product became gradually purer towards the end of the sweating
step, the later sweat contained fewer impurities. Figure 7.20 illustrates this recycling concept
along with the key mass balance numbers.

Since the product from Stage 1 contained more than 0.1 wt% C, it was processed further in
a second stage. A total of 9,060 kg of mother liquor and sweat was collected in this stage,

Table 7.7: Crystal purity profile during sweating
experiment.

Step Temperature (°C) D in solids (wt%)

 . .
 . .
 . no data
 . .
 . .
 . .

Table 7.8: Compositions from test results.

Stage  Composition (wt %) Stage  Composition (wt %)

A B C A B C

Feed . . . Feed . . .
Mother liquor . . . Mother liquor . . .
Sweat  . . . Sweat  . . .
Sweat  . . . Sweat  – – –
Product . . . Product . . .
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corresponding to a recovery of 69.8%. The final product met the desired specifications, but the
overall recovery of the process would be only (50,000–20,000 – 9,060)/50,000 = 41.9%. To in-
crease the overall recovery, recycling of some fractions should be considered. Since Sweat 1 from
the first stage was the most concentrated in impurities, it would be a good choice to use as a purge
stream. Meanwhile, the combined composition of the other fractions is very similar to the fresh
feed, so those fractions can be mixed with a fresh feed in the next batch. With the recycle, the
fresh feed for the next batch is only 50,000–16,560 = 33,440 kg, giving an effective overall yield of
20,940/33,440 = 62.6%, which is slightly above the target of 60%.

7.3.3 Crystallization downstream processing system

In addition to inclusion impurities, impurities can be adsorbed on the crystal surfa-
ces or dissolved in the residual mother liquor trapped between the product crystals
after solid-liquid separation. All of these impurities can be effectively managed by
properly designing the downstream processing system, which includes filtration,
washing, deliquoring, and drying, to ensure that the product crystals meet the im-
purity specifications [237]. A generic structure of the downstream processing system
is depicted in Figure 7.21. The crystals produced in the crystallizer are separated
from the mother liquor in a filter or centrifuge and the residual mother liquor on
the crystals is removed in the deliquoring step before the crystals are sent to the
dryer. A washing step prior to deliquoring is needed if the removal of residual
mother liquor (that contains surface impurities) by deliquoring alone is insufficient.
Washing is also necessary if the crystals are to be sent to another processing step in
which a different solvent is used (the reason for this is not so much about impurities
but rather about minimizing the amount of the original solvent going to the next
step). Dissolution and recrystallization steps are necessary if the inclusion impuri-
ties exceed the purity specifications or if the product attributes such as the PSD do
not meet the target. An adsorbent is often added during the dissolution process in

Figure 7.20: Two-stage melt crystallization process with recycle.
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an effort to remove color-forming impurities, which are sometimes hard to remove
by crystallization alone.

Washing can be done by two methods. In displacement washing, clean wash liq-
uid is introduced to replace the dirty liquid that is being sucked out at the same
time. This is usually performed in a filter such as a rotary vacuum filter (RVF) or
bench filter, or a centrifuge. The wash liquid is normally sprinkled over the wet
cake being filtered. In reslurry washing, the clean wash liquid is mixed with dirty
residual liquid in a dilution tank and the resulting slurry is sent to a filter or centri-
fuge to separate the crystals. Significant dissolution may occur during reslurrying
due to the presence of a relatively large amount of wash liquid. In general, reslurry
washing that works by dilution is less efficient compared to displacement washing.

Washing performance can be quantified by the washing efficiency, represented
by the fraction removal of solute from the wet cake as a function of the wash ratio,
which is defined as the ratio of the amount of wash liquid to the initial amount of
residual liquid in the cake. For displacement washing, the washing efficiency is a
function of the amount of wash liquid used as well as cake and liquid properties.
The typical relationship is shown in Figure 7.22. The parameter Dn is the dispersion
number, which depends on cake and liquid properties such as particle size, poros-
ity, and viscosity (eq. (7.34)). A higher value of Dn leads to a more effective washing.
At very large values of Dn, the washing behavior approaches the ideal case of a per-
fect displacement, where the wash liquor displaces exactly the same amount of
dirty residual liquid from the cake.

Figure 7.21: Generic structure of crystallization downstream processing system.
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A higher washing ratio leads to better impurity removal, with an asymptotic ap-
proach towards complete removal at infinite wash ratio. Clearly, there is a tradeoff
because while a higher washing ratio means more impurity removal, it also leads to
higher loading to the recovery system that processes the wash liquor. Another
tradeoff concerns the selection of washing liquid. The selection of a washing liquid
in which the product has a higher solubility generally leads to better impurity re-
moval due to partial dissolution effect, but obviously more product is lost through
dissolution.

Although deliquoring appears as a separate block in Figure 7.21. It typically occurs
at the same equipment as solid/liquid separation and washing. Conceptually, two types
of deliquoring can be distinguished, as illustrated in Figure 7.23. Compaction, which in-
volves rearrangement of solid particles in the cake as residual liquid leaves the cake,
results in a decrease in cake porosity while the cake remains saturated; that is, the in-
terstitial space among the particles is completely filled with liquid. Desaturation

Figure 7.22: Typical displacement washing performance [238].

Figure 7.23: Two types of deliquoring.
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involves partial draining of the residual liquid from the interstitial space as the cake
porosity remains constant, leaving gaps that are subsequently filled with gas.

Models can be used to evaluate the performance of the solid/liquid separation,
washing, and deliquoring units, so as to determine the final impurity content in the
product. Selected models for batch operation and a continuous belt filter are sum-
marized in Table 7.9. Similar expressions can be derived from models reported in
the literature for other equipment types such as a rotary vacuum filter [239] or cen-
trifugal filter [240]. By tying together those models with overall mass balance, the

Table 7.9: Summary of selected models for downstream processing units.

Filtration

Filtration time
(batch filtration,
constant
pressure)

tf =
μαcV2

f

2A2
f Δp

+ μRmVf

AfΔp
(7:32)

tf = filtration time
μ = filtrate viscosity
Vf = cumulative filtrate volume
α = specific cake resistance
c = mass of deposited solids per
unit volume of filtrate
Af = filter area
Δp = pressure drop
Rm = filter medium resistance

Filtrate flow rate
(continuous belt
filter, constant
pressure)

qF =
vw
αc

− Rm +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2m + 2αcΔpLF

μv

s !
(7:33)

qF = filtrate flow rate
v = linear speed of moving belt
w = belt width
LF = length of belt section
dedicated to filtration

Washing

Displacement
washing
performance
[]

f = f W ,Dnð Þ (7:34)

Dn =
ux
εDL

(7:35)

f = fraction removal
W = wash ratio (mass of wash
liquid to mass of residual liquid in
wet cake)
Dn = dispersion number
u = filtrate linear velocity
x = cake thickness
ε = cake porosity
DL = axial diffusivity

Length of belt
section
dedicated to
washing
(continuous belt
filter)

LW = μqW

wΔp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2m + 2αcΔpLF

μv

s
(7:36)

LW = length of belt section
dedicated to washing
qW = wash liquid flow rate
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impurity amount at different locations can be readily tracked, thus allowing for
evaluation of the effect of equipment design parameters such as filter dimensions
and fractions of filter area dedicated to filtration, washing, and deliquoring, as well
as operating variables such as moving speed, pressure drop, wash ratio, and so on,
on the impurity amount in the final product [231].

Again, a priori determination of the parameter values for these models is not
easy. While typical values of some parameters are available in the literature [238], it
is much more practical to use empirical correlations for the specific system in hand.
For example, the dependence of washing performance on wash ratio can be experi-
mentally determined instead of predicted with calculations based on the value of
Dn, which is hard to estimate. It is also much easier to measure the required deli-
quoring time to achieve the desired cake wetness rather than determine the param-
eters for calculating NCa. The specific cake resistance α and filter medium resistance
Rm can be obtained from a laboratory-scale batch filtration experiment.

Table . (continued)

Deliquoring

Required
deliquoring time
(compaction)

tD = −
ðεf
ε0

μ ρS 1− εð Þαx +Rm
� 	

x0 1− ε0ð Þ
Δp 1− εð Þ2 dε

(7:37)

tD = deliquoring time
ε = cake porosity before
compaction
εf = cake porosity after
compaction

Required
deliquoring time
(desaturation of
vacuum-drained
cake) []

tD = c1
με 1−S∞ð Þx2

kΔp
1−S
S−S∞

� �c2
(7:38)

S∞ =0.155 1+0.031NCa
−0.49� �

(7:39)

NCa =
d2
pε3 ρLgx +Δpð Þ

1− εð Þ2σx (7:40)

S = saturation
S∞ = irreducible saturation
k = cake permeability
c, c = parameters
NCa = capillary number
dp = particle size
g = gravitational acceleration
σ = surface tension

Length of belt
section
dedicated to
deliquoring
(continuous belt
filter)

LD = tDv (7:41) LD = length of belt section
dedicated to deliquoring
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Example 7.8(I) – Washing in precipitated calcium carbonate process
A process for producing precipitated calcium carbonate from waste materials such as steel con-
verter slag or fly ash using a recyclable solvent has been proposed [242, 243]. The key step in such
a process is the selective dissolution of calcium from the waste material using a solution of a pro-
prietary salt LX. Here, L is the cation and X the anion. A simplified diagram of the process is shown
in Figure 7.24. The feed containing CaO is contacted with a concentrated solution of LX so that CaO
dissolves in water by forming Ca(OH)2 which is then converted to CaX2. The presence of LX enhan-
ces the solubility of calcium hydroxide because it reacts with OH− to form a weak base LOH. Other
oxides in the feed are also converted to hydroxides but those hydroxides are only sparingly soluble
in water. The solution is separated from the residual solids by filtration and sent to the carbonation
unit, where CO2 is introduced to precipitate the calcium as CaCO3. The precipitated product is fil-
tered and washed, and the mother liquor containing the recovered salt solution is concentrated
and recycled.

Washing of the residual solids after filtration is crucial because the amount of the expensive pro-
prietary salt going to the waste residual solids needs to be minimized. Obviously, extensive wash-
ing using a large amount of water would recover much of the salt, but this would lead to dilution of
the resulting solution, which means that more water would have to be evaporated from the recycle
stream. For this reason, a series of tests were performed in the laboratory to obtain the washing
performance. The filtered residual solids from the dissolution step were washed with different
amounts of water, and the salt concentration after each wash was measured to determine the frac-
tion removal. A similar test was also performed for the final product washing, which minimizes the
amount of LX in the precipitated CaCO3 product. The data (not shown) led to fraction removal ver-
sus wash ratio curves that fall somewhere in between the curves for Dn = 1 and Dn = 5 in
Figure 7.22.

The information about washing performance is very useful in evaluating the tradeoff between
the incurred cost due to the loss of proprietary salt to the residual solids and final product and the
cost for evaporating water from the recovered solution. Figure 7.25 shows the calculated variable
cost for the entire process, taking into account utility consumption such as steam for the evapora-
tor, water for washing and cooling tower makeup, and electricity for moving parts, as well as fresh

Figure 7.24: Simplified process diagram of mineral ion recovery process using salt solution.
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salt to make up for the losses. The results clearly show that a higher wash ratio leads to a decrease
in the portion of variable cost attributed to salt makeup, while at the same time causes an increase
in the steam cost for the evaporator. The tradeoff leads to an optimum wash ratio of about 2.5.

7.3.4 Simultaneous washing and melt crystallization

Removal of surface impurities by washing is also applicable for crystallization from
the melt. In addition to batch process discussed in the previous section, melt crys-
tallization can also be conducted in a continuous process using a scraped surface
crystallizer [244]. An example of commercial application of this technology is the
Badger/Niro process for p-xylene crystallization [245]. High purity crystals are pro-
duced in suspension, allowing for a much larger surface area for growth compared
to a static melt or falling film crystallizer. The slurry is then pumped into a wash
column where the crystals are separated by gravity-buoyancy action and washed
using a fraction of the melted final product. A schematic of the process is shown in
Figure 7.26a. The wash column can be viewed as comprising of multiple stages with
solids and liquid flowing in opposite directions from one stage to the next, as de-
picted in Figure 7.26b. In practice, a solid–liquid separator such as a belt filter or a
centrifuge may be installed after the crystallizer to remove the bulk portion of the
mother liquor so that only a relatively small amount of residual mother liquor en-
ters the wash column along with the crystals.

Figure 7.25: Effect of wash ratio on the variable cost of the overall process. For each case, the same
wash ratio is used in both residual solids washing and final product washing.
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An alternative design that involves moving the crystals upwards by a push-
ing mechanism, while letting the wash liquid flow downwards by gravity is also
commercially available. For example, the Kureha Crystal Purifier uses a screw
conveyor to lift the crystals [246, 247]. In any case, the use of melted product as
washing liquid leads to a temperature gradient in the column, with the product
end (lower impurity content) having a higher temperature than the feed/mother
liquor end (higher impurity content). Sweating occurs simultaneously with wash-
ing, which means both surface and inclusion impurities are removed during this
process.

In the design and analysis of a wash column, it is possible to use an approach
similar to the McCabe-Thiele method for binary distillation [248]. Analogous to the
original method, the validity of this approach is subject to the constant molar over-
flow assumption, which requires that (1) the molar heats of crystallization of the
feed components are equal; (2) for every mole of liquid crystallized, a mole of solid
is melted; and (3) heats of mixing are negligible. Although not all of these condi-
tions are satisfied in reality, such an approach would nonetheless be useful for a
preliminary analysis, especially during conceptual design of the process. One key
difference with the original McCabe-Thiele method is that this approach considers a
pseudo-equilibrium between the solid and liquid phases – which depends on kinet-
ics and mass transfer issues – rather than the true solid-liquid equilibrium as dic-
tated by thermodynamics. That is, the operating line in the McCabe-Thiele diagram
accounts for mass transfer effect, and so on. There is no need to distinguish be-
tween inclusion and surface impurities, as only the total content is considered in
the pseudo-equilibrium composition.

Figure 7.26: Continuous melt crystallization process with wash column: (a) process flow diagram
and (b) stages in the wash column.
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As an example, consider a purification process of crystals of product B contain-
ing a certain amount of impurity A, which involves four pseudo-equilibrium stages
in a wash column. Figure 7.27a shows a section of the binary SLE phase diagram
involving A and B. Process points corresponding to the liquid and solid composi-
tions at different stages are shown on the diagram.

The feed with composition y0 enters stage 1 together with the mother liquor from
stage 2. The resulting solid and mother liquor compositions from stage 1 are y1
and x1, respectively. The solid from stage 1 then goes to stage 2 where it is mixed
with the mother liquor from stage 3, as indicated in Figure 7.26b. In the last stage
(stage 4), the solid from the previous stage (stage 3) is mixed with the reflux
stream with composition x5. The solid from stage 4 (composition y4) is heated
above its melting point to give the final product. Since the reflux stream is a por-
tion of the melted product, x5 = y4.

Figure 7.27b is the equivalent of an x-y plot in binary distillation, in which the
“equilibrium” solid composition (y) is plotted against the corresponding liquid com-
position (x) to give the equilibrium curve, while the liquid and solid compositions
at the same location along the column are plotted against each other to give the
operating line. This line starts at (x1, y0), which represents the compositions of the
feed and mother liquor at one end of the column, and intersects the diagonal line at
(x5, y4), which represents the compositions of the product and wash liquid. Note
that x5 is always equal to y4 because the wash liquid is obtained by melting the
product. The constant molal overflow assumption implies that the operating line is
linear, so that it can be represented by

Figure 7.27: McCabe-Thiele approach in wash column analysis: (a) SLE phase diagram and
(b) x–y plot.
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y= R
R+ 1

x+ 1
R+ 1

y4 (7:42)

where R is the ratio of wash liquid to product, equivalent to the reflux ratio in a
distillation column. The required number of stages to achieve the required product
purity (y4), which is determined by the number of steps that can be drawn between
the operating line and the equilibrium curve, depends on the gradient of the operat-
ing line. Therefore, for a given column with a fixed number of stages, this approach
can be used to determine the targeted reflux ratio to obtain the product of the de-
sired purity from a given feed.

In practice, the real challenge is the determination of the equilibrium curve and
the operating curve, as their dependence on kinetic and mass transfer instead of
thermodynamics makes it impossible to predict these curves a priori. One possible
approach in designing a new unit is to obtain data from a bench or pilot-scale unit
having the same configuration as the desired full-scale unit. Alternatively, oper-
ation data from an actual unit can be used in a retrofit or process improvement
exercise.

7.4 Summary

Chapters 2–6 provide the understanding and methods to recover a desired chem-
ical compound from a multicomponent mixture. This chapter considers the PSD
and purity of the compound, two of the most important product attributes in in-
dustrial crystallization. The required product specifications such as mean parti-
cle size and maximum impurity level can be met by taking advantage of the SLE
phase behavior and the kinetic characteristics of the mixture under consider-
ation. These include solubility, width of the metastable zone, nucleation and
growth kinetics, reaction kinetics, and so on. The product quality also depends
on how the crystallizer is designed and its operating conditions, which deter-
mine the transport processes faced by the crystals. Kinetics and transport models
have been developed for the design of crystallization processes. In particular, the
population balance model that counts the number of particles within a specified parti-
cle size range is indispensable. By capturing the effects of supersaturation on growth
and nucleation rates, accounting for fines dissolution and product classification, and
so on, it tracks the PSD of the crystals in a crystallizer. No matter how well-designed a
crystallizer is, the presence of impurity in the product crystals is inevitable. These im-
purities can be removed downstream of the crystallizer using washing, deliquoring,
partial redissolution, and melt crystallization.
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Exercises

7.1. A sample of NaCl particles has a PSD that follows the Gaussian distribution,
given by the normalized function,

f Lð Þ= 1

σ
ffiffiffiffiffiffi
2π

p exp −
L− Lmð Þ2
2σ2

" #
(7:43)

with Lm = 1.5 mm and σ = 0.42 mm. All particles have the shape of a rectangular prism,
with sides having a length ratio of 1: 1: 2. The true density of NaCl is 1,300 kg/m3.
a. Calculate the volume shape factor, kv, for these NaCl particles, if the longest

side is taken as the characteristic length L.
b. Derive an expression for calculating the zeroth moment, M0, which is the total

number of particles per kg of powder mass. (Hint: Start from an expression for
the total volume of particles per kg powder. The units of population density
n(L) would be no/m⋅kg.)

c. Discretize the PSD using an equal-sized interval of 0.1 mm and ignoring par-
ticles larger than 4.0 mm in size. (Do this by tabulating the values of f(L) for L =
0.1 mm, 0.2 mm, 0.3 mm, . . ., 4.0 mm.)

d. Calculate M0 using the expression derived in part b, by numerical integration
using the discretized PSD.

7.2. The PSD in a continuous MSMPR crystallizer with no solids in the inlet stream
and a growth rate that is independent of crystal size is given by eq. (7.7),

n Lð Þ= B
G
exp −

QoutL
GV

� �
(7:7)

a. Express this distribution as a mass-based differential PSD, W(L).
b. Derive an expression for dominant crystal size Ld, which is defined as the size

for which W(L) reaches a maximum.
c. Derive an expression for the magma density, MT, in terms of Ld.

7.3. A seeded batch crystallizer is used to crystallize pure A from 5,000 kg of solution
containing 30 wt% A. Based on the solubility of A at the final crystallization tempera-
ture, it is expected that the mother liquor would contain 5 wt% A. The target size of the
product crystals is 1 mm, while the size of the seed crystals is 50 μm. Assuming no nu-
cleation and uniform crystal growth, how many kg of seed crystals should be added?
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7.4. An MSMPR cooling crystallizer is used to crystallize adipic acid (AA) from its
solution. The feed is a saturated solution of AA in water at 70 °C. The crystallizer is
to be operated at 50 °C. It is desired to produce 4,600 kg/h adipic acid crystals with
a dominant size (Ld) of 150 μm. The following data are available:

Density of adipic acid crystals, kg/m


Density of final solution, kg/m


Crystal shape factor .
Solubility of AA in water, kg AA/kg water c* = . T – .

(T = temperature in oC)
Empirical correlation for crystallization kinetics B = . x  G. MT

.

(B in no/m.s, G in m/s, and MT in kg/m)

a. Calculate the feed flow rate in kg/h.
b. Calculate the magma density (MT) in kg/m3.
c. Using the result from part b, calculate the required growth rate, G, in m/s.
d. Determine the required crystallizer volume in m3.
e. If a larger crystallizer is used for the same flow rate, feed temperature, and crys-

tallizer temperature (that is, the residence time becomes longer), how would
the dominant size change?

7.5. A batch crystallization process is to be scaled up from a pilot-scale unit that
can accommodate 100 L of slurry to a commercial unit with a capacity of 10 m3 of
slurry. The slurry density is 1150 kg/m3 and the viscosity is 2 cP. The pilot-scale ves-
sel has a tank diameter of T1 = 0.5 m and impeller diameter D1 = 0.25 m, and is oper-
ated at an agitation speed of N1 = 50 rpm. The commercial-scale vessel is designed
to be geometrically similar to the pilot-scale vessel and it is decided that the con-
stant torque per volume scale-up rule, given by

N2
1D

5
1

V1
= N2

2D
5
2

V2
(7:23)

would be the most appropriate for this system.
a. Show that for geometrically similar vessels, this scale-up rule would give a con-

stant tip speed.
b. Determine the tank diameter, impeller diameter, and agitation speed of the

commercial crystallizer.
c. If the relationship between power number NP and Reynolds number NRe for the

selected agitator type is as shown in Figure 7.28, compare the power require-
ment per unit volume for the pilot and commercial units.
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7.6. The Darcy’s law for liquid flow through a porous medium can be expressed as

Q
A
= k
μ
Δp
x

(7:44)

where Q = volumetric flow rate, A = flow cross-sectional area, k = permeability, Δp =
pressure drop across the porous medium, μ = liquid viscosity, and x = thickness of
the porous medium. Applying this equation for the flow through a porous cake dur-
ing filtration, Q can be replaced by dV/dt (V = filtrate volume, t = time), and the filter
area Af can be substituted for A. Accounting for the additional resistance to flow
caused by the presence of filter medium, eq. (7.44) can be rewritten as

1
Af

dV
dt

= Δp
μ x k + Rm= Þð (7:45)

where Rm = filter medium resistance. Furthermore, the following two entities are
defined:

α = 1
ρS 1− εð Þk (7:46)

c=
ρS 1− εð ÞAf x

V
(7:47)

where α = specific cake resistance, c = mass of deposited solids (cake) per unit vol-
ume of filtrate, ρS = solid density, and ε = cake porosity. Show that eq. (7.32)
(Table 7.9) can be obtained by integrating eq. (7.45) under constant pressure drop.

Figure 7.28: Power number as a function of Reynolds number (problem 7.5).
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7.7. A continuous belt filter is to be used to process 500 kg/h of slurry containing
30% (by mass) NaCl. The cake leaving the unit still contains 0.15 kg water per kg
dry cake. The filtrate is a clear solution with a density of 1,050 kg/m3 and viscosity
of 1 cP. The filter is operated at a vacuum level of 35,000 N/m2 and a speed of
0.05 m/s. The filter belt has a width of 0.2 m.
a. Determine the filtrate volumetric flow rate in m3/h.
b. Determine the specific cake resistance α and filter medium resistance Rm from

the batch filtration data given below. The batch filtration test is done at the
same vacuum level and using the same slurry as the continuous unit. The filter
area is 100 cm2.

Hint: Use eq. (7.32) to obtain α and Rm from the slope and intercept of a plot of
tf/Vf against Vf.

c. Determine the required length of the belt section dedicated to filtration in m2.
d. The specific cake resistance can be linked to the PSD. For example, a relation-

ship based on the Kozeny-Carman permeability suggests that α is inversely pro-
portional to dp

2 (dp is the particle size) [238]. Based on this relationship, how is
the required filter length expected to change if the particle size were smaller,
all other variables being the same?

7.8. A crystallizer is used to obtain AsA from a solution consisting of AsA, OxA, and
water. The slurry from the crystallizer is to be processed in a belt filter, which also
performs the washing and deliquoring function, followed by a dryer. The solid con-
tains 5 ppm of OxA as inclusion and the cake after filtration contains 0.15 kg liquid/
kg dry solid. The residual liquid contains 30 wt% AsA and 200 ppm OxA. A washing
liquid containing 30 wt% AsA (saturated in AsA) and 10 ppm OxA is available. The
following data is obtained from batch washing experiments using this washing liq-
uid. (Note: a fraction removal of 1 would give 10 ppm OxA in the residual liquid.)

Time (s)        

Filtrate volume (mL)        

Wash ratio, W OxA concentration (ppm) Fraction removal, f

  

.  .

.  .

.  .
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The final wetness after deliquoring is 0.1 kg liquid/kg dry solid. It can be as-
sumed that AsA and OxA are non-volatile and water is perfectly removed during
drying.
a. If the fraction removal by washing is to be correlated to the wash ratio using an

exponential function f = fmax [1−exp(-bW)], determine the appropriate values of
fmax and b from the data.

b. If the final solid product should contain no more than 10 ppm OxA, how
many kg of washing liquid is required per kg of dry solid in the slurry?

(continued)

Wash ratio, W OxA concentration (ppm) Fraction removal, f

.  .

.  .

.  .

.  .

.  .

.  .
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8 Determination of Solid–Liquid Equilibrium
Phase Behavior and Crystallization Kinetics

8.1 Strategy for SLE Phase Behavior Determination

This chapter focuses on how to establish reasonably accurate SLE phase diagrams
that are suitable for the synthesis and design of crystallization processes. With the
exception of a few conventional systems that have been studied in detail, the SLE
phase diagram is seldom available at the beginning of an industrial development
project. Modeling and experimental activities are often needed to construct the rele-
vant diagrams to be used in process synthesis. The key is to strike a balance be-
tween the need for accuracy and the required development effort.

The iterative development of the SLE phase diagram lies at the center of the
workflow for synthesizing a crystallization process, as shown in Figure 1.3. Figure 8.1
provides a more detailed picture of the activities involved in the determination of the
SLE behavior. Starting with the separation objectives, the first action is to identify rel-
evant components in the system to be handled (point 1 in the figure). The analysis
result of the potential feed stream often reveals a long list of components, which
would require a complex, high-dimensional phase diagram to represent the phase be-
havior involving all of them. Therefore, the system should be simplified whenever
possible, such as by considering only key components or lumping minor impurities
into one component. Sometimes, the minor impurities can be lumped with the sol-
vent, because they are unlikely to be crystallized out. Once the system has been nar-
rowed down to three or four components, establishing the SLE phase diagram is
much easier.

The recommended approach is to use basic information to proceed with model-
ing first (point 2), so as to obtain a better idea of the SLE behavior. Some informa-
tion such as melting point, heat of fusion, solubility data, and so on may be
available from the literature or from initial investigation by chemists. If no informa-
tion is available, preliminary experiments can be performed to collect the basic infor-
mation (point 3a). Alternatively, missing information can be estimated (point 3b).
Relevant phase diagrams, based on which the process can be synthesized, are con-
structed (point 4). Focusing on selected regions as guided by process synthesis, ad-
ditional experiments such as solubility measurement, crystallization tests, and so
on can be performed to improve accuracy (point 5). The results are used to improve
the model in the next iteration. At the end, if the separation objectives cannot be
achieved using the model involving the selected components, the activities can be
repeated with the inclusion of more components in the system (point 6).
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8.2 Modeling of SLE Phase Behavior

Modeling can be viewed as an effort to make sense and provide structure to a set of
data. Scattered data without a model is just a bunch of numbers, which have lim-
ited applications, as no understanding has been extracted. On the other hand, a
model without data validation is just a random equation, which may have a scien-
tific meaning but is not practically useful. For this reason, modeling and experi-
mental efforts should always proceed hand-in-hand in conceptual design. In order
for the model to be meaningful, it should be built with minimum complexity, as
long as the objective of the exercise is met, and should include parameters that can
be obtained or validated by experiments, in some way.

Levenspiel [249] illustrated the use of models of different complexities in vari-
ous areas of chemical engineering throughout the twentieth century, and at the
end, suggested to “always start by trying the simplest model and then only add
complexity to the extent needed.” In the same spirit, a three-step practical ap-
proach can be proposed. First, build the simplest model as it reflects the lowest cost
exercise. Second, perform a sensitivity analysis to determine the effects of the

Figure 8.1: Flowchart of activities in the determination of SLE phase behavior.

254 8 Determination of Solid–Liquid Equilibrium Phase Behavior



critical parameters, so that the accuracy requirements for those parameters can be
assessed, and the model can be tested by comparing the results with expectations
from engineering knowledge. Finally, analyze the situation based on the model re-
sults and decide on the next move, such as adding more complexities, performing
experiments to obtain better parameter values, and so on. The development in this
section follows this philosophical approach, beginning with the model for describ-
ing SLE based on first principles.

8.2.1 Solubility equation and solubility product equation

There are two key questions in modeling phase equilibrium, regardless of the
phases involved (solid–liquid, vapor–liquid, or liquid–liquid equilibrium): What
are the criteria for phase equilibrium? What are the compositions of all phases that
are in equilibrium with each other? The answer to the first question is provided by
the second law of thermodynamics, which states that for any spontaneous process,
the entropy change is positive [250]. Since no variation can be spontaneous at the
stable equilibrium condition, the entropy of a multiphase system must reach a max-
imum with respect to its independent variables:

dS U, v, x1, ..., xC− 1ð Þ≥0 (8:1)

where S is specific entropy, U is specific internal energy, v is specific volume, x is
mole fraction, and C is the number of components in the system. Correspondingly,
the specific Gibbs free energy (G) reaches a minimum with respect to its indepen-
dent variables, which are temperature, pressure, and composition, as illustrated
in Figure 8.2.

Figure 8.2: Criteria for a stable equilibrium condition.
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For a closed, simple system, the entropy representation of the fundamental equa-
tion obtained from the combined first and second laws of thermodynamics gives

dS= 1
T
dU + p

T
dV − Σ

μi
T
dni (8:2)

where the underbar signifies extensive properties, which depend on the size of the
system. T, p, ni, and μi are temperature, pressure, number of moles of component i,
and chemical potential of component i, respectively. For a multiphase isolated sys-
tem with no reaction, eq. (8.2) can be written as

dS=
XP
j= 1

1
T jð Þ dU

jð Þ +
XP
j= 1

p jð Þ

T jð Þ dV
jð Þ −

XP
j= 1

XC
i= 1

μ jð Þ
i

T jð Þ dn
jð Þ
i =0 (8:3)

where j=1, 2, . . ., P in the superscripts indicates the multiple phases in the system.
P is the total number of phases in the system. As the total energy, volume, and amount
of each component across all phases must be constant in the isolated system:

XP
j= 1

dU jð Þ =0 (8:4)

XP
j= 1

dV jð Þ =0 (8:5)

XP
j= 1

dn jð Þ
i =0 (8:6)

Subtracting a linear combination of eqs. (8.4)–(8.6) from eq. (8.3) gives

XP
j= 2

1
T jð Þ −

1
T 1ð Þ

� �
dU jð Þ +

XP
j= 2

p jð Þ

T jð Þ −
p 1ð Þ

T 1ð Þ

� �
dV jð Þ −

XP
j= 2

XC
i= 1

μ jð Þ
i

T jð Þ −
μ 1ð Þ
i

T 1ð Þ

 !
dn jð Þ

i =0 (8:7)

Equation (8.7) can only be satisfied if:

T 1ð Þ =T 2ð Þ = ... =T Pð Þ (8:8)

p 1ð Þ = p 2ð Þ = ... = p Pð Þ (8:9)

μð1Þi =μð2Þi = ... =μðPÞi i= 1, 2, ...,C (8:10)

which provide the general criteria for multiple phases to be in equilibrium.
Starting from the phase equilibrium criteria, expressions relating the composi-

tion of different phases in equilibrium can be derived, thus providing the answer
to the second question. For SLE of molecular systems at a given temperature and
pressure, the chemical potential of any component i in the liquid phase has to be
equal to the chemical potential of that component in the solid phase:
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μLi =μSi i= 1, 2, ...,C (8:11)

The chemical potential of a component in a mixture is related to its fugacity:

μi =μ0i +RT ln f̂i (8:12)

where μ0i is the chemical potential at a reference state (ideal gas at temperature
T and pressure of 1 bar) and f̂i is the fugacity of component i in the mixture.
Therefore, eq. (8.11) can be cast in terms of fugacity as

f̂ Li = f̂ Si i= 1, 2, ...,C (8:13)

The fugacity in the liquid phase can be related to the molar composition by intro-
ducing the activity coefficient, γ,

γi =
ai
xi

= f̂ Li
f Li xi

(8:14)

where ai is the activity of component i in the liquid phase, xi is the mole fraction of i
in liquid phase, and fi

L is the fugacity of pure component i in liquid phase, which
has been taken as the reference state to define activity. Since the solid phase is
pure, f̂i

S can simply be replaced by fi
S. Therefore, eq. (8.13) can be written in terms

of composition as

f Si
f Li

= γixi i= 1, 2, ...,C (8:15)

The pure component fugacity ratio on the left-hand side can be related to measur-
able pure component thermodynamic properties such as heat of fusion and melting
point, as demonstrated in Table 8.1.

Table 8.1: Derivation of the expression for pure component fugacity ratio.

Step Equation

Definition of fugacity of pure
component i

dGi = RTd ln fi (8:16)

Integration at constant
temperature from p ≈  to p, and
recognizing that fi ≈ p at p ≈ 

Gi −Gid
i =RTðln fi − lnpÞ (8:17)

Rearranging and taking
derivative at constant p

∂ ln fi
∂T

� �
p
= ∂ðGi=RTÞ

∂T

� �
p
−

∂ðGid
i =RTÞ
∂T

� �
p

(8:18)
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Table 8.1 (continued)

Step Equation

Applying Gibbs-Helmholtz
relationship to obtain the
derivative of Gi with respect to T

∂ ln fi
∂T

� �
p
= −

Hi

RT 2 + Hid
i

RT2 (8:19)

Integrating from the melting
point Tm,i to T

fiðT ,pm, iÞ
fiðTm, i ,pm, iÞ = exp

ðT
Tm, i

−Hi +Hid
i

RT2 dT (8:20)

Derivative of ln fi with respect
to p, from the definition of
fugacity

∂ ln fi
∂p

� �
T
= Vi

RT
(8:21)

Integrating from melting
pressure pm,i to p

fiðT ,pÞ
fiðT ,pm, iÞ = exp

ðp
pm, i

Vi

RT
dp (8:22)

Equality of pure component
fugacity in solid and liquid
phases at melting point

f Si ðTm, i ,pm, iÞ= f Li ðTm, i ,pm, iÞ (8:23)

Combining eqs. (.), (.),
and (.)

f Si ðT ,pÞ
f Li ðT ,pÞ

= exp
ðT

Tm, i

−HS
i +HL

i

RT 2 dT +
ðp

pm, i

VS
i −VL

i

RT
dp

2
4

3
5 (8:24)

Expressing the temperature
dependence of enthalpy and
heat capacity

Hi =HiðTm, iÞ+
ðT

Tm, i

Cp, idT (8:25)

Cp, i = Cp, iðTm, iÞ+
ðT

Tm, i

∂Cp, i
∂T

� �
p
dT (8:26)

Substituting eqs. (.) and
(.) into the first integral
term on the right-hand side of
eq. (.)

ðT
Tm, i

−HS
i +HL

i

RT 2 dT = HL
i ðTm, iÞ−HS

i ðTm, iÞ
� 	 ðT

Tm, i

dT
RT 2

+ CL
p, iðTm, iÞ−CS

p, iðTm, iÞ
h i ðT

Tm, i

T − Tm, i
RT2 dT

+
ðT

Tm, i

1
RT 2

ðT
Tm, i

ðT
Tm, i

∂ðCL
p, i −CS

p, iÞ
∂T

 !
p

dTdTdT

= ΔHf , i
R

1
Tm, i

−
1
T

� �
+ ΔCp, i

R
ln

T
Tm, i

−
T − Tm, i

T

� �
+ I (8:27)

Neglecting ΔCp,i and the triple
integral I, and assuming that
Vi

S ≈ Vi
L in eq. (.)

f Si ðT ,pÞ
f Li ðT ,pÞ

= exp
ΔHf , i
R

1
Tm, i

−
1
T

� �� �
(8:28)
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Substituting the final expression into eq. (8.15) gives the solubility equation:

xi =
1
γi
exp

ΔHf , i
R

1
Tm, i

−
1
T

� �� �
(8:29)

where ΔHf,i and Tm,i are the heat of fusion and melting point, respectively, of com-
ponent i. The values of heat of fusion and melting point for many components can
be found in the literature [178] or in databases such as NIST, DIPPR, and Dortmund
Data Bank. For an ideal solution for which the activity coefficient is unity, eq. (8.29)
gives the ideal solubility of component, i. Note that slightly different expressions
have been reported in the literature, mainly because of the different assumptions in
obtaining the final equation. For example, Yang et al. [251] reported an equation for
ideal solubility that includes additional terms on the right-hand side, because they
accounted for the dependence of heat capacity on temperature in eq. (8.27), which
is neglected in the derivation of eq. (8.29).

A similar criterion can be obtained for an electrolyte system, but the starting
point is equating the chemical potential of the ions in liquid phase to that of the
salt in the solid phase. Consider an electrolyte E that dissociates in solution into
cation M and anion N:

EðsÞ= νMMzM + ðaqÞ+ νNNzN − ðaqÞ (8:30)

where ν is the stoichiometric coefficient and z is the ionic charge. The equilibrium
criterion can be written as

νMμLM + νNμLN =μSE (8:31)

By relating the chemical potential to activity via the activity coefficient, the criterion
can be expressed in terms of the composition in liquid phase as

γ*MmM
� �1=νN γ*NmN

� �1=νM =KSP,E Tð Þ (8:32)

KSP,E Tð Þ= exp −
1
RT

μ*M
νM

+ μ*N
νN

−
μ*EðsÞ
νMνN

 !" #
(8:33)

where m is the molality and KSP is the solubility product constant, which is related
to the free energy of formation (or chemical potential at unit molality, μ*) of the
pure solid and the ions. The values of KSP at various temperatures are available in
the literature [252, 253, 254], or can be calculated from the standard state Gibbs free
energy of formation, which are reported in various thermodynamic tables [255].
This expression is often referred to as the solubility product equation. For electrolyte
systems, it is more common to use the infinite dilution standard state for activity
coefficients, so that γ* approaches unity (ideal condition) as the molality ap-
proaches zero. This makes sense as the strong ionic interactions, which are the
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main source of nonideality in electrolyte systems, are absent in very dilute solu-
tions. In contrast, the pure component standard state (γi → 1 as xi → 1) is more ap-
propriate for molecular systems.

8.2.2 Activity coefficient models

The activity coefficient can be physically interpreted as a measure of deviation from
the ideal condition or standard state. In an ideal mixture, the interaction forces among
any kind of molecules or species in the mixture are equal. In a real mixture, those inter-
action forces vary, based on the molecular size, shape, orientation, polarity, electronic
charge, and so on. Thus, the interaction forces between two molecules of the same
kind are not equal to those between molecules of different kinds, giving rise to non-
ideal behavior. Activity coefficients are related to the excess Gibbs free energy, ΔGEX as:

ln γi =
1
RT

∂ nΔGEX
� �
∂ni

� �
T,P, nj

(8:34)

Since ln γi is a partial molar property, it must obey the Gibbs-Duhem relationship:

Σ
i
xid ln γi =0 (8:35)

which is automatically obeyed when derived from ΔGEX. For this reason, activity co-
efficient models in the literature are normally expressed as ΔGEX. Some of the most
commonly used activity coefficient models for molecular and electrolyte systems
are summarized in Tables 8.2 and 8.3, respectively.

In choosing the suitable activity coefficient model, one needs to consider the
components involved as well as practicality. Assuming an ideal solution may be
good enough in certain occasions, such as a molecular system consisting of similar
molecules or an extremely dilute solution of electrolytes. Using a model with no
adjustable parameter, such as regular solution model for mixtures of nonpolar mole-
cules or Debye–Hückel for electrolytes can be a good first approximation for nonideal
systems. Non-random two-liquid (NRTL) and universal quasichemical (UNIQUAC) mod-
els are generally the most suitable to fit experimental data.

8.2.3 Equation of state models

Equations of state (EOS) are routinely used for describing the relationship between
temperature, pressure, and volume in the vapor phase. As the fugacity coefficient
can be derived from such a relationship, it is a standard practice to use EOS for the
vapor phase in VLE calculations. The application of EOS to the liquid phase generally
does not give good results because liquid is rather incompressible. The standard
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Table 8.2: Commonly used activity coefficient models for molecular systems [250].

Model Equation Features

Two-suffix
Margules

ΔGEX = �
i
�
j≠i
Aijxixj (8:36) Derived from lattice theory

Completely symmetric for binary system
One interaction parameter per binary pair
Not complex enough for most mixtures

van Laar

ΔGEX =
�
i
�
j
xixj

aibj
bi

− a1=2i a1=2j

h i
�
i
xibi

(8:37)

Derived by conducting isothermal mixing in
the ideal-gas state, using van der Waals
(vdW) equation of state for evaluating
property changes in expansion/compression
Two interaction parameters per binary pair
(instead of using a, b from vdW)

Hildebrant-
Scatchard
(regular solution)

ΔGEX = �
i
xivi δi − �δ
� �2

(8:38)

δi =
ΔUv, i
vi

� �1 2=

(8:39)

�δ= �
j
ϕjδj; ϕi =

xivi
�
j
xjvj

(8:40)

Derived from regular solution theory
(entropy change of mixing and volume
change during mixing are zero)
No adjustable parameter, need molar
volume vi and solubility parameter δi
Always gives positive deviation (γi > )
Good for nonpolar solvents, but incorrect
when strong associative interactions are
present (such as for polar solvents)

Flory-Huggins ΔGEX

RT
= �

i
xi ln

ϕi

xi
+ �

i
�
j
χijϕiϕj

(8:41)

Derived from lattice theory, accounting for
different molecular sizes
Two interaction parameters per binary pair
Good for polymer solutions

Wilson ΔGEX

RT
= − �

i
xi ln �

j
xjΛij

� �
(8:42)

Λij =
vj
vi

exp −
aij
R T

� 

(8:43)

Generally suitable for VLE calculation
Unsuitable for LLE calculation since it
cannot predict liquid-liquid phase split
Stability criterion is always met
Two interaction parameters per binary pair

Non-random
two-liquid (NRTL)

ΔGEX

RT
= �

i
xi
�
j
xjτjiGji

�
k
xkGki

(8:44)

τij =
aij +bijT

RT
ðaij ,bij =0 if i = jÞ

(8:45)

Gij = exp −αijτij
� �

(8:46)

Theoretically weak, but very powerful for
fitting experimental data
Can be used for highly nonideal systems
with liquid-liquid phase split
Three interaction parameters per binary
pair, but the nonrandomness parameter αij
is typically fixed between . and .
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Table 8.2 (continued)

Model Equation Features

Universal
quasichemical
(UNIQUAC)

ΔGEX

RT
= − �

i
xi ln

ϕi

xi
+ z
2
�
i
qixi ln

θi

ϕi

− �
i
qixi ln �

j
θjτji

� �
(8:47)

ϕi =
xiri
�
j
xjrj

;θi =
xiqi
�
j
xjqj

(8:48)

τji = exp −
Δuji
RT

� �
(8:49)

Combine both the effect of size/shape
(combinatorial contribution) and differing
intermolecular energies (residual
contribution)
Involve  pure component parameters
(qi, ri) and  interaction parameters per
binary pair (Δuij, Δuji)
Parameters can be estimated using UNIFAC
molecular group contribution method

Table 8.3: Commonly used activity coefficient models for electrolyte systems [250].

Model Equation Features

Debye–Hückel ln γ*i = −Az2i I
1=2 (8:50)

A= 2,000ρS
� �1=2

8πNA

F2

ε0DSRT

� �3 2=

(8:51)

I = 1
2

X
i

z2i mi (8:52)

Derived from theory of electrostatics
No adjustable parameter, but need
solvent properties (density ρS,
dielectric constant DS)
The value depends on ionic strength I
Only good for very dilute solutions
Explanation of other symbols:
F=Faraday constant, ε=vacuum
permittivity, z=ionic charge,
m=molality, NA=Avogadro number

Extended
Debye–Hückel ln γ*i = −

Az2i I
1=2

1+bI1=2
(8:53)

b= 2,000F 3
ε0DSRT

� �1=2

r0 (8:54)

Less simplifying assumptions, leading
to additional constant b
No adjustable parameter, need the
same solvent properties as
Debye–Hückel as well as ionic radius r

Pitzer ion
interaction

ΔGEX

WSRT
= f Ið Þ+

X
i.j

λijðIÞmimj

+
X
i.j, k

μijkðIÞmimjmk (8:55)

f(I)=term representing Debye–Hückel
limiting law

Derived from McMillan-Mayer osmotic
virial equation, matching
Debye–Hückel limiting law
Contains binary and ternary interaction
parameters that depends on ionic
strength
WS=weight of solvent (water)

UNIQUAC-
Debye–Hückel

ΔGEX

RT
= ΔGEX

RT

� �
DH

+ ΔGEX

RT

� �
C
+ ΔGEX

RT

� �
R

(8:56)

Debye–Hückel term: same as extended D-H
Combinatorial and residual terms: same as
UNIQUAC

Combine Debye–Hückel term with
combinatorial and residual
contributions
Involve  pure species parameters
(qi, ri) and  interaction parameters
per binary pair (Δuij, Δuji)
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practice is to use activity coefficient models for the liquid phase. However, in model-
ing solid–supercritical fluid equilibrium, the supercritical fluid phase is best modeled
using an EOS. Commonly used EOS are summarized in Table 8.4. The Peng–
Robinson and Soave–Redlich–Kwong equations are cubic type EOS, developed as im-
provements to the ideal gas EOS [250]. They are widely used in industry for low- and
medium-pressure systems due to their simplicity and accuracy [256]. Parameters a, b,
and α in these equations are functions of pure component critical properties.
Adjustable binary interaction parameters appear in the mixing rules used to calculate
the values of a, b, and α for mixtures. The perturbed-chain statistical association fluid
theory (PC-SAFT) EOS has its foundation in statistical mechanics. For nonassociating
systems, the model requires only three component-specific parameters related to molec-
ular size and shape, to model bulk properties and phase equilibria. The complete equa-
tions can be found in the original publication [257]. The values of those parameters for
common components are available in the database of various process simulators.
For other components, these parameters are regressed from pure-component physical
property data such as liquid density and vapor pressure. The model also includes a

Table 8.4: Commonly used equations of state for modeling solid–supercritical fluid equilibrium.

Model Equation Features

Peng-
Robinson
(PR)

p= RT
v −b

−
a

v v +bð Þ+b v −bð Þ (8:57)

am =
X
i

X
j

xixj 1− δij
� �

aiaj
� �1 2=

(8:58)

bm =
X
i

xibi (8:59)

Good for vapor–liquid equilibrium
calculations
No adjustable parameter for pure
components; all parameters are
functions of critical properties Tc and pc
Mixing rules for mixtures contain one
adjustable binary interaction parameter δij

Soave-
Redlich-
Kwong
(SRK)

p= RT
v − b

−
aα

v v +bð Þ (8:60)

aαð Þm =
X
i

X
j

xixj 1− kij
� �

αiaiαjaj
� �1 2=

(8:61)

bm =
X
i

xibi (8:62)

Good for vapor-liquid equilibrium
calculations
No adjustable parameter, all parameters
are functions of critical temperature Tc
and critical pressure pc
Mixing rules for mixtures contain one
adjustable binary interaction parameter kij

PC-SAFT
Z = pV

RT
= Zid + Zhc + Zdisp (8:63)

Ideal gas contribution (Zid)=1
Hard chain contribution (Zhc) and
perturbation contribution (Zdisp) are
complex functions of molecular size and
shape [257]

Developed from advanced molecular
theory
Good when effect of pressure is
important such as in solid-supercritical
fluid equilibrium
Mixing rules for mixtures contain one
adjustable binary interaction parameter kij
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binary interaction parameter, kij, whose value can be adjusted to match mixture proper-
ties. PC-SAFT model is known for its excellent predictive capabilities and good precision
for correlating mixture properties [256].

8.3 Prediction of Solid–Liquid Equilibrium Phase Behavior

For timeliness, cost, and the need for some preliminary data, even if the results are
not very accurate compared to experimental data, it is always desirable to begin
with the prediction of SLE phase behavior. Physical properties such as heat of fu-
sion and melting point can be estimated using group contribution methods, while
activity coefficients can be obtained in several ways. One way is to use a group con-
tribution method such as the UNIFAC or NRTL-SAC (segment activity coefficient)
model. Another way is to use a model with no adjustable parameter, such as the
regular solution model, with required physical properties estimated by group contri-
bution methods. Finally, quantum chemistry models can be used to compute interac-
tion potentials and obtain the activity coefficients using statistical thermodynamics.

8.3.1 Group contribution methods

The basic notion of the group contribution method is that some simple aspects of
the structures of chemical components are always the same, although the mole-
cules themselves are different. Therefore, the property of a compound can be esti-
mated based on the contributions of various groups in the molecular structure. The
contributions of each group are regressed from a large database of compounds with
known properties. While early methods only consider simple first-order groups
such as the carbon chain, alkyl, hydroxide, amine, and so on, later developments
include second- and third-order groups, such as aromatic ring, the location of dou-
ble bond, and so on, which enable the distinction among isomers and similar mole-
cules. The group contribution method has been widely used for predicting boiling
points, vapor pressure, and so on, with reasonable accuracy. Unfortunately, they
are often inaccurate for estimating the melting point and heat of fusion of complex
solids.

One of the widely used group contribution methods is the Joback method [258].
Due to its simplicity, this method cannot distinguish between some isomers that have
different physical properties in solid phase. A more complex method has been devel-
oped by Marrero and Gani [259], in which the molecular structure of a compound is
considered to be a collection of three types of groups. The first-order groups are
intended to describe a wide variety of organic compounds, while the second- and
third-order groups provide more structural information about molecular fragments
of compounds whose description is insufficient through the first-order groups. A

264 8 Determination of Solid–Liquid Equilibrium Phase Behavior



property f of a molecule X can be described as the sum of group contributions in the
general function:

f Xð Þ= Σ
i
NiCi + Σ

j
MjDj + Σ

k
OkEk (8:64)

where Ci, Dj, and Ek are the contributions of a first-, second-, and third- order group,
respectively, and Ni, Mj, and Ok are the number of occurrences of each group in the
molecule. An important rule is that the first-order groups must be chosen in such a
way that the entire molecule is described by first-order groups, with no overlap. If the
same fragment is related to more than one group, the heavier group must be chosen
to represent it instead of the lighter groups. The second- and third-order groups are
allowed to overlap when they have atoms in common. However, one group should
not overlap completely with another group, as this would lead to a redundant de-
scription of the same molecular fragment.

The Hildebrand-Scatchard or regular solution activity coefficient model (eq. (8.38))
allows the calculation of activity coefficients from the values of internal energy of va-
porization (ΔUv) and molar volume at saturation. The value of ΔUv can be approxi-
mated by the enthalpy of vaporization (ΔHv), which, in turn, can be estimated using
group contribution methods. The molar volume at saturation can be calculated using
the Rackett equation [250]:

vliqðsatÞ =
RTc

pc
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where R is the universal gas constant, Tb is the boiling point, Tc is the critical tem-
perature, and pc is the critical pressure. The values of Tb, Tc, and pc can also be
estimated using group contribution methods. Therefore, using the regular solution
model, it is possible to use group contribution method to estimate the SLE phase
behavior. However, it should always be kept in mind that this model is based on
assumptions that are valid for nonpolar compounds only.

The UNIFAC (UNIQUAC functional-group activity coefficient) method [260] com-
bines the functional group concept with a model for activity coefficients, based on an
extension of the UNIQUAC theory. The method treats a nonelectrolyte liquid mixture
as a solution of structural functional groups from which the molecules are formed,
rather than as a solution of the molecules themselves. The activity coefficient is ex-
pressed as a combination of combinatorial and residual terms:

ln γi = ln γi
� �

C + ln γi
� �

R (8:68)
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The functions φi and θi are as defined in eq. (8.48), while ri and qi are expressed as
the sum of functional group contributions:

ri = Σ
k
νkRk; qi = Σ

k
νkQk (8:72)

where rk and qk are the size parameters of functional group, k, which occurs νk times
in the molecule. The function, ln Γk, in the residual contribution is defined as:
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where Xm denotes the mole fraction of group m in the mixture, amn is the interaction
parameter between group m and group n, and T is temperature.

As UNIFAC functional group information is readily available for many molecules
in public databanks and commercial simulators, the model can be used to predict
activity coefficients for solvents and solutes, as long as these molecules are struc-
tured as a set of UNIFAC functional groups for which the group-group binary interac-
tion parameters have been determined. For small linear organic molecules, UNIFAC
yields acceptable qualitative or semiquantitative predictions. However, for complex
molecules with rigid molecular configurations, UNIFAC predictions are often, at best,
qualitative [256]. It should also be noted that since this model was originally devel-
oped for VLE, the validity range of the parameters may be unsuitable for SLE.

Instead of defining a molecule in terms of structural functional groups, the
NRTL-SAC model [261] suggests that four conceptual segments should suffice to ac-
count for all major distinct molecular surface interaction characteristics: hydropho-
bic (X), polar attractive (Y−), polar repulsive (Y+), and hydrophilic (Z). The activity
coefficients for all molecules in solution are determined based on inherent seg-
ment-segment binary interaction parameters among the four conceptual segments,
which are established from phase equilibrium data of representative reference mol-
ecules that exhibit such molecular surface interaction characteristics, as well as the
conceptual segment numbers. The interaction parameters are pure component con-
stants, and are incorporated in many process simulators. The NRTL-SAC model has
no adjustable binary interaction parameters, but the pure-component parameters
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for a new molecule that is not available in the database can be identified from re-
gression of experimental phase equilibrium data. Therefore, it is often considered
as a hybrid model that is both correlative and predictive.

Example 8.1 – Prediction of melting point and heat of fusion
The melting point and heat of fusion of three common drug molecules are predicted using Marrero and
Gani’s method. The identification of functional groups in the molecules is illustrated in Figure 8.3. The
solid circles indicate first-order groups, whereas the dotted circles are second-order groups. No third-
order group can be identified in these molecules. Table 8.5 summarizes the groups and their occur-
rences in each molecule, along with the calculated melting point and heat of fusion. The group contri-
bution values used for the calculation are available in the original publication [259].

Table 8.5: Estimation of melting point and heat of fusion by Gani’s group contribution method.

Aspirin Paracetamol Ibuprofen

First-order groups CH   

CH   

CH   

aCH   

aC (nonfused)   

aC-CH   

aC-CH   

aC-OH   

COOH   

aC-COOH   

CHCO   

CHCOO   

aC-NH   

Figure 8.3: Identification of functional groups in three drug molecules.
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The estimated value of aspirin melting point is higher than the average value of 135 °C listed in the
NIST database. However, the experimental data reported over the past century has a relatively
large variation, with some reported data as high as 143 °C [262]. The estimated heat of fusion of
aspirin is about 15% lower than the reported literature value of 29.8 kJ/mol [263]. Taken together,
the prediction results for aspirin are still reasonable, despite not being very accurate. The predic-
tion results are worse for the other two molecules, especially for ibuprofen, which has a more com-
plex structure. As discussed in Example 5.3, ibuprofen can exist as R and S enantiomers, and the
reported literature data usually corresponds to a racemic mixture of the two, which has a higher
melting point compared to the pure enantiomers. Since Marrero and Gani’s method does not ac-
count for the different three-dimensional arrangement between enantiomers, the estimated value
is presumed to be valid for the racemic mixture. It can be seen that the results from this model are
not accurate for ibuprofen, as the predicted melting point (99.5 °C) is much higher than the litera-
ture value (75–78 °C). The estimated value for the heat of fusion is also quite far off. However, bet-
ter values could be obtained using the latest version of commercial software programs
implementing Marrero and Gani’s method, such as ICAS [264], perhaps with updated group contri-
bution values that are slightly different compared to those in the original publication.

Example 8.2 – Regular solution model
The solubility of aspirin in four organic solvents, namely ethanol, acetone, 2-propanol, and propyl-
ene glycol, are calculated using the regular solution model. The internal energy of vaporization and
molar volume for each component are calculated from enthalpy of vaporization and saturated liquid
molar density, respectively. These entities are calculated using DIPPR correlations as follows:

ΔHv, i =A 1−
T
Tc

� �B

(8:75)

ρ*L =A=B 1+ 1− T=TCð ÞD
� 	

(8:76)

Table 8.5 (continued)

Aspirin Paracetamol Ibuprofen

Second-order groups (CH)CH   

aC-CHn-COOH (n in ..)   

AROMRINGss   

AROMRINGss   

Melting point Tm Total group contribution . . .

Estimated value, °C . . .

Literature value, °C ‒ . –

Heat of fusion ΔHfus Total group contribution . . .

Estimated value, kJ/mol . . .

Literature value, kJ/mol . . .–.
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The parameters are summarized in Table 8.6, along with the melting point and heat of fusion values
used for the SLE calculations. The calculated solubility curves are compared with the ideal solubility
curve (which is the same, regardless of the solvent), as well as experimental data reported in the
literature [205], in Figure 8.4. The results indicate that the predicted solubility using regular solution

Table 8.6: Values of parameters for SLE calculation using regular solution model.

Component Melting
point (K)

Heat of
fusion
(J/kmol)

Enthalpy of
vaporization
(J/kmol)

Saturated liquid molar
density

(kmol/m)

Critical
temp,
Tc (K)

A B A B D

Aspirin . . × 


. × 


. . . . .
Ethanol . . × 


. × 


. . . . .

Acetone . . × 


. × 


. . . . .
-Propanol . . × 


. × 


. . . . .

Propylene glycol . . × 


. × 


. . . . .

Figure 8.4: Calculated solubility of aspirin in organic solvents using regular solution model: (a) in
ethanol, (b) in acetone, (c) in 2-propanol, and (d) in propylene glycol.
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model can sometimes be closer to reality compared to ideal solubility, as in the case of 2-propanol
(Figure 8.4c). However, in other cases, the regular solution model gives worse results compared to
the ideal solution assumption, as is evident from the plots for the other solvents. Therefore, although
this model can be useful to provide an initial estimate of solubility in an organic system, it may not
give accurate results. Fitting of experimental data is recommended, whenever possible.

8.3.2 Quantum chemistry methods

Quantum chemistry models can be used to calculate solubility via the activity coeffi-
cient. An example is the conductor-like screening model for realistic solvation
(COSMO-RS) theory, which is based on the so-called continuum solvation model [265].
In contrast to group contribution methods in which molecules are described as a col-
lection of fragments with the consequence of losing any information about intramolec-
ular interactions, the continuum solvation model approximates the electrostatic
interaction between the solute and the solvent by classical dielectric theory. This al-
lows for a self-consistent treatment of molecules in solution, even at quantum chemi-
cal level. The model describes the interactions in a fluid as local contact interactions of
molecular surfaces, quantified by the values of screening charge densities σ and σ’.
Molecules can be represented by their σ-profiles, which is unique for each molecule.

For any “new” molecule, the quantum chemistry calculations to compute the σ-
profiles have to be done only once. The σ-profile for common molecules such as
solvents can even be obtained from the database. Then, statistical thermodynamics
is used to solve the ensemble of interacting surfaces, so that chemical potentials
and activity coefficients can be calculated. The results are often reasonable for or-
ganic solvents, although time-consuming quantum mechanical calculations are re-
quired. To avoid lengthy calculations of many points spread over the entire phase
diagram, a reasonable strategy would be to use the COSMO-RS model to calculate
solubility data for a few points only, and treat the estimation results as experimen-
tal data. These simulated data points can then be used to regress the parameters in
an empirical activity coefficient model such as NRTL, and eventually to calculate
the entire SLE phase diagram. In this way, the required time and effort to get the
phase diagram can be minimized.

8.4 Experimental Determination of SLE Phase Behavior

The role of experimental data in the development of SLE phase diagrams is twofold.
First, experiments are often needed for the determination of model parameters, in-
cluding physical properties (heat of fusion and melting point, if not already
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known), as well as the parameters of the activity coefficient model. Second, ex-
periments can be used to validate model predictions, such as the location of a
thermodynamic boundary or the yield at a given crystallization condition. As a
general rule, the accuracy of the model is proportional to the amount of experi-
mental data gathered. During the conceptual design stage, conducting a thorough
experimental investigation is not necessary, as there is no need to have a highly
accurate model. It is more important to obtain the overall image of the SLE behav-
ior to get started with process synthesis. Additional experiments can be performed
later, when the region of the phase diagram relevant to the separation objectives
has been identified.

8.4.1 Thermal method for obtaining SLE data

The most common techniques of obtaining melting point and heat of fusion data
are differential scanning calorimetry (DSC) and differential thermal analysis
(DTA). A DSC machine measures the difference in heat flow to two separate
chambers that are kept at the same temperature during a heating or cooling pro-
gram. One chamber contains a standard, normally a metal piece that would not
undergo a phase change, and the other contains the sample. When a phase
change or reaction occurs to the sample, the heat flow to the sample chamber is
automatically adjusted to compensate the heat effect and keep the same temper-
ature as the standard chamber. This leads to a peak being displayed in the heat
flow versus temperature chart. In DTA, the temperature difference between the
sample and the reference is measured instead. Modern equipment usually com-
bines this function into thermogravimetric analysis (TGA) systems, which simul-
taneously record the weight gain or loss of the sample. In addition to pure
component phase transition data, the solidus and liquidus curves for mixtures
are simultaneously measured in the same run using DSC, so that polythermal
SLE data can be obtained [266]. From this information, it is also possible to get
an initial idea on the type of phase behavior (simple eutectic, polymorphism,
solid solution, and so on).

Figure 8.5 illustrates how a DSC curve is interpreted. If a pure solid is being
heated, as indicated by the vertical movement from a to b to c on the phase dia-
gram in Figure 8.5a, the resulting DSC curve would feature a single peak as
shown in Figure 8.5b. The location of this peak corresponds to the melting point,
while the area of the peak corresponds to the heat of fusion. The DSC equipment
can usually be set to display these values on the chart for easy reading. If the
solid sample is a mixture instead of a pure component, as represented by the path
from d to g in Figure 8.5a, the corresponding DSC curve is depicted in Figure 8.5c.
The first peak appears as the temperature reaches the eutectic temperature at
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point e, because at this point all B in the mixture turns into liquid, leaving only A
in the solid phase, as the heating continues toward f. Between e and f, A contin-
ues to melt until the last piece of solid disappears at point f. This appears as a
less sharp, second peak in the DSC curve. From a series of DSC curves taken at
various compositions, it is possible to construct the binary SLE phase diagram.

Example 8.3 – SLE phase diagram of dimethylterephthalate/benzoic acid binary system
The determination of the binary SLE phase diagram of dimethylterephthalate (DMT) and benzoic
acid (BA) by DSC has been demonstrated by Mettler-Toledo [267]. Samples containing mixtures of
DMT and BA in different ratios are prepared and analyzed by DSC. The resulting DSC curves are
depicted in Figure 8.6. The BA content is shown in mole percent. It is clear that, regardless of the
BA content in the sample, a peak at 97 °C is always detected, corresponding to the eutectic point.
The curves for 4% BA, 7% BA, and 13% BA feature a second peak, which becomes smaller as the
BA content increases. The second peak is less clear in the curves for 48% BA and 89% BA, and
virtually undetected in the curve for 62% BA. The curves for pure BA and pure DMT, which exhibit
only one peak each, as expected, are also shown in the figure.

By plotting the heat of fusion (peak area) of the eutectic peak against composition, a eutectic
composition at BA concentration of about 72 mol% is obtained by linear extrapolation, as demon-
strated in Figure 8.7a. This method is appreciably more accurate than extrapolating the nonlinear
liquidus (solubility curves) on the phase diagram. The eutectic point is then used, together with
other points obtained from the onset temperature of the second peak, to reconstruct the entire sol-
ubility curves of DMT and BA, as shown in Figure 8.7b.

Figure 8.5: Interpretation of DSC results: (a) representation on the SLE phase diagram, (b) DSC
curve of a pure component sample, and (c) DSC curve of a binary mixture sample.
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Figure 8.6: DSC curves of different mixtures of DMT and benzoic acid (data from [267]).

Figure 8.7: Determination of eutectic composition and SLE phase diagram of DMT/benzoic acid
system (data from [267]).
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Example 8.4 – Determination of ternary SLE phase diagram by DSC
Ozawa and Matsuoka [268] demonstrated the determination of the ternary SLE phase diagram of
o-, m-, and p-nitroaniline (NA) system using DSC. Figure 8.8 illustrates the process path when a
solid mixture containing the three components (point F) is heated in the DSC equipment. When the
temperature reaches the ternary eutectic temperature at point 1, a liquid phase with the ternary
eutectic composition begins to form. The melting process at this temperature continues until o-NA
melts completely, leaving behind a binary solid mixture of p-NA and m-NA (point 1S). Afterward, the
liquid composition moves along the p-NA/m-NA binary eutectic trough as the temperature rises
and the solid is enriched in p-NA. At point 2, all m-NA has melted away, leaving behind pure p-NA
in the solid phase (point 2S). Upon further heating, the process path turns away from the eutectic
trough, as p-NA continues to melt. The solid disappears completely at point 3, which is located on
the solubility surface of p-NA.

The resulting DSC curve typically looks like the schematic drawing shown in Figure 8.9. The first
peak corresponds to the melting of the ternary eutectic (point 1 in Figure 8.8), the second one is
attributed to the gradual melting of the binary eutectic mixtures (from 1 to 2), and the last one
arises from the melting of the pure component (from 2 to 3). The peak areas (ΔHeut, ΔHeub, and
ΔH’) account for the heat of melting of solids from 1 to 1S, 1S to 2S, and 2S to 3S, respectively.
Note that there is a significant overlap between the second and third peaks. One way to obtain
their individual areas is by taking a cut at the valley between the two peaks, resulting in the
shaded area as an estimate for ΔHeub and the unshaded area for ΔH’. The temperature of points
1, 2, and 3 can be approximated by the onset temperature To and peak temperatures Tp,2 and
Tp,3, respectively.

In order to construct the ternary phase diagram, the three binary pairs of o-NA/m-NA, o-NA/p-
NA, and m-NA/p-NA were studied first to obtain the binary eutectic compositions and temperatures.

Figure 8.8: Heating of a solid mixture of nitroaniline isomers.
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Figure 8.9: Schematic drawing of a DSC curve for a ternary eutectic mixture (reprinted from [268]
with permission from Elsevier).

Figure 8.10: Polythermal cuts of the ternary SLE phase diagram and corresponding DSC peak
enthalpies (reprinted from [268] with permission from Elsevier): (a) constant ratio cut at o-NA:
p-NA = 1, (b) constant mass fraction cut at o-NA = 0.3.
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Ternary mixtures along various polythermal cuts were then analyzed to obtain points on the solu-
bility curves as well as to determine the location of the eutectic troughs. Figure 8.10 shows the plot
of DSC peak temperatures and enthalpies against composition along two different cuts, which al-
lows the determination of the temperature and composition of points along the eutectic trough.
The cut at constant ratio of o-NA to p-NA (Figure 8.10a) is similar to the cut described in
Figure 2.12c, while the cut at constant composition of o-NA (Figure 8.10b) is similar to the one in
Figure 2.12b.

A total of five constant ratio cuts and six constant composition cuts were studied to determine
all three binary eutectic troughs. The results were plotted on the polythermal projection shown in
Figure 8.11. Excellent agreement with literature data was reported, demonstrating the effectiveness
of using DSC for the determination of ternary SLE phase diagrams.

8.4.2 Synthetic method for obtaining SLE data

Besides DSC, there are other methods to get SLE data. The conventional synthetic
method, which has several variants, relies on detection of solid disappearance (or
reappearance). In the step-warming method, a solid sample of a given composition
is slowly heated and the temperature at which the solid phase just disappears is
recorded [269, 270]. The experiment can be performed in a simple setup consisting
of a jacketed glass vessel with temperature control. It is advisable to heat up the
mixture until everything turns into liquid first, to ensure homogeneity of the mix-
ture. The mixture is then cooled down until some solids appear, followed by slowly
heating it back up to identify the dissolution temperature. As shown in the phase
diagram of Figure 8.12a, a point on the saturation curve (point 2) is obtained when
the solid completely disappears. This method is recommended for generating a pol-
ythermal phase diagram, in which the saturation varieties are determined by

Figure 8.11: Polythermal projection of the ternary SLE phase diagram of o-, m-, and p-nitroaniline
system (adapted from [268] with permission from Elsevier).
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repeating the experiment using different compositions of the solid sample. In the
solvent addition method, the temperature is kept constant, while a solvent is added
to a solid mixture until the solid just disappears [271]. A simple setup consisting of
a jacketed vessel kept at a constant temperature is suitable for performing the ex-
periment. Additional solvent is introduced using a syringe. By tracking the amount
of solvent that has been added, a point on the saturation curve (such as point 2 in
Figure 8.12b) can be located. This method is suitable for the determination of an
isothermal phase diagram. In both methods, ample time should be allowed to en-
sure that equilibrium has been achieved.

Visual observation is the simplest way to detect the phase transition point, but it
can be impractical, since it involves staring at the mixture for an extended period of
time in order not to miss the moment at which the mixture experiences a change in
visual appearance. Other possibilities include measuring opacity or conductivity, or
relying on light scattering (Tyndall effect) and measuring the light transmittance to
detect the presence of solid particles. Platforms for parallel processing and automa-
tion of data acquisition are available in the market, with varying capabilities and pri-
ces. Examples include the Crystal16® system [272], which allows the processing of 16
samples at the same time using the step-warming method, and the PolyBLOCK sys-
tem [273], which can be equipped with an automatic solvent injection system, making
it suitable for solvent addition method.

The principles of thermal and synthetic methods are combined in a method
called discontinuous isoperibolic thermal analysis (DITA), which measures en-
thalpy change during the dissolution of a solid mixture using a highly accurate
thermometer [274]. As solvent is added to a solid mixture such as point 1 in
Figure 8.12b, slope disruptions in the plot of enthalpy change versus solvent
amount are identified to locate region boundaries. As a result, both point 2 and the
boundary between the A(s)+Liq and A(s)+B(s)+Liq regions can be obtained.

Figure 8.12: Synthetic methods for obtaining SLE data: (a) step-warming and (b) solvent addition.
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Example 8.5 – Solubility measurement using polythermal method
Chan [275] measured the solubility of adipic acid in water using the polythermal method. Six sam-
ples with measured quantities of adipic acid and water, with different compositions, were placed
in jacketed glass vessels and subjected to stirring along with cooling and heating, following the
same temperature profile. Solid appearance and disappearance were detected using a turbidity
probe. The electronic signal from the probe was translated to light transmittance. A high value
indicates a clear solution, while a low value suggests cloudiness due to the presence of solids.

Figure 8.13a shows the profile of transmittance and mixture temperature during the heating step
for a sample containing 10.01 wt% adipic acid. As solids were present at the beginning, the trans-
mittance started from a low value, and stayed nearly constant as temperature was ramped up.
When the temperature reached about 50 °C, there was an abrupt increase in transmittance, fol-
lowed by a more gradual increase until a maximum value was reached at about 120 mins. The
transmittance stayed pretty much constant afterward, and the maximum value indicated that all
solids have dissolved. By plotting transmittance against temperature, as shown in Figure 8.13b,
the determination of the dissolution point is relatively straightforward. Taking the temperature at
which the transmittance leveled up to the maximum value, the dissolution temperature was deter-
mined to be 52.8 °C.

The dissolution temperatures of other samples with different adipic acid content were also deter-
mined. The results are plotted in Figure 8.14, alongside literature data from other studies [276,
277, 278], which were obtained using various methods. In particular, the data of Lin et al. were
also obtained using the solid disappearance method, but the presence of solids was detected by
visual observation [278].

Figure 8.13: Dissolution temperature measurement of 10 wt% adipic acid solution in water: (a)
transmittance and temperature profiles and (b) transmittance vs. temperature plot.
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8.4.3 Analytical method for obtaining SLE data

The most direct method for measuring SLE data is the analytical method, in which
an excess amount of solid mixture is partially dissolved in a solvent at a constant
temperature, and the liquid phase concentration is measured [279, 280]. If neces-
sary, the solid phase can be extracted and analyzed as well. The experiment can be
done using the same setup as the solvent addition method. To collect isothermal
data for a ternary system containing A, B, and S as shown in Figure 8.15, start with
a mixture of solid A and solid B (point F), and then add an amount of S while keep-
ing the mixture at the desired temperature. If both A and B are still present in the
solid phase after the addition of solvent, then the overall mixture is still in the two-
solid region, as indicated by point 1. The liquid composition represents the double
saturation point (point 1L), and the solid is a mixture of A and B (point 1S). If a rela-
tively large amount of solvent is added, one of the components may completely dis-
solve, as in the case of point 2. The analysis of the solid phase would indicate that
the solid only contains A (point 2S), and the liquid composition would correspond
to a point on the saturation curve of A (point 2L).

In reality, the sampled solid particles are always wet with adhering mother li-
quor, so the actual composition would be at points 1S’ and 2S’, instead of 1S and 2S.
Therefore, the true solid composition should be determined indirectly, by extrapo-
lating the tie-line connecting the liquid and wet solid compositions. This so-called
Schreinemakers’ wet residue method [281] can be done graphically as indicated in
Figure 8.15, but a mathematical extrapolation procedure [282] would be more prac-
tical for multicomponent systems.

Figure 8.14: Dissolution temperature data of adipic acid/water mixtures.
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While the analytical method is straightforward, it is sometimes undesirable since
sample preparation and analysis using HPLC or GC often require a significant amount
of effort and cost. A simpler alternative, which is particularly applicable to measure
the solubility of a single solute in a volatile solvent, is the gravimetry method. The
solvent is kept in contact with an excess amount of solute solids at a constant temper-
ature to produce a saturated solution. After equilibrium is achieved, a sample of the
saturated solution is taken and weighed. The solvent is then completely removed by
drying the weighed sample in an oven. The solubility can be determined by compar-
ing the sample weight before and after drying.

8.4.4 Fitting of model parameters

Experimental SLE data can be used to calculate the activity coefficient using eq. (8.29),
so that the parameters in the activity coefficient model can be fitted. In this connection,
it is important to consider the design of experiments or data collection strategy. For
molecular systems, the best strategy is to focus on the binary pairs first, because most
activity coefficient models contain only binary interaction parameters. Ternary or
higher interaction parameters are very rare. Therefore, the binary data would be suffi-
cient to get a first estimate of all parameters in the model. In case getting binary data is
impractical, such as between two solvent components with low melting points, the bi-
nary interaction parameters between those solvent components can be backed out
from the solubility data in solvent mixtures.

Figure 8.15: Analytical method for obtaining SLE data.
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To ensure that statistically meaningful parameter values can be obtained, the
number of data points obtained has to be larger than (or at least equal to) the num-
ber of parameters in the model. For example, consider using the NRTL model (eqs.
(8.44)–(8.47) for a ternary system shown in Figure 8.16. The model has three binary
interaction parameters for each pair of components. Since the nonrandomness pa-
rameter, αij, is normally set to a constant value, there will be four parameters to be
determined for each binary pair: a12, a21, b12, and b21 (note that since the parameters
are not symmetric, a12 is not equal to a21). With three binary pairs, the total number
of parameters is 12, which means at least 12 data points are needed. However, as a
starting point, it is possible to neglect temperature dependence by assuming all bij
to be zero, thereby reducing the number of adjustable parameters to 6. Therefore, at
least 6 data points (2 data points for each binary pair) are needed. Data on the AB
side can be obtained from DSC experiments, while those on the AS and BS sides are
obtainable from the solubility data of A in S and B in S, respectively.

Once the data have been collected, they can be used to fit the model parameters in
the activity coefficient model by minimizing the difference between calculation

Figure 8.16: Strategy for determination of ternary SLE phase diagram.
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results using the model and experimental data [283]. A convenient objective func-
tion can be chosen, such as:

minF =
X
k

wk γcalci − γexpti

� �2
k (8:77)

where wk is the weighting factor for data point k. Other functions based on other
comparable quantities such as mole fraction or temperature can also be used.

Example 8.6 – Solubility of aspirin in ethanol
Aspirin (acetylsalicylic acid) is a widely used anti-inflammatory drug, which is typically produced
by esterification reaction of salicylic acid followed by crystallization. Owing to its industrial signifi-
cance, solubility data of aspirin in several organic solvents, including ethanol, have been reported
in the literature [205]. The data are shown in the T-x diagram of aspirin/ethanol binary system in
Figure 8.17a. The open squares represent the experimental data points, and the solid curve is the
calculated solubility curve assuming ideal behavior. The values of melting point and heat of fusion
are listed in Table 8.7.

It is clear from the comparison that the ideal solubility curve does not match the data. This can be
fixed by using the NRTL activity coefficient model, with parameters obtained by regression of the

Figure 8.17: Aspirin solubility in ethanol: (a) binary SLE phase diagram and (b) dissolution
temperature parity plot.

Table 8.7: Values of melting point and heat of fusion for SLE
calculation.

Component Melting point (K) Heat of fusion (J/kmol)

Aspirin . . × 


Ethanol . . × 

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experimental data. Only aij parameters are regressed, with bij and αij set to their default values of 0
and 0.3, respectively. Table 8.8 summarizes the regressed parameter values, which lead to an ex-
cellent match between the calculated and experimental dissolution temperature, as suggested by
the parity plot in Figure 8.17b. The calculated solubility curve using these parameters is plotted as
the dashed curve in Figure 8.17a.

Example 8.7 – Solubility of diamantane in common solvents
Diamondoids are saturated hydrocarbons consisting of fused cyclohexane rings in the form of a
cage-like structure. They occur naturally in petroleum and have been used as indicators of natural
oil cracking [284]. Diamondoids and their derivatives possess attractive optical and electronic
properties for use in various nanotechnology devices and materials. It is expected that crystalliza-
tion-based separation processes can be used for recovering diamondoids from petroleum. Chan
et al. [285] reported the solubility data of several diamondoids and their derivatives in various or-
ganic solvents as measured by the solid disappearance method.

Figure 8.18a shows the reported solubility of diamantane (C14H20) in four organic solvents as a
function of temperature, plotted in the format of a binary T–x diagram. The data have been fit using
the NRTL activity coefficient model, with melting point and heat of fusion values listed in Table 8.9
and NRTL parameter values summarized in Table 8.10. A parity plot showing the comparison be-
tween calculated and experimental solubility values is given in Figure 8.18b.

Figure 8.18: Solubility of diamantane in selected solvents: (a) SLE phase diagram, (b) parity plot.

Table 8.8: NRTL model parameters obtained from regression of
experimental data.

Component i Component j aij bij αij

Aspirin Ethanol −,,  .
Ethanol Aspirin ,.  .
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A reasonable fit can be obtained for all data sets without regressing bij, although lower values of
αij have to be used for ethyl acetate and acetone, in which the solubility of diamantane is very low.
While these parameters give a good fit in the vicinity of the experimental data, they may lead to
dubious results when they are used to calculate the SLE phase diagram over the entire composition
range. For example, the parameters for diamantane/ethyl acetate binary system lead to a disconti-
nuity in the solubility curve, as shown in Figure 8.19. While such a discontinuity may indicate the
presence of a liquid-liquid phase split (solid-liquid-liquid equilibrium behavior), no conclusion
should be made without obtaining additional data at the relevant region.

Table 8.10: NRTL model parameters obtained from regression of
experimental data.

Component i Component j aij bij αij

Diamantane Cyclohexane −,,  .
Cyclohexane Diamantane ,,  .
Diamantane Ethyl acetate −,  .
Ethyl acetate Diamantane ,,  .
Diamantane Toluene −,,  .
Toluene Diamantane ,,  .
Diamantane Acetone ,  .
Acetone Diamantane ,,  .

Table 8.9: Values of melting point and heat of fusion for SLE
calculation.

Component Melting point (K) Heat of fusion (J/kmol)

Diamantane . . × 


Cyclohexane . . × 


Ethyl acetate . . × 


Toluene . . × 


Acetone . . × 

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Example 8.8(I) – Regression of ternary system solubility data
Consider the ternary system involving raw material A, drug intermediate B, and solvent S discussed
in Example 3.11. To determine the phase diagram, the melting points and heats of fusion of pure A
and pure B were measured by DSC. Three sets of experiments were performed to determine the solu-
bility of the two solutes in solvent S, by setting the concentration of solvent at three relatively con-
stant levels (around 82 wt%, 85 wt%, and 92 wt% of S). The ratio of B/(A+B) in each set was varied
from 0 to 1 to cover the composition space. Each mixture was subjected to heating, and its dissolu-
tion temperature (at which all solids disappeared) was recorded. Basically, the experimental data
represent scattered points on the solubility surfaces of A and B, plotted as black squares in
Figure 8.20. The numbers next to the squares indicate the measured dissolution temperatures.

Using the dissolution temperature data and the measured values of melting point and heat of fu-
sion, the parameters of the NRTL activity coefficient model were obtained, as summarized in
Table 8.11. A reasonable fit between calculated and experimental values were achieved, as shown in
the parity plot (Figure 8.21). The squares, circles, and triangles represent the data sets at 82 wt%,
85 wt%, and 92 wt% of S, respectively. The model was then used to calculate the isothermal cuts at
different temperatures, as indicated in Figure 8.20.

Figure 8.19: Calculated SLE phase diagram of diamantane/ethyl acetate over the entire
composition range.
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Table 8.11: NRTL parameter values obtained from regression of
dissolution temperature data.

Component i Component j aij bij αij

A B −. × 


 .
A S . × 


 .

B A −. × 


 .
B S . × 


 .

S A . × 


 .
S B . × 


 .

Figure 8.20: Dissolution temperature data for a drug intermediate system (data courtesy of
Sunovion Pharmaceuticals, Process Engineering [286]).
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8.4.5 Boundary verification

With the SLE phase diagram in hand, it is possible to synthesize the process and
approximately determine the suitable operating conditions. Furthermore, the most
important region that needs to be determined with better accuracy can be identi-
fied. For example, if the objective is to separate A and B from a solution as illus-
trated in Figure 8.22, the most important region is the neighborhood of the
compartment boundary, near points 4, 5, and 6. This is where further verification is

Figure 8.21: Parity plot between experimental and calculated values of the dissolution
temperature.

Figure 8.22: Important region for boundary
verification based on process synthesis.
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needed, since no data of ternary mixtures have been collected at this point. It is not
necessary to take data on the S-rich side, because the process points are not ex-
pected to fall into that area.

Additional experiments can be performed to verify the location of the boundary
near the important region. As illustrated in Figure 8.23, cuts at constant concentra-
tion of S can be taken, giving pseudo-binary diagrams featuring the solubility
curves of A and B. Using the step-warming method, the intersection between the
two curves can be identified by taking several data points on both curves. The iden-
tity of solids on opposite sides of the suspected intersection point can be checked to
confirm the location. Alternatively, the double saturation points at various temper-
atures can be directly determined using the analytical method. In any case, the ad-
ditional experiments provide a better estimate of the boundary location. These new
data points can then be included in the next round of model parameter regression,
so that a more accurate SLE model is obtained. If necessary, the design of the pro-
cess and/or the crystallizer conditions are adjusted in the subsequent iteration,
based on the updated image of the phase diagram.

A similar strategy can be applied for electrolyte systems. For example, the isother-
mal phase diagram of the acid–base system involving HX and MOH in Figure 8.24
can be determined using the solvent addition method. Different mixtures of HX and
MOH are prepared (e.g., point 1 in Figure 8.24), and water is gradually added until
all solids dissolve. The amount of water needed for complete dissolution at constant
temperature is determined, so that a point along the saturation curves AB, BC, or
CD is obtained. By starting with a different proportion of HX and MOH in the initial
mixture, different points along the saturation curves can be obtained, and the dou-
ble saturation points such as points B and C can then be located by observing the
intersection of those curves. Depending on chemical availability and convenience,
mixtures of HX and MX or MX and MOH can also be used as a starting point.

Figure 8.23: Experimental determination of SLE compartment boundary.
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Example 8.9 – Boundary verification in an adduct-forming system
Kwok et al. [118] measured the ternary phase diagram of phenol/BPA/water system. To verify the
boundary between the adduct and BPA compartments, several cuts at constant water composition
were taken, and the dissolution temperature of mixtures along the cuts were determined using the
step-warming method. Figure 8.25 displays the solubility data taken along different cuts. Since the
phenol-BPA adduct exhibits peritectic behavior, both the adduct and BPA solubility curves decrease in
the direction of decreasing BPA content. Nonetheless, it is still possible to detect the point at which
the gradient of the solubility curve changes, which corresponds to a point on the compartment bound-
ary. For further verification, samples of solids from opposite sides of the apparent boundary were
taken and analyzed by HPLC.

An example of the HPLC results is shown in Figure 8.26. It was found that the solids from the left
side of the boundary (point A) contained phenol and BPA (indicating that it was an adduct) while
solids from the right side of the boundary (point B) contained only BPA. From this finding, it can

Figure 8.24: Synthetic method for obtaining SLE
data of an electrolyte system.

Figure 8.25: SLE experimental data for Phenol/BPA/water system.
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be concluded that the change of gradient, indeed, corresponds to the boundary between adduct
and BPA compartments.

Example 8.10 – Boundary verification in succinic acid/ammonium hydroxide system
As discussed in Example 3.10, the SLE phase diagram for succinic acid (SA)/sulfuric acid/ammonium
hydroxide system is important for designing the succinic acid crystallization process. This SLE phase
diagram was experimentally measured by Kwok [85]. Figure 8.27 illustrates the determination of solu-
bility curves and verification of region boundaries for the cut at SO4

2−/OH− = 0. To obtain the solubility
curves, different mixtures of SA and diammonium sulfate (DAS) were prepared. Two of such mixtures
are depicted as points 1S and 2S, in Figure 8.27. Water was then added to each mixture at constant
temperature until all solids were dissolved. The compositions at which solid mixtures 1S and 2S were
completely dissolved are plotted on the phase diagram as points 1 and 2, respectively. Data points
obtained from other solid mixtures are represented by open diamonds on the figure. Based on the
trends of these data points, three solubility curves, corresponding to SA, MAS, and DAS, respectively,
can be readily located. The intersection between two solubility curves defines the location of the dou-
ble saturation point, which is then used to identify the different crystallization regions.

Figure 8.26: HPLC analysis results of dissolved crystal samples taken near the boundary [118].
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To verify the location of the double saturation points, four crystal samples were taken from mix-
tures close to the perceived locations, namely samples A and B near the SA/MAS double saturation
point and samples C and D near the MAS/DAS double saturation point. These samples were ob-
tained by slightly cooling down the mixture after complete dissolution, so that a small amount of
crystals was formed. These crystal samples were analyzed by ion chromatography to determine the
molar ratio of ammonium to succinate ions, so that the identity of the solids could be confirmed. A
molar ratio of 0, 1, and 2 would correspond to SA, MAS, and DAS, respectively. The results, summa-
rized in Table 8.12, indicate that the SA/MAS double saturation point is indeed located between A
and B, and the MAS/DAS double saturation point is located between C and D.

Figure 8.27: Determination of SLE phase diagram of succinic acid/NH4OH system.

Table 8.12: Results of ion chromatography analysis of crystal samples (data from [85]).

Sample Succinate ion concentration Ammonium ion concentration NH
+/succinate
molar ratio

Conclusion

mg/L mmol/L mg/L mmol/L

A . . . . . SA
B . . . . . MAS
C . . . . . MAS
D . . . . . DAS
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8.5 Experimental Determination of Crystallization Kinetics

Nucleation and growth kinetics, as well as the dependence of nucleation and
growth rates on supersaturation, is needed to solve the population balance equa-
tions. While theoretical models are available, empirical power-law models are the
most commonly used to represent growth kinetics. Experiment is required since the
parameters in such empirical model cannot be estimated a priori. There are two
basic experimental methods to determine nucleation and growth rates. The first
method is to separately determine nucleation and growth rates by isolating crystal
growth from nucleation process. For example, a single crystal subjected to a flow of
saturated solution can be observed under a microscope to measure its growth rate
[287]. Alternatively, nucleation and growth rates can be simultaneously determined
in the same experiment, by observing the evolution of several output variables such
as PSD or actual liquid concentration, followed by mathematical treatment to sepa-
rate the effect of growth and nucleation.

The nucleation kinetics can be determined via metastable zone width measure-
ment. The solution is cooled slowly until crystallization starts, which is determined
by optical detection of solid appearance. Nývlt [288] suggested that at a constant
supersaturation generation rate, for a short time when spontaneous nucleation oc-
curs (that is, at the metastable limit), the nucleation rate can be assumed to be
equal to the supersaturation generation rate. Since supersaturation is generated by
cooling, it follows that

B= −
dc*

dt
= dc*

dT
−
dT
dt

� �
(8:78)

where dc*/dT is the slope of solubility curve and -dT/dt is the cooling rate.
Following eq. (6.1), the supersaturation, which is constant during this short period
of time, is:

Δc= dc*

dT
·ΔTmax (8:79)

where ΔTmax is the metastable zone width (the maximum supercooling before crys-
tallization occurs), which depends on the cooling rate. In general, ΔTmax increases
with the cooling rate. Substituting eqs. (8.78) and (8.79) into the power law expres-
sion for B (eq. (6.4)) and taking natural logarithm:

ln −
dT
dt

� �
= ln kb + b− 1ð Þln dc*

dT

� �
+b ln ΔTmax (8:80)

Therefore, by plotting ln ΔTmax against ln(-dT/dt), the parameters of the nucleation
kinetic equation can be estimated from the slope and intercept. Nagy et al. [289]
extended this method to simultaneously determine the nucleation and growth
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kinetic parameters, taking into account concentration and PSD information mea-
sured online. With advances in process analytical technology, in situ measurement
of particle size and count in the slurry using probes such as focused beam reflec-
tance measurement (FBRM), attenuated total reflection Fourier transform infrared
spectroscopy (ATR-FTIR), and Raman spectroscopy is becoming standard practice
[290]. It has been shown that the data from such measurement can be used quanti-
tatively in a calibration-free manner to estimate crystal growth rate [291].

Alternatively, growth rate kinetics can be obtained in batch setup by perform-
ing seeded crystallization using seed crystals of a known size at a supersaturation
level, within the metastable zone. Assuming that there is no nucleation and the
growth rate is constant, the growth kinetics can be determined by measuring the
change in crystal size or mass via analysis of the desupersaturation curve [292].
Expressing the supersaturation as a function of time, the parameters of the power-
law expression for growth rate (eq. (6.6)) can be determined as

g = 2kaΔc0
3ρSkvLSAS

+ Δ _c0Δ€c0
Δ _c02

(8:81)

kg =
−Δ _c0
ASΔc0g

(8:82)

where Δ _c and Δ€c are the first and second derivatives, respectively, of the supersatu-
ration with respect to time, and index zero refers to the initial value. ρS is the crystal
density, ka and kv are shape factors, LS is the average size of the seeds, and AS is the
surface area of the seeds.

One example of a continuous laboratory setup for nucleation and growth rate
measurement is the MSMPR crystallizer shown in Figure 8.28. A feed solution is in-
troduced to the crystallizer at a constant rate, and the perfectly mixed slurry is

Figure 8.28: Continuous setup for measuring crystallization kinetics.
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pumped out at the same rate. The slurry is reused after passing it through a re-
dissolution tank to dissolve the crystals. The PSD is measured after a steady-state
has been achieved (normally about 3 times the residence time), and the nucleation
and growth rates are evaluated from the population density plot [293].

The expression for population density as a function of size (eq. (7.7)) can be
written as

nðLÞ= n0 exp −
L
Gτ

� �
(8:83)

where n0=B/G is the population density at L=0, and τ=Qout/V is the residence time.
Under ideal conditions, the relationship between ln n and L is linear, with a slope
of −1/Gτ and an intercept of ln n0. In practice, the distribution often deviates from
the theoretical straight line for very small particle sizes due to difficulties in accu-
rate detection, but an effective rate of nucleation is obtained by extrapolating the
straight portion to L = 0. By repeating the experiment at different flow rates, differ-
ent supersaturation levels in the crystallizer can be obtained, so that the depen-
dence of nucleation and growth rates on supersaturation can be evaluated.

8.6 Summary

This chapter covers how SLE phase diagrams and crystallization kinetics can be ob-
tained via an integrative approach combining modeling and experimental activities.
Using equations stemming from the thermodynamic criterion for stability together
with an activity coefficient model allows the calculation of the SLE behavior and
phase diagrams. However, experiments are needed to determine the model parame-
ters and to validate model predictions. In line with the overall objective, the experi-
mental effort focuses on key features such as compartment boundary. When
experiment is difficult or impossible, estimation methods can be used to predict
melting point, heat of fusion, and solubility, but at the end, there is really no substi-
tute for good data in crystallization conceptual design. By starting from minimum
information and iterating among the activities with increasing accuracy, crystalliza-
tion process development can be done with minimum time, effort, and resources.

Various software tools are available to support the modeling activities in crys-
tallization process development. Process simulators often include the capability of
physical property prediction, using various methods. Specially developed software
packages for estimation of physical properties, including heat of fusion, melting
point, and solubility parameter, are also available in the market. For example, ICAS
(Integrated Computer Aided System) [264] includes tools for property prediction
based on various methods as well as other computer-aided tools for process design
and synthesis, while Cranium [294] uses Joback group contribution method to esti-
mate solubility parameter as well as various other properties. COSMOtherm [295]
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calculates activity coefficients and solubility using the COSMO-RS method. A soft-
ware package called SLEEK (Solid–Liquid Equilibrium Engineering Kit) [296] has
also been developed to assist in modeling of SLE phase behavior, creation and visu-
alization of SLE phase diagrams, as well as regression of experimental SLE data to
thermodynamically consistent models.

Exercises

8.1. The melting point and heat of fusion data for ortho- and para-nitrochlorobenzenes
are given below.

Assuming ideal liquid phase solution and no solid compounds are present,
a. Calculate the eutectic temperature and composition.

Hint: Use the solubility equation, with γ = 1, to calculate the saturation curves
of o-NCB and p-NCB. Note that these two curves intersect at the eutectic point.

b. Plot the binary SLE phase diagram (temperature vs. composition) for this
system.

8.2. The physical properties of the xylenes system, which is known to exhibit near-
ideal simple eutectic behavior, are as follows:

a. Calculate the composition and temperature of the binary and ternary eutectics.
b. Plot the two-dimensional polythermal projection of the ternary SLE phase dia-

gram involving these three components.
Hint: Locate the eutectic points on a composition triangle, and then plot the bi-
nary eutectic troughs connecting them. Temperatures should be ignored in this
projection.

c. Plot an isothermal cut at −40 °C (233.15 K) of the ternary SLE phase diagram,
and then identify the single and double saturation regions on the diagram.

Component Tm (K) ΔHf (J/kmol)

p-Xylene . . × 


m-Xylene . . × 


o-Xylene . . × 


Component Tm (K) ΔHf (J/kmol)

o-NCB . . × 


p-NCB . . × 

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Hint: Since this temperature is above the melting point of m-xylene, there is no
saturation region of m-xylene in the isothermal cut.

8.3. Consider a conjugate salt system involving ions A+, B+, X– and Y–, which only
forms simple salts at 25 °C. The values of Ksp at that temperature are as follows:

a. Assuming ideal behavior, plot the Jänecke projection of the phase diagram at
25 °C, showing the double and triple saturation points as well as the saturation
troughs.

b. How would the Jänecke projection change if the Debye–Hückel limiting law (eq.
(8.50)) is used to calculate the activity coefficients? The value of Debye–Hückel
constant (A) for aqueous solution at 25 °C can be taken as 1.172 mol−1/2kg1/2.

8.4. Use Marrero and Gani’s method to predict the melting point of o-xylene,m-xylene,
and p-xylene. The following values for relevant first- and second-order group contribu-
tion toward the melting point are listed in the original publication [259].

There is no third-order group that needs to be considered. For melting point, the left-
hand side of eq. (8.64) is defined as f(X)=exp (Tm/Tm,0), with Tm,0=147.450 K.

Hint: Count the number of occurrences of each group in the molecules, and then
use eq. (8.64) to calculate f(X). Refer to Example 8.1 and the original publication for
the meaning of the group names.

8.5. The solubility of aspirin in acetone, based on the experimental data reported
by Maia and Giulietti [205], is shown as follows:

Component Ksp

AX . × 
–

BX . × 
–

AY . × 
–

BY . × 
–

First-order groups aCH .

aC-CH .

Second-order groups AROMRINGss −.

AROMRINGss −.

AROMRINGss .
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a. Show that for a binary system, the NRTL activity coefficients are given by

ln γ1 = x22 τ21
G21

x1 + x2G21

� �2

+ τ12G12

x1G12 + x2ð Þ2
" #

(8:84)

ln γ2 = x21 τ12
G12

x1G12 + x2

� �2

+ τ21G21

x1 + x2G21ð Þ2
" #

(8:85)

Hint: Apply eq. (8.34) to the expression for excess Gibbs free energy given by
eq. (8.44).

b. Using the deviation between experimental and calculated mole fraction as the
objective function to be minimized, that is:

min F =
X
k

xcalci − xexpti

� 
2
k

(8:86)

determine a suitable set of NRTL parameters that can fit the given data. For sim-
plicity, set bij=0 and αij=αji=0.3. The melting point and heat of fusion of aspirin
is 408.15 K and 2.98 × 107 J/kmol, respectively.
Hint: Simultaneously solve the solubility equation, eq. (8.29), and the expres-
sion for NRTL activity coefficient, eq. (8.84), to obtain the calculated mole frac-
tion at each temperature.

8.6. To develop the SLE phase diagram of a binary system consisting of A and B, sev-
eral samples with different compositions are analyzed using DSC. The DSC curves are
shown in Figure 8.29 along with the onset temperature and enthalpy data.

a. Which peaks are pure component peaks and which ones are eutectic peaks?
b. Based on the information, determine the composition of the eutectic point.
c. Compare the results with calculation results, assuming ideal behavior.

Figure 8.29: DSC data for a binary system (problem 8.6).

Temperature (K) . . . . . . . . .

Mole fraction

aspirin

. . . . . . . . .
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8.7. Karnaukhov [297] investigated the ternary SLE phase behavior of NaNO3/
NH4NO3/H2O system at 25 °C. Different mixtures of the salts and water were pre-
pared and kept at constant temperature until equilibrium was reached, and then
both the liquid and solid phase compositions were measured. Since the solid phase
was not washed, some liquid phase was included in each solid phase sample. A
part of the data is shown below.

Based on the data, does NaNO3 form a solid solution with NH4NO3?

8.8. A continuous crystallization experiment is performed in an MSMPR bench-
scale crystallizer with a slurry volume of 300 mL. The feed solution is introduced to
the crystallizer at a constant rate of 300 mL/h, and the slurry is pumped out at the
same rate. After a steady-state has been achieved, the solid content in the slurry is
measured to be 100.5 g. The crystals can be assumed to be spherical in shape, with
a density of 1,426 kg/m3. The particle size distribution is measured by microscopic
observation. The results are represented as the number of particles having a size
within certain ranges, as summarized as follows:

Size range (μm) Representative size (m) Count

– . 

– . 

– . 

– . 

– . 

– . 

– . 

– . 

– . 

–, . 

,–, . 

,–, . 

,–, . 

Data point Liquid phase composition (wt%) Solid phase composition (wt%)

NaNO NHNO HO NaNO NHNO HO

 . . . . . .
 . . . . . .
 . . . . . .
 . . . . . .
 . . . . . .
 . . . . . .
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From the data, prepare a population density plot and determine the nucleation rate
B [no/m3.s] and growth rate G [m/s].

Hint: Population density n(L) [no/m4] is the number of particles in the range repre-
sented by size L per unit volume or slurry divided by the interval size ΔL. To deter-
mine this, first calculate the total volume of particles in the sample as well as the
magma density (mass of solids per unit volume of slurry).

(continued)

Size range (μm) Representative size (m) Count

,–, . 

,–, . 

8.6 Summary 299



9 Concluding Remarks

9.1 A Hierarchical, Multiscale, Integrative Approach

The flowsheet and operating conditions of a chemical plant are determined in con-
ceptual design. It takes place at the early stage of the plant design and is followed
by detailed engineering design, procurement, and construction. The amount of
effort for conceptual design is small compared to the total effort but the ultimate
economic performance of a plant is largely determined at this stage. Thus, it is im-
perative to select the best conceptual design alternative for crystallization pro-
cesses. To achieve this goal systematically and efficiently, process synthesis,
modeling, and experiments are used in an integrative manner. In addition, the de-
signer is encouraged to tackle crystallization as a multiscale problem by consider-
ing issues that might seem to be outside of the conceptual design. For example,
company strategy at the enterprise scale is taken into account because the eco-
nomic performance of a plant has to be aligned with the company’s overall finan-
cial and strategic goals. Molecular design is considered because the molecular
structure of the product compound and its interactions with other molecules (e.g.,
the formation of an adduct) would affect the SLE phase behavior and plant design.
In general, multiscale issues are tackled in a hierarchical manner. Issues classified
by their length and time scales are resolved successively from coarse to fine scales.

The integrative approach has three major components as summarized in Table 9.1.
Topics discussed in this book that are related to each component are shown
in Figure 9.1. The first component involves the representation of the solid–liquid
equilibrium phase behavior in the form of phase diagrams for molecular or elec-
trolyte and reactive or nonreactive systems using the proper coordinates. Phase
diagrams with up to four components can be readily visualized, sometimes using
polythermal projections and isothermal cuts. These standard types of phase dia-
grams are sufficient for most systems that generally contain a limited number of
major components that might undergo crystallization. For process designers inter-
ested in systems with more components than what can be represented using the
well-established phase diagrams, a general method has been developed for cutting
and projecting a high-dimensional phase diagram into a series of low dimensional
projections and cuts. With practice, the high-dimensional phase diagram can be
mentally visualized using the low-dimensional ones.

The second component is the crystallization strategy that produces process alter-
natives by purposefully moving around on the phase diagram. Table 9.2 summarizes
the features to look for and the required information for several different process ob-
jectives. For example, if the purpose is to crystallize a desired product, the process
point has to travel to the corresponding single saturation crystallization region. If it is
necessary to crystallize another product thereafter, the double saturation variety that

https://doi.org/10.1515/9781501519901-009
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needs to be crossed to reach the crystallization region of the other product has to be
identified. The length of the crystallization path between the chosen feed point loca-
tion (i.e., feed composition) and the boundary of the crystallization region has to be
as long as possible to maximize the product yield. Similarly, the end point of the crys-
tallization path (i.e. the exit mother liquor composition) has to be placed sufficiently
far away from the boundary of the crystallization region to avoid the co-precipitation
of the neighboring component.

After deciding on the features to look for in the phase diagram, moves are made
by operations such as cooling, heating, component addition and removal. Then, the

Table 9.1: Components of the integrative approach to conceptual design of crystallization
processes.

Component Explanation

SLE phase behavior
representation

Using phase diagram visualization techniques along with
thermodynamic models to identify crystallization regions in composition
space where one or more species can crystallize out

Crystallization strategy Moving around in composition space, crossing eutectics if necessary,
and crystallizing the desired product(s) by combining basic operations
that include temperature, pressure, or composition swing

Multiscale plant design Accounting for kinetic effects and crystallization downstream processing

Figure 9.1: Integrative approach to conceptual design of crystallization processes.
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process alternative represented by a sequence of process points on the phase diagram
can be translated into the corresponding process flowsheet and operating conditions.
By including all the available crystallization techniques on a single platform, the syn-
thesis strategy promotes the identification of innovative crystallization processes. It
may be counter-intuitive, but for some mixtures, an unwanted component has to be
crystallized out before being able to crystallize out the desired component. Of course,
all the traditional crystallization techniques can be represented by a combination of
the moves, as shown in Table 9.3. Drowning-out or salting-out are specific cases
of component addition where an anti-solvent or a salt is added to the solution to
initiate crystallization of the desired product. Reactive crystallization is yet an-
other special case of component addition where a reaction is formed after combining
two or more streams.

The third component of the integrative approach completes the design for the
whole plant by moving up and down the length scale. At the smaller length scale, it
takes into account nucleation and growth kinetics, reaction kinetics, and transport.
In general, nucleation and growth kinetics tend to be scale-dependent and are hard
to predict. Thus, the related crystallization parameters tend to be measured in indus-
try. Similarly, reaction kinetics are often determined experimentally. A lot is known
about mixing in a crystallizer, albeit empirically. Also, while computer simulation
can reliably predict the multiphase fluid flow field in a crystallizer, it is still a chal-
lenge to include particle breakage and agglomeration in modelling the dynamics of a
crystallizer. At the plant scale, the crystallizer is designed in conjunction with the

Table 9.2: Features and required information for achieving different objectives.

Objective Feature to look for Required information

Crystallize the
desired product

Crystallization region of the desired
product

Identification of the movement to
crystallize out the desired product

Crystallize
another product
in the next step

Location of the double saturation
variety between the two products

Feasibility of moving into the
crystallization region of the other
product by crossing the double
saturation variety, upon temperature
or composition swing

Achieve
maximum yield
of a product

Distance between the feed composition
and the boundary of the crystallization
region

How to locate the feed point to
maximize the distance between the
feed point and the boundary along the
crystallization path

Achieve the
desired purity of
a product

Distance between the exit mother
liquor composition and the boundary
of the crystallization region

How to locate the end point to
minimize the distance between the
end point and the boundary along the
crystallization path without
compromising purity
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downstream processing system consisting of filters, washers, and dryers. In fact, the
third component represents the transition between process synthesis and process de-
velopment in which pilot plant testing and technology transfer are emphasized. The
reader is encouraged to consult a large collection of books and articles on how to
build a real plant from the conceptual design developed using this hierarchical, mul-
tiscale, integrative approach [30, 31, 298, 299, 300, 301].

9.2 Outlook

This book focuses on the conceptual design of primarily well-established crystalli-
zation processes to produce organics, inorganics, and pharmaceuticals that are in
solid form. The design methods and the systems thinking in this approach can be
applied in other areas that may increase in significance, two of which are discussed
in the paragraphs that follow.

One area is sustainability. In a circular economy, crystallization is expected to
play an increasingly significant role in the recovery and reuse of materials with fi-
nite reserves. A case in point is the recovery of metal salts from spent lithium-ion
batteries in electric vehicles (EV) [302]. Given the growth in the number of EVs
worldwide, it is essential that the metals in these batteries be recycled. The process

Table 9.3: Traditional classification of crystallization processes versus movements in composition
space.

Traditional
classification

Movements in composition space

Cooling crystallization Temperature swing to reach the saturation variety of the desired product

Evaporative
crystallization

Solvent removal to reach the saturation variety of the desired product

Drowning-out or
salting-out
crystallization

Addition of a mass separating agent to reach the saturation variety of
the desired product

Reactive crystallization Combination of reactant streams to reach the saturation variety of the
desired product

Adductive crystallization Facilitate product recovery by adding another component such that an
adduct is formed

Extractive crystallization Bypassing the crystallization boundary with the creation of an additional
degree of freedom of movements by adding another component

Fractional crystallization Moving from one compartment to another by combination of heating,
cooling, solvent addition, and solvent removal
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for recovering metals from lithium nickel manganese cobalt oxide (NMC for short),
which is a preferred cathode material for automotive batteries, is illustrated in
Figure 9.2 [303]. Lithium is first selectively dissolved by adding oxalic acid solution,
leaving behind Ni, Co, and Mn oxalates in the residual solids. Since some manganese
is also dissolved along with Li, KOH is added to the liquid to selectively precipitate
Mn(OH)2 before crystallizing out Li2CO3 by adding K2CO3. Ni and Co can similarly be
recovered by selectively dissolving them in ammonium solvent and then separately
precipitating them as Ni2C2O4·2H2O and Co(OH)2, respectively. Insights on the SLE
phase behavior of relevant systems, especially the saturation boundaries and com-
partments for recovering various components, can be used to identify the maximum
yield in dissolution and precipitation processes, as well as to come up with process
optimization alternatives. For example, the identification of the Li2CO3 crystallization
region in the SLE phase diagram involving Li+, K+, CO3

2−, C2O4
2−, OH−, and H2O helps

determine the optimum crystallization condition for recovering lithium in high yield
and high purity [304].

Recycling of rare earth elements (REE) (the 15 elements in the lanthanide series
plus Scandium and Yttrium), which are another example of materials with finite re-
serves, from REE-containing industrial residues and end-of-life products such as
fluorescent lamps and permanent magnets is also an important issue in sustainabil-
ity. The separation techniques employed for recovering REE from natural sources,

Figure 9.2: Process flowsheet for metals separation and recovery from cathode materials
(adapted from [303]).
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such as flotation, leaching, and solvent extraction, are also applicable to the recov-
ery and purification of REE from end-of-life products [305]. Although commercial
separation of individual REEs is mostly done by solvent extraction [306], selective
dissolution and precipitation often plays a role in separating impurities from REEs
as well as recovering the REEs from purified solutions. For example, iron can be
removed from an industrial residue with high iron concentration and low rare earth
content by selectively precipitating the REEs as phosphate salts [307]. Insights on
the relevant SLE phase behavior would be useful in maximizing the REE recovery
and minimizing the precipitation of iron. Kinetically-controlled reactive crystalliza-
tion processes have also been suggested as a possible alternative to solvent extrac-
tion. For example, the mixture of neodymium (Nd) and samarium (Sm) chlorides
can be separated by adding boric acid and controlling the reaction time to selec-
tively crystallize Nd borate–chloride salt over its Sm counterpart [308].

Another interesting potential application of crystallization-based separation
and purification techniques in sustainability is the recovery of valuable chemicals
from biosources. For example, hyaluronic acid (HA), a popular skin-hydrating cos-
metic ingredient, can be isolated from eggshell, which is produced in large amounts
by the egg processing industries [309, 310]. After mechanically separating the egg-
shell membrane from a cracked eggshell, HA can be obtained via enzymatic diges-
tion or chemical hydrolysis of the eggshell membrane. This yields a crude extract
that also contains other biomaterials such as proteins and nucleic acids. It has been
reported that adding salt and alcohol to an HA-containing extract led to the precipi-
tation of a mixture of HA and protein [311]. After redissolving this precipitate in a
mixture of water and alcohol, protein can be selectively precipitated by adjusting
the salt and alcohol content, leaving behind an HA-enriched supernatant. Therefore,
the application of anti-solvent and protein crystallization techniques with the under-
standing of the relevant SLE phase behavior, as discussed in Chapter 5, would be use-
ful to come up with purification process alternatives to isolate high-purity HA from
the crude extract.

In the past two decades, chemical engineering as a profession has gradually
expanded from process design to product design [312, 313]. As part of this develop-
ment, another possible growth area for crystallization is design of chemical prod-
ucts, many of which are solids. An example is the lithium nickel manganese cobalt
oxide cathode material, LiNixMnyCo1-x-yO2 (0 < x+y < 1), which is made by sintering
of LiCO3 and NMC(OH)2 [314]. The compound salt, NMC(OH)2, is in turn produced
by co-precipitation of a mixture of NiSO4, MnSO4, and CoSO4 in stoichiometric
ratio [315]. Common NMCs include NMC111, NMC532, NMC622, and NMC911, where
the three-digit number indicates the molar ratio between nickel, manganese, and
cobalt. Another example involves metal selenides which are attractive anode mate-
rials for Li-ion batteries. Using solvent-directed self-assembly, NiSe-based anode
with diverse morphologies, including nanosheet, porous flower, hexagonal plate,
and multishell microsphere, can be obtained after selenization. These anode
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materials possess distinct electrochemical performance [316]. Yet another example
is the formation of inorganic and metallic nanoparticles. Indium tin oxide nano-
particle and its inclusion in the polyvinyl butyral interlayer of solar control win-
dows has been a commercial product for a while [317, 318]. The synthesis of copper
nanoparticles and its use in a conductive inkjet ink for printed electronics have
been an active R&D area [319, 320]. The formation of these solid products has been
primarily empirical in nature.

The body of knowledge in this book will hopefully contribute to finding solutions
to these and many other challenges in the conceptual design of crystallization, and
more broadly solid formation, processes.
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Appendix: Solutions to Selected Exercise Problems

Problem 2.4
In the absence of other information, the connections from binary eutectic points
E1, E2, and E3 to the ternary eutectic point E4 can be assumed as straight lines.

ߓ:

Problem 2.5
From eq. (2.14), NP, min = 5− 1

2

� �2 +0= 4. Therefore, three other projections are needed.
The two-dimensional projection with B and C as the reference components can

be obtained by simply ignoring xB and xC, and then normalizing the remaining
mole fractions to obtain

XA =
xA

xA + xD + xE
, XD =

xD
xA + xD + xE

, and XE =
xE

xA + xD + xE
.

For example, the normalized mole fractions of the quinary eutectic point ABCDE are
XA = 0.054/(0.054 +0.210 + 0.711) = 0.055, XD = 0.210/(0.054 + 0.210 + 0.711) = 0.215,
and XE = 0.711/(0.054 + 0.210 + 0.711) = 0.730. The normalized mole fractions of all
the other vertices can be obtained in the same way and plotted on a triangle. The
edges connecting those vertices can then be drawn according to the given adja-
cency information.

Problem 2.6
The system involves six components (C = 6) and 2 reactions (R = 2), so the dimen-
sion of the phase diagram is C – R – 1 = 3. With D and E as reference components,
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νTA = − 1 0½ �, νTB = 0 − 1½ �, νTC = − 1 − 1½ �, νTTOT = − 1 − 1½ �

Vref =
νD, 1 νD, 2
νE, 1 νE, 2

" #
=

1 0

0 1

" #

Therefore, substituting into eq. (2.16), the canonical coordinates are

X1 =
xA + xD

1+ xD + xE
, X2 =

xB + xE
1+ xD + xE

and X3 =
xC + xD + xE
1+ xD + xE

Problem 2.8
To plot the Jänecke projection, only the double and triple saturation points need to
be identified. From the SLE data, the number of moles of Na+, NH4

+, NO3
−, and

HCO3
− for each point can be calculated so that the cationic and anionic coordinates

can be obtained. The plot indicates that NaHCO3 and NH4NO3 are the compatible
salts, while NaNO3 and NH4HCO3 are incompatible.

ߓ:
Problem 3.6
Cooling would cause crystallization of component A because the point is located in
the compartment of A. Since crystallization essentially removes A from the liquid,
the liquid composition has to move in the direction away from vertex A. Maximum
recovery of pure solid A is achieved at point 2.
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ߓ: By lever rule, the ratio of solid to liquid is (length of 1−2)/(length of A−1) = 1.
Hence, 1 kg of the initial mixture (containing 60%, or 0.6 kg of A) would produce
0.5 kg of solids, which is pure A. Therefore, the maximum recovery of the pure solid
is 0.5/0.6 = 83.3%.

Problem 3.7
The overall mixture would have the composition 25% A, 25% B, and 50% C, as indi-
cated by point F. Since it falls inside the double saturation region of A and B, both
A and B solids crystallize out.

Pure product B can be obtained by adding more solvent to the mixture so that
point F moves into the single saturation region of B. Alternatively, increasing the
temperature would move the saturation curves away from C (since the solubility in-
creases with temperature) so that point F would be located inside the single satura-
tion region of B at the higher temperature.

.ߓ:
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Problem 3.8
The composition can be converted to mass fraction by taking a basis for the total
ionic concentration, for example [H+]+ [Na+] = [OH−]+2[Glu2−] = 1 kmol. The ionic
concentration can then be expressed in terms of H2O, H2Glu, and NaOH by noting
that [NaOH] = [Na+] and [H2Glu] = [Glu2−]. The water concentration is then calcu-
lated from the remaining [H+] or [OH−] (either way gives the same result).

Point Concentration (kmol/kmol) Concentration (kg/kmol) Mass fraction

H+ Na+ OH− Glu− HO HGlu NaOH HO HGlu NaOH

 . . . . . . . . . .
 . . . . . . . . . .
 . . . . . . . . . .
 . . . . . . . . . .
 . . . . . . . . . .

Stream 1 is obtained by only adding water to 100 kg/h H2Glu → F1 = 100/0.3527 =
283.5 kg/h.

The product, MSG, can be considered as a combination of NaOH + H2Glu (1:1
molar ratio) and by overall balance, the NaOH portion must be equal to NaOH feed →
the flow rate of 50 wt% NaOH solution added is FN = (100*40/141.7)/0.5 = 54.4 kg/h.

Balance over NaOH addition: F2xH2Glu,2 = F3xH2Glu,3 and F2 + FN = F3→ F2 = 436.1 kg/h.
Therefore, F5 = F2 − F1 = 436.1 – 283.5 = 152.5 kg/h.

Problem 4.1
The flowsheet can be obtained starting from the evaporation of S1 from stream F to
crystallize A at 80 °C, followed by the addition of S1 to reach the saturation region
of B at 40 °C. Stream 4, which is obtained after crystallizing B, is simply recycled to
close the loop. Since the feed of the evaporator shifts from point F to point 5, the
location of point 1 also shifts but everything else stays the same.

.ߓ:
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Problem 4.2

ߓ:

The composition of NaCl and KCl in the feed (the location of point 1) is likely to
determine which process alternative is more economical.

Problem 4.3
FF = 1,000 kg/h (FA,F = 200 kg/h and FB,F = 800 kg/h)
By overall balance, F7 = 800 kg/h, F8 = 200 kg/h, and F5 = F6.
Mass balance of A around dissolver: FA,F = F1xA,1 → F1xA,1 = 200

Combining (d) and (e): 200 = 0.1 F3 → F3 = 2,000 kg/h, F4 = 400/0.35 = 1,143 kg/h.
Overall balance around crystallizer C2: F3 = F4 + F6 + F8 → F6 = 2,000 −

1,143 − 200 = 657 kg/h.
Therefore, F1 = 1,000 + 657 = 1,657 kg/h → xA,1 = 200/1,657 = 0.12, xB,1 = 800/

1,657 = 0.48.
xS,1 = 1 − 0.12 − 0.48 = 0.6, which defines the location of stream 1 on the phase

diagram.
Since Tc < Th, any saturation curve passing through point 1 should correspond to

a temperature above Th. In other words, the saturation temperature of stream 1 is
above Th. As stream 1 is an unsaturated solution, the dissolver temperature should be
above the saturation temperature, which implies that it must be above Th as well.

Mass balance of A around mixing point: FxA, + FxA, = FxA, (a)
Mass balance of A around crystallizer C: FxA, = FxA, (b)
Combining (a) and (b): FxA, + FxA, = FxA, (c)
Reading from the phase diagram, xA, = ., xA, = . →  + . F = . F (d)
Mass balance of B around crystallizer C: FxB, = FxB,
Reading from the phase diagram, xB, = ., xB, = . → . F = . F (e)
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ߓ:

Problem 4.4
The process is similar to the one shown in Figure 4.12.
The feed can be considered as a mixture of x mol of HA and y mol of Na2B in water
(to make things simpler, 1 kg of water is used as the basis). Therefore, [H+] = [A−] = x,
[Na+] = 2y, and [B2−] = y.
From the diagram, the composition of point F is given by
R(Na+) = [Na+]/([Na+] + [H+]) = 0.25 → x = 6y
R(A−) = [A−]/([A−] + 2[B2−]) = 0.75 → x = 6y (same conclusion)
By overall balance, the same amount of HA and Na2B are obtained as products.
Therefore, the molar ratio of HA/Na2B products = 6.

ߓ:

312 Appendix: Solutions to Selected Exercise Problems



Problem 4.5
The total concentration of ions in the brine = 10 wt% → 1,000 kg of brine = 100 kg
salts + 900 kg water.

From the graph in Figure 4.14, evaporation of 8 kg water/kg salts leads to about
64% recovery of NaCl.

Therefore, by mass balance, the mother liquor would contain 36.4 (1−0.64) =
13.1 kg Na+, 56.2 (1−0.64) = 20.2 kg Cl−, 3.33 kg K+, 4.00 kg SO4

2−, and 900–800= 100 kg
water.

Mother liquor composition: 9.32 wt% Na+, 2.37 wt% K+, 14.39 wt% Cl−, 2.84 wt%
SO4

2−, 71.08 wt% water.

Problem 4.7

ߓ:

Note that the locations of the process points shown above are not meant to be
exact. The key point is that points 6 and 7 lie inside the compartment of m-DCB.
Also, points 3, 5, and the m-DCB vertex have to be collinear, because by mass balance
around the second half of the process (second distillation column and crystallizer C3),
the inlet flow rate (stream 3) must be equal to the total outlet flow rate (stream 5 plus
purem-DCB).
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Problem 4.8

Thereߓ: is no information on the eutectic composition but it does not matter because
the crystallizer does not operate anywhere near the eutectic point.

Problem 5.1
The compositions are plotted on the phase diagram. The crystallizer feed is located in-
side the two solids region (A(s) + C(s) + Liq). The liquid composition is at the double
saturation point and the solid composition (from the tie-line) is 60% A and 40% C.

Pure C solids can be obtained by adding more B such that the crystallizer feed
composition falls inside the saturation region of pure C.

.ߓ:
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Problem 5.2
To crystallize B first, mix the feed with a recycle stream to produce a mixture lo-
cated in compartment B. Due to the location of compartment boundaries, such a
recycle stream has to be obtained by removing solvent from the mother liquor of
the AS crystallizer.

ߓ:

Problem 5.3
To obtain pure (+)-MA, the feed from SMB needs to be located inside the compart-
ment of (+)-MA. As discussed, the boundary of this compartment pretty much aligns
with a straight line connecting the water vertex to the eutectic between (+)-MA and
the racemate. Therefore, the ratio of (+) to (−)-MA should be at least 69:31.

A solution with total MA concentration of 50 wt% and a ratio of (+) to (−)-MA of
9:1 is given by point F. Tracing the process path as (+)-MA crystallizes, the maximum
recovery is obtained when the path intersects the compartment boundary at point L.

Composition of the crystallizer feed (point F): x(+),F = 0.45, x(−),F = 0.05, xW,F = 0.5.
Along the process path, (−)-MA to water ratio remains constant → x(−),L/xW,L =

0.05/0.5 = 0.1.
Since point L is on the compartment boundary, x(+),L/x(−),L = 0.69/0.31 = 2.23.
As x(+),L + x(−),L + xW,L = 1, x(-),L = 1/(2.23 + 1 + 1/0.1) = 0.0756, and x(+),L = 0.168.
By mass balance, FFx(−),F = FLx(−),L → FL/FF = 0.05/0.0756 = 0.661 and

FS/FF = 1–0.661 = 0.339.
Maximum recovery of (+)-MA = FS/FFx(+),F = 0.339/0.45 = 75.3%.
Looking at the isothermal cuts, the temperature of point L should be between

25 and 30 °C (approximately 26 °C).
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ߓ:

Problem 5.4
Evaporating water from point 1 gives point 2 inside the DL-Met compartment at Tc so
that DL-Met is crystallized in the first crystallizer. Evaporating water from the
mother liquor (point 3) gives point 4 located in the L-Met compartment at Th, allow-
ing crystallization of pure L-Met from the second crystallizer.

ߓ:
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Problem 5.5
Take a basis of 100 kg (solvent-free) feed → 83.3 kg (–)Sch B and 16.7 kg (±)γ-Sch.
Let the solvent-free flow rate of the liquid and solid products be FL and FS,
respectively.

From (−)Sch B balance, 83.3 = 0.764 FL + 0.916 FS
From (±)γ-Sch balance, 16.7 = 0.236 FL + 0.084 FS
Simultaneously solving the two equations → FL = 54.6 kg and FS = 45.4 kg
Therefore, (-)Sch B crystallization yield = (0.916)(45.4)/(0.833)(100) = 0.499.

Problem 5.7

ߓ:

Problem 5.8
Let the flow rates of the purge, aqueous recycle, product, and fresh water streams
be F5P, F5R, Fprod, and FW, respectively.
From overall NaCl balance, 100 = Fprod + F5PxNaCl,5 → Fprod = 100 − F5PxNaCl,5
From overall water balance, FW = F5PxW,5

NaCl balance around block M:  = FRxNaCl, + FxNaCl, (a)
Water (W) balance around block M: FRxW, + FW=FxW, (b)
-Propanol (D) balance around block M: FRxD, = FxD, → F = FRxD,/xD, (c)
Substituting (c) into (a) and rearranging: /FR – xD,·xNaCl,/xD, = –xNaCl, (d)
Substituting (c) into (b) and rearranging: FW/FR – xD,·xW,/xD, = –xW, (e)
From solubility relationship: xNaCl, = . – .xD, → xNaCl,/xD, = ./xD, – . (f)
Since xNaCl, + xW, + xD, =  → xW,/xD, = ./xD, − . (g)
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Substituting (f) into (d) and (g) into (e) gives two linear equations in 1/F5R and
1/xD,1, which can be readily solved to give F5R. If F5P = 20 kg/h → F5R = 1,822 kg/h
and xD,1 = 0.128.

As the purge stream increases, the recycle stream decreases, which would lead to a
smaller crystallizer and lower capital cost. At the same time, the product flow rate de-
creases and the makeup solvent flow rate increases, leading to a lower profit margin.

Problem 6.1
150 g of 40 wt% aspirin solution contains 60 g aspirin and 90 g ethanol.

If 35 g aspirin is crystallized, the remaining amount is 60 – 35 = 25 g → final
concentration = 25/90 = 0.278 g aspirin/g ethanol.

Solubility at 25°C: x = 0.061 or 0.255 g aspirin/g ethanol → supersaturation
=0.278 − 0.255 = 0.023 g aspirin/g ethanol.

From the solubility expression, the temperature at which the solubility is 0.278 g
aspirin/g ethanol (x = 0.066) is 300.39 K (27.2 °C) → degree of supercooling = 27.2 −
25 = 2.2 °C.

Problem 6.2
Equation (6.8) can be rearranged to give

cimp, L
1−G=G0

= 1
αKimp

+ 1
α
cimp, L

Plotting cimp,L/(1–G/G0) against cimp,L gives a slope of 0.2795 and an intercept of 0.0855.
Therefore, α = 1/slope = 3.578 and Kimp = slope/intercept = 3.267.

Problem 6.3
The key is to place all points within the metastable zone, with points 2 and 4 below
the extension of the solubility curves.

.ߓ:
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Problem 6.4
SinceM is a racemic mixture, it contains the same amount of D-Thr and L-Thr.
Total feed to the process = 2 × 100 = 200 kg/h → by overall mass balance (at steady
state), both D-Thr and L-Thr product streams are 200 × 0.5 = 100 kg/h.
From overall mass balance around C1, F1 = 100 + F2 (a)
From L-Thr balance around C1, F1 xL-Thr,1 = 100 + F2 xL-Thr,2 (b)
Overall mass balance over the mixer prior to C1: 100 + F4 = F1 (c)
L-Thr mass balance over the mixer prior to C1: 100 × 0.5+F4 xL-Thr,4 = F1 xL-Thr,1 (d)
From (a) and (c), F2 = F4, and from (b) and (d), 50 + F2 xL-Thr,2 = F4 xL-Thr,4 (e)
Therefore, F2 = F4 = 50/(xL-Thr,4 – xL-Thr,2).
From Figure 6.23, xL-Thr,2 = 0.093 and xL-Thr,4 = 0.1 → F2 = 7,143 kg/h and F1
= 7,243 kg/h.
From (b), F1 xL-Thr,1 = 764 kg/h → per-pass crystallization yield of L-Thr in C1 = 100/
764 = 13%.

Problem 6.5
Step 1: Starting from the racemic mixture in solution (point 1), perform asymmetric

transformation for about 1 h (3,600 s) at temperature Tc. According to curves
iii(b) in Figure 6.8, the crystals would be essentially pure S and correspond-
ingly, the liquid composition would move to point 2. At the end of this pe-
riod, quickly separate the crystals from the mother liquor.

Step 2: Heat up the mother liquor to Th to make it unsaturated and let the racemiza-
tion reaction proceed until the composition reaches point 3 (R/S = 50/50).

Step 3: Remove some solvent (for example, using a rotary evaporator) to bring the
solution composition back to point 1. Upon cooling down to Tc, this mixture
can be mixed with fresh feed for processing in the next batch.

Since there is no purge and essentially all R is transformed to S, the theoretical re-
covery is 100%.

.ߓ:
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Problem 6.6
Path I: Cooling below the solubility curve of β form (but above the solubility

curve of α) and introducing seeds of β upon further cooling → β crystalli-
zes out and the process path approaches the solubility curve of β → only
β form is obtained as final product.

Path II: Cooling below the metastable limit of α form → α crystallizes spontane-
ously and the process path approaches the solubility curve of α → as cool-
ing continues toward the final temperature, α begins to transform into the
more stable β form (cooling rate is slower than transformation rate) → the
final product is mostly β form.

To obtain α form as the final product, cooling can be done faster and the solids
should be isolated quickly before they have a chance to transform into β.

Problem 6.7
Form B is more stable because it has a higher melting point. Since there is no change
in relative stability at any temperature, the system exhibits monotropic behavior.

Problem 6.8
A sketch of the phase diagram is shown below. It may not be exactly correct since
the crossover temperature is not known from the information; it could be above or
below the incongruent melting point of BH.

Starting from a solution of BPT in methanol, a possible process to obtain crystals
of form A would include increasing the temperature to higher than 328 K (until A be-
comes the most stable form), removing some methanol (by evaporation), and adding
water up to VMeOH = 0.8.

.ߓ:
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Problem 7.1
Crystals in the shape of a rectangular prism with sides having a ratio of 1:1:2 and
longest side = L → volume = LD2 = L3/4. Therefore, kv = 0.25.

Sinceߓ: the total number of particles per kg of powder is equal to the zeroth moment,
M0, the population density [no/m.kg] can be written as

n Lð Þ=M0f Lð Þ
The total volume of particles per kg of powder is the reciprocal of solid true density,

kv

ð∞
0

n Lð ÞL3dL= 1
ρS

Thus,M0 =
1

ρSkv
Ð∞
0
f Lð ÞL3dL

.

By numerical integration,
ð∞
0

f Lð ÞL3dL= 4.168 · 10− 9m3!M0 = 7.39 · 105no=kg.

Problem 7.2
From the definition ofW(L),

W Lð Þ= ρSkvn Lð ÞL3 = ρSkvB
G

L3 exp −
QoutL
GV

� �

At the maximum point, the differential with respect to L is zero,

dW Lð Þ
dL

= −
ρSkvB
G

Qout

GV
L3 exp −

QoutL
GV

� �
+ 3ρSkvB

G
L2 exp −

QoutL
GV

� �
=0

Solving for L gives Ld =
3GV
Qout

.

Magma density can be obtained by integrating the expression for W(L),

MT =
ð
W Lð ÞdL= ρSkvB

G

ð∞
0

L3 exp −
QoutL
GV

� �
= 6ρSkvB

G
GV
Qout

� �4

:
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It can also be expressed in terms of Ld as MT =
2ρSkvB
27G

L4d.

Problem 7.3
Let the mass of the solid product at maximum theoretical yield (equilibrium is
achieved) = mP.

Based on mass balance, (5,000)(0.3) = (5,000 – mP)(0.05) + mP →mP = 1,315.8 kg.
If there is no nucleation and crystal growth is uniform, eq. (7.17) can be used to

calculate the required seed mass based on the seed and product crystal size: mS = mP

(50/1,000)3 = 0.164 kg.

Problem 7.4
From the given solubility expression, the AA concentration in the feed is c* = 0.00575
(70) – 0.1775 = 0.225 kg AA/kg H2O, and in the mother liquor is c* = 0.00575(50) –
0.1775 = 0.11 kg AA/kg H2O.

Overall mass balance: FF = FS + FL (F = feed, S = crystals, L = mother liquor).
AA mass balance: FF*0.225/(1 + 0.225) = FS + FL*0.11/(1 + 0.11) → since

FS = 4,600 kg/h, FF = 49,000 kg/h.
Magma density is the mass of crystals per unit volume of slurry. The volumetric

flow rate of the slurry is 4,600/1,360 + (49,000 – 4,600)/1,300 = 37.5 m3/h → MT =
4,600/37.5 = 122.5 kg/m3.

SinceMT = 2ρSkvB
27G L4d and B = 5.36 × 1031 G3.5 MT

0.4 →M0.6
T = 2

27ρSkvL
4
d 5.36×1031
� �

G2.5

Substituting appropriate values, G = 1.77 × 10–7 m/s.
The required crystallizer volume is V = QoutLd/3 G = 2.95 m3.
V is proportional to Ld/G, but Ld

4G2.5 has to stay constant to give the same MT →
V∝ L2.6d .

Therefore, if V increases, Ld would also increase.

Problem 7.5
The vessel diameter, liquid height, and impeller diameter can be obtained using
geometric similarity relationships (eq. (7.20)) and the agitation speed is calculated
using eq. (7.23). Note that in the expressions for NRe and NP, the units of N need to
be rps (rotation per second).

The power per unit volume is lower in the larger crystallizer.
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Problem 7.7
The slurry contains 30% solids → dry cake flow rate = 500*0.3 = 150 kg/h.

The cake contains 0.15 kg water per kg dry cake → water in cake = 150*0.15 =
22.5 kg/h.

Therefore, filtrate flow rate = 500 – (150 + 22.5) = 327.5 kg/h; density =
1,050 kg/m3 → qF = 327.5/1,050 = 0.312 m3/h and c = 150/0.312 = 480.9 kg/m3.

From plot of tf/Vf [s/m
3] against Vf [m

3], slope = 3.85 · 109 s/m6 and intercept =
7,566 s/m3.

Therefore, α = 5.6 · 1010 m/kg and Rm = 2.65 · 109/m. Substituting to eq.
(7.33) → LF = 1.477 m.

If dp decreases, α would increase → LF would increase.

Problem 7.8
By fitting the data to the exponential function, fmax = 0.962 and b = 1.89.

Taking a basis of 1 kg dry solid in the slurry (including 5 mg OxA), the wet cake
after filtration contains 0.15 kg liquid (including 0.045 kg AsA and 30 mg OxA).

If the wash ratio is W, the washing liquid requirement is 0.15 W kg, which
includes 1.5W mg OxA.

With a fraction removal of f, the OxA content in the residual liquid after wash-
ing is 200(1 − f) + 10 f = 200 − 190 f ppm, so the residual liquid (0.15 kg) includes
0.045 kg AsA and 30 − 28.5 f mg OxA.

After deliquoring, the residual liquid (0.1 kg) includes 0.03 kg AsA and
20 − 19 f mg OxA.

Drying removes all the water, while all AsA and OxA from the residual liquid
becomes a part of the dried solids → amount of solids = 1 + 0.03 +(20 − 19 f)/106 kg,
including 5 + 20 − 19 f = 25 − 19 f mg OxA.

To achieve the target of 10 ppm, the value of f should be at least 0.774, corre-
sponding to W = 0.863.

Therefore, the required washing liquid amount is 0.15*0.863 = 0.129 kg/kg dry
solid.

Pilot scale Commercial scale

Volume, V (m) . 

Vessel diameter, T (m) . .
Liquid height, Z (m) . .
Impeller diameter, D (m) . .
Agitation speed, N (rpm)  .
Reynolds number, NRe , ,
Power number, NP  

Required power, P . .
Power per unit volume, P/V (kW/m) . .
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Problem 8.1
The ideal solubility equations for o- and p-NCB can be written as:

xo = exp
ΔHf , o
R

1
Tm, o

−
1
T

� �� �
and xp = exp

ΔHf ,p
R

1
Tm, p

−
1
T

� �� �

At the eutectic point, xo + xp = 1 → substituting the melting point and heat of fusion
values and solving the equations simultaneously gives xp = 0.337 (xo = 0.663) and
T = 290.31 K.

To plot the phase diagram, use the solubility equation to calculate the mole
fraction of o-NCB and p-NCB versus temperature. A few points between the eutectic
temperatures, the respective pure component melting points would suffice.

Problem 8.2
The eutectic points can be calculated in the same manner as in Problem 8.1. For
the ternary eutectic, apply xPX + xMX + xOX = 1.

Problem 8.3
The basic equations to use are the KSP equations:

γ*A+ mA+
� �

γ*X − mX −
� �

=KSP,AX

γ*B+ mB+
� �

γ*X − mX −
� �

=KSP,BX

γ*A+ mA+
� �

γ*Y − mY −
� �

=KSP,AY

γ*B+ mB+
� �

γ*Y − mY −
� �

=KSP,BY

With the ideal assumption, all γ* values are set to 1.
First, calculate the four double saturation points involving salts with a com-

mon ion. For example, for AX/BX double saturation point, mA+ mX − =KSP,AX and

mB+ mX − =KSP,BX. Therefore, R B+ð Þ= mB+
mA+ +mB+

= KSP,BX
KSP,AX +KSP,BX

= 1.24×10−5
2.46×10−6+1.24×10−5 =

0.834.
Because this mixture only has X−, R Y −ð Þ= mY −

mX − +mY − =0.

Eutectic PX/MX binary PX/OX binary MX/OX binary PX/MX/OX ternary

Temperature (K) . . . .
Mole fraction PX . . – .
Mole fraction MX . – . .
Mole fraction OX – . . .
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The results for the four double saturation points are summarized as follows:

From the location of these four points (AX/AY is close to AY/BY and AX/BX is close
to BX/BY), it can be deduced that AX/BY is the compatible pair. Therefore, the two
triple saturation points are AX/AY/BY and AX/BX/BY. The two triple saturation
points involve compatible pairs and the salt that shares a common ion with both of
them. Since the KSP equations for the three salts must be simultaneously satisfied at
the triple saturation points, the resulting coordinates are:

The last step is to calculate the double saturation troughs connecting the points.
Except the trough connecting the two triple saturation points, all others are simply
straight lines.

Triple saturation point AX/AY/BY AX/BX/BY

R(B+) . .
R(Y−) . .

Double saturation point AX/BX AY/BY AX/AY BX/BY

R(B+) . .  

R(Y−)   . .
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ߓ: The trough connecting AX/AY/BY and AX/BX/BY (which is not a straight line)
is calculated by recognizing that AX and BY are simultaneously saturated along this
trough. Thus, mA+ mX − =KSP,AX and mB+ mY − =KSP,BY .

It follows that R B+ð Þ= mB+
mA+ +mB+

= KSP,BY=mY−
KSP,AX=mX− +KSP,BY=mY− = KSP,BY

KSP,AXmY− =mX− +KSP,BY
.

1
R Y −ð Þ =

mX − +mY −

mY −
= 1
mY − =mX −

+ 1 ! mY −

mX −
= 1
1=R Y −ð Þ− 1

Therefore, R B+ð Þ= KSP,BY
KSP,AX= 1=R Y −ð Þ− 1½ �+KSP,BY

.

The trough can then be plotted by varying R(Y−) from 0.056 to 0.770 (between the
two triple saturation points) and calculating the corresponding values of R(B+).

Taking into account the non-ideality, the equation for AX/BX double saturation
point becomes

R B+ð Þ= mB+

mA+ +mB+
= KSP,BX=γ*B+

KSP,AX=γ*A+ +KSP,BX=γ*B+

Since zA+ = zB+ = 1, Debye–Hückel limiting law gives γ*A+ = γ*B+ . Therefore, the lo-
cations of the double saturation points on the Jänecke projection are the same as
the ideal case. Similarly, the triple saturation points as well as the double satura-
tion troughs remain at the same locations.

However, the solvent content at each point on the phase diagram depends
on the activity coefficient. For example, for AX/BX double saturation point,
mB+ mX − =KSP,BX γ*B+ γ*X −

�
.

Because of neutrality, mA+ +mB+ =mX − , so mB+
mX − = KSP,BX=γ*B+

KSP,AX=γ*A+ +KSP,BX=γ*B+
.

Combining the two equations, it can be obtained that

mB+ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KSP,BX=γ*B+
� �

KSP,BX=γ*B+ γ*X −
� �

KSP,AX γ*A+ +KSP,BX γ*B+
��

s
,

which simplifies to mB+ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KSP,BXð Þ KSP,BX=γ*X −

� �
KSP,AX +KSP,BX

s
when γ*A+ = γ*B+ .

Therefore, the value of the solvent coordinate depends on the values of the activity
coefficients.
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Problem 8.6
The enthalpy of the eutectic peak can be plotted against composition to locate the
eutectic point. Based on the intersection of the two lines, the eutectic composition
is xB = 0.55.
From the data:
Tm,A = 158.6 °C = 431.8 K, ΔHm,A = (108.8/1,000)(180.15) = 19.6 kJ/mol
Tm,B = 135 °C = 408.2 K, ΔHm,A = (142.1/1,000)(180.15) = 25.6 kJ/mol

At the eutectic point, xA,sat + xB,sat = 1
Substituting the solubility equation (eq. (8.29)) for both xA,sat and xB,sat with γ = 1

and solving for T gives T = 377.6 K and xB,sat = 0.543, which is close to the experimen-
tal result.

ߓ:

Problem 8.7
The liquid and wet solid phases can be plotted on the composition triangle, and each
tie-line can be extended to the NaNO3–NH4NO3 edge to determine the water-free com-
position of the solid phase. Since the water-free solid phases are all close to the
NaNO3 vertex, it can be concluded that they are pure NaNO3 and not a solid solution.
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ߓ:

Problem 8.8
To calculate the population density, the total volume of the particles in the sample
needs to be calculated first. This is done by calculating the volume of one particle
in each size range from the representative size. For example, for the 0–100 μm
range, Vp = π(0.00005)3/6 = 6.545 · 10−14 m3. Multiplying the particle volume by the
count in each size range and summing up over the entire range, the total volume of
particles in the sample (3,416 particles) = 1.961 · 10−7 m3.

The magma density is (0.1005 kg)/(0.0003 m3) = 335 kg/m3.
Therefore, the volume of solid per unit volume of slurry = 335/1,426 = 0.235 m3/m3.
The number of particles in each size range per unit volume of slurry can then

be obtained by multiplying the count by a factor of 0.235/1.961 · 10−7.
Since ΔL = 0.0001 m (100 μm), n(L) = count * (0.235/1.961 · 10−7)/0.0001.
From the plot of n(L) versus L, the slope = −1/(Gτ) = −3,783 and the intercept =

n0 = 1.71 · 1013.
The residence time τ = V/Q = 300 mL/(300 mL/h) = 1 h = 3,600 s → G = 1/(3,783)

(3,600) = 7.34 · 10−8 m/s and B = n0G = 1.257 · 106 no/m3.s.
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